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Abstract— The aim of this work is to introduce an approach for
interval-valued R-implications, which satisfy some analogous prop-
erties of R-implications. We show that the best interval represen-
tation of an R-implication that is obtained from a left continuous t-
norm coincides with the interval-valued R-implication obtained from
the best interval representation of such t-norm, whenever this is an
inclusion monotonic interval function. This provides, under this con-
dition, a nice characterization for the best interval representation of
an R-implication, which is also an interval-valued R-implication. We
also introduce interval-valued automorphisms as the best interval rep-
resentations of automorphisms. It is shown that interval automor-
phisms act on interval R-implications, generating other interval R-
implications.

Keywords— Interval-valued fuzzy logic, R-implications, auto-
morphisms, interval representations.

1 Introduction
Interval analysis [1] has been playing an important role in the
modeling of the uncertainty and the errors that occur in numer-
ical computations, allowing the development of computational
models, methods and tools for the automatic error analysis of
numerical algorithms in digital computers, with application in
technological and scientific computation.1

On the other hand, fuzzy set theory [3] has provided a more
generical and complete mathematical model of uncertainty
and vagueness, which has been considered as the oldest and
most widely reported component of present-day soft comput-
ing, helping with the design of flexible information processing
systems, with application in, e.g., control systems, decision
making, expert systems, pattern recognition. [4]

However, there may be the case that we do not have pre-
cise knowledge about the membership function that should be
taken in a certain application. These considerations have led
to some extensions of fuzzy sets, such us type-2 fuzzy sets [5],
which incorporate uncertainty about the membership function
into fuzzy set theory. Type-2 fuzzy sets has been largely ap-
plied since the works of Jerry Mendel in the 90’s [6].

Interval-valued fuzzy sets are a particular case of type-2
fuzzy sets, where the membership degree of each element of
the fuzzy set is given by a closed subinterval of the unit in-
terval [0, 1], allowing to deal not only with vagueness (lack
of sharp class boundaries), but also with the uncertainty (lack

1For a survey on applications of Interval Mathematics, see,
e.g., [2] and http://www.cs.utep.edu/interval-comp/.

of information), intuitively [7, 8]. Interval-valued fuzzy sets
were introduced independently by Zadeh [5] and other authors
(e.g., [9, 10, 11, 12]) in the 70’s. Among several papers con-
necting these areas (see, e.g., [13, 14, 15, 16]), we adopted
Bedregal and Takahashi’s work [17, 18].

Fuzzy implications [19, 20] play an important role in fuzzy
logic. They are usually derived from t-norms and t-conorms
in several ways, e.g, S-implications, R-implications, QL-
implications and D-implications.2 The importance of fuzzy
implications is not only because they are used in representing
“If ... then” rules in fuzzy systems, but also because their use
in performing inferences in approximate reasoning and fuzzy
control. This is the main reason for searching many different
models to perform this kind of fuzzy connectives. In partic-
ular, R-implications [21], which are based on left continuous
t-norms, are used in the modelling of fuzzy rules that satisfy
natural properties of implications (see Sect. 4), leading to the
residuation property and to an important family of fuzzy log-
ics [22]. On the other hand, the use of automorphisms [19]
allows to modify implications preserving their fundamental
properties, and then preserving their axiomatic.

The aim of this work is to introduce an approach for
interval-valued R-implications as interval generalizations for
R-implications that satisfy some analogous properties of R-
implications. We show that the best interval representation
of an R-implication that is obtained from a left continuous
t-norm coincides with the interval-valued R-implication ob-
tained from the best interval representation of such t-norm,
whenever this is an inclusion monotonic interval function.
Then, it is possible to provide, under this condition, a nice
characterization for the best interval representation of an R-
implication, which is also an interval-valued R-implication.
We also introduce interval-valued automorphisms [16] as the
best interval representations of automorphisms, showing that
interval automorphisms act on interval R-implications, gen-
erating other interval R-implications. Commutative diagrams
are used to analyze the relationship between the process for
obtaining R-implications from t-norms and the process for ob-
taining interval-valued R-implications from interval-valued t-
norms and those canonical interval constructions. Also, we
show that the use of automorphism over R-implications and
the use of interval-valued automorphisms over interval-valued

2There are also some other methods for the generation of fuzzy
implications (see, e.g, [20]).
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R-implications also comute when the interval constructor is
applied.

The paper is organized as follows. In Sect. 2, the main con-
cepts related to interval representations are presented. Sec-
tion 3 considers interval-valued fuzzy t-norms. Fuzzy impli-
cations and R-implications, together with their properties, are
presented in Sect. 4. Interval-valued fuzzy implications and
R-implications are introduced in Sect. 5, and interval-valued
automorphism in Sect. 6, as well as the main related results of
the paper. Section 6 is the Conclusion and final remarks.

2 Interval Representations
Consider the real unit interval U = [0, 1] ⊆ R and let U be the
set of subintervals of U , that is, U = {[a, b] | 0 ≤ a ≤ b ≤ 1}.
The interval set has two projections l, r : U → U , defined by
l([a, b]) = a and r([a, b]) = b, respectively. For X ∈ U, l(X)
and r(X) are also denoted by X and X , respectively.

The partial orders that are considered in this paper are the
inclusion relation and the component-wise Kulisch-Miranker
order (also called product order), defined by:

∀X, Y ∈ U : X ≤ Y ⇔ X ≤ Y ∧ X ≤ Y . (1)

An interval X ∈ U is said to be an interval representation of
a real number α if α ∈ X . Considering two interval represen-
tations X and Y of a real number α, X is said to be a better
representation of α than Y if X ⊆ Y . This notion can be
easily extended for tuples of n intervals

−→
X = (X1, . . . , Xn).

Definition 1 A function F : U
n −→ U is an interval repre-

sentation of a function f : Un −→ U if, for each
−→
X ∈ U

n

and −→x ∈ −→
X , f(−→x ) ∈ F (

−→
X ) [23].3

Definition 2 Let F : U
n −→ U and G : U

n −→ U be two
interval representations of the function f : Un −→ U . F is a
better interval representation of f than G, denoted by G � F ,
if, for each

−→
X ∈ U

n, the inclusion F (
−→
X ) ⊆ G(

−→
X ) holds.

Definition 3 For each real function f : Un −→ U , the inter-
val function f̂ : U

n −→ U, defined by

f̂(
−→
X ) =

[
inf{f(−→x ) | −→x ∈ −→

X}, sup{f(−→x ) | −→x ∈ −→
X}

]
, (2)

is called the best interval representation of f [23].4

The interval function f̂ is well defined and for any other
interval representation F of f , F � f̂ . The interval function
f̂ returns an interval that is narrower than any other interval
representation of f . Thus, f̂ presents the optimality property
of interval algorithms mentioned by Hickey et al. [24], when
it is seen as an algorithm to compute a real function f .

Notice that if f is continuous in the usual sense, then for
each

−→
X ∈ U

n, the interval function f̂ applied to
−→
X co-

incides with the image of f when applied to
−→
X , that is,

f̂(
−→
X ) = f(

−→
X ), where f(

−→
X ) = {f(−→x ) | −→x ∈ −→

X}.
In this paper we will take into consideration the following

notions of continuity for interval functions:
• Moore continuity: It is obtained as an extension of the

continuity in the reals, considering the metric d(X, Y ) =
max(| X − Y |, | X − Y |) defined over U.

3Notice that the concept of interval representation is different
from interval extension and natural extension. [1, page 21]

4Notice that f̂ is the interval hull of the range of f .

• Scott continuity: The set U with reverse inclusion order
is defined as a continuous domain [25], and a function f :
(U,⊇) → (U,⊇) is Scott continuous if it is monotonic
and preserves the least upper bound of directed sets [25].

The main result in [23] can be adapted to our context, con-
sidering Un instead of R, as shown in the following:

Theorem 4 Let f : Un −→ U be a function. The following
statements are equivalent: (i) f is continuous; (ii) f̂ is Scott
continuous; (iii) f̂ is Moore continuous.

3 Interval t-norms
A triangular norm (t-norm, for short) is a function T : U2 →
U that is commutative, associative, monotonic and has 1 as
neutral element [26]. In the following definition, a natural
extension of the t-norm notion for U is considered, following
the approach introduced in [17].

Definition 5 A function T : U
2 → U is an interval t-norm if

it is commutative, associative, monotonic with respect to the
product and inclusion order and [1, 1] is a neutral element.

An interval t-norm may be considered as an interval repre-
sentation of a t-norm. This generalization fits with the fuzzy
principle, which means that the interval membership degree
may be thought as an approximation of the exact degree.

See [18] for the proofs of the next two propositions in this
section. The following result shows how an interval t-norm
can be constructed from two given t-norms.

Proposition 6 A function T : U
2 → U is an interval t-norm

if and only if there exist t-norms T and T with T ≤ T and

T(X, Y ) = [T(X, Y ), T(X, Y )]. (3)
The next proposition states that the best interval represen-

tation of a t-norm is an interval t-norm. It also shows that the
interval representation of a t-norm coincides with the interval
construction of Prop. 6 when both t-norms are the same.

Proposition 7 Let T be a t-norm. Then T̂ : U
2 → U is an

interval t-norm, such that

T̂ (X, Y ) = [T (X, Y ), T (X, Y )]. (4)

4 Fuzzy Implications and R-Implications
Several definitions for fuzzy implication together with related
properties have been given (see, e.g., [21, 19, 20]). The unique
consensus in these definitions is that the fuzzy implication
should present the same behavior of the classical implication
for the crisp case. Thus, a function I : U2 −→ U is a fuzzy
implication if it satisfies the minimal boundary conditions:

I(1, 1) = I(0, 1) = I(0, 0) = 1 and I(1, 0) = 0.
Several reasonable properties may be required for fuzzy im-

plications. The properties considered in this paper are:
I1 : If y ≤ z then I(x, y) ≤ I(x, z); (2-place monotonicity)
I2 : I(x, I(y, z)) = I(y, I(x, z)) (exchange principle);
I3 : I(x, y) = 1 if and only if x ≤ y;
I4 : limn→∞ I(x, yn)=I(x, limn→∞ yn) (right-continuity);
I5 : If x ≤ z then I(x, y) ≥ I(z, y); (1-place antitonicity)

Proposition 8 [19, Lemma 1 (xi)] If I is a fuzzy implication
satisfying I1, I2 and I3, then I also satisfies I5.
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Considering a t-norm T , the equation

IT (x, y) = sup{z ∈ [0, 1] | T (x, z) ≤ y}, (5)

defines a fuzzy implication, called R-implication or residuum
of T [21]. R-implications arise from the notion of residuum
in Intuitionistic Logic [21] or, equivalently, from the notion of
residue in the theory of lattice-ordered semigroups [27]. Ob-
serve that an R-implication is well-defined only if the t-norm
is left-continuous5 [19]. This justifies the name “residuum of
T ”, since an R-implication satisfies the residuation condition
when the underlying t-norm is left continuous:

T (x, z) ≤ y if and only if IT (x, y) ≥ z. (6)

Moreover, a t-norm T is left-continuous if and only if it
satisfies the residuation condition [28].

The main results relating R-implications and the properties
I1 – I5 are presented in the following.

Theorem 9 [29, Theorem 1.14] A fuzzy implication I :
U2 → U is an R-implication with a left-continuous under-
lying t-norm if and only if I satisfies the properties I1–I4.

Since, by Prop. 8, I5 follows directly from I1 – I3, then R-
implications with left-continuous underlying t-norms satisfy
the properties I1 – I5.

5 Interval-valued Fuzzy R-Implications
The minimal properties required for fuzzy implications can
be naturally extended to consider interval fuzzy degrees, by
using degenerate intervals. Thus, a function I : U

2 −→ U is
an interval fuzzy implication if the following conditions hold:

I([1, 1], [1, 1]) = I([0, 0], [0, 0]) = I([0, 0], [1, 1]) = [1, 1]; (7)

I([1, 1], [0, 0]) = [0, 0]. (8)

Other properties (see Sect. 4) can be naturally extended:

I1 : If Y ≤ Z then I(X, Y ) ≤ I(X, Z);

I2 : I(X, I(Y, Z)) = I(Y, I(X, Z));

I3a : If I(X, Y ) = [1, 1] then X ≤ Y ;

I3b : If X ≤ Y then I(X,Y ) = [1, 1];

I4 : IY (X) = I(X, Y ) is (Moore, Scott) continuous;

I5 : If X ≤ Z then I(X, Y ) ≥ I(Z, Y ),

It is always possible to obtain an interval fuzzy implication
from any fuzzy implication canonically. Interval fuzzy im-
plications also meet the optimality property and preserve the
same properties satisfied by fuzzy implications. The proof of
the following proposition is straightforward.

Proposition 10 If I is a fuzzy implication then Î is an interval
fuzzy implication. [18]

The next theorem states that the best interval representation
of a fuzzy implication preserves, in some sense, the properties
I1–I5 listed in Sect. 4.

Theorem 11 Let I be a fuzzy implication satisfying I1. If I
satisfies a property Ik, for k = 1, . . . , 5, then Î satisfies Ik.

Proof:
5A t-norm T is said to be left-continuous whenever

limn→∞ T (xn, y) = T (limn→∞ xn, y). [26]

I1: If I satisfies I1, then Î(X, Y ) = [inf{I(x, Y )|x ∈ X},
sup{I(x, Y )|x ∈ X}] and Î(X, Z) = [inf{I(x, Z)|x ∈
X}, sup{I(x,Z)|x ∈ X}]. Thus, if Y ≤ Z then,
for each x ∈ X , it holds that I(x, Y ) ≤ I(x, Z) and
I(x, Y ) ≤ I(x,Z). It follows that inf{I(x, Y )|x ∈
X} ≤ inf{I(x, Z) | x ∈ X}, sup{I(x, Y )|x ∈ X} ≤
sup{I(x,Z)|x ∈ X}, and, thus, Î(X, Y ) ≤ Î(X, Z).

I2: If I satisfies I2, then, for each x, y, z ∈ U , one has that
I(x, I(y, z)) = I(y, I(x, z)). Then, since I satisfies I1:
Î(X, Î(Y, Z))

= Î(X, [inf{I(y, z)) | y ∈ Y, z ∈ Z},
sup{I(y, z)) | y ∈ Y, z ∈ Z}])

= Î(X, [inf{I(y, Z))|y ∈ Y, }, sup{I(y, Z))|y ∈ Y }])
= [inf{I(x, inf{I(y, Z) | y ∈ Y }) | x ∈ X},

sup{I(x, sup{I(y, Z) | y ∈ Y }) | x ∈ X}]
= [inf{I(x, I(y, Z)) | y ∈ Y, x ∈ X},

sup{I(x, I(y, Z)) | y ∈ Y, x ∈ X}]
= [inf{I(y, I(x, Z)) | y ∈ Y, x ∈ X},

sup{I(y, I(x, Z)) | y ∈ Y, x ∈ X}]
= Î(Y, Î(X, Z))

I3a: One has that if Î(X, Y ) = [1, 1] then inf{I(x, y)|x ∈ X ,
y ∈ Y } = 1 = sup{I(x, y)|x ∈ X, y ∈ Y }. However,
this is only possible if {I(x, y)|x ∈ X, y ∈ Y } = {1},
and, thus, I(x, y) = 1, for each x ∈ X, y ∈ Y . Since I
satisfies I3, then, for each x ∈ X, y ∈ Y , it is valid that
x ≤ y. This is only possible if X ≤ Y , that is, X ≤ Y .

I3b: If X ≤ Y then, for each x ∈ X and y ∈ Y , it is valid that
x ≤ y. So, one has that {I(x, y)|x ∈ X, y ∈ Y } = {1},
inf{I(x, y)|x ∈ X , y ∈ Y } = 1 = sup{I(x, y)|x ∈
X, y ∈ Y }. It follows that Î(X, Y ) = [1, 1].

I4: For each x ∈ X , let Ix : U −→ U be defined by Ix(y) =
I(x, y). Thus, I is right-continuous if and only if, for
each x ∈ X , Ix is continuous. If Ix is continuous then,
by Theorem 4, Îx is Scott (Moore) continuous. Thus:
Î(X, Y )

= [inf{I(x, y)|x ∈ X ,y ∈ Y }, sup{I(x, y)|x ∈ X, y ∈ Y }]
= [inf{inf{I(x, y)|y ∈ Y } | x ∈ X},

sup{sup{I(x, y)|y ∈ Y }|x ∈ X}]
=

⋃
x∈X

[inf{I(x, y)|y ∈ Y }, sup{I(x, y)|y∈Y }]=
⋃

x∈X

Îx(Y )

and then, considering that Ix is (topologically) contin-
uous and the union preserves continuity, one concludes
that Î is also Scott (Moore) continuous.

I5: If I satisfies I5, then Î(X, Y ) = [inf{I(X, y)|y ∈ Y },
sup{I(X, y)|y ∈ Y }] and Î(Z, Y ) = [inf{I(Z, y)|y ∈
Y }, sup{I(Z, y)|y ∈ Y }]. Thus, if X ≤ Z then,
for each y ∈ Y , it holds that I(X, y) ≤ I(Z, y) and
I(X, y) ≤ I(Z, y). It follows that inf{I(Z, y)|y ∈
Y } ≤ inf{I(X, y) | y ∈ Y } and sup{I(Z, y)|y ∈ Y } ≤
inf{I(X, y)|y ∈ Y }, and, thus, Î(X, Y ) ≥ Î(Z, Y ).

�

The next corollary indicates that the best interval repre-
sentation of a fuzzy implication satisfying I1–I3 satisfies the
properties I1–I3 and I5.
Corollary 12 Let I : U2 −→ U be a fuzzy implication satis-
fying I1, I2 and I3. Then Î satisfies I1–I3 and I5.
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Proof: It follows from Prop. 8 and Theorem 11. �

Next proposition provides, for the best interval representa-
tion of a fuzzy implication satisfying the properties I1, I2 and
I3, a more concrete and simpler characterization than Eq. (2).
Proposition 13 Let I : U2 −→ U be a fuzzy implication sat-
isfying the properties I1, I2 and I3. Then a characterization
of Î can be obtained as

Î(X,Y ) = [I(X, Y ), I(X,Y )]. (9)
Proof: By Prop. 8, I also satisfies I5 and, therefore, it holds
that Î(X, Y ) = [I(X, Y ), I(X,Y )] (see also [18]). �

Theorem 14 Let I : U
2 → U be an interval fuzzy implication.

If I satisfies I1 and I5 and is inclusion monotonic, then I is
representable by the functions I(x, y) = l(I([x, x], [y, y])) and
I = r(I([x, x], [y, y])), that is, I(X, Y ) = [I(X, Y ), I(X,Y )].
Proof: Given X, Y ∈ U, since [X, X]⊆X, [Y , Y ]⊆Y , then,
by the ⊆-monotonicity of I, we have that I([X, X], [Y , Y ])
⊆ I(X, Y ), and, thus, l(I([X, X], [Y , Y ])) ≥ l(I(X,Y )).
On the other hand, since X ≤ [X, X] and [Y , Y ] ≤ Y ,
then, by I1 and I5, it holds that I([X, X], [Y , Y ]) ≤ I(X, Y ),
and, thus, l(I([X, X], [Y , Y ])) ≤ l(I(X, Y )). It follows
that l(I([X, X], [Y , Y ])) = l(I(X,Y )). Analogously, since
[X, X] ⊆ X and [Y , Y ] ⊆ Y , then, by the inclusion mono-
tonicity of I, we have that I([X, X], [Y , Y ]) ⊆ I(X, Y ),
and, thus, r(I([X, X], [Y , Y ])) ≤ r(I(X, Y )). On the other
hand, since [X, X] ≤ X and Y ≤ [Y , Y ], then, by I1
and I5, it holds that I(X, Y ) ≤ I([X, X], [Y , Y ]), and,
thus, r(I([X, X], [Y , Y ])) ≥ r(I(X, Y )). One has that
r(I([X, X], [Y , Y ])) = r(I(X, Y )), and then I(X,Y ) =
[I(X, Y ), I(X,Y )]. �

Definition 15 An interval fuzzy implication I is an interval R-
implication if there is an interval t-norm T such that

I = IT(X, Y ) = sup{Z ∈ U|T(X, Z) ≤ Y }. (10)
Analogously, given an interval fuzzy implication I, one has
that TI(X, Y ) = inf{Z ∈ U | I(X, Z) ≥ Y }.

In Eq. (10), the supremum is determined considering the
product order, and, thus, it results from the supremum con-
sidering the usual order on the real numbers (the interval end-
points).

The following theorem provides necessary conditions for an
interval implication to be an interval R-implication.
Theorem 16 Let T be a (Moore, Scott) left-continuous inter-
val t-norm. Then IT satisfies I1, and I3–I5.
Proof: It follows that :
I1: If Y ≤ Z and T(X, Z ′) ≤ Y then it holds that T(X, Z ′) ≤

Z. It follows that {Z ′ ∈ U | T(X,Z ′) ≤ Y } ⊆ {Z ′ ∈
U | T(X, Z ′) ≤ Z}, and, thus, IT(X, Y ) ≤ IT(X, Z).

I3: IT(X, Y )=[1, 1] ⇔ sup{Z∈U|T(X, Z)≤Y }=[1, 1] ⇔
{Z∈U|T(X, Z)≤Y }=U ⇔ X=T(X, [1, 1])≤Y .

I4: It follows from the Moore (Scott) left-continuity of T.
I5: If X ≤ X ′ then T(X, Z) ≤ Y implies that T(X ′, Z) ≤

Y . Thus, one has that {Z ∈ U | T(X ′, Z) ≤ Y } ⊆
{Z ∈ U | T(X,Z) ≤ Y } and then it holds that sup{Z ∈
U | T(X ′, Z) ≤ Y } ≤ sup{Z ∈ U | T(X, Z) ≤ Y }. It
follows that IT(X ′, Y ) ≤ IT(X, Y ).

�

In [21, Lemma 5.16], it was proved that T = TIT
, where

TIT
(x, y) = inf{z ∈ U | IT (x, z) ≥ y}. The following two

lemmas and proposition shows that this result can be extended
for interval R-implications.

Lemma 17 Let T be a left-continuous t-norm and T be a
Moore left-continuous interval t-norm. If ÎT = IT then
IT([x, x], Z) ≥ [y, y] if and only if IT([x, x], [Z, Z]) ≥ [y, y].
Proof: It follows that: IT([x, x], Z) ≥ [y, y] ⇔ ÎT ([x, x], Z) ≥
[y, y] ⇔ {IT (x, z) | z ∈ Z} ≥ [y, y] ⇔ IT (x, Z) ≥ y ⇔
ÎT ([x, x], [Z, Z]) ≥ [y, y] ⇔ IT([x, x], [Z, Z]) ≥ [y, y]. �

Lemma 18 Let T be a left-continuous t-norm and T be a
Moore left-continuous interval t-norm. If ÎT = IT then it
holds that TIT

([x, x], [y, y]) = T([x, x], [y, y]).
Proof: It follows that:
TIT

([x, x], [y, y])

= inf{Z ∈ U | IT([x, x], Z) ≥ [y, y]}
= inf{[Z, Z] ∈ U | IT([x, x], [Z, Z]) ≥ [y, y]} by Lemma 17

= inf{[Z, Z] ∈ U| sup{Z′ ∈ U|T([x, x], Z′) ≤ [Z, Z]}≥[y, y]}
= inf{[Z, Z] ∈ U | sup{[Z′, Z′] ∈ U | T([x, x], [Z′, Z′])

≤ [Z, Z]} ≥ [y, y]} by ⊆-monotonicity of T

= inf{[Z, Z] ∈ U | IT(x, Z) ≤ y ∧ I
T
(x, Z) ≤ y}

= [TIT
(x, y), TI

T
(x, y)]=[T(x, y), T(x, y)]=T([x, x], [y, y])

�

Proposition 19 Let T be a left-continuous and T be a Moore
left-continuous interval t-norms. If ÎT = IT then TIT

= T.
Proof: It follows that:
TIT

(X, Y )

= [TIT
(X, Y ), TIT

(X, Y )]

= [l(TIT
([X, X], [Y , Y ]), r(TIT

([X, X], [Y , Y ])

= [l(T([X, X], [Y , Y ])), r(T([X, X], [Y , Y ]))] by Lemma 18

= [T([X, X], [Y , Y ]), T([X, X], [Y , Y ])] = T(X, Y )

�

Proposition 20 Let T be a left-continuous t-norm and T be a
Moore left-continuous interval t-norm. If ÎT = IT then T is
an interval representation of T .
Proof: It holds that
T([x, x], [y, y])

= TIT
([x, x], [y, y])by Prop. 19

= inf{Z ∈ U | IT([x, x], Z) ≥ [y, y]}
= inf{Z ∈ U | ÎT ([x, x], Z) ≥ [y, y]} by hypothesis

= inf{Z ∈ U | IT (x, z) ≥ y, ∀z ∈ Z}
= inf{Z ∈ U | IT (x, Z) ≥ y} by I1 and Theorem 9

= inf{[Z, Z] ∈ U | IT (x, Z) ≥ y}
= [inf{Z ∈ U | IT (x, Z) ≥ y}, inf{Z ∈ U | IT (x, Z) ≥ y}]
= [TIT (x, y), TIT (x, y)] = [T (x, y), T (x, y)].

By the ⊆-monotonicity of T, we have that T represents T . �

Theorem 21 If T is a left continuous t-norm, then IT̂ ⊆ ÎT .
Proof: It follows that:
IT̂ (X, Y )

= sup{Z ∈ U|T̂ (X, Z) ≤ Y } by Eq. (10)

= sup{[Z, Z] ∈ U|[T (X, Z), T (X, Z)] ≤ [Y , Y ]} by Eq. (4)

= sup{[Z, Z] ∈ U|T (X, Z) ≤ Y ∧ T (X, Z) ≤ Y } by Eq. (1)

= [min{sup{Z ∈ U |T (X, Z) ≤ Y },
sup{Z ∈ U |T (X, Z) ≤ Y }}, sup{Z ∈ U |T (X, Z) ≤ Y }]

= [min{IT (X, Y ), IT (X, Y )}, IT (X, Y )] by Eq. (5)

⊆ [IT (X, Y ), IT (X, Y )] = ÎT (X, Y ) by Theorem 9 and Eq. (9)
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The following results states a sufficient condition to guar-
antee the desired equivalence IT̂ = ÎT .
Lemma 22 Let T be left-continuous t-norm. Then, it holds
that IT̂ = IT = IT̂ .

Proof: It follows that
IT̂ (x, y) = l(IT̂ ([x, x], [y, y]))

= l(sup{Z ∈ U | T̂ ([x, x], Z) ≤ [y, y]})
= l(sup{[Z, Z] ∈ U | T̂ ([x, x], [Z, Z]) ≤ [y, y]})

by ≤ and ⊆-monotonicity

= sup{Z ∈ U | T (x, Z) ≤ y} = IT (x, y).

The proof of the other equality is analogous. �

Proposition 23 If T is left-continuous t-norm then T̂ is a
Moore left-continuous interval t-norm.
Proof: It is analogous to the proof of Theorem 11 (I4). �

Theorem 24 Let T be a left-continuous t-norm. If IT̂ is ⊆-
monotonic then

IT̂ = ÎT . (11)
Proof: By Theorem 9 and Prop. 8, IT satisfies I1 and I5 and
ÎT (X, Y ) = [inf{IT (x, y) | x ∈ X ∧ y ∈ Y }, sup{IT (x, y) |
x ∈ X ∧ y ∈ Y }] = [IT (X, Y ), IT (X,Y )]. On the
other hand, since IT̂ is ⊆-monotonic, T is (Moore, Scott)
left-continuous (by Prop. 23), and, by Theorem 16, it satis-
fies I1 and I5. By Theorem 14, it follows that IT̂ (X, Y ) =
[IT̂ (X, Y ), IT̂ (X,Y )]. Then, by Lemma 22, one has that

IT̂ (X, Y ) = [IT (X, Y ), IT (X,Y )]. Therefore, it holds that
IT̂ (X, Y ) = ÎT (X, Y ). �

The above results state the commutativity of the diagram
of Fig. 1, where C(T ) (C(T)) is the class of left-continuous
(interval) t-norms and C(I) (C(I)) is the class of (⊆-monotonic
interval) R-implications.

C(T )
Eq. (5) � C(I)

C(T)

Eq. (4)

�

Eq. (10)
� C(I)

Eq. (11)

�

Figure 1: Commutative diagram relating R-implications with
interval R-implications

6 Interval-valued Automorphisms
Definition 25 [30] ρ : U −→ U is an automorphism if it
is bijective and monotonic.6 The action of an automorphism
ρ on a function f : U2 → U , denoted by fρ, is defined as
fρ(x, y) = ρ−1(f(ρ(x), ρ(y))).

As it is well known, if T is a t-norm then T ρ is also a t-norm,
and if I is an R-implication then Iρ is also an R-implication.

� : U −→ U is an interval automorphism if it is bijective
and monotonic with respect to the product order [16]. The set
of interval automorphisms is denoted by Aut(U).

The next theorem shows that each interval automorphism
can be constructed from an automorphism.

6In [19], ρ : U −→ U is an automorphism if it is a continuous
and strictly increasing function such that ρ(0) = 0 and ρ(1) = 1.

Theorem 26 [16, Theorems 2 and 3] � : U −→ U is an inter-
val automorphism if and only if there exists an automorphism
ρ : U −→ U such that �(X) = [ρ(X), ρ(X)].

Clearly, if ρ : U → U is an automorphism then ρ̂ can be ob-
tained as ρ̂(X) = [ρ(X), ρ(X)]. Therefore, interval automor-
phisms are the best interval representations of automorphisms.

Remark 1 Let � be an interval automorphism. Then: (i) �−1

is an interval automorphism; (ii) X≤Y ⇔ �(X)≤�(Y ).

Definition 27 The action of an interval automorphism � on
an interval function F:U2−→U, denoted by F

�, is defined as

F
�(X, Y ) = �−1(F(�(X), �(Y ))). (12)

In the following, we show how interval automorphisms act
on interval t-norms and interval R-implications.

Proposition 28 [17, Theorem 6.1] Let � : U −→ U be an
interval automorphism and T : U

2 −→ U be an interval t-
norm. Then the mapping T

� : U
2 −→ U is an interval t-norm.

Theorem 29 Let � : U −→ U be an interval automorphism
and T : U

2 −→ U be an interval t-norm. Then the mapping
I
�
T

: U
2 −→ U is defined by I

�
T
(X, Y ) = IT�(X, Y ).

Proof: Since � is bijective and � is monotonic, it follows that:
I
�
T
(X, Y )

= �−1(IT(�(X), �(Y ))) by Eq. (12)

= �−1(sup{Z ∈ U|T(�(X), Z) ≤ �(Y )}) by Eq. (10)

= �−1(sup{�(Z′) ∈ U|T(�(X), �(Z′)) ≤ �(Y )})
= sup{�−1(�(Z′)) ∈ U|T(�(X), �(Z′)) ≤ �(Y )}
=sup{Z′ ∈ U|�−1(T(�(X), �(Z′))) ≤ �−1(�(Y ))} by Rem. 1

=sup{Z′ ∈ U|�−1(T(�(X), �(Z′))) ≤ Y } by Rem. 1

=(sup{Z ∈ U|T�(X, Z) ≤ Y }) by Eq. (12)

= IT�(X, Y ) by Eq. (10) .

�

Corollary 30 Let � : U −→ U be an interval automorphism
and T : U

2 −→ U be an interval t-norm. Then the mapping
I
�
T

: U
2 −→ U is an interval R-implication.

Theorem 29 and Cor. 30 state that to apply an interval au-
tomorphism to an interval R-implication is the same that to
apply it to an interval t-norm, and then to obtain an interval R-
implication. Whenever an interval R-implication is submitted
to an interval automorphism, a new interval R-implication is
generated, which means that interval automorphisms may be
applied in order to generate new interval R-implications. So,
the commutative diagram pictured in Fig. 2 holds.

C(T)
Prop. 28 � C(T)

C(I)

Eq. (10)

�

Cor. 30
� C(I)

Eq. (10)

�

Figure 2: Commutative diagram relating interval t-norms, in-
terval R-implications and interval automorphisms
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7 Conclusion and Final Remarks
The results presented in this paper extend our previous work
(e.g., [17, 31]). We show that interval R-implications satisfy
some analogous properties of R-implications. The best inter-
val representation of an R-implication that is obtained from a
left continuous t-norm coincides with the interval-valued R-
implication obtained from the best interval representation of
such t-norm, whenever this is a ⊆-monotonic interval func-
tion. This provided, under this condition, a nice characteriza-
tion for the best interval representation of an R-implication.
Interval automorphisms are presented as best interval repre-
sentations of automorphisms, showing that interval automor-
phisms act on interval R-implications, generating other inter-
val R-implications.

Future work will consider the analysis of other important
properties of interval-valued R-implications, in other to obtain
a stronger relation between R-implications and interval-valued
R-implications, establishing under which conditions interval
R-implications are representable in the sense of [32].
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Abstract – Robot skills are low-level motion and/or grasping ca-
pabilities that constitute the basic building blocks from which tasks
are built. Teaching and recognition of such skills can be done
by Programming-by-Demonstration approach. A human operator
demonstrates certain skills while his motions are recorded by a data-
capturing device and modeled in our case via fuzzy clustering and
Takagi-Sugeno modeling technique. The resulting skill models use
the time as input and the operator’s actions and reactions as outputs.
Given a test skill by the human operator the robot control system
recognizes the individual phases of skills and generates the type of
skill shown by the operator.

Keywords – Fuzzy modeling, time clustering, robot skills,
Programming-by-Demonstration

1 Introduction

Robot skills are low-level motion and/or grasping capabilities
that constitute the basic building blocks from which tasks are
built. One major challenge in robot programming is to be able
to program skills in an easy and fast manner with high ac-
curacy. Programming by Demonstration (PbD) (PbD) is one
such approach that has the afore mentioned properties. In PbD
a human who demonstrates the skills is equipped with data-
capturing devices (e.g., data glove, cameras, haptic devices
etc.). The demonstrator performs a skill while the robot cap-
tures the associated motion data, analyzes it and generates a
robot-centered model of the demonstrated skill, that is a cor-
responding robot skill. Once the robot has acquired a number
of robot skills from demonstrations it is able to recognize a
demonstrated human skill as one of its already available ro-
bot skills. In a final step, when a task is demonstrated then
the robot recognizes the robot skills that constitute it and thus
creates a program consisting of these skills. This approach
can be used not only for industrial robots but also in the fields
of prosthetics, humanoid service robots, remote control and
teleoperation in hasardous and dangerous environments, and
last but not least in the entertainment industry. However, such
applications are relatively few so far due to the lack of appro-
priate sensor systems and some unsolved problems with the
man-robot interaction. Selected skills are

- contour following

- assembly (peg-in-hole insertion)

- handling of objects

- grasping of objects.

Different techniques for recognition of skills have been ap-
plied for PbD. For the manipulation domain Morrow and

Khosla describe the construction of a library of robot capa-
bilities by analysis and identification of tasks using a cam-
era and a force-torque sensor [1]. Their approach is to de-
velop a sensorimotor layer which integrates sensing into the
robot programming primitives. In [2] Kaiser and Dillmann
describe a neural net approach for the initial skill learning and
reinforcement learning, skill refinement and adaptation. Ex-
perimental results were shown by an insertion example and a
door-opening experiment. In the context of task learning Geib
et. al. proposed an approach to integrating high-level arti-
ficial intelligence planning technology with low-level robotic
control [3]. Kwun Han and M. Veloso describe an automated
recognition of the behavior of robots using HMMs to repre-
sent and recognize strategic behaviors of robotic agents [4].
In the field of recognition of robot behaviors the following
publications are important: Zoellner et. al. [5] use a data
glove with integrated tactile sensors for behavior recognition
which is based on support vector machines (SVM). Ekvall and
Kragic [6] apply Hidden Markov Models (HMM) and address
the PbD-problem using the arm trajectory as an additional fea-
ture for grasp classification. Li et. al. [7] use the singu-
lar value decomposition (SVD) for the generation of feature
vectors of human grasps and support vector machines (SVM)
which are applied to the classification problem. A fuzzy logic
approach for gesture recognition was published by Bimber [8].
The method is applied to 6 d.o.f. (degrees of freedom) tra-
jectories of a human arm but cannot cope with more than 6
dimensions. Despite the advanced state of the art, the cited
methods on dynamic classification do not consider the evolu-
tion of a robot behavior in time and space. This appears to
be a disadvantage because neither the estimation of the oc-
curence of a specific skill nor the problem of segmentation
can be solved in a general way. The method presented in this
paper tries to overcome some of these drawbacks by modeling
trajectories in time and space. Its advantage over other meth-
ods like HMM or Gaussian Mixture Models is discussed in [9]
and [10]. To solve a ’fuzzy’ task like skill recognition it turns
out that fuzzy modeling is a suitable approach to deal with.
The main focus of this method is programming by demonstra-
tion and recognition of human skills using fuzzy clustering and
Takagi-Sugeno (TS) fuzzy modeling (see also [11] and [12]).
The paper is organized as follows: In Section 2 a general ap-
proach to learning skills by partitioning them into phases is
discussed. Section 3 deals with fuzzy time-modeling and the
segmentation principle. Section 4 describes the recognition of
phases and the decision process for the classification of skills.
Section 5 presents simulations and experimental results. The
final Section 6 draws some conclusions and directions for fu-
ture work.
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2 Programming of robot skills by human
demonstration

Programming of robot skills requires the building of a library
of models of skills being taught or trained by a human demon-
strator. In a next step newly demonstrated skills lead to test
models which are then compared with the training models
(skills) of the library. By such a comparison the robot is able
to recognize these newly demonstrated skills. Finally a robot
task including the recognized skills can automatically be gen-
erated (see Fig. 1). For the training phase two main tasks are
needed to perform: segmentation of human demonstrations
into skill phases and phase modeling of the skill phases. Seg-
mentation means a partition of the data record into a sequence
of episodes, where each one contains a single skill phase. For
the test phase three main tasks are needed to perform: segmen-
tation of the human test demonstrations, phase recognition,
and skill classification. Phase recognition means to recognize
the phases performed in each episode. The third task is to con-
nect the recognized skill phases in such a way that a full skill
can be identified.

Figure 1: Learning skills from human demonstrations

3 Fuzzy time-modeling and the segmentation
principle

Let a skill be partitioned into a sequence of phases as de-
scribed above. Each phase starts and ends with a discrete event
coming either from a discrete sensor or from some appropriate
preprocessing of continuous sensor signals. The structure of a
skill can be described most appropriately by a hybrid automa-
ton in which nodes represent continuous phases and arcs the
discrete transitions (switches) between them. Figure 2 shows
an example of such a hybrid automaton. The hybrid process
is event-controlled (see [13]) and is assumed to be stable both
within the individual phases and with respect to the switch-
ing behavior between them. On the other hand the purpose of
segmentation is to identify the discrete instants of time for the
switches to occur in order to cut the whole skill into phases
during demonstration.

The following subsection deals with fuzzy time-modeling
in general that is used both for phase modeling and for seg-
mentation. In the same context the training of time cluster
models using new data is described. After that the segmenta-
tion procedure is presented.

Figure 2: Hybrid automaton of a skill

3.1 Fuzzy time-modeling
Let us for the time being only concentrate on the modeling
of a skill phase. The recognition of a skill phase is achieved
by a model that reflects the behavior of the robot end-effector
in time during the episode considered. Each demonstration
is repeated several times to collect enough samples of every
particular skill phase. From those data, models for each indi-
vidual phase are developed using fuzzy clustering and Takagi-
Sugeno fuzzy modeling ([14, 11]). We consider time instants
as model inputs and end-effector coordinates as model out-
puts. Define the end-effector coordinate by

x(t) = f(t) (1)

where x(t) ∈ R3, f ∈ R3, and t ∈ R+. Further linearize (1)
at selected time points ti

x(t) = x(ti) +
∆f(t)
∆t

|ti · (t − ti) (2)

which is a linear equation in t,

x(t) = Ai · t + di (3)

where Ai = ∆f(t)
∆t |ti ∈ R3 and di = x(ti)−∆f(t)

∆t |ti ·ti ∈ R3.
Using (3) as a local linear model one can express (1) in terms
of a Takagi-Sugeno fuzzy model [15]

x(t) =
c∑

i=1

wi(t) · (Ai · t + di) (4)

wi(t) ∈ [0, 1] is the degree of membership of a time point t to
a cluster with the cluster center ti, c is the number of clusters,
and

∑c
i=1 wi(t) = 1.

Let x = [x1, x2, x3]T be the 3 end-effector cordinates and
t the time. The general clustering and modeling steps are de-
scribed as follows

• Select an appropriate number of local linear models (data
clusters) c

• Find c cluster centers (ti, x1i, x2i, x3i), i = 1...c, in the
product space of the data quadruples (t, x1, x2, x3) by
Fuzzy-c-elliptotype clustering

• Find the corresponding fuzzy regions in the space of in-
put data (t) by projection of the clusters of the product
space into Gustafson-Kessel clusters (GK) within the in-
put space [16]

• Calculate c local linear (affine) models (4) using the GK
clusters from step 2.
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The membership degree wi(t) of an input data point t in an
input cluster Ci is then calculated by

wi(t) =
1

c∑
j=1

( (t−ti)T Mipro(t−ti)

(t−tj)T Mjpro
(t−tj

)
1

m̃proj−1

(5)

The projected cluster centers ti and induced matrices Mipro

define the input clusters Ci (i = 1 . . . c). The parameter
m̃pro > 1 determines the fuzziness of an individual cluster.
The spheres in Fig. 3 covering the trajectories represent the
local fuzzy models. The stripes along the time coordinate rep-
resent projections of the local fuzzy models onto the time line.

Figure 3: Time-clustering principle for the end-effector and
its motion in (x,y)

3.1.1 Training of time cluster models using new data
A skill model can be built in several ways

- A single user trains the model by repeating the same skill
n times

- m users train the model by repeating the same skill n
times

The 1st model is generated by
the time sequences [(t1, t2, ..., tN )1...(t1, t2, ..., tM )n] and the
output (end-effector position) sequences [(x1,x2, ...,xN )1...
(x1,x2, ...,xM )n].

The 2nd model is generated
by the time sequences [((t1, t2, ..., tN )11...(t1, t2, ..., tM )1n) ...
((t1, t2, ..., tN )m

1 ...(t1, t2, ..., tM )m
n )] and

the output sequences [((x1,x2, ...,xN )11...(x1,x2, ...,xM )1n)
... ((x1,x2, ...,xN )m

1 ...(x1,x2, ...,xM )m
n )] where m is the

number of users in the training process, N, M are lengths of
time sequences where N ≈ M .

Once a particular skill model has been generated it might be
necessary to take new data into account. These data may orig-
inate from different human operators to cover several ways of
performing the same type of skill. Let for simplicity the old
model be built by a time sequence [t1, t2, ..., tN ] and a respec-
tive output sequence [x1,x2, ...,xN ]. The old model is then
represented by the input cluster centers ti and the output clus-
ter centers xi (i = 1...c). It is also described by the parame-
ters Ai and di of the local linear models. Let [ t̃1, t̃2, ..., t̃M ],
[x̃1, x̃2, ..., x̃M ] be new training data. A new model can be
built by ”chaining” old and new training data leading for the
time sequences to [t1, t2, ..., tN , t̃1, t̃2, ..., t̃M ], and for the out-
put sequences to [x1,x2, ...,xN , x̃1, x̃2, ..., x̃M ]. The result is

a model that involves properties of the old model and the new
data. If the old sequence of data is not available, a correspond-
ing sequence can be generated by running the old model with
the time instants [t1, t2, ..., tN ] as inputs and the end-effector
positions [x1,x2, ...,xN ] as outputs.

3.2 Segmentation principle
Let for simplicity the signals of a skill be the end-effector co-
ordinates x(t) ∈ R3 and the forces f(t) ∈ R3 in the end-
effector. In order to generate the ’events’ determining the
time bounds for the phases, x(t) is differentiated twice and
f(t) only ones by time. The absolute values of the resulting
vectors are collected in

X(t) = [|ẍ(t)|T , |ḟ(t)|T ]T . (6)

For a segmentation we need the time-discrete case

X̃ = [X(t1)...X(tn)] ∈ R6×n. (7)

Further define a vector of bounds B > 0 ∈ R6 above
which X(ti) are counted as ’events’. Then a vector I =
[I1...Ik...Im]T is generated where Ik are discrete time stamps
ti for which at least one component of X(t i) lies above the
corresponding component of the vector of bounds B.

Ik = ti if X(ti) > B. (8)

The next step is to select the number of time clusters c
and find the clusters by time clustering for the data Y =
([X(I1); I1]...[X(Ik); Ik]...[X(Im); Im]). Y is a combination
of ’events’ X(ti) and their corresponding time instants Ik .
Once the time clusters are found the skill could be cut at these
time intants into phases. However, for complicated skills the
number of phases c might not be known in advance. Therefore
we choose a higher number c and merge those cluster centers
who are located close to each other into one.

4 Recognition of robot skills
In this section the recognition of phases or sub-skills ist dis-
cussed first. In a second step on the basis of this knowledge -
number and type of phases - the construction of the full skill
is presented.

4.1 Recognition of phases using the distance between fuzzy
clusters

Let the model of each phase have the same number of clusters
i = 1...c so that each duration Tl (l = 1...L) of the l-th phase
is divided into c − 1 time intervals ∆ti, i = 2...c of the same
length. Let the phases be executed in an environment compa-
rable with the modeled phase in order to avoid calibration and
re-scaling procedures. Furthermore let

Vmodell = [X1, . . . ,Xi, . . . ,Xc]model,l

Xi = [x, y, z, fx, fy, fz]Ti

where matrix Vmodell includes the output cluster centers Xi

for the l-th phase model.
A model of the phase to be classified is built by the matrix

Vtest = [X1, . . . ,Xi, . . . ,Xc]test,l (9)
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A decision about which phase is present is made by applying
the Euclidean matrix norm

Nl = ||Vmodell − Vtest|| (10)

Once the unknown phase is classified to the phase model with
the smallest norm min(Nl), l = 1...L then the recognition of
the phase is finished.

4.2 Recognition of skills using phase models
Once the phases of a test skill are recognized (identified) one
should be able to recognize the skill as a whole and finally to
reconstruct the hybrid automaton that represents the skill (see
Fig. 2). For this purpose a list of possible skills and their
phases should be produced. In the following we will discuss
the following robot skills
- handling
- contour following
- assembly
The corresponding phases can be found in table 1. Figures

Table 1: Skills and phases
Phases Skills: handling contour assembly

1. Grasp object x x
2. Free motion x
3. Search contact x x x
4. Keep contact x
5. Follow with contact x x x
6. Peg-in hole x
7. release object/contact x x x

4,5, and 6 show the correspondence between the skills and
their individual phases.

Figure 4: Handling skill

Figure 5: Contour following skill

5 Experiments and simulations
In this section an experimental evaluation of the recognition
of phases will be presented. The experimental platform com-
prises a data glove with diodes mounted at the fingertips and
links (see Fig. 7). A system of 4 stereo cameras takes records

Figure 6: Assembly skill

of the positions of the diodes so that the position of the hand
and its fingers can be tracked. In addition, tactile sensors are
mounted at each finger tip in order to detect the contact be-
tween the fingertips and an object or a surface, respectively.
In the experiment only the tip of the index finger is tracked in
order to identify the contour performed by this finger. The ex-
periments described here cover only contour following exam-
ples but using different contours running at different speeds.
Each example consists of three phases: the approach phase,
the contour following phase, and the retract phase. The ex-
periment starts with the index fingertip being in contact with
a defined start location at a distance from the contour. Then
it follows the approach phase without any contact to an ob-
ject ending at the begin of the contour to be followed. In the
contour following phase the index finger follows the contour
while the contact is preserved until the end of the contour is
reached and the retract phase starts. During the retract phase
there is no contact until the index finger reaches the start loca-
tion again. The experiments can be divided into 3 groups:

A Straight lines
1: slow speed (see Fig. 8)
2: fast speed
3: ramp downhill slow
4: ramp downhill fast
5: ramp uphill slow
6: ramp uphill fast

B Meander
7: meander slow (see Fig. 9)
8: meander fast

C Loops
9: loop slow 1 (see Fig. 10)
10: loop slow 2
11: loop fast 1

Three modeling examples are shown in Figs. 8 - 10. The
blue curves represent the modeled phases whereas the red
curves represent the original data. Each phase of a skill is
modeled by 15 cluster centers. The crosses depict the cluster
centers. It can be observed that the modeling/approximation
quality of the fuzzy time models is excellent. The partition
of the skill into phases has been done by means of the forces
applied to the tip of the index finger. Figure 11 shows the
time plots for the meander experiment 7. By means of the
force f applied to the fingertip and its derivative df a segmen-
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Figure 7: Experiment with a meader-like contour
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Figure 8: contour following, line

tation can be done very easily because of the distinct deriv-
atives of the force signals df . The recognition of skills has
been done by comparing each skill with all other skills us-
ing the method described in the last section. Since we only
deal with contour following experiments the norms over the
whole skill have been taken into account instead of consider-
ing the phases seperately. The results are shown in Table 2.
To explain the matrix M(i, j) (i, j = 1...11) in Table 2, let
us consider experiment 3, ramp downhill slow, as an exam-
ple (3rd row), M(3, i) (i = 1...11). Compared to itself the
norm of the differences between model and test skill is zero,
M(3, 3) = 0. The next higher norm difference can be ob-
served for experiment 4, ramp downhill fast, M(3, 4) = 0.3
. This corrresponds completely with the idea that a similarity
of trajectories should lead to small norm differences. Going
through all 11 experiments it turns out that almost all con-
tour following skills can be indentified. One exception is ex-
periment 6 where either skill 1 or 2 are identified instead of
skill 5 as expected, M(6, 1) ∧ M(6, 2) < M(6, 5). It can
also be noticed that the groups ”A: Straight lines”, M(i, j)
(i, j = 1...6) , ”B: Meander” , M(k, l) (k, l = 7, 8) , and
”C: Loops” , M(m, n) (m, n = 9...11) , can be significantly
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Figure 9: contour following, meander
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Figure 10: contour following, loop

distinguished from each other. Furthermore, one can see that,
from the recognition point of view, the groups A and B are
more related with each other than B and C or A and C, respec-
tively.

6 Conclusions
In this paper modeling and recognition/identification of ro-
bot skills using fuzzy time modeling have been presented.
Recognition of skills is a part of the teach-in process and the
Programming-by-Demonstration (PbD) of robot tasks by a hu-
man operator. In this paper the focus is directed to the skills
”handling”, ”contour following”, and ”assembly”. In this con-
text a partitioning of skills into phases by segmentation and
their modeling using fuzzy time clustering is discussed. The
recognition of phases and skills is done by comparing fuzzy
time clusters of model skills and test skills. The experimen-
tal platform consists of a data glove with diodes mounted at
the fingertips and links. 4 stereo cameras track the positions
of the hand and its fingers. Tactile sensors are mounted at
each fingertip to detect the contact between the fingertips and
objects. In the experiments different groups of contour fol-
lowing skills are presented. In 11 experiments several con-
tours like ”straight line”, ”meander”, or ”loop”, respectively,
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Figure 11: contour following, loop, time plots

Table 2: identification results
skill 1 2 3 4 5 6 7 8 9 10 11
1 0 0.2 0.6 0.5 0.6 0.4 0.7 0.9 1.8 1.8 1.8
2 0.2 0 0.7 0.6 0.6 0.5 0.7 0.9 1.8 1.9 1.8
3 0.5 0.7 0 0.3 0.8 0.6 0.9 1.0 1.9 1.9 1.8
4 0.5 0.6 0.3 0 0.8 0.6 0.8 0.9 1.8 1.9 1.8
5 0.6 0.6 0.8 0.8 0 0.5 0.9 1.0 1.9 2.0 1.9
6 0.4 0.5 0.6 0.6 0.5 0 0.8 1.0 1.8 2.0 1.9
7 0.7 0.7 0.9 0.8 0.9 0.8 0 0.4 1.4 1.4 1.4
8 0.9 0.9 1.0 0.9 1.0 1.0 0.4 0 1.5 1.4 1.3
9 1.8 1.8 1.9 1.8 1.9 1.8 1.4 1.5 0 0.6 0.4
10 1.8 1.9 1.9 1.9 2.0 1.9 1.4 1.4 0.6 0 0.5
11 1.8 1.8 1.8 1.8 1.9 1.9 1.4 1.4 0.4 0.5 0

are performed by the index fingertip. The segmentation has
been done by differentiation of the tactile forces. The mod-
eling and recognition results were very good to excellent. In
the future more experiments will be done for handling and
assembly tasks. The recognition of skills using fuzzy time
modeling and hybrid automata will be further developed. A
further focus will be the integration of high-level AI planning
techniques with low-level robotic control.
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Abstract— We present a consensus model for group decision mak-
ing with unbalanced fuzzy linguistic preference relations, i.e., assum-
ing that the preferences are assessed on linguistic term sets whose
terms are not symmetrically and uniformly distributed. This con-
sensus model can manage incomplete information situations, that is,
situations where the experts do not give all the preference values that
they are usually requested. In addition, both consistency and consen-
sus measures are used and it allows to achieve consistent solutions
with a great level of agreement.

Keywords— Group decision making, consensus, unbalanced
fuzzy linguistic preference relations, incomplete information, con-
sistency.

1 Introduction
A Group Decision Making (GDM) problem is usually under-
stood as a decision problem which consists in finding the best
alternative(s) from a set of feasible alternatives according to
the preferences provided by a group of experts characterized
by their experience and knowledge. To do this, experts have
to express their preferences by means of a set of evaluations
over the set of alternatives. In this contribution, we assume
that experts use preference relations [1, 2, 3] in an unbalanced
fuzzy linguistic context [4, 5] (see Fig. 1).

Figure 1: Example of an unbalanced fuzzy linguistic term set.

In these problems, a difficulty that has to be addressed is
the lack of information. Since each expert has his/her own ex-
perience concerning the problem being studied, there may be
cases where an expert would not be able to express the prefer-
ence degree between two or more of the available alternatives.
This may be due to an expert not possessing a precise or suf-
ficient level of knowledge of part of the problem, or because
that expert is unable to discriminate the degree to which some
options are better than others.

To solve GDM problems, the experts are faced by apply-
ing two processes before obtaining a final solution [6, 7]:
the consensus process and the selection process. The con-
sensus process is defined as a dynamic and iterative group
discussion process, coordinated by a moderator helping ex-
perts to bring their opinions closer. If the consensus level is

lower than a specified threshold, the moderator would urge
experts to discuss their opinions further in an effort to bring
them closer. Otherwise, the moderator would apply the se-
lection process which consists in obtaining the final solution
to the problem from the opinions expressed by the experts.
Clearly, it is preferable that the experts achieve a great agree-
ment among their opinions before applying the selection pro-
cess and, therefore, we focus on the consensus process.

The aim of this paper is to present a consensus model to deal
with GDM problems in which experts use incomplete unbal-
anced fuzzy linguistic preference relations (FLPRs) to provide
their preferences. We use two kinds of consensus measures
to guide the consensus reaching process, consensus degrees,
which evaluate the agreement of all the experts, and proximity
measures, which evaluate the agreement between the experts’
individual opinions and the group opinion. However, this con-
sensus model will not only be based on consensus measures
but also on consistency measures. To compute them, first, all
missing values are estimated using an estimation procedure
based on the Tanino’s consistency principle [3]. Both consis-
tency and consensus measures are used to design a feedback
mechanism, and, in such a way, we substitute the actions of the
moderator and give advice to the experts on how they should
change and complete their opinions to obtain a solution with
a high consensus degree (making experts’ opinions closer).

The rest of the paper is set out as follows. Section 2 deals
with the preliminaries necessary to develop our consensus
model. In Section 3, the consensus model for GDM prob-
lems with incomplete unbalanced FLPRs is presented. Finally,
some concluding remarks are pointed out in Section 4.

2 Preliminaries
2.1 Methodology to Manage Unbalanced Fuzzy Linguistic

Information

To manage unbalanced fuzzy linguistic information, we pro-
pose a methodology similar to those proposed in [4, 5]. This
methodology is based on the transformation of the unbalanced
fuzzy linguistic information in a Linguistic Hierarchy (LH)
[8], which is the linguistic representation domain that allows
us to develop comparison and combination processes of un-
balanced fuzzy linguistic information.

A LH is a set of levels, where each level represents a lin-
guistic term set with different granularity from the remaining
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Figure 2: Representation for an unbalanced linguistic fuzzy
term set.

levels of the hierarchy. Each level is denoted as l(t, n(t)),
where t is a number indicating the level of the hierarchy, and
n(t) is the granularity of the linguistic term set of t. Then,
a LH can be defined as the union of all levels t: LH =⋃

t l(t, n(t)). Given a LH , we denote as Sn(t) the linguistic
term set of LH corresponding to the level t of LH character-
ized by a cardinality n(t): Sn(t) = {sn(t)

0 , . . . , s
n(t)
n(t)−1}.

The procedure to represent unbalanced fuzzy linguistic in-
formation presents the following steps:

1. Find a level t− of LH to represent the subset of linguistic
terms SL

un on the left of the mid linguistic term of unbal-
anced fuzzy linguistic term set Sun.

2. Find a level t+ of LH to represent the subset of linguistic
terms SR

un on the right of the mid linguistic term of Sun.

3. Represent the mid term of Sun using the mid terms of the
levels t− and t+.

If there does not exist a level t− or t+ in LH to represent SL
un

or SR
un, respectively, then the procedure applies the following

recursive algorithm, which is defined, in this case, assuming
that there does not exist t−, as it happens with the unbalanced
fuzzy linguistic term set given in Fig. 1:

1. Represent SL
un:

(a) Identify the mid term of SL
un, called SL

mid.

(b) Find a level t−2 of the left sets of LHL to represent
the left term subset of SL

un, where LHL represents
the left part of LH .

(c) Find a level t+2 of the right sets of LHL to represent
the right term subset of SL

un.

(d) Represent the mid term SL
mid using the levels t−2

and t+2 .

2. Find a level t+ of LH to represent the subset of linguistic
terms SR

un.

3. Represent the mid term of Sun using the levels t+2 and
t+.

For example, applying this algorithm, the representa-
tion of the unbalanced fuzzy linguistic term set Sun =

{N, V L, L, M, H, QH, V H, T} shown in Fig. 1, using a lin-
guistic hierarchy LH , would be as it is shown in Fig. 2.

To operate with the linguistic information in LH , the 2-
tuple fuzzy linguistic model [9] is used.

Definition 2.1. Let S = {s0, . . . , sg} be a linguistic term set
and β ∈ [0, g] a value representing the result of a symbolic ag-
gregation operation, then the 2-tuple that expresses the equiv-
alent information to β is obtained with the following function
∆: [0, g] −→ S × [−0.5, 0.5):

(β) = (si, α), with
{

si, i = round(β)
α = β − i, α ∈ [−0.5, 0.5), (1)

where round(·) is the usual round operation, si has the clos-
est index label to “β”, and “α” is the value of the symbolic
translation. In addition, for all ∆, there exists ∆−1, defined as
∆−1(si, α) = i + α = β.

Finally, transformation functions between labels from dif-
ferent levels to make processes of computing with words in
multigranular linguistic information contexts without loss of
information were defined in [8].

Definition 2.2. [8] Let LH =
⋃

t l(t, n(t)) be a linguistic
hierarchy whose linguistic term sets are denoted as Sn(t) =
{sn(t)

0 , . . . , s
n(t)
n(t)−1}, and let us consider the 2-tuple fuzzy lin-

guistic representation. The transformation function from a
linguistic label in level t to a label in level t′ is defined as
TF t

t′ : l(t, n(t)) −→ l(t′, n(t′)) such that

TF t
t′(s

n(t)
i , αn(t)) = ∆t′

(
∆−1

t (sn(t)
i , αn(t)) · (n(t′)− 1)

n(t)− 1

)
.

(2)

2.2 Incomplete Unbalanced FLPRs

In this paper, we deal with GDM problems where the ex-
perts eh express their preferences relations Ph = (ph

ik) on
the set of alternatives X using an unbalanced linguistic fuzzy
term set, Sun = {s0, . . . , smid, . . . , sg}, which has a mini-
mum label, called s0, a maximum label, called sg , and the re-
maining labels are non-uniformly and non-symmetrically dis-
tributed around the central one, called smid (Fig. 1). There-
fore, ph

ik ∈ Sun represents the preference of alternative xi

over alternative xk for the experts eh assessed on the unbal-
anced fuzzy linguistic term set Sun.

Definition 2.3. An unbalanced FLPR Ph on a set of alter-
natives X is characterized by a membership function µP h :
X × X −→ Sun. If it is not possible to give the preference
degree for every pair of alternatives, we have an incomplete
unbalanced FLPR.

When cardinality of X is small, the preference relation may
be conveniently represented by a n × n matrix Ph = (ph

ik),
being ph

ik = µP h(xi, xk), ∀i, k ∈ {1, . . . , n} and ph
ik ∈ Sun.

2.3 Consistency Measures

For GDM problems with preference relations, some properties
are usually assumed desirable to avoid contradictions within
the preferences expressed by the experts, that is, to avoid in-
consistent opinions. One of them is the additive transitivity,
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cph
ik = TF t′

t (∆t′

(∑n
j=1;i�=k �=j (∆−1

t′ (TF t
t′((cp

h
ik)j1)) + ∆−1

t′ (TF t
t′((cp

h
ik)j2)) + ∆−1

t′ (TF t
t′((cp

h
ik)j3)))

3(n− 2)

)
). (3)

cph
ik = TF t′

t (∆t′

(∑
j∈Hh1

ik
∆−1

t′ (TF t
t′((cp

h
ik)j1)) +

∑
j∈Hh2

ik
∆−1

t′ (TF t
t′((cp

h
ik)j2)) +

∑
j∈Hh3

ik
∆−1

t′ (TF t
t′((cp

h
ik)j3))

(#Hh1
ik + #Hh2

ik + #Hh3
ik )

)
).

(4)

which was defined for fuzzy preference relations [1, 3] as:

(ph
ij−0.5)+(ph

jk−0.5) = (ph
ik−0.5), ∀i, j, k ∈ {1, . . . , n}.

(5)
In the case of an unbalanced fuzzy linguistic context,

previously to carry out any computation task, we have to
choose a level t′ ∈ {t−, t−2 , t+, t+2 }, such that n(t′) =
max{n(t−), n(t−2 ), n(t+), n(t+2 )}. Then, once a result is
obtained, it is transformed to the correspondent level t ∈
{t−, t−2 , t+, t+2 } by means of TF t′

t for expressing the result
in the unbalanced fuzzy linguistic term set Sun. In this way,
the unbalanced fuzzy linguistic additive transitivity for unbal-
anced FLPRs is defined as:

TF t′
t (∆t′ [(∆−1

t′ (TF t
t′(p

h
ij))−∆−1

t′ (TF t
t′(smid)))+

(∆−1
t′ (TF t

t′(p
h
jk))−∆−1

t′ (TF t
t′(smid)))]) =

TF t′
t (∆t′ [(∆−1

t′ (TF t
t′(p

h
ik))−∆−1

t′ (TF t
t′(smid)))]),

(6)

being ph
ij = (sn(t)

v , α1), t ∈ {t−, t−2 , t+, t+2 }, ph
jk =

(sn(t)
w , α2), t ∈ {t−, t−2 , t+, t+2 }, ph

ik = (sn(t)
z , α3), t ∈

{t−, t−2 , t+, t+2 }, smid is the mid term of Sun and t′ ∈
{t−, t−2 , t+, t+2 }.

Expression (6) can be rewritten as:

ph
ik = TF t′

t (∆t′(∆−1
t′ (TF t

t′(p
h
ij)) + ∆−1

t′ (TF t
t′(p

h
jk))−

∆−1
t′ (TF t

t′(smid, 0)))), ∀i, j, k ∈ {1, . . . , n}.
(7)

Equation (7) can be used to calculate an estimated value of
a preference degree ph

ik (i �= k) using an intermediate alterna-
tive xj in three different ways:

1. From ph
ik = TF t′

t (∆t′(∆−1
t′ (TF t

t′(p
h
ij)) +

∆−1
t′ (TF t

t′(p
h
jk))−∆−1

t′ (TF t
t′(smid, 0)))), we obtain:

(cph
ik)j1 = TF t′

t (∆t′(∆−1
t′ (TF t

t′(p
h
ij))+

∆−1
t′ (TF t

t′(p
h
jk))−∆−1

t′ (TF t
t′(smid, 0)))).

(8)

2. From ph
jk = TF t′

t (∆t′(∆−1
t′ (TF t

t′(p
h
ji)) +

∆−1
t′ (TF t

t′(p
h
ik))−∆−1

t′ (TF t
t′(smid, 0)))), we obtain:

(cph
ik)j2 = TF t′

t (∆t′(∆−1
t′ (TF t

t′(p
h
jk))−

∆−1
t′ (TF t

t′(p
h
ji)) + ∆−1

t′ (TF t
t′(smid, 0)))).

(9)

3. From ph
ij = TF t′

t (∆t′(∆−1
t′ (TF t

t′(p
h
ik)) +

∆−1
t′ (TF t

t′(p
h
kj))−∆−1

t′ (TF t
t′(smid, 0)))), we obtain:

(cph
ik)j3 = TF t′

t (∆t′(∆−1
t′ (TF t

t′(p
h
ij))−

∆−1
t′ (TF t

t′(p
h
kj)) + ∆−1

t′ (TF t
t′(smid, 0)))).

(10)

The overall estimated value cph
ik of ph

ik is obtained as the
average of all possible (cph

ik)j1, (cph
ik)j2 and (cph

ik)j3 values
as shown in (3).

When the information provided is completely consistent,
then (cph

ik)jl = ph
ik, ∀j, l. The error between a preference

value and its estimated one in [0, 1] is defined as follows:

εph
ik =

|∆−1
t′ (TF t

t′(cp
h
ik))−∆−1

t′ (TF t
t′(p

h
ik))|

n(t′)− 1
. (11)

We should point out that some estimated values of an incom-
plete unbalanced FLPR could lie outside the Sun, i.e., we may
have cph

ik < s0 or cph
ik > sg . In order to normalize the ex-

pression domains, the following function is used:

f(cph
ik) =


s0, if cph

ik < s0

sg, if cph
ik > sg

cph
ik, otherwise.

(12)

Thus, it can be used to define the consistency level between
the preference degree ph

ik and the rest of the preference values
of the unbalanced FLPR as follows:

clhik = 1− εph
ik. (13)

Easily, we can define the consistency measures for particular
alternatives and for the whole unbalanced FLPR.

Definition 2.4. The consistency measure, clhi ∈ [0, 1], associ-
ated to a particular alternative xi of an unbalanced FLPR Ph

is defined as:

clhi =

∑n
k=1;i�=k (clhik + clhki)

2(n− 1)
. (14)

Definition 2.5. The consistency level, clh ∈ [0, 1], of an un-
balanced FLPR Ph is defined as follows:

clh =
∑n

i=1 clhi
n

. (15)

When working with an incomplete unbalanced FLPR, (3)
cannot be used to obtain the estimate of a known preference
value. In this case, the following sets can be defined [10]:

A = {(i, j) | i, j ∈ {1, . . . , n} ∧ i �= j}
MV h = {(i, j) ∈ A | ph

ij is unknown}
EV h = A \MV h

Hh1
ik = {j �= i, k | (i, j), (j, k) ∈ EV h}

Hh2
ik = {j �= i, k | (j, i), (j, k) ∈ EV h}

Hh3
ik = {j �= i, k | (i, j), (k, j) ∈ EV h}

EV h
i = {(a, b) | (a, b) ∈ EV h ∧ (a = i ∨ b = i)},

(16)

Then, the estimated value of a particular preference degree
ph

ik ((i, k) ∈ EV h) can be calculated as shown in (4) assum-
ing (#Hh1

ik + #Hh2
ik + #Hh3

ik ) �= 0.
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function estimate p(h,i,k)
1) (cph

ik)1 = (s0, 0), (cph
ik)2 = (s0, 0), (cph

ik)3 = (s0, 0)

2) if #Hh1
ik �= 0, then (cph

ik)1 = TF t′
t (∆t′(

∑
j∈Hh1

ik
∆−1

t′ (TF t
t′((cp

h
ik)j1))))

3) if #Hh2
ik �= 0, then (cph

ik)2 = TF t′
t (∆t′(

∑
j∈Hh2

ik
∆−1

t′ (TF t
t′((cp

h
ik)j2))))

4) if #Hh3
ik �= 0, then (cph

ik)3 = TF t′
t (∆t′(

∑
j∈Hh3

ik
∆−1

t′ (TF t
t′((cp

h
ik)j3))))

5) Calculate cph
ik = TF t′

t (∆t′

(
∆−1

t′ (TF t
t′((cp

h
ik)1)) + ∆−1

t′ (TF t
t′((cp

h
ik)2)) + ∆−1

t′ (TF t
t′((cp

h
ik)3))

(#Hh1
ik + #Hh2

ik + #Hh3
ik )

)
)

end function

2.4 Estimation Procedure of Missing Values

The procedure estimates missing information in an expert’s
incomplete unbalanced FLPR using only the preference val-
ues provided by that particular expert. It is designed using
(4) and estimates missing information values by means of two
different tasks:

1. Elements to be estimated in step t of the procedure:

EMV h
t = {(i, k) ∈MV h \⋃t−1

l=0 EMV h
l | i �= k ∧

∃j ∈ {Hh1
ik ∪Hh2

ik ∪Hh3
ik }},

(17)

and EMV h
0 = ∅ (by definition).

2. Estimation of a particular missing value: In or-
der to estimate a particular value, the function
estimate p(h, i, k) at the top of the page is used.

3 Consensus model
In this section, we present a consensus model for GDM prob-
lems where experts provide their preferences using incomplete
unbalanced FLPRs. To solve GDM problems with this kind
of preference relations, firstly, it is necessary to deal with the
missing values [10]. The previous consistency based proce-
dure of missing values allows us to measure the consistency
levels of each expert. This consistency information is used in
this section to propose a consensus model based not only on
consensus criteria but also on consistency criteria. We con-
sider that both criteria are important to guide the consensus
process in an incomplete decision framework. In such a way,
we get that experts change their opinions toward agreement
positions in a consistent way, which is desirable to achieve a
consistent and consensus solution. The main characteristics of
the proposed consensus model are the following:

• It is designed to guide the consensus process of incom-
plete unbalanced fuzzy linguistic GDM problems.

• It uses a consistency based procedure to calculate the in-
complete unbalanced fuzzy linguistic information.

• It is based both consensus criteria and consistency crite-
ria. The proposed consensus model is designed with the
aim of obtaining the maximum possible consensus level
while trying to achieve a high level of consistency in ex-
perts’ preferences.

• A feedback mechanism is defined using the above crite-
ria. It substitutes the moderator’s actions, avoiding the
possible subjectivity that he/she can introduce, and gives

advice to the experts to find out the changes they need to
make in their opinions to obtain a solution with certain
consensus and consistency degrees simultaneously.

In particular, the consensus model develops its activity in
five phases that will be described in further detail in the fol-
lowing subsections: 1) computing missing information, 2)
computing consistency measures, 3) computing consensus
measures, 4) controlling the consistency/consensus state, and
5) feedback mechanism.

3.1 Computing Missing Information

In this first step, for each incomplete unbalanced FLPR Ph,
we obtain its corresponding complete unbalanced FLPR P̄h

using the estimation procedure described in Section 2.4.

3.2 Computing Consistency Measures

To compute consistency measures, first, for each P̄h, we
compute its corresponding unbalanced FLPR CPh = (cph

ik)
according to expression (3). Second, we apply (13)-(15)
to (P̄h, CPh) (∀h) to compute the consistency measures
CLh = (clhik), clhi , clh, ∀i, k ∈ {1, . . . , n}. Finally, we define
a global consistency measure among all experts to control the
global consistency situation as follows:

CL =
∑m

h=1 clh

m
. (18)

3.3 Computing Consensus Measures

As in [6, 10], we compute two different kinds of measures:
consensus degrees and proximity measures. Consensus de-
grees are used to measure the actual level of consensus in the
process, while the proximity measures give information about
how close to the collective solution every expert is. These
measures are given on three different levels for a preference
relation: pairs of alternatives, alternatives and relation. It will
allow us to find out the consensus state of the process at dif-
ferent levels. For example, we will be able to identify which
experts are close to the consensus solution, or in which alter-
natives the experts are having more trouble to reach consensus.

3.3.1 Consensus Degrees
For each pair of experts (eh, el) (h = 1, . . . ,m − 1, l = h +
1, . . . , m), a similarity matrix, SMhl = (smhl

ik), is defined,
where

smhl
ik = 1− |∆

−1
t′ (TF t

t′(p̄
h
ik))−∆−1

t′ (TF t
t′(p̄

l
ik))|

n(t′)− 1
, (19)

being p̄h
ik = (sn(t)

v , α1), t ∈ {t−, t−2 , t+, t+2 }, p̄l
ik =

(sn(t)
w , α2), t ∈ {t−, t−2 , t+, t+2 }, and t′ ∈ {t−, t−2 , t+, t+2 }.
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Then, a consensus matrix, CM = (cmik), is calculated
by aggregating all the similarity matrices using the arithmetic
mean as the aggregation function φ:

cmik = φ(smhl
ik, h = 1, . . . ,m−1, l = h+1, . . . , m). (20)

Once the consensus matrix, CM , is computed, we proceed
to calculate the consensus degrees at the three different levels:

1. Level 1. Consensus degree on pairs of alternatives,
copik. It measures the consensus degree amongst all the
experts on the pair of alternatives (xi, xk).

copik = cmik; ∀ i, k = 1, . . . , n ∧ i �= k. (21)

2. Level 2. Consensus degree on alternatives, cai. It mea-
sures the consensus degree amongst all the experts on the
alternative xi.

cai =

∑n
k=1;k �=i (copik + copki)

2(n− 1)
. (22)

3. Level 3. Consensus degree on the relation, cr. It mea-
sures the global consensus degree amongst all the experts
and is used to control the consensus situation.

cr =
∑n

l=1 cai

n
. (23)

3.3.2 Proximity Measures
These measures evaluate the agreement between the individ-
ual experts’ opinions and the group opinion. To compute them
for each expert, we need to obtain the collective unbalanced
FLPR, P c = (pc

ik), which summarizes preferences given by
all the experts and is calculated by means of the aggregation
of the set of individual unbalanced FLPRs {P̄ 1, . . . , P̄m}. In
this way, to obtain P c we use the unbalanced fuzzy linguistic
version of an IOWA operator [11, 12], which uses both con-
sensus and consistency criteria as inducing variable. Thus, we
obtain each collective unbalanced fuzzy linguistic preference
degree pc

ik according to the most consistent and consensual
individual unbalanced fuzzy linguistic preference degrees.

Thus, to obtain each pc
ik according to the most consistent

and consensual individual unbalanced fuzzy linguistic pref-
erence degrees, we propose to use an unbalanced fuzzy lin-
guistic IOWA operator with the consistency/consensus values,
{z1

ik, z2
ik, . . . , zm

ik}, as the values of the order inducing vari-
able, i.e.,

pc
ik = ΦW (〈z1

ik, p̄1
ik〉, . . . , 〈zm

ik , p̄m
ik〉) =

TF t′
t (∆t′(

∑m
h=1 wh ·∆−1

t′ (TF t
t′(p̄

σ(h)
ik )))),

(24)

where

• σ is a permutation of {1, . . . , m} such that z
σ(h)
ik ≥

z
σ(h+1)
ik , ∀h = 1, . . . , m − 1, i.e., 〈zσ(h)

ik , p̄
σ(h)
ik 〉 is

the 2-tuple with z
σ(h)
ik the h-th highest value in the set

{z1
ik . . . , zm

ik};
• the weighting vector is computed according to the fol-

lowing expression:

wh = Q

(∑h
j=1 z

σ(j)
ik

T

)
−Q

(∑h−1
j=1 z

σ(j)
ik

T

)
, (25)

with T =
∑m

j=1 zj
ik;

• and the set of values of the inducing variable
{z1

ik, . . . , zm
ik} are computed as follows:

zh
ik = (1− δ) · clhik + δ · coh

ik, (26)

being coh
ik the consensus measure for the preference

value p̄h
ik and δ ∈ [0, 1] a parameter to control the weight

of both consistency and consensus criteria in the induc-
ing variable. Usually δ > 0.5 will be used to give more
importance to the consensus criterion. We should note
that in our framework, each value coh

ik used to calculate
{z1

ik, . . . , zm
ik} is defined as follows:

coh
ik =

∑n
l=h+1 smhl

ik +
∑h−1

l=1 smlh
ik

n− 1
. (27)

Once we have computed P c, we can compute the proximity
measures in each level of an unbalanced FLPR.

1. Level 1. Proximity measure on pairs of alternatives,
pph

ik. The proximity measure of an expert eh on a pair
of alternatives (xi, xk) to the group’s one is calculated
as:

pph
ik = 1−

∣∣∆−1
t′ (TF t

t′(p̄
h
ik))−∆−1

t′ (TF t
t′(p

c
ik))
∣∣

n(t′)− 1
.

(28)

being p̄h
ik = (sn(t)

v , α1), t ∈ {t−, t−2 , t+, t+2 },
pc

ik = (sn(t)
w , α2), t ∈ {t−, t−2 , t+, t+2 }, and t′ ∈

{t−, t−2 , t+, t+2 }.
2. Level 2. Proximity measure on alternatives, pah

i . The
proximity measure of an expert eh on an alternative xi to
the group’s one is calculated as follows:

pah
i =

∑n
k=1;k �=i (pph

ik + pph
ki)

2(n− 1)
. (29)

3. Level 3. Proximity measure on the relation, prh. The
proximity measure of an expert eh on his/her unbalanced
FLPR to the group’s one is calculated as follows:

prh =
∑n

l=1 pah
i

n
. (30)

3.4 Controlling Consistency/Consensus State

The consistency/consensus state control process will be used
to decide when the feedback mechanism should be applied
to give advice to the experts or when the consensus reaching
process has to come to an end. It should take into account both
the consensus and consistency measures. To do that, we use a
measure or level of satisfaction, called consistenty/consensus
level (CCL) [10], which is used as a control parameter:

CCL = (1− δ) · CL + δ · cr, (31)

with δ the same value used in [7]. When CCL satisfies a
minimum threshold value γ ∈ [0, 1], the consensus reaching
process finishes and the selection process can be applied. To
avoid that the consensus process does not converge, a maxi-
mum number of consensus rounds is incorporated.
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3.5 Feedback Mechanism

The feedback mechanism generates personalized advice to the
experts according to the consistency and consensus criteria. It
helps experts to change their preferences and to complete their
missing values. This activity is carried out in two steps:

1. Identification of the preference values. We must iden-
tify preference values that are contributing less to reach
a high consensus/consistency state. To do that, we define
set APS that contains 3-tuples (h, i, k) symbolizing pref-
erence degrees ph

ik that should be changed because they
affect badly to that consistency/consensus state.

(a) Identification of experts. We identify the set of ex-
perts EXPCH that should receive advice on how to
change some of their preference values.

EXCPCH = {h | (1− δ) · clh + δ · prh < γ}.
(32)

(b) Identification of alternatives. We identify the alter-
natives ALT that the above experts should consider
to change.

ALT = {(h, i) | h ∈ EXPCH ∧ (1− δ) · clhi +
δ · pah

i < γ}.
(33)

(c) Identification of pairs of alternatives. Finally, we
identify preference values for every alternative and
expert (xi; eh | (h, i) ∈ ALT ) that should be
changed according to their proximity and consis-
tency measures on the pairs of alternatives, i.e.,

APS = {(h, i, k) | (h, i) ∈ ALT ∧ (1− δ) · clhik+
δ · pph

ik < γ}.
(34)

Additionally, the feedback process must provide
rules for missing preference values. To do so, it
has to take into account in APS all missing values
that were not provided by the experts, i.e.,

APS′ = APS ∪ {(h, i, k) | ph
ik ∈MVh}. (35)

2. Generation of advice. In this step, the feedback mech-
anism generates personalized recommendations to help
the experts to change their preferences. These recom-
mendations are based on easy recommendation rules that
will not only tell the experts which preference values they
should change, but will also provide them with particu-
lar values for each preference to reach a higher consis-
tency/consensus state.

The new preference degree of alternatives xi over alter-
native xk to recommend to the expert eh, rph

ik, is calcu-
lated as the following weighted average of the preference
value cph

ik and the collective preference value pc
ik:

rph
ik = TF t′

t (∆t′((1− δ) ·∆−1
t′ (TF t

t′(cp
h
ik))+

δ ·∆−1
t′ (TF t

t′(p
c
ik)))).

(36)

As previously mentioned, with δ > 0.5, the consen-
sus model leads the experts towards a consensus solution
rather than towards an increase on their own consistency
levels.

Finally, we should distinguish two cases:

(a) ∀(h, i, k) ∈ APS′, if ph
ik ∈ EVh, the recommen-

dation generated for the expert eh is: “You should
change your preference value (i, k) to a value close
to rph

ik”.
(b) ∀(h, i, k) ∈ APS′, if ph

ik ∈ MVh, the recommen-
dation generated for the expert eh is: “You should
provide a value for (i, k) close to rph

ik”.

4 Concluding Remarks
In this paper, we have proposed a model of consensus for
GDM with incomplete unbalanced fuzzy linguistic informa-
tion. It uses two different kinds of measures to guide the con-
sensus reaching process, consistency and consensus measures,
and generates advice to experts in a discriminate way. As a
consequence, this model allows us to achieve consistent and
consensus solutions. In addition, it supports the consensus
process automatically, without moderator.
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Abstract— This paper presents a real-time segmentation algo-
rithm to obtain moving objects from the H.264 compressed domain.
The proposed segmentation works with very little information and is
based on two features of the H.264 compressed video: motion vec-
tors associated to the macroblocks and decision modes. The algo-
rithm uses fuzzy logic and allows to describe position, velocity and
size of the detected regions in a comprehensive way, so the proposed
approach works with low level information but manages highly com-
prehensive linguistic concepts. The performance of the algorithm
is improved using dynamic design of fuzzy sets that avoids merge
and split problems. Experimental results for several traffic scenes
demonstrate the real-time performance and the encouraging results
in diverse situations.

Keywords— Moving object detection, image segmentation,
H.264 advanced video coding, dynamic fuzzy sets.

1 Introduction
In Computer Vision, moving object segmentation is referred
to the process of identifying and partitioning of the meaning-
ful regions present in video sequences. Classical techniques
like background subtraction or temporal differencing use low
level information about each pixel. These algorithms have a
good performance and can identify with accuracy the border
of the regions, but the most of them can not work in real-time
because they have to decode and process each pixel of each
frame. So fast algorithms to segment moving objects usually
work directly on compressed video. The proposed algorithm
uses only the information related to the motion and works with
groups of pixels called macroblocks.

The proposed segmentation algorithm is designed for the
H.264 advanced video coding standard. This standard has a
better compression ratio than the MPEG compressed video
family standards and provides the mechanisms for coding
video that are optimized for compression efficiency and aims
to meet the needs of practical multimedia communication ap-
plications. This new standard has more choices of coding pa-
rameters and strategies than MPEG-4. This work is based on
previous algorithms for MPEG [1, 2], but the new proposal is
faster and can fulfill the requeriment of real-time applications.
Another contribution of this work is the improvement of the
algorithm’s robustness. This improvement can be obtained be-
cause the proposed technique can adapt itself to the scenario
and the objects present in it in a dynamic way. More con-

cretely, the fuzzy sets describing the linguistic variables are
updated dynamically and this fact allows to reduce the merge
and split ratios.

The paper is organized as follows. Section 2 describes the
approaches to the H.264 segmentation algorithms. In the next
section, some features of the H.264 video standard are pre-
sented. Fuzzy linguistic concepts are shown in Section 4.
Later, in Section 5 it is analyzed the proposed method of mov-
ing object segmentation. The experimental results in several
video traffic scenes are presented in Section 6. Finally, con-
clusions and future works are described in Section 7.

2 Related Work
The main problem related to the compressed video process-
ing is the shortage of information and the uncertainty that it
implies. In this segmentation method luminance and chromi-
nance values are not used, but information related to the mo-
tion compensation between frames is needed. This fact im-
plies the increase of the uncertainty related to the input infor-
mation. In this noisy environment, fuzzy logic presents itself
as the adequate theoretical medium to reduce the negative in-
fluence of the uncertainty.

Fuzzy logic has been applied in many tasks in computer vi-
sion [3, 4] because of its potential and its link with the natural
language. It allows to translate video information in linguistic
representations capable to be processed through fuzzy tech-
niques. Approximate reasoning is used in this work to carry
out a segmentation algorithm of moving objects that obtains
conceptual representations which describe position, velocity
and size of the regions detected in a comprehensive way.

The segmentation algorithms works directly over H.264
compressed domain video and exploit two features of mac-
roblock: motion vectors and DCT coefficients. Zeng et al. [5]
present an algorithm that employs a block-based Markov Ran-
dom Field (MRF) model to segment moving objects from the
sparse motion vector field obtained directly from the H.264
bitstream. A later approximation has been proposed in Liu et
al. [6], where a real-time spatiotemporal segmentation is pre-
sented. In this case, spatial segmentation only exploits the mo-
tion vector field extracted from the H.264 compressed video.
Regions are classified using the block residuals of global mo-
tion compensation and the projection is exploited for inter-
frame tracking of video objects.
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3 Features of the H.264 Advanced Video
Coding

H.264 [7], also known as MPEG-4 Part 10, is a standard for
video compression developed jointly between the Motion Pic-
ture Expert Group (MPEG) and the Video Coding Experts
Group (VCEG). Richardson explains deeply in [8] the features
of the H.264 compressed domain, but in this section only the
H.264 concepts used into the segmentation algorithm are de-
scribed. This standard provides mechanisms for video coding
that are optimized for a better compression efficiency and aims
to meet the multimedia communication applications.

The pictures in a video sequence may be encoded in several
ways. The goal of the different kinds of frames is to exploit
the diverse class of redundant information that it is possible
to find in a video sequence. Three of the most common kinds
of pictures available in H.264, as well as in other multimedia
standards are Intra pictures (I Type), Predicted pictures (P
Type) and Bi-directional or Interpolated pictures (B Type).

The most relevant concept to this work is the macroblock
(MB), which is the basic unit in which an image is divided
into. It contains the information of a 16x16 pixels region and
there are two types depending on the encoding: Intra mac-
roblock, in which Intra-prediction algorithms are applied di-
rectly to exploit the spatial redundancy according to the H.264
standard, and Inter macroblock, in which motion compensa-
tion is used to exploit temporal redundancy from a reference
macroblock (earlier, later or a combination of both).

H.264 uses block-based motion compensation, the same
principle adopted by every major coding standard since H.261.
This motion compensation is done through the redundant in-
formation between consecutive frames looking for a pattern
that captures the kind of movement between pictures. This
pattern is represented as a motion vector, which defines a
distance and a direction and has two dimensions: right x and
down x. Important differences from earlier standards include
the support for a range of block sizes and the use of multiple
reference frames to improve the performance of the coding.

H.264 supports motion compensation block sizes ranging
from 16x16 to 4x4 samples. Each macroblock may be split
up in 4 ways: 16x16, 16x8, 8x16 or 8x8. Each of the sub-
divided regions is a macroblock partition. If the 8x8 mode
is chosen, each of the four 8x8 macroblock partitions within
the macroblock may be further split in 4 ways: 8x8, 8x4, 4x8
or 4x4 (known as sub-macroblock partitions). These parti-
tions and sub-partitions give rise to a large number of possible
combinations within each macroblock. This method of parti-
tioning macroblocks into motion compensated sub-blocks of
varying size is known as tree structured motion compensation.

Since each macroblock and sub-macroblock partition has
a motion vector associated, a macroblock has from 0 to 16
pairs of motion vectors. For example, an Intra macroblock has
not any motion vector, an Inter macroblock partitioned into
two 16x8 blocks has two pairs of motion vectors and an In-
ter macroblock partitioned into four 8x8 blocks -each of them
partitioned into 4x4 sub-macroblocks- has 16 pairs of motion
vectors (4 ∗ 4 = 16).

Since H.264 allows block-based motion compensation, the
decision mode and the block size give additional informa-
tion about the motion degree on a specific region of a frame
(Fig. 1). Thus the more partitions into a macroblock, the more

implicit motion ratio over that region. The H.264 standard
supports the decision modes illustrated in Table 1, where can
also be seen the average frequency. This information is rele-
vant to the segmentation algorithm.

Figure 1: Processing a frame.

Table 1: Adopted nomenclature for decision modes.
Id Macroblock type Frequency
0 Skip, without added information 19,6 %
1 One 16x16 partition 50,6 %
2 Two 16x8 partitions 3,3 %
3 Two 8x16 partitions 2,2 %
4 Four 8x8 partitions 10,7 %
5 Two 8x4 sub-partitions in an 8x8 partition 1,9 %
6 Two 4x8 sub-partitions in an 8x8 partition 1,5 %
7 Four 4x4 sub-partitions in an 8x8 partition 0,5 %
8 Four 8x8 partitions without sub-partitions 0,4 %
9 4x4 Intra-frame macroblock 4,8 %

10 16x16 Intra-frame macroblock 0,9 %
11 Without using in an standard encoding 0,0 %
12 Without using in an standard encoding 0,0 %
13 8x8 Intra-frame macroblock 3,7 %

4 Fuzzy Linguistic Concepts
The motion vectors of an H.264 video flow are imprecise ap-
proximations to the real Optical Flow Fields [9]. In H.264
frames, the areas more sensitive to contain wrong motion vec-
tors [10] are those with imperceptible variation of luminance
values and those corresponding to the boundary objects. In
cases like that, it is complex to the motion compensation algo-
rithms to find correspondences between macroblocks in con-
secutive frames. The most compressed-domain techniques for
image manipulation apply any filter to the motion vectors field
to avoid the anomalous values as consequence of the mistakes
introduced by the encoders. The use of the filters implies the
growth of the information used in the algorithm and this kind
of operations use to be expensive from a computational point
of view; thus, these procedures are inappropriate for real-time
algorithms.
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The related uncertainty justifies the use of the fuzzy logic in
the H.264 compressed domain. The algorithm uses approxi-
mate reasoning to compact the information related to the video
flow, so values not much affected by the encoding error will
have similar fuzzy values. Besides, given that the goal of this
work is to obtain the linguistic description of the moving re-
gions present in a video scene, it is necessary to define the set
of linguistic elements used in the description of the regions.

The proposed algorithm uses four linguistic variables [11]
to represent the horizontal position (HP ), vertical position
(V P ), horizontal velocity (HV ) and vertical velocity (V V ).
One of the critical points of the system is the definition of
the membership function for each variable because it depends
on the scenario under observation. For example, Fig. 2 illus-
trates the linguistic labels belonging to the linguistic variable
HP used as initial values in this study. These values can be
adapted to obtain the optimal design for the specific scenario.

Figure 2: Horizontal Position linguistic labels.

A linguistic motion vector is the fuzzy representation of
a motion vector belonging to a macroblock. It represents a
linguistic description of the motion of a macroblock between
consecutive frames and is defined as:

LMV =< FN, IHP (mb row), IV P (mb col),

, IHV (right x), IV V (down x) > (1)

where the first element identifies the frame number where
the motion vector is and the next four elements are four
linguistic intervals. A linguistic interval is an ordered
set of consecutive pairs of linguistic labels ({Left :
0, 5 ; Horizontal Centre : 0, 5}). The IPH and IPV in-
tervals represent the column and row of the macroblock. The
IHV e IV V intervals are obtained from the right x and down x
values of the motion vector.

A valid linguistic motion vector is a linguistic motion vec-
tor that contains relevant information about the direction and
velocity of an object, i.e., at least one of the two magnitudes
concerning the velocity (IHV and IV V ) of the vector is dis-
tinct of the label No Motion.

A linguistic blob is an 7-tuple composed by one or more
conceptually similar motion vectors that represents in a lin-
guistic way a region (blob) in a frame:

LB =< FN,Size,MBs, IHP , IV P , IHV , IV V > (2)

where FN is the frame number in which is located the blob,
Size is the number of linguistic motion vectors grouped in the
blob, MBs is a list of macroblocks belongs to the blob and the
last four elements are the linguistic intervals that represent the
position and velocity of the blob.

5 Segmentation Algorithm
In this work, the real displacement between frames is com-
puted by using a fuzzification procedure working on motion
vectors, neither DCT coefficients information nor statistical
filtering is needed; so the algorithm requires very little of data;
from a frame size of 320x240 pixels and about 35-40 KB, the
algorithm only needs about 2-4 KB and around 18 KB per
frame for a 640x480 video sequence with a frame size of 120-
140 KB.

Fig. 3 shows the overview of the proposed system. The
H.264 compressed video streams are the input of the algo-
rithm. The first stage is the decoding of the video streaming
with the goal of extracting the motion vectors and the decision
modes. In the next stage, a k-neighbor algorithm is applied
to the mode decision matrix to obtain the motion vectors to
take into account. After that, in the fuzzification stage, motion
vectors are converted into linguistic motion vectors in order to
obtain the fuzzy representation of them. Then the noisy infor-
mation is removed and the valid linguistic motion vectors are
obtained. The algorithm rules out the motion vectors with low
values of right x and down x because they could be noisy and
they do not provide information about moving objects. Next
stage is the segmentation, i.e., the valid vectors are grouped
into linguistic blobs, each of them could be identified as a
moving object of the video scene. Finally, the linguistic blobs
are filtered to delete noisy ones. Note that the result of the
algorithm is not a set of objects detected in a video sequence,
but a set of linguistic blobs or regions which form the previous
step to the identification of the objects. In a parallel process to
the segmentation, the fuzzy sets defined over each linguistic
variable are modified in a dynamic way to adapt the algorithm
to a specific scenario, as it is explained in Section 5.3. Thus,
the linguistic labels are modified in accordance with the size
of the blobs identified in the scene and this fact has influence
on the performance of the algorithm.

Figure 3: Overview of the proposed system.

5.1 Decision Modes Selection

The segmentation algorithm has to choose the valid motion
vectors to obtain the right blobs. It can be selected between
two ways of decision modes selection. In the first one, the
algorithm takes into account only motion vectors belonging
to a macroblock of type 4 (four 8x8 partitions) because it has
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been observed experimentally that the moving objects are usu-
ally coded with this decision mode (Fig. 4(a)). In the second
one, it is obtained the decision modes matrix corresponding
to a frame and it is applied a k-neighbor algorithm to obtain
the implicit motion degree in a region of the frame. The deci-
sion modes has been named in increasing motion degree, thus
the higher is the k-neighbor macroblock value, the more is the
movement inside the macroblock (Fig. 4(b)). In this case, the
segmentation procedure works only with motion vector values
greater than a predefined threshold Ukn in the k-neighbor al-
gorithm. In Section 6 the results using both decision modes
selection are analyzed.

Figure 4: Decision modes selection: (a) type 4 macroblocks in
a frame, (b) decision modes matrix with k-neighbor algorithm.

5.2 Total distance and weighted aggregation

After fuzzification of motion vectors, the proposed system
clasifies the valid linguistic motion vectors into linguistic
blobs through a clustering algorithm. If there is a linguis-
tic motion vector suitable to belong to a blob, it is included
into the linguistic blob and is modified the representation of
this one according to a weighted aggregation. The similar-
ity between a vector and a blob is calculated with a distance
measure based in the numbering order of the defined linguistic
labels over a variable. The distance between two linguistic in-
tervals, the total distance between a linguistic motion vector
and a blob and the weighted aggregation are explained deeply
in [1, 2].

5.3 Dynamic Design

The segmentation algorithm proposed presents the typical
problems of any segmentation system: merge (two or more
objects are identified as one; it could happen with little ob-
jects) and split (one object is identified as two or more; it
could happen with big objects). One of the reasons of these
problems come from the static design of the linguistic vari-
ables used in the algorithm, i.e., their values remain unaltered
for different kinds of objects. Since the definition of the total
distance and the weighted aggregation, this segmentation sys-
tem has a rigid behaviour and cannot adapt itself to the nature
of the objects. Besides, the initial version of the algorithm is
strongly dependent of the expert knowledge because the fuzzy
sets defined over each linguistic variable are manually estab-
lished and their values are invariables. Since the application is
designed for real traffic scenarios, the linguistic variables are
initially configured for the most frequently appeared object in
that domain, i.e., the car. However, there could be a merge
problem if an object little than a car (for example, a person)
appears and there could be an split problem if a big object like

a truck appears on the video. Then, if the number and the val-
ues of the fuzzy sets are selected in a wrong way, the result of
the algorithm will be poor.

For this reason, this algorithm introduces the dynamic de-
sign of the linguistic labels to adapt them to each specific sce-
nario, where the dynamic design of a linguistic variable X is
understood as the adaptation and modification of the values of
the fuzzy sets belonging to X during the execution of a fuzzy
procedure. Thus, the segmentation procedure allows to give
itself some feedback to improve its results. The algorithm has
an initial configuration, but it could change the values of the
fuzzy sets in function of the obtained results taking into con-
sideration the size and shape of the obtained blobs in previous
frames. So the automatic changes allow to improve the qual-
ity of the algorithm because they have positive influence on
the merge and split rates, as shown in Fig 5.

Figure 5: Dynamic fuzzy sets avoid the merge problem.

The dynamic design of the fuzzy sets is based on some com-
mon characteristics of the fuzzy systems like the support set,
the height of a fuzzy set and the alpha cut threshold [12].
Being X a linguistic variable, A a fuzzy set of X , D the do-
main of X and α the threshold of the alpha cut set:

support(A) = {x ∈ D : µA(x) > 0} (3)

height(A) = max(µA(x)) (4)

alpha cutα(A) = {x ∈ D : µA(x) ≥ α} (5)

The linguistic variables whose values are updated dynam-
ically are HP and V P . Each variable X has a set of fuzzy
sets {A1, A2, ..., Asize} over his domain DHP or DV P . Only
normal fuzzy sets are used, so the height of them is always
equal to one. The algorithm is ready to work with both trian-
gular and trapezoidal fuzzy sets. The support of each fuzzy set
A is support(A) = alpha cut1(A) + 4, except for the first
and the last sets (A1 and Asize) of a linguistic variable, where
support(A) = alpha cut1(A) + 2.

The dynamic design of the fuzzy sets is executed at the end
of the segmentation algorithm, as shown in Fig. 3. It is only
processed to the biggest blob detected in the frame, if there
is at least one blob detected in said frame. Being the mac-
roblocks MBs = {MB1,MB2, ...,MBm} belonging to the
biggest blob LB, it can be calculated the rectangular size of
the blob by:

height(LB) = row(MBm) − row(MB1) + 1 (6)
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width(LB) = maxi(col(MBi)) − mini(col(MBi)) + 1 (7)

where col is the column of the macroblock, max is he max-
imum of the values and min is the minimum value.

The system calculates the new number of the new fuzzy
sets defined to the linguistic variables HP and V P in func-
tion of the size of the biggest blob in the frame. Being W and
H the width and the height in macroblocks of each frame,
the number of the redisegned linguistic labels can be cal-
culated as size(HP ) = W/width(LB) and size(V P ) =
H/height(LB). The names of the linguistic labels of HP
and V P are got from two configuration files that have a cor-
respondence between the number of labels and the names of
them. After that, if trapezoidal fuzzy sets are used, it is nec-
essary to calculate the support and the alpha-level set with
threshold 1 to define the shape of the corresponding fuzzy
sets. Since size(HP ) and size(V P ), it can be calculated the
size of the alpha-level set with threshold value 1 with the same
size to all the fuzzy sets for each linguistic variable. Being
AHP a fuzzy set of HP and AV P a fuzzy set of V P , the size
of the alpha cut set is calculated as:

size(alpha cut1(AHP )) =
W − 1 − 2 ∗ (size(HP ) − 1)

size(HP )
(8)

size(alpha cut1(AV P )) =
H − 1 − 2 ∗ (size(V P ) − 1)

size(V P )
(9)

For example, being the fuzzy sets of the linguistic variable
HP shown in Fig. 2, if the algorithm finds a full region in
a frame which a width of 6 macroblocks (width(LB) = 6),
the module which updates the values of the linguistic variable
HP will change its values. First, it calculates the number of
the labels as size(HP ) = W/width(LB) = 20/7 � 3 and
reads the names of them in the configuration file (LE, HC
and RI). Then, the size of the alpha cut set and the support of
each set are calculated as:

size(alpha cut1(AHP )) = W−1−2∗(size(HP )−1)
size(HP ) =

=
20 − 1 − 2 ∗ (3 − 1)

3
= 5 (10)

support(A1) = alpha cut1(A) + 2 = 5 + 2 = 7 (11)

support(A2) = alpha cut1(A) + 4 = 5 + 4 = 9 (12)

The module can redefine the values of the linguistic variable
HP with this information and obtains the new values, which
are shown in Fig. 6.

Figure 6: New Horizontal Position linguistic labels.

6 Experimental Results
In this work a supervised method to evaluate the segmentation
quality is used. The segmentation approach has been evalu-
ated on several video sequences compressed using the H.264
encoder of JM 14.0. The encoder configuration has been set
with baseline profile and low complexity mode on RD Opti-
mization. The video tested resolution varies from 320x240 to
640x480 pixels. The specific configuration parameters of the
algorithm (Umv , Ukn and the minimum blob size) change de-
pending on the application scenario. Fig. 7 shows three snap-
shots of three different video sequences tested where the de-
tected blobs are drawn over the frames.

As it has been explained in Section 5.1, the algorithm can
be executed in two modes depending of the decision modes
selection: only type 4 macroblocks or k-neighbor algorithm
with a threshold. Table 2 shows the differences between both
modes in several experiments (320x240 pixel resolution) us-
ing the same configuration parameters. It can be seen that one
of them is faster but its performance is worse. Thus the choice
will depend on the application field.

Table 2: Decision modes selection.
Measurement Type 4 K-neighbor
Detection possibility 73 % 81 %
Precision 78 % 89 %
Processing time 16,2 ms. 18,6 ms.
Segmentation size 148 bits/frame 103 bits/frame

The hardware used in the experiments is an Intel Pentium
IV Core 2 Duo T7100 1.8 GHz with 2 GB RAM memory. Ta-
ble 3 shows average processing time depending on the frame
resolution. Since a 320x240 frame is processed in around 20
ms. and a 640x480 one in around 38 ms., it can be ensured
that the segmentation works in real-time, i.e., at least 25 fps.

Table 3: Average processing time.
Frame resolution (pixels) Processing time

320x240 20 ms.
640x240 26 ms.
640x480 38 ms.

Table 4 shows the improvement of the results using dy-
namic design of the fuzzy sets. Two measurements are used
to describe the segmentation performance. The first measure-
ment is detection possibility that is defined as the percentage
of the real objects detected. The second one is precision that
measures the percentage of the detected objects corresponding
to real objects. Then, high detection possibility means less
miss-segmentation and high precision means less false seg-
mentation. Besides, two measurements are defined to analyze
the processing time and the segmentation size, i.e., the tempo-
ral and spatial requirements of the algorithm.

7 Conclusions
This work presents a real-time segmentation approach of mov-
ing objects with the next features. First of all, the algorithm is
designed for H.264/AVC compressed domain due to its excel-
lent compression efficiency and its widespread field of multi-
media applications. The algorithm can work in real-time and
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Figure 7: Snapshots of three video sequences with the detected blobs drawn.

Table 4: Improvement using dynamic design.
Measurement Lorry sequence Shop window sequence Street sequence

Static Dynamic Static Dynamic Static Dynamic
Resolution 320x240 640x240 640x480
Ground truth 353 353 808 808 1355 1355
Detected blobs 378 362 649 684 1156 1138
True positives 293 302 631 665 996 1077
False positives 85 60 18 19 160 61
False negatives 60 51 177 143 359 278
Detection possibility 82 % 85 % 78 % 82 % 74 % 80 %
Precision 78 % 83 % 97 % 97 % 86 % 95 %
Processing time 17,4 ms. 19,7 ms. 25,5 ms. 32,7 ms. 37,2 ms. 41,1 ms.
Segmentation size 184 KB. 173 KB. 101 KB. 110 KB. 173 KB. 164 KB.

requires very little of data because it uses only the motion vec-
tors field and the decision modes to carry out the segmenta-
tion. The proposed approach is based on fuzzy logic to detect
the moving objects; fuzzy logic allows to avoid the noise in-
herent to the encoding process and to obtain conceptual rep-
resentations that describe the regions detected in a compre-
hensive way. Finally, the segmentation performance is robust
because it can adapt itself to the application scenario in a dy-
namic way updating in real-time the values of the fuzzy sets.
This feature allows to improve the merge and split rates.
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Abstract— Over the past few years, fuzzy set theory has become a
well-established mathematical theory that has been applied in many
practical applications. In this paper, we elaborate on the use of
fuzzy sets in the context of music information retrieval. First, we
demonstrate that music objects like artists and songs can straight-
forwardly be represented as fuzzy sets, and then we explain why it
is beneficial to represent them in this way. In particular, we illus-
trate the potential of this fuzzy approach by describing how we re-
lied on it to build the popular “Multi Tag Search” demonstration on
http://playground.last.fm.

Keywords— Music information retrieval, fuzzy sets, fuzzy com-
parison measures.

1 Introduction

The way in which the objects are represented is an impor-
tant aspect of most music information retrieval applications.
Simple vectors are used in many cases, but certain more ad-
vanced representations like statistical distributions are popu-
lar too. In this paper, we advocate for the usage of fuzzy sets
for this purpose. As we will explain in detail, representing
a music object as a fuzzy set in some universe U , i.e., as a
U → [0, 1] mapping that associates a degree of membership
with each u from U , is a natural and mathematically sound
approach that offers many possibilities and advantages. To en-
force our claims, we will describe how we relied on fuzzy set
theory for building the “Multi Tag Search” demonstration on
http://playground.last.fm, the section of the CBS-
owned music community website Last.fm1 where new ideas
and experimental technologies are showcased.

2 Representing music objects as fuzzy sets

There are three main ways to obtain descriptions for music
objects:

1. Hiring music experts to manually annotate the objects.

2. Assembling a large community of music enthusiasts and
then tapping into the wisdom of crowds.

3. Applying signal processing techniques to generate de-
scriptions automatically.

Hence, song descriptions can come from experts, communi-
ties, or computers. In each case, it is often possible to convert
them to fuzzy sets.

1http://www.last.fm

2.1 From experts

When music experts are hired to generate descriptions, they
are usually asked to provide values for a predefined list of at-
tributes. For instance, an expert could be used to assign val-
ues to the attributes “genre” and “complexity” for a particular
song. Since the latter attribute is numerical, it can straight-
forwardly be converted to a gradual element of a fuzzy set.
For example, if a song is 80% complex, then we would give
“complexity” a membership degree of 0.8 in the fuzzy set that
corresponds with this song. In case of a categorical attribute
like “genre”, however, we cannot interpret its values as mem-
bership degrees. Nevertheless, it is still possible to convert
such attributes, namely, by regarding the values as binary at-
tributes. For example, we can express that a song is an al-
ternative rock song by assigning the membership degree 1 to
“alternative rock” and setting the membership degrees of all
other possible genres to 0. In fact, it might even be more
appropriate to directly present the different genre values as
separate numerical attributes to the expert, since a song often
belongs to several genres to some extent. The expert can then
express that, e.g., a particular song is mainly alternative rock,
but also incorporates some notable blues and jazz influences.
The well-known online radio station Pandora2 uses 150-500
so called “genes” to describe songs [1, 2], where each gene is
a numerical attribute that takes a value from the interval [0, 5].
Hence, the descriptions generated by Pandora’s music experts
could easily be interpreted as fuzzy sets.

2.2 From communities

The data that powers Last.fm’s recommendation engine is
mainly generated by a technique called “scrobbling”. When a
user listens to a song, the name of this song is sent to Last.fm
and added to his or her profile. By counting how many times
each user listens to each song, implicit user ratings can be
obtained from these “scrobbles”. Since such ratings can eas-
ily be interpreted as membership degrees, they can be used to
associate a fuzzy set of users with each song. For instance,
the users that listened the most to the song in question can be
given membership degree 1, and the membership degrees of
the remaining users can be determined by dividing their play
counts by the greatest play count, e.g., if there are only three
users and their play counts for a particular song are 10, 5, and
1, then the membership degrees of these users in the fuzzy set
for this song would be 1, 0.5, and 0.1, respectively. Compar-
ing such fuzzy sets by means of the cosine similarity measure

2http://www.pandora.com
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(a) Tag cloud for “The Scientist” by “Coldplay”.

(b) Tag cloud for “Imagine” by “John Lennon”.

Figure 1: Two examples of tag clouds.

is equivalent to the basic “item-to-item collaborative filtering”
recommendation algorithm [3].

Last.fm also uses social tagging [4] as an additional
community-driven way to generate descriptions. Social tags
are individual keywords or phrases that people associated with
objects, usually for organizational purposes. When the tags
applied by a large community are combined, rich and com-
plex descriptions emerge. A popular way to visualize such a
description is by means of a tag cloud, i.e., an alphabetically
ordered list of tags in which the font size is proportional to the
number of people that associated the tag in question with the
object. Fig. 1 shows two examples. By interpreting the font
sizes in a tag cloud as membership degrees, we obtain a fuzzy
set of tags that describes the corresponding object.

2.3 From computers

Using algorithms that analyze audio signals, song descriptions
can be obtained in a fully automatic way [5]. However, these
descriptions are usually very low-level and difficult to inter-
pret. A possible solution for this problem is to teach comput-
ers how to add high-level annotations to songs by feeding the
automatically generated low-level descriptions into machine
learning algorithms that were trained on descriptions from ex-
perts or communities [6, 7], or by developing algorithms that
propagate annotations by analysing the low-level descriptions
[8]. Although it is certainly not impossible to convert the low-
level descriptions to fuzzy sets [9], it makes more sense to
apply such a conversion to the high-level ones obtained by
incorporating machine learning techniques. Since these au-
tomatically generated high-level descriptions are intended to
resemble the descriptions generated by humans, they can be
converted to fuzzy sets as explained above.

3 The Benefits

In the 40 years since Zadeh introduced the concept of a fuzzy
set [10], tens of thousands of papers and plenty of books have
been written on this seminal topic, and more than 20 inter-
national journals were established in the corresponding field.
The general advantage of representing songs as fuzzy sets is

Figure 2: Intersection of the tag clouds shown in Fig. 1.

that we can rely on this vast amount of research for dealing
with such representations. In this section, we describe a few
more concrete benefits that ensue from this general one.

3.1 Fuzzy aggregation operators

Fuzzy aggregation operators are mathematical objects that ag-
gregate multiple membership degrees into one. Formally,
a fuzzy aggregation operator H of arity n, with n ∈ N \
{0}, is an increasing [0, 1]n → [0, 1] mapping that satisfies
H(0, 0, . . . , 0) = 0 and H(1, 1, . . . , 1) = 1. Triangular norms
[11], Quasi-arithmetic means [12], Sugeno and Choquet inte-
grals [13, 14], and ordered weighted averaging (OWA) oper-
ators [15] are just a few examples of fuzzy aggregation op-
erators that could be valuable for combining fuzzy descrip-
tions of music objects. We refer to [16] for an introductionary
overview of the extensively studied field of fuzzy aggregation
operators. Fig. 2 provides a very simple example. It shows
the result of applying the minimum operator to compute the
intersection of the tag clouds in Fig. 1, which could be used as
an intuitive visualization of the similarities between the songs
that correspond with these tag clouds.

3.2 Fuzzy comparison measures

Expressions like, e.g.,

|A ∩ B|
|A ∪ B| ,

2 |A ∩ B|
|A| + |B| , and

|A ∩ B|√|A| |B|
are commonly used to determine the similarity between two
(ordinary) sets A and B. By defining the cardinality of a fuzzy
set A in U as |A| =

∑
u∈U A(u) and generalizing the classi-

cal set-theoretic operations to fuzzy sets, such expressions can
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be extended to similarity measures for fuzzy sets [17]. More
generally, a measure that compares crisp sets can often be ex-
tended to fuzzy sets. We call such a measure a fuzzy compar-
ison measure. A wide plethora of fuzzy comparison measures
can be found in the literature, and the properties of many of
these measures have been studied extensively. For instance,
the measures M for which 1 − M satisfies the triangle in-
equality have been characterized for a broad family of fuzzy
similarity measures [18], which can be very useful in prac-
tice since the triangle inequality allows to reduce the required
number of comparisons [19]. Another family of fuzzy com-
parison measures that has practical value is the one developed
in [20, 21, 22], since it can be used to systematically construct
measures that satisfy certain properties. We rely on this family
in the practical example described in Section 4.

3.3 Fuzzy relations

A (binary) fuzzy relation on U is a U × U → [0, 1] map-
ping that associates a membership degree with each pair of
elements from U , i.e., a fuzzy set in U × U . Since fuzzy
comparison measures are usually fuzzy relations on the (ordi-
nary) set of all possible fuzzy sets, the approach described in
the previous subsection has the additional advantage that the
obtained similarities are also membership degrees, which im-
plies that fuzzy aggregation operators can be used to combine
them. For example, a fuzzy relation that models the similari-
ties between the songs in the considered collection is a prereq-
uisite of the general framework for defining dynamic playlist
generation heuristics introduced in [23], because it relies on
fuzzy set theory to make the definitions systematic, formal,
and intuitively clear. Since music similarity measures based
on a fuzzy similarity measure are fuzzy relations already, we
do not have to apply any normalization procedures on them in
order to be able to use this framework.

4 Practical example
In this section, we describe a practical example that illustrates
the potential of representing songs as fuzzy sets. More pre-
cisely, we explain how we relied on fuzzy set theory to build
the “Multi Tag Search”, a web application that allows users to
find music by supplying one or more tags. Fig. 3 shows the
first results returned by this application when popular artists
that match with the tags “british” and “rock” are requested.
Any set of keywords or phrases can be used to search for either
songs or artists, and the options “up-and-coming” and “free
downloads” are also available, in addition to “popular”.

4.1 Basic method

Putting it in one sentence, the “Multi Tag Search” ranks all
relevant music objects from Last.fm’s database by represent-
ing the query as a fuzzy set of tags and comparing this fuzzy
set with the fuzzy tag set associated with each object. More
formally, the ranking score for object i is given by:

score(Q̃, Õi) = w(i) M(Q̃, Õi) (1)

with Q̃ and Õi the fuzzy sets corresponding to the query and
object i, respectively, M a fuzzy comparison measure, and w a
function that associates a real number with each object index.
The weighting function w allows us to push certain objects up

Figure 3: Screenshot of the “Multi Tag Search”.

or down in the generated ranking. It is mainly used to imple-
ment the “popular”, “up-and-coming”, and “free downloads”
search options, but we also utilize it for some small optimiza-
tions like penalizing objects to which only very few tags have
been applied.

We used the following general definitions of the fuzzy tag
sets Q̃ and Õi:

Q̃(t) =




q(t)
maxu∈T q(u)

when t ∈ Q

0 otherwise
(2)

Õi(t) =




oi(t)
maxu∈T,j∈I oj(u)

when t ∈ Oi

0 otherwise
(3)

for all t ∈ T and i ∈ I , with T the universe of all possible
tags, I the set of all object indexes, Q the set of query tags, Oi

the set consisting of all tags that have been applied to object
i, and q and oi, for each i ∈ I , a T → R mapping. For
the values of the parameters q and oi in these definitions, we
drew some inspiration from text retrieval, namely, we put q =
idf and oi = ntf i, with idf the so called “inverse document
frequency”, and ntf i the “normalized term frequency” [24]:

idf (t) = log
(

total number of objects
number of objects tagged with t

)
(4)

ntfi(t) =
number of taggings with t for object i

total number of taggings for object i
(5)

for each t ∈ T and i ∈ I . Hence, tags that are not frequently
used get a high membership degree in Q̃, and the membership
degree of the tags in Õi is proportional to the number of times
they have been applied to object i. Many other term-weighting
schemes can be found in the text retrieval literature [25], but
using the inverse document frequency for the query and the
normalized term frequency for the objects appeared to work
very well for Last.fm’s tag data.
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4.2 Constructing a suitable comparison measure

High-quality tag data is by far the most important requirement
for a good tag-based search engine. Improving the quality of
the underlying data is generally more worthwhile than trying
to find a better comparison measure, and which comparison
measure is used exacly becomes less important when the tag
data is of high quality. “Worry about the data first before you
worry about the algorithm,” as Google’s director of research
Peter Norvig puts it [26]. Nevertheless, it is of course impor-
tant to use a suitable comparison measure that has the right
properties, but it makes sense to choose the simplest possible
measure that satisfies these properties, especially when you
have to deal with millions of objects and users.

For the “Multi Tag Search”, we wanted the fuzzy compari-
son measure M to satisfy the following properties:

M(A, B) = 0 ⇐ suppA ∩ suppB = ∅ (exclusive)
M(A, B) = 0 ⇒ suppA ∩ suppB = ∅ (coexclusive)
M(A, B) = M(A/supp A, B/supp A) (left-restrictable)

for all A and B from the class F(U) of all fuzzy sets in U ,
with suppA the support of A ∈ F(U), i.e., suppA = {u ∈
U | A(u) > 0}, and A/V , for A ∈ F(U) and V ⊆ U , the
restriction of A to V , i.e., the V → [0, 1] mapping that asso-
ciates A(v) with each v ∈ V . Putting it in words, we want the
value returned by M to be 0 if and only if none of the query
tags have been applied to the object in question, and we do not
want the returned value to depend on the membership degrees
of the tags that are not part of the query. The latter is par-
ticularly important, mainly because it is advantageous from a
computational point of view, but also because it ensures that
we cannot obtain different values for objects with fuzzy tags
sets in which each query tag always has the same member-
ship degree. For instance, if we would use the well-known
cosine similarity measure, which is not left-restrictable, then
the query Q = {“british”, “rock”} would lead to a different
value for the fuzzy sets obtained by directly interpreting the
font sizes in the tag clouds shown in Fig.1 as membership de-
grees, while there really is no reason to prefer one over the
other in this case since the font sizes for “british” and “rock”
are exactly the same in both clouds. In the final ranking, one
of the corresponding songs would have to be put before the
other of course, but we want that decision to only depend on
the value returned by w.

The family of fuzzy comparison measures introduced in
[21], which includes the popular cosine similarity measure,
makes it very easy to systematically construct fuzzy compar-
ison measures that satisfy given properties. All members of
this family are instances of a triparametric general form, and
several properties can be ensured by imposing constraints on
the parameters H, ϕ1, and ϕ2 of this general form, where
H is a binary fuzzy aggregation operator, i.e., an increas-
ing [0, 1]2 → [0, 1] mapping such that H(0, 0) = 0 and
H(1, 1) = 1, and ϕ1 and ϕ2 are two [0, 1]3 → R mappings.3

As value of the first parameter H, we chose the product t-norm
TP given by TP(x, y) = x · y, for all x, y ∈ [0, 1], because it is
a very simple operator that is interactive [27], i.e., a modifica-

3We required ϕ1 and ϕ2 to be increasing in their first and second
argument in [21], but since the proofs for the constraints considered
in this paper do not rely on this prerequisite, we can omit it here.

tion of x or y always implies an alteration of TP(x, y) if x 	= 0
and y 	= 0. The general form from [21] then reduces to:

M(A, B) =
ϕ1(||A ∩TP A||, ||B ∩TP B||, ||A ∩TP B||)
ϕ2(||A ∩TP A||, ||B ∩TP B||, ||A ∩TP B||) (6)

for all A, B ∈ F(U), with ||.|| the F(U) → [0, 1] map-
ping given by ||A|| = |A|/|U | for all A ∈ F(U), and
∩TP an infix notation for the pointwise extension of TP, i.e.,
(A ∩TP B)(u) = TP(A(u), B(u)) for all u ∈ U , with A and
B fuzzy sets in U . Using the proofs provided in [21], it can
easily be verified that this F(U) ×F(U) → R mapping is an
exclusive, coexclusive, and left-restrictable fuzzy comparison
measure when the formulas

z ≤ √
x · y =⇒ 0 ≤ ϕ1(x, y, z) ≤ ϕ2(x, y, z)

ϕ1(x, y, 0) = 0 ϕ1(x, u, z) = ϕ1(x, v, z)
ϕ1(ẋ, ẏ, ż) > 0 ϕ2(x, u, z) = ϕ2(x, v, z)

are all satisfied for every x, y, z, u, v ∈ [0, 1] and ẋ, ẏ, ż ∈
]0, 1]. The simplest solution that we could find for this is
ϕ1(x, y, z) = z and ϕ2(x, y, z) = 1, for all x, y, z ∈ [0, 1],
which leads to:

M(A, B) =
||A ∩TP B||

1
=

|A ∩TP B|
|U | (7)

for all A, B ∈ F(U), i.e., a fuzzification of the Russell and
Rao coefficient [28]. We then have

M(Q̃, Õi) = M(Q̃/supp eQ, Õi/supp eQ) (M left-restr.)

= M(Q̃/Q, Õi/Q) (supp Q̃ = Q)

=
1
|Q|

∑
t∈Q

Q̃(t) Õi(t) (definition M )

∝
∑
t∈Q

idf (t)ntf i(t) (def. Q̃ and Õi)

and thus:

score(Q̃, Õi) ∝ w(i)
∑
t∈Q

idf (t)ntf i(t) (8)

Hence, we merely need to compute w(i)
∑

t∈Q idf (t)ntf i(t)
to determine the ranking of object i for query Q.

4.3 User feedback

Last.fm’s Playground was launched in May 2008, with the
“Multi Tag Search” as one of the initial demonstrations. Since
then, this demonstration has rather consistently been the most
popular one over a period of several months. It also seemed to
be more “sticky” than the other initial demonstrations, since
it was the only one for which the number of page views in-
creased after launch. Moreover, we received substantially
more positive direct user feedback for it than any of the other
initial demonstrations. Hence, the users seemed to like the
“Multi Tag Search” quite a lot, which suggests that it must
at least work reasonably well. The great variety in the sup-
plied queries confirms this observation. We received about 25
thousand unique queries so far, and, as illustrated by Table 1,
several different types of tags occur in these queries.
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Table 1: Results of a manual classification of the 250 most
frequently occurring query tags.

Type Frequency Examples
Genre 51% rock, pop
Style 26% experimental
Locale 7% british, detroit
Instrument 5% piano, guitar
Mood 4% sad, romantic
Time 3% 90s, oldies
Opinion 2% beautiful, love
Other 2% free, cover

5 Conclusion
We have shown that fuzzy set theory has a lot to offer to the
music information retrieval community. By representing mu-
sic objects as fuzzy sets, the possibility arises to exploit the
rich mathematical toolset provided by this theory, including
fuzzy aggregation operators, fuzzy comparison measures, and
fuzzy relations. As a practical example, we explained how
we employed fuzzy set theory to build the popular “Multi Tag
Search” demonstration on Last.fm’s Playground. Using previ-
ous work on fuzzy comparison measures, we were able to sys-
tematically construct a suitable comparison measure for this
tag-based search engine, instead of merely relying on intu-
ition and trial-and-error. Rather than arbitrarily choosing one
of the many comparison measures available in the literature
and checking if it works as expected, we started from the de-
sired properties and systematically constructed a simple and
computationally efficient measure that satisfies these proper-
ties. Since different applications have different requirements,
such a systematic way of constructing comparison measures
can be very valuable for building applications in which ob-
jects need to be compared, as is commonly the case in music
information retrieval as well as in certain other domains.
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Abstract—Fuzzy clustering is well known as a robust and efficient 

way to reduce computation cost to obtain the better results. In the 
literature, many robust fuzzy clustering models have been presented 
such as Fuzzy C-Mean (FCM) and Possibilistic C-Mean (PCM), 
where these methods are Type-I Fuzzy clustering. Type-II Fuzzy sets, 
on the other hand, can provide better performance than Type-I Fuzzy 
sets, especially when many uncertainties are presented in real data. 
The focus of this paper is to design a new Type-II Fuzzy clustering 
method based on Krishnapuram and Keller PCM. The proposed 
method is capable to cluster Type-II fuzzy data and can obtain the 
better number of clusters (c) and degree of fuzziness (m) by using 
Type-II Kwon validity index. In the proposed method, two kind of 
distance measurements, Euclidean and Mahalanobis are examined. 
The results show that the proposed model, which uses Mahalanobis 
distance based on Gustafson and Kessel approach is more accurate 
and can efficiently handle uncertainties. 

Keywords— Type-II Fuzzy Logic; Possibilistic C-Mean (PCM); 
Mahalanobis Distance; Cluster Validity Index; 

 

1. Introduction 
Clustering is an important method in data mining, decision-
making, image segmentation, pattern classification, and etc. 
Fuzzy clustering can obtain not only the belonging status of 
objects but also how much the objects belong to the clusters. 
In the last 30 years, many fuzzy clustering models for crisp 
data have been presented such as Fuzzy K-Means and Fuzzy 
C-Mean (FCM) [1]. FCM is a popular clustering method, but 
its memberships do not always correspond well to the 
degrees of belonging and it may be inaccurate in a noisy 
environment [2]. To relieve these weaknesses, Krishnapuram 
and Keller presented a Possibilistic C-Mean (PCM) 
approach [3]. In addition, in real data, there exist many 
uncertainties and vaguenesses, which Type-I Fuzzy sets are 
not able to directly model as their membership functions are 
crisp. On the other hand, as Type-II membership functions 
are fuzzy, they are able to model uncertainties more 
appropriately [2, 4]. Therefore, Type-II Fuzzy Logic 
Systems have the potential to provide better performance 
than Type-I [5].  
In the case of combining Type-II Fuzzy logic with clustering 
methods, the data can be clustered more appropriately and 
more accurately. The focus of this paper is to design a new 
Type-II Fuzzy clustering method based on Krishnapuram 
and Keller PCM. The proposed method is capable to cluster 
Type-II fuzzy data and can obtain the better number of 
clusters (c) and degree of fuzziness (m) by using Type-II 
Kwon validity index.  

The rest of this paper is organized as follows: The clustering 
methods are reviewed in Section 2. Section 3 presents the 
historical review of Type-II Fuzzy Logic. Section 4 is 
dedicated to the proposed method and Section 5 presents the 
experimental results. Finally, conclusions are presented in 
Section 6. 
 

2. Clustering Methods 
The general philosophy of clustering is to divide the initial 
set into homogenous groups [6] and to reduce the data [1]. 
Clustering is useful in several exploratory decision-making, 
machine learning, data mining, image segmentation, and 
pattern classification [7]. In literature, most of the clustering 
methods can be classified into two types: Crisp clustering 
and Fuzzy clustering. Crisp clustering assigns each data to a 
single cluster and ignores the possibility that these data may 
also belongs to other clusters [8]. However, as the 
boundaries between clusters could not be defined precisely, 
some of the data could belong to more than one cluster with 
different positive degrees of memberships [6]. This 
clustering method considers each cluster as a fuzzy set and 
the membership function measures the degree of belonging 
of each feature in a cluster. So, each feature may be assigned 
to multiple clusters with some degree of belonging [8]. Two 
important applied models of fuzzy clustering, Fuzzy C-
Means, and Possibilistic C-Means are described as follows: 
Fuzzy C-Means (FCM): Fuzzy C-Means clustering model 
can be defined as follows [9]:  

min��(�,�, �) = �����	
��2�
�=1

�
�=1

�      (1) 

ST:

�
�
��0 < ���� < ��

�=1

   �� � (1,2, … , �)     (2)

�����
�=1

= 1           �� � (1,2, … ,�)     (3)

� 
where,  ���  is the degree of belonging of the jth data to the ith 
cluster, dij is the distance between the jth data and the ith 
cluster center, m is the degree of fuzziness, c is the number 
of clusters, and N is the number of the data. 
Although FCM is a very good clustering method, it has some 
disadvantages: the obtained solution may not be a desirable 
solution and the FCM performance might be inadequate, 
specially when the data set is contaminated by noise. In 
addition, the membership values show degrees of 
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probabilities of sharing [10] and not only depend on the 
distance of that point to the cluster center, but also on the 
distance from the other cluster centers [11]. In addition, 
when the norm used in the FCM method is different to the 
Euclidean, introducing restrictions is necessary, e.g., 
Gustafson and Kessel [12] and Windham limit the volume of 
the groups using fuzzy covariance and scatter matrices, 
respectively [13]. 
Possibilistic C-Mean (PCM): To improve the FCM 
weaknesses, Krishnapuram and Keller created a possibilistic 
approach, which uses a possibilistic type of membership 
function to describe the degree of belonging. It is desirable 
that the memberships for representative feature points be as 
high as possible and unrepresentative points have low 
membership. The objective function, which satisfies the 
requirements, is formulated as follows [3]: 

min��	(�,�, �) = �����	
��2�
�=1

�
�=1

+ ��� �(1 � ��� )	
�
�=1

�
�=1

�      (4) 

where, dij is the distance between the jth data and the ith 
cluster center,  ���  is the degree of belonging of the jth data to 
the ith cluster, m is the degree of fuzziness, ��  is a suitable 
positive number, c is the number of the clusters, and N is 
number of the data. ���  can be obtained by using (5) [3]: 

��� =
1

1 + �
��2�� �
1	�1

      (5) 

where, dij is the distance between the jth data and the ith 
cluster center,  ���  is the degree of belonging of the jth data to 
the ith cluster, m is the degree of fuzziness, ��  is a suitable 
positive numbers. The value of �� determines the distance at 
which the membership value of a point in a cluster becomes 
0.5. In practice, (6) is used to obtained  �� values. The value 
of �� can be fixed or changed in each iteration by changing 
the values of  ���  and dij, but the care must be exercised, 
since it may lead to instabilities [3]: 

�� =
� ���	
��2��=1� ���	��=1

     (6) 

The PCM is more robust in the presence of noise, in finding 
valid clusters, and in giving a robust estimate of the centers 
[14].   
Updating the membership values depends on the distance 
measurements [11].The Euclidean and Mahalanobis distance 
are two common ones. The Euclidean distance works well 
when a data set is compact or isolated  [7] and Mahalanobis 
distance takes into account the correlation in the data by 
using the inverse of the variance-covariance matrix of data 
set which could be defines as follows [15]: 

D = ����  (�� � ��)(�� � �� )     

i,j=p

i,j=1

(7) 

��� = ��� ����      (8) 

where, xi and yi are the mean values of two different sets of 
parameters, X and Y. ��2 are the respective variances and  ���  is the coefficient of correlation between the ith and jth 
variates. Gustafson and Kessel  proposed a new approach 
based on Mahalanobis distance, which enables the detection 
of ellipsoidal clusters. Their approach focused on the case 
where the matrix A is different for each cluster [12]. 
Satisfying the underlying assumptions, such as shape and 
number, is another important issue in clustering methods, 
which could be obtained by validation indices. Xie & Beni’s 
(XB) and Kwon are two common validity indices [1]. Xie 
and Beni defined a cluster validity, (9), which aims to 
quantify the ratio of the total variation within clusters and 
the separation of the clusters [1]: 

��(�) =
� � (��� )	 �� � !� 2��=1
��=1� min�"�  !� � !�  2

     (9) 

where,  ���  is the degree of belonging of the jth data to the ith 
cluster, vj is the center of the jth cluster, m is the degree of 
fuzziness, c is the number of clusters, and N is number of the 
data. The optimal number of clusters should minimize the 
value of the index [1]. However, in practice, when � # � $�� # 0 and it usually does not generate appropriate clusters. 
The Vk(c), (10), was proposed by Kwon based on the 
improvement of the �� index [16];  %& (�)

=
� � (��� )	 �� � !� 2��=1
��=1 +

1� � '!� � !('2��=1

 min�"�  !� � !�  2
     (10) 

where,  ���  is the degree of belonging of the jth data to the ith 
cluster, vj is center of the jth cluster, !( is the mean of the 
cluster centers, m is the degree of fuzziness, c is the number 
of clusters, and N is number of the data. To assess the 
effectiveness of clustering method, the smaller the Vk, the 
better the performance [16]. 
All of the clustering methods and validation indices, 
mentioned above, are based on Type-I fuzzy set. However, 
in real world, there exists many uncertainties, which Type-I 
fuzzy could not model them. Type-II fuzzy set, on the other 
hand, is able to successfully model these uncertainties [4]. 
 

3.  Type-II Fuzzy Clustering 
The concept of a Type-II fuzzy set, was introduced by Zadeh 
as an extension of Type-I fuzzy set [17]. A Type-II fuzzy set 
is characterized by fuzzy membership function, i.e., the 
membership grade for each element of this set is a fuzzy set 
in interval [0,1]. Such sets can be used in situations where 
there are uncertainties about the membership values [18]. 
Type-II fuzzy logic is applied in many clustering methods 
e.g., [19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. There are 
essentially two types of Type-II fuzziness: Interval-Valued 
Type-II and generalized Type-II. Interval-Valued Type-II 
fuzzy is a special Type-II fuzzy, where the upper and lower 
bounds of membership are crisp and the spread of 
membership distribution is ignored with the assumption that 
membership values between upper and lower values are 
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uniformly distributed or scattered with a membership value 
of 1 on the �(�(�)) axis (Figure 1.a). Generalized Type-II 
fuzzy identifies upper and lower membership values as well 
as the spread of membership values between these bounds 
either probabilistically or fuzzily. That is there is a 
probabilistic or possibilistic distribution of membership 
values that are between upper and lower bound of 
membership values in the �(�(�)) axis (Figure 1.b) [29]. 
 

 
 
Figure 1:(a) Interval Valued Type-II (b) Generalized Type-II 
 

4. Proposed Type-II PCM Method 
Considering the growing application areas of Type-II fuzzy 
logic, designing a Type-II clustering method is essential. 
Several researchers designed a Type-II fuzzy clustering 
method based on FCM but FCM itself has some weaknesses, 
which make some of the developed methods ineffective in 
situations in which the data set is contaminated by noise, the 
norm used is different from the Euclidean, or the pixels on 
an input data are highly correlated. PCM could improves 
these weaknesses.  
The proposed method is the extension of Krishnapuram and 
Keller Possibilistic C-Mean (PCM). Here, the membership 
functions are Type-II Fuzzy, the distance is assumed to be 
Euclidean and Mahalanobis and Type-II Kwon validity 
index is used to find the optimal degree of fuzziness (m) and 
number of clusters (c). The proposed Type-II PCM model is 
as follows: 

�	(�,�), �) = 	�* +���)��	,��
�
�=1

�
�=1

+ ��� �-1 � �)�� .	�
�=1

�
�=1

/     (11) 

0.1: 

��
�� 0 < ��)���

�=1

< �                    (12)

�)�� � [0,1]             ��, �            (13)

max�)�� > 0          ��               (14)

� 
where, �)��  is Type-II membership for the ith data in the jth 
cluster, Dij is the Mahalanobis distance of the ith  data to the 

jth cluster’s center, ��  is positive numbers,  c is the number of 
the clusters, and  N is the number of input data. The first 
term make the distance to the cluster’s center be as low as 
possible and the second term make the membership values in 
a cluster to be as large as possible. The membership values 
for data in each cluster must lie in the interval [0,1], and 
their sum are restricted to be smaller than the number of 
input data, as shown in (12), (13), and (14).  
Minimizing �	 (�,�), �) with respect to �)��  is equivalent to 
minimizing the individual objective function defined in (15) 
with respect to �)�� (provided that the resulting solution lies in 
the interval [0,l]). �	�� (�, �), c) = �)��	,�� + ��-1� �)�� .	      (15) 
Differentiating (15) with respect to �)��  and setting it to 0, 
leads to (16) which satisfies (12), (13), and (14).  �)�� =

1

1 + 2,���� 3
1	�1

   �i = 1, … , c        (16) 

�)��  is updated in each iteration and depends on the Dij and ��. 
As mentioned in [3], the value of �� determines the distance 
at which the membership value of a point in a cluster 
becomes 0.5. In general, it is desirable that ��  relate to ith 
cluster and be of the order of Dij [3]. 

�� =
� �)��	,����=1� �)��	��=1

  �i = 1, … , c          (17) 

where, Dij is the distance measure and number of clusters (c) 
and degree of fuzziness (m) are unknown. Since the 
parameter ��is independent of the relative location of the 
clusters, the membership value �)��  depends only on the 
distance of a point to the cluster centre. Hence, the 
membership of a point in a cluster is determined solely by 
how far a point is from the centre and is not coupled with its 
location with respect to other clusters [11]. 
The clustering method needs a validation index to define the 
number of clusters (c) and degree of fuzziness (m), which are 
used in (15), (16), and (17). Therefore a Type-II Kwon Index 
based on Kwon index is designed, which is represented by 
(18): %4& (�)

=
� � �)��	 �� � !)� 2��=1
��=1 +

1� � '!� � !)('2��=1

 min�"�  !)� � !)�  2
           (18) 

where, �)��  is Type-II possibilistic membership values for the 
ith data in the jth cluster, !)�  is the ith center of cluster, !)( is the 
mean of centers, N is the number of input data, c is the 
number of the classes and m is the degree of fuzziness. The 
first term in the numerator denotes the compactness by the 
sum of square distances within clusters and the second term 
denotes the separation between clusters, while denominator 
denotes the minimum separation between clusters, so the 
smaller the %4& (�), the better the performance. 
In sum, the steps of the proposed clustering method are 
described bellow and are shown in Figure 2. 
Step 1: Define the initial parameters including:  
� Maximum iteration of the method (R) 
� Number of the clusters (c=2 is the initial value) 
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� Degree of fuzziness  (m=1.5 is the initial value) 
� Primary membership functions (�)�� 0)  (Note that 

these membership functions are Type-II) 
Step 2: Estimate �� by using (17). 
Step 3: Calculate the membership functions for each data in 
each cluster (�)�� 5) by using (16). 
Step 4: If the difference between two membership functions 
for each data is bigger than the threshold, defined by user, 
(6�)�� 5 � �)�� 5�16 > 7) go to step 4.1 and 4.2. On the other 
hand, go to step 4.3. 

Step 4.1: 5 = 5 + 1 
Step 4.2: Recalculate �)�� 5   
Step 4.3: Compute the Kwon index (%4&).  

Step 5: If the difference between two Kwon indexes for each 
membership functions is bigger than the threshold, (8%4& 5 �%&5�9>7), go to step 5.1. On the other hand, go to step 5.2. 

Step 5.1: Increase degree of fuzziness, 	 and run the 
method for another iteration.  
Step 5.2: If the number of clusters are smaller than the 
number of data, (� < �), go to step 5.2.1. On the other 
hand, go to step 5.2.2. 

Step 5.2.1: Run the method for another iteration 
Step 5.2.2: Returns the value of c, m, and �)�� 5 .  

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2: Type-II PCM Algorithm 

 

 

 

 

5. Expand and Compare 
In order to show the behavior of the proposed method, an 
image is used as input data. There may have been many 
uncertainties in images such as uncertainties caused by 
projecting a 3D object into a 2D image or digitizing analog 
pictures into digital images, and the uncertainty related to 
boundaries and non-homogeneous regions. Therefore, Type-
II fuzzy logic can provide better performance than Type-I, 
this is shown by generating two models based on Type-I and 
Type-II Possibilistic C-Mean (PCM), each has two kind of 
distance measure, Euclidean and Mahalanobis. The Kwon 
Validity index is used to validate the results (m and c) as 
shown in Figure 2 and table 1, 2, 3 and 4. The results show 
that Type-II PCM using Mahalanobis distance can obtain 
better values for degree of fuzziness and number of clusters, 
which both are used for calculating the membership 
functions. 
Table 1 shows the results of Kwon Validity index for Type-I 
PCM and Table 2 shows the results for Type-II PCM. In 
both of these tables Euclidean distance is used as the 
distance function. The elements of the tables are number of 
clusters (c) and degree of fuzziness (m) as input variables 
and the Kwon index values (%4& ) as results, e.g., for m=2.7 
and c=3, (2.7,3), the Kwon index for Type-I PCM is 4.5696 
and is 750.34 for Type-II PCM. For m=3.3 and c=2, (3.3,2), 
the Kwon index could not be defined in both Type-I and 
Type-II PCM.  
Table 3 shows the results of Kwon Validity index for Type-I 
PCM and Table 4 shows the results for Type-II PCM. In 
both of these tables Mahalanobis distance are used. The 
elements of the tables are number of clusters (c) and degree 
of fuzziness (m) as an input variables and the Kwon index 
values as results, i.e., for m=4.1 and c=3, (4.1,3), the Kwon 
index is 1.88 for Type-I PCM and is 33.686 for Type-II 
PCM. 
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Table 1- Kwon Values for Type-I PCM with Euclidean Distance 

c\m 1.5 1.7 1.9 2.1 2.3 2.5 2.7 2.9 3.1 3.3 3.5 
2 0.250 0.25 0.25 0.2500 0.2501 0.2509 0.2515 0.2662 0.2758 NaN NaN 
3 3.734 3.958 3.956 3.9877 4.0142 4.0762 4.5696 5.7768 6.889 NaN NaN 
4 5.95 5.944 6.05 6.3488 6.4236 2.464 987.99 7.0394 NaNi NaN NaN 
5 5.351 5.367 5.474 5.7481 5.818 5.4528 991.14 11769 NaNi NaN NaN 

 
Table 2- Kwon Values for Type-II PCM with Euclidean Distance 

c\m 1.5 1.7 1.9 2.1 2.3 2.5 2.7 2.9 3.1 3.3 3.5 
2 57.82 38.36 14.53 14.436 30.184 6.2069 2.6636 1.5969 2.1884 NaN NaN 
3 514.7 113.3 92.05 37.547 484.97 201.14 750.34 392.91 10.381 NaN NaN 
4 9.17E+05 2.62E+05 8654.5 3.78E+05 1979.5 92.563 1854.1 331.16 NaN NaN NaN 
5 1.01E+06 77060 6454 1534.8 386.57 130.98 9276.8 1240.2 NaN NaN NaN 

 
Table 3- Kwon Values for Type-I PCM with Mahalanobis Distance 

c\m 1.5 1.7 1.9 2.1 2.3 2.5 2.7 2.9 3.1 3.3 3.5 3.7 3.9 4.1 4.3 4.5 4.7 4.9 5.1 
2 0.2

5 
0.2
5 

0.2
5 

0.2
5 

0.2
5 

0.2
5 

0.2
5 

0.2
7 

0.2
8 

0.2
8 

0.2
8 

0.2
8 

0.2
7 

0.2
7 

0.2
7 

0.2
7 

0.2
7 

0.2
6 

0.2
6 

3 3.7
3 

3.9
6 

3.9
5 

3.9
9 

4.0
1 

4.0
8 

4.5
7 

5.7
8 

6.8
8 

7.5
6 

2.5
3 

1.0
2 

0.9
8 

1.8
8 

3.7
6 

8.0
4 

16.
6 

37.
5 

84.
2 

4 5.9
5 

5.9
4 

6.0
5 

6.3
5 

6.4
2 

2.4
6 

988 7.0
4 

10.
4 

32.
1 

28.
6 

46.
4 

117 351 716 308
0 

526
2 

1259
9 

2818
0 

5 5.3
5 

5.3
7 

5.4
7 

5.7
5 

5.8
2 

5.4
5 

991 1176
9 

587 282 56.
5 

49.
3 

121 356 716 306
1 

523
5 

1262
5 

2852
1 

 
Table 4- Kwon Values for Type-II PCM with Mahalanobis Distance 

c\m 1.5 1.7 1.9 2.1 2.3 2.5 2.7 2.9 3.1 3.3 3.5 3.7 3.9 4.1 4.3 4.5 4.7 4.9 5.1 
2 57.

8 
38.
3 

14.
5 

14.
4 

30.
1 

5.7
5 

2.6
9 

1.6
0 

2.7
4 

4.4
2 

6.2 9.0
9 

9.2
6 

9.5
4 

9.7
1 

9.2
3 

11.
2 

8.5
8 

8.9
6 

3 515 113 92.
1 

37.
5 

485 345 600 481 104
3 

29.
5 

11.
1 

9.2
4 

13.
9 

33.
7 

76.
2 

232 399 853 231
8 

4 9.17
E+0

5 

2.62
E+0

5 

865
4.5 

3.78
E+0

5 

197
9.5 

92.
563 

192
9.2 

417
1.5 

220
20 

61.
774 

177
.69 

539
.7 

132
2.5 

490
3.6 

774
3.6 

500
61 

570
76 

1.41
E+0

5 

4.21
E+0

5 
5 1.01

E+0
6 

770
60 

645
4.5 

153
4.8 

386
.57 

130
.98 

956
4.9 

480
6.6 

230
29 

885
5.7 

278
64 

1.03
E+0

5 

6.50
E+0

5 

1.93
E+0

6 

1.26
E+0

7 

2.32
E+0

7 

4.90
E+0

7 

6.78
E+0

7 

1.11
E+0

8 
 
 
By comparing Type-I and Type-II PCM, the following 
conclusions can be obtained: 
� In the same distance function cases, Kwon index is 

ascending for Type-I PCM, and its procedure is not 
clear for Type-II PCM case. Therefore, in Type-I PCM 
in all conditions the optimum (m,c) pairs are (1.5,2), 
(1.5,3), (1.5,4), (1.5,5), which may not be good results. 
However, in Type-II PCM the optimum (m,c) pairs are 
(2.9,2), (3.7,3), (3.3,4), (2.5,5), which seems to be good 
results. Figures 3 and 4 show the Kwon index results 
for c=2 measured by Mahalanobis and Euclidean 
distance.  

 
 
 

 
 

 
 

 
 

 

 
Figure 3: Kwon Index Result for c=2 and Mahalanobis 

Distance (based on Table 3 and 4) 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 4- Kwon Index Result for c=2 and Euclidean 
Distance (based on Table 3 and 4) 

 
� In the same type of fuzzy logic (Type-I or Type-II) 

case, for m<3.1 using two different distance functions 
did not show many differences for Kwon index results. 
However, for m>3.1, the Kwon index could be 
calculated by Mahalanobis but it is not defined for 
Euclidean distance, as shown in Figures 5. 
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Figure 5: Kwon Index for c=3 and Different Distance 
Functions (based on Table 2 and 4) 

 

6. Conclusions 
This paper has presented a Type-II Possibilistic C-Mean 
(PCM) method for clustering purposes. The results of the 
proposed method are compared with Type-I PCM using an 
image as an input data and two kind of distance functions, 
Euclidean and Mahalanobis. The results show that Type-II 
PCM using Mahalanobis distance can provide better values 
for degree of fuzziness and number of clusters, which both 
are used in calculating the membership functions. Therefore 
the proposed clustering method is more accurate, can 
provide better performance and can handle uncertainties that 
exist in the data efficiently. 
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Abstract— Diverse forms of the concept of opposition are already
existent in philosophy, linguistics, psychology and physics. The inter-
play between entities and opposite entities is apparently fundamental
for balance maintenance in almost a universal manner. However, it
seems that we have failed to incorporate oppositional thinking in en-
gineering, mathematics and computer science. Especially, the set
theory in general, and fuzzy set theory in particular, do not offer
a formal framework to incorporate opposition in inference engines.
Considering sets along with their opposites can establish a new com-
puting scheme with a wide range of applications. In this work, pre-
liminary definitions for opposite fuzzy sets will be established. The
underlaying idea of opposition-based computing is the simultaneous
consideration of guess and opposite guess, and estimate and opposite
estimate, in order to accelerate learning, search and optimization. To
demonstrate the applicability and usefulness of opposite fuzzy sets, a
new image segmentation algorithm will be proposed as well.

Keywords— Fuzzy sets, opposition, opposite fuzzy sets, antonym,
antonymy, complement

1 Motivation
Wherever we observe the physical world and the human so-
ciety, some notions of opposition exist. The intensity of op-
positeness and the interplay between entities and opposite en-
tities may vary greatly by closer observation. However, the
antipodality, duality, complementarity, antithetics, polarity, in
one word, opposition is, in different forms and at various in-
tensity levels, present almost everywhere.

Strikingly, the human communication, expressed verbally
and in written form, is without opposition unimaginable. How
often we hear “on the one hand” followed by “and on the other
hand” when humans weigh opposite alternatives, or how fre-
quently we make use of antonyms: cold vs. hot, short vs. tall,
true vs. false etc., or how impressively we make a point by
using sayings such as “actions speak louder than words” (ac-
tivity vs. passivity), “All for one and one for all” (union of
opposites), “the pen is mightier than the sword” (spirit ver-
sus might). In spite of the virtual omnipresence of opposition,
there is no formal framework in logic and set theory to inte-
grate oppositional concepts. This preliminary work aims at
providing elementary definitions and thoughts in this very di-
rection.

2 What is Opposition?
Opposition is related to entities, objects or their abstractions of
the same nature that are completely different in some manner.
For instance, cold and hot both describe a certain temperature
perception (are of the same kind), however, are completely
different since they are located at opposite spots of tempera-

ture scale. Transition from one entity to its opposite is under-
standably accompanied with rapid and fundamental changes.
Social revolutions, for instance, mainly aim at attaining oppo-
site circumstances, dictatorship vs. democracy, by initiating
sudden transitions. On the other hand, in many cases the bal-
ance due to interplay between entities and opposite entities is
more dominant than rapid transition from one state to its oppo-
site. These may be taken as initial thoughts for the purpose to
improve algorithms – by smart switching between estimates
and opposite estimates. However, in many other cases, this
is the coexistence, the synergy of things and opposite things,
and not their antagonism, that creates changes and enhances
the system state.

In natural language, opposition can be detected at different
levels [1]. For instance, directional opposition (north-south,
up-down, left-right), adjectival opposition (ugly-handsome,
long-short, high-low), and prefix opposition (thesis vs. anti-
thesis, revolution vs. counter-revolution, direction vs. op-
posite direction) are all different levels of linguistic opposi-
tion. Further, one can distinguish complements (mutually ex-
clusive properties: dead-alive, true-false), antonyms (two cor-
responding points or ranges of a scale: long-short, hot-cold),
directional converses (two directions along an axis: east-west,
up-down), and relational converses (the relative positions of
two entities on opposite sides: above-below, teacher-pupil)
[1]. The human communication without utilizing linguistic
opposition is unimaginable.

Many examples also exist in the philosophy which deal
with opposition. The concept of yin and yang originates
in ancient Chinese philosophy and metaphysics, which de-
scribes two primal opposing but complementary forces found
in all things in the universe. Also in the dualism delivered
by Avesta, the book of Zoroastrians, the everlasting fight
between Ahura (God=good) and Ahriman (evil) defines the
worldlook. The Table of Opposites of Pythagoras, deliv-
ered by Aristotle, has his own list of opposites: finite-infinite,
odd-even, one-many, right -left, rest-motion, straight-crooked,
light-darkness, good-evil, and square-oblong. Many philoso-
phers have focused on one vs. many as one of the most funda-
mental questions in philosophy.

In physics, antiparticles are subatomic particles having the
same mass as one of the particles of ordinary matter but with
opposite electric charge and magnetic moment. The positron
(positive electron), hence, is the antiparticle of the negative
electron (negatron). As another physical example, we define
electric polarization as slight relative shift of positive and neg-
ative electric charge in opposite directions within an insulator,
or dielectric, induced by an external electric field. Polariza-
tion occurs when an electric field distorts the negative cloud
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of electrons around positive atomic nuclei in a direction oppo-
site the field1. And we could go back in time to the Newton’s
Mechanics with its principal of action and reaction which is
a major example for discovering and exploiting oppositional
behavior.

In mathematics we have several concepts employing some
notions of opposition. For instance, the bisection method for
solving equations makes use of positive vs. negative sign
change in order to shrink the search interval. In probability
theory, the probability of contrary situation is given by 1 − p
if the initial event occurs with probability p. In Monte Carlo
simulation, antithetic random numbers are used to reduce the
variance, and in category theory there is the concept of duality.

These examples show that opposition plays a central rule in
many fields ranging from linguistics to physics. In spite of all
examples, however, it should be mentioned that understanding
and defining opposition may not be trivial in some cases.

3 Opposition-Based Computing
The concept of opposition-based computing (OBC) [2, 4] is
based on a quite simple idea: Whenever we are looking for
a solution, we should consider the opposite solution as well.
This may appear too simple, however, since opposition is al-
most universal, it can be understood and implemented in many
different ways such that the application fields and potential
impacts are immense. The idea of opposition-based comput-
ing is not entirely new in machine intelligence. Numerous
works have treated and employed oppositional concepts in dif-
ferent ways and under different labels [4].

Past research on oppositional concepts has not been con-
ducted under a unified framework. As such, a universal view
of opposition-based learning should regard and treat entities
and their opposites in a much more general framework, par-
ticularly when for application in the context of machine in-
telligence schemes. Among others, we should not forget that
opposition considers both qualitative and abstract entities, and
not only numbers.

In a preliminary paper [2], OBC-extensions of neural
nets (with opposite weights), genetic algorithms (with anti-
chromosomes) and reinforcement agents (with opposite ac-
tions) were provided, with experimental results indicating
modest improvements in learning/searching speed. More de-
tailed reports, on improvement of the learning behavior of
evolutionary algorithms, reinforcement learning, ant colonies
and neural nets have been reported as well [3, 5, 6, 7, 9, 10].
Among other benefits of incorporating of OBC into existing
learn and search algorithms, total computational time has de-
creased by 1.6 times for differential evolution (DE) by incor-
porating anti-chromosomes. (This becomes even more signif-
icant when we recall that DE is generally considered a fast
algorithm to begin with).

OBC may be regarded as a new philosophy for integration
of a-priori knowledge (interplay between things and opposite
things during search and learning procedures). However, this
is a very special type of a-priori knowledge. Among other po-
tential benefits, working with opposite entities is not accom-
panied with uncertainties, if the initial entities and their evalu-
ation/fitness are known. In contrast, any work based on simi-
larity and dissimilarity is always to a certain degree uncertain.

1Encyclopdia Britannica

The main question, however, is how we should find/define the
opposites for every given problem. This work will attempt to
find some answers within fuzzy set theory.

4 Oppositional Ideas in Fuzzy Systems
Opposite fuzzy sets have been a part of fuzzy systems from the
beginning. Fuzzy inferencing is without the concept of oppo-
sition virtually impossible. Linguistic terms are generally con-
sidered as pairs such as “short-tall”, “cold-warm”, “positive-
negative” etc., something that is so natural and customary that
we have overlooked its significance and failed to develop a
more systematic paradigm to exploit its true potential.

Some explicit notions of employing opposition can be
found in previous works published on fuzzy sets and their
applications. One may immediately say that the concept of
“negation” is the natural translation of opposition. A set A,
describing a set of objects, is negated, ¬A, to quantify “not
A”. However, this is a general misconception. Negation cannot
represent opposition, for it is too general to illustrate the oppo-
siteness of attributes. For instance, “not very young” encom-
passes the entire spectrum of “young” to “very old”, whereas
the opposite of “very young” is clearly “very old”. Most likely
Roland Yager was the first one who used the term “opposition”
in relation to fuzzy sets [11]. In literature on fuzzy systems,
the opposition has been scarcely studied, and that only with re-
spect to antonyms and their significance from a pure linguistic
perspective [12, 13]. As we will see, antonyms are what we
call in this paper “type-I opposite fuzzy sets”.

5 Opposite Fuzzy Sets
In this section we attempt to establish a generic framework
for opposite fuzzy sets. For all following definitions we con-
sider a general class of membership functions (MFs) µ(x) =
f(x; a, δ1, δ2) where the vector a denotes the points with
µ(ai) = 1, and δ1 and δ2 are the function widths to the left
and right, respectively (Fig. 1).

Figure 1: General MFs µ(x) = f(x; a, δ1, δ2)

Let X be the universe of discourse and x ∈ X the elements,
objects to be classified.

Definition (Fuzzy Set) - A fuzzy set A ⊂ X with member-
ship function µA(x) is defined as

A = {(x, µA(x))|x ∈ X, µ(x) ∈ [0, 1]} (1)
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The membership function is given as µA(x) = f(x; a, δ)
where µA(a) = 1 ∀ai ∈ a and δ is the somatic parameter
that changes the shape of the membership function.

Definition (Opposite Fuzzy Set) - Given a fuzzy set A ⊂
X , the opposite fuzzy set Ă ⊂ X with membership function
µĂ(x) is defined as

Ă = {(x, µĂ(x))|x ∈ X,µĂ(x) ∈ [0, 1]} (2)

where µĂ(x) = f(x; ă, δ̆).
The vector a = [a1, a2, . . . ] and its opposite vector ă =

[ă1, ă2, . . . ] represent the points on the universe of discourse
with µ(ai) = µ(ăi) = 1; δ̆ will cause the opposite shape
modification compared to original δ.

Example - If a Gaussian, bell curve, function is employed
to represent µA(x) = f(x; a, δ), then a = c and δ = σ.
The opposite membership function µĂ(x) = f(x; ă, δ̆) will
be defined with ă = c̆ and δ̆ = σ̆

Since both elements of a and δ are real numbers, the defi-
nition of opposite fuzzy sets comes down to definition of the
opposite of any arbitrary real number a.

Opposite numbers are generally defined for the set of irra-
tional number Z on the interval (−∞, +∞). For each x ∈ Z

the opposite number x̆ is defined by x̆ = −x. This defini-
tion, however, lacks generality. Following, we introduce more
comprehensive definitions of opposite numbers [4].

Definition (Type-I Opposite Points2) - Let P =
(a1, a2, · · · , an) be a point in an n-dimensional space, where
ai ∈ [Xi

min, Xi
max] ∈ R. The type-I opposite point P̆ =

(ă1, ă2, · · · , ăn) is then completely defined where

ăi = Xi
max + Xi

min − ai. (3)

For n = 1 following special cases exist:

ă = −a for Xmax = −Xmin,
ă = 1− a for Xmin = 0 & Xmax = 1,
ă = a for a = Xmax+Xmin

2 .
(4)

Definition (Type I Opposite Fuzzy Sets) - The set Ă with
membership function µĂ(x) = f(x; ă, δ̆) is type I opposite of
the set A with membership function µA(x) = f(x; a, δ) if ă

and δ̆ are type I opposites of a and δ, respectively.
Definition (Type-I Super-Opposite Points) - Let P =

(a1, a2, · · · , an) be a point in n-dimensional space with ai ∈
[Xi

min, Xi
max] and its opposite point P̆ = (ă1, ă2, · · · , ăn).

Then all points P̆ s are type-I super-opposite of P when
d(P̆ s, P ) > d(P̆ , P ) where d(·, ·) denotes a metric such as
the Euclidian distance.

For n = 1 the type-I super-opposite of a ∈ [Xmin, Xmax]
can be given as

ăs ∈



[Xmin, ă) for a > (Xmin + Xmax)/2
[Xmin, Xmax]− {a} for a = (Xmin + Xmax)/2
(ă, Xmax] for a < (Xmin + Xmax)/2

2The terms “type I” and “type II” opposition have been taken from
previously published works on OBC [4] and should not be confused
with type-1 and type-2 fuzzy sets. Type-I opposites reflect linear
opposition whereas type-II opposites constitute nonlinear opposition.

In other words, for a = Xmin+Xmax

2 the entire interval
except a becomes the super-opposite of a. This means that
for a → Xmin+Xmax

2 the opposition generally loses its bene-
fit against random guesses, since any random guess will be a
super-opposite of the initial guess.

Definition (Type I Super-Opposite Fuzzy Sets) - The set
ĂS with membership function µĂS (x) = f(x; ăS , δ̆S) is
type I super-opposite of the set A with membership function
µA(x) = f(x; a, δ) if ăS and δ̆S are type I super-opposites of
a and δ, respectively.

Definition (Type-I Quasi-Opposite Points) - Let P =
(a1, a2, · · · , an) be a point in n dimensional space with ai ∈
[Xi

min + Xi
max] and its opposite point P̆ = (ă1, ă2, · · · , ăn).

Then all points P̆ q are type-I quasi-opposite of P when
d(P̆ q, P̆ ) = d(P̆ s, P̆ ) and d(P̆ q, P ) < d(P̆ s, P ) for any
super-opposite P̆ s.

For n = 1 the type-I quasi-opposite of a ∈ [Xmin, Xmax]
can be given as

ăq ∈



(ă, 2ă] for a > (Xmin + Xmax)/2
[Xmin, Xmax]− {a} for a = (Xmin + Xmax)/2
[2ă−Xmax, ă) for a < (Xmin + Xmax)/2

Definition (Type I Quasi-Opposite Fuzzy Sets) - The
set Ăq with membership function µĂq (x) = f(x; ăq, δ̆q) is
type I quasi-opposite of the set A with membership function
µA(x) = f(x; a, δ) if ăq and δ̆q are type I quasi-opposites of
a and δ, respectively.

Figure 2 illustrates type-I super- and quasi-opposition for
one dimensional cases. Figure 3 shows a fuzzy subset A, its
opposite Ă, quasi- and super-opposite.

Figure 2: Definition of super- and quasi-opposition based on
the distance of the opposite guess from the interval boundary.

Figure 3: A fuzzy set and its opposites

Obviously type I opposition is a straightforward and a
simple understanding of opposition. Generally, only linear,
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almost-linear and symmetric systems can benefit from type
I opposition. In order to deal with complex and nonlinear
X − Y -relationships we have to access higher levels of op-
position.

Theorem - The entropy (fuzziness) of the fuzzy set A, de-
noted with E(A) is equal to the entropy (fuzziness) of its type
I opposite set ĂI : E(A) = E(ĂI)

Proof - since the membership function of Ă is just a reflec-
tion and translation of A, then E(A) = E(Ă). �

Definition (Type-II Opposite Points) - Let y =
f(x1, x2, · · · , xn) ∈ R be an arbitrary function with y ∈
[ymin, ymax]. For every point P = (a1, a2, · · · , an) the type-
II opposite point P̆ = (ă1, ă2, · · · , ăn) is defined by

ăi = {x| y̆ = ymin + ymax − y}. (5)

This definition assumes that the function f(x1, x2, · · · , xn)
is not known but ymin and ymax are given or can be estimated.
Alternatively, the temporal type-II opposite can be calculated
according to

ăi(t) =
{

x y̆(t) = min
j=1,...,t

yj + max
j=1,...,t

yj − y(t)
}

.

(6)
If only the evaluation function h(X) is available, then we may
define a temporal degree of opposition Φ̆ for any two variables
a1 and a2:

Φ̆(a1, a2, t) =
|h(a1)− h(a2)|

max
j=1,...,t

h(aj)− min
j=1,...,t

h(aj)
∈ [0, 1]. (7)

The type-II opposite ăi of any variable ai can then be given as

ăi = aj |Φ̆(ai,aj ,t)=max
k

Φ̆(ai,ak,t). (8)

Definition (Type II Opposite Fuzzy Sets) - The set ĂII

with membership function µĂII
(x) = f(x; ă, δ̆) is type II

opposite of the set A with membership function µA(x) =
f(x; a, δ) if ă and δ̆ are type II opposites of a and δ, respec-
tively.

Definition - Degree of Oppositeness for Type I Op-
position For two real numbers a, b ∈ X bounded in
[Xmin, Xmax], the degree of oppositeness can be given as

ϕ̆I(a, b) =
( |a− b|

Xmax −Xmin

)β

(9)

where β ∈ (0, 1] controls the opposition intensity.
Definition - Degree of Oppositeness for Type II Opposi-

tion Assuming the evaluation function h(·) is given, then for
two real numbers a, b ∈ X , the degree of oppositeness can be
given as

ϕ̆II(a, b) =
( |h(a)− h(b)|

hmax − hmin

)β

(10)

where β ∈ (0, 1] controls the opposition intensity. If the
bounds of the evaluation function are not known, then a tem-
poral type-II opposition may be calculated:

ϕ̆
(t)
II (a, b) =

(
|h(a)− h(b)|
h

(t)
max − h

(t)
min

)β

(11)

Based on the introduced definitions, following observations
can be made:

• Opposition, in general, can only be determined if the sys-
tem parameters are bounded and opposite has a clear re-
lationship with the finite interval, in which those param-
eters are defined.

• Type-I opposition delivers the real opposite (type-II) only
for linear or quasi-linear functions. Type-I opposition
can, however, be more easily calculated.

• Type-II opposition can, in absence of any information
about the function f(·), only be calculated if an evalu-
ation function g(·) (error, fitness, reward, cost etc.) is
available.

Now that we have basic definitions available we can define
the opposition-based computing.

Opposition-Based Computing (OBC) - For
any system behaving according a (unknown) func-
tion y = f(x1, x2, · · · , xn) with an evalua-
tion function h(x1, x2, · · · , xn) with higher/lower
values being desirable, for any estimate vector
X = (x1, x2, · · · , xn) to estimate the input-
output relationship we calculate its opposite X̆ =
(x̆1, x̆2, · · · , x̆n) and consider max(h(X), h(X̆)).
The learning/search will continue with X if h(X) ≷
h(X̆) otherwise with X̆ .

The opposition can be calculated using the aforementioned
definitions and based on the specific domain knowledge.

The definition of OBC is making two fundamental assump-
tions: 1) one of estimate and counter-estimate is always closer
to the solution, and 2) considering the opposition is more ben-
eficial than generating independent random solutions and tak-
ing the best among them. (this assumption has already been
proved [8]).

The aforementioned definition of OBC is primarily meant
to be used in the model-free context of machine intelli-
gence, where an evaluation function such as error, cost,
fitness, reward etc. is being used within multiple itera-
tions/epochs/generations/episodes in order to find some opti-
mal values. For pure fuzzy systems we may rely on the fol-
lowing definition.

Opposition-Based Fuzzy Inference Systems
(OFIS) - An inference mechanism which system-
atically uses fuzzy sets along with their opposites
to construct membership functions and rules and/or
carry out the inference is an opposition-based fuzzy
inference system.

6 Applications
As mentioned before, we have virtually been using opposite
fuzzy sets since Zadeh’s first paper. However, due to lack of
necessary formalism and due to investigative studies on the
nature of opposition in its diverse forms, we have not exploited
their potentials.

Most likely, one major application for opposite fuzzy sets
is generation of membership functions (MFs) for an inference
system. From the beginning days of fuzzy sets, determination
of membership functions has been a challenge. Oppositional
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relationships can be considered to generate membership func-
tions. Table 1 provides a simple algorithm for this purpose.
The underlaying idea is as follows: Assuming we are look-
ing for 3 membership functions, and assuming we can fix the
position of one of them namely the set A. Then if we automat-
ically determine the opposite fuzzy set Ă, the third (middle)
membership function, which quantifies “everything else” can
be given by ¬(A ∪ Ă) (see Figure 4).

Table 1: Oppositional generation of membership functions

1. Determine n to generate 2n + 1 membership functions
2. For i = 1 : n
3. µAi

= f(x; ai, δi)
4. end
5. For i = n + 2 : 2n + 1
6. Determine ăi subject to the constraint ăi < ăi+1

7. Determine δ̆i

8. µĂi
= f(x; ăi, δ̆i)

9. end
10. Determine the middle MF based on ¬(A ∪ Ă)

Figure 4: The set A, its opposite Ă and “everything else”

Processing of digital images is certainly an interesting ap-
plication to verify the applicability of opposite fuzzy sets. The
task of image segmentation is the most significant part in many
vision-based application whereas segmentation is equivalent
to classification of each pixel to different classes (segments).
Here, based on proposed algorithm in Table 1 we can demon-
strate how opposite fuzzy sets can help to segment a digital
image.

Let us assume that we are interested in extracting only one
object of interest in the image. The rest, regardless how many
other objects, are irrelevant. Further assume we have the
knowledge that the object of interest is dark. Then an oppo-
sitional fuzzy rule-based approach to object segmentation can
be implemented as described in Table 2. As apparent from
line 7 and 8 in this algorithm, we assume that the entropy of A
and Ă are equal, which is, according to the theorem in section
5, only proved for type-I opposites. However, experimental
results will show that this is a reasonable assumption, which
still needs to be theoretically solidified.

Table 2: An OFIS for image segmentation

1. Define the set A = { dark pixels } with µA(x)
2. Calculate the entropy of A : E(A)
3. Initialize the opposite membership µ̆A(x) at ă = L− 1
4. For i = L− 1 : −1 : a + δ

5. Define opposite fuzzy set Ăi at ă = i (Fig. 5)
6. Calculate the entropy of Ăi : E(Ăi)
7. Calculate the entropy difference di = |E(Ăi)− E(A)|
8. Find the position j with dj = min

i
di

9. Define the final opposite fuzzy set at ă = j

10. Define the middle membership function via ¬(A ∪ Ă)
11. (OPTION 1) Create a fuzzy segmentation map via

g′ =
µA(g)+µ¬(A∪Ă)(g)×(L−1)/2+µĂ(g)×(L−1)

µA(g)+µ¬(A∪Ă)(g)+µĂ(g)

13. (OPTION 2) Threshold the image with T = (a + ă)/2
14. g′ = 1 if g <= T , and g′ = 0 otherwise

Figure 5: Moving an initial set toward A to find the opposite
set Ă

The results of this approach are presented in Figure 6.
Needless to say that this simple algorithm should only demon-
strate the usefulness of opposite fuzzy sets for a significant ap-
plication. Most likely more sophisticated segmentation algo-
rithms can be developed by incorporating oppositional think-
ing.

Breast ultrasound images have been used to verify the per-
formance of this method (Fig. 6). The first two scan contain
anechoic (dark) breast cysts. These are relatively easy to seg-
ment with almost any thresholding technique. The other two
contain breast masses that are no cyst and should be exam-
ined on malignancy. These cases are challenging and cannot
be easily segmented.

7 Conclusions
In this paper, we attempted to establish a formalism for oppo-
site fuzzy sets and introduce some definitions. Preliminary re-
sults for a simple image segmentation method were provided
as well. Opposition-based fuzzy inference systems (OFISs)
exploit domain knowledge and seem to have real-world appli-
cations. Many questions, however, remain open with respect
to the nature of opposition and how it can be embedded into
existing fuzzy systems.
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Figure 6: From left: first column: original breast ultrasound scans, second column: fuzzy segmentation with A,¬(A ∪ Ă)
and Ă (OPTION 1), third column: thresholding with T = (a + ă)/2 (OPTION 2). The calculated values from top to bottom:
a = {1, 1, 64, 62} and ă = {143, 159, 127, 117}. The last column depicts the results by Otsu method for comparison [Source
of images: Philips]
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Abstract— Classification in imbalanced domains is an important
problem in Data Mining. We refer to imbalanced classification when
data presents many examples from one class and few from the other
class, and the less representative class is the one which has more
interest from the point of view of the learning task. The aim of this
work is to study the behaviour of the GP-COACH algorithm in the
scenario of data-sets with high imbalance, analysing both the per-
formance and the interpretability of the obtained fuzzy models. To
develop the experimental study we will compare this approach with
a well-known fuzzy rule learning algorithm, the Chi et al.’s method,
and an algorithm of reference in the field of imbalanced data-sets,
the C4.5 decision tree.

Keywords— Fuzzy Rule-Based Classification Systems, Genetic
Fuzzy Systems, Genetic Programming, Imbalanced Data-Sets, Inter-
pretability

1 Introduction
In the area of Data Mining, real world classification problems
present some features that can diminish the accuracy of Ma-
chine Learning algorithms, such as the presence of noise or
missing values, or the imbalanced distribution of classes.

Specifically, the problem of imbalanced data-sets has been
considered as one of the emergent challenges in Data Mining
[1]. This situation occurs when one class is represented by a
large number of examples (known as negative class), whereas
the other is represented by only a few (positive class).

Our objective is to develop an empirical analysis in the con-
text of imbalance classification for binary data-sets when the
class imbalance ratio is high. In this study, we will make use
of Fuzzy Rule Based Classification Systems (FRBCSs), a very
useful tool in the ambit of Machine Learning, since they pro-
vide a very interpretable model for the end user [2].

We will employ a novel approach, GP-COACH (Genetic
Programming-based evolutionary algorithm for the learning
of COmpact and ACcurate FRBCS) [3], that learns disjun-
ctive normal form (DNF) fuzzy rules (generated by means
of a context-free grammar) and obtains very interpretable
FRBCSs, with few rules and conditions per rule, with a high-
generalization capability.

We want to analyse whether this model is accurate for data-
sets with high imbalance in contrast with an FRBCS, the Chi
et al.’s approach [4] and with C4.5 [5], a decision tree algo-
rithm that has been used as a reference in the imbalanced data-

sets field [6, 7]. We will also focus on the tradeoff between
accuracy and interpretability [8] for the final obtained models.
We will employ the Area Under the Curve (AUC) metric [9] to
compute the classification performance, whereas we will mea-
sure the interpretability of the system by means of the number
of rules in the system.

We have selected a large collection of data-sets with high
imbalance from UCI repository [10] for developing our empi-
rical analysis. In order to deal with the problem of imbalan-
ced data-sets we will make use of a preprocessing technique,
the “Synthetic Minority Over-sampling Technique” (SMOTE)
[11], to balance the distribution of training examples in both
classes. In this manner, we will analyse the positive synergy
between the GP-COACH model and the SMOTE preproces-
sing technique for dealing with imbalanced data-sets. Further-
more, we will perform a statistical study using non-parametric
tests [12, 13, 14] to find significant differences among the ob-
tained results.

This contribution is organized as follows. First, Section 2
introduces the problem of imbalanced data-sets, describing its
features, how to deal with this problem and the metric we have
employed in this context. Next, in Section 3 we present the
GP-COACH algorithm, explaining in detail the characteristics
of this novel approach. Section 4 contains the experimental
study for GP-COACH, Chi et al.’s and C4.5 algorithms re-
garding performance and interpretability. Finally, Section 5
summarizes and concludes the work.

2 Imbalanced Data-Sets in Classification
Learning from imbalanced data is an important topic that
has recently appeared in the Machine Learning community
[15, 16, 17]. The significance of this problem consists in its
presence in most of the real domains of classification, such as
fraud detection [18], risk management [19] and medical appli-
cations [20] among others.

This problem occurs when the number of instances of one
class is much lower than the instances of the other classes. In
this situation, the class of interest is often the one with the
smaller number of examples, whereas the other class(es) re-
present(s) the counterpart of that concept and, in that manner,
include(s) a high amount of data.

Standard classifier algorithms have a bias towards the ma-
jority class, since the rules that predicts the larger number of
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examples are positively weighted during the learning process
in favour of the accuracy metric. Consequently, the instan-
ces that belongs to the minority class are misclassified more
often than those belonging to the majority class [21]. Other
important issue of this type of problem is the small disjuncts
that can be found in the data-set [22] and the difficulty of most
learning algorithms to detect those regions. Furthermore, the
main handicap on imbalanced data-sets is the overlapping bet-
ween the examples of the positive and the negative class [23].
These facts are depicted in Fig. 1.a and 1.b.

Small Disjuncts

a)

Small Disjuncts

a) b)b)

Figure 1: Example of the imbalance between classes: a) small
disjuncts b) overlapping between classes

In this contribution we will focus on the data-sets with
a higher degree of imbalance, using the imbalance ratio
(IR) [24] as a threshold to categorize the different imbalanced
scenarios. This measure is defined as the ratio of the number
of instances of the majority class and the minority class.

In our previous work on this topic [25], we analysed the
cooperation of some preprocessing methods with FRBCSs,
showing a good behaviour for the oversampling methods, spe-
cially in the case of the SMOTE methodology [11]. According
to this, we will employ in this contribution the SMOTE algo-
rithm in order to deal with the problem of imbalanced data-
sets.

In short, its main idea is to form new minority class exam-
ples by interpolating between several minority class examples
that lie together. Thus, the overfitting problem is avoided and
causes the decision boundaries for the minority class to spread
further into the majority class space.

Regarding the empirical measure, instead of using accuracy,
a more correct metric is considered. This is due to the fact that
accuracy can lead to erroneous conclusions, since it does not
take into account the proportion of examples for each class.
Because of this, in this work we use the AUC metric [9], which
can be defined as

AUC =
1 + TPrate − FPrate

2
(1)

where TPrate is the percentage of positive cases correctly
classified as belonging to the positive class and FPrate is the
percentage of negative cases misclassified as belonging to the
positive class.

3 GP-COACH Algorithm
In this work we will make use of GP-COACH, a new FRBCS
proposal [3]. The main features of this approach are listed
below:

• It uses a context-free grammar that allows the learning of
DNF fuzzy rules and the absence of some input features.

• It follows the cooperative-competitive approach, that is,
it encodes a single rule per individual and the rule base
(RB) is formed by the whole population. That makes
necessary the use two different fitness functions in GP-
COACH:

– On the one hand, a local fitness function that eva-
luates the goodness of each one of the different ru-
les in the population of individuals. From now on,
we will refer it simply as fitness function.

– On the other hand, a global fitness function that eva-
luates the goodness of a whole population of indi-
viduals (a rule set). From now on, we will refer it
as global fitness score.
This last fitness function has been introduced in
GP-COACH in order to obtain the best rule set ge-
nerated during the evolutionary process.

• It includes a mechanism to promote the diversity into
the population, in order to avoid that all individuals con-
verge to the same area of search space. Specifically, it
uses the Token Competition diversity mechanism which
makes rules compete among themselves during the evo-
lutionary process, deleting irrelevant rules, and thus gi-
ving out a smaller number of rules that present a high-
generalization capability.

• Finally, GP-COACH uses a two level hierarchical infe-
rence process because it learns rule sets containing two
different types of rules: primary rules, which are strong
and general rules generated by the genetic operators, and
secondary rules, which are weaker and more specific ru-
les, generated after the token competition procedure to
increase the diversity in the population.

In the following subsections we will explain each one of
these components and we will describe the way of working of
this algorithm.

3.1 Context-free grammar for learning DNF fuzzy rules

GP-COACH learns DNF fuzzy rules:

Rk : If X1 is Âk1 and . . . and Xnv is Âknv

then Class is Ck with RWk
(2)

where each input variable Xi takes as a value a set of linguis-
tic terms or labels Âki =

{
L1

i or . . . or Lli
i

}
joined by

a disjunctive operator, (Class) is one of the class labels and
RWk is the rule weight [26]. We use triangular membership
functions as antecedent fuzzy sets.

In GP-COACH, these DNF fuzzy rules are generated ac-
cording to the production rules of a context-free grammar. In
Table 1, an example of the grammar for a classification pro-
blem with two features (X1, X2), three linguistic labels per
feature (Low, Medium, High) and three classes (C1, C2, C3)
is shown.

3.2 Evaluating an individual: Fitness function

Each one of the individuals in the population is evaluated ac-
cording to a fitness function based on the estimation of:
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Table 1: Grammar example
Start −→ [If ], antec, [then], conseq, [.].
antec −→ descriptor1, [and], descriptor2.
descriptor1 −→ [any].
descriptor1 −→ [X1 is] label.
descriptor2 −→ [any].
descriptor2 −→ [X2 is] label.
label −→ {member(?a, [L, M, H, L or M, L or H,

M or H, L or M or H])}, [?a].
conseq −→ [Class is] descriptorClass.
descriptorClass −→ {member(?a, [C1, C2, C3])}, [?a].

• Confidence, which measures the accuracy of an indivi-
dual, that is, the confidence of the consequent to be true
if the antecedent is verified

Conf(Rk) =
µtp

(µtp + µfp)
(3)

• Support, which measures the coverage of the knowledge
represented in the individual

Supp(Rk) =
µtp

NCk

(4)

where µtp and µfp are the sums of the matching degrees for
true and false positives, and NCk

is the number of examples
belonging to the class indicated in the consequent of the indi-
vidual (Rk).

Both measures are combined to make up the fitness function
in the following way

raw fitness = (α ∗ Conf) + ((1 − α) ∗ Supp) (5)

where α parameter allow us to give more importance to any
of these both measures.

3.3 Evaluating a population: Global fitness score

Global fitness score measure is defined as follows:

Global fitness = (w1 ∗ AUCTra) + (w2 ∗ #V ) +
(w3 ∗ #C) + (w4 ∗ #R)

(6)
The global fitness score measure is formed by other four mea-
sures: a) AUCTra, the normalized value of the AUC metric
for the training examples, b) #V, the normalized value of the
number of variables per individual (rule) in the population, c)
#C, the normalized value of the number of labels (or condi-
tions) per individual, and d) #R, the normalized value of the
number of rules in the population. We must remark that in the
previous formula we employ the complement of these values.

Furthermore, we have included some weights (wi) to give
more importance to any of these four measures.

3.4 Token competition: Maintaining the diversity of the
population

The idea of this mechanism is that each example in the trai-
ning set can provide a resource called “token”, for which all
chromosomes in the population will compete to capture. If an
individual (i.e. a rule) can match the example, it sets a flag
to indicate that the token is seized preventing other weaker
individuals to get this token.

The priority of receiving tokens is determined by the
strength of the individuals. The individuals with higher fit-
ness scores will exploit their niches by seizing as many tokens
as they can. The other ones entering the same niches will have

their strength decreased because they cannot compete with the
stronger ones. This is done introducing a penalization in the
fitness score of each individual. This penalization is based on
the number of tokens that each individual has seized:

Penalized fitness = raw fitness ∗ count

ideal
(7)

where raw fitness is the fitness score obtained from the evalua-
tion function, count is the number of tokens that the individual
actually seized and ideal is the total number of tokens that it
can take, which is equal to the number of examples that the
individual matches.

As a result of the token competition, there exist individuals
that cannot grab any token. These individuals are considered
as irrelevant, and they can be eliminated from the population
due to all of their examples are covered by other stronger in-
dividuals.

3.5 Secondary rules: Improving population diversity

Once the token competition mechanism has finished, it is pos-
sible that some training examples remain uncovered. The ge-
neration of new specific rules covering these examples impro-
ves the diversity in the population, and helps the evolutionary
process to easily find stronger and more general rules covering
these examples.

Therefore, GP-COACH learns rule sets having two diffe-
rent types of fuzzy rules: A core of strong and general rules
(primary rules) that covers most of the examples, and a small
set of weaker and more specific rules (secondary rules) that
are only taken into account if there not exist any primary rule
matching with some of the examples. This two level hierarchi-
cal inference process allows GP-COACH to obtain rule sets
having a better interpretability-accuracy trade-off.

3.6 Genetic operators

GP-COACH makes use of four different genetic operators to
generate new individuals during the evolutionary process:

1. Crossover: A part in the first parent is randomly selected
and exchanged by another part, randomly selected, in the
second one.

2. Mutation: It operates on label sets level. A variable in the
rule is randomly chosen and then one of the next three
different actions is carried out:

(a) A new label is added to the label set.
(b) A label is removed from the label set.
(c) A label in the label set is exchanged by another one

not included in it.

3. Insertion: It looks for all the variables in the rule and
adds another different one that has not been included in
it with a linguistic label set randomly chosen, although it
must have at least one label and it must be different from
the ”any” set (see Table 1).

4. Dropping Condition: It randomly selects one variable in
the rule and then turns it into ”any”. The label set asso-
ciated with this variable is also removed.

We must remark that we generate only one child by using
the genetic operators described above.
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3.7 Description of the Algorithm

GP-COACH algorithm begins creating a random initial popu-
lation according to the rules in the context-free grammar. Each
individual in this population is then evaluated. After that, the
initial population is kept as the best evolved population and
its global fitness score is calculated. Then, the initial popula-
tion is copied to the current population and the evolutionary
process begins:

1. An offspring population, with the same size than the cu-
rrent one, is created. Parents are selected by using the
binary tournament selection mechanism and children are
created by using one of the four genetic operators. The
genetic operator selection is done in a probabilistic way.
Specifically, the probabilities of the four genetic operator
are added in a single measure P = Pc + Pm + Pi + Pdp

(where Pc, Pm, Pi and Pdp represent the crossover, muta-
tion, insertion and dropping condition probabilities, res-
pectively) and then a random value u ∈ [0, P ] is obtained
to choose the genetic operator to be applied.

2. Once the offspring population is created, it is joined to
the current population, creating a new population whose
size is double the current population size. Individuals in
this new population are sorted according to their fitness
and Token Competition mechanism is applied. Seconda-
ries rules are created if some examples remain uncove-
red.

3. Global fitness score measure is then calculated for this
new population. We check whether this new fitness is
better than the one stored for the best population, upda-
ting the best population and fitness if necessary. In any
case, the new population is copied as the current popula-
tion in order to be able to apply the evolutionary process
again.

The evolutionary process ends when the stop condition is
verified (i.e. number of evaluations). Then, the population
kept as the best one is returned as a solution to the problem
and GP-COACH finishes.

4 Experimental Study

In this study, our aim is to analyse the behaviour of the GP-
COACH approach in the context of data-sets with high im-
balance. We will compare the performance of this method
against one state-of-the-art FRBCS algorithm, the Chi et al.’s
approach, and the C4.5 decision tree, employing a large co-
llection of imbalanced data-sets.

Specifically, we have considered twenty-two data-sets from
UCI repository [10] with different IR, as shown in Table 2,
where we denote the number of examples (#Ex.), number of
attributes (#Atts.), class name of each class (minority and ma-
jority), class attribute distribution and IR. This table is in as-
cending order according to the IR. Data-sets with more than
two classes have been modified by taking one against the ot-
hers or by contrasting one class with another.

In order to reduce the effect of imbalance, we will employ
the SMOTE preprocessing method [11] for all our experi-
ments, considering only the 1-nearest neighbour to generate

the synthetic samples, and balancing both classes to the 50%
distribution.

In the remaining of this section, we will first present the ex-
perimental framework and all the parameters employed in this
study and then we will show the results and all the statistical
study for the GP-COACH approach.

4.1 Experimental Framework

To develop the different experiments we consider a 5-fold
cross-validation model, i.e., 5 random partitions of data with
a 20%, and the combination of 4 of them (80%) as training
and the remaining one as test. Since GP-COACH is a pro-
babilistic method, we perform three executions per partition
with different random seeds. For each data-set we consider
the average results of the five partitions per three executions.
Furthermore, Wilcoxon’s Signed-Ranks Test [27] is used for
statistical comparison of our empirical results. In all cases the
level of confidence (α) will be set at 0.05.

The configuration for the FRBCSs approaches, GP-
COACH and Chi et al.’s, is presented in Table 3. This pa-
rameter selection has been carried out according to the results
achieved by GP-COACH and Chi et al.’s in our former studies
in [3] and [25] respectively.

Table 3: Configuration for the FRBCS approaches
Parameter GP-COACH Chi et al.’s

Conjunction operator Minimum T-norm Product T-norm
Rule Weight Certainty Factor Penalized Certainty Factor

Fuzzy Reasoning Method Additive Combination Winning Rule
Number of Labels 5 Labels 5 Labels

The specific parameters setting for the GP-COACH algo-
rithm, is listed below:

• Number of evaluations: 20000 evaluations.
• Initial Population Size: 200 individuals.
• α: 0.7.
• Crossover Probability Pc: 0.5.
• Mutation Probability Pm: 0.2.
• Dropping Probability Pdp: 0.15.
• Insertion Probability Pi: 0.15.
• Tournament Size: 2.
• w1: 0.8, w2 = w3: 0.05, w4: 0.1.

4.2 Analysis of the GP-COACH Behaviour in Data-sets
with High Imbalance

The main objective in this study is to analyse the behaviour
of the GP-COACH approach in the context of data-sets with
high imbalance. According to this, Table 4 shows the results
in performance (using the AUC metric) for GP-COACH and
the algorithms employed for comparison, that is, Chi et al.’s
learning method and C4.5.

We observe that the performance obtained by GP-COACH
is higher than the one for Chi et al.’s and C4.5. This situation
is represented statistically by means of a Wilcoxon test (Table
5) which shows a higher ranking in both cases for the GP-
COACH algorithm.

Furthermore, when we compare the results for the fuzzy
methods in each data-set, we observe that, as the IR increases,
GP-COACH achieves a better performance than Chi et al.’s
method. In this manner, we may state that GP-COACH is a
very robust method according to the IR.
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Table 2: Summary Description for Imbalanced Data-Sets.
Data-set #Ex. #Atts. Class (min.; maj.) %Class(min., maj.) IR

Data-sets with High Imbalance (IR higher than 9)
Yeast2vs4 514 8 (cyt; me2) (9.92, 90.08) 9.08
Yeast05679vs4 528 8 (me2; mit,me3,exc,vac,erl) (9.66, 90.34) 9.35
Vowel0 988 13 (hid; remainder) (9.01, 90.99) 10.10
Glass016vs2 192 9 (ve-win-float-proc; build-win-float-proc, (8.89, 91.11) 10.29

build-win-non float-proc,headlamps)
Glass2 214 9 (Ve-win-float-proc; remainder) (8.78, 91.22) 10.39
Ecoli4 336 7 (om; remainder) (6.74, 93.26) 13.84
Yeast1vs7 459 8 (nuc; vac) (6.72, 93.28) 13.87
Shuttle0vs4 1829 9 (Rad Flow; Bypass) (6.72, 93.28) 13.87
Glass4 214 9 (containers; remainder) (6.07, 93.93) 15.47
Page-blocks13vs2 472 10 (graphic; horiz.line,picture) (5.93, 94.07) 15.85
Abalone9vs18 731 8 (18; 9) (5.65, 94.25) 16.68
Glass016vs5 184 9 (tableware; build-win-float-proc, (4.89, 95.11) 19.44

build-win-non float-proc,headlamps)
Shuttle2vs4 129 9 (Fpv Open; Bypass) (4.65, 95.35) 20.5
Yeast1458vs7 693 8 (vac; nuc,me2,me3,pox) (4.33, 95.67) 22.10
Glass5 214 9 (tableware; remainder) (4.20, 95.80) 22.81
Yeast2vs8 482 8 (pox; cyt) (4.15, 95.85) 23.10
Yeast4 1484 8 (me2; remainder) (3.43, 96.57) 28.41
Yeast1289vs7 947 8 (vac; nuc,cyt,pox,erl) (3.17, 96.83) 30.56
Yeast5 1484 8 (me1; remainder) (2.96, 97.04) 32.78
Ecoli0137vs26 281 7 (pp,imL; cp,im,imU,imS) (2.49, 97.51) 39.15
Yeast6 1484 8 (exc; remainder) (2.49, 97.51) 39.15
Abalone19 4174 8 (19; remainder) (0.77, 99.23) 128.87

Table 4: Detailed results in performance (AUC metric) for GP-COACH, Chi et al.’s learning method and C4.5
Dataset GP-COACH Chi et al.’s C4.5

AUCT r AUCT st AUCT r AUCT st AUCT r AUCT st

Yeast2vs4 83.46 ± 2.01 78.26 ± 5.92 90.51 ± 1.43 86.85 ± 6.68 98.14 ± 0.88 85.88 ± 8.78
Yeast05679vs4 82.76 ± 1.25 79.92 ± 5.54 87.97 ± 0.65 76.42 ± 6.17 95.26 ± 0.94 76.02 ± 9.36
Vowel0 96.74 ± 0.76 92.20 ± 5.80 99.64 ± 0.19 97.89 ± 1.83 99.67 ± 0.48 94.94 ± 4.95
Glass016vs2 74.57 ± 2.98 59.35 ± 17.29 76.16 ± 2.11 60.02 ± 8.41 97.16 ± 1.86 60.62 ± 12.66
Glass2 78.45 ± 2.82 66.11 ± 13.76 75.50 ± 1.80 52.06 ± 11.20 95.71 ± 1.51 54.24 ± 14.01
Ecoli4 97.74 ± 0.66 91.91 ± 6.04 98.14 ± 0.65 92.30 ± 8.13 97.69 ± 1.96 83.10 ± 9.90
Yeast1vs7 76.44 ± 2.17 64.03 ± 8.50 84.08 ± 2.14 65.24 ± 10.47 93.51 ± 2.20 70.03 ± 1.46
Shuttle0vs4 99.88 ± 0.08 99.99 ± 0.04 100.0 ± 0.00 98.72 ± 1.17 99.99 ± 0.02 99.97 ± 0.07
Glass4 95.94 ± 1.87 86.94 ± 14.19 98.88 ± 0.56 82.85 ± 10.20 98.44 ± 2.29 85.08 ± 9.35
Page-Blocks13vs4 98.03 ± 0.82 96.39 ± 4.31 98.71 ± 0.23 93.41 ± 8.53 99.75 ± 0.21 99.55 ± 0.47
Abalone9vs18 77.91 ± 2.31 74.27 ± 7.15 71.22 ± 3.09 67.44 ± 9.88 95.31 ± 4.44 62.15 ± 4.96
Glass016vs5 95.83 ± 1.45 94.29 ± 8.21 98.43 ± 0.41 84.86 ± 21.91 99.21 ± 0.47 81.29 ± 24.44
Shuttle2vs4 97.36 ± 3.34 97.43 ± 3.78 100.0 ± 0.00 88.38 ± 21.60 99.90 ± 0.23 99.17 ± 1.86
Yeast1458vs7 66.36 ± 1.61 58.21 ± 8.47 81.83 ± 1.70 59.32 ± 7.68 91.58 ± 2.78 53.67 ± 2.09
Glass5 98.11 ± 1.01 78.05 ± 24.24 98.78 ± 0.48 74.63 ± 20.52 99.76 ± 0.40 88.29 ± 13.31
Yeast2vs8 80.97 ± 3.28 78.77 ± 9.37 83.46 ± 1.68 80.66 ± 6.94 91.25 ± 1.84 80.66 ± 11.22
Yeast4 84.88 ± 1.42 81.95 ± 4.08 87.96 ± 1.54 83.25 ± 2.39 91.01 ± 2.64 70.04 ± 5.65
Yeast1289vs7 72.17 ± 2.75 66.26 ± 10.42 80.03 ± 2.33 70.27 ± 3.75 94.65 ± 1.13 68.32 ± 6.16
Yeast5 95.78 ± 0.68 93.53 ± 2.74 95.43 ± 0.54 93.72 ± 2.72 97.77 ± 1.45 92.33 ± 4.72
Ecoli0137vs26 90.13 ± 2.42 81.00 ± 18.30 96.85 ± 1.59 68.80 ± 22.87 96.78 ± 3.28 81.36 ± 21.68
Yeast6 90.43 ± 1.68 86.67 ± 7.92 89.60 ± 2.00 88.20 ± 8.55 92.42 ± 3.54 82.80 ± 12.77
Abalone19 74.00 ± 3.70 68.45 ± 8.38 77.19 ± 2.49 67.48 ± 10.77 85.44 ± 2.49 52.02 ± 4.41
Mean 86.72 ± 1.87 80.64 ± 8.84 89.56 ± 1.25 78.76 ± 9.65 95.93 ± 1.68 78.25 ± 8.38

Table 5: Wilcoxon test to compare GP-COACH with Chi et
al.’s approach and C4.5 according to their performance. R+

corresponds to GP-COACH and R− to Chi or C4.5
Comparison R+ R− Hypothesis (α = 0.05) p-value

GP-COACH vs. Chi 161.0 92.0 Not Rejected 0.263
GP-COACH vs. C4.5 162.0 91.0 Not Rejected 0.249

Regarding interpretability of the obtained models, we must
stress that GP-COACH is designed to obtain few DNF rules to
describe the concept accurately. Table 6 shows the average
number of rules for the three algorithms considered in this
study, together with the associated standard deviation. The
results from this table clearly shows that GP-COACH is the
most interpretable model.

In Table 7 we show an example of an RB generated with
the GP-COACH algorithm for the “shuttle2vs4” data-set. We
can observe that the problem is described using few rules and
only three of nine variables, enhancing the readability for the
end-user.

5 Conclusions
In this contribution, we have studied the behaviour of GP-
COACH in the context of data-sets with high imbalance.

Our results have shown the good performance achieved by
this approach in contrast with the Chi et al.’s method, a well-
known fuzzy rule learning algorithm, and C4.5, an algorithm
of reference in the area of imbalanced data-sets.

Furthermore, we have compared the interpretability of the
obtained models by means of the size of the rule set, conclu-
ding that GP-COACH employs a more compact RB in com-
parison with Chi et al.’s and C4.5 algorithms.

We must remark that GP-COACH is a good methodology
for imbalanced data-sets, since it obtains very good classifi-
cation results according to the AUC measure, by using a very
interpretable model with few linguistic fuzzy rules.
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Table 6: Detailed results table in interpretability (number of
rules) for GP-COACH, Chi et al.’s learning method and C4.5

Data-set GP-COACH Chi et al.’s C4.5
Yeast2vs4 6.60 ± 0.74 164.80 ± 3.83 20.40 ± 4.56
Yeast05679vs4 9.87 ± 2.17 191.20 ± 9.12 30.00 ± 6.63
Vowel0 5.60 ± 1.12 694.60 ± 8.32 11.80 ± 2.17
Glass016vs2 6.60 ± 2.23 65.20 ± 5.67 15.20 ± 1.48
Glass2 5.53 ± 1.96 73.20 ± 2.28 16.80 ± 2.49
Ecoli4 5.67 ± 0.90 116.80 ± 6.42 9.20 ± 2.17
Yeast1vs7 8.80 ± 2.01 156.80 ± 6.46 33.20 ± 6.10
Shuttle0vs4 2.60 ± 0.63 79.20 ± 7.56 2.80 ± 1.10
Glass4 6.33 ± 1.59 98.40 ± 10.06 7.40 ± 2.88
Page-Blocks13vs4 5.07 ± 0.96 164.00 ± 7.78 7.00 ± 1.22
Abalone9vs18 9.20 ± 2.24 93.60 ± 5.03 47.60 ± 1.14
Glass016vs5 5.13 ± 0.74 99.60 ± 8.62 10.00 ± 2.83
Shuttle2vs4 3.60 ± 0.99 33.00 ± 4.95 4.00 ± 0.00
Yeast1289vs7 8.93 ± 1.91 160.80 ± 2.68 58.40 ± 6.35
Glass5 4.93 ± 0.70 90.80 ± 6.87 7.00 ± 1.00
Yeast2vs8 5.73 ± 1.53 110.00 ± 2.65 14.60 ± 2.07
Yeast4 8.07 ± 1.22 197.20 ± 7.01 40.40 ± 3.78
Yeast1458vs7 7.27 ± 1.22 181.00 ± 8.69 47.80 ± 6.38
Yeast5 3.47 ± 0.52 206.60 ± 5.32 11.60 ± 2.07
Ecoli0137vs26 5.13 ± 0.74 168.60 ± 5.41 8.00 ± 1.41
Yeast6 5.73 ± 1.49 198.80 ± 6.14 21.60 ± 6.47
Abalone19 6.80 ± 1.15 180.20 ± 7.40 69.20 ± 3.70
Mean 6.21 ± 1.31 160.20 ± 6.29 22.45 ± 3.09

Table 7: Example of a DNF RB extracted using GP-COACH
for the shuttle2vs4 data-set

Rule1: IF X7 is (L4|L5) THEN Class = negative with RW = 1
Rule2: IF X1 is (L3|L4|L5) AND X7 is (L1|L2)

THEN Class = positive with RW = 0.934089
Rule3: IF X7 is (L2|L4) AND X8 is L4

THEN Class = positive with RW = 0.495765
Rule4: IF X7 is (L3|L5) THEN Class = positive

with RW = 0.562457
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Abstract—In this paper, one presents a fuzzy color clustering 
algorithm that is based on a new measure of similarity. This new 
measure of color similarity is defined on a perceptual color system 
called hsl. 
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1 Introduction
The color clustering algorithms play an important role in 
image analysis. The obtained results are very dependent on 
the coordinate system and similarity/dissimilarity functions 
used for color separation [1], [4], [5] and [6]. In this paper, 
one proposes the use of a perceptual system hsl . In the 
framework of this system, a new measure is proposed for the 
color similarity. In the following sections, the paper is thus 
organized: section 2 presents the system hsl  for color 
representation based on new measures of luminosity L  and 
saturation S ; section 3 presents distances and similarities 
for each component of the hsl  system; section 4 presents 
the new color similarity; section 5 presents the color 
clustering algorithm based on the proposed similarity; 
section 6 presents the experimental results and conclusions 
are in section 7. 
 

2 The perceptual color system hsl
The most part of the color images are represented by the 
RGB  color system. Image analysis is done in the perceptual 
coordinate systems. One of them is the hSL  system where 
h   is the hue and an angular value; S  is the saturation and 
lastly, L  is the luminosity. In this paper, we will use the 
following formulae for the definition of the hSL  
components: 
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where: 
     ),,max( BGRM �  
     ),,min( BGRm �  

We suppose that ]1,0[,, �BGR . According to the 
considered formulae for the definition of the components 
hSL , it results that ]1,0[, �SL  and ],( ����h . In order to 
have a unitary consideration for the three color components, 
hSL , we will scale  the luminosity L  and the saturation S  

from ]1,0[  to ��
�

��
�

2
,0 �  by formulae: 
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Thus, any color q  from RGB  space will have the following 
representation in the hsl  space: 
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3 Distances and similarities for the values hsl
We know that for two angular values �� ,  a good measure 
for distance is based on the sin function, namely: 
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Thus, for the hue, the distance is given by the function: 
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Using the formula (4) for the saturation s  and luminosity l  

we obtain their values in the interval �
�

�
�
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�

2
1,0 , because 
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2
,0, �sl . Consequently, we will multiply the formula 

(4) with the factor 2  and thus we will obtain the values in 
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the whole interval ]1,0[ . In this way, the distances for 
luminosity and saturation will be defined by: 
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In this paper, we will take into account that the square of 
distance is a good measure of dissimilarity and the negation 
of dissimilarity is a good measure of similarity. In other 
words, if d  is the distance and �  is the similarity, then the 
following relation exists between them: 
 

21 d���           (8) 
 
Having the distance definitions, we will then define the 
similarity function for luminosity and saturation, 
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and next for the hue: 
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4 The hsl color similarity 
We will initially define the chromaticity c  and the 
achromaticity a  for a color having as saturation the value 
s : 
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The following relation between these two defined 
parameters is obvious: 

122 � ca           (12) 
 
We will consider two colors 21, qq  defined by parameters 

),,(),,,( 222111 lshlsh . We will add to these parameters the 
chromaticity coefficients 21, cc  and achromaticity 
coefficients 21, aa , computed by formulae (11). Now, we 
define the similarity between two colors by formula: 
 

),(),(),( 2121212121 llaahhccqq lh ��� ���     (13) 
 
Seeing the formula (13), one remarks that this new color 
similarity measure is a linear and adaptive combination, 
between the hues similarity and luminosities similarity. Thus 
for two chromatic colors, the main component is given by 
the hues similarity and for two achromatic colors the main 
component is given by the luminosities similarity. We can 

see that, when a color is chromatic and the other is 
achromatic, the similarity has small values. This is nothing 
else than the two considered colors are quite non-similar. 
Also, we can see that in formula (13), the saturations 
similarity does not appear directly, but it exists somewhere 
in background. The formula (13) has the following 
equivalent form: 
 

)cos()cos()cos(               
2

cos)sin()sin(),(

2121

212
2121

llss

hh
ssqq

���

�
�

�
�
	


 �
����

    (14) 

 
Taking into account that: 
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it results from (14) this inequality: 
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namely 
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and finally we obtain that: 
 

),(),( 2121 ssqq s�� �        (16) 
 
The formula (16) shows that if the saturations of the two 
colors have a low similarity then the two colors have a low 
similarity too and if the two colors are strongly similar then 
their saturations are strongly similar as well. Also, from (15) 
and (16) it results the following implications: 
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Using the formula (8) we can define the distance between 
two colors in the hsl  space as: 
 

),(1),( 2121 qqqqd ���        (17) 
 
We can state that formula (17) defines a metric because it 
verifies the following three metric properties: 
 

� 0),( 21 �qqd  �  21 qq �  
� ),(),( 1221 qqdqqd �  
� ),(),(),( 313221 qqdqqdqqd �  
 

A detailed proof of these three properties is not a subject of 
this paper and thus not considered here. 
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5 The fuzzy color clustering algorithm 
We consider n  colors nqqq ,...,, 21  that must be separated 
into k  clusters. Each cluster i  is characterized by the 
membership coefficients inii www ,...,, 21  for the considered 
n  colors and the cluster center defined by the color 

�  iiii lshq ,,� . For color clustering we will construct an 
algorithm that is similar to the fuzzy c-means algorithm [1]. 
We will consider the following objective function: 
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where �  is a fuzzification-defuzzification parameter and  
also, )1,0(�� . If �  approaches 1 , then the fuzzy algorithm 
approaches a crisp one. The objective function J  (18) must 
be maximized. In order to have fuzzy partitions, we must 
add the following conditions, for nj ,...,2,1� : 
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In this case, considering for the condition (19) the Lagrange 
multipliers n""" ,...,, 21 , the objective function (18) 
becomes: 
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The maximum value of the objective function J  (20) results 
from the following conditions: 
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It results: 
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where 
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It results: 
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6 Experimental results 
The proposed algorithm was applied to the image „flower” 
(Fig. 1) and the clustered image can be seen in Fig. 2. For 
comparison, the fuzzy c-means algorithm [1], [3], [8] was 
applied to image „flower”, in the coordinate systems RGB 
[3], [9], Lab [7], Luv [3], [9], hSL [9], I1I2I3 [2], [3] and the 
results can be seen in Figs. 3, 4, 5, 6 and 7. 
 
 

 
 

Figure 1: The image „flower”. 
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Figure 2: The image „flower” clustered with the proposed 

algorithm and hsl. 

 

 
Figure 3: The image „flower” clustered with FCM algorithm 

and RGB. 

 

 
Figure 4: The image „flower” clustered with FCM algorithm 

and Lab. 

7 Conclusions
In this paper, a new measure for color similarity was 
defined. This new measure was defined in a new perceptual 
system hsl . Using this measure, an algorithm for color 
clustering was constructed.  
In the section dedicated to the experimental results, one can 
see the advantage of using this new color similarity measure. 
 

 
Figure 5: The image „flower” clustered with FCM algorithm 

and Luv. 

 

 
Figure 6: The image „flower” clustered with FCM algorithm 

and hSL. 

 

 
Figure 7: The image „flower” clustered with FCM algorithm 

and I1I2I3. 

References   
[1] J.C. Bezdek. Pattern Recognition with Fuzzy Objective Functions.   

New York: Plenum Press, 1981. 

[2] Y.I. Ohta, T. Kanade and T. Sakai. Color information for region 
segmentation, Computer and Image Processing, vol. 13, pp.222-241, 
1980. 

[3] Y.W. Lim and S.U. Lee. On the color image segmentation algorithm 
based on the thresholding and the fuzzy c-means techniques, Pattern
Recognition, vol. 23, no.9 , pp.935-952, 1990. 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

51



 

 

[4] V. P�tra�cu. A generalization of fuzzy c-means algorithm using a new 
dissimilarity function, The 11th  International Fuzzy Systems 
Association World Congres, IFSA 2005,  Fuzzy Logic, Soft Computing 
and Computational Intelligence, Vol II, pp. 591-596, Beijing China 
July, 28-31,2005. 

[5] V. P�tra�cu. A Generalization of Gustafson-Kessel Algorithm Using a 
New Constraint Parameter, In Proceedings of the 4th  Conference of 
the European Society for Fuzzy Logic and Technology and 11th  
Rencontres Francophones sur la Logique Floue et ses Applications, 
EUSFLAT-LFA 2005, pp.1250-1255, Barcelona, Spain 7-9 
September, 2005. 

[6] V. P�tra�cu. Fuzzy Image Segmentation Based on Triangular Function 
and Its n-dimensional Extension, in the volume Soft Computing in 
Image Processing. Recent Advances, Series: Studies in Fuzziness and 
Soft Computing, pp 187-208, Vol. 210 , (Eds.) M. Nachtegael, D. Van 
der Weken, E. E. Kerre, W. Philips, ISBN: 3-540-38232-1, Springer-
Verlag, 2007. 

[7] S. Tominga.  A colour classification method for color images using a 
uniform color space, Proc. 10th Int. Conf. On Pattern Recognition, 
vol. I, Atlantic City, new Jersey, pp. 803-807, 16-21 June 1990.  

[8] M. Trivedi and J.C. Bezdek. Low-level segmentation of aerial images 
with fuzzy clustering, IEEE Trans. On Systems, Man, and Cybernetics, 
vol. 16, no. 4, pp.589-598, 1986. 

[9] S.E. Umbaugh, R.H. Moss, W.V. Stoecker and G.A. Hance. Automatic 
colour segmentation algorithms with application to skin tumor feature 
identification, IEEE Engineering in Medcine and Biology, vol. 12, no. 
3, pp. 75-82, 1993. 

 
 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

52



 

 

Multi-Dimensional Fuzzy Transforms for Attribute Dependencies 

Ferdinando Di Martino1,2  Vincenzo Loia2  Salvatore Sessa1 

1Dipartimento di Costruzioni e Metodi Matematici in Architettura, Università degli Studi di Napoli Federico II, 
80134 Napoli, Italy 

2 Dipartimento di Matematica e Informatica, Università degli Studi di Salerno, 
84084 Salerno, Italy 

Email: fdimarti@unina.it, loia@unisa.it, sessa@unina.it 

Abstract — We explore attribute dependencies in the datasets by 
using direct and inverse fuzzy transforms. Our algorithm optimizes 
the fuzzy partitions of the universe of the attributes and moreover 
establishes if the set of the data points is sufficiently dense with 
respect to the chosen partitions: two specific regression indexes 
measure the reliability of our model. The known “El Nino” dataset 
is the basis of our experiments,  whose results are consistent with  
the  regression analysis made with the same data.

Keywords — attribute dependence, fuzzy transform, index of 
determinacy, regression.   

 

1 Introduction
 
Regression is a well known statistical supervised technique 
used in data mining (cfr. [5, 6, 7, 8, 9]. The dependency 
between numerical attributes is studied via an equation of 
regression: the dependent attribute is modeled as a function 
of the independent attributes or predictors. We present a fast 
regression algorithm in which we use the fuzzy transforms 
(for short, F-transforms) for exploring numerical attribute 
dependencies  in datasets.  A direct fuzzy transform [1, 11, 
12, 13, 14] gives a correspondence between a set of  
continuous functions defined on the interval [a, b] and a set 
of n-dimensional vectors defined suitably.  An inverse fuzzy 
transform gives the converse correspondence, that is an n-
dimensional vector is transformed into a continuous function 
which approximates the original  function up to a small 
quantity �.  The method based on the F-transforms has been 
used in other topics like image processing [2, 3, 4, 12], 
geology [ 11].  
In [10] the attribute dependencies in data analysis are 
established via F-transforms: the dependency of an attribute 
Xz  from the attributes X1,…,Xk   is  made by setting Xz = 
H(X1,…,Xk) , where H: [a1,b1] ×…× [ak,bk]� [az,bz] is a 
continuous function and [ai,bi] is the domain of Xi, i= 1,…,k.  
The approximating function HF,n is obtained via the discrete 
F-transforms and the difference between H and HF,n at the 
their common points is evaluated by means of the index of 
determinacy. We devote particular attention to the solution 
of the following problems: 
 
a) to find the best fuzzy partition of the attribute domains  in 
the construction of  the direct F-transform. We observe that 
the index of determinacy calculated with coarse grained 
partitions is less than that one calculated with finer 
partitions; 

b) our method analyzes if the set of the assigned data points 
is sufficiently dense w. r. t. the chosen partitions.  
Our algorithm makes a fuzzy partition of [ai,bi], i=1,…,k, in 
n fuzzy sets and establishes a threshold value for the indexes 
of determinacy after some training tests. The attribute 
dependency is found if the index overcomes the threshold 
value, otherwise we pass to a partition of [ai,bi] in n+1 fuzzy 
sets by checking additionally if the set of the assigned data 
points is sufficiently dense w.r.t. the chosen partition. Of 
course if this condition is violated, then the process is 
stopped.  
In Section 2 we give the definitions of F-transforms in k 
(�2) variables. In Section 3 we present our process, in  
Section 4  a sample simulation shows how to  find the 
threshold value for the indexes of determinacy. The  known 
dataset  “El Nino” is the basis of our tests contained in 
Section 5. Section 6 concludes this paper. 
 

2 Multi-dimensional F-transforms 
 
In accordance to [12], let  n � 2 and x1, x2, …, xn be points 
of [a,b], called nodes,  such that x1 = a < x2 <…< xn = b. The 
fuzzy sets A1,…,An : [a,b] � [0,1], called basic functions, 
form a fuzzy partition of [a,b] if the following  hold:  
 
(1) Ai(xi) =1  for every  i =1,2,…,n; 
 
(2) Ai(x) = 0 if x�(xi-1,xi+1) for every i = 2,…,n; 
 
(3) Ai(x) is a continuous function on [a,b] for every  
        i = 1,2,…,n; 
 
(4) Ai(x) strictly increases on [xi-1, xi]  for  every  i = 2, …, 

n  and  strictly  decreases  on  [xi,xi+1]  for every  i = 
1,…, n-1; 

 

(5) �
�

�
n

i
i xA

1

1)(   for every  x�[a,b]. 

The partition {A1(x),…,An(x)} is said  uniform if  moreover 
the following hold: 
(6) n � 3 and the nodes are equidistant, that is xi = a+ h·(i-1) 

for every i = 1, 2, …, n where h = (b-a)/(n-1); 
 
(7)  Ai(xi – x)=Ai(xi + x) for every x�[0,h] and i = 2,…, n-1; 
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(8)  Ai+1(x) = Ai(x-h) for every  x�[xi,xi+1]  and i= 1,…, n-1. 
 
By limiting ourselves to the discrete case (cfr. [12] in the 
case of a continuous function), let  f  be a real function 
defined on assigned points p1,...,pm  of [a,b]. Let P be the set 
of  these points and suppose that it is sufficiently dense w. r. 
t. the fixed partition {A1, A2, …, An}, that is  for every  i = 
1,…,n  there exists  an index j�{1,…,m}  such that Ai(pj) > 
0. Thus we define the numerical vector ],...,,[ 21 nFFF  as 
the direct  F-transform  of  f  w.r.t. the basic functions {A1, 
A2, …, An }, where each  Fi   is  given  by  

                          

�

�

�

�� m

j
ji

m

j
jij

pA

pApf
F

1

1
i

)(

)()(
                         (1)    

for every i=1,…,n.  Then we define the inverse F-transform 
of f  w. r. t. {A1, A2, …, An}  by setting for every j = 1,…,m: 

                          )()(
1

, ji

n

i
ijnF pAFpf �

�

�                        (2) 

Then the  following theorem  [12]  holds:  
 
Theorem 1. Let f(x) be a real function assigned on a set P = 
{p1,...,  pm}� [a,b].  Then for every � > 0, there exist an 
integer n(�) and a related fuzzy partition {A1, A2, …, An(�)} 
of  [a,b] such that P is sufficiently dense w. r. t.{A1, A2,…, 
An(�)} and for every  pj�[a, b], j = 1,…,m, the  following 
inequality holds: 

                         |f(pj) - fF, n(�) (pj) | < �                            (3) 
 
As in [15], we extend these definitions to the multi-
dimensional case. Let  k  be given  intervals [ai,bi] (i=1,…,k) 
and  [a1,b1]×[a2,b2]×…×[ak,bk] be our universe of discourse. 
Let

111211 ,....,, nxxx �[a1,b1],…,
kknkk xxx ,....,, 21 �[ak,bk] be 

n1+…+nk   assigned points, called nodes,  such that xi1 = ai 
<xi2 <…<

iinx = bi  for every  i = 1,…,k.  Let 

{
iinii AAA ,....,, 21 } be a fuzzy partition of [ai,bi]  for  every  i 

= 1,…,k and  f(x1,x2,…,xk) be a real function by assuming 
determined  values in m points  pj = (pj1, pj2,…,pjk) � [a1,b1]× 
[a2,b2] × …×[ak,bk] for every j=1,…,m. We say that  the set  
P={(p11, p12, …, p1k), (p21, p22, …, p2k),…,(pm1, pm2, …,pmk)} 
is sufficiently dense w. r. t. the chosen partitions
� �

111211 ,...,, nAAA ,…, � �
kknkk AAA ,...,, 21  if  for each k-tuple 

{h1,…,hk}�  {1,…,n1}×…×{1,…,nk} there exists  a  point pj 
=(pj1,pj2,…,pjk)�P, j�{1,…,m}, such  that  

0)(...)()( 2211 21
�			 jkhkjhjh pApApA

K
. Then we can 

define the (h1,h2,…,hk)-th component 
KhhhF ...21

of  the 
direct F-transform of  f w.r.t. the basic functions 
� �

111211 ,...,, nAAA , … , � �
kknkk AAA ,...,, 21   as
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The inverse F-transform of f w.r.t. the basic  functions
� �

111211 ,...,, nAAA , …, � �
Kknkk AAA ,...,, 21  is  the following 

function defined for each point pj=(pj1, pj2,…,pjk)� [a1,b1]× 
…× [ak,bk]  as 

        
�� �
� � �

			

�

1

1

2

2

121

21

1 1 1
11...

,21...

)(...)(...

),...,,(
n

h

n

h

n

h
jkhkjhhhh

kjjj
F

nnn

k

K

KK

K

pApAF

pppf
          (5) 

 
for every j=1,…,m. The following extension  of  Theorem 1 
holds: 
 
Theorem  2.  Let f(x1,x2,…,xK) be  a  function assigned on the 
set of points P = {(p11,p12, …,p1k) ,(p21, p22, …, p2k),…,(pm1, 
pm2, …,pmk)}� [a1,b1]× [a2,b2] × …×[ak,bk]. Then for every � 
> 0, there exist k integers n1(�),…, nk(�) and fuzzy partitions 
� �)(11211 1

,...,, 
nAAA ,…, � �)(21 ,...,, 
kknkk AAA   
such that the set P is sufficiently dense w.r.t. the above fuzzy 
partitions and for every pj = (pj1, pj2,…,pjk) � P, j=1,…,m, 
the following inequality holds: 
                                 
     



 �� ),...,,(...),...,,( 21)()()(21 21 jkjjn

F
nnjkjj pppfpppf

k
  (6)                   

  
The proof  follows the same lines of the similar Theorem 1.  
 

3 Attribute dependencies 
 
We modify slightly the algorithm of [10], where the data  are 
represented in the following matrix: 
 
 X1 . Xi          . Xr 
O1 p11 . p1i . p1r 
   . . . . . . 
. . . . . . 
. . . . . . 

Oj pj1 . pji . pjr 
. . . . . . 
. . . . . . 
. . . . . . 

Om pm1 . pmi . pmr 
 
being X1,…,Xi ,…,Xr  the attributes, O1, …,Oj, …,Om  the 
objects and  pji   the value of the attribute Xi. By setting ai = 
min{p1i,…,pmi} and bi = max{p1i,…,pmi}, we define the 
interval [ai,bi] of the given values of the attribute Xi. We can 
consider the attribute Xz, z�{1,…, r}, dependent from k 
independent attributes X1, …,  Xk, (with k � r <m and  
z�{1,…,k}) via a function H defined as 
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We use  the F-transforms method  in the  following  process: 
 
1) We assume n1 = n2 =…= nk = n  without loss of generality 
and we refer to the model (7). After normalization in [0,1] of 
the values of the independent and dependent attributes, we 
start with  n = 3. 
 
2) A uniform fuzzy partition {

iinii AAA ,....,, 21 } is assigned 
in each interval  [ai,bi]  by setting for  every  i = 1,…, k  and   
j = 2,…, k-1: 
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where  hi = (bi - ai)/(n - 1) and xij = ai+ hi·(j-1). 
 
3) For each k-tuple {h1,…,hk}�{1,…,n}k  we see that exists 
at least an object Oj with values ( 1jp , 2jp ,… jkp ) such that 

0)(...)()( 2211 21
�			 jkhkjhjh pApApA

K
.  If  this condition is 

not verified, the set P = {(pj1,pj2,…,pjk), j=1,…,m is not 
sufficiently dense w. r. t. the basic functions (8) and  hence  
the  process  is  stopped. 
 
4) For simplicity, we put H(pj1,pj2,…,pjk) = pjz  for every 
j=1,2,…,m. In accordance to (4),  the (h1,h2,…,hk)-th 
component 

KhhhF ...21
of the direct F-transform  of  H is 

defined as  
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Then, in accordance to (5), the inverse F-transform F
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of  H is defined  as 
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5) The difference between F
nnn k

H ...21
and  H (or Xz) is 

estimated in the points (pj1,pj2,…,pjm), j=1,…,m, via the 
following statistical  indexes  of  determinacy: 
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where zp̂  is  the  mean  of  the  values  of Xz .  We also look 

at a threshold value � determined experimentally: if  2
cr  and  

2'cr  are less or equal to �, then we consider  correct our 
model (7) and stop the process, otherwise we set n � n+1 
and go back to 2).  We fix the threshold  �  at a confidence 
value. 
 
Strictly speaking, Theorem 2 is unable to evaluate the 
correctness of our model (7) because it does not give a 
method of calculation of the k indexes n1(�),…, nk(�) and of 
the basic functions w. r. t. which the set {pj1, pj2, …, pjk , 
j=1,…,m} is sufficiently dense in such a way  
                 




 �� ),...,,(...),...,,( 21)()(21 1 jkjjn
F
njkjj pppHpppH

k
        (13)            

 
In other words, the substitution of  H obtained with 

)()( ...
1 

 kn
F
nH  (up to an arbitrary quantity �) is possible by 

Theorem 2, but we use the statistical index (12) from a 
practical point of view. Indeed it allows additionally to 
compare various regression models that intend to explain the 
same dependent variable from a different number k of 
explanatory variables.  
 

4 A sample simulation 
 
The calculation of the threshold value �  for the indexes of 
determinacy (11) and (12) is made with training tests. As 
sample example, we present the case of a dataset with 1000 
records and two fields, that is m=1000, r=2, k=1, X1 = “Area 
of a circle”, X2 = “Radius of a circle”, a1 = 0, b1 = �, a2 = 0 
and b2 = 1. Hence the values of the attributes are  pj1�[0,�] 
and pj2�[0,1] for every  j = 1, …, 1000. If  z = 2, we have 
X2 = H(X1) = (X1/�)1/2.  In the interval [0, �] we consider a 
maximum number of 500 basic functions of the type (8) 
since we have seen that the set P = {pj1 : j = 1,…,1000} is 
not sufficiently dense w. r. t. the chosen partitions  for  n � 
500. Table 1 contains the values of the indexes 2

cr  and  2'cr   
for several values of n and it is plain that a good choice is � 
= 0.9  for  n � 7. 
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               Table 1.  Indexes of determinacy 

    n       2
cr  2'cr  

3 0.587000 0.588000 
5 0.826898 0.827725 
7 0.900207 0.901108 

10 
15 
25 
50 
300 
400 
500 

0.943000 
0.969749 
0.986085 
0.995084 
0.999000 
0.999000 
0.999000 

0.944000 
0.970719 
0.987072 
0.996080 
1.000000 
1.000000 
1.000000 

 
 
For sake of completeness, we show the plots in Figure 1 and 
Figure 2 of  the values of  X2  and F

nH   for n = 3 and  n = 
300, respectively. 
   

5 A complete test 
 
 
 
 
 
 
 
 

      

    Figure 1. Graph of  X2  and FH 3 . 

 
                   
 
 
 
 
 
 
 
 
 
 
 
      
 
     
    Figure 2. Graph of  X2  and FH 300 . 

5 A complete experiment 
 
We have downloaded from the known dataset “El Nino” 
(http://kdd.ics.uci.edu/databases/el_nino/el_nino.data.html)  
the oceanographic and surface meteorological data  
measured  from a series of buoys positioned throughout the 
equatorial ocean Pacific. The data are formed from the 
following attributes:  

 
� X1 = date,  
� X2  = latitude,  
� X3  = longitude,  
� X4 = zonal winds (west < 0, east > 0),  
� X5 = meridional winds (south < 0, north > 0),  
� X6 = relative humidity, 
� X7 = air temperature in degrees Celsius, 
� X8 = sea surface temperature  in degrees Celsius. 
 

The data were measured from the buoys in various locations 
since 1980. The regression analysis establishes that 
significant relationships between the variables  were not 
observed except for X8=H(X7) and X8=H(X1,X7) which are 
of linear type like we will  show in the sequel. 
The training tests give � = 0.8 as a threshold value. For 
single attribute dependencies, Table 2 shows the possible 
maximal number nmax of  basic functions which can be used 
for deducing F

nH . If nmax is overcome, the set of the 
attribute values is not sufficiently dense w. r. t.  the chosen 
partitions. Moreover the absence of nmax  in some entry of 
Table 2 means that the dependence model is not analyzable 
with the F-transforms method. 

Table 2.  nmax  usable to explore single  dependencies 

    
Date Latit

. Lon. Zon. 
wind 

Mer.
wind 

Rel. 
hum. 

Air 
temp 

Sea    
sur. 
tem.. 

Date  13 3 14 48 5 14 3 
Latitude 25  3 14 48 5 21 3 
Longit. 25 13  14 48 5 21 3 
Zonal 
winds 

25 13 3  48 4 21 3 

Merid. 
winds 

25 13 3 14   21 3 

Relative 
humid. 

25 13  10 48  20 3 

Air 
temper. 

25 13 3 7 33   3 

Sea sur. 
temper. 

25 13 3 7 33 3 21  

          
The most meaningful model is X8=H(X7) as Figure 3 shows: 
the plot is obtained for  n = 10 and moreover we have 2

cr  

= 2'cr  = 0.83. In the analysis of multiple attribute 
dependencies, Table 3 shows that only the model X8 = 
H(X1,X7) has the indexes of determinacy greater than � = 
0.8. Figure 4  shows  the  related  3D  graph. 
 

6 Conclusions
 
The F-transforms analyze all the possible dependencies 
between attributes in the datasets via a  function H whose 
inverse F-transform is inside the value of the  indexes of 
determinacy compared with a threshold parameter �. Our 
approach has the advantage  to control always that the set of 
the attribute values is sufficiently dense w.r.t. the basic 
functions  forming an uniform partition of the interval of 
context related to each attribute, otherwise  the algorithm is 
stopped.  
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Figure 3. Graph  of   X8 = H(X7)  and FH10 . 
 
    Table 3. Best values of  indexes of determinacy for X8 

Xz  X1,…, Xk 2
cr

2'cr  

X8 X1, X7    0.827 0.828  
X8 X6, X7    0.341 0.338  
X8  X4, X5 0.266   0.266  
X8    X1, X6, X8 0.110   0.111  

 
      

Sstemperature

Atemperature

Date
0

14

22

32

32

 
   Figure 4. Plot 3D of  X8 = H(X1,X7). 
 
This method shall be integrated in future works with data 
mining classification and  with results of regression data, 
such as decision tree learning and association mining 
algorithms. 
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Abstract— In order to obtain the information from an L-Fuzzy
context, the complete relation between the objects and the attributes
is needed. However, the contexts that model many situations have
absent values.
To solve this problem, at the beginning of the paper we remind the
interval-valued linguistic variable definition and, later, we propose
an extension of the fuzzy propositions to the interval-valued case.
In the second part, we apply these ideas to the problem of replace-
ment of the absent values in an interval-valued L-Fuzzy Context. The
use of interval-valued fuzzy propositions simplifies the process.

Keywords— Interval-valued fuzzy propositions, Interval-valued
linguistic variables, Interval-valued L-Fuzzy Contexts.

1 Introduction
The first extension of the Formal Concept Analysis to the
fuzzy case, the L-Fuzzy Concept Theory, is due to A. Burusco
and R. Fuentes-González and was published in 1994 [1].

Later, to extract knowledge from a more general table, we
defined the interval-valued L-Fuzzy context as an extension to
the interval-valued case of the L-Fuzzy context defined in the
L-Fuzzy Concept Theory [2]:

An interval-valued L-Fuzzy context is a tuple
(J [L],X, Y,R), with X and Y two finite sets (of objects and
attributes), R an interval-valued L-Fuzzy relation between X
and Y and J [L] the set of the closed intervals of a lattice L
with the usual order.

To replace the absent values, we have already developed
a theory based on implications between attributes [3] that has
given good results when has been applied to the Technique [4].
In these papers, in order to replace the absent values, we have
used some labels that allow to obtain implications with high
values of support and confidence.The good behavior of these
labels, suggested us the application of the linguistic variables
to our work [5].

In this work, we are going to define fuzzy propositions for
the interval-valued case (they do not exist in the Literature
of the subject) and later we will try to use them to replace
the absent values in contexts instead of using implications be-
tween attributes. We will finally analyze the advantages of the
method.

2 Linguistic variables defined in the set of
closed intervals of [0, 1]

Let (V, T (V ), U,G,M) be a linguistic variable (Zadeh [6])
defined in the set U = [0, 1], whose values or labels T (V )

are associated with the generalized trapezoidal fuzzy numbers
defined by Yao and Lin [7]. We have extended the linguistic
variable definition to the interval-valued case [5]:

Definition 1 Taking as a departure point a linguistic vari-
able V , we define an interval-valued linguistic variable asso-
ciated with V as the linguistic variable V defined in the set
J [U ] of the closed intervals of U , characterized by the tu-
ple (V, T (V ),J [U ], G,M), where the compatibility function
with each label t ∈ T (V ) is ct : J [U ] → J [0, 1].
Notation. We denote the compatibility of the value [α, β] ∈
J [U ] with the label t by:

ct([α, β]) = [α, β]t =

=

{
[min{αt, βt},max{αt, βt}] if α ≥ b or β ≤ a

[min{αt, βt}, 1] in other case

where a and b are the values that define the generalized trape-
zoidal fuzzy number associated with the label t ∈ T (V ).

With this definition we will try to represent the interval in
which xt have its values when x ∈ [α, β].

The defined interval-valued linguistic variable V is an ex-
tension of the linguistic variable V to the set of closed inter-
vals of U .

Some properties of these interval-valued linguistic variables
have been proven in [5].

3 Interval-valued fuzzy propositions
Before studying the interval-valued fuzzy propositions, we are
going to remind the main aspects about fuzzy propositions.

3.1 Fuzzy propositions

As can be seen in [8], the main difference between classical
and fuzzy propositions is that the truth value of the second
ones belongs to the interval [0,1]. Moreover, four types of
fuzzy propositions are defined by Klir [8]:

Unconditional and unqualified propositions: p : Φ is A,
with Φ a variable and A a predicate attributed to the
variable and represented by a fuzzy set. In other words,
p : ‘Φ is A’ is true. The truth value of the proposition
pΦ : Φ = φ isA, is obtained by Tr(pφ) = A(φ),∀φ ∈ Φ.

Unconditional and qualified propositions: The difference
with the previous ones is that the proposition has a qual-
ified truth value that modifies the truth value. They are
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characterized by the form p : ‘Φ is A’ is S, with S quali-
fied truth value.
Examples of truth qualifiers are expressions as true, very
true, fairly true, false, very false or fairly false (See
Fig. 1).

� � � � � � � � 	 �

� � � 	 �

� � 
 � � � � � � � 	 �

� � � � � � � � �

� � � �

� � 
 � � � � � � � �

� �

�

Figure 1: Some examples of truth qualifiers

Conditional and unqualified propositions: These proposi-
tions are expressed by p : If Φ is A, then Ψ is B, with Φ
and Ψ variables and A and B predicates represented by
fuzzy sets. That is, p : ‘ If Φ is A, then Ψ is B’ is true.
The truth value of the proposition is calculated using an
implication operator:

Tr(pφ,ψ) = I[A(φ), B(ψ)]

Conditional and qualified propositions: p : ‘If Φ is A, then
Ψ is B’ is S, with S a qualified truth value. The truth
value of the proposition is obtained by

TrS(pφ,ψ) = S[Tr(pφ,ψ)]

3.1.1 Fuzzy quantifiers

The two quantifiers of the predicate logic are all and exists.
Fuzzy quantifiers are a tool for symbolizing quantified state-
ments that minimizes the lost of information forced by the
choice of quantifier.

The fuzzy propositions of any of the types introduced in the
previous section may be quantified by a suitable fuzzy quan-
tifier. In general, fuzzy quantifiers are fuzzy numbers which
take part in the various propositional forms and affect the de-
grees of truth of specific fuzzy propositions. Each fuzzy quan-
tifier expresses an approximate number of elements or an ap-
proximate proportion of elements in a given universal set that
claims to satisfy a given property.

There are two types of fuzzy quantifiers: The absolute
quantifiers expressed by fuzzy numbers defined on the set of
real numbers or on the set of integers: about a dozen, at most
about 10, at least about 100... And the relative quantifiers
expressed by fuzzy numbers defined on [0,1]: most, almost
all, about half, about 20%. These relative quantifiers are the
most interesting for our study. So, we are going to see how the
fuzzy propositions with these fuzzy quantifiers are.

Fuzzy propositions with quantifiers of the second kind have
the general form ([8]):

p : Among z’s in Z such that ν1(z) is F1 there are Q z’s in Z
such that ν2(z) is F2

Any propositions p can be expressed in a simplified form:

p′ : QE′
1s are E′

2s

whereQ is the used quantifier,E1 andE2 are the fuzzy sets on
Z defined by E1(z) = F1(ν1(z)), E2(z) = F2(ν2(z)),∀z ∈
Z, with F1 and F2 fuzzy sets.

We may rewrite this proposition in the form:

p′ : W is Q

with W a variable that represents the degree of subsethood of
E2 in E1, that is:

W =
|E1 ∩E2|

|E1|
where | | represents the cardinality of a set.

Using the standard fuzzy intersection, we obtain:

W =

∑
z∈Z

min{F1(ν1(z)), F2(ν2(z))}∑
z∈Z

F1(ν1(z))

for any E1 and E2.
Then, the truth value is Tr(p) = Tr(p′) = Q(W ).

3.1.2 Linguistic hedges
Linguistic hedges are special linguistic terms by which other
linguistic terms are modified: Very, more or less, fairly or
extremely. They can be used for modifying fuzzy predicates,
fuzzy truth values and fuzzy quantifiers.

Any linguistic hedge may be interpreted as an unary func-
tion h in [0,1]. For example, Very (h(a) = a2), fairly
(h(a) =

√
a). These functions h are also said to be modi-

fiers or qualifiers.

3.2 Interval-valued fuzzy propositions

There are some situations where we work with interval-valued
fuzzy variables and fuzzy propositions and we think that the
truth value of an interval-valued fuzzy proposition must be
also an interval in order to model in a more suitable way the
represented data. An example of this situation can be seen in
next section.

With this aim, we are going to study the interval-valued
fuzzy propositions.
Then, we define an interval-valued fuzzy proposition with
fuzzy quantifiers of the second kind as:

p′ : QE1
′s are E2

′s

where Q is the quantifier, and E1,E2 ∈ J [L]X are interval-
valued fuzzy sets.

As in the previous section, we can rewrite this proposition
as:

p′ : W is Q
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with W a variable that represents the idea of degree of subset-
hood of E2 in E1.

Using the standard fuzzy intersection, we can express this
degree as:

W =

=

2
664

X
x∈X

min{lE1(x), lE2(x)}
X
x∈X

uE1(x)
,

X
x∈X

min{uE1(x), uE2(x)}
X
x∈X

lE1(x)
∧ 1

3
775

where uE1 , uE2 , lE1 y lE2 are the upper and lower bounds of
the interval-valued observations of E1 and E2.

Then, we define the truth value of the proposition p′ as

Tr(p′) = Q(W ) =
= [min{Q(lW ), Q(uW )},max{Q(lW ), Q(uW )}]

where lW and uW are the lower and upper bounds of W re-
spectively.

4 Use of the linguistic variables and fuzzy
propositions to replace the absent values in

Contexts
4.1 Interval-valued L-Fuzzy Contexts with absent values

To extract knowledge from a table with incomplete and am-
biguous information, we use the interval-valued L-Fuzzy con-
text as an extension of the L-Fuzzy context given by an impli-
cation operator [1, 2] to the interval-valued case.

Definition 2 Let J [L] be the set of the closed intervals of a
lattice L with the usual order. An interval-valued L-Fuzzy
context is a tuple (J [L],X, Y,R), with X and Y two fi-
nite sets (of objects and attributes) and R ∈ J [L]X×Y an
interval-valued L-Fuzzy relation between X and Y .

We are going to see an example of an interval-valued L-
Fuzzy context to understand the problem.

Example 1 In Table 1 we have collected the amounts of the
different ingredients (Ii) of a certain food item produced un-
der several trademarks (Mj). As can be seen, there are
two unknown values. The table values have been normal-
ized and belong to J [L], the set of intervals of the lattice
L = {0, 0. 1, 0. 2, . . . 0. 9, 1}.
This is an example of an interval-valued L-Fuzzy context
(J [L],X, Y,R), where the set of objects X is the set of trade-
marks or brands, the set of attributes Y is the set of ingredients
and the relation R between both is represented in the table.

In the papers developed to study contexts with absent values
[3, 4] we have analyzed the implications between attributes as-
sociated with labels to obtain good values to replace the absent
ones.

In those papers, we represent these absent values by the in-
terval [0,1] and analyze the implications between attributes
with the intention of obtaining good values to reduce, as much
as possible, the width of that interval.

The support and confidence definitions of an interval-
valued implication are based on the idea of association rules
[9].

Definition 3 Let (J [L],X, Y,R) be an interval-valued L-
Fuzzy context. Given the attribute sets B,C ∈ J [L]Y , we
define the support of the implication B ⇒ C, supp(B ⇒ C),
as the interval:

∑
x∈X

l(B∪C)2(x)

|X| ,

∑
x∈X

u(B∪C)2(x)

|X|


where the membership function of the derived set B2 is
B2(x) = [lB2(x), uB2(x)] and represents the percentage of
objects that share the attributes of B and C.

The confidence of the implication, conf(B ⇒ C), is given
by the interval:

∑
x∈X

l(B∪C)2(x)∑
x∈X

uB2(x)
,

∑
x∈X

u(B∪C)2(x)∑
x∈X

lB2(x)
∧ 1


and represents the percentage of objects that verify the impli-
cation, that is, the percentage of objects that having the at-
tributes of B to a certain degree also have those of C to the
same degree.

One kind of these implications that we have used are the
implications associated with labels [3]. They are denoted by
yir =⇒ yjs where yi and yj are attributes of the context and
r, s labels. In the calculation process, a function Gs (based on
the distance between intervals) to measure the degree of simi-
larity between the different labels and the attributes is needed.
In addition, once the implications with highest support and
confidence have been chosen, the absent values are replaced
by intervals, in general, with less amplitude than [0,1].

In this work, we are going to approach all this process, in an
easy way, using interval-valued linguistic variables and fuzzy
propositions.

The implication between attributes yir =⇒ yjs can be con-
sidered as a quantified fuzzy proposition since the expression:

p : Most of those that have yi(high, medium, low. . . )
also have yj (high, medium, low. . . )

can be interpreted in the sense of section 3.2:
The quantifier Q is most and E1,E2 are interval-valued lin-

guistic variables resulting of applying the linguistic variable
(with values high, medium, low. . . ) to the columns of the con-
text. The quantifier Q will be applied to both of the bounds of
the intervals. In this way, we can calculate the truth value of
the proposition:

Tr(p) = Q(W ) =
= [min{Q(lW ), Q(uW )},max{Q(lW ), Q(uW )}]

4.2 Substitution of the absent values using the compatibility
function of an interval-valued linguistic variable and
the interval-valued fuzzy propositions.

In the study of contexts with absent values, we begin replacing
these absent values by [0,1]. Next, we are going to define
an interval-valued linguistic variable (V, T (V ),J [U ], G,M),
and use the interval-valued fuzzy propositions to estimate the
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Table 1: Amounts of the different ingredients under several trademarks.
R I1 I2 I3 I4 I5 I6
M1 [0. 8, 1] [0. 1, 0. 1] [0. 6, 0. 6] [0. 2, 0. 2] [0. 4, 0. 4] [0. 4, 0. 6]
M2 [0. 8, 0. 8] [0. 4, 0. 6] [0. 4, 0. 4] [0. 2, 0. 2] [0. 6, 0. 6]
M3 [1,1] [0,0] [0. 2, 0. 2] [0. 5, 0. 5] [0. 4, 0. 4] [0. 4, 0. 4]
M4 [0. 9, 0. 9] [0. 2, 0. 2] [0, 0] [0. 4, 0. 4] [0. 1, 0. 2]
M5 [0. 8, 0. 8] [0, 0. 2] [0. 4, 0. 4] [0. 2, 0. 2] [0. 2, 0. 4] [0. 2, 0. 2]

absent valuesR(xi, yj) of the interval-valued L-Fuzzy context
by intervals with less amplitude than that of [0,1].

The compatibility function of the interval-valued linguistic
variable will be used to establish the new columns in the table
that measure the similarity between some attributes and the
values or labels t ∈ T (V ) of the linguistic variable.

Example 2 In the previous context, the two absent values
(R(M2, I2) and R(M4, I6)) have been replaced by the in-
terval [0,1].

We are going to define a linguistic variable V, with labels
T (V ) ={high, medium, low}.

Now, we take the label t =medium ∈ T (V ) represented by
Fig. 2,

�

� � � � � � �

Figure 2: L-Fuzzy set associated with the label t

where the compatibility of the value x ∈ X = [0, 1] with the
label t =medium has the following expression:

xt =


x

0.4
if x ≤ 0. 4

1 if 0. 4 ≤ x ≤ 0. 6
1 − x

1 − 0. 6
if 0. 6 ≤ x

and the interval-valued compatibility is defined, ∀[α, β] ∈
J [X], by:

[α, β]t =

(
[min{αt, βt}, max{αt, βt}] if α ≥ 0. 6 or β ≤ 0. 4

[min{αt, βt}, 1] in other case

From this point, we can extend the table with a new column
I6medium where the compatibility of the attribute I6 with the
label t = medium is valued, obtaining Table 2.

Remark. Sometimes, the obtained values do not belong to the
lattice L = {0, 0. 1, 0. 2, . . . 0. 9, 1}. Then, we will round the
fractions to the nearest element of L.

One of the advantages of the use of linguistic variables
to establish the compatibility between the values of the rela-
tion R and the labels is the maintenance of the unknowledge.

It is possible to observe this property in the example where
R(M4, I6) = [0, 1] = R̂(M4, I6medium) and it is certain for
any label t ∈ T (V ), as it was proven in [5].

On the other hand, the values here obtained are not very
different from which turned out applying the techniques de-
veloped in [3] which can be seen in the Table 3. Nevertheless,
we consider that the use of linguistic variables solves the prob-
lem in a simpler and more natural way.

Table 3: Values obtained from a previous method.
I6medium

M1 [0. 8, 1]

M2 [0. 8, 1]

M3 [0. 8, 1]

M4 [0. 4, 1]

M5 [0. 6, 0. 8]

Once extended the table, the interval-valued fuzzy proposi-
tions related to the new attribute I6medium can be calculated
to find those that have highest values. In this case, this is the
proposition I1 ⇒ I6medium:

p : Most of those that have I1 also have I6medium

Then, Q =most, E1 = I1, E2 = I6medium , where

W =
[
3. 1
4. 5

,
4. 2
4. 3

∧ 1
]

= [0. 68, 0. 97]

Now, if we take the quantifier Q defined by ([10]):

Q(x) =

{
1. 25x if x ≤ 0. 8
1 in other case

and we apply to both bounds of the interval, then we have:

Q([0. 68, 0. 97]) = [Q(0. 68), Q(0. 97)] = [0. 85, 1]

that is the truth value of the proposition p.
The obtained results are similar to those with implications

between attributes but, in this case, the process is easier.

We can conclude that, in many cases (at least 85%), the in-
gredient I1 is associated with a medium amount of ingredient
I6.

Given the high percentage of cases in which the implication
is valid, we suppose that it also holds for brandM4. Therefore
we expect that:

R̂(M4, I6medium) ≥ R̂(M4, I1) = [0. 9, 0. 9]
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Table 2: New relation R̂.
R̂ I1 I2 I3 I4 I5 I6 I6medium
M1 [0. 8, 1] [0. 1, 0. 1] [0. 6, 0. 6] [0. 2, 0. 2] [0. 4, 0. 4] [0. 4, 0. 6] [1, 1]
M2 [0. 8, 0. 8] [0, 1] [0. 4, 0. 6] [0. 4, 0. 4] [0. 2, 0. 2] [0. 6, 0. 6] [1, 1]
M3 [1,1] [0,0] [0. 2, 0. 2] [0. 5, 0. 5] [0. 4, 0. 4] [0. 4, 0. 4] [1, 1]
M4 [0. 9, 0. 9] [0. 2, 0. 2] [0, 0] [0. 4, 0. 4] [0. 1, 0. 2] [0, 1] [0, 1]
M5 [0. 8, 0. 8] [0, 0. 2] [0. 4, 0. 4] [0. 2, 0. 2] [0. 2, 0. 4] [0. 2, 0. 2] [0. 5, 0. 5]

The election of the attributes and labels to obtain interval-
valued fuzzy propositions with high truth values is very im-
portant because we will have then good values of substitution
for the absent ones.
At this point, we have obtained the value
R̂(M4, I6medium) = [0. 9, 0. 9]. Now, using this value we
want to get the best value to replace the initial absent value
R(M4, I6). To do this, denoting by R(xi, yj) = [α, β] the
unknown value, we will use the following proposition associ-
ated with compatibility functions to obtain this value:

Proposition 1 ∀x ∈ [0, 1] and [α, β] ∈ J [0, 1] it is verified
that

[α, β]t ⊆ [x, 1] ⇔ [α, β] ⊆ [ax, 1 − x(1 − b)]

where a, b ∈ [0, 1] are the values that appear in the fuzzy set
associated with the label t ∈ T (V ).

Proof

⇐) Let us suppose that [α, β] ⊆ [ax, 1 − x(1 − b)].
In [5], we have proven that:

If [α, β] ⊆ [ax, 1 − x(1 − b)] holds,

then
[α, β]t ⊆ [ax, 1 − x(1 − b)]t

Moreover, for all x ∈ [0, 1], it is verified

ax ≤ a

1 − x(1 − b) ≥ b

}
⇒

Therefore,

[α, β]t ⊆ [ax, 1 − x(1 − b)]t =
= [min{(ax)t, (1 − x(1 − b))t}, 1] =

=
[
min
{
ax

a
,
1 − (1 − x(1 − b))

1 − b

}
, 1
]

= [x, 1]

⇒) By reduction to the absurd, suppose that

[α, β] � [ax, 1 − x(1 − b)]

then we have α < ax or β > 1 − x(1 − b).

• If α < ax < a, then:

αt =
α

a
<
ax

a
= x⇒ min{αt, βt} < x

• If β > 1 − x(1 − b) > b, then:

βt =
1 − β

1 − b
<

1 − (1 − x(1 − b))
1 − b

= x⇒
⇒ min{αt, βt} < x

Therefore [α, β]t � [x, 1].

Remark. Really, we are only interested in the implication

[α, β]t ⊆ [x, 1] ⇒ [α, β] ⊆ [ax, 1 − x(1 − b)]

To replace the absent value, we will take the widest interval
verifying the condition, that is, [ax, 1 − x(1 − b)].

As [a, b] ⊆ [ax, 1 − x(1 − b)], we have to avoid to take
labels with a wide amplitude of the interval [a, b] because, in
other case, the interval [ax, 1 − x(1 − b)] will be also wide.

Example 3 Returning to the example, if we apply the previ-
ous proposition associated with the label t=medium (with the
values a = 0. 4 and b = 0. 6), then we obtain

R(M4, I6) = [0. 36, 0. 64]

that will be the interval with which we will replace the absent
value (also it will be necessary here to round the results to
the nearest element of L). The final result given in [3] for this
same absent value R(M4, I6) was [0. 5, 0. 5].

In both cases we have a fuzzy value distant from 0 and 1.

Finally, the other unknown value, R(M2, I2) can be re-
placed using interval-valued linguistic variables and fuzzy
propositions by the interval [0,0.2]. In this case, the propo-
sition with the highest value is

p : Most of those that have I1high also have I2low

5 Conclusions and future work
The use of linguistic variables and fuzzy propositions in the
field of contexts with absent values supposes a simplification
of the process of replacement of these values. The old method,
based on implication between attributes, needs the calculus
of functions to measure the similarity between attributes and
labels that makes difficult the process.

In future works we will analyze its reliability.
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Abstract— The family of k-additive measures has been introduced
as a midterm between probabilities and general fuzzy measures and
finds a wide number of applications in practice. However, its struc-
ture is different from other families of fuzzy measures and is cer-
tainly more complex (for instance, its vertices are not always {0, 1}-
valued), so it has not been yet fully studied.

In this paper we present some results concerning the extreme
points of the k-additive fuzzy measures. We give a characterization
of these vertices as well as an algorithm to compute them. We show
some examples of the results of this algorithm and provide lower
bounds on the number of vertices of the n − 1-additive measures,
proving that it grows much faster than the number of vertices of
the general fuzzy measures. This suggests that k-additive measures
might not be a good choice in modeling certain decision problems
when the value of k is high but not equal to n.

Keywords— Fuzzy measures, k-additive measures, polytope ver-
tices.

1 Introduction

Fuzzy measures (also known as capacities or non-additive
measures) are a generalization of probability distributions.
More concretely, they are measures in which the additivity ax-
iom has been relaxed to a monotonicity condition. This exten-
sion is needed in many practical situations, in which additivity
is too restrictive. Fuzzy measures have proved themselves to
be a powerful tool in many different fields, as Decision The-
ory ([1], [2]), Game Theory ([3], [4]), and many others (see,
for example, [5],[6]).

However, despite all these advantages, the practical appli-
cation of fuzzy measures is limited by the increased complex-
ity of the measure. If we have a finite space of cardinality
n, only n − 1 values are needed in order to completely de-
termine a probability, while 2n − 2 coefficients are needed to
define a fuzzy measure on the same referential. This expo-
nential growth is the actual Achilles’ heel of fuzzy measures
and translates in big complexity when identifying the fuzzy
measure modelling a situation.

With the aim of reducing this complexity several of subfam-
ilies have been defined. In these families some extra restric-
tions are added in order to decrease the number of coefficients
but trying to keep the modelling capabilities of the measures.
Examples of subfamilies include the λ-measures [7], the k-
intolerant measures [8, 9], the p-symmetric measures [10], the
decomposable measures [11], etc. In this paper we will fo-
cus on the complexity of k-additive measures (see Definition
9 below) introduced by Grabisch in [4].

Consider a situation that can be modeled by a k-additive
measure (possibly through Choquet integral [12]); to this ex-
tent, an axiomatic characterization of such a model can been

found in [13]. Next step is the identification of the measure.
Suppose that sample information is available. Using Decision
Theory terminology, this information consists in a collection
of objects whose overall score and valuation on each criterium
are known. We assume that this information is numerical; oth-
erwise, we should previously apply a tool to transform ordinal
into numerical data, such as MACBETH [14] or TOMASO
[15]. The desired measure (that might not be unique) is the
one that best fits the data.

If the considered proximity criterion is the squared error,
different techniques exist to solve the problem [16, 17], lead-
ing to a problem whose complexity is very high. In a previous
work [18], we have proposed a learning method based on ge-
netic algorithms [19]. In this method, the crossover operator is
the convex combination (as it will become clearer below, the
set of fuzzy measures being at most k-additive forms a convex
polytope). This operator is simple and natural and allows to
decrease the computational cost. However, it has the draw-
back that the search regions are embedded one in other. This
can be overcome with a suitable mutation operator, but even
in that case, the search region is determined by the initial pop-
ulation. Thus, this initial population must be wide enough to
include the solution and, obviously, the best option is to select
the set of vertices of the polytope.

In this paper we study this set of vertices for the fam-
ily of k-additive fuzzy measures. The results in the paper
seem to mean that the number of k-additive vertices is even
greater than the number of vertices for general fuzzy mea-
sures. The rest of the paper is organized as follows. In Sec-
tion 2 we briefly introduce definitions and results that will be
used throughout the paper. In Section 3 we provide an algo-
rithm to determine the vertices of the polytope of k-additive
(at most) measures from those of the general fuzzy measures
and show some examples of the results of the computation
of the algorithm. Section 4 is devoted to the study of lower
bounds on the number of vertices when k = n − 1. Finally,
in Section 5 some conclusions are drawn and ideas for future
work are presented.

2 Basic concepts and previous results
Consider a finite referential set X = {1, ..., n} of n elements
or criteria. Let us denote by P(X) the set of subsets of X .
Subsets of X are denoted A,B, ... and also by A1, A2, ....

Definition 1 [12, 20, 21] A fuzzy measure, non-additive
measure or capacity over X is a function µ : P(X) → [0, 1]
satisfying

• µ(∅) = 0, µ(X) = 1 (boundary conditions).
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• ∀A, B ∈ P(X), if A ⊆ B, then µ(A) ≤ µ(B) (mono-
tonicity).

We will denote the set of all fuzzy measures over X by
FM(X). Remark that FM(X) is a bounded convex poly-
hedron in R2n−2 (or R2n

if we include coordinates for X and
∅).

We can define a partial order on FM(X) in the following
way:

Definition 2 Let µ1 and µ2 be two fuzzy measures. Then we
say that µ1 ≤ µ2 if for every A ⊆ X , it holds µ1(A) ≤ µ2(A).

A special class of fuzzy measures is the set of {0, 1}-valued
measures.

Definition 3 A fuzzy measure is {0, 1}-valued if it only takes
values 0 and 1.

Notice that for a {0, 1}-valued measure µ, there are some
subsets A satisfying the following conditions:

µ(A) = 1,
µ(B) = 1, ∀B ⊇ A,
µ(C) = 0, ∀C ⊂ A.

We will call any subset satisfying these conditions a minimal
subset for µ. Note that a {0, 1}-valued measure is completely
defined by its minimal subsets. Let us denote by µC the fuzzy
measure whose collection of minimal sets is C.

An important instance of {0, 1}-valued measures are the so-
called unanimity games:

Definition 4 A unanimity game over A ⊆ X, A 	= ∅ is a
fuzzy measure defined by

uA(B) :=
{

1 if A ⊆ B
0 otherwise

For ∅, we define the unanimity game by

u∅(B) :=
{

1 if B 	= ∅
0 if B = ∅

Definition 5 Let µ be a fuzzy measure over X; we define the
dual measure of µ as the fuzzy measure µ given by µ(A) =
1 − µ(Ac).

In order to define the extreme points or vertices of a family
of fuzzy measures we need to define the convex combination
of measures.

Definition 6 Given λ ∈ [0, 1] and two fuzzy measures µ1 and
µ2 the fuzzy measure

µ = λµ1 + (1 − λ)µ2

is said to be a convex combination of µ1 and µ2. A subset of
fuzzy measures F ⊆ FM(X) is convex if it contains every
convex combination of its members.

Definition 7 Given a convex subset of fuzzy measures, F ⊆
FM(X), we say that µ ∈ F is a vertex or extreme point
of F if µ can not be written as a convex combination of two
measures µ1, µ2 ∈ F both different from µ.

Obviously, the set of vertices completely determines the
convex polytope FM(X), as any point in it can be written as
a convex combination of the vertices. The vertices of FM(X)
are given in the following result.

Proposition 1 [22] The set of {0, 1}-valued measures consti-
tutes the set of vertices of FM(X).

A similar result (see [23]) can be proved for the family of
p-symmetric measures [10]. However, it does not hold [23]
for the family of measures that we study in this paper: the k-
additive measures, which are defined through the concept of
Möbius transform.

Definition 8 [6, 24] Let µ be a set function (not necessarily a
fuzzy measure) on X . The Möbius transform (or inverse) of
µ is another set function on X defined by

m(A) :=
∑
B⊆A

(−1)|A\B|µ(B), ∀A ⊆ X. (1)

The Möbius transform given, the original set function can
be recovered through the Zeta transform [25]:

µ(A) =
∑
B⊆A

m(B). (2)

The value m(A) represents the strength of the subset A in any
superset which it appears. Remark that the Möbius transform
can attain negative values; when it is a non-negative func-
tion, it corresponds to the basic probability mass assignment
in Dempster-Shafer theory of evidence [26].

In order to determine a fuzzy measure, 2n − 2 values are
necessary. The number of coefficients grows exponentially
with n and so does the complexity of the problem of identi-
fying the fuzzy measure. This drawback reduces considerably
the practical use of fuzzy measures. Thus, some subfamilies
of fuzzy measures have been defined in an attempt to reduce
complexity, prominently k-additive measures [4].

Definition 9 [4] A fuzzy measure µ is said to be k-order ad-
ditive or k-additive if its Möbius transform vanishes for any
A ⊆ X such that |A| > k and there exists at least one subset
A with exactly k elements such that m(A) 	= 0.

In this sense, a probability measure is just a 1-additive mea-
sure. Thus, k-additive measures generalize probability mea-
sures, that are very restrictive in many situations. They fill
the gap between probability measures and general fuzzy mea-
sures. For a k-additive measure, the number of coefficients is
reduced to

k∑
i=1

(
n

i

)
.

More about k-additive measures can be found e.g. in [2].
We will denote the set of all k′-additive measures on X with
k′ ≤ k by FMk(X); we will use the fact that FMk(X) is
a convex polyhedron (the proof is straightforward considering
the Möbius transform). Specially appealing is the 2-additive
case, that provides a generalization of probability allowing in-
teractions while keeping a reduced complexity.

In this paper we will be studying some properties of the ex-
treme points of the k-additive measures. The following results
are known:
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Theorem 1 [23] There are vertices of the set FMk(X), k >
2, that are not {0, 1}-valued measures.

Proposition 2 [23] The set of extreme points of FM1(X)
(resp. FM2(X)) are the {0, 1}-valued measures that are in
FM1(X) (resp. FM2(X)).

We will also need some results relating the group of isome-
tries of FM(X) in next section.

Definition 10 Let F be a family of fuzzy measures. A surjec-
tive function f : F → F is an isometry if

d(µ1, µ2) = d(f(µ1), f(µ2)), ∀µ1, µ2 ∈ F .

Remark that an isometry is a bijective mapping on F and
that these isometries form a group under composition of func-
tions. It can be seen [27] that isometries also map vertices into
vertices. Let us denote by G(F) the group of isometries of F .

In [27] we have determined the group of isometries of
general fuzzy measures (a result which was later generalized
on [28]). We need some previous definitions.

Definition 11 Consider σ : X → X a permutation on X. We
define the symmetry induced by σ, denoted Sσ, the transfor-
mation on FM(X) such that for any µ ∈ FM(X), the fuzzy
measure Sσ(µ) is defined by

Sσ(µ)(A) = µ(σ(A)), ∀A ⊆ X.

Definition 12 We define the dual transformation, denoted
D, the transformation on FM(X) given by

D : FM → FM
µ 
→ µ

.

In most cases, the group of isometries of the general fuzzy
measures is generated by symmetries and the dual transforma-
tion.

Theorem 2 If |X| > 2, the group G(FM(X)) is given by
symmetries and compositions of symmetries with the dual ap-
plication.

In fact, it can be seen that G(FM(X)) is the semi-direct
product of the group of symmetries with the cyclic group or
order 2 generated by the dual transformation, i.e. the group of
isometries is given by a composition of symmetries composed
with either the dual application or the identity map.

Theorem 3 If n = 2, the group G(FM(X)) is isomorphic to
the dihedral group D4 (the group of isometries of the square).

Finally, we define the concept of adjacency of extreme
points of FM(X), which will be central in our study of the
vertices of FMk(X).

Definition 13 Two vertices µ1 and µ2 of FM(X) are adja-
cent if the convex combination (their midpoint)

µ =
1
2
µ1 +

1
2
µ2

can not be written as a convex combination of extreme points
in any other way.

The following results have been proved in [29] and later
generalized in [30].

Lemma 1 If µ1 and µ2 are adjacent vertices then µ1 ≤ µ2 or
µ2 ≤ µ1.

However, this condition is not sufficient. The characteri-
zation of adjacency in FM(X) is based on the concept of
C−decomposability, that is given in next definition.

Definition 14 Let C be a collection of subsets of X, µ an ex-
treme point and let A1, . . . , Am be all its minimal sets. We
say that µ is C-decomposable if there exists a partition of
{A1, . . . , Am} in two non-empty subsets A and B such that
A 	⊆ C and B 	⊆ C and if A ∈ A and B ∈ B then there
exists C ∈ C such that C ⊆ A ∪ B.

The following theorem characterizes adjacency on
FM(X).

Theorem 4 Let µ, µC be two vertices of FM(X) such that
µ ≥ µC . Then µ and µC are adjacent if and only if µ is not
C-decomposable.

3 Generating the vertices of the k-additive
measures

Consider the set FM(X). From a geometrical point of view,
FMk(X) is a subpolytope of FM(X) with additional re-
strictions; namely, these restrictions are m(A) = 0, ∀|A| > k.

Let |A| > k and consider the restriction m(A) = 0. Then,
it can be proved that the set of vertices of the polytope of fuzzy
measures with this new condition consists in (see [31]):

1. Those {0, 1}-valued measures for which it is m(A) = 0
and

2. the cut points of the hyper-plane m(A) = 0 with the
edges of the polytope FM(X).

If we repeat the procedure imposing restrictions for every
set A with size bigger than k we eventually obtain all the
vertices of the polytope FMk(X). Thus, we obtain a char-
acterization of the extreme points of the k-additive measures
(and of all intermediate polytopes). If A is a collection of
subsets of X we denote by FMA(X) the set of fuzzy mea-
sures whose Möbius transform is zero on every set belonging
to A. The following theorem, well-known in the theory of
polytopes, provides the new vertices when adding a new con-
straint.

Theorem 5 Let A be a collection of subsets of X (eventually
empty), B a subset of X not in A and µ a fuzzy measure of
FMA∪{B}(X) which is not a vertex of FMA(X). Then µ
is a vertex of FMA∪{B}(X) if and only if there exist µ1 and
µ2 two adjacent vertices of FMA(X) not in FMA∪{B}(X)
and λ ∈ (0, 1) such that µ = λµ1 + (1 − λ)µ2.

As a consequence of this result, for the case of (n − 1)-
additive measures we have the following:

Theorem 6 Let µ be a (n− 1)-additive measure which is not
{0, 1}-valued. Then µ is a vertex of FMn−1(X) if and only

µ = λµ1 + (1 − λ)µ2,

where λ ∈ (0, 1) and µ1, µ2 are two adjacent vertices of
FM(X) not in FMn−1(X).
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In this particular case we can obtain all vertices of
FMn−1(X) just from adjacency relationships in FM(X).
However, this is not possible in general; for other values of
k there exist vertices not {0, 1}-valued which cannot be ex-
pressed as a convex combination of exactly two {0, 1}-valued
vertices, as the following example shows.

Example 1 Consider |X| = 5. Let µ1 be the {0, 1}-valued
measure whose minimal sets are the singletons {1}, . . . , {5}
and µ2 the fuzzy measure whose minimal sets are the sets of
size 4. Also, let µ3 be the fuzzy measure with minimal sets
{(1, 2), (1, 3), (2, 4), (3, 5), (4, 5)}.

From Theorem 4 it follows that µ1 and µ2 are adjacent ver-
tices in FM(X). Analogously, µ2 and µ3 are also adjacent
vertices.

It is easy to check that

4
5
µ1 +

1
5
µ2,

4
5
µ3 +

1
5
µ2 ∈ FM4(X). (3)

Thus, these measures are extreme points of FM4(X) and are
not {0, 1}-valued. Let us denote them by µ and µ′ respec-
tively. It can be checked that these measures are adjacent in
FM4(X). In fact, it easy to verify that their midpoint satisfies
with equality exactly 2n − 3 linearly independent restrictions
of those defining the polytope. Moreover,

1
4
µ +

3
4
µ′ ∈ FM3(X). (4)

Thus, we have obtained a vertex of the 3-additive measures,
which requires three vertices of FM(X) in order to obtain a
convex combination which generates it.

As an application of Theorem 5 we have computed the ver-
tices of the polytopes FMk(X) for some values of k and
n. The following tables show the number of vertices and the
number of vertices being {0, 1}-valued.

Table 1: Number of vertices of the FMk(X) polytopes.

n\k 1 2 3 4 5 6
1 1
2 2 4
3 3 9 18
4 4 16 303 166
5 5 25 584740 407201 7579
6 6 36 ? ? 232871070690 7828352

Table 2: Number of {0, 1}-valued vertices of the FMk(X)
polytopes.

n\k 1 2 3 4 5 6
1 1
2 2 4
3 3 9 18
4 4 16 68 166
5 5 25 195 1855 7579
6 6 36 456 10986 1322954 7828352

To compute these numbers for the cases with n ≤ 5 we
repeatedly use Theorem 5 to calculate the vertices of the in-
termediate polytopes. This process is very time-consuming
and, in fact, took several weeks in a 2.1GHz PC to complete
the calculations in the case n = 5. One of the main difficul-
ties is that we lack criteria to quickly test adjacency (except
for general fuzzy measures, where we can use Theorem 4).
The other main problem is that the number of extreme points
grows very fast, making the number of comparisons needed
grow even faster. All this makes unfeasible a direct approach
to calculate the number of vertices of the k-additive measures
when n = 6.

However, it is possible to use the results on the isometries
of the polytope of fuzzy measures (see Section 2) to at least
obtain the number of vertices of the 5-additive measures when
n = 6. Just observe that if σ is a permutation of X then Sσ ,
the symmetry induced by σ (Definition 11), is an isometry
that fixes uX and if µ is a fuzzy measure then mµ(X) and
mSσ(µ)(X) are both either positive, negative or zero, by Eq.
(1). Also, as Sσ is an isometry, if µ1 and µ2 are adjacent
vertices, then so are Sσ(µ1) and Sσ(µ2). Consequently, if
λµ1 + (1 − λ)µ2 is a vertex of the n − 1-additive measures
then so is λSσ(µ1) + (1 − λ)Sσ(µ2).

Take µ, µ′ two {0, 1}-valued measures such that there exists
a symmetry Sσ for which Sσ(µ) = µ′. If µ1 is a {0, 1}-valued
measure adjacent to µ and α ∈ (0, 1) such that

αµ + (1 − α)µ1 ∈ FMn−1(X),

then

Sσ(αµ + (1 − α)µ1) = αSσ(µ) + (1 − α)Sσ(µ1)

also belongs to FMn−1(X). Consequently, every vertex of
FMn−1(X) obtained from µ′ is the image under Sσ of an-
other vertex obtained from µ.

Thus, if µ and µ′ are taken one into the other by some sym-
metry Sσ (i.e., they are in the same orbit under the action of
the group of symmetries), then they will generate exactly the
same number of vertices of FMn−1(X). Therefore, in order
to count the number of vertices of the n−1-additive measures,
we can proceed as follows:

1. List all the vertices of the general fuzzy measures.

2. Classify these vertices according to the sign of their
Möbius transform on X .

3. Calculate the orbits of the vertices with positive Möbius
on X .

4. Pick a representative of each orbit and test its adjacency
to the vertices with negative Möbius on X .

5. Multiply the number of adjacent vertices by the size of
the orbit, and sum all the values obtained.

6. Add to this value the number of vertices whose Möbius
transform on X is 0.

After applying these methods in the case where n = 6 we
obtained 1322954 vertices with zero Möbius transform on X ,
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3252699 with negative Möbius and also 3252699 with posi-
tive Möbius. These last vertices are organized into 6806 dif-
ferent orbits. After 20 hours of computation on a 2.1GHz
PC, the number of non {0, 1}-valued vertices of FM5(X)
with |X| = 6 was found to be 232869747736, for a total of
232871070690 vertices.

The figures in Tables 1 and 2 seem to suggest that the
number of non {0, 1}-valued vertices of FMk(X) for k =
3, ..., n − 1 grows much more quickly than the number of ex-
treme points of FM(X). In the following Section we show
that, in fact, this is the case when k = n − 1.

4 On the number of vertices of the
n − 1-additive measures

In this section we study the asymptotic behavior of the ratio
of the number of vertices of FMn−1(X) to the number of
vertices of FM(X). We will denote by Dn the number of
vertices of FM(X) (with n = |X|), by An the number of
vertices of FMn−1(X), and by Bn the number of vertices of
FM(X) which are not in FMn−1(X) and whose minimal
sets all have size at least n−3

2 �.

Lemma 2 It holds that

lim
n→∞

Bn

Dn
> 0

Sketch of Proof:
The proof of the Theorem rests on considering, for even n,

the set Mn
0 of vertices µ of FM(X) such that:

1. every minimal set of µ has size n
2 − 1, n

2 or n
2 + 1,

2. µ(A) = 1 for every A of size greater than n
2 + 1,

3. µ(A) = 0 for every A of size less than n
2 − 1,

4. the number of minimal sets of µ of size n
2 − 1 is at most

2
n
2 .

In [32] it is proven that the ratio of the number of measures
in Mn

0 to the total number of measures does not tend to zero
when n tends to infinity. It can also be seen that the ratio of
non (n−1)-additive measures in Mn

0 does not tend to 0 when
n tends to infinity and the Lemma follows (for even n).

For odd n, the argument is similar, but considering the set
Mn

1 of vertices µ of FM(X) such that:

1. every minimal set of µ has size n−3
2 , n−1

2 or n+1
2 ,

2. µ(A) = 1 for every A of size greater than n+1
2 ,

3. µ(A) = 0 for every A of size less than n−3
2 ,

4. the number of minimal sets of µ of size n−3
2 is at most

2
n
2 .

We can now state the main Theorem of the section.

Theorem 7 There exist k > 0 and n0 such that

An > k
2n

√
n

Dn

for all n ≥ n0.

Sketch of Proof:
Denote q = n−3

2 �. Consider n such that q > 4. Consider
P1 the collection of all partitions P of X such that

1. exactly one set in P has size q − 2,

2. the rest of the sets in P are singletons,

and P2 the collection of all partitions P of X such that

1. exactly one set in P has size q − 3,

2. the rest of the sets in P are singletons.

Consider µ a vertex of FM(X) not in FMn−1(X) whose
minimal sets all have size at least q. Consider P in P1 ∪ P2

and µ′ the measure whose collection of minimal sets is P . It
is possible to show, with the help of Theorem 4, that µ and µ′

are adjacent.
The size of P1 is

(
n

q−2

)
and the size of P2 is

(
n

q−3

)
. Also,

the sizes of the partitions in P1 and of the partitions in P2

have different parity, so their Möbius transform on X will be
1 in one case and −1 in the other (see Proposition 4 in [23]).
Since µ is not (n − 1)-additive and it is adjacent to every µ′

whose minimal sets are in P1 ∪P2, then the convex combina-
tions of µ with all such µ′ generate at least

(
n

q−3

)
vertices of

FMn−1(X). It follows that

An ≥
(

n

q − 3

)
Bn

for all n such that q > 4.
From Lemma 2 we know that there exist k1 > 0 and n1

such that
Bn

Dn
> k1

for all n ≥ n1. Then, it is easy to prove that there exists k > 0
such that for n big enough

An ≥ k
2n

√
n

Dn

This Theorem shows that the growth of the number of ver-
tices of FMn−1(X) is much faster than that of FM(X).
Theorem 5 together with the values on Table 1 hint that this
may be the case also for other polytopes FMk(X) with k big
enough. This suggests that, despite the simple interpretation,
k-additive measures have a complex structure and the choice
of the value of k should be made with care.

5 Conclusions and open problems
In this paper we have studied the vertices of the polytope
of k-additive measures. We have provided a description of
these vertices and a algorithm to compute them. We have
also shown some examples of the results of the computation
of this algorithm. Finally, we have given a lower bound on the
number of vertices of the polytope of fuzzy measures which
are at most (n − 1)-additive, showing that this number grows
much faster than the number of vertices of the general fuzzy
measures. Similar results for other values of k seem plausi-
ble and deeper investigation of the asymptotical behavior on
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those cases might provide further insights on the polytopes
FMk(X).

The results presented here show that, in general, the struc-
ture of FMk(X) is more complex than that of the general
fuzzy measures and of the p-symmetric measures (cf.[29, 30]).
For instance, knowledge of a wide number of intermediate
polytopes was needed in order to compute the extreme points
of the k-additive measures, making this computation very time
consuming. A study of conditions for the adjacency in the
polytope of k-additive measures (and in the intermediate ones)
could help to decrease this computing time. Knowing the
group of isometries of the polytopes may also be useful.

We also intend to investigate subfamilies of the k-additive
measures which retain the modeling power of these measures.
For instance, it is interesting to restrict the vertices to those
which are {0, 1}-valued and study the resulting polytope.

Finally, in order to obtain a suitable initial population (for
measure identification with a genetic algorithm) it would be
useful to study methods for the random generation of k-
additive measures.
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Abstract— Trust is a fundamental concept that is critical in 
human decision processes in almost all domains, but of particular 
relevance in the domain of computer security. In many computer 
systems deployed today, trust is only modeled indirectly through a 
serious of formal rules and regulations describing when privileges 
are to be granted or revoked. Recently, research has been 
conducted into the area of fuzzy trust modeling in order to allow a 
more intelligent tradeoff analysis by the computer security 
software.  In this paper, we extend this work to support Type-2 
fuzzy reasoning.  The Type-2 input membership functions can be 
derived from multiple human experts’ judgments.  This allows us to 
incorporate the inherent imprecision in trust judgments in a 
mathematically principled manner.

Keywords— Computer security, fuzzy systems, trust modeling, 
Type-2 fuzzy logic.

1 Introduction
In computer security, trust is described as the belief in the 
competence of an entity to act dependably, reliably and 
securely within a specific context, and distrust is described 
as the belief in the incompetence of an entity to act 
dependably, securely and reliably within a specific context 
[1].  In many computer systems deployed today, trust is only 
modeled indirectly through a serious of formal rules and 
regulations describing when privileges are to be granted or 
revoked.  Manual human judgment is invoked whenever the 
system falls into an ambiguous state.  For example, if a user 
tries to log on with an incorrect password too many times, 
many systems will revoke privileges for that user account 
and rely on the system administrator for the judgment of 
when it is appropriate to reissue those privileges. 
This approach has significant weaknesses in that its strong 
reliance on a human in the decision process requires the 
Boolean security rule set to make inappropriately crisp 
statements, which either overly restrict users (reducing 
productivity) or are not restrictive enough (reducing 
security).  Recently, research has been conducted into 
augmenting policy rules with Type-1 fuzzy trust modeling to 
help address this issue by softening the hard and fast set of 
computer security policy rules to allow a more intelligent 
tradeoff analysis [2-7]. 
The notion of trust relationships is traditionally modeled in a 
fuzzy sense, i.e., “entity A  trusts entity  to a degree B

� �0,1x� ,” where x  is usually determined by the historical 
results of entity 'A s  interactions with entity .  Trust 
chains may also be involved in this determination, e.g., 

entity 

B

A  can consult entity  as to its trust in entity  and 
factor that information into its decision.  A discrete set  of 
contexts may also enter into this description, resulting in an 
ordered pair 

C B
K

( , )x y  describing trust, indicating that entity A
trusts entity  to a degree B � �0,1x�  in a particular context 
y K� .

The contribution of each context factor may be measured 
independently using two numbers, a confidence � �1,1c� �

and a plausibility � �0,1p� .  The confidence  describes 
entity 

c
'A s  belief in a particular outcome either occurring or 

not occurring (we use negative values to indicate the latter) 
in an interaction with entity  in a given context, and the 
plausibility  describes the degree to which entity 

B
p A

considers her confidence assessment to be reliable.  For 
example, entity A  might believe with high confidence (e.g., 
0.8) in a particular outcome’s occurrence, but if this belief is 
based upon little or no historical evidence, then her 
plausibility might be low (say, 0.1).  Upon the accumulation 
of further direct evidence as a result of her interactions with 
entity  and/or consultation with other entities, she may 
simultaneously refine her confidence estimate and increase 
her plausibility in this refined confidence.  Thus we treat 
these as independent variables. 

B

Hamilton and Hamilton [8] developed an algebra for 
combining such assessments, based upon singleton values of 
input confidences and plausibilities, and producing a 
corresponding singleton aggregate confidence and 
plausibility.  However, it is well known that human 
assessments of situations are pervasively imprecise, and thus 
humans are more reliable at estimating intervals of 
confidence or plausibility rather than point values.  
Likewise, the results of computer simulations are better 
described by an interval of outcomes than by a single 
number.  Furthermore, it is often desirable to solicit such 
intervals from multiple experts, or to perform multiple 
simulations.  In this case, the problem remains as to how to 
incorporate this multiplicity of interval inputs into the trust 
system.  Multiple interval inputs can be combined into 
interval Type-2 input membership functions using the 
techniques described in [17].   
In this paper, we extend the results of [8] initially to 
individual interval inputs of confidence and plausibility, to 
compute corresponding interval output membership 
functions for their aggregation.  Then, employing � -cuts,
we further extend these results to accommodate Type-1 and 
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interval Type-2 fuzzy inputs.  This allows us to propagate 
imprecision in our knowledge of the inputs to the 
corresponding imprecision in our knowledge of the output in 
a mathematically principled fashion. 

2 Trust aggregation 
Suppose that we have two assessments of confidence and 
plausibility relating to our trust in a particular context factor, 
which we denote by 

1 1,c pA  and , respectively, where 

and  denote the confidences, and  and  the 
plausibilities, of the corresponding factor.  Suppose further 
that we wish to perform an aggregation of these values, 
denoted by the operator “ ”, to yield a sensible aggregate 
confidence and plausibility based upon these two inputs.  
Thus we wish to describe  in terms of 

its aggregate confidence  and plausibility .

2 2,c pA

3 3c pA A

1c

2c 1p

2c

p

2p

 

1 1 2, ,c p pA�  

3

,

3c
Hamilton and Hamilton [8] propose the following algebraic 
computations for  and :3c 3p

1 1 2 2
3

1 2

c p c pc
p p

� �

� �

�
�

�
 (1) 

� �
� �

1 2 1 2 1 2 1 2 1 2 1 2

3

1 2 1 2

( ) 2 ( 2 )

2

p p p p c c p p p p c c
p

c c c c

! !

! !

� � � � � � � �
�

� � � �
 (2) 

The parameters 0� �  and 0! �

2

 govern the degree of 
influence of the input plausibilities  and  upon the 
aggregate confidence , and the degree of influence of the 
differences in the two input confidences  and  upon the 
aggregate plausibility , respectively.  Typical values for 
these parameters might be 

1p 2p

2c
3c

p
1c

3

� �  and 1/ 4! � .  It is 
straightforward to show that when the domains of the inputs 
are � �1 2,c c � �1,1  and � �1 2,p p 0,� 1 , the resulting ranges for 
the aggregate confidence and plausibility are likewise 

� �3c 1,1� �  and � �3 0,1p � .
From (1), we see that the aggregate confidence  is a 
simple convex combination of the input confidences, with 
weights proportional to the 

3c

� -power of the plausibilities.  
The aggregate plausibility  is a more complicated convex 
combination of two functions of the input plausibilities.  At 
one extreme, when the input confidences are in perfect 
agreement, the aggregate plausibility is given by 

.  At the other extreme where 
the confidences are diametrically opposite and of unity 
magnitude, the aggregate plausibility is given by 

.

3

2 )

1,"

p

c�

1 �

3 1 2 1 2 1(p p p p p c� � �

3 1 2 1 22 , (p p p p p c� � � 2 1c c� � )
To illustrate further the behaviors of (1) and (2), consider the 
following examples, where 2� �  and 1/ 4! � :

0.8,0 0.3,0.5 0.3,0.5A A A � (3)

0.8,0.9 0.8,0.9 0,0.5A A A�  � (4)

0.8,0.3 0.7,0.4 0.74,0.54A A A � (5)
In the first case, an assessment with zero plausibility adds no 
new information.  In the second case, strongly opposing 
confidences reduce aggregate plausibility.  In the final case, 
similar confidences reinforce aggregate plausibility. 

A single fuzzy scalar value of our degree of trust � �,c pt A
can be computed as the following convex combination 
involving confidence and plausibility: 

� �
� �

,

1
0.5(1 )

2
(1 )c p

c
p p

t A
p p

# #

# #

�
� �

�
� �

 (6) 

where 0# �  controls the degree of influence of the 
plausibility upon the trust. A typical value might be 2# � .

Note that if 0p � , then , i.e., we have a 
maximally ambiguous degree of trust (i.e., the “coin toss” 

situation), whereas if 

� �, 0.5c pt A �

1p � , then � �,c pt A 1
2

c�
� , (i.e., trust 

is equivalent to a rescaling of the confidence  to lie in the 
interval [0,1].)  In the extremes of this latter case, if 

c
1c � �

1
,

we have zero trust in the given outcome, while if c � , we 
have complete trust in the given outcome. 

3 Interval inputs 
Suppose now that, rather than the point values of the inputs 
described above, we instead have interval values.  Interval 
inputs might naturally arise from soliciting them from a 
human expert, or as the results of a computer simulation that 
includes the uncertainty of the simulations results.  
Specifically, let � �1 1 1, rc c c� � , � �2 2 2, rc c c� � , � �1 1 1, rp p p� �

and � �2 2 ,p p� � 2rp , where the subscripts  refer to 
the left- and right-hand endpoints of the intervals, 
respectively.  Bear in mind that the c  tervals are subsets of 

 and r�

in
� �1,� d the p  i tervals are subsets of �1 , an n �0,1 .

3.1 Confidence aggregation for interval inputs 
From (1),  is an interval weighted average [9], where the 
input variables take values continuously over interval 
ranges.   Thus  takes values continuously over an interval 
range, which we denote by 

3c

3c

� �3 3 3, rc c c� � , where 

1 2 1 2 1 2

1 1 2 2 1 1 2 2
3 , , , ,

1 2 1 2

min min
c c p p p p

c p c p c p c pc
p p p p

� � �

� � � �

�
� �

� �
� �

�

�� , (7) 

1 2 1 2 1 2

1 1 2 2 1 1 2 2
3 , , , ,

1 2 1 2

max max r r
r c c p p p p

c p c p c p c pc
p p p p

� � �

� � � �

�
� �

� �

�� . (8) 

It is well-known [10] how to solve this simple case of a two-
element interval weighted average.  We first re-index the 
triplets  in order of increasing , i.e., to obtain ( , , )i i irc p p� �

2c
ic �

1c $� � .  Then using these re-indexed triplets,  is given 
by 

3c �

1 1 2 2
3

1 2

r

r

c p c pc
p p

� �

� �

�
�

�
� �

�
�

� , (9) 

which is recognized as a closed-form two-element solution 
of the Karnik-Mendel (KM) algorithm [10], which is used 
more generally to find the endpoints of the output interval 
corresponding to an elementn �  interval weighted average.  
In similar fashion, after re-indexing the triplets 
in order of increasing , we have 

( , , )ir i irc p p�

irc
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1 1 2 2
3

1 2

r r
r

r

c p c pc
p p

r
� �

� �

�
�

�
�

�

. (10) 

Thus we have a closed-form analytical solution for the 
output interval of � �3 3 3, rc c c� �  in (1) when the inputs have 
interval values. 

3.2 Plausibility aggregation for interval inputs 
From (2),  is a continuous function of its input values, so 
it too will take values over an interval 

3p

� �3 3 3, rp p p� � .  By 
inspection of (2), we may re-write this equation as 

3 1 2 1 2 1 2 1( ) (1 )( 2p p p p p p p p p2 )% %� � � � � � �  (11) 
where � �0,1% �  is a function of  and  given by 1c 2c

� �
� �

1 2
1 2

1 2 1 2

2
( , )

2

c c
c c

c c c c

!

! !
%

� �
�

� � � �
. (12) 

Taking partial derivatives in (11) with respect to  and ,
we obtain 

1p 2p

2
3

2
1

2

10
21 (2 )

10
2

for pp
p

p for p

%%

%

�� �&  �� � � �
& � �

 ��

, (13) 

and

1
3

1
2

1

10
21 (2 )

10
2

for pp
p

p for p

%%

%

�� �&  �� � � �
& � �

 ��

. (14) 

Given values of  and , and hence a given value of 1c 2c % ,
we see that  is monotonically increasing or decreasing as 
a function of  and  away from the saddle point 

3p

1p 2p
1 1,

2 2% %�' (
) *
+ ,�

, which lies in the upper right-hand quadrant 

of the unit square since � �0,1�

2 )�

% .  Thus the minimum 
(maximum) of (11) as a function of  and  always 
occurs at one of the four input interval extremal points 

, ,  or .

1p

1( ,rp p

2p

1 2( ,p p� � ) 1 2rp p( ,� ) 1( ,rp p 2r )
To continue this analysis, let us define four functions 

� � � �1 2( , ), , , ,ijf c c i r j r� �� �  such that 

� �
� �

1 2

1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 2

( , )

( ) 2 ( 2 )

2

ij

i j i j i j i j

f c c

p p p p c c p p p p c c

c c c c

! !

! !

� � � � � � � �
�

� � � �

 (15) 
It then remains to calculate 

� � � �

� �
� �1 2

(1) (2)
1 2 1 2

3 , , , 1,1
1 2 1 2

2
min min

2
i j i j

i j r c c

c c c c
p

c c c c

! !

! !

� �
� � �

� -� � � � � � .
� � � � � /

� �
 (16) 

� � � �

� �
� �1 2

(1) (2)
1 2 1 2

3 , , , 1,1
1 2 1 2

2
max max

2
i j i j

r i j r c c

c c c c
p

c c c c

! !

! !

� �
� � �

� -� � � � � � .
� � � � � /

�
 (17) 

where

(1)
1 2 1 2i j i j i jp p p p�

(2)

� � �  (18) 

1 2 1 22i j i j i jp p p p� � � �  (19) 
To this end, we employ the continuous change of variables 

1 2u c c� � , which reduces these equations to: 

� � � �

� �
� �

� � � �� �

(1) (2)

3 , , 0,2

(min)

, , 0,2

2
min min

2

min min ( )

i j i j

i j r u

i ji j r u

u u
p

u u

g u

! !

! !

� �
� �

� �

� -� � � � .
� � �

� �

�
�

/  (20) 

� � � �

� �
� �

� � � �� �

(1) (2)

3 , , 0,2

(max)

, , 0,2

2
max max

2

max max ( )

i j i j
r i j r u

i ji j r u

u u
p

u u

g u

! !

! !

� �
� �

� �

� -� � � � .
� � �

�

�
�

/  (21) 

It is obvious by inspection of (18) and (19) that for any of 
the four combinations of ,( , ) : , 1, 2i j i j � (1) (2)

i j i j� �0 , so 
from (20) and (21) we observe that each of the functions 

(min) ( )i jg u  and (max) ( )i jg u  is a convex combination (whose 
coefficients are nonlinear functions of  over the interval u
� �0, 2 ) of the values (1)

i j�  and (2)
i j� , having its maximum at 

0u �  and its minimum at .  We can show that the 
derivatives of these functions are uniformly non-positive 
over the interval 

2u �

� �0, 2 , and thus the functions (min) ( )i jg u  and 
(max) ( )i jg u  are uniformly non-increasing over any sub-interval 

of � �0, 2 .  Therefore their minimum with respect to  in u

(20) over an interval � � � �, 0, 2�ru u�  will correspond to ,
the right endpoint point of this interval, and their maximum 
with respect to u  in 

ru

(21) will correspond to u , the left 
endpoint of this interval. 

�

To determine the associated interval for  from the intervals u
� �1 1 1, rc c c� �  and � �2 2 2, rc c c� � , we must consider six cases 

of different interval overlap scenarios, depicted in Table 1. 

Table 1:  Interval overlap cases. 
Case Interval Positions Interval for u= 1 2c c�

1 1 2rc c� � � �2 1 2 1,r ru c c c c� � �� �

2 1 2 1 2r rc c c c$ $ $� � � �2 10, ru c c� � �

3 1 2 2 1r rc c c c$ $ $� � � �� �1 2 2 10, max ,r ru c c c� � �� �c

4 2 1 2 1r rc c c c$ $ $� � � �1 20, ru c c� � �

5 2 2 1r rc c c c1$ $ $� � � �1 2 1 2,r ru c c c c� � �� �

6 2 1 1 2r rc c c c$ $ $� � � �� �2 1 1 20, max ,r ru c c c� � �� �c

As noted above, in all cases, � � � �, 0,ru u �� ,
nature of the funct

2 and due to the 
monotone non-increasing ions min ( )g u
and max ( )g u , we finally have 
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� � � �� �
� �

� � � �

(min)
3 , , ,

(1) (

min min ( )

2

r
i ji j r u u u

i j r

p g u

u !� �

� �
�

� � ��

�
� �

,2)

, ,
min

2
i j r

i j r
r r

u

u u

!

! !�

-
� .

� � � /
�

(22)

� � � �� �
� �

� �
� �

(max)
3 , , ,

(1) (2)

, ,

max max ( )

2
max

2

r
r i ji j r u u u

i j i j

i j r

p g u

u u

u u

! !

! !

� �

� �

�

�

� -� � � � .
� � � /

��

� �

�
� �

. (23)

Thus to find the interval boundaries for 
find the minimum (maximum) 
evaluations involved in (22) and (23).

(6) in the event that 

3p , we simply must 
of the four function 

3.3 Interval calculations for trust 
As a final step in extending our results to interval values, we 
onsider the trust function of equation c
� �, rc c c� �  and � �, rp p p� �  are described by interval 

values.  Since c  appears only in the numerator, it is obvious 
by inspection that  

� �
� �

� �

, ,

1
2min in

(1 )r
c p p p p

c
p

t A
p p

0.5(1 )
m

p # #

# #�

�
�

�
� ��

�

 (24) 
�

� �
� �

� �

, ,

1
0.5(1 )

2max max
(1 )r

r

c p p p p

c
p p

t A
p p

# #

# #�

�
� �

�
� ��

 (25) 

Analogous to the functions (min) ( )i jg u  and (max) ( )i jg u
 the minim
io

 of the 
previous sections, we are here deal th
maximum of a nonlin inat

ing wi
ear convex comb

terval 

um or 
n of the values 

0.5 and (1 ) / 2c�  over the in � �, rp .  Wp p� � e can 
show that the derivative of (6) with respect to p  is 
monotonic, so that the minimum (maximum) of the above 
expressions occurs either at p p� �  or depending 
upon the value of c  (for 0c �  the derivative is negative and 
for 0c �  it is positive), with the result that �

rp p�

�, rt t t� � , where 

� �
� �

� �

� �,,

1
0.5(1 )

2 , 0
(1 )

r r

r r
c p

c
p p

c
p p

t t A
# #

��
� �

min
1

0.5(1 )
2 , 0

(1 )

rp p p c
p p

c
p p

# #

# #

# #

�

�
� �� � �

�

�

�  (26) 
� � �

0 � ��

� �
� �

�
� �

� �
� �

� �

� �,,

1
0.5(1 )

2 , 0
(1 )

max
1

0.5(1 )
2 , 0

(1 )

r

r

r

r c pp p p
r

r r

r
r r

c
p p

c
p p

t t A
c

p p
c

p p

# #

# #

# #

# #

�

��
� �

�
� �� � �

� � �
0 � ��

�

� �

� �  (27) 

4 Type-1 fuzzy inputs 
Suppose that instead of interval membership functions, the 
fuzzy membership functions for , ,  and  in 
equations (1) and (2) are general convex Type-1 

memb

1c 2c 1p 2p

ership functions 
1
( )c x1 ,

2
( )c x1 ,

1
(p )x1  and 

2
( )p x1 ,

ion

 [9

respectively, which may not necessarily be normal (i.e., the 
maximum degree, or height, of the me er p funct  is 
not necessarily unity).  The approach we take in this case is 
similar to that used to a e f eigh  averages ] 
via 

mb shi

tednalyz uzzy w
� -cuts of the input bershi , as co  

in [10].  (Note that the term “
 mem p functions rrected

� -cuts”, as commonly used in 
the fuzzy systems literature, bears no relationship to the �
exponent used in equation (1).)
We recall that that an � -cut of a convex fuzzy membership 
function ( )x1  is an interval on the independent variable 
axis defined by  
� � � �( ) , ( ) : ( )rx x x x� � 1 �� 0� . (28)
We may then represent ( )x1  in terms of its � -cuts by [11] 

[0,1]
( ) su ( )px I x

�1
�

1 �
�

� , (29) 

where ( )I x
�1

 is the indicator function for the � -cuts, i.e., 

� �1, ( ) )
( ) rx x

I x
� �� �

� � . (30) 
, (x�

0, oth�1
� erwise

Note that the � -cuts of a fuzzy membership ion exis
for 0 1

funct t
max� �$ $ $ , where max�  is the height of ( )x1 .

Thus, given the � -cuts
� �x

1 1 1
( ) , ( )c c rx x : ( )cx� � 1 �� �� �� � 0  (31) 

� �2
( ) , ( ) : ( )cx x x x

2 2c c r� � 1 �� � � 0� �  (32) �

� �1 1
( ) , ( ) :p p rx x x

1
)x(p� � 1 �0� �� � ��  (33) 

� �2 2
, ( )p p rx x

2
)p x( ) : (x� � 1 �0

e c

� �� �� �

e th
 (34) 

we can calculat orresponding � -cuts

3 3
, ( )c cx x� �( ) r� �� �� 3

( ) ,px � and 
3

( ) p r�x� �� �  of the fuzzy �

3
( )cme ership functions x1  and mb

3
( )p x1  for 

max0 min ii
� �$ $  using (9)-(10) and (22)-(23), with the 

input � -cut intervals specified by (31)-(34).  Then the 
Type-1 memberships for 

3c ( )x1  and 
3
( )p x1  are given by: 

� �

3 3

max0,

, ( ) ( )c c rx

elsewhere� �

� � ��
�
�

� , (35) 

, ( ) ( )
( ) sup

3
sup

0c1
2 �

�( )x

3

x x$ $

3

� �max0, 0
3p p r

p

x x x
x

� � �
1

�� � , (36)
el
�

i

sewhere

$ $

� �2 � �
where max maxmin

i
� �� .  In a sim

ership function 

ilar v

( )t

ein, we can compute 

the fuzzy memb x1  of trust from the � -
tervals for � �, rc�  and c c� � �, rpp p� �cut in  using (26)-(27)

to co corresponding mpute the � -cut intervals 
( )t t rx x� �, ( )� �� ��

� �max0,

, ( )
( ) sup

0
t t

t

x x
x

elsewhere� �

 for t :

) ( rx� � �
1

2 �

$ $�
� �

�
�

These membership functions can be de-fuzzified to a 

. (37) 

oids, representative scalar value by r
where the centroid 

 computing their cent
13  of a fuzzy membership function

( )x1  is defined by
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( )

( )

x x dx

x dx1

1
3

1
� 4
4

8)

In pr tegrals in (38) are approximated by 
summa

5 In

 (3

actice, the in
tions.   

terval Type-2 fuzzy inputs 
Now suppose that the fuzzy membership functions for 1c ,

2c , 1p  and 2p  in equations (1) and (2) are interval Type-2 
[13] fuzzy membership functions 

1
( )c x1� ,

2
( )c x1� ,

1p ( )x1�

and
2
( )p x1� , respectively.  Each of these functions exhibits 

rint of uncertainty” (FOU) that represents the union of 
an uncountable number of Type-1 primary fuzzy 
membership functions lying within the FOU, each ha  
secon embership equal to unity [14].  Thus we wish to 
propagate this imprecision in the input variables through to 
the corresponding imprecision in the output aggregation of 
two inputs.   
In this case, we use an approach analogous to that of Wu 
and Mendel [15,16] for linguistic weighted averages, which 
relies upon the observation that an interval Type-2 fuzzy set 
is completely specified by the upper and lower convex 
membership f

a
“footp

ving a
dary m

unctions (UMF and LMF) that bound its FOU.   
We denote the Type-2 membership functions for the input 
confidences and plausibilities by 

1 1
( ), ( )UMF LMF

c cx x1 1 ,

2 2 1 1 2 2
( ), ( ), ( ), ( ), ( ) and ( )UMF LMF UMF LMF UMF LMF

c c p p p px x x x x x1 1 1 1 1 1 ,
respectively.  To determine the corresponding interval Type-
2 membership functions 

3
( )c x1�  and ( )

3p x1�  for the 
aggregate confidence and plausibility, we employ the � -cut

ed separately to th

pectiv

technique of the previous section appli

lausib

e
UMF’s and LMF’s to compute the output UMF’s and 
LMF’s for confidence and p ility, res ely.  The 
area between these bounding functions represents the 
primary Type-2 fuzzy membership functions for these 
variables, with a secondary membership equal to unity over 
this FOU.  In similar fashion, we can find the UMF and 
LMF for the trust Type-2 membership function ( )t x1� .
Once any of the Type-2 memberships have been calculated 
by the above method, we have a very rich description of the 
imprecision of the corresponding fuzzy membership 
function.  These Type-2 membership functions can be type-
reduced to a Type-1 membership function by ca tinlcula g the 
centroid of the Type-2 membership function via the Karnik-
Mendel algorithm [12].  For interval Type-2 membership 
functions, the centroid membership function is itself an 
interval � �, rz z� .  This is of course a reduced representation 
of the imprecision that is fully described by the Type-2 
membership function.  The interval Type-1 membership 
function can then be defuzzified by calculating the midpoint 
of this l to obtain a scalar representation of the 
aggregate membership function. 

6 Example
We now consider an example that approximates the first 
case depicted in equation (3), but incorporates more general 
interval Type-2 fuzzy membersh

interva

ip functions to describe the 

distributions ility.  In all cases of confidence and plausib
below, we use 2� �  and 1/ 4! � .
Fig. 1 shows two Type-2 fuzzy membership functions for 
the confidence of two different observations, where the FOU 
of each membership is the area between the solid and dotted 
curves.  In th mple onfidences have positive is x , b te a o h c
support intervals, centered upon the values 0.8 (with + 
shading) and 0.3 (with x shading) respectively, analogous to 
the point values of confidence in equation (3).

Figure 1 Interval Type-2 fuzzy membership functions for 
the confidence of two different observations. 

In Fig. 2, we show the corresponding interval Type-2 
membership functions of the plausibility of these two

nobservatio s.  Note the plausibility of the first observation 
(+ shading in Fig. 1) is concentrated near zero, while that of 
the second observation is centered on 0.5, but both cases 
exhibit a FOU of values. 

Figure 2  Interval Type-2 fuzzy membership functions for 
the plausibility of the observations whose 
confidence distributions are depicted in Fig. 1. 

m

aggregating
lausibilitie ) 

The mathe atical apparatus described in previous sections 
for propagating the imprecision of these values when 

 these two observations’ confidences and 
s results in the aggregate confidence (+ shadingp

and plausibility (x shading) interval Type-2 membership 
functions shown in Fig. 3.  The vertical dashed lines 
straddling the confidence FOU depict the centroid interval 
that results from type-reduction of the confidence 
membership function, while the vertical solid lines depict the 
midpoint (i.e., the de-fuzzified value) of the centroid 
intervals for both confidence and plausibility.  These have 
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values of 0.315 and 0.51, respectively, which roughly 
compares with the point wise values in equation (3),
confirming that the aggregation of an observation with high 
confidence but very low plausibility results in essentially the 
same confidence and plausibility associated with the other 
observation.  Note, however, that there is considerable 
additional information regarding both distributions that is 
lost in the type-reduction of a Type-2 membership function 
to a Type-1 interval membership function, and still more 
information is lost by representing the entire FOU by its de-
fuzzified midpoint value. 

Figure 3  Interval Type-2 fuzzy membership functions for 
the aggregate confidence (+ shading) and 
plausibility (x shading) of the case dep
Figures 4 and 5.   

In this pap
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Abstract— Given a capacity, the set of dominating k-additive ca-
pacities is a convex polytope; thus, it is defined by its vertices. In
this paper we deal with the problem of deriving a procedure to obtain
such vertices in the line of the results of Shapley and Ichiishi for the
additive case. We propose an algorithm to determine the vertices of
the k-additive monotone core. Then, we characterize the vertices of
the n-additive core and finally, we explore the possible translations
for the k-additive case.

Keywords— Capacities, k-additivity, dominance, core.

1 Introduction
One of the main problems of cooperative game theory is to de-
fine a solution of a game µ, that is, supposing that all players
join the grand coalition X, an imputation to each player rep-
resents a sharing of the total worth of the game µ(X). In the
case of finite games of n players, an imputation can be writ-
ten as a n-tuple (x1, . . . , xn) such that

∑n
i=1 xi = µ(X). Of

course, some rationality criterion should prevail when defin-
ing the sharing.

In this respect, the core is perhaps the most popular solution
of a game. It is a well known fact that the core is nonempty if
and only if the game is balanced [1]. However, there are games
whose core is empty. It is then necessary to give an alternative
solution. In this sense, many possibilities have been proposed
in the literature, as the dominance core stable sets, Shapley
index, the nucleolus, etc. (see e.g. [2]).

On the other hand, Grabisch has defined in [3] the concept
of k-additive capacities, for a fixed value 1 ≤ k ≤ n. These
capacities generalize the concept of probability and they fill
the gap between probabilities and general capacities. More-
over, as they are defined in terms of the Möbius transform
and this transform can be applied to the characteristic func-
tion of any game (not necessarily monotone), the concept of
k-additivity can be extended to games as well.

In a previous paper we have defined the so-called k-additive
core. The basic idea is to remark that an imputation is nothing
other than an additive game, and if the core is empty, we may
allow to search for games more general than additive ones,
namely k-additive games, dominating the game. We have
presented a generalization of balanced games, the k-balanced
games, that are those admitting a dominating k-additive game
and no dominating (k − 1)-additive game.

We have seen that for general games, any game is either
balanced or 2-balanced. Moreover, the 2-additive core is not
a bounded polytope but an unbounded convex polyhedron.
However, when dealing with capacities, it makes sense to
study the k-additive monotone core and it can be easily seen

that in this particular case it is a convex polytope, whence it
can be defined through describing its vertices. This paper stud-
ies these vertices. In the framework of Game Theory, it has
been solved for the (1-additive) core by Shapley and Ichiishi.
The vertices of the (n− 1)-additive core has been obtained in
[4].

Moreover, there are other fields in which it is interesting
to find the set of probabilities dominating a capacity. For in-
stance, Dempster [5] and Shafer [6] have proposed a represen-
tation of uncertainty based on a “lower probability” or “degree
of belief”, respectively, to every event. Their model needs a
lower probability function, usually non-additive but having a
weaker property: it is a belief function [6]. This requirement
is perfectly justified in some situations (see [5]). The general
form of lower probabilities has been studied by several au-
thors (see e.g. [7, 8]). Moreover, in many decision problems,
in which we have not enough information, decision makers
often feel that they are only able to assign an interval value for
the probability of events. In other words, they do not know
the real probability distribution but there exists a set of proba-
bilities compatible with the available information. Let us call
this set of all compatible probabilities P1 and let us define
µ = infP∈P1

P ; then, µ is a capacity (but not necessarily a
belief function [9]); µ is called “coherent lower probability”,
and it is the natural “lower probability function”. Of course,
if P ′ is a probability measure dominating µ, it is clear that
EP ′(f) ≥ Cµ(f), for any function f , where Cµ represents
Choquet integral [10]. Chateauneuf and Jaffray use this fact
and that µ ≤ P, ∀P ∈ P1 in [11] to obtain an easy method for
computing a lower bound of infP∈P1

EP (f) whenever µ is 2-
monotone. Their method is based on obtaining the set of all
probability distributions dominating µ. The same can be done
for obtaining an upper bound. In this case, we can find a sim-
ilar motivation for studying the set of all k-additive capacities
dominating a capacity.

The paper is organized as follows: In next section, we give
the basic concepts about k-additive capacities and about the
set of dominating probabilities. Next, in Section 3 we provide
an algorithm for obtaining the set of all k-additive dominating
capacities. Section 4 is devoted to characterize the vertices for
the n-additive case and, in Section 5, we deal with possible
generalizations for the k-additive case.

2 Basic concepts

We will use the following notations: we suppose a finite uni-
versal set with n elements, X = {1, ..., n}. Subsets of X are
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denoted by capital letters A,B, and so on. The set of sub-
sets of X is denoted by P(X), and the set of subsets whose
cardinality is maximum k is denoted by Pk(X).

Definition 1 [12] A game over X is a mapping µ : P(X)→
R (called characteristic function) satisfying µ(∅) = 0.

If, in addition,

1. µ satisfies µ(A) ≤ µ(B) whenever A ⊆ B, the game µ

is said to be monotone;

2. µ satisfies µ(A ∪B) = µ(A) + µ(B) whenever A,B ⊆
X , A ∩B = ∅, the game is said to be additive;

3. µ satisfies µ(A ∪ B) + µ(A ∩ B) ≥ µ(A) + µ(B), for
all A,B ⊆ X, the game is said to be convex.

4. µ satisfies

µ(
k⋃

i=1

Ai) ≥
∑

K⊆{1,...,k}

K �=∅

(−1)|K|+1µ(
⋂

j∈K

Aj) (1)

for any family of k subsets A1, . . . Ak, k ≥ 2, the game
is said to be k-monotone.

Definition 2 A non-additive measure [13] or capacity [10]
or fuzzy measure [14] µ over X is a monotone game with
µ(X) = 1.

Note that any monotone game can be equivalently defined
through a capacity. The set of all capacities on X is a convex
polytope, that we will denote FM(X).

Definition 3 [15] Let µ be a game on X . The Möbius trans-
form (or inverse) of µ is a set function on X defined by

mµ(A) :=
∑
B⊆A

(−1)|A\B|µ(B), ∀A ⊆ X. (2)

The Möbius transform given, the original characteristic
function can be recovered through the Zeta transform [11]:

µ(A) =
∑
B⊆A

m(B). (3)

Let us turn to the concept of k-additivity. In order to define a
capacity, 2n − 2 values are necessary. The number of coeffi-
cients grows exponentially with n, and so does the complexity
of the problem. This drawback reduces considerably the prac-
tical use of capacities. Then, some subfamilies of capacities
have been defined in an attempt to reduce complexity. In this
paper we will use k-additive capacities.

Definition 4 [16] A game µ is said to be k-order additive or
k-additive for some k ∈ {1, . . . , n} if its Möbius transform
vanishes for any A ⊆ X such that |A| > k, and there exists at
least one subset A of exactly k elements such that m(A) �= 0.

In this sense, a probability is just a 1-additive capacity [16].
Thus, k-additive capacities generalize probabilities, that are
very restrictive in many situations as they do not allow inter-
actions between the elements of X . They fill the gap between
probabilities and general non-additive capacities. We will de-
note by FMk(X) (resp. Gk(X)) the set of all k′-additive
capacities (resp. games) with k′ ≤ k.

Let us introduce the concept of k-additive monotone core.

Definition 5 Let µµ∗ be two games. We say µ∗ dominates µ,
and we denote it µ∗ ≥ µ, if and only if

µ∗(A) ≥ µ(A), ∀A ⊂ X,µ∗(X) = µ(X). (4)

One of the main problems of cooperative game theory is to
define a solution of a game ν, that is, supposing that all players
join the grand coalition X, an imputation to each player rep-
resents a sharing of the total worth of the game ν(X). In the
case of finite games of n players, an imputation can be writ-
ten as a n-tuple (x1, . . . , xn) such that

∑n
i=1 xi = ν(X). Of

course, some rationality criterion should prevail when defin-
ing the sharing.

Definition 6 Let µ be a game. We say that a vector : x =
(x1, . . . , xn) ∈ R

n is an imputation for µ if it satisfies
n∑

i=1

xi = µ(X). (5)

An imputation represents a possible pay-off for the players,
i.e. supposing that all players agree to form the grand coali-
tion, it provides a possible sharing of the value µ(X) among
the players.

Remark 1 For any x ∈ R
n, it is convenient to use the nota-

tion x(A) :=
∑

i∈A xi, for all A ⊆ X , with the convention
x(∅) = 0. Thus, x identifies with an additive game for which
the values on singletons are xi.

The value xi is the asset player i receives when sharing
µ(X). Suppose that the imputation satisfies x(A) ≥ µ(A),
for all A ⊆ X . If this is the case, all players should agree
with their pay-off, as if they try to form other coalition dif-
ferent of X, the corresponding value for the coalition would
be worse than the value the coalition obtains with the additive
game x. In other words, any such (x1, . . . , xn) is a possible
satisfactory imputation for all players.

Definition 7 [17] Let µ be a game. The core of µ, denoted by
C(µ), is defined by

C(µ) := {x ∈ R
n | x(A) ≥ µ(A), ∀A ⊆ X,x(X) = µ(X)}.

Since by Remark 1 any x ∈ R
n induces an additive game,

the core can be equivalently defined as the set of additive
games dominating µ. When the core is nonempty, it is usu-
ally taken as the solution of the game. Note that for the case
of the core, given a dominating additive game, the value xi co-
incides with m(i). However, there are games with an empty
core. Then, the following definition arises:

Definition 8 [12] A game µ is balanced if C(µ) �= ∅.
For the special case of µ being a capacity, if (x1, . . . , xn) is

in the core, it follows that (x1, . . . , xn) determines a probabil-
ity distribution on X dominating µ. Thus, in this case, C(µ)
coincides with the set of all probabilities dominating µ.

When non-empty, the core is a convex polytope and its ver-
tices are known when the game is convex.

Definition 9 A maximal chain in 2X is a sequence of subsets
A0 := ∅, A1, . . . , An−1, An := X such that Ai ⊂ Ai+1,
i = 0, . . . , n− 1. The set of maximal chains of 2X is denoted
byM(2X).
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To each maximal chain C := {∅, A1, . . . , An = X} in
M(2X) corresponds a unique permutation σ on X such that
A1 = σ(1), A2 \ A1 = σ(2), . . . , An \ An−1 = σ(n). The
set of all permutations over X is denoted by S(X). Let µ be
a capacity. Each permutation σ (or maximal chain C) induces
an additive capacity φσ (or φC) on X defined by:

φσ({σ(i)}) := µ({σ(1), . . . , σ(i)})−µ({σ(1), . . . , σ(i−1)})
(6)

or
φC({σ(i)}) := µ(Ai)− µ(Ai−1), ∀i ∈ X, (7)

with the above notation.

Theorem 1 The following propositions are equivalent.

1. µ is a convex capacity.

2. All additive capacities φσ , σ ∈ S(X), belong to the core
of µ.

3. C(µ) = co({φσ}σ∈S(X)).

4. ext(C(µ)) = {φσ}σ∈S(X),

where co(·) and ext(·) denote respectively the convex hull of
some set, and the extreme points of some convex set.

(i)⇒ (ii) and (i)⇒ (iv) are due to Shapley [17], while (ii)⇒
(i) was proved by Ichiishi [18].

In a previous work [19] we have defined the so-call k-
additive monotone core.

Definition 10 For some integer 1 ≤ k ≤ n, the k-additive
monotone core of a capacity µ is defined by:

MCk(µ) := {φ ∈ FMk(X) | φ(A) ≥ µ(A), ∀A ⊆ X}.
If non-empty, it is easy to see that MCk(µ) is a convex

polytope. In next sections we will study its vertices, i.e. the
capacities such that they cannot be put as a convex combina-
tion of two other capacities in the polytope.

3 An algorithm for determining vertices of the
k-additive monotone core

Take µ ∈ FM(X). The polytopeMCk(µ) can be seen as a
subpolytope of FMk(X), given by the additional constraints

µ∗(A) ≥ µ(A), ∀A ⊆ X. (8)

I.e. we restrict the polytope to the measures µ∗ ∈ FMk(X)
dominating µ. Thus, we propose the following algorithm to
determine its vertices:

• Initialization: FMk(X).

• Take A ⊆ X and add the constraint µ∗(A) ≥ µ(A).

• Obtain the vertices and the adjacency structure (i.e.
whether two vertices are in an edge) of the new polytope.

• Repeat for any A ⊆ X,A �= X, ∅.
Let us analyze a step. We will denote by F1 the polytope

before introducing the new constraint µ∗(A) ≥ µ(A) and by
F2 the resulting polytope. For F1, we assume that we know
its vertices and its adjacency structure. The vertices of F2 are:

• Vertices of F1 satisfying the new constraint.

• New vertices, coming from the intersection of the hyper-
plane defined by µ∗(A) = µ(A) and F1. It can be easily
proved that these new vertices are in edges of F1.

Thus, in order to determine F2, it suffices to know the ver-
tices and the edges (whether two vertices are adjacent) of F1.

In order to apply this procedure again, let us determine the
adjacency structure ofF2. Consider µ1, µ2 two vertices ofF2.

We have several cases:

• µ1, µ2 are vertices of F1.

• µ1 is a vertex of F1 but µ2 is not.

• Neither µ1 nor µ2 are vertices of F1.

We will study whether µ1 and µ2 are adjacent vertices in
each situation.

Consider µ1, µ2 two vertices of F2 that are also vertices of
F1. If they are adjacent vertices in F1, then they are adjacent
in F2, as F2 is a subpolytope of F1 and we are done.

Lemma 1 Assume µ1, µ2 are not adjacent vertices in F1.

Then, if µ1, µ2 are adjacent vertices in F2, they satisfy
µ1(A) = µ(A) = µ2(A).

Moreover, the following holds:

Lemma 2 Consider µ1, µ2 two vertices of F1 and assume
they are adjacent vertices in F2. Then, if µ1, µ2 are not ad-
jacent in F1, necessarily µ1(A) = µ(A) = µ2(A).

Remark 2 It can be proven that if µ1, µ2 are in the conditions
of the previous lemma, then they are in a facet of dimension 2
of F1.

Moreover, the intersection of this facet with the hyperplane
µ∗(A) = µ(A) is exactly the segment [µ1, µ2]. Otherwise, if
we can find µ3 outside the segment and in the facet satisfying
µ3(A) = µ(A), we can build two linearly independent vec-
tors in the facet and in the hyperplane, whence the facet is
contained in the hyperplane and thus, the facet is contained
in F2. But this would imply that, as µ1, µ2 are not adjacent in
F1, they are not adjacent in F2, a contradiction.

Let us now turn to the case in which µ1 is a vertex of F1 but
µ2 is not. The conditions for µ1, µ2 being adjacent vertices in
F2 are given in next lemma.

Lemma 3 Consider µ1, µ2 two vertices ofF2 and suppose µ1

is a vertex ofF1 and µ2 is not. If they are adjacent inF2, then:

• If µ1(A) > µ(A), then µ2 is in an edge starting in µ1.

• If µ1(A) = µ(A), then µ1 and µ2 are in a facet of F1

of dimension 2. Indeed, the intersection of the facet with
the hyperplane µ∗(A) = µ(A) is the segment [µ1, µ2].

Moreover, the following can be proved:

Lemma 4 Consider µ2 a vertex of F2 such that µ2 is not a
vertex of F1. Then, there exists exactly one vertex µ1 of F1

such that µ1(A) > µ(A) that is adjacent to µ2 in F2.
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Finally, let us consider the case of µ1, µ2 being two vertices
of F2 that are not vertices of F1.

Lemma 5 Suppose µ1, µ2 are vertices of F2 that are not ver-
tices of F1. If they are adjacent vertices of F2, they are in the
same facet of dimension 2 of F1. Indeed, the intersection of
the facet with the hyperplane µ∗(A) = µ(A) is the segment
[µ1, µ2].

As a final remark about this section note that, in order to
apply this procedure, it is necessary to know the adjacency
structure of the polytopeFMk(X). As proved in [20, 21], the
problem of determining non-adjacency of vertices of a poly-
tope is, in some cases, NP-complete. The vertices of FM(X)
are {0, 1}-valued measures [22]. In [23] a characterization
of the adjacency in FM(X) = FMn(X) that allows us
to check whether two vertices are adjacent in quadratic time
has been obtained. The adjacency structure of FM1(X) and
FM2(X) is also known. However, the structure ofFMk(X)
for other values of k is more complicated [24] and the adja-
cency structure is not known (indeed, the vertices of the poly-
tope have not been obtained yet). In this last case, we are
forced to apply a similar algorithm with the additional con-
straints m(A) = 0 before applying the procedure.

4 The setMCn(µ).

The procedure stated in the previous section can be very time-
consuming and thus unfeasible in practice for big values of
|X|. Thus, it is interesting to look for a characterization of the
vertices of the k-additive core; in this line we have the results
of Shapley and Ichiishi [17, 18] for C1(µ) and the results in
[4] for Cn−1(µ) (the (n − 1)-additive core, not restricted to
capacities). In this section we provide a characterization of
vertices ofMCn(µ). We consider the following procedure.

• Let ≺ be an order on P(X) \ {X, ∅}. This order allows
us to rank the different subsets of X,

A1 ≺ A2 ≺ ... ≺ A2n−2. (9)

• Next, take a partition P = {U ,L} on P(X) \ {X, ∅},
where U or L could be empty.

• Initializing step: For ≺ and P fixed, let us define

µ0(Ai) = 1, µ0(Ai) = µ(Ai), ∀Ai. (10)

• Iterating step: For i = 1 until i = 2n − 2, do:

– If Ai ∈ U , then assign

µ≺,P(Ai) = µi−1(Ai). (11)

Redefine:
For µi, we put

µ
i(B) = max{µi−1(Ai), µ

i−1(B)}, if Ai ⊆ B (12)

µi(B) = µi−1(B), otherwise. (13)

For µi, we put

µi(B) = µi−1(B), ∀B ⊂ X. (14)

– If Ai ∈ L, then assign

µ≺,P(Ai) = µi−1(Ai). (15)

Redefine:
For µi, we put

µ
i(B) = min{µi−1(Ai), µ

i−1(B)}, if B ⊆ Ai (16)

µi(B) = µi−1(B), otherwise. (17)
For µi, we put

µi(B) = µi−1(B), ∀B ⊂ X. (18)

The idea of the procedure is the following: If we are in step
i, the values for A1, ..., Ai−1 are fixed. For Ai, if Ai ∈ U , we
assign to µ≺,P(Ai) the biggest possible value keeping dom-
inance, which is µi(Ai). Similarly, if Ai ∈ L, we assign
to µ≺,P(Ai) the smallest possible value keeping dominance,
which is µi(Ai). Once the value of µ≺,P(Ai) is fixed, we
need to actualize the lower and upper bounds for Aj , j > i.

These lower and upper bounds are stored in µi+1 and µi+1, re-
spectively. The Figure below explains the performance of the
algorithm for the special case of |X| = 2. In it, we can see that
MC2(µ) has four vertices. Note that µ itself is always a vertex
of MC2(µ), corresponding to the case L = P(X) \ {X, ∅}
and U = ∅. Thus, for the n-additive case, µ ∈ MCn(µ) and
it is the bottom element of this set. Similarly, the measure at-
taining value 1 for every subset is another vertex ofMC2(µ),
corresponding to the case U = P(X) \ {X, ∅} and L = ∅.
Thus, for the n-additive case, it is the top element of the set.
This also holds when |X| > 2.

µ({1})

µ({2})

µ

µmax

U = ∅

L = {{1}, {2}}

U = {{2}}

L = {{1}}

U = {{1}, {2}}

L = ∅

U = {{1}}

L = {{2}}

Note also that this procedure generalizes for the n-additive
case the Shapley-Ichiishi theorem for probabilities. In our
case, the total order on P(X)\{∅, X} plays the role of chains;
the value that is assigned to a singleton in the Shapley-Ichiishi
theorem is indeed the upper and lower bound for this value in
order to keep dominance. However, in our case we need two
”chains” instead of one because lower and upper bounds are
not the same for the general case.

Finally, remark that for the general case we do not need to
impose any additional condition on µ, while for the set C(µ) =
MC1(µ) convexity is required.

In next results we will prove that the function µ≺,P obtained
through this procedure is a vertex of MCn(µ) and that any
vertex can be obtained through a suitable choice of ≺ and P.
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Proposition 1 µ≺,P ∈MCn(µ).

The proof of this result is based on the following lemmas,
that provide us with additional properties of {µi(B)}2n−2

i=0 and
{µi(B)}2n−2

i=0 .

Lemma 6 For any B ⊂ X, the sequence {µi(B)}2n−2
i=1 is

nondecreasing. Similarly, the sequence {µi(B)}2n−2
i=0 is non-

increasing.

Lemma 7 µi, µi ∈ FM(X),∀i = 0, ..., 2n − 2.

Lemma 8 µi ≥ µi,∀i = 0, ..., 2n − 2.

Moreover, the following holds.

Proposition 2 µ≺,P is a vertex ofMCn(µ).

Finally, it can be seen that all the vertices can be derived
from this procedure.

Proposition 3 If µ∗ is a vertex of MCn(µ), there exists an
order ≺ and a partition P of P(X) \ {X, ∅} such that µ∗ =
µ≺,P .

Note that these results allows us to derive an upper bound
for the number of vertices ofMCn(µ).

Proposition 4 The number of vertices ofMCn(µ) is bounded
by 22n−2.

5 The case ofMCk(µ)

In this section we treat the general k-additive case. The basic
idea is to translate the results of the previous section to this
case. In order to translate the results, we will need to solve
two new problems:

• For a fixed value of µ(A), the possible lower and upper
bounds of µ(B), B �= A are not trivial, as it happened
for the n-additive case. Moreover, if we are dealing with
MCk(µ), it could be the case that µ �∈ FMk(X). Thus,
in the k-additive case, it could be the case that no such
bottom element for MCk(µ) exists, so we cannot de-
fine µ0. Similarly, the measure attaining value 1 for every
subset is no longer inMCk(µ), whence we cannot define
µ0.

• The structure of the polytope FMk(X) is not known for
k ≥ 3. Indeed, it has been proved in [24] that there are
vertices of FMk(X), k ≥ 3 that are not {0, 1}-valued
measures; moreover, we do not know the vertices of the
polytope. However, it could be the case that some of
these vertices are inMCk(µ). How can they be charac-
terized?

We will study in this section the particular case in which
µ ∈ FMk(X). Notice that in the n-additive general case, this
condition trivially holds. Of course, if µ ∈ FMk(X), then
MCk(µ) �= ∅ and has a bottom element (µ itself). Notice
again that this was the situation for the n-additive case.

• Let us consider a total order on Pk
∗ (X) := Pk(X) \ {∅}.

Notice that in the general case, we have considered an
order on P(X) \ {∅, X}. This total order allows us to
range the subsets in Pk

∗ (X): A1 ≺ A2 ≺ ... ≺ Ar,

where r =
∑k

i=1

(
n
i

)
.

• Next, take a partition P = {U ,L} on P(X) \ {X, ∅},
where U or L could be empty.

• Initializing step: Let us define µ0 := µ

• Iterating step: For i = 1 until i = r do:

– If Ai ∈ L, then µi = µi−1.

– Otherwise Ai ∈ U . It is easy to see that µi−1 ∈
FMk(X).
Let us consider the subset given by

{µ∗ ∈ FMk(X) |µ∗ ≥ µi−1,

µ∗(Aj) = µi−1(Aj), j = 1, ..., i− 1}. (19)

As FMk(X) is a polytope, so is this set. Thus, for
Ai, it follows that µ∗(Ai) can vary in an interval
[µi−1(Ai), s]. Take the subset of measures in the
set satisfying µ∗(Ai) = s. Let us denote this subset
by A0.

As before,A0 is a polytope. Then, for µ∗ ∈ A0, the
value µ∗(Ai+1) can vary in an interval [x−

1 , x+
1 ].

We define

A1 := {µ∗ ∈ A0 |µ∗(Ai+1) = x−
1 }. (20)

Now, the same can be done for A1 and consider-
ing Ai+2. We reiterate until Aj is just a singleton
(notice that necessarily Ar−i is a singleton). This
capacity is µi.

It can be checked that this algorithm coincides with the al-
gorithm of the previous section for the n-additive case. Let us
denote by µr the measure obtained in the last iteration.

Note that if k = 1 and µ is a probability, then the set
MC1(µ) = C(µ) = {µ} and the problem is trivial.

Now, the following can be proved:

Lemma 9 If µ ∈ FMk(X), the measure µr obtained in the
procedure is an extreme point ofMCk(µ).

However, this method does not obtain all the vertices of
MCk(µ), as next example shows:

Example 1 Consider |X| = 4 and the measure u{1,4} given
by u{1,4}(A) = 1 if {1, 4} ⊆ A and u{1,4}(A) = 0 otherwise.
Then, u{1,4} ∈ FM3(X). Consider the measure µ∗ given by

Subset 1 2 3 4 1,2 1,3 1,4
µ∗ 0 0 0 0 0.5 0.5 1

Subset 2,3 2,4 3,4 1,2,3 1,2,4 1,3,4 2,3,4
µ∗ 0.5 0 0 0.5 1 1 1

It has been proved in [24] that µ∗ is an extreme point of
FM3(X). On the other hand, µ∗ ≥ u{1,4}, whence µ∗ is an
extreme point ofMC3(u{1,4}). Let us check that µ∗ cannot be
obtained through the previous algorithm, no matter the order
considered.

Assume A1 ∈ U .
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• If A1 is a singleton, straightforward calculus shows that
we can obtain µ1(A1) = 1, whence µ∗ could not be de-
rived. The same holds if A1 is a pair different from {1, 4}
and {2, 3}.
• Suppose A1 = {2, 3} and consider the measure whose

Möbius transform is given by

m′({2, 3}) = 1,m′({1, 4}) = 1,m′({2, 4}) = 1. (21)

In this case, we obtain a 3-additive measure and thus, it is
possible to obtain µ1({2, 3}) = 1. Therefore, µ∗ cannot
be derived in this case.

• If A1 = {1, 2, 3}, then m′({1, 2}) = 1 gives
µ1({1, 2, 3}) = 1, whence µ∗ cannot be derived in this
case.

• For the other possibilities, we have u{1,4}(A1) = 1,
whence the value is fixed.

Consequently, it is not possible to obtain µ∗ if A1 ∈ U .

Thus, assume A1 ∈ L. This fixes µ1(A1) = u{1,4}(A1).

• If A1 ∈ {{1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}, then
µ1(A1) = 0, whence µ∗ cannot be recovered.

• For other possibilities, we fix a value either 0 or 1.

But then, we can repeat the process for A2 with the same
results. Thus, µ∗ cannot be obtained through the procedure.

6 Conclusions
In this paper we have proposed an algorithm to obtain the ver-
tices of the k-additive monotone core. This procedure can
be applied to any value of k. However, it seems that it could
be very time-consuming. Next, we have derived the vertices
of the n-additive core; these results generalize the Shapley-
Ichiishi theorem for the general case. Finally, we have treated
the possible extensions for the k-additive case.

An important problem arising in the k-additive case is the
number of vertices of the k-additive core. For the general n-
additive case, the set of vertices of FM(X) coincides with
the n-th Dedekind number; simulations carried on for the k-
additive case seem to show that the number of vertices of
FMk(X) is even greater, due to vertices that are not {0, 1}-
valued. This problem could make unfeasible to store all the
vertices of the k-additive core in some cases.
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Abstract— This paper restates the results on fuzzy relation equa-

tions with sup-inf composition from the viewpoint of decomposition,

presents a way to describe the solution set of fuzzy relation equa-

tions, and shows a necessary and sufficient condition, which partly

answers the open problem for existence of minimal solutions over
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1 Introduction and preliminaries
Let I , J be index sets and A = (aij)I×J be a coefficient

matrix, B = (bi)T
i∈I be a constant column vector (the sign

“T” denotes the “transpose”). Then A�X = B or∨
j∈J

(aij ∧ xj) = bi, i ∈ I (1)

is called a fuzzy relation equation assigned on a lattice L,
where � denotes the sup-inf composite operation, and all xj ,
bi, aij’s are in L. An X which satisfies (1) is called a solu-

tion of (1), the solution set of (1) is denoted by X1 = {X :
A�X = B}. A special case of (1) is as follows: A�X = b
or ∨

j∈J

(aj ∧ xj) = b, (2)

where b ∈ L, A = (aj)j∈J is a row vector. Denote X2 =
{X : A�X = b} the solution set of (2).

The solvability of fuzzy relation equations in complete
Brouwerian lattices was first proposed in connection with
medical diagnosis problems in [24]. Sanchez [24] showed that
every solvable fuzzy relation equation assigned on complete
Brouwerian lattices has the greatest solution. Since then, the
resolution of fuzzy relation equations over lattices has been a
theme of continuous interest in fuzzy inference and fuzzy sys-
tems theory. A number of works in this area were published
(see, e.g. [2,6,8,9,12,17,19,20,23,25,27,28,29,30,32,33,38]).
Many results are obtained when L is a linear lattice (see,
e.g. [3, 7, 13, 14, 15, 18, 26]). There are also many results
considered fuzzy relation equations over semi-linear spaces
(see [10, 16, 21, 22] for details), and many works dealt with
the more general fuzzy relation equations on complete lattices,
such as supj∈JT (aj , xj) = b, where T is a t-norm (see [5])
or a pseudo-t-norm (see [11,34]) or a conjunctor (see [31,37]).

∗Supported by the National Natural Science Foundation of China
(No.10671138).

This paper mainly focuses on the fuzzy relation equations over
complete Brouwerian lattices.

We first recall some definitions and results of lattice theory
which will be used in the sequel. Let (P,≤) be a partially
ordered set and X ⊆ P . p ∈ X is a minimal element of X if
there is no x ∈ X such that x < p. The greatest element of X
is an element g ∈ X such that x ≤ g for all x ∈ X . A lattice

is a poset L = (L,≤) any two of whose elements have a g.l.b.
or “meet” denoted by x ∧ y, and a l.u.b. or “join” denoted
by x ∨ y. A lattice L is complete when each of its subset T
has a l.u.b. and a g.l.b. in L. An element a of a lattice L
is join-irreducible if x ∨ y = a implies x = a or y = a.
A lattice is Brouwerian if for any pair of elements a, b ∈ L,
the greatest element x ∈ L, denoted by aαb, satisfying the
inequality a ∧ x ≤ b exists. It is easy to verify the following
properties: for any a, b, c in a complete Brouwerian lattice L,
b ≤ aα(a∧ b), aα(b∧ c) = (aαb)∧ (aαc), a∧ (aαb) = a∧ b.
It is well known that any Brouwerian lattice L is distributive,
and a complete lattice L is Brouwerian if and only if (iff)

x ∧ (
∨
i∈I

yi) =
∨
i∈I

(x ∧ yi)

for any x ∈ L and any family of elements {yi ∈ L : i ∈
I}. Let p be a join-irreducible element of a distributive lattice

L. Then p ≤
k∨

i=1

xi iff p ≤ xi for some xi. Some other

definitions and results of lattice theory which we do not list
here are from [1, 4].

2 The sets of solutions for (1)
Throughout the paper, L is always assumed to be a com-

plete Brouwerian lattice with universal bounds 0 and 1, I and
J are infinite index sets, unless otherwise specified. Denote
X∗ = (x∗

j )
T
j∈J a greatest solution, k = {1, 2, · · · , k} for any

positive integer k and A − B = {x ∈ A : x �∈ B}, where A
and B are two (crisp) sets.

It is trivial that a ∧ x = b (resp. a ∨ x = b) is solvable
iff a ≥ b (resp. a ≤ b). Denote [a]b (resp. [a]b) its solution
set. For the solvable case, if L is a distributive lattice then
[a]b = [b) − ⋃

b<d≤a

[d) and [a]b = (b] − ⋃
a≤d<a

(d] (see [36]);

if L is a complete Brouwerian lattice then [a]b = [b, aαb] and
[a]b = (b] − ⋃

a≤d<a

(d], where [a) = {x ∈ L : x ≥ a} and

(a] = {x ∈ L : x ≤ a} (see [12]). In what follows, for any
i ∈ I , denote

Ri = {Ri = (qij)T
j∈J : bi =

∨
j∈J

qij , qij ≤ aij ,∀j ∈ J},
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X i the solution set of
∨

j∈J

(aij ∧ xj) = bi and Q = {Q =

(qij)I×J :
∨

j∈J

qij = bi,∀i ∈ I;
⋂
i∈I

[aij ]qij �= ∅,∀j ∈ J}.
Then we can verify the following criteria of solvability easily.

Theorem 2.1 (Di Nola [9]) X1 �= ∅ iff Q �= ∅.
Though we omit its proof, it should be pointed out that the

proof of Theorem 2.1 suggests a way to build other elements,
different from the greatest element X∗ = (

∧
i∈I

(aijαbi))T
j∈J ,

of X1. What is more, Theorem 2.1 holds when L is a complete
lattice.

Note that for any i ∈ I , the i-th row of any Q ∈ Q forms
a decomposition of the i-th component of B. Moreover, bi =∨
j∈J

qij and qij ≤ aij , ∀j ∈ J , therefore
∨

j∈J

(aij ∧ qij) =∨
j∈J

qij = bi, ∀i ∈ I , thus the transpose of the i-th row of Q

solves the i-th equation in (1), i.e. Ri ⊆ X i, ∀i ∈ I .
Let Qj =

⋂
i∈I

[aij ]qij for any j ∈ J . Then the following

theorem is true.

Theorem 2.2 (Di Nola [9]) Let X1 �= ∅. Then for any j ∈ J ,

Qj = [
∨
i∈I

qij ,
∧
i∈I

(aijαqij)], where (qij)I×J ∈ Q. Further,

put R = (rj)T
j∈J with rj ∈ Qj for all j ∈ J , then R ∈X1.

Note that Theorem 2.2 gives the solution set of (1) when
|J | = 1, i.e. [

∨
i∈I

bi,
∧
i∈I

(aiαbi)] is the solution set of the sys-

tem of equations ai ∧ x = bi, i ∈ I . Then the following
equivalent conditions is straightforward.

Corollary 2.1 (Han [12]) For the system of equations ai ∧
x = bi, i ∈ m (m ≥ 2), the following conditions are equiva-

lent:

(1) The system of equations ai ∧ x = bi, i ∈ m is solvable;

(2) ai ≥ bi and aj ∧ bi = bj ∧ bi for all i, j ∈ m;

(3)
m∨

i=1

bi is its solution;

(4)
m∧

i=1

(aiαbi) is its solution.

Further, the solution set is [
m∨

i=1

bi,
m∧

i=1

(aiαbi)].

Remark 2.1 Conditions (1), (2) and (3) in Corollary 2.1 are
also equivalent when the system is assigned on distributive
lattices.

By Remark 2.1, the following corollary is obvious when L
is a distributive lattice.

Corollary 2.2 (Zhang [35]) The system of equations ai∧x =

bi, i ∈ m is solvable iff
m∨

i=1

bi is its solution. And the solution

set is [
m∨

i=1

ai] m∨
i=1

bi

.

Combining Corollaries 2.1 and 2.2, we get a property of α
operation as follows:

Proposition 2.1 If ai ≥ bi and aj ∧ bi = bj ∧ bi for all

i, j ∈ m, then (
m∨

i=1

ai)α(
m∨

i=1

bi) =
m∧

i=1

(aiαbi).

Proof. If ai ≥ bi and aj ∧ bi = bj ∧ bi for all i, j ∈ m,
then ai ∧ x = bi, i ∈ m is solvable and its solution set is

[
m∨

i=1

bi,
m∧

i=1

(aiαbi)] by Corollary 2.1. Therefore from Corol-

lary 2.2, we have [
m∨

i=1

bi, (
m∨

i=1

ai)α(
m∨

i=1

bi)] = [
m∨

i=1

ai] m∨
i=1

bi

=

[
m∨

i=1

bi,
m∧

i=1

(aiαbi)]. Thus (
m∨

i=1

ai)α(
m∨

i=1

bi) =
m∧

i=1

(aiαbi).

�
Notice that, in general, (

m∨
i=1

ai)α(
m∨

i=1

bi) =
m∧

i=1

(aiαbi)

does not always hold.

Example 2.1 Let N be the set of nonnegative integers. We
define a ∧ b = l.c.m.{a, b}, a ∨ b = g.c.d.{a, b}, a ≤ b
iff a is multiple of b, where a, b ∈ N and l.c.m. (resp.
g.c.d.) stands for the smallest (resp. greatest) common multi-
ple (resp. divisor) between a and b. Then L = (N,∧,∨,≤)
is a complete Brouwerian lattice with operator “α” given by
aαb = g.c.d.{x ∈ N : a ∧ x ≤ b} for any a, b ∈ N .
(2∨ 4)α(3∨ 5) = 2α1 = 1, but (2α3)∧ (4α5) = 3∧ 5 = 15.

When L is a distributive lattice, I = m and J = n, the
next two corollaries are straightforward by Theorem 2.1 and
Corollary 2.2.

Corollary 2.3 (Zhang [35]) Equation (1) is solvable iff there

exists a matrix Q = (qij)m×n such that
n∨

j=1

qij = bi, and aij∧

(
m∨

k=1

qkj) = qij , i ∈ m and j ∈ n. Denote (Q) the set of such

Q. Then X1 =
⋃

Q∈(Q)

HQ, where HQ = {(rj)T
j∈n : rj ∈

[
m∨

i=1

aij ] m∨
i=1

qij

,∀j ∈ n}.

Corollary 2.4 (Zhang [36]) For given B′ = (b′i)
T
i∈m, A′ =

(a′
i)i∈n and B, there exists X such that B′ �A′ �X = B iff

n∨
j=1

a′
j ≥

m∨
i=1

bi and b′k ∧ (
m∨

i=1

bi) = bk, ∀k ∈ m.

Proof. If there exists X = (xj)T
j∈n such that B′ �A′ �X =

B, then
n∨

j=1

(a′
j ∧ xj) is a solution of b′i ∧ x = bi, i ∈ m, thus

n∨
j=1

a′
j ≥

n∨
j=1

(a′
j ∧ xj) ≥

m∨
i=1

bi. Further, b′k ∧ (
m∨

i=1

bi) = bk,

∀k ∈ m by Corollary 2.2.

Conversely, if
n∨

j=1

a′
j ≥

m∨
i=1

bi, then
n∨

j=1

[a′
j ∧ (

m∨
i=1

bi)] =

(
n∨

j=1

a′
j)∧(

m∨
i=1

bi) =
m∨

i=1

bi, therefore X = (xj)T
j∈n with xj =

m∨
i=1

bi satisfies B′ � A′ � X = B since b′k ∧ (
m∨

i=1

bi) = bk,

∀k ∈ m. �
Note that Corollary 2.3 was generalized in [37] to fuzzy

relation equations with sup-conjunctor composition.
From Theorem 2.2 we know that R = (rj)T

j∈J ∈ X1

with rj ∈ [
∨
i∈I

qij ,
∧
i∈I

(aijαqij)] for all j ∈ J . Particularly,

take R = (
∨
i∈I

qij)T
j∈J with (qij)I×J ∈ Q and R = {R =

(rj)T
j∈J : rj =

∨
i∈I

qij ,∀j ∈ J, (qij)I×J ∈ Q}. It is easy
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to verify R ⊆ X1. For any X = (xj)T
i∈J ∈ X1, we have

Ri = (qij)T
j∈J = (aij ∧ xj)T

j∈J ∈ Ri, ∀i ∈ I . Therefore, R
possesses similar properties as X1. For instance, we have:

Proposition 2.2 If R1 = (r1
j )T

j∈J , R2 = (r2
j )T

j∈J ∈ R and

R = (rj)T
j∈J such that R1 ≤ R ≤ R2, then R ∈ R.

Proposition 2.3 If R1 = (r1
j )T

j∈J , R2 = (r2
j )T

j∈J ∈ R, then

R1 ∨R2 ∈ R.

Proposition 2.4 R �= ∅ iff R∗ = ((
∨
i∈I

aij) ∧
[
∧
i∈I

(aijαbi)])T
j∈J ∈ R. Further, R∗ is the greatest element

of R.

Note that, from Proposition 2.4 we know if |X1| = 1 then∧
i∈I

(aijαbi) ≤
∨
i∈I

aij for all j ∈ J , since R∗ ∈ R ⊆
X1 must be equal to the greatest element of X1 (otherwise,
|X1| > 1). By the definition of R, we can build an element of
X1 from Ri, i ∈ I , which may be different from the greatest
element in X1.

Example 2.2 Let L be the lattice considered in Example 2.1.
Consider the fuzzy relational equation{

(3 ∧ x1) ∨ (7 ∧ x2) = 3,

(6 ∧ x1) ∨ (8 ∧ x2) = 12.
(3)

We can see (12, 21)T ∈ R1, (12, 24)T ∈ R2, i.e. 12∨21 = 3,
12∨24 = 12. And further, 4 ∈ [3]12∩ [6]12, 3 ∈ [7]21∩ [8]24,
then (12 ∨ 12, 21 ∨ 24)T = (12, 3)T ∈ R ⊆ X1, which is
different from the the greatest element (4, 3)T .

Let R �= ∅. From the definition of R, we know that R is an
element of R if and only if there exist Ri = (qij)T

j∈J ∈ Ri,
∀i ∈ I such that R =

∨
i∈I

Ri and
⋂
i∈I

[aij ]qij
�= ∅, ∀j ∈ J .

This result has a generalized version considered over semi-
linear spaces (see [10, 21, 22] for details) as follows:

Theorem 2.3 (Nosková [16]) Let (1) be solvable. Then X is

a solution to (1) iff there exist Xi ∈ X i, i ∈ m, such that

X =
m∨

i=1

Xi and
m∨

i=1

Xi ≤ X∗.

For every i ∈ I , denote Si =
⋃

Ri∈Ri

SRi , where Ri =

(qij)T
j∈J ∈ Ri and SRi = {S = (sj)T

j∈J : sj ∈ [aij ]qij
,∀j ∈

J}. Then Ri ⊆ Si since qij ∈ [aij ]qij . Further,

Theorem 2.4 Si = X i, ∀i ∈ I .

Proof. For any i ∈ I , if S = (sj)T
j∈J ∈ Si, then there

exists Ri = (qij)T
j∈J ∈ Ri such that S ∈ SRi , i.e. sj ∈

[aij ]qij
,∀j ∈ J . Thus

∨
j∈J

(aij ∧ sj) =
∨

j∈J

qij = bi. There-

fore S ∈ X i, i.e. Si ⊆ X i. Vice versa, for any i ∈ I ,
if X = (xj)T

j∈J ∈ X i, then
∨

j∈J

(aij ∧ xj) = bi. Let

Ri = (aij ∧ xj)T
j∈J , i.e. Ri ∈ Ri. Then X ∈ SRi ⊆ Si

since xj ∈ [aij ]aij∧xj
, ∀j ∈ J . Thus X i ⊆ Si, together with

Si ⊆ X i we conclude Si = X i. �
Since X1 =

⋂
i∈I

X i, then the following theorem is straight-

forward by Theorem 2.4.

Theorem 2.5 X1 =
⋂
i∈I

⋃
Ri∈Ri

SRi .

From Theorems 2.4 and 2.5, we know that it is important to
find all elements of Ri, i ∈ I , in order to determine X1.

In the sequel, we will consider a method to determine all
elements of Ri, i ∈ I then describe the solution set of (1).

Theorem 2.6 For any i ∈ I , if Ri �= ∅ and R∗ = (q∗ij)
T
j∈J =

(aij ∧ bi)T
j∈J is the greatest element of Ri, then every element

R = (qij)T
j∈J of Ri is determined by

qij ∈ [
∨

k∈J,k �=j

qj
ik]bi

⋂
(aij ],

where

qj
ik =
{

qik, k ∈ D,
q∗ik, k ∈ J −D

and D = {j ∈ J : qij has been determined }.

Proof. For any R = (qij)T
j∈J ∈ Ri and j ∈ J , bi =∨

k∈J

q∗ik ≥ qij ∨ (
∨

k∈J,k �=j

qj
ik) ≥ qij ∨ (

∨
k∈J,k �=j

qik) = bi,

then qij ∈ [
∨

k∈J,k �=j

qj
ik]bi

⋂
(aij ] since qij ≤ aij ,∀j ∈ J by

the definition of Ri. Vice versa is straightforward by the defi-
nition of qij and qj

ik. �
By Theorems 2.5 and 2.6 the following results is obvious.

Corollary 2.5 For any i ∈ I , if R∗ = (q∗ij)
T
j∈J = (aij ∧

bi)T
j∈J is the greatest element of Ri, then every element X =

(xj)T
j∈J of X1 is determined by

xj ∈
⋂
i∈I

⋃
qij∈[

∨
k∈J,k �=j

qj
ik]bi

⋂
(aij ]

[aij ]qij
,

where

qj
ik =
{

qik, k ∈ D,
q∗ik, k ∈ J −D

and D = {j ∈ J : qij has been determined }.
Note that Corollary 2.5 generalizes Theorem 3.2 in [12].
As for (2), the corresponding R mentioned before is noth-

ing but

R2 = {R = (rj)T
j∈J : b =

∨
j∈J

rj , rj ≤ aj ,∀j ∈ J}.

When J = n, let b = s1 = r1 ∨ s2, s2 = r2 ∨
s3, · · · , sn−1 = rn−1∨sn, sn = rn. Therefore, r1∨· · ·∨rn =
b and the following theorem when (2) is assigned on distribu-
tive lattices is straightforward, since Theorem 2.4 also holds
in distributive lattices in finite case.

Theorem 2.7 (Zhang [35]) R2 =
⋃

b=s1≥s2≥···≥sn

{R =

(rj)T
j∈n : rj ∈ [sj+1]sj

⋂
(aj ],∀j ∈ n− 1, rn = sn}. And

X2 =
⋃

b=s1≥s2≥···≥sn

{X = (xj)T
j∈n : xj ∈ [aj ]rj

,∀j ∈

n, rj ∈ [sj+1]sj

⋂
(aj ],∀j ∈ n− 1, rn = sn}.
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3 Conditions for existence of minimal
solutions to (1)

As it was mentioned in [8] that the determination of mini-
mal elements in X1, i.e. minimal solutions to (1), when (1)
is assigned on complete Brouwerian lattices remains open in
finite case as well as in infinite case. In this section we will
consider the determination of minimal solutions.

First, we have:

Theorem 3.1 (Di Nola [9]) If R has minimal elements then

these elements are minimal in X1, and vice versa.

As a comment to Theorem 3.1 we have to say we do not
know if X1 (or R) has or has not minimal elements. However,
if one suppose the existence of minimal elements in X1, then
these elements must be sought among the minimal elements
of R.

Minimal solutions do not always exist, here is an example
borrowed from [29].

Example 3.1 Let L be the lattice considered in Example 2.1.
If A = (3, 7) and b = 2, then (2) has a solution X = (2, 2)T

but no minimal solution since for any X = (x1, x2)T ∈ X2,
X ′ = (2x1, x2)T is also an element of X2 and X ′ ≤ X but
X ′ �= X .

Let X1 �= ∅ and γj0(X) = {l ∈ L : (aij0 ∧ l) ∨
[
∨

j∈J,j �=j0

(aij ∧ xj)] = bi,∀i ∈ I} for every X = (xj)T
j∈J ∈

X1 and j0 ∈ J . Then:

Theorem 3.2 For any X = (xj)T
j∈J ∈ X1, if X ′ =

(x′
j)

T
j∈J ∈X1 and X ′ ≥ X then xj ∈ γj(X ′) for all j ∈ J .

Proof. For any X = (xj)T
j∈J ∈ X1 and j0 ∈ J , put X =

(xj)T
j∈J with

xj =
{

xj0 , j = j0,
x′

j , j �= j0.

Then X ≤ X ≤ X ′, and X ∈X1. Therefore, xj0 ∈ γj0(X
′).

�
The following theorem gives a criterion to determine when

a given solution is minimal:

Theorem 3.3 (Di Nola [9]) X = (xj)T
j∈J is a minimal ele-

ment of X1 iff xj0 = min γj0(X) for every j0 ∈ J .

For a given element R = (rj)T
j∈J = (

∨
i∈I

qij)T
j∈J in

R and each j0 ∈ J , denote γj0(R) = {t ∈ L : t =∨
i∈I

tij0 , (
∨

j∈J,j �=j0

qij) ∨ tij0 = bi,∀i ∈ I}, then from The-

orems 3.2 and 3.3 the following two theorems are obvious.

Theorem 3.4 R = (rj)T
j∈J is a minimal element of R iff

rj0 = min γj0(R) for all j0 ∈ J .

Theorem 3.5 For any R = (rj)T
j∈J ∈ R, if R′ = (r′j)

T
j∈J ∈

R and R′ ≥ R then rj ∈ γj(R′) for all j ∈ J .

As an immediate consequence of Theorem 3.3, the follow-
ing theorem on the unicity of solution is obvious.

Theorem 3.6 (Di Nola [9]) |X1| = 1 iff for every j0 ∈ J ,

x∗
j0

=
∧
i∈I

(aij0αbi) = min γj0(X
∗).

In fact, if X1 �= ∅, then from Theorem 2.2 we have that
|X1| = 1 if and only if

∨
i∈I

qij =
∧
i∈I

(aijαqij) for any j ∈ J

and (qij)I×J ∈ Q (see also Theorem 6 in [25]).
By Theorem 3.1, the following theorem is straightforward.

Theorem 3.7 (Wang [30]) If X∗ = (xj∗)
T
j∈J is a minimal

element of X2, then aj ∧ xj∗ = xj∗ for all j ∈ J , i.e.

b =
∨

j∈J

xj∗ and xj∗ ≤ aj , ∀j ∈ J .

Though minimal solutions do not always exist, when adding
some assumptions to B, we get some interesting results. Here
is a sufficient condition for existence of a minimal solution to
(1) when I is finite and J is infinite.

Theorem 3.8 (Wang [28]) If every component of B is a com-

pact element with an irredundant finite join-decomposition,

then for each X ∈ X1 there exists a minimal element X∗ ∈
X1 such that X∗ ≤ X .

Thus the following theorem follows from Theorems 3.1 and
3.8 easily.

Theorem 3.9 Suppose that each component of B is com-

pact and has an irredundant finite join-decomposition. Then

R is minimal in R iff it is minimal in X1, where R =
{R : R =

∨
i∈I

Ri, Ri = (qij)T
j∈J is minimal in Ri,∀i ∈

I;
⋂
i∈I

[aij ]qij �= ∅,∀j ∈ J}.

Note that Theorem 3.8 was generalized in [31] to fuzzy re-
lation equations with sup-conjunctor composition. With The-
orem 3.9 in hands, it is easy to see that if I is finite and ev-
ery component of B is compact and has an irredundant finite
join-decomposition, then X1 is completely determined by the
greatest solution and all minimal solutions. Therefore, Theo-
rem 3.9 generalizes Theorem 3.11 in [8] and the correspond-
ing result in [13] considered over [0, 1]. Another generalized
version of Theorem 3.11 in [8] is Theorem 4 in [16] consid-
ered fuzzy relation equations over semi-linear spaces. When
J is also finite, the assumption of compact in Theorem 3.8 can
be removed (see Theorem 7.1 in [29]). Further, the following
theorem gives the number of minimal solutions of (2) when
both I and J are finite.

Theorem 3.10 (Wang [28]) If X2 �= ∅ and b has an irredun-

dant finite join-decomposition
k∨

i=1

pi, then the number of min-

imal solutions of (2) is
∏
i∈k

|G(pi)|, where G(pi) = {j ∈ n :

aj ≥ pi}. Further, all minimal solutions X = (xj)T
j∈J are de-

termined by xj =
∨

fX(i)=j

pi for any mapping fX ∈
∏
i∈k

G(pi).

Let both I and J be finite. If for any i ∈ I , bi has an

irredundant finite join-decomposition
ki∨

t=1
pit, then for any i ∈

I , ti ∈ ki we define G(piti) = {j ∈ J : aij ≥ piti} and Fi =
{fi : fi ∈

∏
ti∈ki

G(piti
),
∨

fi(ti)=j

piti
≤ ∧

i∈I

(aijαbi),∀j ∈ J}.
Then:

Theorem 3.11 Let X1 �= ∅. Then |X1| = 1 iff for any j ∈ J
and fi ∈ Fi,

∨
i∈I

∨
fi(ti)=j

piti
=
∧
i∈I

(aijαbi).
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Proof. Note that X∗ = (
∧
i∈I

(aijαbi))T
j∈J ∈ X1 since

X1 �= ∅. For any i ∈ I and fi ∈ Fi, from Theorem 3.10
and the definition of Fi we know that (

∨
fi(ti)=j

piti
)T
j∈J ≤ X∗

and (
∨

fi(ti)=j

piti)
T
j∈J is minimal in X i. Thus {X = (xj)T

j∈J :

xj =
∨
i∈I

∨
fi(ti)=j

piti
, fi ∈ Fi} contains all minimal elements

of X1 from Theorem 3.9. Therefore, the thesis is straightfor-
ward. �

Note that Theorem 3 in [7] that considers the unique solv-
ability of fuzzy relation equations over linear lattices and it is
just a special case of Theorem 3.11.

When |I| = 1 and J is infinite, a necessary and sufficient
condition for existence of a minimal solution is as follows:

Theorem 3.12 (Wang [30]) Let X2 �= ∅. Then for each X ∈
X2 there exists a minimal element X∗ of X2 such that X∗ ≤
X iff there is a subset B of L with B satisfying:

(i)
∨

B = b;

(ii) For each p ∈ B, if p �= 0 then b �= ∨ (B − {p});
(iii) For each X = (xj)T

j∈J ∈X2 and each p ∈ B there is an

index k ∈ J such that p ≤ ak ∧ xk.

If I is finite, then from Theorem 3.12 we have

Theorem 3.13 (Wang [30]) If X1 �= ∅ and every component

bi, i ∈ I , of B is compact and for each bi, i ∈ I , there exists

a subset Bi of L such that:

(i)
∨

Bi = bi;

(ii) For each pit ∈ Bi, if pit �= 0 then bi �=
∨

(Bi − {pit});
(iii) For each X = (xj)T

j∈J ∈ X i and each pit ∈ Bi there is

an index k ∈ J such that pit ≤ aik ∧ xk;

(iv) For each p ∈ ⋃
i∈I

Bi, if p �= 0 then there is no subset Q of⋃
i∈I

Bi such that p ≤ ∨ (Q− {p}).
Then for each X ∈ X1, there exists a minimal element X∗ of

X1 such that X∗ ≤ X .

Notice that Theorem 3.8 is a special case of Theorem 3.13.
In the following, let G(b) = {j ∈ J : aj ≥ b}. Then

Theorem 3.14 Let X2 �= ∅. Then there exists a minimal el-

ement in X2 iff either G(b) �= ∅ or there is a subset B of L
such that:

(i) b =
∨

B;

(ii) For every p ∈ B, there exists an index j ∈ J such that

p ≤ aj;

(iii) For every p ∈ B, q ∈ L, if q < p then b �= [
∨

(B −
{p})]∨ q.

Proof. Let X∗ = (x∗j)T
j∈J be minimal in X2. If G(b) = ∅

then from Theorem 3.7 b =
∨

j∈J

x∗j , put B = {x∗j : x∗j �=
0, j ∈ J}, then B satisfies the conditions (i), (ii) and (iii).

Conversely, if G(b) �= ∅ then it is easy to see that there ex-
ists a minimal element in X2. Now suppose that there exists a
subset B of L satisfying (i), (ii) and (iii), then we can construct
a family of subsets Aj , j ∈ J of B such that

⋃
j∈J

Aj = B and

Ai

⋂
Ak = ∅ when i �= k and i, k ∈ J . Define X = (xj)T

j∈J

with

xj =

{ ∨
p∈Aj

p, Aj �= ∅,
0, Aj = ∅.

Then
∨

j∈J

(aj ∧ xj)=
∨

j∈J,Aj �=∅
xj=
∨

(
⋃

j∈J

Aj)=
∨

B=b, i.e.

X ∈ X2. Let Y = (yj)T
j∈J ∈ X2 be such that Y ≤ X .

If xj = 0 then yj = 0. If xj �= 0 then Aj �= ∅, therefore
yj ≤ xj =

∨
p∈Aj

p ≤ aj and b =
∨

j∈J

(aj ∧ yj) =
∨

j∈J

yj .

One can verify that for any j ∈ J if Aj �= ∅ then yj = xj .
Indeed, if there exists an index j0 ∈ J such that Aj0 �= ∅ but
yj0 < xj0 , put Y = (yj)j∈J with

yj =
{

yj0 , j = j0,
xj , j �= j0.

Then b =
∨

j∈J

yj ≤
∨

j∈J

yj ≤
∨

j∈J

xj = b which means

(
∨

j∈J,j �=j0

xj)
∨

yj0 = b, contradicts to (iii). Thus Y = X ,

i.e. X is minimal in X2. �
Note that Theorem 3.14 partly answers the open problem

for existence of minimal solutions (see Page 46 in [8]).
It should be pointed out that most of the results in last two

sections, such as Theorems 2.1, 2.4, 2.5, 3.1, 3.2 and 3.3, are
also hold when L is distributive in finite case.

4 Conclusions

In this paper we gave an overview of the known results for
fuzzy relation equations over complete Brouwerian lattices. In
our opinions, the resolution of fuzzy relation equations over
complete Brouwerian lattices can be solved from the view-
point of decomposition.
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1 Introduction

De Luca and Termini gave the first definition of fuzziness
measure [8, 15], based upon a condition of monotonicity, with
respect to a antural relation of less or grater fuzziness. In 1975
Mukaidono presented another order, called monotonicity with
respect to ambiguity [11]. Later Couso and Gil have modified
the definition [7] and Roventa used the cuts of fuzzy sets in
order to define this kind of entropy [12, 13, 14]. In [2] the
authors, taking into account some consideration due to Wang
[18] introduced small variations, leanding to a more exact or-
der relation among fuzzy sets, which represents the idea of
less or greater fuzziness.

We know that in F there are two different partial order:
the classical inclusion relation [19] and the so called fuzziness
relation according to the greater or smaller ”proximity” to a
crisp set; with respect to the last relation it is possible to de-
fine the infimum and the supremum [16]. In [2, 3, 4] we have
studied the fuzziness measure and in [16] there are many ex-
amples of fuzziness measure also by using Sugeno’s integral.

These researches have suggested to introduced, in ax-
iomatic way, the concept of crispness c through a fuzziness
measure d.

Then, taking into account the crispness, we give the defini-
tion of conditional crispness.

We know that an aggregation operator is a procedure by
which a unique value can be associated to the result obtained
through different tests or different values of data base. The
unique value is kind of aritmetic mean.

In this setting, in this paper, we give the definition of mea-
sure of crispness (shortly crispness) through the fuzziness
measure and the definition of conditional crispness.

Then, we propose a characterization of classes of aggrega-
tion operators for the conditional crispness.

2 Preliminaires

Given an abstract space X and a σ-algebra C of crisp subsets
C of X , let F be the family of all C-measurable fuzzy sets
[18, 19]. With every fuzzy set F a membership function f is
associated, f → [0, 1], which is C-measurable.

Now, we recall the order relation called fuzziness relation
[2, 3]: F1 is less fuzzy then F2 (F1 � F2) if the following
condition holds ∀ x ∈ X :




f1(x) ≤ 1
2

=⇒ f1(x) ≤ f2(x) ≤ 1
2

f1(x) ≥ 1
2

=⇒ 1
2
≤ f2(x) ≤ f1(x) ,

which is equivalent to




f1(x) <
1
2

=⇒ f1(x) ≤ f2(x)

f1(x) >
1
2

=⇒ f1(x) ≥ f2(x) .

We remember that the fuzziness relation is different and not
comparable with the inclusion relation:

F1 ⊂ F2 ⇐⇒ f1(x) ≤ f2(x) ∀ x ∈ X.
For crisp sets the relation C1 � C2 implies C1 = C2.

We know [2] that
[X

2

]
and

[C

2

]
are those fuzzy sets, whose

membership function are f(x) =
1
2
,∀x ∈ X, and f(x) =

1
2
,∀x ∈ C, respectively. Moreover we shall indicate with F c

the complement of F.

Definition 1 The fuzziness measure is a map d : F → [0, 1]
such that:

[A1] d(C) = 0 , ∀ C ∈ C ;

[A2] F1 � F2 =⇒ d(F1) ≤ d(F2) ∀F1, F2 ∈ F ;

[A3] d
[X

2

] = 1 ;

[A4] d(F ) = d(F c) ∀F ∈ F .

Moreover, we have recognized in [2] that to every fuzziness
measure d we can associate a fuzzy measure µ on C. In fact,

the function µ : C → [0, 1], defined by µ(C) = d
[C

2

],

is non-decreasing with respect to the inclusion relation and
µ(∅) = 0. This measure µ is called by us fuzzy measure asso-
ciated to d. In [2] it is showed a form of this measure by using
the Sugeno integral.
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3 Crispness and conditional crispness for
fuzzy sets

In this paragraph we introduce the definition of crispness by
using the fuzziness measure.

Definition 2 Given a fuzziness measure d, the crispness of a
fuzzy set F is a map c : F → [0, 1] defined by

c(F ) = 1 − d(F ) . (1)

Using the properties above [A1] − [A4] the crispness (1)
enjoys the following:

[A
′
1] c(C) = 1 , ∀ C ∈ C, as d(C) = 0;

[A
′
2] F1 � F2 =⇒ c(F1) ≥ c(F2),

as d(F1) ≤ d(F2) ∀F1, F2 ∈ F ;

[A
′
3] c

[X

2

] = 0, as d
[X

2

] = 1;

[A
′
4] c(F ) = c(F c) ∀F ∈ F , as d(F) = d(Fc) .

As an extension of crisp setting [9], we assume that two
fuzzy sets F and H are algebrically independent if F ∩H �=
∅.

Definition 3 Fixed a fuzzy set H ∈ F and a crispness (1), the
conditional crispness of any variable set F ∈ F is a map

cH(·) : F → [0, 1]

defined by the following axioms:

(i) F1 � F2 =⇒ cH(F1) ≥ cH(F2),∀F1, F2 ∈ F ;

(ii) cH

[X

2

] = 0,
[X

2

]
∈ C,

(iii) cH(F ) = c(F ),∀F ∈ F ,

if F is c-independent by H.

We assume the (iii) as the c-independence i.e.independence
with respect to c.

As conseguence, every crisp set C is c-independent from
H:

cH(C) = c(H), ∀C ∈ C.

4 Example

Let F be a fuzzy set composed by a group of old men. Given
a fuzziness measure d, it is possible to calculate d(F ) and
c(F ) according with (1). Moreover, we consider another fuzzy
set H, whose elements are sick men. For us, the meaning of
cH(F ) is that the crispness of F influenced by the sickness of
the men in H.

5 A form of measure of conditional crispness
Now, we propose the following form for the conditional crisp-
ness measure:

cH(F ) = Φ
c(F ), c(H)

 (2)

where Φ : [0, 1] × [0, 1] → [0, 1]. From [(i), (ii), (iii)], we
obtain:

(a)F1 � F2 =⇒ Φ
c(F1), c(H)

 ≥ Φ
c(F2), c(H)

,

(b) Φ(0, c(H)) = 0,
(c) Φ(1, c(H)) = c(H).

If we put x = c(F1), x′ = c(F2), y = c(H), with
, x, x′, y ∈ [0, 1], we get:




(a′) Φ(1, y) = y

(b′) Φ(0, y) = 0

(c′) Φ(x, y) ≥ Φ(x′, y) if x ≥ x′ .

For the system [(a′) − (c′)] we have the following:

Proposition 1 A class of solution of the system [(a′)− (c′)] is

Φ = h−1
h(x) · h(y)

 (3)

where h : [0, 1] × [0, 1] → [0, 1] is increasing with h(0) = 0
and h(1) = 1.

Proof. The proof is immediate.

6 Example
If h(x) = xn, n ∈ (0, +∞), then Φ(x, y) = x · y.

7 Aggregation operators for conditional
crispness measures

In [17] we have studied the aggregation operators of the gen-
eral conditional information. We shall use again the same pro-
cedure for the characterization of some forms of aggregation
operators of the conditional crispness.

Let I be the family of the conditional crispness measures
cH(·). The aggregation operator L : I → [0, K], 0 <
K < [0, +∞] of n ∈ [0, +∞) conditional crispness mea-
sures cH(F1), ..., cH(Fi), ..., cH(Fn), with Fi ∈ F , i =
1, ...,n, H ∈ F has the following properies as in [10]:

(I) idempotence : cH(Fi) = λ,∀i = 1, ..., n =⇒
L(λ, ..., λ︸ ︷︷ ︸

n times

) = λ;

(II) monotonicity : cH(F1) ≤ cH(F
′
1) =⇒

L(cH(F1), ..., cH(Fi), ..., cH(Fn)) ≤
L(cH(F

′
1), ..., cH(Fi), ..., cH(Fn)),

F
′
1, Fi ∈ F , i = 1, ...,n;

(III) continuity from below : cH(F1,m) ↗ cH(F1) =⇒
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cH(F1,m), ..., cH(Fi), ..., cH(Fn)) ↗
cH(F1), ..., cH(Fi), ..., cH(Fn)) F

′
1, Fi ∈ F , i = 1, ...,n.

Putting cH(Fi) = xi, i = 1, ...n, cH(F
′
1) =

x
′
1, cH(F1,m) = x1,m, with xi, i = 1, ...n, x

′
1, x1,m ∈ [0, 1],

we obtain the following system of functional equations:




(I ′) L(λ, ..., λ︸ ︷︷ ︸
n times

) = λ,

(II ′) x1 ≤ x
′
1 =⇒ L(x1, ..., xn) ≤ L(x

′
1, ...xn),

(III ′) x1,m ↗ x1 =⇒ L(x1,m, ..., xn) ↗ L(x1, ...xn).

For the solution of the system [(I ′) − (III ′)], we propose
the following:

Proposition 2 Two natural solutions of the system [(I ′) −
(III ′)] are

L(x1, ..., xn) =
n∧

i=1

xi

and

L(x1, ..., xn) =
n∨

i=1

xi.

Proof. The proof is immediate.

Proposition 3 A class of solution of the system [(I ′)−(III ′)]
is

L(x1, ..., xn) = h−1
h(x1) + ... + h(xn)

n

,

where h : [0, 1] → [0, K](0 < K < +∞) is a continuous,
strictly increasing function with h(0) = 0 and h(1) = K.

Proof. The proof is immediate.

8 Remark

If the function h is linear, then the aggregation operator L is
the aritmetic mean.

9 Conclusion

First, we have given the definitions of the crispness and the
conditional crispness for a fuzzy set.

Second, we have proposed some classes of aggregation op-
erators of the conditional crispness, solving a suitable system
of functional equations.
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Abstract - In Evidence theory, several conditioning rules for 

updating belief have been proposed, including Dempster’s rule of 

conditioning. The paper views the conditioning rules proposed so 

far and proposes a new rule of conditioning based on three 

requirements. Then, it generalizes the rule to be applied to the case 

where condition is given by an uncertain belief. The paper also 

discusses a few interpretations of an equation used for evidential 

reasoning, one of which is interpreted as conditioning with an 

uncertain condition. 

Keywords— Dempster-Shafer theory of evidence, evidence 

theory, conditioning rule, evidential reasoning, uncertainty. 

1 Introduction 
The paper discusses a new conditioning rule of Evidence 

theory that we proposed recently [1,2] and generalizes the 

rule to be applied to the case where condition is given by an 

uncertain belief. Then, it discusses a few interpretations of 

an equation used for evidential reasoning, one of which is 

interpreted as conditioning with an uncertain condition. 

The first and well-known conditioning rule in the theory is 

Dempster's rule of conditioning [3]. However, it has been 

pointed out that the rule has a few problems, and several 

alternatives have been proposed so far [4-13]. A well-known 

problem is that a small change of prior belief, which is 

represented as basic belief assignment (bba) or mass 

function in the paper, may produce a large change of 

posterior belief [4]. Another is a practical problem that 

conditional belief is undefined, when a given condition 

totally conflicts with the prior belief in the sense of 

Pl(B) = 0 , where B is the condition represented by a subset 

of a frame of discernment �  and Pl is the plausibility 

measure equivalent to the prior belief. 

Dempster's rule of conditioning is derived as a special case 

of Dempster's rule of combination. Suppose there are two 

distinct beliefs represented by bba's m, � m , and the total 

mass of � m  is assigned to a set B, i.e. � m (B) = 1. In the case, 

the belief combined from m  and � m  is the same as the 

conditional belief m(• | B) . This means that both information 

of the prior belief m and the condition B are treated 

equivalently or symmetrically. 

The paper deals with the two pieces of information 

asymmetrically. In the basic conditioning rule, which is one 

with a sure condition without any uncertainty in the paper, it 

is assumed that the condition is a piece of information given 

a posteriori and always certain, while the prior belief is 

given a priori and may not be correct. When they partially 

conflict with each other (i.e. X �B =� for a X, where X is a 

focal element of the prior belief m, and �  is the empty set), 

the proposed conditioning trusts in B rather than X, and 

reassigns the mass m(X)  to B. The simple idea produces a 

conditioning rule different from conventional ones proposed 

so far. Then, the paper expands the basic conditioning to the 

one with an uncertain condition, and discusses the relation 

between the conditioning rule and evidential reasoning. 

The paper is composed as follows; section 2 reviews 

Dempster-Shafer theory of evidence and major conditioning 

rules proposed so far including those with an uncertain 

condition represented by a belief. Section 3 discusses 

requirements that the basic conditioning rule should satisfy, 

and proposes a new basic conditioning. Section 4 expands 

the conditioning rule and proposes another generalized rule 

by removing a requirement. Section 5 discusses 

interpretations of an equation for evidential reasoning, one 

of which is a conditioning rule with an uncertain condition. 

2 Conditioning Rules in Evidence Theory 
2.1 Dempster's Theory of Evidence [3] 

Let �  be a frame of discernment. A function m : 2� � [0,1]  

satisfying the following equations represents a bba; 

m(�) = 0 ,                                             (1) 

m(A)

A�2�
� = 1 ,                                           (2) 

where 2
�

 is the power set of � . m(A)  is a degree of belief 

that a variable whose domain is �  has the value in A, but 

has no information about elements and subsets of A. Subsets 

A satisfying m(A) > 0 are called focal elements. 

The belief could be represented in other forms, such as 

Belief and Plausibility measures defined below. 

Bel(A) = m(X)

X �A

�  .                                     (3) 

                   Pl(A) = m(X)

X�A��

�  .                                      (4) 

Both measures are functions from 2
�

 to [0,1], and satisfy 

Bel(�) = Pl(�) = 0  and Bel(�) = Pl(�) = 1 . Functions 

m(•) , Bel(•)  and Pl(•)  are all transformable one another, 

and represent the same belief state. 
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When two distinct beliefs m
1
 and m

2
 are derived from two 

independent information sources respectively, they could be 

combined by the famous rule, Dempster's rule of 

combination; 

m
D
(A) =

m1(X)•m2 (Y )

A=X�Y

�

1� m1(X)•m2 (Y )

X�Y=�

� .                     (5)                    
 

where A �� and mD (�) = 0. If the denominator is zero (i.e. 

m
1
 and m2  totally conflict with each other) the combination 

is not defined. 

When m1(•) = m(•)  and m2 (B) = 1 , the combination gives 

the next equation called Dempster's rule of conditioning. 

m
D
(A | B) =

m(X)

A=X�B

�

1� m(X)

X�B=�

� ,                              (6)
 

where A ��  and m
D
(� | B) = 0 . When Pl(B) = 0  or m and 

B totally conflict with each other, the denominator becomes 

zero and mD (A | B)  is undefined. 

2.2 Alternative Conditioning Rules 

As discussed in Introduction, many alternative conditioning 

rules have been proposed so far. Major rules are shown 

below ( B �� is assumed). 

(i) Focusing rule 

The rule is proposed in [7, 8] separately and is called 

focusing rule in [10].  

Bel
F
(A | B) =

Bel(A�B)

Bel(A�B) + Pl(A �B)
 .          (7a) 

 

Pl
F

(A | B) =
Pl(A�B)

Pl(A�B) + Bel(A �B)
 .             (7b) 

Representation with bba is studied in [13]. 

(ii) Zhang's rule 

Dempster's rule reassigns all mass of m(X) to X �B . Zhang 

asserts that it is "radical" and proposes the next rule [11]. 

 m
Z
(A | B) = k

| X �B |

X
m(X)

X�B=A

� .               (8) 

where k is a constant for normalization. 

(iii) Geometric rule [5] 

This is a strong rule in the sense that all mass of focal 

elements that are not included in B is abandoned. 

 mG (A | B) =

m(A) m(X)
X �B

� ,  if A � B,

0,  ortherwise.

� 

� 
� 

� 
� 

               (9) 

(iv) Planchet's Conditional rule [6] 

This is a weak rule in the sense that only mass of focal 

elements that have no intersection with B is abandoned. 

 mP (A | B) =
m(A) m(X)

X �B ��

� ,  if A � B �� ,

0,  ortherwise.

� 

� 
	 

� 
	 

       (10) 

(v) Ito&Inagaki's rule 

Ito and Inagaki proposed a rule assuming that the condition 

is just an assertion of an information source [12]. 

a) In the case of Bel(B) < 1, 

 

Bel
I
(A | B) =

1� k
B

Bel (B ){ } Bel (A�B ) � Bel(B ){ },  if A �� ,

1,  if A =� ,

� 
� 
� 

	 � 

   (11a) 

where k
B

 is a constant that satisfies  0 � k
B
� 1/(1� Bel(B)) . 

 b) In the case of Bel(B) = 1 , 

 Bel
I
(A | B) =

1,  if A = � ,

0,  ortherwise.

� 
� 
� 

                       (11b) 

(vi) Rules with an uncertain condition 

Ichihashi and Tanaka proposed three Jeffrey-like 

conditioning rules with an uncertain condition [14]. 

a) Plausible conditioning 

mpl (A |mb ) =
m(X)•mb (Y )

1� m(X)

X�Y=�

�A=X�Y

� ,                   (12) 

where m
b
(•)  is a bba on �  and mpl (� |mb ) = 0 . It is 

assumed m(X)
X�Y=�

� < 1 for any focal element Y of m
b

. 

b) Credible conditioning 

mcr (A |mb ) =
m(A)• mb (Y )

1� m(X)
X �Y ,X �Y

�A�Y

� ,                   (13)
 

where m(X)
X �Y ,X � Y

� < 1 for any focal element Y of m
b

. 

X � Y  means that X is a proper subset of Y in the paper. 

c) Possible conditioning 

mpo (A |mb ) =
m(A)•mb (Y )

1� m(X)

X�Y=�

�A�Y��

� ,                   (14)
 

where m(X)
X�Y=�

� < 1 for any focal element Y of mb . 

When m is Bayesian, and focal elements of m
b

 partition � , 

all of mpl , m
cr

 and mpo  equal to Jeffrey's rule. When 

m
b

(B) = 1  for a specific B, mpl , mcr  and mpo  equal to 
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Dempster's rule, Geometric rule and Planchet's rule, 

respectively. 

3   Basic Conditioning Rule 

In the paper, the basic conditioning rule means the one with 

a sure condition without any uncertainty. It assumes the 

following: 

The given condition is exactly true information given 
temporally after the prior belief. It puts a strict 
restriction on focal elements of the posterior belief. 

In short, the condition B is an established fact, and the true 

value actually exists in B. Thus, we trust in B rather than the 

prior belief m, when they partially conflict with each other, i.e. 

B�X =� for an X, where X is a focal element of m. Based 

on the above idea, the requirements that the posterior belief 

must satisfy are discussed below. 

(1) Requirement-1: m(A | B) = 0  when A�B ��, where B  

is the complement of B. Assumed the condition B is an exact 

fact, the requirement might be self-evident. When the 

requirement holds, the flowing equations also hold. 

 m(A | B) > 0� A � B ,                                    (15) 

 B � A � Bel(A | B) = 1,                                  (16) 

 Bel(A | B) = Bel(A�B | B) ,                             (17) 

where �  is implication. 

(2) Requirement-2: m(A | B)  must be defined except the 

case where B = � . This requirement comes from the 

assertion by Shafer [15] and Smets [9] that Evidence theory 

must be interpreted as a theory of belief, not as a theory of 

frequency. If bba, Bel and Pl represent degrees of a human 

belief, they should not be recognized as completely and 

precisely correct scales. Even if B is not plausible, i.e. 

Pl(B) = 0 , a fact B may happen in the actual world. If the 

posterior belief conditioned by B is undefined in those cases, 

it might be a useless theory in real applications. 

(3) Requirement 3: m(• |�) = m(•) . The condition �  

represents the true value is in � . The condition is clearly 

unnecessary, unless we deal with an open world problem 

like Transferable Belief Model [16], which is an expanded 

evidence theory in the sense that m(� ) > 0  is allowed. 

No conditioning rule in the previous section satisfies all the 

above requirements. All rules satisfy the 3rd one. Dempster's, 

Focusing, Zhang's and geometric rules satisfy the 1st one. 

However, nothing satisfies the 2nd requirement [1,2]. 

Conditioning rules could be derived from various 

combination rules in the same way as how Dempster's 

conditioning rule is derived as shown in section 2.1. 

However, such rules derived from combination rules 

proposed in [20-23] do not satisfy all the requirements, 

either. They do not satisfy the 1st requirement [1,2]. 

In this section, a new conditioning rule, which satisfies all 

the requirements, is proposed. In the proposed rule, the mass 

of focal elements of the prior belief are reassigned to another 

subset in the posterior belief as follows: 

(a) When a focal element X of the prior belief and the 

condition B are consistent (i.e. X �B ��), the condition B 

imposes restriction on the focal element, the possible area 

where the true value may exist. That is, the mass m(X)  is 

re-assigned to X � B . 

(b) When X and B partially conflict with each other 

(i.e. X �B =�), the grounds for the mass given to X are lost. 

Thus, the mass is temporarily given to �  representing total 

ignorance. Then, the restriction by B is imposed. As a result, 

the mass m(X)  is re-assigned to � �B = B . 

From the above (a) and (b), we get the next equations. 

 mK (A | B) =

m(X)
A= X �B

� ,  if A �� , A � B,

m(X)
A= B � X

� + m(X)
X �B=�

� ,  if A = B,

0,  otherwise,

� 

	 

� 
� � 

� 

� 
� 
� 

      (18a) 

where B ��.  This equation could be written as 

mK (A | B) = m(X)
A= X�B

� + m(X)
X�B=�
A= B

� ,                          (18b) 

where A ��, B �� and m
K
(� | B) = 0 . 

The idea in (b) that the mass is given to �  in case of partial 

conflict is the same as one used in Yager's combination rule 

[21]. However, the conditioning rule derived from Yager's 

rule is different from the above, and does not satisfy the 1st 

requirement [1,2]. 

It is proved easily that m
K
(A | B)  is a bba and that it satisfies 

the three requirements. It is also clear that mK (A | B) =  

m
D

(A | B)  when m and B are consistent (= all focal elements 

of m and B are consistent). 

Then, the next inequality could be proved [2]. 

Pl
K
(A | B) � Pl

D
(A | B) � Bel

D
(A | B) � Bel

K
(A | B) ,   (19) 

where Pl
K
(A | B)  and PlD (A | B)  ( Bel

K
(A | B)  and 

Bel
D
(A | B) ) are plausibility (belief) functions calculated 

using eq.s (18) and (6), respectively.  

m
K
(A | B)  is not a generalization of Bayesian conditioning. 

When m is Bayesian, Pl(B) = P(B)  holds. In the case of 

Pl(B) = P(B) = 0  where B �� , P(A | B)  is undefined, 

while m
K
(A | B)  must be defined due to Requirement-2. In 

addition, m
K
(A | B)  is not Bayesian in general, when B > 1 . 

Associativity does not hold in this conditioning, namely, 

m
K

(A | B |C) � m
K

(A |C | B) � m
K

(A | B�C) for B�C � 

� , where m
K
(A | B |C) = m

K

B
(A |C)  and m

K

B
(A) =  
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m
K
(A | B) . Non-associativity is caused by asymmetric 

nature of the conditioning between the two pieces of 

information, the prior belief and the condition.  

Suppose the case where X �B�C =� , X �B �� , 

X �C �� and B �C �� , where X is a focal element of the 

prior belief m. When calculating m
K

(• | B) , m(X)  is 

reassigned to X �B . Then, when calculating m
K
(• | B |C) , 

the mass m(X)  given to X � B  is reassigned again to C, 

because X �B�C =�. On the other hand, the same mass 

m(X)  is reassigned to B when calculating m
K
(• |C | B) , and 

to B�C  when calculating m
K
(• | B�C). 

4   Generalized Rule of Conditioning 

4.1 Conditioning Rule with Unreliable Condition 

The basic conditioning rule is generalized by moderating the 

1st requirement. First, we introduce an index � (0 � � � 1)  to 

represent reliability of the condition. When � < 1 , the 

condition is not completely correct, therefore requirement-1 

is abandoned. 

The mass reassignment in this case is an expansion of the 

one in the basic conditional rule, and is conducted as 

described below. 

(a’) When X � B �� , reassign mass of � m(X)  to X � B, 

and (1� �)m(X)  to X �� = X . 

(b’) When X �B =� , reassign mass of �m(X)  to 

� � B = B , and (1� �)m(X)  to X � � = X . 

In (a’), the degree that B is trusted is � . Thus, only �m(X)  

is reassigned to X �B. The rest (1� �)m(X)  is reassigned 

to X �� = E , with replacing B by � , because B cannot be 

trusted at the degree of 1� � . 

In the case of (b’), �m(X)  is reassigned to � �B = B , 

because the mass �m(X)  is temporarily given to total 

ignorance �  due to X �B =� , then restriction B is 

imposed. The rest (1 � �)m(X)  is reassigned to X �� = X , 

because B cannot be trusted at the degree of 1� � . 

From the above re-assignment, we get the next equation. 

 
m� (A | B) =

�m(X)
A=X�B

� + (1� �)m(A),

                                  if B � A ��,

�m(X)
A=B	X

� + (1� �)m(B)

          + �m(X)
X�B=�

� ,   if A = B,

(1� �)m(A),  if A 
 B,A � B,A ��,

0,  otherwise,

� 

� 

 
 
 
 
 

� 

 
 
 
 
 

       (19) 

where B �� . It is proved easily that m� (A | B)  is a bba. In 

addition, it is also proved that m� (A | B)  satisfies both the 

requirements 2 and 3, and that the next equation holds [2]. 

m� (A | B) = �mK (A | B) + (1� �)m(A) .               (20) 

The equation could be understood as discounting of 

condition in conditioning, while discounting of information 

source in combination rule was proposed in [3]. 

4.2 Conditioning Rule with Uncertain Condition 

The basic conditional rule is also generalized so that an 

uncertain condition given by bba mb  would be accepted in 

the same way as plausible, credible and possible 

conditioning rules in Section 2. 

The mass reassignment in the case is similar to (a') and (b'). 

The difference is i) reliability �  of condition B is replaced 

by bba mb (Y )  of a focal element Y of m
b

, and that ii) 

re-assignment of unreliable mass corresponding to 

(1� �)m(X)  is unnecessary. The mass reassignment is done 

as follows: 

(a'') When a focal element X of the prior belief m and a 

focal element Y of the uncertain condition mb  are consistent 

(i.e. X �Y �� for any X and Y), the condition Y imposes 

restriction on the focal element X with uncertainty m
b
(Y ) . 

As a result, mass m(X)•m
b
(Y )  is re-assigned to X �Y . 

(b'') When X and Y partially conflict with each other 

(i.e. X �Y =�), the grounds for the mass given to X are lost. 

Thus, the mass is temporarily given to �  representing total 

ignorance. Then, the restriction by Y is imposed with 

uncertainty m
b
(Y ) . As a result, the mass m(X)•m

b
(Y )  is 

re-assigned to � � Y = Y . 

From (a'') and (b''), we get the following conditioning rule, if 

A ��. 

mKYU (A |mb ) = m(X)• mb (Y )
A= X�Y

� + m(X)• mb (Y )
X�Y =�
A=Y

�

= mb (Y ) m(X)
A= X�Y

� + m(X)
X�Y =�
A=Y

�

� 

� 

� 
� 
� 

� 

	 


 

 

 Y

�

= mK (A |Y )• mb (Y )
Y ��

� .

(21)
 

It is proved easily that m
KYU

(A |m
b
)  is a bba and that it 

satisfies both the requirements 2 and 3.  

The above equation shows that posterior belief with 

uncertain condition can be obtained by weighted sum of the 

basic conditioning rule m
K
(A | B)  with different conditions 

B, where weight is given by the mass of the conditional set B 

of the belief representing the uncertain condition. 

 The following is obtained easily from eq. (20) and (21). 

m�(A | B) = �mK (A | B) + (1 � �)m(A)

= �mK (A | B) + (1 � �)mK (A |�)

= mKYU (A | m(B,�)),

                       (22) 
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where m(B,� ) (B) = �  and m(B,�) (�) = 1� � . 

In addition, it is proved easily that 

mKYU (A |mb ) = mpl (A |mb ) , when m and m
b

 are consistent 

each other, (i.e. X �Y ��  for all combination of X and Y, 

where X is a focal element of m and Y is of mb ). However, 

m
KYU

(A |m
b
) is not an extension of Jeffrey's rule unlike 

mpl (A |mb ) , because m
K

(A | B)  is not Bayesian in general, 

even if the prior belief m is Bayesian. 

5   Interpretations of Evidential Reasoning 

The section shows that the conditioning represented by eq. 

(21) could be used as an interpretation of evidential 

reasoning. First, we review a few conventional discussions 

about evidential reasoning. 

5.1 Representation of Rules 

There are two ways to represent rules in evidential 

reasoning: joint form and conditional form [17]. The former 

represents a rule by a joint belief function on a product 

�y ��x , where �y ,�x  are frames of discernment for 

variables y, x in antecedent and consequent of rules, 

respectively. The latter represents a rule by a conditional 

belief such as m(A | B) , where B ��y , A ��
x

. Though 

papers adopting joint form seem published more than those 

with conditional form, conditional form is more natural and 

easier for users to understand rules than joint form [17,18]. 

In addition, conditional form needs fewer values as 

knowledge than joint form; number of values conditional 

form needs is 2
� x • 2

� y
= 2

� x + � y
, while joint form needs 

2
� x •� y

, where •  represents cardinality [17, 18].  

5.2 Conventional Interpretations with Conditional Form 

We have two kinds of knowledge. One is a set of rules 

described as 

if y � B  then x � A  with belief m(1) (A | B) , 

and the other is a prior belief m(2) (B) about y. We know all 

values of m(1) (A | B)  and m(2) (B)  for all combinations of 

B � � y  and A � �
x
 except for m(1)

(A |�) . 

There are a few theories for evidential reasoning with 

conditional form of rules. Liu, et al. proposes the next 

equation for evidential reasoning [19]. 

m(A) = m
(1)
(A | B)•m

(2)
(B)

B�� y

� .                      (23) 

The theoretical support of the equation is Bayesian formula 

of probabilistic reasoning with cylindrical extension.  

P(AE ) = P
(1) (AE | BE )• P

(2) (BE )

BE �2
�y �2�x

� ,           (24) 

where P, P(1)
, P

(2)
 are probability measures on 2� y � 2� x , 

and B
E

= {B} � 2
�

x , AE = 2
� y � {A} . It is assumed that  

P(A
E
) = m(A) , P(1) (AE | BE ) = m(1)

(A | B)  and  P(2) (BE ) =  

m
(2)
(B).  

Smets proposed evidential reasoning for Transferable Belief 

Model [16] based on conjunctive rule of combination in [18]. 

Conjunctive combination is equivalent to Dempster's rule 

combination without normalization and is defined by 

m� (A) = � m (X)• � � m (Y )

A= X�Y

� ,                          (25) 

where � m  and � � m  are distinct beliefs defined on the same 

frame of discernment � . 

The equation is proved to be equivalent to the next equation 

in [5]. 

m� (A) = � m � (A |Y )• � � m (Y )

Y ��

� ,                     (26) 

where m� (A | B)  is conjunctive rule of conditioning, which 

is equal to m
D
(A | B)  without normalization.  

What should be noted is that reasoning with eq. (26) deviates 

from the standard evidential reasoning, if � m  and � � m  

partially conflict with each other (i.e. X �Y =� for a pair 

of X and Y, which are focal elements of � m (•)  and � � m (•) , 

respectively), because m� (�) > 0  is derived. 

Fortunately, the deviation from the standard evidential 

reasoning never happens, if � m , � � m  are bba's on 

� =�y ��x , and A, X and Y are cylindrical extensions of 

� A ��
x

, � X � �
x

and � Y ��y , respectively (i.e. 

A = �y � � A , X =�y � � X , Y = � Y ��x ), because 

X �Y = � Y � � X ��  for any non-empty � X  and � Y . 

Therefore, m�  obtained from eq. (26) is surely a bba on 

�y ��x . Then, we can derive the following reasoning 

equation for the standard evidence theory. 

m( � A ) = m
(1)
( � A | � Y )• m

(2)
( � Y )

� Y �� y

� ,                     (27) 

where it is assumed that m(1)
( � A | � Y ) = � m � (A |Y ) , 

m
(2)
( � Y ) = � � m (Y ) , m( � A ) = m� (A) . 

The two reasoning equations (23) and (27) are actually the 

same. That is, the evidential reasoning can be interpreted 

from two viewpoints: one is from probabilistic reasoning, 

and the other is from conjunctive combination. Note that 

conjunctive combination and conjunctive conditioning could 

be replaced by Dempster's combination and Dempster's 

conditioning, respectively in this case, because � m  and � � m  
defined on �y ��x  are consistent and normalization of 

Dempster's rule is unnecessary. 

5.3 New Interpretation as Uncertain Conditioning 
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Let us recall the conditioning rule with an uncertain 

condition given by eq. (21). We re-write the equation here. 

m
KYU

(A |m
b
) = m

K
(A |Y )•m

b
(Y )

Y ��

� .
 

The equation is apparently similar to eq. (26). However, it is 

different, because m� (�) > 0  may occur in eq. (26), while 

m
KYU

(�) = 0 always holds. 

However, if m
K
(A |Y )  and mb (Y )  are bba's on 

� = �y � �x , and A = �y � � A , Y = � Y ��
x

, � A � � x , 

� Y ��y  similar to the case of eq. (26), 

m
K
(A |Y ) = m

D
(A |Y ) = m� (A |Y )  holds as discussed in 

Section 3. Thus, equations (21) and (26) are actually the 

same in this case. 

As a result, the equation (23) or (27) of evidential reasoning 

could be interpreted from the viewpoint of conditioning 

given a belief including uncertainty (eq. (21)), as well as 

from the viewpoint of probabilistic reasoning (eq. 24)) and 

conjunctive combination (eq. (25)). 

6   Conclusions 

The paper discussed and proposed a new basic conditioning 

rule of Evidence theory and generalizes the rule to be 

applied to the case where condition is given by an uncertain 

belief. Then, it discusses a few interpretations of an equation 

used for evidential reasoning, one of which is interpretation 

by conditioning with an uncertain condition. 

The paper first discussed three requirements that should be 

satisfied by a basic conditioning rule. Then, it proposed a 

new basic rule that satisfies all of them, however, none of 

major conventional rules does.  

The basic conditioning rule was generalized by abandoning 

one of the three requirements in order to cope with the case 

where condition is given as an uncertain belief. The 

generalized rule is obtained by weighted sum of the basic 

posterior beliefs with different conditions, where weight is 

the mass of conditional set in the belief given as an uncertain 

condition. 

Then the paper discussed theoretical backgrounds of an 

equation used for evidential reasoning, which could be 

supported by probabilistic reasoning or by conjunctive 

combination of evidence. The paper showed that it could 

also be supported by a viewpoint of a conditioning rule with 

an uncertain condition. 
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Abstract—The approach of continuous evaluation is an important 
methodology in educational learning process. However, only recently 
it was applied in training based on virtual reality. This paper 
presents a methodology of evaluation that uses a fuzzy continuous 
evaluation approach to provide a user profile from his several 
training. This information can be used to improve the user 
performance in the real execution of a task. The methodology 
proposed is given by the union of fuzzy statistical measures, fuzzy 
statistics and fuzzy parameters (fuzzy testing of hypothesis and fuzzy 
regression models) as input for a fuzzy rule based expert system 
(FRBES). The FRBES is able to construct an individual profile for 
each trainee. This new approach is a diagnostic tool that enables a 
trainee to understand the areas in which he presents difficulties, 
allowing him to concentrate on improving skills related to them. 

Keywords— Continuous evaluation, fuzzy rule based expert 

system, fuzzy statistics, fuzzy measures, fuzzy regression models.  

1 Introduction 

The researches in training evaluation based on virtual reality 

(VR) [4] are recent. The firsts evaluation systems were 

offline [3], in which a training based on VR was recorded in 

videotapes for post-analysis by experts. Recently, online 

methods were proposed by [13], in which the evaluation is 

performed during the training process and the user receives 

that evaluation immediately after the end of training. Since 

then, several papers were produced in that subject [9, 12, 15, 

16, 18, 19, 20, 22, 24, 25, 26]. However, all those 

methodologies did not use any technique of continuous 

evaluation to improve trainee performance. Continuous 

evaluation is a educational methodology used in present and 

distance learning to help the construction of the knowledge 

and the cognitive training [1, 10].  

In the present work, the goal is to construct a diagnostic to 

help trainees to understand their difficulties. The first 

methodology of this kind was proposed only in 2005 by [23] 

where the goal was to construct a profile to help trainees to 

understand their difficulties and to improve their 

performance. That methodology, based on a classical based 

rule expert system, was able to provide an Evaluation Report 

and a Continuous Evaluation Report, showing the 

performance of trainee in the last training and in all trainings 

performed by him/her, respectively. Morris et al. (2006) 

suggested the use of statistical linear regression to evaluate 

user’s progress in a bone surgery. After that, in 2009 [17] 

had proposed another approach based on fuzzy based rule 

expert system (FRBES), using statistical measures and 

statistical models, statistical testing of hypothesis, as well as 

fuzzy measures as input for a FRBES. However, some 

problems had not been solved yet. The problems are related 

to assumptions of the statistical models and statistical testing 

of hypothesis, mainly the Gaussian distributions of data.  

In this paper, we propose a new conception of fuzzy 

continuous evaluation to construct a trainee profile from 

his/her several trainings and to help him/her to improve 

his/her performance [2, 6]. In this approach we use fuzzy 

statistical measures, fuzzy statistics and fuzzy parameters 

(fuzzy testing of hypothesis and fuzzy regression models) to 

solve that problems with statistical assumptions. Those fuzzy 

parameters compose inputs for an fuzzy based rule expert 

system (FRBES) [30]. The FRBES combines logically all 

information about fuzzy statistical variables and parameters 

to making decisions about complex conjectures [7] and is 

able to construct a trainee profile. 

2 Theoretical Aspects 

For the reader's better understanding, we first present a short 

review about fuzzy sets, fuzzy statistics and fuzzy rule based 

expert system. 

 

2.1 Fuzzy Sets and Fuzzy Numbers 

As some variables in the training system do not present an 

exactly correspondence to the real world, some measures 

cannot be exact. Then, fuzzy sets are used to measure those 

variables [7]. In classical set theory a set A of a universe X 

can be expressed by means of a membership function µA(x), 

with µA: X →{0,1}, where for a given a ∈ A, µA(a)=1 and 

µA(a)=0 respectively express the presence and absence of a 

in A. Mathematically:  

 

     (1) 

 

Zadeh [29] introduced the fuzzy set theory in 1965. A fuzzy 

set or fuzzy subset is used to model an ill-known quantity. A 

fuzzy set A on X is characterized by its membership function 

µA: X →[0,1]. We say that a fuzzy set A of X is “precise” 

when ∃ c*
 ∈ X such that µA(c*

)=1 and ∀c≠c*, µA(c)=0. A 

fuzzy set A will be said to be “crisp”, when ∀ c∈ X, µA(c) ∈ 
{0,1}. 
The intersection and union of two fuzzy sets are performed 

trough the use of t-norm and t-conorm operators 

respectively, which are commutative, associative and 
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monotonic mappings from [0,1]→[0,1]. Moreover, a t-norm 

Γ (respec. t-conorm ⊥) has 1 (respec. 0) as neutral element 

(e. g.: Γ=min, ⊥=max) [8]. Thus, we can define intersection 

and union of two fuzzy sets as: 

The intersection of two fuzzy sets A and B, with membership 

functions µA(x) e µB(x) is a fuzzy set C with membership 

function given by: 

 

C=A ∩ B⇔ µC(x)= Γ{µA(x),µB(x)}, ∀ x∈ X.           (2) 

 

The union of two fuzzy sets A and B, with membership 

functions µA(x) e µB(x) is a fuzzy set C with membership 

function given by: 

 

C=A ∪ B⇔ µC(x)= ⊥{µA(x),µB(x)}, ∀ x∈ X.           (3) 

 

The complement of a fuzzy set A in X, denoted by ¬A is 

defined by: 

 

µ¬A(x) = n(µA(x)), ∀ x∈ X.                       (4) 

 

where: n: [0,1]→[0,1] is a negation operator which satisfies 

the following properties: 

 

• n(0)=1 and n(1)=0 

• n(a) ≤ n(b) if a>b 

• n(n(a))=a, ∀ x∈ [0,1] 

 

and a negation is a strict negation if it is continuous and 

satisfies 

 

• n(a)<n(b) if a>b 

 

The main negation operator which satisfies these four 

conditions is n(a) = 1-a. 

The implication function between two fuzzy sets A and B, 

with membership functions µA(x) e µB(x) is a fuzzy set C with 

membership function given by: 

 

C=A � B⇔ µC(x,y)= ∇{µA(x),µB(y)}, ∀ x∈ X, ∀ y∈ Y  (5) 

 

where ∇: [0,1]
2
→[0,1] is an implication operator which 

obeys the following properties: ∀ a, a’, b, b’ ∈ [0,1]: 

 

• If b ≤ b’ then ∇ (a,b) ≤ ∇ (a,b’); 
• ∇ (0,b)=1; 

• ∇ (1,b)=b. 

 

The pure implications obeys too: 

 

• If a ≤ a’ then ∇ (a,b) ≥ ∇ (a’,b); 

• ∇ (a, ∇ (b,c))= ∇ (b, ∇ (a,c)). 

 

Beyond concept of fuzzy sets and their operations, it is 

important to the concept of fuzzy numbers [3]. In this paper 

we used triangular or triangular shaped fuzzy numbers, 

which are defined by three real numbers d<e<f where the 

interval [d,f] is the base of the triangle and e is a vertex.  

 

2.2 Fuzzy Statistics 

In this paper the statistical methods used were: 

 

1. fuzzy statistical measures;  

2. fuzzy statistical models (time dependent or not) and 

3. fuzzy statistical testing of hypotheses. 

 

A set of fuzzy statistical measures, commonly used for 

general purposes as fuzzy mean, fuzzy median, fuzzy 

standard deviation, etc. [3], can be used to describe user 

interactions during the training. Besides, fuzzy statistical 

models based on fuzzy regression can be used to construct 

fuzzy models for the way followed by user in task execution 

[10]. This model can be done by: 

 

Y = Ax1 + Bx2 + Cx3                           (6) 

 

where Y, A, B and C are fuzzy numbers and x1, x2 and x3 are 

real numbers. 

Fuzzy statistical measures and fuzzy statistical parameters of 

fuzzy models (as A, B and C above) can be compared with 

fuzzy parameters of ideal fuzzy models using appropriate 

fuzzy statistical testing of hypothesis from its α-cuts [3]. As 

results of these comparisons, we can make fuzzy statistical 

decisions about equality or difference between parameters 

using measure of fuzzy probability of significance. The 

information synthesized by fuzzy statistical measures and 

fuzzy parameters helps to construct a profile for user, his/her 

Evaluation Report and his/her Continuous Evaluation 

Report. 

 

2.3 Fuzzy Rule Based Expert System 

Expert systems [27] use the knowledge of an expert in a 

given specific domain to answer non-trivial questions about 

that domain. For example, an expert system for image 

classification would use knowledge about the characteristics 

of the classes present in a given region to classify a pixel in 

an image of that region. This knowledge also includes the 

“how to do” methods used by the human expert. Usually, the 

knowledge in an expert system is represented by rules as: 

 
IF <condition> THEN <conclusion> 

 

Most rule-based expert systems allows the use of connectives 

AND or OR in the premise of a rule, and of connective AND 

in the conclusion. From rules and facts, new facts will be 

obtained through an inference process. 

In several cases, we do not have precise information about 

conditions or conclusions. Then, the knowledge in the rules 

cannot be expressed in a precise manner. Thus, it could be 

interesting to use a fuzzy rule-based expert system [30]. An 

example of simple fuzzy rule could be: 

 
    IF <access to the help is persistent>  

       AND <Global Users Performance is bad> 

    THEN <user is Novice>. 

 

where “persistent” and “bad” can be characterized by fuzzy 

sets. 
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3 Methodology 

According to [23], a tool for continuous evaluation must be 

interconnected with an online evaluation system and must 

receive information from it about all variables of interest. 

The evaluation system works near a virtual reality simulator. 

In general, an online evaluation system should be capable to 

monitor user interactions while he/she operates the 

simulation system. In order to achieve that, it is necessary to 

collect the information about positions in the space, forces, 

torque, resistance, speeds, accelerations, temperatures, 

visualization and/or visualization angle, sounds, smells and 

etc. This information will be used to feed the evaluation 

system. In the Figure 1 [21], we can observe that the virtual 

reality simulator and the system of evaluation are 

independent systems, however they act simultaneously. 

 

 
 

Figure 1: Diagram of A Virtual Reality Simulator With an 

Evaluation System. 

 

User interactions are monitored and the information are sent 

to the evaluation system that analyzes the data and emits, at 

the end of the training, an Evaluation Report about the user 

performance, according M pre-defined classes of 

performance. A set of rules of the fuzzy based rule expert 

system (FRBES) [30] defines each one of the possible 

classes of performance, which are defined from specialists’ 

knowledge. The interaction variables will be monitored 

according to their relevance to the training. Thus, each 

application will have their own set of relevant variables that 

will be monitored [21]. 

If the same user had performed other trainings, the 

Continuous Evaluation Tool uses the data collected from 

user interaction in his/her several training to create an User 

Profile and construct a Continuous Evaluation Report about 

all set of training. That information is used to evaluate the 

trainee and can improve his/her performance in real tasks 

[28]. The Figure 2 [23] shows a diagram of an Evaluation 

System able to perform continuous evaluation. 

A Fuzzy Continuous Evaluation Tool makes a union of fuzzy 

statistical measures, models and testing of hypothesis, and an 

FRBES to construct an individual profile for trainee. Fuzzy 

statistical tools are programmed to make an automatic 

analysis of the database and construct fuzzy statistical 

measures, graphics fuzzy statistical models and results of 

fuzzy statistical hypothesis testing. FRBES uses this 

information to create a user profile and a continuous 

evaluation report. The continuous evaluation report presents 

the trainee profile and shows, with fuzzy statistical measures, 

graphics and models, the execution performance of specific 

tasks. They are used as input for FRBES [30]. Figure 3 

shows the new methodology presented. 

 

 
 

Figure 2: Diagram of an Evaluation System With Approach 

of Continuous Evaluation. Adapted from [23]. 

 

 

 
 

Figure 3: Diagram of The Continuous Evaluation System 

using FRBES. 

 

In the first time that user executes his training, the Evaluation 

Report emits information about the user performance, at the 

end of the training, according to classes of performance 

previously defined. This information is stored in a User 

Profile for posterior evaluations with approach of continuous 

evaluation. In a second time when user execute his/her 

training, the Fuzzy Continuous Evaluation is able to 

construct a Continuous Evaluation Report, which presents 

information about user performance over specific tasks, 

using statistical measures, tables, graphics and models. Both 

reports present information from the last training. But, 

additionally, the Continuous Evaluation Report will show 

accumulated information about the sequence of trainings for 

this user. 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

104



 

 

4 Application 

This methodology can be applied for any activity, 

particularly those who offer risks to the user/trainee or to 

people who depends of him/her. In this context, fuzzy 

continuous evaluation is an interesting tool to improve 

knowledge construction. For example in medical area, where 

invasive procedures can be simulated by VR, it is necessary 

some kind of evaluation tool with properties of continuous 

evaluation. In those simulators, users perform realistic virtual 

procedures and can acquire dexterity and/or improve skills. 

If a continuous evaluation tool is attached to those 

applications, user interactions can be collected in real time to 

be used to evaluation since the tool can show to the user 

his/her qualities and his/her deficiencies in the execution of 

the medical procedure. 

 

 

Figure 4: Screenshot of the Bone Marrow Simulator with a 

Semi-Transparent View of the Pelvic Region.  

 

An example is the bone marrow simulator (Figure 4), a 

virtual reality simulator to training the extraction of bone 

marrow in children [13]. In this application the user is a 

novice surgeon that must acquire dexterity to insert a needle 

in the pelvic region of a child and find the bone marrow, 

located inside the iliac bone. The user manipulates a haptic 

device, a 6DOF interaction device, represented in the system 

by a needle. This device is responsible to provide tactile 

sensations and force feedback related to the manipulation of 

the needle in the system. With this device, the user can touch 

and feel the tissue properties of anatomy models, use his 

perception to identify bone location under the skin and 

penetrate the tissues to extract bone marrow.  Figure 5 shows 

the haptic device used for interaction. In spite of Figure 4 

presents a semi-transparent model, it is only for 

demonstration purposes. In the real bone marrow harvest 

procedure user cannot have internal visualization of the body 

and the touch sense is the only information perceived during 

needle penetration over 4 different properties tissue layers. 

Table 1 presents an example of description of each tissue 

layer present in the bone barrow harvest simulator. The 

hardness refers how much force must be applied to penetrate 

the tissue, the viscosity refers to how hard are the movements 

when inside the layer and surface friction indicates how 

slippery is the surface of the layer. The percentages are only 

an estimation of values and the calibration of the properties 

is done by a physician. The haptic device used in the 

simulation can read 1000 samples per second, including 

spatial position and applied forces. This data is an example 

of information used by the evaluation tool. After calibration 

and system setup, the same physician performs the 

simulation several times and in different ways to provide 

labels for each one of M classes of performance. 

 
 

 
 

Figure 5: Haptic Device for Interaction with Tactile 

Sensation and Force Feedback. 

Table 1: Subjective description of tissue properties for a 

bone marrow simulator. 

Tissue hardness viscosity Surface friction 

Epidermis 20% 70% 60% 

Subcutaneous 20% 70% 60% 

Periosteum 80% 90% 20% 

Hard bone 80% 90% 20% 

Bone marrow 1% 5% 1% 

 

The FRBES contains different rules to manipulate fuzzy 

information collected from users interaction using haptic 

device. The user must introduce the needle in pelvic region 

and go to the bone to harvest the marrow. This path can be 

modeled by a fuzzy regression model and the parameters of 

this regression can be compared with the M models 

previously stored by the physician. In the procedure, forces 

and torques applied through the needle are approximately 

constants between skin and bone. However, it is necessary to 

apply a different torque to introduce the needle into the bone. 

Fuzzy statistical parameters, as mean and standard deviation, 

can be used to compare this procedure with the parameters of 

procedure performed by physician. All those fuzzy statistical 

parameters can be compared with parameters of classes of 

performance using a fuzzy testing of hypothesis. The fuzzy 

probability of these comparisons and their correspondent 

hypothesis are used as input in the FRBES. If everything was 

performed correctly, an Evaluation Report is created to 

inform the user about it. In opposition, if something was 

performed wrong, the FRBES use their rule databases to find 

problems in execution and inform the user. Examples are 

presented in the following. 

 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

105



 

 

4.1 Example 1 

Let be five classes of performance done by fuzzy sets in 

Ω={very good, good, reasonable, bad, novice}. The fuzzy 

regression model for the way followed by user has 

parameters (for coordinates of tri-dimensional space), done 

by the fuzzy sets A, B and C.  

Vectors of data, whose fuzzy mean and fuzzy standard 

deviation are given by Df1, Ef1, Gt1 and Ht1, respectively, 

store the force and torque applied between skin and bone. In 

the introduction of the needle into the bone, force and torque 

new vectors of data are stored, whose fuzzy mean and fuzzy 

standard deviation are given by Df2, Ef2, Gt2 and Ht2, 

respectively. 

For each one class of performance, there are reference 

parameters for models, forces and torques. Those parameters 

are denoted by A*, B* and C* for fuzzy models and Dfi*, 

Efi*, Gti*, Hti* , with i=1,2 for forces and torques 

respectively. To compare those parameters with these 

reference parameters for each class, fuzzy statistical 

hypothesis testing are used and fuzzy probabilities for null 

hypothesis are obtained from them. These probabilities are 

treated by FRBES using rules as: 

 
    IF <Fuzzy Probability of Applied Forces in  

        Phase 1 is Acceptable>  

       AND <Fuzzy Probability of Applied Forces in  

            Phase 2 is Unacceptable> 

    THEN <User Performance is bad>. 

 

or  

 
    IF <Fuzzy Probability of A parameter in Fuzzy  

        Model is Acceptable>  

       AND <Fuzzy Probability of B parameter in  

            Fuzzy Model is Acceptable>  

       AND <Fuzzy Probability of C parameter in  

            Fuzzy Model is Acceptable > 

    THEN <User Performance is very good>. 

 

When the system classifies a user as good, reasonable, bad or 

novice, the FRBES can detect the user mistakes by the search 

for unacceptable fuzzy probabilities. From them, is possible 

to find where user made mistake. For example, it can be 

noticed the user made mistake in the application of forces in 

the Phase 2, but everything was performed correctly in the 

Phase 1. 

 
    IF <Global User Performance is bad >  

       AND <Fuzzy Probability of Applied Forces in  

            Phase 2 is Unacceptable> 

    THEN <Applied Forces in Phase 2 has  

          Mistake>. 

 

By the rule above, the user will know about his/her mistake. 

Also it is possible to know what was performed wrong. In 

this case, only three cases are possible:  

 

1. Applied force was excessive and it was not possible to 

harvest the marrow. 

2. Applied force was normal and it produced a good 

procedure. 

3. Applied force was lower than normal, and the needle 

cannot be introduced into the bone.  

 

The FRBES has rules to verify which situation really 

happened. For example: 

 
    IF <Global User Performance is bad >  

       AND <User Applied Forces in Phase 2 has  

            Mistake>  

       AND <Applied Forces in Phase 2 is Excessive> 

    THEN <Applied Forces in Phase 2 is Upper  

          than normal>.  

 

4.2 Example 2 

In the Section 4.1 it was illustrated how the Evaluation 

Report works. Now, we present the Continuous Evaluation 

Report. This report must show the evolution of user 

according to the sequence of training he/she performed, 

including the last one. The goal of this report is to help user 

to improve his/her performance. 

Let be a training sequence for a user, denoted by S={s1,..., 

sn}. In each sj (j=1,...,n) is stored a set of vectors with: 

variables of training, performance by variable of training and 

global user performance. From this information the FRBES 

can produce a Continuous Evaluation Report, showing to the 

user his/her evolution. For example, mistakes are less 

frequent now than before; serious mistakes are not made 

there is a long time; average of the time of procedure 

execution is coming to ideal with small standard deviation. 

The rules below show how it is processed: 

 
    IF (<Fuzzy Correlation (serious mistakes) is  

         Negative OR Approximate Zero)  

        AND <Fuzzy Correlation (number of mistakes)  

             is Negative OR Approximate Zero>  

    THEN <User’s Continuous Evaluation is Good>.  

 

or 

 
    IF (<Fuzzy Probability of Execution Time is  

         Acceptable)  

        AND <Fuzzy Standard Deviation (Execution  

             Time) is Small>  

    THEN <User’s Continuous Evaluation is Very  

          Good>.  

 

FRBES can evaluate the global users performance along the 

sequence of performed procedures. It is done by rules like 

this one: 

 
    IF <Fuzzy Correlation (Global User Performance)  

        is Positive OR Approximate Zero>  

       AND <The Last One (Global User Performance)    

            is Very Good>  

    THEN <User’s Continuous Evaluation is Very  

          Good>. 

 

For better user comprehension of his/her situation, some 

graphics are presented showing all history of evaluations. For 

example, a graphic illustrate the number of serious mistakes 

or his/her Global Users Performance along the sequence of 

performed procedures. 

5 Conclusions 

In this paper we introduced a new methodology for 

evaluation training using a fuzzy continuous evaluation 

approach. This methodology uses fuzzy statistical measures, 

models and results of fuzzy statistical hypothesis testing, as 

inputs of a FRBES. This system is able to construct an 
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individual profile for trainee and emit to him/her information 

about his/her performance at the end of the training, 

according to classes of performance previously defined, as 

proposed in others methodologies. Moreover, this 

methodology can provide to user information about his 

performance in specific tasks in the training and show where 

the user made mistakes. The methodology was illustrated by 

examples to show its functionalities and how the Evaluation 

Report and Continuous Evaluation Report are made. 

A system developed using the proposed methodology is a 

diagnostic tool, which helps a trainee to understand his/her 

difficulties. From information presented by a Fuzzy 

Continuous Evaluation system, the trainee can understand 

his/her difficulties and improve his performance. 
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Abstract— There are many situations in which problems deal with
vague and imprecise information. In such cases, the information
could be modelled by means of numbers, however, it doesn’t seem
logical to model imprecise information in a precise way. Therefore,
the use of linguistic modelling have been used with successful re-
sults in these problems. The use of linguistic information involves the
need of carrying out processes which operate with words, so called
Computing with Words (CW). In the literature exists different lin-
guistic approaches and different computational models. We focus in
this contribution on the use of the fuzzy linguistic approach (FLA) to
model vague and imprecise information, but more specifically we fo-
cus on their computational models paying more attention on different
symbolic computational models that have been defined to deal with
linguistic information. We are going to review their main features
and make a comparative analysis among them.

Keywords— Computing with words (CW), fuzzy linguistic ap-
proach, linguistic 2-tuple, linguistic variable.

1 Introduction
Many problems in the real world deal with vague and impre-
cise information. There exist different kinds of tools to man-
age this type of information. The probability theory can be
a powerful tool in order to treat the uncertainty and can be
applied in different areas, like decision making, evaluation,
planning, scheduling and so on. However, it is easy to see that
many aspects of uncertainties have a non-probabilistic char-
acter since they are related to imprecision and vagueness of
meanings. The use of the fuzzy linguistic approach [18] to
model this kind of information provided successful results be-
cause the experts involved in such situations provide linguistic
values rather than numbers. The linguistic modelling implies
processes of CW, in the specialized literature can be found two
classical linguistic computational models that provide linguis-
tic operators for CW:

i) Model based on the extension principle (semantic model)
[2, 4].

ii) Symbolic model [6, 8, 16].

The former provides accuracy but their results cannot be ex-
pressed by linguistic terms without an approximation process.
The latter also needs an approximation process to express the
results in a linguistic way, but the computational process is
simpler and easier to understand by the experts involved in
the problems.

Due to the previous facts, different symbolic approaches
based on the fuzzy linguistic approach have been defined to
improve the classical computational model. These approaches
have modified the representation of the linguistic information

from different points of view in order to improve the computa-
tional results. The symbolic models in which we are interested
are: the 2-tuple linguistic representation model [9], the virtual
linguistic model [15] and the proportional 2-tuple model [13].
These models improve the classical symbolic model by avoid-
ing the approximation in processes of CW in order to improve
the precision in the final results.

The aim of this contribution is to make a comparative analy-
sis of the three aforementioned symbolic models to show their
features and discuss their correctness regarding the fuzzy lin-
guistic approach as their basis.

This paper is structured as follows: In Section 2, we intro-
duce in short the fuzzy linguistic approach and its classical
computational models. In Section 3, we shall review the dif-
ferent symbolic computational models, such as, the 2-tuple
linguistic representation model, the virtual linguistic model
and the proportional 2-tuple representation model. In Section
4, we shall make a comparative analysis among the different
symbolic computational models, and finally we shall point out
some concluding remarks.

2 Fuzzy Linguistic Approach
Many aspects of different activities in the real world cannot
be assessed in a quantitative form, but rather in a qualitative
one, i.e., with vague or imprecise knowledge. In that case, a
better approach might be to use linguistic assessments instead
of numerical values. The fuzzy linguistic approach represents
qualitative aspects as linguistic values by means of linguistic
variables [18]. We have to choose the appropriate linguistic
descriptors for the linguistic term set and their semantics. To
do so, an important aspect to be analyzed is the granularity
of uncertainty i.e., the level of discrimination among differ-
ent degrees of uncertainty. Typical values of cardinality used
in the linguistic models are odd ones, such as 7 or 9, where
the mid term represents an assessment of ”roughly 0.5” and
the rest of the terms being placed symmetrically around it [2].
Once the cardinality of the linguistic term set has been es-
tablished, we must provide the linguistic terms and their se-
mantics. There exist different possibilities to accomplish this
task [1, 8, 17]. One of them consists in supplying directly the
term set by considering all the terms distributed on a scale on
which a total order is defined [8, 17]. For example, a set of
seven terms S, could be:

S = {s0 : N, s1 : V L, s2 : L, s3 : M, s4 : H, s5 : V H, s6 : P}
Usually, in these cases, it is required that in the linguistic

term set there exists:

1. A negation operator Neg(si) = sj such that j = g − i
(g + 1 is the cardinality)
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Figure 1: A Set of 7 Terms with its Semantic

2. A max operator: max(si, sj) = si if si ≥ sj

3. A min operator: min(si, sj) = si if si ≤ sj

The semantics of the terms are represented by fuzzy num-
bers, defined in the interval [0, 1], described by membership
functions. A way to characterize a fuzzy number is to use a
representation based on parameters of its membership func-
tion [2]. The linguistic assessments given by the users are just
approximate ones, then linear trapezoidal membership func-
tions are good enough to capture the vagueness of those lin-
guistic assessments [5]. This representation is achieved by
the 4-tuple (a, b, c, d), where b and d indicate the interval in
which the membership value is 1, with a and c indicating the
left and right limits of the definition domain of the trapezoidal
membership function [2]. A particular case of this kind of rep-
resentation are the linguistic assessments whose membership
functions are triangular, i.e., b = d, so we represent this kind
of membership function by 3-tuples (a, b, c). An example can
be:

P = (.83, 1, 1) V H = (.67, .83, 1)
H = (.5, .67, .83) M = (.33, .5, .67)
L = (.17, .33, .5) V L = (0, .17, .33)
N = (0, 0, .17).

which is graphically shown in Figure 1.

2.1 Classical Computational Models

The use of linguistic variables implies processes of comput-
ing with words such as their fusion, aggregation, comparison,
etc. To perform these computations in the fuzzy linguistic ap-
proach appeared two classical computational models:

1. Model based on the Extension Principle (Semantic
Model): This model carries out operations with linguis-
tic terms by means of operations associated to their mem-
bership functions based on the Extension Principle. The
Extension Principle is a basic concept in the fuzzy sets
theory [7] which is used to generalize crisp mathematical
concepts to fuzzy sets. The use of extended arithmetic
based on the Extension Principle [7] increases the vague-
ness of the results. Therefore, the results obtained by the
fuzzy linguistic operators based on the Extension Princi-
ple are fuzzy numbers that usually do not match with any
linguistic term in the initial term set. For this reason, it
is necessary to carry out a linguistic approach in order to
express the results in the original expression domain. In

the literature, we can find different linguistic approxima-
tion operators [2, 4]. A linguistic aggregation operator
based on the extension principle acts according to:

Sn F̃−→ F (R)
app1(·)−→ S (1)

where Sn symbolizes the n Cartesian product of S. F̃ is
an aggregation operator based on the extension principle,
F (R) the set of fuzzy sets over the set of real numbers R,
app1 : F (R)→ S is a linguistic approximation function
that returns a label from the linguistic term set S, being
S the initial term set.

2. Symbolic Model: This model uses the ordered structure
of the linguistic terms set, S = {s0, s1, . . . , sg} where
si < sj if i < j, to operate [6, 8, 16]. The inter-
mediate results of these operations are numeric values,
α ∈ [0, g], which must be approximated in each step
of the process by means of an approximation function
app2 : [0, g] → {0, . . . , g} that obtains a numeric value,
such that, it indicates the index of the associated linguis-
tic term, sapp2(α) ∈ S. Formally, it can be expressed
as:

Sn C−→ [0, g]
app2(·)−→ {0, . . . , g} −→ S (2)

where C is a symbolic linguistic aggregation opera-
tor, app2(·) is an approximation function used to ob-
tain an index {0, . . . , g} associated to a term in S =
{s0, . . . , sg} from a value in [0, g]

Both models when operate with linguistic information pro-
duce loss of information due to the approximation processes
and hence a lack of precision in the results. This loss of in-
formation is produced because the information representation
model of the fuzzy linguistic approach is discrete in a contin-
uous domain.

3 New Symbolic Computational Models

The necessity of dealing with linguistic information in many
real world problems has driven the researchers to develop
models in order to improve the processes of CW. Different
models have been presented in the literature recently. In
this section we focus our attention on different symbolic ap-
proaches that have developed new representation and compu-
tational models for the linguistic information in order to im-
prove the accuracy of the results of processes of CW. Such
approaches are the 2-tuple linguistic model [9], the virtual
linguistic model [15] and the proportional 2-tuple linguistic
model [13], which improve the limitations that present the
classical symbolic computational model, regulating the loss
of information and imprecision in its computations. These ap-
proaches have been widely used in problems dealing with lin-
guistic information such as, Decision making [12, 14], Evalu-
ation [3], Recommender Systems [11] and so on.

Due to the fact that, these symbolic approaches based on the
fuzzy linguistic approach have modified the linguistic repre-
sentation in order to improve the processes of CW, their review
implies the study of their linguistic representation models and
their computational models to accomplish the processes of
CW in a symbolic and precise way.
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3.1 2-Tuple linguistic representation model

This model was presented in [9] to avoid the loss of informa-
tion and to express symbolically any counting of information
in the universe of the discourse.

(a) Representation model:

This representation is based on the concept of symbolic
translation and uses it for representing the linguistic informa-
tion by means of a pair of values, called 2-tuples, (si, α) where
s is a linguistic term and α is a numerical value representing
the symbolic translation. Let S = {s0, . . . , sg} be a term set,
and β ∈ [0, g] a numerical value in its interval of granularity
(e.g.: let β be a value obtained from a symbolic aggregation
operation).

Definition 1 The symbolic translation is a numerical value
assessed in [−0.5, 0.5) that supports the ”difference of infor-
mation” between a counting of information β assessed in the
interval of granularity [0, g] of the term set S and the clos-
est value in {0, . . . , g} which indicates the index of the closest
linguistic term in S.

From this concept, is developed a linguistic representation
model which represents the linguistic information by means
of 2-tuples (si, α), si ∈ S and αi ∈ [−0.5, 0.5)

• si represents the linguistic label of the information

• α is a numerical value expressing the value of the trans-
lation

This representation model defines a set of functions to fa-
cilitate computational processes with 2-tuples [9].

Definition 2 Let S = {s0, . . . , sg} be a set of linguistic
terms. The 2-tuple set associated with S is defined as 〈S〉 =
S × [−0.5, 0.5). We define the function ∆ : [0, g] −→ 〈S〉
given by

∆(β) = (si, α), with
{

i = round (β),
α = β − i,

(3)

where round assigns to β the integer number i ∈ {0, 1, . . . , g}
closest to β.

We note that ∆ is bijective [9, 10] and ∆−1 : 〈S〉 −→ [0, g]
is defined by ∆−1(si, α) = i + α. In this way, the 2-tuples of
〈S〉 will be identified with the numerical values in the interval
[0, g].

Remark 1 We can consider the injective mapping S −→ 〈S〉
that allows us to transform a linguistic term si into a 2-tuple:
(si, 0). On the other hand, ∆S(i) = (si, 0) and ∆−1

S (si, 0) =
i, for every i ∈ {0, 1, . . . , g}.

Let’s suppose a symbolic aggregation operation over labels
assessed in S = {s0, s1, s2, s3, s4, s5, s6} that obtains as its
result β = 2.8, then the representation of this counting of
information by means of a 2-tuple will be:

∆(2.8) = (s3,−0.2)

b) Computational model:

Together the representation model, a linguistic computa-
tional approach based on the functions ∆ and ∆−1 was also
defined in [9] with the following computations and operators:

1. Comparison of 2-tuples

The comparison of linguistic information represented by 2-
tuples is carried out according to an ordinary lexicographic
order.

Let (sk, α1) and (sl, α2) be two 2-tuples, with each one
representing a counting of information:

• if k < l then (sk, α1) < (sl, α2)

• if k = l then

1. if α1 = α2 then (sk, α1), (sl, α2) represents the
same information

2. if α1 < α2 then (sk, α1) < (sl, α2)
3. if α1 > α2 then (sk, α1) > (sl, α2)

2. Negation operator of a 2-tuple

The negation operator over 2-tuples was defined as:

Neg((si, α)) = ∆(g − (∆−1(si, α))) (4)

where g + 1 is the cardinality of S, S = {s0, ..., sg}.
3. Aggregation of 2-tuples

The aggregation of information consists of obtaining a
value that summarizes a set of values, therefore, the result of
the aggregation of a set of 2-tuples must be a 2-tuple. There
exists several 2-tuple aggregation operators [9]. For instance,
the 2-tuple arithmetic mean is defined as:

Definition 3 Let x = {(s1, α1), . . . , (sn, αn)} be a set of 2-
tuples, the 2-tuple arithmetic mean xe is computed as,

xe = ∆(
n∑

i=1

1
n

∆−1(si, αi)) = ∆(
1
n

n∑
i=1

βi) (5)

The arithmetic mean for 2-tuples allows to compute the
mean of a set of linguistic values in a precise way without
any approximation process.

Example
Let’s suppose an example where we have the following lin-

guistic preference vector:

s2 s3 s3 s2

and S = {s0 : N, s1 : V L, s2 : L, s3 : M, s4 : H, s5 :
V H, s6 : P} is the term set shown in the Figure 1.

We want to aggregate these values by using the arithmetic
mean as aggregation operator. We follow the process below:

• The preference vector is transformed into 2-tuples as fol-
lows:

(s2, 0) (s3, 0) (s3, 0) (s2, 0)

• The linguistic aggregated value obtained by the arith-
metic 2-tuple is:

x = ∆( 1
4 (∆−1(s2, 0) + ∆−1(s3, 0) + ∆−1(s3, 0) +

∆−1(s2, 0))) = ∆(2.5) = (s3,−0.5)
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3.2 Virtual linguistic model

This model was presented by Xu in [15] to avoid the loss of
information in processes of CW and increase the operators in
processes of CW.

a) Representation model:

In this symbolic model, Xu extended the discrete
term set S to a continuous linguistic term set S̄ =
{sα|sl < sα ≤ st, α ∈ [1, t]}, where, if sα ∈ S, sα is called
the original linguistic term, otherwise, sα is called virtual lin-
guistic term which does not have assigned any semantics.

In general, experts use the original linguistic terms to assess
the linguistic variables, and the virtual linguistic terms appear
in operations.

b) Computational model:

To accomplish processes of CW with this representation
model, Xu introduced the following operational laws:

Let sα, sβ ∈ S̄, be any two linguistic terms and µ, µ1, µ2 ∈
[0, 1].

1. (sα)µ = sαµ

2. (sα)µ1 ⊗ (sα)µ2 = (sα)µ1+µ2

3. (sα ⊗ sβ)µ = (sα)µ ⊗ (sβ)µ

4. sα ⊗ sβ = sβ ⊗ sα = sαβ

5. sα ⊕ sβ = sα+β

6. sα ⊕ sβ = sβ ⊕ sα

7. µsα = sµα

8. (µ1 + µ2)sα = µ1sα ⊕ µ2sα

9. µ(sα ⊕ sβ) = µsα ⊕ µsβ

Example
Let’s suppose the example presented previously. In order

to compute the arithmetic mean with this model, we have to
apply the above operational rules to the linguistic terms:

• The arithmetic mean according to Xu is defined as:

xe =
∑n

i=1 si

n
=

1
n

s∑n

i=1
i (6)

• We aggregate the preference vector and we obtain the fol-
lowing collective preference value

x =
1
4
s(2+3+3+2) =

1
4
s10 = s2.5

3.3 Proportional 2-Tuples representation model

This model presented by Wang and Hao in [13] develops a
new way to represent the linguistic information that is a gen-
eralization and extension of 2-tuple linguistic representation
model [9]. This model deals with linguistic labels in a precise
way, but it does not require that the labels are symmetrically
distributed around a medium label and either having ”equal
distance” between them. Besides, it describes the initial lin-
guistic information by members of a ”continuous” linguistic

scale domain which does not necessarily require the ordered
linguistic terms of a linguistic variable being equidistant.

a) Representation model:

This model represents the linguistic information by means
of proportional 2-tuples, such as (0.2A, 0.8B) for the case
when someone’s grades in the answer scripts of a whole
course are distributed as 20%A and 80%B. The authors point
out that if B were used as the approximative grade then some
performance information would be lost. This approach, pro-
portional 2-tuples, is based on the concept of symbolic pro-
portion [13].

Definition 4 Let S = {s0, s1, ..., sg} be an ordinal term set,
I = [0, 1] and

IS ≡ I × S = {(α, si) : α ∈ [0, 1] and i = 0, 1, ..., g} (7)

where S is the ordered set of g + 1 ordinal terms {s0, ..., sg}.
Given a pair (si, si+1) of two successive ordinal terms of S,
any two elements (α, si), (β, si+1) of IS is called a symbolic
proportion pair and α, β are called a pair of symbolic propor-
tions of the pair (si, si+1) if α+β = 1. A symbolic proportion
pair (α, si), (1 − α, si+1) is denoted by (αsi, (1 − α)si+1)
and the set of all the symbolic proportion pairs is denoted
by S, i.e., S = {(αsi, (1 − α)si+1) : α ∈ [0, 1] and i =
0, 1, . . . , g − 1}.

Remark 2 Since for i = {2, . . . , g − 1}, ordinal term si can
use either (0si−1, 1si) or (1si, 0si+1) as its representative in
S, by abuse of notation.

S is called the ordinal proportional 2-tuple set generated by S
and the members of S, ordinal proportional 2-tuples, which is
used to represent the ordinal information for CW.

The notion of proportional 2-tuple allows experts to express
their opinions using two adjacent ordinals.

In a similar way to the symbolic 2-tuple Wang and Hao in-
troduced functions in order to facilitate the computations with
this type of representation.

Definition 5 Let S = {s0, s1, . . . , sg} be an ordinal term set
and S be the ordinal proportional 2-tuple set generated by S.
The function π : S → [0, g] was defined by

π((αsi, (1− α)si+1)) = i + (1− α), (8)

where i = {0, 1, . . . , g − 1}, α ∈ [0, 1] and π is called the
position index function of ordinal 2-tuples.

Note that, under the identification convention which was
remarked after the definition 4, the position index function
π becomes a bijection from S to [0, g] and its inverse π−1 :
[0, g]→ S is defined by

π−1(x) = ((1− β)si, βsi+1) (9)

where i = E(x), E is the integer part function, β = x− i.

b) Computational model:

To operate with linguistic information under proportional
2-tuple contexts, Wang and Hao expanded the computational
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techniques for symbolic to proportional 2-tuples and defined
the following operators:

1. Comparison of Proportional 2-tuples

The comparison of linguistic information represented by
proportional 2-tuples is carried out as follows: Let S =
{s0, . . . , sg} be an ordinal term set and S̄ be the ordinal pro-
portional 2-tuple set generated by S. For any (αsi, (1 −
α)si+1), (βsj , (1−β)sj+1) ∈ S, define (αsi, (1−α)si+1) <
(βsj , (1−β)sj+1)⇔ αi+(1−α)(i+1) < βj+(1−β)(j +
1)⇔ i + (1− α) < j + (1− β).

Thus, for any two proportional 2-tuples (αsi, (1− α)si+1)
and (βsj , (1− β)sj+1):

• if i < j, then

1. (αsi, (1 − α)si+1), (βsj , (1 − β)sj+1) represents
the same information when i = j − 1 and α =
0, β = 1

2. (αsi, (1−α)si+1) < (βsj , (1−β)sj+1) otherwise

• if i = j, then

1. if α = β then (αsi, (1−α)si+1), (βsj , (1−β)sj+1)
represents the same information

2. if α < β then (αsi, (1 − α)si+1) < (βsj , (1 −
β)sj+1)

3. if α > β then (αsi, (1 − α)si+1) > (βsj , (1 −
β)sj+1)

2. Negation operator of a Proportional 2-Tuple

The negation for proportional 2-tuples is defined as:

Neg((αsi, (1− α)si+1)) = ((1− α)sg−i−1, αsg−i), (10)

where g + 1 is the cardinality of S, S = {s0, s1, . . . , sg}
3. Aggregation of Proportional 2-Tuple

Wang and Hao defined many aggregation operators to han-
dle processes of CW. The definitions of these aggregation op-
erators are based on canonical characteristic values of linguis-
tic labels. To do so, they used the similar corresponding aggre-
gation operators developed in [9] in order to aggregate ordinal
2-tuples through their position indexes [13].

Example
By using the example presented previously, if we apply the

proportional 2-tuples we obtain the following results:

• The arithmetic mean according to Wang and Hao is de-
fined as:

x = π−1(
∑n

i=1
1
nπ(αsi, (1− α)si+1)) =

= π−1( 1
n

∑n
i=1(i + (1− α))

(11)

• The preference vector is transformed into proportional 2-
tuple as follows:

(1s2, 0s3) (1s3, 0s4) (1s3, 0s4) (1s2, 0s3)

• The collective preference value obtained under ordinal
proportional 2-tuple contexts is

x = π−1( 1
4 (π(1s2, 0s3) + π(1s3, 0s4) + π(1s3, 0s4) +

π(1s2, 0s3))) = π−1(1
4 (2 + 3 + 3 + 2)) = π−1(2.5) =

((1− 0.5)s2, 0.5s3) = (0.5s2, 0.5s3)

4 Comparative Analysis
The aim of this contribution is to make a comparative anal-
ysis among the symbolic approaches presented in section 3.
This analysis will consist of studying all the approaches from
different points of view such as: representation model, com-
putations, accuracy, comprehension and so on.

• The Representation

Here, we want to point out that although the authors of
the three approaches said that they are based on the fuzzy
linguistic approach. It is clear that the Virtual model does
not follow this approach because its representation does
not have any semantics to interpret the linguistic infor-
mation. Nevertheless, the 2-tuple and the proportional 2-
tuple in spite of using additional information to the rep-
resentation of the linguistic information both, keep the
basis of the definition of linguistic variable provided in
the fuzzy linguistic approach by using fuzzy numbers to
represent the semantics of the linguistic terms.

• The accuracy

By comparing the results provided by the three different
approaches in the example showed we can see that the re-
sults are similar although the representation of the infor-
mation would be different. The reason of similar results
in this case is because we have considered a linguistic
term set symmetrically distributed. However, if we go
in deep through the three approaches we can see that the
2-tuple approach guarantees the accuracy when the la-
bels are symmetrically distributed and there is only point
with maximum height. The proportional 2-tuple guaran-
tees the accuracy when the terms have the same width in
their support. Finally regarding the virtual model is dif-
ficult to say anything about accuracy because it does not
have semantics to represent the information.

• The computations

By comparing the computational models provided by the
three approaches we can observe an important difference.
The Virtual model proposes many symbolic operations
directly on the linguistic terms obtaining results without
any meaning. However the 2-tuple and proportional 2-
tuple approaches propose their symbolic computational
models with symbolic operators and additionally provide
transformation functions to facilitate the computations.

• The comprehension

An important point that should be taken into account re-
garding the linguistic information is, that this type of in-
formation is not only used to represent the information
but also to facilitate the comprehension of the results to
the users in many different problems.

Therefore, we can say that the virtual model is only valid
for ranking issues because due to the fact the virtual
terms do not have semantics are hard to understand apart
of a simple order. The proportional 2-tuple provides a
clear representation but comparing with the 2-tuple is a
little bit more complex due to the fact of the use of four
values to represent a single one.

In the table 1 we show the main differences among models.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

112



Table 1: Comparative analysis among models
2-Tuple Virtual Linguistic Proportional 2-Tuple

Representation symbolic and semantics No semantics symbolic and semantics
Accuracy equidistant labels always because no semantics same width
Computation symbolic no symbolic symbolic
Comprehension easy to understand only ranking issues understandable

5 Concluding Remarks
In this paper we have reviewed the classical computational
models and we have made a brief review of recent symbolic
computational models, like the 2-tuple model, the propor-
tional 2-tuple model and the virtual linguistic model.

We have also made a comparative analysis among them in
which the most remarkable finding obtained is that the virtual
model can not be considered a linguistic model in the sense
of the fuzzy linguistic approach due to the fact that it does not
require semantics to their linguistic terms. In fact, it could be
considered a crisp approach because it does not use any real
element to represent the vagueness of the qualitative informa-
tion.
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Abstract— Three different types of universal integral based on
level dependent capacities are introduced and discussed. Two ex-
tremal types are based on Caratheodory’s idea of inner and outer
measures, while the third type is introduced for copula-based univer-
sal integrals only.
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pendent capacities, Sugeno integral, Universal integral.

1 Introduction

Capacities (also called fuzzy measures) express the weights
of (measurable) subsets of a given universe X in a consistent
way. If, for example, X represents a set of criteria then a ca-
pacity m on X assigns to each group of criteria A ⊆ X a
weight m(A). Universal integrals aggregate the information
contained in a capacity m and in a (measurable) function f to
a single representative value. The range of f has no influence
on the capacity we are exploiting in the aggregation process.
In practical applications, however, there is often a need for a
different treatment of functions with small values and func-
tions with large values (or even in a more sophisticated way).

This idea of different weights for sets (groups of criteria)
at different levels can be expressed by means of a system of
capacities (level dependent capacities, see [1, 2, 3]). Note that,
motivated by multi-criteria decision problems, one approach
to a Choquet integral based on level dependent capacities was
proposed and discussed in [1, 2]. On the other hand, one type
of a Sugeno integral based on level dependent capacities was
introduced in [3] as a solution of the comonotone maxitivite
problem for aggregation functions.

The aim of this contribution is to introduce and to discuss
universal integrals based on level dependent capacities, i.e.,
we are looking for extensions of the concept of universal in-
tegrals [4] which originally was defined for capacities only.
Similar ideas generalizing classical measures are related to the
notion of Markov kernels [5], see also [6].

2 Preliminaries

Recall that a (binary) aggregation operator or aggregation
function [7, 8] is a function A : [0, 1]2 → [0, 1] which is non-
decreasing (in each component) and satisfies A(0, 0) = 0 and
A(1, 1) = 1. If a binary aggregation function A has neutral el-

ement 1, i.e., satisfies A(a, 1) = A(1, a) = a for all a ∈ [0, 1],
it is called a semicopula [9].

Universal integrals were introduced and studied recently
in [10, 4]. If the set H is defined by

H = {h : [0, 1] → [0, 1] | h is non-increasing with h(0) = 1}.
and if ⊗ : [0, 1]2 → [0, 1] is a semicopula then a non-
decreasing functional J : H → [0, 1] is called ⊗-consistent
if, for all a, b ∈ [0, 1], we have

J(b · 1[0,a] + (1 − b) · 1{0}) = a ⊗ b. (1)

A capacity space (X,A, m) is a triplet consisting of a non-
empty universe X , a σ-algebra A of subsets of X (the ele-
ments of A are called measurable subsets of X), and a capac-
ity m : A → [0, 1], i.e., m is isotone with boundary conditions
m(∅) = 0 and m(X) = 1. Furthermore, denote by F the
system of all A-measurable functions f : X → [0, 1]. Note
that, in our context, a function f : X → [0, 1] is called A-
measurable if, for each Borel subset B of [0, 1], its preimage
f−1(B) = {x ∈ X | f(x) ∈ B} is a measurable subset of X ,
i.e., belongs to the σ-algebra A. For details about capacity
spaces (also called fuzzy measure spaces) see [11, 12, 13, 14].

Definition 2.1 Let J : H → [0, 1] be a ⊗-consistent func-
tional. A J-universal integral IJ is a mapping which can be
defined for each capacity space (X,A, m) via IJ,m : F →
[0, 1] given by

IJ,m(f) = J(hm,f ), (2)

where the function hm,f : [0, 1] → [0, 1] is defined by
hm,f (t) = m({f ≥ t}) (observe that, because of the mono-
tonicity of m, we have hm,f ∈ H).

Note that two prototypical universal integrals are the Cho-
quet integral [15, 16, 17], in which case we have J = R, the
standard Riemann integral given by

R(h) =
∫ 1

0

h(t) dt (3)

(here ⊗ = Π, the standard product), and the Sugeno integral
[18, 11, 12, 17] which is related to J = S with

S(h) = sup{min(t, h(t)) | t ∈ [0, 1]} (4)
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(here ⊗ = Min, the greatest semicopula).
Next, we recall two important classes of universal integrals

(for more details see [10, 4]):

Proposition 2.2 Let ⊗ be a semicopula. The smallest univer-
sal integral I⊗ based on ⊗ is given by J⊗ : H → [0, 1],

J⊗(h) = sup{t ⊗ h(t) | t ∈ [0, 1]}, (5)

i.e., I⊗ = IJ⊗ .

Evidently, because of (5), we have

I⊗,m(f) = sup{t ⊗ m({f ≥ t}) | t ∈ [0, 1]}. (6)

Observe that for ⊗ = Min, IMin = IS is just the Sugeno
integral, while IΠ is the Shilkret integral [19]. If T : [0, 1]2 →
[0, 1] is a strict t-norm [20], then IT is the Weber integral [21].

Recall that a (two-dimensional) copula [22] is a binary ag-
gregation function C : [0, 1]2 → [0, 1] with annihilator 0 and
neutral element 1, i.e., satisfies C(a, 0) = C(0, a) = 0 and
C(a, 1) = C(1, a) = a for all a ∈ [0, 1], which is also 2-
increasing, i.e., for all a1, a2, b1, b2 ∈ [0, 1] with a1 ≤ a2 and
b1 ≤ b2 we have

C(a1, b1) − C(a1, b2) + C(a2, b2) − C(a2, b1) ≥ 0. (7)

This means that each copula C induces a probability measure
PC on the Borel subsets of [0, 1]2 via

PC([a1, a2] × [b1, b2])
= C(a1, b1) − C(a1, b2) + C(a2, b2) − C(a2, b1). (8)

Equivalently, a copula C is a semicopula which is supermod-
ular, i.e.,

C(a1, b1) + C(a2, b2)
= C((a1, b1) ∧ (a2, b2)) + C((a1, b1) ∨ (a2, b2)) (9)

for all (a1, b1), (a2, b2) ∈ [0, 1]2, where ∧ and ∨ are the
(pointwise) lattice operations on [0, 1]2, i.e, ∧ = min and
∨ = max.

Proposition 2.3 If C : [0, 1]2 → [0, 1] is a copula and PC

the probability measure on the Borel subsets of [0, 1]2 induced
by C, then the functional JC : H → [0, 1] given by

JC(h) = PC({(x, y) ∈ [0, 1]2 | y ≤ h(x)}) (10)

is C-consistent.

Given a copula C : [0, 1]2 → [0, 1], we shall denote the
universal integral IJC

simply by I(C). Since Π and Min are
copulas, we see that I(Π) = IR is the Choquet integral and
I(Min) = IS is the Sugeno integral. Therefore, we have two
different ways to define the Sugeno integral.

3 Level dependent capacities
The notion of level dependent capacities was introduced in [1],
see also [2].

Definition 3.1 Let (X,A) be a measurable space. A level de-
pendent capacity on (X,A) is a system M = (mt)t∈[0,1],
where each mt : A → [0, 1] is a capacity on (X,A).

A special example of a level dependent capacity is a Markov
kernel [5, 6], where each mt is a probability measure on
(X,A) and, for each A ∈ A, the function MA : [0, 1] → [0, 1]
given by MA(t) = mt(A) is A-measurable.

Given a level dependent capacity M = (mt)t∈[0,1] on
(X,A), for each A-measurable function f : X → [0, 1] we
define the function hM,f : [0, 1] → [0, 1], which accumulates
all the information contained in M and f , by

hM,f (t) = mt({f ≥ t}). (11)

In general, the function hM,f is neither monotone nor even A-
measurable (compare with the function hm,f ∈ H discussed
in Section 2). Following the ideas of inner and outer mea-
sures in Caratheodory’s approach [23], we introduce the two
functions (hM,f )∗, (hM,f )∗ : [0, 1] → [0, 1] by

(hM,f )∗ = inf{h ∈ H | h ≥ hM,f}, (12)
(hM,f )∗ = sup{h ∈ H | h ≤ hM,f}. (13)

Note that it is possible to show that for all t ∈ [0, 1]

(hM,f )∗(t) = sup{hM,f (u) | u ∈ [t, 1]}, (14)
(hM,f )∗(t) = inf{hM,f (u) | u ∈ [0, t]}. (15)

Evidently, both functions (hM,f )∗ and(hM,f )∗ are non-
increasing and, therefore, belong to H. If the level dependent
capacity M = (mt)t∈[0,1] is constant (i.e., mt = m for all
t ∈ [0, 1]) then the three functions considered in (11)–(13)
coincide, i.e., we have

hm,f = hM,f = (hM,f )∗ = (hM,f )∗. (16)

The three functions hM,f , (hM,f )∗ and (hM,f )∗ allow us to
introduce three different extensions of universal integrals for
level dependent capacities.

4 Extensions of universal integrals

If IJ is a J-universal integral then a mapping ĨJ which can
be defined on arbitrary measurable spaces (X,A) and arbi-
trary level dependent capacities M on (X,A) is called an
extension of IJ if, whenever the level dependent capacity
M = (mt)t∈[0,1] is constant (i.e., mt = m for all t ∈ [0, 1]),
we have ĨJ,M = IJ,m.

Using the functions in (12) and (13), two extremal exten-
sions of universal integrals can be introduced.

Definition 4.1 Let IJ be a J-universal integral. The upper
extension (IJ)∗ (respectively the lower extension (IJ)∗) of IJ

for an arbitrary measurable space (X,A), a level dependent
capacity M on (X,A), and an A-measurable function f ∈ F
are given by, respectively,

(IJ,M )∗(f) = J((hM,f )∗), (17)
(IJ,M )∗(f) = J((hM,f )∗). (18)

If the system M = (mt)t∈[0,1] is constant (i.e., mt = m for
all t ∈ [0, 1]) then we clearly have

IJ,m = (IJ,M )∗ = (IJ,M )∗, (19)

i.e., both (IJ)∗ and (IJ)∗ are indeed extensions of IJ .
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For extensions ĨJ,M of IJ which are non-decreasing in M
we get

(IJ,M )∗ ≤ ĨJ,M ≤ (IJ,M )∗. (20)

The approach of extending a known integral to more gen-
eral situations was applied, e.g., in the case of belief and plau-
sibility measures. Indeed, in the case of a belief measure m
[14, 16], the standard Lebesque integral (for probability mea-
sures) was applied to probability measures P ≥ m, and the
integral with respect to the capacity m (which, in general, is
non-additive) was in this case defined as the infimum of all
Lebesgue integrals (with respect to probability measures P
with P ≥ m). Similarly, for a plausibility measure m, all
probability measures P ≤ m were taken into account, and
then the supremum over all Lebesgue integrals (with respect
to probability measures P with P ≤ m) yields the integral
for the (non-additive) plausibility measure m. Observe that
in both cases the resulting integral is the Choquet integral
with respect to m. In our case, having a universal integral
IJ defined for any pair (m, f) of a capacity and a measur-
able function on the same space, we can compare such pairs
based on the corresponding hm,f : (m1, f1) ≤ (m2, f2) when-
ever hm1,f1 ≤ hm2,f2 (here (m1, f1) and (m2, f2) need not
be defined on the same measurable space, in general). Then
(IJ,M )∗(f) is just the infimum of all values (IJ,m)(g), the
infimum being taken over all (m, g) with hM,f ≤ hm,g . Sim-
ilarly, (IJ,M )∗(f) is just the supremum of (IJ,m)(g), where
the supremum is taken over all (m, g) with hM,f ≥ hm,g .

For a copula-based universal integral IC there is a third ex-
tension — however, it cannot necessarily be applied to any
measurable function f ∈ F .

Definition 4.2 Let C be a copula, (X,A) be a measurable
space and M = (mt)t∈[0,1] be a level dependent capacity on
(X,A).

(i) A function f ∈ F is called M -integrable if hM,f is a
measurable function.

(ii) For each M -integrable function f ∈ F the corre-
sponding C-based universal integral Ĩ(C) is defined by
Ĩ(C),M (f) = JC(hM,f ) (compare (10)), i.e.,

Ĩ(C),M (f) = PC({(u, v) ∈ [0, 1]2 | v ≤ hM,f (u)}).
(21)

Note that a similar extension is possible in the case of a uni-
versal integral Iµ based on a capacity µ on the Borel subsets
of ]0, 1[2 as proposed in [24], in which case

Iµ,M (f) = µ({(u, v) ∈ ]0, 1[2 | v < hM,f (u)}). (22)

Remark 4.3

(i) The generalization of the Choquet integral for level de-
pendent capacities as proposed in [1] is closely related
to the Riemann-integrability of the function hM,f . For
example, if X is a finite set (and A = 2X ), and if
the level dependent capacity M = (mt)t∈[0,1] has the
same measurability property as a Markov kernel, i.e., for
each A ⊆ X the function MA : [0, 1] → [0, 1] given by

MA(t) = mt(A) is measurable, then also hM,f is mea-
surable for each f : X → [0, 1]. Since hM,f is not neces-
sarily monotone, the Riemann integral in the original def-
inition of the Choquet integral should be replaced by the
Lebesgue integral (with respect to the standard Lebesgue
measure λ on the Borel subsets of [0, 1]), i.e., then (21)
turns into

Ĩ(Π),M (f) =
∫

[0,1]

hM,f dλ. (23)

However, based on Definition 4.1, we have two other ex-
tensions of the Choquet integral given by

(I(Π),M )∗(f) =
∫ 1

0

(hM,f )∗(x) dx, (24)

(I(Π),M )∗(f) =
∫ 1

0

(hM,f )∗(x) dx. (25)

(ii) Similarly, we have three possible extensions of the
Sugeno integral, namely,

Ĩ(Min),M (f) = λ({t ∈ [0, 1] | t ≤ hM,f (t)}), (26)
(I(Min),M )∗(f) = sup

t∈[0,1]

min(t, hM,f (t)), (27)

(I(Min),M )∗(f) = sup
t∈[0,1]

min
(
t, inf

u∈[0,t]
hM,f (u)

)
.

(28)

In [3] comonotone maxitivity of aggregation functions
was investigated and, without any reference to integrals,
(I(Min),M )∗ was found to be a solution, compare also [25].

Example 4.4 Let X = [0, 1], A be the σ-algebra of Borel
subsets of [0, 1], and define M = (mt)t∈[0,1] by

mt =


m∗ if t ∈ [

0, 1
4

]
,√

λ if t ∈ [
1
2 , 1

]
,

m∗ otherwise,
(29)

where m∗ and m∗ are the greatest and the smallest capacity
on (X,A), respectively, given by

m∗(A) =

{
0 if A = ∅,
1 otherwise,

(30)

m∗(A) =

{
1 if A = X,

0 otherwise.
(31)

If f = id[0,1] then we get

(hM,f )∗ = 1[0, 1
4 ] + 1√

2
· 1] 1

4 , 1
2 [ +

√
1 − f · 1[ 1

2 ,1], (32)

hM,f = 1[0, 1
4 ] +

√
1 − f · 1[ 1

2 ,1], (33)

(hM,f )∗ = 1[0, 1
4 ]. (34)

Consequently, we have for the corresponding extensions of the
Choquet integral

(I(Π),M )∗(f) ≈ 0.663, (35)

Ĩ(Π),M (f) ≈ 0.486, (36)
(I(Π),M )∗(f) = 0.25. (37)
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Figure 1: The functions (hM,f )∗ (left), hM,f (center), and (hM,f )∗ in Example 4.4

For the extensions of the Sugeno integral we get

(I(Min),M )∗(f) ≈ 0.618, (38)

Ĩ(Min),M (f) ≈ 0.368, (39)
(I(Min),M )∗(f) = 0.25. (40)

The Shilkret integral [19] can be considered either as the
smallest universal integral based on ⊗ = Π or as µ-based uni-
versal integral, where µ is the capacity on the Borel subsets
of ]0, 1[2 given by µ(E) = sup{x · y | (x, y) ∈ E}. Then

(I(Π),M )∗(f) ≈ 0.385, (41)

Ĩµ,M (f) ≈ 0.385, (42)
(I(Π),M )∗(f) = 0.25. (43)

5 Conclusions
Universal integrals based on level dependent capacities can
be seen as natural extensions of capacity-based universal inte-
grals acting on different subdomains with (possibly) different
capacities. Take, for example, X = {1, 2} and define the ca-
pacities v1, v2 : 2X → [0, 1] by v1({1}) = 1

3 , v1({2}) = 2
3 ,

and v2({1}) = 3
4 , v2({2}) = 1

4 . Both capacities are addi-
tive (i.e., discrete probability measures), and the correspond-
ing Choquet integrals are just weighted arithmetic means, i.e.,
W1(x, y) = x+2y

3 and W2(x, y) = 3x+y
4 . Consider the level

dependent capacity M = (mt)t∈[0,1] given by

mt =

{
v1 if t ≤ 1

2 ,

v2 otherwise.
(44)

Then, for (x, y) ∈ [
0, 1

2

]2
, we have

(I(Π),M )∗(x, y) = Ĩ(Π),M (x, y) = (I(Π),M )∗(x, y)
= W1(x, y), (45)

and for (x, y) ∈ [
1
2 , 1

]2
(I(Π),M )∗(x, y) = Ĩ(Π),M (x, y) = (I(Π),M )∗(x, y)

= W2(x, y), (46)

If (x, y) ∈ [
0, 1

2

] × [
1
2 , 1

]
then

(I(Π),M )∗(x, y) = Ĩ(Π),M (x, y) = (I(Π),M )∗(x, y)

= 8x+6y+5
24 . (47)

However, our three extensions of the Choquet integral lead
to three different extensions of W1 (restricted to

[
0, 1

2

]2
) and

W2 (restricted to
[
1
2 , 1

]2
): if (x, y) ∈ ]

1
2 , 1

] × [
0, 1

2

[
then

Ĩ(Π),M (x, y) = 18x+16y−5
24 , (48)

(I(Π),M )∗(x, y) = W2(x, y), (49)
(I(Π),M )∗(x, y) = W1(x, y). (50)

Note that Ĩ(Π),M is a continuous aggregation function while
(I(Π),M )∗ and (I(Π),M )∗ are non-continuous. Finally, observe
that Ĩ(Π),M is the ordinal sum extension of the aggregation
functions W1 and W2 as proposed in [26].

We expect applications of the functionals introduced here in
multi-criteria decision making, especially in situations when
the weights of the criteria are related to the cardinal values of
the score values.
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Abstract— The word Interpretability is becoming more and more
frequent in the fuzzy literature. It is admitted as the main advantage
of fuzzy systems and it should be given a main role in fuzzy modeling.
However, although researchers talk a lot about Interpretability, it is
even not clear what it really means. Understanding of fuzzy systems
is a subjective task which strongly depends on the person (experi-
ence, preferences, knowledge, etc.) who makes the assessment. The
general context and the specific problem under consideration have a
huge influence too. This paper makes a review on works related to
Interpretability and presents the proposal of a conceptual framework
that can help to understand fuzzy systems. Moreover, it can be con-
sidered as a starting point in order to propose a fuzzy index, easily
adaptable to the context of each problem as well as to the user quality
criteria, for measuring Interpretability.

Keywords— Fuzzy systems, Interpretability definition and mea-
surement.

1 Introduction

The concept of interpretability appears in many fields (educa-
tion, medicine, computer science, etc.) under several names
like understandability, comprehensibility, intelligibility, trans-
parency, readability, etc. All these terms are usually consid-
ered as synonymous what could yield some confusion. How-
ever, some authors [1] distinguish between the term “trans-
parency” (readability) referred as an inherent systemic prop-
erty (related to the view of the model structure as a white-box)
and the term “interpretability” (comprehensibility) which has
more cognitive aspects because it is always related to human
beings, or more specifically to humanistic systems (defined by
Zadeh as those systems whose behavior is strongly influenced
by human judgment, perception or emotions [2]). Notice that
readability is assumed as a prerequisite for comprehensibility.

Understanding is likely to be one of the most valuable hu-
man abilities. Of course, it is related to the human intelligence
and the natural language processing capabilities, because hu-
man reasoning is mainly supported by language. The most
usual way of explaining something to someone is through the
use of words, sentences, linguistic expressions, etc. Of course,
gestures and symbols are also used as additional communi-
cation tools but they only represent other kinds of languages.
Unfortunately, knowledge about these kinds of cognitive tasks
is still quite reduced. However, let us underline that this work
belongs to the field of artificial intelligence and it will focus
on analyzing the interpretability of knowledge-based systems,
and more specifically of fuzzy rule-based systems (FRBSs).
The main goal of this work is to study how comprehensible
are such systems from a human point of view, opening a con-
structive discussion.

The use of linguistic variables [2] to overcome the ineffec-
tiveness of computers in dealing with systems whose behav-
ior is strongly influenced by human judgment, perceptions or
emotions was pointed out by Zadeh long time ago: In order
to be able to make significant assertions (...) it may be nec-
essary to abandon the high standards of rigor and precision
that we have become conditioned to expect of our mathemat-
ical analyses (...) and become more tolerant of approaches
which are approximate in nature [2]. Following the Zadeh’s
advice if we really want to define a useful index for system
modeling, it is necessary to change our mind. Numerical in-
dices should be forgotten and in turn fuzzy indices should be
defined, i.e., the focus must be shifted from computing with
numbers to computing with words, from manipulation of mea-
surements to manipulation of perceptions [3]. In consequence,
the right approach to assess interpretability in an effective way
consists in proposing a fuzzy index instead of a numerical one.
A first attempt was presented in [4] where a hierarchical fuzzy
system was used to get an interpretability measure. That pro-
posal opened this way but a lot of work remains to do.

The expressivity of linguistic rules [5] is acknowledged
to be quite close to natural language what favors the inter-
pretability because human understanding is made in terms of
natural language. That is why it is useful to take into ac-
count the experience gained by natural language processing
researchers. For instance, the philosopher Paul Grice estab-
lished the next four conversational maxims [6] which arise
from the pragmatics of natural language and they are based
on the common sense:

1. Maxim of Quality: Do not say what you believe to be
false. Do not say anything without adequate evidence.

2. Maxim of Quantity: Make your contribution as informa-
tive as required for the current purposes of the exchange.

3. Maxim of Relation: Be relevant.

4. Maxim of Manner: Avoid obscurity of expression. Avoid
ambiguity. Be brief. Be orderly.

Keeping the Grice’s maxims in mind during the fuzzy mod-
eling process can help to make easier the understanding of
FRBSs. The rule base must be coherent avoiding the use of in-
consistent rules (Maxim of Quality), redundant rules (Maxim
of Quantity), and ambiguity rules (Maxim of Manner). In ad-
dition, selecting the most relevant rules (Maxim of Relation)
will yield more compact and robust systems.

The rest of the paper is structured as follows. Section 2
has a look on definitions of interpretability found in the lit-
erature. In addition, it makes a global review on all the as-
pects that should be taken into account in the interpretability
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assessment, setting a conceptual framework for characteriz-
ing interpretability. Section 3 describes how to combine the
main factors included in the proposed framework for measur-
ing interpretability of FRBSs. Finally, section 4 offers some
conclusions and points out future works.

2 Understanding a fuzzy system
Authors talk a lot about interpretability but it is not easy to
find a formal definition in the literature. Thus, it is necessary
to think on the following question: How can interpretability be
defined? The first bid to set a formal definition was made by
Tarski et al. [7] a very long time ago (in 1953). He formulated
a mathematical definition in the context of classical logic, set-
ting the basis for identifying interpretable theories. In short,
assuming T and S are formal theories, T is interpretable in S
if and only if there is a way to pass from T to S, assuring that
every theorem of T can be translated and proved into S.

Regarding the fuzzy literature, a similar definition is in-
cluded as part of the formal framework proposed in [8]. It dis-
tinguishes between a formal language L (fuzzy logic) used for
describing the model under consideration, and a user-oriented
language L’ (usually the natural language) used for explain-
ing the model to the user. If the system is interpretable, the
translation from L to L’ should be made by the user with a
small effort. In an informal way, people say that a model is
interpretable if they are able to describe it easily.

A more formal definition was given by Bodenhofer and
Bauer [9]: Interpretability means possibility to estimate the
system’s behavior by reading and understanding the rule base
only. Since the rule base understanding strongly depends on
the readability of the involved linguistic expressions, the au-
thors focused on analyzing the interpretability at the level of
fuzzy partitioning (linguistic variables) from an intuitive and
mathematically exact point of view: The obvious orderings
and inclusions of linguistic terms must not be violated by the
corresponding fuzzy sets. As a result, fuzzy partitioning read-
ability was assumed to be a prerequisite to build interpretable
FRBSs.

The comprehensibility of a FRBS depends on all its com-
ponents, i.e., it depends on the knowledge base (KB) trans-
parency but also on the inference mechanism understanding.
Previous works [10, 11] have thoroughly analyzed the main
factors that influence the KB readability. Also, a complete
study on the interpretability constraints most frequently used
in fuzzy modeling has been recently published [1].

Fig. 1 describes the main factors to be considered regard-
ing interpretability of FRBSs. It is inspired on the taxonomy
of interpretability of fuzzy systems introduced by [12], which
is extended adding our own notation and concepts, and also
including some of the most significant constraints extracted
from [1]. There are two main points of view to be considered
when assessing interpretability of FRBSs (Global description
and Local explanation). The global view presents the system
as a whole explaining its global behavior and trend. However,
the local view focuses on each individual situation, explaining
specific behaviors for specific events. For instance, if we had a
fuzzy controller for driving a car, the global view would give
an idea on the kind of operations it can do (go straight for-
ward, turn on the right/left, speed up, brake, etc.) and even on
the driver style (aggressive, sluggish, etc.). On the contrary,

the local view would explain each specific manoeuvre.
Additional information is detailed in the following subsec-

tions. Pay attention to the fact that both viewpoints could
lead to contradictory goals. The first one (Global descrip-
tion) prefers rules as compact as possible, while the second
one (Local explanation) favors the use of complete rules (The
more general rules, the larger the number of rules that can be
fired at the same time).

2.1 Global description (system structure)

In order to assess the simplicity of a FRBS the following as-
sumption is made: The more compact the KB, the simpler its
understanding, i.e., the higher the interpretability. This rea-
soning follows the principle of incompatibility formulated by
Zadeh [13] in 1973: As the complexity of a system increases,
our ability to make precise and yet significant statements
about its behavior diminishes until a threshold is reached be-
yond which precision and significance become almost mutu-
ally exclusive characteristics. The closer one looks at a real-
world problem, the fuzzier becomes its solution.

The global description of a linguistic FRBS can be analyzed
looking at different abstraction levels as illustrated on left part
of Fig. 1. First, the lowest level corresponds to the level of
individual fuzzy sets. It includes those constraints demanded
to build interpretable fuzzy sets, regarding mathematical prop-
erties of the membership functions. At the second level, there
are several constraints with respect to the combination of sev-
eral fuzzy sets to form a fuzzy partition. The use of linguis-
tic variables favors the readability, but it is not enough to en-
sure interpretability. Hence, some linguistic constraints must
be superimposed to the fuzzy partition definition to be inter-
pretable. Fortunately, Ruspini defined (in 1969) a special kind
of partition called Strong Fuzzy Partition (SFP) [14] that sat-
isfies most demanded semantic constraints (distinguishability,
coverage, normality, convexity, etc). In practice, satisfying
all constraints is almost impossible and useless because they
represent a very restrictive set of conditions that usually yield
systems with very small accuracy. Notice that looking for a
good accuracy-interpretability trade-off is the most complex
task of fuzzy modeling. Especially relevant are some recent
successful biomedical applications [15].

Once a set of linguistic terms with their associated seman-
tics has been defined, they can be used to express linguistic
propositions. Then, several propositions are combined to form
fuzzy rules describing the system behavior. However, in ad-
dition to the analysis of each individual rule it is needed to
study the combination of several rules, achieving the highest
abstraction level. Notice that defining a global semantics pre-
vious to the rule definition makes easier the rule understand-
ing. Only if all the rules use the same linguistic terms (de-
fined by the same fuzzy sets) it will be possible to make a rule
comparison at the linguistic level. In order to get fully mean-
ingful partitions the right linguistic terms should be selected
according to the problem context. Nevertheless, matching lin-
guistic terms and fuzzy sets is not a straightforward task, for
instance finding good linguistic terms for fuzzy partitions au-
tomatically generated from data is sometimes not feasible.

To sum up, the satisfaction of all constraints enumerated on
the left part of Fig. 1 guarantees the interpretability of the
FRBS from the structural point of view.
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−> Unimodality (Prototype)

−> Convexity

−> Normalization

Interpretability of Fuzzy Rule−Based Systems

Global Description

(System Structure)

Local Explanation

(System Comprehension)

−> Number of rules

−> Rule length (total number of premises)

−> Number of inputs by rule

−> High−order consequents

−> Description length

−> Attribute correlation

−> Elementary linguistic terms

−> Composite (OR / NOT) linguistic terms

−> Linguistic modifiers

Partitions
Fuzzy

Propositions
Linguistic

Fuzzy Rules
Linguistic

Rule Base

. . .
−> Inference mechanism and rule aggregation (FITA / FATI)

−> Negation

−> Antonyms
−> Global semantics (shared fuzzy sets)

−> Matching meaninful linguistic terms and

fuzzy sets (problem context dependant)

Linguistic
Partitions

Fuzzy Sets
Low−Level

High−Level

Levels

Abstaraction

−> Consistency

−> Completeness

−> Modus Ponens / Tollens

−> Disjunction operator

−> Conjunction operator

−> Number of simultaneously fired rules

−> Defuzzification (output interpretation)

−> Rule structure (Mamdani / TSK, weights, exceptions)

−> Number of variables (inputs / outputs)

−> Rule interpretation (conjunctive / implicative)

(magical number seven, plus or minus two)

−> Ordering

−> Distinguishability (overlapping) 

−> Coverage (completeness)

−> Complimentarity

−> Uniform granulation

−> Leftmost / rightmost

−> Natural zero positioning

−> A justifiable number of fuzzy sets

Figure 1: A conceptual framework for characterizing interpretability of FRBSs.

2.2 Local explanation (system comprehension)
Understanding the system behavior from its linguistic descrip-
tion is a very hard task that involves the inference level going
beyond the former analysis of the system structure.

In addition, there is a need to give some comments about
the inference mechanism implementation distinguishing be-
tween FITA (First Infer Then Aggregate) and FATI (First Ag-
gregate Then Infer). It includes the fuzzy operator definitions
for conjunction, disjunction, aggregation, and defuzzification.
Furthermore, taking into account that as the result of a fuzzy
inference several rules can be fired at the same time for a given
input vector, the interpretability strongly depends on the num-
ber of rules that can be simultaneously fired. The smaller that
value, the higher the interpretability. In fact, a model made
up of thousand rules (where at maximum ten rules are fired
together) may be seen as more interpretable than a model in-
cluding only one hundred rules (where most of them are si-
multaneously fired). Notice that the whole rule base should be
consistent (not including redundancies, contradictions, etc.)
and it should cover most possible situations.

Although Mamdani rules are widely admitted as the more
interpretable kind of rules, there are many other rule for-
mats. The second most used rules are the well-known Takagi-
Sugeno rules, but there are also rules with exceptions, rules
with weights, and so on. The different rule formats can be
compared and it is possible to discuss which one is better re-
garding interpretability from a structural point of view but it is
a controversial issue. For instance, for many people the most
interpretable rule format is the one they usually work with dis-
regarding its complexity. This proves that many psychologi-
cal aspects make influence when assessing interpretability. It
is a clear example of the “Hammer principle” formulated by
Zadeh [16]: When the only tool you have is a hammer, every-
thing begins to look like a nail.

Finally, modus Ponens/Tollens must be carefully taken into
account. Notice that the fact the all rules are fired at the same
time make not easy to establish logical chains of reasoning.
It is also necessary to remark that the use of negation and
antonyms are quite usual in natural language but their repre-
sentation using fuzzy logic is still a matter of research.
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Interpretability

defined labels
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Interpretability
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Fuzzy Sets
Complexity of

Complexity of
Fuzzy Partitions

which use less than
L percent of inputs

Percentage of rules

of premises

L and M percent of inputs
which use between
Percentage of rules

Percentage of rules
which use more than
M percent of inputs

Rule Base

Dimension
Conceptual

Rule Base

of inputs

used in the rule base
Total number of labels

Total number

of rules

Total number

labels used in the rule base
Percentage of elementary

labels used in the rule base
Percentage of NOT composite

Percentage of OR composite
labels used in the rule base

Rule Base
Structural
Dimension

Assessment
Conceptual

Assessment
Structural
Rule Base

Total number

RB 211

RB 212

RB 221

RB 222 Complexity of

Complexity of
Fuzzy Rules 

Linguistic
Propositions

Interpretability

RB 1

RB 2

RB 3

RB 21

RB 22

RB 31

Rule Base

Interpretability
FRBS

Linguistic Variable

Figure 2: A conceptual framework for assessing interpretability (Global description) of FRBSs.

3 Measuring interpretability

Once identified all factors that should be kept in mind regard-
ing interpretability, the definition of a universal interpretability
index able to combine all of them becomes a great challenge.

The aim of this section is to introduce a conceptual frame-
work for assessing interpretability. It is represented in the
form of a hierarchical diagram in Fig. 2. Of course, this di-
agram only takes into account interpretability from the struc-
tural point of view (Global description). The local explanation
will be addressed in future works.

To start with, the whole set of factors represented in left
part of Fig. 1 has been summarized by a small subset that
could be extended in the future. The global diagram can be
seen as a flow chart with thirteen inputs (measurable factors
to take into account regarding interpretability) and one output
(Interpretability measure). The diagram keeps the abstraction
levels shown in Fig. 1 (low-level at the bottom of the figure
and high-level at the top) and selected inputs are grouped ac-
cording to the information they convey.

Interpretability of a FRBS is estimated as a combination of
two estimators at both low and high level. On the one hand,
partition interpretability regards the complexity of each fuzzy
set but also the complexity of the whole partition. An estima-
tion of the low-level interpretability (regarding the description
of all linguistic variables) is computed adding the number of
labels (linguistic terms). Notice that the simple diagram de-
picted in Fig. 2 does not include anything with respect to
the interpretability of linguistic partitions. It is assumed the
use of SFPs and global semantics, not entering to the way
how linguistic terms are named. On the other hand, high-
level interpretability (called rule base interpretability in the
figure above) involves analysis at the three highest sublevels
(linguistic propositions, linguistic fuzzy rules, and rule base).

Drawing an analogy between a set of fuzzy rules and a
set of sentences in natural language, the interpretability is as-
sessed regarding both Syntax and Semantics. On the one hand,
Syntax can be defined as the arrangement of words in sen-
tences, clauses, and phrases, and the study of the formation
of sentences and the relationship of their component parts.
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Figure 3: A fuzzy index (adaptable to context problem and user preferences) for measuring Interpretability.

On the other hand, Semantics makes reference to the Study
of meaning1. In our context Syntax is related to dimension
and complexity of the rule base (what we have named as Rule
Base Structural Assessment), computed in a very simplistic
way, only considering the total number of rules, premises and
premise by rule. It covers both linguistic fuzzy rules and rule
base abstraction levels. Semantics in turn takes into account
the complexity at the level of linguistic propositions used in
the rules (what we have named as Rule Base Conceptual As-
sessment).

The process of measuring something consists in comparing
it with a reference (standard unit of measurement) such us a
meter for measuring length. However, finding out the suitable
reference is not always feasible and the task is especially dif-
ficult when measuring non-physical properties. It is widely
admitted that interpretability assessment is clearly context de-
pendant. There is not a universal reference; on the contrary
the reference will change depending on the problem and de-
pending on the person who makes the assessment. Therefore,
the general proposed framework has to be adapted to the spe-
cific features of each problem under consideration as well as
to the user’s background and preferences. For instance, Total
number of rules may be defined as a linguistic variable made
up of five linguistic terms (Very low, Low, Medium, High, Very
high). Nevertheless, the meaning of each linguistic term needs
to be defined carefully. What value should be taken as a proto-

1Both definitions were got from the Encyclopedia Britannica
(http://www.britannica.com)

type for small number of rules (three, ten, one hundred, etc)?
If we were analyzing a FRBS for classification among three
kinds of wines, the minimum number of rules should be three,
but we need to ask to the people who are going to interact with
the system in order to really know how to characterize the lin-
guistic variables. In fact, the perception of interpretability will
change depending on the kind of user. The point of view of
a system designer who is used to work with fuzzy systems is
likely to be very different from the point of view of the domain
expert who perfectly knows the problem and how should be
the system behavior, but it will be even much more different
from the final user who could have only a superficial knowl-
edge of the problem, and who probably has not heard anything
about fuzzy logic.

Fig. 3 describes how to build an easily adaptable fuzzy in-
dex for assessing interpretability. A generic fuzzy index like
the one presented in Fig. 2 has to be tuned and adapted for
each problem regarding both the problem definition and the
user quality criteria. The system is flexible enough for mak-
ing an easy adaptation. It consists in defining a reference with
all collected information about the problem and the evaluator
user (system designer, domain expert, and/or final user). Such
reference yields the ranges (universes of discourse) along with
the modal points of the fuzzy partitions used to define the in-
put variables (Total number of rules, Total number of premises,
Percentage of rules which use less than L percent of inputs,
etc.) of the generic fuzzy index. The linked rule bases as well
as the intermediate input-output variables could be tuned too.
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4 Final remarks

Previous works has made a great effort to establish the basis
for building interpretable fuzzy systems. There are many dif-
ferent works regarding interpretability on the fuzzy literature.
Recently, some works have made a global review of the liter-
ature putting together contributions of different authors. Fol-
lowing that way, this work has formalized a conceptual frame-
work for characterizing and assessing interpretability of fuzzy
systems.

The use of multi-objective approaches is becoming a more
and more important topic in fuzzy modeling [17] because of
interpretability and accuracy are conflictive goals. In this spe-
cific field the interpretability of the model is usually only con-
sidered from the point of view of the fuzzy designer. First,
it is necessary to make a qualitative and quantitative com-
parison of all obtained solutions. Then, the best solutions
can be selected from a Pareto front regarding the accuracy-
interpretability trade-off. It is possible to set a qualitative rank-
ing of solutions based on a comparison per couples, without
measuring the interpretability of each individual solution, set-
ting some kind of pre-order is enough. Although there are
several accuracy indices, interpretability is measured taking
into account only basic parameters what is a strong limitation.
Thus, the use of interpretability indices guiding the modeling
process could help to achieve better solutions.

Setting qualitative rankings is quite common in the context
of semantic web search where retrieved documents have to
be ranked before presenting them as answer to a query. For
instance, BUDI [18] is a meta-searcher based on fuzzy logic
which uses a fuzzy similarity function for comparing docu-
ments. It regards the size of the documents, the number of se-
ries of words in the same position in both documents, but also
the complexity and rarity of words and linguistic propositions.
This approach could be extended to the interpretability assess-
ment problem, considering that instead of documents what are
going to be compared are the linguistic descriptions of FRBSs.

In the future, experimental analysis must be carried out in
order to adapt the theoretical developments to the real worlds.
In order to get a universal index adaptable to the user pref-
erences, it is necessary to study how different kinds of user
(fuzzy designer, domain expert, and final user) interact with
fuzzy systems in a different way and they have different inter-
pretability requirements.

Finally, it is necessary to advance on the paradigm of com-
puting with words and perceptions (CWW/P) [3] which marks
an evolution of fuzzy logic, an extension of current theories of
fuzzy sets. It is strongly related with meaning, captured by
the use of linguistic expressions, words and connectives. As
a result, works regarding interpretability assessment can take
profit from current research on CWW/P but also they will help
to develop new ideas in relation with this new paradigm.
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Abstract— Interpretability is one of the most significant proper-
ties of Fuzzy Systems which are widely acknowledged as gray boxes
against other Soft Computing techniques such as Neural Networks
usually regarded as black boxes. It is essential for applications with
high human interaction (decision support systems in medicine, eco-
nomics, etc). The use of accuracy indices to guide the fuzzy modeling
process is broadly extended. In turn, although there have been a
few attempts to define Interpretability indices, we are still far away
from having a universal index. With the aim of evaluating the most
used indices an experimental analysis (in the form of a web poll)
was carried out yielding some useful clues to keep in mind regard-
ing Interpretability assessment. Results extracted from the poll show
the inherent subjectivity of the measure because we collected a huge
diversity of answers. Nevertheless, comparing carefully all the an-
swers, it was possible to find out some interesting user profiles.

Keywords— Fuzzy modeling, Interpretability assessment.

1 Introduction
Fuzzy modeling (FM), i.e., system modeling with fuzzy rule-
based systems (FRBSs), is an important and active research
line inside the fuzzy community. Fuzzy Logic (FL) was in-
troduced by Zadeh [1] (in 1965) and its semantic expressivity,
using linguistic variables [2] and linguistic rules [3], favors
the interpretability of the modeled system (at least from the
structural transparency viewpoint) because it is quite close to
expert natural language. From 1965 to 1990, fuzzy designers
focus on modeling highly interpretable systems, mainly work-
ing with expert knowledge and a few simple linguistic rules.
Then, researchers realized that to deal with complex systems
expert knowledge was not enough. Thus, from 1990 to 2000,
the main effort was made regarding the accuracy of the final
model, building complicated fuzzy rules with high accuracy
(applying machine learning techniques to extract knowledge
from data) but disregarding the model interpretability because
automatically generated rules are rarely as readable as desired.
Nowadays, a new challenge lies in looking for compact and ro-
bust systems with a good accuracy-interpretability trade-off.

Regarding the interpretability assessment of FRBSs, their
comprehensibility depends on all their components, i.e., it de-
pends on the knowledge base (KB) transparency but also on
the inference mechanism understanding. There are also some
crucial psychological factors; for instance, for some people
the most interpretable models are the ones they are used to
work with, disregarding the model complexity. Anyhow, pre-
vious works [4, 5] have thoroughly analyzed the main factors
(rule base and fuzzy partitioning) that influence the KB read-
ability. Also, a complete study on the interpretability con-
straints most frequently used in literature has been recently
published [6]. However, once identified all such elements,

the current challenge lies in how to combine them in order
to obtain a good index. Unfortunately, only a few works
have dealt with this issue. As explained by [7] it is possi-
ble to distinguish two main interpretability levels: Low-level
or fuzzy set level, and high-level or fuzzy rule level. There are
some works regarding interpretability measurement at low-
level [8, 9, 10, 11, 12] which consist of mathematical formulas
to evaluate the main partition properties such as distinguisha-
bility, similarity, coverage, overlapping, etc. These indices
are usually used to preserve the interpretability of fuzzy sys-
tems automatically generated from data. They are also used
as part of tuning processes devoted to increase the accuracy of
the final model while keeping good interpretability. Further-
more, there are some simple indices, mainly applied to multi-
objective fuzzy genetics-based machine learning, regarding
the rule base interpretability [13]: (1) Number of rules; (2)
Total rule length (addition of the number of premises defined
in all the rules); (3) Average rule length (total rule length di-
vided by the number of rules).

However, only a few researchers have tackled with the chal-
lenge of defining an index covering both low and high lev-
els. The first one was the Nauck’s index [14], a numerical
index designed (in 2003) to evaluate fuzzy rule-based classi-
fication systems, and computed as the product of three terms:
INauck = Comp × Part × Cov. Comp represents the com-
plexity of a classifier measured as the number of classes di-
vided by the total number of premises. Part stands for the
average normalized partition index overall input variables. It
is computed as the inverse of the number of labels minus one
(two is the minimum number of linguistic terms in a partition)
for each input variable. Finally, Cov is the average normalized
coverage degree of the fuzzy partition. It is equal to one for
strong fuzzy partitions (SFPs).

A second global index was defined in 2006 [15] and im-
proved in 2008 [16]. It consists of a fuzzy index which was
initially inspired on the Nauck’s index. Six variables (total
number of rules, total number of premises, number of rules
which use one input, number of rules which use two inputs,
number of rules which use three or more inputs, and total num-
ber of labels defined by input) are considered as inputs of a
fuzzy system and they are grouped, according to the informa-
tion they convey. In consequence, the interpretability index
is computed as the result of inference of a hierarchical fuzzy
system made up of four linked KBs. It is specially designed
for the context of classification problems solved by means of a
specific kind of FRBSs generated following the HILK (Highly
Interpretable Linguistic Knowledge) [16] methodology, and
assuming SFPs for all system variables.

The rest of the paper is structured as follows. Section 2
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Table 1: Comparison of interpretability indices (measures).
Method Number of rules Total rule length Average rule length Nauck’s index Fuzzy index

KB1 CL-FDT-DS-FDT 20 43 2.15 0.0174 0.452
KB2 CL-FDT-DS-FDT-S 5 9 1.8 0.1667 0.92
KB3 CL-FDT-DS-WM 53 643 12.132 0.0011 0.144
KB4 CL-FDT-DS-WM-S 8 16 2 0.1484 0.839
KB5 CL-WM-DS-FDT 21 49 2.333 0.0153 0.444
KB6 CL-WM-DS-FDT-S 5 10 2 0.2625 0.919
KB7 CL-WM-DS-WM 46 545 11.848 0.0013 0.192
KB8 CL-WM-DS-WM-S 3 6 2 0.3056 0.924
KB9 FDT-S 8 19 2.375 0.0763 0.814
KB10 WM-S 6 18 3 0.0873 0.742
KB11 FDT-P 32 94 2.937 0.0079 0.392
KB12 FDT-P-S 6 15 2.5 0.1714 0.837

Table 2: Comparison of interpretability indices (ranking).
Index + Interpretability -
Number of rules KB8, KB2/KB6, KB10/KB12, KB4/KB9, KB1, KB5, KB11, KB7, KB3
Total rule length KB8, KB2, KB6, KB12, KB4, KB10, KB9, KB1, KB5, KB11, KB7, KB3
Average rule length KB2, KB4/KB6/KB8, KB1, KB5, KB9, KB12, KB11, KB10, KB7, KB3
Nauck’s index KB8, KB6, KB12, KB2, KB4, KB10, KB9, KB1, KB5, KB11, KB7, KB3
Fuzzy index KB8, KB2, KB6, KB4, KB12, KB9, KB10, KB1, KB5, KB11, KB7, KB3

makes a comparison of several interpretability indices in an
experimental analysis. Results extracted from a web poll show
clearly the intrinsic subjectivity of the measure. As it is ex-
plained in section 3, although we got a huge diversity of an-
swers, at first glance completely different, after looking care-
fully it was possible to find out some interesting user profiles.
Finally, section 4 offers some conclusions and points out fu-
ture works.

2 Experimental analysis
With the aim of making a fair (qualitative and quantitative)
comparison of the five indices remarked in the previous sec-
tion (Number of rules, Total rule length, Average rule length,
Nauck’s index, and fuzzy index) this experimental study deals
with the well known benchmark classification problem called
WINE which data set is freely available at the UCI1 (Univer-
sity of California, Irvine) machine-learning repository. It con-
tains 178 instances coming from results of a chemical analysis
of wines grown in the same region in Italy but derived from
three different cultivars. The analysis determined the quan-
tities of 13 constituents found in each of the three types of
wines.

Following the HILK modeling methodology [16] twelve
KBs, of several sizes, have been generated for the WINE
recognition problem. Looking for maximizing the inter-
pretability of final KBs, a global semantics (based on the use
of SFPs) is defined previously to rule definition. As a result,
for each KB all the rules use the same linguistic terms (defined
by the same fuzzy sets), and rule comparison can be done at
the linguistic level. The original data set was randomly di-
vided into two subsets taking 50% of data for training and the
remaining part for test. HILK copes with different rule in-
duction techniques in order to get enough diversity. Second
column in Table 1 contains the abbreviations of the combined
methods. CL means clustering previous to rule induction, WM

1http://www.ics.uci.edu/̃ mlearn/MLSummary.html

represents the well-known Wang and Mendel’s algorithm [17],
FDT stands for the popular Fuzzy Decision Tree algorithm
[18], DS is data selection in training set previous to rule in-
duction, P means pruning of the tree, and S stands for simpli-
fication procedure. All selected algorithms are implemented
in KBCT [19], a free software tools for designing fuzzy sys-
tems. WM and FDT implementations differ from the original
ones in the fuzzy partition design step. Interpretable fuzzy
partitions are defined previous to rule induction (in our study
five labels per variable were initially defined). Details about
the induction algorithms are explained in the cited literature.

The five interpretability indices have been compared from
both quantitative (Table 1) and qualitative (Table 2) view-
points. Table 1 includes results of computing the five selected
interpretability indices for the twelve generated KBs. The
comparison of the obtained values lets us set rankings from the
interpretability point of view. Notice that KBs with equivalent
interpretability are set at the same level separated by symbol
“/” (see Table 2). From a quantitative point of view the ranges
of values are completely different among all the indices. Each
individual value only makes sense in comparison with the
other values obtained by the same index. From a qualitative
point of view we would rather choose those indices yielding
a ranking without ambiguities (Total rule length, Nauck’s in-
dex, and Fuzzy index), i.e., those indices able to produce a
full order distinguishing among all pairs of KBs. As expected,
we have achieved five different rankings because each inter-
pretability index follows different criteria. Nevertheless, look-
ing carefully it is easy to appreciate that all rankings are some-
how similar, the same KBs usually appear at the beginning
(KB2, KB4, KB6, KB8) or at the end (KB3, KB7).

However, a last question still remains to be answered: How
to know which index is the best one? Since the measure of
interpretability is clearly subjective the only way to answer
this question is asking people. For that reason, a web poll
was addressed to FL experts (50%) as well as people who are
not familiar with FL (50%). The study is made regarding the
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twelve KBs generated for the WINE problem. The goal is to
compare the most popular interpretability criteria, including
people used (and not used) to work with fuzzy systems that
can be (or not) fond of wines. Since interpretability extremely
depends on the kind of user, let us add a short comment. In
the context of FM, there are three kinds of users:

• The final user of the modeled system. In most cases,
he/she will interact with the system providing data and/or
receiving system suggestions and advices for making de-
cisions. The user will only trust on the system if the sys-
tem output is coherent according to his/her background.
Notice that the use of a comprehensible model can help
the final user to understand the system output.

• The system designer who has to be an expert on fuzzy
logic in order to produce a good model useful for the
final user of the application. A transparent (gray-box)
model structure is really appreciated for the future model
maintenance and update.

• The domain expert who will explain the system behav-
ior to the system designer during the model design stage.
In addition, he/she will be in charge of validating sys-
tem running. Since domain experts usually do not know
anything about fuzzy logic a clearly readable model de-
scription is required to make easier the validation stage.

In our study, FL experts are mainly considered as system
designers but due to the nature of the problem they also can
act as domain experts and even as final users. In turn, non-FL
users are only viewed as domain experts or final users. Twenty
six answers were collected. They show a huge diversity what
clearly illustrates how different users have very different cri-
teria to measure interpretability. Three main questions were
asked as part of the poll:

1. How much interpretable are the twelve KBs? Each user
was asked to give an interpretability measure for each
KB. Such measure was represented by an interval (min-
max), i.e., the range in which it should be included, be-
tween zero and one hundred. However, only a few users
were willing to answer to this question with numerical
values. In fact, we realize that people find much more
natural to make approximate reasoning based on the use
of linguistic terms like Highly interpretable, Moderately
interpretable, etc. In addition collected values show a
huge variance. In consequence, it does not make sense
drawing statistical conclusions from stored data. Accord-
ing to these results it can be argued that people get into
difficulties when they have to give numerical indices as
computers usually do.

2. What is the KB interpretability ranking? Users were
asked to rank the KBs according to their preferences from
the interpretability point of view: One for the most inter-
pretable KB, and twelve for the least interpretable one.
Since all users were willing to answer this question, an
interesting conclusion can be drawn: People feel much
more confident setting rankings than giving numerical
values. In order to set a ranking it is necessary to com-
pare all the KBs (by couples) but it does not imply setting

individual measures. First column of Table 3 includes
the user identifier, setting in brackets if the user is used
to work with fuzzy systems (F) or not (NF). Second col-
umn of the table shows rankings given by users. As it can
be seen at first glance there is a huge variance. Only two
couples of users (1-26 and 4-11) gave exactly the same
order. Nevertheless, looking carefully answers are not so
different. The global order is more or less the same for
all users but when two KBs are quite close regarding in-
terpretability the final ranking choice depends in many
subtle details, and as a result, there is a clearly subjective
choice at the end.
The comparison between rankings provided by the users
(Table 3) and rankings derived from the computed inter-
pretability indices (Table 2) lets us evaluate the goodness
of such indices. However, only user 3 and fuzzy index
yield the same ranking. In order to make a deeper anal-
ysis, we have computed Euclidean distance from each of
the five interpretability indices, x (first line of the table),
to all the twenty six users, y, according to equation 1
where xi means the ranking position of KBi regarding
index x and yi is the ranking position of KBi regarding
user y.

dx,y =

√√√√ 12∑
i=1

|xi − yi| (1)

Computed distances give an idea on how different (com-
paring positions of each KB in selected rankings) indices
and user’s answers are. Most user’s answers are closer to
the rankings obtained using Number of rules. There are
also many answers closer to Total rule length and Fuzzy
index. In fact, it is possible to identify several groups of
users (look at Table 4) whose answers fit better with some
indices but there is a lot of overlapping among groups.
Moreover, approximately the same number of F and NF
users belongs to all the groups. This is due to the fact
that in general none of the computed indices fit properly
in user’s answers.

3. What are the most relevant aspects to consider when as-
sessing interpretability? Each user was asked to give
short comments explaining what he/she considers good
strategies and/or key criteria to measure interpretability.
Some of the most useful comments are listed below:

• A common heuristic reasoning is the following.
First look at the total number of rules. Second,
if there is ambiguity between some of the knowl-
edge bases it is needed to check the total number
of premises. Then, if there is still ambiguity it is
necessary to analyze the complexity of the linguis-
tic terms. This suggests making the ranking in dif-
ferent abstraction levels, adding new criteria only
when they are needed.

• I prefer short rules considering at most 5 features
than fewer rules with a long size. This remarks
that the number of inputs by rule is a main cri-
terion. However, different people have different
views about what must be considered as a small
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Table 3: Ranking of KBs extracted from the poll results.
User + Interpretability -
user1 (F) KB8, KB2, KB6, KB12, KB10, KB4, KB9, KB1, KB5, KB11, KB7, KB3
user2 (F) KB6, KB2, KB4, KB1, KB8, KB5/KB9, KB10, KB12, KB11, KB7, KB3
user3 (F) KB8, KB2, KB6, KB4, KB12, KB9, KB10, KB1, KB5, KB11, KB7, KB3
user4 (NF) KB2, KB6, KB8, KB12, KB9, KB10, KB4, KB1, KB5, KB11, KB7, KB3
user5 (F) KB2, KB6, KB8, KB9, KB10/KB12, KB4, KB1, KB5, KB11, KB7, KB3
user6 (F) KB8/KB12, KB2/KB6, KB4/KB9/KB10, KB1/KB5, KB11, KB3, KB7
user7 (F) KB8, KB6, KB2, KB12, KB10, KB9, KB4, KB1, KB5, KB3, KB11, KB7
user8 (F) KB8, KB2, KB6, KB12, KB9, KB4, KB10, KB1, KB5, KB11, KB7, KB3
user9 (NF) KB2, KB9, KB12, KB8, KB6, KB10, KB5, KB4, KB1, KB11, KB3, KB7
user10 (NF) KB6, KB2, KB9, KB12, KB4, KB8, KB5, KB1, KB11, KB10, KB7, KB3
user11 (NF) KB2, KB6, KB8, KB12, KB9, KB10, KB4, KB1, KB5, KB11, KB7, KB3
user12 (NF) KB8, KB12, KB2, KB6, KB9, KB4, KB10, KB5, KB1, KB11, KB7, KB3
user13 (F) KB2, KB6, KB8, KB9, KB12, KB4/KB10, KB1/KB5/KB11, KB3/KB7
user14 (NF) KB8, KB2/KB6, KB12, KB9, KB4, KB10, KB1, KB5, KB11, KB7, KB3
user15 (NF) KB8, KB2, KB12, KB6, KB10, KB1, KB5, KB9, KB4, KB11, KB7, KB3
user16 (NF) KB8, KB6, KB2, KB12, KB10, KB4, KB9, KB5, KB1, KB11, KB7, KB3
user17 (NF) KB8, KB6, KB2, KB12, KB4, KB9, KB5, KB1, KB11, KB10, KB3, KB7
user18 (NF) KB2/KB12, KB4/KB6/KB8/KB10, KB5/KB9, KB11, KB1, KB7, KB3
user19 (NF) KB2, KB4, KB6, KB11, KB5, KB1, KB9, KB12, KB10, KB8, KB7, KB3
user20 (F) KB2, KB8, KB9, KB12, KB4, KB6, KB10, KB11, KB1, KB5, KB7, KB3
user21 (NF) KB2, KB6, KB8, KB12, KB9, KB4, KB10, KB11, KB5, KB1, KB7, KB3
user22 (F) KB8, KB6, KB2, KB9, KB12, KB10, KB4, KB5, KB11, KB1, KB3, KB7
user23 (NF) KB8, KB2, KB6, KB12, KB10, KB9, KB4, KB1, KB5, KB11, KB7, KB3
user24 (F) KB2, KB8, KB6, KB12, KB4, KB9, KB1, KB10, KB5, KB11, KB7, KB3
user25 (F) KB8, KB2/KB4/KB6/KB9/KB10/KB12, KB1/KB5/KB11, KB3/KB7
user26 (F) KB8, KB2, KB6, KB12, KB10, KB4, KB9, KB1, KB5, KB11, KB7, KB3

Table 4: Groups of users regarding computed interpretability indices.
Index Users F NF
Number of rules 4, 5, 7, 9, 11, 13, 15, 16, 22, 23, 25 5 6
Total rule length 1, 8, 12, 14, 18, 21, 25, 26 4 4
Average rule length 2, 19 1 1
Nauck’s index 6, 12, 25 2 1
Fuzzy index 3, 8, 10, 14, 17, 20, 21, 24, 25 5 4

number of inputs by rule. This problem arises from
the intrinsic ambiguity of natural language: What
means small? The same word has different mean-
ings in different contexts, but even in the same con-
text it has different meanings for different people.
The use of fuzzy logic formalizes a precise meaning
for each word coping with this kind of ambiguity.

• With respect to words (linguistic variables and
terms), the better choice of words within the con-
text of the problem, the more accurate interpreta-
tion. Understanding strongly depends on the con-
text of the problem. For instance, it is easy to see
how different the meaning of High is when talking
about people, buildings, or mountains.

3 User profiles

With the aim of finding out some user profiles from Table 3 we
have applied a hierarchical clustering analysis [20]. Two den-
drograms were built using Ward’s method [21] and squared
Euclidean distance (see Fig. 1): The first one (on the top
part of the figure) only regarding fuzzy expert users where two
groups (SF1 and SF2) are clearly identified. The second one
(on the bottom part of the figure) including only non-fuzzy

users where only one group (SNF1) can be defined. The rest
of users are progressively added by the clustering algorithm
but they stay at long distance.

It is possible to extract a prototype user profile from each
group. According to our experience designing and assessing
interpretable fuzzy systems, and keeping in mind the conclu-
sions derived from the web poll, ten variables were selected as
tentative interpretability indicators: (1) Number of rules; (2)
Total rule length; (3) Percentage of rules which use less than
ten percent of inputs; (4) Percentage of rules which use be-
tween ten and thirty percent of inputs; (5) Percentage of rules
which use more than thirty percent of inputs; (6) Number of
inputs; (7) Number of labels used in the rule base; (8) Percent-
age of elementary labels used in the rule base; (9) Percentage
of OR composite labels used in the rule base; (10) Percentage
of NOT composite labels used in the rule base.

The task consists of discovering those indicators that can
be considered as key to distinguish among groups. From the
rankings provided by users it can be induced the order rela-
tion between KBs. Assuming that each ranking is based on a
comparison per couples of all KBs, Table 3 is translated into a
data set with the following format. Each column give the dif-
ference between the ten selected indicators (listed above) for
each couple of KBs (A and B). The last column includes one
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Figure 1: Groups of users by hierarchical clustering.

of three labels (1:No, 2:Yes, 3:I don’t know) answering to the
question: is A more interpretable than B? The whole data set
was divided into three subsets including only the comparisons
related to the users belonging to each group.

Using HILK methodology [16] (FDT-S method) and the
previously generated data subsets we have built three fuzzy
classifiers, one for each group of users. For each couple of
KBs (A and B) the fuzzy classifiers give as output (1) A is
more interpretable than B, (2) B is more interpretable than
A, or (3) I don’t know, what means that A and B are similar
from an interpretability point of view. The comparison among
all KBs yields a ranking for each group. Figure 2 presents
obtained rankings as well as the interpretability indicators (in-
puts of the fuzzy classifier) that define the six prototype user
profiles we were looking for. Three indicators are not selected
by any of the prototypes: (3) Percentage of rules which use
less than ten percent of inputs; (5) Percentage of rules which
use more than thirty percent of inputs; and (9) Percentage of
OR composite labels used in the rule base. It seems that all
users agree that a small percentage of inputs by rule is good
for interpretability and a large percentage is bad, while com-
posite propositions including OR are seen as easily readable.
Notice that each prototype is defined using at least three indi-
cators, i.e., the use of basic indices is not enough.

In addition, for each group we have computed the distance
(mean and variance) between the prototype and all users in-
cluded in the group. SF1 represents a quite compact group
where the prototype is defined using only three indicators,
while SF2 and SNF1 are less compact and because of that

they need more indicators. Although clustering of F and NF
users should intuitively yield more homogeneous groups, in
practice there is still a lot of diversity inside each group. In
the case of F users, prototypes achieve medium mean distance
with small variance. SF2 takes into account six indicators be-
cause it is made up of only five users quite heterogeneous.
It results specially interesting the fact that Total rule length
which seemed to be a very important basic indicator accord-
ing to Table 4 only is taken into account by group SF2. It
is not nearly the most relevant indicator in comparison with
the subsets of indicators emerging from the clustering analy-
sis. Finally, it could be argued that fuzzy users (SF1 and SF2)
give more homogeneous answers but regarding more complex
criteria than non-fuzzy users (SNF1). Finally, as a result of
the heterogeneity of NF users only seven of them give more
or less similar rankings. In consequence, four indicators were
relevant for this group but yielding large mean and variance.

4 Conclusions
Assessing interpretability is a very challenging and complex
task due to the inherent subjectivity of the measure. In order
to evaluate existing indices we have set up a first experimen-
tal study, for simplicity limited to twelve rule bases assuring
most interpretability constraints described as essential in the
literature. As a result, assuming knowledge bases under study
are interpretable the study focus on quantifying interpretabil-
ity and comparing obtained results with assessment provided
by people in a web poll. None of the evaluated indices gave
good results in comparison with rankings provided by human
beings. A lot of work remains still to be done so that finding
a universal index. However, results derived from our experi-
mental study offer some interesting clues.

First, it is necessary to define a new index flexible enough
to be easily adaptable to the problem context and user prefer-
ences. Such index must take into account many subtle details
combined in the context of computing with words and percep-
tions based on fuzzy logic technology. In addition, obtaining a
numerical value is not needed in most applications where the
important thing is to set an appropriate ranking.

Second, a hierarchical fuzzy framework has been proved as
a powerful tool to imitate the usual way of people reasoning.
It mainly consists of taking a few interpretability indicators as
guide to discriminate between two knowledge bases, adding
more criteria only when it is necessary because the compared
knowledge bases are not distinguishable at first glance.

Finally, we have focused on interpretability from a struc-
tural point of view but there are many cognitive aspects that
should be analyzed. Therefore more experimental studies are
needed. Obviously, as a first step our study has been limited
to a very specific kind of fuzzy rule-base systems. Of course,
in the future it would be interesting to make a comparison of
different rule base structures.
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Figure 2: Prototype user profiles.
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Abstract— We consider capacities and games whose value v(S)

depend on the organization of N \ S, this organization being rep-
resented by a partition. Hence we deal with capacities and games
depending on two arguments: a subset (coalition) S and a partition π

containing S. We call embedded coalition any such pair (S, π). We
first provide a suitable structure for the set of embedded coalitions,
study its properties, and find the Möbius function for this structure.
Then, we define games and capacities on this structure and study their
properties. We propose also a concept similar to the Shapley value,
and provide an axiomatization of it. Lastly, we give some insights on
the Choquet integral.

Keywords— capacity, fuzzy measure, partition, Möbius trans-
form, Shapley value

1 Introduction

Capacities [1] or fuzzy measures [2] are usually defined on the
set of subsets of the universe, assumed to be finite in this pa-
per, or on a subcollection of it. Specifically, denoting by N the
universe, let us take a capacity v defined on 2N , and consider
some subset S ∈ 2N together with the quantity v(S). The
interpretation of v(S) may differ according to the context, but
usually falls into two categories: either v(S) represents a de-
gree of certainty, plausibility, etc. that the true (but unknown)
state of the world is contained in S, or v(S) represents some
power, importance, strength, monetary value of the group S of
entities (agents, players, voters, criteria, etc.). Using a com-
mon word, we may say that v(S) is the worth of S.

Let us consider more carefully the second interpretation,
which is related to cooperative game theory. If N represents
a society of individuals, speaking of v(S) implicitly means
that the society is formed of the group (or coalition) S and the
coalition N \ S. Under this organization, the worth of S is
v(S). We may however consider less simple situations, where
the set of remaining agents N \ S is also organized in some
way, say N \S = S2 ∪S3∪· · · ∪Sk, where {S2, S3, . . . , Sk}
is a partition of N \ S. Then it is natural to think that the
worth of S may depend on the organization of the remain-
ing agents. Therefore, the expression v(S) is no more enough
precise, and we need to consider v(S, {S, S2, S3, . . . , Sk}),
for all possible organizations of the society containing S as a
block of the society. The usual term for the argument of v,
namely (S, π) with π the partition {S, S2, S3, . . . , Sk}, is em-
bedded coalition, and v is called a game in partition function
form, or PFF-game for short [3]. We will call them in this
paper games (or capacities) on partitions.

Although games on partitions have been studied in the game
theoretic literature (essntially the Shapley value, the core), no
explicit study has been done on the mathematical object (S, π)

and its structure, nor on the properties of v. The aim of this pa-
per is precisely to fill this gap. We will provide a structure for
embedded coalitions, study its properties, and find the Möbius
function on this structure. Then we will study properties of
games, and define a Shapley value for v, and finally give some
remarks on the possibility to define a Choquet-like integral. A
part of this paper is based on the working paper [4].

2 The structure of embedded coalitions
Let N := {1, 2, . . . , n} be the universal set (set of agents,
players, etc.). We denote by S, T, . . . the subsets of N (coali-
tions), and their cardinality by s, t, . . .. We consider the
set Π(N) (denoted also by Π(n)) of all possible partitions
of N (coverings of N by disjoint subsets). For a partition
π := {S1, . . . , Sk}, subsets S1, . . . , Sk are called blocks of
π. A partition in k blocks is called a k-partition. A natural
ordering of partitions is given by the notion of “coarsening”
or “refinement”. Taking π, π′ partitions in Π(N), we say that
π is a refinement of π′ (or π′ is a coarsening of π), denoted
by π ≤ π′, if any block of π is contained in a block of π′ (or
every block of π′ fully decomposes into blocks of π). Then
(Π(N),≤) is a lattice, called the partition lattice. With this
ordering, the bottom element of the lattice is the finest par-
tition π⊥ := {{1}, . . . , {n}}, while the top element is the
coarsest partition π� := {N}.

An embedded coalition is a pair (S, π), where S ∈ 2N\{∅},
and π ∈ Π(N) is such that S ∈ π. We denote by C(N) (or
by C(n)) the set of embedded coalitions on N . For the sake
of concision, we often denote by Sπ the embedded coalition
(S, π), and omit braces and commas for subsets (example with
n = 3: 12{12, 3} instead of ({1, 2}, {{1, 2}, {3}})). Remark
that C(N) is a proper subset of 2N × Π(N).

As mentionned in the introduction, works on games on par-
titions do not explicitly define a structure (that is, some order)
on embedded coalitions. A natural choice is to take the prod-
uct order on 2N × Π(N):

(S, π) � (S′, π′) ⇔ S ⊆ S′ and π ≤ π′.

Evidently, the top element of this ordered set is (N, π�) (de-
noted more simply by N{N} according to our conventions).
However, due to the fact that the empty set is not allowed in
(S, π), there is no bottom element in the ordered structure
(C(N),�). Indeed, all elements of the form ({i}, π⊥) are
minimal elements. For mathematical convenience, we intro-
duce an artificial bottom element ⊥ to C(N) (it could be con-
sidered as (∅, π⊥)), and denote C(N)⊥ := C(N) ∪ {⊥}. We
give as illustration the partially ordered set (C(N)⊥,�) with
n = 3 (Fig. 1).
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⊥

1{1, 2, 3} 2{1, 2, 3} 3{1, 2, 3}

12{12, 3} 3{12, 3} 1{1, 23} 23{1, 23} 13{13, 2} 2{13, 2}

123{123}

Figure 1: Hasse diagram of (C(N)⊥,�) with n = 3. Ele-
ments with the same partition are framed in grey.

Another possibility to define an order on embedded coali-
tions is to basically take the Boolean lattice 2N , and for any
S ∈ 2N , duplicate it into Sπ1, Sπ2, . . . for all partitions π
containing S. Then (S, π) ≤ (S′, π′) if and only if S ⊆ S′.
This seems to be the underlying structure in the work of
Macho-Stadler et al. [5]. We illustrate this structure for n = 3
in Figure 2.

∅

1{1, 2, 3} 2{1, 2, 3} 3{1, 2, 3}

12{12, 3}

3{12, 3}1{1, 23}

23{1, 23}13{13, 2}

2{13, 2}

123{123}

Figure 2: Hasse diagram of the structure of Macho-Stadler et
al. for n = 3. Elements with same coalition (duplicates) are
framed in grey.

In the sequel, we focus on the first structure, since it has bet-
ter properties. The second one is not a lattice, since for exam-
ple, 12{12, 3} and 13{13, 2} are two minimal upper bounds
of 1{1, 2, 3} and 1{1, 23}.

We recall that in a partially ordered set (P,≤) with a bottom
element ⊥ and a top element 	, a chain from ⊥ to 	 is a to-
tally ordered sequence of elements of P including ⊥,	. The
chain is maximal if no other chain can contain it (equivalently,
if between two consecutive elements xi, xi+1 of the sequence,
there is no element x ∈ P such that xi < x < xi+1). If no
ambiguity occurs, we say maximal chain instead of maximal
chain from ⊥ to 	. The set of maximal chains in P is de-
noted by C(P ). The length of a maximal chain is the number
of elements of the sequence minus 1.

The following is shown in [4].

Proposition 1. The following holds.

(i) (C(N)⊥,�) is an upper semimodular lattice, whose top
and bottom elements are (N, π�) and ⊥. All elements
are complemented: for a given Sπ, any embedded coali-
tion of the form SπS with S the complement of S and πS

any partition containing S.

(ii) Every maximal chain from ⊥ to an element (S, π) has
the same length, which is n− k + 1, if π is a partition in
k blocks. Hence, the height of the lattice is n.

(iii) The total number
of elements of C(N)⊥ is

∑n

k=1 kSn,k + 1, where Sn,k

is the Stirling number of second kind.

n 1 2 3 4 5 6 7 8
|C(n)⊥| 2 4 11 38 152 675 3264 17008

(iv) The number of maximal chains from ⊥ to N{N} is (n!)2

2n−1 ,
which is also the number of maximal longest chains in
C(N).

n 1 2 3 4 5 6 7 8
|C(C(n)⊥)| 1 2 9 72 900 16 200 396 900 12 700 800

(v) Let (S, π) be an embedded coalition, with π :=
{S, S2 . . . , Sk}, and |S| = s. The number of maximal
chains from ⊥ to (S, π) is

|C([⊥, (S, π)])| =
s(n − k)!

2n−k
s!s2! · · · sk!.

For example, there are 9 chains from ⊥ to 123{123, 4}.

(vi) Let (S, π) be an embedded coalition, with π :=
{S, S2 . . . , Sk}. The number of maximal chains from
(S, π) to N{N} is

|C([(S, π), N{N}])| =
1
k
|C(C(k)⊥)| =

k!(k − 1)!
2k−1

.

The above results focus on maximal chains, since they are
a fundamental concept for the sequel, especially for the Shap-
ley value. It is important to note that this lattice is neither
distributive, modular nor atomic (and hence not geometric).
Atoms are all elements of the form {i}π⊥, and elements rep-
resentable by a join of atoms are only those of the form Sπ⊥

S ,
where π⊥

S = {S, i1, . . . , in−s}, with N \S = {i1, . . . , in−s}.

3 Games and capacities on partitions
Definition 1. A game on partitions on N is a mapping v :
C(N)⊥ → R, such that v(⊥) = 0. The set of all games on
partitions on N is denoted by PG(N).

Although any such function could be called a game on
partitions, to be meaningful, we need to assume that form-
ing the grand coalition generates the largest total surplus, i.e.,
v(N{N}) ≥

∑
S∈π v(S, π), for all π ∈ Π(N).

The structure of lattice permits to define the usual notions
on games and capacities.
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Definition 2. Let v ∈ PG(N).

(i) v is monotone if Sπ � S′π′ implies v(Sπ) ≤ v(S′π′).
A monotone game on partitions is called a capacity on
partitions. A capacity on partitions v is normalized if
v(N{N}) = 1.

(ii) v is supermodular if for every Sπ, S′π′ we have

v(Sπ ∨ S′π′) + v(Sπ ∧ S′π′) ≥ v(Sπ) + v(S′π′).

It is submodular if the reverse inequality holds.

(iii) A game is additive if it is both supermodular and sub-
modular.

(iv) More generally, for a given k ≥ 2, a game is k-monotone
if for all families of k elements S1π1, . . . , Skπk , we have

v
( ∨

i∈K

Siπi

)
≥

∑
J⊆K,J �=∅

(−1)|J+1|v
( ∧

i∈J

Siπi

)

putting K := {1, . . . , k}. A game is ∞-monotone if it is
k-monotone for every k ≥ 2.

(v) A game is a belief function if it is a normalized ∞-
monotone capacity.

Above, ∨,∧ are the least upper bounds and greatest lower
bounds. The greatest lower bound is simply given by:

(S, π) ∧ (S′, π′) = (S ∩ S′, π ∧ π′) if S ∩ S′ �= ∅,

and ⊥ otherwise. The least upper bound is more tricky to
define:

(S, π) ∨ (S′, π′) = (T ∪ T ′, ρ)

where T, T ′ are blocks of π ∨ π′ containing respectively S
and S′, and ρ is the partition obtained by merging T and T ′ in
π ∨ π′.

The following result is due to Barthélemy [6].

Proposition 2. Let L be a lattice. Then f is monotone and
∞-monotone on L if and only if it is monotone and (|L| − 2)-
monotone.

In lattice theory, a valuation (or 2-valuation) on a lattice L
is a real-valued function on L being both super- and submodu-
lar (additive). More generally, for a given k ≥ 2, a k-valuation
satisfies

v
( ∨

i∈K

xi

)
=

∑
J⊆K,J �=∅

(−1)|J+1|v
( ∧

i∈J

xi

)

for every family of k elements. An ∞-valuation is a function f
which is a k-valuation for every k ≥ 2. The following results
are useful (see [7, Ch. X], and also [6]).

Proposition 3. Let L be a lattice.

(i) L is modular if and only if it admits a strictly monotone
valuation v (i.e., x < y implies v(x) < v(y)).

(ii) L is distributive if and only if it admits a strictly mono-
tone 3-valuation.

(iii) L is distributive if and only if it is modular and every
strictly monotone valuation is a k-valuation for any k ≥
2.

(iv) Any lattice admits an ∞-valuation.

The consequence of (i) is that no strictly monotone additive
game exists since C(n)⊥ is not modular when n > 2. The
question is: does it exist an additive game? The following
proposition answers this question.

Proposition 4. C(2)⊥ admits a strictly monotone 2-valuation
(hence by Prop. 2, a strictly monotone ∞-monotone valua-
tion). If n > 2, the only possible valuations on C(n)⊥ are
constant valuations.

Since any game v satisfies v(⊥) = 0, we have:

Corollary 1. The only additive game is the constant game
v = 0.

Definition 3. Let Tσ ∈ C(N).

(i) The unanimity game centered on Tσ is the game defined
by

uTσ(Sπ) =

{
1, if Sπ � Tσ

0, otherwise.

(ii) The identity game centered on Tσ is the game defined by

δTσ(Sπ) =

{
1, if Sπ = Tσ

0, otherwise.

Unanimity games are normalized capacities while the latter
ones are not. Identity games form a basis of the vector space
PG(N) since for any v ∈ PG(N),

v =
∑

Tσ∈C(N)

v(Tσ)δTσ.

From Proposition 1 (iii), the dimension of the basis is∑n

k=1 kSn,k. A less trivial basis is given by unanimity games,
through the Möbius transform, described in the next para-
graph.

In capacity theory and partially ordered sets, a key point
is to determine the Möbius function, enabling to compute the
Möbius transform of games and capacities. We recall that for a
partially ordered set (P,≤) which is locally finite, the Möbius
function µ(x, y) : P 2 → R permits to solve the equation:

g(x) =
∑
y≤x

f(y)

where f, g : P → R, as follows:

f(x) =
∑
y≤x

g(y)µ(y, x).

(see Rota [8], Aigner [9]). Based on properties of C(N)⊥, the
following fundamental result:
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Proposition 5. If P is a lattice with bottom element 0 and set
of atoms A, for every x ∈ P , the Möbius function reads

µ(0, x) =
∑

S⊆A|
W

S=x

(−1)|S|,

and the fact that for the partition lattice we know that
µΠ(n)(π⊥, {N}) = (−1)n−1(n−1)! (see Aigner [9, p. 154]),
the following can be shown.

Proposition 6. The Möbius function on C(n)⊥ is given by:

µ(⊥, Sπ) =

{
(−1)|S|, if π = π⊥

S

0, otherwise,
(1)

µ(S′π′, Sπ) = (−1)k′−k(l1 − 1)! · · · (lk − 1)!, (2)

for every S′π′ ≤ Sπ, where π⊥
S is the partition consisting in S

and all singletons in N \ S, Sπ = S{S, S2, . . . , Sk}, S′π′ =
S′{S′, S12, . . . , S1l1 , S21, . . . , S2l2 , . . . , Sk1, . . . , Sklk},
Si = Si1 ∪ · · · ∪ Sili for i = 2, . . . , k, and k′ :=

∑k

i=1 li.

Using this, the Möbius transform of any PFF-game v is
given by

m(Sπ) =
∑

S′π′	Sπ

µ(S′π′, Sπ)v(S′π′).

Now, m(Sπ) gives the coordinates of v in the basis of una-
nimity games.

Example 1. Application for n = 3. Let us compute the
Möbius transform of a game v. We have, for all distinct
i, j, k ∈ {1, 2, 3}:

m(⊥) = 0

m(iπ⊥) = v(iπ⊥)

m(ij{ij, k}) = v(ij{ij, k}) − v(iπ⊥) − v(jπ⊥)

m(i{i, jk}) = v(i{i, jk})− v(iπ⊥)

m(123{123}) = v(123{123})−
∑
i,j

v(ij{ij, k})

−
∑

i

v(i{i, jk}) + 2
∑

i

v(iπ⊥).

Barthélemy [6] proved the following.

Proposition 7. Let L be any lattice, and f : L → R. If the
Möbius transform of f , denoted by m, satisfies m(⊥) = 0,
m(x) ≥ 0 for all x ∈ L, and

∑
x∈L m(x) = 1 (normaliza-

tion), then f is a belief function.

The converse of this proposition does not hold in general (it
holds for the Boolean lattice 2N ). A belief function is invert-
ible if its Möbius transform is nonnegative, normalized and
vanishes at ⊥. The following counterexample shows that for
C(n)⊥, there exist belief functions which are not invertible.

Example 2. Let us take C(3)⊥, and consider a function f
whose values are given on the figure below. Monotonicity im-
plies that 1 ≥ β ≥ α ≥ 0. In order to check ∞-monotonicity,

0

α α α

β β β β β β

1

Figure 3: Hasse diagram of (C(3)⊥,�)

from Proposition 2 we know that it suffices to check till 7-
monotonicity. We write below the most constraining inequal-
ities only, keeping in mind that 1 ≥ β ≥ α ≥ 0.

2-monotonicity is equivalent to β ≥ 2α and 1 ≥ 2β − α.
3-monotonicity is equivalent to 1 ≥ 3β − α. 4-monotonicity
is equivalent to 1 ≥ 4β − 3α. 5-monotonicity is equivalent
to 1 ≥ 5β − 4α, while 6-monotonicity is equivalent to 1 ≥
6β − 9α. 7-monotonicity does not add further constraints.

From Example 1, nonnegativity of the Möbius transform
implies α ≥ 0 (atoms), β ≥ 2α (2nd level), and 6α−6β+1 ≥
0 for the top element. Then taking α = 0.1, β = 0.28 make
that f is a belief function, but m(	) = −0.08.

The last point concerns necessity functions. A necessity
function on a lattice L is a real-valued function f on L such
that

f(x ∧ y) = min(f(x), f(y)).

The following proposition by Barthélemy shows that necessity
functions always exist on C(n)⊥.

Proposition 8. Let L be a lattice and f : L → R such that
f(⊥) = 0, f(	) = 1. Then f is a necessity function if and
only if it is an invertible belief function whose Möbius trans-
form is nonzero on a chain of C(n)⊥.

In other words, taking any chain C in C(n)⊥ and assigning
nonnegative numbers (at least one of them being positive) on
elements of C such that their sum is 1 generates (by Proposi-
tion 7) a belief function which is a necessity function.

4 The Shapley value
A key notion in game theory and also in applications of ca-
pacity theory is the Shapley value [10]. For classical games,
it defines a rational way to share the quantity v(N) among
the individuals in N . Our aim is to define a similar notion
for games on partitions. We give a simplified exposition of
[4]. See also Macho-Stadler et al. [5] for another proposition
based on their structure.

Basically, our Shapley value is defined through maximal
chains in C(N)⊥, which are called scenarios, because they
depict a particular story of coalition formation, starting from
the society of individuals and arriving at the grand coalition.
The set of scenarios is denoted by S.
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In a scenario S, some elements play a special role. We con-
sider those elements Sπ such that in the sequence of elements
of S from bottom to top, Sπ is the last element with S. They
are called terminal elements. The set of terminal elements in
S is denoted by F(S). For example, in the following scenario
with N = {1, 2, 3, 4}, terminal elements are in bold:

S1 = 1{1,2,3,4} → 13{13, 2, 4} → 13{13,24} → N{N}.

Basically, a value represents the average contribution of play-
ers in the game. The contribution of player i is defined as the
sum of his contribution in each scenario. However, this con-
tribution is more complex to define than in classical games.
Taking as example the above scenario S1, we see that three
situations can arise:

(i) In one step, a single player enters: this happens for steps
1 and 2. This is exactly like classical games, and the
contribution goes for the entering player.

(ii) In one step, several players enter together: this happens
in the last step where players 2 and 4 enter together. In
this case, the principle of insufficient reason tells us to di-
vide the contribution equally among the entering players.

(iii) In one step, no new player enters: this happens in step 3
of S1. In this case, we wait till a new change occurs (i.e.,
a new player enters). Hence these steps are not taken into
account.

Note that the third case implies that only steps which corre-
spond to terminal elements are taken into account. Applying
this methodology to the above scenario S1, we obtain:

(i) contribution of player 1: v(1{1, 2, 3, 4})− 0

(ii) contribution of player 2:
1
2 (v(1234{1234})− v(13{13, 24}))

(iii) contribution of player 3: v(13{13, 24})−v(1{1, 2, 3, 4})

(iv) contribution of player 4:
1
2 (v(1234{1234})− v(13{13, 24}))

Based on the above considerations, we can define the contri-
bution of a player in a scenario.

Definition 4. The contribution of player i in a given scenario
S is given by

∆S

i (v) :=
1

|S′ \ S|
(v(S′π′) − v(Sπ)),

where Sπ is the last element where i is not present (note that
Sπ ∈ F(S)), and S′π′ is the next terminal element.

Based on the idea of scenario, we define a scenario-value,
from which the value will be constructed.

Definition 5. (i) A scenario-value is a mapping φ : PG →
Rn×|S|. Components of φ(v) are denoted by φS

i (v) for
scenario S and player i.
The Shapley scenario-value is defined by

φS

i (v) := ∆S

i (v), i ∈ N, S ∈ S.

(ii) A value is a mapping φ : PG → Rn. Components of
φ(v) are denoted by φi(v) for player i. Any scenario-
value φ induces a value by:

φi(v) :=
1
c

∑
S∈S

φS

i (v),

where c is the number of maximal chains in C(N)⊥. The
Shapley value of v is induced by the Shapley scenario-
value.

It is possible to give a direct expression of the Shapley value
without using the scenario-value, by expressing the game in
the basis of identity games and using linearity of the Shapley
value. Using the generic notation Tσ := T {T, T2, . . . , Tk},
we have

φi(v) =
1
n

v(N{N})+

∑
Tσ,T
i,T �=N

2(n − k)!
n!n!

(k − 1)(k − 1)!(k − 2)!×

t!t2! · · · tk!v(Tσ)

−
∑

Tσ,T �
i

2t(n − k)!
n!n!

(k − 1)!(k − 2)!×

t!(t2 − 1)! · · · tk!v(Tσ),

where it is assumed in the third term that i ∈ T2, the second
block of σ. An equivalent expression, although less compu-
tationally efficient but closer to the classical Shapley value,
is:

φi(v) =
1
n

v(N{N})

+
∑

Tσ,T �
i,T2⊃{i}

2t(n − k)!
n!n!

(k − 1)!(k − 2)!×

t!(t2 − 1)! · · · tk!
[ t + 1

t
v(T ∪ iσT∪i) − v(Tσ)

]
−

∑
Tσ,T �
i,T2={i}

2t(n − k)!
n!n!

(k − 1)!(k − 2)!×

t!t3! · · · tk!v(Tσ),

with σT∪i the partition obtained from σ by moving i ∈ T2 to
T . With n = 3, we obtain:

φ1(v) =
1
3
v(N{N}) +

1
9
v(12{12, 3}) +

1
9
v(13{13, 2})

−
2
9
v(23{23, 1}) +

1
9
v(1{1, 23})−

1
18

v(2{2, 13})

−
1
18

v(3{3, 12}) +
2
9
v(1{1, 2, 3})−

1
9
v(2{1, 2, 3})

−
1
9
v(3{1, 2, 3}).

We introduce axioms for the characterization of the Shapley
scenario-value.

Definition 6. (i) A value is efficient (E) if
∑

i∈N φi(v) =
v(N{N}).
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(ii) A scenario-value
is scenario-efficient (SE) if

∑
i∈N φS

i (v) = v(N{N})
for all S ∈ S.

Evidently, scenario-efficiency implies efficieny of the in-
duced value.

Proposition 9. The Shapley scenario-value is scenario-
efficient. Hence, the Shapley value is efficient as well.

A scenario-value satisfies linearity (L) if it is linear on
PG(N).

Definition 7. Let us consider i ∈ N , a scenario S, and de-
note by Sπ the last element in S not containing i, and S′π′

its successor in F(S). Player i is null in scenario S for v if
v(Sπ) = v(S′π′).

Null axiom (N): If i is null in scenario S for v, then
φS

i (v) = 0.

The symmetry axiom for the scenario-value (SS) reads: For
any i ∈ N , any S ∈ S, and any permutation σ on N , it holds

φS

i (v) = φ
σ(S)
σ(i) (v ◦ σ−1)

with σ(S), σ(S, π) defined naturally as follows: σ(S, π) =
(σ(S), σ(π)), where σ(S) = {σ(i) | i ∈ S}, σ(π) = {σ(S) |
S ∈ π}, and σ(S) = {σ(S, π) | (S, π) ∈ S}.

We given the following simple characterization.

Proposition 10. The Shapley scenario-value is the unique
scenario-value satisfying (L), (N), (SS), and (SE).

Another axiomatization avoiding the strong (SE) axiom is
given in [4].

5 The Choquet integral
We end the paper by giving some considerations on the Cho-
quet integral defined for capacities on partitions. The (classi-
cal) Choquet integral in its discrete version is also based on
maximal chains. Specifically, taking a function f : N → R+,
the maximal chain induced by f is given by

{σ(n)}, {σ(n), σ(n − 1)}, . . . , {σ(n), . . . , σ(1)}

where σ is any permutation such that

fσ(1) ≤ fσ(2) ≤ · · · ≤ fσ(n)

where f(i) is denoted by fi for simplicity. Then the Choquet
integral of f is defined by:∫

f dv :=
n∑

i=1

(fσ(i) − fσ(i−1))v({σ(n), . . . , σ(i)}),

with the convention fσ(0) = 0. Let us keep this idea for ca-
pacities on partitions, and consider for simplicity a function
f such that f1 < f2 < · · · < fn. Then there is only one
maximal chain in C(N)⊥ induced by f , containing the sub-
sets {n}, {n, n− 1}, . . . , N , which is

{n}π⊥, {n, n − 1}π⊥
{n,n−1}, . . . , N{N}.

Hence the Choquet integral should be defined by:
∫

f dv :=
n∑

i=1

(fi−fi−1)v({n, . . . , i}{{n, . . . , i}, 1, 2, . . . , i−1}).

Consider now that f1 = f2 < f3 · · · < fn. Since two per-
mutations can order this function, and the result should be the
same whatever the permutation used, it is not difficult to check
that this can be achieved only if the above formula is used, thus
excluding the use of embedded coalitions which are not of the
form Sπ⊥

S . But then it suffices to put ṽ(S) := v(Sπ⊥
S ), and

we are back to the classical Choquet integral.
As a conclusion, it does not seem to make sense to consider

capacities on partitions for the Choquet integral.
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Abstract— A portfolio model to minimize the risk of falling un-
der uncertainty is discussed. The risk of falling is represented by
the value-at-risk of rate of return. Introducing the perception-based
extension of the value-at-risk, this paper formulates a portfolio prob-
lem to minimize the risk of falling with fuzzy random variables. In
the proposed model, randomness and fuzziness are evaluated respec-
tively by the probabilistic expectation and the mean with evaluation
weights and λ-mean functions. The analytical solutions of the portfo-
lio problem regarding the risk of falling are derived. This paper gives
formulae to show the explicit relations among the following impor-
tant parameters in portfolio: The expected rate of return, the risk
probability of falling and bankruptcy, and the rate of falling regard-
ing the asset prices. A numerical example is given to explain how
to obtain the optimal portfolio and these parameters from the asset
prices in the stock market. Several figures are shown to observe the
relation among these parameters at the optimal portfolios.

Keywords— Value-at-risk (VaR), risk-sensitive portfolio, fuzzy
random variable, perception-based extension, the risk probability, the
rate of falling.

1 Introduction
In financial market, the portfolio is one of the most useful risk
allocation technique for stable asset management. The mini-
mization of the financial risk as well as the maximization of
the return are important themes in the asset management. In a
classical portfolio theory, Markowitz’s mean-variance model
is studied by many researchers and fruitful results have been
achieved, and then the variance is investigated as the risk for
portfolios ([8, 9, 11]). In this paper we focus on the drastic
decline of asset prices. Recently, value-at-risk (VaR) is used
widely to estimate the risk that asset prices decline based on
worst scenarios. VaR is a risk-sensitive criterion based on per-
centiles, and it is one of the standard criteria in asset manage-
ment ([17]). VaR is a kind of risk-level values of the asset at a
specified probability of decline and it is used to select portfo-
lios after due consideration of worst scenarios in investment.
Many researchers and financial traders usually use VaR by
mathematical programming since it is not easy to analyze the
VaR portfolio model mathematically. Because Markowitz’s
mean-variance criterion and the variance-minimizing criterion
are represented by quadratic programming, but VaR criterion
in portfolio is neither linear nor quadratic ([17]). In this paper,
by use of VaR regarding the rates of return, we discuss a port-
folio selection problem not only to minimize the rates of falling
and but also to maximize the expected rates of return. In the
proposed portfolio model, we can maximize the expected rate
of return after due consideration of the worst scenarios. This
paper derives analytical solutions for the portfolio problem to
minimize the rate of falling. The main purpose in this paper
is to derive the explicit relations among the important param-

eters γ, p and δ regarding the financial risk from the obtained
analytical results, where γ is the expected rate of return, p is
the risk probability of falling and bankruptcy, and δ is the rate
of falling regarding the asset at the optimal portfolios.

Soft computing like fuzzy logic works well for financial
models in uncertain environment. Estimation of uncertain
quantities is important in decision making. To represent un-
certainty in this portfolio model, we use fuzzy random vari-
ables which have two kinds of uncertainties, i.e. randomness
and fuzziness. In this paper, randomness is used to represent
the uncertainty regarding the belief degree of frequency, and
fuzziness is applied to linguistic imprecision of data because
of a lack of knowledge regarding the current stock market. At
the financial crisis in October 2008, we have observed the se-
rious distrust of the market that the risky information regard-
ing banks and security companies, for example the amounts
of trouble loans, risky accounts, debts and so on, may not dis-
close to the investors and the public, and it is surely a kind
of risks occurring from the imprecision of information. The
fuzziness comes from the imprecision of data because of a
lack of knowledge, and such serious distrust in the stock mar-
ket will be represented by the fuzziness of information in fi-
nance models. We extend the VaR for real random variables
to one regarding fuzzy random variables from the viewpoint
of perception-based approach in Yoshida [14]. We formulate
the a portfolio problem with fuzzy random variables, and we
discuss the fundamental properties of the extended VaR. Re-
cently, Yoshida [13] introduced the mean, the variance and
the measurement of fuzziness of fuzzy random variables, us-
ing evaluation weights and λ-mean functions. This paper esti-
mates fuzzy numbers and fuzzy random variables by the prob-
abilistic expectation and these criteria, which are character-
ized by possibility and necessity criteria for subjective estima-
tion and a pessimistic-optimistic index for subjective decision.
These parameters are decided by the investor and are based on
the degree of his certainty regarding the current information
in the market. In this portfolio model, we use triangle-type
fuzzy numbers and fuzzy random variables for computation in
actual models. Regarding falling and bankruptcy, we observe
the direct relations among the rate of falling, the expected rate
of return and the risk probability at the optimal portfolios by
figures derived from the obtained analytical results.

2 A portfolio model and the rate of falling
In this section, we explain a portfolio model with n stocks,
where n is a positive integer. Let T := {0, 1, 2, · · · , T } be the
time space with an expiration date T , and R denotes the set
of all real numbers. Let (Ω, P ) be a probability space, where
P is a non-atomic probability on a sample space Ω. For an
asset i = 1, 2, · · · , n, a stock price process {Si

t}Tt=0 is given
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by rates of return Ri
t as follows. Let

Si
t := Si

t−1(1 + Ri
t) (1)

for t = 1, 2, · · · , T , where {Ri
t}Tt=1 is assumed to be an inte-

grable sequence of independent real random variables. Hence
wt = (w1

t , w2
t , · · · , wn

t ) is called a portfolio weight vector if
it satisfies w1

t + w2
t + · · · + wn

t = 1, and further a portfolio
(w1

t , w2
t , · · · , wn

t ) is said to allow for short selling if wi
t ≥ 0

for all i = 1, 2, · · · , n. Then the rate of return with a portfolio
(w1

t , w2
t , · · · , wn

t ) is given by

Rt := w1
t R1

t + w2
t R2

t + · · ·+ wn
t Rn

t . (2)

Therefore, the reward at time t = 1, 2, · · · , T follows

St := St−1

n∑
i=1

wi
t(1 + Ri

t) = St−1(1 + Rt). (3)

In this paper, we present a portfolio model where stock price
processes Si

t take fuzzy values using fuzzy random variables.
The falling of asset prices is one of the most important risks
in stock markets. In this section, we discuss a portfolio model
where the risk is estimated by the rate of falling. Regarding
the asset (3) with the portfolio wt, the theoretical bankruptcy
at time t occurs on scenarios ω satisfying St(ω) ≤ 0, i.e. it
follows 1 + Rt(ω) ≤ 0 from (3). Similarly, for a constant δ
satisfying 0 ≤ δ ≤ 1, a set of sample paths

{ω ∈ Ω|1 + Rt(ω) ≤ 1− δ} = {ω ∈ Ω|Rt(ω) ≤ −δ} (4)

is the event of scenarios where the asset price St will fall from
the current price St−1 to a lower level than 100(1 − δ)% of
the current price St−1, i.e. the rate of falling is 100 δ %. Then
we say shortly that the asset is 100 δ %-falling at time t and
the parameter δ is called the rate of falling. The probability of
100 δ %-falling is also given by

pδ := P (Rt ≤ −δ). (5)

For example, pδ denotes the probability of the falling below
par value if ‘δ = 0’ and it indicates the probability of the
bankruptcy if ‘δ = 1’. In this paper, we discuss portfolios to
minimize the rate of falling δ.

For a positive probability p, a value-at-risk (VaR) regarding
the rate of return Rt at the probability p is given by a real
number v satisfying

P (Rt ≤ v) = p (6)

since P is non-atomic. The value-at-risk v is the upper bound
of the rate of return Rt at the worst scenarios under a given risk
probability p, and then the value-at-risk v in (6) is denoted by
VaRp(Rt). From (5) and (6), for a risk probability p = pδ, the
rate of falling is

δ = −VaRp(Rt). (7)

To minimize the rate of falling (7) under a fuzzy and random
environment, in next section we discuss the fundamental prop-
erties of value-at-risks.

3 A portfolio model with fuzzy random
variables

In this section, we introduce fuzzy numbers and fuzzy ran-
dom variables and we give a portfolio model under uncer-
tainty. A fuzzy number is denoted by its membership function
ã : R �→ [0, 1] which is normal, upper-semicontinuous and
quasi-concave and has a compact support ([18]). R denotes
the set of all fuzzy numbers. In this paper, we identify fuzzy
numbers with their corresponding membership functions. The
α-cut of a fuzzy number ã(∈ R) is given by ãα := {x ∈ R |
ã(x) ≥ α} (α ∈ (0, 1]) and ã0 := cl{x ∈ R | ã(x) > 0},
where cl denotes the closure of an interval. We write the
closed intervals as ãα := [ã−

α , ã+
α ] for α ∈ [0, 1]. Hence

we also introduce a partial order �, so called the fuzzy max
order, on fuzzy numbers R: Let ã, b̃ ∈ R be fuzzy num-
bers. Then, ã � b̃ means that ã−

α ≥ b̃−α and ã+
α ≥ b̃+

α for
all α ∈ [0, 1]. An addition, a subtraction and a scalar multi-
plication for fuzzy numbers are defined by Zadeh’s extension
principle as follows: For ã, b̃ ∈ R and ξ ∈ R, the addition
and subtraction ã ± b̃ of ã and b̃ and the scalar multiplica-
tion ξã of ξ and ã are fuzzy numbers given by their α-cuts
(ã+b̃)α := [ã−

α +b̃−α , ã+
α +b̃+

α ], (ã−b̃)α := [ã−
α−b̃+

α , ã+
α−b̃−α ]

and (ξã)α := [ξã−
α , ξã+

α ] if ξ ≥ 0.
A fuzzy-number-valued map X̃ : Ω �→ R is called a

fuzzy random variable if the maps ω �→ X̃−
α (ω) and ω �→

X̃+
α (ω) are measurable for all α ∈ (0, 1], where X̃α(ω) =

[X̃−
α (ω), X̃+

α (ω)] = {x ∈ R | X̃(ω)(x) ≥ α} ([7, 10]). We
need to introduce expectations of fuzzy random variables in
order to describe a portfolio model. A fuzzy random variable
X̃ is said to be integrably bounded if both ω �→ X̃−

α (ω) and
ω �→ X̃+

α (ω) are integrable for all α ∈ (0, 1]. Let X̃ be an
integrably bounded fuzzy random variable. The expectation
E(X̃) of the fuzzy random variable X̃ is defined by a fuzzy
number E(X̃)(x) := supα∈[0,1] min{α, 1E(X̃)α

(x)} for x ∈
R, where E(X̃)α := [

∫
Ω X̃−

α (ω) dP (ω),
∫
Ω X̃+

α (ω) dP (ω)]
for α ∈ (0, 1] ([6, 10]).

Now we deal with a case where the rate of return {Ri
t}Tt=1

has some imprecision. In this paper, we use triangle-type
fuzzy random variables for computation, however we can ap-
ply the similar approach to general fuzzy random variables.
We define a rate of return process with imprecision {R̃i

t}Tt=0

by a sequence of triangle-type fuzzy random variables

R̃i
t(·)(x) =


0 if x < Ri

t − ci
t

x−Ri
t+ci

t

ci
t

if Ri
t − ci

t ≤ x < Ri
t

x−Ri
t−ci

t

−ci
t

if Ri
t ≤ x < Ri

t + ci
t

0 if x ≥ Ri
t + ci

t,

(8)

where ci
t is a positive number. We call ci

t a fuzzy factor for
asset i at time t. Hence we can represent R̃i

t by the sum of the
real random variable Ri

t and a fuzzy number ãi
t:

R̃i
t(ω)(·) := 1{Ri

t(ω)}(·) + ãi
t(·) (9)

for ω ∈ Ω, where 1{·} denotes the characteristic function of a
singleton and ãi

t is a triangle-type fuzzy number defined by

ãi
t(x) =


0 if x < −ci

t
x+ci

t

ci
t

if − ci
t ≤ x < 0

x−ci
t

−ci
t

if 0 ≤ x < ci
t

0 if x ≥ ci
t.

(10)
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For assets i = 1, 2, · · · , n, we define stock price processes
{S̃i

t}Tt=0 by the rates of return with imprecision R̃i
t as follows:

S̃i
0 := Si

0 is a positive number and

S̃i
t = S̃i

0

t∏
s=1

(1 + R̃i
s) (11)

for t = 1, 2, · · · , T . For a portfolio w = (w1, w2, · · · , wn),
the rate of return with imprecision is given by a linear combi-
nation of fuzzy random variables

R̃t := w1R̃1
t + w2R̃2

t + · · ·+ wnR̃n
t . (12)

In Section 4 we investigate the value-at-risk to apply the fuzzy
random variable (12), and in Section 5 we discuss the portfolio
problem to minimize the rate of falling regarding (12).

4 A perception-based extension of VaR
First we introduce mathematical notations of the value-at-risk
for real random variables to apply it to the rates of return (12).
Let X be the set of all integrable real random variables X
on Ω with a continuous distribution function x �→ FX(x) :=
P (X < x) for which there exists a non-empty open interval
I such that FX(·) : I �→ (0, 1) is a strictly increasing and
onto. Then there exists a strictly increasing and continuous
inverse function F−1

X : (0, 1) �→ I . We note that FX(·) : I �→
(0, 1) and F−1

X : (0, 1) �→ I are one-to-one and onto, and we
put FX(inf I) := limx↓inf I FX(x) = 0 and FX(sup I) :=
limx↑sup I FX(x) = 1. Then, the value-at-risk, shortly for
VaR, at a risk probability p is given by the 100 p-percentile of
the distribution function FX : For a probability p (0 < p < 1),

VaRp(X) := sup{x ∈ I | FX(x) ≤ p}, (13)

and then we have FX(VaRp(X)) = p and VaRp(X) =
F−1

X (p) for 0 < p < 1. In this paper, we assume that VaR
v in (6) has the following representation (14).

(VaR v) = (the mean) − (a positive constant κ)
× (the standard deviation), (14)

where the positive constant κ is given corresponding to the
probability p. The details are as follows: For any probability
p satisfying 0 < p < 1, there exists a positive constant κ such
that a real number v := µt − κ σt satisfies (14) for all port-
folios, where µt and σt are the expectation and the standard
deviation of Rt respectively. One of the most popular suffi-
cient condition for (14) is what the distribution of the rate of
return Rt is normal ([2, 17]). In this paper, we obtain an exact
estimation of κ in Theorem 1.

Let X̃ be the set of all fuzzy random variables X̃ on Ω such
that their α-cuts X̃±

α are integrable and λX̃−
α + (1− λ)X̃+

α ∈
X for all λ ∈ [0, 1] and α ∈ [0, 1]. Hence, from (8) we intro-
duce a value-at-risk for a fuzzy random variable X̃(∈ X̃ ) at a
positive risk probability p as follows.

VaRp(X̃)(x) := sup
X∈X : VaRp(X)=x

inf
ω∈Ω

X̃(ω)(X(ω)) (15)

for x ∈ R. Yoshida [14] has studied perception-based esti-
mations extending the concept of the expectations in Kruce
and Meyer [6]. This definition (15) is an extension from the

value-at-risk on real random variables to one on fuzzy random
variables based on the perception. The value-at-risk (15) on
fuzzy random variables is characterized by the following rep-
resentation, which is from the continuity and the monotonicity
of VaRp(·).

Lemma 1 ([14]). Let X̃ ∈ X̃ be a fuzzy random variable
and let p be a positive probability. Then the value-at-risk
VaRp(X̃) defined by (15) is a fuzzy number whose α-cuts are

VaRp(X̃)α = [VaRp(X̃−
α ), VaRp(X̃+

α )] (16)

for α ∈ (0, 1].

The value-at-risk (15) on fuzzy random variables has the
following properties.

Lemma 2 ([14]). Let X̃, Ỹ ∈ X̃ be fuzzy random variables
and let p be a positive probability. Then the value-at-risk VaRp

defined by (15) has the following properties:

(i) If X̃ � Ỹ , then VaRp(X̃) � VaRp(Ỹ ).

(ii) VaRp(ζX̃) = ζ VaRp(X̃) for ζ > 0.

(iii) VaRp(X̃+ã) = VaRp(X̃)+ã for a fuzzy number ã ∈ R.

Next since the value-at-risk VaRp(R̃t) for the rate of return
(12) with a portfolio is a fuzzy number, we need to evaluate
the fuzziness of fuzzy numbers and fuzzy random variables.
There are many studies regarding the evaluation of fuzzy num-
bers. Two major approaches of them are as follows. One is to
use weighting functions([1, 3, 13]) and the other is to use pos-
sibility and necessity criteria([4]). Here we adopt the former
evaluation method of fuzzy numbers and fuzzy random vari-
ables. In the rest of this section we introduce the definitions
from [13, 15], and in the next section we estimate the VaR
regarding the rate of return (12) by the evaluation method.
Yoshida [13] has studied an evaluation of fuzzy numbers by
evaluation weights which are induced from fuzzy measures to
evaluate a confidence degree that a fuzzy number takes val-
ues in an interval. With respect to fuzzy random variables, the
randomness is evaluated by the probabilistic expectation and
the fuzziness is estimated by the evaluation weights and the
following function. Let gλ : I �→ R be a map such that

gλ([x, y]) := λx + (1− λ)y, [x, y] ∈ I, (17)

where λ is a constant satisfying 0 ≤ λ ≤ 1 and I denotes
the set of all bounded closed intervals. This scalarization is
used for the estimation of fuzzy numbers to give a mean value
of the interval [x, y] with a weight λ, and gλ is called a λ-
mean function and λ is called a pessimistic-optimistic index
which indicates the pessimistic degree of attitude in decision
making ([3]). Let a fuzzy number ã ∈ R. A mean value of
the fuzzy number ã with respect to λ-mean functions gλ and
an evaluation weight w(α), which depends only on ã and α,
is given as follows ([15]):

Ẽ(ã) :=

∫ 1

0
gλ(ãα)w(α) dα∫ 1

0
w(α) dα

, (18)

where ãα = [ã−
α , ã+

α ] is the α-cut of the fuzzy number ã.
In (18), w(α) indicates a confidence degree that the fuzzy

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

139



number ã takes values in the interval ãα at each level α.
Hence, an evaluation weight w(α) is called the possibility
evaluation weight wP (α) if wP (α) := 1 for α ∈ [0, 1],
and w(α) is called the necessity evaluation weight wN (α) if
wN (α) := 1 − α for α ∈ [0, 1]. Especially, for a fuzzy num-
ber ã ∈ R, the means in the possibility and necessity cases
are represented respectively by ẼP (ã) and ẼN (ã), and we
consider their combination νẼP (ã) + (1 − ν)ẼP (ã) with a
parameter ν ∈ [0, 1] ([13, 14, 16]). The mean Ẽ has the fol-
lowing natural properties of the linearity and the monotonicity
regarding the fuzzy max order.

Lemma 3 ([13, 15]). Let λ ∈ [0, 1]. For fuzzy numbers ã, b̃ ∈
R and real numbers θ, ζ, the following (i) – (iv) hold.

(i) Ẽ(ã + 1{θ}) = Ẽ(ã) + θ.

(ii) Ẽ(ζã) = ζẼ(ã) if ζ ≥ 0.

(iii) Ẽ(ã + b̃) = Ẽ(ã) + Ẽ(b̃).

(iv) If ã � b̃, then Ẽ(ã) ≥ Ẽ(b̃) holds.

For a fuzzy random variable X̃ , the mean of the expectation
E(X̃) is a real number

E(Ẽ(X̃)) = E

(∫ 1

0 gλ(X̃α)w(α) dα∫ 1

0
w(α) dα

)
. (19)

Then, from Lemma 3, we obtain the following results regard-
ing fuzzy random variables.

Lemma 4 ([13, 15]). Let λ ∈ [0, 1]. For a fuzzy number
ã ∈ R, integrable fuzzy random variables X̃, Ỹ , an integrable
real random variable Z and a nonnegative real number ζ, the
following (i) – (v) hold.

(i) E(Ẽ(X̃)) = Ẽ(E(X̃)).

(ii) E(Ẽ(ã)) = Ẽ(ã) and E(Ẽ(Z)) = E(Z).

(iii) E(Ẽ(ζX̃)) = ζE(Ẽ(X̃))).

(iv) E(Ẽ(X̃ + Ỹ )) = E(Ẽ(X̃)) + E(Ẽ(Ỹ )).

(v) If X̃ � Ỹ , then E(Ẽ(X̃)) ≥ E(Ẽ(Ỹ )) holds.

5 The Minimization of the Risk of Falling
In this section, we discuss portfolio problems under uncer-
tainty. First we estimate the rate of return with imprecision
for a portfolio. Let the mean, the variance and the covari-
ance of the rate of return Ri

t, which are the real random vari-
ables in (2.1), by µi

t := E(Ri
t), (σi

t)
2 := E((Ri

t − µi
t)

2), and
σij

t := E((Ri
t − µi

t)(R
j
t − µj

t )) for i, j = 1, 2, · · · , n. Hence
we assume that the determinant of the variance-covariance
matrix Σ := [σij

t ] is not zero and there exists its inverse matrix
Σ−1. This assumption is natural and it can be realized easily
by taking care of the combinations of assets. For a portfolio
w = (w1, w2, · · · , wn) satisfying w1+w2+· · ·+wn = 1 and
wi ≥ 0 (i = 1, 2, · · · , n), we calculate the expectation and the
variance regarding R̃t = w1R̃1

t +w2R̃2
t + · · ·+wnR̃n

t . From
Lemma 4, the expectation µ̃t := E(Ẽ(R̃t)) follows

µ̃t = E(Ẽ(R̃t)) =
n∑

i=1

wiE(Ẽ(R̃i
t)) =

n∑
i=1

wiµ̃i
t, (20)

where µ̃i
t := E(Ẽ(R̃i

t)) for i = 1, 2, · · · , n. On the other
hand, regarding this model, from [13] we can find that the
variance (σ̃t)2 := E((Ẽ(R̃t)− µ̃t)2) of R̃t equals to the vari-
ance (σt)2 := E((Rt − µt)2) of Rt:

(σ̃t)2 = (σt)2 =
n∑

i=1

n∑
j=1

wiwjσij
t . (21)

By (14), (20) and (21), the mean of VaRp(R̃t) is

Ẽ(VaRp(R̃t)) =
n∑

i=1

wiµ̃i
t − κ

√√√√ n∑
i=1

n∑
j=1

wiwjσij
t (22)

with a positive constant κ. Now step by step we discuss
a portfolio problem to minimize the rate of falling δ =
−Ẽ(VaRp(R̃t)). First, we deal with a variance-minimizing
model. For a given constant γ, which is the minimum ex-
pected rate of return to be guaranteed for the portfolio, we
consider the following quadratic programming with respect to
portfolios with allowance for short selling.

Variance-minimizing problem (P1): Minimize the variance
n∑

i=1

n∑
j=1

wiwjσij
t (23)

with respect to portfolios w = (w1, w2, · · · , wn) satisfy-
ing w1+w2+· · ·+wn = 1 under the following condition
regarding the expected rate of return:

∑n
i=1 wiµ̃i

t = γ.

We start from the following classical results regarding the
variance-minimizing problem (P1), and we analyze the port-
folio problem to minimize the rate of falling.

Lemma 5 ([15, Theorem 1]). The solution of the variance-
minimizing problem (P1) is given by

w = ξΣ−11 + ηΣ−1µ̃ (24)

and then the corresponding variance is

ρ̃ :=
Aγ2 − 2Bγ + C

∆
, (25)

where µ̃i := µi
t + Ẽλ(ãi

t), σ̃ij := σij
t (i, j = 1, 2, · · · , n),

Σ̃ := [σ̃ij ], µ̃ := [µ̃1 µ̃2 · · · µ̃n]T,1 := [1 1 · · · 1]T, ξ :=
C−Bγ

∆ , η := Aγ−B
∆ , A := 1TΣ̃−11, B := 1TΣ̃−1µ̃, C :=

µ̃TΣ̃−1µ̃, ∆ := AC − B2 and T denotes the transpose of a
vector.

Hence, we consider a risk-sensitive model, which is not of
mean-variance types but of mean-standard deviation types, in
order to deal with a portfolio problem to minimize the rate
of falling in the third step. For a constant γ and a positive
constant κ, we discuss the following risk-sensitive portfolio
problem with allowance for short selling.

Risk-sensitive problem (P2): Maximize a risk-sensitive ex-
pected rate of return

v(γ) :=
n∑

i=1

wiµ̃i
t − κ

√√√√ n∑
i=1

n∑
j=1

wiwjσij
t (26)
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with respect to portfolios w = (w1, w2, · · · , wn) (w1 +
w2+ · · ·+wn = 1) under the condition

∑n
i=1 wiµ̃i

t = γ.

Now we discuss the following VaR portfolio problem with-
out allowance for short selling. The following form (27)
comes from the value-at-risk Ẽ(VaRp(R̃t)) given in (22).

Portfolio problem to minimize the rate of falling (P3):
Minimize the risk of falling

δ = −
n∑

i=1

wiµ̃i
t + κ

√√√√ n∑
i=1

n∑
j=1

wiwjσij
t (27)

with respect to portfolios w = (w1, w2, · · · , wn) sat-
isfying w1 + w2 + · · · + wn = 1 and wi ≥ 0 for
i = 1, 2, · · · , n.

Since we have

inf
w

(27) = inf
γ

(
inf

w:
∑

n
i=1 wiµ̃i

t=γ
(27)
)

= − sup
γ

(26),

in the same way as [16] we arrive at the following analyti-
cal solutions of the portfolio problem to minimize the rate of
falling (P3).

Lemma 5. Let A and ∆ be positive. Let κ satisfy κ2 > C.
The solution of the portfolio problem to minimize the rate of
falling (P3) is given by w∗ = ξΣ−11 + ηΣ−1µ̃, and then
the corresponding rate of falling is δ(γ∗) = −B−

√
Aκ2−∆
A

at the expected rate of return γ∗ := B
A + ∆

A
√

Aκ2−∆
, where

ξ := C−Bγ∗

∆ and η := Aγ∗−B
∆ . Further, if Σ−11 ≥ 0 and

Σ−1µ̃ ≥ 0, then the portfolio (5.18) satisfies w∗ ≥ 0, i.e. the
portfolio w∗ is a portfolio without allowance for short selling.
Here, 0 denotes the zero vector.

In Lemma 5, we note that the optimal portfolio w∗ not only
to minimize the rate of falling δ(γ∗) but also to maximize the
expected rate of return γ∗.

Theorem 1. Let A and ∆ be positive. Let δ satisfy δ >
−2B/A. Then, the assumptions in Lemma 5 are satisfied,
and the following (i) and (ii) hold for the optimal portfolio in
Lemma 5.

(i) For a rate of falling δ, the corresponding constant κδ and
the expected rate of return γδ are given by

κδ :=
√

Aδ2 + 2Bδ + C and γδ :=
Bδ + C

Aδ + B
.

(28)
Then the risk probability is pδ = P (Ẽ(R̃t) ≤ −δ).

(ii) If Ri
t (i = 1, 2, · · · , n) have normal distributions, the risk

probability pδ in (i) is given by

pδ := Φ(−κδ), (29)

where κδ is defined by (28) and Φ is the cumulative nor-
mal distribution function Φ(z) := 1√

2π

∫ z

−∞ e−
t2
2 dt for

z ∈ R.

Remark 1 From Theorem 1, for the optimal portfolio of (P3),
the relations among the expected rate of return γ = γδ , the rate
of falling δ and the risk probability p = pδ are illustrated as
follows.

γ : the expected rate of return

� γ =
Bδ + C

Aδ + B
δ : the rate of falling(= −VaR)
� p = Φ(−√Aδ2 + 2Bδ + C)
p : the risk probability of falling


(30)

These results hold for the crisp case (ci
t = 0) and they will be

useful not only for analytic study but also for actual manage-
ment in finance. In the next section, by figures with a numer-
ical example we show the relations (30) among the expected
rate of return γ, the rate of falling δ and the risk probability p.

6 A numerical example
In this session, we give a simple example to illustrate our idea.
For the numerical computation, we need to evaluate fuzzy
numbers representing the rates of return (8). From [13, 14],
we have evaluations of the fuzzy numbers ãi

t by a combina-
tion νẼP (ã)+(1−ν)ẼP (ã) with a parameter ν ∈ [0, 1] with
a parameter ν(∈ [0, 1]), which is called a possibility-necessity
weight ([13]). Then from (20) we obtain the expected rate of
return

µ̃t =
n∑

i=1

wi

(
µi

t +
(1− 2λ)(4− ν)

6
ci
t

)
(31)

for the possibility-necessity weight ν(∈ [0, 1]) and the
pessimistic-optimistic index λ(∈ [0, 1]). In (31), the decision
maker may choose the parameters λ(∈ [0, 1]) and ν(∈ [0, 1]).
The pessimistic-optimistic index is taken as λ = 1 if he has
pessimistic personal forecast in the market and he takes care-
ful decision, and λ = 0 if he has optimistic personal fore-
cast and he is not nervous. The possibility-necessity weight is
taken as ν = 1 when he has enough confidential information
about the market, and ν = 0 when he does not have confi-
dential information. In this model, ν = 0 is reasonable since
our objective function is VaR, which is a kind of risk, and we
need to take into account of the fuzziness of information in the
market. While λ depends on the decision maker’s attitude in
his investment. In this example, we compute the pessimistic
case λ = 1.

Let n = 4 be the number of assets. Take the expected rate of
return, a variance-covariance matrix and fuzzy factors as Table
1. We assume that the rate of return Ri

t has the normal distri-
butions. We discuss a risk probability 1% in the normal dis-
tribution, and then the corresponding constant is κ = 2.326,
which is given in (14) for VaR. Then, the conditions in The-
orem 1 are satisfied and by formulae of Lemma 5 we eas-
ily obtain the optimal portfolio w∗ = (w1, w2, w3, w4) =
(0.229604, 0.215551, 0.252000, 0.302845) for the portfolio
problem to minimize the rate of falling (P3), and then the cor-
responding rate of falling is δ(γ∗) = 0.557042 and the ex-
pected rate of return is γ∗ = 0.0498026.

Owing to the equations (28) and (29), we can easily observe
the explicit relations among the expected rate of return γ, the
rate of falling δ and the risk probability p (Remark 1). Regard-
ing this example, Fig.1 shows the relation among the rate of
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falling δ, the expected rate of return γ and the risk probability
p. Figs.1 and 2 are drawn based on Remark 1. Especially Fig.2
shows the relation among the risk probability p such that the
falling in the asset prices will be lower than 100(1− δ)%, the
rate of falling δ and the expected rate of return γ. For example,
for a rate of falling δ = 0.2, which implies that the asset price
will fall lower than 80 %, its risk probability is p = 0.168993,
however we have the expected rate of return γ = 0.0504023
with κ = 0.958154, which are calculated easily from Remark
1 based on Theorem 1. We can also compute the cases of
falling below par value and the complete bankruptcy, taking
δ = 0 and δ = 1 respectively. The probability of falling be-
low par value is p0 = 0.4211443 and then the expected rate
of return γ0 = 0.0545276, and the probability of complete
bankruptcy is p1 = 0.0000285992 and then the expected rate
of return γ1 = 0.0496258.

Table 1: Expected rates of return, a variance-covariance
matrix and fuzzy factors.

Asset µi
t

w1 0.05
w2 0.07
w3 0.06
w4 0.04

Asset ci
t

w1 0.006
w2 0.008
w3 0.007
w4 0.005

σij
t w1 w2 w3 w4

w1 0.35 0.03 0.02 −0.08
w2 0.03 0.25 −0.06 0.08
w3 0.02 −0.06 0.33 −0.02
w4 −0.08 0.08 −0.02 0.24

0.1 0.2 0.3 0.4
p

The expected rate of return

0.4

0.6

0.2

0.8

1

γ

0.02

0.04

0.06

0.08

0.1

δ

The rate of falling 

Risk probability

δ γ

Figure 1: The rate of falling δ and the expected rate of return
γ at risk probabilities p.
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δ
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0.06

0.08

0.1

The expected rate of return

The rate of falling
0

γp

Figure 2: Risk probability p and the expected rate of return γ
at the rates of falling δ.

7 Conclusion
We have derived the relation (30) among the expected rate of
return γ, the rate of falling δ and the risk probability p. The
relation holds for the crisp case and it will be useful not only
for analytic study but also for actual management in finance.
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Abstract— Recently, many scholars investigated interval, trian-
gular, and trapezoidal approximations of fuzzy numbers. These re-
searches can be grouped into two classes: the Euclidean distance
class and the non-Euclidean distance class. Most approximations in
the Euclidean distance class can be calculated by formulas, but cal-
culating approximations in the other class is more complicated. In
this paper, we study interval, triangular, and trapezoidal approxima-
tions under a weighted Euclidean distance which generalize all ap-
proximations in the Euclidean distance class. First, we embed fuzzy
numbers into a Hilbert space, and then introduce these weighted ap-
proximations by means of best approximations from closed convex
subsets of the Hilbert space. Finally, we apply the reduction princi-
ple to simplify calculations of these approximations.

Keywords— weighted trapezoidal approximation, triangular
fuzzy number, Hilbert space

1 Introduction
In practice, fuzzy intervals are often used to represent uncer-
tain or incomplete information. An interesting problem is
to approximate general fuzzy intervals by interval, triangu-
lar, and trapezoidal fuzzy numbers, so as to simplify calcu-
lations. Recently, many scholars investigated these approx-
imations of fuzzy numbers. According to the different as-
pects of distance, these researches can be grouped into two
classes: the Euclidean distance class and the non-Euclidean
distance class. The Euclidean distance class includes the in-
terval approximation (proposed by Grzegorzewski in 2002
[11]), symmetric triangular approximation (proposed by Ma
et al. in 2000 [18]), trapezoidal approximation (proposed
by Abbasbandy and Asady in 2004 [1]), and weighted tri-
angular approximation (proposed by Zeng and Li in 2007
[23]). The non-Euclidean distance class includes the rectan-
gle approximation under the Hamming distance (proposed by
Chanas in 2001 [6]), symmetric and non-symmetrical trape-
zoidal approximations under the Euclidean distance between
the respective 1/2-levels (proposed by Delgado et al. in 1998
[7]), and trapezoidal approximation under the source distance
(proposed by Abbasbandy and Amirfakhrian in 2006 [2]).
Some other approximations are also investigated, such as the
nearest parametric approximation (proposed by Nasibova and
Peker in 2008 [19]), trapezoidal approximation preserving the
expected interval (proposed by Grzegorzewski and Mrówka
[12, 13, 14], and improved by Ban [5] and Yeh [22] in 2008,
independently), approximation by π functions (proposed by
Hassine et al. in 2006 [15]), and polynomial approxima-
tion (proposed by Abbasbandy and Amirfakhrian in 2006 [3]).
Most approximations in the Euclidean distance class can be
calculated by formulas, but calculating the approximations in
the other class is more complicated. In this paper, we study

interval, triangular, and trapezoidal approximations under a
weighted Euclidean distance which generalize all approxima-
tions in the Euclidean distance class. In Section 2, we define
a weighted L2-distance on space of fuzzy numbers, and then
embed the space into the Hilbert space L2

λ[0, 1] × L2
λ[0, 1] by

applying the weighted L2-distance. In Section 3, we intro-
duce weighted approximations of fuzzy numbers by means of
best approximations from closed convex subsets of the Hilbert
space L2

λ[0, 1] × L2
λ[0, 1]. Some preliminaries are presented.

In Section 4-6, by applying the reduction principle [8, p.80]
we compute straightforwardly these approximations of fuzzy
numbers, and then propose several important theorems.

2 Embedding fuzzy numbers into the Hilbert
space L2

λ[0, 1] × L2
λ[0, 1]

By an inner product space we mean that it is a (real) vector
space V equipped with an inner product 〈·, ·〉 : V × V → R
obeying the following axioms:

1. 〈u, u〉 ≥ 0 for all u ∈ V , and 〈u, u〉 = 0 iff (if and only
if) u = 0,

2. 〈u, v〉 = 〈v, u〉, for all u, v ∈ V ,

3. 〈au + bv, w〉 = a〈u, w〉 + b〈v, w〉, for all u, v, w ∈ V
and all a, b ∈ R.

An inner product is a metric space if the distance is defined by

d(u, v) := 〈u − v, u − v〉 1
2 .

A completely inner product space is often called a Hilbert
space. It is well-known that the set of all L2-integrable func-
tions is a Hilbert space, denoted by L2

λ[0, 1], on which the
inner product is defined as

〈f, g〉λ :=
∫ 1

0

f(t)g(t)λ(t)dt,

where λ = λ(t) is a nonnegative function on [0, 1] with∫ 1

0
λ(t)dt > 0.

Another important Hilbert space is the product space
L2

λ[0, 1] × L2
λ[0, 1], which will be discussed in this paper. Its

inner product is defined by

〈(f1, f2), (g1, g2)〉λ :=
∫ 1

0

[f1(t)g1(t) + f2(t)g2(t)] λ(t)dt
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for all (f1, f2) and (g1, g2) ∈ L2
λ[0, 1] × L2

λ[0, 1]. We hence
obtain

d2
λ((f1, f2), (g1, g2))

=〈(f1 − g1, f2 − g2), (f1 − g1, f2 − g2)〉λ

=
∫ 1

0

(|f1(t) − g1(t)|2 + |f2(t) − g2(t)|2
)
λ(t)dt.

Recall that, a fuzzy number Ã can be represented by an
ordered pair of left continuous functions [AL(α), AU (α)]
(called the α-cuts of Ã), 0 ≤ α ≤ 1, which satisfy the fol-
lowing conditions: (1) AL is increasing on [0,1], (2) AU is
decreasing on [0,1], (3) AL(1) ≤ AU (1). Let F̃ denote the set
of all fuzzy numbers. The weighted L2-distance (Euclidean
distance) on F̃ is defined as

dλ(Ã, B̃) :=
[ ∫ 1

0

|AL(α) − BL(α)|2λ(α)dα

+
∫ 1

0

|AU (α) − BU (α)|2λ(α)dα
] 1

2 .

(1)

For more generality, we refer to [10] in which Grze-
gorzewski proposed two families of general distances on F̃.
Let Ã and B̃ be two fuzzy numbers. The fuzzy addition and
fuzzy subtraction operations on F̃ are defined as follows:

Ã + B̃ := [AL(α) + BL(α), AU (α) + BU (α)],

Ã − B̃ := [AL(α) − BU (α), AU (α) − BL(α)].

The above conditions (1)-(3) (the definition of fuzzy numbers)
imply that AL and AU ∈ L2

λ[0, 1], hence we define

i : Ã �→ (AL, AU ) ∈ L2
λ[0, 1] × L2

λ[0, 1].

In the following, we always use the interval notation [AL, AU ]
instead of (AL, AU ), although it may make little sense. Notice
that, the fuzzy addition operation coincides with the vector
addition on L2

λ[0, 1]×L2
λ[0, 1] and its inverse operation (vector

subtraction) is not the fuzzy subtraction “-”. Let the symbol
“�” denote the inverse operation, that is

Ã � B̃ := [AL(α) − BL(α), AU (α) − BU (α)],

which is often called the Hukuhara difference, see [17]. In
fact, Ã � B̃ may be not in F̃. From Eq.(1), we find that

d2
λ(Ã, B̃) = 〈Ã � B̃, Ã � B̃〉λ.

This shows that we can embed space of fuzzy numbers into
the Hilbert space L2

λ[0, 1]×L2
λ[0, 1]. We hence define an inner

product on F̃ inheriting from L2
λ[0, 1] × L2

λ[0, 1], that is

〈Ã, B̃〉λ :=
∫ 1

0

[AL(α)BL(α) + AU (α)BU (α)] λ(α)dα.

(2)

3 Approximations of fuzzy numbers
Let Ω be a subset of a Hilbert space V , then we call that:

1. Ω is a subspace iff u+v ∈ Ω and ru ∈ Ω for all u, v ∈ Ω
and all r ∈ R,

2. Ω is convex iff ru+(1− r)v ∈ Ω for all u, v ∈ Ω and all
r ∈ [0, 1],

3. Ω is chebyshev iff for each u ∈ V there exists a unique
element PΩ(u) ∈ Ω such that

d(u, PΩ(u)) ≤ d(u, x), ∀x ∈ Ω,

and then PΩ(u) is called the best approximation of u
from Ω.

It is well-known that every closed convex subset (closed sub-
space, finite dimensional subspace) is chebyshev, see [8, p.23-
24]. For any closed convex subset Ω, there is a sufficient and
necessary condition of the best approximation PΩ(u), as fol-
lows

〈u − PΩ(u), x − PΩ(u)〉 ≤ 0, ∀x ∈ Ω.

Furthermore, we also have

d(PΩ(u), PΩ(v)) ≤ d(u, v), ∀u, v ∈ V, (3)

refer to [21, Appendix C]. This implies PΩ is continuous.
While Ω is a closed subspace, then the above condition be-
comes

〈u − PΩ(u), x〉 = 0, ∀x ∈ Ω,

or equivalently

〈u, x〉 = 〈PΩ(u), x〉, ∀x ∈ Ω. (4)

In this paper, all elements in L2
λ[0, 1]×L2

λ[0, 1] of the form

[r1 + (r2 − r1)α, r4 − (r4 − r3)α]

are called extended trapezoidal fuzzy numbers. Let T denote
the subset of all extended trapezoidal fuzzy numbers. It is easy
to see that, an element Ã = [r1 +(r2 − r1)α, r4 − (r4 − r3)α]
is trapezoidal iff Ã ∈ F̃ ∩ T, that is

r1 ≤ r2 ≤ r3 ≤ r4. (5)

Also, a trapezoidal fuzzy number Ã is triangular (resp. sym-
metric trapezoidal, symmetric triangular, interval) iff r2 = r3

(resp. r2 − r1 = r4 − r3, r2 = r3 and r2 − r1 = r4 − r3,
r1 = r2 and r3 = r4). Let T̃, T̃s, ∆̃, ∆̃s, and Ĩ denote the sets
of all trapezoidal, symmetric trapezoidal, triangular, symmet-
ric triangular, and interval fuzzy numbers, respectively. It is
easy to verify that

1. T is a closed subspace of L2
λ[0, 1] × L2

λ[0, 1], and

2. F̃, T̃, T̃s, ∆̃, ∆̃s, and Ĩ are all closed convex subsets.

Hence, all of them are chebyshev. The best approximations of
u from T, T̃, T̃s, ∆̃, ∆̃s, and Ĩ are called the extended trape-
zoidal, trapezoidal, symmetric trapezoidal, triangular, sym-
metric triangular, and interval approximations of u, respec-
tively. Eq.(3) implies that these approximations are continu-
ous.

Theorem 1 (The reduction principle [8, p.80]). Let K be a
closed convex subset of an inner product space V and M be
any chebyshev subspace of V that contains K. Then, we have
that

PK(u) = PK(PM (u)) and

d(u, PK(u))2 = d(u, PM (u))2 + d(PM (u), PK(u))2.
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Now, let’s define four extended trapezoidal fuzzy numbers:

Ẽ1 := [1 − α, 0], Ẽ2 := [α, 0],

Ẽ3 := [0, α], Ẽ4 := [0, 1 − α].

Then, each element in T is a linear combination of Ẽi, 1 ≤
i ≤ 4, for instance

[r1 + (r2 − r1)α, r4 − (r4 − r3)α] =
4∑

i=1

riẼi.

This implies T = Span {Ẽ1, Ẽ2, Ẽ3, Ẽ4}. We also define two
other subspaces of L2

λ[0, 1] × L2
λ[0, 1] as follows

∆ := Span {Ẽ1, Ẽ2 + Ẽ3, Ẽ4},
I := Span {Ẽ1 + Ẽ2, Ẽ3 + Ẽ4} = Span {[1, 0], [0, 1]}.

It is easy to see that Ĩ ⊂ I, ∆̃s ⊂ ∆̃ ⊂ ∆, and T̃s ⊂ T̃ ⊂ T.
By applying the reduction principle, we obtain that

P
Ĩ
(u) = P

Ĩ
(PI(u)), (6)

P∆̃(u) = P∆̃(P∆(u)), P∆̃s
(u) = P∆̃s

(P∆(u)), (7)

P
T̃
(u) = P

T̃
(PT(u)), P

T̃s
(u) = P

T̃s
(PT(u)). (8)

4 The interval approximations
In 2002, Grzegorzewski first proposed interval approxima-
tions of fuzzy numbers [11]. Let’s extend his results to
the case of weighted L2-distance. We now start with com-
puting the best approximation PI(Ã) of any fuzzy number
Ã = [AL(α), AU (α)] from the subspace I. Unless otherwise
stated, we fix the following real numbers:

λ0 :=
∫ 1

0

λ(α)dα > 0

and

L0 :=
∫ 1

0

AL(α)λ(α)dα, U0 :=
∫ 1

0

AU (α)λ(α)dα.

From Eq.(2), we find that 〈[1, 0], [0, 1]〉λ = 0 and

〈[1, 0], [1, 0]〉λ = 〈[0, 1], [0, 1]〉λ = λ0.

Since I = Span {[1, 0], [0, 1]}, we may assume that

PI(Ã) = r[1, 0] + s[0, 1].

By applying Eq.(4), we can solve(
r
s

)
=

(〈[1, 0], [1, 0]〉λ 〈[0, 1], [1, 0]〉λ
〈[1, 0], [0, 1]〉λ 〈[0, 1], [0, 1]〉λ

)−1 (〈Ã, [1, 0]〉λ
〈Ã, [0, 1]〉λ

)

= λ−1
0

(
L0

U0

)
.

Hence, we obtain

PI(Ã) = [λ−1
0 L0, λ

−1
0 U0].

The fact AL(α) ≤ AU (α) implies L0 ≤ U0, hence PI(Ã) ∈ Ĩ.
By applying Eq.(6), we obtain the following theorem.

Theorem 2. Let Ã be a fuzzy number. Then, its interval ap-
proximation is P

Ĩ
(Ã) = [λ−1

0 L0, λ
−1
0 U0].

While λ(α) = 1, we get that λ0 = 1. Then, the above equa-
tion coincides with the Grzegorzewski’s formula [11, Equa-
tions (15) and (16)]. Also, the interval [L0, U0] is called the
expected interval of Ã, which is introduced by Dubois and
Prade [9] and Heilpern [16], independently.

5 The triangular approximations
Let λ = λ(α) be a nonnegative function on [0,1] with∫ 1

0
λ(α) dα > 0. In what follows, we fix

a :=
∫ 1

0

(1 − α)2λ(α)dα > 0,

b :=
∫ 1

0

α(1 − α)λ(α)dα > 0,

c :=
∫ 1

0

α2λ(α)dα > 0,

and

L1 :=
∫ 1

0

AL(α)αλ(α)dα, U1 :=
∫ 1

0

AU (α)αλ(α)dα.

By applying Schwarz inequality, we get

ac − b2 > 0.

In a similar manner, we start with computing P∆(Ã). Recall
that ∆ := Span {Ẽ1, Ẽ2 + Ẽ3, Ẽ4}, so we compute

 〈Ẽ1, Ẽ1〉λ 〈Ẽ2 + Ẽ3, Ẽ1〉λ 〈Ẽ4, Ẽ1〉λ
〈Ẽ1, Ẽ2 + Ẽ3〉λ 〈Ẽ2 + Ẽ3, Ẽ2 + Ẽ3〉λ 〈Ẽ4, Ẽ2 + Ẽ3〉λ

〈Ẽ1, Ẽ4〉λ 〈Ẽ2 + Ẽ3, Ẽ4〉λ 〈Ẽ4, Ẽ4〉λ




=


a b 0

b 2c b
0 b a


 .

Let P∆(Ã) = r1Ẽ1 + r2(Ẽ2 + Ẽ3) + r4Ẽ4. By applying
Eq.(4), we can solve


r1

r2

r4


 =


a b 0

b 2c b
0 b a




−1 
 〈Ã, Ẽ1〉λ
〈Ã, Ẽ2 + Ẽ3〉λ

〈Ã, Ẽ4〉λ




=
1
δ


2ac − b2 −ab b2

−ab a2 −ab
b2 −ab 2ac − b2





L0 − L1

L1 + U1

U0 − U1


 .

(9)

where δ = 2a(ac − b2) > 0. If we assume
∫ 1

0
λ(α)dα = 1

2

(that is a + 2b + c = 1
2 ) additionally, then the above P∆(Ã)

is equal to Zeng and Li’s weighted triangular approximation
[23]. Notice that P∆(Ã) may be not in F̃, refer to [21]. That
shows that P∆̃(Ã) �= P∆(Ã).

Lemma 3. Let Ã be a fuzzy number, and let

P∆(Ã) = r1Ẽ1 + r2(Ẽ2 + Ẽ3) + r4Ẽ4,

where r1, r2, and r4 are computed by Eq.(9). Then,

1. r1 ≤ r4,

2. if r2 ≤ r1, then

−(a + b)L0 + (a + 3b + 2c)U0 − 2(a + 2b + c)U1 ≥ 0,

3. if r2 ≥ r4, then

−(a + 3b + 2c)L0 + 2(a + 2b + c)L1 + (a + b)U0 ≥ 0.
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Proof. Omitted.

From Eq.(7), we find P∆̃(Ã) = P∆̃(P∆(Ã)). Eq.(5) im-
plies that an element

rẼ1 + s(Ẽ2 + Ẽ3) + tẼ4 ∈ ∆

is triangular iff r ≤ s ≤ t. By Lemma 3.1, we obtain that
P∆(Ã) /∈ ∆̃ implies either r2 < r1 or r2 > r4, hence the best
approximation (triangular approximation)

P∆̃(Ã) := r′1Ẽ1 + r′2(Ẽ2 + Ẽ3) + r′4Ẽ4

will satisfy r′2 = r′1 or r′2 = r′4, respectively. For instance,
suppose that the fuzzy number Ã has the approximation

P∆(Ã) = r1Ẽ1 + r2(Ẽ2 + Ẽ3) + r4Ẽ4 with r2 < r1.

Then, P∆̃(Ã) will belong to Span {Ẽ1 + Ẽ2 + Ẽ3, Ẽ4}, since
r′2 = r′1. So, we consider the best approximation of Ã from
Span {Ẽ1 + Ẽ2 + Ẽ3, Ẽ4}. We hence let

P∆̃(Ã) = r′1(Ẽ1 +Ẽ2 +Ẽ3)+r′4Ẽ4 = r′1[1, α]+r′4[0, 1−α].

By applying Eq.(4), we can solve
(

r′1
r′4

)
=

(
a + 2b + 2c b

b a

)−1 ( 〈Ã, [1, α]〉λ
〈Ã, [0, 1 − α]〉λ

)

=
1
δ

(
a −b
−b a + 2b + 2c

) (
L0 + U1

U0 − U1

)
,

(10)

where δ = (a + b)2 + 2(ac− b2), and we have substituted by

〈[1, α], [1, α]〉λ =
∫ 1

0

(1 + α2)λ(α)dα = a + 2b + 2c.

Notice that, the extended trapezoidal fuzzy number

Ẽ1 + Ẽ2 + Ẽ3 = [1, α]

does not belong to F̃. But, this does not effect results of our
computation. Applying Lemma 3.2, the reader can easily ver-
ify r′1 ≤ r′4 in Eq.(10), so that

r′1[1 − α, 0] + r′4[α, 1] ∈ F̃.

Hence, we obtain

P∆̃(Ã) = r′1[1, α] + r′4[0, 1 − α],

where r′1 and r′4 are computed by Eq.(10).
On the other hand, if Ã has the approximation

P∆(Ã) = r1Ẽ1 + r2(Ẽ2 + Ẽ3) + r4Ẽ4 with r2 > r4

then its triangular approximation leads to

P∆̃(Ã) = r′1[1 − α, 0] + r′4[α, 1],

where(
r′1
r′4

)
=

(
a b
b a + 2b + 2c

)−1 (〈Ã, [1 − α, 0]〉λ
〈Ã, [α, 1]〉λ

)

=
1
δ

(
a + 2b + 2c −b

−b a

) (
L0 − L1

L1 + U0

)
.

(11)

where δ = (a+ b)2 +2(ac− b2). Again, applying Lemma 3.3
the reader can easily verify r′1 ≤ r′4 in Eq.(11).

Theorem 4. Let Ã be a fuzzy number, and let

P∆(Ã) = r1Ẽ1 + r2(Ẽ2 + Ẽ3) + r4Ẽ4,

where r1, r2 and r4 are computed by Eq.(9). Then, the trian-
gular approximation P∆̃(Ã) can be determined in the follow-
ing cases:

1. If r1 ≤ r2 ≤ r4, then

P∆̃(Ã) = [r1 + (r2 − r1)α, r4 − (r4 − r2)α].

2. If r2 < r1, then P∆̃(Ã) = [r′1, r
′
4 − (r′4 − r′1)α], where

r′1 and r′4 are computed by Eq.(10).

3. If r2 > r4, then P∆̃(Ã) = [r′1 + (r′4 − r′1)α, r′4], where
r′1 and r′4 are computed by Eq.(11).

Next, we compute the symmetric triangular approximation
P∆̃s

(Ã) which was first proposed by Ma et al. [18]. Recall
that, an extended trapezoidal element

r1Ẽ1 + r2(Ẽ2 + Ẽ3) + r4Ẽ4 ∈ ∆

is symmetric triangular iff

r2 − r1 = r4 − r2 ≥ 0.

Hence, by substituting r2 = 1
2 (r1 + r4) we get

r1Ẽ1+r2(Ẽ2+Ẽ3)+r4Ẽ4 = r1[1−1
2
α,

1
2
α]+r4[

1
2
α, 1−1

2
α].

Let’s consider the best approximation P∆s(Ã) of Ã from the
subspace ∆s, where ∆s is defined by

∆s := Span {[1 − 1
2
α,

1
2
α], [

1
2
α, 1 − 1

2
α]}.

Suppose that

P∆s
(Ã) = r1[1 − 1

2
α,

1
2
α] + r4[

1
2
α, 1 − 1

2
α].

By applying Eq.(4), we can solve(
r1

r4

)

=
(

a + b + c
2 b + c

2
b + c

2 a + b + c
2

)−1 (〈Ã, [1 − 1
2α, 1

2α]〉λ
〈Ã, [ 12α, 1 − 1

2α]〉λ

)

=
1
δ

(
a + b + c

2 −(b + c
2 )

−(b + c
2 ) a + b + c

2

) (
L0 − 1

2L1 + 1
2U1

1
2L1 + U0 − 1

2U1

)
,

(12)

where δ = a2 + 2ab + ac. The reader can verify that r1 ≤ r4

for any Ã ∈ F̃. This implies P∆s
(Ã) ∈ F̃, so that

P∆̃s
(Ã) = P∆s

(Ã).

Theorem 5. Let Ã be a fuzzy number. Then, its symmetric
approximation is

P∆̃s
(Ã) = [r1 +

r4 − r1

2
α, r4 − r4 − r1

2
α],

where r1 and r4 are computed by Eq.(12).

While λ(α) = 1, we get that, a = 1
3 , b = 1

6 , and c = 1
3 .

Substituting into the above equation, we obtain

P∆̃s
(Ã) = [x0 − σ(1 − α), x0 + σ(1 − α)],

where x0 = L0+U0
2 and σ = 3

2 (−L0 + L1 + U0 − U1). This
formula coincides with [18, Equations (8) and (9)].
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6 The trapezoidal approximations
The (extended) trapezoidal approximation was first proposed
by Abbasbandy and Asady in 2004 [1]. Afterwards, Grze-
gorzewski and Mrówka proposed the (extended) trapezoidal
approximation preserving the expected interval [12]. Since
the expected interval of any fuzzy number Ã is equal to PI(Ã)
and I ⊇ T ⊇ T̃, by the reduction principle we get that these
two (extended) trapezoidal approximations are equal. Now,
we start with computing the extended trapezoidal approxima-
tion PT(Ã).

Because that T = Span {Ẽ1, Ẽ2, Ẽ3, Ẽ4}, we let

PT(Ã) = t1Ẽ1 + t2Ẽ2 + t3Ẽ3 + t4Ẽ4.

In the same vein, by applying Eq.(4) we can solve




t1
t2
t3
t4


 =




a b 0 0
b c 0 0
0 0 c b
0 0 b a




−1 

〈Ã, Ẽ1〉λ
〈Ã, Ẽ2〉λ
〈Ã, Ẽ3〉λ
〈Ã, Ẽ4〉λ




=
1

ac − b2




c −b 0 0
−b a 0 0
0 0 a −b
0 0 −b c







L0 − L1

L1

U1

U0 − U1




=
1

ac − b2




cL0 − (b + c)L1

−bL0 + (a + b)L1

−bU0 + (a + b)U1

cU0 − (b + c)U1


 .

(13)

While λ(α) = 1, the above equation coincides with Grze-
gorzewski’s formula [12, Equations (29)-(32)]. Note that, the
extended trapezoidal approximation PT(Ã) may be not in F̃,
refer to [4, 5, 20]. This is because that PT(Ã) may happen
t2 > t3.

Lemma 6. Let Ã be a fuzzy number, and let

PT(Ã) = t1Ẽ1 + t2Ẽ2 + t3Ẽ3 + t4Ẽ4,

where ti, 1 ≤ i ≤ 4, are computed by Eq.(13). Then,

t1 ≤ t2 and t3 ≤ t4.

Proof. Omitted.

From Eq.(8), we find

P
T̃
(Ã) = P

T̃
(PT(Ã)). (14)

Hence, if PT(Ã) is in F̃ (by applying Lemma 6, it is equivalent
to t2 ≤ t3), we obtain

P
T̃
(Ã) = PT(Ã).

Otherwise, we have t2 > t3. Consequently, Eq.(14) implies
that the trapezoidal approximation P

T̃
(Ã) will be restricted to

triangular fuzzy numbers ∆̃. This leads to

P
T̃
(Ã) = P∆̃(Ã).

By applying Theorem 4, we prove the following theorem
which is a generalization of [21, Theorem 4.4].

Theorem 7. Let Ã be a fuzzy number, and let

PT(Ã) = t1Ẽ1 + t2Ẽ2 + t3Ẽ3 + t4Ẽ4,

where ti, 1 ≤ i ≤ 4, are computed by Eq.(13). If t2 ≤ t3, then
the trapezoidal approximation of Ã is

P
T̃
(Ã) = [t1 + (t2 − t1)α, t4 − (t4 − t3)α].

Otherwise, by Eq.(9) compute

P∆(Ã) = r1Ẽ1 + r2(Ẽ2 + Ẽ3) + r4Ẽ4.

Then, the trapezoidal approximation P
T̃
(Ã) can be deter-

mined in the following cases:

1. If r1 ≤ r2 ≤ r4, then

P
T̃
(Ã) = [r1 + (r2 − r1)α, r4 − (r4 − r2)α].

2. If r2 < r1, then P
T̃
(Ã) = [r′1, r

′
4 − (r′4 − r′1)α], where r′1

and r′4 are computed by Eq.(10).

3. If r2 > r4, then P
T̃
(Ã) = [r′1 +(r′4 − r′1)α, r′4], where r′1

and r′4 are computed by Eq.(11).

Proof. Omitted.

In 1998, Delgado et al. [7] proposed a symmetric trape-
zoidal approximation of Ã under the Euclidean distance be-
tween the respective 1/2-levels. In the following, we turn to
study the symmetric trapezoidal approximation of Ã under a
weighted L2-distance. Recall that, an extended trapezoidal
fuzzy number t1Ẽ1 + t2Ẽ2 + t3Ẽ3 + t4Ẽ4 is symmetric trape-
zoidal iff

t2 − t1 = t4 − t3 ≥ 0 and t2 ≤ t3.

Let d = t2 − t1. By substituting t2 = t1 + d and t3 = t4 − d,
we obtain

t1Ẽ1 + t2Ẽ2 + t3Ẽ3 + t4Ẽ4 = t1[1, 0] + d[α,−α] + t4[0, 1].

Let Ts := Span {[1, 0], [α,−α], [0, 1]}. Suppose that the best
approximation of Ã from Ts is

PTs
(Ã) := t1[1, 0] + d[α,−α] + t4[0, 1].

By applying Eq.(4), we can solve

t1

d
t4


 =


λ0 λ1 0

λ1 2λ2 −λ1

0 −λ1 λ0




−1 
 〈Ã, [1, 0]〉λ
〈Ã, [α,−α]〉λ
〈Ã, [0, 1]〉λ




=
1
δ


2λ0λ2 − λ2

1 −λ0λ1 −λ2
1

−λ0λ1 λ2
0 λ0λ1

−λ2
1 λ0λ1 2λ0λ2 − λ2

1





 L0

L1 − U1

U0



(15)

where λi :=
∫ 1

0
αiλ(α)dα, i = 0, 1, 2, and

δ := 2λ0(λ0λ2 − λ2
1) > 0.

Lemma 8. Let Ã be a fuzzy number, and let

PTs
(Ã) = t1[1, 0] + d[α,−α] + t4[0, 1],

where t1, d, and t4 are computed by Eq.(15). Then, d ≥ 0.
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Proof. Omitted.

If PTs(Ã) ∈ F̃ (by applying Lemma 8, it is equivalent to
t1 + d ≤ t4 − d ), then it equals the symmetric trapezoidal
approximation P

T̃s
. Otherwise, we will have d > 1

2 (t4 −
t1). This shows that, in the case the symmetric trapezoidal
approximation

P
T̃s

(Ã) = t′1[1, 0] + d′[α,−α] + t′4[0, 1]. (16)

will satisfy d′ = 1
2 (t′4 − t′1). Substituting into Eq.(16) by

d′ = 1
2 (t′4 − t′1), we get

P
T̃s

(Ã) := t′1[1 − 1
2
α,

1
2
α] + t′4[

1
2
α, 1 − 1

2
α].

Since ∆s = Span {[1 − 1
2α, 1

2α], [ 12α, 1 − 1
2α]}, we get

P
T̃s

(Ã) ∈ ∆s ∩ F̃ = ∆̃s.

This implies P
T̃s

(Ã) is equal to the symmetric triangular ap-
proximation P∆̃s

(Ã). Consequently, by applying Theorem 5
we obtain the following theorem.

Theorem 9. Let Ã be a fuzzy number, and let

PTs
(Ã) = t1[1, 0] + d[α,−α] + t4[0, 1],

where t1, d, and t4 are computed by Eq.(15). If d ≤ 1
2 (t4−t1),

then the symmetric trapezoidal approximation of Ã is

P
T̃s

(Ã) = [t1 + dα, t4 − dα].

Otherwise, it is

P
T̃s

(Ã) = [r1 +
r4 − r1

2
α, r4 − r4 − r1

2
α],

where r1 and r4 are computed by Eq.(12).

7 Conclusions
Recently, many scholars studied on computation of interval,
triangular, and trapezoidal approximations approximations of
fuzzy numbers by applying Langrange multiplier method or
Karush-Kuhn-Tucker theorem. In the present paper, we pro-
pose a new method for computing these approximations un-
der a weighted distance by applying function approximation
theory on Hilbert space.We embed fuzzy numbers into the
Hilbert space L2

λ[0, 1] × L2
λ[0, 1]. Then, by introducing ex-

tended trapezoidal fuzzy numbers and applying the reduction
principle (Theorem 1), it suffices to compute the best approx-
imations of an extended trapezoidal fuzzy number. Hence, we
can easily determine these approximations by choosing a suit-
able basis. In fact, the weighted distance can be generalized
to more general form, as follows

dλ(Ã, B̃) =
∫ 1

0

|AL − BL|2dµ1 +
∫ 1

0

|AU − BU |2dµ2,

where µ1 and µ2 are arbitrary positive measures on [0,1].
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Fuzzy c–Means Herding
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Abstract— Herding is the process of bringing individuals (e.g.
animals) together into a group. More specifically, we consider self–
organized herding as the process of moving a set of individuals to a
given number of locations (cluster centers) without any external con-
trol. We formally describe the relation between herding and cluster-
ing and show that any clustering model can be used to control herd-
ing processes. For the specific case of the fuzzy c–means model we
derive the equations of the fuzzy c–means herding algorithm using a
gradient descent approach with limited step size. Several experiments
related to an autonomous mobile robot scenario show that fuzzy c–
means herding yields smooth trajectories, well–balanced clusters,
and fast convergence.

Keywords— Fuzzy clustering, herding, robot swarms, swarm in-
telligence.

1 Introduction
This paper deals with the problem of online herding of n in-
dividuals specified by the state vectors x1, . . . , xn ∈ R

p, into
c clusters. Application examples for herding are illustrated by
the following four scenarios:

1. A swarm of autonomous micro–robots explores the Mars
surface. Just before their individual energy supplies are
exhausted, the robots move to a couple of individual lo-
cations from where they are collected and returned to the
spaceship.

2. Museum visitors individually walk through an exhibi-
tion. At the beginning of the guided tours, each visitor
receives instructions where to go to join one of the tour
groups.

3. Mountain hikers have been caught by a severe thunder-
storm. They receive instructions on their mobile phones
where to go, so that they can be picked off from several
evacuation points by helicopter.

4. Wireless sensor devices are attached to individual com-
ponents of an industrial plant for condition monitoring
purposes. At power on, each sensor automatically adapts
its communication protocol so that several clusters of net-
worked sensors emerge.

Herding mobile robots (as in our first scenario) is a very active
field in the robotics community. A neuro–fuzzy control ap-
proach for herding (also called convoying) of multiple robots
in presented in [1]. A similar approach to herding very het-
erogeneous types of robots is presented in [2]. Also herding
in evacuation processes (as in our third scenario) is currently
actively discussed in the scientific community, for example
in [3]. Herding has also been applied to swarm based learn-
ing processes in order to balance exploration and exploitation

behavior [4]. Some work has also been done concerning herd-
ing using outside agents [5], for example the so–called dog
and sheep herding [6]. In this paper, however, we only con-
sider self–organizing herding, where all individuals equally
contribute to the herding process, without any external con-
trol.

In each of the four scenarios presented above, the individ-
ual state vectors x1, . . . , xn (for example the locations of the
micro–robots) are successively updated, until a clustering is
achieved, i.e. each of the individuals xk is (fuzzily) assigned
to cluster i with a membership uik ∈ [0, 1]. When the herding
process is converged, each state vector is equal to the prototyp-
ical state vi ∈ R

p, i = 1, . . . , c, of its corresponding cluster,
and is crisply assigned to this cluster, uik = 1 and ujk = 0
for all j �= i. More formally, herding can be described by a
sequence

X → (U, V,X) → (U, V,X) → (U, V,X) → . . . (1)

which converges to X = V and U ∈ Mhcn,

Mhcn =
{

U ∈ {0, 1}c×n
∣∣

c∑
i=1

uik = 1, k = 1, . . . , n,

n∑
k=1

uik > 0, i = 1, . . . , c
}

(2)

In practical scenarios we will not be able to run this algorithm
for an infinite time until convergence, but will terminate after a
previously specified number of t steps, or when an appropriate
termination criterion holds, for example when the maximum
change in the state vectors is lower than a previously specified
threshold. Even though the limit of the final partition is crisp
and somewhat trivial (because X = V ), we pursue a fuzzy
approach here to smoothly control the herding process.

Apparently, herding is closely related to clustering. A dis-
cussion of the relation between herding and clustering from
a theoretical physics perspective can be found in [7]. Just as
herding, clustering also assigns each object to a cluster, and
each cluster can be described by a prototype as well, but clus-
tering does not change the data vectors X . More formally, in
contrast to (1) clustering is described by a sequence

X → (U, V ) → (U, V ) → (U, V ) → . . . (3)

where the initial X remains constant. Despite this difference
between clustering and herding, the herding process can be
performed by optimizing any conventional clustering model.
The main difference is that in clustering we consider (U, V )
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as the set of free variables for optimization, and in herding we
consider (U, V,X). In this paper we illustrate this for the case
of the fuzzy c–means [8] clustering model. Other suitable clus-
tering models are, for example, hard c–means [9], possibilis-
tic c–means [10], noise clustering [11], or high–dimensional
fuzzy c–means [12].

This paper is structured as follows: Sections 2 and 3 briefly
repeat the fuzzy c–means objective function and how this
model is applied to clustering. Section 4 shows how the
fuzzy c–means model can be used to control a herding pro-
cess, leading to the fuzzy c–means herding algorithm. Section
5 presents experiments with the fuzzy c–means herding al-
gorithm referring to the Mars robot scenario illustrated above.
Section 6 finally summarizes the conclusions and gives an out-
line for future work in this field.

2 The Fuzzy c–Means Objective Function

The fuzzy c–means objective function [8] is a dissimilarity–
based measure for the clustering of a data set X =
{x1, . . . , xn} ⊂ R

p into c ∈ {2, . . . , n − 1} clusters speci-
fied by a partition matrix U ∈ Mfcn where

Mfcn =
{

U ∈ [0, 1]c×n
∣∣

c∑
i=1

uik = 1, k = 1, . . . , n,

n∑
k=1

uik > 0, i = 1, . . . , c
}

(4)

and a set of prototypes (cluster centers) V = {v1, . . . , vc} ⊂
R

p. The FCM objective function is the sum of the dissimi-
larities between data and prototypes, weighted by the (fuzzy)
memberships. Using a fuzziness index m > 1, it is formally
defined as

J(U, V,X, c,m) =
c∑

i=1

n∑
k=1

um
ik |xk − vi|2. (5)

For m → 1 this objective function converges to the hard c–
means objective function [9]. For many applications good re-
sults were reported for m = 2. In this paper we always use
the Euclidean distance |.| = ‖.‖. Lower values of J indicate a
better clustering of (U, V,X). The theoretical minimum of J
is zero. This minimum is achieved, if for each k = 1, . . . , n
we have an i ∈ {1, . . . , c} with xk = vi, uik = 1 and ujk = 0
for all j �= i, i.e. X = V and U ∈ Mhcn. This means that
herding converges to J = 0.

3 Fuzzy c–Means Clustering

As pointed out above we assume X to be given and fixed in
clustering and only find U and V . In fuzzy c–means clus-
tering we find U and V by minimizing J . In clustering we
are usually not able to reduce J to zero. We may use differ-
ent optimization methods such as genetic algorithms [13, 14],
particle swarm optimization [15, 16, 17], ant colony optimiza-
tion [18], or wasp swarm optimization [19]. In this paper we
apply direct minimization using the necessary conditions for
local extrema or saddle points of J . An equation to compute

the optimal U for a given V under the constraints in (4) is
obtained by defining the Langrangian

L = J −
n∑

k=1

λk

(
1 −

c∑
i=1

uik

)
(6)

and setting ∂L/∂uik = 0, from which follows

uik = 1

/
c∑

j=1

( |xk − vi|
|xk − vj |

) 2
m−1

, (7)

i = 1, . . . , c, k = 1, . . . , n. An equation to compute the opti-
mal V for a given U is obtained by setting ∂J/∂vi = 0, from
which follows

vi =

n∑
k=1

um
ikxk

n∑
k=1

um
ik

, (8)

i = 1, . . . , c. The equations for V depend on U and the equa-
tions for U depend on V , so optimization can be done in an al-
ternating scheme, the so–called alternating optimization. The
clustering algorithm terminates when an appropriate termina-
tion criterion holds, e.g. when successive changes in V are
lower than a threshold ε. The fuzzy c–means clustering algo-
rithm can then be formally defined as follows:

Algorithm 1: Fuzzy c–Means Clustering.

input X, c, m
randomly initialize V ∈ R

p

repeat
update U(V,X,m) by (7)
update V (U,X, m) by (8)

until max max ∆V < ε
output U, V

4 Fuzzy c–Means Herding
As pointed out in the introduction, herding does not only up-
date U and V at each optimization step but also X . If we
do the optimization of J(U, V,X) in an alternating scheme,
then we also have to determine an appropriate update equa-
tion for X . In the scenarios described above we do not ar-
bitrarily change the values of X (for example the position of
the robots) in each step but we can only gradually change X
(for example because the robots can only move with a limited
speed). Therefore, in contrast to the direct optimization of U
and V in clustering, we only apply a gradient descent of X
with a limited step size s ∈ R

+ in herding. The step size s di-
vided by the time for one step represents the maximum speed
of the individuals, e.g. robots. The direction vectors for the
gradient descent on X are obtained as

∂J/∂xk = ∆xk = −
c∑

i=1

2um
ik (xk − vi), (9)

k = 1, . . . , n. So, the update equations for X are

xk = xk +
min{s, ‖∆xk‖}

‖∆xk‖ · ∆xk, (10)
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k = 1, . . . , n. This makes sure that the individuals move in the
direction of the gradient but that the step length never exceeds
the threshold s. The herding algorithm terminates when all
elements of X have approached the corresponding elements
of V , i.e. when max ∆X < s. The fuzzy c–means herding
algorithm can then be formally defined as follows:

Algorithm 2: Fuzzy c–Means Herding.

input X, c, m, s
randomly initialize V ∈ R

p

repeat
update U(V,X,m) by (7)
update V (U,X, m) by (8)
update X(U, V,m) by (10) and (9)

until max ‖∆X‖ < s
output U, V , X

5 Experiments
We illustrate the operation of the fuzzy c–means herding al-
gorithm using an artificial data set that is inspired by the au-
tonomous robot scenario presented at the beginning of section
1. We randomly generate a set X of n = 100 data vectors
of the dimension p = 2 using a Gaussian distribution with
mean zero and variance one. This data set is illustrated in
Fig. 1. The idea is that these data vectors represent the cur-

-3

-2

-1

 0

 1

 2

 3

-3 -2 -1  0  1  2  3

Figure 1: Initial data set (robot positions).

rent positions of the exploring robots in the two–dimensional
plane just before the herding process begins. Then, we start
the fuzzy c–means herding algorithm with a fuzziness index
of m = 2, a step size s = 0.05 (representing the speed of
the robots), and different numbers of clusters c ∈ {2, 3, 4, 5}.
Each experiment is performed for the same initial vectors X
and V . Additional experiments with other random initializa-
tions of X and V (not presented in detail here) produced very
similar results. The trajectories of the vectors V and X are
shown in Fig. 2. The solid curves in these figures show the
trajectories of X . Each of these trajectories starts at one of
the initial points of X (as shown in Fig. 1), smoothly moves
through the two–dimensional plane, and terminates in one of
the final cluster centers. The data vectors do not directly move
towards one of the cluster centers, but are apparently initially
fuzzily assigned to several clusters, have a tendency to move
towards the mean of the data set and then gradually focus on
one of the cluster centers. We counted the number of steps t

until all of the data points eventually reached one of the cluster
centers and obtained the following table:

Table 1: Convergence steps for fuzzy c–means herding,
m = 2.

c 2 3 4 5
t 34 29 25 23

A detailed study of the step size showed that lower values of
s produce smoother trajectories and lead to higher numbers
of convergence steps t. Correspondingly, higher values of s
produce rather coarse trajectories and lead to lower numbers
of convergence steps t. Despite the influence of s on the ab-
solute values of t, the relation between the convergence steps
for the different experiments are almost independent of s.

The ticks × in the figures show the trajectories of V . The
cluster centers in V are not fixed but also move through the
two–dimensional plane with an approximately decreasing step
size as the herding process proceeds. The data points that are
assigned to each cluster originally covered roughly the same
area in the two–dimensional plane. Notice that a similar effect
can be observed with the fuzzy c–means clustering algorithm.

The reader might wonder if it wasn’t more efficient to arbi-
trarily pick fixed cluster centers, say c of the initial data vec-
tors in X , assign each data point to the closest data center
and let each data point directly move towards its pre–assigned
data point. The trajectories obtained by this experiment are
shown in Fig. 3. The trajectories of X (solid curves) form
stars whose centers are the initially randomly chosen cluster
centers. Unlike the clusters obtained by fuzzy c–means herd-
ing, the data points in each of these clusters do not represent
similar areas, but some clusters obtain only very few, and oth-
ers obtain many data points, depending on the cluster centers
chosen. Apparently, the linear trajectories of some of the data
points are considerably shorter than those obtained by fuzzy
c–means herding. However, some of the trajectories are con-
siderably longer than their herding equivalents. Also for this
experiment we counted the number of steps t until all of the
data points reached their closest cluster centers:

Table 2: Convergence steps for pre–assigned cluster centers
(one specific run).

c 2 3 4 5
t 35 29 27 26

Notice that fuzzy c–means herding yields the same or even
lower values of t for all numbers of clusters. However, this
result depends on the particular choices of the cluster centers.
Therefore, we repeated each of these experiments with 1000
different random choices of cluster centers and computed the
numbers of steps until termination. The histograms of these
step numbers are shown in Fig. 4 and the mean numbers of
steps t̄ are given in the following table:

Table 3: Convergence steps for pre–assigned cluster centers
(average of 1000 runs).

c 2 3 4 5
t̄ 33.9 30.3 28.0 26.4

The average number of steps is almost equal or larger than
the number of steps needed for fuzzy c–means herding with
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m = 2. In order to reduce the number of convergence steps in
fuzzy c–means herding we reduce the value of the fuzziness
parameter m, so the individual data points are less fuzzily as-
signed to the clusters in the beginning and more directly orien-
tate towards their corresponding cluster centers. To avoid nu-
merical problems that sometimes occur when m is very close
to one, we pick m = 1.1. For this case, the trajectories of V
and X are shown in Fig. 5. Just as in Fig. 2 and in contrast
to Fig. 3 each cluster corresponds to approximately the same
area in the two–dimensional plane. The trajectories are a little
less smooth than in Fig. 2 and rather resemble the star–like
trajectories in Fig. 3. This observation is corroborated by the
fact that the number of convergence steps is much lower than
in Fig. 2, as shown in the following table:

Table 4: Convergence steps for fuzzy c–means herding,
m = 1.1.

c 2 3 4 5
t 28 22 20 18

A comparison of Table 4 with Table 3 reveals the fact that
the number of convergence steps for fuzzy c–means herding
is even lower than (on average) for pre–assigned cluster cen-
ters. We marked the numbers of convergence steps of fuzzy
c–means herding for m = 2 and for m = 1.1 as vertical lines
in Fig. 4. Apparently, for m = 1.1 the number of steps is
very close to the minimum of the histograms, i.e. it compares
with the number of steps when the clusters by chance have
been approximately optimally assigned. In other words, fuzzy
c–means herding implicitly finds an (almost) optimal cluster
assignment, leads to a considerably low number of conver-
gence steps, and yields smoothly herding trajectories at the
same time.

6 Conclusions
In this paper we have shown that minimization of clustering
models can be used to control herding processes. In particu-
lar, we have focussed on herding by minimization of the fuzzy
c–means clustering model. Th experiments with a gradient
descent of the data vectors with limited step size can be illus-
trated by a scenario with automous mobile robots that have
to move to a certain number of locations (cluster centers) in a
self–organizing manner. The experiments with fuzzy c–means
herding yield very smooth trajectories. The individuals that
are collected at each cluster center approximately represent
the same area (or, more generally, hypervolume) of the ini-
tial state space. This means that the final clusters are nicely
balanced. Compared with herding with pre–defined cluster
centers, fuzzy c–means herding on average needs less steps
until termination. For low values of the fuzziness index the
trajectories become less smoother, but the number of steps is
further reduced. For m = 1.1 the number of steps is even
close to the global minimum. Thus, fuzzy c–means herding is
an attractive herding algorithm that yields smooth trajectories,
well–balanced clusters, and fast convergence.
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Figure 2: Herding trajectories for m = 2.
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Figure 3: Trajectories with pre-assigned arbitrary cluster cen-
ters.
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Figure 4: Histograms of the number of steps for preassigned
cluster centers.
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Figure 5: Herding trajectories for m = 1.1.
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Abstract— This paper considers Interval Analytic Hierarchy Pro-
cess (Interval AHP) in group decision making for encouraging com-
munication. Interval AHP is suitable method to handle subjective
judgments since the induced results are intervals which can include
uncertainty of given information. The decision makers’ opinions can
be aggregated at some stages of decision making process to reach
consensus. One of the approaches is to aggregate the given judg-
ments considering outliers and from them the group preferences are
obtained. By the other approach, first the individual preferences are
obtained from the respective decision maker’s judgments and then
they are aggregated. In the sense of reducing communication barri-
ers, obtaining individual priority weights of alternatives beforehand
helps decision makers realize their own and the others’ opinions. The
judgments and preferences can be aggregated based on the possibil-
ity view or by introducing importance weights of decision makings.

Keywords— group decision making, importance weight, interval
AHP, intuitive judgments, possibility, uncertainty

1 Introduction

In most organizations decision making is made by two or more
people, regardless of whether the organization is public or pri-
vate and the decision problem is local or global. Although all
members do not need to be located in the same physical loca-
tion, they are aware of one another and act as a member of the
group which makes a decision. The apparent purpose of the
group is to reach a decision, that is, to choose one alternative
which seems to be acceptable and agreeable for all members.
However, it is sometimes difficult to reach a consensus among
group members [1]. Especially when there are various mem-
bers who are not face-to-face, there exist some barriers to un-
derstand one another. These communication barriers make de-
cision making tough. The technological advancements, such
as computers and networks, accelerate such situations. In ad-
dition, the decision makers have some difficulties to represent
and recognize their own opinions which fit their intuitive judg-
ments and experiences, because the problems are often very
complicated. It may happen that some members may exagger-
ate their preferences to influence the group decision. In this
sense, it is also important to support the interpersonal infor-
mation exchange, as well as to find the optimal alternative,
in the group decision making. As a preparation for the con-
sensus, it becomes necessary to remove communication bar-
riers by representing individual opinions simply and clearly
[1, 2]. This paper concerns on these design phase more than
the choice phase in group decision support system by focusing
on the aggregation of decision makers’ opinions.

The group decision support system is discussed from the
scope of AHP (Analytic Hierarchy Process). AHP is a useful
method in multi-criteria decision making problems [3]. It is
structured hierarchically as criteria and alternatives. The pri-
ority or weight for each element of the hierarchy is obtained

by eigenvector method [3]. Then, the priority weight for each
alternative is calculated with them. The advantages of AHP
are the following two points. It helps decision maker structure
complex problems hierarchically. The decision makers can
give their subjective judgments directly by comparing a pair
of attributes.

The group decision making with AHP is discussed in
[4, 5, 6, 7]. On this assumption, more than two comparison
matrices are given. The decision makers’ individual opinions
are aggregated in several stages of decision making process
by several approaches. It can be done at the beginning stage
by searching consensus on the given judgments. It is also
possible to take the average of individually induced prefer-
ences with importance weights of the group members at the
last stage. Between these stages, the decomposed intermedi-
ate judgments may be aggregated by voting and so on [2]. This
paper concerns on the aggregations at the beginning and last
stages based on two concepts such as possibility and nomi-
nal average. Furthermore, in order to reflect uncertainty of
the given comparisons, Interval AHP [8, 9], where the interval
weights, instead of crisp weights in the conventional AHP, are
obtained is applied.

This paper is based on possibility concept in dealing with
the given data and obtained results and consists as follows.
As a preliminary, the definition and properties of the interval
probability which are used for normalization of intervals are
explained in Section 2. At first, Interval AHP as a tool to
represent each decision maker’s preference is shown briefly in
Section 3. Then, in Section 4, the approaches to aggregate var-
ious opinions from several viewpoints are proposed. Finally,
the proposed models are tested with a numerical example in
case of a group of four decision makers in Section 5.

2 Interval probability as preliminary
The interval probabilities are defined by a set of intervals as
follows. This definition is originally proposed in [10] and also
is used in [11, 12]. The conventional crisp probabilities are
extended into interval ones.

Definition 1 (Interval probability) The set of intervals de-
noted as {W1, ...,Wn} where Wi = [wi, wi] are called inter-
val probabilities if and only if

1) 0 ≤ wi ≤ wi ∀i
2)
∑

i �=j wi + wj ≥ 1∀j
3)
∑

i �=j wi + wj ≤ 1 ∀j.
(1)

From Definition 1, following two inequalities hold∑
iwi ≤ 1 and

∑
iwi ≥ 1.
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Definition 1 is regarded as a normality condition of intervals
corresponding to the conventional one

∑
i wi = 1. It is noted

that in interval probabilities there are many combinations of
crisp values whose sum is one.

The combination of a pair of interval probability sets is de-
noted as follows.

Property 1 Combination rule Assuming a pair of inter-
val probabilities on n elements as {W A

1 , ...,WA
n } and

{W B
1 , ...,WB

n } which satisfy Definition 1, their combination
is denoted as {W AB

1 , ...,WAB
n }. Each of elements is an in-

terval WAB
i = [wAB

i , wAB
i ] denoted as follows.

wAB
i = min{wA

i , wB
i }

wAB
i = max{wA

i , wB
i } (2)

The set of combined intervals {W AB
1 , ...,WAB

n } also satisfies
Definition 1 so that it is interval probability.

Property 2 Weighted sum of interval probabilities As-
suming m sets of interval probabilities on n elements as
{W Ak

1 , ...,WAk
n } k = 1, ...,m, and the weights for the sets

as {pk∀k} where pk ≥ 0 and
∑

k pk = 1, the weighted sum
of interval probabilities is {W1, ...,Wn}. Each of elements is
an interval Wi = [wi, wi] denoted as follows.

wi =
∑

k pkwAk
i

wi =
∑

k pkwAk
i

(3)

As far as the sum of weights is 1, the weighted sum of interval
probabilities becomes also interval probability. It is verified as
follows. They apparently satisfy the condition 1) in Definition
1. The condition 2) holds as follows.∑

i �=j

∑
k pkwAk

i +
∑

k pkwAk

j

=
∑

k pk(
∑

i �=j wAk
i + wAk

j ) [Definition 1-2)]
≥∑k pk = 1

(4)

The other condition 3) is satisfied by the similar way.∑
i �=j

∑
k pkwAk

i +
∑

k pkwAk

j

=
∑

k pk(
∑

i �=j wAk
i + wAk

j )
≤∑k pk = 1

(5)

Then, the weighted sum of interval probabilities satisfy the
conditions in Definition 1.

3 Interval AHP
AHP is an approach to multi-criteria decision making prob-
lems. The problem is decomposed into hierarchy by criteria
and alternatives. The choice or preferences of alternatives are
induced as a final decision from the decision maker’s judg-
ments given as pariwise comparison matrix. The decision
maker compares all pairs of alternatives and gives the pairwise
comparison matrix for n alternatives as follows [3].

A =

 1 · · · a1n

... aij

...
an1 · · · 1

 (6)

where aij shows the importance ratio of alternative i com-
paring to alternative j. The comparison matrix satisfies the
following relations so that the number of given comparisons
is n(n− 1)/2.

aii = 1 identical
aij = 1/aji reciprocal (7)

The decision maker can give his/her judgment intuitively
without caring about the relative relations of comparisons.
Therefore, the given comparisons are not always consistent
each other. The consistent comparisons satisfy the following
transitivity relations.

aij = aikakj ∀(i, j) (8)

In the following, inconsistency means that (8) is not satis-
fied. The proposed models in this paper deals with such in-
consistency from the possibility view [13].

In the conventional AHP, crisp priority weights are obtained
from the given comparison matrix. They are extended to in-
tervals in Interval AHP [8, 9]. The given comparisons are in-
consistent each other, that is, they do not always satisfy (8).
In order to reflect such inconsistency, the priority weight of
alternative is denoted as the following interval.

Wi = [wi, wi] ∀i (9)

For their normalization, they are represented as interval prob-
abilities so that they satisfy (1) in Definition 1.

The pairwise comparison is an intuitive ratio of two alterna-
tives so that they are approximated by the following interval.

Wi

Wj
=
[

wi

wj
,
wi

wj

]
(10)

where 0 < wi∀i and the upper and lower bounds of the ap-
proximated comparison are defined as the maximum range
with respect to the two intervals.

In the approximation model the probabilities are determined
so as to include the given pairwise comparisons. Thus, from
the possibility view, the obtained interval probabilities satisfy
the following inclusion relations.

aij ∈ Wi

Wj
∀(i, j) (11)

which leads to the following inequalities.

wi

wj
≤ aij ≤ wi

wj

⇔
{

wi ≤ aijwj ∀(i, j)
wi ≥ aijwj ∀(i, j) (12)

The approximations by the obtaining interval priority weights
include the given inconsistent comparisons.

For any inconsistent comparisons, assuming [wi, wi] =
[0, 1] ∀i, the above inclusion relation (12) is apparently sat-
isfied. A decision maker does not need to revise their intu-
itive judgments so as to be consistent. When a decision maker
gives completely inconsistent judgments, the obtained prior-
ity weights of all alternatives are equally [0, 1]. It represents
complete ignorance and fits our natural sense. Inconsistency
among the given comparisons is reflected in the uncertainty of
interval probabilities.
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The constraint conditions for determining the interval prob-
abilities are (1) and (12). In order to obtain the least uncertain
probabilities, the uncertainty of interval probabilities should
be minimized. The uncertainty of interval probabilities can be
measured by several indices, such as widths of intervals and
entropy [14]. For simplicity, the sum of widths of intervals
is used in this paper. The problem to determine the interval
priority weights is formulated as follows.

I = min
∑

i(wi − wi)
s.t.

∑
i �=j wi + wj ≥ 1 ∀j∑
i �=j wi + wj ≤ 1 ∀j

wi ≤ aijwj ∀(i, j)
wi ≥ aijwj ∀(i, j)
wi ≥ ε ∀i

(13)

The greater optimal objective function value is, the more un-
certain the given interval priority weight becomes.

4 Group of Decision Makers

Interval AHP is introduced to the group decision making by
aggregating individual opinions. Each decision maker gives
pairwise comparisons for alternatives based on his/her subjec-
tive judgments. The comparison matrix given by the decision
maker k, where k = 1, ...,m, is denoted as follows.

Ak =

 1 · · · a1nk

... aijk

...
an1k · · · 1

 ∀k (14)

In the following sections, the given judgments and the ob-
tained priority weights are aggregated at the beginning and
last stages of the decision making process, respectively. The
procedures of these approaches are illustrated in Figure 1.

Q) Are all decision makers (their giving comparisons) reliable?

[Exclude outlying decision makers]

(4.1.2)

Q) Is there any information on importance of decision makers?

[Aggregate priority weights 

by their maximum and minimum] 

(4.2.1)

Q) Is there any standard scale for comparisons?

[Calculate individual priority weights]

(4.2)

Aggregate priority weights 

by the weighted sum of individual weights

(4.2.2)

[Aggregate comparisons 

by their maximum and minimum]

(4.1.1)

[Calculate them from 

uncertainty of giving comparisons]

(4.2.4)

Q) Are the importance weights given directly?

Calculate priority weights

[Calculate them from 

comparison matrix 

on importance of decision makers]

(4.2.3)

Yes

No

Figure 1: Steps for group decision making

4.1 Aggregation of given judgments
When the judgments which are the comparisons on alterna-
tives in this paper are given, they can be aggregated at the be-
ginning stage of group decision making process. It is usually
said that the smaller group is more efficient since all the given
judgments are reliable and tend not to be too much diverse. As
for the well experienced group, for instance, the standard of
judgments might be previously required or satisfied and then
it is useful to aggregate the given judgments at the beginning
stage. From the view of possibility concept, this is a natural
and simple aggregation method. The decision makers can see
their differences on their giving comparisons.

4.1.1 Directly aggregation of comparisons
The approach where the geometric mean of comparisons is
taken has been proposed in [4, 5, 15, 16]. Since the aggregated
comparison matrix satisfies (7), the eigenvector method can
be also used to obtain the priority weights. In this section, the
comparisons given by m decision makers are aggregated from
the possibility view by taking their minimum and maximum.

Aij = [aij , aij ] = [min
k

aijk, max
k

aijk] ∀(i, j) (15)

Since the aggregated comparisons are intervals, the inclu-
sion constraints (12) can be written as follows.

Aij ∈ Wi

Wj
⇔ wi

wj
≤ aij , aij ≤ wi

wj

(16)

where the aggregated comparisons are interaval and included
in the approximated ones by the interval priority weights. The
inclusion relation (16) with interval comparisons is an exten-
sion of (12) with crisp ones.

By solving the revised problem (13) from constraint (12)
into (16), the bounds of the interval priority weights are ob-
tained. The approximated comparison with them surely in-
cludes individually given comparisons.

4.1.2 Finding and excluding outliers
The decision making with a big group is also required. Instead
of including opinions of all the decision makers in Section
4.1.1, the way to find outliers is proposed in this section. The
decision makers whose opinions are apparently different from
the others is called outliers. Such outliers are removed one by
one till the number of removed decision makers reaches the
pre-fixed number. It is noted that the number of appropriate
decision makers should be determined beforehand. Then, the
following function is used to measure his/her outlierness.

Jo =
∑
(i,j)

maxk aijk

maxk �=o aijk
+

mink �=o aijk

mink aijk
≥ n(n− 1) (17)

The evaluation function Jo represents the amount of exten-
sion by adding the decision maker o into the group. The in-
crease of their upper bounds is measured as a ratio since the
comparisons are ratio measure. As for the lower bounds, the
decrease ratio is measured by the same way. The decision
maker {o∗|J∗

o = maxo Jo}, who gives the maximum of J
is removed. If there are more than two decision makers who
give the maximum, all of them are excluded. When the num-
ber of excluded decision makers reach the pre-fixed number,
the comparisons given by the others are aggregated by (15)
into the interval comparison matrix. The following process is
the same as in Section 4.1.1.
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4.2 Aggregation of obtained individual preferences
The pariwise comparisons are relative values and each de-
cision maker gives comparisons based on his/her own stan-
dard. In order to deal with these variations of comparisons,
the decision makers’ opinions are aggregated after obtaining
individual preferences from respective given comparison ma-
trix. First, the priority weights are obtained from the individ-
ually given pairwise comparison matrix. The interval priority
weights based on the comparison matrix given by kth decision
maker are denoted as [wik, wik]. Each decision maker can re-
alize his/her priority weights on the alternatives, as well as
others’ ones. Then, in order to reach a consensus of the group,
the obtained individual priority weights are aggregated.

4.2.1 Directly aggregation of priority weights
When there is not enough information on the importance of
the decision makers, they are aggregated simply by taking
their maximum and minimum.

W 1
i = [wi, wi] = [min

k
wik, max

k
wik] ∀i (18)

The obtained set of intervals are also interval probabilities by
Property 1. The aggregated interval can be said to give an
agreeable result, since the priority weights by all members are
included in it. This is based on possibility concept and the
assumption that all the decision makers give reasonable infor-
mation. When the individual preferences are very different
one another such as in a big group, the widths of the aggre-
gated priority weights become large so that they are uncertain.
The diversity of opinions is reflected in uncertainty of the ag-
gregated weights. Based on the individual preferences, it is
also possible to exclude outliers similarly in Section 4.1.2.

4.2.2 Aggregation with directly given importance weights
When the importance of decision makers and/or their confi-
dence degrees of the given judgments are different, it is better
to reflect such information. Therefore, the weighted sum of
priority weights is proposed in the following sections.

When the importance of each decision maker is given by
a supervisor, it is introduced as his/her weight directly. De-
noting the given importance weight as pk ≥ 0∀k, where∑

k pk = 1, the aggregated priority weights are obtained as
follows.

W 2
i = [
∑

k

pkwik,
∑

k

pkwik] ∀i (19)

As far as the weights are normalized so as to make the sum
one, the set of the aggregated priorities is also interval prob-
ability by Property 2. The situation that there is not enough
information is also represented by giving all the decision mak-
ers the same importance weights 1/m. In the next section, it is
represented differently from the view of interval probabilities.

4.2.3 Aggregation with importance weights by AHP
It is also possible to use conventional AHP and Interval AHP
in order to induce the importance weights of decision makers.
It is easier for a supervisor to give pariwise comparisons on
importance of decision makers than to give their importance
weights directly. The similar idea has been proposed in [6,
16], where a level of decision makers is added to the existing
criteria levels. The importance weights of decision makers are
determined at the level. Then, they are used as weights in the

way of summing the local weights up to the overall priority
weights. Using Interval AHP in obtaining weights, the overall
weights are obtained as intervals in [17].

The supervisor gives comparisons on the importance of de-
cision makers.

B =

 1 · · · b1m

... bkl

...
bm1 · · · 1

 (20)

where each comparison represents how important is the deci-
sion maker comparing to the other.

Applying the conventional AHP in [3], the importance
weights are obtained so as to make the sum one. Then, the
following process is the same as in Section 4.2.2.

The Interval AHP formulated by (13) can be used to deter-
mine importance weights. The given comparisons on alter-
natives aij and the obtained priority weights Wi = [wi, wi]
in (13) are replaced into those on decision makers bkl and
their interval importance weights Pk = [p

k
, pk], respectively.

By solving the revised problem (13), the interval importance
weights of decision makers are obtained. The problems to
obtain the upper and lower bounds of the aggregated priority
weight of alternative i are formulated as follows, respectively.

wi = min
∑

k pikwik

s.t.
∑

k pik = 1
p

k
≤ pik ≤ pk ∀k

wi = max
∑

k pikwik

s.t.
∑

k pik = 1
p

k
≤ pik ≤ pk ∀k

(21)

In both problems, the variables are the importance weights pik

included in the obtained interval importance weights. For each
alternative i and its upper and lower bounds, the optimal solu-
tions might be different. Denoting their optimal solutions for
the alternative i as pik∗ and p∗ik, respectively, the aggregated
priority weight is obtained as the following intervals.

W 3
i = [
∑

k

pik∗wik,
∑

k

p∗ikwik] ∀i (22)

They are also interval probabilities by Properties 1 and 2.
From the view of interval probability, complete ignorance

is represented as giving all decision makers the same inter-
val weights Pk = [0, 1]. With them, the priority weights (22)
by solving (21) is the same as the directly aggregated ones
(18). Apparently, the aggregated priority weights with impor-
tance weights are included in the directly aggregated priority
weights, that is, W 2

i , W 3
i ∈ W 1

i . The results with importance
weights are less uncertain. If any information on importance
of decision makers is available, it is reasonable to introduce
them as their importance weights.

4.2.4 Aggregation with importance weights based on
uncertainty of information

As shown in Section 3, the sum of widths represents the un-
certainty of the interval weights. The uncertainty of the given
information may depend on the confidence or expert levels
of decision makers on the problem. It is possible to assume
such uncertainty degree of judgments as the decision maker’s

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

158



importance among the group. The importance weights of the
decision makers are determined by reflecting uncertainty of
their information. The decision maker who gives less uncer-
tain comparisons will be evaluated as more important. The
importance weight of decision maker l is as follows.

pl =

∑
k �=l Ik

(m− 1)
∑

k Ik
(23)

where Ik is the optimal objective value of (13) with the given
information by the kth decision maker and represents his/her
uncertainty degree. It is noted that their sum is one, that is,∑

l pl = (
∑

l

∑
k �=l Ik)/((m − 1)

∑
k Ik) = 1. The impor-

tance weight of the decision maker who gives interval weights
with great widths becomes small.

The aggregated priority weights are denoted as follows and
also interval probabilities by Property 2.

W 4
i = [
∑

k

plwik,
∑

k

plwik] ∀i (24)

5 Numerical example
Assuming four decision makers, k = 1, 2, 3, 4, each of them
gives the pairwise comparison matrix on four alternatives, i =
1, 2, 3, 4, shown in Table 1. The interval priority weights Wk

and their uncertainty indices Ik are obtained by (13) and its
optimal objective function value, respectively.

Table 1: Comparison matrices by four decision makers

A1 W1

1 2 3 4 0.500 J1=12
1 2 3 0.250 I1=0.083

1 2 [0.125,0.167] p1=0.297
1 [0.083,0.125]

A2 W2

1 2 4 6 0.545 J2=13.2
1 3 4 0.273 I1=0.109

1 4 [0.091,0.145] p2=0.285
1 [0.036,0.091]

A3 W3

1 3 3 4 0.571 J3=13.5
1 2 4 0.190 I1=0.190

1 1 [0.095,0.190] p3=0.250
1 [0.048,0.143]

A4 W4

1 1 2 2 0.375 J4=16.5
1 3 1 [0.219,0.375] I1=0.375

1 3 [0.125,0.188] p4=0.168
1 [0.063,0.219]

5.1 Aggregation of comparisons
By (15), the comparisons given by four decision makers are
aggregated and shown in Table 2. The interval priority weights
are obtained by solving (13) with constraints (16). Each deci-
sion maker can accept the results more or less, since they are
based on his/her giving comparisons by aggregating them into
interval comparisons.

Table 2: Aggregated comparison matrix

A (aggregated) W
1 [1,3] [2,4] [2,6] [0.333,0.500]

1 [2,3] [1,4] [0.167,0.333]
1 [1,4] [0.111,0.167]

1 [0.042,0.167]

In this example, there are only four decision makers so that
there is no need to exclude any of them. However, in order to
make sure how the outliers are found, the appropriate number
of decision makers is assumed as three so that one of four deci-
sion makers will be excluded. The evaluation function values
Jk by (17) are shown in the right column of Table 1. They
represent the changes of aggregated comparisons’ bounds by
excluding each decision maker and are measured as the sum of
increase and decrease ratios. The fact, J1 = 12 = n(n − 1),
tells that A1 does not effect the bounds of aggregated com-
parisons. Since J4 is the maximum of the four, the others,
A1, A2 and A3, are aggregated and the comparison matrix is
transformed from Table 2 into Table 3. The obtained inter-
val priority weights are also shown in Table 3. Since outlier
A4 is excluded, the interval priority weights in Table 3 is less
uncertain than those in Table 2.

Table 3: Aggregated comparison matrix without outlier A4

A (aggregated) W
1 [2,3] [3,4] [4,6] 0.522

1 [2,3] [3,4] [0.174,0.261]
1 [1,4] [0.087,0.174]

1 [0.043,0.130]

5.2 Aggregation of priority weights
Instead of aggregating comparisons at the beginning stage, it is
possible to aggregate the calculated individual preferences at
the last stage. The obtained individual priority weights shown
in Table 1 help the decision makers realize their own prefer-
ences, as well as understand one another.

The aggregated priority weights with and without the im-
portance weights of decision makers are shown in Table 5.
Its left column represents the case with no information on the
importance of decision makers so that they are aggregated di-
rectly by (18). The results equal to those obtained by (21)
with Pk = [0, 1]∀k. All decision makers’ individual priority
weights are included in the aggregated ones, Wk ∈ W 1 k =
1, 2, 3, 4. In this sense, the results are easily acceptable for all
decision makers. On the other hand, the right two columns
represent the cases where the importance weights of decision
makers are determined based on Interval AHP and the uncer-
tainty of their giving judgments, respectively. The comparison
matrix for importance of decision makers, B, is given by a su-
pervisor and the obtained interval importance weights, P , are
shown in Table 4. With the importance weights, the priority
weight of each alternative W 3 is obtained as an interval by
(21). The uncertainty of the given judgments, Ik , which is the
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optimal function value of (13) and the respective importance
weight, pk, calculated by (23) are shown in Table 1. The A1

and A4 who give the least and most uncertain information are
considered as the most and least important, respectively. With
the importance weights, the priority weights of alternatives
W 4 are obtained as intervals by (24). The uncertainty of W 3

and W 4 is less than that of W 1 which represents complete ig-
norance on decision makers’ importance, since their widths of
intervals are smaller. The individually obtained priory weights
are reflected depending on their importance among the group.

Table 4: Comparison matrix on importance of decision makers

B P
1 2 2 4 0.462

1 3 4 [0.231,0.317]
1 3 [0.106,0.231]

1 [0.077,0.115]

Table 5: Aggregated interval priority weights with and without
importance weights of decision makers

W 1 Interval AHP W 3 uncertainty W 4

[0.375,0.571] [0.508,0.517] 0.510
[0.190,0.375] [0.239,0.265] [0.236,0.263]
[0.091,0.190] [0.110,0.169] [0.108,0.170]
[0.036,0.219] [0.062,0.131] [0.058,0.136]

6 Conclusion

The group decision support system based on Interval AHP has
been discussed. Interval AHP is particularly suitable for deal-
ing with uncertainty of human intuitive judgments. By Inter-
val AHP the priority weights of alternatives and importance
weights of decision makers are obtained as interval from the
given pariwise comparison matrix. The obtained interval pri-
ority weights reflect all the possibilities in the given informa-
tion. The approaches of aggregating group members’ opinions
at two different stages have been proposed. At the beginning
stage, the given judgments are aggregated from the possibility
view and the outliers are excluded if there are some. From the
aggregated comparison matrix whose elements are intervals,
the priority weights of alternatives are obtained by Interval
AHP as intervals. The other approach is to aggregate indi-
vidual preferences at the last stage. At first, from each given
comparison matrix the interval priority weights are obtained
by Interval AHP. They represent the decision makers’ individ-
ual preferences. Then, they are aggregated based on the possi-
bility view or the average with the importance weights of the
group members. The importance weights of decision makers
can be given by a supervisor directly, from a pariwise com-
parison matrix for their importance or based on uncertainty of
their giving information. The aggregated preferences by the
proposed approaches help the group members to understand
one another and reach consensus.
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Abstract— In works dealing with capacities (fuzzy measures) and
the Choquet integral on finite spaces, it is usually considered that all
subsets of the universe are measureable. Hence, all functions are in-
tegrable in the sense of Choquet. We consider the situation where
some subsets are not measurable (not feasible), so that there are non-
integrable functions. Since this is a severe limitation in applications,
we study how to extend the Choquet integral to any function. Our
results mainly deal with the case where the set of feasible subsets is
a distributive lattice.

Keywords— Choquet integral, fuzzy measure, capacity, Monge
algorithm, set system, distributive lattice

1 Introduction

The Choquet integral [1] has become a widely used tool in de-
cision making and its properties are well known. With general
spaces, the issue of measurability is closely related to integra-
tion, that is, a function is integrable if all subsets involved in
the integration are measurable. In the case of the Choquet in-
tegral, these sets are the level sets of the integrand. Although
these facts are standard when considering infinite spaces, most
of the time it is considered that for finite spaces, all subsets are
measurable. However, there are many situations where this as-
sumption cannot be always true. For example, if the space N

is a set of players in a game, some coalitions may not be fea-
sible. If N is a set of states of nature, some event may be
impossible to realize, if it is a set of criteria, some combina-
tions of criteria may not correspond to conceivable objects,
etc.

In cooperative game theory, already a great deal of research
has been done concerning games with nonfeasible coalitions,
making various assumptions on the structure of feasible coali-
tions (distributive lattices, as in Faigle and Kern [2], and in
Grabisch and Lange [3], convex geometries as in Bilbao [4],
antimatroids [5], regular set systems [6], etc.).

Computing the Choquet integral over these sets systems can
be done simply by taking the usual definition. However, there
will be many nonintegrable functions, for which the Choquet
integral remains undefined. This could be a serious limita-
tion in applications related to the above fields. To the best
of our knowledge, the question of how to define the Choquet
integral for any function on these sets systems has not been
addressed. This is precisely what we aim for in this paper,
supposing most of the time that the set system is a distribu-
tive lattice. We introduce a Monge algorithm, whose output

coincides with the Choquet integral for every integrable func-
tion. We will show that the output of this algorithm, called
the Monge-Choquet integral, is the smallest extension of the
Choquet integral. Dually, we introduce the greatest extension
and its associated dual Monge algorithm.

2 Preliminaries
In the whole paper, N := {1, 2, . . . , n}.

2.1 Capacities and the Choquet integral
A set system F is any collection of sets in 2N containing the
empty set and N . For any set A ⊆ N , we define F(A) :=
{F ∈ F | F ⊆ A}. A game on F is any function v : F → R

such that v(∅) = 0. A game is monotone if for any A, B ∈ F
such that A ⊆ B, we have v(A) ≤ v(B). A monotone game
is usually called a capacity [1] or fuzzy measure [7].

Consider a function f : N → R+, denoting f(i) by fi. We
say that f is measurable if the family of sets {j ∈ N | f(j) ≥
f(i)}, i = 1, . . . , n belongs to F .

Definition 1. Let v be a game on F , and f : N → R+ be
an measurable function. The Choquet integral of f w.r.t. v is
defined by:

∫
f dv :=

n∑
i=1

(fσ(i) − fσ(i−1))v({σ(i), . . . , σ(n)}) (1)

with fσ(0) := 0, fσ(1) ≤ · · · ≤ fσ(n).

For any A ⊆ N , let 1A denotes the characteristic vector of
A. A fundamental property of the Choquet integral is that

∫
1A dv = v(A), (2)

for any A in F . We give some fundamental results on the
Choquet integral, useful for the sequel.

Proposition 1. The Choquet integral is monotonic vs. the
game, i.e., if v ≤ v′ pointwise, then

∫
f dv ≤

∫
f dv′ for any

measurable f .

Two functions f, f ′ ∈ R
n
+ are comonotonic if there is no

i, j ∈ N such that fi > fj and f ′

i < f ′

j . A functional I :
R

n
+ → R is comonotonic additive if for any two comonotonic

functions f, f ′ ∈ R
n
+, we have I(f + f ′) = I(f) + I(f ′).
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Proposition 2. (Characterization theorem of Schmeidler, es-
tablished for continuous spaces [8]) Let I : R

n
+ → R be a

functional. Then I is the Choquet integral w.r.t. a capacity v

on 2N if and only if I is nondecreasing, comonotonic additive,
and I(0) = 0. Then v is uniquely determined by (2).

Consider the hypercube [0, 1]n. The canonical simplices of
[0, 1]n are those induced by any permutation on N as follows:

[0, 1]nσ := {x ∈ [0, 1]n | xσ(1) ≤ · · · ≤ xσ(n)}.

Proposition 3. (Interpolation theorem, see Singer [9], and
[10, Ch. 5]) The unique functional I : [0, 1]n → [0, 1], whose
value is fixed on vertices of [0, 1]n, being linear in each canon-
ical simplex, continuous, and vanishing at 0 is the Choquet
integral w.r.t. a game v on 2N , with v(A) = I(1A), for all
A ⊆ N .

2.2 Posets, lattices, and set systems
(see, e.g., [11]) A poset is any set P endowed with a binary re-
lation ≤, being reflexive, antisymmetric and transitive (partial
order). A lattice (L,≤) is a poset such that for any x, y ∈ L

their least upper bound, denoted by x ∨ y, and greatest lower
bound x∧ y always exist. When L is finite, there always exist
a greatest element and a least element in L, called the top and
the bottom element.

Let (P,≤) be any poset. Q ⊆ P is a downset of P if x ∈ Q

and y ≤ x imply y ∈ Q. The set of all downsets of P is
denoted by O(P ). Observe that if Q, Q′ are downsets of P ,
then so are Q ∪Q′ and Q ∩Q′. For any x ∈ P , we denote by
↓x the downset generated by x (principal ideal of x), i.e.:

↓x := {y ∈ P | y ≤ x}.

More generally, for any subset Q of P , one can compute ↓Q,
the downset generated by Q, defined by ↓Q :=

⋃
x∈Q ↓x. It

is indeed a downset since downsets are closed under union.
For any two elements x, y ∈ P , x is covered by y or y

covers x (denoted by x ≺ y or y  x) if x < y and there is
no z such that x < z < y. A sequence of elements such that
x ≤ y1 ≤ y2 ≤ · · · ≤ z is called a chain from x to z. If in
addition x ≺ y1 ≺ y2 · · · ≺ z, the chain is maximal.

A lattice is distributive if∨,∧ obey distributivity. Any poset
(P,≤) generates a distributive lattice of subsets of P ordered
by inclusion, which is O(P ) (and reciprocally). Its bottom
and top elements are ∅ and P , respectively. In the distributive
lattice O(P ), any maximal chain C from bottom to top has
length |P |, and corresponds to a permutation σ on P , such
that C = {∅, {σ(n)}, {σ(n), σ(n− 1)}, . . . , P}.

Let us consider as in Section 2.1 the set N of n elements.
By defining a partial order ≤ on N , (N,≤) is a poset and
O(N) is a distributive lattice with ∅, N as bottom and top el-
ements, hence it is a set system, having all its maximal chains
from ∅ to N of length n. Conversely, a set system whose all
maximal chains from ∅ to N are of length n is not necessarily
a distributive lattice. It is called a regular set system [6]. An
antimatroid F is a regular set system which is closed under
union. A convex geometry is a regular set system closed under
intersection.

2.3 The Monge algorithm
The original idea of the Monge algorithm goes back to [12].
Monge studied a geometric transportation problem in which a
set of locations s1, . . . , sn of mass points has to be matched
optimally (in the sense of minimizing the total cost) with an-
other set of locations t1, . . . , tn, and proved that optimality
was reached if the transportation lines do not cross. This ge-
ometric fact can be expressed as follows: if the costs cij of
matching objects si with tj have the “uncrossing” property:

cij + ck� ≥ cmax(i,k),max(j,�) + cmin(i,k),min(j,�)

then the optimal matching is (s1, t1), . . . , (sn, tn). This is
also called the “north-west corner rule”. Translated into the
language of set functions, the uncrossing property is in fact
submodularity:

v(A) + v(B) ≥ v(A ∪B) + v(A ∩B).

The following algorithm, which we call “Monge algo-
rithm”, is based on the previous ideas (see also the greedy
algorithm of Lovász for maximizing a linear function over the
core of a submodular game [13]). Let A = [aij ] ∈ {0, 1}m×n

be a (0, 1)-matrix with m rows A1, . . . , Am and n columns
A1, . . . , An. We assume throughout the paper that A does not
contain the null row. Let us put N = {1, . . . , n} the set of col-
umn indices. Hence, any row of the matrix can be interpreted
as the characteristic vector of a nonempty subset of N .

Consider an (input) vector f ∈ R
n
+. The Monge algorithm

produces an output line-vector y ∈ R
m
+ as follows.

MONGE ALGORITHM

(M0) Initialization. Put f ′ = f , A′ = [a′

ij ] = A,
N ′ = N , y = 0 ∈ R

m.
(M1) If the current matrix A′ is empty, STOP.
(M2) Let s be the smallest row index in A′.
(M3) Find the smallest value α of f ′

j for all j ∈ N ′

such that a′

sj = 1. Put t the smallest such j.
(M4) Updating: ys ← α, f ′

j ← f ′

j−α for all j ∈ N ′

such that a′

sj = 1, N ′ ← N ′ \ t, suppress all
rows A′

i in A′ such that a′

it = 1. Go to (M1).

3 The Monge algorithm and the Choquet
integral

Consider a set system F on N . It can be encoded by a (0, 1)-
matrix A as given in Section 2.3. The rows of A order the
subsets of F in a particular way. An interesting case arises
when this order is a linear extension of the decreasing inclu-
sion order, that is, for any subsets S, T such that S ⊆ T , the
corresponding rows AiS

, AiT
are such that iS ≥ iT . We say

that in this case the row order is compatible with decreasing
inclusion. A row order compatible with increasing inclusion
can be defined as well.

Consider next a game v on F . It can be encoded as a vector
in R

m, with m = |F| − 1. The next result shows that the
Choquet integral can be computed by yv, where y is the out-
put of the Monge algorithm, provided rows of A are ordered
according to the (decreasing) inclusion order.
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Proposition 4. Let F be a set system, and an measurable
function f ∈ [0, 1]N . Let v be a game on F .

On the other hand, consider a (0,1)-matrix A encoding the
set system F (except the empty set), such that the row order
is compatible with decreasing inclusion. Then the output of
the Monge algorithm for f is a vector y, such that yv is the
Choquet integral defined in (1).

A question is whether the condition on row ordering is nec-
essary to get this result. The answer is given in the next propo-
sition.

Proposition 5. Assume A is a (0-1)-matrix with no two iden-
tical rows. For each nonempty subset S corresponding to a
row of A, say AiS

, the output of the algorithm is y = 1iS
(i.e.,

yi = 0 for all i except for i = iS) when the input is f = 1S,
if and only if the row order is compatible with decreasing in-
clusion.

In other words, for any set system F and any game v on F ,
for f = 1S , S ∈ F , we have yv = v(S), which is by (2) the
output of the Choquet integral. This proves the necessity of
the condition on the row order in Proposition 4.

4 Extended Choquet integrals for distributive
lattices

For any set system F , we define the Monge-Choquet integral
as the output of the Monge algorithm for any nonnegative in-
put vector. In this section, we restrict to the case of distribu-
tive lattices induced by a poset on N , denoted by (N,≤). We
know from Section 3 that the Monge-Choquet integral coin-
cides with the usual Choquet integral for measurable input
vectors, provided the rows of A are arranged in an order ex-
tending the decreasing inclusion order (otherwise stated, this
assumption holds from now on). Hence, the Monge-Choquet
integral is an extension of the Choquet integral.

4.1 Computation of the Monge-Choquet integral
We show that the Monge-Choquet integral can be computed
in a much simpler way, independent of the order of rows of A,
provided this order is compatible with decreasing inclusion.
Take f any input vector in R

n
+. We can assume w.l.o.g. (this

will be shown later on) that there is a unique permutation σ on
N such that fσ(1) < · · · < fσ(n).

In the first step of the algorithm, we have s = 1, α = fσ(1),
and t = σ(1). In the (initially null) vector y, we put fσ(1) at
position 1, σ(1) is deleted from N , any row in A containing
σ(1) is deleted, and f ′ = f − fσ(1).

In the second step, s corresponds to the largest subset F in
F not containing σ(1), which is uniquely determined by

F = {i ∈ N | i �≥ σ(1)}

where ≥ is understood for the poset (N,≤). F ∈ F because
F is a downset of (N,≤), and it is the unique largest such set
in F because F is closed under union. Since it is the largest
one not containing σ(1), it is ranked first in A′, hence s cor-
responds to this subset. Next, we look for σ(i) ∈ F such that
f ′ is minimum on F , and we put t = σ(i), α = fσ(i) − fσ(1),

and α is put in y at position s. Then σ(i) is deleted, and all
rows of A′ containing σ(i). The process continues till A′ is
empty.

The above shows that the following algorithm computes the
Monge-Choquet integral in a simpler way. We recall that for
any A ⊆ N , F(A) := {F ∈ F | F ⊆ A}.

COMPUTATION OF THE MONGE-CHOQUET INTE-
GRAL FOR DISTRIBUTIVE LATTICES

(MC0) Initialization: N ′ ← N .
(MC1) Take F to be the largest subset in F(N ′). It is

given by F = {i ∈ N | i �≥ j, ∀j ∈ N \N ′}.
If F = ∅, goto (MC3).

(MC2) Find the minimum of f over F , call i the
smallest index in F for which f is minimum.
Put N ′ ← N ′ \ i. Go to (MC1).

(MC3) Denote by F1 = N, F2, . . . , Fk the se-
quence of subsets obtained in (MC1), and by
i1, i2, . . . , ik the sequence of indices obtained
in (MC2). Then

∫
f dv =

k∑
j=1

(fij
− fij−1

)v(Fi), (3)

with fi0 := 0.

Example 1. Take n = 5, and the poset represented on Fig. 1
(left). The corresponding set system F is on the right. Many

1

2

3

4

5 ∅

1 3 5

13 15 35

123 135 345

1235 1345

12345

Figure 1: Example of poset with N = {1, 2, 3, 4, 5} (left) and
the corresponding set system F .

permutations are not compatible with F (i.e., the induced
maximal chain contains sets which are not in F ), for exam-
ple 35241, 12345, 43125, etc. We can anyway compute the
corresponding Monge-Choquet integrals:

35241 :

∫
f dv = f3v(N) + (f5 − f3)v(15) + (f1 − f5)v(1)

12345 :

∫
f dv = f1v(N) + (f3 − f1)v(345) + (f5 − f3)v(5)

43125 :

∫
f dv = f4v(N) + (f3 − f4)v(1235)+

(f1 − f3)v(15) + (f5 − f1)v(5).
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4.2 Properties of the Monge-Choquet integral
The most important property to check is whether the func-
tional is continuous. Obviously it is for a given permutation,
but when passing from a permutation to another one, we have
to check continuity. If continuity does not hold, we could even
say that the integral is not well defined, because a given f may
be rearranged in increasing order by several permutations.

Let us take f with permutation σ, such that

fσ(1) < fσ(2) < · · · < fσ(i) = fσ(i+1) < · · · < fσ(n).

Hence the permutation σ′ obtained by a switch between σ(i)
and σ(i + 1) is also rearranging f in nondecreasing order.
Observe that in any case, all “compatible” permutations can
be obtained by a sufficient number of switches, hence it is
enough to study what happens for one switch.

To avoid a heavy notation, and without loss of generality,
we may assume that the two following orders are compatible
with f :

1, 2, . . . , i, i + 1, . . . , n

1, 2, . . . , i + 1, i, . . . , n.

The first and second orders will be used by the algorithm
when computing the integral of f ′ := f + ε1i+1 and f ′′ :=
f + ε1i respectively. Let us check whether the two expres-
sions coincide when ε tends towards 0. Clearly, the sequences
F ′

1, . . . , F
′

k′ and F ′′

1 , . . . , F ′′

k′′ for f ′ and f ′′ coincide as long
as both i, i+1 belong to the sets, and also from the point where
both i, i + 1 disappear. Let us denote respectively by F0 and
F 0 these sets (note that F 0 = ∅ is possible). Let i0 be the
index of (MC2) when F = F0. Then several cases can occur.

(i) i0 < i and i0 < i + 1 (in the poset). Then F in the
next step (MC1) will contain neither i nor i + 1 for both
f ′, f ′′ (hence F = F 0). Consequently, there will be no
difference between the two expressions.

(ii) i0 < i, i0 �< i + 1. Then, the next terms obtained while
processing i, i + 1 will be:

for f ′: (f ′

i+1 − f ′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0})

for f ′′: (f ′′

i+1 − f ′′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0}).

(iii) i0 < i + 1, i0 �< i. Similarly,

for f ′: (f ′

i − f ′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0})

for f ′′: (f ′′

i − f ′′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0}).

(iv) i0 �< i, i0 �< i + 1, and i < i + 1. Then, the next terms
obtained while processing i, i + 1 will be:

for f ′: (f ′

i − f ′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0})

for f ′′: (f ′′

i+1 − f ′′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0})+

(f ′′

i − f ′′

i+1)v(F0 ∩ {j ∈ N | j �≥ i0, j �≥ i + 1}).

(v) i0 �< i, i0 �< i + 1, and i + 1 < i. Same as above,
permuting the roles of f ′ and f ′′.

(vi) i0 �< i, i0 �< i + 1, and i||i + 1. Then we obtain

for f ′: (f ′

i − f ′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0})+

(f ′

i+1 − f ′

i)v(F0 ∩ {j ∈ N | j �≥ i0}, j �≥ i)

for f ′′: (f ′′

i+1 − f ′′

i0
)v(F0 ∩ {j ∈ N | j �≥ i0})+

(f ′′

i − f ′′

i+1)v(F0 ∩ {j ∈ N | j �≥ i0, j �≥ i + 1}).

In all cases, the expressions become identical when ε

tends towards 0.

In addition, this proves that in the algorithm, when taking the
smallest i when several such i’s exist, this choice is unimpor-
tant.

From continuity and (3), we easily deduce the following:

Proposition 6. The Monge-Choquet integral is nondecreasing
w.r.t. the integrand, positively homogeneous, and is comono-
tonic additive.

4.3 Smallest and largest extended Choquet integrals
From (3) and the algorithm, it is easy to compute the Monge-
Choquet integral for any binary function 1A, A ⊆ N .
From Proposition 5, we already know that for any F ∈ F ,∫

1F dv = v(F ). Let us define v̂(A) :=
∫

1A dv, for any
A ⊆ N , which could be seen as an extension of v on 2N .

Proposition 7. For any A ⊆ N , v̂(A) is obtained by

v̂(A) = v(F ), with F the largest subset of F(A).

Moreover, if v is a capacity, then so is v̂, and it is the smallest
extension of v over 2N .

From continuity of the Monge-Choquet integral and Propo-
sition 3, we deduce the following fundamental result.

Proposition 8. For any f ∈ R
n
+,

∫
f dv =

∫
f dv̂

where the left integral is the Monge-Choquet integral, and the
right one, the classical Choquet integral.

Hence, the Monge-Choquet integral inherits all properties
from the Choquet integral w.r.t. the smallest extension of v

over 2N . In particular, by monotonicity of the integral w.r.t.
the capacity (see Proposition 1), we get by Proposition 2:

Corollary 1. Let v be a capacity on F . The Monge-Choquet
integral w.r.t. v is the smallest functional I : R

n
+ → R being

nondecreasing, comonotonic additive, and such that I(1F ) =
v(F ) for each F in F .

It is easy to define the largest extension of v over 2N , de-
noted by v̌. It is given by

v̌(A) := v(↓A)

where ↓A is the downset generated by A in the poset (N,≤).
Indeed, this is the smallest set in F containing A. It is pos-
sible to obtain v̌ by an algorithm which is dual to the Monge
algorithm.
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DUAL MONGE ALGORITHM. We assume that the
row order is compatible with increasing inclusion.

(DM0) Init: A′ = [a′

ij ] = A, y = 0 ∈ R
m,

α =largest value of f , N ′ = N .
(DM1) Choose the smallest index t ∈ N ′ such that

ft = α. Put N ′ ← N ′ \ t.
(DM2) Suppress all rows in A′ not containing t (i.e.,

a′

s,t = 0). Take the smallest row index s in A′.
(DM3) If N ′ = ∅ or s is the last row of A′ (i.e., it

corresponds to N ), put ys = ft and STOP.
Otherwise, look for the highest value α of fj

for all j such that a′

s,j = 0, put ys = ft − α,
and go to (DM1).

Again, due to the structure of F , a simpler version can be
given.

COMPUTATION OF THE DUAL MONGE-CHOQUET
INTEGRAL FOR DISTRIBUTIVE LATTICES

(DMC0) Put N ′ = {i0}, where i0 is the smallest index
maximising f .

(DMC1) Take F the smallest set in F containing N ′,
which is given by F =↓N ′. If F = N , go to
(DMC3).

(DMC2) Find the smallest index i maximising f over
N \ F . Put N ′ ← N ′ ∪ {i}. Go to (DMC1).

(DMC3) Denote by F1, . . . , Fk and i0, i1, . . . , ik−1 the
sequence of sets obtained in (DMC1) and the
sequence of indices obtained in (DMC0) and
(DMC2) respectively. Then

∫
f dv =

k∑
j=1

(fij−1
− fij

)v(Fj) (4)

with fik
:= 0.

Example 2. Taking the same poset as in Example 1, we ob-
tain:

35241 :

∫
f dv = (f1 − f4)v(1) + (f4 − f2)v(1345) + f2v(N)

12345 :

∫
f dv = (f5 − f4)v(5) + (f4 − f2)v(345) + f2v(N)

43125 :

∫
f dv = (f5 − f2)v(5) + (f2 − f4)v(1235) + f4v(N).

Proposition 9. The dual Monge-Choquet integral is continu-
ous.

The consequence is that, applying the same reasoning as
above, we can deduce the following.

Proposition 10. (i) For any f ∈ R
n
+,

∫
∗

f dv =

∫
f dv̌

where the left integral is the dual Monge-Choquet inte-
gral, and the right one, the classical Choquet integral.

(ii) If v is a capacity on F , then the dual Monge-Choquet
integral is the greatest functional I : R

n
+ → R+ be-

ing nondecreasing, comonotonic additive, and such that
I(1F ) = v(F ) for each F ∈ F .

(iii) For any measurable f , the Monge-Choquet integral and
the dual Monge-Choquet integral coincide.

5 The case of regular set systems, antimatroids
and convex geometries

5.1 Regular set systems

We know from Section 2.1 that a function is measurable if it
exists a permutation σ on N ordering f such that the induced
sets {σ(i), . . . , σ(n)}, i = 1, . . . , n, form a maximal chain
from ∅ to N in F , of length n. Hence if F does not contain
maximal chains of length n, there will be no measurable func-
tion. This has motivated the definition of regular set systems,
whose maximal chains from ∅ to N are all of length n. In
this respect, it would be interesting to know what happens for
nonmeasurable functions over regular set systems. It is not
difficult to see that, unfortunately, the output of the Monge al-
gorithm depends on the row order, even if it is compatible with
inclusion (see example below). The reason is that a regular set
system need not be closed under union (nor under intersec-
tion), and this property is fundamental for proving results in
Section 4. Therefore, the Monge-Choquet integral is not well-
defined in this case.

Example 3. Consider n = 5 and the regular set system of
Fig. 3. Remark that it is not closed under union nor intersec-
tion. Hence it is neither an antimatroid nor a convex geometry.
Take any function f such that f4 < f3 < f2 < f1 < f5. Then,

∅

2
5

12

124

1234

23

234

15

145

1345

12345

Figure 2: Example of regular set system

in the 1st iteration, s = 1, α = f4, t = 4, and f ′ = f − f4.
At second iteration, 4 has been discarded, so we have 3 candi-
dates for the next subset: 12, 23, and 15. If 12 is ranked first
in the matrix A′, we get α = f2, t = 2, and 2 is discarded, so
only 1 remains. Finally, we get:

∫
d dv = f4v(N) + (f2 − f4)v(12) + (f1 − f2)v(1).
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Now, if 23 is ranked first, α = f3, t = 3, and we will get:
∫

f dv = f4v(N) + (f3 − f4)v(23) + (f2 − f3)v(2).

Hence, the result depends on the ordering.

5.2 Antimatroids and convex geometries

Antimatroids are regular set systems closed under union. This
crucial property (as exemplified above) makes most of pre-
vious results to hold. More precisely, there will be always a
unique largest subset inF(N ′) for all N ′ ⊆ N . Consequently,
the algorithm of computation of the Monge-Choquet integral
and especially Equation (3) given in Section 4.1 remain valid,
except for Step (MC1), where F is still the largest subset in
F(N ′), but now it is no more possible to give it explicitly.

An important question is whether continuity still holds. Us-
ing a similar argument, one can prove that continuity still
holds in the case of antimatroids. A sketch of the proof goes as
follows. Keeping the same notation as in Section 4.2, consider
functions f ′, f ′′, whose orderings differ only on i and i + 1.
There is a common chain from N to F0 for both functions
f ′ and f ′′. From F0 which contains both i and i + 1, func-
tions f ′ and f ′′ may have different chains, but these chains
will necessarily rejoin in F 0 (because there is a unique largest
subset contained in {i + 2, . . . , n}). At F0, the new term in
the integral is (f ′

i − f ′

k)v(F0) for f ′ and (f ′′

i+1 − f ′′

k )v(F0)
for f ′′ for some k among 1, . . . , i − 1. At F 0, the new term
is (f ′

k − f ′

i+1)v(F 0) for f ′ and (f ′′

k − f ′′

i )v(F 0) for f ′′ for
some k in F 0, assuming i, i + 1 are present in the preceding
step (other cases work similarly). Between F0 and F 0, there
is at most one set F on each chain, where the new term will be
(f ′

i+1 − f ′

i)v(F ), and similarly for f ′′. When ε tends towards
0, both integrals coincide.

Consequently, Propositions 6, 7, 8, and Corollary 1 still
hold.

On the contrary, it is no more possible to define the largest
extension v̌ and consequently the dual Monge-Choquet inte-
gral, because since an antimatroid is not closed under inter-
section, it may happen that there is no smallest set of F con-
taining in a given subset of N .

In a dual way, since convex geometries are closed under
intersection but not under union, the dual Monge-Choquet in-
tegral exists and possesses all properties given in Section 4.3,
while the Monge-Choquet integral is not well-defined.
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Losada. Cooperative games on antimatroids. Discrete Mathe-
matics, 282:1–15, 2004.

[6] A. Honda and M. Grabisch. An axiomatization of entropy of
capacities on set systems. Eur. J. of Operational Research,
190:526–538, 2008.

[7] M. Sugeno. Theory of fuzzy integrals and its applications. PhD
thesis, Tokyo Institute of Technology, 1974.

[8] D. Schmeidler. Integral representation without additivity. Proc.
of the Amer. Math. Soc., 97(2):255–261, 1986.

[9] I. Singer. Extensions of functions of 0-1 variables and appli-
cations to combinatorial optimization. Numerical Functional
Analysis and Optimization, 7(1):23–62, 1984.

[10] M. Grabisch, J.-L. Marichal, R. Mesiar, and E. Pap. Aggrega-
tion functions. Number 127 in Encyclopedia of Mathematics
and its Applications. Cambridge University Press, 2009.

[11] B. A. Davey and H. A. Priestley. Introduction to Lattices and
Orders. Cambridge University Press, 1990.
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Abstract— One of the extensions of binary morphology to
greyscale images is given by the classical fuzzy mathematical mor-
phology. Interval-valued fuzzy mathematical morphology further ex-
tends the latter theory by now also allowing uncertainty in the grey
values of the image. In this paper, the decomposition of the interval-
valued fuzzy morphological operations into their binary counterparts
is studied both in a general continuous framework and a discrete
framework. It will be shown that some properties that do not hold in
the continuous framework, do hold in the discrete framework, which
is the framework that is used in practice.

Keywords— Decomposition, interval-valued fuzzy sets, mathe-
matical morphology.

1 Introduction
The aim of many image processing theories is to extract spe-
cific information out of an image. Mathematical morphology
is one of those theories. The basic morphological operations
dilation, erosion, opening and closing transform a given im-
age into another image by the help of a structuring element.
In the original binary morphology [1], both the image and the
structuring element needed to be binary images (i.e., black-
white). The threshold approach [1] extended the binary mor-
phology by allowing greyscale images. Another extension,
the umbra approach [2], even allowed both greyscale images
and structuring elements. Some time later, one more greyscale
approach was introduced, based on fuzzy set theory [3, 4].
Greyscale images and fuzzy sets can namely both be mod-
elled as a mapping from a universe U into the unit interval
[0, 1]. Remark however that fuzzy set theory is only used as
a tool here and not to deal with uncertainty. Recently, also
extensions of the fuzzy mathematical morphology have arised
[5, 6]. The interval-valued fuzzy extension that we consider
in this paper, now allows uncertainty regarding the grey val-
ues in the image, since a coordinate in the image domain is no
longer mapped onto a specific grey value belonging to the unit
interval [0, 1], but onto an interval of grey values (⊆ [0, 1])
to which the uncertain grey value is expected to belong. The
uncertainty in grey values can have several causes. (i) In prac-
tice, we have to deal with the fact that any device rounds off
a captured grey value to an element of a finite set of allowed
values; (ii) Taking several shots of the same image may result
in different grey values for some of the image pixels. This can
sometimes happen under identical recording circumstances
and is very likely to be the case under changing circumstances
(e.g. illumination changes due to clouds passing the sun). The

difference in grey value can also be the result of a slight shift in
position of the camera or an object in the image between takes.
This will especially cause (mostly large) uncertainty at pixels
belonging to the edge of an object. (iii) There might also exist
uncertainty regarding the grey values in the structuring ele-
ment that is used. This structuring element can be chosen by
the user and sometimes the user might doubt which weight
(importance) to give to a certain pixel in the structuring ele-
ment. In all of the above cases, it might be advisible to work
with intervals of likely values instead of one specific value.
The interval-valued fuzzy set theory now thus also serves as a
model and not only as a tool [6].

In this paper, the relationships between the weak [α1, α2]-
cuts of the interval-valued fuzzy dilation, erosion, opening
and closing and the corresponding binary operations are stud-
ied. Such decomposition properties are useful (i) to compute
interval-valued fuzzy morphological operations by applying
several binary operations and combining the obtained results
and (ii) to approximate interval-valued fuzzy morphological
operations by only considering a finite number of [α1, α2]-
cuts.

The remainder of the paper is organized as follows: the ba-
sic notions on interval-valued fuzzy mathematical morphol-
ogy are introduced in section 2; section 3 studies the decom-
position of the interval-valued fuzzy morphological operations
by weak [α1, α2]-cuts in a continuous framework and investi-
gates whether a discrete framework affects those results. Sec-
tion 4 finally, concludes the paper.

2 Interval-Valued Fuzzy Mathematical
Morphology

2.1 Interval-valued Fuzzy Set Theory
A fuzzy set [7] F defined over a universe U , maps every el-
ement u ∈ U onto its membership degree F (u) ∈ [0, 1] in
that set F and allows in this way a gradual transition be-
tween belonging to (membership degree 1) and not belong-
ing to (membership degree 0). Interval-valued fuzzy sets [8]
extend the classical fuzzy sets by allowing uncertainty con-
cerning the membership degree. They map an element of
the universe onto an interval of values instead of one spe-
cific membership degree. In other words, they are modelled
by mappings from the universe U into the class of closed in-
tervals LI = {[x1, x2]|[x1, x2] ⊆ [0, 1]}. This means that
for an interval-valued fuzzy set G in a universe U , G(u) =
[G1(u), G2(u)] ⊆ [0, 1], ∀u ∈ U . In this paper, the class of
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interval-valued sets over the universe U will be denoted by
IVFS(U). The lower and upper bound of an element x of
LI is denoted by respectively x1 and x2, i.e., x = [x1, x2].
Further, we will restrict the universe U in the sequel to Rn,
corresponding to the coordinates of an n-dimensional image.

Consider now the following partial ordering ≤LI on LI :

x ≤LI y ⇔ x1 ≤ y1 and x2 ≤ y2, ∀x, y ∈ LI .

It can be shown that (LI ,≤LI ) forms a complete lattice [9].
The infimum and supremum of a subset S of LI are then given
by inf S = [ inf

x∈S
x1, inf

x∈S
x2] and supS = [sup

x∈S

x1, sup
x∈S

x2] re-

spectively. In the remainder, we will use the notations 0LI for
inf LI = [0, 0] and 1LI for supLI = [1, 1] and we will also
use the following orderings on LI (∀x, y ∈ LI):

x �LI y ⇔ x1 < y1 and x2 < y2,

x ≥LI y ⇔ y ≤LI x,

x �LI y ⇔ y �LI x.

2.2 Binary and Interval-Valued Fuzzy Mathematical
Morphological Operations

In this paper, the decomposition of the interval-valued fuzzy
morphological operations into their binary counterparts is
studied. Therefore, we first refresh the binary morphological
operations.

Definition 1. [1] Let A,B ⊆ Rn. The binary dilation
D(A,B), erosion E(A,B), closing C(A,B) and opening
O(A,B) are the sets given by:

D(A,B) = {y|Ty(B) ∩ A 
= ∅},

E(A,B) = {y|Ty(B) ⊆ A},

C(A,B) = E(D(A,B),−B),

O(A,B) = D(E(A,B),−B),

with Ty(B) = {x ∈ Rn|x− y ∈ B} and −B = {−b|b ∈ B}.

It is clear that the notions of intersection and inclusion are
quite important in the above definitions. Hence, to extend the
binary morphological operations to interval-valued fuzzy op-
erators, the underlying Boolean conjunction and implication
are extended by conjunctors and implicators on LI . First,
however, we extend the Boolean negation by a negator on LI .

A negator N on LI is a decreasing LI − LI mapping that
coincides with the Boolean negation on {0, 1} (N (0LI ) =
1LI and N (1LI ) = 0LI ). If (∀x ∈ LI)(N (N (x)) = x), then
the negator N is called involutive. The standard negator Ns,
given by Ns([x1, x2]) = [1−x2, 1−x1], for all x = [x1, x2] ∈
LI , is an example of an involutive negator on LI .

A conjunctor C on LI is an increasing (LI)2 − LI map-
ping that coincides with the Boolean conjunction on {0, 1}2

(C(0LI , 0LI ) = C(0LI , 1LI ) = C(1LI , 0LI ) = 0LI and
C(1LI , 1LI ) = 1LI ). If a conjunctor C satisfies (∀x ∈
LI)(C(1LI , x) = C(x, 1LI ) = x), then it is called a semi-
norm on LI . Furthermore, if a semi-norm C is commutative
and associative, then we call it a t-norm on LI . The conjunc-
tor Cmin, defined by Cmin(x, y) = [min(x1, y1),min(x2, y2)],
for all (x, y) ∈ (LI)2, is an example of a t-norm on LI .

Finally, an implicator I on LI is a hybrid monotonic
(LI)2 − LI mapping (i.e., decreasing in the first argu-
ment and increasing in the second argument) that coincides

with the Boolean implication on {0, 1}2 (I(0LI , 0LI ) =
I(0LI , 1LI ) = I(1LI , 1LI ) = 1LI and I(1LI , 0LI ) = 0LI ).
It can be checked that for every implicator I, the operation
NI defined by NI(x) = I(x, 0LI ),∀x ∈ LI , is a negator on
LI . If an implicator I satisfies (∀x ∈ LI)(I(1LI , x) = x),
then it is called a border implicator on LI . Furthermore, if a
border implicator I is contrapositive w.r.t. its induced nega-
tor, i.e., (∀(x, y) ∈ (LI)2)(I(x, y) = I(NI(y),NI(x))),
and if it fulfills the exchange principle, i.e., (∀(x, y, z) ∈
(LI)3)(I(x, I(y, z)) = I(y, I(x, z))), then we call it a
model implicator on LI . The implicator Imax,Ns

given by
Imax,Ns

(x, y) = [max(1 − x2, y1),max(1 − x1, y2)], for all
(x, y) ∈ (LI)2, is an example of a model implicator on LI .

Using the above concepts, we can extend the binary mor-
phological operations to the interval-valued fuzzy case.

Definition 2. Let C be a conjunctor on LI , let I be an im-
plicator on LI , and let A,B ∈ IVFS(Rn). The interval-
valued fuzzy dilation DI

C(A,B), erosion EI
I(A,B), closing

CI
C,I(A,B) and opening OI

C,I(A,B) are the interval-valued
fuzzy sets in Rn defined for all y ∈ Rn by:

DI
C(A,B)(y) = sup

x∈Ty(dB)∩dA

C(B(x − y), A(x)),

EI
I(A,B)(y) = inf

x∈Ty(dB)
I(B(x − y), A(x)),

CI
C,I(A,B)(y) = EI

I(DI
C(A,B),−B)(y),

OI
C,I(A,B)(y) = DI

C(EI
I(A,B),−B)(y),

with dA = {x|x ∈ Rn and A(x) 
= 0LI}, dB = {x|x ∈
Rn and B(x) 
= 0LI} and (−B)(x) = B(−x),∀x ∈ Rn.

Remark that if y 
∈ D(dA, dB), then DI
C(A,B)(y) = 0LI .

In [11] it is shown that fuzzy mathematical morphology is
compatible with binary morphology and if we restrict our-
selves to semi-norms and border implicators it is also com-
patible with greyscale morphology based on the threshold ap-
proach. Since the interval-valued fuzzy morphology is com-
patible with the fuzzy morphology and because we want to
preserve also the compatibility with the threshold approach,
we will restrict ourselves in the remainder to semi-norms and
border implicators on LI .

2.3 The Discrete Framework
For the practical processing of an image, one has to deal with
the technical limitations of a computer. To store an image,
the domain is downsampled from the continuous space Rn

to the discrete space Zn, and the image is represented by a
matrix with a given number of rows and columns. Also the
possible grey values are sampled. Grey values do not longer
belong to the complete continuous unit interval [0, 1], but are
downsampled to a finite subchain of it. In the interval-valued
fuzzy mathematical morphology, the used intervals of possible
grey values are now thus subsets of the finite subchain LI

r,s of
LI , with LI

r,s = {[ r−k
r−1 , s−l

s−1 ]|k, l ∈ Z and 1 ≤ k ≤ r and 1 ≤
l ≤ s} for given integers r and s. We denote the class of all
interval-valued fuzzy sets in Zn with membership intervals in
LI

r,s as IVFSr,s(Z
n). Further, remark that for an interval-

valued fuzzy set A ∈ IVFSr,s(Z
n), ∀x ∈ Zn, A1(x) ∈ Ir =

{ r−k
r−1 |k ∈ Z and 1 ≤ k ≤ r} and A2(x) ∈ Is{

s−l
s−1 |l ∈

Z and 1 ≤ l ≤ s}.
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The concepts of negators, conjunctors and implicators on
the chain LI

r,s can be adopted from the previous subsection by
replacing LI by LI

r,s.
The definitions of the discrete interval-valued fuzzy dilation

and erosion can now be written as follows:

Definition 3. Let C be a conjunctor on LI
r,s, let I be an im-

plicator on LI
r,s, and let A,B ∈ IVFSr,s(Z

n). The discrete
interval-valued fuzzy dilation DI

C(A,B) ∈ IVFSr,s(Z
n) and

erosion EI(A,B) ∈ IVFSr,s(Z
n) are defined by:

DI
C(A,B)(y) = [ max

x∈Ty(dB)∩dA

C(B(x − y), A(x))1,

max
x∈Ty(dB)∩dA

C(B(x − y), A(x))2],

EI
I(A,B)(y) = [ min

x∈Ty(dB)
I(B(x − y), A(x))1,

min
x∈Ty(dB)

I(B(x − y), A(x))2].

3 Decomposition of Interval-valued Fuzzy
Morphological Operations

3.1 Weak [α1, α2]-cuts
We first introduce the different weak [α1, α2]-cuts of an
interval-valued fuzzy set [10].

Definition 4. Let A ∈ IVFS(Rn). For [α1, α2] ∈
LI\{0LI}, the weak [α1, α2]-cut Aα2

α1
of A is given by:

Aα2

α1
= {x|x ∈ Rn, A1(x) ≥ α1 and A2(x) ≥ α2}

= {x|x ∈ Rn and A(x) ≥LI [α1, α2]}.

For α1 ∈]0, 1], the weak α1-subcut Aα1
of A is given by:

Aα1
= {x|x ∈ Rn and A1(x) ≥ α1}.

For α2 ∈]0, 1], the weak α2-supercut Aα2 of A is given by:

Aα2 = {x|x ∈ Rn and A2(x) ≥ α2}.

The cases [α1, α2] = 0LI , α1 = 0 and α2 = 0 are ex-
cluded for respectively the weak [α1, α2]-cut, α1-subcut and
α2-supercut. Since {x|x ∈ Rn, A1(x) ≥ 0 and A2(x) ≥
0} = {x|x ∈ Rn and A1(x) ≥ 0} = {x|x ∈ Rn and A2(x) ≥
0} = Rn, these cases don’t yield new information.

3.2 Decomposition of the Interval-valued Fuzzy Dilation
Lemma 1. If C is a semi-norm on LI , then it holds that C ≤
Cmin, i.e.: (∀(x, y) ∈ (LI)2)(C(x, y) ≤LI Cmin(x, y)).

Proof. Let C be a semi-norm on LI , then it holds for all
(x, y) ∈ (LI)2 that on the one hand C(x, y) ≤LI C(x, 1LI )
and C(x, 1LI ) = x, and on the other hand C(x, y) ≤LI

C(1LI , y) and C(1LI , y) = y, from which it can be concluded
that C(x, y) ≤LI Cmin(x, y).

3.2.1 Decomposition by weak [α1, α2]-cuts
There is no relationship between the weak [α1, α2]-cut
DI

C(A,B)α2

α1
and the binary dilation D(Aα2

α1
, Bα2

α1
) that holds

in general for an arbitrary semi-norm C.

Example 1. Let [α1, α2] = [1/4, 1], A(x) = [x/2, x] for all
x ∈ [0, 1[, A(x) = 0LI for all x ∈ R\[0, 1[, B(x) = 1LI for
all x ∈ [0, 1] and B(x) = 0LI for all x ∈ R\[0, 1]. So dA =
]0, 1[, dB = [0, 1] and D(dA, dB) =]−1, 1[ and consequently
0 ∈ D(dA, dB). Let C be an arbitrary semi-norm.

It then holds that

DI
C(A,B)(0) = sup

x∈T0(dB)∩dA

C(B(x), A(x)) =

sup
x∈]0,1[

C(1LI , [x/2, x]) = sup
x∈]0,1[

[x/2, x] = [1/2, 1],

which means that 0 ∈ DI
C(A,B)10.25.

On the other hand, however, since A1
0.25 = ∅ also

D(A1
0.25, B

1
0.25) = ∅ and thus 0 
∈ D(A1

0.25, B
1
0.25). As a

consequence DI
C(A,B)10.25 
⊆ D(A1

0.25, B
1
0.25).

Neither does it hold in general that DI
C(A,B)α2

α1
⊇

D(Aα2

α1
, Bα2

α1
). Take for example [α1, α2] = [1/4, 1/2],

C(r, s) = [r1 · s1, r2 · s2] for all r, s ∈ LI , A(x) = [0.3, 0.6]
for all x ∈ [0, 1], A(x) = 0LI for all x ∈ R\[0, 1],
B(x) = [0.4, 0.7] for all x ∈ [0, 1] and B(x) = 0LI for all
x ∈ R\[0, 1]).

Then on the one hand 0 ∈ D(A0.5
0.25, B

0.5
0.25) =

D(dA, dB) = [−1, 1].
On the other hand however:

DI
C(A,B)(0) = sup

x∈T0(dB)∩dA

C(B(x), A(x)) =

sup
x∈[0,1]

[0.3 · 0.4, 0.6 · 0.7] = [0.12, 0.42] 
≥LI [0.25, 0.5],

or thus 0 
∈ DI
C(A,B)0.5

0.25. As a consequence DI
C(A,B)0.5

0.25 
⊇
D(A0.5

0.25, B
0.5
0.25).

♦

For the semi-norm C = Cmin, we have the following partial
result.

Proposition 1. Let A,B ∈ IVFS(Rn), then it holds for all
[α1, α2] ∈ LI\{0LI} that:

DI
Cmin

(A,B)α2

α1
⊇ D(Aα2

α1
, Bα2

α1
).

Proof. Let A,B ∈ IVFS(Rn), and let [α1, α2] ∈ LI\{0LI}.
Then we have:

y ∈ D(Aα2

α1
, Bα2

α1
)

⇔ Ty(Bα2

α1
) ∩ Aα2

α1

= ∅

⇔ (∃x ∈ Ty(dB) ∩ dA)(x ∈ Ty(Bα2

α1
) and x ∈ Aα2

α1
)

⇔ (∃x ∈ Ty(dB) ∩ dA)

(B(x − y) ≥LI [α1, α2] and A(x) ≥LI [α1, α2])

⇔ (∃x ∈ Ty(dB) ∩ dA)([min(B1(x − y), A1(x)),

min(B2(x − y), A2(x))] ≥LI [α1, α2])

⇔ (∃x ∈ Ty(dB) ∩ dA)

(Cmin(B(x − y), A(x)) ≥LI [α1, α2])

⇒ sup
x∈Ty(dB)∩dA

Cmin(B(x − y), A(x)) ≥LI [α1, α2]

⇔ DI
Cmin

(A,B)(y) ≥LI [α1, α2]

⇔ y ∈ DI
Cmin

(A,B)α2

α1
.

The reverse inclusion DI
Cmin

(A,B)α2

α1
⊆ D(Aα2

α1
, Bα2

α1
)

does not hold in general as already illustrated in Example 1.
Remark that the above decomposition property for weak

[α1, α2]-cuts remains valid in the discrete framework.
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3.2.2 Decomposition by weak sub- and supercuts
There is also no relationship between the weak sub- and su-
percut DI

C(A,B)α1
and DI

C(A,B)α2 and the binary dilations
D(Aα1

, Bα1
) and D(Aα2 , Bα2) that holds in general for an

arbitrary semi-norm C. To illustrate this, we can use Exam-
ple 1 again, where the weak [α1, α2]-cuts and the weak super-
and subcuts of A and B coincide and the results thus remain
valid for weak sub- and supercuts.

For the semi-norm C = Cmin, we have the following partial
result.

Proposition 2. Let A,B ∈ IVFS(Rn), then it holds that:

(i) (∀α1 ∈]0, 1])(DI
Cmin

(A,B)α1
⊇ D(Aα1

, Bα1
)),

(ii) (∀α2 ∈]0, 1])(DI
Cmin

(A,B)α2 ⊇ D(Aα2 , Bα2)).

Proof. Analogous to the proof of Proposition 1.

The reverse inclusion does not hold, as already illustrated in
Example 1, where replacing the weak [α1, α2]-cuts of A and
B by the coinciding weak sub- and supercuts doesn’t affect
the results.

In the discrete framework, not only does Proposition 2 still
remain valid, but the result now also holds for arbitrary semi-
norms. Further, for Cmin also the reverse inclusion now holds.

Proposition 3. Let A,B ∈ IVFSr,s(Z
n), then it holds that:

(i) (∀α1 ∈]0, 1] ∩ Ir)(D
I
Cmin

(A,B)α1
= D(Aα1

, Bα1
)),

(ii) (∀α2 ∈]0, 1] ∩ Is)(D
I
Cmin

(A,B)α2 = D(Aα2 , Bα2)).

Proof. Analogous to the proof of Proposition 2, where now in
the discrete case also

(∃x ∈ Ty(dB) ∩ dA)(Cmin(B(x − y), A(x))1 ≥ α1)

�

sup
x∈Ty(dB)∩dA

Cmin(B(x − y), A(x))1 ≥ α1.

Proposition 4. Let A,B ∈ IVFSr,s(Z
n), then it holds that:

(i) (∀α1 ∈]0, 1] ∩ Ir)(D
I
C(A,B)α1

⊆ D(Aα1
, Bα1

)),
(ii) (∀α2 ∈]0, 1] ∩ Is)(D

I
C(A,B)α2 ⊆ D(Aα2 , Bα2)).

Proof. Analogous to the proof of Proposition 3, but for an
arbitrary semi-norm C, so that

DI
Cmin

(A,B)(y)1 ≥ α1

⇑

DI
C(A,B)(y)1 ≥ α1

�

y ∈ DI
C(A,B)α1

.

3.3 Decomposition of the Interval-valued Fuzzy Erosion
Based on its induced negator NI , a border implicator I can
be classified as an upper or a lower border implicator as fol-
lows. A border implicator on LI is called an upper border
implicator (respectively lower border implicator) if NI ≥ Ns

(respectively NI ≤ Ns).

Lemma 2. If I is an upper border implicator on LI , then it
holds that I ≥ Imax,Ns

, i.e.: (∀(x, y) ∈ (LI)2)(I(x, y) ≥LI

Imax,Ns
(x, y).

Proof. Let I be an upper border implicator on LI . For all
(x, y) ∈ (LI)2 it holds that on the one hand I(x, y) ≥LI

I(1LI , y) and I(1LI , y) = y, and on the other hand
I(x, y) ≥LI I(x, 0LI ) and I(x, 0LI ) ≥LI Ns(x), from
which it follows that I(x, y) ≥LI Imax,Ns

(x, y).

3.3.1 Decomposition by weak [α1, α2]-cuts
As illustrated below, there is no relationship between
the weak [α1, α2]-cut EI

I(A,B)α2

α1
and the binary erosion

E(Aα2

α1
, B1−α1

1−α2

) that holds in general for an arbitrary upper
border implicator I.

Example 2. Let [α1, α2] = [0.4, 0.6], A(x) = [0.3, 0.5]
for all x ∈ [0, 1], B(x) = [0.5, 0.7] for all x ∈ [0, 1] and
A(x) = B(x) = 0LI for all x ∈ R\[0, 1]. Let I be the up-
per border implicator given by IL(x, y) = [min(1, 1 − x2 +
y1),min(1, 1− x1 + y2)], ∀(x, y) ∈ (LI)2, which is a gener-
alisation of the Łukasiewicz implicator on [0, 1].

On the one hand, we have that

EI
IL

(A,B)(0) = inf
x∈T0(dB)

IL(B(x), A(x)) =

inf
x∈[0,1]

IL([0.5, 0.7], [0.3, 0.5]) = [0.6, 1],

or thus 0 ∈ EI
IL

(A,B)0.6
0.4.

On the other hand, E(A0.6
0.4, B

0.6
0.4

) = E(∅, [0, 1]) = ∅ and
thus 0 
∈ E(A0.6

0.4, B
0.6
0.4

), which implies that EI
IL

(A,B)0.6
0.4 
⊆

E(A0.6
0.4, B

0.6
0.4

).

Neither does it hold in general that EI
I(A,B)α2

α1

⊇

E(Aα2

α1
, B1−α1

1−α2

). Consider for example the upper border im-
plicator I = Imax,Ns

, [α1, α2] = [0.3, 0.4], A(x) = [0.4, 0.5]
for all x ∈ [0, 0.5] and A(x) = [0.2, 0.3] for all x ∈]0.5, 1],
B(x) = [0.7, 0.8] for all x ∈ [0, 0.5] and B(x) = [0.4, 0.8] for
all x ∈]0.5, 1] and A(x) = B(x) = 0LI for all x ∈ R\[0, 1].

The binary erosion E(Aα2

α1
, B1−α1

1−α2

) is then equal to the set
E([0, 0.5], [0, 0.5]) = {0}.

Further, it also holds that:

EI
Imax,Ns

(A,B)(0) = inf
x∈T0(dB)

Imax,Ns
(B(x), A(x)) =

inf( inf
x∈[0,0.5]

Imax,Ns
(B(x), A(x)),

inf
x∈]0.5,1]

Imax,Ns
(B(x), A(x))) = inf([0.4, 0.5], [0.2, 0.6]) =

[0.2, 0.5] 
≥LI [α1, α2].

We conclude that EI
Imax,Ns

(A,B)α2

α1

⊇ E(Aα2

α1
, B1−α1

1−α2

).
♦

For the upper border implicator I = Imax,Ns
, we have the

following partial result.

Proposition 5. Let A,B ∈ IVFS(Rn), then it holds for all
[α1, α2] ∈ LI\{0LI} that:

EI
Imax,Ns

(A,B)α2

α1
⊆ E(Aα2

α1
, B1−α1

1−α2

).
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Proof. Let A,B ∈ IVFS(Rn), and let [α1, α2] ∈ LI\{0LI}.
It holds that:

y ∈ E(Aα2

α1
, B1−α1

1−α2

)

⇔ Ty(B1−α1

1−α2

) ⊆ Aα2

α1

⇔ (∀x ∈ Ty(dB))

((B1(x − y) > 1 − α2 and B2(x − y) > 1 − α1)

⇒ (A1(x) ≥ α1 and A2(x) ≥ α2))

⇔ (∀x ∈ Ty(dB))((B1(x − y) ≤ 1 − α2 or B2(x − y)

≤ 1 − α1) or (A1(x) ≥ α1 and A2(x) ≥ α2))

⇔ (∀x ∈ Ty(dB))

((1 − B1(x − y) ≥ α2 or 1 − B2(x − y) ≥ α1) or
(A1(x) ≥ α1 and A2(x) ≥ α2))

⇐ (∀x ∈ Ty(dB))(max(1 − B2(x − y), A1(x)) ≥ α1

and max(1 − B1(x − y), A2(x)) ≥ α2)

⇔ (∀x ∈ Ty(dB))

(Imax,Ns
(B(x − y), A(x)) ≥LI [α1, α2])

⇔ inf
x∈Ty(dB)

Imax,Ns
(B(x − y), A(x)) ≥LI [α1, α2]

⇔ EI
Imax,Ns

(A,B)(y) ≥LI [α1, α2]

⇔ y ∈ EI
Imax,Ns

(A,B)α2

α1

As already illustrated in Example 2, the reverse inclusion
does not hold.

Remark that Proposition 5 remains valid in the discrete
framework.

3.3.2 Decomposition by weak sub- and supercuts
Proposition 6. Let A,B ∈ IVFS(Rn), then it holds that

(i) (∀α1 ∈]0, 1])(EI
Imax,Ns

(A,B)α1
= E(Aα1

, B1−α1)),
(ii) (∀α2 ∈]0, 1])(EI

Imax,Ns
(A,B)α2 = E(Aα2 , B1−α2

)).

Proof. Analogous to the proof of Proposition 5. Only now it
also holds that

(∀x ∈ Ty(dB))(1 − B2(x − y) ≥ α1 or A1(x) ≥ α1)

�

(∀x ∈ Ty(dB))(max(1 − B2(x − y), A1(x)) ≥ α1)

Analogously for the decomposition by weak supercuts.

Proposition 7. Let A,B ∈ IVFS(Rn) and let I be an upper
border implicator on LI , then it holds that

(i) (∀α1 ∈]0, 1])(EI
I(A,B)α1

⊇ E(Aα1
, B1−α1

)),
(ii) (∀α2 ∈]0, 1])(EI

I(A,B)α2 ⊇ E(Aα2 , B1−α2
)).

Proof. The proof is completely analogous to the one from
proposition 6. We only have that due to lemma 2

inf
x∈Ty(dB)

Imax,Ns
(B2(x − y), A1(x))1 ≥ α1

⇓

inf
x∈Ty(dB)

I(B2(x − y), A1(x))1 ≥ α1

only holds in one direction for an arbitrary upper border im-
plicator I on LI . Analogously for the decomposition by weak
supercuts.

The reverse inclusion does not hold in general, as illus-
trated in the first part of Example 2, where replacing the weak
[α1, α2]-cuts by the coinciding weak sub- or supercuts does
not affect the results.

Further, the two above properties remain valid in the dis-
crete framework.

3.4 Decomposition of the Interval-valued Fuzzy Closing
and Opening

In what follows, we will need the following lemma:

Lemma 3. Let A ∈ IVFS(Rn) and let [α1, α2] ∈ LI , then
it holds that:

(i) α2 ∈]0, 0.5] ⇒ Aα2 ⊇ Aα2 ⊇ A1−α2
,

(ii) α1 ∈]0.5, 1] ⇒ Aα1
⊆ A1−α1 .

Proof. As an example we prove (i). Suppose that x ∈ A1−α2

and α2 ∈]0, 0.5]. The latter implies that 1−α2 ≥ α2. Further,
since x ∈ A1−α2

, we also have that A1(x) > 1 − α2. If we
combine the above with the fact that A2(x) ≥ A1(x), then we
find that A2(x) > α2 and consequently also A2(x) ≥ α2.

(ii) follows in an analogous way.

3.4.1 Decomposition by weak sub- and supercuts
Proposition 8. Let I be an upper border implicator on LI

and let A,B ∈ IVFS(Rn), then it holds for all α1 ∈]0, 1]
that

(i) CI
Cmin,I(A,B)α1

⊇ E(D(Aα1
, Bα1

),−B1−α1),
(ii) OI

Cmin,I(A,B)α1
⊇ D(E(Aα1

, B1−α1),−Bα1
),

and for all α2 ∈]0, 1] that
(iii) CI

Cmin,I(A,B)α2 ⊇ E(D(Aα2 , Bα2),−B1−α2
),

(iv) OI
Cmin,I(A,B)α2 ⊇ D(E(Aα2 , B1−α2

),−Bα2).

Proof. As an example we prove (i). Let I be an upper border
implicator on LI , let A,B ∈ IVFS(Rn) and let α1, α2 ∈
]0, 1]. From respectively Proposition 6, Proposition 2, and be-
cause the binary erosion is increasing in its first argument, we
have that:

CI
Cmin,I(A,B)α1

= EI
I(DI

Cmin
(A,B),−B)α1

⊇ E(DI
Cmin

(A,B)α1
,−B1−α1)

⊇ E(D(Aα1
, Bα1

),−B1−α1).

(ii), (iii) and (iv) follow in an analogous way.

Under the restriction of α2 ∈]0, 0.5], the above result leads
to the following relationships between the weak α2-supercut
of the interval-valued fuzzy closing and opening and the bi-
nary counterparts.

Proposition 9. Let I be an upper border implicator on LI

and let A,B ∈ IVFS(Rn), then it holds for α2 ∈]0, 0.5] that
(i) CI

Cmin,I(A,B)α2 ⊇ C(Aα2 , Bα2),
(ii) CI

Cmin,I(A,B)α2 ⊇ C(Aα2 , B1−α2
),

and
(iii) OI

Cmin,I(A,B)α2 ⊇ O(Aα2 , Bα2),
(iv) OI

Cmin,I(A,B)α2 ⊇ O(Aα2 , B1−α2
).

Proof. As an example, we prove (i). Let I be an upper border
implicator on LI , let A,B ∈ IVFS(Rn) and let α2 ∈]0, 0.5].

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

171



From proposition 8, lemma 3 and the fact that the binary ero-
sion is decreasing in its second argument, it follows that:

CI
Cmin,I(A,B)α2 ⊇ E(D(Aα2 , Bα2),−B1−α2

)

⊇ E(D(Aα2 , Bα2),−Bα2)

= C(Aα2 , Bα2).

(ii), (iii) and (iv) follow in an analogous way.

The above results for weak sub- and supercuts remain valid
in the discrete framework. Because of the new decomposition
properties of the interval-valued fuzzy dilation in the discrete
framework compared to the continuous framework (Propo-
sition 3 and 4), also a new property holds for the discrete
interval-valued fuzzy closing and opening.
Proposition 10. Let C be a semi-norm on LI

r,s and I an upper
border implicator on LI

r,s and let A,B ∈ IVFSr,s(Zn), then
it holds for all α1 ∈]0, 1] ∩ Ir that

(i) CI
Cmin,Imax,Ns

(A,B)α1
= E(D(Aα1

, Bα1
),−B1−α1),

(ii) CI
Cmin,I(A,B)α1

⊇ E(D(Aα1
, Bα1

),−B1−α1),
(iii) CI

C,Imax,Ns
(A,B)α1

⊆ E(D(Aα1
, Bα1

),−B1−α1),
(iv) OI

Cmin,Imax,Ns
(A,B)α1

= D(E(Aα1
, B1−α1),−Bα1

),
(v) OI

Cmin,I(A,B)α1
⊇ D(E(Aα1

, B1−α1),−Bα1
),

(vi) OI
C,Imax,Ns

(A,B)α1
⊆ D(E(Aα1

, B1−α1),−Bα1
),

and for all α2 ∈]0, 1] ∩ Is that
(vii) CI

Cmin,Imax,Ns
(A,B)α2 = E(D(Aα2 , Bα2),−B1−α2

),
(viii) CI

Cmin,I(A,B)α2 ⊇ E(D(Aα2 , Bα2),−B1−α2
),

(ix) CI
C,Imax,Ns

(A,B)α2 ⊆ E(D(Aα2 , Bα2),−B1−α2
),

(x) OI
Cmin,Imax,Ns

(A,B)α2 = D(E(Aα2 , B1−α2
),−Bα2),

(xi) OI
Cmin,I(A,B)α2 ⊇ D(E(Aα2 , B1−α2

),−Bα2),
(xii) OI

C,Imax,Ns
(A,B)α2 ⊆ D(E(Aα2 , B1−α2

),−Bα2).

Proof. Follows in an analogous way as in the proof of Propo-
sition 8.

Under the restriction of α1 ∈]0.5, 1] ∩ Ir, the above re-
sult leads to the following relationships between the weak α1-
subcut of the interval-valued fuzzy closing and opening and
the binary counterparts.
Proposition 11. Let C be a semi-norm on LI

r,s and let A,B ∈
IVFSr,s(Zn), then it holds for all α1 ∈]0.5, 1] ∩ Ir that

(i) CI
C,Imax,Ns

(A,B)α1
⊆ C(Aα1

, Bα1
),

(ii) CI
C,Imax,Ns

(A,B)α1
⊆ C(Aα1

, B1−α1),
(iii) OI

C,Imax,Ns
(A,B)α1

⊆ O(Aα1
, Bα1

),
(iv) OI

C,Imax,Ns
(A,B)α1

⊆ O(Aα1
, B1−α1),

Proof. Follows in an analogous way as in the proof of Propo-
sition 9.

Under the restriction of α2 ∈]0, 0.5] ∩ Is, we come to the
same results as in the continuous case (Proposition 9).
Proposition 12. Let I be an upper border implicator on
LI

r,s and let A,B ∈ IVFSr,s(Zn), then it holds for all
α2 ∈]0, 0.5] ∩ Is that

(i) CI
Cmin,I(A,B)α2 ⊇ C(Aα2 , Bα2),

(ii) CI
Cmin,I(A,B)α2 ⊇ C(Aα2 , B1−α2

),
(iii) OI

Cmin,I(A,B)α2 ⊇ O(Aα2 , Bα2),
(iv) OI

Cmin,I(A,B)α2 ⊇ O(Aα2 , B1−α2
).

Proof. Follows in an analogous way as in the proof of Propo-
sition 9.

4 Conclusion
In this paper we have introduced the basic interval-valued
fuzzy morphological operations and we have studied their de-
composition by weak [α1, α2]-cuts both in the general contin-
uous case and the practical discrete case. We found out that a
few properties that do not hold in the continuous case do hold
in the practical discrete case. Finally, we would like to men-
tion that similar, but not completely analogous results hold for
the decomposition by strict [α1, α2]-cuts. Those results will
be published elsewhere.
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Abstract—Consideration sets provide a standard tool for the 
exploration of consumer choice. It is appropriate to analyze it as a 
fuzzy set because not all the brands of a certain category of 
products or services that belong to it are considered of the same 
importance.

In this work we propose an alternative operationalization of the 
aggregate fuzzy consideration set. It is based on a new approach 
for linguistic framework and linguistic aggregation operators
which compute with words directly, defined by Xu. The model of 
consideration presented assigns to each brand or service the
degree of membership to the evoked set through weighed
aggregate interest.

The aggregate fuzzy consideration set of tourist destinations of a 
given of individuals segment is obtained as illustrative example of
the proposed approach.

Keywords— aggregation operators, computing with words, fuzzy 
consideration set, linguistic model, tourist destinations.

1 Introduction
Several variables take place in the study of the consumer’s 
behaviour, which is a complex activity. To face it in a more 
suitable manner, flexible models are appropriate; these will 
consider the uncertainty implied by its treatment,
particularly those using the theory of the fuzzy sets. This 
theory provides an important background for the
representation of preferences and the uncertainty contained
in decision making. This approach can be applied to the
analysis of the consideration set or evoked set.

Though the individual has a certain number of
possibilities to choose among, it is possible that he does not 
take into account all the available alternatives. These
alternatives considered during the decision making form 
what is known as the consideration set or evoked set.

The consideration set is a subset of all alternatives
available for the consumer in a category of products or
services. It is made up by his preferred brands, with which 
he is acquainted, those he remembers and those he
positively evaluates for purchasing and consumption [1, 2].

Howard [3] was the first to introduce the term evoked set 
in the literature of marketing to talk collectively about the 
set of brands that the consumer considers in his  process of 
purchases decision. Several authors  elaborated this concept 
later [4, 5, 6].

Consideration sets have been the subject of much
research since 1986. The level of interest in this  study can 
be attributed to several factors [7]. Among others, a
consideration set represents a task-simplifying heuristic that 
consumers use to cope with complex choice problems  [8];
models that ignore consideration set information may have 

biased parameter estimates [9] and when a brand enters the 
consideration set of a consumer, the chances that the
consumer will choose that brand increase even if it is not the 
most preferred. Its exclusion prevents the selection of the 
brand even if it is likely to be preferred [10].

Lilien et al. [9] states that studying the composition of the 
consideration set is important for two reasons: the first one 
because it will help the company that does not belong to the 
set to know its own lacks and the characteristics of those 
companies or brands that belong to it; the second because it 
is an important part of the general study of the consumption 
processes. Some research have shown that to include the 
consideration set in the stages of decision model allows to
obtain better prognoses and a more suitable handling of 
diagnoses [11].

Fotheringham [12] suggests that the consideration set is 
not binary, but it might be treated as a fuzzy set, maybe 
because the consideration is not a discreet process of the 
consumers or because the investigators are not capable of 
measuring it. He expresses  that not all the brands taken into 
account in the phases of evaluation and election are given
the same importance.

In previous works [13, 14] we have developed a linguistic 
model to obtain the membership function of the aggregate
fuzzy consideration set, for a category of products or
services, by means of the usual linguistic framework and
linguistic aggregation operators based on the Extension 
Principle [15, 16, 17, 18].

In this paper an alternative linguistic model is proposed,
to obtain the aggregate fuzzy consideration set which is 
based on a new approach for linguistic framework and on
the linguistic weighted arithmetic averaging (LWAA)
operator, which enables to compute with words directly,
defined by Xu [18, 19, 20, 21].

Then, this methodology is applied to obtain the aggregate
fuzzy consideration set of tourist destinations (TDs) of the
young, with the data obtained in a survey carried out on
students of the University of Buenos Aires.

The cardinality of the evoked set and its support is
obtained, in order to find its magnitudes. Besides, a measure
of fuzziness is calculated to know the entropy that affects 
the fuzzy consideration set.

The paper is organized as follows. In Section 2 we 
introduce a linguistic framework presented by Xu [18, 20] to 
define some linguistic aggregation operators and the LWAA
operator definition. In Section 3 we give an alternative
operationalization of the aggregate fuzzy consideration set.
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In Section 4 the aggregate fuzzy consideration set of TDs
is obtained and in Section 5 some concluding remarks are 
pointed out.

2 Fuzzy linguistic approach
The fuzzy linguistic approach is an appropriate technique to
deal with qualitative aspects of problems [22].

Following Xu [18, 19, 20, 21] we consider a finite and 
totally ordered label set }...,,1,0,1...,,/{ ttsS −−=α= α , which
cardinality value is odd, and t is a positive integer. Each
term αs  represents a possible value for a linguistic variable
[18, 19, 20, 21] and it must have the following
characteristics:

i) β>α> βα iffss .

ii) There is the negation operator: ( ) α−α = ssneg ;

mainly ( ) 00neg ss = .

The mid linguistic label 0s  represents an assessment of 
“indifference” and the rest of labels are defined around it 
symmetrically.

To preserve all the given information, Xu [18, 19]
extended the discrete linguistic label set S to a continuous
linguistic label set [ ]{ }qqsS ,/ −∈α= α , where )( tqq > is
a sufficiently large positive integer.

If Ss ∈α , then αs  is called an original linguistic label, 

otherwise, αs  is called a virtual linguistic label. Generally,
the decision maker uses the original linguistic terms to
evaluate attributes and alternatives, and the virtual linguistic 
labels can only appear in calculations [20, 21].

Considering any two linguistic terms Sss ∈βα , , and

[ ]1,0∈λ , Xu [19] introduces two operational laws of
linguistic variables as follows: 

• β+ααββα =⊕=⊕ sssss .       (1)

• αλα =λ ss. . (2)

Based on (1) and (2) Xu [18, 19, 21] developed various 
linguistic aggregation operators , which compute with words 
directly.

In this section we present the linguistic weighted
arithmetic averaging (LWAA) operator due to the fact that it 
will be the linguistic operator used in our aggregate fuzzy 
consideration sets  model.

Definition [18]: Let LWAA : SS n → .   If 
( )

(3)

...,,..., 2121 21

α

αααααα

=

⊕⊕⊕=

s

swswswsssLWAA nn nw

Where ),,...,(,. 21
1

n
n

j
jj wwwww∑

=
=α=α is the weight

vector of the linguistic label jsα , nj ...,,1= , [ ]1,0∈jw

and ∑
=

=
n

j
jw

1
1, then LWAA is called the linguistic weighted

arithmetic averaging operator.

The fundamental aspect of the LWAA operator is that it 
computes the linguistic labels taking into account the
importance of the information [18].

3 The fuzzy consideration set
3.1 Preliminaries
When forming the evoked set of a certain category of
products or services, the consumers do not show the same 
interest in their purchase, due to the variety of attributes 
these products or services have and to other factors that in 
most cases are subjective, thus, it is appropriate to analyze it
as a fuzzy set [7, 9, 12, 13, 14].

When developing its model of consideration,
Fotheringham [12] states that the evoked set can be
considered fuzzy because uncertainty about its composition
exists. Although the author affirms that the consideration 
sets are fuzzy, his formulation does not derive from the 
theory of the fuzzy sets. Besides, it does not explain which 
the fuzziness source is or how it obtains the membership
function.

Wu and Rangaswamy [7] developed a model of
consideration and election, which they call fuzzy. His work 
suggests that a fuzzy approach is useful to represent the 
fuzziness of the consideration set , their model is  derived 
from probability theory and they do not explain how to 
obtain the membership function.

The model of consideration presented in this paper
assigns to each brand or service the degree of membership 
to the evoked set through weighed aggregate interest,
calculated by means of the LWAA operator. To obtain the 
value of the membership function of a brand or service, the 
aggregate degree of interest is weighed in agreement with 
the quantity of individuals who chose the above mentioned
brand or service.
3.2 Building aggregate fuzzy consideration sets
Surveys to potential clients interested in the purchase of a
type of goods or services are made to obtain the aggregate
fuzzy consideration set of a category of products or services 
of a given of individuals segment. In the questionnaire we
ask about:

• The names of the well-known brands.

• The names of the brands that they would consider
buying.

• The degree of interest with which these are considered
for their purchase.

For the design of questionnaires for the surveys a set of 
linguistic labels is chosen which fulfils the characteristics 
given in 2., so that the consulted individuals express their 
degree of interest in the purchase of the goods or the
services.

First of all, the referential set of the evoked set ( E ) is 
obtained with the brands that appear in the survey. It is 
named set of well-known brands or awareness set.

To obtain the value of the membership function of each 
element the aggregate fuzzy consideration set, the following
steps are involved:

Step 1. The aggregate degree of interest. If m is the
quantity of proposed brands in the surveys and n is the
cardinality of the label set S, the aggregate degree of interest
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( )iq of each brand or service ( ic ) considered is obtained by
means of the application of (1).

( )
ini ssssLWAAq ci αααα == ,,..., 21 mi ,...,1=  (4)

Where ∑
=

α=α
n

j
jji w

1
and the weighting vector of the

linguistic level
j

sα is ),...,,( 21 nwwww = . If ijr  is  the 

quantity of individuals that selected the brand or service ic
with the level jsα  and iv  is the quantity of all individuals 

that selected this brand, then:

i

ij
j v

r
w = , nj ...,,1= ; [ ]1,0∈jw  , ∑

=
=

n

j
jw

1
1 (5)

Step 2. The value of the membership function, without 
weighing: We define it on the basis of the aggregate degree

of interest, displacing the scale of order
2

1−n
, later

standardized.

( ) mi
n

ni
i ,...,1,

12
12

=
−
−+α

=κ , 10 ≤κ≤ i (6)

Step 3. The weighting vector: ( )mppp ...,,1=  is
obtained to reflect the number of times each brand is chosen
in the survey. Specifically, weights pi are calculated as
follows:

mip
F

F
p i

i

i
i ...,,1;10;

max
=∀≤<= (7)

where Fi is the frequency of occurrence for each brand.
Step 4. The aggregate fuzzy consideration set: The value 

of the membership function for each brand or service ( ic ) is
calculated as follows:

( ) iiiC pc κ=µ . (8)
which represent the intentions of purchase of the individuals
selecting the brand or service ic .

Finally, the aggregate fuzzy consideration set is:
[ ] ( ) iiiC pcEC κ=µ→ ./1,0: (9)

4 Application
In this section, the aggregate fuzzy consideration set of TDs
of a given of individuals segment is obtained as an
illustrative example of the proposed approach.

The consideration set  of TDs is a subset of the set of all 
consumers’ available alternatives and it is constituted by 
those TDs with which the consumer is acquainted, which he 
remembers or which he considers would be interesting to 
visit, and which were evaluated positively to spend his
holidays [23, 24].

As not all the TDs taken into account in the phases of 
evaluation and election are considered to have the same 
importance, it is possible to state that they belong to the 
evoked set with a different degree [13, 14]. For this reason 
we propose to treat the consideration set of TDs as a fuzzy 
set on the basis of the set of the places known by the
consumers.

Since mid 1900s, tourism has turned into one of the
economic activities of major growth in the world. The
tourist activity mobilises public and private funds, affecting 

the economic and social conditions of the population, and it 
can be an essential tool to achieve a sustainable
development as it is a generator of employment and
currency. This justifies the systematical study of the tourist 
activity in a region or country.

Young tourism is an increasing world trend. The
characteristic of this segment is the performing of trips,
different from those of the traditional market. In Argentina, 
the young tourism represents almost 20 % of the tourist 
entire market. 

Then, the methodology presented in Section 3.2 is
applied to obtain the aggregate fuzzy consideration set of
TDs of young students, with the data obtained in a survey.

A random closed survey to 940 students of the University 
of Buenos Aires (UBA) between 19 and 29 years of age was 
done in September 2008. We obtained information about the 
tourist places that students would like to visit in the next 
summer vacation (January, February, 2009) and the degree
of interest to visit particular locations.

A linguistic term set of five values was used, and every 
student expressed his degree of interest in each TD
considered by one of this label of the set S.
S = { 2−s = very low (VL), 1−s = low (L), 0s = middle (M),

1s = high (H), 2s = very high (VH) }
The data obtained in the survey were processed. The TDs

of the support of aggregate fuzzy consideration set are:
Bariloche1 =c

IguazúdelCataratas2 =c
Córdoba3 =c

CalafateEl4 =c
Jujuy5 =c

PlatadelMar6 =c
Mendoza7 =c
Pinamar8 =c

MadrynPuerto9 =c
Salta10 =c

AndeslosdeMartínSan11 =c
 Ushuaia12 =c

As an example of the calculation of the value of the
membership function, we will obtain it for Bariloche.1 =c

Step 1: We assume 21 −α = ss ; 12 −α = ss ; 03 ss =α ;

14 ss =α ; 25 ss =α .

By (4) and (5), we have )
273
100,

273
103,

273
59,

273
9,

273
2(=w ,

thus,

( ) ( ) 2
273
1001

273
1030

273
591

273
92

273
2

1 ×⊕×⊕×⊕−×⊕−×=α

therefore, 06.11 =α  and 06.11 sq = .

Step 2 :  By means of (6) ( ) 77.0
8

406.12
1 =+=κ .

Step 3 : Using (7) 89.0
306
273

1 ==p .

Step 4 : Finally, ( ) 69.01 =µ c .
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The following results are contained in Table 1.
In column 1: The TDs of the support of aggregate fuzzy 

consideration set.
In column 2: The frequency of each TD ( iF ).
In column 3: The aggregate degree of interest of each TD

( iq ).
In column 4: The value of membership function of each 

TD, without weighing ( iκ ).
In column 5: The weight of each TD (pi).
In column 6: The value of membership function of each 

TD ( ( )icµ ).

Table 1: Results of 1st survey - UBA 2008

TDs iF iq iκ ip ( )icµ

1c 273 06.1s 0.77 0.89 0.69

2c 306 97.0s 0.74 1 0.74

3c 231 78.0s 0.70 0.75 0.53

4c 152 43.1s 0.86 0.50 0.43

5c 161 07.1s 0.77 0.53 0.41

6c 182 45.0s 0.61 0.59 0.36

7c 247 02.1s 0.75 0.81 0.61

8c 100 67.0s 0.67 0.33 0.22

9c 91 09.1s 0.77 0.30 0.23

10c 269 12.1s 0.78 0.88 0.69

11c 91 24.1s 0.81 0.30 0.24

12c 162 29.1s 0.82 0.53 0.43

It is possible to express the linguistic aggregate degree of
interest (LA DI) of each TD using a label of set S.
Approximating the subindexof the virtual label to an integer 
value by means of the usual round operation, i.e.,
round ( )iα . The results can be observed in Table 2. This 
information is useful to the decis ion maker.

Table 2: Linguistic aggregate degree of interest
TD iq Ss ∈α LADI

1c 06.1α 1α High

2c 97.0α 1α High

3c 78.0α 1α High

4c 43.1α 1α High

5c 07.1α 1α High

6c 45.0α 0α Middle

7c 02.1α 1α High

8c 67.0α 1α High

9c 09.1α 1α High

10c 12.1α 1α High

11c 24.1α 1α High

12c 29.1α 1α High

The destinations that belong to the aggregate fuzzy 
consideration set have obtained high levels of aggregate
interest, except for Mar del Plata which obtained middle 
level. The predominant destinations are “Cataratas del

Iguazú”, “Salta” and “Bariloche”, with the biggest values of 
membership (Table 1).

To have an idea of the magnitude of the obtained sets, 
their cardinality has been calculated.

Awareness set: 62=E .
Support of aggregate fuzzy consideration set: ( ) 12=CS .
Aggregate fuzzy consideration set: 22.5=C .
To determine the degree of uncertainty contained in the 

information provided by the aggregate fuzzy consideration 
set, we obtained the Yager’s measure of fuzziness [25].

( )
( ) ( )

( ) { } )10(0,
psup

1

1

1
−∈












µ−µ

−=

∑
=

Np
C

xx

Ce

ppn

i
iCiC

Y

( ) 10 ≤≤ CeY .
If 1=p , then ( ) 68.0=CeY .
We can states that the fuzziness of the obtained set is 

moderate. This value indicates a measure of the information 
quality about the uncertainty of the group’s consideration.

The utility of the entropy has its roots in the possibility of 
comparison as well as in the study of fuzziness’ evolution 
existing in a system.

Empirical available evidence of similar studies shows 
that the fuzziness of the aggregated fuzzy consideration set 
is moderate in the first instance of its evaluation and
diminishes its value as you approach the moment to make 
the decision about your holidays.

Reference [14] shows that if 1=p , then (10) is equal to
Kaufmann’s linear index of fuzziness.

5 Conclusions
This paper offers a new approach to build aggregate fuzzy 
consideration set.

We verified that it enables to find more easily results 
similar to those obtained with the method that uses linguistic 
operators based on the Extension Principle.

The operator used in the model presented compute with 
words directly and weighs the linguistic argument itself,
instead of the ordered position. It allows for a continuous 
representation of the linguistic information on its domain, 
and thus, they can represent any counting of information 
obtained in an aggregation process without any loss of
information.

In this work we have presented preliminary results of a
research on young tourism begun in 2008. In this project we 
will analyze young people behaviour in choosing a TD in 
Argentina. National University population will be the aim of 
this study, since attending students have heterogeneous
characteristics.

With the information obtained through longitudinal
exploratory studies, we will determine and analyze the
aggregate fuzzy consideration sets of tourist destinations in 
Argentina at local and regional level, in winter and summer. 
We will study the dynamics and the fuzziness of the
aggregate sets and the attributes the young have in mind 
when choosing possible destinations to spend their
vacations. Obtained results will be compared considering 
tourist season and geographic areas.
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Finally, after each vacation period, the same group of 
students will be asked about which TD was visited, to check 
the forecast of the model.

This study will allow us to obtain relevant information, to 
make a diagnosis of the situation of the young tourism in the 
considered regions and to plan actions tending to increase 
this activity.

At this stage of the research we obtained and analyzed the 
aggregated awareness sets and consideration set of tourist 
destinations of Argentina for the young people in 2009 
summer vacation.

The results allow to infer that the hypothesis referred to 
consideration set’s fuzziness is valid as the consulted young 
people stated that not all the TDs considered to spend their 
next  vacation have aroused the same interest of visit.

We observed that the destinations considered are
traditional and well-known. They are distributed all around 
the whole country and present a variety of sceneries and 
attractions, such as the sea, the mountains, lakes, glaciers, 
rivers, waterfalls and cities with great cultural activity.

The favorites TDs are Bariloche, Mar del Plata, Iguazú 
Waterfalls and Córdoba, because they present the largest 
degree of consideration.
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Abstract—This work describes a distributed framework for routing 
path optimization in Optical Burst-Switched (OBS) networks that 
loosely mimics the foraging behaviour of ants observed in nature, 
which in the past has originated the Ant Colony Optimization (ACO) 
metaheuristic. The framework consists of additional data structures 
stored at the nodes and of special control packets that traverse the 
network, estimate the goodness of their paths and update accordingly 
the data structures of the nodes. The performance of the framework, 
which has been implemented on an event-driven OBS network 
simulator, is evaluated on several network topologies and compared 
with that obtained with centralized routing path optimization. The 
simulation results show that the distributed routing path selection 
framework significantly improves the performance of OBS networks 
by reducing data loss and that it attains a performance comparable 
to that of the centralized algorithm. The results also suggest that the 
framework is robust to changes in its parameters. 

Keywords—Ant colony optimization, optical burst switching, 
routing path optimization, swarm intelligence. 

1 Introduction 
The foraging behaviour of some ant species has inspired the 
ant colony optimization metaheuristic �[1], which has become 
one of the most successful swarm intelligence methods for 
problem solving �[2]. Ant colonies are distributed systems 
that take advantage of their structured social organization to 
accomplish complex tasks while relying only on very simple 
individuals. This property, where a colony is able to perform 
tasks whose complexity far exceeds that of an individual, has 
made ant colonies a source of inspiration to develop artificial 
distributed systems and algorithms �[3]. 

It has been shown that ACO algorithms can efficiently 
solve routing problems in some types of telecommunication 
networks, namely in circuit-switched �[4] and packet-switched 
�[5] networks. Recently, ACO algorithms were also devised 
for the routing and wavelength assignment problem that 
arises in Wavelength Division Multiplexing (WDM) optical 
networks �[6], �[7]. 

Circuit-switched WDM optical networks are worldwide 
used as backbone and metropolitan networks, due to their 
high capacity and low transmission losses. However, their 
coarse granularity limits their effectiveness to support bursty 
Internet Protocol (IP) packet traffic. Research efforts have 
been directed to finer-grained optical networking paradigms, 
such as optical burst switching �[8]. At the edge nodes of 
OBS networks, multiple IP packets are assembled into bursts 

of data, which are then transmitted towards their egress 
nodes. A one-way resource reservation mechanism without 
acknowledgement of successful reservation in the burst path 
is used to allocate wavelength channels to the upcoming data 
bursts. Hence, there is the possibility that two or more bursts 
contend for the same wavelength channel at the core nodes, 
which is further augmented by the lack of efficient optical 
buffers (limiting the capability to delay data bursts). Thus, 
contention is a major issue in OBS networks and minimizing 
it is of paramount importance. One approach to mitigate 
contention consists of optimizing the routing paths of data 
bursts as to balance the traffic load across the network links. 

This paper describes a distributed framework for routing 
path optimization in OBS networks inspired on ACO and 
assesses its performance using network simulation. The 
simulation results show that this framework can efficiently 
reduce contention, thus improving network performance, 
without requiring a fine tuning of its main parameters. 

The remainder of the paper is organized as follows. 
Section 2 describes the ant foraging behaviour observed in 
nature and its utilization for network routing optimization, 
whereas section 3 introduces the OBS network architecture 
and the relevance of optimizing the paths used to route data 
bursts. The proposed distributed routing path optimization 
framework for OBS networks, embedding collective 
intelligence and problem solving capabilities observed in 
colonies of ants is described in section 4. The performance 
of the proposed framework is evaluated through network 
simulation and compared to that obtained with shortest path 
routing and a centralized routing path optimization algorithm 
in section 5. Finally, section 6 presents the conclusions. 

2 Ant colony optimization and its applications 

2.1 Ants in Nature 
Individual ants are very simple insects whose behaviour 
appears to have a large random component. Despite their 
individual simplicity, when acting collectively they are able 
to execute complicated tasks with significant consistency and 
reliability. For instance, some ant species can collectively 
cooperate in regulating the nest temperature, raiding 
particular areas for food, building and protecting the nest, 
carrying large items, preferentially exploiting the richest 
available food source and, more related to this work, finding 
the shortest routes from the nest to a food source �[4]. These 
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relatively complex tasks seem to emerge from interactions 
between large numbers of ants and their environment. In 
some cases, individual ants coordinate their activities using a 
principle known as stigmergy �[1], whose main characteristics 
are: (i) indirect and non-symbolic form of communication 
mediated by the environment, that is, ants exchange 
information by modifying their environment; (ii) stigmergic 
information is local, which means that it can only be 
accessed by ants that visit the immediate vicinity of the place 
where it was released. 

The communication between individual ants is based on 
the use of specific chemicals, called pheromones. 
Particularly important for the social life of some ant species 
is the trail pheromone, which is a specific type of pheromone 
they use for marking paths on the ground. While walking 
between food sources and the nest, ants deposit pheromones 
on the ground, forming a pheromone trail. Subsequent ants 
sense the pheromone and tend to choose, probabilistically, 
paths with a stronger pheromone concentration, further 
reinforcing it. After some time, ants converge to use a single 
shortest path. A compendium of seminal works on the 
pheromone trail-laying and trail-following behaviour of some 
ant species can be found in �[3]. 
2.2 Ant Colony Optimization for Network Routing 
The basic idea underlying ant colony-based algorithms and 
systems is to use a form of artificial stigmergy to coordinate 
the activities of artificial agents. The majority of ACO 
applications have been for solving ��-hard problems, for 
which the best known algorithms that guarantee an optimal 
solution have an exponential time worst case complexity. In 
some of these problems, ACO algorithms have been shown 
to determine high-quality, although not guaranteed to be 
optimal, solutions in relatively short time. 

The routing problems in telecommunication networks are 
particularly interesting for ACO, because the intrinsically 
distributed nature of ACO can fit well with them. However, 
these problems pose additional challenges, because the 
routing algorithm should also be able to react rapidly to 
changing network and traffic conditions and to maintain 
exploration capabilities so that it can effectively evaluate 
alternative paths which, in view of the problem dynamics, 
can become the best ones at some point in time �[1]. 

The different ACO algorithms for network routing have in 
common the fact that pheromone tables are stored at the 
network nodes and artificial agents, typically in the form of 
control packets, are employed to collect node/link state 
information and update the pheromone tables. ACO was first 
applied to network routing in circuit-switched networks, like 
the Plain Old Telephone Service (POTS), in �[3]. The main 
purpose of Ant-Based Control (ABC) is to relieve congestion 
on the network by preferably routing calls (circuits) via parts 
of the network with larger spare capacity, consequently 
reducing call blocking probability. Later, ACO was applied 
to routing in packet-switched networks, such as IP networks, 
in �[5]. These networks use store-and-forward nodes, which 
contain buffers to store the incoming packets and delay them 
until there is free capacity on the preferred output link. With 

AntNet �[5], an artificial ant is launched at regular intervals of 
time from a network node towards another node to discover a 
low-cost path between the nodes and to investigate the load 
status of the network. The selection of the next node by an 
ant is made by assigning to the neighbouring nodes a 
probability of being selected that depends not only on the 
correspondent pheromone value but also on the occupancy of 
the queue associated to the link between the current node and 
the neighbouring node. Hence, the chances of selecting a 
neighbouring node increase with its pheromone value but 
decrease with the queue waiting time associated to it. 

ACO has also found application on routing in optical 
WDM networks, both in Optical Circuit-Switched (OCS) �[6], 
�[7] and Optical Packet-Switched (OPS) networks �[9]. AntNet 
was adapted in �[9] for load balancing in OPS networks. The 
nodes of these networks use Fibre Delay Line (FDL) buffers, 
which have a very limited contention resolution capability, 
when compared to electronic buffers. The proposal modifies 
the solution construction phase of the original AntNet 
implementation �[5] using a suitable expression for computing 
the buffer occupancy, since FDL buffers behave differently 
from electronic buffers. 

Despite the recent research activity aiming to use ACO for 
routing in optical WDM networks, both in OCS and OPS, to 
the best of the author’s knowledge ACO has not yet been 
adapted to the case of OBS networks. 

3 Optical burst-switched networks 
In current optical transport networks, circuits are established 
between nodes during long periods of time (weeks, months) 
using wavelength channels with a capacity of several Gbit/s 
each. However, the dominant IP packet traffic carried over 
these networks significantly fluctuates over relatively small 
time scales. Hence, current circuit-switched optical networks 
are inefficient to support this type of traffic due to both their 
coarse granularity and slow circuit setup time. OPS networks 
would provide the best adaptation between the IP traffic and 
the optical network resources used, but they cannot be 
implemented with state-of-the-art technology, namely due to 
the already referred lack of efficient optical buffers. OBS 
networks have attracted considerable interest because their 
switching granularity and optical technology complexity are 
in between those of OCS and OPS �[10]. 
3.1 Network Architecture 
At the ingress edge nodes of OBS networks, IP packets are 
assembled into large chunks of data, called bursts. Each data 
burst is transmitted using a wavelength channel and must be 
switched at the core nodes until it reaches the egress edge 
node, where it is disassembled and its packets delivered to 
the local IP network. Resource reservation for each burst is 
made using a control message, known as Burst Header 
Packet (BHP), sent ahead of the data burst on a separate 
wavelength channel. Each node along the routing path of the 
burst processes the BHP and configures its switching matrix 
to direct the upcoming data burst to an available wavelength 
channel on the appropriate output fibre link. The interested 
reader can find more information on OBS networks in �[10]. 
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3.2 Routing Path Optimization 
In OBS networks, multiple data bursts, overlapping in time, 
may contend at a node for the same wavelengths of an output 
fibre link. Unresolved contention leads to dropping some of 
the data bursts, degrading network performance. Therefore, 
it is important to minimize the probability that the number of 
overlapping data bursts directed to a fibre link exceeds the 
number of wavelength channels. This can be achieved by 
optimizing the routing paths in order to balance the traffic 
load offered to the network links, reducing the traffic load on 
the most congested links at the expense of increasing it on 
the less congested ones. 

Routing path optimization can either be centralized, when 
all the paths are computed at a central point of the network 
using global information of the offered traffic load �[11], or 
distributed �[12]. Although centralized strategies can reduce 
contention more efficiently, by exploiting global knowledge 
of the network state, distributed strategies are often preferred 
because they are more scalable and robust and faster to adapt 
the routing paths to changes in the traffic pattern. 

4 Distributed Ant-inspired Burst Routing 
The framework for distributed routing path optimization in 
OBS networks proposed in this work is based on principles 
of ACO. Although it inherits some concepts from previous 
ACO algorithms for network routing, such as AntNet and 
ABC, the proposed Distributed Ant-inspired Burst Routing 
(DABR) framework was specifically designed for bufferless 
OBS networks and incorporates functions that account for 
the particular characteristics of these networks. 

Common to all applications of ACO for network routing, 
the DABR framework uses artificial ants, in the form of 
control packets, and data structures at the network nodes to 
support stigmergic communication between the artificial 
ants. The key features of DABR are: 

� Forward ants carry a fictitious data burst reservation 
and, at each node, the instantaneous congestion of the 
output fibre links is evaluated based on the number of 
wavelengths available to transmit the fictitious burst. 

� Backward ants update the pheromone tables using the 
congestion information collected by the forward ants 
as input to a loss performance model that estimates 
the burst blocking probability on the path traversed by 
the forward ant. 

� In order to mitigate path stagnation, three mechanisms 
are used: the routing of forward ants employs both a 
minimum pheromone concentration per adjacent node 
(noise) and pheromone-heuristic control, whereas the 
backward ants use privileged pheromone laying �[13]. 

� The nodes keep separate routing and pheromone 
tables because an additional path integrity mechanism 
is used to completely avoid circular path formation. 

Consider an OBS network modelled as a directed graph 
G = (V, E), where N = |V| is the number of nodes and L = |E| 
is the number of unidirectional fibre links. Assume each fibre 
link supports a set of W wavelengths, {λ1, λ2, …, λW–1, λW}. 
The following sub-sections describe the DABR framework. 

4.1 Control Packets and Local Data Structures 
In DABR, artificial ants are transmitted on the control 
channel as modified BHPs. Two types of artificial ants are 
used: Explorer Ant Packet (EAP) and Referee Ant Packet 
(RAP). The former ant is used to collect information on the 
resource availability along a given routing path and to update 
the pheromone tables, loosely mimicking the behaviour of 
real ants, whereas the latter one is used to avoid circular path 
formation. Both EAP and RAP have two modes of operation: 
forward (F), from the ingress to the egress node, and 
backward (B), in the reverse path. Two data structures are 
stored at each node: one pheromone table and one routing 
table. The pheromone table is used for routing the F-EAPs 
and it is updated in their return trips as B-EAPs. The routing 
table can only be updated by RAPs. 

Unlike previous ACO routing algorithms, routing of 
artificial ants and data bursts in DABR is based not only on 
the egress node but also on the ingress node, providing an 
additional degree of freedom for load balancing at the 
expense of increasing the size of the tables. Let Ai denote the 
set of adjacent nodes of i ∈ V (nodes connected to i by a 
fibre link) and sd

ij�  denote the pheromone value associated to 

using node j ∈ Ai to route at node i a burst generated at s and 
directed to d. The sum of the pheromone values related with 
the same ingress and egress node pair must equal one, 
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Let hij denote the number of links of the shortest path 
between i and j. The pheromone tables are initialized as to be 
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4.2 Routing of Forward Explorer Ants 
Each time node s assembles a data burst directed to d, it 
generates with probability pant, where 0 < pant � 1, an F-EAP 
that is routed from s to d to collect information on the 
resource availability of a particular path. The F-EAP carries 
a fictitious burst reservation request whose duration equals 
that of the burst that triggered the generation of the artificial 
ant and a list VEAP with the nodes it has already visited. 

At each node i ∈ V visited by an F-EAP, the next node of 
its routing path is selected among the adjacent nodes not 
visited yet. In case Ai ⊆ VEAP, the F-EAP is dropped to avoid 
looping. Otherwise, the adjacent node j is selected with a 
probability sd

ijp  that is the normalized sum of the pheromone 

value and a heuristic value ηij that accounts for the resource 
availability on the fibre link between nodes i and j �[5], 

EAPEAP

EAP
� �

, ,
(1 ) �(1 ) �

0, otherwise

ii

sd
ij ij

isd
ikiksd

k Ak Aij
k Vk V

j A j V

p

α
αα

∈∈
∉∉

�
� + ∈ ∉

++�
= �
�
�
�

�� . (3) 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

180



The pheromone value is the result of pheromone laying by 
previous artificial ants and represents the long-term goodness 
of selecting the fibre link from i to j to route the F-EAP, 
whereas the heuristic value corresponds to the instantaneous 
goodness of selecting this fibre link. In order to compute ηij, 
the wavelength availability of the fibre link ij is assessed by 
determining if the fictitious data burst could be scheduled on 
each of the W wavelengths of the fibre link. Let �ij denote 
the number of available wavelengths to schedule the data 
burst on this fibre link. The heuristic value ηij is given by 

 ˆ�ij ijW W= . (4) 

The link state weight α determines the importance of the 
instantaneous resource availability of the fibre link over its 
long-term pheromone concentration. 

The node selected j* is added to the F-EAP, as well as the 
number of available wavelengths �ij*. When it reaches the 
egress node, the artificial ant is switched to B-EAP. 
4.3 Pheromone Table Update by Backward Explorer Ants 
The B-EAP follows the reverse path of the F-EAP, updating 
the pheromone tables in each node. In an OBS network, the 
average burst blocking probability on a fibre link can be 
estimated with the Erlang-B formula, assuming an average 
offered traffic load of x and a Poisson burst arrival process, 
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The wavelength availability �ij, collected by the F-EAP, 
is used to estimate the traffic load offered to the fibre link 
between i and j as x = W – �ij. Under the link independence 
assumption �[14], the average burst blocking probability in 
the routing path between nodes s and d can be estimated by 
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where }...,,...,,,{ ||21 EAPVk vvvv  denotes the ordered set of the 

nodes visited by the F-EAP and 
1

ˆ
k kv vB

+
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blocking probability in the fibre link between vk and vk+1. The 
goodness of a routing path is quantified in DABR as

 1sd sdq B= . (7) 

Each node i maintains the goodness of the best solution 
sdqbest  estimated by the previous Q artificial ants between s

and d and the pheromone reinforcement value r is given by 

 best best,
1, otherwise

sd sd sd sdq q q qr
� <�= �
��

. (8) 

In order to enhance the rewarding of good solutions (high 
values of r), while saturating the rewards for low values of r, 
the following squash function s(x) is used �[5],  
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where τmax is the maximum pheromone value that a single 
artificial ant can deposit. This parameter is used to regulate 
the impact of a single artificial ant on the pheromone tables. 

The pheromone update has to ensure a minimum amount 
of pheromone τmin uniformly divided by the adjacent nodes, 

 min� � | | ,sd
ik i iA k A≥ ∈ , (11) 

and it also has to guarantee that equation (1) holds. Hence, 
the following expressions have been devised for updating the 
pheromone value associated to the adjacent node j the F-EAP 
has used and that associated to the remaining adjacent nodes, 

 ( )min1 � (| | 1) | |sd sd sd
ij ij ij i ir A Aτ τ τ← + ⋅ − − ⋅ − , (12) 

 ( )min� | | , ,sd sd sd
ik ik ik i ir A k A k jτ τ τ← − ⋅ − ∈ ≠ . (13) 

In case the update has modified the adjacent node that has 
the highest pheromone value, designated as the dominant 
adjacent node, a specific flag of the B-EAP is activated. 
4.4 Routing Table Update and Circular Path Avoidance 
In the initial implementation of DABR, data bursts were 
routed through the path obtained from the adjacent nodes 
with the largest pheromone concentration. However, it was 
found that circular paths were occasionally formed, which 
resulted in data bursts getting trapped on a loop. Although 
these paths are only temporary, the resulting communication 
disruption is not tolerable in a high capacity optical network. 
Hence, it is imperative to include in DABR a mechanism to 
avoid the formation of circular paths. The novel mechanism 
devised for this purpose separates the pheromone and routing 
tables, guaranteeing that the update of the routing paths 
never allows the formation of loops without introducing 
additional restrictions to the update of the pheromone tables. 

Let sd
iv  denote the adjacent node of node i used for 

routing data bursts from node s to node d. The update of the 
routing path between s and d is triggered by the arrival at 
node s of a B-EAP with the flag that signals a new dominant 
adjacent node activated. As a result, node s generates a F-
RAP directed to node d. This control packet includes a list to 
record the nodes it visits. At each node i the F-RAP visits, 
the dominant adjacent node j* is determined, that is, 

 { }sd
ij

Aj i

j τ
∈

= maxarg* , (14) 

and compared with the nodes previously visited. In case node
j* has already been visited, a loop is detected and the F-RAP 
is discarded, keeping the routing path unchanged. Otherwise, 
the F-RAP adds the dominant adjacent node j* to the list of 
nodes visited and moves to it. In case j* = d, the new routing 
path is non-circular. Thus, the F-RAP is switched to B-RAP, 
follows the inverse path and, at each node i, the adjacent 
node used to route data bursts, sd

iv , is updated to be the 
same as the node visited by the F-RAP immediately after i. 

The routing of data bursts in DABR is determined by the 
routing tables of the nodes. In particular, when a BHP, 
preceding the correspondent data burst, arrives at node i, the 
node determines the next node of the data burst from sd

iv . 
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5 Simulation Results 
In OBS networks, the most relevant performance metric is 
the average burst blocking probability. The loss performance 
of OBS networks is evaluated using the network simulator of 
�[15] modified to support DABR. All the simulations use the 
JET resource reservation mechanism �[8], each fibre link has 
W=32 wavelength channels, each with a capacity µ=10 Gb/s, 
the time to process one BHP or artificial packet is 100 µs 
and the switch fabric configuration time is 160 µs. The burst 
size and interarrival time are exponentially distributed and 
the average burst size is 10 MB. The average offered traffic 
load normalized to the network capacity is given by

   
�

�
�

sd
sds, d V

h
L W

∈
⋅

=
⋅ ⋅

� , (15) 

where γsd is the average offered traffic load between nodes s
and d. The performance evaluation is made with the network 
topologies of Fig. 1, assuming a uniform traffic pattern for 
EON and a non-uniform traffic pattern for COST 239. The 
average burst blocking probability and a 95% confidence 
interval on this value are obtained from 10 independent 
simulations with 5×106 data bursts each. 
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(a) COST 239 (b) EON 
Figure 1: Network topologies. 

Figure 2 plots the average burst blocking probability as a 
function of the average offered traffic load for the COST 239 
and EON networks, respectively. The parameters used for 
DABR are pant=0.05, α=0.25, τmin=0.2, τmax=0.1, and Q=50, 
aiming a compromise between performance and adaptability 
to changing conditions. For comparison purposes the plots 
also include the performance obtained with Shortest Path 
Routing (SPR) and the centralized HMNC algorithm of �[11]. 

The simulation results show that the performance obtained 
with DABR lies between that of SPR and HMNC, although 
always closer to the latter. This is an expected outcome. On 
one hand, the simpler SPR does not optimize the traffic load 
distribution over the fiber links, which can significantly 
increase contention in some of the links. On the other hand, 
the HMNC algorithm is more effective because it exploits 
the global knowledge of accurate traffic statistics. However, 
in more dynamic traffic scenarios, where traffic statistics are 
less reliable, HMNC may become less effective than the 
proposed DABR. The simulation results also show that 
larger confidence intervals are obtained with DABR than that 
with SPR and HMNC. This is a consequence of the online 
modification of the routing paths observed when using 
DABR, while with SPR and HMNC the same set of routing 
paths is used during the entire simulation. 
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Figure 2: Network performance of DABR, SPR and HMNC. 

The performance impact of varying some of the 
parameters of DABR is assessed in the COST 239 network. 
In all cases, the parameter values given above are used with 
the exception of the parameter being varied. The average 
burst blocking probability as a function of the minimum 
pheromone value, maximum pheromone increment per EAP 
and size of sliding window used to record the best EAP 
solution are plotted in Figures 3, 4 and 5, respectively. 
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Figure 3: Performance impact of τmin. 
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Figure 4: Performance impact of τmax. 
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Figure 5: Performance impact of Q. 

The results above consider three values of average offered 
traffic load in order to confirm that the behaviour observed is 
independent of the traffic load. According to the simulation 
results of Fig. 3, the loss performance slightly deteriorates as 
the minimum pheromone concentration on the adjacent 
nodes is increased. This is because the random component of 
routing the EAPs becomes larger, increasing the chances of 
modifications in the routing paths. In the limit case τmin=1, 
the network cannot optimize the set of routing paths. 

From Fig. 4, it can be seen that the average burst blocking 
probability is slightly increased as the EAPs are allowed to 
deposit more pheromone in a single trip. This behaviour is 
attributed to more frequent modifications of the routing paths 
as a consequence of increased fluctuations of the pheromone 
values. A smaller pheromone increment makes the routing 
paths less sensitive to the goodness of the solution found by a 
single artificial ant, which means they are changed only when 
a significant number of EAPs have followed a given routing 
path and confirmed its superior quality. 

As shown in Fig. 5, the use of a large Q can improve the 
network performance because it enhances the accuracy of the 
pheromone update process. 

Overall, given the relatively small range of variation of 
the average burst blocking probability, the results suggest 

that DABR is quite robust to changes in its main parameters. 
The results also suggest that a larger Q and a smaller τmin and 
τmax slightly improve loss performance. However, it should 
be stressed that the simulations consider a single traffic 
pattern (in terms of average offered traffic load), whereas in 
more dynamic traffic scenarios a very large Q and very small 
τmin and τmax should be avoided because they can slow down 
the convergence to a new set of optimized routing paths 
whenever significant changes in the traffic pattern take place. 

6 Conclusions 
This paper has proposed a novel distributed routing path 
optimization framework for OBS networks based on ACO 
concepts. Simulation results have shown that the proposed 
framework can significantly improve network performance 
without needing to fine tune its parameters. 
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Abstract— Uninorms are a generalization of t-norms and t-
conorms for which the neutral element is an element of [0,1] which
is not necessarily equal to 0 (as for t-norms) or 1 (as for t-conorms).
Uninorms on the unit interval are either conjunctive or disjunc-
tive, i.e. they aggregate the pair (0,1) to either 0 or 1. In real-
life applications, this kind of aggregation may be counter-intuitive.
Atanassov’s intuitionistic fuzzy set theory is an extension of fuzzy set
theory which allows to model uncertainty about the membership de-
grees. In Atanassov’s intuitionistic fuzzy set theory there exist uni-
norms which are neither conjunctive nor disjunctive. In this paper
we study such uninorms more deeply and we investigate the structure
of these uninorms. We also give several examples of uninorms which
are neither conjunctive nor disjunctive.

Keywords— Conjunctive, disjunctive, interval-valued fuzzy set,

intuitionistic fuzzy set, uninorm.

1 Introduction

Interval-valued fuzzy set theory [1, 2] is an extension of fuzzy

set theory in which to each element of the universe a closed

subinterval of the unit interval is assigned which approxi-

mates the unknown membership degree (using interval-valued

fuzzy sets is not always the best approach to deal with uncer-

tainty, see [3] for more information). Another extension of

fuzzy set theory is intuitionistic fuzzy set theory introduced

by Atanassov [4]. In [5] it is shown that intuitionistic fuzzy

set theory is equivalent to interval-valued fuzzy set theory and

that both are equivalent to L-fuzzy set theory in the sense of

Goguen [6] w.r.t. a special lattice LI .

Uninorms are an important generalization of t-norms and

t-conorms introduced by Yager and Rybalov [7]. Uninorms

allow for a neutral element lying anywhere in the unit inter-

val rather than at one or zero as is the case for t-norms and

t-conorms. Uninorms on the unit interval are either conjunc-

tive or disjunctive, i.e. they aggregate the pair (0,1) to either

0 or 1. In real-life applications, this kind of aggregation may

be counter-intuitive, e.g. in customer satisfaction modelling,

if an aspect of the product receives a negative evaluation and

another aspect a positive evaluation, then in general the global

evaluation will neither be very negative or very positive, but

rather be quite uncertain. This situation can be modelled by

using uninorms in Atanassov’s intuitionistic fuzzy set theory,

which can be neither conjunctive nor disjunctive (see [8]).

In this paper we therefore investigate such uninorms more

deeply.

Definition 1.1 We define LI = (LI ,≤LI ), where

LI = {[x1,x2] | (x1,x2) ∈ [0,1]2 and x1 ≤ x2}, (1)

[x1,x2] ≤LI [y1,y2] ⇐⇒ (x1 ≤ y1 and x2 ≤ y2), (2)

for all [x1,x2], [y1,y2] in LI
.

Similarly as Lemma 2.1 in [5] it can be shown that LI is a

complete lattice.

Definition 1.2 [1, 2] An interval-valued fuzzy set on U is a
mapping A :U → LI.

Definition 1.3 [4] An intuitionistic fuzzy set on U is a set

A = {(u,µA(u),νA(u)) | u ∈U}, (3)

where µA(u) ∈ [0,1] denotes the membership degree and
νA(u) ∈ [0,1] the non-membership degree of u in A and where
for all u ∈U, µA(u)+νA(u) ≤ 1.

An intuitionistic fuzzy set A onU can be represented by the

LI-fuzzy set A given by

A : U → LI :

u �→ [µA(u),1−νA(u)],
(4)

In Figure 1 the set LI is shown. Note that each x = [x1,x2]∈
LI is represented by the point (x1,x2) ∈ R2.

[0,0]

[1,1][0,1]

x1

x2

x = [x1,x2]

x1

x2

Figure 1: The grey area is LI .

In the sequel, if x ∈ LI , then we denote its bounds by x1 and
x2, i.e. x = [x1,x2]. The smallest and the largest element of LI
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are given by 0
LI = [0,0] and 1

LI = [1,1]. Note that, for x, y in
LI , x <LI y is equivalent to x ≤LI y and x �= y, i.e. either x1 < y1
and x2 ≤ y2, or x1 ≤ y1 and x2 < y2. If for x, y in LI it holds

that either x1 < y1 and x2 > y2, or x1 > y1 and x2 < y2, then x
and y are incomparable w.r.t.≤LI , denoted as x‖LI y. We define

for further usage the set D = {[x1,x1] | x1 ∈ [0,1]}.

Definition 1.4 A t-norm on LI is a commutative, associative,
increasing mapping T : (LI)2 → LI which satisfies T (1

LI ,x) =
x, for all x ∈ LI.

A t-conorm on LI is a commutative, associative, increasing
mapping S : (LI)2 → LI which satisfies S(0

LI ,x) = x, for all
x ∈ LI.

Definition 1.5 A negation on LI is a decreasing mapping
N : LI → LI for which N (0

LI ) = 1
LI and N (1

LI ) = 0
LI . If

N (N (x)) = x, for all x ∈ LI, then N is called involutive.

Let N be a negation on ([0,1],≤). Then the mapping NN :

LI → LI defined by, for all x ∈ LI ,

NN(x) = [N(x2),N(x1)], (5)

is a negation on LI .

We will also need the following result and definition (see

[9, 10, 11, 12, 13]).

Theorem 1.1 Let (Tα)α∈A be a family of t-norms on ([0,1],
≤) and (]aα ,eα [)α∈A be a family of non-empty, pairwise dis-
joint open subintervals of [0,1]. Then the function T : [0,1]2 →
[0,1] defined by, for all x,y in [0,1],

T (x,y) =




aα +(eα −aα) ·Tα

(
x−aα

eα −aα
,

y−aα

eα −aα

)
,

if (x,y) ∈ [aα ,eα ]2,

min(x,y), otherwise,
(6)

is a t-norm on ([0,1],≤).

Definition 1.6 Let (Tα)α∈A be a family of t-norms on ([0,1],
≤) and (]aα ,eα [)α∈A be a family of non-empty, pairwise dis-
joint open subintervals of [0,1]. The t-norm T defined by (6)

is called the ordinal sum of the summands 〈aα ,eα ,Tα〉, α ∈ A,
and we will write

T = (〈aα ,eα ,Tα〉)α∈A. (7)

2 Uninorms on LI

The following definition of a uninorm on LI is a straightfor-

ward generalization of the definition of a uninorm on the unit

interval introduced by Yager and Rybalov [7, 14].

Definition 2.1 [8] A uninorm on LI is a commutative, asso-
ciative, increasing mapping U : (LI)2 → LI for which there ex-
ists an e ∈ LI such that U(e,x) = x, for all x ∈ LI. The element
e is called the neutral element of U .

For any uninorm U on the unit interval, there exist increas-

ing bijections φe : [0,e]→ [0,1] and ψe : [e,1]→ [0,1] with in-
creasing inverse, a t-norm TU and a t-conorm SU on ([0,1],≤)
such that [14]

(i) (∀(x,y) ∈ [0,e]2)(U(x,y) = φ−1
e (TU (φe(x),φe(y))));

(ii) (∀(x,y) ∈ [e,1]2)(U(x,y) = ψ−1
e (SU (ψe(x),ψe(y)))).

Let U be a uninorm on LI with neutral element e ∈ LI . We

define E = {x | x ∈ LI and x ≤LI e} and E ′ = {x | x ∈ LI and

x ≥LI e}. In [8] it is shown that if e �∈ D, then there does

not exist increasing bijections Φe : E → LI and Ψe : E ′ → LI

such that Φ−1
e and Ψ−1

e are increasing. On the other hand, if

e ∈ D \ {0
LI ,1LI}, then the mappings Φe : E → LI and Ψe :

E ′ → LI defined by, for all x ∈ LI ,

Φe(x) =
[x1

e1
,

x2
e1

]
, (8)

Ψe(x) =
[x1− e1
1− e1

,
x2− e1
1− e1

]
. (9)

are increasing bijections for which the inverse is also increas-

ing. As a consequence, the above result can only be extended

if e ∈ D\{0
LI ,1LI}.

From now on, we denote for any t-norm T and t-conorm S
on ([0,1],≤), Tφe = φ−1

e ◦ T ◦ (φe × φe) and Sψe = ψ−1
e ◦ S ◦

(ψe ×ψe), where × denotes the product operation [15]. A

similar notation will be used for t-(co)norms and bijections on

LI .

Theorem 2.1 [8] Let U be a uninorm on LI with neutral ele-
ment e ∈ D\{0

LI ,1LI}. Then:

(i) the mapping TU : (LI)2 → LI defined by, for all x,y ∈ LI,

TU (x,y) = Φe(U(Φ−1
e (x),Φ−1

e (y))) (10)

is a t-norm on LI ;

(ii) the mapping SU : (LI)2 → LI defined by, for all x,y ∈ LI,

SU (x,y) = Ψe(U(Ψ−1
e (x),Ψ−1

e (y))) (11)

is a t-conorm on LI .

Theorem 2.2 Let U be a uninorm on LI with neutral element
e ∈ LI \{0

LI ,1LI}. Then for all x, y in LI,

x ≤LI e ≤LI y =⇒ inf(x,y) ≤LI U(x,y) ≤LI sup(x,y). (12)

These properties show that uninorms are well suited to

model human evaluations (e.g. customer satisfaction). Cus-

tomers which evaluate the performance of all aspects of a cer-

tain product high, have a tendency to give the global satisfac-

tion degree an even higher value; on the other hand customers

which globally consider the performance of the various as-

pects as insufficient, will give a low global evaluation. So we

observe “reinforcement”: a collection of high (low) rates “re-

inforce” each other and yield a global evaluation rate that is

even higher (resp. lower) than each individual rate. If, how-

ever, a customer gives high scores only to some aspects and

low scores for other aspects, then the global score will in gen-

eral be located between the lowest and the highest value. This

is “compensation”. From Theorem 2.1 it follows that U
∣∣
E2 be-

haves like a t-norm, in particular U(x,y) ≤LI inf(x,y), for all
x, y in E. On the other hand, U

∣∣
E ′2 behaves like a t-conorm,

so U(x,y) ≥LI sup(x,y), for all x, y in E ′. Finally, if x ≤LI e
and y ≥LI e (or conversely), then U(x,y) is a number between
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inf(x,y) and sup(x,y). So, clearly, uninorms show a reinforc-

ing behaviour on E2 and E ′2, and a compensating behaviour

on E ×E ′ and E ′ ×E (see [16, 17, 18, 19] for more details).

For uninorms on the unit interval, however,U(0,1) can only
have two values: 0 or 1 (see [14]). In the first case the uni-

norm is called “conjunctive” and in the second case “disjunc-

tive”. However, in both cases the compensatory behaviour of

the uninorm is violated. For uninorms on LI we have the fol-

lowing property.

Theorem 2.3 [8] Let U be a uninorm on LI with neutral el-
ement e ∈ D \ {0

LI ,1LI}. Then either U(0
LI ,1LI ) = 0

LI or
U(0

LI ,1LI ) = 1
LI or U(0

LI ,1LI )‖LI e.

Hence uninorms on LI are not necessarily conjunctive or

disjunctive. It is possible that a uninorm on LI shows com-

pensatory behaviour between 0
LI and 1

LI . If one aspect of a

product has a very negative evaluation (0
LI ) and another as-

pect is very positively evaluated (1
LI ), then in general it will

be very difficult to give a global evaluation of the product,

in fact the global evaluation will contain a lot of uncertainty.

Therefore it makes more sense to use a uninorm U for which

U(0
LI ,1LI )‖LI e.

3 Uninorms on LI which are neither
conjunctive nor disjunctive

In this section we try to obtain more information about the

structure of uninorms which are neither conjunctive nor dis-

junctive by investigating the possible values of U(x,y) with x,
y in LI . First we give an example of a uninorm on LI that is

neither conjunctive nor disjunctive, in order to show that such

uninorms do exists.

Example 3.1 Let for all e1 ∈ ]0,1[, Ue1 be the uninorm on
([0,1],≤) defined by, for all x1, y1 in [0,1],

Ue1(x1,y1) =

{
max(x1,y1), if x1 ≥ e1 and y1 ≥ e1;

min(x1,y1), else.
(13)

Let now, for all x, y in LI,

U(x,y) = [Ue1(x1,y1),1−U1−e1(1− x2,1− y2)]. (14)

Then U is a uninorm on LI with neutral element e = [e1,e1].
Since U(0

LI ,1LI ) = [0,1], U is neither conjunctive nor dis-
junctive.

In general, if U1 is an arbitrary conjunctive uninorm and
U2 an arbitrary disjunctive uninorm on ([0,1],≤), then the
mapping U : (LI)2 → LI : (x,y) �→ [U1(x1,y1),U2(x2,y2)], for
all x, y in LI, is a uninorm on LI for which U(0

LI ,1LI ) = [0,1].

Lemma 3.1 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. Then, for all x ∈ LI,

(i) either U(0
LI ,x) = 0

LI or U(0
LI ,x) �∈ E,

(ii) either U(1
LI ,x) = 1

LI or U(1
LI ,x) �∈ E ′.

Theorem 3.2 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. If U(0
LI ,1LI )‖LI e, then, for all x ∈ LI,

(i) U(0
LI ,x)‖LI e or U(0

LI ,x) = 0
LI ,

(ii) U(1
LI ,x)‖LI e or U(1

LI ,x) = 1
LI .

If one aspect of a product has a negative evaluation x ∈ LI

with x≤LI e and another aspect has a positive evaluation y∈ LI

with y ≥LI e, then the global evaluation will be rather neutral

and contain some uncertainty. Therefore it is natural to expect

that U(x,y)‖LI e. We investigate for which x and y in LI this is

the case.

Lemma 3.3 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. Assume that U(0
LI ,1LI )‖LI e.

(i) Let arbitrarily x ∈ E. If U(1
LI ,x) = 1

LI , then U(1
LI ,

[x1,y2]) = 1
LI , for all y2 ∈ [x1,e1].

(ii) Let arbitrarily x ∈ E ′. If U(0
LI ,x) = 0

LI , then U(0
LI ,

[y1,x2]) = 0
LI , for all y1 ∈ [e1,x2].

Theorem 3.4 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. If U(0
LI ,1LI )‖LI e, then

(i) there exists an α ∈ D∩E such that (see Figure 2)

• U(1
LI ,x)‖LI e for all x ∈ LI satisfying x1 < α1 and

x2 ≤ e1, and

• U(1
LI ,x) = 1

LI , for all x ∈ LI satisfying x1 > α1,

(ii) there exists a β ∈ D∩E ′ such that

• U(0
LI ,x)‖LI e for all x ∈ LI satisfying x1 ≥ e1 and

x2 > β1, and

• U(0
LI ,x) = 0

LI , for all x ∈ LI satisfying x2 < β1.

[0,0]

[1,1][0,1]

x1

x2

e

α

β

Figure 2: The grey area is the set of elements x for which

U(x,1
LI ) = 1

LI , the dotted area is the set of elements x for

which U(x,1
LI )‖LI e.

Example 3.2 We give an example of a uninorm which sat-

isfies the results in Theorem 3.4 for a non-trivial α and β .
Let arbitrarily α ∈ D∩E \{0

LI ,e} and β ∈ D′ ∩E ′ \ {e,1
LI}.

Let T1a and T1b be arbitrary t-norms, S1a and S1b arbitrary t-

conorms on ([0,1],≤), and define

T1 = (〈0,φe(α1),T1a〉,〈φe(α1),1,T1b〉), (15)

S2 = (〈0,ψe(β1),S2a〉,〈ψe(β1),1,S2b〉). (16)
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Define the mappings U1 : [0,1]2 → [0,1] and U2 : [0,1]2 →
[0,1] by, for all x1, y1, x2, y2 in [0,1],

U1(x1,y1) =




(T1)φe(x1,y1), if max(x1,y1) ≤ e1,

(S1)ψe(x1,y1), if min(x1,y1) ≥ e1,

1, if (x1 > α1 and y1 = 1)

or (y1 > α1 and x1 = 1),

min(x1,y1), else,

(17)

U2(x2,y2) =




(T2)φe(x2,y2), if max(x2,y2) ≤ e1,

(S2)ψe(x2,y2), if min(x2,y2) ≥ e1,

0, if (x2 < β1 and y2 = 0)

or (y2 < β1 and x2 = 0),

max(x2,y2), else,

(18)

Then U1 is a conjunctive uninorm and U2 is a disjunctive uni-

norm on ([0,1],≤). The mapping U : (LI)2 → LI defined by,

for all x, y in LI ,

U(x,y) = [U1(x1,y1),U2(x2,y2)], (19)

is a uninorm on LI for which U(0
LI ,1LI ) = [0,1] and for

which the results in Theorem 3.4 hold for the given α and

β .

From now on α and β will be the elements of LI introduced

in Theorem 3.4.

Lemma 3.5 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. If U(0
LI ,1LI )‖LI e, then for all x ∈ E and

y∈E ′ satisfying x1 < α1 and y2 > β1 it holds that U(x,y)‖LI e.

Theorem 3.6 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. If U(0
LI ,1LI )‖LI e, then for all x ∈ E and

y∈E ′ satisfying x1 < α1 and y2 > β1 it holds that (U(x,y))1 ≤
α1 and (U(x,y))2 ≥ β1.

Corollary 3.7 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. Assume that U(0
LI ,1LI )‖LI e.

(i) Let arbitrarily a = [α1,a2] ∈ E and y ∈ E ′ such that y2 >

β1. Then
lim
x→a

x1<α1

(U(x,y))1 = α1. (20)

(ii) Let arbitrarily b = [b1,β2] ∈ E ′ and x ∈ E such that x1 <

α1. Then
lim
y→b

y2>β2

(U(x,y))2 = β2. (21)

In the above, the limits are calculated using on LI the Eu-
clidean metric function dE(x,y) =

√
(x1− y1)2 +(x2− y2)2,

for all x, y in LI.

Theorem 3.8 Let U be a uninorm on LI with neutral element
e ∈ D\{0

LI ,1LI}. Assume that U(0
LI ,1LI )‖LI e.

(i) For all x ∈ E and y ∈ E ′ satisfying x1 > α1 and y2 > β1

it holds that U(x,y) ≥LI [α1,β1].

(ii) For all x ∈ E and y ∈ E ′ satisfying x1 < α1 and y2 < β1

it holds that U(x,y) ≤LI [α1,β1].

4 The value of U(0LI ,1LI)

In this section we check which are the possible values for

U(0
LI ,1LI ) in the case that U is neither conjunctive nor dis-

junctive.

Lemma 4.1 For any α ∈ LI and e ∈ D\{0
LI ,1LI} such that

α ‖LI e, α1 > 0 and α2 < 1, there exists an involutive negation
N on ([0,1],≤) such that N(α1) = α2 and N(e1) = e1.

Theorem 4.2 Let e ∈ D \ {0
LI ,1LI}, α ∈ LI, T1 and T2 be t-

norms, S1 and S2 be t-conorms on ([0,1],≤) such that

(i) α ‖LI e,

(ii) there exist t-norms T1a and T1b on ([0,1],≤) such that
T1 = (〈0,φe(α1),T1a〉,〈φe(α1),1,T1b〉),

(iii) there exist t-conorms S2a and S2b on ([0,1],≤) such that
S2 = (〈0,ψe(α2),S2a〉,〈ψe(α2),1,S2b〉),

(iv) T1(x1,y1) ≤ T2(x1,y1) and S1(x1,y1) ≤ S2(x1,y1), for all
x1,y1 in [0,1].

Define the mapping U : (LI)2 → LI by, for all x,y in LI,

(U(x,y))1 =




α1, if (x1 < α1 and y1 ≥ α1 and y2 > e1)

or (y1 < α1 and x1 ≥ α1 and x2 > e1),

U1(x1,y1), else,
(22)

(U(x,y))2 =




α2, if (x2 > α2 and y2 ≤ α2 and y1 < e1)

or (y2 > α2 and x2 ≤ α2 and x1 < e1),

U2(x2,y2), else.
(23)

where, for all x1,y1,x2,y2 in [0,1],

U1(x1,y1) =




(T1)φe(x1,y1), if max(x1,y1) ≤ e1,

(S1)ψe(x1,y1), if min(x1,y1) ≥ e1,

min(x1,y1), else,

(24)

U2(x2,y2) =




(T2)φe(x2,y2), if max(x2,y2) ≤ e1,

(S2)ψe(x2,y2), if min(x2,y2) ≥ e1,

max(x2,y2), else.

(25)

Then U is a uninorm on LI with neutral element e for which
U(0

LI ,1LI ) = α .

Theorem 4.2 shows that for any e ∈ D\{0
LI ,1LI} and any

α ∈ LI such that α ‖LI e, there exists a uninorm U on LI with

neutral element e such that U(0
LI ,1LI ) = α .

In the following theorem we show that for most values of

α ∈ LI such that α ‖LI e, it is even possible to find uninorms

satisfying U(0
LI ,1LI ) = α , which are self-dual.

Theorem 4.3 Let e ∈ D \ {0
LI ,1LI}, α ∈ LI, T be a t-norm,

S a t-conorm and N a negation on ([0,1],≤) such that

(i) α ‖LI e and either α ‖LI [0,1] or α = [0,1],

(ii) N is involutive, N(α1) = α2 and N(e1) = e1,

(iii) there exist t-norms Ta and Tb on ([0,1],≤) such that T =
(〈0,φe(α1),Ta〉,〈φe(α1),1,Tb〉),
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(iv) Tφe(x1,y1) ≤ N(Sψe(N(x1),N(y1))), for all x1 and y1 in
[0,e1].

Define the mapping U : (LI)2 → LI by, for all x,y in LI,

(U(x,y))1 =




α1, if (x1 < α1 and y1 ≥ α1 and y2 > e1)

or (y1 < α1 and x1 ≥ α1 and x2 > e1),

U(x1,y1), else,
(26)

(U(x,y))2 = N((U(NN(x),NN(y)))1). (27)

where, for all x1,y1 in [0,1],

U(x1,y1) =




Tφe(x1,y1), if max(x1,y1) ≤ e1,

Sψe(x1,y1), if min(x1,y1) ≥ e1,

min(x1,y1), else.

(28)

Then U is a uninorm on LI with neutral element e for which
U(0

LI ,1LI ) = α and, for all x,y in LI,

U(x,y) = NN(U(NN(x),NN(y))). (29)

Example 4.1 Let arbitrarily e ∈ D and α ∈ LI with α ‖LI e
and α ‖LI [0,1]. Define for all x1 ∈ [0,1],

N(x1) =




1− 1−α2
α1

x1, if x1 ∈ [0,α1],

e1 + α2−e1
α1−e1

(x1− e1), if x1 ∈ [α1,e1],

e1 + α1−e1
α2−e1

(x1− e1), if x1 ∈ [e1,α2],

− α1
1−α2

(x1− e1), if x1 ∈ [α2,1].

(30)

Then N is an involutive negation with N(α1) = α2 and
N(e1) = e1. Define T = (〈0,φe(α1),P〉,〈φe(α1),1,min〉),
where P is the product t-norm on the unit interval. Then for
all (x1,y1) ∈ [0,e1]2,

Tφe(x1,y1) =

{
1

α1
x1y1, if (x1,y1) ∈ [0,α1]

2,

min(x1,y1), else.
(31)

Let now for all (x1,y1) ∈ [e1,1]2, Sψe = N ◦Tφe ◦ (N×N). De-
fine U, (U(x,y))1 and (U(x,y))2 in a similar way as in Theo-
rem 4.3. Then U is a uninorm on LI with neutral element e for
which U(0

LI ,1LI ) = α and which is self-dual w.r.t. NN.

The question remains whether for any e ∈ D \ {0
LI ,1LI},

any α ∈ LI such that α ‖LI e, and also any t-norm T and any

t-conorm S on LI , there exists a uninorm U on LI with neutral

element e such that U(0
LI ,1LI ) = α , TU = T and SU = S.

5 Conclusion

In this paper we have studied uninorms on the lattice LI ,

which is the underlying lattice of both Atanassov’s intuition-

istic fuzzy set theory and interval-valued fuzzy set theory.

Such uninorms U can be neither conjunctive nor disjunctive,

in which case U(0
LI ,1LI ) is an element of LI which is incom-

parable to the neutral element of U . We have investigated the

value U(x,y) in the case that x and y are located in certain ar-

eas of LI and we have found several restrictions. For any value

of α ∈ LI which is incomparable to an arbitrary element e, we
have constructed a uninorm U with neutral element e and for

which U(0
LI ,1LI ) = α .
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Abstract— Fuzzy Description Logics are a family of logics which
allow to deal with structured knowledge affected by vagueness. Al-
though a relatively important amount of work has been carried out
in the last years, current fuzzy DLs are open to be extend with sev-
eral features worked out in the fuzzy logic literature. In this work, we
extend fuzzy DLs with fuzzy truth values, allowing to state sentences
such as “Tina is young is almost true”.
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1 Introduction
Description Logics (DLs) [1], have gained popularity due to
their application in the context of the Semantic Web [2]. On-
tologies play a key role in the Semantic Web. An ontology
consists of a hierarchical description of important concepts in
a particular domain, along with the description of the proper-
ties (of the instances) of each concept. DLs play a particular
role in this context as they are essentially the theoretical coun-
terpart of the Web Ontology Language OWL DL, a state of the
art language to specify ontologies.

It is well-known that “classical” ontology languages are
not appropriate to deal with fuzzy/vague/imprecise knowledge,
which is inherent to several real world domains [3, 4]. Since
fuzzy set theory and fuzzy logic are suitable formalisms to
handle these types of knowledge, fuzzy ontologies emerge as
useful in several applications, such as (multimedia) informa-
tion retrieval, image interpretation, ontology mapping, match-
making and the Semantic Web [5]. So far, several fuzzy
extensions of DLs can be found in the literature (see the
survey in [5]) and some fuzzy DL reasoners exist, such as
FUZZYDL [6], DELOREAN [7], FIRE [8] or DLMEDIA [9].

In this paper we allow fuzzy DL sentences to be qualified
with fuzzy truth values [10], and, thus, allow expressions such
as “Tina is young is very true” and “Tina is young is almost
true”. We show the syntax, semantics and reasoning algo-
rithms for the extension provided in this paper.

We proceed as follows. To make the paper self-contained,
the next section recalls salient notions of mathematical fuzzy
logics [11]. Section 3 introduces fuzzy ALC [3], which is the
fuzzy variant of the Description Logic ALC. ALC is usually
considered as a reference language, whenever new features are
introduced into DLs. Section 4 extends fuzzy DLs with fuzzy
truth values and Section 5 provides reasoning algorithms. Sec-
tion 6 concludes and describes future work.

2 Preliminaries: Mathematical Fuzzy Logic
In the setting of fuzzy logics, the convention prescribing that

a statement is either true or false is changed and is a matter
of degree measured on an ordered scale S that is no longer
{0, 1}, but, e.g., the unit interval [0, 1]. This degree of fit is

called degree of truth of the statement φ in the interpretation
I. Fuzzy logics logics provide compositional calculi of de-
grees of truth, including degrees between “true” and “false”.
A statement is now not true or false only, but may have a truth
degree taken from a truth space S, usually [0, 1] (in that case
we speak about Mathematical Fuzzy Logic [11]).

In the illustrative fuzzy logic that we consider in this sec-
tion, fuzzy statements have the form φ� l or φ�u, where
l, u∈ [0, 1] [13, 11] and φ is a statement, which encode that
the degree of truth of φ is at least l resp. at most u. For exam-
ple, ripe tomato � 0.9 says that we have a rather ripe tomato
(the degree of truth of ripe tomato is at least 0.9).

A fuzzy interpretation I maps each basic statement pi into
[0, 1] and is then extended inductively to all statements:

I(φ ∧ ψ) = I(φ) ⊗ I(ψ) ;
I(φ ∨ ψ) = I(φ) ⊕ I(ψ) ;
I(φ → ψ) = I(φ) ⇒ I(ψ) ;
I(¬φ) = �I(φ) ,

where ⊗, ⊕, ⇒, and � are so-called truth combination
functions, namely, triangular norms (or t-norms), triangu-
lar conorms (t-conorms), implication functions, and negation
functions, respectively, which extend the classical Boolean
conjunction, disjunction, implication, and negation, respec-
tively, to the fuzzy case (see [11] for a formal definition
of these functions and their properties). Several t-norms, t-
conorms, implication functions, and negation functions have
been given in the literature, giving raise to different fuzzy log-
ics with different logical properties. In fuzzy logic, one usu-
ally distinguishes three different logics (see Fig. 1), namely
Łukasiewicz, Gödel, and Product logic [11]. Zadeh “logic”
(fuzzy operators originally considered by Zadeh [12]) is en-
tailed by Łukasiewicz logic.

A fuzzy set R over a countable crisp set X is a function
R : X → [0, 1]. A (binary) fuzzy relation R over two count-
able crisp sets X and Y is a function R : X × Y → [0, 1].
The degree of subsumption between two fuzzy sets A and B
is defined as infx∈X A(x) ⇒ B(x).

The notions of satisfiability and logical consequence are
defined in the standard way. A fuzzy interpretation I satis-
fies a fuzzy statement φ� l (resp., φ �u) or I is a model of
φ � l (resp., φ�u), denoted I |= φ � l (resp., I |= φ�u), iff
I(φ) � l (resp., I(φ) �u). φ � l is a tight logical consequence
of a set of fuzzy statements K iff l is the infimum of I(φ) sub-
ject to all models I of K. The latter value is equivalent to
l = sup {r | K |= φ � r}, it is called Best Entailment Degree
(BED), and is denoted bed(K, φ), while the Best Satisfiability
Degree, denoted as bsd(K, φ) is defined as supI|=K I(φ). We
refer the reader to [11, 13, 14] for reasoning algorithms for
fuzzy propositional and First-Order Logics (FOLs).
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Łukasiewicz Logic Gödel Logic Product Logic Zadeh Logic
a ⊗ b max(a + b − 1, 0) min(a, b) a · b min(a, b)
a ⊕ b min(a + b, 1) max(a, b) a + b − a · b max(a, b)

a ⇒ b min(1 − a + b, 1)

{
1 if a ≤ b

b otherwise
min(1, b/a) max(1 − a, b)

� a 1 − a

{
1 if a = 0

0 otherwise

{
1 if a = 0

0 otherwise
1 − a

Figure 1: Combination functions of various fuzzy logics.

For illustrative purposes, we provide a simple and effec-
tive way to solve the entailment problem, in the case of Zadeh
logic and Lukasiewicz logic, in terms of Mixed Integer Linear
Programming (MILP) –see also [14]. The calculus depends
on the t-norm, t-conorm and negation functions considered.
Suppose we are looking for bed(K, φ), then,

bed(K, φ) = min{x | K ∪ {φ ≤ x} is satisfiable.} (1)

Indeed, suppose the minimal value is n̄. We will know then
that for any interpretation I satisfying K, it cannot be I(φ) <
n̄, and, thus, I(φ) ≥ n̄ has to hold.

The above problem can be solved by means of MILP (we
consider Zadeh logic only, for Lukasiewicz logic the proce-
dure is similar) 1. For a formula φ consider a variable xφ. The
intuition is that the degree of truth of φ is greater or equal to
xφ. The MILP problem determining bed(K, φ) is as follows:

min x. such that x ∈ [0, 1]
x¬φ ≥ 1 − x, σ(¬φ),
for all (φ′ ≥ n) ∈ K, xφ′ ≥ n, σ(φ′),
for all (φ′ ≤ n) ∈ K, x¬φ′ ≥ 1 − n, σ(¬φ′)

(2)

where the function σ, transforming a many-valued proposition
into a set of inequations, is inductively defined as follows:

σ(φ) =



xp ∈ [0, 1] if φ = p

xφ′ = 1 − xφ, xφ ∈ [0, 1] if φ = ¬φ′

xφ1 ≥ xφ, xφ2 ≥ xφ,
σ(φ1), σ(φ2), xφ ∈ [0, 1]

if φ = φ1 ∧ φ2

xφ1 + xφ2 = xφ, xφ1 ≤ y,
xφ2 ≤ 1 − y, σ(φ1), σ(φ2),
y ∈ {0, 1}, xφ ∈ [0, 1],
where y is a new binary variable .

if φ = φ1 ∨ φ2

In a similar way, we may determine bsd(K, φ) as

min−x. such that x ∈ [0, 1]
xφ ≥ x, σ(φ),
for all (φ′ ≥ n) ∈ K, xφ′ ≥ n, σ(φ′),
for all (φ′ ≤ n) ∈ K, x¬φ′ ≥ 1 − n, σ(¬φ′)

(3)

Note that we may verify whether K is satisfiable by checking
if bed(K, p) = 1, where p is a new propositional letter not
occurring in K, and that under Łukasiewicz logic and Zadeh
semantics we end up with a bounded Mixed Integer Linear
Program (bMILP) optimization problem [15].

3 Fuzzy ALC
Syntax. Consider an alphabet of concepts names (denoted A),
abstract roles names (denoted R), abstract individual names
(denoted a). From a First-Order Logic point of view, con-
cepts may be seen as a formulae with one free variable (and,

1Note that this is an optimized version w.r.t. [13, 14].

thus, may be seen as class descriptors), while roles as binary
predicates (and, thus, may be used to describe properties of a
class). Concepts (denoted C or D) of the language can be built
inductively from atomic concepts (A), top concept 
, bottom
concept ⊥, abstract roles (R) as:

C, D → A | (atomic concept)
	 | (top concept)
⊥ | (bottom concept)

C � D | (concept conjunction)
C � D | (concept disjunction)

¬C | (concept negation)
∀R.C | (universal quantification)
∃R.C (existential quantification)

As illustrative purpose, Fig. 2 provides a First-Order Logic
translation of ALC concepts and examples.

Syntax FOL Example
C, D → � | �(x)

⊥ | ⊥(x)
A | A(x) Human

C � D | C(x) ∧ D(x) Human � Male
C � D | C(x) ∨ D(x) Nice � Rich
¬C | ¬C(x) ¬Meat

∃R.C | ∃y.R(x, y) ∧ C(y) ∃has child.Blond
∀R.C ∀y.R(x, y) → C(y) ∀has child.Human

Figure 2: ALC concepts and First-Order Logic reading.

A Fuzzy Knowledge Base K comprises a fuzzy ABox A
and a fuzzy TBox T . A fuzzy ABox consists of a finite set of
fuzzy assertions of one of the following types: a fuzzy concept
assertion of the form 〈a:C, n〉 (with informal meaning, indi-
vidual a is an instance of concept C with degree at least n)
or a fuzzy role assertion of the form 〈(a, b):R,n〉 (the pair of
individuals (a, b) is an instance of role R with degree at least
n). In FOL, 〈a:C, n〉 may be seen as a fuzzy statement of the
form C(a) �n, while 〈(a, b):R,n〉 may be seen as a fuzzy
statement of the form R(a, b) �n.

In general, a fuzzy TBox T is a finite set of fuzzy concept
inclusion axioms 〈C � D,n〉, where C, D are concepts and
n ∈ (0, 1]. Informally, 〈C � D,n〉 states that all instances of
concept C are instances of concept D to degree n.C = D is a
shorthand for the two axioms 〈C � D, 1〉 and 〈D � C, 1〉.

However, for computational reasons, we will restrict
TBoxes to be acyclic. That is, T is a finite set of fuzzy concept
inclusion axioms 〈A � C, n〉, and concept definitions A = C,
where A is an atomic concept. Furthermore, we assume that
T verifies two additional constraints: (i) there is no concept
A such that it appears more than once on the left hand side of
some axiom in T . (ii) no cyclic definitions are present in T .
We will say that A directly uses primitive concept B in T , if
there is some axiom τ ∈ T such that A is on the left hand side
of τ and B occurs in the right hand side of τ . Let uses be the
transitive closure of the relation directly uses in T . T is cyclic
iff there is A such that A uses A in T .
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It is well known that such TBoxes can be eliminated
through a finite (although it can create an exponential growth
of the KB), expansion process, both in the crisp and in the
fuzzy case [3]. Instead, we will use a extension to the fuzzy
case of the lazy expansion technique [16], which has proved
to be more useful in practice.
Semantics. From a semantics point of view, a fuzzy interpre-
tation I is a pair (∆I , ·I) consisting of a non empty set ∆I

(the interpretation domain) and a fuzzy interpretation function
·I mapping: (i) an abstract individual a onto an element aI of
∆I such that if a �= b then aI �= bI (Unique Name Assump-
tion); (ii) a concept C onto a function CI : ∆I → [0, 1]; (iii)
an abstract role R onto a function RI : ∆I × ∆I → [0, 1].

Given arbitraries t-norm ⊗, t-conorm ⊕, negation function
� and implication function ⇒, the fuzzy interpretation func-
tion is extended to complex concepts and roles as shown in
Fig. 3, where CI denotes the membership function of the
fuzzy concept C with respect to the fuzzy interpretation I.
CI(x) gives us the degree of being the individual x an ele-
ment of the fuzzy concept C under I. Similarly, RI denotes
the membership function of the fuzzy role R with respect to
I. RI(x, y) gives us the degree of being (x, y) an element of
the fuzzy role R under I. The fuzzy interpretation function is
extended to fuzzy axioms in Fig. 3.

Concept Semantics
(�)I(x) = 1

(⊥)I(x) = 0

(A)I(x) = AI(x)

(C 	 D)I(x) = CI(x) ⊗ DI(x)

(C � D)I(x) = CI(x) ⊕ DI(x)

(¬C)I(x) = CI(x)

(∀R.C)I(x) = infy∈∆I {RI(x, y) ⇒ CI(y)}
(∃R.C)I(x) = supy∈∆I {RI(x, y) ⊗ CI(y)}

Axiom Semantics
(a :C)I = CI(aI)

((a, b) :R)I = RI(aI , bI)

(C � D)I = infx∈∆I {CI(x) ⇒ DI(x)}

Figure 3: Semantics of fuzzy concepts and axioms.

A fuzzy interpretation I satisfies (is a model of) a fuzzy
statement 〈α, n〉 iff αI ≥ n. The notions of logical conse-
quence, best entailment degree and best satisfiability degree
of α are as for Section 2. We additionally define the Best Sat-
isfiability Degree [6] of a concept C w.r.t. a fuzzy KB K as
bsd(K, C) = supI|=K supx∈∆I CI(x).

4 Fuzzy DLs with fuzzy truth values
So far, we have seen that fuzzy statements are of the form
〈α, n〉, where n ∈ [0, 1]. As next, we extend such statements
to allow fuzzy truth values, such as “very true, almost true, al-
most false”, in place of a “crisp” value n ∈ [0, 1]. Essentially,
we have fuzzy truth-qualified statements in which the truth is
now a fuzzy set and, thus, we allow statements such as “Tina
is young is very true”.

As pointed out in [17] (see also [4, 6, 18]), there are many
functions to specify fuzzy set membership degrees in fuzzy set
theory and practice. The most frequently used are the trape-
zoidal (Fig. 4 (a)), the triangular (Fig. 4 (b)), the L-function
(left-shoulder function, Fig. 4 (c)), the R-function (right-
shoulder function, Fig. 4 (d)) and linear hedges (Fig. 4 (e),
where a = c/(c + 1), b = 1/(c + 1)). We will call these func-
tions (defined over [0, 1]) truth qualifiers and allow them to be
used to modify the degree of truth of a sentence. We will use

(a) (b) (c)

(d) (e)
Figure 4: (a) Trapezoidal function; (b) Triangular function; (c)
L-function; (d) R-function; (e) Linear function.

the abbreviations trpz(a, b, c, d), tri(a, b, c), ls(a, b), rs(a, b)
and ln(c) to denote them, respectively.

Syntax. Let α be a concept assertion a:C, a role assertion
(a, b):R or a GCI C � D, and n ∈ [0, 1]. Let q be a truth
qualifier, as in Fig. 4. Then we extend ALC axioms 〈α, n〉 also
to be of the form 〈α, q〉, where a truth qualifier q may occur in
place of a value n ∈ [0, 1]. For instance, “Tina is young is very
true” may be represented with 〈tina:Young, ln(4)〉. Similarly,
we may represent an imprecision about the actual degree of
truth, such as, “Tina is young is true to degree around 0.7”, as
an axioms of the form 〈tina:Young, tri(0.6, 0.7, 0.8)〉.

In the following, a knowledge base will be split into two
parts, K = KU ∪ KQ in which KU contains only unqualified
fuzzy axioms of type 〈α, n〉, where n ∈ [0, 1], while KQ con-
tains only qualified fuzzy axioms of type 〈α, q〉, where q is a
truth qualifier. In FOL, we may see K as the formula

ΓK =
∧

τi∈KU

τi ∧
∧

τj∈KQ

τj . (4)

We will also use ΓU for the left conjunct, while use ΓQ for
the right conjunct and, thus, ΓK = ΓU ∧ ΓQ.

Semantics. So far, given an interpretation I, an axiom of the
form 〈α, n〉 is crisp under I, in the sense that either I satisfies
〈α, n〉 (i.e., αI ≥ n) or I does not satisfy 〈α, n〉 (i.e., αI <
n). Once we move to truth qualified axioms, axioms are no
longer true or false, but have a degree of truth depending on
the qualifier. More precisely, the degree of truth of a fuzzy
axiom τ of the form 〈α, q〉 under I, denoted I(τ) is defined as
the value q(αI) (the application of the qualifier q to the truth
value αI). So, if “Tina is Young” is true to degree 0.9 under
I, then “Tina is young is very true” to degree 0.6 under I. We
may also extend this notion the axioms of the form 〈α, n〉 by
defining the degree of truth of a fuzzy axiom τ of the form
〈α, n〉 to be I(τ) = 1 if αI ≥ n, otherwise I(τ) = 0, which
is compatible with what we have defined so far.

Now, consider a knowledge base K = KU ∪ KQ, a fuzzy
axiom τ and an interpretation I. The degree of truth of Kx

(x ∈ {U, Q}) under I, denoted I(Kx) is defined as

I(Kx) =
⊗

τi∈Kx

I(τi) .

In FOL, this is the same as I(Γx). Note that if I is a model
of KU then I(KU ) = 1, else I(KU ) = 0. Furthermore, the
degree of entailment of a τ w.r.t. K under I, denoted I(K, τ),
is defined as

I(K, τ) = (I(KU ) ⊗ I(KQ)) ⇒ I(τ) . (5)
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Essentially, the degree of entailment under I is the evaluation
under I of the FOL implication (ΓU ∧ ΓQ) → τ , which is
quite natural. Please note that if I �|= KU then I(KU ) = 0
and, thus, I(ΓK → τ) = 1, while if I |= KU then I(ΓK →
τ) = I(ΓQ → τ). The Best Entailment Degree of a τ w.r.t. K,
denoted bed(K, τ) is defined as bed(K, τ) = infI I(K, τ). By
the previous observations, it easily follows that

bed(K, τ) = inf
I|=KU

I(ΓQ → τ) , (6)

where inf ∅ = 1. Finally, for an axiom α of the form a:C,
(a, b):R or a C � D, the Best Entailment Degree of α w.r.t. K,
denoted bed(K, α) is defined as

bed(K, α) = sup{n | 1 = bed(K, 〈α, n〉)} , (7)

and the Best Satisfiability Degree of a C w.r.t. K, is

bsd(K, C) = sup
I|=KU

sup
x∈∆I

I(ΓQ) ⇒ CI(x) .

5 Reasoning
We next provide a reasoning algorithm for fuzzy ALC with
truth qualifiers. To start with, we require a calculus for fuzzy
ALC without truth qualifiers. Our algorithm is inspired by
the one implemented within the FUZZYDL system [6] (which
follows from the one presented in [17]). However, the pres-
ence of truth qualifiers requires some modifications. Further-
more, the version we present here for ALC, introduces some
optimizations that will require less “variables” and, thus, is
expected to be more efficient. For the sake of this paper, we
provide a calculus under Łukasiewicz logic, as in [17, 19]. A
similar algorithm under product logic is expected to be more
involved (see, e.g., [20, 21]).

W.l.o.g., we may assume that concepts are in Negation Nor-
mal Form (NNF), which is obtained by pushing in the usual
manner negation on front of concept names only, by applying
recursively the equivalences below.

¬� ≡ ⊥ ¬(C1 � C2) ≡ ¬C1 � ¬C2 ¬∃R.C ≡ ∀R.¬C

C � ⊥ ≡ ⊥ C � ⊥ ≡ C ¬¬C ≡ C

¬⊥ ≡ � ¬(C1 � C2) ≡ ¬C1 � ¬C2 ¬∀R.C ≡ ∃R.¬C

C � � ≡ C C � � ≡ �

Now, our goal is to provide a terminating procedure deter-
mining bed(K, α), where α is of the form a:C, (a, b):R or a
C � D, and bed(K, τ,), for truth qualified fuzzy axioms τ of
the form 〈α, q〉 (q is a truth qualifier).

5.1 Reasoning in ALC without truth qualifiers
Let’s focus first on bed(K, α), where K does not contain any
truth qualifier, i.e. KQ = ∅. If α is a fuzzy role assertion of
the form (a, b):R then, in order to determine bed(K, (a, b):R),
we may reduce it to the BED for concept assertions, as

bed(K, (a, b):R) = bed(K ∪ {〈b:B, 1〉}, a:∃R.B) ,

where B is a new concept (i.e., it does not occur in K).
Consider K = 〈A, T 〉, where T is acyclic. The basic idea

behind our reasoning algorithm is based on the observations
and algorithm of Section 2. So, not surprisingly, in order to
determine bed(K, α), we will compute it as

bed(K, α) = min x. such that K ∪ {(α ≤ x)} satisfiable. (8)

Then by applying satisfiability preserving rules, we generate
new inequations over [0, 1]-valued variables. These inequa-
tions have to hold in order to respect the semantics of the DL
constructors. Finally, in order to determine the BED, we min-
imize the original variable x such that all constraints are satis-
fied. More specifically,

bed(K, a:C) = min x such that K ∪ {〈a:¬C, 1 − x〉} satisfiable
bed(K, C � D) = min x such that K ∪ {〈b:C 	 ¬D, 1 − x〉} satisfiable
bsd(K, C) = min−x such that K ∪ {〈b:C, x〉} satisfiable ,

where b is a new individual. This means that determining the
minimum degree of satisfiability 2 of a KB is the main reason-
ing issue to be addressed. Note also that we may determine
if K has a model by e.g. checking whether bed(K, b:A) = 1,
where b and A do not occur in K.

Like most of the tableaux algorithms, our algorithm works
on completion-forests since an ABox might contain several in-
dividuals with arbitrary roles connecting them. A completion-
forest F is a collection of trees whose distinguished roots
are arbitrarily connected by edges. The forest has associ-
ated a set CF of constraints of the form l ≤ l′, l = l′,
xi ∈ [0, 1], yi ∈ {0, 1}, where l, l′ are arithmetic expressions,
on the variables occurring the node labels and edge labels.

Each node v is labelled with a set L(v) of concepts C. If
C ∈ L(v) then we consider a variable xv:C . The intuition
here is that v is an instance of C to degree equal or greater
than of the value of the variable xv:C in a minimal solution.
Essentially, xv:C will hold the degree of truth of v:C. Each
edge 〈v, w〉 is labelled with a set L(〈v, w〉) of roles R. If R ∈
L(〈v, w〉) then we consider a variable x(v, w):R (the intuition
here is that 〈v, w〉 is an instance of R to degree equal or greater
than the value of the variable x(v, w):R in a minimal solution
(as for concept assertions, x(v, w):R will hold the degree of
truth of (v, w):R). We will assume that there is a bijection
between assertions α and variables xα.

We are ready now to present our calculus. We first start with
an initialization step, which builds the starting completion-
forest. Then we apply to it a set of completion-forest trans-
forming rules until no more rule can be applied. Finally, we
solve the MILP problem associated to the set of constraints.

The algorithm initializes a forest F as follows. Consider K:
(i) F contains a root node ai for each individual ai occurring
in A; (ii) F contains an edge 〈a, b〉 for each fuzzy assertion
〈(a, b):R,n〉 ∈ A; (iii) for each fuzzy assertion 〈a:C, n〉 ∈
A, add both C to L(a) and xa:C ≥ n to the set of constraints
CF ; (iv) for each fuzzy assertion 〈(a, b):R,n〉 ∈ A, add both
R to L(〈a, b〉) and x(a, b):R ≥ n to the set of constraints CF ;
(v) for all introduced variables xα, add xα ∈ [0, 1] to CF .

F is then expanded by repeatedly applying the comple-
tion rules described below. The completion-forest is complete
when none of the completion rules are applicable. Then, the
bMILP problem on the set of constraints CF is solved.

As anticipated, we will use a extension to the fuzzy case of
the lazy expansion technique in order to remove the axioms in
T . The basic idea is as follows (recall that there are only two
types of fuzzy concept inclusions): given 〈A � C, n〉, add C
only to nodes with a label containing A, and given 〈C � A, 1〉,
add ¬C only to nodes with a label containing ¬A.

2In the last equation, we use the fact that in our setting
max x s.t. x ∈ S = min−x s.t. x ∈ S.
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a L(a) = {A, ∃R.B}

�
L(〈a, w1〉) = {R}

w1 L(w1) = {B}

CF = {xa:A ≥ 0.8, xa:∃R.B ≥ xa:A ⊗ 0.9

xw1:B ⊗ x(a, w1):R ≥ xa:∃R.B,

xa:A ∈ [0, 1], xa:∃R.B ∈ [0, 1] . . . }

Figure 5: Complete forest for Example 1.

We assume a fixed rule application strategy as e.g., the order
of rules below, such that the rule for (∃) is applied as last.
Also, all expressions in node labels are processed according
to the order they are introduced into F . Note that we do not
need a notion of blocking as T is acyclic.

Now we are ready to present the inference rules:
(Ā). If ¬A ∈ L(v) then CF = CF ∪ {xv:A = 1 − xv:¬A} ∪

{xv:A ∈ [0, 1]}.

(⊥). If ⊥ ∈ L(v) then CF = CF ∪ {xv:⊥ = 0}.

(	). If 	 ∈ L(v) then CF = CF ∪ {xv:	 = 1}.

(�). If (i) C�D ∈ L(v), and (ii) not both C ∈ L(v) and D ∈ L(v)
then add C and D to L(v), and CF = CF ∪ {xv:C ⊗ xv:D =
xa:C � D} ∪ {xv:C, xv:D ∈ [0, 1]}.

(�). If (i) C�D ∈ L(v), and (ii) not both C ∈ L(v) and D ∈ L(v)
then add C and D to L(v), and CF = CF ∪ {xv:C ⊕ xv:D =
xa:C � D} ∪ {xv:C, xv:D ∈ [0, 1]}.

(∀). If (i) ∀R.C ∈ L(v), R ∈ L(〈v, w〉), and (ii) the rule has not
been already applied to this pair then add C to L(w), and CF =
CF ∪ {xw:C ≥ xa:∀R.C ⊗ x(v, w):R} ∪ {xw:C ∈ [0, 1]}.

(�). If (i) 〈A � C, n〉 ∈ T , (ii) A ∈ L(v), and (iii) v is a node
to which this rule has not yet been applied then (i) append C to
L(v), and (ii) CF = CF ∪ {xv:C ≥ xv:A ⊗ n} ∪ {xv:C ∈
[0, 1]}.

(�̄). If (i) 〈C � A, 1〉 ∈ T , (ii) ¬A, and (iii) v is a node to which
this rule has not yet been applied then (i) append ¬C to L(v),
and (ii) CF = CF ∪ {xv:¬A ≥ xv:¬C} ∪ {xv:¬C ∈ [0, 1]}.

(∃). If ∃R.C ∈ L(v) then create a new node w, add R to L(〈v, w〉),
add C to L(w), and CF = CF ∪ {xw:C ⊗ x(v, w):R =

xv:∃R.C} ∪ {x(v, w):R, xw:C ∈ [0, 1]}.

Note that in order to write the fuzzy operators, we may need
to create some new control variables. For example, under
Łukasiewicz t-norm, x1 ⊗ x2 ≥ l can be written as {l ≤
y, x1 + x2 ≤ 1 + l, x1 + x2 − l ≥ y, yi ∈ {0, 1}}. If y = 0,
then l = 0 (it simulates the case where x1+x2 ≤ 1, and hence
x1 ⊗ x2 = 0), and if y = 1, then l = x1 + x2 − 1 [17, 19].

Example 1 illustrates the behaviour of the algorithm.

Example 1 Consider K = {〈A � ∃R.B, 0.9〉, 〈a:A, 0.8〉}.
Let’s show that K is satisfiable. The forest F is initialized
with a root node a, labelled with L(a) = {A}, and set of con-
straints CF = {xa:A ≥ 0.8}. The we apply the (�) rule
and add A and ∃R.B to L(a), and add to the constraint set
{xa:∃R.B ≥ xa:A ⊗ 0.9} ∪ {xa:A, xa:∃R.B ∈ [0, 1]}. As
next, we apply the (∃) rule to node a and, thus, we create
a new node w1, labelled with L(w1) = {B}, and an edge
〈a, w1〉 labelled with L(〈a, w1〉) = {R}, and we update the
constraint set with CF = CF ∪ {xw1:B ⊗ x(a, w1):R =
xa:∃R.B} ∪ {x(a, w1):R, xw1:B ∈ [0, 1]}. Rule (�) is not

applicable to node w1 because A �∈ L(b).
The complete forest F in Figure 5 shows the computation

so far. It only remains to find a solution to the inequalities. �

Note that there is a significative difference with other similar
algorithms for fuzzy DLs combining tableau algorithms with

optimization problems [17, 20, 9]. In those algorithms, every
time a concept C appears in the list of expressions of a node
v, a new variable x is created. Instead, we introduce a variable
xv:C once, and reuse it the following times. This reduction
in the number of generated variables is important because it
makes the bMILP problem easier to solve. We have:

Proposition 1 For each KB K, the tableau algorithm termi-
nates and computes bed(K, α) and bsd(K, C).

5.2 Reasoning in ALC with truth qualifiers

Let us now consider the case KQ �= ∅. We next address
the problem of determining bed(K, τ) and bed(K, α). From
Eq. (6), we now that if KU has no model then immediately
bed(K, τ) = 1 and, thus, this case is not of particular interest.
So, let us assume that KU has a model. The case τ = 〈α, n〉,
with n ∈ [0, 1], is also not of particular interest as it suffices
to compute m = bed(K, α) and check whether m ≥ n. So, it
remains to determine both bed(K, τ), for a fuzzy truth quali-
fied statement τ , and bed(K, α), where α is of the form a:C,
(a, b):R or a C � D. From what we have seen so far, it is
immediate that (where a is new individual 3)

bed(K, τ) = min x. such that KU ∪ {(ΓQ → τ) ≤ x} satisfiable. (9)

bsd(K, C) = min−x. such that KU ∪ {(ΓQ → a:C) ≥ x} satisfiable. (10)

bed(K, α) = min x. such that KU ∪ {(ΓQ → (α ≤ x)) = 1} satisfiable. (11)

Now, let us address first the problem (9). The calculus is of
the same style as in the previous section. We have that

bed(K, τ) = min x. such that KU∪{(ΓQ∧¬τ) ≥ 1−x} satisfiable .

Therefore, it suffices to provide rules for encoding (ΓQ ∧
¬τ) ≥ 1 − x as a set of MILP constraints. This is obtained as
follows. Consider ΓQ =

∧
τj∈KQ

τj and assume τ = 〈α, q〉.
Consider variables xQC , xΓQ

, x¬τ , and xτj
, where xΓQ

will
hold the degree of truth of ΓQ, xτj (x¬τ ) will hold the degree
of truth of τj (¬τ ) and xQC will hold the degree of truth of
(ΓQ ∧ ¬τ). Then, to encode (ΓQ ∧ ¬τ)) ≥ 1 − x we need

xQC ≥ 1 − x
xΓQ ⊗ x¬τ = xQC

xΓQ =
⊗

τj∈KQ
xτj

xQC , xΓQ , xτj , x¬τ ∈ [0, 1] .

(12)

and we add 〈α, xα〉 to KU . We now have to connect correctly
the value of xτj

(x¬τ ) to the degree of truth of τj = 〈αj , qj〉
(¬τ ). To this end, we need the constraints

xτj = qj(xαj ) (13)

x¬τ = 1 − q(xα) (14)

and we add 〈α, xα〉 to KU . Note that, e.g. in Eq. 13, the equa-
tion xτj

= q(xα) is MILP expressible as q is MILP express-
ible function (see, e.g. [17]). For instance, if q is ls(a, b) then
xτj

= q(xα) may be expressed as

xα + (1 − a)y1 ≤ 1, xα − ay2 ≥ 0, xα + (1 − b)y2 ≤ 1,
(b − a)xτj ≥ xα − a − (1 − a)y2,
(b − a)xτj ≤ xα − a − (1 + a)y1 + (b − a)y2,
xα − by3 ≥ 0, xτj + y3 ≤ 1, y1 + y2 + y3 = 1,
xα ∈ [0, 1], yi ∈ {0, 1}},

3Concerning Equation (10), suppose the minimal value is n̄. We
will know then that for any interpretation I satisfying KU , it cannot
be I(ΓQ → (α < n̄)) = 1, and, thus, I(ΓQ → (α ≥ n̄)) = 1) has
to hold and, thus, bed(K, 〈α, n̄〉) = 1 and n̄ is tight.
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where yi are new variables (Eq. 14 is managed similarly).
Now, we may proceed as for Section 5.1, where we consider
these additional constraints and in which expressions of the
form 〈α, xα〉 are handled as for the 〈α, n〉 case, except that
the value n is replaced with the variable xα instead 4. The
following can be shown:

Proposition 2 For each KB K, the tableau algorithm termi-
nates and computes bed(K, τ).

As next, let us address the problem of determining bsd(K, C).
The way we proceed is pretty similar as for bed(K, τ). Now,
xQC will hold the degree of truth of (ΓQ → a:C). To encode
(ΓQ → a:C) ≥ x, we replace the constraints (12) with

xQC ≥ x
xΓQ ⇒ xa:C = xQC

xΓQ =
⊗

τj∈KQ
xτj

xQC , xΓQ , xτj ∈ [0, 1] ,

(15)

we add 〈a:C, xa:C 〉 to KU , and then we proceed as for deter-
mining bed(K, τ). The following can be shown.

Proposition 3 For each KB K, the tableau algorithm termi-
nates and computes bsd(K, C).

Finally, let us address the problem of determining bed(K, α).
Since bed(K, a:C) = min x. such that KU ∪ {(ΓQ →
(a:¬C ≥ 1 − x)) = 1} satisfiable, bed(K, (a, b):R) =
bed(K ∪ {〈b:B, 1〉}, a:∃R.B), and bed(K, C � D) = min x.
such that KU ∪ {(ΓQ → (a:C � ¬D ≥ 1 − x)) = 1} satis-
fiable, we may restrict our attention to show how to encode
(ΓQ → (a:E ≥ 1 − x)) = 1 in MILP. To this end, let
τ = 〈a:E, 1 − x〉. Then we replace the constraints (12) with
(recall that τ is either true or false)

xΓQ ≤ 1 − y
xa:E ≥ 1 − x − y
xΓQ =

⊗
τj∈KQ

xτj

xΓQ , xτj , xa:E ∈ [0, 1]
y ∈ {0, 1} ,

(16)

we add 〈a:E, xa:E〉 to KU , and then we proceed as for deter-
mining bed(K, τ). The following can be shown.

Proposition 4 For each KB K, the tableau algorithm termi-
nates and computes bed(K, α).

Note that we may safe some obvious variables and equations
in the constraints derived so far, such as in Eq 12–16.

6 Conclusions & Outlook
We have addressed the problem of allowing to deal with fuzzy
truth qualified statements with fuzzy DLs and, thus, allowing
statements such as “Tina is young is almost true”. We have
provided syntax, semantics of a fuzzy DL with truth qualified
axioms, and a calculus addressing the various reasoning prob-
lems presented under Łukasiewicz logic.

We have also provided a novel simplified calculus for fuzzy
DLs without truth qualified axioms, which is closer to the

4Note that in Step 3 and 4 of the forest initialization, in case we
consider a fuzzy assertion of the form 〈α, xα〉, we may omit to add
xα ≥ xα to the constraint set CF .

usual tableau algorithms for DLs, and which reduces the num-
ber of generated variables, and hence the size of the optimiza-
tion problem to be solved.

It would be possibly to unify both approaches by using truth
qualifiers of the form trpz(n, n, 1, 1) for fuzzy DLs without
truth qualified axioms. However, it is more efficient to deal
with these two cases using different strategies.

Along the line of qualified statements, we think it is useful
to further extend the language by allowing so-called probabil-
ity qualified statements (cf. [10], page 222) and, thus, allow-
ing statements such as “The probability of the temperature t
at given place and time is around 35◦C is likely”, where both
“around” and “likely” are fuzzy sets (with, e.g. a triangular
membership function to model “around”, and a right shoulder
function to model “likely”).
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Abstract— Craniofacial superimposition is the second stage of a
complex forensic technique that aims to identify a missing person
from a photograph (or video shot) and the skull found. This spe-
cific task is devoted to find the most appropriate pose of the skull
model to be projected onto the photograph. The process is guided
by a number of landmarks identified both in the skull (craniometric
landmarks) and in the face (cephalometric landmarks). In this con-
tribution we extend our previous genetic algorithm-based approach
to the problem by considering the uncertainty involved in the location
of the cephalometric landmarks and its influence in the matching be-
tween these landmarks and the craniometric ones. The new proposal
is tested over two instances of a real case solved by the Physical An-
thropology lab at the University of Granada (Spain).

Keywords— Craniofacial superimposition, fuzzy landmarks, ge-
netic algorithms, image registration.

1 Introduction
Photographic supra-projection [1] is a forensic process where
photographs or video shots of a missing person are compared
with the skull that is found. By projecting both photographs on
top of each other (or, even better, matching a scanned three-
dimensional skull model against the face photo/video shot),
the forensic anthropologist can try to establish whether that is
the same person. To do so, an accurate 3D model of the skull
is first demanded. Next, the matching of two sets of radio-
metric points (facial anthropometric landmarks in the subject
photograph, and cranial anthropometric landmarks in the ob-
tained skull model) is considered to guide the superimposition
of the skull 3D model and the face photograph [1]. Then, a de-
cision making stage starts by analyzing the different kinds of
achieved matches between landmarks. Due to physiognomic
characteristics, some of them will perfectly match, some will
partially do so, and finally some others will not. After the
whole process, the forensic expert must declare whether the
analyzed skull corresponds to the missing person or not.

This procedure is very time consuming and there is no sys-
tematic methodology but every expert often applies a partic-
ular process. Hence, there is a strong interest in designing
automatic methods to support the forensic anthropologist to
put it into effect. In a previous proposal [2], we tackled the
second stage of the process, i.e. the craniofacial superimpo-
sition, by means of evolutionary algorithms assuming no un-
certainty was involved in the process. Next, in [3] we iden-
tified two sources of uncertainty in the problem. On the one
hand, the landmark matching uncertainty (not yet modeled in
any of our works) will refer to the imprecision involved in the
matching of the landmarks that correspond to the two differ-

ent objects: the face and the skull (as said, there is a clear
partial matching situation). On the other hand, the landmark
location uncertainty is related to the extremely difficult task
of locating the landmarks [4] in an invariable place, with the
accuracy required for this application. Indeed, every forensic
anthropologist is prone to locate the landmarks in a slightly
different position. The ambiguity may also arise from reasons
like variation in shade distribution depending on light condi-
tion during photographing, unsuitable camera focusing, poor
image quality, etc.

In our previous contribution [3], we tackled the landmark
location uncertainty considering the cephalometric landmarks
as rectangular zones of different sizes, instead of using crisp
locations, taking inspiration from [5]. However, this is a too
simple way to represent the underlying uncertainty since all
the posible crisp points in the rectangle are equally likely to
be the actual location, which is not so realistic.

In this contribution we will improve the previous approach
by using fuzzy sets to model the uncertainty related to each
cephalometric landmark location. In addition, we will also
consider fuzzy distances to model the distance between each
pair of craniometric and cephalometric landmarks. The re-
sulting genetic fuzzy system [6] is tested on two superimpo-
sition problems derived from a real-world identification case
solved by the Physical Anthropology lab at the University of
Granada.

The structure of the contribution is as follows. Section 2 is
devoted to review our previous proposal on evolutionary cran-
iofacial superimposition. Our new proposal is described in
Section 3. Then, Section 4 presents the experimental study.
Finally, Section 5 collects some concluding remarks and fu-
ture works.

2 Real-coded genetic algorithm for
craniofacial superimposition

In [2] we first formulated this complex task in forensic identifi-
cation as a numerical optimization problem related to the well
known field of image registration (IR) [7]. Then we adapted
three different evolutionary algorithms to solve it: two vari-
ants of a real-coded genetic algorithm (GA) and an evolution
strategy.

A sensible way to design an automatic craniofacial super-
imposition procedure is through the use of a IR technique to
properly align the 3D skull model and the 2D face photograph
in a common coordinate frame. Taking a previous proposal [8]
as a base, we modeled the required perspective transformation
as a set of geometric operations involving translation, rota-
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tion, scaling and projection. That registration transformation
is defined by 12 parameters which are encoded in a real-coded
chromosome. The search for the best transformation param-
eters is guided by a number of pairings between craniometric
and cephalometric landmarks located in the skull and the face,
respectively.

Different definitions of the objective function were studied
and the one achieving the best results was the mean error1:

ME =
∑N

i=1 ||f(cli)− fli||
N

(1)

where || · || is the 2D Euclidean distance, N is the number
of considered landmarks (only four in Nickerson et al.’s pro-
posal), cli corresponds to every 3D craniometric landmark,
fli refers to every 2D facial landmark, f is the function which
defines the geometric 3D-2D transformation, and f(cli) rep-
resents the position of the transformed skull 3D landmark cli

in the projection plane.
Among the three different evolutionary designs developed

to solve the problem, a real-coded generational GA using tour-
nament selection [9], Simulated Binary crossover (SBX) [10]
and random mutation operators [11] was proposed and is the
one considered in this contribution.

Later on, we introduced the uncertainty treatment in the lo-
cation of cephalometric landmarks [3]. In that first approach,
based on the work by Sinha [5], we considered the cephalo-
metric landmarks as rectangular zones, instead of using crisp
locations. The larger the rectangle that defines each landmark,
the lower the contribution of the corresponding landmark to
the fitness function. Finally, we calculated the Euclidean dis-
tances between craniometric and cephalometric landmarks,
using the centroid of the rectangle related to the uncertain
ones. Thus, once the centroid of the uncertain landmarks was
considered, the problem of computing distances between a set
of uncertain landmarks and a set of crisp ones became the
problem of measuring a set of Euclidean distances between
different pairs of crisp landmarks. That was just a first ap-
proach to model the location uncertainty, which did not take
into account the inherent uncertainty involved when we are
measuring distances between fuzzy and crisp points.

3 New proposal for the fuzzy location of
cephalometric landmarks

The use of fuzzy landmarks in this contribution aims to face
the landmark location uncertainty in the photograph of the
missing person. Furthermore, the present approach also deals
with the uncertainty involved when distances between crisp
points and fuzzy ones are measured, as a consequence of the
fact that craniometric landmarks are considered as crisp val-
ues2. In order to cope with the fact that each forensic expert
could place each facial landmark in different positions in the
2D image, the higher the uncertainty related to a landmark,
the broader the region where the forensic experts would locate
that landmark in the photograph.

1Notice that, mean square error is not used because of its negative
effect when image ranges are normalized in [0,1]

2As said, we have not considered the location uncertainty in cran-
iometric landmarks due to the big resolution (one mm per pixel) and
high quality of the 3D skull model.

In addition, by using fuzzy landmarks, those experts are
able to locate a larger set of landmarks with the proper level
of confidence (using fuzzy regions of different sizes). In con-
trast, following the classical crisp approach, they would only
be able to mark the landmarks whose position they can de-
termine precisely. Due to different reasons as the pose of the
missing person, the quality of the image, or partial occlusions
of landmark regions, it can be difficult to do so for many of
the existing cephalometric landmarks. Hence, this approach
presents an important advantage since the bigger the set of
landmarks, the more complete the information will be to guide
the genetic search of the best transformation to properly super-
impose the skull on the photograph. In this way, it will also
allow us to improve the performance of our previous proposal
in some problematic instances with several specific poses (see
Figures 4 and 8).

To ease the comprehension of our formulation to the reader,
we review some required basic concepts from Fuzzy Sets The-
ory [12] as follows. For each α ∈ (0, 1] the α-level set Ãα of
a fuzzy set Ã, µ eA :→ [0, 1], is Ãα = {x ∈ X; µ eA(x) ≥ α}.
Hence, the core Ã1 = {x ∈ X; µ eA(x) = 1} of a fuzzy set is
the subset of X whose elements have membership equal to 1.
The support Ã0 is defined as the closure of the union of all its
level sets, that is

Ã0 =
⋃

α∈(0,1]

Ãα

3.1 Distance between a point and a set of points
Given a point x of R

n and a nonempty subset A of R
n we can

define a distance d : R
n × P(Rn)→ R

+ by:

d(x,A) = inf{||x− a||; a ∈ A}

for a certain norm ||.|| on R
n. Thus, d(x,A) ≥ 0 and

d(x,A) = 0⇒ x ∈ A.

3.2 Distance between a point and a fuzzy set of points
Now we can define the distance between a point x of R

n an a
fuzzy set of points A : R

n → [0, 1] by:

d∗(x, Ã) =
∫ 1

0

d(x, Ãα)dα

Lemma 3.1. The distance from the point x to the fuzzy set Ã is
lesser or equal than the distance to the core of Ã and greater
or equal than the distance to the support of Ã0. That is,

d(x, Ã1) ≤ d∗(x, Ã) ≤ d(x, Ã0)

The proof is straight forward.

In case that we have discrete fuzzy set of points Ã =
x1/α1 + · · ·+ xm/αm, the distance can be expressed by:

d∗(x, Ã) =

m∑
i=1

d(x, Ãαi) ∗ αi

m∑
i=1

αi

Following the idea of metric spaces in [13] we will define
a fuzzy landmark as a fuzzy convex set of points having a
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nonempty core and a bounded support. That is, all its α-levels
are nonempty, bounded and convex sets.

In our case, since we are dealing with 2D photographs with
an x × y resolution, we can define the fuzzy landmarks as
2D masks represented as a matrix m with mx × my points.
Each fuzzy landmark will have a different size depending on
the imprecision on its localization but at least one pixel (i.e.
crisp point related to a matrix cell) will have membership with
degree one. An example of a 5 × 5 mask is:

1 2 3 4 5
1 0.1 0.3 0.5 0.3 0.1
2 0.3 0.5 0.7 0.5 0.3
3 0.5 0.7 1 0.7 0.5
4 0.3 0.5 0.7 0.5 0.3
5 0.1 0.3 0.5 0.3 0.1

These masks are easily built starting from two triangular
fuzzy sets Ṽ and H̃ representing the approximate vertical
and horizontal position of the landmark, thus becoming two-
dimensional fuzzy sets. Each triangular fuzzy set Ã, is defined
by its center c and its offsets l, r as follows:

Ã(x) =




1− |x−c|
c−l , if l ≤ x ≤ c

1− |x−c|
r−c , if c < x ≤ r

0, otherwise

and the membership functions of the fuzzy landmarks are cal-
culated using the product t-norm by:

µ eF (i, j) = µeV (i) · µ eH(j)

Now we can calculate the distance between a point (which
will be the projection of the 3D craniometric landmark on the
2D face photo) and the fuzzy landmark (representing the posi-
tion of the cephalometric landmark), as depicted in Figure 1.
Note that the implemented distance between a point and a
fuzzy set of points is quite similar to the one defined in [14].

Figure 1: Distance between a point and a fuzzy point

If we denote as di = d(x, F̃αi) the distance from point x

to the α-level set F̃αi
), then the distance from the point to the

fuzzy landmark F̃ , can be expressed by:

d∗(x, F̃ ) =

m∑
i=1

di · αi

m∑
i=1

αi

In the example of Figure 1, taking {α1 = 0.1, α2 = 0.3, α3 =
0.5, α4 = 0.7, α5 = 1} and assuming {d1 = 4.5, d2 =
5.4, d3 = 6.3, d4 = 7.3, d5 = 9}, we calculate the distance
as:

d∗(x, F̃ ) =
d1 · α1 + · · ·+ d5 · α5

α1 + · · ·+ α5
=

19.33
2.6

= 7.43

Therefore, we have modified the previous definition of our
genetic craniofacial superimposition techniques’s fitness func-
tion (see section 2) as follows:

fuzzy ME =

N∑
i=1

d∗(f(cli), F̃ i)

N
(2)

where N is the number of considered landmarks, cli corre-
sponds to every 3D craniometric landmark, f is the function
which defines the geometric 3D-2D transformation, f(cli)
represents the position of the transformed skull 3D landmark
cli in the projection plane, that is to say, a crisp point. F̃ i rep-
resents the fuzzy set points of each cephalometric landmark
and finally, d∗(f(Ci), F̃ i) is the distance between a point and
a fuzzy set points.

4 Experiments
After explaining the sources of uncertainty and our proposal to
deal with the landmark location uncertainty, we will study its
performance as follows. Section 4.1 presents the considered
experimental design. Sections 4.2 and 4.3 are devoted to the
analysis of one real-world case of study with two different
photographs (two different poses).

4.1 Experimental design
Two different types of landmark sets for our case of study
were provided by the forensic experts. The first type is the
one classically used in the manual superimposition process. It
is composed of crisp landmarks, those the forensic anthropol-
ogists can place in a single pixel. The second one is a set of
fuzzy landmarks, that is to say, a region for each landmark. As
said, in this second set, the forensic expert could place more
landmarks than in the first one, due to the possibility of draw-
ing bigger (in size) fuzzy sets of points. Notice that, in the
former case, the forensic anthropologist would only identify
those landmarks which are clearly located in a specific pixel
without any doubt. According to different criteria concerning
the features of both the considered landmarks and the pho-
tograph characteristics (pose, quality, etc.), forensic experts
used areas of different size to determine the position of each
landmark in that second set.

We compare the results of the genetic craniofacial super-
imposition based on crisp landmarks with those reached by
using fuzzy location of cephalometric landmarks. In order to
perform a significant and fair comparison between crisp and
fuzzy approaches concerning the number of landmarks, we
considered the following experimental design: two different
sets of fuzzy landmarks are used, one with the same size (and,
of course, the same specific landmarks) as the crisp set and an-
other also including the additional landmarks identified thanks
to the use of the fuzzy location approach.

The case study is a real-world one happened in Cádiz,
Spain. The skull 3D model (327,641 points stored as
x, y, z coordinates), see Figure 2, was acquired using Konica-
Minolta 3D Lasserscanner VI-910. Two photographs3 were
provided by the family (see Figures 2 and 6). They were ac-
quired at different moments and in different poses and condi-
tions. Hence this case consists of two distinct superimposition

3Notice that we have processed the photographs to hide the sub-
ject identity following legal issues.
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problems. It was initially solved following a manual approach.
The forensic experts tried to use both photographs but finally
they were restricted to only one of them (pose 1 photograph),
because they did not achieve a proper superimposition for the
second due to the face pose.

Experiments consider the best performing GA parameter
values in [2]: number of generations = 600, population size
= 1,000, SBX η parameter = 1, mutation probability = 0.2,
crossover probability = 0.9, and tournament size = 2. For all
the tests, 30 runs of the GA are considered. Tables 1 and 2
show the minimum (m), maximum (M ), mean (µ) and stan-
dard deviation (σ) of ME relative to the Euclidean distances
between cephalometric landmarks and the transformed cran-
iometric landmarks achieved by the GA. Notice that, in the
case of crisp landmarks, the fitness function is directly defined
as the “crisp” ME. However, when we use fuzzy landmarks
the fitness function is not the ME, but a fuzzy distance be-
tween the transformed skull landmarks and the fuzzy regions
(the average of the fuzzy distances). Owing to that, numerical
results are not fully comparable. Nevertheless, we present the
ME values in both cases as the only way to provide an error
measurement.

4.2 Case study 1, pose 1
Figure 2 depicts this data set. In this first pose, the anthro-
pologists identified nine crisp cephalometric landmarks. In
addition, they marked these nine landmarks following a fuzzy
approach, which also allowed them to identified a new set with
five more (see Figure 3). Specially recall the large amount of
fuzziness of the vertex landmark, located in the top part of
the head. There is a strong uncertainty on its location due to
the woman’s hair and the forensic expert would have never
trusted in that landmark in case a crisp location have to be de-
fined. The corresponding craniometric landmarks were man-
ually extracted from the skull 3D model.

Figure 2: Case study 1, pose 1. 3D model of the skull (left)
and photograph of the missing person with a set of nine crisp
landmarks, represented by squares (right).

Table 1 presents the ME values for the obtained craniofa-
cial superimpositions, distinguishing between crisp and fuzzy
locations. It is important to remind that results are not fully
comparable since the superimposition process using fuzzy
landmarks does not minimize the ME but a different function
(see Equations 1 and 2). Figures 4 and 5 present the best
superimposition results of the crisp and the fuzzy approaches
to allow a visual comparison.

On the one hand, referring to the numerical results, a very
similar behavior is observed. Both approaches demonstrate
a robust conduct. Notice that, in the case of the larger set

Figure 3: Case study 1, pose 1. Photograph of the missing
person with two different sets of fuzzy landmarks: one of
nine (left) and the other with fourteen (right) fuzzy landmarks.
Landmarks are represented by ellipses.

Table 1: Case study 1, pose 1. Superimposition results.

Landmark set ME
m M µ σ

Nine crisp l. 0.0083 0.0086 0.0084 0.0000
Nine fuzzy l. 0.0084 0.0334 0.0095 0.0045

Fourteen fuzzy l. 0.0122 0.0133 0.0124 0.0002
(ME over nine)

Figure 4: Case study 1, pose 1. Best superimposition results
achieved using nine crisp (left) and nine fuzzy (right) land-
marks, respectively.

of landmarks (fourteen fuzzy landmarks), Table 1 shows the
ME corresponding just to the nine landmarks it shares with
the smaller sets of landmarks. This higher ME value demon-
strates that a larger error (i.e., distance between landmarks)
value not necessarily means a worst superimposition (as we
will see below). On the other hand, visual superimposition
results show again a very similar behavior in both approaches
for a smaller set of landmarks (Figure 4). These results are un-
acceptable for identification purposes. Finally, we can clearly
identify the improvement in the superimposition when a larger
set of fuzzy landmarks is used (Figure 5). Our forensic anthro-
pologists confirmed the final superimposition result is good
enough to be used in the final decision making stage of the
photographic supra-projection process.
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Figure 5: Case study 1, pose 1. Best superimposition result
achieved using fourteen fuzzy landmarks.

4.3 Case study 1, pose 2
In this second pose, the anthropologists originally identified
twelve crisp cephalometric landmarks following a crisp ap-
proach (see Figure 6). They also marked three more land-
marks following a fuzzy approach. Figure 7 depicts both sets
of fuzzy landmarks.

Figure 6: Case study 1, pose 2. Photograph of the missing
person with the corresponding set of twelve crisp landmarks.

Figure 7: Case study 1, pose 2. Photograph of the missing per-
son with two different sets of fuzzy landmarks, twelve (left)
and fifteen (right).

Table 2 presents the ME figures for the obtained cranio-

facial superimpositions. In spite of the different fitness func-
tions minimized, a very similar behavior is observed. As in
the previous pose, the ME value of the larger set of landmarks
was calculated just using the twelve landmarks that compose
the smaller set. Both approaches demonstrate a robust con-
duct. Besides, it can be recognized how the fuzzy approach
becomes more robust when considering a larger set of land-
marks. On the other hand, Figure 8 presents the visual rep-
resentations of the superimposition results which again show
a very similar bad behavior in both approaches for a reduced
set of landmarks. Finally, we can clearly see the improvement
in the superimposition when a larger set of fuzzy landmarks is
used (Figure 9, left). The final superimposition result is good
enough to be used in the following decision making stage. In
fact, this automatic superimposition is much better than that
manually achieved by the forensic anthropologists (Figure 9,
right), which was restricted by the computer vision tools they
considered and by the lateral pose of the face photograph. The
latter issues forced them to discard this photograph in the iden-
tification decision.

Table 2: Case study 1, pose 2. Superimposition results ob-
tained using crisp and fuzzy locations

Landmark set ME
m M µ σ

Twelve crisp l. 0.0347 0.0354 0.0350 0.0002
Twelve fuzzy l. 0.0343 0.0613 0.0357 0.0048
Fifteen fuzzy l. 0.0382 0.0412 0.0391 0.0001

(ME over twelve)

Figure 8: Case study 1, pose 2. Best superimposition results
achieved using twelve crisp (left) and fuzzy (right) landmarks.

5 Concluding remarks and future works
We have proposed the use of fuzzy landmarks to tackle the
uncertainty related to landmark location for a complex foren-
sic identification task called craniofacial superimposition. We
have used two different sets of landmarks provided by the
forensic anthropologists for two photographs of the same
identification case. We have compared the automatic superim-
positions obtained by a GA considering crisp landmarks and
those achieved using fuzzy landmarks. Promising results have
been achieved following a fuzzy approach, showing that it is
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Figure 9: Case study 1, pose 2. Best superimposition result
achieved using fifteen fuzzy landmarks (left) and best manual
superimposition obtained by the forensic experts (right).

able to model the inherent uncertainty involved in the loca-
tion of the landmarks. None of the achieved results follow-
ing a crisp approach provided a better superimposition than
the fuzzy approach. Thus, our proposal becomes more robust
when tackling different locations of the landmarks.

By using fuzzy landmarks, forensic experts are able to place
a larger landmark set with the proper level of confidence (us-
ing different sizes for the landmarks representing different lev-
els of uncertainty in their actual location). In contrast, follow-
ing the classical crisp approach, they are only able to mark
those landmarks whose position they are able to determine
precisely. As we expected, results show a much better perfor-
mance of the GA when the number of landmarks is larger and
that was only possible by using fuzzy location of landmarks.

As a drawback, the fuzzy approach implies more compu-
tational operations with the consequent increment in the run
time required for the GA: from the 20-40 seconds per run us-
ing crisp landmarks to the 2-4 minutes using fuzzy landmarks.
However, it is still a significantly short time if we compare it
with the usual time needed by the forensic experts to perform
a manual superimposition, around 24 hours.

Besides, these results need to be confirmed in a more ex-
tensive study, with a larger number of cases and using other
different fuzzy distances [15]. As additional future work, we
aim to determine the specific transformation parameters of the
manual superimposition achieved by the forensic expert. We
will use those parameters as the ground truth solution to mea-
sure the accuracy of the automatic superimposition processes.
We will also make a poll between different forensic anthro-
pologists in order to define the most appropriate shapes and
sizes for the fuzzy landmarks in several face photographs cor-
responding to real-world previously solved cases. That poll
will be also helpful in order to have different sets of crisp land-
marks for comparison purposes. In addition, we are planning
to introduce the landmark matching uncertainty (see Section
1). Finally, we aim to tackle the identification stage, i.e. the
final decision making process, by using fuzzy logic, in order
to assist the forensic expert in the final identification decision.
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Abstract— In this paper we propose a coupled-map lattice for
modelling epidemic spread in a fuzzy setting. The presented model
complies with the need for adequate modelling tools to describe
and/or predict spatio-temporal phenomena, following the growing
availability of spatio-temporal data. Furthermore, our approach
does not rely on partial differential equations making it particularly
suited to model epidemics in a fuzzy setting. It will be shown that the
presented model allows to describe epidemic spread when the mag-
nitude of the initial outbreak and/or the epidemic properties are only
imprecisely known.

Keywords— epidemic, discrete model, fuzzy initial condition,
spatio-temporal dynamics

1 Introduction
Ordinary differential equations (ODEs) are widely used and
well established to model various biological phenomena, as
illustrated extensively in [1]. Partial differential equations
(PDEs) are often resorted to if one is not merely interested
in the process’ temporal dynamics but also in the spatial pat-
terns it generates [2]. Recently, several researchers have ad-
dressed the (numerical) solution of fuzzy ODEs (FODEs)
[3, 4], endorsed by their potential importance in various sci-
entific fields, for including imprecise information into well-
established mathematical models (see [3, 5]). At present,
the study of FODEs is still growing [6, 7], while thorough
research on fuzzy PDEs is not yet carried out. Two dis-
tinct approaches have been developed within the theory of
FODEs, differing only in whether they rely upon the notion
of fuzzy derivatives or not [8]. This dichotomy and the im-
maturity of the theory of FODEs and FPDEs might hamper
the widespread consideration of fuzziness within mathemat-
ical biology, despite often being faced with imprecise infor-
mation. To overcome these barriers, we propose a coupled-
map lattice (CML), developed by [9], to work with fuzzy ini-
tial conditions and/or parameters easily in a spatially explicit
context. A short overview of fuzziness in discrete dynami-
cal systems will be presented in the first section of this paper.
In the second section we will introduce the CML which will
be used to model spatio-temporal epidemic dynamics. In the
third section we will deal with fuzzy initial conditions, while
fuzzy parameters will be treated in the last section.

2 Fuzziness in discrete dynamical systems
A cellular automaton (CA), first introduced by von Neumann
and Ulam as ‘cellular spaces’, and explored in detail by Wol-
fram [10, 11], is a mathematical model, discrete in all its
senses, e.g. space is represented by an infinite lattice of cells,
updates occur only at discrete time steps and the states can

only take a finite number of values [10]. CA and CML are
closely related, but in the latter states can take arbitrary val-
ues [12]. Although the first notion of a fuzzy CA dates back
to the late 60s [13], literature on fuzzy CA is considered in-
sufficient [14]. Fuzzy automata were first defined by Wee and
Fu [13], but several alternative definitions have been proposed
[14, 15]. Essentially, every state is attributed a membership
value in a fuzzy CA [15], as such relaxing the condition of
merely allowing discrete states. Recently, a review on fuzzy
automata has been published [14], following the increasing
number of articles published on the topic (see [16, 17, 18]).
Despite the definition given in [13], fuzzy CA are often simply
understood as spatial extensions of fuzzy rule-based models
such as Mamdami-Assilian [19, 20] or Takagi-Sugeno models
[21], e.g. CA in which the local transition function is a fuzzy
rule-based model (see [22, 23, 24, 25, 26, 27]). To our knowl-
edge, the notion of fuzziness in CML models has not been
addressed yet.

3 Spatially explicit modelling of epidemics
3.1 The model
Several authors, including Kaneko [12] and Wolfram [11],
have argued that CML and CA provide a suitable framework
to deal with spatio-temporal dynamics. This is illustrated by
the rich variety of such models that has been developed during
the last decade for describing various spatial biological phe-
nomena such as epidemics [28, 29, 30], population dynam-
ics [31, 32], tumor growth [33, 34, 35], biofilm development
[36, 37] and much other phenomena [38, 39].

Recently, Baetens and De Baets [9] proposed a generalized
CML for modelling various biological phenomena, tradition-
ally described by means of PDEs. Their model is general in
two senses. Firstly, exploiting graph notations makes it in-
dependent from the spatial subdivisions used to discretize the
space domain and secondly, it can serve as a basis for mod-
elling various biological phenomena. With regard to an epi-
demic sweeping through a region which is subdivided into ir-
regular polygons, and involving only non-reproducing suscep-
tible and infected individuals, it can be written in a simplified
form as




St+1
j = St

j − St
j

∑
Pk∈N(Pj)

wjk G (Ij , djk) It
k

It+1
j = It

j + St
j

∑
Pk∈N(Pj)

wjk G (Ij , djk) It
k

(1)

where St
j , resp. It

j , represent the fraction of susceptible, resp.
infected individuals within polygon Pj at the t-th time step
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and G is a function describing the effect of landscape and
connectivity characteristics on the epidemic spread, djk is the
distance measured on a graph between the vertices vj and vk,
representing polygons Pj and Pk, N(Pj) is the set of poly-
gons of which the infected inhabitants can affect It+1

j , e.g. the
neighbourhood of Pj defined as

N(Pj) = {Pk ∈ P | dij ≤ ε} , (2)

where ε is the neighbourhood radius. Further, wjk is a weight-
ing factor, weighing the influence of every Pk ∈ N(Pj) in
the determination of St+1

j , and Ij contains information about
Pj . This model may be regarded as a discrete analogue of
the PDE-based SI-model (see [2]). Assuming St

j + It
j = 1,

at all t, and for all Pj , we only have to keep track of one of
the system’s equations in order to follow its dynamics. From
(1) it follows clearly that the system has a single fixed point(
S∗

j , I∗j
)

= (0, 1).
Within the framework of this paper, only a rectangular lat-

tice consisting of 101 × 101 equally-sized cells will be con-
sidered, since we rather want to focus on the fuzziness in (1)
than on its general applicability as discussed in [9]. Moreover,
we will assume that the region is spatially homogeneous, e.g.
G does not depend on Ij , reducing (1) to

It+1
j = It

j + St
j

∑
Pk∈N(Pj)

wjk H (djk) It
k , (3)

where we introduced the function H , only dependent on djk,
to distinguish from G, potentially dependent on both djk

and Ij . Further, we will define

H (djk) =




ν0, if djk = 0,
ν1, if djk = 1,

...
νε, if djk = ε,

(4)

where ε is the neighbourhood radius and νε is a measure for
the epidemic’s virulence, in such a way that

∑
Pk∈N(Pj)

wjk H (djk) ≤ 1, ∀ t, Pj , (5)

assuring that 0 ≤ It
j ≤ 1, at all t, and for all Pj . For this paper,

let ε = 1, wjk = 1
8 for all j, k and j �= k and wjk = 1 if j = k.

Consequently, Pj’s eight nearest neighbours influence It+1
j to

the same degree.

3.2 Fuzziness in the proposed model
In the remainder of this paper St

j and It
j are consid-

ered fuzzy intervals in [0, 1], while the notations
[
St

j

]α

and
[
It
j

]α will refer to their respective α-cuts defined by[
St

j

]α
=

{
s ∈ [0, 1] | St

j(s) ≥ α
}

if α > 0 and
[
St

j

]0
=

cl
{
s ∈ [0, 1] | St

j(s) > 0
}

(the closure of the support) if α =

0, and analogously for
[
It
j

]α. In consequence, we can write[
St

j

]α
=

[
st

j,1(α), st
j,2(α)

]
and

[
It
j

]α
=

[
itj,1(α), itj,2(α)

]
. A

triangular fuzzy interval A will be denoted as A ≡ (l, u, r)

where [A]
0

= [l, r] and [A]
1

= {u}. Two sources of fuzziness
in (3) will be examined more closely. A first concerns the

initial conditions I0
k necessary to iteratively solve (3). As in-

dicated by Beale [40], spatial epidemiological data are becom-
ing increasingly available, providing the means to deduce I0

k .
Nonetheless, one has to be aware of the imprecision in the out-
break data which can be modeled with a fuzzy set approach.
Analogously, the parameters in (4) might only be known im-
precisely, and will be regarded as the second source of fuzzi-
ness. Since the mathematical functions in (3) are restricted
to the basic arithmetic operations and involve no derivatives,
it becomes relatively straightforward to obtain the fuzzy sys-
tem’s spatio-temporal dynamics. Nonetheless, one has to bear
in mind the coupling between St

j and It
j through the condition

St
j + It

j = 1, at all t, and for all Pj . As such, St
j and It

j can-
not take values independently of each other and may be called
interactive fuzzy variables [41]. Their joint possibility distri-
bution Ct

j is not given by St
j × It

j as illustrated in Fig. 1(a),
but can be defined as [42]

[
Ct

j

]α
=

{
l
(
st

j,1(α), itj,2(α)
)
+

(1− l)
(
st

j,2(α), itj,1(α)
) | l ∈ [0, 1]

}
, (6)

for all α ∈ [0, 1], and is depicted in Fig. 1(b). The extension
f(St

j , I
t
j) is defined by [43]

f(St
j , I

t
j) (z) = sup

f(x,y)=z

Ct
j (x, y) . (7)

Following the theory outlined in [44], St
j and It

j may be called
completely negatively ‘correlated’. In view of the existing in-
teractivity we can write

[
St

j + It
j

]α
=

[
st

j,1(α) + itj,2(α), st
j,2(α) + itj,1(α)

]
, (8)

and
[
St

j · It
j

]α
=

[
min

(
st

j,2(α) · itj,1(α), st
j,1(α) · itj,2(α)

)
,

max
(
st

j,2(α) · itj,1(α), st
j,1(α) · itj,2(α)

)]
. (9)

All simulations were performed in Mathematica 6.0 (Wolfram
Research, Inc.) on a desktop PC with an Intel Dual Core 1.86
GHz processor. Although a quadratic lattice was used in this
paper, the described simulations can easily be performed when
irregular spatial subdivisions would be utilized.

4 Fuzzy initial conditions
In this section, we assume ν0 = 0.5 and ν1 = 0.5, meaning
that the spread of an infection in a polygon Pj can be equally
attributed to infected individuals living in Pj as to infected in-
dividuals residing in Pj’s neighbourhood. First, we will con-
sider the situation in which a disease outbreak was recorded
in the center polygon Pc of the grid, but only imprecise in-
formation was available on the proportion of initially infected
individuals. As such, we adopted the following initial condi-
tion 


I0
j = (0.2, 0.3, 0.4) , if j = c

I0
j = 0 , else.

(10)

Figure 2 illustrates the CML evolution during the first time
interval: starting from the initial condition (Fig. 2(a), 2(d)),
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Figure 1: Non-interactive (a) and interactive (b) joint possibility distributions.
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Figure 2: Evolution from
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I0
j

]0 to
[
I1
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]0 (a, b, c) and from
[
S0

j

]0 to
[
S1

j

]0 (e, d, f).

the lattice sites are updated according to (3), yielding the up-
dated fuzzy states (Fig. 2(c), 2(f)). Since the neighbourhood
was restricted to the nearest neighbours, it suffices to plot only
the center polygon and its nearest neighbours to view all state
changes during the first time interval. Underlining was used in
order to visualize how the interaction between St

j and It
j was

taken into account. For instance,
[
I1
j

]0 was calculated as
[
I1
j

]0
=

[
I0
j

]0
+

[
s0

j,2(0) · 1
2 i0j,1(0), s0

j,1(0) · 1
2 i0j,2(0)

]
= [0.2, 0.4] + [0.8 · 0.1, 0.6 · 0.2]

= [0.28, 0.52]

Figure 3 shows the proportion of infected individuals after
two, five, ten and fifteen time steps following the epidemic
outbreak. For reasons of clarity, we limited the depicted spa-
tial extent. The fill color of the polygons corresponds to the
value of

[
It
j

]1, while the vertical axis indicates the member-

ship value of all i ∈ [0, 1]. For each polygon, the fuzzy in-
terval It

j(i) is depicted at the center of the Y -direction, with
the i-values marked along the X-direction, as indicated by
the additional axis drawn at the back of the plots depicted in
Fig. 3(a). This figure shows clearly that, although the epi-
demic was caused by an imprecise number of infected individ-
uals residing in the center polygon, I5

c ’s support was narrower
than that of I0

c , meaning that the imprecision of the model pre-
diction decreased in this polygon during the considered time
interval. This suggests that It

j tended to a crisp number as
t → ∞ which was verified experimentally by running the
model for 150 time steps. This tendency could be expected
since (S∗

c , I∗c ) = (0, 1) is an asymptotic fixed point of the
CML. Further, it is shown in this figure that the imprecision,
initially only present in the outbreak data from the center poly-
gon, propagated radially as a traveling wavefront giving rise to
fuzziness in the model predictions at other locations. Though,
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Figure 3: CML state two (a), five (b), ten (c) and fifteen (d) time steps after an outbreak was recorded in the center polygon.

Figure 4: Maximum [It
c]

0 appeared during the first 125 time
steps after an outbreak was recorded in the center polygon of
the grid.

the degree of imprecision, expressed as the maximum width
of It

j’s support for all t, decreased asymptotically to 0.1 as dcj

increased (Fig. 4).
Also the situation of simultaneous epidemic outbreaks at

different locations was studied more closely. For this setup,
it can be expected that the imprecision linked to the outbreak

data in each of the initially infected polygons might ‘interact’
when the epidemic waves meet. This was confirmed by the
small roughnesses between the two peaks in Fig. 5 showing
the maximum width of It

j’s support during the first 50 time
steps after an epidemic was initiated in two polygons which
are at distance 14 from one another. Similar to the above-
described situation, It

j tended to a crisp number as t → ∞
and the CML evolved towards its fixed point.

5 Uncertain epidemic properties
In this section we again consider the model given by (3) with
fuzzy initial conditions (10), but in addition we assume that ν0

was not known accurately and could be described as a trian-
gular fuzzy interval ν0 = (0.2, 0.35, 0.5). Comparing Figs. 6
and 3 one clearly sees that It

j’s support was wider when both
the initial condition and ν0 were only imprecisely known. As
the wavefront propagated, the maximum width of the support
spanned the entire unit interval in polygons further from Pc

due to the successive non-interactive multiplication of ν0 and
It
Pi

. Yet, It
j tended to a crisp number as t → ∞ since the

CML evolved to its fixed point.

6 Conclusions
In this paper it was shown that imprecise information, de-
scribed using a fuzzy set approach, can be used easily within
a spatially explicit model, based upon the coupled-map lattice
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Figure 6: CML state two (a), five (b), ten (c) and fifteen (d) time steps after an outbreak was recorded in the center polygon.
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Figure 5: Maximum [It
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0 appeared during the first 125 time
steps after an outbreak was recorded in two polygons, which
are at distance 14 from one another.

paradigm. The presented modelling framework is perfectly
suited to cope with the growing importance and availability
of spatio-temporal data. Further work on this topic will con-
sist of extending the presented model to cover also recovered
individuals.
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Abstract— The aim of this paper is to propose a new Kalman Filter 
Recurrent Neural Network (KFRNN) topology and a recursive 
Levenberg-Marquardt (L-M) algorithm of its learning capable to 
estimate states and parameters of a highly nonlinear Continuous 
Stirred Tank Bioreactor (CSTR) in noisy environment. The estimated 
parameters and states obtained by the proposed KFRNN identifier 
are used to design an indirect adaptive sliding mode control scheme. 
The obtained simulation results of the real-time neural identification 
and control of a CSTR model, taken from the literature, exhibited fast 
convergence, noise filtering, and low mean squared error of 
reference tracking. A 20 runs comparative validation experiment in 
noisy environment is also done. It gives some priority of the L-M 
learning over the BP one. 
Keywords— Backpropagation learning, continuous stirred tank 

bioreactor, indirect adaptive sliding mode control, Kalman filter 
recurrent neural network, Levenberg-Marquardt learning. 

1 Introduction 
The Recent advances in understanding of the working 
principles of artificial neural networks  has given a 
tremendous boost to identification, prediction and control 
tools of nonlinear systems, [1], [2]. The main network 
property namely the ability to approximate complex non-
linear relationships without prior knowledge of the model 
structure makes them a very attractive alternative to the 
classical modeling and control techniques, [3]. It is 
particularly useful in applications where the complexity of 
the data or tasks makes the design of such a functions by 
hand impractical. Among several possible network 
architectures the ones most widely used are the Feedforward 
NN (FFNN) and Recurrent NN (RNN). In a FFNN the 
signals are transmitted only in one direction, starting from 
the input layer, subsequently through the hidden layers to the 
output layer, which requires applying a tap delayed global 
feedbacks and a tap delayed inputs to achieve a Nonlinear 
Autoregressive Moving Average (NARMAX) neural 
dynamic plant model. A RNN has local feedback 
connections to some of the previous layers. Such a structure 
is suitable alternative to the FFNN when the task is to model 
dynamical systems. Its main advantage is the reduced 
complexity of the network structure. However, the analysis 
of state of the art in the area of classical RNN-based 
modelling and control has also shown some of their inherent 
limitations as follows: 1. The RNN input vector consists of a 
number of past system inputs and outputs and there is not a 

systematic way to define the optimal number of past values, 
and usually, the method of trials and errors is performed, [2]. 
2. The RNN model is naturally formulated as a discrete 
model with fixed sampling period, therefore, if the sampling 
period is changed, the neural network has to be trained again; 
3. It is assumed that the plant order is known, which 
represents a quite strong modelling assumption in general, 
[1]; 4. The managing of noisy input/output plant data 
required to augment the filtering capabilities of the 
identification RNNs, [4]. Driven by these limitations, a new 
Kalman Filter Recurrent Neural Network (KFRNN) topology 
and the recursive Backpropagation (BP) type learning 
algorithm in vector-matrix form was derived and its 
convergence was studied, [5]. But the recursive BP 
algorithm, applied for KFRNN learning, is a gradient descent 
first order learning algorithm which not permits to augment 
the precision and to accelerate the learning. So, the aim of 
the paper is to use a second order learning algorithm for the 
KFRNN like the Levenberg-Marquardt (L-M) algorithm is, 
[4, 6]. The KFRNN with L-M learning will be applied for 
Continuous Stirred Tank Reactor (CSTR) model 
identification, [7]. In [8, 9] a comparative study of linear, 
nonlinear and neural-network-based adaptive controllers for 
a CSTR is done. The papers proposed to use the neuro-fuzzy 
and adaptive nonlinear control systems design, applying 
FFNNs (multilayer perceptron and radial basis functions 
NN). The proposed control gives a good adaptation to the 
nonlinear plants dynamics, better with respect to the other 
methods of control, but the used FFNNs have a great 
complexity, and the plant order has to be known. The 
application of KFRNNs, [5], together with the recursive L-
M, [4], could avoid these problems improving the learning 
and the precision of the plant states and parameters 
estimation. Here the obtained from the KFRNN identifier 
parameters and states will be used to design an indirect 
adaptive sliding mode control scheme, [5].    

2 Topology and learning of the KFRNN 

2.1 KFRNN Topology 
A Kalman Filter Recurrent Neural Network model and its 
learning algorithm of dynamic Backpropagation-type, 
together with the explanatory figures and stability proofs, are 
described in [5]. The KFRNN topology (see Fig. 1) is 
described by the following vector-matrix equations: 
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( 1) ( ) ( ) ( )X k AX k BU K Dy k� � � �  (1) 

( ) G[ ( )]Z k X k�  (2) 

1
( ) ( )V k CZ k�  (3) 

2 1
( 1) ( ) ( )V k AV k V k� � �  (4) 

( ) F[ ( )]Y k V k�  (5) 

1A � block-diag 1,( )iA ; 1, 1iA �  

2A � block-diag 2,( )iA ; 2, 1iA �  

 
(6) 

 
Where: Y, X, and U are, respectively, output, state and input 
vectors with dimensions l, n, m; A1 and A2 are (nxn) and (lxl) 
block-diagonal local feedback weight matrices; A1,i and A2,i 
are i-th diagonal block of A1 and A2 with (nxn) and (lxl) 
dimensions, respectively. Equation (6) represented the local 
stability conditions, imposed on all blocks of A1 and A2; B 
and C are (nxm) and (lxn) input and output weight matrices; 
D is a (nxl) global output feedback weight matrix; G(.), F(.) 
are vector-valued sigmoid or hyperbolic tangent-activation 
functions, Z, V1, V are vector variables with corresponding 
dimensions; the integer k is a discrete-time variable. 
 
2.2 Backpropagation learning of the KFRNN 
The general BP learning algorithm is given by the following 
equation: 

 
( 1) ( ) ( ) ( 1)W k W k W k W k� �� � � � � � �  (7) 

 
Where: W is the weight matrix, being modified (A1, A2, B, 
C, D); � W is the weight matrix correction ( � A1, � A2, 
� B, � C, �D); � and � are learning rate parameters. 
Applying the diagrammatic method, [10], and using the 
block- diagram of the KFRNN topology (see Fig. 1), we 
could design an error predictive adjoint KFRNN (see Fig. 2). 
Following this adjoint KFRNN block diagram we could 
obtain the next matrix KFRNN weight updates: 
 

1
( ) ( ) ( )TC k E k Z k� �  (8) 

2 1
( ) ( ) ( )TA k E k V k� �  (9) 

1
( ) '[ ( )] ( ); ( ) ( ) ( )

p
E k F Y k E k E k Y k Y k� � �  (10) 

3
( ) ( ) ( )TB k E k U k� �  (11) 

1 3
( ) ( ) ( )TA k E k X k� �  (12) 

3
( ) ( ) ( )TD k E k Y k� �  (13) 

'
3 2 2 1
( ) [ ( )] ( ); ( ) ( )TE k G Z k E k E k C E k� �  (14) 

� � � � � �1 3 2 1( ) ( ) ( ); ( ) ( ) ( )vA k E k X k vA k E k V k  (15) 
 
Where: �A1, � A2, � B, � C, � D are weight corrections 
of the of the learned matrices A1, A2, B, C, D, respectively; E 
is an error vector of the output KFRNN layer, where Yp is a 
desired target vector and Y is a KFRNN output vector, both 
with dimensions l; X is a state vector, and E1, E2, E3 are 
error vectors, shown on Fig. 2; F’(.), G’(.) are diagonal  

 
Figure 1: Block-diagram of the KFRNN topology. 

 

 
Figure 2: Block-diagram of the adjoint KFRNN topology. 

 

 
Figure 3: Block-diagram of the adjoint KFRNN used for the L-M 
algorithm. 

 
Jacobean matrices with appropriate dimensions. The 
diagonal elements of these matrices are derivatives of the 
activation functions. The equations (12), (9) represented the 
weight update of the feedback weight matrices A1, A2, as full 
(nxn), (lxl) matrices. The equation (15) gives the learning 
solution as an element by element vector product when these 
matrices are diagonal vA1, vA2 which is our case. 
 

2.3 Recursive Levenberg-Marquardt KFRNN learning 
The general recursive L-M algorithm of learning, [4, 6], is 
given by the following equations: 

 
( 1) ( ) ( ) [ ( )] [ ( )]W k W k P k Y W k E W k� � � 	  (16) 
[ ( )] [ ( ), ( )]Y W k g W k U k�  (17) 


 �2 2[ ] { ( ) [ ( ), ( )]}pE W k Y k g W k U k� �  (18) 

( )

[ ( )] [ , ( )]
W W k

DY W k g W U k
W �

�
�

�
 (19) 

 
Where: W is a general weight matrix (A1, A2, B, C, D), under 
modification; P is the covariance matrix of the weights 
estimates, being updated; DY is a nw-dimensional gradient 
vector; Y is the KFRNN output vector which depended on 
the updated weights and the input; E is an error vector; Yp is 
the plant output vector which is in fact the target vector. 
Using the same KFRNN adjoint block diagram (see Fig.2), 
we could obtain the values of the gradients DY for each 
updated weight, propagating the value D(k) = I through it 
and following the block diagram of Fig. 3, we could apply 
equation (19) for each element of the weight matrices (A1, 
A2, B, C, D) to be updated. The corresponding gradient 
components are as follows: 

 


 � 
 �1,[ ( )]ij i jDY C k D k Z k�  (20) 


 � 
 �2 1,[ ( )]ij i jDY A k D k V k�  (21) 
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 �1, [ ( )]i i iD k F Y k�  (22) 


 � 
 �1 2,[ ( )]ij i jDY A k D k X k�  (23) 


 � 
 �2,[ ( )]ij i jDY B k D k U k�  (24) 


 � 
 �2,[ ( )]ij i jDY D k D k Y k�  (25) 


 � 
 �2, 1,[ ( )]i i i i iD k G Z k C D k�  (26) 
 

So the Jacobean matrix could be formed as: 
 

2

1

[ ( )] [ ( ( )), ( ( )), ( ( ))

                ( ( )), ( ( ))]
ij ij ij

ij ij

DYW k DY C k DY A k DY B k

DY A k DY D k

�
 

(27) 

The P(k) matrix is computed recursively by the equation: 
 

1

1

( ) ( ){ ( 1)

( 1) [ ( )] [ ( )] [ ( )] ( 1)}T

P k k P k

P k W k S W k W k P k

� �

�

� � �

� � � � �
 

 
(28) 

 
Where: the S(.����������������������"����#$>>$\�^ 

 

[ ( )] ( ) ( ) [ ( )] ( 1) [ ( )]TSW k k k W k P k W k�� � � � � �  (29) 
 

[ ( )]
[ ( )] ;

0 1 0

T
T Y W k
W k

� �	
� � � �

� �� �� �
 

1 4 6
1 0

( ) ;10 10 ;
0

k �
�

� � �
� �

� � � �� �
� �� �

 

3 60.97 ( ) 1;10 (0) 10k P�� � � �  
 

 
 
 
(30) 

 
_`� �����~ ���� `�� �������$� ��\~��� \`��� �`� ���$��
row has only one unity element (the others are zero). The 
position of that element is computed by: 

 

mod( ) 1;i k nw k nw� � �  (31) 
 

Next the given up topology and learning are applied for 
CSTR system identification and control. 
 

3 Indirect Adaptive Control Scheme (Sliding 
Mode Control)  

The indirect adaptive control using the RTNN as plant 
identifier has been described in, [11]. Later the proposed 
indirect control has been derived as a Sliding Mode Control 
(SMC) and applied for control of unknown hydrocarbon 
biodegradation processes, [12]. The block diagram of the 
indirect adaptive control scheme is shown on Fig. 4. It 
contains identification and state estimation KF RNN and a 
sliding mode controller. The stable nonlinear plant is 
identified by a KFRNN model with topology, given by 
equations (1)-(6) learned by the stable BP-learning 
algorithm, given by equations (7)-(15), or using the second 
order LM-learning algorithm, given by equations (16)-(31). 
The simplification and linearization of the neural identifier 
equations (1)-(2), omitting the DY(.) term, leads to the next  

 
 

Figure 4: Block diagram of the closed-loop system containing KF 
RNN identifier and a SMC. 

 
local linear plant model, extracted from the complete KF 
RNN model: 
 


 � 
 � 
 �1
1X k AX k BU k� � �  (32) 


 � 
 � 
 �;  ’Z k HX k H CG Z� �  (33) 

 
Where G’(.) is the derivative of the activation function and  
L = M, is supposed. 
In [13], the sliding surface is defined with respect to the state 
variables, and the SMC objective is to move the states form 
an arbitrary space position to the sliding surface in finite 
time. In [14], the sliding surface is also defined with respect 
to the states but the states of the SISO systems are obtained 
from the plant outputs by differentiation. In [15], the sliding 
surface definition and the control objectives are the same. 
The equivalent control systems design is done with respect to 
the plant output, but the reachability of the stable output 
control depended on the plant structure. In [12], the sliding 
surface is derived directly with respect to the plant outputs 
which facilitated the equivalent SMC systems design. Let us 
define the following SS as an output tracking error function: 
 


 � 
 � 
 �
1

1 1 1 ;  1
P

i
i

S k E k E k i� �
�

� � � � � � ��  
 
(34) 

 
Where: S(.) is the Sliding Surface Error Function (SSEF) 
defined with respect to the plant output; E(.) is the systems 
output tracking error; �i are parameters of the desired stable 
SSEF; p is the order of the SSEF. The tracking error and 
their iterate are defined as: 
 


 � 
 � 
 � 
 � 
 � 
 �; 1 1 1E k R k Z k E k R k Z k� � � � � � �  (35) 

 
Where R(k), Z(k) are L-dimensional reference and output 
vectors of the local linear plant model. The objective of the 
sliding mode control systems design is to find a control 
action which maintains the systems error on the sliding 
surface which assure that the output tracking error reaches 
zero in P steps, where P < N. So, the control objective is 
fulfilled if: 
 


 �1 0S k � �  (36) 

 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

209



 

 

Now, let us to iterate (33) and to substitute (32) in it so to 
obtain the input/output local plant model, which yields: 
 


 � 
 � 
 � 
 �1 1Z k FX k F AX k BU k� �� � � � �� �  (37) 

From (34), (35), and (36) it is easy to obtain: 
 


 � 
 � 
 �
1

1 1 1 0
P

i
i

R k Z k E k i�
�

� � � � � � ��  
 
(38) 

 

The substitution of (37) in (38) gives: 
 


 � 
 � 
 � 
 �
1

1 1
P

i
i

R k FAX k FBU k E k i�
�

� � � � � ��
 

 
(39) 

 

As the local approximation plant model (32), (33), is 
controllable, observable and stable (see [5]), the matrix A1 is 
diagonal, and L = M, then the matrix product (HB), 
representing the plant model static gain, is nonsingular, and 
the plant states X(k) are smooth non-increasing functions. 
Now, from (39) it is easy to obtain the equivalent control 
capable to lead the system to the sliding surface which 
yields: 
 


 � 
 � 
 � 
 � 
 �1

1

1 1
P

eq i
i

U k FB FAX k R k E k i�
�

�

� �
� � � � � � � �� �

� �
�

 

 

(40) 

Following [13], the SMC avoiding chattering is taken using a 
saturation function instead of sign one. So the SMC takes the 
form: 
 


 � 
 �


 � 
 � 
 �

0
*

0 0

                   if 

( )

/   if 

eq eq

eq eq eq

U k U k U

U k

U U k U k U k U

� �
�

� �
�� ��

 

 
 
(41) 

 

The SMC substituted the multi-input multi-output coupled 
high order dynamics of the linearized plant with desired 
decoupled low order one. 
 

4 Description of the CSTR bioprocess 
The CSTR model given in [16, 17] was chosen as a realistic 
example for application of the KFRNN and the SMC for 
solution of system identification and control problems. The 
CSTR is described by the following continuous time, 
nonlinear, system of ordinary differential equations: 
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(43) 

 

 
 

It suffices to know that within the CSTR two chemicals are 
mixed and react to produce a product compound A at a 
concentration CA(t), with the temperature of the mixture 
being T(t). The reaction is exothermic and producing heat 
which slows down the reaction. By introducing a coolant 
flow-rate Qc(t), the temperature can be varied and hence the 
product concentration controlled. CAf is the inlet feed 
concentration, Q is the process flow-rate, Tf and Tef are the 
inlet feed and coolant temperatures, respectively, all of 
which are assumed constant at nominal values. Likewise k0, 
���� �� ��� �� ���� �� ��� �� ��� �`���$������� ���
chemical constant relating to this particular problem. 
Numerical values for the parameters and nominal operating 
conditions of this model are given in Table 1. 
The quantities Qc0, T0, and CA0 shown in Table 1 are 
steady values for steady operating point in the CSTR. The 
objective is to control the product compound A, 
manipulating the variable Qc(t). The operating values of the 
variables are obtained from the papers [16], [17]. The 
authors of these papers examined the performances of neural 
networks and of fuzzy-neural networks based control 
systems, respectively. 
 

5 Simulation Results 
The proposed indirect adaptive SMC is applied for the given 
up CSTR plant. The Fig. 5 and Fig. 7 showed the 
comparison between the reference and the plant output 
signals applying the BP and L-M algorithms of learning for 
the KFRNN, respectively. Detailed comparative graphical 
simulation results of CSTR KFRNN plant identification by 
means of the BP and the L-M learning are given in Fig.6 and 
Fig.8. A 10% white noise is added to the plant inputs and 
outputs and the behavior of the plant identification and 
control has been studied accumulating some statistics of the 
final MSE% ��av) for BP and L-M learning, which results are 
given in Table 3 and Table 4 for 20 runs. The mean average 
cost for all runs (&) of control and the standard deviation (') 
with respect to the mean value and the deviation (�) are 
presented in Table 2 for BP and L-M algorithms of learning. 

Table 2: Standard deviation and mean average values 
using BP and L-M algorithms of learning. 

BP Algorithm LM Algorithm 
��1.0997 ��1.0370 
�  = 0.0295 �  =0.0232 

 

Table 1: CSTR parameters and operating conditions 
100   ( / min)Q L�  3/ 9.95 10    ( )E R K� (  

1.0   ( / )AfC mol L�  52 10    ( / )H cal mol�� � (  

350   ( )fT K�  1000   ( / )c g L� �) �  

350   ( )cfT K�  1   ( / )p pcC C cal gK�  

100   ( )V L�  
0 103.41   ( / min)cQ L�  

57 10    ( / min )hA cal K� (  0 440.2   ( )T K�  
10

0 7.2 10    (1 / min)k � (  0 0.0836   ( / )AC mol L�  

 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

210



 

 

  
 
Figure 5: Detailed graphical simulation results of CSTR plant 
Sliding Mode Indirect Control using BP KFRTNN learning a) 
comparison between the plant output and the reference signal; b) 
control signal; c) MSE% of control. 
 
 

 
 
Figure 6: Graphical results of identification using BP KFRNN 
learning. a) Comparison of the plant output (continuous line) and 
KFRNN output (pointed line); b) state variables; c) comparison of 
the plant output (continuous line) and KFRNN output (pointed 
line) in the first instants; d) MSE% of identification 
 
The values are computed using the following formulas: 
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Figure 7: Detailed graphical simulation results of CSTR plant 
Sliding Mode Indirect Control using L-M KFRTNN learning a) 
comparison between the plant output and the reference signal; b) 
control signal; c) MSE% of control. 
 
 

 
 
Figure 8: Graphical results of identification using L-M KFRNN 
learning. a) Comparison of the plant output (continuous line) and 
KFRNN output (pointed line); b) state variables; c) comparison of 
the plant output (continuous line) and KFRNN output (pointed 
line) in the first instants; d) MSE% of identification 
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Figure 9: Comparison between the final MSE% for 20 runs of 
control program: a) using BP algorithm, b) using L-M algorithm. 

 

6 Conclusions 
The paper proposed a new KFRNN model for systems 
identification and states estimation of nonlinear plants. The 
KFRNN is learned by the second order recursive learning 
algorithm of Levenberg-Marquardt. The estimated 
parameters and states of the RNN model are used for indirect 
(SM) adaptive trajectory tracking control systems design. 
The applicability of the proposed neural control system is 
confirmed by simulation results with a CSTR plant. The 
results showed good convergence of both L-M and BP 
learning algorithms. The L-M algorithm of learning is more 
precise (see Table 2) but more complex then the BP one. 
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Table 3: Final MSE% of control for 20 runs of control 
program using the Backpropagation algorithm. 

No. 1 2 3 4 5 
 

MSE% 
 

1.1096 
 

1.1530 
 

1.1331 
 

1.0660 
 

1.1375 
 

No. 
 

6 
 

7 
 

8 
 

9 
 

10 
 

MSE% 
 

1.0701 
 

1.1171 
 

1.1202 
 

1.1311 
 

1.0899 
 

No. 
 

11 
 

12 
 

13 
 

14 
 

15 
 

MSE% 
 

1.0964 
 

1.1007 
 

1.1139 
 

1.0685 
 

1.0502 
 

No. 
 

16 
 

17 
 

18 
 

19 
 

20 
 

MSE% 
 

1.1330 
 

1.1039 
 

1.0724 
 

1.0609 
 

1.0665 

 
Table 4: Final MSE% of control for 20 runs of control 
program using the Levenberg-Marquardt algorithm. 

No. 1 2 3 4 5 
 

MSE% 
 

1.0296 
 

1.0462 
 

1.0472 
 

1.0670 
 

1.0134 
 

No. 
 

6 
 

7 
 

8 
 

9 
 

10 
 

MSE% 
 

1.0078 
 

1.0396 
 

1.0678 
 

1.0017 
 

1.0609 
 

No. 
 

11 
 

12 
 

13 
 

14 
 

15 
 

MSE% 
 

1.0019 
 

1.0364 
 

1.0135 
 

1.0501 
 

1.0175 
 

No. 
 

16 
 

17 
 

18 
 

19 
 

20 
 

MSE% 
 

1.0654 
 

1.0096 
 

1.03652 
 

1.0627 
 

1.0660 
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Abstract— In Multi-criteria Decision Making (MCDM) problems 
dealing with qualitative criteria and uncertain information the use 
of linguistic values is suitable for the experts in order to express 
their judgments. It is common that the group of experts involved in 
such problems have different degrees of knowledge about the 
criteria, so we propose a multi-granular linguistic framework such 
that each expert can provide his/her evaluations in different 
linguistic term sets according to his/her knowledge. MCDM 
problems have been solved in the literature by using different 
methods, in this contribution we focus on PROMETHEE method 
and our proposal consists of developing tools and operators for the 
PROMETHEE method to deal with multi-granular linguistic 
information.

Keywords— Multi-criteria decision making, linguistic 
hierarchies, Promethee.   

1 Introduction
Decision-making is a common human activity and its 

multidimensional nature of real world decision problems is 
well addressed by multi-criteria decision aid (MCDA). The 
focal point of interest within the methodological framework 
of MCDA is the analysis and the modelling of the multiple 
decision makers’ preferences. This special characteristic of 
MCDA implies that a comprehensive model of a decision 
situation cannot be developed, but instead the model should 
be developed to meet the expert’s requirements. However, 
sometimes tradeoffs between some criteria may also be too 
difficult to define for the experts, and they can be then 
reluctant to express any measurable opinions.  

Different methods belonging to MCDA are the following 
[1]: the Electre family developed by Roy and his co-
workers, Promethee (Brans, Mareshal, Vincke), Oreste
(Pastijin and Leyson), Melchior (Leclerq), Qualifex
(Paelink), Regime (Hinloopen, Nijkamp, Rietvald), 
Macbetch (Bana e Costa, Vansnick), Ahp (Saaty), Topsis 
(Hwang and Yoon). Often these methods require a group of 
experts to express their preferences over the criteria 
involved in the decision process.  

In the real-world, many decision problems are 
characterized by two overarching concerns: to consider 
conflict between the criteria of the problem, and to take into 
account the uncertainty inherent in decision making that 
depends on the outcome of unknown future events.  

To deal with these concerns, the Promethee method is 
used. Promethee [2] is a popular decision method that has 
been successfully applied in the selection of the final 
solution of a problem. It generates a ranking of available 

alternatives, according to the expert’s preferences, and the 
best ranked one is considered the favourite final solution.  

In this paper, we focus on decision under uncertainty 
because is one of the most frequent situations in practical 
decision making, namely in planning activities in many 
fields. Traditional studies of such issues are conducted by 
using probabilistic tools and techniques. However, it is not 
difficult to see in many problems that aspects related to 
imprecision or vagueness clearly have a non probabilistic 
character since they are related to imprecision of meanings. 
Usually, when we deal with certain knowledge in a 
quantitative setting the information provided by the experts 
is expressed by means of numerical precise values. 
However, when we work in a qualitative setting, that is, with 
vague or imprecise knowledge, it could not be estimated 
with an exact numerical value. Then, a more realistic 
approach may be to use linguistic assessments instead of 
numerical values [11].  

The use of linguistic variables makes experts’ 
evaluations more flexible and reliable, but implies processes 
of computing with words (CW). The main problem that 
presents the traditional linguistic approaches to carry out the 
CW processes is the loss of information and hence a lack of 
precision in the final results. Different linguistic 
computational models have been developed Semantic model 
[4], Symbolic [5] or the 2-tuple one [3] that provides a 
model to deal with CW processes in a precise way. 

Our aim in this contribution is focused on MCDM 
problems where different experts can have different degree 
of knowledge about the criteria so they can use different 
linguistic term sets to provide their information defining a 
multi-granular linguistic context. Again, the main problem is 
to carry out the CW processes in such a context, in order to 
overcome this drawback, Herrera and Martinez [6] have 
developed a model based on linguistic hierarchies. Thus, the 
CW processes in such contexts can be carried out without 
loss of information.  

Accordingly, a flexible and realistic multi-granular 
hierarchical linguistic approach based on Promethee method 
is presented in this paper. The main advantage of this 
approach is to tackle the uncertainty of both performance of 
criteria and experts’ knowledge without loss of information. 

The structure of the paper is the following one. Basic 
concepts about Promethee method are introduced in section 
2. A brief linguistic background is presented in section 3. An 
aggregation process for multi-granular linguistic information 
in PROMETHEE is proposed in section 4. In section 5, we 
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apply this approach to an example. The conclusions are 
pointed out in section 6.

2 The Promethee Method 

The PROMETHEE method (Preference Ranking 
Organization METHod for Enrichment Evaluation) is a 
multicriteria decision-making method, belonging to the 
family of outranking methods [2]. It is a ranking method 
quite simple in conception and application compared to 
other methods for multicriteria analysis. It is well adapted to 
problems where a finite number of alternatives are ranked 
considering several conflicting criteria. The evaluation table 
is the starting point of this method. In this table, the 
alternatives are evaluated according to different criteria. The 
implementation of Promethee requires two additional types 
on information, namely: information about the relative 
importance, jw , (i.e. the weights) of the criteria considered, 
and information on the expert’s preference modeling, which 
it uses when comparing the contribution of the alternatives 
in terms of each separate criterion. 

The Promethee method encompasses two phases: (i) the 
aggregation of information about the alternatives and the 
criteria, (ii) the exploitation of the outranking relation for 
decision aid. 

The aggregation phase requires that each point of view 
would be associated with a generalized criterion to assess 
the preference for an alternative ai with regards to ak as a 
function of � � � � � �� �,j i k j j i j kP a a H f a f a� � . A generalized 

criterion is thus a function � � � �� �j j i j kH f a f a� which is 

null when � � � �� �j i j kf a f a�  is negative, non-decreasing 

with � � � �� �j i j kf a f a� varying between 0 and 1. Six different 

types of generalized criteria (for a further description see 
[2]) are proposed to experts, in each case at most two 
parameters from these thresholds q, p and s have to be fixed. 
Indifference threshold, q, is the largest deviation to consider 
as negligible on that criterion. It is a small value with 
regards to the scale of measurement. Preference threshold, p,
is the smallest deviation to consider decisive in the 
preference of one alternative over another. It is a large value 
with respect to the scale of measurement. Gaussian 
threshold, s, is only used with the Gaussian preference 
function. It is usually fixed as intermediate value between an 
indifference and a preference threshold. 

The outranking relation can be then represented by an 
oriented graph. The value of each arc is the multi-criteria 
preference index � �.,.� , which is defined for all ordered 
pairs of alternatives. These indices that may take any value 
in the interval � �0,1 define a fuzzy outranking relation. For 

each � �,i ka a A A� 	 , Promethee permits the computation of 
the following quantities for alternatives ai and ak:

� �
� �

1

1

,

,

n

j j i k
j

i k n

j
j

w P a a

a a
w

� �

�

�






(1)

� � � �,
k

i i k
a A

a a a� ��

�

� 
 ,

� � � �,
k

i k i
a A

a a a� ��

�

� 
 ,

� � � � � �i i ia a a� � �� �� �

(2)

For each alternative ai, belonging to the set A of 
alternatives, � �,i ka a� is an overall preference index of ai

over ak. The leaving flow � �ia�� defines the strength of the 
alternative ai, how much ai dominates all the other 
alternatives of A. Symmetrically, the entering flow 

� �ia�� defines the weakness of the alternative, how much ai

is dominated by all the other alternatives of A.
� �ia� represents a value function, whereby a higher value 

reflects a higher attractiveness of alternative ai. We 
call � �ia� the net flow of alternative ai.

According to Promethee I, alternative ai is better than ak

if the leaving flow of ai ( � �ia�� ) is greater than the leaving 

flow of ak ( � �ka�� ) and the entering flow of ai ( � �ia�� ) is 

smaller than the entering flow of ak ( � �ka�� ).

Equality in � �ia�� and � �ia�� indicates indifference 
between the two alternatives. In the case where the leaving 
flows indicate that ai is better than ak, while the entering 
flows indicate the reverse, ai and ak are considered 
incomparable. Therefore, the Promethee I provide a partial 
ranking of the alternatives. 

In Promethee II, the net flow � �ia� is used in order to 
obtain a complete ranking of all alternatives. The alternative 
with the higher net flow is better. 

3 Linguistic Background 

Due to the fact that, our proposal consists in dealing with 
MCDM problems defined in multi-granular linguistic 
contexts that implies processes of CW, here we review 
briefly the 2-tuple linguistic representation model and the 
linguistic hierarchies structure that are necessary concepts to 
achieve our aim. 
3.1 The 2-tuple Fuzzy Representation Model  

This model was presented in [3] for overcoming the 
drawback of the loss of information presented by the 
classical linguistic computational models [12], i.e., (i) the 
semantic model [4], and (ii) the symbolic one [5]. 

The 2-tuple fuzzy linguistic representation model is based 
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on the symbolic method and takes as the base of its 
representation the concept of Symbolic Translation. 

Definition 1. The Symbolic Translation of a linguistic 
term 0{ ,..., }i gs S s s� �  is a numerical value assessed in [-
0.5, 0.5) that supports the “difference of information” 
between an amount of information  �[0, g] and the closest 
value in {0,…, g} that indicates the index of the closest 
linguistic term in S (si), being [0,g] the interval of 
granularity of S.

From this concept a new linguistic representation model is 
developed, which represents the linguistic information by 
means of 2-tuples (si,�i), si�S and �i�[-0.5, 0.5).
Definition 2. Let 0{ ,..., }gS s s� be a linguistic term set and 

 �[0,g] a value supporting the result of a symbolic 
aggregation operation. Then the 2-tuple that expresses the 
equivalent information to  is obtained with the following 
function: 

� � �: 0, 0.5,.0.5)g S� � 	 �

( ) ( , ),is �� �
( )

[ 0.5,0,5)
is i round

i


�  �
��

� � � � ��

(3)

where round(·) is the usual round operation, is has the 
closest index label to “  ” and “� ” is the value of the 
symbolic translation. 

Proposition 1. Let 0{ ,..., }gS s s� be a linguistic term set 

and ( , )i is � be a linguistic 2-tuple. There is always 

a 1�� function, such that, from a 2-tuple it returns its 
equivalent numerical value  � [0, g] in the interval of 
granularity of S.

Proof. It is trivial, we consider the following function: 

� � � �1 : 0,5,0.5 0,S g�� 	 � �

1( , )is i� � �� � � �

(4)

Remark 1. From Definitions 1 and 2 and Proposition 1, it 
is obvious that the conversion of a linguistic term into a 
linguistic 2-tuple consists of adding a value 0 as symbolic 
translation: ( ,0)i is S s� � .

This model has a computational technique based on the 2-
tuples [3]: 
� Aggregation of 2-tuples 

The aggregation of linguistic 2-tuples consist of 
obtaining a value that summarizes a set of values, 
therefore, the result of the aggregation of a set of 2-
tuples must be a linguistic 2-tuple. We can find several 
2-tuple aggregation operators in [5] based on classical 
aggregation operators as the arithmetic mean and 
weighted mean operators. 

� Comparison of 2-tuples 

The comparison of information represented by 2-tuples 
is carried out according to an ordinary lexicographic 
order.
Let 1( , )ks �  and 2( , )ls � be two 2-tuples represented 
two assessments: 
� If k < l then 1( , )ks � is smaller than 2( , )ls � ;
� If k=l  then

1) If 1 2� ��  then 1( , )ks �  and 2( , )ls � represent
the same value; 
2) If 1 2� �� then 1( , )ks � is smaller than 2( , )ls � ;
3) If 1 2� �� then 1( , )ks � is bigger than 2( , )ls � .

� Negation Operator of a 2-tuple 

The negation operator over 2-tuples is defined as: 

1( , ) ( ( , ))i iNeg s g s� ��� � � � (5)

where g+1 is the cardinality of  S.

3.2 Linguistic Hierarchies 
The Linguistic Hierarchies were introduced in [6] in order to 
accomplish processes of CW with multi-granular linguistic 
information in a precise way. A Linguistic Hierarchy is a set 
of levels, where each level represents a linguistic term set 
with different granularity to the remaining levels. Each level 
is denoted as l(t, n(t)):

� t a number that indicates the level of the hierarchy 
� n(t) the granularity of the term set of the level t

We assume that levels containing linguistic terms are 
triangular shaped, symmetrical and uniformly distributed. In 
addition, the linguistic term sets have an odd number of 
linguistic terms being the middle one the value of 
indifference.
The levels belonging to a linguistic hierarchy are ordered 
according to their granularity, i.e., for two consecutive levels 
t and t+1, n(t+1) > n(t). Therefore, the level t+1 is a 
refinement of the previous level t.
From the above concepts, we define a linguistic hierarchy, 
LH, as the union of all levels t:

( , ( ))
t

LH l t n t� � (6)

Given an LH, we denote as ( )n tS  the linguistic term set of 
LH corresponding to the level t of LH characterized by a 
granularity of uncertainty n(t):

( ) ( )( )
0 ( ) 1{ ,..., }n t n tn t

n tS s s �� (7)

Generically, we can say that the linguistic term set of level    
t + 1 is obtained from its predecessor as: 

( , ( )) ( 1,2 ( ) 1)l t n t l t n t� � � � (8)

A graphical example of a linguistic hierarchy can be seen in 
Figure 1. 
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Fig. 1. Linguistic Hierarchy with term sets of 3,5 and 9 terms. 

In [6] different transformation functions between labels 
of different levels were developed without loss of 
information. To understand how these functions are 
working, there were defined transformation functions 
between two consecutive levels and afterwards between any 
levels of the hierarchy, those transformation functions use 
the linguistic   2-tuple computational model. Here, we 
present the transformation function between any levels. 
Definition 3. Let ))(,( tntlLH

t
�� be a linguistic 

hierarchy whose linguistic term sets are denoted as 
},...,{ )(

1)(
)(

0
)( tn

tn
tntn ssS �� , and let us consider the 2-tuple 

linguistic representation. The transformation function from 
a linguistic label in level t to a label in level t’ is defined as:

))'(,'())(,(:' tntltntlTF t
t �

�
�
�

�
�
�
�

�

�

���
��

�

1)(
)1)'((),(

),(
)()(1

)(
)'(

)()(
' tn

tns
sTF

tntn
itn

tn
tntn

i
t

t

�
�

(9)

Proposition 2. The transformation function between 
linguistic terms in different levels of the linguistic hierarchy 
is bijective: 

' ( ) ( ) ( ) ( )
'( ( , )) ( , )t t n t n t n t n t

t t i iTF TF s s� �� . (10)

4 A Linguistic Multi-Granular Promethee 
model

The model developed in this paper is the result of the 
integration between the aggregation operators of the 
PROMETHEE method and the multi-granular linguistic 
model to combine multiple experts’ assessments defining a 
multi-granular linguistic framework. So, each expert can 
express his/her evaluations in the suitable scale according to 
his/her knowledge in the table 1. 

Table 1.  Multiple experts’ assessments scheme.  

    Experts    
  e1   el   eE

Alt. c1 ci cn c1 ci cn c1 ci cn

a1
1
11C 1

1 jC 1
1nC 2

11C 2
1 jC 2

1nC 11
EC 1

E
jC 1

E
nC

aj
1
1jC 1

ijC 1
jnC 2

1jC 2
ijC 2

jnC 3
1jC 3

ijC 3
jnC

am
1

1mC 1
mjC 1

mnC 2
1mC 2

mjC 2
mnC 3

1mC 3
mjC 3

mnC

Being � �1,..., ,...,j mA a a a� a set of alternatives, 

� �1,..., ,...,i nC c c c� a set of criteria, � �1,..., ,...,l EE e e e� a

set of experts. The assessments e
ijC  provided by the experts, 

ee, can be assessed in a linguistic term sets of the linguistic 
hierarchy that can have different granularity of uncertainty. 
Therefore e e

ijC S�  and eS LH� .
The proposed model to deal with MCDM problems defined 
in multi-granular linguistic contexts consists of three steps. 
Due to the use of multi-granular linguistic information, the 
aggregation step is divided in two steps: 

- Normalization step. The multi-granular linguistic 
information is expressed in a unique linguistic 
expression domain. 
- Aggregation step. The unified information expressed 
in a unique linguistic term set is aggregated. 
- Exploitation step. The collective preference values are 
ordered in a decreasing way and the solution set is 
composed of the best alternative/s. 

4.1 Normalization step 
At the beginning, a linguistic term set to unify the multi-
granular linguistic information must be selected called ST.
Any linguistic term set to do it can be chosen because the 
transformations between levels in a LH are bijective (see 
Proposition 2). In order to reduce the number of 
computations, the linguistic term set that the most of experts 
express their preferences in it shall be chosen.
Let us suppose that � �'n teS S� and � �''n t

TS S� , so a 
transformation function between linguistic terms in different 
levels of the linguistic hierarchy is obtained as follows: 

'
'' ( ) ( , )t e e

t ij ijTF C s �� . (11)

with, e
ij Ts S� .

4.2 Aggregation step 
In this step, two types of preference indexes, individual 
( � �,e

i ka a� ) and collective ( � �,i ka a� ), will be computed. 
The individual preference index which translates the 
intensity of the preference of the alternative ai compared to 
the alternative ak according to the point of view of each 
expert is expressed as: 
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(12)

e
jw is the weight assigned by each expert to each criterion, 

1

n
e e

j
j

W w
�

�
 , � �,e
j i kP a a is a preference function among the 

six types of functions proposed in [2], ai and ak are two 
alternatives belonging to A, � �n t is the cardinality of the 

chosen linguistic term set, � �� �, ,e n t e
i is �  is a linguistic           
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2-tuple, � �, 1,...,i k m�  alternatives, � �1,...,j n� criteria,

� �1,...,e E� experts.

Thus, the collective preference index corresponds to the 
aggregation of the linguistic values computed. The 
aggregation operator could be different in each problem. 
Different aggregation operators were defined in [3] to deal 
with linguistic 2-tuples, for the sake of simplicity in this case 
we have chosen the arithmetic mean. The expression of the 
collective preference index is: 

� � � �

� � � �� � � �� �1

1

: 0.5,0.5

1, , ,

n t

E
n te

i k i k i i
e

A A S

a a a a s
E

�

� � ��

�

	 � 	 �

 !
� � � �" #

" #$ %



.
(13)

With, � �1,..., EE e e� is the set of experts and � �� �,n t
i is � is a 

2-tuple.

4.3 Exploitation step 
The exploitation step generates a solution set of alternatives 
(the best ones) for the decision problem. To do so, this step 
uses a total ranking of the alternatives in a decreasing way 
according to a choice function. Different choices functions 
have been proposed in the literature [8-10]. In this paper, a 
choice function that computes the dominance degree for 
each alternative, ai, over the other alternatives is used as 
follows:

� � � �
, 1,

1 ,
1

m

i i k
k i k i

a a a
m

�
� &

' �
� 
 .

(14)

Then, the best alternative(s) are in the head of ranking 
should be chosen as solution set of alternatives. 

5 Numerical Example 

In this section, we present an investment example to show 
the integration between the aggregation operators of 
PROMETHEE method and the linguistic hierarchies. 
5.1 Input Data 
An investment company wants to invest a sum of money in 
the best option. There is a panel with four possible 
alternatives � �1 4,...,A a a� of investment possibilities. a1 is a 
car industry, a2 is a food company, a3 is a computer 
company, and a4 is an arms industry. The investment 
company chooses four experts � �1 4,...,E e e� from four 
consultancy departments: risk analysis, growth analysis, 
social-political analysis, and environmental impact analysis 
departments respectively, to construct a decision group 
throughout a set of three criteria � �1 2 3, ,C c c c�  being, c1

profit, c2 pollution, and c3 employment. 
These experts use different linguistic term sets from the LH 
(showed in Fig. 1) to provide their preferences over the 

alternative set as following: e1 provides his preferences in 
l(3,9), e2 provides his preferences in l(2,5), e3 provides his 
preferences in l(1,3), and e4 provides his preferences in 
l(3,9).
After a deep study, each expert provides the following 
preference values: 
Table 2.  Input data of each expert.

  e1   e2   e3   e4  
 c1 c2 c3 c1 c2 c3 c1 c2 c3 c1 c2 c3

a1 9
6S 9

3S 9
2S 5

4S 5
2S 5

1S 3
2S 3

1S 3
1S 9

8S 9
1S 9

3S

a2 9
7S 9

2S 9
4S 5

3S 5
3S 5

3S 3
2S 3

1S 3
1S 9

5S 9
2S 9

1S

a3 9
8S 9

5S 9
5S 5

3S 5
1S 5

2S 3
2S 3

1S 3
2S 9

7S 9
3S 9

5S

a4 9
8S 9

6S 9
1S 5

4S 5
3S 5

2S 3
2S 3

2S 3
2S 9

8S 9
5S 9

2S

wj 9
8S 9

6S 9
4S 5

3S 5
4S 5

1S 3
1S 3

2S 3
1S 9

7S 9
1S 9

5S
Type II III IV II III IV II III IV II III IV

pj 9
4S 9

2S 9
5S 5

3S 5
3S 5

2S 3
2S 3

1S 3
2S 9

5S 9
2S 9

4S

qj 9
2S 9

1S 9
3S 5

1S 5
2S 5

1S 3
1S 3

0S 3
1S 9

3S 9
1S 9

3S

5.2 Normalization Step 

In this example, the linguistic term set l(3,9) shall be chosen 
to unify the multi-granular linguistic information, since the 
most of experts have expressed their preferences in it. 
5.3 Aggregation Step 
This step is carried out by the computation of both 
individual and collective preference indexes. The obtained 
results are shown in the tables below: 

Table 3.  Individual preference index of each expert.

1� a1 a2 a3 a4 

a1 - � �9
3 ,0S � �9

0 ,0S � �9
0 ,0S

a2 � �9
1 ,0S - � �9

0 ,0S � �9
0 ,0S

a3 � �9
8 ,0S � �9

3 ,0S - � �9
1 ,0S

a4 � �9
7 ,0S � �9

3 ,0S � �9
3 ,0S -

Table 4.  Collective preference index.

� a1 a2 a3 a4

a1 - � �9
3 , 0.24S � � �9

1 ,0.4S � �9
0 ,0S

a2 � �9
3 ,0.27S - � �9

3 ,0.26S � �9
0 ,0.25S

a3 � �9
2 ,0.14S � �9

0 ,0.75S - � �9
3 , 0.27S �

a4 � �9
4 ,0.12S � �9

4 ,0.5S � �9
2 ,0.33S -
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5.4 Exploitation Step 

This step provides a total ranking of the alternatives in a 
decreasing way (Table 6) according to a choice function 
(Table 5). 

Table 5.  Dominance degree. 

� � � �9
1 1 ,0.04a S' � � � � �9

2 2 , 0.3a S' � �

� � � �9
3 1 ,0.4a S' � � � � �9

4 3 , 0.3a S' � �

Where the degrees are computed as: 

� � � � � � � � � �� �

� � � � � �� �
� �

3

1 1 1 2 1 3 1 4
, 1, 1

9 9 9
3 1 0

9
1

1 1, , , ,
3 3

1                                          , 0.24 ,0.4 ,0
3

                                          ,0.4

k
k i k

a a a a a a a a a

S S S

S

� � � �
� &

' � � � �

� � � �

�




Table 6.  Alternatives ranking.

4a 2a 3a 1a
According to the ranking of the alternatives, the company 
should choose the alternative, a4, for its investment. 

6   Conclusions 

In order to manage multi-granular linguistic information in 
MCDM problems, we extended aggregation operators of 
PROMETHEE method for combining the linguistic values 
by the direct computation on labels. In this paper, a multi-
criteria, multi-expert method has been presented to obtain 
the overall linguistic value without loss of information, 
taking into account the particular nature of the criteria and 
the specific differences among the experts through the 
aggregation process. The proposed model is computationally 
simple and quick. 
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Abstract—Approximate reasoning is one of the most effective fuzzy 
systems. The compositional rule of inference founded on the logical 
law modus ponens is furnished with a true conclusion, provided that 
the premises of the rule are true as well. Even though there exist 
different approaches to an implication, being the crucial part of the 
rule, we modify the early implication proposed by Zadeh [1] in our 
practical model concerning a medical application. The approximate 
reasoning system presented in this work considers evaluation of a risk 
in the situation when physicians weigh necessity of the operation on a 
patient. The patient’s clinical symptom levels, pathologically 
heightened, indicate the presence of a disease possible to recover by 
surgery. We wish to evaluate the extension of the operation danger by 
involving particularly designed fuzzy sets in the algorithm of 
approximate reasoning. 

Keywords—Approximate reasoning, compositional rule of 
inference, Zadeh’s implication, operation risk, symptom levels, 
parametric membership functions.

1 Introduction 
The technique of approximate reasoning, earliest evolved by 
Zadeh [1, 2] quickly found many adherents who 
differentiated the foundations of the theory. Especially, the 
changes concerned the implication IF…THEN…ELSE…, 
which constitutes an important factor of the reasoning 
system. In [3, 4, 5] we can trace the discussion revealing 
definitions of the implication generated by Kleene and 
Denies, Willmot, Mamdani and Assilian, Larsen, Gödel et 
al. The trials of inserting individually created operations on 
fuzzy sets discern the approaches mentioned above. Even 
the item of compositional rule of inference was debated from 
separate points of views [6, 7, 8, 9, 10]. We can mention the 
Yager conception [10] and the Sugeno design [3] as the 
most original modifications of the initial version of the rule. 
 For a practitioner an applicable meaning of approximate 
reasoning is essential, especially in technique and natural 
sciences where vagueness of input and output is often 
expected. Although some technical trials of applications are 
remarkable, it can happen coincidentally to counterpart the 
approximate reasoning in medicine. The only contribution in 
the topic, found by the author in [11], is a discussion of the 
model employing a pharmacological example.  
 Since members of surgical staff make decisions about 
operations on severely-ill patients with the highest care then 
we wish to support these verdicts by results coming from 
reasoning systems. We adopt Zadeh’s approach to the rule 
[1, 2, 12], which is slightly modified by us and based on 
Lukasiewicz’s definition of the fuzzy implication [1, 6, 12]. 
We still find this rule to be the most appealing for the reason 

of simply performed operations and clearly interpretable 
results. Then we build an own original apparatus 
accommodated to medical assumptions. Particular fuzzy sets 
that contain input data and output effects are designed in 
compliance with the physician’s hint. The discussion about 
how to find the objective of reasoning, i.e. operation risk, is 
accomplished in Section 2. Fuzzy sets, taking place in the 
model, are furnished with appropriate membership degrees 
in Section 3. Section 4, added as a presentation of efficiency 
of the algorithm, reveals some risks in cancer surgery.

2 Adoption of approximate reasoning to 
operation decisions 

For patients, who suffer from e.g. cancer, decisions 
concerning their operations are made with the highest 
thoughtfulness. In the later or the last stage of the disease the 
possibility to cure the patient totally of cancer by operating 
him/her for tumors is rather little. As a physician does not 
want the patient to run the risk to suffer even more after an 
unnecessary operation, he ought to judge thoroughly the 
consequences of the surgery.  
 We intend to involve approximate reasoning to support 
mathematically the extraction of a proper decision when 
discerning the operation danger. The most decisive clinical 
symptoms found in an individual patient will be taken into 
consideration to evaluate the risk. 
 Let us ponder a logical compound statement 

qq
pqpp

THEN))))NOT(THEN
)NOT(IF(ELSE)THENIF((AND(IF

(1) 

whose primitive statements p and q are included in the 
equivalent form of (1) derived as 

.))()(( qqpqpp (2) 

 The logical joint ELSE is interpreted in (2) as the 
conjunction  in compliance with the suggestions made by 
Lukasiewicz and Zadeh [1, 6]. 
 The logical statement (2) is a tautology, which can be 
easily confirmed by the method of truth tables. We also 
prove that thesis q in (2) will become true if the premises p
and )()( qpqp  constitute true statements as 
well. In order to accomplish the last proof we utilize the 
method of denying the truth of the thesis q. Let (p) and (q)
denote the truth values of p and q according to the 
convention of binary logic. If, on behalf of the proof, we 
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assume that the thesis q is not true then (q) = 0. From the 
previous assumption )(( qpv ))( qp 1  if 

1)( qpv  and pv( 1)q . But (q) = 0, which 
suggests that (p) = 0 as well to warrant 1)( qpv . On 
the other hand we have already assumed that premise p is 
true. As the suggestion (q) = 0 leads to the contradiction “p
is false” against “p is true” then we will accept (q) = 1. 
 In accordance with the extended law modus ponens 
proposed by Zadeh [1, 2] we interpret (2) as a sentence 

IF 
p` (premise) 
AND                     (3) 
(IF p THEN q) ELSE (IF (NOT p) THEN (NOT q)) 
(premise) 
THEN
q` (thesis) 

provided that the semantic meaning of p and p` (q and q`
respectively) is very close. 
 Let p be visualized by a fuzzy set P in the universe X and 
let q be expressed by another fuzzy set Q in the universe of 
discourse Y. Analogously, the fuzzy set P` X constitutes a 
mathematical formalization of the primitive statement p`
whereas Q` Y replaces formally the sense of q`. The modus 
ponens rule thus becomes 

IF 
p` = P` (premise) 
AND                     (4) 
(IF p = P THEN q = Q) ELSE (IF (NOT p = CP) THEN 
(NOT q = CQ)) (premise) 
THEN
q`= Q` (thesis) 

 The sets CP and CQ are complements of P and Q.
 When making a feedback to the medical task previously 
outlined, we wish to use a technique of accommodating 
actual theoretical assertions to concrete formulations letting 
us evaluate the operation decision in some grades of risk. 
 Let S denote a symptom possessing the most decisive 
power in the evaluation of the operation risk. We regard S as 
either the complex qualitative symptom or the symptom 
whose intensity is assimilated with level codes. These codes, 
determined for both descriptions of S’s complexion, form 
the universe X = “symptom levels” = {1,…,k,…,n}. Let us 
assume that level 1 is associated with the slightly heightened 
symptom values whereas level n indicates their critical 
status. 
 The statement p`

p` = “symptom S is found in patient on level k”

is now addressed to a fuzzy set P` introduced by 

n
n

k
kP` P`P`P` )()(

1
)1( . (5) 

 The sentence p built by 

“p = “rising levels of S are essential for operation risk” 

is dedicated to a fuzzy set P given by 

n
n

k
kP PPP )()(

1
)1( . (6) 

 Another category of elements, constituting a content of 
the universe Y, is determined in the model as risk grades. We 
set risk grades in Y = “operation risk grades” = {L0 = 
“none”, L1 = “little”, L2 = “moderate”, L3 = “great”, L4 = 
“total”}, on condition that Y is experimentally restricted to 
five risk grades only.  
 For sentence q

q = “operation risk exists for patient” 

a creation of a fuzzy set Q is supported by 

4

4

3

3

2

2

1

1

0

0 )()()()()(
L

L
L

L
L

L
L

L
L

L
Q QQQQQ . (7) 

 At last, we define q` containing the final risk judgment as 
a statement 

q` = “patient runs estimated risk of being operated”, 

where risk is graded by membership degrees of the 
corresponding fuzzy set Q´ proposed as 

4

4`

3

3`

2

2`

1

1`

0

0` )()()()()(
`

L
L

L
L

L
L

L
L

L
L

Q QQQQQ . (8
)

 In the next paragraph we accomplish the discussion about 
an apparatus providing us with membership degrees of sets 
(5)–(8). 
 Due to modus ponens rule (4) we set all decision data in 
the scheme 

IF 
“symptom S is found in patient on level k” = P` (premise) 
AND                    
(IF “rising levels of S are essential for operation risk” = P
THEN “operation risk exists for patient” = Q) ELSE (IF 
(“rising levels of S are not essential for operation risk” = CP
THEN operation risk does not exists for patient = CQ)
(premise) 
THEN
“patient runs estimated risk of being operated” = Q` (thesis) 

 In conformity with [1, 6, 12] we first prognosticate a 
mathematical expression of the implication  
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(IF “rising levels of S are essential for operation risk” = P
THEN “operation risk exists for patient” = Q) ELSE (IF 
(“rising levels of S are not essential for operation risk” = CP
THEN operation risk does not exists for patient = CQ)

performed as matrix R. Even though several approaches to 
membership functions of implications were made [1, 2, 3, 5, 
6, 8, 12] we still feel attracted by the Lukasiewicz [6, 12] 
conception of fuzzy implication R with a membership 
function derived as 

,)))(1()((

))())(1((1),(

iQP

iQPlR

Lk

LkLk
(9) 

k = 1,…,n, l = 0,…,4, for all x X and all y Y.
 The membership degrees of set Q` will be visualized after 
composing set P` with relation R due to Zadeh’s 
compositional rule [1] 

RPQ` ´ (10) 

designated by the membership function 

))),(),((min(max)( `´ lRPXklQ LkkL . (11) 

 The comparisons of magnitudes of membership degrees 
in set Q` yield indications referring to judgments of the risk 
grades after consideration of symptom level k verified in the 
patient. 

 As the operations of maximum and minimum have a 
tendency to filter the input data, which sometimes does not 
result in a clear-cut decision, then we will propose another 
set of composition operations in (10). In accordance with 
[13] we propose  

RPQ` ´ (12) 

assisted by membership degrees  

n

k
lR

n

k
lRP

lQ

L

Lkk
L

1

1
`

`

)(

),()(
)( . (13) 

 To be able to apply (13) we ought to prove that the value 
of the quotient Q`(Ll) is a number belonging to the interval 
[0, 1]. To verify this we first notice that ),()(` lRP Lkk

),( lR Lk since both )(` kP  and ),( lR Lk  are less than 
one for all k and l, k = 1,…,n, l = 0,…,4. This causes the 
value of a product to be lesser than the values of both 
factors. We thus conclude that the numerator is less than or 
equal to the denominator, which guarantees that the entire 
value of the quotient is a member of [0, 1]; therefore it can 
be approved as a membership degree of Ll coming from the 
support of Q`. 

 We also notice that the sum placed in the denominator of 
the quotient never becomes equal to zero, since almost all 
risk grades will be designed as positive quantities. This 
assumption prohibits membership degrees of the risk grades 
from being undefined structures. 
 Values ),( lR Lk  are adaptable to be treated as weights 
of level importance assigned to a distinct risk. These, as the 
entries of matrix R are invariants in the system promoting 
the same diagnostic model, contrary to information 
concerning different patients that is changeable. And, 
additionally, we can prove that operation (13) satisfies the 
criteria of OWA operators [13].  

3 Mathematical design of data sets 
The decision model designed in Section 2 includes 
operations on fuzzy sets furnished with symbolically 
established membership degrees. In the current paragraph 
we put some life into theoretical symbols by assigning to 
them mathematical structures. The set P` a.k.a. (5) now gets 
assigned 

21
1

12

)()(
1

)1(

2112

kkkkk

n
n

k
kP`

n
n

n
n

n
n

n
n

P`P`P`

(14)

for the kth symptom level certified in the patient examined. 
 Another set P, concerning the same symptom levels in the 
support, is found by (6) and modified as 

,
1

)()(
1

)1(

1

nk

n
n

k
kP

n
n

n
k

n

PPP

(15)

due to the previously made assumptions, which suggest the 
tendency to ascending values of the membership degrees in 
P.
 The set Q is more sophisticated to design as a fuzzy set 
whose support consists of other fuzzy sets Ll, l = 0,…,4, 
commonly defined in a symbolic risk reference set Z = [0, 
1]. We also intend to determine the membership degrees of 
Q as some characteristic quantities from [0, 1]. Evaluation of 
these numbers is founded on a procedure involving a 
linguistic variable  

“operation risk grades” = {L0 = “none”, L1 = “little”, L2 = 
“moderate”, L3 = “great”, L4 = “total”},

experimentally restricted to five risk grades only.  
 We first fuzzify the expressions concerning the items of 
the list to continue further with their defuzzification in order 
to attach numerical equivalents to the words from the list. 
Each word assists now a fuzzy set Ll, l = 0, 1, 2, 3, 4, whose 
constraint is grounded on an s-class mapping defined for z in 
Z = [0, 1] as [14] 
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.for),,,,(1
,for),,,,,(

))(right(
))(left(

)()(

0000

0000

0

0

0
)(

)(
)(

LLLL

LLLL

lL

lL
lLL

zhlhhhzs
zhlzs

z
z

zz
l

(16)

 We clarify the fact that formulas of all membership 
functions are derived from only one predetermined subject 
defining )(

0
zL . The equality )()( )(0

zz lLLl
 reveals 

that )(z
lL  is dependent on a parameter l equal to level 

number l, l = 0,…,4. The h unit determines a distance 
between 

lL  and 
1lL  (respectively 

lL and
1lL  or 

lL and
1lL ) for symmetric functions s.

 We prepare constraints for L0, which are affected by 
25.0

0L , 125.0
0L  and 0

0L  as 

,0125.0for
21

,125.025.0for
2

))((left 2
)250(0

0

2
)250(0
)250(

0

z

zz
.

z

.

.z

L (17)

and

.25.0125.0for
2

,125.00for
21

))(right( 2
0250

25.0

2
0250

0

0

z

zz
.

z

.
z

L (18)

 By inserting in (17) and (18) the current value l, l = 
0,…,4, and the distance h, casually determined as h = 0.25, 
we obtain a formula of the left branch of Ll

,25.0025.0125.0for
21

,25.0125.025.025.0for
2

))(left(

2
)250(0

)25.00(

2
)250(0

)25.0250(

lzl

lzl

z

.
lz

.
l.z

Ll

(19)

and a function shaping its right branch 

.25.025.025.0125.0for
2

,25.0125.025.00for
21

))(right(

2
0250

)25.025.0(

2
0250

)25.00(

lzl

lzl

z

.
lz

.
lz

Ll

(20)

 Figure 1 collects plots of L0–L4 in conformity with 
different values of l included in (19) and (20). 

Figure 1: The terms of “operation risk grades” as fuzzy sets 
L0–L4

 Actually, we have an intension to emphasize the meaning 
of parametric nature of the Ll membership functions, which 
deprives the model of many distinct formulas. Apart from 
this advantage we focus on generating the functions that 
represent elegant structures mathematically expressed. 
 In the process of defuzzification we consider only z-
values for which the sets L0–L4 get the status of normal sets, 
i.e., z = 0, z = 0.25, z = 0.5, z = 0.75 and z = 1. For these, 
another fuzzy set “numerical operation risk” is projected by 
developing its membership function in the form of  

.15.0for
21

,5.00for
2

)( 2
01
1

2
01
0

""

z

zz
z

z

riskoperationnumerical (21)

 Via the selected z-quantities above, we tie their 
membership degrees calculated by means of (21) to 
expressions from the list in order to establish relations 
between words and their numerical replacements. Therefore, 
the set Q finally obtains a shape of 

43210

1875.05.0125.00
LLLLL

Q . (22)

 We now wish to demonstrate the action of approximate 
reasoning accustomed to the judgment of surgical risk. 

4 Risks grades in cancer surgery 
In patients, who suffer from cancer as the recognized 
diagnosis, one of the symptoms, namely, CRP (C-reactive 
proteins) is carefully measured and discussed with a view to 
make a decision about accomplishing a successful operation. 
The heightened values of CRP (measured in milligrams per 
liter) are theoretically discerned in four levels stated as  

1 = “almost normal” for CRP < 10, 
2 = “heightened” if 10 CRP  20,
3 = “very heightened” if 20 CRP  25, 

1.10.0-

1

0.7

0.

0.2

0

43210 LLLLL

z

(z)
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4 = “dangerously heightened” for CRP > 25. 

 Due to (15) set P is expressed as  

4
1

3
75.0

2
5.0

1
25.0P (23)

in X = {1,…,4}. 
 Suppose that an individual patient examined reveals the 
CRP-value to be 23. CRP is thus classified in level 3 and set 
P` characteristic of the patient is stated in the form of 

4
75.0

3
1

2
75.0

1
5.0`P . (24)

according to (14). 
 The sets (23) and (22) together with  

4
0

3
25.0

2
5.0

1
75.0CP (25)

and

43210

0125.05.0875.01C
LLLLL

Q (26)

generate matrix R with the entries computed in compliance 
with (9). R is expanded as a two-dimensional table 

1875.05.0125.00
75.0875.075.0375.025.0
5.0625.01625.05.0
25.0375.075.0875.075.0

4
3
2
1

43210

R

LLLLL

(27)

which, inserted in (10) for P` determined by (24), provides 
us with  

43210

75.0875.075.0625.05.0`
LLLLL

Q . (28)

 By interpreting the meaning of (28) we understand that 
there exists a risk when considering an operation in patient 
whose CRP-index is evaluated on the third level. The most 
possible risk is evaluated as “great” according to the highest 
quantity of the membership degree. The total danger of 
accomplishing the surgical operation is evaluated as 
essential with the membership degree 0.75. 
 Even the results of implementing (13) given as 

43210

725.0795.075.069.066.0`
LLLLL

Q . (29)

fully confirm the risk extension judged by (28). 
 We hope that the classical model of approximate 
reasoning, modified by us and adapted to the problem of 
operation decision can constitute its complementary 
solution, especially when a decision of saving somebody’s 
life via surgery is crucial. 

5 Conclusions 
Via the way of forming the text of this paper we have 
already come to substantial conclusions. We only summarize 
that we have used approximated reasoning to introduce the 
own initial interpretation of the system to approximate the 
operation risk concerning patients with rising values of a 
biological index. The formulas of membership degrees and 
membership functions have been expanded by applying a 
formal mathematical design. We expect that the study makes 
a contribution in the domain of mathematical models 
projected for medical applications. 
 In future works we wish to examine a model consisted of 
several symptoms that are divided in different numbers of 
levels. The symptoms should be included in the pattern 
simultaneously, which may expose some internal 
interactions among them. In other words, the operation risk 
will be a criterion that can employ many data factors. We 
count on finding some helpful remarks in [15] to implement 
an algorithm supporting the method newly planned. 
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Abstract— Let (X, d) be a compact metric space and f : X → X

a continuous function and consider the hyperspace (K(X), H) of all
nonempty compact subsets of X endowed with the Hausdorff metric
induced by d. Let f̄ : K(X) → K(X) be defined by f̄(A) =

{f(a)/a ∈ A} the natural extension of f to K(X), then the aim of
this work is to study the dynamics of f̄ when f is turbulent (erratic,
respectively) and its relationships.

Keywords— Chaos, dynamical systems, turbulent functions, er-
ratic functions.

1 Introduction
Let (X, d) be a compact metric space and f : X → X a con-
tinuous function. If we consider the extension f̄ : K(X) →
K(X), then an interesting problem is to analyze the chaotic
relations between f and f̄ .
In this direction, Román-Flores in [1] proved that transitiv-
ity of f̄ implies transitivity of f , whereas in [2] the author
proved that sensitivity of f̄ implies sensitivity of f and peri-
odic density of f implies periodic density of f̄ . Also, Banks
in [3] shows that transitivity of f̄ is equivalent to f weakly
mixing. Several other chaotic relations between f and f̄ have
also been investigated by many authors, for example Cánovas
et al. [4] investigated some connections in relation to topo-
logical entropy, Gu in [5] studied Kato’s chaos, and Ma et al.
[6] investigated some aspects of topological entropy, Li-Yorke
chaos and distributional chaos.
The aim of this work is to explore some turbulent and erratic
connections between f and f̄ .

2 Preliminaries
Let (X, d) be a compact metric space and let K(X) be the
class of all non-empty and compact subsets of X . If A ∈
K(X) we define the “ε-neighbourhood of A” as the set

N(A, ε) = {x ∈ X/ d(x, A) < ε},
where d(x, A) = inf

a∈A
d(x, a).

The Hausdorff metric on K(X) is defined as

H(A, B) = inf{ε > 0/ A ⊆ N(B, ε) and B ⊆ N(A, ε)},
and it is well known that (K(X), H) is a compact metric space
(see [7]).

If A ∈ K(X) we denote by B(A, ε) the ball centered in A
and radius ε in H-metric.

Remark 1 An equivalent formula for H is given by

H(A, B) = max
{

sup
a∈A

d(a, B), sup
b∈B

d(b, A)
}

.

Remark 2 If Kn, K0 are nonemty compact subsets of X such
that Kn

H→ K0, then (see [7])

K0 =
∞⋂

p=1

⋃
n≥p

Kn. (1)

If X has a real linear structure then, by using the Minkowski
sum between two sets, a linear structure of convex cone is
defined on K(X) by means

A + B = {a + b, a ∈ A, b ∈ B} and λA = {λa, a ∈ A},

for all A, B ∈ K(X), λ ∈ R.
Let A be a subset of X . Then we define the extension of A

to K(X) as

e(A) = {K ∈ K(X)/ K ⊆ A}.

The following results were proved by the author in [1].

Lemma 1 Let A, B be two subsets of X and let f : X → X
be a continuous function. Then,

i) e(A) = ∅ if and only if A = ∅.

ii) e(A ∩ B) = e(A) ∩ e(B)

iii) If A is a nonempty open subset of X , then e(A) is a
nonempty open subset of K(X).

iv) f̄(e(A)) ⊆ e(f(A))

v) f̄p = fp , for every p ∈ N.

We remark that if f is a bijective map then

f̄(e(A)) = e(f(A)). (2)

Also, as a direct consequence of (1) we have

Lemma 2 If A is a nonempty closed subset of X , then e(A)
is a nonempty closed subset of K(X).
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Proof. If K0 is an acumulation point of e(A) in K(X) then
there exists a sequence (Kn) contained in e(A) such that
Kn

H→ K0. Thus, Kn ⊆ A for all n ∈ N and, due to (1),
we have

K0 =
∞⋂

p=1

⋃
n≥p

Kn ⊆ A

which implies that K0 ∈ e(A).�

Lemma 3 If A is a nonempty convex subset of X , then e(A)
is a nonempty convex subset of K(X).

Proof. Let J, K be two nonempty compact subsets of X such
that J, K ∈ e(A). Thus, since J, K ⊆ A and A is a convex
set, then

λJ + (1 − λ)K = {λx + (1 − λ)y : x ∈ J, y ∈ K} ⊆ A,

for all λ ∈ [0, 1], which implies that
λJ + (1 − λ)K ∈ e(A) and, consequently, e(A) is a convex
set.�

3 Erraticness and turbulence
In this section we will analyze some connections between the
chaos induced by turbulent functions and erratic functions.

Definition 1 Let f : X → X be a continuous function. We
say that f is a turbulent function if there exist two disjoint
nonempty compact subsets J, K of X such that

J ∪ K ⊆ f(J) ∩ f(K)

Definition 2 Let f : X → X be a continuous function. We
say that f is chaotic in the sense of Block and Coppel (in short:
B-C-chaotic) if one of its iterates is turbulent, i.e., there exist
n ≥ 1 and two disjoint nonempty compact subsets J, K of X
such that J ∪ K ⊆ fn(J) ∩ fn(K).

Definition 3 Suppose that X is a compact convex subset of a
linear space and let f : X → X be a continuous function.
We say that f is an erratic function if there exists a nonempty
convex compact subset A of X such that

a) A ∩ f(A) = ∅;

b) A ∪ f(A) ⊆ f2(A).

Theorem 1 If f : X → X is a bijective turbulent function,
then f̄ : K(X) → K(X) is also a turbulent function.

Proof. Suppose that f is a turbulent function. Then, if J, K
are two disjoint nonempty compact subsets of X such that
J ∪K ⊆ f(J)∩ f(K), then by Lemma 1 i)-ii) and Lemma 2
it is clear that e(J), e(K) are two disjoint nonempty compact
subsets of K(X).
Moreover, because J ∪ K ⊆ f(J) ∩ f(K), we have J ⊆
f(J) ∩ f(K) and K ⊆ f(J) ∩ f(K), which implies that
e(J) ⊆ e(f(J) ∩ f(K)) and e(K) ⊆ e(f(J) ∩ f(K)).
Thus, due to equality (2), we obtain

e(J) ∪ e(K) ⊆ e(f(J) ∩ f(K))
= e(f(J)) ∩ e(f(K))
= f̄(e(J)) ∩ f̄(e(K))

and, consequently, f̄ is a turbulent function.�

Corollary 1 If the continuous bijection f is B-C-chaotic, then
f̄ is B-C-chaotic.

Theorem 2 If f : X → X is a bijective erratic function, then
f̄ : K(X) → K(X) is also an erratic function.

Proof. Suppose that f is an erratic function, and let A be a
nonempty compact convex subset of X satisfying conditions
a) and b) in Definition 3. Then, due to Lemmas 2 and 3,
we have that e(A) is a nonempty compact convex subset of
K(X). Now we will prove that e(A) satisfies conditions a)
and b) for f̄ . In fact, by 2 and equality (2) we have:

i) A ∩ f(A) = ∅ ⇒ e(A) ∩ e(f(A)) = ∅
⇒ e(A) ∩ f̄(e(A)) = ∅

and, since A ∪ f(A) ⊆ f2(A), we have:

ii) e(A) ∪ f̄(e(A)) = e(A) ∪ e(f(A))
⊆ e(A ∪ f(A))
⊆ e(f2(A)) = f̄2(e(A))

which implies that f̄ is an erratic function.�
The following result shows that erraticness is stronger than

B-C-chaos.

Theorem 3 Let f : X → X be a continuous function. If f is
an erratic function, then f is a B-C-chaotic function.

Proof. Suppose that f is an erratic function, and let A be a
nonempty compact convex subset of X satisfying conditions
a) and b) in Definition 3 Then, due to a), taking J = A and
K = f(A) we have J ∩ K = A ∩ f(A) = ∅, and by b):

J ∪ K = A ∪ f(A)
⊆ f2(A)
= f(K)
⊆ f(J ∪ K)
⊆ f(f2(J)) = f3(J)

and

J ∪ K = A ∪ f(A) ⊆ f2(J)
⊆ f2(J ∪ K) ⊆ f2(f(K)) = f3(K)

which implies that J∪K ⊆ f3(J)∩f3(K) and, consequently,
f is a B-C-chaotic function.�

Example 1 If we consider the tent function f : [0, 1] → [0, 1]
defined by

f(x) =
{

2x if 0 ≤ x ≤ 1
2

2(1 − x) if 1
2 ≤ x ≤ 1,

then f is an erratic function. In fact, taking A = [14 , 4
9 ] we

have f(A) = [ 12 , 8
9 ], which implies that A ∩ f(A) = ∅ and :

A ∪ f(A) =
[
1
4
,
4
9

]
∪
[
1
2
,
8
9

]
⊆
[
2
9
, 1
]

= f2(A)

and, consequently, f is an erratic function.
On the other hand, if we take J = A and K = f(A) then

we have J ∩ K = ∅ and, since f2(J) =
[
2
9 , 1
]

and f2(K) =
[0, 1], we obtain that J ∪ K ⊆ f2(J) ∩ f2(K) which implies
that f is B-C-chaotic.
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Abstract— The purpose of this paper is to use the Fuzzy Set The-
ory, specially fuzzy rule-based systems, as a mathematical tool for
modeling dynamical systems given by differential equation, whose
direction field is f (IVP-f ). As fuzzy systems methodology produces
input-output systems, that is, it produces m outputs from n inputs,
one can see it as fr : Rn → Rm, where r is the number of rules
of the rule base. Under certain assumptions, one can prove that
the functions (fr) have good analytical properties. Beyond it, they
can approximate theoretical functions (f). The main result of this
paper states that the solutions x of an ODE whose direction field
is f (IVP-f ) can be approximated by the solutions xr of an ODE
whose direction field is fr (IVP-fr). By utilizing important theorems
as the Lebesgue’s Dominated Convergence Theorem it was possible
to prove the proposed theorem. Finally we use a numerical method
(Runge-Kutta) to simulate solutions xn

r that approximates xr when
n increases. The solutions xn

r approximates the solution x of IVP-f
also provided {xn

r } n→∞−→ xr
r→∞−→ x.

Keywords— approximation theory, dynamical systems, fuzzy
systems, initial value problem, numerical solutions.

1 Introduction

The investigation of a physical (biological) phenomena using
differential equations needs knowledgement of the direction
field. That is, it is necessary to adopt a theoretical function
to represent the variation rates (derivatives) as function of the
state variables. For deterministic differential equations, this
direction field is a function of real variables that models its
variation in time. Traditionally, aleatory uncertainties have
been studied from Differential Equations in two ways: first,
considering the state variables as aleatory variables. In this
case it is necessary to define a variation rate (or derivative)
of an aleatory variable. So, it is called stochastic differen-
tial equation. Second, considering only the aleatory param-
eters (therefore, it is not necessary a new definition of vari-
ation rate). These are called aleatory differential equations
[1, 2]. Recently, the use of Fuzzy Set Theory to incorporate
uncertainties in differential equations has been increased, so
we have the fuzzy differential equations. Like the stochastic
case, there are many proposals for studying these equations.
The first one, using the notion of fuzzy derivative, is origi-
nated of the Hukuhara’s derivative used to multifunctions and
introduced in the fuzzy area by Puri and Ralescu [3]. Another
notions do not require derivative to fuzzy variables. The vari-
ation rate is the same as the classical one, but some propos-
als have already been suggested: use differential inclusions
[4, 5], use some fuzzification procedure for a deterministic
solution [6], etc. In each one of these proposals there is an
equation. That is, the derivatives are given by direction fields

that depend on the state variables. Our research suggests a
new methodology to study fuzzy differential equations using
the fuzzy set theory. It will not be required to have the vari-
ation rates explicitly as a function of the state variables. We
propose a fuzzy relation to model the association between the
state variables and the direction field. We consider the varia-
tion rate and the state variables as linguistic variables. If no
defuzzification procedure is used or if the used method pro-
duces an interval [7, 8], then the system can be studied with the
aid of differential inclusion theory. The methodology we pro-
pose here uses some defuzzification method, which produces
a crisp solution (real number or real vector) for each instant
of time t. Regarding fuzzy differential equations, the method-
ology we proposed differs from previous methodologies in its
formulation. While other methodologies use the concept of
derivative (classical or fuzzy), our methodology uses a fuzzy
formulation given by a rule base. More specifically, we adopt
a fuzzy rule-based system (FRBS) to represent the differential
equation. The FRBS methodology has been very important to
solve modeling problems, since it is a universal approxima-
tor. For universal approximator we mean something that can
approximate a continuous functions with the desired accuracy
in compact sets. Thus, it is expected that fuzzy rule-based
systems can model a direction field when the direction field
is only partially known. Works such as Nguyen [9, 10] were
extremely useful in our research. The main purpose of this
work is to use fuzzy systems to obtain functions (fr) in accor-
dance with certain properties of the phenomenon being mod-
eled. These families of functions will be constructed in such a
way that they will be universal approximators of the function
f that represents a theoretical field. Our greatest interest is
to study the solutions of these new dynamical systems, given
by the direction field (fr) and establish conditions that ensure
convergence of its solutions to the solution of the theoretical
problem. The structure of this paper is as follows: in Section 2
we give all basic concepts and definitions the reader needs for
a good understanding of our work. In Section 3 we present the
problem we must solve, that is, the new IVP given by a fuzzy
rule-based system. In Section 4 we present our main result as
a theorem and then we prove it. Finally, in Section 5 we show
an example to illustrate our result.

2 Basic Concepts and Definitions
2.1 Fuzzy Set Theory

An ordinary subset A of a set U is determined by its charac-
teristic function χA defined by

χA(x) =
{

1, if x ∈ A
0, if x /∈ A

.
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The characteristic function of a subset A of a set U specifies
whether or not an element is in A. Zadeh [11] generalized this
notion by allowing images of elements to be in the interval
[0, 1] rather than being restricted to the two element set {0, 1}.

Definition 1 A fuzzy subset A of a set U is determined by a
function ϕA : U → [0, 1], where the number ϕA(x) represents
the degree of membership of the element x to the fuzzy subset
A.

Definition 2 A binary operation ∆ : [0, 1] × [0, 1] → [0, 1] is
a t-norm if it satisfies the following:

1. ∆(1, x) = 1∆x = x;

2. ∆(x, y) = x∆y = y∆x = ∆(y, x);

3. x∆(y∆z) = (x∆y)∆z;

4. If x ≤ u and y ≤ v then x∆y ≤ u∆v.

The operator t-norm models the connective “and”.

Definition 3 A binary operation ∇ : [0, 1] × [0, 1] → [0, 1] is
a t-conorm if and only if

1. ∇(0, x) = 0∇x = x;

2. ∇(x, y) = x∇y = y∇x = ∇(y, x);

3. x∇(y∇z) = (x∇y)∇z;

4. If x ≤ u and y ≤ v then x∇y ≤ u∇v.

The operator t-conorm models the connective “or”.

Definition 4 By a defuzzification procedure D we mean a
mapping that transforms a membership function ϕ(x) into a
number and satisfies the following properties:

1. if ϕ(x) = 0 for all x ∈ (−∞, a), then D(ϕ) ≥ a;

2. if ϕ(x) = 0 for all x ∈ (−∞, a], then D(ϕ) > a;

3. if ϕ(x) = 0 for all x ∈ (a,+∞), then D(ϕ) ≤ a;

4. if ϕ(x) = 0 for all x ∈ [a,+∞), then D(ϕ) < a.

2.2 Fuzzy Rule-Based System

A Fuzzy Rule-Based System (FRBS) (Fig. 1) is an input-
output system based on fuzzy rules. It is composed of four
components: an input processor; a collection of linguistic
rules, called rule base; a fuzzy inference method and an output
processor, which generates a real number as output.

x y

fu
zz

ifi
ca

tio
n

rule base

de
fu

zz
ifi

ca
tio

n

method
inference

Figure 1: A FRBS scheme.

The fuzzification is the stage where the system’s entries are
modeled by fuzzy sets. The membership functions are con-
structed for each fuzzy set involved in the process and, even
if the entry is crisp, it will be fuzzified by its characteristic
function. The rule base is composed of a set of “if-then” rules
describing an input-output relationship. In this component we
can find the fuzzy propositions, which are provided in accor-
dance with an expert. The defuzzification translates the result
of fuzzy inference into a single numeric value of control (a
real number) [12].

A rule base consisting of r rules has the form:

R1 : “Fuzzy Proposition 1”
or

R2 : “Fuzzy Proposition 2”
or
...

or
Rr : “Fuzzy Proposition r”.

In general, each fuzzy proposition has the form

If “state” then “action”,

where every “state” and every “action” are assumed as linguis-
tic variables modeled by fuzzy sets.

In mathematical terms, each one of the r propositions is
described as

“If x1 is A1 and x2 is A2 and . . . xn is An then
y1 is B1 and y2 is B2 and . . . um is Bm”,

where x = (x1, x2, ..., xn) and y = (y1, y2, ..., ym) are the
input and output variables, respectively. Ai, 1 ≤ i ≤ n and
Bj , 1 ≤ j ≤ m are fuzzy sets which model each one of the
terms assumed by the input and output variables, respectively.

It is important to note that a FRBS maps Rn in Rm of a
specific manner. Given an n-tuples (x1, x2, . . . , xn) ∈ Rn,
the FRBS produces an output y = y(y1, y2, . . . , ym) ∈ Rm.
For a set of rules of the form “If xi is Aij then y is Bj , i =
1, 2, . . . , n and j = 1, 2, . . . , r”, where xi, yi ∈ R, Aij and
Bj are fuzzy sets, n is the number of input variables and r
is the number of rules, we obtain yr = fr(x1, x2, . . . , xn).
This map always depends on: a) the membership functions
Aij and Bj ; b) the t-norm and t-conorm chosen and c) the
defuzzification method.

Many authors proved that, for particular methodologies, a
fuzzy rule-based system is a universal approximator [13, 14,
15, 16], but Nguyen [9, 10] generalized and extended these
results. Due to importance of his work we will report some
aspects of it in here.

Let a general class of functions F(M,L,D), where M
consists of those membership functions ϕ such that ϕ(x) =
ϕ0(ax + b) for some a, b ∈ R, and a �= 0, and ϕ0(x) is
continuous, positive on some interval of R, and 0 outside that
interval. L consists of continuous t-norms and t-conorms. D
is a defuzzification procedure transforming each membership
function into a real number in such a way that if ϕ(x) = 0
outside an interval (α, β), then D(ϕ) ∈ [α, β].

Theorem 1 For any design methodology (M,L,D) and any
compact subset K of Rn, F(M,L,D)|K is dense in C(K)
with respect to the sup-norm.
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Proof: See [10].

According to Nguyen [10], for a FRBS with a (M,L,D)
methodology, the output fr is continuous (therefore inte-
grable) and it can be written as

fr(x) =

∑r
j=1 yj ∆(ϕA1j (x1) ∆ ... ∆ ϕAnj (xn))∑r

j=1(ϕA1j
(x1) ∆ ... ∆ ϕAnj

(xn))
, (1)

where r is the number of rules of the rule base, ϕAij (xi) is
the degree of membership of xi in the fuzzy set Aij and ∆ is
a t-norm (see Definition 2).

Besides, the function fr is bounded, since it is continuous
and defined in a compact set.

Note that fr(K) is a compact set of R, that is, fr(K) is a
closed interval of R.

3 The Problem

3.1 Construction of an Initial Value Problem and its
solution

Suppose that the Initial Value Problem (IVP) models a particu-
lar phenomenon. Moreover, suppose that it is an Autonomous
Ordinary Differential Equation, that is, the rate of change does
not depend explicitly of the time. The IVP is, therefore,

dx

dt
= f(x(t))

x(t0) = x0

, (2)

where f is a known function.
The solution of the IVP (2) is guaranteed by the following

proposition:

Proposition 1 Let f : Rn → R be continuous. The function
x : [a, b] → Rn is a solution of the IVP (2) if, and only if, it is
continuous and satisfies the integral equation

x(t) = x0 +
∫ t

t0

f(x(s))ds,

t ∈ [a, b].

In practice, depending on the complexity of the field f , the
solution x(t) may not have an analytical expression. How-
ever, there are several numerical methods that estimate the
unknown solution with the desired accuracy, that is, we can
use a numerical method to obtain a numerical solution to the
IVP (2) so that {xn} n→∞−→ x. Note that knowing the direction
field f (or at least knowing it in some points) is necessary to
use a numerical method.

We propose an alternative way to obtain the solution of the
IVP (2) or at least an approximation of it, without knowing the
field f explicitly. Our goal is to take advantage of the quali-
tative information available to construct a rule base that will
represent the properties that characterize the phenomenon. To
obtain the output fr we use the methodology presented in Sec-
tion 2.2 and therefore we guarantee that fr is a good approach
to f .

Thus, we have a new IVP to represent the studied phe-
nomenon, which is given by

dx

dt
= fr(x(t))

xr(t0) = x0

, (3)

whose solution will be denoted by xr and it will be studied
later.

In the next subsection we will make an analysis about the
existence and uniqueness of the solution xr of the IVP (3).
Since we can guarantee its existence, we will describe the
main result of this work: the theorem ensures that the solu-
tion of the IVP (3) is arbitrarily close to the solution of the
IVP (2) as r increases.

3.2 Existence and uniqueness of the new IVP’s solution, xr

Based on Proposition 1, if fr : Rn → R is continuous, then
the solution of (3) is given by

xr(t) = x0 +
∫ t

t0

fr(x(s))ds,

t ∈ [a, b].
To ensure the existence and uniqueness of the solution we

have the following result:

Proposition 2 • If f ∈ C0(Rn, R) then, for all x0 ∈ Rn,
there is an interval Ix0 ≡ (αx0 , βx0) containing t0 and a
solution x(., x0) of the initial value problem that satisfies
the initial condition x(t0, x0) = x0.

• Besides, if f ∈ C1(Rn, R), then x(., x0) is unique in Ix0

and it is a function of C1 class.

As we have seen in section 2.2, fr is continuous and inte-
grable. Therefore, the function fr satisfies both conditions of
the Proposition 2 and so we can guarantee that the solution of
the IVP (3), xr, exists and it is unique.

4 Main Result
In this section we will state the theorem that ensures the con-
vergence of solution of the IVP (3), xr, to the solution of the
IVP (2), x, as r increases.

For a demonstration of this result we will make use of the
following Lebesgue’s Dominated Convergence Theorem:

Theorem 2 Lebesgue’s Dominated Convergence Theorem
(LDCT): Let X be a measure space with a σ-algebra A and
a measure µ on it. Let f, f1, f2, . . . : X → C be measurable
functions such that fn

n→∞−→ f for almost everywhere (that is,
µ({x ∈ X; fn(x) � f(x)}) = 0). Suppose there is an inte-
grable function g : X → [0, +∞] such that |fn(x)| ≤ g(x)
for almost every x ∈ X . Then

∫
fndµ

n→∞−→ ∫
fdµ.

Proof: See [17].

In the following we state the main result of this work.

Theorem 3 Let f be a continuous function in a compact set
K ⊂ Rn. Let {fr} be class of functions defined in K such
that fr

r→∞−→ f , for example, the fuzzy system output as in (1).
Consider the IVPs (2) and (3) with x and xr their solutions,
respectively.

Then xr
r→∞−→ x.
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Proof: We know that the solutions x and xr are given, re-
spectively, by the equations:

x(t) = x0 +
∫ t

t0

f(x(s))ds,

and

xr(t) = x0 +
∫ t

t0

fr(x(s))ds.

Using the LDCT we can guarantee that the solution xr con-
verges to x as r increases if there is a positive and integrable
function g such that |fr(x)| ≤ g(x) in µ - for almost x ∈ K.

Let g : K → [0, +∞] be such that g(x) = max{|α|, |β|},
where [α, β] ⊂ R is an interval such that D(ϕ(x)) ∈ [α, β],
for all x ∈ K and D is a defuzzification procedure as we have
seen in Section 2.2. Moreover g is a constant function in a
compact set, then it is integrable. Therefore we have |fr(x)| ≤
g(x) for every x ∈ K and all r.

So, the hypothesis of LDCT are satisfied and we can con-
clude that ∫ t

t0

fr(x(s))ds
r→∞−→

∫ t

t0

f(x(s))ds

and, therefore,
xr

r→∞−→ x.

4.1 Numerical Solution

In practice, the solution, x, of a theoretical dynamical system
cannot have an analytical expression due to the complexity
of the direction field f . In this case it is necessary to use
numerical methods, and then find solutions {xn} such that
{xn} n→∞−→ x.

However {xn} will only be obtained if the direction field f
is known, that is, knowing the direction field directions f is a
restriction of the numerical method to produce the estimated
{xn}.

When there is no explicit knowledge of the field f , we can
use the fuzzy sets theory and, as we have seen before, we can
use fuzzy rule-based system to produce a function fr that can
replace the field f , getting the IVP (3).

Knowing fr in a table form (for each x, we have fr(x)), we
can use stable and convergent numerical methods to obtain
{xn

r } such that {xn
r } n→∞−→ xr.

Therefore, as long as the fuzzy rule-based system used to
produce fr satisfies the assumptions of the main theorem, we
have

{xn
r } n→∞−→ xr

r→∞−→ x,

that is
xn

r

n→∞
r→∞−→ x.

Now we will show a practical example of the theory dis-
cussed here. More details can be found in [18].

5 Example
Suppose a population that has its dynamics following the qual-
itative characteristics of the Verhulst model (Logistic Equa-
tion). Thus, this population grows as the IVP

1
x

dx

dt
= a(P∞ − x)

x(t0) = x0

, (4)

where a is the relative growth rate and P∞ is the carrying
capacity of the population (inhibition factor).

The classical solutions of (4), which represent the popula-
tion x(t) at every instant t, are given by

x(t) =
P∞(

P∞
x0

− 1
)

e−at + 1
,

(5)

from where we conclude that:

• x increases if x0 < P∞

• x is constant if x0 = P∞

• x decreases if x0 > P∞,

and is illustrated in Fig. 2.
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Figure 2: Possible solutions of the Verhulst model.

Considering the relative growth rate we have, rewriting (4)
that

1
x

dx

dt
= a(P∞ − x) = f(x), (6)

where f is linear (decreasing).
Consider a FRBS with the Mamdani inference and the cen-

troid as the defuzzification procedure. The input variable is
population and the output variable is relative growth rate (here
we will denote it by variation rate). The solution xr(t) is ob-
tained using a Runge-Kutta method for each output fr(x).

Next, we have two simulations given by a fuzzy system with
3 and 8 rules in the rule base, respectively. Note that in all sim-
ulations we have a rule base that presents semantic opposition
in the consequents, that is, there exists change of the conse-
quents signals. That is what guarantees the “auto-inhibition”
characteristic.

5.1 Simulation 1

In this first simulation we have three rules in the rule base.
They are as follows:

R1: If the population is “small” then the variation rate is
“positive medium”
R2: If the population is “medium” then the variation rate is
“positive small”
R3: If the population is “large” then the variation rate is “neg-
ative small”

The membership functions of the input and output variables
are in Figs. 3 and 4, respectively.

The solution xr(t) is showed in Fig. 5.
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Figure 3: Input of variable Population.
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Figure 4: Input of variable Variation Rate.
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Figure 5: Solution xr(t) of simulation 1.

5.2 Simulation 2

In this second simulation we have eight rules in the rule base.
They are as follows:

R1: If the population is “very small” then the variation rate is
“positive very large”
R2: If the population is “small A” then the variation rate is
“positive large”
R3: If the population is “small B” then the variation rate is
“positive large”
R4: If the population is “medium A” then the variation rate is
“positive medium”
R5: If the population is “medium B” then the variation rate is
“positive medium”
R6: If the population is “medium C” then the variation rate is
“positive small”
R7: If the population is “large” then the variation rate is “neg-
ative small”
R8: If the population is “very large” then the variation rate is
“negative medium”

The membership functions of the input and output variables

are in Figs. 6 and 7, respectively.
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Figure 6: Input of variable Population.
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Figure 7: Input of variable Variation Rate.

The solution xr(t) is showed in Figure 8
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Figure 8: Solution xr(t) of simulation 2.

Fig. 9 shows the two solutions obtained in the simulations
and the classical solution of the model, when adopted K = 80,
a = 0, 006 and x0 = 5.
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Figure 9: Comparison of the solutions obtained through simulations
and the exact solution, using x0 = 5.

Fig. 10 shows the two solutions obtained in the simulations
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and the classical solution of the model, when adopted K = 80,
a = 0, 006 and x0 = 90.
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Figure 10: Comparison of the solutions obtained through simula-
tions and the exact solution, using x0 = 90.

Note that Figs. 9 and 10 show that the solutions of the IVP
(3) converge to the exact solution of Verhulst Model. More-
over, the bigger the number of rules is, the better the approx-
imation is. This is in accordance with Theorem 3, which en-
sures convergence as r increases. Table 1 shows the values
obtained in the simulations and the value obtained by the so-
lution of the Verhulst Model when x0 = 5, for some values of
t.

Table 1: Values obtained by simulation and by the equation.
Time Theoretical Sim. 1 (S1) Sim. 2 (S2)

Value (TV) (3 rules) (8 rules)
0 5 5 5

0,2 5,4152 5,4644 5,4460
0,9 7,4423 7,3920 7,2719
2,5 14,5304 13,7874 13,2925
4,6 30,4040 25,8578 28,7976
7,7 58,6421 42,7152 62,3510
11 74,6871 65,6782 78,3973

15,1 79,2707 77,3232 79,9304
17,1 79,7398 78,7905 79,9850
20 79,9407 79,6222 79,9984

The norm of the error of these approximations can be seen
in Table 2. It is the difference between the exact value and the
simulated values.

Table 2: Errors obtained comparing simulations 1 and 2 with
the theoretical value.

Time Error 1 Error 2
(|TV − S1|) (|TV − S2|)

0 0 0
0,2 0,0491 0,0308
0,9 0,0504 0,1704
2,5 0,7430 2,2487
4,6 4,5416 1,6063
7,7 15,9269 3,7089
11 9,0059 3,7132

15,1 1,9475 0,6597
17,1 0,9493 0,2452
20 0,3185 0,0577

6 Conclusions

In this work we proposed a fuzzy rule-based system methodol-
ogy to represent the direction field of differential equations. It
is applicable when we have only partial knowledgement about
the direction field in question. A typical case is when the in-
formations about it are qualitative, as example, low, medium,
high, conform the values of the state variable. As we have
seen, this methodology was able to construct an input-output
system from qualitative information by means of fuzzy sets.
Thus, it was possible to adopt a direction field (fr) (IVP (3))
obtained from theoretical direction field (f) (IVP (2)), that is
given by Theorem 1, since fr converges to f . Moreover, from
theorem 3 and using the Lebesgue’s Dominated Convergence
Theorem we have proved that the solution of the IVP (3) con-
verges to the solution of the IVP (2). Through a simple exam-
ple we illustrated the methodology we proposed, confirming
the obtained results. From the point of view of modeling this
result is very important because in many cases, the available
informations are qualitative. That is the case of Peixoto’s work
[19] that applies this methodology in a predator-prey model.
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Abstract— Autoassociative fuzzy implicative memories (AFIMs)
are models that exhibit optimal absolute storage capacity and an ex-
cellent tolerance with respect to incomplete or eroded patterns. Thus,
they can be effectively used for the reconstruction of gray-scale im-
ages. In practice, however, applications of AFIMs are confined to
images of small size due to computational limitations. This paper
introduces a class of sparsely connected AFIMs (SCAFIMs) that cir-
cumvent this computational overhead and, therefore, can be used for
the reconstruction of large images. We show that SCAFIMs exhibit
optimal absolute storage capacity and tolerance with respect to in-
complete or eroded patterns. Furthermore, we compare the perfor-
mance of SCAFIMs with their corresponding fully connected AFIM
both theoretically and by means of computational experiments.

Keywords— Fuzzy associative memory, reconstruction of large
gray-scale images, sparse encoding, storage capacity, tolerance with
respect to noise.

1 Introduction

Associative memories (AMs) are models inspirated in the hu-
man brain ability to recall by association [1, 2, 3, 4]. Here, a
partial or approximate representation of a stored item is used
to recall the full item. An example would be recalling a poem
by knowing its first words as an initial clue. Applications
of AM models include classification, prediction, control, and
pattern recognition [5, 6, 7, 8, 9].

We speak of a fuzzy associative memory (FAM) if the AM
model is used for the association of fuzzy sets [5, 8, 10, 11].
The max-min and max-product FAMs of Kosko, the general-
ized FAMs (GFAMs) of Chung and Lee, and the implicative
fuzzy associative memories (IFAMs) are instances of FAMs
[5, 8, 12, 13]. We would like to recall, however, that the
FAMs of Kosko as well as the GFAMs usually fail to per-
fectly recall a memorized item due to crosstalk between the
stored patterns [8, 12]. Therefore, despite their successful ap-
plications in a variety of problems [5, 12], the FAMs of Kosko
and the GFAMs are not recommended for the reconstruction
of gray-scale images.

In contrast, IFAMs exhibit optimal absolute storage ca-
pacity in the autoassociative case [13]. In other words, one
can store has many patterns as desired in an autoassociative
fuzzy implicative memory (AFIM). In addition, AFIMs exhibit
one step-convergence and an excellent tolerance with respect
incomplete or eroded patterns [8, 13]. As a consequence,
AFIMs can be effectively used for the reconstruction of gray-
scale images [8, 14].

Due to computational limitations, however, AFIMs can
be used only for the storage and recall of images of small
size. Specifically, such as several other AMs, including the

complex-valued neural network [15, 16], the multi-state model
of Costantini et al. [17, 18], and the morphological associa-
tive memories [14, 19], AFIMs require the storage of a large
amount of synaptic junctions if used to process large images.
For example, approximately 512 gigabytes of memory space
would be consumed by an AFIM that is used for the storage of
gray-scale images of size 512 × 512. In order to circumvent
this computational overhead, we propose to remove a large
amount of synaptic junctions of an AFIM. The resulting model
is referred to as a sparsely connected AFIM (SCAFIM). We
show that SCAFIMs inherit the optimal absolute storage ca-
pacity and the tolerance with respect to incomplete or eroded
patterns of AFIMs. Therefore, they can be used for the recon-
struction of large gray-scale images.

The paper is organized as follows. The next section re-
views the basic concepts of AFIMs. SCAFIMs are introduced
in Section 3. Some theoretical results concerning the stor-
age capacity and noise tolerance of SCAFIMs, as well as two
strategies for the construction of a SCAFIM from a (fully con-
nected) AFIM, are also given in Section 3. Section 4 provides
computational experiments. The paper finishes with the con-
cluding remarks in Section 5.

2 A Brief Review on Autoassociative Fuzzy
Implicative Memories

Associative memories (AMs) are input-output systems that
store a set of associations

{(
xξ,yξ

)
: ξ = 1, . . . , k

}
, called

fundamental memory set [2, 3]. Formally, an AM corresponds
to a mapping G such that G(xξ) = yξ for every ξ = 1, . . . , k.
In addition, an AM model should be endowed with a certain
tolerance with respect to noise. In other words, the mapping
G should be such that G(x̃ξ) equals yξ even for noisy or in-
complete versions x̃ξ of xξ .

An associative memory can be classified as autoassociative
or heteroassociative [3]. We have an autoassociative memory
if yξ = xξ for all ξ = 1, . . . , k. We speak of an heteroasso-
ciative memory otherwise. This paper focus on the autoasso-
ciative case. The famous Hopfield network is an example of
autoassociative memory for binary patterns [2, 4, 20].

We speak of a fuzzy associative memory (FAM) if the map-
ping G is given by a fuzzy neural network and the patterns
xξ and yξ represent finite fuzzy sets for every ξ = 1, . . . , k
[10, 11]. Applications of FAMs include backing up a truck and
trailer, target tracking, and forecasting the average monthly
streamflow of a large hydroelectric plant [5, 8]. This paper
focus only on the class of autoassociative fuzzy implicative
memories (AFIMs). The reader interested in a comprehensive
survey on FAM models is invited to read [8].
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2.1 Autoassociative Fuzzy Implicative Memories
AFIMs are single-layer feedforward fuzzy neural networks
equipped with neurons that compute the maximum of contin-
uous triangular norms (t-norms) [13, 21]. Specifically, given a
synaptic weight matrix W ∈ [0, 1]n×n and a threshold vector
θ ∈ [0, 1]n, the output y ∈ [0, 1]m of an AFIM is given by

y =W(x) = (W ◦ x) ∨ θ , (1)

where x ∈ [0, 1]n is the input pattern and the symbol “◦”
denotes a max-T product1. Recall that the max-T product of
two matrices A ∈ [0, 1]n×k and B ∈ [0, 1]k×n, denoted by
C = A ◦B ∈ [0, 1]n×m, is defined as follows [10]:

cij =

k∨
ξ=1

T (aiξ, bξj) . (2)

The synaptic weight matrix W and the threshold vector
θ of an AFIM model are computed by means of a record-
ing recipe called implicative fuzzy learning (IFL). Formally,
given a fundamental memory set {x1, . . . ,xk}, where each
xξ ∈ [0, 1]n, IFL defines W ∈ [0, 1]n×n and θ ∈ [0, 1]n as
follows [13, 21, 11]:

[W |θ] =
∨{

[A |β] : (A ◦ xξ) ∨ β ≤ xξ, ∀ ξ ∈ K}
. (3)

Here, [W |θ] represents the n× (n+1) fuzzy matrix obtained
by concatenating W and θ, and K = {1, . . . , k}.

It is important to note that IFL makes optimal use of the
synaptic weights and thresholds of the AM model given by
(1). In fact, if there exist A ∈ [0, 1]m×n and β ∈ [0, 1]n such
that (A◦xξ)∨β = xξ for all ξ ∈ K, then W and θ given by (3)
also satisfies (W ◦ xξ) ∨ θ = xξ for all ξ ∈ K. Furthermore,
the inequalities A ≤W and β ≤ θ hold true.

Observe, in particular, that the identity matrix I ∈ [0, 1]n×n

and the vector of zeros 0 = [0, . . . , 0]T ∈ [0, 1]n are such that
(I ◦ xξ) ∨ 0 = xξ for every original pattern xξ. Thus, the
synaptic weight matrix W and the threshold vector θ given by
(3) satisfy I ≤W and (W ◦ xξ) ∨ θ = xξ for all ξ ∈ K. As a
consequence, one can store as many patterns as desired in an
AFIM model [13].

The following proposition establishes a relationship be-
tween the output of an AFIM and the fixed points of the synap-
tic weight matrix W [13, 8, 11]. Recall that z ∈ [0, 1]n is
a fixed point of W ∈ [0, 1]n×n if and only if W ◦ z = z.
We denote the set of all fixed points of W by F (W ), i.e.,
F (W ) = {z ∈ [0, 1]n : W ◦ z = z}.
Proposition 1. Given an input pattern x ∈ [0, 1]n, the output
W(x) = (W ◦ x) ∨ θ of an AFIM is the smallest fixed point
z of W such that z ≥ x and z ≥ θ, i.e.,

W(x) =
∧
{z ∈ F (W ) : z ≥ (x ∨ θ)} . (4)

Proposition 1 shows that AFIMs exhibit one-step conver-
gence. Moreover, it gives useful insights on the noise toler-
ance of AFIMs. For example, Proposition 1 says that an AFIM
recalls an original pattern xξ only if the input x is smaller

1In this paper, the symbols “
W

” and “
V

” denote the supremum
(or maximum) and infimum (or minimum) operations, respectively.

than xξ . In other words, AFIMs are suited for the reconstruc-
tion of patterns corrupted by erosive noise, but are incapable
of handling dilative noise. Recall that a distorted version x̃ξ

of the original pattern xξ has undergone an erosive change if
x̃ξ ≤ xξ and a dilative change if x̃ξ ≥ xξ [19]. Further in-
formation on the noise tolerance of AFIMs can be obtained by
investigating F (W ). A complete characterization of the set of
fixed points of a general class of FAMs can be found in [22].

Let us conclude this section by recalling that the synaptic
weight matrix W = (wij) ∈ [0, 1]n×n and the threshold vec-
tor θ = [θ1, . . . , θn]T ∈ [0, 1]n given by IFL can be eas-
ily computed by means of the following equations for every
i, j = 1, . . . , n:

wij =

p∧
ξ=1

IT (xξ
j , x

ξ
i ) and θi =

p∧
ξ=1

xξ
i . (5)

Here, the operator IT : [0, 1]× [0, 1] → [0, 1] denotes the R-
implication associated with the t-norm that is used in the recall
phase [23, 10]. Recall that the R-implication associated with
a continuous t-norm T is defined as follows:

IT (x, y) =
∨
{z ∈ [0, 1] : T (x, z) ≤ y} . (6)

The following equations present the R-implications associated
with the minimum, product, and Lukasiewicz t-norm, respec-
tively [23, 10, 13]:

IM (x, y) =

{
1, x ≤ y
y, x > y

(Gödel) (7)

IP (x, y) =

{
1, x ≤ y

y/x, x > y
(Goguen) (8)

IL(x, y) = 1 ∧ (1− x + y) (Lukasiewicz) (9)

3 Autoassociative Fuzzy Implicative Memories
for Large Gray-Scale Images

First of all, recall that a gray-scale image a of size M × N
can be identified with a finite fuzzy set x = [x1, . . . , xn]T

of length n = NM . The fuzzy set x is obtained by confin-
ing the gray-scale values to the unit interval and by arranging
the pixels in a column vector using the standard column-scan
method. As a consequence, AFIMs can be used for the storage
and retrieval of gray-scale images.

Note, however, that an AFIM needs a synaptic weight ma-
trix W ∈ [0, 1]n×n and a threshold vector θ ∈ [0, 1]n. In
other words, the model requires computation and storage of
n(n + 1) values. The following example reveals that the
required computational resources restrain the applications of
AFIMs to small gray-scale images.

Example 1. Consider a gray-scale image of size 512 × 512
with 256 shades of gray. This image corresponds to a fi-
nite fuzzy set that can be represented by a vector of length
n = 5122 = 262144. As a consequence, an AFIM requires
the computation and storage of approximately 6.9×109 values
corresponding to the synaptic weights and thresholds. If these
values are represented in a computer using 64-bit double pre-
cision floating points, then the model allocates approximately
512 gigabytes of memory space. Similar considerations re-
veal that AFIMs allocate approximately 2 and 32 gigabytes
of memory spaces for the storage and recall of images of size
128× 128 and 256× 256, respectively.
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Concluding, due to computer memory limitations, applica-
tions of AFIMs are usually bounded to images of size less than
or approximately equal to 128 × 128. The following subsec-
tions provide strategies that allow for the storage and recall of
large gray-scale images in AFIM based models.

3.1 Sparsely Connected AFIMs
Several studies suggest that neurons in the parts of the human
brain that exhibit functional properties of associative memory
are connected to few other neurons [24, 25, 26]. Motivated by
this biological remark, we will remove a considerable amount
of synaptic junctions of an AFIM model, i.e., we will intro-
duce zeros in the synaptic weight matrix given by (5). How-
ever, in view of the following theorem2, we will not delete
synaptic weights in the main diagonal of W .

Theorem 1. Consider an arbitrary fundamental memory set
{x1, . . . ,xk}, where each xξ ∈ [0, 1]n. If V ∈ [0, 1]n×n and
ϑ ∈ [0, 1]n satisfy the inequalities I ≤ V ≤ W and ϑ ≤ θ,
where W ∈ [0, 1]n×n and θ ∈ [0, 1]n are given by IFL, then
the following equation holds true for every ξ = 1, . . . , k:

xξ = (V ◦ xξ) ∨ ϑ . (10)

In view of Theorem 1, we define a sparsely connected
AFIM (SCAFIM) as an autoassociative max-T FAM with
threshold ϑ ≤ θ and a synaptic weight matrix I ≤ V ≤ W
that has very few nonzero elements. Since V has a sparse
structure, SCAFIMs usually do not require large computa-
tional resources. Thus, they are suited for the storage and
recall of large gray-scale images.

By definition, SCAFIMs exhibit optimal absolute storage
capacity such as the fully connected AFIMs. However, in
contrast to the latter, SCAFIMs do not necessarily exhibit
one-step convergence. Therefore, in analogy to the famous
Hopfield network, we may employ SCAFIMs with feed-back
[2, 20]. In this case, given an input pattern x ∈ [0, 1]n, we
define the following sequence where x(0) = x:

Vt(x) = x(t) =
[
V ◦ x(t− 1)

] ∨ ϑ , ∀ t = 1, 2, . . . (11)

The resulting model is referred to as dynamic or recursive
SCAFIM. Note that Vt(x) represents the output of a dynamic
SCAFIM after t steps. In particular, V1(x) corresponds to the
output of a single-step model.

The following theorem shows that the sequenceVt(x) given
by (11) converges for every input pattern x ∈ [0, 1]n. Fur-
thermore, Theorem 2 below relates the limit of the sequence
Vt(x), denoted by V∗(x), with the fixed points of the synaptic
weight matrix V . Recall that the set of fixed points of V is
defined as F (V ) = {z ∈ [0, 1]n : V ◦ z = z}.
Theorem 2. Given a fundamental memory set {x1, . . . ,xk},
define ϑ and V such that ϑ ≤ θ and I ≤ V ≤ W , where
W and θ are given by IFL. Then, for every input pattern x ∈
[0, 1]n, the sequence given by (11) is monotonically increasing
and converges to the smallest fixed point z of V such that z ≥
x and z ≥ ϑ, i.e.,

V∗(x) = lim
t→∞

x(t) =
∧
{z ∈ F (V ) : z ≥ (x ∨ ϑ)}. (12)

2We would like to point out that we intend to publish the proofs
of Theorems 1, 2, and 3 in an upcoming journal paper.

Note that Theorem 2 is analogous to Proposition 1. Thus,
such as AFIMs, SCAFIMs cannot recall an original pattern
xξ if the input x is greater than xξ . More importantly, both
Proposition 1 and Theorem 2 relate noise tolerance with the
set of fixed points of the synaptic weight matrix. The fol-
lowing theorem establishes a relationship between F (V ) and
F (W ). As a consequence, we are able to relate the noise tol-
erance of a certain SCAFIM and its corresponding fully con-
nected AFIM. Theorem 3 below also relates the set of fixed
points of V with the set of fixed points of a matrix U that has
a smaller number of non-zeros entries than V .

Theorem 3. Let F (U), F (V ) and F (W ) denote the set of
fixed points of matrices U, V, W ∈ [0, 1]n×n with respect to a
certain max-T product. If I ≤ U ≤ V ≤ W , then F (W ) ⊆
F (V ) ⊆ F (U).

Remark 1. Theorems 2 and 3 tell us that the noise tolerance
of dynamic SCAFIMs with respect to erosive noise diminishes
- because the number of fixed points increases - as we remove
more and more synaptic junctions of a fully connected AFIM.
In contrast, a dynamic SCAFIMs exhibit better noise tolerance
with respect to dilative noise than its corresponding AFIM. Let
us clarify this remark by means of an illustrative example.

Example 2. Let W and θ denote the synaptic weight matrix
and threshold vector of an AFIM. Suppose that U and V are
sparsely connected synaptic weight matrices that satisfy the
inequalities I ≤ U ≤ V ≤W , i.e., U has fewer non-zeros el-
ements than V . Figure 1 depicts the sets of fixed points F (W ),
F (V ), and F (U). Here, we represented the set [0, 1]n by a
line from 0 = [0, 0, . . . , 0]T to 1 = [1, 1, . . . , 1]T although
this set is not totally ordered3. The fixed points of W, V , and
U are represented by short vertical lines. Note that, in agree-
ment with Theorem 3, we have depicted F (W ) ⊆ F (V ) ⊆
F (U).

Suppose that xξ represents an original pattern and x̌ corre-
sponds to an eroded version of xξ. Let W denote the AFIM
model whose synaptic weight matrix is W and threshold vec-
tor θ is shown in Figure 1. By Proposition 1, W(x̌) = xξ

because xξ is the smallest fixed point of W greather than x̌

and θ. Similarly, let V∗ and U∗ denote dynamic SCAFIMs
with threshold vector ϑ = θ and synaptic weight matrices V
and U , respectively. In contrast to the AFIM model, the dy-
namic SCAFIMs V∗ and U∗ fail to recall the original pattern
xξ because there are fixed points in F (V ) and F (U) between
x̌ ∨ ϑ and xξ . Furthermore, observe that V∗ outperforms the
SCAFIM U∗ because U has a fixed point between x̌ ∨ ϑ and
V∗(x̌).

Conversely, let us suppose that x̂ represents a corrupted ver-
sion of xξ contaminated by a small dilative noise. In view
of the relationship F (W ) ⊆ F (V ) ⊆ F (U), the dynamic
SCAFIM U∗ and the AFIM W yield the best and the worst
results, respectively.

3.2 Strategies for the Construction of SCAFIMs
This subsection briefly answers the question as to derive an
SCAFIM model from an AFIM. First, note that the threshold

3Recall that (X,≤) is totally ordered, also called linearly or-
dered, if for any x, y ∈ X, either x ≤ y or y ≤ x. Note, however,
that there are patterns x,y ∈ [0, 1]n such that neither inequalities
x ≤ y nor y ≤ x hold true. Thus, Figure 1 is merely illustrative.
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xξx̌ ϑ = θ x̂

F (W ): 0 1�

W(x̌)
�

W(x̂)

F (V ): 0 1�

V∗(x̌)
�

V∗(x̂)

F (U): 0 1�

U∗(x̌)
�

U∗(x̂)

Figure 1: Illustrative example of the noise tolerance of an AFIMW and two dynamic SCAFIMs V∗ and U∗. Here, the synaptic
weight matrices satisfy the inequalities I ≤ U ≤ V ≤W .

vector of an SCAFIM can be defined either as ϑ = θ or ϑ =
0, depending on computational resources available. Let us
consider ϑ = θ in this paper. As far as we are concerned, the
synaptic junctions of an AFIM can be removed in a strength-
based manner or in a structured-based manner.

In the strength-based strategy, we delete synaptic weights
by taking into account their strength. Specifically, we define
the sparsely connected synaptic weight matrix V ∈ [0, 1]n×n

as follows for some α ∈ (0, 1]:

vij =

{
wij if wij ≥ α
0 otherwise. (13)

Note that the synaptic junctions with strength less than α are
removed from the fully connected AFIM.

Alternatively, we say that we removed synaptic junctions in
a structurated-based manner if we fix the non-zeros entries of
the synaptic weight matrix before its computation. For exam-
ple, we can set that the synaptic weight matrix V has a band or
a block diagonal structure. We would like to point out that this
strategy generalizes the widely used procedure of partitioning
large gray-scale images in order to obtain several small-sized
AM models [15, 16, 17].

4 Computational Experiments
This section provides some computational experiments con-
cerning the reconstruction of noisy or incomplete gray-scale
images. In order to compare the performance of SCAFIMs
with the fully connected AFIM model, and due to page con-
strain, we only consider gray-scale images of small size.
Specifically, let us consider the images of size 64 × 64 with
256 shades of gray displayed in the first row of Figure 2.
For each of these image, we generated a vector xξ of length
n = 64× 64 = 4096 using the standard column-scan method.
Furthermore, we divided all entries of xξ by 255 in order to
obtain patterns in the hypercube [0, 1]4096.

We stored the eight original patterns xξ in the Lukasiewicz
AFIM, i.e., the AFIM based on the Lukasiewicz t-norm. We
would like to recall that the Lukasiewicz AFIM outperformed
several AM models, including the FAMs of Kosko and the
GFAM based on the Lukasiewicz t-norm, in an experiment
using faces images from the database of AT&T Laboratories,
Cambridge [8, 13].

Next, we constructed six SCAFIM models, denoted by
Va,Vb, . . . ,Vf , all of them with threshold vector ϑ = θ.
The corresponding sparsely connected synaptic weight ma-
trices V a, . . . , V f were derived as follows from W given by
IFL: V a has 16 blocks of size 256× 256, V b has 64 blocks of

size 64 × 64, and V c is a band matrix with bandwidth equals
to 19. The synaptic weight matrices V d, V e, and V f were
obtained by means of (13) with α = 0.893, 0.961, and 1, re-
spectively. We would like to point out that we have chosen α
and the bandwith of V c in order to obtain pairs V a and V d,
V b and V e, V c and V f with approximately the same number
of non-zeros entries. Furthermore, the output of the SCAFIM
Vb corresponds to the gray-scale image that is obtained by
adopting the following procedure: Store each column of an
original image in a separate Lukasiewicz AFIM. This results
in 64 AFIMs, each of which has a 64 × 64 synaptic weight
matrix that corresponds to a block of V b. The recalled im-
age is obtained by feeding each AFIM with its corresponding
column of a given image and by concatenating the outputs.

The first row of Table 1 provides the density (i.e., percent-
age of non-zeros entries) of the synaptic weight matrices W ,
V a, . . . , V f . Table 1 also provides the memory space required
by the seven AM models if double precision numbers are used
to represent the synaptic weights and threshold values. We
would like to point out that we used the standart row-column-
value representation to store the sparsely connected synaptic
weight matrices in the computer.

Afterward, we confirmed that the eight original patterns
represent fixed points of W, V a, . . . , V f , i.e., the Lukasiewicz
AFIM as well as the six SCAFIMs exhibit optimal absolute
storage capacity.

In order to compare the noise tolerance of the seven AM
models, we first introduced as input an image corrupted by
pepper noise with probability 0.3. The second row of Figure
2 shows the corrupted image and the corresponding recalled
patterns. Table 1 contains the base-10 logarithm applied to
the arithmetic mean of the relative normalized mean squared
error (RNMSE) in 100 experiments. Recall that the RNMSE
is given by the following equation where xi, x̃i, and yi de-
note the i-th entry of the original, noisy, and recalled patterns,
respectively:

RNMSE =

∑n

i=1
(xi − yi)

2∑n

i=1
(xi − x̃i)2

. (14)

We would like to point out that we have corrupted an original
pattern that was randomly selected in each trial. Moreover,
the six dynamic SCAFIMs were iterated until convergence.
The arithmetic means of the number of iterations required for
convergence are shown between parentheses in Table 1.

We also conducted similar experiments using salt noise
with probability 0.01, salt and pepper noise with probability
0.05, additive Gaussian noise with mean 0 and variance 0.01,
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W Va Vb Vc Vd Ve Vf

Density of the AM model 100% 6.25% 1.56% 0.46% 6.3% 1.42% 0.48%
Required memory space 134.2 MB 16.8 MB 4.2 MB 1.3 MB 17.0 MB 4.2 MB 1.3 MB

Tolerance w.r.t. pepper noise -3.05 (1) -2.47 (1) -1.93 (1) -1.78 (2.3) -2.37 (2.6) -1.27 (2.7) -0.62 (1)
Tolerance w.r.t. salt noise 1.85 (1) 1.55 (1) 1.13 (1) 0.97 (5.3) 1.80 (8.9) 1.51 (9.7) 0.96 (1)

Tol. w.r.t. salt & pepper noise 13.84 (1) 9.53 (1) 5.00 (1) 3.76 (3.7) 13.08 (7.6) 8.01 (6.7) 3.17 (1)
Tol. w.r.t. add. gaussian noise 6.40 (1) 3.50 (1) 2.18 (1) 1.64 (4.1) 4.97 (7.5) 2.78 (7.3) 1.35 (1)
Tolerance w.r.t. speckle noise 7.64 (1) 4.27 (1) 2.67 (1) 1.80 (4.8) 5.47 (8.7) 2.17 (8.1) 1.09 (1)

Table 1: Comparison of the noise tolerance, density of synaptic junctions, and required computational resources of Lukasiewicz
AFIM and six dynamic SCAFIMs.

and multiplicative gaussian noise (speckle) with mean 1 and
variance 0.04. Table 1 provides the base-10 logarithm of the
mean of the RNMSE in 100 experiments. Again, the mean
of the number of iterations required for convergence is shown
between parentheses. Figure 2 shows instances of the noisy
images and corresponding recalled patterns.

Note that, in accordance with Remark 1, the noise tolerance
with respect to erosive (pepper) noise diminishes - whereas the
tolerance with respect to dilative (salt) and mixed (gaussian
and speckle) noise increase - as we remove more and more
synaptic junctions from a fully connected AFIM.

The following compares the two strategies for the construc-
tion of dynamic SCAFIMs. Let us begin by considering Va

and Vd. Both SCAFIMs have approximately the same num-
ber of synaptic junctions. Thus, they required almost the same
amount of memory space. However, the SCAFIM Va outper-
formed Vd with respect to erosive, dilative, and mixed noise.
Furthermore,Va is preferable than Vd in computational terms.
First, because V a converged to the fixed point with only one
iteration whereas V b required in mean 7 iterations. Secondly,
in the structurated-based strategy, we only compute the synap-
tic junctions that are really stored in the computer. In con-
trast, in the strength-based strategy, we compute all synaptic
junctions but we keep only those with strength greater than or
equal to α. In addition, we can determine exactly the amount
of bytes that the SCAFIM Va will require before the compu-
tation of V a, but we can only estimate the memory space that
V d will consume. We reach a similar conclusion by compar-
ing the SCAFIMs Vb and Ve.

Finally, let us compare Vc and Vf . Note that both mod-
els consumed almost the same amount of computational re-
sources. Moreover, they exhibited similar tolerance with re-
spect to dilative or mixed noise. However, the SCAFIM Vc

outperformed Vf with respect to erosive noise, but the former
usually required more than one iteration to converge4.

5 Concluding Remarks
This paper introduces the class of SCAFIMs. In few words,
a SCAFIM is obtained by removing a considerable amount of
synaptic junctions of an AFIM model. The novel models in-
herit the optimal storage capacity of AFIMs but do not neces-
sarily exhibit one step convergence. Nevertheless, we showed
that dynamic SCAFIMs, i.e., SCAFIMs with feedback, yield a

4We would like to point out that the SCAFIM V
f corresponds to

the Gaines fuzzy morphological associative memory (FMAM) that
was introduced and investigated in [22]. This model always con-
verges to a fixed point with only one step.

monotonically increasing sequence of patterns that converges
to a fixed point of the underlying (sparse) synaptic weight ma-
trix. Thus, such as the AFIMs, SCAFIMs exhibit tolerance
with respect to incomplete or eroded patterns. Furthermore,
we pointed out that the noise tolerance of SCAFIMs decreases
as the density of synaptic junctions. In contrast, the tolerance
with respect to dilative and mixed noise increases as the den-
sity of synaptic junctions decreases.

In addition, we briefly investigated two strategies for the
construction of SCAFIMs: the structurated-based and the
strength-based strategies. In computational terms, the former
is usually preferable than the latter due to the following rea-
sons. First, because we compute only the synaptic junctions
that will be really stored in the computer. Secondly, because
we can determine exactly the amount of bytes that the sparse
matrix will require. Finally, computational experiments re-
vealed that the structurated-based strategy usually yields bet-
ter noise tolerance than the strength-based strategy. However,
further research is needed on how to choose the best strategy
for the construction of SCAFIMs.
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Abstract— The goal of this paper is to present a logic model with
very good properties for the representation and evaluation of fuzzy
association rules. For that we are going to combine two approaches.
The first one is a model for the representation and evaluation of crisp
association rules. The second one is a new proposal for the repre-
sentation of imprecise properties (in particular for fuzzy sets) by us-
ing restriction levels, which verifies all the crisp logic equivalences
[1]. Combining both approaches we will achieve a solid model, with
very good properties for the representation of fuzzy rules and a very
simple framework for extending the crisp quality measures for the
evaluation of fuzzy rules.

Keywords— Logic model, restriction level, RL-probability, RL-
numbers, fuzzy association rules.

1 Introduction
Fuzzy association rules have been very developed and have
been applied in numerous situations since their appearance in
the last nineties. The first works used the Fuzzy Subsets The-
ory proposed by L.A. Zadeh [2] for putting into groups im-
precise values with a clear semantic and later they were used
for representing the different types of imprecision found in a
stored database. The advantages of using fuzzy sets are on the
one hand making smother the bounds and on the other hand
give a formal representation for the knowledge semantically
significative and meaningful for the user. In [3], [4] we can
find a description of some of the most important works in the
field of extracting fuzzy association rules.

There are some approaches which offer a framework for
generalizing the quality measures for fuzzy association rules
(see [5] and references in it). Moreover, although the evalua-
tion measures can be generalized by distinct ways, it should be
necessary to search a logic support or an axiomatic base which
reflects the choice of a specific measurement. This work tries
to follow this line of research and it also tries to establish a
logic model that generalizes and preserves in a natural way all
the properties of crisp association rules, as well as the different
interest measures used in their evaluation. For that we make
use of two approaches: the logic model proposed in [6],[7]
and the RL-representation theory proposed in [1], [8], [9].

The logic model we are dealing with can manage with dif-
ferent kinds of association rules which might be useful for the
user. There are several examples in [10] where the model of-
fers a good formalization for mining exception rules and dou-
ble rules. Furthermore, we have implemented an algorithm
for extracting any kind of rule having the quality measures

used for assessing the validity of the rule represented by this
model. The algorithm uses the items representation by means
of bitsets [11] which reduces de time consuming when com-
puting the conjunction between items and their associated sup-
port (bitset cardinality).

The rest of the paper follows with the approach for rep-
resenting imprecise properties by means of restriction levels
presented in [1]. Then we do a brief summary of a model pro-
posed in [7] for the representation of crisp association rules
which was widely developed in [6]. The last part of the pa-
per contains our proposal for the representation and the eval-
uation of fuzzy association rules using a combination of the
approaches presented in the previous sections. We finish with
the conclusions and possible lines for future research.

2 Representation by Restriction Levels
An imprecise property in an universe X can be represented by
a collection of crisp realizations. The approach of [1] for rep-
resenting imprecise properties by means of restriction levels
extends the usual operations from the crisp to the fuzzy case
satisfying the logic equivalences between that operations.

Definition 1. [1] A RL-set Λ is a finite set of restriction levels
Λ = {α1, . . . ,αm} verifying that 1 = α1 > α2 > · · · > αm >
αm+1 = 0, m ≥ 1.

In general, the RL-set of an atomic property represented by
means of a fuzzy set A is defined as follows.

Definition 2. [1] Let be A a fuzzy set defined on the referen-
cial X . Then the RL-set associated to A is given by:

ΛA = {A(x) |x ∈ X}∪{1} (1)

where A(x) is the grade of membership of x to the fuzzy set A.

The RL-set employed for representing an imprecise prop-
erty is obtained by the union of the RL-sets associated to the
atomic properties which define that property.

For representing an imprecise property in X by means of
restriction levels we are going to use a RL-representation de-
fined like a pair (Λ,ρ) where Λ is a RL-set and ρ : Λ → P (X)
is a function which applies each restriction level into a crisp
realization in this level. For example, the RL-representation of
an imprecise atomic property defined by a fuzzy set A will be
the pair (ΛA,ρA), where ΛA is given by the equation (1) and
ρA(α) = Aα = {x ∈ X |A(x) ≥ α} for all α ∈ ΛA.
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Given an imprecise property P represented by (ΛP,ρP), the
set of crisp representatives of P, ΩP is defined as

ΩP = {ρP(α) | α ∈ ΛP}. (2)

Definition 3. [1] Let be (Λ,ρ) a RL-representation with Λ =
{α1, . . . ,αm} verifying that 1 = α1 > α2 > · · ·> αm > αm+1 =
0. Let α∈ (0,1] and αi,αi+1 ∈Λ satisfying that αi > α > αi+1.
Then we define

ρ(α) = ρ(αi). (3)

If we look to this definition, this extension for values that
there are not in the RL-set of the function ρ, is the natural
extension if we think in a fuzzy set A and its α-cuts. Using
this definition the concept of equivalence between two RL-
representations is defined.

Definition 4. [1] Let (Λ,ρ) and (Λ′,ρ′) be two RL-
representations on X . We will say that both representations
are equivalent and will be noted by (Λ,ρ) ≡ (Λ′,ρ′), if and
only if, ∀α ∈ (0,1]

ρ(α) = ρ(α′). (4)

2.1 Logic Operations

In this section we present a brief overview of the logic opera-
tions necessary for the understanding of the rest of the paper.
In particular we present the logic operations of disjunction,
conjunction and negation that we will need for the generaliza-
tion of the logic model to the case of fuzzy association rules.
The basic ideas of how they are defined can be found in [1].

Definition 5. Let P,Q be two imprecise properties with RL-
representations (ΛP,ρP), (ΛQ,ρQ). Then, P∧Q, P∨Q and
¬P are imprecise properties represented by (ΛP∧Q,ρP∧Q),
(ΛP∨Q,ρP∨Q) and (Λ¬P,ρ¬P) respectively, where

ΛP∧Q = ΛP∨Q = ΛP ∪ΛQ

Λ¬P = ΛP
(5)

and, for all α ∈ (0,1],

ρP∧Q(α) = ρP(α)∩ρQ(α),
ρP∨Q(α) = ρP(α)∪ρQ(α),

ρ¬P(α) = ρP(α),

(6)

where Y is the usual complement of a crisp set Y .

Proposition 1. [1] The operations ∧,∨,¬ between RL-
representations verify the ordinary properties of logic equiva-
lence as for example ¬¬A≡A, the Morgan’s laws (¬(A∧B)≡
(¬A∨¬B), one of them) and the law of excluded middle that
can be expressed as A ∧¬A ≡ ⊥ or A ∨¬A ≡ �, where �
and ⊥ are the atomic properties which represent the tautology
(whose RL-representation is obtained from the referencial X)
and the contradiction (obtained from /0).

2.2 RL-numbers

On the basis of RL-representations and operations, we in-
troduced in [8] the RL-numbers as a representation of fuzzy
quantities. This approach offers two main advantages: (1)
RL-numbers are representations of fuzzy quantities that can
be easily obtained by extending usual crisp measurements

to fuzzy sets. (2) Arithmetic and logical operations on RL-
numbers are straightforward and unique extensions of the op-
erations on crisp numbers, verifying the usual properties of
crisp arithmetic and logical operations. In addition, the impre-
cision does not necessarily increase through operations, and it
can even diminish. The following definitions and properties
are from [8]:

Definition 6. A RL-real number is a pair (Λ,R ) where Λ is a
RL-set and R : (0,1] → R.

We shall note RRL the set of RL-real numbers. The RL-real
number Rx is the representation of a (precise) real number x iff
∀α ∈ ΛRx , RRx(α) = x. We shall denote such RL-real number
as Rx or, equivalently, x, since in the crisp case, the set ΛRx is
not important. Operations are extended as follows:

Definition 7. Let f : R
n → R and let R1, . . . ,Rn be RL-real

numbers. Then f (R1, . . . ,Rn) is a RL-real number with

Λ f (R1,...,Rn) =
⋃

1≤i≤n

ΛRi (7)

and, ∀α ∈ Λ f (R1,...,Rn)

R f (R1,...,Rn)(α) = f (RR1(α), . . . ,RRn(α)) (8)

It is obvious that operations defined in this way are consis-
tent extensions of crisp operations. We want to remark that
operations not defined for certain combinations of real values
are not defined for RL-numbers that verify that combination in
at least one restriction level. This is the case of division by 0
for example, i.e., R/R′ is defined iff 0 /∈ ΩR′ .

2.3 Probabilities based on RL-numbers

Let us note [0,1]RL ⊆ RRL the set of RL-real numbers verify-
ing 0 ≤ R ≤ 1 ∀R ∈ [0,1]RL (see definition of RL-ranking in
[9]). We introduce the notions of RL-probability space and
RL-probability as in [9]:

Definition 8. A RL-probability space is a triple (X ,Σ,P)
where

1. X is a crisp set.

2. Σ is a collection of imprecise events defined by RL-
representations on X , closed under complement and
countable unions, and verifying X ∈ Σ.

3. P : Σ → [0,1]RL verifying Kolmogorov’s Axioms, i.e.,
P(X) = 1, P(E) ≥ 0 ∀E ∈ Σ, and for any finite collection
of disjoint representations E1, . . . ,En, P(E1 ∪ ·· ·∪En) =
∑n

i=1 P(Ei).

In the previous definition, P is a RL-probability measure.
In particular, RL-probability measures can be obtained from
ordinary probability measures in an easy way as follows: let
(U,F, p) be a (crisp) probability space and let URL

F be the set
of all the RL-representations on U such that for any A ∈URL

F ,
ΩA ⊆ F . By the properties of F , URL

F is closed under comple-
ment and countable unions, and U ∈URL

F . For any A ∈ URL
F ,

let P(A) ∈ [0,1]RL defined by ρP(A)(α) = p(ρA(α))∀α ∈ ΛA.
It is easy to show that (U,URL

F ,P) is a RL-probability space
and P is a RL-probability measure.
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Also easy to show, RL-probabilities verify the addition law
P(A∪B) = P(A)+P(B)−P(A∩B) and the property P(¬A) =
1−P(A). Finally, by definition 8, it is obvious that crisp prob-
abilities are a particular case of RL-probabilities since crisp
events are particular cases of imprecise events as described by
RL-representations.

It is easy to check that the usual arithmetic relations be-
tween probabilities are preserved in each restriction level and,
hence, they are preserved by the arithmetic of RL-numbers.
For example, p(A)+ p(¬A) = 1.

The concept of conditional probability is straightforwardly
extended as follows:

Definition 9. Let A and B be two imprecise events defined on
U by RL-representations A = (ΛA,ρA) and B = (ΛB,ρB) with
ρp(B) > 0 ∀α ∈ (0,1]. The RL-probability of A given B in U is

p(A|B) =
p(A∧B)

p(B)
(9)

Proposition 2. [9] Let A and B be two imprecise events
defined on U by RL-representations A = (ΛA,ρA) and B =
(ΛB,ρB) with ρp(B) > 0 ∀ α ∈ (0,1]. Then

ρp(A|B)(α) =
ρp(A∧B)(α)
ρp(B)(α)

. (10)

Example 1. Let X and Y be atomic imprecise events defined
by the following fuzzy sets on U = {u1, . . . ,u6}:

X = 1/u1 +0.8/u2 +0.5/u3 +0.4/u5

Y = 0.9/u1 +0.6/u3 +0.5/u4
(11)

Then we have ΛX = Λ¬X = {1,0.8,0.5,0.4} and ΛY = Λ¬Y =
{1,0.9,0.6,0.5}. The RL-set for any operation between X and
Y is ΛX ∪ΛY . Table 1 shows the RL-representation of X , ¬X ,
Y , X ∧Y , X ∨Y and X ∧¬Y . Assuming that every ui is equally
probable, table 2 shows the corresponding RL-probabilities
of imprecise events p(X), p(¬X), p(Y ), p(X ∧Y ), p(X ∨Y )
and p(X ∧¬Y ) and p(Y |X). Remark that the RL-probability
p(X |Y ) is undefined since ρp(Y )(1) = 0.

3 A Logic Model for Association Rules
The logic model we are going to use is based in a method
developed in the sixties by Háyek et al. [6]. This method calls
GUHA (General Unary Hypotheses Automaton) and it has a
good logic and statistical base which contributes to a better
understanding of two important aspects of association rules:
their nature and the properties of the interest measures used for
their evaluation. Recently, several authors have implemented
a good and fast algorithm [11] based on a data representation
using bit strings. We also use a similar algorithm based on
bitsets (an item representation by means of a set of bits) that
is low time consuming for computing the items conjunction
and their cardinality (support). Having the representation of
every item into bitsets computing the contingency table which
is based this model is straightforward and low time consuming
[11].

Let M be a data matrix where its rows O1, . . . ,On are asso-
ciated to a set of observed objects, and its columns A1, . . . ,AK
are the associated attributes which describe the objects. In this

way, the entry (i, j) of M will be 1 when the object Oi satisfies
the attribute A j and 0 in other case. In the association rules
framework, each matrix M will represent a transaction and the
set of all matrixes (transactions) will be the database called D.

D < O1,A1 > .. . < On,AK >
t1 1 . . . 0
t2 0 . . . 1
...

...
. . .

...
tn 1 . . . 1

For the logic model we are presenting, an item will be a
pair of the form < O1,A1 >, and an itemset will be an aggre-
gation of items using the usual logic connectors: ∧,∨,¬. An
association rule in the model proposed in [6] is an expression
of the type ϕ ≈ ψ where ϕ and ψ represent itemsets (in the
sense before) derived from a database D, and the symbol ≈
called quantifier is an evaluation or condition for the fulfil-
ment of the association rule which will depend on the interest
measure used and on the four fold table, 4 f t associated to the
itemsets ϕ and ψ. An example of association rule could be
< O1,A1 > ∧ < O3,A2 >≈< O2,A5 > ∧¬ < O3,A7 >.

For any pair of attributes ϕ and ψ the so called four fold
table may be constructed from the database D as follows:

M ψ ¬ψ
ϕ a b
¬ϕ c d

This table will be represented by M = 4 f t(ϕ,ψ,D) =
〈a,b,c,d〉 where a,b,c and d will be non negative integers sat-
isfying that a is the number of objects (i.e. the number of rows
of D) which contain at the same time the itemsets ϕ and ψ, b
the number of objects satisfying ϕ and not ψ, and analogously
for c and d. It is obvious that the inequality a+b+ c+d > 0
is always satisfied.

The association rule ϕ ≈ ψ will be true in the database
D (or in the matrix M ) if and only if the condition associ-
ated to the 4 f t-quantifier ≈ is satisfied for the four fold table
4 f t(ϕ,ψ,D).

Depending on the type of 4 f t-quantifier we can express
different kinds of associations between the itemsets ϕ and
ψ. In [6] and [7] we can find some examples. The classi-
cal framework of support and confidence can be modeled by
means of two quantifiers: the support and the implication 4 f t-
quantifiers as follows:

≈supp (a,b,c,d) =
a+b

a+b+ c+d
, ⇒ (a,b) =

a
a+b

(12)

which must exceed the 0 < minsupp,mincon f < 1 thresholds
respectively imposed by the user. In [12] we explain the ex-
isting relation between the 4 f t-quantifiers and the interesting-
ness measures used in the evaluation and validation of associ-
ation rules.

4 A Logic Model for Fuzzy Association Rules
In [13] the concepts of transaction and association rule are
generalized to the fuzzy case.

Definition 10. [13] Let I = {i1, . . . , im} be a finite set of items.
A fuzzy transaction is a non empty fuzzy subset τ̃ ⊆ I.
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Table 1: RL-representations associated to several imprecise events derived from the atomic properties X and Y .
αi ρX (α) ρ¬X (α) ρY (α) ρX∧Y (α) ρX∨Y (α) ρX∧¬Y (α)
1 {u1} {u2,u3,u4,u5,u6} /0 /0 {u1} {u1}

0.9 {u1} {u2,u3,u4,u5,u6} {u1} {u1} {u1} /0
0.8 {u1,u2} {u3,u4,u5,u6} {u1} {u1} {u1,u2} {u2}
0.6 {u1,u2} {u3,u4,u5,u6} {u1,u3} {u1} {u1,u2,u3} {u2}
0.5 {u1,u2,u3} {u4,u5,u6} {u1,u3,u4} {u1,u3} {u1,u2,u3,u4} {u2}
0.4 {u1,u2,u3,u5} {u4,u6} {u1,u3,u4} {u1,u3} {u1,u2,u3,u4,u5} {u2,u5}

Table 2: RL-probabilities in U of the imprecise events in table 1 and the conditional RL-probability p(Y |X).
αi ρp(X)(α) ρp(¬X)(α) ρp(Y )(α) ρp(X∧Y )(α) ρp(X∨Y )(α) ρp(X∧¬Y )(α) ρp(Y |X)(α)
1 1/6 5/6 0 0 1/6 1/6 0

0.9 1/6 5/6 1/6 1/6 1/6 0 1
0.8 1/3 2/3 1/6 1/6 1/3 1/6 1/2
0.6 1/3 2/3 1/3 1/6 1/2 1/6 1/2
0.5 1/2 1/2 1/2 1/3 2/3 1/6 2/3
0.4 2/3 1/3 1/2 1/3 5/6 1/3 1/2

For every item i ∈ I and every transaction τ̃, an item i will
belong to τ̃ with grade1 τ̃(i) where τ̃(i) is a real number in the
interval [0,1].

Let A ⊆ I be an itemset. The membership grade of A to the
fuzzy transaction τ̃ is defined as

τ̃(A) = min
i∈A

τ̃(i).

Using the definition 10 a crisp transaction will be a special
case of fuzzy transaction where every item in the transaction
will have membership grade equal to 1 or 0 depending on if
they are in the transaction or not.

Example 2. We consider the set of items I = {i1, i2, i3, i4, i5}
and the set of fuzzy transactions given by the table 3.

Table 3: Set of fuzzy transactions D̃1
i1 i2 i3 i4 i5

τ̃1 1 0.2 1 0.9 0.9
τ̃2 1 1 0.8 0 0
τ̃3 0.5 0.1 0.7 0.6 0
τ̃4 0.6 0 0 0.5 0.5
τ̃5 0.4 0.1 0.6 0 0
τ̃6 0 1 0 0 0

In particular, we can see that τ̃6 is a crisp transac-
tion. Some membership grade could be: τ̃1({i3, i4}) =0.9,
τ̃1({i2, i3, i4}) =0.2 and τ̃2({i1, i2}) =1.

Definition 11. [13] Let I be a set of itmes, D̃ a set of fuzzy
transactions and A,B ∈ I two disjoint itemsets, i.e. A∩B = /0.
A fuzzy association rule is satisfied in D̃ if and only if, τ̃(A)≤
τ̃(B) for all τ̃ ∈ D̃, that is, the membership grade of B is higher
than the membership grade of A for all fuzzy transactions τ̃ in
D̃.

1Note that τ̃(i) is µτ̃(i) where µτ̃ : I −→ [0,1] is the membership
function associated to the fuzzy set τ̃ on the referencial I = { set of
items }.

This definition maintains the meaning of crisp association
rules because if we need that A ⊆ τ̃ is satisfied, we also need
that B ⊆ τ̃ be satisfied, in our case this can be translated to
τ̃(A) ≤ τ̃(B). In this way, as a crisp transaction is a special
case of fuzzy transaction, a crisp association rule will be a
special case of fuzzy association rule.

Let Γ̃A and Γ̃B two fuzzy sets defined on D̃ as Γ̃A(τ̃) = τ̃(A)
and Γ̃B(τ̃) = τ̃(B) respectively. As both are fuzzy sets, we can
obtain their own RL-representations that we note2 as (ΛÃ,ρÃ),
(ΛB̃,ρB̃), defined as the equations (1) and (3) show.

For the crisp case, some of the suggested measures for the
validation of association rules are defined using the concept of
probability. This is the case of support and confidence. Using
the RL-probabilities we can easily extend the classical frame-
work of support and confidence.

Definition 12. (Support of an itemset) Let A ⊆ I be an itemset
and (Λp(Ã),ρp(Ã)) the RL-representation of the RL-probability
associated to the fuzzy set Γ̃A in D̃. Then, the support of A in
the fuzzy database D̃ is defined as

supp(A) = ∑
αi∈Λp(Ã)

(αi −αi+1)
(

ρp(Ã)(αi)
)

. (13)

Following a similar reasoning we will define the support
and the confidence for a fuzzy association rule A → B.

Definition 13. Let be A,B ⊆ I two disjoint itemsets and
(Λp(Ã∧B̃),ρp(Ã∧B̃)), (Λp(B̃|Ã),ρp(B̃|Ã)) the RL-representations of
the RL-probabilities p(Γ̃A∧ Γ̃B) and p(Γ̃B|Γ̃A) in D̃. Then, the
support and the confidence of a fuzzy association rule A → B
on D̃ are defined as

Supp(A → B) = ∑
αi∈Λp(Ã∧B̃)

(αi −αi+1)
(

ρp(Ã∧B̃)(αi)
)

(14)

Con f (A → B) = ∑
αi∈Λp(B̃|Ã)

(αi −αi+1)
(

ρp(B̃|Ã)(αi)
)

(15)

2A and B are crisp sets of disjoint items and Γ̃A, Γ̃B are fuzzy sets
defined on D̃
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We want to remark that in the previous definitions Λp(Ã∧B̃)
and Λp(B̃|Ã) coincides and are equal to ΛÃ ∪ΛB̃.

But some other interesting measures are not in terms of
probability. For those, the model is necessary for the gen-
eralization of those crisp measures of interest.

The following itemsets: A∧B,A∧¬B,¬A∧B,¬A∧¬B are
a partition of the database D̃ (in the same way as ϕ∧ψ,ϕ∧
¬ψ,¬ϕ∧ψ and ¬ϕ∧¬ψ are a partition for the crisp case). We
take their associated fuzzy sets defined on D̃ with their own
RL-representations that we are going to call (ΛÃ∧B̃,ρÃ∧B̃),
(ΛÃ∧¬B̃,ρÃ∧¬B̃), etc. Note that the RL-sets obtained contain
the same restriction levels, that is, the set of restriction levels
is common and equal to ΛÃ ∪ΛB̃.

As for every α ∈ ΛY , ρY (α) is a crisp set, we can compute
its cardinality as usual, and we note it by |ρY (α)|.

In this way, for every restriction level αi ∈ ΛÃ ∪ΛB̃ we de-
fine the associated four fold table Mαi = 4 f t(Γ̃A, Γ̃B, D̃,αi) as
follows:

Mαi Γ̃B ¬Γ̃B
Γ̃A ai bi

¬Γ̃A ci di

where ai,bi,ci and di are non negative integers such that

ai = |ρÃ∧B̃(αi)|
bi = |ρÃ∧¬B̃(αi)|

and analogously with ci and di.

Note that ∀αi ∈ ΛÃ ∪ΛB̃ the following equality is satisfied

ai +bi + ci +di = n = |D̃|. (16)

We are going to prove that this definition is a good general-
ization to the crisp case. Suppose that A and B are two item-
sets in a crisp database D, in this case, Γ̃A(τ̃) = τ̃(A) ∈ [0,1] is
equivalent to t(A) ∈ {0,1} where t(A) is given by the follow-
ing indicator function:

t(A) =

{
1 si A ∈ t
0 si A /∈ t

(17)

where t is a crisp transaction of D. The associated RL-sets
to Γ̃A and to Γ̃B will be ΛÃ = ΛB̃ = {1}. And the associated
RL-representations will be: (ΛÃ,ρÃ) y (ΛB̃,ρB̃) where

ρÃ(1) = (Γ̃A)1 = {t ∈ D | t(A) ≥ 1} = {t ∈ D |A ∈ t}
ρB̃(1) = (Γ̃B)1 = {t ∈ D | t(B) ≥ 1} = {t ∈ D |B ∈ t} (18)

Following the same process, we can compute the associated
RL-representations for the sets Γ̃A ∧ Γ̃B, Γ̃A ∧¬Γ̃B, ¬Γ̃A ∧ Γ̃B,
¬Γ̃A ∧¬Γ̃B. Therefore, the 4 f t table for the restriction level
α = 1 is the same as the 4 f t table for the itemsets A and B
seen in section 3:

M1 ≡ M B ¬B
A a1 b1
¬A c1 d1

Using this representation it is easy to generalize every kind of
interest measure used in the crisp case, in particular, we can
generalize every 4 f t-quantifier.

If we look again to the classical framework of support and
confidence, we can extend it as we show from now on.

Let be A,B ⊆ I two disjoint itemsets and (ΛÃ,ρÃ),(ΛB̃,ρB̃)
the RL-representations associated to the fuzzy sets Γ̃A and Γ̃B
in D̃. Then, the support and the confidence of a fuzzy associ-
ation rule A → B on D̃ are defined as

Supp(A→ B) = ∑
αi∈ΛÃ

(αi−αi+1)(≈supp (ai,bi,ci,di)) , (19)

Con f (A → B) = ∑
αi∈ΛÃ

(αi −αi+1)(⇒ (ai,bi)) . (20)

The support and the confidence defined above coincide with
those defined by means of probabilities based on RL-numbers.
In this last equation (20) we can find an indetermination of the
type “ 0

0 ”, in this case, we will take the value 1 for preserv-
ing the definition 11 of fuzzy association rule, because this
indetermination happens when there is no transactions satis-
fying the antecedent and the consequent of the rule among
zero transactions satisfying only the antecedent. Again, it is
easy to see that for every restriction level αi the last part of the
equations (19) and (20) are the same as the defined support
and confidence for a crisp association rule (see quantifiers in
(12)).

This process can be done for every measure of interest used
in the validation and evaluation of crisp association rules. In
particular we use the certainty factor instead of confidence be-
cause of its proven good properties: (1) it reduces the number
of obtained rules and (2) it provides an useful meaning to the
measurement of the validity of association rules. In [12], we
prove by means of the logic model that the certainty factor can
be seen as an equivalence 4 f t-quantifier as follows:

≡CF (a,b,c,d) =




ad −bc
(a+b)(b+d)

if ad > bc

0 if ad = bc
ad −bc

(a+b)(a+ c)
if ad < bc.

(21)

Its generalization for fuzzy rules is straightforward:

CF(A → B) = ∑
αi∈ΛÃ

(αi −αi+1)(≡CF (ai,bi,ci,di)) . (22)

We want to remark that the previous concepts of support,
confidence and the certainty factor perfectly extends the sup-
port, confidence and certainty factor measures used for crisp
association rules. This can be immediately proved because the
measures obtained in equations from 19 to 21 coincide with
the ones proposed in [13] where it is used a semantic approach
based on the evaluation of quantified sentences (see also [14])
using the GD method and the fuzzy relative quantifier the ma-
jority QM(x) = x for evaluating the sentences. In these papers
it is proved that using the GD method and the quantifier QM ,
the obtained measures in equations (19)-(22) are the ordinary
support, confidence and certainty factor for the rule A → B
respectively.

In addition, using the proposed logic model which uses the
representation by means of the 4 f t tables for each restriction
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level, is immediate to prove that if A and B are two itemsets
in a set of crisp transactions, the concepts of support, confi-
dence and certainty factor for instance (19)-(22), are equal to
the usual crisp concepts of support, confidence and certainty
factor (see again equations (12) and (21)).

5 Concluding Remarks

We have presented a simple model with very good properties
for the representation and evaluation of fuzzy association rules
which extends in a natural way the evaluation of crisp associ-
ation rules.

We have combined two existing approaches: a logic model
for crisp association rules [7] and the recently developed RL-
representation theory for imprecise properties [1]. In par-
ticular, using the philosophy of RL-representations we de-
fine the RL-numbers for the representation of fuzzy quanti-
ties [8] and the associated probabilities which are useful for
extending crisp quality measures like support and confidence.
RL-numbers and probabilities have been also introduced in
[15],[16] named gradual numbers. Both approaches are simi-
lar with slight differences that mainly affect how is the nega-
tion considered [15]. The main similarities and differences
between both approaches is treated in [17]. But this is beyond
the scope of this paper.

We used RL-numbers and their associated probabilities for
the special cases of computing support and confidence of
fuzzy association rules but there are many cases that the rule’s
assessment is made by other measures which are not in terms
of probabilities. For these cases we also provide a very sim-
ple and systematic approach for extending the crisp measures
for mining fuzzy association rules, for instance the certainty
factor is extended by equation (22).

In this line of research we have found works like the one
in [5]. They develop a systematic approach to the assessment
of fuzzy association rules. To this end, they proceed from the
idea of partitioning the data stored in a database into exam-
ples of the given rules, counterexamples and irrelevant data.
Maybe what they called irrelevant data is not so “irrelevant”
for measuring the accomplishment of an association rule. See
for example the case of the certainty factor in equation (21)
which uses the so called irrelevant data (divided into two dif-
ferent frequencies, c and d) for measuring the strength of the
rule, and in addition, its good properties are experimentally
proved in [13] and formally proved in [12] using the intro-
duced logic model.

Our approach has some similarities with the approach in
[5] as we also divide the data, but we use a conjunction-based
model, taking all the possible conjunctions between rule’s an-
tecedent and consequent. The main difference between the
former and our proposal remains in the way of generalizing
the quality measures for fuzzy associations, as we use a four
fold table’s RL-representation.

Since algorithmic aspects of fuzzy rule mining have not
been addressed in this paper, let us mention that the method
used in [11] for mining crisp rules using the bitset approach
can be easily adapted to the fuzzy case and the complexity
will increase depending on the number of restrictions levels
taken into account.
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Abstract— This paper proposes an approach aimed at obviating
empty answers for a family of conjunctive queries involving Boolean
or fuzzy value constraints. Contrary to the approaches based on a
relaxation of the predicates involved in the query, the principle sug-
gested here consists in replacing the query by another one similar
which has been processed previously and whose answer is known to
be non-empty. This technique thus avoids the combinatory explosion
induced by classical relaxation-based approaches.

Keywords— Databases, fuzzy queries, empty answers, proxim-
ity.

1 Introduction
Since the late 80’s, there is an increasing interest in designing
intelligent information systems endowed with some coopera-
tive behavior [12]. The most well-known issue approached in
this field is the empty answer problem, that is, the problem of
providing the user with some alternative data when there is no
data fitting his/her query. Several approaches have been pro-
posed to deal with this issue. The relaxation paradigm [13] is
one of the basic cooperative techniques used in most of such
approaches. Query relaxation aims at expanding the scope of
a query searching for answers which are in the neighborhood
of the user’s query and consists in replacing some query con-
ditions by more general conditions or in just eliminating some
of them.

Let us note that manually relaxing failing queries is a te-
dious and time-consuming task because, in the worst case, one
must consider an exponential number of possible relaxations
[21]. Hence, several automated approaches to query relax-
ation have been proposed (see, e.g., [8, 11, 15, 17, 20, 21]).
The main objective of those approaches is to modify a failing
user query into a relaxed query whose answer is non-empty,
or at least to identify the cause of the failure. Some of those
works rely on the key concept of false presuppositions (a pre-
supposition of a statement is any statement entailed by the
original, for instance, the statement “the king of France is
bald” has as presupposition “there is a king of France” which
is a false presupposition). Motro [20] has addressed the is-
sue of empty answers, i.e. when a query fails to produce any
answers, by proposing a relaxation method which focuses on
finding the false presuppositions of a failing query. A related
approach has been proposed by Godfrey [15], who considers
any subquery as a presupposition of the query itself. The fo-
cus of this work is the search for Minimal Failing Subqueries
(MFSs) of a failing query.

In this paper, we propose an approach for dealing with fail-
ing conjunctive queries (Boolean or fuzzy), according to an-
other approach than relaxation as described above. The idea

that we advocate is not to modify/suppress some predicates
from a failing query Q using this sole query, but rather to find
a “good” global substitute to Q among queries previously sub-
mitted to the system whose answer is known to be non-empty.
We thus consider a context where the system stores the non-
failing queries in a repository D+. One also assumes available
a resemblance measure over every attribute domain involved
in the database considered. The approach raises the question
of defining the notion of semantic proximity between queries.
With respect to related works, which will be briefly presented
farther, the main originality of the approach introduced here is
to take into account queries involving Boolean or fuzzy value
constraints in an explicit form.

An important gain brought by this method, relatively to
a classical relaxation-based approach, lies in the fact that it
avoids the combinatory explosion induced by the relaxation of
the predicates from a conjunctive query. Indeed, there exists in
general a high number of relaxed queries and one cannot know
whether these queries provide a non-empty answer before pro-
cessing them. With the approach proposed here, one has the
guarantee to obtain a non-empty answer in one step because
only one query needs to be processed. In this paper, we limit
the scope to conjunctive selection queries involving value con-
straints which can be represented either by crisp sets, inter-
vals or fuzzy sets. The remainder of the paper is organized as
follows. Section 2 presents a query substitution approach in
the case where the predicates expressing value constraints are
Boolean. Section 3 generalizes this approach to the case of
conjunctive fuzzy queries. In Section 4, we describe the prin-
ciple of a mechanism aimed at providing the user with some
(at least partial) explanations about the causes of the original
empty answer. The technique proposed uses both the reposi-
tory D+ and a second one denoted by D− which contains the
failing queries previously submitted to the system. Section 5
is devoted to a comparison of the approach with some related
works. Finally, the conclusion recalls the main contributions
of the paper and outlines some perspectives for future work.

2 Boolean Queries
2.1 Single-Predicate Queries
Let Q = (A in E) denote the user query where A is an attribute
and E a set or an interval, and Q′ a query from the repository
D+. We denote by r the database relation concerned by Q and
by res the proximity relation defined over the domain of A.

2.1.1 Case where E is a finite set
It is assumed that the user query Q returns an empty answer.
One thus has to search through D+ so as to retrieve the queries
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involving a predicate of the form (A in E′).

Remark 1. Any set E′ present in the queries from D+ is
such that E′ �⊆ E. Otherwise the associated query Q′ would
have returned an empty answer and Q′ would not be in D+.

The emptiness of the answer to Q means that none of the ele-
ments from E is present as an A-value in relation r. In order
to obtain a substitute to Q which returns a non-empty answer,
it is thus necessary to find a query Q′ bearing on r and involv-
ing a predicate (A in E′) such that E′ contains at least one
value absent from E. However, so as not to drift too far away
from the initial user need, it is desirable that the elements from
E′ absent from E be sufficiently close to at least one element
from E. Consequently, one looks for the set E′ which is as
close as possible to E, so as to replace E by (E′ − E) in
Q. In order to find this “best” E′, a measure is needed. It is
not strictly speaking a proximity measure, since the symme-
try property is not desired here. Indeed one wants to know
whether E′ is a good substitute to E, but not necessarily the
reciprocal. Several possible substitutivity measures (denoted
by sbsi later on) are discussed hereafter.

1st idea: one assesses the extent to which every element from
(E′ − E) resembles at least one element from E:

sbs1(E, E′) = infx′∈(E′−E) supx∈E res(x, x′). (1)

The problem with this measure is that the worst element
“masks” the others, as illustrated in the next example. In the
following, we assume available the following subset of a re-
semblance relation on animals:

res(rooster, hen) = 0.9, res(rooster, duck) = 0.6, res(rooster,
turkey) = 0.7, res(hen, duck) = 0.6, res(hen, turkey) = 0.7,
res(cow, hen) = res(cow, duck) = res(cow, turkey) = 0.

Example 1. E = {hen, duck, turkey}, E′

1 = {hen, turkey,
cow}, E′

2 = {cow, rooster}. We get sbs1(E, E′

1) =
sbs1(E, E′

2) = 0 but since there are neither hens nor turkeys in
the database — otherwise Q would not be failing —, it seems
reasonable to claim that E′

2 should be a better substitute than
E′

1. However, in the computation of sbs1(E, E′

2), the element
cow “masks” rooster.�

2nd idea: one assesses the extent to which there is an ele-
ment from (E′−E) which resembles at least an element from
E:

sbs2(E, E′) = supx′∈(E′−E) supx∈E res(x, x′). (2)

Here, the difficulty is that the “winning set” may include ele-
ments which are very distant from those desired by the user.

Example 2. E = {hen}, E′

1 = {hen, cow, turkey}, E′

2 =
{duck}. Here, E′

2 should win, since it includes only elements
close to the desired ones, contrary to E′

1, which includes
“cow”. However, it is E′

1 which wins since sbs2(E, E′

1) =
0.7 while sbs2(E, E′

2) = 0.6.�

3rd idea: one mixes the quantitative and the qualitative as-
pects by measuring the average resemblance degree between

an element from (E′−E) and an element from E. For each el-
ement x′ from (E′ −E), the corresponding measure looks for
the maximal proximity between x′ and an element x from E,
computes the sum of these maximal proximities, and divides
this sum by the number of elements present in (E′ − E):

sbs3(E, E′) =

∑
x′∈(E′−E) supx∈E res(x, x′)

|E′ − E|
. (3)

Example 3. E = {hen, duck, turkey}, E′

1 = {hen, turkey,
cow}, E′

2 = {cow, rooster}. We get: sbs3(E, E′

1) = 0 and
sbs3(E, E′

2) = 0.45.�

Since measure sbs3 appears the most satisfactory, it will be
used in the following.

2.1.2 Case where E is an interval
It is quite straightforward to extend measure sbs3 defined pre-
viously so as to make it work with intervals instead of sets:
one just has to replace the sum by an integral. The calculus is
rather simple since it boils down to computing areas of rect-
angles or trapezoids.

Let us first consider the simple case where resemblance is
defined in a Boolean manner:

res(x, y) = 1 if |x − y| ≤ δ, 0 otherwise. (4)

Let us consider two intervals: I = [m, M ], that from the user
query, and I ′ = [m′, M ′], that from the candidate substitute.
Let us assume that m ≤ m′, the dual case can be obtained
straightforwardly from this one. One gets:

sbs3(I, I ′) =


0 if M + δ ≤ m′,

1 if M ′ ≤ M + δ,

(M + δ − p)/(M ′ − p) otherwise,
(5)

where p = m′ if m′ ≥ M , M otherwise. A slightly more
complex case is that where resemblance is defined by means of
a fuzzy tolerance indicator Z with a trapezoidal membership
function of support [−α, α] and of core [−β, β] [4]. In other
words:

res(x, y) = µZ(|x − y|). (6)

The principle is the same as for Boolean resemblance, except
that one has to compute areas of trapezoids instead of rectan-
gles. The case where the predicate from Q involves an interval
I and that from Q′ involves a set E can be managed by rewrit-
ing the definition of sbs3 the following way:

sbs3(E, E′) =

∑
x′∈E∧x′ /∈I supx∈I res(x, x′)

|{x ∈ E | x /∈ I}|
. (7)

On the other hand, the dual case (set in Q and interval in Q′)
is more tricky and cannot be captured by the formula defining
sbs3 when the attribute domain is continuous. Consequently,
we introduce the constraint that a set can only be replaced by
another set.

2.2 Conjunctive Queries
Let Q be the user query and Q′ a query from the repository
D+.
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Remark 2. Even if query Q′ involves a predicate which is
subsumed by the corresponding one in Q, query Q′ can be
an interesting substitute to Q since the other predicates must
also be taken into account. For instance, if query Q = (A in
{rabbit, hen} and B in {wheat, cabbage}) returns an empty
answer, it is still possible that query Q′ = (A in {rabbit} and B
in {wheat, oats}) returns a non-empty one whereas the pred-
icate on A in Q′ is subsumed by that in Q. For a query Q′

to be a possible substitute, it is necessary that Q′ involves at
least one predicate which is not subsumed by the correspond-
ing one in Q (but notice that if it were not the case, the answer
to Q′ would be empty — since the answer to Q is — and Q′

would therefore not be in D+).

Remark 3. The predicates from Q′ which are strictly sub-
sumed by those from Q can be replaced by the latter ones.

The substitution process that we propose consists of the fol-
lowing three steps:

1. select the candidate queries (and adapt these queries, see
algorithm below),

2. compute the proximity degrees between the queries re-
tained and the user query Q through the measure sbs3,

3. determine the closest substitute to Q and process it.

Remark 4. For every predicate P from Q which is not “cov-
ered” by Q′, i.e., which concerns an attribute on which there is
no constraint in Q′, one may compute the proximity between
P and the entire domain of the attribute considered.

The conjunctive combination of the proximities related to
the atomic predicates can be performed by means of a trian-
gular norm, so as to obtain the overall proximity between two
queries. Notice that alternative solutions could also be possi-
ble, for instance one might use a mean operator. The substitu-
tion algorithm is outlined hereafter.

Algorithm:

Let Q′ be a query from D+ which shares at least one attribute
from its “where” clause with that from Q. The five steps of
the algorithm are:

1. replace the “select” clause from Q′ by that from Q;

2. remove from Q′ every predicate that concerns an at-
tribute absent from the “where” clause from Q;

3. replace every predicate from Q′ which is strictly sub-
sumed by the corresponding one from Q by the latter;

4. for the other predicates, compute the proximity between
the predicate from Q′ and the corresponding one from
Q, by means of measure sbs3, and replace the predicate
from Q′ by its union with that from Q. As to the predi-
cates from Q which are not covered by Q′, one computes
their substitutivity degree relatively to the entire domain
of the attribute involved;

5. aggregate the local proximities by means of a triangular
norm (the idea is to assess the extent to which every pred-
icate of the substitute query is close to the corresponding
predicate from the initial failing query).

Table 1: Resemblance relation over attribute veg

co ra su wh ca br po ru
co 1 0.4 0.3 0.8 0.1 0.1 0.6 0.4
ra 0.4 1 0.9 0.6 0.2 0.2 0.1 0.1
su 0.3 0.9 1 0.5 0.1 0.1 0.3 0.3
wh 0.8 0.6 0.5 1 0.2 0.1 0.5 0.4
ca 0.1 0.2 0.1 0.2 1 0.9 0.6 0.7
br 0.1 0.2 0.1 0.1 0.9 1 0.4 0.6
po 0.6 0.1 0.3 0.5 0.6 0.4 1 0.8
ru 0.4 0.1 0.3 0.4 0.7 0.6 0.8 1

Example 4. Let Q be the following failing user query:

select #id from F
where veg in {corn, rapeseed} and

city in {Lannion, Caouennec, Prat} and
area in [60, 100].

Let us assume that the domain of “veg” is: {corn, rapeseed,
sunflower, wheat, cabbage, broccoli, potato, rutabaga} and
that the associated resemblance relation is given in Table 1.
Let Q′

1 be the following query from D+:

select #name from F
where veg in {wheat, rapeseed, sunflower} and

city in {Lannion, Prat} and area = 125 and
animal in {cow, pig}.

The query Q′′

1 obtained by adapting Q′

1 according to the al-
gorithm above is:

select #id from F
where veg in {corn, rapeseed, wheat, sunflower} and

city in {Lannion, Caouennec, Prat} and
(area in [60, 100] or area = 125).

The degree computed by sbs3 for the substitution of {corn,
rapeseed} by {wheat, rapeseed, sunflower} equals:

max(0.8, 0.6) + max(0.3, 0.9)

2
= 0.85.

Let us assume that the proximity over the areas is based on
a fuzzy tolerance indicator Z with a triangular membership
function of support [−50, 50]. The substitution of [60, 100]
by 125 is assigned the degree 0.5 (i.e., the proximity degree
between 100 and 125). Finally, the degree computed for Q′′

1

using the t-norm minimum is:

min(0.85, 0.5) = 0.5.

Let us now consider another query, denoted by Q′

2, from D+:

select #name from F
where city = Caouennec and

area in [80, 180] and animal in {sheep, goat}.

Altering Q′

2 according to the algorithm yields Q′′

2 :
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select #id from F
where city in {Lannion, Caouennec, Prat} and

area in [60, 180].

As to the condition on attribute veg we get:
sbs3({corn, rapeseed}, domain(veg)) =

(0.9 + 0.8 + 0.2 + 0.2 + 0.6 + 0.4)/6 = 0.52.

As to the condition on attribute area, we get:
sbs3([60, 100], [80, 180]) =

((150− 100)/2)/(180− 100) = 25/80 = 0.31.

Thus, the degree attached to Q′′

2 is: min(0.52, 0.31) = 0.31
and Q′′

1 is a better substitute to Q than Q′′

2 .�

Remark 5. In case of ties, one could take into account the
cardinality of the result of each candidate query so as to break
these ties, provided that these cardinalities are stored in D+.

3 Fuzzy Queries

Let us now move to the case where value constraints are ex-
pressed by means of fuzzy predicates. Let us consider a con-
junctive fuzzy query Q = P1 and ... and Pn where any pred-
icate Pi is of the form (Ai is Ti) and Ti is a fuzzy term.
Here, the fact that Q returns an empty answer means that
there does not exist any element x in the database such that
�i=1..n (µTi

(x)) > 0, where � denotes a triangular norm
generalizing the conjunction. This state of fact can be ex-
pressed by saying that the support of the query relatively to
the database is empty.

In order to deal with this kind of queries, one needs to gen-
eralize measure sbs3 by replacing the arithmetic mean by a
weighted mean, and by taking into account the resemblance
between the degrees coming from the two fuzzy terms consid-
ered. The generalized measure obtained, which can also be
seen as a variant of the interchangeability measure proposed
in [5], is defined as:

sbs3(E, E′) =

∑
x′∈sp(E′−E) w(x′) × Γ(x′)∑

x′∈sp(E′−E) w(x′)
(8)

where:

Γ(x′) = supx∈E min(res(x, x′), Ψ(µE′(x′), µE(x))), (9)

sp(E) denotes the support of E, function Ψ assesses the re-
semblance between two degrees in the unit interval — it can
be defined e.g. as Ψ(a, b) = 1 − |a − b| — and:

w(x′) = (E′ − E)(x′) = min(E′(x′), 1 − E(x′)). (10)

The weight w(x′) captures the fact that it is all the more im-
portant to find a good substitute to x′ as x′ strongly belongs to
E′ − E. It is straightforward to show that if the sets are crisp,
this formula reduces to that given in Section 2.

The definition above can be directly extended to the case of
continuous fuzzy sets by replacing the sum by an integral.

Example 5. Let us consider the fuzzy sets: E = {1/rapeseed,
0.8/cabbage, 0.3/wheat} and E′ = {0.4/rapeseed, 0.3/cabbage,

0.4/corn, 0.7/broccoli}. With the most commonly used defini-
tion of the difference between fuzzy sets, i.e.,

µ(A−B)(x) = min(µA(x), 1 − µB(x)), (11)

one gets: E′ − E = {0.2/cabbage, 0.4/corn, 0.7/broccoli}.

For “cabbage”, the supremum equals:
sup(min(0.2, 0.3), min(1, 0.5), min(0.2, 1) = 0.5,

for “corn”, it equals:
sup(min(0.4, 0.4), min(0.1, 0.6), min(0.8, 0.9)) = 0.8,

and for “broccoli” we get the degree 0.9. Hence, the final
substitutivity degree equals:

(0.2×0.5 + 0.4×0.8 + 0.7×0.9)/(0.2 + 0.4 + 0.7) = 0.81.�

The algorithm given in Subsection 2.2 can be adapted straight-
forwardly. The notion of subsumption between fuzzy predi-
cates can be based on the inclusion between fuzzy sets pro-
posed by Zadeh, i.e., E ⊆ F ⇔ ∀x, µE(x) ≤ µF (x).

4 Explaining the Emptiness of the Answer
Besides providing the user with a non-empty answer, it is im-
portant to also give him/her some explanations about:

• the reasons why the answer was originally empty,

• the way his/her query has been modified.

This section deals with the first point and gives the principle
of a mechanism for explaining (at least partly) the emptiness
of the original answer, somewhat in the spirit of [20].

4.1 Boolean Queries
Let us assume that one has available not only D+ but also
a repository D− containing the failing queries submitted
previously to the system. We suggest using both D+ and D−

to identify some of the failing subqueries (in the sense of [15],
i.e., the subsets of atomic conditions from the original query)
which cause the empty answer.

Example 6. Let us consider the following failing query:

Q: veg ∈ {corn, wheat} ∧ animal ∈ {cow, pig}.

Let Q1 and Q2 be two queries from D+:

Q1: veg ∈ {corn, rapeseed} ∧ animal ∈ {sheep, pig},

Q2: animal = pig,

and Q3 a query from D−: veg ∈ {rapeseed, broccoli}.

From Q3 ∈ D−, one can deduce that there is no rape-
seed in the database relation considered. From this result
and Q1 ∈ D+, one infers that there are some farms growing
corn in the relation. From Q2 ∈ D+, one deduces that
there are farms breeding pigs. From these two results, one
can conclude that none of the terms from query Q leads
to an empty answer. Consequently, the “minimal failing
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subquery” is Q itself, which means that there is some sort of
“incompatibility” between (corn, wheat) and (cow, pig).�

In order to provide the user with explanations, we sug-
gest to partition the subqueries of Q into three classes: L1

(those which are known to produce non-empty answers), L2

(those which are known to be failing), L3 (the others). Let us
first consider the case of set-based predicates. A query from
D− (or D+) is expressed: P1 and ... and Pn where every Pi

is a condition of the type (Ai in Ei), which corresponds to a
disjunction (Ai = v1,1 or ... or Ai = v1,p). The first step is to
transform every query from D− into a rule:

(Ai = v1,1 or ... or Ai = v1,p) and ...
and (An = vn,1 or ... or An = vn,k) → false.

Symmetrically, every query from D+ gives birth to a
set of rules:

(Ai = v1,1 or ... or Ai = v1,p) → true
...
(An = vn,1 or ... or An = vn,k) → true.

These two types of rules constitute the rule base of the
reasoning system used further.

Let us now consider a failing query Q. For each subquery
of Q, one checks whether it is possible to infer true or false
using the rule base. If it is possible to infer true, the subquery
belongs to L1, if one can infer false it belongs to L2, other-
wise it belongs to L3. The subqueries have to be examined in
increasing order of their size, starting with the atomic predi-
cates, considering that a subquery including a failing subquery
is itself failing (it is then useless to examine it). The corre-
sponding algorithm, which exploits the concept of Minimal
Failing Subqueries (MFS), is thus somewhat analogous to that
proposed in [15], but here, we do not have to process any sub-
query to know if it is failing or not, due to the existence of the
repositories D+ and D−.

In the case of intervals, one cannot replace a predicate by an
explicit disjunction. One thus needs an inference engine able
to deal with interval constraints.

4.2 Fuzzy queries

For discrete fuzzy sets, one uses the same principle as for
Boolean queries. In the rules, the terms of a disjunction cor-
respond to the values from the support of a fuzzy predicate.
For continuous fuzzy sets, one cannot express rules involving
explicit disjunctions. A query Q = P1 and ... and Pn from D−

produces a rule:

A1 in support(P1) and ... and An in support(Pn) → false

and a query Q = P1 and ... and Pn from D+ gives birth
to the set of rules:

A1 in support(P1) → true
...
An in support(Pn) → true.

Here again, the reasoning engine must be able to deal with

interval constraints.

5 Related Work
Some related work can be found in both domains of databases
and information retrieval, including web search.

The semantic caching approach proposes to keep in a cache
some previously executed queries along with their results and
checks whether the answers to a given user query can be re-
trieved from the cache for optimization purposes. It uses the
notion of query containment (i.e. a query Q is contained in
a query G, if all answers to Q are also answers to G) to find
the answers in the cache (see, e.g., [1, 7, 16, 19]). In a similar
spirit, Ghosh et al. [14] propose a query clustering approach
aimed at optimizing queries by reusing execution plans com-
puted for similar queries.

On the other hand, the approach of query rewriting using
views aims at finding view-based queries which are equiva-
lent to (or contained in) a given user query. View-based query
rewriting was first introduced using materialized views for
query optimization purposes [6]. Afterwards, it was brought
to the domain of data integration systems [2, 18] where the ob-
jective is to find certain answers to a query in a decentralized
database context.

However, none of these approaches deals with the empty
answer problem: they are concerned either in optimizing the
access to information or in computing the set of certain an-
swers to a query from distributed data sources. In our case,
given a failing query, we are not interested in finding neither
contained nor equivalent queries, since those would produce
empty answers too.

In the information retrieval domain, other techniques are
based on similarity measures and make use of previous exe-
cuted queries to improve web search (see, e.g., [22, 23]). The
measures underlying these approaches are strongly based on
relationships between keywords, whereas we deal with a more
general type of conditions than those expressed by a set of
keywords, namely value constraints.

There are also relevant work in the domain of case-based
reasoning, which integrates past user experience to solve cur-
rent queries. In particular, Fouqué et al.[10] propose to in-
clude additional information in the answer to a user query,
using an approach that they call associative query answering.
The basic idea is to extend the “select” clause of a user query
with attributes which appeared in similar queries previously
submitted by other users. As we do, the authors use a near-
ness measure between every pair of values of each attribute,
which is used to evaluate similarity between the user query
and those previously executed. However, that work does not
deal with failing queries.

In contrast, Bidault et al. [3] tackle the empty answer is-
sue and use a repository of predefined queries in the context
of mediation systems. Although their approach shows some
similarity with ours, their solution is still quite different. They
build a set of predefined successful queries for each source
to offer a substitute for a failing user query. Similarity de-
grees between the initial user query and predefined successful
queries are computed on the basis of a hierarchy of concepts.
Finally, some heuristics make it possible to select the “best”
substitute to the initial user query. In this approach, the simi-
larity degree concerns the extent to which two concepts share
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the same characteristics whereas the substitutivity measure we
defined is based on the proximity between the domain values
of the attributes involved in the queries.

Let us also emphasize that none of the aforementioned ap-
proaches deals with failing fuzzy queries.

6 Conclusion

In this paper, we have outlined an approach aimed at obviating
empty answers to Boolean or fuzzy queries involving value
constraints. The method proposed uses a query repository and
is based on the adaptation of the past non-failing query which
is the most similar to the user query considered. Moreover, a
technique aimed at providing the user with some explanations
about the emptiness of the result of his/her original query has
been briefly outlined.

The perspectives for future work are manifold. First, it
would be useful to tackle the implementation of the query
repository and to devise access methods for retrieving the can-
didate queries as efficiently as possible. The logical formalism
proposed in [16] to represent information in cache and the in-
dex implementation presented in [10] to access it could be of
interest for that purpose. Secondly, it would be worth inves-
tigating the possibility of reusing the execution plans of past
queries to optimize the evaluation of the selected substitute
query, in a spirit similar to [14]. Another point worthy to study
concerns the substitutivity measure which is at the heart of the
approach. The measure advocated here should be compared
with some others adapted from classical similarity measures,
cf. [9]. Finally, we intend to generalize this approach to a
broader class of queries, e.g., those involving fuzzy joins.
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Abstract— This paper presents a process to obtain the solution (or
flux) of a fuzzy delay system and to determine the fuzzy expected curve
for the HIV (human immunodeficiency virus) when HIV-positive in-
dividuals receive antiretroviral therapy. This delay is defined as the
time between the infection of a CD4+ type T-lymphocyte cell by the
virus and the production of new virus particles. The intracellular
delay is represented by an uncertainty parameter that depends on
the individual characteristics of HIV-positive patients. A fuzzy rule-
based system is used to model this parameter. The solution of the
system of delay differential equations, which is a fuzzy process, is ob-
tained from Zadeh’s Extension Principle. Lastly, for each instant t,
we calculate the fuzzy expected value obtained by the Center of Gra-
vity.

Keywords— Delay Differential Equation; Epidemiological
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1 Introduction
HIV is an uncommon type of virus called a retrovirus and
drugs developed to disrupt the action of HIV are known as
antiretrovirals, or ARVs. The AIDS (Acquired Immunodefi-
ciency Syndrome) virus mutates rapidly, which makes it ex-
tremely skillful at developing resistance to drugs. To mini-
mize this risk, people with HIV are generally treated with a
combination of ARVs that attack the virus on several fronts
at once. The advent of ARVs in 1996 transformed the treat-
ment of HIV and AIDS, improving the quality and greatly
prolonging the lives of many infected people in places where
the drugs are available. Of the estimated 6.5 million people
in need of antiretroviral treatment in June 2006, 1.65 million
people were reported to have had access to ARV treatment in
low- and middle-income countries (World Health Organiza-
tion, Jun 2006) [1]. In HIV-1 infection, treatment with reverse
transcriptase or protease inhibitors results in a decline of free
virus in several distinct phases. Fig. 1 summarizes the results
of clinical studies, representing the different phases of viral
decline after in vivo [2] treatment. Initially, the plasma viral
load remains at approximately pretreatment levels, which, in
the asymptomatic stage of the infection, are almost stationary
on a time scale of weeks. This phase, which lasts from 0 to
1 day, is called the quasi-stationary initial stage. This initial
phase is followed by a transition phase of 1 or 2 days, which
is explained by the combination of pharmacological and intra-
cellular delay effects that cause the disappearance of the free

particles of the virus and the decline of infected cells. Another
phase observed is the rapid decline of the plasma virus, which
lasts from 2 to 7 days. Finally, the decline flattens out and
virus levels may even rise again [2].

In this paper, we propose a process to determine the fuzzy
flux of HIV decline as a function of time and, for each t, we
determine the fuzzy expected value when the HIV-positive in-
dividual is receives antiretroviral therapy, considering the in-
tracellular delay of the viral life cycle. Intracellular delay is
defined as the time between the infection of a T lymphocyte
cell of the CD4+ type by the virus and the production of new
virus particles. The main lymphocyte that HIV attaches to
when it reaches the bloodstream is the CD4+ type T lym-
phocyte. Based on the solution of a delay differential equa-
tion system [2], considering that the antiretroviral therapy is
100% effective, we introduced the delay τ as a fuzzy triangu-
lar number, where the degree of pertinence 1 is assumed to
be τ = 12h. Starting from a fuzzy rule-based system (FRBS),
we determined the mortality rate of the virus as a function
of delay. The fuzzy rule base was obtained from information
given in [2]. With this fuzzy parameter [3], and by means
of Zadeh’s extension principle, we obtained a solution for the
system. With this methodology applied to each instant t, the
solution was a fuzzy set. Hence, we found the degree of perti-
nence for each solution of the deterministic system as a func-
tion of time. We then calculated the fuzzy expected value for
the solutions of the system at each instant t, using the center
of gravity. The curve of the expected value shows a profile
similar to the curves of the clinical data when antiretroviral
therapy is applied, as illustrated in Fig. 1.

2 Classic Models
In [2] was introduced two microscopic models for HIV in-
fection dynamics in the individual organism undergoing an-
tiretroviral therapy. These models are used in this paper.

The first is a model for viral dynamics with three variables:
the population of uninfected cells, x(t); the population of in-
fected cells that produce the virus, y(t), and the plasma virus
population, v(t). In a first approximation of the dynamics, we
assumed that the influx λ and death rate d of uninfected cells
are constant. Uninfected cells and free virus produce infected
cells at a rate of β(t)x(t)v(t). Infected cells produce free virus
particles at a rate of k(t) and die at a rate of a. Free virus
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Figure 1: Schematic illustration of the different phases of
plasma virus decline following antiretroviral therapy [2].

particles are cleared at a rate of u. To describe the effects of
various drug therapies, the parameters β(t) and k(t) are time-
dependent. Based on these assumptions, the differential equa-
tion system is given by:

dx(t)
dt

= λ−dx(t)−β(t)x(t)v(t) (1)

dy(t)
dt

= β(t)x(t)v(t)−ay(t) (2)

dv(t)
dt

= k(t)y(t)−uv(t) (3)

The model does not contain an intracellular time delay be-
tween infection of a cell and production of new virus particles.
The model (4)-(6) incorporates the intracellular phase of the
virus life cycle. In [2], it was assumed that virus production
lags by a delay τ behind the infection of a cell. This implies
that the recruitment of virus-producing cells, at time t, is given
by the density of cells that were newly infected at time t− τ
and are still alive at time t. Moreover, we assumed a constant
death rate ã for infected but not yet virus-producing cells. The
probability of survival from t− τ to time t is only e−ãτ. More
generally, the probability of survival is given by a nonincreas-
ing function f (τ) with 0≤ f (τ)≤ 1. Thus, (1), (2) and (3) can
be written as:

dx(t)
dt

= λ−dx(t)−β(t)x(t)v(t) (4)

dy(t)
dt

= β(t− τ)x(t− τ)v(t− τ)e−ãτ−ay(t) (5)

dv(t)
dt

= k(t)y(t)−uv(t) (6)

The equation (5) has become a ’delay-differential equation
τ’. Analytical solutions of this type of equation are generally
difficult to find. However, for the problem in question, the
populations of uninfected cells, infected virus-producing cells
and free virus are at a steady-state level before treatment sets
in [2]. This situation facilitates the mathematical analysis and
enables us to derive simple analytical solutions. The nontrivial

steady state of the system is given by:

x0 =
au
βk

eãτ

y0 =
λ
a

eãτ− du
βk

v0 =
ky0
u

(7)

where β and k are constant pretreatment rates.

2.1 Protease Inhibitor Therapy
Reference [2] includes treatment with HIV protease inhibitors
that block the production of new infectious virus vI from al-
ready infected cells, allowing only noninfectious virus to be
generated. As previously reported, the infectious virus de-
clines but continues to infect cells [4] and [5].

According to [2], within the present framework, equation
(6) also describes the dynamics of the total free virus. Infec-
tious virus vI , however, is not produced in t > 0 and declines

according to
dvI(t)

dt
= −uvI(t). Also, equations (4) and (5)

remain valid if one replaces v with vI .
In [2], it is assumed that the uninfected cell population re-

mains constant, x(t) = x0 within the time scale under consid-
eration. For x(t) = x0 and exponentially declining vI(t), equa-
tion (5) is solved by:

y(t) =
y0

a−u
[ae−u(t−τ)−ue−a(t−τ)] f or t > τ. (8)

From (6), the time evolution of free virus is then given by
v(t) = v0 for 0 < t ≤ τ and

v(t) = v0e−u(t−τ) +
uv0

a−u

{
u

a−u

[
e−a(t−τ)− e−u(t−τ)

]}

+
uv0

a−u

{
a(t− τ)e−u(t−τ)

}
f or t > τ. (9)

Combined reverse transcriptase inhibitor and protease in-
hibitor therapy may, in the long term, delay the evolution of
drug-resistant virus strains [2].

After application of any antiviral drug, there is a short de-
lay in the pharmacological effect due to the time required for
drug absorption, distribution, and penetration into target cells.
In the initial phase, the plasma virus load remains constant.
The duration of this phase is the sum of the pharmacological
delay [2], defined as the time span the drug requires to reach
an effective concentration, and the intracellular delay, defined
as the time between infection of a cell and production of new
virus particles.

Thus, differences in plasma virus decline for a fixed half-
life of infected cells (a = 0.5/day), with a delay of about 0.9
days, are shown in Fig. 2 for protease inhibitors. Intracellu-
lar delays were chosen to ensure that the long-term decline is
identical in all cases. The curves differ mostly at the end of
the shoulder phase, but even for strongly varying parameters,
the differences are minor, see Fig. 3.

It is important to note that for different values of intracel-
lular delay (τ) and rate of decline in the plasma virus concen-
tration (u), the behavior of the plasma viral load (Fig. 3) is
similar to that of the initial phases of antiretroviral treatment,
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Figure 2: Sensitivity parameter of the protease inhibitor equation
(9). Parameter a is fixed (a = 0.5/day), whereas u and τ vary. The
two thin lines represent 10% deviations from the mean solution to il-
lustrate expected measurement errors under ideal experimental con-
ditions [2].
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Figure 3: Range of HIV decline in response to protease inhibitor
therapy [2].

as illustrated in Fig. 1, which summarizes the clinical studies,
rendering the model credible (4)-(6). Reference [6] states that
the length of delays is not directly measurable in vivo. Thus,
additional in vitro data would prove valuable in expanding our
knowledge of the characteristics of delay. Although these in
vitro data are fraught with uncertainties, they clearly indicate
that there is a delay between the initial infection and the pro-
duction of new virus [7].

Reference [6] also states the need to explore the effects of
different types of delay, such as distributed delays. Reference
[7] assumes that the delay is given by a probability distribu-
tion. We propose a process to study the decline of the viral
load after the beginning of protease inhibitor therapy. To this
end, we consider that the intracellular and pharmacological
delay is modeled by a fuzzy number, which takes into account
a possibility distribution that can be given by a specialist.

The next section introduces the fuzzy model, which is the
main object of this paper.

3 Fuzzy Model
Mathematical models for biological phenomena are normally
fraught with uncertainties, in both the state variables and the
parameters of the model’s equations [8]. In our specific case,
for reasons set forth in the introduction of this paper, we will
consider that the delay time (τ) is uncertain and is modeled
by the fuzzy set theory. Therefore, to study HIV decline over
time, we developed a model which is a combination of classic
delay differential equations and fuzzy logic.

A mathematical model in [4] was developed for protease
inhibitor therapy, which fitted theoretically predicted curves
of plasma virus decline to empirical data. The authors deter-
mined an average of about 0.9 days for the intracellular phase.

The next subsection presents a summary of the fuzzy set
theory that was adopted in this work.

3.1 Fuzzy Sets
A fuzzy subset � of the universe set U is defined in terms of
a function of pertinence u , which, at each element x of U,
associates a number u(x) from zero and one called degree of
pertinence of x to �. Thus, the fuzzy set � is symbolically
indicated by its pertinence function

u� : U→ [0,1] .

The values u�(x) = 1 and u�(x) = 0 indicate, respectively,
the complete pertinence and the nonpertinence of element x to
�.

A concept that will play a key role in this paper is fuzzy
rule-based systems (FRBS) that have four components: an in-
put processor, a collection of fuzzy rules called rule base, a
fuzzy inference machine, and an output processor [9]. As the
fuzzy inference machine we adopted the Mamdani Inference
Method, while the output processor we used was the Center of
Gravity.

Another concept used in this paper is Zadeh’s Extension
Principle.

Let X and Y be sets and f na application of X in Y . Let Abe
a fuzzy set in X . The extension principle states that the image
of A by the function f is a fuzzy set B = f (A) in Y , whose
pertinence function is given by

uB(y) = sup
x

uA(x) (10)

for each y ∈ Y with x ∈ X and y = f (x).

3.2 Methodology
Using an FBRS with the Mamdani Inference Method and cen-
ter of gravity defuzzification, we obtained the defuzzified va-
lues of u as a function of τ. The least-square regression yielded
u(τ). To represent the distributed delay, we adopted τ as a
fuzzy triangular number. We then applied Zadeh’s extension
principle in two stages: first, to obtain the fuzzy u, and then to
fuzzify the vital load. Finally, for each instant t, we calculated
the fuzzy expected value by means of the Center of Gravity.

3.3 Fuzzy Rules
To determine the relationship between u and τ (u = u(τ)), we
adopted a FBRS, taking advantage of the fact that these vari-
ables are positively correlated [2].
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The intracellular delay (τ) and rate of decline in plasma
virus concentration (u) are linguistic variables: the values
of intracellular delay are expressed as {low, medium, high
medium, high, and very high}, while the rate of decline in
plasma virus concentration is expressed in the term set {low,
medium, high medium, high, very high }.

Based on the values

• u = 9/day and τ=0.08 day (approximately 2h);

• u = 3/day and τ=0.5 day (12h);

• u = 2/day and τ=1 day (24 h).

employed in the studies of [2], we adopted the domains of the
pertinence functions of the intracellular delay (τ) and of the
rate of decline in plasma virus concentration (u) as intervals
that contain these values.

Following the positive correlation, the rule base that en-
codes the correlation between τ and u is given by:

• If τ is low then u is low.

• If τ is medium then u is medium.

• If τ is high medium then u is high medium.

• If τ is high then u is high.

• If τ is very high then u is very high.

0,2 0,4 0,6 0,8 1,0
0,0

0,2

0,4

0,6

0,8

1,0

very
highhigh

 high 
mediummediumlow

delay (ττττ)

Figure 4: Membership functions for delay (τ).

The membership functions for each fuzzy set that specify
the meaning of the linguistic variables for intracellular delay
(τ) and rate of decline in plasma virus concentration (u) are
shown in Fig. 4 and 5, respectively.

The data on virus mortality rate as a function of delay pre-
sented in Fig. 6 were obtained from the defuzzified values in
the [0.08,1] interval of the FRBS. Using least-squares regres-
sion, we obtained the curve of the mortality rate of the virus
as a function of delay, which is given by

u(τ) = 1.67e1.63τ (11)

with a determination coefficient (R2) of 0.9873, as indicated
in Fig. 6.

For biologic reasons, Mittler et al. [7] used a probabi-
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Figure 5: Membership functions for rate of decline in plasma
virus concentration (u).
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Figure 6: Regression of the rate of decline in plasma virus
concentration

lity distribution function for τ. Here, in this paper, we will
consider a possibility distribution instead a probability distri-
bution function for τ. The rate of decline (u) will be obtained
from a fuzzy rule-based system combined with the extension
principle. Another method could be used for obtaining u. For
example, the fuzzy systems given by gradual rules [10]. How-
ever, in this last case, we are not sure if these systems, in fact,
approximate real functions.

3.4 Fuzzy Delay Distribution
We considered τ as a fuzzy parameter given by the fuzzy tri-
angular number, whose support is [0.08,1] and maximum per-
tinence in 0.5, Fig.7.

The extension principle was used to obtain the image u of
the fuzzy set τ, through function u(τ) = 1.67e1.63τ. More
specifically, from the formula:

µu(τ)(y) = sup
{s:u(s)=y}

µτ(s) (12)

where τ is the fuzzy set whose membership function is uτ, and
u(τ) is the corresponding fuzzy set with membership function
µu(τ). Fig. 8 shows the extension principle for u(τ), assuming
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µτ, as in Fig. 7.

µ
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Figure 8: Computation µu.

3.5 Fuzzy Solution
The fuzzy solution for the viral load was obtained by fuzzifi-
cation of the deterministic solution given by:
v(t;τ) = v0 for 0 < t ≤ τ and

v(t;τ)= v0e−u(τ)(t−τ)+
u(τ)v0

a−u(τ)

{
u(τ)

a−u(τ)

[
e−a(t−τ)− e−u(τ)(t−τ)

]}

+
u(τ)v0

a−u(τ)

{
a(t− τ)e−u(τ)(t−τ)

}
f or t > τ (13)

since we are admitting τ, and hence, u, as a fuzzy number.
At each instant t, Zadeh’s Extension Principle is adopted

for the function v(t;τ) applied in τ.
Fig. 9 presents the graphic solution of the fuzzy model.

The light region shows the curves with the highest possibility
of representing the phenomenon.

3.6 Defuzzification of the Fuzzy Solution
A common defuzzification scheme is the center of gravity
method. For a fixed t, denote v(t;τ) by vt(τ) to simplify the
notation. Let µvt (τ) be the membership function of vt(τ). Thus,

Figure 9: Solution of the fuzzy viral load for t varying from 0
to 2 days

a real-valued output v(t) is obtained at each time instant t, ac-
cording to the formula:

v(t) =

�

supp(vt (τ))
vt(τ)µvt (τ)(vt(τ))dvt(τ)

�

supp(vt (τ))
µvt (τ)(vt(τ))dvt(τ)

(14)

Given the fuzzy solution shown in Fig.9 and using the cen-
ter of gravity, we obtained the defuzzified solution depicted in
Fig.10.

The method generates a fuzzy expected curve which we
have called a (defuzzified) solution v(t).

Reference [11] showed that this curve is the solution of the
nonautonomous differential equation and may be viewed as
the expected value of vt(τ).

The solution v(t;τ) is obtained from a family of classic dif-
ferential equations (Fig.11). However, it does not coincide
with any solution for a fixed τ. For each t, v(t;τ) (14) is a
value that belongs to the solution of the family of equations
parameterized by u(τ). What differs here from the derived
curve (14) suggested by the deterministic solutions is that, in
deterministic solutions, all the uncertainties are excluded at
the beginning (defuzzified at t = 0 and solved), whereas here
the uncertainties evolve and defuzzification occurs at the time
instant of interest (defuzzified when necessary) [11] and [12].
Hullermeier [13] suggests that the solution of a fuzzy differ-
ential equation is a fuzzy function obtained from a family of
differential inclusions. Mizukoshi et al [14] have shown that
when parameters (coefficients and/or initial conditions) are
fuzzy, the Hullermeier solution is the same as that obtained
from the extension principle. Therefore, we first obtained the
solution of the classical differential equation and then used the
extension principle to obtain fuzzy solutions. To obtain a real-
valued trajectory, we adopted the center of gravity to defuzzify
the fuzzy solution.

By means of equation (14), we obtained the fuzzy expected
value v(t) at each instant t, which at first intercepts curves that
present greater delays and, over time, intercepts curves with
smaller delays, Fig. 11.
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Figure 11: In the graph, the solid line represents the fuzzy
expected value v(t).

4 Conclusions

In this work, emphasis was given to the study of the initial
phase of treatment, since the plasma concentration of HIV de-
clined by approximately 90% in the first two weeks of therapy
due to the rapid elimination of free virus and the decline in
infected cell productivity [15], see Fig. 10.

The work of [2] shows that intracellular delay may affect
the magnitude of the range observed in Fig. 3, which repre-
sents variability or uncertainty. The adoption of distributed
delay has yielded good results in the study of the dynamics of
HIV under treatment [7]. In this paper, we adopted a fuzzy
number to represent the distributed delay, which enabled us
to obtain curves with different degrees of possibility to repre-
sent the phenomenon, Fig. 9. The degrees of pertinence of
the curves come close to 1, as the curves approach the light
region. This region is the one that best represents the phe-
nomenon from the standpoint of credibility.

The defuzzified curve v(t) represents the amount of virus at
each instant t. This curve is an average of the deterministic so-
lutions given in (13), weighted by their respective degrees of
possibility, which renders the curve more representative than
each of the solutions of (13), adopting a value for τ.
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Abstract— The objective of this paper is to propose a model for
the occupation, by leaf-cutting ants, of an attractive area using a
form of the diffusion-advection partial differential equation, in which
the population dispersal is modeled using a fuzzy parameter. In the
studied domain there is an attractive region, which can represent
areas with an elevated concentration of palatable host-plants with
better nutritious qualities. The developed algorithm uses informa-
tion about the foraging behavior of a leaf-cutting ant colony from the
Amazon region, in northern Brazil. The solution of the chosen partial
differential equation is approximated using first order finite triangu-
lar elements and determines population dispersal with the use of a
fuzzy rule-based system, which depends upon the number of individ-
uals in the population and terrain characteristics. The numerical
algorithm was developed in a MATLAB environment. The calculated
solution is compatible with ant behavior when there is an attraction
region nearby, as reported in the literature.

Keywords— Fuzzy Set; Leaf-Cutting Ants; Mathematical Mode-
ling; Numerical Methods; Partial Differential Equation;

1 Introduction
Ants of the genera Atta and Acromyrmex (Hymenoptera:
Formicidae), collectively known as leaf-cutting ants, have the
unique habit of culturing fungus on fresh plant materials [1].
These ants are generalist foragers that exploit a large num-
ber of plant species, although they usually focus on a subset
of these species [2], especially those with low levels of toxic
secondary compounds and high nutrient content [3, 4]. Their
system of foraging trails influence the spatial organization of
the foraging activity. Spatial and temporal heterogeneity in
plant resources within the vicinity of the ants’ nest produces
changes in trail direction and modifications in the geometry of
the foraging territories [5, 6]. Trails often lead to sites where,
at a given time, plant resources are more attractive and abun-
dant. For instance, a study in Costa Rica showed that, when
leaf-cutting ant colonies have access to different plant commu-
nities, they concentrate their foraging efforts on the commu-
nity with the greatest density of their preferred plant species
(a monoculture of cassava) [7].

This paper proposes a model for the occupation of an attrac-
tive area by leaf-cutting ants, using a form of the diffusion-
advection partial differential equation to model population
dispersal [8] using a fuzzy parameter. The mathematical
model for population dispersal is based on the balance of mass

in phenomena of fluid dynamics and their physical principles.
In this case, Fick’s law; a conservation equation - such as con-
servation of mass -; and the notion of advection and diffusive
flux arising from directed motion (convection) and effective
random motion, respectively, are fundamental for the develop-
ment and understanding of the model. In this work, the disper-
sion depends on the number of individuals of the population
and on the characteristics of the terrain over which ants travel.
This dispersion is determined by means of a system based on
fuzzy rules. The model is constructed using expert entomolo-
gical knowledge on behavior of leaf-cutting ants. The domain
of this study contains an attractive region, which can represent
areas with a high concentration of palatable host plants with
good nutritious qualities. In literature, this research usually in-
volve the use of a deterministic or stochastic model. However,
mathematical literature on uncertainty has grown considerably
over the last decade, especially in system modeling, optimiza-
tion, control, and pattern recognition areas, to mention just a
few. Recently, several authors have proposed the use of fuzzy
set theory in epidemiology problems [9, 10, 11, 12] and popu-
lation dynamics [13]. In this paper, we suggest fuzzy set theo-
ry, introduced in the 1960s by Lotfi Zadeh [14], to deal with
the uncertain nature of ant population dispersal. In [15], the
authors propose fuzzy rules that have input variables given by
the difference (D) in the pheromone concentrations of the ants
on the left and right trail branches. Based on these rules, the
authors are able to determine the probability of choosing the
left branch. The behavior of ants has also inspired several op-
timization techniques, the most exhaustively studied of which
is known as ant colony optimization [16], which is also based
on ant pheromone. The present study is based on the fact that
the availability of plant resources to leaf-cutting ant colonies
varies considerably in space and time. Thus, colonies must
continually gather information about the current availability
or stock of resources within their territories. Once a patch of
palatable vegetation (i.e., an attractive area) is found, a chem-
ically and physically marked trail is established and the ant
foragers follow this trail in order to retrieve the newly found
resource.

The next section presents information about the area where
the research on ants was conducted [17].

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

271



2 Ant Study Area in Amazonas
This study was carried out in a forest reserve located about 70
kilometers north of Manaus, state of Amazonas, Brazil. The
vegetation is that of a primary inland rain forest, which, un-
like other types of forest in the Amazon basin, is not subject
to annual flooding. The climate is tropical and the annual pre-
cipitation, which is about 2,100 mm, is seasonal in distribution
[18]. The rainy season lasts from November to May, and the
dry season from June to October.

Vasconcelos’s research [17] involved a study of the fora-
ging activity of an Atta cephalotes colony from July 1985 to
January 1986 and from September 1986 to March 1987. This
study determined the spatial distribution of ant foraging trails
and of the plant species exploited by the ants (i.e., their fora-
ging sites).

Fig. 1 shows that the foraging sites of the Atta cephalotes
were scattered over the entire extent of the trails, though
mainly at intermediate distances from the nest (40 - 60m).

R

P

Figure 1: Foraging range (broken line) and foraging territory
(continuous line) of the Atta cephalotes colony. Solid triangles
represent the plants attacked between July 1985 and January
1986, and empty triangles those attacked between September
1986 and March 1987. Solid squares represent plants attacked
during both periods. Dotted lines represent the foraging trails
radiating from the nest (shaded area) [17].

The next section presents a partial differential equation with
a fuzzy parameter for the occupation of leaf-cutting ants.

3 Fuzzy Model
The study of population dynamics involves several uncertain
variables, such as the number of individuals in the popula-
tion, the landscape, the speed at which the population travels,
and population dispersal. Fuzzy set theory is a mathemati-
cal tool for modeling uncertain phenomena [19], for example,
provides key notions for modeling epidemiological phenome-
na. Thus, the aim of this research is to find a numerical so-
lution for modeling the presence of ant populations, treating
dispersal as a fuzzy parameter [20].

The model proposed for the occupation by leaf-cutting ants

will be studied by means of the diffusion-advection partial dif-
ferential equation, given by:

∂P

∂t
+ v · ∇P −∇ · (α(P, loctot)∇P ) = 0. (1)

The functional variable P = P (x, t) indicates the popula-
tion at the instant t ∈ [0, T ] and at the point x ∈ Ω1 ⊂ R2

(see Fig. 2). The speed of occupation of the region v is a
constant vector (v1, v2). Thus, we assume that the population
dispersal is represented by parameter α(P, loctot), where total
locomotion (loctot) is determined by a fuzzy rule-based sys-
tem that depends on the input variables locx (horizontal move-
ment) and locy (vertical movement). This dispersal depends
on the subregions of the domain, indicating the difficulty of
locomotion of the ants over the terrain. The fuzzy parameters
are modeled as follows:

• the domain is divided into subregions;

• the characteristics of the environment in which the indi-
viduals travel are represented by trapezoidal membership
functions that indicate the degree of difficulty in locomo-
tion through the domain;

0τ

3τ 1τ

2τ

21

Easy Locomotion towards x and medium in y.

Easy Locomotion towards x and in y.

Difficult Locomotion towards y and easy in x.

1 - Difficult Locomotion towards x and in y.

2 - Easy Locomotion towards y e diffícult in x.

Attraction
Region

Initial condition

Figure 2: Domain Ω1.

The adopted boundary conditions considered are:

α(P, loctot)
∂P

∂y
= Pv2, ∀x ∈ τ0, ∀t ∈ [0, T ](2)

α(P, loctot)
∂P

∂x
= Pv1, ∀x ∈ τ1, ∀t ∈ [0, T ](3)

α(P, loctot)
∂P

∂y
= Pv2, ∀x ∈ τ2, ∀t ∈ [0, T ](4)

α(P, loctot)
∂P

∂x
= Pv1, ∀x ∈ τ3, ∀t ∈ [0, T ].(5)

The initial condition for this problem is given by:

P (x, 0) = P0(x), ∀x ∈ Ω1. (6)

To determine the numerical solution for (1), (2)-(5), the fi-
nite element method was used with a triangular uniform grid
and linear functions [8]. The Crank-Nicolson Method was em-
ployed for the time discretization.
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3.1 Boundary Conditions
The spatial domain of the partial differential equation is rec-
tangular: Ω1 = [0, X] × [0, Y ], where X is the longitudinal
length (axis x) and Y is the transversal length (axis y) of do-
main Ω1. The domain boundary, ∂Ω1, is divided into parts
which are indicated by: τ0: the upper edge; τ1: the right
edge; τ2: the lower edge and τ3: the left edge. The unitary
vector with an external direction normal to ∂Ω1 is given by:
n = (0, 1), in τ0; in τ1, n = (1, 0), at the right edge; in
τ2, n = (0,−1), at the lower edge; and n = (−1, 0), in
τ3. In order to preserve the population mass as a function of
time M(t), the proper boundary conditions must be identified
[?, 21]. Initially, the equation (1) is written as follows:

∂P

∂t
+ div(vP ) − div(α(P, loctot)∇P ) = 0. (7)

Integrating equation (7) throughout the domain Ω1, with∫
Ω1

Pdx = M(t) and using the Divergence Theorem, one

has:

d

dt
M(t) +

∫
∂Ω1

(Pv · n − α(P, loctot)∇P · n)dS = 0 (8)

To ensure that M(t) is constant, one must have:
d

dt
M(t) =

0. Therefore:

(Pv · n − α(P, loctot)∇P · n) = 0. (9)

Thus, one obtains the boundary conditions for the Ω1, from
(2) to (5).

3.2 Parameters for Computational Simulation
Fig. 2 represents domain Ω1. To find the solution for equa-
tion (1) through first-order finite elements, this domain was
subdivided into small triangles. The discrete solution will be
obtained at the vertices (or nodes) of these triangles. The ob-
jective of computational simulations was to describe region
R, given in Fig. 1. The solution for equation (1) was obtained
from the finite triangular elements, using 3600 elements with
1860 nodes. The region of attraction has eight triangles and is
located in the upper right-hand side of domain Ω1, Fig. 2. The
A. cephalotes colony is represented by four initial nodes close
to boundaries τ2 and τ3, where an initial population of 400
ants was placed, Fig. 10. At each time step, two individuals
are added to the calculated population, simulating ants present
at the entrance of the ant nest at all times.

To calculate the dispersal several calculations were made
based on Fig. 1. Initially, we measured the dotted trails in re-
gion P (large polygon) of Fig. 1. These trails were about 173
meters (m) in length, and the ants took approximately 40 days
to occupy this area [17]. The dotted trail in region R (small
rectangle) of Fig. 1 was 12m long. The rectangle of region R
is approximately 13m by 5m and, to increase the performance
of the computational program, let us consider that domain Ω1

is 6m by 3m. Because the computational program was imple-
mented in a region whose sides measured half of the original
region R, we considered that the trail was also half as long
as the original one, i.e., 6m. Therefore, we determined that
the ants took 1.3873 days to occupy the 6m trail. According
to the entomologist, ant trails have a width of approximately

0.15m. Thus, the area occupied by the ants in the region for
the implementation is approximately 4.7971m2. Since the
dispersion (α) is determined by the area/time ratio, one has:
α ∼= 0.14m2/hour. We considered the speed in direction y to
be equal to 0.07m/hour. The speed in direction x was con-
sidered to be equal to 0.14m/hour, i.e., double the speed in
direction y.

3.3 Linguistic variables and rule base
Fuzzy sets are a way to represent imprecise information and
knowledge. The values of locomotion along the x and y di-
rections are expressed as {constant, difficult, medium, easy}
while those of the population (P ) are expressed in term sets
{very small, small, medium, large, very large}. The member-
ship functions that specify the meaning of the linguistic values
are shown in Fig. 3, 4, 6, 7 and 8 for locomotion along the x
direction, locomotion along the y direction, total locomotion,
population and dispersal, respectively. Total locomotion is
the output variable in the fuzzy rule-based system (FRBS 1)
that depends on the variables of locomotion along the x and y
directions. Dispersal is the output variable in the fuzzy rule-
based system (FRBS 2) that depends on the variables of total
locomotion and population number, Fig. 5. Population disper-
sal varies from 0 to 0.14m2/hours, according to the result of
the calculations of this part of region R of Fig. 1. Total loco-
motion is expressed in a term set {constant, very difficult, diffi-
cult, medium, easy}. The membership functions that designate
the meaning of the linguistic values are given in Figs. 6 and 8
for total locomotion and dispersal, respectively. The rule base
that encodes the relationship of locomotion along the x and
y directions; and total locomotion is summarized in Table 1.
The rule base that encodes the relationship of total locomo-
tion, population and dispersal is shown in Table 2.

All the rule bases are processed using Mamdani’s Inferen-
ce Method with center of gravity defuzzification [22]. There
are other inference methods that could be adopted, such as
Takagi-Sugeno’s Inference Method [23]. Nevertheless, we
could not use this method because the FRBS output variables
are not precise and also they can not be written as input varia-
bles.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Locomotion towards  x (locx)

contant difficult easymedium

Figure 3: Membership functions for locomotion along the x
direction (locx).

3.4 Fuzzy Computational Simulation
In order to define the type of ant locomotion as a function of
the type of ground (e.g., rivers, hills, mountains and rocks)
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0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Locomotion towards  y (locy)

contant difficult easymedium

Figure 4: Membership functions for locomotion along the y
direction (locy).

Locomotion

towards x

Locomotion

towards y

Total

Locomotion

Population

Dispersal

FRBS 1

FRBS 2      

Figure 5: Fuzzy rule-based systems 1 and 2.

in the area of study to each node is allotted a value [0, 1] for
movement in x and y according to its location in the area, see
Fig. 2.

The chosen trapezoidal membership function, which is as-
sociated to a fuzzy set A, uA(x), involving four parameters
[c1 c2 c3 c4], see Fig. 9, is given by:

uA(x) =


x − c1

c2 − c1
if c1 ≤ x < c2

1 if c2 ≤ x ≤ c3−x + c4

c4 − c3
if c3 < x ≤ c4

(10)

If the triangular elements are located in the area of difficult
locomotion, the value for locomotion in those triangular ele-
ments is calculated by c1 + (c4 − c1) ∗ rand, where rand is
equal to a random value in interval (0, 1), c1 = 0 e c4 = 0.45.
If the triangular elements are located in the area of medium
locomotion, the value for locomotion in those triangular ele-
ments is calculated by c1 + (c4 − c1) ∗ rand, where rand is
equal to a random value of (0, 1), c1 = 0.05 and c4 = 0.95.
If the triangular elements are located in the area of easy loco-
motion, the value for locomotion in those triangular elements
is calculated by c1 + (1 − c1) ∗ rand, since the values of x
that represent the degree of membership between 0 and 1 for
easy locomotion vary from c1 = 0.548 to 1. Thus, locomotion
in directions x and y in each triangle is determined randomly
depending on the domain of the function of pertinence corres-
ponding to the classification of the region of Fig.2. For hori-
zontal and vertical locomotion, the triangular elements of the
region of attraction are allotted the value of zero (0), which

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Total locomotion (loctot)

difficult medium easyconstant very difficult

Figure 6: Membership functions for total locomotion (loctot).

0 50 100 150 200 250 300 350 400
0

0.2

0.4

0.6

0.8

1

Population (P)

medium large very
large

very
small

small

Figure 7: Membership functions for population (P ).

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
0

0.2

0.4

0.6

0.8

1

Dispersal (α)

very
low mediumlow highconstant

Figure 8: Membership functions for dispersal (α).

x

uA(x)
1

c3
c4c2

c1

Figure 9: Parameters of trapezoidal membership functions.

has a unitary fuzzy set. Therefore, each triangular element
received a value for locomotion along x and y.

To obtain the fuzzy output for each triangular element, for
FRBS 2, we use the average of population values on each of
three nodes.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

274



Table 1: Fuzzy rules for total locomotion (loctot).��������(locx)

(locy )
constant difficult medium easy

constant constant very difficult difficult medium

difficult very difficult difficult difficult medium

medium difficult difficult medium medium

easy medium medium medium medium

Table 2: Fuzzy rules for dispersal (α).
��������(loctot)

(P)
very small small medium large very large

constant constant very low very low very low very low

very difficult constant constant very low low low

difficult constant very low very low medium low

medium constant very low very low medium medium

easy constant low very low medium high
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Figure 10: Initial population.
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Figure 11: Population after 33 hours.
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Figure 12: Population in the initial node.
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Figure 13: Population in one of the nodes of the region of
attraction.

To determine the dispersal in each triangular element, the
two FBRS were used: FRBS 1 and FRBS 2, Fig.5. Using
FRBS 1, the value for total locomotion in each triangle was
determined based on the values of locomotion along x and
y. The dispersal in the node of each triangle was determined
based on the values of total locomotion and medium popula-
tion, using FRBS 2.

Thus, x and y components of locomotion were determined
only once for each triangle of each region, prior to the first
iteration, and total locomotion was determined based on the
speed in directions x and y. The dispersion was calculated in
each iteration for each triangle, since it depends on the total
locomotion and on the population. The latter varies in each
iteration.

Fig.10 illustrates the initial condition, i.e., the A. cephalotes
colony before it occupied the region of attraction. The graph
in Fig.11 shows the population after 33 hours, since ants take
33 hours to occupy the considered region of Fig.2. Fig.12 re-
presents ant population in one of the initial nodes as a function
of time. As it can be seen, the population in this node is close
to two, since there will always be insects at the entrance to the
ant nest. Fig. 13 shows the behavior of the number of ants as a
function of time in one of the nodes of the region of attraction.
Note that the population in this region grows logistically over
time.

4 Conclusions
This paper proposes a model for the occupation of an attrac-
tive area by leaf-cutting ants, using a form of the diffusion-
advection partial differential equation that models the popula-
tion dispersal using a fuzzy parameter. Dispersion is this fuzzy
parameter that depends on the number of the population and
on its total locomotion, which is associated with the ease or
difficulty of locomotion of the ants as a function of the terrain
they traverse. The main difference between the classic models
and the fuzzy model (1) is that the latter model exploits uncer-
tainty parameters whereas the classic model does not. Thus,
authors believe that, due to the uncertainty of biological phe-
nomena, the combination of differential equations and fuzzy
set theory enables computational simulations to much more
faithfully portray the phenomenon under study.
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Abstract— In this work we have solved an open problem re-
lated to the continuity of R-implications. We have fully character-
ized the class of continuous R-implications obtained from any arbi-
trary t-norm. Using this result, we also determine the exact inter-
section between the continuous subsets of R-implications and (S,N)-
implications.

Keywords— R-implication, (S,N)-implication, Łukasiewicz im-
plication, t-norm.

1 Introduction
R-implications and (S,N)-implications are two of the most
established families of fuzzy implications. Still, many open
problems remain unsolved, see [3, 4]. One of them is related
to the continuous subsets of these families. Only recently a
characterization of continuous (S,N)-implications was given
by the authors in [2].

However, a similar complete characterization regarding the
continuous subset of R-implications has not been available so
far. It is only known that in the class of R-implications ob-
tained from left-continuous t-norms, the only continuous el-
ements are those that are isomorphic to the Łukasiewicz im-
plication, i.e., those R-implications obtained as residuals of
nilpotent t-norms. In particular, the following question has
remained unanswered so far:

Does there exist a continuous R-implication ob-
tained from a non-left continuous t-norm?

In this note we show that an R-implication IT obtained from a
t-norm T is continuous if and only if T is a nilpotent t-norm.

Using this result, we are also able to resolve another ques-
tion related to the intersections between these two families,
which is also a generalization of an original result of Smets
and Magrez [13], see also [7, 9]. We show that the only
continuous (S,N)-implication that is also an R-implication ob-
tained from any t-norm, not necessarily left-continuous, is the
Łukasiewicz implication up to an isomorphism.

2 Preliminaries
We assume that the reader is familiar with the classical re-
sults concerning basic fuzzy logic connectives, but to make
this work more self-contained, we introduce basic notations
used in the text and we briefly mention some of the concepts
and results employed in the rest of the work.

Definition 1 (cf. [7, 10, 9]).

(i) A function N : [0, 1] → [0, 1] is called a fuzzy negation,
if it is decreasing and satisfies the boundary conditions
N(1) = 0 and N(0) = 1.

(ii) A fuzzy negation N is called strong, if it is an involution,
i.e., N ◦ N = id[0,1].

(iii) A function T : [0, 1]2 → [0, 1] is called a t-norm, if it
is increasing in both variables, commutative, associative
and has 1 as the neutral element.

(iv) A function S : [0, 1]2 → [0, 1] is called a t-conorm, if it
is increasing in both variables, commutative, associative
and has 0 as the neutral element.

(v) A t-norm T is said to be border continuous, if it is con-
tinuous on the boundary of the unit square [0, 1]2, i.e., on
the set [0, 1]2 \ (0, 1)2.

(vi) A t-norm T is said to be left-continuous, if it is left-
continuous in each component.

(vii) A t-norm T is said to be nilpotent, if it is continuous and
if each x ∈ (0, 1) is a nilpotent element of T , i.e., if there
exists n ∈ N such that x

[n]
T = 0, where

x
[n]
T :=




1, if n = 0,

x, if n = 1,

T (x, x
[n−1]
T ), if n > 1.

(viii) A t-norm T is said to be Archimedean if for every
x, y ∈ (0, 1) there exists n ∈ N such that x

[n]
T < y.

Remark 1 (see. [10, p. 17]). For the border continuity of a
t-norm T , it is sufficient to require the continuity on the upper
right boundary, since from the monotonicity we get

lim
x→0+

T (x, y) ≤ lim
x→0+

T (x, 1) = lim
x→0+

x = 0 = T (0, y),

for any y ∈ [0, 1].

Remark 2. From the commutativity, the left-continuity of a
t-norm T is equivalent to the left-continuity of T with respect
to the first or the second variable. Moreover, T (x, 1) = 1
and T (x, 0) = 0 for every x ∈ [0, 1], thus a t-norm T is
left-continuous if and only if for any y ∈ (0, 1) and every
increasing sequence (xn)n∈N, where xn ∈ [0, 1), we have

lim
n→∞T (xn, y) = T ( lim

n→∞xn, y).

Proposition 1. If T is an Archimedean t-norm, then
T (x, y) < min(x, y), for all x, y ∈ (0, 1).
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Proof. Let T be an Archimedean t-norm. If, on the con-
trary, there exist some x0, y0 ∈ (0, 1) such that x0 ≥ y0 and
T (x0, y0) = y0 = min(x0, y0), then we will prove, by induc-
tion, that for every n ∈ N we have

x0
[n]
T ≥ y0. (1)

Indeed, firstly see that

x0
[0]
T = 1 > T (x0, y0)) = y0,

x0
[1]
T = x0 ≥ T (x0, y0)) = y0.

Let us assume that (1) holds for some n ∈ N. Then by the
monotonicity of T and our inductive assumption we get

x0
[n+1]
T = T (x0, x0

[n]
T ) ≥ T (x0, y0) = y0,

which implies that T is not Archimedean, a contradiction.

By Φ we denote the family of all increasing bijec-
tions ϕ : [0, 1] → [0, 1]. We say that two functions
f, g : [0, 1]n → [0, 1], where n ∈ N, are Φ-conjugate, if there
exists ϕ ∈ Φ such that g = fϕ, where

fϕ(x1, . . . , xn) := ϕ−1 (f(ϕ(x1), . . . , ϕ(xn))) ,

for all x1, . . . , xn ∈ [0, 1]. Equivalently, g is said to be the
Φ-conjugate of f .

Definition 2 ([7, 4]). A function I : [0, 1]2 → [0, 1] is called
a fuzzy implication if it satisfies the following conditions:

I is decreasing in the first variable, (I1)
I is increasing in the second variable, (I2)
I(0, 0) = 1, I(1, 1) = 1, I(1, 0) = 0. (I3)

The set of all fuzzy implications will be denoted by FI.

3 R-implications
Definition 3 (cf. [15, 7, 9]). A function I : [0, 1]2 → [0, 1] is
called an R-implication, if there exists a t-norm T such that

I(x, y) = sup {t ∈ [0, 1] | T (x, t) ≤ y} , (2)

for all x, y ∈ [0, 1]. If an R-implication is generated from a
t-norm T , then we will often denote this by IT .

It is important to note that the name ‘R-implication’ is a
short version of ‘residual implication’, and IT is also called as
the residuum of T (see e.g. [7, 9, 10]).

Example 1. The Łukasiewicz implication

ILK(x, y) = min(1, 1 − x + y), x, y ∈ [0, 1],

is an R-implication obtained from the nilpotent (Łukasiewicz)
t-norm

TLK(x, y) = max(x + y − 1, 0), x, y ∈ [0, 1].

For more well-known R-implications along with their t-norms
from which they have been obtained, we refer the readers to
other sources, notably [7, 10, 4].

Theorem 1 (cf. [7], [3, Theorem 5.5]). If T is any t-norm,
then IT ∈ FI and it satisfies the left neutrality property, i.e.,

IT (1, y) = y, y ∈ [0, 1], (NP)

and the identity principle, i.e.,

IT (x, x) = 1, x ∈ [0, 1]. (IP)

Moreover, if T is left-continuous, then IT satisfies the ex-
change principle, i.e.,

IT (x, IT (y, z)) = IT (y, IT (x, z)), x, y, z ∈ [0, 1],

and the ordering property, i.e.,

x ≤ y ⇐⇒ IT (x, y) = 1, x, y ∈ [0, 1].

Proposition 2 ([3, Proposition 5.8]). For a t-norm T the fol-
lowing statements are equivalent:

(i) T is border continuous.

(ii) IT satisfies the ordering property.

For R-implications generated form left-continuous t-norms
we have the following results.

Proposition 3 (cf. [9, Proposition 5.4.2 and Corollary 5.4.1]).
For a t-norm T the following statements are equivalent:

(i) T is left-continuous.

(ii) T and IT form an adjoint pair, i.e., they satisfy the resid-
uation property

T (x, t) ≤ y ⇐⇒ IT (x, y) ≥ t, x, y, t ∈ [0, 1].

(iii) The supremum in (2) is the maximum, i.e.,

IT (x, y) = max{t ∈ [0, 1] | T (x, t) ≤ y},

where the right side exists for all x, y ∈ [0, 1].

Using the above result we are able to obtain the following
characterization.

Theorem 2 (cf. [8, Corollary 2]). For a function
I : [0, 1]2 → [0, 1] the following statements are equivalent:

(i) I is a continuous R-implication based on some left-
continuous t-norm.

(ii) I is Φ-conjugate with the Łukasiewicz implication, i.e.,
there exists ϕ ∈ Φ, which is uniquely determined, such
that

I(x, y) = ϕ−1(min(1 − ϕ(x) + ϕ(y), 1)), (3)

for all x, y ∈ [0, 1].

For more facts related to R-implication see e.g. [7, 3, 4].
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4 Continuous Partial Functions of
R-implications

Note that from Theorem 1 we can consider, for any fixed
α ∈ [0, 1), the decreasing partial function IT (·, α) : [α, 1] →
[α, 1], which we will denote by gT

α . Observe that gT
α is de-

creasing and such that gT
α (α) = 1 and gT

α (1) = α.

Remark 3. If the domain of gT
α is extended to [0, 1], then this

is exactly what are called contour lines by Maes and De Baets
in [11, 5]. If α = 0, then gT

0 is the natural negation associated
with the t-norm T (see [3]).

Theorem 3. Let T be any t-norm and α ∈ [0, 1). If gT
α is

continuous, then gT
α is strictly decreasing.

Proof. Let T be any t-norm and α ∈ [0, 1) be fixed. We know
that gT

α is decreasing. On the contrary, let us assume that gT
α is

constant on some interval [x0, y0] for some α < x0 < y0 < 1,
i.e., there exists p ∈ [α, 1] such that

gT
α (x0) = gT

α (y0) = p.

Let us fix arbitrarily z ∈ (x0, y0).
Firstly, consider the case p = 1. Then

gT
α (z) = IT (z, α) = sup{t ∈ [0, 1] | T (z, t) ≤ α} = 1,

thus T (z, 1 − ε) ≤ α for any ε ∈ (0, 1). Hence

gT
α (1 − ε) = sup{t ∈ [0, 1] | T (1 − ε, t) ≤ α} ≥ z,

for all ε ∈ (0, 1 − α). However, by the continuity of gT
α , as

ε → 0+, we get

α = gT
α (1) = gT

α ( lim
ε→0+

1 − ε) = lim
ε→0+

gT
α (1 − ε)

≥ lim
ε→0+

z = z,

a contradiction to the fact that α < x0 < z.
If p = α, then

gT
α (z) = IT (z, α) = sup{t ∈ [0, 1] | T (z, t) ≤ α} = α,

thus T (z, α + ε) > α for all ε ∈ (0, 1 − α). Hence

gT
α (α + ε) = sup{t ∈ [0, 1] | T (α + ε, t) ≤ α} ≤ z,

for all ε ∈ (0, 1 − α). Once again, by the continuity of gT
α we

have, as ε → 0+, that

1 = gT
α (α) = gT

α ( lim
ε→0+

α + ε) = lim
ε→0+

gT
α (α + ε)

≤ lim
ε→0+

z = z,

a contradiction to the fact that z < 1.
Finally, let p ∈ (α, 1). Then, by the definition of gT

α , we
have

T (z, p + ε) > α ≥ T (z, p − ε),

for any ε > 0 such that p + ε ≤ 1 and p − ε ≥ α. Therefore

IT (p + ε, α) ≤ z ≤ IT (p − ε, α),

hence
gT

α (p + ε) ≤ z ≤ gT
α (p − ε).

Since gT
α is continuous, we have, as ε → 0+, that

gT
α (p) = z.

Now this happens for every z ∈ (x, y), which contradicts the
fact that gT

α is a function itself. Hence gT
α is strictly decreas-

ing.

5 Main results: continuous R-implications
The main result of this work is the generalization of Theo-
rem 2, viz., we show that the left-continuity of the underlying
t-norm is implied and need not be assumed. Thus we give
a complete characterization of the class of all continuous R-
implications by showing that it is equivalent to the class of
fuzzy implications which are Φ-conjugate to the Łukasiewicz
implication.

Theorem 4. Let T be a t-norm and IT the R-implication ob-
tained from it. If IT is continuous, then T is border continu-
ous.

Proof. On the contrary, let us assume that IT is continuous
and T is not border continuous. Then, by Remark 1, there
exist y0 ∈ (0, 1) and an increasing sequence (xn)n∈N, where
xn ∈ [0, 1), such that lim

n→∞xn = 1, but

lim
n→∞T (xn, y0) = y′ < y0 = T (1, y0).

This implies, in particular, that

IT (y0, y
′) = sup{t ∈ [0, 1] | T (y0, t) ≤ y′} = 1.

Now, by (I1) and (IP) of IT (cf. Theorem 1) we have that

1 = IT (y0, y
′) ≤ IT (y′, y′) = 1,

i.e., IT (x, y′) = 1 for all x ∈ [y′, y0]. Note that IT (·, y′) =
gT

y′ . Since IT is continuous we have that gT
y′ is also continuous

and from Theorem 3 we see that it is strictly decreasing. How-
ever, from the above, we see that gT

y′ is constant on [y′, y0], a
contradiction. Thus T is border continuous.

Theorem 5. Let T be a t-norm and IT the R-implication ob-
tained from it. If IT is continuous, then T is Archimedean.

Proof. Let T be a t-norm. On the contrary, let us assume that
IT is continuous and T is non-Archimedean. Then, by the
Definition 1(viii) there exist x0, y0 ∈ (0, 1) such that for all
n ∈ N we have that x0

[n]
T ≥ y0.

Let us denote

X0 := {z ∈ [0, 1] | x0
[n]
T > z for all n ∈ N}.

Observe, that X0 �= ∅ since for all y < y0 we have that
x0

[n]
T > y for all n ∈ N. Further, let

z0 := supX0.

See that 0 < z0 ≤ x0 and z0 − ε ∈ X0 for all ε ∈ (0, z0].
Also, if t > z0, then there exists m ∈ N such that x0

[m]
T ≤ t,

which implies that

z0 − ε < x0
[m+1]
T = T (x0, x0

[m]
T ) ≤ T (x0, t),

for any t > z0. Hence

IT (x0, z0 − ε) = sup{t ∈ [0, 1] | T (x0, t) ≤ z0 − ε} ≤ z0,

for all ε ∈ (0, z0]. From the continuity of IT we get

IT (x0, z0) = IT (x0, lim
ε→0+

z0 − ε) = lim
ε→0+

IT (x0, z0 − ε)

≤ lim
ε→0+

z0 = z0.
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Now, by (I1) and (NP) of IT (cf. Theorem 1) we have that

z0 ≥ IT (x0, z0) ≥ IT (1, z0) = z0,

i.e., IT (x, z0) = z0 for all x ∈ [x0, 1]. Note that IT (·, z0) =
gT

z0
. Since IT is continuous we have that gT

z0
is also continuous

and from Theorem 3 we see that it is strictly decreasing. How-
ever, from the above, we have that gT

z0
is constant on [x0, 1], a

contradiction. Thus T is Archimedean.

Theorem 6. Let T be a t-norm and IT the R-implication ob-
tained from it. If IT is continuous, then T is left-continuous.

Proof. Let T be a t-norm such that IT is continuous. From
Theorems 4 and 5 we see that T is border continuous and
Archimedean.

On the contrary, let us assume that T is non-left-continuous.
From Remark 2 there exist x0 ∈ (0, 1], y0 ∈ (0, 1) and an
increasing sequence (xn)n∈N, where xn ∈ [0, 1), such that
lim

n→∞xn = x0, but

lim
n→∞T (xn, y0) = z′ < z0 = T (x0, y0).

Since T is border continuous it suffices to consider the case
when x0 ∈ (0, 1).

Firstly observe that

IT (y0, z
′) = sup{t ∈ [0, 1] | T (y0, t) ≤ z′} = x0, (4)

since from the monotonicity of T we have T (y0, xn) ≤ z′ for
every n ∈ N and T (y0, x0) = z0 > z′.

Next, from Proposition 1, by the Archimedeanness and
monotonicity of T , we get that for any arbitrary ε ∈ (0, 1−x0)
the following inequality holds

T (x0, 1 − ε) < min(x0, 1 − ε) = x0. (5)

Now, by (4) and (5) we get

T (x0, 1 − ε) < IT (y0, z
′),

for any ε ∈ (0, 1 − x0), thus

T (x0, 1 − ε) < sup{t ∈ [0, 1] | T (y0, t) ≤ z′},
hence

T (y0, T (x0, 1 − ε)) ≤ z′

By the associativity of T we get

T (T (x0, y0), 1 − ε) ≤ z′,

i.e.,
T (z0, 1 − ε) ≤ z′.

for any ε ∈ (0, 1 − x0). This implies that

lim
ε→0+

T (z0, 1 − ε) ≤ z′ < z0 = T (z0, 1),

i.e., T is not border continuous, a contradiction to Theorem 4
and hence T is left-continuous.

From Theorems 2 and 6 we obtain the following result.

Corollary 1. For a function I : [0, 1]2 → [0, 1] the following
statements are equivalent:

(i) I is a continuous R-implication based on some t-norm.

(ii) I is Φ-conjugate with the Łukasiewicz implication, i.e.,
there exists ϕ ∈ Φ, which is uniquely determined, such
that I has the form (3) for all x, y ∈ [0, 1].

Let us denote the different families of fuzzy implications as
follows:

• IT – the family of all R-implications;

• ITLC
– the family of all R-implications obtained from left-

continuous t-norms;

• C
IT – the family of all continuous R-implications;

• C
ITLC

– the family of all continuous R-implications ob-
tained from left-continuous t-norms;

• ILK – the family of all fuzzy implications Φ-conjugate
with the Łukasiewicz implication ILK.

From Corollary 1 we have the following equalities between
the above sets:

C
ITLC

= C
IT = ILK.

6 (S,N)-implications
Definition 4 (cf. [15, 7, 1, 2]). A function I : [0, 1]2 → [0, 1]
is called an (S,N)-implication, if there exist a t-conorm S and
a fuzzy negation N such that

I(x, y) = S(N(x), y), x, y ∈ [0, 1].

If N is a strong negation, then I is called an S-implication.
Moreover, if an (S,N)-implication is generated from S and N ,
then we will often denote this by IS,N .

Firstly note that IS,N ∈ FI for any t-conorm S and
any fuzzy negation N . In the class of continuous (S,N)-
implications we have the following important result.

Proposition 4 ([2, Proposition 5.4]). For a function
I : [0, 1]2 → [0, 1] the following statements are equivalent:

(i) I is a continuous (S,N)-implication.

(ii) I is an (S,N)-implication generated from some continu-
ous t-conorm S and some continuous fuzzy negation N .

Let us denote the different families of fuzzy implications as
follows:

• IS,N – the family of all (S,N)-implications;

• C
IS,N – the family of all continuous (S,N)-implications;

• ISC,NC
– the family of all (S,N)-implications obtained

from continuous t-conorms and continuous negations.

Observe, that from Proposition 4 we get

C
IS,N = ISC,NC

.
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7 Intersection between continuous R- and
(S,N)-implications

The intersections between the families and subfamilies of
R- and (S,N)-implications have been studied by many authors,
see e.g. [6, 13, 7, 3]. As regards the intersection between their
continuous subsets only the following result has been known
so far.

Theorem 7. The only continuous (S,N)-implications that are
also R-implications obtained from left-continuous t-norms
are the fuzzy implications which are Φ-conjugate with the
Łukasiewicz implication, i.e.,

C
IS,N ∩ ITLC

= ILK.

Now, from Corollary 1, we can prove the following equiva-
lences.

Theorem 8. For a function I : [0, 1]2 → [0, 1] the following
statements are equivalent:

(i) I is a continuous (S,N)-implication that is also an R-
implication obtained from a left-continuous t-norm.

(ii) I is a continuous (S,N)-implication that is also an R-
implication.

(iii) I is an (S,N)-implication that is also a continuous R-
implication.

(iv) I is Φ-conjugate with the Łukasiewicz implication, i.e.,
there exists ϕ ∈ Φ, which is uniquely determined, such
that I has the form (3) for all x, y ∈ [0, 1].

In summary, we have

C
IS,N ∩ ITLC

= C
IS,N ∩ IT = IS,N ∩ C

IT = C
IT = ILK.

8 Conclusions
In this paper, we have shown that continuous R-implications
cannot be obtained from purely non-left-continuous t-norms
and that the only continuous R-implications are those that are
Φ-conjugate with the Łukasiewicz implication. Using this
result we have been able to answer another question related
to the intersection between the continuous sub-families of
(S,N)- and R-implications. We believe that this work will fur-
ther help in solving some of the open problems still remaining
with regards these two basic families of fuzzy implications.
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Abstract—In this paper, computer vision and fuzzy set theory are 

merged for the robust construction of three-dimensional objects 
using a small number of cameras and minimal a priori knowledge 
about the objects.  This work extends our previously defined crisp 
model, which has been successfully used for recognizing and 
linguistically summarizing human activity.  The objects true 
features more closely resemble the fuzzy object than those of the 
crisp object.  This is demonstrated both empirically and through 
the comparison of features used in tracking human activity. 

 
Keywords—computer vision, human activity analysis, fuzzy 

objects, fuzzy voxel person.   
 

1 Introduction 
Information gathered from three-dimensional models is 

significantly more useful and robust than that gathered from 
two-dimensional sources.  This is quite apparent in the area 
of human surveillance.  Features, such as the centroid, 
height, velocity, orientation, etc, in three-dimensional space 
are not camera view dependent.  Object segmentation can 
also be improved using three-dimensional information about 
the environment, such as floors, walls, and objects for the 
removal of additional erroneous artefacts, such as shadows 
and specular highlights [1][2].  At each step in computer 
vision, be it construction, shape refinement, etc, various 
forms of uncertainty are present and should be utilized.   

We previously demonstrated a method for constructing a 
three-dimensional human model, voxel person, in voxel 
(volume element) space (figure 1) through the use of privacy 
protected images of the human called silhouettes [1][2].   
 

  
 

  

 
 

 

 
Fig. 1. Crisp voxel person created at a voxel resolution of 

1.25"x1.25"x1.25", using 2 cameras and image silhouettes. 
 

A silhouette is a binary map that distinguishes an 
individual (foreground) from his or her background.  Well-

known algorithms for computing the silhouette include 
Mixtures of Gaussians [3], Eigen Backgrounds [4], and 
Wallflower [5].  Silhouettes are used and we extract 
linguistic summarizations of human state based on crisp 
voxel person and fuzzy logic [1].  The resulting information 
is in a natural format for humans (linguistic) and it also 
yields succinct descriptions for managing complexity.  We 
extended the work in [1] using a hierarchy of fuzzy logic and 
linguistic summarization for the inference of activity [2].  
The knowledge (rules) is designed under the supervision of 
nurses for the recognition of falls in elderly populations. 

Construction of three-dimensional objects, both solid 
representations and hulls, from two-dimensional images has 
been studied intensely in computer graphics, computer 
vision, biomedicine, and even in the activity analysis domain 
[6][7][8][9][10].  What separates our object construction 
related work from most, besides the use of silhouettes for 
back-projection, is the way in which a small number of low 
cost cameras, typically two per environment, are used to 
build a low, but rich for tracking, resolution voxel object; 
how its shape is refined using environment knowledge; and 
how features are extracted and used for fuzzy-based activity 
recognition [1][2].  Segmentation of the object into body 
parts (torso, head, etc) is not attempted, such as in [11][12].  
While advances have been made in body segmentation, no 
approach to date is either real-time or mature enough to be 
included in a real-world eldercare system that runs 
unsupervised for long time periods.     

This paper is divided as such. Section 2 describes the 
crisp voxel model, section 3 is the fuzzy model, and section 
4 is the assesment of the quality of construction.  Feature 
extraction is described next, followed by an alpha-cut 
procedure for an improved crisp voxel person, and section 7 
is experiments and qualitative and quantitative results.   
 

2 Crisp Voxel Object 
An environment used for tracking is first converted to a 

voxel representation.  Voxels are non-overlapping cubes that 
discretize a volume.  The voxel centered at position 

�� lji ,,  is � �ljiv ,, .  For each pixel in each camera, a list of 
intersected voxels is pre-computed, ),(, mncL , where c is the 

camera index, Cc ��1 , and ),( mn  is the pixel index [1].  
The lists are sorted according to their distance (Euclidean) to 
the camera.  This way, voxels that correspond to regions of 
change (the foreground, e.g. the human) from the viewpoint 
of a given camera can be quickly identified.  For camera c at 
time t, the human voxel object is the union of all voxel lists 
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for the foreground pixel set, c
tV .  The object’s shape is 

refined by intersecting the voxel objects acquired from each 
camera in the scene, i.e. � �C

tt VV ,...,1 , thus 
 

c
t

C
ct VV 1' ��� . 
 

The object is then subject to additional morphological 
operators for noise removal and voxel space processing for 
removing additional shadows and specular highlights [1].   

Another useful object of interest is the visible shell, tS , 
which is the set of all voxels that are directly visible 
according to the C cameras.  The algorithm for computing 
the shell (shown in figure 2) at time step t is 
 
   Initialize the set tS  to empty 

   Compute voxel person, i.e. c
t

C
ct VV 1' ���  

   For each camera � �Cc ��1  
    For each pixel in the foreground set  

Find the closest voxel, � �ljiv ,, , from ),(, mncL  in tV '  

Add � �ljiv ,,  to tS .    

 

   
(a)                                   (b) 

Fig. 2. (a) Shell (shown in green) and (b) shell along with the 
rest of voxel object (shown in blue) for a two camera setup. 

 
3 Fuzzy Voxel Object 

The quality of voxel person construction varies over the 
space depending on the object’s position and the location of 
the cameras.  As a result, information gathered from the crisp 
model can be inaccurate.  The crisp voxel object is a good 
real-time initial technique to produce three-dimensional 
models for tracking.  The technique works quite well when 
there are several cameras viewing a space with overlapping 
fields of view.  Unfortunately, it is rare to have more than 
two cameras in a given area, due to factors such as cost, 
processing time of subsequent algorithms, data transmission 
and storage, and in the case of eldercare, limited space and 
installation locations, for the seamless integration of a 
passive video sensor network into the home.   

Fuzzy voxel person is an attempt to model and use the 
different types of uncertainties related to the construction of 
the object.  Each voxel is assigned a membership value that 
reflects how much it belongs to the actual object.  The two 
types of uncertainty identified and fused in this paper are (a) 

how reasonable it is to infer that a voxel is part of the object 
based on the shell and (b) where a voxel is located relative to 
the distribution of mass across the object.   

The first measure considers the minimum distance one 
must “step” in voxel space until a voxel on the shell is 
reached.  More importance is placed on voxels near the shell.  
However, this measure has a natural tendency to favor the 
shell and pull confidence away from the central mass of the 
object.  The second measure determines how confident one is 
in a voxel, based on how close it is to the central mass.  This 
measure obviously favors the central mass and in return pulls 
confidence away from the shell.  When these two sources of 
information are combined, the final value is a measure of 
how dense the region is around the voxel and how reasonable 
it is to infer that location given its distance to the observed 
shell.  This combined confidence is low for voxels in the tail 
of the object (the furthest part from the shell), high in the 
dense close to the shell regions, and relatively higher (than 
the tail) for voxels in non-dense volumes close to the shell. 

The first value is inversely related to a voxel’s distance 
from the shell.  The greatest certainty of object intersection 
occurs at the shell and decreases outwardly.  The distance 
value is found using mathematical morphology, specifically 
dilation, � .  The kernel used is K , and KV t �'  is the 
dilation of the model tV '  by kernel K .  A K  of 3x3x3 of all 
ones is used (i.e. the immediate 26 adjacent voxel 
neighborhood).  The distance value is computed quickly by 
repeatedly dilating the voxels in the shell, then subtracting 
that set from the set of remaining voxels in the intersected 
object.  All surviving voxels in the intersected set have a 
related value, � �ljim ,,  for � �ljiv ,, , that is incremented each 
iteration it survives.  Formally, the algorithm is  

 
Initialize all � �ljim ,,  to 0 

tVV '��  

tSS ��  

while 0��V  

 for each Vv lji ��'
),,(  

add one to � �ljim ,,  

end 
 SVV �����  
 KSS ����  
end 
 

The confidence for each voxel is  
 

� � � �

� �
� � �

�
�

�

�

!
!
!

"

#
��

cba
m

lji
lji

m
m

m

cba
,,

,,
,,

'

,,

max
1 . 

 
The density value is computed using erosion, Ө.  Again, a 

K  of 3x3x3 of all ones is used.  The voxel object is 
continually eroded until no voxels remain in the set.  For 
each erosion step that a voxel remains in the set, a separate 
value, � �ljie ,,  for � �ljiv ,, , is incremented.  The algorithm is 
 

(1) 

(2) 
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Initialize all � �ljie ,,  to 0 

tVV '��  

while 0��V  

 for each Vv lji ��'
),,(  

  add one to � �ljie ,,   

 end 
 VV ���  Ө K  
end. 

 
The most direct method for calculating the membership 

value per voxel is 

� �
� �

� �
� �cba

e

lji
lji

e
e

e

cba
,,

,,
,,

'

,,

max
� . 

 
However, this assigns low confidence to the object’s entire 
outer shell.  Up to this point, no a priori knowledge about the 
object being tracked has been assumed.  For some objects, 
such as a human with appendages (arms, legs, chest, etc), this 
calculation might be too drastic, resulting in too little of 
importance assigned to the appendages (which are less dense 
than the chest).  In order to accommodate such cases, the 
confidence values can instead be calculated as   
 

� � � �

� �
� �

$$ %��
cba

e

lji
lji

e
e

e

cba
,,

,,
,,

'

,,

max
)1( . 

 
This maps the value into [ $ , 1], where ( 10 �� $ ) is a free 
parameter, either user defined or learned.  The value $  can 
be thought of as the minimum support one is willing to 
assign to voxels on, and subsequently near, the shell.   

The final value per voxel, � � ]1,0[,, �lji& , is found using a 
t-norm (we use the product),  

 

� � � � � �ljiljilji em ,,
'

,,
'

,, ��& . 
 

4 Object Construction Quality 
As alluded to earlier, the quality of construction varies 

over the space with respect to the object’s location, the 
installation locations of the cameras, and their respective 
orientations.  Quantitatively representing the construction 
quality is of importance for two reasons.  First, the value 
informs us about the reliability of the lower level results.  For 
example, knowledge about the ability to properly construct 
the human affects the features calculated, and subsequently 
our decisions regarding activity inferred using those features.  
Secondly, there may be many locations in a space for which 
it is impossible to properly construct a voxel object given a 
particular camera configuration.  In many instances, 
suppression of any object construction in those particular 
areas is of value.         

The best construction generally occurs when the 
intersecting view vectors are orthogonal.  This means that 
each individual voxel has a different construction quality.  
The quality of construction for voxel � �ljiv ,,  is  

 

� � )()(max1 ),,(),,(,
,, hlji

T
gljiCC

lji CvCvQ
hg

hg

����
'

, 

 
where gC  and hC  are the center locations for two cameras.  

Thus, the best case per voxel per camera pair with respect to 
orthogonality is considered.  If the intrinsic camera 
parameters have been estimated, for example using [13], then 
the pixel ray in camera c that intersects voxel ),,( ljiv  can be 

used instead.  The environment is again converted into a 
voxel representation, but this time the resolution is lower.  
We empirically determined that a sampling of once every 
foot was a good resolution for our application.  Figure 3 
shows 9 horizontal slices (x-y planes for a varying z) of the 
sampled voxel space and their respective qualities.       
 

 
 
 

Fig. 3. Nine horizontal (x-y plane) slices of voxel object 
construction quality for the camera configuration {(a),(b)} 
shown in figure 4.  Brighter values represent higher quality.  
Map (a) above is at a height of 1 foot, and each consecutive 
map is 1 foot higher in the z dimension (world up direction).    

 

      
                          (a)                                   (b) 

      
                          (c)                                    (d) 
Fig. 4.  Camera installation locations (d) and images showing 

their respective views of the monitored space (a-c).  
 

 The next matter is the determination of the quality of 
construction for an object.  One can compute the mentioned 

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 

(3) 

(4) 

(5) 

(6) 
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quality measure for each voxel and make a decision based on 
the set of all memberships, or the object can be summarized, 
according to its centroid, height, or some other measurement, 
and that point estimate can be used to make a decision for the 
entire object.  We perform the latter.  We convert the 
monitored space into a low resolution voxel configuration 
(such as demonstrated in figure 3), then the height domain is 
collapsed and a single voxel plane in the x-y dimension is 
produced.  The voxel qualities are combined using a t-norm 
(we used the min), 
 

� � � �kjikji QQ ,,, min� . 

 
This pessimistically selects the worst construction case per 
element in the final x-y plane voxel set.  Figure 5 shows the 
final x-y voxel plane of combined confidences for figure 3.       
 

 
Fig. 5. T-norm produced x-y voxel plane of combined object 

construction confidences for the nine slices in figure 3. 
   

The voxel object’s centroid is mapped to the closest 
(Euclidean) voxel in the quality map (according to its x-y 
plane distance), and the respective quality value, t* , is 
retrieved.  If 1-* �t  (we empirically determined 2.01 �- ), 
then the object is not constructed and ultimately not tracked.  
The parameter 1-  is not specific to any one single tracking 
case, but it is rather a general parameter related to ray-based 
back-projection object construction.  Figure 6 shows an 
example construction in which the quality value is 0.05. 
 

  
(a)                                    (b)  

  
 (c) 

Fig. 6. Example low quality construction (value of 0.05) 
using camera configuration {(a),(b)} (the human’s location is 

marked by an X in figure 4).  The object appears to be 
constructed correctly when viewed independently with 

respect to the two cameras, images (a) and (b).  However, its 
actual shape from another position (c) in three-dimensional 

space shows that the object was not built correctly. 
 

5 Fuzzy Feature Extraction 
After fuzzy voxel person is created, and its quality is 

assessed and determined to be adequate, one of two possible 
decisions can be made.  The object can remain fuzzy and 
fuzzy feature extraction can be performed for activity 
analysis, or the fuzzy object can be used to acquire a better 
crisp voxel person and standard crisp feature extraction can 
be performed.  This section details the prior.   

The fuzzy feature selected for analysis in this paper is the 
centroid, which is most often used for determining object 
interaction, velocity, direction, position, and more generally, 
inferring the overall state of the tracked person (standing, 
kneeling, on the ground, etc) [1].  The fuzzy centroid is 
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6 Crisp Voxel Object Improvement 

An alternative to directly using fuzzy voxel person for 
tracking is if the volume of the object is known ahead of 
time, or if it can be sufficiently approximated online, fuzzy 
voxel person can be used to acquire an improved crisp voxel 
object.  Once the crisp object is obtained, standard crisp 
tracking and feature extraction can be used.  The concept 
here is that fuzzy voxel person is useful for obtaining the 
global relative set of memberships, and a search for a better 
crisp object is guided by the evidence contained in fuzzy 
voxel person.  By using the known or approximated volume, 

realP , the highest confidence areas can be identified and 
kept.  One possibility is to look for an alpha cut such that the 
crisp volume (cardinality) of the resultant set is closest to 

realP .  Formally, the search is for an :  such that 
 

realPV ��
��

:

: 10
minarg , 

 
where V �:  is  
 

� �� �:&: ;�� ljiljivV ,,
'

),,( | . 

 
One can easily solve this by sorting all voxel memberships 
in descending order and then selecting the first realP  voxels 
(in the case of a tie, include all ties).   

In the case that realP  must be approximated, the 
procedure is as follows.  For a user defined time window, T 
frames, compute crisp voxel person and its associated 
quality value at each time step.  Find the maximum t*  value 
for the T time steps.  If this value is above some threshold 

2- , again this is a global parameter not specific to any one 
camera configuration, use the crisp voxel-based volume to 
approximate realP .  Figure 7 shows a human built using an 
approximated realP . 

(7) 

(8) 

(9) 

(10) 
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Fig. 7. The proposed alpha cut-based procedure for fuzzy 

voxel person to obtain an improved crisp object.  Red areas 
are the improved voxel person and the blue areas are the rest 

of the original crisp voxel person. 
 

In order to quantitatively demonstrate the improvement in 
the general shape and object’s orientation, the following 
metrics for tracking humans are presented.  The voxel 
covariance matrix is calculated, and its major orientation, the 
eigenvector with the largest respective eigenvalue, is 
compared to the world up vector ( �� 1,0,0 ).  For a human 
standing and for a file cabinet used in the results section the 
major orientation should be very similar to the world up 
vector.  Next, the difference, according to the variation 
associated with each eigenvector, between the new and real 
object is compared.  These values indicate how the mass was 
distributed across the object according to its primary 
orthonormal basis with respect to variation.  The eigen-
information is extracted from the covariance matrix of voxel 
person, and the eigenvalues (> ) at 3 standard deviation are 

calculated, 3*>? � .  The eigenvalues are sorted in 
decreasing order, and the difference between the real object 
( real? ) and the crisp voxel ( voxel? ) is computed, 

voxelreal ??? ��' .  The feature used in the results section 

is the sum of the three components in '? , denoted by diff? .  

  
7 Experiments and Quantitative Results 

While figure 7 qualitatively demonstrated the benefits of 
the techniques presented in this paper, comparison between 
the (a) fuzzy and crisp centroids, (b) eigen-based analysis of 
the voxel spread (variance), and (c) comparison between the 
expected and the observed major orientations using eigen-
analysis is performed.  The subject in this case is a file 
cabinet that was placed in unique locations and orientations 
throughout the scene.  A file cabinet has easy-to-recognize 
shape, orientation, known volume, and centroid.   

For the file cabinet and the density-based measure, a value 
of 5.0�$  is used.  Combinations of camera pairs, {(a),(b)} 
and {(b),(c)} were used.  Camera combination {(a),(b)} is an 
ideal situation, given the near orthogonal installation, while 
{(b),(c)} is less than ideal.  The later configuration results in 
much larger inaccuracies due to the trailing tail of intersected 
voxels.  Tables 1-6 numerically display the accuracy of the 
fuzzy-based approaches, figures 8 and 9 show top-down 
view of the file cabinet at several locations, and figure 10 
shows a few perspective views of the constructed object to 

give a better understanding of camera view induced warping 
and the resultant object shape. 
 

     
Fig. 8. Crisp (red and green areas) and alpha-cut based crisp 
objects (red areas) for camera configurations {(a),(b)}.  The 
real object’s approximate shape and orientation are overlaid 

using a rectangular outline. 
 

 
Fig. 9. Crisp (red and green areas) and alpha-cut based crisp 
objects (red areas) for camera configurations {(b),(c)}.  The 
real object’s approximate shape and orientation are overlaid 

using a rectangular outline. 
 

 
Fig. 10. Improved construction.  Red areas are the improved 

voxel object and the blue areas are the rest of the original 
crisp voxel object.  The left image is for (d) in figure 8, i.e. 
cameras {(a),(b)}, and the right image is for (b) in figure 9, 

an extreme case, using cameras {(b),(c)}.  
 
Table 1: Difference between real and computed object 
centroid. Camera configuration {(a),(b)}.  Units are specified 
in feet.  Smaller numbers are better. 

 a b c d 
Crisp 0.46 0.51 0.49 0.21 
Fuzzy 0.19 0.29 0.47 0.27 

 

(a) 
(b) 

(c) 

(d) 

(c) 

(b) 

(d) 
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Table 2: Difference between real and computed object 
centroid. Camera configuration {(b),(c)}.  Units are specified 
in feet.  Smaller numbers are better. 

 b c d 
Crisp 2.24 1.18 1.13 
Fuzzy 1.47 0.56 0.79 

 
Table 3: Camera configuration {(a),(b)}.  Value of diff? .  

Smaller numbers are better. 
 a b c d 

Crisp 87.79 58.60 16.72 42.78 
: -cut 4.60 1.72 0.82 0.07 

 
Table 4: Camera configuration {(b),(c)}.  Value of diff? .  

Smaller numbers are better. 
 b c d 

Crisp 3776.99 411.02 658.13 
: -cut 807.52 55.71 17.11 

 
Table 5: Camera configuration {(a),(b)}.  Values are the dot 
product between the object’s major orientation (eigenvector 
with the largest eigenvalue) with the world up vector.  Larger 
numbers are better.   

 a b c d 
Crisp 0.91 0.96 1.00 0.99 
: -cut 1.00 1.00 1.00 1.00 

 
Table 6: Camera configuration {(b),(c)}.  Values are the dot 
product between the object’s major orientation (eigenvector 
with the largest eigenvalue) with the world up vector.  Larger 
numbers are better.   

 b c d 
Crisp 0.15 0.32 0.31 
: -cut 0.93 0.96 0.79 

 
The fuzzy centroid is more accurate than the crisp 

centroid in every case for configuration {(b),(c)} (i.e. 
extreme viewing condition).  For configuration {(a),(b)}, 
very ideal condition, the centroids are very close.  Fuzzy is 
better overall, however, in one instance the fuzzy centroid is 
slightly worse (Table 2.d).  In that situation, camera (b) was 
looking at the object from a top down view, and the visible 
shell resulted in a greater vertical (z direction) pull.  Tables 3 
and 4 show that the objects shape (according to diff? ) is 

closer to the real object.  Lastly, tables 5 and 6 show that the 
objects major direction is always equal or more accurate 
(significant in Table 6) to the world up direction.  

 

8 Conclusion and Future Work 
In this paper, a fuzzy-based computer vision approach to 

the robust construction of three-dimensional objects for 
human activity analysis using only a few cameras and 
minimal a priori knowledge of the object is introduced.  
Extreme joint viewing conditions were considered and the 

fuzzy acquired results are better than the crisp counterpart in 
both the quantitative and qualitative regard. 

The shell is currently approximated using the visible parts 
of the voxel object, created using back-projection.  As the 
figures illustrate, this results in some warping in the objects 
shape.  Stereo vision will be used to improve the estimation 
of the visible shell from depth maps (which will also require 
the t-norm operator in (5) to be revisited).  Additionally, the 
use of a priori knowledge about the object being tracked will 
be used, for example, attempting region segmentation, and 
using that information for improved membership calculation. 
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Abstract This paper introduces a parallelization of fuzzy logic-
based image processing using Graphics Processor Units (GPUs).  
Using an NVIDIA 8800 Ultra, a 126 time speed improvement can 
be made to fuzzy edge extraction making its processing real-time.  
The GPU can process approximately 42 frames per second at 
640x480 image resolution, thus 307,200 inference processes per 
frame.  With a computational speed improvement of over two 
orders of magnitude, more time can be allocated to higher level 
computer vision algorithms.  This GPU solution is described 
using NVIDIAs Compute Unified Device Architecture (CUDA).   

Keywords- Graphics Processor Units, Fuzzy Image Processing, 
Fuzzy Edge Extraction, Compute Unified Device Architecture 

I.  INTRODUCTION 
Edge extraction is a low level technique used in image 

processing and computer vision.  There are many algorithms 
to perform edge extraction with a wide range of computational 
complexities and performance.  Common approaches include 
the Sobel [1] and Prewitt [2] convolution kernels and the 
Canny Edge Detector [3].  Edges are most often used as low 
level information fed to a higher level process such as 
segmentation or recognition.   

Some more recent algorithms have merged the strengths of 
image processing and fuzzy logic.  These algorithms span a 
wide range of applications such as image enhancement [4], 
edge extraction [5], segmentation [6], and contrast adjustment 
[7].  An edge detection model based on Fuzzy Logic, called 
Fuzzy Inference Ruled by Else-Action (FIRE), was designed 
by Russo and Ramponi in [8].  This algorithm checks eight 
unique edge cases and outputs a value related to the 
confidence of the best matched case.  The significance of this 
specific edge detection algorithm is its robustness to noise. 

Even with simple algorithms, there is a large amount of 
work required to perform edge detection on moderately sized 
images.  The workload is further compounded for real-time 
systems processing multiple frames per-second.  A stream 
processing solution based on Graphics Processor Units 
(GPUs) and NVIDIAs Compute Unified Device Architecture 
(CUDA) is presented.  While the work in this paper focuses on 
edge detection as the parallel execution of a single Fuzzy 
Inference System (FIS) for multiple different inputs, the GPU 
solution can be easily modified to fit a wide range of batch-
processing tasks that utilize the standard Mandani-type FIS 

[9][10][11  in a later 
section.   

It should be noted that we could have implemented any 
fuzzy logic-based image processing technique.  We chose to 
demonstrate the proposed GPU-based architecture using FIRE 
because it is an easily understood algorithm.  Our goal is not 
to show the performance of FIRE, but rather to present a 
framework for the parallel execution of fuzzy logic based 
image processing. 

Several hardware accelerated FIS solutions have been 
developed to improve processing speed.  For example, FPGA 
[12][13], and VLSI [14] solutions exist, however the 
significant portion of these are related to Fuzzy Control, not 
Image Processing.  These specialized solutions are generally 
expensive and time consuming to modify and adapt to a new 
problem.  In contrast, GPUs are relatively inexpensive, easily 
integrated with PCs and flexible to general purpose 
programming. 

Using GPUs for general purpose computing is not a new 
idea.  Well-known graphics API-based approaches include: 
Fast Fourier Transform (FFT) [15], linear algebra operators 
[16], protein folding [17], Fuzzy C-Means [18][19], and the 
execution of a single FIS [20].  Researchers have also begun to 
recently explore CUDA in Image Processing, such as: optical 
flow estimation [21], segmentation of medical images [22], 
and the Canny Edge Detector [23].   

II. EDGE EXTRACTION USING FIRE 

An input image I  has luminance values from  
{ }255,,1,0 .  For pixel ijP , let 

{ }))(())(( ,, fjeifjeiij PPW ++−−= , where  2/,...,0, Kfe ∈  and 
K  is the window size, be the set of pixels in the neighborhood 
of ijP , with the exception of ijP  (hence, 1* −= KKWij ).  
The inputs to the fuzzy edge extractor are the luminance 
differences between pixels in ijW  to ijP , 

( ) ( ) ijmijmij PWX −= ,, ,   (1) 

)1*(1 −≤≤ KKm ,     
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where ( )mijW ,  is the mth element in the window centered at ijP .  
All subsequent operations performed on ( )mijX ,  are 
independent of all other pixels, therefore, ( )mijX ,  will be 
notationally reduced to mX , to simplify the indexing and as 
all discussion is about a specific ijP and its ijW .  The domain 
of mX  is the set { }255,,255− .   

As stated previously, FIRE is a case-based system used to 
test eight unique edge orientations on a window.  The size of 
the window used in this system is 3x3.  Therefore, X  has a 
cardinality, X , of 8. 

An overly simplified rule is: If a pixel lies upon an edge 
Then make it black Else make it white.  Eight unique cases, 
representing an edge at every 45 degrees of rotation, figure 1, 
is represented as a rule.  Each rule has six antecedents, 
coinciding with six of the eight pixels in X .  Fuzzy sets are 
used to represent the linguistic terms negative and positive.  
Similarly, the linguistic uncertainties of the consequent terms 
white and black are also modeled as fuzzy sets. 

 
Figure 1.  A graphical representation of the eight rules in the fuzzy rule base.  

Each rule has six antecedents represented as negative (black boxes) and 
positive (white boxes) luminance differences to the center pixel.  The 

consequent is the same for each rule, a black pixel.  A single else case handles 
the situation of none of the antecedents being matched.  

For each pixel, each of the eight rules consisting of six 
antecedents are fired using the values in X .  For each rule, the 
average of the six confidences is used as the total antecedent 
firing, if , where 81 ≤≤ i .  In this algorithm, it is assumed 
that a given pixel can belong to, at most, one of the eight 
cases.  Therefore, the rule with the largest firing lf  is used as 
the antecedent firing strength to the fuzzy consequent set 
representing black.   

),,max( 81 fffl =  (2) 

This is a departure from the more common Mamdani FIS 
which uses all rules in its decision making.  The implication of 
the white fuzzy set uses ls ff −=1 , i.e. the complement of 
the antecedent.  The centroid of the aggregation of implication 
using lf  and sf  is the output of the algorithm.  It should be 

noted that the result of the algorithm, { },...,..., ''
11 ijPP , is in [0, 

127.5], not [0, 255].  This is due to the setup of the antecedent 
fuzzy sets.  In the extreme case, if all pixels in the 3x3 window 
are the same intensity, (no edge), all antecedent sets for all 
rules are fired with a 0.5 membership.  The output of equation 

2 will be 0.5 and therefore, sf  will also be 0.5.  The 
consequents will have the same mass, and the final result will 
be 127.5. The domain of '

ijP  is discretized and its range 

expanded to { }255,,1,0  by multiplying a constant, C, by '
ijP .  

In this paper, 2=C .  Figure 2 displays an input and output 
image using this system. 

 

 

Figure 2:  Example output image of the algorithm described in [8]. 

III. CUDA INTRODUCTION 
Because the calculation of the edge confidence at each 

pixel is independent of all other pixel calculations, this 
algorithm is a good candidate for parallelization.  A single FIS 
is run for each pixel in an image.  For a 640x480 image this 
results in the execution of a single FIS for each of the 307,200 
pixels.  Parallelization and implementation of the FIRE system 
to take advantage of the large number of co-processors on a 
GPU greatly increases the speed over sequentially processing 
the elements on the CPU.   

architecture for issuing and managing computations on the 
GPU as a data- 24].  The GPU is a 
highly parallel general purpose co-processor, not just a 
graphics processor. The CUDA API extends the  C language 
and allows the largest portion of the programming community 
a quick transition to its use.   

CUDA allows multiple programs, kernels, to run 
sequentially on a single GPU.  CUDA organizes a kernel into 
a grid.  A grid is subdivided into blocks.  All blocks run the 
same kernel, but each runs independently from all others.  
Each block is made up of threads, the smallest divisible unit 
on the GPU.  The actual work of the kernel is performed at the 
thread level. 

The hierarchical structure of CUDA provides a mechanism 
to take advantage of the underlying hardware structure.  This 
is mainly due to the grouping of processors into 
multiprocessors and that the memory types are unique to the 
grid, blocks and threads.  Each multiprocessor is comprised of 
Q processors, Q=8 for the NVIDIA 8800, and each block is 
loaded into a single multiprocessor.  Each multiprocessor is a 
Single Instruction Multiple Data (SIMD) set, meaning that 
multiple elements, Q, will be processed in parallel using the 
same instruction but different data.  Threads in a block are 
partitioned into warps, where a warp size in the NVIDIA 8800 
is 32.  All threads in a warp are executed using the same 

(1) (2) (3) (4) 

(5) (6) (7) (8) 
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instruction.  Conditional logic can cause warp divergence and 
result in performance degredation.  Code must be designed to 
take the warp size and control flow into account.   

There are several types of memory in CUDA available to 
the programmer.  Using the proper memory is vital to the 
efficiency of a program.  Therefore, developers must create 
algorithms with memory access in mind. 

The Global memory type can be read from and written to 
by any thread.  Global memory access is the slowest of all 
types and should be used sparingly.  The Constant and Texture 
memories can be read from any thread in a kernel, but not 
written to.  The access times of texture memory are 
substantially smaller than Global memory.   

Shared memory can be read from and written to by any 
thread associated with the block.  This memory is local to the 
specific block and cannot be accessed by threads of any other 
block.  Memory access times are shorter than the types 
mentioned above.  Values from Global memory are often 
brought into shared memory at the beginning of a kernel, all 
threads are synchronized, and future repetitive access to this 
data is very efficient.   

At the thread level, there is Local Memory and Registers 
which have the smallest access times.  These memory 
locations are only accessible from a single thread.  The entire 
memory layout is shown in figure 3. 

IV. CUDA FIRE IMPLEMENTATION 
This GPU implementation of the FIRE algorithm consists 

of two kernels.  The first kernel performs all pixel 
neighborhood differencing, fuzzification for all rules, 
computes the average of the antecedent firings for each rule, 
and finds the maximum rule firing.  The second kernel uses 
the minimum operator for implication, a maximum operator 
for rule aggregation and two sum reductions [25] to determine 
the centroid of the aggregated consequent sets for 
defuzzification.  Though a simpler type of defuzzification 
could have been performed, we elected to use the standard 
general centroid defuzzification so that readers could easily 
extend this work to other more complex fuzzy-logic problems. 

Even though more parallelism could be performed at each 
step, this two kernel approach is faster for three reasons.  First, 
if the first kernel is subdivided into more parallel stages, each 
stage does too little computation relative to the amount of 
memory access.  The GPU is most efficient when there is a 
large arithmetic to memory access ratio.  Secondly, the second 
stage, implication, takes advantage of shared memory, making 
it more efficient to be a single kernel.  Finally, most fuzzy 
systems use a small number of rules, less than 32, which does 
not justify further kernel subdivision. 

The first kernel divides the input image into 8x8 non-
overlapping pixel blocks.  Each image block is processed in a 
CUDA block.  This is done to make the processing of pixels 
faster by loading blocks of pixel data into shared memory for 
threads in a CUDA block to work on.  As described earlier, the 
algorithm works on 3x3 windows of data for each pixel.  In 
order to perform these operations on the pixels of the 

boundary of the 8x8 image blocks, a one pixel border must 
also be brought into memory.  So, a 10x10 window of pixels is 
brought from texture memory into a block s shared.   

Each thread can now perform the operations of the 
algorithm.  An array of length eight, local to each thread, is 
defined and filled with the pixel neighborhood difference 
values ( mX , i.e. equation 1).  The six antecedents of the eight 
rules are fired using the values in X .  The antecedent firings 
are then summed across each rule.  The max of these eight 
values is found and divided by six to find the average.  This 
value is then written to the output of this kernel. 

The output of the first kernel, lf , is the average of the 
maximum fired antecedent for each pixel of the input image 
and is in [0, 1].  For the second kernel, a separate CUDA block 
is created for each lf .  Each of the T threads in a block 
performs inference aggregation, and is used to find the 
centroid of the aggregated consequent sets.  Each consequent 
set is discretized into 256 elements.  We empirically picked a 
T of 128, however, the selection of T is related to reduction, 
which is detailed later.   

 

Figure 3:  Processing organization scheme and memory layout for the GPU 
using CUDA.  Global, Constant and Texture Memories are accessible by all 
threads.  Shared Memory has is faster, but is local to each Block.  Registers 

and Local Memory are the fastest, but are local to each thread. 

Each thread performs inference (min) of lf  with its 
corresponding discrete consequent domain membership value 
in the fuzzy set black .  The minimum of sf  and the 
appropriate discrete consequent domain membership value in 
the fuzzy set white  is calculated, and each thread stores their 
aggregation (max) value in a shared memory array.  Each 
thread is assigned an identifier in CUDA and this identifier is 
what is used to select the index into the discrete consequent 
domain fuzzy sets and the shared memory region.  For a 
discrete consequent domain of size 256, a T of 128 was 
selected, where T was empirically determined.  This means 
each thread calculates two discrete consequent domain 
elements instead of one.  The reason for doing this is related to 
reduction, which is used for calculating the centroid. 
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Reduction is the next step and there are many guidelines to 
follow, [25].  One rule states that it is generally better to 
calculate a few loads and reduction steps at the beginning 
versus allocating more threads, which become unused as 
reduction steps proceed.  Other guidelines include sequential 
addressing and unrolling.  Each block calculates the numerator 
and denominator separately and in parallel.  The kernel must 
now compute the sum of the numerator and denominator.  
Reduction [25], which is the collapsing of a set of elements by 
some operator into one scalar, (such as the average, sum or 
max), is a common GPU operation.  This procedure usually 
takes )(log2 N  time, where N is the number of elements to 
reduce.  For large values of N , such as N=1,000,000, a 
multiple block reduction would be used.  However for 256 
elements, a single block method keeping all in shared memory 
is the most efficient.  An example of sum reduction in shown 
in figure 4.   

 

 

Figure 4:  An example of sum reduction.  In the first row, eight threads sample 
two locations in memory, add their values and output the result to a specified 
location.  In the next row, four threads perform the operations.  Then, two and 
one in the final two rows.  The total sum is in the first index of the array in the 

bottom row. 

It should be noted that GPU reduction is faster than a 
single CPU, however, not all processing cores can be used 
efficiently.  This is because an increasing number of 
processors go unused with each reduction step. For example, 
reducing 256 elements with 128 threads will reduce to 128 
elements in the second step.  However, in the second step, 
only 64 of the threads are involved in reduction.  In the third 
step only 32 are performing work, 16 in the next, and so on.   

The final operation of the kernel is the calculation of the 
centroid.  As previously discussed, this value is in [0, 127.5] 
and is multiplied by 2 (C).  It is then discretized so that the 
final values of the output image, '

ijP , are in { }255,,1,0 .  The 
entire GPU solution is displayed in figure 5.   

 

Figure 5:  A graphical representation of the system defined in this paper. (a) 
The 640x480 input image divided into 8x8 blocks.  (b)  A single CUDA block 

with a 10x10 shared memory. (c)  3x3 input to a thread. (d) The difference 
values computed from (c). (e) Antecedent firing over eight rules. (f) Find the 
average of each rule. (g)  Output the largest antecedent firing for kernel 1. (h) 

Compute else firing.  (i) Perform implication on the consequent sets. (j) 
Aggregate consequent sets. (k) Sum reduction of the numerator and 

denominator values for centroid computation. (l) Compute the centroid of the 
aggregated consequents and scale to image output. 

 

Figure 6:  CPU memory and GPU global and texture memory organization for 
the GPU FIRE solution.  For this paper, M = 640, N = 480 and S = 256, 

however, M, N and S can take on different profiles.  (a) The input image in 
texture memory, (b) antecedents in texture memory, (c) global memory is used 

to store the output of the first kernel, (d) CPU side parameters of the two 
consequent sets, (e) GPU texture memory for the discretized consequent sets, 
and (f) global memory is used to store the output of the second kernel (image 

of edge confidences).  
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As mentioned above, memory usage and organization is 
vital to CUDA efficiency.  The input image is moved from the 
CPU to GPU texture memory.  In this case, the image size is 
640x480.  Texture memory is used instead of the slower 
global memory because the image is read-only on the GPU.  
Secondly, the antecedent sets for the rule base are stored in 
texture memory.  There are 8 rules with 6 antecedents per rule, 
and each antecedent set is made up of 4 ordered points, 
{a,b,c,d} for a trapezoid.  Because the rules are read-only, 
texture memory is used.  The output of the first kernel is 
stored in a one dimensional global memory segment.  Next, 
the discretized consequent sets are transferred from the CPU 
memory to GPU texture memory.  Finally, the output of kernel 
2 is stored in a one dimensional global memory segment.  The 
memory organization is displayed in figure 6. 

RESULTS 
The CPU used for testing was an AMD Athlon 64 FX-55 

running at 2.6 GHz.  The system had 2GB of RAM and the 
operating environment was Windows XP.  The GPU was an 
NVIDIA 8800 BFG Ultra with 768 MB of memory [26].  This 
GPU has 128 processors and connects to the motherboard 
using PCI express 16X . 

The CPU and GPU implementations were then run over a 
series of different image sizes.  Table 1 shows the setups and 
the associated timings 

TABLE I.  PROCESSING TIMES AND SPEED INCREASE FROM CPU TO GPU 

 

320x240 
Image 
76,800 
Pixels 

640x480 
Image 

307,200 
Pixels 

960x720 
Image 

691,200 
Pixels 

1280x960 
Image 

1,228,800 
Pixels 

1280x1024 
Image 

1,310,720 
Pixels 

 
CPU 0.73 2.86 6.6 11.5 12.3 

 
GPU 0.006 0.024 0.052 0.091 0.098 

Speed 
Increase 121X 119X 126X 126X 125X 

 

 

 
Figure 7:  Images processed using the algorithm defined in this paper.   

Two output images are shown in figure 7.  These images 
are consistent with the output images from the original paper 
[8]. 

As it relates to global memory access, it was found that in 
the second kernel, the block format and global memory access 
pattern (index calculation per block) has a large performance 
impact.  For example, two possible block formats for a 
640x480 image are (38400, 8) and (8, 38400).  A global 
memory read index (sampling of the lf  value) would then be 

yx bb +8* for (38400, 8)  and yx bb +38400*  for (8, 38400), 

where xb and yb  are the block x and y indices respectively.  It 
was noticed that the (38400, 8) format was three times faster 
than the (8, 38400) format.  In fact, for all profiles 

),(
yx bb NN , where 

xbN  and 
ybN  are the number of blocks in 

the x and y dimensions of the grid, it holds that greater speeds 
are produced if 

ybN is a small power of 2 (hence 8, 16, 32), 

resulting in a smaller calculated offset by ybx bNb
y
+* .   

EXTENSION OF SYSTEM 
It should be noted that the FIRE system is an 

unconventional FIS.  The Mamdani FIS is the most common 
model used for Fuzzy Logic.  A wide range of Image 
Processing operations, not just edge extraction, could be 
performed using a generalized GPU Mamdani FIS 
implementation.   

The implementation defined in this paper requires only a 
few modifications to perform generalized Mamdani inference.  
First, instead of finding the mean value of all antecedent 
firings for a single rule, only the minimum firing would be 
used.  Second, instead of using only the maximum antecedent 
firing to perform implication on a single consequent set, all 
fuzzy rules firings would be used. All that is needed is one 
global memory segment that is ( ) RMN ×∗  in size (the FIRE 
implementation uses an ( ) 1×∗MN  memory segment, fig 6 c), 
where R is the number of rules.  We showed in [27] that fuzzy 
consequent set aggregation can be efficiently performed as the 
first step in the reduction kernel, i.e. no need for a separate 
pass.  This is done by storing the discrete consequents in 
texture memory, a memory segment of size RS ×  (the FIRE 
implementation uses a memory segment of size 2×S , fig 6 e).  
In the first step of the reduction kernel for implication, 
aggregation and defuzzification, each thread samples its 
corresponding discrete consequent values for the R rules.  
Next, the minimum of each value fetched and their respective 
rule firings are computed.  The final step is to compute the 
maximum over these minimums.  This is a practical 
assumption, given that the number of rules in a typical rule 
base is low, e.g., 32 or less, and performing reduction on a set 
of elements this small is not ideal on the GPU. 

CONCLUSION 
This paper described a parallelization of fuzzy-logic based 

image processing on the GPU.  The FIRE edge extractor was 
demonstrated specifically.  Using the NVidia 8800 Ultra GPU, 
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a 126 time speed improvement can be made to the original 
algorithm making its processing real-time.  The GPU can 
process approximately 42 frames per second at 640x480 
resolution using this algorithm.   

With such large processing power, more time can be spent 
on higher level processes.  The output of this system could be 
fed into a larger real-time system that performs more complex 
operations such as object recognition or tracking.  The low 
price of GPUs and the ease of learning and using the CUDA 
API make this type of parallel programming a legitimate 
possibility for a large portion of the programming community. 
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Abstract— In this paper, we propose a dominance-based rough set
approach for the decision analysis of a preference-ordered uncertain
data table, which is comprised of a finite set of objects described by
a finite set of criteria. The domains of the criteria may have ordinal
properties that express preference scales. In the proposed approach,
we first compute the degree of dominance between any two objects
based on their imprecise evaluations with respect to each criterion.
This results in a fuzzy dominance relation on the universe. Then, we
define the degree of adherence to the dominance principle by every
pair of objects and the degree of consistency of each object. The con-
sistency degrees of all objects are aggregated to derive the quality of
the classification, with which we can define the reducts of an uncer-
tain data table. In addition, the upward and downward unions of de-
cision classes are fuzzy subsets of the universe. The lower and upper
approximations of the decision classes based on the fuzzy dominance
relation are thus fuzzy rough sets. By using the lower approximations
of the decision classes, we can derive two types of decision rules that
can be applied to new decision cases.

Keywords— Dominance-based rough set approach, multi-criteria
decision analysis, preference-ordered data tables, rough set theory,
uncertain data tables.

1 Introduction

The theory of knowledge has long been an important topic
in many academic disciplines, such as philosophy, psychol-
ogy, economics, and artificial intelligence, whereas the storage
and retrieval of data is the main concern of information sci-
ence. In modern experimental science, knowledge is usually
acquired from observed data, which is a valuable resource for
researchers and decision-makers. However, when the amount
of data is large, it is difficult to analyze the data and extract
knowledge from it. With the aid of computers, the vast amount
of data stored in relational data tables can be transformed
into symbolic knowledge automatically. Thus, intelligent data
analysis has received a great deal of attention in recent years.
The rough set theory proposed in [19] provides an effective
tool for extracting knowledge from data tables.

When rough set theory is applied to multi-criteria deci-
sion analysis (MCDA), it is crucial to deal with preference-
ordered attribute domains and decision classes [6, 7, 8, 9, 10,
11, 12, 24]. The original rough set theory cannot handle in-
consistencies arising from violations of the dominance prin-
ciple due to its use of the indiscernibility relation. Therefore,
in the above-mentioned works, the indiscernibility relation is
replaced by a dominance relation to solve the multi-criteria
sorting problem; and the data table is replaced by a pairwise
comparison table to solve multi-criteria choice and ranking

problems. The approach is called the dominance-based rough
set approach (DRSA). For MCDA problems, DRSA can in-
duce a set of decision rules from sample decisions provided
by decision-makers. The induced rules form a comprehensive
preference model and can provide recommendations about a
new decision-making environment.

A strong assumption about data tables is that each object
takes exactly one value with respect to an attribute. However,
in practice, we may only have incomplete information about
the values of an object’s attributes. Thus, more general data
tables are needed to represent incomplete information. For
example, set-valued and interval-valued data tables have been
introduced to represent incomplete information [15, 16, 17,
18, 25]. DRSA has also been extended to deal with missing
values in MCDA problems [10, 24]. Since a data table with
missing values is a special case of uncertain data tables, we
propose further extending DRSA to the decision analysis of
uncertain data tables. In this paper, we investigate such an
extension based on the fuzzy dominance principle.

In the proposed approach, we first compute the degree of
dominance between any two objects based on their imprecise
evaluations with respect to each criterion. This results in a
fuzzy dominance relation on the universe. Then, we define
the degree of adherence to the dominance principle by every
pair of objects and the degree of consistency of each object.
The consistency degrees of all objects are aggregated to derive
the quality of the classification, with which we can define the
reducts of the uncertain data tables. In addition, the upward
and downward unions of decision classes are fuzzy subsets
of the universe. The lower and upper approximations of the
decision classes based on the fuzzy dominance relation are
thus fuzzy rough sets. By using the lower approximations of
the decision classes, we can derive two types of decision rules
that can be applied in new decision-making environments.

In the next section, we review the dominance-based rough
set approach. Then, in Section 3, we present the extension of
DRSA for decision analysis of uncertain data tables. Section 4
contains some concluding remarks.

2 Dominance-based Rough Set Approach
2.1 Rough set theory

The basic construct of rough set theory is an approximation
space, which is defined as a pair (U,R), where U is a finite
universe and R ⊆ U × U is an equivalence relation on U . A
binary relation R is an equivalence relation if it is (1)reflexive
(i.e., (x, x) ∈ R for all x ∈ U ); (2) symmetric (i.e., for all
x, y ∈ U , if (x, y) ∈ R, then (y, x) ∈ R); and (3) transitive
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(i.e., for all x, y, z ∈ U , if (x, y) ∈ R and (y, z) ∈ R, then
(x, z) ∈ R). An equivalence relation partitions the universe
U into a family of equivalence classes so that each element
of U belongs to exactly one of these equivalence classes. In
other words, there exist U1, U2, · · · , Uk ⊆ U such that U =
∪k

i=1Ui, Ui ∩ Uj = ∅ for i �= j; and for x, y ∈ U , (x, y) ∈
R iff there exists i such that both x and y ∈ Ui. Thus, we
can write an equivalence class of R as [x]R if it contains the
element x. Note that [x]R = [y]R iff (x, y) ∈ R.

According to Pawlak, knowledge is deep-seated in the clas-
sification capabilities of human beings. A classification is sim-
ply a partition of the universe, so an approximation space can
construct basic knowledge about the objects in the universe.
In philosophy, the extension of a concept is defined as the ob-
jects that are instances of the concept. For example, the exten-
sion of the concept “bird” is simply the set of all birds in the
universe. Pawlak identified a concept by its extension. Thus,
a subset of the universe is called a concept or a category in
rough set theory.

Given an approximation space (U,R), each equivalence
class of R is called an R-basic category or R-basic concept,
and any union of R-basic categories is called an R-category.
Now, for an arbitrary concept X ⊆ U , we are interested
in defining X by using R-basic categories. We say that X
is R-definable, if X is an R-category; otherwise X is R-
undefinable. TheR-definable concepts are also calledR-exact
sets, whereas R-undefinable concepts are said to be R-inexact
or R-rough. When the approximation space is explicit from
the context, we simply omit the qualifier R and call a set an
exact set or a rough set.

A rough set can be approximated from below and above by
two exact sets. The lower approximation and upper approx-
imation of X are denoted by RX and RX respectively, and
defined as follows:

RX = {x ∈ U | [x]R ⊆ X}, (1)

RX = {x ∈ U | [x]R ∩X �= ∅}. (2)

2.2 Classical data tables

Although an approximation space is an abstract framework
used to represent classification knowledge, it can easily be de-
rived from a concrete data table (DT). The following formal
definition of a data table is given in [20].

Definition 1 A data table1 is a tuple

T = (U,A, {Vi | i ∈ A}, {fi | i ∈ A}), (3)

where U is a nonempty finite set, called the universe; A is a
nonempty finite set of primitive attributes; for each i ∈ A, Vi

is the domain of values for i; and for each i ∈ A, fi : U → Vi

is a total function.

An attribute in A is usually denoted by the lower-case letters
i or a. In decision analysis, we assume the set of attributes is
partitioned into {d}∪(A−{d}), where d is called the decision
attribute, and the remaining attributes in A − {d} are called
condition attributes.

1Also called knowledge representation systems, information sys-
tems, or attribute-value systems

Let T = (U,A, {Vi | i ∈ A}, {fi | i ∈ A}) be a data table
and B ⊆ A be a subset of attributes. Then, we can define an
equivalence relation, called the indiscernibility relation based
on B, as

ind(B) = {(x, y) | x, y ∈ U, fi(x) = fi(y)∀i ∈ B}. (4)

In other words, x and y are B-indiscernible if they have the
same values with respect to all the attributes in B. Conse-
quently, for each B ⊆ A, (U, ind(B)) is an approximation
space.

Let B be a subset of attributes. Then, an object x is B-
consistent (with respect to the decision attribute d) if [x]B ⊆
[x]d, where [x]B = [x]ind(B) and [x]d = [x]ind({d}); other-
wise, x is B-inconsistent. In other words, x is a B-consistent
object in a data table if it satisfies the following indiscernibil-
ity principle for all y ∈ U :

(x, y) ∈ ind(B)⇒ (x, y) ∈ ind({d}). (5)

That is, the objects that have the same evaluations as x on the
condition attributes should have the same decision class as-
signment as x. Note that a B-consistent object corresponds to
a decision rule whose decision class can be determined con-
sistently based on the values of the attributes in B.

In [20], a decision logic (DL) is proposed for the represen-
tation of knowledge discovered from data tables. The basic
alphabet of a DL consists of a finite set of attribute symbols
A, and a finite set of value symbols Vi for i ∈ A. Thus, the
syntax of DL can be defined as follows.

Definition 2

1. An atomic formula of DL is a descriptor (i, v), where
i ∈ A and v ∈ Vi.

2. The set of well-formed formulas (wffs) of a DL is the
smallest set that contains the atomic formulas and is
closed under the Boolean connectives ¬,∧, and ∨.

3. If ϕ and ψ are wffs of a DL, then ϕ −→ ψ is a rule in the
DL, where ϕ is called the antecedent of the rule and ψ is
the consequent.

A data table T = (U,A, {Vi | i ∈ A}, {fi | i ∈ A}) relates
to a given DL if there is a bijection τ : A → A such that, for
every a ∈ A, Vτ(a) = Va. Thus, by somewhat abusing the no-
tation, we usually denote an atomic formula as (i, v), where
i ∈ A and v ∈ Vi if the data tables are clear from the con-
text. Intuitively, each element in the universe of a data table
corresponds to a data record, and an atomic formula (which
is in fact an attribute-value pair) describes the value of some
attribute in the data record. Thus, the atomic formulas (and
therefore the wffs) can be satisfied or not satisfied by each
data record. This results in a satisfaction relation between the
universe and the set of wffs.

Definition 3 Given a DL and a data table T = (U,A, {Vi |
i ∈ A}, {fi | i ∈ A}) related to it, the satisfaction relation
|=T between U and the wffs of the DL is defined inductively
as follows (the subscript T is omitted for brevity).

1. x |= (i, v) iff fi(x) = v,

2. x |= ¬ϕ iff x �|= ϕ,
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3. x |= ϕ ∧ ψ iff x |= ϕ and x |= ψ,

4. x |= ϕ ∨ ψ iff x |= ϕ or x |= ψ.

If ϕ is a DL wff, the set mT (ϕ) defined by

mT (ϕ) = {x ∈ U | x |= ϕ} (6)

is called the meaning set of the formula ϕ in T . If T is under-
stood, we simply write m(ϕ).

In terms of DL, each equivalence class of ind(B) is char-
acterized by a DL formula ∧i∈B(i, vi) and any formula
ϕ of DL can be considered as a concept mT (ϕ). Thus,
for each B-consistent object x, we can derive a valid rule
∧i∈B(i, fi(x)) −→ (d, fd(x)).

2.3 Preference-ordered data tables

In this subsection, we consider the DRSA in [10]. For MCDA
problems, each object in a data table or decision table can be
seen as a sample decision, and each condition attribute is a cri-
terion for the decision. Since the domain of values of a crite-
rion is usually ordered according to the decision-maker’s pref-
erences, we define a preference-ordered data table (PODT) as
a tuple

T = (U,A, {(Vi,�i) | i ∈ A}, {fi | i ∈ A}), (7)

where T = (U,A, {Vi | i ∈ A}, {fi | i ∈ A}) is a classical
data table; and for each i ∈ A,�i⊆ Vi×Vi is a binary relation
over Vi. The relation �i is called a weak preference relation
or outranking on Vi, and represents a preference over the set
of objects with respect to the criterion i [24]. For x, y ∈ U ,
fi(x) �i fi(y) means “x is at least as good as y with respect
to criterion i”. The weak preference relation �i is supposed
to be a complete preorder, i.e., a complete, reflexive, and tran-
sitive relation. In addition, we assume that the domain of the
decision attribute is a finite set Vd = {1, 2, · · · , n} such that r
is strictly preferred to s if r > s for any r, s ∈ Vd. Thus, the
weak preference relation �d is defined as r �d s iff r ≥ s;
consequently, �d is a total order.

For a condition criterion i and an object x, fi(x) denotes
the evaluation of the object with respect to the criterion i; and
for the decision attribute d, fd(x) is the assignment of x to a
decision label in Vd. Let P be a subset of criteria. We can then
define the P -dominance relation DP ⊆ U × U as follows:

(x, y) ∈ DP ⇔ fi(x) �i fi(y)∀i ∈ P. (8)

When (x, y) ∈ DP , we say that x P -dominates y, and that
y is P -dominated by x. We usually use the infix notation
xDP y to denote (x, y) ∈ DP . Although each �i is a com-
plete preorder, the dominance relation may simply be a pre-
order. If P = {i} is a singleton, we write Di instead of D{i}.
The most basic principle underlying DRSA is called the dom-
inance principle. Let P denote a subset of condition criteria.
Then, the dominance principle with respect to P can be ex-
pressed for x, y ∈ U as follows:

xDP y ⇒ xDdy. (9)

The principle states that if x P -dominates y (i.e., x is at least
as good as y with respect to all criteria in P ), then x should

be assigned to a decision class at least as good as the class
assigned to y.

In the classical rough set approach, a consistent object must
satisfy the indiscernibility principle; however, in DRSA, we
also require adherence to the dominance principle. Thus, an
object x is P -consistent in the PODT T = (U,A, {(Vi,�i) |
i ∈ A}, {fi | i ∈ A}) if for all y ∈ U , we have

(xDP y ⇒ xDdy) ∧ (yDPx⇒ yDdx); (10)

otherwise, x is P -inconsistent. Note that the dominance prin-
ciple implies the indiscernibility principle because of the re-
flexivity of the dominance relation and the antisymmetry of
�d.

Given the dominance relation DP , the P -dominating set
and P -dominated set of x are defined, respectively, as

D+
P (x) = {y ∈ U | yDPx} (11)

and
D−

P (x) = {y ∈ U | xDP y}. (12)

In addition, for each t ∈ Vd, we define the decision class Clt
as {x ∈ U | fd(x) = t}. Then, the upward and downward
unions of classes are defined as

Cl≥t =
⋃
s≥t

Cls (13)

and
Cl≤t =

⋃
s≤t

Cls (14)

respectively. Based on the P -dominating sets and P -
dominated sets, we can define the P -lower and P -upper ap-
proximations of Cl≥t and Cl≤t for each t ∈ Vd as follows:

P (Cl≥t ) = {x ∈ U | D+
P (x) ⊆ Cl≥t }, (15)

P (Cl≥t ) = {x ∈ U | D−
P (x) ∩ Cl≥t �= ∅}, (16)

P (Cl≤t ) = {x ∈ U | D−
P (x) ⊆ Cl≥t }, (17)

P (Cl≤t ) = {x ∈ U | D+
P (x) ∩ Cl≥t �= ∅}. (18)

The P -boundaries of Cl≥t and Cl≤t are then defined as

BnP (Cl≥t ) = P (Cl≥t )− P (Cl≥t ) (19)

and
BnP (Cl≤t ) = P (Cl≤t )− P (Cl≤t ) (20)

respectively. Let Cl = {Clt | t ∈ Vd} denote the partition
of the universe into decision classes. Then, the quality of the
approximation of the partition Cl based on the set of criteria
P is defined as the ratio

γP (Cl) =
|U − (

⋃
t∈Vd

BnP (Cl≥t ) ∪⋃
t∈Vd

BnP (Cl≤t ))|
|U | .

(21)
Note that γP (Cl) is equal to the ratio of P -consistent objects
in the universe U . Let C = A − {d} be the set of all con-
dition criteria; then every minimal subset P ⊆ C such that
γP (Cl) = γC(Cl) is a reduct of C.
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2.4 Preference-ordered decision logic

To represent the rules induced from a PODT, preference-
ordered decision logic (PODL) is proposed in [5]. The syntax
of PODL is the same as that of DL, except for the form of the
atomic formulas. An atomic formula in PODL is a descriptor
in the form of (≥i, v) or (≤i, v), where i ∈ A and v ∈ Vi.
The satisfaction relation between U and the set of PODL wffs
is defined in the same way as the relation for DL wffs, ex-
cept that the satisfaction of an atomic formula is defined by
x |= (≥i, v) iff fi(x) � v, and by x |= (≤i, v) iff v � fi(x).

By using DRSA, two kinds of rules can be induced from a
PODT explicitly. Let P be a reduct and t ∈ Vd. Then, for an
object x ∈ P (Cl≥t ), we can derive∧

i∈P

(≥i, fi(x)) −→ (≥d, t), (22)

and for an object x ∈ P (Cl≤t ), we can derive∧
i∈P

(≤i, fi(x)) −→ (≤d, t). (23)

Note that if x is P -consistent, these two formulas also hold for
t = fd(x).

3 DRSA for Uncertain Data Tables
3.1 Preference-ordered Uncertain Data Tables

Although the PODT can represent multi-criteria decision
cases effectively, it inherits the restriction of the classical DT
so that uncertain information can not be represented. An un-
certain data table is a generalization of a DT such that the
values of some or all of its attributes are imprecise [4, 1]. An
analogous generalization can be applied to PODT to define
preference-ordered uncertain data tables (POUDT). Formally,
a POUDT is a tuple

T = (U,A, {(Vi,�i) | i ∈ A}, {fi | i ∈ A}), (24)

where U,A, {(Vi,�i) | i ∈ A} are defined as above, and for
each i ∈ A, fi : U → 2Vi−{∅}. The intuition about a POUDT
is that the evaluation of criterion i for an object x belongs to
fi(x), although the evaluation is not known exactly. When
fi(x) is a singleton, we say that the evaluation is precise. If
all evaluations of T are precise, then T is said to be precise.
Furthermore, we assume that for each criterion i, the Cartesian
plane Vi×Vi is endowed with a uniform measure µi. Thus, for
each subset S ⊆ Vi×Vi, µi(S) is a non-negative real number.
When Vi is a finite set, we take µi(S) as the cardinality of S;
and when Vi is a real interval, we take µi(S) as the area of S.

3.2 Fuzzy dominance relation

In a POUDT, the objects may have imprecise evaluations with
respect to the condition criteria and imprecise assignments to
decision classes. Thus, the dominance relation between ob-
jects can not be determined with certainty. Instead, we define
a degree of dominance between two objects with respect to
each criterion i based on the associated measures µi. For-
mally, the dominance relation with respect to the criterion i is
a fuzzy relation Di : U × U → [0, 1] such that for all x �= y,

Di(x, y) =
µi({(v1, v2) | v1 �i v2, v1 ∈ fi(x), v2 ∈ fi(y)})

µi(fi(x)× fi(y))
,

(25)

and Di(x, x) = 1 for any x ∈ U .
An example of computing the degree of dominance is

shown in Figure 1, where the evaluation of x with respect
to criterion i, denoted by s(x), is in a continuous interval
fi(x) = [lx, ux]. In this example, Di(x, y) is the ratio of the
area of ABC over the area of ABDE, i.e., ux−ly

2(uy−ly) .

lx ux

ly

uy

s(x) = s( y)

s(x) > s( y)

s(x) < s( y)

A B

C

D E

Figure 1: The degree of dominance between x and y

After deriving the fuzzy dominance relation for each cri-
terion, we can aggregate all the relations into P -dominance
relations for any subset of criteria P . Let ⊗, ⊕ and → de-
note, respectively, a t-norm, an s-norm and an implication
operation2 on [0, 1]. Then, the fuzzy P dominance relation
DP : U × U → [0, 1] is defined as

DP (x, y) =
⊗
i∈P

Di(x, y). (26)

Since the dominance relation is a fuzzy relation, the satisfac-
tion of the dominance principle is a matter of degree. Thus,
the degree of adherence of (x, y) to the dominance principle
with respect to a subset of condition criteria P is defined as

δP (x, y) = DP (x, y)→ Dd(x, y), (27)

and the degree of P -consistency of x is defined as

δP (x) =
⊗
y∈U

(δP (x, y)⊗ δP (y, x)). (28)

Let T be a POUDT. Then, the quality of the classification of
T based on the set of criteria P is defined as

γP (T ) =
∑

x∈U δP (x)
|U | . (29)

Note that γP (T ) is monotonic with respect toP , i.e., γQ(T ) ≤
γP (T ) if Q ⊆ P . Thus, we can define every minimal subset
P ⊆ C such that γP (T ) = γC(T ) as a reduct of C, where

2For the properties of these operations, see a standard reference
on fuzzy logic, such as [14]
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C = A − {d} is the set of all condition criteria. In addi-
tion, the degree of P -consistency is monotonic with respect
to P , so a reduct is also a minimal subset P ⊆ C such that
δP (x) = δC(x) for all x ∈ U . However, because δP (x) is
less sensitive to individual changes in δP (x, y), we can not
guarantee that a reduct will preserve the degree of adherence
to the dominance principle for each pair of objects. Thus, an
alternative definition of the quality of the classification is

ηP (T ) =

∑
x,y∈U δP (x, y)
|U |2 . (30)

The reducts can also be defined with respect to this kind of
definition.

3.3 Dominance-based fuzzy rough approximations

In a POUDT, the assignment of a decision label to an object
may be imprecise, so the decision classes may be fuzzy sub-
sets of the universe. First, for each decision label t ∈ Vd, the
decision class Clt : U → [0, 1] is defined by

Clt(x) =
{ 1

|fd(x)| , if t ∈ fd(x),
0, otherwise.

(31)

Second, the upward and downward unions of classes are de-
fined by

Cl≥t (x) =
|fd(x) ∩ {v ∈ Vd : v ≥ t}|

|fd(x)| (32)

and

Cl≤t (x) =
|fd(x) ∩ {v ∈ Vd : v ≤ t}|

|fd(x)| (33)

respectively. Note that Cl≥t =
⋃

s≥t Cls and Cl≤t =⋃
s≤t Cls only hold when we take the Łukasiewicz s-norm

as the union operation, i.e., only when (F ∪G)(x) = F (x)⊕
G(x), where a ⊕ b = min(1, a + b). Finally, since our dom-
inance relation is a fuzzy relation and the decision classes
are fuzzy sets, the lower and upper approximations of these
classes are defined in the same way as those for fuzzy rough
sets[3, 21]. More specifically, the P -lower and P -upper ap-
proximations of Cl≥t and Cl≤t for each t ∈ Vd are defined as
fuzzy subsets of U with the following membership functions:

P (Cl≥t )(x) =
⊗
y∈U

(DP (y, x)→ Cl≥t (y)), (34)

P (Cl≥t )(x) =
⊕
y∈U

(DP (x, y)⊗ Cl≥t (y)), (35)

P (Cl≤t )(x) =
⊗
y∈U

(DP (x, y)→ Cl≤t (y)), (36)

P (Cl≤t )(x) =
⊕
y∈U

(DP (y, x)⊗ Cl≤t (y)). (37)

3.4 Decision rules

To represent knowledge discovered from a POUDT, we gen-
eralize PODL to a kind of preference-ordered uncertain deci-
sion logic (POUDL). The syntax of POUDL is same as that of
PODL, except that its atomic formulas are of the form (≥i, si)
or (≤i, si), where i ∈ A and si ⊆ Vi. When si = {vi} is a

singleton, we abbreviate (≥i, si) (resp. (≤i, si)) as (≥i, vi)
(resp. (≤i, vi)).

Let P denote a reduct of a POUDT and t ∈ Vd. Then, for
each object x where P (Cl≥t )(x) > 0 (or above some prede-
termined threshold), we can derive the first type of fuzzy rule:

P (Cl≥t )(x) :
∧
i∈P

(≥i, fi(x)) −→ (≥d, t); (38)

and for each object x where P (Cl≤t )(x) > 0 (or above some
predetermined threshold), we can derive the second type of
fuzzy rule:

P (Cl≤t )(x) :
∧
i∈P

(≤i, fi(x)) −→ (≤d, t), (39)

where P (Cl≥t )(x) and P (Cl≤t )(x) are the respective degrees
of truth of the rules.

Now, for a new decision case with (possibly imprecise)
evaluations on the condition criteria P , we can apply these two
types of rules to derive its decision label assignment. Specifi-
cally, let x be a new object such that for each criterion i ∈ P ,
fi(x) ⊆ Vi is given; and let α be a rule c :

∧
i∈P (≥i, si) −→

(≥d, t) discovered by the above-mentioned approach. Then,
we can derive that the degree of satisfaction of fd(x) �d t,
according to the rule α and denoted by ε(α, fd(x) �d t), is

c⊗
⊗
i∈P

µi({(v1, v2) | v1 �i v2, v1 ∈ fi(x), v2 ∈ si})
µi(fi(x)× si)

. (40)

LetR≥
t denote the set of all rules with the consequent (≥d, t).

Then, the final degree of fd(x) �d t is
⊕

α∈R≥
t

ε(α, fd(x) �d t). (41)

Analogously, we can derive the degree of fd(x) �d t from the
second type of rule.

4 Conclusion
The work reported in this paper extends DRSA to a
dominance-based fuzzy rough set approach (DFRSA), which
can be applied to the reduction of criteria and the induc-
tion of rules for decision analysis in a POUDT. Unlike other
approaches that deal with imprecise evaluations and assign-
ments, DFRSA induces fuzzy rules instead of qualitative rules.
Thus, it would be worthwhile to compare DFRSA with other
extensions of DRSA for handling uncertain data tables, like
those proposed in [2, 13, 22]. In addition, the proposed ap-
proach may be useful for sparse data sets[23]3, so we will
explore possible applications of DFRSA to such data sets in
a future work. Moreover, since DFRSA is a general frame-
work, we do not specify the t-norms used in the aggregation
of consistency degrees or the implications used in the defini-
tion of adherence to the dominance principle. Consequently,
we do not present detailed algorithms for the computation of
reducts. The computational aspects of DFRSA for specialized
t-norms and implication operations will aslo be addressed in a
future work.

3We would like to thank the anonymous referee for pointing out
this possibility.
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tems with uncertain real value attributes. In Proceedings of
the 6th International Conference on Information Processing
and Management of Uncertainty in Knowledge-based Systems,
pages 1165–1169, 1996.

[18] W. Lipski. On databases with incomplete information. Journal
of the ACM, 28(1):41–70, 1981.

[19] Z. Pawlak. Rough sets. International Journal of Computer and
Information Sciences, 11(15):341–356, 1982.

[20] Z. Pawlak. Rough Sets–Theoretical Aspects of Reasoning about
Data. Kluwer Academic Publishers, 1991.

[21] A.M. Radzikowska and E.E. Kerre. A comparative study of
fuzzy rough sets. Fuzzy Sets and Systems, 126(2):137–155,
2002.

[22] H. Sakai, R. Ishibashi, and M. Nakata. Lower and upper ap-
proximations of rules in non-deterministic information systems.
In C.C. Chan, J.W. Grzymala-Busse, and W. Ziarko, editors,
Proceedings of The 6th International Conference on Rough Sets
and Current Trends in Computing, LNAI 5306, pages 299–309.
Springer-Verlag, 2008.

[23] D. Slezak. Rough sets and few-objects-many-attributes prob-
lem: The case study of analysis of gene expression data sets.
In Proceedings of the International Conference on Frontiers in
the Convergence of Bioscience and Information Technologies,
pages 437–442. IEEE Press, 2007.

[24] R. Slowinski, S. Greco, and B. Matarazzo. Rough set anal-
ysis of preference-ordered data. In J.J. Alpigini, J.F. Peters,
A. Skowron, and N. Zhong, editors, Proceedings of the 3rd In-
ternational Conference on Rough Sets and Current Trends in
Computing, LNAI 2475, pages 44–59. Springer-Verlag, 2002.

[25] Y.Y. Yao and Q. Liu. A generalized decision logic in interval-
set-valued information tables. In N. Zhong, A. Skowron, and
S. Ohsuga, editors, New Directions in Rough Sets, Data Min-
ing, and Granular-Soft Computing, LNAI 1711, pages 285–
293. Springer-Verlag, 1999.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

299



Overlap index, overlap functions and migrativity

H. Bustince1 J. Fernandez1 R. Mesiar2 J. Montero3 R. Orduna1

1.Dpto. Automatica y Computacion, Universidad Publica de Navarra
Pamplona, Spain

2.Department of Mathematics and Descriptive Geometry, Slovak University of Technology,
SK-813 68 Bratislava, Slovakia

Institute of Information Theory and Automation, Czech Academy of Sciences,
CZ-182 08 Prague, Czech Republic

3.Facultad de Matematicas, Universidad Complutense de Madrid
Madrid, Spain

Email: {bustince,fcojavier.fernandez,raul.orduna}@unavarra.es, mesiar@math.sk, monty@mat.ucm.es

Abstract— In this work we study overlap degrees expressed in
terms of overlap functions. We present the basic properties that from
our point of view must satisfy these overlap functions. We study
a construction method, we analyze which t-norms are also overlap
functions and we prove that if we apply particular aggregations to
such functions we recover the overlap index between fuzzy sets as
defined by Dubois, and the consistency index of Zadeh. We also con-
sider some properties that can be required to overlap functions, as
k-Lipschitzianity or migrativity .

Keywords— Overlap degree, Overlap function, Overlap index,
t-norm, Migrativity.

1 Overlap function. Definition and properties
Zadeh’s fuzzy sets theory has been very useful for solving
problems which are described by imprecise models and with
a large amount of noise. In particular, this theory is very ap-
propriate to study the problem of identifying the objects in an
image (see [18, 26]).

To separate the object from the background in an image, the
first thing to do is to represent the object by means of a fuzzy
set and the background by means of another one. The success
of the separation method lies on the correct choice of those
fuzzy sets, which do not need to be disjoint in the sense of
Ruspini [27] (see [1, 2, 17]).

To build these sets it is necessary to know the exact prop-
erty that characterizes the pixels belonging to the object (back-
ground). This property determines the expression of the mem-
bership function associated to the fuzzy set representing the
object (background)(see [8, 9]). Usually, this function is not
precisely known. There are some pixels for which the expert
is sure they belong to the object or the background, but there
are other pixels for which the expert hesitates. It is for these
last ones that the value of the membership function is not ac-
curately known.

So, suppose that for a given an image, we ask an expert to
assign to each pixel of intensity q the following values:
µB(q), representing the membership of the pixel to the back-
ground.
µO(q), representing the membership of the pixel to the object.

In Fig.1 we show the two membership functions provided
by the expert to represent an image in an L gray-level scale.
We can deduce that, for intensities less than qi, the expert is

Figure 1: Overlap between two functions

sure that the pixels do not belong to the object. For intensities
greater than qj he is sure that the pixels do not belong to the
background. However, for intensities between qi and qj the
expert is not sure about the membership of the pixels, with in-
tensity qk corresponding to the maximum lack of knowledge.

From this analysis we deduce that the overlap degree be-
tween the two functions can be understood as a representation
of the lack of knowledge of the expert when he has to settle if
a given pixel belongs to the background or to the object. So
we can define the overlap degree between µB(q) and µO(q)
by means of an overlap function

GS : [0, 1] × [0, 1] → [0, 1]

such that:
(GS0) GS depends only on µB(q) and µO(q).
(GS1) GS is symmetric. The overlap degree does not depend
on the order we consider the membership degrees.
(GS2)

GS(µB(q), µO(q)) = 0 if and only if
µB(q) = 0 or µO(q) = 0, (i.e., min(µB(q), µO(q)) = 0) .

(GS3)
GS(µB(q), µO(q)) = 1 if and only if
µB(q) = 1 and µO(q) = 1, (i.e., min(µB(q), µO(q)) = 1).

(GS4) If the membership degrees increase, so does the over-
lap degree.
(GS5) Continuity. The overlap degree between the two mem-
berships associated to a given pixel must not react chaotically
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under small variations of the values of the membership to the
background or to the object.

Apart from these five necessary properties, we consider it is
also natural to require the following migrative property.
(GS6) Migrativity. If we decrease µB(q) in a proportion
α ∈ (0, 1], the overlap degree GS should decrease in the same
amount as if we decrease µO(q) in the same proportion α.
That is:

GS(αµB(q), µO(q)) = GS(µB(q), αµO(q)) for all α ∈ (0, 1].

Definition 1 A mapping GS : [0, 1]2 → [0, 1] is an overlap
function if and only if it satisfies (GS0) − (GS5). If GS sat-
isfies (GS6) for any 0 < α ≤ 1, we say that it is a migrative
overlap function.

Let’s denote by G the set of overlap functions in the sense
of Definition 1. Then the following result is immediate.

Theorem 1 (G,≤G) with the ordering ≤G defined for
G1, G2 ∈ G by

G1 ≤G G2 if and only if G1(x, y) ≤ G2(x, y) (1)

for all x, y ∈ [0, 1] is a lattice.

It is clear that the lattice (G,≤G) is not complete, nei-
ther has it top or bottom elements. On the other hand, it is
closed under the action of appropriate aggregation functions,
as shown next.

Definition 2 An aggregation function of dimension n ([7, 11,
20, 16]) is a mapping M : [0, 1]n → [0, 1] satisfying (see also
[12, 3]):
M1. M(0, · · · , 0) = 0 and M(1, . . . , 1) = 1.
M2. For any (x1, · · · , xn), (y1, · · · , yn) ∈ [0, 1]n , if
xi ≤ yi for any i ∈ {1, · · · , n}, then M(x1, · · · , xn) ≤
M(y1, · · · , yn); that is, M is monotone increasing in all its
arguments.

Theorem 2 Let M be a binary aggregation function without
zero divisors (that is, M(x, y) = 0 implies min(x, y) = 0)
and such that M(x, y) = 1 only if max(x, y) = 1. Then,
M(G1, G2) ∈ G for any G1, G2 ∈ G.

2 Construction
The following theorem provides both a characterization and a
construction method of overlap functions.

Theorem 3 A mapping GS : [0, 1]2 → [0, 1] is an overlap
function if and only if it can be written as

GS(x, y) =
f(x, y)

f(x, y) + h(x, y)
(2)

for some f, h : [0, 1]2 → [0, 1] such that
1) f and h are symmetric;
2) f is non decreasing and h is non increasing;
3) f(x, y) = 0 if and only if min(x, y) = 0;
4) h(x, y) = 0 if and only if min(x, y) = 1;
5) f and h are continuous;

Example 1.
1) If f(x, y) = min(x, y) and h(x, y) = max(1 − x, 1 − y),
then GS(x, y) = min(x, y) is an overlap function.
2) If we take f(x, y) =

√
x.y and h(x, y) = max(1 − x, 1 −

y), then the construction proposed in Theorem 3 provides an
overlap function.
3) If f(x, y) =

√
x · y and h(x, y) = 1 − x · y, expression

GS(x, y) =
√

x · y√
x · y + 1 − x · y (3)

is an overlap function.

Corollary 1 In the setting of Theorem 3, assume that GS can
be expressed in two different ways:

GS(x, y) =
f1(x, y)

f1(x, y) + h1(x, y)
=

f2(x, y)
f2(x, y) + h2(x, y)

(4)

for any x, y ∈ [0, 1]. Let M be a binary continuous aggrega-
tion function that is homogeneous of order one, that is, such
that

M(λx, λy) = λM(x, y) (5)

for any x, y ∈ [0, 1] and any λ ≥ 0 such that λx, λy ∈
[0, 1]. Then, if we define f(x, y) = M(f1(x, y), f2(x, y)) and
h(x, y) = M(h1(x, y), h2(x, y)) it also holds that

GS(x, y) =
f(x, y)

f(x, y) + h(x, y)
. (6)

Proof. First observe that fi = hi
GS

1−GS
for i = 1, 2. By the

homogeneity condition on M , also f = h GS

1−GS
and the result

follows.

2.1 Specific case: t-norms

In this subsection we study under which conditions we can
assure a t-norm satisfies the properties required to an overlap
function.

We know that a t-norm is a commutative, associative, in-
creasing mapping T : [0, 1]2 → [0, 1] such that T (x, 1) = x
for any x ∈ [0, 1]. So t-norms satisfy (GS1) and (GS4).
They also satisfy (GS3), since if T (x, y) = 1, as T (x, y) ≤
min(x, y), it must be x = y = 1. The reciprocal is direct,
taking into account that 1 is the neutral element of any t-norm.
So it is only required to study condition (GS2). Observe that
when dealing with t-norms, the necessary condition in this
property coincides with the definition of positive t-norm. Be-
sides, the analysis of the conditions under which a t-norm sat-
isfies (GS2) leads to the following classification result.

Theorem 4 If a t-norm T is an overlap function, then T is of
one of the following three types:
1) T = min;
2) T is strict;
3) T is the ordinal sum of the family {([am, bm], Tm)}, with
all the Tm continuous Archimedean t-norms and such that if
for some m0 we have am0 = 0 then necessarily Tm0 is a strict
t-norm.

Proof. By hypothesis, T is continuous. From the classifica-
tion of continuous t-norms given in page 11 of [15] (see [25],
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[21]), we know that for a continuous t-norm T there are three
possibilities:
1.- T = min;
2.- T is Archimedean;
3.- There exists a family {([am, bm], Tm)} such that T is the
ordinal sum of this family in the sense of [15].

As, by hypothesis, T is an overlap function, (GS2) holds.
If T is also Archimedean, we have that T is strict.

Suppose now that T is the ordinal sum of the family
{([am, bm], Tm)}; that is:

T (x, y) =




am + (bm − am)Tm( x−am

bm−am
, y−am

bm−am
)

if (x, y) ∈ [am, bm]2 ;
min(x, y) otherwise.

(7)

We know that for any t-norm T , if min(x, y) = 0 then
T (x, y) = 0. Since our t-norm is an overlap function, also
the reciprocal is true. So, if T (x, y) = 0 two things can hap-
pen:
a) (x, y) does not belong to any [am, bm]2. Then we have
T (x, y) = min(x, y) for that (x, y).
b) (x, y) belongs to [am, bm]2. As T (x, y) = 0 = am +
(bm−am)Tm( x−am

bm−am
, y−am

bm−am
), we have am = 0 and bm �= 0

since otherwise the interval would be [0, 0] and x = y = 0.
We know that T verifies (GS2) and if T (x, y) = 0, then
Tm( x

bm
, y

bm
) = 0, so Tm also verifies (GS2). Hence, the con-

tinuous and Archimedean t-norm Tm associated to the interval
[0, bm] also satisfies (GS2), so it is strict.
Example 2. 1) In the construction of the following overlap
function we use item 3) of Theorem 4 . We take as t-norm for
the corresponding interval [0, bm] the product, which is strict,
continuous and Archimedean.

GS(x, y) =
{

2xy if (x, y) ∈ [0, 0.5]2 ;
min(x, y) in other case. (8)

2) In the construction of the following overlap function we
take the Lukasiewicz and the product t-norms (see page 84 in
[19]). Observe that now we do not consider any interval of the
type [0, bm].

GS(x, y) =


0.1 + 2.5(x − 0.1)(y − 0.1) if (x, y) ∈ [0.1, 0.5]2;
0.7 + max(x + y − 1.6, 0) if (x, y) ∈ [0.7, 0.9]2;
min(x, y) in other case.

(9)

3) The following t-norm does not satisfy (GS2). This is due to
the fact that in [0, 0.25]2 we take Lukasiewicz t-norm, which
is continuous and Archimedean, but it is not strict.

T (x, y) =
{

max(x + y − 0.25, 0) if (x, y) ∈ [0, 0.25]2

min(x, y) in other case. (10)

3 Overlap functions and k-Lipschitzianity
In this section we consider a particular type of overlap func-
tions, satisfying a sort of stronger continuity. We start adapt-
ing the definition of k-Lipschitz functions to the overlap func-
tion case.

Definition 3 Let k ≥ 1. An overlap function GS is k-
Lipschitz if for any x, y, z, t ∈ [0, 1] it holds

|GS(x, y) − GS(z, t)| ≤ k(|x − z| + |y − t|) . (11)

It is worth remarking that the usual definition of k-
Lipschitziniaty allows any value of k greater than zero. But,
in the case of overlap functions, just by taking x = y = z = 1
and t = 0 the restriction to k ≥ 1 becomes justified.

The set of k-Lipschitz overlap functions is bounded and its
supremum can be easily determined, as the next result shows.

Theorem 5 Let k ≥ 1 . Then the supremum of the set
of k-Lipschitz overlap functions is given by the mapping
min(kx, ky, 1), whereas the infimum is given by max(kx +
ky − 2k + 1, 0).

Proof. Suppose that GS(x, y) > min(kx, ky, 1) for some
x, y ∈ [0, 1]. Since GS(x, y) ≤ 1, this means that
min(kx, ky, 1) = kx or min(kx, ky, 1) = ky. In the first
case, y = t = 1 and z = 0 in Eq. (11), we arrive at

kx < GS(x, 1) ≤ kx (12)

which is a contradiction. The second case is analogous. On
the other hand, by defining for ε > 0 the mappings

max(x · y, (1 − ε))(min(kx, ky, 1)) (13)

we get a sequence of overlap functions which converges uni-
formly to min(kx, ky, 1) as ε → 0. The proof for the lower
bound is similar.

The mapping max(kx + ky − 2k + 1, 0) is never an over-
lap function. On the contrary, although in general, the map-
ping min(kx, ky, 1) for k > 1 and x, y ∈ [0, 1] such that
kx, ky ∈ [0, 1] does not define an overlap function, (since by
taking x = y = 1

k we see that it does not fulfill condition
(GS3)), min(x, y) is an overlap function, so we have the fol-
lowing corollary.

Corollary 2 The mapping min(x, y) is the strongest 1-
Lipschitz overlap function, in the sense that for any other 1-
Lipschitz overlap function GS the inequality

GS(x, y) ≤ min(x, y) (14)

holds for any x, y ∈ [0, 1].

For associative k-Lipschitz overlap functions we have the
next result which can be derived from [23, 24].

Theorem 6 If GS is an associative k-Lipschitz overlap func-
tion, then GS is a t-norm of the form given in Theorem 4,
where each involved strict t-norm T (see item 2) or item 3))
has a k-convex additive generator t, i.e.,

t(y + kε) − t(y) ≤ t(x + ε) − t(x) (15)

for all 0 ≤ y ≤ x < 1 and ε ∈]0,min(1 − x, (1 − y)/k)[.

4 Overlap index. Construction from overlap
functions

In this section we are going to build overlap indexes by ag-
gregating overlap degrees. We start recalling the concepts of
overlap index and consistency. Then we justify why most of
the overlap indexes in the literature do not satisfy one of the
four conditions required by Dubois and Prade. Next we show
the properties we have to demand to aggregation functions so
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that, when applied to the previously studied overlap degrees,
we get overlap indexes. We finish showing how to construct
such indexes and, in particular, how to recover the two most
used expressions.

We denote by F (U) the set of all fuzzy sets over the finite,
non empty referential U (Cardinal(U) = n). We are going
to represent the fuzzy sets over U in the following way:

A = {(u, µA(u))|u ∈ U} (16)

In 1978 Zadeh [29] presented the natural extension to the
fuzzy set theory of the classical concept of overlap, which he
called consistency:

O(A,B) =
n

sup
i=1

(min(µA(ui), µB(ui))). (17)

Clearly, O(A,B) = 0 if A and B are completely disjoint,
and O(A,B) = 1 if there is ui ∈ U such that µA(ui) =
µB(ui) = 1.

In 1982 Dubois and Prade [13] presented the following ax-
iomatization for the overlap index:

Definition 4 An overlap index is a function O(A,B) from
F (U) × F (U) on the unit interval such that:
(O1) O(A,B) = 0 if and only if A and B have disjoint sup-
ports;
(O2) O(A,B) = 1, if (µA(ui) = 0 or µB(ui) = 1) or
(µA(ui) = 1 or µB(ui) = 0);
(O3) O(A,B) = O(B,A);
(O4) If B ≤ C, then O(A,B) ≤ O(A,C).

Condition (O2) in this definition presents the advantage of
that, if A is not fuzzy, then O(A,A) = 1. But Dubois, Os-
tasiewicz and Prade in [14] settled the following:

1. For subnormal fuzzy sets (i.e., µA(ui) < 1 and
µB(ui) < 1 for any ui ∈ U ), (O2) must be ignored.

2. The ROC index(see [13]) does not fulfill (O2).

It is also interesting to notice that if A = {(ui, µA(ui) =
0)|ui ∈ U}, then min(A,A) = {(ui, µmin(A,A)(ui) =
0)|ui ∈ U} and from (O1), O(A,A) = 0. If we also im-
pose (O2), then O(A,A) = 1. So we get a contradiction.

Due to all these considerations, usually only conditions
(O1),(O3) and (O4) from Def. 4 are required to overlap in-
dexes.

In the following theorem we present a construction method
of overlap indexes, by means of aggregation functions.

Theorem 7 Let M : [0, 1]n → [0, 1] be an aggregation func-
tion being idempotent and such that M(x1, . . . , xn) = 0 if
and only if x1 = . . . = xn = 0.
Let GS : [0, 1]2 → [0, 1] be a mapping and consider:

O : F (U) × F (U) → [0, 1] defined as
O(A,B) = Mn

i=1(GS(µA(ui), µB(ui)))
Then the following items hold:
i) O verifies (O1) if and only if GS verifies (GS2);
ii) O verifies (O3) if and only if GS verifies (GS1);
iii) If GS verifies (GS4), then O verifies (O4).

Example 3.

1. O(A,B) = maxn
i=1 GS(µA(ui), µB(ui))

2. O(A,B) =
(

1
n

∑n
i=1(GS(µA(ui), µB(ui))β

) 1
β

, β �= 0

Notes for the Example

1. If in 1. we take GS(x, y) = min(x, y), then we recover
Zadeh’s consistency index (see [29]).

2. If there is a single ui such that GS(µA(ui), µB(ui)) =
1, then, by 1. we have O(A,B) = 1. This fact of a
single element making O(A,B) = 1 suggest us to use 2.
instead of 1.

3. Expression 2. satisfies:

O(A,B) = 1 if and only if GS(µA(ui), µB(ui)) = 1

for all i = 1, . . . , n. In these conditions, if GS(x, y) =
min(x, y) or GS(x, y) = x · y or GS(x, y) =

√
x · y,

then O(A,B) = 1 if and only if

A = B = {(ui, µA(ui) = µB(ui) = 1)|ui ∈ U} (18)

so 2., as most of the expressions of overlap indexes (see
[4, 5, 6, 14, 13]), does not fulfill condition (O2) in Defi-
nition 2.

Corollary 3 In the setting of Theorem 7, if we demand M to
satisfy M(x1, . . . , xn) = 1 if and only if x1 = . . . = xn = 1,
then, if GS verifies (GS3) we have

O(A,B) = 1 if and only if A = B = {(ui, µA(ui) =
1)|ui ∈ U}.

5 Construction of migrative overlap functions
As we have already said, migrativity seems to be quite a nat-
ural property to be required to overlap functions. In [10], an
in-deep study of the migrativity property is carried on for gen-
eral aggregation functions. In this paper we use the following
results that are proved there.

Lemma 1 Let H : [0, 1]2 → [0, 1] be a binary function. Then
H is migrative if and only if H(x, y) = H(1, x · y), for all
x, y ∈ [0, 1].

Lemma 2 A function H : [0, 1]2 → [0, 1] is migrative if and
only if there exists h : [0, 1] → [0, 1] such that H(x, y) =
h(x · y), for all x, y ∈ [0, 1].

In this section we present a characterization theorem of mi-
grative overlap functions. Clearly there are overlap functions
that are not migrative (for instance, those in Ex. 1). In the fol-
lowing results we prove that there exist also overlap functions
which are migrative.

Theorem 8 Let H : [0, 1]2 → [0, 1] be a migrative mapping
(not necessarily an overlap function). Then

H(x, 1) = H(
√

x,
√

x) (19)

for each x ∈ [0, 1].

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

303



Proof. By Lemmas 1 and 2 there exists a mapping h :
[0, 1] → [0, 1] such that H(x, 1) = h(x) = h(

√
x · √x) =

H(
√

x,
√

x).

Theorem 9 A mapping GS : [0, 1] → [0, 1] is a migrative
overlap function if and only if there exists a non decreasing
function g : [0, 1] → [0, 1] satisfying g−1((0, 1)) = (0, 1)
such that

GS(x, y) = g(x · y). (20)

Proof. (Necessity) Since GS is migrative, by Lemma 2 we
know that there exists a function g : [0, 1] → [0, 1] such that
GS(x, y) = g(x · y) for all x, y ∈ [0, 1]. As GS is an over-
lap function, g is not decreasing and continuous. Besides GS

satisfies (GS2) and (GS3), so:

g(x) = g(x · 1) = GS(x, 1) = 0 if and only if x = 0 (21)

g(x) = g(x · 1) = GS(x, 1) = 1 if and only if x = 1 (22)

(Sufficiency) By Lemma 2 we have that GS(x, y) = g(x, y)
satisfies (GS6). From the migrativity it is clear that (GS1)
holds. On the other hand:

GS(x, y) = 0 = g(x · y) if and only if x · y = 0 (23)

GS(x, y) = 1 = g(x · y) if and only if x · y = 1 (24)

Clearly, GS satisfies (GS4) and (GS5) since g is non decreas-
ing and continuous.
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Abstract— This paper takes into account the Wittgenstein’s idea
on family resemblances as a particular crisp relation between some
fuzzy sets, that is, between some predicates representable from its use.
It is shown that all uses of the same predicate actually do have family
resemblance, that some pairs of predicates cannot, and a numerical
degree of family resemblance is introduced.

Keywords— Degree of family resemblance, Family resemblance,
Fuzzy sets.

1 Introduction

Ludwig Wittgenstein headed two influential traditions in the
so-called philosophy of language, that were originated by
his famous books, Tractatus logico-philosophicus (1922, [1]),
and Philosophical Investigations (1953, [2]), respectively.

The Tractatus does not properly deal with ordinary lan-
guage, but with the logical analysis of propositions built up
from atomic propositions, considered as ‘pictures’ of facts
and keeping a strict correspondence with the world, under-
stood through the totality of facts. Instead, the Philosophical
Investigations in which Wittgenstein abandoned logical anal-
ysis, meant a shift in conferring a main role to the ways of
designating facts, as an activity-oriented perspective on lan-
guage. What is central at this respect, is that language does
not primarily consist on describing the facts, but on playing
‘language’s games’, or ways of dynamically using words to
define their meaning, and that are to be described. In order
to fix the meaning of a word, to show how a word works, it
should be placed in the context and environment it is used.
Language is not yet defined through propositions that, now, in
Wittgenstein’s view, come from their function in a language’s
game, and to note the absence of boundaries for describing
such use of words, Wittgenstein introduced the term ‘fam-
ily resemblances’. Of course, Wittgenstein’s idea on ‘family
resemblances’, is broader than the relation of family resem-
blance in next section.

Fuzzy logic manages the extensional meaning of predicates
through its use, once captured by the corresponding member-
ship functions. This paper is nothing else than a first approach,
in the path towards Zadeh’s Computing With Words, to in-
troduce ‘family resemblances’ between full-normalized fuzzy

∗This work has been partially supported by the Foundation for
the Advancement of Soft Computing (Asturias, Spain), and CICYT
(Spain) under project TIN2008-06890-C02-01

sets, and a numerical degree for measuring such relation.

Usually, full-normalized fuzzy sets, µP ∈ [0, 1]X , those for
which there are x, y ∈ X such that µP (x) = 1, µP (y) = 0,
appear as ‘data’ in the modeling of fuzzy systems, and they
are neither self-contradictory (µP ≤ µ′

P ), nor negatively self
contradictory (µ′

P ≤ µP ). Of course, µ′
P denotes the fuzzy set

corresponding to ‘not p’. Points x verifying µP (x) = 1 can
be taken as the prototypes of P in X , and points y verifying
µP (y) = 0 as the anti-prototypes of P in X .

In its own nature, this paper is not a conclusive one, but
only a tentative to reflect the potentially interesting subject of
the family resemblances shown by ‘data’ fuzzy sets. That is,
by fuzzy sets with prototypes and anti-prototypes.

2 Family resemblance of fuzzy sets

Let P,Q, ... be predicates on a universe of discourse X , such
that their use, or meaning, is described by fuzzy sets P, Q, ...,
given by membership functions µP , µQ, ... in [0, 1]X .
For each membership function µ in [0, 1]X , define the sets of

• its 0-points, Z(µ) = {x ∈ X;µ(x) = 0}

• its 1-points, S(µ) = {x ∈ X;µ(x) = 1}

Definition 2.1 With X ⊂ R, the relation of family resem-
blance, fr ⊂ [0, 1]X × [0, 1]X , is defined by (µ, σ) ∈ fr if
and only if,

1. Z(µ) ∩ Z(σ) �= ∅, S(µ) ∩ S(σ) �= ∅

2. µ is non-decreasing in A ⊂ X iff σ is non-decreasing in
A.

3. µ is decreasing in A ⊂ X iff σ is decreasing in A.

In this definition, both ‘decreasing’ and ‘non-decreasing’, are
not in strict sense, but allowing some constant pieces that can
be taken as the first, or the second, by following what happens
before or after.

Notice that the binary relation fr is only predicable between
full-normalized fuzzy sets, that is, such that Z(µ) �= ∅, and
S(µ) �= ∅. Denote

F∗(X) = {µ ∈ [0, 1]X − {0, 1}X ;Z(µ) �= ∅, S(µ) �= ∅}.
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It should be pointed out that fuzzy sets µ in {0, 1}X (crisp
sets) are excluded, since such functions µ are neither decreas-
ing, nor non-decreasing, but only piecewise constant with the
values 0 or 1. In addition, in many cases if (µ, σ) ∈ fr, with
µ, σ ∈ {0, 1}X , it should be µ = σ. Obviously, also constant
fuzzy sets µr (µr(x) = r, with r ∈ [0, 1], x ∈ X) are not in
F∗(X), since Z(µr) = ∅, or S(µr) = ∅.
Of course, if σ results from a translation of µ keeping Z(µ) ∩
Z(σ) �= ∅, and S(µ)∩S(σ) �= ∅, it is obvious that (µ, σ) ∈ fr.

Remark 2.2 Any non full-normalized fuzzy set, represented
by a non-constant but continuous membership function µ ∈
[0, 1]R, can be re-scaled to a full-normalized one µ∗ by

µ∗ =
µ−min(µ)

max(µ)−min(µ)

Obviously, it is Z(µ∗) �= ∅, S(µ∗) �= 0, that is µ∗ ∈ F∗(R),
and µ∗ is non-decreasing (decreasing) if and only if µ is non-
decreasing (decreasing), but µ∗ and µ can differ in the re-
spective slopes (provided they have derivatives, it is µ∗′ =
µ′/ max(µ)−min(µ).

Example 2.3

1. Fuzzy sets µ, σ in figure 1 verify (µ, σ) ∈ fr, since Z(µ)∩
Z(σ) = [0, 2] �= ∅, and S(µ) ∩ S(σ) = {10} �= ∅, and
both are non-decreasing in X = [0, 10].

2. Fuzzy set µ in figure 1, and fuzzy set λ in figure 2, verify
(µ, λ) /∈ fr, since S(µ) ∩ S(λ) = ∅, and λ is decreasing
in [0, 2], but µ is not.

�����

�

2 5

σ µ

Figure 1:

µµµµ  

�� ���

�

2

λ

Figure 2:

Theorem 2.4 fr is a reflexive and symmetric relation in
F∗(X).

Proof. It is immediate to check that fr does verify the reflex-
ive and symmetric properties. �

As it is intuitive, crisp relation fr is not transitive. A coun-
terexample is given by membership functions µ, σ, λ in the
figures

µµµµ

0 X 

1

µ

σ

Figure 3:

µµµµ

0 X 

1 λ

σ

Figure 4:

that verify (µ, σ) ∈ fr, and (σ, λ) ∈ fr, but (µ, λ) /∈ fr,
since Z(µ) ∩ Z(λ) = ∅.

Hence, if sets [µ] = {σ ∈ F∗(X); (µ, σ) ∈ fr} are not
empty and cover F∗(X), because it is

⋃
µ∈F∗(X)

[µ] = F∗(X),

they do not give a partition of F∗(X), and the quotient

F∗(X)/fr does not exist. For example, in the above figures,
it is σ ∈ [µ] ∩ [λ′]. Anyway, [µ] can be called the family of
µ ∈ F∗(X), and σ ∈ [µ] a relative of µ, although µ could have
relatives in other families, like it happens in people’s families.

Theorem 2.5 For no complement, µ′ of µ ∈ F∗(X), is
(µ, µ′) ∈ fr.

Proof. If for x, y ∈ A, x ≤ y, and µ(x) ≤ µ(y), it is
µ′(y) ≤ µ′(x). �

Theorem 2.6 For no opposite, or antonym, ′µ of µ ∈ F∗(X),
given by a symmetry α in X , ′µ = µ ◦ α, is (µ, ′µ) ∈ fr.

Proof. If x ≤ y, and µ(x) ≤ µ(y), it follows α(y) ≤ α(x),
and µ(α(y)) ≤ µ(α(x)), or µ ◦ α(y) ≤ µ ◦ α(x), that is
′µ(y) ≤′ µ(x). (see [3]) �

Theorem 2.7 Let u : X → X be a bijective mapping such
that

• If x ≤ y, then u(x) ≤ u(y)

• u−1(Z(µ)) ⊂ Z(µ)

• u−1(S(µ)) ⊂ S(µ)

for µ ∈ F∗(X), X ⊂ R. It is (µ, µ ◦ u−1) ∈ fr.

Proof. It is Z(µ) ∩ Z(µ ◦ u−1) �= ∅, since x ∈ Z(µ), or
µ(x) = 0, implies u−1(x) ∈ Z(µ), or µ(u−1(x)) = µ ◦
u−1(x) = 0, it is, x ∈ Z(µ ◦ u−1). Analogously, x ∈ S(µ),
or µ(x) = 1, that is, x ∈ S(µ ◦ u−1). Hence, Z(µ) ∩ Z(µ ◦
u−1) �= ∅, and S(µ)∩S(µ◦u−1) �= ∅. If µ is non-decreasing,
‘x ≤ y ⇒ µ(x) ≤ µ(y), from u−1(x) ≤ u−1(y), follows
µ(u−1(x)) ≤ µ(u−1(y)). Analogously, if µ is decreasing, so
it is µ ◦ u−1. �

In particular, if Q represented by µQ = µP ◦ u−1 is a syn-
onym of P (see[4]), then (µP , µQ) ∈ fr.

Example 2.8

1. Fuzzy sets µ, σ in figure 5 verify σ = µ ◦ α, with the
symmetry α(x) = 10 − x, and represent two antonyms.
Obviously, µ and µ ◦ α do not show family resemblance.

µµµµ

�� ���

�

2 8

µ σ

Figure 5:

µµµµ

��
��

�

µ

σ

Figure 6:

2. Fuzzy sets µ, σ in figure 6 verify σ = µ ◦ u−1, with
u(x) =

√
x, and show family resemblance.
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3 Degree of family resemblance
Obviously, if σ1, σ2 are in the family [µ], they do verify
(µ, σ1) ∈ fr, and (µ, σ2) ∈ fr, but this does not mean that
σ1, σ2 show the same extent of family resemblance with µ.
A way of measuring such extent is by means of a convenient
T -indistinguishability (see([5])) DR : fr→ [0, 1], defining,

If (µ, σ) ∈ fr, the degree up to which µ resembles σ is
DR(µ, σ) ∈ [0, 1].

3.1

Any prod-indistinguishability E in F∗(X), can be represented
by Ovchinnikov’s theorem (see [6])

E(µ, σ) = Inf
f∈F

(
f(µ)
f(σ)

,
f(σ)
f(µ)

),

with F a family of functions f : F∗(X)→ R+ − {0}.

Provided X is a closed interval in R, consider only the
functions µ ∈ F∗(X) that are Riemann-integrable in X , and
such that both Z(µ) and S(µ) are intervals in X . Denote by
F∗∗(X) this subset of functions in F∗(X), and take

f1(µ) =
∫

X

µ(x)dx, f2(µ) = length of the interval X−Z(µ).

Then,

Ovch(µ, σ) = min(
f1(µ)
f1(σ)

,
f1(σ)
f1(µ)

,
f2(µ)
f2(σ)

,
f2(σ)
f2(µ)

),

for all µ, σ ∈ F∗∗(X), is a prod-indistinguishability in the part
of fr in F∗∗(X)× F∗∗(X).

3.2

If X = [a, b] ⊂ R, define

I(µ, σ) = 1− 1
b− a

|
∫

X

µ(x)dx−
∫

X

σ(x)dx|,

for all µ, σ ∈ F∗∗(X).
Function I is a W-indistinguishability (W is the

Łukasiewicz t-norm), since:

• I(µ, µ) = 1, and I(µ, σ) = I(σ, µ), for all µ, σ ∈
F∗∗(X).

• W (I(µ, σ), I(σ, λ)) = max(0, 1 − 1
b−a [| ∫

X
µ(x)dx −∫

X
σ(x)dx|+| ∫

X
σ(x)dx−∫

X
λ(x)dx|]) ≤ max(0, 1−

1
b−a |
∫

X
µ(x)dx−∫

X
λ(x)dx|) = 1− 1

b−a |
∫

X
µ(x)dx−∫

X
λ(x)dx| = I(µ, λ), for all µ, σ, λ ∈ F∗∗(X), because

of the triangular inequality, | ∫
X

µ(x)dx−∫
X

λ(x)dx| ≤
| ∫

X
µ(x)dx− ∫

X
σ(x)dx|+ | ∫

X
σ(x)dx− ∫

X
λ(x)dx|.

3.3

Since it is Ovch(µ, σ) �= I(µ, σ) and, in general,
Ovch(µ, σ) < I(µ, σ), a better degree could be obtained with
a mean like,

DR(µ, σ) =
r1Ovch(µ, σ) + r2I(µ, σ)

r1 + r2
,

with r1, r2 ∈ R+ − {0},
of which the only DR that is symmetric is the one with r1 =
r2 = 1

2 (arithmetic mean). In addition, and since W ≤ prod,
Ovch is also W -transitive: W (Ovch(µ, σ), Ovch(σ, λ)) ≤
Ovch(µ, σ)·Ovch(σ, λ) ≤ Ovch(µ, λ). Thus, also DR with
r1 = r2 = 1

2 is W -transitive, since:

W (DR(µ, σ), DR(σ, λ)) =

max(0,
Ovch(µ, σ) + Ovch(σ, λ)− 1

2
+

I(µ, σ) + I(σ, λ)− 1
2

) ≤

max(0,
Ovch(µ + λ)

2
+

I(µ + λ)
2

) ≤

max(0, DR(µ, λ)) = DR(µ, λ),

because Ovch(µ, σ) + Ovch(σ, λ)− 1 ≤
max(0, Ovch(µ, σ)+Ovch(σ, λ)−1), and I(µ, σ)+I(σ, λ)−
1 ≤ max(0, I(µ, σ) + I(σ, λ)− 1). Hence, we will take

DR(µ, σ) =
Ovch(µ, σ) + I(µ, σ)

2
,

as the index of family resemblance.

Remark 3.1 Obviously, functions DR are not only applica-
ble to pairs in fr, but also to all pairs in F∗∗(X)× F∗∗(X)

3.4

Let E be a T -indistinguishability relation. The crisp relation

µ ≡ σ ⇔ E(µ, σ) > 0,

is reflexive, and symmetric. Obviously, and provided T =
min, or T = prod, it is also transitive. Nevertheless, if T =
W , since “E(µ, σ) > 0 and E(σ, λ) > 0” is equivalent to the
existence of ε > 0 such that “E(µ, σ) ≥ ε and E(σ, λ) ≥ ε”,
it is

W (E(µ, σ), E(σ, λ)) ≥W (ε, ε) = max(0, 2ε− 1), or

E(µ, λ) ≥ max(0, 2ε− 1).

To have E(µ, λ) > 0, it is sufficient that 2ε − 1 > 0, or
ε > 0.5. In this case, µ ≡ σ and σ ≡ λ imply µ ≡ λ
(transitivity). Hence E(µ, σ) > 0.5 allows to take µ and σ as
‘equivalent’.

If 0.5 < Ovch(µ, σ), and 0.5 < I(µ, σ), it is µ ≡ σ for
both T -indistinguishabilities E = Ovch and E = I . Thus,
if in addition to (µ, σ) ∈ fr, is 0.5 < ε ≤ Ovch(µ, σ), and
0.5 < δ ≤ I(µ, σ), it is also 0.5 < ε+δ

2 ≤ DR(µ, σ), imply-
ing µ ≡ σ for E = DR. For example if 0.7 ≤ Ovch(µ, σ),
and 0.7 ≤ I(µ, σ), it is 0.7 ≤ DR(µ, σ). In these cases, it
can be said that µ and σ show high family resemblance.
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When (µ, σ) ∈ fr, if e.gr., Ovch(µ, σ) ≥ 0.8 and
I(µ, σ) ≥ 0.8 implying DR(µ, σ) ≥ 0.8, there is a so high
family resemblance between µ and σ that µ and σ can be
taken as strongly representing similar uses of the same predi-
cate (linguistic label).

Example 3.2

1. Functions µ, σ in figure 7, do obviously verify (µ, σ) ∈
fr. For them, f1(µ) = 5, f2(µ) = 8, f1(σ) = 4 and
f2(σ) = 7,

µµµµ

�� ��

�

2 3

µ

8 9

σ

Figure 7:

hence, Ovch(µ, σ) = min( 5
4 , 4

5 , 8
7 , 7

8 ) = 0.8.
Since, I(µ, σ) = 1− 1

10 |5− 4| = 0.9, it results

DR(µ, σ) =
0.8 + 0.9

2
= 0.85,

µ and σ show high family resemblance.

2. Functions µ, σ in figure 8, verify (µ, σ) ∈ fr. For then,
f1(µ) = 4 + 2·0.5 = 5, f2(µ) = 6, f1(σ) = 2, f2(σ) =
4,

µµµµ

�� ���

�

2 8

µ
σ

3 75

Figure 8:

hence, Ovch(µ, σ) = min( 5
2 , 2

5 , 6
4 , 4

6 ) = 2
5 = 0.4.

Since, I(µ, σ) = 1− 1
10 (|5− 2|) = 0.7, it results

DR(µ, σ) =
0.4 + 0.7

2
= 0.55,

µ and σ do not show high family resemblance.

3. Functions µ, σ in figure 9, verify (µ, σ) ∈ fr. For them
f1(µ) = 5 + 1 = 6, f2(µ) = 7, f1(σ) = 4 + 2 = 6 and
f2(σ) = 8, hence, Ovch(µ, σ) = min(6

6 , 7
8 , 8

7 ) = 7
8 =

0.88.

Since I(µ, σ) = 1− 1
10 (|6− 6|) = 1, it results

DR(µ, σ) =
0.88 + 1

2
= 0.94,

µ and σ show high family resemblance.

µµµµ

�� ���

�

2 6

µ

σ

3 4 5

Figure 9:
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�

4 6

µ

σ

3 75

Figure 10:

4. Functions µ, σ in figure 10, verify (µ, σ) ∈ fr. For them
f1(µ) = 1, f2(µ) = 2, f1(σ) = 2 and f2(σ) = 4,

hence, Ovch(µ, σ) = min( 1
2 , 2

1 , 2
4 , 4

2 ) = 0.5.

Since I(µ, σ) = 1− 1
10 (2− 1) = 0.9, it results

DR(µ, σ) =
0.5 + 0.9

2
= 0.7,

µ and σ show high family resemblance.

5. Functions µ, σ in figure 11, verify (µ, σ) ∈ fr. For them
f1(µ) = 3 + 2·0.5 + 1 = 5, f2(µ) = f2(σ) = 10
and f1(σ) = 0.5 + 3·0.5 + 3·0.5

2 + 5 = 7.75, hence,
Ovch(µ, σ) = 5

7.75 = 0.64.

µµµµ

�� ���

�

2 8

µσ

3 75

Figure 11:

Since I(µ, σ) = 1− 1
10 (7.75− 5) = 0.725, it results

DR(µ, σ) =
0.64 + 0.725

2
= 0.6825,

µ and σ do not show high family resemblance.

6. Functions µ, σ in figure 12, verify (µ, σ) ∈ fr. It is:

f1(µ) = 3, f2(µ) = 4, f1(σ) = 3 and f2(σ) = 5.Then,

Ovch(µ, σ) =
4
5
, I(µ, σ) = 1

That is,
DR(µ, σ) = 0.9,

and µ, σ show high family resemblance.
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Figure 12:

4 The case of membership functions with the
same predicate.

Given a predicate, or linguistic label, P on X , there is not a
single fuzzy set generated by P , but each use of P in X , once
reflected by its membership function µP (see [4]), defines a
fuzzy set P by

x ∈r P⇔ µP (x) = r, for all x ∈ X , r ∈ [0, 1].

Nevertheless, all functions µP do have some 0-points, and
some 1-points, in common, as well as they should either de-
crease or non-decrease simultaneously in the same parts of
X . Hence, all µP should show some degree of family resem-
blance.

This is the case for example, with P =small in X = [0, 10],
if two of its uses are represented by the membership functions
µ1

P and µ2
P in figure 13.

5�� ��

�

2 8

2
Pµ

1
Pµ

Figure 13:

It is clear that (µ1
P , µ2

P ) ∈ fr, and:

• Ovch(µ1
P , µ2

P ) = min( 5
5 , 10

8 , 8
10 ) = 0.8

• I(µ1
P , µ2

P ) = 1− 1
10 (|5− 5|) = 1.

Hence,

DR(µ1
P , µ2

P ) =
0.8 + 1

2
= 0.9,

and µ, σ show high family resemblance.

Examples 1 and 4 in section 3, do correspond to uses of
P =big and P =around five, respectively.

Remark 4.1 In natural language, families [µ] must be ‘open’,
but not ‘closed’ like they were defined in section 2. These fam-
ilies are here static (sets), but in natural language they should
be dynamical. With time, an element σ that was not in [µ],
but possibly with a not too low degree DR(σ, µ), could be in-
cluded in [µ] and thus generating a new family, indeed, chang-
ing the relation fr. Actually, fr is not a permanent relation, in
natural language it is a changing one. Only with families of
resemblance taken as classical sets, human thought seems to
be impossible (see [7]).

5 Last remarks
5.1

In his Philosophical Investigations, Wittgenstein conceived
language in a way close to how people manages it. Thus,
the meaning of an imprecise predicate is not given by neces-
sary and sufficient conditions, but is built up by similarity with
its prototypes in the universe of discourse, like in the case of
big in [0,10] with, at least, the prototype 10. Notwithstand-
ing, for more complex predicates like P =beautiful in a set of
art’s objects, it could be not clear the existence of prototypes
and, since in such cases it could be S(µP ) = ∅, the study of
the family resemblance for these predicates remains an open
problem.

5.2

Certainly, to consider X ⊂ R is a restriction for this paper’s
results. Nevertheless, most of the predicates fuzzy logic con-
siders are those exhibiting a numerical characteristic, allow-
ing to translate them into an interval in R. This is the case,
for example, of P = tall in a big population X , that is trans-
lated into the interval [0, 2], in meters, by the numerical char-
acteristic ‘Height’, and the predicate Q = big in such inter-
val. That is, by the identification µtall = µbig◦ Height, or
µtall(x) = µbig(Height(x)), for all x in X , once the use of
big in [0, 2] is chosen accordingly with that of tall interpreted,
as it turn, by big height.

There are not so obvious cases that, also, can be trans-
lated into an interval through a more complex process, con-
sisting in identifying each x in X with an n-tuple of sig-
nificative parts in x, x := (x1, . . . , xn), with numerical
characteristics Chi(xi) ∈ [ai, bi], and taking Ch(x) =
A(Ch1(x1), . . . , Chn(xn)) ∈ [a, b], with some n-place ag-
gregation function A. An example is given by P= beautiful in
a set X of paintings, if each painting x can be partitioned in
x = x1 ∪ . . . ∪ xn(xi ∩ xj = ∅, i �= j), allowing to interpret
the statement ‘x is P’ as the composite one (x1 is P ,. . . , xn is
P ). Provided each component ‘xi is P ’ is numerically evalu-
able by a clearly explicitable characteristic Chi(xi) ∈ R+,
the values of µP could be obtained by

µP (x) =
r1Ch1(x1) + . . . + rnChn(xn)

r1 + . . . + rn
(ri ≥ 0),

that are in the interval [minµP ,max µP ].
Of course, A(a1, . . . , an) = r1a1+...+rnan

r1+...+rn
, is not

the only way of reasonably aggregating the n-tuples
(Ch1(x1), . . . , Chn(xn)) ∈ Rn. For example, if ‘x is P’ is
interpretable by ‘x1 is P ’ and . . . and ‘xn is P ’, A can be
taken as a t-norm, provided Chi(xi) ∈ [0, 1], 1 ≤ i ≤ n.

6 Conclusions
6.1

The concept of family resemblances is here introduced as a
crisp-binary relation for only a particular type of fuzzy sets in
the real line, with 0-points and 1-points. Even more restrictive
is the class of Riemann-integrable membership functions, to
which pairs a degree of family resemblance is assigned. Any-
way, this paper should be viewed as only a first trial to con-
sider Wittgenstein’s idea on family resemblances with fuzzy
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sets . For example, the definition of fr could be, perhaps, ex-
tended to other fuzzy sets without 1-points (non-normalized
fuzzy sets), or without 0-points, as well as to pairs (µ, σ) with
either µ, or σ in {0, 1}X . That is, to non-data fuzzy sets, to
fuzzy sets resulting from computations with data ones. In ad-
dition, the selected degree DR cannot be considered as the
definitive definition to measure to what extent there is family
resemblance. More study on the subject is deserved since, for
example, DR can be applied to pairs (µ, σ) /∈ fr, and more
accurate values can be obtained in some cases with non sym-
metric functions DR(µ, σ) = r1·Ovch(µ,σ)+r2·I(µ,σ)

r1+r2
.

6.2

Of course, definition 2.1 could also be applied to crisp sets by
simply allowing either µ or σ to only have ‘constant pieces’.
At this respect, examples like the one in figure 14 are of
some interest. In such figure, µ is the trapezoidal fuzzy set
(3.8, 4, 6, 6.2), and σ does represent the crisp subset [4, 6].

�� ���

�

4 6

µσ

3 75 8

µ

Figure 14:

Since Ovch(µ, σ) = 0.83, I(µ, σ) = 0.98, it follows
DR(µ, σ) = 0.90, a big value suggesting a so high resem-
blance between µ and σ that, perhaps, could allow to identify
µ with µP , P = Almost between 4 and 6. That is, µ could be
‘linguistically approached’ by the imprecise predicate P .

6.3

Maybe what is here introduced could be useful to approach
the (pending) problem of ‘linguistic approximation’. Namely,
given the output f : X → [0, 1] of a system of fuzzy rules,
how to find a predicate P in X such that f could be identified
with µP ? A possible way could come once identified a mem-
bership function µP (representing a use of the known predi-
cate P ), such that, DR(f, µP ) > ε, and Sup|f − µP | < δ
(for fixed ε > 0, δ > 0), even if (f, µP ) /∈ fr. Then ‘P ’ can
be called an (ε, δ)-linguistic approximation of f . For exam-
ple, in 6.2, Almost between 4 and 6 is an (0.89, 0.2)-linguistic
approximation of µ.

6.4

In this paper, the threshold 0.7 is taken for the sake of illus-
trating the idea of ‘high family resemblance’. Nevertheless,
and although 0.7 seems to be a good enough value for the ex-
amples shown in figures 7 to 14, such threshold’s value still
remains to be studied.
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1 Set-valued random variables and

martingales

The theory of conditional expectations and martingales
has been established for Banach space-valued, Bochner-
integrable functions. Hiai and Umegaki have then general-
ized random variables, conditional expectations and mar-
tingales to the set-valued (multivalued) setting in [1]. We
will assume that the reader is familiar with the basic ideas
of random variables and provide a brief introduction to the
set-valued generalization and also to the related concept
of conditional expectations which has played an important
role in probability theory, ergodic theory and quantum sta-
tistical mechanics. We also contribute to the theory of set-
valued martingales and since martingales are important in
probability theory, we feel that there are potential applica-
tions to be developed from this work. This paper can be
divided into two main results. The first result is an origi-
nal convergence theorem for set-valued martingales. The
second result is a generalization of a useful characteriza-
tion of measurable set-valued random variables by Hiai and
Umegaki in the fuzzy setting. The original theorem by Hiai
and Umegaki was an essential tool used to obtain many of
the subsequent results in [1] and it is clear that we can ap-
ply this new generalized theorem in an analagous way in
the fuzzy setting.

We will be again considering a measure space (Ω, Σ, µ),
a separable Banach space (X, ‖·‖) with K a field of scalars
(either R or C). We remind the reader that functions f, g
from Ω into X are said to be equal almost everywhere, de-
noted f = g a.e. (µ) or f(ω) = g(ω) (∀ω ∈ Ω) a.e. (µ) if
f(ω) = g(ω) for all ω ∈ Ω except on a set of measure zero.
We can omit reference to µ and Ω if there is no confusion.
That is f = g a.e. if µ({ω ∈ Ω : f(ω) �= g(ω)}) = 0.
We will denote by M [Ω, X] and Lp[Ω, X] the collections
of measurable and p-integrable functions f : Ω → X re-
spectively, for 1 ≤ p ≤ ∞. Due to the completeness
of X we have several characterizations of this class of
functions (see [1] Theorem 1.0). As in [1], K(X) shall
denote the collection of nonempty compact subsets of X
and Kk(X) the collection of convex sets in K(X). We
denote the collection of (weakly) measurable set-valued
functions F : Ω → Kk(X) by M[Ω, Kk(X)]. That is
F ∈ M[Ω, Kk(X)] if and only if for all O open, O ⊂ X,

F−1(O) ∈ Σ. Let p be chosen such that 1 ≤ p ≤ ∞
then we denote by Lp[Ω, Kk(X)] = Lp[Ω, Σ, µ, Kk(X)]
the space of all p-integrable functions in M[Ω, Kk(X)],
where two functions F1, F2 ∈ L1[Ω, Kk(X)] will be con-
sidered identical if F1(ω) = F2(ω) a.e.

The topology on Kk(X) is induced by the Hausdorff
metric defined by

dH(A, B) = max
{

sup
a∈A

inf
b∈B

‖a − b‖, sup
b∈B

inf
a∈A

‖a − b‖
}

,

(1.1)
for A, B ⊆ X. It is well known (Kk(X), dH) is a com-
plete separable metric space. It now follows that in this
topology (Fn)n∈N ⊆ M[Ω, Kk(X)] then Fn −→ F as
n −→ ∞ if and only if dH(Fn(ω), F (ω)) −→ 0 for all
ω ∈ Ω a.e.

We can consider (X, ‖·‖) to be a topological space since
a norm defines a natural metric on X which induces the
metric topology on X. We define the closure of a set A ⊆
X, denoted cl(A) to be the norm closure of A. That is, the
smallest closed set containing A with respect to the metric
topology induced by the norm ‖ · ‖.

A measurable function f : Ω → X is called a measur-
able selection of F if f(ω) ∈ F (ω) for all ω ∈ Ω a.e.
That is f is a measurable selection of F if f(ω) ∈ F (ω)
for all ω ∈ Ω except on a set of measure zero. We define
the set Sp

F = {f ∈ Lp[Ω, X] : f(ω) ∈ F (ω) a.e.}. It

is easy to show that S
p
F is a closed subset of Lp[Ω, X] for

1 ≤ p ≤ ∞.

Lemma 1.1 [1] Let F ∈ M[Ω, Kk(X)] and 1 ≤ p ≤
∞. If S

p
F is nonempty, then there exists a sequence (fi)i∈N

contained in S
p
F such that F (ω) = cl{fi(ω)} for ω ∈ Ω.

Corollary 1.2 [1] Let F1, F2 ∈ M[Ω, Kk(X)] and 1 ≤
p ≤ ∞. If S

p
F1

= S
p
F2

�= ∅ then F1(ω) = F2(ω), for all

ω ∈ Ω.

A brief discussion of the generalization of conditional
expectations is necessary before we reach our first main
result. This material is covered more comprehensively in
[1].

Let W be a sub-σ-algebra of Σ,

S1
F (W ) = {f ∈ L1[Ω, W, µ, X] : f(ω) ∈ F (ω)a.e.}.

(1.2)
We define
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∫ (W)

Ω

Fdµ =
{ ∫

Ω

fdµ : f ∈ S1
F (W )

}
. (1.3)

If f ∈ L1[Ω, X] then the conditional expectation
E[f |W ] of f relative to W is defined as a W -measurable

function E[f |W ] ∈ L1[Ω, W, µ, X] such that∫
A

E[f |W ]dµ =

∫
A

fdµ, (1.4)

for all A ∈ W .
The following theorem provides a natural extension of

the notion of a conditional expectation to the set-valued
setting.

Theorem 1.3 [1] Let F ∈ L1[Ω, Kk(X)]. Then there ex-

ists a unique E[F |W ] ∈ L1[Ω, W, µ, Kk(X)] such that

S1
E[F |W ](W ) = cl{E[f |W ] : f ∈ S1

F } (1.5)

where the closure is taken with respect to the norm in
L1[Ω, Kk(X)]. E[F |W ] is called the conditional expecta-
tion of F relative to W .

The concept of martingale in probability theory was in-
troduced by Paul Pierre Lévy. Part of the motivation for
that work was to show the impossibility of successful bet-
ting strategies. A martingale was originally devised as an
indexed sequence of random variables with the index rep-
resenting time. If t is a later time than s then the idea is that
the conditional expected value at time t given the same ob-
servations as at time s will be equal to the expected value
at time s. The notion of a martingale has proved to be a
useful tool in modeling various events in probability the-
ory. We present a precise definition of the classical notion
followed by the generalization to the set-valued setting.

We remind the reader that a filtration on (Ω, Σ, µ) is a
sequence of σ-algebras (Σn)n∈N such that Σn ⊆ Σ and
Σn ⊆ Σn+1 for all n ∈ N.

Definition 1.4 If (fn)n∈N is a sequence of random
variables and (Σn)n∈N a filtration then the sequence
(fn, Σn)n∈N is called a martingale if we have for each
n ∈ N:

(a) fn is Σn-measurable and

∫ (Σn)

Ω

‖fn‖dµ < ∞, (1.6)

(b)

E[fn+1|Σn] = fn. (1.7)

Alternatively, if property (b) is replaced by

(b’)

E[fn+1|Σn] ≥ fn(E[fn+1|Σn] ≤ fn) (1.8)

then (fn, Σn)n∈N is called a submartingale (super-
martingale), respectively.

Definition 1.5 Let (Fn)n∈N be a sequence of set-valued
random variables and (Σn)n∈N a filtration then the se-
quence (Fn, Σn)n∈N is called a set-valued martingale if
we have, for each n ≥ 1:

(a) Fn is Σn-measurable and

∫ (Σn)

Ω

‖Fn‖dµ < ∞, (1.9)

(b)

E[Fn+1|Σn] = Fn. (1.10)

Alternatively, if property (b) is replaced by

(b’)

E[Fn+1|Σn] ≥ Fn(E[Fn+1|Σn] ≤ Fn) (1.11)

then (Fn, Σn)n∈N is called a fuzzy submartingale (super-
martingale), respectively.

Theorem 1.6 If (Fn, Σn)n∈N is a set-valued martingale
and 1 ≤ p ≤ ∞ then Fn −→ F as n −→ ∞ if and only if
for each choice of fn ∈ S

p
Fn

, n ∈ N , we have that

lim
n−→∞

fn ∈ Sp
F . (1.12)

Proof: Let p be such that 1 ≤ p ≤ ∞. For brevity, we
will henceforth denote limn−→∞ fn(ω) by f(ω) for each
ω ∈ Ω. Now fn ∈ S

p
Fn

for all n ∈ N but f �∈ S
p
F ⇐⇒ for

all n ∈ N, there exists A ∈ Σ, µ(A) �= 0 such that f(ω) �∈
F (ω) for all ω ∈ A. Now for a given A ∈ Σ we have
∀ω ∈ A, fn(ω) �= f(ω) ⇐⇒ ∀ω ∈ A, f(ω) − fn(ω) �= 0
⇐⇒ ∀ω ∈ A, ‖f(ω) − fn(ω)‖ ≥ δ for some δ > 0. Thus
f �∈ S

p
F ⇐⇒∃A ∈ Σ, µ(A) �= 0, ∀ω ∈ A, ∀n ∈ N,

dH(F (ω), Fn(ω)) =

max{ sup
f(ω)∈F (ω)

inf
fn(ω)∈Fn(ω)

‖f(ω) − fn(ω)‖,

sup
fn(ω)∈Fn(ω)

inf
f(ω)∈F (ω)

‖f(ω) − fn(ω)‖}

≥ δ ⇐⇒ dH(F (ω), Fn(ω) �−→ 0 for all ω ∈ A ∈ Σ,

µ(A) �= 0 ⇐⇒ dH(F, Fn) �−→ 0 ⇐⇒ Fn �−→ F as
n −→ ∞.

2 Fuzzy sets

We now provide a brief introduction to fuzzy sets with a
particular focus on the tools that we will need in the subse-
quent section. These notions are all well known and stan-
dard. For further reading on the topic, the reader is referred
to [2, 3, 4, 5, 8](by no means an exhaustive list). Through-

out this paper, we will be considering fuzzy sets A ∈ IX

where X is a Banach Space and I the unit interval [0, 1].
For a given fuzzy set we associate collections of crisp

subsets of X with it. This concept is highly useful in relat-
ing statements in the fuzzy setting to the classical setting.
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Definition 2.1 If A ∈ IX and α ∈ I we define,

Aα = {x ∈ X : A(x) > α}; (2.13)

Aα = {x ∈ X : A(x) ≥ α}. (2.14)

These crisp sets are referred to as α-levels (or cuts),
strong and weak respectively. We call suppA = A0 the
support of A.

We shall work mainly with the weak cuts in this paper
although similar results can be obtained using the strong
cuts.

Throughout this paper we will denote the characteristic
function of a crisp set A ⊆ X by χ

A
. That is χ

A
(x) = 1 if

x ∈ A and χ
A
(x) = 0 elsewhere. We immediately obtain

a useful characterization of fuzzy sets.

Theorem 2.2 If A ∈ IX and x ∈ X then

A(x) = sup
n∈N

{αn · χAαn
(x)} (2.15)

where {αn : n ∈ N} is dense in I.

We remind the reader of the standard definitions of addi-
tion and scalar multiplication of crisp sets. A + B denotes
the collection {a + b : a ∈ A, b ∈ B} and for a scalar α,
we denote by α · A the collection {α · a : a ∈ A}. There
are natural extensions of these concepts in the fuzzy setting
and it should be noted that the following two definitions are
consequences of the well known concept of a fuzzy image.

Definition 2.3 Let A, B ∈ IX we define

(A + B)(x) = sup
a+b=x

{A(a) ∧ B(b)} (2.16)

for all x ∈ X.

Definition 2.4 Let A ∈ IX , t ∈ K and x ∈ X. Then we
define t � A(x) = A(x

t
) for t �= 0 and

t � A(x) =




0 if x �= 0

sup A if x = 0
(2.17)

if t = 0.

The � is simply used to distinguish between this type of
scalar multiplication and the · representing ordinary point-
wise multiplication of functions as used in Theorem 2.2.

Due to the lattice structure of I, we have that pointwise
ordering is a natural partial ordering that can be defined on

IX . That is ≤ given by

A ≤ B ⇔ A(x) ≤ B(x) (2.18)

for all x ∈ X and A, B ∈ IX . This leads to the following
straightforward relationships between the concepts of α-
levels and this ordering respectively. The proofs follow
trivially.

Lemma 2.5 If A, B ∈ IX then for all α ∈ [0, 1] the fol-
lowing statements hold

1.

[A ∨B]α = Aα ∪Bα, (2.19)

2.

[A∧ B]α = Aα ∩ Bα, (2.20)

3.

A ≤ B ⇐⇒ Aα ⊆ Bα. (2.21)

We have the following immediate consequence of the
previous lemma.

Lemma 2.6 Let A and B be fuzzy sets. Then

A = B ⇐⇒ Aα = Bα (2.22)

for all α ∈ [0, 1].

Definition 2.7 A fuzzy set A on X is convex if A(kx+(1−
k)y) ≥ A(x) ∧A(y) whenever x, y ∈ X and 0 ≤ k ≤ 1.

The following proposition is a useful characterization of
fuzzy convexity which justifies the definition and relates it
to the corresponding crisp definition.

Proposition 2.8 Let A be a fuzzy set in X then the follow-
ing three assertions are equivalent:

1. A is convex.

2. ∀k ∈ [0, 1], kA+ (1 − k)A ≤ A.

3. ∀α ∈ I, Aα is convex.

We will later require the next theorem which illustrates
the relationship between the scalar multiplication and ad-
dition of fuzzy sets and the corresponding concepts in the
crisp setting.

Lastly we discuss the natural concept of fuzzy points
since this will be necessary for the next section. We use
P(X) to denote the power set of X - that is, P(X) = {A :
A ⊆ X}.

If A ∈ P(X) and α ∈ I we define

α · χ
{x}

=




α if x ∈ A

0 if x �∈ A
(2.23)

α · χ
{x}

=




α on x

0 elsewhere
(2.24)

So
We call α ·χ

{x}
a fuzzy point with support at x and value

α. We will denote the set of fuzzy points in IX by X̂ .

3 Fuzzy set-valued random variables

Our next focus is on the generalization of set-valued ran-
dom variables to the fuzzy setting. The following overview
of fuzzy set-valued random variables is taken mainly from
[5] and [9]. These concepts are also discussed in [6, 7]
amongst other works.

Definition 3.1 Let F(X) denote the collection of fuzzy sets
such that

(a) A is uppersemicontinuous,

(b) {x ∈ X : A(x) = 1} �= ∅,

(c) suppA ∈ K(X).
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We define Fk(X) to be the collection of fuzzy sets in
F (X) that are fuzzy convex. We denote the collection of

measurable functions f : Ω → X̂ by M [Ω, X̂], that is, f ∈

M [Ω, X̂] if and only if for each α ∈ (0, 1], fα ∈ M [Ω, X]
with fα(ω) = [f(ω)]α for all ω ∈ Ω. Let p be chosen such

that 1 ≤ p ≤ ∞ then Lp[Ω, X̂] will denote the p-integrable

functions from Ω into X̂ . A fuzzy set-valued random vari-
able (f.r.v.) or a fuzzy random set is a function F : Ω →
Fk(X) such that Fα(ω) = {x ∈ X : F (ω)(x) ≥ α} is a
set-valued random variable for all α ∈ (0, 1]. A fuzzy set-
valued random variable F is called measurable (integrable)
if for each α ∈ (0, 1], Fα is measurable (integrable). Let
M[Ω, Fk(X)] be the collection of all measurable fuzzy
random variables and Lp[Ω, Fk(X)] = Lp[Ω, Σ, µ, Fk(X)]
denote the set of all p-integrable fuzzy random variables for
1 ≤ p ≤ ∞. Clearly, a fuzzy set-valued random variable
can be considered to be a generalized set-valued random
variable. F1, F2 fuzzy set-valued random variables then
(F1 +F2)(ω) = F1(ω) + F2(ω) for all ω ∈ Ω (the normal
addition of fuzzy sets defined earlier). Similarly for a fuzzy
set-valued random variable F and measurable real valued
function ζ on Ω, (ζF )(ω) = ζ(ω)F (ω) for all ω ∈ Ω.
We will also generalize Theorem 2.8 to the fuzzy setting.
There are several ways to generalize dH to the fuzzy set-
ting but due to certain desirable properties we will restrict
our attention to d∞ defined by

d∞(F1, F2) = dH(suppF1, suppF2). (3.25)

It follows trivially from our earlier discussion of the
Hausdorff metric that (Fk(X), d∞) is a metric space. Un-
der the topology induced by d∞ we have that Fn −→ F if
and only if d∞(Fn(ω), F (ω)) −→ 0 as n −→ ∞ for all
ω ∈ Ω a.e.

Based on the notation used in [1] we now generalize the
definition of S

p
F to the fuzzy setting.

Definition 3.2 A measurable function f ∈ M [Ω, X̂] such
that f(ω) ∈ F (ω) for all ω ∈ Ω a.e. is called a measurable
selection of F . Let F ∈ M[Ω, Fk(X)] and let 1 ≤ p ≤ ∞

then S
p
F = {f ∈ Lp[Ω, X̂] : f(ω) ∈ F (ω) a.e. }.

We now state the second of our main results. This is a
new generalization of Lemma 1.1 - notice that the collec-

tion of fuzzy points X̂ replaces the set X in this version
of the theorem. This theorem opens the way for similar
results to those obtained in [1].

Theorem 3.3 If F ∈ M[Ω, Fk(X)] then there exists a

countable collection {f i}i∈N ⊆ S
p
F , such that F (ω) =

cli∈N{f i(ω)} for all ω ∈ Ω.

Proof: Let F ∈ M[Ω, Fk(X)] and let ω ∈ Ω. Then for
n ∈ N we have Fαn

∈ M[Ω, Kk(X)] with {αn}n∈N a
countable set dense in I as in Theorem 2.2. Therefore by
Lemma 1.1, for each n ∈ N, ∃{f i

αn
}i∈N such that

cli∈N{f
i
αn

(ω)}(x) = Fαn
(ω).

For each i ∈ N we now define

f i(ω) =
∨
n∈N

αn · χ
fi

αn
(ω)

.

Then {f i}i∈N is the required collection. Let x ∈ X

and now notice that for each i ∈ N, f i : Ω → X̂. We
now have that cli∈N{[fi(ω)]}(x) = cli∈N{[fi(ω)](x)} =
cli∈N{

∨
n∈Nαn · χ

fi
αn

(ω)
(x)} = limj−→∞ bj where for

each j ∈ N, bj ∈
{ ∨

n∈Nαn · χ
fi

αn
(ω)

(x) : i ∈ N

}
.

Now for each j ∈ N, bj = limk−→∞ bk
j with bk

j ∈ {αn ·
χ

fi
αn

(ω)
(x) : i, n ∈ N} ⊆ I. Thus

cli∈N{fi(ω)}(x) = lim
j−→∞

lim
k−→∞

bk
j , (3.26)

for {bk
j }j,k∈N ⊆ {αn · χ

fi
αn

(ω)
(x) : i, n ∈ N} ={

[f i
αn

(ω)](x) : i, n ∈ N

}
and bk

j is nondecreasing with

respect to k.
We also have by Theorem 2.2 that [F (ω)](x) =( ∨

n∈Nαn · χ
Fαn (ω)

)
(x)

=
( ∨

n∈Nαn · χ
cl{fi

αn
(ω)}

)
(x) =

( ∨
n∈Nαn ·

χ
cl{fi

αn
(ω)}

(x)
)
∈ I.

By definition
( ∨

n∈Nαn · χ
cl{fi

αn
(ω)}

(x)
)

=

limk−→∞ bk where (bk)k∈N ⊆ {[f i
αn

(ω)](x) : n ∈ N} ⊆
I and bk is nondecreasing with respect to k. Also for

each k ∈ N we have that bk = limj−→∞ bk
j with bk

j ∈{
[f i

αn
(ω)](x) : i, n ∈ N

}
for each j, k ∈ N. Therefore we

have

[F (ω)](x) = lim
k−→∞

{ lim
j−→∞

bk
j } (3.27)

This concludes the proof since it is well known from real
analysis that

lim
k−→∞

{ lim
j−→∞

bk
j } = lim

j−→∞
{ lim

k−→∞
bk
j }

for all bk
j ∈ I with j, k ∈ N.
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Abstract— In this paper, we deal with the production and trans-
portation planning of a household appliances manufacturer that 
has production facilities and central stores for resellers in several 
sites in Europe. Each store can receive products from all produc-
tion plants and it is not necessary that all products are produced in 
all production units. The transport between any two bases is done 
by trucks. For simplicity we assume, that each truck has the same 
capacity of M EURO-pallets, and for each product the unit is 
EURO-pallet. The target of this paper is to determine a production 
and transportation plan that minimize the total sum of the produc-
tion cost and the transportation cost. For working in a realistic 
environment we assume that the production capacities in the differ-
ent plants and the demand in the sales bases are not known exactly 
but the management can describe the data in form of fuzzy num-
bers. By using an inter-active algorithm for solving the fuzzy linear 
programming system we achieve a stable production and a satis-
factory supply of the products. Moreover, we demonstrate that this 
integer programming problem can adequately be solved without 
using computation-intensive integer programming algorithms. Ad-
ditionally, in the course of the inter-active solution process the 
production bottlenecks get clearly visible. A numerical example 
illustrates the efficiency of the proposed procedure. 

Keywords — Fuzzy LP-systems, integer programming, FULPAL, 
Production and transportation planning, inter-active process.

1 Introduction
Due to globalisation and the involved international expan-
sion of companies numerous firms in Europe produce their 
products in several European and Overseas countries. On the 
one hand they take advantage of the different production 
cost and of higher lot sizes, on the other hand they endeav-
our to minimize the total cost of manufacturing and trans-
portation.  
In literature it is usually proposed to determine a minimal 
cost production plan by means of an integer programming 
system. But this procedure is very computationally intensive. 
Moreover, it is neglected that real production capacities in 
the different plants and the demand for the products are not 
known exactly. In this paper we look on the more realistic 
case that the management can describe the production ca-
pacities in the different plants and the demand in the sales 
bases in form of fuzzy numbers. 
The paper is organized as follows: In Section 2 the problem 
is formulated in detail. In Section 3 we demonstrate that the 
integer programming problem can adequately be solved by 
using an inter-active algorithm for solving the fuzzy linear 

programming system. A numerical example in Section 4 il-
lustrates the efficiency of the proposed procedure. Finally, 
conclusions and possible extensions are presented in Section 
5.

2 Problem formulation 
We deal with the production and transportation planning of a 
household appliances manufacturer HAM that has produc-
tion facilities and central stores for resellers in several sites 
in Europe. Each store can receive products from all produc-
tion plants and it is not necessary that all products are pro-
duced in all production units.  
� The number of production and sales bases of HAM is N. 

Obviously, it is not necessary to differ between produc-
tion plants and sales stores. A base without any demand 
is a pure production location and a base where nothing 
is produced is a pure sales shop. 

� The number of products of HAM is K. 
� The transport between any two bases is done by trucks. 

For simplicity we assume, that each truck has the same 
capacity of M EURO-pallets independent of the sort of 
products. 

� For each product the unit is EURO-pallet. 
In the production and transportation planning model, we use 
the following notations: 

kix  output of the product k at the base i,  

kijy  total number of units of the product k transported 
from the base i to the base j, 

ijw  number of the trucks from base i to base j, 

kiD~  demand for the product k at the base i, 

kiP~  production capacity for the product k at the base i, 

kiC  production cost of one unit of product k at the base i,  

ijT  cost for transporting a truck from the base i to the 
base j, where 0Tii � .

}K,,1{k �� , }N,,1{j,i ��
The items kix , kijy , ijw , kiD~ , kiP~  are referred to the same 
time period, e. g. one week or one month. 

Now, a production and transportation plan that minimize the 
total sum of the production cost and the transportation cost 
can be determined by solving the following integer pro-
gramming problem: 
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The first constraint expresses that the output of the product k 
at the base i is smaller than or equal to its production capac-
ity kiP~ ; the second constraint means that the supply kis  of 
the product k at the base i is larger than or equal to the its 
demand kiD~ ; the third constraint indicates that the total 
amount of products transported from the base i to the base j 
is smaller than or equal to the transportation capacity of wij

trucks; the fourth constraint means that the output of the 
product k at the base i, the number of products transported 
from the base i to the base j and the number of trucks from 
the base i to base j are nonnegative integer. 
Concerning the imprecise right-hand sides kiP~  and kiD~  we 
assume that management is able to describe the production 
capacities in the different plants and the demand in the sales 
bases in form of fuzzy numbers ),0,p(P~ kikiki ��  and 

)0,,d(D~ kikiki �� . Here, kip  and kikid �� kid are the 
production capacities and the demands respectively that are 
expected in any case. Furthermore the management estimate 
the maximal production capacities and the maximal demands 
as kikip ��  and kid  respectively. 

3 Solution process 
As shown in Rommelfanger [3], fuzzy integer programming 
LP-problem can be effectively solved by interactive algo-
rithms for solving fuzzy LP-systems. The present system (1) 
is a relative simple model with one crisp objective function 
and soft constraints. Therefore we can use a special form of 
the algorithm FULPAL (FUzzy Linear Programming Based 
on Aspiration Levels) for a stepwise calculation of an effi-
cient compromise solution of the system (1).  

At first, we have to calculate the smallest and the highest to-
tal cost by solving the two crisp LP-systems: 

)wTxC(Minz
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ki dp  the capacities kip  must be in-

creased up to the existence of an feasible solution of (2), 
starting with the plants that have the highest production 
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In accordance with FULPAL, the objective function and the 
soft constraints of the system (1) are transformed in utility 
functions, where ]r[d],r[p],r[z A

ki
A
ki

A  with 1r �  are the 
crisp aspiration levels that are specified by the management 
for the time being.  
In the course of the inter-active solution process the man-
agement can change the aspiration levels step by step. For 
getting an effective comparability of the utilities, the same 
utility (membership degree) A�  is assigned to all crisp aspi-
ration levels. The goal of the management is to get a solution 
that satisfies all aspiration levels. 
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we use the compromise objective function  
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Then, we get a pareto-optimal compromise solution of (7) by 
solving the crisp mathematical programming system (9). 
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As the management is only interested in a solution that satis-
fies all aspiration levels, it is sufficient to solve the follow-
ing crisp linear LP-system, where 1r � ; for details see [1; 
2].  
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Obviously, a solution of the system (10) with A���  is a 
pareto-optimal solution of the systems (7) and (1) and fulfils 
all aspiration levels ]1[d],1[p],1[z A

ki
A
ki

A .

Moreover, if � is greater than A� , the management can in-
crease some of the aspiration levels to ]2[d],2[p],2[z A

ki
A
ki

A

and can calculate a new pareto-optimal solution by means of 
the revised system (10), and so on. When the management is 
satisfied with the non-integer solution, it is time for looking 
for an integer solution. Due to the soft constraints several 
integer solution will exist in the neighborhood of the non-
integer solution.  

4 Numerical example 
The manufacturer HAM produces four products P1, P2, P3 
and P4 in three product plants in Essen, Krakow and Lyon.  
Table 1: Production costs in € per unit 

P1 P2 P3 P4
E 200 400 330 500 
K 180 300 280  
L 220  300 570 

Table 2: Transportation costs in € per truck 
E K L

E  1000 600 
K 1000  1200 
L 600 1200  

Table 3: Secure production capacities kip

i1p i2p i3p i4p
E 600 450 250 250 
K 350 200 250  
L 250  400 150 
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Table 4: Maximal production capacities kikip ��

i1i1p �� i2i2p �� i3i3p �� i4i4p ��
E 750 500 300 300 
K 500 300 300  
L 300  500 200 

Table 5: Minimal demands kikid ��

i1i1d �� i2i2d �� i3i3d �� i4i4d ��
E 650 300 300 150 
K 450 100 200 80 
L 150 150 250 100 

Table 6: Maximal demands kid

i1d i2d i3d i4d
E 750 400 350 200 
K 350 150 200 120 
L 200 200 400 130 

Using the LP-systems (2) and (3), we get the minimal total 
cost z = 864,100 € and the maximal cost �z 1,091,700 €. 
With all these information the management of HAM speci-
fies for the total cost the aspiration level z[1] = 950,000 € 
and for the outputs and the demands the following aspiration 
levels. 

Table 7: Aspiration levels kip [1]   

output i1p [1]  i2p [1] i3p [1] i4p [1] 
E 720 480 280 280 
K 450 270 280  
L 280  470 180 

Table 8: Aspiration levels kid [1]  

demand i1d [1]  i2d [1] i3d [1] i4d [1] 
E 670 350 330 180 
K 280 120 200 100 
L 180 170 300 110 

As 5.053.0 A ����� , the solution of the corresponding 
LP-system (10) fulfills all aspiration levels. E. g. the total 
cost of this plan is 945,082.50 €.  
Moreover this result indicates that it is possible to improve 
the aspiration levels. For simplification we assume that the 
management is only interested in lower cost and decides to 
reduce the total cost to z[2] = 940,000 €. 

Even the solution of the revised system (10) fulfils all aspi-
ration levels. We have 5077.0�� , z = 938,712.20 € and the 
following production and transportation plan. 

Table 9: Production and transportation plan 
x1e x1k x1l x2e x2k x3e

671,05 280,92 180,26 372,24 269,08 250,79 
x3k x3l x4e x4l wek wel

279,61 301,32 279,61 111,18 4,97 1,08 
wke wkl wle wlk y1ek y1el 
3,98 7,43 0,00 0,05 0,00 0,00 

y1ke y1kl y1le y1lk y2ek y2el 
0,00 0,00 0,00 0,00 0,00 21,58 
y2ke y2kl y3ek y3el y3ke y3kl 
0,00 148,68 0,00 0,00 79,61 0,00 
y3le y3lk y4ek y4el y4le y4lk 
0,00 0,00 99,34 0,00 0,00 0,92 

As we have soft constraints it is very simple to derive an in-
teger plan that fulfils all aspiration levels and actually leads 
to lower total cost z= 937,100 €.  

Table 10: Integer production and transportation plan  
x1e x1k x1l x2e x2k x3e
670 280 180 370 270 250 
x3k x3l x4e x4l wek wel
280 300 280 110 5 1 
wke wkl wle wlk y1ek y1el 

4 8 0 0 0 0 
y1ke y1kl y1le y1lk y2ek y2el 

0 0 0 0 0 20 
y2ke y2kl y3ek y3el y3ke y3kl 

0 150 0 0 80 0 
y3le y3lk y4ek y4el y4le y4lk 

0 0 100 0 0 0 

5 Conclusions 
Fuzzy mathematical programming systems offer the possi-
bility to model real problems as precisely as a decision 
maker is able to describe them. In doing so non-satisfying 
modeling can be avoided. Another advantage of fuzzy mod-
els is the fact that (mixed) integer programming problems 
can be solved very easily because the boundaries are not 
crisp but fuzzy and points with integer variables in the 
neighborhood of an optimal solution are feasible in general. 
In this paper we have assumed that only the right-hand sides 
of some constraints are not known exactly. The model can 
be extended to the case that additionally coefficients of the 
objective function or of the constraints are described in form 
of fuzzy intervals. Moreover, it is possible to allow several 
objective functions. All these systems can adequately be 
solved by means of the inter-active algorithm FULPAL, see 
[1; 2; 3]. 

References   
 [1] H. Rommelfanger. FULPAL 2.0 - An Interactive Algorithm for Solv-

ing Multicriteria Fuzzy Linear Programs Controlled by Aspiration 
Levels. In: Scheigert D. (Ed.) Methods of Multicriteria Decision The-
ory. Pfalzakademie Lamprecht, 21-34, 1995. 

[2] H. Rommelfanger and R. Slowinski. Fuzzy Linear Programming with 
single or multiple Objective Functions. In: Slowinski R. (Ed.): Fuzzy 
Sets in Decision Analysis, Operations Research and Statistics, Klu-
wer Academic Publishers Norwell, Massachusetts, USA,179-213, 
1998. 

[3] H. Rommelfanger. The Advantages of Fuzzy Optimization Models in 
Practical Use. Fuzzy Optimization and Decision Making 3, 295-309, 
2004. 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

320



The Use of Interval-Valued Probability Measures in Fuzzy Linear
Programming: A Constraint Set Approach

Phantipa Thipwiwatpotjana
Department of Mathematical sciences

University of Colorado at Denver
Phantipa.Thip@ucdenver.edu

Weldon A. Lodwick
Department of Mathematical sciences

University of Colorado at Denver
Weldon.Lodwick@ucdenver.edu

Abstract—This paper uses a constraint set approach
to linear programming problems with equality constraints
whose coefficients and/or right-hand side values could be
uncertain. We consider three types of uncertainty: proba-
bilistic, fuzzy/possibilistic, and interval. The constraint set
generated by the linear constraints under uncertainty is ill-
defined and difficult to generate. Our approach computes an
inner constraint set and an outer constraint set. Optimization
is then carried out using these two sets using interval-valued
probability approaches. We discuss the requisite associated
semantics.

Keywords—inverval-valued probability measure, random
sets, inner constraint set, outer constraint set.

I. INTRODUCTION

In order to solve linear programming problems under
uncertainty, many researchers convert the problem into a
sequence of deterministic problems. The approach in this
paper is to work with the constraint set of the problem.

It is difficult (exponentially hard) to find the exact shape
of the feasible set of uncertain constraints, as we shall see.
Therefore we create two sets (boxes); one represents the
set of solutions guaranteed to have a corresponding data to
satisfy the constraints while the other is the set that contains
all solutions. They are called the inner set and the outer
set, respectively. We use these two sets in our optimization
problem.

We present how to obtain these two sets in section III
after giving some useful definitions. In section IV, we create
an interval-valued probability measure (IVPM) by a pair of
possibility and necessity measures on the space between the
inner and outer sets.

In section V, we solve an uncertain optimization problem,
at each α-level of the uncertain data, on the inner box and
give a guaranteed bound on the objective value. We use an
IVPM to get the bound on the objective value with some
γ degree of occurrence. The final section articulates some
conclusions.

II. BACKGROUND AND DEFINITIONS

We consider linear programming (LP) problems with un-
certain parameters of the form

min
x

c̆Tx s.t. Ăx = b̆. (1)

Ă, b̆ and c̆ may be (or are) uncertain. Without knowing the
type of uncertainty, we use b̆j and c̆j as the jth component
of the uncertain vectors b̆ and c̆, respectively. Similarly, ăij

is the (i, j) component of the uncertain matrix Ă.
The main types of uncertainties are probabilistic,

fuzzy/possibilistic and interval. When we know the type of
uncertain component ăij , we can specify the uncertainty by
the following symbols. (The same symbols also apply for
components b̆j and c̆j .)

• ãij ≡ a fuzzy component aij ,
• âij ≡ a possibilistic component aij ,
• ǎij ≡ a probabilistic component aij ,
• [aij ] =

[
aij , aij

]
≡ an interval component aij .

Definition 2.1: Given an LP problem (1), the constraint
set Ω∃∃ :=

{
xAb | ∃A ∈ Ă,∃b ∈ b̆ : AxAb = b

}
is said to

be the set of all solution x’s for the constraints of (1).
The set Ω∃∃ may be (usually is) a non-convex set.

Definition 2.2: A finite random set on S is a pair (F ,m)
where F is a finite family of distinct non-empty subsets of
S and m is a mapping F → [0, 1] such that

∑
A∈F

m(A) = 1.

We can also define a random set on S when S is infinite by
using the measure space (S,S ,m), where S is a σ-algebra
of S. Therefore, a random set on an infinite set S is a pair
(F ,m) where F is a subset of S such that

∑
A∈F

m(A) = 1.

In real applications, we might not know (with certainty)
the probability measure for our problems. Lodwick and
Jamison [5] use an IVPM, im̆(A) =

[
i−m̆(A), i+m̆(A)

]
, to

measure a partial representation for an unknown probability
measure. The original paper for the idea of IVPM is Weich-
selberger [12]. We use the following notation and information
throughout the paper unless stated otherwise:

• The arithmetic operations applied to intervals are those
of interval arithmetic [7] and where tractable, constraint
interval arithmetic [3], [6].

• The set of all intervals contained in [0, 1] is denoted as

Int[0,1] ≡ {[a, b] | 0 ≤ a ≤ b ≤ 1} .

• S denotes the universal set and A is a σ-algebra of S.
Definition 2.3: (Weichselberger [12]) Given measurable

space (S,A), an interval valued function im̆ : A ⊆ A →
Int[0,1] is called an R-probability if:

• im̆ (A) =
[
i−m̆ (A) , i+m̆ (A)

]
⊆ [0, 1],
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• ∃ a probability measure, Pr, on A such that ∀A ∈ A,
Pr (A) ∈ im̆ (A) .

Definition 2.4: A function p : S → [0, 1] is called a
regular possibility distribution function if it is a possibility
such that

sup {p (x) | x ∈ S} = 1. (2)

Possibility distribution functions (see [11]) define a possibil-
ity measure, Pos : S → [0, 1] where

Pos (A) = sup {p (x) | x ∈ A} (3)

and its dual necessity measure is

Nec (A) = 1 − Pos (Ac) , (4)

where sup {p (x) | x ∈ ∅} = 0.
In [4], it is shown that possibility distributions can be con-
structed which satisfy the following consistency definition.

Definition 2.5: Let p : S → [0, 1] be a regular possibility
distribution function with associated possibility measure Pos
and necessity measure Nec. Then p is said to be consistent
with random variable X if for every measurable set A,
Nec (A) ≤ Pr (X ∈ A) ≤ Pos (A). Note that this necessity
measure Nec may not be the dual of Pos in this definition.

An R-probability from definition 2.3 is an interval-valued
probability measure (IVPM) where i−m̆ and i+m̆ are con-
structed from a possibility (fuzzy) distribution function. To
see this is an IVPM see [4].

The R-probability function im̆ in definition 2.3 is used to
define IVPMs. A possibility and necessity pair, im̂(A) =
[Nec(A), Pos(A)], constructed by definition 2.5 is able to
bound an unknown probability of interest. Therefore it can
be used to define an IVPM.

Definition 2.6: The Interval-Valued Probability Measure
(IVPM) defined from possibility and necessity measures is
im̂(A) = [Nec(A), Pos(A)].
The reader could find more explanations, examples and a
construction of an IVPM in [5] .

III. GENERATING TWO SETS FROM EQUALITY
CONSTRAINT SET

In this section, we consider only constraints of (1),

Ăx = b̆. (5)

Although the set of all solution x’s, Ω∃∃, for (5) is difficult
to construct, it is relatively easy to generate two random sets
for each α-level called inner set, BI

α, and outer set, BO
α ,

such that BI
α ⊆ BO

α . Each x in BI
α has a particular matrix

Ax ∈ Aα and vector bx ∈ bα, such that Axx = bx. An outer
set, BO

α , represents a space where x should be. This implies
that Ω∃∃ ⊆ BO.

A. Interval case
We drop the α subscript when we work with interval

version of equation (5).
A system

[A]x = [b] (6)

is called solvable if Ax = b has a solution for each A ∈ [A]
and for each b ∈ [b], where [A] =

[
A,A

]
and [b] =

[
b, b

]
.

Gay [2] gives a method for solving interval linear equa-
tions when [A] is a regular square interval uncertain matrix,
i.e., A is invertible, ∀A ∈ [A]. Rohn [8] provides a powerful
theorem for any m × n interval matrix [A] that guarantees
solvability by testing nonnegative solutions of a finite number
of linear systems.

The following notations are useful for theorem 3.1 below.

• Ac =
(A+A)

2 , the center matrix.

• ∆ =
(A−A)

2 , the radius matrix.

• bc =
(b+b)

2 and δ =
(b−b)

2 .
• Ym = {y ∈ Rm | yj ∈ {−1, 1} ,∀j = 1, 2, . . . m}.
• Ty = diag(y1, y2, . . . , ym), for each y ∈ Ym.
• Conv(X) = {γp1 + (1 − γ)p2 | p1, p2 ∈ X, γ ≥ 0}.
Theorem 3.1 (see Rohn [8]): A system of linear equa-

tions [A]x = [b] is solvable if and only if for each y ∈ Ym

the system

(Ac − Ty∆) x1 − (Ac + Ty∆) x2 = bc + Tyδ,
x1 ≥ 0, x2 ≥ 0

}
(7)

has a solution x1
y, x2

y. Moreover, if this is the case, then for
each A ∈ [A], b ∈ [b] the system Ax = b has a solution in
the set C := Conv

{
x1

y − x2
y | y ∈ Ym

}
.

Theorem 3.1 tells us that there is a solution for the system
Ax = b in the set C. However, it does not mean that all the
solutions of the system Ax = b are in C, especially when A
is not a square matrix.

Corollary 3.1 (see [1]): A system of linear equations
[A]x = [b], x ≥ 0 is solvable if and only if for each y ∈ Ym

the system

(Ac − Ty∆) x = bc + Tyδ, (8)

has a nonnegative solution xy. Moreover, if this is the case,
then for each A ∈ [A], b ∈ [b] the system Ax = b, x ≥ 0
has a solution in the set Conv {xy | y ∈ Ym}.

Now we are going to generate outer and inner sets given
the assumption that our constraint set is solvable.

1) An outer set, BO: We will consider two cases when
m = n and when m < n.

• When m = n. Suppose that a system of linear equation
(6) is solvable by theorem 3.1 and [A] is a regular
matrix, we can create a rectangular box that contains
all the solution points x1

y − x2
y of the system (7). To

see this simply take max /min of components. We
prefer to use the rectangular box as an outer set over
the set Conv

{
x1

y − x2
y; y ∈ Ym

}
because it is easier

to construct. We can use 2m2

2m endpoint equations to
generate C, hence creating a rectangular box, BO.
We will not consider the case when [A] is not a regular
matrix. If there exists a singular matrix A ∈ [A], then
BO is an unbounded set.

• When m < n. Each system Ax = b in the con-
straint set (6) provides infinitely many solutions in the
form of n − r parameters where rank(A) = r. For
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example, 2x1 + x2 = 3 has solutions as set S =
{(t, 3 − 2t) | t ∈ R}. This leads unbounded objective
value for the linear programming (1). However, if the
constraint set is in the form

[A]x = [b]; x ≥ 0, (9)

the LP might be bounded (even if it has unbounded
feasible set).
Suppose that a system of linear equation (9) is
solvable by corollary 3.1. Each system (8) has in-
finitely many solutions of dimension n − r which
are bounded below by x = 0. For each y ∈ Ym,
let Sy = {xy | (Ac − Ty∆) xy = bc + Tyδ, xy ≥ 0}.
Then an outer set BO = Conv {Sy | y ∈ Ym}.

2) An inner set, BI : To build an inner set, BI , we also
consider two cases when m = n and when m < n.

• When m = n, we work through the following steps.
Step 1 : Choose x∗ as one of the point x1

y − x2
y in

theorem 3.1 that creates BO.
Step 2 : Find A∗ and b∗ such that A∗x∗ = b∗ The

matrix A∗ and vector b∗ is one of the endpoint
matrices and vectors created by endpoints of
[A]m×n and [b]n×1, respectively.

Step 3 : An inner set, BI , is the set

Conv {x∗ | A∗x
∗ = b∗}. There are

(
m
0

)
+(

m
1

)
+

(
m
2

)
+ . . . +

(
m
m

)
different

b∗’s created by changing any component(s) of
b∗ to the other endpoint(s). For example, if

[b] =

[
[1, 3]
[0, 2]

]
and b∗ =

[
1
2

]
, then the 4

choices of b∗ are b∗,
[

1
0

]
,
[

3
0

]
and

[
3
2

]
.

• When m < n, we work through the following steps.
Step 1 : Choose two elements y1 and y2 in Ym.
Step 2 : BI = Conv

{
Sy1 , Sy2

}
.

To see that these BO and BI are random sets, we define
m(BI) = 1 and m(K) = 0 for other σ-algebra K’s of BO.

B. General case
When we have mixed uncertain information for (5); for

instance, when Ă is an uncertain matrix of 1× 2 dimension
such that ă11 := â11 with some possibility distribution and
ă12 := [a12, a12], we need to consider each component
separately by using α-levels. The semantics for each α-level
of different types of uncertainty is as follow. (Similar idea
applies for b̆i).

1) Fuzzy uncertainty: An α-level set,
[
aijα

, aijα

]
, of a

fuzzy number ãij represents an interval that every element
in it has degree of satisfaction equal to or greater than α.

2) Possibilistic uncertainty: An α-level set,
[
aijα

, aijα

]
,

of a possibility distribution âij expresses that every element
in the set has degree of occurrence equal to or greater than
α.

3) Probabilistic uncertainty: A probabilistic component
ǎij with the corresponding density function f . Define h :=

max {f(a) | a ∈ ǎij}, an interval
[
aijαh

, aijαh

]
coincides

with the α-level set of two previous cases and it means that
∀a ∈

[
aijαh

, aijαh

]
, f(a) ≥ αh.

At each α-level, the uncertainty acts as an interval. How-
ever, each interval has a history of the original type of
uncertainty, (III-B.1, III-B.2 or III-B.3). So the semantics
must be different from the interval case.

We present BI
α and BO

α when α = 0,
1

k
,
2

k
, . . . , 1, k ∈

N. We define [A]α as a matrix uncertainty whose each
component is restricted to that particual α-level. (Similar
definition applies to [b]α). Moreover, if system [A]αx = [b]α
is solvable, we write C in the result of the theorem 3.1 as
Cα.

To generate BO
α , we start with α = 0. That means we

consider a system [A]0x = [b]0. Suppose that this system is
solvable, we can create BO

0 as shown in the interval case
III-A.1. Therefore it is not hard to see that BO

i
k

⊇ BO
j
k

,∀ i ≤

j ≤ k, i, j, k ∈ N.

In the case of BI
α, we adopt the construction in III-A.2 as

follows.
• When m = n:

Step 1 : When α = 0, (i = 0), we deal with [A]0x =
[b]0. We use the method in III-A.2 for finding
BI

0 . We also get x∗, A∗ and b∗ s.t. A∗x∗ = b∗.
Step 2 : Set c := x∗ as a reference point.
Step 3 : Set i := i + 1. Now we deal with [A] i

k
x =

[b] i
k

. Choose the point x∗ that creates BO
i
k

so
that ‖x∗ − c‖ = min

x
{‖x − c‖}, where x is the

other point x1
y − x2

y of BO
i
k

. Follow Step 2 in
III-A.2.

Step 4 : An inner set BI
i
k

= BI
i−1

k

∩

Conv {x∗ | A∗x
∗ = b∗} where b∗’s are

the different endpoints of [b] i
k

.
Step 5 : Go back to Step 2 , or quit when i = k.

• When m < n: At each ith iteration, we need to choose
y1, y2 ∈ Ym so that BI

i−1

k

∩Conv
{
Sy1 , Sy2

}
= ∅. Then

BI
i
k

= BI
i−1

k

∩ Conv
{
Sy1 , Sy2

}
.

Using this construction, we have BI
i
k

⊇ BI
j
k

; ∀i ≤ j ≤

k, i, j, k ∈ N.
Therefore the outer and inner sets maintain the following

properties.
Theorem 3.2: For all i ≤ j ≤ k and i, j, k ∈ N,

BO
j
k

⊆ BO
i
k

and BI
j
k

⊆ BI
i
k

.

Proof: Follow directly from the construction of the sets. �
Using m(BI

i
k

) = 1
k ,∀ i = 1, 2, . . . , k and m(K) =

0 for other σ-algebra K’s of BO
0 , we create the

random set
{

B0
i
k

, i = 0, 1, . . . , k
}

and the random set{
BI

i
k

, i = 0, 1, . . . , k
}

.
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IV. INTERVAL-VALUED PROBABILITY MEASURE ON THE
SET BO

α \BI
α

In this section we consider each α-level separately. For
convenience, we drop the subscript α of BO

α and BI
α.

After we have an inner set BI and an outer set BO, we
consider the space between these two sets, BO \BI , as our
universal space of consideration. Let X be a random variable
with an unknown distribution. For any space B ⊆ BO \BI ,
there is a probability that X = x ∈ Ω∃∃ is in B. We write
this probability as Pr(x ∈ B). However, we lack information
to justify for sure what the value is.

Each of the figures 1(a) and 1(b) illustrates a geometric
interpretation of BI and BO in R2 of a system [A]x = [b]
where [A] is regular with m = n = 2. Inner sets are the black
areas while outer sets are the areas of rectangular boxes (that
look like squares in the figures below). It can be difficult to
give a geometric interpretation of BI and BO, especially in
higher dimension.

The points p, q, r and s that create BO in each figure are
x1

y − x2
y where (x1

y, x2
y) is a solution of each system (7) in

theorem 3.1. As we said in the construction of an outer set
that it is easier to get a rectangular box in practice. Therefore,
we use the rectangular box in 1(b) to represent BO instead
of Conv {p, q, r, s}.

When we choose x∗ = p in the construction of an inner
set, we obtain an inner set as the parallelogram black set in
both 1(a) and 1(b) as can be seen.

A point z is more likely to be in the set Ω∃∃ than a point
y that is further away from BI . We can create an possibility
distribution of a particular nested sets by using this fact.

y

z

d

D λD

p

q

r

s
(a)

d

D

λD

y
z

p

q
r

s
(b)

Fig. 1. Inner and outer boxes: inner boxes are the black areas and outer
boxes are the rectangular sets.

We choose two corresponding corner points of BI and
BO that make the longest distance, i.e., the length of one of
dashed lines in figure 1(a) (or (b)). We use D to represent
this longest distance. Let 0 ≤ λ ≤ 1 be a scalar. An easy
possibility distribution of the nested sets V (λD) could be a
function in the term of λ, for instance,

Poss (V (λD)) = λ, when 0 ≤ λ ≤ 1. (10)

V (λD) in the domain of the function (10) represents the
yellow areas (volume for higher dimensions) in the Figure
1. For λ1 ≤ λ2, we have V (λ1D) ⊆ V (λ2D). When λ
is increasing, the possibility that V (λD) contains solutions
x ∈ Ω∃∃ is also increasing.

By restricting to the nested domain, we would be able to
work in the white space between BI and BO. The white
space has the width from the edge of the black and yellow
areas to be d, as shown in figure 1. The distance d is less
than or equal to (1 − λ)D. We also can use an appropriate
necessity distribution, Nec (V (λD)).

However, in order to satisfy the definition of an IVPM,
we need to make sure that the unknown probability measure
is in the bound of our necessity and possibility measures.
Therefore, the equation (10) may not be appropriate for
most of the systems. We leave this part to the decision
maker to come up with a reasonable nestedness necessity and
possibility distributions that (s)he thinks they are an lower
and upper bounds on the unknown probability.

Thus an IVPM with the restricted nested domain V (λD)
is

im(V (λD)) = [Nec (V (λD)), Poss (V (λD))] (11)

where Poss (V (λD)) and Nec (V (λD)) are defined to cover
the unknown probability by the expert’s opinion. In the next
section, we show the use this IVPM in LP problems.

V. OPTIMIZATION ON BOXES USING IVPMS

To deal with an optimization problem (1), it would make
sense to consider on each α-level of each uncertainty.

As we know for sure that the solutions in BI
α have their

correspondent matrix A and vector b, one approach for this
problem (1), restricted on the constraint set BI

α, can be

min
x∈BI

α

c̆αx, (12)

where c̆α = [cα, cα]. By solving min cαx and min cαx on
the convex polyhedral BI

α, we obtain the guaranteed bound
on the objective value.

Moreover, since Ω∃∃α
⊇ BI

α, we use the idea in IV to
deal with the solution between inner and outer sets. We use
a nestedness possibility distribution in a restricted IVPM
obtained form IV to determine the space of consideration.
We illustrate through the following examples.

Example 5.1:

min [2, 4]x1 + [1, 3]x2

s.t. 3̂x1 + [−2, 1]x2 = [−2, 2]

0̃.5x1 + 3̌x2 = 0̂,


 (13)

where the uncertain data are presented in the figure 2 above.
For this example, we work at the α-level when α = 0.5.
Therefore, the problem (13) with α = 0.5 becomes

min [2, 4]x1 + [1, 3]x2

s.t. [2, 4]x1 + [−2, 1]x2 = [−2, 2]
[−1, 2]x1 + [2, 4]x2 = [−2, 2].


 (14)

Figure 3 shows the inner box and outer box for (14). So the
guaranteed bound on the objective value of

min
x∈BI

0.5

[2, 4]x1 + [1, 3]x2,

is [−25, 25]. From figure 3, we get D = 5 units. By using
possibility distribution as in (10) for simplicity, if we want
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degree of possibility of an IVPM (as constructed in IV) to
be 0.6, then

min
x∈(BO

0.5\BI
0.5)0.6

[2, 4]x1 + [1, 3]x2

would have the guaranteed bound, [−28, 28], on the

0 1 2 3 4 5

0

1

(a) 3̂

−2 −1 0 1 2 3

0

1

(b) 0̃.5

0 1 2 3 4 5

0

1

(c) 3̌

−4 −3 −2 −1 0 1 2 3 4

0

1

(d) 0̂

Fig. 2. Uncertain data for example 5.1.

(−4,−3)

(−3, 4)

(4, 3)

(3,−4)

dD

Fig. 3. Inner and outer boxes for the problem (14). Inner box is the black
area. Outer box is the square generated by points (-3,4), (4,3), (3,-4) and
(-4,-3).

objective value with 0.6 degree of occurrence. Similarly, we
can have the guaranteed bound with a certain degree of belief
by using an appropriate necessity measure of the IVPM.

Example 5.2: A drug company wants to create two sup-
plement products X and Y that extract mainly from a super
food F. This super food F has a fuzzy color ‘orange-red-
pink’. Some of fully grown F may have the color red to
pink or could be more in the orange shade. The company
will be totally satisfied if each of the plant F has red color.
So the fuzzy color (from the company’s point of view) has
the membership function as in figure 4(a). There is only one
place P that grows F. So P can charge the price that he wants.
Although P can not predict his harvest’s color, he also prefers
F to be red to please his customer. P sets the price of each
F relating to its fuzzy color as in figure 4(b).

The company found out that each 1g of F (depend on
the color) contains an amount of Omega III and Zinc (in
mg) with possibility distribution in figure 4(c) and 4(d),
respectively. The company has a secret formula for X and Y.
To produce X, the company need to make sure that the basic
ingredient has Omega III in the range of [1280,1300]mg. The
product Y need to have 5̂86mg of Zinc, (Fig. 5(a)).

Therefore the company needs to add pure Omega III and
Zinc from a substance T if F does not provide enough as

required. One gram of T obtains 5mg of Omega III and
1̌.8mg of Zinc , (Fig. 5(b)), which means Zinc in T is not
certain. The price of T depends on the market which is given
by $3̌ per 1g of T, (Fig. 5(c)). We can formulate a

orange red pink

1

(a) Fuzzy red color.

orange red pink
$3 $5 $10

1

(b) Fuzzy price of plant F.

orange red pink
8 8.2 8.5

1

mg

(c) Possibility distribution of
Omega III in F.

orange red pink
4 5 6

mg

1

(d) Possibility distribution of
Zinc in F.

Fig. 4. Membership functions and possibility distributions.

mg580 586 590

1

(a) Possibilistic amount of
Zinc in Y.

mg1.5 1.8 2

4

(b) Probability density of
Zinc in T.

$2 3 4

1

(c) Probability desity of
T’s price.

Fig. 5. Possibility distribution and probability density functions.

linear program to minimize the cost to produce these two
supplements.

min 5̃f + 3̌t
s.t. 8̂.2f + 5t = [1280, 1300]

5̂f + 1̌.8t = 5̂86

f, t ≥ 0,

where f is the amount of grams of plant F and t is the
amount of grams of substance T. When α = 0.5, the problem
becomes

(102.26, 92.06)

(97.47, 94.93) (200.47, 94.93)

(200.47, 36.75)(97.47, 36.75)

(112.58, 88.28)

(107.79, 91.14)

Fig. 6. Inner and outer boxes for the problem (15). Each point represents
(t,f).

min [4, 7.5]f + [2.5, 3.5]t
s.t. [8.1, 8.35]f + 5t = [1280, 1300]

[4.5, 5.5]f + [1.65, 1.9]t = [583, 588].


 (15)

The inner and outer sets of the system (15) is shown
in figure 6. The inner set is the black space generated
by points (97.47,94.93), (102.26,92.06), (112.58,88.28) and
(107.79,91.14). The outer set is the rectangular box. How-
ever, points (200.47,94.93) and (97.47,36.75) are not feasible
for any A ∈ [A] and b ∈ [B].
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The semantics explanation for this example is as follows.
The company sets the degree of satisfaction of F’s price
to be at least 0.5 together with 75% confidence interval of
probabilistic price of T. It also wants 0.5 or more degree of
occurrences of Omega III and Zinc in the food F and 93.75%
confidence interval of probabilistic amount of Zinc in T. By
its secret formula, the company sets at least 0.5 degree of
occurrence of Zinc in product Y. Then the guaranteed bound
on the objective value with α = 0.5 is $[623.40, 1060.82]
by using the corner point (97.47,94.93) and (107.79,91.14)
of the black space. We also can find the guaranteed bound
for some curtain degree of occurrence in the similar way as
presented in the example 5.1.

VI. CONCLUSION AND FURTHER RESEARCH

From the construction of BI
α and BO

α , we can use BI
α to

find a guaranteed set of solutions and bound on an objective
value of an optimization problem. We use the set BO

α \BI
α to

create an IVPM, then use a possibility to get a set of solutions
with some level γ of occurrence. This paper considered
merely equality constraints. The next step is to consider the
inequality case.
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Abstract— The development of a computational system based on
the Computational Theory of Perceptions is a challenging task that
requires taking into account knowledge extended to several scientific
disciplines such as Fuzzy Logic, Linguistics and Software Engineer-
ing among others. In this paper we contribute to the Computational
Theory of Perceptions by providing a set of ideas and definitions
which could be useful as components of a future methodology for
the development of practical applications of this theory.
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1 Introduction
The Computational Theory of Perceptions (CTP), outlined in
the Zadeh’s seminal paper [1] and further developed in sub-
sequent papers [2], deals with the automated processing of
human knowledge expressed in Natural Language (NL). This
theory is inspired in the way human beings use NL to make
rational decisions and communicate their experience in an en-
vironment of imprecision, uncertainty and partial truth.
The general goal of CTP is to develop computational systems
with the capacity of computing with the meaning of NL propo-
sitions, i.e. with the capacity of computing with imprecise de-
scriptions of the world in the same way that humans do.
When we face the project of design and development of a com-
putational system we must deal with knowledge extended to
several disciplines. Typically the designer must solve prob-
lems in the fields of Mechanics, Electricity, Electronics and
Software Engineering but in this type of project the multi-
disciplinary scope extends in different degrees to the disci-
plines grouped around Cognitive Science, namely, Philoso-
phy, Psychology, Artificial Intelligence, Linguistics, Anthro-
pology, Neurophysiology and Education [3].
Unfortunately it is not easy to obtain a practical perspective
of CTP in such a wide context. However ignoring this global
perspective could lead to misunderstandings and delays in un-
dertaking the development of this new theory.
This paper tries to contribute with a brief analysis of several
concepts of CTP from the point of view of its practical ap-
plication. We present an ordered set of concepts where the
description of the essence of CTP is complemented with ideas
taken from Systemic Functional Linguistics and Software En-
gineering among other disciplines.
We analyze five concepts going from the most general to the
most practically applicable.
In section 2 we analyze briefly the computational use of NL

from both perspectives, namely, as a tool for describing hu-
man experience and as a tool for enacting social processes.
Usually, the implications of this analysis are not explicitly ac-
counted in the development of the current computational sys-
tems based on NL.
In section 3 we analyze the concept of computational percep-
tion versus human perception. We use this concept in our
search of the “basic unit of meaning” and the different ways
of representing it.
In section 4 we propose a practical hierarchy of levels of Pre-
cisiation. The concept of Precisiation by Zadeh is interpreted
as a process of aggregating constraints to go from the most
general meaning to the most specific.
In section 5 we introduce the practical concept of Linguistic
Fuzzy Transducer as a computational module with capacity of
translating between two different descriptions of the reality.
Section 6 provides our conclusions

2 Computational use of Natural Language
NL has evolved in parallel with the human brain as a product
of natural evolution. NL is not the result of the rational de-
sign of human beings as is the case of Mathematics or Music
Notation. NL is a dynamic system that can not be explained
simply as the sum of its parts [4]. Typically, we do not use
a set of formal rules to produce our NL utterances. We could
say that a human speaker produces his/her discourse following
a chaotic procedure similar to the one used by a tree to build
branches and leaves.
Taking the perspective of the developer of CTP applications
let us briefly analyze the two complementary functions of lan-
guage: construing experience and enacting social processes.

2.1 Experience

Regarding the first function, in agreement with Systemic
Functional Linguistics (SFL), NL is a resource with which
human beings construct the mental maps of their phenomenal
world, of their experience of process: what goes on out there
and what goes on in the realms of their own consciousness.
The experience is a resource of meaning, a potential of under-
standing, representing and acting on the world. The particu-
lars of our daily life make sense because they are instantiations
of this potential. The experience includes descriptions of two
layers of reality: First order phenomena related directly with
the environment and the second order phenomena formed of
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the meanings and wordings that perceptions of first order phe-
nomena bring into being [5].
During the last thousands of years, human evolution has been
supported not only by genetic transmission but essentially by
cultural learning [6]. It is well known that, in this process, the
invention of the printing press produced a revolutionary push.
During recent decades, computers have acquired an important
role as a medium of storing and processing information boost-
ing this process, i.e. computers and the Internet are used as
the new encyclopedia.
But we believe computers will have a more important role as
contributors to mankind evolution. The next challenge con-
sists of using computers as a tool where NL does not have
the general meaning provided in an encyclopedia but the par-
ticular meaning that a specific user, with a specific personal
experience, requires in a specific context of use.
The achievement of this goal will convert computers into per-
sonal assistants, into personalized tools to help us to go far in
the construction of our personal experience, i.e. in our per-
sonal understanding of the world.
From the perspective of computational systems developers,
we will use the term “World Model” for a computational rep-
resentation of reality, a representation of the context where the
computer must perform its function. We can see this World
Model as a projection of the programmer’s experience into the
computer memory.

2.2 Human Computer Interface

Regarding the second function of NL, enacting social pro-
cesses, the computer can be considered as a new type of part-
ner in the NL communication process typically performed be-
tween human beings.
When using a computer with this role, we must consider three
modes to communicate meaning with NL [5]:
1. The domain of language of the computational applica-
tion. We should use the concepts and associated words of the
culturally recognized repertory of social practices and con-
cerns. Moreover, we should take into account the personal
use of NL, i.e. the personal experience of the specific user at
whom the application is aimed.
2. The relationship established between user and com-
puter. When using NL we should use the culturally recog-
nized repertory of role relationships and interactive patterns
corresponding with a specific speaker - listener relationship.
We should choose and design the role the user expects to be
adopted by the computer. That is to say, we must assign the
computer the role of “secretary”, “weather broadcast speaker”,
or perhaps a new type of role that still should be carefully de-
signed and explained.
It is important to realize that, when humans communicate,
they establish a theory about the mind of the other, about the
other’s experience and intentions, which is absolutely relevant
to interpret of the meaning of the NL utterances [6].
3. The mode of expression. We must consider both, the
medium (written, spoken) and the rhetorical function (persua-
sive, didactical, informative, etc.) of the language used. Addi-
tionally, we should consider the possibility of complementing
the use of NL with graphics and sounds, and the possibility
of expressing emotions with the tone of voice and the face
expressions of an avatar.

Figure 1: The three worlds by Popper.

3 Computational Perceptions
In agreement with Popper, we can distinguish three worlds:
The first is the unknown world of what is going on out there,
i.e. the world of the objects in our environment; the second is
the world of the perceived objects, i.e. the world of informa-
tion that we acquire thanks to our senses; and the third is the
world of the mental objects that we create in the realm of our
consciousness, i.e. they are abstract objects built using NL
and that constitute an important part of our Experience (See
Fig. 1) [7].
In our approach we can say that we construe our experience
using perceptions. Moreover we can say that, remembering or
figuring out a mental object is a form of perception. This is
because NL is basically a system for describing perceptions
[8].
If we define to perceive as: “to attain awareness or understand-
ing of elements in the environment” [9] then we can say that
to perceive using a computational system is: the process per-
formed using a computer to obtain information and to produce
a representation useful to the system designer, and therefore
for the human operator, to attain awareness or understanding
of elements in the environment”.
Therefore the programmer and the final user of the computa-
tional system are the interpreters of the information provided
by the computer. The human uses the computer as a tool to
perceive the reality in a comparable way that he/she uses a
clock to know about the passage of time or a microscope to
detect the presence of bacteria in a drop of water.

Figure 2: CTP occupies a position between Linguistics and
Software Engineering

3.1 Granule

In CTP, granules are used to describe perceptions. The basic
unit of meaning is a granule. A granule is a clump of elements
which are drawn together by indistinguishability, similarity,
proximity or functionality [10].
The perception of an object can be described either only as a
granule, or composed by a collection of granules. A granule
is a node in a network of relations with other granules. The
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granularity of the description of objects allows us to deal with
real world problems considering different degrees of detail.
For example, we summarize the description of an object by
hiding the irrelevant granules and remarking on the relevant
ones. Indeed, in this sense, the description of an object, i.e. a
perception, is always a summary.
Fig. 2 shows three disciplines devoted to NL meaning rep-
resentation where CTP occupies a relevant position between
Linguistics and Software Engineering. Linguistics is needed
to face the complexity of a normal conversation, a tale, etc.
Unified Modelling Language (UML) is a language developed
in Software Engineering during the last decades to develop
computational models of reality and it is a type of tool needed
when we deal with the development of complex computational
applications.
In SFL the basic unit of meaning is a figure (figure with the
meaning of understanding of the verb figure out). A figure has
three types of elements: participants, processes and circum-
stances [5].
In UML the basic unit of meaning is a class. A class has asso-
ciated attributes and operations [11].
Figures and classes are types of granule and we can use them
to computationally describe perceptions.

3.2 Information as constraint

In CTP, granules have fuzzy attributes, i.e. the borders of a
granule are fuzzy. Fuzziness of granules, their attributes and
their values allow us to model the way in which human con-
cepts are formed, organized and manipulated.
Granules are defined using fuzzy constraints on the possible
values of their attributes. In this sense, in CTP information is
expressed as a set of constraints [12]. The elasticity of con-
straints is obtained by using Fuzzy Logic to define them. This
elasticity is intended to be a reflection of the same elasticity
found in the meaning of words in NL.

3.3 Computational Perception

As mentioned above, a computational perception (perception
for short) is a representation of the information obtained about
an object with a level of granularity useful for the program-
mer’s purposes.
In CTP there are two different ways of describing a percep-
tion: on the one hand using NL and on the other hand using a
formalized language which computers can process.
The first description is the natural way of describing the world.
NL has evolved with the human being acquiring capacity to
understand and communicate complex world descriptions [5],
i.e. NL contains all the required resources to describe the ob-
jects that we can perceive or imagine, their properties and be-
haviour.
The second description is a challenge that still lacks of a gen-
eral solution. It consists of a formalized computable repre-
sentation with equivalent meaning to the NL propositions. In
CTP this language is named Generalized Constraint Language
(GCL) [13].
A key element of GCL is the concept of linguistic variable
[14]. The values of a linguistic variable are granules. Assign-
ing value to a linguistic variable consists of defining a con-
straint on the set of its possible values.

In GCL the meaning of a proposition p is expressed as:

XisrR

where

• X is the constrained linguistic variable whose structure
of values ranges from the simple linguistic label required
to represent a perception associated with the value of a
sensor to a complex structure of information, namely, a
vector of propositions, a fuzzy graph, a function, etc.

• R is the constraining relation

• isr is a copula in which r is a variable indicating the type
of constraint. Primary constraints are formalizations of
three basic perceptions: perception of possibility; per-
ception of likelihood; and perception of truth.

4 Precisiation
Granularity allows us to order perceptions by their meaning.
At one extreme we have the set of all possible meanings and
at the other extreme a simple text with a the meaning of a spe-
cific perception, i.e. using constraints we construe a text as an
instance of the whole available potential of meaning.
Precisiation consists of aggregating constraints until a descrip-
tion is provided of a perception useful for a specific propose.
Precisiation is a form of modelling perceptions by aggregating
constraints .
As mentioned above we can see experience as a network of
interrelated granules. We describe a perception by defining
a sub-network of related granules. Precisiation requires de-
termining a level of granularity, i.e. the composition of this
sub-network.
From a practical point of view, one important relation, that
we could consider the first in the Precisiation process, is the
relation “a type of”. This relation organizes the potential of
meaning into the hierarchal order of Instantiation - General-
ization.
Once determined the position of the perception in this dimen-
sion we can continue introducing constraints in other dimen-
sions depending on every specific application such as: “is part
of”, “causality”, “dependency”, etc.
In SFL this network of interrelated granules is called a Sys-
tem Network. A System Network is an acyclic directed graph,
consisting of elements of meaning partially ordered in hierar-
chies using relations of meaning [5].

4.1 Levels of Precisiation

Precisiation is a multidimensional process and the ranking is
continuous rather than discrete, i.e. there are so many levels of
Precisiation as practical uses of NL. From the practical point
of view of organizing the design of a computational system
based on CTP we have defined the hierarchy of levels repre-
sented in Fig. 3.

Domain of Experience/Language
This first level of Precisiation consists of delimiting a Domain
of Experience. A Domain of Experience is a closed domain
where the process we like to describe takes place. A Domain
of Experience defines a specific context, a set of possible sit-
uations and corresponds with a Domain of Language. The
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Figure 3: A hierarchy of levels of precisiation

concept of Domain of Language is related with the concept of
language-games by Wittgenstein [15].
A Domain of Language contains a subset of possible mean-
ings, each domain has associated a corpus of NL expressions
and linguistic patterns. They are at intermediate level in the
ordered structure of granularity. For example, the “language
of cooking” is an instantiation of the “whole language”, the
“language of cooking deserts” is a finer level of instantiation,
and “the language of cooking apple cakes” is even a more de-
tailed instantiation.

Granular World
A Granular World (GW) contains a subset of meanings be-
longing to a Domain of Experience. See in [16] for interesting
research on the concept of GW.
In our approach this is a quite technical concept taken from
Control Theory. We can see GW as an n-dimensional State
Space where we must define the needed variables and proce-
dures to create a computational model of the system we want
to describe.
A basic element of a GW is the Vector of Linguistic State
Variables (SV). Every perception in a GW can be described
as a combination of constraints on the possible values of these
variables. The application of Fuzzy Logic in Systems Theory
was introduced by Zadeh several decades ago [17].
Complex perceptions in a GW are granules built with sets of
lower order granules. In a GW the explanation of a perception
is a set of more detailed perceptions that describes its meaning
with deeper degree of granularity.
The variables belonging to SV provide the most detailed pos-
sible explanation of a perception in a GW.

Perception of first order
Perception of first order (p1) in a computational system is a
perception directly associated with the value provided by a
sensor at an instant in time.
The basic form of a perception of first order is a proposition
that describes the subjective value of a measure, e.g. “The
temperature is High” is a subjective description, i. e. for a
specific user in a specific use, when the sensor measure reads
45oC.
There are two forms of representing p1:
The linguistic representation, e.g.:

p1: “The Temperature is High”

And the formal representation:

p1: X = µAi(x)

where:

• X is a linguistic variable (e.g. Temperature).

• Ai is a linguistic term belonging to the set of possible
linguistic values of X (e.g. {Low, Medium, High}).
• µAi(x) is the membership function associated with the

linguistic term Ai.

• x is a numerical value obtained from the sensor (e.g.
45oC).

We say that the meaning of a perception of first order p1 can be
explained using numerical values obtained from sensors and a
set of membership functions that covers the domain of these
possible values. Because perceptions of the first order work
directly upon sensor values, we say these perceptions consti-
tute the most detailed linguistic description of a signal, i.e. it
has the finest granularity. Obviously, the linguistic variables
associated with first order perceptions are good candidates to
belong to the SV of a GW.

Perception of order n
Granularity of perceptions allows us to create a hierarchy de-
scribing complex perceptions using sets of more detailed ones.
For example, two first order propositions
p1
1: “The Temperature is Warm”

and
p1
2: “The Humidity is Medium”

could be used to explain the meaning of
p2: “The Room is Comfortable”.
Typically this explanation has the form of a rule:
IF p1

1 AND p1
2 THEN p2.

We could extend easily this example by considering other per-
ceptions such as “Acoustic noise” or “Number of persons in
the room” to construe the explanation of a more complex n-
order perception of Comfort.

Figure 4: A chain of transducers (T) to translate between sev-
eral Domains of Language (D).

5 Linguistic Fuzzy Transducer
In our context a Linguistic Fuzzy Transducer is a computa-
tional system capable of translating between two different rep-
resentations of a perception.
Humans are good translators between perceptions described
in different domains of language, e.g. when a teacher explains
his matter he is translating his perceptions to the domain of
language that he expects the students have. A system with
the capacity of translating between two natural languages is a
transducer. A question answering system could be considered
as a transducer with the capacity of providing detailed expla-
nations of a given perception. A system with the capacity of
summarize information is a transducer.
Unfortunately to build a computational version of a Linguistic
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Transducer is still a challenge without a general solution.
Fig. 4 shows a sequence of transducers which convert a per-
ception of the physical environment into representations in
different domains of language with different levels of granu-
larity. Indeed, the figure represents a family of computational
systems with the capacity of generating a linguistic summary
of data provided by sensors. D1 is the domain of language
of Physics, D2 is the domain of numerical values provided by
sensors, D3 is essentially a domain of first order perceptions
obtained after a process of fuzzification and D4 is the domain
of language where the final user will use the information.
A Linguistic Fuzzy Transducer has the following basic ele-
ments:

• GW1: The Granular World of the input represented by
its associated SV1.

• GW2: The Granular World of the Output represented by
its SV2.

• Linguistic Fuzzy Model: A model is a simplification of
reality constructed using our perceptions. Usually we
need to analyze the system at different levels of granu-
larity to understand its functioning. In Fuzzy Logic this
type of model is called Linguistic Fuzzy Model that typ-
ically can be implemented as a set of fuzzy rules that
control the system evolution in time. [18].

The rest of this section describes a simple example of the type
of computational system represented in Fig. 4.

Figure 5: Transducer in the example of application

5.1 Example

This experiment has been performed in the setting of the daily
routine of a person dedicated to sedentary work: reading, writ-
ing and managing a computer in an office environment. A
typical situation that we would like to model is the following:

1. The subject starts his/her day relaxed at the desk.

2. The subject turns on the computer, reads and answers
emails, reads papers, writes notes and so on.

3. Initially the subject will remain seated and tension levels
rise slowly.

4. After time the tension starts to provoke difficulties in con-
centration. The subject starts to move in his/her chair and
shows behavior such as going to the toilet or moving pa-
perwork around the office.

5. Then the subject decides to take a small walk outside ’to
clear his/her mind’.

6. Finally the subject returns to his/her office desk and con-
tinues working, again in a less stressful state (similar to
the starting point).

Fig. 5 shows a diagram that represents the evolution of the ac-
tivity and state of the subject during the experiment. Note that
we consider the subject able to recover part of the initial ’re-
laxed state’ by doing some physical exercise.
The goal consists of monitoring the physical activity, the lev-
els of stress and mental tiredness of the subject and to create a
linguistic report summarizing the temporal evolution of these
parameters. This experiment provides the first steps into the
development of a computational system with the objective to
help the user to increase his/her effectiveness and satisfaction
[19].
Let us see briefly how to obtain, in this case, the main compo-
nents of the last transducer (T3) in Fig. 4:
GW1: The subject were wearing two sensors: A skin con-
ductivity meter fixed attached to the left wrist, with electrodes
attached to the index finger and the middle finger. The ac-
celerometer was kept in the chest pocket of the subject’s shirt.
The subject was instructed to follow the steps of the experi-
ment as described above.
After the fuzzification process we have two fuzzy linguistic
variables which constitute the vector: SV1=(Activity, Skin
Conductivity).
GW2: is represented by the vector SV2=(Idle, Working,
Walking, Relaxing).
LFM: We have built this LFM using a Fuzzy Finite Machine
(FFSM) (see [19] for more details) where the states were la-
beled as: q1: Idle, q2: Working, q3: Walking and q4: Relaxing.
The evolution of this FFSM is controlled by the following set
of fuzzy rules:
R11: IF (Q IS q1) AND (Activity IS Low) AND (Conductivity
IS Low) THEN Q IS q1

R12: IF (Q IS q1) AND (Activity IS Low) AND (Conductivity
IS Medium) THEN Q IS q2

R22: IF (Q IS q2) AND (Activity IS Medium) AND (Conduc-
tivity IS Medium) THEN Q IS q2

R23: IF (Q IS q2) AND (Activity IS Medium) AND (Conduc-
tivity IS high) THEN Q IS q3

R33: IF (Q IS q3) AND (Activity IS High) THEN Q IS q3

R34: IF (Q IS q3) AND (Activity IS Low) THEN Q IS q4

R44: IF (Q IS q4) AND (Activity IS Medium) AND (Conduc-
tivity IS High) THEN Q IS q4

R41: IF (Q IS q4) AND (Activity IS Low) AND (Conductivity
IS Medium) THEN Q IS q1

Where Rii are rules to remain in the state and Rij are rules to
change.
The output is the template of a simple report as in the follow-
ing example:
“The subject started RELAXED at the desk at 0 minutes.
Then the subject was working during 15 minutes without
signs of tiredness. Around 25 minutes the subject was mov-
ing and appears uncomfortable. At 60 minutes the subject
decided to take a walk outside and went back at 75 min-
utes. Around 80 minutes the subject was relaxing until to
be RELAXED. About 90 minutes the subject started to work
again.”
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6 Conclusions
The authors are involved in a long term project aimed to con-
tribute to Zadeh’s CTP.
The main contribution of this paper consist in providing an
ordered set of definitions obtained from different fields that
could help the software engineer to understand and organize
the project of a computational system based on CTP. These
definitions can be used as the base of a future methodology
for developing this type of projects.
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Abstract— In this paper, a set of axioms is given that character-
izes those functions I : [0, 1]2 → [0, 1] for which a left-continuous
uninorm U exists in such a way that I is the residual implication de-
rived from U . A characterization for the particular case when U is
representable is also given.
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1 Introduction
Implication functions are probably the most important opera-
tions in fuzzy logic, approximate reasoning and fuzzy control,
because they are used not only to model fuzzy conditionals,
but also to make inferences in any fuzzy rule based system
(see for instance [1] or [2]). Moreover, they are useful not only
in approximate reasoning and fuzzy control, but also in many
other fields like fuzzy relational equations and fuzzy mathe-
matical morphology ([3]), fuzzy DI-subsethood measures and
image processing ([4] and [5]), and data mining ([6]). An ex-
cellent and very recent book on fuzzy implications is [7].

Among other models (see [3]), residual implications and
strong implications are the most usual ones. They are usually
derived from t-norms and t-conorms respectively as follows:

• Given a t-norm T , the residual implication or R-
implication derived from T is given by

IT (x, y) = sup{z ∈ [0, 1] | T (x, z) ≤ y} (1)

for all x, y ∈ [0, 1].

R-implications come from residuated lattices based on
the so-called residuation property that can be written as

T (x, y) ≤ z ⇐⇒ IT (x, z) ≥ y.

Note that this property is satisfied if and only if T is left-
continuous and then the supremum in (1) can be substi-
tuted by maximum.

• Given a t-conorm S and a strong negation N , the strong
implication or (S, N)-implication derived from S, N is
given by

IS,N (x, y) = S(N(x), y) for all x, y ∈ [0, 1].

In this case, (S,N)-implications appear as a generaliza-
tion of the classical boolean implication p→ q ≡ ¬p∨q.

Axiomatic characterizations for R-implications derived from
left-continuous t-norms, as well as for (S, N)-implications

(even when N is only a continuous fuzzy negation, not neces-
sarily strong), have appeared along the time (see for instance
[8], [9], [10], [11], [12], [13], and the recent surveys [3] and
[14]).

On the other hand, conjunctive and disjunctive uninorms
(see [15]) are a class of associative binary aggregation func-
tions that generalize both t-norms and t-conorms, and that
has been successfully used in many application fields where
t-norms and t-conorms apply. In particular, R and (S, N)-
implications have also been derived from uninorms, obtaining
in this way new implication functions with nice and interesting
properties (see [16], [17] and [18]). However, an axiomatic
characterization for these new classes of implications has been
done for the case of (S, N)-implications derived from disjunc-
tive uninorms in [19] (again in the general case when N is not
necessarily strong), but not for R-implications.

In this paper, we deal with this problem and we give char-
acterizations for the class of R-implications derived from left-
continuous conjunctive uninorms in a similar way as it is done
for left-continuous t-norms. Moreover, a characterization for
the special case of left-continuous representable uninorms is
given. From this case we derive a characterization of a kind
of quasi-continuous implications (continuous except at two
points) that can be viewed as a generalization of the well
known Smets-Magrez Theorem (see the Preliminaries).

2 Preliminaries
We will suppose the reader to be familiar with the theory of
t-norms, t-conorms and fuzzy negations (all necessary results
and notations can be found in [20]). We recall here only some
facts on implications.

Definition 1 A binary operator I : [0, 1] × [0, 1] → [0, 1]
is said to be an implication function, or an implication, if it
satisfies:

(I1) I(x, z) ≥ I(y, z) when x ≤ y, for all z ∈ [0, 1].

(I2) I(x, y) ≤ I(x, z) when y ≤ z, for all x ∈ [0, 1].

(I3) I(0, 0) = I(1, 1) = 1 and I(1, 0) = 0.

Note that, from the definition, it follows that I(0, x) = 1 and
I(x, 1) = 1 for all x ∈ [0, 1] whereas the symmetrical values
I(x, 0) and I(1, x) are not derived from the definition.

Special interesting properties for implication functions are:

• The ordering property,

x ≤ y ⇐⇒ I(x, y) = 1, for all x, y ∈ [0, 1].
(OP)
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• The exchange principle,

I(x, I(y, z)) = I(y, I(x, z)), for all x, y, z ∈ [0, 1].
(EP)

With respect to R-implications derived from left-continuous
t-norms (see for instance [9] and the survey [14] with the ref-
erences therein), they satisfy both properties (OP) and (EP).
Moreover, we have the following characterization.

Theorem 1 Let I : [0, 1]2 → [0, 1] be a function. Then I is
an R-implication derived from a left-continuous t-norm, if and
only if, I satisfies (I2), (OP ), (EP ) and I is right-continuous
with respect to the second variable.

With the assumption of continuity we have a characteriza-
tion of the following subclass of R-implications, that are also
(S, N)-implications, known as the Smets-Magrez Theorem,
see [21] and see also [12] for the current version.

Theorem 2 Let I : [0, 1]2 → [0, 1] be a function. Then I is
a continuous function satisfying (OP ), (EP ), if and only if,
I is conjugate with the Łukasiewicz implication, that is, there
exists an increasing bijection ϕ : [0, 1]→ [0, 1] such that

I(x, y) = ϕ−1(min(1, 1− ϕ(x) + ϕ(y)))

for all x, y ∈ [0, 1].

We also suppose that some basic facts on uninorms are
known as well as the class of representable ones (see for in-
stance [15]). Let us only recall here the definition.

Definition 2 A uninorm is a two-place function U :
[0, 1]2 −→ [0, 1] which is associative, commutative, increas-
ing in each place and such that there exists some element
e ∈ [0, 1], called neutral element, such that U(e, x) = x for
all x ∈ [0, 1].

It is clear that uninorms generalize both t-norms and t-
conorms, since they are retrieved from uninorms just taking
e = 1 and e = 0, respectively. Moreover, for a uninorm U ,
it is always U(1, 0) ∈ {0, 1} and U is said to be conjunctive
when U(1, 0) = 0, and disjunctive when U(1, 0) = 1.

On the other hand, residual implications derived from uni-
norms have been also studied (see [16]).

Definition 3 Let U be a uninorm. The residual operation de-
rived from U is the binary operation given by

IU (x, y) = sup{z ∈ [0, 1] | U(x, z) ≤ y} (2)

for all x, y ∈ [0, 1].

Proposition 1 ([16]) Let U be a uninorm and IU its resid-
ual operation. Then IU is an R-implication if and only if the
following condition holds

U(x, 0) = 0 for all x < 1. (3)

This includes all conjunctive uninorms but also many dis-
junctive ones, for instance in the classes of representable and
idempotent uninorms (see [16] and [17]). However, when we
deal with left-continuous uninorms U we clearly have that U
satisfies condition (3) if and only if it is conjunctive.

3 R-implications derived from left-continuous
uninorms

There are some properties of R-implications derived from uni-
norms, that can be deduced directly from the definition, or can
be proved in the same way as for those derived from t-norms
(see [16]).

Proposition 2 Let U be a uninorm with neutral element e sat-
isfying condition(3) and IU its residual implication. Then

i) IU (e, y) = y for all y ∈ [0, 1] counterpart for uninorms of
the neutrality principle, that will be denoted by (NPU).

ii) IU (x, y) ≥ e for all x, y ∈ [0, 1] such that x ≤ y.

iii) y ≤ IU (x,U(x, y)) for all x, y ∈ [0, 1].

In this section we will deal specially with R-implications
derived from left-continuous uninorms. Recall that in this case
condition (3) is equivalent to the uninorm U be conjunctive
and so, we will refer only to left-continuous conjunctive uni-
norms. As for t-norms, this case of left-continuity is specially
important because then (and only then) IU satisfies the resid-
uation property. The proof of this fact is similar to the case of
t-norms (see [2]) and thus we do not include it.

Proposition 3 Let U be a conjunctive uninorm and IU its
residual implication. Then U is left-continuous if and only
if IU satisfies the residuation property:

U(x, y) ≤ z ⇐⇒ IU (x, z) ≥ y (RP)

for all x, y, z ∈ [0, 1].

Moreover, when U is left-continuous additional properties
are satisfied.

Proposition 4 Let U be a left-continuous conjunctive uni-
norm with neutral element e ∈ (0, 1]. Then IU satisfies

i) Counterpart for uninorms of the ordering property:

x ≤ y ⇐⇒ IU (x, y) ≥ e for all x, y ∈ [0, 1].
(OPU)

ii) Exchange principle,

IU (x, IU (y, z)) = IU (y, IU (x, z)) (EP)

for all x, y, z ∈ [0, 1].

iii) The modus ponens property:

U(x, IU (x, y)) ≤ y (MP)

for all x, y ∈ [0, 1].

iv) IU (x,−) is right-continuous for all x ∈ [0, 1].

Proof: Part i) is straightforward from the definition, part iv)
follows as for the case of t-norms and the other properties were
already proved in [16].

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

334



In order to characterize all functions I : [0, 1]2 → [0, 1] that
are R-implications derived from left-continuous uninorms, we
firstly study those functions with properties (OPU ) and (EP ).

Proposition 5 Let I : [0, 1]2 → [0, 1] be a function satisfying
properties (OPU ) and (EP ). Then

i) I(x, x) ≥ e for all x ∈ [0, 1].

ii) I satisfies property (I1): I(x, z) ≥ I(y, z) when x ≤ y,
for all z ∈ [0, 1].

iii) I satisfies (NPU ). In particular, I(e, e) = e.

iv) I(0, y) = 1 for all y ∈ [0, 1].

v) If I(1, e) = 0 then N(x) = I(x, e) is a fuzzy negation
with N(e) = e.

Proof:

i) It is obvious from condition (OPU ).

ii) Let us consider x, y, z ∈ [0, 1] with x ≤ y. Then we have

I(y, I(I(y, z), z)) = I(I(y, z), I(y, z)) ≥ e

=⇒ y ≤ I(I(y, z), z)

by i) and conditions (OPU ) and (EP ). Then,

x ≤ y ≤ I(I(y, z), z)

and this implies similarly that

e ≤ I(x, I(I(y, z), z) = I(I(y, z), I(x, z))

and thus I(y, z) ≤ I(x, z).

iii) First of all,

I(x, I(e, x)) = I(e, I(x, x)) ≥ e

where the last inequality holds because e ≤ I(x, x) by
i). But the equation above ensures that x ≤ I(e, x). To
prove the other inequality, it is sufficient to apply i) and
conditions (OPU ), (EP ) to obtain

I(e, I(I(e, x), x)) = I(I(e, x), I(e, x)) ≥ e

=⇒ I(I(e, x), x) ≥ e

and thus I(e, x) ≤ x.

iv) We have for all y ∈ [0, 1]

0 ≤ I(1, y) =⇒ I(0, I(1, y)) ≥ e
=⇒ I(1, I(0, y)) ≥ e
=⇒ 1 ≤ I(0, y)

and thus I(0, y) = 1 ∀y ∈ [0, 1].

v) From ii) we have that N is decreasing and iv) implies
that N(0) = I(0, e) = 1. Thus, since N(1) = I(1, e) =
0, N is a fuzzy negation. Finally, by iii) N(e) = e.

Now, we can already give the axiomatic characterization
of residual implications derived from left-continuous uni-
norms. Recall that in this case, since the uninorm must satisfy
U(x, 0) = 0 for all x < 1, it must be conjunctive.

Theorem 3 Let I : [0, 1]2 → [0, 1] be a function. The follow-
ing statements are equivalent:

i) I is an R-implication derived from a left-continuous uni-
norm U with neutral element e ∈ (0, 1].

ii) I satisfies I2), (OPU ), (EP ) and I(x,−) is right-
continuous for all x ∈ [0, 1].

Moreover, in this case the uninorm U must be conjunctive and
it is given by:

U(x, y) = inf{z ∈ [0, 1] | I(x, z) ≥ y}.

Proof: Suppose first that

I(x, y) = IU (x, y) = sup{z ∈ [0, 1] | U(x, z) ≤ y}

for all x, y ∈ [0, 1] where U is a left-continuous conjunctive
uninorm with neutral element e ∈ (0, 1]. Then we already
know that IU is an implication and consequently satisfies (I2).
The other properties follow from Proposition 4 and Proposi-
tion 2-iv).

Suppose now that I satisfies the required conditions. We
have to prove that the function U : [0, 1]2 → [0, 1] defined by

U(x, y) = inf{z ∈ [0, 1] | I(x, z) ≥ y}

for all x, y ∈ [0, 1], is a left-continuous conjunctive uninorm
U with neutral element e and also that I = IU .

• U(x, e) = x ∀x ∈ [0, 1]:

We have by condition (OPU ) that

U(x, e) = inf{z ∈ [0, 1] | I(x, z) ≥ e}
= inf{z ∈ [0, 1] | z ≥ x} = x.

• U(x, y) = U(y, x) ∀x, y ∈ [0, 1]:

Observe that

I(y, z) ≥ x ⇐⇒ I(x, I(y, z)) ≥ e
⇐⇒ I(y, I(x, z)) ≥ e
⇐⇒ I(x, z) ≥ y

by conditions (OPU ) and (EP ). Thus

U(y, x) = inf{z ∈ [0, 1] | I(y, z) ≥ x}
= inf{z ∈ [0, 1] | I(x, z) ≥ y}
= U(x, y)

• x1 ≤ x2 =⇒ U(x1, y) ≤ U(x2, y):

Let x1 ≤ x2. Now if I(x2, z) ≥ y, then I(x1, z) ≥
I(x2, z) ≥ y by property ii) of Proposition 5, and thus
U(x1, y) ≤ U(x2, y).

• y1 ≤ y2 =⇒ U(x, y1) ≤ U(x, y2):

It follows immediately by commutativity and the previ-
ous step.
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• U(U(x, y), z) = U(x,U(y, z)) ∀x, y, z ∈ [0, 1]:

We have that U(U(x, y), z) = U(z, U(x, y)) by commu-
tativity, and thus U(U(x, y), z) is given by

U(U(x, y), z) = inf{t ∈ [0, 1] | I(z, t) ≥ U(x, y)}.

On the other hand we have that

U(x,U(y, z)) = inf{t ∈ [0, 1] | I(x, t) ≥ U(y, z)},

and consequently it is sufficient to prove that for all t ∈
[0, 1],

I(z, t) ≥ U(x, y)⇐⇒ I(x, t) ≥ U(y, z).

Let us prove the left-to-right implication. Since I(x,−)
is right-continuous, we have from the expression of
U(x, y) that I(x,U(x, y)) ≥ y. Then

I(z, t) ≥ U(x, y) =⇒ I(x, I(z, t)) ≥ I(x,U(x, y)) ≥ y.

Now, the increasingness with respect to the second com-
ponent gives that:

U(y, z) = U(z, y) ≤ U(z, I(x, I(z, t)))
= U(z, I(z, I(x, t)))
≤ I(x, t)

where the last inequality follows from the definition of
U . The right-to-left implication follows similarly.

• U is conjunctive and left-continuous:

Obviously since

U(1, 0) = inf{z ∈ [0, 1] | I(1, z) ≥ 0} = 0,

and left-continuity also follows easily from the definition
of U .

• I(x, y) = IU (x, y) = sup{z ∈ [0, 1] | U(x, z) ≤ y}:
First of all, observe that the residuation property for IU

allows to write

IU (z, IU (x, y)) =

= sup{t ∈ [0, 1] | U(z, t) ≤ IU (x, y)}
= sup{t ∈ [0, 1] | U(x, U(z, t)) ≤ y}
= sup{t ∈ [0, 1] | U(U(x, z), t) ≤ y}
= IU (U(x, z), y)

Now, for all z ∈ [0, 1] we have

U(x, z) ≤ y ⇐⇒ IU (U(x, z), y) = IU (z, IU (x, y)) ≥ e

which implies IU (x, y) ≥ z. Thus, taking z = I(x, y)
we know, by definition of U , that U(x, I(x, y)) ≤ y and
consequently we will have IU (x, y) ≥ I(x, y).

On the other hand, right-continuity of I(x,−) implies
that I(x, U(x, z)) ≥ z. Now if we take z = IU (x, y),

IU (x, y) ≤ I(x,U(x, IU (x, y))) ≤ I(x, y)

again by the residuation property of IU and the increas-
ingness of I in the second variable.

Remark 1 Note that when e = 1, condition (OPU ) becomes
the ordering property (OP ) and so, the axiomatic characteri-
zation of R-implications derived from left-continuous t-norms
(Theorem 1) follows as a particular case.

The mutual-independence of the properties in the theorem
above is an open problem as it already is for the case of t-
norms in Theorem 1 (see for instance [7], Remark 2.5.18).
However, there are some of these properties that are indepen-
dent to each other. The same examples for the case of t-norms
work here as follows.

Example 1 i) The Rescher implication given by

I(x, y) =
{

1 if x ≤ y
0 if x > y

satisfies (I2), (OPU ) with respect to any e ∈ (0, 1], and
I(x,−) is right-continuous for all x ∈ [0, 1], but it does
not satisfy (EP).

ii) The Kleene-Dienes implication given by I(x, y) =
max(1 − x, y) satisfies (I2), (EP) and I(x,−) is right-
continuous for all x ∈ [0, 1], but there is no e ∈ (0, 1)
for which I satisfies (OPU ).

On the other hand, the previous theorem gives the ax-
iomatic characterization of R-implications derived from left-
continuous conjunctive uninorms in general. Some particular
characterizations can also be given for special classes of left-
continuous conjunctive uninorms. Let us study the case of
representable uninorms in the next section.

3.1 Residual implications derived from representable
uninorms

Recall that a uninorm U with neutral element e ∈ (0, 1) is said
to be representable (see [15]) if there exists a strictly increas-
ing and continuous function h : [0, 1] → [−∞, +∞] with
h(0) = −∞, h(e) = 0 and h(1) = +∞ such that U is given
by

U(x, y) =
{

h−1(h(x) + h(y)) if (x, y) �∈ {(0, 1), (1, 0)}
0 (or 1) otherwise.

Function h is called an additive generator of U . Thus it is
clear that there are two different representable uninorms with
the same generator h, a conjunctive one (which is then left-
continuous) and a disjunctive one (which is right-continuous).
Representable uninorms are clearly continuous in [0, 1]2 \
{(1, 0), (0, 1)} and this is in fact a characterization of such
class of uninorms.

Proposition 6 ([22]) A uninorm U with neutral element e ∈
(0, 1) is representable if and only if it is continuous in [0, 1]2 \
{(1, 0), (0, 1)}

Note that in both cases, conjunctive and disjunctive, it is
U(0, y) = 0 for all y < 1 and so the residual implication from
U can be derived. However, when we consider left-continuous
representable uninorms they will be necessarily conjunctive as
in the general case.
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Proposition 7 ([16]) Let U be a representable uninorm with
additive generator h. Then its residual implication IU is given
by

IU (x, y) =
{

h−1(h(y)− h(x)) if (x, y) �∈ {(0, 0), (1, 1)}
1 otherwise.

Let us now prove the characterization theorem for residual
implications derived from this kind of uninorms.

Theorem 4 Let I : [0, 1]2 → [0, 1] be a function. The follow-
ing statements are equivalent:

i) I is an R-implication derived from a left-continuous repre-
sentable uninorm with neutral element e ∈ (0, 1).

ii) I satisfies (OPU ), (EP ), I(1, e) = 0 and I is continuous
except at points (0, 0) and (1, 1).

Proof: Suppose first that I is an R-implication derived
from a left-continuous representable uninorm with neutral el-
ement e ∈ (0, 1). In this case U is conjunctive and by The-
orem 3, I satisfies (OPU ) and (EP ). Moreover, since U is
representable, I must be continuous except at points (0, 0) and
(1, 1) from Proposition 7.

Now suppose that the required conditions for I are satisfied.
First consider N(x) = I(x, e) and let us prove that N is a
strong negation with fixed point e. Since I(1, e) = 0, we
already know from Proposition 5 that N is a fuzzy negation
with N(e) = e. Moreover, since e �= 0, 1, N(x) = I(x, e) is
continuous.

On the other hand, again from Proposition 5 we have for all
x ∈ [0, 1]

I(x, I(I(x, e), e)) = I(I(x, e), I(x, e)) ≥ e

and consequently

x ≤ I(I(x, e), e) = N(N(x)) = N2(x) for all x ∈ [0, 1].

Thus, by decreasingness of N we have N(x) ≥
N(N(N(x))) = N3(x). On the other hand,

I(I(x, e), I(I(I(x, e), e), e)) =

= I(I(I(x, e), e), I(I(x, e), e)) ≥ e

and, thus N(x) = I(x, e) ≤ I(I(I(x, e), e), e) = N3(x).
From both inequalities we deduce N(x) = N3(x) for all x ∈
[0, 1]. Now, since N(x) = I(x, e) is continuous in [0,1] by
hypothesis, given x ∈ [0, 1], there exists y ∈ [0, 1] such that
N(y) = x. Then N(N(x)) = N(N(N(y))) = N(y) = x,
that is, N is involutive and so is a strong negation.

Now, define

U(x, y) = N(I(x,N(y))) for all x, y ∈ [0, 1]

and let us prove that U is a uninorm with neutral element e.

• Commutativity comes from condition (EP ),

U(y, x) = N(I(y, N(x)))
= I(I(y,N(x)), e)
= I(I(y, I(x, e)), e)
= I(I(x, I(y, e)), e)
= N(I(x,N(y)))
= U(x, y)

• From condition (EP ) we have

I(N(y), N(x)) = I(I(y, e), I(x, e))
= I(x, I(I(y, e), e)) = I(x, y)

since I(I(y, e), e) = N2(y) = y.

Now, associativity can be proved as folows

U(x,U(y, z)) = N(I(x,N(U(y, z))))
= N(I(x,N(N(I(y, N(z))))))
= N(I(x, I(y, N(z))))
= N(I(y, I(x,N(z))))
= N(I(y, I(z,N(x))))
= N(I(z, I(y,N(x))))
= N(I(N(I(y, N(x))), N(z)))
= N(I(N(I(x,N(y))), N(z)))
= N(I(U(x, y), N(z)))
= U(U(x, y), z)

• The increasingness of U comes from Proposition 5 and
the decreasingness of N . Given x1 ≤ x2 and y ∈ [0, 1],
we have

I(x1, N(y)) ≥ I(x2, N(y)).

Thus,

N(I(x1, N(y))) ≤ N(I(x2, N(y)))

=⇒ U(x1, y) ≤ U(x2, y)

• Finally,

U(x, e) = N(I(x,N(e)) = N(I(x, e))
= N2(x) = x.

Now, since I is continuous except at points (0, 0) and (1, 1),
U will be continuous except at points (0, 1) and (1, 0). More-
over, since I(1, 1) ≥ e we have

U(1, 0) = N(I(1, 1)) ≤ e

and consequently U(1, 0) = 0. This proves that U is a
conjunctive representable uninorm (in particular it is left-
continuous).

Finally, to see that I = IU , it is enough to prove the residu-
ation property:

U(x, y) ≤ z ⇐⇒ I(x, z) ≥ y

since then I(x, z) will be given by the supremum of y ∈ [0, 1]
such that U(x, y) ≤ z. We have

U(x, y) ≤ z ⇐⇒ N(I(x,N(y))) ≤ z
⇐⇒ I(x, N(y)) ≥ N(z)
⇐⇒ I(N(z), I(x,N(y))) ≥ e
⇐⇒ I(x, I(N(z), N(y))) ≥ e
⇐⇒ I(x, I(y, z)) ≥ e
⇐⇒ I(y, I(x, z)) ≥ e
⇐⇒ I(x, z) ≥ y
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With respect to the mutual independence of the properties
in the theorem above, we already know that (OPU ), and (EP )
can not be derived from the others (see the counterexamples
below). Now, we are currently working in the independence
of the other two conditions.

Example 2 Consider e ∈ (0, 1) and let h : [0, 1] →
[−∞, +∞] be a strictly increasing continuous function with
h(0) = −∞, h(e) = 0 and h(1) = +∞. Then

• The function

I(x, y) =
{

e if x ≤ y
h−1(h(y)− h(x)) if x > y

satisfies all conditions in Theorem 4 except (EP ).

• The function

I(x, y) =




0 if x = y = 0
or x = y = 1

h−1(h(y)− h(x)) otherwise

satisfies all conditions in Theorem 4 except (OPU ).

Corollary 1 Let I : [0, 1]2 → [0, 1] be a function and e ∈
(0, 1). Then there exists a strictly increasing continuous func-
tion h : [0, 1] → [−∞, +∞] with h(0) = −∞, h(e) = 0 and
h(1) = +∞ such that

I(x, y) =
{

h−1(h(y)− h(x)) if (x, y) �∈ {(0, 0), (1, 1)}
1 otherwise.

if and only if I satisfies (OPU ), (EP ), I(1, e) = 0 and it is
continuous except at points (0, 0) and (1, 1).

This corollary can be viewed as a generalization of the well
known Smets-Magrez Theorem (Theorem 2) since it charac-
terizes a kind of implications that are continuous except at two
points.

Finally, we want to claim that other characterization the-
orems can be given for residual implications derived from
other classes of left-continuous conjunctive uninorms, and we
are currently working in this direction. For instance, from
left-continuous conjunctive idempotent uninorms or from left-
continuous conjunctive uninorms continuous at the open unit
square.
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Abstract— We describe an automatic approach for evaluating in-
terpretability of fuzzy rule-based classifiers. The approach is based
on the logical view of fuzzy rules, which are interpreted as rows in
truth tables. These truth tables are subject of a minimization pro-
cedure based on a variant of the Quine-McCluskey algorithm. The
minimized truth tables are used to build new fuzzy rules, which are
compared with the original ones in terms of classification accuracy.
If the two sets of rules have similar performances, we deduce that
the logical view of rules is applicable to the fuzzy classifier, which
is hence considered interpretable. On the other hand, a significant
difference in classification ability shows that fuzzy rules cannot be
interpreted in logical terms, hence linguistic labelling may not be
significant. Two illustrative examples show both the cases.

Keywords— fuzzy rule-based classifiers, interpretability assess-
ment, logic minimization, Quine McCluskey algorithm

1 Introduction
Interpretability is one of the most important driving forces for
the adoption of fuzzy rule-based systems . The reason is clear:
several models exist that can perform intelligent tasks (such as
prediction, classification, etc.) but fuzzy systems allow for a
representation of knowledge that can be easily read and un-
derstood by their users. Interpretability, however, is not given
for granted when fuzzy models are used, especially when they
are acquired from data. The main problem is that data-driven
design has a great number of degrees of freedom (number of
fuzzy sets, their shape, position, etc.) and may end up with
fuzzy models that are very accurate but very hard to compre-
hend. For this reason, interpretability constraints have been
defined so as to bind data-driven design in order to derive in-
terpretable fuzzy models [1]. This usually comes to a price
that is a lower accuracy with respect to unconstrained design.
Furthermore, often interpretability is accounted without tak-
ing care of accuracy. This approach has been criticized, since
interpretable but inaccurate models are as useless as very ac-
curate but not interpretable ones [2].

Interpretability can be viewed at different levels of a fuzzy
model. Interpretability of fuzzy sets involves the possibility
of tagging them with linguistic labels. On a higher level, in-
terpretability of partitions concerns the possibility of linguis-
tically describe the domain of data. On the rule-level, which
is of our concern in this paper, interpretability is viewed as the
ability of explaining relationships between input and output
variables in a linguistic form.

An important issue concerns the evaluation of interpretabil-
ity. Interpretability assessment is important because several
fuzzy rule-based models can be derived from the same data.

Many of these models could provide for high accuracies but
can vary in their interpretability. As a consequence, a tool for
interpretability assessment could be helpful in the choice of
the final model or, to a greater extent, the design technique.
However, interpretability assessment is an ill-posed problem
because the definition of interpretability eludes any formal
characterization.

In [3], Michalski gives a referential definition of inter-
pretability, the so-called “comprehensibility postulate”, re-
ported in the following.

The results of computer induction should be sym-
bolic descriptions of given entities, semantically
and structurally similar to those a human expert
might produce observing the same entities. Compo-
nents of these descriptions should be comprehensi-
ble as single “chunks” of information, directly in-
terpretable in natural language, and should relate
quantitative and qualitative concepts in an integrated
fashion.

This postulate justifies the use of linguistic values in rule-
based fuzzy systems, but that is not enough to guarantee inter-
pretability (for a more extensive discussion of the postulate,
see [4]). In [5] Zadeh introduces the notion of co-intension,
a semantic relation between concepts. Roughly speaking, two
concepts are co-intensive if they refer to almost the same en-
tities. In fuzzy rule-based systems, rules are defined by com-
position of linguistic terms, which are related to two different
semantics. The first one is defined by the fuzzy model and
the second one is implicitly designated by the linguistic label.
By merging the notion of co-intension with the comprehen-
sibility postulate, we derive a formulation of interpretability
that can be more helpful for designing assessing techniques: a
rule base is interpretable if the two semantics related to each
linguistic term are co-intensive.

On the basis of this definition, we propose an automatic
technique for evaluating interpretability. Our approach eval-
uates interpretability by assessing the co-intension of the se-
mantics of the rule base of a fuzzy model with the intrinsic
semantics designated by linguistic labels. The core of the
evaluation technique relies on the propositional view of rules
and on logical operations. We expect that, for interpretable
knowledge bases, logical operations on rules do not change
their semantics and, hence, do not affect accuracy. If this is
assumption is violated, we deduce a lack of interpretability.

We focus our research on fuzzy rule-based classifiers, de-
scribed in Section 2. The proposed approach is then described,
by first focusing on its rationale and then on the methodology
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(Sections 3.1 and 3.2, respectively). Two illustrative examples
are reported in Section 4, to show how the proposed approach
can be useful in detecting lacks of interpretability for two sim-
ple knowledge bases. The paper is concluded with some final
remarks.

2 Fuzzy rule-based classifiers
We consider a classifier as a system computing a function of
type:

f : X −→ Λ, (1)

where X ⊆ Rn is an n-dimensional input space, and Λ =
{λ1, λ2, . . . , λc} is a set of class labels. If a dataset D of pre-
classified data is given, i.e.

D = {(xi, li)|xi ∈ X, li ∈ Λ, i = 1, 2, . . . , N}, (2)

then the classification error can be computed as:

E(f,D) =
1
N

N∑

i=1

(1 − χ(li, f(xi))), (3)

being χ(a, b) = 1 iff a = b and 0 otherwise.
A fuzzy rule-based classifier (FRBC) is a system that car-

ries out classification (1) through inference on a knowledge
base. The knowledge base includes the definition of a linguis-
tic variable for each input. Thus, for each j = 1, 2, . . . , n,
linguistic variables1 are defined as:

Vj = (vj ,Xj , Qj , Sj , Ij), (4)

being:

• vj the name of the variable;

• Xj the domain of the variable (it is assumed that X =
X1 × X2 × · · · × Xn);

• Qj = {qj1, qj2, . . . , qjmj
, ANY} is a set of labels de-

noting linguistic values for the variable (e.g. SMALL,
MEDIUM, LARGE);

• Sj = {sj1, sj2, . . . , sjmj+1} is a set of fuzzy sets on Xj ,
sjk : Xj → [0, 1];

• Ij associates each linguistic value qjk to a fuzzy set sjk.
We will assume that Ij(qjk) = sjk.

We assume that each linguistic variable contains the linguistic
value “ANY” associated to a special fuzzy set s ∈ Sj such that
s(x) = 1, ∀x ∈ Xj .

The knowledge base of a FRBC is defined by a set of R
rules. Each rule can be represented by the schema:

IF v1 IS [NOT] q
(r)
1 AND · · · AND vn IS [NOT] q(r)

n

THEN λ(r) (5)

being q
(r)
j ∈ Qj and λ(r) ∈ Λ. Symbol NOT is optional for

each linguistic value. If for some j, q
(r)
j = ANY, then the

1For the sake of clarity, in this paper we use a simplified definition
of linguistic variable.

corresponding atom “vj IS ANY” can be removed from the
representation of the rule.2

Inference is carried out as follows. When an input x =
(x1, x2, . . . , xn) is available, the strength of each rule is cal-
culated as:

µr(x) = s
(r)
1 (x1) ⊗ s

(r)
2 (x2) ⊗ · · · ⊗ s(r)

n (xn), (6)

being s
(r)
j = ν

(r)
j (Ij(q

(r)
j )), j = 1, 2, . . . , n, r = 1, 2, . . . , R.

Function ν
(r)
j (t) is 1 − t if NOT occurs before q

(r)
j , otherwise

it is defined as t. The operator ⊗ : [0, 1]2 → [0, 1] is usually a
t-norm, such as minimum or product.

The degree of membership of input x to class λi is com-
puted by considering all the rules of the FRBC as:

µλi
(x) =

∑R
r=1 µr(x)χ(λi, λ

(r))
∑R

r=1 µr(x)
. (7)

Finally, since just one class label has to be assigned for the
input x, the FRBC assigns the class label with highest mem-
bership (ties are solved randomly):

fFRBC(x) = λ ⇒ µλ(x) = max
i=1,2,...,c

µλi
(x). (8)

3 Interpretability assessment
We assume the availability of an interpretable FRBC, verify-
ing a number of interpretability constraints so that the rule
base is described in terms of linguistic values.

Interpretability of FRBC is usually achieved by imposing
a number of constraints on the knowledge base. For our pur-
poses, it is necessary that labels denoting linguistic values for
each variable can be interpreted as well-distinguished elemen-
tary concepts. To achieve this goal, normality, convexity and
distinguishability are the basic interpretability constraints to
be imposed on the FRBC. Normality is indeed required to rep-
resent consistent concepts (i.e. concepts that are fully applica-
ble to at least one object), convexity is necessary to represent
elementary concepts (i.e. concepts that cannot be split in two
or more sub-concepts) and distinguishability allows the use of
different labels to denote different fuzzy sets (for a detailed
explanation, the reader is referred to [1]).

3.1 Rationale

The proposed approach for interpretability assessment relies
on the formal structure of the FRBC. The rationale behind
this approach comes from the observation that the rule base
is the linguistic interface of the FRBC to the user. For an
interpretable knowledge base, the user should be able to un-
derstand the classification rules by simply observing their lin-
guistic representation. All the semantic information (fuzzy
sets attached to linguistic values, t-norm used for conjunction,
etc.) should be hidden to the user because – this is the key
point of interpretability – the semantics of FRBC knowledge
should be co-intensive with the user’s knowledge, recalled by
the linguistic terms.

The proposed approach tries to evaluate how much co-
intensive is the semantics of the FRBC knowledge w.r.t. user
knowledge. As a further requirement, we want the evaluation

2The sequence NOT ANY is not allowed.
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process to be carried out automatically. To clarify its ratio-
nale, we consider the example of two communicating actors,
A and B. When A communicates some piece of knowledge to
B, he/she uses a linguistic structure that (at least partially) rep-
resents his/her knowledge. To be comprehensible, A chooses
linguistic terms whose semantics is deemed as co-intensive as
possible with B’s knowledge. It is not necessary that the se-
mantics of linguistic terms in A’s mind perfectly match the
semantics in B’s mind: a high “overlapping” of semantics is
enough for knowledge communication. The actor A can be
almost sure of the co-intension with B if they share a similar
environment, language, culture, experiences, etc. Thus, co-
intension can be achieved if A and B share similar cognitive
structures.

To assess interpretability, we exploit the cognitive struc-
tures that are shared by users and FRBC. In particular, we
observe a strict affinity of a FRBC rule base to logical propo-
sitions. Actually, rules are formed so as to resemble propo-
sitions, so that they can be understood by users. In conse-
quence of this, FRBC and users share this propositional view
of rules. Being like propositions, rules could be transformed
by truth-preserving operators without any change of the se-
mantics. This is not completely true since the application
of such operators may distort the semantics of rule (which is
fuzzy); however, we should expect only small distortions.

The core of our approach is the following: given a rule base
of a FRBC, we represent it as a collection of propositions, and
then we transform it through a truth-preserving operator, thus
obtaining a new set of propositions, that represents a new rule
base. We then compare the two rule bases on the basis of their
classification ability: if they differ too much, then we con-
clude that the logical view of rules is wrong. Also, since rules
are defined so as to resemble logical propositions, we derive
that the semantics of rules (which is responsible of classifi-
cation) is such that logical view is not possible. This means
that the semantics of rules is not co-intensive with user knowl-
edge, since users expect that truth-preserving transformations
of propositions do not change (too much) their semantics.

A simple example may further clarify the rationale of our
approach. Suppose to have a trivial FRBC with the following
two rules:

IF cell_size is Large AND
cell_shape is Irregular THEN malign

IF cell_size is Small THEN benign

Any user reading this rule base understands that the size of
a cell is enough to discriminate between malign and benign
classes. As a consequence, a truth-preserving transformation
of the rule base could lead to the following set of rules:

IF cell_size is Large THEN malign
IF cell_size is Not Large THEN benign

This understanding is legitimate under the Closed World
Assumption (CWA), according to which any input satisfies the
condition of at least one rule. CWA is generally valid in most
fuzzy systems and FRBC in particular, hence it is taken for
grant in this work. Open World Assumption (OWA), which

leads to non-monotonic reasoning, is out of the scope of this
paper.

The two rule bases can be compared in terms of classifica-
tion errors. If the two classification errors are very similar, we
derive that the semantics of the rule base is compatible with
the applied transformation and, hence, to the logical view of
rules. In this sense, we state that the knowledge base of the
FRBC is co-intensive with user knowledge. On the other hand,
if the classification errors differ too much, then the seman-
tics of the knowledge base cannot be represented with a set of
propositions, hence, it is not co-intensive with user mind. In
other words, it is not interpretable.

We cannot expect that classification errors are always iden-
tical, even for very interpretable FRBC, because the law of ex-
cluded middle (AĀ = 0) is not valid in fuzzy logic but it holds
in Boolean logic. On the other hand, we should expect that
the violation of excluded middle does not influence too much
the inference process, otherwise we should conclude that the
FRBC is heavily based on inconsistent knowledge. This latter
situation clashes with the property of interpretability.

An issue arises in the choice of the truth-preserving trans-
formation. Actually, several transformations can be consid-
ered, but we choose to apply a transformation that minimizes
the number of linguistic terms used. This choice has a twofold
advantage. First, by eliminating as many terms as possible, we
test if logical view of rules is preserved with the minimum re-
quired information. Second, if assessment leads to positive
results, we could retain the simplified rule base because it is
easier to read than the original.

3.2 Methodology

The proposed approach for interpretability assessment is
based on a four-stage strategy. It is similar to the approach
proposed in [8], however our strategy is able to deal with neg-
ative information to achieve more compact representations of
the rule bases.

3.2.1 Definition of truth tables

Each rule of the FRBC is seen as a proposition, i.e. a combi-
nation of propositional variables that is considered true for a
class.

For each class label λi ∈ Λ and for each rule r, a truth
function πi is defined on the propositional variables defined
for the FRBC as:

πi(χ
(r)
11 , . . . , χ

(r)
1m1

, χ
(r)
n1 , . . . , χ(r)

nmn
) = χ(λi, λ

(r)), (9)

being χ
(r)
jk = χ(q(r)

j , qjk). Inputs χ
(r)
jk assume value DC

(“don’t care”) if the corresponding linguistic value is ANY
or, in other words, the linguistic variable Vj does not occur in
the r-th rule. For any other combination of inputs, the output
of πi is undefined, i.e. any truth value is possible (again, this
condition is usually referred as “don’t care”).

Each truth function πi can be represented as a truth ta-
ble, which enumerates any combination of assignments to the
propositional variables of the FRBC and associates the value
of πi to each combination. Combinations associated to unde-
fined values of πi are not included in the table. The number
of rows of each truth table matches the number of rules of the
FRBC. This prevents the combinatorial explosion of rows that
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Small Large Regular Irregular Malign Benign
0 1 0 1 1 0
1 0 DC DC 0 1

Table 1: The truth tables of the simple rulebase

would be expected in the general case of truth function repre-
sentation. Table 1 shows the truth tables for classes “malign”
and “benign” of the previous example.

3.2.2 Minimization
Once each truth table has been built, it can be processed so
as to be minimized. The minimization procedure produces a
new truth table without modifying the truth function (where
it is defined). The new truth table has a number of rows not
greater than the original truth table. It also has a number of
DC values in its inputs not smaller than in the original truth
table. Furthermore, minimization guarantees that any further
simplification (in terms of rows and inputs) provides for a truth
function different from the original.

The Quine-McCluskey (QMC) algorithm represents an ef-
fective mechanism for minimization of truth tables [7]. It is
mainly based on the distributive property, which simplifies
propositions according to the law: ABC + AB̄C ≡ AC.

The QMC algorithm works in two stages:

1. Merge rows with output 1 or DC that differ in only one
input;

2. Find the minimum number of merged rows that cover all
rows of the original truth table.

Although computationally expensive, the QMC algorithm
can be implemented by an efficient procedure that exploits the
peculiar structure of truth tables derived from FRBC rules to
perform minimization quickly. A specific implementation of
the first stage of QMC avoids the generation of all input com-
binations, thus saving time for merging. This can be achieved
because the number of rows of the truth tables representing
rule bases is often very small. Also, the second stage can be
optimized by using heuristic procedures that drive the mini-
mization process without expensive search. Table 2 shows the
minimized truth table for the example FRBC.

3.2.3 Reconstruction
After minimization, a new FRBC is built from the rows of the
minimized truth table. For each class label λi ∈ Λ we consider
the minimized table associated to the truth function πi. A rule
is built for each row with output equal to 1. It is easy to show
that for each j there is at most one k such that χ

(r)
jk �= DC.

Therefore, the antecedent of the rule can be defined by atoms
vj IS [NOT] q

(r)
j where:

• q
(r)
j = qjk if χ

(r)
jk �= DC;

• NOT occurs if χ
(r)
jk = 0 and it does not occur if χ

(r)
jk = 1;

• q
(r)
j = ANY if ∀k : χ

(r)
jk = DC;

Atoms with ANY are removed to improve the readability of
the rule. The consequent of the rule is λi.

Small Large Regular Irregular Malign Benign
DC 1 DC DC 1 0
DC 0 DC DC 0 1

Table 2: The minimized truth tables of the simple rulebase

At the end of reconstruction, each rule is formed by a se-
quence of atoms tied together by conjunction (AND). In this
paper we do not deal with more complex representations (such
as conjunctions of disjunctions of atoms) that could provide
for more compact representations of rules but deserve further
investigation that will be object of future research.

3.2.4 Comparison

The two FRBCs, the first with the original rule base and the
second with the minimized version, are compared in terms of
classification error on the same data.

If the two errors differ too much, we conclude that the orig-
inal FRBC lacks of interpretability. Its accuracy is mainly due
to the semantic definition of linguistic values, which do not
correspond to the propositional view of rules. The FRBC can
be used for classification as a “grey box”, but its labelling is
arbitrary and not co-intensive with user knowledge. Attaching
natural language terms to such FRBC is useless and poten-
tially misleading.

If the two errors are very similar, we conclude that the origi-
nal FRBC is interpretable. The semantic definition of linguis-
tic values is coherent with the logic operators used in mini-
mization. In this sense, the semantic of linguistic values is co-
intensive with user knowledge. We could retain the simplified
FRBC because its interpretability is greater than the original
(due to its higher simplicity) while its accuracy is almost the
same of the original.

There is no threshold to decide if a FRBC is interpretable
or not, but rather a continuous spectrum of possibilities. Inter-
pretability – as expected – is a matter of degree, and the degree
of interpretability is, in our approach, inversely proportional to
the difference of accuracies. Even with small variations of ac-
curacy, some considerations can be drawn on the interpretabil-
ity of the FRBC, as shown in the next Section.

4 Illustrative examples

In this Section we evaluate two different FRBC derived from
the same data set with two different methods. The first method
is oriented toward interpretability while the second is more
inclined to the design of accurate models, albeit taking into
account some kind of readability of the knowledge base.

4.1 Interpretable FRBC

We consider a FRBC obtained from the application of HILK
[6], a tool for building interpretable fuzzy rule-based systems.
HILK allows for the definition of fuzzy rule-based systems
from empirical learning, expert knowledge, or both. The re-
sulting systems are considered highly interpretable because
fuzzy sets defined for each input satisfy a number of inter-
pretability constraints. Furthermore, the number of fuzzy sets
per input, the number of inputs and the number of rules are
kept as small as possible since, in principle, the simplest is the
knowledge representation, the easier is to read and understand.
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If Flavonoids is Low THEN Class 1
If Flavonoids is Medium THEN Class 2
If Flavonoids is High AND Proline is Low THEN Class 2
If Flavonoids is High AND Proline is High THEN Class 3
If Magnesium is Medium AND Flavonoids is High AND
Proline is Medium THEN Class 3

Figure 1: The rule base of the FRBC considered in the first
example
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Figure 2: The linguistic variables used in the first example

In our experimentation, the FRBC obtained from HILK was
acquired from data, in order to classify Wine data, a well-
known benchmark dataset, freely available from UCI repos-
itory [10]. The knowledge base of the FRBC is reported in
fig. 1, while the linguistic variables are shown in fig. 2. The
FRBC provided 10.67% of classification error on the entire
dataset.

We transformed the rule base of the FRBC into three truth
tables – one for each class – minimizing them with QMC al-
gorithm; then we rebuilt the FRBC obtaining the simplified
rule base reported in fig. 3.

We observe that the number of rules has been reduced
to four, and the linguistic variable “Magnesium” has been
removed. From the logical viewpoint, the two rule bases
are equivalent since they compute the same truth functions.
However, after applying the minimized rule base to the
dataset, we obtained 11.24% of classification error, i.e. an
increase of +0.57%, corresponding to one more misclassi-
fied pattern over 178, which is defined as (Magnesium=162,
Flavonoids=2.27, Proline=937). For the misclassified pattern
we observe that, according to the definitions of the linguis-
tic variables, Magnesium is high, Proline is medium, and
Flavonoids is both medium and high to a significant degree.
However, in the original rule base, there is not any classi-
fication rule activated when Magnesium is high, Proline is
medium and Flavonoids is high. From the logical viewpoint,
the truth functions are undefined for this condition. As a con-
sequence, the simplified rule base subsumes this condition in
the fourth rule, assigning the pattern to class 3, while the origi-
nal FRBC arbitrarily assigns the pattern to class 2. The correct
classification of the pattern performed by the original FRBC

If Flavonoids is Low THEN Class 1
If Flavonoids is Medium THEN Class 2
If Flavonoids is High AND Proline is Low THEN Class 2
If Flavonoids is High AND Proline is NOT Low THEN Class 3

Figure 3: The rule base of the FRBC in the first example after
minimization

If Alc. is High And Fla. is High And A.Ash is Low And
OD2 is High And Pro. is High Then class 1
If Alc. is Low And Pro. is Low Then class 2
If Alc is Medium And A.Ash is High And Fla. is Low And
OD2 is Low And Pro. is Low Then class 3

Figure 4: The original rule base of 2nd example (Alc. = Al-
cohol, Fla. = Flavonoids, A. Ash = Alcalinity of Ash, OD2 =
OD280/315, Pro. = Proline)

is due to the semantic specification of linguistic values, which
does not emerge from the propositional view of rules. In this
sense, the original FRBC lacks of interpretability for a specific
case. However, due to the reduced increase of classification er-
ror, we conclude that the original FRBC is highly interpretable
and we can retain the simplified version, which offers a further
comprehensible knowledge base.

4.2 Non-interpretable FRBC

As a second example, we consider the FRBC obtained through
the approach proposed in [9] aimed at optimizing accuracy by
taking into account interpretability. In brief, the approach con-
sists of an iterative procedure for developing the FRBC. The
initial model is derived from the data and, subsequently, fea-
ture selection and rule-base simplification are applied to re-
duce the model, while a genetic algorithm is used for parame-
ter optimization.

This approach has been applied to Wine data showing very
good classification accuracy (1.1% of classification error3).
One of the best rule bases derived from data is reported in
fig. 4. We observe from fig. 5 that in some cases interpretabil-
ity constraints are violated. As an example, we observe in
fig. 5(b) that the rightmost fuzzy set is highly overlapping
with the other fuzzy sets of the variable. Notwithstanding, the
three fuzzy sets have different labels, thus recalling distinct
concepts.

After simplification, we obtain the very small rule base re-
ported in fig. 6. The reconstructed FRBC shows an unaccept-
able classification error of about 32%. In consequence of this
considerable decay of classification performance, we deduce
that classification accuracy of this FRBC is mainly based on
the parameters of the fuzzy sets that cannot be expressed in
linguistic terms. In consequence of this, we state that the log-
ical view of rules is not applicable to the original rule base. In
this sense, we conclude that the FRBC is not interpretable.

5 Conclusion
Assessment of interpretability is not an easy task. Diffi-
culty is mainly due to the blurry definition of interpretability,
which requires co-intension with human knowledge. Evalu-
ating interpretability is a subjective task, which could be te-
dious and even ill-posed, therefore automatic techniques for

3We use the results reported in the original paper
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(a) (b)

(c) (d)

(e)

Figure 5: The fuzzy sets used in the second example (for each
variable, the leftmost fuzzy set is labelled “Low”, the middle
one “Medium” and the rightmost “High”)

If Alcohol is High Then class 1
If Alcohol is Low Then class 2
If Alcohol is Medium Then class 3

Figure 6: The minimized rule base of 2nd example

interpretability assessment are useful, but they should embody
some information on semantic co-intension. In this paper,
we have described an approach for automatically evaluating
interpretability of rule-based fuzzy classifiers, exploiting the
propositional view of rules as a mean to define co-intension.
On the basis of this hypothesis, a procedure has been devised,
so as to evaluate how much the semantics of fuzzy rules is
coherent with their logical view.

The illustrative examples show the effects of the proposed
approach for a simple knowledge base. Actually, we were
able positively assess the interpretability for a FRBC that veri-
fies several interpretability constraints. Also, we have verified
that a FRBC is not interpretable even though it is described
in linguistic terms. By analyzing the relative performances
of the two FRBCs we immediately observe that interpretabil-
ity preservation comes to the cost of accuracy reduction and,
on the other hand, an accurate description of data (preserving
interpretability constraints) would require a great number of
rules. This, however, would clash with the Comprehensibility
Postulate.

Research on this topic is in progress, especially in the di-

rection of enhancing the efficiency of the minimization algo-
rithm. That will allow an extensive experimentation over a
wider class of knowledge bases, in order to promote deeper in-
sights of the proposed technique. Further enhancements could
spring from the use of additional information to refine the def-
inition of co-intension in computational terms.
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Abstract— Cloud based design optimization (CBDO) is an ap-
proach to significantly improve robustness and optimality of solu-
tions sought in engineering design. One of the main features is the
possibility to capture and model high-dimensional uncertainty infor-
mation, even in the case that the information available is incomplete
or unformalized.

Continuing our past studies we present the graphical user inter-
face for CBDO in this paper. Also we mention the latest improve-
ments of our methods, we give an illustrative example demonstrating
how unformalized knowledge can be captured, and we highlight re-
lations to different uncertainty models, such as p-boxes, Dempster-
Shafer structures, and α-level optimization for fuzzy sets.

Keywords— confidence regions, design optimization, higher di-
mensions, incomplete information, potential clouds

1 Introduction
Design optimization is frequently affected by uncertainties
originating from several different sources. Being already a
complicated task in absence of uncertainties, design optimiza-
tion under uncertainty imposes an additional class of difficul-
ties. We have developed a framework dividing design opti-
mization under uncertainty in its two inherent components,
i.e., uncertainty modeling and optimization.

The most critical problems in real-life uncertainty model-
ing are caused by the well-known curse of dimensionality (cf.,
e.g., [1]), and by lack of information. While in lower dimen-
sions, lack of information can be handled with several tools
(e.g., p-boxes [2], Dempster-Shafer structures [3]), in higher
dimensions (say, greater than 10) there exist only very few.
Often simulation techniques are used which, however, fail to
be reliable in many cases, see, e.g., [4]. The clouds formal-
ism [5] is one possibility to deal with both incomplete and
higher dimensional information in a reliable and computation-
ally tractable fashion.

The design optimization phase (cf., e.g., [6]) is the second
major subject in our framework, loosely linked with the uncer-
tainty modeling. One typically faces problems like strongly
nonlinear, discontinuous, or black box objective functions, or
mixed integer design variables. We have developed heuristics
to solve these problems, e.g., using separable underestimation
[7], or convex relaxation based splitting [8].

Since our approach can be considered as design optimiza-
tion based on uncertainty modeling with clouds, we call the
software cloud based design optimization (CBDO). We have
implemented an interface for our methods that will be pre-
sented later in this paper. The implementation was motivated
by the need of expert engineers of an easy-to-use tool, a frame-
work respecting their working habits, and demonstrating use-

fulness in capturing and modeling incomplete, unformalized
knowledge. Current research is focussed on improving both
optimization and uncertainty modeling phase, and on captur-
ing more types of information virtually, e.g., linguistic expres-
sions. Of course, we are constantly looking for possible real-
life applications of the methods. CBDO has already been suc-
cessfully used in space system design applications, cf. [9, 10].

This paper is organized as follows. We introduce the formal
background of CBDO in Section 2 also giving an illustrative
example how we capture unformalized knowledge. In Section
3 we summarize relations of the potential clouds formalism to
different uncertainty models. Finally, we present our software
implementation, a MATLAB package for CBDO, in Section 4.

2 Clouds and robust optimization
Let ε be an n-dimensional random vector. A potential cloud is
an interval-valued mapping x → [α(V (x)), α(V (x))], where
the potential function V : Rn → R is bounded below, and
α, α : V (Rn)→ [0, 1] are functions constructed to be a lower
and upper bound, respectively, for the cumulative distribution
function (CDF) F of V (ε), α continuous from the left and
monotone, α continuous from the right and monotone. We
define Cα := {x ∈ Rn | V (x) ≤ V α} if V α := min{Vα ∈
R | α(Vα) = α} exists, and Cα := ∅ otherwise; analogously
Cα := {x ∈ Rn | V (x) ≤ V α} if V α := max{Vα ∈ R |
α(Vα) = α} exists, and Cα := Rn otherwise. Thus we find a
nested collection of lower and upper confidence regions in the
sense that Pr(ε ∈ Cα) ≤ α, Pr(ε ∈ Cα) ≥ α, Cα ⊆ Cα.

Note that lower and upper confidence regions Cα, Cα – also
called α-cuts of the cloud – are level sets of V . By choosing
the potential function V reasonably one gets an uncertainty
representation of high-dimensional, incomplete, and/or unfor-
malized knowledge, cf. [11].

Our framework of cloud based design optimization consists
of three essential parts, described in the following sections:
uncertainty elicitation, uncertainty modeling, and robust opti-
mization.

2.1 Uncertainty elicitation and modeling
We assume that the initially available uncertainty information
consists of both formalized and unformalized knowledge. The
formalized knowledge can be given as marginal CDFs, inter-
val bounds on single variables, or real sample data. In real-life
situations there is often only interval information, sometimes
marginal CDFs without any correlation information, available
for the uncertain variables. Moreover, there is typically a sig-
nificant amount of unformalized knowledge available based
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on expert experience, e.g., knowledge about the dependence
of variables.

Potential clouds enable to capture and formally represent
this kind of information. We illustrate this by a simple exam-
ple: First, we generate a data set from an N(0, Σ) distribution

with covariance matrix Σ =
(

1 0.6
0.6 1

)
.

Assume that this data belongs to 2 random variables with
a physical meaning, and that the data was given to an expert,
without any information about the actual probability distribu-
tion of the random variables. Still, the expert may be able
to provide vague, unformalized information about the depen-
dence of the variables (opposed to formal knowledge, e.g.,
correlation information) from his knowledge about the physi-
cal relationship between the variables. We model this knowl-
edge by polyhedral constraints on the variables, see, e.g., Fig.
3. We choose the potential function V according to these con-
straints, i.e., the lower and upper confidence regions Cα, Cα

constructed with clouds become polyhedra. The polyhedra
reasonably approximate confidence regions of the true, but un-
known distribution linearly, as shown in Fig. 1, although the
information was vague and unformalized.

In more than 2 dimensions the polyhedral constraints are
provided for projections to 1-dimensional or 2-dimensional
subspaces.

It should also be highlighted that this approach for provid-
ing unformalized knowledge also allows for information up-
dating, simply by adding further polyhedral constraints.

On the basis of the given information we use the confidence
regions constructed by clouds in order to search for worst-case
scenarios of certain design points via optimization techniques.
The construction of the confidence regions is possible even
in case of scarce, high-dimensional data, incomplete informa-
tion, unformalized knowledge.

For further details on the construction of potential clouds
the interested reader is referred to [11]. A comparison of dif-
ferent existing uncertainty models can be found in [12], and
Section 3 gives a short summary.

2.2 Robust optimization
Assume that we wish to find the design point θ =
(θ1, θ2, . . . , θn0) with the minimal design objective function
value g under uncertainty of the n-dimensional random vector
ε. Let T be the set of possible selections for the design point θ.
Assume that the function G models the functional relationship
between different design components and the objective func-
tion. Also assume that the uncertainty of ε is described by a
convex set C, in our case a polyhedral α-cut from the cloud.

We embed the confidence regions constructed above in a
problem formulation for robust design optimization as fol-
lows:

min
θ

max
ε

g(x)

s.t. x = G(θ, ε),
ε ∈ C,
θ ∈ T,

(1)

where g : Rm → R, G : Rn0 × Rn → Rm.
The optimization phase minimizes a certain objective func-

tion g (e.g., cost, mass of the design) subject to safety con-
straints ε ∈ C to account for the robustness of the design, and
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Figure 1: Approximation of confidence regions by 90% and
95% α-cuts, respectively: The polyhedral cloud results in con-
fidence regions that reasonably approximate confidence re-
gions of the true N(0, Σ) distribution although the informa-
tion was given unformalized.

subject to the functional constraints which are represented by
the underlying system model G.

The main difficulties arising from (1) are imposed by the
bilevel structure in the objective function, by the mixed inte-
ger formulation (since θi can be either a discrete or continuous
variable), and by the fact that G may comprise strong nonlin-
earities, or discontinuities, or may be given as a black box.

We have developed multiple techniques to tackle these diffi-
culties and find a solution of (1). For details on approaches to
solve such problems of design optimization under uncertainty
the interested reader is referred to [7]. The latest improve-
ments of the methods can be found in [8].

3 Relations to different uncertainty models

This section illustrates relations and differences of the poten-
tial clouds formalism to three other existing uncertainty mod-
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els: p-boxes, Dempster-Shafer structures, and α-level opti-
mization for fuzzy sets.

3.1 Relation to p-boxes
A p-box – or p-bound, or probability bound – is a rigorous
enclosure of the CDF F of a univariate random variable X ,
Fl ≤ F ≤ Fu, in case of partial ignorance about specifications
of F . Such an enclosure enables, e.g., to compute lower and
upper bounds on expectation values or failure probabilities.

There are different ways to construct a p-box depending on
the available information about X , cf. [13]. Moreover, it is
possible to construct p-boxes from different uncertainty mod-
els like Dempster-Shafer structures (cf. Section 3.2). The
studies on p-boxes have already lead to successful software
implementations, cf. [14, 2].

Higher order moment information on X (e.g., correlation
bounds) cannot be handled or processed yet. This is a current
research field, cf., e.g., [15]. In higher dimensions, the defini-
tion of p-boxes can be generalized similar to the definition of
higher dimensional CDFs, cf. [16].

The problem of rigorously quantifying probabilities given
incomplete information – as done with p-boxes – is highly
complex, even for simple problems, e.g., [17]. Applications
of the methods are rather restricted to lower dimensions and
non-complex system models G. Black box functions G can-
not be handled as one requires knowledge about the involved
arithmetic operations. All in all, the methods often appear not
to be reasonably applicable in many real-life situations.

The relation to potential clouds becomes obvious, regarding
V (ε) as a 1-dimensional random variable and the functions α,
α as a p-box for V (ε). Thus the potential clouds approach
extends the p-box concept to the case of multidimensional ε,
without the exponential growth of work in the conventional
p-box approach.

3.2 Relation to Dempster-Shafer structures
Dempster-Shafer theory [3] enables to process incomplete and
even conflicting uncertainty information. Let ε : Ω → Rn be
an n-dimensional random vector. One formalizes the available
information by a so-called basic probability assignment m :
2Ω → [0, 1] on a finite set A ⊆ 2Ω of non-empty subsets A of
Ω, such that

m(A)

{
> 0 if A ∈ A,

= 0 otherwise,
(2)

and the normalization condition
∑

A∈A m(A) = 1 holds.
The basic probability assignment m is interpreted as the ex-

act belief focussed on A, and not in any strict subset of A. The
sets A ∈ A are called focal sets. The structure (m,A), i.e.,
a basic probability assignment together with the related set of
focal sets, is called a Dempster-Shafer structure (DS struc-
ture).

Given a DS structure (m,A) one constructs two fuzzy mea-
sures Bel and Pl by

Bel(B) =
∑

{A∈A|A⊆B}

m(A), (3)

Pl(B) =
∑

{A∈A|A∩B �=∅}

m(A), (4)

for B ∈ 2Ω. The fuzzy measures Bel and Pl have the property
Bel ≤ Pr ≤ Pl by construction, where Pr is the probability
measure that is unknown due to lack of information.

DS structures can be obtained from expert knowledge or
in lower dimensions from histograms, or from the Chebyshev
inequality given expectation value µ and variance σ2 of a uni-
variate random variable X , see, e.g., [18].

To combine different, possibly conflicting DS structures
(m1,A1), (m2,A2) (in case of multiple bodies of evidence,
e.g., several different expert opinions) to a new basic probabil-
ity assignment mnew one uses Dempster’s rule of combination
[19].

The complexity of the rule is strongly increasing in higher
dimensions, and in many cases requires independence as-
sumptions for simplicity reasons avoiding problems with in-
teracting variables. It is not yet understood how the dimen-
sionality issue can be solved. Working towards more efficient
computational implementations of evidence theory it can be
attempted to decompose the high-dimensional case in lower
dimensional components which leads to so-called composi-
tional models, cf., e.g., [20].

The extension of a function G(ε) is based on the joint DS
structure (m,A) for ε. The new focal sets of the extension are
Bi = G(Ai), Ai ∈ A, the new basic probability assignment
is mnew(Bi) =

∑
{Ai∈A|G(Ai)=Bi}

m(Ai).
To embed DS theory in design optimization one formulates

a constraint on the upper bound of the failure probability pf

which should be smaller than an admissible failure probability
pa, i.e., Pl(F) ≤ pa, for a failure set F. This is similar to the
safety constraint in (1). It can be studied in more detail in [21]
as evidence based design optimization (EBDO).

It is possible to generate a DS structure that approximates
a given potential cloud discretely. Fix some confidence levels
α1 ≤ α2 ≤ · · · ≤ αN = 1 of the potential cloud, then gener-
ate focal sets and the associated basic probability assignment
by

Ai := Cαi
\Cαi

, (5)
m(A1) = α1, m(Ai) = αi − αi−1, i = 2, . . . , N. (6)

Thus the focal sets are determined by the level sets of V .
An analogous recipe works for approximating p-boxes by DS
structures, cf. [13]. Note that focal sets Ai in this construction
are not nested, so the fuzzy measures Bel and Pl belonging
to (m,A) are not equivalent to possibility and necessity mea-
sures.

Conversely, assume that one has a DS structure and the as-
sociated fuzzy measures Bel and Pl for the random variable
X := V (ε). Then

α(t) := Bel({X ≤ t}), (7)
α(t) := Pl({X ≤ t}) (8)

give bounds on the CDF of V (ε) and thus construct a potential
cloud.

3.3 Relation to fuzzy sets and α-level optimization
To see an interpretation of potential clouds in terms of fuzzy
sets one may consider Cα, Cα as α-cuts of a multidimen-
sional interval valued membership function defined by α and
α. The major difference is given by the fact that clouds allow
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for probabilistic statements, i.e., one cannot go back in the
other direction and construct a cloud from a multidimensional
interval valued membership function because of the lack of the
probabilistic properties mentioned in Section 2. If the inter-
val valued membership function does have these probabilistic
properties, it corresponds to consistent possibility and neces-
sity measures [22] which are related to interval probabilities
[23].

However, the interpretation of a potential cloud as a fuzzy
set with such a membership function shows strong links to α-
level optimization for fuzzy sets [24].

The α-level optimization method combines the extension
principle and the α-cut representation of a membership func-
tion µ of an uncertain variable ε, i.e.,

µ(x) = sup
α

min(α, 1Cα
(x)), (9)

where 1A denotes the characteristic function of the set A,
Cα := {x | µ(x) ≥ α} denotes the α-cut of the fuzzy set,
in order to determine the membership function µf of a func-
tion f(ε), f : Rn → R. This is achieved by constructing the
α-cuts Cf αi

belonging to µf from the α-cuts Cαi
belonging

to µ. To this end one solves the optimization problems

min
ε∈Cαi

f(ε), (10)

max
ε∈Cαi

f(ε), (11)

for different discrete values αi. Finally from the solution fi∗
of (10) and f∗

i of (11) one constructs the α-cuts belonging to
µf by Cf αi

= [fi∗ , f
∗
i ].

To simplify the optimization step one assumes sufficiently
nice behaving functions f and computationally nice fuzzy
sets, i.e., convex fuzzy sets, typically triangular shaped fuzzy
numbers.

In n dimensions one optimizes over a hypercube, obtained
by the Cartesian product of the α-cuts, i.e., Cαi

= C1
αi
×

C2
αi
×· · ·×Cn

αi
, where Cj

αi
:= {εj | µj(εj) ≥ αi}, µj(εj) :=

supεk,k �=j µ(ε), ε = (ε1, ε2, . . . , εn). Here one has to assume
non-interactivity of the uncertain variables ε1, . . . , εn.

Using a discretization of the α-levels by a finite choice of αi

the computational effort for this methods becomes tractable.
From (9) one gets a step function for µf which is usually lin-
early approximated through the points fi∗ and f∗

i to generate
a triangular fuzzy number.

Now interpret α and α from a potential cloud as a multidi-
mensional interval valued membership function and consider
a system model f(ε) := g(G(θ, ε)) with fixed θ (cf. Section
2.2). Similar to (10,11), optimization of f over Cαi

for dis-
crete values αi would give a discretized version of αf , i.e.,
the function belonging to the cloud for f(ε) given the cloud
for ε. Analogously, optimization of f over Cαi

would give a
discretized version of αf .

This idea leads to the calculation of functions of clouds
which is a current research topic. Also note that in α-level op-
timization one optimizes over boxes Cαi

, that means one as-
sumes that the uncertain variables do not interact. Here a sim-
ilar idea like interactive polyhedral constraints as described in
Section 2.1 could also apply to model unformalized knowl-
edge about interaction of the variables.

4 Cloud based design optimization GUI

We have realized the methods for CBDO in a graphical user
interface (GUI). To install the software go to the CBDO web-
site [25] and download the CBDO package. A quickstart guide
helps through the first steps of the simple installation. A more
detailed user manual is also included. How to set up a MAT-
LAB file containing a user defined model is illustrated by an
example included in the package.

We have developed the GUI using a sequential, iterative
structure. The first and second step represent the uncertainty
elicitation. In the first step, the user provides an underlying
system model and all formal uncertainty information on the
input variables of the model available at the current design
stage. In the second step, polyhedral dependence constraints
between the variables can be added, cf. Section 2.1. In the
third step, the initially available information is processed to
generate a cloud that provides a nested collection of confi-
dence regions parameterized by the confidence level α. Thus
we produce safety constraints for the optimization (cf. Sec-
tion 2.2) which is the next step in the GUI. The results of the
optimization, i.e., the optimal design point found and the as-
sociated worst-case analysis, are returned to the user. In an
iterative step the user is eventually given an interactive pos-
sibility of adaptively refining the uncertainty information and
rerunning the procedure until satisfaction.

4.1 Uncertainty elicitation

After starting the GUI with cbdogui from the CBDO folder
in MATLAB it asks whether to load the last state to the
workspace unless it is run for the first time. In the latter case
one should first configure the options to set up the model file
and inputs declaration file names, and other user-defined pa-
rameters after clicking Options/Edit Options. The notation
– if not self-explanatory – is described in the user manual.
Tooltips are given for each option in the GUI to guide the user
through the configuration.

Having set up the options one returns to the uncertainty elic-
itation clicking Back. The initially available information can
be specified in an inputs declaration file and is modified choos-
ing a variable’s name and specifying its associated marginal
CDF, or interval bound, respectively, in the first step of the
GUI, cf. Fig. 2.

The Next button leads to the next step which is scenario
exclusion.

4.2 Scenario exclusion

From the information given in the first step the program gener-
ates a sample as described in [11]. The second step enables the
user to exclude scenarios by polyhedral constraints as shown
in Section 2.1, illustrating the great advantage of this approach
in modeling unformalized knowledge.

To this end the user selects a 1-dimensional or 2-
dimensional projection of the generated sample using the field
Projection on the right. To add a constraint one hits the Add
constraint button and defines a linear exclusion by two clicks
into the sample projection on the left. All linear constraints
can be selected from the Constraint Selection box to revise
and possibly remove them via the Remove constraint button.
Fig. 3 shows a possible exclusion in two dimensions.
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Figure 2: Example for the uncertainty elicitation GUI.

Figure 3: Example for scenario exclusion.

After the exclusion the Next button leads to the optimization
phase.

4.3 Optimization
The Start button initiates two computations: potential cloud
generation for (1), and optimization, cf. [7, 8]. As a result one
gets the optimal design point found by the program, and the
associated objective function value, cf. Fig. 4. It should be
remarked that the workspace of the optimization including all
results is stored as .mat files in the cbdo directory.

The user now has the possibility for the adaptive analysis of
the results. Thus the Next button leads back to the uncertainty
elicitation to be refined.

4.4 Adaptive step
The GUI determining the a priori information is not modifi-
able anymore at this stage of the program. Meanwhile, ob-
serve that in the lower part of the GUI a histogram illustrates
weighted marginal distributions of the sample.

Hitting the Next button makes the scenario exclusion appear
again and enables the a posteriori adaption of the uncertainty

Figure 4: Example for the optimization phase.

Figure 5: Example for uncertainty elicitation in the adaptive
step.

information. For example, the user can consider the worst-
case analysis (the worst-case scenario is highlighted with a red
dot) to be too pessimistic and exclude it, cf. Fig. 6. Note that
this approach is very much imitating real-life working habits
of engineers! In early design phases little information is avail-
able and safety margins are refined or coarsened iteratively.

The Next button leads to the optimization phase again and
the user can rerun the procedure until satisfaction.
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Abstract — Relationships between geographically referenced 
variables are usually spatially heterogeneous and, to account for 
such variations, local models are necessary. This paper compares the 
Geographically Weighted Regression (GWR) model, usually used to 
integrate and examine the spatial heterogeneity of a relationship, and 
the Fuzzy Clustering-Based Least Squares (FCBLS) model for the 
analysis of spatially varying relationships. Both models use the same 
model parameters and bandwidth values derived from the Akaike 
Information Criterion. The results show that  FCBLS outperforms the 
GWR model. 

Keywords— GWR, local model, weighted regression, fuzzy 
clustering, lignite. 

1 Introduction 

Spatial measures contain both attribute and locational 
information. By their nature, local analyses focus on 
differences across space whereas global analyses focus on 
similarities across space. Recently, a variety of useful 
regression models have been developed to explore the 
spatial nature of variables [1]. 

Local modelling has been employed widely in some 
disciplines for several decades. For example, in image 
processing local filters have long been used to smooth or 
sharpen images. However, in some disciplines, like the 
geosciences in general and geography in particular, a focus 
on methods that account for local variation has been a 
comparatively recent development [2]. A variety of localized 
modelling techniques have been proposed to capture spatial 
heterogeneity. Geographically Weighted Regression (GWR) 
is one technique which is being increasingly widely used to 
explore local spatial variations in relationships, [3]. GWR is 
a useful and effective technique for locally modelling 
relationships by calibrating a spatially varying coefficient 
regression model. 

Spatial statistics was developed based on probability and 
classical statistics. However, many spatial datasets have high 
levels of uncertainty, and in some cases analyses are 

dependent on ‘soft’ data, which may be more qualitative 
than quantitative in nature [4]. On the other hand, soft 
approaches like fuzzy computing have desirable features for 
spatial data analysis [5]: they are based on less restrictive 
assumptions, and are flexible in modelling non-linearity and 
non-constant variable structures. 

Lignite quality parameters considered in this study have 
crucial importance in the production of energy in power 
plants and thus modeling of these parameters is useful in 
making decisions and in planning future production levels of 
operating plants [6]. In this study, the spatial relationships 
between the lignite quality parameters are investigated by 
local models. To meet this aim, the two local regression 
methods, GWR and fuzzy clustering based Least Squares, 
have been applied for local modelling of lignite reserve 
parameters derived from a deposit. First, both the methods 
have been used for developing weighted local models and 
then the performance comparisons have been conducted 
using a variety of performance indices. 

2 Problem and methods 

2.1 Description of problem 
In general, spatial models and methods of spatial evaluation 
have been applied at a ‘global’ level, meaning that one set of 
results is generated from the models, representing one set of 
relationships, which is assumed to apply equally across the 
study area [7]. Although global approaches have proved 
useful they have the shortcoming that they can mask 
geographical variations in relationships. Owing to this 
realization, local regression model approaches have been 
developed that permit the exploration of spatially varying 
relationships in datasets [8]. 

The problem of local estimation considered in this study can 
be formulated as follows: we have a region and lignite 
quality values � � ,,...,1, ny ��� at n sampled locations. We 
aim to estimate the values � � Ny ,...,1, ��� at unsampled 
locations. To model a system by a spatially weighted 
method, the identification data and the weights could be 
arranged as in the following matrices: 
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2.2 Geographically Weighted Regression (GWR) 
An assumption of global regression is that the relationship 
under study is spatially constant, and thus, the relationships 
being measured are assumed to be ‘stationary’ over space. 
However, in most cases, the relationship varies in space. 
GWR, as a refinement to traditional regression methods, 
explicitly deals with the spatial non-stationary of empirical 
relationships. The method provides a weighting of 
information that is locally specific, and allows regression 
model parameters to vary in space [3]. 
Classical regression equation in matrix form can be given 
by: 

�� X�Y                                                     (2) 

where the vector of parameters to be estimated, � , is 
constant over space and is estimated by 

� � YXXX� T1T ��
� .                                          (3) 

The local estimation of the parameters with GWR is as given 
by (3), but the difference is that the observations used in 
GWR are weighted in accordance with their distance from 
the kernel centre. Fig. 1 indicates a spatial kernel in GWR. 
The parameters for GWR may be estimated by solving 

� � � �� � � �YWXXWX ii
T

ii
T

ii vuvuvu ,,, 1
,

��
�� ,         (4) 

where
�
� represents an estimate of � , and � �ii vu ,W is an n

by n matrix whose off-diagonal elements are zero and whose 
diagonal elements denote the geographical weighting of 
each of the n observed data for regression point i [9]. There 
are many weighting schemes which express ijw  as a 

continuous function of distance between i and j, ijd . In this 
study, the following Gaussian function has been used.  
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where ijd is the Euclidean distance between the location of 
measurement i and the centre of the kernel and b is the 
bandwidth of the kernel. 

2.3 Fuzzy Clustering-Based Least Squares  
A class of fuzzy clustering algorithms can be used to 
approximate a set of data by local linear models. Each of 
these models is represented by a fuzzy subset in the data set 
available for identification [10]. Most analytical fuzzy 
clustering algorithms are based on optimization of the basic 
c-means objective function, or some modification of it.  

0
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1
Wij

dij
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bandwidth

Figure 1: A Gaussian kernel in GWR.  

In the present study, we used a general structure which is the 
fuzzy c-means functional [11] for constructing the weighted 
least squares model from the fuzzy partitions.  
In the FCBLS model, the output parameters for the ith
cluster, ia and ib are connected by a single parameter vector 

i�  as follows: 

� � .,
T

i
T
i ba� i �                                   (6) 

Appending a unitary column to X gives the extended 
regressor matrix Xe:
                  � �X,1]Xe � .                                    (7) 
Assuming that each cluster represents a local linear model of 
the system, the consequent parameter vectors i� ,

ci ,...,2,1� , can be estimated independently by the least-
squares method. The membership degrees of the fuzzy 
partition serve as the weights expressing the relevance of the 
data pair kk yx , to that local model [10]. If the columns of 

eX  are linearly independent, then 

� � yWXXWX� i
T
eei

T
ei

1�
�                                 (8) 

is the least-squares solution of ��Xy e �  where the kth
data pair � �kk yx , is weighted by ikw . The parameters ia
and ib are given by: 

� �pi ��� ,...,, 21�a , 1� pib � .                               (9) 

3 Implementation 

3.1 Data set 
The study area, the Sivas-Kalburcayiri field, is one of the 
most important lignite reserves in Turkey [6]. Lignite seams 
in this field are used to feed coal to a power plant.  In this 
study, one of the lignite quality parameters, Calorific Value 
(CV), has been estimated from the independent parameters 
which are spatial coordinates (x,y), ash and sulphur contents.
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The locations of the 67 records of the field have been 
employed in the model. The data set was divided into two 
subsets randomly: the training set (60%: 40 records) and the 
validation set (40%:27 records), respectively. For the 
analyses, data conditioning is necessary. In the present 
study, scaling was carried out by the local metric (L-metric) 
rescaling, in which the minimum and maximum values of 

ijx
for each j are respectively mapped onto zero and one 
respectively [7], 

)(min)(max
)(min

ijjijj

ijjijL
ij xx

xx
x

�

�
� .                         (10) 

3.2. Local Models 

GWR model
For the local analysis of the lignite parameters, GWR 
analyses were undertaken using a fixed spatial kernel with 
Gaussian function in which the bandwidth was determined 
by minimization of the Akaike Information Criterion (AIC) 
[12].  

In the literature, various approaches have been used for 
ascertaining an optimal bandwidth. A method of deriving the 
bandwidth which provides a trade-off between goodness-of-
fit and degrees of freedom is to minimize the AIC [12], used 
in this study. In [9], the AIC has been modified for GWR as 
follows:

� �
�
�
�

�
�
 

��


!�
�
�

�
�
��

�

)(2
)(

2loglog2
S

S
trn

trnnnnAIC eec "    (11) 

where n is the sample size, 
�
" is the estimated standard 

deviation of the error term, and tr(S) denotes the trace of the 
hat matrix S � �Syy �ˆ . The matrix S maps ŷ on to y .
In this application, the GWR model was fitted using a 
computer software program, SAM 3.0. [13]. In addition, the 
fixed bandwidth value has been determined from AIC using 
‘spgwr’ package in R [14]. Table 1 summarizes the model 
fitting statistics for training data. Similarly, the test statistics 
which were obtained from the fixed bandwidth are given in 
Table 2. In these tables, 2r  relates to observations against 
their estimates and OLS denotes the Ordinary Least Squares 
optimization. 

Table 1. GWR fitting statistics for training data. 

Spatial function:                                    Gaussian
Fixed Bandwidth (h):                           0.191 distance units. 
Number of Locations to Fit Model (n): 40  
Coefficient of Determination (r²):         0.811   (OLS: 0.785) 

Table 2. GWR fitting statistics for testing data. 

Spatial function:                                    Gaussian
Fixed Bandwidth (h):                           0.191 distance units. 
Number of Locations to Fit Model (n): 27  
Coefficient of Determination (r²):         0.718   (OLS: 0.655) 

FCBLS model  
To analyse the spatial relationships by clustering based least-
squared optimization, firstly a clustering operation was 
conducted. The optimal number of clusters was determined 
experimentally using an index method which has been 
presented in [6]. Because the data variability is crucial in 
spatial data modelling, the method aims to reproduce 
variability of the sample data in the CV of cluster centres 
with a minimum number of clusters as follows: 

underncMinimize � � � �)()( cCVStdxCVStd #             (12) 
where nc is the optimal number of clusters, Std is the 
standard deviation of CV values. In this application, the 
appropriate numbers of clusters was determined as two. The 
cluster centres are depicted in Fig. 2. 
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Figure 2: Data and cluster centres. 

By using the information taken from the clustering, 
Gaussian type membership (weighting) functions were 
adopted. Fig.3 shows the input memberships considered in 
the model. To optimize the least square systems, weights 
taken from the Gaussian memberships have been used. Note 
that the Gaussian functions developed in the model used the 
same bandwidths derived from AIC. The consequent 
parameters are summarized in Table 3. 
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Table 3: Consequent parameters for FCBLS model. 

Cluster Ash Sulphur Constant

Cluster 1 -0.045 0.957 0.031 

Cluster 2 -0.403 0.532 0.0247 
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Figure 3: Gaussian memberships. 

4 Results and conclusions 

To assess the performance of the local models detailed in 
section 3.2, we have plotted the observed calorific values 
against the estimated calorific values. Fig. 4 illustrates the 
GWR model results together with the cross-correlations 
between estimated and observed data both for the training 
set and the validation set, respectively. Similarly, the results 
of the FCBLS model are depicted in Fig. 5.  
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Figure 4: Scatter plot for GWR model: (a) training data and 

(b) testing data. 

The large determination coefficient (r2) shows that the 
model has good estimation capability. As observed from the 
determination coefficient, the FCBLS method outperforms 
the method based on GWR. In addition to r2, the 
performance of the models has been assessed using the 
performance index, namely, the Variance Accounted For 
(VAF). In multivariate analysis, the measure of VAF plays a 
central role. Table 4 gives the VAF values. 
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Figure 5: Scatter plot for FCBLS model: (a) training data 
and (b) testing data. 

Table 4: VAF measures for the models. 

Model Training Testing

GWR 82.06 72.57 

FCBLS 91.30 88.73

In addition to performance indices, the estimates can be 
presented in map form. Figs. 6-8 show the observed values, 
GWR estimations and FCBLS estimations, respectively. 
Based on the performance evaluations and the maps, it can 
be argued that the fuzzy clustering based regression model 
(FCBLS) outperforms the geographically weighted 
regression model in this case. 
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Figure 6: Contour map for observed data. 
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Figure 7: Contour map for the GWR model. 
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Abstract— The aim of this paper is to introduce two new types of
fuzzy integrals, namely, ⊗-fuzzy integral and →-fuzzy integral, where
⊗ and → are the multiplication and residuum of a complete residu-
ated lattice, respectively. The first integral is based on a fuzzy mea-
sure of L-fuzzy sets and the second one on a complementary fuzzy
measure of L-fuzzy sets, where L is a complete residuated lattice.
Some of their properties and a relation to the fuzzy (Sugeno) integral
are investigated.

Keywords— fuzzy measure, fuzzy integral, fuzzy quantifier.

1 Introduction
Let us consider two time series t1 = (t1k)k∈T , t2 = (t2k)k∈T

displayed on Fig. 1 and suppose that our goal is to compare
them and to find the “better” time series, where a greater value
of time series at some time point k means a better value. To
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Figure 1: Time series.

solve this task it is reasonable, firstly, to determine degrees of
truth saying how much formulas

ϕ(i, j, k) := “the value tik is better than the value tjk”

are true, where, first, i = 1 and j = 2, and then i = 2 and
j = 1. Obviously, the degrees of truth of formula ϕ(i, j, k)
may be modeled by a fuzzy relation R : [0, 1]2 → [0, 1], e.g.

R(a, b) = max(a− b, 0), (1)

where R(a, b) determines the degree that a is better than b.
Note that R(a, b) = ¬(a → b), where a → b is the oper-
ation of residuum and ¬ is the operation of negation in the
Łukasiewicz algebra (see Example 2.1 and consider ¬a =
1− a). If we know how one value of time series is better than
the other one for each time k, then we have to solve a task how
to aggregate the obtained values to find a degree in which one
times series is better than the second one. One of the natural
approaches could be to evaluate the following formula of the
second order logic

ϕ(i, j) := (∃Y ∈ P(T ) \ {∅})(∀k ∈ Y )(ϕ(i, j, k)&ψ(Y )),

where P(T ) is the power set of T and

ψ(Y ) := “the set Y is a big subset of T”.

Note that formula ϕ(i, j) may be defined using the formula
(Qk ∈ T )ϕ(i, j, k) with a fuzzy quantifier Q like for nearly
all or many etc. Some types of fuzzy quantifiers could be de-
termined by the interpretations of the formula ψ (cf. [1] and
also see [2]). For example, if we consider the Łukasiewicz
algebra as the structure of truth values for our logic, the truth
value of the formula ϕ(i, j, k) is defined as R(tik, tjk) from
(1), i.e., as the degree that tik is better than tjk, and the truth
value of the formula ψ(Y ) is interpreted by the value µ(Y ),
where µ : P(T ) → [0, 1] is a fuzzy measure (see Defini-
tion 3.2), then the evaluation of the formula ϕ(i, j) is given
by

||ϕ(i, j)|| =
∨

Y ∈P(T )\{∅}

∧
k∈Y

(R(tik, tjk)⊗ µ(Y )), (2)

where ⊗ is the operation of multiplication in the Łukasiewicz
algebra (see Example 2.1) interpreting the logical connective
&. Finally, we can conclude that, for example, the time series
t1 is better than t2, if ||ϕ(1, 2)|| > ||ϕ(2, 1)||.

Let us define a mapping Iµ : F(T )→ [0, 1] by

Iµ(A) =
∨

Y ∈P(T )\{∅}

∧
k∈Y

(A(k)⊗ µ(Y )), (3)

where F(T ) denotes the set of all fuzzy sets over T and
µ : P(T ) → [0, 1] is a fuzzy measure. One could simply ve-
rify that if c ∈ [0, 1] is a constant and A(k) = c for any k ∈ T ,
then Iµ(A) = c, and if A(k) ≤ B(k), then Iµ(A) ≤ Iµ(B).
Hence, Iµ is a fuzzy measure (in the sense of Definition 3.2)
which could be understood, according to Mesiar [3], as an
example of (fuzzy) integral. Putting A(k) = R(tik, tjk)
for any k ∈ T , we can write ||ϕ(i, j)|| = Iµ(A) or also
||(Qk ∈ T )ϕ(i, j, k)|| = Iµ(A) and, hence, we can see that
fuzzy integrals may be used to model some types of fuzzy
quantifiers. This idea is not new (see e.g. [4] or [5]), but some
disadvantage of proposed approaches is that fuzzy quantifiers
are defined as mappings from the set of all measurable (fuzzy)
sets over a set M to [0, 1], although, the classical definition
introduces fuzzy quantifiers as mappings from the set of all
(fuzzy) sets over a set M to [0, 1] (see e.g. [6] or [7]). It will
be clear that this drawback vanishes when fuzzy quantifiers
are modeled by fuzzy integrals in a form similar to (3).

The aim of this contribution is to generalize the fuzzy inte-
gral defined in (3), namely, to introduce a⊗-fuzzy integral that
could be used for modeling fuzzy quantifiers like all, some,
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for nearly all, or many, etc. and then to introduce a→-fuzzy
integral that could be used for modeling quantifiers like no,
not all, etc. Both types of fuzzy integrals are defined over a
complete residuated lattice and it could be shown than, in gen-
eral, one type of fuzzy integral cannot be expressed by another
one. Nevertheless, if the structure of truth values is complete
MV-algebra, then it is possible to define the→-fuzzy integral
from the ⊗-fuzzy integral using negation (see Theorem 4.14).
Moreover, it is surprising that we are able to show that the
well-known Sugeno integral [8] is, under certain conditions, a
special case of our fuzzy integral (see Theorem 4.7).

2 Preliminaries
2.1 Structures of truth values

Let us suppose that the structure of truth values is a com-
plete residuated lattice (see e.g. [9]), i.e., an algebra L =
〈L,∧,∨,→,⊗,⊥,"〉 with four binary operations and two
constants such that 〈L,∧,∨,⊥,"〉 is a complete lattice, where
⊥ is the least element and " is the greatest element of L, re-
spectively, 〈L,⊗,"〉 is a commutative monoid (i.e., ⊗ is as-
sociative, commutative and the identity a ⊗ " = a holds for
any a ∈ L) and the adjointness property is satisfied, i.e.,

a ≤ b→ c iff a⊗ b ≤ c (4)

holds for each a, b, c ∈ L, where≤ denotes the corresponding
lattice ordering. The operations ⊗ and → are usually called
the multiplication and residuum, respectively. A residuated
lattice is divisible, if a ⊗ (a → b) = a ∧ b holds for arbitrary
a, b ∈ L, and satisfies the law of double negation, if (a →
⊥) → ⊥ = a holds for any a ∈ L. A divisible residuated
lattice satisfying the law of double negation is called an MV-
algebra. For other information about residuated lattices we
refer to [9].

Example 2.1. It is easy to prove (see e.g. [10]) that the alge-
bra

LT = 〈[0, 1], min, max, T,→T , 0, 1〉,
where T is a left continuous t-norm and a →T b =

∨{c ∈
[0, 1] | T (a, c) ≤ b} defines the residuum, is a complete resid-
uated lattice. Moreover, if T is the Łukasiewicz t-norm, i.e.,
T (a, b) = max(a + b− 1, 0) for all a, b ∈ [0, 1], then LT is a
complete MV-algebra called a Łukasiewicz algebra (on [0, 1]).
One checks easily that a →T b = max(1 − a + b, 0) is the
residuum in the Łukasiewicz algebra.

Example 2.2. One checks easily that

L[0,∞] = 〈[0,∞], min, max,→, 0,∞〉,
where ⊗ = min and

a→ b =
{

b, if b < a,
∞, otherwise, (5)

is a complete residuated lattice. Note that L[0,∞] is a special
example of more general residuated lattice called a Heyting
algebra.1

Let us define the following additional operations for all
a, b ∈ L:

a↔ b = (a→ b) ∧ (b→ a) (biresiduum)
¬a = a→ ⊥. (negation)

1A Heyting algebra is a residuated lattice with ⊗ = ∧.

2.2 L-fuzzy sets

Let L be a complete residuated lattice and M be a universe of
discourse. A mapping A : M → L is called an L-fuzzy set
on M . A value A(m) is called a membership degree of m in
the L-fuzzy set A. The set of all L-fuzzy sets on M is denoted
by FL(M). An L-fuzzy set A on M is called crisp, if there
is a subset X of M such that A = 1X , where 1X denotes
the characteristic function of X . Particularly, 1∅ denotes the
empty L-fuzzy set on M , i.e. 1∅(m) = ⊥ for any m ∈ M .
The set of all crisp L-fuzzy sets on M is denoted by PL(M).
An L-fuzzy set A is constant, if there is c ∈ L such that
A(m) = c for any m ∈M . For simplicity, a constant L-fuzzy
set is denoted by the corresponding element of L, e.g., a, b, c.2

Let us denote Supp(A) = {m | m ∈ M & A(m) > ⊥}
and core(A) = {m | m ∈ M & A(m) = "} the sup-
port and core of an L-fuzzy set A, respectively. Obviously,
Supp(1X) = core(1X) = X for any crisp L-fuzzy set. An
L-fuzzy set A is called normal, if core(A) �= ∅.

Let {Ai | i ∈ I} be a non-empty family of L-fuzzy sets on
M . Then the union of Ai is defined by(⋃

i∈I

Ai

)
(m) =

∨
i∈I

Ai(m) (6)

for any m ∈M and the intersection of Ai is defined by(⋂
i∈I

Ai

)
(m) =

∧
i∈I

Ai(m) (7)

for any m ∈ M . Let A be an L-fuzzy set on M . The com-
plement of A is an L-fuzzy set A on M defined by A(m) =
¬A(m) for any m ∈ M . Finally, an extension of the oper-
ations ⊗ and → on L to the operations on FL(M) is given
by

(A⊗B)(m) = A(m)⊗B(m) (8)
(A→ B)(m) = A(m)→ B(m) (9)

for any A,B ∈ FL(M) and m ∈ M , respectively. The fol-
lowing theorem shows the well-known relation between the
operations of the union and intersection of sets which also
holds for L-fuzzy sets, if we restrict ourselves to a special
class of complete residuated lattices.

Theorem 2.1. Let L be a complete residuated lattice satisfy-
ing the law of double negation and {Ai | i ∈ I} be a non-
empty family of L-fuzzy sets on M . Then

⋃
i∈I

Ai =
⋂
i∈I

Ai and
⋂
i∈I

Ai =
⋃
i∈I

Ai. (10)

We say that an L-fuzzy set A is less than or equal to an
L-fuzzy set B and denote by A ⊆ B, if, for any m ∈ M ,
we have A(m) ≤ B(m). Let f : M → M ′ be a mapping.
Then f→(A)(m) =

∨
m′∈f−1(m) A(m′) defines a mapping

f→ : FL(M) → FL(M ′). Obviously, if f is a bijective
mapping, then f→(A)(f(m)) = A(m) for any m ∈M .

2We suppose that the meaning of this symbol will be unmistak-
able from the context, that is, it should be clear when an element of
L is considered and when a constant L-fuzzy set is assumed.
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3 Fuzzy measures
In this section, we will introduce a notion of fuzzy measure
and complementary fuzzy measure of L-fuzzy sets. More in-
formation about fuzzy measures could be found in [11, 12].

For our considerations we will consider algebras of L-fuzzy
sets as a base for defining fuzzy measures of L-fuzzy sets.

Definition 3.1 ([11]). Let M be a non-empty universe of dis-
course. A subsetM of FL(M) is an algebra of L-fuzzy sets
on M , if the following conditions are satisfied

(i) 1∅, 1M ∈M,

(ii) if A ∈M, then A ∈M,

(iii) if A,B ∈M, then A ∪B ∈M.

A couple (M,M) is called a fuzzy measurable space, ifM is
an algebra of L-fuzzy sets on M .

Example 3.1. The sets {1∅, 1M}, PL(M), σ-algebras on M ,
or FL(M) are algebras of L-fuzzy sets on M .

Example 3.2. Let us say that an L-fuzzy set A on M is a
simple L-fuzzy set on M , if there exists a family of sets {Mi |
i = 1, . . . , n} such that

⋃n
i=1 Mi = M , Mi �= Mj for any

i �= j and A(m) = A(m′) holds for each m, m′ ∈Mi, where
i = 1, . . . , n. Obviously, the set of all simple L-fuzzy sets on
M is an algebra of L-fuzzy sets on M .

Example 3.3. Let L be the Łukasiewicz algebra on [0, 1] (see
Example 2.1) and M = [0, 1]. Then the set of all continuous
mappings A : [0, 1] → [0, 1] is an algebra of L-fuzzy sets in
M .3

Let us introduce the concepts of fuzzy measure and com-
plementary fuzzy measure as follows. The first definition is a
modification of the definition of a normed fuzzy measure with
respect to truth values (see e.g. [12, 13]).

Definition 3.2. Let (M,M) be a fuzzy measurable space. A
mapping µ :M→ L is called a fuzzy measure on (M,M), if

(i) µ(1∅) = ⊥ and µ(1M ) = ",

(ii) if A,B ∈M such that A ⊆ B, then µ(A) ≤ µ(B).

A triplet (M,M, µ) is called a fuzzy measure space, if
(M,M) is a fuzzy measurable space and µ is a fuzzy mea-
sure on (M,M).

Definition 3.3. Let (M,M) be a fuzzy measurable space. A
mapping ν : M → L is called a complementary fuzzy mea-
sure on (M,M), if

(i) ν(1∅) = " and ν(1M ) = ⊥,

(ii) if A,B ∈M such that A ≤ B, then ν(A) ≥ ν(B).

A triplet (M,M, ν) is called a complementary fuzzy measure
space, if (M,M) is a fuzzy measurable space and ν is a com-
plementary fuzzy measure on (M,M).

3Note that the set of all continuous mappings need not be an al-
gebra of L-fuzzy sets for other residuated lattices determined by left
continuous T -norms, because the negation is not a continuous map-
ping in general.

Example 3.4. Let (M,M) be the fuzzy measurable space of
all continuous mappings from Example 3.3. It is easy to see
that

µ(A) =
∫ 1

0

A(m) dm,

where
∫ 1

0
A(m) dm denotes the Riemann integral, defines a

fuzzy measure on (M,M).

Example 3.5. Let L be a complete residuated lattice with the
support [0, 1] and N be the set of natural numbers with 0. For
any non-empty countable (i.e., finite or denumerable) universe
M , injective mapping f : M → N, n ∈ N and A ∈ FL(M),
denote

Af,n(m) =
{

A(m), if f(m) ≤ n;
0, otherwise. (11)

Further, for any injective mapping f : M → N and n ∈ N,
define µf,n : FL(M)→ [0, 1] as follows

µf,n(A) =

∑
m∈Supp(Af,n) Af,n(m)

|Supp(1Mf,n
)| (12)

and, finally, define µ
f
, µf : FL(M)→ [0, 1] as follows

µ
f

= lim inf
n→∞

µf,n(A), (13)

µf = lim sup
n→∞

µf,n(A). (14)

It is easy to see that µf,n, µ
f

and µf are fuzzy measures on

(M,FL(M)) determined by an injective mapping f .4 If, for
example, M = N and f = id, then µ

f
(A) = µf (A) = ⊥ for

any L-fuzzy set with finite universe. For the set of all even or
odd numbers, both fuzzy measures give 1

2 and, for the set of
all prime numbers, we obtain 0.

If M is finite, then µ
f

= µ
g

= µf = µg for any injective
mappings f, g : M → N and

µ
f
(A) = µf (A) =

∑
m∈M A(m)
|M | . (15)

Hence, it is easy to see that µf (A) = µf (h→(A)) holds for
any non-empty finite universe M , A ∈ FL(M), injective
mapping f : M → N and bijective mapping h : M → M .
Unfortunately, this equality fails for denumerable universes in
general. In fact, consider M = N, f = id and a bijective
mapping h : N → N such that the image of all even numbers
is the set of prime numbers. Then both fuzzy measures give
1
2 for the set of all even numbers, however, 0 for the set of all
prime numbers.

Example 3.6. Let µf be one of the fuzzy measures on
(M,FL(M)) determined by f defined in (13) and (14). If
h : [0, 1]→ [0, 1] is a non-decreasing mapping with h(0) = 0
and h(1) = 1, then h◦µf is a fuzzy measure on (M,FL(M))
determined by µf and h. If h : [0, 1] → [0, 1] is a non-
increasing mapping with h(0) = 1 and h(1) = 0, then h◦µf is
a complementary fuzzy measure on (M,FL(M)) determined
by µf and h.

4Note that µ
f

and µf could be understood as a generalization of
lower and upper weighted densities well known in the number theory
which are examples of so-called lower and upper asymptotic fuzzy
measures (see [14]).
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Theorem 3.1. Let (M,M) be a fuzzy measurable space. If
µ (ν) is a fuzzy measure (a complementary fuzzy measure) on
(M,M), then ν′(A) = ¬µ(A) (µ′(A) = ¬ν(A)) defines a
complementary fuzzy measure (a fuzzy measure) on (M,M).

Definition 3.4. Let (M,M) be a fuzzy measurable space
and X ∈ FL(M). We say that X isM-fuzzy measurable, if
X ∈M.

Let (M,M) be a fuzzy measurable space and X ∈
FL(M). DenoteMX the set of allM-fuzzy measurable sets
which are contained in X , i.e.,

MX = {A | A ∈M and A ⊆ X}. (16)

Note that 1∅ ∈ MX for each X ∈ FL(M) and if X is M-
fuzzy measurable set, then also X ∈ MX . If X = M , then
we will write onlyM instead ofMM .

Theorem 3.2. Let (M,M, µ) be a fuzzy measure space. A
mapping µ∗ : FL(M)→ L defined by

µ∗(X) =
∨

A∈MX

µ(A) (17)

is a fuzzy measure on the fuzzy measurable space
(M,FL(M)). We say that µ∗ is the inner fuzzy measure on
(M,FL(M)) determined by µ.

Example 3.7. Let (M,PL(M), µ) be an arbitrary fuzzy mea-
surable space (recall thatPL(M) is the power set of M ). Then
the inner fuzzy measure on (M,FL(M)) is defined by

µ∗(A) =
{

µ(A′), if 1core(A) = A′,
⊥, otherwise. (18)

Thus all L-fuzzy sets that are not normal have the inner fuzzy
measure equal to ⊥.

Example 3.8. Let L be the Łukasiewicz algebra on [0, 1],
(M,M, µ) be the fuzzy measure space of continuous L-
fuzzy sets from Example 3.4. Then, for example, we have
µ∗(1[a,b]) = b− a, however, 1[a,b] �∈ M.

Theorem 3.3. Let (M,M, ν) be a complementary fuzzy mea-
sure space. A mapping ν∗ : FL(M)→ L defined by

ν∗(X) =
∧

A∈MX

ν(A) (19)

is a complementary fuzzy measure on the fuzzy measurable
space (M,FL(M)). We say that ν is the inner complementary
fuzzy measure on (M,FL(M)) determined by ν.

In the following part we will define an isomorphism be-
tween fuzzy measure spaces and then between complementary
fuzzy measure spaces.

Definition 3.5. Let (M,M) and (M ′,M′) be fuzzy mea-
surable spaces. We say that a mapping g : M → M′ is an
isomorphism between (M,M) and (M ′,M′), if

(i) g is a bijective mapping with g(1∅) = 1∅,

(ii) g(A∪B) = g(A)∪g(B) and g(A) = g(A) hold for any
A,B ∈M,

(iii) there exists a bijective mapping f : M → M ′ with
A(m) = g(A)(f(m)) for any A ∈M and m ∈M .

Theorem 3.4. Let (M,M), (M ′,M′) be fuzzy measurable
spaces and g :M→M′ be a surjective mapping. Then g is
an isomorphism between (M,M) and (M ′,M′) if and only
if there exists a bijective mapping f : M → M ′ such that
g = f→.

Definition 3.6. Let (M,M) and (M ′,M′) be fuzzy measur-
able spaces. We say that a mapping g : M → M′ is an iso-
morphism between (M,M, µ) and (M ′,M′, µ′) (or between
(M,M, ν) and (M ′,M′, ν′)), if

(i) g is an isomorphism between (M,M) and (M ′,M′),

(ii) µ(A) = µ′(g(A)) (or ν(A) = ν′(g(A))) for any A ∈
M.

If g is an isomorphism between fuzzy measure spaces
(M,M, µ) and (M ′,M′, µ′) or between complementary
fuzzy measure spaces (M,M, ν) and (M ′,M′, ν′), then
we write g(M,M, µ) = (M ′,M′, µ′) or g(M,M, ν) =
(M ′,M′, ν′), respectively.

Let (M,M, µ) be a fuzzy measure space. If f : M → M ′

is a bijective mapping, then (M ′, f→(M), µf→), where

µf→(f→(A)) = µ(A) (20)

holds for any A ∈ M, is a fuzzy measure space isomorphic
to (M,M, µ). A simple consequence of Theorem 3.4 is the
fact that each fuzzy measure space (M ′,M′, µ′) isomorphic
to (M,M, µ) has the form (M ′, f→(M), µf→) for a suit-
able bijective mapping f : M → M ′. Analogously, to every
couple of isomorphic complementary fuzzy measure spaces
(M,M, ν) and (M ′,M′, ν′) there is a bijective mapping
f : M →M ′ such that (M ′, f→(M), νf→) = (M ′,M′, ν′).

4 Fuzzy integrals
In this section, we will introduce two types of fuzzy integrals.
The first one is a generalization of the formula (3) derived in
Introduction. For more information about fuzzy integrals we
refer to [11, 12].

4.1 ⊗-fuzzy integral

In this part, we will introduce a type of fuzzy integral that can
be defined on an arbitrary fuzzy measure space (M,M, µ).
The form of this integral is motivated by our need to describe
a class of models of L-fuzzy quantifiers of the type 〈1〉. In
[2], we show that this class of models is bounded by the mod-
els of determiners all and some. Note that models of all and
some are the same as the interpretations of quantifiers ∀ and
∃, respectively, in fuzzy logic (see e.g. [6, 7, 15, 4]).

Definition 4.1. Let (M,M, µ) be a fuzzy measure space,
A ∈ FL(M) and X be a M-fuzzy measurable L-fuzzy set.
The ⊗-fuzzy integral of A on X is given by∫ ⊗

X

A dµ =
∨

Y ∈MX\{1∅}

∧
m∈Supp(Y )

(A(m)⊗ µ(Y )). (21)

If X = 1M , then we write
∫ ⊗

A dµ.
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Remark 4.1. It is easy to see that
∫ ⊗
1∅

A dµ =
∨ ∅ = ⊥

for any A ∈ FL(M) and
∫ ⊗

X
A dµ ≤ ∫ ⊗

Y
A dµ, whenever

X ⊆ Y . Since
∫ ⊗
1M

A dµ �= " in general, µA(X) =
∫ ⊗

X
A dµ

does not define a fuzzy measure on (M,M) in the sense of
Definition 3.2.

Remark 4.2. One can also define a ∧-fuzzy integral of A on
X in such way that ⊗ is replaced by ∧ in (21). Since ⊗ and
∧ have many common properties, both types of fuzzy integral
will have similar properties. Nevertheless, we prefer the ⊗-
fuzzy integral in this paper, because it is closely related (due
to the adjointness property) to →-fuzzy integral that will be
introduced in the following subsection.

Theorem 4.1. Let (M,M, µ) be a fuzzy measure space. Then
µ′ : FL(M)→ L defined by

µ′(A) =
∫ ⊗

A dµ (22)

is a fuzzy measure on (M,FL(M)).

Theorem 4.2. Let (M,M, µ) be a fuzzy measure space. Then

(i)
∫ ⊗

X
(A ∩B) dµ ≤ ∫ ⊗

X
A dµ ∧ ∫ ⊗

X
B dµ,

(ii)
∫ ⊗

X
(A ∪B) dµ ≥ ∫ ⊗

X
A dµ ∨ ∫ ⊗

X
B dµ,

(iii)
∫ ⊗

X
(c⊗A) dµ ≥ c⊗ ∫ ⊗

X
A dµ,

(iv)
∫ ⊗

X
(c→ A) dµ ≤ c→ ∫ ⊗

X
A dµ,

hold for any X ∈M, A,B ∈ FL(M) and c ∈ L.

Theorem 4.3. Let (M,M, µ) be a fuzzy measure space and
c ∈ L. Then we have

(i)
∫ ⊗(c⊗ 1X) dµ = c⊗ µ∗(1X) for any X ⊆M ,

(ii)
∫ ⊗(c⊗ 1X) dµ = c⊗ µ(1X) for any X ⊆M such that
1X ∈M,

(iii)
∫ ⊗ 1X dµ = µ(1X) for any X ⊆M such that 1X ∈M,

(iv)
∫ ⊗

c dµ = c.

Theorem 4.4. Let (M,M, µ) be a fuzzy measure space. If
X ∈ M is such that 1Supp(Y ) ∈ MX for any Y ∈ MX ,
then, for any A ∈ FL(M), we have∫ ⊗

X

A dµ =
∨

1Y ∈PX\{1∅}

∧
m∈Y

(A(m)⊗ µ(1Y )), (23)

where PX = {1Supp(Z) | Z ∈MX}.
Theorem 4.5. Let L be a complete MV-algebra, (M,M, µ)
be a fuzzy measure space, A ∈ FL(M) and X ∈M. Then∫ ⊗

X

A dµ =
∨

Y ∈MX\{1∅}

(
µ(Y )⊗

∧
m∈Supp(Y )

A(m)
)
. (24)

Moreover, ∫ ⊗

X

(c⊗A) dµ = c⊗
∫ ⊗

X

A dµ (25)

for any c ∈ L.

Theorem 4.6. Let g be an isomorphism between fuzzy mea-
sure spaces (M,M, µ) and (M ′,M′, µ′) and X ∈ M. Then
we have ∫ ⊗

X

A dµ =
∫ ⊗

g(X)

g(A) dµ′ (26)

for any A ∈ FL(M).

In the end of this part, we will show that the Sugeno integral
is a special case of our proposed integral. For this purpose
we will use a slight modification of the usual Sugeno integral
definition with respect to the fuzzy measurable spaces over
complete residuated lattices.

Let L be a complete residuated lattice and (M,M) be a
fuzzy measurable space such that A∩B ∈M for any A,B ∈
M.5 Denote Aa = {m | m ∈ M & A(m) ≥ a}. We say
that an L-fuzzy set A isM-Sugeno measurable, if 1Aa

∈ M
for any a ∈ L. The Sugeno integral is given, for any fuzzy
measure space (M,M, µ) with B ∩ C ∈ M for any B, C ∈
M, for anyM-Sugeno measurable L-fuzzy set A and for any
X ∈M, by ∫

X

A dµ =
∨
a∈L

(a ∧ µ(1Aa
∩X)). (27)

Theorem 4.7. Let L be a complete Heyting algebra,
(M,M, µ) be a fuzzy measure space with B ∩ C ∈ M for
any B,C ∈ M, A be a M-Sugeno measurable L-fuzzy set
and X ∈M. Then

∫
X

A dµ =
∫ ⊗

X
A dµ.

4.2 →-fuzzy integral

In this part, we will introduce another type of fuzzy integral
that can be defined on an arbitrary complementary fuzzy mea-
sure space (M,M, ν). The form of this integral is motivated
by our need to describe another class of models of L-fuzzy
quantifiers of the type 〈1〉 which are kind of negations of the
previous ones.

Definition 4.2. Let (M,M, ν) be a complementary fuzzy
measure space, A ∈ FL(M) and X be aM-fuzzy measurable
L-fuzzy set. The→-fuzzy integral of A on X is given by∫ →

X

A dν =
∧

Y ∈MX\{1∅}

∨
m∈Supp(Y )

(A(m)→ ν(Y )).

(28)

If X = 1M , then we write
∫ →

A dν.

Remark 4.3. It is easy to see that
∫ →
1∅

A dν =
∧ ∅ = "

for any A ∈ FL(M) and
∫ →

X
A dν ≤ ∫ →

Y
A dν, whenever

Y ⊆ X . Since
∫ →
1M

A dν �= ⊥ in general, νA(X) =
∫ →

X
A dν

does not define a complementary fuzzy measure on (M,M)
in the sense of Definition 3.3.

5Note that, according to Theorem 2.1, p. 2, each complete resid-
uated lattice satisfying the law of double negation has this prop-
erty. Nevertheless, there are fuzzy measurable spaces which keep
this property, but L does not satisfy the law of double negation.
A simple example is a fuzzy measurable space (M,M) such that
M ⊆ PL(M) and L is an arbitrary complete residuated lattice (e.g.
L[0,∞] from Example 2.2).
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Theorem 4.8. Let (M,M, ν) be a complementary fuzzy mea-
sure space. Then ν′ : FL(M)→ L defined by

ν′(A) =
∫ →

A dν (29)

is a complementary fuzzy measure on (M,FL(M)).

Theorem 4.9. Let (M,M, ν) be a complementary fuzzy mea-
sure space. Then

(i)
∫ →

X
(A ∩B) dν ≥ ∫ →

X
A dν ∨ ∫ →

X
B dν,

(ii)
∫ →

X
(A ∪B) dν ≤ ∫ →

X
A dν ∧ ∫ →

X
B dν,

(iii)
∫ →

X
(c⊗A) dν ≤ c→ ∫ →

X
A dν,

(iv)
∫ →

X
(c→ A) dν ≥ c⊗ ∫ →

X
A dν

hold for any X ∈M, A,B ∈ FL(M) and c ∈ L.

Theorem 4.10. Let (M,M, ν) be a complementary fuzzy
measure space and c ∈ L. Then we have

(i)
∫ →(c⊗ 1X) dν = c→ ν∗(1X) for any X ⊆M ,

(ii)
∫ →(c ⊗ 1X) dν = c → ν(1X) for any X ⊆ M such
that 1X ∈M,

(iii)
∫ → 1X dν = ν(1X) for any X ⊆M such that 1X ∈M,

(iv)
∫ →

c dν = ¬c.

Theorem 4.11. Let (M,M, ν) be a complementary fuzzy
measure space. If X ∈ M is such that 1Supp(A) ∈ MX

for any A ∈MX , then, for any A ∈ FL(M), we have∫ →

X

A dν =
∨

1Y ∈PX\{1∅}

∧
m∈Y

(A(m)→ ν(1Y )), (30)

where PX = {1Supp(A) | A ∈MX}.
Theorem 4.12. Let L be a complete MV-algebra, (M,M, ν)
be a complementary fuzzy measure space, A ∈ FL(M) and
X ∈M. Then∫ →

X

A dν =
∧

Y ∈MX\{1∅}

(
(

∧
m∈Supp(Y )

A(m))→ ν(Y )
)
.

(31)

Moreover, ∫ →

X

(c⊗A) dν = c→
∫ →

X

A dν (32)

for any c ∈ L.

Theorem 4.13. Let g be an isomorphism between comple-
mentary fuzzy measure spaces (M,M, ν) and (M ′,M′, ν′)
and X ∈M. Then we have∫ →

X

A dν =
∫ →

g(X)

g(A) dν′ (33)

for any A ∈ FL(M).

The following statement shows that if we consider a com-
plete MV-algebra, then we can restrict ourselves, for example,
to ⊗-fuzzy integrals, since each→-fuzzy integral is uniquely
determined by the negation of a suitable ⊗-fuzzy integral.

Theorem 4.14. Let L be a complete MV-algebra and (M,M)
be a fuzzy measurable space. Then∫ →

X

A dν′ = ¬
∫ ⊗

X

A dµ, (34)∫ ⊗

X

A dµ′ = ¬
∫ →

X

A dν (35)

hold for any fuzzy measure µ and complementary fuzzy mea-
sure ν, where ν′ = ¬µ and µ′ = ¬ν.

5 Conclusions
In this contribution, new types of fuzzy integrals, that are quite
useful for modeling fuzzy quantifiers (of the type 〈1〉), are in-
troduced and some of their properties are studied. The defini-
tions of fuzzy quantifiers using these types of fuzzy integrals
and some of their semantical properties could be found in [2].
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[10] P. Hájek. Metamathematics of Fuzzy Logic. Kluwer Academic
Publishers, Dordrecht, 1998.

[11] Z. Wang and G.J. Klir. Fuzzy measure theory. Plenum Press,
New York, 1992.

[12] M. Grabisch, T. Murofushi, and M. Sugeno, editors. Fuzzy
Measures and Integrals. Theory and Applications. Studies in
Fuzziness and Soft Computing. Physica Verlag, Heidelberg,
2000.

[13] E.P. Klement, R. Mesiar, and E. Pap. A universal integral based
on measures of level sets. IEEE Transactions on Fuzzy Systems,
to appear.
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Abstract— In the context of decision under uncertainty, we
characterize the 2-additive Choquet integral on the set of fic-
titious acts called binary alternatives or binary actions. This
characterization is based on a fundamental property called
MOPI which permits us to relate belief functions and the 2-
additive Choquet integral.

Keywords— Capacity, Möbius transform, Choquet integral,
k-monotone function, Belief function, Decision under uncer-
tainty

1 Introduction

Decision under uncertainty is a part of decision mak-
ing where each act has several possible consequences,
depending on the state of nature whose probability of
occurrence is unknown. As shown by the well-known
Ellsberg’s paradox [1, 2], the use of the expected util-
ity model [3] in decision under uncertainty is limited.
Therefore some non-additive models like Choquet ex-
pected utility [4] have been proposed in order to over-
come the limitations of the expected utility model.

The Choquet integral is defined w.r.t. a capacity (or
non-additive monotonic measure, or fuzzy measure),
and can be thought of as a generalization of the expected
value, the capacity playing the role of a probability mea-
sure. In this paper we focus on the 2-additive Choquet
integral [5, 6], a particular Choquet integral where inter-
action between two states of nature can be represented,
but not more complex interaction. This model is in prac-
tice already sufficiently flexible. In many situations, it
is important for the Decision-Maker (DM) to construct a
preference relation over the set of all acts X . Because it is
not an easy task (the cardinality of X may be very large),
we ask him to give, using pairwise comparisons, an or-
dinal information (a preferential information containing
only a strict preference and an indifference relations) on
a particular reference subset B ⊆ X . The set B we use is
the set of binary acts or binary actions. A binary action
is a fictitious act which takes only two values denoted
1 and 0 belonging to the set of consequences, such that
1 is strictly preferred to 0. We present necessary and
sufficient conditions on the ordinal information for the
existence of a 2-additive capacity such that the Choquet
integral w.r.t. this capacity represents the preference of
the decision maker. We introduce the new fundamental
property MOPI, a kind of monotonicity coming from the

definition of a 2-additive capacity, in order to have this
characterization. We found through our MOPI property
the following link between the 2-additive Choquet inte-
gral and belief functions (Shafer [7]): Any ordinal infor-
mation representable by a belief function is representable by a
Choquet integral w.r.t. a 2-additive capacity.

Because a belief function is a capacity, we show an-
other characterization of the representation of any ordi-
nal information by a belief function. The new funda-
mental property defined in this case is called the 2-MOPI
property. This property and the MOPI property in the
previous paragraph are related by the following state-
ment: if the 2-MOPI property is satisfied then the MOPI
property is satisfied.

The article is organized as follows. The next section
presents the basic concepts we need. Section 3 concerns
a representation of ordinal information by the 2-additive
Choquet integral. In the last section, after some results
on the case of the k-monotone functions, we study the
representation of an ordinal information by a belief func-
tion.

2 Preliminaries

Let us denote by N = {1, . . . , n} the set of n states of na-
ture and by 2N the set of all subsets of N . The set of pos-
sible consequences (also called “outcomes”) is denoted
by C. An act x is identified to an element of X = Cn

with x = (x1, ..., xn). We introduce the following conve-
nient notation: for two acts x, y ∈ X and a subset A ⊆ N ,
the compound act z = (xA, yN−A) is defined by zi := xi

if i ∈ A, and zi := yi otherwise. For all i, j in N , the
element i ∨ j denotes one of the elements i, j.

We want to construct a preference relation over X , but
this is not easy because X may contain infinitely many
acts. In practice [8] one can only ask to the DM pairwise
comparisons of acts on a finite subset X ′ of X . Hence
we get a preference relation �X′ on X ′. The question
is then: how to construct �X from �X′? To this end,
people usually suppose that �X is representable by an
overall utility function:

x �X y ⇔ F (U(x)) ≥ F (U(y)) (1)

where U(x) = (u(x1), . . . , u(xn)), u : C → R is called
a utility function, and F : R

n → R is an aggregation
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function. Usually, we consider a family of aggregation
functions characterized by a parameter vector θ (e.g., a
probability distribution over the states of nature). The
parameter vector θ can be deduced from the knowledge
of �X′ , that is, we determine the possible values of θ
for which (1) is fulfilled over X ′. We study the case
where F is the Choquet integral, the parameters are the
2-additive capacity and X ′ is the set of binary actions.
The aim of this paper is to give necessary and suffi-
cient conditions on �X′ to be represented by a 2-additive
Choquet integral. The model obtained in X ′ will be au-
tomatically extended to X .

2.1 The 2-additive Choquet Integral

The 2-additive Choquet integral [6] is a particular case
of the Choquet integral [9, 10]. This integral generalizes
the arithmetic mean and takes into account interactions
between the states of nature. A 2-additive Choquet inte-
gral is based on a 2-additive capacity defined below and
its Möbius transform [11, 12]:

Definition 2.1.

1. A capacity on N is a set function µ : 2N → [0, 1] such
that:

(a) µ(∅) = 0

(b) µ(N) = 1

(c) ∀A, B ∈ 2N , [A ⊆ B ⇒ µ(A) ≤ µ(B)]
(monotonicity).

2. The Möbius transform of a capacity µ on N is a func-
tion m : 2N → R defined by:

m(T ) :=
∑

K⊆T

(−1)|T\K|µ(K),∀T ∈ 2N (2)

When m is given, it is possible to recover the origi-
nal µ by the following expression:

µ(T ) :=
∑

K⊆T

m(K),∀T ∈ 2N (3)

Definition 2.2. A capacity µ on N is said to be 2-additive
if

• For all subset T of N such that |T | > 2, m(T ) = 0;

• There exists a subset B of N such that |B| = 2 and
m(B) �= 0.

Notations We simplify our notations by using for a
capacity µ and its Möbius transform m: µi := µ({i}),
µij := µ({i, j}), mi := m({i}), mij := m({i, j}), for all
i, j ∈ N , i �= j. Whenever we use i and j together, it
always means that they are different.

The following important Lemma shows that a 2-
additive capacity is entirely determined by the value of
the capacity on the singletons {i} and pairs {i, j} of 2N :

Lemma 1.

1. Let µ be a 2-additive capacity on N . We have

µ(K) =
∑

{i,j}⊆K

µij−(|K|−2)
∑
i∈K

µi, ∀K ⊆ N, |K| ≥ 2.

(4)

2. If the coefficients µi and µij are given for all i, j ∈ N,
then the necessary and sufficient conditions that µ is a
2-additive capacity are:

∑
{i,j}⊆N

µij − (n − 2)
∑
i∈N

µi = 1 (5)

µi ≥ 0, ∀i ∈ N (6)
X

i∈A\{k}
(µik − µi) ≥ (|A| − 2)µk, ∀A ⊆ N, |A| ≥ 2, ∀k ∈ A.

(7)

Proof. See [6]

For an act x := (x1, ..., xn) ∈ X , the expression of the
Choquet integral w.r.t a capacity µ is given by:

Cµ((u(x1), ..., u(xn))) := u(xτ(1))µ(N)+
n∑

i=2

(u(xτ(i))−
u(xτ(i−1)))µ({τ(i), ..., τ(n)})

where τ is a permutation on N such that u(xτ(1)) ≤
u(xτ(2)) ≤ ... ≤ u(xτ(n−1)) ≤ u(xτ(n)).

A Choquet integral with a 2-additive capacity µ is
called a 2-additive Choquet integral. Given an act x :=
(x1, ..., xn) ∈ X , the 2-additive Choquet integral can be
written also as follows:

Cµ((u(x1), . . . , u(xn))) =
n∑

i=1

viu(xi)−
1
2

∑
{i,j}⊆N

Iij |u(xi) − u(xj)|
(8)

where vi =
∑

K⊆N\i

(n − |K| − 1)!|K|!
n!

(µ(K∪i)−µ(K))

represents the importance of the state of nature i and
corresponds to the Shapley value [13]; Iij = µij −µi−µj

is the interaction index between the two states of nature
i and j.

The above development suggests that the Choquet in-
tegral w.r.t. a 2-additive capacity seems to be of particu-
lar interest, and offers a good compromise between flex-
ibility of the model and complexity. Therefore, we focus
in this paper on the 2-additive model.

2.2 Binary actions

We assume in this paper that the DM is able to iden-
tify in C two consequences denoted 1 and 0 such that
he strictly prefers 1 to 0. In the sequel, we call 0 the
“neutral level” (even if this is not the neutral level un-
derstood in bipolar model).

We call a binary action or binary act, an element of the
set B = {0N , (1i,0N−i), (1ij ,0N−ij), i, j ∈ N, i �= j} ⊆
X where

• 0N = (1∅,0N ) =: a0 is an act which has a conse-
quence 0 on all states of nature.
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• (1i,0N−i) =: ai is an act which has a consequence
1 on state of nature i and a consequence 0 on the
other states of nature.

• (1ij ,0N−ij) =: aij is an act which has a conse-
quence 1 on states of nature i and j and a conse-
quence 0 on the other states of nature.

By convention we set u(0) = 0 and u(1) = 1. The above
convention have the following consequences:

Remark 1.

1. The Choquet integral satisfies the following prop-
erty [14, 10]: if µ is a capacity then

Cµ(U(1A,0N−A)) = µ(A), ∀A ⊆ N. (9)

2. Let µ be a 2-additive capacity. We have

Cµ(U(a0)) = 0;

Cµ(U(ai)) = µi = vi − 1
2

∑
k∈N, k �=i

Iik;

Cµ(U(aij)) = µij = vi +vj − 1
2

∑
k∈N, k �∈{i,j}

(Iik + Ijk)

Generally the DM knows how to compare some acts
using his knowledge of the problem, his experience, etc.
These acts form a set of reference acts and allows to
determine the parameters of a model (utility functions,
subjective probabilities, weights,. . . ) in the decision pro-
cess (see [8] for more details). As shown by the previous
Remark 1 and Lemma 1, it should be sufficient to get
some preferential information from the DM only on bi-
nary acts. To entirely determine the 2-additive capacity
this information is expressed by the following relations:

P = {(x, y) ∈ B × B : DM strictly prefers x to y}, I =
{(x, y) ∈ B × B : DM is indifferent between x and y}.

Definition 2.3. The ordinal information on B is the struc-
ture {P, I}.

Now we will suppose P nonempty for any ordinal in-
formation {P, I} (“non triviality axiom”). Before we end
this section, let us introduce another relation M which
completes the ordinal information {P, I} given by the
DM and models the natural relations of monotonicity
between binary actions. For (x, y) ∈ {(ai, a0), i ∈ N} ∪
{(aij , ai), i, j ∈ N, i �= j},

x M y if not(x (P ∪ I) y).

The relation M models the monotonicity conditions
µ({i}) ≥ 0 and µ({i, j}) ≥ µ({i}) for a capacity µ.

Example 1. If we consider
N = {1, 2, 3}, B = {ao, a1, a2, a3, a12, a13, a23}, P =

{(a13, a3), (a2, a3), (a23, 0)}, I = {(a12, a1)}, then the
relation M is M = {(a12, a0), (a13, a0), (a1, a0), (a2,

a0), (a3, a0), (a12, a2), (a13, a1), (a23, a2), (a23, a3)}.

3 The representation of the ordinal
information by the Choquet integral

An ordinal information {P, I} is said to be representable
by a 2-additive Choquet integral if there exists a 2-additive
capacity µ such that:

1. ∀x, y ∈ B, x P y ⇒ Cµ(U(x)) > Cµ(U(y))

2. ∀x, y ∈ B, x I y ⇒ Cµ(U(x)) = Cµ(U(y)).

Given an ordinal information {P, I}, we look for
the necessary and sufficient conditions on B for which
{P, I} is representable by a 2-additive Choquet integral.
To do it, we need to define first the notion of strict cycle
of the relation (P ∪ I ∪ M).

3.1 Cycle of (P ∪ I ∪ M)

For a binary relation R on B and x, y elements of B,
{x1, x2, · · · , xp} ⊆ B is a path of R from x to y if x =
x1 R x2 R· · ·R xp−1 R xp = y. A path of R from x to x
is called a cycle of R.

• A path {x1, x2, ..., xp} of (P ∪ I ∪ M) is said to be
a strict path from x to y if there exists i in {1, ..., p −
1} such that xi P xi+1. In this case, we will write
x TCP y.

• A cycle (x1, x2, ..., xp) of (P ∪ I ∪ M) is a nonstrict
cycle if it is not strict.

• We note x ∼ y if there exists a nonstrict cycle of
(P ∪ I ∪ M) containing x and y.

Contrarily to the strict cycle which is a classic concept
used in graph theory [15, 16], we need to define a new
fundamental property called MOPI.

3.2 MOPI property and theorem of Characterization

Before defining the property MOPI, let us discover this
new condition through a simple example:

Example 2. Suppose that the DM says : a12 I a3, a13 I a2

and a1 P a0. Using the relation M , we have
a12 M a2 I a13 M a3 I a12. So, (a12, a2, a13, a3, a12) forms
a nonstrict cycle of (P ∪ I ∪M). If {P, I} is representable by
a 2-additive Choquet integral Cµ, this implies µ12 = µ13 =
µ2 = µ3 and µ1 > 0. However, we get a contradiction with
the monotonicity constraint µ12 + µ13 ≥ µ1 + µ2 + µ3 of a
2-additive capacity with the subset A = {1, 2, 3}, k = 1 (see
Equation (7) in Lemma 1).

This type of inconsistency is defined by:

Definition 3.1 (MOPI property). Let i, j, k ∈ N , i fixed.

1. We call Monotonicity of Preferential Information in
{i, j, k} w.r.t. i the following property (denoted by
({i, j, k},i)-MOPI):

aij ∼ ai∨j

aik ∼ ai∨k

i ∨ j ∈ {i, j}
i ∨ k ∈ {i, k}
i ∨ j �= i ∨ k




⇒ [not(al TCP a0)
l ∈ {i, j, k} \ {i ∨ k, i ∨ j}]
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If the property ({i, j, k},i)-MOPI is satisfied then the
element al, l ∈ {i, j, k} \ {i ∨ k, i ∨ j} is called the
neutral binary action of {i, j, k} w.r.t. i.

2. We say that {i, j, k} satisfies the property Monotonic-
ity of Preferential Information (MOPI) if ∀l ∈ {i, j, k},
({i, j, k},l)-MOPI is satisfied.

Example 3. Let N = {1, 2, 3, 4} and i = 1 fixed. The prop-
erty ({1, 2, 3}, 1)- MOPI reads as follows:

•
{

a12 ∼ a2

a13 ∼ a1
⇒ not(a3 TCP a0)

•
{

a12 ∼ a1

a13 ∼ a3
⇒ not(a2 TCP a0)

•
{

a12 ∼ a2

a13 ∼ a3
⇒ not(a1 TCP a0)

The MOPI condition given in this paper is equivalent
to the MOPI property presented in [5]. We give below
our theorem of characterization of consistent ordinal in-
formation {P, I} representable by a 2-additive Choquet
integral:

Theorem 1. An ordinal information {P, I} is representable
by a 2-additive Choquet integral on B if and only if the follow-
ing conditions are satisfied:

1. (P ∪ I ∪ M) contains no strict cycle;

2. Any subset K of N such that |K| = 3 satisfies the MOPI
property.

Is it possible to represent an ordinal information by
another operator instead of the 2-additive Choquet in-
tegral? If the answer is yes, can we give a similar char-
acterization like in Theorem 1? In the next section, we
will show that it is possible by using for instance belief
functions.

4 The representation of ordinal
information by belief functions

4.1 General definitions

Beliefs functions are one of the fundamental concepts
used in the theory of evidence of Shafer [7]. They are
defined by the belief function mass m as follows:

Definition 4.1. A function m : 2N → [0, 1] is called a
mass distribution or a basic belief assignment if m satisfies
the following two properties:

1. m(∅) = 0;

2.
∑

A⊆N

m(A) = 1.

The quantity m(A) expresses the total amount of belief
that supports the proposition: “ the actual state of nature
is in A”, and does not support any more specific subset
of N because of lack of information.

Based on this concept, we define the belief function
Bel by:

Bel(A) =
∑
B⊆A

m(B) ∀A ⊆ N.

Remark 2.

• Bel is a capacity;

• The sets A such that m(A) > 0 are called the focal
elements;

• If all focal elements are singletons then a mass dis-
tribution can be considered as a probability distri-
bution;

• The mass distribution m corresponds to the Möbius
transform of Bel. So we have ∀T ∈ 2N ,

m(A) :=
∑
B⊆A

(−1)|A\B|Bel(B).

Thus, we can have a definition of the representation of
ordinal information by a belief function which is similar
to the same representation by a Choquet integral (see
Section 3).

Definition 4.2. An ordinal information {P, I} is said to
be representable by a belief function if there exists a belief
function Bel such that

1. ∀x, y ∈ B, x P y ⇒ CBel(U(x)) > CBel(U(y))

2. ∀x, y ∈ B, x I y ⇒ CBel(U(x)) = CBel(U(y)).

By using Definition 2.2, a 2-additive belief function
has a mass distribution m characterized by:

1. ∃i, j ∈ N tel que m({i, j}) �= 0;

2. ∀K ∈ 2N tel que |K| ≥ 3, m(K) = 0.

Theorem 2 below provides a relation between a k-
monotone function [6, 12] and a belief function, and a
relation between k-monotone functions and the previ-
ous MOPI property.

4.2 k-monotone functions and belief functions

Given an integer k ≥ 2, a function µ : 2N → [0, 1] is
k-monotone (shorthand for: monotone of order k) if for
each family {A1, A2, . . . , Ak} ⊆ 2N , we have

µ(
k⋃

i=1

Ai) ≥
∑

∅�=I⊆{1,...,k}
(−1)|I|+1µ(

⋂
i∈I

Ai). (10)

A simpler characterization of k-monotone functions by
their Möbius inversion is given by the following propo-
sition:

Proposition 1. Let µ : 2N → [0, 1] and m its Möbius trans-
form. µ is k-monotone (k integer, k ≥ 2) if and only if

∑
A⊆L⊆B

m(L) ≥ 0 ∀A, B ⊆ N, A ⊆ B and 2 ≤ |A| ≤ k.

(11)
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Proof. See [12]

It is well-known that µ : 2N → [0, 1] is a belief func-
tion if and only if µ is a k-monotone capacity for all
k ≥ 2. The following result gives another sufficient con-
dition to obtain a belief function from a k-monotone and
2-additive capacity, and relates belief function with the
MOPI condition translated in terms of capacity.

Theorem 2.
Let µ : 2N → [0, 1] be a function and k be an integer such

that k ≥ 2.

1. If µ is monotone, k-monotone and 2-additive then µ is a
belief function (precisely a 2-additive belief function);

2. If µ is monotone and k-monotone then µ satisfies the fol-
lowing property: for all i, j, k ∈ N , i fixed

µij = µi∨j

µik = µi∨k

i ∨ j ∈ {i, j}
i ∨ k ∈ {i, k}
i ∨ j �= i ∨ k




⇒ [µl = 0,
l ∈ {i, j, k} \ {i ∨ k, i ∨ j}]

We end the paper by a characterization of ordinal in-
formation by belief functions.

4.3 A link between Belief functions and the 2-additive
Choquet integral

In this section, we give through the MOPI property (see
Section 3) a link between beliefs functions and the 2-
additive Choquet integral.

Proposition 2. Let {P, I} be an ordinal information on B.
If there exist i, j, k ∈ N , i fixed such that the property

({i, j, k}, i)-MOPI is violated, then there is no belief function
Bel which represents {P, I}.

Corollary 1. Every ordinal information {P, I} on B repre-
sentable by a belief function Bel : 2N → [0, 1] is representable
by a 2-additive Choquet integral.

The inverse of Corollary 1 is false. If we suppose
P = {(a2, a0)}, I = {(a12, a1)} and µ a 2-additive ca-
pacity, we will have {P, I} representable by a 2-additive
Choquet integral and I12 = m12 = µ12 − µ1 − µ2 < 0. So
no belief function can represent {P, I} in this case. Then
it is interesting to look for the class of 2-additive capac-
ities which are belief functions. In order to characterize
them, we introduce a new fundamental property called
2-MOPI property:

Definition 4.3. An ordinal information {P, I} satisfies
the 2-MOPI property if

∀i, j ∈ N, i �= j, [aij ∼ ai ⇒ not(aj TCP a0)]. (12)

The relation between the 2-MOPI property and the
MOPI property is given by the following proposition:

Proposition 3. Let {P, I} an ordinal information on B.

{P, I} satisfies the 2-MOPI property

⇓
∀i, j, k ∈ N, {i, j, k} satisfies the MOPI property

Now we have the main result of this section:

Theorem 3.

{P, I} is representable by a 2-additive belief function if and
only if the two following conditions are satisfied:

1. (P ∪ I ∪ M) contains no strict cycle;

2. {P, I} satisfies the 2-MOPI property.

4.4 Interpretation of 2-MOPI and MOPI properties

We try to give an interpretation in terms of decision be-
havior of the two main conditions introduced in this pa-
per. We assume here for clarity that consequence 1 is a
good consequence for the DM, while consequence 0 is
neither bad nor good (statu quo).

Facing a situation where for two states of nature i and
j the DM is indifferent between the two acts aij and ai,
the 2-MOPI property says that act aj is equivalent to act
a0 (statu quo for every state of nature). Hence in such
a situation, the DM thinks that state of nature j is un-
likely to occur. This is a strong condition, since it suf-
fices that one such state i exists to infer the “nullity” of
state j. This condition can be related to the notion of null
set in generalized measure theory (see, e.g., [17]): a set
A ⊆ N is said to be null for capacity µ if µ(B∪A) = µ(B),
∀B ⊆ N \A. Taking A = {j} and B = {i} gives our con-
dition 2-MOPI. Observe that for the nullity condition,
{j} would be null if for all subsets B not containing j we
would have µ(B ∪ j) = µ(B), but the 2-MOPI condition
asks to find only one singleton satisfying this equality.

The MOPI property is a weakening of the above one,
and can be interpreted in a similar way. Let us consider
now three states of nature i, j and k. The MOPI condi-
tion can be translated as follows (see Example ??, with
i = 1, j = 2, and k = 3). Suppose that aij and aj are in-
different. As above, this would suggest that i is unlikely
to occur for the DM, but this is relatively to the occurence
of j, or put differently, i is much less likely than j. Sup-
pose in addition that aik is indifferent to ai. Again, this
suggests that k much less likely to occur than i. Since
i is much less likely than j, the conclusion is that k is
very unlikely to occur, hence ak is indifferent to a0. This
explains the first case in the MOPI condition. The sec-
ond case (indifference between aik and ak, and between
aij and ai) works exactly the same way. The third case
says that aij and aj are indifferent (i is much less likely
than j) as well as aik and ak (i is much less likely than
k). Since i is much less likely than both j and k, the con-
clusion is that i is very unlikely, so that ai is indifferent
with a0.

For N = {1, 2}, the 2-MOPI property can be also
viewed as uncertainty aversion1 (see [18]). Indeed,

1Uncertainty aversion, as presented in [18], is defined as
follows: For three acts x, y, z, if y and z are comonotonic then:

x ∼ y ⇒ x + z � y + z.

Comonotonicity between two acts y, z means that there are no
i, j ∈ N such that u(yi) > u(yj) and u(zi) < u(zj).
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given the three acts a12 = (1,1), a1 = (1,0), z = (−1,0)
and using the property of uncertainty aversion, we have:

(1,0) ∼ (1,1) ⇒ (0,0) � (0,1)

which corresponds to the 2-MOPI property in this case.
However, this interpretation does not work any more for
the MOPI condition.
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Abstract— This paper presents an agent-based fuzzy constraint-
directed negotiation mechanism for planning and scheduling in sup-
ply chain. The supply chain scheduling problem is modeled as a set of
fuzzy constraint satisfaction problems (FCSPs), interlinked together
by inter-agent constraints. For converging each distinct firm’s inter-
ests, the conflicts among the set of FCSPs are resolved through ne-
gotiation by iteratively exchanging offers/counters with limited shar-
ing of their perspectives and preferences. During the negotiation,
proposing offers/counter-offers takes not only firm’s self-interest and
preferences but also opponents’ perspectives into consideration. By
sharing perspectives between agents to gradually uncovering the in-
tent of opponents, consensus can be obtained and the quality of con-
sensus can be guaranteed at satisfactory level. Experimental results
suggest that the proposed approach obtains a superior solution for
supply chain scheduling than other negotiation models in a fully dis-
tributed processing.

Keywords— Supply Chain Planning and Scheduling, Fuzzy
Constraint-directed Negotiation, Fuzzy Constraint Satisfaction Prob-
lem, Multi-Agent System.

1 Introduction

Facing with global economic downturn and intense competi-
tion, firms have to rapidly respond to the variations in mar-
ket situation. Business entities (suppliers, manufacturers, dis-
tributors, retailers and customers) are urged to integrate their
operations into multi-layer supply chain for product/service
provision [1]. However, supply chain usually handles multi-
ple projects concurrently with shared components, facilities,
and capacities governed by distinct firms. Collaborating with
supply chain partners in planning and scheduling in a cost ef-
fective manner is the key to survive in today’s fierce market
competition.

Since the supply chain environment in nature is dis-
tributed, autonomous, and heterogeneous, agent-based ap-
proaches which are characterized by decentralization of com-
putation and information processing are particularly attractive
for supply chain modeling and problem solving [2, 3]. To en-
sure the global performance with limited interaction among
agents, a mediator or a third party agent is used in some sys-
tems for coordination. Negotiation processes can be facilitated
by a mediator which helps the parties understand their needs,
suggests possible agreements and/or supports them in the im-
plementation of the agreement. But, agents may have to share
sensitive strategic information that should not be revealed to

competitors or even to a third party agent, to the mediator for
coordination.

So, instead of coordinating with a third party agent, co-
ordination/negotiation in a fully distributed environment for
privacy concern has been addressed in some agent-based ap-
proaches. Those papers address the dynamic nature of supply
chain and emphasize the flexibility and responsiveness. Two
popular and fully distributed negotiation models, contract net
protocol (CNP) and market-based protocol, have been pro-
posed for these purposes [4]. The CNP can rapidly produce a
feasible solution to overcome the frequently changes in supply
chain. With simplified negotiation protocol, however, agents
with very limited interaction and information sharing can only
make their decisions independently and optimize their local
objectives in a myopic way. Accordingly, more sophisticated
negotiation mechanism is needed and thus bringing us to a
market-based approach. Market-based approaches employ a
bargaining or auction process characterized by iterative bid-
ding among agents. During the bidding process, agents will
adjust bids according to the direction of surplus and deficit
of demand. The bids which imply the degree of competition
can be used to resolve the conflicts caused by contention and
improve the system performance. But the bid indicates only
the demand that is in high or low contention, not where the
contention can be resolved. Thus, the process might oscillate
and not achieve the convergence. It also affects the quality of
solution.

Accordingly, facilitating the convergence and guaranteeing
the system performance in supply chain are the critical chal-
lenges and they are highly influenced by the level of informa-
tion sharing [5, 6, 7, 8] as well. To cope with these problems,
this paper proposes an agent-based fuzzy constraint-directed
negotiation mechanism (AFCN) in a fully distributed environ-
ment.

In AFCN, a supply chain problem is modeled as a set of
fuzzy constraint satisfaction problems (FCSPs), interlinked to-
gether by inter-agent constraints. Each FCSP represents the
firm’s perspectives and issues in supply chain. Constraints
which are characterized by non directional, declarative, and
intuitive properties are closely related to the real-world prob-
lem descriptions. Besides, the subjective, imprecision and
qualitative knowledge (e.g., human cognition, preferences, or
even opponent’s perspectives) which are frequently used for
business decision making in supply chain can easily be coped
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by fuzzy constraints with the levels of consistency. Fuzzy con-
straints also can be used to rank the solutions by specifying the
possibilities prescribing to what extent the solutions are suit-
able. Additionally, it even provides a measure of similarity
between solutions and opponents’ counteroffers and a basis
for the selection of multi-objective decision from a set of fea-
sible alternatives. Thus, AFCN can be a practical and effective
methodology for the supply chain problem modeling.

To coordinate supply chain parties, the conflicts among set
of FCSPs are resolved through AFCN negotiation protocol by
iteratively exchanging offers/counters with limited sharing of
their perspectives. For converging each distinct firm’s interests
in supply chain, proposing an offer/counteroffer takes not only
firm’s self-interest and preferences but also opponents’ per-
spectives into consideration. In a proposed offer/counteroffer,
it indicates not only the region of acceptable solutions and
preference degrees but the possibility of conflicts in the re-
gion. For each FCSP, incremental propagation eliminates the
redundant decision values and infeasible combination of so-
lutions. According to the ranking of solutions by fuzzy con-
straints, the set of feasible solutions can be further restricted
in a preferred region with an acceptable/controlled threshold.
It supports agent to quick response the changes in the envi-
ronment and promises the proposed offers/counteroffers to be
focused within the interest/attention area.

By sharing limited information among agents to incremen-
tally uncovering the intention of opponents, consensus can be
obtained and the quality of solution can be guaranteed at a
satisfaction level as well. Moreover, the framework of AFCN
also provides flexibility to incorporate negotiation strategies,
such as self-interested, cooperative, and win-win, for various
global performance measures.

The remainder of this paper is organized as follows. Section
2 introduces the theoretical basis for modeling supply chain
planning and scheduling problem as a distributed fuzzy con-
straint satisfaction problem (DFCSP). Section 3 then presents
an agent-based fuzzy constraint-directed negotiation mecha-
nism in detail. Then, Section 4 provides the experimental re-
sults to show the effectiveness of the proposed approach fol-
lowed by conclusions in Section 5.

2 Modeling Supply Chain Planning and
Scheduling as DFCSP

During the process of production/service provision from ac-
quiring material to deliver to the end customers, it passes
through the stages of raw material supply, intermediate sup-
ply, manufacturing, distribution, and retail. This paper focuses
on the stage of manufacturing in supply chain. The supply
chain project scheduling problem, as shown in Figure 1, is to
schedule multiple projects in a network of manufacturers and
suppliers (or contractors). Each project involves a set of tasks
or operations with complex precedence relationships in which
the task can be performed by a set of alternative suppliers.
Suppliers differ from each other in terms of resource capacity,
processing times, and costs of performing tasks. The process
of project planning and scheduling specifies how the suppli-
ers are selected from alternatives and tasks are scheduled. The
problem is multi–objective in nature. For example, manufac-
turers wish to optimize the scheduling performance as well as
to minimize the operation cost. On the other hand, the suppli-

ers are more inclined to maximize the utilization and profit.

Project manager agent �
1

Project manager agent �
m

... ... ...

. . .

. . .

Contractor agent �
1

Contractor agent �
2

Contractor agent �
n

 Precedence constraint

 Capacity constraint

 Contractual relationship

 Alternative contractor

 Task

Figure 1: Supply chain project scheduling with m project
agents and n contractor agents.

The problem can be represented as a triple (E, F,I), where
E is a set of m project manager agents (PAs) for the manu-
facturers, F is a set of n contractor agents (CAs) for the sup-
pliers, and I is a set of inter-agent constraints between two
class of agents. Each PA consists of a chain of tasks which
are specified further by precedence constraints, including the
processing time on the set of alterative suppliers for each task,
due date, arrival (release) date, and tardiness cost. Each CA
consists of capacity constraints and processing cost. Thus, the
problem can be modeled as a distributed constraint satisfac-
tion problem (DFCSP) in that coming up to a mutually ac-
ceptable solution between two classes of agents is the same as
uncovering a consistent solution satisfying all the constraints
in a distributed fuzzy constraint network specifying the fuzzy
relationships inside each agent and between agents. Adapted
from [9], a distributed fuzzy constraint network (DFCN) can
be defined as below.

Definition 1
A distributed fuzzy constraint network (U ,X,C) for a sup-
ply chain project scheduling problem (E, F,I) can be defined
as a set of m+n fuzzy constraint networks {N1, . . . ,Nm+n},
Nl representing an agent l ∈ {E,F}, where

• Ul is a universe of discourse for an FCN Nl;

• Xl is a tuple of non-recurring objects of agent l;

• Cl is a set of fuzzy constraints which involves a set of
internal fuzzy constraints existing among objects in Xl,
and a set of external fuzzy constraints Il between agent l
and opponent agents;

• Nl is connected to other FCNs by a set of external fuzzy
constraints Il;

• U is a universe of discourse;

• X =
(∪m+n

l=1 Xl

)
is a tuple of all non-recurring objects;

• C =
(∪m+n

l=1 Cl

)
is a set of all fuzzy constraints.

In Definition 1, a set of Xl of agent l is corresponded to
its beliefs, its knowledge of the environment (tasks, resources,
etc.), and any other attitudes (desires, intentions, opponents’
response, etc.). A set of fuzzy constraints Ci for project agent
Ei is corresponding to a set of restrictions (e.g. precedence
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constraints), objectives (e.g. flowtime, operating cost) and
inter-agent constraints between project agent Ei and related
contractor agents; Ck for contractor agent Fk is corresponding
to a set of restrictions (e.g. capacity constraints), objectives
(e.g. utilization) and inter-agent constraints between contrac-
tor agent Fk and related project agents.

By Definition 1, a consistent solution of a DFCSP for
scheduling is an instantiation of all time allocation of the tasks
such that all the constraints of the agents are satisfied at a de-
gree of membership function. No agent knows about other
agents’ feasible solutions and possible agreements a priori.
An agent negotiation mechanism is to explore potential agree-
ments and then to move the negotiation toward a globally ben-
eficial solution.

3 Agent-based fuzzy constraint-directed
negotiation mechanism

Fuzzy constraint-directed approach has been demonstrated in
[10, 11, 12, 9, 13] as an effective framework for agent nego-
tiation. During the negotiation, each agent plans the solution
by solving its own FCSP, and exchanges the proposals among
the agents for resolving the inconsistency of time allocation
of activities. As a proposal cannot be accepted by its oppo-
nents, a counter-proposal will be made according to the ne-
gotiation strategies which consider alternative solutions at the
same constraint satisfaction level or offer a solution with a
lower constraint satisfaction level. Exchanging proposals and
counter-proposals will continue until termination conditions
(e.g., achieving a consensus or a failure) are met.

In the proposed negotiation mechanism, the process of
proposing a offer/counter-offer in an agent is regarded as the
inference process for solving its own FCSP. The process in-
cludes the following steps: opponent responsive state evalua-
tion, internal state update, behavioral state determination, set
of feasible solutions generation, prospective solution selection
and offer/counter-offer generation. The process of proposing
an offer A∗

i,j with the FCN Ni,j = (Ui,j ,Xi,j ,Ci,j) for the
task j in project manager agent Ei in a negotiation round is
described as follows.

While receiving the counter-offer Bi,j over negotiation is-
sues Ii,j ∈ Xi,j from opponent agents, the opponent respon-
sive state σi,j , which indicates the difference between current
self-interest and opponents’ perspectives, is obtained by

σi,j = 1 − ((D̂i,j − Di,j)/(D̂i,j)), (1)

where Di,j is the distance between the offer A′
i,j generated

in last round and the latest counter-offer Bi,j and D̂i,j is the
basis of distance for normalizing which is obtained at the first
negotiation round.

The distance D between an offer A and a counter-offer B
over set of issues I is obtained from

D =
1

NI

√∑NI

k=1
L(Ak, Bk)2, (2)

where L is a distance measure for two fuzzy set, Ak and Bk

is the fuzzy set for the offer A and counter-offer over issue
Ik ∈ I, respectively.

As none of the counter-offers can be accepted by the project
manager agent Ei, agent Ei has to decide the behavioral state

to proposal alternative solutions in the current preferred region
or offer a solution with a lower constraint satisfaction level.
The internal states of agent and the opponent responsive state
are involving to determine the behavioral state. In this manner,
the internal states include the satisfaction level ρi,j for task j
and degree of tightness in solution space δi,j . The aggregated
satisfaction value ρi,j for task j indicates the satisfaction level
for the current prospective solution S′

i,j and is obtained by

ρi,j = Ψ(S′
i,j) =

1
NG

∑NG

k=1
µCk

(Sk
i,j), (3)

where S′
i,j is the prospective solution of task j obtained in last

negotiation round, Ψ(S′
i,j) denotes the aggregated satisfaction

value for the prospective solution, µCk
(Sk

i,j) is the satisfaction
degree of the fuzzy constraint µCk

over goal G.
The tightness of solution space δi,j indicates the remain-

ing feasible solution space between the aggregated satisfaction
value ρi,j and the acceptable threshold ε′

i,j and is obtained by

δi,j = 1 − (ρ′i,j − ε′
i,j), (4)

where ρ′i,j is the aggregated satisfaction value, and ε′
i,j is the

threshold of aggregated satisfaction determined in last negoti-
ation round.

According to the internal state and the opponent responsive
state, the level cut τ for the desire of concession V obtained
by

τ = (µρ(ρ′i,j) ∧ µδ(δ′i,j) ∧ µσ(σi,j))Wc , (5)

where µρ(ρ′i,j), µδ(δ′i,j), and µσ(σi,j) denote the desire of
concession according to the degree of tightness, aggregated
satisfaction and degree of difference, respectively; Wc denotes
the weight associated with the desire of concession.

Then, the behavioral state regarded as the threshold of ag-
gregated satisfaction εi,j is obtained from

εi,j = ε′i,j − ∆ε = ε′i,j −D(Vτ ), (6)

where ε′i,j is the threshold of aggregated satisfaction obtained
from last negotiation round, and ∆ε is the concession value
transformed from the fuzzy set of the desire of concession V
with τ level cut. D is the defuzzification method.

To evaluate and generate the offer and counter-offer, an
agent has to plan its prospective solution first. Each agent
can only plan the prospective solution from its individual area
of interests limited by the threshold of aggregated satisfaction
εi,j . That is, a set of feasible solution Pi,j for task j in agent
Ei can be defined as

Pi,j = {Si,j | (Si,j∈αΠi,j) ∧ (Ψ(Si,j) ≥ εi,j)} , (7)

where αΠi,j is the solution set with α level cut, Ψi,j(·) is
the aggregated satisfaction value, and εi,j is the threshold of
aggregation satisfaction degree of objectives.

Given the counter-offer Bi,j and the feasible solution set
Pi,j , the prospective solution S∗

i,j is generated by solution se-
lection method

S∗
i,j = argS( max

S∈Pi,j

H(S,Bi,j)), (8)

where H is a utility function to evaluate the appropriateness
between the feasible schedule S and the counter-offer set B in
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which the utility function H can be defined by

H(S,B) =
1

NI

√∑NI

k=1
(P(Sk)wp ∧ S(Sk, Bk)ws)2, (9)

where P is a satisfaction function over the issue Ik, and S is a
similarity function (a distance measure) between the solution
S and the counter-offer B; wp, and wq denote the weight as-
sociated with the satisfaction and the similarity of the solution
of task, respectively.

For the task j, given the feasible solution set Pi,j and
the prospective solution S∗

i,j which involves a set of values
{S1

i,j ,S
2
i,j , ...,S

NI
i,j } for NI issues, the offer A∗

i,j for task j is
a tuple of fuzzy set {A1

i,j , A
2
i,j , ..., A

NI
i,j } in which each fuzzy

set Ak
i,j for issue Ik

i,j ∈ Ii,j is the marginal particularized pos-
sibility distribution

Ak
i,j = ProjXk

i,j
(Pi,j∩ΠX1

i,j
∩...∩ΠXk−1

i,j
∩ΠXk+1

i,j
∩...∩Π

X
NI
i,j

),
(10)

where ΠXk
i,j

is the cylindrical extension of ΠXk
i,j

in the space

(X1
i,j , ...X

NI
i,j ), ΠXk

i,j
= Sk

i,j , and Xk
i,j is the object of issue

Ik
i,j for task j.

Meanwhile, when project manager agent Ei receives a
counter-offer Bi,j = {B1

i,j , B
2
i,j , ..., B

NI
i,j } for the task j, the

opponent agents’ preferred solution P̂i,j can be obtained by

P̂i,j = (B
1

i,j ∩ ... ∩ B
NI

i,j ), (11)

where B
k

i,j is the cylindrical extension of Bk
i,j in the space Xl.

Each element P̂ represents a solution preferred by opponent
agents and the membership degree of each element represents
the acceptability of solution for all opponent agents.

The project manager agent Ei will accept the counter-offer
Bi,j proposed by its opponent as an agreement if

(Pi,j ∩ P̂i,j) �= {}, (12)

The negotiation process for task allocation will be ter-
minated when the project manager agent reach an agree-
ment with one of contractor agents or the project manager
agent or all of their contractor agents withdraws the negoti-
ation. A project manager agent will terminate the negotia-
tion when each of tasks in project is assigned to a contractor
agent or the project manager agent withdraws the negotiation
while failing to reach agreement. And the supply chain plan-
ning/scheduling process will be terminated when all of project
manager agents are termination.

4 Experiments

To demonstrate the utility of the proposed model for project
planning and scheduling problem in supply chain, the exper-
iments are meant to compare AFCN with centralized heuris-
tic (CTR) [14], conventional CNP (CNP) [15], modified CNP
(MCNP) [4], market-based auction CNP (MA-CNP) (i.e., ex-
tended from CNP) and market-based auction MCNP (MA-
MCNP) (extend from MCNP) (i.e., extended from MCNP) in
terms of the number of project managers over makespan, total
operating cost, and computational time.

The experiment was implemented on a Pentium M PC with
0.8 GHz running windows XP and 256 MB RAM. In the ex-
periment, each project has a linear sequence of tasks, and each
task is then specified by its precedence constraints, required
resources, processing time and tardiness cost. Each supplier
is specified by its unique capacity and processing cost. The
total operating cost is the sum of the total processing cost and
tardiness cost of each project. For simplicity, the number of
tasks per project is identical at five, alternative suppliers for
a task are identical at three, and 50 instances are generated
for each number of project managers. Figures 2 to 4 show
the performance comparisons over makespan, total operating
cost, and computational time, respectively.

Figure 2: Makespan of various negotiation mechanisms over
a number of project managers.

The conventional CNP supports one PA to assign a task at
a time and another PA can start only after the PA finishes se-
lecting CAs for all its tasks. In this form of negotiation model,
a large number of slacks will be generated since that the con-
flicts among PAs cannot be coordinated. Each PA’s perfor-
mance highly depends on the order of contracting.

Instead of one PA assigning a task, MCNP supports multi-
ple PAs to contract tasks to multiple CAs simultaneously. In
the manner, PAs propose the whole time window of task and
price to CAs. CAs resolve the conflicts among tasks according
to the urgency of task be completed and the price of the task.
It reduces the possibility of violating the due date of the PAs
and decreases the tardiness when a project is delayed.

Since the simplicity of negotiation protocol, the single-shot
negotiation models (CNP and MCNP) have the best time effi-
ciency in Figure 4. With very limited information sharing and
myopic decision-making, however, the global performances
can easily get trapped at local optima and are highly unsta-
ble. It also can be observed in Figures 2 and 3, these models
worse results than other approaches over makespan and total
operating cost.

For reflecting the service preference in PA and the task
contention in CA, MA-CNP and MA-MCNP incorporate the
market-based auction mechanism [16] which is characterized
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Figure 3: Operating cost of various negotiation mechanisms
over a number of project managers.

by iterative bidding among agents. Agents will adjust the
prices of bid according to the direction of surplus and deficit
of demand. Task allocation processing in CA can be ad-
justed iteratively according to time boundary and the updating
price of tasks. In this way, MA-MCNP with iterative bidding
have better makespan and total operating cost than the single-
shot negotiation models. However, due to the characteristic
of protocol in MA-CNP, MA-CNP even worse than MCNP
over makespan and total operational cost when the number of
project managers is larger than 8 in Figure 2 and 3, respec-
tively.

Figure 4: Computational time of various negotiation mecha-
nisms over a number of project managers.

However, the price of task proposed by CA indicates the
contention degree of the desired time slots of task, but not indi-

cates where the contention can be resolved. PA might blindly
increase price but the schedule of task can not be improved
(overpricing). Besides, sharing full of task’s time boundary in
PA is not practical in reality.

In AFCN, PA generates the offer not only considers how
much suppliers can provide this service, but how pressing the
task be finished. Instead of the bid information in the market-
based mechanism, the negotiation information in the AFCN
varies not only depending on the particular combination of
task demands/resource contracts, but the objectives and pref-
erences of agent. Both of PA and CA proposes offers/counter-
offers which involve the current feasible time slots of task
with preference and price. The time slots with preference in
offer/counter-offer indicate not the current time boundary of
task, but the time window for conflict-free. According to time
slots with preference from PA, CA can arrange the task allo-
cation efficiency and can response the conflict in counter-offer
directly. Meanwhile, CA generates the counter-offers consid-
ering not only the tasks of PAs are satisfied but the profit ob-
tained in the transaction. Based on the counter-offers from
CA, PA can avoid requiring the high contention area in CA or
can abort lower quality service of suppliers. Thus, PA can bid
the desired time slots to preferred suppliers with controllable
budget.

In Figure 2 and 3, it can be observed that the AFCN has su-
perior performance than other approaches in makespan and to-
tal operating cost. Meanwhile, AFCN performs better in time
efficiency than that of market based mechanism. Additionally,
as the problem size is increasing, the performance improved
by the AFCN grows more significantly.

5 Conclusions
We have presented an agent-based fuzzy constraint-directed
negotiation protocol for project planning and scheduling in
supply chain. Constraint modeling gives a more direct fusion
to the real-world problem descriptions and the impreciseness
of knowledge in supply chain can easily be represented by
fuzzy constraints with the levels of consistency as well. Ex-
perimental results suggest that the AFCN indeed can provide
a practical and efficient framework for supply chain planning
and scheduling.
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Abstract—
This paper presents a prototype system to automatically carry out

surveillance tasks in monitored environments. This system consists
in a supervised machine learning algorithm that generates a set of
highly interpretable rules in order to classify events as normal or
anomalous from 2D images without needing to build a 3D model of
the environment. Each security camera has an associated knowledge
base which is updated when the environmental conditions change. To
deal with uncertainty and vagueness inherent in video surveillance,
we make use of Fuzzy Logic. The process of building the knowledge
base and how to apply the generated sets of fuzzy rules is described
in depth for a virtual environment.

Keywords— Automated Video Surveillance, Visual Information
Analysis, Machine Learning, and Fuzzy Logic.

1 Introduction
The problem of intelligent surveillance deals with the percep-
tion, interpretation, and identification of activities and situ-
ations that occur in monitored environments [1]. A typical
surveillance scenario consists of a set of CCTV cameras de-
ployed on different places in order to perform explicit surveil-
lance on behalf of people and information storage to carry out
forensic analysis if needed [2]. When a security guard watches
an environment by means of video cameras, he is able to de-
tect if something is going wrong. In other words, he perceives
video events and classifies them as normal or anomalous. If
he detects an anomalous behaviour or event, he makes the
appropriate decisions to solve the problem as soon as possi-
ble. However, the system depends on the human component to
classify events and to continuously pay attention to the video
stream, which is very tiring and, therefore, error-prone [3].
This is our motivation to face the design of a system able to
classify behaviours, that is, to propose a method for automat-
ing this task in different domains and scenarios.

Events in real environments can be classified as simple or
composite. Really, a composite event is a sequence of sim-
ple events which are temporally related [4, 5]. However, the
analysis of object characteristics and spatial properties may
be enough to understand simple events, i.e, without needing
a temporal analysis. In this context, there are many elements
which can be learned and identified from data sensors. For in-
stance, the object physics characteristics to determine its class
or object type [6], trajectories followed by moving objects [7],
entry/exit areas [8], allowed proximity relationships between
objects and areas, allowed speed for each type of object, etc.

On the other hand, it is necessary to study how to deal with
the uncertainty in real-time to carry out surveillance. Nor-

mally, an artificial surveillance system cannot totally ensure
what is happening from data sensors in most cases. Un-
certainty, imprecision, and vagueness are frequently present
when these systems try to solve real world problems. For this
reason, one of the main problems of this type of systems is the
high number of false alarms due to incorrect interpretations.

Several authors have addressed these issues in the literature.
Foresti et al. [9] proposed a visual-based surveillance sys-
tem for real-time event detection and classification, which is
based on adaptive high order neural trees. This system carries
out object classification, object tracking, and event recognition
for understanding normal, suspicious, and dangerous events in
parking lots. Buxton and Gong [10] also provided solutions to
the problem of event recognition. They proposed techniques
based on Bayesian networks for interpreting traffic situations
in dynamic scenes. Remagnino et al. [11] described events in
a surveillance scenario by using a Bayesian classifier instead
of the Hidden Markov Model. The different techniques pro-
posed in this work were employed to model the common event
behaviours in car park. On the other hand, fuzzy logic [12, 13]
may provide another interesting approach for dealing with the
same problem [14]. In [15], a prototype fuzzy system for de-
scribing human activity in natural language is described. This
description is made by analysing the possible relations among
objects in a monitored environment. To do that, the linguistic
labels and the fuzzy rules are defined by an expert to classify
people behaviour.

The crafting of detailed scene models may provide an ef-
fective means of interpreting situations and detecting anoma-
lous behaviours in a static scene, but it is not an appropriate
approach in dynamic scenes where the environmental condi-
tions change over time [7]. This is why in this work we use
a fuzzy-based machine learning algorithm to generate a set of
highly interpretable set of rules to classify real-time events.
To do that, the system analyses spatial data from 2D images
obtained by cameras in outdoor/indoor environments, and it
generates sets of highly interpretable fuzzy rules. The system
analysis situations in a similar way as human beings do, that
is, it obtains conclusions without needing precise data. For in-
stance, a person does not need to know the exact speed or the
absolute position of an object to determine if it is moving fast
on the zone in which it is located.

The remainder of this paper is organised as follows. Sec-
tion 2 describes the problem statement and overviews the pro-
cesses required to build the knowledge base of a camera and
how to apply this knowledge to classify events. Section 3 de-
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scribes in depth the machine learning algorithm employed to
build the different sets of fuzzy rules that compose the knowl-
edge base. Section 4 studies how to apply the system in a
well-defined environment. Finally, conclusions are presented
in Section 5.

2 Problem Statement
As previously described, one of the main objectives of ad-
vanced surveillance systems is to interpret events in an envi-
ronment from data sensors. Besides, events not only must be
identified, but the system must be also able to classify events
as normal or abnormal in order to make adequate decisions.
This task covers several research areas, we attack two of them:
i) how to build the surveillance knowledge base in a concrete
scenario and ii) how to apply this knowledge to classify events
as normal or abnormal.

On the other hand, a simple event can be defined as a con-
crete action that occurs at a time instant, and an anomalous
simple event may be enough to activate an alarm in a moni-
tored environment. The method proposed in this work deter-
mines the normality of a scene according to this type of events.
Examples of anomalous simple events are as follows: a ve-
hicle moving too fast in a concrete time instant or an object
located in a forbidden zone. We characterise our surveillance
domain by means of the following assumptions:

• Video stream is obtained from cameras placed on certain
locations of the environment.

• Each camera has an own knowledge base.

• Every camera is fixed, that is, vertical or horizontal
movements and zoom imply a new generation of the
surveillance knowledge base.

• Video data can be imprecise.

Each video camera has its own knowledge base, which is
composed of three set of fuzzy rules, and each set is generated
by an independent training set:

1. Set of rules to determine the object’s class. This infor-
mation is critical when classifying events as normal or
abnormal because it defines how objects should normally
behave.

2. A second set of rules to determine the object’s speed tak-
ing into account the object’s class and its motion vectors
obtained in the segmentation process.

3. Finally, a set of rules to infer whether a situation is nor-
mal or anomalous according to the object’s class, speed,
and the areas in which the object could be located.

To generate the first set of fuzzy rules, we employ the size
and the position of the objects in the environment from 2D
images (frames), and we take into account the camera view
point. Thus, the system may learn, for instance, that vehicles
are large or very large size objects when they are close to the
camera, and small or medium size objects when they are far
from the camera. The segmentation algorithm [16] used in
this work determines the set of macroblocks in each frame for
every object that appears in the scene. A macroblock is the

basic unit in a MPEG stream and it is an area of 16 by 16 pix-
els in which the motion vectors are stored. The displacement
between two macroblocks in different frames gives the motion
vector and it specifies a distance and a direction. Each object
is represented by means of an ellipse that involves the set of
macroblocks. As it will be seen further (Section 4), the pa-
rameters of the ellipse are used to determine the location and
the size of an object.

On the other hand, in order to generate the rules used to de-
termine the object’s speed, the position (centre of the ellipse),
the displacement of the object between consecutive frames
(distance between the centres of the ellipses), and the object
class are used as input variables, i.e, each sample of the train-
ing set takes a value for every variable. Movements done by
people and vehicles may imply different speed. A medium
displacement for one person may involve high speed and for
a car may involve low or medium speed. The main goal of
this stage is to learn to interpret the object speed depending on
their sizes and displacements by taking into account the cam-
era point of view. Finally, the last set of fuzzy rules is gen-
erated from a training set where each sample represents the
situation of an object in a concrete time instant, i.e, its class,
speed, and the spatial relations with the zones or areas of the
environment.

Once the rules have been generated and the knowledge base
has been built, it can be used to classify simple events. The
system analyses frames of a MPEG video stream, evaluating
where are the objects located in the environment (2D posi-
tion) and what are their size. From this information, the sys-
tem obtains the class of each moving object. In this point,
the surveillance system possibly knows where are the objects
in each moment and what are their classes. Next, the system
uses this information and the second set of rules to determine
the speed of each object. Finally, the system determines the ar-
eas in which each object could be located and the information
previously obtained (class and speed) to classify the simple
events as normal or anomalous. In other words, the classifi-
cation process can be defined as the chaining of three sets of
fuzzy if-then rules in which the knowledge generated by a set
is employed by the next one.

3 Suggested Machine Learning Algorithm
The machine learning algorithm described in this section is
based on the work proposed by Castro et al. [17]. This method
learns a set of maximal structure fuzzy if-then rules from a set
of training data instances. This choice has been motivated by
the following reasons: (a) The use of fuzzy logic provides a
well-defined mathematical framework to deal with the uncer-
tainty and vagueness inherently contained in the visual infor-
mation used as input data. (b) This algorithm represents the
inferred knowledge by means of a set of fuzzy if-then rules
expressed in terms of linguistic variables. As a result, we ob-
tain rules that are easily comprehensible by security guards,
who are watching the monitors. Thus, an user can easily anal-
yse why an alarm was activated. (c) As a supervised learn-
ing approach, once the set of rules has been inferred from the
training data set, the algorithm does not require a significant
amount of time to classify new data instances.

Basically, Castro’s algorithm works in two phases. In the
first one, each example of a training set is converted into a
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specific rule which describes how to act in a concrete situa-
tion, that is, how this example must be classified. Therefore,
there will be so many particular rules as examples. In a second
phase, the algorithm generalises these particular rules in order
to act in a wide range of possibilities, that is to say, many
examples of a class can be correctly classified by using one
generalised rule. To do that, an amplification process extends
the particular rules covering situations of the space of possible
situations, which have not been covered before.

Formally, the original algorithm starts out the training phase
from a set of data instances Θ = {e1, . . . , em}. Each
ei = ((xi1, . . . , xin), yj) is a data example which is con-
veniently described by means of the set of input variables
V = {v1, . . . , vn} and one output variable yj , which is called
the class of ei. The elements (xi1, . . . , xin) are the concrete
values that the example ei takes for each variable vk ∈ V .
Besides, there is a domain definition DDVi for each variable
in V , being DDV = {DDV1, . . . , DDVn} the set of all do-
mains. Each DDVi = {L1, . . . , Lp} is composed of a set
of linguistic labels which correspond to the fuzzy sets repre-
sented by means of trapezoidal functions as specified in ex-
pression (1).

∏
(u; a, b, c, d) =




0 u < a
(u−a)
(b−a) a ≤ u < b

1 b ≤ u ≤ c
(d−u)
(d−c) c < u ≤ d

0 u > d

(1)

In this way, each DDVi verifies the following properties:

1. ∀Lx ∈ DDVi, height(Lx) = 1

2. ∀Lx, Ly ∈ DDVi, nucleus(Lx) ∩ nucleus(Ly) = ∅

3. ∀x ∈ Xi,
∑|DDVi|

j=1 µLj
(x) = 1, being Xi the domain

where vi is defined.

Besides, the inferred knowledge is represented as a set of
fuzzy if-then rules with the following structure:

if v0 is ZD0 ∧ . . . ∧ vn is ZDn then yj (2)

where vi ∈ V and ZDi ⊆ DDVi is a subset of the linguis-
tic labels defined in DDVi for the variable vi.

The original algorithm converts each ei ∈ Θ into the fuzzy
domain, according to the values (xi1, . . . , xin) that ei takes
for each vi ∈ V and their corresponding DDVi ∈ DDV .
For this purpose, each Lk ∈ DDVi has associated a func-
tion µLk

: Xj → [0, 1], being Xj the domain where the
variable vj takes its values (i.e 	,ℵ, an interval [a, b], a fi-
nite set A, etc). Thus, every ei ∈ Θ is converted into
e′i = ((L1x, . . . , Lnz), yj) such that Ljk is the label which
matches best, according to Ljk = max{µLjk

(xj)} of the
DDVj . Each e′i is an initial rule which belongs to the set
of initial rules. Second, if some rule of the initial set does
not subsume in any rule of the final set, the algorithm pro-
ceeds to amplify the rule. A rule Ri can be amplified to
Ri′ : if v0 is ZDi′0 ∧ . . . ∧ vn is ZDi′n then yp if there is
no rule Rj : if v0 is ZDj0 ∧ . . . ∧ vjn is ZDn then yq in
the set of initial rules that verify ZDjk ⊆ ZDi′k and yp �= yq.
In other words, an amplification is possible whenever there is

no counterexample that conflicts with the amplified rule. This
makes possible for this method to generate a set of rules that
are as general as possible. A description in detail of the origi-
nal algorithm by Castro et al. can be found in [17].

However, this algorithm may cause troubles when applied
in the surveillance context due to the production of rules that
are over-generalised. With over-generalised we refer to the
tendency of the final rules to cover spaces for which there are
no counterexamples. For example, let us suppose three initial
rules for classifying a moving object according to its size by
taking into account the distance from the camera:

• Ri: if size is {SMALL} ∧ distance is {MEDIUM}
then y1 is people

• Rj : if size is {MEDSMALL} ∧ distance is
{MEDIUM} then y1 is motorbike

• Rk: if size is {MEDBIG} ∧ distance is {MEDIUM}
then y1 is car

all of them contained in the set of initial rules. Let
DDVsize = {VSMALL, SMALL, MEDSMALL, MEDBIG,
BIG, VBIG}, if we try to amplify the rule Ri to achieve Ri′ ,
according to the variable size, it could result in:

• Ri′ : if size is {VSMALL, SMALL, BIG, VBIG} ∧
distance is {MEDIUM} then y1 is people

Note that Ri′ means that if an object is located at a medium
distance from the camera and its size is very small, small, big,
or very big, it certainly belongs to the class people. However,
Rj and Rk mean that if an object is located at a medium dis-
tance from the camera and its size is medium small or medium
big, the object is a motorbike or a car, respectively. Obviously,
Ri′ lacks of any sense and it can cause problems because
of the misclassification of objects. This happens because
when amplifying Ri to Ri′ , the labels V SMALL, BIG, and
V BIG are added to Ri′ as there are no counterexamples in
the set of rules that conflict with it. Moreover, this type of
counterexamples might never exist in the training set because
it is possible that cars and motorbikes have never a big or very
big size, when they are located at a medium distance from the
camera.

In order to solve this issue, we have modified the original
algorithm to restrict the amplification of rules. We are inter-
ested in amplifying a rule only if the last label added to the
rule in the last amplification step and the label being consid-
ered to be added are not too far from each other. Thus, we
need to use a measure of separability s to estimate the dissim-
ilarity between linguistic labels Li and Lj (with Li < Lj),
which are expressed in terms of fuzzy sets:

s(Li, Lj) =
(bLj − cLi) + (aLj − dLi)

2
(3)

being (aLi, bLi, cLi, dLi) and (aLj , bLj , cLj , dLj) the trape-
zoids that define the fuzzy sets Li and Lj respectively, and
verifying that dLi < aLj . If dLi = aLj or dLi > aLj , then
s(Li, Lj) = 0, as the area of the fuzzy set s(Li, Lj) is not
significant enough.

The separability threshold is empirically calculated by ob-
serving how the algorithm selects the different values of per-
centage of the maximum separability between the fuzzy sets
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Figure 1: Definition and classification of areas for the analysed scene.

of a given linguistic variable. If we apply the expression (3)
with Li being the first label and Lj the last label of a linguis-
tic variable, we obtain the maximum possible distance value
for that variable. Then, it is possible to choose the 25% or
the 10% of such separability as the threshold for amplifying
a rule. Note that when the maximum allowed separability is
100%, the new version of the algorithm works as the original
one.

Next, the steps of the modified algorithm are described in
detail.

1. Convert each training example into an initial fuzzy
rule (translation into the fuzzy domain).
Each element ei ∈ Θ is translated into a fuzzy rule in
which the value of each input variable is represented
by means of a linguistic label. This step creates
the set of initial rules.

2. Take a rule from the set of initial rules.

3. Try to subsume the taken rule in some rule of the set
of definitive rules. If that happens so, ignore the
taken rule and go back to step 2.

4. If the taken rule does not subsume in any rule of the
definitive set, try to amplify it. For each
variable:

(a) For each unconsidered label:

i. Try to amplify the rule. If it is not
possible, go to step 4.a; otherwise, proceed
to step 4.a.ii. One rule can be amplified
only if:

A. There is no Rj : if v0 is ZDj0 ∧
. . . ∧ vn is ZDjn then yq in the set
of initial rules that ZDjk ⊆ ZDi′k and
yp �= yq (we maintain the constraint of
the original algorithm).

B. The separability between the last label
added to the rule and the label being
considered for amplifying the rule does
not exceed a separability threshold.

ii. Amplify the rule and include it in the set
of definitive rules.

5. If there are still unconsidered rules in the initial
set of rules, go to step 2. Otherwise, END.

4 Applying the Suggested Algorithm to an
Example

The proposed machine learning algorithm has been tested on
the virtual environment shown in Figure 2 due to the follow-
ing reasons: (a) the difficulty of obtaining a wide range of real
video scenes with anomalous situations, (b) the possibility of
generating all abnormal situations as needed without attempt-
ing on people security, and (c) the freedom of changing cam-
era position with no configuration cost.

Figure 1 shows the scenario used in this work, which rep-
resents a typical urban environment composed of buildings,
roads, gardens, traffic signals, and so on. There are also pedes-
trian areas in which vehicles are not allowed to drive. In the
same way, there are only vehicle areas in which pedestrians
should not walk.

In our particular application, there are three training sets:
Θ1, Θ2, and Θ3, one for each phase of the learning process.
Each training set is composed of a set of examples where ev-
ery one of them ei is made up from a set of features extracted
from the 2D images captured by a video camera, such as the
position of a moving object in a frame or the size of the el-
lipse that contains it. The algorithm described in Section 3 is
performed for every training set Θi, in order to obtain a set
of fuzzy rules. On the other hand, there are three output vari-
ables: the class of the moving object (y1), its speed (y2), and
whether its behaviour is normal or anomalous (y3).

4.1 Learning Process

As described before, the first step consists in learning the set
of rules to determine the object class. Determining the ob-
ject class is crucial to know if its behaviour in a monitored
environment is normal. Each one of these classes has a set of
norms or rules. If an object meets the norms associated to its
class, then its behaviour will be considered as normal. To do
that, we first need to build a training set in which each sam-
ple is defined in the following way: ei = ((xi1, . . . , xin), yj),
being (xi1, . . . , xin) the variable values used to learn and yj

the output variable. The variables employed in this first phase
are ((Xpos, Ypos, Rh, Rv) y1). Xpos represents the moving ob-
ject horizontal position and Ypos represents the moving object
vertical position. The values of Xpos and Ypos comes from
the coordinate x, y of the ellipse central point that encloses
the object. On the other hand, Rh determines the horizontal
size measured in pixels of the ellipse that encloses the object
and Rv the vertical size measured also in pixels. Finally, y1

is the output variable, which can take the following values:
{pedestrian, vehicle}.

Each sample refers to a moving object detected in the seg-
mentation process, which has been marked with an ellipse.
Precisely, the ellipse parameters (central point coordinates,
horizontal radius, and vertical radius) are used to generate the
rules in this step. The goal is to determine whether a certain
object is a pedestrian or a vehicle depending on its size and
position from the camera point of view. Distinguishing be-
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Figure 2: Vertical-horizontal scene division from an image
captured by a surveillance camera.

tween people and vehicles depending on size and position is
feasible because the difference between them is notable inde-
pendently of the area in which they are located. On the other
hand, to determine the zone in which an object is placed, a
vertical-horizontal division as shown in Figure 2 is carried
out. In this environment, the far zones from camera posi-
tion, where objects may move, are located in Xpos = {centre,
right} and Ypos = {up}. However, the close zones from cam-
era position are located in Xpos = {very left, left, centre} and
Ypos = {very down, down}.

An example of a fuzzy rule generated in this stage is as
follows:

R : if Xpos is {very right} and Y pos is not {very up, up} and Rh
is {very small, small} and Rv is {very small, small} then y1 is
pedestrian

Once applied the first stage, the next step consists in deter-
mining the object speed depending on its position and move-
ment (measured in pixels) between the current and previous
frame. We consider that two frames per second for the stud-
ied environment is enough for detecting anomalous situations.
For every object class and zone there is a range of allowed
speed values, which should be met by every object. There-
fore, the speed study is interesting for the analysis of be-
haviours in monitored environments. In order to learn the
second set of rules, we use input examples with the follow-
ing form: ((Xpos, Ypos, y1,Mov) y2), being Mov the move-
ment of the object measured in pixels between two consec-
utive frames, and y2 the output variable which can take the
possible following values: {slow, normal, fast}.

An example of a rule generated in this step is the following:

R : if Xpos is {very left, left} and Y pos is {very down, down} and
y1 is {pedestrian} and Mov is not {medium, low, very low}
then y2 is slow

Finally, the last step in the general learning process consists
in generating a set of rules that allows the surveillance system
to detect if an object behaves normally or anomalously de-
pending on the object class, its speed and the zones in which
it could be located. As in previous stages, a training set is
built for the rule generation. Every input sample is repre-
sented in the following way: ((y1, y2, Garden, Sidewalk,
Trafficcircle, Parking, PedestrianCrossing, Road)
Y3), where every kind of zone represents an input variable
whose value sets the intersection grade between the object and
the type of zone. Finally, y3 is the output variable whose val-
ues can be {normal situation, anomalous situation}.

An example of two rules generated in this final step is:

R : if y1 is {pedestrian} and y2 is {slow, normal} and garden is
{very high} and road is {out, very low, low} then y3 is normal
situation

R : if y1 is {pedestrian, vehicle} and y2 is {fast} and road is {low,
medium, high} then y3 is anomalous situation

4.2 Classification process
Once the learning process is done, the set of rules is avail-
able to determine, in each frame, the normality of an object
behaviour. To carry out the classification process, first it is
necessary to obtain a set of low-level objects data. Next, we
expose the description of such data and how to obtain it.

For each frame, the system performs a segmentation pro-
cess to detect every moving object, which is then bounded
within a ellipse. The parameters of the ellipse are employed
to determine the position and the size of the bounded object
(Xpos,Ypos,Rh,Rv). If an object is moving, the position of
its bounding ellipse in the current frame changes respecting to
the previous frame. Thus, the movement of an object is calcu-
lated through the distance between the origin of the previous
and the current ellipses.

To complete the low level data acquisition of the objects, the
system performs a proximity analysis of every tracked object
to the areas of the environment which are defined according to
the camera point of view. The goal of this analysis is to learn
in which areas can be located a concrete object class. Thus,
an expert is required to define such areas through the defini-
tion of their corresponding bounding polygons and the class
which every area belongs to. Figure 1 shows the definition
and classification of areas performed for the analysed scene.

The next step is to study the intersection between the objects
bounding ellipses and the defined areas to learn in which ex-
tent an objects is on an area. For this purpose, the system cal-
culates the amount of points in common in an object’s bound-
ing ellipse and the polygon defining an area. To do that, we
use the following algorithm [18] represented in the program-
ming language C:

int pnpoly(int nvert, float *vertx, float *verty,
float testx, float testy)

{
int i, j, c = 0;
for (i = 0, j = nvert-1; i < nvert; j = i++) {

if ( ((verty[i]>testy) != (verty[j]>testy)) &&
(testx < (vertx[j]-vertx[i]) * (testy-verty[i])
/ (verty[j]-verty[i]) + vertx[i]) )

c = !c;
}
return c;

}

where nvert is the number of vertices in the polygon, vertx
and verty the arrays containing the x- and y-coordinates of the
polygon vertices and, finally, testx and testy are the x- and
y-coordinate of the test point (the algorithm is performed for
each point of the ellipse). The amount of points in common is
converted into the fuzzy domain and is classified as out, very
low, low, medium, high, or very high.

The classification process proceeds in each frame and it be-
gins once the system knows the low level data of every object
in the scene. The system makes use of the three sets of fuzzy
rules to determine the object’s class and speed, and if its be-
haviour is normal or, on the contrary, anomalous.
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In order to evaluate the learning method proposed in this pa-
per, we have run ten tests for every step of the general process.
Each training set had a different number of examples, and the
80% of them were used for learning and the rest were used in
the classification process. Table 1 resumes the results obtained
in the tests, where the average of the generated rules, exam-
ples correctly classified, classification errors, and percentage
of successful are shown for every step.

Table 1: Results obtained in the tests
Step Gen. Rules Correct Wrong % Correct

step 1 29 43 2 96.28
step 2 22 79 3 96.34
step 3 50 120 5 96

5 Conclusions

Surveillance systems are being used in a wide range of en-
vironments which require more and more sophisticated so-
lutions. In fact, a notable investment has been made during
the last years in order to provide surveillance services, both in
public and private environments, which increase the efficiency
of such systems and manage high-level information to allow
users to adequately make decisions and manage crisis situa-
tions. In this paper, we have presented a possible solution to
classify and describe simple events related to spatial proper-
ties in a monitored environment having into account the cam-
era perspective. Moreover, we have also determined whether
these events are normal or not.

We have proposed a machine learning algorithm to acquire
the necessary knowledge from examples of situations and a
method that uses this algorithm. The proposed method in-
cludes three calls to the algorithm as has been explained in
Section 2.

Our work starts from the fuzzy machine learning algorithm
proposed by Castro et al. [17]. A key innovation has been
added to this algorithm with the aim of adapting it to the new
needs of our problem. This was primarily motivated due to
that several generated rules with different consequences could
be applied to the same premises, generally scenarios that are
not present in the training data. This is due to the generali-
sation of each particular rule into a definitive rule. The mod-
ified algorithm prunes the over-generalisation of a definitive
rule during the amplification process. As has been described
in Section 3, the over-generalisation is not desirable for us
and it will be controlled by means of a separability measure-
ment. This measurement allows one definitive rule to capture
the premises that are not present in the training data but close
to those evidences in the data that justify that rule. Thanks
to this separability measurement the results obtained are im-
proved.

Finally, we want to remark that the separability threshold is
empirically calculated by observing how the algorithm selects
the different values of percentage of the maximum separabil-
ity between the fuzzy sets of a given linguistic variable. For
this reason, one of our lines of future research consists in de-
signing a new algorithm to decide the best separability value
to optimise the results.
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Abstract— Most information retrieval systems make indirect use of 
human knowledge in their retrieval process. The new method we 
present here aims to efficiently use human knowledge directly in 
combination with support vector machines for clustering. As 
illustrated in this paper, this approach is particularly applicable to 
concept retrieval from soccer-related videos. The first phase consists 
of extracting suitable features from video shots. Then, using a fuzzy 
rule base containing the experiences of experts, shots that do not 
include significant events are removed. Finally, the last phase uses 
SVM to classify results coming from the fuzzy system. The results of 
the classification phase are accompanied by a textual description and 
enables retrieval through text based query.  Experimental result show 
good classification and satisfying retrieval process.  

Keywords— Event Retrieval, Semantic Indexing, Hybrid 
Method, Fuzzy System, SVM, Soccer Video.   

1 Introduction 
Videos are used for different purposes such as education, 
mass media, entertainment, and surveillance systems. In 
each of these applications a video conveys a significant 
message to the audience. For example, in a football match 
video events such as penalties, corners, goals, and the very 
concept of victory or loss are conveyed when fans watch the 
video. The meanings contained in a video are quite obvious 
for men, but the same does not go for computers. A 
computer cannot understand the scoring of a goal in a 
football match video. This fact is usually referred to as the 
semantic gap between man and computers. Imagine if 
computers were capable of detecting and understanding the 
meaning of videos then we could use them to summarize 
sport videos automatically and retrieving meanings from a 
multimedia database. On the other hand the dramatic 
increase of multimedia data volumes in recent years will 
eventually force us to use some sort of retrieval system so 
that the indexing and retrieval of information is handled 
automatically. As noted earlier there is a semantic gap 
between the user and retrieval systems. The user queries the 
system with his/her ideas and the system presents it findings 
for such ideas as an answer. Such queries are done in 
different manners: 1. Query by keywords[11] 2. Sketch-

based queries 3. Example-based queries[6] 4. Semantic-
based queries[1]. Methods 2 and 3 are usually used in 
Content-Based Information Retrieval (CBIR). Recent studies 
have focused on Context instead of Content resulting in the 
presentation of a range of Semantic-Based Video Retrieval 
methods which are discussed in the published works section.   
The system presented here is for assessing significant events 
included in a database containing shots of football videos. 
Queries with the user are based on text. For instance, the 
user can query the system with items such as this: shots of 
goals scored by the yellow team. The user interface is 
designed in such a way that the user can ask for the 
summary of any given video. Published works include 
several major methods and techniques for retrieval of 
information-which are common in some features- as 
summarized here: 1. Context Based Information Retrieval 
(CBIR); In such methods the media is modelled by features 
such as colour, texture, etc. and special relationships 
between objects and movements. In CBIR suitable features 
are extracted and related to high level concepts and 
meanings, without the system knowing such meanings. In 
fact the system displays and models the video contents in 
such a way that is efficient for content retrieval. For example 
there is a statistical model of motion in [3]. After that there 
is a training session on dynamic contents and then the data 
are recognized and classified. The result is a database of 
different video shots (football, basketball, meeting, and 
highways) each divided into minor events. The provided 
structure classifies shots in various groups based on 
similarity of their contents. Also there is fuzzy presentation 
of video contents in [12]. In this paper suitable features of a 
multidimensional fuzzy histogram are made for each video 
frame. One feature will be suitable for studying the 
similarities between frames. Consecutive frames are 
classified based on the fuzzy histogram. In fact the paper 
divides the videos into shots by this method, and then it 
chooses a keyframe for each of these frames. Then the shot 
related to the keyframe is provided as the answer.  
2. Semantic Based Retrieval; One of the most essential 
phases of designing a Semantic-based retrieval system is 
defining a meaningful list of concept-oriented meanings 
based on human’s available knowledge. Thus each single 
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concept in the list should be accompanied by correct and 
true descriptions on the video collection.  A new perspective 
introduced in recent years includes the use of Semantic 
Description of Object Motion for the retrieval process, 
which has been studied in [1],[2],[8],[7], and [6]. The 
method offered in [1] is as follows: First objects included in 
video frames are extracted and their trajectories are tracked. 
Once the trajectories are extracted they are classified for the 
training of object motion models. Finally, a meaningful 
description is added to these motion models. It should be 
added that such a meaningful description was added 
manually.   

2 Proposed Structure 

Most information retrieval systems make indirect use of 
human knowledge in their retrieval process(for example in 
the query by example, all of instance are a priori knowledge 
and in Semantic Based retrieval a meaningful description as 
priori knowledge should be added to the visual models 
manually.) The new method we are presenting in here uses 
human knowledge directly and in a very efficient way by a 
fuzzy rule base. The presented structure allows the system to 
process based on soccer video shots available in the 
database. The first phase is devoted to extracting shots from 
each video and making a list of features extracted from each 
shot. Then a fuzzy system is used to eliminate shots 
including insignificant events. Finally shots are classified 
and associated with predefined classed using a SVM. Then 
shots related to the class associated with the user query are 
provided as an answer to that query. The user may make 
queries on different events and concepts such as occurrence 
of penalties, corners or goals or team attacks throughout the 
DB. The overall structure is provided in Figure 1. As can 
been seen each video is processed before entering the DB 
and its low level features and conceptual properties are 
extracted, and once the events are classified all collected 
information is stored along with all data provided by the user 
(such as names of teams, time and place of the match, etc.) 
inside the Meta DB, while the video itself is stored in 
another location. Indeed the assumed database is of 
Multimedia linked meta database type. Figure 2 
demonstrates feature extraction, Shot filtering using fuzzy 
system and event classification stages. 

2.1 Extracting Low-Level and Semantic-Based Features  

Used low-level features includes: Gi percent of pixels 
including grass of the field in keyframe of shot i for which 
we used the method provided in [5]. Once the grass region 
was recognized we divided it into 3 sections according to the 
Fig.3  and calculated Gi(E2) , percent of pixels covering the 
section E2 of the grass field, for keyframe. These 
features(Gi,Gi(E2)) may be used for Shot boundary 
detection and Shot classification and may be used  as input 
to the fuzzy system not only in the Shot Rejection but also in 
the next phase of Event Classification along with low-level 
features. 

Fig. 1 The overall proposed structure 

The first step of proposed structure is devoted to extracting 
shots from each video (Fig. 2) and making a list of features 
extracted from each shot. Then a fuzzy system is used to 
eliminate shots including insignificant events. Finally shots 
are classified and associated with predefined classed using 
SVM The results of the classification phase are accompanied 
by a textual description and enables retrieval through text 
based query. The proposed method is based on the idea of 
using a fuzzy system for shot rejection and textual 
description for Soccer Events retrieval. In this section first 
the general structure is studied and we proceed to describe 
the extraction of low level features. Afterwards we go to 
high level features and then development of visual models. 
The fuzzy system including fuzzy rule base is presented in 
the section 2.2. 

Fig. 2 Proposed structure in detail 
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Fig. 3 Segmenting the area including the grass field

                         

Fig.4 Types of views: a) Far-center, b) Far-side, c) Medium view, 
d) Out of field 

Used semantic based features includes:  1.   Far views from 
midfield, Fig. 4.a.   2.   Far views from field sides, Fig. 4.b.   
3.   Medium views from inside the field 4.c,  4. View of the 
area outside of the field / closed view, showing the 
spectators or the upper body of a player, Fig. 4.d  5. Slow-
Motion Replay Detection[9]. we have proposed a structural 
classification method for extracting this views in [5]. 

2.2 Using a fuzzy system to eliminate shots containing no 
significant events 

Data retrievable from each shot by the above features as 
input of fuzzy system  up to this  phase are included in  
Table 1 along with abbreviations used for each one of them. 
The goal of designing a fuzzy system is to use the collected 
data in defining a degree of significance for each shot. This 
fuzzy system shows how important are the contents of that 
shot in terms of events occurring in it. For example, the 
system is expected to give a higher degree of significance to 
a shot containing a goal scoring than the one containing 
images of fans and no other important event. The rulebase 
and 3 triangle membership functions (low, Medium, High) 
are presented in Figure 5,6. The inference method used here 
is Mamdani product, for example for one execution of fuzzy 
inference result see Fig 7. Once each shot is given a degree 
of significance by the fuzzy system, a thresholding phase is 
run to eliminate the fuzzy system outputs for some shots. In 
this phase all shots with a significance degree below th(our 
system parameter) are eliminated from the classification. by 

defining a threshold(th) on the output of the fuzzy system  
we can separate the useful and none-useful shots for the 
purpose of classification. The threshold must be between 0 
and 1. The lowest amount of the threshold is zero. By 
defining the threshold as 0 the all of shots in the database 
will be seen in the output of rejection phase as well.  the 
higher the degree of significance the more sensitive the 
system vice versa. 

Table 1 The input/output of fuzzy system with their abbreviations

Shot Degree Out Sd
Percent of Far-center view in a shot In Fc
Percent of Far-side view in a shot In Fs
Percent of Medium view In Mv 
Percent of Out of field In Of 
Percent of Frame includes Slow-Motion In Sm

Fig. 5 triangle membership functions (low, Medium, High) for 
most In/Out variables 

1. If (fc is high) then (sd is low) (1)     
2. If (fs is high) then (sd is very high) (1)  
3. If (fs is medium) then (sd is high) (1) 
4. If (mv is high) then (sd is high) (1) 
5. If (of is high) then (sd is low) (1) 
6. If (cu is high) then (sd is low) (1) 
7. If (cu is medium) then (sd is medium) (1) 
8. If (fs is low) then (sd is medium) (1) 
9. If (sm is high) then (sd is high) (1) 
10. If (sm is medium) then (sd is high) (1)  

Fig. 6  Fuzzy rule base for none-useful shot rejection 

Fig. 7 if(fc=0.545 & fs=0.581 & mv=0.052 & of=0.0682 & cu=0 & 
sm=0.86) then Shot Degree = 0.845 

 (a)  (b) 

 (c)  (d) 
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3 Event Retrieval 

Up to the previous level we rejected most video shots 
imported into the DB with high probability of being 
irrelevant to significant events. So classification of shots in 
this phase may be done based on the events included in 
them. We have listed the set of features that may be used to 
classify the events , features include: G, percent of pixels 
covering the grass field in shot keyframes, G2, percent of 
pixels in  section E2 on the grass field in shot keyframes and 
the Sd (the output of fuzzy system) and Fs, Percent of Far-side 
view in a shot. After normalizing the above 4 features the 
value of each of them for each shot will range between 0 and 
1, so the feature vector for each shot is shown by Fv (I,V) 
and expressed in the following form:  

Fv(i,V)={G,G2,Fs,Sd} 
Where: i is the shot number from video V. 

We used SVM to classify the events. In this phase events 
must be associated with 5 predefined classes. All classes 
have their special keywords which are presented here: 

EventClass = { Goal, Penalty, Kroner, Free kick, other} 

After the learning phase the videos stored in the DB for 
making up the Meta Data are processed and then the events 
are classified. Afterwards the above keywords are associated 
with the created classes manually and then each new event 
automatically inherits its keyword and is recorded in the 
Meta Data for that event. A table is formed in the Meta Data 
for each single video processed (Figure 8). During 
implementation the name given to each table of the Meta 
Data is taken to be the same as the file name recorded in the 
database, so relations with the raw video are maintained. 
Also we can save the information entered into the system for 
each video in Title of main video file to be used in the 
retrieval process. Such information may include the name of 
competing teams, time or place of the match or other details. 

Class 
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Event 

Slow-
Motion

Type 
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Shot

End
of 
Shot

Start 
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Shot 
Index 

…
…

.
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….
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Fig  8 A table is formed in the Meta Data for each single video processed  
(The field related to Type of Shot shows the view that has been most 

frequent in the shot.) 

The query model we used for this project was the same 
proposed in [2]. The base expression used in the model 
included the following: 

select video from search_space [where condition]; 
select shot from search_space [where condition]; 

Expression SELECT specifies the SEARCH TARGET 
which may be Videos or Shots. The search space comes 
after FROM which may be all videos available in the DB or 
a list of chosen videos from any given video specified with a 
“where” condition which may only constitute one restriction 
or a combination of and/or phrases used to create conditions 
for time dependencies, which we ignore here.The provided 
system will be able to answer questions such as these: 

Q1: “Find all the goal shots from all the soccer videos”  
Q2: “Find all the corner kick shots from all the soccer videos 
where the goal accurse by England team” 
Remember that the prerequisite to doing the condition 
contained in the second question is that the required 
information are added to the Meta Data by the system 
manager while the video is being entered into the database. 
To find the answer it suffices to extract the defined terms 
from the query expression and search for them in the Meta 
Data. 

4 Evaluation

We have used more than 5.5 hours of football Videos in the 
database includes: 1 match of the World Cup 2006, 2 
matches from the UEFA Champions League 2005, 1 match 
from the FA Premier League 2004, and more than 5 clips 
from Euro 2004(Table 2). The file format of the input films 
was non-compressed avi and the size of output films is 
88×79.

Table 2. Names and the length (min:sec) of the clips in the 
database

Euro001(46:40),Euro002(47:00),Euro003(47:30), 
Euro004(46:00), Euro005(46:45), FIFA-div01f(12:38), FIFA-
div02f(18:23),FIFA-div03f(15:38),FIFA-div04f(17:40),FIFA-
div05f(18:22),Eng1(42:7) ,Eng2(20:51)

In the training phase we used 119 shots to learning for SVM 
and the rate of correct class in training data is 87%. As noted 
earlier the output of fuzzy system is a degree for  each shot 
and the system rejects no useful shots using a threshold(th) 
as system input parameter. The input margin of the system 
for evaluation is 0.2 and then inputs include 0.2, 0.4, 0.6, 0.8 
and 1. The results of changing the input amount of the 
system and the accuracy of the events classification are 
shown in tables 3,4,5,6. In this evaluation scenario we used 
187 shots includes  5 Goals, 5 Penalties, 6 Free kicks, 9 
Corners and 162  shots containing no significant events. 
Table 3 where the input th is 0.2 then system rejected 23 
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shots before classification, table 3 shows the result of 
classification after rejection phase with input 0.2, Table 4 
where the input th is 0.4 then system rejected 86 shots. Table 
5 where th is 0.6 and the system rejected 114 shots and 
Table 6 where th is 0.8 and the system rejected 172 shots.  
When th is 0.6,  4 shots containing corner and free kicks are 
rejected incorrectly(see the ‘# of rejected’ row of table 5) 
and When th is 0.8, 10 shots containing very important 
events are rejected incorrectly (see the ‘# of rejected row’ of 
table 6).  
In the tables accuracy formula is:  
Accuracy =100* Correct/(Total + False) 
The Tables indicate that the higher the threshold, the higher 
the number of rejected shots will be. Also, the higher the 
threshold, the lower the number of incorrect shot detection 
(see ‘False’ row of tables) will be. See Table 6 where th = 
0.8 and False detection for all events is zero but 1 Goal, 5 
Free kicks and 4 corner are rejected incorrectly. 

Table 3. The result of proposed method with th = 0.2 
Goal Penalties Free 

kick 
Corner other sum 

Total 5 5 6 9 162 187 
# of 

rejected 
0 0 0 0 23 23 

Correct 5 5 6 9 86 111 
False 13 9 17 14 0 53 

Accuracy 27% 36% 26% 39% - - 

Table 4. The result of proposed method with th = 0.4 
Goal Penalties Free 

kicks 
Corner other sum 

Total 5 5 6 9 162 187 
# of 

rejected 
0 0 0 0 86 86 

Correct 5 5 5 8 51 74 
False 6 0 13 6 1 27 

Accuracy 45% 100% 32% 53% - - 

Table 5. The result of proposed method with th = 0.6 
Goal Penalties Free 

kicks 
Corner other sum 

Total 5 5 6 9 162 187 
# of 

rejected 
0 0 2 2 110 114 

Correct 5 5 4 7 42 63 
False 2 0 5 3 0 10 

Accuracy 71% 100% 36% 58% - - 

Table 6. The result of proposed method with th = 0.8 
Goal Penalties Free 

kicks 
Corner other sum 

Total 5 5 6 9 162 187 
# of 
rejected 

1 0 5 4 162 172 

Correct 4 5 1 5 0 15 
False 0 0 0 0 0 0 
Accuracy 80% 100% 16% 55% - - 

 5   Conclusions 

 The proposed method uses human expert knowledge for 
soccer video events retrieval by fuzzy systems. After feature 
extraction, each shot is given a degree of significance by the 
fuzzy system, thereby significantly reducing time 
complexity of video processing. By defining a threshold on 
the output of the fuzzy system, the useful and none-useful 
shots are separated for the purpose of event classification. 
Support vector machines are then applied for final 
classification of video information.  
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1. Universität Leipzig, Abt. Logik und Wissenschaftstheorie, Institut für Philosophie
Beethovenstr. 15, 04107 Leipzig, Germany

2. Universität Leipzig, Institut für Mathematik
Augustusplatz 9, 04109 Leipzig, Germany

Email: gottwald@uni-leipzig.de, philipp@huesam.de

Abstract— In a rather general, essentially aggregation operator
based discussion of the traditional fuzzy control strategies known as
FATI and FITA strategies, a way to reduce these strategies to one an-
other has been to define pairs of aggregation distributive aggregation
operators. In this paper it is shown that for some often used special
cases this reduction condition allows only the set theoretic union as
aggregation operator.
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1 Introduction

The standard paradigm behind standard approaches to-
ward fuzzy control is that one supposes to have given,
as an incomplete and fuzzy description of a control func-
tion Φ from an input space X to an output space Y, a
family

D = (〈Ai, Bi〉)1≤i≤n (1)

of (fuzzy) input-output data pairs to characterize this
function Φ.

In the usual approaches such a family of input-output
data pairs is provided by a finite list

IF x is Ai THEN y is Bi, (2)

(with i = 1, . . . , n) of linguistic control rules, also called
fuzzy IF-THEN rules.

The basic examples of fuzzy control approaches are
Zadeh’s original approach via fuzzy relations and the
compositional rule of inference (CRI), as prototypically
realized by the Mamdani–Assilian approach in [7], and
the Holmblad–Ostergaard approach toward fuzzy con-
trol of a cement kiln as explained in [5].

Derived from these two approaches there is the well
known distinction between FATI and FITA strategies to
evaluate systems of linguistic control rules w.r.t. arbi-
trary fuzzy inputs from F(X).

2 Preliminaries

The core idea of a FITA strategy is that it is a strategy
which First Infers (by reference to the single rules) and
Then Aggregates starting from the actual input informa-
tion A. Contrary to that, a FATI strategy is a strategy
which First Aggregates (the information in all the rules
into one fuzzy relation) and Then Infers starting from
the actual input information A.

Both these strategies use the set theoretic union as
their aggregation operator. Furthermore, both of them
refer to the CRI as their core tool of inference.

In general, however, the interpolation operators may
depend more generally upon some inference operator(s)
as well as upon some aggregation operator.

2.1 Aggregation operations and fuzzy control strategies

By an inference operator we mean here simply a mapping
from the class of fuzzy subsets of the input space to the
class of fuzzy subsets of the output space.1

And an aggregation operator A, as explained e.g. in
[1, 2], is a family (fn)n∈N of (“aggregation”) operations,
each fn an n-ary one, over some partially ordered set M,
with ordering �, with a bottom element 0 and a top el-
ement 1, such that each operation fn is non-decreasing,
maps the bottom to the bottom: fn(0, . . . ,0) = 0, and
the top to the top: fn(1, . . . ,1) = 1.

Such an aggregation operator A = (fn)n∈N is a com-
mutative one iff each operation fn is commutative. And
A is an associative aggregation operator iff

fn(a1, . . . , an) =
fr(fk1(a1, . . . , ak1), . . . , f

kr (am+1, . . . , an)) (3)

for n =
∑r

i=1 ki and m =
∑r−1

i=1 ki.
Our aggregation operators further on are supposed to

be commutative as well as associative ones.2

As in [3, 4], we now consider operators Ψ of FATI-type
operators Ξ of FITA-type and which have the abstract
forms

ΨD(A) = A(θ〈A1,B1〉(A), . . . , θ〈An,Bn〉(A)) , (4)

ΞD(A) = Â(θ〈A1,B1〉, . . . , θ〈An,Bn〉)(A) . (5)

Here we assume that each one of the “local” inference
operators θi is determined by the single input-output
pair 〈Ai, Bi〉. This restriction is in general sufficient. For
the present purpose we assume that our inference oper-
ators are CRI-based, i.e. we assume that θ〈A1,B1〉(A) has

1This terminology has its historical roots in the fuzzy con-
trol community. There is no relationship at all with the log-
ical notion of inference intended and supposed here; but–of
course–also not ruled out.

2It seems that this is a rather restrictive choice from a the-
oretical point of view. However, in all the usual cases these
restrictions are satisfied.
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the form
θ〈Ai,Bi〉(A) = R′′

i A (6)

for some fuzzy relation R. In this case we call the infer-
ence operator θ〈A1,B1〉 CRI-based.

Furthermore A has to be an aggregation operator for
fuzzy subsets of the universe of discourse X, and Â has
to be an aggregation operator for inference operators.

2.2 Stability conditions

If ΘD is a fuzzy inference operator of one of the types
(4), (5), then the interpolation property one likes to have
realized is that one has

ΘD(Ai) = Bi (7)

for all the data pairs 〈Ai, Bi〉. In the particular case that
the operator ΘD is detrmined by the CRI-methodology,
this is just the usual problem to solve a system (7) of
fuzzy relation equations.

In the present generalized context the property (7) has
been called the D-stability of the fuzzy inference operator
ΘD.

To find D-stability conditions on this abstract level
seems to be rather difficult in general. However, the
restriction to fuzzy inference operators of FITA-type
makes things easier.

To explain some of the known results it is neces-
sary to have a closer look at the aggregation operator
A = (fn)n∈N involved in (4) which operates on F(Y), of
course with the inclusion relation for fuzzy sets as par-
tial ordering.

Definition 1 Having B, C ∈ F(Y) we say that C is A-
negligible w.r.t. B iff f2(B, C) = f1(B) holds true.

The core idea here is that in any aggregation by A the
presence of the fuzzy set B among the aggregated fuzzy
sets makes any presence of C superfluous.

For examples and further interesting properties of ag-
gregation operators the interested reader may consult
[3, 4].

Now we are in a position to state one of the results
from [3, 4] to give an impression of what becomes of in-
terest in the present context.

Proposition 1 Consider a fuzzy inference operator ΨD of
FITA-type (4). It is sufficient for the D-stability of ΨD, i.e.
to have

ΨD(Ak) = Bk for all k = 1, . . . , n (8)

that one always has

θ〈Ak,Bk〉(Ak) = Bk (9)

and additionally that for each i �= k the fuzzy set

θ〈Ak,Bk〉(Ai) is A-negligible w.r.t. θ〈Ak,Bk〉(Ak) . (10)

This result has two quite interesting specializations
which themselves generalize well known results about
fuzzy relation equations. The interested reader may con-
sult [3, 4].

To extend such considerations from inference opera-
tors (4) of the FITA type to those ones of the FATI type
(5) let us consider the following notion.

Definition 2 Suppose that Â is an aggregation operator for
inference operators, and that A is an aggregation operator for
fuzzy sets. Then (Â,A) is an application distributive pair
of aggregation operators iff

Â(θ1, . . . , θn)(X) = A(θ1(X), . . . , θn(X)) (11)

holds true for arbitrary inference operators θ1, . . . , θn and
fuzzy sets X .

Using this notion it is easy to see that one has on the
left hand side of (11) a FATI type inference operator, and
on the right hand side an associated FITA type inference
operator. So one is able to give a reduction of the FATI
case to the FITA case, assuming that such application
distributive pairs of aggregation operators exist.

Proposition 2 Suppose that (Â,A) is an application dis-
tributive pair of aggregation operators. Then a fuzzy infer-
ence operator ΞD of FATI-type is D-stable iff its associated
fuzzy inference operator ΨD of FITA-type is D-stable.

3 Application distributivity

Based upon the notion of application distributive pair
of aggregation operators the property of D-stability can
be transferred back and forth between two inference op-
erators of FATI-type and of FITA-type if they are based
upon a pair of application distributive aggregation op-
erators.

What has not been discussed previously was the exis-
tence and the uniqueness of such pairs. Here are some
results concerning these problems.

The uniqueness problem has a simple solution.

Proposition 3 If (Â,A) is an application distributive pair
of aggregation operators then Â is uniquely determined by A,
and conversely also A is uniquely determined by Â.

And for the existence problem we have a nice reduc-
tion to the two-argument case.

Theorem 1 Suppose that A is a commutative and associa-
tive aggregation operator. For the case that there exists an
aggregation operator Â such that (Â,A) form an application
distributive pair of aggregation operators it is necessary and
sufficient that there exists some operation G for fuzzy infer-
ence operators satisfying

A(θ1(X), θ2(X)) = G(θ1, θ2)(X) (12)

for all fuzzy inference operators θ1, θ2 and all fuzzy sets X .

However, there is an important restriction concerning
the existence of such pairs of application distributive ag-
gregation operators, at least for the interesting particular
case that the application operation is determined by the
compositional rule of inference (CRI). And this means
simply that the inference operations θi are determined
via suitable fuzzy relations Ri.
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Definition 3 An aggregation operator A = (fn)n∈N for
fuzzy subsets of a universe of discourse X is pointwise de-
fined iff for each n ∈ N there exists a function gn : [0, 1]n →
[0, 1] such that for all A1, . . . , An ∈ F(X) and all x ∈ X there
hold

fn(A1, . . . , An)(x) = gn(A1(x), . . . , An(x)) . (13)

And an aggregation operator Â for inference operators is
pointwise defined iff it can be reduced to a pointwise defined
aggregation operator for fuzzy relations.

From the isotonicity behavior of the aggregation oper-
ator A it follows that also these characterizing functions
gn are isotonic, and similarly in the case of Â.

The restrictive result, first proved in [6], now reads as
follows.

Theorem 2 Suppose that all inference operators are CRI-
based. Then the pair (

⋃
,
⋃

) is the only application distribu-
tive pair among the commutative, associative, and pointwise
defined aggregation operators.

Proof: Obviously the considerations can restricted to
the binary case n = 2. So let us start in this CRI-
based case with an aggregation operator Â, which has
to give a fuzzy relation Â(R1, R2) for any two infer-
ence operators θ1, θ2 determined by the fuzzy relations
R1, R2, respectively. Because Â has to be pointwise de-
fined, according to Definition 3 there has to be a function
ĝ : [0, 1] × [0, 1] → [0, 1] such that one has for the mem-
bership degrees of the corresponding fuzzy relations

Â(R1, R2)(x, y) = ĝ(R1(x, y), R2(x, y)) . (14)

In a similar way, again by Definition 3, a correspond-
ing aggregation operator A has to be determined by a
function g : [0, 1] × [0, 1] → [0, 1]. Assuming that these
aggregation operators (A, Â) form an aggregation dis-
tributive pair, gives for arbitrary fuzzy inputs A the con-
dition

Â(R1, R2)′′(A)(y)

=
∨
x

T
(
A(x), Â(R1, R2)(x, y)

)
=
∨
x

T
(
A(x), ĝ(R1(x, y), R2(x, y))

)
(15)

= g
(∨

x

T (A(x), R1(x, y)),
∨
x

T (A(x), R2(x, y))
)

= A(R′′
1A,R′′

2A)(y) ,

which has to be satisfied for arbitrary fuzzy sets A and
fuzzy relations R1, R2. Of course, T here is the t-norm
involved in the CRI application process.

So let be always A(x) = 1 and furthermore R1(x, y) =
a,R2(x, y) = b for some a, b ∈ [0, 1]. Now routine cal-
culations yield ĝ(a, b) = g(a, b), which means equality
of the functions ĝ = g which determine the aggregation
operators Â,A, respectively.

So application distributivity of the pair (A, Â) be-
comes a condition which has to be satisfied by the char-
acterizing function g, and this condition reads∨

x

T
(
A(x), g(R1(x, y), R2(x, y))

)
= (16)

g
(∨

x

T (A(x), R1(x, y)),
∨
x

T (A(x), R2(x, y))
)

.

To continue our discussion and to finish the proof of
Theorem 2, we insert two lemmata.

Lemma 1 Suppose that g : [0, 1]× [0, 1] → [0, 1] determines
a commutative and associative pointwise defined (binary) ag-
gregation operator. Then the condition

sup
i∈I

g(ai, bi) = g(sup
i∈I

ai, sup
i∈I

bi) (17)

is equivalent to the fact that g is left continuous and satisfies

g(a, b) = g(max{a, b},max{a, b}) . (18)

It is easy to see that (17) implies the left continuity of
g. So assume (17) and that (18) is not generally satisfied.
Then there are a0, b0 ∈ [0, 1] such that

g(a0, b0) �= g(max{a0, b0},max{a0, b0}) (19)

and additionally, w.l.o.g., also b0 ≤ a0. This last condi-
tion forces even its strengthening b0 < a0, and together
with the isotonicity of g yields g(a0, b0) < g(a0, a0). But
this now means

max{g(a0, b0), g(b0, a0)} = g(a0, b0)
< g(a0, a0) = g(max{a0, b0}, max{a0, b0}) , (20)

contradicting (17). So the (⇒)-part of the lemma is
proved.

If otherwise g is left continuous and satisfies (18), one
has

g(sup
i∈I

ai, sup
i∈I

bi) ≥ sup
i∈I

g(ai, bi) (21)

by the isotonicity of g. But g(aj , bj) ≤ supi∈I g(ai, bi) and
(18) yield

g(cj , cj) ≤ sup
i∈I

g(ai, bi) (22)

for cj = max{aj , bj}, and by the left continuity and iso-
tonicity of g this gives

g(sup
i∈I

ci, cj) ≤ sup
i∈I

g(ci, ci) ≤ sup
i∈I

g(ai, bi), , (23)

and thus also

g(sup
i∈I

ai, sup
i∈I

bi) ≤ g(sup
i∈I

ci, sup
i∈I

ci) ≤ sup
i∈I

g(ai, bi) . (24)

All together gives (17) and hence the (⇐)-part of the
lemma.

The condition (17) obviously means that the cor-
responding aggregation operator commutes with the
supremum.
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Lemma 2 Suppose that g : [0, 1]× [0, 1] → [0, 1] determines
a commutative and associative pointwise defined (binary) ag-
gregation operator. Then condition (17) is satisfied iff there
exists a left continuous isotonic function h : [0, 1] → [0, 1]
satisfying h(0) = 0, h(1) = 1 and

g(a, b) = max{h(a), h(b)} . (25)

For the (⇒)-part consider the function h(x) = g(0, x).
It is left continuous as well as isotonic, satisfies h(0) = 0
and h(1) = 1, and one has by Lemma 1

g(a, b) = g(max{a, b}, max{a, b})
= g(max{0,max{a, b}}, max{0,max{a, b}})
= g(0, max{a, b}) = max{h(a), h(b)} . (26)

The (⇐)-part follows from routine calculations.
So we come back to the proof of Theorem 2. What we

did not discuss up to now is that for having an aggrega-
tion distributive pair of pointwise defined operators the
characterizing function g has to be distributive relative
to the t-norm T which determines the CRI-application.
So we need to have always satisfied

T (a, g(b, c)) = g(T (a, b), T (a, c)) , (27)

which means, via Lemmata 1 and 2, to have always sat-
isfied

max{T (a, h(b)), T (a, h(c))}
= max{h(T (a, b)), h(T (a, c))} , (28)

which forces that one always has to have

T (a, h(b)) = h(T (a, b)) . (29)

And this yields h = id: because otherwise there would
exist some c with h(c) �= c and

T (c, h(1)) = T (c, 1) = c �= h(c) = h(T (c, 1)) . (30)

So Theorem 2 is finally proved.

4 Conclusion

The type of approach explained in Section 2.2 works ac-
tually well only in the FITA case. This was the starting
point for the considerations on aggregation distributive
operator pairs. They give a transfer possibility to the
FATI case.

However, as the main result, i.e. Theorem 2 of the
present paper shows, these transfer possibilities are
quite restricted under some conditions which have, up
to now, been considered rather natural ones.

For the authors understanding this result points into
two directions. (i) It may be appropriate to try to find
other ways and to discuss the FATI case differently. And
this way may become essentially different from the re-
duction strategy toward fuzzy relation equations which
stands behind the generalization in [3, 4]. (ii) It may be
suitable to move into the realm of aggregation opera-
tors which are no longer pointwise defined, and it may

also be suitable to leave the world of the CRI-based ap-
proaches.

Particularly point (ii) here seems promising, even hav-
ing in mind that the actual standard cases all fall into the
class of pointwise defined aggregation operators. Fur-
ther investigations into this topic are necessary.
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[6] Philipp Hüsam. FATI versus FITA. Ein abstrakter
Vergleich gängiger Strategien bei “fuzzy control”-
Systemen. Diplomarbeit, Mathematisches Institut,
Universität Leipzig, 2008.

[7] Abe Mamdani and S. Assilian. An experiment in lin-
guistic synthesis with a fuzzy logic controller. Inter-
nat. J. Man-Machine Studies, 7:1–13, 1975.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

389



A possibilistic approach to bottleneck combinatorial optimization problems with
Ill-known weights

Adam Kasperski1 Paweł Zieliński2
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Abstract— In this paper a general bottleneck combinatorial op-
timization problem with uncertain element weights modeled by fuzzy
intervals is considered. A rigorous possibilistic formalization of the
problem and solution concepts in this setting that lead to finding ro-
bust solutions under fuzzy weights are given. Some algorithms for
finding a solution according to the introduced concepts and evaluat-
ing optimality of solutions and elements are provided.
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1 Introduction
A combinatorial optimization problem consists in finding an
object composed of elements of a given ground set E. In a
deterministic case, every element of E has a precise weight.
In bottleneck combinatorial optimization problems, we wish
to find an object that minimizes the weight of its heaviest el-
ement. Such formulation encompasses a large variety of clas-
sical combinatorial optimization problems, for instance: the
bottleneck path [1], the bottleneck assignment [2], the bot-
tleneck spanning tree [3] (or a more general the bottleneck
matroid base problem [4]) etc. All these problems are effi-
ciently solvable when the weights of all elements are precisely
known. Unfortunately, in real world it is not easy to estimate
element weights exactly. In many cases, the exact values of
weights are not known in advance and the imprecision must
be taken into account.

In this paper, we wish to investigate a general bottleneck
combinatorial optimization problem with uncertain element
weights modeled by fuzzy intervals. The membership func-
tion µfW

of a fuzzy interval W̃ is a possibility distribution de-
scribing, for each value w of the element weight, the extent
to which it is a possible value. Equivalently, it means that the
value of this weight belongs to a λ-cut interval W̃λ = {t :
µfW

(t) ≥ λ} with confidence (or degree of necessity) 1 − λ.
Now to each feasible solution or element a degree of possi-
ble optimality and a degree of necessary optimality can be as-
signed. The notion of the necessary optimality of a solution
may be weaken by assigning a degree of necessary soft opti-
mality. Moreover, all the degrees of optimality of a solution
(an element) can be derived from a fuzzy deviation, that is a
possibility distribution representing the set of plausible values
of deviations of the solution (the element) from optimum. In
order to choose a “robust solution” under fuzzy weights, we
adopt two criteria. The first one consists in choosing a solution
of the maximum degree of necessary optimality, called a best

necessarily optimal solution. Such a solution, if exists, seems
to be an ideal choice. The second criterion is weaker than the
first one and consists in choosing a solution of the maximum
degree of necessary soft optimality, called a best necessarily
soft optimal solution. This criterion has been originally pro-
posed in [5, 6] for the linear programming problem with a
fuzzy objective function. A best necessarily soft optimal so-
lution seems to be a compromise choice and it minimizes a
“distance” to the necessary optimality.

In this paper, we provide some methods for the optimality
evaluation and for choosing a solution under fuzzy weights. In
Section 3, we investigate the interval case, that is the problems
in which the element weights are specified as closed intervals.
It turns out, that it is possible to construct some polynomial
algorithms for such problems if only their deterministic coun-
terparts are polynomially solvable. In consequence, the inter-
val bottleneck problems are easier to solve than the interval
problems with a linear sum objective discussed in [7, 8]. We
obtain polynomial algorithms for such problems as the bottle-
neck shortest path, the bottleneck assignment and the bottle-
neck matroid base. In Section 4, we show that the optimal-
ity evaluation and the problem of choosing a solution under
fuzzy weights can be reduced to examining a family of inter-
val problems. In particular, we show that a best necessarily
soft optimal solution can be computed in polynomial time for
a wide class of problems.

2 Preliminaries
In this section, we recall a formulation of a general bottleneck
combinatorial problem with precise weights.

Let E = {e1, . . . , en} be a finite ground set and let Φ ⊆ 2E

be a set of subsets of E called the set of the feasible solu-
tions. A nonnegative real weight we is given for every element
e ∈ E. A bottleneck combinatorial optimization problem BP
consists in finding a feasible solution X that minimizes the
weight of its heaviest element, namely:

BP : min
X∈Φ

max
e∈X

we. (1)

A solution that minimizes (1) is called an optimal solution.
We call an element e ∈ E optimal if it is a part of an opti-
mal solution. If a solution (element) is not optimal a natural
question arises how far from optimality this solution (element)
is. To answer this question one can introduce the concept of a
deviation. A deviation of solution X ∈ Φ and a deviation of
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element f ∈ E are defined in the following way:

δX = max
e∈X

we − min
Y ∈Φ

max
e∈Y

we,

δf = min
Y ∈Φf

max
e∈Y

we − min
Y ∈Φ

max
e∈Y

we,

where Φf is the set of all feasible solutions that contain ele-
ment f . It is clear that solution X (element f ) is optimal if
and only if δX = 0 (δf = 0).

In this paper we will assume that problem BP is polynomi-
ally solvable. Some polynomial algorithms for the bottleneck
path, the bottleneck assignment, the bottleneck spanning tree,
and the bottleneck matroid base problem can be found for in-
stance in [1, 2, 3, 4]. For all these problems the deviations δX

and δf can be computed in polynomial time.

3 Interval-valued bottleneck combinatorial
optimization problems

In this section we consider an interval version of problem (1),
in which the weights of the elements are ill-known and they
are modeled by closed intervals We = [we, we], e ∈ E. As-
signing some interval to an element weight means that the ac-
tual weight of this element will take some value within the
interval but it is not possible at present to predict which one.
Every precise instantiation of the element weights is called a
scenario and we denote it by S. Thus every scenario is a vec-
tor S = (we)e∈E , we ∈ We that expresses a realization of
the weights. We denote by Γ the set of all the scenarios, i.e.
Γ = ×e∈E [we, we] and we use we(S) to denote the weight
of element e ∈ E in a fixed scenario S ∈ Γ. Among the
scenarios of Γ, we distinguish the extreme ones, which be-
long to ×e∈E{we, we}. Let A ⊆ E be a fixed subset of
elements. In scenario S+

A all elements e ∈ A have weights
we and all the remaining elements have weights we. Simi-
larly, in scenario S−

A all elements e ∈ A have weights we and
all the remaining elements have weights we. For a given so-
lution X ∈ Φ, we define its weight under a fixed scenario
S ∈ Γ as F (X, S) = maxe∈X we(S). We will denote by
F ∗(S) the value of the weight of an optimal solution under
scenario S ∈ Γ, that is F ∗(S) = minX∈Φ F (X, S).

The optimality in the interval-valued problem BP can be
characterized as follows: a given solution X ∈ Φ (element
f ∈ E) is possibly optimal if and only if it is optimal in
some scenario S ∈ Γ. A given solution X ∈ Φ (ele-
ment f ∈ E) is necessarily optimal if and only if it is op-
timal in all scenarios S ∈ Γ. Similarly to the deterministic
case, we can express the possible and necessary optimality in
terms of the deviation. Let δX(S) = F (X, S) − F ∗(S) and
δf (S) = minY ∈Φf

F (Y, S) − F ∗(S) denote the deviations
of solution X and element f under a fixed scenario S ∈ Γ,
respectively. Consider the following optimization problems:

δX = min
S∈Γ

δX(S), δX = max
S∈Γ

δX(S)

δf = min
S∈Γ

δf(S), δf = max
S∈Γ

δf (S).

The solutions to the above problems determine the so called
deviation interval ∆X = [δX , δX ] containing all possible val-
ues of deviations for solution X . Similarly ∆f = [δf , δf ] is
a deviation interval for element f . It is worth pointing that
in literature (see e.g. [9]) the quantity δX is called the max-
imal regret or robust deviation and it expresses the maximal

possible deviation from optimum. Obviously, we can easily
deduce the optimality of a solution from the deviation inter-
val. Namely, X is possibly (resp. necessarily) optimal if and
only if δX = 0 (resp. δX = 0). Similarly, an element f is pos-
sibly (resp. necessarily) optimal if and only if δf = 0 (resp.
δf = 0).

3.1 Asserting possible and necessary optimality
In this section we establish some sufficient and necessary con-
ditions for possible and necessary optimality of solutions and
elements in the interval-valued problem. We start by proving
the following proposition:

Proposition 1. Let X be a given feasible solution. Then

δX = max{0, max
e∈X

we − F ∗(S+
E )}, (2)

δX = max
e∈X

max{0, we − F ∗(S+
{e})}. (3)

Proof. Equality (3) has been proved in [10]. We now give a
proof sketch of (2). It is easy to verify that

δX ≥ max{0, max
e∈X

we − F ∗(S+
E )}. (4)

It remains to show that the inequality ≤ also holds in (4).
Let Y be an optimal solution under S+

E and let g =
arg maxe∈Y we. We consider two cases. (i) maxe∈X we >
wg. Denote h = argmaxe∈X we. Consider scenario S such
that wS

e = min{wh, we} for all e ∈ X and wS
e = we

for all e ∈ E \ X . Since wh ≥ we for all e ∈ X ,
S ∈ Γ. It is easy to check that F (X, S) = wh and
F ∗(S) = F (S+

E ). Hence δX ≤ δX(S) = maxe∈X we −
F ∗(S+

E ) ≤ max{0, maxe∈X we − F ∗(S+
E )}, which together

with (4) yield (2). (ii) maxe∈X we ≤ wg . Consider sce-
nario S such that under this scenario all elements e ∈ E \X
have weights we and all the elements e ∈ X have weights
min{we, wg}. Since we ≤ wg for all e ∈ X , S ∈ Γ. One
can easily verify that X is optimal under S, which means that
δX = 0 ≤ max{0, maxe∈X we − F ∗(S+

E )}. This, together
with (4), give (2).

Proposition 1 allows us to compute the solution deviation
interval ∆X and leads to the following two corollaries:

Corollary 1. A solution X ∈ Φ is possibly optimal if and only
if F (X, S−

E ) = maxe∈X we ≤ F ∗(S+
E ).

Corollary 2. A solution X ∈ Φ is necessarily optimal if and
only if maxe∈X max{0, we − F ∗(S+

{e})} = 0.

Making use of Corollaries 1 and 2, we can efficiently eval-
uate the optimality of a given solution X if only the un-
derlying bottleneck deterministic problem BP is efficiently
solvable. In order to evaluate the possible optimality of X ,
it suffices to compute the value of F ∗(S+

E ) and check if
F (X, S−

E ) ≤ F ∗(S+
E ). This can be done in O(|X |+ f(|E|))

time, where f(|E|) is the running time of an algorithm for
the deterministic BP problem. Note that evaluating the pos-
sible optimality of a next solution, say X

′ ∈ Φ, requires only
O(|X ′ |) time. Evaluating the necessary of optimality of X is
a little more complex, since it requires computing the differ-
ence we − F ∗(S+

{e}) for each e ∈ X and, consequently, the
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overall running time of evaluating the necessary optimality is
O(|X |f(|E|)).

Let us consider the problem of computing an element devi-
ation interval. The following proposition is true and its proof
is similar to the proof of Proposition 1:

Proposition 2. Let f be a specified element. Then

δf = max{0, min
X∈Φf

F (X, S−
X)− F ∗(S+

E )}.

From Proposition 2 we immediately get the following
corollary:

Corollary 3. An element f ∈ E is possibly optimal if and
only if min

X∈Φf

F (X, S−
X) ≤ F ∗(S+

E ).

Corollary 3 shows a significant difference between the
problems with the bottleneck objective and the problems with
the linear sum objective discussed for instance in [7, 8]. For
the latter problems, deciding whether δf = 0 for a given ele-
ment f ∈ E may be NP-hard even if a deterministic counter-
part is polynomially solvable [8]. For the bottleneck problems
the situation is much better. From Proposition 2, it follows that
if problem BP is solvable in f(|E|) time, then the bound δf

for a given element f can be determined in O(f(|E|)) time.
We are unable here to provide a general formula for com-

puting the upper bound of an element deviation δf . Also, the
complexity status of the problem of checking whether f is
necessarily optimal is unknown. This is an interesting subject
of further research. In the next section we show how to com-
pute efficiently quantities δf and δf when BP has a matroidal
structure.

3.1.1 Matroidal problems
Let us recall the notion of a matroid (see e.g. [11]). A matroid
is a system (E, I), where E is a ground set and I is a set of
subsets of E closed under inclusions (if A ⊆ B and B ∈ I
then A ∈ I) and fulfilling the so-called growth property (if
A, B ∈ I and |A| < |B| then there is e ∈ B \ A such that
A ∪ {e} ∈ I). The maximal (under inclusion) elements of
I are called bases. We will denote the set of all bases by B.
The minimal (under inclusion) sets not in I are called circuits.
Matroids have the following property, which will be used in
this section. Namely, if B ∈ B is a base and f is an element
such that f /∈ B, then B ∪ {f} contains the unique circuit C.
Furthermore, for every e ∈ C, set (B ∪ {f}) \ {e} is a base.

In a matroidal problem the set of feasible solutions Φ con-
sists of all bases of a given matroid, Φ = B. An example
of a matroidal problem is bottleneck spanning tree, where Φ
consists of all bases of a graphic matroid [11]. Due to a ma-
troidal structure of the interval problem BP, we can simplify
the computation of δf and provide a method of computing δf .
We first show how to evaluate the possible and necessary op-
timality of a given element f .

Proposition 3. An element f ∈ E is possibly optimal if and
only if wf ≤ F ∗(S+

E ).

Proof. Using Corollary 3, it is sufficient to proof that wf ≤
F ∗(S+

E ) if and only if there is a base B ∈ Bf such that
F (B, S−

E ) ≤ F ∗(S+
E ), where Bf stands for the set of all bases

that contain element f .

(⇐) Obvious.
(⇒) Let B∗ be an optimal base in scenario S+

E . If f ∈ B∗,
then B∗ ∈ Bf , F (B∗, S−

E ) ≤ F (B∗, S+
E ) = F ∗(S+

E ) and
we are done. Otherwise, B∗ ∪ {f} contains an unique cir-
cuit C. Set B

′

= (B∗ \ {e}) ∪ {f}, e ∈ C \ {f}, is a base
and B

′ ∈ Bf . Since F ∗(S+
E ) ≥ wf , we have F ∗(S+

E ) =
maxe∈B∗ we ≥ maxe∈B

′ we. Thus F ∗(S+
E ) ≥ F (B

′

, S−
E )

and the proposition follows.

Proposition 4. An element f ∈ E is necessarily optimal if
and only if wf ≤ F ∗(S+

{f}).

Proof. (⇒) If f is necessarily optimal, then it is optimal under
all scenarios, in particular, under S+

{f}. Thus there is a base B

containing f such that F ∗(S+
{f}) = F (B, S+

{f}), which yields
F ∗(S+

{f}) ≥ wf .
(⇐) Consider any scenario S ∈ Γ. We first show that in-
equality wf (S) ≤ F ∗(S) holds for S. Define scenario S

′

where wf (S
′

) = wf and the remaining elements, e �= f ,
have weights we(S

′

) = we(S). Using the assumption we get
wf ≤ F ∗(S+

{f}) ≤ F ∗(S
′

). After decreasing the weight of f

to wf (S), we get inequality wf (S) ≤ F ∗(S). Let B∗ be an
optimal base under S. If f ∈ B∗ then f is optimal under S.
Otherwise, B∗ ∪ {f} contains an unique circuit C. Set B

′

=
(B∗ \ {e}) ∪ {f}, e ∈ C \ {f}, is a base such that B

′ ∈ Bf .
Since wf (S) ≤ F ∗(S), F (B

′

, S) ≤ F (B∗, S) = F ∗(S).
Hence B

′

is an optimal base and f is optimal under S.

Using a similar reasoning to that in Propositions 3 and 4
one can prove the following proposition, which allows us to
determine the deviation interval ∆f = [δf , δf ].

Proposition 5. Let X be a given feasible solution. Then

δf = max{0, wf−F ∗(S+
E )}, δf = max{0, wf−F ∗(S+

{f})}.
Propositions 3 and 4 allow us to evaluate efficiently the

possible (resp. necessary) optimality of a specified element
f ∈ E. It suffices to replace the interval weights with their
exact values determined according to S+

E (resp. S+
{f}), com-

pute the optimal value of F ∗(S+
E ) (resp. F (S+

{f})) in the re-
sulting deterministic problem and compare it with wf (resp.
wf ). This can be done in O(|E| log∗(|E|)) time [4], where
log∗ |E| is the iterated logarithm of |E|. Note also that us-
ing Proposition 3 we can detect all possibly optimal elements
in O(|E| log∗(|E|)) because we need to execute an algorithm
for the deterministic problem only once. On the other hand,
Proposition 4 does not allow us to detect all necessary opti-
mal elements without extra effort. Computing the deviation
interval ∆f costs the same time as evaluating the possible and
necessary optimality of f (see Proposition 5).

3.2 Choosing a robust solution
An important task in the interval-valued problem is to choose
a robust solution, that is the one which performs reasonably
well under any possible scenario. A necessarily optimal solu-
tion (δX = 0) is an ideal choice because it is optimal regard-
less of weight realizations. On the other hand, the possible
optimality of a chosen solution (δX = 0) is the minimum re-
quirement that should be satisfied. A possibly optimal solution
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always exists. But a necessarily optimal solution rarely exists.
Hence the possible optimality is too weak criterion while the
necessary optimality seems to be too strong. A solution that
minimizes the maximal regret δX seems to be a compromise
choice. It minimizes the maximal possible deviation from op-
timum. In literature [9] such a solution is called an optimal
minmax regret solution.

Proposition 6. Every optimal minmax regret solution X is
possibly optimal and is composed of possibly optimal ele-
ments.

Proof. We use a proof by contraposition. Assume that
X is not possibly optimal. From Corollary 1, we have
maxe∈X we > F ∗(S+

E ). Let Y ∗ be an optimal solution
in scenario S+

E . Define g = arg maxe∈Y ∗ we and h =
argmaxe∈X we. Thus wh(S) > wg for all scenarios S ∈ Γ.
But wg ≥ we(S) for all e ∈ Y ∗ in every scenario S, which
yields wh(S) > we(S) for e ∈ Y ∗. From this we con-
clude that F (X, S) > F (Y ∗, S) for all S ∈ Γ, which implies
δX > δY . In consequence, X cannot be an optimal minmax
regret solution. It is obvious that every possibly optimal solu-
tion is composed of possibly optimal elements.

Therefore, any optimal minmax regret solution X is pos-
sibly optimal and it minimizes a distance to the necessary
optimality. In other words its deviation interval is of the
form ∆X = [0, δX ] where δX is the smallest among all
X ∈ Φ. Fortunately, the problem of determining an opti-
mal minmax regret solution can be efficiently solved if the un-
derlying bottleneck deterministic problemBP is polynomially
solvable [10]. Using Equality (3) we get

min
X∈Φ

δX = min
X∈Φ

max
e∈X

ŵe, (5)

where weights ŵe = max{0, we − F ∗(S+
{e})}, e ∈ E, are

deterministic. So, the minmax regret problem can be reduced
to a deterministic problem BP. It can be shown [10] that the
minmax regret problem can be solved in O(|E|+ |X∗|f(|E|))
time, where X∗ is such that F (X∗, S−

E ) = F ∗(S−
E ) and

f(|E|) is the running time of an algorithm for BP.

4 Fuzzy-valued bottleneck combinatorial
optimization problems

In this section, we study problem BP with uncertain element
weights, where the uncertainty is modeled by fuzzy intervals.
We give a rigorous possibilistic interpretation, solution con-
cepts and some solution algorithms in this setting.

4.1 A possibilistic formalization of the problem
We now give a formalization of problem BP, in which the
weights of elements of E are uncertain and they are modeled
by fuzzy intervals W̃e, e ∈ E, in the setting of possibility the-
ory [12]. Let us recall that a fuzzy interval W̃e is a fuzzy set
in the space of real numbers R, whose membership function
µfWe

: R → [0, 1] is normal, quasiconcave and upper semi-
continuous on R. We will additionally assume that the support
of W̃e is bounded. A membership function of W̃e is regarded
as a possibility distribution for the values of the unknown
weight we. The possibility degree of the assignment we = v
is Π(we = v) = πwe

(v) = µfWe
(v). Let S = (ve)e∈E be a

scenario that represents a state of the world in which we = ve,
for all e ∈ E. Assuming that the weights are unrelated to one
another, the fuzzy intervals associated with the weights induce
the following possibility distribution over all scenarios in R

n

(see [13]): π(S) = mine∈E Π(we = ve) = mine∈E µfWe
(ve)

The degrees of possibility and necessity that a solution X ∈ Φ
is optimal are defined as follows:

Π(X is optimal) = sup
{S: X is optimal in S}

π(S),

N(X is optimal) = inf
{S: X is not optimal in S}

(1 − π(S)).
(6)

As in the deterministic and interval cases we can characterize
the optimality of a solution using the concept of deviation.
In the fuzzy problem a solution deviation belongs to a fuzzy
interval ∆̃X , whose membership function µ∆̃X

is a possibility
distribution for δX defined as follows:

µe∆X
(v) = Π(δX = v) = sup

{S: δX (S)=v}

π(S). (7)

Since the statement “X is optimal in S” is equivalent to con-
dition δX(S) = 0, it is easily seen that (7) generalizes the
degrees of optimality (6), that is

Π(X is optimal) = Π(δX = 0) = µe∆X
(0),

N(X is optimal) = N(δX = 0) = 1− sup
v>0

µe∆X
(v). (8)

Replacing X with f in (6)-(8) we get the same formulae for
element f .

In practice the requirement δX = 0 may be very strong and
the degree of necessary optimality of every solution X ∈ Φ
may be very small or even equal to 0. Suppose that a decision
maker knows his/her preferences about δX and expresses it by
a fuzzy goal G̃. The membership function of the fuzzy goal
µG̃ is a nonincreasing mapping from [0,∞] into [0, 1] such
that µ eG

(0) = 1. The value of µ eG
(δX) expresses the degree to

which deviation δX satisfies the decision maker. We can now
replace the strong requirement “X is optimal” (δX = 0) with
weaker “X is soft optimal” (δX ∈ G̃). Notice that δX ∈ G̃ is
a fuzzy event and the necessity that it holds can be computed
as follows [5, 6]:

N(X is soft optimal) = inf
S

max{1− π(S), µ eG
(δX(S))}.

(9)
One can check that N(X is soft optimal) = α means that for
all scenarios S such that π(S) > 1−α it holds µ eG

(δX(S)) ≥
α or equivalently δX(S) ∈ G̃α = [0, µ−1

eG
(α)], which rep-

resents the suboptimality of X . Function µ−1
eG

: [0, 1] →
R ∪ {+∞} is a pseudo-inverse of µ eG

that is µ−1
eG

(α) =
sup{v : µ eG

(v) ≥ α}.
4.2 Computing the optimality degrees
Every fuzzy interval Ũ can be decomposed into its λ-cuts, i.e.
sets Ũλ = {u : µeU

(u) ≥ λ}, λ ∈ (0, 1]. We will assume that
Ũ0 is the smallest closed set containing the support of Ũ . It
can be easily verified (see e.g. [12]) that if Ũ is a fuzzy interval
with a bounded support, then Ũλ is a closed interval for every
λ ∈ [0, 1]. The membership function µŨ can be retrieved from
the family of λ-cuts in the following way:

µeU
(u) = sup{λ ∈ [0, 1] : u ∈ Ũλ}, (10)
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and µŨ (u) = 0 if v /∈ Ũ0.
Let us denote by BPλ, λ ∈ [0, 1], the interval-valued prob-

lem BP with element weights W̃λ
e = [wλ

e , wλ
e ], e ∈ E. Note

that the scenario set in BPλ is composed of all scenarios S

such that π(S) ≥ λ. Now ∆̃λ
X = [δλ

X , δ
λ

X ] is the interval
of possible values of the deviation of solution X in problem
BPλ. It contains all values of the deviation of X , whose pos-
sibility of occurrence is not less than λ. From (8) and (10), it
follows easily that

Π(X is optimal) = sup{λ ∈ [0, 1] : δλ
X = 0} (11)

and Π(X is optimal) = 0 if δ0
X > 0. A similar reasoning

leads to the following equality:

N(X is soft optimal) = 1−inf{λ : δ
λ

X ≤ µ−1
eG

(1−λ)}. (12)

Replacing expression µ−1
eG

(1 − λ) with 0 in (12) we get a
formula for computing the degree of necessary optimality
of X . Exactly the same considerations apply to elements. It is
enough to replace X with f in formulae (11)–(12).

Equations (11) and (12) form a theoretical basis for calcu-
lating the values of the optimality degrees. The function δλ

X is
nondecreasing, so in order to compute the degree of possible
optimality of solution X we can apply a binary search tech-
nique on λ ∈ [0, 1]. Condition δλ

X = 0 means that X is possi-
bly optimal in BPλ and it can be checked efficiently by using
Corollary 1. Similarly, δλ

X is nonincreasing and µ−1
eG

(1−λ) is
nondecreasing function of λ. Hence the degree of necessary
soft optimality (and necessary optimality) can also be com-
puted by using a binary search. We obtain δX using Corol-
lary 2. The calculations can be done in O(I(|E|) log ε−1)
time, where ε > 0 is a given precision and I(|E|) is time
required to find the bound (the lower or the upper) of devia-
tion interval ∆̃λ

X in the corresponding interval problem BPλ.
Of course the same reasoning can be repeated for elements.

Fuzzy deviations ∆̃X and ∆̃f can also be determined via
the use of λ-cuts. That is, we compute interval ∆̃λ

X =
[δλ

X , δ
λ

X ] (resp. ∆̃λ
f ) in the interval valued BPλ for suitably

chosen λ-cuts. Then the fuzzy quantity ∆̃X (resp. ∆̃f ) is
reconstructed from its λ-cuts by using equality (10). This
method gives an approximation of ∆̃X (resp. ∆̃f ). Its overall
running time isO(rI(|E|)) time, r is the number of chosen λ-
cuts and I(|E|) is time required to determine ∆̃λ

X (resp. ∆̃λ
f )

in the interval problem BPλ.
From the above it follows that the running time of the pro-

posed methods heavily relies on the interval case, because they
can be reduced to the optimality analysis in a sequence of the
interval-valued problems BPλ. Thus the main difficulty lies
in the interval case. Fortunately, the optimality analysis in
the interval case can be efficiently done, see Corollaries 1,2
and Proposition 1 for a solution and Corollary 3 and Propo-
sition 2 for an element. Unfortunately, we cannot give an ef-
ficient method for asserting necessary optimality and deter-
mining the upper bound on possible values of the deviation
of an element in a general problem BPλ. However, we have
proposed such method when problem BPλ has a matroidal
structure (see Section 3.1.1).

4.3 Choosing a robust solution

We now propose some concepts of choosing a robust solution
in the fuzzy-valued problem BP. An ideal choice is a solution
with the highest degree of certainty that it is optimal under all
possible scenarios, i.e. an optimal solution to the following
problem:

max
X∈Φ

N(X is optimal) = max
X∈Φ

N(δX = 0). (13)

A solution of (13) is called a best necessarily optimal solu-
tion. However, this concept has a drawback, since the crite-
rion used in (13) is very strong. Namely, a solution X such
that N(X is optimal) > 0 may not exist or even if it exists,
its necessary optimality degree may be very small. To over-
come this drawback, we can replace the degree of necessary
optimality with the degree of soft necessary optimality, which
leads to the following problem:

max
X∈Φ

N(X is soft optimal). (14)

A solution to (14) is called a best necessarily soft optimal so-
lution. Let us recall that this solution concept was first applied
to fuzzy linear programming in [5, 6]. We can see from (12)
that problem (14) is equivalent to the following one:

min λ

s.t. δ
λ

X ≤ µ−1
eG

(1− λ),
λ ∈ [0, 1],
X ∈ Φ.

(15)

If problem (15) is infeasible then N(X is soft optimal) = 0
for all solutions X ∈ Φ. If λ∗ is the optimal objective value
of (15) and X is a best necessarily soft optimal solution, then
N(X is soft optimal) = 1 − λ∗. Since δ

λ

X is nonincreas-
ing and µ−1

eG
(1 − λ) is nondecreasing function of λ, prob-

lem (15) can also be solved by the binary search technique
on λ ∈ [0, 1]. Note that δ

λ

X is the maximal regret of X
in BPλ (see Section 3.2). Thus to find the optimal λ∗, we
seek solution that minimizes δ

λ

X for a fixed λ, i.e. an opti-
mal minmax regret solution in BPλ (see problem (5)). An
optimal solution X∗ to problem (15), determined by find-
ing an optimal minmax regret solution at λ-cut, has a nice
property. Namely, it is an optimal minmax regret solution in
BPλ∗

and, by Proposition 6, it is also possibly optimal one
in BPλ∗

. Thus N(X∗ is soft optimal) ≤ Π(X∗ is optimal).
Consequently,

N(X∗ is optimal) ≤ N(X∗ is soft optimal)
≤ Π(X∗ is optimal).

From this, we conclude that the concept of a necessary soft op-
timality is a natural extension of the minmax regret approach
to the fuzzy case. The running time of the method based on
the binary search is O(I(|E|) log ε−1) time, where ε > 0 is
a given precision and I(|E|) is time required for seeking an
optimal minmax regret solution in BPλ. It is polynomial for
the bottleneck path, the bottleneck assignment, the bottleneck
spanning tree and the bottleneck matroid base problems.
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4.4 A parametric approach
We now present a parametric approach to finding a best nec-
essary optimal solution. A similar method can be applied to
compute fuzzy deviations ∆̃X and ∆̃f . It is easy to check
that the following parametric problem may be associated with
problem (15) (see also problems (15) and (5))

δ
λ

= min
X∈Φ

δ
λ

X = min
X∈Φ

max
e∈X
{ŵλ

e }, λ ∈ [0, 1], (16)

where ŵλ
e = max{0, we − F ∗(S+λ

{e})}, e ∈ E, are para-
metric weights (functions of a parameter λ), S+λ

{e} is the sce-
nario in which we fix the weight of element e to wλ

e and
the weights of elements g ∈ E \ {e} to wλ

g . In order to
solve (16), we need to compute parametric weights ŵλ

e =
max{0, we − F ∗(S+λ

{e})}, e ∈ E. Determining these weights
requires computing functions F ∗(S+λ

{e}) for each e ∈ E. This
can be done by applying known parametric techniques. Ob-
serve that F ∗(S+λ

{e}) is a function of parameter λ ∈ [0, 1]. We
wish to compute sequences 0 = λ0 < λ1 < ... < λk = 1
and X0, . . . , Xk−1 such that Xi is an optimal solution for
λ ∈ [λi, λi+1], i = 0, . . . , k − 1. Having these sequences
it is easy to describe function F ∗(S+λ

{e}) and, in consequence,
ŵλ

e for λ ∈ [0, 1]. It turns out that if elements weights are
linear functions of λ for each e ∈ E, then for some particular
bottleneck problems their parametric counterparts can be effi-
ciently solved (see e.g. [14]). Now, we are ready to solve (16)
with parametric weights ŵλ

e . Again, we compute sequences
0 = λ0 < λ1 < ... < λk = 1 and optimal solutions (optimal
minmax regret solutions) X0, . . . , Xk−1 and the upper bounds
for their deviations δ

λ

Xi
, λ ∈ [λi, λi+1], i = 0, . . . , k− 1. Val-

ues δ
λ

Xi
, λ ∈ [λi, λi+1], i = 0, . . . , k−1, provide an analytical

description of function δ
λ (deviations of optimal minmax re-

gret solutions) for λ ∈ [0, 1]. To find a best necessary optimal
solution, we need solve the following problem

λ∗ = arg min
λ∈[0,1]

{δλ
, µ−1

eG
(1 − λ)},

which is equivalent to finding an intersection of δ
λ and

µ−1
eG

(1 − λ). An optimal minmax regret solution that corre-
sponds to the optimal value λ∗ is a best necessary optimal
solution.

5 Conclusions
In this paper, we have studied a general bottleneck combina-
torial optimization problem with uncertain element weights
modeled by fuzzy intervals, whose membership functions are
regarded as possibility distributions for the values of the un-
known weights. We have described, in this setting, the notions
of possible and necessary optimality of a solution and an el-
ement and the necessary soft optimality of a solution. These
notions are natural generalizations of the ones introduced in
the interval-valued case. In order to choose a robust solu-
tion, we compute a best necessary soft optimal solution. This
concept of choosing a solution is also a generalization, to the
fuzzy case, of the known from literature minmax regret crite-
rion [9]. Thus, we have shown in the paper that there exists
a link between interval and possibilistic uncertainty. Hence,

we have discussed first the interval-valued case and then we
have extended the notions and the methods introduced for the
interval-valued problem to the fuzzy-valued one. Indeed, the
optimality evaluation and choosing a robust solution in the
fuzzy problem boil down to solving a number of interval prob-
lems BPλ. Both problems can be solved in polynomial time if
the corresponding interval counterparts are polynomially solv-
able, that holds true for a wide class of classical bottleneck
combinatorial problems.

Acknowledgment
The first author was partially supported by Polish Committee
for Scientific Research, grant N N111 1464 33.

References

[1] Abraham P. Punnen. A linear time algorithm for the maximum
capacity path problem. European Journal of Operational Re-
search, 53:402–404, 1991.

[2] Harold N. Gabow and Robert E. Tarjan. Algorithms for two
bottleneck optimization problems. Journal of Algorithms,
9:411–417, 1988.

[3] Paolo M. Camerini. The minimax spanning tree problem and
some extensions. Information Processing Letters, 7:10–14,
1978.

[4] Abraham P. Punnen. A fast algorithm for a class of bottleneck
problems. Computing, 56:397–401, 1996.

[5] Masahiro Inuiguchi and Masatoshi Sakawa. Robust optimiza-
tion under softness in a fuzzy linear programming problem.
International Journal of Approximate Reasonning, 18:21–34,
1998.

[6] Masahiro Inuiguchi. On possibilistic/fuzzy optimization. In
Foundations of Fuzzy Logic and Soft Computing, IFSA 2007,
Lecture Notes in Artificial Intelligence 4529, pages 351–360.
Springer-Verlag, 2007.

[7] Adam Kasperski and Paweł Zieliński. On possibilistic combi-
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Abstract— Web Usage Mining is the process of applying data 
mining techniques to the discovery of usage patterns from data 
extracted from Web Log files. It mines the secondary data (web logs) 
derived from the users' interaction with the web pages during certain 
period of Web sessions. Web usage mining consists of three phases, 
namely preprocessing, pattern discovery, and pattern analysis. In this 
paper, web logs of our university web server logs 
(http://www.um.ac.ir/) are pre-processed. Then, ant-based clustering 
is applied to pre-processed logs to extract frequent patterns for 
pattern discovery and then it is displayed in an interpretable format. 
Result of this paper would be useful for our university web site owner. 

Keywords— web usage mining, ant-based clustering, 
frequent pattern extraction, web mining.   

1 Introduction
Web usage information mining could help to engage new 
customers, maintain current customers, track customers who 
are leaving web site, and so on [1]. Usage information can 
be extracted to increase web server efficiency by pre-
fetching and caching strategies [2].Based on several 
researches done in the area of web mining, we can broadly 
classify it into three domains: web content mining, web 
structure mining, and web usage mining. 
Web content mining is the process of extracting knowledge 
from web documents such as text and multimedia. 
Knowledge extraction from the structure of web and 
hyperlink references is called web structure mining. Web 
usage mining is the process of knowledge exploitation from 
the secondary data [3]. By secondary data, we mean browser 
logs, user profiles, web server access logs, registration data, 
user sessions or transactions, cookies, user queries, mouse 
clicks and any other data that is the result of interaction with 
the Web. 
In the following section we give an overview over the 
related work. Section 3 explains the problem and ant-based 
clustering in more detail. Section 4 goes into detail how we 
implement the proposed method i.e. the experimental 
procedure of the proposed method and results are shown. 
We concluded our work in Section 5. 

2 Related Work 
There are several methods for pattern extraction from the 
secondary data (web logs) such as Masseglia et al. [2] [7], 
Spiliopoulou et al. [8], Bonchi et al. [9], Hay et al. [10], Zhu 
et al. [11], Nakagawa and Mobasher [12]. In [2], Masseglia 

et al. invented a new method named PSP (Prefix-tree for 
Sequential Patterns) that follows the basic principles of GSP 
(Generalized Sequential Patterns algorithm) in [13]. The tree 
structure in PSP is similar to the prefix-tree used in [14]. At 
the kth step, the tree has a depth of k. Each branch from the 
root to a leaf stands for a candidate sequence. 
In [8], Spiliopoulou et al. proposed the WUM (Web 
utilization miner) tool that determines patterns which are 
noticeable from the statistical view. So, it emphasizes the 
frequency (minimum support) of the patterns. 
Hay et al. in [10] applied the notion of time embedded in the 
navigations to cluster user sessions. They used an alignment 
algorithm to compute the distance between sessions. 
Zhu et al. in [11] considered navigating between web sites as 
a Markov chain and mainly discussed about Markov model 
problems. 
In [12], Nakagawa and Mobasher show that depending on 
whether the propositions are based on frequent itemsets or 
frequent sequences, the features of the site have an impact 
on the quality of the refinement shown to users. 
In this paper, we propose a new method for extracting 
patterns from web logs based on ant clustering algorithm. 
We apply ant-based clustering for pattern discovery, other 
similar methods applied ant colony clustering to segregate 
visitors [15]. Some methods applied Markov models for 
modeling user web navigation behavior. But the proposed 
method has the similarity and speed of ant-based clustering 
algorithm rather than other clustering algorithms. 

3 Problem description 

Figure 1: Usage Mining Process. 

As shown in Figure 1 from [6], there are three main tasks for 
performing Web Usage Mining: Pre-processing, Pattern 
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Discovery and Pattern Analysis. This section presents an 
overview of the tasks for each step. 
At least two log file formats exists: Common Log File 
format (CLF) and Extended Log File format ([16] for more 
details). Our university log file consists of these fields: Date, 
Time, client IP address, Method, URI stem, Protocol status, 
Bytes sent, Protocol version, Host, User Agent and Referrer. 
 
3.1 Pre-processing 
As said in [6], pre-processing "consists of converting the 
usage, content, and structure information contained in the 
various available data sources into the data abstractions 
necessary for pattern discovery". 
This step can break into at least four substeps: Data 
Cleaning, User Identification, Session Identification and 
Formatting. 
Unneeded data will be deleted from raw data in web log files 
in the data cleaning step. When a user requests a page, the 
request is added to the Log File; but if this page contains 
images, javascripts, flash animations, video, etc., they are 
added to the Log file as well. Most of the time, these are not 
needed for pattern discovery and should be omitted from log 
files.  
There are some methods for User Identification, the second 
phase: detecting cookies, Identd, through IP address and 
user name. W3C [17] define cookies as "data sent by the 
server to the client, data locally stored in cookies and is sent 
to the server with each request". [18] and [19] use cookies to 
identify users. But they have two main problems: the users 
can lock the use of cookies, so server cannot store 
information locally in the user machine; other problem is the 
user can delete the cookies. 
Identd can be used for user identification. It is a protocol 
defined in RFC 1413 [20]. It allows us to identify connected 
users with the unique TCP connection. The problem with 
Identd is that users should configure with this protocol. 
Another way for user detection is through user names added 
in the log file in field authuser. But this field can be empty 
(default value dash(-)) according to server/user command. 
 At last we can identify users through their IP address 
registered in each record in log file. We used this method 
although it has several problems: different users can be 
registered with same IP address; same user can be registered 
with different IP addresses. But with the help of session 
identification we can identify a user with IP address and be 
sure of solving the first problem. The second problem is not 
important because in this paper, a specific user is not 
wanted. We want to recognize general user's pattern. 
For Session Identification in third phase, first we should 
define session timeout. Different timeouts considered are 
between 25-30 minutes .The thirty minute timeout is based 
on the results of [21]. We assume 30 minutes session 
timeout for the experimental procedure. 
And in the last phase of pre-processing step, we should 
display pre-processed data in a suitable format, for the 
second step, pattern discovery. 

3.2 Pattern Discovery 
As stated in [6], pattern discovery "draws upon methods and 
algorithms developed from several fields such as statistics, 
data mining, machine learning and pattern recognition". 
Several methods and techniques have already been 
developed for this step as summarized below: 
� Statistical Analysis such as frequency analysis, mean, 

median, etc. 
� Clustering of users help to discover groups of users 

with similar navigation patterns (provide 
personalized Web content). 

� Classification is the technique to map a data item into 
one of several predefined classes. 

� Association Rules discover correlations among pages 
accessed together by a client. 

� Sequential Patterns extract frequently occurring 
inter-session patterns such that the presence of a set 
of items s followed by another item in time order. 

� Dependency Modeling determines if there are any 
significant dependencies among the variables in the 
Web. 

We choose clustering to discover users' navigational 
patterns. Our clustering method is based on Ant-based 
Clustering algorithm explained in Section 3.4. 
3.3 Pattern Analysis 
Pattern Analysis is the final stage of WUM (Web Usage 
Mining), which involves the validation and interpretation of 
the mined pattern. 
� Validation: to eliminate the irrelevant rules or 

patterns and to extract the interesting rules or patterns 
from the output of the pattern discovery process. 

� Interpretation: the output of mining algorithms is 
mainly in mathematic form and not suitable for direct 
human interpretations. 

3.4 Ant-based Clustering 
Deneubourg et al. in [22] proposed ant-based clustering and 
sorting. In the case of ant-based clustering and sorting, two 
related types of natural ant behaviors are modeled. When 
clustering, ants gather items to form heaps. And when 
sorting, ants discriminate between different kinds of items 
and spatially arrange them according to their properties [23]. 
Lumer and Faieta in [24] proposed ant-based data clustering 
algorithm (shown in Figure 2), which resembles the ant 
behavior described in [22]. 
As shown in Figure 2, the agents (ants) and data are 
randomly initialized on a toroidal grid. By moving agents, 
data is sorted according to its neighbors.  
The picking and dropping probabilities, given a grid position 
and a particular data item i, are computed using the density 
functions: 
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where k+ and k� are constants, and f(i) is a neighborhood 
function: 
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where, d(i, j) � [0, 1] is a measure of the dissimilarity 
between data points i and j , ��[0, 1] is a data-dependent 
scaling parameter, and 2 is the size of the local 
neighborhood L. 
Handl & Meyer in [25] proposed an extension of this 
algorithm where the parameter � is adaptively updated 
during the execution of the algorithm. 
We applied Handl & Meyer's Ant-based clustering algorithm 
for detecting user's patterns. 
 

(1) Procedure Lumer and Faieta 
(2) randomly scatter data items on the toroidal grid 
(3) randomly place agents on the toroidal grid 
(4) for t = 1 to max_iterations 
(5) j = random agent 
(6) move agent j randomly by stepsize grid cells 
(7) l = does agent j carry a data item? 
(8) e = is agent j's grid position occupied by a data 

item? 
(9) if (i = TRUE) and (e = FALSE) then 
(10) i = data item carried by agent j 
(11) drop = (random() � Pdrop(i))  // see 

equations (2) and (3) 
(12) if drop = TRUE then 
(13) Let agent j drop data item i at its current 

position 
(14) end if 
(15) end if 
(16) if (l = FALSE) and (e = TRUE) then 
(17) i = data item at agent j's grid position 
(18) pick = (random() �Ppick(i)) // see equations 

(1) and (3) 
(19) if pick = TRUE then 
(20) let agent j pick up data item i 
(21) end if 
(22) end if 
(23) end for 
(24) end procedure 

Figure 2: Lumer & Faieta 's ant-based clustering algorithm 
[24]. 

4 Experimental Procedure and Results 

4.1 Experimental Procedure 
We used our university (http://www.um.ac.ir/) web server 
logs of two weeks for the experimental procedure. 
For the first step, i.e. pre-processing, we wrote a c++ 
program compiled using gcc without any optimization flags. 
As mentioned in section 3.1, this step contains four phases. 
First, we omit unneeded records from log file. The log file 
consists of image files (gif, jpg, bmp, jpeg …) and other 
unneeded resources like javascripts and errors. For user 
identification, we use IP address and session timeout of 30 
minutes. So, a user with an IP address has 30 minutes to 
navigate in the web site. After a user's navigational sequence 
is extracted, it is displayed in a suitable format for the 
second step, Pattern Discovery. We then classify the URLs 
of the web site into 28 groups and assign a number to each 

group, as shown in Table 1. Then, each user's requested 
URL is substituted with its corresponding number. The 
output of this step is a file that consists of records, each 
record representing a navigational sequence of users in 
numbers. 
For the second step, Patten Discovery, we used Ant-based 
Clustering algorithm based on [25]. Julia Handl's written 
source code is used in Java and changes are made according 
to our application. Each user's navigational sequence is 
defined as an array with 28 elements. The element i is 1 if 
the related user had seen one of the pages in group i; 
otherwise it is 0. 
Dissimilarity of two sequences s1 at point i and s2 at point j 
in the grid is computed through the following equation: 

)4(
28

)21(
),(

28

1

2

�

	
� k

kk ss
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d(i,j) becomes 1 when two sequences do not have any 
similar elements, and becomes 0 when they are exactly the 
same. 

Table 1: Classification of URLs. 
1 Web site content 2 Newsletter 
3 Miscellaneous 4 Black board 
5 Web services 6 Search 
7 News 8 Help 
9 FAQ 10 Societies 
11 Publications 12 Abstract 
13 Photos 14 Web links 
15 RSS 16 People 
17 Staff 18 Student 
19 Faculty 20 Professor 
21 User 22 Guest 
23 Research 24 About university 
25 Education 26 Download 
27 English homepage 28 homepages 

The output of this program is a grid that contains numbers:   
>-1 and =-1 indicates if there is/is not a data item, 
respectively. So, clusters should be extracted according to 
these numbers and size of the local neighborhood, 2 . 
Figure 3 shows the positions of the data points in different 
phases of running this algorithm. Figure 3.a shows the 
distribution of data points at the first step of program 
execution. As the execution continues, Figures 3.b, 3.c and 
3.d shows the results after 200, 400 and 600 iterations, 
respectively. Clusters are created through moving of the 
ants. 
We examined several numbers of ants for the clustering step. 
The experiments shows that the smaller the number of ants, 
the slower will be the rate of convergence, but also better 
results in clustering the data items. On the other hand, the 
larger the number of ants, the faster will be the speed of 
convergence, but also weaker results in clustering. So, 
empirically, we choose number of ants to be %20 of the 
number of data items. 
At last for the third step, Pattern Analysis, the results are 
shown in an interpretable way. The output of the second step 
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is the clusters of users' navigational sequence. Each cluster 
may include lots of members, so we should represent a 
cluster with one pattern and display it in a suitable format 
for users. 

(a) 

(b) 

(c) 

(d) 
Figure 3: A sample demo of Ant-based Clustering of users' 

sequences. 

The clustering algorithm results in clusters of similar 
sequences, which is a key element for sequence alignment. 
The alignment of sequences leads to a weighted sequence 

(as defined in [26]), represented as follows: SA = {I1 : n1, I2 
: n2, . . . , Ir, nr }: m. In this representation, m stands for the 
total number of sequences involved in the alignment. Ip (1 � 
p � r) is an itemset represented as (xi1 :mi1 , . . . xit :mit ), 
where mit is the number of sequences containing the item xi 
at the npth position in the aligned sequences. Finally, np is 
the number of occurrences of itemset Ip in the alignment. 
Figure 4 shows an example of the alignment process. The 
approximate sequential pattern can be obtained by 
specifying k: the number of occurrences of an item in order 
for it to be displayed. For instance, with the sequence SA14 
from Figure 4 and k = 3, the filtered aligned sequence will 
be: {2, 4, 8} 

To show the results, the aligned patterns that consist of 
numbers is re-substituted by the groups in Table 1. 

S1={ 2 4 5 8} 
S2={ 2  5 8} 
SA12={ (2:2):2 (4:1):1 (5:2):2 (8:2):2} 

     
SA12={ (2:2):2 (4:1):1 (5:2):2 (8:2):2} 
S3={ 2 4  8} 
SA13={ (2:3):3 (4:2):2 (5:2):2 (8:3):3} 

     
SA13={ (2:3):3 (4:2):2 (5:2):2 (8:3):3} 
S4={ 2 4  8} 
SA14={ (2:4):4 (4:3):3 (5:2):2 (8:4):4} 

Figure 4: Alignment processing example. 

4.2 Results 
The above mentioned procedure is applied to our university 
(http://www.um.ac.ir/) web server logs. All the experiments 
were performed on an Intel Core 2 Duo 2.5GHz PC running 
Linux (Mint). 

The log files are collected in two different weeks in 2008: 
first week of June and the middle week of August each have 
300 MB. Two different weeks are selected and the result of 
applying the proposed method on each week is compared. 
Applying ant-based clustering on each week, on average, 
took 300 seconds for 800 iterations. Average hourly web 
traffic for each group in these two weeks can be seen in 
Figures 5 and 6, respectively. The extracted behaviors from 
these two weeks are listed in Table 2 and Table 3, 
respectively. As shown in Table 2 and Table 3, behaviors of 
users in these two weeks were similar in most of the cases. 
One should notice that these results show just most frequent 
patterns of users' navigational behaviors, not all of the users' 
behaviors. Patterns of single navigations are not listed 
above, i.e. patterns that contain only one navigation. 

Comparing Table 2 and Table 3 with Figure 5 and Figure 6, 
one could understand that pattern 
<Web site content � News > is the most popular one. 
<Professor � Homepages> is frequent, too. On the other 
hand, groups that do not exist in the patterns, like FAQ and 
Societies, have the least access in hours of a day, too. 

Comparing our method to other methods, it has some 
advantages: 
� It is simple. One only needs to define a suitable 

dissimilarity function for the clustering step and do 
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not need to involve in complex mathematical 
relations. 

� It does not depend on pattern length. Other similar 
methods are limited in terms of the length of the 
extracted patterns. The proposed method is able to 
extract patterns of any length. 

 
Different patterns can be extracted depending on the 
occurrence of that page group in a cluster. So, even page 
groups that are less accessed can be extracted. 

These kinds of results are useful for web site owners. They 
can put their advertisements in these sequences, because 
these are the most frequent ones. They are useful for page 
pre-fetching, too. 

5 Conclusions
In this paper, we have proposed a new method to extract 
navigational patterns from web logs. Ant-based clustering 
has been used for this purpose. It needs a neighborhood 
function to be defined for. After the clustering is completed, 
alignment processing has been applied to the extracted 
sequences in each cluster and extract the representative for 
each cluster. 
We apply the following procedure on our university web 
server logs for two different weeks (http://www.um.ac.ir/) 
and the results are satisfactory and true according to the 
hourly web traffic. These kinds of results are suitable for 
web site owners, for example, to put their advertisements 
there or to even change the structure of the web site 
according to users' navigational behavior. 
 

 
 

Table 2: Extracted behaviors from the first week. 
Web site content  News         
Web services   Search         
Web site content  News  Faculty  Education    
News  Faculty  Education      
News  Professor        
Web site content  News  Professor  Homepages    
Web site content  News  Help  About university  Education  
Web site content  News  Search  Photos  Web links  
      Professor  About university  Downloads      
Web site content  Black board        
English homepage   Guest        
Professor  Homepages        
Professor  Faculty        
News  Faculty        

 
Table 3: Extracted behaviors from the second week. 

Web site content  News         
Faculty  English Homepage        
Web site content  News  Users      
Web site content  Users         
Web site content  Search  News  Web links  Professor  
    About university  Download        
Web site content  Faculty        
News  Professor  Homepages      
Faculty  Education        
Web site content   Photos  Web links  Professor  Homepages  
    English homepage  Download        
News  Professor        
News  Download        
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Figure 6: Hourly web traffic of the second week. 

Figure 5: Hourly web traffic of the first week. 
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aggregation operators with accurate andness direction
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Abstract— Importance weighted averaging aggregation opera-
tors play a key role in utilizations of electronic data and informa-
tion resources for retrieving, fusing, and extracting information and
knowledge, as needed for decision making. Two central issues in
the choice of such operators are the kind of importance weighting
and the andness (or conjunction degree) of the operator. We present
and discuss two main kinds of importance weighting, namely multi-
plicative and implicative, each yielding a particular kind of operator
for a particular kind of aggregation problems. Importance weight-
ing generalizations of each kind are proposed for each of two classes
of averaging operators, namely the Power Means and the Ordered
Weighted Averaging operators, each in a De Morgan dual form for
increased efficacy. For each class is proposed a function for a rather
accurate direct control of the andness. Operators of the same kind
appear to behave rather similarly at the same andness, independent
of the class of averaging operators generalized.

Keywords— Aggregation operators, averaging operators, and-
ness, orness, importance weighting, implicative importance.

1 Introduction
With the increasing amount of electronically accessible data in
databases, document bases, and data streams, and the need of
efficient utilization of such data, aggregation operators have
attained new interest. This is due to the central role of such
operators in the key reasoning tasks, such as information fu-
sion and pattern recognition, applied in utilizations of many
kinds, e.g., information retrieval, information extraction, ob-
ject recognition, and knowledge discovery. Of particular inter-
est are the aggregations operators between AND (conjunction)
and OR (disjunction), i.e., the averaging operators, or general-
ized conjunction/disjunction functions (GCD) [1], especially
the importance weighted generalizations of such operators.

An importance weighted averaging aggregation operator
aggregates a number of arguments, each qualified by an im-
portance weight, into a single score. We distinguish between
two kinds of importance weighting, namely multiplicative and
implicative. Each kind provides an importance weighting gen-
eralization of the unweighted averaging operator, in the sense
that the latter is retained by the case where all arguments have
the same importance weight. We propose such generaliza-
tions of two classes of averaging operators, namely the Power
Means (PM) and the Ordered Weighted Averaging (OWA) op-
erators [2], each in a De Morgan dual form for increased effi-
cacy, and each with an accurate direct control of the andness,
i.e., the degree the operator aggregates like an AND rather than
an OR. The generalizations of the PM include the AIWA op-
erators [3].

A few words on the notation applied in the following.⊙
i ai, where

⊙
is an operator, is an abbreviation for⊙n

i=1(ai); a bold letter like x denotes the vector (x1, . . . , xn);
x denotes the standard negation x = 1 − x; x denotes
(x1, . . . , xn). Some specific letters are used all over with the
same meaning: I denotes the real unit interval [0, 1]; n is
the dimension, i.e., number of arguments aggregated by the
averaging operator considered; ρ denotes the targeted and-
ness of an averaging operator; a denotes a vector of argu-
ments (a1, . . . , an) ∈ In; v denotes an importance weight-
ing vector (v1, . . . , vn) ∈ In that is max-normalized, i.e.,
maxi vi = 1; w denotes an importance weighting vector
(w1, . . . , wn) ∈ In that is sum-normalized, i.e.,

∑
i wi = 1;

h : In×In → I : (v,a) �→ h(v,a) is an importance weighted
averaging operator, such that vi is the importance of ai; for a
particular operator h, its name acronym and parameters are
attached on the form hacronym

parameters.

Section 2 introduces some basic concepts applied in the fol-
lowing. Sections 3 and 4 introduce, for each class of averaging
operators, the PM based and the OWA based, the basis of the
class, its multiplicative and implicative importance weighting
generalizations, and a function for accurate direct control of
the andness of its operators. Sections 5 and 6 discuss, for
each kind of importance weighting, the multiplicative and the
implicative, the kind of applications they apply to and some
key issues of relevance for their application. Section 7 com-
pares and discusses the effect of the two kinds of importance
weighting on the common problem of ordering a set of options
by their score. Section 8 concludes.

2 Basic concepts
2.1 The andness of an averaging operator

The andness may be viewed as the degree of universal quan-
tification over the arguments, with AND (andness = 1) repre-
senting all and OR (andness = 0) representing at least one.
In this view, the andness is the degree to which all arguments,
rather than at least one argument, must support the result of
the aggregation. In importance weighted averaging opera-
tors, each argument is considered to the degree it is impor-
tant. The dual interpretation applies to the orness, defined by:
orness = 1− andness.

Since, AND and OR are evaluated by the operators min and
max, respectively, the andness of an averaging operator h may
be defined as distance between h and the max, relative to the
distance between the min and the max, with operators h, max,
and min evaluated as the mean of these operators over the ar-
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gument space, as proposed by Dujmović [4]:

andness(h) =
E(maxi(x))− E(h(x))

E(maxi(x))− E(mini(x))
(1)

where E(f(x)) is the mean of f(x) over the argument space
In, as defined by E(f(x)) =

∫
In f(x)dx. The terms andness

and orness were coined by Yager for a measure of the OWA
operators [2] that is fully consistent with the measure defined
by (1).

The andness is, by OWA operators, obtained by positional
weights (OWA weights), such that the OWA aggregate is the
sum of the products of the i‘th OWA weight and the i‘th
largest argument, whereas it by PM operators is obtained by a
power function, yielding emphasis on the smaller or larger val-
ued arguments to the degree the PM represents, respectively,
AND and OR (see, e.g., [1]).

2.2 The two kinds of importance weighting

A well-known example of an importance weighted averaging
operator is the Weighted Arithmetic Mean (WAM) defined by
hWAM(v,a) =

∑
i(wi, ai) where, for all i, wi = vi∑

i vi
, for

which andness(hWAM) = orness(hWAM) = 1
2 . The unweighted

case, as obtained by vi = 1 for all i, is the Arithmetic Mean
(AM): hWAM((1, 1, . . . , 1),a) = 1

n

∑
i ai = hAM(a). The

WAM appears to be the only importance weighted averaging
operator that represents both kinds of importance weighting,
namely the multiplicative and the implicative. For other de-
grees and andness than 1

2 , the two kinds of importance weight-
ing provide, as we shall see, different behaviors that apply to
different kinds of aggregation problems.

While Multiplicative importance Weighted Averaging (for
short, MWA) operators are weighted means, Implicative im-
portance Weighted Averaging (for short, IWA) operators are
logic operators for pattern matching inference. In general, the
andness of an IWA operator “penalizes” (decreases) the score
(the aggregate) to the degree that there are criteria that are
important, but not satisfied, while the orness “rewards” (in-
creases) the score to the degree that there are criteria that are
important and satisfied.

By the importance weighting, the arguments are, essen-
tially, transformed by the importance weights in a way giv-
ing the desired effect, depending on the kind of importance
weighting and the andness, in the aggregation. In principle, an
argument a with the importance weight w is, by the two kinds
of weighting, transformed as follows: by MWA, to the product
wa, and by IWA at andness ρ to ρ(w ⇒ a)+ρ(w ⇒ a) where
⇒ is a fuzzy implication operator. It is the multiplication in
the MWA case and the implication in the IWA case that give
name to the two kinds of importance weighting.

As the fuzzy implication⇒ for IWA operators, we choose
the Reichenbach implication,⇒R, as defined by (v ⇒R a) =
va = 1−v(1−a). The reasons for this choice are, first, that it
allows us easily to obtain the WAM at ρ = 1

2 , and, second, that
the choice of the fuzzy implication appears not to be critical
for the behavior of such operators. The latter was tested em-
pirically; the paper doesn’t leave space for presenting details
from the test.

A key difference between between MWA and IWA opera-
tors is that in MWA operators, as opposed to IWA operators,
the effect of the importance weights decreases from full effect

to no effect as the andness goes from 1
2 to one of its extremes,

0 or 1. For an appropriate choice of the fuzzy implication
operator, the IWA operators represent, like the MWA opera-
tors, the WAM at andness 1

2 . These behaviors of the two kind
of importance weighted averaging operators are illustrated by
Figure 1. We notice, as the figure indicates, that in cases where

(MWA)

(IWA)

0

0

1

1

1 1

2 2
,

WAM

max
i i i

v a

min
i i i

v a

min
i i
amax

i i
a

Figure 1: Illustration of MWA and IWA operators

we are completely uncertain about the proper kind of impor-
tance weighting and andness for an application, WAM may be
a good choice as a starting point.

2.3 The two classes of operators generalized

In the following, we shall in particular consider importance
weighted generalizations of two classes of operators, namely
the Power Means (PM) and the Ordered Weighted Averag-
ing (OWA) operators, each in a De Morgan dual form for
increased efficacy. For each class, we propose two andness-
directing functions, ψ(ρ) and ψ(ρ, n), each yielding a value
(∈ [1,∞[) of the andness controlling parameter of the class.
While ψ(ρ) directly yields an andness of the operator that, in
general, is somewhat close to the target ρ, ψ(ρ, n) yields the
target rather accurately, due to it also being dependent of n, as
applied in the definition by (1).

For each class, we provide a common expression of the two
kinds of importance weighting generalization, such that the
choice of a kind is controlled by a parameter γ ∈ {0, 1},
yielding the multiplicative generalization by γ = 0 and the
implicative generalization by γ = 1. The operators are in
their common generalized form referred to as, respectively,
Andness-directed importance Weighted averaging (AWA) op-
erators and andness-directed importance Weighted OWA oper-
ators (W-OWA). Figure 2 gives an overview over the operator
name acronyms applied.

Basis Without

importance 

weighting

With importance weighting 

Common  

class

Multipl.

0

MWA

Impl. 

1

IWA

Power Means AA AWA AMWA AIWA

OWA OWA W-OWA MW-OWA IW-OWA

Figure 2: Operator and operator class name acronyms applied
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3 AWA operators
3.1 Basis in the Power Means

The AWA (Andness-directed importance Weighted Averag-
ing) operators are based on the Power Means (PM) that (in
their unweighted form) are defined by hPM

α (a) = ( 1
n

∑
i aα

i )
1
α ,

α ∈ R. When α goes from −∞ to +∞, the andness of hPM
α

goes from 1 down to 0. It has an asymmetric behavior around
andness = 1

2 , as obtained at α = 1; in particular, it is “manda-
tory” for α ≤ 0, corresponding to andness >̃2

3 , in the sense
that hPM

α (a) = 0, if mini(ai) = 0, which normally is an un-
desired property. 1 However, by the De Morgan dual variant
PM′, defined by (i) hPM

α (a), α ≥ 1, for andness ≤ 1
2 , and (ii)

1 − hPM
α (a), α ≥ 1, for andness ≥ 1

2 , we obtain a symmet-
ric behavior around andness = 1

2 and avoid the “mandatory”
property. For both (i) and (ii), the arithmetic mean is obtained
at α = 1; when α goes to +∞, the andness of hPM′

α goes in
case (i) to 0 and in case (ii) to 1.

The AWA operators comprise the multiplicative and im-
plicative importance weighted generalizations of PM′, namely
the AMWA (Andness-directed Multiplicative importance
Weighted Averaging) operators and the AIWA (Andness-
directed Implicative importance Weighted Averaging) opera-
tors. The AIWA operators were introduced in [3] where we
analyzed their properties and showed that they implement im-
plicative importance weighting by the Riechenbach implica-
tion. The AMWA operators is the multiplicative weighting
variant of the AIWA operators.

3.2 Definition of AWA operators

The AWA operators are defined by the following semi-
recursive expression, where the case of ρ > 1

2 is defined by its
duality to the case of ρ ≤ 1

2 :

hAWA
ρ (v,a) =

{
(
∑

i(yia
α
i ))

1
α ρ ≤ 1

2
1− hAWA

ρ (v,a) ρ > 1
2

(2)

where α = ψAA(ρ) = ρ/ρ, and for all i:

yi =
vαγ

i∑
i vαγ

i

(3)

with γ ∈ {0, 1}, γ = 0 (by which yi = vi∑
i vi

= wi) yielding

the AMWA operators, and γ = 1 (by which yi = vα
i∑

i vα
i

)
yielding the AIWA operators.

By v = (1, 1, . . . , 1) we obtain the common unweighted
case of AMWA and AIWA that we shall refer to as Andness-
directed Averaging (AA) operators; thus, these operators
are, in the case of ρ ≤ 1

2 , defined by: hAA
ρ (a) =

hAWA
ρ ((1, 1, . . . , 1),a) = ( 1

n

∑
i aα

i )
1
α .

3.3 Accurate control of AWA andness

Above, the parameter α is, for a targeted andness ρ, defined
by α = ψAA(ρ) = ρ/ρ in the case ρ ≤ 1

2 (and, by duality, as
implemented by the semi-recursive call, α = ψAA(ρ) = ρ/ρ
in the case ρ > 1

2 ). While by ψAA(ρ), andness(hAWA) is equal
to ρ, if ψAA(ρ) ∈ {0, 1

2 , 1} and, otherwise, somewhat close
to ρ, a much more precise approximation can be obtained by

1The mandatory threshold of andness >̃ 2
3

enforced by the PM is,
from a practical point of view, rather arbitrary.

also considering the dimension n, namely through replacing
ψAA(ρ) by ψAA(ρ, n) as defined by:

ψAA(ρ, n) = (− log2 ρ)1+(log2 n)1/3 (4)

An empirical test of the error ‖ρ − andness(hAWA)‖, showed
that by ψAA(ρ) the average error over ρ ∈ I increases from
about 0.03 to about 0.09 as n increases from 2 to 100, while it
by ψAA(ρ, n) remains around 0.005.

3.4 Decomposability of AWA operators

A property of particular interest for applications of AWA op-
erators is their decomposability, allowing us to update the ag-
gregate if the value of an argument has changed or a new ar-
gument has to be considered, without re-computing the whole
aggregate. [3] Thus, considering the common case by AWA
(2) for ρ ≤ 1

2 , let hAWA
ρ (v,a) = c to be updated with a new

argument an+1 with the importance weight vn+1. Let ∪ de-
note the concatenation of vectors, such that x ∪ (xn+1) =
(x1, . . . , xn) ∪ (xn+1) = (x1, . . . , xn+1). Then, the updated
aggregate is computed as the AWA aggregate of c and the new
argument, as defined by: hAWA

ρ (v ∪ (vn+1), (a ∪ (an+1)) =

hAWA
ρ ((s, vn+1), (c, an+1)) =

(
sαγ

cα+vαγ

n+1aα
n+1

sαγ
+vαγ

n+1

)1/α

, with

s =
(∑n

i=1 vαγ

i

)1/αγ

.

4 W-OWA operators
4.1 Basis in the OWA operators

The properties of OWA operators [2] are controlled by a vector
of sum-normalized position weights u (called OWA weights)
such that the OWA aggregate of an argument vector a is de-
fined by hOWA(a) =

∑
i(ui, a(i)) where (·) is an index per-

mutation such that a(1) ≥ · · · ≥ a(n). Two key properties of
OWA operators are their andness, defined by andness(u) =

1
n−1

∑
i((i − 1)ui), and their normalized dispersion (or en-

tropy), defined by ndisp(u) = − 1
ln n

∑
i(ui lnui). This and-

ness measure is consistent with (1).
In [5, 6], Yager proposed an importance weighted gen-

eralization of quantifier guided OWA operators that essen-
tially is a multiplicative importance weighting generalization,
which we here shall refer to as MW-OWA operators. They
are defined by hMW-OWA

f (v,a) =
∑

i(ui, a(i)), where ui =

f(si)−f(si−1), i = 1, . . . , n, with s0 = 0 and si =
∑ i

k=1 v(k)∑ n
k=1 vk

for i > 0, f : I → I is a regular increasing monotone quan-
tifier (i.e., f(0) = 0, f(1) = 1, and f(x) ≥ f(y) if x > y),
such as f(x) = xβ , β ≥ 0, and (·) as before is a permutation
of the index such that a(1) ≥ · · · ≥ a(n). It is easily seen that
when β goes from 0 to +∞, andness(hMW-OWA) goes from 0 to
1, with hMW-OWA

f representing the max (with andness = 0) at
β = 0, the WAM (with andness = 1

2 ) at β = 1, and the min
(with andness = 1) at β → +∞.

In the case vi = 1, i = 1, . . . , n, we get si = i
n , and, hence,

u representing the underlying OWA weights (for the OWA op-
erator without importance weighting) that by f(x) = xβ are
somewhat close to the MEOWA weights [7, 8], i.e., the unique
OWA weighting vector with the maximum dispersion at the
given andness and dimension n. However, the behavior is not
symmetric around andness = 1

2 ; in fact, while the dispersion
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of the OWA weights for andness > 1
2 (i.e., β > 1) is rather

close to the maximum, it is much less for andness < 1
2 (i.e.,

β < 1). For instance, for n = 5 the maximum normalized dis-
persion at andness = 0.8 and andness = 0.2 is 0.755 in both
cases, while the OWA weights with f(x) = xβ have the nor-
malized dispersion 0.744 in the first case, but only 0.717 in the
second case. Therefore, an improvement with a near optimal
dispersion for all degrees of andness, is obtained by defining
hMW-OWA

f as above for andness ≥ 1
2 , and by its De Morgan du-

ality for andness < 1
2 , namely (with a change of notation to

express the andness ρ) hMW-OWA
ρ (v,a) = 1 − hMW-OWA

ρ (v,a).
By this improvement, the normalized dispersion in the second
case (andness = 0.2) above is increased to 0.744, as in the first
case, i.e., in both cases only 0.011 lower than the maximum.

4.2 Definition of the W-OWA operators

In the following, we present an extension of the duality based
MW-OWA operators to a common class, W-OWA, comprising
both the multiplicative importance weighting generalization,
MW-OWA, and an implicative importance weighting general-
ization, IW-OWA, with parametric control of the kind of gen-
eralization. The W-OWA operators are defined by:

hW-OWA
ρ (v,a) =

{ (∑
i(uib(i))

)
ρ ≥ 1

2
1− hW-OWA

ρ (v,a) ρ < 1
2

(5)

where, for all i, bi is defined by:

bi = (vγ(2ρ−1)
i ⇒R ai) = 1− v

γ(2ρ−1)
i (1− ai) (6)

with γ ∈ {0, 1}, γ = 0 (by which bi = ai) yielding the
class of MW-OWA operators, and γ = 1 (by which bi =
(v(2ρ−1)

i ⇒R ai)) yielding the class of IW-OWA operators;
ui = f(si)− f(si−1), i = 1, . . . , n, with s0 = 0 and

si =
∑i

k=1 v(k)∑n
k=1 vk

(7)

for i > 0, and f(x) = xβ , with β = ψW-OWA(ρ) = ρ/ρ; finally,
(·) is an index permutation such that b(1) ≥ · · · ≥ b(n). We
notice that the Reichenbach implication applied above may be
replaced by any fuzzy implication.

By v = (1, 1, . . . , 1) we obtain the common case of
MW-OWA and IW-OWA, without importance weighting,
namely the duality based, quantifier guided OWA operators
that, in the case of ρ ≥ 1

2 , are defined by: hOWA
ρ (a) =

hW-OWA
ρ ((1, 1, . . . , 1),a) =

∑
i(uia(i)) where ui = f( i

n ) −
f( i−1

n ), with f(x) = xβ .

4.3 Accurate control of W-OWA andness

Above, the parameter β is, for a targeted andness ρ, defined
by β = ψW-OWA(ρ) = ρ/ρ in the case ρ ≥ 1

2 (and, by duality,
as implemented by the semi-recursive call, β = ψW-OWA(ρ) =
ρ/ρ in the case ρ < 1

2 ). While by ψW-OWA(ρ), andness(hW-OWA)
is equal to ρ, if ρ ∈ {0, 1

2 , 1} or n → +∞, and, otherwise,
close to ρ, a more precise approximation can be obtained by
also considering the dimension n, namely through replacing
ψW-OWA(ρ) by ψW-OWA(ρ, n) as defined by:

ψW-OWA(ρ, n) =
0.5 + nρ

0.5 + nρ
(8)

For instance, by ρ = 0.8 (and, through the duality, by
ρ = 0.2), we get β = ψW-OWA(0.8) = 0.8

1−0.8 = 4. For
n = 5, this value of β gives an andness of about of about
0.86, i.e., 0.06 more than the targeted andness, while we by
β = ψW-OWA(0.8, 5) = 0.5+5·0.8

0.5+5(1−0.8) = 3.0 obtain the desired
andness of 0.8. As n increases from 2 to 100, the average over
ρ ∈ I of the error ‖ρ−andness(hW-OWA

ρ )‖ decreases from about
0.07 to about 0.002 by ψW-OWA(ρ), and from about 0.0003 to
about 0.00001 by ψW-OWA(ρ, n).

5 On the multiplicative importance weighting
MWA operators are essentially weighted means that, qua
means, are symmetric, monotonic increasing, continuous,
and idempotent. They produce means in the interval
[miniai, maxiai], and are monotonically increasing with the
orness. If an MWA operator has the andness = 1

2 , it repre-
sents the WAM.

5.1 Applications of MWA operators

A common application is for estimation of a utility variable.
In this case, each argument represents the estimation by an
expert (or the measure by some source), while its importance
weight represents the decision maker’s confidence in the ex-
perts’s ability to estimate the correct value. The andness and
the orness represent decision maker’s risk attitude, namely, the
degree of, respectively, pessimism and optimism. The aggre-
gate is in this case an estimate of the utility variable, consider-
ing the decision maker’s risk attitude and, for each expert, the
estimate by the expert and the decision masker’s confidence in
the expert.

Another application is for selection between (alternative)
options, where the option with the highest score (weighted
mean) is winning. In this case, each argument represents the
degree to which the option considered has a particular prop-
erty of interest, while its importance weight represents the im-
portance of having the property to a high degree. The andness
represents the degree to which all properties of interest must
be present to a high degree. The outcome of the averaging is
a ranking of options, possible with a threshold distinguishing
acceptable options from unacceptable options.

5.2 Discontinuity property of MWA operators

While MWA and IWA operators both represent the WAM at
andness = 1

2 , a key difference is that for MWA, as opposed
to IWA, the effect of the importance weights decreases as the
andness converges to one of its extremes, 1 or 0. In these
cases, MWA evaluates to the smallest argument with a positive
weight, yielding a discontinuity, since a small change in an
importance weight, from, say, 0.01 to 0, may give a drastic
change in the aggregate.

For instance, let hMWA
ρ be an MWA operator (like AMWA

or MW-OWA) at andness ρ, and assume a = (0.9, 0.1). Then
hMWA

1 ((1, 0.01),a) = 0.1, while hMWA
1 ((1, 0),a) = 0.9. Sim-

ilarly, hMWA
0 ((0.01, 1),a) = 0.9, while hMWA

0 ((0, 1),a) = 0.1.
In both cases, the small decrease from 0.01 to 0 of an im-
portance weight, caused a drastic change (of size 0.8) in the
aggregate.

This behavior is an effect of MWA operators as weighted
means. It models the attitude of the decision maker, in the
cases of extreme pessimism and extreme optimism, to select
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the most pessimistic, respectively, most optimistic, estimate
(argument) by any source with a positive confidence (impor-
tance weight). Such behavior is not acceptable in multicrite-
ria aggregation for object recognition; for instance, it is not
acceptable that the unimportant second criterion determines
the overall satisfaction as by aggregate hMWA

1 ((1, 0.01),a) =
0.1. IWA operators avoid this by only considering criteria
to the degree they are important; thus hIWA

1 ((1, 0.01),a) =
hIWA

1 ((1, 0),a) = 0.9.

5.3 Other MWA operators

The PM, on which the AMWA and AIWA operators are based,
are in the family of the quasi-arithmetic means (QM) [9, 10].
The weighted QM (WQM) forms the family of MWA op-
erators defined by hWQM(v,a) = φ−1(

∑
i(wiφ(ai))) where

φ is a continuous strictly monotonic function, and φ−1 is
the inverse of φ. The Weighted PM (WPM), hWPM(v,a) =
(
∑

i(wia
α
i ))1/α, α ∈ R, belong to this family from which

they are derived by φα(x) = xα (with φ−1
α (x) = x1/α).

By φα(x) = eαx (with φ−1
α (x) = ln x

α ), we obtain
the Weighted Exponential Means (WEM), hWEM

α (v,a) =
1
α ln(

∑
i(wie

αai)), that converges to the WAM for α → 0,
and to miniai and maxiai for α going to, respectively, −∞
and +∞. A nice property of the WEM is its symmetric be-
havior around andness = 1

2 as obtained for α→ 0. Unlike the
WPM, the WEM do not impose the mandatory property.

6 On the implicative importance weighting

6.1 Applications of IWA operators

Implicative importance weighting is applied by IWA operators
for pattern matching inference in multicriteria recognition or
classification problems, where an observed object (e.g.a doc-
ument or some physical object) is compared to a goal concept
(e.g., a query or a class). The goal concept is intensionally
characterized by a set of criteria that, in general, are impor-
tance weighted. Each criterion expresses a constraint on the
values of an object attribute and may, in general, be repre-
sented by a fuzzy subset. The importance weight of a cri-
terion expresses the importance of satisfying the criterion in
recognizing or classifying an object as an instance of the goal
concept.

This scheme applies for querying of the two main kinds,
namely object querying and concept querying. [11, 12] In ob-
ject querying, e.g., document retrieval and database querying,
the goal concept forms a query. When posed to an object base,
the query determines a fuzzy subset of the set of objects, rep-
resenting the query’s fuzzy extension in that set. An object’s
degree of membership in the extension can be seen as the de-
gree to which the object is an instance of the goal concept
and is also referred to as the object’s score in the goal con-
cept. In concept querying, e.g., object recognition and clas-
sification, the characterization of the observed object forms a
query. When posed to a concept base, i.e., a base of possible
goal concepts or classes, the query determines in this case a
fuzzy subset of the set of concepts. The answer may in both
cases be presented by a ranked list of the objects or concepts
(depending on the query type) for which the score is above a
given threshold.

6.2 IWA weighting and reasoning scheme

Let C be a goal concept, characterized by the criteria
C1, . . . , Cn with the importance weights v1, . . . , vn, with vi

being the importance of satisfying Ci, and let ai = Ci(x) =
µCi

(x) be the degree to which the object x (or, actually, the
constrained attribute of x) satisfies Ci. Then, the inference im-
plemented by IWA operators has a Modus Ponens form that in
the case of andness = 1 is expressed by:

a1 = C1(x), . . . , an = Cn(x)
(v1 ⇒ C1) ∧ · · · ∧ (vn ⇒ Cn)→ C

C(x) = ∧i(vi ⇒ Ci) (= hIWA
ρ=1(v,a))

(9)

Equation 9 expresses that, for an AND aggregation, the goal
concept is satisfied by an object to the degree that the require-
ment ‘for all criteria, the criterion is satisfied if it is impor-
tant’ is met. This may be expressed by ∀i(important(Ci) ⇒
satisfied(Ci)) that, by vi = important(Ci) and ai =
satisfied(Ci), may be written ∀i(vi ⇒ ai), or, by the standard
evaluation of ∀ by the min operator, mini(vi ⇒ ai). By other
equivalent expressions of ∀i(vi ⇒ ai), the requirement can
be expressed by other words, for instance, by ¬∃i(vi ∧ ¬ai),
‘there does not exist a criterion that is important but not sat-
isfied’.

The transformation of an argument a by an implicative im-
portance weight v for an averaging aggregation at andness ρ is
modeled by a function gρ : I2 → I : (v, a) �→ gρ(v, a). Thus,
for a fuzzy implication⇒, g1(v, a) = (v ⇒ a) is a transfor-
mation for an AND aggregation, and g0(v, a) = g0(v, a) =
v ⇒ a is its De Morgan dual transformation for an OR aggre-
gation. An important property of g1 and g0 is that they for
v = 0 evaluate to the neutral element for the aggregation,
namely, respectively, 1 and 0. In general, for ρ ∈ I , we define
gρ as the andness-orness weighted sum of g1 and g0:

gρ(v, a) = ρg1(v, a) + ρg0(v, a) (10)

which in the case of the Reichenbach implication ⇒R, with
gR
1(v, a) = (v ⇒R a) = va (= 1 − v(1 − a)) and gR

0(v, a) =
v ⇒R a = va, evaluates to gR

ρ(v, a) = ρ − v(ρ − a). In [13],
we presented an (implicative) importance weighting general-
ization of OWA operators and showed that transformation by
gR

ρ satisfies the requirements for such an importance weight-
ing.

6.3 Other IWA operators

In [3], we introduced another approach to implicative impor-
tance weighting generalization of OWA operators, in that case
the MEOWA operators [7, 8], namely the IW-MEOWA oper-
ators that, by the current notation, are defined by:

hIW-MEOWA
ρ (v,a) =

hIW-MEOWA
ρ (u,v,a)− l

u− l
(11)

where hIW-MEOWA
ρ (u,v,a) =

∑
i(uib(i)), u is the MEOWA

weighting vector for the given ρ and n, bi = gR
ρ(v, a) =

ρ − v(ρ − a), and (·) is an index permutation, such that
b(1) ≥ · · · ≥ b(n). Finally, l and u are the lower
and upper bounds for hIW-MEOWA

ρ (v,a), namely, repectively,
hIW-MEOWA

ρ (u,v, (0, . . . , 0)) and hIW-MEOWA
ρ (u,v, (1, . . . , 1)). It

was shown that (11) provides a linear transformation of
hIW-MEOWA

ρ (u,v,a), such that hIW-MEOWA
ρ (v,a) represents the

WAM at andness = ρ = 1
2 .
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7 Comparison of MWA and IWA aggregates

While operators of the same kind, MWA or IWA, tend to be-
have similarly—in the sense that they provide the same or-
dering of a given set of options at the same andness and the
same importance weights—this is, as we may expect, not the
case for operators of difference kinds. This is illustrated by
the following examples, where the andness of the MWA and
W-OWA classes are targeted by, respectively, ψAA(ρ, n) and
ψW-OWA(ρ, n), as denoted by the aggregation operator symbol;
thus, hAMWA

2
3 ,2

denotes that hAMWA is applied with ψAA( 2
3 , 2).

Assume that the decision problem is characterized by
andness = 2

3 , n = 2, v = (0.4, 1) that is sum-normalized to
w = (0.286, 0.714), and consider the two options represented
by the argument vectors a1 = (0.1, 0.7) and a2 = (0.9, 0.4).

By MWA aggregation, the second option, as represented by
a2, get the highest score and is therefore ranked higher than
the first option, as the following evaluations, all at andness =
2
3 , show: hAMWA

2
3 ,2

(v,a1) = 0.420 < hAMWA
2
3 ,2

(v,a2) = 0.474 and

hMW-OWA
2
3 ,2

(v,a1) = 0.454 < hMW-OWA
2
3 ,2

(v,a2) = 0.470. This is
also the case for MWA operators of other classes; thus, for the
Weighted Geometric Mean (WGM), hWGM(v,a) =

∏
i awi

i ,
that at n = 2 has andness = 2

3 , we get hWGM(v,a1) = 0.401
< hWGM(v,a2) = 0.504; similarly for the Weighted Exponen-
tial Means (WEM), hWEM

α (v,a) = 1
α ln (

∑
i (wie

αai)), that
at (α, n) = (−3, 2) has andness = 2

3 , we get hWEM
−3 (v,a1)

= 0.402 < hWEM
−3 (v,a2) = 0.484.

By IWA aggregation, the first option, as represented by
a1, get the highest score and is therefore ranked higher than
the second option: hAIWA

2
3 ,2

(v,a1) = 0.579 > hAIWA
2
3 ,2

(v,a2)
= 0.422 and hIW-OWA

2
3 ,2

(v,a1) = 0.551 > hIW-OWA
2
3 ,2

(v,a2) =
0.473; similarly, for the IW-MEOWA operator (11), we get
hIW-MEOWA

2
3

(v,a1) = 0.530 > hIW-MEOWA
2
3

(v,a2) = 0.515.
This behavior may be explained as follows. By IWA aggre-

gation, the first criterion (argument) is ignored to some degree,
due to its rather low importance (0.4); the higher satisfaction
of the second, highly important criterion by the first option is
the sufficient to give this option the highest rank. By MWA ag-
gregation, the very low value of the first argument in the first
option contributes to give this option the lowest rank, despite
the rather low importance of the argument.

These observations are supported by the experiment in [3],
where the comparison of the IWA operators AIWA and IW-
MEOWA for a small data set and a set of implicatively impor-
tance weighted queries, indicated a quite similar behavior of
the two operators.

8 Conclusion

Importance weighting of two kinds, namely multiplicative and
implicative, were proposed as generalizations of two classes
of averaging aggregation operators, namely the Power Means
(PM) and the Ordered Weighted Averaging (OWA) operators.
Each class is applied in a De Morgan dual version, yielding
symmetric behavior on both side of andness = 1

2 , and, at the
same time, avoiding the mandatory property of the PM and ob-
taining a near maximum dispersion of OWA at all degrees of
andness. The two generalizations of a class are represented by
a common expression, where the kind of importance weight-
ing is controlled through a binary parameter.

For each class, were proposed an andness-directing func-
tion that allows us to obtain a targeted andness for an operator
rather accurately through also considering the number of ar-
guments.

For each kind of importance weighting, we presented and
discussed how it works in the operator under different degrees
of andness, and the kind of application problems they apply
to. Operators of different classes, but with the same kind of
importance weighting, appear to have rather similar behavior
at the same andness.

For a given choice of the kind of importance weighting,
computational issues may affect the choice of operator class.
While the PM based operators (AWA) in particular require
much computationally rather heavy power functions, OWA
based operators (W-OWA) in particular require an ordering
(sorting) of the arguments. If reevaluation of a set of options
by a modified query occurs frequently, AWA operators have
an advantage through their decomposability property.
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Abstract— Information Systems, and in particular Current Re-

search Information Systems (CRISs), are usually quite difficult to

query when looking for specific information, due to the huge amounts

of data they contain. To solve this problem, we propose to use a per-

sonal search agent that uses fuzzy and rough sets to inform the user

about newly available information. Additionally, in order to auto-

mate the operation of our solution and to provide it with sufficient in-

formation, a document classification module is developed and tested.

This module also generates fuzzy relations between research domains

that are used by the agent during the mapping process.

Keywords— Automatic classification, Current Research Informa-

tion Systems, Fuzzy-rough sets, Personal search agents

1 Introduction

Current Research Information Systems (CRISs) are informa-

tion systems, operating at regional, national, or international

level1, that store and provide access to data on current research

carried out by organizations or researchers. These data typ-

ically include information on people, projects, organizations,

funding possibilities, facilities, etc. CRISs are usually not easy

to query, due to several reasons. On the one hand, the data vol-

ume is huge. This makes them a very interesting source of in-

formation, but can also be overwhelming for the user when he

tries to find some specific information in the system. On the

other hand, this information is frequently updated, so users

are often not aware of new information that could be relevant

to them. As a consequence, they are often unable to express

their information needs by means of a conventional query. In

the last years, personal search agents seem to be the solution to

those problems [1]: they gather potentially useful information

for users to subsequently present it to them in the form of rec-

ommendations. This idea has been received well and can be

found not only in research-related applications like CRISs2 or

article recommenders [2, 3], but also in a significant amount of

systems from different domains that share the aforementioned

problems [4, 5].

However, and despite the fact that these agents can indeed

be helpful for the users, they are subject to limitations. Since

what they generally do is just to look for exact matches be-

tween the user’s interests (given as keywords) and the rest of

the information in the system, the user will often miss out on

1Some examples can be found at http://cris.csrees.usda.gov/
(USA), http://www.ris.is/ (Iceland), or http://sicris.izum.si/ (Slove-
nia). More information can be found at http://www.eurocris.org/, the
professional association of CRIS experts and developer of the stan-
dard for these systems.

2The possibility of using an agent to retrieve funding possibilities
is given at EraCareers: http://ec.europa.eu/euraxess/

useful information as the documents use different terms to re-

fer to the same, or similar, concepts. Furthermore, most CRISs

also face other information defects such as missing, ambigu-

ous, or imprecise information [6].

Concepts from fuzzy [7] and rough [8] set theory, upon

which the present approach is based, appear as a solution to

the problems mentioned above by allowing for a more flexible

matching process. Fuzzy sets allow to express partial rela-

tionships, which describe reality in a more faithful way than

a binary classification, while the rough component provides

mechanisms for query expansion: in this way, a user profile

and a document may still be matched when they refer to dif-

ferent, but related, keywords, resulting in a higher recall (a

higher number of retrieved relevant documents).

To put these ideas into practice, a Personal Alert System

(PAS) is currently under development. This system contains

profiles of researchers and their interests, activities, papers,

etc., as well as documents with information regarding research

projects, conference announcements, or funding possibilities.

Both these information sources are mapped to a common on-

tology, which is currently the three-level IWETO3 taxonomy

of the Flemish government. The main goal of the system is

to alert users whenever a document can be matched to their

research interests by the search agent. A basic prototype

has been implemented, using fuzzy-rough algorithms, and in

which the user can also influence term relations through a sim-

ple feedback process.

While a conceptual version of PAS was described in [9],

this work goes further and describes its concrete implemen-

tation, paying special attention to the development and evalu-

ation of an automatic classification module which allows the

system to classify new documents according to the IWETO

taxonomy, as well as to acquire new information with a view

to the matching process.

The remainder of this paper is organized as follows: in Sec-

tion 2, PAS is presented, giving a brief overview of its archi-

tecture, and focusing on how the information is represented in

the system. In Section 3, the automatic document classifica-

tion mechanism is described in detail, while in Section 4 we

show how the mapper works. Finally, the paper is concluded

in Section 5, where we address some issues for future work as

well.

2 General design of the system

As said in the introduction, PAS contains information about

researchers, projects, funding possibilities, etc., and it will try

3IWETO, Inventaris Wetenschappelijk en Technologisch Onder-
zoek Vlaanderen (now FRIS); http://www.iweto.be
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to match researchers with research information by using the

“intelligence” that fuzzy and rough set theories provide. This

section first gives a brief, general view on the system, and then

focuses on the representation of the information.

2.1 Architecture of the system

Fig. 1 below shows the different modules of the system and

how they interact with each other. In brief, the system is or-

Figure 1: General architecture of PAS

ganized as follows. Both users (researchers) and documents

(information about projects, etc.) are represented by means

of profiles. Those profiles, described in more detail in the

next subsection, contain several fields, the field storing key-

words being the most important one. These keywords repre-

sent the researchers’ interests (in the cases of the users), or the

fields the documents are related to (in the case of the projects),

and correspond to the IWETO taxonomy, where they are dis-

tributed in three hierarchical levels: a first level with 5 main

nodes, a second level with 29 nodes, and a third level con-

taining 359 nodes (in this last level, a node may contain more

than one research field, when the fields are closely related).

The left-hand side of Fig. 2 shows a sample of the taxonomy.

Once a document comes into the system, it is automatically

classified (this process will be shown in detail in Section 3), to

subsequently be sent to the mapper. The mapper is the central

and, thanks to its fuzzy-rough algorithms, intelligent part of

the system. It decides whether or not a given document could

be interesting for a given user. After this process, and if the

mapper has decided so, a notification (about that given docu-

ment) is sent to the user. Finally, if he desires so, the notified

user can give his feedback about his satisfaction degree with

the received alert: the system will then use this information to

adjust the relations described in Section 2.2.

For additional information about the architecture and a

more detailed description of the different parts of the system,

we refer to [9].

2.2 Representation of the information

A key issue in PAS is the representation of the information:

not only how profiles are represented but also how the IWETO

taxonomy is stored.

Profiles are based on IWETO keywords, and their repre-

sentation is common for both users and documents. Leaving

aside the fields inherent to users or documents (i.e. “name” for

users, “title” or “description” for documents), both user and

document profiles contain a field dedicated to store the key-

words that will represent them in the system. The structure

used for that is a set where the pairs <interest terms, degree

of interest> are stored (degree of relationship, in the case of

the documents). For example, the list {(AI,1), (T,0.7), (P,0.2)}

would correspond to a user very interested in Artificial Intel-

ligence, quite interested in Translation, and slightly interested

in Physics. The degree of interest/relation lies always between

0 (no interest/relation) and 1 (strong interest/relation). Every

profile can therefore be seen as a fuzzy set in the whole collec-

tion of keywords X (since the keywords can come from any

of the levels of the taxonomy, its hierarchical structure does

not play any role at this point).

In the current implementation, the information contained in

the profile keywords has different origins. While documents

are automatically classified by using the techniques explained

in Section 3, users must select their interests from a list of key-

words. Users also select the different interest degrees from a

list where these are linguistically represented (to subsequently

map them onto a numerical value automatically).

Apart from user-keyword and document-keyword relations,

we also consider relationships between keywords. A square

matrix is used to represent the different relations between key-

words, expressed as a degree ranging between 0 (no relation)

and 1 (strong relationship). The right-hand side of Fig. 2 gives

an example of this representation. A way of assigning degrees

to term pairs is based on their co-occurrence during the train-

ing process; the more two terms co-occur in training docu-

ments, the higher their degree of relationship (see (10) in Sec-

tion 4 for more detail).

These degrees make it possible to define a fuzzy relation R
reflecting how closely two keywords k1 and k2 are related. It

is important to remark that R is not a fuzzy tolerance relation,

since it is not symmetric. It is reflexive, because a term is

perfectly related to itself, so R(k1, k1) = 1, but R(k1, k2) and

R(k2, k1) are not always equal. This is necessary to depict

reality in a more faithful way. For instance, and referring to

the example shown in Fig. 2, it is logical to think that there is

a stronger relation from Ophtalmology towards Medicine than

vice versa: a document related to Ophtalmology will always

be related to Medicine, but a document related to Medicine

will not be necessarily relevant to Ophtalmology.

Figure 2: Example of how the classification is stored

The information about the links between keywords (re-

search fields) contained in the keyword relationship matrix can

be used by the system, along with the interest research fields

in the profiles, to compute a fuzzy-rough upper approximation

for every profile. This process will be explained in more detail

in Section 4.

3 Automatic document classification

Clearly, information is the core of any information system,

CRISs included. Therefore, it is important for the system to
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be able to acquire new information easily. Since PAS aims to

be as human-independent as possible, it is equipped with an

automatic document classification module for this purpose. A

representation of the process that documents undergo in this

module is shown in Fig. 3 below. To build the module, some

of the ideas in [10], such as the usage of keyword vectors for

documents and classification, have been used.

Figure 3: Automatic classification process

3.1 Training

First of all, the system needs to be trained, which is done by

means of already classified documents. Currently, these docu-

ments come from the FRIS database4. Basically, each of them

consists of an abstract about a given project, the keywords of

that project, and the research fields under which the project

was classified in the FRIS database. The documents must first

be converted to a format readable by the system, namely txt.

Afterwards, every document d is processed by a stemming al-

gorithm. To this purpose, PAS currently uses a purpose-built

stemmer, although the list of stopwords that this stemmer uses

is an extended version of that which can be found at the site of

the implementation of the Porter stemmer [11] in the Snowball

language for stemming algorithms5. After that, the TF-IDF al-

gorithm [12] is applied to calculate a weight wi for each term

in the document. Those terms with a weight wi greater than a

given threshold γ (γ≥0) are put into a vector �d that represents

the document. This vector �d is further normalized so that it

has unit length.

An important aspect at this point are the terms for which a

TF-IDF value is computed. The first implementations of the

classifier worked with two-word terms (bigrams), since such

terms offer more information and are less ambiguous; for ex-

ample “information system” is more meaningful than “infor-

mation” and “system”. However, they are also more difficult

to match between documents, and some combinations are not

so fortunate. So since early tests with one-word terms (un-

igrams) showed a sensible improvement, the classifier cur-

rently works with unigrams. Nevertheless, for some terms

composed of more than 1 word, no splitting is applied. This

happens for terms extracted via pattern recognition, for exam-

ple those preceded by the string “Keywords:” in a document.

In this cases, the terms are added, untouched, to the vector �d,

with weight 1.0. Additionally, if the term is not a unigram, an-

other copy of it is added to the rest of the text in the document

4FRIS, Flanders Research Information Space; http://www.ewi-
vlaanderen.be/fris/

5M. Porter, Snowball: a language for stemming algorithms;
http://snowball.tartarus.org/index.php

to be split and processed as described above.

When the training documents have been reduced to their

term vector form, the system is ready to start its learning pro-

cess. It is here where the hierarchy of the IWETO thesaurus is

used. First, and based on the information regarding the nodes

(research fields) under which the documents have been clas-

sified, every vector �d is assigned to its corresponding node or

nodes n. A vector �n for every node n is then computed. These

vectors �n are normalized vectors containing the terms that are

most relevant to node n, or in other words, the terms (and re-

spective weights) contained in the term vectors �d assigned to

n. More formally, let S(n) be the set of subconcepts under

concept n (children of node n). Also, let {dn
1 , dn

2 , · · · , dn
kn
}

be the individual training documents classified under concept

n. Docs(n), the set of all the documents classified under con-

cept n augmented with the documents classified under all its

children is defined as:

Docs(n) =
[ ⋃

n′∈S(n)

Docs(n′)
]
∪ {dn

1 , dn
2 , · · · , dn

kn
} (1)

The term vector �n is then computed as:

�n =
[ ∑

d∈Docs(n)

�d

]
/|Docs(n)| (2)

This term vector �n is finally normalized into a unit vector.

3.2 Automatic classification

The classification process starts in a similar way to that of the

training process, including the application of the stemming

and TF-IDF algorithms to create their representative vectors
�d. Each test document is then compared to every node in the

hierarchical classification. This is done by comparing their

representative term vectors �d and �n by means of cosine sim-

ilarity. Those nodes n for which the value of the comparison

sim(�d, �n) is greater than zero are added to a priority queue

along with their sim values, ordered with respect to these val-

ues. The cosine similarity measure sim for normalized vec-

tors is defined as their inner product, i.e.,

sim(�d, �n) =
�d · �n

|�d||�n|
= �d · �n (3)

Since the values sim(�d, �n) reflect how related the document d
is to the class represented by node n, they are normalized so

that d and n1, the class with which d has the strongest rela-

tion, are related in a degree 1. Finally, the nodes in the N first

places of the priority queue (i.e. the nodes with the N greatest

values for sim, N≥0) are retrieved, along with their com-

puted and normalized sim values, as long as they are greater

or equal than a given threshold δ, δ≥0. Thus, δ controls that

only those classes to which d is sufficiently strongly related

are taken into account.

The document is then classified under those research fields.

This means that a profile is created for the document, with

its representative keywords the research fields in which it has

been classified, and with the respective sim values giving an

idea of how related the document is to them.
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3.3 Classification results

The last part of this section is dedicated to show some results

obtained with the proposed classifier. At the same time, some

design decisions are discussed.

First of all, an evaluation measure is needed. Evaluating hi-

erarchical classification is no trivial problem, a problem that

gets yet more complicated by the fact of the classification be-

ing multi-label, i.e., documents can be labelled with different

keywords. In this work we will use an adaptation to fuzzy sets

of the measure hFβ proposed by Kiritchenko et al. in [13].

Specifically:

hFβ =
(β2 + 1) · hP · hR

(β2 · hP + hR)
, β ∈ [0,+∞) (4)

where hP and hR are hierarchical precision and hierarchical

recall, respectively. These measures are a variation of the tra-

ditional precision and recall evaluation measures which also

take into account the hierarchical structure of the classes. In

particular, rather than comparing the classes a document be-

longs to and the ones that were predicted for it, we also con-

sider the ancestors of these classes. Formally:

Ĉi = {∪ck∈Ci
Anc(ck)} Ĉ ′

i = {∪cl∈C′
i
Anc(cl)} (5)

where Ci and C ′
i are the actual and the predicted class sets,

respectively, and Anc(n) is the set of ancestors of n, n in-

cluded. Therefore, Ĉi and Ĉ ′
i are the actual and predicted class

sets extended by adding them the ancestors of the classes they

contain. Note that Ĉ ′
i is treated as a fuzzy set, with its mem-

bership values equal to the predicted sim values, and that Ĉi

is actually a crisp set, since a document d is related to all the

classes under which it is actually classified in a degree of 1.

Measures hP and hR are then defined as:

hP =
∑

i |Ĉi ∩ Ĉ ′
i|∑

i |Ĉ
′
i|

hR =
∑

i |Ĉi ∩ Ĉ ′
i|∑

i |Ĉi|
(6)

Since we are dealing with fuzzy sets, corresponding opera-

tions are used, defining the intersection of Ĉi and Ĉ ′
i by:

(Ĉi∩Ĉ ′
i)(x) = min(Ĉi(x), Ĉ ′

i(x)) (7)

for a keyword x, and defining the cardinality of Ĉ ′
i as:

|Ĉ ′
i| =

∑
x∈X

Ĉ ′
i(x) (8)

By this definition, wrongly predicted classes are penalized less

strongly when they belong to the same branch as one of the

actual classes. The value of β can be chosen; in our case we

will use β = 1, so both hierarchical precision and hierarchical

recall have the same weight in hF .

All the results shown throughout the rest of the section have

been calculated with this evaluation measure. On the other

hand, the tests to obtain those results were carried out with

a dataset formed by 9438 IWETO project descriptions, on

which 10-fold cross validation was performed.

The results are subject to a number of parameter settings.

The parameters with more impact in the results are the ones

related with the term vector �d used to represent a given doc-

ument d, and the way the system chooses the classes under

which the document d will be classified. Those problems are

related with the parameter γ mentioned in Section 3.1, and the

parameters N and δ mentioned in Section 3.2, respectively.

All these parameters are discussed here and some results about

their tuning are presented in Table 1.

Parameter γ is necessary to restrict the number of terms in

every term vector �d, mainly because of memory usage and

system performance reasons, since terms with very low TF-

IDF weights would be probably irrelevant anyway if they were

included in the term vector. Due to the short length of the

documents we used, parameter γ is not very essential for our

purposes. Therefore, the value used for our tests was γ =
0. Nevertheless, as mentioned above, its use is recommended

when dealing with longer documents (or documents with an

unknown length).

More relevant in our tests was the number of classes in

which the system classifies the document: too many or too

few classes probably signify a big difference with respect to

the actual classification (resulting in too low precision and/or

recall), and will also have an important impact on the user’s

satisfaction (if a document is classified in too many categories,

it will be considered for the matching process even when it is

not strongly related to a given category; if it is classified in just

one category, it probably will not reach its whole target group

of users). Parameters N and δ control this.

As said in Section 3.2, N sets the number of research fields

in which a document will be classified, i.e., the number of

classes that will be retrieved from the first places of the priority

queue. On the other hand, a threshold δ is also necessary, in

order to avoid cases of weak relationships: N is the number

of classes with the highest value for the similarity measure

sim, but that does not necessarily mean that all N values are

high. Threshold δ tries to solve this. Since it is applied to

normalized results, δ must be a value between 0 and 1, and

since strong relationships are desired, the value cannot be too

low. The results of the different tests are shown in Table 1.

Table 1: Results for tests with different values for N and δ.

δ N 6 5 4 3 2 1

0.3

hF1 0.502 0.512 0.523 0.53 0.527 0.478

hP 0.419 0.442 0.472 0.508 0.555 0.623

hR 0.625 0.609 0.587 0.555 0.501 0.388

0.4

hF1 0.505 0.514 0.524 0.53 0.526 0.478

hP 0.426 0.447 0.475 0.509 0.556 0.623

hR 0.62 0.605 0.584 0.553 0.5 0.388

0.5

hF1 0.509 0.517 0.525 0.53 0.526 0.478

hP 0.439 0.457 0.481 0.513 0.557 0.623

hR 0.607 0.595 0.577 0.548 0.497 0.388

0.6

hF1 0.514 0.519 0.525 0.528 0.524 0.478

hP 0.458 0.473 0.493 0.52 0.56 0.623

hR 0.584 0.575 0.562 0.538 0.493 0.388

0.7

hF1 0.516 0.519 0.522 0.524 0.52 0.478

hP 0.487 0.496 0.511 0.531 0.564 0.623

hR 0.549 0.546 0.535 0.518 0.483 0.388

0.8

hF1 0.514 0.514 0.515 0.516 0.514 0.478

hP 0.528 0.531 0.537 0.55 0.574 0.623

hR 0.5 0.499 0.495 0.486 0.465 0.388

0.9

hF1 0.503 0.503 0.503 0.503 0.501 0.478

hP 0.577 0.577 0.578 0.581 0.591 0.623

hR 0.445 0.445 0.444 0.443 0.435 0.388

The average number of classes to which a given document

from the dataset belongs is 3. Due to this fact, N = 3 offers

the best values for the evaluation measure hF1. It can also be
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seen that N = 3 offers the best equilibrium between hP and

hR. Moreover, note that the precision hP is inversely propor-

tional to N : the fewer classes d is classified in, the higher the

precision. This is logical since a low value for N means that

the document is classified in those classes which offered the

highest values for the similarity measure sim, classes that are

then probably among those under which the document was

actually classified. But that small number of classes has a

drawback: the recall is of course lower. In the same way, a

higher value of N results in higher values of hR: the docu-

ment is classified under a lot of concepts and therefore it is

more probable that they cover all the classes actually linked

with the document. Of course, this higher number of classes

makes the classifier less precise.

Also δ is important, mainly for higher values of N : these

high values imply taking more classes into account when clas-

sifying a document, but δ imposes a threshold that leaves out

all those “highest values” that are not actually high enough

to be considered for the classification. In that way, δ allows

higher values of N to be used in order to avoid leaving out po-

tentially adequate classes, but without the risk of considering

classes that probably are not so related to the document.

Note that the combination of N = 1 and δ is useless, as re-

flected by the results: since the results of sim are normalized,

the highest value in the priority queue (and therefore the only

one that will be retrieved when N = 1) will be equal to 1.

Although a high precision is desirable, it is necessary to

keep in mind that the system aims to alert the researchers

about potentially interesting documents. Therefore, the docu-

ments are preferably classified under more than one research

field (as long as those fields are relatively strongly related to

the document). That means that a balance between precision

and recall (β = 1) is recommended in this case. As the com-

bination δ = 0.5, N = 3 offers the best results (δ = 0.4 and

δ = 0.3 obtain similar values for hF but a lower precision),

they are the values currently used by the system.

There are nonetheless some remarks to be made. In this

case, the hierarchical classification problem gets complicated

by the fact that the documents in the dataset have been man-

ually classified by different people. This means that in some

cases the document has been indexed under all the possible

research fields while in other cases it has been vaguely classi-

fied under a parent concept. As previously explained, this can

cause big differences between the set containing the research

fields under which the documents were actually classified and

that predicted by the system.

4 Mapper

Since the mapper is the most important part of the system,

this section is used to explain in detail how it works. The

mapper determines whether a document is interesting enough

to notify a user about it. In this process, as discussed in the

introduction, the system should be able to identify interesting

documents even when their keywords do not exactly match

those in the user’s profile, but are semantically related to them.

To achieve this added intelligence, some ideas from fuzzy-

rough set theory are used.

Specifically, fuzzy-rough query expansion is applied. In

particular, the system currently uses an adaptation of the ap-

proach described in [14]: to assess how well a document pro-

file D matches a user profile U (both represented as fuzzy sets

in the set X of keywords) the algorithm first uses a fuzzy rela-

tion R to generate their respective upper approximations R↑D
and R↑U , where the upper approximation of a fuzzy set A in

X under a fuzzy relation R is defined as:

(R↑A)(y) = sup
x∈X

min(R(x, y), A(x)),∀y∈X (9)

A keyword belongs to this upper approximation to the extent

that it is related, by means of the fuzzy relation R, to at least

one of the keywords in A. In other words, (9) defines the

set of objects possibly belonging to A to a certain degree. In

the current system, the relatedness of two terms is based on

their co-occurrence during the training process, as explained

in Section 2.2. To be precise, the relation R between two terms

x and y can be defined as:

R(x, y) =
|Docs(x)∩Docs(y)|

|Docs(x)|
(10)

The similarity between D and U is then computed, using

α-cuts6, as

Simα(U,D) = 1 −
|Buα|

|(R↑D)α|
(11)

where

Bu = R↑D � [R↑U ∩ R↑D] (12)

with � the difference of A and B, defined by (A�B)(x) =
max(0, A(x) − B(x)).

If |(R↑U)α| = 0, the similarity is defined to be 0. Cur-

rently, the system uses a fixed value α = 0.5, which turned

out to yield the best performance experimentally in prelimi-

nary tests. It is important to point out that Sim is asymmetric

and that therefore the order of U and D is relevant. This keeps

the focus of the comparison on the document (Bu is the set

of terms in the upper approximation of D that are not shared

with the upper approximation of U ) and allows the document

to reach more users, as long as it is of relevance for them.

The obtained similarity between user and document is then

compared to a user-set notification threshold (entered linguis-

tically and then mapped onto a numerical value): if the simi-

larity is greater than or equal to the threshold, user U will be

notified by the system about document D. In this way, the

user can tune the sensitivity of the mapper: if he only wants to

receive alerts about documents that are definitely relevant, he

can impose a higher threshold.

5 Conclusion and future work

We have shown how fuzzy relations are used to represent grad-

ual relationships between research fields, and how these rela-

tions can be generated from a given dataset. It has also been

shown how to construct user and document profiles as fuzzy

sets, and how these sets can be matched by applying ideas

from fuzzy-rough set theory. In addition, we have also pro-

posed and explained a method to automatically classify docu-

ments, in order to keep the system easily updated. However,

and despite the promising performance offered by the current

6The α-cut of A is defined as Aα = {x∈X|A(x) ≥ α}, where
α∈[0, 1]
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implementation of the system, there is still a lot of work to be

done.

Since the main goal of the project is to match researchers

with documents that can be potentially useful for them, the

main effort will be put into the mapping algorithms. New al-

gorithms will be developed and tested to replace the one cur-

rently used. This current algorithm, though very interesting, is

quite basic, so we think that there is a lot of room for improve-

ment. For example, different similarity measures to compare

the upper approximation can be investigated, and we plan to

set up an experiment with a group of real test users.

The performance of the fuzzy-rough algorithms is of course

also linked to the availability of sufficient document profiles

and the quality of the classifier. However, the current ver-

sion of this module of the system is quite simple, and further

improvements could be very interesting and fruitful. For in-

stance, more complex techniques from language technology

could be used to refine the keyword extraction. Also, the fuzzy

weights of the relationships between concepts can play a more

important role, in the classification process as well as in the

evaluation of results. The possibility of semi-automatically

enriching the IWETO thesaurus with a fourth level, for the

sake of precision, will be studied too. Besides, an alternative

representation of the information, with the profiles as copies

of the classification (which would allow the user to assign his

own weights to the relations), will be considered.

Other modules will be added as well. In order to achieve

a greater autonomy of the system, the feedback mechanism

will be automated, and different techniques will be used to

monitor the user’s behavior while using the system, so that it

can automatically update his list of interests and preferences,

adding information that can be useful for the mapper. Also,

the classifier could be used to extract additional information

from the researcher’s publications, when available. All this

information can also be used, along with that provided by the

feedback mechanism, to refine and adjust the relationships be-

tween concepts from the thesaurus. The user will also be free

to explore the system on his own: a browsing utility and a

search engine will be added with that finality. This engine can

also use the same query expansion techniques that are used for

personalized notification.
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Abstract— Our work is a contribution to the model-theoretic study
of equality-free fuzzy predicate logics. We present a reduced seman-
tics and we prove a completeness theorem of the logics with respect
to this semantics. The main concepts being studied are the Leibniz
congruence and the relative relation. On the one hand, the Leibniz
congruence of a model identifies the elements that are indistinguish-
able using equality-free atomic formulas and parameters from the
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classical predicate languages with equality.
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1 Introduction
This work is a contribution to the model-theoretic study of
equality-free fuzzy predicate logics. Model theory is the
branch of mathematical logic that studies the construction
and classification of structures. Construction means building
structures or families of structures, which have some feature
that interest us. In our case we devote our investigation to the
class of reduced structures, that help us to shed light to the
characteristic role played by equality in predicate fuzzy log-
ics.

Classifying a class of structures means grouping the struc-
tures into subclasses in a useful way, and then proving that
every structure in the collection does belong in just one of the
subclasses. The most basic classification in classical model
theory is given by the relations of elementary equivalence and
isomorphism. Our purpose in the present article is to inves-
tigate and characterize the structure-preserving maps between
structures in a fuzzy setting. In classical predicate logics with
equality, homomorphisms are structure-preserving, but if they
are not isomorphisms, they don’t necessarily preserve all the
formulas of the language. On the contrary, in equality-free
fuzzy predicate logics, σ-homomorphisms preserve all the for-
mulas, but unlike isomorphisms, the relation between struc-
tures of one being the σ-homomorphic image of another is not
an equivalence relation in the class of structures.

The main concepts studied in this work are the Leibniz con-
gruence and the relative relation. The notion of Leibniz con-
gruence arises in a very natural way. It is said that two ele-
ments of a model are related by this congruence when they
satisfy exactly the same equality-free atomic formulas with
parameters in the model. This congruence always exists, and
it turns out to be the greatest congruence of the model. This
idea has its origin in the Principle of the identity of the indis-

cernibles of G. W. Leibniz.

Given a model (M,B) the quotient structure modulo the
Leibniz congruence Ω(M,B) is denoted by (M,B)r and is
called its reduction. When we make the quotient modulo the
Leibniz congruence, we identify the elements that are indistin-
guishable using equality-free atomic formulas and parameters
in the model, thus the Leibniz congruence of the reduction of
a model is always the identity. An structure with the prop-
erty that its Leibniz congruence is the identity is said to be
a reduced structure. The importance of reduced structures in
equality-free logic comes from the fact that the reduction of a
model is a σ- homomorphic image of the model and therefore,
the model and its reduction satisfy exactly the same equality-
free sentences.

The other main concept analysed is the relative relation. It
is said that two structures are relatives when they have iso-
morphic reductions. Along this work we will give different
characterizations of this relation. Our aim is to point out that it
plays the same role in equality-free logic that the isomorphism
relation plays in logic with equality. The actual interest of the
Leibniz congruence and the relative relation comes from the
work of W. Blok and D. Pigozzi. They introduced the concept
of relative relation for the special case of logical matrices in
[1], and in [2] they made an extensive use of what they named
the Leibniz congruence.

Different definitions have been introduced so far for basic
model-theoretic operations on structures. For instance, the no-
tion of elementary submodel, morphism and congruence of a
fuzzy model of [3], elementary embeddings and submodels
of [4], fuzzy submodel, elementary fuzzy submodel and iso-
morphism of structures of first-order fuzzy logic with graded
syntax of [5], complete morphism and congruence in lan-
guages with a similarity predicate of [6] and the notion of σ-
embedding of [7]. Being our starting point all these works,
in the Preliminaries section we introduce the notions of ho-
momorphism and congruence of a model, trying both to en-
compass the most commonly used definitions in the literature
and to extend the corresponding notions of classical predicate
logics.

In section 3 we introduce the notion of reduced structure
and some basic model-theoretic properties of this kind of
structures. In section 4 we characterize when two structures
are relative and we prove that the relative relation is the tran-
sitivization of the relation of being a σ-homomorphic image.
Finally, section 5 is devoted to future work.
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2 Preliminaries
Our study of the model theory of fuzzy predicate logics is fo-
cused on the basic fuzzy predicate logic MTL∀ and stronger
t-norm based predicate calculi, the so-called core fuzzy logics.
We start by introducing the notion of core fuzzy logic in the
propositional case.

Definition 1 A propositional logic L is a core fuzzy logic iff
L satisfies:

1. For all formulas φ, ϕ, α, ϕ ≡ φ � α(ϕ) ≡ α(φ).

2. (LDT) Local Deduction Theorem: for each theory and
formulas φ, ϕ:

T, ϕ � φ iff for some natural number n, T � ϕn → φ.

3. L expands MTL.

For a thorough treatment of core fuzzy logics we refer to
[4], [8] and [7]. A predicate language Γ is a triple (P,F,A)
where P is a non-empty set of predicate symbols, F is a set of
function symbols and A is a function assigning to each predi-
cate and function symbol a natural number called the arity of
the symbol. Functions f for which A(f) = 0 are called ob-
ject constants. Formulas of the predicate language Γ are built
up from the symbols in (P,F,A) together with logical symbols
(∀,∃, &,→, 0, 1), variables and punctuation. Throughout the
paper we consider the equality symbol as a binary predicate
symbol not as a logical symbol, we work in equality-free fuzzy
predicate logics. That is, the equality symbol is not necessarily
present in all the languages and its interpretation is not fixed.

Let L be a fixed propositional core fuzzy logic and B an L-
algebra, we introduce now the semantics for the fuzzy pred-
icate logic L∀. A B-structure for predicate language Γ is a
tuple M = (M, (PM)P∈Γ, (FM)F∈Γ, (cM)c∈Γ) where M is
a non-empty set and

1. For each n-ary predicate P ∈ Γ, PM is a B-fuzzy rela-
tion PM : Mn → B.

2. For each n-ary function symbol F ∈ Γ, FM : Mn → M .

3. For each constant symbol c ∈ Γ, cM ∈ M .

Let M be a B-structure, an M-evaluation of the variables is
a mapping v which assigns to each variable an element from
M . By φ(x1, . . . , xk) we mean that all the free variables of
φ are among x1, . . . , xk. If v is an evaluation such that for
each 0 < i ≤ n, v(xi) = di, and λ is either a Γ-term or
a Γ-formula, we abbreviate by ‖λ(d1, . . . , dn)‖BM the expres-
sion ‖λ(x1, . . . , xn)‖BM,v. Let φ be a Γ-sentence, given a B-
structure M, it is said that M is a model of φ iff ‖φ‖BM = 1.

From now on, we say that (M,B) is a Γ-structure instead
of saying that M is a B-structure in the language Γ. We say
that a structure is safe, if a truth value is defined for each for-
mula and evaluation. We assume that all our structures are
safe. It is denoted by (M,B) ≡ (N,A) when these two
structures are elementarily equivalent. In this section we have
presented only a few definitions and notation, a detailed intro-
duction to the syntax and semantics of fuzzy predicate logics
can be found in [9].

Definition 2 Let (M1,B1) be a Γ1-structure and (M2,B2)
be a Γ2-structure with Γ1 ⊆ Γ2. We say that the pair (f, g) is
a homomorphism of (M1,B1) into (M2,B2) iff

1. g : B1 → B2 is a L-algebra homomorphism of B1 into
B2.

2. f : M1 → M2 is a mapping of M1 into M2.

3. For each constant symbol c ∈ Γ1, f(cM1) = cM2 .

4. For each n-ary function symbol F ∈ Γ1 and elements
d1, . . . , dn ∈ M1,

f(FM1(d1, . . . , dn)) = FM2(f(d1), . . . , f(dn))

5. For each n-ary predicate P ∈ Γ1 and elements
d1, . . . , dn ∈ M1,

g(PM1(d1, . . . , dn)) = PM2(f(d1), . . . , f(dn))

We say that (f, g) is a σ-homomorphism if g preserves the
existing infima and suprema (that is, if I is a non-empty set
and supi∈I ai and supi∈I g(ai) exist, then g(supi∈I ai) =
supi∈I g(ai) and analogously for the infima).

It is denoted by (M,B) ∼= (N,A) when these two struc-
tures are isomorphic (that is, there is a homomorphism (f, g)
from (M,B) into (N,A) with f and g onto and one-to-
one). It is easy to check, by induction on the complexity
of the formulas, that homomorphisms preserve quantifier-free
formulas. Note that, by definition, homomorphisms are not
always σ-complete, as are in [3] or [6], and unlike [6] ho-
momorphisms are crisp on the algebraic reduct of the first-
order structure. If (f, g) is a σ-homomorphism of (M1,B1)
into (M2,B2) such that f is onto, then for each formula
φ(x1, . . . , xn) ∈ Γ1 and elements d1, . . . , dn ∈ M1,

g(‖φ(d1, . . . , dn)‖B1
M1

) = ‖φ(f(d1), . . . , f(dn))‖B2
M2

(1)

The proof can be found in [3] (Propositions 6.1 and 6.2). We
will refer to homomorphisms satisfying condition (1) as ele-
mentary homomorphisms.

Definition 3 A congruence on a Γ-structure (M,B) is a pair
(E, θ) where:

1. θ is an L-congruence on the algebra B.

2. E is an equivalence relation E ⊆ M × M such that:

• For each n-ary function symbol F ∈ Γ and el-
ements d1, . . . , dn, e1, . . . , en ∈ M , if for each
0 < i ≤ n, (di, ei) ∈ E, then

(FM(d1, . . . , dn), FM(e1, . . . , en)) ∈ E

• For each n-ary predicate P ∈ Γ and elements
d1, . . . , dn, e1, . . . , en ∈ M , if for each 0 < i ≤ n,
(di, ei) ∈ E, then

(PM(d1, . . . , dn), PM(e1, . . . , en)) ∈ θ

Now, given a congruence (E, θ) on (M,B) we define the
quotient structure (M/E,B/θ) by:
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• For each constant symbol c ∈ Γ, c(M/E,B/θ) =
[c(M,B)]E .

• For each n-ary function symbol F ∈ Γ and elements
d1, . . . , dn ∈ M ,

FM/E([d1]E , . . . , [dn]E) = [FM(d1, . . . , dn)]E

• For each n-ary predicate P ∈ Γ and elements
d1, . . . , dn ∈ M ,

PM/E([d1]E , . . . , [dn]E) = [PM(d1, . . . , dn)]θ

where, given an element d ∈ M and b ∈ B, [d]E and [b]θ de-
note respectively the equivalence classes of d modulo E and
of b modulo θ. We will say that a (E, θ) is an elementary con-
gruence (σ-congruence, respectively) if its canonical mapping
(fE , gθ) is an elementary homomorphism (σ-homomorphism,
respectively).

3 Reduced Structures
In this section we introduce the notions of Leibniz congruence
and of reduced structure and we establish some basic model-
theoretic properties of this kind of models, giving some exam-
ples of first-order theories with reduced models. The study of
reduced structures and Leibniz congruences for classical pred-
icate logics was done in [10]. In the context of fuzzy predicate
logics, X. Caicedo introduced this notion in [11] for the par-
ticular case of models of first-order Rational Pavelka’s logic
in a language with the ≈ symbol. At the end of this section
we study similarities on reduced structures.

Definition 4 Let (M,B) be a Γ-structure and θ an L-
congruence on B. We define the relation Ω(M,B, θ) ⊆
M × M as follows: for every d, e ∈ M , (d, e) ∈ Ω(M,B, θ)
iff for every atomic formula, φ(y, x1, . . . , xn) ∈ Γ and ele-
ments d1, . . . , dn ∈ M,

(‖φ(d, d1, . . . , dn)‖BM, ‖φ(e, d1, . . . , dn)‖BM) ∈ θ

Fixed an L-congruence θ on the L-algebra B, next lemma
shows that Ω(M,B, θ) is the greatest E such that (E, θ) is a
congruence on the model (M,B).

Lemma 5 Let (M,B) be a Γ-structure and θ an L-
congruence on B, then

1. (Ω(M,B, θ), θ) is a congruence on (M,B).

2. For every (E, θ) congruence on (M,B), E ⊆
Ω(M,B, θ).

Proof: 1. Since θ is an equivalence relation, by definition,
Ω(M,B, θ) is also an equivalence relation. For each n-ary
predicate P ∈ Γ and elements d1, . . . , dn, e1, . . . , en ∈ M , if
for each 0 < i ≤ n, (di, ei) ∈ Ω(M,B, θ), then by using the
definition of Ω(M,B, θ), for every 0 < i ≤ n, we have the
following chain:

(‖P (d1, d2, . . . , dn)‖BM, ‖P (e1, d2, . . . , dn)‖BM) ∈ θ

(‖P (e1, d2, d3, . . . , dn)‖BM, ‖P (e1, e2, d3, . . . , dn)‖BM) ∈ θ

...

(‖P (e1, e2, . . . , en−1, dn)‖BM, ‖P (e1, . . . , en)‖BM) ∈ θ

Assume now that F ∈ Γ is an n-ary function symbol
and d1, . . . , dn, e1, . . . , en ∈ M such that for each 0 <
i ≤ n, (di, ei) ∈ Ω(M,B, θ). Let k = k1, . . . , ks ∈
M , φ(y, x1, . . . , xs) ∈ Γ an atomic formula and φ′ the
formula obtained from φ by substitution of the variable y
for the term F (z1, . . . , zn) (where z1, . . . , zn are new vari-
ables not occurring in φ). By definition of Ω(M,B, θ),
since φ′ is also atomic, we can build a chain similar to
the one defined in the predicate case and then, we obtain
(‖φ′(d1, . . . , dn, k)‖BM, ‖φ′(e1, . . . , en, k)‖BM) ∈ θ, conse-
quently,

(‖φ(FM(d1, . . . , dn), k)‖BM, ‖φ(FM(e1, . . . , en), k)‖BM) ∈ θ

and then (FM(d1, . . . , dn), FM(e1, . . . , en)) ∈ Ω(M,B, θ).

2. By definition of Ω(M,B, θ), because (E, θ) is a congru-
ence. �

Definition 6 A Γ-structure (M,B) is reduced iff
Ω(M,B, IdB) is the identity relation.

From now on we denote (Ω(M,B, IdB), IdB) simply by
Ω(M,B) and we call it the Leibniz congruence of (M,B).
Since the identity map clearly preserves infima and suprema,
Ω(M,B) is always a σ-congruence, therefore for every
(d, e) ∈ Ω(M,B), every formula, φ(y, x1, . . . , xn) ∈ Γ and
elements d1, . . . , dn ∈ M ,

‖φ(d, d1, . . . , dn)‖BM = ‖φ(e, d1, . . . , dn)‖BM
We will denote by (M,B)r the quotient structure modulo
the Leibniz congruence Ω(M,B) and call it the reduction of
(M,B).

Lemma 7 For every Γ-structure (M,B) we have:

1. (M,B) ≡ (M,B)r.

2. (M,B)r is a reduced structure.

3. ((M,B)r)r ∼= (M,B)r.

4. If there exists a σ-congruence (E, θ) on (M,B), then

(M,B) ≡ (M/Ω(M,B, θ),B/θ)

Proof: 1. holds because (M,B)r is a σ-homomorphic image
of (M,B), 2. and 3. by definition of the Leibniz congru-
ence and of quotient structure. To prove 4. use the fact that
for every σ-congruence (E, θ), (Ω(M,B, θ), θ) is also a σ-
congruence. �

Corollary 8 [Completeness Theorem] Let L∀ be a fuzzy
predicate logic and K a class of structures such that L∀ is
K-complete (strong or finite strong K-complete, respectively),
then L∀ is Kr-complete (strong or finite strong Kr-complete,
respectively), where Kr is the class of reductions of the struc-
tures in K.
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Reduced structures are of common use in computer science
and in mathematics. The Rado Graph (infinite random graph)
and fuzzy linear orders are examples of reduced structures.
However, we can see a more developed example of this pro-
cess of reduction in the well-known case of similarities. In
Section 5 of [9], P. Hájek studies similarities and applies the
obtained results to the analysis of fuzzy control in Chapter 7
of of [9]. For a reference about model-theoretic properties of
algebras with fuzzy equalities see [8] and [6]. Now (and only
for the rest of this section) we assume that our predicate lan-
guage Γ contains a binary predicate symbol ≈. Similarity is
understood as fuzzified equality (for a reference see [12] or
[13]). Given a core fuzzy logic L, let our axiomatic system
for L∀ contain also the following axioms:

1. (Reflexivity) ∀x x ≈ x

2. (Symmetry) ∀x∀y(x ≈ y → y ≈ x)

3. (Transitivity) ∀x∀y∀z((x ≈ y&y ≈ z) → x ≈ z)

4. For each n-ary function symbol F ∈ Γ,
∀x1 . . .∀xn∀y1 . . .∀yn((x1 ≈ y1& . . . &xn ≈ yn) →
(F (x1, . . . , xn) ≈ F (y1, . . . , yn))

5. For each n-ary predicate P ∈ Γ,
∀x1 . . .∀xn∀y1 . . .∀yn((x1 ≈ y1& . . . &xn ≈ yn) →
(P (x1, . . . , xn) ↔ P (y1, . . . , yn))

Axioms 1-3 are called Similarity Axioms (Sim) and axioms
4-5 Congruence Axioms (Cong).

Definition 9 A Γ-structure (M,B) has the equality property
(EQP) if the following condition holds: for every d, e ∈ M ,
‖d ≈ e‖BM = 1 iff d = e.

Lemma 10 Given a set Σ of Γ-sentences, Σ ∪ Sim ∪ Cong
is satisfiable iff Σ has a model (M,B) that has EQP.

Proof: Let (M,B) be a model of Σ∪Sim∪Cong. If we de-
fine E = {(a, b) ∈ M ×M : ‖a ≈ b‖BM = 1}, then (E, IdB)
is a congruence. Thus, in the quotient structure (M/E,B),
‖x ≈ y‖BM/E = 1 iff x = y. �

In [11] X. Caicedo called reduced structure to a model of
first-order Rational Pavelka’s logic with the property EQP.
Next lemma shows that Caicedo’s notion coincides with ours
when we consider axiomatic systems including axioms Sim∪
Cong.

Lemma 11 (M,B) is a reduced structure iff (M,B) has
property EQP.

Proof: Assume that (M,B) is a reduced structure, by def-
inition, the Leibniz congruence Ω(M,B, IdB) is the iden-
tity on M . Then, if we define (E, IdB) as in the previ-
ous proof, by Lemma 5, E ⊆ Ω(M,B, IdB), consequently
E is also the identity and thus (M,B) has the EQP. Con-
versely, assume that (M,B) has the EQP. If d, e ∈ M and
(d, e) ∈ Ω(M,B, IdB), since x ≈ y is an atomic formula
and ‖d ≈ d‖BM = 1, by definition of the Leibniz congruence,
‖d ≈ e‖BM = 1. Then, by EQP, we have that d = e, therefore
(M,B) is a reduced structure. �

Note that the interpretation of the ≈ symbol in a reduced
structure is not necessarily crisp. Adding a new axiom it
is possible to obtain crisp interpretations: Crispness Axiom
(Crisp) ∀x∀y(x ≈ y ∨ ¬(x ≈ y)) (for the details about this
axiom see Chapter 5 of [8]).

Corollary 12 Let T be a set of Γ-sentences containing ax-
ioms Sim ∪ Cong ∪ Crisp. Then, for every formula
φ(x1, . . . , xn) ∈ Γ, the following holds:
T � ∀x1 . . .∀xn∀y1 . . .∀yn((x1 ≈ y1& . . . &xn ≈ yn) →
(φ(x1, . . . , xn) ↔ φ(y1, . . . , yn))

Proof: Since axiom Crisp holds, the interpretation of the ≈
symbol in a reduced structure is the identity. Therefore, since
the logic is complete with respect to its reduced models, we
obtain the desired result. �

4 The relative relation
We now present the notion of relative relation, a relation be-
tween structures that will play in fuzzy predicate languages
the same role that the isomorphism relation plays in classical
predicate languages with equality. This notion was introduced
by G. Zubieta in [14], but only for relational structures, and
independently by W. Blok and D. Pigozzi in [1], for the spe-
cial case of logical matrices. A characterization of the relative
relation for classical first-order logics can be found in [10].

Definition 13 Let (M1,B1) and (M2,B2) be two Γ-
structures, we say that the pair (R, T ) is a relative relation
between (M1,B1) and (M2,B2) iff

1. T ⊆ B1 × B2 is a relation such that dom(T ) = B1,
rg(T ) = B2 and

(a) for every connective δ ∈ L, if (ai, bi) ∈ T , then

(δB1(a1, . . . , an), δB2(b1, . . . , bn)) ∈ T

(b) for every a ∈ B1, if b, b′ ∈ rg(a), then dom(b) =
dom(b′).

(c) for every b ∈ B2, if a, a′ ∈ dom(b), then rg(a) =
rg(a′).

2. R ⊆ M1 × M2 is a relation such that dom(R) = M1,
rg(R) = M2 and

(a) For each constant symbol c ∈ Γ, (cM1 , cM2) ∈ R.

(b) For each n-ary function symbol F ∈ Γ, if for every
0 < i ≤ n, (ai, bi) ∈ R,

(FM1(a1, . . . , an), FM2(b1, . . . , bn)) ∈ R

(c) For each n-ary predicate P ∈ Γ, if for every 0 <
i ≤ n, (di, ei) ∈ R,

(‖P (d1, . . . , dn)‖B1
M1

, ‖P (e1, . . . , en))‖B2
M2

) ∈ T

where for every a ∈ B1, rg(a) = {b ∈ B2 : (a, b) ∈ T} and
for every b ∈ B2, dom(b) = {a ∈ B1 : (a, b) ∈ T}. We
denote by (R, T ) : (M1,B1) ∼ (M2,B2) when (R, T ) is a
relative relation (or simply by (M1,B1) ∼ (M2,B2) when
there is a relative relation between them).
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Theorem 14 Let (M1,B1) and (M2,B2) be two Γ-
structures. The following are equivalent:

1. There is a relative relation (R, T ) : (M1,B1) ∼
(M2,B2)

2. There are congruences (E1, θ1) and (E2, θ2) such that

(M1/E1,B1/θ1) ∼= (M2/E2,B2/θ2)

Proof: 1. ⇒ 2. Assume that (R, T ) is a relative relation.
We define θ1 = {(a, a′) ∈ B1 × B1 : rg(a) = rg(a′)},
θ2 = {(b, b′) ∈ B2 × B2 : dom(b) = dom(b′)}, E1 =
Ω(M1,B1, θ1) and E2 = Ω(M2,B2, θ2).

It is clear by definition that θ1 and θ2 are equivalence rela-
tions. Now we show that they are L-congruences, we prove
that, for every connective δ ∈ L, for every 0 < i ≤ n and
ai, a

′
i ∈ B1, if rg(ai) = rg(a′

i), then rg(δB1(a1, . . . , an)) =
rg(δB1(a

′
1, . . . , a

′
n)). Let us assume that for every 0 < i ≤ n,

rg(ai) = rg(a′
i). Since dom(T ) = B1, for every 0 < i ≤ n,

we choose bi ∈ B2 such that (ai, bi) ∈ T . Thus, by assump-
tion, since rg(ai) = rg(a′

i), we have also that (a′
i, bi) ∈ T .

By condition 1.(a) of the definition of relative relation,

(δB1(a1, . . . , an), δB2(b1, . . . , bn)) ∈ T

and (δB1(a
′
1, . . . , a

′
n), δB2(b1, . . . , bn)) ∈ T , finally, by con-

dition 1.(c) of the definition of relative relation, we have that

rg(δB1(a1, . . . , an)) = rg(δB1(a
′
1, . . . , a

′
n)).

In order to show that θ2 is a congruence, we can follow an
analogous proof, using condition 1.(b) of the definition of rel-
ative relation, instead of 1.(c). Now we define a mapping
g : B1/θ1 → B2/θ2. First we fix enumerations (possibly with
repetitions) (ai : i ∈ I) and (bi : i ∈ I) of B1 and B2 respec-
tively, with the property that, for every i ∈ I , (ai, bi) ∈ T .
And then let, for every i ∈ I , g([ai]θ1) = [bi]θ2 . By using
the definition of relative relation it is easy to check that g is
well-defined, and it is an L-isomorphism.

Now, since dom(R) = M1 and rg(R) = M2, we can fix
enumerations (possibly with repetitions) (dj : j ∈ J) and
(ej : j ∈ J) of M1 and M2 respectively, with the property
that, for every j ∈ J , (dj , ej) ∈ R. And then let, for every
j ∈ J ,

f([dj ]Ω(M1,B1,θ1)) = [ej ]Ω(M2,B2,θ2)

Let us see that f is well defined. Let (dj , d
′
j) ∈

Ω(M1,B1, θ1), we show that (ej , e
′
j) ∈ Ω(M2,B2, θ2).

Let φ(y, x1, . . . , xn) be an atomic formula, and a sequence
of elements k1, . . . , kn ∈ M2. Since rg(R) = M2, we
can choose l1, . . . , ln ∈ M1 such that for every 0 < i ≤
n, (li, ki) ∈ R. Remark that, since (dj , ej) ∈ R and
for every 0 < i ≤ n, (li, ki) ∈ R, by conditions 2.(a)
and 2.(b) of the definition of relative relation, we have for
every Γ-term t, (tM1(dj , l1, . . . , ln), tM2(ej , k1, . . . , kn)) ∈
R. Assume that the formula φ(y, x1, . . . , xn) is of the
form P (t1, . . . , ts)(y, x1, . . . , xn), where P is a s-ary pred-
icate symbol and t1, . . . , ts are Γ-terms. Since (dj , d

′
j) ∈

Ω(M1,B1, θ1), (‖P (t1, . . . , ts)(dj , l1, . . . , ln)‖B1
M1

,

‖P (t1, . . . , ts)(d′j , l1, . . . , ln)‖B1
M1

) ∈ θ1, thus, by 2.(c) of the
definition of relative relation,
‖P (t1, . . . , ts)(ej , k1, . . . , kn)‖B2

M2
and

‖P (t1, . . . , ts)(e′j , k1, . . . , kn)‖B2
M2

∈ rg(‖P (t1, . . . , ts)(dj , l1, . . . , ln)‖B1
M1

)

and by 1.(b), dom(‖P (t1, . . . , ts)(ej , k1, . . . , kn)‖B2
M2

) =
dom(‖P (t1, . . . , ts)(e′j , k1, . . . , kn)‖B2

M2
) and we obtain the

desired result:

(‖φ(ej , k1, . . . , kn)‖B2
M2

, ‖φ(e′j , k1, . . . , kn)‖B2
M2

) ∈ θ2.

In an analogous way it is easy to check that f is one-to-one
and that (f, g) is an isomorphism.

2. ⇒ 1. Let (f, g) be an isomorphism. Define (R, T ) in the
following way: for every b1 ∈ B1, b2 ∈ B2,(a, b) ∈ T iff
g([a]θ1) = [b]θ2 and for every d ∈ M1, e ∈ M2, (d, e) ∈ R
iff f([d]E1) = [e]E2 . Using the fact that (f, g) is an isomor-
phism, it is easy to check that (R, T ) : (M1,B1) ∼ (M2,B2)
is a relative relation. �

Remark that our approach differs from [6] because the rel-
ative relation is not a measure of the degree of similarity be-
tween structures. We left for future work the study of the re-
lationship between these two notions.

Definition 15 (R, T ) is an elementary relative relation if for
every formula φ(x1, . . . , xn) ∈ Γ and for every 0 < i ≤ n, if
(ai, bi) ∈ R, then

(‖φ(a1, . . . , an)‖B1
M1

, ‖φ(b1, . . . , bn))‖B2
M2

) ∈ T

By induction on the complexity of the formulas it is
straightforward to show that, in case (E1, θ1) and (E2, θ2) are
elementary congruences in Theorem 14, then (R, T ) is also an
elementary relative relation and (M1,B1) ≡ (M2,B2). The
following corollary show us that, when we study structures
over the same algebra, we can improve Theorem 14.

Corollary 16 Let (M1,B) and (M2,B) be two Γ-structures.
The following are equivalent:

1. There is a relative relation (R, IdB) : (M1,B) ∼
(M2,B)

2. (M1,B)r ∼= (M2,B)r

Proof: By the proof of Theorem 14. �

Let us see now an example of two fuzzy equivalence rela-
tions that are relatives but there is no homomorphism from one
onto the other. Let (M1,B) and (M2,B) be defined as fol-
lows: the domains of the structures are M1 = {d1, d2, e1, e2}
and M2 = {d′1, d′2, d′3, e′1} respectively. The fuzzy equiv-
alence relation E1 is defined by: for every i, j ∈ {1, 2},
E1(di, dj) = 1 = E1(ei, ej) and E1(di, ej) = r, where
r �= 1 is a fixed element of B. And the fuzzy equiva-
lence relation E2 is defined by: for every i, j ∈ {1, 2, 3},
E2(d′i, d

′
j) = 1 = E2(e′1, e

′
1) and E2(d′i, e

′
1) = r. It is easy
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to check that (R, IdB) : (M1,B) ∼ (M2,B), where R is the
relation R = {(di, d

′
j), (ei, e

′
j) : i, j ∈ {1, 2, 3}}.

The relation of being either a homomorphic image or a ho-
momorphic counter-image is not in general transitive. Its tran-
sitivization is precisely the relative relation, as the following
propositions show.

Lemma 17 Given an L-algebra B, ∼ is an equivalence rela-
tion in the class of B-structures.

Proof: By Corollary 16, because ∼= is an equivalence relation
on the class of reduced structures. �

Notation: Given Γ-structures (N,B) and (O,B), we denote
by (N,B) ∈ H(O,B) the fact that there exists a mapping f
from O onto N such that (f, IdB) is a homomorphism.

Proposition 18 Let (M,B) and (N,B) be two Γ-structures.
The following are equivalent:

1. (M,B) ∼ (N,B).

2. There is a natural number n and Γ-structures
(O1,B), . . . , (On,B) such that (M,B) = (O1,B),
(N,B) = (On,B) and for every 0 < i < n, either
(On+1,B) ∈ H(On,B) or (On,B) ∈ H(On+1,B).

3. There is a Γ-structure (O,B) such that
(M,B), (N,B) ∈ H(O,B).

4. There is a Γ-structure (O,B) such that (O,B) ∈
H(M,B) and (O,B) ∈ H(N,B).

Proof: 4. ⇒ 2. and 3. ⇒ 2. are clear. 1. ⇒ 4. By Corol-
lary 16. 2. ⇒ 1. By the definition of relative relation, given
two Γ-structures (O,B) and (D,B), if (O,B) ∈ H(D,B),
then (O,B) ∼ (D,B) therefore we can apply the transitive
property of the relative relation (Lemma 17).

1. ⇒ 3. Assume that there is a relative relation (R, IdB) :
(M,B) ∼ (N,B). Since dom(R) = M and rg(R) = N , we
can fix enumerations (possibly with repetitions) (dj : j ∈ J)
and (ej : j ∈ J) of M and N respectively, with the property
that, for every j ∈ J , (dj , ej) ∈ R. Now we define a structure
(O,B) and homomorphisms (fM , IdB) and (fN , IdB) from
(O,B) onto (M,B) and (N,B) respectively.

The algebraic reduct of (O,B) is the algebra TerJ of Γ-
terms generated by the set of variables VJ = {vj : j ∈ J}.
We define the function fM

0 : VJ → M as follows: for every
j ∈ J , fM

0 (vj) = dj . Then we extend fM
0 in the usual way,

to a homomorphism fM from TerJ onto M . Finally we de-
fine the interpretation of the predicate symbols in (O,B): for
each n-ary predicate P ∈ Γ and elements t1, . . . , tn ∈ O,
PO(t1, . . . , tn) = PM (fM (t1), . . . , fM (tn)). So defined
(fM , IdB) is clearly a homomorphism onto (M,B). Now we
define fN

0 by: for every j ∈ J , fN
0 (vj) = ej and we extend

fN
0 as before, to a homomorphism fN of the terms algebra

onto N . Since for every j ∈ J , (dj , ej) ∈ R, for every Γ-term
t,

(tM (dj1 , . . . , djn
), tN (ej1 , . . . , ejn

)) ∈ R

and using this fact it is easy to check that (fN , IdB) is also a
homomorphism onto (N,B). �

5 Conclusions
Work in progress includes the development of usual tools of
model theory such as the method of diagrams or ultraproducts
in order to work in fuzzy predicate logic. The use of a reduced
semantics will allow us to show when one structure is either
embeddable or elementarily embeddable in another in terms
of extensions of the usual diagrams with special sentences.
By using relative relations we could define new operations
among structures, such as ultrafilter-products, more suitable
for working with equality-free languages. Future work will be
devoted also to provide different characterizations of the re-
lation of elementary equivalence and some strenghtenings of
this notion.
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[14] G. Zubieta. Clases aritméticas definidas sin igualdad. Boletı́n
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Abstract— Although an overall knowledge discovery process con-
sists of a distinct pre-processing stage followed by the data mining
step, it seems that existing formal concept analysis (FCA) and asso-
ciation rules mining (ARM) approaches, dealing with many-valued
contexts, mainly focus on the data mining stage. An “intelligent”
pre-processing of input contexts is often absent in existing FCA/ARM
approaches, leading to an unavoidable information loss. Usually,
many-valued attribute domains need to be first fuzzily partitioned.
However, it is unrealistic that the most appropriate fuzzy partitions
can be provided by domain experts. In this paper, an unsupervised
learning stage, based on Fuzzy C-Means algorithm, is proposed in
order to get fuzzy partitions that are faithful to data for quantitative
attribute domains, and consequently for avoiding the loss of valu-
able association rules due to the use of empirical fuzzy partitions.
More precisely, the paper reports an experiment where it is shown
that some rules are no longer found because their support or confi-
dence is too low when using such empirical partitions. Experimental
results show that the learned fuzzy partition outperforms human ex-
pert fuzzy partitions. More generally, the paper provide discussions
about the handling of many-valued attributes in both fuzzy FCA and
fuzzy ARM.

Keywords— Many-valued formal contexts, fuzzy partitions,
fuzzy C-means, association rules.

1 Introduction
Association rules mining (ARM for short) [1] is one of the
most widely used data mining technique. This model of
knowledge represents the patterns of co-occurrence of items
in a collection of transactions. Typically, input data set is in
the form of sets of items called transactions (e.g. an item may
be things we buy in a market). Thus an example of an associ-
ation rule is an expression of the form “beer”∧“sausage” ⇒
“mustard” which represents the fact that purchasing beer and
sausage implies purchasing mustard with some degree. It is
important to point out that, in the classical setting, considered
input data sets (called contexts in the rest of this paper) are
binary (i.e. are expressed in terms of binary attributes).

Formal concept analysis [2] (FCA for short) consists also of
learning some knowledge representation model in an unsuper-
vised way. In the classical setting of this theory, the considered
input data set is called formal context (also called context in
this paper). It consists of a binary relation between a set of
objects and a set of properties. This relation is usually repre-
sented as a table with rows corresponding to objects, columns
corresponding to properties (or conversely), and table entries

containing 1’s or 0’s depending on whether an object has or
not the corresponding property.

It appears that, in their classical setting, both FCA and
ARM are concerned with crisp binary contexts. However real-
world data usually contain heterogenous kinds of data (binary,
categorical, quantitative, etc...). In order to generalize binary
settings to many-valued contexts (i.e. with quantitative or cat-
egorical attributes) it is usually suggested to partition quanti-
tative attribute domain into many fuzzy intervals.

Few approaches propose a complete pre-processing stage
that is intended to get an optimal fuzzy partition. In [3],
authors propose a genetic algorithm-based clustering method
that adjusts the centroids of the clusters, which are to be han-
dled as midpoints of the triangular fuzzy partitions. Another
approach, also based on genetic algorithms, is proposed in [4].
Based on a linguistic representation model, authors propose
to perform a genetic lateral tuning of the membership func-
tions. Authors consider also that each attribute has a prede-
fined number of linguistic terms associated to it. For example,
Low, Middle and High are the fuzzy linguistic terms covering
the domain of the attribute Age.

Concerning these approaches, one may notice that they
consider fuzzy partitions restricted to triangular membership
functions. On the other hand, the number of clusters has to
be empirically fixed for each attribute. Then, the fuzzy parti-
tioning may be considered as ad-hoc to some extent and is far
to be information lossless. In other words, the distribution of
the data into the context is not taken into account for the as-
sessment of discovered patterns. For this purpose, we present
an approach that consists of learning the fuzzy partitions by
means of the well-known Fuzzy C-Means algorithm. We also
consider cluster validity measures in order to get an optimal
multi-prototype context representation.

The paper is organized as follows. Section 2 gives some
basic notions of FCA and ARM frameworks, while both crisp
and fuzzy partitioning methods are reviewed. The next sec-
tion highlights the information loss problem with empirical
or expert-based fuzzy partitions. In the fourth section, data
faithful fuzzy partitions are learned using Fuzzy C-Means al-
gorithm. Experimental results on the adult database (UCI Ma-
chine Learning Repository) show that the proposed approach
avoids information loss and outperforms in terms of support
and confidence measures, expert-based partitions. Finally, we
conclude and give future perspectives.
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2 Basic Notions
This section introduces main notions and terminology for both
FCA and ARM paradigms and then, presents quantitative con-
text representation and its inherent sharp boundary problem.

2.1 Association Rules Mining

Formally, let X be a set of objects (called also trans-
actions)

(X = {x1, x2, ..., x|X |}
)

and let Y be a set of
items

(Y = {y1, y2, ..., y|Y|}
)
. A context K is denoted as

K = (X ,Y,R) where R is a binary relation (xRy indicates
that item y satisfies the transaction x). An association rule is of
the form A ⇒ B where A,B ⊆ Y , A∩B = ∅ and, A,B �= ∅.
The intended meaning of this rule is that the presence of all of
the items of A in a transaction implies the presence of all of
the items of B in the same transaction. Association rules are
assigned support and confidence measures for a given context.
The support defines the percentage of transactions that satisfy
(contain) both A and B. Whereas the confidence expresses the
conditional probability that B is satisfied given that A is satis-
fied. These measures denoted respectively Sup and Conf are
defined as:

Sup (A ⇒ B) =
|{x ∈ X | ∀y ∈ A ∪ B, xRy}|

|X | (1)

Conf(A ⇒ B) =
Sup(A ⇒ B)
Sup(A)

(2)

Hence, an itemset A is said frequent, if its support is greater
than a fixed threshold ξ (i.e. Sup(A) � ξ). A large variety of
representational and computational approaches for association
rules mining have been published in the literature in the case
of binary items. Among them, frequent-based [5] and closed-
based [6] approaches. While the former generate the lattice of
all frequent itemsets, the latter generate a more condensed rep-
resentation through the so-called closed itemsets lattice. For
instance, based on the notion of closed itemsets, and minimal
implication rules base (e.g. Duquenne-Guigues base, Luxem-
burger base) [7], association rules may be easily inferred from
a closed itemsets lattice structure without enumerating them
[8]. This kind of approach is closely related to formal concept
analysis since the closed itemsets lattice is isomorphic to the
concepts lattice which is described below.

2.2 Formal Concept Analysis

Formal concept analysis theory, proposed by [2], deals with a
particular kind of analysis of data based on a formal context.
Let us consider a similar notation as used above. A set X
of objects, a set Y of attributes and a formal context K =
(X ,Y,R) with R a binary relation (xRy means that object x
verifies attribute y). Let A (resp. B) be a subset of X (resp.
Y), two mappings ↑ and ↓ are symmetrically defined:

A ↑= {y | ∀x ∈ A, xRy}
B ↓= {x | ∀y ∈ B, xRy}

From a formal context, one can construct pairs (A, B) such
that A ↑= B and B ↓= A known as formal concepts, where
A and B are called respectively the extent and the intent of
the corresponding concept. The set B (K) of all formal con-
cepts in the formal context K is equipped with a partial order
(denoted �) defined as:

(A1, B1) � (A2, B2) iff A1 ⊆ A2 (or, equivalently,
B1 ⊇ B2)

(B (K), �) forms a complete lattice, called the concept lattice
of K (for more details on the lattice structure see [9]).

It appears that ARM and more generally FCA both re-
quire, in their classical setting, the same context representa-
tion which is a binary context.

2.3 Quantitative Context Representation

In order to generalize binary context settings to many-valued
contexts, Srikant et al. [10] suggested to partition a quantita-
tive attribute domain into intervals. In their approach, these
authors proposed to map a quantitative or categorical attribute
value into a Boolean attribute value in the following way. Let
y be an attribute whose domain is quantitative (the principle
remains the same with a categorical attribute). Let Dom (y)
denote the domain of y (according to the relational paradigm,
Dom (y) is necessarily a finite set). For a given object x we
denote by x[y] the value v of y for the object x (i.e. x[y] = v).

If the set Dom (y) consists of few values, the mapping is
straightforward. Conceptually, the authors propose to have
instead of the attribute y, as many new attributes as the cardi-
nality of the set Dom (y). The new attributes are of the form
“y.vk” (where vk ∈ Dom (y)). The values of the new binary
formal context are given as:

x[y.vk] =
{

1 if x[y] = vk

0 otherwise.

If the set Dom (y) is large, it is partitioned into different
intervals I1, I2, ..., Ip. Attributes of the new binary context
are of the form “y.Ik” and are given as:

x[y.Ik] =
{

1 if x[y] ∈ Ik

0 otherwise.

Note that in the two above cases only particular subsets (sin-
gletons or definite intervals) are allowed.

An example of a many-valued context is illustrated in Ta-
ble 1, while Table 2 gives the corresponding binary mapping.

Table 1: An example of a many-valued context.
Obj\Attr Age Marital Native Work

Status Country Class
Alice 23 single USA never-worked
Boris 24 married USA private
Cyril 31 married USA fed-gov
David 60 divorced Haiti self-emp

Table 2: An example of a many-valued context mapping.
Obj\Attr Age.[20,29] Age.[30,39] Age.[40,49] ...
Alice 1 0 0 ...
Boris 1 0 0 ...
Cyril 0 1 0 ...
David 0 0 0 ...
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2.4 Crisp vs. Fuzzy Context Representation

In [10], the authors point out a dilemma between support and
confidence measures caused by crisp partitions. On the one
hand, if the number of intervals for a quantitative attribute
is important, the support for any single interval may be low.
Hence, without using larger intervals, some rules involving
this attribute may not be found because they lack minimal sup-
port. On the other hand, if the intervals are too large, some
rules may not have minimal confidence. Indeed, when inter-
val becomes larger, the support of the antecedent A of a rule
A ⇒ B becomes higher. Consequently, the confidence of the
rule i.e. the ratio Supp (A ⇒ B) /Supp (A) decreases and
the rule may not have minimal confidence.

Besides, in [11, 12] other authors point out some undesir-
able threshold effects caused by crisp partitions. Such effects
are well-known, for instance, from histograms in statistics:
A slight variation of the boundary points of the intervals can
have a noticeable effect on the histogram induced by a num-
ber of observations. Likewise, the variation of a partition can
strongly influence the evaluation of association rules.

Considering the above dilemma and the undesirable thresh-
old effects, fuzzy partitions (in fuzzy intervals) have been
widely used instead of crisp partitions (crisp intervals). This
has led to fuzzy association rules [13, 14, 15] and to fuzzy
concepts analysis [16, 17]. For example, Table 3 illustrates
a fuzzy representation for the many-valued context given in
Table 1, when choosing the fuzzy partition F1 (see Fig. 1).

Table 3: Fuzzy representation of a many-valued context.
Obj\Attr Age.Very Age.Young Age. ...

Young Middle Age
Alice 0.4 0.6 0 ...
Boris 0.2 0.8 0 ...
Cyril 0 1 0 ...
David 0 0 0 ...

3 Information Loss in Quantitative Context

There are two distinct tendencies to transform a many-valued
context into a fuzzy partitioned one. The former is based on
human expertise, or is even given empirically. The latter uses
dedicated heuristics (e.g. [16]). These partitioning methods
induce important information loss as it will be showed in this
section. Let us before, recall the definition of a fuzzy partition.
Definition1.
A fuzzy partition of a set X on a universe U is a family
F (X) = (F1, ..., Fn) such that:

1. ∀i = 1..n Fi �= ∅ ∧ Fi �= U
2. ∀u ∈ U,

∑
i Fi (u) = 1

3.1 Empirical Fuzzy Partitions

Classical fuzzy set theory has a powerful tool to manage gran-
ularity, namely linguistic variables, introduced by Zadeh [18].
Fuzzy partitions are generally based on those linguistic vari-
ables. However the complete specification of a linguistic vari-
able may obviously differ from a user to another. For example,
in a survey of the literature [11, 12, 14, 15] related to fuzzy

association rules discovery, one may find different fuzzy rep-
resentations of the attribute Age. These partitions F1, F2, F3,
F4 are respectively showed in Fig. 1, Fig. 2, Fig. 3, Fig. 4.
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Figure 1: Fuzzy partition F1 given in [14].
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Figure 2: Fuzzy partition F2 given in [15].
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Figure 3: Fuzzy partition F3 given in [11].
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Figure 4: Fuzzy partition F4 given in [12].

In order to highlight the information loss that may arise
with a given fuzzy context compared to another one, we
induce all the fuzzy association rules w.r.t a fixed sup-
port threshold ξ. The Adult benchmark database (UCI
Machine Learning Repository) available at http://www.ics.
uciedu/mlearn/MLRepositery is taken as a target context for
our experiments. Note that, we have restricted the Adult con-
text up to six categorical attributes (i.e. Marital Status, Na-
tive Country, Work Class, Salary Class, Education, Occupa-
tion) and one quantitative attribute (i.e. Age). According to
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the fuzzy partitions represented respectively in Fig. 1, Fig. 2,
Fig. 3, Fig. 4 (namely F1, F2, F3, F4) we apply the fuzzy as-
sociation rules mining algorithm that is fully described in [13]
for each of the four fuzzy Adult contexts.

Note that, the algorithm in [13] uses a co-occurrence se-
mantics [19] for fuzzy rules. However the information loss
phenomenon could be observed as well with gradual or cer-
tainty semantics [19] .

Thus among the fuzzy rules induced by each partition
F1-F4, we have chosen the following association rules to
illustrate information loss:
R1:(Age.young)⇒(MaritalStatus.single)
R2:(Age.middle)⇒(WorkClass.private)
R3:(Age.young)⇒(WorkClass.private)
R4:(Age.middle)∧(WorkClass.private)⇒(NativeCountry.USA)

By analyzing the results, illustrated in Table 4, it may be
remarked that:

1. Different support and confidence measures are found.
This confers an uncertainty to the final decision process.

2. More important is a clear information loss materialized
by the non discovery of many rules. For example, the rule
R1 does not exist in the fuzzy context F1 even though
this fuzzy context contains the fuzzy label young.

Besides, defining such fuzzy partitions may not be intuitive for
humans. This is especially true for attributes where there does
not exist a more or less standard linguistic vocabulary which
fuzzily partition the attribute domain.

Table 4: Information loss for expert fuzzy partitioning.
R1 R2 R3 R4
Sup/Conf Sup/Conf Sup/Conf Sup/Conf

F1 � 0.26/0.72 � 0.13/0.90
F2 0.08/0.77 0.17/0.68 0.31/0.75 0.08/0.88
F3 0.05/0.98 � � 0.20/0.92
F4 0.13/0.59 0.47/0.77 � 0.30/0.94

where the mark � indicates that the rule could not be dis-
covered since it lacks support.

3.2 Heuristic-Based Contexts Mapping

The second family of approaches deals with a particular gen-
eralization of many-valued contexts based on some heuristics
depending on the nature of the context. In [16] a “single-
pivot” representation is proposed. The so-called pivot is taken
as the maximum value in the attribute domain. The equiv-
alent fuzzy context is obtained by dividing the quantitative
values by the maximal value of the domain, thus achieving
the estimation of a fuzzy proximity to the maximum value.
For example, the equivalent fuzzy representation of the at-
tribute Age given in Table 1 will be: {(Alice,0.38), (Boris,0.4),
(Cyril,0.51), (David,1)}. One may remark that some non uni-
form data distribution (e.g. with few values near the pivot and
almost all values far from it) will lead to an unavoidable infor-
mation loss for any knowledge discovery process.

As a summary, it appears that empirical, or heuristic-based
fuzzy partitioning for data mining applications may be not

well-suited. Indeed, in [20] two important stages (i.e. Pro-
cessing and Transformation) are intended to get a well-suited
representation for the next data mining stage. This is why, we
propose a fuzzy learning stage.

4 Learning Fuzzy Partitions
The Fuzzy C-Means algorithm [21, 22] is one of the strongest
and widely used fuzzy clustering method. It is based on an it-
erative optimization of a fuzzy objective function. This func-
tion characterizes the partition and is given as:

Jm (X, U, V ) =
n∑

j=1

c∑
k=1

µm
jk ‖xj − vk‖2 (3)

where X = {x1, ..., xn} represents the domain to parti-
tion, V = {v1, ..., vc} represents the set of cluster centers and
U = (µki)n×c is the fuzzy partition matrix composed of the
membership degree of each item xj in each cluster k. The
exponent m is a parameter called fuzzifier.

The distance measure usually used is the Euclidian distance
between a datum and a prototype (cluster center). Each cluster
Vk is determined as:

Vk =

∑n
j=1 (µjk)m

xj∑n
j=1 (µjk)m (4)

Whereas the elements µjk of the fuzzy partition matrix are
given as:




µjk = 0 if Jj �= ∅ ∧ k /∈ Jj

∑
k∈Jj

µjk = 1 if Jj �= ∅ ∧ k ∈ Jj

µjk = 1∑ c
l=1

(
‖xj−vk‖2

‖xj−vl‖2

) 1
m−1

if Jj = ∅
(5)

with Jj = {k | 1 � k � c, ‖xj − vk‖ = 0}
4.1 Algorithm

The proposed algorithm integrates cluster validity measures
[23] in order to obtain an optimal fuzzy partition. It takes
as input a minimal (resp. maximal) number of fuzzy parti-
tions allowed, denoted Cmin (resp. Cmax). It takes also a
fixed threshold tolerance denoted θ. The vector V contains the
cluster centers and it is randomly initialized. The algorithm is
given as follows:
Begin.
1: Cmin := 2; Cmax := 10;
2: θ := 0.001;
3: For l:=Cmin To Cmax Do
4: Initialize V (l) randomly;
5: Compute the partition matrix U (l) with expression (5);
6: Compute the objective function J with (3);
7: Update the cluster centers using (4);
8: Compute the new partition matrix with (5);
9: Compute the new objective function Jnew;
10: If (J − Jnew) < θ goto 3 else goto 7;
11: End For
12: Determine l s.t. V pc(l) = min (V pc(k))k=Cmin,Cmax

13: Return V (l), U (l)
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End.

Definition2.
The equivalent fuzzy representation of a quantitative attribute
y corresponds to the pair (Fy, Uy) where:

Fy = {y.V1, .., y.Vk, .., y.Vc}
Uy (xi, y.Vk) = µik

This definition means also that we have chosen to label each
fuzzy cluster k by its prototype (cluster center) Vk. Consider-
ing that membership degrees to these fuzzy clusters are deter-
mined using a distance measure (i.e. Euclidian distance), the
semantics attached to the discovered fuzzy association rules
Y.Vk(−→y ) ⇒ Z.Vl(−→z ) is of the type: the presence of −→y ’s
near to the prototype Y.Vk, imply the presence of −→z ’s near to
the prototype Z.Vl.

4.2 Cluster validity measures

Our algorithm is implemented considering two options:
i) the end-user may specify the number c of partitions, and
even the center of classes (i.e. V1, ..., Vc),
ii) the learning algorithm determines itself the optimal number
of classes using the Vpc validity measure as done in the above
algorithm.

The partition coefficient (Vpc) [23] measure has been cho-
sen since this measure is based on the subsethood degrees µjk.
It is given as:

V pc =
1
n

n∑
j=1

c∑
k=1

µ2
jk (6)

5 Experimental Results
All experiments were performed on a 3.0 Ghz Pentium-IV PC
with 512 MB main memory running on Microsoft Windows
XP. Algorithms were implemented in C++.

The fuzzy association rules mining algorithm is an A-
PRIORI like implementation. Cardinalities of fuzzy sets are
computed using a Σ−count operator. While conjunction in
expressions of support and confidence, resp. (1) and (2), is
performed using the min operator. We have also considered
weighted α−cuts for computing support and confidence mea-
sures which avoids accumulation of small (irrelevant) cardi-
nalities. The reader is referred to [13] for complete details.

Experiments were performed on the Adult database (see
section §3.1.). Many objects in the Adult context contain miss-
ing (null) values. Such objects have been deleted from the
initial context which reduces the size of the considered con-
text to 32561 objects. The probability distribution for the Age
attribute is represented in Fig. 5.

Our fuzzy partition learning process for the Age attribute
yields two fuzzy clusters and induces the partition:

Fage = {age.25, age.43}
where 25 and 43 correspond to the prototypes (cluster cen-
ters). The complete partition is showed in Fig. 6.

According to the partition Fage, we show below some new
fuzzy association rules that are now discovered.

(Age.25)∧(Workclass.Private)⇒(NativeCountry.USA)

Figure 5: Probability distribution for Age attribute in Adult
context.

Figure 6: The learned fuzzy partition for Age attribute in Adult
context.

[support=0.32;confidence=0.89]

(Age.25)∧(Workclass.Private)∧(NativeCountry.USA)⇒
(Salary Class.LeastThan50K$ ) [support=0.31;confidence=1]

(Age.43)⇒(Workclass.Private)
[support=0.24;confidence=0.69]

(Age.25)⇒(Workclass.Private)
[support=0.35;confidence=0.94]

(Age.43)∧(Workclass.Private)⇒(NativeCountry.USA)
[support=0.32;confidence=0.89]

It has been checked that, related to the prototypes,
almost all rules are now discovered. For instance,
the fourth above rule is a counterpart of the rule R3
((Age.young)⇒(WorkClass.private)), which was not found
using the three partitions F1, F3, F4.

6 Conclusion and Perspectives
This paper deals with the transformation stage in a knowledge
discovery process. An automatic approach is proposed for the
mapping of a many-valued context into a fuzzy context. This
mapping is achieved using a fuzzy clustering method. The dif-
ficulties of humans for determining fuzzy partitions and fuzzy
grades are avoided, which makes things easier for end-users in
real life applications. The Fuzzy C-Means algorithm has been
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chosen as a strong means to get optimized fuzzy partitions.
Besides experimental results show that the proposed approach
avoids information loss, which departs from the results of al-
most all existing approaches.

As a first perspective, we intend to enlarge the fuzzy par-
titions setting by allowing a hierarchical clusters representa-
tion. Similar ideas were already explored at least in two differ-
ent ways. Wolff in [24] proposes a so-called conceptual scale
theory which handles many-valued (quantitative) attributes in
a fuzzy setting without being restricted to particular subsets
(singletons or definite intervals). Bosc et al. in [25] have out-
lined a knowledge extraction method based on the idea on the
fuzzy summarization of data, which may also be used in order
to cluster data in a hierarchical-like way.

As pointed out in [26] fuzzy association rules may be also of
interest for their increased expressivity. That’s why, we intend
secondly to investigate other semantics than co-occurrence,
namely the one of gradual and certainty rules.

Lastly, it is worth of interest to enlarge fuzzy contexts to in-
complete information fuzzy contexts (i.e. with unknown val-
ues) [27],[28].
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Abstract— In this paper a wide class of sequencing problems with

imprecise parameters is discussed. The imprecision is modeled by us-

ing closed intervals and fuzzy intervals, whose membership functions

are regarded as possibility distributions for the values of unknown

parameters. A possibilistic interpretation of fuzzy problems is pro-

vided, some solution concepts are proposed and some algorithms for

computing the solutions are designed.

Keywords— Sequencing, min-max regret, possibility theory,
fuzzy interval, fuzzy optimization and design

1 Introduction
In a sequencing problem we wish to find a feasible order of el-
ements, called jobs, to achieve some goal. This goal typically
depends on job completion times and may also depend on
some other job parameters such as due dates or weights. There
are a lot of deterministic sequencing problems with different
computational properties and a comprehensive description of
them can be found for instance in [1]. Unfortunately, most of
sequencing problems turned out to be NP-hard but there are
also some important problems for which efficient polynomial
algorithms exist.

Sequencing problems involve many parameters whose ex-
act values are often unknown. For instance, a job processing
time, which is a crucial parameter in all sequencing problems,
is rarely precisely known. In order to model such a situation a
stochastic approach can be applied (see e.g. [2]), where for ev-
ery unknown parameter a probability distribution is specified
and, typically, the expected cost of a solution is minimized.
The stochastic approach has several drawbacks. Namely, it
may be hard or expensive to estimate the probability distri-
butions for the parameters. Also, minimizing the expected
performance may be not reasonable if the obtained solution
is used only once.

In practice, decision makers are often interested in minimiz-
ing the cost of a decision in the worst case, that is under the
worst realization of parameters that may occur. In recent years
a robust approach do discrete optimization has attracted a con-
siderable attention. In this approach we specify a scenario

set containing all possible realizations of parameters which
may occur. No probability distribution over the scenario set is
given. One of methods of determining the scenario set consists
of specifying an interval of possible values for every unknown
parameter. A scenario set is then the Cartesian product of all
the uncertainty intervals. A natural criterion for choosing a
solution under imprecision is the maximal regret, which ex-
presses the maximum distance of a solution from optimality

over all scenarios [3]. A deeper discussion on using the maxi-
mal regret criterion in decision making under uncertainty can
be found in [4]. The class of min-max regret sequencing prob-
lem with interval parameters has been discussed in a number
of papers, for instance in [5, 6, 7, 8, 9, 10, 11, 12]. We briefly
describe the known results in this area later in this paper.

In recent years, theory of fuzzy sets has been applied to
model the imprecision in optimization, in particular in se-
quencing problems. A good review of different concepts in
fuzzy optimization can be found in [13]. In papers [14, 15, 16]
some single machine sequencing problems with fuzzy pro-
cessing times, fuzzy due dates and fuzzy precedence con-
straints have been discussed. In these papers a fuzzy due date
expresses a degree of satisfaction with job completion time
and a sequence is computed, which maximizes the minimum
satisfaction or the sum of satisfactions over all jobs. In [17] an
alternative approach has been proposed, where the possibility
or necessity of job delays is minimized. Also, in [18] an op-
timality evaluation of sequences under fuzzy parameters has
been investigated. We recall and extend this approach here.

In this paper we wish to propose a new approach to se-
quencing problems with fuzzy parameters. We generalize the
min-max regret problems with interval parameters to the fuzzy
case by extending the interval uncertainty representation to the
fuzzy interval one. The fuzzy parameters induce a possibility
distribution over the scenario set, which becomes then reacher
in information than the classical scenario set. We provide a
possibilistic interpretation of the obtained fuzzy problem and
describe a solution concept, which is an adaptation of the el-
egant solution method proposed in [19] for fuzzy linear pro-
gramming. This solution concept has been recently adopted
in [20] for a class of combinatorial optimization problems.
Apart from showing a general framework, we also point out
some difficulties which arise when one try to solve a particular
problem. Contrary to the class of combinatorial optimization
problems described in [20], the sequencing problems are typ-
ically more complex to solve and there are very few general
properties that are valid for all problems. However, as for the
problems described in [20], the main computational difficul-
ties are in the classical interval case and the algorithms known
for the interval uncertainty representation can be generalized
to the fuzzy case.

This paper is organized as follows. In Section 2 we recall
the definition of the classical deterministic sequencing prob-
lem. In Section 3 we present the min-max regret approach to
sequencing problems with interval parameters - we provide a
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general formulation and we recall some known results in this
area. Finally, in Section 4 we introduce the class of sequenc-
ing problems with fuzzy parameters. We give a link between
the fuzzy problems and the min-max regret ones. We con-
struct some general methods of solving a fuzzy problem and
we illustrate them using a sample problem.

2 Deterministic sequencing problems
We are given a set of jobs J = {J1, . . . , Jn}, which may be
partially ordered by some precedence constraints of the form
i → j, where i, j ∈ J . For the simplicity of notations we will
identify every job Ji ∈ J with its index i ∈ {1, . . . , n}. A
solution is a sequence (permutation) σ = (σ(1), . . . , σ(n)) of
J and it represents an order in which the jobs are processed.
A sequence σ is feasible if i → j, i �= j, implies that job j
appears after i in σ. We will denote by SSS the set of all feasible
sequences. We use Ci(σ) to denote the completion time of
job i in sequence σ. In a single machine case, a processing
time pi is given for every job i ∈ J and if i = σ(k), then
Ci(σ) =

∑k
j=1 pσ(j). If every job must be processed on m >

1 machines, first on machine 1 next on machine 2 and so on,
then we get the permutation flow shop problem. In this case
pij is a processing time of job i on machine j and Ci(σ) is the
time when job i is finished on the m-th machine (see Figure 1).

1:

2:

3: J2

J2

J2

J1

J1

J1

J3

J3

J3

Figure 1: A permutation flow show problem with m = 3, n =
3 and the schedule that corresponds to the sequence (2, 1, 3).

For every job i ∈ J , there is a cost function fi : R →
R, which measures the cost of completing i at time t. The
value of this function may depend on some other parameters
associated with job i such as due date di or weight wi. Finally,
F (σ) denotes a cost of sequence σ. There are two general
types of the cost function F (σ), namely a bottleneck objective

F (σ) = maxi=1,...,n fi(Ci(σ)) and a sum objective F (σ) =∑n
i=1 fi(Ci(σ)).
In a deterministic sequencing problem we seek a feasible

sequence of the minimal cost, that is we solve the following
optimization problem:

min
σ∈SSS

F (σ). (1)

Our analysis in the next sections of this paper will be based
on the concept of a deviation. In the deterministic case the
deviation of a sequence σ expresses its distance to optimum
and is defined as follows:

δσ = F (σ) − min
ρ∈SSS

F (ρ). (2)

Obviously, σ is optimal if and only if δσ = 0. If the deviation
is positive, then it indicates a distance of σ from optimality.

Sequencing problems are usually described by using a con-
venient Graham’s notation. So, every sequencing problem can
be denoted by a triple α|β|γ, where α is the machine environ-
ment (α = 1 for the single machine case), β specifies the job

characteristic and γ describes the objective function. The fol-
lowing examples of sequencing problems are well known and
will be explored later in this paper:

• 1|prec|Lmax. In this problem we seek a sequence, which
minimizes the maximum lateness. So, the bottleneck ob-
jective is maxi∈J{Ci(σ) − di}. We can generalize this
problem by minimizing the maximal weighted lateness
or modify it to minimize the maximal weighted tardiness

(see [1]).

• 1||
∑

Ci. In this problem there are no precedence con-
straints between jobs and we seek a sequence for which
the sum of completion times of all jobs, i.e. the total flow

time
∑

i∈J Ci(σ), is minimal.

• 1|pi = 1|
∑

wiUi. In this problem there are no prece-
dence constraints between jobs and all jobs have unit pro-
cessing times. A job is late in σ if Ci(σ) > di. In this
case we write Ui(σ) = 1 and Ui(σ) = 0 otherwise. The
cost of σ is

∑
i∈J wiUi(σ), so it expresses the weighted

number of late jobs.

• Fm||Cmax. This is the permutation flow shop problem
with m > 1 machines. There are no precedence con-
straints between jobs and the bottleneck cost of σ is the
makespan maxi∈J Ci(σ), that is the completion time of
the last job on the last machine. The problem is polyno-
mially solvable only if m = 2 and becomes NP-hard for
m ≥ 3 (see [1]).

The above examples illustrate a large variety of basic se-
quencing models. As we will see in the next section, they
have quite different computational properties under impreci-
sion and the state of the art in this area is still far from being
complete.

3 Minmax regret sequencing problems
In practice, the exact values of parameters in a sequencing
problem such as processing times, due dates or weights may
be not precisely known. Assume that we have l parameters
and the value of a parameter ξi, i = 1, . . . , l, may fall within a
closed interval [ξ

i
, ξi] independently of the values of the other

parameters. A parameter ξi is precise if ξ
i

= ξi. Every vec-
tor S = (s1, . . . , sl) ∈ Rl such that si ∈ [ξ

i
, ξi] is called a

scenario and it expresses a possible state of the world, where
ξi = si for i = 1, . . . , l. A scenario is called extreme if all
parameters take the lower or upper bounds in their uncertainty
intervals. We use Γ to denote the set of all possible scenar-
ios. Hence Γ is the Cartesian product of all the uncertainty
intervals. Now the cost of a sequence σ depends on scenario
S ∈ Γ and we will denote it as F (σ, S). We will also denote
by F ∗(S) the cost of an optimal sequence under scenario S.
In order to obtain the value of F ∗(S) we need to solve prob-
lem (1) under the fixed realization of parameters S. It is clear
that deviation of σ also depends on scenario S and we will
denote it as δσ(S) = F (σ, S) − F ∗(S).

Now the optimality of a sequence σ can be characterized
by a deviation interval [δσ, δσ], where δσ = minS∈Γ δσ(S) is
the minimal deviation and δσ = maxS∈Γ δσ(S) is the maxi-
mal deviation over all scenarios. The quantity δσ is called in
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literature the maximal regret of σ and it expresses the largest
distance of σ from optimum over the scenario set Γ. A sce-
nario Sσ , for which the deviation of σ attains maximum, is
called a worst case scenario for σ. So, under the interval un-
certainty representation, we only know that δσ ∈ [δσ, δσ] and
we can give the following characterization of a feasible se-
quence: a sequence σ is possibly optimal if δσ = 0 and it is
necessarily optimal if δσ = 0. Notice that a sequence is pos-
sibly optimal if and only if it is optimal under some scenario
S ∈ Γ and it is necessarily optimal if and only if it is optimal
for all scenarios S ∈ Γ.

Now the question arises which sequence of SSS should be
chosen. A necessarily optimal one is a natural choice. How-
ever, it rarely exists in most practical situations, because the
necessary optimality is very strong criterion. In a more rea-
sonable approach we can minimize the the maximal regret,
that is the quantity δσ , which may be viewed as a distance
to the necessary optimality. As a result we get the following
min-max regret sequencing problem:

min
σ∈SSS

δσ. (3)

We call an optimal solution to (3) a min-max regret sequence.
In the next section we briefly review some known facts on
problem (3).

3.1 Complexity of min-max regret sequencing problems

The first problem that arises while analyzing a particular min-
max regret sequencing problem is the computation of the max-
imal regret for a given sequence σ, that is the quantity δσ .
Unfortunately, contrary to the class of problems discussed
in [20], there is no general method of performing this task.
For the problems considered in [20], it is possible to find two
extreme scenarios that maximize and minimize the deviation
and, consequently, the computation of the maximal regret has
the same complexity as the deterministic problem. For se-
quencing problems the situation is much more complex. First
of all, for some problems there may be no extreme scenario
that maximizes (minimizes) the deviation [21]. Furthermore,
computing the maximal regret may be much more time con-
suming than solving a deterministic problem. For instance, in
the min-max regret 1||

∑
Ci problem with interval processing

times, computing δσ requires solving an assignment problem
while an optimal sequence under a given scenario can be com-
puted in O(n log n) time. An extreme case has been described
in [9], where a permutation flow shop problem with m ma-
chines and with interval processing times and with only 2 jobs
has been discussed. Since the solution set contains only two
sequences, the total computational effort is focused on com-
puting the maximal regret of a given sequence.

It is not surprising that min-max regret sequencing prob-
lems are typically hard to solve. There are only several prob-
lems that are known to be polynomially solvable. A poly-
nomial algorithm for 1|prec|Lmax with interval processing
times and interval due dates has been constructed in [6].
A polynomial algorithm for 1|prec|max wiTi with interval
weights and precise processing times and precise due dates
has been proposed in [8]. Apart from this two problems, only
some very special cases are known to be polynomially solv-
able, for instance Fm||Cmax with interval processing times
and only two jobs [9] and 1|pi = 1|

∑
wiUi with interval

weights and a precise common due date (d1 = d2 = · · · =
dn) [21]. This latter problem is equivalent to the min-max re-
gret version of the selecting items problem, which is known to
be polynomially solvable [21, 22].

Among the known negative results, the most important one
has been obtained in [10], where it has been shown that the
min-max regret 1||

∑
Ci problem with interval processing

times is NP-hard. This problem is also known to be approx-
imable within 2 [12] and can be solved by using a mixed in-
teger programming formulation proposed in [11]. However,
the complexity status of a number of basic problems is still
unknown. We do not know whether F2||Cmax with inter-
val processing times is NP-hard. We can, however, compute
the maximal regret of a given sequence and solve the prob-
lem by using a branch and bound algorithm [7, 3]. Also the
problem 1|pi = 1|

∑
wiUi with interval weights and arbitrary

precise due dates and the problem 1|prec|max wiLi with in-
terval processing times, interval due dates and precise weights
are open. The former problem can be solved by a mixed in-
teger programming formulation [21]. There are also a large
number of different sequencing problems whose min-max re-
gret versions have never been investigated and they should be
the subjects of further research.

4 Fuzzy sequencing problems
In this section we propose an extension of the min-max re-
gret approach to sequencing problems. We will apply fuzzy
intervals to model the imprecise parameters and we will use
possibility theory to define a solution concept. A comprehen-
sive description of possibility theory can be found in [23].

4.1 Basic notions on possibility theory

A fuzzy interval Ã is a fuzzy set in the space of reals whose
membership function µÃ is normal, quasi concave and up-
per semicontinuous. It is typically assumed that the sup-
port of a fuzzy interval is compact. The main property of
a fuzzy interval is the fact that all its λ-cuts, that is the sets
Ãλ = {x : µÃ(x) ≥ λ}, λ ∈ (0, 1], are closed intervals. We
will assume that Ã0 is the smallest closed set containing the
support of Ã. So, every fuzzy interval Ã can be represented
as a family of closed intervals Ãλ = [aλ, aλ], parametrized
by the value of λ ∈ [0, 1]. In many practical applications,
the class of trapezoidal fuzzy intervals is used. A trapezoidal
fuzzy interval, denoted by a quadruple (a, a, α, β), can be
represented as the family [a − α(1 − λ), a + β(1 − λ)] for
λ ∈ [0, 1]. Notice that this representation contains classical
intervals (α = β = 0) and real numbers (additionally a = a)
as special cases.

In this paper we adopt a possibilistic interpretation of a
fuzzy interval [23]. Assume that for an imprecise real quantity
ξ a fuzzy interval with membership function µξ is given. This
membership function expresses a possibility distribution for
the values of ξ, namely Π(ξ = x) = µξ(x) is the possibility
of the event that ξ will take the value of x. It is easily seen that
the closed interval [ξλ, ξ

λ
], λ ∈ [0, 1], contains all values of ξ,

whose possibility of occurrence is not less than λ. In partic-
ular, the interval [ξ0, ξ

0
] should contain all possible values of

ξ, while the interval [ξ1, ξ
1
] should contain the most plausible

ones. Some methods of obtaining the possibility distribution
of an unknown quantity can be found in [23].
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Let G̃ be a fuzzy set in the space of reals with membership
function µG̃. Then ξ ∈ G̃ is a fuzzy event and the necessity
that ξ ∈ G̃ holds is defined in the following way:

N(ξ ∈ G̃) = 1 − Π(ξ /∈ G̃) =
= 1 − sup

x∈R

min{µξ(x), 1 − µG̃(x)} (4)

where 1 − µG̃(x) is the membership function of the com-
plement of the fuzzy set G̃. It is not difficult to see that if
G̃ = (0, g, 0, β) = (g, β), then the following equality is true:

N(ξ ∈ G̃) = 1 − inf
λ∈[0,1]

{ξ
λ
≤ g1−λ} (5)

and N(ξ ∈ G̃) = 0 if ξ
1

> g0. Equality (5) is illustrated in
Figure 2.

1

µξ(x)µG̃(x) 1 − µG̃(x)

λ∗

x

Figure 2: N(ξ ∈ G̃) = 1 − λ∗.

4.2 Possibilistic sequencing problem

Assume that for every unknown parameter ξi, i = 1, . . . , l,
in a sequencing problem a fuzzy interval with membership
function µξi

is specified. According to the interpretation given
in the previous section µξi

is a possibility distribution for the
values of ξi. Under the assumption that all parameters are
unrelated, there is a possibility distribution over all scenarios
S = (s1, . . . , sl) ∈ Rl defined as follows:

π(S) = Π

(
l∧

i=1

[ξi = si]

)
= min

i=1,...,l
Π(ξi = si) =

= min
i=1,...,l

µξi
(si).

(6)

So, the value of π(S) express the possibility of the event that
scenario S will occur. Notice that we generalize in this way
the scenario set Γ ⊂ Rl described in Section 3. Indeed, for
the interval uncertainty representation π(S) = 1 if S ∈ Γ and
π(S) = 0 otherwise. In the fuzzy case π(S) may take any
value in the interval [0, 1] so fuzzy intervals allow us to model
the imprecision in a more sophisticated manner.

In the interval case the value of deviation δσ falls within a
closed interval. Analogously, in the fuzzy case it falls within a
fuzzy interval with membership function µδσ

. Of course, µδσ

is a possibility distribution for the values of δσ and, according
to possibility theory, it is defined as follows:

µδσ
(x) = Π(δσ = x) = sup

{S: δσ(S)=x}

π(S). (7)

Recall that the statement ”‘σ is optimal”’ is equivalent to the
assertion δσ = 0. Consequently, we can define the degrees

of possible and necessary optimality of a given sequence as
follows:

Π(σ is optimal) = Π(δσ = 0) = µδσ
(0), (8)

N(σ is optimal) = N(δσ = 0) = 1 − sup
x>0

µδσ
(x). (9)

As in the interval case, a question arises which sequence
should be chosen. In order to perform this task we adopt a
concept first applied to fuzzy linear programming in [19]. As-
sume that a decision maker knows his/her preference about the
sequence deviation and expresses it by using a fuzzy interval
G̃ = (g, β). So, the values of deviation in [0, g] are fully ac-
cepted, the values in [g +β,∞) are not at all accepted and the
degree of acceptance decreases from 1 to 0 in [g, g + β]. Our
aim is to compute a feasible sequence σ ∈ SSS , for which the
necessity of the event δσ ∈ G̃ is maximal, namely we wish to
solve the following optimization problem:

max
σ∈SSS

N(δσ ∈ G̃). (10)

This solution concept has been first proposed for linear
programming problem with fuzzy objective function coef-
ficients [19]. Observe that (10) can also be expressed as
minσ∈SSS Π(δσ ∈ G̃d), where G̃d is the complement of the
fuzzy goal G̃ with membership function 1 − µG̃(x). If we fix
G̃ = (0, 0) in (10), then we get a special case, in which we
seek a feasible sequence that maximizes the degree of neces-
sary optimality:

max
σ∈SSS

N(δσ = 0) = max
σ∈SSS

N(σ is optimal). (11)

We focus now on a method of solving the problem (10).
According to equality (5), the problem (10) is equivalent to
the following optimization problem:

min λ

δ
λ

σ ≤ g1−λ

σ ∈ SSS
λ ∈ [0, 1]

(12)

If λ∗ is the optimal objective value and σ∗ is an optimal solu-
tion to (12), then N(δσ∗ ∈ G̃) = 1 − λ∗. If (12) is infeasible,
then N(δσ ∈ G̃) = 0 for all feasible sequences σ. Of course,
if we replace expression g1−λ with 0 in (12), then we get an
equivalent formulation of the problem (11).

Let us focus now on the quantity δ
λ

σ . The closed interval
[δλ

σ, δ
λ

σ], λ ∈ [0, 1], contains all values of deviation δσ , whose
possibility of occurrence is not less than λ. So

δ
λ

σ = sup
{S :π(S)≥λ}

{F (σ, S) − F ∗(S)} (13)

is the greatest deviation of σ, whose possibility of occurrence
is not less than λ. From the definition of π(S) it is easy to
see that {S : π(S) ≥ λ} = [ξλ

1
, ξ

λ

1 ] × · · · × [ξλ

l
, ξ

λ

l ] = Γλ.

Consequently, the quantity δ
λ

σ is the maximal regret of σ in the
min-max regret version of the problem with scenario set Γλ.
In particular, the condition δ

λ

σ ≤ 0 means that σ is necessarily
optimal under Γλ.
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Let us point out that the fuzzy problem is not simpler than
the corresponding min-max regret one. Indeed, the interval
uncertainty representation is a special case of the fuzzy one.
If we additionally fix G̃ = (0,M) for a sufficiently large M ,
then the fuzzy problem is equivalent to the min-max regret
one.

Observe that δ
λ

σ is a nonincreasing and g1−λ is a nonde-
creasing function of λ. In consequence, the problem (12) can
be solved be a standard binary search technique if we only can
decide somehow whether there is a feasible sequence σ ∈ SSS

fulfilling inequality δ
λ

σ ≤ g1−λ for a fixed λ ∈ [0, 1]. This task
is easy if we have an algorithm for the corresponding min-max
regret sequencing problem with interval parameters. Solving
this problem for scenario set Γλ we get a min-max regret se-
quence σ∗. Then δ

λ

σ ≤ g1−λ for some σ ∈ SSS if and only
if δ

λ

σ∗ ≤ g1−λ. Notice that in the problem (11) it is enough
to detect a necessarily optimal sequence for scenario set Γλ,
which may be computationally easier than solving the min-
max regret problem. The binary search algorithm is shown in
Figure 3.

1: Find a min-max regret sequence σ under Γ1

2: if δ
1

σ > g0 then return ∅
3: λ1 ← 0.5, k ← 1, λ2 ← 0
4: while |λ1 − λ2| ≥ ε do
5: λ2 ← λ1

6: Find a min-max regret sequence ρ under Γλ1

7: if δ
λ1

ρ ≤ g1−λ1 then
8: λ1 ← λ1 − 1/2k+1, σ ← ρ
9: else

10: λ1 ← λ1 + 1/2k+1

11: end if
12: k ← k + 1
13: end while
14: return σ

Figure 3: Solving the problem (10) with a given precision ε ∈
(0, 1). Algorithm returns ∅ if N(δσ ∈ G̃) = 0 for all σ ∈ SSS.

It is easy to check that if the min-max regret problem with
interval parameters can be solved in f(n) time, then the corre-
sponding fuzzy problem is solvable in O(f(n) log ε−1) time.
W thus can see that the problem with fuzzy parameters boils
down to solving a small number of min-max regret sequenc-
ing problems. So, every exact algorithm for the min-max re-
gret problem can easily be adopted for the more general fuzzy
case. In [6] a polynomial algorithm for the min-max regret
1|prec|Lmax problem with interval processing times and in-
terval due dates has been constructed. Consequently, the fuzzy
1|prec|Lmax problem is solvable efficiently as well because
we can use this algorithm as a subroutine in the binary search.

The binary search algorithm is the most general method of
solving the fuzzy problem which, however, requires a given
precision of calculations. The formulation (12) sometimes al-
lows us to design an exact algorithm based on a mixed integer
programming (MIP) formulation. The obtained MIP model
can be then solved by using some standard packages such as
CPLEX or GLPK. We will show an example in the next sec-
tion.

4.3 The fuzzy problem 1||
∑

Ci

Assume that for every job i ∈ J , a fuzzy processing time with
possibility distribution µpi

is given. A scenario in this problem
is a particular realization of the processing times. The cost of a
sequence σ under S is the total flow time, that is the sum of job
completion times. Under a given processing times scenario
S, an optimal sequence can be obtained in O(n log n) time
by ordering the jobs with respect to nondecreasing processing
times [1].

We first show that the problem of computing the most nec-
essarily optimal sequence, i.e. the problem (11), is efficiently
solvable. Let us fix λ ∈ [0, 1] and consider the min-max regret
1||
∑

Ci problem with interval processing times specified by
scenario set Γλ = [pλ

i
, pλ

i ]×· · ·×[pλ
n
, pλ

n]. Consider a scenario
S ∈ Γλ such that under this scenario the processing times are
1
2 (pλ

i
+pλ

i ) for i ∈ J . We can compute in O(n log n) time and

optimal sequence ρ under S. It turns out that δ
λ

ρ ≤ 2δ
λ

σ for all
sequences σ (see [20]). In consequence, if there is a neces-
sarily optimal sequence σ such that δ

λ

σ = 0, then ρ must also
be necessarily optimal. We thus have an efficient method of
detecting a necessarily optimal sequence and the problem (11)
can be solved in O(n log n log ε−1) time by using the binary
search shown in Figure 3.

We now focus on the more general problem (10). Unfor-
tunately, this problem is NP-hard because the corresponding
min-max regret problem with interval processing times is NP-
hard [10]. Using the formulation (12) we will show that it is
possible to design a mixed integer linear programming model
to solve the fuzzy problem. Let A be the set of all binary
vectors (xij), i = 1, . . . , n, j = 1 . . . , n, fulfilling the so
called assignment constraints, that is

∑n
i=1 xij = 1 for all

j = 1, . . . , n and
∑n

j=1 xij = 1 for all i = 1, . . . , n. A vec-
tor (xij) ∈ A represents a sequence σ in which xij = 1 if
job i ∈ J occupies position j in σ. Obviously, there is one to
one correspondence between the sequences of the set of jobs
J and the vectors in A (recall that there are no precedence
constraints in J). If (xij) ∈ A corresponds to sequence σ,
then the maximal regret of σ under scenario set Γλ can be
computed in the following way [3, 11]:

δ
λ

σ = max
(zij)∈A

n∑
i=1

n∑
j=1

cλ
ijzij , (14)

where

cλ
ij = pλ

i

j∑
k=1

(j − k)xik + pλ

i

n∑
k=j+1

(j − k)xik. (15)

Observe that (14) is an assignment problem. We can construct
the dual to (14) and it is well known that this dual has the same
optimal objective function value as (14). So, it holds:

δ
λ

σ = min

n∑
i=1

αi +

n∑
i=1

βi

αi + βj ≥ cλ
ij for i, j = 1, . . . , n

(16)

where αi and βi, i = 1, . . . , n, are unrestricted dual variables
associated with the assignment constraints. Now, using for-
mulation (12), we can represent the fuzzy problem in the fol-
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lowing way:

min λ
n∑

i=1

αi +

n∑
i=1

βi ≤ g1−λ

αi + βj ≥ cλ
ij for i, j = 1, . . . , n

(xij) ∈ A
λ ∈ [0, 1]

(17)

where cλ
ij are given as (15). If trapezoidal fuzzy intervals

(p
i
, pi, αi, βi), i = 1, . . . , n, are used to model the process-

ing times, then we can substitute pλ
i = pi + (1 − λ)βi and

pλ
i

= p
i
− (1− λ)αi in (15). The resulting model will be still

not linear because some expressions of the form λxij will ap-
pear. However, we can easily linearize the model by substitut-
ing tij = λxij and adding additional constraints tij−xij ≤ 0,
λ−tij +xij ≤ 0, −λ+tij ≤ 0, tij ≥ 0 for all i, j = 1, . . . , n.
Hence the resulting model is a mixed integer linear one and
can be solved by using an available software. We refer the
reader to [11] for some techniques that allow us to refine the
formulation and speed up the computations.

5 Conclusions
In this paper we have adopted a general approach to sequenc-
ing problems with fuzzy parameters. We have applied possi-
bility theory to model the imprecise parameters and to define a
solution concept. We have extended the approach used in [19]
and [20] to another class of problems. As in many fuzzy prob-
lems, the main computational difficultly is in the classical in-
terval case. Namely, every exact algorithm that computes a
min-max regret sequence under interval data can be easily
adopted to solve the fuzzy problem. One can use a binary
search method or try to design a mixed integer programming
model.

Unfortunately, the min-max regret sequencing problems
with interval data are mostly hard to solve. There are only
few problems that are known to be polynomially solvable and
the complexity of some important problems, such as the per-
mutation flow shop on two machines, remains open. Contrary
to the class of problems discussed in [20], there is also lack
of general properties of the min-max regret sequencing prob-
lems. Specifically, there is no general method of computing
the maximal regret of a given sequence and there are no gen-
eral relationships between the optimality evaluation and the
min-max regret sequences. In other words, every sequencing
problem possesses its own properties and the area of research
in this field is still not fully explored.
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Abstract— The compositional rule of inference (CRI) introduced
by Zadeh is widely used in approximate reasoning schemes using
fuzzy sets. In this work we show that the Bandler-Kohout subproduct
does possess all the important properties such as equivalent and rea-
sonable conditions for their solvability, their interpolative properties
and the preservation of the indistinguishability that may be inherent
in the input fuzzy sets, as cited in favor of using CRI.
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inference, correctness and continuity of inference, fuzzy relation
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1 Introduction
Fuzzy systems are one of the best known applications of fuzzy
logic. These are usually based on a set of fuzzy rules. Sys-
tems using fuzzy rules have been applied in a wide variety
of applications, viz., automatic control, decision making, risk
analysis, etc.

If X is a classical set, we denote the set of all fuzzy sets
on X by F(X). Given two non-empty classical sets X,Y , a
fuzzy rule is usually given in the following form:

IF x is A THEN y is B , (1)

where A,B are membership predicates represented by fuzzy
sets A ∈ F(X) and B ∈ F(Y ), respectively. Given a fuzzy
observation A′ ∈ F(X) a corresponding output fuzzy set
B′ ∈ F(Y ) is deduced using an inference mechanism.

1.1 Fuzzy Relational Inference

Fuzzy inference systems can be broadly classified as those in-
ference mechanisms that are fuzzy relation based, i.e., those
that interpret a given fuzzy rule base as a fuzzy relation, and
those that are not. Similarity Based Reasoning (SBR) (see, for
instance, TÜRKSEN [1]) and Inverse Truth-functional Modifi-
cation of BALDWIN [2] are two of the representative exam-
ples of the latter type of inference mechanisms that do not use
fuzzy relations and which are well established in the literature.

In this work, we focus only on those inference mechanisms
that are fuzzy relation based. However, it should be men-
tioned that, under certain conditions, an equivalent fuzzy rela-
tion based description of some of these inference mechanisms
can be given (see [3, 4]).

1.2 Compositional Rule of Inference

The earliest inference scheme, proposed by Zadeh himself and
well established in the literature, is the Compositional Rule of

Inference (CRI) [5]. In CRI, a fuzzy rule is interpreted by a
fuzzy relation R ∈ F(X × Y ). Given a fuzzy observation
A′ ∈ F(X) an output fuzzy set B′ ∈ F(Y ) is deduced by the
CRI based on the fuzzy relation R. From the fuzzy relational
point of view the CRI is defined as follows:

B′(y) =
∨

x∈X

(A′(x) ∗ R(x, y)), y ∈ Y , (2)

where ∗ is a fuzzy conjunction, typically a t-norm (see KLE-
MENT et al. [6] for more details). We use the following nota-
tion to indicate the CRI scheme:

B′ = A′ ◦ R . (3)

1.3 Popularity of CRI

The CRI mechanism is most often and widely used for the
following reasons:

(i) An important issue in the applicability of CRI scheme
is to determine an appropriate fuzzy relation R based on
the given fuzzy rules so as to obtain meaningful conclu-
sions. This pertains to the solvability of the fuzzy re-
lation equations. A necessary and sufficient condition
for the solvability of fuzzy relation equations has been
well established for long, see DI NOLA et al [7]. More-
over, recently, PERFILIEVA and LEHMKE [8] showed its
solvability under conditions that are more favourable and
prevalent in many applicational contexts.

(ii) In PERFILIEVA et al. [8, 9] the authors have dealt with the
continuity of a fuzzy function adjoint to the CRI mech-
anism and a fuzzy relation interpreting fuzzy rules (8).
The authors, defining continuity suitably, have shown
that it is equivalent to the correctness of the model un-
der consideration.

(iii) KLAWONN and CASTRO [10] have proven two impor-
tant and interesting results about the CRI scheme using
fuzzy rules and the indistinguishability inherent to the
fuzzy sets considered. They showed the robustness of the
CRI mechanism in scenarios where there can be slight
discrepancies between the intended input and the actual
input. They have also shown that the indistinguishability
induced by the fuzzy set representing the linguistic ex-
pression in the premise of the rule cannot be overcome.

However, it should be noted that there are still some draw-
backs that are usually cited about CRI. Recently, JAYARAM
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[11] has proposed a modified form of CRI called the Hier-
archical CRI that addresses many of these drawbacks. The
above properties will be dealt with in more detail in Sec. 3.

1.4 Motivation for this work: Bandler-Kohout Subproduct

Generally, the CRI - represented by ◦ - may be replaced by
any appropriate image of a fuzzy set under the fuzzy rela-
tion R denoted by @, which fulfills some required proper-
ties. Besides the most often used CRI inference scheme, an-
other scheme of inference is the Bandler-Kohout subproduct
� (BK-Subproduct, for short) proposed by BANDLER and
KOHOUT [12]. Considering the fuzzy rule as given in (1),
for a given input A′ ∈ F(X) the inference obtained using the
BK-Subproduct is given as follows:

B′(y) =
∧

x∈X

(A′(x) → R(x, y)), y ∈ Y , (4)

where → is a fuzzy implication (see Sec. 2 for more details),
B′ ∈ F(Y ) and R is the fuzzy relation that interprets the
fuzzy rule (1).

Later on, PEDRYCZ [13] has shown certain solvability
conditions for the BK-Subproduct inference as given in (4).
Buoyed by this important result on the BK-Subproduct, this
paper is an attempt at studying the suitability of the BK-
Subproduct as an inference mechanism, by showing that the
BK-Subproduct does have all the above desirable properties
possessed by CRI.

1.5 Organisation of the work

In Section 2 we recall the preliminaries required for the rest
of the paper. Also the structure and inference in the Com-
positional Rule of Inference (CRI) mechanism is discussed.
Following this, in Section 3 we discuss some of the impor-
tant properties cited in favor of using CRI,e.g., equivalent and
reasonable conditions for their solvability, their interpolative
properties and the preservation of the indistinguishability that
may be inherent in the input fuzzy sets. Section 4, which con-
tains our main work, shows that all the above mentioned prop-
erties are valid even in the case of the BK-Subproduct.

2 Preliminaries
2.1 Fuzzy Inference Mechanisms

An inference mechanism acting upon fuzzy rules is usually
based on fuzzy logic connectives. In this work, we restrict our-
selves to inference schemes based on fuzzy logic connectives.
Let us fix a complete residuated lattice L = ([0, 1],∧,∨, ∗,→
, 0, 1) (see, for example, NOVÁK et al. [14]) as the basic alge-
braic structure for the whole paper.

Since the set [0, 1] is totally ordered, L becomes an MTL-
algebra and hence, in our context, ∗ becomes a left-continuous
t-norm and → is the residual implication uniquely given as
follows:

a → b =
∨

{t ∈ L|a ∗ t ≤ b} , (5)

which is also a fuzzy implication, for more details we refer the
readers to [6, 14, 15].

From the two operations ∧,→ of L we can derive yet an-
other operation known as the biresiduum which is defined as

follows:

a ↔ b = (a → b) ∧ (b → a), a, b ∈ L . (6)

Finally, by an extension of an algebraic operation on L to
an operation between fuzzy sets we mean the following:

(C � D)(u, v) = C(u) � D(v), u ∈ U, v ∈ V , (7)

where � ∈ {∧,∨, ∗,→,↔} and where C, D are arbitrary
fuzzy sets on arbitrary universes U, V , respectively.

2.2 Structure and Inference in CRI

The CRI inference mechanism given in (2) is for a fuzzy rela-
tion R ∈ F(X × Y ) that interprets a single fuzzy rule. How-
ever, usually multiple fuzzy rules are a necessity. Let us de-
note the multiple fuzzy rules as follows:

IF x is Ai THEN y is Bi , (8)

where Ai,Bi are membership predicates represented by fuzzy
sets Ai ∈ F(X) and Bi ∈ F(Y ), respectively, for i =
1, . . . , n.

Then a fuzzy relation interpreting the whole fuzzy rule base
(altern. linguistic description), composed of the n fuzzy rules
(8), has to be constructed. basically, there are two main ap-
proaches to the construction of such a fuzzy relation.

The following fuzzy relation Ř ∈ F(X × Y )

Ř(x, y) =
n∨

i=1

(Ai(x) ∗ Bi(y)) , (9)

is used in most of the real world applications. This is mainly
due to the successful applications of this, say Cartesian prod-
uct approach, published by Mamdani and Assilian in [16],
which was followed by a huge number of researchers and
practitioners, see e.g. [17, 18].

Alternatively, to keep the conditional IF-THEN form of the
fuzzy rules (8) fuzzy relation R̂ ∈ F(X×Y ) given as follows

R̂(x, y) =
n∧

i=1

(Ai(x) → Bi(y)) , (10)

can be chosen to interpret the fuzzy rule base. It deals with a
mathematically correct extension of a classical implication.

To stress the difference between both the approaches, let us
recall the work of DUBOIS et al. [19], where the authors state:
“In the view given by (10), each piece of information (fuzzy
rule) is viewed as a constraint. This view naturally leads to a
conjunctive way of merging the individual pieces of informa-
tion since the more information, the more constraints and the
less possible values to satisfy them.” While the same authors
describe the second approach proposed by Mamdani and As-
silian as follows: “It seems that fuzzy rules modelled by Ř are
not viewed as constraints but are considered as pieces of data.
Then the maximum in (9) expresses accumulation of data”.

In other words, instead of interpreting fuzzy rules as logical
implications, the approach given using Ř builds up an input-
output relation from smaller units, and those units are exam-
ples of fuzzy input-output pairs. And then Mamdani-Assilian
approach is a method that interpolates between known input-
output pairs [20]. For an extensive study of different fuzzy
rules we refer to [21, 22].
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It should be stressed that both approaches have sound
logical foundations but from different viewpoints, see e.g.
[23, 24, 14]. However, only the approach using Ř was widely
used in applications although the implicational approach us-
ing R̂ is probably as useful as the Mamdani-Assilian one, see
[25]. Nevertheless, as we show in Section 4, the implicational
approach using R̂ does have an important role to play in the
case of BK-Subproducts (see Theorem 4.7).

3 Some desirable properties of CRI
Fuzzy rules may be viewed as a partial mapping from F(X)
to F(Y ) assigning Bi ∈ F(Y ) to Ai ∈ F(X) for every i =
1, . . . , n. The inference process then may be viewed as an
extension of this partial mapping to a total one [26]. For better
understanding, let us adopt the notation from [8] and consider
the following structure

S = (X, Y, {Ai, Bi}i=1,...,n,L, @) ,

where @ : F(X)×F(X×Y ) → F(Y ) is an image of a fuzzy
set under a fuzzy relation. For instance, @ could be one of ◦
or �. Now, by the choice of the fuzzy relation R interpreting
the fuzzy rule base and by the choice of @, we define a fuzzy
function fR(A) : F(X) → F(Y ) such that fR(A) = A@R,
for arbitrary A ∈ F(X).

3.1 Solvability of systems of fuzzy relation equations with
the ◦ image

One of the fundamental properties of such a mapping is its
interpolativity, i.e., fR(Ai) = Bi. In this case, we say that R
is a correct model of given fuzzy rules in the given structure S
[8].

This leads us to deal with a system of fuzzy relation equa-
tions [27] where generally the system of equations

Ai@R = Bi, i = 1, . . . , n , (11)

is solved with respect to the known Ai ∈ F(X), Bi ∈ F(Y )
and unknown R ∈ F(X × Y ). If R is a solution to (11) then
the adjoint fuzzy function fulfills fR(Ai) = Bi.

In the case of CRI, the above system of equations, viz., (11),
reduces to the following:

Ai ◦ R = Bi, i = 1, . . . , n . (12)

Let us recall some main results which may be found, e.g., in
[7, 27, 28, 29].

Theorem 3.1 System (12) is solvable if and only if R̂ is a so-
lution of the system and moreover, R̂ is the greatest solution
of (12).

On the one hand, Theorem 3.1 states the necessary and suf-
ficient condition of the solvability of system (12) and it de-
termines the solution. Moreover, it ensures that the given so-
lution is the greatest one. On the other hand, we still do not
know, when R̂ is the solution, i.e., how to ensure the solvabil-
ity.

Theorem 3.2 [29] Let Ai for i = 1, . . . , n be normal. Then
Ř is a solution of (12) if and only if the following condition∨

x∈X

(Ai(x) ∗ Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔ Bj(y)) , (13)

holds for arbitrary i, j ∈ {1, . . . , n}.

Theorem 3.2 specifies a sufficient condition under which
the system is solvable and moreover, it ensures that not only
R̂ but also even Ř is a solution of system (12).

It is worth mentioning that condition (13) appearing in The-
orem 3.2 is from the practical point of view not very conve-
nient. However, if the antecedent fuzzy sets form the so called
∗-semi-partition it forces fulfilling the discussed condition in
advance, see DE BAETS and MESIAR [30] for more details.

Another sufficient condition for solvability of the systems
with a high practical importance was published in [31].

Theorem 3.3 (Theorem 7 in [31]) Let Ai for i = 1, . . . , n be
normal and fulfill the Ruspini condition

n∑
i=1

Ai(x) = 1, x ∈ X. (14)

Then the system (12) is solvable.

3.2 Continuity of a model of fuzzy rules

In [8, 9] the authors have dealt with the continuity of a fuzzy
function adjoint to the CRI mechanism and a fuzzy relation
interpreting fuzzy rules (8). They have defined continuity suit-
ably and have shown that it is equivalent to the correctness of
the model under consideration.

Although the original definition in [8] of a continuous
model was given for the particular inference mechanism CRI,
i.e., for @ ≡ ◦, the particular image plays absolutely no role
in the proof of Theorem 3.6 explaining the nature of the defini-
ton and hence can be generalized for an arbitrary image of a
fuzzy set under a fuzzy relation.

Definition 3.4 A fuzzy relation R ∈ F(X × Y ) is said to
be a continuous model of fuzzy rules (8) in a structure S =
(X,Y, {Ai, Bi}i=1,...,n,L, @) if for each i ∈ I and for each
A ∈ F(X) the following inequality holds:

∧
y∈Y

(Bi(y) ↔ (A@R)(y)) ≥
∧

x∈X

(Ai(x) ↔ A(x)) . (15)

Inequality (15) can be rewritten in terms of the adjoint fuzzy
function fR as follows:∧

y∈Y

(Bi(y) ↔ (fR(A))(y)) ≥
∧

x∈X

(Ai(x) ↔ A(x)). (16)

Remark 3.5 Let us explain why formula (15) expresses the
continuity. The closeness between fuzzy sets is measured by
the biresiduation operation ↔, i.e. it is a dual information to
the metric one. Let us consider a continuous Archimedean t-
norm ∗ with an additive generator g : [0, 1] → [0,+∞]. Then
the biresiduum may be written in the form

a ↔ b = g−1(|g(a) − g(b)|) (17)

where g−1 : [0,∞] → [0, 1] is the inverse function and where
in the case of g(0) = ∞ we define g(0) − g(0) = 0. Now,
for an arbitrary non-empty universe X it is possible to define
a metric Dg on F(X) generated by g as follows:

Dg(A,B) =
∨

x∈X

|g(A(x)) − g(B(x))|. (18)

The following theorem justifies the use of the notion of conti-
nuity in Definition 3.4. For more details, see PERFILIEVA and
LEHMKE [8].
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Theorem 3.6 Let S = (X, Y, {Ai, Bi}i=1,...,n,L, @) be a
structure for fuzzy rules (8) such that L be a residuated lat-
tice on [0, 1] with a continuous Archimedean t-norm ∗ hav-
ing a continuous additive generator g. A fuzzy relation R ∈
F(X×Y ) is a continuous model of the fuzzy rules in the given
structure S if and only if

Dg(Bi, (A@R)) ≤ Dg(Ai, A), i = 1, . . . , n (19)

for each fuzzy set A ∈ F(X).

The following lemma was crucial for further results pub-
lished in [8].

Lemma 3.7 Let S = (X,Y, {Ai, Bi}i=1,...,n,L, ◦) be a
structure for fuzzy rules (8) and let R ∈ F(X × Y ). Then
for any A ∈ F(X) and all i = 1, . . . , n and y ∈ Y it is true
that

Bi(y) ↔ (A◦R)(y) ≥ δR,i(y)∗
∧

x∈X

(Ai(x) ↔ A(x)) , (20)

where δR,i(y) = Bi(y) ↔ (Ai ◦ R)(y).

Finally, we recall here the main result in PERFILIEVA et
al. [8, 9] concerning the relationship of the above mentioned
continuity and the interpolativity for the CRI.

Theorem 3.8 Let S = (X,Y, {Ai, Bi}i=1,...,n,L, ◦) be a
structure for fuzzy rules (8). A fuzzy relation R ∈ F(X × Y )
is a correct model of fuzzy rules (8) in the given structure S if
and only if it is a continuous model of these rules in S.

3.3 CRI and the Indistinguishability of Premises

Let X be a classical set and let ∼ be an equivalence relation
defined on X , i.e., ∼ is reflexive, symmetric and transitive.
Immediately, ∼ partitions X into equivalence classes. It is
well-known then that an M ⊆ X belongs to this partition if,
and only if, whenever x ∈ M and x ∼ y for some y ∈ X then
y ∈ M . In a sense, the elements of M are indistinguishable
and can be represented mathematically as follows:

x ∈ M and x ∼ y implies y ∈ M .

A similar relation between fuzzy equivalence relations and
fuzzy sets on X was introduced by KLAWONN and CASTRO
[10]. Once again the operation ∗ comes from the residuated
lattice L.

Definition 3.9 A fuzzy subset E of the Cartesian product X2

is called a fuzzy equivalence relation on X if the following
properties are satisfied for all x, y, z ∈ X:

(Reflexivity) E(x, x) = 1, (ER)
(Symmetry) E(x, y) = E(y, x), (ES)

(Transitivity) E(x, z) ≥ E(x, y) ∗ E(y, z) . (ET)

Definition 3.10 A fuzzy set µ ∈ F(X) is called extensional
with respect to a fuzzy equivalence relation E on X if

µ(x) ∗ E(x, y) ≤ µ(y) , x, y ∈ X . (21)

If a fuzzy set µ is not extensional with respect to the consid-
ered fuzzy equivalence relation E, instead one considers the
smallest fuzzy set that is extensional with respect to E and
contains µ.

Definition 3.11 Let µ ∈ F(X) and let E be a fuzzy equiva-
lence relation on X . The fuzzy set

µ̃(x) =
∧

{ν | µ ≤ ν and ν is extensional with respect to E} ,

(22)

is called the extensional hull of µ. Note that by µ ≤ ν we
mean that for all x ∈ X , µ(x) ≤ ν(x), i.e., we mean ordering
in the sense of inclusion, not in the sense of ordering fuzzy
quantities.

Proposition 3.12 [10] Let µ ∈ F(X) and let E be a fuzzy
equivalence relation on X .

(i) µ̃(x) =
∨{µ(y) ∗ E(x, y) | y ∈ X},

(ii) µ̃ is extensional with respect to E,

(iii) ˜̃µ = µ̃.

KLAWONN and CASTRO [10] have proven the following
two important and interesting results about the CRI scheme
using fuzzy rules and the indistinguishability inherent to the
fuzzy sets considered.

Theorem 3.13 Let S = (X, Y, {A,B},L, ◦) be a structure
for fuzzy rule (1). Let E be a fuzzy equivalence relation on X
with respect to which A is extensional. Let A′ ∈ F(X) be any
fuzzy set, then

A′ ◦ R̂ = Ã′ ◦ R̂,

A′ ◦ Ř = Ã′ ◦ Ř.

The following interpretation of the above result is given in
[10]: The output obtained from CRI for a given fuzzy rule and
an input fuzzy set A′ does not change if we substitute A′ by
its extensional hull Ã′. The indistinguishability inherent in
the fuzzy set A cannot be avoided even if the input fuzzy set
A′ stands for a crisp value. Further, a fuzzified input does
not change the outcome of a rule as long as the fuzzy set ob-
tained by the fuzzification is contained in the extensional hull
of the original crisp input value. They finally conclude that it
does not make sense to measure more exactly than the indis-
tinguishability admits.

In other words, this shows the robustness of the inference in
scenarios where there can be slight discrepancies between the
intended input and the actual input.

It is immediate now, as already observed in [10], that the
indistinguishability induced by the fuzzy set representing the
linguistic expression in the premise of the rule cannot be over-
come.

Let us stress that the proof of Theorem 3.13 may be easily
modified in order to capture the situation with n fuzzy rules.
It can be observed that only the Mamdani-Assilian approach
Ř generally works in the combination with the CRI.

Theorem 3.14 Let S = (X, Y, {Ai, Bi}i=1,...,n,L, ◦) be a
structure for fuzzy rules (8). Let E be a fuzzy equivalence
relation on X with respect to which Ai is extensional for ar-
bitrary i = 1, . . . , n. Let A′ ∈ F(X) be any fuzzy set, then

A′ ◦ Ř = Ã′ ◦ Ř.
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4 BK-Subproduct and some desirable
properties

4.1 Solvability of systems of fuzzy relation equations with
the � image

In the case of BK-Subproduct, the system of equations (11),
reduces to the following:

Ai � R = Bi, i = 1, . . . , n . (23)

Concerning system (23), let us recall the following two ba-
sic theorems .

Theorem 4.1 [13] System (23) is solvable if and only if Ř is
a solution of the system and moreover, Ř is the least solution
of system (23).

Theorem 4.2 [32] Let Ai for i = 1, . . . , n be normal. Then
R̂ is a solution of (23) if and only if the condition (13) holds
for arbitrary i, j ∈ {1, . . . , n}.

Again, condition (13) to which Theorem 4.2 refers to, is not
very convenient from a practical point of view and may be a
priori fulfilled by using antecedent fuzzy sets which form the
∗-semi-partition.

Fortunately, that the sufficient condition for solvability of
the systems with a high practical importance stated in Theo-
rem 3.3 is valid even for system (23).

Theorem 4.3 (Theorem 7 in [31]) Let Ai for i = 1, . . . , n be
normal and fulfill the Ruspini condition (14). Then the system
(23) is solvable.

4.2 Continuity of BK-Subproduct

The BK-Subproduct, unlike the CRI, was not motivated by ap-
proximate reasoning, see BANDLER and KOHOUT [12]. How-
ever, as mentioned in GOTTWALD [33], it is not necessary to
insist on purely logical foundations for an inference mecha-
nism, and it can simply be a mapping from F(X) to F(Y )
fulfilling certain properties. Let us also recall that it was
PEDRYCZ [13] who firstly proposed the BK-Subproduct as an
inference scheme.

We may again state an analogous lemma to Lemma 3.7 also
for the case of the BK-Subproduct.

Lemma 4.4 Let S = (X,Y, {Ai, Bi}i=1,...,n,L, �) be a
structure for fuzzy rules (8) and let R ∈ F(X × Y ). Then
for any A ∈ F(X) and all i = 1, . . . , n and y ∈ Y it is true
that

Bi(y) ↔ (A � R)(y) ≥ δR,i(y) ∗
∧

x∈X

(Ai(x) ↔ A(x)) ,

(24)
where δR,i(y) = Bi(y) ↔ (Ai � R)(y).

Due to Lemma 4.4, we may state the following analogous
theorem to Theorem 3.8 which again shows that the BK sub-
product as an inference mechanism carries the same property
as the CRI.

Theorem 4.5 Let S = (X,Y, {Ai, Bi}i=1,...,n,L, �) be a
structure for fuzzy rules (8). A fuzzy relation R ∈ F(X × Y )
is a correct model of fuzzy rules (8) in the given structure S if
and only if it is a continuous model of these rules in S.

4.3 BK-Subproduct and the Indistinguishability of Premises

In this subsection, we show the robustness of the BK-
Subproduct inference mechanism along similar lines as KLA-
WONN and CASTRO [10]. Once again the employed opera-
tions come from the residuated lattice L. Firstly note that if
a fuzzy set µ ∈ F(X) is extensional with respect to a fuzzy
equivalence relation E on X then

E(x, y) → µ(y) ≥ µ(x), x, y ∈ X . (25)

Proposition 4.6 Let µ ∈ F(X) and E a fuzzy equivalence
relation on X . Then

µ̃(x) =
∧

{E(x, y) → µ(y) | y ∈ X} . (26)

Now, we present the main result analogous to Theo-
rem 3.13.

Theorem 4.7 Let S = (X, Y, {A,B},L, �) be a structure
for fuzzy rule (1). Let E be a fuzzy equivalence relation on X
with respect to which A is extensional. Let A′ ∈ F(X) be any
fuzzy set, then

A′ � R̂ = Ã′ � R̂,

A′ � Ř = Ã′ � Ř.

The above result, as already noted in the case of CRI, shows
the robustness of the BK-Subproduct inference in scenarios
where there can be slight discrepancies between the intended
input and the actual input and reinforces the fact that even
in the case of BK-Subproduct the indistinguishability induced
by the fuzzy set representing the linguistic expression in the
premise of the rule cannot be overcome.

And again as in case of the CRI, we may generalize the
result concerning the indistinguishability of the premises for
an arbitrary finite number of rules. Note that in the case of the
BK-Subproduct the R̂ is plays the main role.

Theorem 4.8 Let S = (X, Y, {Ai, Bi}i=1,...,n,L,�) be a
structure for fuzzy rules (8). Let E be a fuzzy equivalence
relation on X with respect to which each Ai is extensional,
for arbitrary i = 1, . . . , n. Let A′ ∈ F(X) be any fuzzy set,
then

A′ � R̂ = Ã′ � R̂.

5 Conclusions
In this work, after recalling some of the properties that are
usually cited in favor of using the Compositional Rule of In-
ference (CRI) introduced by ZADEH [5], viz., equivalent and
reasonable conditions for their solvability, their interpolative
properties and the preservation of the indistinguishability that
may be inherent in the input fuzzy sets, we have shown that
the Bandler-Kohout subproduct introduced in [12] does pos-
sess all the above properties and hence is equally suitable for
consideration when reasoning with a system of fuzzy rules.
Towards this end some new but equivalent results on indistin-
guishability operations has also been presented.
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Abstract— The age at which we teach different topics change.
If it turns out that students do not learn, say, reading by the time
they should, a natural idea is to start teaching them earlier. Several
decades ago, reading and writing started in the first grade, now they
start at kindergarten and even earlier. At first glance, the earlier we
start, the better the students will learn. Yes, they may play less, their
childhood may be not as careless as it used to be, but at least they
will learn better. In practice, however, this does not always work this
way: early start often inhibits learning.

In this paper, we propose a simple model that explains why this
can happen, and how we can avoid such situations and enhance the
student learning. In particular, we explain why, contrary to the tra-
ditional concrete-first way of teaching abstracts concepts of school
mathematics, abstract-first approach is often beneficial.

Keywords— Abstract-first, early start, education, optimal educa-
tion, uncertainty

1 Formulation of the Problem

1.1 Early Start: A Seemingly Natural Idea

The age at which we teach different topics change. If it turns
out that students do not learn, say, reading by the time they
should, a natural idea is to start teaching them earlier.

Several decades ago, reading and writing started in the first
grade, now they start at kindergarten and even earlier. At first
glance, the earlier we start, the better the students will learn.

1.2 Early Start: Known Side Effects

With the early start, children may play less, their childhood
may be not as careless as it used to be – but a usual expectation
is that with an early start, children will learn better.

1.3 Early Start: Serious Problems

In practice, however, early start does not always help: often,
early start inhibits learning.

For example, according to [18],

• human infants who started learning to turn their heads to
specific sounds at the age of 31 days mastered this task,
on average, at the age of 71 days, while

• infants who started learning this task at birth mastered
this task, on average, at the age of 128 days.

This phenomenon is not limited to human infants: according
to [8], an early start in training rhesus monkeys to discriminate
objects decreased their peak performance level.

Numerous examples when an early start inhibits learning
are presented and discussed in [2, 3, 4, 6, 19].

1.4 Natural Questions

The empirical fact that an early start often inhibits learning
leads to the following natural question: how do take this phe-
nomenon into account when enhancing student learning?

To be able to take this phenomenon into account in the
learning process, we must be able to understand this phe-
nomenon – and ideally, understand on the quantitative level.

1.5 These Questions Are Still Largely Open

In [2, 3, 4, 6], an attempt is made to understand why early start
can inhibit learning. However,

• the existing understanding is still mostly on the qualita-
tive level, and

• even on this level, the proposed explanations are still not
fully satisfactory; see, e.g., [19].

1.6 More General Questions

The above questions about the efficiency of the early start can
be viewed as a particular case of more general questions: what
is the best order of presenting the material, the order that leads
to the best possible learning?

1.7 These More General Questions Are Often Very
Important

Many empirical studies have shown that a change in the or-
der in which different parts of the material are presented
often drastically changes the learning efficiency; see, e.g.,
[5, 9, 10, 13, 14, 16, 21, 22].

This is not only about using common sense: sometimes, the
empirical results are counter-intuitive. For example:

• it is usually assumed that most students learn mathemat-
ical concepts better if

– they are first presented with concrete examples of
these concepts, and

– they only learn abstract ideas later on;

• however, it turns out that empirically, the abstract-first
approach for presenting the material often enhances
learning; see, e.g., [9, 10, 14, 21].

1.8 What We Do in This Paper

In this paper, we propose a simple model that attempts:

• to explain the negative effect of early start and,
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• more generally, to explain the reasons why a change in
presentation order can drastically change the efficiency
of learning.

We then show how this explanation can be used to avoid inhi-
bition of learning – and to enhance the student learning.

2 Towards A Theoretical Explanation
2.1 Learning: A Natural Geometric Representation

To facilitate reasoning about learning, let us start with a simple
geometric representation of learning.

The process of learning means that we change the state of a
student:

• from a state in which the student did not know the mate-
rial (or does not have the required skill)

• to a state in which the student has (some) knowledge of
the required material (or has the required skill).

Let s0 denote the original state of a student, and let S denote
the set of all the states corresponding to the required knowl-
edge or skill.

• We start with a state which is not in the set S (s0 �∈ S),
and

• we end up in a state s which is in the set S.

On the set of all possible states, it is natural to define a metric
d(s, s′) as the difficulty (time, effort, etc.) needed to go from
state s to state s′. Our objective is to help the students learn
in the easiest (fastest, etc.) way. In terms of the metric d, this
means that we want to go from the original state s0 �∈ S to
the state s ∈ S for which the effort d(s0, s) is the smallest
possible.

In geometric terms, the smallest possible effort means the
shortest possible distance. Thus, our objective is to find the
state s ∈ S which is the closest to s0. Such closest state is
called the projection of the original state s0 on the set S.

2.2 Learning Complex Material: Geometric Interpretation

The above geometric description of learning as a transition
from the original state s0 to its projection on the desired set
S describes learning as a whole. Our objective is to find out
which order of presenting information is the best. Thus, our
objective is to analyze the process of learning, i.e., learning as
a multi-stage phenomenon. For this analysis, we must explic-
itly take into account that the material to be learned consists
of several pieces.

Let Si, 1 ≤ i ≤ n, denote the set of states in which a
student has learned the i-th part of the material. Our ultimate
objective is to make sure that the student learns all the parts
of the material. In terms of states, learning the i-th part of
the material means belonging to the set Si. Thus, in terms of
states, our objective means that the student should end up in
a state which belongs to all the sets S1, . . . , Sn – i.e., in other
words, in a state which belongs to the intersection

S
def= S1 ∩ . . . ∩ Sn (1)

of the corresponding sets Si.
In these terms, if we present the material in the order S1,

S2, . . . , Sn, this means that:

• we first project the original state s0 onto the set S1, re-
sulting is a state s1 ∈ S1 which is the closest to s0;

• then, we project the state s1 onto the set S2, resulting is
a state s2 ∈ S2 which is the closest to s1;

• . . .

• at the last stage of the cycle, we project the state sn−1

onto the set Sn, resulting is a state sn ∈ Sn which is the
closest to sn−1.

In some cases, we end up learning all the material – i.e., in
a state sn ∈ S1 ∩ . . . ∩ Sn. However, often, by the time the
students have learned Sn, they have somewhat forgotten the
material that they learned in the beginning. So, it is necessary
to repeat this material again (and again). Thus, starting from
the state sn, we again sequentially project onto the sets S1,
S2, etc.

2.3 The Above Geometric Interpretation Makes
Computational Sense

The above “sequential projections” algorithm is actually ac-
tively used in many applications; see, e.g., [7, 12, 20]. In the
case when all the sets Si are convex, the resulting Projections
on Convex Sets (POCS) method actually guarantees (under
certain reasonable conditions) that the corresponding projec-
tions converge to a point from the intersection S1 ∩ . . . ∩ Sn

– i.e., in our terms, that the students will eventually learn all
parts of the necessary material.

In the more general non-convex case, the convergence is not
always guaranteed – but the method is still efficiently used,
and often converges.

2.4 The Simplest Case: Two-Part Knowledge

Let us start with the simplest case when knowledge consists
of two parts. In this simplest case, there are only two options:

• The first option is that:

– we begin by studying S1;

– then, we study S2,

– then, if needed, we study S1 again, etc.

• The second option is that:

– we begin by studying S2;

– then, we study S1,

– then, if needed, we study S2 again, etc.

We want to get from the original state s0 to the state s̃ ∈ S1 ∩
S2 which is the closest to s0. The effectiveness of learning is
determined by how close we get to the desired set S = S2∩S2

in a given number of iterations.
In the case of two-part knowledge, it is natural to conclude

that the amount of this knowledge is reasonably small – oth-
erwise, we would have divided into a larger number of easier-
to-learn pieces.

In geometric terms, this means that the original state s0 is
close to the desired intersection set S1 ∩ S2, i.e., that the dis-
tance d0

def= d(s0, s̃) is reasonably small.
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Since all the states are close to each other, in the vicinity
of the state s̃, we can therefore expand the formulas describ-
ing the borders of the sets Si into Taylor series and keep only
terms which are linear in the (coordinates of the) difference
s − s̃. Thus, it is reasonable to assume that the border of each
of the two sets Si is described by a linear equation – and is
hence a (hyper-)plane: a line in 2-D space, a plane in 3-D
space, etc.

As a result, we arrive at the following configuration. Let 2α
denote the angle between the borders of the sets S1 and S2, so
that the angles between each of these borders and the midline
is exactly α. Let β denote the angle between the direction
from s̃ to s0 and the midline. In this case, the angle between
the border of S1 and the midline is equal to α − β. So, we
arrive at the following configuration:

��������������������

��������������������

s̃

S1

S2

��������������������

α
α

β

α − β

�

s0

�

In the first option, we first project s0 onto the set S1. As a
result, we get the following configuration:

��������������������

��������������������

s̃

S1

S2

��������������������

α
α

β

α − β

�

s0

��
�
�

s1

Here, the projection line s0s1 is orthogonal to the border of
S1. From the right triangle � s̃s0s1, we therefore conclude
that the distance d1

def= d(s̃, s1) from the projection point s1

to the desired point s̃ is equal to

d1 = d0 · cos(α − β). (2)

On the next step, we project the point s1 from S1 onto the line
S2 which is located at the angle 2α from S1. Thus, for the
projection result s2, we will have

d2 = d(s2, s̃) = d1 ·cos(2α) = d0 ·cos(α−β) ·cos(2α). (3)

After this, we may again project onto S2, then again project
onto S1, etc. For each of these projections, the angle is equal
to 2α, so after each of them, the distance from the desired
point s̃ is multiplied the same factor cos(2α).

As a result, after k projection steps, we get a point sk at a
distance

dk = d(sk, s̃) = d0 · cos(α − β) · cosk−1(2α) (4)

from the desired state s̃.
In the second option, we start with teaching S2, i.e., if we

first project the state s0 into the set S2. In this option, we get
the following configuration:

��������������������

��������������������

s̃

S1

S2

��������������������

α
α

β
�

s0

�

�
�

�
�

�
��
s1

Here, we have

d1 = d0 · cos(α + β), (5)

d2 = d(s2, s̃) = d1 ·cos(2α) = d0 ·cos(α+β) ·cos(2α), (6)

. . .

dk = d(sk, s̃) = d0 · cos(α + β) · cosk−1(2α). (7)

Since, in general, cos(α − β) �= cos(α + β), we can see
that a change in the presentation order can indeed drastically
change the success of the learning procedure.

2.5 Conclusion: Dependence Explained

Thus, our simple geometric model explains why the effective-
ness of learning depends on the order in which the material is
presented.

3 Specific Recommendations: Case of
Two-Part Knowledge

3.1 Analysis

Let us extract more specific recommendations from our
model. According to the above formulas, starting with S1
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leads to a more effective learning than starting with S2 if and
only if

d0 · cos(α − β) · cosk−1(2α) <

d0 · cos(α + β) · cosk−1(2α), (8)

i.e., equivalently, if and only if

cos(α − β) < cos(α + β). (9)

Since for the angles x ∈ [0, π], the cosine cos(x) is a decreas-
ing function, we conclude that projection of S1 is better if and
only if

α − β > α + β. (10)

Thus, we arrive at the following recommendation:

3.2 Recommendation

To make learning more efficient, we should start with studying
the material which is further away from the current state of
knowledge. In other words, we should start with a material
that we know the least.

This ties in nicely with a natural commonsense recommen-
dation that to perfect oneself, one should concentrate on one’s
deficiencies.

This recommendation is also in a very good accordance:

• with the seemingly counter-intuitive conclusion from [9,
10, 14, 21], that studying more difficult (abstract) ideas
first enhances learning, and

• with the human infant studies [18] according to which a
concentration on teaching, to human infants, skills that
they can easily learn is detrimental in the long run.

4 General Case
4.1 Analysis of the Problem

What happens in the general case, when instead of only two
knowledge components, we have a large number of different
components? In the beginning, it still makes sense to project
to the set Si1 which is the farthest from the original state s0.

After this original projection, in the general case, we still
have a choice. We can project to any set Si2 , i2 �= i1, in which
case the current distance d1 to the desired state is multiplied by
the cosine cos(αi1i2) of the angle between the corresponding
sets Si1 and Si2 . After k steps, we get the original distance
multiplied by the product of the corresponding cosines.

Our objective is to find the best order, i.e., the sequence Si1 ,
Si2 , . . . , Sin

that covers all n sets S1, . . . , Sn and for which
the corresponding product

cos(αi1i2) · cos(αi1i2) · . . . · cos(αini1) (11)

attains the smallest possible value.
Usually, it is easier to deal with the sums than with the prod-

ucts. To transform the product into a sum, we can use the fact
that:

• minimizing the product is equivalent to minimizing its
logarithm, and

• the logarithm of the product is equal to the sum of the
logarithms.

Thus, minimizing the product (11) is equivalent to minimizing
the sum

D(i1, i2) + . . . + D(in, i1), (12)

where
D(i, j) def= log(cos(αij)). (13)

In other words, we arrive at the following problem:

• we have n objects with known distances

D(i, j), 1 ≤ i, j ≤ n;

• we must find a way to traverse all the objects and come
back in such a way that the overall traveled distance is
the smallest possible.

This is a well-known problem called a traveling salesman
problem.

It is known that

• in general, this problem is NP-hard (see, e.g., [17]), and

• in many cases, there exist reasonable algorithms for solv-
ing this problem; see, e.g., [1].

4.2 Recommendations and the Need for Expert (Fuzzy)
Knowledge

Based on the above analysis, we can make the following rec-
ommendations:

• To find the optimal order of presenting the material, we
must solve the corresponding instance of the traveling
salesman problem, with the distances determined by the
formula (13).

• Since in general, the traveling salesman problem is com-
putationally difficult (NP-hard), to efficiently solve this
problem, we must use expert knowledge – the knowledge
for which fuzzy technique have been invented; see, e.g.,
[11, 15].
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Abstract- Fuzzy probabilities have been widely used in the

areas of risk assessment and decision making. Here, we propose

a system based on fuzzy probabilities for assessing the intensity

of pedestrian collisions and levels of injury. The proposed

approach uses possibility probability distributions for

demonstrating fuzzy probabilities. A composition of possibility

probability distributions (fuzzy probabilities) of collision

intensities coming from different environmental variables yields

the final fuzzy probability of intensity with higher reliability. The

proposed approach is then applied to an actual database of

pedestrian collisions from the City of Mashhad for over a period

of five years.

Keywords_ Collision Intensity, Collision Variables, Fuzzy

Probability, Possibility Probability Distribution.

1 Introduction

Walking is a healthy and natural mean of transposition; it
is therefore desirable that it also be safe. However, with
the modern society and its rising crowd of transportation
vehicles, this aspect of transposition has been sidelined
and pedestrian collisions have caused significant social
and financial losses every year. The safety of pedestrians
during daily transposition is influenced by various
variables. An appropriate paradigm for handling the effect
of these variables can help insurance companies as well as
city planners to better evaluate the safety of pedestrians in
different situations and to plan the city environment for
their improved safety. Unfortunately, recognizing all of
the effective variables in a collision and their precise
amount of effectiveness is non-trivial. The available
information is highly imprecise and can lead to uncertain
conclusions. With respect to the existing uncertainty in the
collected information, the first source of data is known as
“soft” data [17] that can be represented in linguistic form.
This data is from expert opinions based on their
background knowledge about the collision's intensity by
considering related variables. Due to the linguistic form of
this information and imprecision of data in this
application, soft computing based methods, and in
particular fuzzy-logic based analysis, offer a promising
solution paradigm [18] to handle this type of uncertainty.
In addition to soft data, the statistical historical data of
pedestrian collisions are another valid data source which
can be helpful in this case. The statistical data of
pedestrian collisions may be incomplete when the number
of observed data is not considerably large. Hence the
statistical data are also accompanied by uncertainty which
is caused by sparsity and insufficiency of data. We have
found fuzzy probability framework as a suitable approach
which enables us to enhance the reliability of our
assessments by employing the both databases of soft data
and statistical data at the same time. Fuzzy probabilities
were first introduced by Zadeh (1984). Fuzzy probability

theory [2] is a fuzzy approach to probability theory and is
a generalized form of probability theory. In fuzzy
probability, probability theory is complemented with an
extra dimension of uncertainty provided by fuzzy set
theory [16]. Generally we can divide the applications of
fuzzy probabilities to two different main areas. The first is
the area of reliability and risk assessment. In this area
fuzzy probability has been widely applied in fuzzy fault
trees [3,4,8] to assess the fault risk, reliability assessment
for pressure piping [20], risk assessment of natural hazards
[7] and reliability enhancement by combining expert
opinions [14]. The second area is the area of the decision
making. In this area, the fuzzy probabilities have been
employed for decision making in perception-based theory
[19], optimal decision fusion [11,12], inference by
aggregation [9], information retrieval [6] and inventory
control [1].
At any collision, there are two states for the pedestrian
who has been hit by a car, in one state he would be just
injured and in the other state he would die. Here, we
employ fuzzy probabilities to handle the imprecision in
expert opinions as the first dataset to assess the probability
of injury and death for the pedestrians of Mashhad. We
use fuzzy numbers to show these fuzzy probabilities. The
second database is the statistical numeric data of
pedestrian's collisions in Mashhad [10]. We combine these
two insufficient databases to provide a more reliable result
by the use of possibility probability distribution (PPD)
which can model fuzzy probabilities in a suitable way.

2 Possibility probability distribution

The idea of representing assessments with PPD has been
originally proposed by Haung [5]. This idea was improved
by Karimi and Hullermeier [7] which was a new concept
of fuzzy probability expressed by PPD. As we mentioned,
on one hand, the statistical data in our type of application
are typically insufficient, on the other hand background
knowledge is often accompanied by imprecision.
Therefore we apply the PPD to combine these two
databases based on Bayesian approach. In the PPD
approach, the prior knowledge (soft data) which is called
prior distribution can be specified by a fuzzy number.

)(iθ is an estimated probability by an expert for the state
of death or injury in any collision where i is the variable
that influences this probability and )(θ

i
p is the prior

distribution modeled in the form of symmetric, triangular
fuzzy number, whose center is given by )(iθ (θ is the
variable representing any probability in unit interval of
[0,1]). As stated in [7] the support of the fuzzy number is
of the form

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

443



)1(]).1(,).1([ )()()()()()(
ss

iiiiii θθθθθθ −+−−
)2())1/(1,/1min(0 )()( ii

s θθ −≤≤
the so-called uncertainty factor, is a constant that specifies
the reliability of the point estimation. For combining prior
knowledge with empirical data which is the available
statistical numeric data, we first divide the unit interval of
probabilities into m points, mj

j
,...,1, =θ , and then

calculate the posterior probability for each point
j

θ as
follows [7].

)3()()1(

,)).1(.(1

)(.)1(
n
n

)(

1

i

'

ji

nn

j

n

jj

jjjj

ji

nn

j

n

jj
i

pq

qq
c

pp

ii

ii

θθθ

γγ

θθθθ

−

+

−

−=

−+

≈−







=

where
i
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Now is the time of transforming probability distribution to
possibility distribution. Suppose a probability measure P
on a set X is obtained via some statistical experiment. This
probability function is a very rich piece of information, if
the number of statistical experiments supporting it, is high
enough. According to widely accepted consistence
principle, the possibility measures should dominate P in
the sense that )()( AAP π≤ for all events A ⊆ X and the
maximally specific possibility distribution that exists must
be unique [7]. As illustrated in [7] the most specific
possibility distribution that approximates P from above (in
the sense that π≤P ) can be derived quite easily: for
obtaining a possibility degree for anyθ , )(θπ

i
, first

)(θλ
i

p= is computed. Next, the second boundary point
'θ that satisfies λθ =)( '

i
p is found. Finally, the

possibility degree )(θπ
i

can be obtained as:

)6(.)(1)()(
'

'' ∫−==
θ

θ

θπθπ dxxp i
ii

This possibility is equal to the area shaded grey in Fig. 1.a.

Figure 1: a. probability distribution to be transformed into
a possibility distribution; b. transformed possibility

distribution

3 Combining experts opinions and statistical
data

We collected expert opinions (based on their own
background knowledge and their reviews of traffic statics
of death and injury in middle east countries [10] ) about
the percentage of collisions intensity (injury and death) by
considering just one certain significant variable. The
results of expert opinions are shown in Tables 1~5.

Table 1: Significant variable: hit organ
Death probability ifInjury probability if
Head and neck is hit, is
approximately 0.55

Head and neck is hit, is
approximately 0.09

Hand and arm is hit, is
approximately 0.001

Hand and arm is hit, is
approximately 0.01

Chest and stomach is hit, is
approximately 0.2

Chest and stomach is hit, is
approximately 0.2

Legs and pelvis is hit, is
approximately 0.03

Legs and pelvis is hit, is
approximately 0.3

More than one organ are hit, is
approximately 0.3

More than one organ are hit, is
approximately 0.5

Table 2: Significant variable: agility (crossing ability)
Death probability for a
pedestrian

Injury probability for a
pedestrian

Able to cross is 0.4Able to cross is 0.3
Unable to cross is 0.6Unable to cross is 0.6

Table 3: Significant variable: vehicle front shape
Death probability if vehicleInjury probability if vehicle
Has bonnet is 0.4Has bonnet is 0.7
Does not have bonnet is 0.2Does not have bonnet is 0.2

Table 4: Significant variable: collision location
Death probability if location isInjury probability if location is
In the city is 0.3In the city is 0.6
Out of city is 0.05Out of city is 0.04
In the suburb is 0.15In the suburb is 0.2

Table 5: Significant variable: type of road
Death probability if the road
is a

Injury probability if the road is
a

Highway is 0.6Highway is 0.2
Boulevard is 0.6Boulevard is 0.5
Two_way road is 0.2Two_way road is 0.3
incidental way is 0.05incidental way is 0.1

With respect to the resulting experts ideas we obtained the
fuzzy numbers for the proposed probability based on the
approach illustrated in Section 2 where s is chosen as

)7()))1/(1,/1(min(2/1 )()( ii
s θθ −=
It should be mentioned that we normalized )( )(i

P θ of all
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the prior probability distributions by factor N, to convert
the prior probability distributions to fuzzy numbers.

)8(
5.0)1/(2

5.0)/(2
)()(

)()(







≥−

≤
=

ii

ii

N

θθ

θθ

As an example, through Figs. 2~3 we have shown the
result of fuzzy probabilities of injury and death based on
hit organ variable.

Figure 2: Injury fuzzy probability considering hit organ

Figure 3: Death fuzzy probability considering hit organ

In the next step we apply (3) to obtain the posterior
distribution based on statistical data which was gathered
during one month in Shahidkamyab and Emamreza
hospitals. In our database among 131 victims 99 of them
had just injured and 32 of them had died. While injury and
death are two independent states, we have considered the
injuries which ends to fatality in the death statistical
society. Therefore n=32 for dead pedestrians statistical
society and n=99 for injured statistical society, these
numbers are distributed through any variable partitions
based on the collected data which is available in Tables 6
~ 10. Among 18 factors which consist of human, vehicle,
road and environmental factors, we could find 5 variables
(hit organ, agility (crossing ability), vehicle front shape,
location of collision and type of road) that had significant
relations with collision intensity by the 5 percentage of
error using SPSS.
Table 6: Distribution of statistical database on Significant
variable of hit organ

Total number of died
pedestrians = 32

Total number of injured
pedestrians = 99

Head and neck = 17Head and neck = 10
Hand and arm = 4Hand and arm = 0
Chest and stomach = 2Chest and stomach = 5
Legs and pelvis = 1Legs and pelvis = 33
More than one point = 8More than one point = 51

Table 7: Distribution of statistical database on Significant
variable of agility (crossing ability)

Total number of died
pedestrians = 32

Total number of injured
pedestrians = 99

Able = 24Able = 97
Unable = 8Unable =2

Table 8: Distribution of statistical database on Significant
variable of vehicle of front shape

Total number of died
pedestrians = 32

Total number of injured
pedestrians = 99

Has bonnet = 23Has bonnet = 86
Does not have bonnet = 9Does not have bonnet = 13

Table 9: Distribution of statistical database on Significant
variable of location of the collision

Total number of died
pedestrians = 32

Total number of injured
pedestrians = 99

In the city =14In the city =60
Out of city =6Out of city =3
Suburb =12Suburb =36

Table 10: Distribution of statistical database on Significant
variable vehicle of type of road

Total number of died
pedestrians = 32

Total number of injured
pedestrians = 99

Highway = 7Highway = 4
Boulevard = 10Boulevard = 51
Two way road = 11Two way road = 34
Incidental way = 4Incidental way = 10

The resulting posterior distributions of injury and death for
the hit organ variable are as below:

Figure 4: Posterior distribution of injury considering hit
organ

Figure 5: Posterior distribution of death considering hit
organ
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Based on the procedure mentioned for transforming
probability distribution to possibility distribution in
Section 2, we obtained the possibility distributions of
probability distributions. By comparing the prior fuzzy
probabilities and possibility-probability distributions (Figs.
6~15), It can be easily interpreted that by combining the
information of two databases less ambiguous, i.e. more
certain and reliable results, are obtained in PPDs. It is also
obvious that the PPD (fuzzy probability) can easily handle
the existing uncertainty in the results.

Figure 6: Possibility-probability distribution of injury
considering hit organ

Figure 7: Possibility-probability distribution of injury
knowing agility (crossing ability)

Figure 8: Possibility_probability distribution of injury
considering vehicle front shape

Figure 9: Possibility_probability distribution of injury
considering location of collision

Figure 10: Possibility_probability distribution of injury
considering type of road

Figure 11: Possibility_probability distribution of death
considering hit organ

Figure 12: Possibility_probability distribution of death
considering agility (crossing ability)
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Figure 13: Possibility_probability distribution of death
considering vehicle front shape

Figure 14: Possibility_probability distribution of death
considering location of collision

Figure 15: Possibility-probability distribution of death
considering type of road

4 Collision intensity assessment

As it was explained before there are various variables
which influence the intensity of collisions. If we assess the
collision intensity based on one or few known variables
the uncertainty of the assessment is so higher in
comparison with the time that the assessment is based on
more known variables. Therefore we can assess the fuzzy
probability of injury or death of the pedestrians based on
the combination of all significant variables PPDs. It should
be mentioned that the employed method for combining
fuzzy probabilities is based on fuzzy arithmetic [2] not
Bayesian approach.
Assume that A and B are fuzzy probabilities of X. By
having A and B which have been calculated based on
different variables of X , we want to obtain C as a more

reliable fuzzy probability of X by considering both
variables, as the following

.)],([])([])([ CisbaXPBisbXPandAisaXP ≡
Where a and b are related variables of X which effect
assessing the fuzzy probability of X. One of the most
common ways to aggregate fuzzy probabilities such as
A and B is to obtain the α _cuts of C for any

]1,0[∈α as below

)9())](),(max()),(),([min()(
)](),([][,)](),([][

2211

2121

ααααα

αααααα

babaC

bbBaaA

=

⇒==

We can extend this procedure to more than two fuzzy
probabilities with different variables to obtain a more
reliable fuzzy probability of X, C . It is also notable to
know that any α _cut in any fuzzy probability is a sub
interval of the unit interval of probabilities. However the
mentioned method may exhibit shortcomings, first the
max and min operations are noninteractive so they tend to
lead to the results that are getting close to 1 and 0
respectively. Second, the result of combination at any
level of α is entirely dependent upon the extreme bounds.
To overcome these shortcomings we propose to calculate
the α _cuts of C based on fuzzy arithmetic [2].

)10()]()(,)()([)(

)](),([][,)](),([][
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××=
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The only drawback of fuzzy arithmetic method is that it
results in low fuzzy probabilities which do not conform
the reality (statistical data) but we can solve this problem
by normalizing the obtained fuzzy probabilities of all the
existing states. This normalization is in the way that for
each −α cut , ]1,0[∈α , the summation of −α cut
boundary points (probabilities) must be equal to one. In
the specific application that we focus on it, we have two
states of "X= death, Y= injury" in any collision, therefore
we must normalize the final fuzzy probabilities in the way
that
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Figure 16: The probabilities which must be normalized at
any α level
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We continue by an example where we used the fuzzy
arithmetic procedure to obtain a more reliable fuzzy
probability of injury and death based on the obtained
results. In the following example for combining the fuzzy
probabilities of injury and death which were assessed
based on 5 significant variables, we use seven α _cuts
(α = 0, 0.1, 0.3, 0.5, 0.7, 0.8, 1) of all fuzzy probabilities
(PPDs) to do the combination.
Example: A pedestrian who does not have the agility
(crossing ability) is crashed by a mini-bus while crossing a
two-way road in city of Mashhad. His chest and stomach
are hit by the vehicle. (a) What is the fuzzy probability of
his injury? (b) What is the fuzzy probability of his death?

Hit organ: chest and stomach, agility (crossing ability):
unable to cross, Vehicle front shape: does not have bonnet,
Collision location: in the city, Type of road: two-way road.
By combining the PPDs of the related variables we can
obtain the final fuzzy probability of injury as below:

Figure 17: Fuzzy probability of injury before
normalization

Figure 18: Fuzzy probability of death before normalization

Figure 19: Normalized fuzzy probability of injury

Figure 20: Normalized fuzzy probability of death
The normalized fuzzy probabilities are closer to statistical
data and reality and the fuzzy probability of death and
injury are complement of each other. The obtained result

is more reliable while it has considered 5 significant
variables at the same time instead of one.

5 Conclusion

Each year, too many pedestrians die all over the world
with significant social and financial losses. The intensity
of these collisions is of great importance for city planners
and insurance companies alike. Here, we propose the use
of fuzzy set theory to complement the probability theory
with an additional dimension of uncertainty which leads to
fuzzy probability characterized in terms of possibility
probability distribution. We assessed the intensity of
pedestrian collisions in Mashhad based on the variables
that had significant relation with the intensity by use of
fuzzy probability. The results indicate that by considering
more significant variables in our assessment, we can
decrease the amount of uncertainty and reach a more
reliable result.
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Abstract—The paper presents a form of rendering classical math-
ematical notions by formal theories over suitable t-norm fuzzy logics
in such a way that references to real numbers are eliminated from
definitions and theorems, being removed to the standard semantics
of fuzzy logic. Several examples demonstrate how this move concep-
tually simplifies the theory in exchange for non-classical reasoning,
facilitates certain generalizations, and puts the concepts into a differ-
ent perspective. The formal framework employed for the number-free
formalization of mathematical concepts is that of higher-order fuzzy
logic, also known as Fuzzy Class Theory.

Keywords—Fuzzy Class Theory, fuzzy mathematics, fuzzy set,
real-valued function, similarity-based limit, t-norm fuzzy logic.

1 Introduction
In the standard semantics of t-norm fuzzy logics [1], truth
values are represented by real numbers from the unit inter-
val [0, 1]; truth functions of n-ary propositional connectives
are certain real-valued functions on [0, 1]n; and the quantifiers
∃,∀ are interpreted as the suprema and infima of sets of truth
values. Read inversely, the apparatus of t-norm fuzzy logics
expresses, by means of their standard semantics, certain first-
and second-order constructions over real numbers. The ax-
ioms and rules of t-norm logics are designed to capture basic
properties of such constructions and ensure the soundness of
formally derivable theorems expressible in the language.

A suitable formal theory in first-order fuzzy logic thus can,
by means of its standard semantics, express facts about classi-
cal mathematical notions and make them derivable by logical
deductions in fuzzy logic. Since real numbers occur in the
standard semantics of such a theory, they need no longer be
explicitly mentioned by the theory itself. A notion of classical
mathematics then becomes represented as the standard model
of another notion of formal fuzzy mathematics that makes no
explicit reference to real numbers: the reals are only implic-
itly present behind the logical axioms that govern reasoning in
formal fuzzy mathematics.

This way of eliminating real numbers from the theory in
favor of reasoning by means of t-norm fuzzy logic will here
be called the number-free approach.

Number-free formalization of mathematical concepts is not
new and has implicitly been around since the beginning of
the theory of fuzzy sets: in fact, the notion of fuzzy set it-
self can be understood as a number-free rendering of the no-
tion of real-valued function (see Section 2). However, it was
only after the advancement of t-norm fuzzy logics, mostly in
the past decade, that number-free notions could be treated rig-
orously in formal theories over first-order fuzzy logics. An
early example of the number-free treatment of a classical no-
tion is the formalization of finitely additive probability as a

modality Probable in Łukasiewicz logic (see Section 3). Nev-
ertheless, number-free rendering of more advanced mathemat-
ical notions requires more complex concepts of formal fuzzy
mathematics—esp. higher-order set-constructions and a for-
mal theory of fuzzy relations. The latter prerequisites have
only recently been developed in the framework of higher-
order fuzzy logic [2, 3, 4], which made it possible to apply
the number-free approach systematically to various classical
mathematical notions.

The profit we gain under the number-free approach in ex-
change for having to use non-classical rules of reasoning is,
in the first place, conceptual simplification (roughly speaking,
we get ‘a set for a function’). Secondly, the number-free ren-
dering often reveals a new perspective upon the notion, ex-
posing the gradual quality of the classical construct, treating
its gradualness as a primitive rather than derivative feature,
and telling a different story about the concepts than is told
by classical mathematics. Thirdly, many theorems of classi-
cal mathematics are under this approach detected as provable
by simple (often, propositional) logical derivations in a suit-
able fuzzy logic, instead of complex classical proofs involv-
ing arithmetic, infima, functions, etc. Furthermore, adopting
a non-standard semantics (e.g., using Chang’s MV-algebra in-
stead of the standard real numbers) or a different interpretation
of the logical symbols involved (e.g., taking another t-norm
for conjunction) yields an effortless generalization that might
be harder to find (and motivate) in the classical language of
crisp mathematics. Finally, the many-valuedness of all formu-
lae in fuzzy logic makes it possible to consider another kind of
graded generalization, by admitting partial satisfaction of the
axioms for the represented notion (e.g., a metric to degree .99,
cf. [5, 6]).

The particular formal framework in which number-free for-
malization of classical mathematical concepts is carried out
in this paper is that of higher-order fuzzy logic, also known
as Fuzzy Class Theory (FCT), over a suitable propositional
fuzzy logic at least as strong as MTL∆. A working knowl-
edge of FCT will be assumed throughout; for an introduction
to the theory and more information see [2, 5]. For reference,
the definitions used in the present paper are repeated below in
the Appendix.

The aim of this paper is only to introduce the number-free
approach as a distinct paradigm of formalization, rather than
to develop particular number-free theories in depth. Therefore
it only gives definitions of and a few observations on several
number-free notions and discusses the merits of such a for-
malization; a detailed investigation of number-free theories is
left for future work. A slightly more eloquent version of this
paper has been made available as a research report [7].

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

449



2 Real-valued functions
The very first notion of fuzzy mathematics, namely Zadeh’s
notion of fuzzy set [8], can be regarded as a number-free repre-
sentation of classical [0, 1]-valued functions by non-classical
(namely, fuzzy) sets. Even though the formal apparatus of
first-order fuzzy logic, which makes it possible to cast fuzzy
sets as a primitive notion instead of representing them by
classical real-valued functions, was developed years later, the
tendency of regarding fuzzy sets and relations as a number-
free rendition of real-valued functions has partly been present
since the very beginning of the fuzzy set theory, as witnessed
by the vocabulary and notation employed. E.g., the function
x �→ min(A(x), B(x)) is in the traditional fuzzy set theory
denoted by A ∩ B and called the intersection of A and B:
that is, the functions A,B : X → [0, 1] are regarded as (non-
classical) sets rather than real-valued functions (as the inter-
section of real-valued functions is a different thing). Similarly,
such notions as fuzzy relational composition or the image un-
der a fuzzy relation would make little sense if the n-ary func-
tions involved were not regarded as (a kind of non-classical)
relations. The terminological shift towards the number-free
discourse is expressed by the very term “fuzzy set” and by its
informal motivation of an unsharp collection of elements.

A certain part of the talk about real-valued functions and
their properties was thus replaced by a talk about sets and
relations that behave non-classically (e.g., do not follow the
rule of excluded middle). This move eliminated references
to numbers at least from the wording of some theorems,
giving them compact forms and new conceptual meanings.1

Clearly, the original number-free notion of fuzzy set has
proved immensely fruitful even in its semi-formal form of tra-
ditional fuzzy mathematics. The formal apparatus of logic-
based fuzzy mathematics has provided means for accom-
plishing the long-present idea and developing a fully fledged
number-free approach to fuzzy sets and fuzzy relations.2

3 Finitely additive probability measures
Another number-free representation, already based on for-
mal fuzzy logic, was the axiomatization of finitely additive
probability measures as models of a fuzzy modality Proba-
ble over propositional Łukasiewicz logic by Hájek, Godo, and
Esteva [10]. Later it was elaborated in a series of papers by
Flaminio, Marchioni, Montagna, and the authors of [10]. We
shall briefly recapitulate the original axiomatization (adapted
from [11]) as another illustration of the number-free approach.

Consider a classical probability space (Ω,B, π), where Ω
is a set of elementary events, B a Boolean algebra of subsets
of Ω, and π a finitely additive probability measure on B, i.e.,
a function π : B → [0, 1] satisfying the following conditions:

π(Ω) = 1 (1)
If A ⊆ B, then π(A) ≤ π(B) (2)
If A ∩B = ∅, then π(A ∪B) = π(A) + π(B) (3)

1The elimination of numbers also from proofs would have re-
quired a consistent use of first-order fuzzy logic. This approach was
not embraced in the early works on fuzzy set theory, even though
particular first-order fuzzy logics already existed, e.g., [9].

2Cf. [2, 3], where the formal theory of fuzzy sets and relations is
developed without making any reference to real numbers in defini-
tions, theorems, or proofs (only in explanatory semantic examples).

A number-free representation of π draws on the fact that a
[0, 1]-valued function on a Boolean algebra can be understood
as a standard model of a fuzzy modality P over an algebra of
crisp propositions. The above conditions on π can be trans-
formed into the axioms for P , which (due to the additivity)
are expressible in Łukasiewicz logic:3

Definition 3.1. The axioms and rules of the logic FP(Ł) are
those of Łukasiewicz propositional logic plus the following
axioms and rules, for non-modal ϕ, ψ:

ϕ ∨ ¬ϕ (4)
From ϕ infer Pϕ (5)
Pϕ, for all Boolean tautologies ϕ (6)
P (ϕ→ ψ) → (Pϕ→ Pψ) (7)
P (¬ϕ) ↔ ¬Pϕ (8)
P (ϕ ∨ ψ) ↔ ((Pϕ→ P (ϕ ∧ ψ)) → Pψ) (9)

The axioms and rules of FP(Ł) ensure the following repre-
sentation theorem (adapted from [10]):

Theorem 3.2. Any probability space (Ω,B, π) is a standard
model of FP(Ł). Vice versa, all standard models of FP(Ł)
are probability spaces.

The representation theorem shows that the number-free theory
faithfully captures the original notion of finitely additive prob-
ability measure. Moreover, by the completeness theorem of
FP(Ł) w.r.t. probability spaces, proved in [11], all valid laws
of finitely additive probability that are expressible in the lan-
guage of FP(Ł) can in FP(Ł) be also (number-freely) proved.

In a given probability space (Ω,B, π), i.e., a standard model
of FP(Ł) with ‖P‖ = π, the truth value of Pϕ is the prob-
ability of the event ϕ: ‖Pϕ‖ = π(‖ϕ‖); the formula Pϕ
can therefore be understood as “ϕ is probable”. Numerical
calculations with probabilities are thus in FP(Ł) replaced by
logical derivations with the modality “is probable”. The key
difference is that the latter represent inference salva probabil-
itate (i.e., salvo probabilitatis gradu, in the sense of P ): e.g.,
it can be observed that numberless probability is transmitted
by modus ponens, as Pϕ & P (ϕ → ψ) → Pψ, i.e., “if ϕ
is probable and ϕ → ψ is probable, then ψ is probable”, is a
theorem of FP(Ł).

The number-free approach to probability facilitates sev-
eral kinds of generalization. First, generalizations to mod-
els over non-standard algebras for Łukasiewicz logic: thus
we can have, e.g., probability valued in Chang’s MV-algebra,
or in non-standard reals (as in [12]). Second, a generaliza-
tion to measures with only partially satisfied additivity (by
a many-valued interpretation of the axioms, see [6]). And
third, a generalization to the probability of fuzzy events, where
one discards the axiom ϕ ∨ ¬ϕ for events and adapts the fi-
nite additivity axiom to work well with fuzzy events (e.g., as
P (ϕ⊕ ψ) ↔ ((Pϕ→ P (ϕ& ψ)) → Pψ)).4

3Ł with rational truth constants is used in [10], but the truth con-
stants are inessential for our account. The language is two-layered,
admitting only non-modal formulae and propositional combinations
of non-nested modal formulae.

4This approach has been taken in [13], though only over finitely-
valued events, as the authors strove for the completeness of the logic;
in [12] this was generalized to infinitely-valued events, with com-
pleteness w.r.t. non-standard reals.
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4 Distribution functions
Classical distribution functions present a special way how to
define a probabilistic measure on Borel sets, i.e., on the σ-
algebra B of subsets of the real line generated by all intervals
(−∞, x]. A function f : R → [0, 1] defines a measure on
B with µ(−∞, x] = f(x) and µ(R) = 1 iff it satisfies the
following conditions, which can thus be taken as the axioms
for distribution functions:

1. Monotony: if x ≤ y then f(x) ≤ f(y), for all x, y ∈ R

2. Margin conditions: lim
x→−∞

f(x) = 0, lim
x→+∞

f(x) = 1

3. Right-continuity: lim
x→x+

0

f(x) = f(x0) for all x0 ∈ R

Let us translate these conditions into the number-free lan-
guage.5 The function f : R → [0, 1] represents a standard
fuzzy set of reals, i.e., in FCT over any expansion of MTL∆,
the standard model of a predicateA on reals.6 By the standard
semantics of MTL∆, the above conditions translate into the
following axioms on the predicate A:7

(∀xy)(x ≤ y → (Ax→ Ay)) (10)
¬(∀x)Ax, (∃x)Ax (11)
(∀x0)[(∀x > x0)Ax→ Ax0] (12)

In FCT, these conditions express, respectively, the upper-
ness of A in R, the null plinth and full height of A, and the
left-closedness of the fuzzy upper class A. Consequently,
number-free distribution functions are left-closed upper sets
in R with full height and null plinth, i.e., (weakly bounded)
fuzzy Dedekind cuts on R. The number-free rendering of dis-
tribution functions as fuzzy Dedekind cuts corresponds to the
known fact that distribution functions represent Hutton fuzzy
reals (cf., e.g., [15]). A use of fuzzy Dedekind cuts for the de-
velopment of a logic-based theory of fuzzy intervals (or fuzzy
numbers) is hinted at in [16].

5 Continuous functions on R

In Section 4 we abused the presence of monotony for the
number-free rendering of right-continuity. Yet, if we aim at
a graded theory where monotony can be satisfied to partial
degrees, we need a different number-free characterization of
continuity that does not rely on monotony. We shall work
with functions R → [0, 1] only, even though various gener-
alizations are easy to obtain.

For a number-free rendering of right-continuity, we shall
use the following classical characterization. A function
f : R → [0, 1] is right-continuous in x0 iff

lim supx→x+
0
f(x) = lim infx→x+

0
f(x) = f(x0), (13)

5Of course, the ‘translation’ is by no means unique: we always
select one which is sufficiently straightforward and which results in
meaningful concepts of fuzzy mathematics.

6Recall that R as well as other crisp mathematical structures are
available in FCT by means of the ∆-interpretation, see [2, §7] and
[14, §4]. In this and the next section, we shall understand all first-
order quantifications relativized to R, unless specified otherwise.

7We use the fact that due to the monotony assumed, the margin
conditions reduce to infx f(x) = 0 and supx f(x) = 1, and the
right-continuity to f(x0) ≥ infx>x0 f(x). The representation theo-
rem is then immediate by the standard semantics of MTL∆. Observe
that as the axioms are required to degree 1, they are (due to the crisp-
ness of ≤) independent of the particular left-continuous t-norm used.

where

lim supx→x+
0
f(x) = infx1>x0 supx1>x>x0

f(x) (14)

lim infx→x+
0
f(x) = supx1>x0

infx1>x>x0 f(x). (15)

This translates into the following number-free definitions in
FCT over MTL∆:8

LimSup+(A, x0) ≡df(∀x1 > x0)(∃x ∈ (x0, x1))Ax (16)

LimInf+(A, x0) ≡df(∃x1 > x0)(∀x ∈ (x0, x1))Ax (17)

∆ Cont+(A, x0) ≡df(Ax0 = LimSup+(A, x0)) &

(Ax0 = LimInf+(A, x0)) (18)

The left-sided predicates LimSup− and LimInf− are defined
dually (with < for >), and the both-sided ones as

LimSup(A, x0) ≡df LimSup−(A, x0) ∨
LimSup+(A, x0) (19)

LimInf(A, x0) ≡df LimInf−(A, x0) ∧
LimInf+(A, x0). (20)

These definitions reconstruct the classical notions in a
number-free way in the framework of FCT; the representa-
tion theorems follow directly from the above considerations
and the standard semantics of MTL∆. The following obser-
vation shows that many properties of the classical notions can
be reconstructed in FCT as well.

Observation 5.1. By shifts of crisp relativized quantifiers
valid in first-order MTL∆, the following theorems are easily
provable in FCT:9

1. LimInf(A, x0) ≤ LimSup(A, x0)

2. A ⊆ B → (LimSup(A, x0) → LimSup(B, x0))
and analogously for LimInf .

3. LimInf(�A, x0) ≤ ¬LimSup(A, x0)
LimSup(�A, x0) ≥ ¬LimInf(A, x0)
(Equality holds in logics with involutive negation, but not
generally in MTL∆.)

4. LimInf(A �B, x0) = LimInf(A, x0) ∧ LimInf(B, x0)
LimInf(A �B, x0) = LimInf(A, x0) ∨ LimInf(B, x0)
and analogously for LimSup.

Since the definitions reconstruct classical notions, we have
retained the classical terminology and notation referring to
limits and continuity, even though these regard member-
ship functions (i.e., semantic models of fuzzy classes), rather
than fuzzy classes themselves. In FCT, the fuzzy predicate
LimSup+(A, x0) actually expresses the condition that x0 is a
right-limit point of the fuzzy class A, and LimInf+(A, x0)
that x0 is an interior point of A ∪ {x0} in the left half-
open interval topology,10 as these are the properties ex-
pressed by the defining formulae if all sets involved are crisp.

8Again it can be observed that the definitions are independent of
a particular t-norm and are the same in all expansions of MTL∆.

9The theorems are stated for both-sided limits only, but hold
equally well for one-sided limits.

10I.e., the topology with the open base of all half-open intervals
[a, b), also known as the lower-limit topology or the Sorgenfrey line.
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Consequently, the formulae (∀x0 ∈ A) LimInf(A, x0) and
(∀x0 ∈ A) LimSup(A, x0) express the notions of openness
resp. closedness of A in a fuzzy interval topology on R. The
study of this fuzzy topology and its relationship to the fuzzy
interval topologies of [17, 18] is left for future work.

Like the definitions of LimInf and LimSup, the theorems
of Observation 5.1 have double meanings, too. On the one
hand they can be understood as number-free reconstructions
and graded generalizations of the classical theorems on (mem-
bership) functions. On the other hand, they can be interpreted
as fuzzy-mathematical theorems on (fuzzy) sets, under the
above fuzzy interval topology on reals. In particular, 1. says
that an interior point of a fuzzy set of reals is also its limit
point; 2. that a limit point of a fuzzy set is also a limit point
of a larger fuzzy set (and dually for interior points); 3. that an
interior point of the complement of a fuzzy set A is not a limit
point of A (and vice versa); and 4. that x0 is a limit point of
A � B exactly to the degree it is a limit point of A and (∧) a
limit point of B (and dually for �). (The theorems are graded,
thus ‘is’ represents fuzzy implication →.)

6 Operations on R

In the previous examples, only the codomain of real-valued
functions of reals was rendered numberless. Obviously, the
domain R (or more conveniently, R∪{±∞}) can be re-scaled
into [0, 1] and regarded as the standard set of truth degrees as
well. The functions Rn → R then become n-ary functions
from truth values to truth values, i.e., truth functions of fuzzy
propositional connectives.

An apparatus for internalizing truth values and logical con-
nectives in FCT was developed in [4, §3]. As shown there, the
truth values can be internalized as the elements of the crisp
class L = Ker Pow{a}, i.e., subclasses of a fixed crisp sin-
gleton. The class L of internalized truth values is ordered by
crisp inclusion ⊆∆, and the correspondence between internal
and semantical truth values is given as follows:11 α ∈ L rep-
resents the semantic truth value of ∅ ∈ α, and the semantic
truth value of ϕ is represented by the class ϕ =df {a | ϕ}; the
correspondences ϕ ↔ (a ∈ ϕ) and ϕ ⊆ ψ ↔ (ϕ → ψ) then
hold.

Logical connectives are then internalized by crisp functions
c : Ln → L (which can be called internal, inner, or formal
connectives). In particular, definable connectives c of the
logic are represented by the corresponding class operations
c = {x ∈ L | c(x ∈ X1, . . . , x ∈ Xn)} on L (e.g., & by ∩;
∨ by �; etc.). Since n-ary internal connectives are crisp func-
tions valued in L, they can as well be regarded as fuzzy subsets
of Ln, i.e., n-ary fuzzy relations on L. Usual fuzzy class op-
erations and graded predicates, e.g., the graded inclusion

c ⊆ d ≡df (∀x1 . . . xn)(cx1 . . . xn → dx1 . . . xn), (21)

then apply to them and make their theory graded.
The number-free theory of functions Rn → R is thus in fact

the fuzzy-logical theory of internal connectives, i.e., of fuzzy
relations on internal truth values. An elaboration of the theory
of unary and binary internal connectives has been sketched in
[19, 20]. These preliminary papers focus on the defining prop-
erties of t-norms (i.e., monotony, commutativity, associativity,

11However, see [4, Rem. 3.3] for certain metamathematical quali-
fications regarding this correspondence.

and the unit) and the relation of domination between internal
connectives, making them graded by reinterpretation of their
defining formulae in fuzzy logic (cf. [2, §7], [5, §2.3], or [6,
§4]) and studying their graded properties. A full paper on the
topic (by the authors of [20]) is currently under construction.

7 Metrics
Recall that a pseudometric12 on a setX is a function d : X2 →
[0,+∞] such that

d(x, x) = 0 (22)
d(x, y) = d(y, x) (23)
d(x, z) ≤ d(x, y) + d(y, z). (24)

The numberless reduction will first need to normalize the
range of pseudometrics from [0,+∞] to [0, 1], e.g., by setting

c(x, y) = 2−d(x,y). (25)

The defining conditions on pseudometric then become the fol-
lowing equivalent conditions on c:13

c(x, x) = 1 (26)
c(x, y) = c(y, x) (27)
c(x, z) ≥ c(x, y) · c(y, z) (28)

These conditions are nothing else but the defining conditions
of fuzzy equivalences, also known as similarity relations [21],
in the standard semantics of product fuzzy logic [1]. We can
thus equate number-free pseudometrics with product similar-
ities, i.e., standard models of the following axioms in product
fuzzy logic:

Cxx (29)
Cxy → Cyx (30)
Cxy & Cyz → Cxz (31)

The definition of a metric strengthens the first condition to
d(x, y) = 0 iff x = y, which is equivalent to c being a fuzzy
equality (also called separated similarity), i.e., c(x, y) = 1 iff
x = y, thus replacing the first axiom by Cxy ↔ x = y.

Using a different left-continuous t-norm represents a dif-
ferent way of combining the distances d(x, y) and d(y, z)
in the triangle inequality: e.g., with the minimum t-norm,
c represents a (pseudo)ultrametrics under the same transfor-
mation (25), while with the Łukasiewicz t-norm, c represents
a bounded pseudometric d under a different transformation
c(x, y) = (1−d(x, y))/dmax, where dmax < +∞ is an upper
bound on the distances. (The obvious both-way representation
theorems are left to the reader.) Since furthermore many theo-
rems on number-free metrics hold generally over MTL∆, it is
quite natural to generalize the notion of number-free metrics
to any similarity, not only the product one.

Various notions based on such (generalized) number-free
metrics can be defined and their properties investigated in the
framework of FCT (over MTL∆ or stronger). Only a few

12For simplicity, we shall work with extended pseudometrics, al-
lowing the value +∞.

13Notice that since the function 2−x reverses the order, the fuzzy
relation c : X2 → [0, 1] expresses closeness rather than distance.
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observations on number-free limits are given here as a con-
cluding illustration of the numberless approach.

Fix a metric d rendered in the numberless way by a close-
ness predicate C under the transformation (25). The limit
limn→∞ xn of a sequence {xn}n∈N (abbreviated �x) under C
can be defined as follows:14

∆LimC(�x, x) ≡df ∆(∃n0)(∀n > n0)Cxxn (32)

Theorem 7.1. Standard models over product logic validate
∆LimC(�x, x) iff x = limn→∞ xn under d.

Proof: limxn = x under d iff lim sup d(x, xn) = 0, iff
lim inf 2−d(x,xn) = 1, iff supn0

infn>n0 c(x, xn) = 1, which
is the semantics of ∆LimC(�x, x).

As noted above, the meaning of ∆LimC is natural not only
in product logic, but also in other t-norm logics, esp. if the re-
lation C is interpreted as indistinguishability rather than mere
closeness:15 then (32) expresses the condition that from some
index on, xn is indistinguishable from x. Similarly, Theo-
rem 7.2 below expresses the fact that all limits of �x are indis-
tinguishable (to the degree the indistinguishability relation is
symmetric and transitive).

Discarding the ∆ in (32) yields a graded number-free notion
of limit:16

LimC(�x, x) ≡df (∃n0)(∀n > n0)Cxxn (33)

Interestingly, LimC(�x, x) coincides with G. Soylu’s notion
of similarity-based fuzzy limit [23]. Even without employing
explicitly the formalism of t-norm fuzzy logic, Soylu was able
to prove graded theorems such as [23, Prop. 3.5],

LimC(�x, x) & LimC(�y, y) → LimC(�x+ �y, x+ y). (34)

With the apparatus of FCT, the gradedness of Soylu’s re-
sults can be extended even further by not requiring the full
satisfaction of the defining properties of the similarity C (this
conforms to the standard methodology of constructing graded
theories [6, §7]). An example of such graded results is the
following theorem on the fuzzy uniqueness of the limit:

Theorem 7.2. FCT over MTL∆ proves:

SymC & TransC &
LimC(�x, x) & LimC(�x, x′) → Cxx′ (35)

Proof. By TransC we obtain Cxxn & Cxnx
′ → Cxx′; thus

Cxnx& Cxnx
′ → Cxx′ by SymC, whence

((n > n0) → Cxnx) &
((n > n0) → Cxnx

′) → Cxx′ (36)

follows propositionally. By generalization on n and distribu-
tion of the quantifier,

(∀n > n0)Cxnx & (∀n > n0)Cxnx
′ → Cxx′ (37)

is obtained (as in the consequent the quantification is void).
Generalization on n0 and the shift of the quantifier to the an-
tecedent (as ∃) then yields the required formula.

14The ∆ in ∆LimC refers to the ∆ in the defining formula, which
will later be dropped.

15Cf. Menger’s probabilistic indistinguishability relations [22].
16Observe that LimC is a Σ2-formula: compare it with the classi-

cal Π3-definition and the Π1-definition in non-standard analysis.

A more detailed investigation of convergence based on
fuzzy indistinguishability in the formal framework of FCT
exceeds the scope of the present paper, and is therefore left
for future research.

Appendix: Fuzzy Class Theory
Fuzzy Class Theory (FCT) is a formal theory over a given
first-order fuzzy logic aiming at axiomatic approximation of
Zadeh’s fuzzy sets of all orders over a fixed crisp domain. It
can be characterized as Henkin-style higher-order fuzzy logic,
or fuzzified Russell-style simple type theory. FCT can be re-
garded as a foundational theory for fuzzy mathematics [24],
since other axiomatic mathematical theories over fuzzy logic
can be formalized within its framework. For more details on
FCT see [2, 5]; the relevant definitions of [5] are briefly re-
peated here for reference.

The reader’s familiarity with the logic MTL∆ and its main
extensions is assumed; for details on these logics see [1, 25].
Here we only recapitulate its standard real-valued semantics,
which is crucial for number-free mathematics:

& . . . a left-continuous t-norm ∗
→ . . . the residuum ⇒ of ∗, defined as

x⇒ y =df sup{z | z ∗ x ≤ y}
∧, ∨ . . . min, max
¬ . . . x⇒ 0
↔ . . . the bi-residuum: min(x⇒ y, y ⇒ x)
∆ . . . ∆x = 1 − sgn(1 − x)
∀, ∃ . . . inf , sup

Łukasiewicz logic further specifies x ∗ y = (x + y − 1) ∨ 0,
product logic sets x ∗ y = x · y, and Gödel logic sets x ∗ y =
x ∧ y.

Fuzzy Class Theory FCT is a formal theory over a given
multi-sorted first-order fuzzy logic L (at least as strong as
MTL∆), with sorts of variables for: atomic objects (lower-
case letters x, y, . . . ), fuzzy classes of atomic objects (up-
percase letters A,B, . . . ), fuzzy classes of fuzzy classes of
atomic objects (calligraphic letters A,B, . . . ), etc., in general
for fuzzy classes of the n-th order (X(n), Y (n), . . . ).

Besides the crisp identity predicate =, the language of FCT
contains:

• The membership predicate ∈ between objects of succes-
sive sorts

• The class terms {x | ϕ} of order n + 1, for any variable
x of any order n and any formula ϕ

• The symbols 〈x1, . . . , xk〉 for k-tuples of individuals
x1, . . . , xk of any order

In formulae of FCT we employ usual abbreviations and de-
fined notions known from classical mathematics or traditional
fuzzy mathematics, including those listed in Table 1, for all
orders of fuzzy classes.

FCT has the following axioms, for all formulae ϕ and vari-
ables of all orders:

• The logical axioms of multi-sorted first-order logic L

• The axioms of crisp identity: x = x; x = y & ϕ(x) →
ϕ(y); and 〈x1, . . . , xk〉 = 〈y1, . . . , yk〉 → xi = yi
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Table 1: Abbreviations and defined notions of FCT

ϕ = ψ ≡df ∆(ϕ↔ ψ)
ϕ ≤ ψ ≡df ∆(ϕ→ ψ)

Ax ≡df x ∈ A
x1 . . . xk =df 〈x1, . . . , xk〉

(∀x ∈ A)ϕ ≡df (∀x)(x ∈ A→ ϕ)
(∃x ∈ A)ϕ ≡df (∃x)(x ∈ A & ϕ)
{x ∈ A | ϕ} =df {x | x ∈ A & ϕ}

∅ =df {x | 0}
KerA =df {x | ∆Ax}

�A =df {x | ¬Ax}
A ∩B =df {x | Ax&Bx}
A �B =df {x | Ax ∧Bx}
A �B =df {x | Ax ∨Bx}
PowA =df {X | X ⊆ A}
HgtA ≡df (∃x)Ax
PltA ≡df (∀x)Ax

CrispA ≡df (∀x)∆(Ax ∨ ¬Ax)
SymR ≡df (∀xy)(Rxy → Ryx)

TransR ≡df (∀xyz)(Rxy &Ryz → Rxz)
FncR ≡df (∀xyy′)(Rxy & Rxy′ → y = y′)
A ⊆ B ≡df (∀x)(Ax→ Bx)

A ⊆∆ B ≡df (∀x)(Ax ≤ Bx)

• The comprehension axioms: y ∈ {x | ϕ(x)} ↔ ϕ(y)

• The extensionality axioms: (∀x)(Ax = Bx) → A = B

Models of FCT are systems of fuzzy sets (and fuzzy re-
lations) of all orders over a crisp universe of discourse, with
truth degrees taking values in an L-chain L (e.g., the interval
[0, 1] equipped with a left-continuous t-norm); thus all theo-
rems on fuzzy classes provable in FCT are true statements
about L-valued fuzzy sets. Note, however, that the theorems
of FCT are derived from its axioms by the rules of the fuzzy
logic L rather than classical Boolean logic. For details on
proving theorems in FCT see [5] or [26].
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[6] Libor Běhounek and Petr Cintula. Features of mathematical
theories in formal fuzzy logic. Lecture Notes in Artificial Intel-
ligence, 4529:523–532, 2007. (Proc. IFSA Congr. 2007.)
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Uncertainty Can Decrease Privacy: An Observation
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Abstract— In many application areas, e.g., in medical applica-
tions, it is important to be able to get statistical information about the
data without disclosing individual cases. One of the methods to pre-
serve privacy in such statistical databases is to introduce uncertainty,
i.e., to replace the exact values with intervals of possible values. In
this paper, we show that while the introduction of uncertainty can of-
ten enhance privacy, sometimes, the opposite effect occurs: adding
uncertainty can decrease privacy.

Keywords— Fuzzy uncertainty, interval uncertainty, privacy, sta-
tistical databases

1 Statistical Databases – Need to Preserve
Privacy

1.1 Need for Collecting Data

In many practical situations, it is very useful to collect large
amounts of data.

For example, from the data that we collect during a cen-
sus, we can extract a lot of information about health, mortal-
ity, employment in different regions – for different age ranges,
and for people from different genders and of different ethnic
groups. By analyzing these statistics, we can reveal troubling
spots and allocate (usually limited) resources so that the help
goes first to social groups that need it most.

Similarly, by gathering data about people’s health in a large
medical database, we can extract a lot of useful information on
how the geographic location, age, and gender affect a person’s
health. Then, we can improve the public health by appropriate
appropriate public health measures to different portions of the
population.

Finally, a large database of purchases can help find out what
people are looking for, make shopping easier for customers
and at the same time, decrease the stores’ expenses related to
storing unnecessary items.

1.2 Need for Privacy

Privacy is an important issue in the statistical analysis of
human-related data. For example, to check whether in a cer-
tain geographic area, there is a gender-based discrimination,
one can use the census data to check, e.g., whether for all
people from this area who have the same level of education,
there is a correlation between salary and gender. One can think
of numerous possible questions of this type related to differ-
ent sociological, political, medical, economic, and other ques-

tions. From this viewpoint, it is desirable to give researchers
ability to perform whatever statistical analysis of this data that
is reasonable for their specific research.

On the other hand, we may not want to give the researchers
direct access to the raw census data, because a large part of
the census data is confidential. For example, for most people
(those who work in the private sector) salary information is
confidential. Suppose that a corporation is deciding where to
built a new plant and has not yet decided between two possible
areas. This corporation would benefit from knowing the aver-
age salary of people of needed education level in these two
areas, because this information would help them estimate how
much it will cost to bring local people on board. However,
since salary information is confidential, the company should
not be able to know the exact salaries of different potential
workers.

The need for privacy is also extremely important for medi-
cal experiments, where we should be able to make statistical
conclusions about, e.g., the efficiency of a new medicine with-
out disclosing any potentially embarrassing details from the
individual medical records.

Such databases in which the outside users cannot access in-
dividual records but can solicit statistical information are often
called statistical databases.

1.3 Maintaining Privacy is Not Easy

Maintaining privacy in statistical databases is not easy. Clerks
who set up policies on access to statistical databases some-
times erroneously assume that once the records are made
anonymous, we have achieved perfect privacy. Alas, the situ-
ation is not so easy: even when we keep all the records anony-
mous, we can still extract confidential information by asking
appropriate questions.

Many examples of such extraction can be found in a book
by D. Denning [1]. For example, suppose that we are inter-
ested in the salary of Dr. X who works for a local company.
Dr. X’s mailing address can be usually taken from the phone
book; from the company’s webpage, we can often get his
photo and thus find out his race and approximate age. Then, to
determine Dr. X’s salary, all we need is to ask what is the av-
erage salary of all people with a Ph.D. of certain age brackets
who live in a small geographical area around his actual home
address – if the area is small enough, then Dr. X will be the
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only person falling under all these categories.
Even if we only allow statistical information about salaries

s1, . . . , sq when there are at least a certain amount n0 people
within a requested range, we will still be able to reconstruct
the exact salaries of all these people. Indeed, for example, we
can ask for the number and average salary of all the people
who live on Robinson street at houses 1 through 1001, and
then we can ask the same question about all the people who
live in houses from 1 to 1002. By comparing the two numbers,
we get the average salary of the family living at 1002 Robin-
son – in other words, we gain the private information that we
tried to protect.

In general, we can ask for the average

s1 + . . . + sq

q
,

and for several moments of salary (variance, third moment,
etc):

• if we know the values vj of at least q different functions
fj(s1, . . . , sq) of si,

• then we can, in general, reconstruct all these values
from the corresponding system of q equations with q un-
knowns:

f1(s1 . . . , sq) = v1,

. . . ,

fq(s1, . . . , sq) = vq.

At first glance, moments are natural and legitimate statis-
tical characteristics, so researchers would be able to request
these characteristics. On the other hand, we do not want the
researchers to be able to extract the exact up-to-cent salaries
of all the people leaving in a certain geographical area.

What restriction should we impose on possible statistical
queries that would guarantee privacy but restrict research in
the least possible way?

These are anecdotal examples of poorly designed privacy
and security, but, as we have mentioned, the problem is indeed
difficult: Many seemingly well-designed privacy schemes
later turn out to have unexpected privacy and security prob-
lems, and it is known that the problem of finding a privacy-
preserving scheme is, in general, NP-hard [1].

Different aspects of the problem of privacy in statistical
databases, different proposed solutions to this problem, and
their drawbacks, are described in [1, 11, 12] (see also refer-
ences therein).

2 Known Fact: Uncertainty Can Enhance
Privacy

A reasonable way to avoid privacy violations is to store ranges
(intervals) of values instead of the actual values. For example,
instead of keeping the exact age, we only record whether the
age is between 0 and 10, 10 and 20, 20 and 30, etc.

In this case, no matter what statistics we allow, the worst
that can happen is that the corresponding ranges will be dis-
closed. However, in this situation, we do not disclose the
original exact values – since these values are not stored in the
database in the first place; see, e.g., [5, 6, 7].

3 New Observation: Uncertainty Can
Decrease Privacy

3.1 What We Do in This Section

The successful use of uncertainty to enhance privacy in sta-
tistical databases may lead to an impression that uncertainty
always enhances privacy. In this paper, we show that uncer-
tainty can actually decrease privacy in a statistical database.

3.2 Simplest Possible Case: 1-D Databases

We will show that the privacy decrease phenomenon occurs
in the simplest 1-dimensional case, when each record in the
statistical database consists of a single value xi. In this case,
the database consists of n values x1, . . . , xn.

3.3 1-D Case: Choice of Statistical Characteristics

Among the most important statistical characteristics are the
mean values of certain quantities.

In the 1-D case, each record contains the value xi of a single
quantity x. So, in the 1-dimensional case, we are interested in
estimating the mean values of different characteristics u(x),
i.e., in estimating the values

E[u] def=
1
n
·

n∑
i=1

u(xi). (1)

3.4 Smooth Characteristics

Among different statistical characteristics, an important class
is formed by characteristics for which the corresponding func-
tion u(x) is smooth.

Usually, most values xi corresponding to different individ-
uals do not differ much. In other words, most values xi belong
to a small-size region. In this region, we can expand the func-
tion u(x) in Taylor series and ignore higher-order terms. In the
first approximation, we thus approximate the function u(x) by
a linear expression

u(x) ≈ u0 + u1 · x. (2)

In the next approximation, we approximate an arbitrary
smooth function u(x) by a quadratic expression:

u(x) ≈ u0 + u1 · x + u2 · x2. (3)

In this paper, we will show that the phenomenon of decreasing
privacy occurs already for such quadratic characteristics.

3.5 For Exactly Known Values, the Computation of
Quadratic Characteristics Preserves Privacy

In applications, we may be interested in the mean values of
different statistical characteristics. If we restrict ourselves to
quadratic characteristics, this means that we must be able,
given an arbitrary quadratic characteristic (3), to estimate the
average value (1) of this characteristic.

Substituting the general expression (3) into the formula (1),
we can conclude that the desired average value has the form

E[u] = u0 + u1 · E[x] + u2 · E[x2], (4)

where

E[x] def=
1
n
·

n∑
i=1

xi (5)
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and

E[x2] def=
1
n
·

n∑
i=1

x2
i . (6)

Thus, in effect, even when we know the mean value E[u] for
all possible quadratic characteristics, all we know about the
values xi are the two combinations: the mean E[x] and the
second moment E[x2].

Based on the knowledge of these two values, we cannot
reconstruct n different values x1, . . . , xn and thus, privacy is
preserved.

3.6 Case of Interval Uncertainty

Let us now consider what happens if instead of the exact value
of xi, we only know the interval [xi, xi] of possible values of
xi.

Often, these intervals come from the fact that we know an
approximate value x̃i, and we know the upper bound ∆i on
the approximation accuracy ∆xi

def= x̃i − xi: |∆xi| ≤ ∆i. In
this case, the only information that we have about the actual
(unknown) value xi is that xi belongs to the interval [x̃i −
∆i, x̃i +∆i]. So, we get an interval [xi, xi] with xi = x̃i−∆i

and xi = x̃i + ∆i.
In general, every interval [xi, xi] can be represented in the

form [x̃i − ∆i, x̃i + ∆i]: it is sufficient to take:

• as x̃i, the midpoint of the interval, i.e., the value

x̃i =
xi + xi

2
; (7)

and

• as ∆i, the radius (half-width) of the interval, i.e., the
value

∆i =
xi − xi

2
. (8)

3.7 Estimating Statistical Characteristics under Interval
Uncertainty: Formulation of the Problem

Suppose that we are interested in the mean value E[u] of a
statistical characteristic u(x). In the ideal case when we know
the exact values x1, . . . , xn, this mean value is simply equal
to the arithmetic average of the corresponding values u(xi).

Under interval uncertainty, we can have different values
xi ∈ [xi, xi]. In general, different values xi can lead to dif-
ferent values of the mean. We are interested in computing the
range [u, u] of possible values of this mean, i.e., the interval

[u, u] def=

{
1
n
·

n∑
i=1

u(xi) : xi ∈ [xi, xi]

}
. (9)

3.8 Estimating Quadratic Characteristics under Interval
Uncertainty: Algorithm

How can we compute the range of the mean

E[u] =
1
n
·

n∑
i=1

u(xi)?

Each of the variables xi can take any value from the corre-
sponding interval [xi, xi]. Thus,

• the mean E[u] takes the largest value if and only if each
term u(xi) takes the largest possible value on the interval
[xi, xi]; we will denote this largest value by ui;

• similarly, the mean E[u] takes the smallest value if and
only if each term u(xi) takes the smallest possible value
on the interval [xi, xi]; we will denote this smallest value
by ui.

For a given quadratic function u(xi) on a given interval
[xi, xi], computing its smallest value ui and its largest value ui

is an easy computational task. Indeed, according to calculus,
if a function attains its minimum or maximum at some point
inside an interval, then its derivative is 0 at this point. Thus,
to find the minimum and the maximum of a given function
u(xi) on a given interval [xi, xi], it is sufficient to compute
the values of this function

• at the endpoints xi and xi of this interval and

• at the point(s) (if any) where the derivative u′(x) of the
function u(x) is equal to 0.

Then,

• the smallest of these values is the desired minimum ui,
and

• the largest of these values is the desired maximum ui.

For a quadratic function u(x) = u0 + u1 · x + u2 · x2, the
derivative is a linear function u′(x) = u1 + 2 · u2 · x, so com-
puting the point where the derivative is 0 is a straightforward
task: u1 + 2 · u2 · x = 0 implies x = −u1/(2u2).

Once we compute the values ui and ui, we can now find the
desired range [u, u] as

u =
1
n
·

n∑
i=1

ui, u =
1
n
·

n∑
i=1

ui. (10)

3.9 Under Interval Uncertainty, Privacy Is No Longer
Preserved: Result

Let us show that in this case, privacy is no longer preserved.
To be more precise, we assume that we are given a 1-D
database, i.e., a collection of intervals [x1, x1], . . . , [xn, xn].
We do not have an explicit access to intervals from this collec-
tion, but for every quadratic function u(x), we can generate
the range of the mean value E[u] over these intervals.

We will show that in almost all cases, based on these ranges,
we can actually reconstruct all the original intervals [xi, xi]. In
other words, adding uncertainty leads to a loss of privacy.

Comment. By “almost all” cases, we mean all cases in which
all n midpoints x̃i are different. Situations when two mid-
points coincide are indeed degenerate, since a minor modifi-
cation of the original data leads to x̃i �= x̃j .

3.10 Under Interval Uncertainty, Privacy Is No Longer
Preserved: Proof

In our proof, for every real number a, we consider the
quadratic function u(x) = (x − a)2. For this function,
the derivative is equal to 0 at the minimum point x = a.
Thus, this function attains its largest value on the interval
[x̃i −∆i, x̃i +∆i] at one of the endpoints x̃i −∆i or x̃i +∆i.
One can easily check that:
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• when a ≤ x̃i, then the largest possible value ui of u(x)
on the interval [x̃i − ∆i, x̃i + ∆i] is attained when xi =
xi = x̃i + ∆i and is equal to ui = (xi − a)2;

• when a ≥ x̃i, then the largest possible value ui of u(x)
on the interval [x̃i − ∆i, x̃i + ∆i] is attained when xi =
xi = x̃i − ∆i and is equal to ui = (xi − a)2.

Let us use this fact to describe the dependence of u on the
parameter a.

When a �= x̃i, the value u is the average of n smooth ex-
pressions.

At each point a = x̃i, all the terms uj in the sum u are
smooth except for the term ui that turns from (xi − a)2 to
(xi −a)2. The derivative of ui with respect to a changes from
2 · (a − xi) to 2 · (a − xi), i.e., increases by

2 · (a − xi) − 2 · (a − xi) = 2 · (xi − xi) = 4 · ∆i. (11)

Since all the other components uj are smooth at a = x̃i, at

a = x̃i, the derivative of the average u(a) increases by
4
n
·∆i.

Thus, once we know the value u for all a,

• we can find the values x̃i as the values at which the
derivative is discontinuous; and

• we can find each value ∆i as n/4 times the increase of
the derivative at the corresponding point x̃i.

The statement is proven.

3.11 Case of Fuzzy Uncertainty

In many practical situations, the estimates x̃i come from ex-
perts. Experts often describe the inaccuracy of their estimates
in terms of imprecise words from natural language, such as
“approximately 0.1”, etc. A natural way to formalize such
words is to use special techniques developed for formalizing
this type of estimates – specifically, the technique of fuzzy
logic; see, e.g., [4, 10].

In this technique, for each possible value of xi ∈ [xi, xi],
we describe the degree µi(xi) to which this value is possible.
For each degree of certainty α, we can determine the set of
values of xi that are possible with at least this degree of cer-
tainty – the α-cut xi(α) = {x |µi(x) ≥ α} of the original
fuzzy set. Vice versa, if we know α-cuts for every α, then, for
each object x, we can determine the degree of possibility that
x belongs to the original fuzzy set [2, 4, 8, 9, 10]. A fuzzy set
can be thus viewed as a nested family of its (interval) α-cuts.

3.12 From the Computational Viewpoint, Fuzzy Uncertainty
Can Be Reduced to the Interval One

Once we know how to propagate interval uncertainty, i.e., how
to compute the range

f(x1, . . . ,xn) def= {f(x1, . . . , xn) : xi ∈ xi} (12)

of a given function f(x1, . . . , xn) over given intervals xi,
then, to propagate the fuzzy uncertainty, we can consider, for
each α, the fuzzy set y with the α-cuts

y(α) = f(x1(α), . . . ,xn(α)); (13)

see, e.g., [2, 4, 8, 9, 10]. This is equivalent to using Zadeh’s
extension principle.

So, from the computational viewpoint, the problem of prop-
agating fuzzy uncertainty can be reduced to several interval
propagation problems.

For example, the fuzzy value of E[u] can be described as
follows: for each α, the corresponding α-cut is equal to the
range of E[u] when for each i, all values xi belong to the
corresponding α-cuts: xi ∈ xi(α).

3.13 Under Fuzzy Uncertainty, Privacy Is Also Not
Preserved: Result

Let us assume that we are given a 1-D database, i.e., a collec-
tion of fuzzy numbers µ1(x1), . . . , µn(xn). We do not have
an explicit access to fuzzy numbers from this collection, but
for every quadratic function u(x), we can generate the fuzzy
number µ(u) corresponding to the mean E[u].

We will show that in almost all cases (i.e., when the mid-
points are all different), based on the resulting fuzzy numbers
µ(u), we can actually reconstruct all the original fuzzy num-
bers µi(xi).

In other words, adding fuzzy uncertainty also leads to a loss
of privacy.

3.14 Under Fuzzy Uncertainty, Privacy Is Also Not
Preserved: Proof

For each α, the α-cuts of the resulting fuzzy number µ(u) is
the range of E[u] when xi ∈ xi(α).

We already know that from the ranges computed for all pos-
sible quadratic functions u(x), we can reconstruct all the in-
tervals. Thus, for every α, we can reconstruct all the α-cuts of
all the membership functions µi(xi).

Since we can thus reconstruct all α-cuts for all α, hence, we
can uniquely reconstruct all the membership functions.

The statement is proven.
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Abstract— The paper proposed to use recurrent Fuzzy-Neural 
Multi-Model (FNMM) identifier for decentralized identification of 
a distributed parameter anaerobic wastewater treatment digestion 
bioprocess, carried out in a fixed bed and a recirculation tank. The 
distributed parameter analytical model of the digestion bioprocess 
is used as a plant data generator. It is reduced to a lumped system 
using the orthogonal collocation method, applied in three 
collocation points (plus the recirculation tank), which are used as 
centers of the membership functions of the fuzzyfied plant output 
variables with respect to the space variable. The local and global 
weight parameters and states of the proposed FNMM identifier are 
used to design hierarchical FNMM direct and indirect controllers. 
The comparative graphical simulation results of the digestion 
system direct and indirect control, obtained via learning, exhibited 
a good convergence, and precise reference tracking. The 
comparative numerical results, giving the final means squared 
error of control of each output variable showed that the indirect 
adaptive decentralized fuzzy-neural control outperformed the 
direct one, and the it outperformed the linearized proportional 
optimal control too. 

Keywords— Decentralized control, direct adaptive control, 
indirect adaptive control, distributed parameter digestion 
bioprocess system, recurrent neural network model, hierarchical 
fuzzy neural identification and control. 

1 Introduction 
The Distributed Parameter Systems (DPS) are distinguished 
by the fact that the states, controls, and outputs may depend 
on spatial position, [1]. Thus the natural form of the system 
description is by Partial Differential Equations (PDE), 
integral equations, or transcendental transfer functions, [1]. 
On the other side, in the last two decades, a new 
identification and control tools like Neural Networks (NN), 
used for biotechnological plants, [2], rose fame. Among 
several possible network architectures the ones most widely 
used are the Feedforward NN (FFNN) and the Recurrent NN 
(RNN), [3]. The main NN property namely the ability to 
approximate complex non-linear relationships without prior 
knowledge of the model structure makes them a very 
attractive alternative to the classical modeling and control 
techniques. This property has been proved for both types of 
NNs by the universal approximation theorem [3]. The 
preference given to NN identification with respect to the 
classical methods of process identification is clearly 
demonstrated in the solution of the “bias-variance dilemma” 
[3]. The FFNN and the RNN have been applied for DPS 
identification and control too. In [4], a RNN is used for 
system identification and process prediction of a DPS 

dynamics - an adsorption column for wastewater treatment of 
water contaminated with toxic chemicals. In [5, 6], a 
spectral-approximation-based intelligent modeling approach 
is proposed for the distributed thermal processing of the snap 
curing oven DPS that is used in semiconductor packaging 
industry. In [7], it is presented a new methodology for the 
identification of DPS, based on NN architectures, motivated 
by standard numerical discretization techniques used for the 
solution of PDE. In [8], an attempt is made to use the 
philosophy of the NN adaptive-critic design to the optimal 
control of distributed parameter systems. In [9] the concept 
of proper orthogonal decomposition is used for the model 
reduction of DPS to form a reduced order lumped parameter 
problem. In [10], measurement data of an industrial process 
are generated by solving the PDE numerically using the 
finite differences method. Both centralized and decentralized 
NN models are introduced and constructed based on this 
data. The models are implemented on FFNN using 
Backpropagation (BP) and Levenberg-Marquardt learning 
algorithms. In [11, 12, 13, 14], Baruch et al. defined direct 
and indirect Fuzzy Neural Multi-Model (FNMM) control 
system, based on Takagi-Sugeno (T-S) fuzzy rules, [15], 
containing in its consequent parts computational procedure 
of a Backpropagation Learning (BP) of a Recurrent 
Trainable NN (RTNN), [14]. In the present paper, the direct 
and indirect FNMM control system are modified and used 
for decentralized identification and control of a digestion 
anaerobic DPS of wastewater treatment, [16]. The anaerobic 
bioprocess plant model, used as an input/output plant data 
generator, is described by PDE/ODE, and simplified using 
the orthogonal collocation technique in three collocation 
points and a recirculation tank, [16], [17]. 

2 Analytical Model of the Anaerobic 
Digestion Bioprocess 

The anaerobic digestion systems conformed by a fixed bed 
reactor and a recirculation tank is depicted on Fig. 1. It 
contained a fixed bed bioreactor and a recirculation tank. 
The anaerobic digestion process is modeled using PDE, [16]: 
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Where: X1  is concentration of acidogenic bacteria; X2- 
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Figure 1: Block-Diagram of Anaerobic Digestion Bioreactor 
 
concentration of methanogenic bacteria; S1 - chemical 
oxygen demand; S2 - volatile fatty acids; �1, �2-  Monod 
functions, representing the acidogenesis and methanogenesis 
growth rate; D - dilution rate; � - bacteria fraction in the 
liquid phase. The next equations of the bioprocess model are: 
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Where: S1T , S2T  are concentrations of the chemical oxygen 
demand and the volatile fatty acids in the recirculation tank, 
respectively; H - fixed bed length; QT - recycle flow rate; VT 
- volume of the recirculation tank. The physical meaning of 
the other constants and initial values of the variables of the 
process model are given in [16]. For practical purpose, the 
full PDE process model, [16], could be reduced to an ODE 
system using an early lumping technique and the Orthogonal 
Collocation Method (OCM), [16], [17]. The precision of the 
OCM approximation of the PDE model depended on the 
number of measurement (collocation) points, but the 
approximation is always exact in that points. If the number of 
points is very high and the point positions are chosen 
inappropriately, the ODE model could loose identifiability. 
Furthermore the ODE plant model here is used as a plant 
data generator for neural identification and control of PDE 
system and the number of point not need to be too high. So 
to fulfill this objective we need a reduced order model 
having only three points, (0.25H, 0.5 H, 0.75H), but 
generating 14 measured variables. The reference set points 
generated for all that variables keep the form but differ in 
amplification due to its position. The plant ODE system 
model, obtained by OCM is taken from [16] and used as a 
plant process input/output data generator so to obtain 
identification and control simulation results. 

3 Description of the Direct and Indirect 
Fuzzy-Neural Multi-Model Control System 

3.1 Direct Adaptive FNMM Control System Design 
The block-diagrams of the complete control system and its 
identification and control parts are schematically depicted in 
Fig. 2, Fig. 3 and Fig. 4.  
 

 
 
Figure .2: Block-Diagram of the FNMM Control System. 

 
Figure 3: Detailed block-diagram of the FNMM identifier 
 

 
 
Figure 4: Detailed block-diagram of the HFNMM controller 
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The structure of the entire control system, [12, 14], contained 
Fuzzyfier, Fuzzy Rule-Based Inference System (FRBIS), 
containing four identification, four feedback control and four 
feedforward control T-S rules (RIi, RCfbi, RCffi) and a 
Defuzzyfier. The plant output variable and its correspondent 
reference variable depended on space and time, and they are 
fuzzyfied on space. The membership functions of the fixed-
bed output variables are triangular/trapezoidal ones and that 
belonging to the output variables of the recirculation tank are 
singletons. The centers of the membership functions are the 
respective collocation points of the plant. The main objective 
of the Fuzzy-Neural Multi-Model Identifier (FNMMI), 
containing four rules, is to issue states for the direct adaptive 
Fuzzy-Neural Multi-Model Feedback Controller 
(FNMMFBC) when the FNMMI outputs follows the outputs 
of the plant in the four measurement (collocation) points with 
minimum Means Squared Error (MSE) of approximation. 
The direct fuzzy neural controller has also a direct adaptive 
Fuzzy-Neural Multi-Model Feedforward Controller 
(FNMMFFC). The objective of the direct adaptive FNMM 
controller, containing four Feedback (FB) and four 
Feedforward (FF) T-S control rules is to reduce the error of 
control. The upper hierarchical level of the FNMM control 
system is one layer perceptron which represented the 
defuzzyfier, [12, 14]. The hierarchical FNMM controller has 
two levels – Lower Level of Control (LLC), and Upper Level 
of Control (ULC). It is composed of three parts: 1) 
Fuzzyfication, where the normalized reference vector signal 
contained reference components of four measurement points; 
2) Lower Level Inference Engine, which contains twelve T-S 
fuzzy rules (four rules for identification and eight rules for 
control- four in the feedback part and four in the feedforward 
part), operating in the corresponding measurement points; 3) 
Upper Hierarchical Level of neural defuzzification. 
The detailed block-diagram of the FNMMI, given on Fig. 3, 
contained a space plant output fuzzyfier and four 
identification T-S fuzzy rules, labeled as RIi, which 
consequent parts are RTNN learning procedures, [14]. The 
identification T-S fuzzy rules have the form: 

RIi: If x(k) is Ai and u(k) is Bi then 
Yi = �i (L,M,Ni,Ydi,U,Xi,Ai,Bi,Ci,Ei), i=1,2,..,4 (8) 

The detailed block-diagram of the FNMMC, given on Fig. 4, 
contained a spaced plant reference fuzzyfier and eight 
control T-S fuzzy rules (four FB and four FF), which 
consequent parts are also RTNN learning procedures, [12, 
14], using the state information, issued by the corresponding 
identification rules. The consequent part of each feedforward 
control rule (the consequent learning procedure) has the M, 
L, Ni RTNN model dimensions, Ri, Ydi, Eci inputs and Uffi, 
outputs used to form the total control. The T-S fuzzy rule has 
the form: 

RCFFi: IIf R(k) iis Bi tthen Uffi ��i (M, L, Ni, Ri, Ydi, 
Xi, Ji, Bi, Ci, Eci), i =1,2,..,4 (9) 

The consequent part of each feedback control rule (the 
consequent learning procedure) has the M, L, Ni RTNN 
model dimensions, Ydi, Xi, Eci inputs and Ufbi, outputs used 
to form the total control. The T-S fuzzy rule has the form: 

RCFBi: IIf Ydi iis Ai tthen Ufbi ��i (M, L, Ni, Ydi, 
Xi, Xci, Ji, Bi, Ci, Eci), i =1,2,..,4 (10) 

The total control corresponding to each of the four 
measurement points is a sum of its corresponding 
feedforward and feedback parts: 

Ui (k) = -Uffi (k) + Ufbi (k) (11) 

The defuzzyfication learning procedure, which correspond to 
the single layer perceptron learning, performed a weighted 
sum of the control variables Ui, [15]. It is described by: 

U = � (M, L, N, Yd, Uo, X, A, B, C, E) (12) 

3.1 Indirect Adaptive FNMM Control System Design 
The block-diagram of this control system is schematically 
depicted in Fig.5. The structure of the entire control system, 
[14, 15], contained Fuzzyfier, Fuzzy Rule-Based Inference 
System (FRBIS), containing four identification and four 
control T-S rules (RIi, RCi), and a Defuzzyfier. The plant 
output variable and its correspondent reference variable 
depended on space and time, and they are fuzzyfied on 
space. The membership functions and the Identifier 
(FNMMI) are the same used in the direct controller. The 
objective of the indirect adaptive FNMM controller is 
equivalent to that of the direct controller. The hierarchical 
FNMM controller has two levels – Lower Level of Control 
(LLC), and Upper Level of Control (ULC). It is composed of 
three parts: 1) Fuzzyfication, where the normalized reference 
vector signal contained reference components of four 
measurement points; 2) Lower Level Inference  Engine, 
which  contains  eight  T-S  fuzzy  rules (four rules for 
identification and four rules for control), operating in the 
corresponding measurement points; 3) Upper Hierarchical 
Level of neural defuzzification.  The detailed block-diagram 
of the FNMMC is given on Fig. 6. It contained a spaced 
plant reference fuzzyfier and four sliding mode control T-S 
fuzzy rules, which consequent parts are SMC procedures, 
[13, 14], using the state, and parameter information, issued 
by the corresponding identification rules. The control T-S 
fuzzy rules have the form: 

RCi: If R(k) is Ci then Ui ��i (M, L, Ni, Ri, 
Ydi, Xi, Ai, Bi, Ci, Eci),  i =1, 2,…, 4 

(13) 

The defuzzyfication of the control variable is a learning 
procedure, which correspond to the single layer perceptron 
learning. It is described by: 

U = � (M, L, N, Yd, Uo, X, A, B, C, E) (14) 

The T-S rule and the defuzzification of the plant output of 
�`�#�~�����\��`��������$�`������"�����>���¡��� is the 
correspondent membership function), [14, 15], are given by: 

ROi: If Yi,t is Ai then Yi,t = ai
TYt + bi, i=1,2,3 (15) 

      Yz=[¢i £i,z ai
T] Yt ¤¢i £i,z bi  ¥£i,z �¡i,z ��¢j ¡j,z)     (16) 

The indirect adaptive neural control algorithm, which is the 
consequent part of the local fuzzy control rule RCi (13) is 
viewed as a Sliding Mode Control (SMC), [13, 14], using the  
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Figure 5: Block-diagram of the FNMM Control system. 

 
Figure 6: Detailed block-diagram of the HFNMM controller 
 
parameters and states issued by the correspondent 
identification local fuzzy rule RIi (8). The equivalent control 
capable to lead the system to the sliding surface in the case 
when L>M is given by the equations: 
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(17) 

Here the added offset Of is a learnable M-dimensional 
constant vector which is learnt using a simple delta rule (see 
[3]), where the error of the plant input is obtained 
backpropagating the output error through the adjoint RTNN 
model (see [18, 14]). The SMC avoiding chattering is taken 
using a saturation function inside a bounded control level 
Uo, taking into account plant uncertainties. So the SMC 
takes the form: 

� �
� � � �
� � � � � �

0

0 0

,                        
        

,     

eq eq

eq eq eq

U k if U k U
U k

U U k U k if U k U

� ��� �
� ���

(18) 

The proposed SMC cope with the characteristics of the wide 
class of plant model reduction neural control with reference 
model, and represents an indirect adaptive neural control, 
given by [11, 13, 14]. 

3.1 Description of the RTNN and its Learning Algorithm 
The RTNN topology, including thresholds in both layers, 
and its learning algorithm, which appeared in the consequent 
part of the identification fuzzy rule as a learning procedure, 
are described in vector-matrix form as: 
 
 X(k+1) = AX(k) + BU(k); B = [B1 ; B0]; UT = [U1 ; U2] (19) 
 Z1(k) = G[X(k)]                                                              (20) 
 V(k) = CZ(k); C = [C1 ; C0]; ZT = [Z1 ; Z2]                     (21) 
 Y(k) = F[V(k)]; A = block-diag (Ai), |Ai | < 1                (22) 
 W(k+1) = W(k) +� �W(k) + � �Wij(k-1)                       (23) 
 E(k) = T(k)-Y(k); E1(k) = F’[Y(k)] E(k)                        (24) 
 �C(k) = E1(k) ZT(k); F’[Y(k)] = [1-Y2(k)]                     (25) 
E3(k) = G’[Z(k)] E2(k); E2(k) = CT(k) E1(k)                    (26) 
 �B(k) = E3(k) UT(k); G’[Z(k)] = [1-Z2(k)]                      (27) 
 �A(k) = E3(k) XT(k); Vec(�A(k)) = E3(k)¦X(k)             (28) 
 
Where: X, Y, U are vectors of state, output, and augmented 
input with dimensions N, L, (M+1), respectively, Z is an 
(L+1) –dimensional input of the feedforward output layer, 
where Z1 and U1 are the (Nx1) output and (Mx1) input of the 
hidden layer; the constant scalar threshold entries are Z2 = -1, 
U2 = -1, respectively; V is a (Lx1) pre-synaptic activity of 
the output layer; T is the (Lx1) plant output vector, 
considered as a RNN reference; A is (NxN) block-diagonal 
weight matrix; B and C are [Nx(M+1)] and [Lx(N+1)]- 
augmented weight matrices; B0 and C0 are (Nx1) and (Lx1) 
threshold weights of the hidden and output layers; F[.], G[.] 
are vector-valued tanh(.)-activation functions with 
corresponding dimensions; F’[.], G’[.] are the derivatives of 
these tanh(.) functions; W is a general weight, denoting each 
weight matrix (C, A, B) in the RTNN model, to be updated; 
�W (�C, �A, �B), is the weight correction of W; �, � are 
learning rate parameters; �C is an weight correction of the  
learned matrix C; �B, �A are weight corrections of the 
learned matrices B, A; the diagonal of the matrix A is 
denoted by Vec (.) where (28) represents its learning as an 
element-by-element vector product; E, E1, E2, E3, are error 
vectors with appropriate dimensions. The stability of the 
RTNN model is assured by the activation functions [-1, 1] 
bounds and by the local stability weight bound condition, 
given by (22). The learning procedure having forward and 
backward steps (19)-(28), could be denoted by Y(k) = ��§, 
M, N, Yd, U, X, A, B, C, E). The defuzzyfication learning 
procedure, corresponding to the single layer perceptron, 
denoted by (14) is a simple delta rule (see [3]), where the 
error of the plant controlled input is obtained 
backpropagating the output error through the adjoint RTNN 
model, [18].  

4  Simulation Results 
The decentralized FNMM identifier used a set of four T-S 
fuzzy rules containing in its consequent part RTNN learning 
procedures (see Fig. 3). The topology of the first three 
RTNNs is (2-6-4) (2 inputs, 6 neurons in the hidden layer, 4 
outputs) and the last one has topology (2-6-2) corresponding 
to the fixed bed plant behavior in each collocation point and 
the recirculation tank. The RTNNs identified the following 
fixed bed variables: X1 (acidogenic bacteria), X2 
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(methanogenic bacteria), S1 (chemical oxygen demand) and 
S2 (volatile fatty acids), in the following collocation points, 
z=0.25H, z=0.5H, z=0.75H, and the following variables in 
the recirculation tank: S1T (chemical oxygen demand) and 
S2T (volatile fatty acids). The graphical simulation results of 
RTNNs learning are obtained on-line during 100 days with a 
step of 0.1 day (To=0.1 sec.; Nt=1000 iterations). The 
learning rate parameters of RTNN have small values which 
are different for the different measurement point variables. 
The Fig. 7, Fig.8, Fig. 9, Fig. 10 showed similar three 
dimensional and two dimensional graphical simulation 
results of the direct and indirect decentralized FNMM 
control of X1, X2, where the outputs of the plant are 
compared with the reference signals at the collocation points. 
The reference signals for all variables are proportional train 
of pulses with uniform duration and random amplitude. The 
Means Squared Error (MSE%) of identification, direct, 
indirect and optimal control for each output signal and each 
measurement point are given on Table 1, 2, 3, 4, 
respectively. The comparison showed a slight preference of 
the indirect FNMM-SMC control over the direct FNMM 
control, due to the better adaptation of the first low. 
 
Table 1: MSE% of the decentralized FNMM approximation 

of the bioprocess output variables 
Coll. point X1 X2 S1 / S1T S2 / S2T 

z=0.25H 1.2524e-8 6.5791e-8 2.9615e-5 4.3302e-4 
z=0.5H 5.0180e-9 2.9067e-8 1.1840e-8 2.7851e-6 

z=0.75H 1.0487e-9 2.7977e-9 9.3562e-5 2.8941e-4 
Recir Tank - - 8.6967e-7 2.0205e-6 

 

 
a) 

 
b) 

 
c) 

 
d) 

Figure 7: Results of the direct decentralized FNMM control of X1 
(acidogenic bacteria in the fixed bed) (dotted line-plant output, 
continuous-reference); a) 3d view of X1 ; b) Ref vs X1 in z=0.25H; 
c) Ref vs X1 in z=0.5H; d) Ref vs X1 in z=0.75H. 

Table 2: MSE% of the direct decentralized FNMM control 
of the bioprocess output variables 

Coll. point X1 X2 S1 / S1T S2 / S2T 

z=0.25H 1.2524e-8 6.5791e-8 2.9615e-5 4.3302e-4 
z=0.5H 5.0180e-9 2.9067e-8 1.1840e-8 2.7851e-6 

z=0.75H 1.0487e-9 2.7977e-9 9.3562e-5 2.8941e-4 
Recir Tank - - 8.6967e-5 2.0205e-4 

 

 
a) 

 
b) 

 
c) 

 
d) 

Figure 8: Results of the direct decentralized FNMM control of X2 
(methanogenic bacteria in the fixed bed) (dotted line-plant output, 
continuous-reference); a) 3d view of X2 ; b) Ref vs X2 in z=0.25H; 
c) Ref vs X2 in z=0.5H; d) Ref vs X2 in z=0.75H. 

 
a) 

 
b) 

 
c) 

 
d) 

Figure 9: Results of the decentralized FNMM-SMC of X1 
(acidogenic bacteria in the fixed bed) (dotted line-plant output, 
continuous-reference); a) 3d view of X1; b) SMC of X1 in z=0.25H; 
c) SMC of X1 in z=0.5H; d) SMC of X1 in z=0.75H. 

Table 3: MSE% of the decentralized FNMM–SMC of the 
bioprocess output variables 

Coll. point X1 X2 S1 / S1T S2 / S2T 

z=0.25H 1.7494E-8 3.0157E-9 3.9538E-6 7.9391E-9 
z=0.5H 2.2131E-9 1.9669E-8 4.8951E-7 2.1116E-6 

z=0.75H 1.0415E-10 1.3238E-9 2.3548E-8 1.3095E-7 
Recir Tank   8.4352E-8 5.8734E-9 

 
Table 4: MSE% of the proportional optimal control of the 

bioprocess output variables 
Coll. point X1 X2 S1 / S1T S2 / S2T 

z=0.25H 5.3057E-8 1.7632E-7 1.1978E-5 2.1078E-5 
z=0.5H 6.6925E-9 4.2626E-8 1.4922E-6 4.4276E-6 

z=0.75H 3.0440E-10 2.0501E-9 6.8737E-8 2.0178E-7 
Recir Tank   2.7323E-7 6.0146E-7 

 
The comparison also showed a slight preference of the 
FNMM-SMC control over the linearized optimal control, 
due to the adaptation of the FNMM-SMC control low. 
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a) 

 
b) 

 
c) 

 
d) 

Figure 10: Results of the decentralized FNMM-SMC of X2 
(methanogenic bacteria in the fixed bed) (dotted line-plant output, 
continuous-reference); a) 3d view of X2; b) SMC of X2 in z=0.25H; 
c) SMC of X2 in z=0.5H; d) SMC of X2 in z=0.75H. 

5 Conclusions 
The paper performed decentralized recurrent fuzzy-neural 
identification, direct and indirect control of an anaerobic 
digestion wastewater treatment bioprocess, composed by a 
fixed bed and a recirculation tank represented a DPS. The 
simplification of the PDE process model by ODE is realized 
using the orthogonal collocation method in three collocation 
points (plus the recirculation tank) represented centers of 
membership functions of the space fuzzyfied output 
variables. The obtained from the FNMMI state and 
parameter information is used by a HFNMM direct and 
indirect control. All graphical control results exhibited good 
convergence and precise reference tracking. All obtained 
comparative numerical identification and control results 
(final MSE%) exhibited a high precision and showed that the 
indirect decentralized FNMM control is the better one 
outperforming the linearized optimal control and the direct 
decentralized fuzzy-neural control. 
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Enforcing Local Properties in Online Learning First Order TS-fuzzy Systems by
Incremental Regularization
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Abstract— Embedded systems deseminate more and more. Be-
cause their complexity increases and their design time has to be re-
duced, they have to be increasingly equipped with self-tuning proper-
ties. One form is self-adaption of the system behavior, which can po-
tentially lead the system into safety critical states. In order to avoid
this and to speed up the self-tuning process, we apply a specific form
of regularization, incremental regularization. The SILKE approach
has been developed as an incremental regularization scheme for a
special class of online learning Takagi-Sugeno fuzzy systems. Its aim
is to control the process of self-tuning by guiding the online learning
process towards local meta-level characteristics such as a smooth
system behavior without outliers. This ability has been investigated
experimentally and formally for zero order systems before. This pa-
per now analyzes the regularization ability of the SILKE approach to
enforce local smoothness in first order TS-fuzzy systems in order to
enlarge the methodological basis for more complex applications.

Keywords— First order Takagi Sugeno fuzzy systems, incremen-
tal learning, self-optimization, incremental regularization, fuzzy con-
trol

1 Introduction

1.1 Background

Due to the growing dissemination of embedded technical sys-
tems and their higher integration into critical environments,
the requirements for the next generation of those technical
systems will change. The systems will have to adapt intel-
ligently to different environments, different aims and changes
within the environment in order to open up new application
areas. This greatly increases the complexity of such new sys-
tems. At the same time, it will become necessary to decrease
the design time. We tackle these problems within the con-
text of Organic Computing, There one tries to face these chal-
lenges by introducing self-x properties into the systems, e.g.,
self-organization and self-optimization [1]. This means that
technical systems are equipped with a much higher flexibility.
They have to adapt their behavior based on changing demands
and prior experience.

But although such a technical system adapts its behavior
at run time, safety and trustworthiness are a must. This is
especially problematic as the higher integration into natural,
i.e., not specially prepared, environments comes with many
sources of uncertainty. Thus, any form of adaption based on
uncertain interaction with the environment will be uncertain
itself. Accordingly, a self-tuning system has to be both flex-
ible enough to react dynamically to new conditions, and sta-
ble enough to protect already learned knowledge from tran-
sient disturbances, noise and other uncertainties (stability-
plasticity-dilemma). And, what is more, at the same time it

has to be guaranteed that the system does not enter critical
states by learning. This means that the self-tuning process has
to be controlled, but without limiting its flexibility.

Within this paper, we address issues of self-tuning the con-
trol behavior of an embedded system, i.e., a form of self-
adaptive control. This online changing of the behavior is done
by incremental online learning. It has a strong influence on
the stability of the system: In addition to the feedback loop be-
tween the control system and the environment into which it is
embedded, online learning creates another, indirect feedback
loop [2]. Whatever is learned in a certain situation changes the
system’s (future) behavior, and thus also what is learned in the
future. Because of this, small deviations of (initial) conditions
or the self-optimization process as such might have arbitrar-
ily high impact and can potentially lead to a chaotic system
behavior.

Different candidate function approximators have been used
in adaptive control by online learning, each of them fullfilling
the different requirements to a varying degree. An overview
over the different families of function approximators is given
in [3]. Accordingly, one has to choose an appropriate ap-
proximator to represent the control behavior in a way which
suits the application specific needs, e.g., concerning expres-
siveness, complexity, interpretability and, what is more in our
context, controllability of the learning process itself.

For adaptive nonlinear modeling and control, Takagi-
Sugeno systems are a favoured trade-off [4, 5]. We hence build
upon a specific variant. Then, in order to employ incremen-
tal online learning for adaptive control in uncertain environ-
ments, one has to address the stability-flexibility-dilemma. In
the next section it is argued that this can be done by an appro-
priate form of regularization.

1.2 Related Work

In data-driven function approximation, regularization tech-
niques have been successfully applied in many different areas,
especially in nonlinear system identification [6] and nonlinear
adaptive control [7]. Typical for these applications is that the
distribution of data points is dense in one region of the input
space and sparse in another. For practical reasons it might
be impossible to obtain enough data in a sparse region, e.g.,
because it is related to critical states of a controlled process.
Hence regularization techniques have found widespread use
in data-driven fields. The reason is that in many cases data-
driven problems are ill-posed because there is no unique solu-
tion [8]. This is usually due to a misbalance between the de-
grees of freedom of the function approximator and the amount
of data available.

The idea of regularization is to incorporate additional in-
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formation about the solution into the problem statement, i.e.,
to reformulate it [9]. Usually this is some kind of structural
or meta-information. A well known example is to assign a
penalty to non-zero parameter values [10]. Another example
is to assign a penalty to solutions with a high overall curva-
ture [11]. They are called ridge regression or Tikhonov regu-
larization. Despite missing data, sparse regions and large in-
put spaces, regularization is able to improve the generalization
performance of the identified models.

Basically, these approaches require all data points to be ac-
cessible at once in order to find a globally optimal solution,
i.e., they are offline approaches. But for many online applica-
tions, there is a change of requirements while new data points
are generated (continuously), for example because the system
which is to be modeled changes or is modelled from scratch.

Recent approaches for these kind of applications have so
far neglected the problem of requiring regularization [4]. In
order to tackle the above challenges online, these approaches
learn incrementally, i.e., by looking at every data point only
once. But without access to the whole dataset, it is not a priori
clear how to apply the conventional regularization techniques.
Other approaches use regularization techniques for ill-posed
matrix inversions [12] which is suitable for certain modeling
applications.

Because of our background of adaptive nonlinear control
by direct adaptation [2], we are developing schemes for in-
cremental regularization, i.e., which perform special forms of
regularization online, for appropriate function approximators.
The control tasks which we address typically have only a low
number of input dimensions (less than 10). In the case of more
input dimensions, it is usually possible and advisable to de-
compose the overall problem into subproblems. Thus, the first
one of the schemes has been developed for special Takagi-
Sugeno fuzzy systems which are especially suited for adaptive
nonlinear modeling and control [13, 5]. They employ an all-
coverage approach for generating the rule base which allows
for a high interpretability albeit limiting the maximal possi-
ble number of input dimensions. These fuzzy systems and the
incremental regularization, called SILKE approach, will be re-
viewed in section 2. Up to now, we have developed incremen-
tal regularization schemes for zero order Takagi-Sugeno fuzzy
systems [14]. They have been investigated experimentally and
formally [15, 16]. The purpose of this paper is to extend the
SILKE approach to first order Takagi-Sugeno fuzzy systems.
In section 3 it is then shown that each incremental applica-
tion of our approach to a first order Takagi-Sugeno system in-
creases its smoothness. Because of this, the SILKE approach
can be seen as a kind of incremental Tikhonov regularization
which is also applicable to first order TS-fuzzy systems.

2 Controlled Self-optimization by the SILKE
Approach

2.1 Basic Concept

The basis of the SILKE approach is a special class of Takagi-
Sugeno fuzzy systems (hereinafter called sTS fuzzy systems)
with polynomial functions as rule conclusions. They use lin-
ear B-spline input membership functions, such that each input
dimension is split by a partition of unity. This allows for an
intuitive handling by the system designer and an implemen-
tation which requires a very low computational effort. The

Figure 1: Schematic correspondence of a SILKE-template
(shaded in grey) to the conclusions of a part of an sTS-fuzzy
rule base in a two-dimensional system. The membership func-
tions determine the lattice of rule conclusions. The thick ar-
row indicates the active rule under consideration. The num-
bers within the template are the coefficients of the averaging
template mask [15].

rule inference is done by the sum-prod technique. These sTS-
systems are ideally suited for application to online learning
within embedded systems [3].

The idea of the SILKE approach is then to enhance learn-
ing in sTS-systems by a correction step which introduces an
additional feedback loop at a higher, functional level in or-
der to rate the learning process itself online [17]. This is
done by implementing so called SILKE templates which deter-
mine whether the rule base of the sTS-system complies with
predefined meta-level properties. If this monitoring detects
too strong deviations, then the rule base should be corrected,
which closes the feedback loop at a higher level. It should be
noted that such a template acts only on those rules which ap-
ply to the current system state and which form a local neigh-
borhood (active rules), i.e., a template acts only locally and
incrementally on each new data point.

Many different meta-level properties can be expressed, e.g.,
steadiness, monotonicity, local linearity or gradient ratios of
the underlying function. One of the most important examples
of meta-properties in the field of adaptive control is smooth-
ness of the approximated function, i.e., the learned knowledge,
because smoothness means that small changes of the inputs
do not cause strong changes at the output. So given a pro-
cess which is smooth, then one wants a rule base which is also
smooth. If online learning changes the rule base in a way that
it is smooth, then the process of learning harmonizes with its
environment. Hence, robustness of learning is increased when
faced with learning stimuli which would otherwise violate the
smoothness property and smoothness is enforced, for example
the effect of outliers is reduced.

In the next section, it is formally shown that this smooth-
ness property can be enforced for first order sTS-systems by
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using the SILKE approach. For this purpose, the formalism
of the SILKE approach is presented in its general form. Af-
terwards, a measure for local smoothness in zero and first or-
der sTS-systems is developed. This measure is then used to
investigate the effect of the SILKE approach in a simplified,
one-dimensional scenario for clarity reasons.

2.2 Formalization

Let n be the number of inputs of a first order sTS-fuzzy sys-
tem. By compilation of an sTS rule base, it becomes normal-
ized, so that one can imagine it as a lattice [17]. This is illus-
trated by the schematic in Fig. 1. It shows a two-dimensional
lattice of a rule base with two input variables, x1 and x2. Both
inputs are partitioned by triangular membership functions. For
every combination of two membership functions, one from
each dimension, there is a single rule. Due to normalization,
the rules thus form a lattice given by these membership func-
tions. The membership functions can be numbered sequen-
tially in each input dimension. As there is a single rule for
each combination of membership functions, one can assign a
vector of the individual membership function indixes to each
rule. For example, in a two-dimensional rule base, the in-
dex vector (2, 1) is assigned to the rule which has the second
membership function of the first input dimension and the first
membership function of the second input dimension as its an-
tecedents.

The rule conclusions (which are affine functions) can be
viewed as being placed upon the nodes of this lattice. It is use-
ful here to identify the affine conclusions by vectors of their
parameters, i.e., a function g : R

n → R with

g(x) = c0 + c1x1 + . . . + cnxn, x = (x1, . . . , xn)T ∈ R,
(1)

can be identified by the vector of the parameters

c = (c0, . . . , cn)T ∈ R
n+1 . (2)

With this, the rule base of a first-order sTS fuzzy system
can be seen as a map o : N

n → R
n+1 from the space N

n

of rule index vectors to the space R
n+1 of parameter vectors.

A single node p ∈ N
n of the lattice corresponds to a rule,

and o(p) to the parameters of an affine function, i.e., the rule
conclusion.

A so called SILKE template T is than a map

T : N
n → R

n+1 . (3)

The value ‖T (p)‖ is called violation degree of the rule p with
respect to T . It indicates how much a rule p violates the meta-
level property which is given by T with respect to the neigh-
boring rules. ‖T (p)‖ = 0 means a complete compliance with
this property. The higher ‖T (p)‖, the further rule p is violat-
ing the property.

The core of the SILKE approach is then to correct the given
rule p according to

o(p)← (1− α) · o(p) + α · (o(p)− T (p)). (4)

Obviously, if ‖T (p)‖ = 0, the rule is not changed. The ad-
justment rate α ∈ [0; 1] determines how much the meta-level
property is enforced, i.e., α = 0 results in no correction of the
rule base, whereas α = 1 makes it fully compliant with the

Figure 2: Original graph of a sample two-dimensional sTS-
system which is smoothed by the SILKE approach, see Fig. 3
and Fig. 4.

meta-level property in one step. As said before, such a correc-
tion step is done directly after each learning step. Every rule
which has been changed by learning is subject to the SILKE
template(s). This means that α = 1 ignores all changes of the
rules by learning. Instead, the meta-level property is fully en-
forced. Thus, high values of α limit the influence of learning
severely but increase the stability.

In the following, only SILKE templates are considered
which can be represented by a convolution of the rule base:

T (p) = o(p)− 1
(2r + 1)n

∑
u∈U

o(p− u)m(u). (5)

Here, r ∈ N
+ is a radius. All neighbor rules with a L1-

distance to the given rule p of less than or equal to r are consid-
ered by the template (For illustration, in Fig. 1 an exemplary
template is shown with radius r = 1). So the sum indices u
are in

U = [−r, r]n . (6)

The map m : U → R is called a mask and determines the
effect of the SILKE template, i. e., the represented meta-level
property, by specific coefficients. Because of this, the mask
is the most important part of the SILKE approach concern-
ing design. The designer has to use the right coefficients in
the mask in order to represent the desired meta-level proper-
ties. The mask thus gives the SILKE approach the necessary
flexibility to express a wide range of local meta-level proper-
ties. The example in Fig. 1 shows the mask for an averaging
template which is given by m(u) = 1∀u ∈ U . This mask
can be used to guide zero order sTS systems towards a higher
smoothness [15]. Another example is the one-dimensional av-
eraging template which only use one of the input dimensions.
It is given by m(u) = 1∀u ∈ {0}a−1× [−r, r]×{0}n−a with
a denoting the dimension to be used.

3 Smoothness in First Order sTS Fuzzy
Systems

In order to extend the formal investigations of the SILKE ap-
proach to first order sTS fuzzy systems, they are investigated
concerning their smoothness properties. In this section, based
on the definition of a measure of smoothness for the individual
rules, it is proven that the application of an averaging SILKE
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Figure 3: Graph of the sample two-dimensional sTS-system
from Fig. 2 after the first application of an averaging template
(α = 0.5).

Figure 4: Graph of the sample two-dimensional sTS-system
from Fig. 2 after applying an averaging template for two times
(α = 0.5).

template to a rule increases its smoothness. This can be seen
as a form of incremental regularization.

For clarity reasons, we first consider a one dimensional first
order sTS-fuzzy system f with triangular membership func-
tions which sum up to 1. Then the input space is covered com-
pletely by a set of neighboring membership functions. Due to
the normalization of the rule base, there is a single rule for
each membership function. Thus, the rules can be ordered ac-
cording to the ordinality of the membership functions so that
they can be addressed by an index i ∈ N, such that the indices
i and i + 1 address neighboring rules. The rule conclusion of
rule number i is given by

fi(x) = c0,i + c1,i · x (7)

with x as the input to the fuzzy system.
In the following, let pi ∈ R denote the core of the mem-

bership function of rule i. As the membership functions are
triangular, it is convenient here to distinguish between the left
and the right part, µi,l(x) and µi,r(x), respectively, of each of
them:

µi,l(x) =
x− pi−1

pi − pi−1
, pi−1 ≤ x < pi

µi,r(x) =
pi+1 − x

pi+1 − pi
, pi ≤ x < pi+1. (8)

We are now considering the smoothness of the sTS fuzzy
system in the environment of pi. The functional behavior in
this environment is determined by the neighboring rules, i.e.,
the rules i − 1, i and i + 1. To analyze the smoothness, we
first calculate the first derivative of the sTS fuzzy system on
the left and on the right of pi. Between pi−1 and pi, the output
of the fuzzy system is then given by

f(x) = µi−1,r(x)fi−1(x) + µi,l(x)fi(x) (9)

because of the linear interpolation due to sum-prod inference.
Similarly, between pi and pi+1, the output is

f(x) = µi,r(x)fi(x) + µi+1,l(x)fi+1(x). (10)

With these preparations, one can calculate the first derivative
f ′ of f between the cores. For pi−1 < x < pi one gets

f ′(x) = µ′
i−1,r(x)fi−1(x) + µi−1,r(x)f ′

i−1(x)
+µ′

i,l(x)fi(x) + µi,l(x)f ′
i(x) (11)

and for pi < x < pi+1

f ′(x) = µ′
i,r(x)fi(x) + µi,r(x)f ′

i(x) +
µ′

i+1,l(x)fi+1(x) + µi+1,l(x)f ′
i+1(x). (12)

We can now determine the difference between the right and
the left limit of f ′(x) with x→ pi and simplify it as the mem-
bership functions are either 0 or 1 at pi:

∆i = lim
x↘pi

f ′(x)− lim
x↗pi

f ′(x)

= (µ′
i,r(pi)− µ′

i,l(pi))fi(pi)
+µi+1,l(pi)fi+1(pi)− µ′

i−1,r(pi)fi−1(pi)

=
( −1

pi+1 − pi
+

−1
pi − pi−1

)
(c0,i + c1,ipi)

+
1

pi+1 − pi
(c0,i+1 + c1,i+1pi)

+
1

pi − pi−1
(c0,i−1 + c1,i−1pi). (13)
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This expression means that in general one obtains a different
result for the first derivative when approaching pi from left
than from right. To put it otherwise, ∆i is a measure of the
violation of the smoothness property at rule i.

Now suppose that our sTS fuzzy system contains a rule i
with ∆i �= 0. We will now prove that we can use a spe-
cial SILKE template to reduce the violation of the smoothness
property. This special SILKE template is given by the radius
r = 1 and the mask

m(−1) =
3(pi+1 − pi)
pi+1 − pi−1

m(0) = 0

m(1) =
3(pi − pi−1)
pi+1 − pi−1

. (14)

The application of this mask according to (4) and (5) changes
c0,i and c1,i to ĉ0,i and ĉ1,i, respectively:

ĉa,i = ca,i + α

(
pi+1 − pi

pi+1 − pi−1
ca,i−1

+
pi − pi−1

pi+1 − pi−1
ca,i+1 − ca,i

)
, a ∈ {1, 2}.(15)

This yields an updated value ∆̂i for the violation of the
smoothness property. By comparing the updated value ∆̂i

with the old value ∆i, we can prove that the SILKE template
(14) has the desired effect:

∆̂i =
( −1

pi+1 − pi
+

−1
pi − pi−1

)
(ĉ0,i + ĉ1,ipi)

+
1

pi+1 − pi
(c0,i+1 + c1,i+1pi)

+
1

pi − pi−1
(c0,i−1 + c1,i−1pi)

= ∆i + α

( −1
pi+1 − pi

+
−1

pi − pi−1

)

·
(

pi+1 − pi

pi+1 − pi−1
(c0,i−1 + c1,i−1pi)

+
pi − pi−1

pi+1 − pi−1
(c0,i+1 + c1,i+1pi)

+
−1
1

(c0,i + c1,ipi)
)

= ∆i + α

((
1

pi+1 − pi
+

1
pi − pi−1

)
(c0,1 + c1,ipi)

+
−1

pi+1 − pi
(c0,i+1 + c1,i+1pi)

+
−1

pi − pi−1
(c0,i−1 + c1,i−1pi)

)

= ∆i − α∆i

= (1− α)∆i. (16)

From this, it can be concluded that

|∆̂i| ≤ |∆i|. (17)

The effect of this parameter update on a sample two-
dimensional sTS-system is illustrated in Fig. 2 to 4. The fig-
ures demonstrate that each application of (4) on the central
rule (in this case with α = 0.5) increases the smoothness.

4 Discussion
The above investigations have shown that first order sTS-fuzzy
systems with triangular membership functions have disconti-
nuities of their first derivative precisely at the cores of the in-
put membership functions, i.e., at the nodes of the normalized
rule base. These discontinuities correspond to violating the
local smoothness of the system behavior. It was shown for the
one dimensional case that the SILKE approach reduces the
discontinuity locally by a special averaging template, i.e., it
increases the local smoothness. The effect depends on the ad-
justment rate α. For α = 0, the rule base is not changed at all.
But for higher values of α, the discontinuity of the first deriva-
tive is more and more reduced. Thus, the learning process is
guided towards the meta-property of global smoothness ex-
pressed by the template function. Up to now, the formal proof
is for the one dimensional case, although the SILKE algorithm
is of course applicable to arbitrary dimensionality. We have
shown by examplary investigations that the smoothing prop-
erty also holds for higher dimensions. The extension of the
formal proof is currently in progress.

In contrast to prior work on regularization, the SILKE ap-
proach has the advantage of working incrementally. It is thus
well suited for incremental online learning which is required
for self-adapting systems or building models online. During
online operation, it is applied periodically and affects all cur-
rently active rules of the fuzzy system. This way, SILKE tem-
plates get a global influence although they work locally, which
results in a low computational effort and good real-time ca-
pabilities. But what is more, sufficient plasticity of learning
is still given due to locality, although the learning process is
guided towards global meta-level properties.

Incremental online learning in a closed-loop setting is po-
tentially chaotic. But with the SILKE approach, the influ-
ence of learning on the behavior of an embedded system in its
environment can be guided by correcting the learned knowl-
edge locally towards higher smoothness or towards compli-
ance with other local meta-level properties when other tem-
plates are used. Depending on the adjustment rate, this yields
a system which is very flexible in the face of learning stimuli
that comply the meta-properties, but which is also very robust
against learning stimuli which violate these meta-properties.
So for this case, self-adaptive systems can fight outliers and
overcome the stability-plasticity-dilemma to a certain extent.
Based on this it is clear that the focus of this work is not to
achieve the highest possible modeling quality, but to stabilize
adaptive control systems.

At system level, the presented approach is an effective and
efficient method for controlling incremental online learning
without limiting the required flexibility. Such a system can
cope with changes online and in a reliable way. It is based on
the use of rules. On the one hand this aids engineerability at
design time. On the other hand, rules which have been modi-
fied by self-tuning can also be analyzed directly. By that good
engineerability and high trustworthiness are achieved.

In future work, the interplay between closed-loop incre-
mental online learning and the SILKE approach will be inves-
tigated especially for the application of other template func-
tions to zero and first order sTS-fuzzy systems in order to
achieve other meta-properties such as monotony and curva-
ture. As before, this will be done in experiments as well as
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in formal analysis. In addition, the extension of the results to
more than one dimension has to be addressed.
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Abstract— Adversarial decision making is aimed at determining
optimal decision strategies to deal with an adversarial and adaptive
opponent. One defense against this adversary is to make decisions
that are intended to confuse him, although our rewards can be di-
minished. It is assumed that making decisions in an uncertain envi-
ronment is a hard task. However, this situation is of upmost interest
in the case of adversarial reasoning as what we want is to force the
presence of uncertainty in order to confuse the adversary in situa-
tions of repeated conflicting encounters. Using simulations, the use
of dynamic vs. static decision strategies is analyzed. The main con-
clusions are: a) the use of the proposed dynamic strategies has sense,
b) the presence of an adversary may produce a decrease of, at least,
45% with respect to the theoretical best payoff and c) the relation
between this reduction and the way the uncertainty is forced should
be further investigated.

Keywords— Adversarial reasoning, uncertain environment, deci-
sion strategies, simulation

1 Introduction
Adversarial decision is largely about understanding the minds
and actions of one’s opponent. It is relevant to a broad range of
problems where the actors are actively and consciously con-
testing at least some of each others’ objectives and actions [1].
The field is also known as decision making in the presence of
adversaries or adversarial reasoning.

In its most basic form, adversarial decision making involves
two participants, white and black, each of which chooses an
action to respond to a given event without knowing the choice
of the other. As a result of these choices, a payoff is as-
signed to the participants. When this scenario is repeated
many times, i.e. situations of repeated conflicting encoun-
ters arise, then the situation becomes complex as the partic-
ipants have the possibility to learn the others strategy. Exam-
ples of this type can be found in the military field, but also
in problems of real-time strategy games, government vs gov-
ernment conflicts, economic adversarial domains, team sports
(e.g., RoboCup), competitions (e.g., Poker), etc. [1]

Adversarial decision making is aimed at determining op-
timal strategies (for white) against an adversarial and adap-
tive opponent (black). One defense against this adversary is
to make decisions that are intended to confuse him, although
white’s rewards can be diminished.

It is assumed that making decisions in an uncertain environ-
ment is a hard task. However, this situation is of upmost in-
terest in the case of adversarial reasoning as what white wants
is to make its behaviour as uncertain or unpredictable as pos-
sible. In other words, white wants to force the presence of

uncertainty in order to confuse the adversary while its payoff
is as less affected as possible.

In previous work [2], we proposed a model to study the bal-
ance between the level of confusion induced and the payoff
obtained and we concluded that one way to produce uncer-
tainty is through decision strategies for white that contain cer-
tain amount of randomness. Here we focus on learning strate-
gies that white can use as a means of optimizing his payoffs in
situations of repeated conflicting encounters. Essentially we
are studying how white can defend against an opponent who
is trying to learn their decision rules.

In this paper, we want to analyze the case where white’s
decision strategy is not constant along the time, but modified
following certain rules. We explore two alternatives, one is
to vary the number of candidates alternatives in terms of their
associated payoffs and second is based on the basic concept of
α-cuts, where the value of α is varied.

The contribution is organized as follows: some basic con-
cepts on adversarial reasoning are outlined in Section 2. Then,
Section 3 describes the main characteristics and components
of the model used. Section 4 introduces static decision strate-
gies for both agents and then, shows how they can be trans-
formed into dynamic ones. In Section 5 we describe the com-
putational experiments performed and the results obtained and
finally, Section 6 is devoted to discussions and further work.

2 Adversarial Reasoning
As stated before, adversarial decision making is largely about
understanding the minds and actions of one’s opponent. A
typical example is the threat of terrorism and other applica-
tions in Defense, but it is possible to envisage less dramatic
applications in computer games where the user is the adver-
sary and the computer characters are provided with adversar-
ial reasoning features in order to enhance the quality, hardness
and adaptivity of the game. The development of intelligent
training systems is also an interesting field.

The threat of terrorism, and in particular the 9/11 event,
fueled the investments and interest in the development of
computational tools and techniques for adversarial reasoning.
However, the field has earlier developments. For example, al-
most twenty years ago, P. Thagard [3] states

In adversarial problem solving, one must antici-
pate, understand and counteract the actions of an op-
ponent. Military strategy, business, and game play-
ing all require an agent to construct a model of an
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opponent that includes the opponent’s model of the
agent.

Game theory is perceived as a natural good choice to deal
with adversarial reasoning problems. For example, a brief sur-
vey of techniques where the combination of game theory with
other approaches is highlighted, jointly with probabilistic risk
analysis and stochastic games is presented in [4]

However, nowadays it is assumed that the field transcends
the boundaries of game theory [1]. As stated in [5]: “we argue
that practical adversarial reasoning calls for a broader range of
disciplines: artificial intelligence planning, cognitive model-
ing, control theory, and machine learning in addition to game
theory. An effective approach to problems of adversarial rea-
soning must combine contributions from disciplines that un-
fortunately rarely come together”.

3 The model
The framework used to conduct our study is a slight modifica-
tion of the previously proposed in [2].

It is based on two agents white W and black B (the adver-
sary), a set of possible inputs or events E = {e1, e2, . . . , en}
issued by a third agent R, and a fuzzy set of potential re-
sponses or actions Ai = {a1, a2, . . . , am} associated with ev-
ery event. These fuzzy sets are organized as rows in a matrix
P as :

P (n × m) =




p11 p12 . . . p1m

p21 p22 . . . p2m

p31 p32 . . . p3m

pn1 pn2 . . . pnm




where pij ∈ [0, 1] is the level of suitability of action j to re-
spond to the event i. More precisely, pij is the degree of mem-
bership of action j to the fuzzy set of suitable actions associ-
ated with event ei. We do not require these fuzzy sets to be
normalized.

Agent W has a strategy to decide which action to take given
a particular event ek and perfect knowledge of matrix P . The
aim for W is to maximize the sum of the profits or payoffs
given a set of inputs. These inputs or events are issued one at
a time by R and, in principle, they are independent.

The payoff of a given action is proportional to its suitability
with respect to the given event. For the sake of simplicity,
in this contribution we assume that the payoff is the value of
suitability.

Agent B wishes to learn the actions that W is going to take
given a particular input ek so as to reduce agent W payoff.
Agent B does not know matrix P . It has access to the de-
cisions made previously by W and, if the guess matched the
decision taken by W , then B obtains some reward. We may
think the situation as an “imitation game”, where the aim for
W is to avoid being imitated.

A graphical view of the model is shown in Figure 1 while
the whole procedure is described in Algorithm 1.

The payoff’s calculation for W at stage j is defined as:

p′ = pjk × F (ag, ak) (1)

Figure 1: Graphical representation of the model. Events ej

are issued by agent R while response or actions ak are taken
by agent W .

Algorithm 1 Sequence of steps in the model.
for j = 1 to N do

A new event ej arises.
Agent B “guesses” an action ag

Agent W determines an action ak

Calculate payoff for W
Agent B records the pair ej , ak

end for

where F is:

F (a, b) =
{

0 if a = b
1 otherwise (2)

As stated before, the aim for W is to maximize the sum of
the payoffs. In other words, a strategy for W should be aimed
at defining a sequence of actions that gives the higher payoff
while avoiding being correctly guessed.

The terms event and action used here should be understood
in a broad sense. For example, an event may represent a partic-
ular simulation scenario while an action may represent a full
plan. Also, the actions may represent a Dempster-Schaffer
belief structure to reflect the ideas posed in [6].

4 Modeling the Behavior of the Agents
In this section, we provide alternatives for modeling the be-
havior of both agents. For simplicity, we assume that the in-
puts issued by agent R are equiprobable and that the number
of inputs equals the number of actions (i.e, the payoff matrix
is square).

4.1 Strategies for Agent B

Agent B applies a very simple frequency-based decision strat-
egy. We define a matrix of observations O with M×M dimen-
sions, where each Oij stores the number of times that action
i was observed (from W ) when the event was ej . Given an
event ej , the following decision strategy for B is used:

Proportional to the Frequency (PF): the probability of se-
lecting an action i is proportional to Oij (the observed fre-
quency from agent W ) [2].

4.2 Strategies for Agent W

Agent W knows he is being observed, so the idea is to change
its behavior in order to confuse the adversary. The agent needs
to take sub-optimal decisions in order to get benefits in the
long term.
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Figure 2: Adaptation schemes for the parameters in the dynamic strategies. The example shows the case where a parameter
takes values from a set of possible discrete alternatives {v1, v2, v3, v4, v5}

Given an observed input ei and the suitability matrix P , we
propose two basic strategies:

1. Random-Among < k > Best Actions (R-k-B): Select ran-
domly an alternative among the k most suitable ones [2].

2. Random-From α-cut (R-α): select randomly an alterna-
tive among those with a minimum level of suitability α.

We remark here that these strategies are not mixed strategies
in the sense of game theory as we do not define a probability
distribution over the set of alternatives. Once a subset of al-
ternatives is selected, then any of them can be selected with
equal probability.

It is clear that both parameters, k and α, can be used to con-
trol the amount of uncertainty in the action selection. Some
specific values for those parameters lead to interesting be-
haviours:

• k = 1: always select the most suitable action.

• k = M : any action is considered equally suitable.

• 0 < k < M lead to a behaviour where suboptimal ac-
tions may have the chance of being selected.

Particular cases for α:

• α = 1: always select the action whose level of suitability
is 1. This is not a good strategy as it is easily learnable.

• α = 0: any action is considered equally suitable.

• 0 < α < 1 lead to a behaviour where suboptimal actions
may have the chance of being selected.

Although at first sight both strategies look similar, there is
an important difference. The former strategy (R-k-B) is in-
dependent of the suitability scale: it just selects the k most
suitable alternatives and then takes a decision. The later strat-
egy is based on α-cuts, so if the value of α is high, then it
may happen that the subset of alternatives of the correspond-
ing α-cut becomes empty. In this case, an alternative would
be randomly selected.

4.2.1 Dynamic Strategies
When α and k are assigned specific values, then a “static strat-
egy” is obtained. Here, we propose a set of “dynamic strate-
gies” where the values of the control parameter are varied
along the time following the patterns shown in Fig. 2.

In order to adapt the parameter k, we propose three
schemes:

1. RND: at each stage, k is a value from a uniform distribu-
tion in [1,M ].

2. Oscil-1: after each event, k = k + 1. When k = M + 1
then k = 1.

3. Oscil-10: the same as before but the value of k is changed
after ten events.

For the adaptation of α we propose similar schemes:

1. RND: at each stage, α is selected randomly from the set
V = {0.15, 0.3, 0.45, 0.6, 0.75}

2. Oscil-1: after each event, i = i + 1, α = V [i]. When
i = M + 1 then i = 1

3. Oscil-10: the same as before but the value of α is
changed after ten events.

5 Experiments and Results

The aim of the experiment is to evaluate how W ’s payoff is
affected when dynamic vs. static decision strategies are used.

In order to do this, the following considerations are taken.
We fix the number of events and alternatives to M = 5. Then,
for every W ’s strategy we made 100 repetitions of the scheme
shown in Algorithm 1, where N = 500. The matrix P is
randomly generated each repetition. In this way we avoid po-
tential biases due to particular configuration of values in P .
At the end of each repetition, we record:

• Gap: the gap (as percentage) between the payoff ob-
tained by W and the optimum (calculated as the sum
of the payoffs associated with the best action for every
event),

• Guess: the number of times that B correctly guessed
the action of W (also as percentage with respect to 500
actions).

For both cases, the lower the values are, the better the per-
formance of the strategy is.

We evaluated six dynamic strategies (three for α and three
for k), four static strategies R-k-B using k = 1, 2, 3, 4 and five
static strategies R-α using α = {0.15, 0.3, 0.45, 0.6, 0.75}.
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(a)

(b)

Figure 3: Strategy R-k-B: average Gap (a) and Guess (b) for
each static and dynamic configuration

5.1 Results

In first place we will analyze the results for the R-k-B. Figure
3 shows boxplots for the average Gap and Guess (the average
number of correct guesses) when the parameter k is fixed or
adapted during the repetition.

As it also occurred in [2], the value k = 1 is the worst
alternative in terms of both measures. In this case, the best ac-
tion is always selected, thus after a few events the frequency of
those actions in the observations matrix kept by B are the only
ones different than zero and B always choose them. As k in-
creases, the performance is better on average but the standard
deviation is increased. The proposed adaptive schemes for k
do not show big differences among them. What is clear, is the
reduction in the standard deviation from the k = RND strat-
egy to the one that force oscillations for k every ten events. In
terms of the Guess measurement, it is interesting to note that
a variation of this single parameter can decrease the number
of correct predictions from 50% when k = 2 to a lowest value
of 25% when k = 4.

In order to assess if the differences among the strategies in
the average gap have statistical significance, we performed an
ANOVA test followed by a post-hoc analysis using Tamhane’s
test with p < 0.05. The results are shown in Table 1; the
signs indicate that the average gap between strategies (i, j)

R-k-B 1 2 3 4 RND Osc-1 Osc-10
1 - - - - - -
2 + - - - - -
3 + + + +
4 + + + +
RND + +
Osc-1 + + - -
Osc-10 + + - -

Table 1: Summary of the statistical testing for R-k-B strate-
gies. See text for details.

R-α 0.15 0.30 0.45 0.60 0.75 RND Osc-1 Osc-10
0.15 + + +
0.30 + + + -
0.45 - - + + - - -
0.60 - - - + - - -
0.75 - - - - - - -
RND + + +
Osc-1 + + +
Osc-10 + + + +

Table 2: Summary of the statistical testing for R-α strategies.
See text for details.

(row,col) is different with statistical significance. A ’+ sign
indicates that strategy i is better, while a ’- denotes that j is
better. Absence of symbol indicates that the difference had
no statistical significance. In this case, the best results are
obtained by static strategies with parameters k = 3 and k = 4.
The strategy RND shows a similar performance, however it
is not so good to outperform the other dynamic strategies.

A similar analysis can be done for the R-α strategy. Figure
4 shows boxplots for the average Gap and Guess when the
parameter α is fixed or adapted during the repetition. The
label A in the plots stands for α.

As α increases, the performance becomes worst. The rea-
son is related with the way the matrix P is generated. It may
happen that no action has a level of suitability with a degree
of membership higher than α. In other words, the correspond-
ing α-cut leads to an empty set of alternatives. In this case,
a pure random decision strategy is taken. The counterpart is
that now, the proposed adaptive schemes for α are clearly bet-
ter than the static alternatives. Between the adaptive schemes,
no clear differences appeared.

As before, in order to assess if the differences among the
strategies in the average Gap have statistical significance, we
performed statistical testing. The results are shown in Table
2. It can be confirmed that when using a static strategy, lower
values of α like 0.15 or 0.3 led to better results than those ob-
tained with higher ones. However, any of the dynamic strate-
gies proposed, even RND, obtained the same average Gap.
Moreover, the strategy Osc-10 (that changed the α value ev-
ery ten events) provided better performance than all the static
strategies, excepting α = 0.15.
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(a)

(b)

Figure 4: Strategy R-α: average Gap (a) and Guess (b) for
each static (A stands for α) and dynamic configuration

It is reasonable to assume that a relation exist between the
number of correct guesses and the payoff obtained. If the for-
mer is high, it is clear that the payoff should be low (this is
the case when k = 1). But what happen when the number of
correct guesses is low? What are the payoff values that can
be reached?. Figure 5 shows the average of each measure for
every strategy (the case when k = 1 is omitted for visualiza-
tion purposes). Within each kind of strategy (R-k-B, R-α), the
alternatives are ordered increasingly in terms of Gap.

It is clear that just reducing the number of guesses is not
enough to improve the gap. For example, A=Osc-10 achieved
a lower value of Guess than k = 3 but a higher value of Gap.
This was also already notice in [2], where a purely random
strategy led to the lowest value of Guess. Interestingly, all
the cases where the curve for Guess stands below the one for
Gap correspond to strategies based on α-cuts. The reason is
not clear and further investigations are needed.

To conclude the analysis, Figure 6 shows several scatter
plots displaying the relation between both measures. Every
point correspond to a particular repetition, thus 100 point per
plot are displayed. Plots on the left correspond to R-α strat-
egy while those on the right to R-k-B. Three static values are
shown per each parameter, while the bottom plot corresponds
to the best dynamic strategy. The X axis is the Gap while Y
axis shows the measure Guess.
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Figure 5: Average Gap (left Y axis) and Guess (right Y axis)
for every strategy. The dotted line is used for Guess.

Several elements can be observed in the Figure. Let’s start
with the R-α strategy (left). As α increases, we can observe
a progressive concentration of the points towards the upper
right corner of the plot. This means that the results are getting
worse: more guesses, higher gap (agent W is getting much
lower payoff than the potential optimum). It is noticeable the
high variation the results are showing. For instance, when
α = 0.45 (second plot, in the left), one can observe simu-
lation with guesses around 30% and gap around 30% − 45%
and others with guesses higher than 60% and gap higher than
60%. When a simple dynamic strategy is used (α = RND),
then the number of correct guesses is almost always below
30%. However, the range of values that can be obtained for
gap value is quite wide, going from 30% to 60%.

The plots are a bit different for the R-k-B strategy. As k
increases, the percentage of guesses decrease. This is reason-
able taking into account how the strategy works: take the k
best alternatives and then, choose random. In the experiments
performed, the total number of actions is 5, so, when k = 4,
then just the worst strategy is eliminated. In other words, as
k increases, agent B may conclude that W is behaving ran-
domly. In turn, the gap value is more variable, ranging from
35% to 55% approx.

6 Discussion and Future Work
In this work we focused in the context of adversarial reasoning
where a player W wants to force the presence of uncertainty in
order to confuse the adversary B while its payoff is as less af-
fected as possible in situations of repeated conflicting encoun-
ters. We extended a previous work where the decision strate-
gies were fixed along the time, to consider dynamic strategies:
the way the decisions are taken varies with the time.

When the decision strategy is based on α-cuts, then a dy-
namic variation of α led to better results than the static coun-
terpart. Moreover, none of the adaptation schemes proposed
led to worst results than those obtained by a specific configu-
ration of the control parameter. However, in the R − k − B
case, the results are not so clear but still good. The best results
are obtained with k = 3, k = 4. Using any of these values,
the strategy obtained performed better than four of the other
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Figure 6: Every point represents the result (Gap,Guess) of a
repetition.

strategies available. The best dynamic alternative is RND
which assigns a random value to k before applying the strat-
egy. This strategy achieved a similar performance (on aver-
age) with respect to k = 3, k = 4.

The use of dynamic strategies, besides its potential perfor-
mance, has another benefit which is to avoid determining a
specific value for the control parameter. This is not a trivial
matter as there is no simple way to infer which setting will
provide the best value for a different simulation scenario.

The study performed also revealed an interesting point: the
lowest average Gap value for a dynamic strategy was 45%
when using k = RND and this implies that W ’s payoff
is 45% lower than the theoretical optimum one. In [2], we
showed that using a purely random decision strategy, the gap
is higher than 50%. The question now is: would it be pos-
sible to design a strategy with guaranteed (in a formal sense)
performance?.

The way the dynamism is included in this proposal is quite
simple, but several alternatives are available for producing im-
provements. Now, agent W is not analyzing the payoff ob-
tained against the one expected (which is stored in matrix P ).
Agent W can use the fact that its payoff is being affected in or-

der to produce an intelligent adaptation of its strategy. In this
context, the use of fuzzy rules may play an important role as it
would help to model adaptation strategies as: if the reduction
of payoff is high, then increase uncertainty, or if this event
occurred a high number of times then increase uncertainty.
Other lines of research are related with the model used. Here,
the way the payoff matrix is generated may affect the results
obtained by the strategy based on α-cuts as the differences be-
tween the suitability of alternatives may be low. Other ways
to define such matrix may be necessary. Also, the sequence of
events is completely random now, but other options are avail-
able.

The relation between the number of correct guesses and the
gap value is clear in some situations but in others (as shown
in Fig. 6), it is possible to obtain a broad range of gap values
for the same number of guesses. In this context, it seems not
trivial to use the number of guesses as a predictor for the gap
value. A different alternative may take into account that the
presence of uncertainty is reflected in the matrix of observa-
tions O that agent B construct, so it would be interesting to
look for correlations between the gap value and some mea-
sures about this matrix O. The ideas posed here are left as
future work.

Finally, we would like to mention that one of the reviewers
claimed that the problem posed here can be solved with the
standard tools of game theory arguing that the problem can be
seen as a sequence of n independent non cooperative games.
However, we do not think that this is the case as, for example,
the matrix of observations changes at each step, we are not
dealing with mixed strategies and so on. Moreover, we claim
that this kind of analysis can be applied when the events are
correlated in some way, and also, when more sophisticated
adaptation and learning mechanisms are considered in both
agents.
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Abstract— In this work we introduce the concept of Generalized

Atanassov’s Intuitionistic Fuzzy Index. We characterize it in terms of
fuzzy implication operators and we propose a construction method
with automorphisms. Finally, we study some special properties of
the generalized Atanassov’s intuitionistic fuzzy index.

Keywords— Atanassov’s Intuitionistic Fuzzy Index, Fuzzy Impli-
cation Operator, Automorphisms.

1 Introduction
In 1983 Atanassov [1] introduced Atanassov’s intuitionistic
fuzzy sets (A − IFSs) in such a way that each element of
the set has two values assigned, the membership degree and
the non-membership degree. In this direction, Atanassov de-
fined these sets also indicating that the index of intuitionism
of each element obtained by subtracting the sum of member-
ship and non-membership from one (a subtraction that should
be positive and less than or equal to one), it is a measure-
ment of the effect of working with Atanassov’s intuitionistic
fuzzy sets. We consider this intuitionistic index (or condition
of intuitionism) a very important characteristic of A − IFSs

since from it we can obtain very valuable information of each
element and taking on advantage of this potentiality in differ-
ent applications. For example, in image processing the task
of divide into disjoint parts a digital image is denoted as seg-
mentation. The most commonly used strategy for segmenting
images is global thresholding that refers to the process of di-
viding the pixels in an image on the basis of their intensity
levels of gray. The experts have uncertainty when assigning
the pixels either to the background or to the object trough the
choice of the membership functions. Moreover, this choice
has proven to be of uttermost importance regarding the algo-
rithms performance. In order to overcome this problem, we
consider using the Atanassov’s intuitionistic fuzzy index val-
ues for representing the uncertainty of the expert in determin-
ing that the pixel belongs to the background or that it belongs
to the object. From this point of view, we can consider the
expert provides the degree of membership of an element to an
A − IFS and also the degree of intuitionism the expert has
in given this membership degree (see [9]). This fact has led
us to present the new concept of Generalized Atanassov’s In-

tuitionistic Fuzzy Index that generalize the expression given
by Atanassov. We also provide a characterization method by
means of fuzzy implication operators. Moreover, we study
a construction method using automorphisms that allow us to
present simple expressions of said index.

Pankowska and Wygralak ([16, 17, 21]) proposed another
generalization of the intuitionistic index based on strong nega-
tions and triangular norms. This approach is used to construct

flexible algorithms of group decision making which involve
relative scalar cardinalities defined by means of generalized
sigma counts of fuzzy sets.

2 Preliminary definitions
Let U be an ordinary finite non-empty set. An Atanassov’s

intuitionistic fuzzy set (A− IFS) [1] in U is an expression A

given by

A = {(u, µA(u), νA(u))|u ∈ U} (1)

where
µA : U −→ [0, 1]
νA : U −→ [0, 1]

satisfy the condition 0 ≤ µA(u) + νA(u) ≤ 1 for all u in U.

The numbers µA(u) and νA(u) denote respectively the de-
gree of membership and the degree of non-membership of the
element u in set A. We will also use the notation A(u) =
(µA(u), νA(u)). We will represent as A − IFSs(U) the set
of all the Atanassov’s intuitionistic fuzzy sets in U .
Atanassov defined the Atanassov’s intuitionistic fuzzy index of
the element u in A ∈ A− IFSs(U) as:

ΠA(u) = 1− µA(u)− νA(u). (2)

We know fuzzy sets are represented exclusively by the
membership function degree, that is,

A = {(u, µA(u))|u ∈ U}. (3)

Hereinafter, fuzzy sets have associated a non-membership de-
gree given by one minus the membership degree:

A = {(u, µA(u), νA(u))|u ∈ U} =
{(u, µA(u), 1− µA(u))|u ∈ U}. (4)

Since µA(u)+νA(u) = µA(u)+1−µA(u) = 1, in this sense
fuzzy sets are considered as a particular case of Atanassov’s
intuitionistic fuzzy sets. We will represent as FSs(U) the set
of all the fuzzy sets in U .

We will call automorphism of the unit interval every func-
tion ϕ : [0, 1] → [0, 1] that is continuous and strictly increas-
ing such that ϕ(0) = 0 and ϕ(1) = 1.

A function n : [0, 1] → [0, 1] such that n(0) = 1 and
n(1) = 0 is called a strong negation whenever it is strictly de-
creasing, continuous and involutive. Trillas ([19, 20]) proved
that n : [0, 1] → [0, 1] is a strong negation if and only if
there exists an automorphism ϕ of the unit interval such that
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n(x) = ϕ−1(1 − ϕ(x)). In this work we will only consider
strong negations.

We denote as L∗ the following set:

L∗ = {(x, y)|(x, y) ∈ [0, 1]× [0, 1] and x + y ≤ 1} (5)

and the elements 0L∗ = (0, 1) and 1L∗ = (1, 0).
For every (x, y), (z, t) ∈ L∗ the following expressions are

known ([1]-[8],[12]-[14]):

• (x, y) ≤L∗ (z, t) if and only if x ≤ z and y ≥ t.
This relation is transitive, reflexive and antisymmetric.

• (x, y) = (z, t) if and only if (x, y) ≤L∗

(z, t) and (z, t) ≤L∗ (x, y).

• (x, y) � (z, t) if and only if x ≤ z and y ≤ t .
In [14] is proven (L∗,≤L∗) is a complete lattice.

Therefore, if A ∈ FSs(U), then

Ac = {(u, 1− µA(u), µA(u))|u ∈ U}. (6)

Next, we recall the definition of Atanassov’s intuition-
istic fuzzy t-norm and t-conorm and also the notion of t-
representability, in such a way, Deschrijver et al. gave a con-
struction method of Atanassov’s intuitionistic fuzzy t-norms
and t-conorms by means of t-norms and t-conorms on [0, 1]
(see [14]).

Definition 1 A function T : (L∗)2 → L∗
is said to be an

Atanassov’s intuitionistic fuzzy t-norm if it is commutative, as-

sociative, and increasing (in both arguments with respect to

the order ≤L∗ ), with neutral element 1L∗ . In the same way, a

function S : (L∗)2 → L∗
is said to be an Atanassov’s intu-

itionistic fuzzy t-conorm if it is commutative, associative, in-

creasing and with neutral element 0L∗ .

Definition 2 An Atanassov’s intuitionistic fuzzy t-norm T is

called t-representable if and only if there exist a t-norm T and

a t-conorm S on [0, 1] such that, for all (x, y), (z, t) ∈ L∗

T((x, y), (z, t)) = (T (x, z), S(y, t)) ∈ L∗. (7)

An Atanassov’s intuitionistic fuzzy t-conorm S is called t-

representable if and only if there exist a t-norm T and a t-

conorm S on [0, 1] such that, for all (x, y), (z, t) ∈ L∗

S((x, y), (z, t)) = (S(x, z), T (y, t)) ∈ L∗. (8)

Example 1 Let be (x, y), (z, t) ∈ L∗
, T = min and S =

max on [0, 1]

(a) min((x, y), (z, t)) = (min(x, z),max(y, t)). (9)

(b) max((x, y), (z, t)) = (max(x, z),min(y, t)). (10)

Definition 3 ([10, 14]) An Atanassov’s intuitionistic fuzzy

negation is a function n : L∗ → L∗
that is decreasing (with

respect to ≤L∗ ) such that n(0L∗) = 1L∗ and n(1L∗) = 0L∗ .

If for all (x, y) ∈ L∗
n(n((x, y))) = (x, y) it is said that n is

involutive.

The characterization of the Atanassov’s intuitionistic fuzzy
negations and the following result are presented in [14], for
interval-valued fuzzy sets are proven in [10].

Theorem 1 A function n : L∗ → L∗
is an involutive

Atanassov’s intuitionistic fuzzy negation if and only if there

exists an involutive fuzzy negation n such that

n((x, y)) = (n(1− y), 1− n(x)). (11)

Throughout this work we will restrict to involutive
Atanassov’s intuitionistic fuzzy negations n generated from
a given negation n, as in Theorem 1.

3 Generalized Atanassov’s Intuitionistic Fuzzy
Index

In this section we propose the definition of generalized
Atanassov’s intuitionistic fuzzy index and we characterize
such index by means of fuzzy implication operators and au-
tomorphisms.

Definition 4 A function ΠG : L∗ → [0, 1] is called a general-

ized Atanassov’s intuitionistic fuzzy index associated with the

strong negation n, if it satisfies the following conditions:

(i) ΠG((x, y)) = 1 if and only if x = 0 and y = 0;

(ii) ΠG((x, y)) = 0 if and only if x + y = 1;

(iii) If (z, t) � (x, y), then ΠG((x, y)) ≤ ΠG((z, t));

(iv) ΠG((x, y)) = ΠG( n((x, y))) for all (x, y) ∈ L∗
such

that n is generated from an involutive fuzzy negation n,

as in Theorem 1.

Example 2

(a) ΠG((x, y)) = 1−y−x, (12)

with n(x) = 1 − x for all x ∈ [0, 1]. As we can observe, this

expression is equal to the expression (2) given by Atanassov.

(b) ΠG((x, y)) = ((1− y)
0.5−x0.5)2 (13)

with n(x) = (1− x0.5)2 for all x ∈ [0, 1].

Fig. 1 depicts the expressions given by Example 2.
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Figure 1: (a) ΠG((x, y)) = 1 − y − x (b) ΠG((x, y)) =

((1− y)
0.5 − x0.5)2

Next, we study the symmetry property of ΠG and we prove
that only it is satisfied if we take as n the standard nega-
tion. Later, we introduce a construction method of the gen-
eralized Atanassov’s intuitionistic fuzzy index using two au-
tomorphisms. In this way, it is quite simple to give different
expressions of the intuitionistic index. Moreover, we analyze
the case if the two automorphisms that we are taking are equal.
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Proposition 1 Let ΠG be a generalized Atanassov’s intuition-

istic fuzzy index associated with the strong negation n. Then,

ΠG((x, y)) = ΠG((y, x))

if and only if

n(x) = 1− x; that is,n((x, y)) = (y, x).

Proof. If ΠG((x, y)) = ΠG((y, x)) and by means of item
(iv) of Definition 4 and Theorem 1, we obtain, ΠG((x, y)) =
ΠG((y, x)) = ΠG(n((x, y))) = ΠG((n(1 − y), 1 − n(x))).
Therefore, n(1− y) = y and n(x) = 1− x.
On the other side, if n is the standard negation, then
ΠG((x, y)) = ΠG(n((x, y))) = ΠG((n(1− y), 1−n(x))) =
ΠG((y, x)).

Proposition 2 If ϕ1, ϕ2 are two automorphisms of the unit

interval, then

ΠG((x, y)) = ϕ−1

1
(ϕ2(1− y)− ϕ2(x)) (14)

with n(x) = ϕ−1

2
(1 − ϕ2(x)) is a generalized Atanassov’s

intuitionistic fuzzy index associated with the strong negation

n.

Proof. We must proof the four properties of a generalized
Atanassov’s intuitionistic fuzzy index. The proof of properties
(i) and (ii) is direct bearing in mind the bound conditions of
automorphisms definition. (iii) if (z, t) � (x, y) then, z ≤ x

and t ≤ y. Automorphisms are strictly increasing therefore,
ϕ2(z) ≤ ϕ2(x) and ϕ2(1 − y) ≤ ϕ2(1 − t), so we obtain
ΠG((x, y)) ≤ ΠG((z, t)). (iv) Bearing in mind Teorem 1
and also n(x) = ϕ−1

2
(1−ϕ2(x)), we have ΠG( n((x, y))) =

ΠG((n(1−y), 1−n(x))) = ϕ−1

1
(ϕ2(n(x))−ϕ2(n(1−y))) =

ϕ−1

1
(ϕ2(ϕ

−1

2
(1 − ϕ2(x))) − ϕ2(ϕ

−1

2
(1 − ϕ2(1 − y)))) =

ΠG((x, y)).

Proposition 3 In the conditions of Proposition 2:

ΠG((0, y)) = 1− y

if and only if

ϕ1(x) = ϕ2(x) for all x ∈ [0, 1].

Proof. Direct.

For us, a fuzzy implication operator will be an implication
in the sense of Fodor and Roubens [15], that is, a function
I : [0, 1]

2 → [0, 1] that satisfies the following properties:

I1. If x ≤ z then I(x, y) ≥ I(z, y) for all y ∈ [0, 1];

I2. If y ≤ t then I(x, y) ≤ I(x, t) for all x ∈ [0, 1];

I3. I(0, x) = 1 (dominance of falsity) for all x ∈ [0, 1];

I4. I(x, 1) = 1 for all x ∈ [0, 1].

I5. I(1, 0) = 0.

Depending on the application the following properties can
also be demanded to a fuzzy implication operator:

I6. I(1, x) = x (neutrality of truth).

I7. I(x, I(y, z)) = I(y, I(x, z)) (exchange property).

I8. I(x, y) = 1 if and only if x ≤ y.

I9. I(x, y) = I(n(y), n(x)) (contraposition) with a strong
negation n.

I10. I is a continuous function.

In [6] is provide the following important result.

Proposition 4 Let I : [0, 1]
2 → [0, 1]. For all x, y, z ∈ [0, 1],

the following properties hold:

(i) I satisfies I1 if and only if I(max(x, y), z) =
min(I(x, z), I(y, z)).

(ii) I satisfies I1 if and only if I(min(x, y), z) =
max(I(x, z), I(y, z)).

(iii) I satisfies I2 if and only if I(x,min(y, z)) =
min(I(x, y), I(x, z)).

(iv) I satisfies I2 if and only if I(x,max(y, z)) =
max(I(x, y), I(x, z)).

Next, we will give a characterization of the generalized
Atanassov’s intuitionistic fuzzy index ΠG by means of a func-
tion I : [0, 1]

2 → [0, 1] that satisfies some properties of fuzzy
implication operators.

Theorem 2 Let n be a strong negation. A function ΠG :
L∗ → [0, 1] is a generalized Atanassov’s intuitionistic fuzzy

index associated with the strong negation n

if and only if

there exists a function I : [0, 1]2 → [0, 1] satisfying I1, I8, I9,

and I(x, y) = 0 if and only if x = 1 and y = 0, such that

ΠG((x, y)) = n(I(1− y, x)).

Proof. Sufficiency. We need to prove the four properties of
Definition 4. Properties (i) and (ii) are direct. Property (iii)
we must consider the result proven in [6] that if I satisfies
I1 and I9, then I satisfies I2. Property (iv) is direct bear-
ing in mind that I satisfies I9 and n is a strong negation. In
order to prove necessity, let us suppose that ΠG is a general-
ized Atanassov’s intuitionistic fuzzy index associated with the
strong negation n. Define I

I(x, y) =

{
1 if x ≤ y

n(ΠG((y, 1− x))) if x > y.
(15)

Now it is easy to prove that I satisfies I1, I8, I9 and also
I(x, y) = 0 if and only if x = 1 and y = 0.

Example 3 We build these generalized Atanassov’s intuition-

istic fuzzy indices associated with the strong negation n(x) =
1− x for all x ∈ [0, 1].

(a) Lukasiewicz implication: I(x, y) = min(1, 1 − x + y).
Then,

ΠG((x, y)) = n(I(1− y, x)) =

n(min(1, 1−1+y+x)) = n(y+x) = 1−y−x. (16)

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

480



(b) Fodor implication:

I(x, y) =

{
1 if x ≤ y

max(1− x, y) if x > y
(17)

In this case we have

ΠG((x, y)) =

{
0 if x + y = 1
n(max(y, x)) if x + y < 1.

(18)

Corollary 1 Let n be a strong negation. A continuous func-

tion ΠG : L∗ → [0, 1] such that ΠG((x, 0)) = n(x) for all

x ∈ [0, 1] is a generalized Atanassov’s intuitionistic fuzzy in-

dex associated with the function I : [0, 1]2 → [0, 1] with I

satisfying I7 and I10

if and only if

there exists an automorphism ϕ of the unit interval such that

ΠG((x, y)) = ϕ−1(ϕ(1− y)− ϕ(x)) and

n(x) = ϕ−1(1− ϕ(x))

Proof. It’s enough to take into account Theorem 2, the rela-
tions between the properties of I studied in [6] and the follow-
ing theorem proved in 1987 by Smets and Magrez (see [18]):
a function I : [0, 1]

2 → [0, 1] verifies I2, I7, I8 and I10 if
and only if there exists an automorphism ϕ of the unit interval
such that I(x, y) = ϕ−1(min(1, 1− ϕ(x) + ϕ(y))).

Example 4 if ϕ(x) = x2
for all x ∈ [0, 1], then

ΠG((x, y)) = ((1− y)
2 − x2)0.5, (19)

with n(x) = (1− x2)0.5
for all x ∈ [0, 1].

Next, we provide the expressions of ΠG when it is applied
to the meet operator min and the join operator max on L∗.

Theorem 3 Under conditions of Theorem 2 the following

items hold:

(1) ΠG(max((x, y), (z, t))) =
min{max(ΠG((x, y)),ΠG((x, t))),
max(ΠG((z, y)),ΠG((z, t)))}

(2) ΠG(min((x, y), (z, t))) =
max{min(ΠG((x, y)),ΠG((x, t))),
min(ΠG((z, y)),ΠG((z, t)))}

Proof. (1) We must take into account the definition of meet
operator min and the join operator max on L∗, also if I satis-
fies I1 and I9, then I satisfies I2 and finally the items (i), (iv)
of Proposition 4.

ΠG(max((x, y), (z, t))) = ΠG((max(x, z),min(y, t))) =
n(I(1−min(y, t),max(x, z))). Therefore,

n(ΠG((max(x, z),min(y, t)))) =
I(1−min(y, t),max(x, z)) =
I(max(1− y, 1− t),max(x, z)) =
max{I(max(1− y, 1− t), x),
I(max(1− y, 1− t), z)} =
max{min(I(1− y, x), I(1− t, x)),
min(I(1− y, z), I(1− t, z))} =
max{min(n(ΠG((x, y))), n(ΠG((x, t)))),
min(n(ΠG((z, y))), n(ΠG((z, t))))} =
max{n(max(ΠG((x, y)),ΠG((x, t)))),
(n(max(ΠG((z, y)),ΠG((z, t))))} =
n(min{max(ΠG((x, y)),ΠG((x, t))),
max(ΠG((z, y)),ΠG((z, t)))}).
(2) It is quite similar to the previous one but we must take

into account items (ii) and (iii) of Proposition 4.
Note the result presented in Theorem 3 is not valid

for any t-norm, t-conorm in L∗. The reason is that
we have not defined the order relation ≤L∗ in Def-
inition 4, only we have defined the item (iii) If
(z, t) � (x, y), then ΠG((x, y)) ≤ ΠG((z, t)). That
is, max((x, y), (z, t)) = (max(x, z),min(y, t)) ≤L∗

(S(x, z), T (y, t)) = S((x, y), (z, t)) and we obtain that
ΠG(max((x, y), (z, t))) and ΠG(S((x, y), (z, t))) are im-
comparable.

4 Conclusions
We define the concept of generalized Atanassov’s intuition-

istic fuzzy index and we give different construction methods.
We consider this concept could be applied to image process-
ing and we want to relate it with the concept of local con-
trast of a window of an image, that is, the local variations in
brightness. In [11] we proposed an expression of the local
contrast constructed from Atanassovs intuitionistic index by
means of Atanassov’s intuitionistic fuzzy S-implications. Lo-
cal contrast, from our point of view, must satisfy some specific
properties and we would like to study the performance of the
new concept presented in this work with regard to our defini-
tion of local contrast of an image.
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Abstract— A new methodology for analysis and forecasting of
time series is proposed. It directly employs two techniques: the fuzzy
transform and the perception-based logical deduction. Due to the
usage of both of them and due to the innovative approach consisting
in a construction of several independent models, the methodology is
successfully applicable for robust long time predictions.

Keywords— Time series, fuzzy transform, perception-based log-
ical deduction, fuzzy partition.

1 Introduction
We propose a new methodology for forecasting time series
which is based on combination of two techniques: fuzzy trans-
form and perception-based logical deduction. The proposed
methodology consists of two phases: analysis of a time series
and its forecast. In both phases, the above mentioned tech-
niques play an essential role.

The organization of the work is as follows. After prelimi-
naries and recalling the techniques in Section 2, we continue
with a detailed description of the proposed approach in Sec-
tion 3. Then we demonstrate the results in Section 4.

2 Preliminaries
Let us briefly recall the main tools employed in the sug-
gested approach, the fuzzy transform (F-transform) [1] and the
perception-based logical deduction [2, 3], in particular.

2.1 Fuzzy (F)-Transform

Fuzzy transform, in detailed described in [1], consists in two
transformations. The first one, sometimes called the direct
one, maps a continuous function defined on a fixed real inter-
val [a, b] into an n-dimensional vector. The inverse one maps
the vector back to the space of continuous functions.

The F-transform is defined with respect to basic functions
forming a fuzzy partition.

Definition 2.1 Let c1 < · · · < cn be fixed nodes within [a, b],
such that c1 = a, cn = b and n ≥ 2. We say that fuzzy sets
A1, . . . , An ∈ F([a, b]) are basic functions forming a fuzzy
partition of [a, b] if they fulfill the following conditions for
i = 1, . . . , n :

1. Ai(ci) = 1;

2. Ai(x) = 0 for x /∈ (ci−1, ci+1) where for the uniformity
of the denotation we put x0 = x1 = a and xn+1 = xn =
b;
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(a) Triangular shaped uni-
form fuzzy partition

1 2 3 4 5

0.2

0.4

0.6

0.8

1

(b) Sinusoidal shaped uni-
form fuzzy partition
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(c) Triangular shaped non-
uniform fuzzy partition with
a symmetry

Figure 1: Graphic presentation of distinct fuzzy partitions.

3. Ai is continuous

4. Ai strictly increases on [ci−1, ci] and strictly decreases
on [ci, ci+1];

5. for all x ∈ [a, b]

n∑

i=1

Ai(x) = 1. (1)

Usually, the uniform fuzzy partition is used i.e. n equidis-
tant nodes ci = ci−1 + h are fixed. Let us remark that the
shape of the basic functions is not predetermined and it can be
chosen based on further requirements. For some examples of
fuzzy partitions fulfilling the Definition 2.1, see Fig. 1.

Definition 2.2 Let a fuzzy partition of [a, b] be given by basic
functions A1, . . . , An, n ≥ 2 and let f : [a, b] → R be an
arbitrary continuous function. The n-tuple of real numbers
[F1, . . . , Fn] given by

Fi =

∫ b

a
f(x)Ai(x)dx
∫ b

a
Ai(x)dx

, i = 1, . . . , n (2)

is the direct fuzzy transform (F-transform) of f with respect
to the given fuzzy partition. F1, . . . , Fn are the components of
the F-transform of f .
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In practice, function f is usually not given analytically but
we are at least provided by some data obtained, e.g., by some
measurements. In this case, Definition 2.2 can be modified in
such a way that finite summations replace definite integrals in
formula (2).

Let us be given n basic functions forming a fuzzy partition
of [a, b] and let the function f be given at T > n fixed nodes
x1, . . . , xT ∈ [a, b]. We say that the set of nodes {x1, . . . , xT }
is sufficiently dense with respect to the fuzzy partition if

(∀i)(∃t) Ai(xt) > 0. (3)

Definition 2.3 Let a fuzzy partition of [a, b] be given by basic
functions A1, . . . , An, n ≥ 2 and let f : [a, b] → R be a func-
tion known at a set {x1, . . . , xT } of sufficiently dense nodes
with respect to the given fuzzy partition. The n-tuple of real
numbers [F1, . . . , Fn] given by

Fi =
∑T

t=1 f(xt)Ai(xt)∑T
t=1 Ai(xt)

, i = 1, . . . , n (4)

is the (discrete) direct F-transform of f with respect to the
given fuzzy partition. F1, . . . , Fn are the components of the
F-transform of f .

Since this paper deals with the application of the F-
transform to the analysis and prediction of time series, i.e.,
discrete problem, there is no danger of confusion and we may
easily, for the sake of simplicity, omit the word “discrete” and
simply talk about the “F-transform” in the rest of the paper.

The F-transform of f with respect to A1, . . . , An will be
denoted by Fn[f ] = [F1, . . . , Fn]. It has been proved [1]
that the components of the F-transform are the weighted mean
values of an original function where the weights are given by
the basic functions.

The original function f can be approximately reconstructed
(with the help of the inversion formula) from its fuzzy trans-
form Fn[f ]. The function represented by the inversion for-
mula is called the inverse F-transform.

Definition 2.4 Let Fn[f ] be the direct F-transform of f with
respect to A1, . . . , An ∈ F([a, b]). Then the function fF,n

given on [a, b] as follows

fF,n(x) =
n∑

i=1

FiAi(x), (5)

is called the inverse F-transform of f .

The inverse F-transform is a continuous function on [a, b]
no matter whether we have started from analytically given
continuous f or we have been given only function values on
a sufficiently dense set. Anyhow, for the time series problem,
we consider the inverse F-transform at the same points where
the original function is given.

2.2 Perception-based Logical Deduction

In this subsection, we briefly recall the main idea of the
perception-based logical deduction (PbLD). For details, let us
refer to [2, 3].

The PbLD is a method of deducing conclusions on the basis
of a linguistic description which is a set of m fuzzy/linguistic
rules:

IF x1 is A11 AND · · · AND xq is A1q THEN z is B1

. . .
AND
. . .
IF x1 is Am1 AND · · · AND xq is Amq THEN z is Bm

(6)
where A11, . . . ,Anq,B1,Bm are specific linguistic expres-
sions called evaluative expressions which have the form

〈 linguistic hedge 〉 { small, medium, big }.

Note that extension of A is a functional value of its intension
in a point w. These extensions are specific fuzzy sets having
the form depicted in Fig.2. Let us shortly mention, that formal
theory of evaluative linguistic expression is a deep and firm
theory and it would be out of range of the conference paper to
recall it in a more detailed way to readers. Therefore, we refer
to its detailed description and justification published in [4].
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Figure 2: Fuzzy sets representing typical evaluative linguistic
expressions.

In the frame of the above outlined theory, that the rules in
(6) are taken as genuine conditional expressions of natural lan-
guage that are interpreted accordingly, see [5], i.e. intension
and extensions of them are also defined. The extension of each
rule is a special fuzzy relation computed using a t-norm (usu-
ally minimum) and Łukasiewicz (residual) implication.

By perception we understand an evaluative expression as-
signed to the given value in the given context. The choice
of perception is not arbitrary and besides the context, it also
depends on the topic of the specified linguistic expression.
The PbLD method uses a sophisticated algorithm for choos-
ing the best fitting rule(s). The most proper crisp output is
obtained using a DEE (Defuzzification of Evaluative Expres-
sions) method [2].

2.3 Time Series

Let
{xt|t = 1, . . . , T} ⊂ R, T ≥ 3 (7)

be a given time series. The task is to analyze and forecast the
time series, i.e., to determine values

{xt|t = T + 1, . . . , T + k} ⊂ R, k ≥ 1. (8)

There are two standard approaches to forecast a time series.
The first one uses autoregressive and moving averages models
of the so called Box-Jenkins methodology [6]. This approach,
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no matter how useful and successful in forecasts it may be,
besides stationarity and seasonality provides us with a non-
transparent and non-interpretable analysis. Therefore, it is not
appropriate for an extension by means and tools directly us-
ing the fuzzy sets theory, where the interpretability and trans-
parency play a crucial role.

Remark 2.5 A study presenting Takagi-Sugeno rules [7] in
the view of the autocorrelation Box-Jenkins methodology has
been published [8]. Nevertheless, the Takagi-Sugeno rules
are rather regression-based than linguistic-based in compari-
son with (6). Analogously, distinct neuro-fuzzy approaches,
which are on the border of neural networks, Takagi-Sugeno
models and evolving fuzzy systems, are very often and suc-
cessfully used [9, 10]. But well tuned Gaussian fuzzy sets
with a centroid at node 5.6989 and a width parameter equal
to 2.8893 (see [10]) constructed as a product of an employed
optimization technique are undoubtably far from the inter-
pretability of systems using models of fragments of natural
language. Therefore, these approaches, no matter how effec-
tive and powerful, are closer to standard regression methods.

The second approach consists in the so called decomposi-
tion [11] of a time series where each element xt of the time
series is decomposed into the following components

xt = Trt + St + Ct + Et (9)

where Trt, St, Ct, Et are the t-th trend, seasonal, cyclic and
error components, respectively.

Trend and seasonal components may be analyzed. The
cyclic component is a bit problematic. The name “cyclic”
comes from the economical cycles which are not regular and
they are dependent on many outer factors to be analyzed from
the past. The error component is a random noise which basi-
cally cannot be forecasted and therefore is omitted from our
further considerations.

After these omissions, for further investigation, usually the
following simplified decomposed model is considered

xt = Trt + St. (10)

Remark 2.6 Formulas (9) and (10) describe so called addi-
tive decomposition. Using multiplications instead of summa-
tions, we would get the multiplicative decomposition. Since
the treatment is analogous, for the sake of simplicity we re-
strict our focus on the additive ones but the further methods
and results are similar.

3 Proposed approach
Let us introduce our suggested approach directly employing
the techniques briefly recalled in Section 2.

3.1 Trend and Seasonal Analysis

Traditional approach to the trend analysis assumes the trend
to be an a priori given function, e.g., linear, polynomial, ex-
ponential or a kind of a saturation function such as sigmoidal
function, for instance. This approach simplifies the analysis,
which consists in a regressive determination of parameters of
the predetermined function, and even the prediction, which
consists in a simple prolongation – i.e. in an evaluation of the
determined trend function at nodes T + 1, . . . , T + k.

Figure 3: Time series with its inverse F-transform. Standard
trend analysis would be inappropriate due to irregular cyclic
changes.

But such an approach is not always the most proper one,
see Fig. 3. The problem is that such an approach where we fix
a trend function for the whole domain is too restrictive. The
trend may change during the measurements of a time series
especially in case of a long time series. For such cases, com-
plicated adaptive trend changing models are constructed. As
a typical example, we may especially in these days of the fi-
nancial crisis recall the equity indexes where we may hardly
simply prolong the trends while very often after robust growth
radical and dramatic falls come followed by stagnation and
then again by growths, due to the cyclic influences. Here, the
prolongation might be very often the worst thing we may ap-
ply in predictions.

We propose the F-transform method for the trend descrip-
tion. The F-transform does not fix any shape of the curve, but
it possess powerful approximation, noise reduction and com-
putational properties [12].

The time series xt may be viewed as a function x on the
interval [0, T ] which we are not given analytically, but we are
provided by measurements x(t) = xt at nodes t = 1, . . . , T .
Let us build a uniform fuzzy partition according to Definition
2.1 such that each basic function A2, . . . , An−1 “cover” the
number of nodes equal to the number of nodes belonging to a
season. For example, in case of a time series on the monthly
basis, each basic function covers 12 point except basic func-
tions A1, An which cover the first and the last 6 nodes, respec-
tively. So, the set of nodes is sufficiently dense with respect to
the fuzzy partition. From now on, we will explicitly refer to
such a time series on the monthly basis since everything may
be easily generalized for a different seasonality.

Remark 3.1 Usually, we are provided by some additional in-
formation about a time series, for example that it is a GDP
growth per month. In cases, when such information is not
at disposal or does not lead to a sufficient knowledge to de-
termine the seasonality (diesel engine pressure etc. [13]), the
perception-based logical deduction with appropriate rules may
be successfully used. For details, we refer the reader to [14].

Let Fn[x] = [X1, . . . , Xn] be the F-transform of the func-
tion x w.r.t. the given fuzzy partition and let xF,n be its inverse
F-transform. The inverse F-transform will serve us as a model
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of the trend component (including cyclic changes). It does not
fix a priori some shape of the function. Therefore, we may
easily from (9) with omitted error component determine the
seasonal components St

St = xt − xF,n(t) (11)

where xF,n(t) = Trt + Ct.

3.2 Trend Forecast

The suggested approach to the trend analysis implicitly treats
also possible cyclic component influences without compli-
cated adaptive trend changing mechanisms. This is a signifi-
cant difference to the classical approach, where we first model
the trend only and then determine the seasonal components
which are influenced by the cyclic irregular changes. Our ap-
proach treats the problem the other way around and the trend
model xF,n primarily serves us to get pure seasonal compo-
nents without the cyclic influences.

On the other hand, we cannot easily forecast such a trend
model by the prolongation, i.e. by the evaluation of the prede-
termined fixed trend function at nodes t = T + 1, . . . , T + k.
Due to the drawback of such a traditional approach, it is not
disadvantage but vice-versa, as explained below.

We follow the idea of [15] and for the trend forecast, we em-
ploy the perception-based logical deduction. As antecedent
variables, we consider the F-transform components of the
given time series Xi, i = 1, . . . , n as well as their differences
of the first and the second order

∆Xi = Xi − Xi−1, i = 2, . . . , n
∆2Xi = ∆Xi − ∆Xi−1, i = 3, . . . , n

(12)

respectively.
So, we will deal, e.g., with fuzzy rules such as the following

one

IF ∆Xi−1 is A∆i−1 AND Xi is AiTHEN ∆Xi+1 is B.
(13)

The differences of the F-transform components expressing
the time series trend (and the cycle) of distinct orders are ca-
pable to describe the dynamics of the time series better than
the F-transform components itself. Fuzzy rules such as (13)
may describe logical dependencies of the trend changes (hid-
den cycle influences) which is highly desirable and suggested
in comparison with the standard prolongation of the trend ob-
served in the past. The advantage of the transparently inter-
pretable form of the rules using fragments of natural language
is doubtless. This might be helpful in better understanding of
functionalities and motive factors determining the changes in
a process yielding the analyzed times series.

Let us mention that fuzzy rules such as (13) are automati-
cally generated by the linguistic learning algorithm [16] im-
plemented in the software package LFLC 2000 [17] from the
F-transform components of the time series and their differ-
ences.

Remark 3.2 Although the fuzzy rules are also generated
from the past, the suggested approach may be able to learn,
describe and successfully predict the future of equity indexes
mentioned as a motivation example at the beginning of Sub-
section 3.1. Of course, if a similar progress has been observed
and measured in the past. Prolongation of a trend function is
not capable of this task.

3.3 Independent Models

Fuzzy rules and the perception-based logical deduction
may help us to forecast next F-transform components
Xn+1, . . . , Xn+� of the time series from which we easily de-
termine trend components of the time series as the values of
the inverse F-transform xF,n+�(T + 1), . . . , xF,n+�(T + k),
where � < k.

The problem may appear when the forecast is supposed
to be for a too long term. In case if we want to pre-
dict the time series xt on a monthly basis for the next
18 months, we first have to forecast Xn+1. For this, we
use components X1, . . . , Xn and differences ∆X2, . . . ,∆Xn,
∆2X3, . . . ,∆2Xn. Then, using the same fuzzy rules and
antecedent variables X1, . . . , Xn+1, ∆X2, . . . ,∆Xn+1 and
∆2X3, . . . ,∆2Xn+1 we may forecast Xn+2. And finally,
we are able to forecast Xn+3 based on X1, . . . , Xn+2,
∆X2, . . . ,∆Xn+2 and ∆2X3, . . . ,∆2Xn+2.

Clearly, there is a danger of the forecast error propagation
since we forecast from forecasted values. The longer-term
prediction, the higher is the damage.

To overcome this problem, we suggest to build a finite num-
ber of independent trend forecasting models using the tech-
nique described in Subsection 3.2. For the sake of simplicity,
let us consider ∆Xi−1 and Xi as the antecedent variables.
Then set of rules (13) will serve us as a model for the predic-
tion the next F-transform component Xn+1.

Similarly, a set of rules

IF ∆Xi−1 is A∆i−1 AND Xi is Ai THEN ∆Xi+2 is B
(14)

generated again by the linguistic learning algorithm from the
differences of the F-transform components, will serve us as a
model for the prediction the next but one F-transform compo-
nent Xn+2. And analogously, we may build the third model

IF ∆Xi−1 is A∆i−1 AND Xi is Ai THEN ∆Xi+3 is B
(15)

and further models, if necessary because of a longer-term fore-
cast than just to next 18 values xT+1, . . . , xT+18.

The suggested approach fully avoids the problem of the er-
ror accumulation due to the “forecasting from forecasted”.

3.4 Seasonal Component Forecast

Forecasted F-transform components Xn+1, . . . , Xn+� deter-
mine the trend and cyclic components of the time series pre-
dicted for the future which are given as the values of the in-
verse F-transform xF,n+�(T +1), . . . , xF,n+�(T +k). To fore-
cast the seasonal components and to compose them with the
latter values is the last step in the time series prediction proce-
dure.

The seasonal components are forecasted as follows. Let

Sξ = [Sp·(ξ−1), Sp·(ξ−1)+1, Sp·(ξ−1)+2, . . . , Sp·(ξ−1)+p−1]
(16)

be the ξ-th vector of the seasonal components (11) where p
denotes the period of the seasonality, i.e., in our case of a time
series on a monthly basis p = 12 and the Sξ is the vector of
the January, February etc. to December measurements of the
ξ-th year.

Stationarity assumption on the seasonal component of the
time series is considered, i.e., we assume that Sξ is a linear
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combination of previous θ vectors Sξ−θ, . . . ,Sξ−1. It means
that we generate the following system of equations

Sξ =
θ∑

j=1

dj · Sξ−j , ξ > θ (17)

to which we search for the optimal solution with respect to
coefficients d1, . . . , dθ. The computed coefficients are then
used to determine the Sξ

Let us mention that the stationarity is a standard assumption
which might be easily checked, see [6, 18].

Composition of both forecasts, of the forecasted F-
transform components and the seasonal components is the last
step to get the overall time series forecast. It is done inversely
to the original decomposition which was either additive or
multiplicative.

3.5 Optimization

There are some unknown parameters in the whole procedure
which are to be determined individually for every single time
series. Basically, it is the list of antecedent variables for the
prediction of the F-transform components, the number of the
antecedent variables and the parameter θ.

The time series is divided into the learning set and the
validation set in such a way that the latter one is given by
the last values of the times series of the length equal to the
expected forecast. It means, the learning set is given by
{x1, . . . , xT−k−1} and we cut {xT−k, . . . , xT } off the time
series to determine the validation.

There is a software [19], developed at the Institute for Re-
search and Applications of Fuzzy Modeling, where the para-
meters θ and the maximal number of antecedent variables are
set up by a user. Then the software computes all possible com-
binations of antecedent variables up to the maximal number
and combines it with seasonal components determined based
on the optimal solution of (17) for all possible θ, again up to
the pre-specified maximal one. For this computations, only
the learning set is used.

All computed models are used to forecast {x′
T−k, . . . , x′

T }
and these forecasts are compared with the validation set
{xT−k, . . . , xT }. As a suggestion to a user, all models are
ordered according to a pre-specified error criterion which
may be generally arbitrarily. A user may then employ
any of the optimized and tuned models for the forecast of
xT+1, . . . , xT+k.

4 Demonstration

We applied our approach to analyze and forecast 111 time se-
ries on a monthly basis from the Artificial Neural Network
& Computational Intelligence Forecasting Competition NN3.
All the time series were “real-world” and chosen from differ-
ent fields such as economy, meteorology, industry etc. while
no such an information about the meaning or an origin of any
time series was provided to participants.

There were 580 participants who registered to the compe-
tition and downloaded the time series but only 25 finally af-
forded to submit their results which illustrates the complicacy
of the task to deal with such a huge and heterogenous set of
time series. This fact is even supported by the average 15.44%

error result (measured by SMAPE - Symmetric Mean Ab-
solute Percent Error) obtained by commercial statistical soft-
ware ForecastPro for the whole set of time series. Let us note
that the ForecastPro software was used only as a benchmark
together with five other benchmarks. Let us also remark that
it employs all the existing standard techniques from the Box-
Jenkins methodology while participants were limited by a sin-
gle method of a non-statistical nature.

Our approach (without the construction of independent
models at that times) took the 12th position with the overall
average error 18.81%. In an unofficially evaluated subset of
time series with a seasonal character, our approach took the
3rd rank among all participants and even beaten four of the
six statistical benchmarks. The average error in this category
measured by SMAPE was 12.7%.

The construction of independent models may even improve
the results. For an illustration, let us turn the attention to the
time series NN3 106 from the competition, see Fig. 4.
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Figure 4: Time series NN3 106 from the NN3 competition.

It is a 126 months long time series with a hardly deter-
minable trend - a typical representative of an appropriate time
series for our approach. We cut off last 18 months to create a
validation set and we use the first 114 months as a learning set
to determine our model. The model may be used to forecast
the last 18 months and then compared with the original time
series values forming the validation set. There is the black line
displaying the validation set of the original time series in Fig.
5.

The dotted grey line in the same figure denotes the fore-
cast made by our methodology with a single trend prediction
model optimized as described in Subsection 3.5. The gen-
erated model consisted of 15 fuzzy rules with the following
3 input variables Xi, ∆2Xi, ∆2Xi−1 and the output variable
∆Xi+1. The SMAPE error was 5.70%.

If we generate 3 independent models – all of them with
the following 3 input variables Xi, ∆2Xi,∆2Xi−1, every
one of them predicting a different F-transform component
– ∆Xi+1,∆Xi+2,∆Xi+3, respectively, we improve the re-
sults. Due to the F-transform, the above mentioned 3 mod-
els predicting independently 3 first order differences of the
F-transform components are fully sufficient to forecast values
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Figure 5: Time series NN3 106 (black line) and its two fore-
casts, one based on our methodology with a single model (dot-
ted grey line), one forecast employs our methodology with 3
independent models (dashed grey line).

of 18 months ahead. The improve results are depicted by the
grey dashed line on Fig. 5 and yielded error 4.77%.

5 Conclusions
We have proposed a novel fuzzy approach to analysis and pre-
diction of time series. It directly uses two techniques, the F-
transform and the perception-based logical deduction. Their
combination helps to avoid the classical problem with prolon-
gation of a pre-specified curve. Moreover, due to the inter-
pretability of fuzzy rules used by the perception-based logical
deduction, a user may get into a deeper understanding not only
of the automatically generated model but also to the whole
process whose measured samples yielded the analyzed time
series.

Furthermore, due to the F-transform and the possibility to
construct several independent trend forecasting models using
fuzzy rules, we may easily produce long-time forecasts with-
out the influence of the propagated and accumulated error due
to the forecasting from forecasted values.
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Abstract—
Nowadays, the management of sequential and temporal

data is an increasing need in many data mining processes.
Therefore, the development of new privacy preserving data
mining techniques for sequential data is a crucial need to en-
sure that sequence data analysis is performed without disclo-
sure sensitive information. Although data analysis and pro-
tection are very different processes, they share a few common
components such as similarity measurement.

In this paper we propose a new similarity function for cat-
egorical sequences of events based on OWA operators and
fuzzy quantifiers. The main advantage of this new similar-
ity function is the possibility of incorporating the user prefer-
ences in the similarity computation. We describe the impli-
cations of the application of different user preference policies
in the similarity measurement when microaggregation, a well-
known data protection method, is applied to sequential data.

Keywords— Microaggregation, Privacy, Sequence aggregation,
OWA operators.

1 Introduction
The development of new methods for managing sequential
and temporal relationships is becoming an strategic area.
Nowadays, thanks to the new technologies, categorical se-
quences of data are easily available in many scenarios. Ini-
tially, sequential data was originated by the study of gene in-
formation (DNA), but novel classes of applications based on
geo-spatial information are currently appearing [1]. For in-
stance, many applications use personal or vehicular tracking
data, this information allows us to find interesting patterns to
be used in many different applications, such as traffic control,
sustainable mobility management, accessibility of services or
even tracking patients with Alzheimer [2]. This type of data is
known as Event Sequences [3].

Classical data mining algorithms and decision making tech-
niques were developed for static data (i.e. data whose feature
values do not depend on time). Consequently, the sequen-
tial nature of temporal data makes difficult to apply classical
data mining and decision making methods. Some areas of Ar-
tificial Intelligence have started to develop new methods to

deal with event sequences, such as temporal data mining al-
gorithms [4, 5] or sequence data analysis, both interested in
studying how feature values change with regards to time, in
order to identify interesting temporal patterns.

As in classical data mining, in order to ensure that sequence
data analysis is performed without disclosure sensitive infor-
mation of data owners, statistical disclosure control (SDC) [6]
and privacy preserving data mining (PPDM) [7] techniques
should be applied. In this way, the privacy of the individuals
can be guaranteed. A very common way to achieve a certain
level of privacy on a database is to ensure k-anonymity [8, 9].
Microaggregation [10, 11] is the standard SDC technique to
achieve the k-anonymity in a database. Essentially, microag-
gregation builds clusters of at least k records and replaces the
original records with the centroid of the cluster that the record
belongs to. In this way, k-anonymity is ensured because in the
protected database there are at least k identical records.

In this paper we address the problem of measuring the simi-
larity between sequences of events. Similarity measurement is
a key point in data analysis but also in microaggregation. This
problem was already studied in [12], where a new approach to
calculate the similarity for event sequences was presented: the
Ordered-based Sequence Similarity (OSS). This similarity is
greately improved in this paper. The new version presented in
this paper, applies the OWA operator to let the user to define
different preference policies for the similarity comparison of
two event sequences, thus, it is called OSSOWA. Preference
policies can be expressed using different fuzzy measures. We
will present the implications that some policies (fuzzy mea-
sure) have on the results of a microaggregation procedure with
an illustrative example.

This paper is organized as follows. Firstly, in Section 2
we give some preliminaries about aggregation functions and
microaggregation methods for SDC. Then, in Section 3 we
present a detailed description of our new similarity function
for categorical sequences of events. Section 4 provides some
experiments combining our similarity function with microag-
gregation. Finally, Section 5 draws some conclusions and de-
scribes some lines for future work.
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2 Preliminaries
In this section we give a short overview of aggregation oper-
ators, focused on the OWA operator, and microaggregation (a
data protection method).

2.1 Aggregation functions

Aggregation functions [13] are functions used for information
fusion. They typically combine N data values supplied by N
data sources into a single datum.

In this paper, we use them to define a new similarity mea-
sure among sequences of categorical events. In particular, we
consider the Ordered Weighted Aggregation (OWA) operator.

Two different definitions for this operator can be found in
the literature. One applicable when the number of data sources
is known in advance, and another that does not require to know
how many data sources are combined. We use this latter defi-
nition, which is based on fuzzy quantifiers.

Definition 1 A function Q : [0, 1] → [0, 1] is a regular mono-
tonically non-decreasing fuzzy quantifier (non-decreasing

fuzzy quantifiers for short) if it satisfies: (i) Q(0) = 0; (ii)

Q(1) = 1; (iii) x > y implies Q(x) ≥ Q(y).

Two examples of families of fuzzy quantifiers Q1 and Q2

are given below. Q1 corresponds to Yager α-quantifiers, for
α > 0.

Qα
1 (x) = xα (1)

Qα
2 (x) =




0 if x = 0
1/(1 + e(α−x)∗10) for α > 0 if 0 < x < 1
1 if x = 1

(2)
A graphical representation of these two fuzzy quanti-

fiers is given in Figure 1 for some particular α. α =
{0.2, 0.4, . . . , 1.8, 2.0} are used for Qα

1 (x), and α =
{0, 0.1, . . . 0.9} are used for Qα

2 (x). We can observe that for
small α values, the function increases quickly near x = 0,
whereas the increase is smoothly for larger values of α.

Using fuzzy quantifiers, the OWA operator [14, 15] is de-
fined as follows.

Definition 2 Let Q be a non-decreasing fuzzy quantifier, then

OWAQ : R
N → R is an Ordered Weighted Averaging

(OWA) operator if

OWAQ(a1, ..., aN ) =

N∑
i=1

(Q(i/N) − Q((i − 1)/N))aσ(i)

where σ is a permutation such that aσ(i) ≥ aσ(i+1).

The interest of the OWA operators is that they permit the
user to aggregate the values giving importance to large (or
small) values. In the case of the quantifiers given above, the
smaller the α is, the larger the importance for the largest values
being aggregated. In contrast, the higher the α is, the lower
the importance of the largest values (and the higher the im-
portance given to low values). This different behaviour can be
seen in Figure 1.

2.2 Microaggregation

Microaggregation [10, 11] is one of the most commonly em-
ployed data protection methods [16]. From the operational
point of view, given a database with A attributes, microag-
gregation proceeds by building clusters of at least k records
and, then, replacing each record by the centroid of the cluster
to which the record belongs to. A certain level of privacy is
ensured because for each attribute, there are always k records
with an identical value. This assures the k-anonymity property
at the attribute level [8, 9]. The goal of a microaggregation is
to find clusters of at least k records while minimizing the total
Sum of the Square Error:

SSE =

c∑
i=1

∑
xij∈Ci

(xij − x̄i)
T (xij − x̄i), (3)

where c is the total number of clusters, Ci is the i-th cluster
and x̄i is the centroid of Ci. The restriction is |Ci| ≥ k, for all
i = 1, . . . , c.

In the simplest case (when A = 1), there are polynomial
time algorithms to obtain the optimal microaggregation [17].
However, for the general case (A > 1), the problem of finding
the optimal microaggregation is NP-hard [18]. For this reason,
microaggregation methods are heuristic.

It is worth to mention that most of the classical microaggre-
gation techniques are based on the assumption that an average
record for all the elements in the database can be computed,
like MDAV algorithm [19]. For the case of dealing with se-
quences of events, this is not a feasible assumption, since se-
quences can be very diverse and the definition of a single av-
erage sequence is not meaningful. Other methods rely on an
Euclidean space, which is also not the case of the event se-
quences space.

In [3] the use of hierarchical clustering algorithms for se-
quences of events was presented. Those methods are sequen-
tial algorithms based on a similarity measure between pairs
of elements [20]. The result is a hierarchical tree of non-
overlapping clusters that can be cut at any level to obtain a
partition. For the experiments of this paper, the k-Sized Hi-
erarchical Clustering method (KSHC) has been applied [21].
This method is a modification of the classical hierarchical se-
quential agglomerative non-overlapping clustering methods in
data mining [20]. The clustering process is structured in two
main steps: (1) the construction of a dissimilarity matrix for
all pairs of individuals, using an appropriate similarity mea-
sure according to the type of data and problem characteristics
and (2) the exploitation of the similarity matrix to build a tree
of non-overlapping clusters. In this second stage, an itera-
tive process is executed, which consists of finding the pair of
elements (i.e. individuals or clusters) that are at minimum dis-
similarity (i.e. the most similar) and build a new cluster with
these elements. Then, those elements are removed from the
dissimilarity matrix, and the dissimilarity of the new cluster
with respect to the rest of elements is computed. Different
methods for calculating this dissimilarity have been defined:
Single Linkage (if the minimum distance with respect to the
elements in the cluster is taken), Complete Linkage (if the
maximum distance is taken), Average Linkage, Median Link-
age, etc. The resulting tree can be cut at any level to produce
a partition of the individuals. The KSHC approach keeps the
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Figure 1: Graphical representation of Qα
1 and Qα

2 .

tradictional clustering process, but modifies it properly in or-
der to produce a partition that respects the k-anonymity prop-
erty.

2.3 The Cluster Prototype

Methods for defining cluster prototypes (or centroids) are
needed in microaggregation as well as in some unsupervised
machine learning techniques (e.g. in clustering). In general,
a prototype is defined as a typical example, basis, or standard
for other elements of the same cluster. Prototypes combine the
most representative values for the attributes of the elements
that belong to the cluster. Consequently, prototypes are typi-
cal instances that represent the content of the cluster. They are
calculated using an averaging function (in most of the cases,
a weighted mean is used). However, when dealing with cate-
gorical sequences of events, those averaging functions are not
applicable.

In [22] a new method for generating prototypes of event
sequences was presented. This method is based on the cal-
culation of an Element Scoring Table (EST), where the ele-
ments can be either individual events or patterns of consecu-
tive events considered as an indivisible unit. So, the method
is called Ordered Element Scoring Prototyping (OESP). Dif-
ferent scores are assigned to each event depending on its po-
sition in the sequences of the cluster. The ranking given by
those scores is used to iteratively append an event to the pro-
totype (initially the prototype is an empty sequence) until the
prototype has a length similar to the average lengths of the
sequences in the cluster.

This method will be used to calculate the centroids of the
clusters obtained by the new similarity measure, which is
needed to calculate the Sum of Square Error (3).

3 OSSOWA: A new dissimilarity function for
categorical sequences of events

From a formal point of view, a dissimilarity function f over
two sequences of events s1 and s2 has to fulfill the following
conditions:

1. Symmetry: f(s1, s2) = f(s2, s1)

2. Positivity: f(s1, s2) ≥ 0 for any s1 and s2

3. Reflexivity: f(s1, s1) = 0

Some dissimilarity measures for sequences of symbols have
been defined. For instance, Hamming distance [23] or Edit
(Levenstein) distance [24] are usually considered [3]. How-
ever, such distances are quite simple when it is necessary to
deal with the relative ordering positions of the symbols in the
sequence, as it is needed in tracking studies such as the ones
presented in the introduction. Another drawback is the diffi-
culty of incorporating user (expert) preference policies in the
computation of these measures.

As we are interested in comparing temporal event se-
quences, the results of those traditional categorical distances
are not good since they disregard a lot of information that
should be taken into account to obtain a more appropriate sim-
ilarity value [12]. Two good examples of temporal event se-
quences are web logs and the itineraries of the tourists. In
these scenarios, there are two key issues to be considered:

• The number of common elements inside the sequences.

• The order (position) among the common elements inside
the sequences.

On one hand, the first consideration allows us to evaluate
the common part of two different sequences, if this common
part is large, then the two sequences have to be similar, be-
cause such sequences show that their owners have done the
same things. On the other hand, the second consideration
takes into account whether the events have been done in the
same order or not. This second information is very useful
when applying data mining processes. For example, when de-
tecting common itineraries for planning new bus lines. Note
that in this latter case, if two sequences have the same events
placed in the same order, they have to be more similar than two
sequences in which the events are placed in different order.
Based on those two assumptions, in [12], the Ordered-based
Sequence Similarity was defined (OSS).

However, in the context of event sequence comparison,
apart from these two issues, it is also interesting to incorpo-
rate any user (expert) preferences on the similarity function.
In some scenarios, it is more important to group sequences
sharing a large number of events even though the events are
not in the same order. On the contrary, in other scenarios, the
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user is interested in tracking the sub-sequences of common
events, considering that two sequences with a few events in
the same order are more similar than two sequences with a
larger common set of unsorted events. Let us take as an ex-
ample, an analysis of the tourist behaviour in a theme park. In
the first case, the manager wants to find groups of visitors that
have been at the same attractions (same locations) in spite of
the order of visiting them. In the second case, the manager is
interested in studying the flow of visitors in the park, and to
know the common paths between attractions for planning or
user-recommendation purposes.

The OWA operator with a fuzzy quantifier can be used to
introduce the user aggregation policy into the computation
of the similarity between pairs of temporal event sequences.
This permits us to tackle the issues explained before. Based
on this approach, a new similarity function can be defined,
dOSS−OWA. It is calculated in two steps.

Firstly, partial distances between the elements of the two
sequences are calculated as follows.

Definition 3 Let s and r be two event sequences. Let si be the

i-th event of the sequence s, then the event distance of si with

respect to r is defined as

d(si, r) =

{
minsi=rj

|i−j|

|s|+|r| if si ∈ r

1 otherwise
(4)

where |s| and |r| stand for the sequence lengths of sequences

s and r respectively.

If si appears n times in s and m times in r, the occurrences

in s and r are matched forming pairs that minimize |i − j|,
if some occurrences do not have a couple (n �= m), they are

treated as if they do not appear in r, that is, they have a dis-

tance to r of 1.

Then, those partial distances are aggregated using the
OWA operator, which permits to apply different aggregation
policies[14].

Formally, given sequences s and r, we compute the event
distances d(si, r) for all i = 1, . . . , |s| and d(ri, s) for all i =
1, . . . , |r|. Then, the OSSOWA measure is defined as follows.

Definition 4 Let s and r be two temporal event sequences

with length |s| and |r|, respectively, then the dOSS−OWA dis-

similarity function of s and r is defined as

dOSS−OWA(Q)(s, r) =

OWAQ(d(s1, r), . . . , d(s|s|, r), d(r1, s), . . . , d(r|r|, s))

where Q is a non-decreasing fuzzy quantifier, and d(si, r)
stands for the event distance of si with regards to r.

Following Definition 3, all event distances equal to 1 rep-
resents the case of two sequences with non-common events.
On the contrary, distances smaller than 1 represent the shift
between the common events in both sequences. In this case,
the larger the event distance, the larger the shift. OWA op-
erators permit the user to aggregate the values giving more
importance to large or small values when appropriate quanti-
fiers are selected. This stands for considering more important
non-common events (large distance values) or common events
(small distance values). In this way we are modeling the two
scenarios described above.

Figure 2: Example with 6 sequences.

Table 1: Original sequences.
id Sequence
0 abcde
1 abcxe
2 abmnc
3 erabc
4 edcba
5 mn
6 stmn

4 Experiments

In this section, we present the results obtained with a synthetic
sequences database (see Table 1). Figure 2 shows a graph
representation of those sequences as paths between a set of
11 locations. These could be places inside a theme attractions
park. The arrows indicate a transition from one attraction to
the next one. The labels refer to the tourists that have followed
each path step.

In order to test the dOSS−OWA function, the k-sized hier-
archical clustering (KSHC) microaggreagtion algorithm has
been used on this database. It has been applied to a k-
anonymity value of k = 2, which means that cluster of 2 or 3
elements can be generated (recall that the number of elements
is constrained by k and 2k−1). Then, the method explained in
section 2.3 for prototype generation has been performed to ob-
tain the centroids of the clusters and calculate the information
loss, that is, the SSE (3) .

Six different fuzzy quantifiers have been tested: Q0.4
1 , Q1

1,
Q2

1, Q0.1
2 , Q0.5

2 and Q0.8
2 . They define different aggregation

policies in order to show how to introduce expert knowledge in
the sequence similarity computation. Quantifiers with small α
parameter consider more similar those sequences with a large
set of common events. On the contrary, quantifiers with large
α parameter consider more similar those sequences with few
common events but placed in the same order. Note that, quan-
tifiers with medium α parameter consider common events as
important as events placed in the same order.

Table 2 shows the results obtained for the dataset given in
Table 1. Each row corresponds to a different parametrization
of the fuzzy measure used to compute the OSSOWA dissim-
ilarity function between pairs of sequences. The first three
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Table 2: Microaggregated sequences with k = 2.
Q SSE Sequences

Q0.4
1

0.515 abcxe, erabc
0.767 abcde, edcba, abmnc
0.907 mn, stmn

Q2
1

0.032 erabc, edcba
0.063 abmnc, abcde, abcxe
0.081 mn, stmn

Q4
1

0.002 erabc, edcba
0.0 abcde, abcxe
0.157 mn, abmnc, stmn

Q0.1
2

0.934 abcxe, erabc
1.137 abcde, edcba, abmnc
1.614 mn, stmn

Q0.5
2

0.087 erabc, edcba
0.162 abmnc, abcde, abcxe
0.159 mn, stmn

Q0.8
2

0.002 erabc, edcba
0.0 abcde, abcxe
0.146 mn, abmnc, stmn

Figure 3: Clusters obtained with small α.

rows correspond to the fuzzy measure Q1 (1) and the three
last rows correspond to the fuzzy measure Q2 (2).

The first thing to note is that the results for Q1 and Q2 are
the same for low, medium and high α values. Using low values
in the parameterization of the fuzzy measures (e.g. α equal to
0.4 for Q1 and 0.1 for Q2) generates a similarity function that
stress the importance of visiting the same places, disregarding
the event order. For this reason, the sequence abcde is similar
to the sequence edcba. In the same way, the sequence abcxe is
more similar to erabc (with 4 equal elements) than to abmnc
(with only 3 common elements).

Oppositely, when large α values are selected (e.g. α equal
to 4 for Q1 and 0.8 for Q2), the order among the common
events plays a more important role in the similarity measure-

Figure 4: Clusters obtained with a medium α.

Figure 5: Clusters obtained with large α.

ment. Consequently, the sequence edcba is more similar to the
sequence erabc than to the sequence abcde, because the path
between elements a , b and c is exactly the same. Note also
that the sequences abcxe and abmnc also change their cluster
with regards to the case of low α values.

To balance these two polices, a medium α value can be se-
lected (e.g. α equal to 2 for Q1 and 0.5 for Q2). In this case,
the groups obtained take into account both issues (common
events and event order) in a similar way. Notice that in this
case, the final groups are different from the ones in the other
two cases.
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The clusters obtained for the different α values are graphi-
cally displayed in Figures 3, 4 and 5, for small, medium and
large α, respectively. From them, it can be more easily seen
that the itineraries are grouped in a different manner depend-
ing on the aggregation policy.

To sum up, it can be said that the dOSS−OWA function per-
mits to model different similarity measurement polices. This
fact is crucial for data mining analysis and for privacy preserv-
ing data mining. If a microaggregation method does not con-
sider the different semantics that the similarity function can
have, the partition obtained may put together individuals that
should be distinguished. Moreover, if the information of those
individuals is then replaced by their prototype values, the pos-
terior analysis of these masked data will not be able to retrieve
some relevant knowledge for the user.

5 Conclusions and future work
In this paper, we have introduced a new similarity function for
categorical event sequences using OWA operators. We have
illustrated how it is possible to introduce expert knowledge in-
side the similarity computation using well-known fuzzy quan-
tifiers. We have also presented some results about the applica-
tion of this similarity function to a very recent microaggrega-
tion algorithm for categorical event sequences.

As future work we include the analysis of the microag-
gregation with respect to information loss and disclosure risk
measures when it is applied to event sequences. These mea-
sures are required to properly evaluate the performance of the
microaggregation when it is applied to event sequences and
compare it with other approaches. Moreover, the effect of dif-
ferent fuzzy measures must be studied.
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Abstract— In this paper, the notion of a fuzzy vector of normalized

weights is introduced, and its application in decision making mod-

els based on the weighted average operation is studied. The fuzzy

vector of normalized weights represents a generalization of normal-

ized fuzzy weights that authors formerly applied for modeling uncer-

tain weights of criteria and/or uncertain probabilities of states of the

world. Illustrative examples show that fuzzy vectors of normalized

weights extend the possibilities of utilizing the vague expert infor-

mation concerning weights of criteria. For three particular forms of

the fuzzy vectors of normalized weights, fuzzy weighted averages of

given values are calculated and the obtained results are compared.

Finally, the fuzzy models of multiple criteria decision making and

decision making under risk based on the fuzzy weighted average op-

eration are described.

Keywords— Decision making under risk; Fuzzy vectors; Fuzzy
weighted average; Multiple criteria decision making; Normalized
fuzzy weights.

1 Introduction
In decision making models, the weighted average is the most
often used aggregation operator. In multiple criteria decision
making, overall evaluations of alternatives are mostly calcu-
lated as weighted averages of their evaluations with respect to
particular criteria. The weighted average operator is also used
in discrete stochastic models of decision making under risk
where the alternatives are usually ranked according to their
expected evaluations. The expected evaluations are in fact
weighted averages of evaluations of alternatives under possi-
ble states of the world; probabilities of the states of the world
play the role of normalized weights.

Decision making models based on the weighted average
operation can be fuzzified in two aspects: First, uncertain
weighted values, i.e. uncertain evaluations with respect to par-
ticular criteria in the models of multiple criteria decision mak-
ing and/or uncertain evaluations under possible states of the
world in decision making under risk, can be considered. Such
fuzzification is useful because it enables to process correctly
e.g. the vague expert evaluations of alternatives with respect
to qualitative criteria. This approach is described in detail e.g.
in [1]. Second, normalized weights, i.e. weights of criteria
and/or probabilities of states of the worlds, can be fuzzified.
It makes the mathematical models substantially more compli-
cated. But as the values of normalized weights are commonly
set expertly, such fuzzification is very eligible.

The fuzzy extension of the weighted average operation for
the case when both the weighted values and the weights are

fuzzy has been studied since the second half of 70’s. In
[2, 3, 4], the fuzzy weights are supposed to be non-negative
fuzzy numbers that express the importance of particular cri-
teria; they are normalized only in the process of the fuzzy
weighted average calculation. Later, it was shown in [5, 6]
that uncertain weights expressing shares of the partial evalu-
ation in the overall one or uncertain probabilities of states of
the world have to be modeled by means of a special structure
of fuzzy numbers which is called a tuple of normalized fuzzy
weights. The tuple of normalized fuzzy weights is formally
identical with a so called feasible tuple of fuzzy probabili-
ties mentioned in [7]. The fuzzy weights normalization, i.e.
the transformation of fuzzy weights into the normalized fuzzy
weights, was studied in [8, 9].

This paper describes a new approach to modeling the uncer-
tain normalized weights of criteria and/or the uncertain prob-
abilities of states of the world - a notion of a fuzzy vector of
normalized weights is introduced here. It will be shown that,
in comparison with normalized fuzzy weights, fuzzy vectors
of normalized weights extend the possibilities of utilizing the
vague expert information concerning the weights.

2 Preliminaries
A fuzzy set A on a non-empty set X is characterized by its
membership function A : X → [0, 1]. By KerA and SuppA,
we denote a kernel of A, Ker A = {x ∈ X | A(x) = 1}, and
a support of A, SuppA = {x ∈ X | A(x) > 0}, respectively.
For any α ∈ [0, 1], Aα means an α-cut of A, Aα = {x ∈ X |
A(x) ≥ α}. The family of all fuzzy sets on X will be denoted
by F(X).

The intersection of two fuzzy sets A, B ∈ F(X) is defined
as a fuzzy set A ∩ B ∈ F(X) whose membership function
is for all x ∈ X given by (A ∩ B)(x) = min{A(x), B(x)}.
Since the minimum operation is used, (A ∩ B)α = Aα ∩Bα

holds for all α ∈ [0, 1].
Let X1, X2, . . . , Xm be non-empty sets. An m-ary fuzzy

relation on X1 × X2 × . . . × Xm is defined as a fuzzy set
R ∈ F(X1 × X2 × . . . × Xm). A particular case of an m-
ary fuzzy relation is the Cartesian product of fuzzy sets, RC =
R1×R2×. . .×Rm, where Ri ∈ F(Xi), i = 1, 2, . . . , m, and
RC(x1, x2, . . . , xm) = min{R1(x1), R2(x2), . . . , Rm(xm)}
for all (x1, x2, . . . , xm) ∈ X1 × X2 × . . . × Xm. Since the
minimum operation is used, RC

α = R1α × R2α × . . .×Rmα

holds for any α ∈ [0, 1].
Let us denote the index set {1, 2, . . . , m} by Nm throughout

the paper. For any i ∈ Nm, the i-th projection of an m-ary
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fuzzy relation R ∈ F(X1 ×X2 × . . .×Xm) is the fuzzy set
[R]i ∈ F(Xi) whose membership function is for all xi ∈ Xi

given by

[R]i(xi) = sup
yj∈Xj , j∈Nm

yi=xi

R(y1, y2, . . . , ym). (1)

A fuzzy number is a fuzzy set C on the set of all real num-
bers R that fulfils the following conditions: a) Ker C �= ∅,
b) for all α ∈ (0, 1], Cα are closed intervals, c) Supp C is
bounded. If Supp C ⊆ [a, b], then C is referred to as a fuzzy
number on [a, b]. The family of all fuzzy numbers will be de-
noted by FN(R), and the family of all fuzzy numbers on [a, b]
will be denoted by FN ([a, b]).

In [9, 10], it was shown that any fuzzy number C can be
also determined by a couple of functions c : [0, 1] → R and
c : [0, 1] → R that describe the minimal and maximal val-
ues of the α-cuts of C and of the closure of the support of
C. The functions c and c are left-continuous on (0, 1], right-
continuous at 0 and satisfy c(α) ≤ c(β) ≤ c(β) ≤ c(α)
for all 0 ≤ α < β ≤ 1. In the sequel, the notation
C = {[c(α), c(α)]}α∈[0,1] will be used for the fuzzy num-
ber C such that Cα = [c(α), c(α)] for all α ∈ (0, 1], and
Cl(SuppC) = [c(0), c(0)] where Cl(SuppC) means the clo-
sure of the support of C. For the membership function of the
fuzzy number C = {[c(α), c(α)]}α∈[0,1], the following rela-
tion holds

C(x) =

{
max

α∈[0,1]: x∈[c(α),c(α)]
α, for x ∈ [c(0), c(0)],

0, elsewhere.
(2)

Let us note that if c(α) = c(α) = c for all α ∈ [0, 1], then
C represents a real number c. Furthermore, if c(α) = a and
c(α) = b for all α ∈ [0, 1], where a < b, then C represents a
closed interval [a, b].

In this paper, a fuzzy number C = {[c(α), c(α)]}α∈[0,1] is
called linear if both the functions c and c are linear. Any linear
fuzzy number C can be fully characterized by a quadruple of
real numbers c1 ≤ c2 ≤ c3 ≤ c4, where Cl(Supp C) =
[c1, c4] and Ker C = [c2, c3]. In this case, the functions c and
c are given for all α ∈ [0, 1] as follows

c(α) = c1 +α(c2− c1) and c(α) = c4−α(c4− c3). (3)

The notation C = 〈c1, c2, c3, c4〉 will be used for such a linear
fuzzy number C. For c2 �= c3, the linear fuzzy number C is
usually referred to as a trapezoidal fuzzy number; for c2 = c3,
as a triangular fuzzy number.

The extension from functions having crisp arguments to
functions with fuzzy set arguments is done according to the
extension principle. Let X and Y be non-empty sets and let
f : X → Y be a mapping. Then a fuzzy extension of f is the
mapping fF : F(X) → F(Y ) such that for any A ∈ F(X),
the membership function of fF (A) is defined for all y ∈ Y as
follows

fF (A)(y) =




sup
x∈X: f(x)=y

A(x), if f−1(y) �= ∅,

0, otherwise.
(4)

3 Fuzzy Vectors
Since an uncertain value of one continuous variable is ex-
pressed by a fuzzy number, then, by means of analogy, a fuzzy

vector is used for expressing uncertain values of m continuous
variables. An m-dimensional fuzzy vector V is a fuzzy set on
R

m that fulfils the following conditions: a) Ker V �= ∅, b)
for all α ∈ (0, 1], Vα are closed and convex subsets of R

m,
c) Supp V is bounded. If Cl(Supp V) ⊆ Q ⊂ R

m, then
V is called a fuzzy vector on Q. Let us remark that the α-
cuts Vα are compact subsets of R

m for all α ∈ (0, 1]. The
family of all m-dimensional fuzzy vectors will be denoted by
FV (Rm), and the family of all m-dimensional fuzzy vectors
on Q ⊂ R

m will be denoted by FV (Q). Obviously, since a
closed and convex subset of R is a closed interval, for m = 1
a fuzzy number is obtained, i.e. FV (R) = FN(R).

In literature, the requirement of convexity of Vα is often
weakened, e.g. in [11], the α-cuts of fuzzy vectors are sup-
posed to be closed and simply connected subsets of R

m. As
convexity is the characteristic property of expertly given un-
certain values, the convexity of α-cuts of fuzzy vectors will be
considered in the paper.

For any i ∈ Nm, the i-th projection of the m-dimensional
fuzzy vector V will be denoted by [V]i. It was proved in [9,
10] that [V]i is a fuzzy number and its membership function
is defined for all y ∈ R by the following formula

[V]i(y) = max
xj∈R, j∈Nm

xi=y

V(x1, x2, . . . , xm). (5)

In the fuzzy models of decision making discussed in this pa-
per, the expert setting of uncertain input data by fuzzy vectors
is based on the following results that were proved in [9, 10].

If X1, X2, . . . , Xm are fuzzy numbers, then the Cartesian
product X = X1 × X2 × . . . × Xm is an m-dimensional
fuzzy vector, and [X]i = Xi for all i ∈ Nm. Similarly, if
Xi ∈ FV (Rni) for all i ∈ Nm, then the Cartesian product
X = X1 ×X2 × . . .×Xm is an n-dimensional fuzzy vector
where n =

∑m

i=1 ni.
If the uncertain values of m variables are expressed by

fuzzy numbers X1, X2, . . . , Xm, and the set of all admissible
combinations of their values is given by a crisp nonseparable
m-ary relation Q ⊂ R

m, then the maximal fuzzy relation (in
the sense of ordering given by inclusion) expressing available
information concerning the values of the m-tuple of variables
is given by XQ = (X1×X2× . . .×Xm)∩Q. If Q is closed
and convex, then the fuzzy set XQ is an m-dimensional fuzzy
vector on Q if and only if

(Ker X1 ×Ker X2 × . . .×Ker Xm) ∩Q �= ∅. (6)

Moreover, [XQ]i ⊆ Xi for all i ∈ Nm. The equality [XQ]i =
Xi holds for all i ∈ Nm if and only if for all i ∈ Nm and for
all α ∈ (0, 1] the following holds:

For any xi ∈ Xiα, there exist xj ∈ Xjα, j ∈ Nm, j �= i,

such that (x1, . . . , xi, . . . , xm) ∈ Q. (7)

Calculations with fuzzy vectors are based on the following
well-known result, the proof of which can be found e.g. in
[11]. Let D ⊆ R

m, m ≥ 1, let f : D → R be a continuous
function, and let X ∈ FV (D). Then fF (X) is a fuzzy number
whose membership function is given by

fF (X)(y) =

{
max

x∈D: f(x)=y
X(x), if f−1(y) �= ∅,

0, otherwise,
(8)
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and for all α ∈ (0, 1] the following holds

fF (X)α = f(Xα). (9)

Employing the notation fF (X) = {[y(α), y(α)]}α∈[0,1], then
it follows from (9) that for any α ∈ (0, 1], the values y(α)
and y(α) can be obtained by solving the following problems
of mathematical programming

y(α) = min
x∈Xα

f(x), (10)

y(α) = max
x∈Xα

f(x). (11)

Furthermore, since the functions y(α) and y(α) are right-
continuous at 0, the values y(0) and y(0) are given as follows

y(0) = lim
α→0+

y(α) and y(0) = lim
α→0+

y(α). (12)

If X = X1 ×X2 × . . .×Xm where Xi ∈ FN (R) for any
i ∈ Nm, Xi = {[xi(α), xi(α)]}α∈[0,1], then for all α ∈ [0, 1]
the following holds

y(α) = min
xi∈[x

i
(α),xi(α)], i∈Nm

f(x1, x2, . . . , xm), (13)

y(α) = max
xi∈[xi(α),xi(α)], i∈Nm

f(x1, x2, . . . , xm). (14)

If XQ = (X1×X2×. . .×Xm)∩Q, where the crisp relation
Q ⊂ R

m and fuzzy numbers Xi = {[xi(α), xi(α)]}α∈[0,1],
i ∈ Nm, fulfil the condition (6), then the values y(α) and
y(α) can be obtained for all α ∈ [0, 1] as follows

y(α) = min
xi∈[xi(α),xi(α)], i∈Nm

(x1,x2,...,xm)∈Q

f(x1, x2, . . . , xm), (15)

y(α) = max
xi∈[xi(α),xi(α)], i∈Nm

(x1,x2,...,xm)∈Q

f(x1, x2, . . . , xm). (16)

The formulas (15) and (16) correspond to the concept of con-
strained fuzzy arithmetics that was studied e.g. in [12].

4 Fuzzy Vectors of Normalized Weights
An m-dimensional fuzzy vector of normalized weights is
an arbitrary m-dimensional fuzzy vector W, whose support
Supp W is a subset of the m-dimensional probability sim-
plex Sm =

{
(w1, w2, . . . , wm) ∈ R

m | wi ≥ 0 for all i ∈
Nm,

∑m

i=1 wi = 1
}

. The family of all m-dimensional fuzzy
vectors of normalized weights will be denoted by FV (Sm).
Figure 1 illustrates an example of a 3-dimensional fuzzy vec-
tor of normalized weights.

From the general point of view, an m-dimensional fuzzy
vector of normalized weights expresses an uncertain division
of a unit into m fraction. In this paper, we will apply the
fuzzy vectors of normalized weights to model the uncertain
shares of partial objectives of evaluation in the overall one
in fuzzy models of multiple criteria decision making, and to
model the uncertain probabilities of states of the world in
fuzzy-stochastic models of decision making under risk.

In the decision making models, direct expert setting of a
fuzzy vector of normalized weights could be quite compli-
cated. Therefore, three procedures of setting of fuzzy vectors
of normalized weights will be proposed now.

Figure 1: A 3-dimensional fuzzy vector of normalized
weights.

Firstly, an expert can describe the uncertain values of nor-
malized weights by a special structure of fuzzy numbers called
normalized fuzzy weights. The normalized fuzzy weights are
defined as fuzzy numbers W1, W2, . . . , Wm ∈ FN([0, 1]) that
satisfy for all α ∈ (0, 1] and for all i ∈ Nm the following con-
dition:

For any wi ∈ Wiα, there exist wj ∈Wjα, j ∈ Nm, j �= i,

such that wi +
m∑

j=1, j �=i

wj = 1. (17)

The condition (17) represents the special case of (7) for Q =
Sm. Since the probability simplex Sm is closed and convex,
the fuzzy set W = (W1 ×W2 × . . .×Wm) ∩ Sm is a fuzzy
vector of normalized weights, and [W]i = Wi for all i ∈
Nm. The procedures of practical setting of normalized fuzzy
weights were described in [6, 9].

Example 1 Let m = 3. An expert describes the uncer-
tain values of normalized weights by the triple of linear nor-
malized fuzzy weights W1 = 〈0.4, 0.5, 0.65, 0.8〉, W2 =
〈0.15, 0.2, 0.35, 0.55〉 and W3 = 〈0.05, 0.15, 0.3, 0.45〉. The
corresponding fuzzy vector of normalized weights is the fuzzy
set W = (W1×W2×W3)∩S3. For all α ∈ (0, 1], the α-cuts
Wα are given as follows

Wα =
{
(w1, w2, w3) ∈ S3 |

w1 ∈ [0.4 + 0.1α, 0.8− 0.15α],
w2 ∈ [0.15 + 0.05α, 0.55− 0.2α],
w3 ∈ [0.05 + 0.1α, 0.45− 0.15α]

}
.

(18)

The normalized fuzzy weights W1, W2, W3 and the fuzzy vec-
tor of normalized weights W = (W1 ×W2 ×W3) ∩ S3 are
depicted in Figure 2. �

Secondly, an expert can give the information about normal-
ized weights by a crisp relation Q ⊆ Sm. If Q is non-empty,
closed and convex, then it represents a special type of the
fuzzy vector of normalized weights. For any i ∈ Nm, the
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Figure 2: Normalized fuzzy weights W1, W2 and W3 and the
fuzzy vector of normalized weights W = (W1×W2×W3)∩
S3.

uncertain value of the i-th weight is expressed by

[Q]i =
{
wi ∈ [0, 1] | wi is the i-th component of

at least one vector w ∈ Q
}
.

(19)

Example 2 Let m = 3. An expert gives only the ordinal in-
formation about the normalized weights by the crisp relation
T = {(w1, w2, w3) ∈ S3 | w1 ≥ w2 ≥ w3}. Since T is
closed and convex, T forms a 3-dimensional fuzzy vector of
normalized weights T (see Fig. 3). Obviously, it follows from
(19) that [T]1 = [13 , 1], [T]2 = [0, 1

2 ] and [T]3 = [0, 1
3 ]. �

Thirdly, an expert can give both information about the
uncertain values of weights, i.e. normalized fuzzy weights
W1, W2, . . . , Wm, and information about the crisp relations
among normalized weights, i.e. the crisp relation Q ⊂ Sm.
If Q is non-empty, closed and convex and if (Ker W1 ×
Ker W2 × . . . × Ker Wm) ∩ Q �= ∅, then WQ = (W1 ×
W2 × . . . × Wm) ∩ Q is the corresponding fuzzy vector of
normalized weights. For any i ∈ Nm, the true uncertain value
of the i-th weight is expressed by [WQ]i ⊆Wi; the α-cuts of
[WQ]i can be obtained for all α ∈ (0, 1] in the following way

[WQ]iα =
{
wi ∈ Wiα | (W1α × . . .×Wi−1α × {wi}
×Wi+1α × . . .×Wmα) ∩Q �= ∅}.

(20)

Example 3 Let m = 3. First, an expert gives the ordinal
information about the normalized weights by a crisp relation
T = {(w1, w2, w3) ∈ S3 | w1 ≥ w2 ≥ w3}. Later on, he/she
adds an uncertain cardinal information by a triple of linear
normalized fuzzy weights W1 = 〈0.4, 0.5, 0.65, 0.8〉, W2 =
〈0.15, 0.2, 0.35, 0.55〉 and W3 = 〈0.05, 0.15, 0.3, 0.45〉. As
W1 ≥ W2 ≥ W3, i.e. W1α ≥ W2α ≥ W3α for all α ∈ (0, 1],
it holds that (KerW1×KerW2×KerW3)∩T �= ∅. The fuzzy
set WT = (W1×W2×W3)∩T represents the corresponding
fuzzy vector of normalized weights (see Fig. 3). For all α ∈
(0, 1], the following holds

WTα =
{
(w1, w2, w3) ∈ S3 | w1 ≥ w2 ≥ w3,

w1 ∈ [0.4 + 0.1α, 0.8− 0.15α],
w2 ∈ [0.15 + 0.05α, 0.55− 0.2α],
w3 ∈ [0.05 + 0.1α, 0.45− 0.15α]

}
.

(21)

According to (20), the projections of WT are given as follows:
[WT ]1 = W1, [WT ]2 = {[wT2(α), wT2(α)]}α∈[0,1], where

wT2(α) = 0.15 + 0.05α, wT2(α) = 0.475 − 0.05α for 0 ≤
α ≤ 0.5 and wT2(α) = 0.55 − 0.2α for 0.5 < α ≤ 1, and
[WT ]3 = 〈0.05, 0.15, 0.25, 0.3〉.

Let us note that although the fuzzy numbers W1, W2 and
W3 satisfy W1 ≥ W2 ≥ W3, the crisp relation T rep-
resents an additional information for the model. Since the
normalized fuzzy weights W1, W2 and W3 satisfy with re-
spect to T only the condition (6), but not (7), the projections
[WT ]1, [WT ]2 and [WT ]3 are less uncertain then the normal-
ized fuzzy weights W1, W2 and W3. �

Figure 3: Fuzzy vectors of normalized weights T =
{(w1, w2, w3) ∈ S3 | w1 ≥ w2 ≥ w3} and WT =
(W1 ×W2 ×W3) ∩ T .

5 Fuzzy Weighted Average of Fuzzy Numbers
with a Fuzzy Vector of Normalized Weights

A weighted average of real numbers u1, u2, . . . , um with a
vector of normalized weights w = (w1, w2, . . . , wm) is de-
fined by the following formula

a(w, u1, u2, . . . , um) =
m∑

i=1

wiui. (22)

Since the weighted average operation is a continuous real
function defined on Sm × R

m, its fuzzy extension aF has
the property that aF (X) is a fuzzy number for all X ∈
FV (Sm × R

m). In decision making models, the vector of
normalized weights is usually supposed to be independent of
the weighted values, and the weighted values to be mutu-
ally independent as well. Therefore, only the fuzzy vectors
X = W × U1 × U2 × . . . × Um, where W ∈ FV (Sm) and
Ui ∈ FN (R) for all i ∈ Nm, will be considered in this paper.

According to (8), the fuzzy weighted average of fuzzy
numbers U1, U2, . . . , Um with a fuzzy vector of normalized
weights W is a fuzzy number U = aF (W, U1, U2, . . . , Um)
whose membership function is for all u ∈ R given by the for-
mula

U(u) = max
w∈Sm

ui∈R, i∈NmP
m
i=1 wi·ui=u

min
{
W(w), U1(u1), . . . , Um(um)

}
.

(23)
Since the weighted average operation is an increasing func-

tion in variables u1, u2, . . . , um, it was proved in [9] that the
general mathematical programming problems (10) and (11)
can be simplified. Let us denote Ui = {[ui(α), ui(α)]}α∈[0,1]

for any i ∈ Nm. For the fuzzy weighted average U , U =
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{[u(α), u(α)]}α∈[0,1], the values of the functions u and u can
be calculated for all α ∈ (0, 1] as follows

u(α) = min
(w1,w2,...,wm)∈Wα

m∑
i=1

wi · ui(α), (24)

u(α) = max
(w1,w2,...,wm)∈Wα

m∑
i=1

wi · ui(α). (25)

Hence, complexity of the calculation of U depends only on
the form of the α-cuts Wα.

It is worth noting that in the case of fuzzy weighted
average of fuzzy numbers with normalized fuzzy weights
W1, W2, . . . , Wm, i.e. when W = (W1 × W2 × . . . ×
Wm) ∩ Sm, it is not necessary to solve the mathematical
programming problems (24) and (25). For such a case, the
following effective algorithm for computing the values u(α)
and u(α), α ∈ [0, 1], was described in [6]. Let us denote
Wi = {[wi(α), wi(α)]}α∈[0,1] for any i ∈ Nm. For each
α ∈ [0, 1], let {ik}mk=1 be such a permutation on an index set
Nm that ui1

(α) ≤ ui2
(α) ≤ . . . ≤ uim

(α). For k ∈ Nm, let
us denote

wik
(α) = 1−

k−1∑
j=1

wij
(α) −

m∑
j=k+1

wij
(α). (26)

Let k∗ ∈ Nm be such an index that wik∗
(α) ≤ wik∗

(α) ≤
wik∗

(α). Then

uN (α) =
k∗−1∑
j=1

wij
(α) · uij

(α) +

wik∗
(α) · uik∗

(α) +
m∑

j=k∗+1

wij
(α) · uij

(α). (27)

Let {ih}mh=1 be such a permutation on an index set Nm that
ui1(α) ≥ ui2(α) ≥ . . . ≥ uim

(α). For h ∈ Nm, let us denote

wih
(α) = 1−

h−1∑
j=1

wij
(α) −

m∑
j=h+1

wij
(α). (28)

Let h∗ ∈ Nm be such an index that wih∗
(α) ≤ wih∗

(α) ≤
wih∗

(α). Then

uN (α) =
h∗−1∑
j=1

wij
(α) · uij

(α) +

wih∗
(α) · uih∗

(α) +
m∑

j=h∗+1

wij
(α) · uij

(α). (29)

Example 4 Let us consider the fuzzy vectors of normal-
ized weights W from Example 1, T from Example 2 and
WT from Example 3. Let the weighted values be, for sim-
plicity, given by real numbers u1 = 0.3, u2 = 0.1 and
u3 = 0.9. Let us denote UW = aF (W, u1, u2, u3), UT =
aF (T, u1, u2, u3) and UWT

= aF (WT , u1, u2, u3).
Since W = (W1×W2×W3)∩S3, where W1, W2, W3 are

normalized fuzzy weights, by the special algorithm mentioned
above we obtain that UW = 〈0.22, 0.32, 0.44, 0.54〉.

As T = {(w1, w2, w3) ∈ S3 | w1 ≥ w2 ≥ w3} is a
crisp relation on S3 and weighted values are real numbers,
the mathematical programming problems (24) and (25) does
not depend on α. Therefore, the fuzzy weighted average UT

is equal to a closed interval, UT = {[uT , uT ]}α∈[0,1]. The
values uT = 0.2 and uT = 0.433 were obtained by solving
the following linear programming problems

uT = minP3
i=1 wi=1

w1−w2≥0
w2−w3≥0

w3≥0

0.3w1 + 0.1w2 + 0.9w3, (30)

uT = maxP3
i=1 wi=1

w1−w2≥0
w2−w3≥0

w3≥0

0.3w1 + 0.1w2 + 0.9w3. (31)

The fuzzy weighted average of u1, u2 and u3 with the fuzzy
vector of normalized weights WT , WT = (W1×W2×W3)∩
T , is the fuzzy number UWT

= {[uWT
(α), uWT

(α)]}α∈[0,1]

where

uWT
= min

wi∈Wiα, i∈N3P3
i=1 wi=1

w1−w2≥0
w2−w3≥0

w3≥0

0.3w1 + 0.1w2 + 0.9w3, (32)

uWT
= max

wi∈Wiα, i∈N3P3
i=1 wi=1

w1−w2≥0
w2−w3≥0

w3≥0

0.3w1 + 0.1w2 + 0.9w3. (33)

From (32) and (33), we obtain that uWT
(α) = 0.235 + 0.07α

for 0 ≤ α < 0.5, uWT
(α) = 0.22 + 0.1α for 0.5 ≤ α ≤ 1,

and uWT
(α) = 0.42− 0.02α.

Fig. 4 shows the fuzzy weighted averages UW , UT and
UWT

. �

Figure 4: Fuzzy weighted averages UW , UT and UWT
.

6 Fuzzy Models of Decision Making Based on
the Fuzzy Weighted Average

In this section, a multiple criteria decision making model
and a model of decision making under risk, where the fuzzy
weighted average of fuzzy numbers with fuzzy vector of nor-
malized weights is applied, will be described.
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First, let us consider a problem of multiple criteria decision
making, where the best of alternatives x1, x2, . . . , xn is to be
chosen. The alternatives are being evaluated with respect to
a given overall objective that is partitioned into m partial ob-
jectives associated with criteria C1, C2, . . . , Cm. Let the un-
certain information about the shares of the partial objectives
in the overall one be given by an m-dimensional fuzzy vector
of normalized weights W. Let uncertain partial fuzzy evalu-
ations of alternatives xi, i ∈ Nn, with respect to the criteria
Cj , j ∈ Nm, be expressed by fuzzy numbers Ui,j defined
on [0, 1] that represent the fuzzy degrees of satisfaction of the
corresponding partial objectives of evaluation.

Then the overall fuzzy evaluation Ui of the alternative xi,
i ∈ Nn, can be expressed as follows

Ui = aF (W, Ui,1, Ui,2, . . . , Ui,m). (34)

The overall fuzzy evaluations U1, U2, . . . , Un express the
fuzzy degrees of satisfaction of the overall objective of evalu-
ation. The best alternative is the first alternative in an ordering
of the fuzzy numbers U1, U2, . . . , Un or the closest to the ideal
alternative whose evaluation is equal to 1. For more details on
metrics and ordering of fuzzy numbers see e.g. [13]. The
overall fuzzy evaluations of alternatives can also be approxi-
mated linguistically by linearly ordered elements of a proper
linguistic evaluation scale defined on [0, 1] (see [1]).

Second, let us consider a problem of decision making un-
der risk that is described by the following fuzzy decision
matrix (see Table 1), where x1, x2, . . . , xn are alternatives,
S1, S2, . . . , Sr states of the world, P is an r-dimensional
fuzzy vector of normalized weights that expresses the uncer-
tain probabilities of the states of the world, and for any i ∈ Nn

and k ∈ Nr, Ui,k ∈ FN ([0, 1]) denotes the fuzzy degree in
which the alternative xi satisfies a given decision objective if
the state Sk occurs.

Table 1: Fuzzy decision matrix.
S1 S2 . . . Sr P

x1 U1,1 U1,2 . . . U1,r FEU1

x2 U2,1 U2,2 . . . U2,r FEU2

. . . . . . . . . . . . . . . . . .

xn Un,1 Un,2 . . . Un,r FEUn

It was shown in [5] that the fuzzy expected value of eval-
uations of alternatives x1, x2, . . . , xn are for all i ∈ Nn ex-
pressed by

FEUi = aF (P, Ui,1, Ui,2, . . . , Ui,r). (35)

The best alternative is usually determined by the rule of the
maximum fuzzy expected value of evaluation. The max-
imum fuzzy expected value of evaluation is selected from
FEU1, FEU2, . . . , FEUn analogously as it was shown in the
case of multiple criteria decision making.

A similar approach can be applied also to multiple criteria
decision making under risk (see [14]).

7 Conclusion
In this paper, a new fuzzification of the weighted average op-
eration where uncertain normalized weights are modeled by a

general fuzzy vector defined on the probability simplex was
presented. Several ways of expert setting the fuzzy vector
of normalized weights in fuzzy models were proposed. It
was shown that, in comparison with a tuple of normalized
fuzzy weights, the fuzzy vector of normalized weights extends
the possibilities of modeling the expert’s knowledge concern-
ing the weights. Besides the formal definition of the fuzzy
weighted average of fuzzy numbers with a fuzzy vector of
normalized weights, also a general algorithm for computing
the fuzzy weighted average was presented; its three particular
forms were illustrated by examples. Finally, applications of
the fuzzy weighted average operation in models of multiple
criteria decision making and decision making under risk were
described.
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Abstract— Route planners are systems which help users select
a route between two locations. In such a context, personalization
mechanisms notably aim at taking into account user preferences so
as to identify the best route(s) among a set of possible answers. In this
paper, we present a framework based on fuzzy set theory for model-
ing complex user preferences. We provide a typology of preferences
which make sense in the domain considered and outline a query lan-
guage integrating such flexible features. The paper also includes a
discussion about query evaluation.

Keywords— Route planning, preferences, fuzzy sets.

1 Introduction

During the last century, and particularly the last fifty years,
the impact of transportation means on our daily lives has
constantly increased. However, it is only recently, with the
tremendous development of the Internet, that an alternative
solution to the use of paper maps has appeared to help users
choose a route. Route planners are systems which aim at com-
puting the “best” route between a location A and a location
B, using different types of information about a given road
network (structural information, of course, but also, in some
cases, real-time data about traffic jams, road conditions, etc).

Even though there now exists a relatively large set of com-
mercially available route planners, these systems have very
limited capabilities — if any — when it comes to taking into
account sophisticated user preferences.

The need for personalization has been felt for several years
in domains such as databases or information retrieval, but not
much research effort has been devoted to customizing route
planners so far [20]. Currently, in the most “intelligent” com-
mercial systems and research prototypes, only a small set
of predefined preferences (e.g., avoid turnpikes, prefer free-
ways) are made available to the user who can sometimes at-
tach weights to them.

In this paper, we describe a fuzzy-set-based approach to
the modeling of sophisticated user preferences concerning a
route planning task. Fuzzy set theory has already been used to
deal with some transportations problems; in particular route
choice1, where several models based on fuzzy sets have been
proposed in order to take into account uncertainty and the sub-
jectivity of the user [17, 12].

1For a given origin-destination pair and a given transport mode,
the route choice problem (also called traffic assignment) deals with
identifying which route a given traveler would take. It represents the
fourth step in the conventional transportation forecasting model, that
aims at estimating the number of vehicles or travelers that will use a
specific transportation facility in the future.

The choice of this theoretical framework is motivated by
several reasons, in particular:

• the fact that it is very well suited to the interpretation of
linguistics terms, which constitute a convenient way for
a user to express his/her preferences,

• the fact that fuzzy set theory relies on a commensurability
assumption which makes it possible to aggregate several
preferences regarding different attributes, thus leading to
a complete pre-order.

The remainder of the paper is organized as follows. After a
survey of related work in Section 2, we deal with data repre-
sentation issues in Section 3. In Section 4, we present a typol-
ogy of user preferences in the context of unimodal point-to-
point route planning. The main features of a query language
involving such user preferences are presented in Section 5.
Query evaluation is discussed in Section 6. The conclusion
recalls the main contributions and outlines some perspectives
for future work.

2 Related work

Building a personalized route planner is not an easy task, for
several reasons. The large size and complexity of modern
road networks, and the number of possible preferences present
many a difficulty to overcome.

In the last decade, a few propositions have been made to
personalize route planners. Some of them exploit a driver’s
route history to learn individual preferences that can then be
used in future planning tasks. Most of the approaches assume
that preferences are not given explicitly due to the difficulty of
their modeling and elicitation [13].

Liu [14] proposes a route planning system which combines
knowledge about the road network with case-based reason-
ing and brute-force search. He describes how geographical
knowledge isolates the search for useful route segments to a
local map region. The approach makes the strong assumption
that users prefer routes that follow major roads, and the plan-
ning algorithm explicitly seeks out major roads to form the
plan of a target route.

Rogers and Langley [18] propose a route planning system
which can learn preferences from user feedback. During each
interactive session, the user is asked to express his/her pref-
erences among recommended routes. The feedback result-
ing from this interaction is used as the training data for a
perceptron-style training algorithm. The authors assume a
fixed user preference model which only concern route length,
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driving time and turn angles. A numeric weight can be asso-
ciated to the corresponding preferences.

Let us also mention the work by McGinty and Smyth [15]
about a case-based route planning approach. The system they
describe generates routes which reflect implicit preferences of
individual users. The main aspect that distinguishes this sys-
tem from that proposed by Rogers and Langley [18] is the fact
that it does not assume a fixed preference model. Every user
preferences are represented as a collection of previous route
cases that the user considered satisfactory. Thus, new routes
are generated by reusing and combining relevant sections of
multiple cases.

Letchner et al. [13] propose a route planner, named TRIP,
which produces route plans that more closely match the routes
chosen by people who have extensive experience travelling
within a region. To do so, it incorporates time-variant road
speeds learned from large amounts of driver-collected GPS
data. It also exploits a driver’s past GPS logs when respond-
ing to future route queries in order to provide routes which are
more suited to the driver’s individual driving preferences.

The work most similar to our proposal is that by Balke et al.
[4, 2, 3]. These authors propose a route planning system in-
tegrating user preferences over four characteristics of a route:
length, traffic jams, road works and weather conditions. To
aggregate the scores related to these preferences into an over-
all degree, a weighted function F is used. The weights are
user-defined and express the importance of each of the route
characteristics. The user may use a five-level linguistic scale
for asserting the importance, and the levels are automatically
mapped onto numerical weights wi. In response to a route
planning query, the top k results are delivered to the user.

The main aspect which distinguishes our approach from
the works [14, 15, 18] is that we choose — like Balke et al.
[4, 2, 3] — to explicitly model user preferences. On the other
hand, unlike Balke et al., we aim at taking into account a wide
range of atomic user preferences, and fuzzy-set theory pro-
vides us with a very rich set of connectors for combining such
preferences, leading to a highly expressive query language.

3 Representation issues

Modeling user preferences requires a clear representation of
concepts, relations and geographic entities which can be in-
volved in a route planning query. Different spatial data models
have been proposed in the literature, and road networks can be
represented in several ways. This section provides some ele-
ments on these topics.

3.1 Road network modeling

A road network is generally modeled as a (directed) graph.
Several granularity levels can be considered, according to
what the components of the graph (vertices and edges) repre-
sent. In the case of an interurban road network, a vertex repre-
sents a city, and an edge describes an interurban link (freeway,
national roads, etc). However, in a urban road network, a ver-
tex represents an intersection between two or more routes, and
an edge corresponds to a street.

In our work, we consider the finest granularity: a vertex
represents any intersection/bifurcation between routes or dead
ends, and an edge corresponds to a road of any kind.

3.2 Geographic Data Files (GDF)

We assume a a priori that any spatial feature may be con-
cerned by a user preference. Thus, interpreting and process-
ing queries involving such a wide range of potential prefer-
ences imply to have available a model suited to the represen-
tation of these features. Geographic Data Files (GDF) [10] is
international standard that specifies the conceptual and logi-
cal data model for geographic databases for Intelligent Trans-
portation Systems (ITS) applications. It includes a specifi-
cation of potential contents of such databases (Features, At-
tributes and Relationships), a specification of how these con-
tents shall be represented, and of how relevant information
about the database itself can be specified (meta data).

3.3 Time and its representation

We consider the following model of time: time is linear
(precedence) and dense (for any two time elements there is
always a third element between them). We assume time rep-
resentation based on time points. A time point is represented
by a real number.

4 Typology of user preferences
In the context of unimodal, point-to-point, route planning
query, we distinguish three families of user preferences:

spatial preferences ps they express preferences about roads,
places or parts of the road network;

spatio-temporal preferences pst they are spatial preferences
involving a time component which expresses the moment
or period when the spatial preference is relevant.

intrinsic preferences pint they concern some global proper-
ties of a route, such as comfort, length, duration or safety.

In the next subsection, we present each family of user pref-
erences in more detail.

4.1 Spatial preferences

Spatial preferences represent the largest class of preference in
terms of diversity. Every entity of the road network may be
concerned by such a preference.

Definition (Spatial preferences): a preference p is said to be
spatial if it concerns a geographic entity, i.e., an entity which
has spatial coordinates.

Two categories of spatial preferences may be identified: i)
preferences on one (or several) specific element(s) of a road
network, ii) preferences on an induced part of a road network
(induced subgraph). The first category corresponds to prefer-
ences on one or several vertices/edges of a road network, i.e.,
on intersection(s) (resp. section(s)) of a road network. This
category is used by a user to favour (respectively, disfavour)
some specific elements of the network. An example is “avoid
turnpikes”. The second category corrresponds to preferences
which concern an induced part of a road network, that we call
a zone in the following. A zone is a geographic area, for in-
stance an administrative area. Preferences on a zone are about
the environment that surrounds a route. An example is “prefer
a route which passes across Brittany”. Two aspects of spatial
entities are worthy of discussion. The first one concerns the
boundary of a zone. While some zones have clear-cut (crisp)
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boundaries, as administrative areas, states or regions, others
have fuzzy boundaries, such as “a polluted zone”. The second
aspect concerns the durability of some spatial entities. De-
pending on what it represents, the definition of a zone can
evolve with time. It is the case, for instance, of zones defined
in terms of weather conditions such as “a foggy area”.

4.1.1 Spatial relationships
Two approaches exist for designating road network elements
concerned by spatial user preferences. The explicit approach
consists in designating the different entities concerned by the
preference by means of their inherent, individual, characteris-
tics. On the other hand, the implicit approach uses references
to other spatial entities, by means of spatial relations. An ex-
ample is “prefer routes which have gas stations along them”.

Definition (Spatial relationship): A spatial relationship is
relationship between two or more spatial objects.

Several primitive relationships exist. They can be classified
into the following non-exhaustive subcategories [16]:

Topological relationships such as adjacent, inside, disjoint,
they are invariant under topological transformations like
translation, scaling or rotation.

Spatial (strict) order relationships they are based on the
definition of an order, either large or strict: left to/right to,
above/below, behind/in front of, near/far, inside/outside
or surround [11].

Metric relationships they are based on the concept of dis-
tance in the considered space.

Directional relationships these relationships are based on an
(absolute/relative) frame of reference. Cardinal direc-
tion relationships that describe orientation in space (e.g.
north, northeast) are the most commonly used such rela-
tionships.

Several mathematical frameworks have been proposed for
each type of spatial relations, independently or in association
with one another, notably based on fuzzy set theory [5].

In a route planning query with preferences, different spatial
relationships may be used. Many of them may be interpreted
in a fuzzy manner while some are intrinsically crisp [21].

4.2 Spatio-temporal preferences

Time has an important place in route planning since the dura-
tion of a trip is in general a major factor as to the satisfaction
of the user. Thus, it is essential to enable the user to express
his/her preferences regarding this aspect.

The time dimension may appear with many semantics ac-
cording to the problem to be represented. As mentioned be-
fore, in a spatio-temporal preference, time is used to express
the validity period of a spatial preference. An example is
“avoid the city center around noon”. In other words, a spatio-
temporal preference involves both spatial and temporal enti-
ties. Thus, a spatio-temporal preference pst can be seen as a
complex preference, formed of a spatial preference ps and a
temporal preference pt. In the following subsections we con-
centrate on the temporal part of spatio-temporal preferences.
We discuss the different types of temporal entities and rela-
tions that they may involve.

4.2.1 Temporal entities and representation

Three types of temporal statements may be involved in a route
planning query:

• statements referring to a specific point in time, called in-
stant, denoted by i.

• statements which make reference to a continuous time
period with duration, called interval, denoted by I .

• statements which make reference to a duration (i.e., the
absolute distance between two instants), denoted by d.

A classical numeric representation of time is the set of real
numbers R [1]. Thus, an instant i is considered to be a
singleton representing a date/hour (for instance: 8pm). A
(time/duration) interval is described by a lower and an upper
bound (beginning instant, ending instant) [i−, i+] or a begin-
ning instant and a duration) [i−, i− + d].

In many cases, users tend to employ linguistic terms such as
around noon, early morning, to express their temporal prefer-
ences. Fuzzy set theory provides a suitable symbolic/numeric
interface to the representation of such preferences.

4.2.2 Qualitative/Quantitative temporal preferences

A route planning query may contain two types of temporal
preferences: quantitative and qualitative ones.

Quantitative preferences express absolute bounds or restrict
the temporal distance between two instants [6]. In other terms,
they express preferences on the duration of events or their
timing. Two types of quantitative preferences can be distin-
guished:

• unary preferences, which express a constraint on an in-
stant i by means of a set of intervals, and are expressed
as: (i ∈ I1) ∨ (i ∈ I2) ∨ . . . ∨ (i ∈ In);

• binary preferences, which concern two instants i1 and i2
and constrain the distance i2 − i1:
(i2 − i1) ∈ I1 ∨ (i2 − i1) ∈ I2 ∨ . . . ∨ (i2 − i1) ∈ In.

Example 1. Find a route from Paris to Rennes such that the
duration of the trip is less than three hours.�

Qualitative preferences provide a means to specify the rel-
ative position of a pair of temporal entities (instants or inter-
vals) t1 and t2 [1]. A qualitative temporal preference is ex-
pressed as t1 R t2, such that: R ∈ � where � is a finite set
of basic temporal relations. The set � contains the following
types of relations:

• point-to-point relations: <, ≤, =, >, ≥.

• interval-to-interval relations between I = [i−, i+] and
J = [j−, j+]: after/before (i+ < j−), overlaps (i− <
j− < i+ < j+), equals (i− = j− ∧ i+ = j+).

• point-to-interval and interval-to-point relations between
a point i and an interval I = [i−, i+]: after/before (i <
i−), during/contains (i− < i < i+).
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Example 2. Find a route from Paris to Berlin, with the pref-
erence “to arrive before night”. Processing such a query re-
quires to compare the arrival time with the linguistic term
night.�

Notice that in the framework considered, temporal criteria
intervene in spatio-temporal preferences, i.e., are related to a
given spatial entity. In the example above, the criterion about
the arrival time is related to the spatial entity “Berlin”.

Let us also mention the existence of some theoretical work
about the fuzzification of temporal relations [7].

4.3 Intrinsic preferences

A route can be seen as a particular geographic entity within
the framework we propose. Contrary to spatial and spatio-
temporal preferences which can be called local inasmuch as
they concern a part of a route, intrinsic preferences character-
ize the route as a whole. They involve qualitative criteria such
as expensive, fast, safe, and so on. Among the most intuitive
properties of a route, let us mention: rapidity, length, safety,
cost and comfort. Other properties may be of interest in some
specific contexts, for example: robustness (for military appli-
cations or rescue services) or pollution produced.

5 Outline of a query language
In the previous section, we have presented the different kinds
of preferences, elementary entities and possible relations in-
volved in a route planning query with preferences. These el-
ements constitute the basic components of a query language
dedicated to route planning. In the sequel, we outline the syn-
tax of this language as well as the different semantics that a
route query can convey.

5.1 Query formalization

Let Qδd

δa
(P ) be a unimodal point-to-point route planning query

with user preferences where: δd = (sd, td) represents de-
parture parameters (departure place sd and departure time
td), δa = (sa, ta) represents arrival parameters, and P =
p1 ⊗ p2 ⊗ . . . ⊗ pn is a compound preference where ⊗ stands
for a fuzzy connector (conjunction, mean, etc) and pi is an
atomic user preference. Two types of atomic preferences may
be distinguished: those which concern the route as a whole,
and those which concern the segment of a route. The first type
takes the forms:

• attribute θ constant, where θ is a crisp or fuzzy com-
parator, e.g., duration ≈ 5 hours.

• attribute is fuzzy term, e.g., cost is high.

The second type may take the following forms:

• [∃ | ∀] RoadElement R Entity {temporal constraint}
where R is a spatial relation. An example is: prefer a
route passing next to at least one gas station: ∃ RoadEle-
ment near gas station. Another example is: avoid the city
center between 11am and 2pm: ∀ RoadElement outside
city center when t ∈ [11am, 2pm].

• [∃ | ∀] RoadElement.attribute θ value where θ is a com-
parator and value is a (linguistic or numeric) constant.
For instance, avoid highways: ∀ RoadElement.type �=
‘highway’. Another example is: prefer a route with no

portion with a speed limit under 60mph: ∀ RoadEle-
ment.speedlimit ≥ 60.

A first query representation that could be envisaged is:

GO FROM δd

TO δa

PREFERENCES P

Example 3. Find a fast, comfortable, and inexpensive route
from Rennes to Paris, with a departure at 16:00, and with the
constraint that the cost of the trip must be low. This query may
be formulated as follows:

GO FROM Rennes, 16:00
TO Paris
PREFERENCES duration is short and comfort is high and cost is low�

However, this representation does not distinguish between
constraints and wishes (in the spirit of the concept of bipo-
larity [8]). Consequently, in the example above, a route can be
selected even though its cost is almost not low at all, as soon
as it has a very short duration and a very high level of com-
fort. To avoid this, user preferences may be partitioned into
two sets representing two distinct components of user require-
ments. The first one, introduced by the keyword preferring,
gathers the preferences, denoted by P+, which describe the
wishes of the user. The second component, introduced by the
keyword avoiding, denoted by P−, specifies the constraints,
i.e., the characteristics of routes considered as unacceptable
or undesirable by the user. The following formulation makes
explicit the bipolar nature of route planning queries:

GO FROM δd

TO δa

PREFERRING P+

AVOIDING P−

Thus, the previous route query can be expressed as:

GO FROM Rennes, 16:00
TO Paris
PREFERRING duration is short and comfort is high
AVOIDING cost is high.

5.2 Route query semantics

Let Qδd

δa
(P ) be a route query. The parameter td (resp. ta)

may be an instant or an interval. Depending on the value of td
(resp. ta), such a query may take two different interpretations:
static or dynamic.

Static queries (SQ): consist in computing the relevant
routes between sd and sa for a set of preferences P , at a given
instant td (resp. ta). Such a query involves either td or ta or
none of them, but not both. If the query includes ta, an answer
will provide td, and reciprocally.

Dynamic queries (DQ): the parameter td (resp. ta) is an in-
terval. Such a query specifies either ta or td. The objective is
not only to return the relevant routes, but also to determine the
best moment for the trip. An answer is thus a triple (departure
time, arrival time, route). Here, the satisfaction degree asso-
ciated with an answer depends on the state of the network at
the moment considered (traffic jams, construction works, etc)
thus takes into account dynamic data.

From a processing point of view, a dynamic query Qδd

δa
(P )

boils down to a set of static ones. Assuming a discrete time
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representation, an interval td (resp. ta) corresponds to a finite
set of instants {i1, . . . , in} (resp. {i′1, . . . , i′m}). Evaluating
Q with δd = (sd, td) (resp. δa = (sa, ta)) comes down to
evaluate Q

δ′
d

δ′
a
(P ) with δ′d = (sd, ti) for i = 1..n, (resp. with

δ′a = (sa, ti′) for i′ = 1..m), and to keep the best answer(s).

6 Route query processing
In this section, we describe the evaluation procedure of a route
query with preferences. Two aspects are tackled: i) how to de-
fine the semantics (in terms of trapezoidal membership func-
tions, t.m.f.2) of the fuzzy sets which model preferences; ii)
how to proceed for finding the best k answers. For the former,
two cases are considered:

Absolute predicates The semantics of such predicates is ex-
plicitly given by the user. It is assumed that a route plan-
ning system is endowed with an interface that allows the
user to define the t.m.f. of such fuzzy terms in a con-
venient way. Examples of conditions involving absolute
predicates are: departure time is around 2pm, RoadEle-
ment is close to seashore.

Relative predicates Examples of such predicates are: as fast
as possible, as short as possible. The definition of rel-
ative predicates (i.e., their t.m.f.) is automatically com-
puted by the system on the basis of a set of values (that
we call the context) returned by another query (for exam-
ple, the context of the relative predicates present in a user
query Q = (δd, δa, P ) may be defined as the result of the
query which returns the top-k′ shortest routes between δd

and δa without taking into account the preferences P ).
The idea is to define the t.m.f. of a relative predicate us-
ing the minimum, average and maximum values of the
context, as illustrated in the example given further.

As to query evaluation, finding a best path in a graph w.r.t. a
set of preferences is known as a multi-objective shortest path
problem, where preferences represent the set of objectives to
optimize. Depending on the preference model used, the goal
can then be either to compute the set of non dominated routes
(preference model based on Pareto order where the prefer-
ences are not commensurable) or the k best answers (as in
the fuzzy-set-based preference model used here). In any case,
computing the answer R to such a query is an NP-hard prob-
lem [19]. In the following, we propose a method which leads
to an approximation of R in an acceptable time.

Let us consider a route planning query Qδd

δa
(P ) and assume

that the user is interested in the k best route plans. The evalu-
ation procedure proposed involves four steps:

Step 1 compute the k′ shortest paths (k′ > k) from departure
place δd to arrival place δa. This can be done using one of
the classical algorithms from the literature [9]. Let Rk′

be the set of resulting routes;

Step 2 build the t.m.f. of the relative predicates involved in
Qδd

δa
(P ) using Rk′ as their context; it is assumed that

“length is short” is an implicit constraint present in every
query. So, the list of relative predicates always includes
shortd (related to the length of the route);

2A t.m.f is expressed by a quadruplet (A, B, a, b), where [A, B]
defines the core of the fuzzy set and [A − a, B + b] its support.

Step 3 evaluate each route r ∈ Sk′ w.r.t. each atomic user
preference present in Qδd

δa
(P );

Step 4 aggregate the preference degrees into a single score
(or two: one for the constraints, one for the wishes, de-
pending on how bipolarity is handled), sort Rk′ accord-
ing to this score (or these two scores) and return the k
best answers.

Example 4. Let us consider a person who wants to go from
city A to city B, with a departure at 16:00 and an arrival
around 21:00 (wish), preferably by a route which is fast (wish)
and not expensive (constraint). The route query Q is:

GO FROM A, 16:00
TO B, around 21h
PREFERRING duration is short
AVOIDING cost is high

The fuzzy predicates involved in this query are:

• around 21h: It is a user-defined (absolute) predicate.
Its semantics may be given by the following trapezoidal
membership function (t.m.f.): (20:30, 21:30, 1:00, 1:00).

• shortt: It is a relative predicate. Its t.m.f. is ob-
tained the following way: i) one computes the duration
of each route plan in Rk′ ; ii) denoting by dmin and
davg the minimum and the average duration respectively,
then the t.m.f. associated with the predicate shortt is
(dmin, dmin, 0, davg − dmin).

• high: It is also a relative predicate. Its t.m.f. is built
as follows: i) for each route r ∈ Rk′ , one computes the
cost of the trip; ii) denoting by cavg and cmax the average
and the maximum of the computed costs, then the t.m.f.
associated to the predicate “high” is (cmax,∞, cmax −
cavg, 0).

• implicit relative predicate shortd (about length) is de-
fined the same way as shortt using the length instead of
the duration.�

So as to obtain a unique scalar index for rank-ordering the
routes from Rk′ according to their overall satisfaction degrees
w.r.t. Q, one may merge the satisfaction degree µPos coming
from the positive preferences (i.e., the wishes) with the degree
µNeg related to the negative preferences (i.e., the constraints)
the following way [8]:

µQ(r) = min(µNeg(r), λ.µNeg(r) + (1 − λ).µPos(r))

where λ ∈]0, 1] is a parameter expressing some trade-off be-
tween µPos and µNeg . In the case of our example, we have:

µNeg(r) = min(1 − µhigh(r.cost), µshortd
(r.length)),

µPos(r) = max(µshortt(r.duration), µaround 21h(r.ta)).

In case two degrees are kept, one may rank the answers us-
ing the lexicographic order (with a priority given to the con-
straints, which means that the wishes are only used to break
ties).

One may think that in general the value k specified by the
user will be ≤ 5. A choice that we think a priori reasonable
for k′ is 4×k, but experimentations will have to be performed
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so as to determine which is the “best” choice for k′. The value
of k′ should be big enough to include the most interesting
routes, and small enough to have a reasonable computational
cost.

7 Conclusion
In this paper, we have outlined a fuzzy-set-based approach to
the modeling and handling of complex user preferences in the
context of route planning. A typology of preferences covering
a variety of intuitive preferences has been proposed and dis-
cussed. We have also provided the basis of a query language
dedicated to route planning on the one hand, and described
the main steps of the evaluation of a route query, on the other
hand.

This is still a preliminary work, and many perspectives exist
for future research. First, we intend to provide a more detailed
specification of the formal query language which was just out-
lined here. An aspect strongly connected with this aspect, and
which is worthy of investigation, is that of a user-friendly in-
terface, which is all the more crucial as fuzzy predicates are
to be handled. Also, a user study is necessary to determine
the preferences which really make sense in practice (i.e the
most relevant ones). As to query evaluation, it would be of
interest to devise optimization mechanisms aimed at reduc-
ing the search space further. In particular, it is worth inves-
tigating whether some pruning criteria could be infered from
non-intrinsic preferences, which would enable computing Rk′

more efficiently. Our final objective, of course, is to imple-
ment a prototype based on the principles described here and
to assess its performances by means of experimentations.
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Abstract— The aim of this paper is to study monadic L-fuzzy
quantifiers of the type 〈1〉 determined by fuzzy measures. These
fuzzy quantifiers are defined using a novel notion of ⊗-fuzzy inte-
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studied.
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1 Introduction
This paper studies semantic properties of one class of monadic
L-fuzzy quantifiers [1, 2] by studying one specific but impor-
tant class of them, namely fuzzy quantifiers of the type 〈1〉
determined by fuzzy measures.

Quantifiers of the type 〈1〉 are denotations of important
noun phrases of natural language, e.g. “something” in “Some-
thing is broken.”, “everyone” in “Everyone likes Bob.”, “no-
body” in “Nobody knows everything.”, etc. Moreover, clas-
sical logical quantifiers “for all” and “there exists” also be-
long to this type. It is claimed (e.g. in [3]) that from the point
of view of natural language semantics, quantifiers of the type
〈1, 1〉 (e.g. “every” in ”Every book has leaves.”, “most” in
“Most birds fly.”) are more basic and more important. How-
ever, it is usual and advantageous to start with the type 〈1〉
quantifiers, because they are simpler and there are important
relationships between them and quantifiers of the type 〈1, 1〉.

Generalized quantifiers evolved, from pioneering works of
Mostowski [4], Lindström [5], Barwise and Cooper [6], into
quite large research field with deep results. For overview as
well as new results see a recent monograph [3]. A quantifier
of the type 〈1〉 is usually modeled, given a universe M , as a
mapping QM : PM −→ {true, false} (or, equivalently, as
subsets of the power set PM ). It is possible to introduce many
properties of (models of) quantifiers, characterizing their be-
havior from various points of view, for example permutation
invariance (PI), isomorphism invariance (ISOM), extension
(EXT), and others, see Section 4.

When we think about a definition and properties of general-
ized quantifiers (like e.g. many, a few and others), we feel that
their truth values should not change abruptly if we gradually
change cardinalities of corresponding sets of objects. Con-
sider for example a sentence “Many people read books.” If the
number of people who read books increase by 1, it would be
very strange if the truth value of this sentence changes from
false to true. Therefore, it was inevitable that researchers
started to consider more than two truth values in this context,
and so-called fuzzy quantifiers emerged, starting from a gen-
eralization of definition from the previous paragraph, where

instead of {true, false} we consider some other structure of
truth values, notably the interval [0, 1].

Research in the field of fuzzy quantifiers started with works
of Zadeh [7], Thiele [8], Ralescu [9] and others, see also
[10, 11, 12]. An important contribution was made by Hájek
in [13]. A comprehensive study of fuzzy quantifiers was un-
dertaken by Glöckner [1] (see also [14]). In the recent paper
[15], Novák studies so-called intermediate quantifiers, mainly
from the syntactic point of view in the frame of fuzzy type the-
ory [16]. An attempt to model linguistic quantifiers by fuzzy
(Sugeno) integral was presented by Ying in [17].

The semantic interpretation of many generalized quanti-
fiers is connected to measurement of “size” of sets in con-
cern. Consider e.g. quantifier “many”. The truth value of
a proposition “many books have red cover” clearly depends
on the “size” of the set of red books. Therefore, it is natural
to consider measures (and integrals) of (fuzzy) sets as natural
tools for the modeling of important classes of monotonically
non-decreasing and monotonically non-increasing generalized
quantifiers.

Fuzzy measures and integrals ([18], see also [19, 20]) are
important tools allowing us to compare sets with respect to
their size. Standardly, fuzzy measures are set functions de-
fined on some algebra of sets which are monotone with respect
to inclusion and they assign zero to the empty set. In our ap-
proach, fuzzy measures are defined on algebras of fuzzy sets
(fuzzy measure spaces) and, generally, they attain values from
a complete residuated lattice L. Details can be found in [21]
in these proceedings, here we present only basic ideas.

Two types of fuzzy integral, namely the ⊗-fuzzy integral
and the →-fuzzy integral, are defined on an arbitrary fuzzy
measure space. Integrals of ⊗ type will be used as models
of quantifiers like all and some, while integrals of → type as
models of no and not all, etc. However, in this contribution
we will concentrate only on ⊗-fuzzy integrals and quantifiers
defined by means of them. Nevertheless, if the structure of
truth values L is a complete MV-algebra, then it is possible to
define the →-fuzzy integral from the ⊗-fuzzy integral [21].

2 Preliminaries
For details we refer to our contribution [21] in this volume,
here we review only a few necessary notions.

2.1 Structures of truth values

In this paper, we suppose that the structure of truth values is
a complete residuated lattice (see e.g. [22]), i.e., an algebra
L = 〈L,∧,∨,→,⊗,⊥,�〉 with four binary operations and
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two constants such that 〈L,∧,∨,⊥,�〉 is a complete lattice,
where ⊥ is the least element and � is the greatest element of
L, respectively, 〈L,⊗,�〉 is a commutative monoid (i.e., ⊗ is
associative, commutative and the identity a⊗� = a holds for
any a ∈ L) and the adjointness property is satisfied, i.e.,

a ≤ b → c iff a ⊗ b ≤ c (1)

holds for each a, b, c ∈ L, where ≤ denotes the corresponding
lattice ordering. The operations ⊗ and → are usually called
multiplication and residuum, respectively.

2.2 L-fuzzy sets

Let L = 〈L,∧,∨,→,⊗,⊥,�〉 be a complete residuated lat-
tice and M be a universe of discourse (possibly empty). A
mapping A : M → L is called an L-fuzzy set on M . A value
A(m) is called a membership degree of m in the L-fuzzy set
A. The set of all L-fuzzy sets on M is denoted by FL(M).
Obviously, if M = ∅, then the empty mapping ∅ is the unique
L-fuzzy set on ∅ and thus F(∅) = {∅}. An L-fuzzy set A
on M is called crisp, if there is a subset X of M such that
A = 1X , where 1X denotes the characteristic function of
X . Particularly, 1∅ denotes the empty L-fuzzy set on M , i.e.,
1∅(m) = ⊥ for any m ∈ M . This convention will be also
kept for M = ∅. The set of all crisp L-fuzzy sets on M is
denoted by PL(M). An L-fuzzy set A is constant, if there is
c ∈ L such that A(m) = c for any m ∈ M . For simplicity, a
constant L-fuzzy set is denoted by the corresponding element
of L, e.g., a, b, c.1

Let A be an L-fuzzy set on M . The complement of A is
an L-fuzzy set A on M defined by A(m) = ¬A(m) for any
m ∈ M . Finally, an extension of the operations ⊗ and → on
L to the operations on FL(M) is given by

(A ⊗ B)(m) = A(m) ⊗ B(m) (2)
(A → B)(m) = A(m) → B(m) (3)

for any A,B ∈ FL(M) and m ∈ M , respectively. A map-
ping f→ : FL(M) → FL(M ′) defined by f→(A)(m) =∨

m′∈f−1(m) A(m′) is called a fuzzy extension of the map-
ping f . Obviously, if f is a bijective mapping, then
f→(A)(f(m)) = A(m) for any m ∈ M .

3 Fuzzy measures and integrals
In this section, we will review a notion of a fuzzy measure
of L-fuzzy sets and of a ⊗-fuzzy integral that will be used to
define L-fuzzy quantifiers. For details and examples see [21],
where also definitions of a complementary fuzzy measure and
a →-fuzzy integral can be found. For more information about
fuzzy integrals, we refer to [18, 19].

3.1 Fuzzy measures of L-fuzzy sets

For our purposes we will consider algebras of L-fuzzy sets as
a base for defining fuzzy measures of L-fuzzy sets.

Definition 3.1 ([18]). Let M be a non-empty universe of dis-
course. A subset M of FL(M) is an algebra of L-fuzzy sets
on M , if the following conditions are satisfied

1We suppose that the meaning of this symbol will be unmistak-
able from the context, that is, it should be clear when an element of
L is considered and when a constant L-fuzzy set is assumed.

(i) 1∅, 1M ∈ M,

(ii) if A ∈ M, then A ∈ M,

(iii) if A,B ∈ M, then A ∪ B ∈ M.

A couple (M,M) is called a fuzzy measurable space, if M is
an algebra of L-fuzzy sets on M .

Let us introduce the concept of fuzzy measure as fol-
lows. The first definition is a modification of the definition
of a normed measure with respect to truth values (see e.g.
[19, 20]).

Definition 3.2. Let (M,M) be a fuzzy measurable space. A
mapping µ : M → L is called a fuzzy measure on (M,M), if

(i) µ(1∅) = ⊥ and µ(1M ) = �,

(ii) if A,B ∈ M such that A ⊆ B, then µ(A) ≤ µ(B).

A triplet (M,M, µ) is called the fuzzy measure space, if
(M,M) is a fuzzy measurable space and µ is a fuzzy mea-
sure on (M,M).

Example 3.1. Let L be a complete residuated lattice with the
support [0, 1] and N be the set of natural numbers with 0. For
any non-empty countable (finite or denumerable) universe M ,
injective mapping f : M → N, n ∈ N and A ∈ FL(M),
denote

Af,n(m) =
{

A(m), if f(m) ≤ n;
0, otherwise. (4)

Further, for any injective mapping f : M → N and n ∈ N,
define µf,n : FL(M) → [0, 1] as follows

µf,n(A) =

∑
m∈Supp(Af,n) Af,n(m)

|Supp(1Mf,n
)| (5)

and, finally, define µ
f
, µf : FL(M) → [0, 1] as follows

µ
f

= lim inf
n→∞ µf,n(A), (6)

µf = lim sup
n→∞

µf,n(A). (7)

It is easy to see that µf,n, µ
f

and µf are fuzzy measures on
(M,FL(M)) determined by an injective mapping f . If, for
example, M = N and f = id, then µ

f
(A) = µf (A) = ⊥ for

any L-fuzzy set on a finite universe. For the set of all even or
odd numbers, both fuzzy measures give 1

2 and, for the set of
all prime numbers, we obtain 0.

If M is finite, then µ
f

= µ
g

= µf = µg for any injective
mappings f, g : M → N and

µ
f
(A) = µf (A) =

∑
m∈M A(m)

|M | . (8)

Let (M,M) be a fuzzy measurable space and X ∈
FL(M). Denote MX the set of all M-measurable sets which
are contained in X , i.e.,

MX = {A | A ∈ M and A ⊆ X}. (9)

Note that 1∅ ∈ MX for each X ∈ FL(M) and if X is M-
measurable set, then also X ∈ MX . If X = M , then we will
write only M instead of MM .

In the following part we will define an isomorphism be-
tween fuzzy measure spaces.
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Definition 3.3. Let (M,M) and (M ′,M′) be fuzzy mea-
surable spaces. We say that a mapping g : M → M′ is an
isomorphism between (M,M) and (M ′,M′), if

(i) g is a bijective mapping with g(1∅) = 1∅,

(ii) g(A∪B) = g(A)∪g(B) and g(A) = g(A) hold for any
A,B ∈ M,

(iii) there exists a bijective mapping f : M → M ′ with
A(m) = g(A)(f(m)) for any A ∈ M and m ∈ M .

Definition 3.4. Let (M,M) and (M ′,M′) be fuzzy mea-
surable spaces. We say that a mapping g : M → M′ is an
isomorphism between (M,M, µ) and (M ′,M′, µ′), if

(i) g is an isomorphism between (M,M) and (M ′,M′),

(ii) µ(A) = µ′(g(A)).

If g is an isomorphism between fuzzy measure spaces
(M,M, µ) and (M ′,M′, µ′), then we write g(M,M, µ) =
(M ′,M′, µ′).

Let [(M,M, µ)] denote the class of all fuzzy measure
spaces defined on M that are isomorphic with (M,M, µ).
Obviously, we can write

[(M,M, µ)] = {(M,f→(M), µf→) |
| f : M → M is a bijective mapping}.

3.2 ⊗-fuzzy integral

Definition 3.5. Let (M,M, µ) be a fuzzy measure space,
A ∈ FL(M) and X ∈ M. The ⊗-fuzzy integral of A on X is
given by∫ ⊗

X

A dµ =
∨

Y ∈MX\{1∅}

∧
m∈Supp(Y )

(A(m) ⊗ µ(Y )). (10)

If X = 1M , then we write
∫ ⊗

A dµ.

Theorem 3.1. Let (M,M, µ) be a fuzzy measure space. If
X ∈ M is such that 1Supp(Y ) ∈ MX for any Y ∈ MX , then
for any A ∈ FL(M)∫ ⊗

X

A dµ =
∨

1Y ∈PX\{1∅}

∧
m∈Y

(A(m) ⊗ µ(1Y )), (11)

where PX = {1Supp(Z) | Z ∈ MX}.

Theorem 3.2. Let L be a complete MV-algebra, (M,M, µ)
be a fuzzy measure space, A ∈ FL(M) and X ∈ M. Then∫ ⊗

X

A dµ =
∨

Y ∈MX\{1∅}

(
µ(Y ) ⊗

∧
m∈Supp(Y )

A(m)
)
. (12)

Moreover, ∫ ⊗

X

(c ⊗ A) dµ = c ⊗
∫ ⊗

X

A dµ (13)

for any c ∈ L.

Theorem 3.3. Let g be an isomorphism between fuzzy mea-
sure spaces (M,M, µ) and (M ′,M′, µ′) and X ∈ M. Then∫ ⊗

X

A dµ =
∫ ⊗

g(X)

g(A) dµ′ (14)

for any A ∈ FL(M).

In the end of this part we will show that the Sugeno integral
is a special case of our proposed integral. Let L be a complete
residuated lattice and (M,M) be a fuzzy measurable space
such that A ∩ B ∈ M for any A,B ∈ M. Denote Aa =
{m | m ∈ M & A(m) ≥ a}. We say that an L-fuzzy set
A is M-Sugeno measurable, if 1Aa

∈ M for any a ∈ L.
The Sugeno integral is given, for any fuzzy measure space
(M,M, µ) with A ∩ B ∈ M for any A,B ∈ M, for any
M-Sugeno measurable L-fuzzy set A and for any X ∈ M,
by ∫

X

A dµ =
∨
a∈L

(a ∧ µ(1Aa
∩ X)). (15)

Theorem 3.4. Let L be a complete Heyting algebra,
(M,M, µ) be a fuzzy measure space with A ∩ B ∈ M for
any A,B ∈ M, A be an M-Sugeno measurable L-fuzzy set
and X ∈ M. Then

∫
X

A dµ =
∫ ⊗

X
A dµ.

For a definition and properties of →-fuzzy integral we refer
to [21].

4 L-fuzzy quantifiers of the type 〈1〉
In [2], we defined the monadic L-fuzzy quantifiers of the type
〈1n, 1〉. Here, we restrict ourselves to their special subclass,
namely, to the monadic L-fuzzy quantifiers of the type 〈1〉 that
can be defined as follows.

Definition 4.1. Let L be a complete residuated lattice, M be
a universe (possibly empty2). A mapping QM : FL(M) → L
is called a monadic L-fuzzy quantifier of the type 〈1〉 limited
to M .

Definition 4.2. An unlimited (finite, countable) monadic L-
fuzzy quantifier of the type 〈1〉 is a functional Q assigning to
each (finite, countable) universe M a monadic L-fuzzy quan-
tifier QM of the type 〈1〉 limited to M .

In the following text, we will usually omit the terms “unlim-
ited”, “monadic” and “of the type 〈1〉” and we will say only
“L-fuzzy quantifier”. Let us demonstrate several examples of
unlimited L-fuzzy quantifiers that are interpretations of well-
known quantifiers in natural language (see [2]). We will use
expressions all, some, not all and no as generic expressions
which stand for natural language quantifiers of the type 〈1〉,
e.g. “everything”, “someone”, “not everyone” and “nothing”,
respectively.

2To define the behavior of generalized quantifiers for the empty
universe is important in some situations. It happens, for example,
when we study type 〈1, 1〉 quantifiers which are obtained from type
〈1〉 quantifiers by means of relativization. Then it is vital to have
values of e.g. some∅(1∅) defined, see discussion in [3], p. 137.
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Example 4.1. Let L be a complete residuated lattice. Then

(all)M (A) =
∧

m∈M

A(m),

(some)M (A) =
∨

m∈M

A(m),

(not all)M (A) =
∨

m∈M

¬A(m),

(no)M (A) =
∧

m∈M

¬A(m),

where M is an arbitrary universe and A ∈ FL(M), define
unlimited L-fuzzy quantifiers of the type 〈1〉. Obviously, the
definitions of all and some (interpretations of quantifiers all
and some) are the same as the interpretations of ∀ and ∃ in
fuzzy logic, respectively. The others are negations of the
previous ones. Notice that (all)∅(∅) = (no)∅(∅) = � and
(some)∅(∅) = (not all)∅(∅) = ⊥.

Now, let us recall some well-known semantics properties
that are usually investigated in the case of the L-fuzzy quanti-
fiers of the type 〈1〉. For more information as well as examples
we refer to [1, 2].

Definition 4.3. Let Q,P be L-fuzzy quantifiers. Then we
say that Q is less than or equal to P and denote it by Q ≤ P ,
if, for any non-empty universe M and A ∈ FL(M),

QM (A) ≤ PM (A). (16)

Further, we say that Q is equal to P and denote it by Q = P ,
if Q ≤ P and P ≤ Q.

Definition 4.4. Let Q,P be L-fuzzy quantifiers. We say that
Q is identical to P and denote it by Q ≡ P , if for any (possi-
bly empty) universe M and A ∈ FL(M),

QM (A) = PM (A). (17)

Remark 4.2. Note that the behavior of L-fuzzy quantifiers for
the empty universe is often unpredictable (e.g., allM (A) ≤
someM (A) for all M �= ∅, but some∅(1∅) ≤ all∅(1∅)),
therefore, we require only non-empty universes for their com-
parison in the first definition. Moreover, this restriction seems
to be insignificant from the practical point of view. The sec-
ond definition of identity of L-fuzzy quantifiers gives useful
denotation.

Definition 4.5. An L-fuzzy quantifier Q is permutation-
invariant, if for arbitrary universe M , bijective mapping f :
M → M and A ∈ FL(M)

QM (A) = QM (f→(A)). (18)

The set of all permutation-invariant L-fuzzy quantifiers is de-
noted by PI.

Definition 4.6. An L-fuzzy quantifier Q is isomorphism-
invariant, if for arbitrary universe M , bijective mapping f :
M → M ′ and A ∈ FL(M),

QM (A) = QM ′(f→(A)). (19)

The set of all isomorphism-invariant L-fuzzy quantifiers is de-
noted by ISOM.

Definition 4.7. An L-fuzzy quantifier Q satisfies extension,
if for arbitrary universes M,M ′ with M ⊆ M ′ and A ∈
FL(M),

QM (A) = QM ′(A). (20)

The set of all L-fuzzy quantifiers satisfying extension is de-
noted by EXT.

Definition 4.8. Let Q be an L-fuzzy quantifier. We say that
Q is monotonically non-decreasing, if for arbitrary universe
M and A ∈ FL(M) and A′ ∈ FL(M) with A ⊆ A′,

QM (A) ≤ QM (A′) (21)

and Q is monotonically non-increasing, if for arbitrary uni-
verse M and A ∈ FL(M) and A′ ∈ FL(M) with A′ ⊆ A,

QM (A) ≤ QM (A′). (22)

For our purpose we will consider the following stronger
definition of L-similarity of fuzzy sets. Recall that a map-
ping R : FL(M) × FL(M) → L is called an L-fuzzy
relation on FL(M). Let [A R B] denote the degree in
which L-fuzzy sets A and B belongs to L-fuzzy relation,
i.e., [A R B] = R(A,B). Let us define an L-fuzzy relation
≡M : FL(M) × FL(M) → L by [A ≡M B] = �, if there is
a bijective mapping f of M onto M such that f→(A) = B,
and [A ≡M B] = ⊥, otherwise. The following definition
generalizes ≡M .

Definition 4.9. An L-fuzzy relation ≈M : FL(M) ×
FL(M) → L is called an L-permutation equivalence on
FL(M), if

[A ≈M B] ≥ [A ≡M B] (23)
[A ≈M B] = [B ≈M A] (24)

[A ≈M B] ≤ [A ≈M B] (25)
[A ≈M B] ⊗ [B ≈M C] ≤ [A ≈M C] (26)

hold for arbitrary A,B,C ∈ FL(M).

Obviously, (24) and (26) are the common axioms of sym-
metry and transitivity, respectively. Let A,B ⊆ M are L-
fuzzy sets which are similar. Then one could wish that the
complements of A and B are also similar (at least in the degree
in which A and B are L-equivalent). This idea is expressed in
(25).

Example 4.3 (see [2]). Let L be a complete residuated lat-
tice, M be any universe and Perm(M) denote the set of all
bijective mappings of M onto M . Then

[A ≈
∧
M B] =

∨
f∈Perm(M)

∧
m∈M

(A(m) ↔ B(m)) (27)

defines the L-permutation equivalence ≈
∧
M on FL(M).

Definition 4.10. Let ≈ be a class of L-permutation equiva-
lences such that for each (finite, countable) universe M there
is a unique ≈M from ≈ defined on FL(M). A (finite, count-
able) L-fuzzy quantifier Q of the type 〈1〉 is extensional with
respect to ≈, if

[A ≈M A′] ≤ QM (A) ↔ QM (A′) (28)

for each (finite, countable) universe M and A,A′ ∈ FL(M).
The set of all extensional L-fuzzy quantifiers with respect to
≈ is denoted by EXTENS(≈).
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5 L-fuzzy quantifiers of the type 〈1〉
determined by fuzzy measures

Let S(M) denote a set of fuzzy measure spaces defined on M .
For better readability, we will denote by∫ ⊗

(M,M)

A dµ (29)

the ⊗-fuzzy integral
∫ ⊗

A dµ defined over a fuzzy measure
space (M,M, µ). Now we can define L-fuzzy quantifiers
limited to M using fuzzy measure spaces from a set S(M)
as follows.

Definition 5.1. Let S(M) be a (possibly empty) set of fuzzy
measure spaces defined on a non-empty universe M . An L-
fuzzy quantifier of the type 〈1〉 limited to M determined by
the fuzzy measure spaces from S(M) is a mapping QS(M) :
FL(M) → L defined by

QS(M)(A) =
∨

(M,M,µ)∈S(M)

∫ ⊗

(M,M)

A dµ. (30)

Remark 5.1. It is easy to see that if S(M) = ∅ for some
(possibly non-empty) set M , then QS(M)(A) = ⊥ for any
A ∈ FL(M).

It is easy to see that S(∅) = ∅ (there is no fuzzy measure
space with M = ∅). Hence, each unlimited fuzzy quantifier Q
based only on the formula (30) has Q∅(1∅) = QS(∅)(1∅) = ⊥.
However, for example, it holds that (all)∅(1∅) = �. This
motivates us to exclude the determination of Q∅(1∅) by (30)
in the following definition of unlimited L-fuzzy quantifier.

Definition 5.2. Let S be a functional assigning to each uni-
verse M a set S(M) of fuzzy measure spaces defined on M .
An unlimited L-fuzzy quantifier of the type 〈1〉 determined
by fuzzy measures over S is an unlimited L-fuzzy quantifier
of the type 〈1〉 assigning an L-fuzzy quantifier QS(M) deter-
mined by the fuzzy measure spaces from S(M) to each non-
empty universe M .

Example 5.2. Let M be a non-empty universe and S(M)i =
{(M,FL(M), µi)}, where, for i = 1, 2,

µ1(A) =
{ ⊥, if A = 1∅,

�, otherwise (31)

and

µ2(A) =
{ �, if A = 1M ,

⊥, otherwise. (32)

If Q is determined by fuzzy measures from QS(M)1
for all

M �= ∅, then Q = some. In fact, if M �= ∅ and A ∈ FL(M),
then

QM (A) = QS(M)1
(A) =

∫ ⊗

(M,FL(M))

A dµ1 =

=
∨

m∈M

µ1({m}) ⊗ A(m) =

=
∨

m∈M

�⊗ A(m) =
∨

m∈M

A(m) = (some)M (A).

According to Definition 4.3, Q = some. One checks easily
that Q determined by QS(M)2

for all M �= ∅ is equal to all.

Example 5.3. Let L be the standard Gödel algebra and

S(M) = {(M,FL(M), µ)}.
One checks easily, using Theorem 3.1, that

QS(M)(A) =
∨

1Y ∈PL(M)\{1∅}

(
µ(1Y ) ∧

∧
m∈Y

A(m)
)

,

because ⊗ coincides with ∧ in Gödel algebras. Notice that
because L is the Gödel algebra, it is also a Heyting algebra
and, according to Theorem 3.4, the ⊗-fuzzy integral coincides
with the Sugeno integral in this case.

Let M be a non-empty countable universe and µf denote
one of the fuzzy measures on (M,FL(M)) defined by (6) and
(7) in Example 3.1. Putting

QS(M)(A) =
∨

1Y ∈PL(M)\{1∅}

(
µf (1Y ) ∧

∧
m∈Y

A(m)
)

for any non-empty countable universe M and Q∅(1∅) = �,
we obtain a countable L-fuzzy quantifier which is an interpre-
tation of the quantifier many things. Define

µ
1/2
f (A) =

{ �, if µf (A) ≥ 1
2 ,

⊥, otherwise,

for any A ∈ FL(M). Then putting

QS(M)(A) =
∨

1Y ∈PL(M)\{1∅}

(
µ

1/2
f (1Y ) ∧

∧
m∈Y

A(m)
)

for any non-empty countable universe M and Q∅(1∅) = �,
we obtain a countable L-fuzzy quantifier which is an interpre-
tation of the quantifier at least half things. If we restrict our-
selves to the class of all finite L-fuzzy quantifiers, then one
checks easily (using the equality µf (A) = µf (h→(A)) from
Example 3.1) that both defined quantifiers are PI and ISOM.
Moreover, they are EXTENS(≈∧) (see Theorem 5.6).

Intuitively, it is obvious that all is the smallest and some the
greatest L-fuzzy quantifier Q determined by fuzzy measures
with respect to the ordering from Definition 4.3.

Theorem 5.1. For each L-fuzzy quantifier Q determined by
fuzzy measures over S, it holds that

all ≤ Q ≤ some. (33)

In the following part, we will present some results on the se-
mantic properties of L-fuzzy quantifiers determined by fuzzy
measures. The following theorem states a sufficient condition
for L-fuzzy quantifiers to be permutation invariant.

Theorem 5.2. Let Q be an unlimited L-fuzzy quantifier
of the type 〈1〉 determined by fuzzy measures over S such
that for each non-empty universe M it holds that S(M) =
[(M,M, µ)]. Then Q ∈ PI.

Note that the specification of a necessary condition for
L-fuzzy quantifiers being permutation invariant seems to be
immensely complicated and it is still an open problem. In
the following theorem, let us denote fuzzy measure spaces
(M,M, µ) and (M ′,M′, µ′) by M and M′, respectively.
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Theorem 5.3. Let Q be an unlimited L-fuzzy quantifier of the
type 〈1〉 determined by fuzzy measures over S such that, for
any universes M , M ′ with the same cardinality,

(i) if M ∈ S(M) and f : M → M ′ is a bijection, then
f→(M) ∈ S(M ′),

(ii) if M ∈ S(M) and M′ ∈ S(M ′), then M and M′ are
isomorphic.

Then Q ∈ ISOM.

From the definition of L-fuzzy quantifiers of the type 〈1〉
determined by fuzzy measures it should be clear that they pos-
sess non-decreasing behavior, which is expressed by the fol-
lowing theorem. Naturally, if we base L-fuzzy quantifiers of
the type 〈1〉 on complementary fuzzy measures and →-fuzzy
integrals [21], they will be non-increasing.

Theorem 5.4. Let Q be an unlimited L-fuzzy quantifier of the
type 〈1〉 determined by fuzzy measures over S. Then Q is a
non-decreasing L-fuzzy quantifier.

The following theorem shows that some is the only type
〈1〉 quantifier with the extension (EXT) property which can
be successfully modeled by our L-fuzzy quantifiers of the type
〈1〉 determined by fuzzy measures. However, the quantifier all
and quantifiers which are interesting from the point of view of
fuzzy logic, for example “at least half things”, “many things”,
“most things” do not possess the extension property, and we
can model them, see Examples 5.2 and 5.3. Nevertheless,
quantifiers which refer to absolute cardinalities, e.g. “at least
three things”, possess the extension property, therefore they
cannot be successfully modeled by our quantifiers.

Theorem 5.5. Let Q be an unlimited L-fuzzy quantifier of the
type 〈1〉 determined by fuzzy measures over S. Then Q ∈
EXT if and only if Q ≡ some.

Finally, we show that fuzzy quantifiers of type 〈1〉 deter-
mined by fuzzy measures are behaving well with respect to
extensionality (see Definition 4.10).

Theorem 5.6. Let Q be an unlimited L-fuzzy quantifier of
the type 〈1〉 determined by fuzzy measures over S such that
S(M) = [(M,M, µ)] for each non-empty universe M . Then
Q ∈ EXTENS(≈∧).

6 Conclusion
In the future we will concentrate on studying of L-fuzzy quan-
tifiers of the type 〈1, 1〉 (and possibly also of the type 〈1n, 1〉)
generated by fuzzy measures. Quantifiers of the type 〈1, 1〉
serve as models of very important class of natural language
determiners (cf. e.g. [3]), for example “a few X are Y”, “al-
most all X are Y”, etc. Our definitions of ⊗-fuzzy integral and
→-fuzzy integral allow us to define these quantifiers, and we
believe that they provide an important class of models with
interesting properties.

Acknowledgment
This paper has been supported by the Grant IAA108270901
of the GA AV ČR.
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[21] A. Dvořák and M Holčapek. Fuzzy integral over complete
residuated lattices. In IFSA/EUSFLAT 2009, Lisboa, 2009.
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Abstract— Fuzzy queries addressed to a relational database 

management system are based on the expression of user 

preferences which leads to obtain more appropriate answers. 

Fuzzy set theory provides powerful tools to define such conditions 

(fuzzy conditions). In this context, it is possible to consider fuzzy 

bipolar conditions which are made of two fuzzy sets to describe 

user's preferences: i) a fuzzy constraint to represent a mandatory 

requirement, ii) a fuzzy wish to represent an optional requirement. 

A Fuzzy constraint is mandatory in the sense that it must be 

fulfilled (and it can be used to discard elements). A fuzzy wish is 

optional since it cannot be used to discard elements (but its 

satisfaction brings a bonification). This paper is devoted to the 

aggregation of fuzzy bipolar conditions and to the definition of 

extended norms and co-norms. 

Keywords— flexible querying, fuzzy bipolar condition, relational 

database.   

1 Introduction 
When querying a relational database management system 
(DBMS), the expression of user preferences is a manner to 
integrate the personalized needs of the user. As a 
consequence, it leads to obtain more appropriate answers, 
since they can be ranked from the more relevant (the more 
preferred) to the less relevant (a set of discriminated answers 
being obtained). The problem of expressing and managing 
user preferences in the relational model of data has received 
more and more attention in the last few years [1, 2, 3, 4, 5, 6, 
7] and we consider the study of bipolar conditions [8, 9, 10, 
11, 12]. Such conditions are made of two components: a 
mandatory condition (also called a constraint) and an 
optional condition (also called a wish). More precisely, we 
consider fuzzy bipolar conditions where the constraint and 
the wish express user preferences and are defined by fuzzy 
sets.  
The main interrogation systems proposed to integrate user 
preferences do not take into account such bipolar conditions. 
The SQLf language considers preferences defined by fuzzy 
sets and proposes a commensurable approach without 
bipolarity. It does not distinguish between constraints and 
wishes, each atomic fuzzy condition being a commensurable 
constraint. On the contrary, PreferenceSQL deals with a 
particular case of bipolarity where constraints are Boolean 
while wishes are not commensurable preferences. The 
preferences being not commensurable in PreferenceSQL, this 
proposition leads to a partial order of answers while SQLf 
language delivers a total order (the preferences being 
commensurable). One of the main differences [10] between 
these two approaches is that SQLf is set in the algebraic 
framework while it is not the case for PreferenceSQL. As a 

consequence, this article is a contribution to the extension of 
the relational algebra (and SQL) to fuzzy bipolar conditions. 
Our final aim is to propose an SQL-like query language 
where fuzzy bipolar conditions can be defined as an 
extension of fuzzy conditions. As a consequence, a total 
order of answers is expected.  
Fuzzy bipolar conditions are introduced in section 2 and it is 
shown that a fuzzy condition defined by a fuzzy set is a 
particular case of a fuzzy bipolar condition. Section 3 is 
interested in extending logical operators to define more 
complex fuzzy bipolar conditions. These operators are 
soundness from an user's point of view but they cannot be 
considered as extended norms and co-norms. Section 4 
proposes definition for an extended norm and an extended 
co-norm to aggregate fuzzy bipolar conditions.  

2 Fuzzy bipolar conditions 
Bipolarity can be defined as the human capability to evaluate 
situations in terms of pros and cons or positive and negative 
aspects. Depending of the relationship between these two 
aspects, Dubois and Prade [8, 9] distinguish between three 
categories of bipolarity, called types I, II and III.   
The type I is called symmetric univariate bipolarity. It 
corresponds to the case where the scale to evaluate situations 
is bipolar which means defined by an ordered set (total 
order) with a neutral elements to separate positive and 
negative information (symmetric bipolarity). As a 
consequence a single value (univariate) from this scale 
expresses, at the same time the positive and negative aspects 
since the opposite evaluation is obtained by symmetry. An 
example of type I bipolarity is provided by probability 
measures, the neutral element being 0.5. The type II is called 
symmetric bivariate unipolarity. In this case, the scale to 
evaluate situations is unipolar which means that the neutral 
element is at one end of the scale and two dual values 
(symmetric bivariate) is necessary to judge a situation. 
Unlike the symmetric univariate bipolarity, it is possible for 
a situation to be evaluated positive and negative at the same 
time. An example of type II bipolarity is provided by 
possibility theory where a couple of dual unipolar indexes 
(possibility and possibility of opposite event) is used to 
evaluate a situation. The type III is called asymmetric 

bipolarity. In this case two bipolar scales are used to 
evaluate a situation, one expressing the positive, the other 
one the negative aspects. As a consequence, positive and 
negative evaluations are of different nature and can be 
provided by different kind of sources. 
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A bipolar condition is made of two components: a constraint

(a condition denoted C) whose negation defines not 
acceptable values (negative evaluation) and a wish (a 
condition denoted W) to define desired values (positive 
evaluation). The satisfaction to the constraint and the wish 
are based on two different bipolar scales, the two extremum 
being the total satisfaction 1 and the total non satisfaction 0. 
In addition, constraints and wishes are neither dual nor 
symmetric. As a consequence, a bipolar condition expresses 
a type III bipolarity.  
This paper considers that a bipolar condition denoted (C, W) 
means “to satisfy C and, if possible, to satisfy W” and this 
meaning has two important consequences. Firstly, it implies 
that the satisfaction with respect to the constraint is 
mandatory while the satisfaction with respect to the wish is 
optional. Secondly, the set of wished values must be a subset 
of that of mandatory values (W ⊆ C). This property states 
that it is incoherent to wish non-acceptable values. 
In the context of database querying with such conditions, 
tuples which do not satisfy the constraint are discarded (since 
this condition is mandatory), while tuples which do not 
satisfy the wish can be proposed to the user (the wish being 
optional). When C and W are Boolean conditions, the 
satisfaction with respect to the bipolar condition (C,W) is a 
couple (c, w) where c and w are values in {0, 1}. Tuples 
satisfying the constraint and the wish are returned in priority 
to the user. If such answers do not exist, the tuples satisfying 
only the constraint are delivered. When the two components 
express preferences and are defined by fuzzy sets, their 
satisfactions are sets in [0,1]. As a consequence, the 
satisfaction of a given element x with respect to a fuzzy 
bipolar condition is a couple of degrees (µC(x), µW(x)), and 
their processing is more tricky. These two degrees are not 
commensurable (due to the chosen meaning for the fuzzy 
bipolar conditions) and, consequently, they cannot be 
aggregated to compute an overall degree of satisfaction. In 
addition, the constraint being mandatory, its satisfaction is 
firstly used to discriminate among answers. The satisfactions 
with respect to the wish being not mandatory, they can only 
be used to discriminate among answers having same 
evaluation with respect to the constraint. Thus, the wishes 
allow to differentiate between tuples which are equal with 
respect to their constraints and a total order is obtained on C 
and W (with (1, 1) as greatest element and (0, 0) as least 
element). In other words, it is possible to rank the tuples by 
using a lexicographical order on the constraints and the 
wishes:  

a tuple ti is preferred to a tuple tj  
if (µC(ti) > µC(tj))  
                      or ((µC(ti) = µC(tj)) and (µW(ti) > µW(tj)), 

Obviously, a tuple ti is similar to a tuple tj (they have same 
level of preference) if and only if µC(ti) =  µC(tj) and µW(ti) = 
µW(tj). 

For the sake of simplicity, “ti is preferred to tj” is denoted ti > 
tj while “ti is similar to tj” is denoted ti = tj. 

Example 1.  We consider relation Sales from Table 1 where 
attributes #Sale, Date, Town, Benefit are respectively the 

identification of a sale, the date and place where it has been 
concluded and the percentage of benefit for the salesman.  

A salesman wants to know the town where a sale has 
occurred with a high benefit and, if possible, a benefit 
around 100%. A high benefit is a mandatory condition while 
condition around 100% is optional. These two fuzzy 
conditions are given by Figure 1 and define the fuzzy bipolar 
condition (C, W) where C is "high benefit" and W is "benefit 
around 100%".   

Table 1 : Relation Sales. 
#Sale Date Town Benefit 

#1 01-05-07 Paris 82% 
#2 04-06-07 Paris 85% 
#3 08-09-07 Londres 59% 
#4 15-06-07 Nice 94% 
#5 17-07-07 Londres 97% 
#6 08-09-07 Madrid 56% 

Figure 1 : high benefit and benefit around 100%. 

The satisfactions with respect to the constraint C and the 
wish W are given by Table 2. 

Table 2 : Satisfactions with respect to the fuzzy bipolar 
condition : "high benefit" and if possible "around 100%". 

#Sale (high benefit, benefit around 100% ) 

(µC(#Sale), µW(#Sale)), 

#1 (1, 0.4) 

#2 (1, 0.5) 

#3 (0.9, 0) 

#4 (1, 0.8) 

#5 (1, 0.9) 

#6 (0.6, 0) 

The lexicographical order gives : 

#5 > #4 > #2 >  #1 > #3 > #6. 

Sale #5 is the best sale with respect to the bipolar condition 
(C, W) because, among the best sales according to the 
constraint (at degree 1), it is the best one according to the 
wish. �

The property of constraints and wishes expressed on a same 
universe is that the set of wished values must be a subset of 
that of mandatory values (W ⊆ C). In case of fuzzy sets, this 
property of inclusion is rewritten :  

for each value x in X, µW(x) ≤ µC(x), 

µhigh(x) 

   0                50     60                 100      X            0                           70     100    X 
  

1 1
µaround100(x)  
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such that X is the domain set where the fuzzy bipolar 
condition applies. Such a property can be checked on the 
fuzzy bipolar condition provided by example 1. This 
property is natural and is always implicit in the formulation 
of fuzzy bipolar conditions. As a consequence, a condition 
formulated as  "a cheap and, if possible, a low consuming 
car" should be rewritten : "a cheap car and, if possible, a 
cheap and low consuming car". 
An important particular case arises when a fuzzy bipolar 
condition is a fuzzy predicate (a pure constraint). Since a 
fuzzy predicate C can be rewritten "C and, if possible, C", a 
pure constraint is defined by  a fuzzy bipolar condition where 
the constraint equals the wish ((C, C)). As a consequence, a 
fuzzy bipolar condition is a generalization of a fuzzy 
condition.  

3 Logical operators and fuzzy bipolar 
conditions 

In this section, we consider several fuzzy bipolar conditions 
and their aggregation using conjunction and disjunction 
operators.  
A first idea to define the conjunction of two fuzzy bipolar 
conditions (C1, W1) and (C2, W2) is to compute the minimum 
of both the satisfactions to the constraints and to the wishes. 
In this case "(C1, W1) and (C2, W2)" is the fuzzy bipolar 
condition "to satisfy (C1 and C2) and if possible to satisfy 
(W1 and W2)". Since the minimum is a triangular norm, this 
operation can be generalized to define parameterized 
operators Oop1,op2  using various norms and conorms : 

(C1,W1) Oop1, op2 (C2,W2) � (op1(C1, C2), op2(W1,W2)), (1) 

where op1 and op2 are either a norm or a co-norm. 
Depending on the choice for op1 and op2 , different meanings 
can be obtained for the operator (as shown by Table 3).  

Table 3 : Different meanings for Oop1,op2. 

 op1 is a norm op1 is a co-norm 

op2 is a 
norm 

(C1,W1) Oop1,op2 (C2,W2) 
�

(C1 and C2)  
and if possible (W1 and W2) 

(C1,W1) Oop1, op2 (C2,W2) 
�

(C1 or C2)  
and if possible (W1 and 
W2) 

op2 is a 
co-

norm 

(C1,W1) Oop1,op2 (C2, W2) 
�

(C1 and C2)  
and if possible (W1 or W2) 

(C1,W1) Oop1,op2 (C2,W2) 
�

(C1 or C2)  
and if possible (W1 or W2) 

Example 2. A client looks for a trip in a travel agency. His 
request is expressed as: "a cheap journey, if possible with a 
small flight time, and an hotel in a small town, if possible 
located in the countryside". This query is a selection R:�
where relation R describes trips proposed by the agency and 
condition � is the conjunction between two fuzzy bipolar 
conditions  "(C1,W1) and (C2,W2)". Constraint C1 is the fuzzy 
condition "a cheap journey", W1 is the fuzzy wish "a cheap

journey with a small flight time" and C2 is the fuzzy 
constraint "hotel in a small town" while W2 is the fuzzy wish 
"hotel in a small town and in the countryside". Each one of 
these two atomic bipolar fuzzy conditions is defined on 

several attributes (on the Cartesian product of their 
respective domains). The different satisfactions with respect 
to the constraints and wishes are given by Table 4. 
Obviously, the result depends on the chosen operator to 
represent the conjunction. We propose the two different 
conjunction operators Omin, min  and Omin, max. 

Table 4 : Satisfactions with respect to (C1,W1) and (C2,W2) 

#Trip C1 
"a cheap

journey" 

W1 
"a 

cheap

journey 
and a 
small

flight 
time" 

C2 
"small

town" 

W2 
"a small

town and in 

the 

countryside" 

#1 0.9 0.7 1 0.1 
#2 1 0.5 0.9 0.5 
#3 0.9 0.3 1 1 
#4 0.7 0.6 0.6 0.5 
#5 0.8 0.2 0.6 0.5 

When the operator Omin, min is chosen, the meaning of the 
query becomes: 

"a cheap journey with an hotel in a small town, if possible 
with a small flight time and an hotel located in the

countryside".  

The results are given by Table 5. 

Table 5 : Results provided by Omin, min

#Trip µC(#Trip) µW(#Trip) 
#2 0.9 0.5 
#3 0.9 0.3 
#1 0.9 0.1 
#4 0.6 0.5 
#5 0.6 0.2 

We obtain the order : #2 > #3 > #1 > #4 > #5.  

When the operator Omin, max is chosen, the meaning of the 
query becomes: 

"a cheap journey with an hotel in a small town, if possible 
with a small flight time or an hotel located in the

countryside".  

The results are given by Table 6: 

Table 6 : Results provided by Omin, max

 #Trip µC(#Trip) µW(#Trip) 
 #3 0.9 1 
 #1 0.9 0.7 
 #2 0.9 0.5 
 #4 0.6 0.6 
 #5 0.6 0.5 
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We obtain the order : #3 > #1 > #2 > #4 > #5.  

The obtained order is different from the ones provided by 
Omin, min (the meanings of the operator being different). 
This example shows that the two different operators 
considered here lead to two different results since they have 
two different meanings (Omin, min means “all the constraints 
and all the wishes”, while Omin, max means “all the constraints 
and at least one wish”). ♦

Last example has shown that, when Omin, min and Omin, max are 
used, the fundamental property of constraints and wishes (W 
⊆ C) is lost (since the result are based on ad-hoc operators). 
However, we think that this loss is not an issue since it 
reflects the user's attitude with respect to the aggregation of 
wishes (either all, either at least one).  However, it stresses 
the need for other operators (as extended norms and co-
norms). 

4 Extended norms and co-norms 
This section is interested in defining operators acting as 
extended norms and co-norms for fuzzy bipolar conditions. 
Subsection 4.1 shows that it is not possible to define an 
extended norm (and an extended co-norm) using  any 
operator Oop1, op2  where op1 and op2 are either a norm or a 
co-norm (cf.  section 3). Section 4.2 defines a couple of 
extended norm and co-norm (and their associated  negation). 

4.1 Extended norms, co-norms and Oop1, op2   

The different properties bring by norms and co-norms are 
necessary conditions to keep the algebraic framework of 
computations (or at least to achieve computations in an 
human-consistent framework). The operator Omin,min  is a 
rather rational candidate for an extended norm but next 
example shows that it  does not respect the monotonicity 
property of norms and it concludes that this loss is very 
damageable.  

Example 3. The property of monotonicity of a given norm ∧
is defined by: 

a � b and c � d  E (a ∧ c)  � (b ∧ d) 

The following counter example shows it is not respected by 
Omin,min  : 

Let x and y be two elements and two fuzzy bipolar 
conditions FBC1 and FBC2. The  respective satisfaction of x 
and y to these two fuzzy bipolar conditions are shown by 
Figure 2. 

 FBC1 FBC2 

x (0.7, 0.7) (0.9, 0.4) 

y (0.7, 0.6) (0.8, 0.5) 

Figure 2 : Satisfactions of x and y to FBC1, FBC2. 

The property of monotonicity does not hold in this case 
since: 

(0.7, 0.7) ≥ (0.7, 0.6) and  (0.9 , 0.4) ≥ (0.8, 0.5)  

while  : 

(0.7, 0.7) Omin,min  (0.9, 0.4)  

< (0.7, 0.6) Omin,min  (0.8, 0.5).  

This behaviour is not acceptable for a conjunction since x is 
preferred to y when considering criteria FBC1 and when 
considering criteria FBC2, but x is not preferred to y when 
considering the conjunction "FBC1 and FBC2".♦

More generally, an extended norm (or co-norm) cannot be 
defined by any operator Oop1,op2 as demonstrated hereafter 
(the demonstration is only provided for the norm and it can 
be easily adapted for a co-norm). 

Demonstration. We assume an extended norm defined as 
Oop1,op2 :  

(C1,W1) Oop1, op2 (C2,W2) � (op1(C1, C2), op2(W1,W2)), 

where op1 and op2 are either a norm or a co-norm.  The 
demonstration is based on two steps. At first, two properties 
which are necessarily satisfied by such an operator are 
pointed out. Secondly, it is shown that these properties are 
not compatible with an extended norm since the property of 
monotonicity does not hold.  

First step: Since a fuzzy condition (a fuzzy set) is a 
particular case of a fuzzy bipolar condition, an extended 
norm for fuzzy bipolar conditions should revert to a norm in 
case of a fuzzy set. A fuzzy set being defined as a fuzzy 
bipolar condition where the constraint equals the wish, the 
application of an extended norm Oop1,op2 can be rewritten (in 
case of fuzzy sets): 

(C1,C1) Oop1, op2 (C2,C2) � (op1(C1, C2), op2(C1,C2)), 

In addition (op1(C1, C2), op2(C1,C2)) is nothing but the 
expression of a norm ∧ between C1 and C2 . Since  ∧ (C1, C2)
can be represented by  (∧ (C1, C2), ∧ (C1,C2)) we immediately 
get two properties:  

P1) op1 equals op2,  
P2) op1 is a norm (denoted ∧). 

Second step: Due to the previous result, any Oop1,op2 operator 
defining an extended norm is rewritten O∧,∧ where ∧ is a 
norm. As a consequence, the property of monotonicity does 
not hold since: 

(0, 1) ≥ (0, 1)  

and   (1, 0) ≥ (0, 1)  

while: 

(0, 1) O∧,∧ (1, 0) < (0, 1) O∧,∧ (0, 1)  

(since  (0, 1) O∧,∧ (1, 0) = (0 ∧ 1, 1 ∧ 0) = (0, 0) 
              and  (0, 1) O∧,∧ (0, 1) = (0 ∧ 0, 1 ∧ 1) = (0, 1)). ♦
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This subsection has shown that it is necessary to define 
operators satisfying the properties of norms and co-norms 
(we recall that the total order considered here is the 
lexicographical order with (1, 1) as greatest element and (0, 
0) as least element). 

4.2 Definition for a couple of extended norm and co-norm 

An extended norm ∧ and an extended co-norm ∨ can be 
defined by the minimum  and maximum with respect to the 
lexicographical order (which provides a total order): 

(x, y) ∧ (x’, y’) = min((x, y), (x’, y’)),        (2) 

(x, y) ∨ (x’, y’) = max((x, y), (x’, y’)).        (3) 

Due to the total order, it is easy to prove that ∧ and ∨ are 
respectively an extended norm and an extended co-norm.  

Similarly, a negation operator G can be defined by: 

G (x, y) = (1-x, 1-y).              (4) 

Next proof shows that the De Morgan laws are preserved: 

G (x, y) ∨ G (x’, y’) = G [(x, y) ∧ (x’, y’)] 

G (x, y) ∧ G (x’, y’) = G [(x, y) ∨ (x’, y’)]. 

Proof. We consider (x, y) ∧ (x’, y’) = min((x, y), (x’, y’)) = 
(x, y). The properties to demonstrate obviously hold when (x 
= x') and (y = y'). When  (x �x') or (y � y'), we get (x  < x' or 
((x = x’) and (y  < y')). The complementation to one gives :  
(1-x > 1-x’) or ((1- x = 1-x’) and (1-y > 1-y')). As a 
consequence (1 - x, 1 -y) ∨ (1-x’, 1-y’) = (1-x, 1-y) which 
can be rewritten G (x, y) ∨ G (x’, y’) = G (x, y). Then we get G
(x, y) ∨ G (x’, y’) = G (x, y) = G [(x, y) ∧ (x’, y’)]. The first 
law is then demonstrated and the second one is valid .♦  

Example 4. We consider the framework and the query of 
example 2 ("a cheap journey, if possible with a small flight 
time, and an hotel in a small town, if possible located in the

countryside). Constraint C1 is the fuzzy condition "a cheap

journey", W1 is the fuzzy wish "a cheap journey with a small

flight time" and C2 is the fuzzy constraint "hotel in a small

town" while W2 is the fuzzy wish "hotel in a small town and 
in the countryside". 
When the norm ∧ is chosen, the conjunction returns the 
worst case between  (C1,W1) and (C2,W2) and the meaning of 
the query is a pure conjunction (the worst evaluation being 
retained). We get the results provided by Table 7. 

Table 7 : Results provided by norm ∧

#Trip µC(#Trip) µW(#Trip) 
#1 0.9 0.7 
#2 0.9 0.5 
#3 0.9 0.3 
#4 0.6 0.5 
#5 0.6 0.5 

We obtain the order : #1 > #2 > #3 > #4 = #5.  

Here again, the obtained order is different from the ones 
provided by Omin, max and Omin, min (the meanings of the 
operator being different, cf example 3). In addition, one may 
remark that the fundamental property of fuzzy wish and 
constraint (W ⊆ C) holds in this case (since µW(#Trip) �
µC(#Trip) for any trip). ♦

5 Particular case of fuzzy conditions 
This subsection shows the behaviours of the operators 
defined in the previous sections in the particular case where 
the fuzzy bipolar conditions are pure constraints (W = C). 
When dealing with pure constraints, the extended norm ∧
and co-norm  ∨ are nothing but the norm min and the co-
norm max of fuzzy sets.  

Proof. We consider (x, x) ∧ (y, y) = (x, x). It means (x, x) is 
the minimum when the lexicographical order is used which 
can be rewritten (x < y) or (x = y) and then: 

(x, x) ∧ (y, y) = (x, x) = (min(x, y), min(x, y)). 

The expression (min(x, y), min(x, y)) is the representation (in 
terms of constraints and wishes) of the minimum of the two 
degrees x and y which demonstrate that (x, x) ∧ (y, y) 
represents the norm min. A similar proof holds for ∨ and the 
co-norm max.♦  

The extended norm ∧ and co-norm ∨ can also be defined by  
the parameterized  operator Oop1,op2  where op1 equals op2 and 
is either the minimum or the maximum (it is not the case in 
general since  ∧ and ∨ cannot be expressed by Oop1,op2, as 
example (0.6, 0.8) ∧ (0.5, 1) = (0.5, 1) while (0.6, 0.8) Omin, 

min (0.5, 1) = (0.5, 0.8)).  

Proof. We consider (x, x) ∧ (y, y) = (x, x) and (x, x) ∨ (y, y) 
= (y, y). It means (x < y) or (x = y) and then : 

(x, x) ∧ (y, y) = (x, x) = (min(x, y), min(x, y))  

                                   = (x, x) Omin, min (y, y), 

(x, x) ∨ (y, y) = (y, y) = (max(x, y), max(x, y))  

                                   = (x, x) Omax, max (y, y). ♦

More generally, when op1 equals op2 the parameterized 
operator Oop1,op2  is either a norm or a co-norm between two 
fuzzy sets (the one chosen to implement op1 and op2).  
The main question is about the meaning of Oop1,op2  when op1
and op2 differs.  First of all, for a sake of simplicity, we 
assume that op1 is a norm. Since the lexicographical order is 
used, it is possible to claim that Oop1,op2  allows for a 
refinement of norm op1 since  results are firstly ranked on the 
degree provided by op1, op2 being only used to discriminate 
among elements having same degrees for the norm op1.  
Similarly, when op1 is a co-norm, the lexicographical order 
provides a refinement of this co-norm.  
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Example 5. We consider four items x,y,z and t which are 
valuated using a conjunction between the satisfactions of two 
fuzzy bipolar conditions FBC1 and FBC2 (cf. Table 8). 

Table 8 : Satisfactions with respect to FBC1 and FBC2 

 item FBC1 FBC2 
 x (0.7, 0.7) (0.8,0.8) 
 y (0.5, 0.5) (1, 1) 
 z (0.5, 0.5) (0.8, 0.8) 
 t (0.3, 0.3) (1, 1) 

The satisfactions with respect to the conjunction are given by 
Table 9. 

Table 9 : Satisfactions with respect to the conjunction 

item FBC1 Omin, min FBC2 FBC1 Omin, max FBC2 
x (0.7, 0.7) (0.7,0.8) 
y (0.5, 0.5) (0.5, 1) 
z (0.5, 0.5) (0.5, 0.8) 
t (0.3, 0.3) (0.3, 1) 

When the minimum (Omin, min) is considered we get x > y = z 
> t, while Omin, max gives x > y > z > t.  The operator Omin, max

allows to discriminate elements y and z which are 
undistinguishable when Omin, min is considered. ♦  

6 Conclusion 
This paper has dealt with the evaluation of fuzzy bipolar 
conditions into fuzzy queries addressed to a regular 
relational database (where the stored data are precisely 
known). Such conditions are made of two components: a 
mandatory condition (also called a constraint) and an 
optional condition (also called a wish). More precisely, we 
have considered fuzzy bipolar conditions where the 
constraint and the wish express user preferences and are 
defined by fuzzy sets. In particular, we have shown  that a  
fuzzy bipolar condition is a generalization of a fuzzy 
condition (defined by a fuzzy set) and several operators to 
aggregate fuzzy bipolar conditions have been defined.  

This paper has pointed out the importance to define an 
extended norm and an extended co-norm for fuzzy bipolar 
conditions. It proposes a couple of extended norm and co-
norm which is a generalization of the couple (min, max) of 
fuzzy sets. In the particular case where fuzzy bipolar 
conditions are fuzzy conditions, some proposed operators 
leads to a refinement of norm and conorm as it is the case for 
the leximin and discrimin orders [13].  
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Abstract— This paper presents a new abstract framework to deal
in a uniform way with the increasing variety of fuzzy logics studied
in the literature. By means of notions and techniques from Abstract
Algebraic Logic, we perform a study of non-classical logics based
on the kind of generalized implication connectives they possess. It
yields the new hierarchy of implicational logics. In this framework
the notion of implicational semilinear logic can be naturally intro-
duced as a property of the implication, namely a logic L is an impli-
cational semilinear logic iff it has an implication such that L is com-
plete w.r.t. the matrices where the implication induces a linear order, a
property which is typically satisfied by well-known systems of fuzzy
logic. The hierarchy of implicational logics is then restricted to the
semilinear case obtaining a classification of implicational semilinear
logics that encompasses almost all the known examples of fuzzy log-
ics and suggests new directions for research in the field.

Keywords— Abstract Algebraic Logic, Implicative logics, Leib-
niz Hierarchy, Mathematical Fuzzy Logic, Semilinear logics.

1 Introduction

Mathematical Fuzzy Logic is the subdiscipline of Mathemat-
ical Logic which studies the logical systems that, since the
inception of the theory of fuzzy sets, have been proposed to
deal with the reasoning with predicates that can be modelled
by fuzzy sets. The first ones, coming from the many-valued
logic tradition, were Łukasiewicz and Gödel-Dummett logics,
both complete w.r.t. the semantics given by a continuous t-
norm. Later, a third system with this feature was introduced:
product logic. Starting from these three main examples, the
area has followed a long process of increasing generalization
that has led to wider and wider classes of fuzzy logics. The
first step was taken by Hájek [14] when he proposed the Ba-
sic fuzzy Logic BL, which turn out to be complete w.r.t. the
semantics of all continuous t-norms. Later on, to put it in
Hájek’s words, scholars kept removing legs from the flea by
considering weaker notions of fuzzy logic: divisibility was
removed in the logic MTL [8] which is complete w.r.t. the se-
mantics of all left-continuous t-norms, negation was removed
when considering fuzzy logics based on hoops [9], commu-
tativity of t-norms was disregarded in [13], and t-norms were
replaced by uninorms in [16]. On the other hand, logics with
a higher expressive power were introduced by considering ex-
panded real-valued algebras (with projection ∆, involution ∼,
truth-constants, etc.), and in recent works fuzzy logics have
started emancipating from the real-valued algebras as the only
intended semantics by considering systems complete w.r.t. ra-
tional, finite or hyperreal linearly ordered algebras [5].

When dealing with this huge variety of fuzzy logics one
may want to have some tools to prove general results that ap-
ply not only to a particular logic, but to a class of logics. To
some extent this has been achieved by means of the notions of
core and ∆-core fuzzy logics [15] and results for these classes
can be already found in a number of papers. However, those
classes contain roughly just expansions of MTL and MTL�
logics, so they do not cover weaker systems such as those from
[16]. This shows that general notions of fuzzy logics are very
useful, but we need to look for a more abstract framework to
cope with all known examples and with other new logics that
may arise in the near future.

In doing so, one certainly needs some intuition about the
class of objects he would like to mathematically determine,
namely some intuition of what are the minimal properties that
should be required for a logic to be fuzzy. The evolution out-
lined above shows that almost no property of these systems
was essential as they were step-by-step disregarded. Never-
theless, there is one that has remained untouched so far: com-
pleteness w.r.t. a semantics based on linearly ordered alge-
bras. It actually corresponds to the main thesis of [1] that
defends that fuzzy logics are the logics of chains. Such a
claim must be read as a methodological statement, pointing at
a roughly defined class of logics, rather than a precise mathe-
matical description of what fuzzy logics are, since there could
be many different ways in which a logic might enjoy a com-
plete semantics based on chains. The aim of the present pa-
per is to use some notions and techniques from Abstract Al-
gebraic Logic (AAL) to provide a new framework where we
can develop in a natural way a particular technical notion cor-
responding to the intuition of fuzzy logics as the logics of
chains. Namely, we will present the hierarchy of implicational
logics as a new classification of non-classical logics extending
the well-known Leibniz hierarchy and encompassing other im-
portant classes such as implicative logics [18] and weakly im-
plicative logics [4]. Inside this new hierarchy we will build
a very general class of fuzzy logics that we will call implica-
tional semilinear logics.

The technical aspects of this paper are based on the submit-
ted work [6] however it concentrates on presenting the justifi-
cation of our new framework from the point of view of Math-
ematical Fuzzy Logic. Section 2 describes our general setting
and Section 3 informally summarizes our arguments. The re-
maining sections present samples of technical arguments sup-
porting our thesis. Finally, Appendix A recalls crucial prelim-
inary notions from the theory of logical calculi.
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2 The hierarchy of implicational logics
Although implication in the vast majority of existing fuzzy
logics is given by a single (primitive or derived) connective,
we follow a long-established tradition of Abstract Algebraic
Logic and consider that implication could be given by a (pos-
sibly parameterized) set of formulae. However the following
convention will allow us to hide this feature of our approach,
providing a high level of abstraction without any apparent in-
crease of complexity. Let ⇒(p, q,−→r ) be a set of L-formulae
in two variables and, possibly, with a sequence of parame-
ters −→r . Given formulae ϕ,ψ and a sequence of formulae
−→α , ⇒(ϕ,ψ,−→α ) denotes the set obtained by substituting the
variables in ⇒(p, q,−→r ) by the corresponding formulae, and
ϕ ⇒ ψ denotes the set

⋃{⇒(ϕ,ψ,−→α ) | −→α ∈ Fm≤ω
L }.

We generalize the following properties, typically satisfied
by an implication, to sets of (parameterized) formulae. How-
ever a reader can always understand these conditions as if ⇒
would be just a single binary connective.

Definition 1. Let L be a logic and ⇒(p, q,−→r ) ⊆ FmL be
a parameterized set of formulae. We say that ⇒ is a weak
p-implication in L if:

(R) �L ϕ ⇒ ϕ
(MP) ϕ,ϕ ⇒ ψ �L ψ
(T) ϕ ⇒ ψ, ψ ⇒ χ �L ϕ ⇒ χ
(sCng) ϕ ⇒ ψ, ψ ⇒ ϕ �L c(χ1, . . . , χi, ϕ, . . . , χn)

⇒ c(χ1, . . . , χi, ψ, . . . , χn)
for each 〈c, n〉 ∈ L and each i < n

We change the prefix ‘weak’ to ‘algebraic’ if there is a set E(p)
of equations in one variable such that

(Alg) p 	�L E[E(p)],

where E(p, q,−→r ) = ⇒(p, q,−→r ) ∪⇒(q, p,−→r )
We change the prefix ‘weak’ to ‘regular’ if:

(Reg) ϕ, ψ �L ψ ⇒ ϕ

We change the prefix ‘weak’ to ‘Rasiowa’ if:

(W) ϕ �L ψ ⇒ ϕ

Finally, if ⇒ is parameter-free we drop the prefix ‘p-’.

We can easily show the relative strength of defined no-
tions: each Rasiowa p-implication is a regular p-implication
and each regular p-implication is an algebraic p-implication.

Definition 2. We say that a logic L is a weakly/algebraically/
regularly/Rasiowa- (p-)implicational logic if there is a (pa-
rameterized) set of formulae ⇒ which is a weak/algebraic/re-
gular/Rasiowa (p-)implication in L. We add the prefix
‘finitely’ if ⇒ is finite and we use the adjective ‘implicative’
instead of ‘implicational’ if ⇒ is a parameter-free singleton.

Each class of the well-known Leibniz hierarchy [7] coin-
cides with some of our newly defined classes. In fact, our
new taxonomy extends it, incorporates other already existing
classes of logics,1 and offers a more systematic way of clas-
sification: in one axis we go from p-implicational, implica-
tional, finitely implicational to implicative (depending on the

1Rasiowa-implicative logics were already defined in 1974 by Ra-
siowa [18] and weakly implicative logics in 2006 by Cintula [4].

form of the implication set); in the second one we use prefixes
‘weakly’, ‘algebraically’, ‘regularly’, or ‘Rasiowa-’ (depend-
ing on extra properties fulfilled by that set). The translation
table is:

Classes of Leibniz hierachy Our systematic names
protoalgebraic weakly p-implicational
(finitely) equivalential (finitely) weakly impl.
weakly algebraizable algebraically p-impl.
regularly weakly algebraizable regularly p-implicational
(finitely) algebraizable (finitely) algebraically impl.
(finitely) regularly algebraizable (finitely) regularly impl.

Our new classification of logics, the hierarchy of impli-
cational logics is depicted below (the arrows correspond to
the class subsumption relation). We can show that almost all
classes of logics in this hierarchy are mutually different; only
the difference between Rasiowa-implicational and Rasiowa-p-
implicational logics remains to be shown.

The syntactical notion of weak p-implication that we have
introduced has a natural semantical counterpart: a preorder in
the models that becomes an order in reduced models.

Definition 3. Let ⇒ be a parameterized set of formulae and
A = 〈A, F 〉 a matrix. We define a binary relation ≤⇒

A on A:

a ≤⇒
A b iff a ⇒A b ⊆ F.

Proposition 1. Let L be a logic and A ∈ MOD(L). Then a
parameterized set ⇒ is a weak p-implication in L iff ≤⇒

A is a
preorder and its symmetrization of ≤⇒

A is the Leibniz congru-
ence of A.

Clearly ≤⇒
A is an order iff A is reduced. Thus (by virtue of

Theorem 10) we can say that a L is complete w.r.t. the class
of ordered matrices. Our main interest are the logics complete
w.r.t. linearly ordered matrices in the following sense:

Definition 4. Let L be a logic and A = MOD(L). We say
that A is a linear model w.r.t. ⇒ if ≤⇒

A is a linear order. The
class of linear models of L is denoted by MOD�

⇒(L).

Observe that the class of linear models is not intrinsically
defined for a given logic as it depends on the chosen impli-
cation. However, we will see later that in a reasonably wide
class of logics all semilinear implications define the same lin-
ear models. But even in a general case we can prove:

Theorem 1. Let L be a protoalgebraic logic. Then, for any
weak p-implication ⇒, MOD�

⇒(L) ⊆ MOD∗(L)RFSI.
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3 Semilinear implications and logics
Given a logic L and a weak p-implication ⇒, we say that ⇒ is
a weak semilinear p-implication if the logic is complete w.r.t.
the class of its corresponding linear models. Formally:

Definition 5. Let L be a logic and ⇒ a weak p-implication.
We say that ⇒ is a weak semilinear p-implication if

�L = |=MOD�⇒(L).

Later we define implicational semilinear logics as those
possessing some weak semilinear p-implication. Obviously,
they will be fuzzy logics in the sense of [1]. However, we
choose the term ‘semilinear’ instead of ‘fuzzy’ in spite of the
fact that a first step towards the general definition we are of-
fering here had been done by the first author in [4], when he
defined the class of weakly implicative fuzzy logics (in our new
framework: logics with a weak semilinear implication given
a single binary connective). We have realized that the attempt
of [4] of using the term ‘fuzzy’ to formally define a class of
logics was rather futile as such word is heavily charged with
many conflicting potential meanings.

Therefore, we have opted now for the new neutral name
‘semilinear’. The term was first used by Olson and Raftery
in [17] in the context of residuated lattices; it refers to the Uni-
versal Algebra tradition of calling a class of algebras ‘semiX’
whenever its subdirectly irreducible members have the prop-
erty X (how this is related to our case will be apparent after
Theorem 3). Despite using a new neutral name our intention
remains the same: to formally delimit the class of fuzzy log-
ics inside some existing abstract class of formal non-classical
logics (originally, among weakly implicative ones now among
the protoalgebraic ones). Of course it should include almost
all the prominent examples of fuzzy logics known so far and
exclude non-classical logics which are usually not recognized
as fuzzy logics in the Logic community.

However let us stress that we do not expect to capture in a
mathematical definition the whole intuitive notion of arbitrary
fuzzy logic. Even if we would agree that linearity of semantics
is crucial for a formal logic to be fuzzy there could be several
other ways in which a logic might have a complete semantics
somehow based on chains (see e.g. [2] or some recent work on
modal fuzzy logics).

We formally define classes of implicational semilinear log-
ics based on the form of semilinear implication they possess.

Definition 6. We say that L is a weakly/algebraically/
Rasiowa- (p-)implicational semilinear logic if there is a
(parameterized) set of formulae ⇒ such that it is a
weak/algebraic/Rasiowa semilinear (p-)implication in L. We
add the ‘finitely’ if the set ⇒ is finite and we use ‘implicative’
instead of ‘implicational’ if ⇒ is a parameter-free singleton.

We have not defined the class of regularly (p-)implicational
(implicative) semilinear logics, because (as we will see
in Corollary 2) we would obtain that each regularly p-
implicational semilinear logic is a Rasiowa-p-implicational
semilinear logic (and analogously for the other three Rasiowa-
classes in the hierarchy of implicational logics). See all the
classes and their inclusions in the next figure.

We can prove the mutual difference of many classes, but
three differences remain to be seen: Rasiowa-implicational

semilinear logics �= Rasiowa-p-implicational semilinear log-
ics, algebraizable semilinear logics �= weakly algebraizable
semilinear logics, and equivalential semilinear logics �= pro-
toalgebraic semilinear logics.

Proposition 2. Let X be any class in the hierarchy of impli-
cational logics. Then, there is an X logic which is not an X
semilinear logic.

The three main logics based on continuous t-norms
(Łukasiewicz, Gödel-Dummett, and Product logics) as well
as the logic of all continuous t-norms BL are clearly Rasiowa-
implicative semilinear logics. The same can be said in gen-
eral as regards to left-continuous t-norm-based logics such as
MTL and its t-norm based axiomatic extensions, and even
for all axiomatic extensions of MTL (even those which are
not complete w.r.t. a semantics of t-norms) as all of them are
complete w.r.t. a subvariety of MTL-algebras generated by its
linearly ordered members. Two incomparable superclasses of
this one have been considered in the literature. On one hand,
we have the so-called core fuzzy logics introduced in [15] as
finitary logics expanding MTL or MTL�, satisfying (sCng)
for →, and one of the following forms of Deduction Theo-
rem: (i) T, ϕ �MTL� ψ iff T �MTL� ∆ϕ → ψ , for ex-
pansions of MTL�, or (ii) T, ϕ �MTL ψ iff there is n ∈ N

such that T �MTL ϕn → ψ, for expansions of MTL. On
the other hand, we can consider the class of all semilinear
finitary extensions of MTL. Their equivalent quasivariety se-
mantics are the subquasivarieties of MTL-algebras generated
by chains. Since there are such quasivarieties that are not va-
rieties, we have that this class is strictly bigger than that of
axiomatic extensions of MTL. Both incomparable classes are
included in the class of semilinear expansions of MTL, and fi-
nally this one is included in the Rasiowa-implicative semilin-
ear logics. In the recent paper [16] the fuzzy logic UL based
on uninorms instead of t-norms has been studied. It is an alge-
braizable logic without weakening, so it belongs to the class
of algebraically implicative semilinear logics. We can con-
sider the same structure of classes as above without weaken-
ing by replacing MTL for UL. See the resulting hierarchy of
classes of semilinear logics in the next figure. We realize that
all of them lie on the top of our classification, above Rasiowa-
implicative or algebraically implicative semilinear logics. But
if, by means of our definition of semilinear implication pre-
sented in this paper, we have succeeded in capturing an inter-
esting way by which a logic can be fuzzy this means that fuzzy
logics are a much wider class than those studied so far. Thus,
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future research in the field will probably bring new significant
examples of fuzzy logics throughout the whole hierarchy of
implicational semilinear logics.

4 Characterizations of semilinearity
This section provides some useful mathematical characteriza-
tion of semilinear implications. First we define:

Definition 7. Let A = 〈A, F 〉 ∈ MOD(L). The filter F is
called ⇒-linear if ≤⇒

A is a total preorder.
We say that L has the Linear Extension Property (LEP)

w.r.t. ⇒ if for every theory T ∈ Th(L) and every formula
ϕ ∈ FmL \ T , there is a ⇒-linear theory T ′ ⊇ T s.t. ϕ /∈ T ′.

Notice that a matrix 〈A, F 〉 ∈ MOD(L) is in MOD�
⇒(L)

iff it is reduced and F is ⇒-linear. Clearly the (LEP) says
that the ⇒-linear theories form a basis of the closure sys-
tem Th(L). Next theorem shows that an analogous statement
holds for other than Lindenbaum matrices, as one of the so-
called ‘transfer principles’ from AAL.

Theorem 2. Let L be a finitary logic with (LEP) w.r.t. ⇒
and A ∈ ALG∗(L). Then ⇒-linear filters form a basis of
FiL(A).

Next we generalize the ‘Prelinearity property’ from [4].
However, here we prefer the new name ‘Semilinearity Prop-
erty’ following our new terminology.

Definition 8. We say that L has the Semilinearity Property
(SLP) w.r.t. ⇒ if the following meta rule is valid:

Γ, ϕ ⇒ ψ �L χ Γ, ψ ⇒ ϕ �L χ

Γ �L χ

Theorem 3 (Characterization of semilinear implications).
The following are equivalent:

1. ⇒ is semilinear in L,

2. L has the (LEP) w.r.t. ⇒.

Furthermore, if L is finitary we can add:

3. L has the (SLP) w.r.t. ⇒,

4. MOD∗(L)RSI ⊆ MOD�
⇒(L).

Moreover, if ⇒ is finite we can add:

5. MOD∗(L)RFSI ⊆ MOD�
⇒(L).

The previous theorem has several important corollaries. Us-
ing Theorem 1 we obtain that, at least in a reasonably wide
class of logics, being the class of linear models w.r.t. any fi-
nite semilinear implication is an intrinsic property of a logic.

Corollary 1. Let L be a finitary protoalgebraic logic and ⇒ a
finite weak semilinear p-implication. Then MOD∗(L)RFSI =
MOD�

⇒(L).

Corollary 2. Each regular semilinear p-implication is a Ra-
siowa p-implication.

Corollary 3. Let ⇒ a weak semilinear p-implication in L.
Then, ⇒ is semilinear in all axiomatic extensions of L.

This last corollary will be particulary useful for showing
that some logic has no semilinear implication. It is quite easy
to show that an implication in some logic is not semilinear,
consider e.g. the normal implication of the intuitionistic logic;
the well-know fact that the linear Heyting algebras do not gen-
erate the variety of Heyting algebras does the job. However us-
ing part 5. of the characterization theorem we can show much
more: there is no weak semilinear p-implication definable in
the intuitionistic logic, i.e. not only the standard nice Rasiowa
implication given by a single formula is not semilinear but
even using an infinite set with parameters we could never ob-
tain an implication whose linearly ordered Heyting algebras
would generate the variety of Heyting algebras.

Proposition 3. Let L be the logic of a quasivariety of pointed
residuated lattices containing the variety of Heyting algebras.
Then, L is not weakly semilinear p-implicational logic.

Many well-known logics fall under the scope of the previ-
ous proposition: Full Lambek logic (possibly extended with
structural rules), multiplicative-additive fragment of (Affine)
Intuitionistic Linear logic, Relevance logic R, etc.

Corollary 4. Let L be a logic and ⇒ a weak p-implication.
Then, there is the weakest logic extending L where ⇒ is semi-
linear. Let us denote this logic as L�

⇒.

In Section 6 we will show how to axiomatize L�
⇒. However,

to determine a complete semantics is simple:

Proposition 4. Let ⇒ be a weak p-implication in L. Then,
L�
⇒ = |=MOD�⇒(L) and MOD�

⇒(L�
⇒) = MOD�

⇒(L).

5 Disjunctions
In order to provide additional characterizations of semilinear-
ity (and to fill the gap between our abstract setting and real-life
logics) we need to study a generalized notion of disjunction.
As in the case of implication, given a parameterized set of for-
mulae ∇(p, q,−→r ) and formulae ϕ and ψ we define ϕ∇ψ.

Definition 9. Given a logic L and a parameterized set of for-
mulae ∇, we define the following properties:

(PD) ϕ �L ϕ∇ψ and ψ �L ϕ∇ψ
(C) ϕ∇ψ �L ψ∇ϕ
(I) ϕ∇ϕ �L ϕ
(A) ϕ∇(ψ∇χ) 	�L (ϕ∇ψ)∇χ
(PCP) If Γ, ϕ �L χ and Γ, ψ �L χ, then Γ, ϕ∇ψ �L χ.

They correspond to well known usual properties of disjunc-
tion connectives. (C), (I) and (A) are respectively commuta-
tivity, idempotency and associativity, which are typically also
satisfied by conjunction connectives. In contrast, the (PCP) is
typically satisfied only by disjunction connectives. In [6] we
also study a weaker variant of (PCP) for Γ = ∅.
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Definition 10. Given a logic L and a parameterized set of for-
mulae ∇(p, q,−→r ) and a set of properties σ ⊆ {(C), (I), (A)},
we say that ∇ is a σ-p-protodisjunction in L if (PD)
and the properties of σ are satisfied. Furthermore a p-
protodisjunction ∇ is a p-disjunction if it satisfies (PCP). Fi-
nally, if ∇ has no parameters we drop the prefix ‘p-’.

All these defined notions are mutually distinct and any
p-disjunction is in fact a {(C), (I), (A)}-p-protodisjunction.
Moreover, the notion of p-disjunction is intrinsic as any two
p-disjunctions are mutually interderivable.

Definition 11. We call a logic (p-)disjunctional if it has a
(p-)disjunction. Furthermore, we call a logic disjunctive if
it has a disjunction given by a single parameter-free formula.

The classes of disjunctive and disjunctional logics are mu-
tually different. E.g. the implication fragment of Gödel logic
is not disjunctive but the set {(p → q) → q, (q → p) → p} is
its disjunction.

Definition 12. Let L be a logic, ∇ a parameterized set of
formulae, A ∈ ALG∗(L), and F ∈ FiL(A). F is called
∇-prime if for every a, b ∈ A, a∇Ab ⊆ F iff a ∈ F or b ∈ F .

The prime extension property (PEP) is defined as the
(LEP) by substituting the notion of ⇒-linear filter for that
of ∇-prime filter. Then we can prove:

Theorem 4. Let L be a finitary logic and ∇ a p-
protodisjunction. Then L has the (PEP) iff ∇ is p-disjunction.

Theorem 5. Let L be a finitary p-disjunctional logic. Then ∇-
prime filters form a basis of FiL(A) for any A ∈ ALG∗(L).

Now we provide a syntactical characterization of (PCP).
Let us by R∇ (for an L-consecution R = Γ � ϕ) denote the
set {Γ∇χ � δ | χ ∈ FmL and δ ∈ ϕ∇χ}.

Theorem 6. Let L be a finitary logic with a presentation AS
and ∇ a {(C), (I)}-p-protodisjunction. Then, the following
are equivalent:

1. ∇ is a p-disjunction,

2. R∇ ⊆ L for each (finitary) R ∈ L,

3. R∇ ⊆ L for each R ∈ AS .

Corollary 5. Let ∇ be a p-disjunction in a finitary logic L1

and L2 an expansion of L1 by a set of consecutions C. Then:

• ∇ is a p-disjunction in L2 if R∇ ⊆ L2 for each R ∈ C.

• If all the consecutions from C are finitary, then R∇ ⊆ L2

for each R ∈ C iff ∇ is a p-disjunction in L2.

• If all the consecutions from C are axioms, then ∇ is a
p-disjunction.

Definition 13. Let L be a logic and ∇ a parameterized set of
formulae. We denote by L∇ the least logic extending L where
∇ is a p-disjunction.

Theorem 7. Let L be a finitary logic with a finitary presen-
tation AS and ∇ a {(C), (I), (A)}-p-protodisjunction. Then,
L∇ is axiomatized by AS ∪ ⋃{R∇ | R ∈ AS}.

6 Disjunctions and semilinearity
In this section we consider the interesting relationships be-
tween the several kinds of disjunctions and implications we
have defined and their corresponding properties. First, we in-
troduce two natural syntactical conditions: a version of Modus
Ponens with disjunction (DMP): ϕ ⇒ ψ,ϕ∇ψ �L ψ and
ϕ ⇒ ψ, ψ∇ϕ �L ψ, and a generalization of the prelinearity
axiom used in fuzzy logics (P): �L (ϕ ⇒ ψ)∇(ψ ⇒ ϕ).

Theorem 8. Let L be a logic, ∇ a p-protodisjunction, and ⇒
a weak p-implication.

• If L fulfills (DMP), we have:

1. each ⇒-linear theory is ∇-prime,
2. if ⇒ has the (LEP), then ∇ has the (PEP),
3. if ⇒ has the (SLP), then ∇ has the (PCP).

• If L fulfills (P), we have:

4. each ∇-prime theory is ⇒-linear,
5. if ∇ has the (PEP), then ⇒ has the (LEP).

• If L fulfills (P) and either it is finitary or ⇒ is finite and
parameter-free, we have:

6. if ∇ has the (PCP), then ⇒ has the (SLP).

This theorem together with known relations of the proper-
ties (SLP), (PCP), (PEP), (LEP) and semilinearity (The-
orems 3 and 4) allows us to formulate numerous corollaries
about their mutual relationships.

Corollary 6. If L is finitary, ∇ is a p-protodisjunction, and ⇒
a weak p-implication, the following are equivalent:

1. L satisfies (DMP) and ⇒ is semilinear.

2. L satisfies (DMP) and ⇒ has the (SLP).

3. L satisfies (DMP) and ⇒ has the (LEP).

4. L satisfies (P) and ∇ has the (PEP).

5. L satisfies (P) and ∇ has the (PCP).

Thus e.g. a weak p-implication in a finitary p-disjunctional
logic L is semilinear iff L satisfies (P). In p-disjunctional
logic we can strengthen two important results from the previ-
ous section. First, we can remove the precondition of finite-
ness of implication in Part 5. of Theorem 3.

Corollary 7. Let L be a finitary p-disjunctional logic and ⇒
a weak p-implication. Then the following are equivalent:

1. ⇒ is semilinear in L,
2. MOD∗(L)RFSI ⊆ MOD�

⇒(L).

Furthermore, in any finitary p-disjunctional protoalgebraic
logic it holds that: MOD∗(L)RFSI = MOD�

⇒(L) for any
semilinear p-implication ⇒.

Theorem 9. If L is finitary, ∇ is a {(C),(I),(A)}-p-
protodisjunction, ⇒ is a weak p-implication and L satisfies
(DMP), then L�

⇒ is the extension of L∇ by (P).

Corollary 8. Let L be a finitary p-disjunctional logic and ⇒
a weak p-implication. Then, L�

⇒ is extension of L by (P).
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A Bits of the theory of logical calculi
We recall some basic definitions and results of Abstract Alge-
braic Logic.2 The notion of propositional language L is de-
fined in the usual way (a set of connectives with finite arity).
By FmL we denote the free term algebra over a denumerable
set of variables in the language L, by FmL we denote its uni-
verse and we call its elements L-formulae.

A L-consecution is a pair Γ � ϕ, where Γ ⊆ FmL and
ϕ ∈ FmL. A consecution Γ � ϕ is finitary if Γ is finite. For a
set of consecutions L we write Γ �L ϕ rather than Γ � ϕ ∈ L.
A propositional logic is a pair L = 〈L,�L〉 where �L is a
structural consequence relation.

A logic L is finitary if for every Γ ∪ {ϕ} ⊆ FmL such that
Γ �L ϕ there is a finite Γ0 ⊆ Γ such that Γ0 �L ϕ. We write
Γ �L ∆ when Γ �L ϕ for every ϕ ∈ ∆. A theory of a logic
L is a set of formulae T such that if T �L ϕ then ϕ ∈ T . By
Th(L) we denote the set of all theories of L.

Given a finitary logic L = 〈L,�L〉, we say that a set AS of
L-consecutions whose left member is finite is a presentation
of L if the relation �L coincides with the provability relation
given by AS as a Hilbert-style axiomatic system.

Given a language L, an L-matrix is a pair A = 〈A, F 〉
where A is an L-algebra and F is a subset of A called the
filter of A. A homomorphism from FmL to A is called an
A-evaluation. The semantical consequence w.r.t. a class of
matrices K is defined as: Γ |=K ϕ iff for each A ∈ K and
each A-evaluation e we obtain e(ϕ) ∈ F whenever e[Γ] ⊆ F .
Clearly, 〈L, |=K〉 is a logic. We say that a matrix A is a model
of L if �L ⊆ |=A and write A ∈ MOD(L).

Given an L-algebra A, a subset F ⊆ A is an L-filter if
〈A, F 〉 ∈ MOD(L). Let FiL(A) be the set of all L-filters
over A. Observe that for every set of formulae T , we have
T ∈ Th(L) iff 〈FmL, T 〉 ∈ MOD(L); these models are
called the Lindenbaum matrices for L.

It is straightforward to check that FiL(A) is closed under
arbitrary intersections and hence it is a closure system. Recall
that a family B ⊆ C is a basis of a closure system C if for
every X ∈ C there is a D ⊆ C such that X =

⋂D (which
can be equivalent formulated as: for every Y ∈ C and every
a ∈ A \ Y there is Z ∈ B such that Y ⊆ Z and a /∈ Z).

Given a matrix A = 〈A, F 〉, a binary relation ΩA(F ) is
defined as 〈a, b〉 ∈ ΩA(F ) if, and only if, for every sequence
of parameters −→z , L-formula ϕ(x,−→z ), and −→c ∈ A<ω we have
ϕA(a,−→c ) ∈ F iff ϕA(b,−→c ) ∈ F . Inspired by the famous
Leibniz’s identity of indiscernibles principle, ΩA(F ) is called
the Leibniz congruence of 〈A, F 〉.

A matrix is said to be reduced if its Leibniz congruence
is the identity relation. Given a logic L, the class of its re-
duced models is denoted by MOD∗(L), and the class of al-
gebraic reducts of MOD∗(L) is denoted by ALG∗(L). They
are enough to provide a complete semantics for the logic:

Theorem 10. Let L be a logic. Then Γ �L ϕ if, and only if,
Γ |=MOD∗(L) ϕ, for every set of formulae Γ ∪ {ϕ}.

A matrix A ∈ MOD∗(L) is called (finitely) subdirectly
irreducible if it is not a non-trivial (finite) subdirect product of
reduced matrices. The corresponding classes of matrices are
denoted as MOD∗(L)RSI and MOD∗(L)RFSI respectively.

2For a comprehensive survey see [7, 10, 11]. Any necessary back-
ground on Universal Algebra can be found e.g. in [3].
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Abstract— We are interested in representations and characteriza-
tions of lattice polynomial functions f : Ln → L, where L is a given
bounded distributive lattice. In an earlier paper [4, 5], we investi-
gated certain representations and provided various characterizations
of these functions both as solutions of certain functional equations
and in terms of necessary and sufficient conditions. In the present
paper, we investigate these representations and characterizations in
the special case when L is a chain, i.e., a totally ordered lattice. More
precisely, we discuss representations of lattice polynomial functions
given in terms of standard simplices and we present new axiomati-
zations of these functions by relaxing some of the conditions given
in [4, 5] and by considering further conditions, namely comonotonic
minitivity and maxitivity.

Keywords— Lattice polynomial function, discrete Sugeno inte-
gral, normal form, homogeneity, strong idempotency, median decom-
posability, comonotonicity.

1 Introduction
In [5], the class of (lattice) polynomial functions, i.e., func-
tions representable by combinations of variables and constants
using the lattice operations ∧ and ∨, was considered and char-
acterized both as solutions of certain functional equations and
in terms of necessary and sufficient conditions rooted in ag-
gregation theory.

Formally, let L be a bounded distributive lattice with oper-
ations ∧ and ∨, and with least and greatest elements 0 and 1,
respectively. An n-ary polynomial function on L is any func-
tion f : Ln → L which can be obtained by finitely many
applications of the following rules:

(i) For each i ∈ [n] = {1, . . . , n} and each c ∈ L, the
projection x �→ xi and the constant function x �→ c are
polynomial functions from Ln to L.

(ii) If f and g are polynomial functions from Ln to L, then
f ∨ g and f ∧ g are polynomial functions from Ln to L.

Polynomial functions are also called lattice functions (Good-
stein [9]), algebraic functions (Burris and Sankappanavar [3])
or weighted lattice polynomial functions (Marichal [15]).
Polynomial functions obtained from projections by finitely
many applications of (ii) are referred to as lattice term func-
tions.

The recent interest by aggregation theorists in this class
of polynomial functions is partially motivated by its connec-
tion to noteworthy aggregation functions such as the (discrete)
Sugeno integral, which was introduced by Sugeno [18, 19] and
widely investigated in aggregation theory, due to the many ap-
plications in fuzzy set theory, data fusion, decision making,
image analysis, etc. As shown in [15], the discrete Sugeno

integrals are nothing other than those polynomial functions
f : Ln → L which are idempotent, that is, satisfying
f(x, . . . , x) = x. For general background on aggregation the-
ory, see [1, 11] and for a recent reference, see [10].

In this paper, we refine our previous results in the partic-
ular case when L is a chain, by relaxing our conditions and
proposing weak analogues of those properties used in [4, 5],
and then providing characterizations of polynomial functions,
accordingly. Moreover, and motivated by the axiomatizations
of the discrete Sugeno integrals established by de Campos and
Bolaños [6] (in the case when L = [0, 1] is the unit real in-
terval), we present further and alternative characterizations of
polynomial functions given in terms of comonotonic minitiv-
ity and maxitivity. As particular cases, we consider the sub-
class of discrete Sugeno integrals.

The current paper is organized as follows. We start in §2
by introducing the basic notions needed in this paper and pre-
senting the characterizations of lattice polynomial functions
on arbitrary (possibly infinite) bounded distributive lattices,
established in [4, 5]. Those characterizations are reassembled
in Theorem 1. We discuss representations of polynomial func-
tions in normal form (such as the classical disjunctive and con-
junctive normal forms) and introduce variant representations
in the case of chains and given in terms of standard simplices
in §3. In §4, we present characterizations of polynomial func-
tions on chains given in terms of weak analogues of the prop-
erties used in Theorem 1 as well as in terms of comonotonic
minitivity and maxitivity. Axiomatizations for the subclass of
discrete Sugeno integrals are then presented in §5.

2 Basic notions and terminology
Throughout this paper, let L be a bounded chain with opera-
tions ∧ and ∨, and with least and greatest elements 0 and 1,
respectively. A subset S of a chain L is said to be convex if
for every a, b ∈ S and every c ∈ L such that a � c � b, we
have c ∈ S. For any subset S ⊆ L, we denote by S the convex
hull of S, that is, the smallest convex subset of L containing
S. For every a, b ∈ S such that a � b, the interval [a, b] is the
set [a, b] = {c ∈ L : a � c � b}. For any integer n � 1, let
[n] = {1, . . . , n}.

For any bounded chain L, we regard the Cartesian product
Ln, n � 1, as a distributive lattice endowed with the opera-
tions ∧ and ∨ given by

(a1, . . . , an) ∧ (b1, . . . , bn) = (a1 ∧ b1, . . . , an ∧ bn),
(a1, . . . , an) ∨ (b1, . . . , bn) = (a1 ∨ b1, . . . , an ∨ bn).

The elements of L are denoted by lower case letters a, b, c, . . .,
and the elements of Ln, n > 1, by bold face letters a,b, c, . . ..
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We also use 0 and 1 to denote the least element and greatest el-
ement, respectively, of Ln. For c ∈ L and x = (x1, . . . , xn) ∈
Ln, set

x∧c = (x1∧c, . . . , xn∧c) and x∨c = (x1∨c, . . . , xn∨c).

The range of a function f : Ln → L is defined by Rf =
{f(x) : x ∈ Ln}. A function f : Ln → L is said to be nonde-
creasing (in each variable) if, for every a,b ∈ Ln such that
a � b, we have f(a) � f(b). Note that if f is nondecreasing,
then Rf = [f(0), f(1)].

Let S be a nonempty subset of L. A function f : Ln → L
is said to be

• S-idempotent if for every c ∈ S, we have f(c, ..., c) = c.

• S-min homogeneous if for every x ∈ Ln and c ∈ S,

f(x ∧ c) = f(x) ∧ c. (1)

• S-max homogeneous if for every x ∈ Ln and c ∈ S,

f(x ∨ c) = f(x) ∨ c. (2)

• horizontally S-minitive if for every x ∈ Ln and c ∈ S,

f(x) = f(x ∨ c) ∧ f([x]c), (3)

where [x]c is the n-tuple whose ith component is 1, if
xi � c, and xi, otherwise.

• horizontally S-maxitive if for every x ∈ Ln and c ∈ S,

f(x) = f(x ∧ c) ∨ f([x]c), (4)

where [x]c is the n-tuple whose ith component is 0, if
xi � c, and xi, otherwise.

• median decomposable if, for every x ∈ Ln and k ∈ [n],

f(x) = median
(
f(x0

k), xk, f(x1
k)

)
, (5)

where median(x, y, z) = (x∧ y)∨ (y ∧ z)∨ (z ∧x) and
xc

k = (x1, . . . , xk−1, c, xk+1, . . . , xn) for c ∈ L.

• strongly idempotent if, for every x ∈ Ln and k ∈ [n],

f(x1, . . . , xk−1, f(x), xk+1, . . . , xn) = f(x).

Remark 1. In the case when S = L is the real interval [0, 1],
the concepts of S-min and S-max homogeneity were intro-
duced by Fodor and Roubens [8] to specify certain classes
of aggregation functions, and the concept of horizontal S-
maxitivity was introduced by Benvenuti et al. [2] as a general
property of the Sugeno integral. The concept of median de-
composability was introduced in [15] and that of strong idem-
potency in [4, 5] as properties of polynomial functions.

We say that a function f : Ln → L has a componentwise
convex range if either n = 1 and f has a convex range, or n >
1 and for every a = (a1, . . . , an) ∈ Ln and every k ∈ [n], the
unary function fk

a : L → L, given by fk
a (x) = f(ax

k) has a
convex range.

The following theorem reassembles the various characteri-
zations of polynomial functions, established in [4], in the par-
ticular case when L is a bounded chain.

Theorem 1. Let f : Ln → L be a function. The following
conditions are equivalent:

(i) f is a polynomial function.

(ii) f is median decomposable.

(iii) f is nondecreasing, strongly idempotent, has a convex
range and a componentwise convex range.

(iv) f is nondecreasing, Rf -min homogeneous, and Rf -max
homogeneous.

(v) f is nondecreasing, Rf -min homogeneous, and horizon-
tally Rf -maxitive.

(vi) f is nondecreasing, horizontally Rf -minitive, and Rf -
max homogeneous.

(vii) f is nondecreasing, Rf -idempotent, horizontally Rf -
minitive, and horizontally Rf -maxitive.

3 Representations of polynomial functions
Polynomial functions are known to be exactly those functions
which can be represented by formulas in disjunctive and con-
junctive normal forms. This fact was first observed by Good-
stein [9] who, in fact, showed that each polynomial func-
tion f : Ln → L is uniquely determined by its restriction to
{0, 1}n. For a recent reference, see Rudeanu [17].

In this section we recall and refine some known results con-
cerning normal forms of polynomial functions and, in the spe-
cial case when L is a chain, we present variant representations
given in terms of standard simplices of Ln.

The following three results are due to Goodstein [9].

Corollary 2. Every polynomial function is completely deter-
mined by its restriction to {0, 1}n.

Corollary 3. A function g : {0, 1}n → L can be extended to
a polynomial function f : Ln → L if and only if it is nonde-
creasing. In this case, the extension is unique.

Proposition 4. Let f : Ln → L be a function. The following
conditions are equivalent:

(i) f is a polynomial function.

(ii) There exists α : 2[n] → L such that

f(x) =
∨

I⊆[n]

(
α(I) ∧

∧
i∈I

xi

)
.

(iii) There exists β : 2[n] → L such that

f(x) =
∧

I⊆[n]

(
β(I) ∨

∨
i∈I

xi

)
.

We shall refer to the expressions given in (ii) and (iii) of
Proposition 4 as the disjunctive normal form (DNF) represen-
tation and the conjunctive normal form (CNF) representation,
respectively, of the polynomial function f .

Remark 2. By requiring α and β to be nonconstant functions
from 2[n] to {0, 1} and satisfying α(∅) = 0 and β(∅) = 1,
respectively, we obtain the analogue of Proposition 4 for term
functions.
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For each polynomial function f : Ln → L, set

DNF(f) =
{

α ∈ L2[n]
: f(x) =

∨
I⊆[n]

(
α(I) ∧

∧
i∈I

xi

)}
,

CNF(f) =
{

β ∈ L2[n]
: f(x) =

∧
I⊆[n]

(
β(I) ∨

∨
i∈I

xi

)}
.

A complete description of the sets DNF(f) and CNF(f) can
be found in [5, §3.1]. As we are concerned by the case when
L is a chain, we recall the description only in this special case;
see [15, §3].

For each I ⊆ [n], let eI be the element of Ln whose ith
component is 1, if i ∈ I , and 0, otherwise. Let αf : 2[n] →
L be the function given by αf (I) = f(eI) and consider the
function α∗

f : 2[n] → L defined by

α∗
f (I) =

{
αf (I), if

∨
J�I αf (J) < αf (I),

0, otherwise.

Dually, Let βf : 2[n] → L be the function given by βf (I) =
f(e[n]\I) and consider the function β∗

f : 2[n] → L defined by

β∗
f (I) =

{
βf (I), if

∧
J�I βf (J) > βf (I),

1, otherwise.

Proposition 5. Let f : Ln → L be a polynomial function.
Then

(i) DNF(f) = [α∗
f , αf ] and f has a unique DNF repre-

sentation if and only if
∨

J�I αf (J) < αf (I) for every
I ⊆ [n],

(ii) CNF(f) = [βf , β∗
f ] and f has a unique CNF repre-

sentation if and only if
∧

J�I βf (J) > βf (I) for every
I ⊆ [n].

In particular, αf and βf are the unique isotone and antitone,
respectively, maps in DNF(f) and CNF(f), respectively.

In the case of chains, the DNF and CNF representations of
polynomial functions f : Ln → L can be refined and given in
terms of standard simplices of Ln (see Proposition 6 below).
Recall that

median(x1, . . . , x2n+1) =
∨

I⊆[2n+1]
|I|=n+1

∧
i∈I

xi.

Let σ be a permutation on [n]. The standard simplex of Ln

associated with σ is the subset Ln
σ ⊂ Ln defined by

Ln
σ = {(x1, . . . , xn) ∈ Ln : xσ(1) � · · · � xσ(n)}.

For each i ∈ [n], define S↑
σ(i) = {σ(i), . . . , σ(n)} and

S↓
σ(i) = {σ(1), . . . , σ(i)}. As a matter of convenience, set

S↑
σ(n + 1) = S↓

σ(0) = ∅.

Proposition 6. Let f : Ln → L be a function. The following
conditions are equivalent:

(i) f is a polynomial function.

(ii) For any permutation σ on [n] and every x ∈ Ln
σ , we have

f(x)

=
∨

i∈[n+1]

(
αf (S↑

σ(i)) ∧ xσ(i)

)

=
∧

i∈[n+1]

(
αf (S↑

σ(i)) ∨ xσ(i−1)

)
= median

(
x1, ..., xn, αf (S↑

σ(1)), ..., αf (S↑
σ(n + 1))

)
,

where xσ(0) = 0 and xσ(n+1) = 1.

(iii) For any permutation σ on [n] and every x ∈ Ln
σ , we have

f(x)

=
∨

i∈[n+1]

(
βf (S↓

σ(i − 1)) ∧ xσ(i)

)

=
∧

i∈[n+1]

(
βf (S↓

σ(i − 1)) ∧ xσ(i−1)

)
= median

(
x1, . . . , xn, βf (S↓

σ(0)), . . . , βf (S↓
σ(n))

)
,

where xσ(0) = 0 and xσ(n+1) = 1.

Remark 3. The equivalence between (i) and (ii) of Proposi-
tion 6 was already observed in [15, §5]. Prior to this, Proposi-
tions 5 and 6 were already established in [14] for idempotent
polynomial functions (discrete Sugeno integrals) in the case
when L is the unit real interval [0, 1]; see also [13, §4.3].

4 Characterizations of polynomial functions
In this section, we propose weak analogues of the properties
used in Theorem 1 and provide characterizations of polyno-
mial functions on chains, accordingly. Moreover, we intro-
duce further properties, namely, comonotonic minitivity and
maxitivity, which we then use to provide further characteriza-
tions of polynomial functions.

For integers 0 � p � q � n, define L
(p,q)
n = {x ∈

Ln : |{x1, . . . , xn} ∩ {0, 1}| � p and |{x1, . . . , xn}| � q}.
For instance, L

(0,2)
n is the set of Boolean vectors of Ln that

are two-sided trimmed by constant vectors, that is

L(0,2)
n =

⋃
e∈{0,1}n

c,d∈L

{median(c, e, d)},

where the median is taken componentwise.

4.1 Weak homogeneity

Let S be a nonempty subset of L. We say that a function
f : Ln → L is weakly S-min homogeneous (resp. weakly S-
max homogeneous) if (1) (resp. (2)) holds for every x ∈ L

(0,2)
n

and every c ∈ S.
For every integer m � 1, every x ∈ Lm, and every

f : Ln → L, we define 〈x〉f ∈ Lm as the m-tuple

〈x〉f = median(f(0),x, f(1)),

where the right-hand side median is taken componentwise. As
observed in [5], for every nonempty subset S ⊆ L, we have
that f is S-min homogeneous and S-max homogeneous if and
only if it satisfies

f(median(r,x, s)) = median(r, f(x), s)
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for every x ∈ Ln and every r, s ∈ S. In particular, if
f(0), f(1) ∈ S then, for any x ∈ Ln such that f(0) �
f(x) � f(1), we have f(x) = f(〈x〉f ).

It was also shown in [5] that, for every nonempty subset
S ⊆ L, if f is S-min homogeneous and S-max homogeneous,
then it is S-idempotent. The following lemma shows that the
weak analogue also holds.

Lemma 7. Let S be a nonempty subset of L. If f : Ln → L is
weakly S-min homogeneous and weakly S-max homogeneous,
then it is S-idempotent. Moreover, if f(0), f(1) ∈ S then, for
any x ∈ L

(0,2)
n such that f(0) � f(x) � f(1), we have

f(x) = f(〈x〉f ).

As we are going to see, of particular interest is when S =
Rf . The following result characterizing the class of polyno-
mial functions shows that, in the case of chains, the condi-
tions in (iv) of Theorem 1 can be replaced with their weak
analogues.

Theorem 8. A function f : Ln → L is a polynomial function
if and only if it is nondecreasing, weakly Rf -min homoge-
neous, and weakly Rf -max homogeneous.

Remark 4. Note that Theorem 8 does not generally hold in
the case of bounded distributive lattices. To see this, let L =
{0, a, b, 1} where a ∧ b = 0 and a ∨ b = 1, and consider the
binary function f : L2 → L defined by

f(x1, x2) =




1, if x1 = 1 or x2 = 1,
1, if x1 = x2 = b,
a, if (x1 = a and x2 �= 1)

or (x2 = a and x1 �= 1),
0, otherwise.

It is easy to verify that f is nondecreasing and both weakly
Rf -min homogeneous and weakly Rf -max homogeneous,
but it is not Rf -max homogeneous. For instance, f(a∨ a, b∨
a) = f(a, 1) = 1 �= a = f(a, b) ∨ a. Thus, f is not a polyno-
mial function by Theorem 1.

4.2 Weak horizontal minitivity and maxitivity

Let S be a nonempty subset of L. We say that a function
f : Ln → L is weakly horizontally S-minitive (resp. weakly
horizontally S-maxitive) if (3) (resp. (4)) holds for every x ∈
L

(0,2)
n and every c ∈ S.
The following result provides characterizations of the n-ary

polynomial functions on a chain L, given in terms of weak
homogeneity and weak horizontal minitivity and maxitivity.

Theorem 9. Let f : Ln → L be a function. The following
conditions are equivalent:

(i) f is a polynomial function.

(ii) f is nondecreasing, weakly Rf -min homogeneous, and
weakly Rf -max homogeneous.

(iii) f is nondecreasing, weakly Rf -min homogeneous, and
weakly horizontally Rf -maxitive.

(iv) f is nondecreasing, weakly horizontally Rf -minitive,
and weakly Rf -max homogeneous.

(v) f is nondecreasing, Rf -idempotent, weakly horizontally
Rf -minitive, and weakly horizontally Rf -maxitive.

4.3 Weak median decomposability

As we saw in Theorem 1, in the case of distributive lattices L,
the n-ary polynomial functions on L are exactly those which
satisfy the median decomposition formula (5). As we are go-
ing to see, in the case of chains, this condition can be relaxed
by restricting the satisfaction of (5) by a function f : Ln → L

to the vectors of L
(0,2)
n ∪ L

(1,3)
n . In the latter case, we say that

f : Ln → L is weakly median decomposable.

Lemma 10. Let f : Ln → L be a nondecreasing function. If
f is weakly median decomposable, then it is Rf -idempotent.

Proposition 11. Let f : Ln → L be a nondecreasing function.
The following conditions are equivalent:

(i) f is weakly median decomposable.

(ii) f weakly Rf -min homogeneous and weakly Rf -max ho-
mogeneous.

Remark 5. Using the binary function f given in Remark 4,
we can see that Proposition 11 does not hold in the general
case of bounded distributive lattices. Indeed, as observed,
f is nondecreasing and both weakly Rf -min homogeneous
and weakly Rf -max homogeneous, but f(b, b) = 1 �= b =
median(f(0, b), b, f(1, b)) which shows that f is not weakly
median decomposable.

From Proposition 11 and Theorem 8, we obtain the fol-
lowing description of polynomial functions given in terms of
weak median decomposability.

Theorem 12. A nondecreasing function f : Ln → L is a poly-
nomial function if and only if it is weakly median decompos-
able.

Remark 6. Note that Theorem 12 does not hold if weak me-
dian decomposability would have been defined in terms of
vectors in L

(0,2)
n only. To see this, let L = {0, c, 1} and con-

sider the following nondecreasing function f : L3 → L, de-
fined by

f(x1, x2, x3) =




1, if median(x1, x2, x3) = 1,
c, if median(x1, x2, x3)

= x1 ∧ x2 ∧ x3 = c,

0, otherwise.

It is easy to this that f is median decomposable for vectors
in L

(0,2)
n , but it is not a polynomial function, e.g., we have

f(0, c, c) = 0 but f(0, 1, 1) ∧ c = c.

4.4 Strong idempotency and componentwise range
convexity

By Theorem 1, a nondecreasing function f : Ln → L is a
polynomial function if and only if it is strongly idempotent,
has a convex range, and a componentwise convex range. In
the case of chains, the condition requiring a convex range be-
comes redundant, since it becomes a consequence of com-
ponentwise range convexity. Thus, we obtain the following
characterization, which weakens condition (iii) of Theorem 1
when L is a chain.
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Theorem 13. A function f : Ln → L is a polynomial function
if and only if it is nondecreasing, strongly idempotent, and has
a componentwise convex range.

Remark 7. None of the conditions provided in Theorem 13
can be dropped off. For instance, let L be the real interval
[0, 1]. Clearly, the unary function f(x) = x2 is nondecreasing
and has a componentwise convex range, but it is not strongly
idempotent. On the other hand, the function f : L2 → L de-
fined by

f(x1, x2) =

{
1, if x1 = x2 = 1,
0, otherwise,

is nondecreasing and strongly idempotent but it does not have
a componentwise convex range, e.g., both f1

1 and f2
1 do not

have convex ranges.

In the special case of real interval lattices, i.e., where L =
[a, b] for reals a � b, the property of having a convex range, as
well as the property of having a componentwise convex range,
are consequences of continuity. More precisely, for nonde-
creasing functions f : [a, b]n → R, being continuous reduces
to being continuous in each variable, and this latter property
is equivalent to having a componentwise convex range. In
fact, since polynomial functions are continuous, the condition
of having a componentwise convex range can be replaced in
Theorem 13 by continuity in each variable. Also, we can add
continuity and replace Rf by Rf in Theorems 8 and 9.

Corollary 14. Assume that L is a bounded real interval [a, b].
A function f : Ln → L is a polynomial function if and only
if it is nondecreasing, strongly idempotent, and continuous (in
each variable).

4.5 Comonotonic maxitivity and minitivity

Two vectors x and x′ in Ln are said to be comonotonic if
x,x′ ∈ Ln

σ for some permutation σ on [n]. A function
f : Ln → L is said to be

• comonotonic minitive if, for any two comonotonic vec-
tors x,x′ ∈ Ln, we have

f(x ∧ x′) = f(x) ∧ f(x′).

• comonotonic maxitive if, for any two comonotonic vec-
tors x,x′ ∈ Ln, we have

f(x ∨ x′) = f(x) ∨ f(x′).

Note that for any x ∈ Ln and any c ∈ L, we have that
x and (c, . . . , c) are comonotonic and that x ∨ c and [x]c are
comonotonic. These facts lead to the following result.

Lemma 15. Let S be a nonempty subset of L. If a function
f : Ln → L is comonotonic minitive (resp. comonotonic max-
itive), then it is horizontally S-minitive (resp. horizontally S-
maxitive). Moreover, if f is S-idempotent, then it is S-min
homogeneous (resp. S-max homogeneous).

Let σ be a permutation on [n]. Clearly, every comonotonic
minitive (or comonotonic maxitive) function f : Ln → L is
nondecreasing on the standard simplex Ln

σ . The following
lemma shows that this fact can be extended to the whole do-
main Ln.

Lemma 16. If f : Ln → L is comonotonic minitive or
comonotonic maxitive, then it is nondecreasing. Furthermore,
every nondecreasing unary function is comonotonic minitive
and comonotonic maxitive.

We now have the following characterization of polynomial
functions.

Theorem 17. Let f : Ln → L be a function. The following
conditions are equivalent:

(i) f is a polynomial function.

(ii) f is weakly Rf -min homogeneous and comonotonic
maxitive.

(iii) f is comonotonic minitive and weakly Rf -max homoge-
neous.

(iv) f is Rf -idempotent, weakly horizontally Rf -minitive,
and comonotonic maxitive.

(v) f is Rf -idempotent, comonotonic minitive, and weakly
horizontally Rf -maxitive.

(vi) f is Rf -idempotent, comonotonic minitive, and comono-
tonic maxitive.

Remark 8. (i) As already observed in the remark follow-
ing Theorem 9, the weak horizontal Rf -minitivity (resp.
weak horizontal Rf -maxitivity) can be replaced with
weak horizontal L-minitivity (resp. weak horizontal L-
maxitivity) in the assertions (iv)–(v) of Theorem 17.

(ii) The condition requiring Rf -idempotency is necessary in
conditions (iv)–(vi) of Theorem 17. For instance, let
L be the unit interval [0, 1]. Clearly, the unary function
f(x) = x2 is nondecreasing and thus comonotonic mini-
tive and comonotonic maxitive. By Lemma 15, it is also
horizontally Rf -minitive and horizontally Rf -maxitive.
However, it is not a polynomial function.

(iii) The concept of comonotonic vectors appeared as early as
1952 in Hardy et al. [12]. Comonotonic minitivity and
maxitivity were introduced in the context of Sugeno in-
tegrals in de Campos et al. [7]. An interpretation of these
properties was given by Ralescu and Ralescu [16] in the
framework of aggregation of fuzzy subsets.

5 Discrete Sugeno integrals
In this final section, we consider a noteworthy subclass of
polynomial functions, namely, that of discrete Sugeno inte-
grals, and provide its characterizations.

A function f : Ln → L is said to be idempotent if it is L-
idempotent.

Fact 18. A polynomial function is {0, 1}-idempotent if and
only if it is idempotent.

In [15, §4], {0, 1}-idempotent polynomial functions are re-
ferred to as discrete Sugeno integrals. They coincide exactly
with those functions Sµ : Ln → L for which there is a fuzzy
measure µ such that

Sµ(x) =
∨

I⊆[n]

(
µ(I) ∧

∧
i∈I

xi

)
.
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(A fuzzy measure µ is simply a set function µ : 2[n] → L sat-
isfying µ(I) � µ(I ′) whenever I ⊆ I ′, and µ(∅) = 0 and
µ([n]) = 1.)

The following proposition shows how polynomial functions
relate to Sugeno integrals; see [15, Proposition 12].

Proposition 19. For any polynomial function f : Ln → L
there is a fuzzy measure µ : 2[n] → L such that f(x) =
〈Sµ(x)〉f .

We say that a function f : Ln → L is Boolean min homo-
geneous (resp. Boolean max homogeneous) if (1) (resp. (2))
holds for every x ∈ {0, 1}n and every c ∈ L. Note that every
weakly L-min homogeneous (resp. weakly L-max homoge-
neous) function is Boolean min homogeneous (resp. Boolean
max homogeneous). The following result provides a variant
of Theorem 8.

Theorem 20. A function f : Ln → L is a discrete Sugeno
integral if and only if it is nondecreasing, Boolean min homo-
geneous, and Boolean max homogeneous.

Remark 9. (i) Theorem 20 as well as the characterization
of the discrete Sugeno integrals obtained by combining
{0, 1}-idempotency with (vi) in Theorem 17 were pre-
sented in the case of real variables by [13, §4.3]; see also
[14].

(ii) Even though Theorem 20 can be derived from condi-
tion (ii) of Theorem 9 by simply modifying the two ho-
mogeneity properties, to proceed similarly with condi-
tions (iii) and (iv), it is necessary to add the conditions
of {1}-idempotency and {0}-idempotency, respectively
(and similarly with conditions (ii) and (iii) of Theo-
rem 17). To see this, let L be a bounded chain with
at least three elements and consider the unary functions
f(x) = x ∧ d and g(x) = x ∨ d, where d ∈ L \ {0, 1}.
Clearly, f is L-min homogeneous and horizontally L-
maxitive and g is L-max homogeneous and horizontally
L-minitive. However, neither f nor g is a discrete Sugeno
integral. To see that these additions are sufficient, just
note that L-min homogeneity (resp. L-max homogene-
ity) implies {0}-idempotency (resp. {1}-idempotency).

(iii) Marichal [13, §2.2.3] showed that, when L is a chain, a
nondecreasing and idempotent function f : Ln → L is
Boolean min homogeneous (resp. Boolean max homoge-
neous) if and only if we have f(e∧ c) ∈ {f(e), c} (resp.
f(e ∨ c) ∈ {f(e), c}) for every e ∈ {0, 1}n and every
c ∈ L.
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Abstract— Two emergent properties in aggregation theory are in-
vestigated, namely horizontal maxitivity and comonotonic maxitivity
(as well as their dual counterparts) which are commonly defined by
means of certain functional equations. We present complete descrip-
tions of the function classes axiomatized by each of these proper-
ties, up to weak versions of monotonicity, in the cases of horizontal
maxitivity and minitivity. While studying the classes axiomatized by
combinations of these properties, we introduce the concept of quasi-
polynomial function which appears as a natural extension of the
well-established notion of polynomial function. We present further
axiomatizations for this class both in terms of functional equations
and natural relaxations of homogeneity and median decomposabil-
ity. As noteworthy particular cases, we investigate those subclasses
of quasi-term functions and quasi-weighted maximum and minimum
functions, and present characterizations accordingly.

Keywords— Discrete Sugeno integral, quasi-polynomial func-
tion, horizontal maxitivity and minitivity, comonotonic maxitivity
and minitivity, functional equation.

1 Introduction
Aggregation functions arise wherever aggregating informa-
tion is important: applied and pure mathematics (probability,
statistics, decision theory, functional equations), operations
research, computer science, and many applied fields (eco-
nomics and finance, pattern recognition and image processing,
data fusion, etc.). For recent references, see Beliakov et al. [1]
and Grabisch et al. [10].

A noteworthy aggregation function is the so-called discrete
Sugeno integral, which was introduced by Sugeno [15, 16] and
which has been widely investigated in aggregation theory, due
to its many applications for instance in fuzzy set theory, de-
cision making, and image analysis. For general background,
see also the edited book [11].

A convenient way to introduce the discrete Sugeno integral
is via the concept of (lattice) polynomial functions, i.e., func-
tions which can be expressed as combinations of variables and
constants using the lattice operations ∧ and ∨. As shown by
Marichal [13], the discrete Sugeno integrals are exactly those
polynomial functions f : Ln → L which are idempotent, that
is, satisfying f(x, . . . , x) = x. Several axiomatizations of the
class of discrete Sugeno integrals (as idempotent polynomial
functions) have been recently given; see [4].

Of particular interest in aggregation theory, are the so-called
horizontal maxitivity and comonotonic maxitivity (as well as
their dual counterparts), usually expressed in terms of certain
functional equations, and which we now informally describe.

Let L be a bounded chain. For every x ∈ Ln and every
c ∈ L, consider the horizontal maxitive decomposition of x
obtained by “cutting” it with c, namely x = (x ∧ c) ∨ [x]c,

where [x]c is the n-tuple whose ith component is 0, if xi �
c, and xi, otherwise. A function f : Ln → L is said to be
horizontally maxitive if

f(x) = f(x ∧ c) ∨ f([x]c)

for every x ∈ Ln and every c ∈ L.
A function f : Ln → L is said to be comonotonic maxitive

if, for any two vectors x and x′ in the same standard simplex
of Ln, we have

f(x ∨ x′) = f(x) ∨ f(x′).

As we are going to see (Lemma 6 below), these (as well
as their duals) are closely related and constitute properties
shared by discrete Sugeno integrals. Still, and as it will be-
come evident, no combination of these with their dual forms
suffices to fully describe the class of Sugeno integrals. Thus,
and given their emergence in aggregation theory, it is natural
to ask which classes of functions are axiomatized by combina-
tions of these properties or, in fact, by each of these properties.

In this paper, we answer this question for both the maxi-
tive and minitive comonotonic properties, and for horizontal
maxitivity and minitivity properties, up to certain weak vari-
ants of monotonicity. While looking at combinations of the
latter properties, we reach a natural generalization of polyno-
mial functions, which we call quasi-polynomial functions and
which are best described by the following equation

f(x1, . . . , xn) = p(ϕ(x1), . . . , ϕ(xn)),

where p is a polynomial function and ϕ a nondecreasing func-
tion (see Theorem 10 below). Searching for alternative de-
scriptions, we introduce weaker versions of well-established
properties, such as homogeneity and median decomposabil-
ity, to provide further axiomatizations of the class of quasi-
polynomial functions, accordingly.

This paper is organized as follows. We start by recalling
basic notions and terminology in lattice function theory, as
well as present some known results, needed throughout this
paper (Section 2). In Section 3, we study the properties of
horizontal maxitivity and comonotonic maxitivity, as well as
their dual forms, and determine those function classes axiom-
atized by each of this properties. Combinations of the latter
are then considered in Section 4.1, where the notion of quasi-
polynomial function is introduced. In Section 4.2, we propose
weaker versions of homogeneity and median decomposabil-
ity, and provide further characterizations of quasi-polynomial
functions, accordingly. In Section 5, we introduce and axiom-
atize few noteworthy subclasses of quasi-polynomial func-
tions, namely, those of quasi-term functions and those quasi-
weighted maximum and minimum functions.
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2 Basic notions and preliminary results
In this section we recall basic terminology as well as some
results needed in the current paper. For general background
we refer the reader to, e.g., Burris and Sankappanavar [3] and
Rudeanu [14].

2.1 General background

Throughout this paper, let L be a bounded chain with opera-
tions ∧ and ∨, and with least and greatest elements 0 and 1,
respectively. A subset S of a chain L is said to be convex if
for every a, b ∈ S and every c ∈ L such that a � c � b, we
have c ∈ S. For any subset S ⊆ L, we denote by S the convex
hull of S, that is, the smallest convex subset of L containing
S. For every a, b ∈ S such that a � b, the interval [a, b] is the
set [a, b] = {c ∈ L : a � c � b}. For any integer n � 1, let
[n] = {1, . . . , n}.

For any bounded chain L, we regard the Cartesian product
Ln, n � 1, as a distributive lattice endowed with the opera-
tions ∧ and ∨ given by

(a1, . . . , an) ∧ (b1, . . . , bn) = (a1 ∧ b1, . . . , an ∧ bn),
(a1, . . . , an) ∨ (b1, . . . , bn) = (a1 ∨ b1, . . . , an ∨ bn).

The elements of L are denoted by lower case letters a, b, c, . . .,
and the elements of Ln, n > 1, by bold face letters a,b, c, . . ..
We also use 0 and 1 to denote the least element and greatest el-
ement, respectively, of Ln. For c ∈ L and x = (x1, . . . , xn) ∈
Ln, set

x∧c = (x1∧c, . . . , xn∧c) and x∨c = (x1∨c, . . . , xn∨c).

The range of a function f :Ln → L is defined by Rf =
{f(x) : x ∈ Ln}. A function f :Ln → L is said to be non-
decreasing (in each variable) if, for every a,b ∈ Ln such
that a � b, we have f(a) � f(b). The diagonal section
of f , denoted δf , is defined as the unary function given by
δf (x) = f(x, . . . , x). Note that if f is nondecreasing, then δf

is nondecreasing and Rδf
= Rf = [f(0), f(1)].

2.2 Polynomial functions and their representations

In this paper the so-called polynomial functions will play a
fundamental role. Formally, an n-ary polynomial function on
L is any function f : Ln → L which can be obtained by
finitely many applications of the following rules:

(i) For each i ∈ [n] and each c ∈ L, the projection x �→ xi

and the constant function x �→ c are polynomial func-
tions from Ln to L.

(ii) If f and g are polynomial functions from Ln to L, then
f ∨ g and f ∧ g are polynomial functions from Ln to L.

Polynomial functions are also called lattice functions
(Goodstein [9]), algebraic functions (Burris and Sankap-
panavar [3]) or weighted lattice polynomial functions
(Marichal [13]). Idempotent polynomial functions (i.e., sat-
isfying f(c, . . . , c) = c for every c ∈ L) are referred to by
aggregation theorists as (discrete) Sugeno integrals, and those
obtained from projections by finitely many applications of (ii)
are usually referred to as (lattice) term functions. A notewor-
thy term function that we shall make use in the sequel is the
median function, defined by

median(x, y, z) = (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ x).

As observed by Goodstein [9] (see also Rudeanu [14]),
polynomial functions are exactly those functions which can
be represented by formulas in disjunctive and conjunctive nor-
mal forms. In fact, each polynomial function f : Ln → L is
uniquely determined by its restriction to {0, 1}n. Due to their
relevance in the sequel, we recall some known results con-
cerning normal form representations of polynomial functions
in the special case where L is a chain. The following result is
due to Goodstein [9].

Proposition 1. (a) Every polynomial function is completely
determined by its restriction to {0, 1}n.

(b) A function g: {0, 1}n → L can be extended to a polyno-
mial function f : Ln → L if and only if it is nondecreas-
ing. In this case, the extension is unique.

(c) For any f : Ln → L, the following are equivalent:

(i) f is a polynomial function.

(ii) There exists α: 2[n] → L such that

f(x) =
∨

I⊆[n]

(
α(I) ∧

∧
i∈I

xi

)
. (1)

(iii) There exists β: 2[n] → L such that

f(x) =
∧

I⊆[n]

(
β(I) ∨

∨
i∈I

xi

)
. (2)

The expressions given in (1) and (2) are usually referred to
as the disjunctive normal form (DNF) representation and the
conjunctive normal form (CNF) representation, respectively,
of the polynomial function f .
Remark 1. By requiring α and β to be nonconstant functions
from 2[n] to {0, 1} and satisfying α(∅) = 0 and β(∅) = 1,
respectively, we obtain the analogue of (c) of Proposition 1
for term functions.

As observed by Marichal [13], the DNF and CNF represen-
tations of polynomial functions f : Ln → L are not necessarily
unique. For instance, we have

x1 ∨ (x1 ∧ x2) = x1 = x1 ∧ (x1 ∨ x2).

However, from among all the possible set functions α (resp.
β) defining the DNF (resp. CNF) representation of f , only one
is isotone (resp. antitone), namely the function αf : 2[n] → L
(resp. βf : 2[n] → L) defined by

αf (I) = f(eI) (resp. βf (I) = f(e[n]\I)), (3)

where eI denotes the element of {0, 1}n whose ith component
is 1 if and only if i ∈ I .

In the case when L is a chain, it was shown in [4] that
the DNF and CNF representations of polynomial functions
f :Ln → L can be refined and given in terms of standard
simplices of Ln. Let σ be a permutation on [n]. The stan-
dard simplex of Ln associated with σ is the subset Ln

σ ⊂ Ln

defined by

Ln
σ = {(x1, . . . , xn) ∈ Ln: xσ(1) � xσ(2) � · · · � xσ(n)}.

For each i ∈ [n], define S↑
σ(i) = {σ(i), . . . , σ(n)} and

S↓
σ(i) = {σ(1), . . . , σ(i)}. As a matter of convenience, set

S↑
σ(n + 1) = S↓

σ(0) = ∅.
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Proposition 2. For any function f :Ln → L, the following
conditions are equivalent:

(i) f is a polynomial function.

(ii) For any permutation σ on [n] and every x ∈ Ln
σ , we have

f(x) =
n+1∨
i=1

(
αf (S↑

σ(i)) ∧ xσ(i)

)
,

where xσ(n+1) = 1.

(iii) For any permutation σ on [n] and every x ∈ Ln
σ , we have

f(x) =
n∧

i=0

(
βf (S↓

σ(i)) ∧ xσ(i)

)
,

where xσ(0) = 0.

3 Motivating characterizations

Even though horizontal maxitivity and comonotonic maxitiv-
ity, as well as their dual counterparts, play an important role in
aggregation theory (as properties shared by noteworthy classes
of aggregation functions), they have not yet been described in-
dependently. In this section we investigate each of these prop-
erties and determine their corresponding function classes (up
to weak versions of monotonicity, in the cases of horizontal
maxitivity and minitivity).

3.1 Horizontal maxitivity and minitivity

Recall that a function f : Ln → L is said to be

• horizontally maxitive if, for every x ∈ Ln and every c ∈
L, we have

f(x) = f(x ∧ c) ∨ f([x]c),

where [x]c is the n-tuple whose ith component is 0, if
xi � c, and xi, otherwise.

• horizontally minitive if, for every x ∈ Ln and every c ∈
L, we have

f(x) = f(x ∨ c) ∧ f([x]c),

where [x]c is the n-tuple whose ith component is 1, if
xi � c, and xi, otherwise.

Let us consider the following weak forms of nondecreasing
monotonicity:

(P1) f(e ∧ c) � f(e′ ∧ c) for every e, e′ ∈ {0, 1}n such that
e � e′ and every c ∈ L.

(D1) f(e ∨ c) � f(e′ ∨ c) for every e, e′ ∈ {0, 1}n such that
e � e′ and every c ∈ L.

(P2) f(e ∧ c) � f(e ∧ c′) for every e ∈ {0, 1}n and every
c, c′ ∈ L such that c � c′.

(D2) f(e ∨ c) � f(e ∨ c′) for every e ∈ {0, 1}n and every
c, c′ ∈ L such that c � c′.

Theorem 3. A function f : Ln → L is horizontally maxitive
and satisfies P1 if and only if there exists g: Ln → L satisfy-
ing P2 such that

f(x) =
∨

I⊆[n]

g
(
eI ∧
∧
i∈I

xi

)
.

In this case, we can choose g = f .

Similarly, we obtain the following dual characterization:

Theorem 4. A function f :Ln → L is horizontally minitive
and satisfies D1 if and only if there exists g: Ln → L satisfy-
ing D2 such that

f(x) =
∧

I⊆[n]

g
(
e[n]\I ∨

∨
i∈I

xi

)
.

In this case, we can choose g = f .

From Theorems 3 and 4 we have the following corollary.

Corollary 5. A function f : Ln → L is horizontally maxitive
(resp. horizontally minitive) and satisfies P1 (resp. D1) if and
only if there are unary nondecreasing functions ϕI :L → L,
for I ⊆ [n], such that

f(x) =
∨

I⊆[n]

(
αf (I) ∧

∧
i∈I

ϕI(xi)
)

(resp. f(x) =
∧

I⊆[n]

(
βf (I) ∨

∨
i∈I

ϕI(xi)
)
),

where the set function αf (resp. βf ) is defined in (3). In this
case, we can choose ϕI(x) = f(eI ∧ x) (resp. ϕI(x) =
f(e[n]\I ∨ x)) for every I ⊆ [n].

Remark 2. (i) Theorem 3 (resp. Theorem 4) provides the
description of those horizontally maxitive (resp. horizon-
tally minitive) functions which are nondecreasing.

(ii) Every Boolean function f : {0, 1}n → {0, 1} satisfying
f(0) � f(x) (resp. f(x) � f(1)) is horizontally maxi-
tive (resp. horizontally minitive). Moreover, not all such
functions are nondecreasing, thus showing that condition
P1 (resp. D1) is necessary in Theorem 3 (resp. Theo-
rem 4).

(iii) As shown in [4], polynomial functions f :Ln →
L are exactly those Rf -idempotent (i.e., satisfying
f(c, . . . , c) = c for every c ∈ Rf ) which are nondecreas-
ing, horizontally maxitive, and horizontally minitive.

(iv) The concept of horizontal maxitivity was introduced, in
the case when L is the real interval [0, 1], by Benvenuti
et al. [2] as a general property of the Sugeno integral.

3.2 Comonotonic maxitivity and minitivity

Two vectors x,x′ ∈ Ln are said to be comonotonic if there
exists a permutation σ on [n] such that x,x′ ∈ Ln

σ . A function
f :Ln → L is said to be

• comonotonic maxitive if, for any two comonotonic vec-
tors x,x′ ∈ Ln, we have

f(x ∨ x′) = f(x) ∨ f(x′).
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• comonotonic minitive if, for any two comonotonic vec-
tors x,x′ ∈ Ln, we have

f(x ∧ x′) = f(x) ∧ f(x′).

Note that for any x ∈ Ln and any c ∈ L, the vectors
x ∨ c and [x]c are comonotonic. As a consequence, if a func-
tion f :Ln → L is comonotonic maxitive (resp. comonotonic
minitive), then it is horizontally maxitive (resp. horizontally
minitive). It was also observed in [4] that if f is comonotonic
maxitive or comonotonic minitive, then it is nondecreasing.
Moreover, we obtain the following result.

Lemma 6. A function f :Ln → L is comonotonic maxitive
(resp. comonotonic minitive) if and only if it is horizontally
maxitive (resp. horizontally minitive) and satisfies P1 (resp.
D1).

Combining Theorems 3 and 4 with Lemma 6, we imme-
diately obtain the descriptions of the classes of comonotonic
maxitive and comonotonic minitive functions.

Theorem 7. A function f :Ln → L is comonotonic maxitive
if and only if there exists g: Ln → L satisfying P2 such that

f(x) =
∨

I⊆[n]

g
(
eI ∧
∧
i∈I

xi

)
.

In this case, we can choose g = f .

Theorem 8. A function f : Ln → L is comonotonic minitive
if and only if there exists g: Ln → L satisfying D2 such that

f(x) =
∧

I⊆[n]

g
(
e[n]\I ∨

∨
i∈I

xi

)
.

In this case, we can choose g = f .

As before, we have the following corollary.

Corollary 9. A function f :Ln → L is comonotonic maxi-
tive (resp. comonotonic minitive) if and only if there are unary
nondecreasing functions ϕI : L → L, for I ⊆ [n], such that

f(x) =
∨

I⊆[n]

(
αf (I) ∧

∧
i∈I

ϕI(xi)
)

(resp. f(x) =
∧

I⊆[n]

(
βf (I) ∨

∨
i∈I

ϕI(xi)
)
),

where the set function αf (resp. βf ) is defined in (3). In this
case, we can choose ϕI(x) = f(eI ∧ x) (resp. ϕI(x) =
f(e[n]\I ∨ x)) for every I ⊆ [n].

Remark 3. (i) An alternative description of comonotonic
maxitive (resp. comonotonic minitive) functions was ob-
tained in Grabisch et al. [10, §2.5] in the case when L is
a real interval.

(ii) It was shown in [4] that polynomial functions f :Ln →
L are exactly those Rf -idempotent functions which are
comonotonic maxitive and comonotonic minitive.

(ii) Comonotonic minitivity and maxitivity were introduced
in the context of Sugeno integrals in de Campos et al. [5].

4 Quasi-polynomial functions
Motivated by the results of Section 3 concerning horizontal
maxitivity and comonotonic maxitivity, as well as their dual
counterparts, we now study combinations of these properties.
This will lead to a relaxation of the notion of polynomial func-
tion, which we will refer to as quasi-polynomial function. Ac-
cordingly, we introduce weaker variants of well-established
properties, such as homogeneity and median decomposability,
which are then used to provide further axiomatizations of the
class of quasi-polynomial functions.

4.1 Motivation and definition

We start by looking at combinations of those properties stud-
ied in Section 3. These are considered in the following result.

Theorem 10. Let f : Ln → L be a function. The following
assertions are equivalent:

(i) f is horizontally maxitive, horizontally minitive, and sat-
isfies P1 or D1.

(ii) f is comonotonic maxitive and comonotonic minitive.

(iii) f is horizontally maxitive and comonotonic minitive.

(iv) f is comonotonic maxitive and horizontally minitive.

(v) There exist a polynomial function p: Ln → L and a non-
decreasing function ϕ:L → L such that

f(x1, . . . , xn) = p(ϕ(x1), . . . , ϕ(xn)).

If these conditions hold then we can choose for p the unique
polynomial function pf extending f |{0,1}n and for ϕ the diag-
onal section δf of f .

Theorem 10 motivates the following definition.

Definition 11. We say that a function f :Ln → L is a quasi-
polynomial function (resp. a discrete quasi-Sugeno integral, a
quasi-term function) if there exist a polynomial function (resp.
a discrete Sugeno integral, a term function) p: Ln → L and a
nondecreasing function ϕ: L → L such that f = p ◦ϕ, that is,

f(x1, . . . , xn) = p(ϕ(x1), . . . , ϕ(xn)). (4)

Remark 4. (i) Note that each quasi-polynomial function
f :Ln → L can be represented as a combination of con-
stants and a nondecreasing unary function ϕ (applied to
the projections x �→ xi) using the lattice operations ∨
and ∧.

(ii) In the setting of decision-making under uncertainty, the
nondecreasing function ϕ in (4) can be thought of as a
utility function and the corresponding quasi-polynomial
function as a (qualitative) global preference functional;
see for instance Dubois et al. [6].

Note that the functions p and ϕ in (4) are not necessarily
unique. For instance, if f is a constant c ∈ L, then we could
choose p ≡ c and ϕ arbitrarily, or p idempotent and ϕ ≡ c. We
now describe all possible choices for p and ϕ. For any integers
m,n � 1, any vector x ∈ Lm, and any function f : Ln → L,
we define 〈x〉f ∈ Lm as the m-tuple

〈x〉f = median(f(0),x, f(1)),

where the right-hand side median is taken componentwise.
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Proposition 12. Let f : Ln → L be a quasi-polynomial func-
tion and let pf : Ln → L be the unique polynomial function
extending f |{0,1}n . We have

{(p, ϕ): f = p ◦ ϕ} = {(p, ϕ): pf = 〈p〉f and δf = 〈ϕ〉p},

where p and ϕ stand for polynomial and unary nondecreasing
functions, respectively. In particular, we have f = pf ◦ δf .

It was shown in Marichal [13] that every polynomial func-
tion p: Ln → L can be represented as 〈q〉p for some discrete
Sugeno integral q: Ln → L. Combining this with Proposi-
tion 12, we obtain the next result.

Corollary 13. The class of quasi-polynomial functions is ex-
actly the class of discrete quasi-Sugeno integrals.

4.2 Further axiomatizations

We now recall some properties of polynomial functions,
namely homogeneity and median decomposability, and we
propose weaker variants of these to provide alternative axiom-
atizations of the class of quasi-polynomial functions.

4.2.1 Quasi-homogeneity
Let S be a subset of L. A function f :Ln → L is said to be
S-max homogeneous (resp. S-min homogeneous) if for every
x ∈ Ln and every c ∈ S, we have

f(x ∨ c) = f(x) ∨ c (resp. f(x ∧ c) = f(x) ∧ c).

Although polynomial functions p: Ln → L share both of these
properties for any S ⊆ Rp, this is not the case for quasi-
polynomial functions. For instance, let f1, f2: [0, 1] → [0, 1]
be respectively given by f1(x) = x2 and f2(x) =

√
x.

Clearly, f1 and f2 are quasi-polynomial functions but, e.g.,
for x = c, we have

f1(x ∨ c) < f1(x) ∨ c and f2(x ∧ c) > f2(x) ∧ c.

This example motivates the following relaxations. We say
that a function f : Ln → L is quasi-max homogeneous (resp.
quasi-min homogeneous) if for every x ∈ Ln and c ∈ L, we
have

f(x∨c) = f(x)∨δf (c) (resp. f(x ∧ c) = f(x) ∧ δf (c)).

Observe that if f is Rf -idempotent (i.e., satisfying
f(c, . . . , c) = c for every c ∈ Rf ), then Rf -min homogeneity
(resp. Rf -max homogeneity) is equivalent to quasi-min ho-
mogeneity (resp. quasi-max homogeneity).

Lemma 14. Let f :Ln → L be nondecreasing and quasi-
min homogeneous (resp. quasi-max homogeneous). Then f
is quasi-max homogeneous (resp. quasi-min homogeneous) if
and only if it is horizontally maxitive (resp. horizontally mini-
tive).

Combining Theorem 10 and Lemma 14, we obtain a charac-
terization of quasi-polynomial functions in terms of quasi-min
homogeneity and quasi-max homogeneity.

Theorem 15. A function f :Ln → L is a quasi-polynomial
function if and only if it is nondecreasing, quasi-max homoge-
neous, and quasi-min homogeneous.

4.2.2 Quasi-median decomposability
A function f : Ln → L is said to be median decomposable
[13] if, for every x ∈ Ln and every k ∈ [n], we have

f(x) = median
(
f(x0

k), xk, f(x1
k)
)
,

where xc
k = (x1, . . . , xk−1, c, xk+1, . . . , xn) for any c ∈ L.

As Marichal [13] showed, the class of polynomial functions
are exactly those functions which are median decomposable.

In complete analogy with the previous subsection we pro-
pose the following weaker variant of median decomposability.
We say that a function f :Ln → L is quasi-median decompos-
able if, for every x ∈ Ln and every k ∈ [n], we have

f(x) = median
(
f(x0

k), δf (xk), f(x1
k)
)
.

Note that every nondecreasing unary function is quasi-median
decomposable.

Observe that ∨ and ∧, as well as any nondecreasing func-
tion ϕ:L → L, are quasi-median decomposable. Also, it
is easy to see that any combination of constants and a non-
decreasing unary function ϕ using ∨ and ∧ is quasi-median
decomposable and hence, by Remark 4 (i), every quasi-
polynomial function is quasi-median decomposable. Our fol-
lowing result asserts that quasi-median decomposable func-
tions f : Ln → L with a nondecreasing diagonal section δf

are exactly the quasi-polynomial functions.

Theorem 16. A function f : Ln → L is a quasi-polynomial
function if and only if δf is nondecreasing and f is quasi-
median decomposable.

5 Some special classes of quasi-polynomial
functions

In this final section we consider few noteworthy subclasses of
quasi-polynomial functions, namely those of quasi-term func-
tions and quasi-weighted maximum and minimum functions,
and provide characterizations accordingly.

5.1 Quasi-term functions

We say that a function f : Ln → L is

• conservative if, for every x ∈ Ln, we have f(x) ∈
{x1, . . . , xn}.

• quasi-conservative if, for every x ∈ Ln, we have f(x) ∈
{δf (x1), . . . , δf (xn)}.

Note that, if f is idempotent, then it is quasi-conservative if
and only if it is conservative.

Theorem 17. A quasi-polynomial function f :Ln → L is a
quasi-term function if and only if it is quasi-conservative.

5.2 Quasi-weighted maximum and minimum functions

A function f : Ln → L is said to be a weighted maximum
function if there are v0, v1, . . . , vn ∈ L such that

f(x) = v0 ∨
∨

i∈[n]

(vi ∧ xi). (5)

Similarly, f : Ln → L is said to be a weighted minimum func-
tion if there are w0, w1, . . . , wn ∈ L such that

f(x) = w0 ∧
∧

i∈[n]

(wi ∨ xi). (6)
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We say that a function f :Ln → L is a quasi-weighted max-
imum function (resp. a quasi-weighted minimum function) if
there exist a weighted maximum function (resp. a weighted
minimum function) p:Ln → L and a nondecreasing function
ϕ:L → L such that f = p ◦ ϕ.

To present a axiomatization of each of these classes, we
need to recall some terminology. We say that a function
f : Ln → L is

• maxitive if, for every x,x′ ∈ Ln, we have f(x ∨ x′) =
f(x) ∨ f(x′).

• minitive if, for every x,x′ ∈ Ln, we have f(x ∧ x′) =
f(x) ∧ f(x′).

We first recall the descriptions of maxitive and minitive
functions; see Dubois and Prade [8] and Marichal [12].

Proposition 18. A function f : Ln → L is maxitive (resp.
minitive) if and only if there are nondecreasing unary func-
tions fi:L → L (i ∈ [n]) such that, for every x ∈ Ln,

f(x) =
∨

i∈[n]

fi(xi) (resp. f(x) =
∧

i∈[n]

fi(xi)).

Theorem 19. Let f : Ln → L be a quasi-polynomial function.
Then f is a quasi-weighted maximum function (resp. quasi-
weighted minimum function) if and only if it is maxitive (resp.
minitive).

Remark 5. (i) Idempotent weighted maximum functions
f : Ln → L are those functions (5) for which v0 = 0
and ∨i∈[n]vi = 1. Dually, idempotent weighted mini-
mum functions f : Ln → L are those functions (6) for
which w0 = 1 and ∧i∈[n]wi = 0. These functions were
introduced on real intervals by Dubois and Prade [7] in
fuzzy set theory.

(ii) As observed in Proposition 12, the underlying weighted
maximum function (resp. weighted minimum function)
defining a given quasi-weighted maximum function
(resp. quasi-weighted minimum function) can be chosen
to be idempotent.
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Abstract—Fuzzy Logic Systems are widely recognized to be 

successful at modelling uncertainty in a large variety of applications. 

While recently interval type-2 fuzzy logic has been credited for the 

ability to better deal with large amounts of uncertainty, general type-

2 fuzzy logic has been a steadily growing research area. All fuzzy 

logic systems require the accurate specification of the membership 

functions’ (MFs) parameters. While some work for automatic or 
manual design of these parameters has been proposed for type-1 and 

interval type-2 fuzzy logic, the problem has not yet been widely 

addressed for general type-2 fuzzy logic. In this paper we propose 

two methods which allow the automatic design of general type-2 MFs 

using either data gathered through a survey on the linguistic 

variables required or, in the case of physical devices (e.g. sensors, 

actuators), using data directly gathered from the specific devices. As 

such, the proposed methods allow for the creation of general type-2 

MFs which directly model the uncertainty incorporated in the 

respective applications. Additionally, we demonstrate how interval 

type-2, type-1 and the recently introduced zSlices based general type-

2 MFs can be extracted from the automatically designed general 

type-2 MFs. We also present a recursive algorithm that computes the 

convex approximation of generated fuzzy sets. 
Keywords— Type-2 fuzzy systems, general type-2 fuzzy sets, 

specification of fuzzy sets.   

1 Introduction 
Fuzzy Logic is widely applied because of its ability to model 
the uncertainties which are inherent to most real world 
applications and environments. The high levels of 
uncertainty encountered by such fuzzy logic systems can 
generally be attributed to one or more of the categories 
below: 
H Uncertainties in inputs to FLCs which translate to 

uncertainties in the antecedent Membership Functions 
(MFs) as for example sensor measurements are typically 
noisy and affected by the conditions of observation (i.e. 
their characteristics are changed by the environmental 
conditions such as wind, sunshine, humidity, rain, etc.).  

H Uncertainties in control outputs which translate to 
uncertainties in the consequent MFs of FLCs. Such 
uncertainties can result from the change of the actuators 
characteristics which can be due to wear, tear, 
environmental changes, etc.  

H Linguistic uncertainties associated with the meaning of 
words (that are used as antecedents or consequents in 
FLCs or used as part of Computing With Words (CWW) 
applications) which can be uncertain as “words mean 
different things to different people” [1]. For example the 
perception of the linguistic label “warm” varies for 

different people while also being heavily subject to 
context, e.g. “warm” in the Caribbean will usually be 
associated with a different temperature than “warm” at 
the North Pole etc. 

While the capability of modelling uncertainty provided by 
type-1 fuzzy sets has been intensively researched and shown 
to provide good results, in recent years interval type-2 fuzzy 
sets have been found to provide an even higher potential at 
modelling large amounts of uncertainty [1],[2],[3],[4]. 
Additionally, a variety of significant advances has been 
made in the area of general type-2 fuzzy logic which is 
hoped to provide the framework for an accurate model of 
uncertainty. 
One of the main challenges during the design of any fuzzy 
based system (general type-2, interval type-2 or type-1) is 
the specification of the fuzzy Membership Functions (MFs). 
The choice of type of membership function (such as 
gaussian, triangular, etc.) as well as the choice of their 
specific parameters strongly affects the performance of the 
fuzzy system. A variety of methods to alleviate this problem 
have been researched for mainly type-1 and interval type-2 
FLCs. Such methods are generally based on the use of expert 
knowledge, evolutionary techniques (such as genetic 
algorithms) and neural networks [5], [6]. However, there is 
still much work needed to standardize and simplify the 
selection of appropriate MFs. 
Recent developments in general type-2 fuzzy theory [7], [8], 
[9], [10], [11] have made general type-2 applications a 
realistic option for the future. Hence, we have developed 
novel techniques to determine the appropriate parameters for 
general type-2 MFs which due to their complex nature are 
highly difficult to specify. The proposed techniques are 
based on directly using existing knowledge about the 
uncertainty contained within the variables represented by the 
MFs.  Additionally, the proposed techniques have the 
advantage that they can be used for the generation of all 
currently common types of fuzzy sets: type-1, interval type-2 
and general type-2. 
Section 2 describes the design of fuzzy MFs modelling 
linguistic concepts using surveys while Section 3 details the 
design of fuzzy MFs based on physical device or variable 
characteristics. Both sections present real world examples to 
demonstrate the techniques. Section 4 describes how to 
extract zSlice based general type-2, interval type-2 and type-
1 MFs from the general type-2 MFs generated in Section 2 
and 3. In Section 5 we present the recursive convexity 
algorithm employed throughout the paper and give a detailed 
example of its application. Finally, in Section 6 we present 
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the conclusions and address the work planned for the near 
future. 

2 Design of general type-2 fuzzy sets based on 
the perception of linguistic labels determined 

through surveys. 
2.1 The Human Perception of Linguistic Labels. 

Fuzzy sets are frequently used to specify linguistic variables 
such as temperature or height used by people on an everyday 
basis. As such, the variable temperature can for example be 
modelled using three linguistic labels, cold, moderate and 
warm which in turn are represented using fuzzy MFs. While 
type-1 sets can be used to model such labels, it is clear that 
as type-1 MFs associate each input with a crisp membership 
value, hence a given type-1 MF will need to be constantly 
re-tuned for different perceptions of the same linguistic 
label. For example, the perception of the linguistic label 
warm can easily be seen to depend on factors such as the 
country of origin of a person (someone from Alaska will 
consider warm a different temperature than someone from 
the Caribbean), the age, sex, current season, etc. 
Interval type-2 fuzzy sets can alleviate the above need for 
the continuous re-tuning of individual MFs as the 
incorporated Footprint of Uncertainty (FOU) allows for the 
model to include the full range of values associated with a 
specific linguistic label by different people in different 
contexts. Interval type-2 fuzzy sets nevertheless have the 
significant shortcoming that the uncertainty is spread evenly 
across the FOU which does not allow for variations of the 
uncertainty within this FOU to be modelled. For example, 
considering the example of warm temperature, if two people 
associate warm with 25°C and one person associates it with 
28°C, a FOU incorporating 25°C and 28°C will not reflect 
that the majority of the people (here two) associate 25°C 
with the linguistic label warm - we have effectively lost this 
information. 
This additional information can be modelled using general 
type-2 fuzzy sets by employing the third dimension 
associated with the FOU to encode the amount of 
uncertainty associated with each point within the FOU. In 
terms of our example, the FOU would be associated in its 
third dimension with more uncertainty towards 28°C and 
less uncertainty towards 25°C.  
In the next few subsections we will describe how a survey 
on linguistic labels can be used to gather information on a 
specific linguistic variable using the example of Indoor 

Temperature. While this example is chosen to illustrate and 
simplify the process, the mechanism can be applied for any 
linguistic variable which is modelled by a series of 
consecutive linguistic labels. We will show how the 
information can be used to generate fuzzy MFs which model 
the linguistic labels and their associated uncertainty 
accurately using general type-2 fuzzy sets. In addition, we 
will present the mechanisms used to extract appropriate 
interval type-2 and type-1 MFs as well as zSlices based 
general type-2 MFs which were introduced in [11]. 
 
2.2 The survey on the linguistic variable “Indoor 

Temperature”. 
As part of our work on the generation of MFs from surveys 
we have conducted a survey investigating the perception of 

the linguistic variable Indoor Temperature. We have 
presented the participants with a questionnaire asking them 
to identify the position of the three linguistic labels Cold, 
Moderate and Warm in the context of an indoor environment 
on a temperature scale ranging from 0°C to 40°C. Further 
details on the survey and its results are given in Table 1. It 
should be noted that participants could supply additional 
information during the survey, specifically their age, sex and 
country of origin. While maintaining anonymity, we 
consider this information highly useful as it can be expected 
that factors such as the country of origin significantly affect 
people’s perception for example of temperature. 

Table 1: Details on the linguistic survey on the perception of 
Indoor Temperature. (* based on information supplied) 

Number of participants: 62 
Age range of participants: 18-58 years* 
Mean age of participants: 30.145 years* 
Number of different countries of origin: 22 countries* 
Location of survey: Colchester, UK 
Date of survey: January 2009 
Minimum values with cold, moderate, warm: 0°C,   10°C,   16°C 
Maximum values with cold, moderate, warm: 24°C,   27°C,   35°C 
Mean values for cold, medium, warm: 12.062°C,   

19.664°C, 25.664°C 
Standard deviations for cold, medium, warm: 4.637,   3.552,   

3.926 
 
2.3 From a Survey to a General Type-2 Fuzzy Set model of 

the Linguistic Variable 

In order to utilise the data provided through the survey to 
generate a general type-2 fuzzy set model of the linguistic 
variable which includes all the uncertainty information 
gathered in the data, we follow the following steps: 
 

(1) Map all the values associated with a specific linguistic 
label to the frequency with which the values occur in 
the data. This step can be likened to creating a 
continuous histogram for the data where the xAxis 
represents the values (in our case, the temperature) and 
the yAxis represents the number of occurrences. Fig. 1 
shows this mapping for our data using interpolation 
between the data points. 

 

 
Figure 1: Mapping of survey data for the three linguistic 

labels cold, moderate and warm, showing the large amounts 
of uncertainty contained within the perceptions of the 

linguistic labels (e.g. large overlap). 
 

(2) The data mapped in Step (1) and illustrated in Fig. 2 
illustrates the significant variation in the perception of 
the individual linguistic labels as well as their strongly 
differing interrelation for different people. In order to 
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utilize the information to define the third dimension of 
general type-2 fuzzy sets we normalise the frequency 
so it correlates with the uncertainty modelled in the 
third dimension of a fuzzy set, ie. the more frequent a 
specific sample was identified in the survey, the less 
uncertainty is associated with it.  

(3) As convexity is a general requirement in several 
general type-2 fuzzy logic operations such as the join 
and meet computed on the membership grade presented 
in [12], we convert the normalised plots created in Step 
2 to their convex approximation using a recursive 
algorithm which we describe in Section 5 in more 
detail. The original, normalised data as well as its 
convex approximations using our recursive algorithm 
and basic triangular approximation are shown for all 
three linguistic labels in Figs. 2a, 2b and 2c. 

 

 

 

 
Figure 2: Representations of the linguistic labels, (a) 

H(cold), (b) H(moderate), (c) H(warm). 
 

Fig. 2a, Fig. 2b and Fig. 2c clearly show that a more 
accurate convex approximation of the original sets is 
achieved when employing the proposed recursive 
algorithm (explained in Section 5) when compared to a 
simple triangular approximation. We refer to the 

“histogram based” representations of the linguistic 
labels cold, moderate and warm as H(cold), 
H(moderate) and H(warm). 

(4) In order to create a fuzzy model of the linguistic 
variable Indoor Temperature we proceed one linguistic 
label at a time: 

a. For cold, we associate H(cold) with the level 1 on the 
yAxis and H(moderate) with level 0 on the yAxis. We 
employ interpolation to recreate the general type-2 set 
for cold as shown in Fig. 3a, Fig. 3b and Fig 3c. It 
should be noted that the positioning of H(cold) and 
H(moderate) at this step is not arbitrary but follows 
logically from the linguistic labels, i.e. H(cold) 
represents the temperature values associated with 
cold, hence they should be related to a yLevel of 1. 
H(moderate) on the other hand represents the 
temperature values which are associated with 
moderate and as such not anymore related with cold, 
thus, in terms of the fuzzy set cold, it should be 
associated with yLevel 0 at H(moderate). 

 

 
Figure 3: Schematic representation of the steps involved in 
creating the fuzzy set representation of linguistic labels. (a) 

“Histogram representations” of the linguistic labels 
associated with the respective levels on the yAxis before 
interpolation. (b) Fuzzy sets after interpolation from the 

front. (c) Fuzzy sets after interpolation from the rear. 
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b. For moderate, we associate H(cold) with the level 0 
on the yAxis, H(moderate) with level 1 on the 
yAxis and H(warm) with yLevel 0 on the yAxis. 
We employ interpolation to recreate the general 
type-2 set for moderate as shown in Fig. 3a, Fig. 3b 
and Fig. 3c.The reasoning of the positioning on the 
yAxis of H(cold), H(moderate) and H(warm) is 
analogous to Step a. 

 
c. For warm, we associate H(moderate) with level 0 

on the yAxis and H(warm) with yLevel 1 on the 
yAxis. We employ interpolation to recreate the 
general type-2 set for warm as shown in Fig 3(a)-
(c).  
The reasoning of the positioning on the yAxis of 
H(moderate) and H(warm) is analogous to Step a. 

 
 
We have shown in a series of steps how the data on a 
linguistic variable such as temperature can be used to 
generate a general type-2 representation of the given 
variable. It is straightforward to extract zSlices based general 
type-2 fuzzy sets as introduced in [11], interval type-2 and 
type-1 sets. The individual steps are shown for the general 
case in Section 4. 
 

3 Design of fuzzy sets based on device or 
variable characteristics 

In the context of Fuzzy Logic Controllers (FLCs), fuzzy 
logic sets are generally employed to model the uncertainty 
associated with the inputs and outputs of the FLC. In real 
world applications these inputs and outputs are commonly 
physical devices such as sensors and actuators which are 
susceptible to a wide range of sources for uncertainty, from 
wear and tear, to environmental conditions, signal noise etc. 
General type-2 fuzzy sets are well suited to model this 
uncertainty and in this section we are describing how 
information about the device or variable to be modelled can 
be directly incorporated into the fuzzy sets modelling. We 
will be using the illustrative example of generating the MFs 
for a sonar sensor from information which is directly 
retrieved from the device. While the example is referring to a 
sonar sensor, the overall method is applicable to every 
device or artefact that is to be modelled. 
  
Generation of two MFs Near and Far which model the 
distance value measured using a Sonar sensor. 
 
1. As a first step, we discretize the maximum sensor range 

into X steps. A finer level of discretization will result in 
a more accurate model of the uncertainty contained 
within the sensor outputs. The process of discretizing 
the sensor range of a Pioneer robot side sonar is shown 
in Fig. 4. 

2. At every step, the device, in our case the sonar sensor is 
sampled (for example by presenting the sonar with an 
obstacle at the specified distance in our case) Y times. A 
larger number Y of samples will result in a more 
accurate model of the uncertainty contained within the 

sensor outputs. The series of Y readings are analysed to 
create a mapping detailing the normalized frequency of 
each specific sample. As such, in our case, the reading 
(or close group of readings) which was measured the 
largest number of times out of Y samples is mapped to 
1, readings that have never been measured are mapped 
to 0 etc. This approach can be likened to a continuous 
(high discretization level) histogram. An example of this 
can be seen in Fig. 4. At each sampling step x, Y 
samples are taken which are translated to the respective 
histograms H(x). 

 
Fig. 4 Step 1 and 2 for the automatic generation of MFs for 

the sonar sensor mounted on a Pioneer robot. 
 

3. The histograms generated in Step 2 are representative of 
the uncertainty encountered while sampling the specific 
distance x, i.e. while usually the majority of samples 
return the accurate reading, some will return a different 
reading because of sensor noise, environmental impact, 
etc. The information contained in the histograms can 
thus be employed to define the third dimension of 
general type-2 fuzzy sets which models the uncertainty 
within the sensor. In order to use the histograms to 
define the third dimension of general type-2 fuzzy sets, 
the histograms need to be strictly convex. The convexity 
of the third dimension of fuzzy sets is a general 
requirement in several general type-2 fuzzy logic 
operations such as the join and meet computed on the 
membership grade presented in [12]. While we are 
planning to address the direct handling of non-convex 
sets in the future, at this stage we are converting the 
existing histogram into a convex function. While this 
can be done through simple triangular approximation, 
this results in a very poor representation of the 
information contained in the initial histogram. We have 
devised a recursive algorithm which converts the 
histograms H(x) to their convex counterparts C(x) while 
preserving as much information as possible. An example 
comparing an initial histogram to its convex 
approximations using the triangular approach and our 
algorithm can be seen in Fig. 5 and an in depth 
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description of the algorithm and further comparisons 
can be found in Section 5. 

It should be noted that the algorithm can be applied to any 
type-1 fuzzy set and as such to the histograms as presented 
here as well as any vertical slices of the general type-2 fuzzy 
set if required. 
 

 
Figure 5: Comparison between an initial non-convex 

histogram (set) and its convex approximation using the 
triangular and our recursive algorithm approach. 

 
4. For each linguistic label, we will need to determine the 

position of the linguistic labels within the device 
input/output range. In our example we are using 
triangular MFs and as such would define three points for 
every linguistic variable: its start, its maximum and its 
end. Fig.6 shows the Near MF for which in our example 
we defined the start as Ns, the maximum as Nm and the 
end as Ne. All previously generated convex H(x) where 
x start end  are mapped to the triangle formed by 
{start, maximum, end}, “raising” them to the respective 
level on the yAxis. This process is illustrated in Fig. 6 
for 5 histograms. In case there is uncertainty (for 
example due to linguistic uncertainties) about the 
positions of points Ns, Nm and Ne, we will have various 
triangles, each one is associated with the relevant 
histograms as shown in Fig.6. These triangles are then 
interpolated (as explained in the following step) in the 
x-y and the y-z domain to generate the FOU and third 
dimension of the general type-2 fuzzy set. 

 
Fig. 6  The fuzzy MF Near is composed of the endpoints 

defined by the linguistic variable combined with the 
histograms of any sampling points which lie within the range 

of the linguistic variable. Here, five histograms are shown 
which have been “raised” to their respective level on the 

yAxis which is defined by the intersection of their sampling 
point x with the triangular {Ns,Nm,Ne}. 

 

5. In the final step towards the generation of a general 
type-2 MF, the different histograms are linked through 
interpolation. It should be noted that the choice of 
interpolation method and the number of histograms 
directly affect the quality of the uncertainty model of the 
MF. Fig. 7 illustrates the front and side view of our 
exemplary MF Near. If it is requirement for the vertical 
slices of the resulting set to be strictly convex, the same 
convexity algorithm as described above can be applied 
to the vertical slice. 
 

 
   (a)              (b) 

Figure 7:  (a) Front view of the generated membership 
function for Near; (b) rear view of the same set. 

 
The procedure for the automatic generation of general type-2 
MFs presented in this section allows the generation of MFs 
which reflect and model the uncertainty encountered by or 
inherent to a specific device. The generated general type-2 
MFs can easily be used to extract type-1, interval type-2 and 
zSlices based general type-2 fuzzy sets as we will be shown 
in Section 4. 
 

4 Extraction of zSlice based general, interval 
type-2 and type-1 fuzzy sets. 

 
It is straightforward to extract type-1 MFs and interval type-
2 MFs from the general type-2 MFs generated in Sections 2 
and 3 by restricting the zLevel (i.e. the value on the zAxis) 
to 1 or 0 respectively (in the case of interval type-2 MFs, 
they are subsequently “raised” to a zLevel of 1). This allows 
the process to generate type-1 and interval type-2 MFs from 
data without altering the procedure, which should facilitate 
the performance comparison between different levels of 
complexity in FLCs. An example of the MFs extracted from 
the general type-2 fuzzy sets shown in Fig. 7 is shown in 
Fig. 8. 
 

 
Figure 8:  The type-1 and interval type-2 MFs extracted from 

the general type-2 MF shown in Fig. 7 
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Finally, it is worth noting that the fuzzy sets generated in 
Sections 2 and 3 can easily be transformed to zSlices based 
MFs which were introduced in [11]. Fig. 9 shows an 
example of the generated zSlice based MF from the general 
type-2 MF shown in Fig. 7. 

 

 
Figure 9:  zSlice based general type-2 version (3 zSlices) of 
the general type-2 set shown in Fig. 15. It should be noted 

that only the zSlices 1-3 are shown, zSlice 0 has been 
omitted to improve visibility. 

 

5 Approximation of a convex set from a non-
convex set. 

5.1 Description of the algorithm. 

In order to generate a convex function from a non-convex 
function (more specifically, the discretized points from this 
function) while maintaining a high level of similarity to the 
original function, we have devised a recursive algorithm 
which is described in detail in this section. 

The algorithm takes a discretized non-convex function 
(such as a type-1 fuzzy set) F as input. The discretization 
level along the xAxis is referred to as D. The function F 
matches each point on the xAxis  to a point  on the 
yAxis (where ). As such, the function is 
represented as a series of points  in two-dimensional space 
where the x and y coordinates of a point   are referred to 
as  and . 
In our application of the convex approximation of 
“continuous histograms” (as discussed in Sections 2 & 3), 
the x-Axis represents the input axis, for example the 
distance, if we are considering a distance sensor, while the 
yAxis represents the number of samples. We denote the 
convex output set as O. 
 
The recursive algorithm performs the following steps: 

 
0.  

a. Traverse set from left to right (arbitrary- or from 
right to left) and find the coordinates of the 
discretized point   (  is defined in two-
dimensional space by its coordinates  and 

), where  
   and 
  . 
If more than one point with the same maximum is 
found, the middle point (according to its x 
coordinates ) is chosen. If the number of points 
with the same maximum is even, one of the middle 
points is chosen arbitrarily. 

b. Add point  to the output set O. 

c. Split the series of points into two series: 
 and . 

d. Pass the series  to Step 1 and the series 
 to Step 2. 

1.  
a. Refer to the given series of points as [ ]. 
b.  THEN  STOP. 
c. Find the new maximum point  of the given 

series such that: 
 

. 
d. Add point  to the output set O. 
e. Split the given series into two series: 

 and  and pass 
both series separately to Step 1 (recursion).  

2.  
a. Refer to the given series of points as [ ]. 
b.  THEN  STOP. 
c. Find the maximum point  of the given series 

with endpoints such that  
 

. 
d. Add point  to the output set O. 
e. Split the given series into two series: 

 and  and pass 
both series separately to Step 2 (recursion).  

 
Below we give an example of the application of the 
recursive algorithm. 
 
5.2 Example application of the recursive algorithm. 

In Table 2 we indicate the coordinates of a non convex set 
shown in Fig.10 taken from real world experiments and 
compare it to the coordinates computed by our algorithm and 
the triangular approximation. 
 

 
Fig. 10 A plot of the non convex input function as well as 

both the recursive and triangular approximated 

 
From Table 2 it can be seen that both the recursive and the 
triangular algorithms omit a significant amount of detail in 
order to generate a convex approximation of the input set. 
Nevertheless the number of preserved samples and thus 
detail and information is much larger in the recursive 
approximation. This is also visible in Fig. 10 which shows 
that the recursive algorithm provides a vastly superior fit to 
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the original function in comparison to the triangular 
approximation. 
 

Table 2 Comparison of z and y tuples preserved by our 
recursive algorithm and a triangular algorithm while 

converting the non-convex set shown in Fig. 10. 

Non-convex Set 
Convex Set 
(Recursive 
Algorithm) 

Convex Set 
(Triangular 
Algorithm) 

x y x y x y x y 
0.00 1459 0.44 1508 0.02 1462 0 1459 
0.02 1462 1.00 1509 0.06 1466 1 1509 
0.00 1463 0.02 1510 0.10 1469 0 1561 
0.00 1465 0.15 1511 0.11 1497     
0.06 1466 0.17 1512 0.37 1498     
0.10 1469 0.10 1513 0.44 1508     
0.00 1470 0.07 1515 1.00 1509     
0.01 1495 0.11 1516 0.17 1512     
0.11 1497 0.04 1517 0.11 1516     
0.37 1498 0.06 1518 0.06 1518     
0.14 1501 0.04 1519 0.04 1519     
0.00 1502 0.02 1520 0.02 1520     
0.00 1504 0.02 1522 0.02 1522     
0.07 1505 0.00 1526 0.01 1558     
0.00 1506 0.01 1558         
0.02 1507 0.00 1561         

 

6 Conclusions 
In this paper we have addressed the reoccurring problem in 
fuzzy systems of specifying the parameters for fuzzy 
membership functions (MFs). The correct selection of 
parameter of fuzzy MFs is crucial in order for the fuzzy 
systems to model the uncertainty contained within the 
system correctly and thus to allow the generated fuzzy 
system to provide good performance. While the problem has 
been previously addressed to some extent for interval type-2 
and type-1 fuzzy systems, the use of general type-2 fuzzy 
sets requires the specification of an even larger number of 
parameters for each MF and as such is set to exasperate the 
problem of choosing those parameters. 
We have presented two novel methods which allow the 
design of general type-2 fuzzy MFs directly from data and as 
such eliminate the need for a manual design of the MFs or 
the use of artificial intelligence techniques in order to tune 
the MFs.  
The first method allows the design of general type-2 fuzzy 
MFs using data on linguistic labels which is collected 
through a survey. The technique allows for an accurate 
representation of the perception of linguistic variables 
gathered through the survey without any loss of information. 
The second method specifies the general type-2 MFs based 
on data which is directly sampled from the device (such as a 
sensor) which is to be modelled and as such creates an 
accurate representation of the uncertainty associated with the 
specific device. 
Both methods further allow the extraction of type-1, interval 
type-2 and the recently introduced zSlices based general 
type-2 fuzzy sets. 

Additionally, we have presented a recursive algorithm that 
computes a convex approximation of fuzzy sets while 
preserving significantly more detail than simple triangular 
approximation which in turn enables a more accurate 
modelling of the uncertainty within the fuzzy MFs. 
In the future, we are planning to further refine the algorithms 
for the automatic definition of fuzzy sets while investigating 
their performance in real world applications. Particularly, we 
are looking to extend the theoretical frameworks to non-
convex fuzzy sets and to investigate non-singleton 
fuzzification in conjunction with the automatically created 
sets. 
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Abstract— This paper proposes to analyze two flow line systems 

in which we include possibilistic data -the priority-discipline is 

possibilistic instead of probabilistic- and measure the 

performances of the systems with the effectiveness measure 

“waiting time in queue”. In a previous work we have analyzed and 

developed a queuing model with uncertain priority-discipline, 

using Zadeh’s extension principle. Because of it in this paper the 

analysis of the model takes the work realized by Prade as a 

starting point to incorporate an uncertain priority-discipline in a 

flow line system by means of a possibilistic distribution. To verify 

the validity of the proposed method, we calculate the possibility 

distribution of the priority-discipline and the possibility 

distribution of the performance measure “waiting time in queue”, 

in two flow line systems with different waiting lines: the 

determinist flow line system  and the classic flow line 

system 

/ /1D D

/ /1/M M N  with finite capacity. Since the performance 

measure is expressed by membership function rather than by crisp 

value, the fuzziness of input information is conserved completely, 

and more information is provided for capacity planning in flow 

line systems. 

Keywords— Flow Line Systems, Fuzzy Numbers, 
Possibility Theory, Priority-Discipline 

1 Introduction
In this work we present two flow line systems to which we 
add a possibilistic priority-discipline instead of a 
probabilistic priority-discipline. For the development of the 
models we will follow the methodology exposed by Prade

[1] about possibilistic models of queuing systems. In the 
literature regarding the queuing models with uncertain data 
we have not found any article that uses and develops his 
method in order to incorporate uncertainty in the queuing 
models with priority-discipline (except for Prade’s work). 
For example, the works of Li and Lee [2], Negi and Lee [3], 
or more recently Chen [4] or Pardo and de la Fuente [5,6] 
among others, study the flow line systems with uncertain 
data according to the Zadeh’s extension principle [7], and in 
the work of Pardo and de la Fuente [8] the optimization of 
the fuzzy queuing model with priority-discipline is also 
studied according to the Zadeh’s extension principle.

2 Calculation of the membership function of 
possibilistic priority-discipline 

The possibilistic priority-discipline indicates the possibility 
that has the unit that arrives to the system in the position n

to be overtaken, displaced or served in a different position 
that n in the waiting line. To develop the proposed models 
in this work, we need to define a possibility distribution of 
the priority-discipline but the possibility distribution can be 
calculated from the different existing methods to construct 
possibility distributions from real data or from the opinion 
of the experts (for example in Dubois et al. [9]). 

In this way, we define the following possibility distribution 
(we denote by n

i
� ) and it provides us with the possibility 

that has the unit that has arrived in the position n to be 
served in the position n i� . Logically, this is valid when 
there is a queue length of one or more units at the arrival of 
one unit to the system, depending on the case. Besides and 
because of simplicity, the possibility distribution of the 
priority-discipline will be considered independent of the 
unit n. For this reason, the possibility of the unit n to 
advance one or more positions in the queue is: 
1. The possibility of being served in the position n is: 

0 1n� � .

2. The possibility of being served in the position 1n �  is: 
� �1 1 1 1n� � �� � � .

3. The possibility of being served in the position 2n �  is: 
� �2 2 2 1n� � �� � � . In this case we consider that the 

unit 1n �  and the unit 2n �  move back one position 
in the waiting line. 

4. The possibility of being served in the position n i�
with 3, 4,...i � � �  is: 0n

i
� � . In this way one unit can 

not advance more than two positions in the waiting 
line. 

From the following hypotheses, we calculate the possibility 
that has the waiting unit to be moved back one position in 
the waiting line because of the arrival of one unit with 
higher priority. Then: 

1. There are two reasons for the unit n to move back one 
position in the waiting line: 

i) Because the unit 1n �  overtakes the unit n. That 
happens because it has priority to advance one 
position in the queue or because it has priority to 
advance two positions in the queue. The 
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possibility of the event “the unit 1n �  overtakes 
the unit n” is the association of the two previous 
events and it is know that it has a certain rate 
according to the fuzzy logic (Zimmermann [10]):  

	 
1 2max ,� �  (1) 

ii) If the unit 1n �  does not have higher priority to 
the unit n, but the unit 2n �  has higher priority 
to the units n and 1n �  and advances two 
positions, the units n and 1n �  move back one 
position and that happens with a possibility grade 
of 2� .

Then, the possibility grade of the unit n to move one 
position back once it has arrived to the system is the 
association of the previous events, and according to the 
fuzzy logic (Zimmermann [10]): 

	 
	 
 	 , 
1 1 2 2 1 2max max , , maxn� � � ��


2

� ��  (2) 

2. The unit n can move back two positions in the queue if 
it moves back twice consecutively, that means if the 
event “the unit n moves back one position” happens 
twice, what in fuzzy logic has a certain rate 
(Zimmermann [10]): 

	 
 	2 1 1 1 1min , max ,n n n n� � � � � �� � �  (3) 

3. Likewise, the possibility grade of the unit to be moved 
back three or more positions in the waiting line can be 
calculated and in all of them we have: 

	 1 2max ,n

i 
� � ��    with  (4) 3, 4,...i �

Then, the possibility grade of the unit n to move back in the 
waiting line, regardless of the number of positions is:  

	 1 2max ,n

i 
� � ��     with  (5) 1, 2,...i �

The possibility distribution of the priority-discipline in the 
waiting line is: 

 (6) 

	 


2

1

1 2

0 if 3, 4
if 2
if 1

1 if 0
max , if 1, 2,...

n

i

i

i

i

i

i

�
��

� �

� � ��
� � ��� � �� 
� ��

���

,...

Once we know n

i
�  we obtain the “possibility distribution of 

the permanence time in line of the unit n” (denoted ),
taking into account that if the unit n advances two positions, 
it does not have to wait in the waiting line to the service of 
the units  and . I it advances one position, we 
have to take away the service of the unit 

n

q
W�

2n � 1n �
1n � . If it 

maintains its arrival position, its permanence time in queue 
does not change. And if it moves back in the queue it has to 
wait its permanence time and also so many service times as 
units that had overtaken it. Using Zadeh’s notation to denote 
a fuzzy number (Zadeh [7]) (the possibility grade is 

previous to the symbol “/”, the possible value is posterior, 
and the symbol “+” represents the association), if it is 
denoted by b the service time of one unit, the possibility 
distribution of the permanence time in queue of the unit n is: 

� � � �
� � � �

2 1

0 1 2

/ 2 /

/ / / 2

n n n n n

q q q

n n n n n n

q q q

W W b W b

W W b W b

� �

� � �

� �� � � � �

...� � � � �

�

�
 (7) 

Depending on the particular features of the flow line system 
to which is added this possibilistic priority-discipline, we 
obtain some results that differ among the different models. 
In the following sections we show the obtained theoretical 
results with two flow line systems with possibilistic priority-
discipline.

3 Determinist flow line system / /1D D  with 
times among arrivals longer than the service 
time and possibilistic priority-discipline 

In the determinist flow line system, the units arrive to the 
system with time among arrivals constant and are also 
served in constant times. It is supposed that the system is 
organised in a way that the arrivals happen in regular 
intervals and they are also regularly served in an only 
channel. The arrival source is considered unlimited and 
there is no limitation in the capacity of the system. 

Saaty [11] analyses the determinist queuing system D/D/1 in 
transitory state. That means that the initial conditions (the 
number of units that there are in the system at the initial 
moment) affect the obtained results in the model. In addition 
to this, Saaty studies the system with times among arrivals 
longer than the service times. This condition supposes that 
the units take in arriving to the system more time that the 
system needs to serve them, that is why there will never be a 
waiting line when starting the system there are no units in it 
(initial condition 0I �  when , with I the number of 
initial units in the system). Each unit that arrives to the 
system is served before the arrival of the next unit. Due to 
this, Saaty studies the determinist model supposing that it is 
able to empty (the units in the system are not accumulated) 
under the initial existence conditions of I units in the system 
at the initial moment. 

0t �

To know the evolution of this system and to calculate its 
performance measure, we have to analyse the behaviour of 
this flow line. The I units are found in the facilities when the 
system start to work and since the system is able to absorb 
the next arrivals (they are served very fast) then there will 
be an moment (denoted T) in which there will be no units in 
the system and each one arriving to the system will be 
served before the arrival of the next one. In T, the system 
reaches the steady state: the server stays idle until a new 
arrival, there are no units in the waiting line and the 
permanence time in queue is zero. In order to define the 
system completely, we need to calculate the number of units 
that arrive to the system before T (denoted A). They are the 
units that have to stay in the waiting line together with the 
initials.
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Regarding the performance measure “waiting time in queue 
of the unit n”,  Saaty does not calculate it for the 
different values of n. That is why before incorporating a 
possibilistic priority-discipline, we will first calculate the 
variable A and the performance measure . It will be so 
denoted:

n

q
W

n

q
W

a: Time among consecutive arrivals. 

b:  Service time. 

I:  Number of units in the system at the initial moment 
(including the unit that arrives to the system at the 
initial moment and the units that were already in it). 
The case  means that at the arrival of the first 
unit, the system was empty. 

1I �

The system reaches the steady state in T once the server has 
attended the initial units I and the new arrivals A. The 
arrival 1A�  is the first one that finds the server free and 
goes directly to be attended. This arrival happens in 
� �1A a� . From here, the moment in that the first unit 1A�

arrives to the system has to be longer than the time of 
service of the  units, otherwise it is no possible that 
such arrival finds the system free. Then: 

I A�

� � � �1 Ib a
A a I A b A

a b

�
� � � � �

�
 (8) 

The variable A has to be the first entire number that fulfils 
the previous expression, then: 

� �1
1

b IIb a
A

a b a b

�� ��� �� � � � �� �� �� � � �
 (9) 

where � �x  represents the whole part of the number x, that is 
to say, the largest integer less than or equal to a number x
(floor function). 

The performance measure of the permanence time in queue 
of the unit n,  is: n

q
W

 (10) 
� �

� � � �
1 if

1 if
0 if

n

q

n b n I

W n b n I a I n I

n I A

� ��
�� � � � � � �
� � ��

A

�

A

�
n

ll

We obtain the result (10) from the following reasoning: If 
the arrival time to the system of the unit n is: 

 (11) � �
0 if

if
n

ll

n I
T

n I a n I

��
�  ��

and the time when the unit n is served is: 

 (12) 
� �
� �

1 if
if

n

s

n b n I
T

n I a n I A

� � � ���  � ���
then .n n

q s
W T T� �

3.1 Example

Once we know the behaviour of the determinist flow line 
systems, following we show the incorporation of a 

possibilistic priority-discipline in the system  with 
practice application, calculating the possibility distribution 
of the permanence time in queue for each unit that when 
arrive to the system have to stay in the waiting line for a 
flow line system with time among arrivals of 30 min., 
service time 20 min., 8 initial units and with the possibility 
distribution of the priority-discipline: ;
and

/ /1D D

2 0.2n�� � 1 0.4n�� �

0 1n� � , from where we have that: 

	 
 	 
1 2max , max 0.4,0.2 0.4n

i
� � �� � � , 1, 2,...i �

First of all with the data of the example it will be 8I � ,
14A � , and: 

� �
0 if 8
8 30 if 8

n

ll

n
T

n n

��
�  � ��

� �
� �

1 20 if 22
8 30 if 22

n

s

n n

n n

� � ���  � ���
T

� �
� � � �

1 20 if 8
1 20 8 30 if 8 22

0 if

n

q

n n

W n n n

n

� ��
�� � � � � �
� �� 22

Before calculating the possibility distribution of the 
permanence time in queue of the client n and given the 
features of the system, we have to make the following 
remarks: 

� Because of the evolution of this system there is a unit 
N, such that I N I A� � � � �8 22N� � , which fulfils 
that every unit n N�  is served before the arrival of 
the next unit and it is not possible for the unit 1n �  to 
overtake the unit n. That means, if it is denoted by N

s
T

at the same moment that the unit N is served and by 
1N

ll
T

�  the arrival time of the unit 1N � , then N is the 
first unit that fulfils: 1N N

s ll
T T

�� , so there is no 
possibility for the position n to be moved back in the 
waiting line, then 0n

j
� � , 1,2,...j �  and n N� , with: 

� � � � 11 20 1 8 30N N

s l
T N N T

l

�� � � � � �

From here, we obtain , then in the example it is 19N �
20N � . In this way we obtain: 

1. If 20n �  is 0.4n

j
� �   with 1,2,..., 20j n� �   and 

0n

j
� �   with 120 ,....j n� � �

2. If 20n �  is 0n

j
� �   with 1,2,...j �

3. And if from the unit 20 it is not possible to move 
back in the waiting line, then it is not possible to 
overtake in the line from the unit 21 and the 
following ones. Then, if 21n �   is 2 1 0n n� �� �� � .

� The possibilities 2
n��  and 1

n��  when 20n �  depend on 
the unit n:
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1. If 1n � , that is, the first unit in the system, then: 

1 0 .1 1
2� �� �� �

2. If 2n � , then: 2 0�� � and 2
1 0.4�� � , given that the 

second unit arrives at the same time that the first 
one and there is a possibility that it advances in the 
waiting line. 

2

� �3. If 8n I � , they are units that arrive to the 
system in the moment zero and there is a possibility 
that all of them change their position advancing 
one or two positions in the waiting line, then: 

2 0.2n�� � and 1

3

0.4n�� �

4. If 9 20n� � , because of the features of that system 
we know that the waiting line diminishes for any 
unit that enters, that means that it is possible for the 
last arrivals that the level of the queue is lower than 
2 or 1 unit and they can not advance one or two 
positions respectively. To determine what units can 
make its priority effective, we follow the next 
reasoning: We denote 1N  the unit with priority to 
advance two positions in the waiting line, in order 
to make this priority effective, the arrival time of 
the unit 1N  must be lower or the same that the 
service time of the unit 1 2N �  (the unit previous 
to 1N  in two positions) so it can occupy its 
position, then 1 1 2N N

ll s
T T

�� , and from here we get 

1 18N � . And we denote 2N  the unit with priority 
to advance one position in the waiting line, this 
priority can be likewise effective if the arrival time 
of the unit 2N  is lower or the same that the service 
time of the unit 2 1N �  (the unit previous to 
one position), then 2 2 1N N

ll s
T

�� , from where it is 

2 20N � . Then:

2N

T

i) If 9 18n� � , then 2 0.2n�� �  and 1 0.4n�� �

ii) If 19n �  or 20n � , then 2 0n�� �  and 

1
n 0.4�� �

With all this we calculate the possibility distribution of the 
permanence time in queue of the unit n:

� � � �
� � � �

� �� �

2 1

1 2

20

/ 40 / 20

1/ / 20 / 40

... / 20 20

n n n n n

q q q

n n n n n

q q q

n n

n q

W W W

W W W

W n

� �

� �

�

� �

�

� � � � �

� � � � � �

� � � �

�

Following is detailed this possibility distribution for some 
values of n:

1

2

8

15

20

21

1/ 0 0.4 / 20 ... 0.4 / 380
0.4 / 0 1/ 20 0.4 / 40 ... 0.4 / 380
0.2 /100 0.4 /120 1/140 0.4 /160 ... 0.4 / 380
0.2 / 30 0.4 / 50 1/ 70 0.4 / 90 ... 0.4 /170
0.4 / 0 1/ 20
1/10
1/ 0 if 22

q

q

q

q

q

q

n

q

W

W

W

W

W

W

W n

� � � �
� � � � �
� � � � � �
� � � � � �
� �
�
� �

�

�

�

�

�

�

�

Just as the possibilistic priority-discipline has been adapted 
to the determinist flow line system , with time 
among arrivals longer than the service time, it can be 
incorporated to other determinist queuing systems only 
taking into account the features of the system and the 
evolution of the waiting line. 

/ /1D D

4 Flow line systems 1  with 
possibilistic priority-discipline 

/ / /M M N

The classic flow line system / /1/M M N  with finite 
capacity is considered, with times among arrivals and 
service time distributed according to an exponential of 
parameters �  and �  respectively, equals to all the units 
and regardless the kind of priority. The system has an 
unlimited enter source and the capacity is N units in the 
system. 

The system is analysed in steady state so we know the 
probabilities of the system to be empty [12]: 

1

0 0

n

N

n
P

�
�

�

�

� �� �
�  � �  �  ! "! "
# (13)

and that the units n are found in the system: 

0

n

n
P P

�
�

� �
� �  

! "
 with (14)1, 2,...,n N�

and we also know that the average permanence time in 
queue of each unit is: 

� �1
q

q

N

L
W

P�
�

�
 (15) 

where:

� �
1

0 2
1

n

N

q n
L P n

�
� �

�

�

� �� �
�� � �  � ! "! "
# �

 
 

 (16) 

is average length of the units in queue. 

To incorporate the possibilistic priority-discipline before 
indicated we have to take into account that in the stochastic 
flow line systems we do not know for sure the moment 
when the unit arrives to the system, which the length of the 
queue is when the unit arrives and if, after that, one ore 
more units can arrive and make that the previous unit move 
back in the queue from its arrival position. Then, we should 
calculate the average possibility to advance one or two 
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positions in line, the average possibility to remain in the 
arrival position or the average possibility of moving back in 
the queue: 

1. When the unit n arrives to the system, if it has priority 
to overtake 2 units and besides there is a waiting line 
with 2 or more units in the queue (3 units or more in 
the system), the priority-discipline will be made 
effective. The possibility of overtaken two units is 2

n��

and the probability that 3 or more units are found in 
the system is 2P P� � . For this reason the 
average possibility of one unit advancing two positions 
in the queue (denoted 2p� ) happens when both happen 
at the same time, and using the definition of Zadeh 
[13] of the probability of a fuzzy event is: 

3 0 11
n

P P� � �

32 2
n

n
p P�� �� $ �

2

 (17) 

2. With a similar reasoning to the previous one, we 
conclude that the average possibility of one unit 
advancing one position is:  

1 1
n

n
p P�� �� $ �

1P

�

 (18) 

with 2 01
n

P P� � � �

3. The possibility of remaining in its position in the 
waiting line always happens, regardless the number of 
units that there are in the system at the moment that the 
unit n arrives, then: 

 (19) 0 0 1n
p �� �

4. The average possibility of moving back in the queue, 
i

p  with 2,..., 1i N �  happens when the unit has to 
wait to be attended since another unit can arrive 
meanwhile with higher priority. One unit has to wait if 
the system is busy when it arrives to it and this 
happens with probability 0 01

n
P� � � , then: 

1,

P

0
n

i i n
p P� �� $  (20) 

Once we know the average possibility of advancing or 
moving back in the waiting line, the possibility distribution 
of the average permanence time in queue is: 

� � � �
� � � �

2 1

0 1 2

/ 2 / 1

/ / 1 / 2 ...

q q q

q q q

W p W p W

p W p W p W

� �

� �

� �� � � � �

� � � � � �

�
 (21) 

4.1 Example 

To conclude, we illustrate with an example the 
incorporation of a possibilistic priority-discipline calculating 
the possibility distribution of the average permanence time 
in queue for a flow line system  of parameters / /1/10M M

6� �  and 8� �  units per hour, and  units. The 
possibility distribution of the waiting discipline is: 

,  and . From here: 

, with i

10N �

2 0.4n�� � 1 0.6n�� � 0 1n� �

	 
max 0.4,0.6 0.6n

i
� � � 1, 2,...,9

With this data we have: ,  and 0 0.261P � 1 0.1958P �

2 0.1468P � , then 3 0.3964
n

P � � ,  and 2 0.5432
n

P � �

0 0.739
n

P � � . The average possibility of advancing or 
moving back in the waiting line is: 2 0.1586p� � ,

1 0.3259p� � , 0 1p �  and  with 0.4434
i

p � 1, 2,...,9i �
The average permanence time in the waiting line of one unit 
is: 0.3004

q
W � . And the possibility distribution of the 

average permanence time in the queue is: 

0.1586 / 0.0504 0.3259 / 0.1754

1/ 0.3004 0.4434 / 0.4254
0.4434 / 0.5504 ...

q
W � � �

� � �
� �

�

The possibility distribution W is represented in the Fig. 1. 
q

�

�

0.80.60.40.20

1

0.8

0.6

0.4

0.2

q
W�

time

. . .  . .  .

possibility 

Figure 1: Possibility distribution W
q

The possibilistic priority-discipline can be adapted to other 
stochastic flow line system only by following a similar 
procedure to the one carried out in the last example. 

5 Conclusions
In this work, taking the work started by Prade [1] as a 
starting point and incorporating it a possibilistic priority-
discipline, we have given a more realistic representation of 
the flow line systems. For this we have defined a possibility 
distribution for the waiting-discipline but it can be 
calculated from real data or from the opinion of the experts. 
To illustrate the proposed method and the obtained 
theoretical results we have carried out two applications: one, 
to incorporate the possibilistic priority-discipline in a pure 
determinist flow line system and the other one to 
incorporate the uncertain priority-discipline in a classic flow 
line model. In both applications we have developed the 
technique to incorporate the priority-discipline given the 
particular features of the system and on the other hand, we 
have exposed an example that explains the proposed 
methodology. 

Even so, the flow line systems with uncertain waiting line 
presented and developed in this work provide the decision 
maker with more complete and informative results and also 
with a better knowledge about the behaviour of the system 
due to the results that are possibility distributions that � .
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include all the uncertainty contained in the system. It is also 
a simple methodology that can be adapted to the different 
flow line systems with uncertain priority-discipline. For this 
reason we think that the proposed flow line system with 
uncertain data can have more applications than the classic 
one.
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1 Introduction

In order to work with vague quantities, fuzzy sets were sug-
gested [13]; their membership degrees are in the unit interval
I = [0, 1]. Sometimes this approach appeared too restrictive;
instead of one value, the membership degree of a point was
restricted to an interval in I . This led to the notion of interval-
valued fuzzy sets. The original term was intuitionistic fuzzy
sets [1, 2], but it causes misunderstandings because there is no
relevance to the intuitionistic logic. Other synonyms found in
the literature are IFS events [8], etc. The idea of using more
general membership degrees is rather old, cf. [4].

Another motivation of interval-valued fuzzy sets is the fol-
lowing: If we determine the membership degree of a point
p by an interval (x, y) ∈ I2, x ≤ y, we say that p belongs
to the fuzzy set with the degree at least x and does not be-
long to it with the degree at least z = 1 − y; the remainder
1− (x + z) = y− x ≥ 0 represents missing knowledge. This
approach works with pairs (x, z) ∈ I2, x+z ≤ 1, representing
bipolar information. It is distinguished for philosophical, psy-
chological, and methodological reasons; from the mathemati-
cal point of view, the descriptions by the pair (x, y) or (x, z)
lead to isomorphic models and results can be easily translated
from one context to the other.

We refer to [3, 5, 6, 7, 8] for recent investigation of proper-
ties of interval-valued fuzzy sets, operations and measures on
them.

2 Standard interval algebra

Here we define the standard algebra of all intervals in I . In the
sequel, we shall also consider its subalgebras.

We shall work with the set

I2 =
{
(x, y) ∈ I2 | x ≤ y

}
. (1)

Equipped with the usual pointwise ordering,

(x1, y1) ≤ (x2, y2) ⇐⇒ (x1 ≤ x2 and y1 ≤ y2) , (2)

I2 becomes a lattice with the least element 0 = (0, 0) and the
greatest element 1 = (1, 1) and the lattice operations

(x1, y1) ∧ (x2, y2) = (min(x1, y1), min(x2, y2)) , (3)
(x1, y1) ∨ (x2, y2) = (max(x1, y1), max(x2, y2)) . (4)

The sublattice

D = {(x, x) | x ∈ I} ⊂ I2 (5)

consists of the elements (x, x) ∈ I2 which represent real
membership degrees corresponding to x ∈ I in standard fuzzy
sets. Thus I2 represents an extension of D ∼= I by elements
(x, y) ∈ I2, x < y.

The standard fuzzy negation ′ : I → I , x′ = 1 − x, has a
natural extension to the negation ′ : I2 → I2,

(x, y)′ = (y′, x′) . (6)

Thus we have a bounded lattice with an antitone involutive op-
eration ′. We call this structure the standard interval algebra
and—with some abuse of notation—we denote it again by I2.

The standard interval algebra is often considered with ad-
ditional operations. These are often derived from the stan-
dard MV-algebra ([0, 1], 0,⊕, ′), where ′ is the standard
fuzzy negation and ⊕ is the Łukasiewicz t-conorm a ⊕ b =
min(1, a + b). Its dual operation is the Łukasiewicz t-norm
a� b = (a′ ⊕ b′)′ = max(0, a + b− 1). These operations are
applied to elements of I2 coordinatewise,

(x1, y1)� (x2, y2) = (x1 � x2, y1 � y2) , (7)
(x1, y1)⊕ (x2, y2) = (x1 ⊕ x2, y1 ⊕ y2) . (8)

Then D ⊂ I2 becomes isomorphic to the standard MV-
algebra.

Remark 1. Other t-norms and t-conorms on I2, not origi-
nated this way, are studied, e.g., in [3]. We do not deal with
them here.

Another line of research is due to S. Weber [10, 11]. He
extends the MV-algebra D to a Girard algebra with operations

(x1, y1) & (x2, y2) = (x1 � x2, max((x1 � y2) , (y1 � x2))) ,
(9)

(x1, y1) ' (x2, y2) = (min((x1 ⊕ y2) , (y1 ⊕ x2)), y1 ⊕ y2) .
(10)

Although rather strange, these operations arise as a unique so-
lution of well-motivated algebraic conditions [11]. On D, they
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coincide with the Łukasiewicz operations and with (7), (8).
The lattice reduct (I2,∨,∧) of the Girard algebra is the same
as in the former approach.

As we shall deal only with the lattice operations, the (stan-
dard) negation, and with the Łukasiewicz operations on D,
we need not deal with the differences between the above two
approaches; we study features which are common to both of
them.

3 Measures on the interval algebra

In order to study probability of fuzzy events, we need to intro-
duce (probability) measures on fuzzy sets. First of all, we need
measures on the algebras of membership degrees; in our case,
on the standard interval algebra I2. Different conditions are
imposed in order to extend the notion of probability from clas-
sical sets to fuzzy sets and interval-valued fuzzy sets. Here we
follow one of the approaches suggested by S. Weber in [11],
but analogous conditions are studied in many other papers. We
refer to [12] for a comparison of many approaches to measures
on collections of fuzzy sets.

Without referring to a specific definition, let us accept that
the standard MV-algebra admits one very natural candidate
for a measure—the identity. It commutes with the standard
negation and satisfies all forms of additivity conditions (see
[9] for details). Thus here we assume that the only measure
on the standard MV-algebra is the identity. Also S. Weber
in [11] studies measures m which are extensions of this mea-
sure on D, i.e.,

∀x ∈ I : m(x, x) = x . (M1+)

(For simplicity, we write m(x, x) instead of m((x, x)).) For
all elements (x, y) ∈ I2, he imposes the following conditions
as minimal requirements on so-called uncertainty measures:

m(0) = 0 , m(1) = 1 , (M1)
A ≤ B =⇒ m(A) ≤ m(B) , (M2)
m (A′) = 1−m(A) . (M3)

(Condition (M1) follows from (M1+).) One of the additional
conditions studied in [11] is the valuation property:

m(A ∧B) + m(A ∨B) = m(A) + m(B) . (V)

In this paper, we study mappings m : I2 → [0, 1] satisfying
(M1+), (M2), (M3), and (V); we call them valuation mea-
sures.

3.1 Characterization of valuation measures on the standard
interval algebra

Our principal contribution is the following (µ is a 1
2 -Lipschitz

function if |µ(u)− µ(v)| ≤ 1
2 |u− v| for all u, v):

Theorem 2. A mapping m : I2 → [0, 1] is a valuation mea-
sure if and only if there is a 1

2 -Lipschitz function µ on
[
0, 1

2

]
such that m is of the form

m(x, y) =
x + y

2
+ µ

(∣∣x− 1
2

∣∣)− µ
(∣∣y − 1

2

∣∣) . (12)

Proof: First, let us suppose that µ is a 1
2 -Lipschitz function

and m is given by (12). If x = y, we obtain (M1+). Condition
(M3) is verified as follows:

m(1− y, 1− x)

=
1− y + 1− x

2
+ µ

(∣∣(1− y)− 1
2

∣∣)− µ
(∣∣(1− x)− 1

2

∣∣)

= 1− x + y

2
− µ

(∣∣x− 1
2

∣∣) + µ
(∣∣y − 1

2

∣∣)
= 1−m(x, y) . (13)

Monotonicity (M2) can be verified in each coordinate sepa-
rately and follows from the 1

2 -Lipschitz condition. For x1 <
x2, we obtain

m(x2, y)−m(x1, y)

=
x2 − x1

2
+ µ

(∣∣x2 − 1
2

∣∣)− µ
(∣∣x1 − 1

2

∣∣)

≥ x2 − x1

2
− 1

2

∣∣∣∣∣x2 − 1
2

∣∣− ∣∣x1 − 1
2

∣∣∣∣∣
≥ x2 − x1

2
− |x2 − x1|

2
= 0 . (14)

For y1 < y2, we obtain

m(x, y2)−m(x, y1)

=
y2 − y1

2
+ µ

(∣∣y2 − 1
2

∣∣)− µ
(∣∣y1 − 1

2

∣∣)

≥ y2 − y1

2
− 1

2

∣∣∣∣∣y2 − 1
2

∣∣− ∣∣y1 − 1
2

∣∣∣∣∣
≥ y2 − y1

2
− |y2 − y1|

2
= 0 . (15)

To check the valuation property (V), take A = (x1, y1),
B = (x2, y2). Notice that, independently of all possible order-
ings of x1, x2 (resp. y1, y2), m(A∧B)+m(A∨B) expressed
by (12) contains the same summands as m(A) + m(B):

m(A ∧B) + m(A ∨B)

=
x1 + x2 + y1 + y2

2
+ µ

(∣∣x1 − 1
2

∣∣) + µ
(∣∣x2 − 1

2

∣∣)
− µ

(∣∣y1 − 1
2

∣∣)− µ
(∣∣y2 − 1

2

∣∣)
= m(A) + m(B) . (16)

Thus m is a valuation measure.
To prove the reverse implication, let us assume that m is a

valuation measure. Whenever x + y = 1, the element (x, y)
is invariant to the negation and, due to (M3), m(x, y) = 1

2 .
We may define

µ(z) = z
2 + m

(
1
2 − z, 1

2

)
, (17)

in particular,
µ(0) = m

(
1
2 , 1

2

)
= 1

2 . (18)

For x ≤ y = 1
2 , the right-hand side of (12) is

x
2 + 1

4 + µ
(

1
2 − x

)− µ (0) = x
2 − 1

4 + µ
(

1
2 − x

)
= m

(
x, 1

2

)
(19)

as desired.
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For x ≤ y < 1
2 , we take A =

(
x, 1

2

)
, B = (y, y). Then

A∧B = (x, y), A∨B =
(
y, 1

2

)
. Using the valuation property,

(19), and (M1+), we obtain

m (x, y) = m(A ∧B) = m(A) + m(B)−m(A ∨B)

= m
(
x, 1

2

)
+ m (y, y)−m

(
y, 1

2

)
= x

2 + µ
(

1
2 − x

)
+ y − y

2 − µ
(

1
2 − y

)
= x

2 + µ
(

1
2 − x

)
+ y

2 − µ
(

1
2 − y

)
(20)

in accordance with (12).
The case 1

2 < x ≤ y is obtained by duality.
In the remaining case x ≤ 1

2 < y, without loss of generality
we may suppose that x + y ≤ 1 (the other case is dual). We
take A = (x, y), B =

(
1− y, 1

2

)
. Then A ∧ B =

(
x, 1

2

)
,

A ∨ B = (1− y, y). Using the valuation property and (19),
we obtain

m (x, y) = m(A) = m(A ∧B) + m(A ∨B)−m(B)

= m
(
x, 1

2

)
+ m (1− y, y)−m

(
1− y, 1

2

)
= x

2 + µ
(

1
2 − x

)
+ 1

2 − 1−y
2 + µ

(
1
2 − (1− y)

)
= x

2 + µ
(

1
2 − x

)
+ y

2 − µ
(
y − 1

2

)
. (21)

It remains to prove that µ is 1
2 -Lipschitz. Suppose that 0 ≤

x1 ≤ x2 ≤ 1
2 . One inequality follows from the monotonicity

of m:

µ(x2)− µ(x1) = x2
2 + m

(
1
2 − x2,

1
2

)− x1
2 −m

(
1
2 − x1,

1
2

)
≤ x2−x1

2 . (22)

To prove the second inequality, we take A =
(

1
2 − x2,

1
2

)
,

B =
(

1
2 − x1,

1
2 − x1

)
. Then A ∧ B =

(
1
2 − x2,

1
2 − x1

)
,

A ∨B =
(

1
2 − x1,

1
2

)
. We obtain

m(A ∨B)−m(A) = m(B)−m(A ∧B) , (23)

m
(

1
2 − x1,

1
2

)−m
(

1
2 − x2,

1
2

)
= m( 1

2 − x1,
1
2 − x1)−m

(
1
2 − x2,

1
2 − x1

)
≤ m( 1

2 − x1,
1
2 − x1)−m

(
1
2 − x2,

1
2 − x2

)
= x2 − x1 ,

(24)

µ(x1)− µ(x2)

= x1
2 + m

(
1
2 − x1,

1
2

)− x2
2 −m

(
1
2 − x2,

1
2

)
≤ x1−x2

2 + x2 − x1 = x2−x1
2 . (25)

Corollary 3. Every valuation measure on I2 is continuous,
even 1-Lipschitz.

Function µ in (12) is determined by m uniquely up to an
additive constant. Thus we may choose, e.g., µ(0) = 0, then
µ attains values from

[− 1
4 , 1

4

]
.

Example 4. For µ0 = 0, we obtain the valuation measure

m0(x, y) =
x + y

2
(26)

which is additive with respect to ⊕,�.

The extreme cases are µ1(z) = z
2 , µ−1(z) = − z

2 , which
lead to

m1(x, y) =




y if x ≤ y ≤ 1
2 ,

1
2 if x ≤ 1

2 < y ,
x if 1

2 < x ≤ y ,
(27)

m−1(x, y) =




x if x ≤ y ≤ 1
2 ,

x + y − 1
2 if x ≤ 1

2 < y ,
y if 1

2 < x ≤ y .
(28)

The choice of function µ is not limited to linear functions
in (12).

3.2 Convex structure of the space of valuation measures

In this section, we consider the set M of all valuation mea-
sures on I2. We considerM equipped with the product topol-
ogy inherited from [0, 1]I2 ⊇ M. As the defining conditions
of valuation measures can be written in the form of equations
using only continuous operations, the setM is closed. It can
be easily checked that a convex combination of valuation mea-
sures is a valuation measure; thus M is also convex. Valua-
tion measures µ1, µ−1 of Example 4 are (some of) its extreme
points.

Moreover, convex combinations are preserved by (12) in the
following sense:

Proposition 5. Let ma, resp. mb, be a valuation measure
on I2 and µa, resp. µb, the corresponding 1

2 -Lipschitz function
satisfying (12). Let λ ∈ [0, 1]. Then the convex combination
λ ma +(1−λ) mb is a valuation measure which satisfies (12)
for µ = λ µa + (1− λ) µb.

4 Generalizations
Theorem 2 described valuation measures on the standard in-
terval algebra. This case is important, but very special. It de-
scribes all interval-valued fuzzy subsets of a singleton. Here
we extend Theorem 2 to more general cases.

4.1 Valuation measures on the set of all interval-valued
fuzzy sets

Now we shall extend Theorem 2 to finite products of algebras
isomorphic to the standard interval algebra. These products
are isomorphic to the collections of all interval-valued fuzzy
subset of a finite set.

Let n ∈ N. We denote by In
2 the product of n standard

interval algebras, i.e., the cartesian product
∏n

i=1 I2 with the
lattice operations and negation applied to each coordinate sep-
arately.

Theorem 6. Let n ∈ N. A mapping m : In
2 → [0, 1] is a

valuation measure if and only if there are valuation measures
m1, . . . , mn on I2 and real coefficients c1, . . . , cn ∈ [0, 1]
such that

∑n
i=1 ci = 1 and m is of the form

m(A1, . . . , An) =
n∑

i=1

ci mi(Ai) . (29)

Proof: Suppose first that m is of the form (29), i.e., a convex
combination of valuation measures m1, . . . , mn on I2. For
each i = 1, . . . , n, we denote by πi the projection on the ith
coordinate,

πi(A1, . . . , An) = Ai . (30)
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It is a lattice homomorphism of In
2 onto I2. Thus the compo-

sition mi ◦ πi : In
2 → [0, 1],

(mi ◦ πi)(A1, . . . , An) = mi(πi(A1, . . . , An)) = mi(Ai) ,
(31)

is a valuation measure on In
2 . As a convex combination of

valuation measures, m is also a valuation measure.
Second, suppose that m is a valuation measure on In

2 . Let
B be the collection of all sharp (=crisp) elements of In

2 , i.e.,
all n-tuplets (A1, . . . , An) such that Ai ∈ {0,1} for all i =
1, . . . , n. Then B is a finite Boolean algebra with n atoms
(δi1, . . . , δin), i = 1, . . . , n, where

δik =
{

1 if i = k ,
0 if i �= k .

(32)

This means that (δi1, . . . , δin) = (0, . . . ,0,1,0, . . . ,0) ∈
In
2 , where the unit is in the ith coordinate. A valuation mea-

sure on a Boolean algebra is a classical probability measure.
Thus m it is of the form

m(A1, . . . , An) =
n∑

i=1

ci si(A1, . . . , An) , (33)

where ci = m(δi1, . . . , δin), i = 1, . . . , n, and s1, . . . , sn are
valuation measures on In

2 such that

si(δi1, . . . , δin) = 1 . (34)

As
si((δi1, . . . , δin)′) = si(δ′i1, . . . , δ

′
in) = 0 , (35)

we obtain
si(B1, . . . , Bn) = 0 (36)

whenever

(B1, . . . , Bn) ≤ (δi1, . . . , δin)′ . (37)

Thus si(A1, . . . , An) depends only on the ith coordi-
nate, Ai = πi(A1, . . . , An). We may express si in the form
si = mi ◦ πi for some mapping mi : I2 → [0, 1]. The image
of In

2 under πi is isomorphic to I2. As πi is a homomorphism,
mi must be a valuation measure on I2. The proof is finished.

The characterization can be extended also to infinite prod-
ucts of the standard interval algebra, thus to collections of
interval-valued fuzzy subsets of an infinite universe. This
requires valuation measures concentrated not only in coordi-
nates, but also in the points of the underlying Stone space of
the Boolean algebra in question. This way, we may also admit
subalgebras of products, so that the underlying Boolean alge-
bra is not the whole power set. We leave these extensions for
future research.

Theorems 2 and 6 can be combined. We obtain a charac-
terization of valuation measures on the product In

2 using 1
2 -

Lipschitz functions µi, i = 1, . . . , n. These functions can be
different in different coordinates.

4.2 Extension to subalgebras

S. Weber in [11] investigates valuation measures on finite Gi-
rard algebras, mainly on finite subalgebras of I2 of the form

C̃n =
{(

j
n , k

n

) ∣∣∣j, k ∈ Z, 0 ≤ j ≤ k ≤ n
}

, (38)

where n ≥ 1 is a fixed integer. Valuation measures on I2,
when restricted to C̃n, become valuation measures on C̃n.
Conversely, each valuation measure on C̃n admits an exten-
sion to a valuation measure on I2. This holds also for other
sublattices of I2:

Theorem 7. Let L be a sublattice of I2. Suppose that
(0, 0) , (1, 1) ∈ L and (x, y) ∈ L implies (x, x), (y, y),
(y′, x′) ∈ L. A mapping m : L → [0, 1] is a valuation mea-
sure if and only if it satisfies the condition of Theorem 2.

The proof follows the pattern of Theorem 2. Analogously,
we can also generalize Theorem 6 and obtain a characteriza-
tion of valuation measures on subalgebras of In

2 . These sub-
algebras are isomorphic to general collections of (not all pos-
sible) interval-valued fuzzy sets. For this, it is necessary to
add assumptions on closedness of these collections under the
lattice operations. We leave further details to future research.

5 Conclusions
We studied measures on finite products of the algebra of subin-
tervals of [0, 1]. We gave a characterization of measures which
(besides the obvious properties of monotonicity and boundary
conditions)

1. are compatible with the negation,

2. extend the identity on elements of the form (x, x), x ∈
[0, 1],

3. are valuations.

This is aimed as the first step towards the characterization of
such measures on collections of interval-valued fuzzy sets.

Our conditions do not represent the only choice, rather a
necessary minimum. Other conditions could be added, de-
pending on the application domain. Our general characteri-
zation forms a basis for description of measures restricted by
additional conditions, too.
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Abstract— Multi-criteria group decision-making and evaluation
(MCGDME) method typically aggregates information in evaluation
tables. For various reasons, evaluation tables (decision matrix) of-
ten include missing data that highly affect correct decision-making
and evaluation. Most existing imputation methods of missing data
are based on statistical features which do not exist in an MCGDME
setting. This paper proposes an imputation method of missing data
(IMD) in evaluation tables. The IMD method measures the simi-
larity betweent two evaluators’ mental models. Evaluators are then
classed into several groups based on their similarities by using fuzzy
clustering methods. Finally, missing data are imputated under the as-
sumption that the imputated value of missing data does not change
the previous clustering results. The proposed IMD method is imple-
mented and tested in two numerical experiments.

Keywords— decision making, missing data, multi-criteria evalu-
ation, opinion clustering, aggregation

1 Introduction
Multi-criteria group decision-making (MCGDM) methods

have been widely used in various fields such as new product
development in industries [9], clinical diagnose, service strate-
gies selection in business, as well as public economic policy
evaluation [11]. In a typical MCGDM process, evaluating al-
ternatives and aggregating assessments based on decision ma-
trices are two crucial processes. Evaluators (or experts) assess
alternatives in terms of a set of identified criteria. The assess-
ments are recorded into several decision matrices, also known
as decision tables, which are further analyzed and integrated.
The aggregation process implements a specific aggregation
model to achieve an overall assessment for each alternative
and based on which the best alternative(s) is/are selected. Ma-
jority of existing research focuses particularly on the prob-
lem of how to efficiently integrate heterogeneous quantitative
or qualitative information from multiple information sources.
Most processes are conducted mainly on the assumption that
those obtained decision matrices are intact, i.e., those tables
do not include missing values. However, this assumption may
not be completely satisfied in real situations.

Various reasons result in missing values in decision matri-
ces. Values may be missed in the course of data collection by
device faults or human errors. Evaluators who are lack of rele-
vant background for some criteria or are not willing to provide
opinions on some criteria may leave blanks in their decision
tables. Security or privacy policies may also prevent evalu-
ators from providing answers to some criteria. An evidently

result of missing values reduce the reliability of decision mak-
ing or evaluation and to produce extraordinary bias towards
appropriate decisions. Moreover, missing values may result
in invalid evaluation and decision making. Hence, necessary
and efficient missing data imputation is required in real ap-
plications such as in nuclear material safeguards information
management.

Literature indicates missing data processing has a long re-
search history [4–6, 8, 12]. However, most research is mainly
conducted on the theory and application of statistics sciences
[5]. Existing techniques, such as the LOCF (last observation
carried forward), best or worst case imputation, mean imputa-
tion, and case deletion [1], generally require the collected data
has specific and identifiable features. Such features include,
for examples, the data is time-related or follows a particular
statistics distribution, as well as has sufficient volume. These
features do not hold in a typical MCGDM settings in gen-
eral. Assessments in a typical MCGDM problem have unique-
ness in the sense that each assessment is uniquely linked to
a unique alternative, a unique evaluator, and a unique crite-
rion. Moreover, because evaluators are generally not asked
or are not willing to repeat same evaluation procedures, the
obtained assessment values are always onetime data which is
irrelevant to observation time. Therefore, not enough volume
of data exists with the same features of a missing value. Be-
sides the uniqueness and small volume of assessments, assess-
ment values are generated through information processing in
evaluators’ mental model of the given decision problem which
cannot be strictly expressed through a formalized and quan-
tified model. Moreover, the links among the selected criteria
are generally weak and unclear, because evaluation criteria are
always deliberately selected to represent different considera-
tions for alternatives. These features make it very hard to use
statistics-based missing data imputation methods to MCGDM
problems.

This paper presents an imputation method for missing as-
sessments (IMD) in decision tables for MCGDM. The pre-
sented method mainly includes two steps. A fuzzy clustering
method is first used to classify evaluators into several groups
based on their opinions reflected in their assessments. Then
missing assessments are imputed according to those assess-
ments of evaluators belonging to the same group. The rest of
the paper is organized as follows. Section 2 reviews the main
steps of the presented IMD method. Details of each step is
introduced in Section 3. To further illustrate the IMD method,
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two case studies are conducted. Finally, main results and fu-
ture works are discussed in Section 5.

2 Overview
2.1 Formalization of typical MCGDM problems

A typical MCGDM problem is composed of a set of alter-
natives (e.g., action choices, policies), a hierarchy of attributes
(i.e., decision criteria), weights associated with criteria, a set
of decision matrices (i.e., decision tables), as well as a set of
evaluators who present those decision matrices. Three main
steps are involved in selections of alternatives [13]: 1) deter-
mine the relevant criteria and alternatives; 2) evaluate the rela-
tive impacts of alternatives on those criteria; and 3) determine
a ranking of each alternatives. Roughly, an MCGDM process
can be expressed by a 4-tuple model:

M = (C, E ,A, T ), (1)

where C = {(cj , wcj)|j = 1, 2, . . . , n} is a set of cri-
teria and their corresponding weights (importance); E =
{(ek, wek)|k = 1, 2, . . . , m} is a set of evaluators (experts)
and their corresponding weights (reliabilities); A = {ai|i =
1, 2, . . . , p} is a set of alternatives (action choices); and T =
{Ti = (vi

jk)n×m|i = 1, 2, . . . , p} is a set of decision matrices.
For each ai, the overall assessment yi based on the model M
is explicitly expressed as

yi = WC ◦ Ti � WT
E

= (wc1, · · · , wcn) ◦




vi
11 vi

12 · · · vi
1m

vi
21 vi

22 · · · vi
2m

...
...

. . .
...

vi
n1 vi

n2 · · · vi
nm


 �




we1

we2

...
wem




where ◦ and � are operations in M, WC is the weight vector
for criteria, and WE the weight vector for evaluators. Once ◦
and � are given in explicit forms, the model M is then deter-
mined. For example, let ◦ and � be a weighted sum. For any
vectors w and v

w ◦ vT = (w1, · · · , wn) ◦ (v1, · · · , vn)T =
n∑

i=1

wivi, (2)

then yi can be written as

yi =
n∑

j=1

(
wci ·

m∑
k=1

vjkwek

)
=

m∑
k=1


 n∑

j=1

wcjvjk


 · wek.

(3)
Note that most research works on MCGDM focus on how to
define these two operations which are mostly studied in the
framework of aggregation operators.

In the following, let Ti = (vi
1, v

i
2, · · · ,vi

k), where vi
k =

(vi
1k, vi

2k, · · · , vi
nk)T is called the evaluation vector of evalu-

ator ek on alternative ai. Ti is called complete if no missing
values in Ti. Ti is called incomplete if at least one evaluation
vector includes missing values. For convenience, the follow-
ing analysis will omit the alternative index i.

2.2 Distance and similarity of evaluator opinions

For each vk in T , vk can be seen as an output of evaluator
ek’s mental model with the physical nature of alternative as

input and denoted by x, i.e., this can be formally described as

vk = fk(x), k = 1, 2, . . . , m. (4)

Figure 1 illustrates a generalized procedure of obtaining an
evaluation table. Notice that the input of each evaluator’s
mental model is the same, the difference among the obtained
evaluation vectors can only be introduced by the difference
among evaluators’ mental models. Assume that the relation-
ship between evaluators’ mental models exists and can be
found through their outputs, i.e., the evaluation vectors, then
missing values can be approximately imputed with the aid of
those relationships. In the light of this idea, the following
strategy is adopted to impute missing values. First, a distance
measure d between two evaluation vectors is defined, which is
then taken as the distance between two evaluators’ opinions.
Next, the similarity of two evaluators’ mental models is in-
duced from the distance. Based on the similarities between
each pair of evaluators, a fuzzy clustering method is used to
segment evaluators to several clusters. For each of missing
values, a predicted value is obtained according to the evalu-
ation vectors provided by evaluators belonging to the same
group. This value is the imputed value.

���������	�


����� ���� � 
����� ���� �

�����	�����

x x

v1 = f1(x) v
m

= f
m

(x)

�	�������� �����T = (v1, v2, · · · , v
m

)

Figure 1: Producing of an evaluation table.

To implement the above-mentioned strategy, we consider
some relevant issues. First, the difference of criteria weights
is considered when defining a distance measurement. The
weight of a criterion indicates the importance degree or rel-
evance degree of that criterion to the decision goal. Some
criteria are more important than others. Hence, criteria with
bigger weights should contribute more distance to the over-
all distance between two evaluation vectors. For this reason,
we use an aggregation operator to define the overall distance
between two evaluation vectors. Another issue is concerned
about criteria to that not all missing values must be imputed.
For criteria with very small weights, the imputation of missing
data is not essential because the bias from appropriate decision
induced by discrepancy in those criteria is insignificant. Thus,
a parameter α is defined to filter criteria with small weights.
Missing data with respect to those filtered criteria are not im-
puted. Moreover, a second parameter β is used in the seg-
mentation of evaluators, which indicates the at least similar-
ity required when two evaluators are treated with the similar
opinion. It can be proved that the bigger the β is, the more ob-
tained clusters and the reduced number of evaluators belong
to a certain cluster.

Because the presented strategy adopts two extra parameters
α and β, the presented method is thus called an α-β impu-
tation. Next section will give details of the α-β imputation
method.
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3 An α-β imputation method
This section illustrates the details of the α-β imputation

method for missing data (assessments, evaluations). For con-
venience, let all weights for criteria and evaluators be real
numbers in the real unit interval [0, 1] and all assessment val-
ues be real numbers in [0, 1], too. Without loss of generality,
the following discussion will consider the decision matrix for
only one alternative.

3.1 Distance between evaluation vectors

An evaluation vector refers to a column in a decision ma-
trix T i which records the assessments presented by a certain
evaluator. As each evaluation vector reflects the opinion of an
evaluator, distance of evaluation vectors could be used to re-
flect the difference between two evaluators’ opinions. Based
on this idea, we first measure the distance between evaluation
vectors. Suppose u and v are two evaluation vectors.

For each criterion cj (j = 1, 2, . . ., n), let u and v be two
assessments from different evaluators about cj . Then the dis-
tance between u and v can be calculated. Suppose the distance
is calculated through a distance function dj which is with re-
spect to cj and dj(u, v) is a real number in [0, 1], then dj can
be treated as a function from [0, 1]× [0, 1] to [0, 1]. In the fol-
lowing, let d1, d2, . . ., dn be the selected distance functions
with respect to criteria c1, c2, . . ., cn, respectively without
other specifications. Here, we do not require that all dj be of
the same form.

Based on the selected dj , j = 1, 2, . . . , n, the overall dis-
tance between two evaluation vectors u and v can be calcu-
lated as follows. Let Agg be an aggregation operator [10] de-
fined from [0, 1]n to [0, 1] and β1, β2, . . ., βn be the normal-
ized weights of those criteria, i.e.,

βj =
wcj∑n

j=1 wcj
, j = 1, 2, . . . , n. (5)

The distance function d̂ between the two evaluation vectors u
and v is a function from [0, 1]n to [0, 1] such that

d̂(u, v) = Agg {(βj , dj(uj , vj))|j = 1, 2, . . . , n} . (6)

Example 3.1 Suppose Table 1 gives an example setting. Let
Agg be the weighted-mean. Then the distance between evalu-
ation vectors u and v is:

0.12
1.52

× 0.75 +
0.47
1.52

× 0.11 +
0.93
1.52

× 0.57 = 0.44.

If Agg is the OWA operator, then the distance becomes

0.12
1.52

× 0.75 +
0.47
1.52

× 0.57 +
0.93
1.52

× 0.11 = 0.30.

Table 1: An example settings
dj wcj u v

c1 |u − v| 0.12 0.07 0.82
c2 |u − v|2 0.47 0.64 0.97
c3 |u − v|3 0.93 0.93 0.1

Equation (6) indicates the distance between two evaluation
vectors that are determined by the selected aggregation oper-
ator and the distance functions for each of criteria. It is pos-
sible to choose different operators and measures according to
the real problem.

3.2 Similarity between two evaluation vectors

Similar to the definition of distance, similarity for individ-
ual criterion is first given and then an overall similarity is cal-
culated by a selected aggregation operator.

Let gj (j = 1, 2, . . . , n) be the selected similarity function
with respect to criterion cj . gj should satisfy the following
two conditions: for any u and v,

gj1(u, v) � gj2(u, v) if wcj1 � wcj2 , j1, j2 ∈ {1, · · · , n};
(7)

and gj is a non-increasing function with respect to dj . Then
function gj is also called a similarity measure with respect to
criterion cj , j = 1, 2, . . . , n. (7) indicates that a more im-
portant criterion has less similarity with respect to the same
distance between two assessments.

For example, the following functions can be treated as a set
of similarity measures.

gj(u, v) = 1 − dj(u, v)σ/wcj , j = 1, 2, . . . , n, (8)

where σ ∈ {wcj |j = 1, 2, . . . , n}.
In the light of individual similarity measures {gj}, an over-

all similarity ĝ between two evaluation vectors u and v is de-
fined, which is a non-increasing function from [0, 1]n to [0, 1]
such that

ĝ(u, v) = Agg{(βj , gj(uj , vj)), j = 1, 2, . . . , n}, (9)

where Agg is a selected aggregation operators, βj is the nor-
malized weights of those criteria, j = 1, 2, . . . , n.

In Example 3.1, suppose gj(u, v) = 1 − dj(u, v), then
the similarities for the weighted-sum aggregation and OWA
aggregation are 0.56 and 0.70, respectively. Obviously
ĝ(u, v) = 1 − d̂(u, v). However, this does not hold if we
change the relationship between gj and dj for any j. This
indicates that in real problems we can select the appropriate
operators to define the similarity. Moreover, we should notice
that ĝ(u, v) is given through individual distance dj and indi-
vidual similarity gj , j = 1, 2, . . ., n, rather than the overall
distance d̂(u,v). The reason for separately defining them is to
provide more flexibilities to consider the individual influence
of criteria.

3.3 Evaluator segmentation

The similarity between two evaluation vectors reflects to
what extend two evaluators’ opinions are similar, which is
used to define the similarity between two evaluators’ mental
models. Evaluators, thus, can be clustered into several groups
based on the similarity of their mental models.

Suppose the similarities between any two pair of evalua-
tors are calculated and recorded in a similarity matrix M =
(sjk)m×m where sjk is the similarity between evaluators ej

and ek. To segment evaluators based on M , we use the fuzzy
clustering technique here. Let M̄ be the transitive closure of
M obtained by

M̄ =
⋃
i=1

M i, (10)

where M i is the i-th power of M by the max-min composition
[11]. Therefore, a clustering result can be obtained from the
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matrix M̄ . For example, suppose the matrix M̄ is

M̄ =




1.0 0.6 0.8 0.6
0.6 1.0 0.6 0.7
0.8 0.6 1.0 0.6
0.6 0.7 0.6 1.0


 . (11)

Then the clustering result is shown in the following figure.

e1 e2 e3 e4

1.0

0.8

0.7

0.6

Figure 2: An evaluator clustering results.

From Figure 2, the segmentation results may change with
different levels of similarity. For instance, the segmentation
result at ĝ = 0.8 is {e1, e3}, {e2}, and {e4}; while all evalua-
tors belong to the unique group at ĝ = 0.6. Hence, a parameter
β is used here to indicate at which level the segmentation re-
sult is concerned about. In the following let the segmentation
result with respect to the given β be Γ(β).

3.4 Imputation of missing data

To impute missing data, we consider relevant issues and il-
lustrate corresponding solutions here.

First, some missing data need not to be imputed when the
associated criteria have infinitesimal effects to the decision G.
Therefore, a parameter α is introduced to filter criteria with
smaller weights than α. For those criteria, missing data are
not imputed.

Next, the evaluator segmentation in Section 3.3 is con-
ducted under the assumption that the decision matrix is a com-
plete one. When the decision matrix is incomplete, we make
the following adjustment. Without loss of generality, set

T =
(

A
B

)
, (12)

where A is a sub-matrix of T which is complete and B is the
remainder of T in which each row contains at least one miss-
ing data. The evaluator segmentation is obtained based on A,
i.e., taking A as the basis to calculate distance and similarity
between evaluation vectors. Values in B are used to generate
imputations of missing values. Let u and v be two evaluation
vectors and divide them into two parts according to A, B,

u =
(

uA

uB

)
, v =

(
vA

vB

)
.

Suppose uj ∈ uB is a missing value and vj ∈ vB exists. To
estimate uj from vj , we follow the principle that adding miss-
ing value does not change the established similarity between
the two evaluation vectors. That means if the established sim-
ilarity between uA and vA is g, then the similarity between
uA∪{uj} and vA∪{vj} is still g after imputation the missing

value uj . Formally, this can be expressed as the following
equation

Agg
{

(β′
l, gl(ul, vl)), l ∈ δ(A) ∪ {j}

}
= Agg

{
(βl, gl(ul, vl)), l ∈ δ(A)

}
,

(13)

where δ(A) = {l|ul ∈ A}, β′ is the normalized weight after
adding the criterion cj and is calculated by

β′
l =

wcl∑
r∈δ(A)∪{j} wcr

=
wcl

wcj +
∑

r∈δ(A) wcr
. (14)

Notice in (13) only uj is unknown, therefore, the solution(s) of
the equation is/are possible estimation(s) of the missing value
uj in u in terms of v.

For example, suppose the Agg is the weighted mean and
gj(u, v) = 1 − dj(u, v), j = 1, 2, . . . , n. Then by (13), we
have

Agg
{

(β′
l, gl(ul, vl)), l ∈ δ(A) ∪ {j}

}
= Agg

{
(βl, gl(ul, vl)), l ∈ δ(A)

}
,

Hence, ∑
l∈δA∪{j}

β′
lgl(ul, vl) =

∑
l∈δ(A)

βlgl(ul, vl),

∑
l∈δ(A)∪{j}

wcl · gl(ul, vl)
wcj +

∑
r∈δ(A) wcr

=
∑

l∈δ(A)

wcl · gl(ul, vl)∑
r∈δ(A) wcr

,

1 −
∑

l∈δ(A)∪{j}

wcl · dl(ul, vl)
wcj +

∑
r∈δ(A) wcr

= 1 −
∑

l∈δ(A)

wcl · dl(ul, vl)∑
r∈δ(A) wcr

So,

dj(uj , vj) =

∑
l∈δ(A) wcl · dl(ul, vl)∑

r∈δ(A) wcr
= d̂(uA, vA). (15)

Equation (15) indicates that uj can be obtained simply by the
dj and d̂ under the above assumptions. Notice that (15) is
obtained from gj and ĝ, this equation also indicates that the
estimation of uj is determined by the selection of gj and ĝ.
Hence given different definitions of them, the relationship in
(15) may vary.

3.5 Discussions

To find solution of (15), we notice that the equation may
produce more than one estimation of the missing value. The
question, then, raises naturally that how to determine a unique
one. This paper partly resolves this problem through calculat-
ing the change d̃ of overall distance induced by an obtained
estimation. The estimation that produces the least d̃ will be
taken as the imputation of missing data. The overall distance
change d̃ is defined as

d̃(uj) =
∑

v∈Γ(u)\{u}
dj(uj , vj), (16)

where Γ(u) is the cluster of evaluation vectors in which u be-
longs to. By (16), the best estimation is the one which pro-
duces the least distance sum between itself to other evaluation
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vectors belonging to the same cluster. Examples in the fol-
lowing section have shown that this method can reduce some
estimations although they cannot grantee the uniqueness of
estimation. Hence, more work is being done to provide other
strategy to resolve this problem.

Another question raising from the above imputation proce-
dure is the obtained evaluator segmentation may not be correct
because the segmentation is conducted based on A only. Ac-
counting for this problem, we extend the above procedure as
follows. For any u and v, the distance d̂(u, v) and the simi-
larity ĝ(u, v) are calculated in terms of criteria on which both
u and v are not missed rather than limited to criteria corre-
sponding to A. That means the obtained distance and simi-
larity between u and v are the most possible values from the
current incomplete decision table. An experiment of the ex-
tended process is given in the next section.

4 Experiments and observations
The presented α-β imputation method of missing data is

programmed in the JavaTM programming language running
on a Linux system.

4.1 Experiment 1

Experiment 1 is conducted on a complete decision table
with 16 criteria and 5 evaluators. Missing data are randomly
selected from the decision table.

To impute the missing data, we set the distance measure
for each criteria as dj(uj , vj) = |uj − vj | (j = 1, 2, . . . , 16)
and the similarity measure for each criterion as gj(uj , vj) =
1 − dj(uj , vj), the aggregation operators used in calculating
overall distance and similarity are the same, say the weighted
mean; and set the two parameters α = 0.2 and β = 0.6.

Table 2: The original evaluation table in which missing data
are marked by bold font.

wcj e1 e2 e3 e4 e5

0.262 0.877 0.035 0.88 0.772 0.941
0.334 0.977 0.458 0.903 0.898 0.227
0.823 0.845 0.065 0.894 0.122 0.555
0.216 0.532 0.630 0.676 0.353 0.858
0.803 0.862 0.073 0.183 0.618 0.784
0.227 0.797 0.046 0.721 0.551 0.950
0.794 0.159 0.995 0.621 0.808 0.307
0.811 0.227 0.936 0.994 0.973 0.134
0.945 0.304 0.901 0.636 0.225 0.927
0.892 0.967 0.717 0.851 0.835 0.035
0.344 0.641 0.336 0.666 0.281 0.598
0.016 0.475 0.915 0.743 0.876 0.651
0.235 0.026 0.999 0.501 0.431 0.586
0.905 0.307 0.371 0.757 0.832 0.66
0.316 0.541 0.003 0.438 0.113 0.275
0.068 0.042 0.27 0.929 0.675 0.206

By the given distance and similarity measure, we get the
distance matrix D and the similarity matrix M as follows:

D =




0 0.571 0.35 0.392 0.233
0.571 0 0.348 0.332 0.55
0.35 0.348 0 0.255 0.382
0.392 0.332 0.255 0 0.394
0.233 0.55 0.382 0.394 0


 (17)

and

M =




1 0.429 0.65 0.608 0.767
0.429 1 0.652 0.668 0.45
0.65 0.652 1 0.745 0.618
0.608 0.668 0.745 1 0.606
0.767 0.45 0.618 0.606 1


 . (18)

By the fuzzy clustering method, we get the following clus-
tering result.

M̄ =




1 0.65 0.65 0.65 0.767
0.65 1 0.668 0.668 0.65
0.65 0.668 1 0.745 0.65
0.65 0.668 0.745 1 0.65
0.767 0.65 0.65 0.65 1


 (19)

i.e., we have only one class {e1, e2, e3, e4, e5}. By the impu-
tation method in Section 3.4, the following result is obtained
(shown in Table 3).

Table 3: Decision table after imputation of missing data (bold
number for estimations and # for still missing data).

wcj e1 e2 e3 e4 e5

0.262 0.877 0.035 0.88 0.772 0.941
0.334 0.977 0.458 0.903 0.898 0.227
0.823 0.845 0.065 0.894 0.122 0.555
0.216 0.532 0.63 0.608 0.353 0.858
0.803 0.862 0.073 0.183 0.618 0.784
0.227 0.797 0.046 0.296 0.551 0.95
0.794 0.159 0.995 0.621 0.808 0.307
0.811 0.227 0.936 0.994 0.973 0.134
0.945 0.304 0.901 0.636 0.225 0.071
0.892 0.967 0.717 0.851 0.835 0.734
0.344 0.641 # 0.666 0.281 0.598
0.016 0.418 0.915 0.743 0.876 0.651
0.235 0.026 0.999 0.501 0.431 0.586
0.905 0.307 0.371 0.757 0.832 0.66
0.316 0.541 0.003 0.438 0.113 0.275
0.068 0.042 0.27 0.929 0.675 0.206

4.2 Experiment 2

In the presented imputation method of missing data, aggre-
gation operators are used for calculation of overall distance
and overall similarity of two evaluation vectors. Different
aggregation operators may lead to different clustering results
and, in turn, may result in different imputations. Experiment
2 compares three widely-used aggregation operators, i.e., the
weighted mean (Aggw); the arithmetic mean (Agga)

Agga(x1, x2, · · · , xn) =
1
n

n∑
i=1

xi; (20)

and the OWA operator (Aggo)

Aggo(x1, x2, · · · , xn) =
n∑

i=1

wixσ(j), (21)

where σ is a permutation such that xσ(1) � xσ(2) � · · · �
xσn. To conduct this experiment, we change the distance mea-
sure and the similarity measure for each individual criterion,
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i.e.,

dj(uj , vj) = |uj − vj |, gj(uj , vj) = 1 − dj(uj , vj).

The original evaluation table is still the one shown in Table
2. The comparison results are shown in Table 4.

Table 4: Comparison results.
missing data original value imputations
row col Aggw Aggo Agga

3 2 0.676 0.608 0.527 0.581
5 2 0.721 0.296 0.756 0.323
8 4 0.927 0.071 / 0.557
9 4 0.035 0.734 / 0.714

10 1 0.336 / / /
11 0 0.475 0.418 / 0.398

From the comparison, we can observe that different ag-
gregation operators may produce different imputations. Even
more, some aggregation operators may not produce estimation
of missing data. Moreover, the bias between an imputation
and an original value is bigger for some criteria. The indepen-
dence nature of the data and the unsupervised nature of the
presented method are two possible reasons for these results.

5 Conclusions and Future Works
Imputation of missing data is a vital step in decision mak-

ing and evaluation problems. Due to various reasons, decision
tables are often including missing data. Therefore, how to effi-
cient impute the missed data will affect correct decision mak-
ing and evaluation. However, few work is reported on imputa-
tion of missing data for decision tables. In this paper, an α-β
imputation method of missing data (IMD) in a decision table
is proposed. The IMD method estimates missing data based
on the similarity between evaluators’ mental models. First, the
IMD method uses an overall distance to measure the similarity
of two evaluators mental models through their evaluation vec-
tors. Then a fuzzy clustering method is used to segment eval-
uators based on the similarity of their mental models. Finally,
missing data are imputed by the clustering results under the
assumption that an imputed data should not change the clus-
tering results. Two numerical experiments are conducted to
test the proposed IMD method. Experiments indicate the IMD
method can efficiently estimate some missing data. Moreover,
those experiments also show that selecting different aggrega-
tion operators, distance measure, and similarity measure may
change the imputed values. However, from these experiments,
we notice that some estimations of missing data have bigger
bias from the originals due to the independence nature of the
data and lack of backgrounds as well as other possible rea-
sons. Hence, more work still need to be done such as how
to improve the accuracy of an estimation of missing data and
how to combine relevant background to the imputation. Now,
some related work is undertaking.

Currently, we notice that another missing value process-
ing problem in fuzzy preference relations for group decision-
making problem has been discussed in [2, 3]. Method based
on additive consistency has been discussed [7]. Although the
missing value in that method is different from the one dis-
cussed in the presented work, ideas in those work can be in-

troduced into the presented work to improve the efficiency and
accuracy. Some work is conducting.
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Abstract: We consider application of Zadeh’s impossibility princi-

ple and extended logic FLe to approximate scientific explanation

from the standpoint of the philosophy of science. First, traditional

explanation models are sketched. Second, Zadeh’s principle is consi-

dered in the broader context which includes reasoning and theory

formation. Third, application ideas for using the impossibility prin-

ciple to approximate explanation are provided. We focus on the role

of approximate reasoning, approximate hypothesis assessment and

approximate probability in explanation. It seems that approximate

explanation can be usable when imprecise entities are involved in the

conduct of inquiry.

Keywords: approximate explanation, approximate reasoning, im-

possibility principle.

1 Introduction

Scientific explanations make our objects of research intelli-
gible for us [28]. In practice this means that we aim to find
the causes, functions or purposes of the phenomena under
study. An explanation constitutes of two parts, the phe-
nomenon or problem to be explained (explanandum) and our
explanation for it (explanans). Explanations play an impor-
tant role in theory formation and hypothesis assessment
[12,17,18,28,29].

The study on the causes of the phenomena is a central
issue in explanation. If we study the causes, Aristotle al-
ready suggested four types of causes, viz. material, formal,
effective and final causes. Today, only two of these are usu-
ally applied in the conduct of inquiry. The natural sciences
focus on the effective causes, whereas in the human sciences
final causes are also considered [18].

Today, the mainstream seems to aim at precise expla-
nation models, but thanks for the fuzzy systems and Zadeh’s
impossibility principle, it seems that we can also construct
corresponding approximate models in the future.

Below we consider the prospects for applying the im-
possibility principle and other Zadeh’s recent ideas to scien-
tific explanation from the standpoint of the philosophy of
science. Due to our philosophical approach, we mainly pro-
vide some general ideas for applying these methods. Lack of
space puts also restrictions on our examination.  Section 2
briefly presents the prevailing explanation models. In sec-
tion 3 we integrate the impossibility principle with reason-
ing, theory formation, hypothesis testing and explanation.
Section 4 considers aspects of approximate explanation, and
section 5 concludes our examination.

2 Traditional explanation models

The pragmatic approach to explanation, which seems
widely-used today, considers such phenomena as facts,
regularities and occurrences. Our task is to provide the

cause, origin, history, function or goal of a given phenome-
non. In practice we provide such questions as “why?”,
“how?”, “what is the purpose for?”, “what is the reason
for?” and “what is the function of?” [18,27,29].

The positivistic tradition, in turn, has emphasized syn-
tactical and semantical aspects of explanation in which case
concept analysis and logical structures are essential [18,27].

Another categorization of explanation stems from the
causes. If we attempt to find effective causes of a phenome-
non, we consider which agents, factors or events have initi-
ated the phenomena under study. The well-known example
of this idea is the subsumption model in the natural sciences
[12,13,17].

The final causes, in turn, are those goals, purposes,
intentions or motives of agents, in particular those of the
human beings, which guide their behavior. Aristotle’s and
von Wright’s practical syllogism models [29] apply this
idea. The subsumption approach mainly provides why?- and
how?-questions, and the latter tradition usually asks what is
the purpose for or what is the reason for something.

We usually search for effective causes in the inani-
mated world, but in the animated world the problem arises
whether we should also search for final causes. From the
philosophical standpoint, the former approach mainly stems
from the positivistic tradition and Marxism and the latter,
which studies both of these causes, is known as the Geist-
eswissenschaft approach (hermeneutics, phenomenology
etc.). In [29] these competitive approaches are referred to as
the Galilean and Aristotelian traditions, respectively, and we
use these terms below.

The explanation of the behavior of the human being
has been a long-lasting controversy between these two tradi-
tions. The Galilean tradition assumes that our behavior is
based on our stimulus-response functions and such feedback
systems which are analogous to homeostats. In this frame-
work we can even deal with goal-directed behavior of be-
ings.

The Aristotelian tradition presupposes that the human
beings are goal-oriented agents and thus we must also study
their aims, intentions, motives and other underlying causes
of behavior. Our goals can be both conscious and subcon-
scious, and intentionality is usually related to the former
category. A classical example within this tradition is that we
should explain (inanimate) nature but understand history,
i.e., historical research also takes into account the intentional
factors of beings [2,7,15,26].

If we consider the nature of causes on the time axis, the
distinction between the Galilean and Aristotelian explana-
tions essentially means that in the former case the cause
precedes and in the latter case it follows the effect. Another
way to state this is that we use causal and teleological ex-
planations, respectively.
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For example, if we state in the first day of the IFSA
’09 Congress that Lotfi Zadeh is present because he was
requested to deliver the keynote speech, we use the Galilean
explanation. If, in turn, we state that Lotfi Zadeh is present
in order to deliver the keynote speech, the Aristotelian ap-
proach is adopted. Naturally, we can often use these expla-
nations simultaneously.

Hence, in this sense we can establish that

1. Requested for speech (causal explanans) � Zadeh is
present in the IFSA ’09 (explanandum).

2. Zadeh is present in the IFSA ’09 (explanandum)��
In order to deliver speech (teleological explanans):

Other models for explanation are also available. For
example, the genetic explanations aim to discover causes by
examining the history or chronological order of events of a
phenomenon. In the historical research and forensic sci-
ences, inter alia, abduction is usually applied in this context.

The statistical and probabilistic explanations, in turn,
are based on statistical results and probabilistic models, re-
spectively. An example of the former type would be the rea-
soning that most of the participants in the IFSA ’07 Con-
gress were males because about 90 % of the researchers in
the fuzzy community are males. In the latter case we could
provide an explanation that if we are tossing a coin, about
50 % of the outcomes are heads because the frequency prob-
ability for this event is .5. In particular in the human sci-
ences these explanation models are relevant because the
human behavior is usually indeterministic by nature.

The traditional explanation models aim to operate with
precise entities and traditional deduction, and thus certain
problems can arise. First, they usually apply bivalent logic
and this approach can yield overly rough models. Second, if
mathematical expressions are used, they can be over-
simplified or too idealized for modeling the corresponding
real-world phenomena. Finally, this approach lacks an ap-
propriate uniform language which can be used in the context
of imprecise entities. Fuzzy systems, in turn, can provide
some resolutions to these problems.

3 Impossibility principle and FLe

Recently, Zadeh has established the principles of the ex-
tended fuzzy logic, FLe (a.k.a. FL+), which is a combination
of “traditional” provable and precisiated fuzzy logic, FLp, as
well as a novel meta-level unprecisiated fuzzy logic, Flu

[31,38]. He maintains that in the FLp the objects of dis-
course and analysis can be imprecise, uncertain, unreliable,
incomplete or partially true, whereas the results of reason-
ing, deduction and computation are expected to be provably
valid. In the Flu, in turn, membership functions and general-
ized constraints are not specified, and they are a matter of
perception rather than measurement.

In our framework below this means that we can apply
both traditional bivalent-based and novel approximate valid-
ity, definitions, axioms, theories and explanations, inter alia.
In the former case we thus operate with precise theorems,
classical deducibility, syllogisms and formal logic, whereas
the latter is related to “f-entities” within informal and ap-
proximate reasoning and incomplete information (Fig. 1).

For example [31, p. 2],

“A simple example of a f-theorem in f-geometry is: f-

medians of f-triangle are f-concurrent. This f-theorem

can be f-proved by fuzzification of the familiar proof of

the crisp version of the theorem.”

Figure 1. Precise and approximate theorem by applying the
FLe.

F-validity and f-theoremhood in the Flu are examples
of Zadeh’s Impossibility Principle [31]. This principle in-
formally states that in an environment of imprecision, uncer-
tainty, incompleteness of information, conflicting goals and
partiality of truth, p-validity is not, in general, an achievable
objective.

The fuzzy modus ponens is the well-known application
of this principle in semantic validity, i.e., we can replace the
traditional syllogism [8,11,14,19]

A
If A, then B
Thus, B

with its approximate counterpart

A’
If A, then B
Thus B’

in which A�A’ and B�B’. In the latter case we can thus
draw approximate conclusions, i.e., if A’ resembles the an-
tecedent A, the conclusion B’ resembles the consequent B.
In other words, the approximate conclusion is in the prox-
imity to its true counterpart. F-validity is the corner stone in
the FLe and it is also essential in approximate theory forma-
tion and explanation.

In [21,22,23], Zadeh’s FLe is considered from the
standpoint of reasoning and theory formation and it was
assumed that the approximation stems essentially from the
former. We assume below that if our statements are true, it
means that they are identical with their true counterparts.
The non-true statements, in turn, are more or less distinct
from their true counterparts, or in other words, their dis-
tances between their true counterparts are non-zero.

For example, given that John is young (true counter-
part), we can reason that the statement

“John is young”

is true. On the other hand, “John is fairly young” is non-true
because the predicates “is young” and “is fairly young” are
dissimilar.

In fact, we can thus operate with a f-similarity relation
of the Flu, and then the truth values are specified according

Theorem

Approximate
theorem

traditional
deduction

f-deduction
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to this operation. The higher this similarity, the more true
the statement in consideration [23].

Then it seems plausible that, for example, the truth
value of the statement

“John is fairly young”, provided that he is young

is  fairly true [23].

Figure 2. The role of Zadeh’s FLe in the conduct of inquiry.

We thus assume that approximate theorems are in the
neighborhood of their true counterparts. We can also assume
that in theory formation approximate laws and theories are
in the proximity to their true counterparts and approximate
explanations are close to the corresponding true explana-
tions. Figure 2 depicts these ideas at a general level when
we establish that our examination on the FLe is mainly
based approximate validity.

In the case of theory formation, for example, the con-
stituent or “law” of one physical theory states that the boil-
ing point of water is 100 ºC at sea level, but we can also
apply it as an approximate law in the low altitudes in gen-
eral, i.e., we can state that the boiling point of water is ap-

proximately 100 ºC close to sea level [19,22].
In addition, within the traditional approach to the the-

ory formation and model construction we only use their ap-
proximations and idealizations on some occasions. In the
former case the degree of truth of a theory or model often
increases when we replace the approximate theory, law or
model with its less approximate counterpart [18,19]. Hence,
in this respect the law

the boiling point of water is 100 ºC at sea level

is a more true than

the boiling point of water is 100 ºC.

Idealizations, in turn, are typical when mathematical or
statistical models are used. For example, in statistics such
ideal curves as the Gaussian curve are used when the em-
pirical data sets, the distributions of which are only more or
less similar to their mathematical counterparts, are exam-
ined. Thus, we actually draw statistical conclusions on ap-
proximate grounds (c.f. also section 4).

Popper has already considered the foregoing aspects in
his theory of verisimilitude from the bivalent standpoint
[24,25]. He presupposes that we aim to formulate true theo-

ries (cognitivism) but in practice our theories can be non-
true. If we perform successful research, our theories will
approach their true counterparts and thus they are always
corrigible by nature. The similar idea is applied in Peirce’s
fallibilism [17,18], and in general, in scientific realism
(Peirce, Lenin, Popper, Hempel). Niiniluoto [20] has con-
sidered approximate theories and explanations within his
theory of truthlikeness, but he has also applied bivalent logic
in this context. In fact, if we replace bivalent logic with FLe,
our approach is fairly close to his ideas [23].

4 Approximate explanation

As was stated above, our examination is based on the idea of
approximate reasoning in the FLe. Thus, in an approximate
explanation model the explanans is in the neighborhood of
its true counterpart. In practice we now assess the degree of
similarity between our explanans and its true counterpart.
The higher the degree of similarity, the higher the degree of
truth for our explanans (Fig. 3).

Figure 3. Precise and approximate explanation by applying
the FLe.

Hence, we have to consider again which logical tools
are appropriate to us. As above, within simple statements we
assess the similarity between the predicates, i.e.,

truth(John is fairly young), provided that he is young,

is based on the similarity between “young” and “fairly
young”.

The more complex statements can also be examined
within the FLe because we can apply the fuzzy similarity
measure to compound and quantified statements [31-38].
Then, for example, we should be able to assess such truth
values as

truth(John is fairly young and very decent),

provided that he is young and decent.
Another example is the assessment of such quantified

expressions as

truth(all Swedes are fairly tall),

provided that most Swedes are tall.
In the former case some concrete resolutions are al-

ready available in the FLe, whereas fuzzy quantification still
awaits usable truth evaluation results. Approximate quantifi-
cation is problematic because then we operate at two levels,
with approximate quantifiers and (compound) statements.
Application of the extension principle and Zadeh’s idea on

Explanation

Approximate
explanation

traditional
deduction

f-deduction
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f-transformation [38] can be a possible resolution for these,
and one method is suggested in [23]. Naturally, these ap-
proaches are context-dependent by nature. Hence, more
concrete results are expected for assessing the truth values
and validity within the FLe.

In the probability and statistical explanation models
mentioned above we can apply corresponding approximate
theories. For example, if in the former case we are tossing
the coin in the real world, only approximately 50 % will be
heads. Hence, if we ask why about 50 % of these outcomes
are heads, we can provide an approximate explanation that it
is due to this approximate frequency probability. In other
words, our approximate probability statements are close to
their true counterparts.

The same goes with the statistical explanations. If  we
explain why most of the attendants in the IFSA ’07 Con-
gress were males, we rely on the approximate statistical re-
sult that about 90 % of persons in the fuzzy community are
males.

We have to bear in mind that both probabilistic and
statistical explanation models above are distinct from the
forecasting models. In the former case we know the conclu-
sion and we derive it from the relevant premises, whereas in
forecasting the conclusion is unknown for us. Naturally, the
systematic power of a theory presupposes both of these fea-
tures.

In the foregoing models fuzzy probability approach
usually means approximate probability variables and values
of these variables, i.e., statements of the type

the probability that John is young is very high,

and this area has already been studied quite much in the lit-
erature [4,5,6,9,31,37].  In Zadeh’s FLe we can also apply
such approximate probability distributions as approximate
normal distributions by using the f-transformation. In this
case even such precise variable values as

probability(John’s age is 20 years)

yield approximate probabilities. With imprecise values (e.g.,
John is fairly old) we obtain even more imprecise outputs
(Fig. 4).

Figure 4. Approximate probability distributions yield ap-
proximate outputs even from precise inputs.

The foregoing examples of probability are mainly
based on the physicalistic cases, i.e., on the facts and data of
the real world. However, Zadeh’s theories seem also appli-
cable to epistemic probability in which case these outcomes
base on our inference and beliefs [1,30]. In practice we con-
sider the relationship between the hypotheses and their evi-
dence, and we thus assess the degrees of truth, confirmation
or belief of hypotheses according to the available relevant
evidence.

The gradation of truth was already studied above. As
regards the hypothesis testing in general, due to the lack of
space we only focus on the degree of confirmation in the
context of the explanatory hypotheses and the hypothetico-
deductive method [12,13,17,18].

In this hypothesis assessment we usually apply three
methods. First,  Mill’s method of difference [17,18], i.e.,

“If an instance in which the phenomenon under inves-

tigation occurs, and an instance in which it does not

occur, have every circumstance in common save one,

that one occurring only in the former; the circum-

stance in which alone the two instances differ, is the ef-

fect, or the cause, or an indispensable part of the

cause, of the phenomenon.”

Second, the disjunctive syllogism

A or B
not A
thus, B.

Third, the modus tollens syllogism

if A, then B
not B
thus, not A.

Mill’s principle and the disjunctive syllogism provide
us with the general roadmap for excluding the false hy-
potheses and within the hypothetico-deductive method this
task is carried out in practice by applying the modus tollens
syllogism.

Hence, given the hypothesis A and its observable or
testable logical consequence B, the justifiability of B is as-
sessed according to our knowledge, experiments and obser-
vations. If these facts are inconsistent with B, the modus
tollens leads us to the conclusion that our hypothesis is false.
According to the disjunctive syllogism, in turn, this hy-
pothesis can be rejected or excluded.

If, on the other hand, our experiments and observations
correspond with B, the traditional modus tollens will not
provide us with any resolution. Hence, in the latter case we
have to replace deduction with induction, and we can use
such expressions as “our hypothesis is confirmed” in this
context [17,18,24,25]. Sufficient degree of confirmation, in
turn, will lead to the truth or acceptance of the hypothesis
(c.f. below).

In the traditional conduct of inquiry this method thus
uses the hypotheses, which stem from the researcher's con-
text of discovery and inventions, deduces tests and experi-
ments from these hypotheses and finally either rejects or
confirms the hypotheses according to the known facts and
empirical evidence. However, this approach does not pro-
vide any resolution to the problem how we can invent or
discover novel hypotheses.

Statistical tests also apply the disjunctive method and
physicalistic probability when we consider the acceptance of
the null and alternative hypotheses according to the tests of
significance. We accept the null hypothesis if the value of
our test variable does not deviate too much from the “usual”
case. Hence, in fact we consider the so-called type 1 error,
i.e., we attempt to find justified reasons to reject the null
hypotheses. In practice this error is estimated with the p-
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value in which case we consider the rejection of the null
hypotheses if the p-value is sufficiently small (e.g., p < .05),
i.e., the p-value is our risk to make an erroneous decision if
we reject the null hypothesis.

In practice, we have three alternatives in this case
[10,16], viz.

1. the null hypothesis is true but our data set is exceptional
2. the null hypothesis is false and our data set is typical
3. the null hypothesis is false and our data set is excep-

tional

In the conventional case the statistical hypotheses are mutu-
ally exclusive, and thus the rejection of one means the ac-
ceptance of the other. Hence, according to the disjunctive
method, our reasoning boils down to the metarules

1. if the p-value is not small, accept the null hypothesis
2. if the p-value is small, reject the null hypothesis (and

accept the alternative hypothesis)

The statistical decision making is thus in this respect
based on approximate reasoning and probability. Zadeh’s
FLe can make this reasoning more formal and informative if
we operated with the degrees of acceptance and rejection in
this context. Then, we could apply such metarule as

the smaller the p-value, the lower the risk to reject the
null hypothesis (the higher the degree of rejection for
the null hypothesis)

With the FLe we could also take into account better the
borderline of these two, viz. the area in which we hesitate
over these alternatives. This would mean the fuzzy rules
which we have already stated above, i.e.,

1. If the p-value is not small, then accept the null hypothe-
sis.

2. If the p-value is small, then reject the null hypothesis.

With these rules the corresponding fuzzy system could
also operate fluently with the borderline cases of p. How-
ever, more concrete tools for considering this problem are
still expected within the FLe.

As regards the modus tollens syllogism in hypothesis
assessment, we already considered its bivalent version
above. If we apply its approximate version, we can also use
linguistic and approximate constituents. Thus, given that A
� A’ and B � B’, these syllogisms are such as [23]

if A, then B
B’
thus, A’

In this case the truth values of the premises may also be be-
tween true and false. This syllogism is analogous to the bi-
valent case when A’ and B’ are the antonyms of A and B,
respectively,  because given that the implication and B’ are
true, B is false, and thus A must be false (and A’ is thus
true).

Within the FLe the other extreme could be that B’ is
false in which case B is true and A is thus anything from
false to true (and A’ is also anything from false to true). In

practice this could mean that our hypothesis, A, may be true
at least to some extent.

For example,

If John is young, then he is still a schoolboy.
John is retired.
Thus, John is old and reject the hypothesis “John is
young”.

If John is young, then he is still a schoolboy.
John is still a schoolboy.
Thus, the degree of truth for John being young can be
non-zero.

It seems that the approximate version of the modus
tollens is more versatile because it is also usable when the
second premise is non-false. Then we can at least approxi-
mately apply the metarule that the more convincing the evi-
dence for the hypothesis, the higher the degree of truth of
our hypothesis. In addition, the more various experiments
and observations support our hypotheses, the more true hy-
pothesis is obtained. We can also use the concepts “degree
of confirmation” or “degree of acceptance / rejection” in this
context if necessary.

Within the FLe we can also assume that the implica-
tion in the  approximate modus tollens syllogism is non-true.
For example, if this implication is only fairly true, we can
establish that even the false B does not necessarily lead to
mere false hypotheses. Equally the truth value of B close to
true may already lead to conclusion that the truth value of
our hypothesis is anything between false and true. In gen-
eral, we may thus assume that the non-true implications
cause more “dispersion”, granulation or imprecision to our
conclusions, and loose reasoning links of this type are typi-
cal in the human sciences in which we usually operate with
noisy data and the complex interrelationships between the
variables.

We may also apply the foregoing hypothesis testing to
interpretation, which is a widely-used technique in the quali-
tative research. In this context we attempt to provide a
“true” interpretation according to our preliminary interpreta-
tion hypothesis (foreknowledge in hermeneutics). This pro-
cedure of assessing hypotheses is often more subjective by
nature than in the quantitative research. However, the FLe

also seems appropriate to qualitative hypotheses assessment
because this inquiry is usually linguistic and approximate by
nature [2,3,23].

Zadeh has also considered the idea of the second-order
probability under the FLe [31,37]. In this context we exam-
ine such statements as

The probability that “the probability of John being very
young is fairly high” is high.

This subject matter would also extend a new frontier
within both the fuzzy systems and the probability theory, but
it also awaits much further studies.

Approximate scientific explanation is related to reason-
ing, theory formation and hypothesis testing. These, in turn,
base much on approximate and probabilistic reasoning.
Hence, this object of research is very wide. Zadeh’s FLe

seems to provide promising tools for resolving many of the
foregoing problems, but much further studies are still ex-
pected in this area.
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5 Conclusions

We have provided some guidelines how Zadeh’s impossibil-
ity principle and the extended logic FLe could be applied to
scientific explanation. We have also examined reasoning,
hypothesis assessment and theory formation because these
are closely related to explanation.

First traditional reasoning, theory formation and expla-
nation, which use precise entities and bivalent logic in par-
ticular in the quantitative research, were considered.

Second, we dealt with Zadeh’s FLe and his other re-
cent theories, and we examined how we could design usable
approximate theories and explanations which essentially
base on approximate reasoning and probability.

In particular, we provided examples on our approxima-
tion approach to scientific laws, theory formation, statistical
and probabilistic reasoning, hypothesis assessment and two
well-known syllogisms. These ideas, in turn, were relevant
when approximate explanation was considered.

It seems that the foregoing methods are usable in ap-
proximate explanation and in this context we could apply
the general principle that approximate explanations are in
the neighborhood of their true counterparts. This aim is es-
sentially achieved by using approximate reasoning.

Zadeh’s novel ideas seem promising in particular in the
qualitative research because then we operate with imperfect
information, and in this context we still lack a uniform and
usable logico-linguistic system. It also seems possible to
apply his ideas to the quantitative research, in particular if
we attempt to mimic human reasoning in a computer envi-
ronment.

We must bear in mind that several of the foregoing
issues are still controversial even in the philosophy of sci-
ence, and the same problem will likely concern Zadeh’s and
Author’s ideas above.

However, due to the lack of space, this paper only pro-
vides at metalevel some general guidelines for approximate
scientific explanation and related topics from the standpoint
of philosophy of science, and hence this relevant subject
matter still awaits much further studies in the future.
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Abstract— Preference modeling consists in constructing a
preference relation from initial preferences given by a decision
maker. We are interested in the preference relation obtained
from the use of the Choquet integral. The necessity preference
is constructed as the intersection of all preference relations cor-
responding to a Choquet integral which are compatible with
the initial preferences of the decision maker. We study some
properties of this necessity relation on some classes of initial
preferences. This gives some properties on the completion or
extension ability of the Choquet integral.

Keywords— Choquet integral, capacity, initial preferences.

1 Introduction

Multi-Criteria Decision Aid aims at representing the
preferences of a Decision Maker (DM) over some op-
tions described by several points of view or attributes.
We are interested in this paper in the case where the pref-
erence relation can be described by an overall utility in
which the aggregation of the attributes is obtained with
the Choquet integral. The preference model is then thor-
oughly constructed once the parameters of the Choquet
integral - namely the fuzzy measure - are determined.

To this end, the facilitator asks the DM to provide
some preferential information. The most broadly used
type of preferential information is when the DM says
that an option is preferred to another one. The major dif-
ficulty the facilitator faces is that there usually does not
exist one single fuzzy measure that fulfils this preferen-
tial information. Most of the elicitation methods based
on the Choquet integral consist in selecting a fuzzy mea-
sure (fulfilling the preferential information) that max-
imizes some functional, which may be an entropy for
instance [1, 2, 3]. This is not quite satisfactory for the
DM since he does not usually understand what maxi-
mizing the functional really means. The use of a maxi-
mization problem introduces some additional informa-
tion that does not come from the DM.

The facilitator shall rather stick strictly to what the
DM says and add no further information. One then
looks for a robust way to recommend some comparisons
among the options from the preferential information [4].
The concept of necessity preference relation has been re-
cently introduced for robust quantitative multi-criteria

decision models [5, 6]. It has been applied to the Cho-
quet integral in [7]. An option is necessarily preferred to
another option according to the necessity preference re-
lation, if the first option is preferred to the second one
according to all models that fulfill the preferential infor-
mation provided by the DM. This necessity preference
relation is usually incomplete, unless the model is com-
pletely specified from the preferential information of the
DM. The necessity preference relation is cautious in the
sense that its outcomes cannot be contradicted.

The goal of this paper is to study the necessity pref-
erence relation for several examples of typical preferen-
tial information, in the case where the underlying model
is the Choquet integral. In particular, we want to ana-
lyze the strength of the completion mechanism obtained
from the Choquet integral. This will give complemen-
tary insights (compare to the axiomatic characteriza-
tions) on the ability of the Choquet integral to represent
DM preferences. For each preferential information, the
layout is the following:

• Statement of the preferential information and pre-
cise description in terms of binary relations.

• Equivalence conditions on the model. We deter-
mine the necessary and sufficient conditions on the
parameters of the model for this latter to satisfy the
preferential information.

• Description of the necessity preference relation de-
rived from the preferential information.

Section 2 presents a more formal description of the prob-
lem. The Choquet integral is defined in Section 3. Sec-
tion 4 describes the process elicitation of the preferential
information. Three decision strategies are then studied:
the case of empty preference information (see Section 5),
the relative importance (see Section 6) and the veto (see
Section 7).

2 Description of the problem

Multi-Criteria Decision Aid aims at modeling the pref-
erences of a Decision Maker (DM) over alternatives de-
scribed by several points of view N = {1, . . . , n}. The
points of view to be taken into account in the decision
making process are denoted by X1, . . . , Xn. An alterna-
tive is characterized by a value w.r.t. each point of view

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

567



and is thus identified to a point in the Cartesian product
X of the points of view: X = X1 × · · · ×Xn.

Preference modeling aims at helping a DM to compare
the options of a set Ξ ⊆ X containing the alternatives of
interest for him. We denote by � the preference rela-
tion over X that we wish to define. We are interested in
the case where � results from an algebraic utility model.
According to this model, the preference relation � can
be represented by an overall utility U : X → R. Hence
for all x, y ∈ X , we have

x � y ⇐⇒ U(x) ≥ U(y).

A standard representation of U is the so-called transi-
tive decomposable model U(x) = F (u(x)), where ui :
Xi → R is the utility function on attribute i ∈ N ,
u(x) = (u1(x1), . . . , un(xn)), and F : RN → R is the
aggregation function. We assume here that u is known
so that the options can be described by a vector in Rn.
Hence X = Rn and the utility functions are the iden-
tity function. The aggregation function is characterized
by some parameter vector w that need to be determined.
Let W the set of values of the parameters. The prefer-
ence relation obtained from the parameter vector w is
denoted by �w. We denote by)w and∼w the asymmet-
ric and symmetric parts of �w.

Any binary relation on Rn can be identified to a subset
of (Rn)2 composed of the pairs (a, b) such that a is in
relation with b.

The fact that the DM needs some help to compare the
options in Ξ, means that the comparison of at least some
of the options in Ξ is complex. Some preferential infor-
mation, containing the preferences of the DM over sev-
eral options in X\Ξ, is asked to the DM. This preferential
information is encoded by three partial orders �, �,≡
over X . For x, y ∈ X , relation x � y means that the DM
finds x at least as good as y, x � y means that the DM
finds x strictly better than y, and x ≡ y means that the
DM finds x similar to y. We set � = (�, �,≡). In or-
der to deduce a comparison of the elements of Ξ from �,
one necessarily needs some completion mechanism. We
want to construct three binary relations �, ) and ∼ on
X that extend �. The strength of the completion is mea-
sured through the differences � \�, ) \� and ∼ \ ≡
compare to �, �,≡ respectively. For a very weak com-
pletion, we have � \� = ∅, ) \� = ∅ and ∼ \ ≡= ∅.

LetW(�) be the set of parameter vectors w for which
x �w y whenever x�y, x )w y whenever x�y, and x ∼w

y whenever x ≡ y. The completion is necessarily based
on the family {�w}w∈W(�). A classical completion is the
preference relation �w corresponding to a particular w ∈
W(�) solution to an optimization problem [1, 2, 3]

w = argmaxw∈W(�)G�(w) (1)

where G� is the function depending on � to be maxi-
mized. As said in the introduction, we are interested in
the necessity preference relation �W

N,� that is constructed
from � as follows [7, 5, 6]:

x �W
N,� y ⇐⇒ [∀w ∈ W(�) x �w y] . (2)

One may also define )W
N,� and ∼W

N,� by

x )W
N,� y ⇐⇒ [∀w ∈ W(�) x )w y]

x ∼W
N,� y ⇐⇒ [∀w ∈ W(�) x ∼w y] .

Note that one may have �W
N,� �=)W

N,� ∪ ∼W
N,�.

Another interesting order relation derived from � is
the so-called possibility preference relation defined as fol-
lows [7, 5, 6]:

x �W
Π,� y ⇐⇒ [∃w ∈ W(�) x �w y] .

Let us mention that these concepts of necessary and pos-
sible preference representation are originated from ear-
lier works on preference modelling. In the context of
decision rules, the necessary and possibility preference
relations are the lower and upper approximations of a
rough set [8]. Moreover, in qualitative decision models,
these concepts correspond to the dominance and order-
ing queries for the Ceterus Paribus nets [9].

The choice of the representation of �w (and thus of
the family of aggregation functions F ) is very impor-
tant since it characterizes directly the completion mecha-
nism. The choice of the family F results from a compro-
mise: if the completion is too strong, we deduce much
more than what the DM expresses and the DM may not
agree with the outcome. If the completion is too weak,
we basically do not deduce really more than what the
DM says. Moreover, the stronger the completion mech-
anism, the less information � needs to be given.

As an example, the completion resulting from a sim-
ple model such a weighted sum is stronger than that ob-
tained from a more general model such as the Choquet
integral. We will illustrate this in the main part of the
paper. Consider the case where F is the usual weighted
sum: F (x) =

∑
i∈N wi xi where wi is the weight of crite-

rion i. Thanks to the additivity properties of this model,
one can deduce that (1, 1

2 , 0) �W
N,� (0, 1, 1

2 ), from the sim-
plier comparisons (1

2 , 1
2 , 0) � (0, 1

2 , 1
2 ), ( 1

2 , 0, 0) � (0, 1
2 , 0)

provided by the DM. The previous deduction is wrong
for the Choquet integral. The weighted sum, which is
a very simple aggregation model, implies a very strong
completion mechanism.

The necessity preference relation �W
N,� corresponds to

the comparisons among the options in X that can be
made for sure. If the initial preferences � of the DM are
fixed, the recommendation given by the facilitator shall
be based only on �W

N,�.
Now, if �W

N,� is not enough complete, the facilitator
will probably try to enrich � with new comparisons pro-
vided by the DM. The candidate comparisons must be
picked up from the possibility preference relation. As-
sume indeed that � is enriched with a new information
”x is at least as good as y” such that x ��W

Π,� y. The en-
riched preferential information is �′ = (�′, �′,≡′) with
�′ = � ∪ {(x, y)}, �′ = � and ≡′=≡. Since x ��W

Π,� y,
we obtainW(�′) = ∅. Hence the new preferential infor-
mation to add to � must belong to �W

Π,�, )W
Π,� or ∼W

Π,�.
One clearly has [5, Proposition 4.1]

�W
N,�⊆�W

Π,� .

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

568



The comparisons contained in the necessity preference
relation are automatically deduced from �, and do not
therefore enrich �. In other words, if (x, y) ∈�W

N,�,
then W(�′) = W(�), where �′ = (�′, �′,≡′) with
�′ = � ∪ {(x, y)}, �′ = � and ≡′=≡. This proves that
the new relevant preferential information to add to � ac-
tually belongs to

�W
Π,� \ �W

N,� , )W
Π,� \ )W

N,� or ∼W
Π,� \ ∼W

N,� .

In this paper, we will not study specifically the possi-
bility preference relation. We will focus only on the ne-
cessity preference relation. The reason is that �W

N,� and
�W

Π,� are strongly linked together. More precisely, since
�w is a complete preorder, we have

x �W
Π,� y ⇐⇒ y �)W

N,� x.

In other words, �W
Π,�= X2 \ ()W

N,�)−1.

3 Notation and the Choquet integral

We hereafter restrict to the case where F is a Choquet
integral.

3.1 Choquet integral

A fuzzy measure (also called capacity) on a set N of cri-
teria is a set function µ : 2N → [0, 1] such that [10]

• µ(∅) = 0, µ(N) = 1,

• ∀A ⊆ B ⊆ N , µ(A) ≤ µ(B)

LetM be the set of all fuzzy measures. A fuzzy measure
is said to be additive if µ(A∩B) = µ(A)+µ(B) for every
pair (A, B) of disjoint coalitions.

The Choquet integral of x = (x1, . . . , xn) ∈ Rn defined
w.r.t. a capacity µ has the following expression [11] :

Cµ(x1, . . . , xn) =
n∑

i=1

(
xτ(i) − xτ(i−1)

)×
µ ({τ(i), · · · , τ(n)}) , (3)

where τ is a permutation on N such that xτ(1) ≤ xτ(2) ≤
· · · ≤ xτ(n), and xτ(0) := 0. The Choquet integral has
been proved to be able to model both the importance of
criteria and the interaction between criteria. One funda-
mental property of the Choquet integral is that

Cµ(1A, 0N\A) = µ(A). (4)

3.2 k-additive capacities

We introduce a useful linear transformation of fuzzy
measures. The Möbius transform m of a fuzzy measure
µ is the unique solution of the equation

∀A ⊆ N µ(A) =
∑
B⊆A

m(B), (5)

and is given by:

mµ(A) :=
∑
B⊆A

(−1)|A|−|B|µ(B). (6)

A fuzzy measure is defined by 2n coefficients, which
is much more than a weighted sum. The concept of k-
additive fuzzy measure has a complexity in-between a
fuzzy measure and a weighted sum. More precisely, a
fuzzy measure µ is said to be k-additive [12] if mµ(A) =
0 whenever |A| > k and there exists A with |A| = k
such that mµ(A) �= 0. We denote byMk the set of fuzzy
measures that are at most k-additive (i.e. 1, or 2, or . . .,
or k additive). Note thatM =Mn and thatM1 are the
additive fuzzy measures and corresponds to the usual
weighted sum. An interesting particular case is when
k = 2.

3.3 Interpretation

A capacity contains 2n terms, which makes its interpre-
tation complex for a DM. In order to ease its interpreta-
tion, several global indices have been defined. The first
index called importance index aims at measuring the de-
gree to which a criterion is important for the decision.
The importance index of criterion i ∈ N is defined by
[13]:

vi :=
∑

A⊂N\{i}

(n− |A| − 1)!|A|!
n!

[µ(A ∪ {i})− µ(A)].

Note that the definition is originated from Cooperative
Game Theory in which it corresponds to a fair share of a
common wealth among several players.

The interaction index Iij of the couple of criteria {i, j}
is defined by [14]

Iij :=
∑

A⊂N\{i,j}

(n− |A| − 2)!|A|!
(n− 1)!

[µ(A ∪ {i, j})− µ(A ∪ {i})− µ(A ∪ {j}) + µ(A)].

The Shapley index vi can be interpreted as a kind of
average value of the contribution of criterion i alone
in all coalitions. The interaction index Iij can be in-
terpreted as a kind of average value of the added value
obtained by putting criterion i and j together. When
Iij is positive (resp. negative), the interaction is said to
be positive (resp. negative). These two concepts corre-
spond to a mean behavior and are anyhow not so easy
to understand for a DM.

3.4 Initial preferential information

We denote by Mk(�) the set of capacities in Mk that
satisfy the preferential information � = (�, �,≡):

Mk(�) =
{
µ ∈ Mk , ∀a, b ∈ Rn

a � b ⇒ Cµ(a) ≥ Cµ(b)
a � b ⇒ Cµ(a) > Cµ(b)

a ≡ b ⇒ Cµ(a) = Cµ(b)
}

The necessity preference relation on Rn is a cautious way
to take into account the fact that the aggregation model
is not uniquely determined from a knowledge of �, and
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is defined by:

∀a, b ∈ Rn , a �Mk

N,� b ⇐⇒
[∀µ ∈ Mk(�) Cµ(a) ≥ Cµ(a)] .

It is easy to see that �Mk

N,� is usually incomplete, but is

transitive and reflexive. One can define )Mk

N,� and ∼Mk

N,�

as in Section 2. One has

∼Mk

N,�=�Mk

N,� ∩(�Mk

N,�)−1 and )Mk

N,� ⊆�Mk

N,� \ ∼Mk

N,� .

Let us define finally the incomparability as IM
k

N,� =

(Rn)2 \ (�Mk

N,� ∪(�Mk

N,�)−1).

4 Elicitation process

The preference model is usually constructed iteratively
through a decision aiding process [15]. This process is
centered around the interaction between the DM and the
decision aiding system. The information that the DM
expresses regarding his preferences can be of two types:

• The first type of information can be easily produced
and interpreted by the DM. It is usually admitted
that the DM can naturally compare some options.
In this paper, the only information of this type cor-
responds to the three binary relations � = (�, �,≡
). It is called the Preferential information.

• The second type of information (called Decision
strategies) corresponds to abstract information con-
cerning the preference model. It can typically con-
cern concepts such as the mean importance, veto,
relative importance,. . . The DM can understand
them but only to some extend, but it is unexpected
that he will naturally provide information of this
type. If the decision analyst guesses that the DM
fulfills to a decision strategy, he needs to convert it
to preferential information in order to check the va-
lidity of his guess.

At the end, the only learning data that is considered
from the DM corresponds to some preferential informa-
tion �. It is transformed in the internal representation of
the model. This is the set of parameter vectors fulfill-
ing the preferential information, that isMk(�). It is not
understood by the DM. Consistency and completeness
is checked in this representation. The necessity prefer-
ence relation can then be constructed. This relation can
be presented to the DM in different ways. It can be di-
rectly applied to the set Ξ of options of interest for the
DM. It is also possible to interpret the necessity prefer-
ence relation in terms of decision strategies. The inter-
pretation may concern some indices regarding the mean
importance, veto, relative importance, if all the admissi-
ble capacitiesMk(�) share some common properties on
one of these concepts.

The elicitation process can thus be seen as a flow di-
agram between the three concepts and is organized on
the steps a to f in Figure 1:

• a: The DM can express some abstract information
regarding his decision strategies. He may express
for instance that a criterion is more important than
another one.

• b: The DM can express information in the format of
the order relations �. He may say for instance that
an option is preferred to another one. If the DM has
already given some preferential information (de-
noted by �′) in a previous step of the elicitation pro-
cess and he wishes to enrich �′, the new preferen-
tial information shall lie in the sets �Mk

Π,�′ \ �Mk

N,�′ ,

)Mk

Π,�′ \ )Mk

N,�′ or ∼Mk

Π,�′ \ ∼Mk

N,�′ .

• c: When the DM expresses abstract information (de-
cision strategies), they shall be converted into pref-
erential information through � in order to be pre-
cisely set and taken into account by the elicitation
method.

• d: The preferential information is transformed into
constraints in the parameter set. This corresponds
to the setMk(�). This step is sometimes called dis-
aggregation step.

• e: An interpretation of the setMk(�) is presented in
terms of, for instance, veto, importance, interaction
indices. It can also provide the necessity and pos-
sibility preference relations. This step is sometimes
called aggregation step.

• f : An interpretation of the results of the elicitation is
displayed to the DM in some understandable way.

Preferential

information
Decision
strategies

Decision

maker

Internal representation

(capacity µ)

�
c

�
�

���a �
�

�
��� f�

�
��� b�

�
�
�
�
�
�
��

d

	
	
	
	
	
	
	
		


e

Figure 1: Eliciation process.

In the remaining of this paper, we are interested
in some abstract decision strategies that the DM often
wishes to express in practice. For each type of preferen-
tial information, we determine how it is converted into
order relations � (step c). Then, we construct the neces-
sity preference relation corresponding to this preferen-
tial information (steps d and e).

5 Case of empty preference information

We denote by �∅ the empty preference information.
When the DM says nothing, there is of course no new
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constraint on the fuzzy measure:

Mk(�∅) =Mk.

Moreover, it is easy to check that for all k ∈ {1, . . . , n}

�Mk

N,�∅= Pa := {(a, b) ∈ Rn , ∀i ∈ N ai ≥ bi} .

This relation extends [5, Remark 4.1] to the case of the
Choquet integral. This is the standard Pareto domi-
nance order. When no preferential information is given,
the necessary preferential information is similar to the
Pareto dominance order, which is what one expects.

6 Relative importance between criteria

6.1 Statement of the preferential information

We want to express a preferential information regarding
the relative importance between two criteria – namely
that criterion p is more important than criterion q. The
first idea is to interpret this as the relation vp > vq based
on the Shapley value. This relation is considered in
[1, 7]. However, as explained in Section 3.3, the Shap-
ley value is not a simple concept for a DM. It is not clear
at all whether the statement ”criterion p is more impor-
tant than criterion q” expressed by a DM can be repre-
sented by the relation vp > vq . We wish only to express
the previous statement only as binary relations denoted
by �

p,q
RelImp = (�p,q

RelImp, �
p,q
RelImp,≡p,q

RelImp). The following
definition seems to express quite accurately the previous
statement.

Definition 1 ([16]) A criterion p ∈ N is said to be more
important than criterion q ∈ N \ {p} iff(

γp, βq, aN\{p,q}
)

�
p,q
RelImp

(
βp, γq, aN\{p,q}

)
(7)

for all γ, β ∈ R with γ > β, and all aN\{p,q} ∈ Rn−2, where(
αp, βq, aN\{p,q}

)
denotes the alternative having value α on

criterion p, value β on criterion q, and value aN\{p,q} on the
remaining criteria.

Note that (7) makes sense only if the scales of the cri-
teria are commensurate.

6.2 Conditions on the fuzzy measure

Let δp,qµ(A) := µ(A ∪ {p})− µ(A ∪ {q}).

Lemma 1 For all k ∈ {2, . . . , n}, criterion p is more impor-
tant than criterion q with the Choquet integral with a capacity
inMk iff

∀A ⊆ N \ {p, q} δp,qµ(A) > 0. (8)

6.3 Completion

We have the following result.

Proposition 1 Let p, q ∈ N with p �= q. Then for all k ∈
{2, . . . , n}

�Mk

N,�p,q
RelImp

=
{(

(γp, βq, aN\{p,q}), (β′
p, γ

′
q, a

′
N\{p,q})

)
∈ (Rn)2 ,

γ > β , γ′ > β′ , γ′ ≤ γ , β′ ≤ β and

for all i ∈ N \ {p, q} a′
i ≤ ai

} ⋃
Pa

)Mk

N,�p,q
RelImp

=
{(

(γp, βq, aN\{p,q}), (β′
p, γ

′
q, a

′
N\{p,q})

)
∈ (Rn)2 ,

γ > β , γ′ > β′ , γ′ ≤ γ , β′ ≤ β and

for all i ∈ N \ {p, q} a′
i ≤ ai

} ⋃
Pp

a >

∼Mk

N,�p,q
RelImp

=
{
(a, a) , a ∈ Rn

}
where Pp

a > = {(a, b) ∈ Pa , ap > bp}.
When γ > β, (γp, βq, aN\{p,q}) is at least as good

as (βp, γq, aN\{p,q}) from �
p,q
RelImp. From the Pareto

relation Pa, (βp, γq, aN\{p,q}) is at least as good as
(β′

p, γ
′
q, a

′
N\{p,q}) whenever γ′ ≤ γ, β′ ≤ β and a′

k ≤ ak

for all k ∈ N \ {p, q}. The completion of �
p,q
RelImp by a

k-additive Choquet integral (with k ≥ 2) is just the com-
bination of the definition of �

p,q
RelImp and the Pareto dom-

inance order. Therefore, there is no side effect coming
from the Choquet model.

Lemma 2 Let p, q ∈ N with p �= q. Then

�M1

N,�p,q
RelImp

=
{(

(γp, βq, aN\{p,q}), (β′
p, γ

′
q, a

′
N\{p,q})

)
∈ (Rn)2

γ ≥ β′ , γ − β + β′ − γ′ ≥ 0

and for all i ∈ N \ {p, q} a′
i ≤ ai

} ⋃
Pa

)M1

N,�p,q
RelImp

=
{(

(γp, βq, aN\{p,q}), (β′
p, γ

′
q, a

′
N\{p,q})

)
∈ (Rn)2

γ > β′ , γ − β + β′ − γ′ ≥ 0 , γ′ ≤ γ , β′ ≤ β

and for all i ∈ N \ {p, q} a′
i ≤ ai

}
∪ Pp

a >

∼M1

N,�p,q
RelImp

=
{

(a, a) , a ∈ Rn
}

There is a strange condition γ − β + β′ − γ′ ≥ 0 in the
necessity preference relation of the modelM1.

One has for all k ∈ {2, . . . , n}

�Mk

N,�p,q
RelImp

⊂ �M1

N,�p,q
RelImp

)Mk

N,�p,q
RelImp

⊂ )M1

N,�p,q
RelImp

∼Mk

N,�p,q
RelImp

⊂ ∼M1

N,�p,q
RelImp

The information �M1

N,�p,q
RelImp

\ �Mk

N,�p,q
RelImp

and

)M1

N,�p,q
RelImp

\ )Mk

N,�p,q
RelImp

is contained neither in Definition
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1 nor in the Pareto set Pa. This proves that the com-
pletion resulting from the Choquet integral fits exactly
with the preferential information provided by the DM,
whereas the completion resulting from the weighted
sum is strong. The Choquet is thus able to represent
the relative importance without adding new informa-
tion not provided by the DM.

7 Veto criteria

7.1 Statement of the preferential information

As in group decision, one can define a veto criterion.
The preferential information corresponding to a veto cri-
terion p is denoted by �

p
Veto = (�p

Veto, �
p
Veto,≡p

Veto).

Definition 2 Criterion p is a veto criterion if for all x, y ∈
Rn

(xN\{p}, 0p) ≡p
Veto (yN\{p}, 0p).

It is straightforward to see that the evaluation of the op-
tion (xN\{p}, 0p) is zero. This means that a bad score on
a veto criterion cannot be saved by good scores on the
remaining criteria.

7.2 Conditions on the fuzzy measure

Lemma 3 Criterion p ∈ N is a veto iff

∀S ⊂ N \ {p} , µ(S) = 0 . (9)

7.3 Completion

There is a unique additive fuzzy measure for which p is
a veto. It is defined by µ(A) = 1 if p ∈ A and = 0 other-
wise. Criterion p is then interpreted as a dictator. All the
other criteria are merely discarded. Hence �M1

N,�p
Veto

is a
complete order.

The following result shows that the necessity prefer-
ence relation does not depend on k for k ≥ 2.

Proposition 2 Let P be the preferential information stating
that criterion p is a veto. Then for all k ∈ {2, . . . , n}

�Mk

N,�p
Veto

=
{
(a, b) ∈ (Rn)2 , ap ≥ bp and

∀i ∈ N \ {p} either ai ≥ bi or [ai < bi and ai ≥ bp]
}

)Mk

N,�p
Veto

=
{
(a, b) ∈ (Rn)2 , ap > bp and

∀i ∈ N \ {p} either ai > bi or [ai ≤ bi and ai > bp]
}

∼Mk

N,�p
Veto

=
{
(a, b) ∈ (Rn)2 , ap = bp and

∀i ∈ N \ {p} either ai = bi or [ai ≥ ap and bi ≥ ap]
}

The condition ai < bi and ai ≥ bp means that the rela-
tively bad score of a on criterion i is hidden by the score
of b on the veto criterion p. Hence the necessity pref-
erence relation is completely natural. The completion
mechanism of the Choquet integral is once more easily
interpretable.

8 Conclusion

We have studied the completion mechanism produced
by the Choquet integral on three types of preferential in-
formation: empty prior information, relative importance
and veto. The result is trivial on the empty prior in-
formation since one recovers the Pareto ordering. Con-
cerning the two other types of preferential information,
we have shown that the Choquet integral does not in-
troduce weird phenomena in the robust completion cor-
responding to the necessity preference relation. More-
over, the completion does not depend on order k for k-
additive fuzzy measures, provided that k ≥ 2. On the
contrary, the weighted sum produced a strong comple-
tion.
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Abstract— Some open problems on fuzzy implications dealing
with the so-called importation law are studied and totally or partially
solved in this work. In particular, it is proved that such property (in
fact a weaker version than the law of importation) is stronger than
the exchange principle. Along this study, new characterizations of
(S, N)-implications and R-implications involving the law of impor-
tation are showed.

Keywords— Implication function, exchange principle, law of im-
portation, (S, N)-implication, R-implication.

1 Introduction

Fuzzy implications are an essential tool in fuzzy control and
approximate reasoning, as well as in many fields where these
theories apply. This is because they are used not only to
model fuzzy conditionals, but also to make inferences in any
fuzzy rule based system (see for instance [1] or [2]) through
the modus ponens and modus tollens. Moreover, fuzzy im-
plications are also useful in many other fields like fuzzy re-
lational equations and fuzzy mathematical morphology ([3]),
fuzzy DI-subsethood measures and image processing ([4] and
[5]), and data mining ([6]). Due to this great quantity of appli-
cations many authors have focused their interest in the theo-
retical study of fuzzy implications. See for instance the recent
book [7], exclusively devoted to fuzzy implications, and the
references therein.

From this theoretical study some open problems on fuzzy
implications have been recently posed in some works about
this topic. In this paper we want to deal with some of them
involving the so-called law of importation, that is derived from
the tautology in classical logic

(p ∧ q)→ r ≡ p→ (q → r) (1)

which, translated to fuzzy logic, becomes the functional equa-
tion:

I(T (x, y), z) = I(x, I(y, z)) for all x, y, z ∈ [0, 1] (2)

where T is a t-norm and I is a fuzzy implication. This property
has been extensively studied in [8] and [9] for many kinds of
implications derived from t-norms and t-conorms. Moreover,
an extension of (2) involving uninorms instead of t-norms has
been also studied in [10]. From this study some open prob-
lems for fuzzy implications involving the law of importation
have been posed (see [11]) that we will try to solve in next
sections. During the process, new characterizations of (S, N)-
implications and R-implications involving the law of importa-
tion are showed.

2 Preliminaries
We will suppose the reader to be familiar with the theory of
t-norms, t-conorms and fuzzy negations (all necessary results
and notations can be found in [12]). We recall here only some
facts on implications.

Definition 1 A binary operator I : [0, 1]2 → [0, 1] is said to
be an implication function, or an implication, if it satisfies:

(I1) I(x, z) ≥ I(y, z) when x ≤ y, for all z ∈ [0, 1].

(I2) I(x, y) ≤ I(x, z) when y ≤ z, for all x ∈ [0, 1].

(I3) I(0, 0) = I(1, 1) = 1 and I(1, 0) = 0.

Note that, from the definition, it follows that I(0, x) = 1 and
I(x, 1) = 1 for all x ∈ [0, 1] whereas the symmetrical values
I(x, 0) and I(1, x) are not derived from the definition.

Special interesting properties for implication functions are:

• The law of importation with a t-norm T ,

I(T (x, y), z) = I(x, I(y, z)), for all x, y, z ∈ [0, 1].
(LI)

• The exchange principle,

I(x, I(y, z)) = I(y, I(x, z)), for all x, y, z ∈ [0, 1].
(EP)

• The ordering property,

x ≤ y ⇐⇒ I(x, y) = 1, for all x, y ∈ [0, 1].
(OP)

Among other models (see [3] and [7]), the most used fuzzy
implications are derived from t-norms and t-conorms and they
are:

• R-implications derived from a left-continuous t-norm T ,

IT (x, y) = sup{z ∈ [0, 1] | T (x, z) ≤ y} (3)

for all x, y ∈ [0, 1].

• (S,N)-implications derived from a t-conorm S and a
strong negation1 N ,

IS,N (x, y) = S(N(x), y) for all x, y ∈ [0, 1].
(4)

1This kind of implications has been characterized also when N is
strict or continuous, see [13]. However, (LI) has been studied only in
the cases when N is strict or strong, but not when N is only contin-
uous.
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But also QL-implications and D-implications respectively
given by

IQL(x, y) = S(N(x), T (x, y)) (5)

for all x, y ∈ [0, 1], and

ID(x, y) = S(T (N(x), N(y)), y) (6)

for all x, y ∈ [0, 1], where T is a t-norm, S a t-conorm and N
a strong negation. For all these kinds of implications the (LI)
is equivalent to the (EP ) and moreover, there is one and only
one t-norm for which the (LI) holds (see [8] and [9]).

Finally let us recall the characterizations of (S,N) and R-
implications. Several of these characterizations can be found
in the literature:

Theorem 1 ([13]) For a function I : [0, 1]2 → [0, 1] the fol-
lowing statements are equivalent:

(i). I is an (S, N)-implication generated from some t-
conorm S and some continuous (strict, strong) fuzzy
negation N

(ii). I satisfies (I1), (EP) and I(x, 0) = N(x) is a continuous
(strict, strong) fuzzy negation.

Theorem 2 ([14], [15] or [7]) Let I : [0, 1]2 → [0, 1] be
a function. Then I is an R-implication derived from a left-
continuous t-norm, if and only if, I satisfies (I2), (OP), (EP)
and I is right-continuous with respect to the second variable.

With the assumption of continuity we have a characteriza-
tion of the following subclass of R-implications, that are also
(S, N)-implications, known as the Smets-Magrez Theorem,
see [16] and see also [17] for the current version.

Theorem 3 Let I : [0, 1]2 → [0, 1] be a function. Then I is
a continuous function satisfying (OP), (EP), if and only if, I
is conjugate with the Łukasiewicz implication, that is, there
exists a unique increasing bijection ϕ : [0, 1] → [0, 1] such
that

I(x, y) = ϕ−1(min{1, 1− ϕ(x) + ϕ(y)}) (7)

for all x, y ∈ [0, 1].

3 Main results

Due to the commutativity of the t-norm T (or the uninorm),
it is clear that the law of importation implies the exchange
principle, but in all known cases the converse also holds and
the t-norm for which (LI) holds is uniquely determined. The
first two open problems (posed in [11], Problem 8.1) that we
want to study are just the following:

1. (OP1) Does the exchange principle imply that there ex-
ists a t-norm such that the law of importation holds? If
not, give an example and characterize all fuzzy implica-
tions for which the answer is positive.

2. (OP2) Is the t-norm in the law of importation uniquely
determined?

Note that for R, (S,N), QL and D-implications derived
from t-norms and t-conorms the answer of both problems is
positive (see [8] and [9]). With respect to (OP1) a negative
answer has been done in [10] (see also [7], Section 7.3) by us-
ing implications derived from uninorms. The examples given
in these works are implications satisfying (EP) such that they
do not satisfy (LI) for any t-norm. However, in all these cases
there exists a conjunctive uninorm for which the (LI) holds
and thus, the problems above are just translated to the follow-
ing more general versions:

1. (OP1’) Does the exchange principle imply that there ex-
ists a uninorm (or a more general binary operation) such
that the law of importation holds? If not, give an exam-
ple and characterize all fuzzy implications for which the
answer is positive.

2. (OP2’) Is the uninorm in the law of importation uniquely
determined?

Moreover, the answer of both problems is again positive for R,
S, QL and D-implications derived from uninorms (see [10]).

Along the paper, we will prove that (OP1’) has a negative
answer in general and we will characterize some particular
cases for which the answer is positive. On the other hand, with
respect to (OP2) some counterexamples have been proved in
[7] for implications I for which I(x, 0) equals the greatest or
the least fuzzy negation (the same examples work for (OP2’)).
We will discuss however the case when I(x, 0) is at least a
continuous fuzzy negation.

3.1 The Weak Law of Importation (WLI)

To deal with these problems let us introduce a weaker law
of importation than (LI), by reducing the requirements on the
function T . To maintain its relation with the exchange prin-
ciple we need to take T commutative, and due to the mono-
tonicity of implication functions it seems also adequate to take
T nondecreasing, but no more conditions are necessary. Thus
we introduce the following

Definition 2 Let I : [0, 1]2 → [0, 1] be a function. We say
that I satisfies the weak law of importation if there exists a
commutative and nondecreasing function F : [0, 1]2 → [0, 1]
such that

I(F (x, y), z) = I(x, I(y, z)) for all x, y, z ∈ [0, 1]
(WLI)

and then we say that I satisfies (WLI) with the function F .

First of all, note that (WLI) clearly implies (EP).
On the other hand, when I is an (S, N), a QL or a D-

implication it satisfies the following boundary property

I(x, 0) = N(x), for all x ∈ [0, 1] (BP)

where N is a (continuous, strict, strong) fuzzy negation.
We want to study the properties of those functions I :

[0, 1]2 → [0, 1] that satisfy (WLI) and (BP). These proper-
ties will be useful in order to find a counterexample to the
equivalence of (EP) and (LI).

Proposition 1 Let I : [0, 1]2 → [0, 1] be a function which
satisfies (WLI) with a commutative and nondecreasing func-
tion F and (BP) with a fuzzy negation N . Then
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• I satisfies (I3).

• I satisfies right contrapositive symmetry, that is,

I(x,N(y)) = I(y,N(x)) for all x, y ∈ [0, 1]. (8)

Moreover, if N is continuous, then

• I satisfies (I1) and (I2), and consequently I is a fuzzy
implication.

• I satisfies left neutrality principle, that is,

I(1, y) = y for all y ∈ [0, 1]. (9)

Finally, if N is strong then

• I satisfies contrapositive symmetry, that is,

I(N(y), N(x)) = I(x, y) for all x, y ∈ [0, 1]. (10)

Proof: I satisfies (EP) due to the commutativity of F and
(WLI). Furthermore, I satisfies also (I3) because

I(0, 0) = N(0) = 1
I(1, 0) = N(1) = 0
I(1, 1) = I(1, I(0, 0)) = I(0, I(1, 0)) = I(0, 0) = 1.

In addition, I satisfies right contrapositive symmetry because

I(x,N(y)) = I(x, I(y, 0)) = I(y, I(x, 0)) = I(y, N(x)).

From now on, N will be a continuous negation. Let us prove
(I1). If x ≤ y, using the continuity of N , we only need to
show that I(x,N(z)) ≥ I(y, N(z)) for all z ∈ [0, 1].

I(x, N(z)) = I(x, I(z, 0)) = I(F (x, z), 0) = N(F (x, z))
≥ N(F (y, z)) = I(F (y, z), 0) = I(y, I(z, 0))

= I(y, N(z))

A similar argument shows (I2). If y ≤ z, using the continu-
ity of N , we will show that I(x,N(y)) ≥ I(x,N(z)) for all
x, y, z ∈ [0, 1].

I(x, N(y)) = I(x, I(y, 0)) = I(F (x, y), 0) = N(F (x, y))
≥ N(F (x, z)) = I(F (x, z), 0) = I(x, I(z, 0))

= I(x,N(z))

Furthermore, I satisfies the left neutrality principle

I(1, N(y)) = I(1, I(y, 0)) = I(y, I(1, 0))
= I(y, 0) = N(y)

Finally, if N is strong, we have

I(N(y), N(x)) = I(N(y), I(x, 0)) = I(x, I(N(y), 0))
= I(x, N(N(y))) = I(x, y).

It is known that in general, (EP) and (BP) with a contin-
uous (even strong) fuzzy negation N do not imply (I1). For
example, the function

I(x, y) =

{ 1− x if y = 0
y if x = 1
0.5 otherwise

(11)

satisfies (EP) and (BP) with N(x) = 1−x the classical strong
negation, but it does not satisfy the nonincreasingness in the
first variable, (I1) (see [13]). Consequently, I can not satisfy
(WLI), by the previous proposition. So, we have just found
a counterexample proving that, for functions I : [0, 1]2 →
[0, 1] in general, (EP) does not imply (WLI). In section 3.3 we
will prove that a counterexample for fuzzy implications is also
available.

3.2 (WLI) and (S, N)-implications

The main target of this section is the study of (WLI) on
(S, N)-implications. We will show a new characterization
of (S, N)-implications based on (WLI) and we will partially
solve (OP2).

Proposition 2 Let I : [0, 1]2 → [0, 1] be a binary operator
satisfying (WLI) with a commutative and nondecreasing func-
tion F and (BP) with a continuous (strict, strong) fuzzy nega-
tion N . Then I is an (S, N)-implication generated from a
t-conorm S and the negation N .

Proof: Due to proposition 1, it follows that I satisfies (I1)
and (EP). So, by using theorem 1, I is an (S, N)-implication
generated from some t-conorm S and some continuous (strict,
strong) fuzzy negation N .

After that let us take a look to the verification of (WLI) on
(S, N)-implications.

Proposition 3 An (S, N)-implication I generated from a t-
conorm S and a strict (strong) negation N satisfies (WLI) with
a function F : [0, 1]2 → [0, 1] if and only if F is the N -dual
t-norm of S, that is

F (x, y) = N−1(S(N(x), N(y))) for all x, y ∈ [0, 1]. (12)

Proof: Let I be an (S,N)-implication generated from a t-
conorm S and a strict negation N . If I satisfies (WLI) with a
function F , then for all x, y, z ∈ [0, 1] we have

I(F (x, y), z) = S(N(F (x, y)), z)
I(x, I(y, z)) = S(N(x), I(y, z)) = S(N(x), S(N(y), z))

Taking z = 0 in both expressions and using (WLI), we obtain
N(F (x, y)) = S(N(x), N(y)), and consequently, F (x, y) =
N−1(S(N(x), N(y))) for all x, y ∈ [0, 1]. Conversely, if F is
the N -dual t-norm of S, a straightforward computation proves
that I satisfies (WLI) with F .

Remark 1 Proposition 3 is the counterpart for (WLI) of an
analogous result for (LI) in [8] and [13]. Note that none prop-
erty of F is used in the proof. Thus, for (S, N)-implications
with N strict or strong (LI) and (WLI) are equivalent and in
fact, the N -dual t-norm of S is the only function F : [0, 1]2 →
[0, 1] (without any further assumption) for which (WLI) is sat-
isfied.
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We will see that the equivalence in the previous remark also
holds for (S,N)-implications with N continuous (not neces-
sarily strict), but something different occurs in this case. We
will see that they also satisfy (WLI), but the function F for
which they satisfy (WLI) needs not to be unique. However,
among the functions F for which the (S, N)-implication sat-
isfies (WLI), there is at least one of them that is a t-norm.

To do this, let us consider the following definition.

Definition 3 (see [13]) Given any continuous fuzzy negation
N , we consider the function RN : [0, 1]→ [0, 1] defined by

RN (x) =
{

N (−1)(x) if x ∈ (0, 1]
1 if x = 0

(13)

where N (−1) stands for the pseudo-inverse of N given by

N (−1)(x) = sup{z ∈ [0, 1] | N(z) > x} for all x ∈ [0, 1].
(14)

In [13], it is proved that RN is a strictly decreasing nega-
tion, R

(−1)
N = N , N ◦RN = id[0,1] and

RN ◦N |Ran(RN ) = id|Ran(RN ),

where Ran(RN ) stands for the range of function RN . This
function RN plays the role of the “inverse” function of N and
therefore, we have the following result:

Proposition 4 An (S, N)-implication I generated from a t-
conorm S and a continuous fuzzy negation N satisfies (WLI)
with the function F (x, y) = RN (S(N(x), N(y))) for all
x, y ∈ [0, 1].

Proof: It is clear from its definition that F is commutative
and nondecreasing. Now,

I(T (x, y), z) = S(N(T (x, y)), z)
= S(N(RN (S(N(x), N(y)))), z)

(N ◦R = id[0,1]) = S(S(N(x), N(y)), z)
= S(N(x), S(N(y), z))
= S(N(x), I(y, z)) = I(x, I(y, z))

Contrary to what happens in the case when N is strict (or
strong), the function F in the proposition above is not the
only one for which the (S,N)-implication satisfies (WLI).
Note that the key fact in the proof of the previous proposi-
tion is that N ◦RN = id[0,1] (in fact it is only necessary that
N(F (x, y)) = S(N(x), N(y)) for all x, y ∈ [0, 1]). When
N is continuous but non-strict there are other functions than
RN satisfying this condition, and consequently different func-
tions F for which I satisfies the (WLI). See for instance the
following example.

Example 1 (see [13]) Consider the continuous fuzzy negation
N given by

N(x) =



−2x + 1 if x ∈ [0, 0.25]
0.5 if x ∈ (0.25, 0.75)
−2x + 2 if x ∈ [0.75, 1].

(15)

An easy calculation shows that

RN (x) =
{−0.5x + 1 if x ∈ [0, 0.5)
−0.5x + 0.5 if x ∈ [0.5, 1], (16)

but taking N1 given by

N1(x) =
{−0.5x + 1 if x ∈ [0, 0.5]
−0.5x + 0.5 if x ∈ (0.5, 1], (17)

we also obtain N ◦ N1 = id[0,1]. Consequently, given I any
(S, N)-implication, derived from a t-conorm S and the nega-
tion N , defining F1(x, y) = N1(S(N(x), N(y))) we have
that I satisfies (WLI) with both functions, F (obtained from
Proposition 4) and F1.

Proposition 5 Let S be a t-conorm and N a continuous fuzzy
negation. Then the function F (x, y) = RN (S(N(x), N(y)))
for all x, y ∈ [0, 1] is a t-subnorm, i.e., it is nondecreasing,
commutative, associative and such that F (x, y) ≤ min(x, y)
for all x, y ∈ [0, 1].

Proof: F is clearly nondecreasing and commutative. To see
associativity, note that from the associativity of S we easily
obtain

F (F (x, y), z) = RN (S(S(N(x), N(y)), N(z))
= F (x, F (y, z)).

Finally, using the definition of RN we easily obtain

RN (S(N(x), N(y))) ≤ x for all x ∈ [0, 1]

and so F (x, y) ≤ min(x, y) for all x, y ∈ [0, 1].
However, they are not t-norms in general because we have

F (1, y) = RN (S(0, N(y))) = RN (N(y))

and RN ◦ N is the identity function only for values in
Ran(RN ). Nevertheless, one can always find a t-norm for
which the (S, N)-implication satisfies (WLI) as follows.

Proposition 6 Let I be a (S,N)-implication generated from
a t-conorm S and a continuous fuzzy negation N . Then

T (x, y) =
{

RN (S(N(x), N(y))) if max{x, y} < 1
min{x, y} if max{x, y} = 1

is a t-norm such that I satisfies (LI) with T .

Proof: T is clearly a t-norm since it is constructed in the
usual way to obtain a t-norm from a given t-subnorm (see for
instance, [12], Proposition 1.6). Thus, we only need to prove
that I satisfies (LI) with T . From Proposition 4 it is sufficient
to verify (LI) when x = 1 or y = 1. But, for x = 1 we have

I(T (1, y), z) = I(y, z) = I(1, I(y, z))

and similarly for y = 1.

Corollary 1 Let I be an implication satisfying (BP) with a
continuous fuzzy negation N . Then

I satisfies (LI) ⇔ I satisfies (WLI)

Remark 2 Note that the construction given in the Propo-
sitions 5 and 6 works only for the function RN . For the
other functions N1 satisfying N ◦ N1 = id[0,1] the mono-
tonicity of T is not guaranteed (it is enough to take S =
max, N and N1 as in Example 1 and x = 0.5 > y, then
N1(max(N(0.5), N(y))) = 0.75 > 0.5). Thus, for (S, N)-
implications with N continuous we have found many functions
F for which (WLI) holds, but only one t-norm for which (LI)
holds. However, we are convinced that there can be found
t-conorms S such that even the t-norm is not unique.
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At this point, we propose a new characterization of (S, N)-
implications based on (WLI).

Theorem 4 For a function I : [0, 1]2 → [0, 1] the following
statements are equivalent:

(i). I is an (S, N)-implication generated from a t-conorm S
and a continuous (strict, strong) fuzzy negation N

(ii). I satisfies (WLI) with a commutative and nondecreasing
function F and (BP) with a continuous (strict, strong)
fuzzy negation N .

In this case possible functions F are given by F (x, y) =
N1(I(x,N(y))) for all x, y ∈ [0, 1], where N1 is a fuzzy nega-
tion with N◦N1 = id[0,1]. Moreover, when N is strict (strong)
then such F is unique with N1 = N−1.

Proof: If I satisfies i), then I(x, 0) = S(N(x), 0) =
N(x) and I satisfies (BP) with N . Moreover, it also satis-
fies (WLI) from Proposition 4. The converse is guaranteed by
Proposition 2.

Finally and returning to the question about the equivalence
of (EP) and (LI), we have the following result.

Proposition 7 Let I be an implication satisfying (BP) with a
continuous fuzzy negation N . Then

I satisfies (EP) ⇔ I satisfies (LI) ⇔ I satisfies (WLI)

Proof: We already know that (LI) implies (EP). To see
the converse, note that if I is an implication it satisfies in par-
ticular (I1) and then Theorem 1 implies that I is an (S, N)-
implication generated from a t-conorm S and a continuous
fuzzy negation N . Finally, Proposition 4 and Corollary 1 en-
sures that I satisfies (LI). The other equivalence has been al-
ready proved in Corollary 1.

3.3 Counterexample for implications

To sum up, we have proved that (EP) and (LI) are equiva-
lent for implications satisfying (BP) with a continuous fuzzy
negation N . So, to find a counterexample we need to search
among those implications I such that I(x, 0) = N(x) is non-
continuous (it is always a fuzzy negation). In next proposi-
tion we give such a counterexample which proves not only
that (EP) does not imply (LI), but also that it does not imply
(WLI).

Proposition 8 Let S be a nilpotent t-conorm and N a strict
negation. Let I : [0, 1]2 → [0, 1] be the function given by

I(x, y) =
{

0 if y = 0 and x �= 0
S(N(x), y) otherwise. (18)

Then I is a fuzzy implication that satisfies (EP), but there is
no function F for which I satisfies (WLI).

Proof: We divide the proof in two steps.

• I satisfies (EP). When z �= 0 we have I(x, z) �= 0 for all
x ∈ [0, 1] and then I satisfies (EP) because it is given as
an (S, N)-implication.

When z = 0 and x, y �= 0 then

I(x, I(y, 0)) = I(y, I(x, 0)) = 0.

Finally, when z = 0 and min{x, y} = 0 then

I(x, I(y, 0)) = I(y, I(x, 0)) = 1.

• I does not satisfy (WLI) with any F . Suppose on the
contrary that I satisfies (WLI) with a function F . Then
for all x, y ∈ [0, 1] and z �= 0 (WLI) derives into

S(N(F (x, y)), z) = S(S(N(x), N(y)), z). (19)

If we denote by NS the strong negation associated to S
(i.e., NS(x) = ϕ−1(1 − ϕ(x)) where ϕ is the normal-
ized additive generator of S), the left hand side of the
previous equation equal 1 if and only if N(F (x, y)) ≥
NS(z), whereas the right hand side equals 1 if and only
if S(N(x), N(y)) ≥ NS(z). Consequently for all x, y ∈
[0, 1] and z �= 0

N(F (x, y)) ≥ NS(z)⇐⇒ S(N(x), N(y)) ≥ NS(z).

Let us now prove from this equivalence that

F (x, y) = N−1(S(N(x), N(y)) for all x, y ∈ [0, 1].
(20)

Note that when F (x, y) = 0, N(F (x, y)) ≥ NS(z) for
all z ∈ [0, 1] and, from the equivalence before we obtain
S(N(x), N(y)) = 1 and equation (20) holds. On the
other hand, when F (x, y) > 0 there exists z ∈ [0, 1]
such that NS(z) > N(F (x, y)) and then equation (19)
can be written as

ϕ−1(ϕ(N(F (x, y))) + ϕ(z))
= ϕ−1(ϕ(S(N(x), N(y))) + ϕ(z))

and consequently equation (20) also holds.

Thus, F should be given by equation (20). However, I
does not satisfy (WLI) with this F when z = 0. To see
it just take x, y �= 0 such that S(N(x), N(y)) = 1 since
then F (x, y) = 0 and we obtain

I(x, I(y, 0)) = I(x, 0) = 0
I(F (x, y), 0) = I(0, 0) = 1

3.4 R-implications derived from left-continuous t-norms

A characterization of those functions I : [0, 1]2 → [0, 1] that
are R-implications derived from a left-continuous t-norm is
given in Theorem 2, and the case of continuous R-implications
is characterized in Theorem 3. Note that in this last case con-
dition (I2) is not necessary to derive the conclusion. It was
claimed in [17] that the same happens in the general case.
Specifically it was claimed that (EP) and (OP) imply (I2). This
is not true and a counterexample was recently proved in [18].

In this section, we will prove that the situation is completely
different if we change (EP) by (WLI). We begin by proving
that (I2) can be derived from (WLI) and (OP).

Proposition 9 Let I : [0, 1]2 → [0, 1] be a function satisfy-
ing (OP) and (WLI) with a commutative and nondecreasing
function F . Then I satisfies (I2), i.e, it is nondecreasing in the
second variable.
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Proof: Consider x, y, z ∈ [0, 1] with y ≤ z and let us divide
our argument in two cases.

• If x ≤ z, then I(x, y) ≤ I(x, z) = 1.

• If y ≤ z < x, then by (OP) and (WLI),

1 = I(I(x, y), I(x, y)) = I(F (I(x, y), x), y)

and consequently F (I(x, y), x) ≤ y ≤ z. Thus

1 = I(F (I(x, y), x), z) = I(I(x, y), I(x, z))

and therefore, I(x, y) ≤ I(x, z).

Moreover, we have also the following properties.

Proposition 10 Let I : [0, 1]2 → [0, 1] be a function satis-
fying (OP) and (WLI) with a commutative and nondecreasing
function F . Then

i) I satisfies (I1), i.e, it is nonincreasing in the first variable.

ii) I(x,−) is right-continuous for all x ∈ [0, 1].

Proof: To prove i) consider x, y, z ∈ [0, 1] with x ≤ y. We
divide our argument in two cases.

• If x ≤ z, then I(y, z) ≤ I(x, z) = 1.

• If x > z, then by (OP) and (WLI),

1 = I(I(y, z), I(y, z)) = I(F (I(y, z), y), z)

and consequently F (I(y, z), y) ≤ z. Since F is nonde-
creasing we also have F (I(y, z), x) ≤ z. Thus

1 = I(F (I(y, z), x), z) = I(I(y, z), I(x, z))

and therefore, I(y, z) ≤ I(x, z).

To prove ii), since I is nondecreasing in the second variable,
it is enough to show that inf{I(x, yn)} = I(x, inf{yn}) for
all x ∈ [0, 1]. Say y = inf{yn}, it is clear that I(x, y) ≤
I(x, yn) for all n and consequently I(x, y) ≤ inf{I(x, yn)}.
Moreover, for all n we have

1 = I(I(x, yn), I(x, yn)) = I(F (I(x, yn), x), yn)

which implies F (I(x, yn), x) ≤ yn for all n and thus
F (I(x, yn), x) ≤ y. Finally, we have

1 = I(F (I(x, yn), x), y)) = I(I(x, yn), I(x, y)),

that is, I(x, yn) ≤ I(x, y) and thus inf{I(x, yn)} ≤ I(x, y).
Due to the previous results we can reformulate the charac-

terization of R-implications given by theorem 2.

Theorem 5 Let I : [0, 1]2 → [0, 1] be a function. Then I
is an R-implication derived from a left-continuous t-norm, if
and only if, I satisfies (OP) and (WLI) with a commutative and
nondecreasing function F .

Moreover, in this case F must be the t-norm from which I
is obtained by residuation.

Finally, it is well know that if a function I : [0, 1]2 → [0, 1]
satisfies (OP), (EP) and (BP) with a continuous fuzzy nega-
tion N , then N must be strong. However, note that from the
previous results more properties are derived.

Corollary 2 Let I : [0, 1]2 → [0, 1] satisfy (OP), (EP) and
(BP) with a continuous fuzzy negation N . Then I satisfies
(I2), I is right-continuous in the second variable and so, I is
an R-implication derived from a left-continuous t-norm.
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Abstract— The aim of this contribution is to show how the F-
transform technique can be generalized from the case of constant
components to the case of polynomial components. For this purpose,
we choose complete functional spaces with inner products. After
a general presentation of F m-transform where m ≥ 0, a detailed
characterization of the F 1-transform is given. We applied a tech-
nique of numeric integration in order to simplify computation of F 1-
transform components. The inverse F m-transform, m ≥ 0, is de-
fined in the same way as the ordinary F-transform.

Keywords— F-transform, F m-transform, fuzzy partition, orthog-
onal basis, Gaussian quadrature

1 Introduction
The goal of this paper is to provide a deeper analysis of fuzzy
modeling and its contribution to general mathematics. In [1],
we introduced the notion of a fuzzy transform (F-transform,
for short) which explains modeling with fuzzy IF-THEN rules
as a specific transformation. This enabled us to compare the
success of fuzzy modeling with the success of classical trans-
forms (Fourier, Laplace, integral, wavelet etc.). From this
point of view, fuzzy transforms contribute to the theory of
linear and, in particular, integral transforms. Moreover, they
initiated a theory of semi-linear spaces (see [2]).

In [1], the approximation property of fuzzy transform has
been described and then, in [3], it has been shown how shapes
of basic functions influence the approximation quality. The
F-transform has many other useful properties and great poten-
tial for various applications, such as special numerical meth-
ods, solution of ordinary and partial differential equations with
fuzzy initial condition [4, 5], mining dependencies from nu-
merical data [6], applications to signal processing, compres-
sion and decompression of images [7, 8], and fusion of images
[9].

We aim at showing how the F-transform technique can be
generalized in the sense that constant components considered
as polynomials of 0 degree are replaced by polynomials of de-
gree m ≥ 1. For this purpose, we choose complete functional
spaces with inner products. After presentation of the general-
ized approach, a detailed characterization of the F 1-transform
is given. We applied a technique of numeric integration in
order to simplify computation of F 1-transform components.
The inverse Fm-transform, m ≥ 1, is defined in the same
way as the inverse F-transform.

The paper is organized as follows: in Section 2, we intro-
duce the concept of Fm-transform of finite degree m ≥ 0, and
show some of its properties and its relation to the ordinary F-
transform. In Section 3, F 1-transform is introduced in details.
Moreover, a simplification of F 1-transform components com-
putation is discussed. The inverse Fm-transform is discussed

in Section 4.

2 F-transform of an Arbitrary Finite Degree

Let us recall that the (direct) F -transform of an integrable
function is a certain vector with real components. In [1], we
proposed various formulas which represent components of the
F -transform and showed a relationship between a given func-
tion and its F -transform. In this contribution, we propose to
generalize our view on the F -transform and consider it as a
vector of components that are orthogonal projections of an
original function onto a linear subspace of certain functions
that have polynomial representation. In the particular, if the
degree of polynomials is zero, we obtain the originally pro-
posed F -transform which will be referred to as F 0-transform
in the sequel.

2.1 Fuzzy partition

Let [a, b] be an interval on the real line R. Fuzzy sets on [a, b]
will be identified with their membership functions, i.e. map-
pings from [a, b] into [0, 1]. The notion of fuzzy partition is
a principle one for our construction so that we will repeat it
from [1] and slightly change below.

Definition 1
Let [a, b] be an interval on R, n ≥ 2 and x1, . . . , xn nodes
such that a = x1 < . . . < xn = b. We say that fuzzy sets
A1, . . . , An, identified with their membership functions, con-
stitute a fuzzy partition of [a, b] if for k = 1, . . . , n, they fulfill
the following conditions :

1. Ak : [a, b] −→ [0, 1], Ak(xk) = 1;

2. for k = 2, . . . , n, Ak(x) = 0 if x ∈ [a, xk−1] and for
k = 1, . . . , n− 1, Ak(x) = 0 if x ∈ [xk+1, b],

3. Ak(x) is continuous;

4. for k = 2, . . . , n, Ak(x) strictly increases on [xk−1, xk]
and for k = 1, . . . , n − 1, Ak(x) strictly decreases on
[xk, xk+1];

5. for all x ∈ [a, b]

n∑
k=1

Ak(x) = 1. (1)

The membership functions A1, . . . , An are called basic func-
tions.
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Let us extend [a, b] by two extra nodes x0 = 2a − x2 and
xn+1 = 2b − xn−1 and for x ∈ [x0, a) define A1(x) =
A1(2a − x), and for (b, xn+1] define An(x) = An(2b − x).
Further on we will always assume that [a, b] and membership
functions A1, An are extended.

We say that the fuzzy partition A1, . . . , An, n ≥ 3, is h-
uniform if nodes x0, . . . , xn+1 are h-equidistant, i.e. for all
k = 1, . . . , n, xk = a + h(k− 1) where h = (b− a)/(n− 1),
and two additional properties are met:

6. Ak(xk − x) = Ak(xk + x), for all x ∈ [0, h], k =
1, . . . , n,

7. Ak(x) = Ak−1(x − h), for all k = 2, . . . , n and x ∈
[xk−1, xk+1].

2.2 F-transform in a space of functions with scalar product

Let us fix [a, b], n ≥ 3, nodes x0 < . . . < xn+1 and fuzzy
partition A1, . . . , An of [a, b]. For every k = 1, . . . , n, let us
denote L2(Ak) a set of functions f : [xk−1, xk+1] −→ R for
which the following integral

∫ xk+1

xk−1

f(x)2Ak(x)dx

exists. Let

(f, g)k =
∫ xk+1

xk−1

f(x)g(x)Ak(x)dx, (2)

be a weighted scalar product of functions f and g. Then
L2(Ak) is a linear space of functions with scalar product.

For every integer m ≥ 0, let ϕk
0 , ϕk

1 , . . . , ϕk
m ∈ L2(Ak), be

an orthogonal system of polynomials where ϕk
0 = 1 and or-

thogonality is considered with respect to (2). Denote Lm
2 (Ak)

a linear subspace of L2(Ak) with the basis ϕk
0 , ϕk

1 , . . . , ϕk
m.

The following trick allows us to extend arbitrary function
f : [a, b] −→ R to function fex : [x0, xn+1] −→ R:

fex(x) =




f(a− x) = 2f(a)− f(a + x), if x ∈ [0, x2 − a],
f(x), if x ∈ [a, b],
f(b + x) = 2f(b)− f(b− x), if x ∈ [0, b− xn−1].

Definition 2
Let f : [a, b] −→ R be a given function and fex its ex-
tension to [x0, xn+1]. Assume that for all k = 1, . . . , n,
fex|[xk−1,xk+1] ∈ L2(Ak). Let Fm

k be the k-th orthogonal
projection of fex on Lm

2 (Ak), k = 1, . . . , n. Then the n-tuple
[Fm

1 , . . . , Fm
n ] of functions is the Fm-transform of f with re-

spect to A1, . . . , An. Every function Fm
k , k = 1, . . . , n, is

called the Fm-transform component.

Remark 1
Definition 2 does not provide us with a formal representation
of components Fm

1 , . . . , Fm
n . Let us show how they can be

obtained. According to the definition above, every component
Fm

k minimizes the scalar product (fex − g, fex − g)k where
g is an arbitrary function from Lm

2 (Ak). Taking into account
that ϕk

0 , ϕk
1 , . . . , ϕk

m is the basis of Lm
2 (Ak), we can represent

g by a linear combination x0ϕ
0
k + x1ϕ

1
k + . . . + xmϕm

k of ba-
sis functions. Assume that c0, c1 . . . , cm are coefficients that

minimize the following integral
∫ xk+1

xk−1

(fex(x)−(x0ϕ
0
k(x)+x1ϕ

1
k(x)+. . .+xmϕm

k (x)))2Ak(x)dx.

(3)

Hence, Fm
k = c0ϕ

0
k + c1ϕ

1
k + . . . + cmϕm

k .
Below, we will prove the following fact: the original F -

transform (see, e.g. [1]) is actually (up to the first and the
last components) the F 0-transform. This requires to show that
every F -transform component Fk, k = 2, . . . , n− 1, that has
been originally introduced by

Fk =

∫ xk+1

xk−1
f(x)Ak(x)dx∫ xk+1

xk−1
Ak(x)dx

, (4)

is the k-th orthogonal projection of f on L0
2(Ak). In order to

prove this fact, we recall that the basis of L0
2(Ak) consists of

the constant function ϕ0
k that has the value 1. Then the as-

sertion above immediately follows from the proposition given
below which has been proved in [1]:

Theorem 1
Let f be a continuous function on [a, b] and A1, . . . , An be ba-
sic functions which constitute a fuzzy partition of [a, b]. Then
the k-th component Fk (4) of the F -transform gives minimum
to the function

Φ(y) =
∫ b

a

(f(x)− y)2Ak(x)dx

defined on [f(a), f(b)].

3 F 1-transform
On the example of F 1-transform, we will show how an ar-
bitrary component of Fm, m ≥ 1, can be computed. Actu-
ally, one possibility of computation directly follows from min-
imization of integral (3) (see Remark 1). We will use another
approach which corresponds to the definition of F 1-transform.

Throughout this section, we fix an h-uniform partition
A1, . . . , An of [a, b] where n ≥ 3, and assume that f :
[a, b] −→ R is a function such that for all k = 1, . . . , n,
fex|[xk−1,xk+1] ∈ L2(Ak). The explanation below will be
given for an arbitrary k, k = 1, . . . , n.

3.1 F 1-transform components

Since component F 1
k of the F 1-transform is the k-th orthogo-

nal projection of fex on Lm
2 (Ak), and Lm

2 (Ak) is a linear sub-
space of L2(Ak) with orthogonal basis ϕ0

k, ϕ1
k, we will begin

this subsection with a characterization of orthogonal polyno-
mials ϕ0

k, ϕ1
k of degrees 0 and 1.

Lemma 1
Polynomials ϕ0

k, ϕ1
k : [xk−1, xk+1] −→ R such that for all

x ∈ [xk−1, xk+1], ϕ0
k(x) = 1, ϕ1

k(x) = x−xk are orthogonal
with weight Ak, k = 1, . . . , n.

PROOF: The proof is technical and follows from the follow-
ing assertions:

(i)
∫ xk+1

xk−1
Ak(x)dx = h,
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(ii)
∫ xk+1

xk−1
xAk(x)dx = hxk,

and properties of the uniform partition. �

Remark 2
Orthogonal polynomials of degrees 0 and 1, described in
Lemma 1, are invariant to shapes of Ak.

Theorem 2
Under the assumptions above, the F 1-transform of f with re-
spect to A1, . . . , An is the vector [F 1

1 , . . . , F 1
n ] of linear func-

tions such that an arbitrary component F 1
k , k = 1, . . . , n, is

represented as follows:

F 1
k (x) = c0

k + c1
k(x− xk), x ∈ [xk−1, xk+1]

where

c0
k =

∫ xk+1

xk−1
f(x)Ak(x)dx

h
, (5)

c1
k =

∫ xk+1

xk−1
f(x)(x− xk)Ak(x)dx∫ xk+1

xk−1
(x− xk)2Ak(x)dx

. (6)

PROOF: The proof will be given for one fixed component
F 1

k where k = 1, . . . , n. By Definition 2, F 1
k is the k-th or-

thogonal projection of fex on L1
2(Ak) where the orthogonality

is determined by (2). Therefore,

fex|[xk−1,xk+1] = c0
k + c1

k(x− xk) + Rk(x)

where Rk is orthogonal to each basis functions ϕ0
k and ϕ1

k.
Therefore,

c0
k =

(fex, ϕ0
k)k

(ϕ0
k, ϕ0

k)k
,

c1
k =

(fex, ϕ1
k)k

(ϕ1
k, ϕ1

k)k

which after substitution gives the required expressions for c0
k

and c1
k. �

Corollary 1
Under the assumptions above, c0

k = Fk where Fk is the k-th
component (4) of the ordinary F -transform.

PROOF: The proof follows from expressions (4), (6) and
equality

∫ xk+1

xk−1
Ak(x)dx = h. �

3.2 Simplification of F 1-transform components
computation

In this subsection, we will show how Gaussian quadratures
and the properties of orthogonal polynomials can be used for
replacing integral

∫ xk+1

xk−1
(x−xk)2Ak(x)dx in the denominator

of c1
k by its precise value.

At first, let us recall the notion of Gaussian quadratures (see
e.g.[10]). The approximate equality

∫ xk+1

xk−1

f(x)Ak(x)dx ≈ h

2

N∑
i=1

dif(ti) (7)

which is precise for all polynomials of the highest possible
degree is a Gaussian quadrature. We will put N = 2 and
characterize arguments t1, t2 and the highest possible degree
of polynomials which turn (7) into a precise equality. The
following statement (see e.g.[10]) gives the required charac-
terization: if

(i) t1, t2 are roots of polynomial ϕ2
k which is orthogonal to

ϕ0
k and ϕ1

k, and

(ii) equality

∫ xk+1

xk−1

Pl(x)Ak(x)dx = h(d1Pl(t1) + d2Pl(t2)), (8)

holds true for some coefficients d1, d2 and all polynomi-
als Pl of degrees l = 0, 1,

then (8) holds true for all polynomials Pl of degrees 0 ≤ l ≤
3.

Thus, our next purpose is to find a polynomial of the degree
2, orthogonal to ϕ0

k and ϕ1
k, as well as to find its roots. Due to

positivity and symmetry of Ak, two lemmas below hold true.

Lemma 2
If t1, t2 are symmetrical with respect to xk then equalities

∫ xk+1

xk−1

Ak(x)dx =h(
1
2

+
1
2
) = h,

∫ xk+1

xk−1

(x− xk)Ak(x)dx =
h

2
((t1 − xk) + (t2 − xk)) = 0,

hold true for l = 0, 1.

Lemma 3
If we denote

I2 =
∫ xk+1

xk−1

(x− xk)2Ak(x)dx

then polynomial ϕ2
k, represented by

ϕ2
k(x) = (x− xk)2 − I2

h
(9)

is orthogonal to ϕ0
k and ϕ1

k on [xk−1, xk+1].
The roots t1, t2 of ϕ2

k belong to (xk−1, xk+1) and are sym-
metrical with respect to xk, i.e. for some δ, t1 = xk − δ and
t2 = xk + δ.

The statement above together with Lemmas 2, 3 leads to the
equality ∫ xk+1

xk−1

(x− xk)2Ak(x)dx = hδ2.

Thus, the desired simplified representation of c1
k is as fol-

lows:

c1
k =

∫ xk+1

xk−1
f(x)(x− xk)Ak(x)dx

hδ2
.
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Figure 1: Left. The function x2 and its inverse F 0 (gray line)
and F 1 (black line) transforms. Right. Graphs of the error
functions. Maximal errors of approximation are: 0.017 (the
inverse F 0-transform) and 0.062 (the inverse F 1-transform).

4 Inverse Fm-transform
Similarly to the ordinary F-transform, the inverse Fm-
transform is defined as a linear combination of the basic func-
tions with “coefficients” given by the Fm-transform compo-
nents.

Definition 3
Let f : [a, b] −→ R be a given function and fex its extension
to [x0, xn+1] such that for all k = 1, . . . , n, fex|[xk−1,xk+1] ∈
L2(Ak). For a certain m ≥ 0, let [Fm

1 , . . . , Fm
n ] be the Fm-

transform of f with respect to A1, . . . , An. Then the function

fF,m,n(x) =
n∑

k=1

Fm
k Ak(x) (10)

is called the inverse Fm-transform.

The following recurrent formula easily follows from Defi-
nition 3 and the whole structure of the Fm-transform, m ≥ 1:

fF,m,n(x) = fF,m−1,n(x) +
n∑

k=1

cmϕm
k (x)Ak(x). (11)

By Remark 1, the components Fm
k , k = 1, . . . , n, m ≥ 0,

are the best approximation of f among all elements repre-
sented by linear combinations a0ϕ

0
k + a1ϕ

1
k + . . . + amϕm

k .
Therefore, for each k = 1, . . . , n, Fm

k is a better approxi-
mation of f than Fm−1

k . This observation together with (11)
implicitly demonstrates that the quality of approximation of f
by fF,m,n is better than that of approximation by fF,m−1,n.
The same conclusion follows also from our experiments (see
Figure 1). The proof of this assertion is a matter of future
investigation.

5 Conclusion
We have generalized the F-transform technique to the case
where its components are polynomials. A detailed characteri-
zation of the F 1-transform with linear components was given.

We have shown how a computation of F 1-transform compo-
nents can be simplified if the technique of Gaussian quadra-
tures is used. The inverse Fm-transform, m ≥ 1, is defined in
the same way as the inverse F-transform.
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Abstract— Let X be a compact metric space, let ϕ be a contin-

uous self-map on X , and let F(X) denote the space of fuzzy sets

on X equipped with the levelwise topology. In this paper we study

relations between various dynamical properties of a given (crisp) dy-

namical system (X, ϕ) and its Zadeh’s extension Φ on F(X). Among

other things we study various (weak, strong, mild etc.) mixing prop-

erties and also several kinds of chaotic behaviors (Li-Yorke chaos,

ω-chaos, distributional chaos, topological chaos etc.).

Keywords— Zadeh’s extension, fuzzification, chaos, mixing,
transitivity, topological entropy.

1 Introduction
Throughout this paper, let (X, dX) be a compact metric space
and let C(X) denote the space of continuous maps ϕ : X →
X . A discrete dynamical system is a pair (X,ϕ). For other
notions and notations mentioned in this section, we refer
to Section ??. It is well known ([?]) that the discrete dy-
namical system (X,ϕ) naturally induces a dynamical system
(F(X),Φ) on the space F(X) of all fuzzy compact subsets of
X . The map Φ is called the fuzzification (or Zadeh’s exten-

sion) (see (??)).
It is natural to ask the following question: how is the

dynamical complexity of the fuzzified (resp. crisp) dynami-

cal system related to the dynamical properties of the original

(resp. fuzzy) one. There are only a few papers devoted to this
question so far – for example, [?], [?] and [?], where different
chaotic properties of fuzzy discrete dynamical systems were
considered.

In this paper, we consider the space F(X) of upper semi-
continuous fuzzy sets with compact supports. This space is
equipped with the topology induced by the levelwise met-
ric d∞ (see (??)), since this topology is stronger than the
other topologies commonly used in fuzzy topological dynam-
ics (e.g. see [?]). We especially deal with the subspace
F

1(X) ⊆ F(X) of all normal fuzzy sets on X (see (??)). The
reason for this is the following: no fuzzification Φ : F(X) →
F(X) admits one of the simplest chaotic behaviors (namely
the transitivity, see Proposition ??) and, consequently, it does
not admit more complex behavior.

This paper is a partial answer to the question mentioned
above. Our results concerning the most commonly used
chaotic and mixing properties can be summarized as follows:

• if P denotes either the distributional or Li-Yorke or topo-
logical or ω-chaos then

(ϕ has P ⇒ Φ has P ), but (Φ has P �⇒ ϕ has P ), (1)

• if P denotes either transitivity or total transitivity, then

(Φ has P ⇒ ϕ has P ), but (ϕ has P �⇒ Φ has P ), (2)

• if P denotes one of the following properties: exactness,
sensitive dependence, weak mixing, mild mixing, or strong
mixing, then

(Φ has P ⇒ ϕ has P ), (3)

but the validity of the converse implication is unknown.

This paper is organized as follows: in Section ??, we in-
troduce notation and definitions used in this paper. Then, in
Section ??, some preliminary results are proven, showing also
connections between the set-valued and fuzzified system in-
duced by the same original system. Finally, the chaotic and
mixing properties are studied in Section ??.

2 Definitions and notation
Further we denote by N and R the set of integers and real num-
bers, respectively. Now we define some classic notions from
topological dynamics. For a given dynamical system (X,ϕ)
and a given point x ∈ X , we define the n-th iteration of the
point x inductively by ϕ0(x) = x, ϕn+1(x) = ϕ(ϕn(x)) for
any n ∈ N. Then, the sequence {ϕn(x)}n∈N of all iterations
of x is called the trajectory of the point x. Any limit point of
the trajectory of the point x is called an ω-limit point of the
point x, and the union ωϕ(x) of all ω-limit points of the point
x is the ω-limit set of the point x. The iterations of a given set
A ⊆ X are defined analogously. The point x ∈ X is called
fixed if ϕ(x) = x or periodic if ϕk(x) = x for some k ∈ N.
We denote by ω(ϕ), P (ϕ) and Fix(ϕ) the set of ω-limit, pe-
riodic and fixed points, respectively.

A map ϕ ∈ C(X) is called transitive if for any non-empty
open subsets U, V ⊆ X , there exists some k ∈ N such that
ϕk(U) ∩ V �= ∅. The map ϕ is totally transitive if the n-th
iteration of ϕ is transitive for any n ∈ N. The map ϕ is weakly

mixing if the product map ϕ × ϕ is transitive. The map ϕ is
strongly mixing if for any non-empty open subsets U, V ⊆ X
there exists some m ∈ N such that ϕk(U) ∩ V �= ∅ for any
k ≥ m. The map ϕ is topologically exact (or simply exact) if
for any non-empty subset U ⊆ X , there exists some k ∈ N,
such that ϕk(U) = X .

2.1 Chaotic properties

When defining chaotic properties we follow the notation in-
troduced in [?]. The notion of distributional chaos was intro-
duced in [?]. For any x, y ∈ X , t ∈ R and n ∈ N, set

ξ(x, y, t, n) = #{i, 0 ≤ i < n ∧ d(ϕi(x), ϕi(y)) < t}. (4)

Set
F �

xy(t) = lim sup
n→∞

1
n
ξ(x, y, t, n) (5)
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and
Fxy(t) = lim inf

n→∞
1
n
ξ(x, y, t, n). (6)

Obviously, both maps F �
xy and Fxy are nondecreasing, 0 ≤

Fxy(t) ≤ F �
xy(t) ≤ 1 for all t ∈ R, F �

xy(t) = 0 if t ≤ 0 and
F �

xy(t) = 1 if t ≥ diam(X). The map F �
xy (Fxy(t)) is an

upper (a lower) distribution function for x, y ∈ X .
The map ϕ is distributionally chaotic of type 1 (d1C) if

F �
xy ≡ 1 and Fxy(t) = 0 for some t > 0. The map ϕ

is distributionally chaotic of type 2 (d2C) if F �
xy ≡ 1 and

F �
xy(t) > Fxy(t) for some t > 0. Finally, the map ϕ is distri-

butionally chaotic of type 3 (d3C) if F �
xy(t) > Fxy(t) for all

t ∈ J , where J is a nondegenerate interval.
It follows from the definition that

d1C ⇒ d2C ⇒ d3C. (7)

However, the converse implications are not valid (see, for in-
stance, [?] and [?]).

Two points x, y ∈ X form a Li-Yorke pair if

lim sup
n→∞

dX(ϕn(x), ϕn(y)) > 0 (8)

and
lim inf
n→∞ dX(ϕn(x), ϕn(y)) = 0. (9)

A set S ⊆ X is a LY-scrambled set for the map ϕ if #S ≥
2 and every pair from S is Li-Yorke. The map ϕ is Li-

Yorke chaotic (shortly LYC) if there exists an uncountable LY-
scrambled set.

A map ϕ ∈ C(X) is ω-chaotic ([?]) (shortly ωC) if there
exists an uncountable ω-scrambled set S ⊆ X , i.e. for any
two points x, y ∈ S, the following conditions are satisfied: (i)
ωϕ(x)\ωϕ(y) is uncountable, (ii) ωϕ(x)\ωϕ(y) �= ∅ and (iii)
ωϕ(x) ∩ P (ϕ) �= ∅.

If a map ϕ : X → X is transitive and P (ϕ) is dense in X
then ϕ is called Devaney chaotic. It should be mentioned that
in the original definition of Devaney, ϕ depends sensitively

on initial conditions,i.e. there exists δ > 0 such that for any
x ∈ X and any open neighborhood U of x there is y ∈ U
satisfying dX(ϕk(x), ϕk(y)) > δ for some k ∈ N. But it was
proved that this condition is implied by the transitivity and
density of periodic points (see [?] and [?]).

The notion of positive topological entropy was firstly de-
fined by Bowen ([?]). The topological entropy of a map ϕ is a
number h(ϕ) ∈ [0,∞], defined by

h(ϕ) = lim
ε>0

lim sup
n→∞

#E(n, ϕ, ε), (10)

where E(n, ϕ, ε) is a (n, ϕ, ε)-span with a minimal possible
number of points, i.e. a set such that for any x ∈ X there
exists a y ∈ E(n, ϕ, ε) satisfying d(ϕk(x), ϕk(y)) < ε for
any j, 1 ≤ j ≤ n. A map ϕ is topologically chaotic (shortly
PTE) if h(ϕ) > 0. It is well-known that the topological
entropy is monotone in the following way: for anyA,B ⊆ X ,

A ⊆ B ⇒ h(ϕ|A) ≤ h(ϕ|B). (11)

A map ϕ ∈ C(X) has the specification property if for any
ε > 0 there is a positive M ∈ N such that for any integer

k ≥ 2 and any k points xi ∈ X , i = 1, 2, . . . , k and any
2k integers a1 ≤ b1 < a2 ≤ b2 < . . . < ak ≤ bk with
ai − bi−1 ≥M , there exists z ∈ X for which

d(ϕn(z), ϕn(xi)) < ε (12)

for any n = ai, . . . , bi and any i = 1, 2, . . . , k.
The following implications are currently known among the

chaotic and mixing properties mentioned above:

specification property ⇒ strong mixing ⇒
mild mixing ⇒ weak mixing ⇒
total transitivity ⇒ transitivity.

(13)

For further details and relations among the chaotic properties,
we refer to [?] and to the references therein.

2.2 Metric spaces of fuzzy sets

Let (X, d) denote a compact metric space, and let A,B be
non-empty closed subsets of X . The Hausdorff metric DX

between A and B is defined, as usual, by

DX(A,B) = inf{ε > 0 |A ⊆ Uε(B) ∧B ⊆ Uε(A)}, (14)

where
Uε(A) = {x ∈ X |D(x,A) < ε}, (15)

and
D(x,A) = inf

a∈A
d(x, a). (16)

By K(X) we denote the space of all nonempty compact sub-
sets of X , equipped with the Hausdorff metric DX . It is well
known (c.f. [?]) that (K(X), DX) is compact, complete and
separable whenever X is compact, complete and separable.

A fuzzy set A on the space X is a function A : X → I
where I denotes the closed unit interval [0, 1]. The α-cuts

(or the α-level sets) [A]α and the support supp(A) of a given
fuzzy set A are defined as usual by -

[A]α = {x ∈ X |A(x) ≥ α}, α ∈ [0, 1], (17)

and
supp(A) = {x ∈ X |A(x) > 0}. (18)

Further, we define F(X) as the system of all upper semi-
continuous fuzzy sets A : X → I having compact supports.
Moreover, let

F
1(X) = {A ∈ F(X) |A(x) = 1 for some x ∈ X} (19)

denote the system of all normal fuzzy sets on X . Finally, we
define ∅X as the empty fuzzy set (∅X(x) = 0 for each x ∈ X)
on the space X , and F0(X) as the system of all nonempty
fuzzy sets.

Let us define a levelwise metric d∞ on F0(X) by

d∞(A,B) = sup
α∈(0,1]

DX([A]α, [B]α). (20)

This equality defines the levelwise metric correctly only for
non-empty fuzzy sets A,B ∈ F0(X) whose maximal values
are identical, since the Hausdorff distance DX is only mea-
sured between two non-empty closed subsets of the space X .
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Thus, we consider the following extension of the Hausdorff
metric DX :

DX(∅, ∅) = 0 and DX(∅, A) = diam (X) (21)

for any A ∈ K(X). With this extension, (??) correctly defines
the levelwise metric on F(X). It is obvious that

d∞(∅X , ∅X) = 0 and d∞(∅X , A) = diam (X) (22)

for any A ∈ F0(X).
It should be noted that the metric d∞ is one of the three

most commonly used metrics in fuzzy topological dynam-
ics. We also recall that the metric space (F(X), d∞) is com-
plete but is not separable and not compact and that the level-
wise topology induced by d∞ is stronger than the remaining
(sendograph and endograph) ones. For more details we refer
to [?] and to the references therein.

2.3 Zadeh’s extension

Let X be a compact metric space and ϕ ∈ C(X). Then a
fuzzification (or Zadeh’s extension) of the (crisp) dynamical
system (X,ϕ) is a map Φ : F(X) → F(X) defined by

(Φ(A))(x) = sup
y∈ϕ−1(x)

{A(y)} (23)

for any A ∈ F(X) and x ∈ X .
It is shown recently by [?] that, if X is a compact metric

space, then the fuzzification Φ : F(X) → F(X) is continu-
ous if and only if ϕ : X → X is continuous. The last state-
ment was generalized about the case of locally compact metric
spaces in [?] recently.

It is known that, for any α ∈ (0, 1] and any A ∈ F(X),

ϕ([A]α) = [Φ(A)]α. (24)

Similarly, ϕ(supp(A)) = supp(Φ(A)) holds.

3 Preliminary results
Inspired by the results mentioned, for instance, in [?], we de-
fine some basic properties of generalized extensions. For any
U ⊆ X , we define

e(U) = {B ∈ F(X) | supp(B) ⊆ U} (25)

It is obvious that e(U) �= ∅ if and only if U �= ∅. Moreover,
we have the following assertion (Lemma ??) that was partially
proved in [?]:.

Lemma 1 A subset U is a non-empty open subset of X if and

only if e(U) is a non-empty open subset of F(X).

Proof. Since the implication ”⇒” has been proven in [?], the
converse remains to be proven. So let e(U) be a non-empty
open subset of (F(X), d∞). Assume by contradiction that U
is not open. Take any x ∈ U \ int(U) and consider a fuzzy set
χ{x}. Then, for any ε > 0, an open ε-neighborhood V ⊆ X
of x intersects the exterior of U . Consequently, χV is ε-close
to χ{x} (by the definition of d∞), but χV �∈ e(U). Thus no ε-
neighborhood V of χ{x} is a subset of e(U). This contradicts
the fact that e(U) is open in (F(X), d∞). �

Lemma 2 (Representation theorem of Negoita-Ralescu, e.g.
[?]) Consider a family {Bα |α ∈ [0, 1]} of closed subsets of

X satisfying the following two conditions:

(a) Bβ ⊆ Bα ⊆ B0 if 0 ≤ α ≤ β,

(b) if {αn} is an increasing sequence in I converging to α0

then Bα0 =
⋂

n∈N
Bαn .

Then there exists B ∈ F(X) such that [B]α = Bα.

Conversely, if B is a fuzzy set on X then the system

{Bβ}β∈I defined by Bβ = [B]β for any β ∈ (0, 1] and

B0 = supp(B) satisfies conditions (a) and (b).

Lemma 3 LetU, V be two subsets ofX and ϕ ∈ C(X). Then

(i) e(U ∩ V ) = e(U) ∩ e(V ),
(ii) Φ(e(U)) ⊆ e(ϕ(U)),
(iii) Φ(e(U)) = e(ϕ(U)) whenever U is closed.

Proof. The statements (i) and (ii) were already proved in
[?].

The statement (iii) still remains to be proven. The inclusion
Φ(e(U)) ⊆ e(ϕ(U)) in (iii) follows from (ii). Let us prove
e(ϕ(U)) ⊆ Φ(e(U)) if U is closed. Take any A ∈ e(ϕ(U)).
We want to show that there existsB ∈ e(U) such that Φ(B) =
A. Since A �= ∅X and upper semi-continuous, there exists
α0 = maxx∈X{A(x) |A(x) > 0}. Moreover, for any α ∈
(0, α0], [A]α is nonempty, closed and, consequently by the
continuity of ϕ, ϕ−1([A]α) ∩ U is also nonempty and closed.

By the definition of the fuzzification Φ, max(A) =
max(B) whenever B ∈ F(X) is any preimage of A. So
a fuzzy set B ∈ e(U) can be defined as follows. For any
β ∈ (0, α0] we put

[B]β = ϕ−1([A]β) ∩ U. (26)

We also put [B]0 = U and [B]β = ∅ for any β ∈ (α0, 1].
Obviously the system {[B]β}β∈I satisfies the condition (a)
of Lemma ??. We shall now show that the condition (b) of
Lemma ?? is satisfied, i.e. B ∈ F(X). Then, by the definition
of B, we obtain that B ∈ e(U).

Assume that {βn} ⊆ I is an increasing sequence that con-
verges to β0 ≤ α0. Suppose by contradiction that [B]β0 �=⋂

n∈N
[B]βn

. By the monotonicity of {βn} and Lemma ??
(a), the only possibility is that [B]β0 is a proper subset of⋂

n∈N
[B]βn

, i.e. ( ⋂
n∈N

[B]βn

)
\ [B]β0 �= ∅. (27)

Take any x0 ∈ ⋂[B]βn
\ [B]β0 and then take xn ∈ [B]βn

\
[B]α0 such that {xn} converges to x0. Obviously, since x0 �∈
[B]β0 we obtain from (??) that

ϕ(x0) �∈ [A]β0 . (28)

On the other hand, xn ∈ [B]βn for any n ∈ N, i.e.,

ϕ(xn) ∈ [A]βn , for any n ∈ N. (29)

Now the continuity of ϕ implies that {ϕ(xn)} converges to
ϕ(x0). Hence (??) and (??) imply that [A]β0 is a proper subset
of
⋂

n∈N
[A]βn

, i.e. A �∈ F(X) by Lemma ?? – a contradiction.
Thus, we have shown that B ∈ F(X).
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Finally, by the construction of B, we have Φ(B) = A. �

We will need some further notation. For any α ∈ (0, 1] and
U ⊆ X , set

eα(U) = {A ∈ F(X) | [A]α �= ∅ and [A]α ⊆ U} (30)

and
ϑ(U) = e1(U) ∩ e(U). (31)

Lemma 4 For any α ∈ (0, 1], eα(U) is open in (F(X), τ∞)
if and only if U ⊆ X is open in X .

Proof. Let α ∈ (0, 1] be fixed. We shall show that eα(U)
is open in (F(X), τ∞) if U is open. Take any A ∈ eα(U).
Since [A]α ⊆ U is closed and U is open, there exists an open
ε-neighborhood V of [A]α lying in U for any ε > 0. Con-
sequently, by the definition of d∞, if we consider an open ε-
neighborhood V ′ ⊆ (F(X), d∞) of A with ε < diam(X),
then for any B ∈ V ′,

[B]α ⊆ V ⊆ U. (32)

Thus, there exists an open neighborhood V ′ of A in eα(U),
i.e., eα(U) is open in (F(X), τ∞).

Let us prove the converse implication. Assume by contra-
diction that U is not open and take any x ∈ U \ int(U). Then,
by the definition of eα(U), χ{x} belongs to eα(U) but no ε-
neighborhood of χ{x} is a subset of eα(U) , i.e. eα(U) is not
open - a contradiction. �

Corollary 1 A subset U ⊆ X is open inX if and only if ϑ(U)
is open in (F(X), τ∞) (and therefore also in (F1(X), d∞)).

Lemma 5 Let X be a compact metric space and ϕ ∈ C(X)
Then, for any α ∈ (0, 1] and U, V ⊆ X ,

(i) eα(U ∩ V ) = eα(U) ∩ eα(V ),
(ii) Φ(eα(U)) ⊆ eα(ϕ(U)).

Proof. Clearly, for any α ∈ (0, 1], A ∈ eα(U ∩ V ) if and
only if [A]α ⊆ U ∩V , if and only if [A]α ⊆ U and [A]α ⊆ V ,
if and only if A ∈ eα(U) and A ∈ eα(V ), if and only if
A ∈ eα(U) ∩ eα(V ). Thus, (i) holds.

Let us prove (ii). Consider any A ∈ Φ(eα(U)). Then there
exists B ∈ eα(U) for which Φ(B) = A. Since [B]α ⊆ U it
follows from (??) and from the continuity of ϕ that

ϕ([B]α) = [Φ(B)]α = [A]α ⊆ ϕ(U), (33)

i.e. A ∈ eα(ϕ(U)), and the inclusion is valid for any α ∈
(0, 1]. �

We are ready to modify Lemma ?? and to prove the next
lemma, which is used for the further study of dynamics in the
space of normal fuzzy sets on X . For completeness, we note
the obvious fact that ϑ(U) �= ∅ if and only if U �= ∅.

Lemma 6 LetU, V be two subsets ofX and ϕ ∈ C(X). Then

(i) ϑ(U ∩ V ) = ϑ(U) ∩ ϑ(V ),
(ii) Φ(ϑ(U)) ⊆ ϑ(ϕ(U)),
(iii) Φ(ϑ(U)) = ϑ(ϕ(U)) whenever U is closed.

Proof. The statements (i) and (ii) are easy consequences
of Lemmas ?? and ??. Moreover, the proof of the state-
ment (iii) is a slight modification of the proof of Lemma ??
(maxx∈X A(x) = α0 = 1). �

At the end of this section we mention two simple properties
of the usual fuzzification. By χA we denote the characteristic
function of a given set A ⊆ X .

Lemma 7 Let X be a compact metric space, ϕ ∈ C(X) let

Φ be a fuzzification of ϕ. Then

Φ(αχA) = αχϕ(A) (34)

for any α ∈ (0, 1].

Proof. Obvious. �

Lemma 8 Let X be a compact metric space. Then the map

i : (K(X), DX) → (F(X), d∞) defined by i(A) = χA for

any A ∈ K(X) is an isometrical embedding.

Proof. It is obvious that the map i is correctly defined. It
follows directly from the definition of the metric d∞ on the
space of fuzzy sets that

dX(x, y) = d∞(χ{x}, χ{y}) (35)

for any x, y ∈ X , and also

DX(U, V ) = d∞(χU , χV ) (36)

for any U, V ∈ K(X). Thus, by Lemma ??, i is injective,
continuous and isometric. �

Remark 1 The same assertion is true when we consider either the

sendograph or endograph topology instead of the levelwise one, since

the equalities used in the proof are valid also in those topologies.

Consequently, some results (Propositions ?? and ??) presented in the

next section are valid also in all mentioned topologies. The property

mentioned in Lemma ?? was firstly mentioned in Kloeden’s pioneer-

ing paper [?] in a little bit different setting.

4 Chaotic and mixing properties.
Firstly we study some chaotic properties. It follows from
Lemma ?? that any fuzzified system is an extension of the set-
valued dynamical system (K(X), ϕ̃) induced by the original
dynamical system (X,ϕ). Consequently, we can use results
published in [?] to easily provide some answers (Propositions
?? and ??) to the question mentioned at the beginning of this
paper.

Lemma 9 [?] Let X be a compact metric space and ϕ ∈
C(X).

(i) If there is a set S ⊆ X that is djC-scrambled (j =
1, 2, 3) (ω-scrambled, LY -scrambled, resp.) for the map

ϕ then there exists djC-scrambled (j = 1, 2, 3) (ω-

scrambled, LY -scrambled, resp.) set for ϕ̃ with the same

cardinality as S.

(ii) If ϕ is djC (LY C, ωC, resp.) then the same holds for ϕ̃.
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Lemma 10 [?] There exists a compact metric space X with a

zero topological entropy map ϕ for which there exist no LY
pairs, d3C-scrambled sets, or ω-scrambled sets, such that ϕ̃
is PTE, d1C, ωC and LY C.

Proposition 1 Let X be a compact metric space, ϕ ∈ C(X)
and let Φ be a fuzzification of ϕ. Then

(i) If there is a set S ⊆ X that is djC-scrambled (j =
1, 2, 3) (ω-scrambled, LY -scrambled, resp.) for the map

ϕ, then there exists a djC-scrambled (j = 1, 2, 3) (resp.

ω-scrambled, LY -scrambled) set S′
for Φ, with the same

cardinality as S.

(ii) If ϕ is djC (resp. LY C, ωC), then the same holds for Φ.

Proof. Let S′ = {A ∈ F(X) |A = χ{x} and x ∈ S}. Then
this proposition is a corollary of Lemmas ??, ?? and ??. �

Proposition 2 Let Φ denote a fuzzification of ϕ. There ex-

ists a compact metric space X with a zero topological en-

tropy map ϕ for which there exists no LY pairs, neither d3C-

scrambled set, nor ω-scrambled set such that Φ is PTE, d1C,

ωC and LY C.

Proof. This proposition is an easy consequence of Lemmas
??, ?? and ??, and of the fact that the three versions of distri-
butional chaos are comparable (??). �

The following proposition justifies why we study dynami-
cal properties of fuzzified dynamical systems on the space of
normal fuzzy sets in the rest of this paper.

Proposition 3 Let X be a compact metric space and ϕ ∈
C(X). Then no fuzzification Φ : (F(X), d∞) → (F(X), d∞)
of ϕ is transitive.

Proof. Take any A,B ∈ F(X) such that max(A) �=
max(B). By the definition of d∞, there is an open ε-
neighborhood Uε of A (resp., an open ϑ-neighborhood Vϑ of
B) for some ε, ϑ > 0 such that max(A′) = max(A) for any
A′ ∈ Uε (resp., max(B′) = max(B) for any B′ ∈ Vϑ).
Moreover, Φ preserves the maxima of fuzzy sets from Uε and
Vϑ. Thus, by the choice of A and B, Φn(Uε)∩ Vϑ = ∅ (resp.,
Uε ∩ Φn(Vϑ) = ∅) for any n ∈ N, i.e., Φ is not transitive. �

Corollary 2 Let X be a compact metric space and ϕ ∈
C(X). Then a fuzzification Φ : (F(X), d∞) → (F(X), d∞)
of ϕ has none of the properties listed in (??) (specification

property, strong mixing, mild mixing, weak mixing and total

transitivity).

Proof. The proof is an obvious consequence of Proposition
?? and (??). �

For completeness, it follows directly from Lemmas ?? and
(??) that if the original dynamical system (X,ϕ) is topolog-
ically chaotic then also the fuzzified system (F1(X),Φ) (and
hence (F(X),Φ)) is topologically chaotic. Now we would
like to mention a recent paper [?] where the conditions defin-
ing Devaney chaos ([?]) were studied on the space of all fuzzy
sets on X . We recall that we extended their results since no
such fuzzification can be Devaney chaotic by Lemma ??.

Moreover, dynamical properties of fuzzifications on the
space of normal fuzzy sets on X have been never studied be-
fore. So we study them in the rest of this section.

Proposition 4 Let X be a compact metric space, ϕ ∈ C(X)
and let Φ be the fuzzification of ϕ. If Φ : (F1(X), d∞) →
(F1(X), d∞) is transitive then ϕ is transitive, but the converse

implication does not hold.

Proof. Let the assumptions be fulfilled. Consider any open
subsets U, V ⊆ X . We want to show that ϕ is transitive, i.e.
there exists n ∈ N such that

ϕn(U) ∩ V �= ∅. (37)

First we take open subsets U ′, V ′ ⊆ X such that U ′ ⊆ U ′ ⊆
U and V ′ ⊆ V ′ ⊆ V . Then, by Corollary ??, ϑ(U ′) and
ϑ(V ′) are open subsets of (F1(X), τ∞). Since Φ is transitive,
there exists n ∈ N for which Φn(ϑ(U ′)) ∩ ϑ(V ′) �= ∅. Then
Φn(ϑ(U ′)) ∩ ϑ(V ′) �= ∅, and by using results (i) and (iii) of
Lemma ??, we obtain

ϑ(ϕn(U ′))∩ ϑ(V ′) �= ∅ ⇒ ϑ(ϕn(U ′)∩ V ′) �= ∅. (38)

Therefore ϕn(U ′)∩V ′ �= ∅, and consequently, (??) is proved.
A counterexample (an irrational rotation on the unit circle)

showing that the converse implication does not hold was pre-
sented in [?] for the fuzzification Φ defined on F(X), but it
can be applied also to Φ|F1(X). �

Proposition 5 Let X be a compact metric space, ϕ ∈ C(X),
and let Φ be the fuzzification of ϕ. If Φ : (F1(X), d∞) →
(F1(X), d∞) is totally transitive, then ϕ is totally transitive,

but the converse implication does not hold.

Proof. This proposition is an easy corollary of Proposition ??,
since the transitivity of any iteration Φn of Φ on F

1(X) im-
plies the transitivity of ϕn on X for any n ∈ N.

As a counterexample to the converse, we again can use the
example mentioned in [?]. Their example was used as the
counterexample to

ϕ transitive �⇒ Φ transitive, (39)

but the map ϕ used in [?] is an irrational rotation on the unit
circle, and it is obvious that any irrational rotation on the unit
circle is totally transitive. �

Proposition 6 Let X be a compact metric space, ϕ ∈ C(X)
and let Φ be the fuzzification of ϕ. If Φ : (F1(X), d∞) →
(F1(X), d∞) is sensitively dependent, then ϕ is sensitively de-

pendent.

Proof. Let the assumptions be fulfilled. We shall show that
ϕ is sensitively dependent for the same sensitivity constant δ
as Φ. Take any x ∈ X and any open neighborhood U of x.
Then ϑ(U) is an open neighborhood of χ{x} by Corollary ??.
Since Φ is sensitively dependent, there exist A ∈ ϑ(U) and
n ∈ N such that

d∞(Φn(χ{x}),Φn(A)) > δ. (40)
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By Lemma ??

d∞(Φn(χ{x}),Φn(A)) = d∞(χ{ϕn(x)},Φn(A)) > δ. (41)

Thus, by the definition of the metric d∞, there exists y0 ∈
supp(A) such that dX(ϕn(x), ϕn(y0)) > δ. Obviously, y0
lies in U and this shows that ϕ is sensitively dependent. �

Proposition 7 Let X be a compact metric space, ϕ ∈ C(X),
and let Φ be the fuzzification of ϕ. If Φ : (F1(X), d∞) →
(F1(X), d∞) is exact, then ϕ is exact.

Proof. Let the assumptions be fulfilled, and let U ⊆ X be an
open set. Then there exists a closed U ′ ⊆ U with nonempty
interior int(U ′). By Corollary ??, ϑ(int(U ′)) is an open sub-
set of F

1(X). Since Φ is exact, there exists some k ∈ N for
which Φk(ϑ(int(U ′))) = F

1(X). Therefore, by the choice of
U ′ and by Lemma ??,

F
1(X) = Φk(ϑ(int(U ′))) ⊆ Φk(ϑ(U ′)) (42)

and
Φk(ϑ(U ′)) = ϑ(ϕk(U ′)) ⊆ ϑ(ϕk(U)). (43)

Thus, ϑ(ϕk(U)) covers F
1(X) and hence, since F

1(X) also
contains the characteristic functions of all singletons (see
Lemma ??), ϕk(U) = X . �

Remark 2 The map Φ on F(X) cannot be exact since Φ cannot

be transitive (see Lemma ??). Moreover, the validity of the converse

implication to Proposition ?? is still unknown.

Proposition 8 Let X be a compact metric space, ϕ ∈ C(X)
and let Φ be the fuzzification of ϕ. If Φ : (F1(X), d∞) →
(F1(X), d∞) is strongly mixing then ϕ is strongly mixing.

Proof. The proof of this proposition is a slight variation of the
proof of Proposition ??. �

Proposition 9 Let X be a compact metric space, ϕ ∈ C(X)
and let Φ be the fuzzification of ϕ. If Φ : (F1(X), d∞) →
(F1(X), d∞) is mildly mixing then ϕ is mildly mixing.

Proof. Let the assumptions be fulfilled. Let Y be any compact
metric space and (Y, ψ) be any transitive discrete dynamical
system. According to the definition of the mild mixing prop-
erty, we want to show that the product system (X ×Y, ϕ×ψ)
is transitive, i.e. for any open sets U, V ⊆ X × Y there exists
k ∈ N for which

(ϕ× ψ)k(U) ∩ V �= ∅. (44)

So let U, V ⊆ X×Y be given. Then there are open subsets
U1, V1 ⊆ X , U2, V2 ⊆ Y for which U1 × U2 ⊆ U and V1 ×
V2 ⊆ V . We also consider open subsets U ′

1, V
′
1 ⊆ X such that

U ′
1 ⊆ U1 and V ′

1 ⊆ V1. By Corollary ??, ϑ(U ′
1) and ϑ(V ′

1)
are open subsets of F

1(X). Thus, since Φ is mildly mixing,
there exists k ∈ N for which

(Φ × ψ)k(ϑ(U ′
1) × U2) ∩ (ϑ(V ′

1) × V2) �= ∅, (45)

i.e.
ψk(U2) ∩ V2 �= ∅ (46)

and also
Φk(ϑ(U ′

1)) ∩ ϑ(V ′
1) �= ∅. (47)

As in the proof of Proposition ?? (U ′
1 = U ′ and V ′

1 = V ′), the
last inequality implies that

ϕk(U1) ∩ V1 �= ∅. (48)

Consequently, this together with (??) gives

(ϕ× ψ)k(U1 × U2) ∩ (V1 × V2) �= ∅. (49)

Finally, by the choice of U1, U2, V1, V2, (??) is proven. �

Proposition 10 LetX be a compact metric space, ϕ ∈ C(X)
and let Φ be the fuzzification of ϕ. If Φ : (F1(X), d∞) →
(F1(X), d∞) is weakly mixing, then ϕ is weakly mixing.

Proof. The proof of this proposition is a slight variation of
the proof of Proposition ??. �
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Abstract— The aim of this paper is to promote web geometry and,
especially, the Reidemeister closure condition as a powerful and intu-
itive tool characterizing associativity of the Archimedean triangular
norms. In order to demonstrate its possible applications, we provide
the full solution to the problem of convex combinations of nilpotent
triangular norms.

Keywords— Archimedean triangular norm, web geometry, Rei-
demeister closure condition.

1 Triangular norms
The notion of triangular norm was originally introduced
within the framework of probabilistic metric spaces [12].
Since then, triangular norms have found diverse applications
in the theory of fuzzy sets, fuzzy decision making, in mod-
els of certain many-valued logics or in multivariate statistical
analysis; for a reference see the books by Alsina, Frank, and
Schweizer [5] and by Klement, Mesiar, and Pap [8].

A conjunctor is a function K : [0, 1]2 → [0, 1] which is
nondecreasing in both arguments, commutative, and which
satisfies the boundary condition T (x, 1) = x for all x ∈
[0, 1]. A triangular norm (shortly a t-norm, usually denoted by
T ) is a conjunctor which satisfies the associativity equation

T (T (x, y), z) = T (x, T (y, z)) for all x, y, z ∈ [0, 1]. This
paper deals mainly with Archimedean t-norms. Let us recall
that for every t-norm T , a number n ∈ N∪{0}, and x ∈ [0, 1]
a natural power of x, denoted (x)(n)

T , is defined by:

(x)(n)
T =

{
1 if n = 0 ,

T
(
x, (x)(n−1)

T

)
if n > 0 .

(1)

A t-norm T is said to be Archimedean if and only if for ev-
ery pair x, y ∈ ]0, 1[, x < y, there exists a natural number
n ∈ N such that (y)(n)

T < x. A t-norm which is continuous
and strictly increasing on the half-open square ]0, 1]2 is said
to be strict. A continuous t-norm T is called nilpotent if and
only if for every x ∈ ]0, 1[ there exists a natural number n ∈ N

such that (x)(n)
T = 0. A prototypical example of a strict and

a nilpotent t-norm is the product t-norm, TP(x, y) = x · y,
and the Łukasiewicz t-norm TL(x, y) = max{x + y − 1, 0},

Figure 1: Example of a complete 3-web.

respectively. It is possible to show that a continuous Archime-
dean t-norm is either strict or nilpotent. A t-norm T is said to
be cancellative if it satisfies T (a, b) = T (a, c) ⇒ b = c for
every a, b, c ∈ [0, 1], a �= 0. A t-norm T is said to be weakly

cancellative [9] if it satisfies T (a, b) = T (a, c) ⇒ b = c

for every a, b, c ∈ [0, 1] with T (a, b) �= 0 and T (a, c) �= 0.
Every cancellative t-norm is weakly cancellative. Under the
assumption of continuity, the set of cancelative t-norms and
the set of strict t-norms coincide. Under the same assumption,
the set of weakly cancelative t-norms coincides with the set of
Archimedean t-norms.

2 Web geometry and local loops
In this section, web geometry is explained as a tool allow-
ing to visualize algebraic identities. In particular, it is shown
that it visualizes associativity of Archimedean t-norms. A de-
tailed introduction to the subject is given in the monograph by
Blashke and Bol [6]. Also the collection of papers by Aczél,
Akivis, and Goldberg [1, 2, 3] can serve as an (English) intro-
ductory text.

Definition 2.1 A groupoid (or a magma) is an algebraic

structure G = (G, ◦) on a set G where ◦ : G × G → G is

a binary operation. A quasigroup is a groupoid in which the
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equations a ◦ x = b and y ◦ a = b have unique solutions for

every a and b in G. Finally, a loop is an algebraic structure

L = (G, ◦, e) where (G, ◦) is a quasigroup and e is an identity

element, i.e. x ◦ e = x = e ◦ x for every x ∈ G.

The definition of a quasigroup, G = (G, ◦), allows to define
the left and the right inverse. For this purpose we introduce a
prefix notation g(x, y) = x ◦ y.The left inverse is then defined
for every u ∈ G as −1g(u, y) = x such that g(x, y) = u.
Similarly, the right inverse is, for every v ∈ G, g−1(x, v) = y

such that g(x, y) = v. We say that g is invertible in x, resp.
y. Defining a point A = (a, b) ∈ G × G we may introduce a
new operation, • : G × G → G, as

u • v = g
(
−1g(u, b), g−1(a, v)

)
. (2)

It is easy to show that (G, •) is a loop with a unit element
e = g(a, b); this loop is called a local loop of the quasigroup
(G, ◦) at the point A = (a, b).

Definition 2.2 Let M be a non-empty set and let λ1, λ2, λ3

be three families of subsets of M . To elements of M we refer

as to points and to elements of λα, α ∈ {1, 2, 3}, as to lines.

We say that the system (M, λ1, λ2, λ3) is a complete 3-web if

and only if the following conditions hold:

1. Any point p ∈ M is incident to just one line of each

family λα, α ∈ {1, 2, 3}.

2. Any two lines of different families are incident to exactly

one point of M .

3. Two distinct lines from the same family λα are disjoint.

Note that Item 3 of the definition is redundant and can be
derived from Item 1. We kept the definition in this redundant
form in order to keep some of the furher considerations sim-
pler.

Usually M is equipped with a topology which turns the set
into a manifold. In such a case the families λα are often re-
quired to be foliations. Figure 1 shows such an example of
3-web where M is a two dimmensional domain in plane and
λα are foliations of co-dimension 1.

Notice that all the examples of 3-webs, shown in figures of
this paper, are simplified. That means that only some particu-
lar lines from uncountable sets λα, α ∈ {1, 2, 3}, are drawn.

Complete 3-webs are closely connected to quasigroups and,
especially, loops. Every quasigroup defines a 3-web in the
following way. Let G = (G, ◦) be a quasigroup defined on a
manifold M = G × G and let x, y ∈ G. Let the lines of sets
λ1, λ2, and λ3 be given by the equations x = a, y = b, and
x ◦ y = c respectively for fixed a, b, c ∈ G. The pair (M, λα),
α ∈ {1, 2, 3}, is then a 3-web.

Conversely, a 3-web (M, λα), α ∈ {1, 2, 3}, on a manifold
M , defines a binary operation which is invertible with respect
to both operands; yet this time the result is not unique. Denote
one set of the lines of the 3-web as λx, second as λy , and third
as λz (the lines in the set λz are called contour lines), let A ∈
M and let gx ∈ λx and gy ∈ λy be the lines passing through

u

vw = u ◦ v

U

VW

A

gx

gygu

gv

Figure 2: Operation defined on a complete 3-web.

x

y

x

y

Figure 3: 3-webs given by the product t-norm, TP, and by the
Łukasiewicz t-norm, TL.

A; cf. Figure 2. Now we define an operation ∗ : λz×λz → λz .
Take u, v ∈ λz , define points U, V ∈ M as U = u ∩ gx and
V = v ∩ gy , respectively. Let gu ∈ λy be the line passing
through U and let gv ∈ λx be the line passing through V .
Denote the intersection of these two lines as W = gu∩gv; the
line w passing through W is the result of the operation u ∗ v.

It can be shown easily that the operation ∗ is invertible in
both variables. Moreover, the line e ∈ λz , passing through the
point A, behaves, with respect to the oparation ∗, as the unit
element. Thus (λz , ∗) is a loop. Moreover, this loop coincides,
up to an isomorphism, with the local loop of (G, ◦) at the point
A.

T-norms, defined on the unit interval [0, 1], form neither
groupoids nor loops. Nevertheless, the 3-web given by a con-
tinuous Archimedean (i.e. strict or nilpotent) t-norm T satis-
fies all the requirements given by Definition 2.2 if the man-
ifold M is defined as the subset of [0, 1]2 where the t-norm
attains non-zero values. A manifold, induced this way by a bi-
nary operation T : [0, 1]2 → [0, 1], will be denoted as ManT .
Thus

M = ManT =
{

(x, y) ∈ [0, 1]2 | T (x, y) > 0
}

. (3)

Figure 3 shows 3-webs given by TP and TL as examples of a
strict and a nilpotent t-norm respectively.
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x1x2x3x4

y1

y2
y3

y4

x1x2x3x4

y1

y2
y3

y4

Figure 4: Example of a closed Reidemeister figure and a non-
closed Reidemeister figure.

3 Reidemeister closure condition
Different types of 3-webs are characterized by closure condi-
tions. These closure conditions have their counterparts in the
related loops as algebraic properties of the loop operations. In
this text we are interested in the associativity of t-norms since
the associativity is the only property of a t-norm which cannot
be intuitively interpreted from its graph. The 3-web counter-
part of the associativity is the Reidemeister closure condition.

A 3-web satisfies the Reidemeister closure condition if and
only if every Reidemeister figure in this web is closed; see Fig-
ure 4. Described in the terminology of contour lines, the Rei-
demeister closure condition is as follows. Let x1, x2, x3, x4 ∈
λx and y1, y2, y3, y4 ∈ λy . If the points (x1 ∩ y2) and
(x2 ∩ y1) lie on the same contour line (i.e. a line from the set
λz), and if so do the pair of points (x1 ∩ y4) and (x2 ∩ y3),
and the pair of points (x3 ∩ y2) and (x4 ∩ y1), then the points
(x3 ∩ y4) and (x4 ∩ y3) also lie on the same contour line. The
left part of Figure 4 shows a 3-web which satisfies the Reide-
meister closure condition whereas the right part shows a 3-
web where the condition is violated.

Let us now define a relation ∼⊆ M × M . We say that two
points A, B ∈ M are in the relation ∼, and we write A ∼ B,
if and only if they are both elements of the same line from the
set λz . Using the language of ∼ the Reidemeister condition
reads as:((

(x1 ∩ y2) ∼ (x2 ∩ y1)
)
&

(
(x1 ∩ y4) ∼ (x2 ∩ y3)

)
&

(
(x3 ∩ y2) ∼ (x4 ∩ y1)

))
⇒

(
(x3 ∩ y4) ∼ (x4 ∩ y3)

)
. (4)

4 Reidemeister closure condition and
continuous Archimedean t-norms

We are going to show that the level set system of a contin-
uous Archimedean t-norm always satisfies the Reidemeister
closure condition. Moreover, the Reidemeister closure condi-
tion characterizes the associativity of a continuous Archime-
dean t-norm. For this purpose we recall that if we relax the
requirement of the associativity in the definition of a t-norm,
we obtain the definition of a conjunctor.

Let K be a continuous Archimedean conjunctor; for the
sake of compactness we will use the infix notation: K(x, y) =

x

y

a

b

b

c

ab

bc

(ab)c

a(bc)

Figure 5: Reidemeister figure on the 3-web given by a contin-
uous Archimedean t-norm.

x

y

x1x2 x3x4

y1

y2

y3

y4

Figure 6: Illustration for the proof: an arbitrary Reidemeister
figure.

x ◦ y. Let (M, λα) be the corresponding 3-web defined on the
manifold M = ManK = {(x, y) ∈ [0, 1]2 | x ◦ y > 0}.
Such a 3-web, as in the case of the continuous Archimedean
t-norms, satisfies all the requirements given by Definition 2.2.
In view of the previous section, the 3-web given by ◦ satisfies
the Reidemeister closure condition if and only if the following
condition holds for any x1, x2, x3, x4, y1, y2, y3, y4 ∈ M :((

x1 ◦ y2 = x2 ◦ y1

)
&

(
x1 ◦ y4 = x2 ◦ y3

)
&

(
x3 ◦ y2 = x4 ◦ y1

))
⇒

(
x3 ◦ y4 = x4 ◦ y3

)
. (5)

In the sequel, this condition will be denoted by R.
Figure 5 shows that R implies the associativity of ◦ in a

rather intuitive way. For any a, b, c ∈ [0, 1]2, such that (a◦b)◦
c ∈ Man ◦ and a ◦ (b ◦ c) ∈ Man ◦, there can be constructed
a Reidemeister figure which, as can be seen in Figure 5, is
closed if and only if (a ◦ b) ◦ c = a ◦ (b ◦ c).

Figure 5 shows also that, in the other way round, if ◦ is
associative then all the Reidemeister figures that “touch” the
lines given by x = 1 and y = 1 are closed. In other words, R
has to be satisfied for any x2, x3, x4, y2, y3, y4 ∈ [0, 1] and, at
least, for x1 = y1 = 1. Let us denote this weaker condition
by R1. It is now clear that K is associative if and only if it
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a)

x

y

x2x4

y3

b)

x

y

x2x4

y1

Figure 7: Illustration for the proof.

c)

x

y

x2x4

y1

y3

Figure 8: Illustration for the proof.

satisfies R1. In order to show that ◦ is associative if and only
if it satisfies R, we need to show that R1 ⇔ R. Obviously,
R ⇒ R1. The inverse implication, R1 ⇒ R, is given the
following way.

Let us have a continuous Archimedean conjunctor
K which satisfies R1. Let us have a Reidemeister
figure drawn on its 3-web for arbitrary x1, x2, x3, x4,

y1, y2, y3, y4 ∈ [0, 1], see Figure 6. We are going to show
that this figure shall be always closed. Thanks to R1, the
Reidemeister figures, shown in Figure 7-a and Figure 7-b, are
closed. Combining these two figures together it can be con-
cluded that the Reidemeister figure in Figure 8-c is closed as
well. By the same deduction, from the closedness of the Rei-
demeister figures in Figure 9-a and Figure 9-b it can be con-
cluded that the Reidemeister figure in Figure 10-c is closed.
Now, combining the closed Reidemeister figures in Figure 8-c
and Figure 10-c, the closedness of the Reidemeister figure in
Figure 6 is proven.

Corollary 4.1 A continuous Archimedean conjunctor is asso-

ciative (and, thus, a t-norm) if and only if it satisfies R.

5 Applications
5.1 Problem of convex combinations of t-norms

The question was introduced by Alsina, Frank, and
Schweizer [4]. The approach of web geometry allows to give
the following, recently published [11], answers:

Theorem 5.1 Let T1 and T2 be two continuous Archimedean

t-norms such that ManT1 �= ManT2. Then no non-trivial

convex combination F of T1 and T2 is a t-norm.

Corollary 5.2 Combining the result of Theorem 5.1 with the

result given by Jenei [7], a non-trivial convex combination of

two distinct nilpotent t-norms is never a t-norm.

a)

x

y

x1x3

y4

b)

x

y

x1x3

y2

Figure 9: Illustration for the proof.

c)

x

y

x1x3

y2

y4

Figure 10: Illustration for the proof.

Corollary 5.3 A non-trivial convex combination of a strict

and a nilpotent t-norm is never a t-norm. This is an alter-

native proof of the result given earlier by Ouyang, Fang, and

Li [10].
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Abstract— This paper examines type-2 fuzzy arithmetic using in-
terval analysis. It relies heavily on alpha-cuts and alpha-planes. Fur-
thermore, we discuss the use of quasi type-2 fuzzy sets proposed by
Mendel and Liu and define quasi type-2 fuzzy numbers. Arithmetic
operations of such numbers are defined and a worked example is pre-
sented.
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1 Introduction
Zadeh introduced the concept of type-2 fuzzy sets in the first
of a trio of papers in 1975 [1]. In these papers he also de-
fined linguistic variables, interval-valued fuzzy sets and their
representations using the resolution identity (later known as α-
cuts). Type-2 fuzzy logic has gained much attention recently
due to its ability to handle uncertainty [2], and many advances
appeared in both theory and applications [3, 4, 5]. Type-2
fuzzy numbers and the associated arithmetic operations have
not received the same attention, only two main contributions
appear in the literature that specificly target arithmetic opera-
tions using the representation theorem and the extension prin-
ciple [6, 7]. Recent work on fuzzy systems has proposed an
extension to α-cuts for type-2 fuzzy sets through the notion of
α-planes [8]. Further work by Mendel and Liu [9] defined a
quasi type-2 fuzzy logic system as a restricted special case of
a type-2 fuzzy logic system represented by its α-planes.
In this paper we examine type-2 fuzzy arithmetic through α-
planes. We use arithmetic operations on type-1 and interval
type-2 fuzzy sets through their α-cut representation, more-
over, we define quasi type-2 fuzzy numbers and derive their
arithmetic operations.
This paper is organised as follows: Section 2 reviews some
basic type-2 fuzzy set definitions used in this paper; Section 3
defines type-2 fuzzy numbers and quasi type-2 fuzzy numbers;
Section 4 derives the arithmetic operations for these numbers;
Section 5 provides a worked example; finally Section 6 pro-
vides a conclusion.

2 Type-2 Fuzzy Sets
We present a review of the basic terminology used in this pa-
per. A type-2 fuzzy set (T2FS) [2, 10] is defined by equation
(1)

Ã =

∫
∀x∈X

∫
∀u∈Jx⊆[0,1]

µ
Ã
(x, u)/(x, u) (1)

where
∫ ∫

denotes the union over all admissible domain val-

ues x and secondary domain values u, and µ
Ã
(x, u) is a type-2

membership function, a T2FS is three dimensional (3D). The
Vertical Slice (VS) is the two dimensional (2D) plane in the u

and µ
Ã
(x, u) axes for a single value of x = x

′

, then the VS is
defined by equation (2).

V S(x
′

) = µ
Ã
(x

′

, u) ≡ µ
Ã
(x

′

) =

∫
u∈J

x
′

fx
′ (u)/u (2)

where fx
′ (u) ∈ [0, 1] is called the secondary grade and Jx

represents the domain of the secondary membership function

called the secondary domain, of course the VS is a type-1 fuzzy

set (T1FS) in [0, 1]. The Vertical Slice Representation (VSR)
of T2FS is represented by the union of all the vertical slices

Ã = {(x, µ
Ã
(x))|∀x ∈ X} (3)

The Footprint Of Uncertainty (FOU) is derived from the union
of all primary memberships

FOU(Ã) =

∫
x∈X

Jx (4)

Another important notion is the principal membership func-

tion (PrMF) defined as the union of all the primary member-
ships having secondary grades equal to 1

Pr(Ã) =

∫
x∈X

u/x|fx(u) = 1 (5)

This notion allows us to view a T1FS as special case of T2FS
in which its PrMF is obtained for only one primary member-
ship having a secondary grade at unity [11, 12]. Based on
[2] the FOU is described to be bounded by two membership
functions a lower µ

Ã
(x) and an upper µ

Ã
(x). The FOU can

be described in terms of its upper and lower membership func-
tions (MFs)

FOU(Ã) =

∫
x∈X

[
µ

Ã
(x), µ

Ã
(x)

]
(6)

Interval type-2 fuzzy set (IT2FS) is defined to be a T2FS
where all its secondary grades are of unity ∀fx(u) = 1. A
IT2FS can be completely determined using its FOU given in
equation (6). Recalling from Zadeh [1] an α-level set, Aα,
that comprises of elements x ∈ X of a type-1 fuzzy subset A
of universe X

Aα = {x|µA(x) ≥ α} (7)

where α ∈ [0, 1], the fuzzy set A can be represented (decom-
posed) as

A =
⋃

α∈[0,1]

α.Aα (8)
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where µA(x) = supx∈Aα
α and (sup) denotes the supremum,

this decomposition theorem [13] is called the α-cut Represen-

tation. The same analogy is used by Tahayori et al. [14]:

Ãα̃ = {(x, u)|fx(u) ≥ α̃} (9)

and the T2FS Ã can be represented (decomposed) as

Ã =
⋃

α̃∈[0,1]

α̃.Ãα̃ (10)

where1 fx(u) = sup(x,u)∈Ãα̃

α̃. Liu [8] calls equation (9) an
α-plane due to its 2D nature and consequently equation (10)
is called the α-plane Representation. Liu [8] and Wagner and
Hagras [15] noted that when α̃ = 0, Ãα̃ is actually the FOU
and Liu and Mendel [9] generalise it to a footprint of uncer-
tainty at plane α̃ denoted by FOU(Ãα̃). We are interested in
the use of this representation as these α-planes can compute
some of T2FS operations using IT2FS operations by applying
Zadeh’s extension principle [1] as follows

f(Ã) = f(
⋃

α̃∈[0,1]

α̃.Ãα̃) =
⋃

α̃∈[0,1]

α̃.f(Ãα̃) (11)

As Zadeh himself noted that this principle can be used with
functions between sets, relations, etc. and it can extend any
function from crisp sets to its fuzzy and obviously type-2
fuzzy counterparts. In [9] based on observations about the
shape of the centroid Liu and Mendel defined the notion of
quasi type-2 fuzzy logic system (QT2FLS). They propose ap-
proximating the T2FS using two α-planes (Ãα̃=0 and Ãα̃=1).
Great use of these methods is made later in this paper.

3 Type-2 Fuzzy Numbers
A type-1 fuzzy number (T1FN) is defined as a fuzzy set that
is both normal and convex [16, 17]. Normality is required
in order to capture the concept of a fuzzy number being a
set of real numbers close to a specific crisp number [13], in
other words when all the uncertainty about a number disap-
pears it reduces to a crisp number. Convexity is required as
it allows meaningful arithmetic operations to be performed on
fuzzy sets using the well established methods from interval
analysis since α-level sets are closed intervals [13]. Coup-
land et al. [6, 7] define a type-2 fuzzy number (T2FN) as
a type-2 fuzzy set having a numerical domain. Although no
assumption for normality has been defined for these T2FN
the examples used assumed normality. From another perspec-
tive within the framework of interval-valued fuzzy sets (IVFS)
[18], which are equal to IT2FS [5, 19], interval-valued fuzzy
numbers (IVFN) are defined to be convex and normal [20, 21].
Here it is desired to define a host of cases that may be con-
ceived to qualify as T2FN. First normality is defined, recalling
its definition within the context of T1FN.

Definition 3.1 (Normal T1FS) A T1FS, A, is said to be nor-

mal if its height h(A) is equal to 1 i.e. supµA(x) = 1.

Whenever a T1FS is not normal it is called subnormal. In
IT2FS we differentiate between two cases of normality, one
when both the upper and lower MFs are normal, and the other
when only the upper T1FS is normal.

1Here α̃ is used instead of α to distinguish that these are α-cuts
in the third dimension.

Definition 3.2 (Normal IT2FS) A IT2FS, Ã, is said to be

normal if its upper MF is normal i.e. supµA(x) = 1.

Note that there is a point in which a crisp number can be
reached which is only depending on the upper MF, this can
be seen as a less restrictive condition and is widely used in
applications (e.g. Computing with words [22]).

Definition 3.3 (Perfectly Normal IT2FS) A IT2FS, Ã, is

said to be perfectly
2

normal if both its upper and lower MFs

are normal i.e. supµA(x) = supµA(x) = 1.

Here the crisp number is reached when uncertainties about
both the upper and lower MFs disappear, it is more restric-
tive, but conceptually more appealing since it generalises the
concept of normal T1FS with only a single peak point where
it is completely crisp. It can be seen as a special case of a
normal IT2FS, this is clear in figure (1).

Definition 3.4 (Partially Normal T2FS) A T2FS, Ã, is said

to be partially normal if its FOU is a normal IT2FS.

This is the weakest case in which a T2FS can qualify to be
a number. There is an argument, this can not qualify to be a
fuzzy number at all as the secondary membership function is
clearly not about 1 at any point (i.e fx(u) �= 1,∀fx(u)).

Definition 3.5 (Normal T2FS) A T2FS, Ã, is said to be nor-

mal if its FOU is a normal IT2FS and it has a PrMF.

Definition 3.6 (Perfectly Normal T2FS) A T2FS, Ã, is said

to be perfectly normal if its FOU is a perfectly normal IT2FS

and it has a PrMF which is normal (i.e. either a normal T1FS

or a normal IT2FS).

Second, recalling the general definition of a T1FN using
piecewise-defined functions.

Definition 3.7 (T1FN[13]) Let A be a fuzzy subset on real

numbers. Then, A is a fuzzy number if and only if there ex-

ists a closed interval [m1,m2] �= φ such that

µA(x) =


1 x ∈ [m1,m2]
l(x) x ∈ [s,m1)
r(x) x ∈ (m2, e]
0 x ∈ (−∞, s);x ∈ (e,∞)

(12)

where l(x) ∈ [0, 1] is monotonically increasing and continu-

ous from the right; r(x) ∈ [0, 1] is monotonically decreasing

and continuous from the left; 〈s,m1,m2, e〉 are the parame-

ters that define the T1FN.

Observe that if A is subnormal it is not considered a number,
but it is useful to define a type-1 fuzzy sub-number (T1FsN)
which satisfies all the properties of a T1FN except it is sub-
normal, this can be defined for a fuzzy set A with height
h(A) = sup∀x µA(x) = hA as follows

µA(x) =


hA x ∈ [m1,m2]
l(x) x ∈ [s,m1)
r(x) x ∈ (m2, e]
0 x ∈ (−∞, s);x ∈ (e,∞)

(13)

2this term has been used by Kaufmann and Gupta [17] describing
a perfectly triangular T2FN.
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Using equations (7) and (8) a T1FN can be represented as in-
tervals using their α-cuts Aα = [aα

1 , aα
2 ] as follows

A =
⋃
∀α

α.[aα
1 , aα

2 ] =
⋃
∀α

α.[l−1(α), r−1(α)] (14)

IT2FN can be represented by its lower and upper mem-
bership functions which themselves are T1FS. Here we
use the terms above to define IT2FN. Let FOU(Ã) =

[FOU(Ã), FOU(Ã)] 3 to represent a perfectly normal IT2FS
defined by its lower and upper membership functions, respec-
tively. Then, using equation (14) individually for each of the
memberships, it follows that

FOU(Ã) =
⋃
∀α

α.[aα
1 , aα

2 ] =
⋃
∀α

α.[l−1(α), r−1(α)]

FOU(Ã) =
⋃
∀α

α.[aα
1 , aα

2 ] =
⋃
∀α

α.[l−1(α), r−1(α)]

then
FOU(Ã) =

⋃
∀α

α.
[
[aα

1 , aα
1 ], [aα

2 , aα
2 ]

]
(15)

for a normal IT2FS with lower membership function height,
h(FOU(Ã)) = hl, a IT2FN can be represented as

FOU(Ã) =

{ ⋃
∀α α.

[
[aα

1 , aα
1 ], [aα

2 , aα
2 ]

]
α ≤ hl⋃

∀α α.[aα
1 , aα

2 ] α > hl

(16)

Then a IT2FN can be defined by definition (3.8)

Definition 3.8 (IT2FN)
Let FOU(Ã) = [FOU(Ã), FOU(Ã)] be an interval type-

2 fuzzy subset on real numbers. Then, FOU(Ã) is an interval

type-2 fuzzy number if:

• FOU(Ã) and FOU(Ã) are T1FNs, in this case it is

called a perfectly normal IT2FN.

• FOU(Ã) is a T1FsN
4

and FOU(Ã) is a T1FN, in this

case it is called a normal IT2FN.

This definition can be seen in figure (1), observe that both
IT2FSs are IT2FNs. We can also consider an interval type-2
fuzzy sub-number (IT2FsN) when bothe the upper and lower
MFs are T1FsNs. Now, it is desired to define T2FN using the
same terminology. From equation (10) a T2FS

Ã =
⋃
∀α̃

α̃.FOU(Ãα̃)

and using equation (15) a perfectly normal T2FS

Ã =
⋃
∀α̃

α̃.(
⋃
∀α

α.
[
[aα

1 , aα
1 ], [aα

2 , aα
2 ]

]
) (17)

and using equation (16) a normal T2FS

Ã =

{ ⋃
∀α̃ α̃.(

⋃
∀α α.

[
[aα

1 , aα
1 ], [aα

2 , aα
2 ]

]
) α ≤ hl⋃

∀α̃ α̃.(
⋃

∀α α.[aα
1 , aα

2 ]) α > hl

(18)
A partially normal T2FS will only require ∀α̃; α̃ ∈
[0, sup∀(x,u) fx(u)].

3FOU is used here since the FOU fully describes the IT2FS.
4see equation (13).

Definition 3.9 (T2FN) Let Ã =
⋃

∀α̃ α̃.FOU(Ãα̃) be a type-

2 fuzzy subset on real numbers. Then, Ã is a type-2 fuzzy

number if:

• FOU(Ãα̃=0) is a perfectly normal IT2FN, and

FOU(Ãα̃=1) = Pr(Ã) is normal (i.e. either a T1FN

or a normal IT2FN), in this case it is called a perfectly

normal T2FN.

• FOU(Ãα̃=0) is a normal IT2FN, and FOU(Ãα̃=1)

(Pr(Ã)) exist, in this case it is called a normal T2FN.

• FOU(Ãα̃=0) is a normal IT2FN, in this case it is called

a partially normal T2FN.

Note that a special case of FOU(Ãα̃=1) = Pr(Ã) is when
all the vertical slices constructing Pr(Ã) are triangular T1FN
then Pr(Ã) is T1FS, this is depicted in figures (2) and (3).
We can also define a type-2 fuzzy sub-number (T2FsN) when
its FOU is an IT2FsN. In some applications one may need to
restrict a fuzzy set to a specific form, e.g. in computing with
words Klir et al. [23, 24] defined a procedure to convert any
given convex fuzzy set to a fuzzy interval that is expressed
in some standard form using some specific criteria. We now
examine a special form of T2FN based on some ideas from
[9]. Some observations about the shape of a centroid led to
the proposition of a quasi type-2 fuzzy logic system, similirly,
a definition of a quasi T2FN (QT2FN) can be proposed.

Assumption 3.10 (QT2FS) Consider the following proposi-

tions about a T2FN

A1 The T2FN is Normal (i.e FOU is normal IT2FN and

PrMF is normal).

A2 The FOU upper and lower membership functions, the

PrMF, and the vertical slices are characterised by piece-

wise functions.

A3 All the vertical slices that construct PrMF are T1FN.

A4 As for the rest of the vertical slices, they are T1FsN in

which their supremum lay on piece-wise functions be-

tween the sides of the upper membership function of the

FOU and the PrMF denoted l̃(x) on the left side, and

r̃(x) on the right side.

A5 All the mid points of the FOU upper and lower member-

ship functions, and the PrMF are at the same domain

value.

these assumptions allow a T2FN to be completely determined
by its FOU and PrMF, just like a T1FS based on certain as-
sumptions can be completely determined by its core and sup-
port.

Definition 3.11 (QT2FN) Let Ã =
⋃

∀α̃ α̃.FOU(Ãα̃) be a

type-2 fuzzy subset on real numbers. Then, Ã is a quasi type-2

fuzzy number if it is completely determined by its FOU and

PrMF.

Figures (3) and (4) are both QT2FNs.
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4 Arithmetic using Alpha-planes
In Kaufmann and Gupta [17] a comprehensive discussion on
fuzzy numbers and arithmetic operations which is formulated
and mostly dependent upon the interval of confidence (α-level
sets). Recalling operations on intervals, let [a1, a2] and [b1, b2]
be two interval numbers, then

[a1, a2] ⊕ [b1, b2] = [a1 ⊕ b1, a2 ⊕ b2]

[a1, a2] ⊗ [b1, b2] = [min(a1 ⊗ b1, a1 ⊗ b2, a2 ⊗ b1, a2 ⊗ b2)

,max(a1 ⊗ b1, a1 ⊗ b2, a2 ⊗ b1, a2 ⊗ b2)] (19)

where ⊕ ∈ {+,−}, ⊗ ∈ {×,÷} and 0 /∈ B if ⊗ = ÷. Inter-
val operations are extended to T1FN. Let A =

⋃
∀α α.[aα

1 , aα
2 ]

and B =
⋃

∀α α.[bα
1 , bα

2 ] be two T1FN, then

A ◦ B =
⋃
∀α

α.([aα
1 , aα

2 ] ◦ [bα
1 , bα

2 ]) (20)

where ◦ = {+,−,×,÷}. Also these operations are extended
to IT2FN. Let FOU(Ã) =

⋃
∀α α.

[
[aα

1 , aα
1 ], [aα

2 , aα
2 ]

]
and

FOU(B̃) =
⋃

∀α α.
[
[bα

1 , bα
1 ], [bα

2 , bα
2 ]

]
be two perfectly nor-

mal IT2FN, then [17]

FOU(Ã) ◦ FOU(B̃) =⋃
∀α α.(

[
[aα

1 , aα
1 ] ◦ [bα

1 , bα
1 ], [aα

2 , aα
2 ] ◦ [bα

2 , bα
2 ]

]
)

(21)

If FOU(Ã) and FOU(B̃) are normal IT2FN with lower
membership function heights h

Ã
and h

B̃
respectively, then the

following changes are made to equation (21)

• if 0 ≤ α ≤ min(h
Ã
, h

B̃
) no changes are made.

• if h
Ã

< α ≤ h
B̃

then aα
1 = a

h
Ã

1 ; aα
2 = a

h
Ã

2 , and if

h
B̃

< α ≤ h
Ã

then bα
1 = b

h
B̃

1 ; bα
2 = b

h
B̃

2 .

• if max(h
Ã
, h

B̃
) < α ≤ 1 then equation (21) becomes

FOU(Ã) ◦ FOU(B̃) =
⋃

∀α α.([aα
1 , aα

2 ] ◦ [bα
1 , bα

2 ]).

Wu and Mendel [25] noticed that such methods that result
in discontinuous or nonconvex sets are neither desirable nor
technically correct. Similarly such results appear for normal
IT2FN arithmetic operations. According to Wu and Mendel
[25] the following changes are made to equation (21)

FOU(Ã) ◦ FOU(B̃) =
⋃

∀α α.(
[
[aα

1 , aα
1 ] ◦ [bα

1 , bα
1 ], [aα

2 , aα
2 ] ◦ [bα

2 , bα
2 ]

]
)

, if 0 ≤ α ≤ min(h
Ã
, h

B̃
)⋃

∀α α.([aα
1 , aα

2 ] ◦ [bα
1 , bα

2 ])
, if min(h

Ã
, h

B̃
) < α ≤ 1

(22)
Clearly T2FN arithmetic can be extended, let Ã =⋃

∀α̃ α̃.FOU(Ãα̃) and B̃ =
⋃

∀α̃ α̃.FOU(B̃α̃) be two
T2FNs, then

Ã ◦ B̃ =
⋃
∀α̃

α̃.FOU(Ãα̃) ◦
⋃
∀α̃

α̃.FOU(B̃α̃)

using the extension principle in equation (11) it follows that

Ã ◦ B̃ =
⋃
∀α̃

α̃.(FOU(Ãα̃) ◦ FOU(B̃α̃)) (23)

then we can use equation (21) for perfectly normal T2FNs
or equation (22) for normal T2FNs. Next we exam-
ine QT2FN, let ÃQ and B̃Q be QT2FN completely deter-
mined by the FOU and PrMF, 〈FOU(ÃQ

α̃=0), P r(ÃQ)〉 and
〈FOU(B̃Q

α̃=0), P r(B̃Q)〉, respectively. Then the result of ba-
sic arithmetic operations between them is a QT2FN

C̃Q = ÃQ ◦ B̃Q (24)

completely determined by 〈FOU(C̃Q

α̃=0), P r(C̃Q)〉 where
FOU(C̃Q

α̃=0) = FOU(ÃQ

α̃=0)◦FOU(B̃Q

α̃=0) and Pr(C̃Q) =

Pr(ÃQ)◦Pr(B̃Q). This operation can only be performed for
addition and subtraction as the functions l̃(x) and r̃(x) are
preserved. In the case of multiplication and devision an ap-
proximation for these functions should be used. It has to be
mentioned that methods to approximate a T1FN to some stan-
dard form is used in the literature (see Grzegorzewski [26]).
Providing approximation to QT2FN is still an open question.

5 Worked Example
In this example we only consider QT2FN as it gives suffi-
cient insight on T2FN. Let us consider the following triangular
QT2FN 3̃Q = 〈FOU(3̃Q

α̃=0), P r(3̃Q)〉 depicted in figure (5)
with parameters5 FOU(3̃Q

α̃=0) = 〈1.5, 2.25, 3, 3.45, 4.75〉,
h3̃ = 0.6, and Pr(3̃Q) = 〈1.75, 3, 4.25〉. And the QT2FN

1̃2
Q

= 〈FOU(1̃2
Q

α̃=0), P r(1̃2
Q

)〉 depicted in figure (6)
with parameters FOU(1̃2

Q

α̃=0) = 〈10.25, 11.5, 12, 12.5, 14〉,
h1̃2 = 0.7, and Pr(1̃2

Q
) = 〈10.75, 12, 13.5〉. When com-

puting the addition 3̃Q + 1̃2
Q

, first, we determine a suitable
number of α-cuts along u for both FOU and PrMF6. In our
case and for the sake of clarity we discretised u into 25 α-
cuts. Then, we apply equation (24) to the decomposed IT2FS.
This gives the result depicted in figure (7) with parameters
FOU(1̃5

Q

α̃=0) = 〈11.75, 13.75, 15, 15.95, 18.75〉, h1̃5 = 0.6,

and Pr(1̃5
Q

) = 〈12.5, 15, 17.75〉. This result we would ex-
pect, 3̃Q + 1̃2

Q
= 1̃5

Q
.

6 Conclusions
In this paper we presented methods to perform type-2 fuzzy
arithmetic operations using well known arithmetic operations
on intervals. In order to better analyse our methods we de-
fined a set of terms that describe different normality forma-
tions of IT2FS and T2FS, some of which, have already been
used in the literature without a clear definition. Our methods
relied heavily on interval analysis through α-cuts and α-planes
that allow T2FSs be represented as a collection of intervals.
Furthermore, we examined the use of quasi type-2 fuzzy sets
proposed by Mendel and Liu and defined quasi type-2 fuzzy
numbers as a special case of type-2 fuzzy numbers. Finally,
we derived arithmetic operations for quasi type-2 fuzzy num-
bers and provided an illustration by a worked example.

5The parameters used here are FOU(ÃQ

α̃=0
) =

〈s1, s2, m1, e2, e1〉 derived from equation (12) where
FOU(ÃQ

α̃=0
) = 〈s1, m1, e1〉 and FOU(ÃQ

α̃=0
) = 〈s2, m1, e2〉.

6In the case of T2FN we first discretise along fx(u) in order to
determine a suitable number of α-planes, then, we discretise along u
for each of the α-planes.
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Perfectly Normal IT2FS Normal IT2FS

1

u

x

Normal T1FS

subnormal T1FS

FOU(Ã)

FOU(Ã)

Figure 1: Different types of normal fuzzy sets

1

u

x

fx(u)

FOU(Ãα̃=0)

Pr(Ã)

V S(x
′

)

1

FOU(Ãα̃=0)

x
′

Figure 2: 3D representation of a perfectly normal T2FN, it is
also a QT2FN.

We believe that this paper will form the basis for further work
on type-2 fuzzy numbers and thier applications. Quasi type-2
fuzzy numbers may be viewed as a next step in the progress
between IT2FN and T2FN. Arithmetic operations are already
used in aggregation and averaging operations, measures that
apply certain mathematical functions, and fusion functions be-
tween one system and another.
Further work with regards to the operations defined here
will include approximation of standard forms of Quasi type-
2 fuzzy numbers, and a thorough comparison between these
methods and previous methods in terms of computational
complexity, although, it is almost trivial that our methods are
computationally sound as they are based on interval analysis.
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Operations for Real-Valued Bags and Bag Relations
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Abstract— A generalization of bags is proposed and fundamen-
tal operations are described. That is, a real-valued bag is proposed
which is a straightforward generalization of the traditional bags, but
is necessary for complementation, and s-norm and t-norm opera-
tions. We mainly describe how complementation and s-norms are
related. As a result a duality theorem between s-norm and t-norm
is obtained. R-bag relations with max-s norm composition and max-
t norm composition are also proposed. Further generalization that
includes fuzzy bags and real-valued bags having membership of a
region in a plane is moreover discussed.

Keywords— bag relation, max-s composition, real-valued bag,
set-valued bag, t-norm and conorm .

1 Introduction

Bags which are also called multisets have long been studied by
computer scientists [5, 6]. In soft computing, Yager [19] have
proposed fuzzy bags, and its theory and applications have been
studied by several researchers [3, 4, 15, 16, 17, 18, 20]. In
particular, the author [9, 10, 12] has redefined basic operations
of the union and intersection for fuzzy bags. The definition
anew by the authors is necessary in order to keep consistency
between operations for ordinary fuzzy sets and those for fuzzy
bags [12]. However, there are many problems that are left and
should be studied.

One class of such problems is fundamental operations of
bags including complementation and bag s-norms (and s-
norms). Another class is bag relations that should have com-
position operations. In this paper we study these two problem
classes. While studying these problems, we should generalize
the traditional concept of bags, as described in this paper. We
therefore introduce a generalization called R-bag which ap-
pears straightforward, but this generalization is necessary to
consider complementation and bag t-norms. As a result, a du-
ality theorem is derived using the complementation. Moreover
a Minkwoski type bag s-norms are derived using a generating
function.

Bag relations and their compositions for R-bags are then
studied by introducing a max-s algebra and a max-t algebra.
Here s and t stands for s-norm and t-norm.

Another generalization that includes R-bag and fuzzy bag
is moreover mentioned and how the above consideration is
extended to this generalized bag is suggested.

There are a number of propositions herein, but to prove
propositions given in this paper is not difficult. Hence short
notes on proofs are given in the appendix.

Although the purpose of this paper is to show theoretical
properties of generalized bags, bags have many application
possibilities, which are briefly mentioned in the conclusion.

2 Bags and R-Bags

The two terms of bags and multisets are used interchangeably,
and we use bags throughout this paper.

2.1 Overview of crisp bags

Assume that the universal set X = {x1, . . . , xn} is finite for
simplicity. A crisp bag M of X = {x1, . . . , xn} is character-
ized by a function CM (·) (called count of M ) whereby a nat-
ural number including zero N = {0, 1, 2, . . . } corresponds to
each x ∈ X (CM : X → N ).

For a crisp bag, different expressions such as

M = {k1/x1, . . . , kn/xn}

and

M = {
k1︷ ︸︸ ︷

x1, . . . , x1, . . . ,

kn︷ ︸︸ ︷
xn, . . . , xn}

are used. In such a way, an element of X may appear more
than once in a bag. In the above example xi appears ki times
in M (i = 1, . . . , n).

Consider an example where X = {a, b, c, d} and CM (a) =
2, CM (b) = 1, CM (c) = 3, CM (d) = 0. In other words,
M = {a, a, b, c, c, c}. This means that a, b, c, and d are in-
cluded 2, 1, 3, and 0 times, respectively, in M . We can write
M = {2/a, 1/b, 3/c} by ignoring an element of zero occur-
rence.

Basic relations and operations for crisp bags are as follows.

1. (inclusion):
M ⊆ N ⇔ CM (x) ≤ CN (x), ∀x ∈ X.

2. (equality):
M = N ⇔ CM (x) = CN (x), ∀x ∈ X.

3. (union):
CM∪N (x) = max{CM (x), CN (x)}.

4. (intersection):
CM∩N (x) = min{CM (x), CN (x)}.

5. (addition or sum):
CM⊕N (x) = CM (x) + CN (x).

6. (subtraction):
CM�N (x) = max{0, CM (x) − CN (x)}.

7. (scalar multiplication):
CαM = αCM (x), where α is a positive integer.

8. (Cartesian product):
Let P is a bag of Y .
CM×P (x, y) = CM (x)CP (y).
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We sometimes use ∨ and ∧ for max and min, respectively. We
also note that the relations and operations are similar to those
for fuzzy sets. However, bags have the addition which fuzzy
sets do not have, and the Cartesian product for bags is different
from that for fuzzy sets. Moreover, a complementation is not
defined in general.

2.2 R-bags

An immediate generalization of crisp bag is to assume that
CM (·) has a nonnegative real-value instead of a natural num-
ber. For example, we admit CM (a) = 3.14 or CN (a) = π.
Moreover we admit the value of infinity +∞ for a technical
reason. We thus assume CM : X → [0,+∞].

The above relations and operations 1–8 are used without
any change except that α in the scalar multiplication can now
be a positive real constant. For simplicity, a real-valued bag is
called an R-bag here and the collection of all R-bags of X is
denoted by RB(X).

Complementation of R-bags
A function N : [0, +∞] → [0, +∞] with the next properties
is used to define a complementation operation:

(i) N (0) = +∞, N (+∞) = 0.

(ii) N (x) is strictly monotonically decreasing on (0, +∞).

A typical example is N (x) = const/x with const > 0.
Using this function, a natural operation for the complement

is:

9.(complement):
CM̄ (x) = N (CM (x)).

This operation justifies the generalization into R-bags. That is,
even when we start crisp bags, the result of complementation
is generally real-valued.

We immediately have the next two propositions of which
the proof is easy and omitted.

Proposition 1 For arbitrary M,N ∈ RB(X), the following
properties hold:

(M) = M (1)

M ∪ N = M̄ ∩ N̄ , M ∩ N = M̄ ∪ N̄ . (2)

Proposition 2 If we introduce an empty bag ∅ and the maxi-
mum bag Infinity in RB by

C∅(x) = 0, ∀x ∈ X, (3)
CInfinity(x) = +∞, ∀x ∈ X. (4)

Then we have

∅̄ = Infinity, Infinity = ∅. (5)

s-norms and t-norms of R-bags
There have been studies on t-norms for crisp bags [7, 1], but
generalization into R-bags admits a broader class of s-norms
and t-norms. For this purpose we introduce two functions
t(a, b) and s(a, b) as those in fuzzy sets, but the definitions
are different.
Definition 1 Two functions t : [0, +∞]× [0, +∞] → [0, +∞]
and s : [0, +∞] × [0, +∞] → [0, +∞] having the following

properties (I)–(IV) are called a t-norm and an s-norm for
bags, respectively. An s-norm is also called a t-conorm for
bags.

(I)[monotonicity] For a ≤ c, b ≤ d,

t(a, b) ≤ t(c, d),
s(a, b) ≤ s(c, d).

(II)[symmetry]

t(a, b) = t(c, d), s(a, b) = s(b, a).

(III)[associativity]

t(t(a, b), c) = t(a, t(b, c)),
s(s(a, b), c) = s(a, s(b, c)).

(IV)[boundary condition]

t(0, 0) = 0, t(a,+∞) = t(+∞, a) = a,

s(+∞, +∞) = +∞, s(a, 0) = s(0, a) = a.

A purpose to introduce such norms for bags is to gener-
alize the intersection and union operations. First we note that
s(a, b) = a+b and s(a, b) = max{a, b} satisfy the above con-
ditions. The norm t(a, b) = min{a, b} also satisfies (I)–(IV).
Thus, s-norms and t-norms can represent the three operations
of addition, union, and intersection.

We moreover introduce a generating function g(x) for s-
norm.
Definition 2 A function g : [0, +∞] → [0, +∞] is called a
generating function for s-norm if it satisfies the next (i)–(iii):

(i) it is strictly monotonically increasing,
(ii) g(0) = 0, g(+∞) = +∞,
(iii) g(x + y) ≥ g(x) + g(y), ∀x, y ∈ [0,+∞].
We have

Proposition 3 Let

s(a, b) = g−1(g(a) + g(b)). (6)

Then s(a, b) is an s-norm.

An example of the generation function is

g(x) = xp (p ≥ 1). (7)

Moreover, note the following.

Proposition 4 Let s(a, b) is an s-norm and N is the comple-
mentation operator. Then

t(a, b) = N (s(N (a),N (b))) (8)

is a t-norm. Suppose t(a, b) is a t-norm, then

s(a, b) = N (t(N (a),N (b))) (9)

is an s-norm.

If a pair of t-norm and s-norm has the above property, we
say (s, t) has the duality of norm and conorm. The duality has
the next property.
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Proposition 5 Suppose s0(a, b) is an s-norm and t0(a, b) is
derived from s0(a, b) by the operation (8). Let

s(a, b) = N (t0(N (a),N (b)))

Then s(a, b) = s0(a, b).
Suppose also that t0(a, b) is a t-norm and s0(a, b) is de-

rived from t0(a, b) by the operation (8). Let

t(a, b) = N (s0(N (a),N (b)))

Then t(a, b) = t0(a, b). In summary, applying (8) and (9)
(resp. (9) and (8)) successively, we have the original norm.

Note that s-norm and t-norm are applied to define bag oper-
ations MSN and MT N , respectively, for M,N ∈ RB(X).

CMSN (x) = s(CM (x), CN (x)). (10)
CMT N (x) = t(CM (x), CN (x)). (11)

Let us consider examples of s-norms and t-norms.
Example 1 The standard operators

s(a, b) = max{a, b} (12)
t(a, b) = min{a, b} (13)

are an s-norm and a t-norm, respectively. This pair has the
duality stated in Proposition 5. Note, however, that s-norm
(12) does not have a generating function that satisfies (6).

Second example uses the generating function.
Example 2 Let g(x) be given by (7). Then we have

s(a, b) = (ap + bp)
1
p , (14)

t(a, b) = (a−p + b−p)−
1
p . (15)

are an s-norm and a t-norm, respectively. This pair has the
duality stated in Proposition 5 when N = const/x is used.

The second example has interesting properties. First,
s(a, b) = a+b is a particular case of (14) for p = 1. Moreover
s(a, b) = max{a, b} and t(a, b) = min{a, b} are obtained
from (14) and (15) when p → +∞.

New findings are included in the above example. First, the
dual t-norm derived from s(a, b) = a + b is the harmonic
mean:

t(a, b) = (a−1 + b−1)−1 =
ab

a + b
.

(Note that the arithmetic mean a+b
2 and the geometric mean√

ab are not t-norms). Second, s(a, b) = (a2 + b2)
1
2 with

p = 2 which is similar to the Euclidean norm is an s-norm,
and the dual t-norm is

t(a, b) =
1√

1
a2 + 1

b2

.

2.3 R-bags and fuzzy sets

Let us study what relations exist between fuzzy sets and R-
bags. For this purpose we introduce another notation: the col-
lection of all fuzzy sets of X is denoted by FS(X).

We introduce another function h : [0, +∞] → [0, 1] that is
strictly monotonically increasing in [0, +∞) and

h(0) = 0, h(+∞) = 1.

An example of such a function is

h0(x) = 1 − exp(−K0x), x ∈ [0, +∞)

with constant K0 > 0 and with the additional definition
h0(+∞) = 1. Another example is

h1(x) = 1 − K1

K1 + K2x
, x ∈ [0, +∞)

with positive constants K1,K2 and with h1(+∞) = 1.
Since such a function has an inverse function h−1(y), we

can define one to one correspondence between a fuzzy set and
an R-bag:

µh(M)(x) = h(CM (x)). (16)

For M ∈ RB(X), h(M) ∈ FS(X), and h−1(h(M)) = M .
Note that h−1(y) is also a strictly monotonically increasing.

We also have

h(∅) = ∅, h(Infinity) = X;

h−1(∅) = ∅, h−1(X) = Infinity.

Using these functions, we can generate operations for R-
bags from those for fuzzy sets.

Proposition 6 Let

N (x) = h−1(1 − h(x)). (17)

Then N (x) satisfies the properties of complementation oper-
ation. Hence for arbitrary M ∈ RB(X), M̄ derived by

CM̄ (x) = N (CM (x))

using (17) is a complement of M .

Note that this operation is derived from the complementation
of fuzzy sets.

For the s-norm and t-norm, we have similar results. Let
sF (a, b) and tF (a, b) are respectively an s-norm and a t-norm
for fuzzy sets. We have the following.

Proposition 7 For a, b ∈ [0, +∞], let

s(a, b) = h−1(sF (h(a), h(b))) (18)

t(a, b) = h−1(tF (h(a), h(b))) (19)

Then s(a, b) and t(a, b) are an s-norm and a t-norm for R-
bags.

we also have

Proposition 8 Suppose s(a, b) and t(a, b) are an s-norm and
a t-norm for R-bags. For a, b ∈ [0, 1], let

sF (a, b) = h(s(h−1(a), h−1(b))) (20)

tF (a, b) = h(t(h−1(a), h−1(b))) (21)

Then sF (a, b) and tF (a, b) are an s-norm and a t-norm for
fuzzy sets.

3 Bag Relations
What we consider in this section is a bag-relations and their
composition. As a result we have max-s and max-t algebras
for R-bags. The discussion in this section generalizes the max-
plus algebra [2].
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3.1 max-s and max-t algebra

Let us use a particular notation of � and � for

a � b = max{a, b}, a � b = s(a, b) (22)

where s(a, b) is an s-norm for R-bags. We call this algebra as
max-s algebra.

It is easy to see that the following properties hold.

a � b = b � a, (23)
a � (b � c) = (a � b) � c, (24)

a � 0 = a, (25)
a � b = b � a, (26)

a � (b � c) = (a � b) � c, (27)
a � 0 = a. (28)

Alternatively, we can define � and � for

a � b = max{a, b}, a � b = t(a, b) (29)

where t(a, b) is a t-norm for R-bags. We call this algebra as
max-t algebra. We see that (23)–(27) hold, while (28) should
be replaced by

a � +∞ = a. (30)

We moreover note the next lemma.

Lemma 1 Let a, b, c be real numbers. Then

a � (b � c) = (a � b) � (a � c). (31)

Thus the commutative, associative, and distributive prop-
erties hold for the max-s algebra. Noting Example 2, we ob-
serve that the max-t algebra includes the max-min algebra and
the max-s algebra includes the max-plus algebra as particular
cases.

3.2 Bag relations

We now define R-bag relations. The definition is simple. An
R-bag relation R on X × Y is an R-bag R of X × Y . The
count function is denoted by R(x, y) instead of CR(x, y) for
simplicity. Sometimes an R-bag relation is also called bag
relation for simplicity.

The reason why we call such a bag R(x, y) a bag relation is
that we can define composition operation.

Let X, Y, Z be three universes. Assume R is a bag relation
of X × Y and S is a bag relation of Y × Z. Then the max-s
composition R ◦ S is defined as follows.

(R ◦ S)(x, z) = �y∈Y {R(x, y) � S(y, z)} (32)

Note that

�y∈{a1,...,aL} = a1 � a2 � · · · � aL.

The max-t composition is defined by the same equation (32)
except that � uses a t-norm.

Note also that the addition is straightforward

(R1 � R2)(x, y) = R1(x, y) � R2(x, y), (33)

for bag relations on X × Y .
We have the following proposition.

Proposition 9 The composition satisfies the associative prop-
erty

(R ◦ S) ◦ T = R ◦ (S ◦ T ). (34)

and the distributive property

(R1 � R2) ◦ S = (R1 ◦ S) � (R2 ◦ S), (35)
R ◦ (S1 � S2) = (R ◦ S1) � (R ◦ S2). (36)

We introduce the unit relations for the max-s and max-t
compositions. Define OX and ΩX on X × X:

OX(x, y) = 0, ∀x, y ∈ X, (37)
ΩX(x, y) = +∞, ∀x, y ∈ X. (38)

We define OXY and ΩXY on X × Y in the same way:

OXY (x, y) = 0, ∀(x, y) ∈ X × Y, (39)
ΩXY (x, y) = +∞, ∀(x, y) ∈ X × Y. (40)

Frequently we omit the subscripts like O and Ω when we have
no ambiguity.

We then have

Proposition 10 Assume that the max-s algebra is used. For
arbitrary bag relation R on X × Y ,

R � O = O � R = R, (41)
R ◦ O = O ◦ R = R. (42)

Proposition 11 Assume that the max-t algebra is used. For
arbitrary bag relation R on X × Y ,

R � O = O � R = R, (43)
R ◦ Ω = Ω ◦ R = R. (44)

4 A Note on Further Generalization
The above generalization to R-bags does not include fuzzy
bags [19, 10]. It appears that R-bags and fuzzy bags are in-
consistent. However, there is further generalization discussed
in [12] which uses a closed region in R2 as the count func-
tion for generalized bags. In this section we briefly note how
the above discussion is extended into generalized bags which
encompasses R-bags and fuzzy bags.

A generalized bag A has a count function as a region

N(x,A) = CA(x), ∀x ∈ X (45)

where N(x,A) is a closed set of [0, +∞)2. Let ν(y, z; x,A)
is the characteristic function of the region N(x,A):

ν(y, z; x,A) =

{
1, (y, z) ∈ N(x,A),
0, (y, z) /∈ N(x,A).

This region should have the following properties:

(N1) For any y ∈ [0, +∞),

η(y) = {z ∈ [0, +∞) : ν(y, z; x,A) = 1}

is either an empty set or a closed interval [0, µ(y)] where
µ(y) = max{y′ : y′ ∈ η(y)}.
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(N2) For all y ∈ [0,+∞), µ(y) is a monotonically decreas-
ing function and 0 ≤ µ(y) ≤ 1.

(N3) For any z ∈ [0, +∞),

θ(z) = {y ∈ [0, +∞) : ν(y, z; x,A) = 1}

is either an empty set or a closed interval [0, ζ(z)] where
ζ(z) = max{z′ : z′ ∈ θ(z)}.

(N4) For all z ∈ [0, +∞), ζ(z) is a monotonically decreasing
function and 0 ≤ ζ(z) < +∞.

Roughly, a generalized bag is characterized by the pair
(µ(y), ζ(y)) for each x ∈ X .

�

��� ���
�

�

Figure 1: An illustration of N(x,A) as the count function for
a generalized bag.

Two cuts which relate the generalized bag to R-bags and
fuzzy sets are defined:

α-cut: Let α ∈ (0, 1]. For the generalized bag A, [A]α is an
R-bag given by

C[A]α(x) = max{z : ν(α, z; x,A) = 1}.

�-cut: Let � ∈ (0, +∞). For the generalized bag A, 〈A〉� is a
fuzzy set given by

µ〈A〉�
(x) = max{y : ν(y, �; x,A) = 1}.

It can be proved that the generalized bags are smallest gen-
eralization of fuzzy bags and R-bags [12]. Moreover, s-norms
and t-norms can be used for the generalized bags using the
α-cuts, while the complementation operation cannot be used
for the generalized bags. Bag relations and their compositions
can also be used for the generalized bags. The detailed con-
sideration is too lengthy to give here and will be discussed
elsewhere.

5 Conclusion
We have shown the operations of complementation and s-
norm and t-norm for real-valued bags. Moreover R-bag re-
lations and the max-s (or max-t) compositions are studied.
Further generalization has moreover been proposed of which
the details will be discussed in near future.

As seen herein, the theory of bags should be studied more
deeply, since it has more ample mathematical structure than

expected until now. More theoretical studies are thus needed.
Relations between rough sets [14] and bags have been dis-
cussed [12], but there is much room for further studies. Ap-
plication of bags such as those in information retrieval [8] and
information mining [11, 13] will also be important.
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Appendix: Notes on Proofs
Since detailed proofs are too lengthy, we give short notes on
how to prove the propositions given here. The proofs are
mostly straightforward.

Notes on proofs of Propositions 1 and 2

These propositions are immediately proved by straightforward
calculation using N . The details are hence omitted.

Notes on proofs of Propositions 3 and 4

It is enough to check the conditions (I)–(IV) are satisfied.

Notes on proof of Proposition 5

s(a, b) = N (t0(N (a),N (b)))
= N (N (s0(N (N (a)),N (N (b)))))
= s0(a, b).

Notes on proof of Proposition 6

By a simple calculation, it is seen that N by (17) satisfies the
conditions for the complementation.

Notes on proofs of Propositions 7 and 8

The conditions for s-norms and t-norms for fuzzy sets should
be noted. Mostly it is easy to check that the conditions
are satisfied, since the functions h and h−1 are monotone.
The boundary conditions are satisfied from h(0) = 0 and
h(+∞) = 1.

Notes on proof of Lemma 1

Let b ≥ c, then the left hand side is s(a, b). The right hand
side is

max{s(a, b), s(a, c)} = s(a, b).

The case of b < c is calculated likewise and we have the de-
sired equality.

When we use a max-t algebra, we can prove the lemma in
a similar way, since the monotone property is common to s-
norm and t-norm. We omit the detail.

Notes on proof of Proposition 9

The detailed proof is lengthy, but the way to prove this propo-
sition is just the same as the proof of the matrix properties for
ordinary algebra, since those properties for ordinary algebra
uses the commutative, associative, and distributive properties
which are valid for the present algebra, since (23)–(28) (or
(30)) and (31) are valid.

Notes on proofs of Propositions 10 and 11

Omitted as they are straightforward.
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Abstract— Kernel data analysis is now becoming standard in
every application of data analysis and mining. Kernels are used to
represent a mapping into a high-dimensional feature space, where an
explicit form of the mapping is unknown. Contrary to this common
understanding, we introduce an explicit mapping which we consider
standard. The reason why we use this mapping is as follows. (1)
the use of this mapping does not lose any fundamental information in
kernel data analysis and we have the same formulas in every kernel
methods. (2) Usually the derivation becomes simpler by using this
mapping. (3) New applications of the kernel methods become possi-
ble using this mapping. As an application we consider an example of
text mining where we use fuzzy c-means clustering and cluster cen-
ters in the high-dimensional space and visualize the centers using
kernel principal component analysis.

Keywords— Kernel data analysis, fuzzy clustering, explicit map-
ping, text mining

1 Introduction
Kernel functions [9] which are not very new but was noted in
support vector machines[10] and now is a well-known tech-
nique and becoming standard in many applications of data
analysis and data mining. An important point in the use of
kernel functions is that although we consider a mapping from
a data space into a high-dimensional feature space, we need
not to know its explicit form but we should know the inner
product of the feature space. Generally, the feature space is
not uniquely determined. Accordingly every formula in data
analysis using kernel functions should be described in terms
of the inner product.

Although kernel functions are really useful, but the deriva-
tion is sometimes complicated when original formulas should
be rewritten by the inner product forms. A typical example
is kernel fuzzy c-means clustering [3] and kernel SOM [4] in
which the cluster centers in a feature space should be elimi-
nated using inner product forms.

Here is a question: can we have a useful and explicit map-
ping and explicit representation of a high-dimensional feature
space? The answer is YES, and we will show the mapping
that is simple enough and useful in the sense that it leads to
the same formulas when transformed into the inner product
forms. To summarize, this explicit mapping and associated
feature space have all information that is used in kernel func-
tions for data analysis.

Another question arises: what is useful in this explicit map-
ping? We will show a real application of an example of text
analysis. A result of kernel fuzzy c-means clustering and clus-

ter centers will be shown using kernel principal component
analysis.

Proofs of propositions are mostly omitted to save the space
but brief notes are given as appendix.

2 Kernel Functions and an Explicit Mapping

2.1 Preliminary consideration

Although we consider kernel fuzzy c-means (FCM) cluster-
ing [3] and kernel principal component analysis (KPCA)[9]
later, we describe FCM and omit KPCA for simplicity.

Assume that a set of data X = {x1, . . . , xn} ⊂ Rp is
given. Each data unit is also called an object or an individ-
ual and it is a point in the p-dimensional real space xk =
(x1

k, . . . , xp
k)T ∈ Rp. We consider a mapping into a high-

dimensional feature space Φ: Rp → H and associated kernel
function

K(x, y) = 〈Φ(x), Φ(y)〉 (1)

where 〈·, ·〉 is an inner product of H . We also assume ‖ · ‖H is
a norm of H . Thus H is an inner product space. In this section
suppose we do not know function Φ(·) explicitly but we know
K(x, y). Specifically, the Gaussian kernel is used frequently:

K(x, y) = exp(−λ‖x − y‖2) (2)

where λ > 0 and ‖x‖ is the norm of Rp.
An objective function of fuzzy c-means using the feature

space H is the following.

JH(U,W ) =
c∑

i=1

n∑
k=1

(uki)m‖Φ(xk) − Wi‖2
H , (m > 1)

(3)
where U = (uki) is n × c matrix representing membership of
xk to cluster i. U has the next constraint when it is optimized.

M = {U = (uki) :
c∑

i=1

uki = 1, uki ≥ 0,∀k, i}. (4)

Moreover W = (W1, . . . , Wc) shows cluster centers.
The iterative algorithm of fuzzy c-means clustering is basi-

cally an alternative minimization of JH(U,W ) with respect to
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U and W until convergence. We have the next solutions.

uki =


 c∑

j=1

(
D(xk,Wi)
D(xk,Wj)

) 1
m−1



−1

, (5)

Wi =

n∑
k=1

(uki)mΦ(xk)

n∑
k=1

(uki)m

(6)

where we put

D(xk, Wi) = ‖Φ(xk) − Wi‖2
H . (7)

Equations (5) and (6) are repeated until convergence, but since
Φ(xk) is unknown, we should use another formula for kernel
fuzzy c-means clustering.

The formula is derived by eliminating (6) from iteration,
i.e., we substitute (6) into (7) to have an updating formula for
D(xk,Wi)[3]:

D(xk,Wi) = K(xk, xk) − 2∑n
k=1(uki)m

n∑
j=1

(uji)mK(xj , xk)

+
1

{∑n
k=1(uki)m}2

n∑
j=1

n∑
�=1

(ujiu�i)mK(xj , x�).

(8)

We hence repeat (5) and (8) until convergence when kernel
fuzzy c-means clustering should be used.

2.2 An explicit mapping and its properties

We sometimes have applications in which we wish to have ex-
plicit cluster centers. Even if we cannot show them in a low-
dimensional data space, there are ways to have approximate
representations or visualizations, one of which is to show ker-
nel principal components and another is to use SOM mapping.

To this end we use the following explicit mapping that is
simple enough but seems unnoticed.

Φ(xk) = ek (k = 1, 2, . . . , n) (9)

where H = Rn and ek is the k-th unit vector that has unity as
ith component and all other components are zero. Note that
Φ: X → Rn, i.e., Φ(·) is not defined on Rp but is limited to
the finite set X . Moreover we assume that the inner product
of Rn is

〈ek, e�〉 = K(xk, x�) (10)

instead of the usual 〈ek, e�〉 = δk�.
We have the next proposition.

Proposition 1. If kernel K(x, y) is positive definite, 〈ek, e�〉
defined by (10) satisfy the axioms of the inner product of Rn,
that is, Rn with (10) is an inner product space.

We now apply this mapping to fuzzy c-means clustering. It
is sufficient to show the optimal solution of Wi. We then have
the next proposition of which the proof is easy and omitted.

Proposition 2. For all positive definite kernel K(x, y) and
mapping Φ by (9), the cluster centers are the same and are

given by

Wi =
(

(u1i)m∑n
k=1(uki)m

, . . . ,
(uni)m∑n
k=1(uki)m

)T

, i = 1, . . . , c

(11)

The next proposition of which the proof is almost triv-
ial shows an important result of the equivalence between the
usual technique and the explicit mapping method.
Proposition 3. Using the explicit mapping (11) to (7), we
have (8).

That is, (11) derived from the single mapping (9) has all
necessary and sufficient information for kernel fuzzy c-means
clustering.

As noted above, formulas in kernel principal component
analysis are derived likewise. Since the derivation repeats
what is described in textbooks [9], we omit the details. The
mapping (9) is moreover useful for application to LVQ and
SOM [2], where vectors for updating quantization vectors
should be based on learning. The explicit mapping enables
vector representations in Rn, we can use every formulas in
LVQ and SOM, while usual kernel methods should eliminate
quantization vectors [6].

3 Analysis of Terms from a Set of Texts
We hereafter show an application in which mapping (9) has a
natural interpretation. A typical example is analysis of terms
from s set of texts. A well-known model for term analysis uses
a vector-space model [8] which is also called a bag model.
Mizutani and Miyamoto[6] generalize the model into fuzzy
multiset model and use kernel based learning and clustering.
Note that a term may occur many times in a text which we
call here term occurrences, or simply occurrences. Term oc-
currences are handled as term frequencies or count in bags in
the vector space model, or it is treated as fuzzy multisets in
[6] when memberships are attached to each term occurrence.
When c-means clustering is applied, cluster centers have im-
plications as they are representatives of clusters.

In these models, however, a structure inside a text such as
distances or topology between occurrences is not considered.
Miyamoto and Kawasaki[5] propose a kernel-based model
that handles fuzzy neighborhood. As a result, kernel-based
data analysis can be applied but a drawback is that we cannot
have cluster centers. We consider this model of fuzzy neigh-
borhood here and uses the above explicit mapping and over-
come the last drawback.

3.1 Fuzzy neighborhood model

Let us consider a model that consists of a quintuple:

< T, O, d, R, N >

where each element is as follows.

1. T = {t1, . . . , tn}: a finite set of terms or keywords;

2. O and d: a metric space; O is a finite set of term occur-
rences where a metric d is defined;

3. R : a fuzzy relation of T × O;

4. N : a fuzzy relation of O×O called fuzzy neighborhood.
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The relation R(t, o) shows correspondence between a term
and its occurrence. For simplicity we assume, for every t ∈ T ,
R(t, ·) = {o ∈ O : R(t, o) > 0} is not empty. The most sim-
ple relation is

R(t, o) =

{
1 (o is an occurrence of t),
0 (otherwise),

and this relation is assumed hereafter in this paper.
Moreover we impose the following conditions to N :

(i) N(o, o) = 1 for all o ∈ O;

(ii) d(o, o′) > d(o, o′′) ⇒ N(o, o′) ≤ N(o, o′′);

(iii) N(o, o′) → 0 as d(o, o′) → ∞;

(iv) N(o, o′) = N(o′, o).

Our purpose is to define a natural inner product space on T
using the structure of occurrence space. We define a proximity
relation p(t, t′), t, t′ ∈ T :

p(t, t′) =
∑
o∈O

∑
o′∈O

R(t, o)N(o, o′)R(t′, o′). (12)

If the matrix P = (p(t, t′)) is positive-definite, we can define
an inner product space. If P is positive definite, we can use a
normalized relation

s(t, t′) =
p(t, t′)√

p(t, t)p(t′, t′)
. (13)

which is also positive-definite.
Generally, the above equation (12) does not guarantee the

positive definiteness. We hence consider conditions for the
positive-definiteness. To obtain a general condition is not
practically useful. We therefore describe a specific, but broad
enough, application example.

3.2 A model of a text set

A set of texts where each term may occur many times is
represented as a sequence. For example, let a term set is
T = {a, b, c}. Then an example of O can be represented by

O = aabcbbcccabbccabab

or more precisely, we put suffixes:

O = a1a2 b1 c1 b2 b3 c2 c3 c4a3 b4 b5 c5 c6a4 b6a5 b7 (14)

in order to distinguish occurrences. Obviously, R(a, ·) =
{a1, . . . , a5}. What if two or more texts should be handled?
We can connect those texts into a sequence using dummy
terms. Hence a sequence is sufficient to represent a set of
texts. A natural distance d on O is given by

d(o, o′) = {the number of occurrences between o and o′}+1
(15)

Thus, d(a1, c1) = 3, d(c6, c2) = 7, etc in the above example.
Next, two specific examples of fuzzy neighborhood are con-

sidered.

Fuzzy neighborhood using a monotone function
Let us show and example of a fuzzy neighborhood. For
this purpose we introduce a monotone-decreasing function
f : R → [0, 1] such that

(I) f(0) = 1,

(II) f(−x) = f(x),

(III) lim
x→∞

f(x) = 0.

We define
N(o, o′) = f(d(o, o′)). (16)

We have
Proposition 4. Fuzzy relation N(o, o′) defined by (16) satis-
fies the conditions (i)–(iv) for a fuzzy neighborhood.

The next proposition is crucial to this model.
Proposition 5. If function f(x) is convex on [0,∞), then
P = (p(t, t′)) is positive-definite. Namely, we can define an
inner product space using P .

Let us consider a simple example where a convex function

f(x) =

{
1 − x

3 (0 ≤ x ≤ 3)
0 (x > 3)

is used and f(−x) = f(x). For the example of (14),
N(a1, b1) = 1/3, N(a2, b1) = 2/3, etc. we hence have

p(a, b) =
5∑

i=1

7∑
j=1

N(ai, bj) = 4.

3.3 Fuzzy neighborhood using a hierarchical structure

Another class for fuzzy neighborhood uses a hierarchical
structure of a text, that is, a text frequently has chapters, sec-
tions, subsections, and paragraphs. Hence the next distance
can be induced using 0 < α < β < γ.

• If o and o′ occurs in a same paragraph, d(o, o′) = α;

• else if o and o′ occurs in a same subsection, d(o, o′) = β;

• else if o and o′ occurs in a same section, d(o, o′) = γ;

• else d(o, o′) = ∞.

Such a distance induced from a hierarchical classification
satisfies

d(o, o′′) ≤ max{d(o, o′), d(o′, o′′)}. (17)

which is called ultra-metric property. It is also known that this
property is equivalent to fuzzy equivalence that is also called
fuzzy similarity. That is,

N(o, o′) = f(d(o, o′)) (18)

is a fuzzy equivalence.
We have the next proposition.

Proposition 6. If d(o, o′) satisfies (17) and N(o, o′) is defined
by (18), then P = (p(t, t′)) is positive-definite. Namely, we
can define an inner product space using this P .
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Let us moreover consider a particular case of d when O
consists of documents D1, . . . , Dm:

d(o, o′) =

{
0 (o and o′ are in a same document),
∞ (o and o′ are in different documents).

(19)
Suppose also that the frequency of occurrences of t in Di is
Fi(t).

We have the next proposition.

Proposition 7. If d(o, o′) is given by (19) and N(o, o′) is
defined by (18). then

p(t, t′) =
m∑

i=1

Fi(t)Fi(t′), (20)

which is used in the vector space model.
We thus note that the model in this section generalizes the

vector space model.
Finally, we note that the above model can directly be ap-

plied to a document set D = {d1, . . . , dm} using

RD(d, t) =

{
1 ( t occurs in d),
0 ( t doe no not occur in d).

Then we have a positive definite measure between two docu-
ments:

pD(d, d′) =
∑

t,t′∈T

RD(d, t)p(t, t′)RD(d′, t′), (21)

and a normalized measure

sD(d, d′) =
pD(d, d′)√

pD(d, d)pD(d′, d′)
, (22)

which can be used as inner products of the document space.

4 Numerical Examples

We briefly show the results of kernel fuzzy c-means cluster-
ing (KFCM) with the kernel principal components (KPCA)
applied to a set of documents extracted from a Japanese news-
paper articles. Sixty articles from ASAHI Shinbun (ASAHI
News) have been used. They are categorized by the publisher
into three categories of ‘Economics’, ‘Politics’, and ‘Social
Affairs’; each category has 20 articles. Each of these cate-
gories are subdivided into subcategories of ‘economic statis-
tics’, ‘finance’, and so on. Terms occurred more than twice
were used and the number of terms is 556. The above measure
(22) has been used throughout. The method of fuzzy c-means
with m = 1.2 and with c = 3 has been applied. The following
two neighborhood functions have been used.

• First type uses a convex function f(x) = 1.2−d(o,o′).

• Second type uses a fuzzy equivalence: If two term oc-
currences are the same term, N(o, o′) = 1; if they are in
a same paragraph, N(o, o′) = 0.9; if they are in a same
document, N(o, o′) = 0.7; if they are in a same subcat-
egory: N(o, o′) = 0.5; if they are in a same category:
N(o, o′) = 0.3.
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Figure 1: Two-dimensional display from KPCA with three
clusters and cluster centers, where the first type of neighbor-
hood function f(x) = 1.2−d(o,o′) has been used.
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Figure 2: Two-dimensional display from KPCA with three
clusters and cluster centers, where the second type of fuzzy
equivalence has been used.

Figures 1 and 2 respectively show the two-dimensional fig-
ures of two-major axes from KPCA using the first and the
second types of neighborhoods. The three symbols of white
squares, triangles, and circles show the three clusters obtained
from KFCM: fuzzy clusters have been made crisp by the max-
imum membership rule

xk → cluster i ⇐⇒ uki = max
1≤j≤c

ukj .

The black square, triangle, and circle are the cluster centers
of the corresponding clusters. It seems that the second neigh-
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borhood of fuzzy equivalence divides more clearly the three
clusters.

We have checked the correspondence of the obtained clus-
ters with the actual classification provided from the publisher.
The six correspondences have all been checked and the maxi-
mum correspondence percentages are given next. In the calcu-
lation 1000 trials with random initial values were used and the
average numbers are shown below. That is, when we used the
first type of neighborhood, the correct classification ratio was
73.5%, while the second type of fuzzy equivalence produced
97.9%.

We also tested a subclass of the above articles: 20 ‘Eco-
nomics’ and 20 ‘Politics’ articles with the same conditions
except that the number of clusters c = 2. The number of
terms which occurred more than twice is 390. The results are
shown as Figures 3 and 4. The separation was better than the
previous case of three clusters. The correct classification ratio
was 93.2% for the first type of neighborhood and 99.8 for the
second neighborhood.
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Figure 3: Two-dimensional display from KPCA with two
clusters and cluster centers, where the first type of neighbor-
hood function f(x) = 1.2−d(o,o′) has been used.

5 Conclusion
We have proposed the use of an explicit mapping for kernel
based data analysis. To summarize, we note the following ad-
vantages of the present method.

1. Using this mapping, we do not lose any fundamental in-
formation in kernel data analysis.

2. Generally the derivation becomes simpler using this
mapping.

3. New applications of the kernel methods become easier
using this mapping.

The last statement should be put into practice. In relation to
fuzzy clustering, the method of fuzzy c-varieties should be
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Figure 4: Two-dimensional display from KPCA with two
clusters and cluster centers, where the second type of fuzzy
equivalence has been used.

studied. We moreover have many research possibilities related
to SOM.

This mapping invokes several problems to be solved. For
example, when the number of objects are large, we have a
problem of many dimensions which should be overcome us-
ing some handling large matrix techniques. We also should
consider when and where such an explicit mapping become
useless. Clarification of such a boundary between usefulness
and uselessness is the ultimate objective of the present study.
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Appendix: Notes on Proofs
Since detailed proofs are too lengthy, we give notes on how
to prove the propositions given here. The proofs are mostly
straightforward.

Note on proof of Proposition 1

The detailed proof is given in standard textbooks [9]. As a
rough sketch of the proof, note that the Mercer condition[10]∫ ∫

K(x, y)η(x)η(y)dxdy ≥ 0

for all η(x) guarantees∑
i,j

K(xi, xj)ζiζj ≥ 0

∀ζi ∈ R, by putting η(x) =
∑

i ζiδ(x − xi). Thus the matrix
K = (K(xi, xj)) is positive semi-definite. The kernel func-
tion generally does not distinguish positive semi-definiteness
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and positive definiteness, while positive-definiteness is re-
quired for the definition of an inner product. For this purpose
a simple trick is to use a regularization which means that we
take

K → K + εI (ε > 0)

where ε is sufficiently small. The matrix K + εI is positive
definite and approximates K when K is positive semi-definite.
In this paper we thus assume positive-definiteness throughout,
by using such a regularization when needed.

Note on proof of Proposition 2

The proof of this proposition is not difficult by observing
closely (6). Note that Wi given by (6) is the solution of

min
Wi

∑
k

(uki)m‖xk − Wi‖2

where the space can be an arbitrary inner product space, since
the derivation of (6) uses a general variational principle valid
for any Hilbert space. Note moreover that we substitute (11)
into (5) to have the optimal solution of U . It should be noted
that although optimal Wi is the same for all positive definite
kernel, optimal U differs because (10) give different values for
different kernels.

Note on proof of Proposition 3

A straightforward calculation shows this proposition is valid.

Note on proof of Proposition 4

The proof is immediate and omitted here.

Note on proof of Proposition 5

Take an arbitrary c ∈ O. The conclusion is immediately ob-
tained from the Pólya’s theorem [7] which states that

∑
a,b

zazbf(|x(a) − x(b)|) ≥ 0

when f is convex on [0, +∞) and f(x) → 0 as x → +∞.
Note that x(a) is the real value defined by x(a) = D(a, c)
when a is the left hand of c; x(a) = −D(a, c) when a is right
hand of c.

Note on proof of Proposition 6

To prove this proposition, we consider a partition matrix
U = (uij). Namely, an n × n real matrix U is called
a partition matrix iff there exists a partition K1, . . . , Kc of
n = {1, 2, . . . , n} (

⋃
j Kj = n and Ki ∩ Kj = ∅, for i �= j )

such that
uij = 1 ∀i, j ∈ Kh

for some h and

uij = 0 ∀i ∈ K�, j ∈ Kh

for h �= 	.
We have

Lemma: A partition matrix U is positive semi-definite. It is
positive definite if and only if U is identity matrix (U = I).

The proof of the lemma is immediate by observing

xtUx =
c∑

i=1


 ∑

xj∈Ki

xj




2

.

The proof of this proposition is now straightforward. We
assume that O is a finite set for simplicity. Then an equiva-
lence relation is represented by a partition matrix. Moreover a
fuzzy equivalence relation F is represented by a finite collec-
tion U1, . . . , Uk of partition matrix and positive β1, . . . , βk:

F =
k∑

j=1

βjUj .

Consequently we have

xtFx =
k∑

j=1

βjx
tUjx ≥ 0.

Hence N(a, b) is positive definite. From Proposition 6, p(t, t′)
is also positive definite. The proposition is thus proved.

Note on proof of Proposition 7

By straightforward calculation, we see this proposition holds.
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Abstract— Distorted probabilities are an important family of
fuzzy measures. In a recent paper we introduced m-dimensional
distorted probabilities, which generalize the former and permit us
to have a smooth transition from distorted probabilities to uncon-
strained ones.

In this paper we introduce the union condition and the strict union
condition, and we show that when these conditions hold for a fuzzy
measure, the fuzzy measure is a distorted probability. In addition, we
present a few results that establish some relationships between other
fuzzy measures.

Keywords: Fuzzy measures, distorted probabilities, m-
dimensional distorted probabilities, m-symmetric fuzzy measures,
union condition, strict union condition.

1 Introduction

Aggregation operators [28] are used in a large number of ap-
plications to combine information from different sources. Al-
though the weighted mean is probably the most well known
aggregation operator, other operators exist. E.g., the OWA,
the WOWA and some fuzzy integrals. Choquet and Sugeno
integrals are examples of such fuzzy integrals.

Fuzzy integrals permits the user to combine information
when the sources supplying the information are not indepen-
dent. To express this a priori knowledge about the sources,
fuzzy integrals combine the input data with the information
about the sources. Formally, the integrals integrate a func-
tion, which represents the data being aggregated, with respect
to a fuzzy measure, which represents the a priori information
about the sources.

A major difficulty for applying fuzzy integrals in real appli-
cations is that they are set functions, and thus, for any aggre-
gation problem with n inputs, 2n values should be defined. In
fact, properly speaking, boundary conditions on the measure
reduce this number to 2n − 2.

Real applications try to reduce the number of 2n − 2 re-
quired values using constrained measures. That is, measures
that require less than 2n − 2 parameters. Sugeno λ-measures
are probably the most used ones [22, 23, 20, 21]. Such mea-
sures solely require n values as well as an additional parame-
ter λ, which can be deduced from the n values as [10] shows.
k-order additive fuzzy measures are another family of mea-
sures with reduced complexity. This family, that has been ex-
tensively studied, is of special interest because the parameter
k permits us to find a trade-off between expressiveness and
complexity. In short, when k = 1 the measure has the lowest

complexity (only n−1 values are required) but it corresponds
to a probability distribution. Instead, when k = n, any uncon-
strained fuzzy measure can be represented but at the cost of
the highest complexity (2n − 2 values should be defined).

In this paper we study m-dimensional distorted probabili-
ties, another family of measures, introduced in [16], that gen-
eralizes distorted probabilities. Informally, distorted prob-
abilities are measures that can be expressed in terms of a
probability distribution and a function that distorts this dis-
tribution. Such measures, which were originated in psychol-
ogy [19, 4, 5], have been extensively used. See, for exam-
ple, the book by Aumann and Shapley (1974) [1] and their
recent use in game theory. Recent research on such measures
is on their determination either from examples (as in [27]) or
from interviews [9]. Nevertheless, the modeling capabilities
of distorted probabilities are limited. In [16] it was shown that
the number of such measures with respect to the number of
unconstrained ones is very small. Moreover, the larger is n,
the smaller is the proportion of distorted probabilities. So, in
most cases, fuzzy measures cannot be represented using dis-
torted probabilities. To overcome this problem, we introduced
in [16] m-dimensional distorted probabilities.

In this work we present some new results with respect to
this family of measures. We show some conditions that, when
fulfilled, imply distorted probabilities.

Other families of fuzzy measures have been studied in the
literature. Two of them, that are relevant for the present paper,
are the m-symmetric fuzzy measures [11, 12] and the hier-
archically decomposable ones [26]. Some results establish-
ing some relationships between these measures and distorted
probabilities will be given.

The structure of the paper is as follows. In Sections 2, we
review some concepts that are needed later on. In Section 3,
we present the results establishing the connections among dif-
ferent kinds of fuzzy measures. The paper finishes with some
conclusions.

2 Preliminaries
This section reviews some previous results in the literature that
are needed in the rest of the paper. We start by defining fuzzy
measures, and some of their families. Among them, we re-
view m-dimensional distorted probabilities and a few results
concerning these measures. The section finishes with a review
of a few aggregation operators that are relevant for the purpose
of this paper.
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2.1 Fuzzy measures

In this paper we will consider fuzzy measures on a finite uni-
versal set X = {x1, . . . , xn}. For the sake of simplicity, when
possible, we will consider X := {1, . . . , n}. Now, we review
the definition of fuzzy measure.

Definition 1 A set function µ : 2X → [0, 1] is a fuzzy measure
if it satisfies the following axioms:

(i) µ(∅) = 0, µ(X) = 1 (boundary conditions)

(ii) A ⊆ B implies µ(A) ≤ µ(B) (monotonicity)

In order to distinguish measures satisfying (i) and (ii) with
others that also satisfy some additional constraints (e.g. addi-
tivity µ(A∪B) = µ(A)+µ(B) when A∩B = ∅), we use the
terms unconstrained fuzzy measures for the former ones and
constrained fuzzy measures for the others.

2.2 m-symmetric fuzzy measures

The definition of these measures is based on the concept of
set of indifference. Roughly speaking, a set of indifference is
defined by elements that do not affect the value of the measure.
That is, the elements of a set are indistinguishable with respect
to the fuzzy measure.

Definition 2 [11, 12] Given a subset A of X , we say that A
is a set of indifference if and only if:

∀B1, B2 ⊆ A, |B1| = |B2|,

∀C ⊆ X \A µ(B1 ∪ C) = µ(B2 ∪ C)

In this definition | · | corresponds to the cardinality of a set.
We now consider m-symmetric fuzzy measures for the partic-
ular case of m = 2 and, then, we give the general definition.

Definition 3 [11, 12] Given a fuzzy measure µ, we say that
µ is an at most 2-symmetric fuzzy measure if and only if
there exists a partition of the universal set {X1, X2}, with
X1, X2 �= ∅ such that both X1 and X2 are sets of indiffer-
ence. An at most 2-symmetric fuzzy measure is 2-symmetric if
X is not a set of indifference.

Definition 4 [11, 12] Given a fuzzy measure µ, we say that
µ is an at most m-symmetric fuzzy measure if and only if there
exists a partition of the universal set {X1, . . . , Xm}, with
X1, . . . , Xm �= ∅ such that X1, . . . Xm are sets of indiffer-
ence.

The next proposition follows from this definition.

Proposition 1 Every fuzzy measure µ is an at most n-
symmetric fuzzy measure for n = |X|.

So, all fuzzy measures can be considered as m-symmetric
for a value of m large enough.

Definition 5 [11, 12] Given two partitions {X1, . . . , Xp}
and {Y1, . . . , Yr} on the finite universal set X , we say that
{X1, . . . , Xp} is coarser than {Y1, . . . , Yr} if the following
holds:

∀Xi∃Yj such that Yj ⊆ Xi

Definition 6 Given a fuzzy measure µ, we say that µ is m-
symmetric if and only if the coarsest partition of the universal
set in sets of indifference contains m non empty sets. That
is, the coarsest partition is of the form: {X1, . . . , Xm}, with
Xi �= ∅ for all i ∈ {1, . . . , m}.
Proposition 2 [11, 12] Let µ be an m-symmetric measure
with respect to the partition {X1, . . . , Xm}. Then, the number
of values that are needed in order to determine µ is:[

(|X1|+ 1) · · · (|Xm|+ 1)
]− 2

An m-symmetric fuzzy measure can be represented in a
(|X1|+ 1) · · · (|Xm|+ 1) matrix M .

2.3 Hierarchically S-Decomposable Fuzzy Measures

[26] introduced Hierarchically S-Decomposable Fuzzy Mea-
sures. These measures (HDFM for short) can be seen as a
generalization of S-decomposable measures. An important
characteristic of S-decomposable fuzzy measures, is that the
measure for any subset of X can be built from the measures
on the singletons and a t-conorm S. When interactions among
information sources are considered, such construction means
that the interactions among pairs (or subsets) of sources can
be expressed in a single and unique way. In particular, all in-
teractions are modeled using the t-conorm S.

The so-called hierarchically S-decomposable fuzzy mea-
sures define a more general family of fuzzy measures as they
permit us to express different kind of interactions between dif-
ferent subsets. This is achieved permitting us the use of dif-
ferent t-conorms for combining the measures of different sin-
gletons (and of different subsets).

This is obtained as follows: (i) the elements in X are struc-
tured in a hierarchy that gathers together elements that are sim-
ilar (from the interactions point of view); (ii) each node of the
hierarchy has associated a t-conorm to be used to combine the
interactions. In this way, a richer variety of interactions can be
expressed.

For example, if we have a fuzzy measure µ : 2X → [0, 1]
with X = {x1, x2, x3, x4, . . . , xn} such that µ({x1}) = 0.2,
µ({x2}) = 0.4, µ({x3}) = 0.3 and µ({x4}) = 0.3. Then,
we have a negative interaction between x1 and x2 defining
µ({x1, x2}) = max(µ({x1}), µ({x2})). Instead, for a posi-
tive interaction between x3 and x4 we define µ({x3, x4}) =
min(1, µ({x3}) + µ({x4})). Both situations can be modeled
with the t-conorms S1(x, y) = max(x, y) and S2(x, y) =
min(1, x + y).

We give below the definition for the particular case of 2-
level HDFM. That is, a measure where the hierarchy has only
two levels.

Definition 7 [26] Given a fuzzy measure µ, we say that µ is a
2-level Hierarchically Decomposable Fuzzy Measure (2-level
HDFM) if there is a partition {X1, . . . , Xm} on X (we denote
the elements in Xi by Xi = {xi,1, . . . , xi,mi}) and t-conorms
S, S1, . . . , Sm such that:

µ(A) = S(r1(A), . . . , rm(A))

where

ri(A) = Si(µ({xi,1} ∩A), . . . , µ({x1,mi} ∩A))
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In the general case of HDFM, not presented here, a com-
plete hierarchy is permitted and, then, the measure is defined
recursively for each node using the t-conorm attached to the
node, and the partition associated to the node.

2.4 Distorted probabilities

As briefly described in the introduction, distorted probabili-
ties correspond to fuzzy measures that can be represented by a
probability distribution and a distortion function. We formal-
ize these measures as well as the required concepts below:

Definition 8 Let P : 2X → [0, 1] be a probability measure.
Then, we say that a function f is strictly increasing with re-
spect to P if and only if

P (A) > P (B) implies f(P (A)) > f(P (B))

Remark: Since we suppose that X is a finite set, when
there is no restriction on the function f , a strictly increasing
function f with respect to P can be regarded as a strictly in-
creasing function on [0, 1]. Note that with respect to increas-
ingness only the points in {P (A)|A ∈ 2X} are essential, the
others are not considered by f(P (A)).

Definition 9 [1, 2] Let µ be a fuzzy measure. We say that µ is
a distorted probability if there exists a probability distribution
P and a strictly increasing function f with respect to P such
that µ = f ◦ P .

The next theorem gives the necessary and sufficient condi-
tion for a fuzzy measure µ to be a distorted probability. The
theorem is based on Scott’s condition:

Definition 10 [16] Let µ be a fuzzy measure, µ satisfies
Scott’s condition when for all Ai, Bi ∈ 2X such that∑n

i=1 1Ai
=
∑n

i=1 1Bi
the condition below holds:

µ(Ai) ≤ µ(Bi) for i = 2, 3, . . . , n implies µ(A1) ≥ µ(B1).

Here 1A represents the characteristic function of the set A.
That is 1A(x) = 1 if and only if x ∈ A.

Using this condition, we can characterize distorted proba-
bilities as follows:

Theorem 1 [16] Let µ be a fuzzy measure; then, µ is a dis-
torted probability if and only if Scott’s condition holds.

2.5 m-dimensional distorted probabilities

m-dimensional distorted probabilities were presented in [16]
to overcome the limited expressiveness of distorted probabili-
ties. They are defined as follows:

Definition 11 [16] Let {X1, X2, · · · , Xm} be a partition of
X; then, we say that µ is an at most m dimensional distorted
probability if there exists a function f on R

m and probabilities
Pi on (Xi, 2Xi) such that:

µ(A) = f(P1(A∩X1), P2(A∩X2), · · · , Pm(A∩Xm)) (1)

where f on R
m is strictly increasing with respect to each

variable.
We say that an at most m dimensional distorted probability

µ is an m dimensional distorted probability if µ is not an at
most m− 1 dimensional.

The next proposition follows from the definition above.

Proposition 3 Every fuzzy measure is an at most n-
dimensional distorted probability with n = |X|.

Note that for n = |X|, we are considering the follow-
ing partition of X: {X1 = {x1}, . . . , Xn = {xn}}. So,
f(a1, . . . , an) = µ(A) when ai = 1 if and only if xi ∈ A.

Also, we can prove that m-dimensional distorted probabil-
ities define a family of measures with increasing complexity
with respect to m. This means that increasing the value of m,
the number of measures representable increases. The follow-
ing proposition establishes this property.

Proposition 4 Let Mk be the set of all fuzzy measures that
are k-dimensional distorted probabilities and let M0 be the
empty set. ThenMk−1 ⊂Mk for all k = 1, 2, . . . , |X|.

Corollary 1 Given a fuzzy measure µ, there exists a k ∈
{1, 2, . . . , |X|} such that µ ∈Mk and µ �∈ Mk−1.

Therefore, the proposed family of fuzzy measures permits
us to cover the whole set of fuzzy measures.

2.6 Aggregation operators

Now we define the OWA and the WOWA operators. They will
be of relevance in this work. As explained in detail in [25], the
OWA operator permits to give importance to the data (with
respect to their position) while the WOWA permits to give
importance to the data (as the OWA operator) and also to the
information sources (as the weighted mean does).

Definition 12 [29, 30] Let w be a weighting vector of dimen-
sion n (i.e., wi ≥ 0 and

∑n
i=1 wi = 1), then a mapping OWA:

R
n → R is an Ordered Weighted Averaging (OWA) operator

of dimension n if

OWAw(a1, ..., an) =
n∑

i=1

wiaσ(i)

where {σ(1), ..., σ(n)} is a permutation of {1, ..., n} such that
aσ(i−1) ≥ aσ(i) for all i = {2, ..., n} (i.e. aσ(i) is the i-th
largest element in the collection a1, ..., an).

Definition 13 [25] Let p and w be two weighting vectors of
dimension n, then a mapping WOWA: R

n → R is a Weighted
Ordered Weighted Averaging (WOWA) operator of dimension
n if

WOWAp,w(a1, ..., an) =
n∑

i=1

ωiaσ(i)

where σ is defined as in the case of the OWA, and the weight
ωi is defined as:

ωi = w∗(
∑
j≤i

pσ(j))− w∗(
∑
j<i

pσ(j))

with w∗ being a non-decreasing function that interpolates
the points {(i/n,

∑
j≤i wj)}i=1,...,n together with the point

(0, 0). The function w∗ is required to be a straight line when
the points can be interpolated in this way.
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Alternatively, it is possible to define the WOWA opera-
tor directly using the function w∗. This will be denoted by
WOWAp,w∗(a1, . . . , an) or WOWAp,w∗(f) when f is a
function f : X → R such that f(xi) = ai. In this latter
case, we will read WOWAp,w∗(f) as the WOWA of f with
respect to p and w∗.

We finish the section with the definition of the Choquet in-
tegral.

Definition 14 [3] Let µ be a fuzzy measure, then the Choquet
integral of a function f : X → R

+ with respect to the fuzzy
measure µ is defined by:

(C)
∫

fdµ(= Cµ(f)) =
n∑

i=1

[f(xs(i))− f(xs(i−1))]µ(As(i))

where xi ∈ X and where f(xs(i)) indicates that the indices
have been permuted so that
0 ≤ f(xs(1)) ≤ · · · ≤ f(xs(n)) ≤ 1,
As(i) = {xs(i), . . . , xs(n)} and f(xs(0)) = 0.

3 Distorted probabilities and symmetric fuzzy
measures

3.1 A sufficient condition for distorted probablity

We have discussed above Scott’s condition: Definition 10 for
distorted probability. Nevertheless, this condition is not easy
to check. We present below another condition under which a
fuzzy measure is a distorted probability. The new condition is
easier to check.

Definition 15 We say that a fuzzy measure µ satisfies a union
condition (for short UC), if A ∩ C = ∅, B ∩D = ∅,

µ(A) ≥ µ(B), µ(C) ≥ µ(D)⇒ µ(A ∪ C) ≥ µ(B ∪D).

The next proposition is obvious from the definition.

Proposition 5 Suppose that a fuzzy measure µ satisfies UC.
We have A ∩ C = ∅, B ∩D = ∅,

µ(A) = µ(B), µ(C) = µ(D)⇒ µ(A ∪ C) = µ(B ∪D).

Definition 16 We say that a fuzzy measure µ satisfies a strict
union condition (for short SUC), if A ∩ C = ∅, B ∩D = ∅,

µ(A) > µ(B), µ(C) ≥ µ(D)⇒ µ(A ∪ C) > µ(B ∪D).

Proposition 6 Suppose that a fuzzy measure µ satisfies SUC.
We have A ∩ C = ∅, B ∩ C = ∅,

µ(A) > µ(B)⇒ µ(A ∪ C) > µ(B ∪ C).

Applying Proposition 5,6,we have the next proposition.

Proposition 7 Suppose that a fuzzy measure µ satisfies UC.
There exists a function F on

{(x, y)|x = µ(A), y = µ(B), A ∩B = ∅, A, B ∈ 2X}
such that

µ(A ∪B) = F (µ(A), µ(B))

for A, B ∈ 2X , A ∩B = ∅, and

F (x, 0) = x, F (F (x, y), z) = F (x, F (y, z)).

Moreover if µ satisfies both UC and SUC, F is strictly
monotone with respect to each variable.

Suppose that a fuzzy measure µ satisfies both UC and SUC.
Since F is strictly monotone on

{(x, y)|x = µ(A), y = µ(B), A ∩B = ∅, A,B ∈ 2X},
the domain of F can be extended to [0, 1] × [0, 1] and F is
monotone with respect to each variable and F is continuous.
Then F can be represented by strictly monotone function ϕ on
[0,1] as

F (x, y) = ϕ−1(ϕ(x) + ϕ(y)).

That is,

F (µ(A), µ(B)) = ϕ−1(ϕ(µ(A)) + ϕ(µ(B)))

for A ∩B = ∅. Therefore we have

ϕ(µ(A ∪B)) = ϕ(µ(A)) + ϕ(µ(B)).

Let P (A) := ϕ(µ(A)). Then, P is a probability and we have
µ(A) = ϕ−1(P (A)). Therefore we have the next theorem.

Theorem 2 A fuzzy measure µ is distorted probability if µ
satisfies both UC and SUC.

3.2 Symmetric fuzzy measure

We start showing that a 1-Symmetric fuzzy measure is a spe-
cial case of distorted probabilities.

Proposition 8 Let µ = f ◦P be a distorted probability. Then,
µ is a 1-symmetric fuzzy measure if and only if P (A) =
|A|/|X|.

Now we show that all m-symmetric fuzzy measures are
m-dimensional distorted probabilities. This implies that 1-
symmetric fuzzy measures are distorted probabilities.

Proposition 9 Let µ be an m-symmetric fuzzy measure with
respect to the partition {X1, . . . , Xm}. Then, µ is an m-
dimensional distorted probability.

Although the reversal of this proposition is not true, the next
proposition characterizes one case in which m-dimensional
distorted probabilities are m-symmetric fuzzy measures.

Proposition 10 Let µ be an m-dimensional distorted proba-
bility. If, pi(xj) = pi(xk) for all xj , xk ∈ Xi and for all
i = 1, . . . , m, then µ is an m-symmetric fuzzy measure.

It is known that OWA operators are equivalent to Choquet
integrals with respect to symmetric fuzzy measures. There-
fore, m-symmetric fuzzy measures permit us to define a gen-
eralization of OWA operators. The m-dimensional OWA is
defined below:

Definition 17 The m-dimensional OWA is defined as the Cho-
quet integral with respect to an m-symmetric fuzzy measure.

As proven in [24], a Weighted OWA (WOWA) operator
is equivalent to a Choquet integral with respect to a dis-
torted probability. Therefore, a Choquet integral with an m-
dimensional probability can be seen as a generalization of the
WOWA operator. We define an m-dimensional WOWA as fol-
lows:
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Definition 18 The m-dimensional WOWA is defined as the
Choquet integral with respect to an m-dimensional distorted
probability.

Then, considering Definitions 17 and 18 above, we have the
following corollary from Proposition 9:

Corollary 2 An m-dimensional OWA is a particular case of
an m-dimensional WOWA. In other words, a Choquet integral
with respect to an m-symmetric fuzzy measure is a particular
case of a Choquet integral with respect to an m-dimensional
distorted probability.

3.3 m-separable fuzzy measure

As shown in Proposition 9, m-symmetric fuzzy measures are
one special class of the m-dimensional distorted probabilities.
We present another special class of fuzzy measure

Definition 19 Let µ be a fuzzy measure. Then, we say that µ
is a m-separable fuzzy measure if there exists a function g and
a partition {X1, . . . , Xm} of X such that

µ(A) = g(µ(A ∩X1), . . . , µ(A ∩Xm)) (2)

where g is a m-dimensional function on R
m. We say that g is

a generating function for µ. We say that a generating func-
tion g is induced by h on [0, 1] × [0, 1] if g(x1, . . . , xm) =
h(h(. . . h(x1, x2), . . . , xm−1), xm), g(x1, x2, 0, . . . , 0) =
h(x1, x2).

Example 1 Let {X1, . . . , Xm} be a partition of X .

1. Suppose g(x1, . . . , xm) = x1 + · · ·+xm, so g is induced
by h(x, y) = x + y. Then we have

µ(A) = µ(A ∩X1) + · · ·+ µ(A ∩Xm).

This is an interadditivity defined in [14].

2. Suppose g(x1, . . . , xm) = x1 ∨ · · · ∨xm, so g is induced
by h(x, y) = x ∨ y. Then we have

µ(A) = µ(A ∩X1) ∨ · · · ∨ µ(A ∩Xm).

3. Suppose g(x1, . . . , xm) = (x2
1 + · · · + x2

m)1/2, so g is
induced by h(x, y) = (x2 + y2)1/2. Then we have

µ(A) = (µ(A ∩X1)2 + · · ·+ µ(A ∩Xm)2)1/2.

Suppose that µ is a m-separable fuzzy measure generated
by g and that g is induced by h. We say that h is associa-
tive if h(h(x, y), z) = h(x, h(y, z)). Suppose that h is strictly
monotone and associative. Since g is symmetric, then h is
symmetric, that is h(x, y) = h(y, x). Then there exists a
strictly monotone function ϕ such that h(x, y) = ϕ−1(ϕ(x)+
ϕ(y)). Define ϕ- Möbius inverse mϕ by

mϕ(A) :=
∑
B⊂A

(−1)|A\B|ϕ(µ(B)).

Let P be a partition of X for a m-separable fuzzy measure.
Applying theorem in [14], mϕ(A) = 0 ⇒ A �⊂ C, C ∈
P. Let M := {A|mϕ(A) �= 0} We have P ⊂ M . Define
Al := {A|A ∈ M, xl ∈ A} for X = {x1, . . . , xl, . . . , xn}
and Ml := max{|A||A ∈ Al}. Since A ⊂ C, C ∈ P for
A ∈ Al, we have the next proposition.

Proposition 11 Let µ be a m - separable fuzzy measure gen-
erated by g, and g be induced by a strict monotone and asso-
ciative h on [0, 1]. Then we have

m× min
l∈|1,...,n|

Ml ≤ n.

We say that a fuzzy measure µ is a ϕ k−order additive if
max{|A||A ∈ M} = k. If ϕ(x) = x, a ϕ k−order additive
fuzzy measure is a k-order additive fuzzy measure [6, 7].

Proposition 12 Let µ be a m-separable fuzzy measure gener-
ated by g, and g be induced by strict monotone and associative
h on [0, 1]. If µ is k- additive, then we have m× k ≥ n.

Now, we consider the relationship between the m-separable
fuzzy measures and some other families of measures.

Proposition 13 2-level HDFMs with Si Archimedean t-
conorms are a m-separable fuzzy measures.

Theorem 3 Let {X1, . . . , Xm} be a partition of X and µi

i = 1, . . . m be distorted probabilities represented by fi and
Pi (i.e., µi = fi ◦ Pi). Then, there exists a m-separable fuzzy
measure µ such that

m∑
i=1

((C)
∫

fdfi ◦ Pi) = (C)
∫

fdµ (3)

for all measurable function f .

As a corollary of this theorem, we have that the Choquet
integral with respect to a m-separable fuzzy measure µ with
g(x1, . . . , xm) = x1 + · · · + xm can be represented as a two
step Choquet integral.

Corollary 3 Let µ be a m-separable fuzzy measure µ with
g(x1, . . . , xm) = x1 + · · · + xm. Then the Choquet inte-
gral with respect to µ is represented as a two step Choquet
integral of a 1st step integral with respect to a probability on
(1, . . . , m). That is,

(C)
∫

fdµ =
∫

((C)
∫

fdfi ◦ Pi)dP (i). (4)

4 Conclusions

In this paper we have introduced two new conditions, the
Union Condition (UC) and the Strict Union Condition (SUC),
and we have studied distorted probability under these condi-
tions. We have shown that a fuzzy measure is a distorted prob-
ability when both UC and SUC conditions are satisfied.
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Abstract— This paper presents a continuation of the study on a
mathematical morphology based on left-continuous conjunctive uni-
norms given in [1]. Experimental results are displayed using the mor-
phological Top-Hat transformation, used to highlight certain compo-
nents of the image, and on the reduction and elimination of noise
using alternate filters that are generated with the operators of open-
ing and closing associated with these morphological operators

Keywords— Mathematical morphology, Top-Hat, alternate filters,
uninorms, representable uninorms, idempotent uninorm.

1 Introduction
The fuzzy mathematical morphology is a generalization of bi-
nary morphology [2] using techniques of fuzzy sets [3, 4, 5, 6].
The basic tools of mathematical morphology are the so-called
morphological operations that are applied to an image A,
which is modified through a structural element B, whose size
and shape are chosen in order to study the structure of the im-
age A. The basic morphological operations are: erosion, dila-
tion, opening and closing. Other fuzzy extensions have been
introduced by others authors, see fo example [7, 6].

The fuzzy operators used to build a fuzzy morphology are
conjunctors and implications. Among them, the most com-
monly used are the t-norms and their residual implications.
Recently conjunctive uninorms, as a particular case of con-
junctors, have also been used in this area [8, 9, 1]. In these
two last recent works the authors use two kinds of conjunctive
uninorms in order to obtain a mathematical morphology with
“good” properties, including duality between the morphologi-
cal operators.

This work can be seen as a continuation of [1] where the au-
thors made a comparative study of the results obtained using
the morphology based on uninorms with those obtained using
t-norms and using the classical umbra approach. In that work,
it is checked out that uninorms detect the edges of the images
better than other approaches. Also, in [1], properties of idem-
potence and generalized idempotence for opening and closing
operators based on uninorms are shown. Thus, the aim of this
paper is to extend this study to “ Top-Hat” operators (resid-
ual between openings and closings, a morphological gradient)
based on uninorms, as well as to the so-called alternate fil-
ters (alternate compositions of openings and closings). The
Top-Hat is used to highlight certain components of the image,
while the alternate filters are used in elimination and reduction
of noise.

The residuals and morphological gradients are still under
study and have applications in image analysis. Thus, in [10], it
is proposed a directional transition detection algorithm based

on morphological residues, considering linear structurant el-
ements. In 2002, T. Chen et al. in [11], design on the basis
of mathematical morphology, a new detector of soft edges in
dark regions called “Pseudo Top-Hat” which provides, in the
case of the classical image of the video cameraman (see Figure
1), a better performance than those achieved by other edge de-
tection methods used to compare the results. In [12], morpho-
logical gradients based on openings and closings were used to
detect edges in CT medical images altered by noise. The re-
sults were compared with other contours detectors, improving
the obtained edge images. More recently, in [13, 14] gradi-
ent operators are applied again to edge detection and image
segmentation, respectively. Thus, in [13], an edge detector is
developed for obtaining thin edges in regions or images with
low-contrast. Tested with multiple images, even some of them
disturbed by noise type salt and pepper and Gaussian noise
of mean zero and variance 0.02, the method performs very
well in comparison with the other four methods with which
they work. In [14] operators were designed based on mul-
tiscale morphological gradients, addressing the segmentation
problem of images to Computed Axial Tomography (CAT).
All these works show that the morphological gradients remain
relevant and useful in the analysis and image processing.

The removal, reduction and smoothing of noise is one of the
key tasks of analysis and image processing as a preliminary
step to artificial vision. Mainly because many techniques of
interpretation, measurement, segmentation, detection of struc-
tures, among others, fail or diminish its effectiveness in pres-
ence of noise. In [12, 13] the designed gradient operators
are robust in the presence of noise. Many efforts have been
devoted in the literature, and also are currently devoted, to
the smoothing, reduction and elimination of noise, from both
points of view: crisp and fuzzy. Some examples can be seen
in [15, 16, 17]. More specifically, we can find a good job on
fuzzy filters in [18] and more recently, in [19], where noise
reduction is handled. The design of basic and fast filters re-
mains a subject of interest. In this work it will be studied the
feasibility of alternate filters, from opening and closing of the
fuzzy morphology based on uninorms, in order to use them in
the elimination and reduction of noise.

This work is organized as follows. In the next section we
will introduce the fuzzy morphological operators based on
left-continuous conjunctive uninorms and their basic proper-
ties. Section 3 analyzes the Top-Hat and filtering based on this
morphology and shows some experimental results together
with their interpretations. Finally, Section 4 is devoted to con-
clusions and future work.
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2 Fuzzy morphological operators and its
properties

We assume known the basics facts on uninorms used in this
work which, in any case, can be found in [20, 21, 22]. We
will use the following notation: I is an implication, C a con-
junction, N a strong negation, U a conjunctive uninorm with
a neutral element e, IU its residual implication, and finally A
a gray-scale image and B a gray-scale structural element.

We recall the definitions of fuzzy morphological operators
following the ideas of De Baets in [3]. The method consists
in fuzzify the logical operations, i.e. the Boolean conjunction
and the Boolean implication, to obtain fuzzy operators. An n-
dimensional gray-scale image is modeled as an IRn −→ [0, 1]
function. The values of an image must be in [0, 1] in order to
consider it as a fuzzy object. Then, we will proceed to explain
this method from the following definitions and propositions.

Definition. The fuzzy dilation DC(A,B) and fuzzy erosion
EI(A,B) of A by B are the gray-scale images defined by

DC(A, B)(y) = sup
x

C(B(x − y), A(x)) (1)

EI(A, B)(y) = inf
x

I(B(x − y), A(x)). (2)

Note that the reflection −B of a fuzzy image B is defined
by −B(y) = B(−y), for all y ∈ IRn. Given two images
B1, B2, we will say that B1 ⊆ B2 when B1(y) ≤ B2(y) for
all y ∈ IRn.

Definition. The fuzzy closing CC,I(A,B) and fuzzy open-
ing OC,I(A,B) of A by B are the gray-scale images defined
by

CC,I(A,B)(y) = EI(DC(A,B),−B)(y) (3)
OC,I(A,B)(y) = DC(EI(A,B),−B)(y). (4)

In this paper, we use as conjunction two types of left-
continuous conjunctive uninorms and as implication, their
residual implications. Specifically these two types of uni-
norms are the following.

• The representable uninorms: Let e ∈]0, 1[ and let h :
[0, 1] −→ [−∞,∞] be a strictly increasing, continuous
function with h(0) = −∞, h(e) = 0 y h(1) = ∞. Then
Uh(x, y) =

{
h−1(h(x) + h(y)), if (x, y) �∈ {(1, 0), (0, 1)},
0, in other case,

is a conjunctive representable uninorm with neutral ele-
ment e, see [20], and its residual implication IUh

is given
by IUh

(x, y) =
{

h−1(h(y) − h(x)), if (x, y) �∈ {(0, 0), (1, 1)},
1, in other case.

Moreover, Uh satisfies self duality (except at the points
(0,1) and (1,0)) with respect to the strong negation
N (x) = h−1(−h(x)), see [21].

• A specific type of idempotent uninorms: Let N be a
strong negation. The function given by

UN (x, y) =
{

min(x, y), if y ≤ N (x),
max(x, y), in other case,

Figure 1: Original images used in experiments.

is a conjunctive idempotent uninorm. Its residual impli-
cation is given by (see [22])

IUN (x, y) =
{

min(N (x), y), if y < x,
max(N (x), y), if y ≥ x.

These two types of conjunctive uninorms guarantees most
of the good algebraic and morphological properties associated
with the morphological operators obtained from them ([1, 9,
21, 22]). Among them, we highlight those described below.
In all properties, U is a left-continuous conjunctive uninorm
with neutral element e ∈]0, 1[, IU its residual implication, A
is a gray-level image and B a gray-scale structural element.

• The fuzzy dilation DU is increasing in both arguments,
the fuzzy erosion EI is increasing in their first argument
and decreasing in their second one, the fuzzy closing
CU,IU

and the fuzzy opening OU,IU
are both increasing

in their first argument.

• If B(0) = e the fuzzy dilation is extensive and the fuzzy
erosion is anti-extensive EIU (A,B) ⊆ A ⊆ DU (A,B).

• Moreover, the fuzzy closing is extensive and the fuzzy
opening is anti-extensive: OU,IU

⊆ A ⊆ CU,IU
(A,B).

• The fuzzy closing and the fuzzy opening are idempo-
tent, i.e.: CU,IU

(CU,IU
(A,B), B) = CU,IU

(A,B), and
OU,IU

(OU,IU
(A,B), B) = OU,IU

(A,B).

• If B(0) = e, then EIU
(A,B) ⊆ OU,IU

(A,B) ⊆ A ⊆
CU,IU

(A,B) ⊆ DU (A, B).

• For the two previous conjunctives uninorms of type Uh

and UN , the duality between fuzzy morphological oper-
ators is guaranteed.

3 Residuals and basic filters
In the following experiments, the idempotent uninorm UN

with N (x) = 1 − x and the representable uninorm Uh with
h(x) = ln

(
x

1−x

)
have been used. The obtained results are

compared with the Łuckasiewicz t-norm and the classic de-
velopment based on umbra approach (see [7]). In particular,
the structural element used by the morphological operators is
given by the following matrix:

B = e ·

0.86 0.86 0.86

0.86 1.00 0.86
0.86 0.86 0.86
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Figure 2: Left: closing. Right: opening. Top, an idempotent
uninorm is used. Down, a representable uninorm is used.

where e is the neutral element of the considered uninorm. The
original images used in the experiments are shown in Figures 1
and 6 (they are represented by A in the fuzzy morphological
operators). Two gray level original images are shown in Fig-
ure 1; one of them with size 256 × 256 is the classical image
of a cameraman, and the other one of size 512 × 512 is the
medical image of a hip.

The residual of two morphological operations or transfor-
mations is their difference. The first residual that can be de-
fined in mathematical morphology is the morphological gra-
dient, which is used as an edge detector and as a first approx-
imation to a morphological segmentation. The morphological
gradient, known in morphology as the Beucher gradient, is the
difference between a dilation and an erosion, a dilation and
the original image or the difference between the original im-
age and its erosion. When we use the dilation and the erosion
of a fuzzy set A by the structural element B, where the uni-
norm U is considered as a conjunctor and IU as the residual
implicator, the gradients are given by:

∇−
U,IU

(A, B) = A \ EIU (A,B), (5)

∇+
U,IU

(A, B) = DU (A, B) \ A, (6)
∇U,IU (A, B) = DU (A, B) \ EIU (A,B), (7)

where expression (5) represents the gradient by erosion, (6)
the gradient by dilation and (7) the symmetrical gradient.
From the point of view of the fuzzy inclusion, ∇−

U,IU
(A,B) ⊆

∇U,IU (A,B) and ∇U,IU (A, B) ⊇ ∇+
U,IU

(A,B) are satis-
fied.

The goal of the gradients is the detection of the edges and/or
the perimeter of the objects of the image. The correct choice
of the structural element and the gradient will depend on the
geometry of the objects. The application of the symmetrical
gradient based on uninorms to the edge detection can be seen
in [1], where the obtained results are better than those obtained
by the gradients using t-norms or the classic approach.

Figure 3: Left: Top-Hat. Right: Dual Top-Hat. Top: umbra
approach. Down: Łuckasiewicz t-norm.

The opening and closing defined in the previous section are
the most elementary morphological filters, which are called
basic filters. As we have seen in the previous section, the
opening is an antiextensive morphological filter and the clos-
ing is an extensive morphological filter. So, in a first step, they
can be used to remove non desired objects in an image. We can
observe that the opening of a gray level image by a structural
element removes the light zones of less size than the element
and makes the light objects darker. The morphological closing
helps to remove dark structures of less size than the structural
element, toning down the dark objects. The size and shape of
the used structurant element in the opening must agree with
the image structures that we want to remove. Sometimes,
structurant element of great size will remove the non desired
shapes of an image, but also they can remove others shapes
and the rest of the structures can be affected. Reduced sizes
will be optimal when the images have small details. The effect
of the closing and the opening on the cameraman’s image can
be observed in Figure 2, using the idempotent uninorm (top)
and the representable uninorm (down).

The opening and the closing are morphological transforma-
tions and they are sensitive to compute the associated residu-
als, which are called Top-Hat transformations. The Top-Hat
transformation, initiated by F. Meyer in 1977 (see [2]), finds
structures of the images that have been removed by the open-
ing or closing filter. If we choose the appropriated size and
shape of the structural element, it is possible to filter and to
remove some elements in the original image. The difference
operation between the original map and the filtered map in-
creases considerably the contrast of the removed zones.

The Top-Hat transformations are defined as a residual be-
tween the identity and the opening, which is called opening
Top-Hat or white Top-Hat, or between the closing and the
identity, which is called dual Top-Hat or black Top-Hat. They
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Figure 4: Left: Top-Hat. Right: Dual Top-Hat. Top, idempo-
tent uninorm. Down, representable uninorm.

are defined by:

ρU,IU
(A,B) = A \ OU,IU

(A,B) (Top-Hat)

ρd
U,IU

(A,B) = CU,IU
(A,B) \ A (dual Top-Hat)

The Top-Hat enhances the light objects that have been re-
moved by the opening and it is used to extract contrasted com-
ponents from the background, while the dual Top-Hat extracts
the dark components that have been removed by the closing.
Usually, the Top-Hat removes the soft trends, making thus an
enhanced contrast. The detection of light objects is improved
with an opening Top-Hat, in the same way with the dual Top-
Hat does with the dark objects. The size of the structurant el-
ement is a deciding factor in order to apply the Top-Hat trans-
formations.

The Top-Hat is idempotent (but it is not increasing) and it
is antiextensive. The dual Top-Hat is neither increasing nor
idempotent.

The obtained edges using the Top-Hat and the dual Top-Hat
can be seen in Figures 3 and 4 for the cameraman image. The
collected information using the idempotent uninorm is similar
to the classical approach, and in the case of the representable
uninorm, we can obtain (with the dual approach) more infor-
mation than in the rest of the cases. Both top-hats are shown
in Figure 5 for the hip image and it can be observed that the
representable uninorm shows again more information.

It has been indicated that opening and closing are the basic
filters of the fuzzy mathematical morphology. In order to build
new mophological filters ([2]), we start with the basic filters
and using composition or combination with other operations.
New filters as sequential filters, center operators, contrast fil-
ters, etc. can be implemented. The basic applications of the
morphological filters are the noise reduction and the selected
extraction of image objects. Both applications are important
in artificial vision since interpretation or measure techniques
will fail in presence of noise, whereas the structure and the
object selection are fundamental in segmentation processes.

Figure 5: Left: Top-Hat. Right: Dual Top-Hat. Top,
Łuckasiewicz t-norm. Down, representable uninorm.

Figure 6: Original images with noise.

The first built filters from opening and closing are the so
called alternate filters. Let ξ(A,B) and ψ(A,B) be the open-
ing and closing, respectively, of a fuzzy object A by the struc-
tural element B using uninorm U as a conjuctor and IU as
a residual implicator. Using these two filters, four idempotent
and growing filters can be generated: ξ ψ, ψ ξ, ψ ξ ψ and ξ ψ ξ.
These filters have similar properties to the classical morpho-
logical filters. Due to the idempotent property, the composi-
tion of more of three operators doesn’t provide a new filter,
except that we change the structural element.

In Figure 6, two binary images with added noise are shown.
In the left image of size 70 × 74 the 60% of the points have
been substituted by random graylevel noise1. In the right im-
age of size 256×256, a gaussian noise has been added. Figure
7 shows the results obtained when we apply, from left to right,
the alternate filters ψ, ξ ψ and ψ ξ ψ, respectively. From top
to bottom, the obtained results are shown using the different
approaches. We can see that the uninorms remove the noise of
the image in such a way that the original image is discernible.
The same structure is shown in Figure 8.

The filtered image using the filter ψ ξ and using the idem-
potent uninorm (very similar to the obtained image using the
representable uninorm), Łuckasiewicz t-norm and umbra ap-
proach are shown in Figure 9. The filtered image with the

1This image has been downloaded of the web page of J. A.
Sethian, http://math.berkeley.edu/˜sethian/.
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Figure 7: From left to right: filtered image using ξ, ξ ψ and
ψ ξ ψ, respectively. Top to bottom: idempotent uninorm,
representable uninorm, Łuckasiewicz t-norm and umbra ap-
proach.

structure ψ ξ ψ is very similar, except in the classical approach
where the image gets smudged and in the case of the t-norm,
the noise is softer.

A chest CT image of size 425× 334 with “salt and pepper”
added noise is shown in Figure 10 using 0.02 as a parameter.
The results obtained using filter ψ ξ ψ are shown in Figure 11.
In the top left image, the Łuckasiewicz t-norm has been used
and most of the noise remains. In the right image, the filtered
image using the umbra approach is shown, a lot of “salt” noise
is magnified. In the bottom images, the results obtained using
uninorms are shown. The results using an idempotent uni-
norm are shown in the left image and the results using a repre-
sentable uninorm are shown in the right image. The function
generator of the representable uninorm is h(x) = x−0.5

x(1−x) . In
the cases using uninorms the results are better than the ones
using t-norms and umbra approach, because the noise is prac-
tically removed.

These type of filters have been used in the industrial control
of pieces with partial occlusions or even in edge detection with
noise elimination.

4 Conclusions and future work
In this work we have shown how the alternate filters based
on opening and closing morphological operators using uni-
norms can remove the noise of an image preserving their struc-
ture. The obtained results improve the obtained results using
t-norms and umbra approach. Also, we have obtained images
very similar to the original ones without noise. So, the alter-
nate filters based on uninorms are suitable to remove different

Figure 8: From left to right: filtered image using ξ, ξ ψ and
ψ ξ ψ, respectively. From top to bottom: idempotent uninorm,
representable uninorm, Łuckasiewicz t-norm and umbra ap-
proach.

Figure 9: From left to right: filtered image using ψ ξ, an idem-
potent uninorm, Łuckasiewicz t-norm and umbra approach.

types of noise. The future work will consist on the construc-
tion of new filters. Also, we have shown the usefullness of
the opening and closing filters in the edge detection. The fu-
ture work includes the study of the effect of the choice of the
structural element too. We have used isotropic structural ele-
ments in the experiments. That is, they have the same effect
in all directions where they can be applied. We think that in
some images, the use of anisotropic structural elements would
improve the results.

We also want to apply the previous techniques to a more
extended set of gray level images, even color images.
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Abstract— This paper provides a new value (solution concept or

allocation rule) of cooperative games via posets induced by graphs.

Several values in a graph-restricted communication situation have

been proposed or introduced by Myerson, Borm, and Hamiache...

However, these values have been subjected to some criticisms in cer-

tain types of games. The value proposed in this paper withstands

these criticisms. Moreover, these existing values have been defined

only in situations represented by undirected graphs, while the notion

of the value proposed in this paper can be extended to situations rep-

resented by directed graphs.

Keywords— graph-restricted situations, communication situa-
tions, values, posets, cooperative games.

1 Introduction and Preliminaries
Throughout the paper, N denotes the universal set of n ele-
ments. For convenience, we often number the elements such
that the universal set is N = {1, 2, . . . , n}. A real-valued func-
tion v : 2N → R with v(∅) = 0 is called a game. A monotone
game (i.e., v(A) ≤ v(B) whenever A ⊆ B ⊆ N) is called a ca-

pacity or a fuzzy measure. We often call the pair (N, v), rather
than v, a game or a capacity. The set of all games on N is de-
noted by GN . A real vector-valued function Φ : GN → R|N| is
called a value. In cooperative game theory, N is considered to
be the set of all players. For every subset S of N, often called a
coalition, v(S ) represents the (transferable) utility/profits that
players in S can obtain if they decide to cooperate. For every
game (N, v), the value Φ(N, v) represents an allocation rule,
which provides an assessment of the benefits for each player
from participating in a game v. For the sake of simplicity, we
mainly discuss games in terms of various set functions (e.g.,
games, capacities, fuzzy measures, and so forth.) on N.

To avoid cumbersome notations, we often omit braces for
singletons, e.g., by writing v(i), U \ i instead of v({i}), U \ {i}.
Similarly, for pairs, we write i j instead of {i, j}. Furthermore,
cardinalities of subsets S , T, . . . , are often denoted by the cor-
responding lower case letters s, t, . . . , otherwise by the stan-
dard notation |S |, |T |,...
1.1 Games and capacities with graph restricted situations

In ordinary cooperative game theory it is implicitly assumed
that all coalitions of N can be formed; however, this is gener-
ally not the case. For players to coordinate their actions, they
must be able to communicate. The bilateral communication
channels between players in N are described by a communica-

tion network. Such a network can be represented by an undi-

rected graph (N, L), which has the set of players as its nodes

S ⊆ N and in which the players are connected by the set of

links L ⊆ {i j | i, j ∈ N, i � j}; i.e., players i and j can commu-
nicate (directly) with each other if i j ∈ L. This paper will deals
with only situations induced by communication networks de-
scribed by undirected graphs. Many other approaches to the
situations can be seen via the literatures [1, 2].

Definition 1.1 (communication situation)
The triple (N, v, L), which reflects a situation consisting of a
game v on N and a communication network (N, L), is called
a communication situation. We denote the set consisting of
all communication situations on N by CS

N . For a coalition
T ⊆ N, the restriction of (N, L) to T is denoted by (T, L(T ))
and defined by L(T ) := {i j ∈ L | i j ⊆ T }.
Definition 1.2 (feasible coalition) We say that players j and
k are connected in S ⊆ N if j = k or there exists a subset
{i1, · · · , im} ⊆ S such that j = i1, k = im, and {it, it+1} ∈ L

for all t ∈ {1, · · · ,m − 1}. Then we denote j ∼S k. Clearly,
this relation ∼S is an equivalence relation. Hence, the notion
of connectedness in S induces a partition S/L := S/ ∼S of S .
A coalition S ⊆ N is said to be feasible in the communica-
tion network (N, L) if any two players, j ∈ S and k ∈ S , are
connected in S (i.e., S/L = {S }).
Example 1.1
Consider the communication situation (N1, v, L1) with N1 =

{1, 2, 3, 4, 5, 6, 7} and L1 = {12, 15, 26, 37, 47, 56} (Fig.1).
Then, all the players in {1, 2, 6} can communicate with other;

Figure 1: Communication network(N, L1).

i.e., the coalition {1, 2, 6} is feasible. Hence, they can fully
coordinate their actions and obtain the value v({1, 2, 6}). On
the other hand, in the coalition {1, 2, 3, 4}, players 1 and 2
can communicate with each other, but players 3 and 4 can-
not communicate with any other players in {1, 2, 3, 4}. Thus,
feasible subcoalitions of {1, 2, 3, 4} are {1, 2}, {3}, and {4}
(i.e., forming the coalition {1, 2, 3, 4} is unfeasible). Hence,
the value attainable by the players in {1, 2, 3, 4} should be
v({1, 2})+v({3})+v({4}). In general, the value attainable by the
players in S ∈ N under a communication situation (N, v, L) is
represented by ∑

T∈S/L
v(T ). (1)
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Definition 1.3 (network-restricted game [3]) The network-

restricted game (N, vL) associated with (N, v, L) is defined as

v
L(S ) :=

∑

T∈S/L
v(T ) for each S ⊆ N. (2)

Note that if (N, L) is the complete graph (i.e., L = {i j | i, j ∈
N, i � j}), the network-restricted game v

L is equal to the orig-
inal game v.

The network-restricted game evaluates the possible gains
from cooperation in a communication situation from the view-
point of the players. The next example focuses on the impor-
tance of communication channels and links in a communica-
tion situation.

Example 1.2 In the communication situation L1 depicted in
Fig.1, the value obtainable by the players in the grand coali-
tion N is

v
L1 (N) = v({1, 2, 5, 6})+ v({3, 4, 7}), (3)

since N/L1 = {{1, 2, 5, 6}, {3, 4, 7}}. If for some reason
the communication link between players 4 and 7 is lost,
the communication network L1 becomes the new commu-
nication network L2 = {12, 15, 26, 37, 56}. Then, N/L2 =

{{1, 2, 5, 6}, {4}, {3, 7}} and the value obtainable by the players
in the grand coalition N becomes

v
L2 (N) = v({1, 2, 5, 6})+ v({4}) + v({3, 7}). (4)

Then,
v

L1 (N) − v
L2 (N) (5)

can be interpreted as a type of marginal contribution of the
link {4, 7} ∈ L1 to the communication network L1.

Definition 1.4 (link game [4]) The link game (L, γv) associ-
ated with (N, v, L) consisting of a zero-normalized game v is a
game on L defined by

γv(M) := v
M(N) =

∑

T∈N/M
v(T ) for each M ⊆ L. (6)

Note that, for an ordinary game v, γ v is not a game on L since
γv(∅) = ∑T∈N/∅ v(T ) =

∑
i∈N v({i}) � 0.

The link game γv(M) represents the worth of the communi-
cation network M ⊆ L as the worth of the grand coalition in
the communication situation (N, v,M) through the network-
restricted game v

M.

Definition 1.5 (Möbius Transform [5]) The Möbius trans-

form of a game v : 2N → R (resp. γ : 2L → R) is a game
on N (resp. L) denoted by ∆v : 2N → R (resp. ∆γ : 2L → R)
and is defined by

∆v(S ) :=
∑

T⊆S

(−1)|S \T |v(T ) for each S ∈ 2N . (7)

(resp. ∆γ(M) :=
∑

K⊆M

(−1)|M\K|γ(K) for each M ∈ 2L). (8)

Equivalently, we have that

v(S ) =
∑

T⊆S

∆v(T ) ∀S ∈ 2N . (9)

(resp. γ(M) =
∑

K⊆M

∆γ(K) ∀M ∈ 2L). (10)

Thus, the worth v(S ) (resp. γ(M)) of a coalition S (resp. com-
munication network M) is equal to the sum of the Möbius
transform of all its subcoalitions (subnetworks). This gives
a recursive definition of the Möbius transform. The Möbius
transform of every singleton is equal to its worth, while recur-
sively, the Möbius transform of every coalition (resp. com-
munication network) of at least two players (resp. links) is
equal to its worth minus the sum of the Möbius transform
of all its proper subcoalitions (resp. subnetworks). In this
sense, the Möbius transform of a coalition S (resp. commu-
nication network M) can be interpreted as the extra contribu-
tion of the cooperation/synergy among the players in S (resp.
links in M) that they did not already achieve by smaller coali-
tions (resp. networks). In fact, in the context of interaction

indices (e.g.,[6, 7]), the Möbius transform ∆ v(S ) is called the
internal interaction index of S , which represents the magni-
tude of a type of interaction among the elements in S . The
Möbius transform is also occasionally called the Harsanyi

dividends[8].

Definition 1.6 (unanimity game) The unanimity game for a
non-empty coalition T ⊆ N is denoted by uT and defined by

uT (S ) =


1 if S ⊇ T ,
0 otherwise.

(11)

For any game v : 2N → R, v can be represented as

v(S ) =
∑

T (�∅)∈2N

∆v(T ) · uT (S ) ∀S (� ∅) ∈ 2N . (12)

2 Values for communication situations

In this section, we briefly introduce the Shapley value for ordi-
nary cooperative games and three existing values for commu-
nication situations that appear in the literatures [3, 4, 9], the

Myerson value, the position value, and the Hamiache value.

Definition 2.1 (the Shapley value [10]) The Shapley value

Φ : GN → R|N| for a game (N, v) ∈ GN is defined by

Φi(N, v) :=
∑

T	i

1
|T | ∆

v(T ) for each i ∈ N. (13)

Definition 2.2 (the Myerson value [3]) The Myerson value

Ψ : CS
N → R|N| for a communication situation (N, v, L) ∈

CS
N is defined by

Ψ(N, v, L) := Φ(N, vL). (14)

The Myerson value is the allocation rule that assigns to
every communication situation (N, v, L) the Shapley value of
the network-restricted game (N, vL). Note that Ψ(N, v, L) =
Φ(N, v) if (N, L) is the complete graph.

Definition 2.3 (position value [4]) The position value π :
CS

N → R|N| for a communication situation (N, v, L) ∈ CS
N is

defined by

πi(N, v, L) :=
1
2

∑

l∈L
l	i

Φl(L, γv) for each i ∈ N. (15)
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The Shapley value Φl(L, γv) of a link l ∈ L, which is in-
duced via (13) for the link game (L, γ v), can be interpreted
as a type of expected marginal contribution of the link l to
all communication networks containing l. Then, the value is
divided equally between the two players at the ends of the con-
sidered link l ∈ L. The position value of a given player i ∈ N

is obtained as the sum of all these shares.

We focus to a third value for communication situations, in-
troduced by Hamiache [9]. Given a communication situation
(N, v, L) and S ⊆ N, we denote by S

∗ the set of all nodes of
the communication network (N, L) that are adjacent to at least
one of the nodes of S ,

S
∗ := {i ∈ N | ∃ j ∈ S such that i j ∈ L}. (16)

Definition 2.4 (associated game [9]) For a value φ on CS
N

(i.e., φ : CS
N → R|N|), the associated game v

∗
φ of v with

respect to φ is defined for S ⊆ N, by

v
∗
φ(S ) :=



v(S )+∑

j∈S ∗\S

(
φi(S + j, v|S + j , L(S + j)) − v( j)

)
if |S/L| = 1,

∑

T∈S/L
v
∗
φ(T ) otherwise,

(17)
where S

+ j := S ∪ { j} and v|S + j is the restriction of v to S
+ j.

Hamiache [9] claims that there is a unique value φ, the so-
called Hamiache value, for communication situations satisfy-
ing the following five properties, component-efficiency, linear-

ity w.r.t. games, independence of irrelevant players, positivity,
and associated consistency:
Component-efficiency :

For any (N, v, L) and any S ∈ N/L,
∑

i∈S
φi(N, v, L) = v(S ). (18)

Linearity w.r.t. games :
For any α, β ∈ R and (N, v, L), (N,w, L) ∈ CS

N ,

φ(N, αv + βw, L) = αφ(N, v, L) + βφ(N,w, L). (19)

Independence of irrelevant players :
For any (N, L) and for any two feasible coalitions R ⊆ T ,

φi(N, uR, L) = φi(T, uR, L(T )) ∀i ∈ T. (20)

Positivity :
For any feasible coalition T ⊆ N,

φi(T, uT , L(T )) ≥ 0 ∀i ∈ T. (21)

Associated consistency:
For any (N, v, L) ∈ CS

N ,

φ(N, v, L) = φ(N, v∗φ, L). (22)

Note that φ(N, v, L) = Φ(N, v) if (N, L) is the complete graph.

3 Posets induced by communication networks
3.1 Communication networks and posets

In this subsection, we consider and introduce a subposet of
B(n) := (2N ,⊆) induced by a communication network (N, L).

For a communication network (N, L), the set of all fea-
sible coalitions in (N, L) is denoted by P(N, L). i.e.,

P(N, L) := {S ⊆ N | |S/L| = 1}. (23)

The set P(N, L), together with set inclusion ⊆ as an
order on P(N, L), is called the poset induced by the

communication network (N, L).
Example 3.1 Let N = {1, 2, 3}, La = {12, 13, 23}, Lb =

{13, 23}, and Lc = {12}. Then the posets induced by com-
munication networks (N, La), (N, Lb), and (N, Lc), as shown in
(a) – (c) in Fig. 2, are represented as shown in (a) – (c) in Fig.
3, respectively.

Figure 2: Communication networks on N = {1, 2, 3}.

Figure 3: Posets corresponding to networks in Fig. 2.

Definition 3.1 (Möbius transform on posets)
Let P := (N,≤) be a poset. For a function v : P → R, the
Möbius transform ∆v of v is a function on P satisfying the
following equation:

v(x) =
∑

y≤x

∆v(y) ∀x ∈ P. (24)

Definition 3.2 (representation functions)
The representation function of a communication situation

(N, v, L) is a function v
P on the poset P(N, L) defined by

v
P(S ) = v(S ) for each S ∈ P(N, L). (25)

Then, the Möbius transform ∆v
P of v

P is represented as

∆v
P

(S ) :=
∑

T∈P(N,L)
T⊆S

(−1)|S \T |vP(T ) ∀S ∈ P(N, L). (26)

Conversely,

v
P(S ) :=

∑

T∈P(N,L)
T⊆S

∆v
P

(T ) ∀S ∈ P(N, L). (27)

Definition 3.3 (poset representation) The poset representa-

tion of a communication situation (N, v, L) is the pair
(P(N, L),∆v

P) of the poset induced by (N, v, L) and the Möbius
transform ∆v

P of representation function v
P of (N, v, L).
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4 A new value in communication situations

In this section, we introduce a new value for communication
situations.

4.1 An interpretation of the Shapley value

Now, we consider the case N = {1, 2}; the Shapley value
Φ1(N, v) of player 1 in a game v is obtained, from (13), as

Φ1(N, v) =
1
1
∆v({1}) + 1

2
∆v({1, 2}). (28)

This can be interpreted as an allocation rule of Harsanyi divi-

dends (i.e., the Möbius transform) described as follows:

Allocation rule of Harsanyi dividends : We consider
a process to form the coalition {1, 2}. Then, there are
two shortest paths from ∅ to {1, 2} in Fig. 2. One is
the path ∅ → {1} → {1, 2}; another is the path ∅ →
{2} → {1, 2}. The path ∅ → {1} → {1, 2} can be inter-
preted as follows: Player 1 makes an offer to player

2 for forming the coalition {1, 2}. Player 2 accepts

the offer and adds to the coalition {1} to form the new

coalition {1, 2}. Among these two paths, the only path
that passes through {1} is ∅ → {1} → {1, 2}. That is,
the number of paths from ∅ to {1, 2} is 2, while of
the number of paths via {1} is 1. Then player 1 ob-
tains 1 path

2 paths
of the amount of the Harsanyi dividend

∆v({1, 2}) (i.e., 1
2∆

v({1, 2})). In the same way, player 1
obtains 1

1∆
v({1}) and 0

1∆
v({2}). The Shapley value of

player 1 is obtained as the sum of all these shares.

Figure 4: The Boolean lattice B(2) on N = {1, 2}.

This allocation rule can be extended to the case N = {1, 2, 3}
(Fig. 5).

Figure 5: The Boolean lattice on N = {1, 2, 3}.

Indeed,

Φ1(N, v) =
1
1
∆v({1}) + 1

2
∆v({1, 2}) + 1

2
∆v({1, 3})

+
0
2
∆v({2, 3}) + 2

6
∆v({1, 2, 3}). (29)

For instance, there are six shortest paths from ∅ to {1, 2, 3}.
Among them, two paths pass through {1}, as shown in Fig. 6.

Figure 6: Shortest paths from ∅ to {1, 2, 3}.

4.2 An interpretation of the Myerson value

The Myerson value of (N, v, L) is the Shapley value of the
network-restricted game (vL,N). That is, the Myerson value
is obtained by applying the above allocation rule to Harsanyi
dividends {∆v

L } of v
L. Then ∆v

L is given as follows:

Proposition 4.1 Let (N, v, L) ∈ CS
N be a communication sit-

uation and (B(n),∆v
L) the poset representation of the network-

restricted game (N, vL) associated with (N, v, L). Then,

∆v
L

(S ) =



∆v(S ) if S ∈ P(N, L),

0 otherwise.
(30)

4.3 Criticisms of existing values

Each of the existing values for communication situations, the
Myerson value, the position value, and the Hamiache value,
has been subject to criticisms, as follows.

The Myerson value :

Ψi(N, uS , L) = Ψi(N, uS ,M) =
1
|S | ∀i ∈ N (31)

whenever S is a feasible coalition in both (N, L) and
(N,M). For example, consider the communication
situation with L = {i j ⊆ N | j ∈ N \ i} (i.e., L

is a star with a central player i); then every player
receives the same value (see Example Ψ(N, v, Le) in
Example 5.3).

The position value :

Irrelevant null players often have positive values
(see Example 5.2), where a null player i ∈ N of the
game (N, v) is a player satisfying v(S ∪ i) = v(S ) for
any S ⊆ N.

The Hamiache value :

It is very complex to compute the Hamiache value.
Not only that, associated consistency is rather tech-
nical.
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4.4 A new value in communication situations

In this section, we propose a new value for communication
situations that withstands all these criticisms.

Definition 4.1 (chain, saturated chain) A chain (or a totally

ordered set or linear ordered set) is a poset in which any two
elements are comparative. That is, a subset C of P(N, L) is
called a chain if S ⊆ T or T ⊆ S for any S , T ∈ C. The
chain C of P(N, L) is saturated (or unrefinable) if there does
not exist W ∈ P(N, L) \ C such that S � W � T for some
S , T ∈ C and that C ∪W is a chain.

Definition 4.2 (shortest path) For two feasible coalitions S ,
T ∈ P(N, L), a saturated chainP of P(N, L) is called a shortest

path from S to T if S , T ∈ P and S ⊆ W ⊆ T for any W ∈ P.
Then, we denote the set of all shortest paths from S to T by
{S → T }.

In the following, we propose a new value in communica-
tion situations, based on the interpretation of the Shapley value
mentioned in Subsection 4.1.

Definition 4.3 We now propose a new value σ(N, v, L) of a
communication situation (N, v, L), as follows.

σi(N, v, L) :=
∑

S∈P(N,L)

|{i→ S }|
|{∅ → S }| ∆

v
P

(S ) for each i ∈ N.

(32)

The number |{∅ → S }| of all shortest paths from ∅ to S indi-
cates the number of all processes in which the feasible coali-
tion S is formed. Also, |{i → S }| indicates the number of all
processes in which the feasible coalition S is formed by the
initiator i ∈ N. Then, the player i ∈ N obtains |{i→ S }|

|{∅ → S }| of

the amount of ∆v
P (S ) if ∆v

P (S ) is allocated in proportion to
the frequency with which the player i initiates the formation
of the feasible coalition S . The value proposed here of a given
player i ∈ N is obtained as the sum of all these shares.

Now we show an example that supports the naturalness of
the definition of this value.

Example 4.1 We consider the communication situation
(N, v, L) with N = {1, 2, 3}, L = {13, 23}, and ∆v

P (S ) ≥ 0 for
any S ∈ P(N, L). The valueσi(N, v, L) proposed here of player
i ∈ N is represented as the values of the ammeters Ai in the
electric circuit with current sources IS = ∆

v
P (S ), as shown in

Fig.7.

Figure 7: Electric circuit representing (N, v, L).

Property 1 The value σ proposed here satisfies component-

efficiency, linearity w.r.t. games, independence of irrelevant

players, and positivity.

Property 2 Let (N, uN , L
∗
c) be a communication situation with

L
∗
c
= {c j | j ∈ N \ c}, c ∈ N. Then,

σi(N, uN , L
∗
c
) =



1
2

if i = c,
1

2(n − 1)
otherwise.

(33)

That is, if the communication network (N, L) is a star-graph
with central player c ∈ N, in the unanimity game u N , the cen-
tral player obtains a half of the total amount of u N(N) = 1 and
the rest of the amount are shared out equally among the other
players (see Lb, Le in example 5.3).

However, we have not found any axiomatic characterization
of the value proposed in this paper yet.

5 Comparison of existing values
In this section, we compare the existing four values (the Shap-
ley, Myerson, position, and Hamiache values) and the value
proposed in this paper. Examples 5.1 and 5.2 not only com-
pare them but also illustrate the criticisms against the Shapley,
Myerson, and position values, respectively.

Example 5.1 Consider the communication situation (N, v, L)
with N = {1, 2, 3}, L = {13, 23} ((b) in Fig. 2), and

v(S ) =



0 if |S | ≤ 1
30 if |S | = 2
36 if S = N.

(34)

Then,
Φ(N, v) = (12, 12, 12), Ψ(N, v, L) = (7, 7, 22),
π(N, v, L) = (9, 9, 18), φ(N, v, L) = (9, 9, 18),

σ(N, v, L) = (9, 9, 18).

Example 5.2 Consider the communication situation (N, v, L)
with N = {1, 2, 3}, L = {12, 13, 23} (Ld in Fig. 8), and

v(S ) =


12 if S ⊇ {1, 2}
0 otherwise.

(35)

Then,
Φ(N, v) = (6, 6, 0), Ψ(N, v, L) = (6, 6, 0),
π(N, v, L) = (5, 5, 2), φ(N, v, L) = (6, 6, 0),

σ(N, v, L) = (6, 6, 0).

Example 5.3 Consider communication situations (N, uN , L)
with 2 ≤ |N | ≤ 4, |N/L| = 1 (i.e., (N, L) is connected).
Fig.8 shows all connected graphs (up to isomorphism) with
2 ≤ n ≤ 4 nodes. Then, for any such communication situa-
tions (N, uN , L),

Φi(N, uN , L) = Ψi(N, uN , L) =
1
|N | ∀i ∈ N. (36)

Table 1 shows comparisons of the remaining values (i.e., the
position value π, the Hamiache value φ, and the value σ pro-
posed in this paper), and illustrates that the value σ does not
always coincide with the Hamiache value φ.
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Figure 8: Graphs with at most four nodes.

Table 1: Comparison of existing values.

π φ σ

La ( 1
2 ,

1
2 ) ( 1

2 ,
1
2 ) ( 1

2 ,
1
2 )

Lb ( 1
4 ,

1
2 ,

1
4 ) ( 1

4 ,
1
2 ,

1
4 ) ( 1

4 ,
1
2 ,

1
4 )

Lc ( 1
6 ,

2
6 ,

2
6 ,

1
6 ) ( 1

8 ,
3
8 ,

3
8 ,

1
8 ) ( 1

8 ,
3
8 ,

3
8 ,

1
8 )

Ld ( 1
3 ,

1
3 ,

1
3 ) ( 1

3 ,
1
3 ,

1
3 ) ( 1

3 ,
1
3 ,

1
3 )

Le ( 1
6 ,

1
6 ,

1
6 ,

3
6 ) ( 1

6 ,
1
6 ,

1
6 ,

3
6 ) ( 1

6 ,
1
6 ,

1
6 ,

3
6 )

L f ( 3
12 ,

2
12 ,

2
12 ,

5
12 ) (0.172, 0.190, 0.190, 0.448) ( 2

14 ,
3
14 ,

3
14 ,

6
14 )

Lg ( 1
4 ,

1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 )

Lh ( 1
4 ,

1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 )

Li ( 13
60 ,

17
60 ,

17
60 ,

13
60 ) ( 3

14 ,
4
14 ,

4
14 ,

3
14 ) ( 2

10 ,
3
10 ,

3
10 ,

2
10 )
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Abstract— Ranking of fuzzy numbers plays a very important role
in linguistic decision making and some other fuzzy application sys-
tems. Several strategies have been proposed for ranking of fuzzy
numbers. Each of these techniques has been shown to produce non-
intuitive results in certain cases. In this paper, some new approaches
for ranking of trapezoidal fuzzy numbers are introduced.
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1 Introduction
Ranking of fuzzy numbers is an important component of the
decision process in many applications. More than 30 fuzzy
ranking indices have been proposed since 1976. In 1976 and
1977, Jain [1, 2] proposed a method using the concept of max-
imizing set to order the fuzzy numbers. Jain’s method is that
the decision maker considers only the right side membership
function. A canonical way to extend the natural ordering of
real numbers to fuzzy numbers was suggested by Bass and
Kwakernaak [3] as early as 1977. Dubios and Prade 1978 [4],
used maximizing sets to order fuzzy numbers. In 1979, Bald-
win and Guild [5] indicated that these two methods have some
disturbing disadvantages. Also, in 1980, Adamo [6] used the
concept of α-level set in order to introduce α-preference rule.
In 1981 Chang [7] introduced the concept of the preference
function of an alternative. Yager in 1981 [8, 9] proposed four
indices which may be employed for the purpose of ordering
fuzzy quantities in [0, 1]. Bortolan and Degani have been com-
pared and reviewed some of these ranking methods [10]. Chen
and Hwang [11] thoroughly reviewed the existing approaches,
and pointed out some illogical conditions that arise among
them. Chen [12], Choobineh [13], Cheng [14] have presented
some methods , and also more recently numerous ranking
techniques have been proposed and investigated by Chu, Tsao
[15] and Ma, Kandel and Friedman [16]. Nowadays many
researchers have developed methods to compare and to rank
fuzzy numbers. Some of those methods are counter-intuitive
and non discriminating [18, 19, 20, 21, 22] and recently some
methods based on different distance functions have been in-
troduced for ranking of fuzzy numbers [23, 24, 25, 26, 27].

2 Preliminaries
Though there are a number of ways of defining fuzzy numbers,
for the purposes of this paper we adopt the following defini-
tion, we will identify the name of the number with that of its
membership function for simplicity. Throughout this paper, R

stands for the set of all real numbers, E stands the set of fuzzy
numbers, u(x) for the membership function of every u ∈ E
and x ∈ R.

Definition 2.1 [28] A fuzzy number is a fuzzy set like u : R →
I = [0, 1] which satisfies:

1. u is upper semi-continuous,

2. u(x) = 0 outside some interval [a, d],

3. There are real numbers a, b such that a ≤ b ≤ c ≤ d
and

a. u(x) is monotonic increasing on [a, b],

b. u(x) is monotonic decreasing on [c, d],

c. u(x) = 1, b ≤ x ≤ c.

The membership function u can be expressed as

u(x) =




uL(x), a ≤ x ≤ b,
1, b ≤ x ≤ c,
uR(x), c ≤ x ≤ d,
0, otherwise,

where uL : [a, b] −→ [0, 1] and uR : [c, d] −→ [0, 1] are
left and right membership functions of fuzzy number u. An
equivalent parametric form is also given in [29] as follows:

Definition 2.2 [29] A fuzzy number u in parametric form is a
pair (u, u) of functions u(r), u(r), 0 ≤ r ≤ 1, which satisfy
the following requirements:

1. u(r) is a bounded monotonic increasing left continuous
function,

2. u(r) is a bounded monotonic decreasing left continuous
function,

3. u(r) ≤ u(r), 0 ≤ r ≤ 1.

The trapezoidal fuzzy number u = (x0, y0, σ, β), with two
defuzzifier x0, y0, and left fuzziness σ > 0 and right fuzziness
β > 0 is a fuzzy set where the membership function is as

u(x) =




1
σ

(x − x0 + σ), x0 − σ ≤ x ≤ x0,

1 x ∈ [x0, y0],

1
β

(y0 − x + β), y0 ≤ x ≤ y0 + β,

0, otherwise,

and its parametric form is

u(r) = x0 − σ + σr, u(r) = y0 + β − βr.
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Let ETR be the set of all trapezoidal fuzzy numbers on the
real line. Provided that, x0 = y0 then u is a triangular fuzzy
number, and we write u = (x0, σ, β). The support of fuzzy
number u is defined as follows:

supp(u) = {x | u(x) > 0},
where {x | u(x) > 0} is closure of set {x | u(x) > 0}.

The addition and scalar multiplication of fuzzy numbers are
defined by the extension principle and can be equivalently rep-
resented in [30, 31, 32] as follows. For arbitrary u = (u, u),
v = (v, v) we define addition (u + v) and multiplication by
scalar k > 0 as

(u + v)(r) = u(r) + v(r), (u + v)(r) = u(r) + v(r), (1)

(ku)(r) = ku(r), (ku)(r) = ku(r). (2)

To emphasis the collection of all fuzzy numbers with addi-
tion and multiplication as defined by (1) and (2) is denoted
by E, which is a convex cone. The image (opposite) of
u = (x0, y0, σ, β), can be defined by −u = (−y0,−x0, β, σ)
(see [32, 33]).

Definition 2.3 For arbitrary fuzzy numbers u = (u, u) and
v = (v, v) the quantity

D(u, v) =
[∫ 1

0

(u(r) − v(r))2 dr

+
∫ 1

0

(u(r) − v(r))2 dr
]1/2

,

is the distance between u and v, [16, 17, 34]. The function
D(u, v) is a metric in E and (E,D) is a complete metric
space.

The ordering indices are organized into three categories by
Wang and Kerre [35] as follows:

1- Defuzzification method: Each index is associated with
a mapping from the set of fuzzy quantities to the real line.
In this case fuzzy quantities are compared according to the
corresponding real numbers.

2- Reference set method: In this case a fuzzy set as a ref-
erence set is set up and all the fuzzy quantities to be ranked
are compared with the reference set.

3- Fuzzy relation method: In this case a fuzzy relation is
constructed to make pairwise comparisons between the fuzzy
quantities involved.

Let M be an ordering method on E. The statement “two el-
ements u and v in E satisfy that u has a higher ranking than v
when M is applied” will be written as “u � v by M”. “u ∼ v”
and “u � v” are similarly interpreted. The following reason-
able properties for the ordering approaches are introduced by
Wang and Kerre [35].

Reasonable properties (axioms)
A1 : For an arbitrary finite subset Γ of E and u ∈ Γ, u � u.
A2 : For an arbitrary finite subset Γ of E and (u, v) ∈

Γ2, u � v and v � u, we should have u ∼ v.
A3 : For an arbitrary finite subset Γ of E and (u, v, w) ∈

Γ3, u � v and v � w, we should have u � w.
A4 : For an arbitrary finite subset Γ of E and (u, v) ∈ Γ2,

inf supp(u) ≥ sup supp(v), we should have u � v.

A′
4 : For an arbitrary finite subset Γ of E and (u, v) ∈ Γ2,

inf supp(u) > sup supp(v), we should have u � v.
A5 : Let Γ and Γ′ be two arbitrary finite subsets of E also

u and v are in Γ ∩ Γ′. We obtain the ranking order u � v by
M on Γ′ if and only if u � v by M on Γ.

A6 : Let u, v, u+w and v +w be elements of E. If u � v,
then u + w � v + w.

A′
6 : Let u, v, u+w and v +w be elements of E. If u � v,

then u + w � v + w, when w 	= 0.
A7 : Let u, v, uw, and vw be elements of E and w ≥ 0. If

u � v then uw � vw.

3 Some new and recent methods
3.1 Method of D-distance

Let all of fuzzy numbers are positive or negative. Without
less of generality assume that all of them are positive. The
membership function of a ∈ R is ua(x) = 1, if x = a; and
ua(x) = 0, if x 	= a. Hence if a = 0 we have the following

u0(x) =




1 x = 0,

0 x 	= 0.

Since u0(x) ∈ E, left fuzziness σ and right fuzziness β are 0,
so for each u ∈ E

D(u, u0) =
[∫ 1

0

(u(r)2 + u(r)2)dr
]1/2

.

Thus we have the following definition.

Definition 3.1 For u and v ∈ E, define the ranking of u and
v by saying

u > v iff d(u, u0) > d(v, u0),
u < v iff d(u, u0) > d(v, u0),
u ≈ v iff d(u, u0) = d(v, u0).

Property 3.1. Suppose u and v ∈ E are arbitrary there
(I) If u = v then u ≈ v.
(II) If v ⊆ u and u(r)2 + u(r)2 > v(r)2 + v(r)2 for all

r ∈ [0, 1] then v < u.
Remark 3.1. (I) The distance triangular fuzzy number u =

(x0, σ, β) of u0 is defined as following

d(u, u0) =
[
2x2

0 + σ2/3 + β2/3 + x0(β − σ)
]1/2

.

(II) The distance trapezoidal fuzzy number u =
(x0, y0, σ, β) of u0 is defined as following

d(u, u0) =
[
2x2

0 + σ2/3 + β2/3 − x0σ + y0β
]1/2

.

(III) If u ≈ v, it is not necessary that u = v. Since if u 	= v
and (u(r)2 + u(r)2)1/2=(v(r)2 + v(r)2)1/2 then u ≈ v.

3.2 Method of min distance

In this subsection, we will propose the ranking of fuzzy num-
bers associated with the metric D in E.

Definition 3.2 Let γ = {v1, v2, . . . , vn} ⊆ E be is set of
fuzzy numbers, we define a ranking on γ by min distance as

vi � vj iff D(vi, M̃) > D(vj , M̃),
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vi ≺ vj iff D(vi, M̃) < D(vj , M̃),

vi ∼ vj iff D(vi, M̃) = D(vj , M̃),

where M̃ = m̃in{v1, . . . , vn}.

Dubois and Prade [30] present rules for computing m̃in and
also comment on the properties of m̃in.

Remark 3.2. The min distance, has the properties
A1, A2, . . . , A

′
4.

3.3 Method of sign distance

Definition 3.3 For arbitrary fuzzy numbers u = (u, u) and
v = (v, v),the function

Dp(u, v) =
[∫ 1

0

|u(r) − v(r)|pdr

+
∫ 1

0

|u(r) − v(r)|pdr
]1/p

, (p ≥ 1)

is the distance between u and v.

Definition 3.4 Let γ : E −→ {−1, 1} be a function that is
defined as follows:

∀ u ∈ E : γ(u) = sign

[∫ 1

0

(u(r) + u(r))dr
]

,

where

γ(u) =




1 if sign
(∫ 1

0
(u + u)(r)dr

)
≥ 0,

−1 if sign
(∫ 1

0
(u + u)(r)dr

)
< 0.

Remark 3.3. (I) If inf supp(u) ≥ 0 or inf u(r) ≥ 0 then
γ(u) = 1.

(II) If sup supp(u) < 0 or sup u(r) < 0 then γ(u) = −1.

Definition 3.5 For u ∈ E,

dp(u, u0) = γ(u)Dp(u, u0),

is called sign distance.

Definition 3.6 For u and v ∈ E, define the ranking of u and
v by dp on E, i.e.

u � v iff dp(u, u0) > dp(v, u0),

u ≺ v iff dp(u, u0) < dp(v, u0),

u ∼ v iff dp(u, u0) = dp(v, u0).

Remark 3.4. (I) The function dp, sign distance, has the
properties A1, A2, . . . , A5.

(II) The function dp, sign distance, for p = 1 has the prop-
erties A6, A

′
6 if

inf {supp(u), supp(v), supp(u + w), supp(v + w)} ≥ 0

or

sup {supp(u), supp(v), supp(u + w), supp(v + w)} ≤ 0.

(III) Suppose u and v ∈ E are arbitrary, then

(a) If u = v then u ∼ v,
(b) If v ⊆ u and γ(u) (|u(r)|p + |u(r)|p) >

γ(v) (|v(r)|p + |v(r)|p) for all r ∈ [0, 1] then v ≺ u.
(IV) If u ∼ v, it is not necessary that u = v. Since if u 	= v

and γ(u)(|u(r)|p + |u(r)|p) = γ(v)(|v(r)|p + |v(r)|p) then
u ∼ v.

(V) If u � v then −u � −v.
Therefore we can simply rank the fuzzy numbers by the de-

fuzzification of dp(u, u0). By Remark 3.4(V) we can logically
infer ranking order of the images of the fuzzy numbers.

3.4 Method of H-distance

Definition 3.7 A continuous function s : [0, 1] −→ [0, 1] with
the following properties is a source function

1. s(0) = 0,

2. s(1) = 1,

3. s(r) is increasing.

4.
∫ 1

0
s(r)dr = 1

2 .

In fact, a reducing has the reflect of weighting the influ-
ence of the different r-cuts and diminishes the contribution
of the lower r-levels. This is reasonable since these levels
arises from values of membership function for which there is
a considerable amount of uncertainty. For example, we can
use s(r) = r.

Definition 3.8 The Value and Ambiguity of a fuzzy number ũ
are defined as follows, [36],

V als(ũ) =
∫ 1

0

s(r)[u(r) + u(r)]dr,

Ambs(ũ) =
∫ 1

0

s(r)[u(r) − u(r)]dr.

Definition 3.9 For ũ, ṽ ∈ E, we define H-distance of ũ and
ṽ by

Ds
H(ũ, ṽ) =

1
2
{ |V als(ũ) − V als(ṽ)|+|Ambs(ũ) − Ambs(ṽ)|

+dH([ũ]1, [ṽ]1)
}
,

where dH is the Hausdorff metric between intervals, and [.]1

is the 1-cut representation of a fuzzy number.

Property 3.2. The source distance, Ds
H , is a metric on ETR

and a pseudo-metric on E.
Remark 3.5. By the metric Ds

H and an arbitrary reference
fuzzy set (like subsection 3.1 or 3.2), we can define a new
ordering for fuzzy numbers.

3.5 Method of source distance

Definition 3.10 For ũ, ṽ ∈ E, we define source distance of ũ
and ṽ by

Ds(ũ, ṽ) =
1
2
{ |V als(ũ) − V als(ṽ)|+|Ambs(ũ) − Ambs(ṽ)|

+max
{ |tv − tu| , |mv − mu|}

}
,

where [mu, tu] and [mv, tv] are the cores of fuzzy numbers ũ
and ṽ respectively.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

644



Property 3.3. The source distance, Ds, is a metric on ETR

and a pseudo-metric on E.
Remark 3.6. By the metric Ds and an arbitrary reference

fuzzy set (like subsection 3.1 or 3.2), we can define a new
ordering for fuzzy numbers.

3.6 Method of magnitude

For an arbitrary trapezoidal fuzzy number u = (x0, y0, σ, β),
with parametric form u = (u(r), u(r)), we define the magni-
tude of the trapezoidal fuzzy number u as

Mag(u) =
1
2

( ∫ 1

0

(u(r) + u(r) + x0 + y0)f(r)dr
)
,

where the function f(r) is a non-negative and increasing func-
tion on [0, 1] with f(0) = 0, f(1) = 1 and

∫ 1

0
f(r)dr = 1

2 .
For example, we can use f(r) = r. The resulting scalar value
is used to rank the fuzzy numbers. In the other words Mag(u)
is used to rank fuzzy numbers. The larger Mag(u), the larger
fuzzy number. Therefore for any two trapezoidal fuzzy num-
bers u and v ∈ E, we define the ranking of u and v by the
Mag(.) on E as follows:

1. Mag(u) > Mag(v) if and only if u � v,

2. Mag(u) < Mag(v) if and only if u ≺ v,

3. Mag(u) = Mag(v) if and only if u ∼ v.

Then we formulate the order � and � as u � v if and only if
u � v or u ∼ v, u � v if and only if u ≺ v or u ∼ v. In the
other words, this method is placed in the first class of Kerre’s
categories [35].

Remark 3.7. (I) If inf supp(u) ≥ 0 or inf u(r) ≥ 0 then
Mag(u) ≥ 0.

(II) If sup supp(u) ≤ 0 or supu(r) ≤ 0 then Mag(u) ≤ 0.
(III) For two arbitrary trapezoidal fuzzy numbers u and v,

we have

Mag(u + v) = Mag(u) + Mag(v).

(IV) For all symmetric trapezoidal fuzzy numbers u =
(−x0, x0, σ, σ),

Mag(u) = 0.

(V) For any two symmetric trapezoidal fuzzy numbers u =
(x0, y0, σ, σ) and v = (x0, y0, β, β),

Mag(u) = Mag(v).

Property 3.4. The function Mag(.) has the properties
A1, A2, A3, . . . , A

′
6.

4 Conclusions
In spite of many ranking methods, no one can rank fuzzy num-
bers with human intuition consistently in all cases. The pro-
posed methods can effectively rank various fuzzy numbers and
their images. These methods have some mathematical proper-
ties. Moreover some pseudo metric on the set of fuzzy num-
bers and metric on trapezoidal fuzzy numbers are introduced.
We may conclude that these ordering methods are relatively
reasonable for fuzzy numbers based on the introduced axioms.
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Abstract— This paper proposes to study the lattice properties of
two closed binary operations in the set of discrete fuzzy numbers. Us-
ing these operations to represent the meet and the join, we prove that
the set of discrete fuzzy numbers whose support is a set of consecutive
natural numbers is a distributive lattice. Finally, we demonstrate that
the subsets of discrete fuzzy numbers, which have the same support,
are distributive lattices too.

Keywords— Fuzzy numbers, discrete fuzzy numbers, distributive
lattice.

1 Introduction
It is possible to approach the theory of fuzzy numbers in dif-
ferent directions: theoretical[8, 9, 10, 13], geometric [1, 2],
applications in engineering [13], social science [12], lattice
theory[13, 20], etc.. Voxman [18] introduced the concept
of a discrete fuzzy number as a fuzzy subset of real num-
bers with discrete support and analogous properties to a fuzzy
number (convexity, normality). Also, like fuzzy numbers, it
is possible to consider discrete fuzzy numbers from different
points of view: theoretical [16, 18], applications in engineer-
ing [11, 19], social sciences [17], etc.

It is well known that, the arithmetic and lattice operations
such as maximum and minimum on fuzzy numbers can be ap-
proached either by the direct use of the membership function
(by the Zadeh’s extension principle) or by the equivalent use
of the r-cuts representation, for instance, [13, 14, 20].

Nevertheless, in the discrete case using the same methods,
this process can yield a fuzzy subset that does not satisfy the
conditions to be a discrete fuzzy number [3, 19]. In previous
works [3, 4], we have presented a technique that allows us to
obtain a closed addition on the set of discrete fuzzy numbers,
DFN , and moreover, we focus on the addition of discrete
fuzzy numbers whose support is an arithmetic sequence and
even a subset of consecutive natural numbers. This type of
numbers arise mainly when a fuzzy cardinality of a fuzzy set
[5, 6] or a fuzzy multiset [15] is considered.

In [7] we define two closed binary operations in the set
of discrete fuzzy numbers to obtain the maximum and the
minimum of discrete fuzzy numbers. We prove as well that
in the set A1, of discrete fuzzy numbers whose support is a
set of consecutive natural numbers, these operations coincide
with the function maximum and minimum obtained using the
Zadeh’s extension principle.

The aim of this paper is to continue studying the prop-
erties of these operations and if it is possible to obtain a
structure of lattice using them. We will see that, in general,
these binary operations only fulfill the associative, commuta-
tive and idempotent laws. We show as well that the triplets

(A1,MAXw,MINw) and (FA,MINw,MAXw) are distribu-
tive lattices, where FA is the subset of discrete fuzzy numbers
whose support is the support of A, with A ∈ DFN .

2 Preliminaries
In this section, we recall some definitions and the main results
about discrete fuzzy numbers which will be used later.

Definition 2.1 [13] A fuzzy subset u of R with membership
mapping u : R → [0, 1] is called fuzzy number if its support
is an interval [a, b] and there exist real numbers s, t with a ≤
s ≤ t ≤ b and such that:

1. u(x)=1 with s ≤ x ≤ t

2. u(x) ≤ u(y) with a ≤ x ≤ y ≤ s

3. u(x) ≥ u(y) with t ≤ x ≤ y ≤ b

4. u(x) is upper semi-continuous.

We will denote the set of fuzzy numbers by FN .

Definition 2.2 [18] A fuzzy subset u of R with membership
mapping u : R → [0, 1] is called discrete fuzzy number if
its support is finite, i.e., there are x1, ..., xn ∈ R with x1 <
x2 < ... < xn such that supp(u) = {x1, ..., xn}, and there
are natural numbers s, t with 1 ≤ s ≤ t ≤ n such that:

1. u(xi)=1 for any natural number and i with s ≤ i ≤ t
(core)

2. u(xi) ≤ u(xj) for each natural number i, j with 1 ≤ i ≤
j ≤ s

3. u(xi) ≥ u(xj) for each natural number i, j with t ≤ i ≤
j ≤ n

From now on, we will denote the set of discrete fuzzy num-
bers by DFN and DFN(N) will stand for the set of discrete
fuzzy numbers whose support is a subset of the set of Natural
Numbers. Finally, a discrete fuzzy number will be denoted by
dfn.

In general, the operations on fuzzy numbers f, g can be ap-
proached either by the direct use of their membership func-
tion, µf (x), µg(x), as fuzzy subsets of R and the Zadeh’s ex-
tension principle:

O(f, g)(z) = sup{µf (x) ∧ µg(y)|O(x, y) = z}

or by the equivalent use of the α-cuts representation[13]:
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O(f, g)α = O(fα, gα) = {O(x, y)|x ∈ fα, y ∈ gα}
and

O(f, g)(z) = sup{α ∈ [0, 1]|z ∈ O(f, g)α}
Nevertheless, in the discrete case, this process can yield

a fuzzy subset that does not satisfy the conditions to be
a discrete fuzzy number [3, 19]. For example, let u =
{0.3/1, 1/3, 0.5/7} and v = {0.4/2, 1/5, 1/6, 0.8/9} be two
discrete fuzzy numbers. If we use the Zadeh’s extension prin-
ciple to obtain their addition, it results the fuzzy subset S =
{0.3/3, 0.4/5, 0.3/6, 0.3/7, 1/8, 1/9, 0.3/10, 0.8/12, 0.5/13,
0.5/16} which doesn’t fulfill the conditions to be a discrete
fuzzy number, because the third property of the definition 2.2
fails. In a previous work [3, 4] we have presented an approach
to a closed extended addition (⊕) of discrete fuzzy numbers
after associating suitable non-discrete fuzzy numbers, which
can be used like a carrier to obtain the desired addition.
In a recent paper [4] we proved that a suitable carrier can
be a discrete fuzzy number whose support is an arithmetic
sequence and even a subset of consecutive natural numbers.
Thus, we obtained the following results:

Proposition 2.3 [4]
Let Ar be the set {f ∈ DFN (N), such that supp(f)

is the set of terms of an arithmetic sequence with r as
common difference}. If f, g ∈ Ar. The following facts:

1. f ⊕ g ∈ DFN(N)

2. f ⊕ g ∈ Ar

hold.

Remark 2.4 [4] Note that the set A1 is the set of discrete
fuzzy numbers whose support is a set of consecutive natural
numbers.

Finally, we will use a kind of representation in the study of
discrete fuzzy numbers:

Theorem 2.5 [19] Let u be a dfn and let ur be the r-cut
={x ∈ R|u(x) ≥ r} for any r ∈ (0, 1]. Let’s u0 denote
the support of u. Then the following statements (1)-(4) hold:

1. ur is a nonempty finite subset of R, for any r ∈ [0, 1]

2. ur2 ⊂ ur1 for any r1, r2 ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1

3. For any r1, r2 ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1, if x ∈
ur1 − ur2 we have x < y for all y ∈ ur2 , or x>y for all
y ∈ ur2

4. For any r0 ∈ [0, 1], there exist some real numbers r
′
0 with

0 < r′0 < r0 such that ur′
0 = ur0 ( i.e. ur = ur0 for any

r ∈ [r′0, r0]).

And conversely, if for any r ∈ [0, 1], there exist Ar ⊂ R satis-
fying the following conditions (1)-(4):

1. Ar is a nonempty finite for any r ∈ [0, 1]

2. Ar2 ⊂ Ar1 , for any r ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1

3. For any r1, r2 ∈ [0, 1] with 0 ≤ r1 ≤ r2 ≤ 1, if x ∈
Ar1 −Ar2 we have x < y for all y ∈ Ar2 , or x>y for all
y ∈ Ar2

4. For any r0 ∈ [0, 1], there exists a real number r
′
0 with

0 < r
′
0 < r0 such that Ar′

0 = Ar0 ( i.e. Ar = Ar0 , for
any r ∈ [r′0, r0])

then there exists a unique u ∈ DFN such that ur = Ar for
any r ∈ [0, 1].

3 Maximum and Minimum of discrete fuzzy
numbers

It’s well known, for example [13], that the set of fuzzy num-
bers is a distributive lattice using the following operations

MIN(u, v)(z) = sup
z=min(x,y)

min(u(x), v(y)),∀z ∈ R (1)

MAX(u, v)(z) = sup
z=max(x,y)

min(u(x), v(y)),∀z ∈ R (2)

for each couple u, v ∈ FN . If we use the same operations
to obtain a similar structure in the set of discrete fuzzy num-
bers we see that this result is not possible. For instance, if we
consider the discrete fuzzy numbers u = {0.3/1, 0.4/3, 1/4}
and v = {0.5/2, 1/5, 1/6} and we use the previous defini-
tion to calculate the MIN(u, v), we obtain the fuzzy sub-
set M = {0.3/1, 0.5/2, 0.4/3, 1/4} which doesn’t satisfy the
conditions of the definition 2.2. In [7], the authors study this
drawback and we propose a new method to calculate them.
Using this method, we will see later that, it is possible to pro-
vide different subsets of the set DFN with a structure of dis-
tributive lattice.

Definition 3.1 [7] Let u, v be two dfn. For each
α ∈ [0, 1], let’s consider the α-cut sets: uα =
{xα

1 , ..., xα
p },vα = {yα

1 , ..., yα
k } for u and v respectively and

the set supp(u)
∨

supp(v) = {x ∨ y|x ∈ supp(u), y ∈
supp(v)}. Let’s define the set:

Aα = {z ∈ supp(u)
∨

supp(v) such that

min(uα ∨ vα) ≤ z ≤ max(uα ∨ vα)} =

= {z ∈ supp(u)
∨

supp(v) such that

(minuα ∨ min vα) ≤ z ≤ (max uα ∨ max vα)}
i.e.:

Aα = {z ∈ supp(u)
∨

supp(v)|(xα
1 ∨yα

1 ) ≤ z ≤ (xα
p ∨yα

k )}

Proposition 3.2 [7] The finite set Aα, as defined above,
satisfies the properties 1,2,3 and 4 of theorem 2.5 and
a discrete fuzzy number, MAXw(u, v), whose α-cuts
are the finite set Aα exists and MAXw(u, v)(z) =
sup {α ∈ [0, 1] such that z ∈ Aα}.

Proposition 3.3 [7] If u, v ∈ A1, then MAX(u, v), defined
through the extension principle, coincides with MAXw(u, v).
So, if u, v ∈ A1, MAX(u, v) is a discrete fuzzy number and
MAX(u, v) ∈ A1.
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Definition 3.4 [7] Let u, v be two dfn. For each
α ∈ [0, 1], let’s consider the α-cut sets: uα =
{xα

1 , ..., xα
p },vα = {yα

1 , ..., yα
k } for u and v respectively and

the set supp(u)
∧

supp(v) = {x ∧ y|x ∈ supp(u), y ∈
supp(v)}. Let’s define the set:

Bα = {z ∈ supp(u)
∧

supp(v) such that

min(uα ∧ vα) ≤ z ≤ max(uα ∧ vα)} =

= {z ∈ supp(u)
∧

supp(v) such that

(minuα ∧ min vα) ≤ z ≤ (max uα ∧ max vα)}
i.e.:

Bα = {z ∈ supp(u)
∧

supp(v)|(xα
1 ∧yα

1 ) ≤ z ≤ (xα
p ∧yα

k )}

Remark 3.5 In general, if ”∗” is a binary operation the
equalities

• min(uα ∗ vα) = min uα ∗ min vα

• max(uα ∗ vα) = maxuα ∗ max vα

do not hold. For example, if we consider the sets uα =
{−10,−9,−8,−7,−6,−1}, vα = {0, 1, 2, 3, 4} and the
usual product of real numbers as binary operation then
min(uα · vα) = −40 and min(uα) ·min(vα) = −10 · 0 = 0,
and max(uα ·vα) = 0 and max(uα)·max(vα) = −1·4 = −4

Proposition 3.6 [7] The finite set Bα, as defined above,
satisfies the properties 1,2,3 and 4 of Proposition 2.5
and a discrete fuzzy number, MINw(u, v), whose α-
cuts are the finite set Bα exists and MINw(u, v)(z) =
sup {α ∈ [0, 1] such that z ∈ Bα}.

Proposition 3.7 [7] If u, v ∈ A1, then MIN(u, v), defined
through the extension principle, coincides with MINw(u, v).
So, if u, v ∈ A1, MIN(u, v) is a discrete fuzzy number and
MIN(u, v) ∈ A1.

We have seen, in the previous propositions, that the opera-
tions MAXw(u, v) and MINw(u, v) are discrete fuzzy num-
bers.

Example 3.8 If we use the method, as explained above, to
calculate the minimum of u = {0.3/1, 0.4/3, 1/4} and v =
{0.5/2, 1/5, 1/6}, we obtain the following discrete fuzzy num-
ber MINw(u, v) = {0.3/1, 0.5/2, 0.5/3, 1/4} where

B0.3 = {z ∈ {1, 2, 3, 4} such that 1 ≤ z ≤ 4} = {1, 2, 3, 4}

B0.4 = {z ∈ {1, 2, 3, 4} such that 2 ≤ z ≤ 4} = {2, 3, 4}
B0.5 = {z ∈ {1, 2, 3, 4} such that 2 ≤ z ≤ 4} = {2, 3, 4}

B1 = {z ∈ {1, 2, 3, 4} such that 4 ≤ z ≤ 4} = {4}

Proposition 3.9 Let A, B and C be three dfn such that their
supports are supp(A),supp(B) and supp(C) respectively.
The following properties hold:

1. Commutativity

supp(A)
∧

supp(B) = supp(B)
∧

supp(A)

and

supp(A)
∨

supp(B) = supp(B)
∨

supp(A)

2. Associativity

(supp(A)
∧

supp(B))
∧

supp(C) =

= supp(A)
∧

(supp(B)
∧

supp(C))

and
(supp(A)

∨
supp(B))

∨
supp(C) =

= supp(A)
∨

(supp(B)
∨

supp(C))

3. Idempotence

supp(A)
∧

supp(A) = supp(A)

and
supp(A)

∨
supp(A) = supp(A)

4. If the supports of A and B are the same or supp(B) ⊆
supp(A) or A, B ∈ A1 then the next absorption laws

supp(A)
∧

(supp(A)
∨

supp(B)) = supp(A)

supp(A)
∨

(supp(A)
∧

supp(B)) = supp(A)

hold.

5. If the supports of A, B and C are the same or A, B,C ∈
A1 then the following distributive properties

supp(A)
∧

(supp(B)
∨

supp(C)) =

= (supp(A)
∧

supp(B))
∨

(supp(A)
∧

supp(C))

and
supp(A)

∨
(supp(B)

∧
supp(C)) =

= (supp(A)
∨

supp(B))
∧

(supp(A)
∨

supp(C))

hold.

6. For any A, B ∈ DFN then

supp(A)
∧

(supp(B)
∨

supp(C))) ⊆

⊆ (supp(A)
∧

supp(B))
∨

(supp(A)
∧

supp(C))

and

supp(A)
∨

(supp(B)
∧

supp(C))) ⊆

⊆ (supp(A)
∨

supp(B))
∧

(supp(A)
∨

supp(C))

7. For any A, B ∈ DFN then

supp(A) ⊆ supp(A)
∧

(supp(A)
∨

supp(B))

supp(A) ⊆ supp(A)
∨

(supp(A)
∧

supp(B))
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Proof From the definition 2.2, the support of a discrete
fuzzy number is a finite linearly ordered subset of real num-
bers. Moreover, it is well known that the set of real numbers is
a distributive lattice with the usual operations maximum(max)
and minimum(min). Let X,Y and Z denote the supports of
A, B,C ∈ DFN respectively.

1. Using the commutative property of the real functions
maximum and minimum the proof is trivial.

2. Associativity

If z ∈ (X
∧

Y )
∧

Z then z = min(x, c) where x =
min(a, b), a ∈ X , b ∈ Y and c ∈ Z. So z =
min(min(a, b), c). Using the associativity of the function
minimum, z = min(min(a, b), c) = min(a,min(b, c)).
Then z ∈ X

∧
(Y
∧

Z). Therefore

(X
∧

Y )
∧

Z ⊆ X
∧

(Y
∧

Z)

If z ∈ X
∧

(Y
∧

Z) then z = min(a, x) where x =
min(b, c), a ∈ X , b ∈ Y and c ∈ Z. So z =
min(a,min(b, c)). Using the associativity of the function
minimum, z = min(a,min(b, c)) = min(min(a, b), c).
Then z ∈ (X

∧
Y )
∧

Z. Therefore

X
∧

(Y
∧

Z) ⊆ (X
∧

Y )
∧

Z

The proof of the other associative law is analogous.

3. Idempotence

If z ∈ X
∧

X then z = min(a, a′) with a, a′ ∈ X .
Therefore z = a ∈ X or z = a′ ∈ X . This means that
z ∈ X and so X

∧
X ⊆ X . On the other hand, it is

evident that X ⊆ X
∧

X because the function minimum
is idempotent and then for each z ∈ X , z = min(z, z).

The proof of the other idempotence law is similar.

4. Absorption

If z ∈ X
∧

(X
∨

Y ) then z = min(a,max(a′, b)) where
a, a′ ∈ X and b ∈ Y . Then if z = a or z = a′ obviously
z ∈ X . But if z = b we have that a′ ≤ b ≤ a. Using
the hypothesis of the proposition we obtain that b ∈ X .
Therefore X

∧
(X
∨

Y ) ⊆ X .

If z ∈ X then z = min(z, max(z, b)) for all b ∈ Y .
Because if max(z, b) = b then min(z, b) = z. And,
if max(z, b) = z then min(z, z) = z. So, X ⊆
X
∧

(X
∨

Y )

5. Distributivity

Let’s A, B,C ∈ A1 where
supp(A) = {x1, · · · , xn},supp(B) = {y1, · · · , ym}
and supp(C) = {z1, · · · , zk} respectively. Then

supp(A)
∧

(supp(B)
∨

supp(C))

is the set of natural numbers z such that they belong to
the set

{x1, · · · , xn}
∧

{max(y1, z1), · · · , max(ym, zk)}

, i.e., it’s the set of natural numbers z such that z ∈
{min(x1, max(y1, z1)), · · · , min(xn, max(ym, zk))} =
(using the distributive property of natural numbers with
the usual order)

= {z ∈ {max(min(x1, y1), min(x1, z1)), · · ·
· · · , max(min(xn, ym), min(xn, zk))}}

Where the previous set is an interval of consecutive nat-
ural numbers. On the other hand,

(supp(A)
∧

supp(B))
∨

(supp(A)
∧

supp(C)) =

= {z ∈ {{min(x1, y1), · · · , min(xn, ym)}
∨

{min(x1, z1), · · · , min(xn, zk)}} =

= {z ∈ {max(min(x1, y1), min(x1, z1)), · · ·
· · · , max(min(xn, ym), min(xn, zk))}.

The proof of the second distributive law is analogous.

6. If z ∈ X
∧

(Y
∨

Z)) then z = min(a,max(b, c)) where
a ∈ X , b ∈ Y and c ∈ Z. Using the distributive
property of the minimum and the maximum of real num-
bers, z = max(min(a, b), min(a, c)). Then we obtain
that z ∈ (X

∧
Y )
∨

(X
∧

Z) and so X
∧

(Y
∨

Z)) ⊆
(X
∧

Y )
∨

(X
∧

Z).

Analogously for the other inclusion.

7. If z ∈ X then z = max(z, min(z, b)) for all b ∈ Y .
Because if min(z, b) = b then max(z, b) = z. And,
if min(z, b) = z then max(z, z) = z. So, X ⊆
X
∨

(X
∧

Y )

Remark 3.10 In general, the absorption and the distribu-
tive laws of the supports do not hold. For example, if X =
{4, 7, 9},Y = {4, 6, 7} and Z = {8, 9, 10} represent the sup-
ports of the discrete fuzzy numbers A, B and C respectively,
then

a) X
∧

(X
∨

Y ) = {4, 6, 7, 9} but X = {4, 7, 9}.

b) X
∧

(Y
∨

Z) = {4, 7, 8, 9}, but (X
∧

Y )
∨

(X
∧

Z) =
{4, 6, 7, 8, 9}.

The following theorem establishes some properties of the bi-
nary operations MAXw and MINw using the same condi-
tions and results that the previous proposition 3.9:

Theorem 3.11 Let MAXw and MINw be the binary opera-
tions on DFN defined by the propositions 3.2 and 3.6, respec-
tively. Then, for any, A, B,C ∈ DFN the following proper-
ties hold:

1. Commutativity:
MINw(A, B) = MINw(B, A)
MAXw(A, B) = MAXw(B, A)

2. Associativity:

MINw(MINw(A, B), C) =

= MINw(A, MINw(B, C))

and
MAXw(MAXw(A, B), C) =

= MAXw(A, MAXw(B, C))
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3. Idempotence:
MINw(A, A) = A
MAXw(A, A) = A

If the supports of A and B are the same or A, B,C ∈ A1 then

4. Absorption:
MINw(A, MAXw(A, B)) = A
MAXw(A, MINw(A, B)) = A

5. Distributivity:

MINw(A, MAXw(B, C)) =

= MAXw(MINw(A, B), MINw(A, C))

And
MAXw(A, MINw(B, C)) =

= MINw(MAXw(A, B), MAXw(A, C))

Proof Let A, B and C be three dfn. Let’s consider the α-
cut sets: Aα = {xα

1 , ..., xα
p }, Bα = {yα

1 , ..., yα
k }, Cα =

{wα
1 , ..., wα

l } for A, B and C respectively.

1. We want to show that MINw(A, B) = MINw(B, A)

It is enough to prove that the discrete fuzzy numbers
MINw(A, B) and MINw(B, A) are the same α-cut sets for
each α ∈ [0, 1].

By definition 3.4

MINw(A, B)α =

= {z ∈ supp(A)
∧

supp(B) such that

( min Aα ∧ min Bα) ≤ z ≤ ( max Aα ∧ max Bα)} =

= {z ∈ supp(A)
∧

supp(B)|(xα
1 ∧yα

1 ) ≤ z ≤ (xα
p ∧yα

k )} =

= {z ∈ supp(A)
∧

supp(B)|(yα
1 ∧xα

1 ) ≤ z ≤ (yα
p ∧xα

k )} =

= MINw(B, A)α

Analogously for the other commutative law.

2. We want to see that

MINw(MINw(A, B), C) = MINw(A, MINw(B, C))

By definition 3.4

MINw(MINw(A, B), C)α =

= {z ∈ supp(MINw(A, B))
∧

supp(C) such that

min MINw(A, B)
α ∧ min C

α ≤ z ≤ max MINw(A, B)
α ∧ max C

α} =

= {z ∈ supp(MINw(A, B))
∧

supp(C) such that

(xα
1 ∧ yα

1 ) ∧ wα
1 ≤ z ≤ (xα

p ∧ yα
k ) ∧ wα

l } =

= {z ∈ (supp(A)
∧

supp(B))
∧

supp(C) such that

(xα
1 ∧ yα

1 ) ∧ wα
1 ≤ z ≤ (xα

p ∧ yα
k ) ∧ wα

l } =

= {z ∈ (supp(A)
∧

supp(B))
∧

supp(C) such that

xα
1 ∧ (yα

1 ∧ wα
1 ) ≤ z ≤ xα

p ∧ (yα
k ∧ wα

l }) =

= {z ∈ supp(A)
∧

(supp(B)
∧

supp(C)) such that

xα
1 ∧ (yα

1 ∧ wα
1 ) ≤ z ≤ xα

p ∧ (yα
k ∧ wα

l }) =

= MINw(A, MINw(B, C))α

The proof of the other associative law is similar.

3. We want to demonstrate that

MINw(A, A) = A

By definition 3.4

MINw(A, A)α =

= {z ∈ supp(A)
∧

supp(A) such that

( min Aα ∧ min Aα) ≤ z ≤ ( max Aα ∧ max Aα)} =

= {z ∈ supp(A)|(xα
1 ∧ xα

1 ) ≤ z ≤ (xα
p ∧ xα

p )} =

= {z ∈ supp(A)|xα
1 ≤ z ≤ xα

p } =

= Aα

It is the same for the other idempotence law.

4. We want to demonstrate that

MINw(A, MAXw(A, B)) = A

By definition 3.4

MINw(A, MAXw(A, B))α =

= {z ∈ supp(A)
∧

supp(MAXw(A, B)) such that

min A
α ∧ min MAXw(A, B)

α ≤ z ≤ max A
α ∧ max MAXw(A, B)

α} =

= {z ∈ supp(A)
∧

supp(MAXw(A, B)) such that

xα
1 ∧ (xα

1 ∨ yα
1 ) ≤ z ≤ xα

p ∧ (xα
p ∨ yα

k }) =

( using the absorption law of real numbers)

= {z ∈ supp(A)
∧

supp(MAXw(A, B)) such that

xα
1 ≤ z ≤ xα

p } = {z ∈ supp(A) such that xα
1 ≤ z ≤ xα

p } =

= Aα. (The previous equality is only possible if we use the
same hypotheses and results of the proposition 3.9)

5. We want to show the first distributive law, ie,

MINw(A, MAXw(B, C)) = MAXw(MINw(A, B), MINw(A, C))

By definition 3.4

MINw(A, MAXw(B, C))α =

= {z ∈ supp(A)
∧

supp(MAXw(B, C)) such that

min A
α ∧min MAXw(B, C)

α ≤ z ≤ max A
α ∧max MAXw(A, B)

α} =

= {z ∈ supp(A)
∧

supp(MAXw(B, C)) such that

x1 ∧ (y
α
1 ∨ w

α
1 ) ≤ z ≤ x

α
p ∧ (y

α
k ∨ w

α
l )} =

( using the distributive law of real numbers)

= {z ∈ supp(A)
∧

supp(MAXw(B, C)) such that

(x
α
1 ∧ y

α
1 ) ∨ ((x

α
1 ∧ w

α
1 ) ≤ z ≤ (x

α
p ∧ y

α
k ) ∨ (x

α
p ∧ w

α
l )} =

= {z ∈ supp(A)
∧

(supp(B)
∨

supp(C)) such that

(x
α
1 ∧ y

α
1 ) ∨ ((x

α
1 ∧ w

α
1 ) ≤ z ≤ (x

α
p ∧ y

α
k ) ∨ (x

α
p ∧ w

α
l )} =

= {z ∈ (supp(A)
∧

supp(B))
∨

(supp(A)
∧

supp(C))

such that (xα
1 ∧ y

α
1 ) ∨ ((x

α
1 ∧ w

α
1 ) ≤ z ≤ (x

α
p ∧ y

α
k ) ∨ (x

α
p ∧ w

α
l )} =

= MAXw(MINw(A, B), MINw(A, C))α

Analogously for the other distributive law. �
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Corollary 3.12 The triplet ( A1,MINw,MAXw) is a dis-
tributive lattice, in which MINw and MAXw represent the
meet and join, respectively.

Remark 3.13 The lattice ( A1,MINw,MAXw) can also be
expressed as the pair ( A1,�), where � is a partial ordering
defined as:

A � B if and only if MINw(A, B) = A

or, alternatively,
A � B if and only if MAXw(A, B) = B

for any A, B ∈ A1.

Remark 3.14 We can also define the partial ordering in terms
of α-cuts:

A � B if and only if min(Aα, Bα) = Aα

A � B if and only if max(Aα, Bα) = Bα

for any A, B ∈ A1 and α ∈ (0, 1], where Aα and Bα are
finite sets ( say , Aα = {xα

1 , · · · , xα
p },Bα = {yα

1 , · · · , yα
k }).

Then,

min(Aα, Bα) = {z ∈ supp(A)
∧

supp(B) such that

min(xα
1 , yα

1 ) ≤ z ≤ min(xα
p , yα

k )} = Aα and

max(Aα, Bα) = {z ∈ supp(A)
∨

supp(B) such that

max(xα
1 , yα

1 ) ≤ z ≤ max(xα
p , yα

k )} = Bα

Example 3.15
Let u = {0.4/1, 1/2, 0.8/3, 0.6/4, 0.5/5, 0.4/6, 0.3/7} and
v = {0.3/4, 0.6/5, 0.7/6, 0.8/7, 1/8, 0.8/9} be two discrete
fuzzy numbers. It is easy to prove that u � v because
MAXw(u, v) = v or equivalently MINw(u, v) = u.

Corollary 3.16 For each finite subset X of real numbers, let’s
consider the subset FX of DFN such that any element of FX

has as support X . Then, the triplet (FX ,MINw,MAXw) is
a distributive lattice, in which MINw and MAXw represent
the meet and join, respectively.

Example 3.17 Let u = {0.3/3, 0.4/5, 1/7, 0.7/8} and v =
{0.3/3, 1/5, 0.7/7, 0.6/8} be two discrete fuzzy numbers. It
is easy to prove that v � u because MAXw(u, v) = u or
equivalently MINw(u, v) = v.

Remark 3.18 It is possible to find two discrete fuzzy num-
bers A, B ∈ A1 such that MAXw(A, B) = A and
MAXw(A, B) = B or equivalenty MINw(A, B) = A and
MINw(A, B) = B. This means that the two discrete fuzzy
numbers, A and B, are not comparable. For example, let’s
consider A = {0.3/4, 0.5/5, 0.8/6, 1/7, 0.9/8, 0.7/9}, B =
{0.5/6, 1/7, 0.9/8, 0.6/9, 0.5/10} ∈ A1. Then,
MINw(A, B) = {0.3/4, 0.5/5, 0.8/6, 1/7, 0.9/8, 0.6/9} =
A, B.
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Abstract— In this paper we introduce and describe two classes of
aggregation functions with members that are migrative. First contin-
uous triangular norms are studied that own the migrative property
with respect to another fixed t-norm, in particular to the three proto-
types minimum, product, and the Łukasiewicz t-norm. For classes of
nilpotent and strict migrative t-norms the characterization and con-
struction is carried out by solving functional equations for the gen-
erators. For the third case when the fixed t-norm is the minimum,
an ordinal-sum-like construction is resulted. Then we formulate and
study the migrative property for quasi-arithmetic means. The results
are less permissive than for t-norms: we can hardly escape from the
classical arithmetic mean.

Keywords— Triangular norms, quasi-arithmetic means, func-
tional equations, migrative property.

1 Introduction
In this paper we study the migrative property for some classes
of binary aggregation functions. These are increasing func-
tions F : [a, b] × [a, b] → [a, b] such that F (a, a) = a and
F (b, b) = b.

It is well-known that some operations in fuzzy logic (like
t-norms, t-conorms, uninorms, nullnorms) can be considered
aggregation functions on the closed unit interval in the above
sense. In addition, these operations own a characteristic prop-
erty of associativity that can be formulated as a well-known
functional equation. A function F : [a, b] × [a, b] → [a, b] is
called associative if

F (x, F (y, z)) = F (F (x, y), z), x, y, z ∈ [a, b]. (1)

Under some additional conditions, the above-mentioned log-
ical operations are the general solutions of the associativity
equation (1).

Another important class of aggregation functions consists
of means. One of the first authors who introduced the term
“mean” in a mathematical sense was Cauchy [1]. In that spirit,
a function F : [a, b] × [a, b] → [a, b] is called a mean in the
interval [a, b] ⊂ R if

min(x, y) ≤ F (x, y) ≤ max(x, y)

for all x, y ∈ [a, b]. Well-known examples are the median, the
arithmetic mean, the geometric mean, the root-power mean,
the harmonic mean and the like.

Although these means and t-norms, t-conorms, uninorms,
nullnorms have rather different properties, there is one partic-
ular common property they all share. This is called bisym-
metry, introduced by Aczél [2], and is defined for a function
M : [a, b]× [a, b]→ [a, b] by

F (F (x, y), F (u, v)) = F (F (x, u), F (y, v)), (2)

for all x, y, u, v ∈ [a, b].
It is easy to see that if a function F : [a, b] × [a, b] → [a, b]

is symmetric (i.e., F (x, y) = F (y, x) for all x, y ∈ [a, b]) and
associative then F is bisymmetric. The converse statement
is not true in general. If, however, F is symmetric and has
a neutral element, then bisymmetry of F implies that F is
associative [3].

We give the definition of α-migrative two-variable func-
tions in Definition 1 just as it was proposed originally in [5].
Since that notion has something to do, in essence, with trian-
gular norms, first we attempt to catch hold of the very meaning
of it for t-norms. This is expressed by equation (6), and two
more equivalent forms in Theorem 2. That is, for t-norms we
can choose any of the three forms of (8), (9) or (10). Equation
(8) is obtained by considering the classical associativity func-
tional equation, then fixing the t-norm (T0) inside the equa-
tion, and finally fixing one of the variables’ value at α. Equa-
tion (9) can be obtained similarly: the only difference is that
we fixed the t-norm outside the equation. Equation (10) is just
equivalent to (8) and (9) for t-norms.

Therefore, when we realized that Definition 1 can never
hold for t-conorms, and it is very restrictive for quasi-
arithmetic means, we tried to develop new definitions that are
context dependent. The idea is to use the characteristic com-
posite functional equation of the function class under study
(e.g., the bisymmetry equation for means), then fix the func-
tion inside (or outside), and finally fix one of the variables
at some α. Or alternatively, consider the equation that corre-
sponds to (10). While for t-norms these three approaches are
equivalent, for quasi-arithmetic means this is not the case at
all.

According to our sketched ideas and investigations, in this
paper we introduce and describe two classes of aggregation
functions (triangular norms and quasi-arithmetic means) with
members that are migrative. The underlying compact interval
is [0, 1] in the study. In our formulation the migrative prop-
erty is context-dependent. First we show the original property
and its extensions for triangular norms. Then migrativity is
reformulated and studied for quasi-arithmetic means. In the
conclusions we highlight the essential differences between the
two classes.

2 The migrative property for t-norms
In this section we highlight some essential aspects and conse-
quences of the original α-migrative property and its possible
extensions.

A triangular norm (t-norm for short) T : [0, 1]2 → [0, 1]
is an associative, commutative, non-decreasing function such
that T (1, x) = x for all x ∈ [0, 1]. Prototypes of t-norms are
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the minimum TM(x, y) = min(x, y), the product TP(x, y) =
xy, and the Łukasiewicz t-norm TL(x, y) = max(x+y−1, 0).
Obviously, the product t-norm TP is α-migrative for any α ∈
]0, 1[.

As it is well-known, each continuous Archimedean t-norm
T can be represented by means of a continuous additive gen-
erator (see e.g. [4]), i.e., a strictly decreasing continuous func-
tion t : [0, 1]→ [0,∞] with t(1) = 0 such that

T (x, y) = t(−1)(t(x) + t(y)), (3)

where t(−1) : [0,∞]→ [0, 1] is the pseudo-inverse of t, and is
given by

t(−1)(u) = t−1(min(u, t(0))).

2.1 The Class of α-Migrative Functions

In [5] the authors introduced a new term – α-migrative – for a
class of two-variable functions (binary operations) as follows.

Definition 1. Let α be in ]0, 1[. A binary operation
T : [0, 1]2 → [0, 1] is said to be α-migrative if we have

T (αx, y) = T (x, αy) for all x, y ∈ [0, 1]. (4)

Although this definition seems to be rather general, the
paper [5] deals with triangular norms and subnorms. Fur-
ther progress can be seen in [6], where the authors studied
a slightly modified definition of migrativity. They discussed
also the associativity and bisymmetry of migrative aggrega-
tion functions.

Notice also that Definition 1 does not provide a meaningful
notion for triangular conorms. Indeed, if S is a t-conorm then
it is α-migrative if and only if S(αx, y) = S(x, αy) holds
for all x, y ∈ [0, 1]. If we choose y = 0 then we must have
αx = x for all x ∈ [0, 1], because S is α-migrative. This is
impossible when α �= 1. Similarly, if y = 1 then we must
have S(x, α) = 1 for all x ∈ [0, 1], which is again impossible
unless α = 1. Therefore, even the correct definition of α-
migrative t-conorms needs special care.

Obviously, the product t-norm TP is α-migrative for any
α ∈ ]0, 1[. The following non-continuous t-norm Tβ is also
α-migrative:

Tβ(x, y) =
{

min(x, y) if max(x, y) = 1,
βxy otherwise. (5)

It was provided in [8] as a counterexample to the question:
Is a strictly monotone t-norm always continuous?

We provide all continuous solutions of the equation (4) in
Theorem 1. More details and proofs can be found in our paper
[7].

Theorem 1. Let α be in ]0, 1[. Suppose T is a continuous
t-norm. Then the following statements hold.

(a) T is α-migrative if and only if we have

T (α, y) = αy for all y ∈ [0, 1]. (6)

(b) If T is α-migrative then T is strict.

(c) Suppose t is an additive generator of T . Then T is α-
migrative if and only if there exists a continuous, strictly

decreasing function t0 from [α, 1] to the non-negative re-
als with t0(0) < +∞ and t0(1) = 0 such that

t(x) = k · t0(α) + t0

( x

αk

)
if x ∈]αk+1, αk], (7)

where k is any non-negative integer.

In the next subsection we extend the above definition by al-
lowing any fixed t-norm instead of the product in the defining
equation.

2.2 The Class of (α, T0)-Migrative Functions

Following our plan, the next definition extends the migrative
property as follows. Some more details can be found in [9]
and in [10] with proofs.

Definition 2. Let α be in ]0, 1[ and T0 a fixed triangular
norm. A binary operation T : [0, 1]2 → [0, 1] is said to be
α-migrative with respect to T0 (shortly: (α, T0)-migrative) if
we have

T (T0(α, x), y) = T (x, T0(α, y)) (8)

for all x, y ∈ [0, 1].

Obviously, Definition 1 is a particular case of Definition 2
with T0 = TP.

In the next theorem we give a simple but very useful char-
acterization of (α, T0)-migrative t-norms.

Theorem 2. Let α be in ]0, 1[ and T0 a fixed triangular norm.
Then the following statements are equivalent for a t-norm
T : [0, 1]2 → [0, 1].

(i) T is α-migrative with respect to T0;

(ii) T satisfies the following equation for all x, y ∈ [0, 1]:

T0(T (α, x), y) = T0(x, T (α, y)); (9)

(iii) T satisfies the following equation for all x ∈ [0, 1]:

T (α, x) = T0(α, x). (10)

We do not recall the case when T0 = TL. The interested
reader can find the related results in [9, 10].

For illustrating the non-representable case T0 = TM, we
consider (α, TM)-migrative continuous triangular norms. In
the present case the (α, TM)-migrative property is read as fol-
lows:

T (min(α, x), y) = T (x,min(α, y)), x, y ∈ [0, 1]. (11)

By Theorem 2 we know that the (α, TM)-migrative prop-
erty is equivalent to the following functional equation:

T (α, y) = min(α, y), y ∈ [0, 1]. (12)

The description of all (α, TM)-migrative continuous trian-
gular norms, as solutions to the equation (12), is given in the
following theorem. For the proof see [10].
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Theorem 3. A continuous t-norm T is (α, TM)-migrative if
and only if there exist two continuous t-norms T1 and T2 such
that T can be written in the following form:

T (x, y) =




αT1

( x

α
,
y

α

)
x, y ∈ [0, α],

α + (1 − α)T2

(
x − α

1 − α
,
y − α

1 − α

)
x, y ∈ [α, 1],

min(x, y) otherwise.

Notice that equations (8) and (10) has something to do with
the generalized associativity equation that has also been stud-
ied and solved under some additional conditions, see [11, 12].
It can be written as follows:

F (G(x, y), z) = H(x, K(y, z)). (13)

In this general framework the particular form of H = F and
K = G in (13) correspond to (8).

3 The class of α-migrative quasi-arithmetic
means

Let [a, b] be a compact real interval. Aczél [2] proved that
a function M : [a, b]2 → [a, b] is continuous, symmetric,
strictly increasing in each argument, idempotent and fulfils the
bisymmetry equation (2) if and only if

M(x, y) = f−1

(
f(x) + f(y)

2

)
, x, y ∈ [a, b] (14)

with some continuous strictly monotonic function f . We also
know that this result still holds for intervals of the form ]a, b ],
[a, b [, ]a, b] or even for any unbounded interval of the real line
(see [13], pp 250–251, 280). A function M having a represen-
tation (14) is called a quasi-arithmetic mean.

When one tries to extend migrativity for quasi-arithmetic
means, there are several options. One possibility is to choose
a particular quasi-arithmetic mean M0 (for instance, the arith-
metic mean MA(x, y) = x+y

2 ), and consider the bisymmetry
equation (2) extended in the following forms, with a fixed ar-
gument (say y = α):

M(M0(x, α), M0(u, v)) = M(M0(x, u), M0(α, v)),(15)
M0(M(x, α), M(u, v)) = M0(M(x, u), M(α, v)).(16)

For motivations of these equations we refer to Theorem 2
and formulas (8)–(10) in case of t-norms.

We indeed chose the arithmetic mean, because of its key
role in the representation of quasi-arithmetic means (14). In
this case equations (15) and (16) are of the following respec-
tive forms:

M

(
x + α

2
,
u + v

2

)
= M

(
x + u

2
,
α + v

2

)
, (17)

M(x, α) + M(u, v)
2

=
M(x, u) + M(α, v)

2
, (18)

for a fixed α ∈ ]0, 1[ and for all x, u, v ∈ [0, 1].
First we state that equation (18) is extremely restrictive: un-

der the condition of idempotency, M must be the arithmetic
mean.

Theorem 4. Assume that an idempotent func-
tion M : [0, 1]2 → [0, 1] satisfies equation (18). Then M is
equal to the arithmetic mean.

Therefore, if we want to define α-migrativity in a way that
allows not only the arithmetic mean owning this property, we
should try the other equation (17).

Lemma 1. Let α be in ]0, 1[. Then

M(α, x) =
α + x

2
for all x ∈ [0, 1] (19)

is a necessary condition for having (17) satisfied by an idem-
potent M .

This simple observation suggests that an appropriate defini-
tion of α-migrative quasi-arithmetic means might be the fol-
lowing one.

Definition 3. Let α be in ]0, 1[. A quasi-arithmetic mean
M : [0, 1]2 → [0, 1] is said to be α-migrative if (19) holds
for all x ∈ [0, 1].

We solve equation (19) first, than we relate the solution to
(17).

3.1 Quasi-Arithmetic Means that Satisfy (19)

Consider a quasi-arithmetic mean M in the form of (14) with
a strictly increasing, continuous generator function f defined
on [0, 1]. Suppose M satisfies (19). That is, we have

f−1

(
f(α) + f(x)

2

)
=

α + x

2
for all x ∈ [0, 1]. (20)

Equation (20) implies that f(0) = lim
x↓0

f(x) and f(1) =

lim
x↑1

f(x) are finite. Indeed, for instance, if f(0) = −∞ then

the left-hand side of (20) equals 0, while the right-hand side is
α

2
, a contradiction. The other cases lead to a contradiction in

a similar manner.
Therefore, (20) can be written in an equivalent form as

f(α) + f(x)
2

= f

(
α + x

2

)
for all x ∈ [0, 1]. (21)

The general solution of (21) is given in the next theorem.

Theorem 5. Assume that f : [0, 1] → R is a strictly increas-
ing, continuous function. Then f satisfies (21) if and only if
there exist real numbers f0, fα, f1 such that f can be written
in the following form:

f(x) =




fα − f0

α
· x + f0 if x ∈ [0, α]

f1 − fα

1− α
· x +

fα − αf1

1− α
if x ∈]α, 1]

. (22)

That is, the most general quasi-arithmetic means that satisfy
(19) are generated by a piece-wise linear generator function.
It is linear on [0, α] and on [α, 1].

Next we show that the piecewise linear solution of (21) be-
comes linear when we feed it back into (17).

Theorem 6. Let M be a quasi-arithmetic mean that satisfies

(17). Then M(x, y) =
x + y

2
, i.e., M equals the arithmetic

mean.

Notice that this result is somewhat disappointing: we re-
turned back again to quasi-arithmetic means.
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4 Conclusions
It is worth comparing results presented in this paper for t-
norms and for quasi-arithmetic means. For t-norms a general
form of (α, T0)-migrativity resulted in two other equivalent
formulations, and also infinite families of t-norms owning that
property could be obtained. For quasi-arithmetic means idem-
potency alone implied the arithmetic mean as the only solution
in (18). When we looked for quasi-arithmetic mean solutions
of (17), it was also the arithmetic mean that satisfied the equa-
tion. The only exceptions are quasi-arithmetic mean solutions
to (19) with piece-wise linear generator functions.

Notice that the general case when the fixed quasi-arithmetic

mean M0(x, y) = f−1
0

(
f0(x) + f0(y)

2

)
differs from the

arithmetic mean can be handled in a similar way.
It might be worth studying other types of composite func-

tional equations in the spirit of the present paper.
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tivity and bisymmetry on quasigroups, Acta Math. Sci. Hung.
11 (1960) 127–136.

[12] Gy. Maksa, Quasisums and generalized associativity, Aequa-
tiones Math. 69 (2005) 6–27.

[13] J. Aczél, Lectures on Functional Equations and Applications,
(Academic Press, New York, 1966).

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

656



Intelligent Operation Support Method based on Time Change Fuzzy Sets

Seiji YASUNOBU1 Mitsuru KOKUHUDA1

1.Department of Intelligent Interaction Technologies
University of Tsukuba, Tsukuba, Japan

Email: yasunobu@iit.tsukuba.ac.jp, kokuhuda ics@edu.esys.tsukuba.ac.jp

Abstract— In the present paper, an effective support method

for equipment operation under a dynamic environment is proposed.

The proposed method presents operation instructions that the driver

should be preparing to follow in the future. Using this method, the

current and future states of the surrounding environment can be con-

sidered. The time change fuzzy set, which considers the state and

time, to be universe of discourse. The time change fuzzy set is used for

a computer as a buildup method with expert knowledge concerning

the time change in the state. Experiments to support a lane change

operation were conducted using a driving simulator. The obtained

results indicated that the proposed method safely supports a lane

change operation, and the time lag between the instruction being

given by the system and operation being performed by the driver is

decreased.

Keywords— Dynamic environment, fuzzy inference, operation
support, safety, time change fuzzy sets.

1 Introduction
When a human operates equipment in a dynamic environment,
in which the surrounding conditions change with time, the op-
erator should correctly understand complex changes in the sur-
rounding environment. In addition, the operator must judge
whether an operation is appropriate within a limited time.
Therefore, an equipment operation support system is neces-
sary in order to reduce the load on the operator and to achieve
safe operation.

The equipment operation support system causes a time lag
between the instruction by system and the operation by the
driver. This is a significant problem in a dynamic envi-
ronment, into which surrounding circumstances change with
time.

Fuzzy sets can quantitatively manage human subjective as-
sessments, such as ”He is young,” and thought processes, such
as ”IF x is small, THEN y is very large” [1, 2]. Mam-
dani applied fuzzy control, which is an intelligent control,
experimentally to a steam engine for the first time [3]. Ya-
sunobu achieved the selection of the control order based on
a multipurpose evaluation of an expert driver using the pre-
dictive fuzzy control and applied to the automatic train op-
eration (ATO) system [4, 5, 6]. These fuzzy sets and con-
trol methods are applied to numerous intelligent cooperative
control systems based on ”fuzzy instruction” [7, 9] and a
”fuzzy target”[8]. However, in fuzzy sets, it is difficult to
build in expert knowledge concerning the time change. High-
performance computers that have recently been developed
have enabled equipment operation support, including expert
knowledge, in real time.

In the present study, we construct an effective support
method for use in a dynamic environment. When operating

equipment in a dynamic environment, experts perform appro-
priate operations by considering not only the present state but
also potential future states. In the present paper, time change
fuzzy sets, which considers the state and time, to be universe
of discourse. Time change fuzzy sets are used to provide ex-
pert knowledge to the computer regarding the time change of
the states. Time change fuzzy sets can provide a sense of time
change, such as ”Speed is continuous high” and ”Temperature
change to cold from hot” to a computer.

The proposed method is applied to support a lane change
operation using a driving simulator.

2 Support method in a dynamic environment
In this section, an effective support method for a dynamic en-
vironment is considered. The process of the proposed system
is shown in Fig. 1.

Supporter

(Computer)

User

(Human)

Time

Equipment

Pre-instruction

Sensing

Operation 

Final-instruction

Action

Sensing
Forecast & Decision

Refection of 

action

Forecast & Decision

Forecast & Decision

Understand 

& Standby

:

Sensing

Audio

Figure 1: Process of the proposed operation support method.

The support (system) consists of 1) sensing equipment and
surrounding states, 2) forecasting of future states, 3) instruc-
tion decision, and 4) presentation of instruction in advance and
sending of a pre-instruction via audio. The driver (human) is
5) perceives the pre-instruction, and 6) interprets the intention
of the system and waits for the final/pre-instruction. The sup-
port (system) continues 7) sensing the surrounding state and
sends a final short signal. The driver (human) 8) starts an op-
eration.

In the proposed method, the driver can confirm the opera-
tion instructions in advance. In addition, the time of 4) presen-
tation of instruction in advance, 5) perception of instruction,
6) interpreting the intention of the system, can be sufficiently
secured. The time lag can be related only to 8) operation.

The proposed method 2) forecasts future states and 3) de-
cides pre-instruction or final-instruction, and the manner of
action 2) and 3) is important.
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3 Fuzzy inference that considers future time
A computer can be made to emulate man’s interpretive ability
by building expert knowledge into a system using the fuzzy
theory and fuzzy inference.

In a dynamic environment, an expert operates equipment
by considering not only present states but also forecasting fu-
ture states. It is necessary to define fuzzy sets concerning the
change of states in order to build expert knowledge about the
change of states and to perform inference by considering fu-
ture states.

3.1 Time change fuzzy sets

In the present paper, we define a fuzzy set that changes with
time. A fuzzy set to which a time axis has been added is re-
ferred to herein as a time change fuzzy set.

The total set of the state is assumed as R. The time change
fuzzy set X̃fn in state x(t) of the object is defined by the
following expression ( 1 ):

X̃fn(x,p) =
∫

R×P

µ eXf n(x,p)/(x, p), (1)

x ∈ R, p ∈ (0, P ).

Here, µ eXfn(x,p)
is the membership value in universe of dis-

course the state x and the following time p, and P is the max-
imum following time.

An example of a time change fuzzy set is shown in Fig.
2. This fuzzy set describes a ”change in distance from far to
near”. The axes of this figure indicate distance, x, the follow-
ing time, p, and the membership degree of the fuzzy set µ.

µ

x: Distance (m)

p: The follow
ing tim

e (second)

0.0

1.0

2.0

3.0

4.0

5.0

6.0 0.0

7.5

15.0

0

0. 5

1

Figure 2: Example of a time change fuzzy set: change in dis-
tance from far to near.

Figure 3 shows the time change fuzzy set at p = 0 sec,
p = 3 sec, and p = 6 sec.

Time change fuzzy sets indicate how a fuzzy set changes
with time. Time change fuzzy sets can be used to build expert
knowledge concerning the time change of states into a com-
puter.

3.2 Fuzzy inference rules

Time change fuzzy sets are used to if-part and to then-part of
fuzzy inference. To simplify explanation, three fuzzy rules for
lane change support are described below.

(a) fuzzy set  at p=0 sec.

0.0

1.0

15.00.0

µ

µ

µ

x: Distance

(b) fuzzy set  at p=3 sec.

(c) fuzzy set  at p=6 sec.

Far

Near

Middle

1.0

1.0

0.0

0.0

0.0

0.0

15.0

15.0

x: Distance

x: Distance

Figure 3: Time-sliced fuzzy sets of the time change fuzzy set:
change in distance from far to near.

Rule 1: If forward vehicle (x) is continuous far and follow-
ing vehicle (y) is continuous far, then lane change (z) is
continuous safe.

Rule 2: If forward vehicle (x) is continuous far and following
vehicle (y) is change from far to near, then lane change
(z) is change from safe to danger.

Rule 3: If forward vehicle (x) is change from near to far and
following vehicle (y) is change from far to near, then lane
change (z) is continuous middle.

The terms x, y, and z in the above rules are defined by time
change fuzzy sets, as shown in (1) . The above rules are then
described as follows:

r1: X̃1(x,p) and Ỹ1(y,p) ⇒ Z̃1(z,p),

r2: X̃2(x,p) and Ỹ2(y,p) ⇒ Z̃2(z,p),

r3: X̃3(x,p) and Ỹ3(y,p) ⇒ Z̃3(z,p).

3.3 Fuzzy inference process

Figure 4 shows an example of the fuzzy inference process.
The if-part is given by time change fuzzy sets X̃(x,p) and
Ỹ(x,p), and the then-part is given by time change fuzzy set
Z̃(x,p). These fuzzy sets are in the form of time functions, as
shown in Fig. 4. The input functions x̂(p) and ŷ(p) are calcu-
lated by forecasting the future states from the present states.

The degree of membership of the input value to the time
change fuzzy sets X̃ ′

i(p) and Ỹ ′
i(p) as shown in (2) and (3), re-

spectively, is calculated by minimum operation, whereby time
change fuzzy sets are removed by the input value. For exam-
ple, when the time change fuzzy set X̃i(x,p) is removed by the
input value of x̂(p), the section area becomes X̃ ′

i(p).

X̃ ′
i(p) = X̃i(x,p) ∧ x̂(p) = X̃i(bx(p),p) i = 1, 3, (2)

Ỹ ′
i(p) = Ỹi(y,p) ∧ ŷ(p) = Ỹi(by(p),p) i = 1, 3. (3)

Each rule ri is evaluated to Z̃ ′
i(z,p), as shown in (4).
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Figure 4: Fuzzy inference using time change fuzzy sets.

Z̃ ′
i(z,p) = Z̃i(z,p) ∧ X̃ ′

i(p) ∧ Ỹ ′
i(p) i = 1, 3. (4)

3.4 Result of fuzzy inference

When the evaluation values of rules Z̃ ′
1, Z̃ ′

2, and Z̃ ′
3 are 0.3,

0.8, and 0.4, respectively, as shown in Fig. 4, the result of
fuzzy inference, i.e., Z̃ans(z,p), as given by (5), is as shown in
Fig. 5(a).

Z̃ans(z,p) = Z̃ ′
1(z,p) ∪ Z̃ ′

2(z,p) ∪ Z̃ ′
3(z,p). (5)

In the present study, Sp(p) is the lane change safety at time p
obtained using the center of gravity method (defuzzification),
as given by (6). Figure 5(b) shows the lane change safety at
time p.

Sp(p) =

∫
z · µ eZans(z,p)dz∫
µ eZans(z,p)dz

(6)

Thus, the future output states are inferred from the future
states of input, which are forecast from the present states. The
system determines the operation that the driver should perform
in the future based on the results of inference. The operation
instruction is presented to the driver in advance, and the sup-
port method described in Section 2 is achieved. The shape of
this fuzzy set looks like a type-2 fuzzy set[10]. The type-2
fuzzy set extends the membership grade to fuzzy value. Other
side, this time change fuzzy set based on universe of discourse
time and dynamic state, and simple membership grade from
0.0 to 1.0.
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Figure 5: Result of fuzzy inference.

4 Application supporting a vehicle lane change

4.1 Outline of the support system

The support method proposed in Section 2 and fuzzy infer-
ence that considers the time change proposed in Section 3 are
applied to support the lane change of a vehicle.

An expert driver can forecast the future states of other ve-
hicles and judge intuitively whether a lane change can be per-
formed safely.

In the present study, the knowledge of the expert driver is
referred to as driving knowledge. A support system is con-
structed that forecasts future traffic states from present traffic
states, judges whether a lane change can be performed safely
and presents instructions to the driver.

It is preferable to maintain the velocity of the vehicle con-
stant during a lane change so that the driver can operate the
vehicle safely. Therefore, constant velocity is a requirement
for safe lane changing. In addition, it is necessary to keep
safety from the presentation of system’s instruction to the op-
eration of driver. This requirement is judged based on whether
a sufficient distance between the driver’s vehicle and the other
vehicles will be maintained during a lane change.

The lane change support process is as follows. (a) Assume
that the velocity of one’s own vehicle is constant, (b) Forecast
changes in the relative positions of the other vehicles, and (c)
Present the instruction to change lanes if it appears that safety
will be maintained.

4.2 Forecast future states

Other vehicles are assumed to maintain their velocities. The
relative positions of the other vehicles are calculated as fol-
lows based on assumption (a) above.
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Predictive states after p seconds are as follows:

x̂(p) = x̃(t) + vxp (7)
ŷ(p) = ỹ(t) + vyp, (8)

where x̃(t) and ỹ(t) denote the relative position of forward and
backward vehicle at the present time, t, and vx and vy denote
the relative velocity of these vehicles respectively.

4.3 Judge lane change appropriateness

In order to judge whether a lane change is possible based on
the prediction of future states, expert knowledge concerning
the future state of traffic is necessary. In the present study, the
appropriateness of the lane change is referred to as the lane
change appropriateness and is expressed as a number from 0
to 10. These numbers correspond to the following meanings:
0; dangerous(unsafe), 5; will be safe soon, and 10; safe.

Fuzzy inference is performed by using the predictive values
of the relative positions of other vehicles as the input calcu-
lated in Section 4.2, and the lane change appropriateness is
given as the output. The instruction to change lanes is pre-
sented to the driver based on the lane change appropriateness.

4.4 Presentation of audio instructions

In the proposed system, the driver is presented with audio in-
structions. The instruction is decided according to the lane
change appropriateness and the change. In the present study,
the instruction is output as follows.

Audio instruction:

· Present: Safety is high. Future: Safety is high.
−→ Instruction: ”You can safely change lanes.”

· Present: Safety is high. Future: Safety is low.
−→ Instruction: ”It’s getting dangerous.”

· Present: Safety is low. Future: Safety is high.
−→ Instruction: ”You will be able to change lanes soon.”
After a few seconds.
−→ Instruction: ”Change lanes now.” = Go signal

· Present: Safety is low. Future: Safety is low.
−→ Instruction: ”You can’t change lanes.”

5 Driving simulator experiments
Experiments using the lane change support system are per-
formed using proposed support method. The case in which
the vehicle in the left-hand lane on a two-lane roadway enters
the right-hand lane is assumed. The only vehicle in the left-
hand lane is the driver’s own vehicle, and two or more other
vehicles are driving in the right-hand lane. Fig. 6 shows a
photograph of the driving simulator. The test drivers are three
men in their twenties.

The following two situations are assumed in the experi-
ments.

Situation 1) Approach from the rear: A vehicle approaches
from the rear (Fig. 7(a)).

Figure 6: Driving simulator.

Situation 2) Nearby vehicle moves away: A nearby vehicle
moves away gradually (Fig. 8(a)).

First, an experiment is performed using the support method
in which only the present state is considered. Then, the ex-
periment is performed using the proposed method (Section
2) in which the future states are considered. In the proposed
method, time change fuzzy sets (Section 3) are used. Audio
instructions are presented as described in Section 4.4.

5.1 Situation 1: Approach from the rear

5.1.1 Results obtained by considering only the present state

The results of an experiment conducted with one test driver
in Situation 1 without considering future states is shown in
Fig. 7(b). In this method, in which only the present state is
considered, the experimental system can only judge whether
the present state is ”safe” or ”unsafe”, and the safety of fu-
ture states cannot be predicted. Fig. 7(b) indicates that when
the driver started to operate the steering wheel, the system re-
ported that the state changed from safe to unsafe. In this ex-
ample, the time lag between the instruction of the system and
the operation by the driver caused a problem.

5.1.2 Result obtained by considering the future states

The results of an experiment conducted with one test driver in
Situation 1 considering future states is shown in Fig. 7(c). As
the results indicate, the experimental system did not indicate
that the state became safe, and driver did not operate the steer-
ing wheel. In Situation 1, the experimental system can predict
the safety of future states. In addition, the experimental sys-
tem judges that indicating that the state will become safe is not
appropriate considering the time of driver’s perception, under-
standing, and operation.

5.2 Situation 2: Nearby vehicle moves away

5.2.1 Results obtained by considering only the present state

The results of an experiment conducted with one test driver
in Situation 2 are shown in Fig. 8(b). This figure shows the
time lag between the time at which the“ safe”message is
provided by the system and the time at which the driver begins
to operate the steering wheel. The average of time lag of the
three testers is 1.70sec.
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(c) Results obtained by considering future states: Situation 1
Figure 7: Experiments results obtained for Situation 1.

5.2.2 Results obtained by considering future states

The results of an experiment conducted with one test driver
considering future states in Situation 2 are shown in Fig.8(c).
The difference from Fig. 8(b) is that the message ”It will be
safe to change lanes soon” is presented to the driver, because
this method considers not only the present state but also pre-
dicts future states. The ”safe” message is then presented at the
time when system judges that it will be safe to change lanes
for a while. The final signal is then presented to the driver.

In this way, the driver is presented with the knowledge that
he will be able change lanes soon, and can prepare to change
lanes. In addition, the time required to provide the audio in-
struction can be shortened by using a signal to indicate that it
is safe to change lanes.

As shown in Fig. 8(c), the time lag between the time at
which the“ safe”message is provided by the system and
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(b) Results obtained by considering only the present state:
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(c) Results obtained by considering future states: Situation 2
Figure 8: Experiments results obtained for Situation 2.

the time at which the driver begins to operate the steering
wheel became shorter. The average time lag of three testers
is 0.63sec.

5.3 Discussion

The results of the experiments reveal the following.

• In Situation 1, the proposed support system can predict
danger in future states, whereas the system that consid-
ers only the present state cannot predict danger in future
states.

• In Situation 2, in the proposed support system, the time
lag between the time at which the system provides an
instruction and the time at which the driver performs an
operation is shorter than that in the system that considers
only the present state.
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Therefore, the effectiveness of the proposed system as a
support system for use in a dynamic environment is demon-
strated.

6 Conclusions
An effective support method for use in a dynamic environment
is proposed in the present paper. The proposed method fore-
casts future states that are calculated from present states, and
the driver is provided in advance with instructions to perform
various operations. In order to achieve the proposed method,
time change fuzzy sets are proposed as a method of build-
ing expert knowledge concerning the time change of the states
into a computer.

The proposed method was applied to a lane change support
system and experiments were performed. The obtained results
indicate that it is possible to achieve a safety support system
that can predict danger in future states and can reduce the time
lag between the system providing an instruction and the driver
performing an operation. In addition, the results indicate the
effectiveness of the proposed support method.
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Abstract— In the context of a possibilistic framework for detec-

tion of object co-reference, evaluators have been defined as opera-

tors that compare two values and express the belief that such val-

ues are co-referent. Hereby, co-reference of two values means that

these values describe the same entity in the real world. In this pa-

per, a class of evaluators is investigated that determines the belief of

co-reference based on semantical connections between values of the

universe. These semantical connections are modeled by means of bi-

nary relations. In case these binary relations are not a-priori given,

they can be (partially) learned in an iterative co-reference detection

schema.

Keywords— Possibility theory, co-reference, binary relations

1 Introduction

In order to deal with the increasing amount of (partially) in-
dependent information sources, detection of duplicate infor-
mation storage is of key importance to avoid inefficient stor-
age management and inconsistencies. In the context of this
paper, data are discussed in terms of objects. An object is a
structured description of a real world entity. Hereby, struc-
tured refers to a complex user defined data structure that is
used to model data. Such is the case with, among others, rela-
tional databases, XML-documents and Object Oriented envi-
ronments. Objects that refer to the same entity are called co-

referent objects. A typical property of an object is that it can
be decomposed into sub-objects with a well-defined domain.
These sub-objects are called attributes. Note that attributes are
not bound to have an atomic data structure, i.e. any collection
type is a valid datatype for an attribute. In case of relational
databases, the attributes are the tuple fields.

As a running example throughout this paper, the ‘restau-
rant’ dataset [1] is used, which is a table from a relational
database that describes restaurants. Each restaurant is repre-
sented by an object that has four attributes: name, address,
city and type. Next to the attributes, the dataset contains a
source field, which indicates the restaurant guide from which
the information was taken (‘fodor’ or ‘zagat’) and an identifier
field ‘oid’. The goal of this dataset is to find the co-referent
restaurants. The dataset is chosen as an example in this pa-
per because syntactical evaluators are not suited for attributes
‘city’ and ‘type’. It is shown in this paper how semantical
evaluators can be used for these attributes. A sample of the
dataset is shown in Table 1, where objects 1 and 3 have source
‘fodor’ and objects 2 and 4 have source ‘zagat’. Objects 1 and
2 are co-referent objects and so are objects 3 and 4.

In a possibilistic setting, an evaluator EU determines the
possibility (or belief) of (non) co-reference about two values
from a universe U . This universe can be the domain of com-
plex objects or the domain of less complex attributes. The

Table 1: Sample of ‘restaurant’ dataset
name address city type
campanile 624 s. la

brea ave.
los angeles american

campanile 624 s. la
brea ave.

los angeles californian

grill on
the alley

9560 day-
ton way

los angeles american

grill the 9560 day-
ton way

beverly hills american

subject of this paper is to investigate a special class of evalua-
tors called semantical evaluators. These evaluators use binary
relations on the universe of interest to determine the belief that
two values are co-referent. The transfer of knowledge from a
relational level to a comparative level has already been studied
in literature. The first notion of semantical connections be-
tween linguistic terms is pointed out by Quillian [2]. Resnik
uses a network of semantical connections to construct a se-

mantical similarity measure [3]. The key idea in this model is
to compare the information that is held by two concepts in or-
der to compute the similarity between two words. Further on,
Resnik uses an existing taxonomy as knowledge base. This
interesting approach has led to several further enhancements,
which are all based on information theory [4, 5]. The knowl-
edge base T reflects relations between elements of a universe
of concepts. Each approach then uses T to construct a simi-
larity measure. The research presented in this paper is in line
of these approaches and provides a theoretical framework for
semantical evaluators. The case in which the the taxonomy T

is not a-priori known, will be treated in this paper, leading to
an unsupervised schema for construction of binary relations.
Unsupervised approaches for co-reference have been studied
in [6, 7, 8]. The idea proposed here is in fact complementary
with the key idea behind these approaches. In recent research,
the term co-reference has become relevant in the field of com-
putational linguistics [9, 10, 11]. The search for co-referent
non-structured objects, i.e. flat text documents, has impor-
tant applications in text clustering and information aggrega-
tion. In this recent field, semantics is of crucial importance
to obtain good cluster accuracy. However, it is emphasized
that semantical evaluators as introduced in this paper operate
in a framework for structured objects, in contradiction to the
frameworks for non-structured objects in [9, 10, 11]. The re-
mainder of the paper is structured as follows. Section 2 sum-
marizes some basic notations and preliminary knowledge. In
Section 3, semantical evaluators are defined and properties are
investigated. Section 4 introduces the iterative co-reference
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detection scheme, which is an unsupervised learning schema
in which binary relations used by semantical evaluators are
increasingly constructed. Finally, Section 5 summarizes the
main contributions of this paper.

2 Preliminaries
Within the context of this paper, a (structured) object is a
(structured) description of a real world entity that is decom-
posable into attributes and co-referent objects are objects that
describe the same entity. The possibilistic model for detection
of co-referent objects is based on the concept of possibilistic

truth values [12, 13, 14]. A possibilistic truth value p̃ is a nor-
malized possibility distribution over the domain B = {T, F}
and represents uncertainty about the truth value of a proposi-
tion p. Hence p̃ = {(T, µp̃(T )), (F, µp̃(F ))}. A short nota-
tion thereof is p̃ = (µp̃(T ), µp̃(F )). The domain of all possi-
bilistic truth values is denoted ℘̃(B) which is complete lattice.
Total order relations R̃ on this domain are defined as follows,
with R a total order relation on the unit interval [0, 1]:

p̃1 R̃ p̃2 ⇔

{
µp̃2

(F ) R µp̃1
(F ), µp̃1

(T ) = µp̃2
(T ) = 1

µp̃1
(T ) R µp̃2

(T ), otherwise

Possibilistic truth values describe available knowledge (or be-
lief) about a proposition. It is emphasized that they do not
describe a state of graded truth. The most important operators
for knowledge aggregation in the domain of possibilistic truth
values are generalized conjunction

∧̃ : ℘̃(I)2 → ℘̃(I) : p̃∧̃q̃ �→ { (T, min (µp̃(T ), µq̃(T ))) ,

(F,max(µp̃(F ), µq̃(F ))) }

and disjunction

∨̃ : ℘̃(I)2 → ℘̃(I) : p̃∨̃q̃ �→ { (T, max(µp̃(T ), µq̃(T ))) ,

(F,min(µp̃(F ), µq̃(F ))) }

In the context of co-reference detection, possibilistic truth val-
ues are generated by evaluators. These are formally defined
as follows:

Definition 1 (Evaluator)
Assume a universe U of values describing entities in the real
world. An evaluator on U is a commutative function EU such
that:

EU : U2 → ℘̃(B) : (u, v) �→ EU (u, v) = p̃ (1)

with p =“u and v are co-referent”, µp̃(T ) is the possibility
that p is true and µp̃(F ) is the possibility that p is false.

An evaluator is reflexive if ∀(u, u′) ∈ U2 : u = u′ ⇒
EU (u, u′) = {(T, 1)} and is strong reflexive if ∀(u, u′) ∈
U2 : u = u′ ⇔ EU (u, u′) = {(T, 1)}.

This paper deals with evaluators that extract knowledge
from binary relations. A binary relation R on U is a sub-
set of the Cartesian product U × U . The elements of R are
thus couples of elements from U . (u, v) ∈ R is also de-
noted as u R v. An equivalence relation is a binary relation
that is reflexive (∀u ∈ U : u R u), symmetrical (∀(u, v) ∈
U2 : u R v ⇔ v R u) and transitive (∀(u, v, w) ∈ U3 :
(u R v ∧ v R w) ⇒ u R w). A partial order relation is a bi-
nary relation that is reflexive, transitive and anti-symmetrical
(∀(u, v) ∈ U2 : (u R v) ∧ (v R u) ⇒ (u = v)). A strict

partial order relation is anti-reflexive (∀u ∈ U : ¬(u R u)),
anti-symmetric and transitive.

3 Semantical evaluators
3.1 Definitions

Evaluators have been introduced and investigated in [15]. In
general, three classes of evaluators are distinguished: syntac-
tical, semantical and hybrid evaluators. Syntactical evaluators
determine possibility based on syntactical differences and are
useful to deal with typographical errors in string data and inac-
curacies with numerical data. Semantical evaluators are based
on binary relations between elements of a universe U . The
name ‘semantical evaluator’ reflects that in many cases, such
binary relations model a semantical connection between ele-
ments of the universe. However, the use of the framework pre-
sented here is not restricted to semantical connections only. In
fact, binary relations can very well express a syntactical con-
nection, rather than a semantical one, for example the equality

relation. Nevertheless, the applications of interest assume in
most cases relations that are semantical in nature, which ex-
plains the name of this type of evaluators. Hybrid evaluators
are a combination of several evaluators on the same domain.
Syntactical evaluators are studied in [15], whereas semantical
evaluators are the subject of this paper.

The rationale of a semantical evaluator emerges from the
fact that co-reference of objects is nothing more than equality
of the entities described by the objects. As such it can be seen
that co-reference of objects can in fact be modeled by a sym-
metrical reflexive binary relation (say Rc for convenience) in
the domain O × O with O the set of objects. Moreover, the
domain O can be decomposed into sub-domains Ui which are
the domains of attributes ai. Hence, if a binary relation Ri is
defined in Ui ×Ui, a key question is then how the information
given by relation Ri can be translated into information about
Rc. It is thus studied in this paper how a given binary relation
R on a universe U can be used to generate the possibility that
elements of U belong to co-referent objects. An important
assumption hereby made is that R contains positive knowl-
edge about co-reference, which means that connection of two
elements u and v through a binary relation is regarded as ev-
idence for their co-reference. If elements are not connected
through R, it is concluded that u and v are not co-referent.
This is formalized as follows.

Definition 2 (Semantical evaluator)
Assume a universe U and a binary relation R. A semantical
evaluator EU,R is defined by means of a function fR called
the knowledge transfer function, such that ∀(u, v) ∈ U2 :
EU,R(u, v) = fR(u, v) with:

fR : U2 → ℘̃(B) (2)

such that

fR(u, v) =
{

p̃u,v u R v ∨ v R u

(0, 1) ¬(u R v) ∧ ¬(v R u) (3)

The condition u R v ∨ v R u in Definition 2 is a consequence
of the assumption of commutativity in the definition of eval-
uators. As an example, let S be the domain of strings and
consider the relation R=‘city-part-of’. If, for the sake of sim-
plicity, it is assumed that p̃u,v is independent of u and v and
equal to (1, 0.3), then:

ES,R(“Manhattan”, “New York”) = (1, 0.3)
ES,R(“New York”, “Chicago”) = (0, 1)
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The assignment of possibilities by a semantical evaluator is
constrained by the specificity of the relation R. Assume two
binary relations R1 and R2 on universe U such that R1 ⊂ R2,
then R2 applies for more couples of elements than does R1.
In an extreme case, a relation R can apply for each couple of
elements, which means that R is an equivalence relation on
U with 1 equivalence class. Clearly such a relation offers no
information about co-reference at all, which means that:

R = U2 ⇒ ∀(u, v) ∈ U2 : ER(u, v) = (1, 1) (4)

Thus, if more couples satisfy a relation R, R is less specific
and less knowledge about co-reference can be derived from R.
Hence, a knowledge transfer function must satisfy:

(R1 ⊆ R2) ⇒ ∀(u, v) ∈ R1 : fR1
(u, v) ≥̃ fR2

(u, v) (5)

The principle of specificity can also be applied inside a rela-
tion R. Consider a binary relation R defined over the universe
U . The projection of R over an element u ∈ U is given by:

Proju(R) = {(x, y)|x R y ∧ (x = u ∨ y = u)} (6)

The knowledge transfer from R to ℘̃(B) modeled by fR is
monotone if and only if for any triple (u, v, w) ∈ U3 that
satisfies uRw ∨ wRu and vRw ∨ wRv, we have that:

|Proju(R)| ≥ |Projv(R)| ⇔ fR(u,w) ≤̃ fR(v, w) (7)

It can be verified that monotone knowledge transfer is ob-
tained if fR is constructed as follows:

u R v ∨ v R u ⇒

fR(u, v) =
(
1, g

(
|Proju(R)|
2|R|−1 ,

|Projv(R)|
2|R|−1

)) (8)

with g a monotonic increasing, commutative function such
that g(1, 1) = 1. Monotone transfer knowledge implies that
it is more certain that u and v are co-referent if they are con-
nected by R and if there is less evidence that u or v are co-
referent with other elements.

A common problem with semantical evaluators is that re-
lations are a-priori information. In other words, relations are
constructed without observing the actual values on which the
evaluator must operate. It is possible that the values on which
R is constructed are not equal to values of an observed prob-
lem, but rather co-referent. This is caused by the fact that
values considered for a-priori construction of R are typically
standardized, which is not the case for values that are the sub-
ject of co-reference detection. For example, with R=‘city-
part-of’, it is known that “Manhattan” R “New York”. Never-
theless:

ES,R(“Manhatan”, “New York”) = (0, 1)

due to the spelling error in “Manhatan”. To deal with such
a situation, an evaluator can be used to detect co-references
between values from an observed problem and values from
the a-priori universe on which R is constructed. Typically,
such an evaluator will be syntactical. A semantical evaluator
is then used in a chain of evaluators.

u

v

u’

v’

( ),UE u v ( ), ', 'U RE u v

( )' , 'UE u u

( )' , 'UE v v

u

v

u’

v’

( ),UE u v ( ), ', 'U RE u v

( )' , 'UE u u

( )' , 'UE v v

Figure 1: Evaluator chain

Definition 3 (Evaluator chain)
Assume a universe U equipped with a semantical evaluator
EU,R and a reflexive evaluator E′

U . An evaluator chain is an
evaluator EU such that:

EU (u, v) = max
(u′,v′)

E′
U (u, u′)∧̃EU,R(u′, v′)∧̃E′

U (v′, v) (9)

The principle of chaining is schematically depicted in Figure
1. Due to reflexivity of E′

U it can be seen that:

(u R v ∨ v R u) ⇒ EU (u, v) = E′
U (u, v) (10)

Moreover, if E′
U is strong reflexive:

(u R v ∨ v R u) ⇔ EU (u, v) = E′
U (u, v) (11)

In the context of iterative co-reference detection (Section 4),
an important concept is that of a hybrid evaluator.

Definition 4 (Hybrid evaluator)
Assume a universe U and a set of evaluators E =
{EU,1, ..., EU,n} on U . A hybrid evaluator is an evaluator on
U such that:

EU = c(EU,1, ..., EU,n) (12)

with c a commutative, associative and monotonic increasing
function called the combinatory function.

3.2 Examples

The most obvious example of a semantical evaluator is an
evaluator that is based on the equality relation. In many
cases, reflexivity of an evaluator is required which means that
∀(u, v) ∈ U2 : u = v ⇒ EU (u, v) = (1, 0). Hence, in or-
der to support this constraint, equality of elements must imply
full impossibility of non co-reference. As mentioned in Sec-
tion 3.1, this evaluator can be regarded as syntactical evalua-
tor, because the binary relation is not semantical in nature. A
related case is a semantical evaluator where R is relaxed to an
equivalence relation, which has interesting applications such
as detection of synonyms, i.e. words with the same mean-
ing. Another example is the case where two words don’t have
the same meaning, but they both fully qualify for description
of a given entity. This is because the entity can not be de-
scribed exactly and more descriptions are possible. In that
case, words are equivalent with respect to their appropriate-
ness for description of an entity, despite the fact that these
words do not have the same meaning. This is the case with the
attribute ‘type’ of the ‘restaurant’ dataset, where for example
‘steakhouse’ and ‘american’ are possible (and thus equivalent)
descriptions of the type of restaurant.
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Assume a universe U and assume a partition of U into n

disjunct subsets Ui. Consider n − 1 relations Ri such that
each Ri is a surjective function between Ui and Ui+1. The
set of relations {Ri}i=1,2,...,n−1 is called a hierarchy on U .
It can be seen that, by definition, each Ri from a hierarchy
is anti-reflexive and anti-symmetrical. Due to the fact that
∀i ∈ {1, ..., n − 1} : im(Ri) = dom(Ri+1), it is possible
to compose relations Ri and Ri+1.

∀(u,w) ∈ U2 : u R1R2 w ⇔ (∃v ∈ U : u R1 v ∧ v R2w)
(13)

Hence, R1R2...Rn denotes the n-ary composition of n

relations and thus, elements of non subsequent partitions
are related through composition. For each hierarchy
{Ri}i=1,2,...,n−1, consider the set of relations {R∗

i } such that:

u R∗
i v ⇔ ∃k ≤ l ≤ i : u Rk...Rlv (14)

By definition:

∀i, j ≤ n : i < j ⇒ R∗
i ⊂ R∗

j (15)

It is then possible to construct n − 1 semantical evaluators
with knowledge transfer function fR∗

i
. Due to the consistency

constraint:

∀i, j ≤ n : i < j ⇒ fR∗

i
≥̃ fR∗

j
(16)

It can be seen that composing all relations, leads to a strict
partial order relation. Hence, each partial order relation can
be decomposed into relations with higher granularity and thus
higher belief of co-reference. This principle can be applied on
the ‘city’ attribute of the restaurant dataset, because the values
are connected by a strict partial order relation.

4 Iterative co-reference detection
4.1 Approach

In this Section, attention is given to the case where R is not
a-priori given. This is the case when dealing with subjective
information, for example the ‘type’ attribute of the restaurant
dataset. There is no a-priori information about which types
can be used to denote the same restaurant. In that case a se-
mantical evaluator can be (partially) constructed based on a
training set. However, in what follows a method is proposed
to construct a semantical evaluator in cases where no train-
ing set is given. Assume objects consisting of n attributes
ai. For each attribute ai, an evaluator Edom(ai) = Ei must
be constructed. The set of attributes can thus be partitioned
into attributes that require a syntactical evaluator (Asyn) and
attributes that require a semantical evaluator (Asem), such
that A = Asyn ∪ Asem and Asyn ∩ Asem = ∅. For the
‘restaurant’ dataset, Asyn = {‘name’, ‘street’} and Asem =
{‘type’, ‘city’}.

The key idea of iterative co-reference detection, is to find
the co-referent objects in m iterations. Semantical evalua-
tors for which no binary relation R is available are gradually
constructed throughout the different iterations. An evaluator
is called unavailable if it is a semantical evaluator for which
the binary relation R is unknown. In each iteration j, a sub-
set of the available evaluators is selected. With these evalua-
tors, a candidate set Cj of co-referent object couples is gen-
erated. For each attribute ai that requires a semantical eval-

(1)

Asyn

Asyn

+

Asem

(2) (m)

Asyn

+

Asem

…

candidate

co-refs

candidate

co-refs

update

final

co-refs

update

(1)

Asyn

Asyn

+

Asem

(2) (m)

Asyn

+

Asem

…

candidate

co-refs

candidate

co-refs

update

final

co-refs

update

Figure 2: Iterative learning of semantical evaluators

uator, a binary relation Rj is constructed by projecting each
object couple from Cj over the attribute ai. In other words, if
the object couple (o1, o2) is contained in the candidate set Cj

and attribute ai requires a semantical evaluator, then the cou-
ple (Projai

(o1), Projai
(o2)) is considered as a couple of co-

referent values for attribute ai. As a consequence, this couple
of values is added to the binary relation Rj . For each attribute
ai that requires semantical evaluation, a novel relation is Rj

is constructed in each iteration j. The reason to do this is
explained next. Typically, the generation of the first candi-
date set is based on very stringent criteria. If this is not the
case, many false positives are included in the candidate set,
which implies that constructed binary relations contain a large
amount of couples. As explained before, a binary relation with
large cardinality implies inferred knowledge with much un-
certainty (Eq. 4, Eq. 5). Throughout sequential iterations, the
candidate set is expanded by (i) relaxation of syntactical eval-
uators and (ii) additional knowledge of semantical evaluators.
As a consequence, there is a high probability that for k ≤ l,
Ck ⊂ Cl. If this is true, relations constructed in iteration k

are subsets of the corresponding relations in iteration l. Due
to the consistency constraint (Eq. 5), relations constructed in
iteration l imply more uncertainty. Therefor, in order to pre-
serve the level of (un)certainty in relations constructed in early
iterations, each iteration constructs a new relation. Hence, for
each attribute ai that requires a semantical evaluator, m binary
relations are constructed. Each of these relations Ri,j yields a
semantical evaluator Ei,Ri,j

. The constructed evaluator for at-
tribute ai is a hybrid evaluator (Eq. 12) with ∨̃ as combinatory
function:

Ei(u, v) = Ei,Ri,1
(u, v)∨̃...∨̃Ei,Ri,m

(u, v) (17)

Hence, the constructed evaluator tries to find the most strin-
gent binary relation by which the values are connected as this
relation yields the most belief in co-reference. After iteration
m, the last candidate set Cm of co-referent couples is gener-
ated which gives us the possible co-referent objects. It is noted
that iterative co-reference detection is a stand-alone compari-
son process: it produces a set of possible co-referent couples.
However, it can also be used to construct evaluators and their
corresponding binary relations. In other words, the proposed
method can be used to find co-referent objects, but it’s purpose
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Table 2: Statistics of restaurant test
‘type’ evaluator Co-refs Non Co-refs

Equality 22 5018
Equality + R 100 27811

can also be limited to construction of binary relations, which
makes it compatible with other (possibilistic) frameworks for
co-reference detection. Figure 2 shows a schematical repre-
sentation of iterative co-reference detection.

4.2 Example

The idea of iterative co-reference detection is illustrated on
the ‘restaurant’ dataset. The focuss in this example lies on
illustrating the construction of binary relations. The dataset
consists of two lists (|L1| = 533 and |L2| = 331). Among the
176423 couples of restaurants, 112 couples are co-referent.
For convenience, only two attributes are initially considered:
‘name’ and ‘type’. It is assumed that a syntactical evaluator
is used for ‘name’ and a semantical evaluator must be con-
structed for ‘type’. For the first iteration, consider an eval-
uator for attribute ‘name’ based on equality (i.e. values are
co-referent if they are equal). Among all possible couples,
83 couples have an equal name, of which 82 are identified as
co-referent, based on ground truth (i.e. equal oid’s). Hence,
candidate set C1 contains 83 couples of restaurants. Project-
ing this candidate set over the ‘type’ attribute and filtering
identical couples out, yields 40 couples of possible co-referent
restaurant types. These couples determine the binary relation
R1. Table 2 learns how R1 allows for assignment of belief
to 100 co-referent couples (89.3% of all co-referent couples).
However, 27811 non-coreferent couples are also assigned be-
lief (15.8% of all non co-referent couples). This is partially
due to the type of data. As can be seen, 5018 non-coreferent
couples have equal values for type, which is an indication that
the ‘type’ attribute is prone to many false positives. It must be
remembered that the goal is to construct an evaluator that is
used in a larger object comparison system. Hence, the contri-
bution of semantical evaluators lies in the assignment of belief
to co-referent values, thereby trying to minimize the belief at-
tached to non co-referent values. As can be seen in Table 2,
the fraction of non-coreferent values that are assigned belief
can still be large in absolute numbers. However, this fraction
can be filtered out using an intelligent aggregation function to
combine the belief assigned by the different evaluators. The
constructed relation for ‘type’ assigns belief to 89.3% of the
co-referent couples, after one iteration. Assume in a second
iteration, that the ‘street’ attribute is involved, which requires
a syntactical evaluator. For the sake of simplicity, assume an
evaluator for ‘street’ based on equality. If the evaluations for
‘name’ and ‘street’ are combined through disjunction, i.e. two
restaurants are co-referent if their names are equal or their
streets are equal, then the candidate set C2 contains 106 object
couples of which 101 are actually co-referent. Suppose that
iteration 2 would be the last iteration, then the model can be
refined by adding semantical evaluation of the ‘type’ attribute,
i.e. two restaurants are co-referent if their types are connected
by R1 and (names are equal or their streets are equal). Using
this model results in a candidate set of 95 couples of which
94 are co-referent, which means that 83.9% of all co-referent

couples are detected with a precision of 98.95%. If iteration 2
is not the last iteration, then C2 can be used to construct a sec-
ond binary relation R2. Note that by construction R1 ⊂ R2.

An advantage of iterative co-reference detection is that the
binary relations R are dynamically adapted throughout the dif-
ferent iterations. If an approach with a training set is used,
the relation R can be partially constructed only on the obser-
vations in the training set. With iterative co-reference detec-
tion, binary relations are constructed by generating a candi-
date set from all known observations. Hence, the relations
constructed in an iterative co-reference detection scheme will
be more complete.

5 Conclusion
In the possibilistic framework for detection of complex co-
referent objects, a central concept is that of an evaluator,
which is a function that estimates belief/uncertainty about co-
reference of (sub)-objects. This paper introduces a formal
framework for semantical evaluators EU that model the trans-
fer of knowledge from binary relations on the universe, to
knowledge about co-reference of elements. This transfer is
modeled by means of a knowledge transfer function fR. It
is shown that, depending on the application, such a function
must satisfy consistency constraints. It is also shown how se-
mantical evaluators can be used in an evaluator chain and how
to combine evaluators in a hybrid evaluator. Finally, when re-
lations on U are unknown, it is investigated how to (partially)
construct such relations without use of a pre-labeled training
set. This construction process is called iterative co-reference
detection.
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Abstract— We present a fuzzy version of the efficient portfolio se-

lection problem which adds to the Markowitz’s classical model the

vagueness of the investor’s preferences about the assumed risk. This

is done by adapting some techniques previously applied by the au-

thors in other logistic problems. We provide several procedures to

solve it: an exact one and a hybrid meta-heuristic procedure more

adequate for medium and large-sized problems. To show the usefull-

ness of the model and the algorithms, we provide an example based

on data from the Spanish index IBEX35.

Keywords— Fuzzy programming, Heuristic strategies, Portfolio
selection.

1 Introduction
The modern portfolio selection problem is a classical model
for determining the optimal composition of a portfolio accord-
ing to the preferences of an investor. The model is credited to
Markowitz [17, 18], who is rightfully regarded as the founder
of modern portfolio theory [6].

In a first approach, given n securities S1, S2, · · · , Sn in
which we can invest non-negative quantities x1, x2, · · · , xn, a
portfolio consists of a subset of securities in which all the cap-
ital should be invested satisfying investor’s preferences. These
preferences must take into account the risk that the investor is
willing to assume, the expected return and, to a lesser extent,
some diversification criteria.

One possibility is taking the return as objective function and
including the risk as a constraint, i.e.

Max. Portfolio return
s.t. Risk of portfolio ≤ R

n∑
i,=1

xi = 1,

li ≤ xi ≤ ui, i = 1, . . . , n.
li ≥ 0 i = 1, . . . , n.

(1)

where R is the maximum risk accepted by the investor, and the
last constraints express that all the capital must be invested as
well as diversification conditions.

However, we could also consider the dual version (in an
economic sense) in which the risk is minimized taking the ex-
pected return as a constraint.

Obviously, the portfolio selection, like most financial prob-
lems, is related with uncertainty because it consists in taking a
decision about future events. Therefore, we do not have at our

disposal more than historical data which usually are managed
with statistical methods [18, 6]. Moreover, it is not easy to
model the investor’s preferences. After the seminal work by
Markowitz, attention has been given in the study of alterna-
tive models [13, 14]. Most of these models are based on prob-
ability distributions, which are used to characterize risk and
return. For instance, in the Markowitz model, variance and
mean were generally deemed satisfactory measures of risk and
return, respectively [18, 21, 7, 12]. However, according to the
chosen modellization of the expected risk and return, different
models coexist to select the best portfolio. Some of them pro-
pose to describe the risk by means of mean-absolute deviation
([11], [24]), other authors propose linear programming [22] or
multiobjective [15] models.

Another way of dealing with uncertainty is working with
models based on soft computing. This can be done by means
of vague goals for the expected return rate and risk [23, 16],
or by using possibility distributions to model the returns. This
fact permits the incorporation of expert knowledge by means
of a possibility grade, to reflect the degree of similarity be-
tween the future state of stock markets and the state of previ-
ous periods.

In this paper, we present several ways of dealing with
the uncertainty associated to the portfolio selection problem.
Namely, we are going to show that the techniques used by
the authors in logistic problems[2, 3, 4] can be generalized to
deal with the risk and return fuzziness in the portfolio selec-
tion problem. These techniques allows us to include in our
fuzzy model the vagueness related with the fact that the in-
vestor fixes arbitrarily the risk that he/she will assume. The
uncertainty concerning to the valuation of risk and returns is
modellized by means of the usual variance and mean.

To solve our model, meta-heuristic techniques are often
needed because of the size of the problem or because a quick
solution is required in order to reflect real-time cases. There-
fore, we propose a hybrid meta-heuristic procedure.

The paper is organized as follows: The next section intro-
duces the framework for portfolio selection used in this paper.
Section 3 examines the portfolio selection with flexible con-
straints, incorporating this flexibility in a fuzzy model. In sec-
tion 4, we present a hybrid meta-heuristic to solve the portfolio
selection problem with flexible constraints. Finally, Section 5
outlines the most important conclusions.
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2 Portfolio selection
We could consider the problem of an investor who intends to
invest some money in securities in such a way that the rate of
return is maximized and a given level of risk cannot be sur-
passed. If we have n securities, ri is the return of the i-th
security and xi is the proportion of total investment funds de-
voted to the i-th security, then we have the constraint

n∑
i=1

xi = 1.

The risk of investment can be measured by the variance
xtSx, where S = [sij ] is the variance-covariance matrix. If
R is the maximum risk accepted by the investor, we have the
constraint

n∑
i,j=1

sijxixj ≤ R.

Then, one of the simplest models for the portfolio selection
problem is:

Max.
n∑

i=1

rixi

s.t.
n∑

i=1

xi = 1,

n∑
i,j=1

sijxixj ≤ R,

xi ≥ 0, i = 1, . . . , n.

(2)

However, choosing the best investment options for a portfo-
lio is a difficult task due to economic environment uncertainty
and the problem of suitably reflecting decision maker desires
in the model. Both stochastic and fuzzy programming provide
different ways of handling the first kind of uncertainty [9].
This paper presents a fuzzy approach for the second kind, in
which the portfolio problem includes the subjective criteria of
the decision maker to determine the level of risk that he or she
is able to support and the level of satisfaction to be assigned
to a possible increase in return.

3 Flexible Portfolio selection
The portfolio selection problem has two data concerning deci-
sion maker preferences, namely the capital to be invested and
the risk to be assumed. The investor can be assumed to know
with certainty the capital that he/she would like to consider,
and in fact, in the model this quantity has been normalized to
the unit. However, determining the risk to be assumed could
be more flexible. As a result, it is worth incorporating this
flexibility in a fuzzy model.

The main idea is to consider partially feasible solutions in-
volving slightly greater risk than that fixed by the decision
maker, and to study the possibilities that they offer in order to
improve the expected return. When compared with the logistic
models (actually with the p-median case [2, 3, 4]), this prob-
lem happens to be more complicated, because the p-median
problem is linear whereas the risk constraint in the portfolio
model is quadratic. Moreover, in the p-median case, a small
reduction in covered demand affected optimal cost in a simple
linear way, whereas the way in which the maximum expected

return depends on the accepted risk is rather more compli-
cated.

A fuzzy set S̃ of partially feasible solutions is defined so
that portfolio selection belongs to S̃ with a degree of member-
ship that depends on how much it exceeds the risk R0 fixed by
the investor. On the other hand, a second fuzzy set G̃ is de-
fined, whose membership function reflects the improvement
of the return provided by a partially feasible solution with re-
spect to the optimal crisp return z∗. In practice, we consider
piecewise linear membership functions

µS̃(x) =




1 if r ≤ R0,
1 − r−R0

pf
if R0 < r < R0 + pf ,

0 if r ≥ R0 + pf ,

µG̃(x) =




0 if z ≤ z∗,
z−z∗

pg
if z∗ < z < z∗ + pg,

1 if z ≥ z∗ + pg,

where r and z are the risk and the return provided by the port-
folio x (which is assumed to satisfy the constraints of (2), ex-
cept the second one); the parameter pf is the maximum in-
crement in the risk that the decision maker can accept, and pg

is the increment of the return that the decision maker would
consider completely satisfactory. From this, we can define a
global degree of satisfaction

λ(x) = min{µG̃(x), µS̃(x)},

which is the membership degree to the fuzzy intersection of
S̃ ∩ G̃. The fuzzy portfolio model becomes

Max. λ(x)

s.t. x ∈ S̃.
(3)

In order to solve it, the optimal solution of (2) will be cal-
culated for each risk level R. Therefore, we solve explicitly
the Kuhn-Tucker conditions for the problem. To carry out
the computations in a generic framework, we start making a
change of variables to diagonalize the risk matrix. As we are
interested in small variations of R, the variables xi that are
zero in the optimal crisp portfolio can be removed and hence
assume that non-negative conditions are not active. We can
also assume that the risk constraint is active.

Standard linear algebra theory ensures us that we can de-
compose

S = AtDA, (4)

where the matrix D is diagonal and A is regular. Then the
change of variables y = Ax transforms the problem to

Max.
n∑

i=1

r′iyi

s.t.
n∑

i=1

biyi = 1,

n∑
i=1

diy
2
i = R,

A−1y ≥ 0,

(5)

where r′ = rtA−1, b = (1, . . . , 1)A−1.
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As nonnegative conditions are inactive, the optimal solution
must satisfy

n∑
i=1

biyi = 1,

n∑
i=1

diy
2
i = R, r′i − biλ − 2diyiµ = 0,

where λ and µ are the Lagrange multipliers of the capital and
risk constraints respectively. Hence:

yi =
r′i − biλ

2diµ
,

and, from the first constraint, we get:
n∑

i=1

bir
′
i

2di
−

n∑
i=1

b2
i

2di
λ = µ.

Call

K =

n∑
i=1

bir
′
i

2di
, L =

n∑
i=1

b2
i

2di
,

so that µ = K − Lλ. Hence:

yi(λ) =
r′i − biλ

2di(K − Lλ)
.

The second constraint gives us:
n∑

i=1

(r′i − biλ)2

4di
= R(K − Lλ)2

or ∑n
i=1

r′2
i

4di
− ∑n

i=1
r′

ibi

2di
λ +

∑n
i=1

b2i
4di

λ2 =

= R(K2 − 2KLλ + L2λ2),

n∑
i=1

r′2i
4di

− Kλ +
L

2
λ2 = R(K2 − 2KLλ + L2λ2).

If

M =

n∑
i=1

r′2i
4di

(6)

we get

(RL2 − L/2)λ2 + (K − 2KLR)λ + RK2 − M = 0.

This is a second degree equation on λ with discriminant

∆(R) = K2 − 2ML + (4ML2 − 2K2L)R.

Hence,

λ(R) =
2KLR− K ±

√
∆(R)

2L2R − L
,

and so

µ(R) = K − Lλ(R) =
±

√
∆(R)

1 − 2LR
.

The sign must be chosen so that µ(R) ≥ 0 (the Kuhn-
Tucker sign condition). Once the right sign is chosen, this

function λ(R) allows us to calculate yi(R) and, from this,
we get the optimal portfolio xi(R) for each R such that
xi(R) > 0. This reduces the range of R to a certain inter-
val that can be computed. When we reach one end point of
this interval, we need to start again with the problem corre-
sponding to the new set of positive variables.

We can also compute the return

F (R) =

n∑
i=1

r′iyi(R).

Since

yi(λ) =
r′

i−biλ
2diµ

=

∓ = 2LR−1

2di

√
∆(R)

(
r′i − bi

2KLR−K±
√

∆(R)

2L2R−L

)
, 1 ≤ i ≤ n,

we have

F (R) =

∓ 2LR−1

2
√

∆(R)

∑n
i=1

(
r′2

i

di
− r′

ibi

di

2KLR−K±
√

∆(R)

2L2R−L

)
.

This expression allows us to calculate the degree of im-
provement of the goal µg(R) of the best portfolio with risk R,
whereas its degree of feasibility µf (R) is trivially computed.

Now we can determine the risk R∗ such that µf (R∗) =
µg(R

∗), which is easily shown to be the risk of the portfolio
maximizing λ. The portfolio x(R∗) corresponding to y(R∗)
by the change of variables is the optimal solution of (3).

4 A hybrid meta-heuristic to solve the
Portfolio Selection problem

When the size of the problem increases, traditional methods
become useless as they would need too much time, due to the
combinatorial explosion in the solution space. Genetic Algo-
rithms [19, 5] are meta-heuristic methods that have already
shown their kindness to solve optimization problems.

In this section we describe a hybrid meta-heuristic for the
portfolio selection problem with flexible constraints, called
GAFUZ-PF (Genetic algorithm + simulated Annealing +
FUZzy PortFolio). This meta-heuristic uses a hybrid scheme,
mixing the ideas of Simulated Annealing technique with the
classic Genetic Algorithm. Note that we need the optimal
crisp return z∗ of the portfolio selection problem (2) because
µG̃(x) depends on it. Hence, solving the crisp problem must
be considered as a part of the process of solving the fuzzy
problem (this means to solve two NP-hard problems). In or-
der to realize this idea, we use three different populations on
three stages of the genetic algorithm. First of all, it uses a pop-
ulation to achieve feasible solutions to the problem (with a risk
less than or equal to R fixed) which will be part of the pop-
ulation of the algorithm. Once feasible solutions are found,
in the second stage, the algorithm uses other population that
evolves searching the best return. The third stage uses another
population, which looks for the best fitness λ(x).

Simulated Annealing [1, 10] is a meta-heuristic used for
optimization problems. This heuristic replaces the current so-
lution by a random “nearby” solution, chosen with a probabil-
ity that depends on the difference between the corresponding
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function values and a global parameter T (called the tempera-
ture), that is gradually decreased during the process. The use
of this idea with Genetic Algorithm is suggested by Mitchell
[19], using it with the individual selection function. We apply
Simulated Annealing to mutation function. Having a mutation
function with a big mutation rate helps us to keep diversity in
the population, but it introduces distortion on the population
when the algorithm approaches to the optimum. So, it seems
a good idea to use Simulated Annealing with a temperature
depending on the number of generations and the fitness of the
solution in order to make possible a big mutation rate at the
beginning, and reduce it while increasing the number of gen-
erations and the fitness. Now we specify our options and we
give a general outline of our approach. Figure 1 shows the
scheme of GAFUZ-PF hybrid meta-heuristic.

Figure 1: Scheme of hybrid meta-heuristic

4.1 Encoding, Fitness function and Population size

Each element of the population of the algorithm represents a
solution to the described portfolio problem. The population
encoding is made having an array of n-elements, where each
gene represents the invest on one asset. The size of the popu-
lation is fixed to 50 individuals, as it is known to be the best
average size to avoid a too slow algorithm [19]. Furthermore,
we use three different populations against time: the first one
evolves searching for individuals to satisfy the second con-
straint of the problem 2. When it founds a suitable solution,
it changes to the second stage, where it improves the return
of the portfolio, taking account of the flexible constraint of R.
Once the algorithm gets a state with λ(x) > 0, it changes the
population and evolves taking into account pf and pg . The
fitness function is the objective function of the problem (3).

The algorithm scheme is the classical one, with selection,
crossover, mutation, invasion and having the number of gen-
erations as stop criteria.

4.2 Selecting the individuals

In order to select individuals for the crossover operator, we
use the Stochastical Universal Sampling (SUS), as it has been
shown to be better than Roulette Wheel [5]. Based on their
fitness, SUS places the individuals on a Roulete and spuns it
once with n selectors equally separated to select n individuals.

4.3 Crossover: generating new individuals

The crossover operator is the single-point crossover [19]
adapted to the problem constraints: there is a fixed part from

one parent that goes directly to the son; the genes from the sec-
ond part (from the second parent) are added to the son (choos-
ing them randomly) while the sum of its genes is ≤ 1.

4.4 Mutation

When we talk about mutation, there are some parameters used.
The mutation rate (MUR) refers to the percentage of popula-
tion individuals that will be mutated. On the other hand, we
have the number of genes that will change (NR). As a mu-
tation scheme we use Boltzmann mutation which is based on
Simulated Annealing [5], with the following annealing func-
tion:

r = 1 − e−1/(n∗max(λ(x)))

It defines the mutation rate across the algorithm, reducing it
as the algorithm evolves in order not to disturb the good solu-
tions achieved when the algorithm is finishing. This rate speci-
fies the percentage of individuals that would be mutated, since
the number of mutations per individual is 1, as it is known
to be the best choice [20]. A mutation consists in substract a
random value from a gene and add this amount to other gene,
both of them choose randomly.

4.5 Invasion

Finally, invasion is another genetic operator that helps to keep
diversity in the population. It introduces a number of new ran-
domly generated individuals, which replace some individuals
at random in the population (except the best one). This helps
to introduce new genes in the population, like mutation does.
The invasion rate (IR) selected is 1% .

4.6 Stop criteria

The detention criterion is the number of generations (NG).

4.7 General outline of the GAFUZ-PF meta-heuristic

Now we have shown the configuration of the algorithm, we
will see its general outline in algorithm 1.

4.8 Experiments

To test GAFUZ-PF hybrid meta-heuristic we have used vari-
ous test problems. The PC used for the executions has the fol-
lowing features: Intel Pentium IV 3.00 GHz 2048 MB RAM.

• We have considered the returns on 20 assets from the
Spanish index IBEX35. The set of assets included in the
experiment represents Acesa (ACE), Arcelor (ACR), ACS,
Altadis (ALT), BBVA, Bankinter (BKT), Dragados (DRC),
Endesa (ELE), FCC, Iberdrola (IBE), Metrovacesa (MVC),
NH Hoteles (NHH), Banco Popular (POP), Repsol (REP),
SCH (SAN), Telefónica (TEF), Unión Fenosa (UNF), Valler-
moso (VAL), Acerinox (ACX), Acciona (ANA) data respec-
tively. We have considered the observations of the Wednes-
day prices as an estimate of the weekly prices. Hence, the
return on the j- th asset during the k-th week is defined as
rkj = (p(k+1) − pkj)/pkj , where pkj is the price of the j-th
asset on the Wednesday of the k-th week. The used data base
covers the period from January 1998 to March 2003. Table 1
contains the obtained results for two different risk levels R
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Algorithm 1 - GAFUZ-PF: Hybrid meta-heuristic for the
portfolio selection
GAFUZ-PF( )
Require: ri, sij , R, pf , pg

Ensure: z∗, x∗, R∗, λ(x), z, x, R
begin
Generate initial population with 50 individuals at random.
Calculate the fitness of each individual.
while Number of generations < NG do

SELECT 50 individuals
if � individual | risk of the individual ≤ R then

select using risk
else

if the sum of individual fitness is = 0 then
select using z∗

else
select using fitness

end if
end if
CROSS the 50 individuals to obtain 50 new individuals
Replace 49 individuals of the population with the new
individuals, keeping the best (elitism)
MUR=Boltzmann(max.(λ(x)), generation number)
MUTATE M × MUR individuals, changing NR genes
Replace 50 × IR individuals with random generated in-
dividuals
Calculate the new individuals’ fitness, return and risk

end while
end

with the same parameters pf and pg. The first column con-
tains the assets apearing either in the crisp or the fuzzy solu-
tion. The other four columns contain the crisp and the fuzzy
solution in both cases. The first one has a medium satisfaction
level (λ = 0.45) whereas the second one has a very low one
(λ = 0.14). This means that, in the first case, the fuzzy solu-
tion is an alternative solution that the investor should take into
account, whereas, in the second one, the crisp solution can-
not be substantially improved. The last two rows of the table
contain the crisp and fuzzy returns and risks for the two cases.
These risks measure also the efficiency of our metaheuristic:
the optimal crisp solution should have a risk equal to the given
one, and the near-optimal crisp solutions given by our meta-
heuristic have a risk level differing by a 0.54% and 0.19%,
respectively, from the optimal one. The time used for the al-
gorithm to obtain the solution to this problem is 1.61 seconds
on average.

5 Conclusions
In this paper we have presented the problem of portfolio se-
lection, which is a difficult problem to solve due to economic
environment uncertainty and the problem of suitably reflecting
decision maker desires in the model. We present an approach
where the problem of fuzzy portfolio includes the subjective
criteria of the decision maker to determine the level of risk
that he or she is able to support and the level of satisfaction to
be assigned to a possible increase in return.

We have proposed an exact method to solve the fuzzy model
of the portfolio problem with the main idea of finding partially

R = 0.000494 R = 0.000839
pf = 0.0002, pg = 0.002 pf = 0.0002, pg = 0.002

Crisp Fuzzy Crisp Fuzzy
ACE 0.316 0.200 0 0
ACR 0.011 0 0 0
ALT 0.168 0.199 0.207 0.162
DRC 0.019 0.205 0.353 0.461
IBE 0.165 0.014 0 0

MVC 0.050 0.102 0.157 0.098
NHH 0.011 0.033 0.056 0.065
POP 0.62 0 0 0
REP 0.031 0 0.001 0
UNF 0 0.077 0.0395 0.052
VAL 0.036 0 0 0
ACX 0.053 0.069 0.051 0.017
ANA 0.078 0.100 0.139 0.145

λ 0 0.454078 0 0.145928
Return 0.00202704 0.0029352 0.00353188 0.00382374

Risk 0.0004913060.0006031840.00083643 0.0010098

Table 1: Obtained solutions by GAFUZ-PF

feasible solutions involving slightly greater risk than that fixed
by the decision maker, and to study the possibilities that they
offer in order to improve the expected return.

We have also proposed a hybrid meta-heuristic to solve the
fuzzy model for problems with medium or big size where the
traditional methods become useless as they would need too
much time due to the combinatorial explosion in the solution
space. The proposed meta-heuristic uses a hybrid scheme,
which combines ideas from the Simulated Annealing tech-
nique and genetic algorithms. To test the proposed meta-
heuristic we have used several test problems based on dates
of IBEX35, the best-known index of Spanish Stock Markets.
The results allow us to verify that with the small problems
the solutions are very similar to those obtained with the exact
model. Moreover, our proposal allows us to work with big
problems (large time series, intra-day data, etc.) and the time
taken to get the results is about 1.6 seconds, achieving the goal
we wanted to get with that meta-heuristic.
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1 Introduction
The university rankings which just 20 years ago were an 

innovation are today a normal characteristic in the majority 
of countries with extensive systems of higher education [7, 
13, 16, 17, 18]. These lists have an increasing impact not 
only between the universities themselves, but also between 
different social sectors. 

University rankings are lists of certain groups of 
institutions, classified in comparative form, and according to 
a common set of indicators, in descending order. 

Likewise, the reorganisation at European scale of 
university studies as a result of the Bologna Process, will 
contribute in an active way to the harmonisation of basic 
European academic aspects. This aspect will allow, on the 
one hand, for a better connection between universities and 
on another hand, for an easier comparison between them; 
for which certain indicators of functioning will be 
necessary.

All the above leads us to think about the need for the 
existence of global rankings of universities as an instrument 
to measure their quality rigorously [7, 16]. In this context, 
the Decision Support Systems (DSS), seem to be useful for 
the evaluation of the qualifications in the universities’ 
ranking. 

In this paper, we shall focus on the area of industrial 
engineering within the Spanish university system and on the 
structure of the Database as a fundamental element of the 
DSS.

The aim of the paper is the use of the fuzzy AHP process 
to obtain the weight of the criteria within a DSS in order to 

facilitate the process of evaluation on the universities’ 
rankings.  

Another aim is to obtain the fuzzy numbers associated 
with the linguistic labels used to evaluate the ANECA in the 
external assessment phase.  

The paper is organised as follows: The next section 
introduces the ANECA process. Section 3 introduces the 
linguistic variables and fuzzy sets. In section 4, the 
framework for the AHP method is defined. Section 5 
describes the database. Section 6 shows the aggregation 
results and finally we outline the most important 
conclusions. 

2 The ANECA Process 
In this sense and within the framework of the 

Institutional Assessment Programme (Programa de 

Evaluación Institucional, “PEI”), the Spanish National 
Agency for Quality Assessment and Accreditation (Agencia

Nacional de Evaluación de la Calidad y Acreditación 

”ANECA” ) presents this Guide [2] with the purpose of 
showing the steps in the Process of Institutional Assessment  

The primary objective of the Institutional Assessment 
Programme is to facilitate an assessment process to 
officially improve the quality of education leading to obtain 
university degrees throughout the national territory, through 
self-diagnosis and the external view brought by experts.  

The development of this programme is intended to 
promote assessment processes favouring the establishment 
or continuity of processes guaranteeing quality in teaching, 
as well as providing information to the students and their 
families, to society, to the governing bodies of the 
universities and to public administrations, regarding the 
quality of university teaching and their action plans. 

 This process is organised in three phases, see figure 1: 

� Self-assessment: the “Self-assessment Report” 
describes and evaluates the situation of the assessed degree 
with respect to the criteria established, identifying strengths 
and weaknesses and enhancement proposals forming the 
basis of execution of the action plans that must be initiated 
on conclusion of the entire process. The report is written by 
the Self-assessment Committee. 
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Figure 1: Phases of the Institutional Assessment Programme 

� External Assessment: a group of external assessors to 
the teaching institution assessed, appointed by ANECA, 
and under its guidelines and supervision, analyzes the 
Self-Assessment Report, both through the study of 
documents and by means of a visit to the unit assessed, 
issues its recommendations, and proposes improvements. 
The result of this phase is the “External Assessment 
Report.”  

� Plan for improvement: it collects the main results of the 
Assessment process. This phase concludes with the plan 
for improvements of the degree, describing the proposed 
improvement actions in the Self-assessment and External 
Assessment phases, once their viability is analyzed. The 
tasks to be performed are determined according to their 
accomplishment, the persons responsible, resources 
involved, deadlines for their implementation, the 
indicators monitoring the actions proposed, and the 
benefits expected from them. 

3 Linguistic variable and fuzzy sets 

3.1 Linguistic variable  

Most of the times, the decision-maker is not able to 
define the importance of the criteria or the goodness of the 
alternatives with respect to each criterion in a strict way. In 
many situations, we use measures or quantities which are 
not exact but approximate.   

Since Zadeh [19] introduced the concept of fuzzy set and 
subsequently went on to extend the notion via the concept of 
linguistic variables, the popularity and use of fuzzy sets has 
been extraordinary. We are particularly interested in the role 
of linguistic variables as an ordinal scale and their 
associated terms, in this case triangular fuzzy number, as 
used in the multi-criteria decision making. 

By a linguistic variable, [20,21,22], we mean a variable 
whose values are words or sentences in a natural or artificial 
language. For example Age is a linguistic variable if its 
values are linguistic rather than numerical, i.e., young, not 

young, very young, quite young, old, not very old and not 

very young, etc., rather than numbers as 20, 21,22, 23,.... .  

Definition.1- A linguistic variable is characterized by a 
quintuple  

� �� �; ; ; ;X T X U G M  

in which 
1. X  is the name of the variable, 

2. � �T X  is the term set of X , that is, the collection 
of its linguistic values 

3. U  is a universe of discourse, 
4. G  is a syntactic rule for generating the elements of 

� �T X  and 
5. M  is a semantic rule for associating meaning with 

the linguistic values of X .

In general for the decision-maker it is easier when he/she 
evaluates their judgments by means of linguistic terms. In 
those cases, the concept of fuzzy number is more adequate 
than that of real number.  
3.2 Fuzzy sets 

Then we have identified the linguistic variable with a 
fuzzy set [3,10,11]. The fuzzy set theory, introduced by 
Zadeh [19] to deal with vague, imprecise and uncertain 
problems has been used as a modelling tool for complex 
systems that can be controlled by humans but are hard to 
define precisely. A collection of objects (universe of 
discourse) X  has a fuzzy set A described by a membership 
function

A
f with values in the interval � �1,0 .

� �1,0: �Xf
A

Thus A  can be represented as � �� �XxxfA
A

	
 | . The 
degree that u belongs to A  is the membership 
function � �xf

A
.

The basic theory of the triangular fuzzy number is 
described in Klir [12].  

With regard to the fuzzy numbers, we will show only the 
mathematical operations that will be used throughout the 
development of the paper. 

Definition 2. If 1T  and 2T  are two triangular fuzzy numbers 
defined by the triplets � �111 ,, cba  and � �222 ,, cba ,
respectively. Then, for this case, the necessary arithmetic 
operations with positive fuzzy numbers are: 

a) Addition  

� �1 2 1 2 1 2 1 2, ,T T a a b b c c� 
 � � �                 (1) 

b) Subtraction  

� �2121 TTTT �
�  when the opposite

� �2 2 2 2, ,T c b a 
   

then � �1 2 1 2 1 2 1 2, ,T T a c b b c a� 
              (2) 

c) Multiplication 

1 2 1 2 1 2 1 2[ , , ]T T a a b b c c� 
 � � �                       (3) 

d) Division   

� � � �
� �

1 2 1 1 1 2 2 2

2 2 2

, , 1/ ,1/ ,1/ ,

0 , ,

T T a b c c b a

a b c

� �� 
 �� �
�

                 (4) 

 e) Scalar Multiplication 

� �1 1 1 1, ,k T k a k b k c
� � � �                               (5)
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4 The Analytic Hierarchy Process Method 
(AHP)

The Analytic Hierarchy Process (AHP methodology 
[14,15] has been accepted by the international scientific 
community as a robust and flexible multi-criteria decision 
making tool for dealing with complex decision problems. 
AHP has been applied to numerous decision problems 
such as energy policy [1,7], project selection [6], 
measuring business performance [1], and evaluation of 
advanced manufacturing technology [4,5].  
� Basically, AHP has three underlying concepts: 
Structuring the complex decision problem as a hierarchy of 
goal, criteria and alternatives,
� Pair-wise comparison of elements at each level of the 
hierarchy with respect to each criterion on the preceding 
level,
� and finally vertically synthesizing the judgements over 
the different levels of the hierarchy.  

AHP attempts to estimate the impact of each one of the 
alternatives on the overall objective of the hierarchy. In 
this case, we only apply the method in order to obtain the 
criteria’s weights. 

We assume that the quantified judgements provided by 
the decision-maker on pairs of criteria (Ci, Cj) are
represented in an nxn matrix as in the following:  

                     
n

CCC �21  

1 11 12 1

2 21 22 2

1 2

. . . .

. . . .

� �
� �
� �
� �

� �
� �
� �� �

�
�
�
�
�

n

n

n n n nn

C c c c

C c c c

C

C c c c

                 

(6)
The c12 value is supposed to be an approximation of the 

relative importance of C1 to C2, i.e., c12 � (w1/w2). This can 
be generalized and the statements below can be concluded: 

1. cij� (wi/wj) i,j=1, 2, …, n 

2. cii=1, i=1,2,…,n 

3. If cij=�, ��0, then cji=1/�, i=1,2,…,n 

4. If Ci is more important than Cj then cij� (wi/wj)>1

This implies that matrix A should be a positive and 
reciprocal matrix with 1’s in the main diagonal and hence 
the decision-maker needs only to provide value 
judgements in the upper triangle of the matrix. The values 
assigned to cij according to Saaty scale are usually in the 
interval of 1-9 or their reciprocals.

It can be shown that the number of judgements (L)
needed in the upper triangle of the matrix are: 

� �1 / 2
 L n n                            (7) 

where n is the size of the matrix C.
The matrixes associated to the AHP approach are 

reciprocal, thus: 
�The maximum eigenvalue ( max� ) is a positive real 

number and such that max� � n.

�Associated with this eigenvalue is a vector whose 
components are also positive. If this vector is normalized 
the vector of weights associated with the matrix is 
obtained.

Where the values are fuzzy, not crisp; instead of using 
lambda as an estimator to the weight, we will use the 
geometric normalized average, expressed by the following 
expression:

� �

� �
1

1 1

, ,

, ,

n

ij ij ij

j

i nm

ij ij ij

i j

a b c

w

a b c





 




�

 �
                               (8) 

where, � �, ,
ij ij ij

a b c is a fuzzy number. 

5 The database
The Database has two parts. The first part consists of the 
summary of the different Reports of External Evaluation, 
published by ANECA. These reports are given by the 
members of the External Assessment Committee who are 
persons qualified by ANECA; the valuation given by the 
external assessors is impartial. 

The second part of the database, which is the focus of 
this paper, corresponds with obtaining the weights of the 
criteria, as well as the numerical representation of the labels. 
See Figure 2. 

Figure 2: The database corresponding to this part of the 
work.

The study carried out has been based on a questionnaire 
designed to such effect. ANECA itself sent the 
questionnaire to the experts that it determined as proper 
assessors. The questionnaire was sent / answered by e-mail.  

This questionnaire consists of two clearly differentiated 
parts;

� The first one has been produced on the basis of the 
hierarchic structure of the criteria and subcriteria (Table 1), 
using the AHP methodology to do so.  

� The second part refers to the linguistic labels used in 
the ANECA survey for the external evaluation of university 
qualifications.
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Table 1. Weighting criteria/subcriteria 

CRITERIA General Weighting 

1st LEVEL 2nd LEVEL 3rd LEVEL 3th. LEVEL 2nd LEVEL 1st LEVEL 

1. Educational 
programme 

      (E.P) 

1.1. Aims of the programme 
Aims of the E.P. (3.39,5.26,8.01) 

(6.77,10.52,16.02) 

(16.61,22.13,29.14) 

Admission profile (3.39,5.26,8.01) 

1.2. Studies plan and its structure 

Curricular content (1.50,2.32,3.54) 

(7.49,11.61,17.72) 

Curricular coherence (1.50,2.32,3.54) 
Curricular consistency (1.50,2.32,3.54) 
Curricular updating (1.50,2.32,3.54) 
Aims of E.P. (1.50,2.32,3.54) 

2. Organization 
of teaching 

2.1. Management and planning Planning (5.27,7.94,11.81) (5.27,7.94,11.81) 

(11.33,15.10,20.04) 

2.2. Management and 
organization 

Communication (1.59,2.39,3.57) 

(4.78,7.16,10.70) 
Organisation of teaching (1.59,2.39,3.57) 
Improvement processes (1.59,2.39,3.57) 

3. Human 
Resources 

3.1. Academic staff (AS) 
Appropriateness AS (5.11,7.95,12.15)

(10.21,15.90,24.29) 

(14.44,19.70,26.70) 

Implication AS (5.11,7.95,12.15)
3.2. Administration and service 

staff (ASS) Adaptation ASS (2.50,3.79,5.94) (2.50,3.79,5.94) 

4. Material 
Resources 

4.1 Classrooms Appropriateness for numbers of 
students (1.58,2.50,3.94) (1.58,2.50,3.94) 

(7.55,9.99,13.46) 

4.2 Work Spaces 

Appropriateness for numbers of 
students (0.51,0.81,1.31) 

(1.53,2.44,3.93) 
Appropriateness (AS and ASS) (0.51,0.81,1.31) 
Infrastructures: practical (0.51,0.81,1.31) 

4.3. Laboratories, workshops and 
experimental spaces 

Appropriateness for number of 
students (1.82,2.86,4.53) (1.82,2.86,4.53) 

4.4. Library and document banks 
Correctly furnished (0.69,1.09,1.78) 

(1.38,2.19,3.56) Quality, quantity, … (0.69,1.09,1.78) 

5. Training 
Process

5.1. Student assistance and 
integral training 

Capture (0.54,0.84,1.33) 

(3.24,5.06,8.01) 

(11.04,14.90,20.10) 

Student welcome actions (0.54,0.84,1.33) 
Support programmes (0.54,0.84,1.33) 
Professional orientation 
programmes (0.54,0.84,1.33) 
Tutorial action programmes (0.54,0.84,1.33) 
Integral training (0.54,0.84,1.33) 

5.2. Teaching-learning process 

Methodology (1.55,2.46,3.84) 

(6.21,9.84,15.34) 

Evaluation (1.55,2.46,3.84) 
External practical (1.55,2.46,3.84) 
Mobility (1.55,2.46,3.84) 

6. Results 

6.1. Results of educational 
programme 

Effectiveness of E.P. (1.56,2.73,4.67) 

(3.13,5.47,9.35) 

(8.54,18.18,24.75) 

Student satisfaction (1.56,2.73,4.67) 

6.2. Graduate results Compliance with the graduate 
profiles (3.39,5.99,10.34) (3.39,5.99,10.34) 

6.3. Academic staff results Academic staff satisfaction (1.82,3.21,5.70) (1.82,3.21,5.70) 

6.3. Results in society 
Employers and other groups  (0.10,1.76,3.08) 

(0.20,3.52,6.17) Social link (0.10,1.76,3.08) 

Source: own production 100.00 100.00 100.00

Likewise, we will take into account the possible valuations 
of the experts, expressed in linguistic terms (A, B, C, D) 
These labels are arranged from largest to smallest as 
follows: A > B > C > D and with the semantics that we will 
see later. 

It should be remembered that the results obtained 
correspond to a problem of group decision-making, formed 
by n experts, from whom we will obtain: 

1.-The criteria weight as a result of the consensus
2.- The membership functions of the fuzzy numbers that 

represent the linguistic labels  A,B,C and D.  

5.1 Obtaining the weightings of the criteria/subcriteria 

According to Table 1, the hierarchy structure has three 
levels. Considering expression (7), the large number of 
questions might lead to the survey not being answered, 
since L = 74, as we have 6 in 1st level criteria, subcriteria 
16 in 2nd level and 37 in 3rd level indicators. This results in 
a questionnaire which is not feasible for experts to answer. 

For this, and since the influence of the third level on the 
weight of the previous ones is practically null, a uniform 
distribution on them was supposed. 
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For the first and second level, the procedure is as 
follows: firstly, we ask if all the criteria/subcriteria have 
the same weight, if so, we pass to the following level. 

On the contrary, if they do not have the same weight, it 
will be continued by the following question of the 
questionnaire.

In this part, there is a question that asking about the 
order of importance of the criteria/subcritera; and finally, 
using the linguistic labels defined by Saaty [14], the 
criteria/subcriteria are compared at the same level, taking 
into account the order established before.

We chose to ask only for one row of the pairwise matrix 
and from here to generate the rest of the information matrix, 
which was carried out completely consistently. Thus, this 
part of the questionnaire had only 21 questions. 

5.2 Obtaining the linguistic evaluations 

The second part of the questionnaire is based on the 
semiquantitative survey of the Evaluation of the Education 
inside the protocol to elaborate the Report of External 
Evaluation developed by ANECA, in which the following 
labels are used: A: Excellent, B: Good, C: Average, D: 
Deficient. For the valuation of these labels we use the 
interval [0, 10]. 

These linguistic variables, by the uncertainty of their 
nature, justified the use of fuzzy numbers associated with 
each linguistic term. 

6 The results of the aggregation for the group 
decision experts 

By means of a primary group decision-making process, 
it is possible to see the results of the weighting of the 
criteria and sub-criteria for all the experts (Table 1).

Table 2. Fuzzy numbers associated with the labels  
A,B,C and D. 

Semi quantitative 
labels 

General

A: Excellent (8.1354, 9.4054, 10.0000)
B: Good (5.8108, 7.1081, 8.4054)
C: Average (3.5090, 4.8108, 6.1126)
D: Deficient (0.7355, 2.5135, 4.2916)

Now, taking these weightings as the base; and the 
definition of semiquantitative labels (Table 2), obtained by 
ANECA’s own experts, it is possible for us, attending to 
these six criteria, to order the different Universities. We 
make reference, in this case, only to the area of industrial 
engineering.

For the evaluation of the alternatives the methodology 
used has been the fuzzy weighted sum model as: 

1


 � � �

n

j ij

j

FWSM w a        (9) 

where,  and  
j ij

w a� �  are fuzzy numbers. 
The defuzzification method used is described in [8] 

when:
� � � � � � � � � �� � � �,

1 1 1
! �

! ! !� �
 �  � 
i M i R i L i

I A S A S A S A

In this way, we have defined a fuzzy number as a 
function of the three integrals, � �L i

S A , � �
iM

S A and � �
iR

AS ,
where � �

iR
AS  represents the upper mean value associated 

with the inverse function of ( )R

A
f x , � �L i

S A  is the lower 

mean value of the L

A
g (x) function and � �

iM
S A is the area of 

the core of the fuzzy number,  ! 	 [0,1] is the index of 
modality that represents the importance of the central value 
against the extreme values, and � 	 [0,1] is the degree of 
optimism of the decision maker.  

We have considered the case in which the three areas 
have the same weight and it would correspond to the neutral 
decision maker, when 1 2  1 3� !
 
y

Taking as an example (Table 3), the outcome results of 
the DSS, for the real case of the evaluation of five 
universities in the qualifications of industrial engineering, 
where we have obtained results both for the principal 
criteria and for the global evaluation. 

Table 3: Ranking result for five Universities. 
C

1

C
2

C
3
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C
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C
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og

ra
m

m
e

Te
ac

hi
ng

O
rg

an
iz

at
io

n
H

um
an

R
es

ou
rc

es

M
at

er
ia

l 
R

es
ou

rc
es

Ed
uc

at
io
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R
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ts

G
ob

al

U1 0.062 0.033 0.071 0.040 0.042 0.056 0.306 
U2 0.100 0.067 0.106 0.049 0.055 0.089 0.466 
U3 0.129 0.086 0.105 0.067 0.098 0.119 0.604 
U4 0.118 0.080 0.088 0.038 0.075 0.081 0.482 
U5 0.125 0.089 0.105 0.047 0.082 0.100 0.548 

7  Conclusions 
For the assessors/experts it is simpler to express their 

knowledge by means of linguistic labels, instead of having 
to do so by means of numerical values. For that reason, it is 
preferable to prepare a questionnaire to obtain the experts’ 
knowledge, in which the answers are in the form of 
linguistic variables. These linguistic variables have been 
modelized by means of fuzzy triangular numbers and from a 
methodology widely accepted by the scientific community, 
since it is the Analytical Hierarchic Process; developed by 
Saaty in 1980. 

Taking Table 1into account, we conclude that in general 
the most important criterion is the Educational Programme 
and that the lowest weighting is obtained for the Material 
Resources.  

For future work, it would be interesting to carry out a 
study of the aggregation of the information as a secondary 
process. In this process the weight of the criteria and 
subcriteria are obtained for every expert. Later all this 
information would be aggregated.  

Moreover, a comparative primary and secondary study 
of both types of processes would be desirable. 
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Similarly, as future work, it would be interesting to 
make a comparative study of the evaluation criteria 
according to the area of the different experts. It is possible 
that the valuation of an expert from the area of engineering 
does not value the criteria in the same way as another from 
the humanities. 
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Abstract— This paper introduces a new software product
FuzzME. It was developed as a tool for creating fuzzy models of
multiple-criteria evaluation and decision making. The type of eval-
uations employed in the fuzzy models fully corresponds with the
paradigm of the fuzzy set theory; the evaluations express the (fuzzy)
degrees of fulfillment of corresponding goals. The FuzzME software
takes advantage of linguistic fuzzy modeling to the maximum extent.
In the FuzzME software, both quantitative and qualitative criteria
can be used. The basic structure of evaluation is described by a goals
tree. Within the goals tree, aggregation of partial fuzzy evaluations is
done either by one of fuzzified aggregation operators (fuzzy weighted
average, ordered fuzzy weighted average) or by a fuzzy expert sys-
tem.
The paper contains an illustrative example of the software usage.
The application concerns a soft-fact-rating problem that was solved
in one of Austrian banks.

Keywords— Fuzzy expert system, Fuzzy OWA operator, Fuzzy
weighted average, Multiple-criteria fuzzy evaluation, Normalized
fuzzy weights, Software.

1 Introduction
In practice, sophisticated models of multiple-criteria evalua-
tion are required (e.g. rating of clients in banks, evaluation of
hospitals or universities, comparison of alternative solutions
to ecological problems). For creating the evaluating models,
setting some of their input data and interpreting their outputs,
expert’s knowledge is needed (e.g. evaluations of alternatives
according to qualitative criteria, partial evaluating functions
for quantitative criteria, a choice of a suitable type of aggre-
gation, criteria weights, or eventually, a rule base describing
the relation between criteria values, the overall evaluation and
a linguistic description of obtained results). Because uncer-
tainty is the typical feature of any expert information, the
fuzzy set theory is a suitable mathematical tool for creating
such models. For the practical use of the fuzzy models of
multiple-criteria evaluation, their user-friendly software im-
plementation is necessary. But a good theoretical basis of the
used models is crucial, too. The clear and well-elaborated the-
ory of multiple-criteria fuzzy evaluation makes it possible to
create an understandable methodics for the software user. And
a good methodics is essential for correct application of any
software to solving real problems.

There is a large number of papers and books dealing with
the theory and methods of multiple-criteria evaluation that
make use of the fuzzy approach (e.g. [1], [2], [3], [4]).
Multiple-criteria evaluation (as a basis of decision making)
was even one of the earliest applications of fuzzy sets (see

[1]). In more than 40 years of existence of the fuzzy sets the-
ory, several software products for multiple-criteria decision
making, which use the fuzzy modeling principles in differ-
ent degrees and in different ways, have been developed. In
practice, FuzzyTECH (see [5]) is probably the best-known of
these. It enables to use the specific instruments of the fuzzy
set theory for solving multiple-criteria evaluation and decision
making problems. Generally, FuzzyTECH is a universal soft-
ware product which makes it possible to create and use fuzzy
expert systems (or fuzzy controllers). It also includes the pos-
sibility to derive fuzzy rule bases from given data by means
of neural network algorithms. In the book [6], there were de-
scribed many successful applications of this software to solv-
ing multiple-criteria evaluation and decision making problems
in the areas of business and finance. Similarly, fuzzy tool-
boxes of general mathematical systems such as Matlab can be
used for multiple-criteria decision making.

The FuzzME software (Fuzzy models of Multiple-criteria
Evaluation), presented in this paper, is based on a theoreti-
cal concept of evaluation which is very close to the original
Zadeh’s ideas. Similarly to his paper [1], the evaluations of
alternatives according to particular criteria represent their de-
grees of fulfillment of the corresponding partial goals. Besides
evaluations expressed by real numbers in [0, 1], fuzzy evalua-
tions modeled by fuzzy numbers on the same interval are em-
ployed in the software. They represent, analogously, the fuzzy
degrees of fulfillment of the partial goals which are connected
to the criteria. Resulting fuzzy evaluations, which are obtained
by aggregation, have a similar clear interpretation. This the-
oretical approach to (fuzzy) evaluation was published in the
book [7] and in the paper [8].

The predecessor of the FuzzME software package in terms
of the used theoretical basis was the NEFRIT software. This
software for multiple-criteria evaluation and decision making,
which is also based on fuzzy technologies, was developed
in about 2000 by the Czech software company TESCO SW
Inc. The fuzzy model of evaluation applied there is described
in detail in [8] and in the book [7] (a demo version of NE-
FRIT is enclosed in the book). NEFRIT makes it possible
to work with expert fuzzy evaluations of alternatives accord-
ing to qualitative criteria. Values of the quantitative criteria
can either be crisp or fuzzy. Evaluating functions for quanti-
tative criteria represent membership functions of correspond-
ing partial goals. The main evaluation structure is expressed
by a goals tree. For aggregation of the partial fuzzy evalua-
tions the weighted average method is used. The weights (crisp
only, not fuzzy) express the shares of partial evaluations in the
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aggregated one. Fuzzy evaluations on all levels of aggrega-
tion express the fulfillment of the corresponding goals. The
NEFRIT software was originally developed for the Czech Na-
tional Bank (decision making about granting a credit). Fur-
ther, it was used e.g. by the Czech Tennis Association, the
Czech Basketball Association and in other institutions. Nowa-
days it is tested by the Supreme Audit Office of the Czech
Republic.

In contrast to NEFRIT, the FuzzME software makes it pos-
sible to use also uncertain weights in the aggregation by means
of the weighted average method. The theory of normalized
fuzzy weights, procedures for their setting, and an effective
algorithm for calculation of fuzzy weighted average are taken
from [9], [10] and [11]. Another fuzzy aggregation operator,
available in the FuzzME software, is a fuzzified OWA opera-
tor. Again, it works with normalized fuzzy weights. The fuzzy
OWA operator and the used algorithm for its calculation are
described in [12]. In the FuzzME software, multiple-criteria
evaluating functions can also be defined by means of fuzzy
rule bases. In accordance with [7], two algorithms are offered
for the approximate reasoning - the standard Mamdani algo-
rithm and a modified Sugeno algorithm.

There are also software tools for multiple-criteria decision
making based on other mathematical methods. But they are
usually designed for solving a particular assignment. Our in-
vestigation by means of Internet did not result software fully
comparable to FuzzME. Its universality and comprehensive-
ness make it unique.

2 Preliminaries
A fuzzy set A on a universal set X is characterized by its mem-
bership function A : X → [0, 1]. Ker A denotes a kernel of
A, Ker A = {x ∈ X | A(x) = 1}. For any α ∈ [0, 1], Aα

denotes an α-cut of A, Aα = {x ∈ X | A(x) ≥ α}. A sup-
port of A is defined as Supp A = {x ∈ X | A(x) > 0}.
The symbol hgt A denotes a height of the fuzzy set A,
hgt A = sup {A(x) | x ∈ X}. An intersection and a union
of the fuzzy sets A and B on X are defined for all x ∈ X
by the following formulas: (A∩B)(x) = min {A(x), B(x)},
(A ∪ B)(x) = max {A(x), B(x)}.

A fuzzy number is a fuzzy set C on the set of all real num-
bers � which satisfies the following conditions: a) the kernel
of C, Ker C, is not empty, b) the α-cuts of C, Cα, are closed
intervals for all α ∈ (0, 1], c) the support of C, Supp C, is
bounded. A fuzzy number C is called to be defined on [a, b],
if Supp C ⊆ [a, b]. Real numbers c1 ≤ c2 ≤ c3 ≤ c4 are
called significant values of the fuzzy number C if the follow-
ing holds: [c1, c4] = Cl(Supp C), [c2, c3] = Ker C, where
Cl(Supp C) denotes a closure of Supp C.

Any fuzzy number C can be characterized by a pair of func-
tions c : [0, 1] → �, c : [0, 1] → � which are defined by the
following formulas: Cα = [c(α), c(α)] for all α ∈ (0, 1], and
Cl(Supp C) = [c(0), c(0)]. The fuzzy number C is called to
be linear if both the functions c, c are linear. A linear fuzzy
number is fully determined by its significant values because
c(α) = (c2 − c1) · α + c1, c(α) = (c3 − c4) · α + c4. For that
reason, we can denote it as C = (c1, c2, c3, c4).

An ordering of fuzzy numbers is defined as follows: a fuzzy
number C is greater than or equal to a fuzzy number D, if
Cα ≥ Dα for all α ∈ (0, 1].

A fuzzy scale makes it possible to represent a closed in-
terval of real numbers by a finite set of fuzzy numbers. Let
T1, T2, ..., Ts be fuzzy numbers defined on [a, b], forming a
fuzzy partition on the interval, i.e., for all x ∈ [a, b] the fol-
lowing holds

s∑
i=1

Ti(x) = 1, (1)

then the set of the fuzzy numbers can be linearly ordered (see
[7]). If the fuzzy numbers T1, T2, ..., Ts are defined on [a, b],
form a fuzzy partition on the interval and are numbered ac-
cording to their linear ordering, then they are said to form a
fuzzy scale on [a, b] .

An uncertain division of the whole into m parts can be mod-
eled by normalized fuzzy weights. Fuzzy numbers V1, ..., Vm

defined on [0, 1] are normalized fuzzy weights if for any
i ∈ {1, ...,m} and any α ∈ (0, 1] it holds that for any vi ∈ Viα

there exist vj ∈ Vjα, j = 1, ..., m, j 	= i, such that

vi +
m∑

j=1,j �=i

vj = 1. (2)

3 The FuzzME software

The mathematical models of the FuzzME software are based
primarily on the theory and methods of multiple-criteria eval-
uation that were published in [7] and [8]. The theory of nor-
malized fuzzy weights, the definition of fuzzy weighted av-
erage, and the algorithm for its computation were taken from
[9], [10] and [11]. The fuzzified OWA operator and the algo-
rithm for its calculation published in [12] are also used in the
software.

In the FuzzME software, the basic structure of the fuzzy
model of multiple-criteria evaluation is expressed by a goals
tree. The root of the tree represents the overall goal of evalua-
tion and each branch corresponds to a partial goal. The goals
at the ends of branches are connected either with quantitative
or qualitative criteria.

When an alternative is evaluated, evaluations with respect
to criteria connected with the terminal branches are calculated
first. Independently of the criterion type, each of the evalua-
tions is described by a fuzzy number defined on the interval
[0, 1]. It expresses the fuzzy degree of fulfillment of the corre-
sponding partial goal.

These partial fuzzy evaluations are then aggregated accord-
ing to the defined type of the tree node. Three types of aggre-
gation are available: a fuzzy weighted average (fuzzy WA),
an ordered fuzzy weighted average (fuzzy OWA) or aggrega-
tion by means of a fuzzy expert system. For aggregation by
fuzzy weighted average or ordered fuzzy weighted average,
normalized fuzzy weights must be set. The weights express
uncertain shares of the partial evaluations in the aggregated
one. For the fuzzy expert system, the fuzzy rule base must
be defined and an inference algorithm must be chosen (either
the Mamdani algorithm or the generalized Sugeno algorithm
of approximate reasoning).

The overall evaluation reflects the degree of fulfillment of
the main goal. A verbal description of the overall evaluation
can be obtained by means of the implemented linguistic ap-
proximation algorithm.
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The overall evaluations can be compared within the frame
of a given set of alternatives. By this comparison the best
of the alternatives can be chosen. That is why the FuzzME
software can be also used as a decision support system.

The import and export of data is supported by the software,
too. The FuzzME software is available in the Czech and En-
glish versions.

Figure 1: The main window of the software

3.1 Goals tree

Goals trees represent the basic structure of fuzzy models of
multiple-criteria evaluation in the FuzzME software. When a
goals tree is designed, the main goal is consecutively divided
into goals of progressively lower levels. The process of divi-
sion is stopped when such goals are reached whose fulfillment
can be assessed by means of some known characteristics of
alternatives (i.e. quantitative or qualitative criteria).

The design of a tree structure in the goals-tree editor is the
first step in forming a fuzzy evaluation model in FuzzME. In
the next step, the type of each node in the tree must be speci-
fied. For the nodes at the ends of tree branches the user defines
if the node is connected with a quantitative or qualitative cri-
terion. For the other nodes he/she sets the type of aggregation
- fuzzy weighted average, ordered fuzzy weighted average or
fuzzy expert system. An example of a goals tree is illustrated
in Fig. 2.

3.2 Criteria of evaluation

In the models of evaluation created by the FuzzME software,
qualitative and quantitative criteria can be combined arbitrar-
ily.

3.2.1 Qualitative criteria

According to qualitative criteria, alternatives are evaluated
verbally, by means of values of linguistic variables of special
kinds - linguistic scales, extended linguistic scales and linguis-
tic scales with intermediate values.

A linguistic variable is defined as a quintuple (V, T (V), X,
G,M), where V is a name of the variable, T (V) is a set of its
linguistic values, X is a universal set on which the meanings
of the linguistic values are defined, G is a syntactic rule for
generating values in T (V), and M is a semantic rule which
maps each linguistic value C ∈ T (V) to its mathematical
meaning, C = M(C), which is a fuzzy set on X .

A linguistic scale on [a, b] is a special case of the linguis-
tic variable (V, T (V), X, G, M), where X = [a, b], T (V) =
{T1, T2, ..., Ts} and the meanings of the linguistic values
T1, T2, . . . , Ts are modeled by fuzzy numbers T1, T2, . . . , Ts

which form a fuzzy scale on [a, b]. As the set of linguistic
values of the scale is defined explicitly, it is not necessary to
include the grammar G into the scale notation.

In the FuzzME software, the user defines a linguistic scale
for each qualitative criterion in the fuzzy-scale editor. For ex-
ample, the linguistic scale quality of a product can contain
linguistic values poor, substandard, standard, above standard
and excellent. The evaluating linguistic scale is usually de-
fined on [0, 1]; in other cases, it has to be transformed to this
interval.

The extended linguistic scale contains, besides elementary
terms of the original scale, T1, T2, . . . , Ts, also derived terms
in the form Ti to Tj , where i < j, i, j ∈ {1, 2, . . . , s}.
For example, the user can evaluate quality of a product by
the linguistic term standard to excellent. The meaning of
the linguistic value Ti to Tj is modeled by Ti ∪L Ti+1 ∪L

· · · ∪L Tj , where ∪L denotes the union of fuzzy sets based
on the Lukasiewicz disjunction; e.g. (Ti ∪L Ti+1)(x) =
min {1, Ti(x) + Ti+1(x)} for all x ∈ �.

The linguistic scale with intermediate values is the original
linguistic scale enriched with derived terms between Ti and
Ti+1, i ∈ {1, 2, . . . , s − 1}. The meaning of the derived term
between Ti and Ti+1 is modeled by the arithmetic average of
the fuzzy numbers Ti and Ti+1.

In the FuzzME software, the user evaluates a given alterna-
tive according to a qualitative criterion by selecting a proper
linguistic evaluation from a drop-down list box. He/she can
choose the value from a standard linguistic scale, extended
scale or scale with intermediate values.

The three mentioned structures of linguistic values are also
applied when resulting fuzzy evaluations are approximated
linguistically.

3.2.2 Quantitative criteria

The evaluation of an alternative with respect to a quantitative
criterion is calculated from the measured value of the crite-
rion by means of the evaluating function expertly defined for
the criterion. The evaluating function is the membership func-
tion of the corresponding partial goal. The FuzzME software
admits both crisp and fuzzy values of quantitative criteria. The
fuzzy values represent inaccurate measurements or expert es-
timations of the criteria values. In the case of a fuzzy value,
the corresponding partial fuzzy evaluation is calculated by the
extension principle.

In the FuzzME software, the evaluating function of a quan-
titative criterion is formally set by means of a fuzzy number.
For example, if the evaluating function is defined by a linear
fuzzy number F = (f1, f2, f3, f4), then f1 is the lower limit
of all at least partly acceptable values of the criterion, f2 is the
lower limit of its fully satisfactory values, f3 is the upper limit
of the fully satisfactory values, and f4 is the upper limit of the
acceptable values.

For example, when a bank evaluates expected profitability
of projects, the evaluating function can be defined by a linear
fuzzy number with significant values 10, 30, 500, 500. In that
case, values lower than 10% are not satisfying at all (the client
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would not be able to pay the money back to the bank). For the
values from 10% to 30% the satisfaction of the bank is grow-
ing linearly. Values greater than 30% are fully satisfactory
from the bank’s point of view. Values greater than 500% are
not supposed to occur. This way we can define a monotonous
evaluating function, which is the most common in the evalu-
ating models, by a fuzzy number.

3.3 Methods of aggregation of partial evaluations

The calculated partial fuzzy evaluations are then consecutively
aggregated according to the structure of the goals tree. With
respect to the defined type of the tree node, the fuzzy weighted
average method, the ordered fuzzy weighted average method
or the fuzzy expert system method is used for the aggregation.
Each of the aggregation methods is suitable for a different sit-
uation:

The fuzzy weighted average is used if the goal correspond-
ing with the node of interest is fully decomposed into disjunc-
tive goals of the lower level. The normalized fuzzy weights
represent uncertain shares of these lower-level goals in the
goal corresponding with the considered node.

Again, the ordered fuzzy weighted average requires that the
goal corresponding with the given node is decomposed into
disjunctive goals of the lower level. In contrast to the fuzzy
weighted average, the usage of this aggregation operator sup-
poses special user’s requirements concerning the structure of
partial fuzzy evaluations. The normalized fuzzy weights again
represent uncertain shares of the partial evaluations in the ag-
gregated one. But the normalized fuzzy weights are not linked
to the individual partial goals; the correspondence between the
weights and the partial evaluations is given by the ordering of
partial evaluations of the alternative of interest. It means, eval-
uations with respect to the same partial goal can have different
weights for different alternatives.

If the relationship between the evaluations of the lower level
and the evaluation corresponding with the given node is more
complex (if neither of the two previous methods can be used),
and if expert knowledge about the relationship is available,
then the aggregation function is described by a fuzzy rule base
of a fuzzy expert system. The approximate reasoning is used
to calculate the resulting evaluation. In particular, evaluating
function described by a fuzzy expert system is used if the ful-
fillment of a goal at the end of a tree branch depends on sev-
eral mutually dependent criteria (i.e., if combinations of crite-
ria values bring synergic or disynergic effects to the resulting
multiple-criteria evaluation).

3.3.1 Fuzzy weighted average
If the fuzzy weighted average is used for aggregation of par-
tial fuzzy evaluations, then the uncertain weights of the cor-
responding partial goals, which express their shares in the
superior goal, must be set. To define consistent uncertain
weights, a special structure of fuzzy numbers, normalized
fuzzy weights, must be used.

In the FuzzME software, both real and fuzzy normalized
weights can be used. Normalized real weights, i.e., real num-

bers v1, ..., vm, vj ≥ 0, j = 1, ...,m,
m∑

j=1

vj = 1, represent a

special case of the normalized fuzzy weights.
The fuzzy weighted average of the partial fuzzy evaluations,

i.e., of fuzzy numbers U1, ..., Um defined on [0, 1], with the

normalized fuzzy weights V1, . . . , Vm, is a fuzzy number U on
[0, 1] whose membership function is defined for any u ∈ [0, 1]
as follows

U(u) = max{min {V1(v1), ..., Vm(vm), U1(u1), ..., Um(um)}

|
m∑

i=1

viui = u,
m∑

i=1

vi = 1, vi, ui ∈ [0, 1], i = 1, ..., m}.

(3)

For an expert who sets the fuzzy weights, it is not so easy
to satisfy the condition of normality. That is why the FuzzME
software allows to set only an approximation to the normal-
ized fuzzy weights - fuzzy numbers W1, ..., Wm on [0, 1] sat-
isfying the following weaker condition

∃wi ∈ Ker Wi, i = 1, ..., n :
n∑

i=1

wi = 1. (4)

The software removes the potential inconsistence in W1, ...,
Wm and derives the normalized fuzzy weights V1, ..., Vm from
them.

The structure of normalized fuzzy weights and the fuzzy
weighted average operation are studied in detail in [9], [10]
and [11]. Conditions for verifying normality of fuzzy weights,
an algorithm for normalization of fuzzy weights satisfying the
condition (4), and an algorithm for calculating fuzzy weighted
average, which are all used in the FuzzME software, can be
found there. Let us notice, that the used algorithm of fuzzy
weighted average calculation is very effective.

3.3.2 Ordered fuzzy weighted average
The fuzzy OWA operator is used in case that the evaluator
has special requirements concerning the structure of the par-
tial evaluation. For example, he/she does not want any partial
goal to be satisfied poorly. Then the weight of the minimum
partial evaluation of any alternative equals 1, and the weights
of all its other partial evaluations equal 0. The aggregated
fuzzy evaluations then represent the guaranteed fuzzy degrees
of fulfillment of all the partial goals (the fuzzy MINIMAX
method). Another example of the fuzzy OWA operator usage
could be the evaluation of subjects who can choose in which
of the three areas they will be mostly involved. The evaluation
algorithm should take into account their right of choice. Then,
e.g., the results in the area where the subject performs best
contribute to the overall evaluation by about one half, results
from the second area by one third and results from the area in
which the subject was least involved contribute to the overall
evaluation only by one sixth. A practical application of such a
fuzzy evaluation model could be the overall evaluation of the
academic staff with respect to their results in the areas of re-
search, education, and management of education and science.

The ordered fuzzy weighted average represents a fuzzifica-
tion of the crisp OWA operator by means of the extension prin-
ciple. Uncertain weights are modeled by normalized fuzzy
weights as in the case of fuzzy weighted average.

The following notation will be used to define the ordered
fuzzy weighted average: if (x1, ..., xm) is a vector of real
numbers, then (x(1), ..., x(m)) is a vector in which for all
j ∈ {1, . . . , m}, x(j) is the j-th greatest number of x1, ..., xm.

The ordered fuzzy weighted average of the partial fuzzy
evaluations, i.e., of fuzzy numbers U1, ..., Um defined on
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[0, 1], with the normalized fuzzy weights V1, . . . , Vm, is a
fuzzy number U on [0, 1] whose membership function is de-
fined for any u ∈ [0, 1] as follows

U(u) = max{min {V1(v1), ..., Vm(vm), U1(u1), ..., Um(um)}

|
m∑

i=1

viu
(i) = u,

m∑
i=1

vi = 1, vi, ui ∈ [0, 1], i = 1, ...,m}.

(5)

The algorithm used to calculate the ordered fuzzy weighted
average in the FuzzME software was taken from [12], where
fuzzification of the OWA operator is described in detail. The
used algorithm is an analogy to the one used for the fuzzy
weighted average.

3.3.3 Fuzzy expert system

The fuzzy expert system is used if the relationship between the
criteria (or the partial evaluations) and the overall evaluation
is complicated. Theoretically, it is possible to model, with an
arbitrary precision, any Borel measurable function by means
of a fuzzy rule base (properties of Mamdani and Sugeno fuzzy
controllers, see e.g. [13]) In reality, the quality of the approx-
imation is limited by the expert’s knowledge of the relation-
ship.

If the fuzzy rule base models the relation between values of
criteria and the fulfillment of the corresponding partial goal,
then the evaluation function is of the following form

If C1 is A1,1 and . . . and Cm is A1,m, then E is U1 (6)
If C1 is A2,1 and . . . and Cm is A2,m, then E is U2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

If C1 is An,1 and . . . and Cm is An,m, then E is Un

where for i = 1, 2, . . . , n, j = 1, 2, . . . , m, (Cj , T (Cj),
Vj ,Mj) are linguistic scales representing the criteria, Ai,j ∈
T (Cj) are their linguistic values, (E , T (E), [0, 1],Me) is a lin-
guistic scale representing the evaluation of alternatives and
Ui ∈ T (E) are its linguistic values.

In the FuzzME software, rule bases are defined expertly.
The user defines such a rule base by assigning a linguistic
evaluation to each possible combination of linguistic values
of criteria.

For given values of criteria, a resulting fuzzy evaluation is
calculated either by the Mamdani fuzzy inference algorithm
or by the generalized Sugeno inference.

In the case of the Mamdani fuzzy inference, the degree hi

of correspondence between the given m-tuple of fuzzy values
(A

′
1, A

′
2, . . . , A

′
m) of criteria and the mathematical meaning

of the left-hand side of the i-th rule is calculated for any i =
1, . . . , n in the following way

hi = min {hgt(A
′
1 ∩ Ai,1), . . . , hgt(A

′
m ∩ Ai,m)}. (7)

Then for each of the rules, the output fuzzy value U
′
i , i =

1, . . . , n, corresponding to the given input fuzzy values, is cal-
culated as follows

∀y ∈ [0, 1] : U
′
i (y) = min {hi, Ui(y)}. (8)

The final fuzzy evaluation of the alternative is given as the
union of all the fuzzy evaluations that were calculated for the
particular rules in the previous step, i.e.,

U
′
=

n⋃
i=1

U
′
i . (9)

Generally, the result obtained by the Mamdani inference algo-
rithm need not be a fuzzy number. So, for further calculations
within the fuzzy model, it must be approximated by a fuzzy
number.

The advantage of the generalized Sugeno inference algo-
rithm (see [7]) is that the result is always a fuzzy number. In
its first step, the degrees of correspondence hi, i = 1, . . . , n,
are calculated in the same way as in the Mamdani fuzzy infer-
ence algorithm.

The resulting fuzzy evaluation U is then computed as a
weighted average of the fuzzy evaluations Ui, i = 1, 2, . . . , n,
which model the mathematical meanings of linguistic evalua-
tions on the right-hand sides of the rules, with the weights hi.
This is done by the following formula

U =

n∑
i=1

hi.Ui

n∑
i=1

hi

. (10)

3.4 Overall fuzzy evaluations, the optimum alternative

The final result of the consecutive aggregation of the partial
fuzzy evaluations is an overall fuzzy evaluation of the given
alternative. The obtained overall fuzzy evaluations are fuzzy
numbers on [0, 1]. They express uncertain degrees of fulfill-
ment of the main goal by the particular alternatives.

The FuzzME software compares alternatives according to
the centers of gravity of their overall fuzzy evaluations. A
center of gravity of a fuzzy number U on [0, 1] that is not a
real number, is defined as follows

tU =

∫ 1

0
U(x).x dx∫ 1

0
U(x) dx

. (11)

If U = u and u ∈ �, then tU = u. In the FuzzME soft-
ware, the optimum alternative is the one whose overall fuzzy
evaluation has the largest center of gravity.

At present, the FuzzME software is aimed above all at solv-
ing multiple-criteria evaluation problems. To ensure high per-
formance in choosing the optimum alternative, it will be nec-
essary to include in the software other methods of ordering
of the fuzzy evaluations in the future. Some approaches are
proposed in [7] and further research in this area is planned.

4 Example of a practical application of the
FuzzME software

The FuzzME software was tested e.g. on a soft-fact-rating
problem of one of the Austrian banks. The problem was
solved in co-operation with the Technical University in Vi-
enna (see [14]). The fuzzy model of evaluation represents a
part of the creditability evaluation of companies carried out by
the bank - the evaluation according to soft (qualitative) data,
which complements the evaluation according to hard (quan-
titative) data. The previous practical experience of the bank
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showed that it is not good to restrict the evaluation to hard
data only.

In total, 62 companies were evaluated by the fuzzy model.
The goals tree of the model contained 27 qualitative criteria.

During the testing, two approaches were compared - the
original soft-fact-rating model used by the bank and the fuzzy
models created in the FuzzME software.

The original evaluation model used simple discrete numeric
scales with intuitively set linguistic descriptors for the evalua-
tion according to the particular qualitative criteria. The aggre-
gation of partial evaluation was done by the standard weighted
average.

In testing by the FuzzME software, the applied linguisti-
cally described numeric scales were analyzed. It was found
that in some cases the correspondence between the linguistic
and numerical values was not perfect. Two new fuzzy models
were formed. The first one used uniform fuzzy scales repre-
senting a simple fuzzification of the original numeric scales.
The other worked with fuzzy values which tried to model, as
closely as possible, the linguistic descriptors used in the origi-
nal evaluation model. The results of the two models were quite
different. At the same time, the normalized crisp weights were
replaced by normalized fuzzy weights which correspond bet-
ter to the expert’s knowledge about the importance of criteria.

The subsequent discussion on results of the soft-fact-rating
showed that there exist criteria values and combinations of cri-
teria values which signalize a substantial danger that the com-
pany will go bankrupt or at least will have problems acquitting
the debt. That is why, besides the evaluation of companies
based on fuzzy weighted average (”average rating”), a fuzzy
expert system was applied to calculate another evaluation (”a
risk rate of the company”). The particular rules of the base
identified the dangerous combinations of criteria values and
assigned to them the corresponding risk rates. The solely use
of the original fuzzy model without the fuzzy expert system
would have lead to a rating score, which may have underesti-
mated the risk inherent to this company. The use of the fuzzy
expert systems offers the possibility to visualize and calculate
such additional risk combinations.

Finally, both evaluations were aggregated with the fuzzy
MINIMAX method. This method is a special case of a fuzzy
OWA operator.The resulting evaluation is the infimum of the
fuzzy numbers representing the partial evaluations.

The obtained results showed that the solid theoretical basis
of the evaluation fuzzy models formed in the FuzzME soft-
ware improves the quality of evaluations. Positive experi-
ences with such fuzzy models of evaluation could win over
the present-day opponents to the soft-fact-rating in the future.

Figure 2: The simplified structure of the used goals tree

5 Conclusion
The software product FuzzME is a result of many years of
research in the area of the theory and methods of multiple-
criteria fuzzy evaluation. The type of evaluation consistently
used in the software corresponds well to the fuzzy sets the-
ory paradigm; the evaluations of alternatives express the fuzzy
degrees of fulfillment of given goals. In the FuzzME soft-
ware, several new methods, algorithms and tools of fuzzy
modeling were implemented, e.g.: a structure of normalized
fuzzy weights, fuzzy weighted average and ordered fuzzy
weighted average operations and algorithms for their calcu-
lation, linguistic scales and linguistic variables derived from
them. Well-elaborated theoretical basis of the FuzzME soft-
ware provides a clear interpretation of all steps of the evalua-
tion process and brings understanding of methodology to the
user. The FuzzME software is user-friendly. The positive fea-
tures of the software product proved themselves by solving the
mentioned soft-fact-rating problem.
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   Abstract – Linguistic variables are reviewed and some aspects 
of the original definition revisited, showing that they provide a 
first formal frame to do computing with words in a “narrow 
sense”. A two-levels hierarchy of languages is discussed in order 
to move to simple cases of computing with words in natural 
language, supported by linguistic variables.  
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1  Introduction 

 
In the late 90’s, L.A. Zadeh introduced the idea of 

computing with words [1]. Much efforts have been done 

ever since to face the challenge and to develop the required 

proper concepts, models and methods to turn the bright 

initial idea into a sound area of research. Fuzzy logic seems 

predestined to be an appropriate formal frame to support the 

above efforts. Among other things, because fuzzy if-then 

rule bases may be understood as a specification of (the 

model of) a system in a language close to natural language 

and each rule, as the specification of a computation based 

on words, even though at the moment of doing real 

computations, this is done at the level of numbers. At this 

time, fuzzy if-then rule bases may be considered as a 

metaphor of what we would like to achieve by really 

computing with words. In this sense, what is currently 

known as fuzzy logic may be considered as a particular case 

of computing with words. 

 

This paper shows, that in the context of fuzzy linguistic 

variables there are already processes that are representative 

of computing with words, albeit possibly in a “narrow 

sense”. Furthermore it will be shown that it is possible to 

build a hierarchical relationship between words based on 

linguistic variables at the level of fuzzy logic and “words” –

(actually short sentences)- at the level of natural language; 

to move from linguistic variables to “linguistic expressions” 

and from linguistic modifiers to “meaning modifiers”.  In 

analogy to the fact that linguistic modifiers, when applied to 

linguistic variables constitute possibly the simplest case of 

computing with words, it will be shown that “meaning 

modifiers”, when applied to “linguistic expressions” may 

lead to non-trivial linguistic results of non-negligible 

complexity, in what may be thought of, as computing with 

“words”. 

 

The rest of the paper provides first a set of needed 

definitions to continue with a discussion about computing 

with words in fuzzy logic. An  extension to computing  with  
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 “words” in natural language is analyzed in the closing 

section. 

 

2  Definitions 
 

Definition 1 [1 ]: 

Computing with words and perceptions, or CWP for short, 

is a mode of computing in which the objects of computation 

are words, propositions and perceptions described in a 

natural language. 

 

Definition 2:  

Let Ω be a set of (non-ambiguous) words that are used in a 

given context. The elements of Ω are considered to be pairs 

(representation, meaning). Representations may be taken 

from different syntactic domains, but meanings, from a 

single semantic domain. Moreover, let Γ be a finite set of 

functions {γ1, γ 2, …, γ k}, with 

γi : Ω
n
 � Ω 

The functions {γ1, γ 2, …, γ k} must be designed in such a 

way, that applied to words of Ω will produce reasonable 

words of Ω for the given context. 

 

Definition 3:  

In this paper when speaking of computing with words, the 

objects of computation are specified in definition 1. The 

agents of computation are functions taken from Γ, as stated 

in definition 2. 

Examples: Let Ω be a subset of English. 

     If γ1 is an appropriate “association” function. Then 

 γ1(parent, children) = family 

     If γ2 is a synonym function. Then 

 γ2(pretty) = beautiful 

     If γ3 is an antonym function. Then 

     γ3(near) = far 

These examples show that since the functions in Γ represent 

some “linguistic transformation”, their interpretation should 

be taken take in account in the line of language precisiation 

(à la Zadeh). 

 

At this stage, it should be mentioned that not under the 

scope of “computing with words”, but simply with the goal 

of designing good fuzzy if-then rules, work has been done 

to select or build the most convenient operations connecting 

premises and the conclusion [2], [3]. In the context of this 

paper, the given references correspond to a basic 

contribution in the design of the most convenient functions 

for the corresponding Γ. 
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3  Computing with words in fuzzy logic 
 

 One of the key concepts in the development of fuzzy logic 

is that of a linguistic variable, introduced by L.A. Zadeh in 

1975 [4]. The value set of a linguistic variable is a set of 

words –“linguistic terms”– denoting predicates or linguistic 

labels, and the syntactic domain of those words is 

constituted by appropriate convex fuzzy sets. “… in general, 
a linguistic variable is associated with two rules: (1) a 
syntactic rule, which may have the form of a grammar for 
generating the names of the values of the variable; and (2) 
a semantic rule which defines an algorithmic procedure for 
computing the meaning of each value” (See section 2 of 

Part II of [4])  
In what follows, this idea is extended to include a formal 

grammar and a data base. The grammar will control 

possible transformations on the fuzzy sets representing the 

linguistic terms of a linguistic variable. The effect of 

linguistic modifiers (originally called “hedges of type I”  

[5]) as well as the generation of antonyms of linguistic 

terms (which was studied much later [6], [7], [8])  may, for 

instance, be formalized in terms of productions of a 

grammar. The data base, on the other hand, is meant to 

contain the meanings associated to the linguistic terms and 

their considered possible modifications through the 

grammar. 

 It is easy to see that the grammar and the data base have a 

functionality which is subsumed by that of the functions 

presented in Definition 2.  

For the representation of linguistic terms as fuzzy sets, if no 

further information is available, a trapezoidal shape is 

appropriate since an agreement among users about the 

subset of the universe where the predicate is indeed valid, 

defines the core of the fuzzy set and the agreement about the 

subset of the universe where the predicate is not at all valid, 

defines its co-support. Our human experience with 

predicates indicates that the transitions between co-support 

and core are continuous and monotone. Therefore, if no 

further information is available, linear transitions leading to 

a piecewise linear convex normalized fuzzy set is an 

appropriate first choice. If the core contains only one point, 

then the trapezium reduces to a triangle. Notice that the 

above analysis does not require the trapezium (triangle) to 

be symmetric. 

Trapezoidal fuzzy sets are simple to represent as an ordered 

quadruple of the ordinates of their four corners    (t1, t2, t3, 

t4). The interval between the first and the fourth corner 

represents the support of the fuzzy set. (If non-normalized 

trapezoidal fuzzy sets are considered, then a preceding 

scaling factor is needed.) 

Another basic assumption, normally associated to linguistic 

variables, is that all linguistic terms of the variable 

constitute a partition of unity, i.e., at every point of the 

universe of discourse, the membership degrees of the 

linguistic terms add up to 1. 

Definition 4: 

A linguistic modifier is a unary function in the set of fuzzy 

sets representing linguistic terms. A linguistic modifier LM 

is compressing if for any fuzzy set A representing a 

linguistic term, LM(A) ⊂ A, and is expanding if A ⊂ 

LM(A). There are however linguistic modifiers that are 

neither compressing nor expanding. 

In what follows, to keep the notation as simple as possible, 

the label of a linguistic term will also be used to denote the 

membership function of the fuzzy set representing it. 

Let T    :=  (t1, t2, t3, t4) 

LM(T) := ((t1+t2)/2, t2, t3, (t3+t4)/2) is a compressing 

modifier and in what follows will be given the meaning 

more_strictly(T). 

LM(T) := (t1, (t1+t2)/2, (t3+t4)/2, t4) is an expanding modifier 

and in what follows will be given the meaning roughly(T). 

Lemma 1: 

Let T := (t1, t2, t3, t4) 

Define Tleft  :=  ½(t1, (t1+ t2)/2, (t1+ t2)/2, t2) 

            Tright :=  ½(t3, (t3+ t4)/2, (t3+ t4)/2, t4) 

Then: 

            T = Tleft + more_strictly(T) + Tright 

Proof: By adding point-to-point the piecewise linear 

segments.  

 

 

 

 

 

                  t1           t2                 t3                     t4 

 

 

 

 

 

 

 

 

Figure 1: The relationship among the fuzzy sets T, 

more_strictly(T), Tleft and Tright 

 

It is easy to see that for all x < t3, Tright takes the value 0. 

Moreover, since (t1 + t2)/2 is equidistant of t1 and t2, then at 

this point, T takes the value ½. (See Figure 1). Moreover 

between t2 and t3, both Tleft and Tright have membership 

degree 0, meanwhile T and more_strictly(T) have 

membership degree 1, therefore in this interval the claim 

trivially holds. Table 1 summarizes the relevant 

membership values at t1, (t1 + t2)/2 and t2. 

Table 1: relevant membership values 

 t1 (t1 + t2)/2 t2 

T 0 ½ 1 

more_strictly(T) 0 0 1 

Tleft 0 ½ 0 

more_strictly(T) + Tleft 0 ½ 1 

 

In the interval [t1, t2], both more_strictly(T) and Tleft are 

piecewise linear; therefore their sum will also be piecewise 

linear. In the subinterval [t1, (t1+t2)/2], since the membership 

value of more_strictly(T) is 0, the sum will be given by Tleft, 

which has a representation as a straight line segment with 

slope 1/(t2-t1). In the subinterval [(t1+t2)/2, t2], both 

more_strictly(T) and Tleft have a representation as straight 

line segments, therefore also their sum. It is simple to see 

T 

t1+t2 

   2 
t3+t4 

   2 

very(T) 

Tleft 
Tright 

1 

½  

0 

½  

1 

0 
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from Figure 1, that the sum segment runs from the point 

�(t1+t2)/2, 1/2� to the point �t2, 1�, with slope 1/(t2-t1). Since 

both sum segments share a common point and have the 

same slope, they constitute a single straight line segment 

with slope 1/( t2-t1) in the whole interval [t1, t2]. This 

corresponds with the left part of T. A similar analysis will 

prove that in [t3, t4] the sum of more_strictly(T) plus Tright 

returns the corresponding part of T. For reasons that will 

become clear below, no attempt will be done here to 

associate a meaning to Tright and Tleft. 

  

Corollary 1.1: 

Assume that T is a rectangular trapezium. Without loss of 

generality let T :=  (t1, t2, t3, t3). Then : 

     T = Tleft + more_strictly(T) 

since Tright has zero-support. 

 

Example 1: 
 Consider a linguistic variable with three linguistic terms 

building a partition of unity, as shown in Figure 2(a). 

Furthermore, let it be assumed that some experiments done 

using this representation –(model)- of the variable, made 

advisable a refinement of the middle linguistic term, and 

that this is done by applying Lemma 1 (with t2 = t3). This is 

shown in Figure 2(b). Solving the superposition of the small 

triangles with the respective trapeziums leads to a new 

model of the linguistic variable, as shown in Figure 2(c). 

 

                       T1                   T2                        T3 

         

 

 

 

 

                    T1                                              T3 

                 

     

 

 

 

 

           roughly(T1)   more_strictly(T2)    roughly(T3) 

 

 

 

     

 

 
Figure 2: (a) Initial model of the linguistic variable 

(b) Effect of applying Lemma 1 to T2 

(c) The resulting new model for the linguistic variable 

 

An analysis of the process shows that T2 changed into 

more_strictly(T2). Furthermore, the core of T1 was 

expanded by one half of the support corresponding to the 

right wing of the trapezoidal representation.  From 

Definition 4 follows that it represents roughly(T1). 

Similarly, T3 turns into roughly(T3). In summary, a new 

representation of the linguistic variable, which preserves the 

partition of unity, was obtained through a refinement 

process by using appropriate linguistic modifiers. This 

represents (possibly the simplest) elementary operations in 

the context of computing with words. 

 

Case study 1: 
In the context of linguistic variables with structure of a 

partition of unity, two consecutive linguistic terms Tj and 

Tj+1 will be considered, which will be refined under Lemma 

1. 

Let Tj        :=  (t1, t2, t3, t4) 

and      Tj+1    :=  (t3, t4, t5, t6) 

Lemma 1 generates: 

     more_strictly(Tj)     :=  ((t1+ t2)/2, t2, t3, (t3+ t4)/2) 

     (Tj)right      :=  ½(t3, (t3+ t4)/2, (t3+ t4)/2, t4) 

     more_strictly(Tj+1) := ((t3+ t4)/2, t4, t5, (t5+ t6)/2) 

     (Tj+1)left     :=  ½(t3, (t3+ t4)/2, (t3+ t4)/2, t4) 

(Lemma 1 also generates (Tj)left and (Tj+1)right, which are 

however not in the focus of this case study). 

Notice that  (Tj)right = (Tj+1)left     therefore  

if   T’ = (Tj)right + (Tj+1)left  then 

     T’ := (t3, (t3+ t4)/2, (t3+ t4)/2, t4)  

It is easy to see that T’ is an isosceles triangle. To T’ the 

following specification of meaning can be associated: 

 

     T’ = between(more_strictly(Tj), more_strictly(Tj+1)) 

 

and, the other way around, the operation between is defined 

as the structure of T’. See Figures 3(a) and 3(b). 

 

Tj-1        Tj                                 Tj+1          Tj+2 

 

 

 

 

t1   t2        t3                                   t4         t5     t6 

 

               more_strictly(Tj)       more_strictly(Tj+1)   
 

 

 

 

               t1    t2       t3      (t3+t4)/2    t4          t5     t6 

(t1+t2)/2                                         (t5+t6)/2 

 

Figure 3: (a) Two neighbor linguistic terms and their 

refinement with Lemma 1 (dotted).          

(b) Effect of the superposition of the overlapping side 

triangles generated by the refinement.  

  

From T’ = between(more_strictly(Tj), more_strictly (Tj+1)) it 

may be concluded that there exists a γ ∈ Γ such that 

 γ = between ° (more_strictly × more_strictly) 

and         T’ = γ(Tj, Tj+1) 

 

Notice that if all linguistic terms of a linguistic variable are 

refined with Lemma 1, then all “new” linguistic terms may 

be obtained with the composition of between and the 

Cartesian product more_strictly × more_strictly. A 

refinement of all linguistic terms after Lemma 1, may be 

related to wavelets [9], but almost duplicates the number of 

linguistic terms.  Partial refinements, however, were studied 

in [10] under the scope of a metasemantics.  

… … 

… … 
0 

 

 

1 

0 

 

 

1 

0 

 

 

1 

(a) 

(b) 

(c) 

(a) 

(b) 
T’Tj-1   Tj+2 
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Before studying a next case, two elementary operations will 

be introduced. 

 

Definition 5: 

Let Tj        :=  (t1, t2, t3, t4) 

Then, the operation less than or equal to, abbreviated “LE” 

is defined for all x in the universe of discourse, as: 

 

1      if    x < t3 
(LE(Tj))(x) = 

Tj     if    x > t3 

 

Similarly, the operation more than or equal to, abbreviated 

“ME” is defined as: 

 

1      if    x > t2 (ME(Tj))(x) = 
Tj     if    x < t2 

 

Case study 2: 
 Consider a linguistic variable with more than 3 linguistic 

terms and refine some linguistic term in the middle. What 

will be the effect upon its non-refined neighbors?  

 

Tj-1              Tj                  Tj+1 

 

 

 

 

t1    t2     t3         t4    t5            t6       t7     t8 

 

                         T’j-1         T’j             T’j+1 

 

 

 

 

t1   t2  (t3+t4)/2  t4    t5  (t5+t6)/2      t7        t8 

 

Figure 4 : (a) A linguistic variable with the prepared 

refinement of the j-th linguistic term.  

(b) Effect of refining Tj upon its neighbors. 

 

Figure 4 shows the linguistic terms before and after refining 

the j-th term. From Lemma 1 follows that: 

      T’j = more_strictly(Tj) 

An interpretation of T’j+1 is not straight forward. Fig. 4(b) 

shows however that at the left hand side, the core of T’j+1 

increased by one half of the support of the left wing, i.e., by 

½(t6-t5), with respect to the original core of Tj+1. Notice that 

this is the same (partial) effect caused by the operation 

roughly(Tj+1); however, the right hand side of  T’j+1 does not 

change as compared to Tj+1. This may be given a formal 

expression as follows, for all x in the universe of discourse: 

     (T’j+1)(x) = minimum(roughly(Tj+1), LE(Tj+1)) 

 

or “in words”, 

 

     Tj+1 = roughly(Tj+1) and LE(Tj+1) 

 

where and is realized with the operation minimum. 

 

Similarly, 

     (T’j-1)(x) = minimum(roughly(Tj-1), ME(Tj-1)) 

 

or “in words”, 

 

     Tj-1 = roughly(Tj-1) and ME(Tj-1) 

 

Example 1 and the two above cases show that at the lowest 

level, that of terms of linguistic variables, transformations 

may be formalized, which represent the possibly simplest 

cases of computing with words in narrow sense.  

 

 

4  First steps towards natural language 

 
When working with formal languages, “words” are build 

with “symbols” of an alphabet. Quotations are being used, 

since the “symbols” may be words of a reference language 

and, consequently the “words” will (normally) be 

(meaningful) sentences of the reference language. This 

model of a hierarchy of languages will be used in an attempt 

to transfer or imitate the elementary operations discussed 

above to short statements in natural language. These 

“words” will be written in square brackets. Furthermore the 

notation “linguistic statement” instead of linguistic variable, 

and “meaning modifier” instead of linguistic modifier will 

be used. Finally it becomes apparent that “words” will no 

longer be just pairs (representation, meaning), but at least 

triples (representation, structure, meaning). Representation 

is concerned with the rules of writing, meanwhile the 

structure refers to the grammatical ordering of the reference 

words to support a meaning. 

 

Example 3: 
Consider the “word” [The weather is improving], where the 

linguistic statement has the value set {hardly a bit, slightly, 

steadily, strongly}. How could the meaning of this “word” 

be emphasized? 

 

i) Use the “word” consistently within the value subset 

{steadily, strongly} 

 

ii) Design a meaning modifier MM1 which integrates 

explicitly in the “word” the desired predicate from the value 

set, preserving the structure: 

     MM1 (��������,  [The weather is improving]) = 

     [The weather is �������� improving] 

 

It may be observed that this modifier changes the 

representation of the “word”, preserves the grammar of the 

“word” and emphasizes its meaning. 

iii) Design a meaning modifier MM2 which integrates an 

additional reference word, taken from a pre-defined “subset 

of emphasizers” of the corresponding natural language, 

preserving the structure, to produce an enhancement: 

     MM2 (�	����,  [The weather is improving]) = 

     [The weather is �	�����improving] 

Notice that it is only claimed that both [The weather is 
�������� improving] and [The weather is �	���� improving] 

… … 

… … 

(a) 

(b) 
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emphasize the meaning of [The weather is improving], but 

not that they are synonyms.  

 

Example 4: 

Consider the “word” [Yesterday it rained]. A value set for 

the linguistic statement may be thought of as D1 × D2 × D3, 

where D1 = {in the morning, at midday, in the afternoon, in 

the evening, at night}, D2 = {a couple of minutes, several 

hours, the whole day} and D3 = {a few drops, moderately, 

cats-and-dogs}. Notice that D1 and D2 may be associated 

both to yesterday and to rain, meanwhile D3 is clearly 

related only to rain. 

i) It is requested that [Yesterday it rained] be emphasized. 

The rained-component may be emphasized in a way similar 

to that discussed in example 3. Can yesterday be 

emphasized? At the level of natural language, it is possible 

to design a 2-place meaning modifier MM1 giving: 

     MM1([December the 1st 
], [Yesterday it rained]) = 

     [Yesterday December the 1st it rained], 

which may be considered as a possible way of emphasizing 

yesterday. 

ii) In the context of [Yesterday it rained] D1, D2 and D3 may 

be seen as value sets of the linguistic variables “when”, 

“how_long” and “how_much” (at the reference level), 

respectively. As linguistic variables, they have grammars 

that, among other things, may change number, shape and 

distribution of the fuzzy sets representing the corresponding 

linguistic terms, as well as a database keeping track of their 

meanings. Assume that the corresponding grammars are G1, 

G2 and G3. Let r2,i and r3,j represent the i-th and j-th rules of 

G2 and G3, respectively, such that: 

     r2,i(D2) = {a couple of minutes, half an hour, several        

.                     hours, the whole day} 

     r3,j(D3) = {a few drops, moderately, a lot, cats-and-dogs} 

Some elements of the new domains may have the same 

labels as in the original domains, but will possibly be 

different since at least some of them are shifted and 

compressed, because in both cases, a new linguistic term 

was introduced. (Notice here the importance of the data 

base with meanings). 

Then it is possible to use linguistic modifiers at the low 

level to build meaning modifiers MM (at the upper level) to 

generate new, richer “words” as, for instance, 

     MM[Yesterday it rained] = 

     [Yesterday it rained quite a lot about half an hour almost 
at midday] 

It may be observed that the meaning modifier reordered the 

domains as r3,j(D3) × r2,i(D2) × D1, made use of the new 

generated linguistic terms “half an hour” and “a lot”, 

applied the linguistic modifiers “quite” (to “a lot”) “about” 

(to “half an hour”) and “almost” (to “at midday”). Fuzzy 

logic offers sound methods to perform all these reference 

level operations, which put together, formally specify the 

meaning modifier. 

Analysis of the meaning modification  

[quite a lot about half an hour almost at midday]: 

Recall that the value set for [Yesterday in rained] was 

specified as the Cartesian product of three domains. 

Therefore, its “value” is a triple, whose components are 

possibly modified linguistic terms within the prevailing 

versions of the corresponding domains. Therefore, each one 

of the linguistic terms may be analyzed separatedly and the 

required linguistic modifiers, designed  to satisfy the 

requirements of the use of the language. 

i)…Design of quite, to produce the modified linguistic term 

quite a lot.  
It should be noticed that quite is a rather complicated 

linguistic modifier, since it is very context dependent: in 

American English it seems to be used mostly to emphasize, 

in a way similar to more_strictly, meanwhile in British 

English it may also be ironically used to mean exactly the 

contrary. Furthermore, quite is also used as an idiom, like in 

“quite a few”, possibly meaning the same as “quite a lot”.  

In the case under analysis however, it seems that quite is 

intended to be used to suggest rather more precisely, what is 

expressed by “a lot” alone. If this is the case, then a 

compressing linguistic modifier should be used, but with 

possibly a smaller amount of compression than in the case 

of more_strictly. 

A general analysis leading to a proposal for a prototype of 

quite is shown in Figure 5. 

 

 

 

  

 

Figure 5: A possible prototype for quite as a linguistic 

modifier, which is less compressing than more_strictly 
 

Observations on the use of quite in the context where it will 

be applied and in similar contexts will be needed to properly 

tune this modifier. Notice that it may well be the case that 

the contexts at the reference level and at the natural 

language level pose different constraints for the design of 

the modifier. 

 

ii)..Design of about, to produce the modified linguistic term 

about half an hour.  

In the use of the language, about half an hour, appears to 

have a meaning close to that of around half an hour or 

roughly half an hour. Experiences with numerical 

approximation with fuzzy numbers indicate that around is 

an expanding modifier that preserves the core –(which in 

this case contains only one point, since the fuzzy set is 

triangular)– and increases the support. It seems reasonable 

to extend this modifier to trapezoidal fuzzy sets in the same 

way. On the other hand, roughly, as defined earlier, expands 

the core and preserves the support. If the meaning of about 
half an hour is indeed close to that of around half an hour 

and roughly half an hour, then the corresponding  modified 

fuzzy sets should exhibit a high degree of “family 

resemblance” [11] and this can be used as an additional 

guiding constraint to design about. 
A proposal for a prototype of about is illustrated in Figure 8 

with respect to some abstract T (to more clearly show the 

effect of the (known) linguistic modifiers and of the 

proposed prototype). 

 

      T 

more_strictly (T) 

      quite(T) 
0 

1 
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Figure 6: A possible prototype for about, for some abstract 

T, as related to roughly and around 

As in the former case, observations on the use of the 

modifier in the target context will be needed to properly 

tune it. 

      

iii).Design of almost, to produce the modified linguistic 

term almost at midday. 

The use of the language, e.g. “the glass is almost empty” or 

“Peter was almost crazy with so many problems”, indicates 

that this is a one-sided shifting and possibly expanding 

modifier, which applied to a fuzzy set representation of a 

linguistic term, displaces and possibly expands the fuzzy set 

towards the “less than” side. (See Figure 7). It is simple to 

see that almost at midday and around midday will have 

some “family resemblance”, but to a clear weaker degree 

than the one discussed in the former paragraph. 

 

 

 

 

 

 
Figure 7: A possible prototype for almost, as compared to 

around, applied to some abstract T 

 

Observations on the use of all above modifiers in the actual 

target context, including experimentation at the level of the 

language, will be needed to ensure their empirical 

correctness. See, for instance [12 ], [13], [14]. 

  

5  Conclusions 
 

Within the formalism of linguistic variables in fuzzy logic, 

linguistic modifiers represent a very simple case of 

computing with words. Some new elementary operations 

have been defined, that allow new non trivial instances of 

low level computing with words. The paper shows that it is 

possible to extend these ideas to “linguistic statements” 

(short sentences) and “meaning modifiers” in natural 

language. The “linguistic statements” become the new 

“words” (as is the case of programming languages when 

considered as context free formal languages). This is done 

however keeping a solid base on linguistic terms and 

linguistic modifiers. The hierarchy of languages suggests 

that the more about computing with words is learnt in fuzzy 

logic, the more can be projected to natural languages to do 

computing with “words”.  
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Abstract— This contribution focuses on inverse fuzzy transforms
(shortly inverse F-transforms) over residuated lattices introduced by
I. Perfilieva and their approximation properties. We will try to reduce
some requirements used in the original work to prove Approximation
theorem. Moreover, we show in which sense F-transforms are the
best approximations.
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1 Introduction
In [1], F-transforms were introduced basically in three forms:
the first (ordinary) was constructed over the ordinary algebra
of reals1, while the other two were constructed over the residu-
ated lattice. Note that up to now, most of the applications of F-
transforms, e.g. ordinary/partial differential equations [2]/[3],
image compression/fusion (see [4]/[5, 6]), data analysis [7]
etc., employ only the ordinary one. The main reason fol-
lows from the character of the inverse F-transforms, where the
ordinary F-transform average the function values. Whereas
the other two approximate them from above and from below,
respectively. And since these F-transforms (over the residu-
ated lattice) can be viewed as formalizations of a collection of
graded fuzzy rules [8], they are primarily suitable for applica-
tions, which use fuzzy “IF-THEN” rules.

In this contribution, we will focus on the inverse F-
transforms over the residuated lattice and show their approx-
imation properties. Moreover, we will provide a simpler way
to get the approximation theorem than the one in [1] (Theo-
rem 10 and 11). Thus, we would like to brush up this topic
and make it more attractive for a broader community.

Note that we present mainly an excerpt of a larger manu-
script [9] that has been submitted for publication. For back-
ground information and proof details, readers are referred to
this upcoming article.

2 Basic definitions and overview of the known
results.

2.1 Basic definitions

Definition 1 A residuated lattice on L is an algebra

L = 〈L,∨,∧, ∗,→,0,1〉 (1)

with four binary operations and two constants such that

• L = 〈L,∨,∧,0,1〉 is a lattice with the largest element 1
and the least element 0 w.r.t. the lattice ordering ≤,

1Due to a nature of the used operations, it can be reinterpreted
over ŁΠ-algebra.

• L = 〈L, ∗,1〉 is a commutative semigroup with the unit
element 1, i.e. ∗ is commutative, associative, and 1∗x =
x for all x ∈ L,

• ∗ and → form an adjoint pair, i.e.

z ≤ (x → y) iff x ∗ z ≤ y for all x, y, z ∈ L.

In the sequel, let us assume L be a residuated lattice of the
form (1). Moreover, we define the biresidual operation (bi-
residuum)

x ↔ y = (x → y) ∧ (y → x).

Throughout the whole text, we will deal with fuzzy rela-
tions whose membership functions take values from the sup-
port of L and we denote this fact by ⊂∼. Let M1, . . . , Mn be
some nonempty sets of objects, RI = {Ri ⊂∼ M2

i }i∈I be a
system of binary fuzzy relations ordered by I = {1, . . . , n},
f ⊂∼ M1 × . . . × Mn be an n-ary fuzzy relation.

Convention 2 For the sake of brevity, we will denote M1 ×
· · · × Mn by M (n). Moreover, we will write R(x̄, ȳ) =
R1(x1, y1) ∗ · · · ∗ Rn(xn, yn).

Definition 3 We say that f is extensional w.r.t. RI if

R(x̄, ȳ) ∗ f(x̄) ≤ f(ȳ),

for each x̄, ȳ ∈ M (n).

Let us recall that a fuzzy ∗-equivalence (also known as sim-
ilarity or indistinguishability) R ⊂∼ M2 (M be some non-
empty set of objects) is reflexive, symmetric and transitive
w.r.t. ∗. Observe that ↔ is ∗-equivalence on L. In the fol-
lowing we will omit specification ∗ whenever it will be clear
from the context.

Additionally, we recall notions used in the original approx-
imation theorems in [1].

Definition 4 A system of fuzzy sets {A1, . . . , Ak} on a non-
empty set M establishes a semi-partition if∨

x∈M

Ai(x) ∗ Aj(x) ≤
∧

x∈M

Ai(x) ↔ Aj(x),

for each i, j ∈ {1, . . . , k}.
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2.2 F↑(↓)-transforms

Let us recall inverse F-transforms from [1] generalized for the
n-dimensional case2:

Assume f ⊂∼ M (n), C ⊆ M (n), Aji
⊂∼ Mi,

∀j ∈ J = {1, . . . , k}, ∀i ∈ I = {1, . . . , n},
and j be abbreviation for [j1, . . . , jn],

f↓
F,k(x̄) =

∨
j∈Jn

Aj(x̄) ∗ [
∧
c̄∈C

Aj(c̄) → f(c̄)],

f↑
F,k(x̄) =

∧
j∈Jn

Aj(x̄) → [
∨
c̄∈C

Aj(c̄) ∗ f(c̄)], where

Aj(x̄) = Aj1(x1) ∗ . . . ∗ Ajn(xn),∀j ∈ Jn.

In [1], f↓
F,k is called inverse F↓-transform and f↑

F,k inverse
F↑-transform. Moreover, the expression in the square brackets
above is denoted by F

↑(↓)
j in the case of f

↑(↓)
F,k and known as

j-th component of F↑(↓)-transform.
Below, we overview known results from [1] that are in the

center of our interest:

1. From the inequality a ∗ (a → b) ≤ b ≤ a → (a ∗ b), it
follows that for an arbitrary f :

f↓
F,k(x̄) ≤ f(x̄) ≤ f↑

F,k(x̄), ∀x̄ ∈ C. (2)

2. The j-th components of F↑-transform and F↓-transform
are the least elements of the following respective sets:

Sj = {a ∈ M (n)| Aj(x̄) ≤ f(x̄) → a, ∀x̄ ∈ C}, (3)

Tj = {a ∈ M (n)| Aj(x̄) ≤ a → f(x̄), ∀x̄ ∈ C}. (4)

3. A core of the approximation theorems inheres in the fol-
lowing inequality:∨

j∈Jn

Aj(x̄) ∗ Aj(x̄) ≤ f
↑(↓)
F,k (x̄) ↔ f(x̄), ∀x̄ ∈ C. (5)

Remark that a closeness of elements is expressed using
↔, which is the dual concept to pseudo-metric as shown
in [10], and naturally, the estimation goes there from be-
low.

Below, we summarize the requirements that were used in
[1] to prove (5), i.e., the estimation of the equivalence of
f
↓(↑)
F,k to the original function f :

Requirements in [1] (Theorems 10 and 11)
1. L be a BL-algebra,
2. each A ∈ {Aji

}j∈J,i∈I be normal,
3. {A1i

, . . . , Aki
} forms a semi-partition ∀i ∈ I ,

4. f be extensional w.r.t. PI = {Pi}i∈I defined by
Pi(x, y) =

∧
j∈J Aji

(x) ↔ Aji
(y), for all i ∈ I,

5. E = {ēj ∈ M (n)| Pi(x, eji) = Aji(x), i ∈ I, j ∈ J}
be subset of C (see p. 1013 in [1]).

2Note that in the original work, f was a mapping from a finite
subset of L into L (support of the fixed residuated lattice L), where
L = [0, 1]. Since we measure a precision of the approximation us-
ing values of L and we do not use specific properties of [0, 1], this
determination is not needed in our work.

3 Approximation properties
3.0.1 Formulation of the problem and basic properties
Let L and RI = {Ri ⊂∼ M2

i }i∈I be as specified in Subsection
2.1, and ε ∈ L. Moreover, we assume to have only a partial
information about f ⊂∼ M (n) in the form of a set of samples

{f(c̄)| c̄ ∈ C ⊆ M (n)}. The problem (ApproxF) that we are
going to solve is formulated as follows:

Find D ⊆ M (n) and f̃ ∈ M
D
∨(∧) such that

ε ≤ f(x̄) ↔ f̃(x̄), ∀x̄ ∈ C,

where

M
D
∨ =

{∨
d̄∈D

(R(d̄, x̄) ∗ g(d̄)) | g ⊂∼ M (n)
}

and

M
D
∧ =

{∧
d̄∈D

(R(x̄, d̄) → g(d̄)) | g ⊂∼ M (n)
}

.

Due to terminology introduced in [11], we approach this
problem from the view point of fuzzy relations of a special
structure, the so-called normal forms:

DNFP
h (x̄) =

∨
p̄∈P

(R(p̄, x̄) ∗ h(p̄)) and (6)

CNFP
h (x̄) =

∧
p̄∈P

(R(x̄, p̄) → h(p̄)), (7)

where h ⊂∼ M (n), P ⊆ M (n), x̄ ∈ M (n), (8)

are called the disjunctive and conjunctive normal forms for h
w.r.t. P , respectively. Hence,

M
D
∨ =

{
DNFD

g | g ⊂∼ M (n)
}

and

M
D
∧ =

{
CNFD

g | g ⊂∼ M (n)
}

.

It is possible to rewrite inverse F -transforms using normal
forms if we take {Ri}I and D:

• Assume M (n) contains sufficiently many elements to de-
fine set D.

• Take D = {d̄j ∈ M (n)| dji
	= dj′

i
, ∀j, j′ ∈ J,∀i ∈ I}.

• Define R(x̄, d̄j) = R(d̄j , x̄) = Aj(x̄),∀j ∈ J, j ∈ Jn

and R(x̄, ȳ) = 0, ∀ȳ ∈ M (n) \ D.

In the case of lacking elements to construct set D, which can
hypothetically arise because there is no restriction to the num-
ber of sets Aji

, we can artificially extend M (n) to reach the
required cardinality. Then we obtain that DNFD

CNFC
f

corre-

sponds to an inverse F ↓-transform f↓
F,k and CNFD

DNFC
f

to an

inverse F ↑-transform f↑
F,k.

For an arbitrary f ⊂∼ M (n), we can certainly show3∨
d̄∈D

(R(d̄, x̄)∗f(x̄)) ≤ f(x̄) ≤
∧

d̄∈D

(R(x̄, d̄) → f(x̄)),∀x̄ ∈ C.

3Considering
�

d̄∈D R(d̄, x̄) =
�

d̄∈D R(x̄, d̄) = 1 gives the fol-
lowing equalityf(x̄) =

�
d̄∈D(R(d̄, x̄)∗f(x̄)) =

�
d̄∈D(R(x̄, d̄) →

f(x̄)), for all x̄ ∈ C, because in an arbitrary residuated lattice
1 ∗ a = 1 → a = a, for all a ∈ L. Hence, it is reasonable to
apply this requirement for the partitioning of the domain of f in the
practise.
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The task stands in the replacement of f(x̄) by suitable val-
ues so that the approximation is the best possible w.r.t. the
available knowledge. In the following proposition, we are go-
ing to show that the combinations of {DNFD

f ,CNFC
f } and

{CNFD
f , DNFC

f } have this property.

Theorem 5 – DNFC
f is the least element of the following set:

S = {g ⊂∼ M (n)| f(x̄) ≤
∧

d∈D

(R(x̄, d̄) → g(d̄)), ∀x̄ ∈ C}.

(9)
– CNFC

f is the greatest element of the following set:

S′ = {g ⊂∼ M (n)|
∨

d∈D

(R(d̄, x̄) ∗ g(d̄)) ≤ f(x̄), ∀x̄ ∈ C}.

(10)

As it has been shown above, there cannot be better lower
approximation of f from the set M

D
∨ than DNFD

CNFC
f
∈ M

D
∨ .

And analogously, CNFD
DNFC

f
∈ M

D
∧ is the best upper approx-

imation of f . In other words, the best choice for coefficients
in the inverse formula of F↑(↓)-transform is to take just the
coefficients of the direct F↑(↓)-transform. Both results do not
consider any boundary for an ε−precision of the approxima-
tions. It is dependent on the suitable choice of RI and the set
of nodes D arising from the following estimation in terms of
a ∗-equivalence:

Theorem 6 Let f ⊂∼ M (n) be extensional w.r.t. SI = {Si ⊂∼
M2

i }i∈I as follows:

Si(x, y) =
∨

d̄∈D

Ri(x, di) ∗ Ri(di, y). (11)

Then we can prove∨
d̄∈D

R(x̄, d̄) ∗ R(d̄, x̄) ≤
DNFD

CNFC
f
(x̄) ↔ f(x̄),

CNFD
DNFC

f
(x̄) ↔ f(x̄),

∀x̄ ∈ C.

(12)

Corollary 7 Let RI = {R̄i}i∈I be defined by

R̄i(x, y) =
∨
j∈J

Aji
(x) ∗ Aji

(y), (13)

for all i ∈ I . If f ⊂∼ M (n) is extensional w.r.t. RI then (5) is
valid.

Here, we provide an alternative proof of this assertion inde-
pendent of the above theorem.

Proof: Due to extensionality, we have

Aj(x̄) ∗ Aj(ȳ) ≤ R(x̄, ȳ) =
∨

j∈Jn

Aj(x̄) ∗ Aj(ȳ) ≤

≤ f(x̄) ↔ f(ȳ), and hence
Aj(x̄) ∗ Aj(x̄) ∗ f(x̄) ≤ Aj(x̄) ∗ (Aj(ȳ) → f(ȳ)),

Aj(x̄) ∗ Aj(x̄) ∗ f(x̄) ≤ Aj(x̄) ∗
∧

ȳ∈C

(Aj(ȳ) → f(ȳ)),

f(x̄) ∗
∨

j∈Jn

Aj(x̄) ∗ Aj(x̄) ≤

≤
∨

j∈Jn

(Aj(x̄) ∗
∧

ȳ∈C

(Aj(ȳ) → f(ȳ))) = f↓
F,k(x̄),

for all x̄ ∈ M (n). Adding the left side of inequality (2), we
receive the first required estimation (5). Analogously we pro-
ceed to prove the inequality for f↓

F,k. QED

Hence, to obtain the desired ε-approximation4, it only re-
mains to choose D w.r.t. RI so that

(∀x̄ ∈ C)(ε ≤
∨

d̄∈D

R(x̄, d̄) ∗ R(d̄, x̄)),

which completes the task.

Corollary 8 Let ε ∈ L, D ⊆ M (n) and f ⊂∼ M (n) be exten-
sional w.r.t. SI defined by (11). If for each x̄ ∈ C there exists
d ∈ D : ε ≤ R(x̄, d) ∗ R(d, x̄) then

ε ≤
DNFD

CNFC
f
(x̄) ↔ f(x̄),

CNFD
DNFC

f
(x̄) ↔ f(x̄),

∀x̄ ∈ C. (14)

Corollary 9 Let ε ∈ L and f ⊂∼ M (n) be extensional w.r.t.
R̄I defined by (13). If for each x̄ ∈ C there exists j ∈ Jn :
ε ≤ Aj(x) ∗ Aj(x) then

ε ≤ f
↓(↑)
F,k (x̄) ↔ f(x̄), ∀x̄ ∈ C. (15)

Corollary 10 Let L = [0, 1], ∗ be a continuous t-norm,
ε ∈ L, M be a pre-compact (totally bounded) subset over
a standard metric space, R ⊂∼ M be reflexive and uniformly
continuous. If f ⊂∼ M is extensional w.r.t. R then for every
ε < 1 there exists a finite D ⊆ M such that (14) is valid.

Whenever we assume each R ∈ R to be a ∗-equivalence,
we obtain an estimation by means of the following pseudo-
metrics:

dn(x̄, ȳ) = ϕ−1R1(x1, y1) ⊕ϕ . . . ⊕ϕ ϕ−1Rn(xn, yn)

=
⊕
i∈I

ϕ−1Ri(xi, yi), ∀x̄, ȳ ∈ M (n),

d(x, y) = ϕ−1(x ↔ y), ∀x, y ∈ L

where ϕ is an order-reversing bijection on L, ⊕ϕ is an opera-
tion defined by x ⊕ϕ y = ϕ−1(ϕ(x) ∗ ϕ(y)).

Corollary 11 Let each R ∈ RI be a ∗-equivalence and dn :
M (n) × M (n) → L, d : L × L → L be defined as above. If
f ⊂∼ M (n) is extensional w.r.t. SI defined by (11) then f is
1-Lipschitz continuous w.r.t. (d, dn), i.e.,

d(f(x̄), f(ȳ)) ≤ dn(x̄, ȳ), for all x̄, ȳ ∈ M (n),

and

d(DNFD
CNFC

f
(x̄), f(x̄))

d(CNFD
DNFC

f
(x̄), f(x̄))

≤
∧

d̄∈D

2dn(x̄, d̄)

=
∧

d̄∈D

dn(x̄, d̄) ⊕ dn(d̄, x̄), ∀x̄ ∈ C. (16)

4Notice that the choice of RI is the limitation for ε as well as for
D, e.g. D might become very huge if ε is close to 1.
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Let us consider a simple problem to illustrate the way of
approximation by F-transforms.

Example 12 Let us take the following function

f(x) =
1
3
· esin(10x) + Rand(x), ∀x ∈ M = [0, 1],

where Rand(x) is some additive random noise. Moreover,
assume ∗ to be the t-norm generated by g(x) = (1 − x)2 and
L be the associated residuated lattice. Take

R(x, y) = 1 ∧ (0 ∨ (1.2 − 10 · |x − y|)),

and create the approximation using 11 and 21 nodes and
equidistant discretization C = {k · 0.001| k = 1, . . . , 999}.
The resulting approximations are depicted on Fig. 1, where
f is represented by grey line and inverse F↑(↓)-transforms by
black lines, set D contains 11 nodes and set D′ contains 21.
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Figure 1: Approximation of f (grey line) from Example 12
using F-transforms (black line) with 11 (set D) and 21 (set
D′) nodes.

4 Conclusions
We have shown that the only one requirement is needed to
show (5):

New requirements
L be a residuated lattice

f be extensional w.r.t. {R̄i}i∈I

While in [1], we were limited to the stronger algebraic
structure, a special type of partition, E ⊆ C, additionally
requiring normality, and extensionality of f (see Subsection
2.2). Notice that all the additional requirements follow from
the procedure of replacement of fuzzy sets Aii by Pi based
on the special set E (such relations can be found in [12]). We
have found a way how to get around this construction and to
reach such simplification.

Moreover, our approach enabled to express direct and in-
verse F↑(↓)-transforms using combinations of normal forms.

This allowed us to show an optimality of choice of all coef-
ficients of the direct F↑(↓)-transform in the inverse formula at
once (see Theorem 5). Additionally, we gave some interest-
ing corollaries that contributes only to the theory of normal
forms and they cannot be translated into the theory of F↑(↓)-
transforms, which shows that even though both theories have
a lot in common, it is also important to study them separately.
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Abstract— Planning resources for a supply chain is a major fac-
tor determining its success or failure. In this paper we introduce an
Interval Type-2 Fuzzy Logic model of a distribution network. It is
believed that the additional degree of uncertainty provided by Inter-
val Type-2 Fuzzy Logic will allow for better representation of the un-
certainty and vagueness present in resource planning models. First,
the subject of Supply Chain Management is introduced, then some
background is given on related work using Type-1 Fuzzy Logic. A
description of the Interval Type-2 Fuzzy model is given, and a test
scenario detailed. A Genetic Algorithm uses the model to search for
a near-optimal plan for the scenario. A discussion of the results fol-
lows, along with conclusions and details of intended further work.

Keywords— Distribution model, Evolutionary Computing, Inter-
val Type-2 Fuzzy Logic, Resource Planning, Supply Chain Manage-
ment

1 Introduction
There are a number of definitions of Supply Chain Man-
agement (SCM), each having minor variances but describ-
ing the same core idea. SCM is the management of material
flow in and between facilities including vendors, manufactur-
ing/assembly plants and distribution centres [1]. Planning the
allocation of resources within a Supply Chain (SC) has been
critical to the success of manufacturers, warehouses and retail-
ers for many years. Mastering the flow of materials from their
creation to the point of sale offers considerable advantages to
those within a well managed SC. Poorly managed resources
result in two main problems: stock outs and surplus stock.

The consequence of stock outs is lost sales, and potentially
lost customers. Surplus stock causes additional holding cost
and the possibility of stock losing value as it becomes obso-
lete. Holding some surplus stock is advantageous however;
safety stock can be used in the event of an unexpected increase
in demand or to cover lost productivity.

The problem has been addressed numerous times in the lit-
erature using different approaches. An overview of traditional
and Computational Intelligence approaches to supply-chain
resource planning can be found in [2]. Here a novel approach
using Type-2 Fuzzy Logic (T2FL) [3] is reported together with
optimisation by means of a Genetic Algorithm (GA)[4].

This research is part of a project on demand forecasting and
resource planning (Data Storage, Management, Retrieval and
Analysis: Improving Customer Demand and Cost Forecast-
ing Methods funded by the Technology Strategy Board in the
UK). The project aims to: (1) improve the forecasting of de-
mand by using a variety of disparate sources and statistical and
Machine Learning (ML) methods for analysis; (2) improve the
allocation of resources in which the generated forecast is used
as an input and the output is a (long- or short-term) plan of
raw materials and resources within the supply chain in order to

meet such demand. Various degrees of uncertainty are present
in the different data sources used that are amplified in the gen-
erated forecast by applying methods of analysis with (again)
varying degrees of inherent uncertainty. Furthermore, other
data that is often used in resource planning such as transporta-
tion and other costs, customer satisfaction information, etc. is
also uncertain. Therefore, FL and especially T2FL are partic-
ularly appropriate for this problem. While Type-1 FL (T1FL)
has successfully been used many times for modelling SC op-
eration (see Section 2), T2FL has been shown to offer a better
representation of uncertainty on a number of problems (e.g.,
[5] and [6]). However, to date T2FL has not been applied to
SCM in the literature. This paper presents a T2FL model of a
SC problem which is optimised by a GA to find a near-optimal
configuration.

The paper is organised as follows. Section 2 discusses
Fuzzy Logic and its application to SCM. Section 3 introduces
the model and the test case used for evaluation. The results
from the experiments on the test case are presented in Section
4. Section 5 concludes the paper with a summary and future
research directions.

2 Fuzzy Logic for Supply Chain Management
FL and GAs have been successfully used for supply chain
modelling [2] and are particularly appropriate for this prob-
lem due to their capacity to tackle the inherent vagueness, un-
certainty and incompleteness of the data used. A GA [4] is a
heuristics search technique inspired by evolutionary biology.
Selection, crossover and mutation are applied to a population
of individuals representing solutions in order to find a near-
optimal solution. FL is based on fuzzy set theory and pro-
vides methods for modelling and reasoning under uncertainty,
a characteristic present in many problems, which makes FL a
valuable approach. It allows data to be represented in intuitive
linguistic categories instead of using precise (crisp) numbers
which might not be known, necessary or in general may be
too restrictive. For example, statements such as ‘the cost is
about n’, ‘the speed is high’ and ‘the book is very old’ can
be described. These categories are represented by means of
a membership function which defines the degree to which a
crisp number belongs to the category. In this research the aim
is to allow linguistic terms to be used by Supply Chain Man-
agers when describing their operation. For example, instead of
asking for crisp numbers to describe the current stock level of
a product, we may allow them to make statements like ‘Ware-
house 1 has About 500 of product 1’ or even more abstract
‘Warehouse 1’s stock level of product 1 is low’. By removing
the need for exact information it is possible to produce a sys-
tem that is much more usable when the information available
is vague, uncertain or incomplete.
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T1FL has been applied to SC modelling numerous times
with good results. Some of the research that is considered
most relevant for this paper is discussed in the following para-
graphs.

Petrovic et al. [7] use fuzzy sets to model vagueness and im-
precision in customer demand, external supplier reliability and
supply within a SC. The system demonstrates the effect of dif-
fering conditions and strategies on fill rate and holding costs
of a SC. The results of the evaluation show that there is a slight
improvement in the performance of the SC when the invento-
ries are partially co-ordinated. In [8] Petrovic et al. employ
two-level fuzzy optimisation to find ideal order-up-to quanti-
ties in a one warehouse-multiple retailer SC. The problem is
decomposed for individual control of the warehouse and re-
tailers; a co-ordination mechanism provides overall control of
the SC. Customer demand, inventory levels, holding cost, and
shortage cost are represented by fuzzy sets. A measure of sat-
isfaction is derived from the cost incurred at each element.
The solution produced by the system is the best compromise
between members, though not necessarily the cheapest.

In [9] a fuzzy system is used with a GA to model a SC.
The model uses a global policy of management with emphasis
on integrating the production and distribution models. The
GA searches for a near-optimal configuration; fuzzy sets are
used to describe costs, returns, production capacities, storage
capacities and forecasts. The proposed fuzzy method, a crisp
method and a non-integrated method are compared. The crisp
system is unable to produce a feasible configuration if actual
demand is lower than the forecast. In contrast, the fuzzy model
presented is robust and able to cope with fluctuation in demand
and production capacity with little impact on profitability. The
non-integrated model performed significantly worse than the
fuzzy integrated model.

A similar approach is presented by Wang and Shu [10]. FL
is used to represent customer demand, processing time and de-
livery reliability; a GA finds order-up-to levels. The system at-
tempts to find the configuration that incurs the minimum cost.
An optimism-pessimism index is set by the user and passed to
the system. When optimistic, the model assumes the best case
scenario for material response time. A pessimistic attitude
produces the opposite effect. The results show that more pes-
simistic strategies increase the fill rate, reducing the sales lost
through stock outs, and incur higher inventory cost as more
stock is kept. More optimistic strategies result in a drop in fill
rate and an increase in sales loss, though inventory cost is also
reduced.

T2FL [3] provides the means to model an additional di-
mension of uncertainty as the membership functions are them-
selves modelled as fuzzy numbers, thus providing the means
for a more accurate representation of uncertainty in a complex
system and the potential for better performance. On a num-
ber of problems, T2FL has been shown to outperform T1FL
(e.g., [5] and [6]), however it has not yet been applied to SC
modelling in the literature. In this paper, Interval Type-2 FL
(IT2FL) [11] is used which is computationally cheaper as it
restricts the additional dimension, referred to as secondary
membership function, to only take the values 0 or 1. We be-
lieve that the extra degree of freedom will allow a better rep-
resentation of the uncertain and vague nature of data used in
SCM. Section 3 describes the created model in detail as well

as the test case used for evaluation.

3 Model
The model presented here describes a distribution network
consisting of a set of manufacturing warehouses and cus-
tomers. Each warehouse holds one or more products; when
demand of an item is forecast for a customer, a warehouse
is selected to satisfy the demand. Before the model is used
it is configured to model the required network. This is done
by telling the model how many warehouses, customers and
products there are, the distances between the warehouses and
customers, the costs associated with network operation and
how many periods the model is to run for. As input, the model
takes a forecast of demand over a given period and a suggested
resource plan for the warehouses detailing how much of each
item to hold at each warehouse in each period.

The purpose of the model is to calculate the cost of a given
resource plan. This is calculated based on a number of factors:

Production Cost - Each product is assigned an individual
production cost. The total production cost for each batch is
calculated by multiplying the number of items by their pro-
duction cost.

Holding Cost - A holding cost is charged if a product is
kept in a warehouse for more than one period. The cost is
calculated by taking a specified percentage of the purchase
price of the goods held, for items carried over from one period
to the next. The purpose of the charge is to represent the costs
of storing items, depreciating value of stock and the losses
incurred by tying up capital in unsold stock.

Transport Cost - The cost of transporting goods is pro-
duced using a matrix of distances between warehouses and
customers, and a list of transport costs per mile for each prod-
uct. The product of the relevant cost and mileage gives the
overall transport cost for a batch of product.

Stock out cost - Stock out is the shortfall of a product in a
particular period. In this model we make the assumption that
the customer is always provided with an item. If it is not in
the warehouse, it is purchased at full retail price from a com-
peting producer. The stock out cost is the sum of the value of
items that had to be purchased in this period. Cost of purchase
is not the only penalty incurred when stock out occurs. The
customer may cancel their order if they discover that it is not
in stock, and will be ordered elsewhere. To represent this a
multiplier is applied to the stock out cost, taking into account
the cost of lost orders.

Batch cost - The cost of setting up an order is called the
batch cost. This represents the cost of administration and set-
ting up any machines that are required, and picking the items
for dispatch. There is a flat fee for each batch which is charged
once at each warehouse for the production of a particular item
for a particular customer.

Using these costs a total cost is produced, allowing compar-
ison of competing solutions.

3.1 Interval Type 2 Fuzzy Logic
For the experimental model IT2FL has been used to represent
some of the values within the model. Previous examples (as
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discussed in Section 2) of research in this area have focused
on the use of T1FL; we believe there exists an opportunity to
exploit the extra degree of uncertainty provided by IT2FL in a
model of this type.

As the model operates on fuzzy numbers, fuzzy arithmetic
is used to calculate costs. This involves taking fuzzy sets, dis-
cretising them, performing the arithmetic operation, and then
reconstructing the fuzzy set. In this model, fuzzy sets are rep-
resented using a series of α-cuts. Each set is an array of pairs
of intervals. Each pair shows the area of values covered at a
particular value of µ, the first interval is the left hand side of
the set, and the second the right. Storing the sets in this way
removes the need to discretise before fuzzy arithmetic is per-
formed, and then reconstruct the result. Operations on fuzzy
sets are performed at interval level, corresponding intervals (at
the same µ) are taken from two sets, the operation performed
and the result stored in a third fuzzy set.

The following values are represented by IT2 fuzzy num-
bers: forecast demand, inventory level, transportation dis-
tances, transportation cost, stock out level, stock out cost,
carry over and holding cost. For each of these values we
can use the linguistic term ‘about n’, e.g., forecast demand
of product 1 for customer 1 in period 1 may be ‘about 200’.
When the fuzzy total cost for a solution has been calculated, it
is defuzzified to produce a crisp cost value. Fig. 1 shows how
the set ‘about 200’ may look with the α-cut representation
used, where x is the scale of values being represented. The
set is described using a collection of pairs of intervals. Each
pairing represents the left and right hand intervals of the set
for a given value of µ. As stated before, representing the set in
this way considerably simplifies the arithmetic operators that
are applied as simple interval arithmetic is used throughout,
without discretisation or reconstruction.

0.4

0.2

0.6

0.8

1

199 200 201 202198 203

µ

x

Figure 1: Interval representation of IT2 fuzzy set ‘about 200’

3.2 Defuzzification
The defuzzification process used is described in (1) where n

is equal to the number of α-cuts, and l and r denote the left
and right hand intervals respectively. To reference the left and
right endpoints of the intervals 1 and 2 are used; so l1 refers
to the left bound of l and l2 the right bound. M denotes the
mid-point of an interval, in the case of Mx

i
this means the cen-

tres of the intervals in x described by the ith pair of intervals.

For Mαi we take the mid-point between the current and sub-
sequent α-cut’s µ values. The mid-point values are used along
with the height (H) and length (L) to calculate the weighted
area of each pair of intervals, giving more weight the those
with higher µ values.

n−1∑
i=0

Mx

i HiLiM
αi

n−1∑
i=0

HiLiM
αi

(1)

where:

Mx

i =




x
αi
l2

+x
αi
l1

2
for left interval

x
αi
r2

+x
αi
r1

2
for right interval

(2)

Hi = αi+1 − αi (3)

Li =




xαi

l2
− xαi

l1
for left interval

xαi
r2

− xαi
r1

for right interval
(4)

Mαi =
αi + αi+1

2
(5)

In the test scenario, µ is discretised in a uniform manner.
This removes the need to calculate the height of intervals as
they are all the same, and therefore cancel out. The process
used in the actual code is given in (6).

n−1∑
i=0

Mx

i
LiM

αi

n−1∑
i=0

LiM
αi

(6)

It should be pointed out that while this method works well
for the convex fuzzy numbers used in this system, it cannot
be applied to non-convex fuzzy sets as the interval represen-
tation employed will cease to accurately represent the set. In
this model, the fuzzy numbers will always be convex. In addi-
tion to this the method of representation being used ensures
that the intervals are already present, no further discretisa-
tion is required. Using a method that requires re-discretisation
would incur unnecessary computation. A consideration for fu-
ture work is the possibility of using another approach such as
the one proposed by Karnik and Mendel [12], however this
method would involve rediscretising on the x axis, at present
the model is discretised on the µ axis.

3.3 Optimisation
The focus of the experiment described here is the validation
of an IT2FL model that has been constructed. This is to be
achieved by using the model to find a good resource plan for a
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given forecast, confirming that the model can be used to eval-
uate potential solutions. A GA has been chosen for this pur-
pose. GAs have been used successfully in previous work (e.g.,
[13] and [14]) to find good solutions with T1FL models. GAs
are useful when a search area is too large to allow evaluation
of every solution. In this case the GA is used to search for
a resource plan that incurs the minimum cost. The GA has a
population of 250 and is executed for 500 generations, in all
125000 solutions are evaluated. Even in this relatively small
problem the GA only covers approximately 1

1062 of the to-
tal search space. New generations consist of: 1% individuals
produced with elitism, 20% copied individuals, 20% individu-
als created with single point crossover and 59% of individuals
created using mutation. A description of the chromosome, op-
erators and processes employed follows.

Chromosome - The chromosome used to describe potential
solutions is a 3-D matrix of inventory levels. Columns repre-
sent customers, and rows represent a product at a warehouse.
If there are 3 warehouses and 5 products this will result in 15
rows. The first 5 rows will be products 1 to 5 for warehouse
1, and second 5 for warehouse 2 and so on. The third dimen-
sion represents the period, in each period there is a complete
inventory plan for all warehouses and customers.

Initial population - The initial population is randomly gen-
erated. Each element of the resource plan matrix can be a
number between 0 and 500 in steps of 100. This has been
done to reflect the fact that in industry, products are usually
manufactured in round quantities. If the model suggests that
a warehouse should make 102 of product 1, this could lead
to difficulties and extra expense. Limiting the valid inventory
numbers also has the side effect of reducing the search space.

Fitness evaluation - Fitness is evaluated using the IT2FL
model described. Candidate solutions are given to the model
which evaluates them, and returns the cost. The cheaper a
solution is, the fitter it is judged to be. In reality, cost may not
be the only factor in deciding how much of a product to stock
at each warehouse. Other criteria such as customer service
level can also be used to prevent the system from choosing
solutions that do not meet service requirements. Customer
service level could be calculated by looking at the percentage
of orders fulfilled completely, or orders fulfilled on time.

Selection - Selection is performed using a fitness ranking
proportionate method similar to roulette wheel selection. First
all solutions in the population are ranked by fitness. They are
then given a number of elements of an array in proportion to
their fitness ranking. For example, if we have a population
of 250 the fittest individual would be allocated 250 elements
in the array, the second fittest 249 and so on. An element
of the array is then selected at random, and the identification
number of the individual it contains is used to retrieve a parent.
This tombola style approach ensures that it is possible for any
individual to be selected, while weighting in favour of those
with greater fitness.

Crossover - Crossover is achieved with a single point
crossover. Two parents are selected using the method of se-
lection described. Then, a new individual is created with the
first half of the first parent and the second half of the second
parent. Division is done by rows, if we have 5 nodes with 4

products we would have 20 rows; in this case the first 10 rows
of the first parent and the final 10 of the second parent would
be used to create a new individual. If the example were to span
6 periods, we would take the first 10 rows for all 6 periods of
the first parent, and the final 10 rows for all 6 periods from the
second to create our new individual.

Mutation - To create a mutated individual, a parent is se-
lected, then one of the elements of its resource plan is ran-
domly replaced with another valid value to create a new child.

3.4 Test Scenario

The test scenario is as follows:
The distribution network consists of 3 manufacturing ware-

houses located in Bristol (W1), Manchester (W2) and Edin-
burgh (W3) and 6 customers in Plymouth (C1), Cardiff (C2),
Derby (C3), Liverpool (C4), Newcastle (C5) and Aberdeen
(C6). Each manufacturing warehouse holds the same 5 prod-
ucts, and may supply any customer. The model will be exe-
cuted over one period and holding costs are 10% of the pur-
chase price of an item per period. Stock outs will be charged
at 5 times the cost of purchasing an item, per item short. Each
batch of product produced will incur a batch cost of £100. Ta-
ble 1 details the costs associated with each product.

Table 1: Product costs (£s)
Product 1 2 3 4 5
Purchase price (per item) 3 4 2 3 3
Production cost (per item) 2 3 1 2 2
Transport cost (per item/per mile) 1 2 1 3 1

The forecast being used states that each customer would
like 200 of each product. The location of the manufactur-
ing warehouses and customers have been arranged so that a
good solution is easily identifiable. Each warehouse has 2 cus-
tomers that are best served by it. Table 2 shows how an ideal
plan should look. In this case the problem is intentionally kept
relatively simple, making it easy to evaluate the found solu-
tion and see if it is near the optimal solution. Clearly, simple
problems do not require such a system in order to solve them.
The work shown here is an initial experiment, future work will
build upon this so that it can be applied to larger non-trivial
problems where the benefit from the system will be greater.

The next section presents and interprets the results from the
experiments with the GA.

4 Results

As stated previously, in each test the GA was applied to the
model using 250 individuals over 500 generations. The test
was repeated 10 times with differing random seeds, the best
solution found in each test was recorded. Table 3 shows the
costs incurred by the best solution found in each test. For ref-
erence, the cost of the ideal solution presented is £19178.26.

Using the IT2FL model the GA is able to find solutions
that are close to the optimum. The best solution found is
just £264.76 (1.38%) from the ideal solution, and the mean
difference between solutions found and the ideal solution is
£1344.79 (7.01%). Table 4 shows the best solution found
(with random seed 1). Comparing this solution with the ideal
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Table 2: Ideal solution
Ware. Prod. C1 C2 C3 C4 C5 C6
W1 1 200 200 0 0 0 0
W1 2 200 200 0 0 0 0
W1 3 200 200 0 0 0 0
W1 4 200 200 0 0 0 0
W1 5 200 200 0 0 0 0
W2 1 0 0 200 200 0 0
W2 2 0 0 200 200 0 0
W2 3 0 0 200 200 0 0
W2 4 0 0 200 200 0 0
W2 5 0 0 200 200 0 0
W3 1 0 0 0 0 200 200
W3 2 0 0 0 0 200 200
W3 3 0 0 0 0 200 200
W3 4 0 0 0 0 200 200
W3 5 0 0 0 0 200 200

Table 3: Results of test - Best fitness
Seed Best Fitness (£s)
0 19789.32
1 19443.02
2 20860.01
3 21048.27
4 20407.71
5 20854.52
6 20952.15
7 20950.17
8 20229.67
9 20695.66

solution we can see that not only are the plans found cost-
effective, but also represent a sensible allocation of resources.
The found solution is very close to the ideal solution, and
where there are differences the found model is producing the
correct amount of product, but a different warehouse has been
chosen. This would not be the case if the model was inade-
quate for the problem and did not provide a clear distinction
between good and bad solutions. All customers will receive
their order, the only negative point is that some of customer 4
and 5’s orders could be supplied by a closer warehouse.

When the program begins, the best individual in the first
generation tends to cost around £70000. Fig. 2 shows a typical
run, in this case for the test with a random seed of 1. Evolution
can clearly be seen to be heading toward the ideal solution,
we also know what the perfect solution looks like, and that the
solutions found are close to it. This suggests that the model
is working correctly. If the model were not correct, evolution
may occur, but possibly in an unexpected direction. This could
result in cheap solutions that are not sensible, or in an inability
to find cost-effective solutions at all.

Out of interest, an extra test was run to see whether the GA
would find a better solution if it were left to run over more
generations. The best seed from the previous tests (random
seed 1) was used as a starting point, and the GA was allowed to
run for 2500 generations. In generation 2141 the ideal solution
was found, proving that using only feedback from the model,
the GA is able to find the ideal solution.

Table 4: Solution found with a random seed of 1
Ware. Prod. C1 C2 C3 C4 C5 C6
W1 1 200 200 0 200 0 0
W1 2 200 200 0 0 0 0
W1 3 200 200 0 0 0 0
W1 4 200 200 0 0 0 0
W1 5 200 200 0 0 0 0
W2 1 0 0 200 0 200 0
W2 2 0 0 200 200 0 0
W2 3 0 0 200 200 200 0
W2 4 0 0 200 200 0 0
W2 5 0 0 200 200 200 0
W3 1 0 0 0 0 0 200
W3 2 0 0 0 0 200 200
W3 3 0 0 0 0 0 200
W3 4 0 0 0 0 200 200
W3 5 0 0 0 0 0 200
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Figure 2: Evolution of best fitness

5 Conclusion

In this paper we have presented an IT2FL model that can be
used to model a distribution network. The advantage of this
model is that IT2FL accounts for the uncertain nature of the
real world, allowing inputs to the model to be vague. IT2FL
has been chosen as it is believed that the extra level of un-
certainty over T1FL offered will benefit a model of this type,
while avoiding the computational complexity of a Generalised
Type-2 FL model.

Using the model, it was shown that a GA was able to find
good resource plans that were both cost-effective and sensi-
ble. Over a longer duration, the GA was able to find the ideal
solution. As a GA is solely guided by fitness and essentially
‘blind’ to the practicality of the solutions it finds, this was
taken as indication of the model’s validity.

There is much further work to be done with this model in
order to make it useful in real world applications. Initially, the
model will be extended for use in cases where an ideal result
has been calculated by other means (e.g., a statistical model)
so that performance comparison is possible. In these cases
we would be looking for both accuracy of costings provided,
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and the ability of an optimisation algorithm to find good so-
lutions. As well as being larger problems, these case studies
may also call for more than just cost as a measure of fitness.
As discussed in the paper, this will mean adding in a measure
of customer satisfaction such as fill rate to ensure that good
plans are those that are not only cost-effective, but also help to
retain customers.

The current model does not take into account the tempo-
ral nature of manufacture and supply. Another dimension that
is to be considered is how lead times affect the operation of
the network. Lead times are another attribute that could ben-
efit from an IT2FL representation, as we can never be certain
when a product will arrive, or exactly how long it will take
to produce. Part of this will include representing capacity, as
at present only inventory is accounted for by the model. This
will allow the optimising algorithm to suggest not only stock
levels, but also capacity levels within a factory. Capacities can
then be used to provide some indication of how long we should
expect to wait for a given batch of product to be manufactured.
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Abstract— The π-derivative for fuzzy function is considered. Con-
sequently, using this π-derivative we study fuzzy differentuial equa-
tions. In particular, we build a solution for a fuzzy differential equa-
tion with the help of a system of ordinary differential equations which
is generates of the π-derivative.

Keywords— π-derivative for set valued functions, derivative for
fuzzy functions, fuzzy differential equations.

1 Introduction
The spaces K, of all closed and bounded intervals of R is
not linear spaces since it do not contain inverse elements for
the addition and therefore subtraction is not well defined. As
a consequence, alternative formulations for subtraction have
been suggested. One of those alternatives are the H-diference
[3, 13] and by embedding the space K in a linear space [22].

The Radström’s embedding theorem [22] tell us that there
is a real normed linear space B and an isometric mapping
π : K → B. Then, taking advantage of this embedding theo-
rem, a set-valued mappings F is π-differentiable at t0 if π ◦F
is differentiable at t0. In [3], we can find various properties
of this derivative and its connection with other definitions of
derivatives for set-valued mappings. On the other hand, in [20]
each element of B can be represented in the form (x, δ). Thus,
the π-derivative of π ◦ F is associated with the derivative of
an ordered pair. In [9] the authors obtained a set F

′
π(t) ∈ K,

which is said π-derivative of F at t. Some properties and the
conection with generalized derivative are studied.

The aim of this paper is introduce the π-derivative for fuzzy
interval valued functions based in the generalization of π-
derivative for set-valued mappings given in [9]. Consequently,
using the π-derivative for fuzzy functions, we study fuzzy
differential equations. In particular, we build a solution for
a fuzzy differential equation with the help of a system of
ordinary differential equations which is generates of the π-
derivative.

2 Preliminaries
Let R be the 1-dimensional Euclidian space. We denote by K
the family of all bounded intervals

K = {A = [a, b] ⊂ R | A 	= ∅ is bounded }

The Hausdorff metric H is defined by

H(A, B) = max {|a − c| , |b − d|} .

where A = [a, b] and B = [c, d].
Also, by using the Minkowski sum between two sets, we

defined the following operations on K

A + B = {a + b | a ∈ A, b ∈ B} and λA = {λa | a ∈ A}.
(1)

The spaces K is not linear spaces since it do not contain in-
verse elements and therefore subtraction is not well defined
[1, 2].

We have, from (1), that A−B = A+(−1)B. Also, if A =
B + C, then the Hukuhara difference of A and B is denoted
by A −H B and it is equal to C. The Hukuhara difference of
A and B is also called the geometrical difference between the
sets A and B [27].

In [3] the authors introduce subtraction in K by using the
Radström’s embedding theorem [22] which tell us that there
is a real normed linear space B and an isometry π : K → B
such that π (K) is a convex cone in B.

To construct B, we consider the following equivalence rela-
tion in the space K ×K

(A, B) ∼ (C, D) if and only if A + D = B + C.

If 〈A, B〉 is the equivalence class of the pair (A, B), then B
is the quotient space K × K/ ∼. Now, in B we introduce the
operations of addition and scalar multiplication by means

〈A, B〉 + 〈C, D〉 = 〈A + C, B + D〉 ,

λ 〈A, B〉 =
{

〈λA, λB〉 λ ≥ 0,
〈|λ|B, |λ|A〉 λ < 0

Then B is a linear space.
One defines the embedding π : K → B as follows

π(A) = 〈A, 0〉 , A ∈ K,

so that 〈A, 0〉 is the equivalence class
{(A + D,D) | A, D ∈ K}.

The metric and the norm in B are defined by

ρ (〈A, B〉 , 〈C, D〉) = H(A + D , C + B)

‖〈A, B〉‖ = ρ (〈A, B〉 , 〈0, 0〉)
If A, B ∈ K, then the difference of the sets A and B is

an alement of B equal to 〈A, B〉. Since B is a linear space,
difference has all the properties of difference in linear spaces.
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In general, the difference of two sets in K is not necessarily
an element of K. On the other hand if the Hukuhara diference
is well defined for two sets A, B in K, then

〈A, B〉 = 〈A −H B, 0〉 .

3 π-derivative for set-valued mappings
In this Section we present the π-derivative for set-valued map-
pings. This concept has been studied by the authors in [9].

Elements of the space K are bounded and closed inter-
vals, therefore each equivalence class can be represented in
the form

〈[x, x + δ] , 0〉 , δ ≥ 0 or 〈0 , [−x,−x − δ]〉 , δ < 0.

We will call this the canocical representation [20].
In fact, an arbitrary element ([a, b] , [c, d]) belongs to a

class of the first kind if b − a ≥ d − c (then x = a − c, δ =
(b − a) − (d − c)) and to a class of the second kind if
b − a < d − c (then x = a − c, δ = (b − a) − (d − c)).

For the canonical representation of an equivalence class we
will use the notation (x, δ), which implies that

(x, δ) =
{

〈[x, x + δ] , 0〉 if δ ≥ 0
〈0, [−x, −x − δ]〉 if δ < 0.

(2)

Given A = [a, b] ∈ K we have

π(A) = π([a, b]) = 〈[a, b] , 0〉 = 〈[x, x + δ], 0〉 ,

where x = a and δ = b − a.

Theorem 1 ([20]) The following results hold

(a) (x, δ) = (y, β) ⇐⇒ x = y, δ = β;

(b) (x, δ) + (y, β) = (x + y, δ + β);

(c) a(x, δ) = (ax, aδ) for each a ∈ R.

Theorem 2 ([20]) The equality

Dπ(x(t), δ(t)) = (x
′
(t), δ

′
(t))

holds, where Dπ(x(t), δ(t)) is the π-derivative ([3]) of the
pair (x(t), δ(t)) and x

′
is the derivative of the real-valued

function x(t).

Let F : T → K be a set-valued mapping. If we denote by
F (t) = [f(t), g(t)], then

π(F (t)) = 〈[x(t), x(t) + δ(t)], 0〉 ,

where x(t) = f(t) and δ(t) = g(t) − f(t).
From Theorem 2 Dπ(x(t), δ(t)) = (x

′
(t), δ

′
(t)) and from

canonical representation (2) we obtain the set F
′
π(t) ∈ K such

that

F
′
π(t) =




[
x

′
(t), x

′
(t) + δ

′
(t)

]
if δ

′
(t) ≥ 0[

x
′
(t) + δ

′
(t), x

′
(t)

]
if δ

′
(t) < 0.

(3)

We will say that F
′
π(t0) is the π-derivative of the set-valued

mapping F at t0.

Corollary 1 ([9]) Let F : T → K be a set-valued mapping
and we denote F (t) = [f(t), g(t)]. Then F is π-differentiable
at t0 if and only if f and g are differentiable functions at t0.

Example 1 ([9]) Consider the set-valued mapping F :
(−1, 1) → K defined by F (t) =

[
−t2, e−t

]
. If f(t) = −t2

and g(t) = e−t, we have that f and g are differentiable
functions and f

′
(t) = −2t and g

′
(t) = −e−t. In this case

x
′
(t) = −t2 and δ

′
(t) = −e−t + 2t. Therefore, from (3) we

have

F
′
π(t) =

{
[−e−t , −2t] if t ∈ (−1, 0.35173]
[−2t , −e−t] if t ∈ (0.35173, 1).

Note that the π-derivative (3) is coincident with the general-
ized derivative introduced in [26].

4 π-derivative for fuzzy functions

Let F be the set of all fuzzy intervals with bounded α-level
intervals. This means that if u ∈ F then the α-level set is
a closed bounded interval which we denote by [u]α, for all
α ∈ [0, 1].

Let T be a real interval. A mapping X : T → F is called a
fuzzy function. We denote

[X(t)]α = Xα(t) = [fα(t), gα(t)], t ∈ T, 0 ≤ α ≤ 1.

Note that Xα is a set-valued mapping for each α ∈ [0, 1]. The
π-derivative X

′
π(t) of a fuzzy function X is defined by

[X
′
π(t)]α = Xα

′
π(t), 0 ≤ α ≤ 1, (4)

provided that is equation defines a fuzzy interval X
′
π(t) ∈ F .

Note that, if the family {Xα

′
π(t)} satisfies the conditions of

the Representation Theorem [10], then there exists the π-
derivative Xπ(t)

′
of the fuzzy function X .

Example 2 Consider the fuzzy function X : (0, +∞) → FC

defined by

X(t)(s) =




s
t + 1 if −t ≤ s ≤ 0
− s

t2 + 1 if 0 ≤ s ≤ t2

0 if s 	∈ [−t, t2].

Then, for all α ∈ [0, 1] we have

[X(t)]α = [fα(t), gα(t)] = [(α − 1)t, (1 − α)t2],

and from (3)

Xα

′
π(t) = [(α − 1), 2(1 − α)t].

Now, the family {Xα

′
π(t)}α∈[0,1] satisfies the conditions from

Representation Theorem [10] for each t > 0. Therefore, there
exists the π-derivative X

′
π(t) of the fuzzy function X for each

t > 0 and
[
X

′
π(t)

]α

= [(α − 1), 2(1 − α)t].

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

704



5 Fuzzy differential equation with π-derivative
We consider the initial value problem

X
′
(t) = F (t, X(t)), X(0) = X0, (5)

where F : [0, T ]×F → F is a continuous function and X0 is
a fuzzy interval.

Note that there are different interpretations for the problem
(5). For example, in the problem (5), we can consider the H-
derivative [15, 16, 17, 19, 23, 24, 25]; the Generalized deriva-
tive [4, 5, 6, 7, 8]. Also, the problem (5) can be rewrite as a
family of differential inclusions [11, 12, 14]. In this section
we will consider the π-derivative in the problem (5), i.e. we
will study the following problem

X
′
π(t) = F (t, X(t)), X(0) = X0, (6)

where F : [0, T ] × F → F is a continuous function and X0

is a fuzzy interval. A solution of (6) is a continuous fuzzy
function X : T → F which verifies the equation (6) for each
t ∈ T .

Taking in account the Theorem 1 and Theorem 2, we obtain
a useful procedure to solve the fuzzy differential equation (6).

In fact, denote

[X(t)]α = [fα(t), gα(t)] , [X0]α = [u0
α, v0

α]

and

[F (t, X(t))]α = [Uα(t, fα(t), gα(t)) , Vα(t, fα(t), gα(t))].

Then, using the canocical representation (Section 3), we ob-
tain

π ([X(t)]α) = (xα(t) , δα(t)) , π ([X0]α) =
(
x0

α , δ0
α

)
where xα(t) = fα(t), δα(t) = gα(t) − fα(t), x0

α = u0
α and

δ0
α = v0

α − u0
α. Also

π ([F (t, X(t))]α) =
(
U1

α(t, xα(t), δα(t)), V 1
α (t, xα(t), δα(t))

)
Thus, we consider the following family of equations corre-

sponding to the problem (6)

Dπ(xα(t), δα(t)) =
(
U1

α(t, xα(t), δα(t)), V 1
α (t, xα(t), δα(t))

)
(xα(0), δα(0)) = (x0

α, δ0
α)

(7)
with α ∈ [0, 1].

Now, using the Theorem 1 and 2 and the problem (7), we
obtain a solution from problem (6). For this, we proceed as
follows:
(i) Solve the differential system

{
x

′
α(t) = U1

α(t, xα(t), δα(t)), xα(0) = x0
α

δ
′
α(t) = V 1

α (t, xα(t), δα(t)), δα(0) = δ0
α

for xα and δα;
(ii) from class (xα(t), δα(t)) we obtain the interval

Xα(t) =
{

[xα(t), xα(t) + δα(t)] if δα(t) ≥ 0
[xα(t) + δα(t), xα(t)] if δα(t) < 0

(iii) By using the Representation Theorem [10], we build a
fuzzy solution X(t) such that [X(t)]α = Xα(t), for all α ∈
[0, 1].

Example 3 Let us consider the fuzzy malthusian problem

{
X ′

π(t) = −λX(t)
X(0) = X0,

(8)

where λ > 0 and, as in [12], the initial condition X0 is a
symmetric triangular fuzzy number with support [−a, a]. That
is,

[X0]α = [−a(1 − α), a(1 − α)].

For obtain a solution of (8), we have solve the following
differential system

{
x

′
α(t) = −λxα(t), xα(0) = −a(1 − α)

δ
′
α(t) = −λδα(t), δα(0) = 2a(1 − α).

The solutions of this system are

xα(t) = −a(1 − α)e−λt and δα(t) = 2a(1 − α)e−λt,

where δα(t) ≥ 0 for all t > 0. Thus there exists a fuzzy
solution from (8) X(t) for all t > 0, such that

[X(t)]α = [xα(t), xα(t) + δα(t)]
= [−a(1 − α)e−λt, a(1 − α)e−λt].

6 Conclusions

In this paper we present the concept of π-derivative for fuzzy
function using the canonical representation of a class equiva-
lence of two intervals. Those classes of equivalence are ob-
tained by embedding the space of closed and bounded inter-
vals in a Banach space using the embedding theorem [22].

In a forthcoming paper we will study the properties of the
π-derivative fuzzy and the connection between this approach
and the π-derifferentiabiliy in the fuzzy context introduced in
[21]. Also, we will study the connection with others concept
of fuzzy derivatives. For example, the connection with the G-
differentiability introduced in [4]. Note that this concept of
π-derivative is equivalent to generalized derivative in the case
of set-valued function [9].

In Section 5 we study fuzzy differential equations consid-
ering π-derivative. In particular we present a form for obtain
a fuzzy solution from FDEs. This approach have some ad-
vantages in relation to others interpretation, for example, an
advantage that have the fuzzy solutions obtained considering
π-derivative seem to be more intuitive than other solution us-
ing H-derivative (Example 3). It is worthy to stress also that
the interpretation using extension principle [7, 18] and fuzzy
differential inclusion [11, 12, 14] has a disadvantage because
we cannot speak about the fuzzy derivative. In this issue, in a
forthcoming paper, we will study the existence of solution of
a fuzzy differential equation considering π-derivative.
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Abstract— The indicator of groundwater contamination devel-
oped and used in agriculture is calculated from data available in
the field or data estimated by an expert. The modeling of this indica-
tor generally requires a large number of parameters whose measure
is imprecise. Several information sources provide information about
the same imprecise quantities which have to be combined for defining
what is called an ”indicator of groundwater contamination” (Igro).
This indicator estimates the impact of cultivation practices on the
groundwater contamination.
In this paper, we explore a possibilistic information fusion method by
using the notion of maximal coherent subsets to represent the impre-
cisions of multisource variables of the indicator. We also calculate
the bounds of this indicator, and we propagate imprecision by using
an interval analysis. Finally, we present the indicator’s results for
pesticides applied on different crops.

Keywords— Possibility theory, fuzzy set, fusion, maximal coher-
ent subset, interval analysis, indicator

1 Introduction
Data used in application domains are often imperfect: impre-
cise, uncertain, incoherent... Some data come from informa-
tion sources (database, expert) and others are approximative
measurements. When multiple sources –such as a database,
an expert, a website, a book– deliver information about some
unknown quantity, aggregating this information can be a te-
dious task, especially when information are incoherent. Actu-
ally, there are many approaches to specify the impact of input
parameter imprecision of a model, such as statistical sampling
methods, the Monte-Carlo method [1], and bayesian method.
These methods require either a significant number of data and
a lot of computation time, or an exact definition of the sta-
tistical properties of the input parameters. There exists also
alternative approaches based on fuzzy set and possibility the-
ory [2, 3] to express, in a non-probabilistic sense, imprecision
of parameters. Each approach represents parameters impreci-
sion in a specific way. When, we need to aggregate data from
multiple sources, fuzzy approaches show more flexibility in
the treatment of incoherent information. Recently, Destercke
et al [4] explored a possibilistic information fusion using the
notion of maximal coherent subsets to synthesize information
from several incoherent data. In this paper, we will use this
method to synthesize an information from several information
sources to calculate variables used in indicator assessment.
An indicator measures a certain aspect of the agrosystem. It
is proposed to help farmers to improve the environmental sus-

tainability of their agricultural practices and to reduce the pol-
lution of environment such as indicator of groundwater con-
tamination Igro. It estimates the possibility for a pesticide to
reach groundwater through leaching. The modeling and the
assessment of an indicator generally require a large number of
parameters whose measure is imprecise such as the variable
”soil depth”, that indicates how thick the soil cover is. Multi-
ple sources provide information about the imprecise quantities
which compose the indicator Igro, for example, pesticide char-
acteristics such as pesticide half-life DT50. The calculation
of Igro is based on a system of decision rules using fuzzy sets
[5]. Authors in [5] do not take into account the imprecision in
parameters of the indicator.
In this paper, we present an original work that, at our knowl-
edge, has not been carried out until now. We propose here an
analysis of imprecision of the indicator, especially variables
used and their nature. We are interested in imprecision of pa-
rameters provided by several sources. Then, we use impreci-
sion for evaluating the amplitude and the effect of imprecision
on the value of the indicator Igro. Firstly, we change the input
values of variables in the process of calculation. Then, we use
intervals of values in place of single values of input variables
in the calculation process of the indicator Igro. We also ex-
plore a fusion method, using the notion of maximal coherent
subset, for summarizing information about the quantity given
by several sources [4]. Finally, we calculate a variation inter-
val for the indicator Igro given by the input intervals of the
variables.
The paper is divided as follows: the first section presents the
indicator of groundwater contamination Igro, its definition,
structure and data used. Theoretical preliminaries are intro-
duced in the third section. Then, the fourth section describes
the fusion method used and the way how maximal coherent
subsets can be used to obtain intervals of the imprecise vari-
ables; we also explore a way to compute the lower and upper
bounds of the indicator. Then, the fifth section presents the
indicator of groundwater contamination, its definition and its
structure. Finally, the sixth section shows the results of the
indicator for four pesticides applied in different crops.

2 Application description

In this section, we define the indicator Igro, its structure and
data used in the process of calculation.
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2.1 The risk of groundwater contamination Igro

2.1.1 Definition and data used
The indicator module Igro reflects the potential of a pesticide
to reach groundwater through leaching and to affect its poten-
tial use as a source of drinking water. Igro as proposed by Van
der Werf and Zimmer [5] depends on four input variables : (1)
pesticide leaching potential (GUS); (2) position ; (3) leach-
ing risk, and (4) toxicity of the pesticide for humans (based
on Acceptable Daily Intake). Table 1 shows variables used to
calculate Igro.

Table 1: All variables for the Igro and their description.
Variables Description
Pesticide characteristics (quantitative variables)
GUS pesticide leaching potential
DT50 pesticide half-life
koc organic-carbon partition
ADI Acceptable Daily Intake
Environmental characteristics (qualitative variables)
Leaching risk Quantity leaching
Application characteristics (quantitative variables)
Position Position of application

Variable ”pesticide leaching potential” (GUS) provides an es-
timation of the risk of leaching of the compound. This poten-
tiel is calculated by the formula:

GUS = log(DT50) ∗ (4 − log(koc)) (1)

where variable DT50 is the pesticide half-life and ”koc” is the
organic-carbone partition coefficient.
Variable DT50 is the time required for the pesticide concen-
tration under defined conditions to decrease to 50% of the
amount in application. Variable ”koc” is the organic-carbon
constant that describes the tendency of a pesticide to bind to
soil particles. Variable ”position” is the position of application
of the pesticide (on the crop, on the soil, in the soil). This posi-
tion is the interception rate of active ingredient per leaf area of
studied culture. It is obtained from variable ”soil cover”. Vari-
able ”soil cover” is a value thats depends on the leaf surface
of the culture. The variation of ”soil cover” over time is fixed.
Then, the position depends on the date of application by the
farmer. The variable ”leaching risk” depends on characteris-
tics of the soil. In Igro, the estimation of soil ”leaching risk” is
given by experts on a scale between 0 (minor leaching risk)
and 1 (major leaching risk). The ”position” and ”leaching
risk” take values between 0 and 1. The variable ”Acceptable
Daily Intake” (ADI) reflects chronic toxicity from humans.
The pesticide properties (DT50, koc, and ADI) are given by
several heterogeneous information sources such as Agritox
(database, France), RIVM (database, Netherlands), Pesticide
Manual (book, england), Dabene (expert, France), etc . . . . For
each pesticide, these infomation sources give fuzzy intervals
for each characteristic. Let us consider the following example:
Three sources (Pesticide manuel: a book, Agritox: a database,
Dabene: an expert) provide information, about the variable
”DT50” (pesticide half-life) of ”Igro”, in term of two intervals
Int1 and Int2. The information is summarized in Table 2 and
represented on Figure 1. The interval Int2 represents the most
plausible values for the variable DT50.

Table 2: Example information from sources
Source Int1 Int2
Dabene [10,42] [20,35]
Agritox [46,53] 50
Pesticide Manual [21,56] [35,40]

Figure 1: An example of values of DT50 given by sources,
α-cut with α = 0.4 and the support of data given by Dabene

2.1.2 The structure of the indicator of groundwater
contamination Igro

The indicator of groundwater contamination Igro is calculated
on a scale between 0 (maximal risk) and 10 (minimal risk).
These values are calculated according to fuzzy if-then rules
and to the degree of membership of the input variables to fuzzy
subsets. The mechanism is explained below.

To calculate the indicator Igro, we need to aggregate ex-
pertise knowledge and variables heterogeneous (qualitatives
and quantitatives), authors in [5] are used fuzzy control [6] for
achieving this two goals. For all input variables, two fuzzy
subsets F (Favourable, i.e. the sets of values giving rise to ac-
ceptable environmental effect) and U (Unfavourable, i.e. the
set of values giving rise to unacceptable environmental effect)
are defined. Table 3 shows favourable and unfavourable limits
for input variables of Igro, which are extracted from literature
or based on human expert knowledge.

Table 3: Favourable and unfavourable limits of input variables
Variable Favourable limit Unfavourable limit
DT50 1 30
GUS 1.8 2.8
ADI 1 10−4

Position 1 0
Leaching risk 0 1

For each class (favourable, unfavourable, and transition in-
terval which corresponds to values between favourable and
unfavourable limits ), we have defined a membership func-
tion on knowledge of experts.
The membership of values of input variables takes any value
in the interval [0,1]. The value 0 represents complete non-
membership and the value 1 represents complete membership.
Values between 0 and 1 are used to represent partial member-
ship. The membership function is defined in such a way that
the value of an input variable either belongs fully to one of the
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two fuzzy subsets (favourable, unfavourable), or partially to
both. In the latter case, the value is within a transition inter-
val. We used membership functions that are sinus shaped in
the transition interval, as they provide smoother variations of
the output values than membership functions that are linear in
the transition interval [5].
For example, experts classify the leaching potential GUS into
three classes. They affect pesticides classified as ”leacher”
(i.e. GUS > 2.8 or called unfavourable subset) a membership
value of 1 for the fuzzy subset U and membership value of
0 for the fuzzy subset F. Pesticides classified as ”no-leacher”
(GUS < 1.8 or called favourable subset) are given a member-
ship value of 0 for the subset U and a membership value of
1 for the fuzzy subset F. The class of borderline compounds
(1.8 < GUS < 2.8) falls within a transition interval where
the membership value for F decreases from 1 (GUS = 1.8)
to 0 (GUS= 2.8), and the membership value of U increases
from 0 to 1 (see Fig. 2). The favourable (respectively un-
favourable) membership function ”F-Function” (respectively
”U-Function”) of GUS is the degree for GUS to be in the
favourable subset (respectively unfavourable subset). We have
also ”U-Function” = 1 - ”F-Function”. The function of subset
favourable of GUS is 0.5 + 0.5 cos(π(GUS − 1.8)). If vari-
able GUS has a value of 2.5, then ”F-Function” = 0.16 and
”U-Function” = 0.84.

Figure 2: F-Function and U-Function function of variable
GUS

The calculations are carried out according to a set of if-then
rules. The experts attribute values between 0 and 10 for each
rule.They consider firstly –what determines the leaching– the
properties of organic matter (molecule), so they use variable
GUS. If the variable GUS is favourable (GUS < 1.8), then
there is no problem. The molecule does not present the char-
acteristics of leaching. If variable GUS is unfavourable (GUS
> 2.8), the experts are interested in the other variables of indi-
cator. When a molecule is able to leach, it is able to reach the
soil. Then, the experts use variable ”position” of application.
If the variable ”position” is favourable, experts set a value to
9 for indicating the risk of leaching, but it is not too impor-
tant. Then the environment is taken into account through the
variable ”leaching risk” (is the molecule leaching or not?, is
the soil sensitive to the leaching?) and, finally they set on the
variable ”ADI”.
Fig. 3 shows the if-then rules of Igro. For example, if all in-
put variables of Igro are F then conclusion is 10. If all input
variables of Igro are U then conclusion is 0.

For each rule, we obtain the truth value by applying the
minimum operator on the set of membership of the rule. For
the first rule, if all input variables are F, the memberships of

Figure 3: If-then rules of the indicator Igro (Igro has 24 = 16
rules)

four input variables are fi for each variable, then the truth
value is ω1 = mini=1,...,4(fi). The final score of the indicator
is the average of rule conclusions weighted by their values of
truth

Igro =
∑16

i=1
ωisi∑16

i=1
ωi

3 Preliminaries
3.1 Problem statement

In this paper, we consider the indicator of groundwater con-
tamination Igro, which depends on parameters: GUS, DT50,
”koc”, ADI, ”leaching risk” and ”position”. It is calculated by
Van der Werf and others in [5] as Igro =

∑16
i=1 ωisi∑16

i=1 ωi
, where ωi

depends of variables of Igro, and si ∈ [0, 10].
We are interested here in multisource variable DT50, koc,
ADI. Assume that the set of n information sources provide n
fuzzy intervals about these variables (see Table 2). We have to
search the most plausible values to calculate the indicator. We
use here the support of fuzzy interval (α-cut with α = 0 i.e.
the interval Int1 in Table 2). We use the notion of maximal
coherent subset into a possibilistic fusion to synthesize a final
result for multisource variables. These results combined with
values of others variables will be used to compute the bounds
(lower and upper) of the indicator Igro.
In this paper, ∀x ∈ R, x− and x+ represent the lower and
upper bounds of interval where x can vary.

3.2 Possibility theory, fuzzy sets

In this section, we briefly summarize basic concepts of possi-
bility theory, which are needed for understanding this paper.
Fuzzy sets were firstly introduced by Zadeh [2] as a possible
way to handle uncertainty in processing incertain or imprecise
data, and to control expert knowledge. This theory allows the
notion of graduation to express whether an element belongs to
a set (For more details, see[2, 3, 7]).

3.2.1 Possibility theory
Possibility theory was introduced in 1978, in connection with
fuzzy set theory, to allow reasoning to be carried out on impre-
cise or vague knowledge, making it possible to deal with un-
certainties on knowledge [3, 8]. The basic tool of possibility
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theory is possibility distribution. A possibility distribution is
equivalent to the definition of a normalized fuzzy membership
function. We are interested in this theory, in this paper, be-
cause we need to synthesize information of a variables which
come from various sources. When we want to synthetize the
value of a variable (i.e. approximate the value of the variable
depending a set of a different sources (This process is called
”information fusion” (see here after). In such a situation, pos-
sibility theory can be used to handle this kind of problems.
This theory presents many choices of fusion operators in dif-
ferent contexts.

3.3 Information fusion

Definition 1 Information fusion consists of merging, or ex-
ploiting conjointly, several sources of information for answer-
ing questions of interest and make proper decisions.

A large set of information fusion operators has been designed
in the possibility theory framework [3]. They can be split into
three subsets, according to the behavior of operators:

• Conjunctive type operators: it is the equivalent of a set
intersection. It makes the assumption that all sources are
reliable (i.e. all sources give information with high con-
fidence), and usually results in very precise information.
If there is an incoherence between variable values (i.e.
detected by domain expert), then the result of the con-
junction becomes poorly reliable, or even empty.

• Disjunctive type operators: it is the equivalent to a set
union. It makes the assumption that at least one source
is reliable. The result of a disjunctive operator can be
considered as very reliable.

• Trade-off type operators: they are compromise operators
between conjunctive and disjunctive operators. They are
typically used when sources are partially conflicting (i.e.
in contradiction). As its name indicates, such an operator
tries to make a trade-off between disjunction and con-
junction for achieving a good balance between informa-
tiveness and reliability.

4 Methodology
4.1 Fusion based on maximal coherent subsets to assess

imprecision of multi-source variables

Information sources which supply the information about im-
precise variables (DT50, koc, ADI) are heterogeneous (book,
expert, database). They come from different places (France,
USA, Netherlands), then the type of soil, weather and labo-
ratory conditions are not similar. Furthermore, we ignore the
reliability of sources (they do not supply a degree of confi-
dence with the value). They provide data in term of a fuzzy
interval (or fuzzy number). Also, no information about con-
flict and relations between sources is available. Then, we can
not use a conjunctive rule (respectively disjunctive and com-
promise rule). We need a fusion method which take into ac-
count all information given by sources (i.e. without discarding
any source). The notion of maximal coherent subset is a nat-
ural way for achieving this goal. The fusion method using
the notion of maximal coherent subset consists firstly inn ap-
plying a conjunctive operator into each non-conflicting subset

of sources, then a disjunctive operator between those partial
results. With such a method, as much precision as possible is
gained when we do not ignore any sources [9, 10]. We will ex-
plain in details how this approach applies to support of fuzzy
intervals of variables of Igro (see the section 4.3).

4.2 Computing maximal coherent subsets of intervals

In this section, we describe how we can obtain values of mul-
tisource variable using the fusion method based on maximal
coherent subset of intervals, which are give by information
sources. Let us consider n intervals, Ii = [ai, bi], (i =
1, . . . , n). This method allows to find every maximal subsets
of sources. A maximal subset is obtained when

⋂
i∈[n]

Ii 	=
∅, where [n] represents the set of 2n subsets of the set
{1, . . . , n}. Then, we apply the union of these partial results
(i.e.

⋃
j

⋂
i∈[n]

Ii).
Algorithm 1: Maximal coherent subset of intervals
Input: n intervals
Output: List of m maximal coherent subsets Ij

List=∅;j = 1;Ij = ∅;
Order in an increasing order
{ai, i = 1, . . . , n} ∪ {bi, i = 1, . . . , n};
Rename them {ci, i = 1, . . . , 2n}with type(i) = a

if ci = ak and type(i) = b if ci = bk;
for i = 1 to 2n − 1 do

if type(i) = a then
Add source k to Ij t.q. ci = ak;
if type(i + 1) = bthen

Add k to List (Ij);
j = j + 1;

else
Remove source k from Ij such as ci = bk;

Algorithm 1, that finds maximal coherent subsets, was in-
troduced by Dubois and others in [11]. The algorithm 1 is
linear in the number of intervals, and thus computationally ef-
ficient. The algorithm is based on an increasing sorting of the
interval end-points into a sequence (ci)i=1,...,2n. Each time
and only then, an element ci of type upper bound which is an
upper bound of an interval, followed by an element ci+1 of
type lower bound wich is a lower bound of an interval meet, a
maximally coherent set is obtained.

4.3 Example of application

We consider the variable DT50 (pesticide half-life) provided
by three information sources (see Table 2): a French expert
(Dabene), a French database (Agritox), and an England book
(Pesticide Manual).
Using algorithm 1 on the level α = 0 (i.e. the support Int1
of fuzzy intervals in Table 2), we find two maximal coher-
ent subsets K1 = {Dabene, Pesticide Manual} and K2 =
{Agritox, Pesticide Manual}. After applying the maximal co-
herent subset method, the result of the variable DT50 is:
(Dabene ∩ Pesticide Manual) ∪ (Agritox ∩ Pesticide Manual)
= [21,42] ∪ [46,53].

4.4 Computation method to the fuzzy weighted average

The objective of this section is to compute the bounds of the
indicator Igro. The function f(s1, s2, . . . , sn, ω1, . . . , ωn) =
∑ n

i=1 ωisi∑ n
i=1 ωi

, where ωi is a fuzzy interval and si ∈ R, is called
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fuzzy weighted average by Dong and Wong [12]. Authors in
[12] proposed an algorithm to compute the fuzzy weighted av-
erage. Their algorithm is based on the α-cut representation of
fuzzy sets and combinatorial interval analysis. Subsequently,
Liou and Wang [13] suggested an improved fuzzy weighted
average algorithm to simplify the computational process. Af-
terwards, Lee and Park [14] have proposed an even more ef-
ficient algorithm for fuzzy weighted average by reducing the
number of arithmetic operations to O(n log n). The main idea
of Lee and Park in [14] is to sort the si variables such as for
all i < j, we have si ≤ sj . In this order, we can find a rank
k with 1 < k < n such as for all i ≤ k, the function f is
decreasing with respect to ωi, and for all i > k, the function
f is increasing with respect to ωi. Then, we can compute the
lower and the upper bounds of the fuzzy weighted average in
accordance with [15],which are bounds of Igro, as:

f−
k =

∑k
j=1

(ωj)+.sj +
∑n

j=k+1
(ωj)−.sj∑k

j=1
(ωj)+ +

∑n
j=k+1

(ωj)−
(2)

f+

k =

∑k
j=1

(ωj)−.sj +
∑n

j=k+1
(ωj)+.sj∑k

j=1
(ωj)− +

∑n
j=i+1

(ωk)+
(3)

Where ω−
i and ω+

i are respectively the lower and upper
bounds of ωi. The equation (2) (respectively (3)) represent the
lower (upper) bound of the level k and k = 1, . . . , n. Then, we
determinate the fuzzy interval of indicator such as introduced
by Fortin and others in [15]:

[ min
k=1,...,n

(f−
k ), max

k=1,...,n
(f+

k )] (4)

5 Results
In this application when computing Igro, about fifteen in-
formation sources are used such as ARS (USA), Agritox
(France), Pesticide manual (England)... These sources provide
information based on a fuzzy interval or on a fuzzy number. In
this paper, we use the support of fuzzy intervals given by the
sources. The decision rules do not change. For each variable,
we replace the input value by an input interval. We propagate
the imprecision into computation indicator to calculate a fuzzy
interval of indicator. For a pesticide application, an indicator
of groundwater contamination score is calculated.
The application considers the indicator of groundwater con-
tamination Igro in several sites with different crops. The po-
sitions of application of pesticides is shown in Table 4. Its

value is calculated as: ”position =soil coverd by the crop
100

”.
The ”soil covered” by the crop is estimated by the user of the
systems [16]. The variable ”leaching risk” set the value of 0.9
[16].

Table 4: Values of the variables of application condition
Pesticide name Position soil covered
Chloridazone 0.9 90
Glyphosate 0.75 75
Nicosulfuron 0.1 10
Isoproturon 0.1 10

Pesticide properties (DT50, koc, and ADI) given by several

information source are calculated by fusion based on maxi-
mal coherent subsets. Table 5 shows the results of pesticide
characteristics. The values shown in Table 5 are convexified
to simplify the calculation. By using the interval analysis [17]
and the equation 1, we compute the fuzzy interval of variable
GUS, such as:

GUS− = log(DT50−) × (4 − log(koc+)) (5)

GUS+ = log(DT50+) × (4 − log(koc−)) (6)

where ([DT50−,DT50+]) and ([koc−,koc+]) are fuzzy in-
tervals of variables DT50 and Koc.

Table 5: Results of pesticide characteristics
Pesticide name GUS DT50 koc ADI
Chloridazone [2.53,3.19] [21,46] 120 0.025
Glyphosate [0.73,2.97] [18,47] [167,2640] 0.3
Nicosulfuron [2.78,5.39] [15,43] [5,43] 0.4
Isoproturon [2.68,3.03] [22,28] [80,99.99] 0.4

Afterwards, we compute the membership intervals of input
variables of indicator. For each input variable that varies in
[a, b] and has a membership function f , we compute the mem-
bership interval by using the function:

f([a, b]) =

{
[f(a), f(b)] if f is increasing
[f(b), f(a)] if f is decreasing

(7)

Then, we calculate the truth intervals of the sixteen de-
cision rules of Igro. These truth intervals can be com-
puted by minimum extension applied on intervals such as
min([a, b], [c, d]) = [min(a, c), min(b, d)]. Then, we use the
equations (2) and (3) to compute respectively the lower and
upper bounds of indicator for the sixteen α-cuts established
by the fuzzy input membership intervals. Finally, we obtain
the final interval of indicator by the equation (4).
The Table 6 shows the results of Igro for different pesticides.
The fuzzy interval in Table 6 represent the exact interval when
the indicator is varying. It represents also the support, of the
fuzzy interval of the indicator Igro, that can obtain from all
fuzzy intervals of input variables.

Table 6: Results of indicator
Pesticide name Interval of Igro

Chloridazone [4.3,9.82]
Glyphosate [0,10]
Nicosulfuron [4.42, 4.45]
Isoproturon [4.42,5.27]

The results presented in Table 6 show a lot of impreci-
sion in some cases. We take example of the organic mat-
ter ”glyphosate”: the indicator obtained by application of
glyphosate on the soil varies between 0 and 10. This impreci-
sion is due to the variable GUS –which varies in [0.73,2.97]–
that reach limits fixed by experts in Table 3 (i.e (lower limit) <
(favourable limit), and (upper limit) > (unfavourable limit)).
We note that the indicator varies in [0,10], when we have one
of the input variables has a lower (respectively upper) limit
exceeds favourable (respectively unfavourable) limit. In the
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calculation of only one value of indicator Igro [5], the role of
the variable GUS is more important than the role of others
variables. In this paper, all variables have the same influence
in the final result.

6 Discussion and conclusions
In this paper, we introduced the calculus of the indicator of
groundwater contamination Igro. We try to control the im-
precisions of input variables by using a possibilistic fusion
method based on the maximal coherent subsets. Then, we
use the notion of interval analysis to propagate the impreci-
sion in the process of calculus of indicator. A fusion method
for merging fuzzy subsets, based on the notion of maximal co-
herent subsets, is proposed to represent the imprecision of in-
put parameters of the indicator of groundwater contamination.
This notion appears as a very natural way to conciliate two ob-
jectives, gaining information and considering all the conflicts
between sources. The method of fusion is simple: it can be
applied without any additional information, and its computa-
tional complexity remains affordable. The way is summarizes
information is conceptually attractive: maximal coherent sub-
sets are the best we can do in the presence of conflict.
We have also described a way to calculate the bounds of in-
dicator. The method of fuzzy interval arithmetic used in this
paper is also simple. The support of the fuzzy number of in-
tervals is calculated. Also, we can calculate the membership
function of indicators by computing several values of α-cut
of input variables. This method allows to obtain exact fuzzy
profiles of indicator with reducing time complexity as in the
sampling case. It still remains to validate the fusion method
using the notion of maximal coherent subset in contrast with
other fusion rules. We have to calculate the fuzzy interval for
all α-cut to obtain the distribution of Igro. We plane to use the
methodology described in this paper (representing by fuzzy
intervals the imprecision and propagating this imprecision by
interval analysis) to calculate other indicators such as indicator
of pesticide in environment which has a process of calculation
similar to process of Igro.
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Abstract— Any MV-algebra M can be embedded as a lattice in
the Boolean algebra B(M) that is R-generated by M . We relate the
study of states on an MV-algebra M to the study of finitely additive
probabilities on B(M). In particular, we show that each state on M

can be uniquely extended to a finitely additive probability on B(M).
In case that M is a PMV-algebra, the conditional state s(a|b) defined
for a, b ∈ M with s(b) �= 0 is extended to the classical conditional
probability p(a · b|b) on B(M) of the a-proportion of the event b,
given the event b.

Keywords— MV-algebra, R-generated Boolean algebra, state,
probability, conditional probability

1 Introduction

States on MV-algebras were investigated by Mundici in [1]
as [0, 1]-valued additive functionals on (equivalence classes
of) formulas in Łukasiewicz propositional logic with the in-
tention to capture the notion of “average” truth degree of a
formula. In [2] a probability theory on MV-algebras is sys-
tematically developed. The study of states is frequently en-
hanced by looking directly at certain probabilities induced by
the states: there is a one-to-one correspondence between the
states on an MV-algebra and the Borel probability measures
on the maximal spectrum of the MV-algebra [3, 4], where the
bijection is the Lebesgue integral of a continuous function on
the maximal spectrum with respect to a uniquely determined
Borel probability measure. In this paper we introduce another
way of representing a state within a Boolean probability the-
ory. By Jenča’s result [5], each MV-algebra M is embedded
as a lattice in a uniquely determined Boolean algebra B(M)
that is said to be R-generated by M (see [6], [5]). We will
show how to relate the study of states over M to the study of
certain finitely additive probabilities on B(M). In particular,
our approach sheds a new light on the definition of conditional
state appearing in [7].

In Section 2 we repeat the basic notion concerning MV-
algebras and R-generated Boolean algebras. Section 3 con-
tains the main results: Proposition 3, in which we show that
there is only one probability on B(M) extending a state on
M , and Proposition 4, which gives a geometrical and topolog-
ical description of such extensions in case M is a semisimple
MV-algebra. In Section 4 we relate conditional states on M to
conditional probabilities on B(M) (Proposition 5).

2 Preliminary Notions
2.1 MV-algebras

MV-algebras [8] were introduced by Chang in 1958 as the al-
gebraic counterpart of propositional Łukasiewicz logic.

Definition 1. An MV-algebra is a structure 〈A,⊕,¬, 0〉 with
a binary operation ⊕, a unary operation ¬ and a constant 0
such that 〈A,⊕, 0〉 is an abelian monoid and the following
equations hold for every x, y ∈ A:

¬¬x = x

x ⊕ ¬0 = ¬0
¬ (¬x ⊕ y) ⊕ y = ¬ (¬y ⊕ x) ⊕ x

The most important example of an MV-algebra is the real unit
interval [0, 1] equipped with operations x⊕y = min(1, x+y)
and ¬x = 1 − x. Indeed, the class of MV-algebras form a
variety that is generated by [0, 1].
On each MV-algebra A we define 1 = ¬0, x � y =
¬ (¬x ⊕ ¬y), x � y = x � ¬y. Note that in the MV-algebra
[0, 1] we have x � y = max (0, x + y − 1) and x � y =
max(0, x − y).

Let A be an MV-algebra. For any two elements x and y of
A we write x ≤ y if and only if ¬x⊕ y = 1. It follows that ≤
is a partial order that in the case of the algebra [0, 1] coincides
with the natural order. Further, defined connectives

x ∨ y = ¬ (¬x ⊕ y) ⊕ y (1)
x ∧ y = ¬ (¬x ∨ ¬y) (2)

are such that the structure 〈A,∧,∨, 0, 1〉 is a distributive lat-
tice with bottom element 0 and top element 1. An MV-chain
is an MV-algebra in which the order relation ≤ is total.

For any MV-algebra M , the set {x ∈ M | x ⊕ x = x} is
the largest Boolean algebra contained in M .

Given an MV-algebra A and a set X, the set AX of all func-
tions f : X → A becomes an MV-algebra if the operations ⊕
and ¬ and the element 0 are defined pointwise. MV-algebras
of functions taking values in [0, 1] can be characterized by
means of their ideals.

An ideal of an MV-algebra A is a subset I of A such that
0 ∈ I , if x, y ∈ I then x ⊕ y ∈ I , and if x ∈ I , y ∈ A and
y ≤ x then y ∈ I . An ideal is maximal if it is not contained in
any proper ideal. An MV-algebra A is said to be semisimple if
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and only if A is non trivial and the intersection of all maximal
ideals of A is {0}. By the maximal spectrum we mean the
(nonempty) set of all maximal ideals of A. This set can be
made into a compact Hausdorff space.

It can be shown that an MV-algebra A is semisimple if
and only if A is isomorphic to a separating MV-algebra of
[0, 1]-valued continuous functions on some nonempty com-
pact Hausdorff space (actually the maximal spectrum of A),
with pointwise operations. For other notions related to MV-
algebras we refer the reader to [9].

A product MV-algebra (or PMV-algebra, for short, see [10],
[11]) is a structure 〈A,⊕,¬, ·, 0〉, where 〈A,⊕,¬, 0〉 is an
MV-algebra and · is a binary associative and commutative op-
eration on A such that for any x, y, z ∈ A, x · 1 = x and
x · (y � z) = (x · y) � (x · z).

Note that [0, 1] is a PMV-algebra where the operation · is the
usual multiplication of real numbers. Further, a semisimple
MV-algebra A is a PMV-algebra if and only if A is closed with
respect to the pointwise real product of functions and, in this
case, the unique product on A is the pointwise real product of
functions.

2.2 Boolean algebra R-generated by an MV-algebra

Let M be an MV-algebra. There exists a unique (up to a
Boolean isomorphism) Boolean algebra B(M) such that the
lattice reduct of M

(i) is a sublattice of B(M) containing both the elements 0
and 1 of M ,

(ii) generates B(M) as a Boolean algebra.
The Boolean algebra B(M) is called an R-generated Boolean
algebra. See [6, Chapter II.4] for details. For every a ∈
B(M) there exists n ∈ N and a finite chain a1 ≤ · · · ≤ a2n

in M such that

a =
n∨

i=1

(a2i \ a2i−1) (3)

holds true in B(M) and (a2i \ a2i−1) ∧ (a2j \ a2j−1) = 0
for each i, j ∈ {1, . . . , n} with i �= j, where \ denote the
symmetric difference in the Boolean algebra B(M).

Theorem 1 (Jenča [5], Theorem 2). Let M be an MV-algebra.
Then there exists a surjective mapping ϕM : B(M) → M
such that

ϕM (a) =
n⊕

i=1

(a2i � a2i−1), a ∈ B(M), (4)

where a1, . . . , a2n ∈ M are as in (3) and the value of ϕM (a)
is independent on the choice of the representation (3). More-
over, the mapping ϕM satisfies

(i) ϕM (1) = 1,
(ii) ϕ(a) = a, for every a ∈ M ,

(iii) if a, b ∈ B(M) are such that a ∧ b = 0, then
ϕM (a) � ϕM (b) = 0 and ϕM (a ∨ b) = ϕ(a) ⊕ ϕ(b).

The following two examples appear in [5].

Example 1. Let M be an MV-chain. Given two elements
a, b ∈ M , put [a, b) = {x ∈ M | a ≤ x < b}. By [6],
B(M) is isomorphic to the Boolean algebra of all subsets of
M having the form

[a1, b1) ∪ · · · ∪ [an, bn)

where ai, bi ∈ M and [ai, bi) ∩ [aj , bj) = ∅, for every i, j ∈
{1, . . . , n} with i �= j. Note that each a ∈ M can be identified
with [0, a) ∈ B(M). Then

ϕM ([a1, b1)∪ · · · ∪ [an, bn)) = (b1 � a1)⊕ · · · ⊕ (bn � an).

Example 2. Suppose now M is a semisimple MV-algebra,
then M can be viewed as an MV-algebra of continuous func-
tions from the maximal spectrum X of M to the unit interval
[0, 1]. Let B = B([0, 1]) be the Boolean algebra of all subsets
of [0, 1] of the form [a1, b1) ∪ · · · ∪ [an, bn) for some n ∈ N,
where [ai, bi) ∩ [aj , bj) = ∅ with i, j ∈ {1, . . . , n} and i �= j.
Just as in Example 1, each element a of the MV-algebra [0, 1]
can be identified with the interval [0, a) of B.

Since lattice operations in [0, 1]X (and hence in M ) are
componentwise, then B(M) is a Boolean subalgebra of BX .
Each element f ∈ M ⊆ [0, 1]X can be identified with the
function f∗ ∈ B(M) such that f∗ : x ∈ X �→ [0, f(x)) ∈ B.
Then, according to (3), for every g ∈ B(M) there is n ∈ N
and a1 ≤ b1 ≤ . . . ≤ an ≤ bn ∈ M such that

g =
n∨

i=1

b∗i \ a∗
i . (5)

The mapping ϕM is defined as follows. For every g ∈
B(M) and any x ∈ X , we have, by (5):

g(x) =
n∨

i=1

[0, bi(x)) \ [0, ai(x)).

It suffices to let ϕM (g) : x ∈ X �→ (b1(x) � a1(x)) ⊕ · · · ⊕
(bn(x) � an(x)) ∈ [0, 1].

Observe that the length n of the chain representing g does
not depend on the coordinate (maximal ideal) x.

3 States and Probabilities
A state on an MV-algebra M is a mapping s : M → [0, 1]
such that s(1) = 1 and s(a ⊕ b) = s(a) + s(b), for every
a, b ∈ M with a � b = 0. In case that M is a Boolean al-
gebra, then we denote a state on it by p and call p a (finitely
additive) probability. Let S (M) be the state space of M ,
that is, the (nonempty) set of all states on M . Analogously,
by S (B(M)) we denote the set of all probabilities on the
R-generated Boolean algebra B(M). In the sequel we will
introduce and study the relation between the two state spaces.

Proposition 1. If s is a state on an MV-algebra M , then there
is a probability p on B(M) such that p(a) = s(a) for every
a ∈ M .

Proof. Put

p(a) = s(ϕM (a)), a ∈ B(M), (6)

where ϕM is the mapping from Theorem 1, and observe that
this definition is correct since, by the same Theorem 1, it does
not depend on the representation of a given in (3). Then
p(1) = s(ϕM (1)) = s(1) = 1. Let a, b ∈ B(M) be such
that a ∧ b = 0. Then Theorem 1(iii) yields

p(a ∨ b) = s(ϕM (a ∨ b)) = s(ϕM (a) ⊕ ϕM (b))
= s(ϕM (a)) + s(ϕM (b)) = p(a) + p(b).

Since every a ∈ M is a fixed point of ϕM due to Theo-
rem 1(ii), we get that p coincides with s over M .
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The next proposition shows that every probability on B(M)
is uniquely determined already on the embedded MV-
algebra M .

Proposition 2. If p and p′ are two probabilities on B(M) and
p(b) = p′(b) for every b ∈ M , then p = p′.

Proof. Let a ∈ B(M). By equation (3), there exists a finite
chain a1 ≤ · · · ≤ a2n in M such that

a =
n∨

i=1

(a2i \ a2i−1) (7)

in B(M) and (a2i \ a2i−1) ∧ (a2j \ a2j−1) = 0, for each
i, j ∈ {1, . . . , n} with i �= j. Hence

p(a) = p
( n∨

i=1

(a2i \ a2i−1)
)

=
n∑

i=1

p(a2i \ a2i−1)

=
n∑

i=1

(p(a2i) − p(a2i−1)) =
n∑

i=1

(p′(a2i) − p′(a2i−1))

=
n∑

i=1

p′(a2i \ a2i−1) = p′
( n∨

i=1

(a2i \ a2i−1)
)

= p′(a).

Putting together Proposition 1 with (6) and Proposition 2, we
get the following uniqueness result.

Proposition 3. If s is a state on an MV-algebra M , then the
probability p = s ◦ϕM on B(M) is the unique probability on
B(M) such that p(a) = s(a) for every a ∈ M.

The above introduced correspondence between the states
in S (M) and the probabilities in S (B(M)) works in gen-
eral only in one direction. Define a mapping Φ : S (M) →
S (B(M)) by

Φ(s)(a) = s(ϕM (a)), (8)

for every s ∈ S (M) and every a ∈ B(M). Since every MV-
algebra M is embedded into B(M), it is natural to expect that
the state space of the Boolean algebra B(M) is much larger
than that of M . Indeed, already in case that M is the standard
MV-algebra [0, 1], the set S ([0, 1]) contains only one element
(the state s defined by s(x) = x, for every x ∈ [0, 1]). So
the image of Φ(S ([0, 1])) is a singleton, but S (B([0, 1]))
contains infinitely-many probabilities: for every x ∈ [0, 1],
the mapping

a ∈ B([0, 1]) �→
{

1, x ∈ a,

0, otherwise,

is a two-valued probability and hence it belongs to
S (B([0, 1])).

Properties of the operator Φ are summarized below. In
particular, we will show that Φ preserves the geometrical-
topological structure of S (M). In order to show this, the
convex sets S (M) and S (B(M)) are endowed with the sub-
space topology of the product spaces [0, 1]M and [0, 1]B(M),
respectively, so that both S (M) and S (B(M)) became com-
pact spaces (see [1]).

Proposition 4. Let M be a semisimple MV-algebra. Then:
(i) Φ(s)(a) = s(a), for every s ∈ S (M) and every

a ∈ M ;
(ii) the mapping Φ is an affine homeomorphism of S (M)

onto the compact convex set Φ(S (M));
(iii) the set Φ(S (M)) is affinely homeomorphic to the set of

all Borel probability measures on the maximal spectrum
X of M ;

(iv) if M is not a Boolean algebra, then Φ(S (M)) �
S (B(M)).

Proof. (i) This follows directly from the definition (8) and
Proposition 3.
(ii) First, we will show that the mapping Φ is affine, that is, for
every s, s′ ∈ S (M) and α ∈ [0, 1], we have

Φ(αs + (1 − α)s′) = αΦ(s) + (1 − α)Φ(s′).

For every a ∈ B(M), the definition (8) yields:

Φ(αs + (1 − α)s′)(a) = (αs + (1 − α)s′)(ϕM (a))
= αs(ϕM (a)) + (1 − α)s′(ϕM (a))
= αΦ(s)(a) + (1 − α)Φ(s′)(a).

The mapping Φ is injective. Given s, s′ ∈ S (M) with s �= s′,
find a ∈ M such that s(a) �= s′(a). Hence it follows from
(i) that Φ(s) �= Φ(s′). The mapping Φ is continuous: take
a net sγ of elements of S (M) such that sγ → s for some
s ∈ S (M). This means that sγ(b) → s(b) for every b ∈ M .
Thus for every a ∈ B(M), we get

Φ(sγ)(a) = sγ(ϕM (a)) → s(ϕM (a)) = Φ(s)(a).

The set Φ(S (M)) is compact convex as an affine contin-
uous image of S (M). Since Φ is a continuous bijection
S (M) → Φ(S (M)), it is actually a homeomorphism by
compactness.
(iii) The set B(X) of all Borel (σ-additive) probability mea-
sures on the maximal spectrum X of M is compact and con-
vex [12, Proposition 5.22]. In the topology of B(X) a net
µγ converges to µ in B(X) if for every continuous function
f : X → R we have

∫
f dµγ → ∫

f dµ. By Corollary 29
in [3] or [4, Proposition 1.1], there exists a unique mapping
Ψ : S (M) → B(X) such that

s(a) =
∫

X

â dΨ(s) (9)

for every s ∈ S (M) and every a ∈ M, where â is the
image of a via the isomorphism identifying the elements of
M with the separating MV-algebra of continuous functions
X → [0, 1]. We claim that the mapping Ψ is an affine home-
omorphism. It is onto since every integral (9) with respect
to some Borel probability measure from B(X) determines a
state. It is also injective as every two states s, s′ ∈ S (M)
coincide whenever Ψ(s) = Ψ(s′) by the representation (9).
The mapping Ψ is affine since the functional µ ∈ B(X) �→∫

X
f dµ is linear for every continuous function f : X →

[0, 1]. Finally, we will show that Ψ−1 is continuous. Take
a net µγ and µ with µγ → µ in B(X). It results directly
from the definition of convergence in B(X) and in S (M)
that Ψ−1(µγ) → Ψ−1(µ) in S (M), so Ψ−1 is continu-
ous. Since S (M) is compact, the mapping Ψ is a homeo-
morphism. As an inverse of an affine homeomorphism is an
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affine homeomorphism and a composition of affine homeo-
morphisms is again an affine homeomorphism, take the map-
ping Ψ ◦ Φ−1 : Φ(S (M)) → B(X) to finish the proof.
(iv) The MV-algebra M is not a Boolean algebra, so there ex-
ists an element f ∈ M and x ∈ X with 0 < f(x) < 1.

Put β = min(f(x),1−f(x))
2 and define a mapping p : B(M) →

[0, 1] by

p(g) =

{
1, β ∈ g(x),
0, otherwise,

g ∈ B(M).

A routine check shows that p is a probability on B(M). We
will show that there is no state s ∈ S (M) such that Φ(s) = p.
By way of contradiction, assume that such a state s exists.
Then Proposition 3 together with (8) imply that s(g) = p(g)
for every g ∈ M . Since s(f) = p(f) = 1 and s(¬f) =
p(¬f) = 1, we get

s(f ⊕ ¬f) = s(1) = 1 �= 2 = s(f) + s(¬f),

which is a contradiction and thus p ∈ S (B(M))\Φ(S (M)).

On the one hand, every state on a semisimple MV-algebra can
be viewed as the integral (9) with respect to a uniquely deter-
mined Borel probability measure that is defined on the max-
imal spectrum X of M . On the other hand, the operator Φ
maps a state to a finitely additive probability on a Boolean
subalgebra of the direct sum BX (see Example 2). While
the transformation Φ enables only to embed S (M) into a
(huge) state space S (B(M)), we will show below that and
how probabilities on direct sums of Boolean algebras appear
naturally already in classical Kolmogorov model of probabil-
ity.

Let B1, . . . , Bk be Boolean algebras. Let pi be a probabil-
ity on Bi for i = 1, . . . , k. By B we denote a Boolean algebra
that is the direct sum of B1, . . . , Bk (see [13, §16]). Every el-
ement of b ∈ B can be identified with an n-tuple (b1, . . . , bk)
such that bi ∈ Bi for each i = 1, . . . , k. The elements b of
B are random events whose meaning is “precisely one of all
the events b1, . . . , bk occurs”. These classes of random events
capture two-stage random experiments, such as the random
selection of a ball from a randomly selected box. In this in-
terpretation, each number i = 1, . . . , k denotes a box and the
corresponding Boolean algebra Bi models all outcomes of a
random selection of a ball from the box i. Precisely, for some
nonnegative α1, . . . , αk with

∑k
i=1 αi = 1, the procedure can

be described as follows:
(i) select Bi with a probability αi;

(ii) if Bj was selected in the previous stage, then perform
the random experiment with outcomes in Bj and proba-
bilities described by pj .

A probability p on B should then express the above introduced
meaning of the two-stage experiment. This means that for
every b ∈ B, we get

p(b) =
k∑

i=1

αip(bi). (10)

The interrelationship between states on MV-algebras and
probabilities on direct sums as defined above is made possi-
ble by the mappings Φ and ϕM .

Example 3. Let M be the direct product of two standard MV-
algebras, that is, M = [0, 1]2. According to (9) every state s
on M is of the form

s(a) = s((a1, a2)) = αa1 + (1−α)a2, a = (a1, a2) ∈ M,
(11)

for some α ∈ [0, 1]. The Boolean algebra B(M) is pre-
cisely the direct sum of the two Boolean algebras B, where
B is as in Example 2. The MV-algebra M embeds into
B(M) by sending each a = (a1, a2) ∈ M to the function
a∗(i) = [0, ai), i = 1, 2. Let λ denotes the restriction of
Lebesgue measure to B. Then it follows from (11) that

Φ(s)(g) = αλ(g(1)) + (1 − α)λ(g(2)), g ∈ B(M). (12)

Indeed, as in Example 2, for every g ∈ B(M) and i = 1, 2
find the representation ai

1, b
i
1, . . . , a

i
n, bi

n ∈ [0, 1] such that
g(i) = [ai

1, b
i
1) ∪ · · · ∪ [ai

n, bi
n) with all the intervals disjoint.

Then

ϕM (g)(i) = (bi
1 � ai

1) ⊕ · · · ⊕ (bi
n � ai

n)

and (ϕM (g)(1), ϕM (g)(2)) ∈ M. As a consequence,

Φ(s)(g) = s(ϕM (g)) = αϕM (g)(1) + (1 − α)ϕM (g)(2)

= α(b1
1 � a1

1) ⊕ · · · ⊕ (b1
n � a1

n)

+ (1 − α)(b2
1 � a2

1) ⊕ · · · ⊕ (b2
n � a2

n)
= αλ(g(1)) + (1 − α)λ(g(2)),

which proves (12).
The model from Example 3 can be given a straightforward

probabilistic interpretation. Suppose that some underground
platform is accessible from a street either via a stairway or via
an escalator. Mr. Smiley chooses the stairway with a prob-
ability α ∈ [0, 1] and the escalator with a probability 1 − α.
Train arrivals are uniformly distributed over the interval [0, 1].
What is a probability that Mr. Smiley’s waiting time for the
train will be smaller or equal to a1 ∈ [0, 1] (in case he uses
the stairway) or smaller or equal to a2 ∈ [0, 1] (in case he uses
the escalator)? The investigated event a = ([0, a1), [0, a2))
belongs to B(M), while the many-valued event a = (a1, a2)
is an element of M . If p(a) denotes the probability of a, then
(10) together with uniformity of the waiting times yield

p(a) = αλ([0, a1]) + (1 − α)λ([0, a2]) = αa1 + (1 − α)a2

= s(a).

4 Conditional Probability
In this section we use the probabilistic operator Φ to study
conditioning in the framework of MV-algebras and states.
Conditional probability on MV-algebras was studied from a
variety of perspectives. In [7] the conditional probability on
MV-algebras is defined in a way that mimicks the classical
(Boolean) approach of conditioning “an event by an event” or
“an event by a subalgebra”. This approach makes use of an
additional operation (product) on an MV-algebra and it was
employed by Montagna in order to prove de Finetti-style co-
herence theorem for conditional bets in many-valued logic
[14]. A completely different definition of conditional prob-
ability (so-called “conditional”) was proposed by Mundici in
[15].
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The following approach to conditioning is taken from [7,
Definition 5]. Let s be a state on a PMV-algebra M . Given
a many-valued event b ∈ M with s(b) > 0, put

s(a|b) =
s(a · b)
s(b)

, a ∈ M. (13)

The number s(a|b) is called a conditional state of a given b. If
s(b) vanishes, then we leave s(a|b) undetermined. This makes
the function a ∈ M �→ s(a|b) defined for “almost all” b ∈ M .
Since (a1 ⊕ a2) · b = (a1 · b) ⊕ (a2 · b) for every a1, a2 ∈ M
such that a1�a2 = 0, it can be easily verified that the mapping
s(.|b) : M → [0, 1] is a state (so-called conditional state) on
M whenever b ∈ M is such that s(b) is nonzero. If p is a
probability on a Boolean algebra B, then a product operation
· on B becomes ∧ and the formula (13) for p(b) > 0 reduces
to

p(a|b) =
p(a ∧ b)

p(b)
, a ∈ B. (14)

Analogously, the function p(.|b) : B → [0, 1] is a probability
on B whenever p(b) > 0. In this case we call p(.|b) a con-
ditional probability. The major difference between (13) and
(14) is the consequence of non-idempotence of the product
operation on M . For every b ∈ M with s(b) �= 0, we have in
general only

s(b|b) ≤ 1 and s(¬b|b) ≥ 0. (15)

In contrast to this, in classical probability p(b|b) = 1 and
p(¬b|b) = 0 holds true for any b ∈ B with p(b) �= 0. Surpris-
ingly, this concept of conditioning found a natural application
in Montagna’s framework [14]: conditional bets are updated
in proportion to the truth value of the event in the condition.
In that follows we make an effort to justify the definition (13)
with the probabilistic interpretation of states via Φ and B(M).

Proposition 5. Let M be an MV-algebra with product and
s(.|b) be a conditional state on it for b ∈ M with s(b) �= 0.
Then there exists a probability p on B(M) such that

Φ(s(.|b))(a) = p(a · b|b), a ∈ M. (16)

Proof. Put p = Φ(s). For every a ∈ M , we obtain

Φ(s(.|b))(a) = s(a|b) =
s(a · b)
s(b)

=
Φ(s)(a · b)
Φ(s)(b)

=
p(a · b)
p(b)

=
p((a · b) ∧ b)

p(b)
= p(a · b|b),

since (a · b) ∧ b = a · b.

It is worth emphasizing that the probability Φ(s(.|b)) is not
a conditional probability on M since Φ(s(.|b))(b) = p(b · b|b)
fails to be equal to 1 in general. So the operator Φ does
not map conditional states to conditional probabilities. The
formula (16) nevertheless connects the values of conditional
states of a given b on M to the values of the classical condi-
tional probability of a · b given b on B(M). Conditioning a
by a many-valued event b means in terms of classical condi-
tional probability this: given b, what is a probability p(a · b|b)
that an observation of the a-proportion of the many-valued

event b will be made? Thus the conditional state defined by
the formula (13) leads in accordance with (16) to the con-
ditional probability of a · b given b on the Boolean algebra
B(M), which focuses only on the event which is included in
b. The use of product in place of infimum makes the differ-
ence: the equality p(a ∧ b|b) = p(a|b) holds true in contrast
to p(a · b|b) �= p(a|b). Taking into account the proposed in-
terpretation, the inequalities in (15) look no longer unnatural.
The “probabilistic” meaning of s(b|b) is the value of p(b · b|b)
that corresponds to the occurrence of the event b · b (given b)
rather than b alone as the notation s(b|b) suggests.

Example 4. Consider the situation from Example 3. Assume
now that we know the actual waiting time does not exceed b =
(b1, b2) ∈ M = [0, 1]2. Then the value s(a|b) is according
to Proposition 5 the same as p(a · b|b). This probability is
precisely the conditional probability that the waiting time will
be at most the a-proportion of b given our knowledge that it is
at most b.
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Abstract— In this work we start by presenting a possible architecture 
for MultiCriteria Dynamic Decision Making (MCDDM) problems. 
Then we focus on contributions for the rating process because it 
involves two important aspects of any dynamic spatial-temporal 
decision problem: how to deal with uncertainty in dynamically 
changing input data and how consider different criteria importance, 
depending on criteria satisfaction and respective phase (or iteration) 
of the decision process.  To explain and clarify the contributions we 
use an illustrative example of site selection for spacecraft landing on 
planets.

Keywords— multicriteria dynamic decision making, imprecision 
on input data, dynamic criteria weighting.

1 Introduction
The main objective of this work is to present some 
contributions for building general multicriteria dynamic 
decision making (MCDMM) models. We will focus on two 
important aspects of any dynamic spatial-temporal decision 
problem: a) how to deal with uncertainty in dynamically 
changing input data; b) and how to consider different criteria 
importance, depending on criteria satisfaction and on the 
decision process phase (iteration).  These two aspects belong 
to the classical process of evaluating alternatives of MCDM 
[1] [2] [3].  
In general, the aim of Multicriteria or Multi-attribute 
decision making problems is to find the best compromise 
solution from all feasible alternatives assessed by pre-
defined criteria (or attributes).  This type of problems is 
widespread in real life situations [2], [4]. There are many 
methods and approaches proposed in the literature to deal 
with this static decision process, from utility methods to 
scoring and ranking ones [2] [3]. However, when facing 
multicriteria dynamic decisions making problems 
(MCDDM), where feedback from step to step is required, 
there are few contributions in the literature (see for example 
[5] [6]) . 
To better explain our proposed contributions to deal with 
uncertainty in dynamically changing input data and criteria 
weights changes, during the temporal decision process, we 
use an simplified illustrative case study of a site selection 
problem for spacecraft landing on planets  [7] [8]. 

2 MultiCriteria dynamic decision making 
(MCDDM)

Usually, a multicriteria decision model [1] includes 2 main 
tasks, rating the alternatives by aggregating their 

classifications for each criterion and then ranking them. In 
this work we discuss a dynamic multicriteria decision model 
because we are addressing decision paradigms with several 
iterations, which need to take into account past/historic 
information, to reach a decision (or consensus).  
According to Richardson and Pugh [9] system dynamics 
problems have two main features: “they are dynamic: they 
involve quantities which change over time”; “involves the 
notion of feedback.” This is exactly the perspective in this 
work: dynamically changing data and feedback from 
historical data. 
A general multicriteria dynamic decision making (MCDDM) 
architecture is depicted in Fig. 1 (adapted from [7] and using 
concepts from [9]). 

Rating
Rninput

data

H n-1

Dynamic
evaluation

K best
ranked
sites

New
iteration

Data 
preparation

More 
iterations?

Y

N

Final 
decision
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data
input
data

H n-1H n-1

Dynamic
evaluation

K best
ranked
sites

New
iteration
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More 
iterations?

Y

N

Final 
decision

Figure 1: MCDDM architecture. 

nR represents the set of alternatives rating values from 
iteration n and 1�nH represents the historic set of rated 
alternatives from the previous iteration. The feedback is the 
set of ranked alternatives of iteration n (updated historic set 
of each iteration).
In summary, the main characteristics of 
processes/components, included in a MCDDM are: 
a) Data preparation – this process deals with transformation 
of inputs for the decision model. It includes three main 
tasks: a.1) cleaning & filtering the data to extract the 
required criteria and the set of alternatives to be assessed 
(per iteration); a.2) normalization and representation of 
criteria for the decision model; a.3) Definition of weighting 
functions to express the relative importance for each 
criterion, within a phase or per iteration. 
b) Rating process – This process refers to the classification 
of each alternative regarding all criteria, weighted with their 
relative importance. I.e. it refers to the aggregation of 
criteria values weighted with relative importance of criteria. 
Several methods exist in the literature [1] [2] [3], in our case 
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we used an improved WSM method, as explained in section 
3.2..
c) Dynamic evaluation process – This process refers to the 
aggregation of historical information about alternatives with 
their current rating to obtain the set of ranked alternatives [7] 
for the current iteration (n). When there are no more 
iterations the decision process stops and the best alternative 
is the one with the highest rate. For this evaluation we 
propose to use full-reinforcement operators as described in 
[7] 
d) Historical process – This process determines a subset of 
good alternatives, from the ranked alternatives, to be 
considered as feedback information from iteration to 
iteration. Since this process takes places after ranking, it 
means historical information for a specific site “remembers” 
its past behaviour plus the actual rating. There are different 
sizes (K) for this set of historical information, depending on 
different phases of the decision process. For our case study 
we consider three phases according to expert advice. 
The topic addressed in detail, in this work, will be the rating 
process (b), which is highlighted in grey in Figure 1.   

3 Case Study: Site selection for spacecraft 
landing on planets 

The case study used for discussing the rating process of 
multicriteria dynamic decision making (MCDDM) models is 
based on a real project [7], which objective was to determine 
the best target site for landing on planets for spacecrafts.  
The case study MCDDM model was developed for the final 
descent of the spacecraft (around 2 Km from surface), when 
hazard maps can be obtained. Some values used in the 
description are just indicative due to reasons of 
confidentiality.   
3.1 Background
In this case study the criteria are hazard maps corresponding 
to images taken by the Spacecraft during the final descent 
(around 1000 m from surface) [8] [7]. We consider 7 input 
criteria, which correspond to the hazard maps obtained 
during the descent process: slope, texture, fuel, reachability, 
distance, shadow and scientific interest. The alternatives are 
the pixels of the combined search space (derived from 
merging 7 matrices of 512x512, corresponding to the input 
images/hazard maps), resulting from a data preparation 
process (not discussed in this work). The resulting set of 
alternatives is about 260.000 possible sites for each iteration 
(512*512= 262,144).  The number of iterations is about 40 
and for each one there is a evaluation process (called 
ranking process) including a combination of the k best 
alternatives from iteration n-1 (historic set) with the current 
rated ones at the n iteration (for details about this process see 
[7]). We only consider the last iteration as historical 
information for two reasons: a)  time constrains- we have 
less than 1 minute to perform 40 iterations hence an efficient 
process is required; b) the historic set implicitly includes all 
past ratings because we aggregate previous information with 
current one, i.e we update the alternative evaluation at each 
iteration and pass this information to the next iteration.  
As mentioned in the abstract, in this work we focus on the 
rating process of MCDMM because it involves two 

important aspects of any dynamic spatial-temporal problem: 
how to deal with uncertainty in the input data of each 
iteration and how to consider different importance for each 
criteria, depending on the criteria satisfaction as well as on 
the phase of the decision process (iteration).   
Before discussing the rating process we should explain that 
we assume 3 phases for this case study as follows. Phase 1 is 
executed until 1000 m of altitude and considers a historic of 
250 set of sites, the rationale is that at higher attitudes there 
is a need for considering more alternatives (pixels) because 
the Spacecraft is still too far away from the surface and the 
information about the sites is still quite imprecise. Phase 2 is 
executed between the 1000 m and 300 m of altitude 
(parameters can be changed) and uses a historic set of 10 
sites; since we are getting closer to the surface what we need 
is a small historic set (pixels) of “good” alternatives, 
ensuring sufficient distance between them (radius) to cover a 
reasonable search space. Phase 3 starts being executed at 
300 m of altitude when the Spacecraft is quite close to the 
surface and the historic set considered was 5 sites.
Although it is out of scope to discuss the data preparation 
process for this case study we should mention that the results 
of this process are fuzzified variables (for references dealing 
with fuzzification see for example [4]), corresponding to 
each hazard map, adapted (i.e. re-calculated) at each 
iteration. Hence, a variable input includes a value and its 
corresponding membership value in the fuzzified variable. 
3.2 Rating process  
The rating process deals with aggregation of all 
classifications obtained by each alternative in each criterion. 
During the three phases considered, we compute these 
values for each alternative (per iteration).  The general 
formulation for the weighted sum method (WSM), used as 
rating process in our dynamic decision process (MCDDM) 
is:

))(,...,)(( 11 ininiii acacWacacWr ����  (1) 
Where, 
�  is the  sum operator; 
�  is the product operator;  

ijac  is the accuracy & confidence membership value of jth

criterion for site i. (section 3.3)., and 

�
�

� n

k
ik

ij
ij

acL

acL
acW

1
)(

)(
)( , represents the normalized relative 

weight, considering a weighting function, )( ijacL  as 

described in section 3.4.,  
The basic principle of the aggregation method WSM 

(weighted sum method) is that “The overall score of an 
alternative is computed as the weighted sum of the attribute 
values” [8]. In our case study we tested other methods of 
aggregation besides this one (e.g. WPM, Compromise ratio 
[2]), however WSM combined with the proposed weighting 
functions, showed the best trade-of between computational 
efficiency versus correctness of results. 
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3.3 Accuracy & confidence in input values 
The accuracy and confidence parameters (aij and wcj,
respectively) will be taken into account in the decision 
model using the following expression: 

� �
)(*|}))()({|max1(*

; ijijbaxjij xxxwcac ��� ���
	

 (2) 

where:
  wcj is the confidence associated to criterion j; 
  xij is the value of jth criterion for site i; 

�( . ) is the membership degree in a fuzzy set; 
 The interval [a,b] for x is defined by (aij is the accuracy 
associated to criterion j for site i): 


�



�


���

��
�

)min(,

)min(,)min(

Daxifax
DaxifD

a
ijijijij

ijij


�



�


��

���
�

)max(,)max(

)max(,

DaxifD
Daxifax

b
ijij

ijijijij
 (3) 

D is the variable domain. 
The accuracy is given as a percentage of criterion value and 
confidence belongs to the unit interval. For example, an 
accuracy of 90% for slope means that each slope value 
belongs to the interval � �ba,  where ijij xa �� 9.0 . On the 
other hand, a 0.9 confidence value means that we have a 
confidence on the � �ba,  interval of 0.9. 
As can be observed, this formulation enables dealing with 
imprecision in the collected input hazard maps. Moreover, it 
allows dealing with two types of imprecision: lack of 
accuracy in the data and lack of confidence in the data. We 
believe this is a simple and easy way to tackle the 
problematic of how to handle imprecision in data in dynamic 
decision models. It is one of the contributions proposed in 
this work. 
3.4 . Weighting functions  
The second contribution is the proposal is to compute the 
weights using the following linear weighting function [10], 
[11]: 

1010,
1

1
)( ����

�

�
� ��

�
�

� andwhere
ac

acL ij
ij   (4) 

Where: ijac  is the accuracy and confidence membership 
value of jth criterion for site i.
The logic of these weighting functions is that the satisfaction 
value of a criterion should influence its assigned relative 
importance. For example, if we are buying a car and the 
price is a “very important” criterion, if the car is quite 
expensive the final decision result should be less than the 
simple multiplication of weight*satisfaction value. We will 
not use quadratic weighting functions because it penalizes 
values near 1, contrarily to the linear function that presents a 
more smooth behaviour, which better fits our model  [10], 
[11]. 
We consider the relative importance of criteria has different 
morphologies for each criterion, depending on each of the 
three phases defined. The definition of these weighting 
functions morphologies is given by parameters � and �. The 
� parameter provides the semantics for the weighting 
functions as follows:  

� Very Important (VI =1);  
� Important (I=0.8);  
� Average importance (A=0.6);  
� Low importance (L=0.4);  
� Very Low importance (VL=0.2).  

The � parameter provides the slope for the weighting 
functions, which will depend on the criterion at hand, with 
the logic that higher � means higher slope. For our case 
study this parameter has the following values:  

� High (H =1);
� Medium (M=0.6667);  
� Low (L=0.3333);  
� Null (N=0);

As mentioned above the relative importance of criteria 
changes according to the altitude of the spacecraft, i.e. 
depends on the closeness to planet surface. We defined 
different weights for each sub-phase we are in, as described 
in the next two sub-sections, but these importances’s can be 
modified by the decision maker anytime. 

3.4.1 Discussion of Criteria Weighting in case study 

Phase 1 (altitude: > 1000m, <2000; historic set size 250) 

This phase refers to altitudes between 1000m to 2000m and 
a historic size of 250 candidate alternatives. In Table 1 we 
show the proposed values for � and �  parameters for this 
phase, in Figure 2 we depict their respective plots, where Y-
axis represents the weights and X-axis shows criteria 
satisfaction values within interval [0-1]. 

Table 1: � & � parameters (Phase 1). 
Fuel Reach Slope Dist Shad Text ScIn 

� 1 1 1 0.6 0.4 0.8 0.2 
� 0.25 0.667 0.111 0.333 0 0.333 0 

For example, the rationale for “very important” is that 
although fuel, reachability and slope are all “very important” 
criteria for this phase, a lower satisfaction for criteria 
reachability should be quite penalized (e.g. X=0.25 
corresponds to W=0.7, hence W(x)= 0.25*0.7=> 0.175). 
Further,, fuel and slope also consider high penalties for 
lower satisfaction values, visible on their plot (Figure 2).  
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Figure 2: Weighting functions Phase I. 

Phase I1 (altitude: �  1000m, >300m;  historic set size 10) 
In Table 2 we depict the proposed values for � and �
parameters for this phase, in Figure 3 their respective plots. 

Table 2: � & � parameters (Phase II). 
Fuel Reach Slope Dist Shad Text ScIn 

� 0.6 1 1 0.6 0.4 0.8 0.2 
� 0.5 0.667 0.111 0.333 0 0.333 0 

Figure 3: Weighting functions Phase II. 

For example, in this phase the same rationale as in phase 1 
applies for the two “very important” criteria, slope and 
reachability, althought slope is less penalized for lower 
satisfaction of criteria (e.g.0.8 weight for satisfaction 0.5 and 
weight 1 for satisfaction 1).  

Phase III (altitude: �  300m; historic set size 5) 
In Table 3 we depict the proposed values for � and �
parameters for this phase, in Figure 4 their respective plots. 

Table 3: � & � parameters (Phase III). 
Fuel Reach Slope Dist Shad Text ScIn 

� 0.2 1 1 0.2 0.4 0.8 0.2 
� 0 0.667 0.111 0 0 0.333 0 

For example, in this phase scientific interest and shadow do 
not play an important role because the alternatives are 
focused on a small area. Further, it almost does not require 
fuel due to the surface proximity. Hence their weights are 
small and constant, 0.2 for fuel & scientific interest, and 0.4 
for shadow (all flat functions not dependent on satisfaction 
of criterion).   

Figure 4: Weighting functions Phase III. 

In summary, the relative importance proposed for each 
criterion followed the semantic rational:  
o Slope relative importance (weight) in all phases is 

considered to be “very important”; 
o Reachability relative importance (weight) in all phases is 

considered to be “very important”; 
o Texture relative importance (weight) in all phases is 

considered to be “important”; 
o Shadow relative importance (weight) in all phases is 

considered to be “low”; 
o Distance relative importance (weight) in the first 2  

phases is considered to be “average” and then it will 
change to “low” and “very low”; 

o Scientific interest (Sc int.) relative importance (weight) 
in all phases is considered to be “very low”; 

o Sun/Earth visibility (S/e vis.) relative importance 
(weight) in all phases is considered to be “very low”;  

o Fuel relative importance (weight) in phase 1 is 
considered to be “very important”; 

o Fuel relative importance (weight) in phase 2 is 
considered to be “medium”; 

o Fuel weight in phase 3 is considered to be “very low”. 
The rational above is expressed by the � parameter, while 
the � parameter provides more or less penalties for lower 
satisfaction values in the criteria, as depicted in the figures 
for each phase.  A simplification of the weighting functions 
could be to define “a priori” a slope for each importance i.e. 
avoids having to define different �  parameters for each 
weighting functions.   This option simplifies the weight 
assignment process but it is less accurate. 
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An important point to highlight is that the parameter values 
proposed for the phases (or iterations) can be tuned for any 
other dynamic decision application.  
This section concludes the second proposed contribution of 
this work, i.e. contributions to deal with different criteria 
weights for steps of the dynamic decision process. 

4 Discussion
In Table 4 are depicted the best three alternatives on the last 
iteration of each phase using default weights (described in 
previous section). For instance, the best alternative on the 
end of the 2nd phase (iteration 25) has 3D coordinates: (86 , -
27 , 12) and rating value of  0.7807. 

We can observe that from 16th to the 25th iteration the best 
site is completely different. However, the 2nd and 3rd best 
sites seem to be on the same region on both iterations (50 
meters south). Furthermore, the best and 2nd best sites from 
iteration 25 changed positions with each other on the 40th 
iteration. 

Table 4 – Rating values and 3D coordinates of the best sites 
on the last iteration of each phase (default weights). 

Iter. 3D coord (meters) Rn
(51 , 29 , 35) 0.7833 

(65 , -0.4 , 33) 0.7801 16 (1st

Phase) 
(94 , 26 , 35) 0.7798 
(86 , -27 , 12) 0.7807 
(66 , -50 , 10) 0.7783 25 (2nd

Phase) 
(95 , -26 , 12) 0.7772 
(79 , -53 , -6) 0.9955 
(86 , -53 , -6) 0.5119 40 (3rd

Phase) 
- - 

In table 5 we present the results regarding the best sites on 
the last iteration of the 2nd and 3rd phase, only this time 
changing the Distance criterion weight to Very High on both 
phases. For illustrative purposes we considered the distance 
towards the centre of image for computing the Distance 
Criterion.  
Comparing the results of Table 5 with Table 4, we can 
observe that at iteration 25th the first result is exactly the 
same and the 2nd and 3rd too, but on a different order. The 
best site maintained is position very close to the centre of the 
image and the distance criterion is now considered to be 
very high. By the same reason, site (95 , -26 , 12) went to the 
2nd position because it is must closer to the image centre than 
site (66 , -50 , 10)..

On the other hand, the 2 best sites on the 40th iteration are 
completely different on both Tables. The sites on Table 4 are not 
close to the centre of the image and when the Distance criterion is 
set to very high the model tends to rate higher sites closer to the 
centre of the image. Hence, the best sites on Table 5 are closer to 
centre of the image (see Figure 5). 
It should be noted that the experiences discussed here were 
adaptations of tests done within a research project [7] [8]. 
Furthermore, here we do not discuss the results rating 

values, because we are not addressing the aggregation 
methods used to evaluate the alternatives.  

Table 5 – Rating and 3D coordinates of 3 best sites on last 
iterations of 2nd and 3rd phases (weight for Distance Criterion 

=Very high). 
Iter. 3D coord (meters) Rn

(86 , -27 , 12) 0.7991 
(95 , -26 , 12) 0.7938 25 (2nd

Phase) 
 (66 , -50 , 10) 0.7932 
(88 , -31 , -3) 0.9979 
(78 , -30 , -3) 0.9977 40 (3rd

Phase) 
- - 

Figure 5 – Image of the surface on iteration 40. Green stars 
best sites from Table 4 and  red stars from Table 5. 

In Figure 5 we show the results, just discussed for the last 
iteration (40). It is quite notorious the influence of changing 
criterion weights for Distance, from average to very-high, on 
the last phase. Raising the importance of that criterion 
“forces” the final decision choice to be closer (shortest 
distance) to the initial target (center of image), even though 
the surface is more “bumpy” than the choices from Phase II. 

5 Conclusions
In this work we presented a general architecture to cope with 
dynamic multi-attribute decision problems. We focused our 
attention on two spatial-temporal aspects of the rating 
process, .specifically proposing contributions for dealing 
with uncertainty in dynamically changing input data and also 
for dealing with dynamic changes in criteria importance. 
Potential applications of this work could be on medical 
diagnose decision support and/ or fault, detection and 
isolation (FDI) problems. 
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Abstract— Besides the problem of searching for effective 
methods for extracting knowledge from large databases (KDD) 
there are some additional problems with handling ecological data, 
namely heterogeneity and uncertainty of these data. A fuzzy set 
approach can be used to handle these problems at some stages of 
the knowledge discovery process. Ecological data can be defined 
as fuzzy sets without sharp boundaries, which reflect better the 
continuous nature of ecological parameters. The paper focuses on 
one of the important methods of data reduction, namely clustering, 
and on the data transformation and construction of a combining 
operator. Two support systems developed at the University of Kiel 
and their applications are presented, namely the Fuzzy Clustering 
System ECOFUCS and the Fuzzy Evaluation and Kriging System 
FUZZEKS.  

Keywords— ecological data, fuzzy clustering, fuzzy data 
transformation, uncertainty of ecological data.   

1 Some properties of ecological data  
Dealing with a very large data basis (long time series, spatial 
data with high resolution, etc.) is a typical problem in data 
mining and knowledge discovery, but there are some 
additional problems with handling the environmental data. 
The first one is the heterogeneity of ecological data sources 
(e.g. sources of quantitative and qualitative information). 
The next problem in ecological data mining is the large 
inherent uncertainty of these data that results not only from 
the presence of random variables but also from the difficult 
comparability of these data, approximate estimations, and 
imprecision and the subjectivity of the information obtained 
from an expert [12, 13]. This paper deals with processing 
both “subjective” data derived from experts and "objective" 
measurement data. Statistical or stochastic aspects of the 
uncertainty problem are not taken into account. 
Some requirements for methods of searching for ecological 
knowledge arise from the properties of ecological data 
mentioned above. Special methods of data analysis should 
be used to handle the uncertainty and heterogeneity of these 
data. The fuzzy approach, as a possible way to handle 
uncertainty, is particularly useful for processing imprecise or 
uncertain data. Ecological data can be defined as fuzzy sets 
or fuzzy clusters without sharp boundaries. That reflects 
better the continuous nature of environmental parameters.  
Knowledge discovery is a very complex process, which 
includes data cleaning, data integration, data reduction, data 
transformation, data mining, pattern evaluation and 
knowledge presentation [9]. Collaboration with an expert in 
the data domain can be very useful at some stages of this 

process. The fuzzy approach enables us to integrate the 
expert knowledge in the knowledge discovery process. The 
paper focuses on the applications of fuzzy sets and fuzzy 
operators at some stages of this process, namely data 
reduction (section 2) and constructing a combining attribute 
(section 3). 

2 Data reduction: a fuzzy clustering approach  
Clustering belongs to the most popular methods of  
numerosity reduction of data sets, i.e. “replacing” the data 
set by smaller representations such as clusters in order to 
reduce the size of the data set. The clustering methods are 
based on the principle of maximizing the intraclass similarity 
of objects and minimizing the interclass similarity of these 
objects, i.e. objects within a cluster have a high similarity, 
but are very dissimilar to objects in other clusters. 
Conventional clustering methods based on Boolean logic 
ignore the continuous nature of ecological parameters and 
the uncertainty of data. That can result in misclassification. 
Fuzzy clustering methods provide additional information, 
namely the distribution of the membership values which can 
be interpreted as a similarity measure. The common fuzzy 
clustering methods, like the fuzzy c-means method, work 
only with crisp data, that means they provide the fuzzy 
partition only for crisp data (e.g. exact measurement data). 
In ecology we have often to deal with data with a semblance 
of accuracy. In such cases it may only be possible to obtain 
estimates of data scatter which can be treated in the context 
of fuzzy sets and used for defining fuzzy data in the form of 
fuzzy vectors in a high dimension, the so-called conical 
fuzzy vectors [5]. They are defined by the apex and the so-
called panderance matrix which describes the accuracy of 
the data. This matrix contains spreads of data in each 
dimension on its diagonal. Yang [15] defined the distance 
between two conical fuzzy vectors, A

~
 and B

~ in (1), as 
follows:  

   ( ) ( ) ( )( )BA
T

BAtrbaBAd −−+−=
2~

,
~2           (1)   

where:  
  A and B are the so-called panderance matrices of A

~ and B
~ , 

  ba −  is the distance norm (metric) between the apexes 

  a and b , and the trace 

   ( ) ( )( )BA
T

BAtr −−  is the diagonal sum of  

  ( ) ( )( )BA
T

BA −− . 

Yang proved that ( )BAd
~

,
~2  defined above is a complete 

metric, which is an assumption for the convergence of the 
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fuzzy c-means clustering procedure by Bezdek [3]. That 
means, we can define the well known objective function of 
the fuzzy c-means procedure for conical fuzzy vectors by 
 

( ) ( ) ( )jBiAcd
n

i

c

j

m
ijcF

~
,

~2

1 1
�
=

�
=

= µ       (2) 

where: 

iA
~ is the ith object and iB

~  is the jth cluster, both defined  

 as conical fuzzy vectors, 
  n is the number of objects, and 
  c is the number of clusters. 
The clustering algorithm for conical vectors proposed by 
Yang has been extended for the diagonal norm using the so-
called z-transformation of the Euclidian norm and 
implemented for the Fuzzy Clustering System EcoFucs v.5.1 
developed at the University of Kiel [8]. The diagonal norm 
is a highly recommendable distance measure in the case of 
heterogeneous ecological data with different domain scales. 
In such cases we can transform data in a uniform manner 
before we start the fuzzy c-means procedure for conical 
vectors: 

 ( )
S

ViA

i
Atransz ~

~~
~ −

=−      (3) 

where: 

 �
=

=
n

j jA
n

V
1

~1~ is the mean vector of all fuzzy 

 conical vectors of the input data set, and 

S
~

is the vector of spreads from the panderance matrix. 
To obtain back the coordinates of the cluster centers in the 
real scale we have to apply the inverse transformation of the 
results of the fuzzy c-means procedure. EcoFucs works also 
with crisp data and offers four different distance norms as a 
measure of similarity between an object and a respective 
cluster (the Euclidean-, the Diagonal-, the Mahalonobis- and 
L1-norms) and a set of methods for calculating the start 
partition (WARD, conventional c-means, maximum-
distance-algorithm, sharp or fuzzy random partitions). The 
choice of the distance norm depends on the data set. The 
partition efficiency indicators (entropy, partition coefficient, 
payoff and non-fuzziness index) available in EcoFucs can be 
very helpful in searching for the optimal partition and 
finding the objects which can serve as the representatives of 
each cluster (see the example below) [10]. 
 

 

 
 

Figure 1: The main window of EcoFucs [8] with a small part of the results of the clustering of ecotoxicological data into 5 
clusters. 

 
The fuzzy clustering of chemicals according to their 
ecotoxicological properties [7] can be mentioned here as an 
example of data reduction.  Both the large number of 
existing chemicals and the costs of ecotoxicological testing 
procedures make it necessary to select representative 

chemicals which faithfully reflect the relevant properties of 
possibly a major group of compounds. So the main tasks of 
this application were to find distinguishable clusters with 
characteristic properties and to find chemicals representative 
for each cluster. These representatives can be used for

further data mining and other steps of the knowledge 
discovery process instead of all chemicals which belong to 
the cluster. Compared to conventional clustering methods a 

fuzzy clustering technique is more appropriate to handle the 
uncertainty of ecotoxicological data. The degree of 
uncertainty of these data is very high and can arise, for 
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example, from a mixture of quantitative and qualitative data 
or from the difficult comparability of these data because of 
different measurement or test conditions (e.g. test results for 
different animals). The distribution of the membership 
values provides information from which the degree of 
similarity between the properties of a particular chemical 
and the properties characterising particular clusters can be 
deduced. This is particularly important since there are many 
chemicals with more or less overlapping properties. That 
would not be recognised by conventional clustering 
methods. 
The analysis of the membership values helps us to find the 
representatives of each cluster. Their membership values are 
close (or equal) to 1. Figure 1 presents a small example of 
the results of the clustering of chemicals into 5 clusters for 
10 ecotoxicological features (toxicity indicators and the 
potentials for biodegradability and hydrolysis). 
Trichlormethylbenzene and 2-Mercaptobenzothiazole, for 
example, can be taken as the representatives of clusters 2 
and 1, respectively. We can also see some chemicals (e.g. 
Tributylamine and Hexachloropentadiene in cluster 5) with 
membership values strongly divided between different 
clusters. These values can be interpreted as the degree of 
similarity to the respective clusters. 

3 Data transformation and the construction of 
a combining operator 

One of the important stages of the knowledge discovery 
process is the data transformation needed to combine the 
data. In the case of heterogeneous data we have to normalise 
these data in a uniform manner before we construct the 
combining operator [4]. In order to do this we can scale data 
so that they fall within the same range. We can use the 
membership functions of fuzzy sets to transform the data 
into the interval 0.0 to 1.0. The definition of the membership 
functions of these fuzzy sets should express the evaluation 
criterion formulated by an expert. 
We can consider an analysis of hydrogeological spatial data 
as an example. Figure 2 presents the membership function of 
the feature “large water table depth” used for the data 
normalization in the analysis of the suitability of a specified 
land unit as a waste disposal site [2, 14]. The shape of the 
defined membership function corresponds to the evaluation 

criterion. The values of the water table depth lower than 2 m 
are not suitable (the membership values equal 0); the values 
bigger than 5 m are very suitable for a waste disposal site 
(the membership values equal 1). 
 

  
 
Figure 2: The membership function of the fuzzy set “large 
water table depth” used for the data transformation (the 
membership function window of FUZZEKS [2]). 
 
Four land characteristics, namely water table depth, 
hydrologic conductivity, clay content and Cl concentration, 
are taken into account in this example. The values of these 
four features were transformed into a common scale 0.0 to 
1.0 using suitable membership functions, like “large water 
table depth” or “high Cl concentration”. Now, we can 
combine these data by constructing a new combining 
attribute (Fig. 3), namely the joint degree of land suitability 
for a specified utilization (in this case, as a waste disposal 
site). Different logical and arithmetical operators can be 
used for the construction of such a combining attribute. 
Arithmetical operators (like the sum operator)  can be 
weighted and that makes them particularly useful to express 
the degree of importance of a particular parameter. The 
distribution of weights is subjectively determined by a 
domain expert. In our example we combined the four land 
characteristics by means of a weighted sum operator and the 
“and”- operator using the Fuzzy Evaluation and Kriging 
System FUZZEKS developed at the University of Kiel (Fig. 
3) [2]. 

 

 
  
Figure 3: Constructing a combining operator  (the management window of FUZZEKS [2] ). 
 
The calculated values of the joint attribute can be presented 
in the form of isolines using the fuzzy interpolation 
procedure, the so-called fuzzy kriging (Fig. 4). Fuzzy 

kriging is an extension of the conventional kriging procedure 
[1,6]. The application of the conventional methods of spatial 
interpolation is often restricted owing to insufficient amounts 
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of data [11]. If the gathering of new data is too expensive or 
impossible, we can consider the use of additional imprecise 
data subjectively estimated by an expert. The fuzzy kriging 
procedure utilizes exact (crisp) measurement data as well as 
imprecise estimates obtained from an expert. These 
imprecise data can be defined as fuzzy numbers and taken as 
additional input data for the kriging procedure implemented 
in FUZZEKS. To simplify the preparation of the input data 
file a special ASCII-file format was implemented, combining 

both exact (crisp) and fuzzy data (fuzzy numbers) in one 
unified form [2]. Fuzzeks supports a user in the preparation 
of the so-called experimental variogram and in the 
interactive fitting of the crisp theoretical variogram, which is 
a basis for the interpolation procedure, to the fuzzy 
experimental variogram (see the small window left in Fig. 
4). 
 

 

 
 
Figure 4: The presentation of the interpolated values of the joint attribute in the form of isolines (on the right in the main 
window of FUZZEKS,); interactive fitting of a theoretical variogram to an experimental variogram (small window left). 
 
The logical structure of this fuzzy kriging procedure is 
shown in Fig. 5. The zigzag lines mark the stages with fuzzy 
data input in the form of fuzzy numbers. At two stages 
fuzziness is introduced into the calculation. First, fuzziness 
in the input values causes fuzziness in the experimental 
variogram. An expert takes the experimental variogram and 
its fuzziness into account when fitting the crisp theoretical 
variogram. Second, the fuzzy input values are used at the 
final step of kriging. Therefore, the kriging results are also 
fuzzy. 
The main fuzzy kriging estimation is a linear combination of 
the input values and can be calculated using the extension 
principle and the α -cut-representation of fuzzy sets: 

( ) ( ) ( )�
=

=
n

i
ii xZxxZ

1

*
αα δ

        

(4)

  
where: 

    ( )αxZ *   is is the α -cut of the interpolated value 

              ( )xZ *   at the position x, 

    ( )αixZ    are the α -cuts of the input values ( )ixZ , and 

    
( )xiδ       are the crisp minimizing parameters. 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
Fig. 5. Logical structure of fuzzy kriging (zigzag lines 
indicate the fuzziness of data). 
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The kriging estimation (4) formulated by α -cut-
representation of fuzzy sets has been used for the 
implementation of the fuzzy kriging procedure for the Fuzzy 
Kriging and Evaluation System FUZZEKS. 

4 Final remarks 
The fuzzy approach can support users in discovering 
interesting knowledge in uncertain ecological data at 
different stages of this process. The searching for 
representatives of groups of ecological objects by means of 
clustering methods can be very useful not only in numerosity 
reduction but also in dimensionality reduction of the data 
set. Fuzzy clusters of objects without sharp boundaries 
reflect better the continuous nature of ecological features. 
That enables a better interpretation of the data structure. 
Heterogeneous and imprecise ecological data and vague 
expert knowledge can be integrated more effectively using a 
fuzzy approach. The data transformation by means of fuzzy 
sets can be used for this integration. The membership 
functions of fuzzy sets can describe the evaluation criteria 
(e.g. “high clay content”) defined by an expert. The 
construction of a combining attribute in the next step reduces 
the dimensionality and the size of the data set.  
And finally, the intention of the author was to draw the 
reader’s attention to a large field for applications, namely 
ecology. The paper illustrates it briefly using some short 
application examples. The development of the easy to use 
tools (like EcoFucs and FUZZEKS developed at the 
University of Kiel) can be very helpful for the promotion of 
fuzzy methods in ecological applications. 
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��� ��,�.�, ������ ��� ��� �� �� �� �����	 ��� ��1���
�� ��� � ������ � �� � � �� ��� �� � ����� � ��� '� �
.�  ,��.� ���� ������ � ��������� ��� ���������� ���
.�� ������ � ����� ���� '� � � ��� ��� �� �� �� �����
2��� ��� ������� �� � ����� � ����� � �� ���	 �
2����� 	 � � ���� �� ���	 ��� ��� ������� �� � � ��� ���
������ �� � � ��,�.�, ������ /�� ��� � � ��� � �
��2 ����0� � 1��� �� ����� �� ��� ���� � ����	 � 2����� 	
������ ��� 1����� � ��� �� �	 ��� ��� � � � � ���
� � � �� �� � �� � � �� � /��� ��,�.�, ��������� �
��� � �� �����0�

�� �����  � �������� ��� �������	 ��� +�,����� +�
��������� ��� ���� ��������� �� � ��� � ��� .��� ��� �
� �� � � � � � ��� �� �������� �������� �� � � ����
��� � ��� 	� � 
�� ��� ������� � �	 	��� � 
�� �

��� +���������� � ��-��	 ��� � ���� ��� � .��� ���� /�
��������� ������� ��� � � � �� ���� � ���� � ������� �
����� ��� �	��� �� ���

� 2����� *���� �� ��� +�,����� ��������� �������� �
45A7 ��� �� �������� ��� ��������

��!���� � %&'()* ��� �����	���� �����	�	 ���������� ��
�
� ���� ��� � � %������������� ��� �����* �� ��+��� 	� ���
�
�

��� � � � ��
�

��� � � � � �
�� ��� � � �� ����� /50

��� ��  �.�2 �������� ������� ��� �������� �� 2+�
�����������

"��#������ � %&'()* ��� ������������� � � � �� � �� �
�
������	� � � ���� ��� 	�� � � ���� ��� 	
	�� �$���� 	��

���� ����� ���� ��� � �	�� 	�� /:0

���

	� � 	
���� � ��� �� � ���
	� � 	���� � ��� �� � ����

,��������� ��� 	�� ��� �� %'* 	�� �	���+�� �����	������ ��
	�� ��� �� ��� �
� ������	� �	�� ��� �	�� ����� 	�� 	� �
	��
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����� ���� ������ � �������� ��1����� ��� ��� ��������
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� ��*���� �� ��� ��**� �������� ��������� � 4A7 �� ��� �����
�� ����	 ����� �� ��� 2����� *�� ��**� ���������� �� ����
����	 ���� 2����� ���� �������� ���������	 ���2 ��� ���� 
+�,����� ��������� ��

��!���� � %&()* -�� 
 ���� ��� � 	�� �� ���� ��� "� �	�
��	� 
 �� ������� �����	���� %�����	�	* ����������	�� 	� ���
�� ����� �$���� 	� ������ 
 ����� � �� ���� ��	�. ��� 	 �  �
���+������ ��	.
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 ������

����� �� ��� 2+���������� � 45B7 ��� ��  �.�2 ��1����
.�� ���������

��!���� $ -�� �� ���� �� 	�� � �� ���� ��	� �� � � ���� ��.
���� ��� ��������	���� �� 	 �������� 
 ���� ��� � 	� �� �� ���
+��� 	�


 ����� � �
	
���

�

�
�
��� � ���� 
������ /A0

�� 
 ����� � � �	�������� %(* �$����. 
� �	� ��	� 
 �� �����	����
�����	�	 ����������	�� %�������������	�� ��� �����* 	� ���

��� ���� ���� � � � ���������*���� �� ��� �������� ����
���� �������� � /A0 ��� � .�� ������ � 45B7�

%������ � -�� 
 � ��� �� �� � �� ���� ��	� 
��� �
�
����� 
������ ��� �������� 
��� �� �������������	�� �� 	��
��� �� 
���� 	�� 
���� 	�� ����������	�� ��	��	��� �����
����� 	��


 ���� � �	
���
��� ���� �
��� ����� /B0

	���
��� ���� �
��� ������ /<0

��� ��  �.�2 ��1���� .  �� �� ��� � ��� �������� ��
��� ������� ������� ��� '�#��

��!���� & -�� 
 � ��� �� �� � �� �������������	�� 	� �� �
��� ��� "� �	� ��	� 
 �� %�*��������������	�� 	� �� ��

%��* 
 ����� � �
�

�
��
�����

�

�
��
����� /?0

	�� ��	� 
 �� %��*��������������	�� 	� �� ��

%���* 
 ����� � �
�

�
��
�����

�

�
��
������ /D0

'� � �� ��������2 ���� �� �� ��� ��. ��� �.��� ���.���
��� �.� ����� /�0 ��� /�0 � ��1���� B ��� ������

��!���� ' "� �	� ��	� 	 ����� �� ���� �� �� 	� �������	
����� �� 
 �� �� �� 	 ������	 ����� ��� ��� ����� ��������
����
���� � 
����� 
�����

��!���� ( "� �	� ��	� 	 ����� �� ���� �� �� 	 �
�������
����� ��� ��� ����������	����� �� 
 . �� �� 	�� ������������ � ��
�� ����� �$��� ������ �� � �� � �� ���� ��	�
���� �* 	� �� %/* ���� 
��� %0* ���� ��� ��� 	�� 	� �� %0*

���� 	�� %/* ���� ��� ���. ��
���� ��* 	� �� %0* ���� 
��� %/* ���� ��� ��� 	�� 	� �� %/*

���� 	�� %0* ���� ��� ����

=���	  �� �� ������� ���� ��� �.����2 ���� � � �� ��
�������	 ����� '�����	 � �� � � �.����2 ���� ����
��
��� ����� �
��

�
����� � ��
��

�
����� �


��� ����� ��� ��
�
��

�
���� � �
��� ���� ��� ����
�����

� � �� & ��� �	 ���
�  �������	 ����� ��� � �� �.����2 ������

��� �� ���� .��� ����� ���.��� ��� �.� ���������� ��
�������� .�� 2��� � 45B7�

%������ $ -�� 
 ���� ��� � �� 	 �������� 
��� �
�
����� 
������ ��� ���
��� 	�+��	����� 	�� �����	���1
%'* 
 �� 2������������	��
%3* 
 �� �������������	�� 	�� ��� ��� �� �
������� ������ ��

+�����

'� ��� ������ ��  ������ ����� � 1��� ���� ��� ������
�� �.����2 ����� � � �� 1���� ��	 ���� ��. �� .� .  
��� ��� )+����������� �� ������� �� �-��� ��� � ��� 2+�
���������� �� .�� � 1��� ������ �� �.����2 ������

& ������	 ����������	 ��������
'� ��� ������ .� ������� �� ������ �� ��� ��������� �-���
���

�� � 
��� �� 	 ����� � �� />0
.����


 � ��� ��� � �� �

.�� 
��� �� � �
���� ��� 
���� ��� ��� � � �
� � ���� ���	 �� � ���� � �

�
� ��

E� ������� �� � )+����������� � �� �����	 ��� ���� ����
����� ����� �  � ���� ���� ����� ��� �� �.����2 ����� �
���� �� � ���

�� �������� ���� � ��� ��� �� ����� �� �� '�# .�� �������
� 45B7� 
�� �� ������� ����� �� � � �� � � ���� ��  .��
������ �� ��� ����� ��
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%������ & -�� �� � ���� �� � �� � ����� ��. �� � � ����
�����	 	�� 
 � �� � � �� ����������. ��������	 %����. � ����
�����	 ������	 ����� 
��� �� 	 ��������	 ������	*� �� 
 �	����
+�� ��� -�������� �����������
��� ��� 
��� ��� � � ����� ��.
	��� ��� ��� �� � �� ���� ��� ������	 �������

�� � 
��� ��
����� � ��

�	� �
� ������ �������� ��� ��� � ���� ��� ��� ����� �� 	��
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&�������2 ��� ������ ���� ���
�� � 
��� ��
����� � ��

/@0

.� ��� �
����� ��� ��� � 
���� ��
����� ��� ��� � 
���� ��

/560

.�� �� � �� ��1��� �� � ������ �� ���
=��  �	 .� ����� �.� ��������!
C�#/�0! ������ � ������F ��� ��������� �-������ ��������	����


������ � ����� ������ ������
������ � ����� ������ ������
����
������ � ���
������ � ���

/550

��� � �� ������� �� � �� �� ��� �� ������� �� � �� ��	
��� �.� �-������ ��� �����������

C�#/�0! ������ � ������F ��� ��������� �-������ ��������	����

������ � ����� ������ ������
������ � ����� ������ ������
����
������ � ���
������ � ���

/5:0

��� � �� ������� �� � �� �� ��� �� ������� �� � �� ��	
��� �.� �-������ ��� �����������

9�. .� ������� � ���������*���� ���� � ������� � 45B7!

%������ ' -���� � ���� ����������� ��. �� � � ��������
�	 	�� 
 � �� � � �� ��������	 	�� ����������� �� 
 �	����
+�� ��� -�������� �����������
��� ��� 
��� ��� � � ����� ��.
	��� ��� ��� �� � �� ���� ��� ������	 �������

�� � 
��� ��
����� � ��

/5A0

�� �����	��� �� ��� ����� �� ��� �� � %''* 	�� %'3* �� ����
������	 ���� �� � ��� ����. �� �����	���. 
� �������	�� ��	�
� � ���� ��� � ���� �� � ��� � �� 	 ������� �� '( �� 	�� ���
�� ���� ��� � ���� �� � �� � �

� �� 	 ������� �� ��� �� ���
������� %''* �� %'3*�

)����� � "� �	� 
���� ��� �� %'(* �� ����� �� ��� ��������
���������	����� �� �. �� 	�� 
��� ��� -�� � � ���� ��. �� �
����� ���. 
��� �� � � �
��� ��� 
��� ��4 ���� �� � ����� �����
	�� %'(* ������� ���	��


��� � �
��� ��
���� � 
��� �������� � ���
����� � ��4

/5B0

���� ��������� 	 ������ �� ����������	 	����	�� ���	�����
%�5 �* 	�� �	� �� ��������	��� �� ��� ��� �� ��� �����������
��� �������

�  ��� �������2 ���� �� �� � ��� 2����� ������ ��� ���
�������� �� ����� � ���� ������ �� ������ ����������	
��� ������ ��������� �� ��� ��� ��� �������� �� ��� ����

��� �� ��� ���� ��� .�� �� � �� � ��
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� ��	 � ��� ����	 � ���� ��������2 ���� � ���� 4B7 ��������
����� ����� �� ��������� �� ������ '� ��� ��  �.�2� .�
����� ��� � ������ ��*���� �� ��� ���� � �� &�� ���&��� ���
3�����= ����� 9��� � .� ����!

%������ ( &6) -�� 
��� �� �� 	 ��������� �������� 
��� ���
����� �� � � � 	�� �� �� � � ��������	 ������	�
	* �� 
��� �� �� ��� ������	 �$������� �� 
 	�� 
 �� 	� ���

���	���� ��������. ���� ��� ������� �� �	�� %	* �� %'/* 	��
��� 	��	��	�� ��� �� ��� ����������	 �������� �� � 
��� ���
����� � �� �������� �� ���� ������	 ���� �� � ���
�* �� 
��� �� �� ��� ������	 �$������� �� 
 	�� 
 �� 	 ���

���	���� ��������. ���� ��� ������� �� �	�� %�* �� %'7* 	��
��� 	��	��	�� ��� �� ��� ����������	 �������� �� � 
��� ���
����� � �� �������� �� ���� ������	 ���� �� � ���

' 
�	���� ������� ��� ������	 ����������	
��������

=��� ��� ���� �� ��� �������� �� ������� �������	 ��� �����
�� ��������� �-����� ������� ��������� � ��� ����� ����
��� ������ .�� ��� ������� �� � ��������� �� ����� '�
� � ��������	 ��. �������� �� ���� ������ ���������� �
������� �������� '� � �� ���� /�� � � ���� ���� ��� �����
��������0 �� ��������� �� ����� ��� .� �� ���� � ��� ����
���� ���� ��� �� ����� ��� �������� �� ������ �� �����
��� �� �� �������2� .��� .� ������ ��� �� ����� .�� ����
�1� ���������  ,� ��2�	 ������	 � ���� ������	 ���������
��  � ���� �	 ���� � ��	 � ��� �� ���� ����� .��� .� ����
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Abstract—This paper aims at applying a fuzzy arithmetic of 

intervals calculus and fuzzy quantities to automatic control. This 

one called ϕ–calculus fuzzy arithmetic is more practical than the 

extension principle one and �-cut based methods. It comes from a 

different representation of fuzzy numbers. The present paper 

follows up work in introducing. The present paper is interested in 

its use for a fuzzy internal model control scheme based. 

Keywords— Fuzzy arithmetic, fuzzy model inversion, fuzzy 

number, weighted fuzzy fusion, model based control.   

1 Introduction 
The fuzzy set theory elaborated by L.A. Zadeh [1] has been 

shown to be used in the characterization of fuzziness and/or 

uncertainty using a coherent mathematical model. Various 

applications came at hand, in particular in the fuzzy control 

area [2, 3]. The uncertain calculus was undergoing quite a 

boom these last years. Several works exhibit interesting 

results, often referring to intervals theory [4, 5] or arithmetic 

based on fuzzy numbers such as Triangular or Trapezoidal 

Fuzzy Numbers [6, 7]. In the fuzzy arithmetic case, the 

different approaches are generally based either on Zadeh’s 

extension principle [1, 6], either on fuzzy relation [8], or 

finally use the �-cuts [9]. However, no general approach 

allowing common arithmetic operations to be used on fuzzy 

numbers is available. This work proposes the use of a so-

called �–calculus fuzzy arithmetic based on a “different” 

modeling of fuzzy numbers [10, 11]. For this algebra, the 

modeling of fuzzy numbers is considered through the 

distribution function instead of the classical membership 

function. The first part presents some generalities on this �–

calculus arithmetic.  

 

One of the main interests of this algebra is to provide some 

nice properties for what is called “exact calculus” with fuzzy 

numbers. These properties can be used in order to invert a 

fuzzy model. Therefore, the second part presents a possible 

application in control to fuzzy internal model control 

scheme. 

2 Fuzzy arithmetic: �-calculus 
In the literature, many modeling approaches of imprecision, 

which is involved in many applications and domains, use 

fuzzy numbers and fuzzy arithmetic. In many works, the 

methods have led to the development of various membership 

functions for representing fuzzy numbers. Fuzzy numbers are 

often represented in applications by LR fuzzy sets and in 

particular, triangular and trapezoidal fuzzy sets. There exist 

two approaches for fuzzy arithmetic, on one hand the 

Zadeh’s extension principle, on the other hand, the alpha-

cuts and intervals arithmetic. Our works concern the first 

case, using a new modeling for fuzzy numbers [11], and it 

allows including a large part of the results existing in the 

domain of arithmetic [4, 6, 8, 12]. 

 

2.1 Fuzzy numbers modeling 

Usually, a fuzzy number is modeled by its membership 

function 
aµ �  not null on a bounded set ( )Supp a ⊂� � . For 

example, a triangular fuzzy number (TFN) a�  can be 

represented by the shorthand symbol ( ), ,b m c  with ( ) 1a xµ =�  

for x m=  (mode) and the kernel defined by the interval 

[ ],m b m c− + . 

 

Herein, instead of the classical membership function, the 

modeling used for the representation of fuzzy numbers is 

based on the distribution function a
ϕ�  defined by the 

following expression: 

           ( )
( )

( )

x

a

a

a

t dt

x

t dt

µ

ϕ

µ

−∞

+∞

−∞

⋅

=

⋅

�

�
�  (1) 

 

Convergence of ( )a t dtµ
+∞

−∞

⋅�  (finite cardinality of a� ) is 

assumed by considering only membership functions on a 

compact support I ⊂ � . Thus, the major interest is that the 

distribution function for all fuzzy number a�  is always an 

increasing monotone function, from ( )Supp a�  to [ ]0,1 . Thus, 

an inverse function 
1

a
ϕ−
�  from [ ]0,1  to [ ]( ) ,Supp a a a=�  can 

always be defined and its definition is very important for the 

operations. The set of fuzzy numbers represented by a 

distribution function is noted Φ . 

 

It should be noticed that the distribution function for a 

singleton is also a singleton and the one for an interval is a 

line between its bounds. 
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2.2 Fuzzy realization and extension 

Similarly to defuzzification and fuzzification concepts, it is 

necessary to define a relation between a crisp value and a 

fuzzy number. Therefore, an application from Φ  to � , 

which associates a crisp number to a fuzzy number, is called 

fuzzy realization. Conversely, an application from �  to Φ  

is called fuzzy extension. 

 

The choice of a realization depends obviously on the 

application. The most frequently encountered are: 

- The median realisation noted ( )med
R a� , it associates to 

a distribution function 
a

ϕ �  the number 
0

a  such as 

( )0
0.5

a
aϕ =� . Through this median realization, the 

following equivalence relation ℜ  in Φ  can be 

defined: the set of the functions 
a

ϕ �  such as 

( )0
0.5

a
aϕ =�  defines the class of equivalence of 

0
a ∈� . Every element of this class will be called 

“fuzzy 
0

a ”, and denoted  
0

a� .  

- The modal realisation noted ( )mod
R a�  is defined as: 

( ) ( ) ( )0 mod 0
1

a a
x a

a R a a Max xϕ µ
∈

= ⇔ = =� �� �� ��
� .  

- The mean realization noted ( )mean
R a�  is defined as: 

( ) ( )
1

1

0

0

.mean aa R a y dyϕ −= = � �� . 

2.3 arithmetic operations 

Consider two fuzzy numbers a�  and b�  using their 

distribution 
a

ϕ �  and 
b

ϕ � . For a fuzzy number a�  whose 

support includes 0 let us also define its “negative” 
a

ϕ �  and 

“positive” 
a

ϕ �  parts as 
a a a

ϕ ϕ ϕ= +� � �  with: 

( ) ( )

0 if 

if [ ,0]

1 if 0

a a

x a

x x x a

x

ϕ ϕ

<�
�

= ∈�
� >	

� � ,        (2) 

( ) ( )

0 if 0

if [0, ]

1 if 

aa

x

x x x a

x a

ϕ ϕ

<�
�

= ∈�
� >	

��         (3) 

 

The classical arithmetic operations on fuzzy numbers 

(addition a b+ �� , pseudo-opposite a− � , subtraction a b− �� , 

multiplication a b× �� , pseudo-inverse only for a non mixed-

type fuzzy number 1
1b b

− =� �  and division a b��  ) are defined 

hereinafter [9].  

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

1

1

1 1 1

1 1 1

1 1 1

1 1

1

1 1

aa b b

a a

aa b b

a b a b a b

aa

a b a b

x x x

x x x

x x x

x x x

x x x

x x

ϕ ϕ ϕ

ϕ ϕ

ϕ ϕ ϕ

ϕ ϕ ϕ

ϕ ϕ

ϕ ϕ

−

−

− − −

+

−

− − −

− −

− − −

× × ×

∗

− −

×

= +

= − − ∀ ∈

= +

= +

= − ∀ ∈

=

� ���

� �

� ���

� � �� � �

��

� �� �

�

�

       (4) 

with 1 1 1 1 1min ,
a aa b bb

ϕ ϕ ϕ ϕ ϕ− − − − −

×
� �= × ×� �� �� � ��  and 

1 1 1 1 1max ,
a aba b b

ϕ ϕ ϕ ϕ ϕ− − − − −

×
� �= × ×� ���� � ��

.
 

 

Let us notice that these four classical operations are 

compatible with the Moore’s interval operations. 

 

2.4 Weighted fuzzy fusion operator 

This part deals with a fusion operator introduced within the 

framework of this Φ -calculus algebra. This operator is 

called the weighted fuzzy fusion (WFF) [13] and is useful for 

the next sections. 

 

Consider two fuzzy numbers ,a b ∈ Φ��  and their distribution 

[ ], : 0,1
a b

x yϕ ϕ ∈ → ∈�� � . The weighted fuzzy fusion 

(WFF) of the two fuzzy numbers is defined as: 

           ( )
( ) ( )

,   
a a b b

WFF

a b

p x p x
x x

p p

ϕ ϕ
ϕ

⋅ + ⋅
= ∀ ∈

+

� �� �

��

�   (5) 

 with ,
a b

p p ∈�� �  and 1
a b

p p+ =�� . 

 

3 Internal model control 

3.1 Principle of the structure 

As with any open-loop control scheme, the internal model 

control (IMC) structure applies only on stable systems with a 

minimum phase behavior, according to Fig. 1.  

 

�������
G

����	

m
G


�����		��

C

�	���

F

�����
sp

y u y

m
y

py

�

�

�

�

�

d

�

 
 

Figure 1: Internal model control scheme. 

The filter F  is introduced in order to filter out the 

measurement noise and to introduce some robustness in the 

loop. Its static gain is 1 . Classically for linear models, it can 

be shown that the output equation 
k

y  (Fig. 1) is given by: 

          ( ) ( )1 1

kk FB sp yd ky F q y S q d
− −= ⋅ + ⋅  (6) 

 

with: 

( )
( ) ( )

( ) ( ) ( ) ( )

1 1

1

1 1 1 11
FB

m

G q C q
F q

C q F q G q G q

− −

−

− − − −
=

� �+ −� �
 

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1

1

1 1 1 1

1

1

m

yd

m

G q C q F q
S q

C q F q G q G q

− − −

−

− − − −

−
=

� �+ −� �
 

 

and the control law equation is given by: 
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( )

( ) ( ) ( )
( )( )

1

1

1 1 11
kk c k

m

C q
u y F q y

C q F q G q

−

−

− − −
= −

−
 (7) 

 

The minimum purpose of the internal model structure is to 

guarantee closed-loop stability and disturbance rejection, i.e. 

( )1 1
FB

F =  and ( )1 0
yd

S = . 

 

Recall also that the internal model control performs a kind of 

model simplification. Therefore its extension to fuzzy 

internal control needs the definition of an inverse model. The 

next part treats this issue.  

 

3.2 Model inversion 

 

Let us consider a stable time-invariant controllable SISO 

linear process model whose mathematical description is 

given in the form of recurrent equation: 

          ( )
1

N

k i k i i k i

i

y a y b u− −
=

= − ⋅ + ⋅
  (8) 

where 
k

y  and 
k

u  correspond to the process output and input 

at sample k , { }, , 1, ,
i i

a b i N∈ � , denote the model 

parameters. 

Suppose now that these parameters are fuzzy numbers, 

{ }, , 1, ,
i i

a b i N∈�� �  leading to: 

          ( )
1

N

k i k i i k i

i

y a y b u− −
=

= − ⋅ + ⋅
 ��  (9) 

For model inversion, the following question arises [14]:  

knowing the description of uncertainties for the model, is 

it possible to synthesize a controller, based on the inverse 

model, able to maintain the model output within a tolerance 

envelope around the exact trajectory 
sp

y ?  

Which means: 

          Model output ,sp spy y� �∈ − ∆ + ∆� �  (10) 

where ∆  is the accepted tolerance around the nominal 

trajectory. 

To answer to this question, this work will use an approach 

developed in [14]. Notice that the “fuzzy” part of the 

uncertainties is not really taken into account, i.e. this 

problem could be solved using interval techniques, for 

example [15, 16, 17]. Nevertheless, the arithmetic provided 

therein gives an “easy” way to solve non exact calculus by 

means of probability distribution. 

To compute the control law 
k

u  at sample k , the terms 

defined at previous samples { }1
, 1, ,

k
y i N− = �  and 

{ }1
, 1, ,

k
u i N− = �  are known. As 

1
0b ≠ , equation (6) can 

be rewritten as: 

     ( ) ( )1 1 1

1 21

1 N N

k k i k i i k i

i i

u y a y b u
b

+ − + − +

= =

� �
= + ⋅ − ⋅ �

� �

 
  (11) 

Or, considering the unknown term at sample k , 
1k

y + , 

expression (9) can be rewritten as follow: 

        ( )( )( )1

1

1
k ku y z k

b
ψ+= +  (12) 

with  

( )( ) 1 1

1 2

N N

i k i i k i

i i

z k a y b uψ − + − +
= =

= ⋅ − ⋅
 
  and 

( ) [ ] 2 1

1 1 1

T N

k k N k k N
z k y y u u −

− + − − += ∈� � � . 

For a linear model without time delay, if 
1k

y +  is replaced 

with the desired reference trajectory the ideal result is: 

1 kk spy y+ = . Therefore, with a perfect compensation, the 

model output follows the desired trajectory with a pure time 

delay corresponding to one sample. 

Going back to the question (cf. (10)), we want to guarantee 

that 1 1 1,k k ky y y+ + +
� �∈ � � . With equations (11)  and (12), for a 

fuzzy model (9), we have straightforwardly: 

       ( )( )( )1

1

1
k ku y z k

b
ψ+= + �� � ��           (13) 

( )( ) 1 1

1 2

N N

i k i i k i

i i

z k a y b uψ − + − +
= =

= ⋅ − ⋅
 
 �� � � ��  and 

( ) [ ] 2 1

1 1 1

T N

k k N k k N
z k y y u u −

− + − − += ∈� � � �� � � � . 

Equation (13) gives a model inversion description using 

fuzzy numbers. The term 
1k

y +
�  is replaced with a desired 

trajectory defined by a fuzzy number 
kspy�  to obtain a causal 

control law. For example, if 
kspy�  is a triangular fuzzy 

number (TFN) written as:  

       ( ), ,
ksp sp sp spy triple y y y= − ∆ + ∆�        (14) 

the control law is: 

       ( )( )( )
1

1
kk spu y z k

b
ψ= + �� � ��           (15) 

( )( ) 1 1

1 2
k

N N

i sp i i k i

i i

z k a y b uψ − + − +
= =

= ⋅ − ⋅
 
 �� � � ��  and 

( ) 2 1

1 1 1k k

T
N

sp sp N k k Nz k y y u u
−

− + − − +
� �= ∈� �� � � �� � � � . 

Of course, the vector ( )z k�  depends on the control part 

meaning that all 
i

y�  are replaced with desired set point 
ispy�  

which corresponds to the schematic diagram of Fig. 2. 

 

M�1
M

−�
ksp

y�
ku� k

y�

 
 

Figure 2: Fuzzy model inversion. 

Naturally, perfect cancellation, i.e. 1 kk spy y+ =� �  is not 

possible. Moreover using arithmetic of fuzzy numbers, or 

intervals or ϕ–calculus will introduce over-estimations. To 

illustrate this important point, an example issued from [14] is 

discussed hereinafter.  

Let us consider the second-order: 

       1 1 2 2 1 1 2 2k k k k k
y a y a y b u b u− − − −= − ⋅ − ⋅ + ⋅ + ⋅� �� � � � � � �     (16) 

 where 1a� , 2a� , 1b�  and 2b�  are fuzzy numbers defined as: 
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( )

( )

( )

( )

1

2

1

2

0.6, 0.55, 0.5

0.05, 0.1, 0.15

0.6, 0.625, 0.65

0.15, 0.2, 0.25

a triple

a triple

b triple

b triple

= − − −

=

=

=

�

�
�

�

        (17) 

The desired trajectory is: 

       
2 2

0.5 sin sin
50 75ksp

k k
y

π π� �� � � �
= ⋅ + � �  �

� � � �� �
      (18) 

and 
kspy�  is chosen as 

       ( )1, , 1
k k k ksp sp sp sp

y triple y y y= − +�        (19) 

Using (15), the evolutions of the set point 
kspy�  envelopes 

(minimum 
kspy  and maximum 

kspy  of ( )
ksp

Supp y� ) and the 

output model 
k

y�  envelopes are illustrated in Fig. 3. 

Obviously, like interval calculus or α-cut fuzzy arithmetic, it 

clearly appears that the ϕ–calculus arithmetic generates 

overestimated results. 

 
 

Figure 3: Set point 
kspy�  and output model 

k
y�  envelopes. 

We claim that this overestimation is not justified in such 

cases. Therefore, we need to introduce some extra 

constraints in order to take into account some knowledge and 

to reduce the pessimism of the results. 

 

3.3  “Exact” inverse computation 

Equation (15) corresponds to resolution of a fuzzy affine 

equation: 

       b x a y× + =� � � �               (20) 

The idea developed in [15] is to exactly solve this equation 

according to the two following steps.  

Step1: Solve (20) with respect to d b x= ×� � � . 

The objective is to compute an “acceptable” solution d�  of 

the equation d a y+ =� � � ; i.e. the solution being exact when 

possible and approximated otherwise.  

Notice that the exact solution can always be computed 

according to the arithmetic used: 

       ( ) ( ) ( )1 1 1

y ad
u u uϕ ϕ ϕ− − −= −� � �           (21) 

The problem arises when the result ( )1

d
uϕ −

�  is not an 

increasing function, resulting to d ∉ Φ� . Nevertheless we can 

provide an approximate solution to the problem 
app

d ∈ Φ� . 

The fact of proposing an alternative to exact calculus is the 

key idea. Contrary to what generally authors accept, i.e. no 

solution for interval arithmetic or α-cut fuzzy arithmetic 

cases [14], we provide an approximate solution based on the 

initial ( )1

d
uϕ −

� . 

For that purpose, we propose to use the weighted fuzzy 

fusion (WFF) operator on the set of pairs ( )( )1
,i id

u uϕ −
� , 

{ }1, ,i N∈ � . It results in a re-ordering of the pairs that 

constructs an increasing function 
app

d� , thus 
app

d ∈ Φ�  is a 

feasible solution to the problem. 

Step2: Finding a solution to equation d b x= ×� � �  with 

( )0 Supp b∉ � . If 0b >�  and 0d >� , the exact calculus uses a 

point by point division: 

       ( ) ( ) ( )1 1 1

x d b
u u uϕ ϕ ϕ− − −= � ��           (22) 

In the general case, we use a “positive-negative” 

decomposition (see section 2.3) for d�  and x� . We define: 

       
( ) ( ) ( )

( ) ( ) ( )

1 1 1

1 1 1

d d d

x x x

u u u

u u u

ϕ ϕ ϕ

ϕ ϕ ϕ

− +

− +

− − −

− − −

� = +�
�

= +�	

� � �

� � �

         (23) 

with ( )1

d
uϕ

−

−
� , ( )1

d
uϕ

+

−
� , ( )1

x uϕ
−

−
�  and ( )1

x uϕ
+

−
�  defined 

equations (3) and (4). At last, the exact solution is given by: 

       

( )( )

( ) ( ) ( )( )
( )

, ,
0,

, ,
0,

x d b x d b
if b

x x x

x d b x d b
if b

x x x

+ + − −

+ −

+ + − −

+ −

� � = = − −�� > �
� = +�	�
�

� = − = − − −� �
<� �

� = − +�		

� � � �� ��
� � �

� � � �� ��
� � �

 (24) 

Once again the problem arises when the result ( )1

x
uϕ −

�  is not 

an increasing function, resulting to x ∉ Φ� . Therefore 

approximate solution to the problem 
app

x ∈ Φ�  is generated in 

the same way using the WFF operator on the set of pairs 

( )( )1
,x i iu uϕ −

� , { }1, ,i N∈ � . 

Consider an example to illustrate this second step with the 

fuzzy numbers ( )1, 2, 2b triple=�  and ( )3, 3, 4d triple=� . As 

shown Fig. 4(a), the exact solution x ∉ Φ� , i.e. 1

x
ϕ −
�  is not a 

monotone increasing function. Using the weighted fuzzy 

fusion (WFF) operator, an approximate solution 
app

x�  is 

generated by re-ordering 1

x
ϕ −
� . Fig. 4(b) shows the 

comparison between d�  and 
app

b x×� � . In a sense, the 

difference between these two fuzzy numbers exhibits the 

pessimism induced by the method when no exact solution in 

Φ  is available. This pessimism can be shown comparing the 

supports of the numbers: 

( ) [ ] ( ) [ ]3, 4 1.87, 6
app

Supp d Supp b x= ⊂ × =� � � .  

ky  

k
y  

kcy  

kcy  

 samples 
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The next example demonstrates very clearly the interest of 

the complete algorithm used to find solutions to the problem 

b x a y× + =� � � � . Consider again the inverse model of section 

3.2 with the fuzzy numbers (17) and the desired trajectory 

(18), (19). Fig. 5 shows the same trial as for Fig. 3. For this 

test, we obtain the result considering, i.e. 1 kk spy y+ =� � . This 

result indicates that an “exact solution” has been found at 

each time k . 

 
     a) « Exact » result                b) ϕ–calculus result 

Figure 4: Results with the numbers b�  and d� . 

 
 

Figure 5: Set point 
kspy�  and output model 

k
y�  envelopes. 

In order to show the interest of the method, we will change 

the constraints level. To do so, the values of model 

uncertainties (17) are increased in order to deal with cases 

where an exact inversion is not always possible. New bounds 

for the fuzzy numbers (17) are defined. They correspond to 

the greatest possible values with pole-zero assignment 

located inside the unit circle – for evident stability purpose. 

Moreover, the fuzzy numbers are not more symmetric and 

correspond to: 

       

( )

( )

( )

( )

1

2

1

2

0.825, 0.4, 0.3

0.175, 0.25, 0.95

0.415, 0.625, 0.835

0.01, 0.2, 0.41

a triple

a triple

b triple

b triple

= − −

= −

=

= −

�

�
�

�

       (25) 

Fig. 6 repeats the same trial with the desired trajectory (18), 

(19). The figure exhibits that an exact simplification, i.e. 

1 kk spy y+ ≠� �  is not always possible. Contrary to have no 

solution in such cases, the proposed approximate solutions 

seem perfectly adapted. 

With the help of this inverse model control strategy based on 

constraints, justified in the control framework, it is now 

possible to consider a fuzzy internal model control. 

 

 

 
 

Figure 6: Set point 
kspy�  and output model 

k
y�  envelopes. 

 

3.4 Fuzzy internal model control 

From Fig. 6 showing IMC scheme and different equations 

(6) and (7), it is possible to define several solutions.  

 

First solution: Let ( ) ( )1 1r

m mG q q G q
− − + −= , ( )1

mG q
+ −

 

corresponds to function with an inverse (exactly proper and 

stable). We chose ( )
( )

1

1

1

m

C q
G q

−

+ −
=  and propose the 

equivalent model given Fig. 7. 

Σ

������

F

kspy k
u

k
y

� �

�

d

�
1M −�

rq−

�

�
Fref

M

 
 

Figure 7: IMC1, equivalent scheme. 

Indeed, equation (7) can be rewritten as follow: 

 

      
( ) ( )( )

( )( )1

1 1

1

1
kk c kr

m

u y F q y
G q q F q

−

+ − − −
= −

− ⋅
 (26) 

 

By analogy, we have the fuzzy inverse model ( )
1

1

m
G q

−
+ −� �� �
�  
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3.5 Example 

Consider a nominal second-order transfer function: 
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and the following definition for the fuzzy numbers: 

       

( )

( )

( )

( )

1

2

1

2

1.574, 1.573, 1.497

0.602, 0.603, 0.652

0.013, 0.023, 0.033

0.01, 0.02, 0.03

a triple

a triple

b triple

b triple

= − − −

=

=

=

�

�
�

�

      (28) 

The control structure used is the IMC1 Fig. 7 with a 

reference model defined as: 
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1 21
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B q q q
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Fig. 8 shows the results for different set points. The first set-

point leads to results around the nominal model (27) 

(represented by the value 2). Secondly, two successive 

variations are made (set-point value of 3 and set-point value 

of 4), lastly a return to nominal position. 

During both successive changes the model is changed in 

order to reach the bounds on 
1

a�  and 
2

b� . Two disturbances 

have been also added at samples 900 and 2300. The 

responses show a good robustness according to the 

parametric variations of the model.  

This work presents a first possible track to use fuzzy 

arithmetic for control purpose. Next steps would be to prove 

stability and evaluate the robustness of these approaches. We 

can think to several possibilities including Lyapunov 

approach that are insightfully used for Takagi-Sugeno 

models [18] or Kharitonov polynomials [19]. 

 
 

Figure 8: IMC1 results. 

4 Conclusions 
This paper attempts to show possible applications of the ϕ–

calculus arithmetic for automatic control. As a first step, a 

new characterization of fuzzy numbers by the distribution 

function instead of the classical membership function has 

been presented. For this algebra, it is possible to use a set of 

arithmetic operators (addition, opposite and subtraction, 

multiplication, inverse and quotient) compatible with the 

classical algebra by using the median realization, or the 

Moore’s calculus by using the fuzzy number support. A 

procedure allowing an “exact” calculus of an inverse model 

was proposed on the basis of ϕ–calculus. This approach was 

successfully implemented on internal model control 

structures.  

Thus, the application of ϕ–calculus arithmetic to the stability 

of system seems to open some new prospects for other basic 

concepts (observation, stabilization…). 
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Abstract— The definitions of the number of fuzzy sets and their
proper distribution on their domains are fundamental issues for fuzzy
systems since these basic parameters deeply affect the quality of the
systems results, both in terms of performance rates and interpretabil-
ity. Several methods have been proposed in the literature to define
these parameters, although it is common to find works in which the
number of fuzzy sets is defined empirically, distributing them equally
in the domains. This paper presents a fast and easy method to esti-
mate the number of fuzzy sets for each attribute and compares three
methods for the distribution of fuzzy sets. Two of them are non-
supervised methods, using same width and same frequency, the third
one is an adaptation of the 1-R supervised method to discretize at-
tributes. Experiments with 10 datasets for classification problems,
10-fold cross validation, using the Wang & Mendel method, and the
classic and general fuzzy reasoning methods are presented and dis-
cussed.

Keywords— Fuzzy systems, granulation of attributes, Wang &
Mendel method, fuzzy data base generation.

1 Introduction
Fuzzy set theory and fuzzy logic [1] proposed by professor
Loft A. Zadeh are the base for the fuzzy systems. Fuzzy
set theory is used to represent and process information. The
main characteristic of fuzzy sets, contrasting with crisp sets,
is the progressive transition from one set to another. This nat-
ural characteristic of the fuzzy sets provides automatic mech-
anisms to deal with imprecision and uncertainty, which are
inherent to real world knowledge. Moreover, the fuzzy logic
theory prevents the creation of unnatural frontiers in the parti-
tioning of attributes domains [2].

A fundamental issue, due to its direct impact on fuzzy sys-
tems, is the definition of the fuzzy sets that model the linguis-
tic variables of a given domain, both in terms of shape (tri-
angular, trapezoidal, S-function, etc) and partitioning of the
attributes domains (number of fuzzy sets and their distribu-
tion). Unfortunately, there are no general rules or guidelines
for these tasks that suit every domain [3]. In fact, many meth-
ods may have to be tested in order to find the appropriate def-
initions for a given application.

It is also common to find studies in which the definition
of the membership functions is done empirically. In fact, the
Gaussian, trapezoidal and triangular shapes are the most used
in the literature, probably because they produce comparable
results to other shapes and are easily interpretable [4]. Re-
garding the definition of the number of fuzzy sets and their

distribution on the partitions, most of the papers in the litera-
ture use from 2 to 10 fuzzy sets for each attribute, equally dis-
tributed in their domains, i.e., all fuzzy sets have same width.

Another aspect to be considered when defining fuzzy sets is
personal interpretations, which make this task non trivial. For
instance, let us consider a linguistic variable temperature; the
interpretation of the linguist term low temperature is closely
related to the region where one lives (consider a continental
country such as Brazil, for example). Thus, personal interpre-
tations may generate strong variations for the same concept:
since each person may have different and personal interpreta-
tions on the meaning of a concept, it is natural that different
membership functions may be created to define the same con-
cept. This flexibility on the subjective selection of member-
ship functions and, as previously stated, in the distribution of
the fuzzy sets in their partitions shows the robustness of the
fuzzy logic, which is closely related to the inherent character-
istics of fuzzy sets [5].

Although this flexibility exists, the task of defining mem-
bership functions is largely ignored. The choice of the
method, in fact, depends on the particular application and do-
main [6]. While the shape of the fuzzy sets may not present
expressive differences in the results of fuzzy systems, the
number of fuzzy sets and their distribution are relevant pa-
rameters that affect the system in terms of performance and in
terms of interpretability. Thus, this paper presents a fast and
easy method to estimate the number of fuzzy sets, in order to
use this estimated number with more costly approaches, such
as genetic algorithms. This paper also presents experiments
carried out using three distinct methods for the definition of
the distribution of fuzzy sets, in an attempt to provide fur-
ther insight on the task, focusing specifically on classification
problems. One of these methods uses same width distribution
for the fuzzy sets, the second uses same frequency distribu-
tion, and the third takes the classes into consideration in the
process.

This paper is organized as follows: Section 2 reviews meth-
ods for the automatic definition of fuzzy membership func-
tions; Section 3 describes the three methods used in the exper-
iments for the definition of fuzzy sets. Section 4 describes the
heuristic method for the definition of the number of fuzzy sets
proposed here. Section 5 presents the experiments and results,
followed by the conclusions in Section 6.
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2 Methods for the Automatic Definition of
Fuzzy Sets

There is a wide variety of methods applied for the definition
of fuzzy sets, ranging from heuristic methods, genetic algo-
rithms, artificial neural networks, clustering algorithms, the
use of indexes, to the adaptation of classic machine learning
methods, such as the K-NN algorithm. Next, we present some
of these methods. More details on these and on other related
methods can be found in [7] and on the provided references.

Several methods explore the use of special parameters for
the distribution of fuzzy sets. In [2], for example, the authors
use the concept of 2-tuple to define linguistic terms. The 2-
tuple strategy is used to define both, the center of a fuzzy set
(support), and a value for a symbolic translation, which en-
ables the fuzzy sets to be moved sideways, always keeping
the same base width. This symbolic translation of a linguis-
tic term is a number within the interval [−0.5, 0.5). A ge-
netic algorithm is then used to define the best position for the
fuzzy sets. The experiments used a fixed number of triangular
shaped sets.

In [6] and [8] the authors use the Fuzzy C-Means algorithm
for the definition of fuzzy membership functions. In the first
method [6], a modified version of the Xie-Beni index [9] is
used to define the number of clusters and, therefore, the num-
ber of fuzzy sets, for the Fuzzy C-Means algorithm. Once the
number of fuzzy sets is defined, the centers of the sets are ini-
tialized based on two methods, the equalized universe method,
which divides the partition equally by the number of sets, and
the subtractive clustering method, which classifies the points
present in the training data by their number of neighboring
points (thus, a data point will have a high potential value if it
has many neighboring points). After the initialization of the
centers, the Fuzzy C-Means algorithm is employed to search
for the best positions for centers. A hybrid learning algo-
rithm for refining the system parameters based on the ANFIS
method [10] is then presented. The second method [8] pro-
poses the use of a Fuzzy C-Means variant for the generation
of fuzzy term sets with 1/2 overlap. This method uses the mean
squared error criterion to determine the number of fuzzy sets
and the optimal shape of the membership functions associated
with each term.

Genetic algorithms are used to tune the parameters of fuzzy
sets in [11]. The genetic algorithm is used to find membership
functions suitable for mining problems and then uses the final
best set of membership functions to mine fuzzy association
rules. The fitness of each chromosome is evaluated by the
number of large 1-itemsets generated and by the suitability of
the membership functions.

The use of artificial neural networks has also been explored
for the definition of fuzzy membership functions. The authors
in [12] and [13] present an overview of several neuro-fuzzy
methods for the definition of fuzzy sets. These methods, al-
though some present good results, have the problem of tun-
ning parameters for the neural networks, and, in some cases,
might need further tests.

There are also works focusing on the use of special indexes
to generate membership functions. For instance, the concept
of entropy is used in [14] and in [15] to determine membership
functions. In [16] the authors propose a method for the defini-
tion of fuzzy sets based on two indexes, the fuzzy entropy and

the fuzziness index, adopting the S shaped fuzzy set. These
papers focus on image recognition applications. The Kappa
measure was also used. In [17] the authors use the Kappa
measure to calculate the fuzzy Kappa index in order to define
a suitable segmentation of partitions.

Several other approaches can be found in the literature, such
as heuristic methods [18], histograms [3], and even a fuzzy
version of the classic machine learning K- nearest neighbor
algorithm [19].

Although such a variety of methods exist, it is important
to emphasize the fact that many studies define the number
of fuzzy sets empirically, and employ the equalized universe
method [6] to define the distribution of the fuzzy sets, which
simply distributes the sets evenly in the partitions. Regarding
the number of fuzzy sets, most researchers define this variable
empirically using a range usually varying from 2 to 10 fuzzy
sets per attribute. The main reasons why researchers decide to
define such important variables without the aid of any formal
method may include:

• The complexity of the methods available, which may re-
quire more time and effort to be implemented than the
actual application in focus;

• The flexibility of the fuzzy logic for the definition of
fuzzy variables and fuzzy terms, which allows the users
to define their own fuzzy data base, since it will be the
base for the generation of the fuzzy rules, which in turn
will be adjusted to provide a suitable performance;

• The lack of consensus and/or guidelines on which of the
available methods is the best for a given application;

The next section presents the methods used in the experi-
ments conducted for this paper.

3 Evaluated Methods for Fuzzy Sets
Distribution

The three methods tested and compared in this paper are
the equalized universe method, same frequency method, and
an adaptation of the 1-R method for attribute discretization.
These methods are described next.

3.1 Equalized Universe Method

This method uses the same width for each fuzzy set [6]. Figure
1 presents an attribute described by five triangular fuzzy sets
using the equalized universe method. Notice that, usually, the
fuzzy sets at the extremes have half the width of the other
fuzzy sets in the middle of the domain.

Figure 1: Attribute defined by 5 fuzzy sets using the equalized
universe method.

This method is the most widely found in the literature.
Some of the reasons for that may include the fact that it is
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a simple and easy method to use, and that it generates isosce-
les triangles, with 1/2 overlap, so no area of the domain will
have a membership degree inferior to 0.5 [20]. Besides, they
are easy to interpret.

3.2 Same Frequency Method

This method divides the domains of the attributes according
to the frequency distribution of the examples. For our im-
plementation, percentiles [21] were used to find the correct
distribution for the sets. This way, if an attribute is described
by 5 triangular fuzzy sets, the maximum membership degree
for the first fuzzy set will be on the 16.7th percentile, on the
33.3th percentile for the second fuzzy set, on the 50.0th per-
centile for the third one, on the 66.7th percentile for the fourth
one, and on the 83.3th percentile for the last fuzzy set. The
triangles will not have the same base width, on the contrary,
depending on the distribution of the examples, they are likely
to be different. Notice that in the case of many examples with
the same value, two or more fuzzy sets might be defined with
exactly the same middle point. In order to avoid this problem,
if the same example is chosen by two or more different per-
centile values, the neighboring examples of the left and right
are chosen to replace the original value.

Figure 2 shows an attribute represented by 5 fuzzy sets dis-
tributed using the same frequency method, having 20 exam-
ples in the interval [0, 10] (0, 0, 0, 1, 1, 2, 2, 2, 3, 5, 5, 6, 7, 7,
7, 9, 9, 9, 9, 9).

Figure 2: Attribute defined by 5 fuzzy sets using the same
frequency method.

Notice that the fuzzy sets of the laterals are defined beyond
the actual domain values. This strategy was used to avoid leav-
ing any spaces of the domain with maximum membership de-
grees close to zero. The space between the actual beginning
and end of the domain and the vertices of the triangles is cal-
culated as the same space between the middle vertex of the
triangle and the adjacent extremity of the domain.

3.3 1-R Supervised Method

The 1-R method is used for discretization of attributes. It basi-
cally divides the domain of an attribute in n intervals, in rela-
tion to the frequency of the examples, calculates the optimum
class for each interval, and tries to find the best split point us-
ing the class. The original algorithm can be found in [22].
Algorithm 1 presents the adapted version of the 1-R algorithm

used in the experiments.

Input: n = number of examples;
m = number of attributes;
i = number of fuzzy sets describing the attribute;
for a = 1 to m do

Sort the examples by attribute a;
Divide the examples in i intervals;
for b = 1 to i − 1 do

Calculate the optimal(majority) class for the interval;
for c = 1 to interval i − 2 do

for d = index of first example of interval c + 1 to
index of last example of interval c + 1 do

if first example of interval c + 1 belongs to
optimal class of interval c then ;
Adjust intervals so that the first example of
interval c + 1 is transfered to interval c;
else d = index of last example of interval
c + 1;
if d = index of last example of interval c + 1
then Split the examples of interval c between
intervals c and c + 1;

end
end

end
For each interval, create a fuzzy set with core in the middle
of the interval and laterals in the cores of the neighboring
intervals;

end
Algorithm 1: 1-R adapted algoritghm.

The same strategy used for the same frequency method, to
avoid leaving any spaces of the domain with maximum mem-
bership degrees close to zero, was used similarly for the 1-R
adapted method.

Figure 3 shows an attribute represented by 5 fuzzy sets dis-
tributed by the same frequency method, having the following
20 examples (attribute value, class) in the interval [0, 10]: 0,
3; 0, 3; 0, 1; 1, 3; 1, 3; 2, 3; 2, 2; 2, 2; 3, 2; 5, 2; 5, 1; 6, 1; 7,
1; 7, 3; 7, 3; 9, 2; 9, 3; 9, 1; 9, 2; 9, 3.

Figure 3: Attribute defined by 5 fuzzy sets using the 1-R
adapted method.

4 Heuristic Method to Define the Number of
Fuzzy Sets

The approaches used by the recently proposed methods to gen-
erate fuzzy rules usually demand a great computational effort,
such as the genetic algorithms, that can take from minutes to
days to converge to good solutions. Since the definition of the
number of fuzzy sets is an open area of research, it is common
to see researchers using a few different numbers of fuzzy sets
for each attribute in order to validate their methods, usually
ranging from 2 to 10, thus, repeating the complete round of
experiments several times, according to the range of number
of fuzzy sets used. If it were possible to establish an approxi-
mate optimal number of fuzzy sets, the total number of exper-
iments would be greatly reduced. Thus, we propose a heuris-

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

744



tic strategy to define this number using the Wang & Mendel
method [23], which is able to generate fuzzy rule bases from
data examples.

The Wang & Mendel method has been widely used due
to its low complexity (O(m × n), m attributes, n examples)
and the fact that it produces relatively small rule bases with
good classification rates and no conflicting or redundant rules.
However, nowadays it is possible to generate more precise
fuzzy rule bases with even lower number of rules using other
approaches, such as the genetic fuzzy systems or neural net-
works. The heuristic of the proposed method is based on the
assumption that the Wang & Mendel method can be used as an
indicator of the quality of the results that can be achieved by
other methods, when using the same data base, i.e., the same
number, distribution, and shape of fuzzy sets.

Experiments shown in Section 5 were carried out using
from 2 to 10 triangular shaped fuzzy sets defining each at-
tribute of the domains. The idea is to run the experiments
with the Wang & Mendel method before running the experi-
ments with more time consuming approaches, and select the
number of fuzzy sets that produced the best accuracy rates,
or, in case of ties, the smaller number, due to interpretability
reasons. Notice that a tolerance interval may be defined to al-
low the user to select the smaller number of fuzzy sets when a
small difference between the accuracy rates is not significant,
but the difference in the number of fuzzy sets is.

5 Experiments and Results

The experiments were conducted using 10-fold cross valida-
tion on 10 datasets. Table 1 shows a summary of the charac-
teristics of the datasets used in the experiments, presenting the
number of examples in each dataset (# Examples), number of
attributes (# Attribs), number of classes (# Classes), and the
majority class error (MCE).

Table 1: Characteristics of the datasets.
Dataset # Examples # Attribs # Classes MCE
Breast 684 10 3 34.99
Bupa 345 4 2 42.00
Credit 653 15 2 45.33

Diabetes 769 8 2 34.98
Glass 220 9 7 65.45
Heart 270 13 2 44.40
Iris 150 4 3 66.60

Segment 210 19 7 85.72
Vehicle 846 18 4 74.20
Wine 178 13 3 59.70

Two fuzzy reasoning methods, frequently employed in the
fuzzy classification domain, were used, the classic and the
general fuzzy reasoning methods. The classic fuzzy reasoning
method uses the class of the rule with highest compatibility
with an input pattern to classify it. The general fuzzy reason-
ing method, on the other hand, calculates the sum of compat-
ibility degrees for each class and uses the class with highest
sum to classify an input pattern. The accuracy was measured
in terms of correct classification rates.

Table 2 presents the results for the experiments that were
carried out using the classic fuzzy reasoning method. Sets de-
scribes the number of fuzzy sets used for each attribute in the
experiments; EU represents the equalized universe method,
which uses the same width for each fuzzy set, F represents the

method that uses same frequency, and 1-R represents the 1-
R adapted method, which takes the classes into consideration
when distributing the fuzzy sets.

Table 2: Classification rates - classic fuzzy reasoning method.
Sets 2 3 4

Meth. EU F 1-R EU F 1-R EU F 1-R
Bre. 0.96 0.53 0.64 0.96 0.59 0.89 0.95 0.71 0.84
Bupa 0.49 0.46 0.43 0.52 0.51 0.55 0.55 0.53 0.57
Credit 0.54 0.58 0.60 0.54 0.58 0.73 0.53 0.55 0.63
Dia. 0.99 1.00 0.98 0.99 0.99 1.00 1.00 0.98 0.97

Glass 0.41 0.58 0.48 0.49 0.55 0.67 0.55 0.60 0.65
Heart 0.98 0.98 0.93 1.00 1.00 0.97 1.00 0.99 0.98
Iris 0.67 0.43 0.37 0.65 0.91 0.65 0.92 0.93 0.91
Seg. 0.47 0.14 0.26 0.74 0.15 0.54 0.71 0.15 0.50
Vehi. 0.99 0.95 1.00 1.00 0.98 1.00 1.00 0.97 1.00
Wine 0.94 0.99 0.99 0.99 0.98 0.97 1.00 1.00 0.98

Sets 5 6 7
Meth. EU F 1-R EU F 1-R EU F 1-R
Bre. 0.92 0.69 0.76 0.89 0.66 0.71 0.91 0.65 0.70
Bupa 0.56 0.52 0.54 0.55 0.48 0.52 0.55 0.46 0.48
Credit 0.53 0.55 0.58 0.53 0.55 0.56 0.54 0.55 0.56
Dia. 1.00 0.94 0.98 1.00 1.00 0.97 0.99 1.00 0.97

Glass 0.61 0.56 0.61 0.61 0.53 0.57 0.63 0.52 0.55
Heart 1.00 0.98 1.00 1.00 0.97 1.00 0.93 0.95 0.99
Iris 0.91 0.90 0.91 0.87 0.83 0.87 0.93 0.80 0.87
Seg. 0.67 0.15 0.39 0.66 0.14 0.30 0.62 0.15 0.23
Vehi. 0.98 0.95 1.00 0.98 1.00 0.98 0.97 1.00 0.99
Wine 1.00 0.99 0.99 0.99 0.98 0.99 0.99 0.93 1.00

Sets 8 9 10
Meth. EU F 1-R EU F 1-R EU F 1-R
Bre. 0.90 0.63 0.69 0.74 0.63 0.69 0.80 0.61 0.66
Bupa 0.61 0.45 0.42 0.58 0.43 0.42 0.55 0.43 0.45
Credit 0.54 0.55 0.55 0.60 0.55 0.55 0.57 0.55 0.55
Dia. 0.97 0.99 0.95 0.93 0.93 0.89 0.88 0.91 0.89

Glass 0.58 0.51 0.54 0.60 0.50 0.51 0.61 0.50 0.50
Heart 0.92 0.98 0.99 0.91 0.89 0.98 0.91 0.87 0.97
Iris 0.89 0.71 0.76 0.89 0.67 0.72 0.89 0.59 0.68
Seg. 0.54 0.14 0.21 0.53 0.15 0.18 0.45 0.14 0.16
Vehi. 0.95 0.95 0.99 0.94 0.97 0.97 0.93 0.95 0.98
Wine 0.93 0.88 0.95 0.81 0.85 0.93 0.73 0.81 0.91

Table 3 presents the results for the experiments that were
carried out using the general fuzzy reasoning method. Sets
describes the number of fuzzy sets used for each attribute;
EU represents the equalized universe method, F represents the
method that uses same frequency, and 1-R represents the 1-R
adapted method.

Table 4 shows the best estimated number of fuzzy sets, ac-
cording to the proposed method, for the classic and general
fuzzy reasoning methods, using the equalized universe method
(EU), frequency method (F) and 1-R adapted method (1-R).
The suffixes C and G were used to describe the classic and
general fuzzy reasoning methods, respectively. A tolerance
interval of 0.02 was used. Notice that the best classification
rates used to define these values are light-gray shaded in Ta-
bles 2 and 3. The proposed method was able to estimate a
small number of fuzzy sets for most of the datasets.

Figures 4 and 5 present the classification rates (vertical axis)
for the classic and general fuzzy reasoning methods, respec-
tively, for each of the 10 datasets, using from 2 to 10 fuzzy
sets (horizontal axis) to define each of the attributes.

To test whether there is a significant difference among
the methods, the Friedman test [24] was used with the null-
hypothesis that the performance of the three methods, as-
sessed in terms of the error rate, are comparable. As the
null-hypothesis was rejected with a 95% confidence level, the
Bonferroni-Dunn post-hoc test (to detect whether the differ-
ences among the methods are significant) was used [24]. Re-
sults showed that the equalized universe method is signifi-
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Table 3: Classification rates - general fuzzy reasoning method.
Sets 2 3 4

Meth. EU F 1-R EU F 1-R EU F 1-R
Bre. 0.93 0.51 0.83 0.96 0.55 0.89 0.95 0.69 0.82
Bupa 0.57 0.55 0.44 0.53 0.59 0.57 0.55 0.61 0.57
Credit 0.49 0.48 0.53 0.49 0.48 0.65 0.48 0.47 0.51
Dia. 0.99 0.15 0.99 0.99 0.32 0.95 0.97 0.24 0.81

Glass 0.44 0.33 0.51 0.49 0.36 0.61 0.57 0.37 0.59
Heart 0.09 0.19 0.13 0.09 0.15 0.34 0.08 0.08 0.11
Iris 0.69 0.50 0.38 0.70 0.93 0.63 0.97 0.92 0.93
Seg. 0.41 0.14 0.20 0.70 0.15 0.56 0.71 0.16 0.51
Vehi. 0.98 0.44 1.00 0.98 0.44 0.95 0.97 0.28 0.65
Wine 0.93 0.52 0.99 0.89 0.22 0.81 0.73 0.05 0.36

Sets 5 6 7
Meth. EU F 1-R EU F 1-R EU F 1-R
Bre. 0.92 0.67 0.73 0.89 0.66 0.71 0.91 0.65 0.69
Bupa 0.59 0.63 0.61 0.57 0.58 0.62 0.57 0.57 0.63
Credit 0.48 0.46 0.47 0.48 0.46 0.46 0.49 0.45 0.46
Dia. 0.93 0.11 0.51 0.88 0.06 0.25 0.80 0.02 0.11

Glass 0.54 0.27 0.50 0.56 0.25 0.39 0.55 0.17 0.29
Heart 0.06 0.02 0.04 0.05 0.01 0.04 0.04 0.01 0.02
Iris 0.94 0.90 0.91 0.89 0.80 0.84 0.94 0.77 0.83
Seg. 0.70 0.16 0.42 0.70 0.16 0.32 0.63 0.15 0.24
Vehi. 0.93 0.11 0.30 0.79 0.05 0.17 0.69 0.02 0.06
Wine 0.39 0.03 0.12 0.18 0.00 0.02 0.07 0.02 0.00

Sets 8 9 10
Meth. EU F 1-R EU F 1-R EU F 1-R
Bre. 0.90 0.63 0.69 0.74 0.63 0.69 0.80 0.61 0.66
Bupa 0.60 0.60 0.61 0.58 0.59 0.61 0.61 0.60 0.59
Credit 0.48 0.45 0.45 0.57 0.45 0.45 0.50 0.45 0.45
Dia. 0.69 0.01 0.06 0.58 0.00 0.02 0.47 0.01 0.01

Glass 0.51 0.15 0.21 0.53 0.10 0.14 0.52 0.07 0.11
Heart 0.03 0.00 0.01 0.03 0.01 0.00 0.02 0.00 0.00
Iris 0.91 0.73 0.77 0.94 0.69 0.73 0.91 0.57 0.61
Seg. 0.60 0.14 0.21 0.59 0.15 0.18 0.51 0.14 0.17
Vehi. 0.41 0.00 0.02 0.31 0.01 0.01 0.17 0.01 0.01
Wine 0.02 0.01 0.01 0.00 0.01 0.01 0.00 0.00 0.01

Table 4: Best estimated number of fuzzy sets for each dataset.
Method EU - C EU - G F - C F - G 1-R - C 1-R - G
Breast 2 3 4 4 3 3
Bupa 8 5 3 4 3 5
Credit 9 9 2 2 3 3

Diabetes 2 2 2 3 2 2
Glass 5 4 2 3 3 3
Heart 2 2 2 2 4 3
Iris 4 4 3 3 4 4
Seg. 3 3 2 2 3 3

Vehicle 2 2 3 2 2 2
Wine 3 2 2 2 2 2

cantly better than the 1-R method and the frequency method,
with a 95% confidence level. The results of the statistical tests
also showed that the 1-R method performed significantly bet-
ter than the frequency method with a 95% confidence level.

Table 5 shows the average ranks for each of the methods
tested for the classic and general fuzzy reasoning methods.

Table 5: Average ranks.
Methods EU Frequency 1-R
Classic 1.694 2.411 1.894
General 1.350 2.711 1.939

One of the reasons for the good performance of the equal-
ized universe method may be the fact that it generates fuzzy
sets with the same distance amongst them, promoting the cre-
ation of rules that will cover equal areas of the attributes parti-
tions, rather than promoting the creation of fuzzy sets in areas
with a concentration of examples but with less differences re-
garding the classes, which could have a deeper effect on the
classification rates. The 1-R method, since it uses the classes
to adjust the fuzzy sets defining each attribute, should perform

Figure 4: Results for the classic fuzzy reasoning method.

better than the frequency method.

6 Conclusions

In this paper we have tested and compared three different
methods for the definition of fuzzy sets, the equalized universe
method, the frequency method, and an adaptation of the 1-R
supervised method. We have also proposed a heuristic method
to estimate the number of fuzzy sets for each attribute using
the Wang & Mendel method, to be used by other more costly
approaches, able of finding smaller sets of rules with better ac-
curacy. The experiments were carried out with 10 datasets for
classification problems using 10-fold cross validation and the
classic and general fuzzy reasoning methods. Each attribute
of each dataset was defined using from 2 to 10 fuzzy triangu-
lar shaped sets. Statistical methods were carried out in order
to find significant differences among the methods. The results
show that the equalized universe method performed signifi-
cantly better than the frequency and 1-R methods. The results
also showed that the 1-R method performed better than the
frequency method. Regarding the estimation of the number
of fuzzy sets for the attributes, the proposed method provides
support for the researcher to select small intervals of numbers
of fuzzy sets that would be worthwhile using in more costly
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Figure 5: Results for the general fuzzy reasoning method.

approaches, based on the performance of the generated rule
bases.
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Abstract—The pattern recognition literature is replete with the use 
of principal component analysis in the interpretation and analysis of 
data. However, in the specific case of classification, especially of 
biomedical patterns, this pre-processing method, which transforms 
possibly correlated features into a new set of uncorrelated variables, 
must be used with caution since a principal component, which may 
account for significant variance in the data, is not necessarily 
discriminatory. To compensate for this deficiency, we present a novel 
classification method using an adaptive network of fuzzy logic 
connectives to select the most discriminatory principal components. 
We empirically demonstrate the effectiveness of this method using a 
benchmark combination of a conventional classifier and principal 
component analysis. 

Keywords— fuzzy logic network; principal component analysis; 
biomedical data; pattern classification. 

1 Introduction 
Today’s biomedical instrumentation provides the acquisition 
of complex data rich in information content; however, its 
analysis and interpretation is often difficult and requires the 
latest pattern analysis methodologies [1,2,3]. This is 
particularly true for the domain of biomedical pattern 
classification, the prediction by a classifier of the class (for 
example, normal or abnormal) to which a pattern (for 
instance, an infrared spectrum of a biofluid) belongs. This 
prediction is validated against a gold standard, an external 
reference test such as a pathologist’s expert assessment of 
the same biofluid. Although many classifier methods exist 
[4,5,6], the most successful approaches combine them with 
well designed pre-processing techniques, which simplify, in 
some sense, the feature space prior to presentation to a 
classifier, and a sound validation protocol to ensure realistic 
and clinically useful results. 
A standard approach to biomedical pattern classification is 
to use simple linear classifiers coupled with pre-processing 
transformations that create new features (coordinates, 
parameters) ordered by the cumulative variance of the 
original features. A common pairing is linear discriminant 
analysis coupled with principal component analysis. The 
ordering allows for the reduction of the feature space by 
using only the first few components that account for the bulk 
of the data variance. While this combination is often 

successful when used in the classification of patterns, its 
success lies more in the feature reduction aspect rather than 
the exploitation of the data variance. This is because the 
feature variance is not concomitant with the discriminatory 
power of individual features. 
We present a new classification method that uses an 
adaptive network of fuzzy logic connectives that operate on 
the entire set of principal components. This method exploits 
the discriminatory power of any principal component 
regardless of the amount of variance for which it accounts. 
We empirically demonstrate that this method produces 
superior classification performance compared to a 
benchmark using the conventional approach of linear 
discriminant analysis operating on the first few principal 
components of the original feature space. Section 2 presents 
a general discussion on classification including classifier 
validation, principal component analysis, linear discriminant 
analysis, and a recent fuzzy adaptive logic network on which 
the current method is based. Details of our novel approach 
are presented in Section 3. The synthetic and biomedical 
datasets, experiment design, and results are discussed in 
Section 4 followed by some concluding remarks and areas of 
future investigations. 

2 Pattern classification 

2.1 Classifier Validation 
We begin by defining formal pattern classification notation: 
N is the number of patterns (samples, vectors, individuals, or 
cases); n is the number of features (dimensions, attributes, 
coordinates, or measurements); c is the number of classes 
(groups); and X={(xk,�k), k=1,2,…,N} is a set of N labeled 
patterns where xk��n and �k��={1,2,…,c}. A classifier is 
a system that determines a mapping �:X��. If a classifier 
predicts that the class label for pattern xi is �p then: a correct 
classification occurs if �p=�i; otherwise it is considered a 
misclassification. 
Many investigations involving data classification are biased 
as they use the entire dataset to determine the mapping. This 
approach leads to unrealistic classification results that do not 
take into account the possibility of overfitting, wherein the 
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mapping becomes a simple table lookup, between the 
patterns and class labels (that is, it possesses no generalized 
predictive power for new patterns). To compensate for this 
bias, it is essential to perform some type of validation. For 
instance, patterns in X may be randomly allocated to a 
design subset, XD containing ND patterns, or a validation 
subset, XV containing NV patterns (ND+NV=N). Now, a 
mapping is determined using only design patterns, 
�´:XD��, but the classification performance is measured 
using �´with the validation patterns. 
Performance of a classification system is measured using the 
c�c confusion matrix, C, of the desired class labels (as 
determined by an external reference test or “gold standard”) 
versus the predicted class labels (as generated by the 
classifier). If the class prediction for xi is �p then element 
[�p,�i] of C is incremented by one. The conventional 
performance measure is the ratio of correctly classified 
patterns to the total number of patterns, PO=(�inii)/NV (i=1, 
2,…, c), where nij is the number of class i validation patterns 
that are predicted to belong to class j. 
A significant problem with PO occurs when there is a large 
disparity between class sizes. For instance, if a validation set 
has many more patterns in one class than another, the 
classification accuracy relating to the former will outweigh 
any effects from the latter. For instance, a high value for PO 
may occur due to few misclassifications with the larger class 
even though many misclassifications occur with the smaller 
class. This is especially problematic for biomedical patterns 
where it is relatively easy to acquire patterns from “normal” 
samples (tissues, biofluids, and so on) but clinically difficult 
to obtain “abnormal” samples. As a result, it is often better 
to forgo the use of PO for these types of datasets and use the 
class-wise average accuracy, PA 

 1 ( , 1, , )N ii
A Ni

ijj

nP c i j c
n

�� ��
�

�  (1) 

2.2 Principal Component Analysis 
The motivation behind principal component analysis, first 
described by Pearson [7] (with a practical computing method 
described by Hotelling [8]), is to find a set of directions 
(coordinates) that explain as much of the variability of the 
original data as possible. In other words, the principal 
components are a new set of orthogonal linear coordinates 
such that the variances of the original features with respect 
to these derived coordinates are in decreasing orders of 
magnitude [9]. As a result, each principal component is 
uncorrelated with all other principal components (in a 
normal distribution, they are statistically independent). 
Moreover, it can be shown [10] that no other set of m 
coordinates can account for more of the variability in the 
original data than the first m principal components. 
The first principal component, Y1, of the original features x1, 
x2, …, xn, is the linear combination 

 2
1 1 1, 1n n

i i ii i
a x a� �� �Y  (2) 

The constraint on the coefficients is necessary; otherwise the 
variance of Y1 can be increased simply by increasing the 

value of any coefficient. The second principal component, 
Y2, would be computed in a similar fashion to (1). Fig. 1 is a 
plot of some bivariate data and their two principal 
components. It is clear from this figure that an additional 
constraint, orthogonality to the first principal component, is 
required to compute the second principal component, 
otherwise it would simply be driven to the first principal 
component. Orthogonality is ensured by restricting the 
variables of the second principal component to those that are 
uncorrelated with the first principal component. As a result 
of this orthogonality constraint, if there are n features then 
there can be up to n principal components [11]. In fact, if the 
original features are completely uncorrelated, then all n 
principal components must be used to take into account the 
variance in the original features. In this case, principal 
component analysis serves little purpose, with respect to 
pattern classification, since the motivation behind the 
technique is to reduce the dimensionality of the original 
input (feature) space. However, in “real-world” high-
dimensional biomedical patterns, the converse is usually 
true; features are highly correlated and hence only 1�m<<n 
principal components are required to account for all (or 
nearly all) of the variation. 

 
Figure 1: Principal components, Y1 and Y2, for some 

bivariate data. 

Determining the principal components is a straightforward 
process involving the computation of the eigensystem of the 
original data’s covariance matrix, V, whose element vlm is 
the sample covariance between features xl and xm 

 
� 	� 	1

1lm il l im mN
v x x

N
� �
 �


� �  (3) 
where �j is the mean for feature xj (cf. [12] for a derivation 
of the proof). The variances of the principal components are 
the eigenvalues of V, �1�� 2�…��n�0 (the covariance matrix 
is quadratic and hence admits no negative eigenvalues). The 
variance of a principal component, Yi, is �i and its constants 
ai1, ai2, …, ain are the elements of the corresponding 
eigenvector. 
A standard strategy employed in biomedical pattern 
classification is to take the first m principal components 
whose cumulative variance exceeds some pre-defined 
threshold. This reduction is often significant (m<<n): for 
instance in some high-dimensional infrared spectra more 
than 80% of the cumulative variance may be accounted for 
by only the first one or two principal components [13]. 

x1 

x2 

Y2 

Y1 
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While this pre-processing strategy may be effective, it must 
be noted that the components are ordered by maximal 
variance. Unfortunately, this does not necessarily translate 
into maximal discriminatory power [14]. For instance, if the 
method used to acquire values for a particular feature is 
extremely prone to measurement error, then this feature will 
have a high variance. Now, assuming this variance is greater 
than other features, the first principal component will be 
approximately equal to this suspect feature, and hence, this 
principal component will be useless in discriminating 
between classes. Conversely, a highly discriminatory feature 
may have an extremely small variance and hence will not 
contribute to the first few principal components. In 
summary, maximal discriminatory power is not equivalent to 
maximal variance. 
2.3 Linear Discriminant Analysis 
Linear discriminant analysis (LDA) [15] is a standard 
pattern classification strategy that determines linear 
boundaries between c classes while taking into account 
between-class and within-class variances. If the error 
distributions for the classes are the same (identical 
covariance matrices), LDA constructs the optimal linear 
boundary between the classes. In real-world situations, this 
optimality is seldom achieved since different classes 
typically give rise to different distributions. 
LDA assigns a pattern, x, to class i for which the probability 
distribution, pi(x), is greatest. That is, x is allocated to class 
i, if qipi(x)�qjpj(x) (�j=1,2,…,c [j	i]), where qi is the class’ 
prior (or proportional) probability. The discriminant function 
for class i is 
 � 	T 1 1

2( ) logi i i iD q �� � �x W x
 
  (4) 

where �i is the mean for class i and W is the covariance 
matrix of the patterns in X. The feature space hyperplane 
separating class i from j is defined by Fij(x)=Di(x)–Dj(x)=0. 
As a classification system, LDA is often used with the first 
m principal components of a dataset rather than the original 
features. This combination will serve as the classification 
benchmark against which our novel pattern classification 
method will be evaluated. 
2.4 Fuzzy Adaptive Logic Network 
Our novel approach is partly based upon a modification to 
the fuzzy adaptive logic network (cf. [16] for a thorough 
description). This network, which can be used for pattern 
classification, combines two different subsystems within a 
general architecture. A neurocomputing subsystem uses a set 
of perceptrons to construct class boundaries. Through a set 
of weights and respective inputs, a perceptron is defined as 
P(x,w)=f(�iwixi+w0) (f is a sigmoidal transfer function) 
describing an n-dimensional hyperplane. This geometric 
information is presented to the logic processing subsystem 
composed of a layer of fuzzy conjunctions (“and” elements) 
and disjunctions (“or” elements). The intent is to use these 
fuzzy logic connectives to combine the hyperplanes from the 
neurocomputing subsystem to form convex hull-like 
topologies. For instance, a convex region delineated by p 
perceptrons may be represented by the compound logic 

predicate, Q = P1(x,w1) and P2(x,w2) and … and Pp(x,wp), 
which produces values close to one (in other words, 
approaching the crisp notion of true) when all contributing 
predicates are true (that is, the respective perceptrons 
produce high outputs). 
To capture the geometric notion of disjoint regions one may 
take a union (in the fuzzy set theoretic sense) of the 
individual regions described by the Q’s, R = Q1 or Q2 or … 
or Qq. To implement these fuzzy predicates, one uses t-
norms to model the and logic connectives and s-norms to 
model the or logic connectives. A t-norm, , is a function 
[0,1]2�[0,1] that is commutative, symmetric, monotonic, 
and satisfies the boundary conditions xt0=0 and xt1=x, while 
the boundary conditions for the s-norm, �, are xs0=x and 
xs1=1. The fuzzy or and and connectives may now be 
defined as 

 

� 	 � 	
� 	 � 	

;

;
i i i

i i i

OR w x

AND w x

�  �

� � 

x w

x w
 (5) 

where x are the inputs and w are the corresponding 
adjustable weights (connections) confined to the unit 
interval. In the case of OR(x;w), the greater the weight value 
the more relevant the respective input (if all weights are 1, it 
becomes a standard or gate). In the case of AND(x;w), the 
greater the weight value the less relevant the respective input 
(if all weights are 0, it becomes a standard and gate). If we 
restrict ourselves to differentiable t- and s-norms, a gradient 
descent strategy can be used to train a fuzzy adaptive logic 
network (cf. [16] for details). 

3 Fuzzy logic classification network using 
principal components 

Building upon the concepts described in Section 2, we now 
describe a novel pattern classification algorithm, COAP 
(Classification using a fuzzy Or/And network with Principal 
components), a component of which extends the fuzzy logic 
network architecture developed by the authors [17]. There 
are three major steps to the COAP algorithm: (i) apply 
principal component analysis on the original features to find 
all n principal components; (ii) Use a genetic algorithm to 
determine the optimal weights for the fuzzy logic network 
given the principal component values found in (i); (iii) use 
the patterns from the validation subset to assess the 
classification performance using the selected feature regions 
and principal component values. Fig. 2 illustrates the 
architecture of the COAP system. 
Let us now look at each algorithmic step in more detail. 
After applying principal component analysis to the feature 
space, we replace pattern, xi=[x1,x2,…,xn], with its respective 
principal component values, yi=[Y1(xi),Y2(xi),…,Yn(xi)]. 
These principal component values for all design set patterns 
are subsequently presented to the fuzzy logic network 
component. 
COAP’s fuzzy logic network uses the product (x1�x2) and 
probabilistic sum (x1+x2–x1�x2) for the t- and s-norms, 
respectively, with p (user selected) AND connectives and c 
OR connectives. There are two issues with this network that 
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do not exist with the fuzzy adaptive logic network described 
in Section 2.4. First, while output from a perceptron maps 
onto the unit interval (due to the sigmoidal nature of its 
transfer function), which is necessary for input into a fuzzy 
logic AND connective, principal component values map onto 
�. This can be dealt with by rescaling the principal 
component values prior to presentation to the fuzzy logic 
network ((x–min)�(max–min), where min and max are the 
respective minimum and maximum for all principal 
component values). 
The second, more serious, issue is that a gradient descent 
strategy cannot be used to minimize the fuzzy logic network 
error (optimize the weights) since the weight adjustments are 
now based on sets of principal components rather than 
differentiable perceptron output. We deal with this issue by 
using a straightforward implementation of a genetic 
algorithm [18,19,20] to perform the structural optimization 
of the network. While much slower than gradient descent, 
this solution still provides adequate computational 
performance. In this study, we implemented a conventional 
genetic algorithm as described in [21], but other more 
sophisticated genetic algorithm variants could certainly be 
explored. 
As mentioned in Section 2.1, �={1,2,…,c}; however, it is 
often beneficial [13] to use 1-of-c encoding for the class 
labels for iterative classifiers such as artificial neural 
networks or fuzzy logic networks, namely, �={
1,
2,…,
c} 
where, for xi, 
�i=1 and 
�j=0 (��i	�j). Instead of using one 
output element to represent all c classes, we use c output 
elements. 
Finally, all performance results using PA are based on the 
class predictions of COAP using the biomedical patterns 
from the validation subset. That is, the principal component 
values are obtained for the validation patterns and presented 
to the fuzzy logic network component. Subsequently, the 
predictions are compared against the desired class labels (if 
the output element with the maximum value corresponds to 
the desired label’s non-zero component then we have a 
successful classification, otherwise it is a misclassification). 
 

 
Figure 2: General architecture of COAP with the GA 
(genetic algorithm) optimized fuzzy logic network. 

4 Experiments and discussion 

4.1 Synthetic Datasets 
We begin our experiments with the “exclusive or” dataset 
(n=2, c=2, N=4): patterns {{0,0},{1,1}} and {{0,1},{1,0}}; 
and respective principal component values of {{0,0},{1,–
1}} and {{1,0},{0,–1}}. Intuitively, one expects that LDA 
would perform poorly in this case as no hyperplane can act 
as a class boundary to perfectly separate the patterns. Using 
LDA with the principal components, this is actually the case 
with PA=0.5 (one misclassification for each class). [As this is 
a strictly pedagogical experiment, we skip validation.] 
Setting the initial genetic algorithm population to 50, the 
number of iterations to 5, and the number of AND 
connectives to 2, we now get perfect accuracy, PA=1.0. The 
weights for the two AND connectives are {0.95,0.05} and 
{0.0,1.0}. The weights for the two OR connectives are 
{0.53,0.05} and {0.07,0.35}. 
This next dataset is a variant of the exclusive or dataset 
described above (n=10, c=2, N=400, x�[0,1]n). A pattern 
belongs to the first class, if all of its features are identical; 
otherwise it belongs to the second class. Fig. 3 is a plot of 
the first two features of this dataset. The initial genetic 
algorithm population is 100, the number of iterations is 5, 
and the number of AND connectives is 10. In this case, LDA 
with principal components also performed poorly, PA=0.5, 
while COAP produced a higher classification accuracy, 
PA=0.81. 
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Figure 3: Plot of, x1 and x2, for the second synthetic dataset. 

4.2 Biomedical Dataset 
We used a biomedical dataset from the Machine Learning 
Repository at the University of California, Irvine [22]. This 
archive is used to evaluate machine learning algorithms. 
This dataset [23,24] comprises voice measurements acquired 
from two classes of subjects: those with Parkinson’s disease 
(abnormal); and those without (normal). There are N=195 
patterns from one of two classes: Na=48 abnormal patterns; 
Nn=147 normal patterns. The n=22 features include: the 
maximum, minimum, and average fundamental vocal 
frequency (3 features); several measures of variation in 
fundamental frequency (5 features); several measures of 
variation in amplitude (6 features); measures of the ratio of 
noise to tonal components in the voice (2 features); 
nonlinear dynamical complexity measures (2 features); a 
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 Y2
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signal fractal scaling exponent (1 feature); and nonlinear 
measures of fundamental frequency variation (3 features). 
For this dataset, the following COAP parameters were used: 
p=7 (the number of AND connectives); crossover rate, 0.07; 
mutation rate, 0.005; size of genetic algorithm population, 
200; and 20 iterations of the genetic algorithm. The patterns 
were randomly assigned to either a design subset (ND=64 
with 32 normal patterns and 32 abnormal patterns) or a 
validation subset (NV=131 with 115 normal patterns and 16 
abnormal patterns). Finally, given the class size disparity 
between the abnormal and normal patterns within the 
validation set, PA was used to assess classification accuracy. 
Table 1 lists the confusion matrices for COAP for the design 
patterns and validation patterns. For the design patterns, 
PA=0.91, while PA=0.85 for the validation patterns. While 
only 70% of the normal validation patterns were correctly 
classified, all abnormal validation patterns were correctly 
classified. Table 2 lists the confusion matrices for LDA 
using all n principal components. In the case of this 
benchmark, PA=0.94 for the design patterns and PA=0.70 for 
the validation patterns. The disparity between the design and 
validation results is a classic sign of potential overfitting. 
While 75% of the abnormal validation patterns were 
correctly classified, only 65% of the normal patterns were 
correctly classified. 

Table 1: COAP confusion matrices for XD and XV. 
Desired vs 
Predicted 

Design Set (PA=0.91) Validation Set (PA=0.85) 
Abnormal Normal Abnormal Normal 

Abnormal  29  3  16  0 
Normal  3  29  35  80 

 

Table 2: Benchmark confusion matrices for XD and XV. 
Desired vs 
Predicted 

Design Set (PA=0.94) Validation Set (PA=0.70)
Abnormal Normal Abnormal Normal 

Abnormal  31  1  12  4 
Normal  3  29  40  75 

 
Table 3 lists the confusion matrices (desired versus predicted 
class labels) using successive combinations of principal 
component in turn (ordered by variance) for both the design 
and validation sets. Note that: PA is listed for the design set 
followed by the validation set; ���i refers to the cumulative 
variance of the first � principal components used to produce 
the corresponding results; and the last entry is the same as 
that described in Table 2. The best result, PA=0.781, 
occurred when using the first 13 principal components. It is 
clear with this dataset that feature variance is not well 
correlated with discriminatory features (for example, the 
first three principal components, which account for 0.998 of 
the cumulative variance, produce a low accuracy score, 
PA=0.60). 
Fig. 3 summarizes these results by plotting the COAP 
validation result against the validation results using all 
successive combinations of principal components. It should 
also be noted that the last few entries in Table 3 clearly 
demonstrate a problem with overfitting with a disparity of 
approximately 0.24 between the design and validation 
results. 

Table 3: Results using successive principal components. 
 D vs P XD XV 

A N A N
�1�i=0.729 A  24  8  8  8 
PA=0.77/0.63 N  7  25  27  88 
�2�i=0.947 A  22  10  7  9 
PA=0.69/0.61 N  10  22  25  90 
�3�i=0.998 A  23  9  7  9 
PA=0.70/0.60 N  10  22  27  88 
�4�i=1.000 A  22  10  9  7 
PA=0.73/0.62 N  7  25  36  79 
�5�i=1.000 A  28  4  10  6 
PA=0.83/0.69 N  7  25  29  86 
�6�i=1.000 A  28  4  10  6 
PA=0.83/0.69 N  7  25  29  86 
�7�i=1.000 A  28  4  10  6 
PA=0.84/0.69 N  7  25  29  86 
�8�i=1.000 A  28  4  11  5 
PA=0.83/0.72 N  7  25  32  83 
�9�i=1.000 A  27  5  11  5 
PA=0.81/0.70 N  7  25  32  83 
�10�i=1.000 A  27  5  12  4 
PA=0.81/0.74 N  7  25  32  83 
�11�i=1.000 A  29  3  13  3 
PA=0.92/0.74 N  2  30  38  77 
�12�i=1.000 A  29  3  13  3 
PA=0.92/0.75 N  2  30  37  78 
�13�=1.000 A  30  2  14  2 
PA=0.92/0.78 N  3  29  36  79 
�14�=1.000 A  30  2  14  2 
PA=0.92/0.78 N  3  29  37  78 
�15�i=1.000 A  30  2  14  2 
PA=0.92/0.78 N  3  29  37  78 
�16�i=1.000 A  32  0  12  4 
PA=0.94/0.71 N  4  28  39  76 
�17�i=1.000 A  32  0  14  2 
PA=0.95/0.76 N  3  29  41  74 
�18�i=1.000 A  31  1  12  4 
PA=0.94/0.70 N  3  29  40  75 
�19�i=1.000 A  31  1  12  4 
PA=0.94/0.70 N  3  29  40  75 
�20�i=1.000 A  31  1  12  4 
PA=0.94/0.70 N  3  29  40  75 
�21�i=1.000 A  31  1  12  4 
PA=0.94/0.70 N  3  29  40  75 
�22�i=1.000 A  31  1  12  4 
PA=0.94/0.70 N  3  29  40  75 
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Figure 3: Summary of validation set accuracies. 
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Finally, after examination of the weights of the fuzzy logic 
network, six principal components tended to significantly 
contribute to the COAP training, Y1, Y4, Y5, Y10, Y12, and Y16. 
This is further evidence that care must be taken when using 
principal component analysis as one may overlook 
discriminatory components simply because they account for 
little feature variance (for example, the variance for Y10, Y12, 
and Y16 is zero). 

5 Conclusions 
We have empirically demonstrated the effectiveness of a 
novel classification method that uses an adaptive network of 
fuzzy logic connectives to combine new features generated 
using principal component analysis. Using a “real world” 
biomedical dataset, COAP correctly classified significantly 
more patterns from a validation set compared to the 
benchmark. 
While this novel classification method has demonstrated the 
utility of merging fuzzy logic connectives with multivariate 
statistical discrimination, the investigation has also led to the 
identification of future areas of research to potentially 
improve its overall effectiveness and computational 
performance. First, rather than setting the number of fuzzy 
and connectives by the user a priori, it would be worthwhile 
to investigate a cascade approach to determining an optimal 
number of and connections that would be completely data-
driven. Second, alternative structural optimizations to the 
fuzzy logic network need to be examined beginning with 
more sophisticated evolutionary computational approaches 
or exploiting recent advances in stochastic optimization 
techniques. A final area of investigation is using more 
sophisticated component analysis methods for feature pre-
processing (non-linear and local principal component 
methods, other kernel based approaches, and fuzzy set based 
feature selection/extraction approaches). 
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Abstract— In this paper we propose a generalization of
Atanassov’s operators and we prove that these generalized opera-
tors and OWA operators of dimension 2 provide the same numerical
results. We apply Atanassov’s operators to image compression and
use different families of OWA operators in order to calculate the co-
efficient α of the Atanassov’s operator.

Keywords— Image compressing, OWA operators, Atanassov’s
operator, Interval-valued fuzzy set.

1 Introduction
Image compression consists of reducing the resolution of an
image in order to display it, print it, or even speed up some
other computations (see [10, 11, 18]). The target of image
reduction algorithms is to reduce the size of the image with
the smallest possible quality loss.

Atanassov’s operator was given in 1983 ([1, 2]) allowing to
associate a fuzzy set to each Atanassov’s intuitionistic fuzzy
set or interval-valued fuzzy set ([9, 12, 14]). Later, in 1988,
Yager presented the Ordered Weighted Averaging (OWA) op-
erators ([16])). Our paper is based on the idea that, under
certain conditions, the numerical results of both operators are
the same. For this reason, we define an operator generalizing
Atanassov’s operators, being an OWA operator of dimension
2([3, 4, 5]).

We apply this operator in image compression. In this way,
we divide the image in blocks. We associate each block with
an interval, getting an interval-valued fuzzy set associated
with the image. We use the Atanassov’s operator to obtain
a single point from each interval. The result is a new (fuzzy)
set representing the reduced image.

In order to calculate the α parameter of the Atanassov’s op-
erator, we focus on several families of OWA operators of di-
mension 2. We calculate the α coefficient according to the
type of OWA operator, with the aim of getting different reduc-
tions from a single image.

This paper is organized in the following way. First, we start
recalling some concepts related to interval-valued fuzzy sets
and Atanassov’s operator. In Section 3, we see the relation be-
tween OWA operators of dimension 2 and generalized Atan-
nasov’s operators. In Section 4 we present different methods
to calculate α, based on different families of OWA operators.
In Section 5 we propose an algorithm to compress images and
in Section 6 we see different experimental results. We finish
with some conclusions and references .

2 Preliminary definitions
We denote by L([0,1]) the set of all closed subintervals of the
unit interval [0,1], that is,

L([0, 1]) = {x = [x, x]|(x, x) ∈ [0, 1]2 and x ≤ x}.

L([0,1]) is a partially ordered set with respect to the order rela-
tionship ≤L defined in the following way: given x,y ∈ L([0,1])

x ≤L y if and only if x ≤ y and x ≤ y.

With this order relationship, (L([0,1]),≤L) is a complete lat-
tice ([7, 8, 3, 4]), where the smallest element is 0L = [0, 0] and
the largest is 1L = [1, 1].

Definition 1. An interval-valued fuzzy set (IVFS) A on the
universe U 	= ∅ is a mapping A : U → L([0, 1]).

MA(u)=[A(u),A(u)] ∈ L([0,1]) is the membership degree of
u ∈ U, with A(u), A(u) ∈ [0,1] denoting the lower bound and
the upper bound respectively of the membership associated to
u.

In 1983, Atanassov proposed an operator to associate a
fuzzy set with each interval-valued fuzzy set (see [1, 2]). This
operator associates each interval with a point.

Definition 2. Let α ∈ [0, 1]. The Atanassov’s operator Kα is
a mapping Kα : L([0, 1]) → [0, 1] defined by

1. K0(x) = x for all x ∈ L([0, 1]),

2. K1(x) = x for all x ∈ L([0, 1]),

3. Kα(x) = Kα([K0(x),K1(x)]) = K0(x) + α(K1(x)−
−K0(x)) = x + α(x − x) for all x ∈ L([0, 1]).

To generalize this operator, the following definition was
proposed in [4]:

Definition 3. Let α ∈ [0,1]. An operator Dα is a mapping
Dα : L([0, 1]) → [0, 1] such that it satisfies the following
conditions:

1. If x = x, then Dα(x) = x,

2. D0(x) = x, D1(x) = x for all x ∈ L([0, 1]),

3. If x ≤L y with x, y ∈ L([0, 1]), then Dα(x) ≤ Dα(y),

4. Dα([0, 1]) = α for any α ∈ [0, 1].

Example 1.

Dα([x, x]) =




x if x ≤ α

x if x ≥ α

α otherwise

Proposition 1. For any α ∈ [0, 1], Kα is a Dα operator.

Next, we propose a theorem to construct Dα operators us-
ing one-variable real functions.
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Theorem 1. Let α ∈ [0, 1] and let f : [0, 1] → [0, 1] be a
continuous and strictly increasing function. Then the operator

Dα : L([0, 1]) → [0, 1] given by

Dα(x) = f−1

(
pf(x) + (1 − p)f(x)

)

with p = f(1)−f(α)
f(1)−f(0) , is a Dα operator in the sense of Defini-

tion 3.

Proof:

1. If x = x, then Dα(x) = f−1(pf(x) + (1 − p)f(x)) =
= f−1(f(x)) = x.

2. If α = 0, then p = 1. In these conditions D0([x, x]) =
= f−1(f(x)) = x.
If α = 1, then p = 0 and therefore D1([x, x]) = x.

3. If [x, x] ≤L [y, y], as f is continuous and strict, we
have that Dα([x, x]) = f−1(pf(x) + (1 − p)f(x)) ≤
f−1(pf(y) + (1 − p)f(y)) = Dα([y, y]).

4. If x = [0, 1], then
Dα([0, 1]) = f−1(p(f(0) + (1 − p)f(1)) =

f−1( f(0)(f(1)−f(α))−f(1)(f(1)−f(α))+f(1)(f(1)−f(0))
f(1)−f(0) ) =

f−1( f(α)(f(1)−f(0))
f(1)−f(0) ) = α.

Remark: In this paper, we take f(x) = x. Under this condi-
tion, by Theorem 1, we have that

Dα([x, x]) = x + α(x − x) = Kα([x, x])

3 Kα and OWA operators
In [16], Yager introduced the Ordered Weighted Aggregation
Operator (OWA operator) in the following way:

Definition 4. A mapping F : [0, 1]n → [0, 1] is called an
OWA operator of dimension n if there exists a weighting vector
W ,W = (w1, w2, . . . , wn) ∈ [0, 1]n with

∑
i wi = 1 and

such that

F (a1, a2, . . . , an) =

n∑
j=1

wjbj

with bj the j-th largest of the ai.

In the original definition, Yager considered the OWA op-
erators as a mapping from the whole euclidean space Rn to
R. However, for us it is better to reduce the domain only to
[0, 1]2.

There exist three important special cases of OWA operators
that coincide with well known aggregation functions, as we
can see in [17].

1. F ∗: The weighting vector, denoted as W ∗, is defined as
w1 = 1 and wj = 0 for all j 	= 1.
F ∗(a1, . . . , an) = max{a1, . . . , an}

2. F∗: The weighting vector, denoted as W∗, is defined as
wn = 1 and wj = 0 for all j 	= n.
F∗(a1, . . . , an) = min{a1, . . . , an}.

3. FA: The weighting vector, denoted as WA, is defined as
wj = 1/n for all j ∈ 1, . . . , n.
FA(a1, . . . , an) = 1

n

∑n
i=1 ai.

If we focus on two-dimensional OWA operators using as
weighting vector W = (α, 1 − α), we can think of apply-
ing it to the bounds of an interval. In this case, the numerical
result of applying the OWA operator on the bounds of an in-
terval and the operator Dα acting on that interval is the same.
While Dα operator acts over elements in L([0,1]), the domain
of OWA operators is [0,1]x[0,1]. For this reason, OWA opera-
tors acting on the unit square require an ordering operation to
ensure the elements to be the extremes of an interval defined
in L([0,1]). That’s the reason why we need the following the-
orems to study the relationship between these operators.

We define a new operator Dα by composing the Dα opera-
tor with the map

i : [0, 1]2 → L([0, 1])
(x, y) → [min(x, y),max(x, y)]

Theorem 2. 1. Let α ∈ [0, 1] and D = Dα ◦ i where Dα

is the operator given in Definition 3. Then, if F is the
OWA operator (of dimension 2) defined by the weighting
vector W = (α, 1 − α), we have that

Dα(x, y) = F (x, y) for all x, y ∈ [0, 1].

2. Let F be an OWA operator (of dimension 2) with weight-
ing vector W = (w1, w2). Then for any (x, y) ∈ [0, 1]2

we have that
F (x, y) = Dα(x, y), with α = w1.

4 Calculation methods for α coefficient
In this section, we study how to calculate the α coefficient
basing on different families of OWA operators. First, we study
two measures defined in [17] and associated with any OWA
operator: the orness and the dispersion.

Definition 5. Let F be an OWA operator and W its weighting
vector. The orness measure is defined as

orness(F ) =
1

(n − 1)

n∑
i=1

(n − i)wi.

With this definition it is easy to see that orness(F ∗) = 1,
orness(F∗) = 0 and orness(FA) = 0.5.

Proposition 2. orness(Dα) = α

Proof:

orness(Dα(x)) =
1

2 − 1

2∑
i=1

(2 − i)wi = w1 = α

Definition 6. Let F be an OWA operator and W its weighting
vector. The dispersion measure is defined as

Disp(F ) = −
n∑

i=1

wilnwi.

Proposition 3. Disp(Dα) = αln( 1−α
α ) + ln(1 − α)

Proof:

Disp(Dα) = −∑2
i=1 wilnwi =

= α(ln(1 − α) − ln(α)) − ln(1 − α) =

= αln( 1−α
α ) + ln(1 − α)
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Next, it is shown the relation between the coefficient α of
the operator Dα and some families of OWA operators.

Definition 7. F is called a ME-OWA operator if F is an OWA
operator such that given a desired value of orness β, it maxi-
mizes the dispersion (entropy). In particular we solve the fol-
lowing problem:

Max −∑n
i=1 wilnwi

subject to β = 1/(n − 1)
∑n

i=1(n − i)wi

where
∑n

i=1 wi = 1, wi ∈ [0, 1].

Proposition 4. The operator Dα is a ME-OWA for all α ∈
[0, 1], with orness(Dα) = α.

Definition 8. F is called a generalized S-OWA operator if F
is an OWA operator where

w1 = a + 1
n (1 − (a + b)),

wi = 1
n (1 − (a + b)), with i = 2, . . . , n − 1,

wn = b + 1
n (1 − (a + b)).

with a, b ∈ [0, 1] and a + b ≤ 1.

Proposition 5. Let a, b ∈ [0, 1] such that a+b ≤ 1. If we take

α =
1 + a − b

2

then Dα is a generalized S-OWA operator.

Definition 9. F is called a BADD-OWA operator if F is an
OWA operator where

wi =
bβ
i∑n

j=1 bβ
j

with β ≥ 0 and being bi as in Definition 4.

Proposition 6. Let β ≥ 0. If we take

α =
(D1(x, y))β

(D0(x, y))β + (D1(x, y))β

with x, y ∈ [0, 1], then Dα is a BADD-OWA operator.

Definition 10. Let β ≥ 0. F is called a modified BADD-OWA
operator if F is an OWA operator where

1. wi = (1/bi)
β∑ n

j=1
(1/bj)β or

2. wi = (1−bi)
β∑ n

j=1
(1−bj)β or

3. wi = 1
n−1 (1 − bβ

i∑ n
j=1

bβ
j

) or

4. wi = (bn−i+1)
β∑ n

j=1
bβ

j

being bi as in Definition 4.

Proposition 7. Let β ≥ 0. The following items are satisfied:

1. If we take

α = (1/D1(x,y))β

(1/D1(x,y))β+(1/D0(x,y))β =

= 1 − (D1(x,y))β

(D1(x,y))β+(D0(x,y))β = (D0(x,y))β

(D1(x,y))β+(D0(x,y))β

then Dα is a modified BADD-OWA operator in the sense
of items 1, 3 y 4 of Definition 10.

2. If we take

α =
(1 − D1(x, y))β

(1 − D1(x, y))β + (1 − D0(x, y))β

then Dα is a modified BADD-OWA operator in the sense
of item 2 of Definition 10.

Proof:
1. Obviously, taking into account items 1,3 and 4 of Defi-

nition 10 and that Dα is an OWA operator of dimension
2.

2. Direct �.

5 Image reduction
We consider an image Q as a N ×M matrix. Each coordinate
of the pixels in the image Q is denoted as (i, j). The intensity
or gray level of the pixel located in (i, j) is represented as qij ,
with 0 ≤ qij ≤ L − 1 for each (i, j) ∈ Q.

In our approach to image reduction we use interval-valued
fuzzy sets and Dα operator. It has been shown (see [13, 6,
15]) that interval-valued fuzzy sets used in images allow the
development of algorithms in several topics as edge detecion,
contrast or thresholding with very good results. We propose
the following algorithm:

1. Divide the image Q in blocks of size n × n. If M or N
are not multiple of n, we delete the minimum number of
rows/columns in the boundary of the image until the new
size of the image satisfies the property.

2. Associate each block with an interval in the following
way: the lower bound of the interval is given by the min-
imum of the intensities in the block and the upper bound
by the maximum.

3. Choose the α parameter in the operator Dα.

4. Associate each interval with the number obtained after
applying the operator Dα.

Example: Let Q be a matrix of dimension 6 × 6 and let
n = 3




q1,1 q1,2 q1,3 q1,4 q1,5 q1,6

q2,1 q2,2 q2,3 q2,4 q2,5 q2,6

q3,1 q3,2 q3,3 q3,4 q3,5 q3,6

q4,1 q4,2 q4,3 q4,4 q4,5 q4,6

q5,1 q5,2 q5,3 q5,4 q5,5 q5,6

q6,1 q6,2 q6,3 q6,4 q6,5 q6,6




Then, the interval-valued fuzzy set associated with Q is
formed by 4 elements:







∧
i=1,2,3
j=1,2,3

qi,j

∨
i=1,2,3
j=1,2,3

qi,j







∧
i=1,2,3
j=4,5,6

qi,j

∨
i=1,2,3
j=4,5,6

qi,j







∧
i=4,5,6
j=1,2,3

qi,j

∨
i=4,5,6
j=1,2,3

qi,j







∧
i=4,5,6
j=4,5,6

qi,j

∨
i=4,5,6
j=4,5,6

qi,j







Remark:Notice that the symbols ∧ and ∨ stand for minimum
and maximum respectively.

Once the interval-valued fuzzy set associated with the im-
age has been obtained, we build a fuzzy set. Applying the
operator Dα to each interval we get the reduced image of size
2 × 2.
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Figure 1: Original Image Lena

Figure 2: Original image Cameraman

6 Experimental results
In this section we use the algorithm proposed in Section 5. Us-
ing the relation between the operator Dα and OWA operators
of dimension 2, we propose several methods of calculating the
α coefficient based on families of OWA operators.

We get two different situations according to the OWA op-
erator used. In the first one, the value of α is constant for the
whole image. This situation happens with ME-OWA opera-
tors and generalized S-OWA operators, due to their definition.
In the second one, the value of α depends on the bounds of
each interval, so its value varies for each block. This happens
when we take BADD-OWA operators and modified BADD-
OWA operators.

The tests of this section have been made with the image
Lena (Figure 1) and Cameraman (Figure 2). The size of the
block is n = 3 (submatrices 3× 3). In this way, the size of the
reduced image is 9 times smaller than the original.

6.1 Calculation with constant α

In this section we use ME-OWA operators and generalized S-
OWA to calculate a constant value of α for the whole image.
Once the value has been calculated, we apply the Dα operator
to each interval in the image.

6.1.1 Reduction with ME-OWA operators
As we have seen in Section 4, the construction of ME-OWA
operators is direct. For this reason, we analyze three specific
cases: α = 0, α = 0.5 and α = 1.

With α = 0, we associate the lower bound of the interval
to each block. With α = 0.5, we take the mean point of the
interval. Finally, with α = 1, we associate the upper bound of
the interval.

Obviously, the higher the value of α, the higher the mem-
bership degree and therefore the intensity of the image. The
image is darker with α = 0 than with α = 0.5, which is also
darker than with α = 1.

α = 0 α = 0.5 α = 1

Figure 3: Reduction using ME-OWA operators

6.1.2 Reduction with generalized S-OWA operator
To construct a generalized S-OWA operator, it is necessary, as
we have seen in Definition 8, the election of two parameters
a, b ∈ [0, 1] such that a + b ≤ 1. If we focus on the contri-
bution of the parameters in the S-OWA operator, we can study
several possibilities:

1. If a = b, then we have that α = 0.5, getting the average
of the bounds of the interval.

2. If a = 1 and b = 0, we get α = 1.

3. If a = 0 and b = 1, we get α = 0.

4. If a + b < 1 and a 	= b, when a > b, the upper bound of
the interval is predominant over the lower bound, while
when a < b, the importance is given to the lower.

Cases 1, 2 and 3 have been already analyzed in Section
6.1.1, so we focus in case 4. For this, we start taking a =
0.5, b = 0.25. As a > b, the importance is given to the up-
per bound of the interval, getting a value of α = 0.625. If
we increase the value of a, then α tends to 1. For example,
if we take a = 0.9, b = 0, then α = 0.95. With this value
of α we get a reduced image very similar to the images stud-
ied in the last column of Figure 3. On the other side, if we
take a = 0.25, b = 0.5, we get a value of α = 0.375. If we
increase the value of b, α → 0. We can see this if we take
a = 0, b = 0.9 (α = 0.05). Notice that as α increase, the
image becomes lighter.

6.2 Calculation with variable α

In this section, the value of α is calculated by means of the
bounds of the interval. This means that the value of α is
variable. For this reason we use BADD-OWA and modified
BADD-OWA operators.
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a=0,b=0.9 a=0.25,b=0.5 a=0.5,b=0.25 a=0.9,b=0
α = 0.05 α = 0.375 α = 0.625 α = 0.95

Figure 4: Reduction using generalized S-OWA operators

6.2.1 Reduction with BADD-OWA operators
As we see in Definition 9, to construct a BADD-OWA opera-
tor it is necessary to select a value of β ≥ 0. We know that
if we take β = 0, then we get α = 0.5, already studied in
Section 6.1.1. In other case, if we take β = 1, the value of α
is calculated as follows:

α =
x

x + x

being [x, x] ∈ L([0, 1]) the interval representing each block.
We also know that α ≥ 0.5, and if we increase the value of
β, α → 1. That is, the result tends to the upper bound of
the interval. For this reason, with a high value of β, we get
reduced images similar as the images analyzed in third column
of Figure 3.

β = 1 β = 10 β = 20 β = 100

Figure 5: Reduction using BADD-OWA operators

6.3 Reduction with modified BADD-OWA operators
If we use modified BADD-OWA operators, bearing in mind
items 1 and 2 of Proposition 7, we can take two different ex-
pressions for α. As we have analyzed in BADD-OWA op-
erators, the value of α depends on the interval and on the β
parameter. As in Section 6.2.1, if β = 0, then α = 0.5.

Under conditions of item 1 of Proposition 7 and taking β =
1, the value of α is as follows:

α =
x

x + x

being [x, x] ∈ L([0, 1]) the interval representing each block.
In this case, α ≤ 0.5 and as β increases, α → 0 when β → ∞
(notice that the image becomes darker as β increases and α
decreases).

β = 1 β = 10 β = 20 β = 100

Figure 6: Reduction using modified BADD-OWA operators
(item 1)

If we base on item 2 of Proposition 7, for β = 1, α is as
follows:

α =
1 − x

(1 − x) + (1 − x)

being [x, x] ∈ L([0, 1]) the interval representing each block.
In this case, the value of α also decreases when β increases.

β = 1 β = 10 β = 20 β = 100

Figure 7: Reduction using modified BADD-OWA operators
(item 2)

7 Conclusions and future research

In this paper, we have proved that we can obtain OWA opera-
tors of dimension 2 from Atanassov’s operators. This fact has
allowed us to use several families of OWA operators to get Dα

operators for image reduction.
Some future lines of research can be:

1. Compare the different reductions obtained according to
the value of α.

2. Compare our results with other reduction algorithms.

3. Consider different methods of reconstruction of the orig-
inal image from the reduced one. Analyze which of the
reduced images leads to the best reconstructed image.
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Abstract— In the present paper a Korovkin-type theorem is pro-
posed for the approximation operators defined by the inverse F-
transforms. These results allow us to choose between a variety of
shapes to be used as atoms of the fuzzy partitions used within the
F-transform’s framework. In this way we can enlarge considerably
the class of F-transforms proposed recently by I. Perfilieva. The new
fuzzy partitions are shown to include, for example the Bernstein ba-
sis polynomials. The F-transform considered with the Bernstein basis
polynomials as atoms of a fuzzy partition, is shown to be the classical
Durrmeyer operator.

Keywords— F-transform, Korovkin Theorems, Bernstein Polyno-
mial, Durrmeyer operator.

1 Introduction

The F-transform was proposed by I. Perfilieva in [4] and stud-
ied in several papers [5], [7], etc. As starting point for the
F-transforms, one considers first a fuzzy partition [6]. In the
present paper we enlarge the class of F-transforms by consid-
ering arbitrary shapes and not necessarily small support for
the atoms of the fuzzy partition used in the F-transform as an
approximation method. To study the possibility of such exten-
sion we exploit the classical Korovkin theorems, [1] which
are particularized in the present paper for the F-transform.
The Korovkin Theorems are very important results in clas-
sical Approximation Theory, stating that the convergence of
a sequence of positive linear approximation operators on a fi-
nite set of test functions implies the convergence of the oper-
ator for any function. There are two versions of the Korovkin
type results. A qualitative and a quantitative version. The
quantitative versions provide error estimates, beyond proving
the convergence results of qualitative type. We will adopt
the quantitative approach. Further-on in the present paper we
consider the F-transforms based on Bernstein basis polynomi-
als. It turns out that the F-transform that uses Bernstein basis
polynomials as atoms for the fuzzy partition under discussion,
leads to the classical Durrmeyer operators [2]. In this way, the
theory of fuzzy approximation and especially approximation
by inverse F-transforms can be embedded and studied, as a
refined part of the classical theory of approximation.

In the present paper a fuzzy partition is defined as a finite se-
quence of fuzzy sets Ai : [a, b] → [0, 1], i = 1, ..., k, such that∑k

i=1 Ai(x) = 1 for any x ∈ [a, b]. The following is a gener-
alized version of the Fuzzy Transform (F-transform) proposed
in [4], since the condition regarding the small support of the
atoms of the fuzzy partitions occurring in the F-transform is
released.

According to [4], the F-transform is given by

fi =

∫ b

a
Ai (x) f(x)dx∫ b

a
Ai(x)dx

, i = 1, ..., k (1)

and the discrete F-transform is given by

fi =

∑n
j=1 Ai(xj)f(xj)∑n

j=1 Ai(xj)
, i = 1, ..., k (2)

where xj ∈ [a, b], j = 1, ..., n are given data. The inverse
discrete F-transform is

F (x) =
k∑

i=1

Ai(x)fi. (3)

We denote by C(K) the space of continuous functions f :
K → R with K a compact metric space. Then the space
C(K) is a Banach space with the uniform norm

‖f‖ = sup
x∈K

|f(x)|.

If K = [a, b] then we use the notation

C[a, b] = {f : [a, b] → R, f continuous}.
We will consider inverse F-transform as an approximation op-
erator. Let L(C(K)) denote the space of linear operators of
the form T : C(K) → C(K), T (αf+βg) = αT (f)+βT (g),
∀α, β ∈ R and f, g ∈ C(K). An operator is said to be positive
if T (f(x)) ≥ 0 ∀x ∈ K whenever f (x) ≥ 0, ∀x ∈ K. In the
present paper positive linear operators play a very important
role.

The inverse F-transform will be regarded in the present pa-
per as a sequence of positive linear operators. Indeed, let us
consider Fn,k : C[a, b] → C[a, b], given by Fn,k(f)(x) =
F (x), where F (x) is given by (3) and fi given by (1) or
(2). Then, it is easy to see that Fn,k is a linear operator,
i.e., Fn,k ∈ L(C[a, b]). Moreover, if we assume f(x) ≥ 0
∀x ∈ [a, b], we can see that both the continuous and discrete
F-transforms fi, i = 1, ..., k satisfy fi ≥ 0, and as a conse-
quence the inverse F-transform Fn,k(f)(x) = F (x) ≥ 0 and
as a conclusion Fn,k is a positive linear operator.

In order to obtain an error estimate and the uniform conver-
gency of the F-transforms that we intend to study, seen as ap-
proximation operators via a particularization of the Korovkin
Theory related to positive linear operators. For this aim we
need the modulus of continuity. Let f : [a, b] → R be a con-
tinuous function. Then ω (f, ·) : [0,∞) → [0,∞), defined
by

ω (f, δ) =
∨

{|f (x) − f (y) |; x, y ∈ [a, b], |x − y| ≤ δ}
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is called the first order modulus of smoothness (modulus of
continuity) of f.

2 Korovkin type theorem for the F-transform
Let us recall Korovkin’s Theorem in what follows. We can
see that it is directly applicable for the F-transform, since the
F-transform is a positive linear operator, however, we will de-
duce later particularizations of the Korovkin results for the F-
transform to better understand the F-transform method and to
be able to provide error estimates for them.

Theorem 1 (Korovkin, [3]) Let L n ∈ L(C[a, b]), n =
1, 2, ... be a sequence of positive linear operators. Then
there exists a finite set of test functions S, such that
limn→∞ Ln(s) = s for any s ∈ S implies limn→∞ Ln(f) =
f, for any f ∈ C[a, b]. The finite set S is called a Korovkin
set.

If we consider a sequence of positive linear operators on
C[0, 1], then a Korovkin set (it is not unique) consists of
e0, e1, e2, where ei(x) = xi, i = 0, 1, 2. If we consider
L(C[−π, π]) a Korovkin set consists of e.g., e0(x) = 1,

e1(x) = sin x and e2(x) = cos x.
The adaptation of Korovkin Theorem for the F-transform is

as follows.

Theorem 2 (Korovkin Theorem for the discrete inverse F-
transform) Let F n,k ∈ L(C[a, b]), n, k = 1, 2, ... be a se-
quence of inverse F-transforms. The following general error
estimate holds true for any δ > 0 :

‖Fn,k(f) − f‖

≤
(

1 +
1
δ

√
e2 − 2e1Fn,k(e1) + Fn,k(e2)

)
ω(f, δ),

where e1(x) = x, e2(x) = x2.

Proof. The inverse discrete F-transform can be expressed as

Fn,k(f)(x) =
k∑

i=1

Ai(x)

∑n
j=1 Ai(xj)f(xj)∑n

j=1 Ai(xj)
.

Let us observe that for the inverse F-transform we have
Fn,k(e0) = e0, where e0(x) = 1 ∀x ∈ [a, b], so f(x) can
be written as

f(x) =
k∑

i=1

Ai(x)

∑n
j=1 Ai(xj)f(x)∑n

j=1 Ai(xj)
.

Then we get

|F (x) − f(x)| ≤
k∑

i=1

Ai(x)

∑n
j=1 Ai(xj) |f(x) − f(xj)|∑n

j=1 Ai(xj)
.

Further, using the properties of the modulus of continuity, by
standard reasoning we have

|F (x) − f(x)|

≤
(

1 +
1
δ

k∑
i=1

Ai(x)

∑n
j=1 Ai(xj)|x − xj |∑n

j=1 Ai(xj)

)
ω(f, δ),

for any fixed δ > 0. The error is controlled by the ratio

Rn,k(x) =
k∑

i=1

Ai(x)

∑n
j=1 Ai(xj)|x − xj |∑n

j=1 Ai(xj)
.

Using Cauchy-Schwarz inequality we have

n∑
j=1

Ai(xj)|x − xi| ≤

 n∑
j=1

Ai(xj)|x − xj |2
 1

2

·

 n∑
j=1

Ai(xj)

 1
2

,

and we obtain

Rn,k(x) ≤
k∑

i=1

Ai(x)

(∑n
j=1 Ai(xj)|x − xj |2

) 1
2

(∑n
j=1 Ai(xj)

) 1
2

=
k∑

i=1

√
Ai(x)

(
Ai(x)

∑n
j=1 Ai(xj)|x − xj |2

) 1
2

(∑n
j=1 Ai(xj)

) 1
2

.

Using Cauchy-Schwarz inequality again we obtain

k∑
i=1

√
Ai(x)

(
Ai(x)

∑n
j=1 Ai(xj)|x − xj |2

) 1
2

(∑n
j=1 Ai(xj)

) 1
2

≤
(

k∑
i=1

Ai(x)

) 1
2
(

k∑
i=1

Ai(x)
∑n

j=1 Ai(xj)|x − xj |2∑n
j=1 Ai(xj)

) 1
2

.

Taking into account that Ai(x) is a fuzzy partition we have

Rn,k(x) ≤
(

k∑
i=1

Ai(x)

∑n
j=1 Ai(xj)(x2 − 2xxj + x2

j )∑n
j=1 Ai(xj)

) 1
2

=
(
x2 − 2xFn,k(e1)(x) + Fn,k(e2)(x)

) 1
2

which completes the proof.

Corollary 3 Let F n,k ∈ L(C[a, b]), n, k = 1, 2, ... be a se-
quence of inverse F-transforms. If limn,k→∞ Fn,k(ei) = ei,
i = 1, 2, then limn→∞ Ln(f) = f, for any f ∈ C[a, b].

For the continuous case we have a similar result.

Theorem 4 (Korovkin Theorem for the inverse F-transform)
Let F k ∈ L(C[a, b]), k = 1, 2, ... be a sequence of inverse
F-transforms. The following general error estimate holds true
for any δ > 0 :

‖Fk(f) − f‖ ≤
(

1 +
1
δ

√
e2 − 2e1Fk(e1) + Fk(e2)

)
ω(f, δ),

where e1(x) = x, e2(x) = x2.

Corollary 5 Let F k ∈ L(C[a, b]), k = 1, 2, ... be a sequence
of continuous inverse F-transforms. If limk→∞ Fk(ei) = ei,
i = 1, 2, then limn→∞ Ln(f) = f, for any f ∈ C[a, b].
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We observe that the inverse F-transform can be expressed
as

Fk(f)(x) =
k∑

i=1

Ai(x)

∫ b

a
Ai (x) f(x)dx∫ b

a
Ai(x)dx

so, similar reasoning to the previous Theorem can be fol-
lowed.

The Korovkin type Theorem above shows that if we are
able to control

√
e2 − 2e1Fn,k(e1) + Fn,k(e2) for the dis-

crete case, or
√

e2 − 2e1Fk(e1) + Fk(e2) for the continuous
case, for a given sequence of fuzzy partitions Ai, i = 1, ..., k,
then we are able to control the error for any continuous func-
tion.

3 Example
Using the Korovkin-type result shown in the previous section
we consider the F-transforms, with Bernstein basis polynomi-
als used as a fuzzy partition this time. The proposed construc-
tion leads to the well-known Durrmeyer operator. Let us recall
that the Bernstein basis polynomials are

pk,i(x) =
(

k

i

)
xi(1 − x)k−i,

k = 1, 2, ... i = 0, 1, ..., k x ∈ [0, 1].
The inverse F-transform is given by

Fk(f)(x) =
k∑

i=0

pk,i(x)

∫ 1

0
pk,i(x)f(x)dx∫ 1

0
pk,i(x)dx

,

that is the classical Durrmeyer operator [2]. Let us calcu-
late Fk(e1) and Fk(e2) in this case. It is well known that
p′k,.i(x) = k(pk−1,i−1(x) − pk−1,i(x)). Integrating we ob-

tain
∫ 1

0
pk−1,i−1(x)dx =

∫ 1

0
pk−1,i(x)dx, i.e., for fixed k in-

tegrals of all Bernstein basis polynomials are the same. Since∑k
i=0 pn,i(x) = 1 we get

∫ 1

0
pk,i(x)dx = 1

k+1 . By direct cal-
culation∫ 1

0

pk,i(x)xdx =
∫ 1

0

(
k

i

)
xi+1(1 − x)k−idx

=
i + 1
k + 1

∫ 1

0

pk+1,i+1dx =
i + 1

(k + 1) (k + 2)
.

Also, ∫ 1

0

pk,i(x)x2dx =
∫ 1

0

(
k

i

)
xi+2(1 − x)k−idx

=
i + 1
k + 1

i + 2
k + 2

∫ 1

0

pk+2,i+2dx =
(i + 1) (i + 2)

(k + 1) (k + 2) (k + 3)
.

Then we obtain

fi(e1) =

∫ 1

0
pk,i(x)xdx∫ 1

0
pk,i(x)dx

=
i + 1
k + 2

∼ O
(

i

k

)
and

fi(e2) =

∫ 1

0
pk,i(x)x2dx∫ 1

0
pk,i(x)dx

=
(i + 1) (i + 2)
(k + 2) (k + 3)

∼ O
(

i2

k2

)
.

Fk(e1)(x) ∼
k∑

i=1

pk,i(x)
i

k
= Bk(e1)(x) = x,

where Bk denotes the usual Bernstein operator

Bk(f)(x) =
k∑

i=1

pk,i(x)f
(

i

k

)
and it is well known that Bk(e1)(x) = x. We also have

Fk(e2)(x) ∼
k∑

i=1

pk,i(x)
(

i

k

)2

= Bk(e2)(x) = x2 +
x(1 − x)

k
,

and finally we obtain:
√

e2 − 2e1Fk(e1) + Fk(e2) =√
x(1−x)

k and by the above Korovkin type results we have

‖Fk(f) − f‖ ≤ Cω

(
f,

√
x(1 − x)

k

)
.

As a conclusion we observe that the F-transform is a gen-
eralization of the Durrmeyer operators. For the discrete F-
transform with Bernstein basis polynomials a similar result
can be proven.

4 Conclusion
Korovkin-type theorems for the discrete and continuous in-
verse F-transforms regarded as positive linear approximation
operators were provided. As an application we have studied
the F-transform with Bernstein basis polynomials as atoms of
the underlying fuzzy partition. It turns out that the F-transform
with Bernstein basis polynomials is the classical Durrmeyer
operator. Surely one can imagine different fuzzy partitions as
well, so the F-transforms can be seen as generalizations of the
Durrmeyer operator.
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Abstract— A survey of fuzzy logic applications and principles in
wireless communications is presented, with the aim of highlighting
successful usage of fuzzy logic techniques in applied telecommuni-
cations and signal processing. To the best of our knowledge, this is
the first such study of its kind. This paper will focus firstly on dis-
cerning prevalent fuzzy logic or fuzzy-hybrid approaches in the areas
of channel estimation, channel equalization and decoding, and sec-
ondly outlining what conditions and situations for which fuzzy logic
techniques are most suited for these approaches. Furthermore, after
insights gained from isolating fuzzy logic techniques applied to real
problems, this paper proposes areas for further research targeted to
practice-oriented researchers.

Keywords— Channel Equalization, Channel Estimation, Decod-
ing, Fuzzy-hybrid systems, Fuzzy Logic, Wireless Communications

1 Introduction
Fuzzy Logic has been successfully applied in various areas
pertaining to wireless communication systems. As fuzzy logic
is used to model systems and situations, taking into consider-
ation uncertainty and ambiguity, it can be an efficient tool to
be utilized in problems for which knowledge of all factors is
insufficient or impossible to obtain. Methods furnished with
fuzzy logic have been shown to be useful in difficult con-
ditions with respect to non-linear and time-variant systems.
Additionally, the often mentioned advantages of using fuzzy
logic in practical applications is to reduce complexity as well
as to add robustness to the system under study.

Fuzzy logic and, more specifically, fuzzy control tradition-
ally incorporates human expert knowledge into a rule-based
framework. It may, however, be further expanded with learn-
ing algorithms to derive the fuzzy control parameters from
sample data. These parameters may be obtained by combin-
ing fuzzy logic with related soft computing disciplines such
as, e.g., neural networks, evolutionary computation techniques
etc. On the other hand, a method developed by Wang and
Mendel [1] derives the fuzzy rule base by using a combination
of human experience and numerical data.

Wireless communications is a rapidly evolving industry,
constantly challenging researchers for new techniques in or-
der to meet the demands of ever higher performance and ef-
ficiency. The most obvious products of wireless communica-
tions, e.g., the worldwide adoption of the mobile telephone,
wireless local area networks etc., exert a strong influence on
many people’s lives today.

In a wireless communication system, the channel is the
medium by which information-bearing signals are transferred

from a transmitter to a receiver. The characteristics of the
channel are generally unknown, and, barring any distortion
imposed by the channel, i.e., in ideal conditions, the transmit-
ted data will be received without any errors.

In practice, however, it is unavoidable for the channel to be
affected by distortion, hence degrading the performance of the
receiver, severely limiting the throughput of the system. The
wireless channel poses tough challenges for achieving reliable
and fast transfers. While interference typically is not a major
concern in wired transmission, i.e., in predicting the behav-
ior of the signal in the transmission channel, it poses a great
challenge in wireless transmission.

When there is no line-of-sight between the transmitter and
the receiver, distortions to the signal in the form of effects such
as scattering and reflections, etc. will follow, all of them re-
sulting in a phenomenon called multipath propagation. Due
to multipath propagation, the receiver encounters many sig-
nal paths from the transmitter, where each of these paths is
delayed by an arbitrary amount and attenuated by various fac-
tors. As a result there will be a superposition of the different
copies of the signal being in different phases, hence causing an
amplification or attenuation of the signal power – also referred
to as fading. Multipath propagation will cause previously sent
data bits to smear into current data bits, referred to as inter-
symbol interference. The aim of the receiver in the communi-
cation system is to overcome the disturbances of the channel,
intersymbol interference and noise, and correctly decode the
data having been transmitted.

2 Contemporary Uses of Fuzzy Logic in
Wireless Communications

In this section we will focus on fuzzy logic applications in
channel estimation, channel equalization and decoding. The
purpose of channel estimation is to accurately describe the
channel and track its variations, and with the aid of chan-
nel equalization and decoding recover the original transmit-
ted data. In the case of time-varying channels, adaptive tech-
niques have to be employed and it is in this area that fuzzy
techniques and/or neural networks find their main uses.

2.1 Channel Estimation
In [2] channel estimation is performed by tracking the channel
coefficients, applying a fuzzy tracking method in a multipath
fading Code Division Multiple Access (CDMA) [3] channel.
CDMA is a spread-spectrum technology that makes it possi-
ble for transmitters to share the same frequency range. The
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fuzzy tracking method is based on Kosko’s fuzzy associative
memory models [4]. The fuzzy associative memory models
combines fuzzy logic and a single-layer feed-forward neural
network that saves the fuzzy logic rule-base in matrix form.
The tracking used in [2] is iterative with the estimated sym-
bol being used in the prediction of the coefficient. There are
two inputs to the fuzzy tracker: the difference between the
measured and predicted coefficients, and the change of dif-
ference between current and previous differences between the
measured and predicted coefficients. The output of the fuzzy
tracker yields a correction term for the next coefficient.

The motivation in [2] for using fuzzy channel estimation
is due to fuzzy estimation not needing exact process models.
Comparisons are made between the fuzzy tracker and a non-
fuzzy tracker, a.k.a. the alpha tracker, where it is shown that
the fuzzy tracker performs better under noisier multipath con-
ditions.

Channel estimation using a fuzzy approach has also been
performed with a multi-carrier modulation technique called
Orthogonal Frequency Division Multiplexing (OFDM) [5]. In
OFDM, multiple orthogonal subcarriers are used for the same
channel. The data stream is divided into lower bit-rate data
streams, each modulating a separate subcarrier.

There are two different methods for estimating the channel
parameters at each subcarrier: blind channel estimation tech-
niques and pilot assisted channel estimation, with the pilot be-
ing a reference signal used by the transmitter and the receiver.
The blind channel estimation techniques do not use pilot sam-
ples and are thus more spectrally efficient, but at the cost
of higher computational complexity and slower convergence
rate. Pilot assisted channel estimation has typically been based
either on the Minimum Mean-Square-Error (MMSE), the LS
(Least Square) or the LMS (Least Mean-Square) algorithms
[6], with the MMSE algorithm being more robust and per-
forming better in time-varying channels.

In [7] a Takagi-Sugeno-Kang (TSK) [8] model is used for
the pilot assisted channel estimation in an OFDM system.
The TSK method is similar to that of the traditional Mam-
dani method – the difference being that the output of the TSK
model is a linear function of the input variables instead of
fuzzy sets. Pilot symbols are used in order to train the TSK
fuzzy model as well updating the fuzzy model in order to track
the channel. A Gaussian membership function is chosen, as it
has been shown that a fuzzy system with bell-shaped Gaus-
sians can approximate any continuous functions on compact
sets to any degree of accuracy [9]. The TSK learning algo-
rithm consists of defining the center and width of the rules
dependent on the number of rules chosen, after which an ad-
justable parameter of the TSK model is trained from the first
snapshot of the pilot subcarriers. Finally the channel transfer
function is estimated and the adjustable parameter updated to
track the channel. Simulation results show that the proposed
TSK channel estimation model performs closely to the ideal
MMSE, but with lower computational complexity.

The TSK fuzzy modeling technique used in [7] has been
updated for a multiple-input multiple-output (MIMO) OFDM
system in [10] with two transmit and two receive antennas.
MIMO [11] is a way to increase system throughput with-
out the need for higher transmit power or bandwidth, and
has hence become a highly popular research topic. MIMO

achieves increased throughput by using multiple antennas at
the transmitter and the receiver. It is shown in [10] with com-
puter simulations that the Word Error Rate (WER) is close to
the MMSE method with lower computational complexity.

In [12] an MMSE linear receiver was proposed in which a
fuzzy inference system was inserted into the LMS algorithm.
The motivation to use fuzzy logic was for convergence and sta-
bility reasons. The LMS algorithm was modified with a fuzzy
logic controlled adaptive step size and partial update. This
modified algorithm was then used in simulations of noise can-
cellation in a space-time joint direct-sequence (DS) CDMA
system in a dynamic fading multipath channel. It was shown
that the performance of the authors’ modified LMS algorithm
was superior to that of the LMS algorithm.

The proposed algorithm in [12] was further used in [13] for
channel estimation and tracking in OFDM systems for a time-
variant channel. Simulation results indicated that the modi-
fied LMS algorithm had lower steady-state Mean-Square Er-
ror (MSE) and faster convergence speed compared to the or-
dinary LMS algorithm.

In [14], an adaptive neuro-fuzzy inference system (ANFIS)
was evaluated for channel estimation in OFDM systems. The
ANFIS uses a hybrid learning algorithm based on the LS and
the gradient descent methods in order to train the parameters
of the membership functions of a TSK fuzzy inference system.
Clustering is used in order to group data and from this generate
the TSK fuzzy rule-base. From the results of the computer
simulations performed in [14] it can be seen that the ANFIS
performs very closely to that of the MMSE algorithm albeit
with less computational complexity.

2.2 Channel Equalization

Channel equalization is the process of removing the degrada-
tion caused by the channel with the aim of reconstructing the
transmitted data. The wireless channel is time-variant, and in
this kind of channel, non-linear distortion is usually encoun-
tered. Due to linear equalization not performing very well in
these channels, efficient equalization should be both adaptive
and non-linear.

The first results that seem to appear in the literature with
regards to fuzzy logic applications in channel equalization
are [15, 16]. Here fuzzy adaptive filters based on both the
LMS and the Recursive Least Squares (RLS) algorithms are
constructed and applied to channel equalization. Initially the
fuzzy sets are defined over the filter input space, after which
linguistic information from human experts and numerical data
are combined and incorporated into the filter. The algorithms
are then used to update the free parameters. The objective of
using fuzzy adaptive filters is to improve the adaptation speed
of the algorithms with the extra help of linguistic inference
rules. The results indicate that the bit error rates of the fuzzy
equalizer is close to that of the optimal equalizer.

Whereas Wang and Mendel in [15, 16] assumed a fixed de-
lay, in [17] the delay and the membership functions are de-
rived from training data. Two membership functions and two
rules are defined that correspond to the input of the channel,
which is binary, i.e. it takes on two different values. To-
gether they form an output grounded on the conclusion of a
fuzzy rule, from which an independent decision results. Test
symbols are transmitted and the correlation between the de-
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sired outputs and the received signals are determined and form
weights assigned to fuzzy outputs. A weighted sum of all the
rules is used in the fuzzy inference, after which the defuzzified
value is fed through a thresholding device for the final decision
of the equalizer. The results from the simulations performed in
[17] show that the fuzzy logic equalizer outperforms the LMS
in non-linear channels as well as a neural network equalizer
using the backpropagation algorithm. The fuzzy logic equal-
izer also needs fewer training samples compared to the LMS
in linear channels for the same error performance.

The Wang-Mendel RLS Fuzzy Adaptive Filter [16] is ex-
tended in [18] to a complex fuzzy filter that can handle com-
plex channel models and signals. In [19] human expert knowl-
edge and heuristic reasoning are replaced altogether by a Mul-
tilayer Perceptron (MLP) preprocessor unit. The MLP unit
consists of a 3-layer network, the training of which provides
information to the fuzzy logic system. The LMS algorithm,
less computationally complex than the RLS algorithm, is then
used to update the free parameter of the system.

In [20] a Bayesian equalization architecture has been de-
veloped by using a fuzzy adaptive filter construction as in
[15]. The adaptive equalization is visualized as a classifica-
tion problem in which an observation vector is mapped to sig-
nal constellations. In contrast to a channel equalizer such as
the maximum likelihood sequence estimation (MLSE) there
is no need to include a channel estimator, thus making the
equalization process less computationally complex. The de-
rived fuzzy filter function in [20] using fuzzy basis functions
[21], product inference, a center of gravity (COG) defuzzifier,
and Gaussian membership functions, is able to properly rep-
resent the Bayesian decision solution. The performance of the
fuzzy equalizer is close to the Bayesian, with the advantage of
reduced computational complexity.

In [22] a further development of the fuzzy adaptive filters is
presented: the type-2 fuzzy adaptive filter, which based on an
unnormalized type-2 TSK fuzzy logic system using a training
sequence. This is used to implement the Bayesian equalizer
with a decision feedback structure, reducing the complexity
of the equalizer compared to that of the transversal equalizer
(TE). In contrast to a traditional transversal equalizer or filter,
the decision feedback equalizer uses previous detector deci-
sions to cancel intersymbol interference. The type-2 fuzzy
sets [23] is an extension of ordinary fuzzy sets in that the
membership grades are fuzzy as well. It is shown that an un-
normalized output type-1 TSK fuzzy logic system is able to
implement a Bayesian equalizer for a time-invariant channel,
albeit being model free and not based on a Gaussian probabil-
ity model. This is further developed into a more generalized
form with the type-2 fuzzy adaptive filter to accommodate a
time-varying channel.

To a lesser extent, work has also been conducted on blind
methods for channel equalization. Blind methods are distin-
guished by only using information contained in the received
signal, thus making both channel estimation and training data
unnecessary, with the advantage of higher spectral efficiency.
However, this also means that they are strongly dependent on
the obtained statistical data.

In [24] the fuzzy-C-means (FCM) algorithm is used to per-
form joint equalization and demodulation of a signal mod-
ulated with the Quadrature Amplitude Modulation (QAM)

scheme. The receiver mapping the signal onto a set of sym-
bols can be reduced to a classification problem, rendering a
clustering analysis useful. The aim of clustering analysis is
to classify objects into groups or classes (clusters) with the
objects in the same group having similarities. The FCM algo-
rithm is an unsupervised algorithm, i.e., no external informa-
tion outside the data itself is needed on which the algorithm
operates. The membership functions are used as a measure
of what degree the data is connected to the clusters, which in
this particular application depends on the amplitude and the
phase distances between the received symbols, i.e. the sig-
nal constellation points. The results, for a test environment
with a static channel, indicate that the algorithm converges
very quickly, is robust and has lower computational complex-
ity than that of conventional MLSE receivers. One of the prob-
lems with the FCM algorithm however is that it forces points
seriously degraded by noise to belong to one or more clusters
with some degree, instead of giving it low or no membership
in any cluster.

The FCM algorithm in [24] is improved on in [25] by in-
troducing what is referred to as a fuzzy possibilistic C-means
(FPCM) assisted blind channel equalization scheme for time-
varying channels. The FPCM algorithm solves the problem
with the FCM algorithm above by making it less sensitive to-
ward the highly noisy symbol samples. The scheme also al-
lows the receiver to take into account cluster center informa-
tion in previous data, thereby improving the accuracy of the
cluster centers with more data samples. However, it is also
suggested that a forgetting factor might be taken into consid-
eration to reduce the significance of cluster centers in previ-
ous data in a time-varying channel. Due to a rather large co-
herence time in high speed wireless transmission systems, it
is stated in [25], that the accumulation of cluster centers is
feasible even under time-variant conditions. The FPCM out-
performs the FCM algorithm due to the former’s capability of
rejecting the interference of data seriously degraded by noise.
It is also shown that the performance of both algorithms de-
pend on the amount of data involved, as can be expected.

In [26] and [27] a blind equalization algorithm based on a
fuzzy neural network is outlined. Equalization is performed
with a combination of channel estimation and a fuzzy neu-
ral network classifier. The algorithm first blindly estimates
the channel by using the fourth cumulants of the received se-
quences [28]. Afterward, an approximate deconvolution is
carried out. The output from the deconvolution is then fed into
a fuzzy neural network classifier. Simulations undertaken in
time-invariant channels with 64-QAM, indicate that the con-
vergence speed as well as BER are improved compared to that
of a feedforward neural network blind equalization algorithm.

Similarly, in [29] an improvement of a feedforward neural
network blind equalization algorithm is proposed by using a
fuzzy neural network consisting of an input layer, a fuzzifica-
tion layer, a rule layer, a normalization layer and a defuzzifi-
cation layer with the aim of improving the convergence rate.
Simulation results for 16-QAM shows that the fuzzy neural
network has faster convergence speed and lower BER com-
pared to that of the feedforward neural network blind algo-
rithm.
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2.3 Decoding and Equalization

In contrast to conventional communication systems where en-
coding/decoding and channel equalization are performed sep-
arately, turbo equalization schemes combine the two mecha-
nisms. This combination is carried out by iterating the equal-
izer and the channel decoder on the same set of received
data. Since turbo equalizers have been implemented with the
Bayesian algorithm, and it was shown that a TSK fuzzy logic
system is able to implement a Bayesian model in [22], a turbo-
fuzzy equalization approach should be feasible. Such an ap-
proach was introduced in [30], where a turbo equalizer using
fuzzy filters is proposed. The fuzzy turbo equalizer is intro-
duced with the motivation that fuzzy filters could deal with
uncertainty characterized by impulse noise, and also has lower
computational complexity compared to the Bayesian equal-
izer. To adapt the parameters of the fuzzy equalizer, the back-
propagation algorithm is used.

A critique against the turbo-fuzzy equalizer in [30] can be
found in [31] where it is stated that the turbo-fuzzy equalizer
in [30] is unable to use the a priori information provided by
the decoder, hence not having an iterative extrinsic informa-
tion exchange between the fuzzy system and the decoder. This
is improved on in [31] and [32] where fuzzy turbo equalization
schemes with low complexity are proposed.

In [32] a turbo equalization scheme, based on the radial ba-
sis functions (RBF), is proposed by using an extended FCM
algorithm. An emphasis is made on the low computational
complexity this scheme provides compared to a turbo equal-
ization scheme based on the Jacobian RBF in the context of
binary phase-shift keying (BPSK) modulation in a Rayleigh-
fading channel. Simulation results show that the scheme pro-
posed performs closely to that of the Jacobian RBF based
turbo equalization scheme but with a significant reduction in
computational complexity.

In [31] the Jacobian RBF turbo equalization scheme is
modified by using the same Bayesian equalization architec-
ture based on a fuzzy adaptive filter structure as introduced
in [20]. The simulations are performed for BPSK and QAM
in a Rayleigh fading channel, and indicate that the proposed
fuzzy adaptive filter TEQ scheme considerably reduces the
computational complexity with only a slight degradation in
performance compared to the Jacobian RBF turbo equaliza-
tion scheme, providing a trade-off for highly low complexity-
oriented circuit implementation.

3 Conclusions

In this paper we have traced the research being conducted
over the last two decades, leading up to current research, in
which the usage of fuzzy logic in wireless communications
has yielded successful results. To the best of our knowledge,
this is the first such study of its kind. The three areas in
wireless communications focused on in this paper have been:
channel estimation, channel equalization and decoding.

In channel estimation, the fuzzy based methods to have
been applied have ranged from fuzzy tracking based on
Kosko’s fuzzy associative memory models and the TSK
model, as well as fuzzy logic used in combination with adap-
tive algorithms such as the LMS and RMS algorithms or a
neuro-fuzzy inference system. The neural network and adap-

tive algorithms are commonly used in order to train the param-
eters of membership functions in a fuzzy inference system.

In channel equalization the research in fuzzy adaptive fil-
ters, both type-1 and more recently type-2 TSK fuzzy logic
systems, from Wang and Mendel have been highly influential.
These fuzzy adaptive filters are able to use input from both
human experts and/or training data. Using as a foundation
the adaptive fuzzy filters, a Bayesian architecture has been de-
veloped which incorporates fuzzy basis functions and Gaus-
sian membership functions, being able to properly represent
the Bayesian decision solution. Another category in channel
equalization is the blind methods which uses variants of the
fuzzy-C-means algorithm or a fuzzy neural network. Turbo
equalization has either been based on the Bayesian equaliza-
tion architecture or the clustering approach with the fuzzy-C-
means algorithm.

Conclusions that can be drawn from the research collated
and presented in this paper with regards to the main benefits
of using fuzzy logic based methods are:

• Fuzzy logic based methods particularly perform well un-
der non-linear and time-variant conditions, where adap-
tive techniques have to be employed.

• When dealing with complex models that are not com-
pletely known and varying with time, fuzzy logic based
methods can be used for faster convergence and re-
duced complexity with a slight degradation in perfor-
mance compared to that of standard methods.

• When human expert knowledge is available, a fuzzy ap-
proach is highly suitable to incorporate this knowledge to
complement available numerical data.

Building on the study we have presented in this paper, there
are a few research areas that we consider merit further at-
tention. These are: fuzzy adaptive equalization techniques
for time-varying MIMO-channels, and fuzzy power control
in MIMO-OFDM systems. Furthermore, another interesting
area in which research is being conducted, is in cognitive ra-
dio [33]. Cognitive radio is an intelligent wireless communi-
cation system that adapts to its environment with the purpose
of improving the spectrum efficiency. Both signal processing
and machine learning techniques are of interest in cognitive
radio, with, e.g., game theory being a commonly used method
to model the transmit-power control problem. Research has
also been conducted in fuzzy based game theory with the aim
of application in cognitive radio in [34].

The purpose of this paper has been to give a background to
common problems in wireless communication systems. More-
over, a survey of relevant research has been presented in wire-
less communication systems in which fuzzy methods have
been used successfully. The aim has been to give a condensed
and clear overview of conducted research as well as highlight-
ing the common features of the problems in which fuzzy logic
has been used in order to discern future areas to be investigated
further by the ambitious researcher.
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Abstract — An approach to estimate the number of rules by 
spectral analysis of the training dataset has been recently 
proposed [1]. This work presents an analysis of such a 
method in high performance computing environment. Two 
approaches for parallel implementation of the method were 
studied considering the structure selection genetic algorithm 
and the spectral decomposition. The results show that both 
approaches have allowed to reduce considerably the overall 
processing time. 

Keywords — Fuzzy rule-based classifier; genetic algorithm; 
spectral clustering; high performance computing. 

1 Introduction 
Fuzzy rule-based classifiers have been widely studied and 
many approaches have been reported in literature [2]. One of 
the main problems in the design of interpretable fuzzy rule-
based models is the determination of an adequate number of 
rules, which is closely related to the complexity of the 
problem. An approach to estimate the number of rules by 
spectral analysis of the training dataset has been recently 
proposed [1]. The method employs also a genetic algorithm 
for structure selection, which selects the input variables and 
defines the number of fuzzy membership functions in the 
domain of each selected input variable. Although this 
method has obtained interpretable fuzzy rules, with good 
accuracy, it is very time consuming due to the numerical 
complexity of both the spectral decomposition and the 
genetic algorithm. 

This work presents an analysis of the method proposed in 
[1] in high performance computing environment. Two 
approaches for parallel implementation of the method were 
studied considering the structure selection by the genetic 
algorithm and the spectral decomposition. In the first 
approach, only the genetic algorithm is implemented in 
parallel while the spectral decomposition is computed in 
serial. In the second approach both the genetic algorithm and 
the spectral decomposition are run in parallel in a two levels 
parallelization scheme. 

This paper is organized as follows. Next section 
introduces the notation and parameters of the fuzzy 
modeling approach. In section 3 the fuzzy rule induction 
algorithm [1] is reviewed. In section 4 the parallel 

implementation is described. In section 5 the results are 
discussed and the conclusions are drawn in last section. 

2 Fuzzy Symbolic Modeling 
Consider a dataset composed of N input-output observed 

samples � �� �NttytT ...1,)(),( �� x , where pR�x  is a 
vector of input variables and N�y  is the output variable 
where a value jy �  refers to a class B�jB .

The fuzzy symbolic model (FSM) relates a set of input 
symbols � �niAi ...1, ��A  to the set of classes 

� �mjB j ...1, ��B  as rules in the form ji BA �  read as: 

ji BistythenAistif )()(x . (1)

As usual, the fuzzy model computes an approximation 
))((ˆ)(ˆ tfty x�  in three steps, which are implemented as the 

operators: 
Fuzzification:  

� ��xu ),()(ˆ tFt � . (2)
Inference:  

� ��uv ),(ˆ)(ˆ tIt � . (3)
Defuzzification: 

� �)()(ˆ tDty v� . (4)
The operators and their parameters, which should be 

computed by the learning algorithm, are presented in the 
following [1]. 
2.1 Fuzzification 
The compound symbol iA  in rule (1) represents a region on 
the input variables domain. The membership function 

))(( tiA x�  is computed by the conjunction of p  elementary 

symbols � � pktxkAi
k

...1,)( ��  as: 

� � � �	
�

��
pk

kAAi txttu i
ki

...1
)()()( �� x (5)

The component i
kA  in (5) is associated to an elementary 

fuzzy set defined in the one dimensional domain of the 
variable kx . The fuzzy membership functions are supposed 
to be equally spaced Gaussian functions, and only the 
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number of fuzzy sets in each input variable fuzzy partition is 
necessary to define fuzzy membership functions [1]. 

The table � �pkniik �� 1,1, ��� 
�  is the output of 
the rule induction algorithm, presented in Section 3.2. An 
element ��ik
  defines which symbol in the partition of the 

variable kx  should be associated to the component i
kA  in 

the rule i . A value jik �
  indicates that the fuzzy set kjA

should be used as the component i
kA  in the rule iA  (cf. (5)). 

2.2 Inference
Rule weights have been shown to allow more flexibility to 
the fuzzy model [3][4]. The inference operator is defined by 

the rule weights matrix � � mn� 1,0� , of which each 
component ),( jiij BA�� ��  represents the confidence of 

the rule ji BA � . The fuzzy inference is computed by the 

sum-product composition operator: 
�uv ).(ˆ)(ˆ tt � (6)

The rule weights matrix are computed as the solution of a 
bounded quadratic optimization problem, as discussed in 
section 3.3. 
2.3 Defuzzification 
In classification problems, defuzzification computes the 
class output index. Generally the maximum rule is used, 
such that the class index is computed as the component with 
the greatest membership value: 

� �)(ˆmax)(:)(ˆ ttvjty j v�� (7)

The design of the FSM is presented next. 

3 Induction of Fuzzy Rules 
The rule induction algorithm is based on the spectral 
analysis of the training dataset to determine the number of 
fuzzy rules. The rule-base weights are then computed by 
solving a bounded quadratic optimization problem. 
3.1 Spectral Analysis 
Consider a graph associated to the training dataset, of which 
the set of nodes represent the input variable samples and the 
set of edges is defined by the NN   adjacency (or affinity) 
matrix A . The graph is undirected and weighted, hence the 
affinity matrix is symmetric, real valued and its elements 
represent the similarity between two input variable samples. 
In this work, the similarity metric is computed by the 
Gaussian function, such that each element of affinity matrix 
is computed as: 

�
�
�

��
�

�
�

��
�

�

�

��
�

�

� �
��

otherwise

jiif
ji

aij

0

,
2

)()(
exp

2

2

�

xx
(8)

where �  is a dispersion parameter that controls the spread 
of the similarity function, fixed in this work at 1�� . The 

NN  matrix D  is a diagonal matrix whose elements are 
the degree of the nodes of the graph, computed by the sum 
of similarities of neighbors of each node: 

�
�

�
Nj

ijii ad
..1

(9)

The spectral analysis of the graph is based on the 
normalized Laplacian matrix, computed as [5][6]: 

2121 ��� ADDL (10)
The rule induction algorithm is based on the spectral 

decomposition of the Laplacian matrix as: 
TZ�ZL � (11)

The number of positive eigenvalues of the Laplacian is 
used as an estimation of the number of rules [1]. 
3.2 The Rule Induction Algorithm 
The combination of one-dimensional fuzzy sets is easier to 
understand than a multi-dimensional fuzzy set. Thus, the 
idea of the rule induction algorithm is to run a clustering 
algorithm on the dataset and then to associate a rule to each 
cluster. For each cluster, the nearest combination to the 
cluster center, among all possible combinations of fuzzy sets 
is chosen as the rule to be included in the model. 

In the spectral clustering algorithm, the standard k-means 
algorithm is applied over the matrix Z

�
, computed as the 

first K  columns of the eigenvector matrix Z . Recall that 
the columns of Z  are ordered according to the 
corresponding eigenvalues, such that the first columns 
correspond to the largest eigenvalues.  

The rule induction algorithm is run within an outer loop 
for structure selection, which defines both the variables that 
should be used by the model and the number of fuzzy sets in 
each variable’s domain. At each iteration, the structure 
selection algorithm provides the candidate structure 
represented by the vector � �p�� ,,1 ��� , where each 

component max2 �� �� k  is the number of fuzzy sets in the 
fuzzy partition of variable kx  and a value 1�k�  indicates 
that the variable kx  should not be considered by the model. 
The rule induction algorithm is sketched out in Algorithm 1. 

Algorithm 1: Rule induction 

input: � �p�� ,,1 ��� ; � �� �NtttT ...1,)(),( �� yx

output: � �pkniik �� 1,1, ��� 
� ;
01 begin 
02  compute the matrix A  //Equation (8)  
03  compute the matrix D //Equation (9) 
04  compute 2121 ��� ADDL
05  compute TZ�ZL �

06 KiKn i ...1,: � ! "# //estimate n  rules 
07 )(nclustering!W //assign rules to clusters 
08 for ni �1�  
09   for pk �1�
10    if ( 1$k� )
11     � �ikkjkjik wj ��� %%
 minarg:* * ;

12 end
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The set of rules issued by the rule induction algorithm 
defines the premises of rules (1). The same set of rules is 
used for all classes, with the classification being assigned by 
the rule weights, which are computed as described next. 
3.3 Rule Weights Optimization 
The rule weight matrix can be written as � �m��� ||1 �� ,
where the vectors j�  are the rule confidence weights that 

relates the rule premise symbol iA  to the rule consequent 
(class) jB . Optimal rule weights j�  can be computed in 

the least squares sense, by solving the following bounded 
quadratic programming problem for each class jB  [1][7]: 

nitosubject

minimize

ij

jjj
j

...1,10

TT
2
1

���

�

�

�CK��
�

(12)

where UUK T�  is a strictly positive definite matrix and 

UVC TT
j� . The matrix � �T)(||)1( NuuU ��  is the matrix 

of which each line is the fuzzy vector computed for each 
data sample, whose components are computed as (5). The 
vector � �T)(||)1( Nvv jjj ��V  contains the memberships 

values of class jB  for each sample in the training set, such 

that ))(()( tytv jBj �� . The bounds attempt to constrain the 

weights within the � �1,0  interval, such that they can be 
interpreted as fuzzy rule confidence. The bound constrains 
also avoid high values for the rule weight parameters, 
providing the smoothness of the solution. 

The quadratic optimization problem defined by (12) is 
widely known and the solution can be computed by efficient 
numerical algorithms [8]. 

For a fixed model structure, the more the solution values 
1&ij� , the more certain is the classifier and also the greater 

is the norm of the weight vector, defined by: 

mjjjj ...1,.T2
�� ���

(13)

The sum �
� mj

j
..1

2
�  is thus a measure of the amount of 

certain rules and also can be interpreted as a measure of the 
classifier quality. 
3.4 Structure Selection 
The structure selection is implemented by a genetic 
algorithm (GA). Each individual in the population represents 
an estimation of the structure vector � �p�� ,,1 ��� , which 

defines the variables that must be included in the model and 
also the number of fuzzy sets in the domain of each variable.  

The GA fitness function is computed as a trade-off 
between the model’s accuracy and capacity according to the 
required complexity of the problem [1]: 

�

�

�

�
'��

mj
j

mj
jj

N

N
R

...1

2

...1

2

)(
2
1

)()(
2
1)(

��

V���U�
(14)

where the firs term represent the model accuracy and the 
second accounts for model quality according to (13). The 
factor N2

1  is used to rescale the fitness function to the � �1.0
interval. 

The GA performs simultaneously the selection of input 
variables to be considered in the model and the number of 
fuzzy sets in the domain of each (selected) variable. During 
the GA execution, it is frequently necessary to evaluate an 
individual that has been previously evaluated. The number 
of fuzzy rules is computed from the spectral analysis, which 
is a function only of the selected input variables. It is thus 
possible that two different individuals select the same input 
variables such that they will result in the same number of 
rules. In order to avoid the unnecessary reevaluation of the 
spectral analysis for individuals related to the same subset of 
variables, the number of rules computed by the solution of 
(11) is stored and related to the corresponding subset of 
variables. Consequently, the eigendecomposition (11) for a 
new individual is computed only if the corresponding subset 
of variables has not been evaluated before. The fitness 
functions for all visited individuals are also stored such that 
for a new individual, identical to another already evaluated, 
the fitness function (14) is not reevaluated. 

The GA parameters for all tests described in section 5 
were the same. The population was fixed at 32 individuals. 
An uniform crossover operator with 85% crossover rate was 
used. The mutation rate was set in 5%. The maximum 
number of iterations was fixed at 150. A value 8max ��
was used to limit the number of fuzzy sets per variable. 

All the implementation was made by free source software 
available on the web. The GA was implemented in Python 
programming language. The most computationally 
expensive tasks (spectral analysis and the rule weights 
optimization) were implemented in C using standard 
libraries. 

4 Parallel Implementation 
The structure selection GA is a very intensive computational 
task, since each candidate evaluation requires the solution of 
equation (11) and the GA itself requires the evaluation of a 
number of individuals during several iterations. The modern 
multi-core hardware platforms allow the reduction of the 
global processing time in complex application through 
parallel implementation. 

Depending on the application and the available hardware 
resources, the parallelism can be exploited in different ways, 
through the partitioning of the problem with respect to data 
and/or tasks. In data parallelism, the same task is allocated to 
different processors, where each one of them works with a 
different portion of the data. This approach applies to 
problems whose solution involves a great mass of data. In 
task parallelism, different tasks are allocated to different 
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processors. This approach applies to problems where there is 
interdependency among the tasks. 

When designing a parallel program, the communication 
among the processors involved in the execution must be 
considered carefully. There are two main communication 
paradigms in parallel applications: memory sharing and 
message passing. The memory sharing parallel programming 
model is based in the same principle as the serial 
programming; essentially, a single memory addressing space 
is used during the program execution flow. The message 
passing programming is conceptually independent of the 
hardware platform, operating system and programming 
language. As the memory addressing spaces are different in 
each process the concept of message is used. A message is a 
set of information that can be sent from process to another 
through a communication channel. 

One of the most known and complete libraries for 
message passing is the Message Passing Interface (MPI). 
The MPI is a standardized and portable message passing 
library designed for distributed memory environments, 
parallel machines and heterogeneous network. In MPI 
programs, all the parallelism is explicit, i.e., the programmer 
must code the synchronization points and the message 
passing calling the functions. Each process, receives a copy 
of the entire parallel program code. 

In this work two parallel strategies are evaluated: in the 
first one only the GA is implemented in parallel; in the 
second one, both the GA and the spectral analysis for each 
individual are processed in parallel in a two levels strategy. 
4.1 Parallel Genetic Algorithm 
Several features of GAs allow its parallelization in a very 
natural way and many approaches have been reported in 
literature [9]. The main approaches are divided in three 
types: fine-grained single population GA, coarse-grained 
multiple population GA and single global population master-
slave GA. 

Fine-grained parallel genetic algorithms use just one 
population, but there is a special structure that limits the 
interaction among the individuals. An individual can only 
compete and operate with individuals that belong to his 
neighborhood, which is assigned by a predefined topology. 

Coarse-grained parallelization model, also known as 
island model, uses several populations that occasionally 
change individuals through migration operator. In island  
GAs, each sub-population evolves as in traditional GAs, 
excepting for the migration operator among different islands. 

The master-slave parallel genetic algorithms, also known 
as parallel global population GAs, use a single population 
and the parallelization is done in the evaluation of the 
individuals. As in a traditional serial GA, each individual 
competes and operates with any other individuals in the 
population. In master-slave genetic algorithms, a master 
process is responsible by the application of the genetic 
operators to the population (selection, crossing, mutation) 
while the slave processors are responsible by the 
individuals’ evaluation [10]. The communication among the 
individuals occurs when the master process sends the 

individuals to the slave processes and when the slave 
processes return their fitness values to the master. 

In this work, a master-slave parallel implementation was 
used for the structure selection GA. The adoption of such 
GA parallel model is useful, since its implementation is 
independent of the machine architecture and of the 
communication model among the processes. 
4.2 Two Levels Approach: Parallel GA with Parallel SA 

The complexity of a full eigenproblem like (11) is )( 3NO

in processing time and )( 2NO  in storage requirements. In 
Algorithm 1, the solution of (11) requires the solution of an 
eigenproblem of the size of the number of records of the 
dataset N . The two-level strategy considers thus the 
parallelization of the spectral analysis (SA) for each 
individual, within the parallel GA. 

The schematic representation of the two-level strategy is 
shown in Fig. 1. In the higher level there is the GA 
parallelism, where the master performs the operations over 
the population and sends the individuals to the slaves. In the 
lower level is the SA parallelism, where each slave shares 
the eigenproblem solution with other processors.  

The two levels strategy is possible due to the concept of 
communicators groups in the MPI library that allows the 
definition of modules that encapsulate the communication 
operations within a group. The communicator identifies the 
group of processes and the context in which a given 
operation must be applied. The MPI library provides a 
standard communicator, called MPI COMM WORLD, 
which identifies every processes involved in the 
computation through global identifiers. 

The execution of the GA is performed by the processors 
that belong to Group 0 (cf. Fig. 1.). Each slave processor in 
Group 0, also belongs to another group, which is responsible 
for computing the SA. Thus, new sub-communicators must 
be created, allowing the communication within each group 
of slave processors. 

Fig. 1: Two-level Parallel Architecture 

There are numbers of software libraries that implements 
parallel eigenproblem solution using different numerical 
methods. In this work, SLEPc (Scalable Library for 
Eingenvalue Problem Computation [11]) was adopted. 
SLEPc is a software package for solution of large scale 
problems  built over PETSc (Portable, Extensible Toolkit for 
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Scientific Computation), which is a set of libraries of data 
structure and routines for parallel scientific applications. 

The Krylov-Schur solver, which implements the Arnoldi 
method for eigenvalues problem solution, was adopted in 
this work. It is probably the most robust solver in SLEPc 
[11].  

5 Results and Discussion 

5.1 Performance Results 
Four benchmark datasets from the UCI Machine Learning 
Repository [12] were considered for the performance 
evaluation. Some synthetic datasets, with 18 variable and 
different numbers of records, were also considered. These 
datasets were considered in order to exploit a greater 
problem size. 

Each benchmark evaluation was performed in 10-fold 
cross validation analysis. The evaluation of each benchmark 
was repeated 10 times to ensure the GA generalization. The 
average results for each dataset are shown in Table 1, where 
Acc. is the average accuracy (computed for the 10-fold cross 
validation) and Time is the average global time (in seconds) 
of the serial implementation. For the synthetic datasets just 
the time results were considered and the time values 
correspond to the execution time for just one GA generation. 

All tests were run an 8-core Linux cluster composed of 
two machines, each one equipped with two dual-core Intel 
Xeon processors (1.6GHz) and 4GB DRAM. The serial 
processing time was computed using only one processor. 

Table 1: Performance Results. 

Dataset p m N rules Acc. Time 
Diabetes 8 2 768 12.5 78.67 1795.72 
Ionosphere 32 2 344 26.7 91.47 4752.24 
Balance 4 3 625 8.3 81.41 145.69 
Cancer 9 2 683 8.4 98.13 1665.62 
Synthetic 1 18 - 1000 - - 99.68 
Synthetic 2 18 - 2000 - - 580.18 
Synthetic 3 18 - 3000 - - 1952.7 
Synthetic 4 18 - 4000 - - 4339.75 

As seen in Table 1, the modeling approach has obtained 
good accuracy with small number of rules results. The 
accuracy results obtained for the same datasets by other 
algorithms can be found in [1]. The focus of the analysis in 
this work is on the processing time and parallelization 
efficiency. 
5.2 Parallel GA Results 

The processing time (in seconds) of the parallel GA (with 
serial SA) implementation are shown in Table 2. The 
parallel processing time as a percentage of the serial 
processing time is also shown in Table 2. It can be seen that 
the parallel GA reduces the global execution time 
considerably.  

Table 2: Execution time for parallel GA (with serial SA). 

  2 Proc. 4 Proc. 8 Proc.  
  Time %  Time %  Time % 
Diabetes 1194.8 66.5 738.28 41.11 550.75 30.67
Ionosphere 2517.57 52.97 1354.1 28.49 853.56 17.96

Balance 107.29 73.64 88.35 60.64 69.51 47.71
Cancer 1070.35 64.26 696.54 41.81 476.76 28.62
Synthetic1 54.79 54.96 47.66 47.81 54.16 54.33
Synthetic2 317.14 54.66 210.73 36.32 230.89 39.79
Synthetic3 1050.2 53.78 700.89 35.89 620.05 31.75
Synthetic4 2380.84 54.86 1765.83 40.68 1486.28 34.24

The parallel efficiency of the parallel GA algorithm is 
shown in Fig. 2. The parallel efficiency was computed in the 
standard way as [13]: 

P

S
P T

T
P
1.100�(

(15)

where P  is the number of processors, ST  the serial 
processing time (in seconds) and PT  is the parallel 
processing time using P  processors. 

Fig. 2: Parallel Efficiency for Parallel GA With Serial SA. 

The parallel efficiency decreases as the number of 
processors increases, due communication overhead and the 
load imbalance introduced by the reevaluation avoiding 
scheme, since the number of evaluated individuals is not the 
same for all the slave processes. A processor with fewer 
individual’s evaluations will become idle waiting the other 
processors finish their work to synchronize in a new 
generation. The resulting load imbalance reflects in a great 
damage to the overall parallel efficiency. 

The results show that this approach is not good for large 
datasets, since each GA individual evaluation allocates an 
instance of the Laplacian matrix in memory, making a bad 
use of the memory resources available. 
5.3 Parallel GA with Parallel SA Results 

The execution times (in seconds) of the two levels 
approach for the studied datasets are shown in Table 3 as so 
as the percentage of the serial processing time. 

Table 3: Execution times for the two levels approach. 

  2 Proc. 4 Proc. 8 Proc.  
  Time %  Time %  Time % 
Diabetes 2185.32 121.6 1303.46 72.58 833.62 46.42
Ionosphere 5704.34 120.0 3401.24 71.57 2949.77 62.07
Balance 185.67 127.4 128.28 88.05 116.71 80.10
Cancer 1628.91 97.79 994.00 59.67 745.43 44.75
Synthetic1 76.01 76.25 40.03 40.15 35.41 35.52
Synthetic2 368.81 63.56 195.59 33.71 160.38 7.64
Synthetic3 1182.08 60.53 615.06 31.49 416.85 21.34
Synthetic4 2537.81 58.47 1300.7 29.97 805.05 18.55
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The parallel efficiency of the two-level approach for the 
same datasets are shown in Fig. 3. 

Fig. 3: Parallel Efficiency for the Two-Level Approach. 

The results in Table 3 and Figure 3 show that for the four 
benchmark datasets studied, the global execution time is 
greater than the results presented for the parallel GA with 
serial SA. Consequently, the parallel efficiency is lower 
when compared to the results presented by those approach. 
This indicates that for small size datasets, the parallelization 
of the eigenproblem solution is not efficient. For larger 
datasets, the two levels approach shows more interesting 
results since the synthetic datasets present better results for 
the two levels approach when compared to the parallel GA 
with serial SA. This comparison indicates that, for datasets 
with a great number of records, the SA parallelization can be 
a good idea since it reduces the load imbalance introduced 
by the reevaluation avoiding strategy and makes a better use 
of the memory available for the method execution, since the 
Laplacian matrix used in the spectral analysis is sliced for 
the involved processes. 

6 Conclusions 
The design of fuzzy symbolic models [1] is focused on the 
interpretability and the resulting model’s structure is selected 
by a wrapper genetic algorithm that defines the variables 
that should be included into the model and the number of 
fuzzy sets in the partition of each variable. The number of 
rules is determined by a spectral analysis method and rules’ 
weights are optimized. 

This work has evaluated two approaches for the parallel 
implementations of the fuzzy symbolic models. Both 
approaches have reduced the global execution time of the 
algorithm when compared to the serial times, which was the 
main drawback of the previous implementations. 

The parallel efficiency results indicate that, even with the 
load imbalance introduced by the reevaluation avoiding 
strategy, the GA parallelization is an interesting approach 
for smaller datasets and the two-level approach is a good 
approach for larger datasets. Further studies may be done in 
order to increase the load balance among the processors and 
evaluate the implementation behavior for larger datasets. 
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Abstract—We describe a method for edge detection in digital 
images based on the morphological gradient and fuzzy logic. The 
goal is to improve one of the basic methods for edge detection in 
order to obtain a better result even without applying any filter to the 
image. The tests were made with a type-1 fuzzy inference system 
(T1FIS) and with an interval type-2 fuzzy inference system (IT2FIS). 
We show that the images obtained with fuzzy logic are better than the 
ones obtained with only the morphological gradient method. In 
particular the IT2FIS achieved the best results, because of the 
flexibility to model the uncertainty in the gradient values and the 
gray ranges for the edge images. In both TIFIS and IT2FIS the 
membership function parameters were obtained directly from the 
images; this allows application of the proposed method to images 
with different gray scales. 

 
Keywords— digital images, edge detection, image processing, 

interval type-2 fuzzy logic.   

1 Introduction
Edge detection is an intermediate step in image pattern 
recognition in digital images and has the opposite effect of 
noise elimination; it consists on emphasizing pixels with 
gray tones that are different than their neighbours [1]. Some 
of the existing methods for edge detection have been 
enhanced with type-1 fuzzy logic [2][3], fractal theory 
[4][5], neural networks [6][7][8] and recently with interval-
valued fuzzy operators [9].  

In previous works proposed by the authors, the 
improvement of the Sobel edge detector using an IT2FIS 
was achieved [10][11]. The images resulting from these 
experiments were used as training data for image 
recognition with modular neural networks, obtaining good 
results [12][13]. 

In this paper, an improvement of a traditional edge 
detection method based on the morphological gradient is 
presented. This method does not need any filter to obtain the 
edges, but it is necessary to perform calculations in order to 
find the relation of each pixel of the image with the eight 
neighbours pixels around it. 

In section two we present a brief description of an edge 
detection method based in morphological gradient, in 
section three we explain our contribution consisting on the 
development and tests with a type-1 fuzzy inference system 
and an interval  type-2 fuzzy inference system; in both cases 

we apply the same criteria and conditions, for a valid 
comparison of the results. Section four shows the obtained 
results with the three methods. The main topic in this paper 
is the comparison of the results obtained with the IT2FIS, 
applying different footprint of uncertainty (FOU).  
  

2 Edge detection using morphological 
gradient

The morphological gradient of a grayscale image can be 
viewed as the greatest absolute intensity difference between 
any two pixels within the structuring element, and can be 
defined with Equation (1) [14]. 
 
 )()()( fff gg �� ���  (1) 

For the discrete case, we use   instead� , then if we 
apply (1) to a 3x3 sample matrix as shown in Fig. 1, we can 
to obtain coefficients zi with Equation (2), the possible edge 
directions with (3). An approximation of (3) can be 
calculated without the root square using the absolute values 
of the differences instead the square values (4). The edges 

iD )( f

iD

E can be calculated with Equation (5) [15][16]. 
 

 )1,1(1 ��� yxfz
)1,1(3
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(2) 

 

 
Figure 1: A 3x3 sample matrix with coefficients and edge 

directions. 
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The edge image obtained with Equation (5) does not 
consider any parameters to prevent noise or regions with 
very low or high contrast. Then some very dark or bright 
images could be a problem for this edge detector. 
 

3 Edge detection using a fuzzy inference 
system

The fuzzy approach for edge detection using morphological 
gradient consists of using Equation (3) or (4) to obtain the 
gradient in the four directions, and use them as inputs for a 
fuzzy inference system (FIS) instead the Equation (5). This 
approach allows us to analyze the gray tones range of any 
particular image and use them as parameters to the 
membership functions in the FIS. 
 
3.1 Type-1 fuzzy linguistic variables 
The inputs to consider for the T1FIS are the morphological 
gradients  for each pixel with respect to a 3x3 
neighbourhood matrix. The membership functions must 
represent the magnitude of the gradient. In order to adapt 
the membership functions to the range of gray tones 
depending on the image, we obtain the maximum, minimum 
and middle values of , and we use these values for the 
centre of the membership functions, as shown in the 
example of Fig. 3. 

iD

iD

 
The � value for the particular example plotted in Fig. 3 is 
20, the Gaussian membership functions for each D input 
were obtained with (9)(10) and (11), and the center of each 
function were obtained with (6)(7) and (8). This is the 
method that we propose to adapt the parameters of the 
membership functions depending on the contrast level of 
each image. 
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For the outputs E (the edges), we select the range [0,255] as 
the gray tones scale, then we can obtain these membership 
functions directly with (12)(13) and (14). If some 
application needs a different gray tones scale, is necessary 
to adjust the values of black, gray and white of (12), (13) 
and (14) to the desire scale. 
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where white=255 

(14) 

��   where 
 
In order to plot the membership functions for the inputs Di 
of the FIS, as particular example we used the image in Fig. 
2. First the image was converted to gray scale, then the 
following values were calculated, for each variable D. 
 

dlow1=0,   dmiddle1=94.7,  dhigh1=189.4,  �1=23.6 
dlow1=0,   dmiddle2=87.9,  dhigh2=175.8,  �2=21.9 
dlow1=0,   dmiddle3=89.8,  dhigh3=179.6,  �3=22.4 
dlow1=0,   dmiddle4=75.6,  dhigh4=151.3,  �4=18.9 

 

 
Figure 2.  Particular image to explain the parameters for the 

FIS variables. 
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Figure 3: Linguistic variables for the TIFIS corresponding to the 

image in Fig. 2. 

3.2 Interval type-2 linguistic variables 
As we previously mentioned, the edge detection method 
proposed in this paper can be adapted to images with 
different contrast levels, but particularly the use of interval 
type-2 fuzzy sets enables us to handle the uncertainty by 
adding some FOU to the membership functions [17]. 

To compare the improvement of the edge detector using 
interval type-2 fuzzy sets, we build an IT2FIS using the 
same parameters than the TIFS [18]. The membership 
functions were obtained with Equations (6)-(14), but adding 
different sizes of FOU. 

We made tests using different sizes of the FOU for the 
input variables Di, using dmiddlei, as parameter to obtain the 
values respect to the image contrast, in a proportional 
manner. The FOU sizes for Di, then can be obtained using 
(15). 
 

ii dmiddleFOUd *��  (15) 

where � is in (0,1) 
 
The FOU for the output variable E, was calculated in a 
similar way to the inputs variables. In this case, we obtain 
the FOU values using egray as parameter (16). 
 
 egrayFOUe *��  (16) 
where � is in (0,1) 
 
The plot in Fig. 4, shows the linguistic variables with 
interval type-2 membership functions where the value for � 
is 0.4, adding FOUdi/2 for inputs Di and FOUei/2 for the 
output E, at each side of the center of the membership 
functions; then all the functions are symmetric. 

 
Figure 4: Linguistic variables for the IT2FIS corresponding to the 

image in Fig. 2, with FOUdi=0.4*dmiddlei 
 

3.3 The rules 
The task of the fuzzy inference systems is to estimate a 
value for each pixel, which better describes the relation with 
its neighborhood.  
 
1. If (D1 is HIGH) or (D2 is HIGH) or (D3 is HIGH) or             

(D4 is HIGH) then (E is WHITE)        
2. If (D1 is MIDDLE) or (D2 is MIDDLE) or                           
 (D3 is MIDDLE) or (D4 is MIDDLE) then (E is WHITE) 
3. If (D1 is LOW) and (D2 is LOW) and (D3 is LOW) and         

(D4 is LOW) then (E is BLACK) 
 
The first rule establishes that a high gradient in any 
direction means an edge, the second rule is similar to the 
first one, because after many experiments with different 
images, a medium magnitude of the gradient in any 
direction results also in an edge, and the third rule is only to 
confirm the first two, because all derivatives with low 
magnitude means a homogeneous region in the image, that 
means there are not edge in this pixel. In Fig. 5 the solution 
surfaces for the TIFIS and IT2FIS are shown. 

 
Figure 5: The solution surfaces for the image in Fig. 2, for TIFIS 

and IT2FIS with different FOU sizes. 
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4 Experimental results 
For a better appreciation of the results, we developed some 
programs in Matlab to obtain the edge image, under the 
same conditions. In all the images the morphological 
gradients were obtained with (2) and (3), then using the 
morphological gradient (MG) the edges were calculated 
with (5). For the fuzzy methods T1FIS and IT2FIS we use a 
fuzzy inference system instead of the gradient (5).  

We choose Gaussian membership functions for all the 
variables of the both FIS (TIFIS and ITFIS), only for an 
easy configuration, because as we explained in section three 
we used the values obtained with the morphological 
gradient of each particular image to estimate the parameters 
for the membership functions. 

For the first test, we used a sample of the ORL databases 
of faces, and selected arbitrary values for the FOU, only to 
demonstrate that the images obtained using IT2FIS are 
better that the images obtained with TIFIS. In the example 
of Fig. 6, we see the changes on the images with different 
values of the FOU. The best image is the one obtained with 
FOU=40, while the image obtained with T1FIS looses some 
details. For all the tests the use of the FIS’s improve the 
results of the MG traditional method. 

 
Figure 6: Edges images obtained using Morphological Gradient 

(MG), and the same method improved with a type-1 fuzzy system 
(TIFIS), and an interval type-2 fuzzy system (IT2FIS), with 

arbitrary FOU values. 
 

For a better analysis of the results we plot frequency 
histograms for each result in Fig. 6. The histograms show 
that the images obtained with the IT2FIS when the FOU is 
increased, between 30 and 40, found more pixels 
corresponding to the edges preserving more details than 
T1FIS, but when the FOU increases more than 40, the pixels 

near white decreases, showing more noise in the 
background.  

 
Figure 7: The frequency histograms correspond of the images 

shown in Fig. 6. 
 

The second test, shown in Fig. 8, was made with an image 
used as benchmark for edge detection algorithms, and 
confirms the results obtained in Fig. 6. 

 
 

Figure 8: Edges achieved with FOU values obtained directly of the 
original image with equations (15) and (16). 
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As we can see in Fig. 8 and Fig. 9, the edges can be seen 
better with the TIFIS method than de morphological 
gradient method, but more details of the image can be seen 
with the IT2FIS method when FOUdi=0.4*dmiddlei. 
Obviously the images obtained with a FOU near 0 are 
similar to the images obtained with the T1FIS. The image 
with FOUdi�0.6*dmiddlei show more details, but includes 
some textures that are not desired for edge detection. 

 
 

Figure 9: The frequency histograms correspond of the images 
shown in Fig. 8. 

 
The parameters used for the T1FIS and IT2FIS in the tests 
of Fig. 8 and Fig. 9, were calculated with equations (6)-(16) 
and have the following values: 
dlow1=0,   dmiddle1=105.9,   dhigh1=211.9,  �1=26.4 
dlow1=0,   dmiddle2=109.6,   dhigh2=219.2,  �2=27.4 
dlow1=0,   dmiddle3=107.5,   dhigh3=215.0,  �3=26.8 
dlow1=0,   dmiddle4=74.6,    dhigh4=149.2,   �4=18.6 
                                                                       �e=31.8 
In Table I we show the numeric values of the FOUs used in 
the experiment below. 
 

TABLE I: FOU values for the tests shown in Fig. 8. 
FACTO
R 

FOUd1 FOUd2 FOUd3 FOUd4 FOUE 

0.2 21.1 21.9 21.5 14.9 25.5 
0.4 42.3 43.8 43.0 29.8 51.0 
0.6 63.5 65.7 64.5 44.7 76.5 
0.8 84.7 87.6 86.0 59.6 102 

 

 
Figure 10: The original images used for the tests shown in Table II. 

   To finish the tests in this work, we repeat the same 
experiment with the images shown in Fig. 10, and compare 
the results with traditional algorithms [19] like the Canny 
and Sobel methods, as we can see in Table II.  
 
TABLE II: Tests with Canny and Sobel methods using the 
Matlab defaults, and the best result using MG+IT2FIS. 

Canny Sobel MG+IT2FIS 

 
For all the tests we used the default parameters of Matlab. 
One of the images is a sample of the ORL database of faces 
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[20], which is a set of images that are usually considered to 
compare the behavior of different image processing methods 
[21].  
The other images are some of the typical images used for 
evaluation of edge detection algorithms, and were obtained 
them in the USC-SIPI Image Database [21]. 
 
In order to compare the results with the Canny and Sobel 
algorithms, we made modifications on the rules 
consequents, to obtain white edges and black background as 
the Matlab algorithms do it.  
 
In all the tests we can observe that the images obtained with 
our method preserve more details of the original images 
than the traditional methods; that is good for the human 
observation. In the other hand, the images obtained with 
MG+IT2FIS are better to use in an image recognition 
application, because the training algorithm have more 
information to learn the image pattern. We can conclude 
that using interval type-2 fuzzy logic can improve edge 
detection in benchmark images, and for this reason it can be 
considered a good alternative for image processing. 
 

5 Conclusions
The experiments presented in this paper show that the use of 
fuzzy inference systems can improve traditional methods for 
image processing. In particular, the morphological gradient 
method for edge detection, considered as one of the basic 
ones, when enhanced with an interval type-2 fuzzy 
inference system, results in a combination with satisfactory 
results. Especially the capability of the IT2FIS to model 
uncertainty in the morphological gradient and gray tone 
values for the edges achieved better images than the 
obtained with the T1FIS, because preserves more details of 
the original image. 
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Abstract— We focus on the Ferrers property of fuzzy preference
relations. We study the connection between the Ferrers property and
fuzzy interval orders. A crisp total interval order is characterized by
the Ferrers property of its strict preference relation. Also, a crisp
preference structure is a total interval order if and only if its large
preference relation satisfies the Ferrers property. For fuzzy relations
the Ferrers property admits two non equivalent expressions. Here we
compare both conditions by means of completeness. We also study if
they characterize a fuzzy total interval order.

Keywords— completeness, Ferrers property, partial interval order,
total interval order, fuzzy relation

1 Introduction
Preference structures are the basis of the preference modelling
theory. They formalize the answers of a decision maker over
a set of alternatives. Formally, they are triplets of binary re-
lations. For each pair of alternatives, any decision maker pro-
vides one (and only one) of the following answers: preference
(by one of the alternatives), indifference (between both alter-
natives), inability to compare (the alternatives). These three
situations lead to the three relations that make up a prefer-
ence structure. Associated to a preference structure we find a
relation called large preference relation that characterizes the
preference structure from which it comes. Those four relations
are the basis of the preference modelling ([9]).

Any preference structure can contain non-coherent relations
if the decision maker gives conflicting answers. Different
properties were formalized to model coherence. The Ferrers
property is one of the most important ones. It has been proved
to be a more realist condition than transitivity since the Fer-
rers property of the large preference relation does not imply
the transitivity of the associated indifference relation (a non-
realistic condition for some authors). However it does imply
the transitivity of the strict preference relation. In a prefer-
ence structure without incomparability, the large preference
relation satisfies the Ferrers property if and only if the associ-
ated strict preference relation does.

A class of coherent preference structures are (total) inter-
val orders: the alternatives can be identified with intervals not
necessarily of the same length on the real line. A crisp pref-
erence structure without incomparabilities is a (total) interval
order if and only if its associated large preference relation or
its strict preference relation satisfy the Ferrers property.

Since several years ago, crisp relations are considered not
flexible enough to model human decisions. In order to model
real life situations in a more accurate way, fuzzy relations were
introduced [10] and they have received a wide attention (see,
e.g., [2, 3, 4, 6]). The notion of fuzzy preference structure was

a topic of debate for several years. In this work we present a
similar study for the notion of fuzzy interval order. This notion
admits many different equivalent definitions in the classical
context. We focus on the characterizations based on the Fer-
rers property. We first discuss the Ferrers property for fuzzy
relations. This property admits two different ways to be for-
malized in our wider context. We compare them and we study
their connection to fuzzy interval orders. In this context, a
t-norm is needed to define fuzzy interval orders and the Fer-
rers property. Although we aim at considering any operator
in our study, we prove that only two particular families have
an appropriate behavior. Thus, we pay special attention to
those operators. Since interval order is an important concept
for the analysis of temporal events, each of which occurs over
some time span (for instance, the time spans over which ani-
mal species are found or the occurrence of styles of pottery in
archaeological strata), this kind of events in a fuzzy environ-
ment could be a potential application area for this study.

This work is organized as follows. In Section 2 we recall
crisp relations. In Section 3 we formalize the two versions of
the Ferrers property for fuzzy relations and we study their re-
lationship. Section 4 is devoted to the completeness property.
For crisp relations every reflexive Ferrers relation is complete.
We study the implication for fuzzy relations. Section 5 con-
tains the results on the connection between the first type of
Ferrers property and fuzzy interval orders. Section 6 includes
an analogous study for the second version of the Ferrers prop-
erty. Section 7 contains some conclusions.

2 Crisp relations
2.1 Crisp preference structures

Let us consider a set of alternatives A whose elements we
want to compare. In preference modeling the comparison is
always carried out by pairs. When a decision maker consider
two of those alternatives, the answer is always among the
following ones: preference for one of the alternatives, indif-
ference among both possibilities, inability to compare them.
In the classical setting, each one of the three previous situ-
ations is identified with an A × A → {0, 1} application or
relation. The first case is identified with the strict preference
relation, denoted by P . We state P (a, b) = 1 if the deci-
sion maker prefers a to b and 0 otherwise. The second case
is identified with the indifference relation denoted I . We as-
sign I(a, b) = 1 if a and b are indifferent and I(a, b) = 0
if not. The incomparability relation is denoted J . If the al-
ternatives a and b cannot be compared by the decision maker,
J(a, b) = 1. Otherwise, J(a, b) = 0. P , I and J make
up a preference structure. Let A2 be the set of ordered pairs
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((a, b) and (b, a) are different pairs) of alternatives in A. The
converse or transpose of Q is defined as Qt(a, b) = Q(b, a),
its complement as Qc(a, b) = 1 − Q(a, b) and its dual as
Qd = (Qt)c. Every relation is also identified with a sub-
set of A2: Q(a, b) = 1 ⇔ (a, b) ∈ Q. One easily verifies
that if we think of P, I and J as subsets of A2, the quadru-
plet (P, P t, I, J) establishes a particular partition of A2. For-
mally [9]:

Definition 1 A preference structure on A is a triplet (P, I, J)
of relations on A that satisfy:

(i) P is irreflexive, I is reflexive and J is irreflexive;

(ii) P is asymmetrical, I and J are symmetrical;

(iii) P ∩ I = ∅, P ∩ J = ∅ and I ∩ J = ∅;

(iv) P ∪ P t ∪ I ∪ J = A2.

Every preference structure is identified with a unique re-
flexive relation called large preference relation R = P ∪ I .
It connects a to b if the decision maker considers a preferred
or indifferent to b. This relation leads back to the preference
structure in the following way:

(P, I, J) = (R ∩ Rd, R ∩ Rt, Rc ∩ Rd) . (1)

We say that a relation R is complete if aRb or bRa for all
a, b in the set of alternatives A. In [8] it was proven that R is
complete if and only if the associated J does not connect any
pair of alternatives (a, b),

R complete ⇔ J = ∅.
A relation R is a Ferrers relation (see among others [8, 9])

if for any four alternatives a, b, c, d in A, it holds that if aRb
and cRd then aRd or cRb. Another way of expressing this
property is the following one: if aRb and cRd and c 	Rb then
aRd. This property is also called biorder by some authors.

Let us remark also that the Ferrers and the completeness
properties are connected.

Lemma 1 Every reflexive Ferrers relation is complete.

Let us denote the composition of two binary relations Q1

and Q2 by Q1 ◦ Q2. That is, a(Q1 ◦ Q2)b if and only if there
exists c such that aQ1c ∧ cQ2b. Then the equivalent compo-
sitional definition of Ferrers property is R ◦ Rd ◦ R ⊆ R.

2.2 Crisp interval orders

Interval orders are one of the most important types of “coher-
ent” preference structures. Formally, we distinguish between
partial and total interval order, depending on the possibility or
impossibility of incomparable elements.

Definition 2 A partial interval order is a preference structure
(P, I, J) such that P ◦ I ◦ P ⊆ P . In the particular case
J = ∅, (P, I, J) is said to be a total interval order.

As commented in the introduction, this original definition
admits different ways of being expressed. The following prop-
erties (among others) were shown to be equivalent in [8]:

Proposition 1 Let (P, I, ∅) be a preference structure without
incomparability and R its large preference relation. The fol-
lowing conditions are equivalent.

a) (P, I, J) is an interval order.

b) P satisfies the Ferrers property.

c) R satisfies the Ferrers property.

These definitions are equivalent only if the decision maker
is able to compare all the pairs of alternatives, i. e., if J =
∅, equivalently if R is complete. If we do not impose this
condition, we can still consider the previous properties and
study their relationship. In what remains of this section we
carry out this study.
It is very easy to prove that whenever R satisfies the Ferrers
property, P satisfies the Ferrers property and P ◦ I ◦ P ⊆ P .
It also holds that for any preference structure (P, I, J), if P
satisfies the Ferrers property then P ◦ I ◦ P ⊆ P , but the
converse implications do not hold.

The following proposition summarizes the relationship
among the conditions of Proposition 1 when we consider any
preference structure.

Proposition 2 Let (P, I, J) be a (crisp) preference structure
and let R be its large preference relation. Then,

i) (P, I, J) is a total interval order and R satisfies the Fer-
rers property are equivalent properties.

ii) (P, I, J) is a total interval order implies that P satisfies
the Ferrers property. In addition to this, if P satisfies
the Ferrers property then P ◦ I ◦ P ⊆ P . The converse
implications to the ones showed in this item do not hold.

Propositions 1 and 2 can be outlined as we show in Fig-
ure 1, where the missing implications do not hold.

(P, I, J) total int. ord. ⇔ R Ferrers

⇐ ⇔(J = ∅)
P Ferrers

⇐ ⇔(J = ∅)
(P, I, J) partial int. ord.

Figure 1: Connection among the characterizations of a crisp
interval order.

3 Fuzzy preference structures
All the relations involved in a (crisp) preference structure are
crisp. Then they are not always appropriate to model human
decisions. They do not include intensity of preference. The
lack of flexibility in crisp set theory led to introduce fuzzy
relations. They allow the decision maker to encode degrees
of preference rather than just its absence or presence. Fuzzy
relations were introduced as a natural extension of the concept
of crisp binary relation. They have been widely studied. For a
complete review about fuzzy relations see [6].

Formally, a fuzzy relation is defined as a function Q from
the cartesian product A × A into the interval [0, 1]. For every
pair (a, b) ∈ A×A, the value Q(a, b) shows the degree of truth
of the fact that aQb in the crisp sense. The complementary,
transpose (or converse) and dual of the binary relation Q are
defined for any (a, b) ∈ A × A as Qc(a, b) = 1 − Q(a, b),
Qt(a, b) = Q(b, a) and Qd(a, b) = 1 − Q(b, a).
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The intersection of fuzzy relations is usually defined point-
wisely based on some t-norm. We recall that the binary op-
erator T : [0, 1] × [0, 1] → [0, 1] is a triangular norm or
t-norm for short if it is commutative, associative, monotone
and has 1 as neutral element. The three most important t-
norms are the minimum operator TM(x, y) = min(x, y), the
algebraic product TP(x, y) = xy and the Łukasiewicz t-norm
TL(x, y) = max(x + y − 1, 0). The minimum operator is the
greatest t-norm; the smallest t-norm is the drastic product TD

defined by

TD(x, y) =
{

0 if max(x, y) < 1 ,
min(x, y) otherwise .

On the other hand, we say that a value x ∈ (0, 1) is a zero-
divisor of a t-norm T if there exists a value y ∈ (0, 1) such that
T (x, y) = 0. The minimum and the product are t-norms that
do not admit zero-divisors, while TL and TD do admit them.
An important family of t-norms that admit zero-divisors are
the rotation invariant t-norms. A rotation invariant t-norm is
a t-norm T that verifies:

T (x, y) ≤ z ⇔ T (x, 1 − z) ≤ 1 − y, ∀x, y, z ∈ [0, 1].

The rotation invariance property for T means that the part
of the space [0, 1]3 which is exactly below the graph of T
remains invariant under an order three transformation. This
transformation is indeed a rotation of [0, 1]3 with angle 2π/3
around the axis that passes through the points (0, 0, 1) and
(1, 1, 0). Rotation invariant t-norms satisfy in particular that
T (x, y) > 0 ⇔ x + y > 1, i.e. the lower-left triangle of the
unit square constitutes the zero-divisors of T . This excludes
t-norms without zero-divisors (such as TP), nilpotent t-norms
other than TL and the drastic product TD.
As extreme members of the family we find the Łukasiewicz
t-norm TL and the nilpotent minimum TnM. This t-norm is
defined as:

TnM(x, y) =
{

0 if x + y ≤ 1 ,
min(x, y) otherwise .

Similarly to the intersection, the union of fuzzy relations
is based on a t-conorm, i.e. an increasing, commutative and
associative binary operation on [0, 1] with neutral element 0.
t-norms and t-conorms come in dual pairs: to any t-norm T
there corresponds a t-conorm S through the relationship

S(x, y) = 1 − T (1 − x, 1 − y).

For the main three t-norms this yields the maximum opera-
tor SM(x, y) = max(x, y), the probabilistic sum SP(x, y) =
x + y − xy and the Łukasiewicz t-conorm (bounded sum)
SL(x, y) = min(x + y, 1). For more information on t-norms
and t-conorms, we refer to [7].

The definition of a fuzzy preference structure has been dis-
cussed for many years [6]. The assignment principle, ex-
pressing that for any pair of alternatives (a, b) the decision
maker is allowed to assign at least one of the degrees P (a, b),
P (b, a), I(a, b) and J(a, b) freely in the unit interval, leads
to a graduation of Definition 1 with intersection based on the
Łukasiewicz t-norm and union based on the Łukasiewicz t-
conorm. This definition admits the same short formulation as
the classical one: a triplet (P, I, J) of fuzzy relations on A

is an additive fuzzy preference structure on A if and only if
I is reflexive (I(a, a) = 1 for any a ∈ A) and symmetrical,
and for any (a, b) ∈ A2 it holds that P (a, b) + P t(a, b) +
I(a, b) + J(a, b) = 1. This expression justifies the adjective
additive. Note that P is irreflexive, and that J is irreflexive
and symmetrical.

Another difficult point has been how to construct such a
structure from a reflexive fuzzy relation. The most recent and
most successful approach is that of De Baets and Fodor based
on (indifference) generators [1].

Definition 3 A generator i is a commutative [0, 1]2 → [0, 1]
mapping that satisfies TL ≤ i ≤ TM.

Note that a generator always has neutral element 1. For
any reflexive fuzzy relation R on A it holds that the triplet
(P, I, J) of fuzzy relations on A defined by:

P (a, b) = R(a, b) − i(R(a, b), R(b, a)) ,
I(a, b) = i(R(a, b), R(b, a)) ,
J(a, b) = i(R(a, b), R(b, a)) − (R(a, b) + R(b, a) − 1) ,

is an additive fuzzy preference structure on A such that R is
the union by the Łukasiewicz t-conorm of P and I , this is,
R(a, b) = P (a, b) + I(a, b). The fuzzy relation R is again
called the large preference relation.
A family of generators that present important properties is the
family of Frank t-norms (see, e.g., [6]). In the following sec-
tion we will see that a particular Frank t-norm is a specially
good generator: the Łukasiewicz t-norm.

Definition 4 Given a t-norm T and a t-conorm S, a fuzzy re-
lation Q is a type 1 T -S-Ferrers relation if

T (Q(a, b), Q(c, d)) ≤ S(Q(a, d), Q(c, b)), ∀ a, b, c, d,∈ A.

The t-norm T and the t-conorm S are not necessarily con-
nected. However, given T , the most usual t-conorm consid-
ered is the dual of T . In this case, the t-conorm is not speci-
fied and we just talk about type 1 T -Ferrers property. Along
this work, this will be the setting: we will always consider as
t-conorm the dual of the fixed t-norm.

Definition 5 Given a t-norm T , a fuzzy relation Q is a type 2
T -Ferrers relation if

T (Q(a, b), Qd(b, c), Q(c, d)) ≤ Q(a, d), ∀ a, b, c, d ∈ A.

The composition of two fuzzy relations Q1 and Q2 de-
fined on A also involves t-norms. Given a t-norm T , the T -
composition of Q1 and Q2 is the fuzzy relation Q1 ◦T Q2

defined as follows

(Q1 ◦T Q2)(a, b) = sup{T (Q1(a, c), Q2(c, b))|c ∈ A}.

With this notation we can also say that a fuzzy relation Q is a
type 2 T -Ferrers relation if it holds that Q ◦T Qd ◦T Q ⊆ Q.

Definition 6 [2] An additive fuzzy preference structure is a T -
partial interval order if it holds that

P ◦T I ◦T P ⊆ P ,

or, equivalently, T (T (P (a, b), I(b, c)), P (c, d)) ≤ P (a, d),
∀ a, b, c, d ∈ A. It is a T -total interval order if it is a T -partial
interval order and J = ∅.
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Clearly, if T1 ≤ T2, every type 1 T2-Ferrers relation is also
a type 1 T1-Ferrers relation, every type 2 T2-Ferrers relation
is also a type 2 T1-Ferrers relation and every T2-interval order
is also a T1-interval order.

The equivalence between the notions of type 1 and type 2
T -Ferrers relations has already been studied in some particular
cases ([5]). The following theorem further generalizes these
results and characterizes all t-norms for which both notions
coincide.

Theorem 1 Consider a t-norm T . Then the following state-
ments are equivalent:

(i) Any type 1 T -Ferrers relation is type 2 T -Ferrers.

(ii) Any type 2 T -Ferrers relation is type 1 T -Ferrers.

(iii) T is rotation-invariant.

It follows from this theorem that in particular, for any re-
flexive relation R and for any strict preference relation P , the
equivalence between the type 1 T -Ferrers property and the
type 2 T -Ferrers property holds if and only if T is a rotation
invariant t-norm. This justifies the importance we give to this
family of t-norms in this work.

The theorem above does not apply to the minimum t-norm.
However it is an important operator and the greatest t-norm.
What can we say about it? Since TnM ≤ TM, it follows
immediately that any type 1 TM-Ferrers relation is a type 2
TnM-Ferrers relation and that any type 2 TM-Ferrers relation
satisfies the type 1 TnM-Ferrers property. This result can be
strengthened considerably.

Proposition 3

(i) TnM is the largest t-norm T such that any type 1 TM-
Ferrers relation is also type 2 T -Ferrers.

(ii) TnM is the largest t-norm T such that any type 2 TM-
Ferrers relation is also type 1 T -Ferrers.

4 Completeness of the large preference
relation

We have seen that for crisp relations the completeness of the
large preference relation follows from the Ferrers property.
In this section we consider both types of the Ferrers property.
We investigate the kind of completeness exhibited by a fuzzy
reflexive relation satisfying one of the two properties.

Definition 7 Let us consider a t-conorm S and a fuzzy rela-
tion Q defined on a set of alternatives A. Q is S-complete if it
satisfies

S(Q(a, b), Q(b, a)) = 1, ∀ a, b ∈ A.

The two most important notions are based on the minimum
and the Łukasiewicz t-norms. Given a relation Q we say that
it is

• Strongly complete: if Q(a, b) = 1 or Q(b, a) =
1,∀a, b ∈ A.

• weakly complete: if Q(a, b) + Q(b, a) ≥ 1, ∀a, b ∈ A.

The weakest S-completeness condition is based on SD.
Given Q, it is SD-complete if max(Q(a, b), Q(b, a)) > 0 for
all a, b in A.

No one of the “fuzzy notions” of completeness of R is
equivalent to the condition J = ∅, but we can establish the
following equivalence.

Lemma 2 [4] Let R be a reflexive fuzzy relation and let J be
the incomparability relation associated to R by means of any
generator i. Then the following equivalence holds

J = ∅ ⇔
{

R is weakly complete
i|S = TL

where S = {(u, v) ∈ [0, 1]2 : ∃(x, y) ∈ A2 with R(x, y) =
u,R(y, x) = v}.

Let us recall that when i = TL, the fuzzy preference struc-
ture obtained from a weakly complete reflexive relation R is
the triplet (PL, IL, JL) = (Rd,min(R, Rt), ∅). We would
like to stress the fact that the strict preference relation becomes
the dual of the large preference relation.

We next focus on the completeness assured for reflexive
type 1 and type 2 T -Ferrers relations.

Proposition 4 Let T be a t-norm and S its dual t-conorm.
Every type 1 T -Ferrers reflexive relation is S-complete.

As an immediate consequence we get the following: Every
type 1 T -Ferrers reflexive relation satisfies the weakest kind
of completeness (SD-completeness).

Since strong and weak completeness are in fact SM-
completeness and SL-completeness, it also follows from
Proposition 4 that every type 1 TL-Ferrers relation is weakly
complete and every type 1 TM-Ferrers relation is strongly
complete. We can say more.

Theorem 2 Consider a t-norm T . Every reflexive type 1 T -
Ferrers relation is weakly complete if and only if T (x, y) > 0
for any pair (x, y) ∈ [0, 1]2 such that x + y > 1 .

This theorem applies to all rotation-invariant t-norms. In par-
ticular, it applies to TL, and hence to any T ≥ TL. Theorem 2
also applies to t-norms without zero-divisors, although in that
case the following much stronger result holds.

Theorem 3 Any reflexive type 1 T -Ferrers relation is strongly
complete if and only if the t-norm T has no zero-divisors.

This theorem applies in particular to TM.
Next we repeat the same study for reflexive type 2 T -Ferrers

relations.

Theorem 4 Any reflexive type 2 T -Ferrers relation is weakly
complete.

A first comparison between types 1 and 2 of the T -Ferrers
property is in favour of the type 2 definition as the previous
theorem holds for any t-norm T . However, our enthusiasm is
tempered by the following negative result.

Proposition 5 Not all reflexive type 2 TM-Ferrers relations
are strongly complete.
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Despite this negative result, t-norms without zero-divisors
have good properties.

Theorem 5 Let (P, I, ∅) be an additive fuzzy preference
structure without incomparability and let R be its associated
large preference relation. Let T be a t-norm. The following
assertions are equivalent.
(i) If (P, I, ∅) is a T -total interval order, then R is strongly
complete.
(ii) If P is type 1 T -Ferrers, then R is strongly complete.
(iii) If P is type 2 T -Ferrers, then R is strongly complete.
(iv) If R is type 1 T -Ferrers, then R is strongly complete.
(v) T does not admit zero-divisors.

The results presented in this section show that there are
two important families of t-norms in the study of the Ferrers
property: rotation invariant t-norms and t-norms without zero-
divisors. In the two following sections we pay special atten-
tion to those two families [8].

5 Fuzzy interval orders and the type 1 Ferrers
property

In this section we study the implications of Figure 1 that re-
main true for fuzzy relations when the Ferrers property of a
crisp relation is generalized by means of the type 1 Ferrers
property.

Lemma 3 [2] Not every TM-total interval order verifies that
its strict preference relation is type 1 TM-Ferrers. Not every
TL-total interval order verifies that its strict preference rela-
tion is type 1 TL-Ferrers.

Therefore, we cannot assure that for every total interval or-
der its strict preference relation satisfies the type 1 Ferrers
property.

Let us focus on the connection between the large and the
strict preference relations.

Let us recall first of all that the results we present in this
contribution concern a fixed generator i = TL, as it has shown
an appropriate behavior (see Lemma 2).

Theorem 6 The following statements are equivalent:

(i) The strict preference relation obtained from a type 1
T -Ferrers reflexive relation also satisfies the type 1 T -
Ferrers property.

(ii) The t-norm T satisfies T (x, y) > 0 for any pair (x, y) ∈
[0, 1]2 such that x + y > 1.

In particular, the previous result can be applied to rotation-
invariant t-norms and t-norms without zero-divisors.

The result presented in Theorem 6 can be strengthened un-
der completeness conditions.

Theorem 7 Consider a fuzzy reflexive relation R with corre-
sponding fuzzy preference structure (PL, IL, JL) generated by
means of i = TL. For any t-norm T , the following statements
are equivalent:

• R weakly complete and type 1 T -Ferrers

• JL = ∅ and PL type 1 T -Ferrers

Proposition 6 Let (P, I, J) be an additive fuzzy preference
structure and let T be a rotation invariant t-norm. If P is a
type 1 T -Ferrers relation, then (P, I, J) is a T -partial interval
order.

The previous implication cannot be extended to t-norms
without zero-divisors. In [2] it was proven that not every type
1 TM-Ferrers reflexive relation satisfies that the fuzzy prefer-
ence structure obtained from it (by the Łukasiewicz t-norm)
is a TM-total interval order. It follows from here and Theo-
rem 6 that the implication of Proposition 6 does not hold for
the family of t-norms without zero-divisors.

Now we focus on the connection between a total interval
order and the type 1 T -Ferrers property of the associated large
preference relation.

Corollary 1 Let T denote the minimum or the Łukasiewicz t-
norms. Not every T -total interval order verifies that its asso-
ciated large preference relation satisfies the type 1 T -Ferrers
property.

The converse implication neither holds for TM [2]. However
the implication does hold for rotation invariant t-norms.

Proposition 7 Let T be a rotation invariant t-norm. The ad-
ditive fuzzy preference structure obtained (by the Łukasiewicz
t-norm) from a type 1 T -Ferrers reflexive relation is a T -total
interval order.

In Figures 2 and 3 we summarize the results obtained for the
type 1 Ferrers property both for the family of rotation invariant
t-norms and for the family of t-norms without zero divisors.
We have proven that the implications missing do not hold.

(P, I, J) T -total int. ord. ⇐ R type 1 T -Ferrers
(J = ∅) ⇒ ⇐ ⇔(J = ∅)

P type 1 T -Ferrers

⇐

(P, I, J) T -partial int. ord.

Figure 2: Connection among the type 1 T -Ferrers property
and the notion of interval order for T a rotation invariant t-
norm.

(P, I, J) T -total int. ord. R type 1 T -Ferrers
(J = ∅) ⇐ ⇔(J = ∅)

P type 1 T -Ferrers

(P, I, J) T -partial int. ord.

Figure 3: Connection among the type 1 T -Ferrers property
and the notion of interval order for T a t-norm without zero-
divisors.

6 Fuzzy interval orders and the type 2 Ferrers
property

We already know the behaviour of the type 1 Ferrers property
when dealing with interval orders. Now we focus on the type
2 Ferrers property.
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Proposition 8 Let T be a t-norm without zero-divisors and let
(P, I, ∅) be a T -total interval order, then P satisfies the type
2 T -Ferrers property.

However the implication cannot be extended to any t-norm.

Proposition 9 Let T be a t-norm such that T (x, 1 − x) = 0
for some x ∈ (0, 1). Not every T -total interval order satisfies
that its strict preference relation is type 2 T -Ferrers.

A particular type of the t-norms described in the previous
proposition are the rotation invariant t-norms.

Next we study how the type 2 Ferrers property propagates
between R and P .

Theorem 8 Consider a t-norm T . Then the following state-
ments are equivalent:

(i) For any reflexive relation R, if R satisfies the type 2 T -
Ferrers property, then JL = ∅ and PL satisfies the type 2
T -Ferrers property.

(ii) For any reflexive relation R, if JL = ∅ and PL satisfies
the type 2 T -Ferrers property, then R satisfies the type 2
T -Ferrers property.

(iii) T is rotation-invariant.

We now study the relationship between the type 2 T -Ferrers
property of P and a T -partial interval order.

Proposition 10 Let (P, I, J) be an additive fuzzy preference
structure and let T be a t-norm. If P is type 2 T -Ferrers then
(P, I, J) is a T -partial interval order.

It follows from the crisp case that the converse implication
does not hold for any t-norm.

The characterization of total interval orders based on the
Ferrers property of the associated large preference relation
gets lost for fuzzy relations when considering the type 2 T -
Ferrers condition.

Proposition 11 It does not hold that for every TM-total in-
terval order the associated large preference relation is type 2
TM-Ferrers. It neither holds that for any type 2 TM-Ferrers
reflexive relation the associated by the Łukasiewicz t-norm
preference structure is a TM-total interval order.

Proposition 12 For any type 2 TL-Ferrers reflexive relation
R the associated fuzzy preference structure (PL, IL, JL) is a
TL-total interval order.
The converse implication cannot be assured for any type 2 TL-
total interval order.

We draw in Figures 4 and 5 the results obtained for the type
2 Ferrers property.

7 Conclusions
We have studied the connection between the fuzzy Ferrers
property and the definition of fuzzy interval orders. Since the
Ferrers property admits two different ways to be formalized
for fuzzy relations, we have compared those two versions by
its connection to fuzzy interval orders. We have seen that we
cannot identify a best definition since each property behaves

(P, I, J) T -total int. ord. ⇐ R type 2 T -Ferrers
(J = ∅) ⇒ ⇐ ⇔(J = ∅)

P type 2 T -Ferrers

⇐

(P, I, J) T -partial int. ord.

Figure 4: Connection between the type 2 T -Ferrers property
and interval orders for T a rotation invariant t-norm.

(P, I, J) T -total int. ord. R type 2 T -Ferrers
(J = ∅) ⇔ ⇐ (J = ∅)

P type 2 T -Ferrers

⇐

(P, I, J) T -partial int. ord.

Figure 5: Connection between the type 2 T -Ferrers property
and interval orders for T a t-norm without zero-divisors.

better in different cases. We have seen that both properties are
equivalent only when dealing with rotation invariant t-norms.
For these operators, Ferrers property is a stronger condition
than the notion of total interval order. For t-norms without
zero-divisors, no one of them is good. The type 2 condition
seems to assure the equivalence between total interval orders
and the Ferrers property of the associated strict preference re-
lation. However, type 1 behaves better if we want to propagate
the Ferrers property between the large and the strict preference
relations.
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Abstract— Transitivity is a very important property in order to
provide coherence to a preference relation. Usually, t-norms are con-
sidered to define the transitivity of fuzzy relations. In this paper we
deal with conjunctors, a wider family than t-norm, to define the tran-
sitivity. This more general definition allows to impove the results
found in the literature. We characterize the behaviour with respect to
transitivity of the strict preference and indifference relations of any
fuzzy preference structure associated to any large preference rela-
tion. Those two characterizations provide very general expressions.
We also obtain easier expressions in some particular cases.

Keywords— Fuzzy preference relation, transitivity, conjunctor,
indifference generator.

1 Introduction
Decision making is present in many situations in life. Pref-
erence models are an essential part of the design phase of a
decision making process. The departure point in preference
modelling is the comparison by pairs of possible alternatives.
If this point of the process lacks of coherence, the whole pro-
cess makes no sense. One of the most important property in-
troduced to ensure coherence in the two-by-two comparison is
transitivity. In this paper we focus on this property.

Given its relevance in preference modelling, transitivity has
been widely studied (see [3, 13, 14], among others). In classi-
cal or crisp preference modelling there exists a basic relation
R, called large preference relation that allows to compare a
pair of possibilities: given the alternatives a and b, (a, b) ∈ R
expresses that alternative a is considered to be at least as good
as alternative b. From R, three relations can be defined: the
strict preference relation P , the indifference relation I and the
incomparability relation J . It is well known that the transi-
tivity of R is completely characterized by the transitivity of
I and P and two additional relational inequalities involving I
and P ; in case of completeness, the transitivity of R is only
characterized by the transitivity of I and P [2].

All those relations are crisp and therefore, they are not al-
ways appropriate to model human decisions. The lack of flex-
ibility in crisp set theory lead to introduce fuzzy sets in pref-
erence modeling and to study the concept of fuzzy preference
structure [8, 18, 24]; see [6] for a historical account of its de-
velopment. Transitivity is traditionally defined for fuzzy re-
lations by means of t-norms. In this context, the transitivity
of the (fuzzy) large preference relation R has been character-
ized in a similar way as for crisp relations, in a particular case:
when R is strongly complete [12]. But strong completeness
is a quite restrictive condition. Subsequent works have treated

more general preference relations [3, 4]. Those authors cen-
ter their study on the translation of a fixed transitivity from a
more general (fuzzy) large preference relation R to different
associated indifference and strict preference relations (I and
P respectively). We have continued along this line but we
have treated the problem from a totally different viewpoint.
On the one hand, we work with conjunctors, a wider family of
operators than t-norms, so we handle a very general notion of
transitivity. On the other hand, we do not study the preserva-
tion of the transitivity when decomposing R, but we explore
the strongest transitivity we can assure I and P satisfy. In a
previous work [15], we have fenced in the transitivity of I and
P according to the transitivity R satisfies. In this work we
go further: we provide an explicit expression for the transitiv-
ity that any I (respectively any P ) satisfies. We prove that no
stronger transitivity is fulfilled by all I (respectively for all P ).
Transitivity is a fundamental assumption in some decision-
making models, like rational model (founded in quantitative
disciplines like economics, mathematics and statistics) or po-
litical model (primarily based on the disciplines of political
science, philosophy, psychology and sociology). Without this
property, it is not possible to obtain a coherent order of the
alternatives and therefore the choice of the best alternative is
more complicate or even impossible. Thus, the study made in
this work is a first step to develop a consistent theory to order
the alternatives and therefore to provide a decision, when the
comparison between alternatives can be graded.

The work is structured in six sections. In Section 2 we re-
call the most relevant concepts concerning additive fuzzy pref-
erence structures. In Section 3 we introduce conjunctors and
we discuss some properties they satisfy and that will be useful
in next sections. In Section 4 we include the general result
we have obtained for the transitivity of the indifference rela-
tion I and we discuss the appearance of the general expression
for the three most important particular cases. In Section 5 we
characterize the transitivity of the strict preference relation P
in a very general context. We also prove that the general ex-
pression gets much simplified for the most important partic-
ular cases. In Section 6 we briefly address some conclusions
and future work.

2 Preference structures
2.1 Crisp preference structures

Let us consider a decision maker who is given a set of alterna-
tives A. Let us suppose that this person compares the alterna-
tives two by two. Given two alternatives, the decision maker
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can act in one of the following three ways: (i) he/she clearly
prefers one to the other; (ii) the two alternatives are indifferent
to him/her; (iii) he/she is unable to compare the two alterna-
tives. According to these cases, three binary relations can be
defined on A: the strict preference relation P , the indifference
relation I and the incomparability relation J . Thus, for any
(a, b) ∈ A2, we classify:

(a, b) ∈ P ⇔ he/she prefers a to b;
(a, b) ∈ I ⇔ a and b are indifferent to him/her;
(a, b) ∈ J ⇔ he/she is unable to compare a and b.

We recall that for a binary relation Q on A, its converse is
defined as Qt = {(b, a) | (a, b) ∈ Q}, its complement as
Qc = {(a, b) | (a, b) /∈ Q} and its dual as Qd = (Qt)c. If we
consider the set A2 ordered, i.e. assuming (a, b) and (b, a) as
different pairs, one easily verifies that the triplet (P, I, J) and
P t establish a particular partition of A2 [21].

Definition 1 A preference structure on A is a triplet (P, I, J)
of binary relations on A that satisfy:

(i) P is irreflexive, I is reflexive and J is irreflexive;

(ii) P is asymmetrical, I and J are symmetrical;

(iii) P ∩ I = ∅, P ∩ J = ∅ and I ∩ J = ∅;

(iv) P ∪ P t ∪ I ∪ J = A2.

Every preference structure has associated a reflexive rela-
tion that completely characterizes this structure. A preference
structure (P, I, J) on A is characterized by the reflexive bi-
nary relation R = P ∪ I , its large preference relation, in the
following way:

(P, I, J) = (R ∩ Rd, R ∩ Rt, Rc ∩ Rd). (1)

Conversely, for any reflexive binary relation R on A, the triplet
(P, I, J) constructed in this way from R is a preference struc-
ture on A such that R = P ∪ I . As R is the union of the strict
preference and the indifference, (a, b) ∈ R means that a is at
least as good as b.

Given a binary relation Q on A, we say that Q is transi-
tive if (aQb ∧ bQc) ⇒ aQc, for any (a, b, c) ∈ A3. Given
two binary relations Q1 and Q2 on A, the composition is a
binary relation denoted Q1 ◦Q2 such that for any (a, b) ∈ A2

a (Q1 ◦ Q2) b ⇔ ∃c/aQ1c ∧ cQ2b. Then, it is clear that Q is
transitive if and only if Q◦Q ⊆ Q. The transitivity of the large
preference relation R can be characterized as follows [2].

Theorem 1 For any reflexive relation R with corresponding
preference structure (P, I, J) it holds that

R◦R ⊆ R ⇔ (P◦P ⊆ P∧I◦I ⊆ I∧P◦I ⊆ P∧I◦P ⊆ P ).

In case R is complete, i.e. R∪Rt = A2, this characterization
can be simplified as follows. Note that the completeness of R
is equivalent to establish that any two elements are compara-
ble, that is, J = ∅.

Theorem 2 For any complete reflexive relation R with corre-
sponding preference structure (P, I, ∅) it holds that

R ◦ R ⊆ R ⇔ (P ◦ P ⊆ P ∧ I ◦ I ⊆ I).

Next we recall an important characterization of a preference
structure. Let us consider for every relation its characteristic
mapping i.e. Q(a, b) = 1 ⇔ aQb. Definition 1 can be written
in the following minimal way [11]: I is reflexive and symmet-
rical, and for any (a, b) ∈ A2:

P (a, b) + P t(a, b) + I(a, b) + J(a, b) = 1.

Classical preference structures can therefore also be consid-
ered as Boolean preference structures, employing 1 and 0 for
describing presence or absence of strict preferences, indiffer-
ences and incomparabilities.

2.2 Additive fuzzy preference structures

In the classical model, relations only express presence or ab-
sence of relationship, while fuzzy relations capture the nu-
ances of human choices. In fuzzy preference modelling, strict
preference, indifference and incomparability are a matter of
degree. These degrees can take any value between 0 and 1 and
fuzzy relations are used for capturing them (for a complete
review about fuzzy relations see [18]).

The intersection of fuzzy relations is usually defined point-
wisely based on some t-norm, i.e. an increasing, commutative
and associative binary operation on [0, 1] with neutral element
1. The three most important t-norms are the minimum opera-
tor TM(x, y) = min{x, y}, the algebraic product TP(x, y) =
xy and the Łukasiewicz t-norm TL(x, y) = max{x+y−1, 0}.
The minimum operator is the greatest t-norm; the smallest t-
norm is the drastic product defined by

TD(x, y) =
{

min{x, y} , if max{x, y} = 1 ,
0 , otherwise.

The above t-norms can be ordered (usual ordering of func-
tions) as follows: TD ≤ TL ≤ TP ≤ TM. Similarly, the
union of fuzzy relations is based on a t-conorm, i.e. a non-
decreasing, commutative and associative binary operation on
[0, 1] with neutral element 0. T-norms and t-conorms come
in dual pairs: to any t-norm T there corresponds a t-conorm
S through the relationship S(x, y) = 1 − T (1 − x, 1 − y).
For the above three t-norms this yields the maximum operator
SM(x, y) = max{x, y}, the probabilistic sum SP(x, y) =
x + y − xy and the Łukasiewicz t-conorm (bounded sum)
SL(x, y) = min{x + y, 1}. For more information on t-norms
and t-conorms, we refer to [19]. Along this paper we use the
notations for t-norms presented there.

The definition of a fuzzy preference structure has been a
topic of debate during several years (see e.g. [18, 23, 24]). Ac-
cepting the assignment principle — for any pair of alternatives
(a, b) the decision maker is allowed to assign at least one of
the degrees P (a, b), P (b, a), I(a, b) and J(a, b) freely in the
unit interval — has finally led to a graduation of Definition 1
with the intersection based on the Łukasiewicz t-norm and the
union based on the Łukasiewicz t-conorm. Interestingly, a
minimal definition is identical to the classical one if we re-
place ordinary by fuzzy binary relations: a triplet (P, I, J) of
fuzzy binary relations on A is a fuzzy preference structure on
A if and only if I is reflexive and symmetrical, and for any
(a, b) ∈ A2:

P (a, b) + P t(a, b) + I(a, b) + J(a, b) = 1,
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where P t(a, b) = P (b, a). This identity explains the name
additive fuzzy preference structures.

Another topic of controversy has been how to construct
such a structure from a reflexive fuzzy relation. Alsina [1]
proved a kind of impossibility theorem showing that a con-
struction based on a single t-norm is unfeasible. As a reaction,
Fodor and Roubens adopted an axiomatic approach [18]. The
most recent and most successful approach is that of De Baets
and Fodor based on (indifference) generators [8].

Definition 2 A generator i is a commutative [0, 1]2 → [0, 1]
mapping bounded by the Łukasiewicz t-norm TL, and the min-
imum operator TM: TL ≤ i ≤ TM.

Note that the definition of a generator does not speak of mono-
tonicity and therefore they are not necessarily t-norms, albeit
having neutral element 1. For any reflexive fuzzy relation R
on A it holds that the triplet (P, I, J) of fuzzy binary relations
on A defined by:

P (a, b) = R(a, b) − i(R(a, b), R(b, a)) ,

I(a, b) = i(R(a, b), R(b, a)) ,

J(a, b) = i(R(a, b), R(b, a)) − (R(a, b) + R(b, a) − 1) ,

is an additive fuzzy preference structure on A such that R =
P ∪SL

I i.e. R(a, b) = P (a, b) + I(a, b).
Popular generators (see e.g. [18]) are the Frank t-norms. For

the sake of completeness, we recall that the Frank t-norms are
given by

TF
λ (x, y) =




TM(x, y) , if λ = 0 ,
TP(x, y) , if λ = 1 ,
TL(x, y) , if λ = ∞ ,

logλ(1 + (λx−1)(λy−1)
λ−1 ) , otherwise.

We also recall that for any λ ∈ [0,∞] and for any (x, y) ∈
[0, 1]2,

TF
1/λ(x, y) = x − TF

λ (x, 1 − y).

3 Conjunctors
3.1 Generalizing T -transitivity

The usual way of defining the transitivity of a fuzzy relation
is by means of a t-norm. Recall that a fuzzy relation Q on
A is T -transitive if T (Q(a, b), Q(b, c)) ≤ Q(a, c) for any
(a, b, c) ∈ A3. However, such a framework is too restrictive
in the setting of fuzzy preference modelling. On the one hand,
even when the large preference relation R is T -transitive w.r.t.
a t-norm T , the transitivity of the generated P and I cannot
always be expressed w.r.t. a t-norm [14, 16, 15]. On the other
hand, the results we will present in the following sections also
hold when R itself is transitive w.r.t. a more general opera-
tor. From a fuzzy preference modelling point of view, it is
not that surprising that the class of t-norms is too restrictive,
as a similar conclusion was drawn when identifying suitable
generators, as briefly explained in the previous section.

As it was discussed in [15, 16], suitable operators for defin-
ing transitivity for fuzzy relations are conjunctors:

Definition 3 A binary operation f : [0, 1]2 → [0, 1] is called
a conjunctor if

1. it coincides with the Boolean conjunction on {0, 1}2;

2. it is increasing in each variable.

Given a conjunctor f , we say that a fuzzy relation Q defined
on A is f -transitive if for any (a, b, c) ∈ A3,

f(Q(a, b), Q(b, c)) ≤ Q(a, c).

It is clear that the definition of conjunctor largely extends
the notion of t-norm. However, conjunctors and generators
are not connected. The smallest conjunctor cS and greatest
conjunctor cG are given by

cS(x, y) =
{

0 , if min{x, y} < 1 ,
1 , otherwise ,

and

cG(x, y) =
{

0 , if min{x, y} = 0 ,
1 , otherwise.

As it is logical, cS ≤ TD ≤ TM ≤ cG. Moreover, for two
conjunctors f ≤ g, it obviously holds that g-transitivity im-
plies f -transitivity.

Defining the composition Q1 ◦f Q2 of two fuzzy relations
Q1 and Q2 w.r.t. a conjunctor f by

Q1 ◦f Q2(a, c) = sup
b

f(Q1(a, b), Q2(b, c)) ,

still allows us to use the shorthand Q ◦f Q ⊆ Q to denote
f -transitivity.

If we restrict our study for reflexive fuzzy relations, such as
a large preference relations, the set of all the conjunctors that
allow us to define transitivity is a proper subset of the set of all
the conjunctors. Thus, the upper bound of this subset is TM

instead of cG.

3.2 Dominance and bisymmetry

Dominance is a well-known relation for t-norms (see e.g.
[19]) and its usefulness has been demonstrated several times
(see e.g. [9, 22]). It can be generalized to conjunctors without
any problem.

Definition 4 A conjunctor f1 is said to dominate a conjunctor
f2, denoted f1 � f2, if for any (x, y, z, t) ∈ [0, 1]4 it holds
that

f1(f2(x, y), f2(z, t)) ≥ f2(f1(x, z), f1(y, t)).

But conjunctors do not verify the same properties as t-
norms do with respect to this property. For instance, not ev-
ery conjunctor dominates itself (see [15]). Dominance and
the classical order of binary operators are not related for
conjunctors neither. The minimum for example (which is
not the greatest conjunctor), dominates any other conjunctor
(see [15]).

The notion of self-dominance of conjunctors is obviously
equivalent to another well-known property: bisymmetry (see
e.g. [19]).

Definition 5 A conjunctor f is said to be bisymmetric if for
any (x, y, z, t) ∈ [0, 1]4 it holds that

f(f(x, y), f(z, t)) = f(f(x, z), f(y, t)).
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3.3 Implications

Given a t-norm T , an implication (also called R-implication
or T -residuum) based on T is defined (see e.g. [18, 19]) as
follows:

IT (x, y) = sup{z | T (x, z) ≤ y}.
This concept aims at generalizing the notion of Boolean im-
plication. The definition usually concerns only left continuous
t-norms. When T is left-continuous it holds that T (x, z) ≤
y ⇔ z ≤ IT (x, y).

Given a t-conorm S, a co-implication based on S is defined
(see again e.g. [18, 19]) as follows:

JS(x, y) = inf{z | S(x, z) ≥ y}.
When S is right-continuous it holds that S(x, z) ≥ y ⇔ z ≥
JS(x, y).

Following these ideas we can introduce two operators asso-
ciated not only for a t-norm or a t-conorm, but to any commu-
tative conjunctor.

Definition 6 Given a commutative conjunctor f : [0, 1]2 →
[0, 1], we define the following operator from [0, 1]2 into [0, 1]:

If (x, y) = sup{z | f(x, z) ≤ y},
and

Jf (x, y) = inf{z | f(x, z) ≥ y}.
Let us notice that If is an implication, but Jf is not a co-

implication.

Lemma 1 Given a commutative conjunctor f and its associ-
ated operators If and Jf , we have that

1. If and Jf are decreasing in their first arguments and
increasing in their second arguments.

2. If f is left continuous then

f(x, z) ≤ y ⇔ z ≤ If (x, y).

3. If f is upper bounded by the minimum t-norm, then

x ≤ y ⇒ If (x, y) = 1.

Moreover, if f is left-continuous and has 1 as neutral el-
ement, then we have the equivalence:

x ≤ y ⇔ If (x, y) = 1.

4 Transitivity of I

In this section we consider indifference relations. As it was
shown in Subsection 2.2, for a generator i, the symmetric
component of a large preference relation is obtained as I =
i(R,Rt). Here we study the transitivity we can derive for this
relation I when we fix the transitivity of R defined by a con-
junctor h.
We begin recalling some upper and lower bounds for the tran-
sitivity of I . We know from [15] that I is at least cS-transitive
when R is h-transitive for any conjunctor h. We also showed
in that paper that the transitivity we can assure for I is de-
fined by a conjunctor upper bounded both by the conjunctor h
and by the generator i that builds I from R. These are upper
and lower bounds. We next provide a characterization for the
transitivity of I .

Theorem 3 Let i be an increasing generator and h a con-
junctor. For any reflexive fuzzy relation R with corresponding
indifference relation I generated by means of i, it holds that

R is h-transitive ⇒ I is f i
h-transitive,

where the conjunctor f i
h is:

f i
h(x, y) = inf

1 ≥ u ≥ x
1 ≥ v ≥ y

(i (h(u, v), h (Ji(v, y), Ji(u, x)))) .

Moreover, if i is continuous, the previous one is the strongest
possible implication.

An interesting problem is to know when the transitivity of
R is inherited by I , that is, to know when, departing from an
h-transitive R we can assure that I is also h-transitive. We
have already answered that question in [15]:

Theorem 4 Let i be an increasing generator and let h be a
commutative conjunctor upper bounded by the minimum t-
norm. The associated conjunctor f i

h is equal to h if and only
if i dominates h.

In particular this result could be applied to i = TM. Thus,
when the indifference relation is obtained from the reflexive
relation R by the minimum t-norm, I = min{R, Rt}, it satis-
fies the same transitivity as R does.

Not only dominance allows us to obtain some general result,
also the usual order among conjunctor, as it is showed in the
following corollary.

Corollary 1 For any increasing and bisymmetric generator i
and any conjunctor h upper bounded by the minimum t-norm,
if i ≤ h, then f i

h = i.

Since every t-norm is increasing and bisymmetric, this re-
sult can be applied in particular to any generator that is a t-
norm. In that case, transitivity of R w.r.t. that t-norm is pre-
served.

We will now consider Theorem 4 and Corollary 1 to study
the particular case of a t-norm of the Frank family as generator.

Corollary 2 Let TF
λ be a t-norm of the Frank family, for any

λ ∈ [0,∞]. It holds that fTM

TP
= TP, f

TF
λ

TL
= TL and f

TF
λ

h =
TF

λ for any h ≥ TF
λ .

Remark 1 Combining the results in Corollary 2 leads to the
following table, where the entries are the conjunctors f i

h.

\ ih TL TP TM

TL TL TL TL

TP TL TP TP

TM TL TP TM

5 Transitivity of P

In this section we focus on the strict preference relation P and
the transitivity it can satisfy once the transitivity of R is fixed
and defined by a conjunctor h.
Let us recall that the strict preference relation P is obtained
from R by means of the generator i as follows: P = R −
i(R,Rt).
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We showed in [15] that the transitivity that can be assured
for the strict preference relation associated to any h-transitive
large preference relation R is upper bounded by the conjunc-
tor h, i.e., we cannot assure for P a stronger transitivity than
h-transitivity. Next we provide not a bound but the explicit
expression for the transitivity of P .

Theorem 5 Let i be an increasing 1-Lipschitz generator and
h a commutative conjunctor with neutral element 1. For any
reflexive fuzzy relation R with corresponding strict preference
relation P generated by means of i, it holds that

R is h-transitive ⇒ P is gi
h-transitive ,

where the conjunctor gi
h is:

gi
h(x, y) = inf

1 ≥ u ≥ x
1 ≥ v ≥ y

(h(u, v) − i(h(u, v), min{Ih(v,

Ii(u, u − x)), Ih(u, Ii(v, v − y))})) .

Moreover, the previous one is the strongest possible implica-
tion.

According to our result from [15], gi
h should always be not

greater than h. Again, we will focus our attention on the cases
the transitivity of R is totally inherited by P .

Proposition 1 Let h be a rotation-invariant conjunctor, i.e.,
for all (x, y, z) ∈ [0, 1]3 it holds that

h(x, y) ≤ z ⇔ h(y, 1 − z) ≤ 1 − x.

If i = TL, then gTL

h = h.

Two well-known rotation-invariant t-norms are TL and
the minimum nilpotent TnM defined by TnM(x, y) =
min{x, y}χ{(x,y)|x+y>1}, where χB denotes the character-
istic function of any set B. Therefore, from Proposition 1,
gTL

TL
= TL and gTL

TnM
= TnM. This last conjunctor was di-

rectly obtained in [16].

If i = TM, only some special conjuntors satisfy the equality
gTM

h = h. The minimum t-norm is one of those t-norms. The
following theorem characterizes all the conjunctors that verify
the previous equality.

Proposition 2 Let h be a commutative conjunctor with neu-
tral element 1. Then h satisfies the equality gTM

h = h if and
only if h is of the form

hd
k(x, y) =




0 if max(x, y) < d
k · min(x, y) if max(x, y) = d
min(x, y) otherwise

where k ∈ {0, 1} and d ∈ [0, 1) ∪ {k}.

For the particular case when the conjunctor defining the
transitivity of R and the indifference generator i are the same
continuous t-norm the thorny general expression obtained in
Theorem 5 gets much simpler.

Theorem 6 Let T be a continuous t-norm. For any reflexive
fuzzy relation R with corresponding strict preference relation
P generated by means of T , it holds that

R is T -transitive ⇒ P is gT
T -transitive ,

where

gT
T (x, y) = inf

0≤α≤min{1−x,1−y}
max {T (x + α, y + α) − α, 0}

and this is the strongest possible implication.

In [5] the operator gT
T was studied in depth not only for a

t-norm T but in general for any binary aggregation operator
A. In that general case, it was denoted as D[A]. We can find
there that for the Frank family of t-norms the expression can
be simplified:

Proposition 3 In case i = TF
λ = h for λ ∈ [0,∞], it holds

that

g
TF

λ

TF
λ

(x, y) =




TF
λ (x, y), if x + y > 1 ,

SM (TF
λ

(
1+x−y

2 , 1+y−x
2

) − 1−x−y
2 , 0),

otherwise.

In particular, it holds that gTL

TL
= TL (also obtained as a

consequence of Proposition 1) , gTM

TM
= TM (directly obtained

in [13]) and

gTP

TP
(x, y) =

{
TP(x, y) −

(
TL(1−x,1−y)

2

)2

, if
√

x +
√

y > 1
0, otherwise.

Other particular cases involving the three most impor-
tant t-norms, i.e. concerning h ∈ {TL, TP, TM} and i ∈
{TL, TP, TM} are presented in the following propositions.

Proposition 4 If i = TF
λ for λ ∈ [0,∞] and h = TL, it holds

that
g

TF
λ

TL
(x, y) = TF

1/λ(TL(x, y), SM(x, y)).

Proposition 5 If i = TF
λ and h = TM, it holds, for any λ ∈

[0,∞], that

g
TF

λ

TM
(x, y) = T

ϕ1/λ

nM (x, y)

where ϕλ is the automorphism of the interval [0,∞] defined
as follows

ϕλ(x) =




x if λ = 0,
√

x if λ = 1,

x+1
2 χ(0,1](x) if λ = ∞,

logλ

(√
λx − 1
λ − 1

(λ − 1) + 1

)
otherwise,

and T
ϕ1/λ

nM is the transformation by the automorphism ϕ1/λ of

the t-norm TnM. Moreover, it holds that g
TF

λ

TM
is a t-norm.

As a consequence of this proposition, we obtain that gTL

TM
=

TnM and

gTP

TM
(x, y) = Tϕ1

nM(x, y) =
{

min{x, y} if
√

x +
√

y > 1,
0 otherwise .
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In order to complete the study of all the combinations of the
three most important t-norms, two cases are missing, namely
gTL

TP
and gTM

TP
, which will be revisited in Propositions 6 and 7.

Proposition 6 It holds that

gTL

TP
(x, y) = TM

(
TP(x, y),

TL(x, y)
TM(x, y)

)
· χ(0,1](TM(x, y)).

When TL is replaced by TM as generator, the expression of
gi

TP
gets much more complicated.

Proposition 7 It holds that

gTM

TP
(x, y) = max{min 1 ≥ u ≥ x

1 ≥ v ≥ y

[
uv − min

{
u−x

v , v−y
u

}]
,

0} · χ(0,1]2(x, y).

Remark 2 Combining the results in Propositions 1, 3, 4, 5, 6
and 7 leads to the following table, where the entries are the
conjunctors gi

h.

\ ih TL TP TM

TL TL TP(TL, SM) TL(TL, SM)
TP gTL

TP
gTP

TP
gTM

TP

TM TnM Tϕ1
nM TM

6 Conclusions
This paper combines very general results with propositions
concerning the most relevant particular cases. The general re-
sults can be applied to any conjunctor employed to define the
transitivity of a large preference relation and any generator
used to decompose that relation. The specific results concern
the most important particular cases: those for which the con-
junctors and the generators are the most important t-norms.
The most general theorems we have introduced close the study
of the transitivity that can satisfy the symmetric and asym-
metric components of a (large) preference relation since those
theorems involve (almost) any conjunctor and any generator
we can use. The results concerning more particular operators
provide more easy-to-use expressions for the most usual con-
junctors and generators, i.e. for some t-norms. Only the last
example leads to an unwieldy expression.
Despite the ugly general formulae obtained in Theorems 3
and 5, we have already proven that those conjunctors sat-
isfy interesting properties for some particular cases. In future
works we would like to study in depth the general expressions
and the properties they satisfy.
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Abstract -  For modeling of change of terminal server load, the
approach including representation of time series of server
parameters in the form of fuzzy time series is used. Further in the
article the analysis of fuzzy time series is considered. The model of
fuzzy tendencies is offered for terminal server traffic modeling. This
model reflects change of the volume of terminal server traffic
expressed linguistically, and it is used for its forecasting. The results
of the forecast permit to determine linguistically expressed fuzzy
tendencies on the basis of the offered model.

Keywords— Fuzzy Time Series, Fuzzy Tendency, Fuzzy
Neural Network, Forecasting, Terminal Server.

1 Introduction
During the last decade development of computing networks 
(CN) of different levels (from local area networks to global 
area networks) has resulted in the fact that the quality of 
production processes depends on the quality of network 
services more and more. Correspondence of scales of trade 
processes to the computer network can be achieved due to 
constant analysis of quality of CN functioning (including the 
application layer) and forecasting its development. Such 
analysis of existent network often rests upon results of time 
series (TS) analysis of server parameters. 

Time series of server parameters have a number of 
peculiarities: non-stationarity, non-homogeneity, the 
complex form of dynamics, which limit the applicability of 
classical statistic methods of TS analysis such as regression 
and spectral analysis, exponential smoothing. In this 
connection, at present promising technologies of time series 
analysis are intelligent methods which permit to use expert 
knowledge and have no rigid requirements to initial data. 

Modeling of experts' knowledge in the form of linguistic 
terms (evaluations) formalized as fuzzy sets became a 
prerequisite to TS modeling in the form of fuzzy time series. 

Since 1993 a number of works have been dedicated to 
forecasting of fuzzy TS [1 - 4] constructed on the basis of 
numerical TS. In these investigations let us note the 
following problems which can be solved: increase of 
accuracy of numerical forecast owing to specification of the 
quantity and form of membership functions, decrease of 
computing owing to decrease of the number of fuzzy rules, 
increase of the level of automation when solving forecast 
problems. The indicated problems can be solved owing to 
application of methods of intelligent data analysis such as a 
fuzzy cluster analysis, genetic algorithms and neural 
networks. 

The study [5] proposes the fuzzy neural network with 
initial weights generated by genetic algorithm (GFNN) for 
the sake of learning fuzzy IF–THEN rules. The result from 
GFNN is further integrated with an ANN artificial neural 
networks (ANN) forecast using the time series data  from 
another ANN. Model evaluation results for a convenience 
store (CVS) company indicate that the proposed system can 
perform more accurately than the conventional statistical 
method and a single ANN. 

In the work [6] the method of forecasting of TS inflation 
on the basis of fuzzy systems and a neural network is 
offered. To determine the fuzzy relation of the first-order 
fuzzy time series model, the neural network with SCL 
clustering technique was used to derive the rules directly 
from the database. The method may be of real usefulness in 
practical applications, where usually the expert can not 
explain linguistically, what control actions the process takes 
or there is no knowledge of the process. 

To forecast fuzzy time series, in study [7] a 
backpropagation neural network is applied because of its 
nonlinear structures. Authors propose a hybrid model 
consisting of a neural network approach to forecast the 
known patterns as well as a simple method to forecast the 
unknown patterns. 

Then the authors published the work [8] in which they 
proposed bivariate models in order to improve forecasting. 
The stock index and its corresponding index futures were 
taken as the inputs to forecast the stock index for the next 
day. 

In this work there is offered a new hybrid forecasting 
model of TS in the form of a time series of fuzzy tendencies 
representing context-dependent interval linguistic 
evaluations of the traffic of the terminal server of a complex 
network. For the time series of FT, the model of forecasting 
of the first order is defined in terms of fuzzy tendencies to 
make more reasonable decisions on planning of network 
structure change. 

In the part 2 the model and base operations of FT 
processing are defined. 

In the part 3 a fuzzy neural network for generation of 
fuzzy rules of forecasting fuzzy tendencies is offered. The 
developed mathematical simulation model of the terminal 
server as an element of a computing network on the basis of 
time series of fuzzy tendencies presented in part 4 permits to 
forecast the traffic of the terminal server both in terms of 
fuzzy tendencies and in terms of the initial TS. 
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2 Models and base operations of fuzzy
tendencies processing

In the work [8] the evaluation of TS is analyzed which is 
expressed in linguistic terms, the concepts fuzzy time series 
(FTS) and fuzzy tendency (FT) are introduces for that. The 
fuzzy tendency of a fuzzy time series is the fuzzy label 
which expresses the dynamics (systematic motion) of a 
fuzzy time series. The concept "tendency", being modeled 
by the fuzzy set, can be described by the set of constructed 
empiric rules. To find the fuzzy tendencies, it is offered to 
use Fuzzy Neurons Network (FNN). The analysis of the FT 
permits to forecast the behavior of the time series on the 
basis of process dynamics by means of prediction of 
tendencies of development of the object being studied. With 
it forecasting of numerical values of TS is not foreseen, and 
it can be considered as a shortcoming of the offered 
methods. 

The base operations of fuzzy tendencies processing are 
algorithmic operations of fuzzy tendencies processing, 
namely the operation of forming the time series of fuzzy 
tendencies by the initial time series and the inverse operation 
of generation of the series – a representative of the fuzzy 
tendency. 

Definition 1. A fuzzy time series Y~  is the ordered 
sequence of observations of some phenomenon the character 
of which changes in the course of time if values which some 
quantity takes on at the instant of time are expressed by the 
fuzzy label:  

})),(,,~{(~ tyUyy tiy
ii

t µ= , 

where iy~ is the i-th element of the term-set of the 

linguistic variable ( yyyy MGUTY ,,,,~ ). 
Thus, a FTS is the vector time series of values of all 

fuzzy variables: 

}~{~
tyY = , 

where }~,...,~{~ 1 n
ttt yyy = , n is the number of terms. 

Definition 2. Fuzzy tendency. Let }~,...,~{~
1 myyy =∆

be the fuzzy time series of the linguistic variable 

( yyyy MGUTY ,,,,~ ), }~{~
∆∆ = yY  is the set of fuzzy time 

series of the same length. Then the fuzzy tendency τ, 
determined on the ∆Y~ , is the aggregate of ordered pairs: 

 ,)~(,~ }{= ∆∆ yy τµτ
where )~( ∆yτµ  is the degree of membership of ∆y~  to 

FT. 
Determining the fuzzy tendency on all intervals [t-m+1, 

t] of the time series and positioning the beginning and the 
end of the interval to the time scale, we receive the time 
series of the fuzzy tendency. 

Definition 3. The time series of a fuzzy tendency 
(TSFT). Let }~{ ty∆  be the set of fuzzy time series which 

length is equal to m, where }~,...,~{~
1 tmtt yyy +−∆ = , 

Yyt
~~ ∈ t. Then the time series of a fuzzy tendency is the 

ordered in time fuzzy set: 
)}~(,{ tt yt ∆= τµτ . 

For the linguistic variable FT, the time series of fuzzy 
tendencies is determined as the vector TS of values of all 
kinds of fuzzy tendencies: 

}.,...,,{ 1 p
ttt t τττ =

Let us assume that there is dependence between fuzzy 
tendencies observed at different instants of time. Using the 
scheme of the differed equation (1) let us represent the 
model of the time on the basis of FT for one variable: 

                          ),...( 1 lttt f −−= τττ ,                        (1) 
where l is the time interval. For construction of the 

model of TS on the basis of FT, it is necessary to solve the 
following problems: 

-to determine the procedure of fuzzyfication and 
defuzzyfication of the TS; 

-to determine the procedure of description and 
identification of the FT; 

-to determine the procedure of receiving the crisp time 
series from values of FT; 

-to identify the functional dependence. 
Receiving a FTS from a crisp TS is based on the 

operation of fuzzyfication, i.e. transition from quantitative 
values to linguistic evaluations. The procedure of 
fuzzyfication is widely enough described in literature. Let us 
denote the process of finding the value of membership 
function of elements Uy to the terminal set Ty by the 
functional Fuzzy: 

][~ YFuzzyY = . 
The functional supposes solving the problems of 

linguistic terms description and rules of use, choosing the 
corresponding membership functions. When determining the 
linguistic terms the following methods can be used: 
subjective description of the universe Uy on the basis of 
expert knowledge about the system and descriptive 
terminology accepted in the field being investigated; 
uniform partition of the universe (into 3-7 intervals, as a 
rule); clusterisation of values of the time series for 
determination of the most significant intervals on the 
universe. 

Defuzzyfication is the problem inverse to fuzzyfication, 
i.e. receiving the crisp TS from a fuzzy one, is given by the 
functional deFuzzy: 

]~[YdeFuzzyY =′ . 
The problem of determination of the FT is fundamental 

in the construction of the system of data analysis, decision of 
which will permit to start disclosing the connections 
between parameters of the object being investigated. This 
problem consists of the following sub-problems:  

-determination of linguistic variables of the FT; 
-construction of the time series of the FT. 
Let us denote solving the problem by the functional 

Tend: 
]~[ ∆= YTendτ

For determination of the linguistic variable expressing 
the fuzzy tendency, it is necessary to single out the typical 
behavior of the fuzzy time series, that is to make up the 
terminal set. The analysis of the initial series for evaluation 
of the dynamics can be done by the following methods: 

-using the evaluations of the dynamics (increase, 
decrease, stability); 
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-subjective description on the basis of expert knowledge 
about the systematic behavior of system parameters;

-clusterisation of values of the fuzzy time series for 
determination of the most significant tendencies on the 
universe. 

For construction of TSFT, it is necessary not only to 
single them out (to denote linguistic terms), but to give a 
description and be able to find the tendency on the FTS. 
Thus, the functional Tend includes the tool of FT 
description, the algorithm of finding the correspondence of 
fuzzy time series to the chosen description, that is the 
algorithm of fuzzy evaluation. 

For the analysis and construction of crisp TS by the 
fuzzy model, the operation of receiving the FTS from 
tendency evaluation is necessary. Let us denote solving of 
this problem by the functional deTend, which is inverse to 
the functional Tend: 

][`~ τdeTendY =∆ , ∆∆∈YY ~`~
, 

where }`~{`~
∆∆ = yY  is the set of typical (characteristic) 

fuzzy time series for FT which have the maximum value of 

membership function ])~[max()`~( ∆=
∆

Yy ττ µµ . 
Using the functional of defuzzyfication deFuzzy, 

receiving the fuzzy time series from tendencies deTend
solves the problem of crisp TS forecasting.  

Let us denote the aggregate of components and 
equations: 

][~
t

i
t yFuzzyy = , niyydeFuzzyy n

ttt ..1 ],~,...~[ 1 == , 

 ]~,...,~[ 1 tmt
j

t yyTend
j +−=τ ,  

,..1 ),max( ],,...,[~
1 pjmmdeTendy jmtt

i
t === −+ττ

),...( 1 lttt f −−= τττ , 
where n is the number of terms of FTS, p is the number 

of terms of FT, mj is the interval of definition of FT, l is the 
time log, by the model of fuzzy tendencies (MFT) with 
characterizing parameters (n, p, m, l). In more detailed form 
these parameters can be denoted as (n, {pk}, {mk}, l), where 
pk is the number of kinds of tendencies which have the 
interval of definition mk.  

For the analysis and construction of the crisp time series 
by the fuzzy model (the functional deTend) let us make the 
fuzzy time series which has the maximum value of 
membership function in the form of the rule 

2)(~ Ry tt oτ=∆  correspond to each kind of fuzzy tendency. 
For a example, the procedure deTend can be represented in 
the form of the system of  rules:  

if τt is jump, then yt-2 is low, 
if τt is jump, then yt-1 is high, 
if τt is jump, then yt is low. 
Let us represent the equation (1) also by the fuzzy 

relation: 

31 ),...( Rlttt o−−= τττ . 
The MFT is realized by multilevel system of logical 

relations: 

231 RRR ⇒⇒ , 
where outputs in the form of fuzzy variables of one set of 

rules are applied to inputs of the next set of rules without 

defuzzyfication  and fuzzyfication. Transformation into 
fuzzy and crisp values happens only in relations R1 and R2
correspondingly. 

3 Fuzzy neural network 

Let us use classical fuzzy neurons in which operations of 
addition and multiplication are replaced by triangular norms: 

AND-neuron )),(),,(( 2211 wSwST ττβ = , 

OR-neuron )),(),,(( 2211
0 zTzTS ββτ = . 

It can be interpreted in the linguistic form 
correspondingly as: 

if (τ1 or w1) and (τ2 or w2) then β, 
if (β1 and z1) or (β2 and z2) then τ0. 
On the basis of such neurons it is possible to construct 

the network of logical inference by Mamdani for finding the 
fuzzy tendency τ by adding weight coefficients. In a 
formalized way such network can be expressed in the 
following form: 

)],([
1

0
ii

k

i
zTS βτ

=
= , )],([ ,1 ijj

m

ji wST τβ
=

= , 
where T is the operator of conjunction, S is the operator 

of disjunction, k is the number of rules, m is the number of 
inputs. Weight coefficients are interpreted in the following 
way: zi is the degree of influence of i-th rule on the general 
result (0 – has no influence, 1 – has influence); wj,i are 
degrees of no influence of j-th input on i-th rule (0 – has 
influence, 1 – has no influence). The basic idea of FNN 
learning consists in the iterative procedure of weights 
optimization (zi, wj,i) and removal of insignificant 
connections (network reduction), as a result of which the 
necessary composition and number of rules are formed. 

The order of search fuzzy dependences on the basis of 
FNN is the following: 

-Initialization of the fuzzy neural network. 
-Learning: optimization of network weights. 
-Analysis of the network: network reduction. 
At the initialization stage it is necessary to determine 

input variables: kinds of tendencies and the time log. It is 
necessary to generate an excessive number of "complete" 
rules, which include all inputs with arbitrary weights in the 
interval (0,1). 

The stage of learning is the process of FNN weights 
change on the basis of the learning sample. Network 
learning is possible by the method of back error propagation. 
For this purpose let us determine the function of error 

20 )(
2
1 ττ −=E  which is to be minimized by the method 

of gradient lowering. For decrease of the squared error E, it 
is necessary to change weights (zi, wj,i)  in the direction of 
antigradient of the function E: 

ij
jiij w

Eww
,

,
1
, ∂

∂−=+ η , 
i

ii z
Ezz

∂
∂−=+ η1 ,  

where η is the speed of learning with the limitation 
]1,0[1

, ∈+
ijw , ]1,0[1 ∈+

iz . For calculation of the derivative 
error, it is necessary to choose the corresponding functions 
of t-norms and t-conorms. The indication of completion of 
learning is reaching the error level. 
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At the stage of analysis processing of FNN is carried out 
with the purpose of its simplification. The principle of 
removal of insignificant connections and neurons from the 
network forms the basis of reduction algorithms. One of 
simplest reduction methods is the method of projections 
which is realized in the following way. The synoptic weight 
is nulled if its value has fallen into the given range 
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where ε is some constant. On the basis of the chosen 
level of weights ε connections "input – AND-neuron", when 
wj,i=1, and "AND-neuron – OR-neuron", when zi =0, are 
removed. Not used inputs and rules are also removed. 

As a result the system of logical inference is got, which 
is the explaining function in the model of time series. Fuzzy 
rules are easily interpreted for an expert since they are 
expressed in terms inherent to the investigated field. 

4 Server traffic modeling on the basis of the
time series of fuzzy tendencies

For time series analysis on the basis of the offered model of 
a fuzzy time series, the software FuzzyTendNet is created. 

Thus, for each time series a user assigns the set of 
linguistic terms with corresponding membership functions 
(trapezoid function form is used) and the set of fuzzy 
tendencies. The possibility of using several rules of 
identification and inverse rules for each tendency permits to 
describe various interval expert evaluations flexibly enough. 

The equation of the model of a time series is the fuzzy 
neural network which has subnetworks for each output 
tendency. Each subnetwork is the system of logical 
deduction which consists of the set of rules. These rules can 
be formed manually and in the automatic mode with 
optimization on the basis of the algorithm of back error 
propagation. The method of projections is used for 
cancellation of the network. The following logical 
connectives (functions of triangular norms) are used: 
minimum and maximum — for rules of identification and 
inverse rules, product and probabilistic sum — for FNN. 

For modeling of the traffic of the terminal server on the 
basis of the offered approach, seven parameters of the work 
of the terminal server were chosen, and time series were 
formed from them. 

So, the server parameters of work were chosen (Table 1) 
and the statistics with 15 seconds interval during one day 
was collected.

     Table 1. Description of variables 
Parameter 
X1 - Memory\ Pages exchange per second 

X2 - Record accesses to disc per second 
X3 - Read accesses from disc per second 
X4 - % of processor load 
X5 - Reading operations 
X6 - Recording operations 
Y - Traffic 
For all parameters fuzzy variables of FTS describing the 

values "high" and "low" are determined. Fuzzy tendencies 
"load", "idle" are determined. Additional fuzzy tendencies 
"increase" and "decrease" are also determined for traffic. In 
Table 2 description of functionals of the MFT is presented. 

Let us note the following: 
-the functional deTend is described only for the 

dependent variable (traffic); 
-FT determined on the unit interval, which have the 

semantic load analogous to variables of FTS, are used in the 
model. 

Table 2. Description of tendencies of terminal-server 
model parameters change 

FTS TSFT 

Pa
ra

m
et

er
 

y~ τ Tend 

low idle low(1) &low(2) X1
high load high(1) & high(2) 
low idle low(1) & low(2) X2
high load high(1) & high(2) 
low idle low(1) & low(2) X3
high load high(1) & high(2) 
low idle low(1) & low(2) X4
high load high(1) & high(2) 
low idle low(1) & low(2) X5
high load high(1) & high(2) 
low idle low(1) & low(2) X6
high load high(1) & high(2) 
low idle low(1) & low(2) 

load high(1) & high(2) 
increase low(1) & high(2) 

Y 
high

decrease high(1) & low(2) 
For comparison of models on the basis of fuzzy time 

series and fuzzy tendencies, a number of experiments were 
conducted.  

The conclusion can be made that the model based on 
fuzzy tendencies describes the modeled process more 
successfully. On Fig. 1 the forecast for one step forward is 
presented for two models.
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Figure 1:The graph of tested and forecasted TS 

 Figure 2:Load modeling 

For server traffic volume modeling, the following modes 
of server work were described by the expert: data input, data 
reading, reports forming — with high values of 
corresponding groups of parameters. On Fig 2 results of 
modeling are presented. 

By fuzzy tendencies low and high values of the traffic 
and its crisp values have been forecasted in different modes 
of work. The analysis of linguistic series of fuzzy tendencies 
showed increase of the traffic of the terminal server in the 
mode of data input and reports forming. 
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Thus the conclusion can be made that increase of users 
performing the mentioned operations will be accompanied 
by increase of the traffic. When performing all operations on 
the server simultaneously, we can simultaneously observe 
both high and low traffic of the network, which can be 
explained by instability in this mode of work. 

  

5 Conclusions
Thus, the time series of fuzzy tendencies is an effective 
indicator of development of a modeled process in a complex 
technical system described qualitatively by linguistic terms. 
Basic operations of fuzzy tendencies processing are 
algorithmic operations of fuzzy tendencies processing, 
namely the operation of forming the time series of fuzzy 
tendencies by initial time series and the inverse operation of 
generation of the series — a representative of the fuzzy 
tendency. The fuzzy neural network of the offered 
architecture is an effective generator of rules of fuzzy 
tendencies identification. The developed mathematical 
simulation model of the terminal-server as the element of the 
computing network on the basis of time series of fuzzy 
tendencies permits to forecast processor load, the outgoing 
and incoming traffic of the server. 
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Abstract— The nearest trapezoidal fuzzy number to a fuzzy num-
ber, with respect to a well-known metric and preserving the expected
interval, was determined in recent articles. In the present paper the
properties of additivity and continuity of the trapezoidal approxima-
tion operator are studied.
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1 Introduction

In the papers [1] and [10] the problem to find the nearest (with
respect to a well-known metric) trapezoidal fuzzy number
T (A) to a fuzzy number A such that EI (T (A)) = EI (A),
where EI (B) denotes the expected interval of a fuzzy num-
ber B, was completely solved. Algorithms for computing the
proper approximations are proposed in [6]. The properties of
translation and scale invariance, identity, nearness criterion,
expected interval invariance, order invariance, correlation in-
variance, uncertainty invariance, value and ambiguity invari-
ance were considered in [1]. The properties of additivity and
continuity are studied in the present paper.

In Section 3 we prove, by a simple example, that the addi-
tivity is not satisfied. The main result in this section contains
a property of partial additivity. In the paper [5] the property
of continuity of the approximations of fuzzy numbers is con-
sidered of extreme importance in applications, especially in
fuzzy control systems, where it is sometimes indicated as ro-
bustness. The authors of the paper [2] pointed out that the
method to study the continuity of the trapezoidal approxima-
tion without condition in [11] is not applicable in the case of
trapezoidal approximation preserving the expected interval. In
Section 4 we prove that the discussed approximation operator
has the property to be Lipschitz, such that it is continuous.

2 Preliminaries

A fuzzy number A is a fuzzy subset of the real line R with
the membership function µA which is normal, fuzzy convex,
upper semicontinuous and supp A is bounded, where supp
A = cl {x ∈ R : µA (x) > 0} and cl is the closure operator.

Every λ-cut, λ ∈ ]0, 1] of a fuzzy number A is a closed
interval Aλ = [A− (λ) , A+ (λ)], where

A− (λ) = inf {x ∈ R : µA (x) ≥ λ} ,

A+ (λ) = sup {x ∈ R : µA (x) ≥ λ} .

We denote

A0 =
[
A− (0) , A+ (0)

]
= supp A.

For two arbitrary fuzzy numbers A, B

Aλ =
[
A− (λ) , A+ (λ)

]
and

Bλ =
[
B− (λ) , B+ (λ)

]
the addition A + B is introduced by

(A + B)λ =
[
A− (λ) + B− (λ) , A+ (λ) + B+ (λ)

]
and the quantity

D2 (A, B) =
∫ 1

0

(
A− (λ) − B− (λ)

)2
dλ (1)

+
∫ 1

0

(
A+ (λ) − B+ (λ)

)2
dλ

gives a distance between A and B (see, e.g., [4]). The
expected interval EI(A) of a fuzzy number A, Aλ =
[A− (λ) , A+ (λ)], is defined by (see [3], [7])

EI(A) =
[∫ 1

0

A− (λ) dλ,

∫ 1

0

A+ (λ) dλ

]
.

An often used fuzzy number is the trapezoidal fuzzy num-
ber, completely characterized by four real numbers t1 ≤ t2 ≤
t3 ≤ t4, denoted by T = (t1, t2, t3, t4), with

T− (λ) = t1 + (t2 − t1) λ,

T+ (λ) = t4 − (t4 − t3) λ, λ ∈ [0, 1] .

Sometimes (see [10]) a trapezoidal fuzzy numbers is denoted
by T = (l, u; x, y), with l, u, x, y ∈ R such that x, y ≥ 0, x +
y ≤ 2 (u − l) ,

T− (λ) = l + x

(
λ − 1

2

)
,

T+ (λ) = u − y

(
λ − 1

2

)
, λ ∈ [0, 1] .

It is immediate that

l =
t1 + t2

2
, (2)

u =
t3 + t4

2
, (3)

x = t2 − t1, (4)
y = t4 − t3, (5)
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the expected interval of a trapezoidal fuzzy number repre-
sented in this way is the real interval [l, u] and the distance
between T = (l, u; x, y) and T ′ = (l′, u′; x′, y′) becomes
([10])

D2 (T, T ′) = (l − l′)2 + (u − u′)2 (6)

+
1
12

(x − x′)2 +
1
12

(y − y′)2 .

We denote by F (R) the set of all fuzzy numbers, by
FT (R) the set of all trapezoidal fuzzy numbers and by T (A)
the nearest (with respect to the metric D) trapezoidal fuzzy
number to fuzzy number A preserving the expected interval
of A. To express in a simplified form the approximation oper-
ator T : F (R) → FT (R) we denote

I (A) = I =

1∫
0

A−(λ)dλ, (7)

S (A) = S =

1∫
0

A+(λ)dλ, (8)

L (A) = L =

1∫
0

λA−(λ)dλ (9)

and

U (A) = U =

1∫
0

λA+(λ)dλ, (10)

for every fuzzy number A, Aλ = [A− (λ) , A+ (λ)] , λ ∈
[0, 1] and we consider the following sets of fuzzy numbers

Ω1 = {A ∈ F (R) : 2I + S − 3L − 3U > 0} ,

Ω2 = {A ∈ F (R) : −I − 2S + 3L + 3U > 0} ,

Ω3 = {A ∈ F (R) : −I + S + 3L − 3U ≤ 0} ,

Ω4 = Ωc
1 ∩ Ωc

2 ∩ Ωc
3.

The set {Ω1, Ω2, Ω3, Ω4} is a partition of F (R) (see the proof
of Theorem 7 in [1]).

The following result was proved in [1] and [10].

Theorem 1 (i) If A ∈ Ω1 then

T (A) = T1 (A) = (I, I, I, 2S − I) ;

(ii) If A ∈ Ω2 then

T (A) = T2 (A) = (2I − S, S, S, S) ;

(iii) If A ∈ Ω3 then

T (A) = T3 (A) = (4I − 6L,−2I + 6L,

−2S + 6U, 4S − 6U) ;

(iv) If A ∈ Ω4 then

T (A) = T4 (A) = (3I + S − 3L − 3U,−I − S + 3L + 3U,

−I − S + 3L + 3U, I + 3S − 3L − 3U) .

Four different operators Ti, i ∈ {1, 2, 3, 4} give us the near-
est trapezoidal approximation preserving the expected inter-
val: T1 and T2 lead to triangular fuzzy numbers with right
side only or left side only, respectively, T3 produces proper
trapezoidal fuzzy numbers and T4 produces triangular fuzzy
numbers.

3 Additivity
The approximation operator T : F (R) → FT (R) given in
Theorem 1 is scale invariant (see [1], Theorem 12, (ii)) and
invariant to translations (see [1], Theorem 12, (i)), that is

T (αA) = αT (A)

and
T (A + z) = T (A) + z,

for every A ∈ F (R) , z ∈ R and α ∈ R � {0}. In this
section we point out a partial result of additivity and prove, be
a simple example, that the operator T is not additive.

Example 2 Let us consider the fuzzy numbers A and B given
by

A− (λ) = 1 +
√

λ,

A+ (λ) = 30 − 27
√

λ,

B− (λ) = −1 +
√

λ,

B+ (λ) = 1 −
√

λ, λ ∈ [0, 1] .

Then (see [1], Example 10 and Example 11) A ∈ Ω1,

T (A) =
(

5
3
,
5
3
,
5
3
,
67
3

)
B ∈ Ω4,

T (B) =
(
−2

3
, 0, 0,

2
3

)
,

therefore

T (A) + T (B) =
(

1,
5
3
,
5
3
, 23

)
.

Because

(A + B)− (λ) = 2
√

λ,

(A + B)+ (λ) = 31 − 28
√

λ, λ ∈ [0, 1] ,

we obtain

I (A + B) =
4
3
,

S (A + B) =
37
3

,

L (A + B) =
4
5

and
U (A + B) =

43
10

.

We get A + B ∈ Ω4 and

T (A + B) =
(

31
30

,
49
30

,
49
30

,
691
30

)
which implies

T (A + B) �= T (A) + T (B) .

Theorem 3 If A, B ∈ Ωi (i ∈ {1, 2, 3, 4}) then

T (A + B) = T (A) + T (B) .
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Proof. The equalities

I (A + B) = I (A) + I (B) ,

S (A + B) = S (A) + S (B) ,

L (A + B) = L (A) + L (B) ,

U (A + B) = U (A) + U (B) , A, B ∈ F (R)

are immediate. Then A, B ∈ Ωi (i ∈ {1, 2, 3, 4}) implies
A + B ∈ Ωi and T (A) + T (B) = T (A + B) in every case
(i) − (iv) in Theorem 1.

4 Continuity
An extended trapezoidal fuzzy number ([10]) is an order pair
of polynomial functions of degree less than or equal to 1.
An extended trapezoidal fuzzy number may be not a fuzzy
number, but the distance between two extended trapezoidal
fuzzy numbers is similarly defined as in (1) or (6). The ex-
tended trapezoidal approximation Te(A) = (le, ue; xe, ye) of
a fuzzy number A is defined ([10]) as the extended trape-
zoidal fuzzy number which minimizes the distance D (A, B),
where B is an extended trapezoidal fuzzy number, and pre-
serves the expected interval of A. The real numbers xe and
ye are non-negative (see [11]). In [5], the authors proved that
Te(A) = T3 (A).

Let us denote by T (A) = (l0,u0; x0, y0) the nearest (with
respect to the metric D) trapezoidal fuzzy number to fuzzy
number A, preserving the expected interval, given in Theorem
1, in the form proposed in [10] (see also Section 2). We have
([10])

l0 = le =

1∫
0

A−(λ)dλ (11)

u0 = ue =

1∫
0

A+(λ)dλ. (12)

Let us consider in the Euclidean space R2 (it is a finite di-
mensional Hilbert space) the points Ae (xe, ye) , A0 (x0, y0)
and the set

M = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x + y ≤ 2ue − 2le}
which is a closed convex subset of R2. Then PM (Ae) is the
unique element in M (see e.g. [8], Theorem 4.10, p. 79)
which minimizes the Euclidean distance in R2, DE(Ae, P ),
where P ∈ M . Taking into account the remarks in [10] we
get

A0 = PM (Ae). (13)

We present the main result of this section.

Theorem 4 The nearest trapezoidal approximation operator
preserving the expected interval T : F (R) → FT (R) is con-
tinuous.

Proof. Let us consider two fuzzy numbers A and B,

Aλ =
[
A−(λ), A+(λ)

]
,

Bλ =
[
B−(λ), B+(λ)

]
, λ ∈ [0, 1] ,

Te(A) = (le, ue; xe, ye) , Te(B) = (l′e, u
′
e; x

′
e, y

′
e) the ex-

tended trapezoidal approximations of A and B and T (A) =
(l0,u0; x0, y0) , T (B) = (l′0, u

′
0; x

′
0, y

′
0) the trapezoidal ap-

proximations preserving the expected interval of A and B.
The relations (11) and (12) imply

D2 (T (A), T (B)) = (l0 − l′0)
2 + (u0 − u′

0)
2

+
1
12

(x0 − x′
0)

2 +
1
12

(y0 − y′
0)

2

= (le − l′e)
2 + (ue − u′

e)
2

+
1
12

(x0 − x′
0)

2 +
1
12

(y0 − y′
0)

2

Because (see [9], Proposition 4.4)

D (Te(A), Te(B)) ≤ D (A, B) (14)

we obtain

D2 (T (A), T (B)) ≤ D2(A, B)

+
1
12

(x0 − x′
0)

2 +
1
12

(y0 − y′
0)

2

or

D2 (T (A), T (B)) ≤ D2(A, B) +
1
12

D2
E (A0, B0) , (15)

where DE (A0, B0) denotes the Euclidean distance between
A0 (x0, y0) and B0(x′

0, y
′
0). Let us assume (contrariwise the

proof is similar)

2u′
e − 2l′e ≥ 2ue − 2le.

We consider

MA = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x + y ≤ 2ue − 2le},
MB = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x + y ≤ 2u′

e − 2l′e}

and

C(2ue − 2le, 0),
C ′(0, 2ue − 2le),
G(2u′

e − 2l′e, 0),
G′(0, 2u′

e − 2l′e),

the points which define the closed convex sets MA and MB in
the Euclidean space R2. The pairs (le, ue) , (l′e, u

′
e) being al-

ready fixed ((11), (12)), we denote Ae (xe, ye) and Be (x′
e, y

′
e)

the points in R2 which represent the others components of
the extended trapezoidal approximations of A and B, respec-
tively. It is known that xe, ye, x

′
e, y

′
e ≥ 0.

According to (13) we get

A0 = PMA
(Ae)

B0 = PMB
(Be)

We denote by B1 the projection of B0 on the convex set
MA, that is the unique element in MA which minimizes
DE (B0, Q), where Q ∈ MA. We prove that B1 is the
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projection of Be on the set MA, that is B1 ∈ MA and
min

R∈MA

DE (Be, R) = DE (Be, B1), and

DE (B1, B0) ≤ DE (C, G) = DE (C ′, G′) .

Indeed, if x′
e + y′

e ≤ 2 (ue − le) then Be ∈ MA. Because
MA ⊆ MB we get

Be ∈ MB ,

B0 = B1 = Be

and
DE (B1, B0) = 0 ≤ DE (C, G) .

Contrariwise, if x′
e + y′

e > 2 (ue − le) then the following sit-
uations are possible:

(i) x′
e − y′

e > 2 (u′
e − l′e). Then

B0 = G,

PMA
(Be) = C

and
B1 = PMA

(B0) = PMA
(G) = C.

In addition,

DE (B1, B0) = DE (C, G) .

(ii) 2 (ue − le) ≤ x′
e − y′

e ≤ 2 (u′
e − l′e). Then

B1 = PMA
(Be) = PMA

(B0) = C

and
DE (B1, B0) = DE (C, B0) ≤ DE (C, G) .

(iii) −2 (ue − le) < x′
e−y′

e < 2 (ue − le). Because BeB0

is perpendicular on GG′, BeB1 is perpendicular on CC ′ and
GG′, CC ′ are parallel we get

B1 = PMA
(Be) .

In addition,

DE (B1, B0) < DE (C, G) .

(iv) −2 (u′
e − l′e) ≤ x′

e − y′
e ≤ −2 (ue − le). Then

B1 = PMA
(Be) = PMA

(B0) = C ′

and

DE (B1, B0) = DE (C ′, B0) ≤ DE (C ′, G′) .

(v) x′
e − y′

e < −2 (u′
e − l′e). Then

B0 = G′,
PMA

(Be) = C ′

and
B1 = PMA

(B0) = PMA
(G′) = C ′.

In addition,

DE (B1, B0) = DE (C ′, G′) .

We have

D2
E (C, G)

= (2u′
e − 2l′e − 2ue + 2le)

2

= 4 [(u′
e − ue) − (l′e − le)]

2

= 4

 1∫
0

(
B+(λ) − A+(λ)

)
dλ

−
1∫

0

(
B−(λ) − A−(λ)

)
dλ

2

≤ 8

 1∫
0

(
B+(λ) − A+(λ)

)
dλ

2

(16)

+ 8

 1∫
0

(
B−(λ) − A−(λ)

)
dλ

2

≤ 8

1∫
0

(
B+(λ) − A+(λ)

)2
dλ (17)

+ 8

1∫
0

(
B−(λ) − A−(λ)

)2
dλ

therefore

D2
E (B1, B0) ≤ 8D2(A, B).

Because MA is a closed convex subset of R2 we obtain (see
[11], Appendix C)

DE(PMA
(Ae), PMA

(Be)) ≤ DE(Ae, Be)

that is
DE (A0, B1) ≤ DE (Ae, Be) .

We get

DE (A0, B0) ≤ DE (A0, B1) + DE (B1, B0)

≤ DE (Ae, Be) + 2
√

2D(A, B).

From (14) we obtain

D2
E (Ae, Be) ≤ 12D2(A, B), (18)

therefore

DE (A0, B0) ≤ 2(
√

2 +
√

3)D(A, B). (19)

The inequalities (15) and (19) imply

D (T (A), T (B)) ≤
√

1 +
(
√

2 +
√

3)2

3
D(A, B) (20)

and the proof is complete.
If D (A, B) = 0 then (20) becomes equality.
If

D (T (A), T (B)) =

√
1 +

(
√

2 +
√

3)2

3
D(A, B)
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then (16)-(18) must be equalities (contrariwise, inequality (20)
becomes strict). Equality in (16) implies

1∫
0

(
B+(λ) − A+(λ)

)
dλ

+

1∫
0

(
B−(λ) − A−(λ)

)
dλ = 0 (21)

and equality in (17) implies

B+(λ) − A+(λ) = k+, a.e. λ ∈ [0, 1]

and
B−(λ) − A−(λ) = k−, a.e. λ ∈ [0, 1] ,

where k+, k− ∈ R. Substituting in (21) we get k+ + k− = 0,
therefore

B+(λ) = A+(λ) + k, a.e. λ ∈ [0, 1]

and
B−(λ) = A−(λ) − k, a.e. λ ∈ [0, 1] ,

where k ∈ R. According to (7)-(10) we obtain

I (B) = I (A) − k,

S (B) = S (A) + k,

L (B) = L (A) − k

2
,

and
U (B) = U (A) +

k

2
.

Taking into account Theorem 1 (iii) and (4), (5),

x
′
e = −6I (B) + 12L (B)

= −6I (A) + 12L (A) = xe,

y
′
e = 6S (B) − 12U (B)

= 6S (A) − 12U (A) = ye.

We get Ae = Be and equality in (18) implies D(A, B) = 0.
We conclude that equality in (20) holds if and only if

D(A, B) = 0.

5 Conclusion
Many approximation methods for fuzzy numbers were pro-
posed in the last years. Because the quality of approximation
is important, a list of criteria that the approximation operator
should or just can possess has been given in [5]. Continu-
ity and additivity of nearest trapezoidal approximation oper-
ator which preserves the expected interval are studied in the
present paper. Because the property of scale invariance was
already proved in [1], the property of partial additivity, given
in Theorem 3, assures the linearity of the trapezoidal approx-
imation operator, when the fuzzy numbers under study are all
with the same kind of asymmetry of membership functions
(see [6]). The property of continuity, given in Theorem 4,
means that if two fuzzy numbers are close, with respect to
metric D, then their approximations are also close, with re-
spect to metric D. Continuity is of extreme importance in
applications, especially in fuzzy control systems, where it is
sometimes indicated as robustness and discontinuous approx-
imation operators seem unnatural.
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Abstract— Obtaining fuzzy rules from low quality data is a topic
that has been recently formalized. This paper contains the first appli-
cation of these principles to classification problems. We intend that
the classifier proposed here serves as a baseline for future develop-
ments in the field. For that reason, we have extended a simple crisp
genetic fuzzy classifier to imprecise data, paying special attention to
the computational details. In particular, we will discuss some issues
about the fuzzy-valued fitness function that is used in our formalism.
A synthetic problem, plus two real-world datasets of low and medium
complexities are also proposed, and used to evaluate the algorithm.

1 Introduction
The term “low quality data” refers to datasets where some or
all of the features are imprecisely perceived. It embodies dif-
ferent concepts: censored data, binning, missing values, sig-
nificant digits, confidence intervals, contradictory information
from different sources, fuzzy numbers, linguistic information,
and others.

We are interested in those cases where the imprecision in
the perception of the data is defined by a family of confidence
intervals. This includes most of the preceding situations as
particular cases. For instance, we can model few significant
digits, censored or missing data by means of a single interval
that spans the range of the unknown measure: “the weight of
an object is in [1.1, 1.2]” or “the pressure is lower than 3”. We
can also reconcile different measurements of the same feature
by means of a set of confidence intervals [8]. Certain (but
not all) kinds of fuzzy data can also be regarded as imprecise
perceptions of crisp values, known through a family of α-cuts
[1].

To make clear the extent of this concept, let us recall the sta-
tistical framework of a standard Artificial Intelligence-based
classifier. The purpose of a classifier is to predict the class of
an object, given the values of other properties of the same ob-
ject. To that end, a probability distribution is defined on the
set of objects, and the mentioned properties are assumed to
be random variables. The classifier, in turn, is a decision rule
that depends on the posterior probability of each class, given
a vector of properties.

The algorithms in this paper differ from the standard case
because we do not suppose that we can accurately observe all
the properties of the object. Otherwise, the same assumptions
hold. In the most simple case (interval-valued data) we will
perceive sets that contain these values. In the general case, we
will be given a nested family of sets, each one of them contain-
ing the true value with certain probability. From a theoretical
point of view, we hence understand that low quality data is a
kind of data for which we can not achieve a precise knowl-

edge about the posterior probability distributions induced by
the mentioned random variables, but we can obtain families of
probability distributions that are compatible with them. Ac-
cordingly, the mentioned decision rule can be inconclusive if
the input data is not specific enough.

Recent works in fuzzy statistics suggest using a fuzzy rep-
resentation when the data is known through a family of confi-
dence intervals [1]. This representation assumes that a fuzzy
set can be interpreted as a possibility distribution (which, in
turn, is a family of probability distributions) and each α-cut
of a fuzzy feature is a random set that contains the unknown
crisp value of the feature with probability 1 − α. [7, 8].

1.1 GFS and Fuzzy fitness functions

Our particular fuzzy representation of low quality data is tied
to the use of a fuzzy or interval-valued measurement of the
accuracy of a classifier or model. Let us use an example: we
have a classification system, defined by these rules:

if x < 1 then class is A
if x ∈ [1, 2] then class is B
if x > 2 then class is C

(1)

and the input that follows:

x < 1.8 (2)

The output of the classifier is the set of classes {A, B}. If the
object being classified is of class C, we know that the classi-
fier has failed. Otherwise, we cannot know. Nonetheless, we
can use a set-valued variable “number of errors”, and state that
the error of the classifier in that example is the set {0, 1}. The
number of errors of the whole classifier can be obtained by
adding these individual errors with interval arithmetic opera-
tors. If the output of the classifier is a fuzzy set, the number of
errors is a fuzzy number too, and we must use fuzzy arithmetic
[6].

Roughly speaking, estimating a classifier from data requires
a numerical technique that finds the minimum of the classifi-
cation error with respect to the free parameters of the clas-
sifying system. In our case, this function is interval-valued
or fuzzy. But there are not many techniques for optimizing
interval-valued or fuzzy valued functions. In the genetic algo-
rithms field, the solutions are related to precedence operators
between imprecise values [3, 4, 11]. We have previous works
where we have jointly optimized a mix of crisp and fuzzy ob-
jectives with genetic algorithms [7]. We have also proposed a
number of different algorithms for learning regression models
from low quality data and the fuzzy representation mentioned
before [5, 10, 8]. However, to the best of our knowledge there
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function GFS
1 Initialize population
2 for iter in {1, . . . , Iterations}
3 for sub in {1, . . . , subPop}
4 Select parents
5 Crossover and mutation
6 assignConsequent(offspring)
7 end for sub
8 Replace the worst subPop individuals
9 assignFitness(population,dataset)
10 end for iter
11 Purge unused rules
return population

Figure 1: Outline of the GFS that will be generalized [2]. Each
chromosome codifies one rule. The fitness of the classifier is
distributed among the rules at each generation.

function assignConsequent(rule)
1 for example in {1, . . . , N}
2 m = membership(Antecedent,example)
3 weight[class[example]] = weight[class[example]] + m
4 end for example
5 mostFrequent = 0
6 for c in {1, . . . , Nc}
7 if (weight[c]>weight[mostFrequent]) then
8 mostFrequent = c
9 end if
10 end for c
11 Consequent = mostFrequent
return rule

Figure 2: The consequent of a rule is not codified in the GA,
but it is assigned the most frequent class label, between those
compatible with the antecedent of the rule [2].

have not been previous GFSs where those principles have been
applied to learn classification problems.

1.2 Summary

The structure of this paper is as follows: in the next section we
generalize the crisp GFS defined in [2] to low quality data. In
Section 3 we evaluate the generalized algorithm in both crisp
and imprecise datasets, and propose two real-world datasets
of classification with imprecise data. The paper finishes with
the concluding remarks, in Section 4.

2 Generalizing a Genetic Fuzzy Classifier to
imprecise data

Generalizing a GFS to imprecise data involves, at the very
least, changes in the inference mechanism and the fitness func-
tion, as we have discussed in [6]. In this section we will gen-
eralize the GFS outlined in Figure 1, which was introduced in
[2]. This is a very compact algorithm that allows us to focus in
the subject of this paper (extending Genetic Fuzzy Classifiers
to imprecise data) without getting lost in the details.

Observe that this algorithm depends on two functions: “as-
signConsequent” (line 6) and “assignFitness” (line 9). These
functions are also listed in Figures 2 and 3. This algorithm
does not codify the consequent of the fuzzy rules in the ge-
netic individual. Instead, the function “assignConsequent”

function assignFitness(population,dataset)
1 for example in {1, . . . , N}
2 winnerRule = 0
3 bestMatch = 0
4 for rule in {1, . . . , M}
5 m = membership(Antecedent[rule],example)
6 if (m>bestMatch) then
7 winnerRule = rule
8 bestMatch = m
9 end if
10 end for rule
11 if (consequent(winnerRule)==class(example)) then
12 fitness[winnerRule] = fitness[winnerRule] + 1
13 end if
14 end for example
return fitness

Figure 3: The fitness of an individual is the number of ex-
amples that it classifies correctly. Single-winner inference is
used, thus at most one rule changes its fitness when the rule
base is evaluated in an example [2].

determines the class label that matches an antecedent with a
maximum confidence. The function “assignFitness,” in turn,
determines the winner rule for each object in the training set
and increments the fitness of the corresponding individual if
its consequent matches the class of the object. In the remain-
der of this section, we will study the impact of the imprecise
knowledge about the independent and dependent variables in
the structure of the rules, and how to extend these two func-
tions. That is to say: we analyze the reasoning method, the as-
signment of the consequents, the computation of a set-valued
fitness and the genetic selection and replacement of the worst
individuals.

2.1 Analysis of the reasoning method

The objective of the extended GFS is to obtain a fuzzy rule
base from objects, when there is imprecise knowledge about
some or all of the attributes of these objects. The set of classes
that is produced when the input value is a fuzzy set can be
computed in some different ways, but not all of them are con-
sistent with our representation of an imprecise value.

Having an imprecise knowledge about the input variables
differs from the standard case because:

1. The output of the FRBS will not be completely deter-
mined.

2. The number of errors of the FRBS in the training data
will be partially known. The same happens if any other
quality function is used instead of the number of errors,
i.e. likelihood, logistic loss functions, etc.

Both issues have been introduced with the crisp classifier com-
mented in the introduction: if the input is a set X that contains
a range of inputs x ∈ X , the output is not a class but a set of
classes:

class(X) = {class(x) | x ∈ X}. (3)

The first difference is apparently a trivial issue: after all, one
of the advantages of fuzzy rules is dealing with imprecision.
Nevertheless, the standard reasoning method does not produce
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the set of classes that we need. To make our point clearer, let
us study a fuzzy classifier comprising M rules:

if (x is Ãi ) then class is Ci, (4)

and let us use the single-winner inference mechanism:

class(x) = Carg maxi{ eAi(x)}. (5)

Observe that, classifying the set X by means of the standard
mechanism produces the class label that follows:

class’(X) = Carg maxi{min{ eAi(x)|x∈X}} (6)

while we need this set of labels:

class(X) = {Carg maxi{ eAi(x)} | x ∈ X} (7)

which is different than 6. Furthermore, the fuzzy set of classes
obtained when aggregating the rules, before the defuzzifica-
tion stage, is not what we need either, because our set class(X)
does not coincide with the fuzzy set

X

C/ max{min{ eAi(x) | x ∈ X}|Ci = C}. (8)

The code we propose to use is included in lines 2–23 in Figure
5, that we will explain later.

It is remarked that, in this paper, each rule will contain a
single consequent. This is a result of our interpretation of “low
quality” as a family of confidence intervals. In words: in this
paper, if a point is labeled as “class {A,C}” we are not stating
that it belongs to both categories at the same time (which is
not an imprecise assert). We are expressing that we are not
sure about the class of the object, i.e. we only know that it is
not in class “B”. Therefore, it makes not sense in this context
to produce a rule with a double consequent, since this rule
necessarily will have non-zero error at any example.

2.2 Assignment of consequents

function assignImpreciseConsequent(rule)
1 for example in {1, . . . , N}
2 em = fuzMembership(Antecedent,example)
3 weight[class[example]] = weight[class[example]] ⊕ em
4 end for example
5 mostFrequent = {1, . . . , Nc}
6 for c in {1, . . . , Nc}
7 for c1 in {c+1, . . . , Nc}
8 if (weight[c] dominates weight[c1]) then
9 mostFrequent = mostFrequent - { c1}
10 end if
11 end for c1

12 end for c
13 Consequent = select(mostFrequent)
return rule

Figure 4: If the examples are imprecise, we might not know
the most frequent class label –lines 5 to 12–. In this paper we
have used the dominance proposed in [4] to reduce this set to
one element.

The assignment of consequents seen in Figure 2 is extended
in Figure 4. The original assigment consists in computing the
confidences of the rules “if (x is Ã) then class is C” for all the

values of “C”, then selecting the alternative with maximum
confidence. In this case, the confidence of a rule is a set of
values. The operation “dominates” used in line 8 can have dif-
ferent meanings, ranging from the strict dominance (A domi-
nates B iff a < b for all a ∈ A, b ∈ B) [11] to other definitions
that induce a total order in the set of confidences. Generally
speaking, we have to select one of the values in the set of non-
dominated confidences and use its corresponding consequent.
In this paper, we have used the uniform dominance defined in
[4], that induces a total order and thus the set of nondominated
consequents has size 1.

2.3 Computation of fitness

function assignImpreciseFitnessApprox(population,dataset)
1 for example in {1, . . . , N}
2 setWinnerRule = ∅
3 for r in {1, . . . , M}
4 dominated = FALSE
5 rule.em = fuzMembership(Antecedent[r],example)
6 for sRule in setWinnerRule
7 if (sRule dominates rule) then
8 dominated = TRUE
9 end if
10 end for sRule
11 if (not dominated) then
12 for sRule in setWinnerRule
13 if (em dominates sRule) then
14 setWinnerRule = setWinnerRule −{ sRule }
15 end if
16 end for sRule
17 setWinnerRule = setWinnerRule ∪{ rule }
18 end if
19 end for r
20 setOfCons= ∅
21 for sRule in setWinnerRule
22 setOfCons= setOfCons ∪{ consequent(rule) }
23 end for sRule
24 deltaFit= 0
25 if ({class(example)} == setOfCons and

size(setOfCons)==1) then
26 deltaFit = {1}
27 else
28 if ({class(example)}∩ setOfCons �= ∅) then
29 deltaFit = {0, 1}
30 end if
31 end if
32 Select winnerRule ∈ setWinnerRule
33 fitness[winnerRule] = fitness[winnerRule] ⊕ deltaFit
34 end for example
return fitness

Figure 5: Generalization of the function “assignFitness” to
imprecise data. If the example is imprecisely perceived, there
are three ambiguities that must be resolved: (a) some different
crisp values compatible the same example might correspond to
different winner rules –lines 3 to 19—, (b) these rules might
have different consequent, thus we do not know if the rule base
fails in the example –lines 20 to 31– and (c) we must assign
credit to just one of these rules –lines 32 and 33–.

The output of the FRBS at the i-th object of the training set
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is a set of classes:

CFRBS(Xi) = {Carg maxj{ eAj(x)} | x ∈ Xi}. (9)

The theoretical expression of the fitness function of the FRBS
is:

fitness =
⊕

ei (10)

where

ei =




1 CFRBS(Xi) = Ci and #(Ci) = 1
0 CFRBS(Xi) ∩ Ci = ∅
{0, 1} else

(11)

In words, if the output of the FRBS is a single class label that
matches the class label of the example, this point scores 1. If
the set of classes emitted by the FRBS does not intersect with
that of the object, this point scores 0. Otherwise, it scores the
set {0, 1}.

The evaluation of this function is computationally very ex-
pensive, and we will use an approximation, described in Fig-
ure 5. This algorithm computes an interval of values of match-
ing between each rule and the input, then discards all rules that
can not be the winner rule, and approximates the output of the
FRBS by the set of the consequents of the non-discarded rules.
This set includes the theoretical output, but sometimes it also
includes extra class labels. In Figure 6 we have also included
a more accurate approximation which is based on a sample of
values of the support of the input. This second approximation
will be used in the next section to better determine the quality
of a classifier, but our learning will be guided by the function
in Figure 5, because of its lower cost.

2.4 Genetic selection and replacement

There are two other parts in the original algorithm that must be
altered in order to use an imprecise fitness function: (a) the se-
lection of the individuals in [2] is based on a tournament, that
depends on a total order on the set of fitness values. And (b)
the same happens with the removal of the worst individuals.
In both cases, we have used the uniform dominance defined in
[4] to impose such a total order. We leave for future works the
application of a multicriteria genetic algorithm similar to those
used in our previous works in regression modeling [8, 10].

3 Numerical results
This section contains a brief numerical analysis of the gen-
eralized algorithm. We have performed the experiments that
follow:

1. Synthetic datasets: Gaussian distribution, known
Bayesian error, and different amounts of observation er-
ror.

2. Crisp datasets: three standard benchmarks, for testing
that the extended algorithm has the same performance as
the original version in crisp problems.

3. Imprecise, real world datasets: we propose two real
world datasets, of small and medium size. One of them
has been specifically designed for the purpose of this re-
search, and the other is part of a practical problem of
medical diagnosis.

function assignImpreciseFitnessExhaustive(population,dataset)
1 for example in {1, . . . , N}
2 S = sample(example)
3 maxScore = 0
4 for s in S
5 winnerRule = 0
6 bestMatch = 0
7 for rule in {1, . . . , M}
8 m = membership(Antecedent[rule],s)
9 if (m > bestMatch) then
10 winnerRule = rule
11 bestMatch = m
12 end if
13 end for rule
14 if (consequent(winnerRule) == class(example)) then
15 score[winnerRule] = score[winnerRule] ⊕ 1
16 elif (consequent(winnerRule) ⊂ class(example)) then
17 score[winnerRule] = score[winnerRule] ⊕ {0, 1}
18 end if
19 if (max(score[winnerRule]) > max(score[maxScore]))
20 then maxScore = winnerRule
21 end if
22 end for s
23 if (score[maxScore] > 0) then
24 if (score[maxScore] == size(S)) then
25 fitness[maxScore] = fitness[maxScore] ⊕ 1
26 else
27 fitness[maxScore] = fitness[maxScore] ⊕ {0, 1}
28 end if
29 end if
30 end for example
return fitness

Figure 6: Other generalization of the function “assignFitness”
to interval-valued data. This function is computationally too
expensive for being used as a fitness function; it will be used
instead for obtaining better estimations of the train and test
errors of the final rule bases. Lines 14–18 deal with the case
where an object has imprecise output, i.e. “the class is A or
C”; otherwise, the value of the variable “score” is crisp.

All the datasets used in this paper are available in the website
of the KEEL project: http://www.keel.es. All the ex-
periments have been run with a population size of 100, proba-
bilities of crossover and mutation of 0.9 and 0.1, respectively,
and limited to 200 generations. The fuzzy partitions of the la-
bels are uniform and their size is 3, except when mentioned
otherwise.

3.1 Synthetic datasets

The set “Gaussian” comprises 699 points of two classes. The
distribution of both classes is bidimensional Gaussian, with
unity covariance matrix, and centered in (0, 0) and (3, 0) re-
spectively. To this data we have added interval-valued impre-
cision of sizes β = 0.03, 0.05, 0.1, 0.2, 0.5. A 10-cv exper-
imental design was applied, and the mean values of the test
errors are shown in Table 1. The training error has been also
included, to show the differences between the approximation
of the fitness function seen before and the exhaustive compu-
tation that has been used to compute the test error. Observe
that the approximate error computed by the fitness function is
less specific than the actual error, and the difference is relevant
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Crisp Low Quality
β Theoretical Train Test Exh. Train Exh. Test Approx. Train
0 0.084 0.083 0.086 [0.086,0.086] [0.082,0.082] [0.086,0.086]

0.03 [0.047,0.086] [0.083,0.094] [0.076,0.091]
0.05 [0.075,0.089] [0.081,0.098] [0.071,0.094]
0.1 [0.070,0.103] [0.068,0.104] [0.076,0,093]
0.2 [0.052,0.116] [0.055,0.128] [0.075,0.089]
0.5 [0.022,0.183] [0.022,0.179] [0.014,0.225]

Table 1: Results of the extended GFS in the synthetic dataset “Gauss” for crisp data (first column) and different degrees of
observation error (second column). The approximate error computed by the fitness function is less specific than the actual
error, and the difference is relevant when the observation error is high (β = 0.2 and β = 0.5, nevertheless it still guides the
evolution correctly.

●

CTrain CTest ITrain ITest

0.1

0.3

0.5

0.7

0.9

Dyslexic 4 labels

Figure 7: Boxplots illustrating the dispersion of the 10 repeti-
tions of crisp and extended GFS in the problem “dyslexia-12”,
with 4 labels/partition. The boxplot of the imprecise experi-
ments is not standard: we show respectively the 75% of the
maximum and 25% percentile of the minimum fitness, thus
the box displays at least the 50% of data; there are two marks
inside the box, because the median of the data is an interval.

when the observation error is high (β = 0.2 and β = 0.5),
nevertheless it still guides the evolution correctly.

3.2 Crisp datasets

Crisp datasets are included for assessing the performance of
the generalized algorithm in standard problems. Since, in this
case, the particularization of the algorithm to crisp data recov-
ers the original algorithm in [2], the results are expected to
be adequate. Nonetheless, we have included some estimations
in Table 2. As expected, the results of both algorithms are
similar; the differences are originated in the different random
seeds.

3.3 Real world datasets

We propose two datasets for testing this and future learning
algorithms with low quality data:

1. Dataset “Screws-50”: 21 objects, 3 classes, 2 features
(weight and length). We have weighed and measured 21
screws of three different types, taking into account the
accuracy of the physical measurement: each feature is
an interval. The class labels are precise. There are not

●
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Figure 8: Boxplots illustrating the dispersion of the 10 repeti-
tions of crisp and extended GFS in the problem “screws-50”.
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Figure 9: Compared evolution of crisp and imprecise GFS in
the dataset “dyslexia-12”. The ranges and means of 10 rep-
etitions of the learning are shown, for both the crisp and the
imprecise versions of the algorithm. The upper bound of the
mean imprecise fitness is consistently lower than the mean of
the crisp fitness.

outliers, i.e. 0% of error is attainable in absence of im-
precision.

2. Dataset “Dyslexia-12”: 65 objects, 4 classes, 12 fea-
tures. This is a selection of the original dataset described
in [9], where the 12 most relevant variables have been
hand-picked by a psychologist. There are imprecision in
both the input and the output. The theoretical error is
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Crisp Low Quality
Dataset Train Test Exh. Train Exh. Test Approx. Train
Pima 0.254 0.287 [0.258,0.258] [0.288,0.288] [0.258,0.258]
Glass 0.323 0.365 [0.321,0.321] [0.352,0.352] [0.321,0.321]

Haberman 0.239 0.255 [0.238,0.238] [0.248,0.248] [0.238,0.238]

Table 2: Results in some crisp benchmarks, where the imprecise fitness function reduces to the crisp fitness function. The
results of “crisp” and “low quality” columns are similar.

Crisp Low Quality
Dataset Train Test Exh. Train Exh. Test Approx. Train

Screws-50 0.133 0.427 [0.096,0.096] [0.377,0.377] [0.068,0.106]
Dyslexia-12 (4 labels) 0.584 0.724 [0.481, 0.616] [0.541, 0.675] [0.477,0.516]
Dyslexia-12 (5 labels) 0.745 0.658 [0.581,0.667] [0.608,0.641] [0.537,0.549]

Table 3: Means of 10 repetitions of the generalized GFS for the imprecise datasets “Screws-50” and “Dyslexia-12” with 4 and
5 labels/variable

unknown.

We have compared the performance of the generalized algo-
rithm to that of the original crisp algorithm. To that end,
we have built a crisp dataset by removing the uncertainty in
the imprecise dataset: each imprecise measurement was re-
placed by the mid-point of the corresponding interval, and
those examples with imprecision in the independent variable
were replicated for the different options. For instance, a point
(X = [1, 3], C = {A, B}) is converted into two points
(x = 2, c = A), (x = 2, c = B).

We have used a 5x2cv design for the first problem, because
of its small size, and 10cv for the second. The boxplots of
the compared results, in both train and test sets, are depicted
in Figures 7 and 8. Observe that the boxplots of the impre-
cise experiments are not standard. We propose using a box
showing the 75% of the maximum and 25% percentile of the
minimum fitness (thus the box displays at least the 50% of
data) and also drawing two marks inside the box, because the
median of the data is an interval. In Figure 9 the ranges and
means of 10 repetitions of the learning are shown, for both the
crisp and the imprecise versions of the algorithm. The upper
bound of the mean imprecise fitness is consistently lower than
the mean of the crisp fitness.

4 Concluding remarks
Extending a GFS to imprecise data in classification problems
is based on the use of an interval or fuzzy valued fitness func-
tion. Most GFSs can be extended to low quality data if some
changes are made in their reasoning method, and the genetic
algorithm can deal with an imprecisely known fitness func-
tion. We have shown in detail how to apply this changes to
a simple GCCL-type algorithm, and evaluated it with some
synthetic and real-world benchmarks. The numerical results
are as expected for an elementary algorithm like this; there
is room for improvement and future works will address more
complex GFSs that are based on a multicriteria fitness func-
tion.
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Abstract—Linear Blur Motion is one of the most common 
degradation functions that corrupt images. Since 1976 many 
researchers have tried to estimate blur motion parameters and this 
problem can be solved for noise free images but in the case of noisy 
images this can be done when the image SNR is low. In this paper, 
we consider pattern recognition with ensemble neural networks for 
the case of fingerprints; we propose the use of  fuzzy methods for 
Response Integration in Ensemble Neural Networks for blur motion 
noisy images. An ensemble neural network of three modules is 
used; each module is a local expert on person recognition based on 
a biometric measure (the fingerprints). The Response Integration 
method of the ensemble neural networks has the goal of combining 
the responses of the modules to improve the recognition rate of the 
individual modules when the SNR rate blur motion signal increases 
to a  high level. 

Keywords— Pattern Recognition, Ensemble Neural Networks, 
Fuzzy Logic, Ratio SNR.   

1 Introduction 
Blur Motion occurs when there is relative motion between 
the camera and the object being captured [1]. When a 
changing scene is observed by a camera, all the classical 
algorithms assume that is possible to take pictures every �t 
instant, which means that every picture is taken with a dt  0 
exposure time. If that is not the case, then the exposure time 
(dt = T) is large enough that different points in the scene are 
moving far enough and consequently their corresponding 
projections on the image plane travel several pixels. 
Therefore, during the capture process of an image, at any 
single image point, a certain number of scene points is 
projected during the exposure time, each one contributing to 
the final brightness of the image point; this effect is shown 
in figure 1. More formally, during the exposure time T in 
front of the pixel Pi,j we could assume that they pass k scene 
points with brightness (C1….Ck) respectively, then the 
resulting brightness value for pixel Pi,j is given in equation 
(1), in the case it continues movement the summation is 
replaced by integration. This holds in general for every pixel 
that is moving points in the scene. It is clear that the blurring 
of the image exists only across the direction of the motion; 
this one dimensional blur is called Blur Motion. 
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�
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The Result of blur motion is shown in figure 1b where an 
image consistent of different value pixels is shown in figure 
1a and then the blurred image is shown in figure 1b. 
 

 
Figure 1: a) Original Image without noise, b) Blur Motion 
with 20 pixels distance d and 50 degrees angle �. 
 
The blur motion can be described mathematically as the 
result of a linear filter b(x, y) = i(x, y)*h(x, y) where i is the 
theoreticalcal image taken with an exposure time Te=0, b is 
the real blurred image and h the point spread function (PSF). 
Given an angle = � and the length d = Vo x Te, which is the 
number of scene points that affect a specific pixel, the point 
spread functi n of blur motion is given in equation (2). o

���� �� � ��
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                     ����������� � 
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In practical terms, this mean computing accurate estimates 
for the two parameters of the blur motion PSF, namely the 
length, d, and the angle, �. From these quantities, the relative 
velocity at this point can be easily recovered knowing the 
exposure time.  In this paper for the experimental results we 
use fingerprint images and adding different levels of blur 
motion noise from 10 to 90 pixels in distance d and the angle 
� is zero. The measurement for noise in an image is the 
signal-to-noise ratio, SNR. The SNR measures the relative 
strength of the signal in a blurred and noisy image to the 
strength of the signal in a blurred image without noise. A 
SNR of 16 db is a low noise level, while a SNR of 4 db is a 
high noise level [1]. 

2 Noise and Registration Error 
2.1 Signal-to-noise ratio 
Noise is present in all digital imaging systems due to a 
number of sources such as photon shot noise, readout noise, 
dark current noise and quantization noise. While some 
sources can be effectively suppressed, such as the dark 
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current noise by cooling and the quantization noise by using 
more bits, others not. Photon shot noise, for example, is 
unavoidable due to the particle nature of light. Readout noise 
increases with a higher readout rate, which is desirable in 
high-speed cameras. In equation 3 the calculus of the 
Variance  and Standard deviation of the image are shown 

]. [2
 
& ' � � �'( �)*+�,� - ,'�� .�/+/�,� � , 0 1�� ,' � , 0 1'���2�  
 
 &(�=
Orig

he variance between the Fingerprint Image Original 
d  Fingerprint Image with Blur Motion Noise. 

 the Standard deviation of the Fingerprint Image 
inal. )*+ = t

 The� �, is the noise to the Fingerprint Image Original. 
an
�
 = blur motion noise 10 to 90 distance pixels. 

11',' , is the Fingerprint Image with Blur Motion Noise. 
  
The Signal-to-Noise Ratio (SNR) of an image I is then 
computed as: 

  ���������345 � ��6�7��89:(;<(
 

��������������������������������������������������������=� 
 
The combined effect of these noise sources is often modeled 
from two images of the same scene captured under the same 
degradation is shown in figure 2. 
 

 
Figure 2: Image degradation by blur and additive noise. 
2.2 Calculus of the SNR for Fingerprint Images 

In this paper we use fingerprint images from the FCV2000 
database of the Biometric System Laboratory at the 
University of Bologna [3, 4]. The image size is 300 pixels 
wide and 300 pixels high with a resolution of 500 ppi, and of 
a gray scale representation. The fingerprints were acquired 
by using a low-cost optical sensor; up to four fingers were 
collected from each volunteer (forefinger and middle finger 
of both the hands). The database is 10 fingers wide (w) and 8 
impressions per finger deep (d) (80 fingerprints in all); the 
acquired fingerprints were manually analyzed to assure that 
the maximum rotation is approximately in the range [-15°, 
15°] and that each pair of impressions of the same finger 
have a non-null overlapping area.  
We added Blur Motion Level Noise from 10 to 90 distance 
pixels to all 80 fingerprint images, based on equations (3) 
and (4) the calculus of the Average SNR in decibels for the 
Fingerprint Image of each of the person obtained is shown in 
table 1. 
 
 
 
 
 
 

Table I: The Average SNR in db of the Fingerprint Images. 
Average 
SNR in db 
Person N° 
Fingerprint 
Image 

     
Blur Motion Distance Pixels 

  

 
 
10 

 
 
20 

 
 
30 40  

 
 
50 

 
 
60 

 
 
70 

 
 
80 

 
 
90 

P1 10.9 7.57 8.08 7.65 7.43 7.28 7.11 6.99 6.89 
P2 8.36 8.02 7.52 7.38 7.16 7.01 6.89 6.78 6.68 
P3 8.01 7.02 6,76 6.56 6.44 6.34 6.21 6.10 5.98 
P4 7.67 5.75 5.57 5.46 5.26 5.17 5.07 5.01 4.93 
P5 11.6 10.62 10.07 9.77 9.47 9.28 9.08 8.88 8.71 
P6 7.29 7.28 6.88 6.75 6.58 6.46 6.33 6.20 6.09 
P7 8.21 6.11 6.26 6.18 5.93 5.85 5.79 5.67 5.57 
P8 10.6 10.07 9.4 9.08 8.8 8.56 8.47 8.15 7.97 
P9 12.7 12 11.65 11.35 11.7 10.9 10.81 10.6 10.4 
P10 8.94 6.43 6 5.79 5.52 5.33 5.24 5.14 5.03 
 

In figure 3 we show the plot of the Average SNR of the 
Person Fingerprint with the blur motion level noise from 10 
to 90 distance pixels. 
  

 
Figure 3: Average SNR with blur motion noise. 
 

3 Ensemble Neural Networks Architecture 
3.1 ANN´s Architecture 
The Ensemble ANN´s architecture consists of three main 
modules [5, 6], in which each of them in turn consists of a 
set of neural networks trained with the same data 
(fingerprints image), If we now using different   parameters 
for each module of the Ensemble Neural Networks, for 
module 1 the used parameters are learning rate =.001 , Goal 
Error=.001, for the module 2 learning rate =.0001 , Goal 
Error=.0001, for the module 3 the  learning rate =.0001, and 
Goal Error=.00001, using 2 hidden layers, 36 neurons in the 
first layer and 17 neurons in the second layer for each 
module of the Ensemble Neural Network and is shown in 
figure 4. 

 
Figure 4: Ensemble Neural Networks with blur Motion 
Level Noise Added. 
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The procedure to perform the tests was first to train the 
modules of the ensemble neural networks with the databases 
of the fingerprints without noise, in total using 8 fingerprints 
of 10 people, that is 80 fingerprints in total, until being able 
to find which architecture of the ensemble neural network 
responded better to arrive to the desired error. 
We Added Blur Motion Level Noise from 10 to 90 distance 
pixels to the Fingerprint Input, to obtain a blur motion image 
that went into each of three modules ensemble neural 
networks. The output of each of the ensemble neural 
networks was obtained  response integration with type-1 or 
type-2 fuzzy logic, and finally with the decision module 
obtained the output fingerprint. 
3.2 Response Integration with Type-1 Fuzzy Logic  
We also used a Type-1 Fuzzy Inference System as method of 
response integration of the ensemble neural network output, 
considering as input three linguistic variables, Activation 
Low, Activation Medium, and Activation High, and one 
output linguistic variable, Winning Activation of the three 
modules. 

We show below one of the rules for the fuzzy inference 
system. 

If (Module1 is ActMod1Low) and (Module2 is 
ActMod2Medium) and (Module3 is ActMod3Medium) then 
(Winner Module is Module3) 

Three membership functions were used for each linguistic 
variable (input and output) of the triangular type, to be 
managed in a range from 0 to 1.  

We show in figure 5 the membership functions designed 
using the editor of the fuzzy logic toolbox of MATLAB 
[14]. 

 

 
Figure 5: The Input Membership function and The Output 
Membership function of Fuzzy Logic Type-1. 
 
Once the Ensemble Neural Network is trained, the fuzzy 
inference system integrates the outputs of the modules. We 
used the same 80 people’s images to which we had applied 
noise with blur motion, and the type-1 fuzzy inference 
system gives an answer for the stage of the final decision. 
3.3 Response Integration with Type-2 Fuzzy Logic  
We used a Type-2 Fuzzy Inference System as method of 
response integration of the ensemble neural network output, 
considering as input three linguistic variables, Activation 
Low, Activation Medium, and Activation High, and one 
output linguistic variable, Winning Activation of the three 
modules, used the same rules of the type-1 fuzzy logic. 

Three membership functions were used for each linguistic 
variable of the input and output of the Gaussian type 

managed in a range from 0 to 1.  
We show in figure 6 the membership functions designed 
using the editor of IT2FUZZY fuzzy logic toolbox [12, 13].   
 

 

 
Figure 6: The Input Membership function and The Output 
Membership function of Type-2 Fuzzy Logic. 

4 Simulation Results 
4.1 Response Integration with Type-1 Fuzzy Logic 
Once the Ensemble Neural Network is trained, the fuzzy 
inference system integrates the outputs of the modules. We 
used the same 80 persons images to which we had applied 
different levels of noise with blur motion, the type-1 
inference systems give an output for the stage of the final 
decision, and we show the result if the fingerprint input was 
recognized. We show in figure 7 the simulation results. 

 
Figure 7: Simulation results for the fingerprints using the 
type-1 Fuzzy Inference System (blur motion 50 distance 
pixels). 
4.2 Response Integration with Type-2 Fuzzy Logic 
In the same way when the Ensemble Neural Network is 
trained, the fuzzy inference system integrates the outputs of 
the modules. We used the same 80 persons images to which 
we had applied different levels of noise with blur motion, the 
type-2 inference systems give an output for the stage of the 
final decision, and show the result if the fingerprint input 
was recognized. We show in figure 8 the simulation results. 

 
Figure 8: Simulation results for the fingerprints using the 
type-2 Fuzzy Inference System (blur motion 50 distance 
pixels). 
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4.3 Comparison Pattern Recognition Blur Motion Noisy 
Images using Fuzzy Methods for Response Integration in 
Ensemble Neural Networks 

The Response Integration method of the ensemble neural 
networks has the goal of combining the responses of the 
modules to improve the recognition rate of the individual 
modules when the blur motion signal increases to high level 
10 to 90 distance pixels. In Table 2 we show a Comparison 
between Response Integration with Type-2 and Type-1 
Fuzzy logic when the blur motion level noise increases and 
the Average SNR in db decrease. 

Table II: Comparison Response Integration Type-2 and 
Type-1 Fuzzy Logic with Blur Motion Level Noise and the 
Average SNR in db of the Fingerprint Images. 
 
# Person 
Fingerprint 

Blur Motion Level Noise 
10 20 30 40 50 60 70 80 90 

Average 
SNR P1 db 

10.97 7.75 8.08 7.65 7.43 7.28 7.11 6.99 6.89 

 Fuzzy 
Type-2  % 

100 87.5 87.5 87.5 87.5 62,5 62.5 62.5 62.5 

 Fuzzy 
Type-1 % 

87.5 87.5 87.5 87.5 75 62.5 62.5 62.5 62.5 

Average 
SNR P2 db 

8.33 8.02 7.52 7.38 7.16 7.01 6.89 6.78 6.68 

Fuzzy 
Type-2  % 

100 100 87.5 100 87.5 75 62.5 50 37.5 

Fuzzy 
Type-1 % 

100 100 87.5 100 87.5 75 75 50 50 

Average 
SNR P3 db 

8.01 7.02 6.76 6.56 6.44 6.34 6.21 6.10 5,98 

Fuzzy 
Type-2  % 

100 100 87.5 87.5 62.5 62.5 37.5 25 12.5 

Fuzzy 
Type-1 % 

100 100 87.5 75 75 50 0 0 0 

Average 
SNR P4 db 

7.67 5.75 5.57 5.46 5.26 5.17 5.075 5.01 4.94 

Fuzzy 
Type-2  % 

100 100 87.5 87.5 75 75 62.5 62.5 25 

Fuzzy 
Type-1 % 

87.5 87.5 87.5 87.5 75 75 62.5 62.5 37.5 

Average 
SNR P5 db 

11.65 10.62 10.08 9.77 9.47 9.28 9.08 8.89 8.71 

Fuzzy 
Type-2  % 

100 100 100 100 100 87.5 87.5 75 50 

Fuzzy 
Type-1 % 

100 100 100 100 100 87.5 75 75 50 

Average 
SNR P6 db 

7.29 7.28 6.88 6.75 6.58 6.46 6.33 6.21 6.1 

Fuzzy 
Type-2  % 

100 100 100 100 100 100 100 87.5 75 

Fuzzy 
Type-1 % 

100 
 

100 100 100 100 100 100 87.5 75 

Average 
SNR P7 db 

8.21 6.11 6.26 6.18 5.93 5.85 5.79 5.67 5.57 

Fuzzy 
Type-2  % 

100 100 100 87.5 87.5 87.5 62.5 50 37.5 

Fuzzy 
Type-1 % 

100 100 100 75 75 87.5 62.5 50 37.5 

Average 
SNR P8 db 

10.64 10.07 9.40 9.09 8.8 8.56 8.47 8.15 7.97 

Fuzzy 
Type-2  % 

100 100 100 87.5 87.5 87.5 62.5 50 37.5 

Fuzzy 
Type-1 % 

100 100 100 75 75 87.5 62.5 50 37.5 

Average 
SNR P9 db 

12.76 12 11.65 11.35 11.7 10.9 10.81 10.6 10.42 

Fuzzy 
Type-2  % 

100 100 100 100 100 100 100 100 100 

Fuzzy 
Type-1 % 

100 100 100 100 100 100 100 100 100 

Average 
SNR P10 
db 

8.21 6.11 6.26 6.18 5.93 5.85 5.79 5.67 5.57 

Fuzzy 
Type-2  % 

100 100 100 100 100 100 100 100 100 

Fuzzy 
Type-1 % 

100 100 100 100 100 100 100 100 100 

 

In Figure 9 we show in the up side the response integration 
of the type-2 and type-1 fuzzy system when the blur motion 

noise increases and the down side the Average SNR in db 
decrease for each of the Person Fingerprint Images. 
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Figure 9: Response Integration Type-2 and Type-1 Fuzzy 
logic with the blur Motion Level Noise 10 to 90 Distance 
Pixels and Average SNR in db of each 10 Person Fingerprint 
Image. 
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5 Conclusions
Based on the experimental results, we can conclude that 

the behavior of the type-2 and type-1 fuzzy systems, as 
methods of response integration of ensemble neural 
networks for the fingerprints when added blur motion level 
noise increase and the Average SNR of the Fingerprint 
decrease, we obtain excellent results. 
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Abstract— We describe in this paper a new hybrid approach for 
optimization combining Particle Swarm Optimization (PSO) and 
Genetic Algorithms (GAs) using Fuzzy Logic to integrate the results. 
The new evolutionary method combines the advantages of PSO and 
GA to give us an improved FPSO+FGA hybrid method. Fuzzy Logic 
is used to combine the results of the PSO and GA in the best way 
possible. The new hybrid FPSO+FGA approach is compared with 
the PSO and GA methods with a set of benchmark mathematical 
functions. The proposed hybrid method is also tested with the 
problem of modular neural network optimization. The new hybrid 
FPSO+FGA method is shown to be superior with respect to both the 
individual evolutionary methods. 

Keywords— Fuzzy Logic, Evolutionary Computing, Genetic 
Algorithms.

1 Introduction 
We describe in this paper a new evolutionary method 
combining PSO and GA, to give us an improved 
FPSO+FGA hybrid method. We apply the hybrid method to 
mathematical function optimization to validate the new 
approach. Also in this paper, the application of a Genetic 
Algorithm (GA) [1] and Particle Swarm Optimization (PSO) 
[2] for the optimization of mathematical functions is 
considered. In this case, we are using the Rastrigin’s 
function, Rosenbrock’s function, Ackley’s function, 
Sphere’s function Griewank’s function, Michalewics’s 
function and Zakharov’s function [4][13] to compare the 
optimization results between a GA, PSO and FPSO+FGA. 
We also consider the problem of neural network architecture 
optimization, which is very important in the applications. 

The paper is organized as follows: in section 2 a 
description about the Genetic Algorithms for optimization 
problems is given, in section 3 the Particle Swarm 
Optimization is presented, the neural networks is presented 
in section 4, in section 5 we can appreciate the proposed 
method FPSO+FGA and the fuzzy system, in section 6 we 
can appreciate the full model of FPSO+FGA that was used 
for this research, in section 7 the simulations results are 
described, finally we can see in section 8 the conclusions 
reached after the study of the proposed evolutionary 
computing methods. 

2 Genetic Algorithms for Optimization 
John Holland, from the University of Michigan initiated his 
work on genetic algorithms at the beginning of the 1960s. 
His first achievement was the publication of Adaptation in 
Natural and Artificial System [7] in 1975. 

He had two goals in mind: to improve the understanding 
of natural adaptation process, and to design artificial systems 
having properties similar to natural systems [8]. 

The basic idea is as follows: the genetic pool of a given 
population potentially contains the solution, or a better 
solution, to a given adaptive problem. This solution is not 
"active" because the genetic combination on which it relies 
is split between several subjects. Only the association of 
different genomes can lead to the solution. 

Holland’s method is especially effective because it not 
only considers the role of mutation, but it also uses genetic 
recombination, (crossover) [9]. The crossover of partial 
solutions greatly improves the capability of the algorithm to 
approach, and eventually find, the optimal solution. 

The essence of the GA in both theoretical and practical 
domains has been well demonstrated [1]. The concept of 
applying a GA to solve engineering problems is feasible and 
sound. However, despite the distinct advantages of a GA for 
solving complicated, constrained and multi-objective 
functions where other techniques may have failed, the full 
power of the GA in application is yet to be exploited [12] 
[14]. 

In Fig. 1 we show the reproduction cycle of the Genetic 
Algorithm.  

Figure 1: The Reproduction cycle 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

815



3 Particle Swarm Optimization 
Particle swarm optimization (PSO) is a population based 
stochastic optimization technique developed by Eberhart and 
Kennedy in 1995, inspired by social behavior of bird 
flocking or fish schooling [3]. 

PSO shares many similarities with evolutionary 
computation techniques such as Genetic Algorithms (GA) 
[6]. The system is initialized with a population of random 
solutions and searches for optima by updating generations. 
 However, unlike GA, the PSO has no evolution operators 
such as crossover and mutation. In PSO, the potential 
solutions, called particles, fly through the problem space by 
following the current optimum particles [10].   

Each particle keeps track of its coordinates in the problem 
space, which are associated with the best solution (fitness) it 
has achieved so far (The fitness value is also stored). This 
value is called pbest. Another "best" value that is tracked by 
the particle swarm optimizer is the best value, obtained so 
far by any particle in the neighbors of the particle. This 
location is called lbest. When a particle takes all the 
population as its topological neighbors, the best value is a 
global best and is called gbest [19]. 

The particle swarm optimization concept consists of, at 
each time step, changing the velocity of (accelerating) each 
particle toward its pbest and lbest locations (local version of 
PSO). Acceleration is weighted by a random term, with 
separate random numbers being generated for acceleration 
toward pbest and lbest locations [17].  

In the past several years, PSO has been successfully 
applied in many research and application areas. It is 
demonstrated that PSO gets better results in a faster, cheaper 
way compared with other methods [11] [18].   

Another reason that PSO is attractive is that there are few 
parameters to adjust. One version, with slight variations, 
works well in a wide variety of applications. Particle swarm 
optimization has been used for approaches that can be used 
across a wide range of applications, as well as for specific 
applications focused on a specific requirement [20]. 

4 Neural Networks 
The discipline of neural networks originates from an 
understanding of the human brain. The average human brain 
consists of 3 × 1010 neurons of various types, with each 
neuron connecting to up to 104 synapses [21]. Many neural-
network models, also called connectionist models, have been 
proposed [6]. 

Neural networks are attractive since they consist of many 
neurons, with each one processing information separately 
and simultaneously. All the neurons are connected by 
synapses with variable weights. Thus, neural networks are 
actually parallel distributed processing systems.  

Research on neural networks dates back to the 1940s 
when McCulloch and Pitts found that the neuron can be 
modeled as a simple threshold device to perform logic 
function [22]. 

In this paper, we used a supervised learning for training 
the neural network. Supervised learning is based on a direct 
comparison between the actual network output and the 

desired output. Some recent advances in supervised learning 
have been reviewed in [5]. 

5 FPSO+FGA Method 
This method combines the characteristics of PSO and GA 
using several fuzzy systems for integration of results and 
parameter adaptation. In this section, the proposed 
FPSO+FGA method is presented. 

The general idea of the proposed FPSO+FGA method 
can be seen in Fig. 2. The method can be described as 
follows:  

1. A problem optimization to be considered is received 
in this case; we are testing with a modular neural 
network and mathematical functions. 

2.  The method is randomly initialized to start with 
FPSO or FGA.  

3.  The system will solve the problem by FPSO or 
FGA depending of Error (E) and Derivate of Error 
(DE) generated after applying FPSO or FGA.  

4. The function evaluated is called FEVAL, then the 
system records the Errors (E and DE) obtained to 
compare with the value desired. 

5. After that the function is evaluated, E and DE are 
taken as inputs to one fuzzy system called ‘FSDM’, 
which the main function is to decide if is suitable to 
continue solving the problem with FPSO or FGA 
depending of the information generated by the 
fuzzy rules to calculate when can be necessary do a 
change

6. Another two fuzzy systems receive the values of 
Error and DError as inputs to evaluate if it is 
necessary to change the values of the parameters in 
FPSO or FGA depending of the fuzzy rules. The 
fuzzy systems responsible to do change the value 
of parameters in FPSO and FGA are called 
‘fuzzyga’ and ‘fuzzypso’. On Fig. 2 the two fuzzy 
systems are represented by el block FSPA (Fuzzy 
System Parameter Adaptation) but while the 
method is running in the FPSO the fuzzy system 
changes the values of the cognitive acceleration 
‘c1’, and social acceleration ‘c2’; and while the 
method is running in the FGA the fuzzy system 
change the value of crossover and mutation.  

7. Repeat the above steps until the termination 
criterion of the algorithm is met. Finally BVALUE 
receive the best value obtained and when the 
method is finished we are obtaining the best result. 

The fundamental characteristic of this method is to adapt 
the parameters to reach the best result, in this case; we are 
doing changes on the parameters of crossover (cr), mutation 
(mu), cognitive acceleration (c1) and social acceleration 
(c2). We are taking this parameters because are very 
important to the convergence with good results of the 
method, for example ‘c1‘  and ‘c2‘ are working as a memory 
able of record the knowledge of the particles more 
important in a population in the FPSO; also ‘cr’ and ‘mu’ 
are important to reach the best solution in the FGA. The 
values of these four parameters are fuzzy because 
depending of the output of a fuzzy system able of 
adaptation parameters.    
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Figure 2: The FPSO+FGA scheme 

6 Full Model of FPSO+FGA 
The basic idea of the FPSO+FGA scheme is to combine 

the advantages of the individual methods using a fuzzy 
system for decision making and the others two fuzzy 
systems to improve the parameters of the FGA and FPSO 
when is necessary. 

As can be seen in the proposed hybrid FPSO+FGA 
method, it is the internal fuzzy system structure, which has 
the primary function of receiving as inputs (Error and 
DError) the results of the outputs FGA and FPSO. The fuzzy 
system is responsible for integrating and deciding which are 
the best results being generated at run time of the 
FPSO+FGA. It is also responsible for selecting and sending 
the problem to the “fuzzypso” fuzzy system when the FPSO 
is activated or to the “fuzzyga” fuzzy system when FGA is 
activated. Also activating or temporarily stopping depending 
on the results being generated. The fuzzy system is of 
Mamdani type because it is more common in this type of 
fuzzy control and the defuzzification method is the centroid. 
In this case, we are using this type of defuzzification because 
in other papers we have achieved good results [4]. Also, the 
membership functions in the fuzzy main system were chosen 
of triangular form based on past experiences in this type of 
fuzzy control. However, in the simulation results we can see 
different architectures to the ‘fuzzyga’ and the ‘fuzzypso’; 
where, we are changing the membership functions to observe 
which is more reliable to this application. In this research, 
we are testing with triangular and gaussian membership 
functions.  
6.1 FPSO (Fuzzy Particle Swarm Optimization) 
This section presents a detailed description of the FPSO 
model. The classical representation scheme for GAs is 
binary vectors of fixed length. In the case of an nx –
dimensional search space, each individual consists of nx
variables with each variable encoded as a binary string. The 
swarm is typically modeled by particles in multidimensional 
space that have a position and a velocity. These particles fly 
through hyperspace (i.e., ) and have two essential 
reasoning capabilities: their memory of their own best 
position and knowledge of the global or their neighborhood's 

best. In Fig. 3 we can see a simulation of Ackley’s function. 
In a minimization optimization problem, "best" simply 
means the position with the smallest objective value. 
Members of a swarm communicate good positions to each 
other and adjust their own position and velocity based on 
these good positions. So a particle has the following 
information to make a suitable change in its position and 
velocity: 

nR

� A global best that is known to all and immediately 
updated when a new best position is found by any 
particle in the swarm.  

� The neighborhood best that the particle obtains by 
communicating with a subset of the swarm.  

� The local best, which is the best solution that the particle 
has seen.  

Figure 3: Simulation of ackley’s function with FPSO 

In this case, the social information is the best position found 
by the swarm, referred as (t). For gbest FPSO, the 
velocity of particle i is calculated as  

^
y
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Where  is the velocity of particle i in dimension j = 
1,…,nx at time step t,  is the position of particle i in 
dimension j at time step t, ‘c1‘ and ‘c2‘ represents the 
cognitive and social acceleration. In this case, these values 
are fuzzy because they are changing dynamically when the 
FPSO is running, and (t), ~U(0,1) are random values 
in the range [0,1]. We are adding a fuzzy system called 
‘fuzzypso’ that is able of change the ‘c1‘ and ‘c2‘ rate. 

j2

6.2 FGA (Fuzzy Genetic Algorithm) 
This section presents a brief description of the FGA model. 
Several crossover operators have been developed for GAs, 
depending on the format in which individuals are 
represented. For binary representations, uniform crossover, 
one point crossover and two point crossover are the most 
popular. In this case we are using two points crossover with 
fuzzy crossover rate because we are adding a fuzzy system 
called ‘fuzzyga’ that is able of change the crossover and 
mutation rate. 

6.3 Definition of the Fuzzy Systems used in FPSO+FGA 
‘fuzzypso’: In this case we are using a fuzzy system called 
‘fuzzypso’, and the structure of this fuzzy system is as 
follows: 
Number of Inputs: 2 
Number of Outputs: 2 
Number of membership functions: 3 
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Type of the membership functions: Triangular and Gaussian 
Number of rules: 9 
Defuzzification: Centroid 
The main function of the fuzzy system called ‘fuzzypso’ is 
to adjust the parameters of the PSO. In this case, we are 
adjusting the following parameters: ‘c1’ and ‘c2’; where: 
‘c1’ = Cognitive Acceleration  
‘c2’ = Social Acceleration 
We are changing these parameters to test the proposed 
method. In this case, with ‘fuzzypso’ is possible to adjust in 
real time the 2 parameters that belong to the PSO.  
‘fuzzyga’: In this case we are using a fuzzy system called 
‘fuzzyga’, the structure of this fuzzy system is as follows: 
Number of Inputs: 2 
Number of Outputs: 2 
Number of membership functions: 3 
Type of membership functions: Triangular and Gaussian 
Number of rules: 9 
Defuzzification: Centroid 
The main function of the fuzzy system called ‘fuzzypso’ is 
to adjust the parameters of the GA. In this case, we are 
adjusting the following parameters: ‘mu’, ‘cr’; where: 
‘mu’ = mutation 
‘cr’ = crossover 
‘fuzzymain’: In this case, we are using a fuzzy system 
called ‘fuzzymain’. The structure of this fuzzy system is as 
follows: 
Number of Inputs: 2 
Number of Outputs: 1 
Number of membership functions: 3  
Type of membership functions: Triangular  
Number of rules: 9 
Defuzzification: Centroid 
The main function of the fuzzy system, called ‘fuzzymain’ is 
to decide on the best way for solving the problem, in other 
words if it is more reliable to use the FPSO or FGA. This 
fuzzy system is able to receive two inputs, called error and 
derror, it is to evaluate the results that are generated by 
FPSO and FGA in the last step of the algorithm. Fig. 4 
shows the membership functions of the main fuzzy system 
that is implemented in this method. All fuzzy system 
consists of 9 rules. For example, one rule is if error is P and 
DError is P then best value is P (view Fig. 5). Fig. 6 shows 
the fuzzy system rule viewer. Fig. 7 shows the surface 
corresponding to the fuzzy main system. The other two 
fuzzy systems are similar to the main fuzzy system. 

Figure 4: Fuzzy system membership functions 

Figure 5: Fuzzy system rules 

Figure 6: Fuzzy system rules viewer 

Figure 7: Surface of fuzzy system 
7. Simulation Results for Modular Neural 

Network for Optimization 
Several tests of the FPSO+FGA method for MNN 
optimization were made in the Matlab programming 
language.  

All the implementations were developed using a computer 
with processor Intel core 2 quad of 64 bits that works to a 
frequency of clock of 2.5 GHz, 4 GB of RAM Memory and 
Windows Vista operating system. 

We describe below simulation results of our approach for 
face recognition with  modular neural networks (MNNs). 
We used two-layer feed-forward MNNs with the 
Conjugated-Gradient training algorithm [4]. The challenge is 
to find the optimal architecture of this type of neural 
network, which means finding out the optimal number of 
layers and nodes of the neural network [6]. We are using the 
Yale face database [20] that contains 165 grayscale images 
in GIF format of 15 individuals, for this paper only 10 
subjects were used for training the MNN. There are 5 images 
per subject, one per different facial expression: center-light, 
happy, left-light, normal and right-light.  In total 50 images 
were used (view Fig. 8). Three images per subject were used 
for training the MNN and the other two for the recognition. 
Regarding the genetic algorithm for NN evolution, we used 
a hierarchical chromosome for representing the relevant 
information of the network. First, we have the bits for 
representing the number of layers of the MNN; in this case, 
the initial topology was of 3 modules with 2 layers per 
module with 500 neurons in the first layer, 300 neurons in 
the second layer in each module. Therefore we used a
representation the 2415 bits in total (view Fig. 9). The PSO 
is organized in a similar fashion, but there is less number of
parameters. In Fig. 10 we can see the architecture of a MNN 
that we are using with the evolutionary proposed method 
FPSO+FGA. 
 The fitness function used in this case for the MNN 
combines the information of the error objective and also the 
information about the number of nodes as a second 
objective. This is shown in the following equation.  
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The first objective is basically the average sum of squared of 
errors as calculated by the predicted outputs of the MNN 
compared with real values of the function. This is given by 
the following equation. 
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The second objective is the complexity of the neural 
network, which is measured by the total number of nodes in 
the architecture. 
 The final topology of the neural network for the problem 
of face recognition is obtained by the hybrid evolutionary 
method FPSO+FGA. The comparison of the final objective 
values (errors) will be shown in the following section. In the 
final architecture, the result of the MNN evolution is a 
particular architecture with different number of nodes by 
layers. Several tests were made; we obtained optimized 
different architectures for this Modular Neural Network; the 
best architecture obtained was the following:  
Layers = 2 x module 
NNL1M1 = 90, NNL2M1 = 50. NNL1M2 = 100, NNL2M2 
= 150. NNL1M3 = 70, NNL2M3 = 90. Total bits = 565   
Where:  NNL1M1= Number of neurons of the layer 1 in 
module 1. NNL1M1= Number of neurons of the layer 1 in 
module 1. NNL2M1= Number of neurons of the layer 2 in 
module 1. NNL1M2= Number of neurons of the layer 1 in 
module 2. NNL2M2= Number of neurons of the layer 2 in 
module 2. NNL1M3= Number of neurons of the layer 1 in 
module 3. NNL2M3= Number of neurons of the layer 2 in 
module 3. We can see in the Fig. 11 the binary 
representation for this optimized architecture. With this final 
topology the Neural Network was trained and the ten images 
were recognized. It can be seen in Table 1 the different 
architectures obtained with this method using a ‘fuzzyga’ 
and a ‘fuzzypso’ with triangular membership functions and a 
‘fuzzymain’ with triangular membership functions, the other 
parameters to the 3 fuzzy systems are above described. Table 
2, shows the simulation results with all fuzzy systems with 
gaussian membership functions. The proposed method 
optimizes the initial architecture proposed for the problem of 
face recognition.  

Figure 8: Images of the Yale 
face database 

Modules = 3
Layers = 2 x module
NNL1M1 = 500, NNL2M1 = 300
NNL1M2 = 500, NNL2M2 = 300
NNL1M3 = 500, NNL2M3 = 300
Total bits = 2415  

Figure 9: Binary representation for FPSO+FGA (No optimized) 

Module 3

Module 1

Module 2 INTEGRATION Output

I
n
p
u
t
s

X1

X2

X3

Figure 10: Architecture of the Modular Neural Network. 
The Parameters of Table 1 and 2, are as follows: 
LMod = Layers per module 
NNL = Number of neurons Layer 1, 2 or 3. 
GE = Goal Error. 
RE = Reached Error. 
IDENT = Number of images recognized. 
VAR = Number of variables for the mathematical function.  
It can be seen in Table 1 and Table 2 that this method is 
good alternative to solve this type of problems, in our case to 
optimize Modular Neural Networks. Also this FPSO+FGA 
have been applied, for optimization of complex 
mathematical functions to validate our approach. The 
parameters in FPSO+FGA; as crossover, mutation, cognitive 
acceleration and social are fuzzy, the population size was of 
100 individuals, Table 3 shows the simulation results with 7 
mathematical functions to testing this hybrid evolutionary 
method. The mathematical functions are evaluated with 2, 4, 
8 and 16 variables. 

Table 1. Simulation Results for the MNN with triangular membership 
functions 

LMod NN
L1
M1

NN
L2
M1

NN
L1
M2

NN
L2
M2

NN
L1
M3

NN
L2
M3

GE RE IDENT 

2 20 60 80 50 60 120 0.01 0.03 8

2 90 50 100 150 70 90 0.01 0.00
5

10

2 70 40 80 40 90 30 0.01 0.02 8

2 150 135 200 90 84 40 0.01 0.00
3

9

2 100 120 100 145 100 70 0.01 0.00
1

10

Table 2. Simulation Results for the MNN with gaussian membership 
functions 

LM
od

NN
L1
M1

NN
L2
M1

NN
L1
M2

NN
L2
M2

NN
L1
M3

NN
L2
M3

GE RE IDENT 

2 30 50 90 70 50 115 0.01 0.05 8

2 85 60 103 140 80 130 0.01 0.02 9

2 90 50 95 50 85 40 0.01 0.08 8

2 130 120 180 90 70 50 0.01 0.02 9

2 50 90 75 70 40 40 0.01 0.01 9

Modules = 3
Layers = 2 x module
NNL1M1 = 90, NNL2M1 = 50
NNL1M2 = 100, NNL2M2 = 150
NNL1M3 = 70, NNL2M3 = 90
Total bits = 565  

Figure 11: Binary representation optimized for FPSO+FGA 
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Table 3. Simulation results for Mathematical Functions 
Ma
th 
F

NVar = 2 NVar = 4 NVar = 8 NVAR = 16 

Mat
h

BEST MEA
N

BE
ST

MEA
N

BEST MEA
N

BEST MEA
N

Ras 1.45E-
06

3.05E-
04 0.00

03

0.0755 0.0131
8

0.9311 0.5483 5.0946

Ros 1.17E-
02

1.17E-
02

0.02
85

0.5991 0.1580
0

3.8925 0.2555 4.3333
4

Ack 8.42E-
04

4.98E-
03

8.42
e-
01

4.98E-
02

0.7 1.56 2.35 2.63

Sph 5.75E-
11

1.05E-
10

1.94
6e-
05

4.5109
e-004 

0.0005
9

0.0057 0.0024
8

0.0211

Gri 7.88E-
11

1.07E-
07

7.18
e-
06

1.1182
e-004 

0.0001
6

9.299e
-004

0.0004
0

0.0043

Mic
h

-1.8010 -
1.8201

-
1.80
129

-
1.8002

-
1.8013
0

-
1.8005

-
1.8013
01

-
1.8004

Zak 6.00E-
07

0.0016
8

3.23
7e-
07

8.4129
e-005 

1.3308
e-07 

6.4901
e-005 

8.6341
0e-07 

7.0065
e-005 

In Table 4, It can be seen a comparison results between the 3 
methods analyzed in this research, we can observe 
FPSO+FGA as a good alternative to resolve optimization 
problems. Also, the Neural Network (NN) was included to 
test this approach. Table 4 shows the simulation results for 
two variables.  

Table 4. Comparison results between GA, PSO and FPSO+FGA 
Math 
Funct 

GA PSO FPSO+FGA Objectiv
e Value 

Ras 2.15E-03 5.47E-05 3.05E-04 0
Ros 1.02E-05 1.97E-03 1.17E-02 0
Ack 2.98 2.98 4.98E-03 0
Sph 1.62E-04 8.26E-11 1.05E-10 0
Grie 2.552E-05 2.56E-02 1.07E-07 0
Mich -1.7829 -7.44E-01 -1.8201 -1.8013
Zakh 0.00146674 8.10 0.00168 0
NN 3.33E-01 2.3E-01 1.01E-03 0

8 Conclusions 
The analysis of the simulation results of the evolutionary 
method considered in this paper, FPSO+FGA lead us to the 
conclusion that for the optimization of Modular Neural 
Networks with this method is a good alternative because it is 
easier to optimize the architecture of Modular Neural 
Network than to try it with PSO or GA separately. This is, 
because the combination PSO and GA with fuzzy rules gives 
a new hybrid method FPSO+FGA. It can be seen in Table 1 
that the second and five architectures obtained after applying 
FPSO+FGA recognizes the ten images; we are 
demonstrating that it is reliable uses for this type of 
applications. Recently we are working with more images for 
test the effectiveness of this approach. In Table 4 it can be 
seen a comparison with PSO and GA used separately, we 
can observed as FPSO+FGA was better.  
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Abstract— There exists a generalization of the Teichmüller space
of a covering group. In this paper we combine this generalized Te-
ichmüller space T (G) and any fuzzy subgroup A : G −→ F where G
is a subgroup of the group consisting of such orientation preserving
and orientation reversing Möbius transformations which act in the
upper half-plane of the extended complex plane. A partially ordered
set F = (F ,≤) consists of stabilizers of G and all of their inter-
sections. After preliminaries we present two new results concern-
ing this special case of fuzzy subgroups. These conclusions are then
applied to the known theory of the parametrization of the general-
ized Teichmüller space . As consequence, the equivalence classes of
fuzzy subgroups (with an equivalence relation) become the elements
of T (G) where G is generated by a finite set of hyperbolic Möbius
transformations. Let the number of the generators be n. Then there is
an embedding ψ : T (G) −→ R

3n−3 and therefore a homeomorphism
T (G)−→ ψ(T (G)). Through parametrization of T (G) ψ(A(G)) has
3n−3 real coordinates which are also the coordinates of A(G) up to
identification.

Keywords— Fuzzy subgroups, Möbius groups, Möbius transfor-
mations, compact Riemann surfaces, Teichmüller spaces.

1 Introduction
Orientation preserving and orientation reversing Möbius
transformations form a group denoted by M̂. Following [2],
we say that every subgroup of M̂ is a Möbius group. In Sec-
tion 2 we first take some basic knowledge of Möbius transfor-
mations and then list all the types of Möbius transformations
acting in the upper half-plane H which means that they are
self-mappings of H. Let G and G′ be Möbius groups fixing H.
Then we define geometric isomorphisms j : G −→ G′ which
play an important role in our representation.

In Section 3 we present two new Propositons 1 and 2 which
the author of this paper has proved in [1]. It is not relevant to
give the proofs in this connection because they are too long to
show as well as many preliminaries are required. The propo-
sitions constitute the relationship between subgroups of the
group of Möbius transformations and certain kind of fuzzy
subgroups.

Let G, G′, G1 and G2 be Möbius groups with a fixed G.
Defining a delation δ( j) of an isomorphism j : G −→ G′
by means of multipliers of Möbius transformations g ∈ G
we say that any two isomorphisms j1 : G −→ G1 and j2 :
G −→ G2 with some properties are equivalent precisely when
δ( j2 j−1

1 ) = 1. The set E(G) of equivalence classes [ j] forms a
metric space (E(G),d) with a metric d. In the theory of com-
pact Riemann surfaces this space can be regarded as a gener-
alization of the Teichmüller space of a covering group G. So,
(E(G),d) is denoted by T (G). All the presented premilimi-
naries and the parametrization of the generalized Teichmüller

space can be found from [2], [3] and [4]. We will consider
them in Section 4 so much as needed for Section 5.

Suppose that there exists a set F in G such that the
parametrization condition in Proposition 3 is satisfied. Then
we obtain an embedding ψ : T (G) −→ R

3n−3 where G is
finitely generated by n hyperbolic elements. More precisely,
T (G)−→ψ(T (G)) is a homeomorphism. Then, up to homeo-
morphism, [ j] is an element of R

3n−3 with coordinates k( j(g))
which are the multipliers of Möbius transformations j(g) for
every g ∈ F .

In Section 5 we apply fuzzy subgroups to the theory of the
parametrization of the generalized Teichmüller space. Ac-
cording to Corollary 1 the type-preserving isomorphisms j1 :
G −→ G1 and j2 : G −→ G2 as well as the fuzzy subgroups
A( j1(g)) and A( j2(g)) are simultaneously equivalent. The
definition of the fuzzy subgroups is given by (3) in Proposi-
tion 1 and the equivalence between two fuzzy subgroups is de-
fined by conjugation with a Möbius transformation. Roughly
speaking, it is now possible to replace any element [ j] by the
corresponding [A( j(g))] in Proposition 4. This leads to the
representation of [A( j(g))] with real coordinates (up to iden-
tification) in the Euclidean space R

3n−3.
In the following special case, we refer to [3]: If G is a cov-

ering group of the upper half-plane H over some compact Rie-
mann surface S, then [ j] has coordinates in R

6s−6+3n where S
is of genus s and n is the number of conformal disks removed
from S. The coordinates of [A( j(g))] are given in subsection
5.2.

2 Preliminaries for Möbius transformations
In this section we refer to [2].

2.1 Möbius transformations

Directly conformal automorphisms of the extended complex
plane Ĉ are orientation preserving Möbius transformations

g(z) =
az+b
cz+d

a, b, c, d ∈ C, ad −bc = 1, (1)

and g(− d
c ) = ∞, g(∞) = a

c .
Indirectly conformal automorphisms of Ĉ are of the form

g(z) =
az+b
cz+d

a, b, c, d ∈ C, ad −bc = −1 (2)

which are orientation reversing Möbius transformations. The
mappings (1) and (2) form the group M̂. Two transformations
g1 and g2 in M̂ are conjugate if g1 = hg2h−1 for some Möbius
transformation h.
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A point z is said to be a fixed point of g if g(z) = z. Every
non-identity orientation preserving Möbius transformation g
has one fixed point or two fixed points. Then

• g with one fixed point is parabolic and it is conjugate to
z �→ z+1.

• If g has two fixed points and it is conjugate to z �→ kz
for some k ∈ C\{0}, then g is loxodromic if |k| �= 1 and
elliptic if |k| = 1, k �= 1.

• Loxodromic transformations fixing the upper half-plane
H are called hyperbolic. Otherwise they are strictly lox-
odromic.

In the loxodromic case we set

P(g) = lim
n→∞

gn and N(g) = lim
n→∞

g−n,

which are the attracting and repelling fixed points of g. Be-
cause the fixed points of any loxodromic g are real iff g(H) =
H, hyperbolic transformations have fixed points on the real
axis R. Therefore P(g) and N(g) are real if g is hyperbolic. A
circle or line in H perpendicular to to the real axis is a non-
Euclidean line. Now the non-Euclidean line through P(g) and
N(g) is called the axis ax(g) of g. In the elliptic case g(H) = H
iff the fixed points of g are complex conjugates.

The multiplier of a Möbius transformation g is defined by
means of the cross-ratio

k(g) = (g(z),z,x,y) =
g(z)− x
g(z)− y

z− y
z− x

,

where x and y are two different fixed points of g. In the
parabolic case we set k(g) = 1. For the above complex number
k we have k = k(g). The multiplier is invariant in conjugation.

We are only interested in such orientation reversing Möbius
transformations which act in H (fix H). This leads to the next
consideration: the axis ax(σ) = {z | σ(z) = z} of a reflection
σ fixing H is also a circle or line orthogonal to R. Denote by
x and y the real fixed points of σ. Then

• the reflection σ(z) = η(z) where η is the elliptic trans-
formation defined by k(η) = −1, η(x) = x and η(y) = y,

• a glide-reflection s fixing H is of the form s = τσ where τ
is a hyperbolic transformation fixing H, σ is a reflection
fixing H and ax(τ) = ax(σ).

The reflection σ has an infinite number of fixed points but
two real fixed points (if ax(σ) is not a line). For the multiplier
we set k(σ) = −1. The glide-reflection s and the hyperbolic
τ have the same two fixed points. Moreover, the multiplier
k(s) = −k(τ).

It is known that transformations (1) and (2) fix the upper-
half plane H iff the coefficients a,b,c,d are real. In fact, there
are the following types of Möbius transformations fixing H:
hyperbolic, parabolic and elliptic transformations, the identity
transformation, reflections and glide-reflections.

Suppose that G and G′ are groups of Möbius transfor-
mations (or Möbius groups) acting in H. An isomorphism
j : G −→ G′ is induced by a Möbius transformation h if
j(g) = hgh−1 for all g ∈ G. We say that j : G −→ G′ is type-
preserving if g and j(g) are of the same type for all g ∈ G. A

type-preserving isomorphism j : G −→ G′ is geometric on R

if there exists a homeomorphism ϕ : R̂ −→ R̂ inducing j on
R̂, which is the boundary of the upper half-plane. Especially
ϕ(P(g)) = P( j(g)) and ϕ(N(g)) = N( j(g)) for any hyperbolic
g. Since every Möbius transformation is a homeomorphism
Ĉ −→ Ĉ, then for every ϕ which induces a geometric isomor-
phism j we have h | R̂ = ϕ (h : Ĉ −→ Ĉ is a Möbius transfor-
mation).

3 Connection between fuzzy subgroups and
Möbius transformations

Let (P,≤) be a partially ordered set and A a nonempty set.

(i) A mapping A : A −→ P is a P-(fuzzy)set on A.

(ii) For every p ∈ P, Ap = {x ∈ A | A(x) ≥ p} is a p-level set
subset (in short a level subset) of A .

(iii) Let G = (G,◦) be a group such that (Ap,◦) is a subgroup
of G for every p ∈ P. Then a P-set on G, A : G → P, is
said to be a P-(fuzzy) subgroup of G .

Proposition 1. [1] Let G be a subgroup of the group of
Möbius transformations and let Gz = {g ∈ G | g(z) = z} be
a stabilizer of G at z ∈ Ĉ. If F is a set of stabilizers of G
and all of their intersections, and F = (F ,≤) is a partially
ordered set under p ≤ q iff p ⊇ q (p,q ∈ F ), then A : G → F

A(g) =
�

(p ∈ F | g ∈ p) =
�

(Gz | g ∈ Gz) (3)

is a F -subgroup of G.

We set an equivalence relation between fuzzy subgroups (3)
by conjugation: A(g1)∼A(g2) iff there exists a Möbius trans-
formation h such that A(g1) = hA(g2)h−1. Observe that sta-
bilizers form a group and the conjugation of the intersection
of the groups Gz occurs by elements in formula (3). Recall
that a Möbius group is a subgroup of the group M̂.

Proposition 2. [1] Let G and G′ be Möbius groups acting in
the upper half-plane, F a set of stabilizers of G and all of their
intersections. Let A : G −→ F be defined by (3) and suppose
that there is a type-preserving isomorphism j : G −→ G′.
Then the following conditions are equivalent:

(i) A(g) ∼ A( j(g)) for every g ∈ G,

(ii) k(g) = k( j(g)) for every g ∈ G,

(iii) j is induced by a Möbius transformation,

(iv) j : G −→ G′ is a geometric isomorphism.

Further, let j1 : G−→G1 and j2 : G−→G2 be type-preserving
isomorphisms. Then

A( j1(g)) ∼ A( j2(g)) for every g ∈ G

iff

j2 j−1
1 : G1 −→ G2 is induced by a Möbius transformation.

4 Coordinates of the generalized Teichmüller
space

In this section we refer to [3].
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4.1 The set E

Let G and G′ be Möbius groups acting in the upper half-plane
H and j : G −→ G′ an isomorphism. We suppose that G has
a set E = {g1,g2, · · ·} of hyperbolic generators satisfying the
following conditions:

(i) ax(g1)∩ax(g2) is a set of two points,

(ii) (ax(g1)∪ax(g2))∩ax(gi) = /0, i = 3,4, · · · ,
(iii) (N(gi),P(gi),N(g1),P(g1)) < 1, i = 3,4, · · · .
4.2 The dilation

Let j : G −→ G′ be an isomorphism between Möbius groups.
The dilation δ( j) of j is the smallest number of the numbers
a ≥ 1 satisfying

|k(g)| 1
a ≤ |k( j(g))| ≤ |k(g)|a (4)

for all g ∈ G. If there exists no number a ≥ 1 we define
δ( j) = ∞.

For a fixed G, let J(G) be a set of all isomorphisms j : G−→
G′ with the following properties:

(i) G and G′ are Möbius groups acting in H,

(ii) the dilation δ( j) is finite,

(iii) there exists a homeomorphism ϕ : R̂ −→ R̂ such that
ϕ(P(gi)) = P( j(gi)) and ϕ(N(gi)) = N( j(gi)) for all gi ∈
E.

Define in J(G) an equivalence relation ∼ by setting j1 ∼ j2
iff δ( j2 j−1

1 ) = 1. Then the set E(G) of equivalence classes [ j]
becomes a metric space (E(G),d) with the dilation metric d
defined by d([ j1], [ j2]) = log δ( j2 j−1

1 ) [4].

Definition 1. [3] The space T (G) = (E(G),d) is called the
generalized Teichmüller space of a Möbius group G.

4.3 Parametrization of the Teichmüller space T (G)

Let us construct a set F containing the next elements:

(1) gi, i = 1,2, · · · ,
(2) gig1, i = 2,3, · · · ,
(3) g2gig−1

2 g−1
i , i = 3,4, · · · ,

where every gi ∈ E. The following proposition shows the sig-
nificance of the set F if we want to find the condition for
the parametrization of T (G). We say that F parametrizes the
space T (G) or the set J(G).

Proposition 3. [3] Suppose that there exists a homeomor-
phism ϕ : R̂ −→ R̂ for which ϕ(P(gi)) = P( j(gi)) and
ϕ(N(gi)) = N( j(gi)) for all gi ∈ E. If

k( j(g)) = k(g)

for all g ∈ F, then j is induced by a Möbius transformation
h : Ĉ −→ Ĉ.

Since multipliers are invariant in conjugation the converse
holds trivially.

Proposition 4. [3] Suppose that E = {g1, · · · ,gn} is finite.
Then there is an embedding

ψ : T (G) −→ R
3n−3, ψ([ j]) = (x1, · · · ,x3n−3),

where

xi = k( j(gi)), i = 1, · · · ,n,

xn−1+i = k( j(gi) j(g1)), i = 2, · · ·n,

x2n−3+i = k( j(g2) j(gi) j(g2)−1 j(gi)−1), i = 3, · · · ,n.

Proof. The mapping ψ : T (G) −→ R
3n−3 is continuous with

the dilation metric d [3], [4]. By Proposition 3, ψ is injec-
tive [3]. Furthermore, the inverse ψ−1 : ψ(T (G)) −→ T (G)
is continuous. Hence ψ : T (G) −→ ψ(T (G)) is a homeomor-
phism.

5 Fuzzy subgroups in the Teichmüller space

5.1 The main results

Let G, G1 and G2 be Möbius groups. According to Proposition
2 and inequalities (4) we conclude

Corollary 1. Let j1 : G −→ G1 and j2 : G −→ G2 be type-
preserving isomorphisms. Then the following statements are
equivalent:

(i) j1 ∼ j2,

(ii) δ( j2 j−1
1 ) = 1,

(iii) k( j2 j−1
1 (g)) = k(g) for every g ∈ G,

(iv) j2 j−1
1 : G1 −→ G2 is induced by a Möbius transforma-

tion,

(v) A( j1(g)) ∼ A( j2(g)) for every g ∈ G.

Let j ∈ J(G) and suppose that j : G −→ G′ is geometric.
Then j is type-preserving and satisfies the condition (iii) in
subsection 4.2. Following the definition of E(G), let us denote
the set of equivalence classes [A( j(g))] by E ′(G). By Corol-
lary 1,(i),(v), (E ′(G),d) becomes also a metric space having
the same metric d. This leads to the new form of the gener-
alized Teichmüller space, T ′(G) = (E ′(G),d). Reformulation
of Proposition 4 for the fuzzy subgroups A( j(g)) yields

Proposition 5. Suppose that E = {g1, · · · ,gn} is finite. Then
there is an embedding

ψ′ : T ′(G) −→ R
3n−3, ψ′([A( j(g)]) = (x1, · · · ,x3n−3),

for every g ∈ G, and where

xi = k( j(xi)), i = 1, · · · ,n,

xn−1+i = k( j(gi) j(g1)), i = 2, · · ·n,

x2n−3+i = k( j(g2) j(gi) j(g2)−1 j(gi)−1), i = 3, · · · ,n.
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5.2 The covering group of a compact Riemann surface

Let G be a Möbius group acting in the upper half-plane H and
suppose that G is a covering group of H over the compact Rie-
mann surface S. Since any non-identity cover transformation
of G has no fixed points in H, we know that all elements of
G are hyperbolic or parabolic Möbius transformations, or it
is the identity mapping. We say that G is of signature (s,n)
if S = H/G is of genus s from which n conformal disks are
removed.

Assume that G is a fixed covering group of signature (s,n)
with s > 0 and n > 0. Then G has 2s+n hyperbolic generators
satisfying the defining relation:

cn · · · c1 b−1
s a−1

s bs as · · · b−1
1 a−1

1 b1 a1 = id

from which cn can be solved. As conclusion the set

E = {a1,b1,a−1
2 ,b2, · · · ,a−1

s ,bs,c−1
1 , · · · ,c−1

n−1}
generates G freely. Moreover, E satisfies the conditions
(i)− (iii) in subsection 4.1. Then the mapping ψ′ : T ′(G) −→
R

3n−3 in Proposition 5 takes the form

ψ′ : T ′(G) −→ R
6s−6+3n, ψ′([A( j(g)]) = (x1, · · · ,x6s−6+3n)

with coordinates

xt = k( j(ai)), i = 1, · · · ,s,
k( j(bi)), i = 1, · · · ,s
k( j(ci)), i = 1, · · · ,n−1,

for t = 1, · · · ,2s+n−1,

x2s+n−2+t = k( j(bi) j(a1)), i = 1, · · · ,s,
k( j(ai)−1) j(a1)), i = 2, · · · ,s,
k( j(ci)−1) j(a1)) i = 1, · · · ,n−1,

for t = 2, · · ·2s+n−1,

x4s+2n−5+t = k( j(b1) j((ai)−1) j((b1)−1) j(ai)),
i = 2, · · · ,s
k( j(b1)( j(bi) j((b1)−1) j((bi)−1)),
i = 2, · · · ,s
k( j(b1) j((ci)−1) j((b1)−1) j(ci)),
i = 1, · · · ,n−1,

for t = 3, · · · ,2s+n−1.

Example 1. Let us construct a compact Riemann surface
S = H/G with a covering group G of signature (1,1). Then S
consists of one handle from which one conformal disk is re-
moved. Therefore G has a set E = {a,b,c−1} of hyperbolic
generators with the defining relation

c−1 a b = id,

where c is a boundary mapping of the disk satisfying c = ab.
Then a and b generates G freely, G =< a,b >. In fact, the
hyperbolic a and b have no comman fixed points and G is
a purely hyperbolic group. It does not contain parabolic or

elliptic elements. The first one is concluded from [3] and the
second one holds because G is a covering group.

An embedding

ψ′ : E ′(G) −→ R
3,

ψ′([A( j(g)]) = (k( j(a1)),k( j(b1)),k( j(b1) j(a1)))

gives the coordinates (k( j(a1)),k( j(b1)),k( j(b1) j(a1))) of
[A( j(g)] up to homeomorphism for any g ∈ G and some geo-
metric isomorphism j of G and j ∈ J(G).
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Abstract— Reasoning in the presence of imprecision and vague-
ness is inevitable in many real-world applications including those in
robotics and intelligent agents. Although, reasoning about actions is
a major component in these real-world applications, current actions
languages for reasoning about actions lack the ability to represent
and reason about actions in the presence of imprecision and vague-
ness that stem from effects of actions in these real-world applications.
In this paper we present a new action language called fuzzy action
language, AF , that allows the representation and reasoning about
actions with vague (fuzzy) effects. In addition we define the notions
of fuzzy planning and fuzzy plan in the fuzzy action language AF .
Furthermore, we describe a fuzzy planner based on the fuzzy action
language AF that is developed by translating a fuzzy action theory,
FT, in AF into a normal logic program with answer set semantics,
Π, where trajectories in FT are equivalent to the answer sets of
Π. In addition, we formally prove the correctness of our translation.
Furthermore, we show that fuzzy planning problems can be encoded
as a SAT problem.

Keywords— Answer set programming, fuzzy planning, reasoning
about actions with fuzzy effects, reasoning under uncertainty.

1 Introduction
Reasoning about the properties of actions is fundamental in
many real-world applications. Therefore, many action lan-
guages that allow representing and reasoning about actions
have been developed which include [2, 5, 9, 10, 11, 12, 18,
21, 22, 24]. Furthermore, uncertainty is a main issue in rep-
resenting and reasoning about actions in these real-world ap-
plications. Uncertainty in these real-world applications stems
from different sources including incompleteness, erroneous,
or imprecision (vagueness). For reasoning under uncertainty,
probability theory is used to reason in the presence of incom-
pleteness or erroneous, however, fuzzy set theory is used to
reason in the presence of imprecision or vagueness. To deal
with probabilistic uncertainty in reasoning about actions, dif-
ferent proposals have been presented. These proposals include
[2, 5, 12, 21, 22]. Although, these proposals deal with un-
certainty probabilistically, they are inappropriate in situations
where actions have imprecise or vague effects, which need a
different formalism from the one required in reasoning about
actions with probabilistic effects as in [2, 5, 12, 21, 22]. This is
because the underlying formalism in reasoning about actions
with probabilistic effects is the probability theory, however,
the formalism required for reasoning about actions with im-
precise effects is the fuzzy set theory. Actions with imprecise
effects appear in many domains including robotics and intel-

ligent agents. Consider the following example adapted from
[23]. Consider a planner that controls an autonomous car that
is moving in a highway with the goal to keep the car close
to the middle of a lane. The autonomous car planner’s uses
the action navigate whose effect is to make the car close to
the middle of the lane. The effect of the action navigate is
neither probabilistically nor precisely defined. Therefore, ac-
tion languages, for example [9, 10, 11, 18, 24], that reason
about actions whose effects are precisely defined (either en-
tirely true or entirely false), and action languages, for example
[2, 5, 12, 21, 22], that reason about actions whose effects are
probabilistically defined (either true or false to a probabilis-
tic degree), can not be used to correctly represent and reason
about these kind of actions whose effects are imprecisely or
vaguely defined.

In this paper we present a new action language called fuzzy
action language, AF , that allows the representation and rea-
soning about actions with vague (fuzzy) effects. In addition,
we define the notions of fuzzy planning and fuzzy plan in the
fuzzy action language AF . Furthermore, we describe a fuzzy
planner based on the fuzzy action language AF that is devel-
oped by translating a fuzzy action theory, FT, in AF into a
normal logic program with answer set semantics, Π, where
trajectories in FT are equivalent to the answer sets of Π. In
addition, we formally prove the correctness of our translation.
Furthermore, we show that fuzzy planning problems can be
encoded as SAT problems.

This paper is organized as follows. Section 2 reviews the
answer set semantics of normal logic programs and the funda-
mental notions of the fuzzy set theory. The syntax and seman-
tics of the fuzzy action language, AF , is introduced in section
3. In section 4, a translation from a fuzzy planning problem
in the fuzzy action language AF into a normal logic program
with answer set semantics is presented. The correctness of the
translation is introduced in section 5. Finally, conclusion and
related work is presented in section 6.

2 Preliminaries
In this section we review the answer set semantics of normal
logic programs [7] and the basic notions of fuzzy set theory
[27].

2.1 Normal Logic Programs with Answer Set Semantics
Let L be a first-order language with finitely many predicate
symbols, function symbols, constants, and infinitely many
variables. The Herbrand base of L is denoted by B. A Her-
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brand interpretation is a subset of the Herbrand base B. A
normal logic program is a finite set of rules of the form

a ← a1, . . . , an, not b1, . . . , not bm

where a, a1, . . . , an, b1, . . . , bm are atoms and not is the
negation-as-failure. Intuitively, the meaning of the above rule
is that if it is believable (provable) that ai is true and it is not
believable that bi is true then it is believable that a is true. A
normal logic program is ground if no variables appear in any
of its rules.

Let Π be a ground normal logic program, S be a Herbrand
interpretation, and r be a rule as above. Then, we say that
• S satisfies ai (denoted by S |= ai) iff ai ∈ S.
• S satisfies not bj (denoted by S |= not bj) iff bj /∈ S.
• S satisfies (a1, . . . , an, not b1, . . . , not bm) (denoted

by S |= (a1, . . . , an, not b1, . . . , not bm)) iff
{a1, . . . , an} ⊆ S and {b1, . . . , bm} � S.

• S satisfies a ← a1, . . . , an, not b1, . . . , not bm iff S |=
a or S � (a1, . . . , an, not b1, . . . , not bm).

A Herbrand interpretation is said to satisfy a normal logic pro-
gram Π iff it satisfies every rule in Π. A Herbrand model of
a normal logic program Π is a Herbrand interpretation of Π
that satisfies Π. A Herbrand interpretation S of a normal logic
program Π is said to be an answer set of Π if S is the mini-
mal Herbrand model (with respect to the set inclusion) of the
reduct, denoted by ΠS , of Π w.r.t. S, where ΠS is a set of
rules of the form

a ← a1, . . . , an

such that

a ← a1, . . . , an, not b1, . . . , not bm ∈ Π

and {b1, . . . , bm} � S

Intuitively, for any not bj in the body of a rule in Π with
bj /∈ S is simply satisfied by S, and not bj is safely removed
from the body of the rule. If bj ∈ S then the body of the rule
is not satisfied and the rule is trivially ignored.

2.2 Fuzzy Sets
In this section we review the basic notions of fuzzy sets as pre-
sented in [27]. Let U be a set of objects. A fuzzy set, F , in U
is defined by the grade membership function µF : U → [0, 1],
where for each element x ∈ U , µF assigns to x a value µF (x)
in [0, 1]. The support for F denotes the set of all objects x in U
for which the grade membership of x in F is a non-zero value.
Formally, support(F ) = {x ∈ U | µF (x) > 0}. The inter-
section (conjunction) of two fuzzy sets F and F ′ in U , denoted
by F ∧f F ′ is a fuzzy set G in U where the grade membership
function of G is µG(x) = min(µF (x), µF ′(x)) for all x ∈ U .
However, the union (disjunction) of two fuzzy sets F and F ′

in U , denoted by F∨f F ′ is a fuzzy set G in U where the grade
membership function of G is µG(x) = max(µF (x), µF ′(x))
for all x ∈ U . The complement (negation) of a fuzzy set F
in U is a fuzzy set in U denoted by F where the grade mem-
bership function of F is µF (x) = 1 − µF (x) for all x ∈ U .
A fuzzy set F in U is said to be contained in another fuzzy
set G in U if and only if µF (x) ≤ µG(x) for all x ∈ U .
Notice that we use the notations ∧f and ∨f to denote fuzzy

conjunction and fuzzy disjunction respectively to distinguish
them from ∧ and ∨ for propositional conjunction and disjunc-
tion respectively. Furthermore, other function characteriza-
tions for the fuzzy conjunction and fuzzy disjunction opera-
tors can be used. However, we will stick with the min and
max function characterizations for the fuzzy conjunction and
fuzzy disjunction as originally proposed in [27].

3 Fuzzy Action Language AF

In this section we develop a novel action language, called fuzzy
action language, AF , that allows the representation of actions
with vague (fuzzy) effects. An action theory in AF is capa-
ble of representing the grade membership distribution of the
possible initial states, the executability conditions of actions,
and the grade membership distribution of the fuzzy effects of
actions. The semantics of AF is based on a transition function
that maps an action and a set of states to a set of states. The
fuzzy action language AF is inspired by the action languages
in [21, 22].

3.1 Language syntax
A predicate that describes a property of the environment,
which may contain variables, is called a fluent. Let A be
a set of action names that can contain variables and F be a
set of fluents. A fluent f ∈ F or ¬ f , the negation of f is
called a fluent literal. A conjunction of fluent literals of the
form l1∧ . . .∧ ln is called a conjunctive fluent formula, where
l1, . . . , ln are fluent literals. Sometimes we abuse the nota-
tion and refer to a conjunctive fluent formula as a set of fluent
literals (∅ denotes true).

A fuzzy action theory, FT, in AF is a tuple of the form
FT = 〈S0,AD〉, where S0 is a proposition of the form (1),
AD is a set of propositions from (2-3) as follows:

initially




ψ1 : v1

ψ2 : v2

. . .
ψn : vn

(1)

executable a if ψ (2)

a causes




φ1 : v1 if ψ1

φ2 : v2 if ψ2

. . .
φn : vn if ψn

(3)

where ψ, ψ1, . . . , ψn, φ1, . . . , φn are conjunctive fluent for-
mulae, a ∈ A is an action, and for all 1 ≤ i ≤ n, we have
vi ∈ [0, 1]. The set of all ψi must be mutually exclusive. Let
S be the set of all states formed from the fluents in F .

Proposition (1) is a fuzzy set in the set of all states S. It rep-
resents the grade membership of the possible initial states. We
consider that only ψi with grade membership that is non-zero
is listed in (1). Proposition (1) says that the grade member-
ship of the possible initial state ψi is vi for all 1 ≤ i ≤ n.
Proposition (2) represents the executability condition of ac-
tions, where each variable that appears in a also appears in ψ.
It states that an action a is executable in any state in which
ψ holds. A proposition of the form (3) represents the fuzzy
(vague) effects resulting from executing an action a in the
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states in which a is executable. For each 1 ≤ i ≤ n, all vari-
ables that appear in φi also appear in a and ψi. It describes
that a causes φi to hold with grade membership vi in a suc-
cessor state to a state in which a is executed and ψi holds for
all 1 ≤ i ≤ n. For each 1 ≤ i ≤ n, ψi is called a precondi-
tion of an action a that corresponds to an effect φi, φi is called
an effect of a, vi is the grade membership that φi holds given
that ψi holds, where vi is a non-zero value in [0, 1]. For any
proposition of the form (3), the set of ground preconditions ψi

are mutually exclusive and exhaustive.
It will be more convenient for the subsequent results to rep-

resent an action a as a set of the form a = {a1, . . . , an}, where
each ai corresponds to φi, vi, and ψi. Therefore, alternatively,
for each 1 ≤ i ≤ n, proposition (3) can be represented as

ai causes φi : vi if ψi

A fuzzy action theory is ground if it does not contain any vari-
ables.

3.2 Semantics
A consistent set of ground literals φ is a set of literals that does
not contain a pair of complementary literals, i.e., l and ¬l /∈ φ.
If a literal l ∈ φ, then we say l is true (holds) in φ (denoted by
φ |= l), and l is false (does not hold) in φ if ¬ l is in φ (denoted
by φ |= ¬ l). If a set of literals σ is contained in φ then we
say σ is true (holds) in φ (denoted by φ |= σ), otherwise, σ is
false (does not hold) in φ (denoted by φ � σ). A state s is a
complete and consistent set of literals that describes the world
at a certain time point.

Definition 1 Let FT = 〈S0,AD〉 be a ground fuzzy action
theory, S is the set of all states in FT, s be a state whose
grade membership µS(s) is v, ai causes φi : vi : if ψi

(1 ≤ i ≤ n) be a proposition in AD, and a = {a1, . . . , an}
be an action, where each ai corresponds to φi, vi, and ψi for
1 ≤ i ≤ n. Then, s′ = Φ(ai, s) is the state resulting from
executing a in s, given that a is executable in s, where:

• l ∈ Φ(ai, s) and ¬ l /∈ Φ(ai, s) if l ∈ φi and the
precondition ψi holds in s.

• ¬ l ∈ Φ(ai, s) and l /∈ Φ(ai, s) if ¬ l ∈ φi and the
precondition ψi holds in s.

• Otherwise, l ∈ Φ(ai, s) iff l ∈ s and ¬ l ∈ Φ(ai, s) iff
¬ l ∈ s.

where the grade membership of the resulting state s′ =
Φ(ai, s) is µS(s′) = min(µS(s), vi) = min(v, vi). We call Φ
a fuzzy transition function.

Example 1 Consider the following fuzzy planning task
adapted from [14]. An arm of a robot is grasping a block
from a table, where the pickup action the robot performs has
effects that are imprecisely defined. The arm is able to tightly
hold a block (hb) with a grade membership 0.9 after executing
the pickup action in the state in which the gripper is dry (gd),
and the arm tightly cannot hold the block (¬hb), after execut-
ing the pickup action in the same state, with grade member-
ship value 0.4. On the other hand, when executing the pickup
action in the state while the gripper is not dry (¬ gd) causes
the block to be tightly held (hb) with grade of membership
equal to 0.3 and tightly not held (¬ hb) with grade member-
ship 0.6. We assume the initial grade membership distribution

of the initial states of the world is given by the grade member-
ship function µS such that µS(s1) = 0.9 and µS(s2) = 0.5,
where s1 = {gd,¬hb} and s2 = {¬gd,¬hb}, with the un-
derstanding that the grade membership of the other states of
the world is 0. This fuzzy planning domain can be represented
in the fuzzy action language AF as the fuzzy action theory
FT = 〈S0,AD〉 where

S0 = initially
{

{gd,¬hb} : 0.9
{¬gd,¬hb} : 0.5

and AD consists of:

executable pickup if ∅

pickup causes




{hb} : 0.9 if {gd}
{¬hb} : 0.4 if {gd}
{hb} : 0.3 if {¬ gd}
{¬ hb} : 0.6 if {¬ gd}

The pickup action can be represented as the set pickup =
{pickup1, pickup2, pickup3, pickup4}, where

pickup1 causes {hb} : 0.9 if {gd}
pickup2 causes {¬hb} : 0.4 if {gd}
pickup3 causes {hb} : 0.3 if {¬ gd}
pickup4 causes {¬ hb} : 0.6 if {¬ gd}

The grade membership distribution resulting from executing
the pickup action in the initial states s1 and s2 is given by:

• s
′
1 = {gd, hb} = Φ(pickup1, {gd,¬hb}),

where µS(s
′
1) = min(µS(s1), 0.9) = min(0.9, 0.9) =

0.9.
• s

′
2 = {gd,¬hb} = Φ(pickup2, {gd,¬hb}),

where µS(s
′
2) = min(µS(s1), 0.4) = min(0.9, 0.4) =

0.4.
• s

′
3 = {¬gd, hb} = Φ(pickup3, {¬gd,¬hb}),

where µS(s
′
3) = min(µS(s2), 0.3) = min(0.5, 0.3) =

0.3.
• s

′
4 = {¬gd,¬hb} = Φ(pickup4, {¬gd,¬hb}),

where µS(s
′
4) = min(µS(s2), 0.6) = min(0.5, 0.6) =

0.5.

Definition 2 (Fuzzy Plan) A se-
quence of actions 〈a0, a1, . . . , an−1〉 is called a fuzzy plan,
where each (0 ≤ i ≤ n − 1) ai is an action with fuzzy effects.

The grade membership that a fuzzy plan P satisfies a con-
junctive fluent formula G after executing P in a given state s
is given by the following definition.

Definition 3 Let FT be a ground fuzzy action theory, s, s′ be
states, sI be a variable ranging over the possible initial states,
G be a conjunctive fluent formula, and 〈a0, a1, . . . , an−1〉 be
a fuzzy plan. Then the grade membership that G is true in a
state s′ that results after executing 〈a0, a1, . . . , an−1〉 in the
possible initial states sI is given by

µ′
P(s′|sI , 〈a0, a1, . . . , an−1〉) =

max
s′′

(min
sI=s

(µ′
P(s′′|s, a0), µ′

P(s′|s′′, 〈a1, . . . , an−1〉)))

where P is the set of all plans in FT, and µ′
P(s′′|s, a0) =

µS(s′′) = min(µS(s), v) such that s′′ = Φ(a0, s). In gen-
eral, for any action a ∈ A, µ′

P(s′′|s, a) = µS(s′′) =
min(µS(s), v) such that s′′ = Φ(a, s).
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Definition 4 A fuzzy planning problem is a 4-tuple FP =
〈S0,AD,G, T 〉, where S0 is a fuzzy set in the set of all states
S that represents the initial agent knowledge about the world
states at the time of execution (the initial grade membership
distribution over states), AD is a fuzzy action description, G
is conjunctive fluent formula represents the goal to be satis-
fied, and 0 ≤ T ≤ 1 is the fuzzy threshold for the goal G to
be achieved. We say 〈a0, . . . , an−1〉 is a fuzzy plan for FP iff
each ai appears in AD and µ′

P(s′|sI , 〈a0, a1, . . . , an−1〉) ≥
T , where sI is a variable ranging over the possible initial
states, and G is true in s′.

4 Fuzzy Planning Using Answer Set
Programming

This section presents a translation from a fuzzy planning prob-
lem FP = 〈S0,AD,G, T 〉 into a normal logic program with
answer set semantics, ΠFP, where the rules in ΠFP encode
(1) the initial grade membership distribution S0, (2) the fuzzy
transition function Φ, (3) the fuzzy action description AD, (4)
and the goal G. The answer sets of ΠFP correspond to valid
trajectories in FP. The normal logic program translation of a
fuzzy planning problem FP is mainly adapted from [25]. We
assume that the length of the fuzzy plan that we are looking for
is known. We use the predicates holds(L, T ) to represent the
fact that a literal L holds at time moment T and occ(AC, T )
to describe that an action AC executes at time moment T . We
use lower case letters to represent constants and upper case
letters to represent variables.

Let ΠFP be the normal logic program translation of a fuzzy
planning problem FP = 〈S0,AD,G, T 〉, where ΠFP is the
set of rules described as follows. In addition, given p is
a predicate and ψ = {l1, . . . , ln}, we use p(ψ) to denote
p(l1), . . . , p(ln).

• For each action a = {a1, . . . , an} ∈ A, we add to ΠFP

the set of facts
action(ai) ← (4)

for each 1 ≤ i ≤ n. States of the world are described by
literals that are encoded in ΠFP by the rules

literal(A) ← atom(A) (5)
literal(¬A) ← atom(A) (6)

where atom(A) is a set of facts that describe the proper-
ties of the world. To present that A and ¬A are contrary
literals, the following rules are added to ΠFP.

contrary(A,¬A) ← atom(A) (7)
contrary(¬A,A) ← atom(A) (8)

• The initial grade membership distribution initially ψi :
vi for 1 ≤ i ≤ n is represented in ΠFP as follows. Con-
sider that s1, s2, . . . , sn form the set of possible initial
states, where for each 1 ≤ i ≤ n, si = {li1, . . . , lim}, and
the grade membership of si is µS(si) = vi. Moreover,
let s = s1 ∪ s2 ∪ . . . ∪ sn, s′ = s1 ∩ s2 ∩ . . . ∩ sn,
ŝ = s−s′, and s′′ = { l | l ∈ ŝ∨¬l ∈ ŝ}. To generate the
set of all possible initial states, the following set of rules
are added to ΠFP. For each literal l ∈ s′, the fact

holds(l, 0) ← (9)

is in ΠFP. This fact presents that the literal l holds at time
moment 0. This set of facts specifies the set of literals
that hold in every possible initial state. Moreover, for
each literal l ∈ s′′, we add to ΠFP the rules

holds(l, 0) ← not holds(¬l, 0) (10)
holds(¬l, 0) ← not holds(l, 0) (11)

The above rules say that the literal l (similarly ¬l) holds
at time moment 0, if ¬l (similarly l) does not hold at the
time moment 0.

• Each executability condition proposition of an action a =
{a1, . . . , an} of the form (2) is encoded in ΠFP for each
1 ≤ i ≤ n as

exec(ai, T ) ← holds(ψ, T ) (12)

• For each proposition of the form ai causes φi :
vi if ψi ( 1 ≤ i ≤ n), in AD, we proceed as follows.
Let φi = {l1i , . . . , lmi }. Then, ∀ (1 ≤ i ≤ n), we have
for each 1 ≤ j ≤ m,

holds(lji , T + 1) ← occ(ai, T ), exec(ai, T ), holds(ψi, T ) (13)

belongs to ΠFP. This rule states that if the action a oc-
curs at time moment T and the precondition ψi holds at
the same time moment, then the literal lji holds at the time
moment T + 1.

• The frame axioms are presented in ΠFP as below. For
any literal L we have the rule

holds(L, T + 1) ← holds(L, T ), not holds(L′, T + 1),
contrary(L,L′) (14)

in ΠFP. The above rule states that L holds at the time
moment T + 1 if it holds at the time moment T and its
contrary does not hold at the time moment T + 1.

• To encode the fact that a literal A and its negation ¬A
cannot hold at the same time, we add the following rule
to ΠFP

← holds(A, T ), holds(¬A, T ) (15)

• Action generation rules are described by

occ(ACi, T ) ← action(ACi),
not abocc(ACi, T ) (16)

abocc(ACi, T ) ← action(ACi), action(ACj),
occ(ACj , T ), ACi 	= ACj (17)

The above rules generate action occurrences once at a
time, where ACi and ACj are variables representing ac-
tions.

• Let G = g1 ∧ . . . ∧ gm be a goal expression, then G is
encoded in ΠFP as

goal ← holds(g1, T ), . . . , holds(gm, T ) (18)
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Example 2 The normal logic program translation, ΠFP, of
the fuzzy planning problem FP = 〈S0,AD,G, T 〉, described
in Example 1 proceeds as follows, where S0 and AD are as
presented in Example 1, G = {hb}, and T ∈ [0, 1]. In ad-
dition to the rules (5), (6), (7), (8), (14), (15), (16), and (17),
ΠFP contains the rules

action(pickup1) ←
action(pickup2) ←
action(pickup3) ←
action(pickup4) ←

where pickup is in A. Properties of the world are described
by the atoms gd (gripper dry) and hb (holding block), which
are encoded in ΠFP by the rules

atom(gd) ←
atom(hb) ←

Executability conditions of action pickup are encoded in ΠFP

by the rules

exec(pickup1, t) ←
exec(pickup2, t) ←
exec(pickup3, t) ←
exec(pickup4, t) ←

where 0 ≤ t ≤ n. The set of possible initial states are encoded
in ΠFP by the rules:

holds(¬hb, 0) ←
holds(gd, 0) ← not holds(¬gd, 0)
holds(¬gd, 0) ← not holds(gd, 0)

Effects of the pickup action are encoded in ΠFP by the rules

holds(hb, T + 1) ← occ(pickup1, T ),
exec(pickup1, T ), holds(gd, T )

holds(¬hb, T + 1) ← occ(pickup2, T ),
exec(pickup2, T ), holds(gd, T )

holds(hb, T + 1) ← occ(pickup3, T ),
exec(pickup3, T ), holds(¬gd, T )

holds(¬hb, T + 1) ← occ(pickup4, T ),
exec(pickup4, T ), holds(¬gd, T )

The goal is encoded in ΠFP by the rule

goal ← holds(hb, T )

5 Correctness

In this section we prove the correctness of our translation.
We show that the answer sets of the normal logic program
translation, ΠFP, of a fuzzy planning problem, FP, corre-
spond to trajectories in FP. Consider that the domain of T
is {0, . . . , n}. Assume that Φ is the fuzzy transition func-
tion associated with FP, s0 is a possible initial state, and
a0, . . . , an−1 be a set of actions in A. Any action ai can be
represented as a set where ai = {a1i

, . . . , ami
}. Therefore, a

trajectory in FP is s0 aj0 s1 . . . ajn−1 sn for (1 ≤ j ≤ m)
and (0 ≤ i ≤ n), such that ∀(0 ≤ i ≤ n), si is a state, ai is an
action, aji

∈ ai = {a1i
, . . . , ami

}, and si = Φ(aji−1 , si−1).

Theorem 1 Let FP = 〈S0,AD,G, T 〉 be a fuzzy planning
problem, P be a fuzzy plan in FP, and TP be the set of all
trajectories in P . Then, s0 aj0 s1 . . . ajn−1 sn is a trajectory
in TP iff occ(aj0 , 0), . . . , occ(ajn−1 , n−1) is true in an answer
set of ΠFP.

Theorem 1 presents that any fuzzy planning problem, FP, can
be translated into a normal logic program with answer set se-
mantics, ΠFP, such that a trajectory in FP is equivalent to
an answer set of ΠFP. Theorem 1 shows that normal logic
programs with answer set semantics can be used to find fuzzy
plans for fuzzy planning problems in two steps. The first step
is to translate a fuzzy planning problem, FP, into a normal
logic program whose answer sets correspond to valid trajecto-
ries in FP. From the answer sets of the normal logic program
translation of FP, the set of trajectories TP that correspond
to a fuzzy plan P in FP is determined. The second step is to
calculate the grade membership of the fuzzy plan P using the
formula

max
s0 aj0 s1...ajn−1 sn∈TP

(
min

0≤i≤n−1
(µS(si), µS(si+1))

)

Furthermore, we show that any fuzzy planning problem can
be encoded as a SAT formula. Hence, state-of-the-art SAT
solvers can be used to find fuzzy plans for fuzzy planning
problems. Any normal logic program, Π, can be translated
into a SAT formula, S, where the models of S are equiva-
lent to the answer sets of Π [19]. Therefore, the normal logic
program translation of a fuzzy planning problem FP can be
encoded into an equivalent SAT formula, where the models of
S correspond to valid trajectories in FP.

Theorem 2 Let FP be a fuzzy planning problem and ΠFP be
the normal logic program encoding of FP. Then, the models
of the SAT encoding of ΠFP are equivalent to valid trajecto-
ries in FP.

6 Conclusions and Related Work
We described a novel action language called fuzzy action lan-
guage, AF , that allows the representation and reasoning about
actions with fuzzy effects. In addition we introduced the no-
tions of fuzzy planning and fuzzy plan in the fuzzy action lan-
guage AF . Furthermore, we described a fuzzy planner based
on the fuzzy action language AF that is developed by trans-
lating a fuzzy planning problem, FP, in AF into a normal
logic program with answer set semantics, ΠFP, where trajec-
tories in FP are equivalent to the answer sets of ΠFP. In
addition, we formally proved the correctness of our planner.
Furthermore, we showed that a fuzzy planning problem can
be encoded as a SAT problem.

The literature is rich with action languages that are capable
of representing and reasoning about actions in the presence
of probabilistic uncertainty, which include [2, 3, 5, 12, 14, 21,
22]. In [22], a probabilistic action language P is described that
allows the representation of imperfect sensing actions (with
probabilistic outcomes), non-sensing actions with probabilis-
tic effects, the initial probability distribution over the possible
initial states, and the indirect effects of actions. The action
language E+ [12] allows sensing actions under the assump-
tion that the agent’s sensors are perfect, actions with proba-
bilistic effects, and actions with non-deterministic effects. In
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addition, the semantics of E+ is based on description logic.
Other high level probabilistic action description languages are
described in [2, 5]. These languages are similar to E+ in the
sense that they represent and reason about actions with prob-
abilistic effects, except that they do not allow actions with
non-deterministic effects or sensing actions. In [21], a high
level action language called AMD is presented that allows
the factored representation and reasoning about Markov De-
cision Processes for reinforcement learning. In addition to the
fact that AF is a high level language, the major difference be-
tween AF and these languages is that AF represent and rea-
son about actions under the presence of fuzzy uncertainty or
imprecision. This is achieved in AF by allowing description
of actions with fuzzy effects, the executability conditions of
actions, and the initial grade membership distribution of the
initial states.
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Abstract— In this work we use interval-valued fuzzy sets in the
Fuzzy C-Means algorithm for image segmentation. We introduce
interval-valued restricted equivalence functions as a way of measur-
ing the equivalence between the intervals associated to different pix-
els. We propose two construction methods for those new functions.
We also prove experimentally that with these new concepts, the algo-
rithm provides better results in ultrasound image segmentation that
than those not using intervals.

Keywords— Decomposability, Fuzzy C-Means, Interval-Valued
Fuzzy Sets, Restricted Equivalence Functions, Ultrasound image.

1 Introduction
Ultrasound images are used to evaluate breast anomalies dur-
ing the diagnosis in breast exams. When any breast anomaly
is studied to determine whether it is benign or not, the radiol-
ogist studies its size, area and other morphological character-
istics [12]. In this sense, the development of algorithms that
automatically separates the lesion and the rest of the image is
very important for a quick and correct diagnosis.

Ultrasound images segmentation is very limited by its bad
quality. Speckle noise, shades and attenuation make the seg-
mentation problem a very difficult topic [10]. There exist
some methods used for this purpose; a comprehensive survey
can be found in [9].

A very common method for segmenting images is cluster-
ing. The purpose of this work is to adapt the well known algo-
rithm Fuzzy C-Means (FCM) [1, 2] to ultrasound image seg-
mentation. This algorithm tries to classify a set of objects,
in this case image pixels, in a determined number of clusters.
That number must be chosen a priori. The main idea is to find
as many centers as clusters must be, trying to minimize the
distance between each pixel and the cluster centroids.

Due to the complexity of ultrasound images, there exists a
lot of uncertainty within them. This uncertainty is also present
in the images obtained after processing the ultrasound images.
We are going to use interval-valued fuzzy sets [13] in the FCM
algorithm to deal with this uncertainty.

As already mentioned, our proposed algorithm is based on
the FCM. The new contributions we propose are: the use of
interval-valued fuzzy sets and the search of the greatest inter-
val equivalence between the image pixels and the centroids
of the clusters. To find the greatest equivalence between in-
tervals we introduce the concept of interval-valued restricted
equivalence function.

This paper is organized in the following way: first of all we
present some preliminary concepts. In Section 3 we define the

concept of interval-valued restricted equivalence functions. In
Section 4, we explain the way to apply these functions to ul-
trasound images segmentation and we show some experimen-
tal results. Finally some conclusions and future researchs are
shown.

2 Preliminaries
We know that in fuzzy set theory a function n : [0, 1] → [0, 1]
with n(0) = 1, n(1) = 0 that is strictly decreasing and con-
tinuous is called strict negation. If, in addition, n is involutive,
then it is said that it is a strong negation.

We denote by L([0, 1]) the set of all closed subintervals of
the closed interval [0, 1]; that is,

L([0, 1]) = {x = [x, x] | (x, x) ∈ [0, 1]2 and x ≤ x}

L([0, 1]) is a partially ordered set with respect to the relation
≤L defined in the following way: given x, y ∈ L([0, 1]),

x ≤L y if and only if x ≤ y and x ≤ y;

x =L y if and only if x = y and x = y;

The relation above is transitive, antisymmetric and it expresses
the fact that x strongly links to y, so that (L([0, 1]),≤L) is a
complete lattice, where the smallest element is 0L = [0, 0],
and the largest is 1L = [1, 1].

Definition 1 An interval-valued fuzzy set A on the universe
U �= ∅ is a mapping A : U → L([0, 1]).

Definition 2 An IV negation is a function N : L([0, 1]) →
L([0, 1]) that is decreasing (with respect to ≤L) and such that
N(1L) = 0L and N(0L) = 1L. If for all x ∈ L([0, 1]),
N(N(x)) = x, it is said that N is involutive.

Theorem 1 [7, 3] A function N : L([0, 1]) → L([0, 1]) is an
involutive IV negation if and only if there exists an involutive
negation n such that

N(x) = [n(x), n(x)].

Definition 3 [4] A function REF : [0, 1]2 → [0, 1] is called
a restricted equivalence function, if it satisfies the following
conditions:

(1) REF (x, y) = REF (y, x) for all x, y ∈ [0, 1];

(2) REF (x, y) = 1 if and only if x = y;
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(3) REF (x, y) = 0 if and only if x = 1 and y = 0 or x = 0
and y = 1;

(4) REF (x, y) = REF (n(x), n(y)) for all x, y ∈ [0, 1], n
being a strong negation;

(5) For all x, y, z ∈ [0, 1], if x ≤ y ≤ z, then REF (x, y) ≥
REF (x, z) and REF (y, z) ≥ REF (x, z).

Definition 4 [8] A function F : L([0, 1])2 → L([0, 1]) is said
decomposable if there exist two functions F1, F2 : [0, 1]2 →
[0, 1] such that for all [x, x], [y, y] ∈ L([0, 1]) they satisfy that

F ([x, x], [y, y]) = [F1(x, y), F2(x, y)]

Definition 5 [6] A binary aggregation function is defined as
a function Ag : [0, 1]2 → [0, 1] such that:

(1) Ag(x1, x2) ≤ Ag(y1, y2) whenever x1 ≤ y1 and x2 ≤
y2;

(2) Ag(0, 0) = 0 and Ag(1, 1) = 1.

This is an idempotent aggregation function if

(3) Ag(x, x) = x for all x ∈ [0, 1]

3 Interval Valued Restricted Equivalence
Functions

Definition 6 An Interval Valued Restricted Equivalence
Function (REFIV ) is a function

REFIV : L([0, 1]) × L([0, 1]) → L([0, 1])

such that:

(1) REFIV (x, y) = REFIV (y, x) for all x, y ∈ L([0, 1]);

(2) REFIV (x, y) = 1L if and only if x = y;

(3) REFIV (x, y) = 0L if and only if x = 1L and y = 0L or
x = 0L and y = 1L;

(4) REFIV (x, y) = REFIV (N(x), N(y)) being N an invo-
lutive IV negation;

(5) For all x, y, z ∈ L([0, 1]), if x ≤L y ≤L z, then
REFIV (x, y) ≥L REFIV (x, z) and REFIV (y, z) ≥L

REFIV (x, z).

Theorem 2 There is not any decomposable REFIV .

Proof. We suppose there exists a decomposable REFIV . This
means that there exist two functions F1, F2 : [0, 1] × [0, 1] →
[0, 1] such that:

REFIV ([x, x], [y, y] = [F1(x, y), F2(x, y)]

in such form that REFIV fulfills the five properties demanded
in Definition 6. It means:

(1) As REFIV (x, y) = REFIV (y, x), then F1 and F2 must
satisfy that F1(a, b) = F1(b, a) and F2(a, b) = F2(b, a)
for all a, b ∈ [0, 1].

(2) As REFIV ([x, x], [y, y]) = 1L if and only if x = y and
x = y, then F1(x, x) = 1 and F2(x, x) = 1, so for all
x ∈ [0, 1] F1(x, x) = F2(x, x) = 1.

(3) As REFIV ([x, x], [y, y]) = 0L if and only if x = 0 and
y = 1 or vice versa, then F1(0, 1) = 0 and F2(0, 1) = 0.

(4) As
REFIV ([x, x], [y, y]) = REFIV ([n(x), n(x)], [n(y), n(y])

then
[F1(x, y), F2(x, y)] = [F1(n(x), n(y)), F2(n(x), n(y))] .

Separating each term, F1(x, y) = F1(n(x), n(y)) and
F2(x, y) = F2(n(x), n(y)). In particular, if x = 1 and
y = 0, and x = y = 1 then F2(x, y) = F2(1, 1) = 1 and
F2(n(x), n(y)) = F2(0, 1) = 0. 1 �= 0, so there is not
any decomposable REFIV .

Theorem 3 Let REF be a restricted equivalence function,
and Ag1 and Ag2 be two symmetric, idempotent aggregation
functions such that:

(i) Ag1 ≤ Ag2;

(ii) Ag1(a, b) = 1 if and only if a = b = 1;

(iii) Ag2(a, b) = 0 if and only if a = b = 0.

Under these conditions, the function

REFIV : L([0, 1]) × L([0, 1]) → L([0, 1])

given by

REFIV (x, y) = [Ag1(REF (x, y), REF (x, y)),
Ag2(REF (x, y), REF (x, y))]

is an interval-valued restricted equivalence function in the
sense of Definition 6.

Proof. By hypothesis, Ag1 ≤ Ag2, so the REFIV is a well
defined interval.

(1) REF , Ag1 and Ag2 are commutative functions, so
REFIV is a commutative function too.

(2) (Sufficiency) If REFIV (x, y) = 1L, then
Ag1(REF (x, y), REF (x, y)) = 1. So, by (ii),
REF (x, y) = REF (x, y) = 1. Any REF is 1 if and
only if both arguments are equal, so x = y and x = y.
This means x = y.
(Necessity) If x = y, it means x = y and x = y, then

REFIV (x, x) = [Ag1(REF (x, x), REF (x, x)),
Ag2(REF (x, x), REF (x, x))]

[Ag1(1, 1), Ag2(1, 1)] and by the property (2) in Defini-
tion 5 this is [1, 1].

(3) (Sufficiency) If REFIV (x, y) = 0L, then
Ag2(REF (x, y), REF (x, y)) = 0, therefore, by (iii),
REF (x, y) = REF (x, y) = 0. Any REF is 0 if and
only if one of the arguments is 0 and the other is 1, so
x = 1 and y = 0 or vice versa, and x = 1 and y = 0
or vice versa. This means x = x = 1 and y = y = 0 or
vice versa.
(Necessity) If x = 1L and y = 0L, then REFIV (x, y) =
[Ag1(REF (1, 0), REF (1, 0)), Ag2(REF (1, 0),
REF (1, 0))] = [Ag1(0, 0), Ag2(0, 0)], which is equal to
[0, 0] by property (2) in Definition 5.
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(4) REFIV (N(x), N(y)) =
[Ag1(REF (n(x), n(y)), REF (n(x), n(y))),
Ag2(REF (n(x), n(y)), REF (n(x), n(y)))]. As

REF (x, y) = REF (n(x), n(y)) and REF (x, y) =
REF (n(x), n(y)), then REFIV (N(x), N(y)) =
[Ag1(REF (x, y), REF (x, y)), Ag2(REF (x, y),
REF (x, y))]. As Ag1 and Ag2 are commutative func-
tions, this expression is equal to
[Ag1(REF (x, y), REF (x, y)), Ag2(REF (x, y),
REF (x, y))] = REFIV (x, y).

(5) If x ≤L y ≤L z, then x ≤ y ≤ z and x ≤
y ≤ z. By (5) in Definition 3, REF (x, y) ≥
REF (x, z) and REF (x, y) ≥ REF (x, z). By
(1) in Definition 5 Ag1(REF (x, z), REF (x, z)) ≤
Ag1(REF (x, y), REF (x, y)) and
Ag2(REF (x, z), REF (x, z)) ≤
Ag2(REF (x, y), REF (x, y)), so REFIV (x, z) ≤
REFIV (x, y). The reasoning for REFIV (x, z) ≤
REFIV (y, z) is analogous.

Corollary 1 Given a restricted equivalence function REF ,
and given T and S any t-norm and any t-conorm,

REFIV (x, y) = [T (REF (x, y), REF (x, y)),
S(REF (x, y), REF (x, y))]

is an interval-valued restricted equivalence function.

Proof. We need to see that any t-norm fulfills the properties
demanded to Ag1 and any t-conorm fulfills the properties de-
manded to Ag2.

For the t-norm T it is necessary that T (a, b) = 1 if and only
if a = b = 1. (Sufficiency) If the t-norm is the minimum,
if min(a, b) = 1, then a = b = 1. As the minimum is the
greatest of all t-norms, to be 1 the arguments of any t-norm
must be greater than or equal to 1. As they are defined in the
unit interval, both arguments must be 1.

(Necessity) We know that T (1, x) = x for any x ∈ [0, 1].
If x = y = 1, then T (1, 1) = 1.

For the t-conorm S it is necessary that S(a, b) = 0 if and
only if a = b = 0. (Sufficiency) If the t-conorm is the maxi-
mum, if max(a, b) = 0, then a = b = 0. As the maximum is
the smallest of all t-conorms, to be 0 the arguments of any t-
conorm must be smaller than or equal to 0. As they are defined
in the unit interval, both arguments must be 0.

(Necessity) We know that S(x, 0) = x for any x ∈ [0, 1]. If
x = y = 0, then S(0, 0) = 0.

Example 1 If we choose T = min, S = max and
REF (x, y) = 1 − |x − y|, we have that:

REFIV (x, y) = [min(1 − |x − y|, 1 − |x − y|),
max(1 − |x − y|, 1 − |x − y|)] =

[1 − max(|x − y|, |x − y|), 1 − min(|x − y|, |x − y|)] =

N([min(|x − y|, |x − y|),max(|x − y|, |x − y|)].

4 Application of REFIV to clustering
algorithm

The algorithm proposed in this paper is a modification of the
Fuzzy C-Means (FCM) algorithm [1, 2], which aims to find
the most characteristic point of each cluster, considered its
centroid. Such a way, the membership degree of every object
to each cluster is achieved via minimizing the target function:

Jm(U, V ) =

n∑
j=1

K∑
i=1

wm
ij ‖ xj − Ci ‖

2

In the new algorithm we propose, the function to minimize is
quite similar. The only difference is the way of calculating the
distance between each pixel and the cluster centroids. Instead
of using the euclidean distance, we use a negation of an inter-
val restricted equivalence function. Therefore, our objective
function to minimize is:

Jm(U, V ) =

n∑
j=1

K∑
i=1

wm
ij (1 − Ag(REFIV (xj,Ci)))

The main purpose of the new algorithm is to segment the im-
age into K areas represented by K interval centroids, maxi-
mizing the equivalence in each area, using the interval valued
restricted equivalence functions, that we have previously de-
fined. As the algorithm is partially supervised, the number of
areas must be selected by the user before the execution. Notice
that the REFIV is an interval. As we want to maximize the
equivalence, we are going to use an aggregation of the bounds
of the equivalence interval.

The algorithm starts with the initialization of all the re-
quired parameters. First of all it is necessary to build the
interval-valued fuzzy set associated with the image. For that,
each pixel is assigned an interval depending on the values of
its neighborhood. The rest of the parameters to be initialized
are the number of areas to be found, the fuzzification degree,
the weight matrix, the maximum number of iterations and the
finishing threshold.

After the initialization, the algorithm runs in a loop. In this
loop the centroid of each cluster and the weight matrix are
calculated until the improvement is not significant. To update
that weight matrix, we use the interval-valued restricted equiv-
alence functions.

When the loop is finished, the algorithm labels each pixel
to show the results. For this purpose, each pixel is associated
to the cluster with the biggest weight.

4.1 Algorithm structure
1. Given an image X with n pixels, build its interval-valued

fuzzy set A = {[xi, xi]|xi ∈ X} with i = 1 . . . n.

2. Initialize

2.1 K = number of areas to be segmented.
2.2 T = maximum number of iterations.
2.3 m = fuzzification degree, 1 ≤ m ≤ ∞.
2.4 ε = finishing threshold, ε > 0.
2.5 W = weight matrix, 0 ≤ wij ≤ 1 with i = 1 . . . n

and j = 1 . . . K.
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2.6 t = current iteration = 0.

3. REPEAT

3.1 Increase current iteration

3.2 Calculate the centroids

Cj =

∑n

i=1 wm
ij [xi, xi]∑n

i=1 wm
ij

3.3 Update the weight matrix
wij =(

K∑
k=1

(
1 − (Ag(REFIV (xi,Cj)))

1 − (Ag(REFIV (xi,Ck)))

) 1
m−1

)
−1

where xi = [xi, xi], Cj = [Cj , Cj ], Ck = [Ck, Ck]
and
Ag(REFIV (x,y)) =

REFIV (x,y)+REFIV (x,y)

2 .

3.4 Calculate the error.

UNTIL t = T or error ≤ ε.

4. Label the image.

4.2 Preprocessing

To prove the performance of the new algorithm, we are going
to segment some ultrasound images. In this case we work with
breast ultrasound images, where the goal is to classify every
pixel of the image. It means, decide whether they belong to
the lesion or not.

Due to the characteristics of these images, which may con-
tain several similar regions, it is necessary to select the central
pixel of the desired zone. Since the user has to contribute with
some information, we say that the proposed system is partially
supervised.

To improve the results the images are preprocessed. In or-
der to do so, we create two new images for every ultrasound
image. The first one is a false edges image while the second
one is a enhanced image. An example of these new images
can be seen in Fig. 1.

Figure 1: False edges and enhanced images.

4.2.1 Enhanced image
To create the enhanced image we use the algorithm proposed
by Sahba et al. [11] for ultrasound images. The main idea is
to remove the image noise and to enhance the gray level in
the selected area. First of all the noise is removed using the
median filter (7x7 or 9x9). After that, every pixel is fuzzified
depending on its gray level using a membership function con-
sidering the average gray level in the pixel neighborhood and
the position of the central pixel selected.

4.2.2 False Edges image
The false edges image represents to what degree each pixel
is part of an edge. In [5] a method is presented to extract
false edges from t-norms and t-conorms. For each pixel, the
first step is to build a submatrix (3x3, 5x5, etc.). Applying
any t-norm to the elements of that submatrix, the lower bound
of an interval is obtained. Analogously, the upper bound is
got applying any t-conorm to the same submatrix. The width
of that interval, it means, the upper bound minus the lower
bound, is called false edge. If the t-norm and the t-conorm
chosen are the minimum and maximum respectively, the false
edge is basically the substraction of the biggest element in the
submatrix minus the lowest one.

4.3 Experiment
The experiment we show in this section is based on 8 ultra-
sound images, shown in Fig. 2. They are breast images in
which there exist some zones that can be tumors. To create
the interval-valued fuzzy set associated to the image, we use a
net of 5x5 neighbors for every pixel. In this sense, each pixel
is corresponded with an interval value that depends not only
on its value but also on its neighbors’ values. To construct the
lower bound we take the minimum of the values of the mesh,
and to calculate the upper bound we take the greatest one.

The REFIV we use is the one shown in example 1:
REFIV (x, y) = [min(1 − |x − y|, 1 − |x − y|),

max(1 − |x − y|, 1 − |x − y|)] =

N([min(|x − y|, |x − y|),max(|x − y|, |x − y|)].

To calculate the performance of the segmentation method
we propose, we use the areas overlapping measure (SA) be-
tween the image we have obtained and the ideal one. The
latter is created by an expert radiologist.

SA =
|Ideal & Obtained|

|Ideal + Obtained|
(1)

where Ideal is the binary image segmented by the expert ra-
diologist and Obtained is the binary image got by the studied
method.

We are going to compare the results from our algorithm
with the ones obtained with the FCM algorithm by compar-
ing their accuracy with respect to the ideal images. In Fig.
2 some results are illustrated. The first column matches the
original image, while the second and the third columns match
the segmentation using the FCM algorithm and the proposed
one respectively. Finally, the fourth column shows the ideal
segmentation.

As it can be seen, the results from our algorithm are more
similar to the ideal ones than the ones got by the FCM. This
improvement can be numerically observed by the areas over-
lapping percentage between each image and its corresponding
ideal one (see table 1, where A, B, . . . H refer to the images
shown in Fig. 2).

With these results, our proposed algorithm improves the re-
sults obtained by the FCM in 8%. This percentage is the dif-
ference between the average overlap of the ideal image with
the one obtained by the simple FCM and with the one obtained
by our method in the images of Fig. 2. We can say this is a
very good result, as it means a significant progress towards the
correct segmentation of this kind of images.
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Figure 2: Obtained results.

Table 1: Analytic solutions.
A B C D

FCM 75.17 76.73 73.28 84.48
Proposed 70.81 89.43 76.37 91.47

E F G H
FCM 74.11 72.65 57.87 27.55
Proposed 76.77 79.63 71.68 51.33

The use of interval-valued fuzzy sets in this sort of images
increases the accuracy of the segmentation. In some cases, it
allows us to discover regions that are not easily identified at
first sight, as it can be seen in the images we have segmented.

5 Conclusions and future research
In this work we show the advantage of using interval-valued
fuzzy sets in the FCM algorithm. For this reason, we have in-
troduced the concept of interval-valued restricted equivalence
function and we have presented two different construction
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methods. The effectiveness of this method has been proved
with the experimental results.

As future research we want to work with intervals within
the FCM instead of aggregating the bounds of the equivalence
interval. Also, we are going to study other processings of ul-
trasound images to improve the results.
Acknowledgment - This paper has been partially supported
by the National Science Foundation of Spain, Reference
TIN2007-65981.
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Abstract— This paper introduces some concepts of interval-
valued fuzzy relations and some of their properties: reflexivity, sym-
metry, T-transitivity, composition and locally reflexivity. It is also
introduced the concept of T-transitive closure for an interval-valued
fuzzy relation. An algorithm to compute the T-transitive closure of
finite interval-valued relations, some properties and some examples
are given.
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1 Introduction
Fuzzy sets, FS, were introduced by Zadeh in 1.965 [1]. Since
then many generalizations of fuzzy sets have been proposed to
model the uncertainty and the vagueness in linguistic variables
replacing the unit interval by another structure such as posets
or lattices [2, 3, 4]. One of these generalizations are type-2
fuzzy sets, FS2, [5, 6, 7] were introduced by Zadeh. A Type-
2 fuzzy set on a universe of discourse X , FS2, is a fuzzy set
whose membership function is another fuzzy set on [0,1]:

A = {((x, u), µA(x, u)) | ∀x ∈ X,∀u ∈ [0, 1]}
Type-2 fuzzy sets have been widely studied and applied since
in many cases the uncertainty can be better expressed by a
fuzzy set than by a single numeric value. The problem with
type2 fuzzy sets though is their computational complexity and
the difficulty for an expert to select the adequate fuzzy subset
as membership degree of an object to a linguistic label. This
is why some simplifications have been proposed, such as the
use of only some families of fuzzy sets such as triangular and
trapezoidal ones. One of the most popular and useful simpli-
fication is the use of interval-valued fuzzy sets.

Interval-valued fuzzy sets (IVFS) were introduced in the
60s by Grattan-Guinness [8], Jahn [9], Sambuc [10] and Zadeh
[5]. They are extensions of classical fuzzy sets where the
membership value between 0 and 1 is replaced an interval in
[0,1]. They easily allow to model uncertainty and vagueness
because sometimes it is easier for experts to give a ”member-
ship interval” than a membership degree to objects on a uni-
verse. IVFS are a special case of type-2 fuzzy sets that sim-
plifies the calculations while preserving their richness as well.
Intuitionistic fuzzy sets on X (IFS) introduced by Atanassov
[11]. In intuitionistic fuzzy sets each element has a member-
ship degree, µ, and a non-membership degree, ν satisfying:
µ + ν ≤ 1.

A = {(x, µ(x), ν(x)) | x ∈ X, µ(x), ν(x) ∈ [0, 1]}
The value π = 1−µ−ν is a measure of the uncertainty. This

paper is organized as follows: In section three we introduce

some important properties of interval-valued fuzzy relations
such as reflexivity, symmetry, T-transitivity, composition and
local reflexivity. Traditionally, the study of conjunctions be-
tween interval-valued fuzzy sets has been reduced to be mod-
eled with t-representable t-norms. However, not all general-
ized t-norms are t-representable. Moreover, some of the non
t-representable t-norms sometimes satisfy even more proper-
ties than t-representable t-norms [12]. Probably the most im-
portant property a fuzzy relation can fulfil is transitivity with
respect a given t-norm. Since many times the data are given
by a proximity relation P (i.e.: a reflexive and symmetric but
not necessarily transitive fuzzy relation), there are some meth-
ods to obtain a transitive relation close to P to replace it when
transitivity is required. The most popular way to do this is
calculating its transitive closure. In section four we introduce
the concept of T-transitive closure for an interval-valued fuzzy
relation and its expression in a finite universe for any t-norm.
A few methods to compute it and some examples are given.

2 Preliminaries
2.1 Interval-valued fuzzy sets

Definition 2.1 [13] Let LI = (L,≤L) be a lattice that satis-
fies:

1. L = {[x1, x2] ∈ [0, 1]2 with x1 ≤ x2}.

2. [x1, x2] ≤L [y1, y2] if and only if x1 ≤ y1 and x2 ≤ y2

Trivially:

[x1, x2] <L [y1, y2] ⇔ x1 < y1, x2 ≤ y2 or x1 ≤
y1, x2 < y2

[x1, x2] =L [y1, y2] ⇔ x1 = y1, x2 = y2.

0L =L [0, 0] and 1L =L [1, 1] are the smallest and the
greatest elements in L respectively.

LI is a complete lattice an the supremum and infimum are
defined as follows.

Definition 2.2 [12] Let {[vi, wi]} be a set of intervals on L.
Then

1. Infimum:
InfL{[vi, wi]} ≡ [infimun{vi}, infimun{wi}]

2. Supremum:
SupL{[vi, wi]} ≡ [supremun{vi}, supremun{wi}]

Definition 2.3 [13] An interval-valued fuzzy set A on a uni-
verse X is a mapping:
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A = {(a, [x1, x2]) | a ∈ X, [x1, x2] ∈ L}

Definition 2.4 [13] Let X be a universe and A and B two
interval-valued fuzzy sets. The equality between A and B is
defined as: A =L B if and only if A(a) =L B(a) ∀a ∈ X .

Definition 2.5 [13] Let X be a universe and A and B two
interval-valued fuzzy sets. The inclusion of A in to B is defined
as: A ⊆L B if and only if A(a) ≤L B(a) ∀a ∈ X .

Definition 2.6 [13] A negation function for interval-valued
fuzzy sets N is a decreasing function, N : L → L, that satis-
fies:

1. N (0L) =L 1L

2. N (1L) =L 0L

If N (N ([x1, x2])) =L [x1, x2] for all [x1, x2] in L then N is
called an involutive negation.

Definition 2.7 A strong negation function for interval-valued
fuzzy sets, N , is a involutive function, N : L → L, that satis-
fies:

1. N (0L) =L 1L

2. N (1L) =L 0L

T-norms are generalized to the lattice LI in a straightfor-
ward way.

Definition 2.8 A generalized t-norm function [13], T , is a
monotone increasing, symmetric and associative operator, T :
L2 → L, that satisfies: T (1L, [x1, x2]) =L [x1, x2] for all
[x1, x2] in L.

Due to monotony, it is easy to show:

T (SupL{[vi, wi]}, [y1, y2]) ≥L SupL{T ([vi, wi], [y1, y2])}
T (InfL{[vi, wi]}, [y1, y2]) ≤L InfL{T ([vi, wi], [y1, y2])}

Due to the associativity of T the conjunction of three or more
intervals can be defined inductively as:

T (a, T (b, c)) =L T (T (a, b), c) =L a � b � c where
� =L T .

where a =L [a1, a2], b =L [b1, b2] and c =L [c1, c2].

T ([x1, x2], [y1, y2]) and T ([x1, x2], [y1, y2]) will denote the
lower and the higher values of T ([x1, x2], [y1, y2]).

Definition 2.9 [14] Let {xi} in [0, 1]. A t-norm T in ([0, 1],≤
) is left-continuous if it satisfies:

T (Sup xi, y) = Sup T (xi, y)

Right-continuity can be defined in a similar way. This property
is also called sup-preserving.

Definition 2.10 [13] A generalized t-norm operator T is t-
representable in LI if there are two t-norms: T1 and T2

(T1, T2, in ([0,1],≤)) that satisfy:

T ([x1, x2], [y1, y2]) =L [T1(x1, y1), T2(x2, y2)]

where T1(v, w) ≤ T2(v, w) ∀v, w ∈ [0, 1].

Let x =L [x1, x2] and y =L [y1, y2] be two intervals on L:

Example 2.1
InfL({[x1, x2], [y1, y2]}) =L [min(x1, y1), min(x2, y2)] is
t-representable by means of T = min in ([0,1],≤):

Example 2.2 The following product generalized t-norm ∗L is
t-representable:

∗L([x1, x2], [y1, y2]) =L [x1 ∗ y1, x2 ∗ y2]

Example 2.3 There are two generalizations of the
Lukasiewicz t-norm [12]:

• Tw([x1, x2], [y1, y2]) =L

[max(0, x1 + y1 − 1), max(0, x2 + y2 − 1)]

• TW ([x1, x2], [y1, y2]) =L

[max(0, x1 + y1 −1), max(0, x1 + y2 −1, x2 + y1 −1)]

Note that Tw is t-representable but TW is not.

Definition 2.11 [13] A generalized t-conorm S is an increas-
ing, commutative, and associative operator S : L2 → L, that
satisfies: S(0L, [x1, x2]) =L [x1, x2] and S(1L, [x1, x2]) =L

1L.

Due to the associativity of S we can write:

S(a,S(b, c)) =L S(S(a, b), c) =L a� b� c where � =L S.

For example, S = SupL is a generalized t-conorm.
In this paper the next definition is proposed.

Definition 2.12 Let {[vi, wi]} be in L. A generalized t-norm
operator T is left-continuous if and only if:

T (SupL{[vi, wi]}, [y1, y2]) =L SupL{T ([vi, wi], [y1, y2])}

Right-continuity can be defined in a similar way. A t-norm,
a negation and the dual t-conorm of T with respect to N is
called a De Morgan triplet.

3 Interval-valued fuzzy relations
This section contains some definitions on interval-valued
fuzzy relations that generalize the ones of fuzzy relations val-
ued on [0,1]. In the next section, T -transitive relations will be
generated using the Sup − T product.

Definition 3.1 [15] Let X1 and X2 be two universes of dis-
course. An interval-valued fuzzy relation R : X1 × X2 → L
(where LI = (L,≤L) is a lattice) is a mapping:

R = {((a, b), [x, y]) | a ∈ X1, b ∈ X2, [x, y] ∈ L}

where x = R(a, b) and y = R(a, b).
In the rest of the paper, it is assumed that X1 = X2 = X .

Definition 3.2 An interval-valued relation R : X2 → L is
reflexive if:

R(a, a) =L 1L ∀a ∈ X

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

838



Definition 3.3 An interval-valued relation R : X2 → L is
[α1 − α2]−reflexive if:

R(a, a) ≥L [α1, α2] ∀a ∈ X

where α1, α2 ∈ [0, 1] and α1 ≤ α2.

Definition 3.4 An interval-valued relation R : X2 → L is
symmetric if:

R(a, b) =L R(b, a) ∀a, b ∈ X

Definition 3.5 Let T be a generalized t-norm operator and
let R interval-valued fuzzy relation on X. R is T -transitive if:

T (R(a, b), R(b, c)) ≤L R(a, c) ∀a, b, c ∈ X

Proposition 3.1 If T is t-representable with T1 and T2 (T =
[T1, T2]) then an interval-valued relation R : X2 → L is
T -transitive if and only if R is T1-transitive and R is T2-
transitive:

Definition 3.6 Let T a generalized t-norm. Let S a gener-
alized t-conorm from S and let be � the n-ary generalized
t-conorm defined by associativity. Let R1 and R2 be two
interval-valued fuzzy relations on a finite set X = {c1, ...cm}.
The S − T -composition of R1 and R2 is defined as follows:

(R1  (ST ) R2)(cq, cr) =L �ck∈XT (R1(cq, ck), R2(ck, cr))

where �ck∈XT (R1(cq, ck), R2(ck, cr)) =L

T (R1(cq, c1), R2(c1, cr))� ...�T (R1(cq, cm), R2(cm, cr)).

Definition 3.7 The local equality relation of a fuzzy interval-
valued fuzzy relation R on X is the fuzzy relation ER is:

ER(a, b) =
{

SupL ∀c∈Xmax(R(a, c), R(c, a)) a = b;
[0,0], a 	= b.

Definition 3.8 An interval-valued relation R is locally reflex-
ive if ER ⊆L R.

It is easy to prove that if R is an reflexive interval-valued rela-
tion then R is a locally reflexive interval-valued relation.

4 T -transitive closure for IVFSs
In this section it is proved the existence of the T -transitive
closure of an interval valued fuzzy relation and its calculation
via sup − T . The sup − T product is associative if T is left
continuous of the universe is finite. Moreover, it is proved that
the sup−T product is continuous and so is the calculation of
the T -transitive closure for finite universes. An algorithm to
calculate the T -transitive closure is provided.

Definition 4.1 Let T be a generalized t-norm and let R :
X2 → L be an interval-valued relation on a finite universe X .
The T -transitive closure of R is the relation RT : X×X → L
that satisfies:

1. R ⊆L RT .

2. If R ⊆L R′ and R′ is T -transitive then RT ⊆L R′ .

Lemma 4.1 R is T -transitive if and only if R  SupLT R ⊆L

R.

Proof.

• R is T -transitive ⇒ R  SupLT R ⊆L R:
(R  SupLT R)(a, b) =L

SupL c∈X{T (R(a, c), R(c, b))} ≤L R(a, b)
due to T (R(a, c), R(c, b)) ≤L R(a, b) ∀a, b, c ∈ X

• R  SupLT R ⊆L R ⇒ R is T -transitive:
SupL d∈X{T (R(a, d), R(d, b))} ≤L R(a, b) ∀a, b ∈ X
Then ∀c ∈ X T (R(a, c), R(c, b)) ≤L R(a, b)�

Lemma 4.2 Let R be an interval-valued relation. If RT exists
then it is unique.

Proof. Let S1 and S2 be two relations. If S1 and S2 are transi-
tive closures of R then according to definition 4.1: S1 ⊆L S2

and S2 ⊆L S1, consequently S1 =L S2�.

Lemma 4.3 Let R be an interval-valued relation in a uni-
verse X and an let T be an arbitrary generalized t-norm.
Then the transitive closure of R always exists.

Proof. Consider the set ΩR of T -transitive fuzzy relations
containing R. Let us define the fuzzy relation S∗

R(a, b) =L

InfL;S∈ΩR
{S(a, b)}. We will prove that S∗

R is T -transitive.
Due to monotony of generalized T -norms it is obtained:
T (S∗

R(a, b), S∗
R(b, c)) =L

T (InfL S1∈ΩR
{S1(a, b)}, InfL S2∈ΩR

{S2(b, c)})
≤L InfL S1∈ΩR

InfL S2∈ΩR
{T (S1(a, b), S2(b, c))}

≤L InfL S∈ΩR
{T (S(a, b), S(b, c))} =L S∗

R(a, c)�

Proposition 4.1 Let X be an arbitrary universe. Let
{S1, ..., Sn} a set of interval-valued relations. If T is a left-
continuous generalized T -norm, then it satisfies:

R  SupLT (SupL ∀i=1..n{Si}) =L

SupL ∀i=1..n{R  SupLT Si}

Proof.

R  SupLT (SupL ∀i=1..n{Si})(a, c) =L

SupL b∈X{T (R(a, b), SupL ∀i=1..n{Si(b, c))}
=L SupL ∀i=1..n SupL b∈X{T (R(a, b), Si(b, c))}
=L (SupL ∀i=1..n{R  SupLT Si})(a, c)�

Definition 4.2 Given a generalized t-norm T , the T -power
R(n)T of a fuzzy relation R on X is recursively defined as
follows:

1. R(1)T ≡ R

2. R(n)T ≡ R(n−1)T  SupLT R

Lemma 4.4 If A ⊆L B then A(k) ⊆L B(k)

Proof.
Trivial due to monotony of T �.

Theorem 4.1 Let X be an arbitrary universe and T a left-
continuous t-norm. The transitive closure of R is:

RT =L SupL ∀k∈N{R(k)T }

Proof.
Let S = SupL ∀k∈N{R(k)T } be. By proposition 4.1:
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S(2)T =L

(SupL ∀k∈N{R(k)T })  SupLT (SupL ∀l∈N{R(l)T }) =L

SupL ∀k,l∈N{R(k+l)T } =L SupL ∀m∈N\{0,1}{R(m)T } ⊆ S

By lemma 4.1, it follows that S is T-transitive.
Moreover, if R ⊆ S′ and S′ is T-transitive, then again by

lemma 4.1 and 4.4 it holds that:

R(2)T ⊆L S′(2)T ⊆L S′, ..., R(k)T ⊆L S′(k)T ⊆L S′

hence S ⊆L S′ and RT =L S�.

Lemma 4.5 Let T be any generalized t-norm, then:

T ([x1, x2], [y1, y2]) ≤L InfL([x1, x2], [y1, y2])
∀[x1, x2], [y1, y2] ∈ L

Proof.
T ([x1, x2], [y1, y2]) ≤L T ([x1, x2], 1L) =L [x1, x2]
⇒ [T ([x1, x2], [y1, y2]), T ([x1, x2], [y1, y2])] ≤L [x1, x2]
T ([x1, x2], [y1, y2]) =L T ([y1, y2], [x1, x2]) ≤L

T ([y1, y2], 1L) =L [y1, y2]
⇒ [T ([x1, x2], [y1, y2]), T ([x1, x2], [y1, y2])] ≤L [y1, y2]
Therefore:
T ([x1, x2], [y1, y2]) ≤ minimum[x1, y1]
T ([x1, x2], [y1, y2]) ≤ minimum[x2, y2] ⇒
T ([x1, x2], [y1, y2]) ≤L InfL([x1, x2], [y1, y2])�

Lemma 4.6 Let S be any generalized t-conorm, then:

S([x1, x2], [y1, y2]) ≥L SupL([x1, x2], [y1, y2])
∀[x1, x2], [y1, y2] ∈ L

Proof.
S([x1, x2], [y1, y2]) ≥L S([x1, x2], 1L) =L [x1, x2]
⇒ [S([x1, x2], [y1, y2]),S([x1, x2], [y1, y2])] ≥L [x1, x2]
S([x1, x2], [y1, y2]) =L S([y1, y2], [x1, x2]) ≥L

S([y1, y2], 1L) =L [y1, y2]
⇒ [S([x1, x2], [y1, y2]),S([x1, x2], [y1, y2])] ≥L [y1, y2]
Therefore:
S([x1, x2], [y1, y2]) ≥ maximun[x1, y1]
S([x1, x2], [y1, y2]) ≥ maximun[x2, y2] ⇒
S([x1, x2], [y1, y2]) ≥L SupL([x1, x2], [y1, y2])�

Due associativity of T :

T ([x1, x2], T ([y1, y2], [z1, z2])) =L

T (T ([x1, x2], [y1, y2]), [z1, z2]) =L [x1, x2] � [y1, y2] �
[z1, z2]

InfL([x1, x2], InfL([y1, y2], [z1, z2])) =L

InfL(InfL([x1, x2], [y1, y2]), [z1, z2])) =L [x1, x2] �L−inf

[y1, y2] �L−inf [z1, z2]

Lemma 4.7 Let T be an arbitrary generalized t-norm. Let P
be a path with a cycle:

P ≡ R(a, a1) � R(a1, a2) � ... � R(at−1, at) �
R(at, c1) � R(c1, c2) � ... � R(cq, at) � R(at, at+1) �

... � R(ak, b)

then

P ≡ R(a, a1) � R(a1, a2) � ... � R(at−1, at) �
R(at, c1) � R(c1, c2) � ... � R(cq, at) � R(at, at+1) �

... � R(ak, b) ≤L R(a, a1) � R(a1, a2) � ... �
R(at−1, at) � R(at, at+1) � ... � R(ak, b)

Proof.
Trivial due to T ([x1, x2], [y1, y2]) ≤L [y1, y2] forall
[x1, x2], [y1, y2] in L and associativity of T �.

Theorem 4.2 Let X be a finite universe with cardinality n.
The transitive closure of R, RT , is:

RT =L SupL k=1..n{R(k)T }

Proof.

R(k)T (a, b) =L

=L SupL a1,a2,...,ak−1R(a, a1) � R(a1, a2) �
... � R(ak−1, b) ≤L

=L SupL a1,a2,...,ak−1R(a, a1) �InfL

R(a1, a2) �InfL
... �InfL

R(ak−1, b) according
to lemma 4.5.

Now suppose k > n. Then R(k) ⊆L R(n) because it exists
a cycle (lemma 4.7). Therefore, the cases k > n need not be
considered �.

Corollary 4.1 Let X be a finite universe with cardinality n.
If R is a locally reflexive relation, the transitive closure of R
is:

RT =L SupL k=1..n−1{R(k)T }

Proof
If R is a locally reflexive relation then R(a, b) ≤L R(a, a).
Consider a cycle of length n, then its strength is:
R(n)T (a, a) =L

=L SupL a1,a2,...,ak−1R(a, a1) � R(a1, a2) �
...,� R(ak−1, a) ≤L

SupL a1,a2,...,ak−1R(a, a1) �InfL

R(a1, a2) �InfL
... �InfL

R(ak−1, a) ≤L

R(a, a)�

Theorem 4.3 Let X be a finite universe with cardinality n. If
R is a reflexive fuzzy relation on X then the transitive closure
of R is:

RT =L R(n−1)T

Proof.
R(a, b)(k)T =L

=L T (R(a, a), R(k)T (a, b))
≤L SupL c∈X{T (R(a, c), R(k)T (c, b))}
=L R(k+1)T (a, b)

Therefore R(a, b)(k)T ≤L R(k+1)T (a, b) ⇔ R(k)T ⊆
R(k+1)T �

Theorem 4.4 Let T be a t-representable t-norm (T =
[T1, T2]) and let R = [R,R] be a interval-valued relation.
Then RT = [RT1 , R

T2 ].

Proof.

R(k)T (a, b) =L
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=L SupL a1,a2,...,ak−1R(a, a1) � R(a1, a2) �
...,� (ak−1, b)
=L SupL a1,a2,...,ak−1 [R(a, a1) �1 R(a1, a2) �1

...,�1 R(ak−1, b), R(a, a1) �2 R(a1, a2) �2

...,�2 R(ak−1, b)]
=L [maxa1,a2,...,ak−1R(a, a1) �1 R(a1, a2) �1

...,�1 R(ak−1, b)
, maxa1,a2,...,ak−1R(a, a1) �2 R(a1, a2) �2 ...,�2

R(ak−1, b)]
=[ R(k)T1 (a, b), R(k)T2 (a, b)]

where �= [�1,�2]. Then T = [T1, T2] ⇒ RT =
[RT1 , R

T2 ]�.

Definition 4.3 The distance d of the supremum on L is de-
fined for all x1, x2, y1, y2 ∈ [0, 1] by d([x1, x2], [y1, y2]) =
max(|x1 − y1|, |x2 − y2|).

Definition 4.4 Let R,S be two interval-valued fuzzy relatons
on a set X. The distance d between R and S us defined by:

d(R,S) = supx,y∈Xd(R(x, y), S(x, y))

Lemma 4.8 d is a distance on the set RX of interval-valued
fuzzy relations on X �.

Proof.
The supremum of distances is a distance.

Theorem 4.5 Let T be a generalized continuous t-norm and
RX the set of interval-valued fuzzy relations on X. RX with
the sup-T product is an ordered topological semigroup.

Proof.

• Associativity is a straightforward exercise.

• The interval-valued re-

lation E(x, y) =
{

[1,1], x=y;
[0,0], otherwise. is the identity

element of RX .

• Continuity: Since T is defined on a compact set, it is
uniformly continuous. Therefore:

∀ε > 0,∃δ > 0 such that
∀m, n,m′, n′, a, b, a′, b′ ∈ [0, 1]

max(|m − a|, |m′ − a′|, |n − b|, |n′ − b′|) ⇒
|T ([m, m′], [n, n′]) − T ([a, a′], [b, b′]) < ε(*)

We want to prove that given two interval-valued fuzzy
relations A, B ∈ RX :

∀ε > 0,∃δ > 0 such that ∀M,N ∈ RX

max(d(M, A), d(N, B)) < δ ⇒ d(M ◦ N, A ◦ B) < ε

Given ε, we take δ > 0 satisfying (*). Then:

d(M ◦ N, A ◦ B) =
supx,y∈X |supz∈XT (M(x, z), N(z, y)) −

supz∈XT (A(x, z), B(z, y))| ≤
supx,y∈Xsupz∈X |T (M(x, z), N(z, y)) −

T (A(x, z), B(z, y))| ≤ ε

• Monotonicity is an immediate consequence of the mono-
tonicity of T �.

Corollary 4.2 For any positive integer n the map assigning
to an interval-values fuzzy relation M on a finite set its nth

power is non-decreasing and continuous if the corresponding
generalized t-norm T is continuous.

Corollary 4.3 If a generalized t-norm T is continuous, the
map that assigns the T -transitive closure to the interval-
valued fuzzy relations on a finite set is non-decreasing and
continuous.

Theorem 4.6 Given a method to calculate the transitive clo-
sure of a fuzzy relation. Nevertheless, there are more effective
methods and algorithms. For example it is possible to use an
extension of the Floyd-Warshall algorithm [16]

4.1 Algorithm to compute the transitive closure of an
interval-valued fuzzy relation

Let R be an interval-valued relation on a finite universe X
with cardinality n and let T be a generalized t-norm. It is
possible to compute RT using the next algorithm:

for k ← 1 until n do
for i ← 1 until n do

for j ← 1 until n do
R(i,j)← SupL(R(i, j), T (R(i, k), R(k, j)))

end for
end for

end for

Example 4.1 Let T be a
generalized t-norm Tw([x1, x2], [y1, y2]) =L [max(0, x1 +
y1 − 1), max(0, x2 + y2 − 1)] and let R : X ×X → L be the
following interval-valued relation:

R =


[1, 1] [0.6, 0.8] [0.6, 0.9] [0, 0]

[1, 1] [0.4, 0.9] [0.6, 0.9]
[1, 1] [0.6, 0.9]

[1, 1]


The computation of the T -transitive closure of R is the follow-
ing:

RT =


[1, 1] [0.6, 0.8] [0.6, 0.9] [0.2, 0.8]

[1, 1] [0.4, 0.9] [0.6, 0.9]
[1, 1] [0.6, 0.9]

[1, 1]


Note that by theorem 4.4, RT = [RW , RW ]

Example 4.2 Let T be a generalized t-
norm T ([x1, x2], [y1, y2]) =L [W (x1, y1), Min(x2, y2)] and
let R : X ×X → L be the following interval-valued relation:

R =


[1, 1] [0.6, 0.8] [0.6, 0.9] [0, 0]

[1, 1] [0.4, 0.9] [0.6, 0.9]
[1, 1] [0.6, 0.9]

[1, 1]


The computation of the T -transitive closure of R is the follow-
ing:
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RT =


[1, 1] [0.6, 0.8] [0.6, 0.9] [0.2, 0.9]

[1, 1] [0.4, 0.9] [0.6, 0.9]
[1, 1] [0.6, 0.9]

[1, 1]


Note that by theorem 4.4, RT = [RW , RMin]

Example 4.3 Let T be a gener-
alized t-norm TW ([x1, x2], [y1, y2]) =L [max(0, x1 + y1 −
1), max(0, x1 +y2−1, x2 +y1−1)] and let R : X×X → L
be the following interval-valued relation:

R =


[1, 1] [0.6, 0.8] [0.6, 0.9] [0, 0]

[1, 1] [0.4, 0.9] [0.6, 0.9]
[1, 1] [0.6, 0.9]

[1, 1]


The computation of the T -transitive closure of R is the follow-
ing:

RT =


[1, 1] [0.6, 0.8] [0.6, 0.9] [0.2, 0.5]

[1, 1] [0.4, 0.9] [0.6, 0.9]
[1, 1] [0.6, 0.9]

[1, 1]


Note that the generalized T -norm in this example is not t-

representable.

5 An Application

It is possible to model social relations using Interval-valued
Fuzzy Sets. For example, it is possible to model ”friendship”.
Let R be a relation which describes the degree of friendship
between pairs of people. If A and B are friends and B and C
are friends, then it will probably exist some degree of friend-
ship between A and C. In this context, the T -transitive closure
can be used to learn friendship of individuals from a chain of
friends, for example, from common friends.

Example 5.1 Let R be an interval-valued relation which
models the degree of friendship between four people
{a, b, c, d}. It is possible to model the transitivity of friend-
ship using the generalized t-norm ∗L([x1, x2], [y1, y2]) =L

[x1 ∗ y1, x2 ∗ y2]:

R =


[1, 1] [0.6, 0.9] [0.6, 0.7] [0, 0]

[1, 1] [0, 0] [0.2, 0.8]
[1, 1] [0, 0]

[1, 1]


Initially, d has only friendship with b. In addition, the uncer-
tainty of degree of friendship between b and d is wide. It is
interesting to see how friendship is propagated.

RT =


[1, 1] [0.6, 0.9] [0.6, 0.7] [0.16, 0.72]

[1, 1] [0.48, 0.63] [0.2, 0.8]
[1, 1] [0.096, 0.5]

[1, 1]


In RT d has some degree of friendship with a, c learned by a
common friend b. The uncertainty of degree of friendship of d
with the rest of them has been propagated as well.

6 Conclusions
Traditionally, the study of interval-valued fuzzy sets has been
reduced to t-representable t-norms. We have generalized the
main properties of interval-valued fuzzy relations: reflexivity,
symmetry, composition, local reflexivity and t-transitivity. We
also have generalized the T-transitive closure for any t-norm
and an algorithm to compute it is provided. It is analyzed the
case of t-representable t-norms and proved that in this case
the T-transitive closure of R can be obtained from the two
classical T-transitive closures of the lower and higher relations
(theorem 4.4). Some examples are provided.
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Abstract— Choquet-integral-based evaluation models are pro-
posed. The evaluation parameters – fuzzy measures – are assigned
from a fuzzy rule table. There are three variations in this model: TF-,
BP-, and AV-type models. The TF-type model is a natural extension
of ordinal Choquet integrals. The BP-type model involves an evalu-
ation using a reference point. The AV-type model involves a neutral
evaluation method. These methods have a number of advantages:
Output values are continuous and piecewise linear; If the fuzzy rules
have monotonicity, output values are also monotone. We compare
these models with some fuzzy reasoning models.

Keywords— Choquet Integral, Fuzzy rule, Simplified fuzzy rea-
soning, Cumulative prospect theory, Choquet integral with respect to
bi-capacities

1 Introduction

Fuzzy reasoning models are very useful tools for developing
fuzzy control models. A part of a fuzzy control model in-
volves sensing status, evaluation using fuzzy reasoning mod-
els, and producing output. By repeatedly applying the feed-
back process, fuzzy control models help approach the control
goal (Approach Principal [1]). However, to be applied in the
social sciences, evaluation models must be able to determine
one global evaluation value by a single calculation process.
It is important that the global evaluation values adhere obse-
quiously to fuzzy rules. For example, if a fuzzy rule is mono-
tone with respect to the inputs, the output of the evaluation
model must satisfy the monotonicity property with respect to
the inputs. Almost all the fuzzy reasoning models do not sat-
isfy the monotonicity property [2].

In this paper, we propose Choquet-integral-based evalua-
tion methods by using fuzzy rules. The fuzzy rule table is of
the same form as ordinal simplified fuzzy reasoning models,
but the calculations use (extended) Choquet integrals instead
of min-max calculations or product-sum calculations. The
global evaluation values satisfy continuous and piecewise lin-
ear outputs. Moreover, if fuzzy rules are monotone respect
to the inputs, the output values also satisfy the monotonicity
property.

2 Definitions

2.1 Notations

X: Set of evaluation items (n: number of evaluation items)

xi: Input value of the ith item

y: Global evaluation value

2.2 Fuzzy Space Division Constraint
Each input i is divided into mi fuzzy sets in which the mem-
bership functions are pj

i for i = 1, . . . , n, j = 1, . . . , mi. For
each input item, all the membership functions satisfy the fol-
lowing conditions:

1. All fuzzy sets are normal and convex. The vertex of a
membership function is unique ∀i, j, that is, there is a
unique point vj

i , where pj
i (v

j
i ) = 1 ∀i and j.

2. The sum of the membership values is 1:∑
j

pj
i (xi) = 1,∀xi, i. (1)

3. There are one or two active membership functions –
pj

i (xi) > 0 – ∀xi,∀i.

0

0.5

1

Small Middle Big

p1
i (xi) p2

i (xi) p3
i (xi)

v1
i = 0 v2

i = 50 v3
i = 100

xi

Figure 1: Fuzzy space division (i = 1, 2)

An example of the fuzzy space division is shown in figure 1.
In this example, there are two inputs, X = {1, 2}, the mem-
bership functions are of the triangle type, and the membership
functions are the same for all inputs, v1

i = 0, v2
i = 50, v3

i =
100, i = 1, 2.

2.3 Fuzzy Rule Table
Representative points (k1, . . . , kn) are defined as pairs of ver-
tex numbers. For example, the representative point (2, 3)
(n = 2) is the point at which input 1 is ”Middle” and input
2 is ”Big.” The fuzzy rule table c is defined as a function from
the representative points to the output values:

c : {1, . . . , m1} × . . . × {1, . . . , mn} → R. (2)

Table 1 is an example of the fuzzy rule tables,

• If input 1 is ”Big” and input 2 is ”Big,” the output is 100.
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• If input 1 is ”Big” and input 2 is ”Middle,” the output is
80.

• . . .

Table 1: Fuzzy rule table
Input 2 \ 1 Small (1) Middle (2) Big (3)
Small (1) 0 (= c(1, 1)) 50 (= c(2, 1)) 80 (= c(3, 1))

Middle (2) 30 (= c(1, 2)) 60 (= c(2, 2)) 90 (= c(3, 2))
Big (3) 70 (= c(1, 3)) 80 (= c(2, 3)) 100 (= c(3, 3))

2.4 Choquet Integral and Extended Choquet Integral
The Choquet integral [3] is a useful tool for use in global eval-
uation methods. The integral can be used to represent comple-
mentary and substitute relations among evaluation items [4].
A fuzzy measure µ† is defined as

µ† : 2X → R (3)

µ†(∅) = 0. (4)

In ordinal fuzzy measure definitions, this definition is known
as a non-monotonicity fuzzy measure, but in this paper, the
monotonicity of the fuzzy measure is not assumed.

The Choquet integral is defined as

y = (C)
∫

hdµ ≡
∫ ∞

0

µ({x | h(x) > r})dr. (5)

The extended fuzzy measure and extended Choquet integral
[5, 6] are proposed for handling the cases in which µ(∅) 	= 0.
An extended fuzzy measure µ is defined as

µ : 2X → R. (6)

Since it is not assumed by definition that µ(∅) = 0, the in-
tegration interval is limited to [0, 1]. The extended Choquet
integral is defined as

y = (EC)
∫

hdµ ≡
∫ 1

0

µ({x | h(x) > r})dr. (7)

The extended Choquet integral can be calculated by using an
ordinal Choquet integral:

(EC)
∫

hdµ = (C)
∫

hdµ† + µ(∅) (8)

where µ†(A) = µ(A) − µ(∅),∀A ∈ 2X .

3 Segment Division Calculation Method
3.1 Segmentation and Segment Selection
Segmentation is performed at vertex points vj

i for all inputs.
Figure 2 shows an example of the segmentation. Segment
S(k1,...,kn)(ki < mi,∀i) is the n-th rectangle whose vertices
are the representative points (k1 + l1, . . . , k2 + ln),∀li ∈
{0, 1}, i = 1, . . . , n. In the example, there are four segments,
S(1,1), S(2,1), S(1,2) and S(2,2).

First, we select the segment that includes the input values
((x1, . . . , xn)). If x1 = 40 and x2 = 20, S(1,1) is selected.

In this model, each segment has a different extended fuzzy
measure µ(k1,...,kn) and integrand h(k1,...,kn), but the Choquet
integral is caclculated only for the selected segment.

xxx
xxx
xxx

xxx
xxx
xxx

xxx
xxx
xxx

xxx
xxx
xxx

xxx
xxx
xxx

xxx
xxx
xxx

xxx
xxx
xxx

xxx
xxx
xxx

xxx
xxx
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xxxx
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xxxx xxxx

xxxx

xxxx
xxxx
xxxx

xxxx
xxxx
xxxx

xxxx
xxxx
xxxx

xxx
xxx

xxx
xxx

xxx
xxx

x1

x2

S(1,1) S(2,1)

S(1,2) S(2,2)

v1
1 = 0 v2

1 = 50 v3
1 = 100

v1
2 = 0

v2
2 = 50

v3
2 = 100

c(1, 1) = 0 c(2, 1) = 50 c(3, 1) = 80

c(1, 2) = 30 c(2, 2) = 60 c(3, 2) = 90

c(1, 3) = 70 c(2, 3) = 80 c(3, 3) = 100

Figure 2: Segmentation

3.2 Segment Calculation
Figure 3 shows segment S(1,1). The output is calculated by
interpolating the output values of four representative points;
those values are c(1, 1), c(2, 1), c(1, 2), and c(2, 2).

X

0
0 50

50

Base Point (2,1)

40

20

S(1,1) (Selected Segment)

µ(1,1)({1}) = c(1, 1) = 0 µ(1,1)(∅) = c(2, 1) = 50

µ(1,1)({1, 2}) = c(1, 2) = 30 µ(1,1)({2}) = c(2, 2) = 60

h(1,1)(1) = p1
1(40) = 0.2

h(1,1)(2) = p2
2(20) = 0.4Input (x1 = 40, x2 = 20)

(x1)

(x2)

Figure 3: Calculation process (Base Point: (2, 1))

Base point selection The base point is the origin of the
fuzzy measure and integrand for the segment. First, the base
point is selected from among the representative points in the
segment. Alternative base points of segment S(k1,...,kn) are
(k1 + l1, . . . , kn + ln),∀li ∈ {0, 1}, i = 1, . . . , n.

Alternative base points of segment S(1,1) in figure 3 are
(1, 1),(2, 1),(1, 2), and (2, 2).

Extended fuzzy measure µ(k1,...,kn) assignment When the
segment S(k1,...,kn) and the base point (q1, . . . , qn) are se-
lected, extended fuzzy measures µ(k1,...,kn) are assigned as
follows:

µ(k1,...,kn)(A) = c(l1, . . . , ln),∀A ∈ 2X (9)

where li =


qi if i /∈ A

ki if i ∈ A and ki 	= qi

ki + 1 if i ∈ A and ki = qi.

If (2, 1) is selected as the base point in figure 3,

µ(1,1)(∅) = c(2, 1), µ(1,1)({1}) = c(1, 1)

µ(1,1)({2}) = c(2, 2), µ(1,1)({1, 2}) = c(1, 2)
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Integrand h(k1,...,kn) assignment When the segment
S(k1,...,kn) and the base point (q1, . . . , qn) are selected, inte-
grands h(k1,...,kn) are assigned as follows:

h(k1,...,kn)(i) = pj
i (xi), i = 1, . . . , n (10)

where j =

{
ki if ki 	= qi

ki + 1 otherwise.

If (2, 1) is selected as the base point of segment S(1,1),

h(1,1)(1) = p1
1(x1), h(1,1)(2) = p2

2(x2) (11)

Extended Choquet integral The output value y is calcu-
lated from the extended Choquet integral by using the fuzzy
measure µ(k1,...,kn) and integrand h(k1,...,kn) of the selected
segment.

y = (EC)
∫

h(k1,...,kn)dµ(k1,...,kn) (12)

The output values change with the methods for selection
the base points. We propose the following type of Choquet-
integral-based evaluation methods: TF-, BP- and BP-type.

3.3 TF-type
In TF-type models, the smallest (upper left) representative
points are selected as base points for all segments, that is, the
base point of a segment S(k1,...,kn) is (k1, . . . , kn).

X

0
0 50

50

Base Point (1,1)

40

20

S(1,1) (Selected Segment)

µ(1,1)(∅) = c(1, 1) = 0

µ(1,1)({1}) = c(2, 1) = 50

µ(1,1)({2}) = c(1, 2) = 30 µ(1,1)({1, 2}) = c(2, 2) = 60

h(1,1)(1) = p2
1(40) = 0.8

h(1,1)(2) = p2
2(20) = 0.4Input (x1 = 40, x2 = 20)

(x1)

(x2)

Figure 4: Extended fuzzy measure assignment in TF-type
models

When x1 = 40 and x2 = 20, from figure 2, segment S(1,1)

is selected. In the TF-type model, (1, 1) is selected as the
base point. Figure 4 shows an example of the calculation
process. Since the origin is (1, 1), the membership functions
”Middle” ( p2

1(x1) and p2
2(x2)) are used. Therefore, the inte-

grand h(1,1)(1) = p2
1(x1) = 0.8 and h(1,1)(2) = p2

2(x2) =
0.4. Since the origin is (1, 1), µ(1,1)(∅) = c(1, 1) = 0,
µ(1,1)({1}) = c(2, 1) = 50, µ(1,1)({2}) = c(1, 2) = 30,
and µ(1,1)({1, 2}) = c(2, 2) = 60 (figure 4). The output is
calculated as

y = (EC)
∫

h(1,1)dµ(1,1). (13)

Since µ11(∅) = 0, this equation is calculated by using the
ordinal Choquet integral.

y =[h(1,1)(1) − h(1,1)(2)]µ(1,1)({1})
+h(1,1)(2)µ(1,1)({1, 2}) = 44. (14)

Table 2 lists integrands and extended fuzzy measures for all
segments. Figure 5 shows a graph corresponding to Table1.

Table 2: Integrand and extended fuzzy measure for TF (n = 2)
Integrand µ

Segment Base Point h(1) h(2) ∅ {1} {2} {1, 2}
S(1,1) (1, 1) p2

1(x1) p2
2(x2) c(1, 1) c(2, 1) c(1, 2) c(2, 2)

S(2,1) (2, 1) p3
1(x1) p2

2(x2) c(2, 1) c(3, 1) c(1, 2) c(3, 2)
S(1,2) (1, 2) p2

1(x1) p3
2(x2) c(1, 2) c(2, 2) c(1, 3) c(2, 3)

S(2,2) (2, 2) p3
1(x1) p3

2(x2) c(2, 2) c(3, 2) c(2, 3) c(3, 3)

0 20 40 60 80 100

0
20

40
60

80
100

0

20

40

60

80

100

Input 1(x1 )Input 2(x
2

)

y

Figure 5: 3D graph corresponding to Table1 (TF-Type)

3.4 Base Point Change

The output values y are dependent on the selection of the base
point. If the base point (2, 1) is selected for segment S(1,1),
the extended fuzzy measure µ(1,1) is

µ(1,1)(∅) = c(2, 1) = 50, µ(1,1)({1}) = c(1, 1) = 0,

µ(1,1)({2}) = c(2, 2) = 60, and µ(1,1)({1, 2}) = c(1, 2) = 30.

If the input values are x1 = 40, x2 = 20, h(1,1)(1) =
p1
1(x1) = 0.2 and h(1,1)(2) = p2

2(x2) = 0.4. The output
value is

y =(EC)
∫

h(1,1)dµ(1,1) = 48,

which is not the equal to the output value 44 given by the TF-
type models (14).

3.5 BP-type

In cumulative prospect theory [7], the evaluation methods dif-
fer for values above and below the reference point. The model
has been developed for analyzing such situations. BP-type cal-
culations can represent the generalized Choquet integral with
respect to bi-capacity [8, 9], and the generalized Choquet in-
tegral is an extension of cumulative prospect theory.

In the BP-type model, each input has three membership
functions: negative, reference, and positive; mi = 3,∀i. In
prospect theory, it is important to evaluate the distance from
the reference point, and therefore, the base point for the all
segments is the reference point (figure 6 and table 4), namely
(2, . . . , 2).
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Figure 6: BP-type

BP type model Table 3 is an example of a BP-type evalua-
tion rule table. In thoose BP-type models, membership func-
tions are of the triangle type, such as figure 1; the base points
for all segments is the reference point (2, . . . , 2), and the out-
put of the reference point is 0, that is, c(2, . . . , 2) = 0 and
xi ∈ [−1, 1]. The integrands h(k1,...,kn) are

h(k1,...,kn)(i) =| xi |,∀(k1, . . . , kn), i = 1, . . . , n. (15)

Table 4 lists the integrands and extended fuzzy measures for
all segments when n = 2. If x1 = 0.2 and x2 = −0.6, S(2,1)

is selected and h(2,1)(1) = 0.2 and h(2,1)(2) = 0.6;

y =(EC)
∫

h(2,1)dµ(2,1) = −0.44.

Figure 7 shows a graph corresponding to table 3.

Table 3: BP-type fuzzy rule table
Input 2 \ 1 Negative Reference Positive
Negative −1.0 −0.8 −0.6
Reference −0.8 0 +0.6
Positive −0.6 +0.8 +1.0

Table 4: Integrands and extended fuzzy measures for BP
Integrands µ

Segments Base Points h(1) h(2) ∅ {1} {2} {1, 2}
S(1,1) (2, 2) −x1 −x2 c(2, 2) c(1, 2) c(2, 1) c(1, 1)
S(2,1) (2, 2) x1 −x2 c(2, 2) c(3, 2) c(2, 1) c(3, 1)
S(1,2) (2, 2) −x1 x2 c(2, 2) c(1, 2) c(2, 3) c(1, 3)
S(2,2) (2, 2) x1 x2 c(2, 2) c(3, 2) c(2, 3) c(3, 3)

Bi-capacity Model Let Q(X) = {(A,B) ∈ 2X × 2X |
A ∩ B = ∅}. Bi-capacity [8] is defined as a function v :
Q(X) → [−1, 1] that satisfies the following conditions:

• If A ⊂ A′, v(A,B) ≤ v(A′, B) and if B ⊂ B′,
v(A,B) ≥ v(A,B′),

• v(∅, ∅) = 0 and

-1 -0.5 0 0.5 1

-1
-0.5

0
0.5

1

-1

-0.5

0

0.5

1

x1
x2

Figure 7: Outputs corresponding to Table 3 (BP-type))

• v(X, ∅) = 1, v(∅, X) = −1.

The Choquet integral with respect to bi-capacity[9] is de-
fined as

Cv(x) =
n∑

i=1

| xσ(i) | [v(Aσ(i) ∩ X+, Aσ(i) ∩ X−)

−v(Aσ(i+1) ∩ X+, Aσ(i+1) ∩ X−)] (16)

where X+ ≡ {i ∈ X | xi ≥ 0}, X− = X \ X+ and σ is
a permutation on X satisfying | xσ(1) |≤ . . . ≤| xσ(n) | and
Aσ(i) ≡ {σ(i), . . . , σ(n)}.

BP type and bi-capacity model If a fuzzy rule table c is
assigned from a bi-capacity v in the following manner:

c(k1, . . . , kn) = v(A,B), (17)
where A = {i | ki = 3}, B = {i | ki = 1},

the output y is equal to Cv(x). Table 5 shows the correspon-
dence when n = 2.From (17), the extended fuzzy measures
are as follows:

µ(k1,...,kn)(A) = v(E,F ),∀(k1, . . . , kn),∀A ∈ 2X

(18)
where E = {i | ki = 2} ∩ A and F = {i | ki = 1} ∩ A

For the input x1, . . . , xn, the selected segment is (k1, . . . , kn),
where

ki =

{
1 if xk < 0
2 otherwise

(19)

Since h(k1,...,kn)(i) =| xi |, µ(k1,...,kn)(∅) = 0, and from (18)
and (19), µ(k1,...,kn)(Aσ(i)) = v(Aσ(i) ∩ X+, Aσ(i) ∩ X−),

y = (C)
∫

h(k1,...,kn)dµ(k1,...,kn)

=
n∑

i=1

| xσ(i) | [µ(k1,...,kn)(Aσ(i)) − µ(k1,...,kn)(Aσ(i+1))]

= Cv(x).

3.6 AV-type
TF-type and BP-type calculations depend on the selection of
the base points. Since the output value in the AV-type model
is the average value for all base point selections, this output
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Table 5: Fuzzy rule table by a bi-capacity (n = 2)
Input 2 \ 1 Negative Reference Positive
Negative v(∅, {1, 2}) v(∅, {2}) v({1}, {2})
Reference v(∅, {1}) v(∅, ∅) v({1}, ∅)
Positive v({2}, {1})) v({2}, ∅) v({1, 2}, ∅)

does not depend on the base point selection. Therefore, the
AV-type method is a neutral evaluation method in terms of the
selection of base points.

If n = 2, there are four options for selections the base point
for each segment. For S(1,1), (1, 1), (2, 1), (1, 2), and (2, 2)
are the options for selecting the base points. Table 6 lists the
integrands and extended fuzzy measures for each base point
selection.

Table 6: Integrand and extended fuzzy measure for AV (S(1,1))
Integrand µ

Base Point h(1) h(2) ∅ {1} {2} {1, 2}
(1, 1) p2

1(x1) p2
2(x2) c(1, 1) c(2, 1) c(1, 2) c(2, 2)

(2, 1) p1
1(x1) p2

2(x2) c(2, 1) c(1, 1) c(2, 2) c(1, 2)
(1, 2) p2

1(x1) p1
2(x2) c(1, 2) c(2, 2) c(1, 1) c(2, 1)

(2, 2) p1
1(x1) p1

2(x2) c(2, 2) c(1, 2) c(2, 1) c(1, 1)

The calculation process when x1 = 30, x2 = 40, and the
rule in table 1 is followed is given in Table 7. The output value
of AV-type model, 44, is the average value for four selected
base points. Figure 8 shows the graph of the AV-type outputs.

Table 7: Calculation process for x1 = 30 and x2 = 40
Integrand µ output

Base Point h(1) h(2) ∅ {1} {2} {1, 2} y
(1, 1) 0.6 0.8 0 50 30 60 42
(2, 1) 0.4 0.8 50 0 60 30 46
(1, 2) 0.6 0.2 30 60 0 50 46
(2, 2) 0.4 0.2 60 30 50 0 42

Average (y) 44
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Figure 8: AV-type corresponding to Table 1

4 Properties
Continuity Choquet integral models satisfy the continuity
property. Therefore, the proposed models satisfy the continu-
ity property in each segment. For calculating the output values
of a point on a bordering hyperplane, there are two or more op-
tions for selecting the calculation segment. However, in TF-,

BP- and AV-type models, the output values remains the same
regardless of the selected segment, that is, the output value on
a bordering hyperplane does not depend on the selection of
segments (The proof is omitted.) Therefore, Choquet integral
based evaluations satisfy the continuity property.

Monotonicity It is known that almost all fuzzy reasoning
models do not satisfy the monotonicity property when the
fuzzy rule table is monotone. Choquet-integral-based evalu-
ations satisfy the monotonicity property when the fuzzy rule
table is monotone. A monotone fuzzy rule table is defined
as c(k1, . . . , kn) ≥ c(k′

1, . . . , k
′
n),∀ki ≥ k′

i. Examples of
monotone rule tables are Table 1 and 3. When the fuzzy rule
table is monotone, it is easy to confirm that the values of the
extended Choquet integral are monotone and continuous for
each segment. From the continuity of the proposed model,
it follows that the Choquet-integral-based evaluation models
have monotonicity if the fuzzy rule table is monotone.

Piecewise linear If the all membership functions are linear
in that case in figure 1, the outputs are piecewise linear. This
property is derived from the piecewise linearity of the Choquet
integral.

5 Comparisons with Fuzzy Reasoning models
Fuzzy-rule-based global evaluation methods have been devel-
oped by using fuzzy reasoning models [10] such as ”Min-Max
Gravity Method,” ”Product-Sum Gravity Method,” and ”Sim-
plified Fuzzy Reasoning.” The outputs of the fuzzy rules for
the min-max gravity method and product-sum gravity method
are fuzzy sets. Therefore, to obtain the output (non fuzzy)
value, a defuzzfication (gravity) calculation is performed.
However, these calculations are complex. To analyze prop-
erties, the simplified fuzzy reasoning is utilized.

Simplified fuzzy reasoning is based on the product-sum
method [11]. In the simplified method, it is possible to use
min-max calculations instead of product-sum calculations. To
demonstrate the properties of min-max and product-sum cal-
culations, we utilize the two types of simplified fuzzy reason-
ing models.

5.1 Product-sum-type Simplified Fuzzy Reasoning
Simplified fuzzy reasoning is the most popular type of fuzzy
reasoning. If the membership function shown in figure 1 and
monotone fuzzy rules are assumed, product-sum-type simpli-
fied fuzzy reasoning satisfies the monotonicity property.

Product-sum-type simplified fuzzy reasoning can also be
perfoermed using the segment division method. If S(1,1) in
figure 2 is selected, the output given by the method is

y = [1 − p2
1(x1)][1 − p2

2(x2)]c(1, 1)
+ p2

1(x1) × [1 − p2
2(x2)]c(2, 1)

+ [1 − p2
1(x1)]p2

2(x2)c(1, 2) + p2
1(x1)p2

2(x2)c(2, 2).(20)

This equation involves an expectation calculation, that is,
p2
1(x1) and p2

2(x2) are random variables, and the expected
value of four events (c(1, 1), c(2, 1), c(1, 2), and c(2, 2)) is
calculated by this eqation.

In the segment, if the fuzzy rules are monotone, the outputs
satisfy the monotonicity and continuities. Therefore, product-
sum methods with monotone fuzzy rules satisfy the mono-
tonicity property.
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Since product-sum-type calculations involve random vari-
ables calculation, output values vary unpredictably. Table 8
lists the AND-type fuzzy rule ”If Input 1 and 2 are big, the
output is 1.” Figure 9 shows the output values for the rule ta-
ble. Product-sum-type calculations are nonlinear because of
product calculations. The input variation from x1 = x2 = 0
to x1 = x2 = 0.01 increases the output value by only 0.001,
but the variation from x1 = x2 = 0.99 to x1 = x2 = 1
increases the output value by 0.0199. These results are incon-
sistent with the rule.

Table 8: AND-type rule table
Input 2 \ Input 1 Small Big
Small 0.0 0.0
Big 0.0 1.0

0 1

0

1

x1=x2

y

Choquet Integral and 
 Simplified Method (Min Max)

Simplified Method
(Product Sum)

Figure 9: Comparison with product-sum-type method

Since x1 = x2 = 0.5 only satisfies half of the rule con-
dition, it is expected that the output value is 0.5, but while
the product-sum-type is 0.25. Moreover, if the number of in-
puts for the condition is increased, the output given by the
product-sum method decreases. For example, if the number
of inputs is 3 or 4, the product-sum output is 0.53 = 0.125 or
0.54 = 0.0625, respectively.

5.2 Min-max type Simplified Fuzzy Reasoning
In ordinal simplified fuzzy reasoning, product-sum calculation
is performed, but it is possible to use min and max operators
instead of product and sum operators.

Table 9: Monotone fuzzy rule table
Input 2 \ Input 1 Small Big
Small 0.6 (c(1, 1)) 0.7 (c(2, 1))
Big 0.8 (c(1, 2)) 1.0 (c(2, 2))

Table 9 is represented by the fuzzy switching function

y =(c(1, 1) ∧ x1
1 ∧ x1

2) ∨ (c(2, 1) ∧ x2
1 ∧ x1

2)

∨(c(1, 2) ∧ x1
1 ∧ x2

2) ∨ (c(2, 2) ∧ x2
1 ∧ x2

2),

where x1
1 + x2

1 = 1 and x1
2 + x2

2 = 1. The equation does
not satisfy the monotonicity property because fuzzy switching
functions do not satisfy the complementary laws. For exam-
ple, if x2

1 = 0.5 and x2
2 = 1.0, y = 0.5. However, if x2

1 = 0.4
and x2

2 = 1.0, y = 0.6.
Therefore, if fuzzy-value calculations are necessary, it is

preferable to use Choquet-integral-based calculations.

6 Conclusions
This model is very useful for applications in social science,
such as performance evaluation and educational evaluations.
Since social science applications require strict validity of the
output values, the global evaluation functions should not ex-
hibit non-monotonicity and unexpected nonlinearity, such as
that seen in figure 9. The Choquet integral models can be
used to ensure the validity of the outputs. However, the atti-
tude of evaluators might change according to the situation or
the input values, and this might change the weights and the
relationships among the evaluation parameters. The Choquet
integral models keep those validities. Fuzzy rule tables can
be used to represent these attitudes. Therefore, the proposed
model inherits the merits of both the Choquet integral model
and the fuzzy rule table.
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4. Université Paris-Est, Institut National de Recherche sur les Transports et leur Sécurité (INRETS), Laboratoire GRETIA
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Abstract— This paper examines a short-time estimation problem
of an origin-destination (OD) matrix, where each element is a volume
of vehicle flow between one of the OD pair of zones of a signalised
junction. The estimation is based on the use of traffic measurements
provided by video sensors and on the knowledge of the traffic lights.
This data is subject to redundancy, imprecision and uncertainty. The
main purpose of this paper is to obtain the best estimates of the OD
matrix by modelling the data imperfection, using a two-step method.
First, relationships between the observed data are built in real-time
using High-Level Petri Nets. Due to the imperfection of data the
system obtained is underdetermined and inconsistent. Second, the
fuzzy sets theory is used to model this imperfection and to overcome
the inconsistency of the system.

Keywords— Fuzzy least squares, Fuzzy linear programming,
Fuzzy modelling, Origin-destination matrix

1 Introduction

Knowledge about origins and destinations (OD) of vehicles in
a road network is important in most transport systems. In the
case of a junction, its mathematical representation is OD ma-
trix B, each element bij of which is a proportion of the flow
of vehicles that come from entrance (origin) i and go to exit
(destination) j. Such a proportion is called the OD flow rate.
Since the OD matrix changes in time following the changes in
traffic demand, the estimation period of the OD matrix has
to be as short as possible. In particular, the period should
be equal to a traffic light cycle (duration of green-amber-red
sequence) when we deal with a signalised junction. At IN-
RETS/GRETIA we use such a short-time estimation of the
OD matrix as part of a diagnostic system for signalised junc-
tions [1]. This system compares the impacts of different traf-
fic control strategies expressed in terms of CO2 and pollutant
emissions.

The OD matrix is generally deduced from vehicle counts
made on each entrance and each exit of the junction during
a given time interval. These counts are usually provided by
magnetic loops embedded in the road surfaces and sensitive to
metallic masses. The estimation can be obtained from a con-
servation law of vehicles which is a set of relationships be-
tween exit and entrance flow counts. In general, when loops
are installed on every entrance and exit of the junction, the es-
timation problem is underdetermined. Thus a solution is not

unique and additional information such as a prior OD matrix
is used to choose the OD matrix which corresponds best to
the actual matrix. Some of the existing methods are based on
the information minimisation principle [2], on maximisation
of likelihood [3] or on Bayesian inference [4]. Other meth-
ods propose a recursive estimation of the OD matrix [5, 6].
Furthermore, the estimation problem can be represented as a
constraint optimisation problem [7, 8]. Methods which use
traffic lights are described in [9, 10].

This paper considers the problem of reconstituting the ori-
gins and destinations of vehicle flows crossing a signalised
junction, at each traffic light cycle. OD flow volumes are
estimated using traffic lights and traffic measurements from
video cameras installed at the junction. These measurements,
provided every second, are the vehicle counts made on each
entrance and exit of the junction and the number of vehicles
stopped at each inner section of the junction. The data is sub-
ject to redundancy, uncertainty and inaccuracy. Such an im-
perfection is linked to the reliability of video sensors, mea-
surement conditions, traffic characteristics and drivers’ be-
haviour.

In order to take into account all available information it is
necessary to consider the nature and possible interdependence
of the data. None of the cited methods takes into account the
lake of imprecision of vehicle counts, the possible physical
complexity of the junction and the traffic lights at the same
time. Moreover they cannot be applied to the problem because
the period of estimation is quite short.

The main purpose of this paper is to obtain the best esti-
mates of the OD matrix by modelling the data imperfection,
using a two-stage method. First, a conservation law of vehi-
cles, which is represented by an inconsistent and underdeter-
mined system of equations, is built by High-Level Petri Nets
at each traffic light cycle. Second, the fuzzy sets theory is used
to overcome the inconsistency of the system and to model the
data imperfection. Three different approaches have been anal-
ysed to solve this system of equations: ordinary least squares,
fuzzy least squares and fuzzy linear programming. A numer-
ical study of the proposed methods has been done using the
data collected in a real experimental junction fitted out with
video cameras and a traffic light controller.

The rest of the paper is organised as follows. Section 2
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presents the problem and describes the real data. Sections
3 and 4 introduce the fundamental principles of High-Level
Petri Nets and show how they are applied to model the OD
flows through the experimental site. Section 5 proposes three
methods for OD matrix estimation and the paper concludes by
proposing further lines of research.

2 The problem
The experimental site is an isolated signalised junction of
two double-lane roads situated in the south suburb of Paris
(Fig. 1). The main road B-D which connects the suburbs
to Paris has a high traffic volume, whereas the road A-C
has lower traffic volume. Traffic lights control four incom-
ing links and four inner zones. Note that right-turning ve-
hicles use special lanes and are not taken into account in
this study. Only eight OD flows are statistically significant:
AC, AD, BD, BB, CB, DB, DC, DD.

Eight video cameras are installed at the junction in order to
capture all the entrance and exit links and the inner zones. The
location, height and angle of each camera depend on the ge-
ometry of the junction and are chosen to favour the measure-
ment of space traffic parameters such as queue length on in-
coming links. The camera views are analysed in real time us-
ing image processing techniques developed at INRETS [11].
They provide several measurements every second:

• Xi(τ) vehicle counts measured at the end of an entrance
i at second τ (i = 1, . . . , n),

• Yj(τ) number of vehicles that have passed through the
beginning of the exit j at second τ (j = 1, . . . , m),

• Zk(τ) number of stopped vehicles at inner zone k at sec-
ond τ (k = 1, . . . , p),

where n, m and p are the numbers of entrances, exits and inner
zones respectively. Here, a traffic light cycle is a period of time
between two sequential onsets of the red light on the main road
B-D .

Many phenomena influence the quality measurement of
traffic parameters. Traffic conditions (peak or off-peak peri-
ods) are the reason for many traffic count errors. If the traffic
flow is heavy, the gaps between vehicles are small and it is dif-
ficult to distinguish these gaps on the video images. Thus the
number of vehicles measured is lower than the actual number.

The characteristics of vehicles are also a source of mea-
surement errors. High vehicles passing in front of camera will
hide the smaller vehicles or the whole camera field, i.e. they
will produce a masking effect. Two-wheeled vehicles are only
seldom counted because they are small. The heterogeneous
colours of vehicle roofs also add to the problem of detection.

Meteorological conditions inevitably have an influence on
all types of traffic measurements and the video are blurred:
the wind shakes the posts the cameras are fixed to, the sun’s
rays cause the reflections on the vehicle surfaces and camera
lenses, rain, snow and fog obscure a camera field. Changes
in brightness caused by the position of the sun, clouds and
headlights at night also determine the reliability of the mea-
surements.

Let xi(c) be the flow volume at entrance i during a traffic
light cycle c and yj(c) be the flow volume which entered the
junction during cycle c and leaves it by exit j. OD flow rate

B

C

D

A

Stop signal line

Flow direction
Conventional line
of vehicle counting

Inner zone

Figure 1: The experimental junction

bij is the proportion of the flow of vehicles that come from
entrance i and go to exit j. The problem is to estimate OD
flow rates bij (∀i ∈ [[1, n]], ∀j ∈ [[1, m]]) at the end of each
traffic light cycle c, such that

yj(c) =
n∑

i=1

bij(c)xi(c), (1a)

xi(c)bij(c) ≥ zkij(c) ∀k s.t. δkij = 1, (1b)
m∑

j=1

bij(c) = 1, (1c)

bij(c) ≥ 0, (1d)

where zkij(c) is the number of vehicles which cross the junc-
tion from i to j and stop at inner zone k during cycle c,
δkij = 1 if OD flow from i to j can pass through inner zone
k and is 0 otherwise. For a given cycle c the value of variable
xi(c) can be obtained from instantaneous vehicle counts

xi(c) =
Gi(c)∑
τ=1

Xi(τ),

where Gi(c) is a duration of the green light of cycle c in en-
trance i. The values of yj(c) and zkij(c) cannot be obtained
directly from traffic measurements, because it is impossible to
know the period of time when the vehicle flow x i(c) leaves
the junction or stops at inner zones.

This paper proposes a method to obtain the values of y j(c)
and zkij(c) from Yj(τ) and Zk(τ) respectively and then to es-
timate the OD flow rates. First, a tool for vehicle flow segmen-
tation is built via two High-Level Petri Nets (HLPN). The first
net indicates the set of vehicle flows which may be present in
each zone at any given second. It makes possible to associate
these flows to the measurements taken in the corresponding
zones and provides the beginnings of the flows. The second
net provides the ends of the flows. For a given cycle we thus
know the duration of the presence of the flows in each zone
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Figure 2: High Level Petri Net 1

and can collect the corresponding measurements. A consistent
underdetermined system of equations, whose unknowns are
the OD flow rates, can thus be built dynamically and solved at
each traffic light cycle.

3 Fundamentals of High-Level Petri Nets
A High-Level Petri Net (HLPN) is a graphical and mathemat-
ical tool used to model discrete-event systems [12, 13]. In this
paper, the HLPN is a classical Petri Net [14] complemented
by the notions of time and colour. In graphic representation,
an HLPN is a directed graph composed of two kinds of nodes:
places, drawn by circles, and transitions represented as bars.
The arcs connect either a place to a transition or, inversely, a
transition to a place. A place may be marked by coloured to-
kens endowed with timestamps and characterises the system
state. A transition represent an event that can change the state
of the system modelled. The set of input and output places
of a transition is also interpreted as a set of pre- and post-
conditions of an event. When the event occurs the transition is
enabled and the marking of input and output places changes.
Thereby, the dynamic behaviour of the system is expressed by
means of time-varying marking.

A 7-tuple N = (Σ,P , T ,A, C,W ,F) is a formal represen-
tation of HLPN, where:

• Σ is a finite non-empty colour set,

• P and T are the finite sets of places and transitions re-
spectively, such that P ∩ T = ∅ and P ∪ T 	= ∅,

• A ⊂ (P × T ) ∪ (T × P) is the finite set of arcs,

• C : P → 2Σ is a colour function which associates a set
of colours to a place,

• W : A → 2Σ is an arc function.

• F is a delay associated to an arc.

A token is represented by a triple (p, s, θ), where p ∈ P
is the place marked by the token, s ⊆ C(p) is a colour set
which describes the system state in p, called colour, and θ is
the time at which the token becomes available and the system

state changes, called timestamp. Marking M(p, τ) of place
p ∈ P at time τ is a multiset represented by the pair (S,n)
where S is the set of colours of tokens arrived in p at τ = θ
and n is the vector every element of which is the number of
occurrences of the token’s colour s in set S.

Function W(p, t), corresponding to the arc from output
place p to t, is a multiset of colours that are elements of the set
C(p). The function W(t, p) is defined similarly.

Transition t ∈ T is enabled if M(p, τ) ⊇ W(p, t). It re-
moves W(p, t) tokens from each of its input places p of t and
adds W(t, p) tokens to its output places p with delay F(t, p)
associated to an arc from t to p.

4 Modelling the traffic flows crossing a
signalised junction

In this paper two HLPNs are used to model and segment the
OD flows of vehicles crossing the junction in order to built
the vehicle conservation law in a dynamic way. In the first
net, a place stands for a zone of the experimental junction
(Fig. 2). A token in a place is represented by a colour set
s = (s1, s2, s3), where s1 ∈ {A, B, C, D} is the name of
flow origin, s2 ∈ � is a cycle number and s3 is a set of stop
zones. In addition, it has a timestamp θ. A token in place p
means the possible presence of a flow of origin s1 in the zone
corresponding to p. Some transitions are related to the change
of traffic lights in entrances and inner zones, other transitions
represent the flow departures. An arc function W(t, p) is de-
fined over a set of colours s1 representing the origins of the
flows that pass through this arc. Delay F(t, p) is an average
vehicle travel time between two successive zones of the junc-
tion corresponding to the input and output places of transition
t.

The rules for changing colours of tokens, enabling transi-
tions and marking places are defined as follows. During the
green light at entrance i of the junction, the corresponding
place is marked by one token with colour s = (s1, s2, s3),
s3 = ∅, every second. Transition t associated to entrance i
becomes enabled and the token is transmitted to output places
of t. The transition associated with an inner traffic light is en-
abled if its input place contains at least one token and the cor-
responding traffic light is green. The enabled transition trans-
mits the token downstream according to W(t, p) and F(t, p).
If the light in inner zone k is red, tokens are stacked in the
corresponding place. Their colours are changed by adding the
name of inner zone k to the colour set s3. At the beginning of
the green light these tokens are shifted to the exit place p with
predefined delay F(t, p). The transition related to the exit of
junction is enabled when each of its input places contains at
least one token.

Marking M(p, τ) of place p characterizes a set of entrance
flows that can be present at time τ in a junction zone corre-
sponding to p. When the marking of p does not change during
certain period of time ∆τ , all measurements taken at the cor-
responding zone during ∆τ are associated to the set of flows.
Thus, for a given cycle c, each exit flow yj(c) can be seg-
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mented into Lj vehicle platoons, such that

yl
j(c) =

∑
τ∈∆τl(c)

Yj(τ) ∀l ∈ [[1, Lj(c)]],

zl
kij(c) = max

τ∈Rk(c)
Zk(τ)δkij

∀l ∈ [[1, Lj(c)]],
∀i ∈ M(p, ∆τl),
∀k s.t. δkij = 1,

where ∆τl(c) is a period of time during which platoon l has
left the junction, z l

kij(c) is a maximum number of vehicles that
belong to platoon l and have stopped at inner zone k, R k(c)
is a duration of red light in inner zone k, δkij indicates if zone
k is situated between OD pair of zones (i, j), M(p, ∆τl) is a
marking of place p ∈ P corresponding to exit j. The number
of platoons Lj(c) depends on the number of entrances of the
junction, and on traffic volume and traffic light command.

Note that the first occurrence of token (p, {s1, s2, s3}, θ)
denotes that the beginning of the flow with origin s1 crosses
the zone corresponding to place p. The ends of the flows are
provided by the second HLPN, which has the identical topol-
ogy and the same representation of places and transitions as
the first HLPN. However, the meaning of the tokens is differ-
ent. A token stands for the end of a flow and is represented
by a set of two colours without a timestamp: the name of flow
origin s1 ∈ {A, B, C, D} and a cycle number s2 ∈ �.

The onsets of the beginning and the end of a flow in place p
allow us to determine the duration of the flow presence in zone
related to p. Thus we can collect the measurements made in
this zone and, at each cycle c, can built the following set of
equations

yl
j =

∑
i∈M(pj ,∆τl)

bl
ijxi ∀j ∈ [[1, m]], ∀l ∈ [[1, Lj]], (2a)

xib
l
ij ≥ zl

kij

∀j ∈ [[1, m]], ∀l ∈ [[1, Lj]],
∀i ∈ M(pj , ∆τl),
∀k s.t. δkij = 1,

, (2b)

∑
j,l

bl
ij = 1 ∀i ∈ [[1, n]], (2c)

bl
ij ≥ 0

∀j ∈ [[1, m]], ∀l ∈ [[1, Lj]],
i ∈ M(pj, ∆τl),

(2d)

where the cycle c has been omitted to simplify the notations.
Let J and K be the numbers of constraints (2a) and (2b)

respectively, and I be the number of unknowns b l
ij , such that

J =
m∑

j=1

jLj ,

K =
m∑

j=1

Lj∑
l=1

∑
i∈M(pj ,τl)

p∑
k=1

δkij ,

I =
m∑

j=1

Lj∑
l=1

∑
i∈M(pj ,τl)

i.

Since in general I ≥ J (in this paper I ≈ 10), the obtained
system of equations (2a) is underdetermined.

5 OD matrix estimation
The estimation problem of OD flow rates bl

ij from the rela-
tionship (2a) can be viewed as an estimation of coefficients of

the regression model

y = X1b, (3)

where y is a vector composed of J output variables y l
j , b is a

vector containing the I unknowns b l
ij , X1 is an J × I matrix

rearranged in such a way that (2a) corresponds to (3).
The elements of model (3) must satisfy the constraints:

X2b ≥ z, (4a)
Ib = �, (4b)
b ≥ 0, (4c)

where z is a vector composed of K variables z l
ijk , X2 is an

K×I matrix built so that (2b) is equal to (4a), I is an indicator
n×I matrix organised in such a manner that (4b) is equivalent
to (2c) and � is an identity n-vector.

Considering b to be an m-vector of crisp elements, three
situations are studied in this section of the paper:

A) values of X1, X2, y and z are crisp

B) values of X1, X2, y and z are fuzzy

C) values of X1, X2, y and z are crisp, relationships (3) and
(4a) are fuzzy, where the strict mathematical relations
are replaced by fuzzy equivalents ≤∼ and ≥∼ that are read
“essentially smaller or equal to” and “essentially greater
than or equal to”.

In the first case, we use the least squares method to es-
timate the crisp regression coefficients b. The fuzzy least
squares (FLS) model based on commonly used Diamond ρ 2-
metric [15] has been applied to the second situation. For the
last case, we formulate a fuzzy linear programming problem
(FLP) following the approach proposed by Zimmernann [16].
We present in the sequel the three methods and their results on
our application.

5.1 Least squares method
Let the input and output variables X1 and y of the regression
model (3) be non-negative crisp numbers. The unknown coef-
ficients b of the model and the elements of X2 and z are also
considered to be crisp. A first approach to estimate b is to use
a least squares method. To insure the existence of feasible so-
lutions, we introduce slack variables, ei (∀i = 1, . . . , K), and
we propose to solve the following problem:

min
b,e

‖ y − X1b ‖2 +
K∑

i=1

ei (5)

subject to 
X2b + e ≥ z,
Ib = �,
b ≥ 0,
e ≥ 0.

(6)

5.2 Fuzzy least squares method
To take into account model errors and the inherent impreci-
sion of data measurements, we choose to represent the input
and output variables of the regression model (3) by triangu-
lar fuzzy numbers X̃1 = (X1,X

m
1 ,X1), ỹ = (y,ym,y) and
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Figure 3: Empirical distributions of error counts for the en-
trances of the junction

z̃ = (z, zm, z), where [a, a] is the support and am is the mode
of fuzzy number ã. The form of fuzzy numbers X̃1 was de-
rived from empirical distributions of the error counts as shown
in Fig. 3. In most cases, counts of vehicles at the entrances are
smaller than the true value of X1. The fuzzy number X̃2 is
determined similarly to X̃1. Since there is no available his-
tograms of error counts for y and z, the fuzzy numbers ỹ and
z̃ are supposed to be symmetrical with the spreads chosen ex-
perimentally. Note that X1 ,X2,y, z ∈ �

+ because of the
nature of the data.

According to the fuzzy least squares (FLS) method pro-
posed by Diamond [15, 17] and supposing the unknown co-
efficients b to be crisp, the following minimisation problem is
written:

min
b

(
‖ y − X1b ‖2 + ‖ ym − Xm

1 b ‖2 +

+ ‖ y − X1b ‖2
)

(7)

subject to  X2b ≥ z,
Ib = �,
b ≥ 0.

(8)

Note that the first constraint in (8) is the least conservative
translation of the strong relation (4a).

5.3 Fuzzy linear programming approach
Another approach to estimate the OD flow rates is to model
the constraints (3) and (4a) by fuzzy sets. Assuming that the
values of X1, X2, y and z are strict numbers, we consider the
estimation problem of b that satisfies:

X1b ≥∼ y − X1b ≥∼ −y, (9a)
X2b ≥∼ z, (9b)
Ib = �, (9c)
b ≥ 0, (9d)

where the sign ≥∼ means that we accept a small violation of the
strict relation ≥ in a sense that is described below..

Denoting
H = (−X1,X1,−X2)	,

h = (−y,y,−z)	,

we write (9a)-(9b) as
Hb ≤∼ h (10)

Each row i of (10) is assumed to be a fuzzy set with a mem-
bership function µi(b):

µi(b) =


1 Hib ≤ hi

1 − Hib−hi

ξi
hi < Hib ≤ hi + ξi

0 Hib > hi + ξi

(11)

where each ξi > 0 is a given constant reflecting an acceptable
degree of constraint violation, i = 1, . . . , 2J +K . Here µ i(b)
is defined as the degree to which b satisfies the relationship i.

With respect to Bellman-Zadeh decision-making rule for
fuzzy sets [18], the membership function of the fuzzy deci-
sion set B̃ is defined as follows

µB̃(b) = min
i

(µi(b)) = min
i

(
1 − Hib− hi

ξi

)
,

∀i = 1, . . . , 2J + K. (12)

According to the symmetric FLP method proposed by Zim-
mermann [16, 19], the crisp optimal solution can be given by

max
b≥0,Ib=�

µB̃(b) (13)

which can be obtained by solving the following problem of
linear programming:

max
λ,b

λ (14)

subject to
λ < 1 − Hib−hi

ξi
∀i = 1, . . . , 2J + K,

Ib = �,
b ≥ 0.

(15)

5.4 Results
These methods have been tested using the raw data collected
at the experimental junction. The estimation is made on 25
consecutive traffic light cycles, equivalent to 30 minutes. In
addition, the actual values of OD flow rates b∗i (∀i = 1, . . . , 8),
derived manually from video images, are available for all cy-
cles.

Since the measure of the number of stopped vehicles is
more accurate than the measure of exit flow volume, the fol-
lowing parameters of the FLS method where chosen: ym −
y = y − ym = 3, zm − z = z − zm = 2. The acceptable
degree of constraint violation ξi (∀i = 1, . . . , 2J +K) in FLP
method has been fixed to 5 for constraints (9a) and to 3 for
constraints (9b).

The estimation error has been calculated for the OD flow
rates (Fig. 4): E = bX∗ −b∗X∗, where X∗ is a vector of ac-
tual vehicle counts at the entrances of the experimental junc-
tion. The best results are obtained with the FLS method for
which the median error is almost zero for all OD flows. The
results of the least squares method are less accurate than those
of the FLS method. Surprisingly, the FLP method, although it
seems to be a more natural fuzzy translation of the crisp ini-
tial problem, does not provide very good results. Note that the
estimation error E of all methods is higher, if the flow volume
is lower, like for the OD flows “AD” and “BB”.
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Figure 4: Estimation errors for 8 OD flow rates

6 Conclusion and future lines of research
In this paper we have proposed a new short-time estimation
method of the OD matrix for a signalised junction. We have
built a model of the segmentation of traffic flows crossing the
junction in order to draw up a vehicle conservation law, rep-
resented by a underdetermined system of equations, for each
traffic light cycle. The model, made using High-Level Petri
Nets, is based on the use of traffic lights.

Real traffic measurements collected at the real experimental
junction are used to estimate the OD flow rates. The experi-
mental comparison shows that a small gain is obtained when
the data imprecision and uncertainty is taken into account us-
ing a fuzzy modelling. Among the two proposed fuzzy ap-
proaches, the fuzzy least squares yields the most accurate re-
sults. In spite of the important imprecision of the real data, the
first results are very encouraging to continue the research on
improvement of the estimation accuracy.

The main future line of research is to fuzzify the token
timestamps of the first HLPN in order to model the tempo-
ral imprecision of data measurements. The application of our
method should be also extended to a sequence of junctions.
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Abstract— In many classification problems, overlapping classes
and outliers can significantly decrease a classifier performance. In
this paper, we introduce the possibility of a given classifier to reject
patterns either for ambiguity or for distance. From a set of typicality
degrees for a pattern to be classified, we propose to use fuzzy im-
plications to quantify the similarity of the degrees. A class-selective
scheme based on this new family is presented, and experimental re-
sults showing the efficiency of the proposed algorithm are given.

Keywords— Ambiguity measures, Dombi and Hamacher impli-
cations, fuzzy r-implications, pattern classification, reject options

1 Introduction

Usual classification of objects, or patterns, consists in assign-
ing incoming samples to one class belonging to a set of known
ones. Since classes may overlap in the feature space and all of
them do not appear during the learning step of most real classi-
fication problems, some samples may have to be not classified
but rejected. In practice, two situations can lead to rejection,
either the incoming sample could belong to unknown class(es)
(distance rejection) or it should be assigned to several classes
(ambiguity rejection) [1]. In this paper, we focus our atten-
tion on this latter situation. Initially introduced by Chow [2],
it consists in rejecting the most unreliable patterns that have a
low posterior probability, or more generally a low membership
degree value, to its closest class. Such a reject classification
rule is optimal if posterior probabilities are estimated without
error, unfortunately this is not the case in practice.
We investigate some new measures that aim at quantifying to
what extent such a pattern is ambiguous from its membership
degrees, or more generally from its multi-class classifier soft
outputs, using fuzzy implications. These measures assess the
relationships between membership values with various com-
bination of triangular norm operators (t-norms for short, see
[3] for an overview).
The remainder of this paper is organized as follows. In sec-
tion 2, we start by presenting distance-based class models that
we will use in the sequel, and then discuss about standard ap-
proaches to pattern rejection. Next, we give a brief recall on
some basic definitions of triangular norms and fuzzy residual
implications, as well as some new parametrical implications
(section 3). Section 4 is devoted to the proposal of using im-
plications as ambiguity measures. In section 5, an experimen-
tal evaluation and comparisons to well known class-selective
pattern recognition schemes are provided. We finally conclude
and give some perspectives in section 6.

2 Classification with reject options
2.1 Classification

Let x be a pattern described by a p (real) features and let
Ω = {ω1, · · · , ωc} be a set of classes of cardinality c. The
objective of classification is to assign any pattern x ∈ R

p to
one of the c classes of Ω. It generally consists of two steps L
(labeling) and H (hardening):

• L : x #→ u(x) = t(u1(x), . . . , uc(x)) ∈ L•c

• H : u(x) #→ h(x) = t(h1(x), . . . , hc(x)) ∈ Lhc.

where Lhc = {h(x) ∈ Lfc : hi(x) ∈ {0, 1}} and L•c de-
pends on the mathematical framework the classifier relies on,
e.g. Lpc = [0, 1]c for degrees of typicality or Lfc = {u(x) ∈
Lpc :

∑c
i=1 ui(x) = 1} for posterior probabilities and mem-

bership degrees. Posterior probabilities can be obtained either
from (known) class-conditional densities whose parameters
are estimated using a learning set X of patterns, i.e. patterns
for which the assignment is known, or from class-density esti-
mates using the classes of their neighbors in X . However, for
high dimensional feature spaces, many patterns are required
to perform good class-density estimates (curse of dimension-
ality). When the learning set is small, distances to prototypes
of each class are used, e.g.

d2(x,vi) = (x − vi)tΣ−1
i (x − vi) (1)

where vi and Σi are the mean vector and covariance matrix
of the class ωi estimated from X . In order to have a common
scaling, label values are often obtained in the unit interval, e.g.

ui(x) =
αi

αi + d2(x,vi)
(2)

where αi are user-defined parameters.
We focus on the H−step because it is in charge of the clas-
sification. This step often reduces to the class of maximum
label value selection, resulting in an exclusive classification
rule which is not efficient in practice because it supposes
that Ω is exhaustively defined (closed-world assumption) and
classes do not overlap (separability assumption). Such untrue
assumptions can lead to very undesired decisions. In many
real applications, it is more convenient to with-hold making
a decision than making a wrong assignment, e.g. in medical
diagnosis where a false negative outcome can be much more
costly than a false positive. Reject options have been proposed
to overcome these difficulties and to reduce misclassification
risk. The first one, called distance rejection [1], is dedicated
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to outlying patterns. If x is far from all the class prototypes,
this option allows to assign it to no class. The second one,
called ambiguity rejection, allows to assign inlying patterns to
several or all classes [2, 4]. If x is close to two or more class
prototypes, it is associated with the corresponding classes. In-
cluding reject options leads to partition the feature space into
as many regions as subsets of classes, i.e. at most 2c ones, to
which a pattern can be assigned. Formally, it consists in modi-
fying H such that h(x) can take values in the set of vertices of
the unit hypercube Lc

hc = {0, 1}c instead of the exclusive sub-
set Lhc ⊂ Lc

hc. Different strategies can be adopted to handle
these options at hand, but they all lead to a three types decision
system: distance rejection when h(x) = t(0, . . . , 0) = 0, ex-
clusive classification when h(x) ∈ Lhc, ambiguity rejection
when h(x) ∈ Lc

hc\{Lhc∪0}. The resulting classification rule
is then a matter of selecting the appropriate number of classes
varying from zero (distance rejection) to c (total ambiguity re-
jection).

2.2 Usual reject schemes

Since the work by Chow [2], many rejection schemes have
been proposed. In its general form, a class-selective procedure
is defined by

n	(x, t) = min
k∈[1,c]

{k : Ak(x) ≤ t} (3)

where Ak is a given ambiguity measure on membership de-
grees, n	(x, t) is the number of selected classes for the pattern
x to be classified, and t is a user-defined threshold which can
be class dependent (e.g. tk). This threshold can be set con-
ditionally to cost functions relative to error, reject and correct
classification rates. Propositions from the literature mainly
consist in new definitions of ambiguity measures Ak. For
Chow, Ak was one minus the maximum value of the member-
ship degrees. In the paper by Ha [4], the second highest value
was tested to decide wether one or several classes are selected.
Since this scheme is leading to unnatural decisions, Horiuchi
[5] proposed a new measure defined by the difference of the
membership degrees which is actually a disambiguity mea-
sure. In [6], Frélicot proposed to use the ratio of membership
degrees. As usual, we use the convention that if Ak(x) > t
for all k, then we set n	(x, t) = c. Table 1 summarizes the
existing ambiguity measures used for pattern rejection, where
the membership degrees are assumed to be sorted in decreas-
ing order for writing convenience, i.e. u1(x) ≥ · · · ≥ uc(x).

Table 1: Existing ambiguity measures related to Eq. (3).
Scheme Ambiguity Measure Ak(x)

Chow [2] 1 − u1(x)
Ha [4] uk+1(x)

Horiuchi [5] 1 − (uk(x) − uk+1(x))
Frélicot [6] uk+1(x)/uk(x)

3 Fuzzy residual implications
3.1 Basic definitions

Let us recall basic definitions of fuzzy operators that will be
used to combine the values of interest, i.e. the pattern class-
degrees of typicality. Depending on properties, aggregation

functions can be classified into several categories: conjunc-
tive, disjunctive, compensatory, and so on. We restrict on con-
junctive and disjunctive functions. By definition, the output
of a conjunctive operator is lower or equal than the minimum
value, whereas the output of a disjunctive operator is greater
or equal than the maximum value. Beyond these operators,
we choose to use the triangular norms because of their ability
to generalize the logical AND and OR crisp operators to fuzzy
sets, see [3] for a survey. Briefly, a triangular norm (or t-norm)
is a binary operation on the unit interval $ : [0, 1]2 → [0, 1]
which is commutative, associative, non decreasing and has 1
for neutral element. Thus, a t-norm $ is conjunctive and the
minimum operator ∧ is the greatest t-norm. Alternatively, a
triangular conorm (or t-conorm) is the dual binary operation
⊥ : [0, 1]2 → [0, 1] having the same properties except that its
neutral element is 0. Thus, a t-conorm ⊥ is disjunctive and
the maximum operator ∨ is the lowest t-conorm. Typical ex-
amples of dual couples (t-norm, t-conorm) that will be used in
the sequel are given in Table 2.

Table 2: Examples of dual couples, including parametrical
ones.

Standard
a�Sb = min(a, b)
a⊥Sb = max(a, b)

Algebraic
a�Ab = a b

a⊥Ab = a + b − a b

Łukasiewicz
a�Lb = max(a + b − 1, 0)

a⊥Lb = min(a + b, 1)

Hamacher
a�Hγ b = a b

γ+(1−γ) (a+b−a b)

a⊥Hγ b = a+b+(γ−2) a b
1+(γ−1) a b

Dombi
a�Dγ b =

(
1 +

((
1−a

a

)γ
+
(

1−b
b

)γ)1/γ
)−1

a⊥Dγ b = 1 −
(

1 +
((

a
1−a

)γ

+
(

b
1−b

)γ)1/γ
)−1

A fuzzy residual implication, denoted R-implication (or →) is
defined by:

I(a, b) = sup
t
{t ∈ [0, 1] : $(a, t) ≤ b} (4)

Note that if $ is a left-continuous t-norm, the supremum
operation can be substituted by maximum. If we use addi-
tive generating functions, i.e. a strictly decreasing function
f : [0, 1] → [0, +∞] with f(1) = 0, and admitting an inverse
(or pseudo-inverse) function f−1, Eq. (4) can be written as

I(a, b) = max(f−1(f(b) − f(a)), 0) (5)

because f is strictly monotonic. We generally speak about an
implication function if I is non-increasing in the first variable,
non-decreasing in the second variable and I(0, 0) = I(1, 1) =
1, and I(1, 0) = 0, see [7] for a large survey on fuzzy impli-
cation functions. Within theses implications, the well-known
Gödel and Goguen ones are respectively given by

I(a, b) =
{

1 if b ≥ a
b if b < a

(6)

and

I(a, b) =
{

1 if b ≥ a
b
a if b ≤ a

(7)
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which are obtained with the minimum and algebraic (or prod-
uct) triangular norms, respectively. In the sequel, we will as-
sume for writing convenience that the fuzzy values are sorted
in decreasing order, e.g. a ≥ b.

3.2 Parametrical implications

Proposition 1. Let ($Hγ ), γ ∈ [0, +∞[, be the family of
Hamacher t-norms. The residual Hamacher implication is
given by

IHγ
(a, b) =

{
1 if b ≥ a

b (γ+a−γa)
b (γ+a−γa)+a−b if b ≤ a

(8)

Proof. By definition of R-implications (4), we can write
IHγ

(a, b) = sup
t
{t ∈ [0, 1] : $Hγ

(a, t) ≤ b}. We also have

IHγ
(a, b) = max

t
{t ∈ [0, 1] : $Hγ

(a, t) ≤ b} because $Hγ

is a left-continuous t-norm. Then, solving

a t

γ + (1 − γ) (a + t − a t)
≤ b (9)

gives

t ≤ b (γ + a − γa)
b (γ + a − γa) + a − b

. (10)

Since a ≥ b, it is easy to show that the right part of Eq. (10)
is in [0, 1], hence we obtain Eq.(8).

Proposition 2. Let ($Dγ
), γ ∈]0, +∞[, be the family of

Dombi t-norms. The residual Dombi implication is given by

IDγ (a, b) =


1 if b ≥ a(

1 +

((
1−b

b

)γ

−
(

1−a
a

)γ
)1/γ

)−1

if b < a

(11)

Proof. IDγ
(a, b) = sup

t
{t ∈ [0, 1] : $Hγ

(a, t) ≤ b} by

(4). Since $Dγ
is a left-continuous t-norm, we can write

IDγ
(a, b) = max

t
{t ∈ [0, 1] : $Dγ

(a, t) ≤ b}. Then, solving

(
1 +

((
1 − a

a

)γ

+
(

1 − t

t

)γ)1/γ
)−1

≤ b (12)

gives

t ≤
(

1 +
((1 − b

b

)γ

−
(1 − a

a

)γ
)1/γ

)−1

. (13)

Since, a ≥ b, it is easy to show that((
1−b

b

)γ

−
(

1−a
a

)γ
)1/γ

≥ 0, hence the right part of Eq.

(13) is in [0, 1] and (11) is obtained.

Note that R-implications are mostly used in fuzzy inference
systems, see [8] for a large overview on the use of parametrical
R-implications in fuzzy rule based systems.

4 Some parametrical measures of ambiguity

In this section, the concept of similarity measure and its re-
lationship with ambiguity measures are described. Then we
propose to use fuzzy parametrical implications as new fami-
lies of ambiguity measures to be used for pattern classification
with reject options. The resulting class-selection algorithm
(H-step) is presented and we finally discuss the choice of the
parameter for parametrical implications with the help of nu-
merical examples.

4.1 Proposition and properties

A similarity measure S generally satisfies the following prop-
erties:

(P1) S(a, b) = S(b, a), (symmetry)

(P2) S(a, a) ≥ S(a, b), (minimality)

(P3) S(a, b) = 1 ⇔ a = b, (identity)

However, the symmetry property (P1) is still subject to exper-
imental investigation: if S(a, b) is the answer to the question
how is a similar to b?, then, when making comparisons, sub-
jects focus more on the feature a than on b. This corresponds
to the notion of saliency of a and b [9]: if b is more salient
than a, then a is more similar to b than vice versa, which is
experimentally confirmed. Property (P2) is also open because
it can be violated experimentally, see [9] for details.
There are several ways to deal with the comparison of fuzzy
values, or fuzzy quantities. The first one is based on a broad
class of measures of equality based on a distance measure
which is specified for membership functions of fuzzy sets.
This approach takes its roots from studies on how to measure
the distance between two real functions and do not refer to
any specific interpretation. The general form of a Minkowski
r-metric is usually taken and leads to well known distance
functions (Hamming, Euclidean, Chebyshev). A second way
to compare fuzzy values comes from some basic set-theoretic
considerations where union, intersection and complement are
defined for fuzzy sets. Cardinal and possibility based mea-
sures belong to this category. In this paper, we focus on the
third way to deal with fuzzy values comparison: the logical
framework. Accordingly to [10], for a certain universe of dis-
course D, the degree of equality of two fuzzy elements a and
b can be defined by implications as follows:

(a ≡ b) =
1
2
(
(a → b)∧(b → a)+(ā → b̄)∧(b̄ → ā)

)
(14)

where ∧ stands for minimum, → is an implication and ā is the
strict negation ā = 1 − a.
Since 1 is the neutral element of t-norms, applying Eq. (4)
with a ≥ b gives

(a ≡ b) =
1
2
(
(a → b) + (b̄ → ā)

)
. (15)

A convenient way to define an ambiguity measure is to quan-
tify to which extent two fuzzy membership degrees are sim-
ilar, so that it is closely related to the problem of matching
fuzzy quantities, or fuzzy sets similarity. So we propose to
use fuzzy R-implications as generalized ambiguity measures.
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Given a set of c truth values assumed to be sorted in decreas-
ing order, i.e. u1(x) ≥ · · · ≥ uc(x), with no loss of gen-
erality, let us have two predicates (x is ωi), with the truth
value ui(x), and (x is ωk), with the truth value uk(x). The
truth value of the implication if the pattern x is ωi, then the
pattern x is also ωj , ∀j varying from i + 1 to k is an ambi-
guity measure given by I(ui(x), uk(x)). By convention, we
assume that the assignment of x to ωi is more probable than
the assignment of x to ωk when using this implication because
ui(x) ≥ uk(x) and obviously we have I(ui(x), ui+1(x)) ≥
I(ui(x), uk>i+1(x)).

Proposition 3. Given t ∈ [0, 1], the optimum cardinality of
the generalized class-selective rejection rule is given by

n	(x, t) = min
k∈[1,c]

{
k : I

(
uk(x), uk+1(x)

)
≤ t

}
(16)

with u1(x) ≥ · · · ≥ uc(x), and the convention uc+1(x) = 0.

Since I(a, 0) = 0 if a 	= 0, c classes will be selected if none
were previously selected.

Property 1. If we use the Standard triangular norm min, we
obtain the Ha class-selective rejection scheme [4].

Property 2. If we use the Łukasiewicz triangular norm, we
obtain the Horiuchi class-selective rejection scheme [5].

Property 3. If we use the Algebraic triangular norm, we ob-
tain the Frélicot class-selective rejection scheme [6].

Proofs are straightforward and will be given in a longer
forthcoming paper. Note that modifying Eq.(16) such as

n	(x, t) = min
k∈[0,c]

{
k : I

(
uk(x), uk+1(x)

)
≤ t

}
(17)

with the convention u0(x) = 1 allows to select none of the
classes, i.e. to proceed to distance rejection, since I(1, a) = a
whatever the triangular norm.
The resulting generalized pattern classification rule with reject
options (H−step) is presented in Algorithm 1. It can be used
to compare various schemes, depending on the choice of the
triangular norm.

Algorithm 1: H−step classification algorithm.
Data: a vector of soft class-labels u(x) ∈ Lpc and a

reject threshold t
Result: a vector of class-selective assignments

h(x) ∈ Lc
hc

begin
set h(x) to 0
find n	(x, t) − Eq.(16) or Eq.(17)
foreach j = 1 : n	(x, t)
in decreasing order of uj(x)′s do

set hj(x) = 1
end

end

4.2 Discussion and examples

One of the main difficulties when using t-norms is to choose
the dual couple and if needed to set the parameter value. Let

us study how the choice of γ for Hamacher and Dombi impli-
cations modifies the resulting implication strength.
• Hamacher: increasing the value of γ will make two fuzzy
values more similar because IHγ

(a, b) = ab/(a − b + ab) if
γ = 0 while lim

γ→+∞ IHγ
(a, b) = 1 whatever (a, b) ∈ [0, 1]2.

Indeed, IHγ
is non-decreasing with γ since

∂IHγ

∂γ
=

(b − ab)(a − b)
(b(γ + a − γa) + a − b)2

≥ 0.

The influence of γ is much more significant for low values of
a and b than for high ones because b(γ + a − γa) appears to
be of order b a (respectively b (γ + a)) for high (respectively
low) values of a and b. It follows that if γ1 >> γ2, we have

γ1
γ1+ε >> γ2

γ2+ε , so that large values of γ associated to low
values of (a, b) will result in a high value of IHγ

, see Table 3
for examples.

Table 3: Hamacher implications examples for a = 0.9,
b = 0.8, c = 0.1 and d = 0.05.

γ 0 2 10
IHγ (a, b) 0.87 0.89 0.93
IHγ

(a, c) 0.10 0.12 0.19
IHγ

(c, d) 0.09 0.65 0.90

• Dombi: decreasing the value of γ will make two fuzzy
values more similar because lim

γ→+∞ IDγ
(a, b) = b while

lim
γ→0

IDγ
(a, b) = 1 whatever (a, b) ∈ [0, 1]2. Analogously

to Hamacher family, IDγ
is non-increasing with γ since

∂IDγ

∂γ
≤ 0.

Thus, decreasing γ for the Dombi family has the same impact
as increasing γ for the Hamacher family, so that we expect the
opposite tendency, see Table 4 for examples. The appropriate
tuning of γ can be achieved using a gradient procedure, as in
[11].

Table 4: Dombi implications examples for a = 0.9, b = 0.8,
c = 0.1 and d = 0.05.

γ 0.5 2 10
IDγ

(a, b) 0.97 0.81 0.80
IDγ (a, c) 0.12 0.10 0.10
IDγ (c, d) 0.35 0.06 0.05

The simple graphical example shown in Fig.1 illustrates how
the different implications behave. The top-plot shows a one-
dimensional dataset composed of two classes (� and ×) de-
scribed by a distance-based model (Eqs.(1-2)) with αi = 1
(∀i = 1, c). In the middle, implication truth values for the
standard, algebraic, and Łukasiewicz triangular norms, corre-
sponding to Ha, Frélicot and Horiuchi class-selective schemes
respectively, as well as Chow’s scheme are shown. Truth val-
ues when using parametrical implications are shown in the
bottom-plot. Observing the data points in the top-plot allows
to obtain the bounds of intervals of x values where the classes
do not overlap, therefore for which no misclassification should
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Figure 1: Original outputs using Eqs.(1-2) for two classes with
normal distributions (top), implication truth values with usual
triangular norms (middle) and implication truth values with
Hamacher and Dombi families (bottom).

happen, here xlow ≈ 0.8 and xup ≈ 1.9. Then, the corre-
sponding u1(xlow) and u2(xup) ordinate values can be used
to set the classification threshold t. Then, referring to mea-
sures of ambiguity in the middle - and bottom - plots, the be-
haviour of the different schemes can be analyzed. In such a
situation, Chow’s and Horiuchi’s (Łukasiewicz implication)
schemes would lead to reject too many points in low density
areas, while other schemes do not show these drawbacks. On
the other hand, Ha’s scheme (standard implication) would not
allow to reject simultaneously highly ambiguous and outlying
patterns, whereas schemes based on algebraic or parametrical
implications do (provided an appropriate value for the param-
eter), so a better classification performance can be expected.
One can also see in the bottom-plot that tuning the parameter
allows to reject patterns for ambiguity as well as for distance
(a higher value of γ for the Hamacher family and a lower value
for the Dombi family) as pointed out in the discussion.

5 Experimental results
In this section, we report experiments carried out on both arti-
ficial and real benchmark datasets for which it is beneficial to
introduce the ambiguity reject option because the classes over-
lap in the feature space. The proposed class-selective rejection
scheme is compared to the usual rejection schemes presented
in section 2. For additional comparison, results obtained us-
ing the two very recent classification rules proposed by Tax
and Duin [12] called Outlier-norm and Target-norm are given,
the former being especially designed for distance rejection.
Note we did not detailed these (not usual) rules here because
they do not rely on an ambiguity measure, therefore they can-
not be derived using fuzzy R-implications, by contrast to the
previous ones. In all cases, the L−step was performed using
Eqs.(1-2) with αi = 1 (∀i = 1, c).

5.1 The datasets

Two synthetic datasets are used: D which contains 2000
points drawn from two normal seven-dimensional distribu-
tions of 1000 points each with means v1 = t(1 0 · · · 0)
and v2 = t(−1 0 · · · 0), and equal covariance matrices
Σ1 = Σ2 = I , and DH which consists of two overlapping
gaussian classes with different covariance matrices according
to the Highleyman distribution, each composed of 800 obser-
vations in R

2, see [13]. Real datasets are taken from the UCI
Machine Learning Repository [14]. The characteristics (num-
ber n of patterns, number p of features, number c of classes,
degree of overlap) are reported in Table 5.

Table 5: The datasets and their characteristics.
Dataset n p c Overlap

D 2000 7 2 slight
DH 1600 2 2 very slight

Ionosphere 351 34 2 very strong
Forest 495411 10 2 moderate
Vowel 528 10 11 very slight
Digits 10992 16 10 very slight

Thyroid 215 5 3 very slight
Pima 768 9 2 strong

Statlog 6435 36 6 slight
Glass 214 9 6 moderate

5.2 Results

Table 6 shows the classification performance of the different
rejection schemes obtained by a 10-fold cross-validation pro-
cedure on the different datasets. In all cases, the threshold
t was set to reject 10% of the data, so that 90% is the best
achievable correct classification rate performance, then the er-
ror rate is (90 − correct)%. The best results are indicated in
bold. Note that there are no outliers in the datasets, so that a
part of the rejected points are considered as outliers whereas
they belong to classes.
It appears from these results that parametrical implications
generally outperform usual rejection schemes as well as non
usual ones (Outlier-norm, Target-norm), e.g. IHγ=2 and
IDγ=0.5 . As expected in the previous section, these schemes
enable to reject both ambiguous and outlying patterns. Fur-
thermore, the tradeoff to be found between a scheme which
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Table 6: Classification performance (%) on synthetic and real datasets.
Scheme D DH Ionosphere Forest Vowel Digits Thyroid Pima Statlog Glass
Chow 75.15 83.75 54.42 67.44 87.88 88.03 84.19 59.51 75.66 66.82

Ha 77.35 86.63 54.99 68.35 88.18 87.38 86.98 60.55 75.56 69.63
Horiuchi 77.55 84.31 56.13 69.27 89.09 88.76 86.98 62.89 77.68 68.22
Frélicot 79.65 87.12 58.12 69.73 89.09 89.13 87.91 63.28 77.48 71.03

Hamacher0 80.00 87.12 55.56 69.76 88.99 88.26 87.91 63.15 77.26 70.09
Hamacher2 79.75 87.30 58.12 70.01 89.49 89.17 87.91 63.28 77.78 71.33
Dombi0.5 79.20 86.68 56.41 69.76 89.09 88.96 87.91 63.40 78.12 71.03
Dombi2 78.85 86.38 55.56 69.65 88.89 87.91 87.91 62.50 76.94 70.09

Outlier-norm 76.85 83.31 57.54 67.44 87.88 86.19 84.65 61.33 75.66 69.16
Target-norm 78.80 87.19 56.83 69.69 87.27 86.39 84.19 63.15 75.86 66.82

does not reject outliers (Ha) and others which reject too much
patterns (Chow, Horuichi) appears to favour the choice of im-
plications based on a t-norm which is lower than $S (the
highest t-norm) and greater than $L, e.g. the algebraic or
the parametrical implications (provided an appropriate value
for γ). More generally, rejection schemes that take into ac-
count relationship between fuzzy membership degrees (Hori-
uchi, Frélicot, Hamacher, Dombi) perform better than all the
others schemes we tested. Looking at the degrees of overlap,
IDγ=0.5 (respectively IHγ=2) is more efficient for datasets pre-
senting a slight/very slight (respectively strong/very strong)
overlap.

6 Conclusion and perspectives

In this paper, a generalized class-selective rejection scheme
based on a logical approach to pattern assignation is presented
allowing to either reject only ambiguous patterns or ambigu-
ous and outlying patterns. For this purpose, we propose to de-
sign a family of ambiguity measures based on fuzzy residual
implication functions, which indicate to which extent a pat-
tern should be assigned to n	 classes depending on its mem-
bership degrees from the truth value of the implication. These
measures assess the relationships between membership val-
ues with various combination of triangular norm operators,
including parametrical families. It is shown that the proposed
scheme generalizes well-known ones of the literature on pat-
tern classification with reject options. It appears from exper-
iments on both synthetic and real datasets that using, as the
basis for residual implication computation, triangular norms
greater than the Łukasiewicz triangular norm and lower than
the standard one, gives better classification performance. Fur-
thermore, measures taking in consideration several member-
ship degrees, so that interactions between classes are taken
into account, also give better results.
A future work will consist in defining new class-selective re-
jection schemes based on other parametrical triangular fami-
lies (Sklar, Frank, Yager and so on) and compare their clas-
sification performance. We also think that, depending on the
context of the pattern recognition problem, other implications
functions than the residual implication ones would be suit-
able. We plan to make an extensive study on the behavior
of S-implications which are an immediate generalization of
the usual boolean implication, QL-implications coming from
quantum mechanic logic, and D-implications which are the
contraposition with respect to a negation of QL-implications,
see [7] for definitions.
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1 Introduction

Fuzzy c-means (FCM) [1] is one of the well-known fuzzy
clustering and many FCM variants have been proposed af-
ter FCM. In these variants, an algorithm allowing cluster pro-
totypes to be linear varieties instead of points has been pro-
posed [1]. This algorithm is called fuzzy c-varieties (FCV)
and regarded as the combination of clustering and principal
component analysis. If linear varieties of the prototypes are
limited to one dimensional, FCV is called fuzzy c-lines(FCL).

In general, any data that is represented by numeric have
some errors. In order to classify such data, an algorithm has
been proposed by some of the authors [2]. This algorithm is
called the FCM for data with tolerance (FCM-T). In FCM-T,
the tolerance is regarded as another decision variable compos-
ing the optimization problem like membership grades and the
cluster centers, and is determined as minimizing the objective
function.

In this paper, on the analogy of the story from FCM
to FCM-T, we propose fuzzy c-lines for data with toler-
ance (FCL-T).

The contents of this paper are the followings. In the second
section, we define some notations and introduce FCM-T and
FCL. In the third section, we propose FCL-T. In the fourth sec-
tion, some numerical examples are shown. In the last section,
we conclude this paper.

2 Preliminaries

In this section, we define some notations, introduce fuzzy
c-lines (FCL), and also introduce fuzzy c-means with tol-
erance (FCM-T) derived from conventional fuzzy c-means
(FCM). In the first subsection, we define some notations
which are the data for clustering, the membership by which
the each data belongs to the each cluster, the cluster prototypes
of one dimensional linear manifold. In the second subsection,
we introduce FCL, whose prototypes are one dimensional lin-
ear manifolds. In the third subsection, we define the tolerance
for the data and the maximum tolerance for the data, and in-
troduce FCM-T, which is the story that clustering algorithms
were oriented for data with some errors.

2.1 Notations

In this subsection, we define some notations which are the data
for clustering, the membership by which the each data belongs

to the each cluster, the cluster prototypes of one dimensional
linear manifold.

The data set x = {xi | xi ∈ R
p, i ∈ {1, . . . , N}} is given.

The membership by which xi belongs to the j-th cluster is
denoted by ui,j (i ∈ {1, · · · , N}, j ∈ {1, · · · , C}) and the set

of ui,j is denoted by u ∈ R
N×C called the partition matrix.

The constraint for u is

C∑
j=1

ui,j = 1 (0 ≤ ui,j ≤ 1).

The cluster prototype set is denoted by V = {V1, · · · , VC},
where

Vj = {yj ∈ R
p | yj = vj + tjsj , tj ∈ R}

with v = {vj | vj ∈ R
p, j ∈ {1, . . . , C}} and s = {sj ∈

R
p | ‖sj‖ = 1, j ∈ {1, · · · , C}}.

2.2 Fuzzy c-Lines

In this subsection, we introduce FCL (FCV), whose proto-
types are one dimensional linear manifolds.

FCL is the algorithm obtained by solving the following op-
timization problem:

minimize
u,v,s

J�(u, v, s) (1)

subject to

C∑
j=1

ui,j = 1, ‖sj‖ = 1, (2)

where

J�(u, v, s)

=

N∑
i=1

C∑
j=1

um
i,j

(
‖xi − vj‖

2 − ((xi − vj)sj,�)
2
)
. (3)

The optimal solutions u, v and s are obtained by the following
algorithm.

Algorithm 1 (FCL)

Step 1 Give the number of clusters C and the fuzzifier pa-
rameter m. Set the initial values of v and s.

Step 2 Calculate u such that

ui,j = 1/

C∑
k=1

(
di,j

di,k

)1/(m−1)

, (4)

where

di,j = ‖xi − vj‖
2 − ((xi − vj)sj,�)

2. (5)
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Step 3 Calculate v such that

vj = U−1
j

N∑
i=1

um
i,jxi, (6)

where

Uj =

N∑
i=1

um
i,j . (7)

Step 4 Calculate s as the eigenvector corresponding to the
maximal eigenvalue of the following matrix:

N∑
i=1

um
i,j(xi − vj)(xi − vj)

T. (8)

Step 5 Check the stopping criterion for (u, v, s). If the cri-
terion is not satisfied, go back to Step 2.

2.3 Fuzzy c-Means for Data with Tolerance

In this subsection, we define the tolerance for the data and
the maximum tolerance for the data, and introduce fuzzy c-
means for data with tolerance (FCM-T) [2]. This algorithm
is oriented toward data with error. The tolerance for the data
x is denoted by ε = {εi | εi ∈ R

p, i ∈ {1, . . . , N}}. The
maximum tolerance is denoted by κ = {κi | κi ∈ R+, i ∈
{1, . . . , N}}.

FCM-T is the algorithm obtained by solving the following
optimization problem:

minimize
u,ε,v

Jt(u, ε, v)

subject to




C∑
j=1

ui,j = 1,

‖εi‖
2 ≤ κ2

i (κi > 0),

where

Jt(u, ε, v) =

N∑
i=1

C∑
j=1

um
i,j‖xi + εi − vj‖

2. (9)

The optimal solutions u, ε and v are obtained by the following
algorithm.

Algorithm 2 (FCM-T)

Step 1 Give the number of clusters C, the fuzzifier param-
eter m and the maximum tolerance set κ for data x. Set
the initial values of ε and v.

Step 2 Calculate u such that

ui,j = 1/

C∑
k=1

(
di,j

di,k

)1/(m−1)

, (10)

where

di,j = ‖xi + εi − vj‖
2. (11)

Step 3 Calculate ε such that

εi = −αi


xi −

C∑
j=1

um
i,jvj


 , (12)

where

αi = min


κi

∥∥∥∥∥∥xi −

C∑
j=1

um
i,jvj

∥∥∥∥∥∥
−1

,


 C∑

j=1

um
i,j




−1

 .

(13)

Step 4 Calculate v such that

vj = U−1
j

N∑
i=1

um
i,j(xi + εi), (14)

where

Uj =

N∑
i=1

um
i,j. (15)

Step 5 Check the stopping criterion for (u, ε, v). If the cri-
terion is not satisfied, go back to Step 2.

If the maximal tolerance κi is set to zero, this algorithm is
coincides with FCM without tolerance. This algorithm is exe-
cuting FCM without tolerance for data moving within a region
as shown in Fig. 1.

x1

x1 + ε1

κ1

x2

κ2

x2 + ε2

Figure 1: Data with Tolerance

3 Fuzzy c-Lines for Data with Tolerance

In this section, fuzzy c-lines for data with tolerance (FCL-T)
is proposed. First, the tolerance is formulated and introduce
into optimization problem of FCL. Next, the problem is solved
using Karush-Kuhn-Tucker conditions. Last, the algorithm is
constructed based on the results of solving the problem.

3.1 Optimization Problem and Its KKT conditions

In this subsection, a new optimization problem is proposed
such that the tolerance is formulated and introduce into opti-
mization problem of FCL, and its Karush-Kuhn-Tucker con-
ditions are considered.

Let us consider the following optimization problem:

minimize
u,ε,v,s

J�,t(u, ε, v, s)

subject to




C∑
j=1

ui,j = 1,

‖sj‖ = 1,
‖εi‖

2 ≤ κ2
i ,

(16)
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where

J�,t(u, ε, v, s)

=

N∑
i=1

C∑
j=1

um
i,j

(
‖xi + εi − vj‖

2 − ((xi + εi − vj)sj)
2
)
.

(17)

Lagrange function of this problem L�,t(u, ε, v, s) is described
as below:

L�,t(u, ε, v, s) =Js,�,t(u, ε, v, s) +

N∑
i=1

γi


∑

j=1

ui,j − 1




+

C∑
j=1

ξj

(
sT

j sj − 1
)

+

N∑
i=1

δi

(
‖εi‖

2 − κ2
i

)
. (18)

where γ = (γ1, · · · , γN ), ξ = (ξ1, · · · , ξC) and δ =
(δ1, · · · , δN) are Karush-Kuhn-Tucker vectors. Karush-
Kuhn-Tucker (KKT) conditions are described as below:

∂L�,t

∂ui,j
=0, (19)

∂L�,t

∂vj
=0, (20)

∂L�,t

∂sj
=0, (21)

∂L�,t

∂εi
=0, (22)

∂L�,t

∂γi
=0, (23)

∂L�,t

∂ξj
=0, (24)

∂L�,t

∂δi
=0, (25)

δi
∂L�,t

∂δi
=0, (26)

δi ≥ 0. (27)

3.2 Optimal Solution of ui,j , vj and sj

In this subsection, we derive the optimal solution of ui,j , vj

and sj from the above KKT conditions, and we show that
these solutions are just substituting xi + εi to xi in FCL (Al-
gorithm 1).

From KKT conditions (19) and (23), we have the optimal
solution of ui,j as

ui,j = 1/
∑
k=1

(
di,j

di,k

)1/(m−1)

, (28)

where

di,j = ‖xi + ε − vj‖
2 − (sT

j (xi + εi − vj))
2. (29)

From KKT conditions (20), we have

(E − sjs
T
j )

N∑
i=1

um
i,j(xi + εi − vj) = 0, (30)

where E is the p-dimensional unit matrix. The null space of
the matrix E − sjs

T
j include sj since

(E − sjs
T
j )sj = sj − (sT

j sj)sj = 0. (31)

For the p-dimensional vector w such as wTsj = 0 and as

wTw = 1 and for a scalar value α, we have

(E − sjs
T
j )(αw) =α(w − (sTw)sj)

=αw, (32)

which is equal to 0 if and only if α = 0, hence, the null space
of E − sjs

T
j is just sj . Therefore, Eq.(30) indicates that

N∑
i=1

um
i,j(xi + εi − vj) = asj (33)

for an arbitrary value of a. From the above, we have the opti-
mal solution of vj as

vj =

N∑
i=1

um
i,j(xi + εi) − asj

N∑
i=1

um
i,j

, (34)

in which we may set a = 0 and have

vj =

N∑
i=1

um
i,j(xi + εi)

N∑
i=1

um
i,j

. (35)

From KKT conditions (21) and (24), we have

N∑
i=1

um
i,j(xi + εi − vj)(xi + εi − vj)

Tsj = −ξjsj , (36)

from which we can obtain the optimal solution of sj as the
eigenvector for the maximal eigenvalue of the matrix

N∑
i=1

um
i,j(xi + εi − vj)(xi + εi − vj)

T. (37)

Comparing between Eq. (28) and (4), Eq. (29) and (5),
Eq. (35) and (6), and Eq. (37) and (8), we can see that optimal
solutions in FCL-T is obtained just by substituting xi + εi to
xi in FCL (Algorithm 1).

3.3 Optimal Solution of εi

In this subsection, we obtain the optimal solution of εi from
the KKT conditions.

From KKT conditions (22), (25), (26) and (27), we have


δiE +

C∑
j=1

um
i,j(E − sjs

T
j )


 εi+

C∑
j=1

um
i,j(E − sjs

T
j )(xi − vj) = 0, (38)

δi(‖εi‖
2 − κ2

i ) = 0. (39)
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In order to solve this equation, we discuss in each case that

the matrix


 C∑

j=1

um
i,j(E − sjs

T
j )


 is invertible or not as the

followings.

The matrix


 C∑

j=1

um
i,j

(
E − sjs

T
j

)

 is not invertible if

sj = sj̃ for any j �= j̃ or if there exists j∗ such as ui,j∗ = 1,

though the proof is omitted because of the sake of the pages.

Here, we write s = sj in the case of sj = sj̃ for any j �= j̃
and also write s = sj∗ in the case that there exists j∗ such
as ui,j∗ = 1. In these cases, Eq. (38) is rewritten by set-
ting εi = αs + βw with certain values α and β, and a p-
dimensional vector w such as sTw = 0 and as wTw = 1,
as

β(
C∑

j=1

um
i,j)w + δi(αs + βw)+

(E − ssT)

C∑
j=1

um
i,j(xi − vj) = 0. (40)

Multiplying sT to Eq.(40), we have δiα = 0, which indicates
δi = 0 or α = 0. α = 0 means that εi is orthogonal to s. In
the case of δi = 0, we have

(E − ssT)

C∑
j=1

um
i,j(xi + εi − vj) = 0. (41)

which implies

C∑
j=1

um
i,j(xi + εi − vj) = as (42)

with an arbitrary value a. Hence, we have the optimal solution

of εi in the case that


 C∑

j=1

um
i,j(E − sjs

T
j )


 is not invertible

with δi = 0, as

εi =

as −
C∑

j=1

um
i,j(xi − vj)

C∑
j=1

ui,j

. (43)

If we set a such that εi is orthogonal to s, we can discuss both
the case of δiα = 0 and the base of α = 0 as the followings.
Since sTεi = 0, Eq.(38) is rewritten as
 C∑

j=1

um
i,j


 εi + δiεi + (E − ssT)

C∑
j=1

um
i,j(xi − vj) = 0,

(44)

from which we have

εi = −

(E − ssT)

C∑
j=1

um
i,j(xi − vj)

C∑
j=1

um
i,j + δi

. (45)

If δi = 0, we have

εi = −

(E − ssT)

C∑
j=1

um
i,j(xi − vj)

C∑
j=1

um
i,j

. (46)

If δi �= 0, then ‖εi‖ = κ2
i from Eq. (39), by which we have

‖εi‖
2 =

∥∥∥∥∥∥∥∥∥∥∥

(E − ssT)
C∑

j=1

um
i,j(xi − vj)

C∑
j=1

um
i,j + δi

∥∥∥∥∥∥∥∥∥∥∥

2

= κ2
i . (47)

By solving Eq.(47) as

C∑
j=1

um
i,j + δi =

∥∥∥∥∥∥(E − ssT)

C∑
j=1

um
i,j(xi − vj)

∥∥∥∥∥∥
κi

, (48)

we have

εi = − κi

∥∥∥∥∥∥(E − ssT)

C∑
j=1

um
i,j(xi − vj)

∥∥∥∥∥∥
−1

·

(E − ssT)

C∑
j=1

um
i,j(xi − vj). (49)

Getting Eq.(46) and (49) together, we have the optimal solu-

tion of εi in the case that the matrix


 C∑

j=1

um
i,j

(
E − sjs

T
j

)
is not invertible

εi = − min


κi

∥∥∥∥∥∥(E − ssT)

C∑
j=1

um
i,j(xi − vj)

∥∥∥∥∥∥
−1

,


 C∑

j=1

um
i,j




−1

 (E − ssT)

C∑
j=1

um
i,j(xi − vj). (50)

In the case that


 C∑

j=1

um
i,j(E − sjs

T
j )


 is invertible, we

cannot obtain the explicit form of the optimal solution εi, so,
we apply some numerical method for Eq. (38) and (39) as the
followings. First, we set δi = 0 and solve Eq. (38) as

εi = −


 C∑

j=1

um
i,j(E − sjs

T
j )




−1

·

C∑
j=1

um
i,j(E − sjs

T
j )(xi − vj). (51)

If the obtained value of εi satisfies ‖εi‖
2 ≤ κ2

i , we adopt
this value as the optimal solution of εi. Otherwise, we solve
Eq. (38) with ‖εi‖

2 = κ2
i numerically.
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3.4 Algorithm

In this subsection, we propose an iterative algorithm of fuzzy
c-lines for data with tolerance from the above discussion.

Algorithm 3 (FCL-T)

Step 1 Give the values of the fuzzifier parameter m and the
maximal tolerance set κ. Set the initial cluster center v,
s and ε.

Step 2 Calculate ui,j such that

ui,j = 1/

C∑
k=1

(
di,j

di,k

)1/(m−1)

, (52)

where

di,j = ‖xi + ε − vj‖
2 − (sT

j (xi + εi − vj))
2. (53)

Step 3 Calculate vj such that

vj =

N∑
i=1

um
i,j(xi + εi)

N∑
i=1

um
i,j

. (54)

Step 4 Obtain sj as the eigenvector with the maximal eigen-
value of the matrix

N∑
i=1

um
i,j(xi + εi − vj)(xi + εi − vj)

T. (55)

Step 5 If sj = sj̃ for any j �= j̃ or if there exists j such that

ui,j = 1, obtain εi as

εi = − min


κi

∥∥∥∥∥∥(E − ssT)

C∑
j=1

um
i,j(xi − vj)

∥∥∥∥∥∥
−1

,


 C∑

j=1

um
i,j




−1

 (E − ssT)

C∑
j=1

um
i,j(xi − vj),

(56)

where

s =

{
sj forsj = sj̃ (j �= j̃),

sj∗ for ui,j∗ = 1,
(57)

and go to Step 7. Otherwise, go to Step 6.

Step 6 Calculate

εi = −


 C∑

j=1

um
i,j(E − sjs

T
j )




−1

·

C∑
j=1

um
i,j(E − sjs

T
j )(xi − vj). (58)

If ‖εi‖
2 ≤ κ2

i holds, adopt this εi and go to Step 7.
Otherwise, solve the equation


δiE +

C∑
j=1

um
i,j(E − sjs

T
j )


 εi+

C∑
j=1

um
i,j(E − sjs

T
j )(xi − vj) = 0, (59)

‖εi‖
2 = κ2

i (60)

Step 7 Check the stopping criterion. If the criterion is not
satisfied, go back to Step 2.

If the maximal tolerance κi is set to zero, this algorithm is co-
incides with FCL without tolerance (Algorithm 1). Remark
that Eq. (56) in Algorithm 3 and Eq. (13) for obtaining the tol-
erance in Algorithm 2 are essentially the same with each other,
because Eq. (56) means that the tolerance is obtaining in the
orthogonal complementary space of s in the pattern space. Re-
mark also that there is the quite similarity between Eq. (58) in
Algorithm 3 and Eq. (9.29) in [3] for dealing with the missing
data in linear fuzzy clustering followed by the optimal com-
pletion strategy [4], because Eq. (58) means that the optimal
solution of the tolerance in a certain condition is not affected
by the constraint of the tolerance ‖εi‖ ≤ κ2

i , while Eq. (9.29)
in [3] does not consider the constraint for missing component
of data from the beginning.

4 Numerical Example

In this section, we show some examples of classification by
fuzzy c-lines for data with tolerance (Algorithm 3). In each
example, 100 trials for Algorithm 3 with different initial clus-
ter centers are tested and the solution with the minimal objec-
tive function value is selected as the final result. The classified
dataset is Gustaffson’s cross [5] shown in Fig. 2. This dataset
consists of 20 points (N = 20) in R

2 and forms two visually
apparent linear clusters with the crossing shape.

We fix m = 2 and test four different values of κi ∈
{0, 0.016, 0.032, 0.064}. All cases of κi produce the correctly
classified results shown in Fig. 3, 4 and 5, respectively. Es-
pecially, the cases of κi ∈ {0.032, 0.064} produce the same
results shown in Fig. 5. From Fig. 4, we can see that each data
moves to the direction of its own prototype. From Fig. 5, we
can see that each data moves just on its own prototype.

From these results, we consider the following hypothesis:
if Gustaffson’s cross is generated by adding error followed
by uniform distribution with a width after sampling from the
two crossing exactly linear shaped population, FCL-T (Al-
gorithm 3) produces the shape of the original population by
vj + tsj and also produces the width of the uniform distribu-
tion by κi, though we have not proved it yet.

5 Conclusion

In this paper, we proposed fuzzy c-lines for data with toler-
ance. The proposed method is obtained by introducing the
idea of tolerance, which means that each datum moves within
a region, into fuzzy c-lines. This is the analogy with that fuzzy
c-means for data with tolerance is obtained by introducing the
idea of tolerance into fuzzy c-means. In the numerical exam-
ples, we can see that each data moves to the direction of its
own prototype in setting the positive maximal tolerance, and
that each data moves on its own prototype in setting larger
maximal tolerance.
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From this feature of the proposed method, we consider the
following hypothesis: if dataset is generated by adding er-
ror followed by uniform distribution with a width after sam-
pling from the exactly linear shaped population, FCL-T (Al-
gorithm 3) produces the shape of the original population and
also produces the width of the uniform distribution. But
we must investigate the proposed method theoretically and
through many numerical experiments, which is the first future
work.

As another future works, (1) entropy regularlized fuzzy c-
means [6] for data with tolerance will be proposed by the sim-
ilar discussion, (2) the cases of error followed by other prob-
abilistic distribution will be considered, e.g., the case of error
followed by normal distribution can be considered by adding
the penalty term of squared tolerance, and Laplace one by the
penalty term of absolute value of tolerance.
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Figure 3: Successful Classification Result of Fig. 2 by FCL-
T 3 with m = 2 and κi = 0
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Figure 4: Successful Classification Result of Fig. 2 by FCL-
T 3 with m = 2 and κi = 0.016
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Abstract— A Geographic Information Retrieval (GIR) model is 
defined and the architecture of a GIR system, named Geo-Finder, is 
described. The GIR system is constituted by two main modules. The 
geo-indexing module applies bipolar criteria to automatically 
identify the geo-reference focus (footprint) of textual documents. The 
geo-retrieval module applies a context dependent matching function 
to evaluate queries consisting of two orthogonal constraints, a 
content constraint and a spatial constraint; the spatial constraint is 
defined by modeling the user’s perception of geographic “closeness” 
between the documents’ footprint and the query footprint. For each 
retrieved document, two relevance scores are computed with respect 
to the two query conditions, that can be combined to generate an 
overall ranked list of documents in a flexible way, by allowing users 
to specify a trade off between them. 

Keywords— bipolar criteria evaluation, geo-footprint, geo-
indexing, geographic information retrieval, perception distance, 
spatial query evaluation.

1 Introduction 
The representation and management of Geographic 
Information is becoming a hot topic in the research area of 
information retrieval [9]. Given that about 15% of the 
queries submitted to search engines contain geographic 
names [20], the effective indexing and retrieval of 
geographical information poses new challenges to the 
design of location-based search services [18].

Location based search services allow users to search 
into specialized repositories, and more generally on the 
Internet, documents describing both resources and specific 
contents in the neighbourhood of the user location, or in 
the neighbourhood of a geographic location that is 
explicitly specified in the request. “In the neighbourhood 
of a location” specifies a spatial constraint on the 
geographic content of the retrieved documents, typically a 
constraint on the geographic distance from the desired 
location, like in the request “find Indian restaurants near 
Bergamo university”.

Nevertheless, actual search engines do not enhance the 
influence of the geographical information content in 
evaluating requests containing geographic names. For 
example, the previous request submitted to Google
retrieves as first ranked web page “hotels near Indiana 
University East” that does not satisfy the spatial constraint 
to be close to Bergamo. Generally, search engines are able 
to find specific resources such as hotels, restaurants, 
hospitals, in the neighbourhood of a locality, e.g. “find

hospital near Milan”, but this works only for specific 
resources, and moreover the ranking does not depend on 
the distance from the specified locality.  

Furthermore, the indexing process does not extract 
most of these places automatically; consequently many 
web pages related to the query are not displayed as a result. 
In fact, many of the results obtained by a Google search are 
relative to resources that have directly informed Google of 
their geographical position. More specialized services has 
been developed for automatically mapping documents. For 
example, MetaCarta [11] is a system that geo-tags news, 
and allows searches in which one can distinctly specify the 
content constraint and the location of the news. However, 
this system is unable to retrieve news in the neighbourhood 
of a desired locality.  

The identification of the geographic names, and 
successively the selection of the geographic reference focus
(footprint) of web pages have been dealt with in several 
papers [1][2] [8][15]. Other papers considered the problem 
of spatial query evaluation [3][13][23]. In [15] the problem 
of implicit location identification is considered.

In this paper, after introducing the main problems 
involved in the design of a GIR system, we describe our 
GIR model and the system, named Geo-Finder,
implementing it.  

The main characteristics of the proposed geo-indexing 
model is the integration of multiple bipolar criteria 
satisfaction degrees [4][6][12][17][25], computed based on 
context dependent rules. Some criteria have a positive 
influence on the selection of the geographic names as 
footprints of the document; others have a negative 
influence. The positive and the negative constraints are 
heterogeneous and express pieces of information of a 
different nature [4]. The footprint of a document is 
represented as a fuzzy set of geographic coordinates (i.e., 
latitude and longitude, identifying the location and extent on 
the Earth surface of the geographic names occurring in the 
document) with membership degrees expressing their 
strength in defining the document footprint.  

Second, we propose a distance measure to model the 
evaluation of the spatial query constraint, named “user’s 
perception” distance. This distance measure depends on 
several aspects modelling the user context, such as the 
spatial scope of the query.  

Finally, the system user interface maps the bi-
dimensional relevance of retrieved documents in a Cartesian 
plane. The axes correspond to two orthogonal criteria 
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(content constraint, geographic constraint), and the distance 
from the origin is inversely proportional to the global 
relevance of the documents. The user can also obtain a 
unique ranked list by choosing a trade-off of the two criteria 
satisfaction degrees based on their linear combination.

2 Why Geographic Information Retrieval is 
difficult

Geographic Information Retrieval (GIR) can be considered 
a specialized area of Information Retrieval, with an 
emphasis on the geographic indexing and geographic 
retrieval. GIR deals with any kind of information, i.e., not 
just maps or images but also texts, that have some relation to 
one or more locations on the Earth’s surface, i.e., geo-
referenced information [22]. Most of the information 
available on the Internet and in digital libraries is implicitly 
geo-referenced.

Often the link to the place (geographic footprint) is 
encoded by a geographic name. Geographic indexing 
implies the identification of the geographic names in a text 
and their translation into footprints, which are two 
operations that imply the management of imprecision, 
ambiguity, and incompleteness.  

Often geographic names are ambiguous [14][21], some of 
them are homonymous of general terms (e.g. “Los
Angeles”), some others identify distinct places on the Earth 
(e.g.“Rome”) or are temporal (e.g.“Leningrad”,
“Petersburg”, “St Petersburg” ), or even are local names 
whose recognition relies on the knowledge of the local 
language.  

Further, some pseudo-names are imprecise (e.g. “around
Milan”) or implicitly mentioned (e.g. “the capital of Italy”),
or depending on the context (e.g. “highest peak” implicitly 
identifies “Mont Blanc” in a text describing the Alps). In 
[19] it has been argued that, given all these characteristics, 
geographic indexing can be feasibly faced by considering 
large corpora of geographic knowledge and heuristic rules.   

On the other side, geographic retrieval implies being able 
to retrieve documents whose geographic focus satisfies a 
spatial constraint specified in a query. Generally, the spatial 
constraint demands the document footprint to be “in the 
neighbourhood of a place”, i.e., it is a constraint on the 
distance. However, in this context the geographic distance is 
not merely Euclidean, but is related to the user’s spatial 
context of interest, that can be related to the human 
perception of the time needed to cover it [5].

When a user searches resources or documents on the 
internet that are close to his/her current location, the 
judgment on the distance is related to his/her perception, 
depending on the fact that he/she is walking, driving or 
flying. Then, the constraint on the distance depends on the 
request and users’ context.  

Besides distance, other topological constraints could be 
defined, e.g., inclusion, overlapping, at the south/north of a 
specific region. Also these constraints must be interpreted in 
a tolerant, approximate way.  

Then, geographic retrieval can draw benefits by defining 
the spatial constraints as soft, context dependent constraints, 
admitting degrees of satisfaction.  

Figure1. Architecture of the Geographic Information 
Retrieval system Geo-Finder

3 The Architecture of the Geographic 
Information Retrieval System Geo-Finder

In this section we present the general architecture of the 
GIR system named Geo-Finder, that we designed and 
implemented. The architecture is depicted in Figure 1.  

The system has the typical structure of an IRS, 
consisting of two main components: the Indexing Module
and the Retrieval Module (named GeoSearch).

The Indexing Module has two main sub-modules: the 
Full-Text Indexing sub-module performs the full text 
indexing of the documents to represent their generic 
content, and generates the textual inverted index.  

The GeoIndexing sub-module is the novel component, 
specialized in the identification of the footprints of 
documents, representing their geographic focus. This sub-
module makes use of a gazetteer stored into a PostgreSQL 
database, containing the names of geographic entities (both 
administrative and physical entities) of all over the world, in 
English language and local languages (GeoNames) [10].

Once the GeoIndexing module has identified the 
footprints, it also stores them into the geographic index, that 
is a posting file containing the documents’ identifiers and 
their footprints.   

On the other side, the GeoSearch module interprets 
queries composed of two conditions. On the left hand side 
of the GeoSearch box in Figure 1, the generic content 
condition can be specified as a set of keywords, which 
define the generic content constraint on the documents’ full 
text content representation. On the right hand side, the 
spatial condition can be specified as a geographic name, 
which is used to define the spatial constraint on the 
documents’ footprints.  

The GeoIndexing module parses the terms in the spatial 
condition to identify their footprint. These two conditions 
are evaluated by the sub-modules named Content Matching 
module (based on the Lucene library) and Spatial Matching 
module, based on perception distance (that is based on the 
original geo-retrieval model introduced in the next section), 
respectively.

In order to be retrieved, a document must satisfy, at least 
a little, the first content based condition (necessary 
condition), while the spatial condition is used for 
conditioning the ranking of the documents (optional 
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condition). Then, the two conditions are merged by an “and
possibly” aggregator, applied by the Merging sub-module 
that combines the satisfaction degrees of the two constraints, 
in order to obtain a unique value that performs the global 
ranking of documents.  In the combination, one can give 
more preference to one of the two conditions, in order to 
emphasize the influence on the global ranking of either the 
document content or the document footprint. 

4 The Geo-Retrieval Model  
In this section, we describe the geo-retrieval model at the 
basis of the system implementation. In the first subsection 
the GeoIndexing model is described. In the second 
subsection, we introduce the geo-retrieval model at the basis 
of the GeoSearch component.  

4.1 The GeoIndexing model  
The GeoIndexing model is defined to identify for each 
document its footprint. A footprint of a document d,
Foot(d), is as a fuzzy set of geographic coordinates 
gc=(lat,lon), lat=latitude lon=longitude, expressed in 
degrees, with a membership degree
�Foot(d)(gc)=GeoRef(gc)	[0,1] representing the strength by 
which the geographic location gc, named gw, belongs to 
the footprint of the document d.

Foot(d)={GeoRef(gc1)/gc1,...,GeoRef(gcn)/gcn } 

A document is represented as a stream of tokens <t>.
Some terms t have been selected as content indexes and thus 
are in the dictionary. For each of them, the frequency in the 
collection is known, while in the posting list we enter the 
documents in which they appear with their significance 
degrees F(d,t). The significance degree is usually defined 
based on statistic analysis of the document text [16].

Besides this information, in the posting list we can also 
find the positions of the occurrences of the index terms in 
the document text, occk(ti,d), the k-th occurrence of ti in
d.

The identification of the document footprint is achieved 
in three steps, where distinct sets of heuristic rules are 
evaluated. Each set of rules acts as a filter on the input 
terms, so that only those terms whose global satisfaction 
degree of the set of rules is above a threshold are selected as 
input to the second step. 

The GeoIndexing module implements this geoindexing 
model. It operates in two subsequent phases: first, it 
performs a GeoParsing that applies the first two sets of 
rules to detect the candidate geographic names (gw). Then, 
the GeoCoding sub-module identifies the document 
footprint Foot(d) and stores it in a file with the document 
unique identifier d.

The first set of rules consists of Name Entity 
Recognition (NER) rules, aimed at reducing the set of terms 
among which to successively select the candidate 
geographic names e.g.:  

if Language(d)=“English”���
   FirstChar(t)=Capital then return(t).

The second set of rules receives, in input, a stream of 
previously selected terms, hereafter indicated by gw, and 
filters the candidate geographic names, a subset of the input 
terms. It applies bipolar [4] context dependent rules (ri)
exploiting a gazetteer [10] and computing independently a 
satisfaction degree s(gw) and a dissatisfaction degree d(gw)
that denote to what extent gw is a geo-name and is not a 
geo-name, respectively.  

The aggregation of the positive (negative) rules is done 
based on a Generalized Conjunction Disjunction function 
(GCD) [12], that, for distinct values of the parameter p, can 
model aggregations from completely compensative (or), 
where each rule can replace any other, to completely not 
compensative (and), where all rule must be satisfied 
simultaneously [6]:
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The rules ri and jr  assume a value in [0,1]. ps and pd
are set so as to define (partially) compensative aggregations. 
In our experiment we used ps=pd=20, i.e., towards or like 
aggregation [6].

ji ,  	[0,1] with 1,1 n
1i j

m
1i i �� �� ��    are the 

weights of the rules, i.e. their importance degrees in the 
aggregation, and are determined based on statistical analysis 
on a sample set of documents of a collection, and are set in a 
configuration file that is read by the GeoParsing sub-
module during index generation. This way, the geoindexing 
can be suited to the characteristics of a collection.  

The satisfaction of a rule ri with i=1,m is interpreted as a 
hint of evidence that gw is a geographic name; thus the first 
m rules have a positive influence on the recognition of gw as 
a candidate geoname, like, e.g., the following two rules: 

If gw 	 gazetteer � !gwk 	 d
� gwk=administrative_distr(gw)"r2(gw)=#$%
�|occi(gw,d)-occj(gwk,d)|<&�"r2(gw)=r2(gw)+#$%

E.g.if gw=“San Francisco”and gwk=“California”,
its administrative district, occurs in the same document d
at a maximum distance &�' words, then 
r2(gw)=()�otherwise if the occurrences are at a greater 
distance than & the rule is only partially satisfied, i.e., 
r2(gw)=#$%.

Another rule is the following: 

If gw 	 gazetteer � gw-1 	 prefix " r3(gw)=(

e.g. if gw=“Blanc” is preceded by gw-1=“Mount” that 
belongs to the set prefix of prefixes of geographic names 
such as Mount, lake, city, river, then 
r3(gw)=(.

Conversely, the satisfaction of a rule jr  with j=1,n is 
interpreted as a hint of evidence that gw is not a geographic 
name. Thus, these rules have a negative influence, like the 
following one: 

If gw 	 gazetteer � gw 	 Stopwords " 4r (gw)=(
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e.g. gw =”Nice”  is a stop-word too.  
For each input gw, a geo-score GeoScore(gw)	[0,1] is 

computed based on the values of s(gw) and d(gw) as 
follows: 

�
�
 *�� otherwiseif0

)(d)(sif)(d)(s)(GeoScore gwgwgwgwgw

We select the gw with GeoScore(gw)>+�*�# as reliable 
geographic names. This threshold allows restricting the 
footprint of a document to reduce the possibility of 
identifying false positives. +��must be set based on 
experimentations, and is also specified in the configuration 
file. The greater it is, the smaller is the possibility of 
selecting false geo-names. Generally, it is better to lose 
some true geo-names than to select false ones. 

The third set of rules, used in the third step by the 
GeoCoding sub-module, is aimed at identifying, from the 
reliable geographic names, the geographic locations that 
belong to the document footprint (i.e., the fuzzy set Foot(d)
of pairs of geographic coordinates). 

For each of the selected geo-names, gw, a (set) of pair(s) 
of geographic coordinates GCgw={gc1,…,gcn}, with 
gc=(lat,lon),  is retrieved from the gazetteer. Each
pair gc is a geocode of gw, uniquely identifying a 
geographic place on the geographic domain. Notice that 
homonymous geo-names have the same name but distinct 
gc pairs.  

For each geocode associated with a selected gw, a geo-
reference score (GeoRef(gc))	[0,1] is computed, that 
expresses the strength by which gw, located in gc, belongs 
to the document footprint (i.e. it is marginal or central in 
defining the geographic focus of the document).  

A true geographic name can be correctly identified in a 
document, but it can be meaningless in defining the 
geographic focus of the document itself. Let us consider, for 
example, the geographic names that are often present at the 
very end of web pages or in their footnotes: they generally 
have nothing to do with the document content, but are 
related with the affiliation of the web master, and thus must 
not define the document footprint.

Also these rules have a satisfaction degree r’i(gc)	
[0,1] that is dependent on some variable.  For example, the 
frequency F(d,gw)of a geoname gw in a document d,
increases the strength of its geocodes in the footprint 
proportionally to the degree by which the geoname was 
recognized as a candidate geo-name s(gw), and inversely 
proportional to the degree by which it was recognized as not 
being a geo-name d(gw). This is represented by the 
following rule: 

r’1(gc)���significant�F(d,gw)*GeoScore(gw))

with gc	GCgw and �significant is a monotonic non-
decreasing membership function.  

Another rule evaluates the presence of another geoname 
gwk in d, whose geo-code is geographically near to that of 
gw (at a maximum geographic distance dist equal top 
&�$�When this occurs, it  increases GeoRef(gc).That is:

r’2(gc)=max(0,&�dist(gc,gck))

withgc	GCgw, gck	GCgwk and gwk 	d.
The population attribute of an administrative name gw,

that has multiple geocodes, indicated by population(gc),
is used to favour the influence of big cities w.r.t. small ones 
having the same geoname in the footprint: 

r’3(gc)=��population(gc))/maxk(population(gck))
gw 	gazetteer, gc,gck	GCgw

This rule allows us to resolve ambiguities, generated by 
homonymous geographic names, that is, to favour the 
geographic coordinates (geo-codes) that most likely belong 
to the document footprint.  

These rules are aggregated based on a GCD  
aggregation, in which each rule has a weight 	[0,1], with 

, determined based on statistical analysis and 
the parameter p=1, neutral aggregation (all configurable): 
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A minimum threshold ,*# on GeoRef(gc)
(configurable) restricts the footprint of a document to reduce 
its extent. Therefore, at the end of this model, for each 
geoname we have two different scores: GeoScore(gw)>+�*�#
and GeoRef(gc)>�,�*�#.  Figure 2 shows the geonames 
extracted from a sample paper. The map was generated by 
the Mapping module: this module creates distinct graphic 
metafiles for each document to map the footprint in distinct 
graphic environments, such as Gmaps for Google maps (see 
figure 2), KML for Google Earth, and GPX for GPS data 
format environments . 

Figure 2. Google map of a document footprint, generated by 
Geo-Finder mapping module. The hue of the red pins 
represents the degree of the geo-Reference scores of the 
localities in the document footprint. A table with the 
geographic coordinates in the footprint and their country 
code and population attribute is also reported. 
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4.2 The GeoRetrieval model   
The GeoRetrieval model takes the footprint (Foot(q)) of the  
spatial query condition q, that consists of a single or a set of 
geographic names. The footprint Foot(q), if not directly 
found in the geographic index, is identified by applying the 
GeoParsing and GeoCoding rules described in the previous 
subsection.  

For each document d that has been retrieved by the 
Content-based Matching module, we match its footprint,
Foot(d)  w.r.t. the query Footprint Foot(q) by applying 
formula (3). This matching function defines the semantics of 
the soft spatial constraint “close” that computes a degree of 
satisfaction GRS(d)	[0,1] (GeoRelevanceScore) as follows: 

� )q(Foot),d(Foot)d(GRS close ���                (3) 
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and Maxdist(X) is the maximum geographic distance (dist)
of any two elements in the footprint X.
i and j represent  the  i-th and j-th pairs of geographic 
coordinates latitude and longitude in the footprints of the 
document d, with membership degrees GeoRef(i), and of 
the query q, with membership degrees GeoRef(j) that is 
assumed equal to 1. 

The qscope function models the “user perception” 
distance measure, where Maxdist(Foot(q)) is the query 
footprint maximum dispersion. 4 and  k are constant values 
that define the query scope and are set without user explicit 
input.  

We consider four main query scopes, a full scope 
considering the whole globe, a large scope, considering an 
area covered by a continent or a big country like Russia, a 
meso scope considering an area of a nation or a big region, 
and a small scope considering a city and its surroundings. 
Each scope has specific values for the parameters (e.g. k=3,
4=10km is associated with a small scope, k=30, 4=100km
with a meso scope).

4 is the query range, and is useful in the case of a query 
footprint consisting of a single geographic coordinate pair in 
order to retrieve also documents with footprint in the 
surrounding places. Distinct 4 can adapt the evaluation of 
the spatial constraint “close” to the user perception; thus, 
modelling strict or relaxed interpretations of the close
surrounding of a point. k allows to model a tolerance on the 
geographic distance between a document footprint and the 
query footprint that is equal to k times the query maximum 
dispersion, i.e., Maxdist(Foot(q)). This allows enlarging or 
reducing the query scope. This parameter can be related to 
the scale of the map needed to represent the minimum 

bounding box of the Minkowski sum of Foot(q) and a circle 
of radius k [7].

For example, if one specifies the two geonames 
Bergamo, Como (Como being at about 40km from 
Bergamo) as spatial condition, and the query scope is small
(i.e. k=3 and 4=10km ) documents with footprints at a 
maximum distance of 130 km from the query footprint are 
retrieved (e.g. both documents in Milano and Lugano  are 
retrieved while a document with a footprint in Rome is not).  

On the other side, a query with footprint in Bergamo,
Dalmine  (10 km from Bergamo in Milano direction) will 
retrieve documents at a maximum distance from the query 
footprint of 40 km, (e.g. it will retrieve just the document in 
“Milano” and not the one in “Lugano”).

Figure 3 depicts the GeoSearch user interface of the GIR 
system. At the top, there are two text forms for submitting 
the content (left) and spatial (right) query condition.  

Bottom, on the right panel the bi-dimensional relevance 
domain is depicted, in with each point corresponds to a 
retrieved document. The origin identifies the query. The 
document’s X coordinate (Y coordinate) is its relevance 
degree w.r.t. spatial (general content) query constraint. The 
closest the document is to the origin, the most relevant it is 
with respect to at least one query constraint.  

On the left panel, the ordered list of retrieved documents 
is reported corresponding with a merging of the two 
relevance degrees giving equal importance to the two 
conditions. By moving the sliding bar at the top of this 
panel, it is possible to modify the preference between the 
two conditions and thus to re-rank the documents 
accordingly. This is achieved by a linear combination of the 
relevance rankings.  

5 Conclusions  
The system has undergone a first evaluation based on a 
collection of 1100 documents in Italian and English with an 
average length of 800 words. The collection comprehends 
research papers on geological studies carried out at IDPA 
CNR, Reuters news of the RCV1 collection, and web pages 
of the Open Directory Project.

This first evaluation was aimed at estimating the ability 
of the GeoParser to identify the correct geonames in 
documents text. For each document, we classified its geo-
names and we compared the classification with respect to 
the footprints of the documents. We achieved a recall of 
91% and a precision of 93%. Nevertheless, these results are 
preliminary, and further tests are needed to complete the 
evaluation.  

The contributions of this proposal with respect to current 
practice are several: first of all, the computation of a fuzzy 
footprint to represent the geo-reference focus of a textual 
document, based on a bipolar criteria decision process; 
second, the use of a user’s perception based distance 
measure at the basis of the computation of the degree of 
satisfaction of the spatial query constraint; third, the 
evaluation of a bi-dimensional relevance score, and the 
possibility to flexibly merge the two rankings into a single 
one by specifying a relative importance weight of the two 
query constraints.  
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Figure 3. GeoSearch user interface of Geo-Finder: at the top the two query fields for specifying the content based 
condition=“heat pump” and spatial condition=“Sao Paulo”); below the two results panels. On the right side the bi-
dimensional relevance graph, on the left the ranked list (merging with equal priority the two relevance scores).  
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Abstract— In this paper, possibilistic linear programming prob-
lems are investigated. After reviewing relations among conjunction
and implication functions, necessity fractile optimization models with
various implication functions are applied to the possibilistic linear
problems. We show that the necessity fractile optimization models
are reduced to semi-infinite linear programming problems. A sim-
ple numerical example is given to demonstrate the correctness of the
result. The paper is concluded with some remarks for further devel-
opments.

Keywords— Possibilistic linear programming, semi-infinite linear
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function

1 Introduction
Fuzzy and possibilistic programming approaches are proposed
to mathematical programming problems with ambiguity and
vagueness [1, 2, 3]. By those approaches, we obtain reason-
able solutions under conflicting soft constraints and goals, ro-
bust solutions under hard and soft constraints, hopeful solu-
tions of attaining high-level goals, and so on. In possibilistic
programming approaches, possibility and necessity measures
are used to reduce the problems to the conventional program-
ming problems. Many results demonstrate that possibilistic
linear programming problems preserve the linearity in the re-
duced problems when possibility and necessity measures are
defined by minimum operation and Dienes implication func-
tion. However, cases with the other conjunction and impli-
cation functions have not yet considerably investigated while
several alternative approaches [4, 5] have been proposed in
calculation of linear functions with fuzzy coefficients.

In this paper, we treat necessity fractile optimization model
of possibilistic linear programming problems with soft con-
straints. We note that soft constraints include hard con-
straints as a special case. Then the problems are more general
than problems with hard constraints. To construct necessity
measures, we allow arbitrary implication satisfying weak re-
quirements. Moreover, implication functions can be different
among constraints. By the properties of implication functions,
we show that necessity fractile optimization problems are re-
duced to a semi-infinite linear programming problems. There-
fore the problems can be approximated by linear programming
problems or the solutions can be obtained by a relaxation pro-
cedure together with the simplex method.

In next section, we briefly review the closure of gener-
ation procedures among conjunction and implication func-
tions. Moreover, we introduce possibility and necessity mea-
sures. Possibilistic linear programming problems with soft

constraints are given and reduced to the conventional pro-
gramming problems through necessity fractile optimization
models in Section 3. The main results are shown together with
a conceivable solution procedure. in Section 4. In Section 5,
a simple numerical example is given to demonstrate the cor-
rectness of the main result.

2 Conjunction and Implication Functions
2.1 Definitions
In this paper, a conjunction function is defined as a two-place
function T : [0, 1] × [0, 1] → [0, 1] satisfying

(T0) T is lower semi-continuous, (semi-continuity)
(T1) T (0, 0) = T (0, 1) = T (1, 0) = 0 and T (1, 1) = 1,

(boundary condition)
(T2) T (a, b) ≤ T (c, d) if 0 ≤ a ≤ c ≤ 1 and

0 ≤ b ≤ d ≤ 1. (monotonicity)
A conjunction function T satisfies the following proper-

ties (t1) T (a, 1) = T (1, a) = a for any a ∈ [0, 1], (T3)
T (a, b) = T (b, a) for any a, b ∈ [0, 1] (commutativity) and
(T4) T (a, T (b, c)) = T (T (a, b), c) for any a, b, c ∈ [0, 1] (as-
sociativity) is known as a triangular norm.

In this paper, an implication function is a two-place function
I : [0, 1] × [0, 1] → [0, 1] satisfying

(I0) I is upper semi-continuous, (semi-continuity)
(I1) I(0, 0) = I(0, 1) = I(1, 1) = 1 and I(1, 0) = 0,

(boundary condition)
(I2) I(a, b) ≤ I(c, d) if 0 ≤ c ≤ a ≤ 1 and

0 ≤ b ≤ d ≤ 1. (monotonicity)

Given a conjunction function and/or a strong negation n,
an implication function can be generated through a transfor-
mation. The following three transformations are frequently
adopted in the literature for implication generators:

IR[T ](a, b) = sup{s ∈ [0, 1] | T (a, s) ≤ b}, (1)
IS[T ](a, b) = n(T (a, n(b))), (2)

Ir−R[T ](a, b) = sup{s ∈ [0, 1] | T (n(b), s) ≤ n(a)}. (3)

The first one, IR, is encountered in the maximum solution of
a fuzzy relation equation [6] and adopted in view of modus
ponens. The second one, IS, is introduced in analogy to
Boolean logic. The last one, Ir−R is reciprocal to the first one
which is obtained by taking a contraposition of the first one.
When T is a t-norm, IR[T ], IS[T ] and Ir−R[T ] are called R-
implication (residual implication), S-implication and recipro-
cal R-implication, respectively. Whereas IS produces an im-
plication function from an arbitrary conjunction function T ,
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Figure 1: Conjunction and implication generation

IR and Ir−R produce an implication function from a conjunc-
tion function which satisfies

T (1, a) > 0 for any a > 0. (4)

On the other hand, a conjunction function can be generated
from an implication function through a transformation,

T I[I](a, b) = n(I(a, n(b))). (5)

This transformation is symmetrical to IS. From an implication
function, a conjunction function is produced through T I.

A conjunction function in this paper is not commutative.
Thus, a new conjunction function may be generated from a
conjunction function through

TT[T ](a, b) = T (b, a). (6)

2.2 Closure of generation processes
For the transformations (1)–(3), (5) and (6), the following
equalities can be easily shown:

T I ◦ IS = id., IS ◦ T I = id., TT ◦ TT = id., (7)
IS ◦ TT ◦ T I ◦ IR = Ir−R, (8)

where ‘◦’ denotes a composition, for example, T I ◦ IR is a
composite transformation of IR and T I, i.e.,

T I ◦ IR[T ](a, b) = T I[IR[T ]](a, b).

The notation ‘id.’ stands for the identical transformation.
From (T0), we have the following equalities [7]:

IR ◦ T I ◦ IR[T ] = IS[T ], (9)
Ir−R ◦ T I ◦ IR ◦ TT[T ] = IS[T ], (10)

IR ◦ T I ◦ Ir−R ◦ TT[T ] = Ir−R[T ], (11)
Ir−R ◦ T I ◦ Ir−R ◦ TT[T ] = IR[T ], (12)

Equations (7)–(12) are summed up by Figure 1. As shown
in Figure 1, the generation processes from a lower semi-
continuous conjunction function as well as from an upper
semi-continuous implication function are closed. This result is
given by Inuiguchi and Sakawa [7] as the generalization of the
result by Dubois and Prade [8]. Note that the semi-continuity
is preserved through the generation processes [7].

As shown in Figure 1, we have six conjunction functions
and six implication functions. The mappings among those
twelve functions are given in Table 1. The inverse mappings
are also indicated in Table 1. Some of those functions often
appear in literatures on fuzzy relation equations, fuzzy logic,
approximate reasoning and so on.

2.3 Possibility and necessity measures
Given a possible range V , the possibility and necessity mea-
sures ΠV (S) and NV (S) of a fuzzy event S are defined by

ΠV (S) = sup
u∈U

T (µV (u), µS(u)), (13)

NV (S) = inf
u∈U

I(µV (u), µS(u)), (14)

where µV and µS are membership functions of fuzzy sets V
and S, respectively. U is the universal set. ΠV (S) indicates
the degree to what extent S is possible under possible range V ,
while NV (S) indicates the degree to what extent S is certain
under possible range V .

Neither possibility measure nor necessity measure is
unique. Therefore, we need to select possibility and necessity
measures suitable for the given problem. By their definitions,
selections of possibility and necessity measures are equivalent
to selections of conjunction and implication functions. In the
literature, minimum operation, i.e., T (a, b) = min(a, b) and
Dienes implication, i.e., I(a, b) = max(1 − a, b) are often
used because they are simple and used in the original defini-
tions of possibility and necessity measures [9, 10]. However,
there is no guarantee that those possibility and necessity mea-
sures represent the decision maker’s preferences well. Consid-
ering the variety of decision maker’s preferences, the original
possibility and necessity measures are not sufficiently flexible.
Then the selections of possibility and necessity measures are
important issues.

A conceivable approach to their selections are proposed by
Inuiguchi and Tanino [11] and by Inuiguchi et al. [12]. The ap-
proach is based on the images of relations between two fuzzy
sets represented by two modifier functions. Because of space
limitations, we do not introduce this approach but we treat
various kinds of necessity measures in the framework of pos-
sibilistic linear programming problems.

3 Linear Program with Necessity Measures
We consider a possibilistic linear programming problem,

maximize cTx,
subject to aT

i x <∼ i bi, i = 1, 2, . . . , m,
x ≥ 0,

(15)

where x = (x1, x2, . . . , xn)T is a decision vector. bi, i =
1, 2, . . . , m are constants. Components cj and aij of c and ai

are not known exactly but the possible ranges of those values
are known as fuzzy numbers Cj and Aij , respectively. A fuzzy
number is a normal, convex and bounded fuzzy set on the real
line whose membership function is upper semi-continuous.
The notation <∼ i is a fuzzified inequality so that <∼ i bi cor-
responds to a fuzzy set Bi with verbal expression ‘a set of
real numbers which are roughly smaller than bi’. We assume
that the membership function µBi of Bi is non-increasing and
upper semi-continuous and satisfies µBi(bi) = 1.
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Table 1: Mappings among twelve conjunction and implication functions

conjunction → implication
Φ Φ(a, b) inverse

IR[T ] sup{s ∈ [0, 1] | T (a, s) ≤ b} T I[IR[T I[I]]]
IS[T ] n(T (a, n(b))) T I[I]

Ir−R[T ] sup{s ∈ [0, 1] | T (n(b), s) ≤ n(a)} T I[IR[TT[T I[I]]]]
IR[TT[T ]] sup{s ∈ [0, 1] | T (s, a) ≤ b} T I[Ir−R[T I[I]]]
IS[TT[T ]] n(T (n(b), a)) TT[T I[I]]

Ir−R[TT[T ]] sup{s ∈ [0, 1] | T (s, n(b)) ≤ n(a)} T I[Ir−R[TT[T I[I]]]]

implication → conjunction
Φ Φ(a, b) inverse

T I[I] n(I(a, n(b))) IS[T ]
TT[T I[I]] n(I(b, n(a))) IS[TT[T ]]

T I[IR[T I[I]]] inf{s ∈ [0, 1] | I(a, s) ≥ b} IR[T ]
T I[Ir−R[T I[I]]] inf{s ∈ [0, 1] | I(b, s) ≥ a} IR[TT[T ]]

T I[IR[TT[T I[I]]]] inf{s ∈ [0, 1] | I(n(s), n(a)) ≥ b} Ir−R[T ]
T I[Ir−R[TT[T I[I]]]] inf{s ∈ [0, 1] | I(n(s), n(b)) ≥ a} Ir−R[TT[T ]]

conjunction → conjunction
Φ Φ(a, b) inverse

TT[T ] T (b, a) TT[T ]
T I[IR[T ]] n(sup{s ∈ [0, 1] | T (a, s) ≤ n(b)}) T I[IR[T ]]

T I[Ir−R[T ]] n(sup{s ∈ [0, 1] | T (b, s) ≤ n(a)}) T I[IR[TT[T ]]]
T I[IR[TT[T ]]] n(sup{s ∈ [0, 1] | T (s, a) ≤ n(b)}) T I[Ir−R[T ]]

T I[Ir−R[TT[T ]]] n(sup{s ∈ [0, 1] | T (s, b) ≤ n(a)}) T I[Ir−R[TT[T ]]]

implication → implication
Φ Φ(a, b) inverse

IR[T I[I]] sup{s ∈ [0, 1] | I(a, n(s)) ≥ n(b)} IR[T I[I]]
Ir−R[T I[I]] sup{s ∈ [0, 1] | I(n(b), n(s)) ≥ a} IR[TT[T I[I]]]

IR[TT[T I[I]]] sup{s ∈ [0, 1] | I(s, n(a)) ≥ n(b)} Ir−R[T I[I]]
IS[TT[T I[I]]] I(n(b), n(a)) IS[TT[T I[I]]]

Ir−R[TT[T I[I]]] sup{s ∈ [0, 1] | I(s, b) ≥ a} Ir−R[TT[T I[I]]]

By the extension principle, the possible ranges of cTx and
aT

i x are obtained as fuzzy sets CTx and AT
i x, respectively,

defined by the following membership functions:

µCTx(y) = sup
r1,...,rn

rTx=y

min (µC1(r1), . . . , µCn(rn)) , (16)

µAT
i x(y) = sup

r1,...,rn

rTx=y

min (µAi1(r1), . . . , µAin(rn)) , (17)

where r = (r1, . . . , rn)T.
Using a necessity measure N i defined by an upper semi-

continuous implication function Ii, in this paper, we formulate
Problem (15) as a necessity fractile optimization model (see
Inuiguchi and Ramı́k [3]):

maximize q,

subject to N0
CTx

([q, +∞)) ≥ h0,

N i
AT

i x
(Bi) ≥ hi, i = 1, 2, . . . , m,

x ≥ 0,

(18)

where q is an auxiliary variable. h0 ∈ (0, 1] and hi ∈ (0, 1],
i = 1, 2, . . . , m are certainty levels of goal achievement and
constraint satisfactions specified by the decision maker. Note
that we obtain

N0
CTx([q, +∞)) = inf

r<q
I0(µCTx(r), 0), (19)

N i
AT

i x(Bi) = inf
r

Ii(µAT
i x(r), µBi(r)). (20)

The selections of necessity measures and certainty lev-
els depend on the required robustness of goal achieve-
ment/constraint satisfactions, the meanings of total goal
achievement/constraint satisfactions, the estimation of fuzzy
coefficients and so on. The method proposed by Inuiguchi
and Tanino [11] and by Inuiguchi et al. [12] would be useful
for selecting suitable necessity measures.

Let [S]h be a h-level set of a fuzzy set S, i.e., [S]h =
{u ∈ U | µS(u) ≥ h}. Then, because fuzzy numbers Ci

and Aij are bounded and have upper semi-continuous mem-
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bership functions, we have (see Dubois and Prade [13])

[CTx]h =
n∑

j=1

[Cj ]hxj , (21)

[AT
i x]h =

n∑
j=1

[Aij ]hxj . (22)

Let cL
j (h) = inf[Cj ]h, cR

j (h) = sup[Cj ]h, aL
ij(h) =

inf[Aij ]h and aR
ij(h) = sup[Aij ]h. Then, considering the

non-negativity of x, we have

[CTx]h =

 n∑
j=1

cL
j (h)xj ,

n∑
j=1

cR
j (h)xj

 , (23)

[AT
i x]h =

 n∑
j=1

aL
ij(h)xj ,

n∑
j=1

aR
ij(h)xj

 . (24)

To reduce Problem (18), the following theorem is useful.

Theorem 1. Let N i be a necessity measure defined by an
implication function Ii. Then for any fuzzy sets V and S of a
universal set U , we have

N i
V (S) ≥ h

⇔ ∀u ∈ U, ∀k ∈ [0, 1];
µV (u) ≥ k implies µS(u) ≥ T I[IR[T I[Ii]]](k, h),

⇔ ∀k ∈ [0, 1]; [V ]k ⊆ [S]fi(k,h), (25)

where f i(k, h) = T I[IR[T I[Ii]]](k, h).

(Proof) Because of the upper semi-continuity of Ii, Figure 1
and Table 1, we have

N i
V (S) = inf

u∈U
Ii(µV (u), µS(u)) ≥ h

⇔ ∀u ∈ U ; Ii(µV (u), µS(u)) ≥ h

⇔ ∀u ∈ U ; µV (u) ≤ sup{s ∈ [0, 1] | Ii(s, µS(u)) ≥ h}
⇔ ∀u ∈ U ; µV (u) ≤ Ir−R[TT[T I[Ii]]](h, µS(u))
⇔ ∀u ∈ U, ∀k ∈ [0, 1];

µV (u) ≥ k implies Ir−R[TT[T I[Ii]]](h, µS(u)) ≥ k

⇔ ∀u ∈ U, ∀k ∈ [0, 1]; µV (u) ≥ k implies
µS(u) ≥ inf{s ∈ [0, 1] | Ir−R[TT[T I[Ii]]](h, s) ≥ k}

⇔ ∀u ∈ U, ∀k ∈ [0, 1]; µV (u) ≥ k implies
µS(u) ≥ T I[Ir−R[T I[Ir−R[TT[T I[Ii]]]]]](k, h)

⇔ ∀u ∈ U, ∀k ∈ [0, 1]; µV (u) ≥ k implies
µS(u) ≥ T I[IR[T I[Ii]]](k, h).

(Q.E.D.)

From the assumptions of Bi, we have [Bi]k = (−∞, b̄i(k)],
where b̄i : [0, 1] → [0, +∞) is defined by b̄i(k) = sup{r |
µBi(r) ≥ k}. From (23), (24) and Theorem 1, Problem (18)
is reduced to the following linear semi-infinite programming

problem:

maximize q,

subject to
n∑

j=1

cL
j (k)xj ≥ q̄(f0(k, h0)), ∀k ∈ [0, 1],

n∑
j=1

aR
ij(k)xj ≤ bi(f i(k, hi)), ∀k ∈ [0, 1],

i = 1, 2, . . . , m,
x ≥ 0,

(26)
where q̄ : [0, 1] → {−∞, q} is defined by

q̄(k) =
{

q, if k > 0,
−∞, if k = 0.

(27)

We showed that fractile optimization models based on ne-
cessity measures defined by any implication functions of pos-
sibilistic linear programming problems are reduced to linear
semi-infinite programming problems. Thus, we can solve
the problems by using linear semi-infinite programming tech-
niques [14]. For example, let ε > 0 be a sufficiently small
number and let kv = (v−1)(1−ε)/(l−1)+ε, v = 1, 2, . . . , l.
Then Problem (26) can be approximated by the following lin-
ear programming problem:

maximize q,

subject to
n∑

j=1

cL
j (kv)xj ≥ q̄(f0(kv, h0)), v = 1, . . . , l,

n∑
j=1

aR
ij(kv)xj ≤ bi(f i(kv, hi)),

v = 1, . . . , l, i = 1, . . . , m,
x ≥ 0.

(28)
Let M = {1, 2, . . . , m}. As another approach to computa-

tion of an approximate solution to Problem (26), the following
algorithm based on a relaxation procedure is conceivable:

Algorithm

S1. Let z = 0 and ε > 0 be a sufficiently small positive num-
ber. Solve the following linear programming problem:

maximize q,
subject to

n∑
j=1

cL
j (k0)xj ≥ q̄(f0(k0, h

0)), k0 = ε, 1,

n∑
j=1

aR
ij(ki)xj ≤ bi(f i(ki, h

i)), ki = ε, 1, i ∈ M,

x ≥ 0.

Let xz = (xz
1, . . . , x

z
n)T be the obtained optimal solution

and qz be the optimal value.

S2. Calculate d0 = infr∈[0,1]

∑n
j=1 cL

j (r)xz
j − q̄(f0(r, h0)).

If d0 < 0, we define kz
0 = arg infr∈[0,1]

∑n
j=1 cL

j (r)xz
j −

q̄(f0(r, h0)) and otherwise, kz
0 = 0.

S3. For i = 1, 2, . . . , m, the following processes
(a) and (b) are applied. (a) calculate di =
supr∈[0,1]

∑n
j=1 aR

ij(r)x
z
j − bi(f i(r, hi)). (b) If d0 >

0, we define kz
0 = arg supr∈[0,1]

∑n
j=1 aR

ij(r)x
z
j −

bi(f i(r, hi)) and otherwise, kz
i = 0.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

876



Table 2: Fuzzy numbers and constraints
C1 = 〈5, 1〉 C2 = 〈7, 0.7〉
A11 = 〈2, 0.7〉 A12 = 〈3, 0.5〉 B1 = (230, 60〉
A21 = 〈4, 1.5〉 A22 = 〈2, 0.3〉 B2 = (370, 100〉
A31 = 〈1, 0.5〉 A32 = 〈3, 0.3〉 B3 = (140, 90〉

S4. If
∑m

i=0 kz
i = 0, terminate the algorithm. An approxi-

mate solution is obtained as xz and qz .

S5. Let z = z + 1. Solve the following linear programming
problem:

maximize q,
subject to

n∑
j=1

cL
j (k0)xj ≥ q̄(f0(k0, h

0)), k0 = ε, 1,

n∑
j=1

cL
j (kw

0 )xj ≥ q̄(f0(kw
0 , h0)), w = 1, . . . , z

n∑
j=1

aR
ij(ki)xj ≤ bi(f i(ki, h

i)), ki = ε, 1, i ∈ M,

n∑
j=1

aR
ij(k

w
i )xj ≤ bi(f i(kw

i , hi)), w = 1, . . . , z, i ∈ M,

x ≥ 0.

Let xz = (xz
1, . . . , x

z
n)T be the obtained optimal solution

and qz be the optimal value. Go to S2.

4 A Numerical Example
In order to demonstrate that Problem (26) is equivalent to
Problem (18), in other words, an optimal solution to Prob-
lem (28) is an approximate solution to Problem (18), we con-
sider the possibilistic linear programming problem (15) with
m = 3. Fuzzy numbers Cj and Aij are given by symmetric
triangular fuzzy numbers whose center values and spreads are
shown in Table 2, where a symmetric triangular fuzzy num-
ber Q=〈qC, qS〉 (qS > 0) is characterized by a membership
function,

µQ(r) =

 1 − |r − qC|
qS

if r ∈ [qC − qS, qC + qS],

0 otherwise.
(29)

As shown in Table 2, fuzzy constraints Bi are defined by fuzzy
sets Bi = (bC

i , bS
i 〉 with a linear membership function,

µBi(r) =


1 if r < bC

i ,

1 − r − bC
i |

bS
i

if r ∈ [bC
i , bC

i + bS
i ],

0 otherwise.

(30)

We apply Problem (18) with reciprocal Goguen implication
I0(a, b) = min(1, (1−a)/(1−b)) with definition (1−a)/0 =
+∞ for any a ≤ 1, Lukasiewicz implication I1(a, b) =
min(1, 1−a+b), Reichenbach implication I2(a, b) = 1−a+
ab and Goguen implication I3(a, b) = min(1, b/a) with defi-
nition b/0 = +∞ for any b ≥ 0. Then, for h > 0 and k > 0,
we obtain f0(k, h) = max(0, 1 − (1 − k)/h), f1(k, h) =

max(0, k + h − 1), f2(k, h) = max(0, (k + h − 1)/k) and
f3(k, h) = kh. Moreover, we set h0 = 0.5, h1 = 0.5,
h2 = 0.62 and h3 = 0.62.

Let ε = 0.0000001 and l = 20, we solve Problem (28), i.e.,

maximize q,
subject to
4.500x1 + 6.650x2 ≥ q, 4.550x1 + 6.685x2 ≥ q,
4.600x1 + 6.720x2 ≥ q, 4.650x1 + 6.755x2 ≥ q,
4.700x1 + 6.790x2 ≥ q, 4.750x1 + 6.825x2 ≥ q,
4.800x1 + 6.860x2 ≥ q, 4.850x1 + 6.895x2 ≥ q,
4.900x1 + 6.930x2 ≥ q, 4.950x1 + 6.965x2 ≥ q,
5x1 + 7x2 ≥ q, 2.350x1 + 3.250x2 ≤ 290.00,
2.315x1 + 3.225x2 ≤ 287.00, 2.280x1 + 3.200x2 ≤ 284.00,
2.245x1 + 3.175x2 ≤ 281.00, 2.210x1 + 3.150x2 ≤ 278.00,
2.175x1 + 3.125x2 ≤ 275.00, 2.140x1 + 3.100x2 ≤ 272.00,
2.105x1 + 3.075x2 ≤ 269.00, 2.070x1 + 3.050x2 ≤ 266.00,
2.035x1 + 3.025x2 ≤ 263.00, 2x1 + 3x2 ≤ 260,
4.900x1 + 2.180x2 ≤ 465.00, 4.825x1 + 2.165x2 ≤ 454.44,
4.750x1 + 2.150x2 ≤ 446.00, 4.675x1 + 2.135x2 ≤ 439.09,
4.600x1 + 2.120x2 ≤ 433.33, 4.525x1 + 2.105x2 ≤ 428.46,
4.450x1 + 2.090x2 ≤ 424.29, 4.375x1 + 2.075x2 ≤ 420.67,
4.300x1 + 2.060x2 ≤ 417.50, 4.225x1 + 2.045x2 ≤ 414.71,
4.150x1 + 2.030x2 ≤ 412.22, 4.075x1 + 2.015x2 ≤ 410.00,
4x1 + 2x2 ≤ 408, 1.500x1 + 3.300x2 ≤ 230.00,
1.475x1 + 3.285x2 ≤ 227.21, 1.450x1 + 3.270x2 ≤ 224.42,
1.425x1 + 3.255x2 ≤ 221.63, 1.400x1 + 3.240x2 ≤ 218.84,
1.375x1 + 3.225x2 ≤ 216.05, 1.350x1 + 3.210x2 ≤ 213.26,
1.325x1 + 3.195x2 ≤ 210.47, 1.300x1 + 3.180x2 ≤ 207.68,
1.275x1 + 3.165x2 ≤ 204.89, 1.250x1 + 3.150x2 ≤ 202.10,
1.225x1 + 3.135x2 ≤ 199.31, 1.200x1 + 3.120x2 ≤ 196.52,
1.175x1 + 3.105x2 ≤ 193.73, 1.150x1 + 3.090x2 ≤ 190.94,
1.125x1 + 3.075x2 ≤ 188.15, 1.100x1 + 3.060x2 ≤ 185.36,
1.075x1 + 3.045x2 ≤ 182.57, 1.050x1 + 3.030x2 ≤ 179.78,
1.025x1 + 3.015x2 ≤ 176.99, 1x1 + 3x2 ≤ 174.2,
x1 ≥ 0, x2 ≥ 0.

(31)
Solving this problem, we obtain an optimal solution

x∗ = (x∗
1, x

∗
2) = (79.508, 31.564) with the optimal value

q∗ = 567.69. As shown in Figures 2∼5, we can observe
that the obtained solution approximately satisfies constraints,
N0

CTx
([q∗, +∞)) ≥ 0, 5 and N i

AT
i x

(Bi) ≥ hi, i = 1, 2, 3.

5 Concluding Remarks
Utilizing the closure of generation processes of conjunction
and implication functions, we have shown that necessity frac-
tile optimization models of possibilistic linear programming
problems are reduced to semi-infinite linear programming
problems. Therefore, we can solve the problems approxi-
mately by linear programming techniques. As a solution pro-
cedure for the reduced semi-infinite linear programming prob-
lem, we have described a relaxation procedure. In order to
demonstrate the main result, we have given a simple numerical
example. In the example, the reduced semi-infinite linear pro-
gramming problem is approximated by a linear programming
problem having coarsely-sampled constraints. It has been con-
firmed that the obtained solution approximately satisfies the
required constraints on necessity measures by figures.

The investigation on possibilistic linear programming prob-
lems with necessity measures is important to have flexible
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models of robust optimization reflecting decision makers’ var-
ious attitudes toward the uncertainty. Fortunately, models with
necessity measures are often easier than models with possibil-
ity measures. Analyzing some special implication functions
defining necessity measures and special shapes of fuzzy co-
efficients, the reduced semi-infinite constraints can further re-
duced to finite constraints. Moreover, we may solve necessity
measure optimization models of possibilistic linear program-
ming problems by the simplex method together with the bi-
section method. These would be future topics in our studies.
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Abstract— By interpreting ‘p is impossible’ by ‘p is self-
contradictory’, and ‘p is always’ by ‘not p is self-contradictory’,
this paper studies which of the three-valued systems of Łucasiewicz,
Gödel, Kleene, Bochvar, and Post, do verify the Aristotle’s principles
of Non-Contradiction (NC), and Excluded-Middle (EM).

Keywords— Systems of three-valued logic, Non-Contradiction,
Excluded-Middle.

1 Introduction
As it is well known, the systems of multiple-valued logic do
not verify the principles of non-contradiction and excluded-
middle, once presented in the forms (see [5])

a · a′ = 0, a + a′ = 1.

Nevertheless, in [7] a different way of looking at these two
principles, and based on the concept of self-contradiction, re-
spectively a · a′ ≤ (a · a′)′, and (a + a′)′ ≤ ((a + a′)′)′, for
all a, b, was introduced. These expressions, that are even in
more agreement with the original formulation given by Aris-
totle (see [1]), allow the verification of the two principles for
a wide class of structures that include all algebras of fuzzy
sets, as well as De Morgan algebras (see [5]). All that meant
some progress for what concerns the verification of the two
principles.

This paper tries to study the verification of the two Aristo-
tle’s principles once interpreted as in [7] , by some of the most
well known systems of three-valued logic, namely, by those of
the Łukasiewicz, Gödel, Kleene, Bochvar and Post. It is first
shown that in Łukasiewicz, Gödel and Kleene cases the two
principles are verified, that in the case of Bochvar only one of
them is verified, and that in the case of Post no one is veri-
fied. Everything is done in agreement with the implication’s
semantics, as given at each case by its truth-table. At the end,
although far from the semantical interpretation at each case, it
is shown how the five systems could verify the two principles
in the sense introduced in [7].

2 Systems of MV logic
2.1

Let Ω be a set consisting of propositions p, q, r, . . . and such
that,

∗This work has been partially supported by the Foundation for
the Advancement of Soft Computing (Asturias, Spain), and CICYT
(Spain) under project TIN2008-06890-C02-01

†Corresponding author.

• If p ∈ Ω, then ‘not p’∈ Ω

• If p, q ∈ Ω, then ‘p and q’, ‘p or q’, and ‘If p, then q’, are
in Ω

2.2

Let L be a set with at least three elements, and endowed with
a unary operation ′ : L → L, and three binary operations
·, +,→: L × L → L. Suppose there exists 0, 1 in L such that
0 �= 1, and 0′ = 1.

2.3

(Ω, L, t) is a system of multiple-valued logic, if t : Ω → L
(truth-function) verifies:

• t(not p) = t(p)′

• t(p and q) = t(p) · t(q)
• t(p or q) = t(p) + t(q)

• t(if p, then q) = t(p) → t(q)

for all p, q in Ω. If L is with n elements, the system is an
n-valued one.

2.4

Two systems of multiple-valued logic, (Ω1, L1, t1) and
(Ω2, L2, t2), are isomorphic if there exist a pair of bijections
(Φ, ϕ) such that

• Φ : Ω1 → Ω2, ϕ : L1 → L2

• ϕ(a′) = ϕ(a)′, ϕ(a ·b) = ϕ(a) ·ϕ(b), ϕ(a+b) = ϕ(a)+
ϕ(b), ϕ(a → b) = ϕ(a) → ϕ(b) with the corresponding
operations in L1, L2

• t1 = ϕ−1◦t2◦Φ, or t2(Φ(p)) = ϕ(t1(p)) for all p ∈ Ω1.

Example.
The three-valued system of Łukasiewicz, Ł3, (see [5]) is

obtained with L = {T, F, I} and the four operations given by
the following tables:

′
T F
I I
F T

• T I F
T T I F
I I I F
F F F F

+ T I F
T T T T
I T I I
F T I F

→ T I F
T T I F
I T T I
F T T T
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where T, I, F ∈ L, T �= F , and F ′ = T .
With L0 = {1, 1

2 , 0}, and ϕ : L → L0 given by ϕ(T ) =
1, ϕ(I) = 1

2 , ϕ(F ) = 0, the tables are translated into,

′
1 0
1
2

1
2

0 1

• 1 1
2

0
1 1 1

2
0

1
2

1
2

1
2

0
0 0 0 0

+ 1 1
2

0
1 1 1 1
1 1 1

2
1
2

0 1 1
2

0

→ 1 1
2

0
1 1 1

2
0

1
2

1 1 1
2

0 1 1 1

Then, any system Ł3(Ω, L, t) is isomorphic to (Ω, L0, t
∗),

with t∗(p) = ϕ(t(p)), for all p ∈ Ω.
Notice that it is,
a′ = 1 − a, a · b = min(a, b), a + b = max(a, b),
a → b = min(1, 1 − a + b), for all a, b ∈ L0.
Hence,
t(not p) = 1 − t(p), t(p and q) = min(t(p), t(q)),
t(p or q) = max(t(p), t(q)),
t(If p, then q) = min(1, 1 − t(p) + t(q)),
for all p, q ∈ Ω.
Notice that (a′)′ = a′′ = a.

3 The other L0 three-valued systems
Analogously, we can obtain the corresponding systems of
Gödel, Bochvar, Kleene and Post (see [5], [2]), by their iso-
morphic images with ϕ : L → L0 given by ϕ(T ) = 1, ϕ(I) =
1
2 , ϕ(F ) = 0.

3.1

Gödel (G3), is translated into L0 by

′
1 0
1
2

0
0 1

• 1 1
2

0
1 1 1

2
0

1
2

1
2

1
2

0
0 0 0 0

+ 1 1
2

0
1 1 1 1
1
2

1 1
2

1
2

0 1 1
2

0

→ 1 1
2

0
1 1 1

2
0

1
2

1 1 0
0 1 1 1

or, for all a ∈ L0,

a′ =
{

1, if a = 0
0, if a �= 0

a · b = min(a, b)
a + b = max(a, b)

a → b =
{

1, if a ≤ b
b, if a > b

Notice that, the negation ′ is not strong, since
( 1
2

′)′ = 0′ = 1.

3.2

Kleene (K3), is translated into L0 by

′
1 0
1
2

1
2

0 1

• 1 1
2

0
1 1 1

2
0

1
2

1
2

1
2

0
0 0 0 0

+ 1 1
2

0
1 1 1 1
1
2

1 1
2

1
2

0 1 1
2

0

→ 1 1
2

0
1 1 1

2
0

1
2

1 1
2

1
2

0 1 1 1

or, for all a ∈ L0,
a′ = 1 − a,
a · b = min(a, b),
a + b = max(a, b),
a → b = max(1 − a, b).
Notice that (a′)′ = a′′ = a, for all a ∈ L0 (the negation is

strong).

3.3

Bochvar (B3) is translated into L0 by

′
1 0
1
2

1
2

0 1

• 1 1
2

0
1 1 1

2
0

1
2

1
2

1
2

1
2

0 0 1
2

0

+ 1 1
2

0
1 1 1

2
1

1
2

1
2

1
2

1
2

0 1 1
2

0

→ 1 1
2

0
1 1 1

2
0

1
2

1
2

1
2

1
2

0 1 1
2

1

or,
a′ = 1 − a,

a · b =
{

1
2 , if (a, b) ∈ {( 1

2 , 0), (0, 1
2 )}

min(a, b), otherwise ,

a + b =
{

1
2 , if (a, b) ∈ {(1, 1

2 ), ( 1
2 , 1)}

max(a, b), otherwise ,

a → b = a′ + b.
Notice that (a′)′ = a′′ = a, for all a ∈ L0 (the negation is

strong).

3.4

Post (P3), is translated into L0 by

′
1 1

2
1
2

0
0 1

• 1 1
2

0
1 0 0 1

2
1
2

0 1 1
2

0 1
2

1
2

1
2

+ 1 1
2

0
1 1 1 1
1
2

1 1
2

1
2

0 1 1
2

0

→ 1 1
2

0
1 1 1

2
1
2

1
2

1 1
2

0
0 1 1 1

or,

a′ =
{

1, if a = 0
| 12 − a|, if a �= 0 ,

a · b = (a′ + b′)′,
a + b = max(a, b),
a → b = a′ + b.
Notice that, for all a ∈ L0, is (a′)′ = a′′ �= a (the negation

is not strong).

Remark. 3.1. In the systems Ł3, K3, G3, B3 but not in P3,
holds the following:

• 0 · 1 = 1 · 0 = 0 · 0 = 0, 1 · 1 = 1

• 0 + 1 = 1 + 0 = 1 + 1 = 1, 0 + 0 = 0

• 0′ = 1, 1′ = 0
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• 1 → 1 = 0 → 1 = 0 → 0 = 1, 1 → 0 = 0

Then, these four three-valued systems do contain the classical
system of two-valued logic based on the values {0, 1} that,
notwithstanding, is not contained in P3, a system in which
only the operation + preserves such classical case.

4 The two principles

4.1

Triplets (L,�,′ ) consisting of a non-empty set L, a transitive
relation � ⊂ L × L, and a mapping ′ : L → L reversing � :
if a � b, then b′ � a′, are called transitive reversing systems
(TRS for short) (see [7])

4.2

An operation · : L×L → L, is a type-1 operation in (L,�,′ ),
provided a · a′

� a and a · a′
� a′, for all a ∈ L.

An operation + : L × L → L, is a type-2 operation in
(L,�,′ ), provided a � a + a′ and a′

� a + a′, for all a ∈ L.

Theorem 4.1. (ANC, for Aristotle’s Non-contradiction).
If (L,�,′ ) is a TRS, and · is a type-1 operation, it holds

a · a′
� (a · a′)′ (1)

for all a ∈ L (see [7])

Theorem 4.2. (AEM, for Aristotle’s Excluded-middle).
If (L,�,′ ) is a TRS, and + is a type-2 operation, it holds

(a + a′)′ � ((a + a′)′)′ (2)

for all a ∈ L (see [7])

Remark. 4.3. By defining ‘a is selfcontradictory’ as a � a′,
and by taking ′ representing ‘not’, · representing ‘and’, it is
clear that (1) can be read

‘a and not a, is self-contradictory’.

Hence, interpreting ‘impossible’ by ‘self-contradictory’ (1)
represents ‘a and not a, is impossible’. That is, (1) can be read
as an algebraic translation of the Aristotle’s Non-contradiction
principle.

Remark. 4.4. Like in the previous remark, and taking + rep-
resenting ‘or’, (2) can be read as ‘not (a or not a) is self -
contradictory’, or ‘not (a or not a) is impossible’, an algebraic
translation of the Aristotle’s Excluded-middle principle usu-
ally stated as ‘a or not a is always’.

4.3

Theorem 4.5. Given a triplet (L, ·,′ ), with L �= ∅, · : L×L →
L, and ′ : L → L, the relation �NC ⊂ L×L, given by the set
of pairs

�NC = {(a · a′, (a · a′)′); a ∈ L},
assures the verification of the principle ANC.

Proof. Obviously, a · a′
�NC (a · a′)′, for all a ∈ L. �

Theorem 4.6. Given a triplet (L,+,′ ), with L �= ∅, + : L ×
L → L, and ′ : L → L, the relation �EM ⊂ L × L, given by
the set of pairs

�EM = {((a + a′)′, ((a + a′)′)′); a ∈ L},
assures the verification of the principle AEM

Proof. Obviously, (a + a′)′ �NC (a + a′)′)′, for all a ∈ L.
�

Theorem 4.7. Given a quadruplet (L, ·, +,′ ), with L �= ∅,· :
L × L → L, + : L × L → L, and ′ : L → L, the relation

� = �NC ∪ �EM ⊂ L × L

assures the verification of the two principles ANC and AEM.

Proof. Obviously, for all a ∈ L, is

• a · a′
�NC (a · a′)′ and a · a′

� (a · a′)′

• (a + a′)′ �EM ((a + a′)′)′, and (a + a′)′ � ((a + a′)′)′.
�

It is to be noticed that when ′ verifies (a′)′ = a′′ = a,
(′ is strong), the triplets (L,�NC ,′ ) and (L,�EM ,′ ) are TRS,
since:

• a · a′
�NC (a · a′)′, and (a · a′)′′ = a · a′

• (a+a′)′ �EM ((a+a′)′)′ is equivalent to (a+a′)′ �EM

a + a′

Of course, this does not mean that those triplets are TRS only
when ′ is strong.

Remark. 4.8. It is obvious that the set of relations � for
which (L, ·, +,′ ) verifies, respectively, the principle ANC or
the principle AEM, is not empty. If � allows to verify ANC, it
is �NC ⊂ �, if � allows to verify AEM is �EM ⊂ �, and if �

allows both principles is �NC ∪ �EM ⊂ �

Remark. 4.9. It should be pointed out that the last theorems
ignore what follows. The unary operation ′ should represent
’not’, and the relation a � b should represent ‘If a, then b’.
Otherwise, the interpretation of ‘If a, then not a’ by means of
a � a′ (a is self-contradictory) has no sense at all. Hence, and
provided a · b does represent ‘a and b’, those representations
are crucial for asserting that a · a′

� (a · a′)′ is an interpreta-
tion of “‘a and not a’ is a self-contradictory statement”. And
analogously with (a + a′)′ � ((a + a′)′)′.

4.4

Let us call Modern Non-contradiction Principle (MNC, for
short), the statement ‘a · a′ = 0 for all a ∈ L’, and Modern
Excluded-middle Principle (MEM, for short), ‘a + a′ = 1 for
all a ∈ L’

Theorem 4.10. Given a triplet (L,�,′ ), an operation · : L ×
L → L, and 0 ∈ L, such that

• 0 � 0′

• a · a′ = 0 (MNC)

then, it holds ANC.
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Proof. a · a′ = 0 � 0′ = (a · a′)′. �

Theorem 4.11. Given a triplet (L,�,′ ), an operation + : L×
L → L, and 1 ∈ L, such that

• 1′ � (1′)′

• a + a′ = 1 (MEM)

then, it holds AEM.

Proof. (a + a′)′ = 1′ � (1′)′ = ((a + a′)′)′. �

Remark. 4.12. If 1′ = 0, then 1′ � (1′)′ is equivalent to
0 � 0′

Remark. 4.13. In the sense of theorems 4.10 and 4.11, MNC
and MEM are particular cases of ANC and AEM, respectively.

Remark. 4.14. Apart of the three operations (·, +,′ ), the
principles ANC and AEM only involve the relation �, but the
principles MNC and MEM do involve the relation =, and the
‘singular’ elements 0,1.

4.5

In what follows this paper is devoted to study if the three-
valued systems Ł3, G3, K3, B3, and P3, do verify the prin-
ciples ANC or AEM once expressed in the above algebraic
terms.

5 Posing the problem for the five three-valued
systems

Given a MVL system (Ω, L0, t), consider its ‘values’ part
(L0,

′ , ·, +,→), and the binary relations ≤ and � given, re-
spectively, by

a � b ⇔ a → b = 1 , and ≤ is the linear order in L0 =
{1, 1

2 , 0}, inherited from R.

• Case Ł3.

It is a → b = 1 ⇔ min(1, 1−a+ b) = 1 ⇔ a ≤ b. That
is, �Ł = ≤.

Since a′ = 1 − a implies “a ≤ b ⇔ b′ ≤ a′”, (L0,≤,′ )
is a TRS in which, obviously, the operation · = min is
one of type-1, and + = max is one of type-2. Hence, it
holds

a · a′ ≤ (a · a′)′, (a + a′)′ ≤ ((a + a′)′)′,

for all a ∈ L0.

• Case G3.

It is a → b = 1 ⇔ a ≤ b. That is, �G = ≤ , like in the
case Ł3. Since it is also · = min, + = max, it also holds

a · a′ ≤ (a · a′)′, (a + a′)′ ≤ ((a + a′)′)′,

for all a ∈ L0.

• Case K3.

Since, �K= {(1, 1), ( 1
2 , 1), (0, 1), (0, 1

2 ), (0, 0)} ⊂ ≤,
and �

′
K = {(0, 0), (0, 1

2 ), (0, 1), ( 1
2 , 1), (1, 1)} = �K ,

it means that (L0,�K ,′ ) is a TRS. Since, a′ = 1 − a, it
is also (L0,≤,′ ) a TRS.

From 1
2 · 1

2

′ = 1
2 , ( 1

2 · 1
2

′)′ = 1
2 , and ( 1

2 , 1
2 ) /∈ �K , follows

that it is not a · a′
� (a · a′)′, for all a ∈ L0.

Analogously, ( 1
2 + 1

2

′)′ = 1
2 , ( 1

2 + 1
2 )′′ = 1

2 , shows that
it is not (a + a′)′ � ((a · a′)′), for all a ∈ L0.

Nevertheless, since · denoting min is a type-1 operation
in (L0,≤,′ ), and + denoting max is a type-2 operation
in (L0,≤,′ ), it follows

a · a′ ≤ (a · a′)′, (a + a′)′ ≤ ((a + a′)′)′,

for all a ∈ L0.

• Case B3.

It is �B = {(1, 1), (0, 1), (0, 0)} ⊂ ≤, and �
′
B =

{(b′, a′); (a, b) ∈ �B} = {(0, 0), (0, 1), (1, 1)} = �B .
That is, (L0,�B ,′ ) and (L0,≤,′ ) are TRSs.

Since, 1
2 · 1

2

′ = 1
2 and ( 1

2 · 1
2

′)′ = 1
2 , but ( 1

2 , 1
2 ) /∈ �B , it

is not a · a′
�B (a · a′)′, for all a ∈ L0.

Since, ( 1
2 + 1

2

′)′ = 1
2

′ = 1
2 and (( 1

2 + 1
2

′)′)′ = 1
2 , it is not

(a + a′)′ �B ((a + a′)′)′, for all a ∈ L0.

Notwithstanding,

1 · 1′ = 0, (1 · 1′)′ = 0′ = 1 ⇒ 0 ≤ 1
1
2 · 1

2

′ = 1
2 , ( 1

2 · 1
2

′)′ = 1
2 ⇒ 1

2 ≤ 1
2

0 · 0′ = 0, (0 · 0′)′ = 0′ = 1 ⇒ 0 ≤ 1

⇒

a · a′ ≤ (a · a′)′, for all a ∈ L0.

Analogously,

(1 + 1′)′ = 1, ((1 + 1′)′)′ = 1′ + 1 = 1 ⇒ 1 ≤ 1
( 1
2 + 1

2

′)′ = 1
2 , (( 1

2 + 1
2

′)′)′ = 1
2 ⇒ 1

2 ≤ 1
2

(0 + 0′)′ = 0, ((0 + 0′)′)′ = 0 + 0′ = 1 ⇒ 0 ≤ 1

⇒

(a + a′)′ ≤ ((a + a′)′)′, for all a ∈ L0.

• Case P3.

It is �P = {(1, 1), ( 1
2 , 1), (0, 1), (0, 1

2 ), (0, 0)} ⊂ ≤, but
since ( 1

2 , 1
2 ) ∈ �

′
P it is not �

′
P ⊂ �P , and (L0,�P ,′ ) is

not a TRS. In addition, also (L0,≤P ,′ ) it is not a TRS,
since 1

2 ≤ 1, but 1′ = 1
2 � 0 = 1

2

′.

From, 0 · 0′ = 0 · 1 = 1
2 , (0 · 0′)′ = 1

2

′ = 0, and neither
( 1
2 , 0) � 0, nor 1

2 ≤ 0, it follows that it is not a · a′
�P

(a · a′)′, nor a · a′ ≤ (a · a′)′, for all a ∈ L0.

From, (0 + 0′)′ = 1
2 , ((0 + 0′)′)′ = 0, it follows that

it is neither (a + a′)′ �P ((a + a′)′)′, nor (a + a′)′ ≤
((a + a′)′)′, for all a ∈ L0.

6 The solutions to the problem
6.1

Given a multiple-valued system (Ω, L0, t), consider the two
relations:

p � q ⇔ t(p) � t(q), and p ≤ q ⇔ t(p) ≤ t(q),

and define:
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• The MV-system (Ω, L0, t) verifies the principle ANC re-
spect to �,≤, respectively, whenever

p and not p � not (p and not p),
or, p and not p ≤ not (p and not p)

• The MV-system (Ω, L0, t) verifies the principle AEM re-
spect to �,≤, respectively, whenever

not (p or not p) � not(not (p or not p)),
or, not(p or not p) ≤ not(not (p or not p)),

for all p ∈ Ω.

6.2

Hence, from the results in section 5, follows:

1. Three-valued Łukasiewicz systems do verify ANC and
AEM, with respect to �Ł = ≤

2. Three-valued Gödel systems do verify ANC and AEM,
with respect to �G = ≤

3. Three-valued Kleene systems verify neither ANC ,nor
AEM, with respect to �K ⊂ ≤

4. Three-valued Kleene systems do verify ANC and AEM,
with respect to ≤

5. Three-valued Bochvar systems verify neither ANC, nor
AEM, with respect to �B ⊂ �K ⊂ ≤

6. Three-valued Bochvar systems do verify ANC and AEM,
with respect to ≤

7. Three-valued Post systems verify neither ANC, nor
AEM, with respect to �P =�K ⊂ ≤

8. Three-valued Post systems verify neither ANC, nor
AEM, with respect to ≤.

Anyway, and in the line of theorems in section 4.2, it is possi-
ble to go further for what concerns points 3, 5, 7 and 8.

6.3

Obviously, the most surprising case is P3. By just adding
( 1
2 , 0) to �P , that is, with the relation

�
∗
P = � ∪ {( 1

2 , 0)},
it is easy to prove that both ANC and AEM hold with respect
to �

∗
P . But the triplet (L=, �∗

P ,′ ) is not a TRS, since (1, 1) ∈
�
∗
P but (1′, 1′) = (1

2 , 1
2 ) /∈ �

∗
P .

Taking �
∗∗
P = �

∗
P ∪ {( 1

2 , 1
2 )} =

{( 1
2 , 0), (0, 1

2 ), (0, 0), (1, 1), ( 1
2 , 1), (0, 1), ( 1

2 , 1
2 )}, it is ob-

tained the TRS (L0,�
∗∗
P ,′ ), and it also holds ANC and AEN

with respect to �
∗∗
P . In addition, and as it is easy to check, the

operation · in P3 is a type-1 operation in (L0, �
∗∗
P ,′ ), and the

operation + in P3 is a type-2 operation in (L0, �
∗∗
P ,′ ).

It should be pointed out that neither · is a type-1 operation
in (L0,�

∗
P ,′ ), nor + is a type-2 operation in (L0, �

∗
P ,′ ). The

reasons are, respectively, that 1
2 · 1

2

′ = 1
2 , and 1

2 + 1
2

′ = 1
2 , but

( 1
2 · 1

2 ) /∈ �
∗
P .

6.4

In the case K3, taking �
∗
K = �K ∪ {( 1

2 , 1
2 )} = ≤, the triplet

(L0,�
∗
K ,′ ) is a TRS in which the operation · denoting min is

a type-1 operation, and the operation + is a type-2 operation.
Hence, it holds ANC with respect to �

∗
K , and also AEM with

respect to the same �
∗
K .

6.5

Concerning the case B3, with �
∗
B = �B ∪ {( 1

2 , 1
2 )}, the

TRS (L0,�
∗
B ,′ ) is reached in which it holds neither ANC, nor

AEM, since

(1 + 1′)′ = 1, ((1 + 1′)′)′ = 1′ = 0, but (1, 0) /∈ �
∗
B .

Anyway, with �
∗∗
B = �

∗
B ∪ {(1, 0)} =

{(1, 1), (0, 1), (0, 0), ( 1
2 , 1

2 ), (1, 0)}, it is obtained the TRS
(L0,�

∗∗
B ,′ ), in which the two principles ANC and AEM ob-

viously do hold.

6.6

At the end, in the five cases there exist a TRS (L0,�,′ ) for
which the two principles ANC and AEM do hold. In the cases
Ł3 and G3, it is � = ≤ with ≤ the lineal order of the real line.
In the case K3, there is a solution with ≤, but also with �

∗
K

that, nevertheless, is again a part of the order ≤.
What is different are the cases of Bochvar and Post, where

�
∗∗
B is not a part of ≤, and �

∗∗
P is not a part of ≤, but on the

contrary, it is ≤ ⊂ �
∗∗
P .

This fact, of not being a part of ≤, seems to be the red
line between the three system Ł3, G3, K3 and the two sys-
tems B3, P3. The trick to reach the principles ANC and
AEM seems to be based on the identification of some pairs
(a, b) ∈ L0 × L0 that, added to � in the line of section 4.2,
give a new relation for which (without altering the original
negation) the two principles do hold.

6.7

Form Remark 4.8, it follows that the relation considered from
6.2 to 6.5 are larger than �NC , and �EM . As it is easy to
check,

• In Ł3, �NC = �EM = {(0, 1), ( 1
2 , 1

2 )} ⊂ �Ł= ≤
• In G3, �NC = �EM = {(0, 1)} ⊂ �G= ≤
• In K3, �NC = �EM = {(0, 1), ( 1

2 , 1
2 )} ⊂ ≤, but �NC

� �K , and �NC � �
∗
K

• In B3, �NC = �EM = {(0, 1), ( 1
2 , 1

2 )} ⊂ ≤, but �NC

� �B , and �NC � �
∗
B

• In P3, �NC = �EM = {(0, 1), ( 1
2 , 0)} ⊂ �

∗
P , but �NC

� ≤, and �NC � �P .

Remark. 6.1. An element a ∈ L is �-self-contradictory, if
a � a′.

In Ł3, since �Ł3
= ≤ and a′ = 1−a, it is a ≤ a′ whenever

a ≤ 1
2 , that is, the self-contradictory elements are 0 and 1

2 . In
G3, with �G = ≤, the only element that is self-contradictory
is 0.

In K3, with �K ⊂ ≤ , the only self-contradictory is 0, but
with �

∗
K also 1

2 is self-contradictory.
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In B3, with �B ⊂ ≤ , the only element that is self-
contradictory is 0, but with �

∗
B and �

∗∗
B also 1

2 is self-
contradictory.

In P3, with �P , the only element that is self-contradictory
is 0, but with �

∗
P and �

∗∗
P also 1

2 is self-contradictory.

7 Conclusion
7.1

When the principles NC and EM are interpreted in the usual
‘modern’ forms,

a · a′ = 0, a + a′ = 1

for all a ∈ L0, neither Ł3 nor G3, K3, B3, P3 do verify one of
them. For example

• in Ł3, G3, K3, B3 : 1
2 · 1

2

′ = 1
2 �= 0, 1

2 + 1
2

′ = 1
2 �= 1

• in P3 : 0 · 0′ = 1
2 �= 0, 1

2 + 1
2

′ = 1
2 �= 1.

Hence, the results presented in this paper mean some progress
in what concerns, jointly with what is in [7] and [6], the gen-
eral verification of the non-contradiction and excluded-middle
principles. If they can fail at the just mentioned ‘modern’
level, it seems to exist at least another level (that of self-
contradiction) at which they do not fail.

7.2

Nevertheless, right now the authors are not yet able to com-
pletely answer the question of why the systems Ł3, G3, K3 do
have solution in ≤, but the systems B3, P3 do have to exit from
≤ to reach a solution, and the system K3 also admits a second
solution in ≤. In all these cases, the pairs that are to be added
to the initial relation given by a → b = 1, verify a → b �= 1.
For example,

• In K3, the added pair ( 1
2 , 1

2 ), verifies 1
2 → 1

2 = 1
2 �= 1

• In B3, the added pairs ( 1
2 , 1

2 ) and (1, 0), verify 1
2 → 1

2 =
1
2 �= 1, 1 → 0 = 0 �= 1

• In P3, the added pairs ( 1
2 , 0) and ( 1

2 , 1
2 ), verify 1

2 → 0 =
0 �= 1, 1

2 → 1
2 = 1

2 �= 1

Notice that in the cases Ł3 and G3 it is a → b = 1 ⇔ a ≤ b.
Instead, in K3 it is only a → b = max(1−a, b) = 1 ⇒ a = 0,
or b = 1 ⇒ a ≤ b, but not reciprocally. It seems that the
relation ‘If a, then b’ given by a → b = 1, needs to be enlarged
to reach both principles but without an agreement with the
truth table of →. The case K3, with the change of 1

2 → 1
2 = 1

2
by 1

2 → 1
2 = 1, results to be coincidental with Ł3. This is a

subject that, related to the semantics of the system, deserves
more thinking.

7.3

Another consideration about the operators → drives us to see
into its conditional behaviour related to the ≤ or � relations.
That is [4], whether or not the Modus Ponens rule of inference,
a · (a → b) ≤ b, or a · (a → b) � b, do hold.

Only the Gödel system, G3, verifies them, as is easy
to prove. For the rest of the cases the following counter-
examples answer the question.

1. Ł3 , with respect to �Ł = ≤. It is 1
2 · ( 1

2 → 0) = 1
2 · 1

2 =
1
2 � 0, that is ( 1

2 , 0) /∈ ≤.

2. K3 , with respect to �K , and �
∗
K = ≤. It is 1

2 · ( 1
2 →

0) = 1
2 · 1

2 = 1
2 , and ( 1

2 , 0) /∈ ≤ = �
∗
K and ( 1

2 , 0) /∈ �K

too.

3. B3 , with respect to �B , �
∗
B , �

∗∗
B , and ≤. It is 1

2 · ( 1
2 →

0) = 1
2 · 1

2 = 1
2 , and ( 1

2 , 0) /∈ ≤, ( 1
2 , 0) /∈ �B , ( 1

2 , 0) /∈
�
∗
B and ( 1

2 , 0) /∈ �
∗∗
B too.

4. P3 , with respect to both �P and ≤. It is 1
2 · ( 1

2 → 0) =
1
2 · 0 = 1

2 , and ( 1
2 , 0) /∈ ≤, ( 1

2 , 0) /∈ �P . With respect to
both �

∗
P and �

∗∗
P . It is 1

2 · ( 1
2 → 1

2 ) = 1
2 · 1

2 = 1, and
(1, 1

2 ) /∈ �
∗
P , (1, 1

2 ) /∈ �
∗∗
P .

Hence, it is difficult to see the interest of such systems from
the point of view of inference.

7.4

Last, but not least significant, is to notice how the different
operators → verify the five properties characterizing implica-
tion functions [3], namely, i) 0 → y = 1, ii) 1 → y = y, iii)
x → (y → z) = y → (x → z), iv) → is decreasing in the
first variable, and v) → is increasing in the second variable.

A simple calculation shows that in Ł3, G3, and K3 the oper-
ation → verifies the five properties, therefore in these systems
→ is an implication function. On the contrary, B3 does verify
only properties ii and iii, and P3 only i, iii, and iv. Hence,
neither in B3, nor in P3, → is an implication function.

In the same vein, since in P3 it is 1′ = 1
2 , but not 1′ = 0,

operation ′ is not, properly speaking, what is usually designed
as a negation.
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Abstract— The present article dedicates itself to fuzzy modelling
of data–inherent structures. In particular two main points are dealt
with: the introduction of a fuzzy modelling framework and the elab-
oration of an automated, data–driven design strategy to model com-
plex data–inherent structures within this framework.

The innovation concerning the modelling framework lies in the
fact that it is consistently built around a single, generic type of para-
metrical and convex membership function. In the first part of the
article this essential building block will be defined and its assets and
shortcomings will be discussed.

The novelty regarding the automated, data–driven design strategy
consist in the conservation of the modelling framework when mod-
elling complex (nonconvex) data–inherent structures. Instead of ap-
plying current clustering methods the design strategy uses the inverse
of the data structure in order to created a fuzzy model solely based
on convex membership functions.

Throughout the article the whole model design process is illus-
trated, section by section, with the help of an academic example.

Keywords— pattern recognition, fuzzy classification, fuzzy mod-
elling of data structures, data–driven fuzzy classifier design

1 Introduction

Nowadays the world suffocates in vast amounts of data. To
give those data an interpretable and thus economical mean-
ing it has to be analysed. The goal of such an analysis is the
creation of a model or the classification of the considered phe-
nomenon, e. g. modelling of the traffic flow in cities, medical
or machine diagnosis [1, 2, 3].

Basically there are two main philosophies to deduce such
a model, theoretical and experimental modelling. In exper-
imental modelling it is assumed that measurement data (ob-
jects) reflect the complexity of the phenomenon under con-
sideration through data–inherent structures. Unfortunately,
the same data might also exhibit imprecision (e. g. measuring
inaccuracies) or depict interesting phenomena characteristics
just vaguely (because of missing information). With the help
of fuzzy set theory these occurring inaccuracies can be taken
into account as a supplementary model feature [4].

In this work the whole modelling problem is understood as
a fuzzy classification task, where specific fuzzy sets form a
model equivalent. As it is pointed out in [5], there are a lot
of sophisticated solutions for such a task, which in general
apply nonparametric fuzzy sets or a composition of different
fuzzy sets. Contrary to those approaches, the main philosophy
behind this work is the exclusive usage of one specific para-
metrical fuzzy set to model complex data–inherent structures
as well as the data itself. Another aspect of the here pursued
type of structure modelling is that it works in the original fea-
ture space without any transformation like fuzzy support vec-
tor classifiers or any assumption of fuzzy functions [6, 7].

2 Fuzzy Pattern Classes
In order to become acquainted with the modelling philosophy
it is necessary to understand its core component, the so called
fuzzy pattern class (FPC). The subsequent sections provide
a basic survey about the definition, composition, capabilities
and utilisation of fuzzy pattern class models.

From a fuzzy theoretical perspective fuzzy pattern classes
correspond to a side–specific parametrical multivariate mem-
bership function. FPCs are referred to as classes since they
emerge from an agglomeration of class supporting objects (see
section 2.2), consequently they represent an superordinate en-
tity.

2.1 Definition of a Fuzzy Pattern Class

Although the usual FPC–membership function is multidi-
mensional it derives from one–dimensional basis functions.
Hence, it is reasonable to study this basis functions be-
ing equivalent to one–dimensional fuzzy pattern classes first.
Generally a one–dimensional fuzzy pattern class A is defined
over its class space U based on a side–specific parametrical
function concept, see (1).

µA (a,�p) =




a

1+
(

1
bl

−1
)∣∣∣∣ u

cl

∣∣∣∣
dl

, u < 0

a

1+
(

1
br

−1
)∣∣∣∣ u

cr

∣∣∣∣
dr

, u ≥ 0
(1)

The function concept comprises a set of seven parameters a
and �p = (bl ,br,cl ,cr,dl ,dr). The further specification of these
parameters results from the fact that the parameter a charac-
terises an entire fuzzy pattern class, whereas the parameters
combined in �p are related to a dimension of the class space
[8]. Beyond their mere mathematical functionality all param-
eters possess the following semantical meaning:
• The parameter a represents the maximum membership value
of the FPC µA. Regarding a structure of classes the parameter
a expresses the weight of a specific class. Considering a dy-
namic classification process a embodies the topicality or au-
thenticity of the information represented by that class [9, 10].
• In the normalised case a = 1, the parameters bl , br of �p
assign left– and right–sided membership values at the class
borders u = −cl and u = cr.
• cl , cr mark the support of a class in a crisp sense. Both pa-
rameters characterise the left– and right–sided expansions of
a fuzzy pattern class.
• The continuous descent of the membership function is spec-
ified by the parameters dl , dr. From a graphical point of view
dl , dr determine the shape of the membership function, or in
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other words, the fuzziness of a class. Fig. 1 illustrates the in-
troduced concept of the membership function considering the
general unidimensional case.

Figure 1: Membership function and parameters.

To obtain the common multidimensional fuzzy pattern class
A the basis functions of each class dimension are accumulated
using the N-fold compensatory Hamacher intersection opera-
tor (2), where n denotes the index of the basis functions and N
the total number of dimensions [11].

kHam∩ µA
N =

1

1
N

N

∑
n=1

1
µA

n

(2)

Regarding the main philosophy behind this paper, the most
important feature of this intersection operation is the conser-
vation of the parametrical function concept for the multidi-
mensional case [11].

Considering the multidimensional FPC form the class de-
scribing set of parameters is supplemented by a class spe-
cific position �u0 in the original feature space and a class spe-
cific orientation �ϕ. Fig. 2 depicts the influence of the ad-
ditional parameters for a two dimensional three class struc-
ture. The different location of each class results from �uc10 =
(0.8,0.2)T �uc20 = (0.5,0.5)T and �uc30 = (0.2,0.8)T , whereas
an additional class orientation ϕ of 60◦ has been applied to the
middle class.

Figure 2: Two dimensional three class structure

2.2 Data Driven Design of Fuzzy Pattern Classes

Being familiar with the definition of fuzzy pattern classes a
more intriguing question is how fuzzy pattern class models
can be deduced. As a matter of principle such models can be
obtained via two different approaches [8].

First they can be defined by expertise. That is an expert
determines all class parameters based upon task and domain
specific knowledge. This approach is not pursued here.

The second approach is a data–driven method, strongly ad-
vocating the here featured goal to model data–inherent struc-
tures. Based upon a class labelled set of learning data xl (e.g.

measurement objects) all class parameters are assigned auto-
matically by a two step aggregation procedure [9, 10]. The
class labels might result from a preliminary conducted cluster
analysis.

For the sake of clarity only the basic aggregation princi-
ple will be outlined in the following. A full description can
be found in [9, 12]. In order to perform the aggregation on
sound mathematical foundations, the crisp learning dataset is
extended to a set of fuzzy objects, using the introduced func-
tion concept (1). This extension is justified by the fact that
every observation (measurement) inheres a so called ”elemen-
tary fuzziness” (e.g impression of a sensor) [9]. In the first
aggregation step the class position �u0, alignment ϕ and ex-
tensions cl , cr are calculated in a dimension–wise manner.
As exemplified in Fig. 3 the position �u0 and alignment �ϕ of
the class space is obtained via a principal component analysis
(PCA), where �u0 is defined by the mean over all learning ob-
jects and�ϕ = (ϕ1,ϕ2, . . . ,ϕN−1)

T by sequential rotation of the
class space U into the principal axes.

Figure 3: Step 1: aggregation procedure

The extensions cl , cr of the class are determined by the out-
ermost objects in each class space dimension. In the subse-
quent second aggregation step the class shape dl , dr and the
border memberships bl , br are determined also dimension–
wisely.

After the transformation of the objects xl into their corre-
sponding class space U the shape of a fuzzy patter class (dl ,
dr) is assigned based on their agglomeration properties. The
more the data resembles an agglomeration according to a ge-
ometric series the smoother the class shape. The rate of re-
semblance is determined by the mean distance between two
adjacent objects. The smoothest class shape is obtained for
dlr = 2 where the objects are cumulating in the centre of the
class conform to a geometric series. The crisp case results
for (dlr → ∞) where the objects are equally distributed over
the class space, however for calculation purposes dlr = 20 has
proven to be a sufficient value to represent the crisp case.

Figure 4: Step 2a: determination of the class form

The values for border memberships bl , br are derived by the
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conservation of the object cardinality taking into account the
results of clr and dlr. Since the integral over the class mem-
bership function (1) cannot be solved analytically the border
memberships bl , br are estimated by a binary search over the
unity interval blr ∈ [0,1] [9].

Figure 5: Step 2b: claim for cardinality

The class ”weight” a is calculated by a logistic function
given the number of the class supporting objects, see [9].

2.3 Application of FPC and Mode of Operation

For applicative purposes all task relevant fuzzy pattern classes
are grouped together in a so called fuzzy pattern classifier. In
operating mode the fuzzy pattern classifier assigns unknown
objects to this class structure. The objects to be classified are
each denoted by a vector�x of their features:

�x = (x1,x2, ...,xN)T , (3)

where N represents the number of feature dimensions. The
results of the classification process are stored into a so called
vector of sympathy�s. The components of�s express the mem-
bership of a classified object to the corresponding class:

�s = (s1,s2, ...,sK)T , (4)

where K is the total number of classes. The gradual member-
ship of an object to a given class is calculated using (1).

sk = µk (�x) for k = 1,2, ...,K (5)

Figure 6 illustrates the process of classification with the help
of a one-dimensional three class structure. The object to be
classified is situated in the centre of class two, the right out-
skirts of the first class and in the left centre of the third class.
Alongside with the classification task the classification results
are listed.

Figure 6: Object classification

According to Fig.6 the vector of sympathy describes a
unique assignment of the object to the class structure with re-
spect to its location in the feature space, since there are three
classes it contains three values of membership.

2.4 Properties of Fuzzy Pattern Classes

In order to round off the comprehension about the afore intro-
duced concept of fuzzy pattern class models its major prop-
erties (advantages and drawbacks) will be outlined subse-
quently. The main features of the fuzzy pattern class model lie

in its versatility, its uniformity and its closed modelling frame-
work. All these features can be attributed to the unimodal,
side–specific and parametric class membership function. In
the most general case the class membership function offers
multivariate FPC models with various and asymmetric shapes,
ranging from peak- over bell- to crisp shaped fuzzy sets. In
connection with the introduced data–driven design procedure
the class membership function allows to map class internal
object distributions onto its shape and to model correlative re-
lations without loosing its fuzzy logic basis. Besides this flex-
ibility it has to be stressed that the parameters are semantically
motivated or have at least a semantical meaning. It is therefore
that the fuzzy pattern classes are considered to be well inter-
pretable and transparent. Another feature resulting from the
utilisation of the parametric membership concept is its good
trade off between data compression, computational cost and
generality. Due to the choice of the membership function (1)
each fuzzy pattern class is defined on a set of eight parame-
ters per dimension, providing a sufficient data compression,
especially for high dimensional models. Due to the choice of
the conjunction operator (2) the intersection operation is ex-
clusively performed on parameter level saving computational
cost. Both advantages are traded off for generality in so far
as class membership functions are convex models, specify-
ing a convex area of the feature space. Consequently FPC
are best suited to model convex data–inherent structures. But
their convex nature causes fuzzy pattern class models to be
afflicted with significant errors when it comes to model non-
convex data–inherent structures.

Figure 7: Nonconvex data structure and according FPC model

An example for such an error is depicted in Fig.7 where a
central object accumulation enclosed by a half circle shaped
data structure was aggregated to a fuzzy pattern class. Obvi-
ously the region between the object accumulations does not
belong to the given data structure but the associated fuzzy pat-
tern model µC will assign high grades of memberships for this
region.

In order to circumvent this major drawback two possibili-
ties can be thought of:
The first way, is to segment the data into convex subsets, for
example with the help of cluster algorithms. Aside from the
fact that this approach works on every data–inherent structure
it might create considerably large structures of fuzzy pattern
classes at the expenses of model clarity and computational
costs.

3 Fuzzy Pattern Anti–classes
The hereafter elaborated access to dissolve the convexity
drawback arises from the negation of a class assertion over
its unsupported class space. The idea behind this approach
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can be stated as follows: The difference of convex sets can be
a non–convex set.
Fig.8 sketches such a negation of the FPC model for a ring
shaped problem.

Figure 8: Nonconvex fuzzy pattern model via negation

As it is depicted the negation will be introduced in terms
of fuzzy pattern anti–classes (FPAC). It works on semantical
level and from this point of view FPACs can be seen as a fur-
ther specification of a preceding FPC.
Mathematically fuzzy pattern anti–classes are defined upon
the same membership function concept as fuzzy pattern
classes, see (1). The main concern of of this definition is con-
servation of the fuzzy pattern modelling framework and with
it the automated model generation and the model properties
(such as flexibility, interpretability, computational efficiency,
etc.). The enormous shape diversity of fuzzy pattern classes
together with the mutual negation of such membership func-
tions allows to model almost any form of data–inherent struc-
tures. The only task that needs to be solved can be formulated
as follows:
Determine the fuzzy pattern anti–classes given a set of learn-
ing data, containing an arbitrary (nonconvex) data–inherent
structure and the appendent FPC model.

3.1 Design of Fuzzy Pattern Anti–classes

Assuming that FPACs, like usual fuzzy pattern classes, can be
supported by objects or, better so called “anti–objects”, then
it is in accordance with modelling framework that FPCAs can
be designed in a data–driven manner. Aiming to elaborate an
automated FPAC design method the already introduced au-
tomated databased algorithm can be exploited. However the
introduced data–driven FPC design relies on class support-
ing objects. Correspondingly, in order to setup FPACs these
“anti–objects” have to be found first. When considering the
general case there are no “anti–objects” given. Consequently
they have to be generated.
For the sake of clearness the anti–object generation procedure
will be illustrated for the two–dimensional case with the help
of an academic example. The general multidimensional case
follows analogously.

3.1.1 Generation of Anti–objects

According to the task (section 3) the information given are
the location of each class supporting object in the learning
dataset and the modelling fuzzy pattern class, see Fig.7. Sup-
pose that there is no prior information about the distribution
of the learning data it is impossible to make an assumption
about the shape of a data–inherent structure. That is why the
central idea behind the anti–object generation is led by the as-
sumption that the anti–objects will agglomerate in the class
space being unsupported by learning objects, such that they

will adopt a kind of inverse data–inherent structure and form
FPACs.
To ascertain whether a partition of the class space is actually
supported by learning objects requires a discretisation of the
class space. The size of the class space to be discretised is
determined based upon the class borders clr in each dimen-
sion, whereas the discretisation resolution amounts to 2% of
the class space leading to a 50×50 matrix F with 2500 cells.
A cell of an N–dimensional class space then posses the fol-
lowing the extend:

Vc =
1

50
((cl1 + cr1) · (cl2 + cr2) · . . . · (clN + crN)) (6)

Fig.9 depicts the discretised class space for the example along
with the class borders in green, the object supported cells high-
lighted in red and the unsupported class space cells coloured
in dark blue.

Figure 9: Discretised class space for the example

According to the central idea, the anti–objects have to ag-
glomerate in these unsupported cells. In other words it is nec-
essary to define an model for the agglomeration process. In
particular two ways have been pioneered to model the accu-
mulation of anti–objects, namely accumulation based on the
elemental fuzziness and accumulation based on power series
expansion. The most promising agglomeration model resulted
from the assumption of a Fibonacci series.

Its leading thought is the expansion of Fibonacci numbers
around the cell of interest until an object supported cell or
a class border cell is reached. The result of the expansion
around an arbitrary cell (i, j) is a 50× 50 matrix Fd(i, j) con-
taining only the expanded Fibonacci numbers and zeros.

Figure 10: Fibonacci expansion for an arbitrary cell

In this context it has to be mentioned that the fuzzy pattern
class borders are treated like objects. Purpose of this proce-
dural manner is to provide an insight of the inner class anti–
object distribution by preventing an anti–object accumulation
close to the class borders.
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Fig.10 illustrates the implementation of the Fibonacci expan-
sion for an arbitrary cell at position (i, j). The sum over all
Fibonacci matrices Fd(i, j) yields the result of the agglomera-
tion process, as in (7).

Fd =
N

∑
i=1

N

∑
j=1

Fd(i, j) (7)

Fd can be interpreted as a kind of anti–object density matrix.
It is broken down into an explicit number of anti–objects per
cell based on the maximum object density of all cells dmax, see
(8).

Figure 11: Anti–object density matrix Fd for the example

Fa = rd
((

dmax

max(Fd)

)
Fd

)
(8)

With the usual rounding operation rd, in (8), it is assured
that each cell contains a natural number of anti–objects (Fa ∈
N

50×50).

Figure 12: Anti–object matrix Fa for the example

Fig.12 presents the resulting number of anti–objects in their
corresponding cells, after applying (8), for the example. The
total number of anti–objects, being distributed around the cen-
tre region amounts to 887 with a maximum density of five
anti–objects per cell.

The final step to complete the anti–object generation com-
prises the assignment of a position to each anti–object. For
this purpose all anti–objects are uniformly distributed over
their associated cell. In the here discussed two–dimensional
case the anti–object position of an arbitrary cell with the coor-
dinates (i, j) follows from (9), where rand draws an random
number from the unity interval.

(
ua1
ua2

)
=

(
i · 1

50 (cl1 + cr1)− rand
j · 1

50 (cl2 + cr2)− rand

)
(9)

After their distribution the set of anti–objects forms an in-
verse of the data–inherent structure, see left–hand side of
Fig.13.

Figure 13: left: Objects, anti–objects, right: according FPAC

However, as it can be seen the anti–objects (in red) form a
nonconvex data structure. Modelling this with the help of the
automated FPC algorithm again creates a faulty FPAC µAC,
see right–hand side of Fig.13. This might lead to the miscon-
ception that the problem was just shifted to the anti–objects.
But that is by no means the case, since the whole procedure
can be applied again to the created anti–class.

Like a block letter and its print anti–objects and objects
complement each other to a complete convex model. Or with
another emphasis anti–objects together with objects cover the
entire class space. Because of that complementary relation,
the original objects can be seen as the anti–objects of the anti–
objects. Consequently, instead of running through the entire
process again for the anti–class, the original objects can be re-
cycled. The reutilisation of the original objects is justified by
the facts that a part of the original objects is already comple-
menting the set of anti–objects to a convex description and that
their position is already known. Original objects being con-
sidered to negate the anti–class are required, firstly to posses a
high membership to the anti–class and secondly to be located
within the class borders of the anti–class. Generally this ap-
plies to original objects with a anti–class membership above
µ = 0.5.

For the considered example, the only objects meeting this
requirement are the ones located in the centre region, high-
lighted in dark blue see Fig.13. After setting up the “anti–
anti–class” µAAC by the selected original objects the negation
procedure stops owing to the fact the average membership of
possible anti–objects drops below a threshold of µ = 0.5.

3.2 Combination of Fuzzy Pattern Anti–class Models

After their generation the anti–class models have to be com-
bined together in order to from an overall model of the data–
inherent structure. This combination process is characterised
by the following keynote: If an object does not belong to the
anti–class it belongs to the preceding class. A reasonable im-
plementation of this key concept derives from the concate-
nation of the natural complement and minimum conjunction
[13, 14].

µ = min
(

µclass,
(

1−µanti−class
))

(10)

If the anti–class generation yields several levels of negation
their sequence has to be respected for the concatenation. Or
differently it has to be respected that each level of negation
creates an new level of hierarchy. Equation (11) represents
this aspect for the example.
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µ = min
(
µC,1−min

(
µAC,

(
1−µAAC)))

(11)

Fig.14 depicts the nonconvex and fuzzy model, resulting
from the class–anti–class combination, together with the sup-
porting objects in black.

Figure 14: Resulting FPC Model

3.3 Properties of the Fuzzy Pattern Anti–class Design

The introduction of FPAC design is round off by having its
assets and drawbacks summarised subsequently.
The main advantage of the introduced design approach lies in
the exploitation of a single type of membership function. All
the beneficial properties of fuzzy pattern classes, such as trans-
parency, interpretability, computational efficiency etc. are im-
parted and conserved into the design of nonconvex FPC mod-
els. Equally important, by complementing the objects over the
considered class space the FPAC design converts the major
drawback of fuzzy pattern models (convexity) into an advan-
tage. As a consequence the anti–objects have to be constructed
only once. Furthermore the complete object anti–object cov-
ering of the class space guarantees convergence of the FPAC
design method, since there is no further anti–object genera-
tion. Besides that, each anti–class is smaller or equal in size
compared to its preceding class such that the area of interest
is also converging to zero. Another aspect worth to mention
is that the FPAC design works independent from clustering
algorithms but features structure capturing.

The major drawback of the design strategy arises from its
numerical character, the class space has to be discretised in
order to distribute the anti–objects. As a consequence their
creation is computationally costly.

4 Conclusions
This paper presents a data driven approach toward modelling
of complex data–inherent structures. Its main philosophy is
the exclusive usage of a general fuzzy modelling framework.
Instead of applying cluster analysis techniques the design
strategy aims to complete the convex fuzzy pattern model with
the help of so called anti–objects. These anti–objects are not
available prior to the design. They have been generated and
distributed over the class space. For this purpose a Fibonacci
expansion model was elaborated and demonstrated.
With the help of the introduced automated FPC design the
anti–objects have been agglomerated to a negating fuzzy pat-
tern classes (FPAC). By preserving the membership function
concept the FPAC are on one hand afflicted again with the
drawbacks of fuzzy pattern classes. But on the other hand the

same design approach can be applied again, eventually leading
to a pure convex fuzzy pattern model. A possible combination
of the setup FPACs and the original fuzzy pattern model to a
hierarchical nonconvex overall FPC model has been demon-
strated with the help of an example.

Finally it has to be stressed that the introduced design strat-
egy is a universal approach in so far as it can be applied to any
multivariate unimodal convex parametrical membership func-
tion.

Further points of research are:
• reducing the numerical character of the method
• combination with cluster algorithms
• creation of fuzzy pattern class and anti–class networks

References

[1] Gernot Herbst and Steffen F. Bocklisch. Classification of
keystroke dynamics - A case study of fuzzified discrete event
handling. In Bengt Lennartson, Martin Fabian, Knut Akesson,
Alessandro Giua, and Ratnesh Kumar, editors, 9th Interna-
tional Workshop on Discrete Event Systems, 2008.

[2] Arne-Jens Hempel and Steffen F. Bocklisc. Hierarchical mod-
elling of data inherent structures using networks of fuzzy clas-
sifiers. In Tenth International Conference on Computer Model-
ing and Simulation, 2008. UKSIM 2008., pages 230–235. IEEE,
2008. ISBN: 0-7695-3114-8.

[3] C. Weihs & W. Gaul, editor. Classification - the Ubiquitous
Challenge: Proceedings of the 28th Annual Conference of the
Gesellschaft Fur Klassifikation E.V., University of Dortmund,
volume 28. Springer, June 2005.

[4] Lotfi Asker Zadeh. Fuzzy sets. Information and Control,
8(3):338–353, 1965.

[5] James C. Bezdek, James Keller, Raghu Krisnapuram, and
Nikhil R. Pal. Fuzzy Models and Algorithms for Pattern Recog-
nition and Image Processing (The Handbooks of Fuzzy Sets).
Springer-Verlag New York, Inc., Secaucus, NJ, USA, 2005.

[6] B. Schölkopf and A. J. Smola. Learning with Kernels: Sup-
port Vector Machines, Regularization, Optimization, and Be-
yond. The MIT Press, 2006.

[7] Xuehua Li and Lan Shu. Fuzzy theory based support vector
machine classifier. Fuzzy Systems and Knowledge Discovery,
Fourth International Conference on, 1:600–604, 2008.

[8] Steffen F. Bocklisch. Prozeßanalyse mit unscharfen Verfahren.
VEB Verlag Technik, Berlin, 1987.

[9] Arne-Jens Hempel. Aggregation und Identifikation von
Fuzzy−Objekten mit unterschiedlichen elementaren Un-
schärfen. Master’s thesis, TU Chemnitz, 2005.
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Abstract— Description Logics (DLs) are knowledge representa-
tion languages useful to represent concepts and roles. Fuzzy De-
scription Logics (FDLs) incorporate both vague concepts and vague
roles modeling them as fuzzy sets and fuzzy relations respectively. In
the present paper, following ideas from Hájek, we propose the use
of t-norm based (fuzzy) logics with truth constants in the language
as logics underlying the fuzzy description language. We introduce
the languages ALCL∗(S) and ALCL∗∼(S) as an adequate syntactical
counterpart of some semantic calculi given in different works dealing
with FDLs.

Keywords— Description Logics, Fuzzy Description Logics, t-
Norm Based Fuzzy Logics, Truth-constants, Involutive negation.

1 Introduction

Description Logics (DLs) are knowledge representation lan-
guages (particularly suited to specify formal ontologies),
which have been studied extensively over the last two decades.
A full reference manual of the field is [1]. The vocabulary
of DLs consists of concepts, which denote sets of individ-
uals, and roles, which denote binary relations among indi-
viduals. From atomic concepts and roles DL systems allow,
by means of constructors, to build complex descriptions of
both concepts and roles, which are used to describe a domain
through a knowledge base (KB) containing the definitions of
relevant domain concepts or some hierarchical relationships
among them (TBox) and a specification of properties of the
domain instances (ABox). One of the main issues of DLs is
the fact that the semantics is given in a Tarski-style presenta-
tion and the statements in both TBox and ABox can be identi-
fied with formulae in first-order logic or a slight extension of
it, and hence we can use reasoning to obtain implicit knowl-
edge from the explicit knowledge in the KB.

A natural generalization to cope with vague concepts and
relations consists in interpret DL concepts and roles as fuzzy
sets and fuzzy relations, respectively. From this point of view,
it is at the end of the last decade (from 1998) when sev-
eral proposals of Fuzzy Description Logics (FDLs) were in-
troduced (e.g., the first ones by Yen [19], Tresp and Molitor
[18] and Straccia [14]). However, the logic framework behind
these initial works is very limited. With the aim of enriching
the expressive possibilities Hájek [9] proposes to take t-norm
based fuzzy logics as logics underlying FDLs. This change
of view gives a wide number of choices on which a DL can
be based: for every particular problem we can consider the
t-norm based (fuzzy) logic that seems to be more adequate.
As an example, Hájek studies the FDL associated with the de-

scription language ALC. After this work, several researchers
on FDLs have developed approaches based on the spirit of
Hájek’s paper, even though their work is more related to ex-
pressiveness and algorithms than in its logical base (see for
instance [16, 13, 17]).

The main motivation of the present work is based on the fol-
lowing consideration: since the axioms of the bases of knowl-
edge in FDLs include truth degrees (see for instance [14]), a
natural choice is to include symbols for these degrees in both,
the description language and, as truth constants, in the t-norm
based logic where that language is interpreted.

To this goal in the present paper we propose two new
families of description languages, denoted by ALCL∗(S) and
ALCL∗∼(S) that are extensions of the language ALC consid-
ered by Hájek in [9]. After some introductory notions we
define their semantics and describe the corresponding knowl-
edge base (TBox and ABox) from a syntactic and semantic
perspective and, taking advantage of having truth constants in
the logic, we define graded notions of validity, satisfiability
and subsumption. We also give some representative exam-
ple and some new results for the case of ALC language over
Gödel logic with truth constants and an involutive negation.

2 Fuzzy Logic: basics

In the last decade a family of fuzzy logics as t-norm based
fuzzy logics has defined and studied (see, for instance, the
monograph [8] for the main notions used in this section).
They are multi-valued systems with additive conjunction and
disjunction, multiplicative conjunction, implication, negation
and the constant 0̄ which are interpreted in [0, 1] as min, max,
a continuous t-norm ∗, its residuum →∗, the negation func-
tion n(x) = x →∗ 0 and 0, respectively. This interpretation
is mainly defined by a continuous t-norm and its residuum
which justify the name t-norm based logics. Remember that
the main continuous t-norms are the minimum, the product
and the Lukasiewicz since all other continuous t-norm are or-
dinal sum of these three basic ones.

2.1 From BL to the logic of a continuous t-norm

The Basic fuzzy Logic (BL) (defined in [8]) has the following
basic connectives: multiplicative conjunction (&) implication
(→) (both binary) and falsity (0̄) (nullary). It is defined by the
inference rule of Modus Ponens and the following schemata
(taking → as the least binding connective):
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(BL1) (ϕ→ ψ) → ((ψ → χ) → (ϕ→ χ))
(BL2) ϕ&ψ → ϕ
(BL3) ϕ&ψ → ψ&ϕ
(BL4) ϕ&(ϕ→ ψ) → ψ&(ψ → ϕ)
(BL5a) (ϕ→ (ψ → χ)) → (ϕ&ψ → χ)
(BL5b) (ϕ&ψ → χ) → (ϕ→ (ψ → χ))
(BL6) ((ϕ→ ψ) → χ) → (((ψ → ϕ) → χ) → χ)
(BL7) 0̄ → ϕ

The usual defined connectives are introduced as follows:
ϕ ∨ ψ := ((ϕ→ ψ) → ψ) ∧ ((ψ → ϕ) → ϕ),
ϕ ∧ ψ := ϕ&(ϕ→ ψ), ϕ↔ ψ := (ϕ→ ψ)&(ψ → ϕ),
¬ϕ := ϕ→ 0̄, 1̄ := ¬0̄.

Łukasiewicz, Product and Gödel Logics can be obtained as ax-
iomatic extensions ofBL with the following axioms: ¬¬ϕ→
ϕ for Łukasiewicz; (ϕ ∧ ¬ϕ) → 0̄ and ¬¬χ → (((ϕ&χ) →
(ψ&χ)) → (ϕ→ ψ)) for Product; and ϕ→ ϕ&ϕ for Gödel.

An evaluation of propositional variables is a mapping e as-
signing to each variable p a truth value e(p) ∈ [0, 1]. Given
a continuous t-norm ∗, the evaluation e is extended induc-
tively to a mapping of all formulas into the so-called stan-
dard algebra [0, 1]∗ = 〈[0, 1], ∗,→∗,max,min, 0, 1〉 defined
on [0,1] by the t-norm and its residuum in the following way:
e(ϕ&ψ) = e(ϕ) ∗ e(ψ); e(ϕ → ψ) = e(ϕ) →∗ e(ψ);
e(0̄) = 0. In [3] it is proved that the formal system BL is
sound and complete w.r.t. the standard algebras defined in
[0, 1] by continuous t-norms and their residua, i.e., a formula
ϕ is provable in BL if and only if it is a common tautology of
all standard algebras defined by a continuous t-norm and its
residuum. Consequently we say that BL is the logic of con-
tinuous t-norms and their residua. It is also well known that
Łukasiewicz (Product, Gödel) Logic is the logic of the t-norm
of Łukasiewicz (Product, Gödel) and its residuum in the sense
that a formula is provable in each logic if and only if it is a tau-
tology over the standard algebra defined by the corresponding
t-norm and its residuum.

In [6] the logic L∗ of each continuous t-norm ∗ and its
residuum is proved to be finitely axiomatizable as extension
of BL. Moreover it is also given an algorithm to find a finite
set of axioms characterizing each logicL∗. When the negation
¬ϕ := ϕ→ 0̄ defined in L∗ is not involutive, a new logic L∗

∼,
expanding L∗ by adding an involutive negation, can be con-
sidered. This negation, denoted by ∼, could be introduced,
as is done in the context of intuitionistic logic (see [11]) or in
the context of Gödel or Product logics (cf.[5]) by adding the
axioms

(∼ 1) ∼∼ ϕ→ ϕ
(∼ 2) ∼ (ϕ ∨ ψ) ↔ (∼ ϕ∧ ∼ ψ)
(∼ 3) ¬ϕ→∼ ϕ

Notice that having an involutive negation in the logic en-
riches the representational power of the logical language in a
non-trivial way because a multiplicative (or strong) disjunc-
tion ϕ � ψ is definable now (by duality) as ∼ (∼ ϕ& ∼ ψ),
being the associated truth function ⊕ defined as x ⊕ y :=
n(n(x) ∗ n(y)), where n is the truth function of ∼ and,
on the other hand, a contrapositive implication ϕ ↪→ ψ is
definable as ∼ ϕ � ψ, with truth function ↪→⊕ defined as
x ↪→⊕ y = n(x) ⊕ y.

2.2 The logics BL∀ and L∗∀

The language of the basic fuzzy predicate logic BL∀ con-
sists of a set of predicate symbols P = {P,Q, . . . }, each
together with its arity n ≥ 1 and a set of constant symbols
C = {c, d, . . . }. The logical symbols are variable symbols
x, y, . . . , connectives &,→, 0̄ and quantifiers ∀,∃. Other con-
nectives (∨,∧,¬,↔, 1̄) are defined as in BL. Terms are con-
stant symbols and variable symbols. An atomic formula is an
expression of the form P (t1, . . . , tn), where P is a predicate
letter of arity n and t1, . . . , tn are terms. The set of predicate
formulas is built from atomic formulas in the usual way.

A fuzzy interpretation for our language is a tuple M =
〈M, (rP )P∈P , (mc)c∈C〉, where M is a set, for each n-ary
predicate symbol P , rP is a fuzzy n-ary relationMn → [0, 1];
and for each constant symbol c, mc is an element of M.

Given a continuous t-norm ∗, an M-evaluation of the vari-
ables assigns to each variable x an element v(x) of M . From
M and v we define the truth value of a term t in the following
way: ‖t‖M,v = v(t) when t is a variable, and ‖t‖M,v = mc

when t is a constant c. The truth value of a formula ϕ for an
evaluation v, denoted by ‖ϕ‖∗M,v , is a value in [0, 1] defined
inductively as follows:

‖ϕ‖M,v if ϕ is an atomic formula,
0 if ϕ = 0̄,
‖α‖∗M,v ∗ ‖β‖∗M,v if ϕ = α&β,
‖α‖∗M,v →∗ ‖β‖∗M,v if ϕ = α→ β,
inf{‖α‖∗M,v : v ≡x v

′} if ϕ = (∀x)α,
sup{‖α‖∗M,v : v ≡x v

′} if ϕ = (∃x)α,
where v ≡x v′ means that for all variables y �= x, v(y) =
v′(y).
The truth value of a formula ϕ is defined by ‖ϕ‖∗M :=
inf{‖ϕ‖∗M,v : v is an M-evaluation}. A formula ϕ is a ∗-
tautology if ‖ϕ‖∗M = 1 for every fuzzy interpretation M; ϕ is
a standard tautology if it is a ∗-tautology for each continuous
t-norm ∗. The following standard tautologies are taken as ax-
ioms of the basic fuzzy predicate logic BL∀ (see [8]): a) the
axioms of BL; b) the following axioms on quantifiers:

(∀1) (∀x)ϕ(x) → ϕ(t) (t substitutable for x in ϕ(x)),
(∃1) ϕ(t) → (∃x)ϕ(x) (t substitutable for x in ϕ(x)),
(∀2) (∀x)(ϕ→ ψ) → (ϕ→ (∀x)ψ) (x not free in ϕ),
(∃2) (∀x)(ϕ→ ψ) → ((∃x)ϕ→ ψ) (x not free in ψ),
(∀3) (∀x)(ϕ ∨ ψ) → (∀x)ϕ ∨ ψ (x not free in ψ).

Deduction rules are (as in classical logic) Modus Ponens and
Generalization. Notions of proof, provability, theory, etc., are
defined in the usual way. Let C be an axiomatic extension of
BL. C∀ is obtained by taking the axioms and rules of BL∀
plus the axioms characterizing C. Thus, given a continuous
t-norm ∗, the predicate logic L∗∀ is the logic obtained from
L∗ by adding to its axiomatization the schemas for quantifiers
and the rule of generalization.

2.3 Adding truth constants to the language

T-norm based logics are infinite-valued logics. However, the
advantage of being a many-valued logic is not used in cur-
rent approaches since the semantic deduction of formulas do
not take into account the intermediate or partial truth degrees.
That is to say, current approaches use a truth-preserving con-
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sequence relation in the same way as in the classical logic, i.e.
deduce true formulas (having value 1) from sets of true for-
mulas. An elegant way to take advantage from being many-
valued is to introduce truth constants into the language, as it
is done by Pavelka in [12] and more recently in [8, 6, 4]. The
approach considered in this paper is based in these ideas.

Given a continuous t-norm ∗, its residuum →∗ and its cor-
responding logic L∗, let S = 〈S, ∗,→∗,max,min, 0, 1〉 be a
countable (i.e., finite or enumerable) subalgebra of the corre-
sponding standard algebra [0, 1]∗. The expansion ofL∗ adding
into the language a truth constant r̄ for each r ∈ S, denoted
by L∗(S), is defined as follows:
i) the language of L∗(S) is the one of L∗ plus a truth constant
r̄ for each r ∈ S,
ii) the axioms and rules of L∗(S) are those of L∗ plus the
book-keeping axioms: for each r, s ∈ S \{0, 1}, r̄&s̄↔ r ∗ s
and (r̄ → s̄) ↔ r →∗ s.

Completeness results for propositional logic L∗(S) when ∗
is a continuous t-norm has been fully studied in [4].

2.4 Defining the logics L∗(S)∀ and L∗
∼(S)∀

When the negation associated to the continuous t-norm ∗ is
not involutive, the logic L∗

∼(S) can be defined in a similar way
although in this case S has to be a countable subalgebra of the
algebra obtained by adding the truth function of the involutive
negation n(x) := 1 − x to the operations of [0, 1]∗. Moreover
we need to add the book-keeping axioms for the involutive
negation: ∼ r̄ ↔ n(r). The corresponding predicate logics
L∗(S)∀ and L∗

∼(S)∀ are respectively obtained from L∗∀ and
L∗
∼∀ by expanding the language with a truth constant r̄ for

every r ∈ S and by adding the book keeping axioms. The
truth value of the formula r̄ is given by ‖r̄‖∗M = r. The logics
L∗(S)∀ and L∗

∼(S)∀ will be the basis of our proposal for the
description languages presented in the next section.

3 The description languages ALCL∗(S) and
ALCL∗∼(S)

Similarly as first-order logic is the counterpart for interpreting
the classic description language ALC, the logics L∗(S)∀ and
L∗
∼(S)∀ will be the counterpart for interpreting the description

languages ALCL∗(S) and ALCL∗∼(S) we will define in this
section. In these languages, take an special role the so-called
evaluated formulas. An evaluated formula is a formula of one
of the types r̄ → ϕ, ϕ→ r̄ where ϕ is a formula without new
truth constants (i.e., different from 0̄ and 1̄). In this setting
r̄ ↔ ϕ is definable as (r̄ → ϕ)&(ϕ → r̄). The name of eval-
uated formulas cames from the fact that e(r → ϕ) = 1 (resp.
e(ϕ → r) = 1) if and only if e(ϕ) ≥ r (resp. e(ϕ) ≤ r).
Thus, evaluated formulas correspond to the type of formulas
(under the notation 〈ϕ,� r〉 and 〈ϕ,� r〉) used for the knowl-
edge bases in papers on FDLs (cf.[14, 15, 17]). Next we de-
fine the description languages ALCL∗(S) and ALCL∗∼(S) from
a syntactic and semantic perspective. Then we introduce the
notions of TBox and ABox for that languages.

Syntax. In the languages of description we start from atomic
concepts and atomic roles. Complex descriptions are built in-
ductively with constructors of concepts. We will use the letters
A for atomic concepts, R for atomic roles and both C and D

for descriptions of concepts. Using the connectives 0̄,&,→
(falsity, conjunction, implication), the quantifiers ∀,∃ and the
point . as an auxiliary symbol, the description of concepts in
classic ALC can be built using the following syntactical rules
C,D � A | 0̄ | C&D | C → D | ∀R.C | ∃R.C
Given a continuous t-norm ∗ and a countable subalgebra S

of the corresponding standard algebra [0, 1]∗, let us consider
the logic L∗(S). We define ALCL∗(S) by adding to ALC, for
every r ∈ S, a nullary connective r̄ and the rule C � r̄.

The language ALCL∗∼(S) is defined by adding to ALCL∗(S)

the connective ∼ and the syntactic rule C � ∼ C.
Following [8], the notions of instance of a concept and in-

stance of a role allow us to read the formulas of both languages
as formulas of the corresponding predicate fuzzy logic. For
each term t (variable or constant). The instance D(t) of a
concept D is defined as follows:

A(t), if D is an atomic concept A,
0̄, if D = 0̄,
∼ C(t), if D =∼ C,
C1(t) ◦ C2(t), if D = C1 ◦ C2, where ◦ ∈ {&,→},

and, if y is a variable not occurring in C(t),

(∀y)(R(t, y) → C(y)), if D = ∀R.C,
(∃y)(R(t, y)&C(y)), if D = ∃R.C,

where, given two terms t1 and t2, R(t1, t2) is an atomic for-
mula corresponding to the atomic role R. We will refer to the
expressions of the form R(t1, t2) as instances of the atomic
role R.

Semantics. According to semantics for L∗(S)∀ and
L∗
∼(S)∀ a fuzzy interpretation M associates a fuzzy set AM

to each atomic concept A and a fuzzy binary relation RM to
each atomic role R, and the truth value for complex descrip-
tions is given as follows:

0̄M(a) = 0
r̄M(a) = r, for every r ∈ S

(C&D)M(a) = CM(a) ∗DM(a)
(C → D)M(a) = CM(a) →∗ DM(a)

(∀R.C)M(a) = inf{RM(a, b) →∗ CM(b) : b ∈M}
(∃R.C)M(a) = sup{RM(a, b) ∗ CM(b) : b ∈M}

In the case of complex descriptions in ALCL∗∼(S) we must to
add the following:

(∼ C)M(a) = 1 − CM(a)

Fuzzy TBox and Fuzzy ABox. Now we define the notions
of TBox and ABox for ALCL∗(S) and ALCL∗∼(S). In these
definitions we use the following graded notion of inclusion be-
tween fuzzy sets: degree(C ⊆ D) = infx(C(x) →∗ D(x)).
Of course this degree is 1 if and only if C(x) ≤ D(x) for all
x and 0 if the support1 of the two fuzzy sets are disjoint. Hav-
ing the truth constants in the language allows us to associate
sentences like “degree (C ⊆ D) ≤ r” with formulas such as
(∀x)(C(x) → D(x)) → r̄.

A fuzzy concept inclusion axiom is a sentence of one of the
following forms:

• r̄ → (∀x)(C(x) → D(x))

1The support of a fuzzy set is the cardinal of the set of elements
which membership degree is greater than 0.
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Table 1: The graded notation for fuzzy KB.
Evaluated Formula FDL Graded Notation

r̄ → (∀x)(C(x) → D(x)) 〈C � D,� r̄〉
(∀x)(C(x) → D(x)) → r̄ 〈C � D,� r̄〉
r̄ ↔ (∀x)(C(x) → D(x)) 〈C � D,≈ r̄〉

r̄ → C(a) 〈a : C,� r̄〉
C(a) → r̄ 〈a : C,� r̄〉
r̄ ↔ C(a) 〈a : C,≈ r̄〉
r̄ → R(a, b) 〈(a, b) : R,� r̄〉
R(a, b) → r̄ 〈(a, b) : R,� r̄〉
r̄ ↔ R(a, b) 〈(a, b) : R,≈ r̄〉

• (∀x)(C(x) → D(x)) → r̄

• r̄ ↔ (∀x)(C(x) → D(x))

A fuzzy assertion axiom is a sentence of one of the following
forms:

• r̄ → C(a) or r̄ → R(a, b)

• C(a) → r̄ or R(a, b) → r̄

• C(a) ↔ r̄ or R(a, b) ↔ r̄

Now a fuzzy TBox is defined as a finite set of fuzzy concept
inclusion axioms while a fuzzy ABox is defined as a finite set
of fuzzy assertion axioms. A fuzzy KB is a pair K = 〈T ,A〉,
where the first component is a fuzzy TBox and the second one
is a fuzzy ABox.

Notice that all the axioms of the fuzzy KB are evaluated for-
mulas. Thus, the syntactic notion of fuzzy KB according to
our approach, both the TBox and the ABox can be seen as
theories of the logic L∗(S)∀ (or L∗

∼(S)∀).
In Tab. 3 we present an alternative graded notation for fuzzy

inclusion and fuzzy assertions that we will use in the exam-
ple. This notation is similar to the one used in some papers
of FDLs (see for instance [17]). Moreover this notation is ac-
cording to the semantical interpretation in the sense that, for
instance,

〈σ,� r̄〉M = r →∗ σM

and so

M |= 〈σ,� r̄〉 iff r →∗ σM = 1 iff σM ≥ r

It is interesting to remark that in ALCL∗∼(S)∀ the involutive
negation allows us to define graded expressions like, for in-
stance, 〈a : C,� r̄〉 as ∼ 〈a : C,� r̄〉 which corresponds to
the formula ∼ (C(a) → r̄).

An example. We will use a data set composed of nine robots
(Fig. 1), each one with either the same of different shape of
head and body (i.e., they are homogeneous or not homoge-
neous respectively), they can or cannot wear a tie, they can or
cannot smile, and they hold some object. Taking into account
all these characteristics, robots can have different friendliness
degree. The domain of interpretation of the robots is the set:
MR = {ri : 1 ≤ i ≤ 9} ∪ {oi : 1 ≤ i ≤ 9}, where the ri are
the robots and each oi is the object that the robot ri holds (e.g.,
the object o4 is the flower that r4 holds). Atomic concepts of
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.    . .    . .    . .    . .    .
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.    .
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Figure 1: The 9 little robots.

the language are the following: Robot, Happy, Object, Friend-
lyObject, Homogeneous, Balloon, Flag, Flower, Sword, Ax and
HasTie. There is only one atomic role: hasObject.

The TBox concerning the robots domain is the following:
Friendly ≡ Robot&(∃hasObject.FriendlyObject)&(Happy � Homogeneous)
〈Robot & Object 
 0̄,≈ 1̄〉
〈1̄ 
 Robot � Object,≈ 1̄〉
〈Flower 
 FriendlyObject,≈ 1̄〉
〈Balloon 
 FriendlyObject,≈ 0.75〉
〈Flag 
 FriendlyObject,≈ 0.50〉
〈Sword 
 FriendlyObject,≈ 0.25〉
〈Ax 
 FriendlyObject,≈ 0̄〉

where C � D is an abbreviation of ∼ (∼ C& ∼ D) and
C ≡ D is an abbreviation for the conjunction of the formulas
〈C � D,≈ 1̄〉 and 〈D � C,≈ 1̄〉.

Notice that objects have different friendliness degree. For
instance, a sword is a friendly object with degree 0.25 and an
ax is a friendly object with degree 0 (i.e., it should be consid-
ered unfriendly in the classical case). On the other hand, the
TBox also contains a definition of Friendly allowing to assess
the friendliness degree of a robot.

The ABox containing the descriptions of the robots is the
following:

For each i, 1 ≤ i ≤ 9, 〈ri : Robot,≈ 1̄〉, 〈(ri, oi) : hasObject,≈ 1̄〉
〈r1 : Homogeneous,≈ 1̄〉, 〈o1 : Balloon,≈ 1̄〉, 〈r1 : Happy,≈ 1̄〉
〈r2 : Homogeneous,≈ 1̄〉, 〈o2 : Flag,≈ 1̄〉, 〈r2 : Happy,≈ 1̄〉
〈r3 : Homogeneous,≈ 0.75〉, 〈o3 : Sword,≈ 1̄〉, 〈r3 : Happy,≈ 1̄〉
〈r4 : Homogeneous,≈ 0.50〉, 〈o4 : Flower,≈ 1̄〉, 〈r4 : Happy,≈ 0̄〉
〈r5 : Homogeneous,≈ 0.50〉, 〈o5 : Sword,≈ 1̄〉, 〈r5 : Happy,≈ 0̄〉
〈r6 : Homogeneous,≈ 0.75〉, 〈o6 : Flag,≈ 1̄〉, 〈r6 : Happy,≈ 0.50〉
〈r7 : Homogeneous,≈ 1̄〉, 〈o7 : Ax,≈ 1̄〉, 〈r7 : Happy,≈ 0.50〉
〈r8 : Homogeneous,≈ 0.75〉, 〈o8 : Ax,≈ 1̄〉, 〈r8 : Happy,≈ 0.50〉
〈r9 : Homogeneous,≈ 1̄〉, 〈o9 : Balloon,≈ 1̄〉, 〈r9 : Happy,≈ 0.50〉
Notice that, using truth constants, we can assess different

degrees of homogeneity according to the shape of both head
and body. In particular, we assess, in a subjective way, that a
combination of round shapes of head and body (i.e., a circle
and an octagon) give a more homogeneous aspect to the robot
than combining round and square shapes. Thus, robots r6 and
r8 are considered more homogeneous than robot r4. Similarly,
robots have different form of mouth that give them different
degree of happiness (i.e., robot r1 is assessed as more happy
than robots r8 and r4).

Fuzzy reasoning. Reasoning in fuzzy description logics
consists on the same kind of tasks than in the classical case but
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now they depend on the chosen continuous t-norm ∗. One of
the advantages of introducing truth constants in the language
is the possibility to define the graded versions of the notions
of ∗-satisfiability, ∗-subsumption and ∗-validity defined in [9]
without modifying the semantics. Thus, given a concept C, a
t-norm ∗ and a truth value r ∈ S we introduce the following
graded notions with respect to a knowledge base K:
•C is ∗-satisfiable in a degree greater or equal than r iff there
is a model M of K such that ‖r̄ → C(a)‖∗M = 1 (being a a
constant).
• C is ∗-valid in a degree greater or equal than r in a model
M of K iff ‖r̄ → (∀x)C(x)‖∗M = 1.
• C is ∗-subsumed by D in a degree greater or equal than
r in a model M of K iff the concept C → D is ∗-valid in
a degree greater or equal than r in the model M, that is, iff
‖r̄ → (∀x)(C(x) → D(x))‖∗M = 1.

On the other hand, we can analogously define the notions
of lower thresholds. For instance, a concept C is ∗-satisfiable
in a degree lower or equal than r iff ‖C(a) → r̄‖∗M = 1
for some model M of K. Moreover, it is also possible to
define an interval where a concept is either valid, satisfi-
able or subsumed. For instance a concept C is ∗-satisfiable
in an interval of degrees [r, s] iff ‖r̄ → C(a)‖∗M = 1 and
‖C(a) → s̄‖∗M = 1 for some model M. In particular, when
r = s the interval became a value called the degree of satisfi-
ability.

Example 3.1 The concept C below is ∗-satisfiable with de-
gree 0.75 in the robots model using any continuous t-norm.

C := Homogeneous &∃hasObject.FriendlyObject

According to the semantics, C is ∗-satisfiable with degree
0.75 if there is at least one robot such that
C(x) = Homogeneous(x)∗ supy∈MR(hasObject(x, y) ∗

FriendlyObject(y)) = 0.75
The equality is true since the robots r1 and r9 have
Homogeneous(x) = 1 and both hold a ballon that, as the
TBox states, it is a friendly object with degree 0.75. Thus,
because 1 is the unity element of any t-norm, both robots have
friendliness degree 0.75.

Example 3.2 Let us to analyze the ∗-subsumption degree of
the concept Object & Sword & FriendlyObject by 0̄ with respect
to the TBox.

According to the definition of ∗-subsumption, we have to
analyze the following formula

r̄ ↔ (∀x)((Object & Sword & FriendlyObject)(x) → 0̄)

and thus, according to the interpretation, the ∗-subsumption
has degree

r = inf
x∈MR

{Object(x)∗ Sword(x)∗ FriendlyObject(x) →∗ 0}

For all t-norms: a) when x is an element that is neither an
object nor a sword, then r is 0 →∗ 0 = 1, and b) when x is a
sword, r = FriendlyObject(x) →∗ 0. In such case r depends
on the t-norm. For instance, taking the Łukasiewicz’s t-norm,
r = min(1, 1 − FriendlyObject(x) + 0) = 0.75. Taking either
the minimum or the product t-norms r = 0.25 →∗ 0 = 0.

Concerning the entailment, we say that a fuzzy assertion α
is ∗-entailed by the knowledge base K if every model M of K
also satisfies α. For instance, the reader can easily prove that
the fuzzy ABox of the robots’ example ∗-entails the assertion
〈Friendly(r6),� 0.50〉 with respect to the fuzzy TBox using
either Łukasiewicz or minimum t-norms. However, using the
product t-norm the above ∗-entailment is not satisfied.

4 A case study: Fuzzy description logics
associated to G∼∀(S)

The first FDL systems were related to the initial Zadeh pro-
posal for fuzzy sets operations. The logic underlying this pro-
posals is the logic associated to the calculus over [0, 1] defined
by the functions min, max, n(x) = 1− x, the Kleene-Dienes
implication x → y = max(1 − x, y), and quantifiers inter-
preted as in section 2.2. This is referred as minimalistic appa-
ratus of fuzzy logic by Hájek in [9]. But, as already noted by
Hájek, the (non residuated) implication of this logic has some
no nice behaviour. For example: (a) in this logic ϕ → ϕ is
not a tautology and (b) an implication ϕ → ψ is evaluated as
1 only if either ϕ is evaluated as 0 or ψ is evaluated as 1. The
languages ALC based on this logic was studied by Straccia in
[14]. The notion of subsumption is defined using the notion
of fuzzy subsets (C ⊆ D if and only if C(x) ≤ D(x) for all
x in the univers) with no relation to implication function due
to the lack of a good relation between the implication function
of this logic and the order relation in [0, 1]. Moreover it is not
known any (Hilbert style) axiomatization of this logic.

For these reasons in this short case study we propose the
interest of studying the ALC language associated to Gödel
Logic with truth constants G(S)∀ and specially the ALC lan-
guage associated to its expansion with an involutive negation
G∼(S)∀. In [7] the authors prove the canonical completenes
of the logic G(S)∀. The canonical completeness can also be
proved for G∼(S)∀.

Theorem 4.1 The logic G∼(S)∀ has the Canonical Finite
Strong completeness, i.e., for every finite set of formulas
Γ ∪ {ϕ},

Γ �G∼(S)∀ ϕ iff Γ |=[0,1]G∼(S)
ϕ

where
[0, 1]G∼(S)= 〈[0, 1],min,max,→G, n, {r | r ∈ S}, 0, 1〉,
with n(x) = 1 − x being the truth function associated to the
involutive negation.

The proof is a simplified version of [7, Theorem 11]. As a
consequence of this theorem, we have an equivalence between
∗-entailment in ALCG∼(S) and the semantics consequence re-
lation on [0, 1]G∼(S).

Notice that in G∼(S)∀ we have, in addition to the connec-
tives of this logic, the ones being the counterpart of the min-
imalistic logic, since an implication having as truth function
the Kleene-Dienes implication is definable as ∼ ϕ∨ψ. More-
over the truth constants allow us to have evaluated formulas
and their negation by the involutive negation that makes possi-
ble to represent by formulas the semantical expressions saying
that the interpretation of a formula is greater, greater or equal,
less, and less or equal than a value r.
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Thus the description language based on G∼∀(S) seems to
be a good choice because both it is actually very expressive
and it maintains the canonical completeness. In this setting
we have two implication connectives, that semantically corre-
spond to the residuum of the minimum plus the Kleene-Dienes
implication. Of course, as in the general case of L∗

∼(S)∀, the
degree of subsumption between concepts is defined by means
of the residuated implication, i.e, the Gödel implication. The
Straccia’s work [14] and the Bobillo’s work [2] gives algo-
rithms for proving satisfiability and subsumption in the ALC
description language based on the minimalistic logic and in
the SROIQ(D) description language based on Gödel logic
respectively. As future work we want to find analogous algo-
rithms for the ALC description languages based on G∼(S)∀.

5 Conclusions

This paper is a first step on the direction proposed by Hájek
concerning the relationships between some proposals of FDLs
and the recent developments in mathematical fuzzy logics.
The main contributions of our approach is the use of truth con-
stants in the language of description and the introduction of
an involutive negation in the required cases. This allows us to
recover graded notions of satisfiability, validity and subsump-
tion that have been used in the fuzzy logic setting. This choice
is oriented to search for the syntactical counterpart of the se-
mantic calculi proposed in some works dealing with FDLs.
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Abstract— To evaluate premises, consequences and hypotheses,
on this paper relevance and support ratios are defined for each of
them. This allows to distinguish consequences based on the num-
ber of premises that support them, and also to reduce the set of
premises while maintaining the same consequences. Since the re-
lation between premises and hypotheses is, in some sense, similar to
the relation between consequences and premises, analogous ratios
are defined for hypotheses and premises.
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1 Introduction
The aim of most problems is to make choice between possible
solutions, a clear example is a medical diagnosis problem. In
this paper we allocate degrees for the elements in the set of
consequences, hypotheses or premises in order to choose the
consequence, hypothesis or premise with the biggest degree.
Papers [2] and [3] had dealt with that idea of graded conse-
quences.

The following section will show Conjectures, Hypotheses,
and Consequences (CHC) models introduced in [7], which
was suggested, in part by Watanabe in [10], and takes into
account the particular case of partial consequence’s operator
[8] [9]. Partial operators of consequences are that allow to get
consequences of each premise, or subset of premises, and ob-
taining the final set of consequences as the union of all these
partial consequences.

To define support for each consequence (section 3) we con-
sider that consequences with bigger support, are those that are
supported by more premises or subsets of premises. By the
way, different degrees are allocated for consequences. So,
for example, following with a medical diagnosis problem in
which the premises are diseases and the consequences are
symptoms, we can choose between consequences, and select
as the stronger, the one with biggest support.

In section 4, we deal with a measure of relevance for
premises that is useful for knowing which premises have
more importance, in the sense of how many consequences can
be deduced from them. Thanks to that measure, the set of
premises can be reduced to a smaller set with the same rele-
vance. This reduced set of premises gets rid of superfluous
premises and yet allows to work with less premises, while
getting the same set of consequences. Till now all premises
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seemed to have the same importance.

Finally, in section 5, we also consider partial hypotheses,
that is, hypotheses of one premise, and not hypotheses of all
premises. And analogous measure of support for premises, as
well as of relevance for partial hypotheses, are defined. This
allows to evaluate subset of partial hypotheses by counting
how many premises they give as consequences.

2 Basic concepts

2.1 CHC models

Reasoning can be understood as a process allowing to get con-
jectures from a set of premises, P . There are three basic types
of reasoning: deduction, abduction and induction. A process
that allows to get consequences is a deductive reasoning, a
process that allows to get hypotheses is an abductive reason-
ing, and finally, if the process allows to get speculations, it is
an speculative reasoning.

In this paper, CHC models are defined on a preordered set
(L,≤), endowed with a negation, ′. And when it is neces-
sary, the preordered set will be endowed with an infimum,
·, and a supremum, +, operations (L,≤,′ , ·,+), a preorder
with infimum and supremum operations is a partial ordered
set (poset)with these operations. The infimum of L is called
first element and it is denoted by 0, the supremum of L is
called the last element and it is denoted by 1. The paper only
deals with finite algebraic structures, that is, with a finite set
L.

CHC models can be based on consequences operators [8, 9],

Definition 2.1 If L is a set, and F ⊂ P(L), it is said that
(L,F, C) is a structure of consequences, provided that C :
F → F verifies,

1. P ⊂ C(P ), for all P ∈ F (C is extensive)

2. If P ⊂ Q, then C(P ) ⊂ C(Q), for all P,Q ∈ F (C is
monotonic)

3. C(C(P )) = C(P ), or C2 = C, for all P ∈ F (C is a
clausure)

i.e. C is an operator of consequences (in the sense of Tarski)
for F in L.

For each {q} ∈ F, let us write C(q) = C({q}).
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Definition 2.2 A consequences’ operator C is consistent in
P , if for all q ∈ C(P ), q′ /∈ C(P ).
A structure of consequences (L,F, C) is consistent if C is con-
sistent for all P ∈ F.

Let P be the set of premises, P �= ∅, and C(P ) a set
of consequences for P . Conjectures of P can be defined
from a consistent consequences operator C, as those elements
whose negation is not in C(P ), Conj C(P ) = {q ∈ L; q′ /∈
C(P )}. Hypothesis can be defined by Hyp C(P ) = {h ∈
Conj C(P ) − C(P ); {h} ∈ F, P ⊂ C(h)}.

Finally, speculations are those conjectures that are nei-
ther consequences, nor hypotheses. Hence, SpC(P ) =
Conj C(P )− [C(P )∪HypC(P )] = {q ∈ L, q /∈ C(P ), q′ /∈
C(P ), q /∈ HypC(P )}.

2.2

Definition 2.3 A consequences’ operation C is a partial con-
sequences operator if C(P ) =

⋃

R⊂P,R∈F

C(R).

Definition 2.4 A decomposable consequences operator is a
consequences’ operator such that C(P ) =

⋃

p∈P

C(R).

This paper considers partial hypothesis, elements that are
hypotheses of a subset of the set of premises P . This idea
comes from that of partial consequences.

Definition 2.5 For each set P of premises the partial hypothe-
ses set is,

Hyp∗C(P ) = {h ∈ {L − 0} − P ; {h} ∈ F,∃R ⊂ P,

R ⊂ C(h)}.
Obviously, hypotheses are partial hypotheses, since P ⊂ P

and P ⊂ C(h), provided h is a hypothesis.

Remark 2.6 Although hypotheses are anti-monotonic (P1 ⊂
P2, implies Hyp(P2) ⊂ Hyp(P1)), partial hypotheses are (as
it is easy to prove) monotonic (P1 ⊂ P2, implies Hyp∗(P1) ⊂
Hyp∗(P2)). That is why they can not be considered classical
hypotheses.

2.3

The paper deals with a general concept of measure [6], defined
in a preordered set (L,≤). A measure is a mapping m : L →
[0, 1], such that:

• There exists a minimal x0 ∈ L, such that m(x0) = 0

• There exists a maximal x1 ∈ L, such that m(x1) = 1

• If x ≤ y, then m(x) ≤ m(y).

3 Consequences support
This section introduces a ratio in order to distinguish which
consequences are the more supported by a given set of
premises. And proof in which cases is a measure

Let’s recall that in this paper L is assumed to be a finite set.

Definition 3.1 The support of q ∈ L is the ratio of subsets of
premises that allow getting q as a consequence, to all possible
subsets of premises.

Supp C,P (q) =
|{R ∈ P(P ); q ∈ C(R)}|

2|P | − 1
= (1)

|{R ∈ P(P ); q ∈ C(R)}|
|P(P ) − ∅| .

Since P �= ∅, it is |P | > 0 and the quotient in the definition
is possible.

The bigger support a consequence has, the more subsets of
premises allow deducing it.
Notice that if q /∈ C(P ), Supp C,P (q) = 0, since if there
were R ∈ P(P ) such that q ∈ C(R), because of the mono-
tonicity of the consequence operator, C(R) ⊂ C(P ) would
imply q ∈ C(P ).

This ratio verifies the following properties,

• If P ⊂ Q, it is Supp C,P (q) ≤ Supp C,Q(q), for all
q ∈ L.

• If P = {p},∀q ∈ C(P ), it is Supp C,P (q) = 1.

• For all q ∈ C(P ), Supp C,P (q) > 0.

• Supp C,P (q) = 1 means that q is a consequence for all
R ∈ P(P ). Particularly, q is consequence of all p ∈ P .

The support defined by (1), is not a measure in general. For
example, if C(P ) = P, ∀P ∈ P(L), let P be a set with more
than one element. If q ∈ L, it is either q ∈ P , or Supp(q) = 0.
If q ∈ P , there exists p ∈ P such that p �= q, and q /∈ C(p)
and Supp(q) �= 1. Therefore, there is no q ∈ L such that
Supp C,P (q) = 1.

Remark 3.2 Supp C,P is monotonic with respect to the pre-
order given by C, q1 ≤C q2 iff q2 ∈ C(q1) [1],

Proof. Since if q1 ≤C q2, for each R such that q1 ∈ C(R), it
is C(q1) ∈ C(C(R)) = C(R), and, as q2 ∈ C(q1), it is also
q2 ∈ C(R). So, Supp C,P (q1) ≤ Supp C,P (q2).
�

Since, given P , the relation defined between the pairs of
elements in L with the same value of SuppC,P , is an equiva-
lence, the classes

[q] = {v ∈ L; Supp C,P (v) = Supp C,P (q)}

give a partition on L in a number of parts that is, at most, 2|P |.

3.1 The case of the operator C•
Let (L,≤) be now a preordered set in which is defined an
infimum operation denoted by ‘·’.

The partial consequences operator C• gives consequences
that are consequences for a subset of the set of premises P , it is
C•(P ) = {q ∈ L; ∃{p1, p2, ..., pn} ⊂ P : p1·p2·...·pn ≤ q}.
It is a partial consequences’ operator and it obviously verifies
C•(P ) =

⋃

R⊂P,R∈F

C•(R).
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Notice, that as L is finite, P is also finite and C•(P ) =
{q ∈ L; inf P ≤ q}, which equal to the infimum operator of
consequences C∧.

Supp C•,P (q) =
|{R ∈ P(P ) ∈ P ; inf(R) ≤ q}|

2|P | − 1
(2)

Let’s see what specific properties are verified by
Supp C•,P ,

• If L has last element, it implies 1 ∈ L, then 1 ∈ C•(P )
and Supp C•,P (1) = 1.

• If q1 ≤ q2, then Supp C•,P (q1) ≤ Supp C•,P (q2). That
is the function Supp C•,P is monotonic.

• Supp C•,P (sup{q1, q2}) ≥
max{Supp C•,P (q1), Supp C•,P (q2)}, provided
sup{q1, q2} exists.

• Supp C•,P (inf{q1, q2}) ≤
min{Supp C•,P (q1), Supp C•,P (q2)}

Corollary 3.3 Let (L,≤,′ , ·, +) be a partial ordered set with
infimum and supremum operations and first and last elements.
If P �= {0}, the function Supp C•,P : L → [0, 1] is a measure.

Proof. It is monotonic, and it verifies the boundary condi-
tions, since 0 is not a consequence Supp C•,P (0) = 0 and
Supp C•,P (1) = 1. �

3.2 The case of the operator C≤
C≤ is the partial consequences operator that gives as conse-
quences those elements that follow from at least one premise
in P , formally, it is C≤(P ) = {q ∈ L; ∃p ∈ P : p ≤ q},
see [8]. Hence, it can be considered as a decomposable con-
sequences’ operator, since allows getting consequences that
are not deduced from all premises. It is straightforward that
C≤(P ) =

⋃

R⊂P,R∈F

C(R) = ∪
p∈P

C≤(p).

In this case, a different definition of the support’s ratio
seems to be more convenient, since it deals only with conse-
quences of each p ∈ P , nor with consequences of each subset
of P(P ).

Definition 3.4 The support of q ∈ C≤(P ) is the ratio of
premises that allow getting q as consequence to all premises.

Ŝupp C≤,P (q) =
|{p ∈ P ; p ≤ q}|

|P | (3)

Since P �= ∅, it is |P | > 0 and the quotient in the definition is
possible.

If q /∈ C≤, then Ŝupp C≤,P (q) = 0.

So, the bigger Support an element has, the more premises
allow to reach it.

Ŝupp C≤,P verifies,

• If P = {p},∀q ∈ C≤(p), it is Ŝupp C≤,P (q) = 1.

• If L has last element, 1, then 1 ∈ C≤(P ) and
Ŝupp C≤,P (1) = 1.

• For no q ∈ C≤(P ) is ŜuppP (q) = 0. That is, for all
q ∈ C≤(P ), Ŝupp C≤,P (q) > 0.

• Ŝupp C≤,P (q) = 1 means that q is a consequence for all
p ∈ P .

• If q1 ≤ q2, then Ŝupp C≤,P (q1) ≤ Ŝupp C≤,P (q2). That

is the function Ŝupp C≤,P is monotonic with respect to
≤.

Remark 3.5 In order to know what happens if we calcu-
late the support for the infimum or supremum, of two con-
sequences, provided it exists and it is a consequence, weak
boundaries are found,

• Ŝupp C≤,P (sup{q1, q2}) ≥
max{Ŝupp C≤,P (q1), Ŝupp C≤,P (q2)}

• Ŝupp C≤,P (inf{q1, q2}) ≤
min{Ŝupp C≤,P (q1), Ŝupp C≤,P (q2)}

Obviously, if the operator is consistent, that is, if q ∈ C≤(P ),
then q′ /∈ C≤(P ), it follows Ŝupp C≤,P (q′) = 0.

Theorem 3.6 Let (L,≤,′ , ·,+) be a partial ordered set with
first and last elements and P �= {0}. Function Ŝupp C≤,P :
L → [0, 1] is a measure.

Proof. It is monotonic as it is stated above. Since 0 is not
a consequence Ŝupp C≤,P (0) = 0. Finally, it is obvious that

1 ∈ C≤(P ) and Ŝupp C≤,P (1) = 1. �

From Ŝupp C≤,P we can calculate Supp C≤,P . If

Ŝupp C≤,P (q) = k and |P | = n, it is |{R ∈ P(P ); q ∈
C(R)}| = k·n. Hence,

Supp C≤,P =

2n − ∑

i∈{0,...,n−k·n}
(n−k·n)!

i!(n−k·n−i)!

2n − 1
. (4)

The numerator in (4) is the number of subsets of premises
that contain at least one of the premises supporting q.

Corollary 3.7 Let (L,≤) be a preordered set with first and
last elements and P �= {0}. Function Supp C≤,P : L → [0, 1]
is a measure.

Proof. It is monotonic as it is proven at the beginning
of this section, and it verifies boundary conditions, since 0
is not a consequence Supp C≤,P (0) = 2n−2n

2n−1 = 0 and
Supp C≤,P (1) = 2n−1

2n−1 = 1. �
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Example 3.8 Figure 1 represents a preordered set of medi-
cal symptoms and deseases for patients. Let’s calculate
the support for the consequences for a patient with P =
{antibody, bacterium}. To such an end, let us notice
that, C≤(P ) = {antibody, bacterium, fever, eruption, 1}.
Then,

• Ŝupp C≤,P (antibody) = 1
2 , and

Supp C≤,P (antibody) = 22−(1+1)
22−1 = 2

3 .

• Ŝupp C≤,P (bacterium) = 1
2 , and

Supp C≤,P (bacterium) = 2
3 .

• Ŝupp C≤,P (fever) = 1, and
Supp C≤,P (fever) = 3

3 = 1.

• Ŝupp C≤,P (eruption) = 1
2 , and

Supp C≤,P (eruption) = 2
3 .

• Ŝupp C≤,P (1) = Supp C≤,P (1) = 1.

Hence, the consequence with greatest support is ‘fever’.

    fever 
  spot 

antibody 

smallpox 
vaccination

bacterium

eruption

bacteriumB
bacteriumA 

    1 

smallpox’ 
vaccination’ 

 bacterium’ 
antibody’ 

    fever’ 
spot’ 

     0 

   eruption’ 

bacterium
B’ 

bacterium 
A’

Figure 1: Preorder

4 Relevance for premises
This section introduces a measure to calculate the proportion
of consequences that are gotten from a subset of premises, and
what is more, it is shown how to reduce the set of premises
using this ratio in order to give the same set of consequences.

Definition 4.1 The relevance of a subset of premises R ∈
P(P )−{∅} is the ratio of consequences deduced from a R, to
all consequences.

Rel C,P (R) =
|{q ∈ L; q ∈ C(R)}|

|C(P )| =
|C(R)|
|C(P )| , if R ∈ P(P ) − {∅},

(5)
and, Rel C,P (∅) = 0.

Since |P | > 0 and P ⊂ C(P ), it is |C(P )| > 0, the quo-
tient does exist.

If a subset of premises allows to deduce all consequences,
the set of premises can be reduced to it, since both have the
same set of consequences.

There are many properties that Rel C,P verifies,

• If there exists R ∈ P(P ), such that Rel C,P (R) = 1, it
means that all consequences for P are consequences of
R. So, C(P ) = C(R).

• If R1 ⊂ R2, then Rel C,P (R1) ≤ Rel C,P (R2). That is
function Rel C,P is monotonic.

• It is Rel C,P (P ) = 1, and Rel C,P (∅) = 0.

Theorem 4.2 Function Rel C,P : P(P ) → [0, 1] is a mea-
sure.

Proof. Straightforward, by the last properties. �

Remark 4.3 In this case, the concept of fuzzy measure is
defined in the preordered set (P(L),⊂), since relevance is
defined for all subsets of premises and not only for single
premises. Remember that the support is defined for each ele-
ment.

The ratio of relevance applying for each premise allows
to define a partition into the set of premises, in classes
whose elements have the same relevance, [q] = {p ∈
L; Supp C,P (p) = Supp C,P (q)}. Analogously, it can
be built a partition in the set P(P ), defining each class as
[S] = {R ∈ P(P ); Supp C,P (R) = Supp C,P (S)}. The
maximum number of classes that can exist is |C(P )| + 1.

4.1 Using the operator C≤
For the operator C≤ it is useful to calculate the relevance for
each p ∈ P , since it is sufficient to get consequences for each
premise and then join them. So, in this case is enough to deals
with

Rel C≤,P : P → [0, 1]

Definition 4.4 The relevance for a premise p ∈ P is the pro-
portion of consequences deduced from p.

Rel C≤,P (p) =
|{q ∈ L; p ≤ q}|

|C≤(P )| =
|C(p)|
|C(P )| . (6)

If a premise allows to deduce all consequences, the set of
premises can be reduced to that premise, since both give the
same set of consequences.

There are many properties that Rel C≤,P (p) verifies,

• For all p ∈ P , Rel C≤,P (p) > 0, since p ∈ {q ∈ L; p ≤
q} implies |{q ∈ L; p ≤ q}| > 0.

• If there exists p ∈ P such that Rel C≤,P (p) = 1, it
means that all consequence for P is consequence of p.
So, C≤(P ) = C≤(p).
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• If p1 ≤ p2, then Rel C≤,P (p2) ≤ Rel C≤,P (p1). That
is the function Rel C≤,P is anti-monotonic in this sense.
Then, the function 1 − Rel C≤ is monotonic.

• Let L be endowed with an infimum operation. If inf P ∈
P , as Rel C≤,P (inf P ) = 1, because ∀q ∈ C≤(P ) there
exists p ∈ P such that p ≤ q, and inf P ≤ p ≤ q. Then,
C≤(P ) = C≤(inf P ).
A common consequence’s operator is C∧, defined by
C∧(P ) = {q ∈ L; inf P ≤ q}, that can be defined as
C∧(P ) = C≤(inf P ), so in that case C≤(P ) = C∧(P ).

Example 4.5 Using the same preset in figure 1. Let’s calcu-
late the relevance for premises. Here, we have an example that
allows us to quantify the relevance of deseases of a patient.

If the patient has P = {antibody, smallpox}, then,
C≤(P ) = {antibody, smallpox, spot, fever, 1}. Hence,

• Rel C≤,P (antibody) = |{antibody,fever,1}|
|C≤(P )| = 3

5 .

• Rel C≤,P (smallpox) =
|{antibody,smallpox,spot,fever,1}|

|C≤(P )| = 5
5 = 1

• Obviously, Rel C≤,P (P ) = 1.

This example shows the case that a premise allows to de-
duce all consequences of P , since C≤(P ) = C≤(smallpox).

Theorem 4.6 If (L,≤,′ , ·,+) is a partial ordered set and
P ⊂ L such that inf P �= 0.
There exists p ∈ P such that Rel C≤,P (p) = 1, if and only if
p = inf P .

Proof. If Rel C≤(p) = 1, it is p ≤ q for all q ∈ C≤(P ). And
since C≤(P ) ⊂ C∧(P ), it is inf P ≤ q ∀q ∈ C≤(P ). The
infimum is the greatest lower bound of a set, then p ≤ inf P .
It is also inf P ≤ p. Thus, p = inf P , because L is a lattice, so
verifies antisymmetric property and has an infimum for each
subset.
On the other hand if p = inf P , implies inf P ∈ P , and as it
is said, Rel C≤,P (inf P ) = 1. �

In the theorem and in the above example, it is shown that
the set of premises can be reduced to an only premise with rel-
evance one, but if there is no one premise with relevance one,
it could be found a subset of premises that allows to obtain
the same consequences as the initial set of premises. When
models deal with not a very big number of premises, a simple
program can be used in order to find a minimal set of premises
by calculating all combination of premises.

This algorithm is exponential in the number of premises.
So, others algorithms can be designed in order to deal with a
big number of premises.
,

The algorithm is as follows.

First of all, we look for premises with greatest relevance, we
put one of these premises (p1) into the set of reduced premises,
then we calculate a relative relevance

Rel C≤,P−{p1}(p) =
|{q ∈ C≤(P ) − C≤(p1); p ≤ q}|

|C≤(P ) − C≤(p1)| ,

and we introduce a premise with the greatest relative relevance
(p2), and then we calculate other relative relevance,

Rel C≤,P−{p1,p2}(p) =

|{q ∈ (C≤(P ) − C≤(p1)) − C≤(p2); p ≤ q}|
|(C≤(P ) − C≤(p1)) − C≤(p2)| ,

and this process is repeated till the lowest r that verifies
C≤(P ) =

⋃

i∈{1,...,r}
C≤(pi). Then the reduced set searched

in this way will be {p1, ..., pr}.

4.2 Using the operator C•
In this case we can particularize the definition of relevance for
each subset of premises.

The relevance for a subsets of premises R ⊂ P(P ) − {∅}
is the ratio of consequences deduced from R, to consequences
deduced from P .

Rel C•,P (R) =
|{q ∈ L; q ∈ C•(R)}|

|C•(P )| =

|{q ∈ L;∃R̃ ⊂ P(R), inf R̃ ≤ q}|
|C•(P )|

Example 4.7 Let P be {c, d, a′} defined in the preorder in
figure 2. So, C•(P ) = {c, d, f, g, b, e, d′, a′, 1}. Relevance
for all subset of premises are,

  

  a 

     b    d

g’   e’

    d’

 g     e

  0

1 

c

f
a'

c’ b’ 

  f’

Figure 2: Preorder

• Rel C•,P ({c}) = 3
7 , Rel C•,P ({d}) = 5

7 ,
Rel C•,P ({a′}) = 2

7

• Rel C•,P ({c, d}) = 1, Rel C•,P ({c, a′}) = 1,
Rel C•,P ({d, a′}) = 5

7

This example gives two reduced sets of premises, {c, d} and
{c, a′}. Obviously C•(P ) = C•({c, d}) = C•({c, a′}).

5 Validating premises and partial hypotheses
Each premise is supported, or explained by hypotheses, so
in this section, a support for each premise is defined. Then,
we define the relevance of each partial hypothesis. This is
analogously to the above section, because premises are conse-
quences of hypotheses.

Let Hyp∗C(P ) �= ∅.
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Definition 5.1 The support of p ∈ P is the ratio of subsets of
hypotheses that allow getting p as consequence, to all subsets
of partial hypotheses.

SuppC,Hyp∗
C(P )(p) =

|{H ⊂ Hyp∗C(P ); p ∈ C(H)}|
2|Hyp∗

C(P )| − 1
(7)

Since |Hyp∗C(P )| > 0 the quotient in the definition is possi-
ble.

The bigger Support a premise has, the more hypotheses a-
llow to deduce it.

The SuppC,Hyp∗
C

verifies,

• If P = {p}, it is SuppC,Hyp∗
C(P )(p) = 1.

• If 1 ∈ P , then SuppC,Hyp∗
C(P )(1) = 1.

• SuppC,Hyp∗
C(P )(p) = 1 means that p is explained by all

h ∈ Hyp∗C(P ), in particular for all h ∈ Hyp(P ).

• If p1 ≤ p2, then
SuppC,Hyp∗

C(P )(p1) ≤ SuppC,Hyp∗
C(P )(p2). That is,

function Sup is monotonic.

• SuppC,Hyp∗
C(P )(sup{p1, p2}) ≥

max{SuppC,Hyp∗
C(P )(p1), SuppC,Hyp∗

C(P )(p2)}.

• SuppC,Hyp∗
C(P )(inf{p1, p2}) ≤

min{SuppC,Hyp∗
C(P )(p1), SuppC,Hyp∗

C(P )(p2)}.

SuppC,Hyp∗
C(P ), allows to compare premises in relation to

hypotheses and to allocate different degrees to each premise.

Definition 5.2 The relevance for a subset of partial hypothe-
ses H ⊂ Hyp∗C(P ) is the proportion of premises deduced
from H .

Rel C,Hyp∗
C(P )(H) =

|{p ∈ P ; p ∈ C(H)}|
|P | , (8)

if H ∈ P(Hyp∗C(P )) − {∅},

and, Rel C,Hyp∗
C(P )(∅) = 0.

Since |P | > 0, the quotient is possible.

There are many properties that Rel C,Hyp∗
C(P ) verifies,

• If P = {p}, it is Rel C,Hyp∗
C(P )(H) = 1, for all H ⊂

Hyp∗C(P ).

• For all H ⊂ Hyp∗C(P ), Rel C,Hyp∗
C(P )(H) > 0.

• If H1 ⊂ H2, then Rel C,Hyp∗
C(P )(H1) ≤

Rel C,Hyp∗
C(P )(H2). That is, function Rel C,Hyp∗

C(P ) is
monotonic.

• If there exists h ∈ Hyp∗C(P ) such that
Rel C,Hyp∗

C(P )({h}) = 1, it means that h is a partial hy-
pothesis that can explain all premises, so it is hypothesis.

Theorem 5.3 If HypC(P ) �= ∅, then Rel C,Hyp∗
C(P ) is a

measure.

Proof. It is monotonic as it is stated above,
Rel C,Hyp∗

C(P )(∅) = 0, and since there exists h ∈ HypC(P )
Rel C,Hyp∗

C(P )({h}) = 1.
�

The measure, Rel C,Hyp∗
C(P ), allows to compare partial hy-

potheses, and to distinguish which partial hypotheses are hy-
potheses in the classical sense, that are those one with rele-
vance one.

6 Conclusions
In this paper, it is built a measure in the set of consequences,
premises and partial hypotheses. That can be useful in deci-
sion problems in order to choose the consequence, premise or
hypotheses with the biggest measure.

It should be also pointed out that by using a relevance mea-
sure, we can get rid of premises that do not add information,
and still get the same set of consequences.

It is also introduced the concept of set of partial hypotheses,
that contains the classical hypotheses one. The measure built
allocate value one to that partial hypotheses that are hypothe-
ses in the classical sense.

As future work it can be proposed to apply these measures
to practical problems, for examples medical diagnosis prob-
lems much more bigger than the one that appears in this paper.
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Abstract— This paper presents a novel approach for medical im-
age storage using a Fuzzy Object-Relational Database Management
System (FORDBMS). The system stores medical images along with
a set of parameters describing their content. Flexible queries can
be performed over these parameters to retrieve images matching vi-
sually. To illustrate the capabilities of the FORDBMS, parameter
curves are obtained from X-Ray images of patients suffering from
scoliosis, and queries are performed when looking for images with a
determined curve pattern. Results show that retrieved images visu-
ally match the condition established in the query.

Keywords— Image Retrieval, Fuzzy Databases

1 Introduction
Images are a fundamental tool in health care for diagnosis,
clinical studies, research and learning. Currently, there are
multiple techniques to capture images from patients to help di-
agnostic tasks such as X-Ray images, Computer Tomography
(CT), Magnetic Resonance Imaging (MRI), Positron Emission
Tomography (PET), Ultrasonography, etc. The diagnostic task
generates a large amount of images which must be archived
for future evaluations. Fortunately, most of these techniques
produce digital images, which are more efficiently archived
and handled through computer systems than physical ones. In
medical imaging, these computer systems are called Picture
Archiving and Communication Systems (PACS). PACS are
computers or networks devoted to the storage, retrieval, dis-
tribution and presentation of images. These systems solve the
problem of storaging digital images but do not provide mech-
anisms to retrieve them based on their content.

Content-Based image retrieval (CBIR) [1] is the applica-
tion of computer vision techniques to the problem of digi-
tal image search in large databases. First image retrieval ap-
proaches were based on captions and textual descriptors col-
lected by humans. Nowadays, image retrieval systems im-
prove the textual-based ones using features such as color, tex-
ture or shape, which are automatically extracted from images
[2]. In this regard, a very important point to take into account
is the imprecision in the feature descriptions, as well as the
storage and retrieval of that imprecise data. To deal with this
vagueness, some interesting approaches introduce the use of
fuzzy logic in the feature representation, as well as in the re-
trieval process [3, 4, 5]. These fuzzy approaches also allow
to perform queries on the basis of linguistic terms, avoiding
one of the drawbacks of the classical image retrieval systems,
where the queries have to be defined on the basis of images or

sketches similar to the one we are searching for.

Database Management Systems (DBMS) are crucial in
CBIR for retrieval purposes and, as we have explained above,
these systems must be able to represent fuzzy data as complex
datatype structures to provide flexible content based retrieval.
There is a wide variety of proposals for fuzzy data handling in
databases [6, 7, 8, 9, 10, 11] but in general these models and/or
implementations do not have enough modeling power and per-
formance for image indexing applications. For these kind of
applications we propose to use the Fuzzy Object-Relational
Database System (FORDBMS) model introduced in [12, 13].
This model evolves classical fuzzy databases models to incor-
porate object-oriented features for a powerful representation
and handling of data, fuzzy or not.

CBIR techniques get more semantical results when applied
to a specific domain or application area, as knowledge on the
domain and on the image characteristics helps the process to
extract the relevant features for this specific area of applica-
tion. Health care is an application area that may benefit from
the CBIR techniques. If we focus the CBIR techniques on the
analysis of a certain pathology we can get high level features
processing certain types of images. For example, there are
some proposals to extract vertebral and spinal shapes from X-
rays [14, 15] (these algorithms need some user intervention).
The paper [16] describes a technique to automatically mea-
sure Cobb angle [17] for scoliosis pathologies given the end
vertebras of the curve.

This paper shows how our FORDBMS is suitable for easy
image representation and retrieval, using the fuzzy descrip-
tors obtained by means of computer vision algorithms [18]
or provided by experts. To illustrate this, we show the pro-
cess to represent a structure in the FORDBMS describing sco-
liosis measures (Cobb angles) obtained from anteroposterior
X-rays. Aditionally, we will show that the use of fuzzy com-
parators implemented by the FORDBMS in queries let us re-
trieve images that match the expected visual characteristics
searched.

The rest of the paper is organized as follows. Section 2
describes the scoliosis pathology and the use of X-rays for
its diagnosis. Section 3 introduces the fuzzy object-relational
database system used to store and retrieve the fuzzy data. Ex-
amples of queries are presented in Section 4 and, finally, the
main conclusions and future works are summarized in Section
5.
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2 Idiopathic scoliosis and its X-ray based
diagnosis

In order to show how the use of fuzzy databases can help in
health care, we have focused on the study of representation
and retrieval of images related with idiopathic scoliosis. In
this section we will describe the most relevant characteristics
of this pathology in relation with our purpose.

Scoliosis is a three-dimensional deformation of the spine
that produces vertebral rotation and crushing, and lateral cur-
vature. It is typically classified as congenital (caused by ver-
tebral anomalies present at birth), idiopathic (sub-classified as
infantile, juvenile, adolescent, or adult according to when on-
set occurred) or as having developed as a secondary symptom
of another condition, such as cerebral palsy, spinal muscular
atrophy or due to physical trauma. Depending on the severity
and progression of the deformation may be necessary treat-
ment, consisting of observation, orthotic (brace) treatment, or
surgery. About 2-4% of the adolescent population has some
degree of scoliosis. Approximately 2.2% of these adolescents
will require treatment.

To diagnose and treat scoliosis it is necessary to perform
measures of the spine deformity. There are physical exami-
nations to initially detect the presence of the deformity, but
a precise diagnosis and treatment needs the help of radiologic
techniques. The most accurate technique to measure spinal de-
formity is Computed Tomography (CT), that provides a three-
dimensional view of the spine. However this technique is ex-
pensive and exposes the patient to a high radiation. Taking
into account that a patient having scoliosis may need observa-
tion and treatment for many years and many radiologic tests,
the frequent use of this technique may be inappropriate. X-
Rays expose the patient to a lower radiation and, because of
this, full-length standing spine X-rays are the standard method
for evaluating the severity and progression of the scoliosis.
Anteroposterior X-rays (AP X-rays) project spinal deformi-
ties as curves. The standard method to quantitatively asses
curvatures is the measurement of the Cobb angle on AP X-
rays. The Cobb angle [17] can be manually measured by cal-
culating the angle between the lines respectively drawn along
the upper endplate of the superior end-vertebra and the lower
endplate of the inferior end-vertebra, as shown in Fig. 1. Us-
ing this measure each curve present in the spine is character-
ized by means of four parameters: the side of the convexity
of the curve (right or left), the superior end-vertebra, the infe-
rior end-vertebra and the angle value. It is important also to
identify the apical vertebra associated with the adjacent disc
interspaces that have the greatest segmental angulation of all
interspaces in the curve. This vertebra occurs at the horizon
or apex of a curve (T9 in Fig. 1).

The manual measurement of Cobb angle depends on ex-
perience and personal judgment. Errors are due to selecting
different end- vertebrae and estimating different slopes of the
vertebrae. The standard measurement error is 3◦ to 5◦ for the
same observer and 5◦ to 7◦ for different observers.

The use of AP X-rays is useful for diagnosis, clinical studies
and health learning. To help these purposes, it will be interest-
ing to perform storage and retrieval of X-rays from a database
based on curves parameters present in the spine. The prob-
lem is that, as we have shown, measures are imprecise and the
query parameters needs to be flexible. For this reason, classi-

Figure 1: Cobb angle measurement.

cal databases are not suitable for this purpose. It is necessary
a Database System that can store imprecise data and can per-
form flexible queries on them. Moreover, as spine parameter
description is complex, the database system must handle com-
plex structures to represent imprecise data and must provide
flexible comparators on these structures. Our FORDBMS, as
we will show in next sections, have those capabilities.

3 The fuzzy object-relational database system
The recent proliferation of large image databases leads to the
need for DBMS applied to multimedia libraries management
to ensure high performance, scalability, availability with fault
tolerance and distribution.

Nowadays, market leader DBMSs offer these required fea-
tures transparently. However, the database models imple-
mented by them, generally the relational model, are not suit-
able to manage fuzzy data, which is necessary for this kind of
image description algorithms. In order to solve this drawback,
some database models and DBMSs implementing them have
been proposed. Nevertheless, the existing fuzzy DBMSs are
in general research prototypes which do not match the high
performance and other necessary requirements for this kind of
applications.

In [12, 13] we introduce the strategy of implementation
of our FORDMS model, that it is based on the extension of
a market leader RDBMS (Oracle�) by using its advanced
object-relational features. This strategy let us take full advan-
tage of the host RDBMS features (high performance, scalabil-
ity, etc.) and the ability for representing and handling fuzzy
data provided by our extension, making this FORDBMS suit-
able to support systems for flexible content based retrieval of
images.

3.1 Fuzzy datatype support

Our FORDBMS is able to handle and represent a wide variety
of fuzzy datatypes, which allows to model any sort of fuzzy
data easily. These types of fuzzy data, which are represented
as classes with light gray background color in Fig. 2, are the
following:

• Atomic fuzzy types (AFT), represented as possibility dis-
tributions over ordered (OAFT) or non ordered (NOAFT)
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domains.

• Fuzzy collections (FC), represented as fuzzy sets of ob-
jects with conjunctive (CFC) or disjunctive (DFC) se-
mantics.

• Fuzzy objects (FO), whose attribute types could be crisp
or fuzzy, and where each attribute is associated with a
degree to weigh its importance in object comparison.

All fuzzy types define a Fuzzy Equal operator (FEQ) that
computes the degree of fuzzy equality for each pair of in-
stances. Each fuzzy datatype has its own implementation of
this operator in accordance with its nature. Moreover, the
FORDBMS provides parameters to adjust the fuzzy equal-
ity computation to the semantics of the data handled. For
OAFTs the system implements other fuzzy comparators as
FGT (fuzzy greater than), FLT (fuzzy less than), etc.

Figure 2: UML Class Diagram for Fuzzy types and
SpineCurves Datatype.

3.2 Fuzzy datatype operators

Our FORDBMS can handle flexible comparisons over several
types of fuzzy datatypes. Moreover, our system provides the
possibility of adapting the behavior of some operators to ad-
just flexible comparisons to the semantics of the data modeled.
The current section describes the most significant operators
for the defined fuzzy datatypes, and their adaptation to han-
dle flexible queries on complex objects like the spine curve
description structure illustrated in this paper.

3.2.1 Fuzzy inclusion operator
The operator FInclusion(A,B) calculates the inclusion
degree A ⊆ B, where A and B are instances of CFC. The cal-
culus is done using a modification of the Resemblance Driven
Inclusion Degree introduced in [19], which computes the in-
clusion degree of two fuzzy sets whose elements are impre-
cise.

Definition 1 (Resemblance Driven Inclusion Degree). Let A
and B be two fuzzy sets defined over a finite reference universe

U , µA and µB the membership functions of these fuzzy sets, S
the resemblance relation defined over the elements of U , ⊗ be
a t-norm, and I an implication operator. The inclusion degree
of A in B driven by the resemblance relation S is calculated
as follows:

ΘS(B|A) = min
x∈U

max
y∈U

θA,B,S(x, y) (1)

where

θA,B,S(x, y) = ⊗(I(µA(x), µB(y)), µS(x, y)) (2)

We propose a modification that substitutes the minimum
aggregation operator in equation 1 by a weighted mean ag-
gregation operator, whose weight values are the membership
degrees in A of the elements of U , divided by the cardinal of
A. This modification is made in order to obtain a less extreme
resemblance inclusion degree, since it takes into account the
importance of each included element. The Modified Resem-
blance Inclusion Degree is defined in equation 3.

ΘS(B|A) =
∑
x∈U

µA(x)
|A| · max

y∈U
θA,B,S(x, y) (3)

with |A| =
∑

x∈U µA(x). Our implementation of
FInclusion(A,B) uses the minimum as t-norm, and the
Gödel implication as the implication operator.

3.2.2 Fuzzy equality Operator
The operator FEQ(A,B) calculates the resemblance degree
between two instances of a fuzzy datatype.

When A and B are two instances of CFC, this resemblance
degree is calculated by means of the Generalized Resemblance
between Fuzzy Sets proposed in [19], which is based on the
concept of double inclusion.

Definition 2 (Generalized resemblance between fuzzy sets).
Let A and B be two fuzzy sets defined over a finite reference
universe U , over which a resemblance relation S is defined,
and ⊗ be a t-norm. The generalized resemblance degree be-
tween A and B restricted by ⊗ is calculated by means of the
following formulation:

βS,⊗(A,B) = ⊗(ΘS(B|A), ΘS(A|B)) (4)

Therefore, the implementation of the operator FEQ(A,B),
when A and B are instances of CFC, aggregates the results
of FInclusion(A,B) and FInclusion(B, A) using a
minimum t-norm.

If the operator FEQ(A,B) is applied when A and B are in-
stances of the class FO, then, for the sake of flexibility, the
resemblance degree between these objects is calculated as a
weighted average of the resemblance degree of their attribute
values. In the FORDBMS catalog we store some parameters
for the attributes that belong to each fuzzy object. Specifically,
the table SDS FO ATTRIBUTES stores into the column rele-
vance, the relevance value of the considered attribute. This
value attaches a weight to the attribute for the calculation of
the FEQ operator. Moreover, if this value is set to -1 for an
attribute, this attribute acts as determinant in the object com-
parison, in the way that, if the resemblance operator on this
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attribute returns 0, then the complete objects comparison re-
turns 0. This parameter is useful, for example, in the case that
we are searching for “left curves”, setting Direction attribute
to -1, the query never retrieves a “right curve” even if resem-
blance for other object attributes is greater than 0. Another
parameter that modifies the computation of the operator FEQ
on fuzzy objects is the minimum percentage of attributes com-
parison greater than 0 (min pct). This parameter, stored in the
catalog table SDS FO TYPES, set the necessary number of at-
tributes comparisons greater than 0 to get a value greater than
0 for the whole object comparison.

The following definition formalizes the ideas exposed
above.

Definition 3 (Parameterized Object Resemblance Degree).
Let o1 and o2 be two objects of the class C, obj.ai the value of
the i-th attribute of the object obj, rel(ai), relevance degree of
the i-th attribute of the object obj, n the number of attributes
defined in the class C, min pct the necessary minimum per-
centage of attributes comparison greater than 0, and FEQ the
resemblance operator.

OR(o1, o2) =


0 if
(∃i ∈ A : FEQ(o1.ai, o2.ai) = 0 ∧ rel(ai) = −1)∨
(|{ai : i ∈ A ∧ FEQ(o1.ai, o2.ai) > 0}| < n.min pct)

∑n
i∈A FEQ(o1.ai, o2.ai).|rel(ai)|/

∑n
i∈A |rel(ai)|

otherwise
(5)

Our FORDBMS also let us relax the resemblance operator
FEQ applied on OAFT values. To do this, the user must use
the static method relax(kernel_pct,support_pct),
where kernel_pct sets the percentage that the kernel
increases for each pair of values being compared, and
support_pct sets the percentage increase for the support
of these values.

4 Retrieving X-Ray images from database
using its fuzzy description

Our FORDBMS can handle complex fuzzy data structures to
represent rich semantic problems. It can store instances of
these structures and provides a powerful set of operators to re-
trieve data based on flexible parameters. We have chosen an
example based on the representation of the characteristics of
the spine curves taken from AP X-rays to illustrate how flex-
ible queries can retrieve interesting results for the specialists.
Let us show how to model the data structure of this example
on our FORDBMS, then we will perform some queries and
we will analyze the retrieved results.

4.1 Database modeling for spine curve description

Our FORDBMS is capable of representing curves structures
present in the spine measured from AP X-Rays, taking into
account that the measures can be imprecise due to errors. It
also provides parameters to adjust the fuzzy comparators used
to get good query results.

The classes whose background color is white in Fig. 2 in-
tegrate the datatype structure of the database that represents
spine parameters. As this figure illustrates, we model the

curve description of the spine as a fuzzy conjunctive collec-
tion datatype (SpineCurves) which includes up to four fuzzy
object datatypes (CobbCurveT). CobbCurveT datatype repre-
sents a spine curve measure. This datatype has five attributes:
Direction, Angle, SupVertb, ApexVertb and InfVertb that store:
the side of the convexity of the curve (right or left), the an-
gle measure and, the superior, apical and inferior vertebra of
the curve, respectively. Attribute Direction is of NOAFT type,
this allows to perform queries with a not determined value for
the side of convexity of the curve. The attributes SupVertb,
ApexVertb and InfVertb store values of type NOAFT. The do-
main of this attributes (vertbSetT) includes 24 vertebrae that
are enumerated as follows: v1 = L5, v2 = L4, v3 = L3, v4 =
L2, v5 = L1, v6 = T12, v7 = T11, v8 = T10, v9 =
T9, v10 = T8, v11 = T7, v12 = T6, v13 = T5, v14 =
T4, v15 = T3, v16 = T2, v17 = T1, v18 = C7, v19 =
C6, v20 = C5, v21 = C4, v22 = C3, v23 = C2, v24 = C1.
We will define a nearness relation on this underlined domain
to take into account the adjacency between each pair of verte-
brae as follows:

∀i, j ∈ Cardinal(V ertbSett) :

nearness(vi, vj) =




1 if i = j ∨ i = j + 1∨
i = j − 1

0.66 if i = j + 2 ∨ i = j − 2
0.33 if i = j + 3 ∨ i = j − 3
0 otherwise

(6)
The attribute Angle is of type OAFT, so we can store on this

attribute numerical values, crisp or fuzzy (using a trapezoidal
membership function). Measures obtained with errors for the
angle can be represented as a fuzzy value for the attribute.
This attribute allows flexible comparisons also. We can use
the method relax described in the previous section on this
attribute.

Once we have defined the type structure for the spine de-
scription, we can create a table that stores X-rays images to-
gether with their fuzzy descriptions as follows:
create table APXRay (
image# number, xray bfile, SpineDescription SpineCurves);

We have inserted twenty images with their curve descrip-
tion to illustrate query examples; the statement for one image
insertion is like this:
Insert into apxray values (
313701 ,BFILENAME(’APXRays’,’313701.gif’),
SpineCurves(

1,cobbCurvT(
CurvDirectionT(’RIGHT’),
CobbAngleT(trapezoid(10.1)),
VertbSetT(’T2’),
VertbSetT(’T5’),
VertbSetT(’T10’)

),
1,cobbCurvT(

CurvDirectionT(’LEFT’),
CobbAngleT(trapezoid(16.5)),
VertbSetT(’T9’),
VertbSetT(’T12’),
VertbSetT(’L2’)

),
1,cobbCurvT(

CurvDirectionT(’RIGHT’),
CobbAngleT(trapezoid(12.5)),
VertbSetT(’L2’),
VertbSetT(’L4’),
VertbSetT(’L5’)

)
)

);
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4.2 Examples of Queries

In this section we will illustrate some capabilities by perform-
ing a query that uses the FInclusion operator and a sec-
ond one that uses the FEQ operator on CFC datatypes. To
get flexible results on queries that involve whole fuzzy ob-
ject comparison, it is advisable to relax comparison on an-
gle attribute. To perform it we invoke the static method
relax described in Section 3.2.2. In this case we relax 40%
the kernel and 70% the support. This is the SQL sentence:
Execute CobbAngleT.relax(0.4,0.7);

Figure 3: Searching images that include a thoracic pattern
curve.

As shown in Fig. 3, we can perform queries that search im-
ages including a determined pattern of curves. In the example
we illustrate the following query: “Show X-Ray images and
its compliance degree that include a large thoracic curve”.
The “thoracic curve” pattern proposed in [20] is described
by the following approximate parameters: the convexity of
the curve is on the right side, the superior end-vertebra is be-
tween T4 and T6, the apex vertebra is between T8 and T9 and,
the inferior end-vertebra is between T11 and L2. The Fuzzy
Condition Expression cell of the Fig. 3 shows the parameters
used for the WHERE clause of the query statement, where the
concept “large” is modeled as a trapezoidal distribution that
matches Cobb angles that are approximately greater or equal
than 25-30 degrees.

To perform the query we use the FInclusion operator,
described in Section 3.2.1, which evaluates the similarity of
the queried curve with respect to each curve included in the
spine description. The query retrieves four images from the
database. The image a), includes a curve, highlighted with a
rectangular area, witch takes the values ’Right’, 21.8, T5, T8,

T10 for the parameters: orientation, angle size, superior, apex
and inferior vertebrae, respectively. The compliance degree
for this image with respect the query is 0.91. As we can see,
this image includes a curve that appreciably matches the con-
cept “large thoracic curve”, this is the reason for the high de-
gree computed. Visually, the marked curve in image b) weakly
matches the concept “thoracic curve”, this is the reason for
a minor compliance degree. Image c) includes a curve that
tends to a “thoracolumbar curve” concept; because of this, the
retrieved compliance degree is low, 0.5. Finally, image d) in-
cludes a curve that tends to a “cervicothoracic curve” concept,
the compliance degree (0.50) confirms this fact.

Figure 4: Searching images that present similar spine curva-
ture that image q).

In some studies it may be interesting to find X-rays of pa-
tients that present a similar curve pattern to a given one. In our
database, we model these curve patterns present in the spine
as a CFC. To find similar curve patterns, our FORDBMS pro-
vides the operator FEQ which operates on CFC as has been
described in Section 3.2.2. The query shown in Fig. 4 searches
for X-rays of patients presenting similar curve patterns that the
image query q). The SQL syntax is:

SELECT ap1.image#,ap1.xray,ap1.cdeg(1)
FROM apxray ap1, apxray ap2
WHERE ap1.image=’q’

AND FCOND(
FEQ(ap1.spinedescription, ap2.spinedescription),1
)>0 order by cdeg(1) desc;

As can be seen, higher compliance degree for an image de-
notes better visual matching with the queried image. Another
interesting aspect of our results is the following: the images
retrieved by the two kinds of queries evaluated hold that, the
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lower is the curve pattern matching, the lower the compliance
degree computed for these one is.

5 Concluding remarks and future work
This paper shows that a FORDBMS is a powerful tool to rep-
resent flexible descriptors obtained from images by means of
computer vision algorithms or provided by experts. The sys-
tem also provides parameterized fuzzy comparators to retrieve
images based on those descriptors in a flexible way. To the
best of our knowledge, there is no system for flexible image
retrieval that provides same capabilities on the subject consid-
ered in this paper. The prototype of FORDBMS used to show
these results are implemented on the RDBMS Oracle� 10.2.
Thereon, it is interesting to make the following remarks:

• The prototype has not implemented yet any index tech-
nique to accelerate the data retrieval based on fuzzy con-
ditions. For this reason, the queries shown have been
computed by means of a sequential search; moreover, the
complex fuzzy datatype structure used for the spine curve
representation more decreases the efficiency if none in-
dex technique is used. We are working on the implemen-
tation of the indexes techniques for fuzzy data proposed
in [21, 22]; this will provide us mechanisms to optimize
retrieval process.

• The scalability of our FORDBMS and CBIR system
shown is guaranteed by the scalability of the host OR-
DBMS system, Oracle� 10.2.

Future work will involve too the enrichment of fuzzy features
of the FORDBMS to enhance support for image content based
retrieval. Finally we will study another application domains to
perform content based retrieval using our FORDBMS.
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Abstract—In this paper we analyze the limitations of current
recommendations of the INSPIRE (Infrastructure for Spatial 
Information in Europe) Directive as far as the temporal metadata 
definition for discovery purposes, and propose its extension so as to 
allow the representation and management of imperfect spatio-
temporal metadata. We propose to extend the metadata in order to 
cope with the requirements of both metadata producers, who often
are unable to specify precise values, and users who submit queries to
catalog services for discovering interesting data, who may express
soft selection conditions on metadata values. The proposal is 
illustrated and explained through an example taken from an active 
Spatial Data Infrastructure (SDI).

Keywords— Geo-data, INSPIRE, metadata, Spatial Data 
Infrastructure, spatio-temporal imperfection.   

1 Introduction
Infrastructures are complex systems in which a network of 
interconnected but autonomous components is used for the 
exchange and mobility of goods, persons, information. Their 
successful exploitation requires technologies, policies, 
investments in money and personnel, common standards and 
harmonised rules. Typical examples of infrastructures which 
are critical for society are transportation and water supply. In 
Information Technology, the term infrastructure could be 
related to communication channels through which 
information can be located, exchanged, accessed, and 
possibly elaborated. Since the last decade of the past 
Century, creation of infrastructures for spatial information 
emerged as an issue in some countries in order to prevent 
wasting of money in geo-data multiple creation, to favour 
their shares at multiple levels in the society, and to support 
decision making in various fields, such as the environment 
[1]. In 2007, the INSPIRE Directive of the European 
Parliament and of the Council entered into force [2] to 
trigger the creation of a European Spatial Data Infrastructure 
(ESDI) that delivers to the users integrated spatial 
information services*. These services should allow users to 

discover and possibly access spatial or geographical 
information from a wide range of sources, from the local to 
the global level, in an inter-operable way for a variety of 
uses. Discovery is performed through services that should 
follow INSPIRE standards and can be implemented through 
some products (either proprietary or not) that declare their 
compliance. Users' conditions, expressed through discovery 
service clients, are matched against archived metadata, 
describing associated geo-data, in order to give an answer to 
the above conditions. The matching result is a list 
(sometimes empty) of records of metadata satisfying the 
match. Discovery services currently provide an exact 
matching: users cannot express flexible selection conditions, 
enabling partial matching mechanisms between the ideal 
metadata and the archived metadata.  

 
* Following the Directive, components of European SDIs include: 
metadata, spatial data themes (as described in Annexes I, II, III of 
the Directive), spatial data services; network services and 
technologies; agreements on data and service sharing, access and 
use; coordination and monitoring mechanisms, processes and 
procedures.
 

On the metadata side, their creation is usually in charge of 
data/services providers: metadata fields, their meaning, and 
their types/ranges of values are defined in INSPIRE through 
recommendation documents aimed at easing discovery [3], 
[4]. With respect to the temporal characterisation, current 
recommendations for metadata specification are inadequate 
for metadata providers: some needed fields are missing; the 
semantics of the recommended fields is ambiguous; they do 
not consider nor manage representation of uncertain or 
vague information due to incomplete knowledge. 

In this paper we take into account this last drawback and 
propose to let imperfect temporal values be used by both 
metadata providers in describing the temporal validity of the 
geodata, and SDI users in expressing discovery conditions. 
Moreover we suggest mechanisms to introduce partial 
matching in discovery services. 
 

2 Metadata extension proposal within SDI 
architecture of INSPIRE 

2.1 SDI Architecture 
An overview of the current understanding of the technical 
architecture of INSPIRE is depicted in figure 1; it has been 
adopted by the ESDI [5]. 

Discovery services are the element aimed at discovering 
information of interest to the users. They are connected to 
metadata catalogues, necessary due to the intrinsically 
distributed nature of an SDI, where information repositories 
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are owned and maintained on the Web servers of different 
organisations. Services managing catalogues could have the 
twofold function of archives of metadata, which describe 
either geo-data or geo-services available in the SDI, and of 
discovery tools, able to match users' search conditions with 
archived metadata. Catalogues services should be fitted to let 
users express selection conditions that specify “what” is of 
interest through content keywords (e.g., landslides), "why" 
they are searched (e.g., to detect recurrence of landslides), 
"where" the interesting features should be located (e.g., in a 
bounding box surrounding the Alps), and "when" these 
features should have been observed (e.g., the date/s of the 
observations). 
 

 
 

Figure 1: INSPIRE technical architecture overview; 
discovery service and metadata 

 
2.2 Temporal metadata in INSPIRE SDIs 
In order to ensure that the SDIs participating in the ESDI are 
compatible and usable in a trans-boundary, multicultural 
context such as Europe, the INSPIRE Directive requires that 
common Implementing Rules (IR) are adopted in a number 
of specific areas, in particular in metadata definition. The 
INSPIRE Metadata IR Version 3 of 26th October 2007 [4] 
defines four elements of temporal information, i.e.: 
1. Temporal extent, the time period covered by the 

content of the resource 
2. Date of publication of the resource 
3. Date of last revision of the resource if the resource has 

been revised 
4. Date of creation of the resource if it has not been 

revised 
Only the first element (Temporal reference-5.1 Temporal 

extension) can be used to describe a temporal aspect of the 
content of geo-data itself, since the following three elements 
are referred to geo-data life cycle as a document. 
Nevertheless it plays an unavoidable role in numerous use 
cases, such as searching for events occurring in a particular 
period of time, looking for multiple observations of the same 
geographic area, evaluating if data can be used for a 
particular process, etc.  

A specific study has been commissioned in order to 
improve temporal metadata specification [6]. It introduces 
some recommendations that rise attention to the role of 
‘Temporal extent’ element; specifies the type and format of 
time values to be adopted either in expressing dates or time 

periods; suggests how to preserve precision in exchange or 
conversion processes. 
 
2.3 Proposal of extension of temporal metadata
In our opinion and based on the experience as partners in the 
European Project IDE-Univers (http://www.ideunivers.eu), 
some further extensions should be adopted to improve 
temporal characterisation of geo-data in an SDI. In fact, the 
current specification of INSPIRE does not allow to specify 
the time relative to the occurrence of the event that is 
observed in one, several or a series of spatial data. 
Furthermore, current formats do not allow to specify 
imperfect values for metadata, both temporal, spatial, and 
thematic, which are the only kind of values that metadata 
producers can sometime provide, given that they often do 
not have enough information to specify precise values. 

For example, if one has to create the metadata of a series 
of  remote sensing images of a landslide that occurred in 
1986 taken in distinct periods during its monitoring after its 
occurrence, the current specification just allows to indicate 
the time of the observations and not the time of the event, 
i.e. of the landslide occurrence. Nevertheless, this can be a 
very important information in an SDI context, because one 
can be interested in comparing the status of a landslide in 
different periods of time in the same place, as they appear in 
distinct images. One then, must be sure that the compared 
images refer to the same event, and not to distinct ones. 

Moreover, in real situations, it often happens that the date 
or time of occurrence of an event is ill-known. This is due to 
several reasons: either because the event was not observed 
during its occurrence, and thus it can only be guessed by 
experts, or because it occurred long time ago so that its date 
can be deduced only imprecisely by the dating methods 
available (e.g., this is the case or archeological sites, 
geologic and paleontological findings).  

In summary we propose: 
� To introduce the possibility to include in metadata one 

or more events/processes/phenomena of reference for 
the geo-data: a satellite image can be an observation of 
fires in a region; a set of meteo records are measures of 
a rainfall; some thematic maps can be subsequent 
representations of urban growth, etc. A temporal extent 
element should be defined also for the reference 
event(s), of course. 

� To allow the definition in metadata of soft temporal 
values in the temporal extent element of both geodata 
and related event(s); soft values should be allowed in 
the expression of single time points (by ex. the 
landslide occurred in the night of 15th December, 
2005), of time intervals (by ex. snow precipitation of 
three days starting from 14th December 2008), and of 
subsequent either periodic or aperiodic dates/intervals 
(ex. fires occurring each Summer). 
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3 Basic framework of the proposal 

3.1 Extension of temporal metadata in INSPIRE
Notwithstanding we are aware that further extensions are 
possible, in this contribution we propose to include the 
following temporal metadata: 

Instant in which the observation/event occurred:  
� Date, time (e.g. the landslide occurred the 11-07-2008 at 

8:00:00)  
Period of validity, or duration of an observation/event:   

� period (interval of  dates, times)  (e.g. the duration of a 
fire was from 11-07-2008 to 13-07-2008) 

Sequence of instances of occurrences/events: 
� multiple instants of time or dates (e.g. the dates of the 

distinct fires were 11-07-2008 , and 12-07-2008) 
Sequence of periods of validity or duration of 

occurrences/events: 
� multiple periods or durations (e.g. the times of the 

distinct fires were from 11-07-2008 to 13-07-2008 and 
from 20-08-2008 to 23-08-2008) 

We also extend the time metadata format so as to allow 
the specification of ill-known instants, intervals and time 
series by means of fuzzy instant, fuzzy intervals and fuzzy 
time series associated with any kind of observation/event.   
First of all we describe a formal framework in which all 
these fuzzy temporal indications are modeled, adopting the 
proposal of [7]. In order to express such fuzzy temporal 
indications into an eXtended Markup Language (XML)-type 
language, that is required for INSPIRE metadata, we adopt 
TimeML specification language [8].  

The use of TimeML is motivated by the fact that it is a 
textual meta language, thus easy to read and to index by 
common Information Retrieval techniques, that can be 
employed in a catalog service context in order to represent 
the metadata contents for a successive search and discovery. 
It is enough flexible to allow the annotation (description) of 
the kind of event/observation and its temporal information, 
possibly imprecise and vague. 

In the following subsections, let us first describe the 
representation within fuzzy set theory and possibility theory 
of time expressions, then introduce TimeML and specifically 
the tags we adopt, and finally, the partial matching 
mechanism we propose. 
 
3.2 Modeling flexible time indications within the fuzzy set 

and possibility framework 
The representation of temporal information requires the 
choice of a numeric scale to describe the order of events and 
phenomena; this scale  is defined by an origin (time t=0) and 
a time unit, so that events occurred before t=0 have a 
negative time values and those occurred after have positive 
values. The choice of the time unit depends on the cycles of 
an observed periodic phenomenon, such as the movement of 
the sun. Nevertheless almost every time scale shares the 
basic unit second, and other units with lower granularity 
such as minute, hour and day. Besides these units of time, 
there are other natural language time indications such as 
week, month, season, year, century that are artificial notions, 
defined within a calendar such as the Julian and Gregorian 

ones. Other notions of time, related to human experience 
such as now, soon, recent, often, end of the year, are 
approximate time indications.  

Several time models have been proposed [9], their 
common limitation is that they deal with crisp time 
indications. 

A flexible framework has been defined within fuzzy set 
and possibility theory to express approximate hierarchical 
time indications close to natural language at distinct level of 
granularity [7]. It takes inspiration from the time hierarchy 
proposed in [10] and the time granularity defined as a 
mapping from the set of positive integers to the absolute 
time proposed in [11], and builds up a multi-granular 
hierarchical time structure in which also vague and 
imprecise time granules can be defined.   

We assume this approach at the basis of our proposal. In 
this way it is possible to express temporal indications in 
several time units with distinct granularities, the less refined 
ones obtained by grouping units of the higher level 
granularity. 

A basic domain G0, consists of granules of time points 
below which the elements are not discernable. For example 
if G0 is hour we cannot discern the minutes within an hour. 
Notice that, a granule of a domain G’ (e.g. G’=week) that is 
not the basic domain G0 (e.g. G0=hour) can be defined by 
recursively grouping granules of its parent domains G=day 
and G0 in the hierarchy. For example G’=week=7*day 
=7*24*G0=168hours. 

The set of temporal specifications that we adopt are listed 
here following.  

A time point indication is defined as a pair [t, G] in which 
t is an ordinal indicating the position with respect to the time 
origin on a domain G of granules. An example is:  [t=2, day] 
that indicates the second day from the time origin; a fuzzy 
example is [t={0.8/3, 1./4, 0.7/5}, day] that means around 
the fourth day after the time origin. 

A duration in time, i.e. a time span, is a pair [&t, G] and 
can be denoted by either a set or a range of time points. A 
fuzzy time span example is [&t ={0.8/3, 1./4, 0.7/5}, year] 
that means a duration of about 4 years. 
A temporal distance from the origin, i.e. a time distance, is 
defined as a pair [d, G] in which d is a positive or negative 
value, indicating the distance in time granules on G from the 
origin. In this case [d=2, day] means two days after the 
origin. As t, also d can be a fuzzy set indicating a fuzzy time 
distance. 

A time interval is a triple [t, &d, G]; in a crisp case 
[t=1991, &d=3, year] means 3 years from 1991.  

A composite span is a union of spans 3[&ti, Gi], not 
necessarily adjacent and on the same basic domain G.  

An aperiodic time element is a union of time intervals 
3[ti, &di, Gi]. The crisp example [t=1-11-2008, &d=28, day] 
3 [t=30-11-2008, &d=31, day] means 28 days from 1-11-
2008 and 31 days from 30-11-2008.  

A periodic time element is a union of a time interval and a 
time distance:  3[ti, &di, Gi], [dk, Gk]. By example 3[t=1-8-
2000, &d=31, day], [d=1, year] means every August from 
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year 2000. An example of vague periodic time element is  3 
[t=1-2000, &d={0.2/1, 0.8/2, 1./3, 0,8/4}, week], [d=1, year] 
that means around the third week of every January from year 
2000. 

Since in the context of metadata compilation we may 
have time series that are related to finite repetitions of 
observations or events a finite periodic time element is 
defined as a composition of a periodic time element and a 
time point: 3[ti, &di, Gi], [dk, Gk], [t, G] in which the time 
point t  specifies the end of the repetition. An example of 
finite periodic time element is “every autumn from 2000 to 
2005” that is formally expressed as: 3[22-09-2000, 90, day], 
[1, year], [21-12-2005, day]. 
 
3.3 TimeML specification language for flexible time 

indications

TimeML is a markup language of the XML family for 
describing events, signals and temporal expressions into a 
text written in natural language. It is designed to address 
four situations:  

1. Time stamping of events (identifying an event in time, 
instant or interval of validity).  

2. Ordering events with respect to one another (relative 
ordering).  

3. Reasoning with contextually underspecified temporal 
expressions (temporal functions such as 'last week' and 
'two weeks before').  

4. Reasoning about the persistence of events (how long 
does an event or the outcome of an event lasts).  

The tags in TimeML† that we adopt to extend the 
INSPIRE metadata and that we model within the fuzzy 
framework previously described, are listed and illustrated  in 
Table 1. 
 

Table 1: TimeML tags adopted in this proposal 
EVENT 
Tag used to annotate the semantics of the event 
described. Syntactically, EVENT can be a verb (such 
as “raining”), but also a nominal, such as “fire” 
MAKEINSTANCE 
It indicates different instances (observations) of a 
given event. Different instances can have different 
attribute values, and every EVENT introduces at 
least one corresponding MAKEINSTANCE 
TIMEX3 
This tag is central to our objectives since it is 
primarily used to mark up explicit temporal 
expressions, such as times, dates, durations, etc. 
TIMEX3 allows marking up the following types of 
temporal indications specified by the attribute type: 
 Durations such as ”four weeks”, “half a year”; 
 Calendar dates (points in time equal or bigger 
than a day) both precise such as “13 August 2007” 
and imprecise or vague such as “few days ago”, “end 
of July”,  “at the beginning of summer”; 

 
† TimeML vers. 1.2.1 <http://www.timeml.org> 

 Times of day (smaller than a day) both precise 
such as “at 9.50.00 a.m.“ and  imprecise or vague 
such as “before noon”; 

Sets (Recurring time expressions) such as “every 
month”, “twice a week”  
The value attribute can assume XML datatypes 
based on the 2002 TIDES guideline, which extends 
the ISO 8601 standard for representing dates, times, 
and durations. E.g. “twelve weeks” becomes “P12W” 
and “21 February 2008 at 8.30.00 a.m.” becomes 
“2008-2-21T8:30:00” 
The mod attribute allows specifying temporal 
modifiers that cannot be expressed either within 
value proper, or via links or temporal functions, 
such as “before”, “after”, “equal or less”, “end”. 
TLINK 
one of the TimeML link tags which encodes the 
relations that exist between two temporal elements 
(e.g., BEGINS, HOLDS, INCLUDES, AFTER)  

 
For example the expression  “every autumn from 2000 to 

2005” is formulated in TimeML as follows: 
<TIMEX3 tid="t10" type="SET" value="R6/2000-09-
22/P1Y0M0D">

every autumn from 2000 to 2005 
</TIMEX3>

Finally, in TimeML it is possible to mark confidence 
values to be assigned to any tag and to any attribute of any 
tag. The confidence value associated with the value
attribute of TIMEX3 expresses the uncertainty that the 
metadata provider has in assigning the temporal indication to 
an event or observation. For example, we can add the 
confidence annotation to TIMEX3 so as to specify the 
uncertain date of an observation that might have occurred 
the first or second of January 2000 as follows: 
<TIMEX3 tid="t1" type="DATE" value="2000-01-01"> 

On January 1st, 2000 
</TIMEX3>
<CONFIDENCE tagType="TIMEX3" tagID="t1" 
confidenceValue="1."/>

<TIMEX3 tid="t2" type="DATE" value="2000-01-02"> 

On January 2nd, 2000 
</TIMEX3>
<CONFIDENCE tagType="TIMEX3" tagID="t2" 
confidenceValue="0.80"/>

 

4 Management of the proposed temporal 
metadata extension 

The frameworks and assumptions of section 3 can be used to 
define the temporal fields associated with events and 
observations in the metadata of a SDI catalogue. 

The metadata provider defines the time indications of 
events and observations by means of a metadata editor. We 
propose an example of the metadata of two thematic maps 
representing subsequent observations from satellite of the 
same event, i.e. the melting of the Lys Glacier (a glacier of 
the Italian Alps), during Summer 2007. In this example, the 
temporal indications of the occurrence of the observations 
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are known precisely. Following the extension we propose, in 
the metadata of the first map we could have fields such as: 

Metadata 1

…

Event=”Lys Glacier melting” 

Occurrence=”observation of Lys Glacier melting” 

Time Position of Occurrence=”1.7.2007” 

…

In the metadata of the second map we could have: 

Metadata 2

…

Event=”Lys Glacier melting” 

Occurrence=”observation of Lys Glacier melting” 

Time Position of Occurrence=”3.9.2007” 

…

Metadata are translated into TimeML sentences like in 
Table 2. 

To allow partial matching with respect to flexible 
selection conditions specified by a user a parser translates 
the external TimeML definitions of temporal metadata into 
their internal fuzzy set representation �t.  We can have fuzzy 
sets defined on distinct domains (G). The hierarchy of basic 
temporal concepts defining the temporal domains with 
distinct granularity, is represented by a graph that contains in 
each edge connecting node i to node j a mapping function 
Fi,j that allows converting the current granule of the i-th node 
in terms of aggregation of granules of the j-th node (see Fig 
2 which is a simplification to illustrate how the concept 
works). 

This function Fi,j:G’�G,  with GAG’, and i,j identifiers 
of the i-th and j-th nodes, with i-th node defined on domain 
G’ and j-th defined on G, associates a granule 
g’	G’�Fi,j(g’)	G, where Fi,j(g’) is a fuzzy set of granules 
on G. A temporal indication t, defined on G’ (e.g., 2002 
year) can be converted on another domain G (e.g., day) by 
repeatedly applying the mapping functions Fi,j associated to 
the edges on the path from node G’ to node G as proposed in 
[12]. 

 
Table 2: TimeML example 

Lys Glacier 
<EVENT eid="e10" class="OCCURRENCE"> 

is melting
</EVENT>
<MAKEINSTANCE eiid="ei1" eventID="e10" 
pos="VERB" tense="PRESENT" aspect="PROGRESSIVE" 
/>
<TIMEX3 tid="t2" type="DATE" value="2007-07-01"> 

On July 1st, 2007 
</TIMEX3>
<TLINK eventInstanceID="ei1" relatedToTime="t2" 
relType="DURING"/>
<MAKEINSTANCE eiid="ei2" eventID="e10" 
pos="VERB" tense="PRESENT" aspect="PROGRESSIVE" 
/>
<TIMEX3 tid="t3" type="DATE" value="2007-09-03"> 

On September 3rd, 2007 
</TIMEX3>
<TLINK eventInstanceID="ei2" relatedToTime="t3" 
relType="DURING"/>
…

 
 
 

  
 

 

hour 

 

 

 

 

 

 

 

Figure 2: Simplified example of temporal graph: on each 
edge the fuzzy set defining the conversion function F of 

granules. 

 
However, since there can be more than a single path P1,

..Pk, connecting two nodes (e.g., P1=year, season, day and 
P2= year, month, day), multiple definitions of t on the 
domain G can be obtained tP1, .. tPk  In order to reconcile 
these definitions we choose the one obtained by considering 
the shortest path connecting the two nodes. If there exists 
more than one of such short paths with same length we 
generate the maximum bound of their definitions: 

tP1�P2 �Pk (g)= max(tP1(g) .. tPk(g)) 
 

The reason for this choice is that the maximum bound 
comprehends all possible definitions of the temporal 
indication on the domain G. 

For example, the sentences in Table 2 correspond to the 
two time points [t1=1-7-2007, day], and  [t2=3-9-2007, day], 
with crisp pointwise membership functions. 

On the other side, the user specifies her/his temporal soft 
selection conditions Q within a catalog service interface. 
They can be expressed by specifying soft constraints, i.e. 
with a desired membership function �Q, defined on a time 
line with a given granularity, chosen among one of the 
available in the temporal hierarchy (e.g. see fig. 3). An 
example of user selection condition for the Lys Glacier 
melting case reported in table 2 could be: “Search for 
occurrences of glacier melting observations, occurring close
to late Summer 2007”. 

Users’ temporal query specifications are converted into 
the internal fuzzy set representation and, if necessary, 
transformed into the granularity of the data they have to be 
matched. The soft constraint of the example corresponds to a 
vague time interval with trapezoidal membership function 
�Q such as [t=15-6-2007, &d={ 1-8-2007, 15-8-07, 23-9-
2007, 10-10-2007}, day]. 

The internal fuzzy representation of the temporal 
metadata �t are then matched with the fuzzy representations 
of the soft query constraint �Q by applying a representation-
based matching function as proposed in [13][14].  

In this representation-based framework, both the metadata 
values��t, possibly uncertain, and the soft query condition 
��Q are interpreted as soft constraints and one can match 

day 

week season 

year 

month 

1 – {1/24} 

1 : {0.3/30; 0.08/28, 0.58/31} 1 : {1/7} 
1 : {0.25/92, 0.25/93, 0.5/89} 

{1/4} 
{1/12} 1 : {1/365} 
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them to obtain a degree of satisfaction RSV(t,Q)	[0,1], by 
computing either a measure of similarity [14] or a fuzzy 
inclusion measure [13] between the two fuzzy sets �Q and  
�t. 

In the specific case of matching temporal constraints, it 
makes sense to allow the choice of both matching functions. 
One could be interested in selecting observations of an event 
taken in a date close to another date. This corresponds to 
select the similarity matching function [14]: 

RSV(t,Q)=Similarity (µt ,µq) = �

�

	

	

Gi
Qt

Gi
Qt

(i))(i),µ(µ

(i))(i),µ(µ

max

min

 

in which  �t(i) and �Q(i) are the membership degrees of a 
time point i in a fuzzy metadata value t and in the query 
constraint Q. 

Another case is when one wants to select observations 
that occurred within a period. This corresponds to select a 
matching function defined as a fuzzy inclusion [13]: 
   

RSV(t,Q)=Inclusion (µt ,µq) = �

�

	

	

Gi
t

Gi
Qt

)i(µ

i,µi(µ

)(

))()(min

 
Other matching functions could be defined corresponding 

with other temporal relations such as “close before” “close
after” “recent” and so on.  

The retrieved metadata can be ranked in decreasing order 
on the basis of RSV values, thus avoiding empty answers and 
suggesting an access order to the referred geo-data. In the 
example, both metadata are retrieved: Metadata 2 has a RSV 
score “1” being situated in late Summer, while Metadata 1 is 
also retrieved since it partially satisfies the query condition 
“close”, thus meaning that it is associated to an observation 
of glacier melting that is in proximity of the limits of the 
temporal range ‘late Summer’. 

 

 
 
Figure 3: Examples of two soft temporal constraints defined 
on two timelines with distinct granularity (months and years, 

respectively). The constraint “every Autumn from 2000 to 
2005” is defined as a fuzzy finite periodic time element, 

while “after the second world war” as a fuzzy time interval.   

5 Conclusions
Spatial Data Infrastructures are becoming a common 
practice for discovering and accessing distributed 

heterogeneous geo-data. Nevertheless, the catalogue services 
on which SDIs are based are still founded on old database 
paradigms, that do not allow partial matching mechanisms, 
nor the representation and management of ill-defined 
metadata.  

The present paper represents a first step in the proposal of 
a fuzzy framework to model catalogue services 
functionalities to manage ill-defined metadata and flexible 
queries. Specifically, we proposed a solution to express, 
represent, and manage temporal metadata, possibly 
imperfect, in a flexible way even if the revising policy 
within INSPIRE is long and needs to overcome several 
reviewing steps.  
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1 Introduction

Since the inception of the notion of a fuzzy set by Zadeh [19]
and its generalization as an (L)-fuzzy set where L is a com-
plete lattice by Goguen [3], the efforts of many researchers
were forced to introduce the appropriate fuzzy counterparts of
the classical mathematical concepts and to develop substantial
corresponding theories. However from the categorical point of
view in most cases the work was done in the context of ordi-
nary, that is crisp categories. To explain our idea we give some
examples

1. Following the works of Chang [2] and Goguen [4], an
L-fuzzy topological space is a pair (X, τ) where X is a
set and τ is a subfamily of LX satisfying axioms which
are natural analogues of classical topological axioms.
The continuity of mappings between L-fuzzy topologi-
cal spaces is defined just by ”translating” the definition
of continuity in fuzzy enviroment.

2. In [18] Mingsheng Ying introduced the concept of a
fuzzifying topological space by semantical analysis of
usual topological axioms, cf also [6]. Namely a fuzzi-
fying topological space is a pair (X, T ) where X is a
set and T : LX → L is a mapping satisfying the ax-
ioms which are obtained by logical interpretation of the
standard topological axioms. Continuity of mappings be-
tween two fuzzifying topological spaces is defined by
logical interpretation of the axiom ”the preimage of an
open set is open”.

3. In [11] A. Rosenfeld defined a fuzzy subgroup of a group
(G, ·, e) as a mapping H : G → [0, 1] such that
H(x · y) ≥ H(x) ∧ H(y) and H(x) = H(x−1) for
all x, y ∈ G. A homomorphism between fuzzy sub-
groups H1 and H2 is defined as a homomorhism between
the underlying groups f : G1 → G2 such that
H1(x) ≤ H2(f(x)) for every x ∈ G1.

Thus in all these cases as well as in many other situations, the
authors work in the following context: they consider a (usual)
category whose objects are certain mathematical structures in-
volving fuzzy sets as objects and mappings satisfying certain
properties between these objects as morphisms.

On the other hand in [13] the concept of a fuzzy category was
introduced. A fuzzy category is some category-type conglom-
erate whose objects and morphisms may be such only to a cer-
tain degree, see the next section for the precise definition. The
foundations of the theory of fuzzy categories were developed
in a series of subsequent papers, see e.g. [14], [10], [15], etc.
These works contain also description of some concrete fuzzy
categories related to algebra and topology, which are obtained
by a certain fuzzification of classical categories.
The aim of this paper is to construct some new fuzzy cate-
gories related to many-valued sets and many valued topolo-
gies and to consider their properties. They can be regarded as
fuzzy counterparts of the category SET(L) [7] and categories
TOP(L) and FTOP(L) introduced in our work [16]. The
fuzzy categories considered in this paper were first defined in
our talk at the Czech-Latvian Seminar ”Advanced methods in
Soft Computing”, in Trojanovice, Czech Republic, November
19-22, 2008.

2 Fuzzy categories
First we recall the concept of an (L)-fuzzy category (where L
is a GL-monoid) in a special form appropriate for our merits.
Recall (see [7]) that a GL−monoid is an infinitely distributive
lattice (L,≤,∧,∨) [1] enriched with a monotone, commuta-
tive and associative binary operation ∗ such that

1. a ∗ 1 = a and a ∗ 0 = 0 for all a ∈ L where 0 and 1 are
the bottom and the top elements of L respectively;

2. a ∗
( ∨

i∈I
bi

)
=

∨
i∈I

(a ∗ bi) ∀a ∈ L, ∀{bi : i ∈ I} ⊆ L;

3. If a ≤ b, then there exists c ∈ L such that a = b ∗ c. (The
last property of a GL-monoid is called divisability.)

Such operation ∗ will be refered to as the conjunction in the
GL-monoid. Important examples of GL-monoids are Heyting
algebras (in this case ∗ = ∧) and Łukasiewicz MV -algebra
(in this case L = [0,1] and a ∗ b = max{a + b − 1, 0}) [5].
It is known that every GL−monoid is residuated, i.e. there
exists a further binary operation ” #→ ” (residuation) on L
linked to ∗ with the Galois condition:

a ∗ b ≤ c ⇐⇒ a ≤ (b #→ c) ∀a, b, c ∈ L.

Explicitely implication is given by

a #→ b =
∨

{λ ∈ L | a ∗ λ ≤ b}.
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Let L = (L,≤,∧,∨, ∗) be a GL-monoid. An (L)-fuzzy cate-
gory [13] is a pair (C, µ) where C is an ordinary category with
the class of objects Ob(C), the class of morphisms Mor(C),
and where µ : Mor(C) → L is an L-subclass of the class of
morphism such that:

(i) µ(g ◦ f) ≥ µ(g) ∗ µ(f) whenever composition g ◦ f is
defined in the category C;

(ii) for each X ∈ Ob(C) µ(idX) = 1 where idX is the
identity morphism.

3 Category SET(L) and fuzzy category
F-SET(L)

Category SET(L) was first defined in [7], see also [8]. The
objects of the category SET(L) are L-valued sets, that is pairs
(X, E) where X is a set and E is an L-valued equality, that is
a mapping E : X × X → L such that

1) E(x, x) = 1;

2) E(x, y) = E(y, x);

3) E(x, y) ∗ E(y, z) ≤ E(x, z) ∀x, y, z ∈ X.

An L-subset A of an L-valued set (X, E) (that is a mapping
A : X → L) is called extensional if A(x) ∗E(x, x′) ≤ A(x′)
for all x, x′ ∈ X . The family of all extensional L-subsets of
(X, E) will be denoted LX

E .
The morphisms f : (X, EX) → (Y, EY ) in the category
SET(L) are extensional mappings, that is mappings
f : X → Y such that

EX(x, x′) ≤ EY (f(x), f(x′)) ∀x, x′ ∈ X.

Consider the category

C(L) = (Ob(SET(L)),Mor(SET)),

that is C(L) has objects from SET(L) and morphisms from
SET, that is all mappings between the corresponding sets.
We define the measure µ of extensionality for a mapping
f : X → Y by

µ(f) =
∧

x,x′∈X

(EX(x, x′) #→ EY (f(x), f(x′))).

Theorem 3.1 The triple (Ob(SET(L)),Mor(SET), µ) is
an L-fuzzy category. It will be denoted by F-SET(L) and
called the L-fuzzification of the category SET(L).

Proof: Let idX : (X, E) → (X, E) be the identity map-
ping. Then, obviously, µ(idX) = 1. Hence, to prove the
theorem, we have to show that if f : (X, EX) → (Y, EY )
and g : (Y, EY ) → (Z,EZ) are potential morphisms (that is
mappings between the corresponding sets), then µ(g ◦ f) ≥
µ(g) ∗ µ(f). Indeed,

µ(g ◦ f) =
=

∧
x,x′∈X

(EX(x, x′) #→ EZ((g ◦ f)(x), (g ◦ f)(x′))) ≥
∧

x,x′∈X

(EX(x, x′) #→ EY (f(x), f(x′))) ∗
∧

x,x′∈X

(EY (f(x), f(x′)) #→ EZ(g(f(x)), g(f(x′)))) ≥

µ(f) ∗ ∧
y,y′∈Y

(EY (y, y′) #→ EZ(g(y), g(y′))) =

µ(f) ∗ µ(g).

�

4 Category TOP(L) and fuzzy category
F-TOP(L).

Definition 4.1 Let L = (L,∧,∨, ∗) be a GL-monoid and
(X, E) be an L-valued set. A family τ ⊆ LX is called an
L-topology on an L-valued set (X, E) if

1. 0X ∈ τ ; 1X ∈ τ (where 0X , 1X are constant L-sets with
values 0 and 1 respectively;

2. if U, V ∈ τ, then U ∧ V ∈ τ ;

3. if Ui ∈ τ ∀i ∈ I, then
∨

i∈I
Ui ∈ τ ;

4. if U ∈ τ, then U(x) ∗ E(x, x′) ≤ U(x′) ∀x, x′ ∈ X.

The last condition means that all L-sets in τ are extensional
and hence τ ⊆ LX

E .
The triple (X, E, τ) where τ is an L-topology on an L-valued
set is called an L-valued L-topological space. Respectively,
the elements U ∈ τ are called open L-sets in this L-valued
L-topological space.

Definition 4.2 A mapping f : (X, EX , τX) → (Y, EY , τY )
is called continuous if

1. EX(x, x′) ≤ EY (f(x), f(x′)) for all x, x′ ∈ X ,
that is f is an extensional mapping between the corre-
sponding L-valued sets (X, EX) and (Y,EY ), and

2. f−1(V ) ∈ τX whenever V ∈ τY .

Obviously, if f : (X, EX , τX) → (Y, EY , τY ) and

g : (Y, EY , τY ) → (Z,EZ , τZ)

are continuous, then the composition

g ◦ f : (X, EX , τX) → (Z,EZ , τZ)

is continuous and the identity mapping

idX : (X, EX , τX) → (X, EX , τX)

is continuous. Hence L-valued L-topological spaces and con-
tinuous mappings between them form a category TOP(L).
One can easily see that in case E is crisp, that is E(x, x′) = 0
if x 	= x′ and E(x, x) = 1, the L-valued toplogical space
is just an L-topologcal space in the sense of [2], [4] and the
category of L-topological spaces is actually a complete sub-
category of TOP(L).

Notice that, by lower-semicontinuity of conjunction, for ex-
tensional L-sets Ui, we have(∨

i∈I Ui(x)
)
∗ E(x, x′) ≤∨

i∈I
(Ui(x) ∗ E(x, x′)) ≤ ∨

i∈I
Ui(x′) ∀x, x′ ∈ X.

Thus the supremum of extensional L-subsets of an L-valued
set is extensional itself. Therefore, in an analogy with classical
topology we can define the interior int(A) of an L-subset A
of an L-valued L-topological space (X, E, τ) as the largest
(≥) one of all open L-subsets of (X, E, τ) contained (≤) in
A. Equivalently, it can be defined by the formula

int(A) =
∨

{U ∈ τ | U ≤ A}.
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One can easily verify that the resulting operator

int : LX → LX

satisfies all properties, analogous to the properties of the inte-
rior operator in classical topology.
The interior operator allows us to measure ”the degree of ope-
ness” of an L-set A in an L-valued L-topological space by
evaluating, to what extent an L-set A is contained in its inte-
rior. To realize this we need to extend an L-valued equality E
from a set X to its extensional L-powerset LX

E . This can be
done as follows (see [17]):
Given A,B ∈ LX

E let

R(A,B) =
∧

x,z∈X

((E(x, z) ∗ A(x)) #→ B(z)) .

It is shown in [17] that R : LX
E × LX

E → L is an L-fuzzy
order relation on LX

E , that is it is refelexive (R(A,A) = 1 for
all A ∈ LX

E ) and transitive (R(A,B) ∗ R(B,C) ≤ R(A,C)
for all A,B, C ∈ LX

E ). By setting E(A,B) = R(A,B) ∧
R(B,A) an L-valued equality on LX

E is obtained [17].
Now to fuzzify the category TOP(L) we consider the category

(Ob(TOP(L)),Mor(SET), ◦),

where objects are L-valued L-topological space (X, E, τ), but
morphisms are from the category SET, that is mapings be-
tween corresponding sets. For a given mapping

f : (X, EX , τX) → (Y, EY , τY )

we define the degree of extensionality by

µ1(f) =
∧

x,x′∈X

(EX(x, x′) #→ EY (f(x), f(x′)) ,

the degree of continuity by

µ2(f) =
∧

V ∈τY

R(f−1(V ), int(f−1(V )))

and finally the degree of being a morphism by

µ(f) = µ1(f) ∧ µ2(f).

Theorem 4.3 (Ob(TOP(L)),Mor(SET), ◦, µ) is a fuzzy
category.

Proof Let f : (X, EX , τX) → (Y,EY , τY ) and

g : (Y,EY , τY ) → (Z,EZ , τZ).

The inequality

µ1(g ◦ f) ≥ µ1(g) ∗ µ1(f)

was established in the previous section. To establish the in-
equality

µ2(g ◦ f) ≥ µ2(g) ∗ µ2(f)

we are reasoning as follows:

Let f : (X, EX , τX) → (Y, EY , τY ),
g : (Y, EY , τY ) → (Z,EZ , τZ).
We fix W ∈ τZ . Then by transitivity of R

R(f−1(g−1(W )), intX(f−1(g−1(W )))) ≥
R(f−1(g−1(W )), f−1(intY (g−1(W ))))∗

R(f−1(intY (g−1(W ))), intX(f−1(g−1(W )))).

We estimate each member separately:

R(f−1(intY (g−1(W ))), intX(f−1(g−1(W )))) ≥
R(f−1(intY (g−1(W ))), intX(f−1(intY g−1(W )))) ≥

µ2(f).
R(f−1(g−1(W )), f−1(intY (g−1(W )))) =∧

x,x′
((E(x, x′) ∗ g−1(W )(f(x))) #→

intY (g−1(W )(f(x′)))) ≥

(by extentionality of f )

≥
∧

x,x′
((E(f(x), f(x′)) ∗ g−1(W )(f(x))) #→

intY (g−1(W )(f(x′)))) ≥∧
y,y′

(
(E(y, y′) ∗ g−1(W )(y)) #→ intY (g−1(W )(y′))

)
≥

µ2(g).

Thus

R(f−1(g−1(W )), intX(f−1(g−1(W )))) ≥ µ2(g) ∗ µ2(f).

Since this is valid for any W ∈ τZ we obtain the requested

µ2(g ◦ f) ≥ µ2(g) ∗ µ2(f).

Finally referring to the properties of a GL-monoid, we get

µ(g ◦ f) = µ1(g ◦ f) ∧ µ2(g ◦ f) ≥
(µ1(f) ∗ µ1(g)) ∧ (µ2(f) ∗ µ2(g)) ≥

(µ1(f) ∧ µ2(f)) ∗ (µ1(g) ∧ µ2(g)) = µ(f) ∗ µ(g).

We conclude the proof by noticing that obviously
µ(idX) = 1 for the identity morphism

idX : (X, EX , τX) → (X, EX , τX).

�

5 Category FTOP(L) and fuzzy category
F-FTOP(L)

The concept of an L-valued L-fuzzy topological space as a
generalization of the concept of an L-fuzzy topological space
[12], [9] and the corresponding category FTOP(L) were in-
troduced in [17]. The objects of this category are triples
(X, E, T ) where (X, E) is an L-valued set and T : LX → L
is an L-fuzzy topology, that is an extensional subset of LX

E

such that

1) T (1) = T (0) = 1;

2) T (U ∧ V ) ≥ T (U) ∧ T (V ) ∀U, V ∈ LX
E ;

3) T
( ∨

i∈I

Ui

)
≥ ∧

i∈I
T (Ui) ∀{Ui | i ∈ I} ⊆ LX

E .

and morphisms are extensional mappings

f : (X, EX) → (Y,EY )

such that T (f−1(V )) ≥ T (V ).
One can easily see that in case E is crisp, that is E(x, x′) = 0
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if x 	= x′ and E(x, x) = 1, the L-valued L-fuzzy toplogical
space is just an L-fuzzy topological space as it was defined
in [12], [4] and the category of L-fuzzy topological spaces is
actually a complete subcategory of FTOP(L).

Let (X, EX , TX), (Y, EY , TY ) be L-valued L-fuzzy topo-
logical spaces and f : X → Y be a mapping of the cor-
responding underlying sets. The measure of the extension-
ality µ1 of the mapping f : (X, EX) → (Y,EY ) is de-
fined as above. The measure of continuity µ2 of a mapping
f : (X, TX) → (Y, TY ) is defined by

µ2(f) =
∧

V ∈LY
E

(
TY (V ) #→ TX(f−1(V ))

)
.

Further, for a mapping f : (X, EX , TX) → (Y, EY , TY ) we
set µ(f) = µ1(f) ∧ µ2(f).

Theorem 5.1

F−FTOP(L) = (Ob(FTOP(L)),Mor(SET), µ)

is an L-fuzzy category.

Proof: Since for the identity morphism

idX : (X, EX , TX) → (X, EX , TX)

obviously µ1(idX) = 1 and µ2(idX) = 1, we have µ(idX) =
1. Therefore to prove the theorem we have to establish that
given two functions f : (X, EX , TX) → (Y,EY , TY ) and
g : (Y, EY , TY ) → (Z,EZ , TZ), viewed as the mappings of
the corresponding underlying sets it holds

µ(g ◦ f) ≥ µ(g) ∗ µ(f).

The inequality µ1(g ◦ f) ≥ µ1(g) ∗ µ1(f) was established in
subsection 3. The inequality

µ2(g ◦ f) ≥ µ2(g) ∗ µ2(f)

was established in [14], see also [15]. Now, referring to the
properties of a GL-monoid, we get

µ(g ◦ f) = µ1(g ◦ f) ∧ µ2(g ◦ f) ≥
(µ1(g) ∗ µ1(f)) ∧ (µ2(g) ∗ µ2(f)) ≥

(µ1(g) ∧ µ2(g)) ∗ (µ1(f) ∧ µ2(f)) = µ(g) ∗ µ(f).

�
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Abstract— Harmonization with four voices is a musical problem
which is subject to hard constraints, which absolutely need to be ful-
filled, as well as to soft constraints, which preferably hold, but are
not mandatory. In this paper, we model this problem as a valued
constraint satisfaction problem (VCSP): costs are assigned to pos-
sible solutions based on the constraints they violate. We design an
algorithm that finds a minimal-cost solution, thus solving the har-
monization problem, and we present initial results obtained by this
algorithm.

Keywords— functional harmony, valued constraint satisfaction
problems, soft constraints

1 Introduction
Ever since people have had computers at their use, they have
attempted to make them acquire human skills like rational
thought and creativity. While the prospect of computers actu-
ally creating art might still seem out of reach, in musical com-
position some successful efforts have already been made; in
[1], Truchet and Codognet give an overview of musical prob-
lems that were solved using computers.

In this paper, we discuss the use of Valued Constraint Satis-
faction Problems (VCSPs) in functional harmony with four
voices (soprano, alto, tenor, bass). Solving harmonization
problems is a basic skill that every composer has to acquire
before attempting more serious work. These problems range
from very simple to advanced, with many gradations in be-
tween. Their solution is governed by a set of strict rules that
have to be verified, but also by a variety of “softer” guidelines
with varying, subjective importance, imposed to make the re-
sult more interesting, more varied, . . . Valued constraints can
be constructed and enforced sensibly to model them.

The structure of this paper is as follows: in Section 2, we
discuss related work, and in particular solvers that have al-
ready been proposed for this problem, and position our own
contribution. In Section 3, we briefly explain what functional
harmony is about, and which constraints govern harmoniza-
tion problems. In Section 4, we give the necessary back-
ground on VCSPs, while in Section 5 we translate the musical
composition problem and its constraints to this framework. In
Section 6 we describe the algorithm designed for solving our
VCSP. In Section 7 we present some results obtained by this
algorithm, and in the last section we discuss its practical use
and suggest future research directions.

2 Related work
Programs to compose music have been designed since the 50s.
We are specifically interested in harmonization problems with
four voices, a problem that can be stated as a constraint satis-
faction problem [2]. To solve this problem, two main classes

of techniques have been described in the literature: backtrack-
ing and genetic algorithms.

Backtracking algorithms tackle the problem in the follow-
ing way. The harmonization of a piece of music proceeds in
a left to right fashion, analyzing every subsequent note. For
each note, one seeks a possible chord for that note, and if there
is no solution for this note, the algorithm goes back to a pre-
ceding note to try other possibilities. The standard work in this
class is due to Ebcioğlu [3]: he introduced an expert system
for harmonizing chorales with four voices, based on a set with
about 350 rules. Apart from this, there are also backtracking
algorithms where possible chords for a note are ranked by mu-
sical suitability. At every step, one tries the best chord. If this
chord does not lead to a solution, the chord is removed from
the ranking and a solution with the second best chord is sought
[4]. Existing backtracking solvers look for one solution and
then stop.

Genetic Algorithms (GAs) use an evaluation function to
judge the musical quality of a set of solutions, and proceed in
an iterative way to optimize these solutions [5, 6], using evo-
lutionary reproduction operators like mutation and crossover.

Both approaches have their advantages and disadvantages.
Backtracking algorithms are very efficient in finding a single
solution, but little can be said about its quality: any solution
found by the algorithm is guaranteed to meet the imposed hard
constraints, but soft constraints are generally not considered.
Ranking possible chords for a note deals only partially with
this problem; this tactic will find a good solution, but it is
not guaranteed to be the best one. By virtue of the evaluation
function, genetic algorithms are better at catering for soft con-
straints, but they also suffer from the fact that their solutions
are often suboptimal.

The solver we describe in this paper combines the use of
soft constraints (which can be seen as the analogon of the eval-
uation function in GAs) with the potential to find an optimal
solution in the search space.

3 Functional harmony with four voices
We briefly describe the essentials of functional harmony, and
refer the interested reader to [7, 8] for more details. The
problem we consider is a simplification of the general har-
monization problem: given a melody for a soprano, we aim
to find corresponding melodies for alto, tenor and bass. We
suppose that only quarter notes are used in all the melodies
and we work in C major. In tonal music, one speaks about
grades, which —for a particular tuning— coincide with a set
of chords. The most important grades that are always consid-
ered are I, IV and V. Other grades that often appear are VI and
sometimes II. In C major tuning, the first note is c which re-
sults in grade I being the chord built on c; the fourth note is f,
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A B C

Figure 1: Essentials of functional harmony, illustrating the grades and chords of C Major (A), the concepts of narrow, mixed
and wide spacing (B), and some examples of constructs that are not allowed (C).

so the chord corresponding to grade IV is the chord built on f.
Fig. 1A illustrates the grades and chords of C major.
Now consider a note in the soprano. This note is in one or
more of these chords. In harmonizing the soprano, one must
choose a chord, and attribute the corresponding notes in the
other voices to a note of this particular chord. The bass must
always be the ground note (the lowest note) of the chord. For
example, if IV is chosen, then the bass must be f. The so-
prano, alto and tenor have to be different from each other, so
each note of the chord appears once, except for the ground
note which appears twice.
We now introduce the concepts wide and narrow spacing. For
every note in the soprano, we still have some freedom for the
notes in alto, tenor and bass. We now restrict the possibili-
ties a bit more. For each chord we choose, we have to decide
whether we write it in wide or in narrow spacing. Narrow
spacing means that between soprano and alto, and between
alto and tenor there is no other note of the chord. Wide spac-
ing means that there is always one note of the chord between
soprano and alto, and between alto and tenor. This is illus-
trated in Fig. 1B. If the previous chord is written in narrow
spacing, then the next chord must be narrow spaced as well.
If the previous chord is wide spaced, then so must be the next
chord.
The VIth grade chord is written like the other chords, except
for the case when it is preceded by a Vth grade. In this case,
the second note of the chord is written twice. This means that
it has neither wide nor narrow spacing; we refer to this situa-
tion as mixed spacing. When we encounter a sequence V-VI
it is possible to go from wide to narrow spacing or vice versa
using mixed spacing on the VIth grade. Fig. 1B shows a good
V-VI-IV sequence where we switch spacing.
Now we know how to write the chords we must consider the
problem of choosing the right grade. To this end, a number of
rules have been defined in the domain of functional harmony:

• The first and the last grade of a music piece must be I.
The other grades depend on the previous grades.

• Some transitions between grades are not allowed, others
are considered very good, while still others are not con-
sidered wrong but should be avoided as much as possible.

• Each of the different voices has its own range of notes
that it can sing. The soprano can sing the highest notes,

the bass sings the lower notes, and care has to be taken
that these ranges are respected.

• It is forbidden to write parallel fifths or parallel octaves,
to write the same grade before and after a bar or to over-
lap voices.

Some of these forbidden constructs are shown in Fig. 1C.

4 Valued constraint satisfaction problems
A constraint satisfaction problem (CSP) involves assigning
values to variables that are subject to some constraints [9].
If there are constraints that are preferred but not essential, we
can consider the problem of assigning values to the variables
in such a way that the more important constraints are fulfilled
and the less important ones are fulfilled to the extent possible.
The latter yields a valued CSP (VCSP), which is characterized
by a set of hard constraints (that must be fulfilled), and a set
of so-called valued constraints. If the valued constraints are
treated as mandatory, the problem is often unsolvable. If the
valued constraints are ignored, we get solutions of bad qual-
ity. Our interest is therefore in the solution that best respects
the set of constraints. To express what the best solution is, we
assign costs to valued constraints. Every time a valued con-
straint is violated, we count the cost of this violation. In the
end, we are interested in the solution with the lowest cost. We
recall a formal definition of VCSP’s.

Definition 1. A Valued Constraint Satisfaction Problem
(VCSP) is a quadruple (X, D, C, V ), where
X = {X1, ..., Xn} is a set of variables,
D = {D1, ..., Dn} is a set of finite domains: Di is the set of
possible values for Xi,
C = {C1, ..., Cr} is a set of hard constraints and
V = {V1, ..., Vs} is a set of valued constraints.

A hard constraint Ci on the ordered set of variables var(Ci)
is the relation of the allowed combinations of values for the
variables in var(Ci); Ci is a mapping from the cartesian prod-
uct of domains of variables in var(Ci) to {0, 1}.
A valued constraint Vi on the ordered set of variables var(Vi)
specifies the cost of the combination of the values for the vari-
ables in var(Vi); Vi is a mapping from the cartesian product
of domains of variables in var(Vi) to [0, 1].
For example, if Vi pertains to the variables X1, X2 (i.e.
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V ar(Vi) = (X1, X2)) and we assign values x1 and x2 to X1

and X2 respectively, the cost of this combination is given by
Vi(x1, x2). If Ci pertains to the variables X1, X2, X3 (i.e.
V ar(Ci) = (X1, X2, X3)) and we assign values x1, x2 and
x3 to these variables, the combination (x1, x2, x3) is allowed
if Ci(x1, x2, x3) = 1 and forbidden if Ci(x1, x2, x3) = 0.

5 Modeling the problem
We can now translate the musical problem of harmonizing a
soprano to a purely mathematical problem. Suppose we have a
soprano that lasts n times, with every time divided in 4 counts.
All the times contain four quarter notes, except for the last
time which contains one whole note. This makes a total of
l := (n−1)∗4+1 notes. We call l the length of the problem.
For every note, we want to store the notes for the bass, tenor,
alto and soprano and we want to store the grade we use. This
can be done using a 5 × l matrix X .
The grades and notes are represented by a positive integer, and
the central c is represented by the number 24. We assign inte-
gers to the other notes as follows: if the note is higher/lower
than the central c, we count the number of half tones between
the central c and this note and add/subtract it to 24. In this
way, we fix the domain and variables of our VCSP. The vari-
ables are the entries xi,j , i = 1, ..., 5, j = 1, ..., l of the matrix
X and the domain is the set of natural numbers N.

5.1 Hard constraints

We will first translate the hard constraints to mathematical for-
mulas. We only use grades I, II, IV, V and VI, which entails:

x5,j ∈ {1, 2, 4, 5, 6} ∀j = 1, ..., l.

The first and last grade must be I, so

x5,1 = x5,l = 1.

Every voice has a specific range of notes that it can sing, which
can be expressed as:

alto : 19 ≤ x2,j ≤ 38 ∀j = 1, ..., l

tenor : 12 ≤ x2,j ≤ 28 ∀j = 1, ..., l

bass : 5 ≤ x2,j ≤ 26 ∀j = 1, ..., l

The grades before and after a bar must be different:

∀j = 1, ..., l :

if j mod 4 ≡ 1 and j 	= 1

then x5,j 	= x5,j−1

No parallel fifths or octaves are allowed:

∀i, k, j : i, k = 1, 2, 3, 4, j = 1, ...l − 1 :

if (xi,j − xk,j mod 12 ≡ 0) and k 	= i

then (xi,j+1 − xk,j+1 mod 12 	≡ 0)

and
if (xi,j − xk,j mod 12 ≡ 7) and k 	= i

then(xi,j+1 − xk,j+1 mod 12 	≡ 7).

It is forbidden to write voice overlap (strictly between so-
prano, alto and tenor, not strictly between tenor and bass):

∀j = 1, ..., l :

x1,j > x2,j > x3,j ≥ x4,j ,

∀j = 1, ..., l − 1 :

x2,j+1 < x1,j

x3,j+1 < x2,j

x4,j+1 ≤ x3,j .

The possibilities for the notes in the bass, tenor and alto and
the forming of the chords (with wide and narrow spacing)
are also hard constraints. We will not explicitly state these
constraints here as mathematical formulas due to space con-
straints.

5.2 Valued constraints

We are now ready to introduce some valued constraints. There
are five aspects of functional harmony we model using valued
constraints. In the following subsections we propose tech-
niques for calculating the cost of certain combinations. The
results are five costs in [0, 1] that correspond to the transi-
tion of one grade to another (c1), the frequency of grades
(c2), the range of notes a voice can sing (c3), the distance
between two succeeding notes (c4) and the use of contrary
motion between bass and soprano (c5). To allow a composer
to determine the relative importance of each type of valued
constraints, we attach weights {w1, w2, ..., w5} and define the
total cost as

∑5
i=1 wici where all weights sum to one. Assign-

ing these weights depends on personal taste. Some composers
might think it is important to have a lot of variation in the use
of grades, while others might prefer to write music that is in
the right range for the different voices. The weights we pro-
pose are as follows: w1 = 0.3, w2 = 0.2, w3 = 0.1, w4 =
0.2, w5 = 0.2.

5.2.1 Grade transition constraints
As stated before, we only work with grades I, II, IV, V and VI.
The most important grades are I, IV and V. V can be seen as
a chord that builds up tension, I creates rest and IV is an ad-
vancing chord (to V). In music, it is important to have enough
tension but there are points of rest needed as well.
II is a grade that can be used as a replacement grade for IV. It
is also an advancing grade to V. VI is a grade that can replace
I or IV, depending on the context. Generally speaking, when
followed by V or preceded by I, VI is a replacement grade for
IV, while when preceded by V or followed by IV, VI is a re-
placement grade for I. (This is also valid if we replace IV by
II.) So depending on the context, VI can bring rest in music
or can advance to tension. II and VI are used to bring more
variation in music. For example, instead of writing I-IV-V-I (a
very good sequence) all the time, we can also write I-II-V-VI.
To express the aptitude of grade sequences, we introduce a
valued constraint G. It is a mapping from the cartesian prod-
uct of the possible grades to the interval [0, 1] that represents
the cost of the sequence:
G : {1, 2, 4, 5, 6} × {1, 2, 4, 5, 6} → [0, 1].
To determine the cost of a sequence, we only look at two con-
secutive grades. This is sufficient since every bad sequence is
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the result of one or more separate bad successions in the se-
quence.
The assignment of the costs is an intuitive and subjective task.
However, we try to bring some structure in it. The model se-
quence is I-IV-V-I. Therefore, we assign cost zero to every
subsequence of length two that appears in it. All sequences
that can be obtained from those subsequences by substitut-
ing a grade by its replacement grade (we call it derivative se-
quences) also have no cost.
Going from advancing to tension to rest is not very interest-
ing. Therefore, we assign cost 1 to the sequence IV-I and all
derivative sequences. Going from rest to tension without ad-
vancing should be avoided but is not particularly bad, so we
assign cost 0.5 to the sequence I-V. Using the same sequence
two times is not always interesting. We assign cost 0.3 to se-
quences I-I, V-V and derivatives, and cost 0.4 to sequences IV-
IV and derivatives. An overview of the assignments is given
in Table 1.

5.2.2 Grade frequency constraints

As stated before, in music it is important to maintain sufficient
variation. This is not covered by the previous constraints:
writing I-IV-V-I the whole time would give zero cost, but it
would be boring to listen to. To express this we introduce ad-
ditional valued constraints.
The algorithm designed in Section 6.1 has three options: it can
generate a solution with only grades I, IV and V, only grades
I, IV, V and VI, or using all grades I,II, IV, V and VI. The
number of times a grade should ideally be used depends on
this option, so we introduce three different valued constraints.
First consider the option where only grades I, IV and V can
be used. The best sequence here is I-IV-V-I. We want some
variation so we sometimes write I-I, I-IV-I or I-V-I. Say that
ideally, every three times we write I-IV-V, we should write I-I,
I-IV-I or I-V-I once. The corresponding grade occurence per-
centages are given in Table 2.
We now define the valued constraint H1 : {1, 4, 5}l → [0, 1]
as follows: for the whole piece of music, count how many
times grades I, IV or V are used and calculate the percentages.
Now for every grade, add the absolute difference between the
ideal and real percentage, and divide the result by three to ob-
tain a value in [0, 1].
Since grade VI is a replacement grade for I, in the option
where I, IV, V and VI can be used, we consider the same per-
centages as in the first option for IV and V, but we split the
ideal percentage for grade I. Analogously, as grade II has the

Table 1: The mapping G that assigns a cost to every allowed
succession of two grades

GRADE1-GRADE2 COST=G(GRADE1,GRADE2)

II-V, V-I, I-II, IV-V 0
VI-V, VI-II, I-IV, V-VI 0

VI-IV, V-I, I-VI 0
I-I, V-V, VI-I, VI-VI 0.3

IV-II, IV-IV, II-II 0.4
I-V 0.5

IV-I, II-I, II-VI 1.0

same function as grade IV, we split the ideal percentage for
grade IV in the third option. The percentages are presented
in Table 2. The valued constraints H2 and H3 are defined as
before.
Again, these ideal percentages are constructed subjectively
and intuitively. Different composers would propose different
percentages, but they should be similar. Moreover, as for the
previous valued constraints, the exact percentages are not very
important, more significant are the gradations.

5.2.3 Voice range constraints

The problem we consider is to write a music piece for four
voices. Of course, these voices cannot sing all existing notes.
Theoretically, a bass can sing notes presented by integers from
5 to 26, yet there exist very good basses that can not reach
the very low note presented by 5 or the very high note pre-
sented by 26. It is not wrong to write these extreme notes
but it should be avoided, because even if the bass can sing
these notes, they will not sound as good as the notes in the
middle of their register. To express this mathematically, we
introduce new valued constraints Ra, Rb and Rt as follows:
for every note in the reach of a voice, Rb, Rt and Ra express
how bad this note is for bass, tenor or alto respectively. Fig. 2
presents the values of Ra, Rb and Rt. The total cost is given
by (Ra + Rb + Rt)/3 ∈ [0, 1].

5.2.4 Distance constraints

In tonal music, it is important to have fluent melodies. Mod-
eling this requires counterpoint techniques, which we do
not consider here. Instead, we model the soundness of the
melodies by considering the distances between the notes. Fur-
thermore, it is hard to sing large intervals correctly. Therefore,
we introduce a valued constraint D that limits the distance be-
tween two notes. We assign cost 1 to all intervals larger than
an octave (12 half tones). Intervals smaller than an octave
get cost c4 = d/12, proportional to the distance d between
the notes. An exception is made for the octave, which gets
the same cost as a fifth because it sounds equally well and is
equally easy to sing. The costs are presented in Table 3.

5.2.5 Contrary motion constraints

Contrary motion is the general movement of two melodic lines
in opposite directions. That is, when one of the lines moves
up, the other line moves down. In tonal music, contrary mo-
tion is important to maintain independence of melodic move-
ment. To express this as a valued constraint we assign a cost

Table 2: valued constraint H compares the count of grades to
the ideal percentages.

GRADE IDEAL PERCENTAGES

OPTION 1: OPTION 2: OPTION 3:
I, IV AND V I, IV, V AND VI I, II, IV, V, VI

I 0.394 0.263 0.263
II - - 0.075
IV 0.303 0.303 0.228
V 0.303 0.303 0.303
VI - 0.131 0.131

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

928



Figure 2: Costs that are incrurred when notes at the extreme
ends of a voice’s scale are used.

c5 = 1 if there is no contrary motion between bass and so-
prano.

6 Solving the four voices harmonization VCSP
Now we translated the musical problem to a purely mathemat-
ical problem, we can design an algorithm that solves it. There
exist good solvers for VCSPs [9] but we choose to design and
implement a separate algorithm for the harmonization prob-
lem. The algorithm follows the thinking of a composer that
solves the exercise: from left to right, try out all the possibili-
ties and return when a solution gets stuck.

6.1 A backtracking algorithm

Algorithm 1 shows the outline of the main part of the algo-
rithm. First note that it returns a single minimal-cost solution;
if there are several such solutions, our algorithm returns the
first one encountered. At each stage, max cost and total cost
represent the cost of the optimal solution so far, and of the cur-
rently investigated solution, respectively. They are initialized
in lines 1 and 2.
From Section 2, we know that the grade on the first note must
be I. Either narrow or wide spacing can be used for the first
chord; the former option is considered in lines 3–5, the sec-
ond one in line 6–8.
The central part of the algorithm is in the recursive procedure
Calculate Solution. For every note i except the last one, all
possible solutions are generated (line 2), that is, all permissi-
ble combinations of grades for note i, and corresponding notes
for bass, tenor and alto. Assuming no hard constraints are vio-
lated (line 3), the cost of a solution w.r.t. the valued constraints
is evaluated (line 4); all costs can be calculated directly, except

Table 3: valued constraint D is a measure for the soundness
of an interval.

INTERVAL COST c4 INTERVAL COST c4

(IN HALF TONES) (IN HALF TONES)
> 12 1.000 6 0.500
12 0.583 5 0.417
11 0.917 4 0.333
10 0.833 3 0.250
9 0.750 2 0.167
8 0.667 1 0.083
7 0.583 0 0.000

Algorithm 1: Algorithm that solves the problem of har-
monizing a melody for a soprano, l is the length of the
problem.

max cost=Double.max;1

total cost=0;2

Fill in the first chord, using narrow spacing;3

total cost=cost of this first chord (only w3c3);4

Calculate Solution(2,l);5

Fill in the first chord, using wide spacing;6

total cost=cost of this first chord (only w3c3);7

Calculate Solution(2,l);8

Procedure Calculate Solution(note position i,
total length l)

if (i < l) then1

foreach possibility for note i do2

if no hard constraints violated then3

calculate costs ;4

if total cost+
∑5

i=1 wici > max cost then5

go to next possibility;6

else7

total cost=total cost+
∑5

i=1 wici − w2c2;8

Calculate Solution(i+1);9

end10

else11

go to next possibility;12

end13

end14

else15

max cost=total cost+w2c2;16

save solution;17

end18

from c2 which is calculated considering the problem from the
beginning until position i. c2 is only calculated when i > 4.
If the total cost for the current solution is smaller than the new
costs added up to the total cost, one has to try the next possi-
bility, because from here we will never find a solution that is
cheaper than the solution we already found (line 5-6). Other-
wise, one adds the costs except from c2 up to the total cost and
goes further looking for a solution (lines 8-9). c2 is not added
up to the total cost since this cost is calculated every step and
it counts for the whole piece.
When we have reached the final note, we change the current
solution and the maximum cost and we return in the recursion
to find a cheaper solution (lines 16-17).

This can lead to a solution or to failure. In both cases we
return to try the next posibilities. If there are no posibilities
left, the algorithm does not go further in this branch of the re-
cursion.

7 Results
In this section we present some test results. We tested the
program for several problems but we will show only one rep-
resentative example here.
We illustrate the suitability of our approach by showing four
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Figure 3: A representative harmonization exercise, showing four solutions: (A), (B), (C) show solutions with weights as
proposed in Section 5. (A) has cost 3.14, (B) has cost 1.12 and (C) is the optimal solution with cost 0.65. (D) shows the
optimal solution with weights w1 = 0.3, w2 = 0.2, w3 = 0.1, w4 = 0.3 and w5 = 0.1. It has cost 0.47.

solutions with different costs. In Fig. 3A we show the solu-
tion with the highest cost (3.14). In this solution there are
unacceptable distances in the bass. Furthermore, the melodies
in the alto and tenor are not fluent, there is almost no contrary
motion between soprano and bass and the grade sequence is
bad.
Fig. 3B shows a solution with cost 1.12. This solution has a
better bass line. The grade sequence is slightly better since we
now have tension (grade V) in the second bar. This solution
sometimes lacks contrary movement and there is no second
grade used.
The optimal solution is shown in Fig. 3C. The grade sequence
and grade frequencies are very well but there are many large
distances between the bass notes. This can be explained by the
weights we assigned to the costs: contrary motion is consid-
ered equally important as the distances between the notes. If
we raise the weights corresponding to the distances between
notes and we lower the weight corresponding to the use of
contrary movement we obtain the result in Fig. 3D. Except
from the fact that there is no tension in the second bar this is a
good solution.

8 Practical Use And Further Work
The algorithm we presented is designed to solve harmonizing
problems. It can be used as a didactic tool: teachers can use
it to test quickly if problems have solutions, if these solutions
are interesting enough and if they are not too difficult to solve.
For instance, if a problem has only one solution where only
grades I and IV are used, this problem cannot be solved well.
Furthermore, students can use this program to compare their
solutions to an optimal solution.
The model we presented can be extended in various ways.
First of all, we can overcome the simplification of the harmo-
nization problem by allowing modulations, chord inversions,
non-chord tones, rhythm and ornaments, seventh chords and
so on. This requires an extension of the domains and the in-

troduction of new hard constraints. Furthermore, we can also
introduce more soft constraints. For instance, some counter-
point rules can be expressed as soft constraints.
As illustrated in the previous section, the assignment of the
weights is important. Fine-tuning of these parameters is
needed and should be done more profoundly.
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Abstract— In this paper, we present new approaches to handle
drift and shift in on-line data streams using evolving fuzzy systems
(EFS), which are characterized by the fact that their structure is not
fixed and not pre-determined. When dealing with drifts and shifts
in data streams one needs to take into account two major issues: a)
automatic detection of, and b) automatic reaction to this. To address
the first problem we propose an approach based on the concepts of
age and utility of fuzzy rules/clusters. The second problem itself is
composed of two sub-problems concerning the influence of the drifts
and shifts on: 1) the antecedent parts (fuzzy set and rule structure)
and 2) the consequent parts (parameters) of the fuzzy models. To ad-
dress the latter sub-problem we propose an approach that introduces a
gradual forgetting strategy in the local learning process. To address
the former sub-problem we introduce two alternative methods: one
that is based on the evolving density-based clustering, eClustering
(used in eTS); and one that is based on the automatic adaptation of
the learning rate of the evolving vector quantization approach (eVQ)
(used in FLEXFIS). The paper is concluded with an empirical evalu-
ation of the impact of the proposed approaches in (on-line) real-world
data sets where drifts and shifts occur.
Keywords— drifts and shifts in data streams, evolving fuzzy
systems, detection and reaction to drifts and shifts, age of a
cluster/fuzzy rule, gradual forgetting

1 Introduction

1.1 Motivation and State of the Art

Nowadays data-driven fuzzy systems enjoy a great at-
traction in many industrial applications, as opposed to
expert-based fuzzy systems. They can be automatically
generated from process data such as measurements, im-
ages (features) or signal streams. Furthermore, they are
proven universal approximators [27], i.e. being able to
model a given problem to (theoretically) any degree of
accuracy. Moreover, they also allow an insight in the
form of linguistically and visually interpretable rules to
be gained [8].

During the last decade, the research field of ’evolv-
ing fuzzy systems’ (EFS) emerged as an important part
of the fuzzy systems research [4] [11], as they are ca-
pable to include new information on demand into the

∗This work was partially supported by the Upper Aus-
trian Technology and Research Promotion and by The Royal
Academy, UK. This publication reflects only the authors’
views.

models and on-the-fly without necessarily using prior
knowledge. EFS can also permanently learn from their
environment and are applicable in fast on-line identifi-
cation [4] and modelling processes as well as huge data
bases which cannot be loaded into the virtual memory
at once [18]. Often, there are no enough data in advance
(off-line) to build reliable models with high predictive
quality which can also require application of EFS as in
[23].

Various approaches for EFS have been set up during
the last years, one of the most popular and pioneering
approach is the eTS family which comes with a regres-
sion [4], [3] and a classification variant [5]. Another
approach for adaptation and evolution of clusters in-
spired by the evolving vector quantization (eVQ) [19] is
the so-called FLEXFIS family [21], in particular FLEXFIS
for regression [20] and for classification [22] (denoted as
FLEXFIS-Class). A range of other alternative approaches
includes ePL [16], SAFIS [12], and evolving fuzzy neural
networks such as SOFNN [15] or GDFNN [28].

All these methods have a common denominator: they
all are life-long learning approaches, which means that
they incorporate all the data samples into the fuzzy
models with equal weights in the same order as they
are coming in during the on-line process. Hence, fuzzy
models reflect a compact information of all the samples
seen so far with equal importance. This is a beneficial
to adapt the models, especially when a convergence to
an optimality criterion or stable state of the model struc-
ture is achievable [20]. However, this benefit is only true
in case of data streams which are generated from the
same underlying data distribution respectively which
do not show any drift or shift to other parts of the in-
put/output space [26]. Drift (respectively shift) indicate
the necessity of out-dating of previously learned rela-
tionships (in terms of structure and parameters) as these
are not valid any longer and hence should be eliminated
from the model. In order to cope with this problem, drift
handling was already applied in other machine learn-
ing techniques, e.g. in connection with SVMs [14], en-
semble classifiers [24] or instance-based (lazy) learning
approaches [7] but to the best of our knowledge this con-
cept was not yet applied to fuzzy systems.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

931



1.2 Our Approach

Hence, in this paper we are dealing with approaches for
an appropriate handling of drifts and shifts by EFS. How-
ever, parts of the concepts, especially the detection of,
and reaction to drifts in the consequent parts of the rules,
can be applied to a wider range of EFS approaches in-
cluding eTS and FLEXFIS. A more detailed description
will be given in Section 2. For achieving an automatic
approach, we propose 1.) the detection of a drift respec-
tively shift based on the concepts of fuzzy rule age and
utility function, and 2.) the reaction to a detected drift
respectively shift, both in rule antecedent (for eCluster-
ing as applied in eTS and eVQ as applied in FLEXFIS) as
well as consequent parts of Takagi-Sugeno fuzzy models
[25].

The paper is concluded with an empirical evaluation
of the impact of the proposed approaches on predictive
accuracy of the evolving fuzzy models when applying
to real-world data streams where drifts and shifts occur
(Section 5). Note, that no benchmark data from the In-
ternet or well-known data bases can be applied for em-
pirical evaluation as these are usually all smooth in the
sense that no drift occurs therein.

2 Problem Statement

In machine learning literature, they distinguish between
different types of ’concept change’ of the underlying dis-
tribution of (on-line) data streams: a) drifts, and b) shifts,
see [26]. Drift refers to a gradual evolution of the concept
over time. The concept drift concerns the way the data
distribution slides smoothly through the data/feature
space from one region to another. For instance, one may
consider a data cluster moving from one position to an-
other. This concept is closely related to the time-space
representation of the data streams. While the concept of
(data) density is represented in the data space domain,
drift and shift are concepts in the joint data-time space
domain.

An (artificial) example of a drift is demonstrated in
Figure 1. There, the original data distribution (in a 2-
D data space) is marked by circular samples, which
changes over time into a data distribution marked by
rectangular samples. If a conventional clustering pro-
cess is applied by weighting all new incoming samples
equally, the cluster center would end up exactly in the
middle of the whole data bunch, averaging old and new
data. Such a clustering approach is applied in EFS ap-
proaches to identify the local regions that can be used to
form (the antecedent parts of the) fuzzy rules.

On the other hand, the concept shift refers to a sudden,
abrupt change of the underlying concept to be learned.
A shift in the input space opens up a data cloud in an un-
explored region and hence usually automatically causes
a new rule to be evolved by the incremental/evolving
clustering algorithm. In Figure 2 a case of a shift in the
output variable is shown: the original trajectory (con-
sisting of dense data samples) on the right-hand side is
marked with a light line, whereas the shift is represented
by the dark data samples forming a trajectory above the
other one. In case if only apply the usual adaptation

Figure 1: A drift in an evolving cluster (used for learning
the antecedent parts of EFS), the distribution before the
drift shown in circular, after the drift shown in rectan-
gular samples.

Figure 2: Example of a shift in the output variable; com-
pare light dots (original data distribution) with dark
dots (data distribution after the shift) on the right-hand
side of the image (also marked by arrows)

of the consequent parameters with weighted recursive
least squares without forgetting the old data due to the
shift the approximation curve of the fuzzy model will
end up exactly in-between these two.

In this paper, we demonstrate novel approaches for
autonomous drift and shift detection and handling when
learning fuzzy rule-based systems of Takagi-Sugeno
type from on-line data streams in an evolving manner
[4]. We focus on EFS approaches exploiting the Takagi-
Sugeno model architecture [25].

3 Autonomous Detection of Drifts and
Shifts in Data Streams by EFS

In this section the method for autonomous detection of
shifts and drifts in data streams based on the age and
utility of the cluster/fuzzy rule [1], [10] is described.
This is an important step in the process of handling
non-stationarity in data streams and for building au-

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

932



Figure 3: Evolution of the age of the clusters/fuzzy rules;
drifts are related to the inflexion points; shifts are related
to forming new clusters/fuzzy rules.

tonomous self-developing, self-learning, and evolving
models and systems.

3.1 Detecting Drifts by Age of Clusters (Rules) [1]

In [1], the concept of cluster (respectively fuzzy rule) age
was introduced. We extend this by including the mem-
bership degrees of the rules (Φi,l in case of the ith rule
for the lth sample)

agei = k −
∑ni

l=1 IlΦi,l

ni
(1)

where i is the rule index; ni denotes the support of rule i;
Ij denotes the time instance when the data sample was

read; k is the current time instance. Since
∑ni

l=1 Il

ni
can also

be accumulated recursively, the age can be easily calcu-
lated when necessary. Age of the cluster/rule changes
with each new data sample being read. If the newly read
data sample does not fall into that cluster (supports that
fuzzy rule with a low or even 0 value of Φi,l in case of
fuzzy sets with finite support) the age grows by the rate
of one sample at a time. That means, if a certain clus-
ter (fuzzy rule) is not supported by any future samples
after being initiated (say in the time instant, ti) then its
age at any time instant, k will be k − ti. However, if any
new data sample (between ti and k) falls into that cluster
(supports that fuzzy rule with a high value of Φi,l), the
age does not grow with the same rate, but with a smaller
one and one can say that the cluster (fuzzy rule) is being
refreshed.

The fuzzy rule age is important and closely linked to
the data streams (which are sequences of data in time)
and to the concept drift. We propose to analyze the age
of clusters (respectively, fuzzy rules) on-line by using the
gradient of the ageing curve as well as its second deriva-
tive which indicate a change in the slope of the ageing
curve. When there is a significant change of the age-
ing which results in a significant change of the slope,
then obviously the second derivative of the age curve
will be indicative of this inflection points. An example
is demonstrated in Figure 3, where the drift and shift are
clearly marked on the age evolution curves.

3.2 Detecting Shifts by Utility Function

Shift in the data streams is a more significant, abrupt and
sudden change of the data concept. Therefore, the dis-
tinction between drift and shift is the pace, the degree
and speed of the changes, while both indicate a change
in the data distributions with time. Essentially, the reac-
tion to a detected shift has to be reflected in the structure
evolution of the fuzzy rule base. While drift is related
more to a smooth forgetting of parameters, learning and
forgetting, shift is closely related to changes in the struc-
tural components.

Shift can be detected by the utility of the fuzzy rule.
Utility is a parameter of the quality of the fuzzy rule that
is defined [2] as the accumulated firing level of each rule
given by Ψi summed over the life of each rule:

U i
k =

1
k − Ii

k

Ii
k∑

l=1

Ψl (2)

Utility, U accumulates the weight of the rule contribu-
tions to the overall output during the life of the rule
(from the current time instant back to the moment when
this rule was generated). It is a measure of importance
of the respective fuzzy rule comparing to the other rules
(comparison is hidden in the relative nature of Ψ).

If the utility of a fuzzy rule is low then this rule be-
comes obsolete or not used very much. A shift away
from or to a cluster/fuzzy rule can be detected by the
derivative of the utility — if the value of the first deriva-
tive of the utility is large then there is a shift towards the
cluster. The shift is away from a cluster if the deriva-
tive of the utility is large negative. Then this fuzzy rule is
deemed obsolete (does not contribute significantly to the
overall prediction/estimation/classification) and can be
removed from the rule base [10].

4 Reactions to Drifts and Shifts in Data
Streams by EFS

4.1 Reaction to Drift and Shift in the Antecedents

In this section, we introduce methods for addressing
both drifts and shifts in data streams by adapting learn-
ing mechanisms for consequent parts and by evolving
antecedent part. We demonstrate this on the example of
the popular eTS method [4] and on FLEXFIS [20].

4.1.1 By eClustering
Reaction to a detected shift is by either a) forming a new
rule around a new data sample which becomes an attrac-
tion point for the global data distribution, or b) replace-
ment of a fuzzy rule which itself consists of; i) form-
ing a new rule around the new point, and ii) removal
of the rule which has lower density and is close to this
newly added one [2] — see Figure 4. If locally optimal
learning is being applied then removing a cluster and
respectively a locally valid Kalman filter/RLS does not
affect the overall learning significantly (only through the
fuzzy weight Ψ [4]). If globally optimal learning is being
applied, removal of a cluster (respectively fuzzy rules)
does affect n columns and n rows of the covariance ma-
trix directly and the remaining values of the covariance
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Figure 4: Shift in the time domain representation and
two new rules evolved as a reaction to it.

matrix indirectly [4]. Deleting old fuzzy rules was ap-
plied in classification in [5] and in prediction [2].

4.1.2 By eVQ
When shifts in the data stream occur, usually new clus-
ters are evolved automatically in eVQ, as they cause new
data clouds in previously unexplored regions of the data
space (in regions further away than a fraction of the
space diagonal in the input space to which the vigilance
parameter ρ is usually set, i.e. 0.1 to 0.3 of the space di-
agonal, see [19]. Synchronously, older clusters can be
deleted by the concept of utility [9] [10] as discussed in
Section 3.2. This does not affect the learning of conse-
quent parameters for the other rules if local learning is
applied.

For reacting to drifts in the antecedent parts of the
rules we propose to re-adjust the parameter in the eVQ
clustering algorithm η [19] which steers the learning
gain. We define the tracking concepts for the ith rule
throughout this section, which can be generalized to any
rule in a straightforward manner. Currently, in eVQ the
learning gain is defined by the following formula [18]:

ηi =
0.5
ni

(3)

If a drift occurs in a data stream, the centers and widths
of the cluster(s) should change to the new data distri-
bution (as shown in Figure 1). For re-activating the
converged clusters, i.e. re-animating them for stronger
movements in a drifting case, we suggest a sudden in-
crease for the first sample in the drift phase, followed by
a gradual decrease for the next samples in order to bal-
ance in the new sample distribution in the same manner
as is done for original ones.

Here, we propose the following mechanisms for the
learning gain η: first we transform the forgetting factor
λ, used in the gradual out-weighting when doing con-
sequent learning (see next section) and denoting the in-
tensity of a drift, to a value in [0, 1]. Hereby, 0.9 (minimal
value for λ) is mapped to 0.99, whereas 1 is mapped to
0, hence:

λ trans = −9.9λ + 9.9 (4)

Then, when a drift occurs, we re-set the number of sam-
ples forming the ith cluster (ni) (used in the denomina-

Figure 5: Abrupt increasing learning gain η during in
case of a drift (after 100 samples) when applying differ-
ent values for the forgetting factor λ.

tor of the calculation of ηi) by

ni = ni − ni ∗ λ trans (5)

This means that the stronger the drift is, the more ni is
decreased and hence the stronger the forgetting effect
will be. In Figure 5 it is demonstrated how ηi devel-
ops (lines) in usual (non-drift) case (for the first 100 sam-
ples), then a drifting scenario is artificially caused with
three intensities leading to the three λ values (in differ-
ent line styles). After the drift indicator (at sample 100),
it is decreased in usual way such that the jumped center
can converge to the new data distribution.

4.2 Reaction to Drifts and Shifts in the Consequents

For the rule consequents drifts and shifts can be handled
in one sweep as it is just a matter of the setting of the for-
getting factor as we will see below. Whenever a drift in
the output variable occurs (as shown in Figure 2) and
is detected, it is necessary to apply a specific mecha-
nism in the sample-wise incremental learning steps of
the consequent parameters in Takagi-Sugeno fuzzy sys-
tems. When locally optimal fuzzily weighted Recursive
Least Squares (wRLS) learning approach [4] is used this
can easily be accommodated as detailed later on.

If we do not take drift into account all newer samples
lying in the same local positions relative to the rules
as the older samples are included with the same rule
weights in the update process. Then the fuzzy model
will end up with approximation curve as shown in the
left image of Figure 6 with dotted lines. Obviously, the
approximation ends up in the middle of the two tra-
jectories (the newer after the drift shown in light font,
the older shown in darker font), as trying to minimize
the quadratic errors (least squares) of all samples to the
curve. Hence, it is necessary to include a parameter in
the update process, which forces older samples to be
out-dated over time. Gradualism is important here in
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Figure 6: Left: The adapted model (dotted line) with the
new incoming samples (dark dots) when applying con-
ventional recursive weighted least squares approach;
right: the adapted model (dotted line) by including a
forgetting factor of 0.95 and using (7)-(9), the approxi-
mation surface lying exactly on the trajectory of the data
samples denoting the novel data distribution

order to guarantee a smooth forgetting and to prevent
abrupt changes in the approximation surface. For doing
so, we re-define the least squares optimization function
for the ith rule by

Ji =
N∑

k=1

λN−kΨi(�x(k))e2
i (k) −→ min

w
(6)

with ei(k) = y(k) − ŷ(k) the error of the ith rule in sam-
ple k. Assuming N the number of samples loaded so far,
this function out-dates the sample processed i steps ago
by λN−k. Usual values of λ lie between 0.9 and 1, where
a value near 1 means a slow forgetting and a value near
0.9 a fast forgetting of former loaded data samples and
the exact choice depends strongly on the strength of the
drift (see below). Following a similar recursive deduc-
tion scheme as in conventional recursive least squares
(RLS) [17], we obtain the following incremental update
formulas for consequent parameters �wi for the ith rule:

�̂wi(k + 1) = �̂wi(k) + γ(k)(y(k + 1)−�rT (k + 1) �̂wi(k)) (7)

γ(k) =
Pi(k)�r(k + 1)

λ
Ψi(�x(k+1)) + �rT (k + 1)Pi(k)�r(k + 1)

(8)

Pi(k + 1) = (I − γ(k)�rT (k + 1))Pi(k)
1
λ

(9)

with Pi(k) = (Ri(k)T Qi(k)Ri(k))−1 the covariance ma-
trix and �r(k+1) = [1 x1(k+1) x2(k+1) . . . xp(k+1)]T

the regressor values of the k + 1th data sample, Ψi the
fulfillment degree of the ith rule, serving as weight in
the recursive least squares algorithm.

The final question is how to set the parameter λ in or-
der to guarantee an appropriate drift tracking. We pro-
pose a strategy to deduce it directly from the age curves
analysis [10] since they are indicative of the speed of a
drift (see Section 3). In Section 3, it was mentioned that
the age of a rule always lies in [0, k]. Hence, we normal-
ize the age of the ith rule to [0, 1] by agei norm = agei

k in
order to achieve gradients of the normalized rule ages
∆agei norm also lying in [0, 1]. Whenever the change of

the gradient in the rule age curve is significant, recursive
weighted RLS with forgetting (wRLSf) should be trig-
gered. We use the following estimation for λ:

λ = 1 − 0.1∆2agei norm (10)

This guarantees a λ between 0.9 (strong forgetting)
and 1 (no forgetting), according to the degree of the gra-
dient change (1 = maximal change, 0 = no change). The
forgetting factor is then kept for a while at this level (oth-
erwise only one single sample would cause a gradual
forgetting) and set back to 1, after a stable gradient phase
is achieved (usually after around 20 to 30 samples show-
ing a moderate value of ∆2agei norm). Setting back to 1
is necessary, as otherwise the forgetting will go on inside
the new data distribution. This cause the drift phase in
the antecedents to stop.

5 Evaluation

This section deals with the evaluation of the impact of
reacting on drifts and shifts in case of data streams where
actually drifts and shifts occur. This is done by imple-
menting the approaches discussed throughout this pa-
per. One application example is coming from a rolling
mill, where the task was to identify a prediction model
on-line for the resistance value of a steel plate at a rolling
mill. The other application concerns a polymerization
process in chemical industry.

5.1 On-Line Prediction Models at Rolling Mills

The task was to identify a prediction model for the re-
sistance value of a steel plate at a rolling mill. This
should be done in a first step with some off-line (pre-
collected) measurement data in order to obtain a feeling
about the achieved quality of the fuzzy model and then
to refine the prediction model with newly recorded on-
line data. The later step was possible as first a prediction
for the resistance is given, influencing the whole process
at the rolling mill, whereas a few seconds later (after the
steel plate is passed), the real value for the resistance
is measured, which can then be incorporated into the
model adaptation process. In this sense, the correct mea-
sured value not the predicted (which might have been
wrong)one is taken for learning. In fact, an improve-
ment in terms of predictive power could be achieved
when updating the fuzzy models trained in batch mode
with 6000 samples during on-line operation mode with
further 6600 samples. For details of the experimental
setup and results see [20] (and also Table 1 below sum-
marizing all the results).

Now, in this paper we want to examine whether a re-
action onto drifts by a gradual forgetting of older sam-
ples during the on-line process may further improve the
quality of the models. A justification of an application
of reaction onto drifts is that the operation process at
rolling mills is divided into different ”stitches”. One
stitch represents one closed cycle in the rolling process.
In the on-line mode the measurements come in continu-
ously from stitch to stitch. However, for the current pro-
cessed stitch, the previous stitch should play only little
or even no role. However, the measurements from the
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Table 1: Comparison of prediction with and without ap-
plying gradual forgetting

Method MAE Max MAE Too High /
Max MAE Too Low /

# MAEs > 20
Analytical 7.84 63.47 / 87.37 / 259
Static fuzzy models 6.76 45.05 / 81.65 / 176
FLEXFIS 5.41 38.05 / 78.88 / 159
FLEXFIS with forg. 4.65 31.99 / 74 / 68

previous stitch are already included in the fuzzy mod-
els as updated by their samples. Thus, this means that
older samples from the previous stitch should be forgot-
ten when including samples from the current stitch. An-
other aspect is that here we do not need any drift/shift
detection, as the drift/shift is indicated by the begin-
ning of a new stitch. As no drift detection was carried
out, λ was set to 0.97, which is a good compromise be-
tween fast forgetting (=strong locality of models) and
low forgetting (=weak locality of models). The results
are demonstrated in Table 1. Here, we also demonstrate
the improvement of the predictive accuracy over analyt-
ical models by both, static and evolving fuzzy models.
Three different types of errors are reported: the mean
absolute error over all on-line samples (note that first a
prediction is done and then the model updated with the
same samples and based on feedback), the number of
mean absolute error greater than 20, the maximal mean
absolute error over all samples where the prediction was
too low and the maximal mean absolute error over all
samples where the prediction was too high. The latter
value is the most important one as harming the steel
plate is more dangerous as in case of predicting too low
values. The results (Table 1) demonstrate the impact of
the gradual forgetting.

Another interesting aspect is that the error on the sin-
gle measurements starts to drift over time when gradual
forgetting is not applied. This is underlined in the left
image of Figure 7 which shows the single errors over
the 6600 on-line samples: note the drift of the main er-
ror area away from the zero line at the end of the data
stream.

Figure 7: Left: The error curve for the 6600 on-line sam-
ples when no forgetting is applied: at the end the error
starts drifting; right: no drift.

Figure 8: A comparison of the predicted and real data of
product quality. Solid line - predictions by eTS with shift
and drift detection; diamonds - real data.

5.2 Another application example

A case study based on real data (courtesy of Dr. Arthur
Kordon, The Dow Chemical Co.) from the chemical in-
dustry is used as an illustration of the detection and re-
action to drift and shift in eTS [6]. The eTS has been ap-
plied for prediction of the properties of a chemical com-
position by modelling the product composition in a dis-
tillation tower. The data set includes a change of the op-
erating regime of the process which brings a challenge
to the structure of the model (fuzzy rule based system).
The data set includes also a number of other challenges,
such as noise in the data, a large number of initial vari-
ables, etc. These problems cover a wide range of real
issues in the industry. The process data is retrieved from
physical (’hard’) sensors used as inputs to the eTS apply-
ing hourly averages for every eight hours. The product
composition (real output) is estimated by a laboratory
analysis for comparison (it is given with diamonds in
the Figure 8).

The estimation of the product composition contains
noise due to the nature of the analysis. A significant
operating condition change takes place after sample 127
(please see the Figure 8). The eTS was able to efficiently
detect and react to this shift as well as to the drifts as
depicted in Figures 3 and 4. The overall prediction is
very good and compares favorably with the conven-
tional models as detailed in the Table 2. Note, that the
non-dimensional error index (NDEI) is defined as the ra-
tio of the root mean square error over the standard de-
viation of the target data and should be ideally 0 while
the variance accounted for (VAF) is defined as the ra-
tio between the variance of the real data and the model
output and is given out of a maximum of 100 (when the
predictions coincide with the real data).

6 Conclusion

In this paper, we propose novel strategies and tech-
niques for addressing concept drift and shift in on-line
data streams. Therefore, two EFS approaches (eTS and
FLEXFIS) are exploited as on-line modelling methodolo-
gies. These are extended by mechanisms which are 1.)
able to detect drifts and shifts with fuzzy rule age and util-
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Table 2: Error measures when applying eTS with (Col-
umn #3) and without (Column #2) drift detection and
reaction in chemical composition modelling

Measure Without With Best (theor.) value
NDEI 0.3559 0.33465 0
VAF, % 87.319 88.807 100
correlation 0.9357 0.94285 1

ity, and 2.) to react on such occurrences appropriately.
The latter is applied 1.) to the rule antecedent parts di-
rectly in the cluster space for reacting on drifts and shifts
in the input space and 2.) to rule consequent parameters
for reacting on drifts and shifts in the output variable, ap-
plicable to any EFS technique exploiting Takagi-Sugeno
type fuzzy systems. Evaluation on real-world data sets
shows that the novel techniques are able to improve the
accuracy and stability of the fuzzy models, whenever
the occurrence of drifts and shifts is present.
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Abstract— This paper studies a possibility to learn a complex
user preference model, based on CP-nets, from user ratings. This
work is motivated by the need of user modelling in decision mak-
ing support, for example in e-commerce. We extend our user model
based on fuzzy logic to capture variation of preference objectives.
The proposed method 2CP-regression is described and tested. 2CP-
regression uses CP-nets idea behind and can be considered as learn-
ing of a simple CP-net from user ratings.
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1 Introduction
The problem studied in this paper is based on the idea of help-
ing user in making decisions. The main motivation lies in
e-commerce, where user might benefit a recommendation of
objects that might interest her without needing to process all
objects manually. This recommendation should be rather au-
tomatic and transparent, because user typically does not want
to fill in any complicated forms or invest much time in search.

When a user is buying a notebook, for example, she is
considering the attributes such as price, manufacturer, size of
RAM, harddisk, display. In traditional e-shop environment, it
is possible to make some restrictions on these attributes and
lower the number of notebooks the user has to process manu-
ally this way. But these restrictions are inflexible - when the
user selects price from 1000$ to 2000$, a notebook with price
999$ would not appear in the result set. This is the reason for
a flexible search, based on fuzzy user preferences.

In this paper we propose a method for handling more com-
plicated user preferences. In [1] a phenomenon called ceteris
paribus was described. Preference ceteris paribus means pref-
erence ”all else being equal”. When a user is comparing two
notebooks, we can say that the size of RAM of 2GB is pre-
ferred to 1GB ceteris paribus, meaning that we assume that
the remaining attributes of these notebooks are the same and
their values are not important. A user model based on this idea
was later proposed in [2] - a CP-network is a graph that cap-
tures preferences ceteris paribus or, in different view, it rep-
resents attributes, on which the preferences over the attribute
RAM depend. And yet, as far as we know, there are no study
of learning of CP-nets from user ratings. Our paper is a first
subtle contribution to this field. We work with our user model
based on fuzzy sets rather than CP-nets, still the proposal of
learning the relations between attributes is strongly related to
CP-nets.

In Section 2 our user model is described. Related work is
studied in Section 3. In Section 4 is described in depth the

proposed method for learning the relation between attributes.
Then this approach is tested in Section 5 and we end with
conclusion and future work in Section 6.

2 Two step user model
2.1 Notation

We will work with a set of objects X . Overall rating of an
object is a fuzzy subset of X, i.e. a function r(o) : X →
[0, 1], where 0 means least preferred and 1 means most pre-
ferred. Every object has attributes A1, ..., AN with domains
DA1 , ..., DAN

, with one special attribute that serves as identi-

fication of object (ID). Let X ⊆
N∏

i=1

DAi . We will use X(a)

when denoting a set of objects that have the attribute value a.
User model, in our view, is a method for representing user

decision when considering user’s preference of an object o ∈
X . Our user model consists of two steps. At the first step, at-
tributes of o are normalised using fuzzy sets fi : DAi

→ [0, 1]
(and here again, 0 is least preferred and 1 is most preferred
value), so that the transformed object is in [0, 1]N . These
fuzzy sets are also called objectives or preferences over at-
tributes. At the second step, preference over attributes are ag-
gregated into the rating of the whole object via a fuzzy aggre-
gation function @ : [0, 1]N → [0, 1]. Aggregation function is
also often called utility function.

We concentrate on learning of user models. User is ex-
pected to rate a small sample S ⊆ X of objects (r : S →
{1, 2, 3, 4, 5}), where |S| � |X| . The size of training set is
expected to be very small. We assume that these ratings were
created by the user using some fuzzy sets f1, ..., fN and an
aggregation function @. Of course the user does not compute
the result of a function, but her decision corresponds to this
two step process.

Our model consist of f1, ..., fN and of @ so we expect to
construct these functions from user ratings of S. The learnt
functions will be denoted as f̂1, ..., f̂N and @̂. Learning of ag-
gregation function is described in Section 2.2. This paper con-
centrates on learning of local preferences, which is described
in Section 4.

2.2 Aggregation function learning

Aggregation function serves to combine preferences over at-
tributes into a single rating that represents the preference of
the object as a whole. There are many ways to aggregate local
preferences, we are currently using a weighted average with
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Figure 1: Uniform and expressive distributions of ratings.

weights learnt from user ratings. Method called ”Statistical”
was described in [3], [4]. The distribution of ratings for at-
tribute values ai ∈ Ai are considered when determining the
weight of attribute Ai. In Figure 1 is an example of distri-
bution of ratings across a domain of attribute RAM for a user
that prefers larger sizes of RAM. If ratings are distributed near
one point as in Figure 1 for 2048GB RAM, the attribute value
is considered as decisive when doing the overall rating. How-
ever, if the distribution is rather uniform such as in Figure 1
for 1024MB RAM, then attribute value ai does not play an
important role in the overall rating. The measure of impor-
tance of an attribute value is computed with formula

imp(ai) = 1/
∑

o∈X(ai)

|r(o) − avgo∈X(ai)r(o)|/|X(ai)|

when taking only those objects o that have attribute value ai.
Then the importance of attribute Ai is computed as
W (Ai) = 1/(

∑
ai∈Ai

imp(ai/|Ai|).
Our approach is not the only one - any data mining tech-

nique can be used here. Reader can simply imagine training a
multilayer perceptron with normalised attribute values.

In Figure 2 is attribute price with ratings of notebooks.
When a standard linear regression (described in Section 4.1)
is used, attribute price would get a small weight. However,
when notebooks of only a single manufacturer are used, then
the error would be much lower and importance of price would
be considerably higher. This may be visible for human, after
a short inspection of the graph. Another visualisation of this
situation is in Figure 3 with discretised attribute price. Ratings
of all attribute values are distributed uniformly, so the impor-
tance of this attribute will be considered small.

3 Related work
User preferences are a wide field so there are plenty of re-
search areas. For our case, user preference learning is the most
important one. There are two totally different approaches to
recommendation : content based and collaborative. For col-
laborative filtering, we may cite for example [5] but there are
many other interesting works. Collaborative filtering is based
on the idea that similar users tend to have similar preferences
of an object. However, we do not consider this approach in
this paper.

We concentrate here on content based, that means that the
preferences are based on attributes of objects. For example,
user considers the size of harddisk and other features when
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Figure 2: Distribution of ratings of notebooks with regard to
price.

buying a notebook. This approach in our view corresponds
more to how users decide in the real world. The difficulty
here is that users are often inconsistent or take into account
attributes that are not known or impossible to quantify, such
as the design of notebook.

In this area, the main focus was on search of documents
in the past [6, 7]. This is a specific area, because features of
documents are of little structure. We are interested more in
recommendation of more complicated objects like notebooks,
with different types of attributes. Following works :[8, 9, 10,
11] deal with general, more structured, objects.

One of our main inspirations was CP-nets [2]. This user
preference model captures complex user preferences in a
graph representation, where a preference over one attribute
may depend on the values of other attributes. There are many
papers dealing with CP-nets, but there is none which describes
a way to construct a CP-net automatically, by learning from
ratings. Because preferences over attribute A1 may depend on
other attribute/s, e.g. A2, user has to specify her preferences
not only for all values of A1 but she has to do it for every pos-
sible value of A2. This means very much work and insight for
the user, work that probably few people will undergo.

There is also another concept for representing user prefer-
ences other than ratings as in our case. These are preference
relations, or specially fuzzy preference relations [12]. We do
not consider this model, we rather follow approach identified
by R.Fagin in [13] and consider user ratings as fuzzy sets.

4 Local preferences learning

As mentioned in Section 2, our user model is divided into two
steps.

The first step is used for normalisation of every attribute to
interval [0, 1], so that the best object would have coordinates
[1, ..., 1]. This can be viewed also as monotonisation of data
- if for object o1, the normalised value of its attribute value is
lower in all attributes than object o2, then o2 is surely preferred
to o1 (if the normalisation is determined correctly).
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Figure 3: Uniform distributions of ratings across all domain.

4.1 Linear regression

Linear regression is very useful method that serves to find a
relation in a set of data in form of a linear function. It can
be used for finding the preference of attribute values for nu-
merical attributes, e.g. price. When given a set of notebooks’
prices and ratings, linear regression will create a linear func-
tion r(price) = α ∗ price + β. Then we can normalise values
of price using this function.

Traditional linear regression works on method of minimiz-
ing least squares of errors. This is not always useful, because
it is dependent on the distribution of data points. For this rea-
son, we proposed a method in [14] to accommodate better to
the whole interval we study.

As a future work, we would like to implement a method for
finding also more complicated functions, e.g. triangular fuzzy
functions. The motivation is clear - linear functions are good
for preferences of extreme values, e.g. lowest price, largest
LCD etc. But if user prefers some value in the middle, like
LCD of size 15”, linear function would not capture this pref-
erence correctly.

4.2 2CP-regression

The main contribution of this paper is the proposal of a new
method for acquisition of local preferences for numerical at-
tributes, 2CP-regression. This method is motivated by pref-
erences ceteris paribus [2] and CP-nets. Basic idea that rep-
resents ceteris paribus is that there are relations between at-
tributes. For example, the manufacturer of a notebook influ-
ences the preferences of the price of that notebook. In our
example, we present a user that prefers the price of 2200$ for
manufacturers HP, IBM, Lenovo, Toshiba and Sony, and the
price of 750$ for manufacturers Fujitsu-Siemens, Acer, Asus
and MSI. A simple CP-net representing this scenario is in Fig-
ure 4, with ratings of manufacturers and ideal prices. Ideal
price depends on the value of manufacturer, not on its prefer-
ence. There are other examples and often the decisive attribute
is a nominal one with rather small domain.

When constructing a fuzzy set for a numerical attribute A1

(price in our case), we look at the values of other nominal
attributes. For simplicity, let us consider only one, A2. A2

will be referred to as a ”dividing attribute”. The construction
of the set is restricted to objects with value a2 ∈ A2; let us
note this set X(a2) ⊂ X . If dividing attribute A2 really in-
fluences attribute A1, then the values of A1 should be ”better”
distributed in X(a2) than in whole X and the fuzzy set should
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Figure 4: Example of a CP-net representing data about note-
books.

better match the real preferences. The fuzzy set trained on

X(a2) will be denoted as f̂A1
a2 . However, the size of training

set may be radically decreased in this way. For that reason a
general fuzzy set f̂A1 is constructed as in 4.1, which is used
for values that did not occur during the construction of local
preferences in the training set.

A method for construction of several fuzzy sets and a gen-
eral one, all represented by linear functions, is described in the
following pseudo code. Method getObjectsWithA2(a2)
returns the set X(a2), i.e. only those objects with attribute
value a2. Method leaveOnlyA1AndRating leaves only
couples (A1, Rating) in the given set, which makes it suitable
for linear regression that follows. Finally, the attribute value

a2 and the corresponding linear function f̂A1
a2 are stored.

leaveOnlyA1AndRating(X);

f̂A1 = buildClassifier(X);
for (∀a2 ∈ A2) {

X(a2) = getObjectsWithA2(a2);
if (|X(a2)|< 2)

continue;
leaveOnlyA1AndRating(X(a2));

f̂A1
a2 = doLinearRegressionOn(X(a2));

storeCouple(a2, f̂
A1
a2 );

}

Let us have an object o with unknown rating, with attribute
values a1, ..., an. When we want to normalise value a1, we
use the following method:

if(existsFuzzySetFor(a2)){

f̂A1
a2 = getFuzzySetFor(a2);

return f̂A1
a2 (a1) ;

}
else

return f̂A1(a1);
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It is possible that we did not encounter value a2 in the train-
ing phase at all or only once. In such case, we use general
function f̂A1 for normalisation of a1.

4.3 A method for clustering results CP-regressions

In the previous section, we mentioned a problem that when us-
ing 2CP-regression, the number of training examples for lin-
ear regression decreases rapidly when the number of attribute
values in the dividing attribute is high. In the following, we
present a method for overcoming this problem.

Let us have a set of fuzzy sets f̂A1
ai for normalisation of

attribute A1 that depends on values of attribute A2. Each fuzzy

set is of the form f̂A1
ai (x) = α ∗ x + β.

Now we start with fuzzy set f̂A1
a1 = α ∗ x + β and match

together those fuzzy sets, that have similar shape, ie. the val-
ues of α and β. After finding similar fuzzy sets, without the

loss of generality let it be f̂A1
a2 , ..., f̂A1

ak . Values a1, ..., ak are
grouped together and we construct a new linear function; we
will use all objects o ∈ X(a1) ∪ ... ∪ X(ak) for its construc-
tion. This new linear function should accommodate better to
testing data, because it is constructed using a larger training

set. When using this set, we treat it as ̂fA1
a1,...,ak so it is used

for every object with attribute value in a1, ..., ak.
This method of using clusters for CP-regression was not

fully implemented yet, but plan to implement it and test it
in near future. We expect better performance especially for
smaller training sets. In this case, we can do a bottom-up clus-
tering that stops at a specified threshold of minimal training set
size.

5 Experiments
5.1 Experiment settings

Our experiment was done on a set of 200 notebooks crawled
from a web shop. There are five attributes: harddisk, display,
price, producer and ram. We have created an artificial user U
with preferences on the scale {1,2,3,4,5} for every notebook.
Preferences were generated using a set of fuzzy sets fi and an
aggregation function @.

The user preferences on price were dependent on the actual
value of the producer of the notebook. As it was mentioned
in Section 4.2, for producers HP, IBM, Lenovo, Toshiba and
Sony the best price was set to 2200$ and for Fujitsu-Siemens,
Acer, Asus and MSI the best price was set to 750$. Hence the
same price would produce different degree of preference for
different manufacturers. Distribution of ratings of notebooks
with regard to their price is in Figure 2. We can clearly see
that the ratings are distributed more or less evenly across all
the domain. However, a peak at about 2500$ appears when
only the triangles are taken into account and another peak at
about 1000$ is for crosses. Peaks do not correspond exactly
to the artificial preferences; this is because the overall rating is
influenced by other attributes, too. The overall trend is clearly
visible for human - with increasing price crosses tend to go
down and on the opposite triangles go up.

Testing was performed with a traditional cross-validation
method. Because we are dealing with user ratings, it can not
be expected that the user will rate many objects. That is why
we limited the size of the training set (TSS in following text)

to 75 ratings at maximum. Methods were tested on the rest of
the set. When the user model is constructed from the first 10
notebooks, then it is tested on the remaining 190 notebooks.
Then the next 10 notebooks are taken as training set and again
the model is tested on the remaining 190. For TSS = 75 the
model is tested on remaining 125 notebooks. Resulting errors
are averaged for every TSS so the results should be reliable.

There are five methods tested: Mean, Statistical with Lin-
ear regression, Statistical with 2CP-regression, Support Vector
Machine and Multilayer perceptron. Mean is a baseline. This
method always returns the average rating from the training set.
Multilayer perceptron and Support Vector Machine are tradi-
tional data mining methods. Implementation from Weka [15]
was used.

Statistical method as aggregation function was used with
two different normalisations. The first one is traditional
linear regression; the second is our proposed method 2CP-
regression.

No tuning of any method was performed - these methods
are supposed to work on arbitrary data automatically without
the need of adjusting any parameters.

5.2 Experiment results

We studied three types of error measures. First, most com-
monly used, is RMSE - root mean squared error. This cap-
tures the average error across the whole testing set. Second,
Weighted RMSE, adds weight to each contribution to error.
The weight associated is the same as the real rating, because
good objects are of more concern than objects that are not pre-
ferred. In other words, it is worse if a good notebook does not
appear on the first page of results than if a bad notebook does.
Finally, we used tau coefficient to study the methods. Tau co-
efficient is a measure of correspondence between two ordered
lists. Objects from testing set ordered by real user preferences
are in the first list. The second list consists of the same objects,
ordered by preferences proposed by the method. In this way,
we can estimate the similarity of the ordering of objects by
the method and by the real user. Tau coefficient ranges from
-1 to 1; 1 means absolute correlation, e.g. the same lists, and
-1 means the opposite correlation, e.g. reversed lists. Tau co-
efficient of 0 means that there is no relation between the two
lists.

In Figure 5 are represented counts of unpredicted rating for
each method. At TSS = 2 there were 40 notebooks that every
method failed to predict and SVM failed even for 90 note-
books. At TSS = 5, there were 5 notebooks for all methods
and 25 notebooks for SVM without prediction. So SVM per-
formed worse than the rest of methods for small TSS.

In Figure 6 are results for RMSE. 2CP regression is an over-
all winner, only at TSS = 40 it was outperformed by Multilayer
perceptron and at TSS = 2 by SVM, but SVM failed to predict
far more notebooks.

The results are about the same for Weighted RMSE, as we
can see in Figure 7.

Finally, results for Tau coefficient are in Figure 8. 2CP-
regression was outperformed by Mean for the three smallest
TSS, otherwise it was again the best method.

In all cases, 2CP-regression was better than simple Linear
regression and Statistical with 2CP-regression outperformed
even SVM and Multilayer perceptron.
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6 Conclusions
We have proposed a method for finding preference depen-
dence between two attributes, which was demonstrated on
the example of a user for whom the ideal price depends on
the manufacturer of the notebook. As far as we know this is
the first contribution for learning ceteris paribus-network like
structure from user ratings. We are aware that our model does
not correspond to CP-nets completely, but the proposed part
of our fuzzy model can be considered as a simple CP-net.

In our experiments, 2CP-regression performed very well,
outperforming traditional data-mining techniques and also the
normalisation with linear regression. Three different error
measures were taken into account and in every one our pro-
posed method was the best.

For future work, we would like to extend this approach for
finding relations between more than two attributes, making a
more general nCP-regression. We would also like to test it on
real user preferences data, for example on NetFlix data [16].
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user profile annotated rules for fuzzy preference top-k querying.
In H. Prade and V. Subrahmanian, editors, International Con-
ference on Scalable Uncertainty Management, volume 4772 of
Lecture Notes In Computer Science, pages 116–130, Washing-
ton DC, USA, 2007. Springer Berlin / Heidelberg.

[15] Ian H. Witten and Eibe Frank. Data Mining: Practical machine
learning tools and techniques, 2nd Edition. Morgan Kaufmann,
San Francisco, 2005.

[16] Netflix dataset. http://www.netflixprize.com.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

943



Multi-Dimensional Scaling applied to Hierarchical Rule Systems

Thomas R. Gabriel Kilian Thiel Michael R. Berthold

Nycomed Chair for Bioinformatics and Information Mining
Department of Computer and Information Science

University of Konstanz, Box 712, 78457 Konstanz, Germany
Email: {gabriel,thiel,berthold}@inf.uni-konstanz.de

Abstract— This paper presents an approach for visualizing high-
dimensional fuzzy rules arranged in a hierarchy together with the
training patterns they cover. A standard multi-dimensional scaling
method is used to map the rule centers of the top hierarchy level to
one coherent picture. Rules of the underlying levels are projected rel-
atively to their parent level(s). In addition to the rules, all patterns
are mapped onto the two-dimensional projection in relation to the
positions of the corresponding rule centers. Visualization is further
extended by showing hierarchical relationships between overlapping
rules of different levels, which are generated by a hierarchical rule
learner. This delivers interesting insights into the rule hierarchy and
offers better explorative properties. Additionally, rules can be high-
lighted interactively emphasizing the subsequent rules at all under-
lying levels together with the patterns they cover. We demonstrate
that this technique allows investigation of interesting rules at differ-
ent levels of granularity, which makes this approach applicable even
for a large number of rules. The proposed technique is illustrated
and discussed based on a number of hierarchical rule model visual-
izations generated from well-known benchmark data sets.

Keywords— Multi-Dimensional Scaling, Fuzzy Rule Induction,
Rule Hierarchy, Rule Visualization.

1 Introduction
Rule learning algorithms are widely used in data mining to
automatically extract rules from data. In [7, 15] and [20], al-
gorithms are described that construct hyperrectangles in fea-
ture space. The resulting set of rules encapsulates regions in
feature space that contain patterns of the same class. Other
approaches, which construct fuzzy rules instead of crisp rules,
are presented, for example, in [1, 12, 18] and [19]. All of these
approaches have in common that they tend to build very com-
plex rule systems for large data sets originating from a compli-
cated underlying system. In addition, high-dimensional fea-
ture spaces result in complex rules relying on many attributes
further increasing the number of required rules to cover the
solution space. An approach that aims to reduce the num-
ber of constraints on each rule individually is presented in [3].
The generated fuzzy rules only constrain a few of the available
attributes and hence remain readable even in the case of high-
dimensional spaces. The fuzzy rules generated by this method
have been visualized by parallel coordinates [4, 10].

In [8], we described a method that attempts to tackle this
inherent problem of interpretability of large rule models. We
achieve this by constructing rule models with varying degrees
of complexity. The method builds a rule hierarchy for a given
data set. The rules are arranged in a hierarchy of different lev-
els of precision. Lower levels of the model describe regions in
input space with low evidence in the given data, whereas rules

at higher levels describe more strongly supported concepts of
the underlying data. The method is based on the fuzzy rule
learning algorithm described in [3, 9], which builds a single
layer of rules autonomously. We use the resulting rule sys-
tem recursively to determine rules of low relevance, which
are then used as a filter for the next training phase. The re-
sult is a hierarchy of rule systems with the desired proper-
ties of simplicity and interpretability on each level. Experi-
mental results demonstrated that fuzzy models at higher hier-
archical levels show a dramatic decrease in number of rules
while still achieving a better or similar generalization perfor-
mance than the fuzzy rule system generated by the original,
non-hierarchical algorithm.

In this paper we present an approach that enables the vi-
sualization of hierarchically structured rules and data in one
coherent plot. A standard multi-dimensional scaling (MDS)
method is applied to project rules of a certain level from the
original, high-dimensional space, into a lower, usually two-
dimensional space. Rules of the underlying levels are pro-
jected relatively to their parent level(s), likewise all data points
are projected in relation to the positions of the corresponding
rule centers. Furthermore, the visualization shows hierarchi-
cal relationships between overlapping rules of different levels
as generated by a hierarchical rule learner. Due to the hier-
archical nature of the induced rule system, interactive explo-
ration becomes possible across the entire rule model and pro-
vides interesting insights into the underlying concept.

The paper is organized as follows: In the next section we
briefly describe the used hierarchical rule learning method,
followed by a short introduction to multi-dimensional scal-
ing methods, and how data and hierarchical rules can be vi-
sualized by applying an extended multi-dimensional scaling
method. In the following section, we describe how rule hierar-
chies, together with their original data, can be explored within
this visualization. To illustrate the proposed method, hierar-
chical rule systems are generated based on the well-known iris
data and on the vehicle silhouettes data.

2 Learning Hierarchical Rule Systems
The rule induction algorithm used here is based on a method
described in [3], which is based on an iterative algorithm. Dur-
ing each learning epoch, i. e. presentation of all training pat-
terns, new fuzzy rules are induced when necessary and exist-
ing ones are adjusted whenever a conflict occurs. For each
pattern three main steps are executed. First, if a new train-
ing pattern lies inside the support-region of an existing fuzzy
rule of the correct class, its core-region is extended in order
to cover the new pattern. Second, if the new pattern is not yet
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covered, a new fuzzy rule of the correct class is introduced.
The new example is assigned to its core, whereas the support-
region is initialized by infinity, that is, the new fuzzy rule cov-
ers the entire domain. Finally, if a new pattern is incorrectly
covered by an existing fuzzy rule, the fuzzy rules’ support-
region is reduced to avoid the conflict. This heuristic for con-
flict avoidance aims to minimize the loss in volume. In [9],
three different heuristics are compared to determine the loss
in volume. As discussed in [3], the algorithm terminates after
only a few iterations over the set of example patterns.

The final set of fuzzy rules can be described as an n-
dimensional IF clause as antecedence and one assigned class
in the rule’s conclusion:

R1
1 : IF x1 IS µ1

1,1 ∧ · · · ∧ xn IS µ1
n,1 THEN class 1

...
...

...

R1
r1 : IF x1 IS µ1

1,r1 ∧ · · · ∧ xn IS µ1
n,r1 THEN class 1

...
...

...

Rk
j : IF x1 IS µk

1,j ∧ · · · ∧ xn IS µk
n,j THEN class k

...
...

...

Rc
rc

: IF x1 IS µc
1,rc

∧ · · · ∧ xn IS µc
n,rc

THEN class c

where Rk
j represents rule j for class k. The rule base con-

tains rules for c classes and rk indicates the number of rules
for class k (1 ≤ j ≤ rk and 1 ≤ k ≤ c). The fuzzy sets
µk

i,j : IR �→ [0, 1] are defined for every feature i (1 ≤ i ≤ n),
but in cases of unconstrained features the membership degree
constantly remains 1. The overall degree of fulfillment of a
specific rule for an input pattern �x = (x1, . . . , xn) can be
computed using the fuzzy set operator for conjunction, called
T-norm (�):

µk
j (�x) = �i=1,···,n

{
µk

i,j(xi)
}

.

The combined degree of membership for all rules of class k
can be calculated using the fuzzy set operator for disjunction,
called S-norm (⊥):

µk(�x) = ⊥j=1,···,rk

{
µk

j (�x)
}

.

From these membership values the predicted class kbest for an
input pattern �x is derived as:

kbest(�x) = arg maxk=1,...,c

{
µk(�x)

}
.

The algorithm uses trapezoidal membership functions, which
can be described by four parameters 〈ai, bi, ci, di〉, where ai

and di define the fuzzy rule’s support-, and bi and ci its core-
region for each attribute i of the input dimension. The core-
region is defined as a rectangular area with an activation of
1, whereby the support-region decreases linearly to its bound-
aries with a degree of fulfillment of 0.

The resulting set of fuzzy rules can then be used to classify
new patterns by computing the overall degree of membership
for each class. The accumulated membership degrees over all
input dimensions and across multiple rules are calculated by
a fuzzy norm. For the purpose of this paper, we concentrate
on the rules’ core-regions only, that is, the part of each rule
where the degree of membership is equal to 1 – resulting in
crisp rules – is considered.

An extension of this rule learning algorithm is proposed
in [8], which allows the generation of a hierarchy of rules.
Therefore, the classical fuzzy rule algorithm is used to deter-
mine rules of low relevance recursively, which are then used
as a filter for the next training phase. Training examples that
cause the creation of small, less important rules are therefore
excluded from the training phase of the next layer, resulting
in a more general rule system, ignoring the withheld, small
details in the training data. An example of a two-stage rule
induction process is illustrated in Fig 1.

train
train

filte
r

Data

outlier-model

Figure 1: Two-stage outlier filtering as described in [2].

This process can be repeated to generate the desired hier-
archy of rule systems with an increasing generality towards
higher levels. The rule layers are arranged in a hierarchy of
different levels of precision. Lower levels of the model de-
scribe regions in input space with low evidence in the train-
ing data, whereas rules at higher levels describe more strongly
supported aspects of the underlying data.

3 Multi-Dimensional Scaling

To visualize objects of high-dimensional feature spaces,
multi-dimensional scaling methods [6] can be applied to map
them onto lower-dimensional spaces with usually two or three
dimensions. In order to avoid a loss of proximity informa-
tion, MDS methods try to preserve the pairwise distances be-
tween objects during the mapping process by minimizing an
appropriate error function. The reduction of dimensions al-
lows the visualization of high-dimensional objects in a lower-
dimensional space, using traditional methods such as scatter
plots or scatter matrices.

One technique to apply this kind of mapping by minimizing
a particular error function is the well known Sammon algo-
rithm [17]. For each object �Xi in high-dimensional space R

H ,
a spatial representation �xi ∈ R

L in low-dimensional space
(usually L = 2) has to be computed (1 ≤ i ≤ N with N as
the number of objects ).

To approximate the distance information, the position of
each object in the low-dimensional space has to be adjusted
such that the pairwise distances between each two objects
(�xi, �xj) in the low-dimensional space, dij = d (�xi, �xj), ap-
proximate the distances of the two corresponding objects
( �Xi, �Xj) in the high-dimensional space, Dij = D

(
�Xi, �Xj

)
:

∀i �=j : Dij ≈ dij , 1 ≤ i, j ≤ N.

Usually the Euclidean metric is used to measure these dis-
tances in the low-dimensional space, and often in the high-
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Figure 2: Shows a two-level rule hierarchy. (a) Two top-level rules assigned to two different classes, + (red) and − (blue),
(b) three additional rules on the next level, (c) all rules together with their underlying data points.

dimensional space as well:

d2
ij =

L∑
l=1

(xi,l − xj,l)
2
.

Approximation of the pairwise distances in high- and low-
dimensional space is formulated by Sammon as a mini-
mization problem of a cost function, which aggregates the
weighted squared differences of the distances in high- and
low-dimensional space:

E =
N∑

i=1

N∑
j>i

ωij(dij − Dij)
2
.

where the factors ωij are introduced to weight the distances
individually and normalize the stress function E in order to be
independent from the absolute values Dij . The steepest gradi-
ent method is applied to minimize iteratively a cost function E
for each object �xi at each step. Usually several iterations are
needed by the algorithm to converge to a local cost minimum.

3.1 Projective Multi-Dimensional Scaling

As mentioned above, the original Sammon algorithm tries to
preserve the pairwise distances of all objects. This means that
the position of each object in the low-dimensional space is ad-
justed iteratively according to the position of the other objects
in the high- and low-dimensional space. Subsequently this
leads to a change of the positions of all objects in the low-
dimensional space. With our projective multi-dimensional
scaling approach, the positions of the objects in the low-
dimensional space are adjusted according to a set of fixed pro-
jection objects.

First a set of objects in the high-dimensional space is se-
lected. For each of these objects �Xp ∈ R

H a spatial repre-
sentation �xp ∈ R

L (1 ≤ p ≤ M with M � N as the number
of fixed projection objects �xp ) has to be found by means of
the standard MDS algorithm described above. Once these ob-
jects have been mapped onto the low-dimensional space, they
are used as fixed objects and are not changed anymore. Fur-
thermore, each of the other objects �Xi ∈ R

H are mapped
onto the low-dimensional space according to the fixed projec-
tion objects. Therefore, the distance between a regular ob-
ject �xi ∈ R

L and a fixed projection object �xp in the low-
dimensional space dip = d (�xi, �xp) has to be approximated to

the distance between the two corresponding objects ( �Xi, �Xp)

in the high-dimensional space Dip = D
(

�Xi, �Xp

)
, which

translates to:

∀i �=p : Dip ≈ dip, 1 ≤ i ≤ N, 1 ≤ p ≤ M.

Again, a cost function EP is defined that aggregates the
weighted squared differences of the distances in the high- and
low-dimensional space:

EP =
N∑

i=1

M∑
p=1

ωip(dip − Dip)
2
.

The projective MDS method is useful if a set of objects has
to be mapped according to an already existing set of mapped
objects without modifying the mapping of the latter.

In the case of high-dimensional hierarchical data, projective
MDS can be used to determine a spatial representation in sev-
eral iterations. First the standard MDS method is applied to
the top-level data. Once this data is mapped, projective MDS
can be applied stepwise to the data of the lower levels using
the data of higher levels as fixed projection objects. The low-
dimensional representation of the already mapped data does
not change anymore when applying projective MDS to the re-
maining levels.

3.2 Hierarchical Rules in Multi-Dimensional Scaling

It is more complex to visualize rule models on lower dimen-
sions than simple data points. The main challenge is the map-
ping of the rules’ antecedences, which are usually hyperrect-
angles in the original high-dimensional feature space. In order
to visualize high-dimensional fuzzy rules by means of MDS,
the center points of a rules’ core-regions are mapped onto a
low-dimensional space, as described in [11, 16]. For hierar-
chical fuzzy rule systems, the center points of the top-level
rules are mapped onto the low-dimensional space using stan-
dard MDS. Subsequently, the rules of the underlying levels
are mapped level by level via the projective MDS with the
parent rule centers as fixed projection points. Finally, the data
points are mapped according to all projected rules, whereas
the neighborhood of rules and data points is approximated by
the proposed MDS. The overlapping relation between rules of
different levels may get lost in the visualization, but is again
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taken into account when rule systems are visually explored by
interactive highlighting, see Sec. 4.2 for an example.

In addition to the rules’ center points, the spread of a fuzzy
rule has to be mapped onto the low-dimensional space in order
to visualize the rules’ sizes, possible overlaps, and the cover-
age according to the data points the rules are based on. In [11],
we visualize the overlap of rules of flat rule systems. Dealing
with hierarchical fuzzy rules, we only focus on the visualiza-
tion of the spread and the number of covered data points of a
rule as well as the rules’ level and not on overlap with other
rules.

The spread is visualized by a sphere around the mapped rule
center with a radius ri = ρ(λωi + (1 − λ)σ2

i ) according to
the variance σ2

i and the number of the points ωi covered by a
rule Ri, with λ as weighting coefficient λ ∈ [0, 1] and ρ(·) as
scaling function. The number of vertices v = 2H of a hyper-
plane grows exponentially with the number of dimensions H
whereas all vertices have the same distance to the center point.
All vertices of a high-dimensional hyperplane are mapped by
MDS, representing vertices of a low-dimensional polygon; all
with the same distance to the polygons center point. With in-
creasing dimensionality, the polygon spanned by the projected
vertices converges to a sphere.

In Fig. 2 (a), two top-level rules are shown, covering data
points of two different classes. The red rule covers data points
of class +, while the blue covers data points of class −.
Fig. 2 (b) illustrates rules of the primary and the secondary
level, which consists of three smaller rules, two rules covering
data points of class + and two of class −. Fig. 2 (c) shows
rules of all levels as well as the data points. It can be seen that
the spheres representing the rules do not necessarily cover all
the data points in the low-dimensional space as they do in the
high-dimensional space. This is because the radius is based on
the number of covered data instances of a rule as well as the
variance of the covered data points in the high-dimensional
space, but is not based on the position of the data points in the
low-dimensional space.

4 Visualization Hierarchical Rules and Data
The following section illustrates the proposed approach on
the well-known iris dataset before looking at a larger dataset,
the vehicle silhouettes data. We compare the classical, non-
hierarchical rule model to the hierarchical structured rules by
visualizing all the rules together with their originating data in-
stances in one coherent picture.

4.1 Iris Dataset

The first example shows a small two-level hierarchy trained
on the iris data, which consists of 150 four-dimensional pat-
terns assigned to three classes. Fig. 3 (a) shows the top-rule
level containing three rules – one for each class, (b) the top
and bottom-rule levels with additional 11 rules (some cover
only a single or a few instances and therefore appear as small
points), and (c) all data points and all rules together. The top-
level rules are projected into the low-dimensional space based
on each center point. The second level is then projected based
on the first rule level. In the last step, data points are pro-
jected according to both hierarchical levels as shown in Fig. 3.
The bottom picture shows rules and data instances of all three
classes, which are almost perfectly separated from each oth-

(a) (b)

(c)

Figure 3: Two-level rule hierarchy trained on iris data:
(a) three top-most rules, (b) additional 11 rules from the
bottom-level, and all data points in (c).

ers by three large rules. Smaller rules in-between are needed
to cover artifacts and details in the data.

4.2 Vehicle Silhouettes Dataset

The vehicle silhouettes dataset consists of 846 samples be-
longing to four car classes – Opel, Saab, bus, and van – repre-
sented in an 18-dimensional feature space. To demonstrate the
usefulness of our proposed method, we trained a three-level
fuzzy rule hierarchy on this data from the European StatLog–
Project [14]. In a first experiment, a classical rule model with
222 rules without hierarchy information is trained on the ve-
hicle data. As can be seen in Fig. 4, exploration is hardly pos-

Figure 4: Classical, flat rule model without hierarchy informa-
tion trained on the vehicle silhouettes dataset showing 222 rule
for four classes.
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(a) (b)

(c) (d)

Figure 5: Stepwise rule hierarchy projection on vehicle data starting from top- to bottom-level (a)-(c), and (d) rules of all levels
and data points.

Figure 6: Exploration by zooming and highlighting (orange square) interesting rules and data points in the vehicle hierarchy.
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sible since overlapping information is only available between
rules of the same single level 1.

The hierarchical rule induction algorithm is applied to gen-
erate a hierarchy of rule models in a second test. The three lev-
els of the fuzzy rule hierarchy contain 55 rules in the top, 40
in the middle, and 174 at the bottom-most level. Fig. 5 shows
each level together with its parent levels starting from (a)
to (c), and (d) rules of all levels and data points. All levels are
subsequently projected into the two-dimensional space always
with respect to their parent level(s), as well as all data points
that are projected relatively to all rule levels. Fig. 6 shows
the surrounded area from Fig. 5 (d) enlarged. Selecting one
rule highlights all overlapping rules in the levels above along
with the data points they cover. All highlighted rules (orange
square) that cover the same set of patterns are connected by
a line to visually identify overlapping rules between different
levels of the hierarchy. The figure shows five connected rules
where a violet rule from a lower level completely overlaps
with a large, green rule of a higher level. This is typically an
indication for outliers and artifacts in the data expressed by
smaller, more specific rules at lower levels generated by the
rule learning algorithm at first place; whereas rules generated
at higher levels of the hierarchy explain more general aspects
of the data and are usually covered by larger rules. This visual
line-up of rules of different levels allows further exploration
by highlighting interesting data instances.

5 Conclusions
Hierarchically structured rules induced by a classical rule
learning algorithm lead to a well-defined hierarchy of rules
where levels further up explain more general aspects and rule
models at lower levels concentrate on artifacts or outliers of
the underlying concept. Combining this information with a
mapping mechanism to visualize both this type of hierarchy
and the data points enables interactive exploration across rule
levels by focusing on overlapping regions. On the other hand,
it highlights data points covered throughout the rule hierarchy.
We demonstrated the explorative power of the proposed pro-
jective multi-dimensional scaling method based on the vehicle
silhouettes dataset, delivering interesting insights into the un-
derlying concept. Our approach is well suited for projecting
other hierarchical structured data and rules driving interactive
explorative data analysis.
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Abstract— In this paper, we are dealing with a novel data-driven
learning method (SparseFIS) for Takagi-Sugeno fuzzy systems, ex-
tended by including rule weights. Our learning method consists of
three phases: the first phase conducts a clustering process in the in-
put/output feature space with iterative vector quantization. Hereby,
the number of clusters = rules is pre-defined and denotes a kind of
upper bound on a reasonable granularity. The second phase optimize
the rule weights in the fuzzy systems with respect to least squares er-
ror measure by applying a sparsity-constrained steepest descent op-
timization procedure. This is done in a coherent optimization proce-
dure together with elicitation of consequent parameters. Depending
on the sparsity threshold, more or less rules weights can be forced
towards 0, switching off some rules. In this sense, a rule selection
is achieved. The third phase estimates the linear consequent parame-
ters by a regularized sparsity constrained optimization procedure for
each rule separately (local learning approach). Sparsity constraints
are applied here in order to force linear parameters to be 0, trig-
gering a feature selection mechanism per rule. In some cases, this
may also yield a global feature selection, whenever the linear param-
eters of some features in each rule are near 0. The method is eval-
uated based on high-dimensional data from industrial processes and
based on benchmark data sets from the internet and compared to well-
known batch training methods in terms of accuracy and complexity
of the fuzzy systems.
Keywords— Takagi-Sugeno fuzzy systems, iterative vector
quantization, rule weight optimization, sparsity constraints,
rule selection, embedded feature selection

1 Introduction

1.1 Motivation and State of the Art

Nowadays data-driven learning of fuzzy systems en-
joy a great attraction in many industrial applications,
as, opposed to expert-based fuzzy systems, they can be
fully automatically generated from process data such as
measurements, images (features) or signal streams and
hence save a lot of time and money for the development
of system models. Their big advantage over other meth-
ods such as neural networks or genetic programming
are that they are universal approximators [22] (i.e. being
able to model a given problem to any degree of accu-
racy) and at the same time they still allow some insights

∗This work was supported by the Upper Austrian Technol-
ogy and Research Promotion. This publication reflects only the
author’s view.

in form of linguistically [5] and visually interpretable
rules [19]. Due to these benefits, data-driven fuzzy sys-
tems are applied in many application areas such as fault
detection, image classification or identification models
in control systems and hence serve as important compo-
nents in these systems.

During the recent 15 to 20 years a lot of data-driven
fuzzy systems approaches were developed: some meth-
ods such as popular genfis2 [23] (as implemented in
MATLAB’s fuzzy logic toolbox) and its successor genfis3,
FMCLUST [2], exploit various clustering techniques (e.g.
Gustafsson-Kessel [14] or variations of mountain and
subtractive clustering [6]) for extraction clusters out of
the data which are directly associated with the rules. A
big family of design methods use genetic algorithms [9]
for 1.) eliciting the optimal number of rules by achieving
a reasonable tradeoff between accuracy and model com-
plexity and 2.) for (fine-)tuning the parameters: these
are also called genetic fuzzy systems [10] and enjoy a
great attraction in the fuzzy community since more than
10 years [8].

Other methods use numerical optimization proce-
dures for linear (consequent) and non-linear ( an-
tecedent) parameters in the fuzzy systems for mini-
mizing the least squares errors (and variants) between
estimated and predicted target values: a well-known
method is the ANFIS approach [15] exploiting a neuro-
fuzzy system architecture similar to a Takagi-Sugeno
type system; another method demonstrated in [3] uses
Levenberg-Marquardt algorithm for optimizing non-
linear antecedent parameters in triangular and Gaus-
sian fuzzy sets. RENO [4] exploits a generalized Gauss-
Newton like method as a second-order approximation
method with (regularized) smoothing constraints.

None of these methods perform an implicit feature
selection approach, neither globally nor locally, which
may be important in case of high-dimensional spaces
for decreasing curse of dimensionality effect. Moreover,
most of these methods do not have an integrated ap-
proach for a deterministic optimization of rule structure
(number of rules) and consequent parts in a coherent
procedure at the same time. Indeed, genetic fuzzy sys-
tems provide this aspect, however are non-deterministic
and often lack efficiency in terms of computational per-
formance.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

950



1.2 Our Approach

In this paper, we present a novel technique for data-
driven learning of Takagi-Sugeno fuzzy systems called
SparseFIS, which is short for Sparse Fuzzy Inference Sys-
tems. This approach is characterized by mainly three is-
sues (more details in Section 2):

1. it applies a top-down approach where the upper
bound on the number of rules are allowed to be pre-
defined (e.g. by an expert) and the non-linear pa-
rameters in the fuzzy sets of the antecedent parts
are pre-estimated by an iterative vector quantiza-
tion approach (Section 3).

2. it performs a rule selection strategy by optimizing
rule weights together with the linear consequent
parameters within one non-linear optimization pro-
cedure (Section 4). The application of a threshold
operator therein (for forcing as much as possible
rule weights towards zero) allows optimality in the
least squares sense and readability at the same time.

3. it includes an embedded local (=for each rule sep-
arately) feature selection technique by applying a
semi-smooth Newton method for a sparsity regu-
larized estimation of the linear consequent parame-
ters (Section 5). This may decrease the curse of di-
mensionality effect and improves interpretability of
the achieved fuzzy systems.

Combining these three concepts together will guide us
to the SparseFIS algorithm in Section 6, which is able to
generate accurate and sparse fuzzy systems at the same
time. Section 7 compares the novel method in terms
of predictive accuracy and complexity with other well-
known (and in MATLAB achievable) data-driven fuzzy
system methods based on four data sets from the UCI
respository and on noisy engine test bench data.

2 Problem Statement

Let us first define the Takagi-Sugeno fuzzy model with
rule weights and by applying product t-norm with
Gaussian fuzzy sets (in case of C rules):

yfuz =
C∑

i=1

li(x)Ψi(x, ρ), li(x) =
p∑

k=1

wi,kxk (1)

with

µi(x) = Πp
j=1µi,j(xj), µi,j(xj) = e

− (xj−ci,j)2

2σ2
i,j

and

Ψi(x, ρ) =
ρiµi(x)∑C

j=1 ρjµj(x)
(2)

Here ρ = (ρ1, . . . ρC) are positive weights, which more or
less steer the number of rules (as weights smaller than a
low number ε > 0 can be seen as not useful and hence
omitted). For optimization purposes we use the least
squares error measure, which, when applying TS fuzzy

systems as above and in dependency of the unknown
parameters, can be written as

J(w, c, σ, ρ) =
N∑

k=1

(yk −
C∑

i=1

li(�xk)Ψi(�xk))2 (3)

The training goals (=steps in the algorithm) in this pa-
per can be summarized as follows:

1. Estimating the non-linear antecedent parameters in
a preliminary phase due to a pre-defined upper
bound on the number of rules.

2. Minimizing the least squares error by keeping the
model complexity (in terms of the number of rules)
as low as possible (rule selection from the initial
number). This is done in a coherent procedure
with optimization of the consequent parameter syn-
chronously.

3. Minimizing the least squares error by keeping the
number of significant linear consequent parameters
in each rule as low as possible. This has the effect of
a kind of local feature selection (which can turn into
a global one if certain parameters belonging to the
same input variable are not significant in any rule)
and hence serves as an additional interpretability
aspect as well as regularization property.

The last two steps guarantee a reasonable tradeoff be-
tween accuracy and complexity resp. readability of the
achieved models, as we optimize the rules resp. conse-
quent parameters according to an optimization criterion
by applying synchronously constraints on the number
of significant rules resp. significant features in the con-
sequents. This also means that this technique does not
need any computational intensive post-processing tech-
niques (such as e.g. [20]) for reducing complexity. In
the next three sections we describe how to achieve these
three goals.

3 Estimating Antecedent Parts of the Rules

The first step is to yield a proper estimation of the non-
linear premise parameters c and σ in the Gaussian fuzzy
sets of the rules antecedent parts. For doing so, we ap-
ply a clustering approach, which is called iterative vec-
tor quantization as iterating over the whole data set a
multiple times, and associate each cluster to one rule.
The fuzzy sets of the rules antecedent parts are obtained
by projection onto the one-dimensional axis: the centers
of the fuzzy sets are the center components of a clus-
ter in each dimension, the widths are achieved by cal-
culating the variance in each dimension. In principle,
any clustering method requiring a fixed number of clus-
ter as input and delivering cluster prototypes = centers
of fuzzy sets and rules as well as the range of influ-
ence of the clusters in each dimension can be applied
here. In fact, the projection concept is also carried out in
many other approaches such as genfis2 [6] or FMCLUST
[2] and hence not new. The difference in this paper is
that we are applying vector quantization [12] where the
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a-forementioned methods apply other clustering algo-
rithms (such as subtractive clustering and Gustafson-
Kessel).

First, we estimate an initial number of rules (=clus-
ters) and send these to the iterative vector quantization
algorithm for fine tuning the non-linear parameters. The
number of initial rules are

• Either pre-defined according to user knowledge, in-
terpretability or computational aspects (usually <
100 rules).

• Or automatically extracted from the data by using
an evolving clustering approach (eVQ [16]) which
starts with 0 clusters and evolve new ones accord-
ing to the distribution and characteristics of new
data.

Then, we apply the iterative vector quantization (VQ)
algorithm (please refer to [12]) plus estimate the ranges
of influence of each cluster in each dimension after the
end of VQ.

4 Rule Selection by Optimizing the Rule
Weights

Once having the centers and widths of the predefined
number (upper bound) of rules estimated, it is a big
challenge to reduce the rules in order to enhance inter-
pretability by synchronously not loosing significant ac-
curacy. In this sense, we propose to optimize the rule
weights as defined in (2) within a iterative optimization
process using sparsity constraints. In a sense, we try
to find a minimal least squares error solution subject to
the constraint that a significant number of rule weights
should be zero. In an optimization formulation a goal
would be to minimize the least squares error (3) subject
to the constraint that the number of weights ρi should
be bounded:

min J(w, c, σ, ρ) such that#{ρi � (4)

where # denotes the cardinality of a set and K is an ap-
propriate constant. A minimizer of such a problem is
expected to achieve a small error together with a small
number of nonzero rule weights. However, there is an
intrinsic difficulty with this formulation, as this is a com-
binatorial optimization procedure (note that we only
bound the number of nonzero elements, there is no re-
striction, where the nonzero elements are). A method
that solves such a problem would have to test all sub-
sets of {1, . . . N} as candidates for the nonzero entry in-
dex of ρ and hence requires exponential complexity in
N . However, recently the surprising fact came up, that
an almost optimal solution to (4) can be computed by
l1-minimization [7]: That is, instead of (4) the problem

min J(w, c, σ, ρ) such that
N∑

m=1

|ρi| ≤ K, (5)

is solved. This is a much more accessible approach, be-
cause the constraints are convex and there are efficient
methods to solve it.

Our algorithm is a nonlinear version of the well-
known iteration proposed by [11]. The iteration is ba-
sically a projected gradient descent algorithms. The gra-
dient of least squares functional with respect to the jth
rule weight ρ can be calculated to:

∂yfuz

∂ρj
=

C∑
n=1

N∑
k=1

ekln(xk)
∂Ψn(xk)

∂ρj
(6)

with ln(xk) the linear rule consequent functions in sam-
ple xk, ek the residual in sample xk defined by:

ek(c, σ, ρ) := yk −
C∑

i=1

li(�xk)Ψi(c, σ, ρ)(�xk)) (7)

and ∂Ψn(xk)
∂ρj

the partial derivative of the nth basis func-
tion with respect to ρj :

∂Ψi

∂ρk
=

µi∑C
j=1 ρjµj(x)

(
δi,k − ρiµk∑C

j=1 ρjµj(x)

)
(8)

where

δi,j =
{

1 if i = j
0 if i �= j

The idea of the projected gradient method is to apply
a threshold operator on the rule weight update in each
gradient descent iteration step Tα. Additionally, we also
have to optimize the consequent parameters in each up-
date step as needed in ln(xk) and ek. This is done by
the local learning approach, estimating the parameters
for each rule separately and independently. This has
some robustness [18], computational, flexibility [1] and
interpretability [24] advantages over global learning ap-
proach. In this sense, the whole rule weight optimiza-
tion procedure becomes as in algorithm 1.

Algorithm 1 Rule Weight Optimization with Sparsity
Constraints

1. Initialization of w0 is done by using local learning
with (11) on the initial number of rules (see Step 5
below); ρ0 is set to a vector of ones (all rules con-
tribute equally at the beginning).

2. wk, ρk are given in iteration k.

3. Calculate ∂Ψn

∂ρj
as given in (8).

4. Update the rule weights j = 1, ..., C component-
wise separately by:

ρk+1
j = Tα

(
ρk

j − τ
C∑

n=1

N∑
k=1

ekln(xk)
∂Ψn(xk)

∂ρj

)
(9)

with τ a small constant defining the step size per
iteration (usual setting τ = 0.1) and Tα the soft-
thresholding operator defined by:

Tα = max(ρk+1
j , α) − α (10)

with α set to a small constant (usual guess is 0.1).
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5. Calculate Ψ(c, σ, ρk+1) for the new ρk+1
j , j = 1, ..., C

and generate the regression matrix
√

QiRi, i =
1, ..., C for each rule separately with Ri containing
the original variables and a column of ones for the
intercept and the weighting matrix Qi defined by
diag(Ψi(�x(k))), k = 1, ..., N .

6. Perform the weighted least squares approach for
the linear consequent parameters whose analytical
solution in closed form is:

�̂wi = (RT
i QiRi)−1RT

i Qi�y (11)

Here, we also apply Tikhonov regularization [21]
if required, i.e. when the condition of the matrix
RT

i QiRi is very high, indicating a matrix close to
singular and hence an unstable solution in (11).

7. If the difference between two iterations ‖ρk+1 − ρk‖
is low enough or a pre-defined maximal number of
iterations is reached, then stop, otherwise perform
next iteration (goto Step 2).

After this optimization procedure, the rules with
weights close to 0 are eliminated and the remaining rules
Crem are kept for further processing through the last
step (described in the subsequent section). Note the in
view of our derivation of this iteration, the output of
this method should be on the one hand close to the data
(this is done by minimizing the least squares functional),
and have many rule weights as zero, (which can be dis-
carded afterwards).

In order to visualize the update progress of the rule
weights through Algorithm 1, Figure 1 shows the rule
weights from three iterations (1, 7 and 13). The weights
are sorted in order to get an idea how they are reduced
through the optimization procedure by applying Tα.
Clearly, after the first iteration almost all rule weights
are bigger than zero, whereas after the 13th iterations
more than 60 rules can be deleted.

5 Feature Selection by Learning of
Consequent Parameters with Sparsity

Constraints

Now the final step in our algorithm is to perform a final
estimation of the linear consequent parameters �wi, i =
1, ...Crem for all rules separately. Indeed, the outcome
of Algorithm 1 contains not only the rule weights but
also estimates the consequent parameters: these are op-
timized with standard weighted least squares method
(and eventually plus a regularization term) in order to
minimize least squares error. Here, we want to go a
step further and make the consequent parameters also
sparse, i.e. forcing as many of these as possible towards
zero, again without loosing (significant) accuracy as op-
timized in an iterative optimization procedure called
Semi-smooth Newton method. This evoke a local fea-
ture selection, as variables with low weights may be ig-
nored. Furthermore, if through this selection scenario it
turns out that certain variables have very low weights
in all rules, it can be concluded that these ones are not
necessary for the whole global fuzzy model at all.

Figure 1: From left to right: sorted rule weights after
iteration step 1, 7 and 13; note how the rule base is
sparsed out from iteration to iteration (more and more
rule weights become 0)

The consequent parameter �wi appear linearly in the
Function F , in contrast to the rule weights. Although
adding sparsity constraints make the optimization a
nonlinear problem, because of the linear structure it
seems favorable to use a Newton-type method for this
problem. Despite the fact that a sparsity constraint prob-
lem is usually not differentiable, a generalized version
of derivative (the slant derivative) can be defined and
subsequently a Newton-type iteration (the Semi-smooth
Newton method, [13]) can be applied. The main steps
are a soft shrinkage operation on the residual and a
Newton step, which makes use of active and inactive
sets, see Algorithm 2. For the sake of simplicity, we de-
fine this algorithm for the ith rule. Local convergence
for this iteration has been shown e.g. in [13].

Algorithm 2 Semi-Smooth Newton with Sparsity
Constraints
Let σ > 0 and parameter k be an iteration index, and Mi

the following covariance matrix for local learning

Mi = RT
i QiRi

then we apply the following steps:

1. Initialization is done by simply taking the latest es-
timated �w (in the last iteration of Algorithm 1).

2. For the kth step we have already �wk
i evaluated

3. Step k → k + 1:
Calculate

�uik := �wk
i − σ(RT

i Qi(Ri �w
k
i − �y))

4. Elicit in �uik those indices which are greater or
smaller than σ (with σ a small value, usually set to
0.1 and not sensitive):

A := {j : |(�uk
i )j | > σ} I := {j : |(�uk

i )j | ≤ σ}

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

953



5. Calculate the residual by applying the sparsity con-
straint operator Tα as defined in (10):

�rk
i = Tα(�wk

i − σ(RT
i Qi(Ri �w

k
i − �y)))

6. Calculate the update: for all indices on the inactive
set:

(updateI)j = −(�rk
i )j für all j ∈ I

7. Divide matrix Mi in active and inactive sets:

MA,A := (Mi)k,l, k, l ∈ calA

MA,I := (Mi)k,l, k ∈ calA, l ∈ calI

8. Calculate update on the inactive set:

(updateA)j = (MA,A)−1

(
1
σ

(−�rk
i )) − MA,IupdateI

)

9. Assign the consequent vector the current update
vector one times for the active, one times for the in-
active set:

�wi
k+1 = update

10. If the residual ‖�rk
i ‖ is large and the iteration smaller

than the maximal # of iterations, goto Step 2

An example of the impact of this algorithm on the devel-
opment of the sparseness of the consequent parameters
and hence local/global feature selection will be demon-
strated in Section 7.

6 SparseFIS - The Algorithm

The whole SpareFIS method is simply obtained by com-
bining the three algorithms described in the previous
three sections to one, so applying iterative vector quan-
tization first, then rule weight optimization and finally
semi-smooth Newton method for sparse learning of con-
sequent parameters. The explicit formulation is not
made here due to space restrictions.

7 Evaluation

7.1 Experimental Setup

The evaluation of the novel method SparseFIS includes a
comparison with other famous fuzzy batch learning al-
gorithms such as genfis2 [6] [23], ANFIS [15], FMCLUST
[2] and the batch off-line version of the evolving fuzzy
system approach FLEXFIS [17], which are all available
as implementations in MATLAB. The evaluation will be
based on five different high-dimensional data sets for re-
gression: 1.) four data sets from the UCI repository 1

(clean, noise-free): auto-mpg, housing, forrest fires and
concrete and 2.) one data set from an engine test bench,
where measurement data were collected on-line and is
affected by some white noise and disturbances.

The engine test bench data set includes various mea-
surement channels together with their time delay (up
to 10), the task was to build a high-performance k-step

1http://archive.ics.uci.edu/ml/

ahead prediction model for the emission channel NOX
for two purposes: 1.) in order to save expenses for the
sensor channel and 2.) to perform early recognition of
faults (pipe leakage, sensor overheating, interface de-
fects etc.) when using this model in a multi-channel fault
detection approach.

A summary of the characteristics of all the data sets
used in this evaluation is shown in Table 1. In all data set
cases, the evaluation will be based on the accuracy of the
models obtained by applying 10-fold cross-validation
with a coupled best parameter grid search scenario. The
later means that a parameter grid for the most essential
parameter(s) in each method is defined consisting of a
lower bound, an upper bound and a step-size and for
each grid point cross-validation is performed. The best
solution with respect to the CV-error (averaged mean
absolute error over all folds or averaged maximal error
over all folds) will be reported. For SparseFIS we will
observe the impact of the sparsity constraints on local
variable selection (per rule separately). The parameter
grids were defined in the following way:

• genfis2: radius cluster is varied from 0.1 to 0.9 in
steps of 0.05

• ANFIS: an initial model is constructed with genfis1
by specifying the number of fuzzy sets per input di-
mension varied from 2 to 5 in steps of 1

• FMCLUST: the number of rules is varied from 1 to
50 in steps of 1

• FLEXFIS: the vigilance parameter responsible for
the number of clusters = rules is varied from 0.1 to
0.9 in steps of 0.05

For SparseFIS, we set the number of maximal allowed
(initial) rules to 50 and τ to 0.05 for all experiments, re-
quiring no parameter grid at all. All other parameters
are set as mentioned in above algorithms.

7.2 Results

The obtained results are reported in Table 2. The rows
represent the different methods and the columns the dif-
ferent data sets: the first number is the CV-error, i.e. the
minimal averaged mean absolute error (averaged over
the CV-folds, minimal over all parameter settings) plus-
minus the standard deviation over these folds. The sec-
ond number denotes the maximal error over all sam-
ples for the minimal averaged mean absolute error (so
worst-case prediction error). The third number reports
the complexity of the fuzzy models in terms of the num-
ber of rules (belonging to the model with minimal CV-
error). The results on SparseFIS are reported two times,
one time by using the full algorithm, one time without
applying the sparsity constraint threshold Tα, so with-
out forcing rule weights and consequent parameters to-
wards zero (denoted as SparseFIS uncon.). From this ta-
ble it can be realized that the full SparseFIS approach
(with constraints) can outperform all other methods in
three data sets (forrest fires, housing and NOX) in terms
of mean absolute error (MAE), in the case of forest fires
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Table 1: Some data sets from the UCI repository and their characteristics

# Training Samples # Input Variables Source Noise Level
Auto-MPG 398 8 UCI None
Concrete 1030 8 UCI None
Forrest Fires 517 12 UCI None
Housing 506 13 UCI None
NOX 667 181 Engine Test Bench Medium to high

Table 2: Comparison of fuzzy modelling variants on four data sets from UCI repository and (noisy) NOX data from
an engine test bench

Method Auto-MPG Concrete Forest Fires
MAE±STD Max #rules MAE±STD Max # rules MAE±STD Max # rules

genfis2 2.23± 0.85 3.88 6 8.37± 1.70 11.52 3 19.64± 15.50 58.36 3
ANFIS 2.41± 0.84 4.07 16 11.25± 9.98 39.13 8 20.27± 15.60 58.38 2
FMCLUST 2.35± 0.91 3.99 20 7.75± 2.06 12.11 3 19.83± 15.52 58.93 2
FLEXFIS 2.17± 0.73 3.59 11 7.73± 1.97 11.96 8 19.69± 15.32 58.35 3
SparseFIS 2.20± 0.30 2.53 8 8.91± 4.55 21.01 6 15.13± 6.76 30.77 5
SparseFIS uncon. 2.48± 0.80 4.19 21 11.02± 5.95 25.55 14 20.13± 15.50 59.53 9

Method Housing NOX
MAE±STD Max #rules MAE±STD Max # rules

genfis2 3.14± 1.31 6.53 4 12.97± 1.08 15.98 5
ANFIS 3.59± 1.39 6.56 4 13.72± 1.01 14.72 8
FMCLUST 2.84± 1.08 5.38 6 13.99± 1.05 15.55 6
FLEXFIS 2.98± 1.27 6.09 6 12.96± 0.98 14.31 8
SparseFIS 2.84± 0.98 5.65 6 12.95± 0.97 15.22 7
SparseFIS uncon. 3.24± 1.25 6.37 20 13.59± 0.83 14.76 27

even significantly. In the case of the auto-mpg data set,
the new method performs similar than the other ap-
proaches, whereas for the concrete data set the Sparse-
FIS is worse than the others. A similar interpretation of
the results can be reported when inspecting the maximal
error rate. The standard deviations shows us how sensi-
tive the method is with respect to variations in the train-
ing data samples. Lower values represent less variations
and hence more robust methods. The best performing
methods for each data set with respect to the mean ab-
solute error are shown in bold face. It is also worth men-
tioning that SparseFIS in its unconstrained version per-
forms (mostly) weaker as the full approach; an explana-
tion of this occurrence is that the short version tends to
over-fit, as it does not reduce any rules or consequent
parameters (and hence complexity).

Another important aspect when training fuzzy sys-
tems from data is a reasonable complexity of the ob-
tained models in order to guide the models to more in-
terpretable power [5]. Otherwise, the benefit of fuzzy
models over other modelling techniques (such as neu-
ral networks, genetic programming etc.) is diminished.
We measure the complexity of the final fuzzy models
by the number of generated rules by the learning pro-
cedure applied onto the whole data set with the optimal

parameter setting as obtained in the best parameter grid
search and CV procedure. This number is reported in
the third columns of each single part in Table 2. Here,
we can realize that SparseFIS can compete with the other
methods, although genfis2 is mostly the best performer
with respect to the number of generated rules. It is also
remarkable that the numerical rule weight optimization
concept as described in Algorithm 1 is able to reduce the
number of rules from 50 to below 10 for all data sets (and
this with a reasonable accuracy), confirming Figure 1.

Finally, in Figure 2 we inspect the impact of the spar-
sity constraints onto the linear consequent parameters
as applied in Algorithm 2 (Step 4). Therefore, we show
a plot of consequent parameters for all extracted rules
(=rows) for the second (upper row) and the third fea-
tures (lower row) in case of auto-mpg and using all in-
put variables in SparseFIS method. While for the second
feature four rules are sparsed out (compare left and right
image in upper row), for the third feature all consequent
parameters are forced to a small value around 0 which is
not significant (note the range of this feature is 184). This
means that feature #3 is not significant for modelling the
target in the auto-mpg data set.
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Figure 2: Left: Linear parameters times the ranges for
features #2 (upper) and #3 (lower) when not applying
sparsity constraints in consequent learning; right: the
same as in left, but applying sparsity constraints

8 Conclusion

In this paper, we presented a novel data-driven learning
technique for Takagi-Sugeno type fuzzy systems, called
SparseFIS, which is able 1.) to perform rule selection to-
gether with consequent parameter estimation in a coher-
ent optimization procedure and 2.) to gain more insight
into the fuzzy models by yielding a local feature selec-
tion through sparsing out unimportant features in each
rule. As a top-down method, it is possible to elicit an ini-
tial upper bound of number of (allowed) rules by expert-
knowledge or by initial guess from the data. Tests on
various multi-dimensional data sets from UCI reposi-
tory and real-world applications show that the novel
method can compete with other well-known learning
methods in terms of both, accuracy and complexity and
synchronously is able to put in more interpretation in
from of local importance of the features.
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Abstract— We propose an approach for indexing fuzzy data based
on inverted files that speeds up retrieval considerably by stopping the
traversal of postings lists early. This is possible because the entries
in the postings lists are organized in a way that guarantees that there
are no matching items beyond a certain point in a list. Consequently,
we can reduce the number of false positives significantly, leading to
an increase in retrieval performance. We have implemented our ap-
proach and evaluated it experimentally, comparing it to an approach
that has previously been shown to be superior to other methods.

Keywords— fuzzy databases, access methods, inverted files,
physical design

1 Introduction
Being able to handle imprecise or uncertain data becomes ever
more important in today’s world. There are numerous ap-
plications that have to manage imperfect data in areas such
as knowledge discovery, mediator systems, information re-
trieval, multimedia, and profiling (vague) users’ preferences.
One way to model imprecision and uncertainty is to employ
concepts from fuzzy set theory. Fuzzy sets are making their
way into the database world, evidenced by the fact that sev-
eral proposals for fuzzy database models and systems exist
[1, 2, 3, 4, 5] (for an overview see [6]).

We are focusing on a well-known model for fuzzy
databases, namely the possibilistic database model [5]. This
approach uses the concepts of possibility and necessity mea-
sures for flexible querying. While this is an elegant way
to formulate queries, indexing possibility distributions is not
straightforward. Bosc and Galibourg introduced an indexing
principle based on α-cuts (i.e. the elements of a fuzzy set with
a membership degree of at least α) [7]. The parameter α is
tied directly to a threshold value determined by a user defin-
ing a query, which makes it unrealistic to materialize dozens
or even hundreds of α-cuts in different indexes to be able to
answer various queries efficiently. For that reason Bosc and
Galibourg developed a filtering mechanism based on the sup-
ports and cores of the indexed possibility distributions1. How-
ever, this can introduce a large number of false positives, as
the filter only acts as a “quick-and-dirty” test. All the candi-
dates that pass the filter have to be checked for eligibility in a
second step.

We propose an access method for indexing possibility dis-
tributions that cuts down the number of false positives signif-
icantly. Many different α-cuts are stored compactly in a sin-
gle index structure by arranging the references to possibility

1Supports and cores are special α-cuts.

distributions in a clever way. The idea is based on impact or-
dering of inverted files used in information retrieval (IR). In
IR systems, document references are sorted in descending or-
der according to the term frequency value to make sure that
important documents for a query are processed first [8]. In
our case references to possibility distributions are sorted ac-
cording to the certainty degrees of their elements, making it
possible to stop scanning lists of references at an early stage
(because we know that no eligible data items can follow). By
applying customized gap compression schemes to the inverted
files, we can store the lists very compactly.

The remainder of this paper is organized as follows. In the
section immediately following this introduction, we cover ba-
sic definitions of possibilistic database systems and how to
query them. In Section 3 we describe our access method in
more detail and explain how to answer queries based on the
possibility measure and those based on the necessity measure.
Section 4 includes a brief description of the approach that we
compared ours to. This is followed by a section on the exper-
imental evaluation, specifying the environment in which this
evaluation was run and presenting the results of the evalua-
tion. We wrap up the paper with a conclusion and outlook in
Section 6.

2 Preliminaries
Before going into details about indexing, let us briefly define
possibility distributions and their application in flexible query-
ing as defined in [5].

2.1 Possibilistic Databases
We assume (without loss of generality) n data items
(o1, o2, . . . , on) in our database, all of which have an attribute
A with a discrete domain Ω. The value of attribute A of
data item oi is described by a possibility distribution function
πA(oi) on Ω.

The possibility distribution πA(oi) is a set of possible val-
ues for the attribute A of the data item oi (together with the
certainty of each value) and is defined as:

πA(oi) : Ω �→ [0, 1] (1)

πA(oi)(ωj) = 0 (for ωj ∈ Ω) means that it is impossible
that the attribute A can take on the value ωj . πA(oi)(ωj) = 1,
on the other hand, means that it is completely possible that A

can take on the value ωj . If we want to express that it might
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ω1 → α1,1 r(o1,1
1 ), r(o1,1

2 ), r(o1,1
3 ), . . . α1,2 r(o1,2

1 ), r(o1,2
2 ), r(o1,2

3 ), . . . . . . . . .
ω2 → α2,1 r(o2,1

1 ), r(o2,1
2 ), r(o2,1

3 ), . . . α2,2 r(o2,2
1 ), r(o2,2

2 ), r(o2,2
3 ), . . . . . . . . .

...
ωm → αm,1 r(om,1

1 ), r(om,1
2 ), r(om,1

3 ), . . . αm,2 r(om,2
1 ), r(om,2

2 ), r(om,2
3 ), . . . . . . . . .

Figure 1: Inverted file index for fuzzy retrieval

be possible for A to take on the value ωj , then we can assign
a value from the interval (0, 1) to πA(oi)(ωj), depending on
how plausible we think it is that A takes on this value. Not
that the possible values for A are mutually exclusive, i.e. A

takes on a single value, we are just uncertain about which one
is the correct value. For reasons of consistency, πA(oi) should
be normalized, i.e. ∃ω ∈ Ω : πA(oi)(ω) = 1.

As already mentioned, we assume that Ω is discrete, since
we are interested in indexing scalar data. In the case of ap-
plications using continuous numerical data, we either have to
discretize the possibility distribution or use a different kind of
index structure [9]).

2.2 Flexible Querying
We not only allow imprecision in the data, but also flexible
querying, i.e. the query condition c determining the acceptable
values of an attribute is described by a normalized fuzzy set
µc : Ω #→ [0, 1].

In order to be able to check whether a data item satisfies a
query condition, we need to introduce the concept of a fuzzy
measure. Let X be an element of the power set of Ω (X ∈
P(Ω)A). The possibility of X , Π(X), is measured by looking
at the elements of X :

Π(X) = max
ω∈X

π(ω) (2)

Possibility theory uses two concepts to measure the like-
liness of X : the possibility measure, as already described
above, Π(X) and the necessity measure N(X). The necessity
of X , N(X), is defined by the unlikeliness of the complement
of X :

N(X) = 1 − Π(X) (3)

What does this mean for an attribute value satisfying a
query condition c? The possibility of doing so is measured
with the help of the possibility measure:

Π(c|A(oi)) = max
ω∈Ω

min(µc(ω), πA(oi)(ω)) (4)

Informally speaking, Π(c|A(oi)) returns the highest degree to
which A(oi) can possibly satisfy c.

The necessity of an attribute value satisfying query condi-
tion c is defined as:

N(c|A(oi)) = min
ω∈Ω

max(µc(ω), 1 − πA(oi)(ω)) (5)

N(c|A(oi)), on the other hand, returns the degree to which
A(oi) certainly satisfies c.

Usually users are interested in a small subset of data items
in the database. Selective queries can be formulated by pro-
viding an acceptance threshold α (e.g. return all data items
whose attribute values possibly satisfy c to at least a degree of
0.8: {oi|Π(c|A(oi)) ≥ 0.8}). Furthermore, using the neces-
sity measure also leads to more selective queries than using
the possibility measure.

3 Indexing Possibility Distributions

As mentioned in Section 1 we use an inverted file index to
index possibility distributions. An inverted file consists of a
directory containing all distinct values ω1, ω2, . . . , ωm of the
domain Ω and a list (also called a postings list) for each value.2
Within each postings list of the inverted file, we sort the refer-
ences to data items oj , denoted by r(oj), in descending order
of the degree of membership of wi in πA(oj). Since we want
to apply gap compression (more on this later in Section 3.3),
we arrange the references in blocks, each block preceded by a
value αi,k, meaning that this is the k-th block of the posting
list associated with ωi. All attributes of the data items refer-
enced in a block satisfy πA(oj)(ωi) ≥ αi,k. Figure 1 illustrates
the layout described above; note that the data items have su-
perscripts indicating which block they belong to. The thresh-
old values αi,k divide up the interval [0,1] into equally-sized
partitions (i.e. each block covers an equally-sized interval).
Within each block all references to data items (in the form of
IDs) are sorted in ascending order.

Depending on the query type, we access the inverted file
index slightly differently. We will first look at queries based
on the possibility measure and then turn to those based on the
necessity measure.

3.1 Possibility Measure Queries

If we are searching for all data items oj whose attribute A sat-
isfies condition c possibly to a degree of at least α, we only
have to look up the values ωi in the inverted file for which
µc(ωi) ≥ α (see Equation (4)). In addition to that, only data
items for which πA(oj)(ωi) ≥ α will qualify. During a search,
we scan a postings list until we reach the first block whose
value αi,l is smaller than the query threshold value α.3 If α is
between αi,l−1 and αi,l, then we still have to check the data
items referenced in this block whether they are false positives
or not (as some of them could satisfy the query predicate).
However, only the data items in this last block can be false

2For an overview of traditional inverted files see [10].
3Obviously, we also stop when we reach the end of a postings list.
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positives and have to be checked, all other data items refer-
enced in earlier blocks will satisfy the query predicate and can
be retrieved without checking for false positives. If α is equal
to αi,l−1 we do not have to check the items of block αi,l. Ac-
tually, in this case we do not have to check for false positives
at all.

3.2 Necessity Measure Queries

Processing queries based on the necessity measure can be
done in two different ways, depending on the cardinality of
the domain Ω. For large domains we can simply use possibil-
ity measure queries as a filter (we will call this method ’sim-
plified’ in the following); for small domains we can use the
index described above to determine the answer set (without
accessing the data items themselves).

The inequality N(X) ≤ Π(X) always holds for neces-
sity and possibility measures, i.e. N(c|A(oi)) ≥ α ⇒
Π(c|A(oi)) ≥ α. So instead of directly searching for the data
items that satisfy the query condition c necessarily to the de-
gree α, we search for data items satisfying c possibly. We
retrieve these data items and check if they also satisfy c neces-
sarily. A drawback of this technique is that we introduce false
positives, due to the data items that satisfy c possibly but not
necessarily.

Accessing all the candidates returned by the possibility
measure query in the simplified processing will cause a lot
of random I/O. However, we can use the inverted file in-
dex to help us in sorting out false positives returned by a
possibility measure search. If we can find an ωi for a data
item oj such that max(µc(ωi), 1 − πA(oj)(ωi)) < α, then
we know that A(oj) cannot satisfy c necessarily (more on
this in just a moment, see also Equation 5). Having a value
for µc(ωi) that is greater or equal to α will never result in
max(µc(ωi), 1−πA(oj)(ωi)) < α. So in order to sort out false
positives, we have to access the postings lists of the values ωi

for which µc(ωi) < α. Unfortunately, this means we have to
look up the complement of the values ωi used for the possibil-
ity measure query and scan the corresponding postings lists.4
(Consequently, this will only be efficient for relatively small
domains.) During query processing, we keep scanning such a
postings list in a blockwise fashion as long as αi,l > 1 − α

holds and we stop as soon as this condition is not satisfied any-
more.5 Any references to data items found during this scan
can be safely discarded from the candidates determined by
the possibility measure query. The reasoning is the following:
while αi,l > 1−α, we know that for all data items referenced
in this block πA(oj)(ωi) > 1 − α (⇔ 1 − πA(oj)(ωi) < α)
holds. Together with µc(ωi) < α, this means that A(oj) can-
not satisfy c necessarily. Once αi,l drops below 1 − α, we do
not have enough information to determine whether the data
items referenced in this block (and the following blocks) sat-
isfy c necessarily or not and we stop scanning the list further.
All the data items remaining in the candidate set after scanning
the lists of the ωi for which µc(ωi) < α have to be fetched and
checked for false positives.

4This is why we will also call this approach complement-based.
5Again, we also stop when reaching the end of a list.

3.3 Index Compression
The reason for arranging the references to data items in blocks
is that we can use gap encoding on the ascending sequences
of data item IDs. For example, instead of storing the sequence
103,110,114,116,121 we store 103,7,4,2,5. Compared to ab-
solute ID numbers, relative gaps can be stored using less stor-
age space. However, from time to time even gaps can become
quite large, i.e. a large gap could need almost as much stor-
age space as a regular ID. So that we do not have to allocate
the same space for each gap, we use variable length encoding
[11]. The main idea is to use few bits for small gaps and many
bits for large gaps.

In order to keep the codewords byte-aligned for faster pro-
cessing, we use Variable-Byte (VB) code [12]. Each byte con-
tains a so-called continuation bit, which signals if the end of
the current codeword has been reached or if we have to con-
tinue decoding. Usually the high bit is dedicated to this pur-
pose, while the lower 7 bits of each byte encode gap informa-
tion. If a gap fits into 7 bits, then we encode this gap in the
lower 7 bits and set the continuation bit to 1. Otherwise, we
encode the highest bits of the gap and set the continuation bit
to 0. The remaining bits are encoded in the same manner. VB-
encoding is a good compromise between compression ratio
and processing speed. For example, encoding 5 in VB-code
would result in 10000101, while encoding 824 would result in
00000110 10111000 (where the bits in boldface are the con-
tinuation bits).

Instead of using floating-point numbers for the threshold
levels αi,k directly in the index, we store IDs of threshold lev-
els using a one-byte integer, looking up the floating-point val-
ues in a table mapping the IDs to these values. Due to the fixed
threshold levels we use throughout the whole index, we can do
this. As we will see later in the evaluation section, 256 differ-
ent threshold levels are more than enough. If more than 256
threshold levels should be needed, we can apply VB-encoding
to the threshold levels as well.

4 Comparison to Existing Approach
We use the approach by Bosc and Galibourg [7] as a refer-
ence for comparison. There are two special α-cuts, the core
L1(µF ) and the support L>0(µF ) of a fuzzy set F . Bosc and
Galibourg have shown that the following implications hold
(for all α > 0):

Π(c|A(oi)) ≥ α ⇒ L>0(πA(oi)) ∩ Lα(µc) �= ∅ (6)
N(c|A(oi)) ≥ α ⇒ L1(πA(oi)) ⊆ Lα(µc) (7)

Given a query condition c we have to determine whether the
α-cut of µc (Lα(µc) intersects with the support of a data item’s
attribute value (for possibility queries) or if the core of the
attribute value is a subset of Lα(µc) (for necessity queries). If
this is not the case, then we can safely discard a data item, as
it will not satisfy the original query condition.

We implemented this technique using the same framework
as for our approach, i.e. using compressed inverted files for in-
dexing the cores and supports of possibility distributions. The
index containing the cores stores the cardinality of each core
together with the reference to the possibility distribution. In
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(a) Possibility measure (b) Necessity measure

Figure 2: False drop rates

this way, superset queries (as described in Equation (7)) can be
answered using an inverted file by filtering out all references
whose cores have a higher cardinality than the query set. For a
more detailed description on how to optimize this kind of data
structure, see [13] (comparisons to other data structures can
also be found in this paper; the inverted file approach, how-
ever, was the data structure with the best performance among
all those that were tested).

5 Experimental Evaluation
5.1 Benchmark Environment
The benchmarks were run on a Pentium 4 (3.2 GHz) PC with
1GByte main memory running Windows XP. The index struc-
tures and a simulator for the storage system were implemented
in Java 1.6. We decided to implement the simulator in Java,
as this makes us platform-independent. The simulator allows
us to avoid unwanted effects due to caching. We set the block
size of the simulator to a page size of 4K, which is the page
size of the underlying operating system.

We generated possibility distributions for the data items us-
ing the following parameters: the domain size (|Ω|) is equal
to 25 and the database size is equal to 100K data items (each
data item is associated with a possibility distribution). The
elements of a particular possibility distribution are taken ran-
domly from the domain, using a uniform distribution. This
means that we first determine the cardinality of the support
of a possibility distribution, which is uniformly distributed in
[1,22] (22 elements cover 90% of the domain). All the ele-
ments in the domain have the same probability of making it
into the support. The membership degrees of the chosen el-
ements are uniformly distributed in (0,1.0]. If a possibility
distribution is not normalized, the highest degree is converted
to 1.0.

In this paper we wanted to focus on typical fuzzy scalar
domains, therefore we decided to keep the domain cardinality
rather small. This is motivated by the fact that the elements of
fuzzy domains usually represent categories. Normally these
categories are determined by experts based on the criteria (1)
that they should be easy to use by ordinary users and (2) that

fuzzy relations (allowing flexible comparisons) can be defined
on them. It is much easier to satisfy both criteria with a small
domain cardinality; that is why typical fuzzy scalar domains
are rather small.

Another important parameter is the clustering of the data
items on disk pages. For the results shown in this paper we
assume a “worst-case scenario” in terms of indexing, meaning
that all the candidate items returned by the index are stored
in consecutive blocks with 64.5 data items sharing a block on
average. This will lessen the effect that false drops have on
the retrieval performance, as we do not need a separate page
access to fetch each of the false drops.

5.2 Results
We were interested in several criteria, most importantly in the
false drop ratio of the two different approaches and its impact
on the query performance. To a lesser extent we also wanted
to make sure that the overhead in terms of the index size is
not prohibitive. Furthermore, we investigate the impact of the
query threshold α on the performance of the indexes. In Sec-
tions 5.2.1 to 5.2.3 our competitor is included as a reference;
the parameter we vary (number of threshold levels) only ap-
plies to our approach in these cases.

5.2.1 False Drop Rate
Figure 2 shows the results we obtained for measuring the false
drop rate for varying the number of threshold levels in our
index (Figure 2(a) depicts the results for possibility measure
queries, while Figure 2(b) depicts those for necessity measure
queries6). Each threshold level covers an equally-sized inter-
val in [0,1]. The false drop rate is measured in the follow-
ing way: (total number of IDs returned by index - number
of true positives)/number of true positives. As can be clearly
seen, adding more threshold levels to the data structure re-
duces the false drop ratio. However, the law of diminishing
returns applies to this, i.e. with each added threshold level the
improvement gain decreases. We can also notice that using a

6The method labeled ’simplified’ applies possibility measures as
a filter, while the other curve shows the results for the complement-
based approach.
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(a) Possibility measure (b) Necessity measure

Figure 3: Total number of page accesses

possibility measure as a filter for a necessity measure is not
competitive in this scenario.

5.2.2 Retrieval Performance
While the false drop rate suggests to use a very high number
of threshold levels, it is not as simple as that to determine the
optimal number of threshold levels. By increasing the number
of threshold levels we introduce an overhead in terms of in-
dex size and retrieval performance (larger indexes result in a
longer query processing time). Let us first look at the retrieval
performance of the access methods. Figure 3 shows the re-
trieval performance in total number of page accesses (part (a)
for possibility measure queries and part (b) for necessity mea-
sure queries). The total number of page accesses includes the
page accesses needed to navigate the index and the pages ac-
cessed for retrieving all candidate data items (false and true
positives).

There is a sharp decrease in the number of page accesses
when going from one threshold level to about twenty threshold
levels. This is caused by the rapidly dropping false drop ratio.
Then the curve peters out and slowly goes up again. In this
part of the curve, the drop in performance, due to the afore-
mentioned overhead, gains the upper hand over the slowly de-
creasing false drop rate. In our benchmark scenario we have
identified 25 to be the optimal number of threshold levels for
possibility measure queries and 28 to be the optimum for ne-
cessity measure queries. Again, the approach using the possi-
bility measure as a filter for necessity measure queries is not
competitive, so we will drop it from the graphs in the follow-
ing sections.

5.2.3 Index Size
In Figure 4 we present the size of the index structures in
terms of disk pages. The overhead added for introducing a
larger number of threshold levels can be clearly seen. This
is caused by a deterioration of the compression ratio. A few
larger threshold blocks with smaller gaps between the IDs can
be compressed better than a lot of smaller blocks with larger
gaps. The stair-like appearance is caused by postings lists ex-
panding by one page at roughly the same time (due to the uni-

Figure 4: Index size

form distribution of domain elements in the possibility distri-
butions). At first glance it seems that our index structure needs
more storage space than our competitor. However, as we only
need about 20 to 30 threshold levels, this increase is only mod-
erate and, more importantly, we can answer both, possibility
measure and necessity measure, queries with the same index.
For the other scheme separate indexes are needed (one stor-
ing the supports and one storing the cores of the possibility
distributions).

5.2.4 Impact of Query Threshold
Figure 5 shows the impact of the query threshold (α) on the
performance. Generally, as the query threshold grows for
possibility measure queries (Figure 5(a)), we have to check
smaller and smaller parts of the query set (only elements that
have a membership degree larger than or equal to α have to
be considered). This in turn decreases the number of post-
ings lists we have to traverse, leading to less page accesses. In
addition to this, our approach can stop scanning postings lists
earlier for higher query thresholds, leading to further improve-
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(a) Possibility measure (b) Necessity measure

Figure 5: Impact of query threshold

ment in terms of the number of page accesses.
For necessity measure queries ((Figure 5(b)), things are

more complicated. For the core-filtering approach by Bosc
and Galibourg the number of postings lists we have to scan
decreases with increasing threshold α. For our approach there
are two effects at work. With increasing α the false drop rate
drops, which leads to fewer page accesses due to false posi-
tives. However, with increasing threshold values the number
of page accesses in the index increases. Although the number
and lengths of postings list traversals for the possibility mea-
sure filter step goes down, the number and lengths of postings
list scans for the subsequent complementary check on the ne-
cessity measure goes up at quite a fast rate. At some point this
effect catches up with us and the number of accessed blocks
increases again.

6 Conclusion and Outlook
We have shown how to build an index that stores threshold
levels of possibility distributions in a compact way. Being
able to represent possibility distributions using a much finer
granularity than existing approaches helps us in reducing the
number of false positives significantly. Even in an unfavorable
environment, our index far outperforms existing approaches
for possibility measure queries and was on a par for necessity
measure queries. This kind of performance can already be
achieved by introducing only a moderate number of threshold
levels, meaning that there is practically no overhead, since we
only need to maintain one index (while our main competitor
needs one for possibility measure queries and one for neces-
sity measure queries).

For future work we would like to analyze how to optimize
the number and distribution of threshold levels given a fixed
database. Even more interesting would be to optimize and up-
date the index in a dynamic way, given a database with statis-
tics on query workloads.
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Abstract— The problem of segmentation is an important research
field and often a critical and decisive preprocessing step for many
image processing applications. During the past years, the use of
colour images instead of gray images is growing fast in many re-
search areas. Moreover, the use of segmentation over colour im-
ages is advised when additional colour information conveyed is nec-
essary to further discriminate the image regions. Recently, fuzzy
logic theory, and Atanassov’s intuitionistic fuzzy sets (A-IFSs), have
been successfully applied to image segmentation and, in this paper
we propose a general methodology for RGB colour image segmen-
tation based on A-IFSs. The proposed methodology is based on a
multilevel colour thresholding framework that uses Atanassov’s in-
tuitionistic index values for representing the uncertainty present in
the assigning of the pixels to the different regions. This framework
is to be applied to each RGB component separately to finally aggre-
gate the results of the three components. The number of thresholds
is auto established by the methodology based on the image entropy.
Experimental results are presented.

Keywords— Atanassov’s Intuitionistic Fuzzy Sets, Color Image
Segmentation, Fuzzy Logic, Multi-Thresholding.

1 Introduction
Color image segmentation deals with the subdivision of an im-
age into disjoined regions according to the pixels colour with
the goal of finding the image objects. As a result of the seg-
mentation, the original set of pixels in the image is partitioned
into a finite set of separated regions (objects).

Within the framework of fuzzy theory [1, 2, 3, 4], segmenta-
tion algorithms that use the concept of fuzzy entropy [1, 3, 5]
are widely used in image processing applications. In previ-
ous works [6] we have proposed methodologies for image seg-
mentation that use A-IFSs [7, 8, 9]. In those methodologies,
Atanassov’s intuitionistic fuzzy index values are used for rep-
resenting the uncertainty/impresision on determining whether
a pixel of the image belongs to an object of that image.

The general framework presented in [6] is the basis for
colour segmentation framework proposed in this paper where
it is extended to a multi-level thresholding framework since,
often, images include several regions and, thus, it is neces-
sary to compute more than one threshold in order to correctly
segment the image.

In this methodology we use RGB images in such way that
each RGB component is primarily segmented separately. Af-
ter the three components are segmented we then aggregate the
three segmented components into the final segmented image.
For each component, the number of computed thresholds is

automatically determined by the methodology on the basis of
the images intuitionistic fuzzy entropy. This entropy is ob-
tained trough the Atanassov’s intuitionistic fuzzy index val-
ues.

The remainder of this paper is organized as follows: In
Section 2 we describe the proposed methodology. Section 3
presents the experimental results obtained and, finally, in Sec-
tion 4 some conclusions and some lines of future work are
presented.

2 Proposed methodology
In this section we present the proposed methodology for
colour image segmentation that besides its low computational
cost is also able to auto determine the number of required
thresholds based on the image intuitionistic fuzzy entropy.

Since this methodology deals with each RGB component
separately, we will only describe the algorithm for one of the
components. The exact same algorithm is to be applied to the
other two components.

This methodology successively applies the bi-level thresh-
olding algorithm proposed in [6], for the computation of one
threshold, an unspecified number of times to an image, re-
sulting in a set of thresholds for each RGB component. Af-
ter the number of required thresholds needed for each RGB
component are computed, the total number of thresholds is
calculated and, on the basis of that number, the three compo-
nent segmentations are combined in order to create a resulting
gray segmented image. The combination of the components
is made by adding all three intensities and afterwards normal-
izing them back to the original scale. Different ways of com-
bining the three RGB thresholds can be explored.

Thus, in the following sub-sections, we will first describe
the bi-level thresholding algorithm used and, in the last sub-
section the multi-level thresholding algorithm.

2.1 Bi-level Thresholding Algorithm

In this section we describe the general framework for image
thresholding using A-IFSs and restricted dissimilarity func-
tions proposed in [6]. The goal is to obtain the better threshold
in order to separate the object from the background.

We will denote by (x, y) the coordinates of each pixel on
the image Q, being q(x, y) the gray level of the pixel (x, y) so
that 0 ≤ q(x, y) ≤ L − 1 for each (x, y) ∈ Q where L is the
image grayscale.

In this methodology Atanassov Intuitionistic Fuzzy Sets are
used in the following way: In order to choose/construct the
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membership function of each pixel of the image to the asso-
ciated fuzzy set, three numerical values are assigned to each
one of them.

• A value for representing the expert knowledge of the
membership of the pixel to the background. A member-
ship function, constructed using dissimilarity functions,
is used to obtain this value (see [10]).

• Dissimilarity functions are also used by the expert to con-
struct a membership function to retrieve a value for rep-
resenting the expert knowledge of the membership of the
pixel to the object.

• The expert knowledge/ignorance, in determining the
above mentioned membership functions, is represented
by a third value obtained trough Atanassov’s intuitionis-
tic index.

In this sense, L fuzzy sets QBt associated with the back-
ground and L fuzzy sets QOt associated with the object are
constructed. Each one of these fuzzy sets is associated with a
gray level t of the grayscale L used. The membership func-
tions of these sets are defined by means of restricted dissimi-
larity functions and, two of the possible expressions one might
use are:

µQBt
(q) = F

(
d

(
q

L − 1
,
mB(t)
L − 1

))

µQOt
(q) = F

(
d

(
q

L − 1
,
mO(t)
L − 1

))

where

mB(t) =

∑t
q=0 qh(q)∑t
q=0 h(q)

(1)

mO(t) =

∑L−1
q=t+1 qh(q)∑L−1
q=t+1 h(q)

(2)

being h(q) the number of pixels of the image with the gray
level q, F (x) = 1−0.5x and, the restricted dissimilarity func-
tion d(x, y) = |x − y| (see [6, 11, 12]).

Due to these constructions, the membership functions con-
structed are always greater than or equal to 0.5 and, a pixel
unequivocally belongs to one of the regions (object or back-
ground) if and only if its intensity q is equal to the mean of
intensities of the that region (mO(t) or mB(t)). When the
difference between the pixel’s intensity q and the mean of in-
tensities of the region is maximal, then the value of its mem-
bership function to that region is minimal. Thus, the lesser the
distance between a pixel’s intensity q and the mean of inten-
sities of the region, the greater the value of its membership to
that region.

In this methodology, it is considered that the membership
functions (µQBt

and µQOt
) indicate the expert’s degree of

knowledge of the pixel belonging to the regions, meaning that,
the Atanassov’s intuitionistic fuzzy index (π) represents the
ignorance/intuition present in the construction of these fuzzy
sets.

Thus, the value represented by Atanassov’s intuitionistic in-
dex indicates the knowledge/ignorance of the expert when as-
signing a pixel either to the background or the object. The
Atanassov’s intuitionistic index value associated with a pixel
has the value of zero, when the expert is absolutely sure of
that pixel belonging (either to the background or the object).
The Atanassov’s intuitionistic index value increases with re-
spect to the ignorance/intuition of the expert as to whether
the pixel belongs to the background or the object. If the ex-
pert doesn’t know if a pixel belongs to the background or the
object, its membership to both must be represented with the
value 0.5 and, it is said that the expert used the greatest igno-
rance/intuition allowed in the construction of the membership
functions, of the set associated with that pixel, to the back-
ground and the object resulting in a Atanassov’s Intuition-
istic Fuzzy Index maximum value. For this reason, A-IFSs
(Atanassov’s Intuitionistic Fuzzy Set [8, 13]) are used.

However, the ignorance/intuition should have the least pos-
sible influence on the choice of the membership degree. In this
methodology the ignorance/intuition will have a maximum in-
fluence of 25 percent.

Under these conditions, within the set of all the possible
expressions(see [6]), the following expression is used to cal-
culate π:

π(q) = ∧(1 − µQBt
(q), 1 − µQOt

(q)).

This π is now used to construct an A-IFS with each one of
the fuzzy sets QBt and QOt.

Q̃Bt = {(q, µQ̃Bt
(q), νQ̃Bt

(q))|q = 0, 1, · · · , L − 1},
given by

µQ̃Bt
(q) = µQBt

(q)
νQ̃Bt

(q) = 1 − µQ̃Bt
(q) − π(q)

and

Q̃Ot = {(q, µQ̃Ot
(q), νQ̃Ot

(q))|q = 0, 1, · · · , L − 1},
given by

µQ̃Ot
(q) = µQOt

(q)
νQ̃Ot

(q) = 1 − µQ̃Ot
(q) − π(q)

At this stage, the Atanassov’s intuitionistic fuzzy index
is used to calculate the entropy IE of each one of the L
Atanassov’s intuitionistic fuzzy sets associated with the im-
age.

The following expression is used to calculate the entropy
IE, so that 0 ≤ IE(Q̃Bt) ≤ 0.25.

IE(Q̃Bt) =
1

N × M

L−1∑
q=0

h(q) · π(q) (3)

where N × M are the image dimensions in pixels.
This way, the entropy on A-IFSs is interpreted as a mea-

sure of the degree of a A-IFS that a set has with respect to
the fuzzyness of the said set (see [14]). Under these condi-
tions, the entropy will be null when the set is a FSs and will
be maximum when the set is totally intuitionistic.
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Finally, the gray level associated with the Atanassov’s in-
tuitionistic fuzzy set Q̃Bt of lowest entropy IE is selected as
the best threshold.

2.2 Multi-level Thresholding Algorithm

In this approach, the goal is to obtain a set of thresholds in
order to separate all the image objects. This method is based
on a divide and conquer strategy and its main idea is to suc-
cessively apply the algorithm proposed in [6] and presented in
the last section, for the computation of one threshold, an un-
specified number of times to an image. In Fig. 1 we illustrate
the methodology computational process progress.

[0,t -1]1

[0,L-1]

t2

t1

[t +1,L-1]4[0,t -1]2 [t +1,t -1]1 2

t3

[t +1,t -1]1 3 [t +1,t -1]3 2

[t +1,L-1]1

t4

[t +1,t -1]1 4

Figure 1: Computational process progress

First, the algorithm is applied to the original image resulting
in the determination of the threshold value ti. This threshold
value is then used to create two sub-images: the sub-image
with intensity values lower than ti and the sub-image with in-
tensity values greater than ti. Then, the algorithm is to be
applied to the sub-image which has the greater amplitude be-
tween gray-levels entropy values (difference between the in-
tensity value of maximum entropy and the one of minimum
entropy).

Hence, The proposed algorithm consecutively divides the
resulting sub-images by means of the threshold value ti ob-
tained through the application of the algorithm for the compu-
tation of one threshold to each one of them.

The algorithms stopping criteria is based on the sub-images
gray-levels entropy values in such way that the process stops
when the difference between the entropy of the computed
threshold value ti and the maximum entropy of the sub-image
that generated it, is inferior to the difference between the max-
imum and minimum entropies of the entire image divided by
a constant K.

After experimental evaluation, the value of the constant K
was set to 2.

The number of computed thresholds is closely related to the
value of this constant K. This value is directly proportional to
the number of computed thresholds since, the maximum dif-
ference of global entropy allowed for each sub-image to pro-
duce a new threshold is inversely proportional to the value of
K. Thus, the value of the constant K can be chosen according
to the purpose of the application where the algorithm is to be
applied.

3 Experimental results

In order to illustrate the methodology we used the ”Lena” im-
age in Fig. 2 and Fig. 3.

In Fig. 2 the original ”Lena” image and the segmentation
result are presented. In Fig. 3, in the first column, we present

Original Segmented

23 th

Figure 2: Original and segmented ”Lena” image.

the image decomposed in its RGB components and, in the sec-
ond column, each RGB component segmentation result is pre-
sented. For all the ”Lena” segmented images the number of
computed thresholds is also presented.

Original Segmented

11 th

4 th

8 th

Figure 3: Original and segmented RGB components of ”Lena”
image.

Regarding the number of computed thresholds in each RGB
component we can conclude that, as one can see looking at he
original image, the red component is the one that has more in-
formation regarding the segmentation of the image and, there-
fore the red component was the one with more computed
thresholds. We think that this is an indicator of the goodness
of the methodology since it was able to accurately auto de-
termine the required number of thresholds in each component
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separately.
Looking at Fig. 3, we can also see that the RGB components

are highly related. We consider this to be the major drawback
of segmenting images in the RGB colour space.

To test the performance of the proposed approach, more
than a hundred images where segmented. However, in or-
der to illustrate the obtained results, 5 images from the
original set of images (taken form the Berkeley Segmen-
tation Dataset: http://www.eecs.berkeley.edu/
Research/Projects/
CS/vision/grouping/segbench/) were selected and
used as test images (see Fig. 4).

Original Segmented

Figure 4: Original and segmented test images.

In Fig 4 we present the results from the application of the
proposed methodology to complex images where, the value of
the constant K was also set at 2 and, where we can see that
the main features of the images are preserved.

4 Conclusions and Future Work

Since, an image usually contains more than one region, in this
paper we presented a new extension of an existing method,
that uses A-IFSs for multi-level colour image segmentation.
The algorithm first segments each RGB component separately
and finally combines them in order to obtain the final seg-
mented image. The use of A-IFSs allowed us to use entropy in

the same sense as fuzzy entropy is used in the fuzzy algorithms
and, consequently, allowed us to endow the methodology with
the capability of dealing with uncertainty.

The proposed methodology successively applies a bi-level
thresholding algorithm an undetermined number of times to an
image RGB component subdividing it into several disjoined
regions. Moreover, the algorithm is able to auto determine the
number of thresholds required to segment each RGB image
component.

Considering the experimental results, we can say that, in
general terms, the proposed algorithm provides suitable re-
sults and therefore can be considered when colour image seg-
mentation applications are needed.

The proposed methodology is parameterizable through the
setting of a constant K. The value of this constant is directly
proportional to the optimal number of thresholds computed.
Thus, the value of the constant K should always depend of
the application needs. Future work is intended to study the in-
corporation of heuristics in the algorithm through the setting
of the constant K value. Different combinations of the result-
ing thresholds of each one of the RGB components can be an
object of future work in order to incorporate the perceptual
differences among the three components.

Due to the high correlation between the three RGB compo-
nents, further work is also intended to apply an extension of
this algorithm to images in the HSV colour space. Being the
HSV colour space a more intuitive color space, it’s our belief
that a more coherent segmentation will be achieved.
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Abstract—This paper presents SaM, a split and merge algorithm
for frequent item set mining. Its distinguishing qualities are an excep-
tionally simple algorithm and data structure, which not only render
it easy to implement, but also convenient to execute on external stor-
age. Furthermore, it can easily be extended to allow for “fuzzy” fre-
quent item set mining in the sense that missing items can be inserted
into transactions with a user-specified penalty. In order to demon-
strate its performance, we report experiments comparing it with the
“fuzzy” frequent item set mining version of RElim (an algorithm we
suggested in an earlier paper [15] and improved in the meantime).

Keywords— data mining, frequent item set mining, fuzzy fre-
quent item set, fault tolerant data mining

1 Introduction
Although frequent item set mining and association rule induc-
tion has been a focus of research in data mining for a long
time now, leading to well-known algorithms like Apriori [1],
Eclat [11] and FP-growth [7], there is still room for improve-
ment. Recent research lines include filtering the found fre-
quent item sets and association rules [16, 17], identifying tem-
poral changes in discovered patterns [3, 4], and mining fault-
tolerant or “fuzzy” frequent item sets [6, 10, 15].

In this paper we follow the last of these lines by presenting
SaM, a split and merge algorithm for frequent item set mining,
which can easily be extended to allow for “fuzzy” mining in
the sense that missing items can be inserted into transactions
with a user-specified penalty. Other distinguishing qualities
of our method are its exceptionally simple processing scheme
and data structure, which not only render it very easy to im-
plement, but also convenient to execute on external storage.

2 Frequent Item Set Mining
Frequent item set mining is the following task: we are given
a set B of items, called the item base, and a database T of
transactions. An item may, for example, represent a product,
and the item base may then represent the set of all products
offered by a supermarket. The term item set refers to any sub-
set of the item base B. Each transaction is an item set and
may represent, in the supermarket setting, a set of products
that has been bought by a customer. Since several customers
may have bought the exact same set of products, the total of all
transactions must be represented as a vector or a multiset (or,
alternatively, each transaction must be enhanced by a transac-
tion identifier (tid)). Note that the item base B is usually not
given explicitly, but only implicitly as the union of all transac-
tions. The support sT (I) of an item set I ⊆ B is the number
of transactions in the database T it is contained in. Given a
user-specified minimum support smin ∈ IN, an item set I is

called frequent (in T ) iff sT (I) ≥ smin. The goal of frequent
item set mining is to find all item sets I ⊆ B that are frequent
in the database T and thus, in the supermarket setting, to iden-
tify all sets of products that are frequently bought together.

A standard approach to find all frequent item sets w.r.t. a
given database T and a support threshold smin, is a depth-first
search in the subset lattice of the item base B. This approach
can be seen as a simple divide-and-conquer scheme. For a
chosen item i, the problem to find all frequent item sets is split
into two subproblems: (1) find all frequent item sets contain-
ing i and (2) find all frequent item sets not containing i. Each
subproblem is then further divided based on another item j:
find all frequent item sets containing (1.1) both i and j, (1.2)
i, but not j, (2.1) j, but not i, (2.2) neither i nor j etc.

All subproblems occurring in this recursion can be defined
by a conditional transaction database and a prefix. The prefix
is a set of items that has to be added to all frequent item sets
that are discovered in the conditional database. Formally, all
subproblems are tuples S = (C, P ), where C is a conditional
database and P ⊆ B is a prefix. The initial problem, with
which the recursion is started, is S = (T, ∅), where T is the
given transaction database and the prefix is empty.

A subproblem S0 = (C0, P0) is processed as follows:
choose an item i ∈ B0, where B0 is the set of items occur-
ring in C0. This choice is arbitrary, but usually follows some
predefined order of the items. If sC0(i) ≥ smin, then report
the item set P0 ∪ {i} as frequent with the support sC0(i), and
form the subproblem S1 = (C1, P1) with P1 = P0 ∪ {i}.
The conditional database C1 comprises all transactions in C0

that contain i, but with this item removed. This implies that all
transactions are removed that do not contain any no other item
than i. If C1 is not empty, process S1 recursively. In any case
(that is, regardless of whether sC0(i) ≥ smin or not), form the
subproblem S2 = (C2, P2) with P2 = P0. The conditional
database C2 comprises all transactions in C0 (including those
that do not contain i), but again with the item i removed. If C2

is not empty, process S2 recursively.
This recursive scheme is adopted by Eclat, FP-growth, RE-

lim and several other frequent item set mining algorithms.
They differ in how conditional transaction databases are rep-
resented: in a horizontal representation, a database is stored
as a list (or array) of transactions, each of which lists the items
contained in it. In a vertical representation, the items are first
referred to with a list (or array) and for each item the transac-
tions containing it are listed. However, this distinction is not
pure, since there are combinations of the two forms of repre-
senting a database. Our SaM algorithm is, as far as we know,
the first algorithm that is based on the general scheme outlined
above and uses a purely horizontal representation.
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Figure 1: An example database: original form (1), item fre-
quencies (2), transactions with sorted items (3), lexicographi-
cally sorted transactions (4), and the used data structure (5).
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Figure 2: The basic operations: split (left) and merge (right).

The basic processing scheme can be improved with so-
called perfect extension pruning: an item i /∈ I is called a
perfect extension of an item set I , iff I and I ∪ {i} have the
same support. Perfect extensions have the following proper-
ties: (1) if an item i is a perfect extension of an item set I ,
then it is also a perfect extension of any item set J ⊇ I as
long as i /∈ J and (2) if K is the set of all perfect extensions
of an item set I , then all sets I ∪ J with J ∈ 2K (where 2K

denotes the power set of K) have the same support as I . These
properties can be exploited by collecting in the recursion not
only prefix items, but also, in a third element of a subproblem
description, perfect extension items. They are also removed
from the conditional databases and are only used to generate
all supersets of the prefix that have the same support.

3 A Simple Split and Merge Algorithm
In this section we describe the basic form of our SaM (split
and merge) algorithm. Preprocessing is very similar to many
other frequent item set mining algorithms. The steps are illus-
trated in Figure 1 for a simple example transaction database:
step 1 shows the transaction database in its original form. In
step 2 the item frequencies are determined in order to discard
infrequent items. With a minimum support of 3, items f and g
are infrequent and thus eliminated. In step 3 the (frequent)
items in each transaction are sorted according to their fre-
quency, because processing the items in the order of increas-
ing frequency usually leads to the shortest execution times.
In step 4 the transactions are sorted lexicographically into de-
scending order, with an item with higher frequency preceding
an item with lower frequency. In step 5 the basic data struc-
ture is built by combining equal transactions and setting up an
array, in which each element consists of two fields: an occur-
rence counter and a pointer to the sorted transaction.

The basic operations of the recursive processing, which fol-
lows the general divide-and-conquer scheme reviewed in Sec-
tion 2, are illustrated in Figure 2: in the split step (left) the

given array is split w.r.t. the leading item of the first transac-
tion (item e in our example): all elements referring to trans-
actions starting with this item are transferred to a new array.
In this process the pointer (in)to the transaction is advanced
by one item, so that the common leading item is “removed”
from all transactions. Obviously, this new array represents the
conditional database of the first subproblem (see Section 2),
which is then processed recursively to find all frequent item
sets containing the split item (provided this item is frequent).

The conditional database for frequent item sets not contain-
ing this item (second subproblem, see Section 2) is obtained
with a simple merge step (right part of Figure 2). The new ar-
ray and the rest of the original array are combined with a pro-
cedure that is almost identical to one phase of the well-known
mergesort algorithm. Since both arrays are lexicographically
sorted, one merging traversal suffices to create a lexicograph-
ically sorted merged array. The only difference to a mergesort
phase is that equal transactions (or transaction suffixes) are
combined: There is always only one instance of each trans-
action (suffix), while its number of occurrences is kept in a
counter. In our example this results in the merged array hav-
ing two elements less than the input arrays together: the trans-
action (suffixes) cbd and bd, which occur in both arrays, are
combined and their occurrence counters are increased to 2.

Pseudo-code of SaM is shown in Figure 3: a single page
of code suffices to describe the whole recursion in detail. The
actual C code is even shorter, despite the fact that it contains
additional functionality (like perfect extension pruning, Sec-
tion 2), because certain operations can be written very con-
cisely in C (especially when using pointer arithmetic).

4 Fuzzy Frequent Item Set Mining
There are many applications of frequent item set mining, in
which the transactions do not contain all items that are actu-
ally present. However, standard algorithms are based on exact
matching and therefore are not equipped to meet the needs
arising in such applications. An example is the analysis of
alarm sequences in telecommunication networks, where a core
task is to find collections of alarms occurring frequently to-
gether, so-called episodes. One approach to accomplish this
task is to slide a time window over the alarm sequence. Each
window position then captures a specific slice of the alarm se-
quence [12]. The underlying idea is that in this way the prob-
lem of finding frequent episodes is reduced to that of finding
frequent item sets in a database of transactions: each alarm
can be seen as an item and the alarms in a time window as a
transaction. The support of an episode is the number of win-
dow positions, so that the episode occurred in the window.

Unfortunately, alarms often get delayed, lost, or repeated
due to noise, transmission errors, failing links etc. If alarms
do not get through or are delayed, they are missing from the
transaction (time window) its associated items (alarms) occur
in. If we required exact containment of an item set in this case,
the support of some item sets, which would be frequent if the
items did not get lost, may be lower than the user-specified
minimum. This leads to a possible loss of potentially interest-
ing frequent item sets and to distorted support values.

To cope with such missing information, we rely on the no-
tion of a “fuzzy” or approximate frequent item set. In contrast
to research on fuzzy association rules (see, for example, [13]),
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function SaM (a: array of transactions, (∗ conditional database ∗)
p: set of items, (∗ prefix of the cond. database a ∗)
smin: int) : int (∗ min. support of an item set ∗)

var i: item; (∗ buffer for split item ∗)
s: int; (∗ support of current split item ∗)
n: int; (∗ number of frequent item sets ∗)
b, c, d: array of transactions; (∗ cond. and merged database ∗)

begin (∗ – split and merge recursion – ∗)
n := 0; (∗ init. number of freq. item sets ∗)
while a is not empty do (∗ while database is not empty ∗)

b := empty; s := 0; (∗ init. split result, item support ∗)
i := a[0].items[0]; (∗ get the leading item ∗)
while a is not empty (∗ of the first transaction and ∗)
and a[0].items[0] = i do (∗ split database w.r.t. this item ∗)

s := s + a[0].wgt; (∗ sum occurrences (support) ∗)
remove i from a[0].items; (∗ remove the split item ∗)
if a[0].items is not empty (∗ if trans. is not empty ∗)
then remove a[0] from a and append it to b;
else remove a[0] from a; end; (∗ move it to cond. db., ∗)

end; (∗ otherwise simply remove it ∗)
c := b; d := empty; (∗ initialize the output array ∗)
while a and b are both not empty do (∗ merge step ∗)

if a[0].items > b[0].items (∗ copy trans. from a ∗)
then remove a[0] from a and append it to d;
else if a[0].items < b[0].items (∗ copy trans. from b ∗)
then remove b[0] from b and append it to d;
else b[0].wgt := b[0].wgt +a[0].wgt;

remove b[0] from b and append it to d;
remove a[0] from a; (∗ combine weights and ∗)

end; (∗ move and remove trans.: ∗)
end; (∗ only one instance per trans. ∗)
while a is not empty do (∗ copy the rest of a ∗)

remove a[0] from a and append it to d; end;
while b is not empty do (∗ copy the rest of b ∗)

remove b[0] from b and append it to d; end;
a := d; (∗ loop for second recursion ∗)
if s ≥ smin then (∗ if the split item is frequent: ∗)

p := p ∪ {i}; (∗ extend the prefix item set and ∗)
report p with support s; (∗ report the frequent item set ∗)
n := n + 1 + SaM(c, p, smin);
p := p − {i}; (∗ process cond. db. recursively, ∗)

end; (∗ sum the frequent item sets, ∗)
end; (∗ then restore the orig. prefix ∗)
return n; (∗ return num. of freq. item sets ∗)

end; (∗ function SaM() ∗)

Figure 3: Pseudo-code of the SaM algorithm.

where a fuzzy approach is used to handle quantitative items,
we use the term “fuzzy” to refer to an item set that may not be
present exactly in all supporting transactions, but only approx-
imately. Related work in this direction suggested Apriori-like
algorithms and mining with approximate matching was per-
formed by counting the number of different items in the two
item sets to be compared [6, 10]. However, here we adopt a
more general scheme, based on an approximate matching ap-
proach exhibiting much greater flexibility. Our approach has
two core ingredients: edit costs and transaction weights [15].

Edit costs: A convenient way of defining the distance be-
tween item sets is to consider the costs of a cheapest se-
quence of edit operations needed to transform one item set
into the other [14]. Here we consider only insertions, since
they are most easily implemented with our algorithm1. With
the help of an insertion cost or penalty a flexible and general
framework for approximately matching two item sets can be
established. How one interprets such costs or penalties de-

1Note that deletions are implicit in the mining process (as we
search for subsets of the transactions). Only replacements are an
additional case we do not consider here.

pends, of course, on the application. Note also that different
items may be associated with different costs. For example,
in telecommunication networks different alarms can have a
different probability of getting lost: usually alarms raised in
lower levels of the module hierarchy get lost more easily than
alarms originating in higher levels. In such cases it is conve-
nient to be able to associate the former with lower insertion
costs than the latter. Insertions of a certain item may also be
completely inhibited by assigning a very high insertion cost.

Transaction weights: Each transaction t is associated with
a weight w(t), the initial value of which is 1. If an item i
is inserted into a transaction t, the transaction weight is “pe-
nalized” with a cost c(i) associated with the item. Formally,
this can be described as applying a combination function: the
new weight of the transaction t after inserting an item i /∈ t is
w{i}(t) = f(w(t), c(i)), where f is a function that combines
the weight w(t) before editing and the insertion cost c(i). The
combination function f depends, of course, on the application
and may be chosen from a wide range of possible functions.
For example, any t-norm may be used. We choose multiplica-
tion here, that is, w{i}(t) = w(t) · c(i), mainly for reasons of
simplicity. Note, however, that with this choice lower values
of c(i) mean higher costs as they penalize the weight more, but
that it has the advantage that it is easy to extend to inserting
several items: w{i1,...,im}(t) = w(t)·∏m

k=1 c(ik). It should be
clear that it is w∅(t) = 1 due to the initial weighting w(t) = 1.

How many insertions into a transaction are allowed may be
limited by a user-specified lower bound wmin for the transac-
tion weight. If the weight of a transaction falls below this
threshold, it is not considered in further mining steps. Of
course, this weight may also be set to zero (unlimited inser-
tions). As a consequence, the fuzzy support of an item set I

w.r.t. a transaction database T can be defined as s
(fuzzy)
T (I) =∑

t∈T τ(wI−t(t) ≥ wmin) · wI−t(t), where τ(φ) is a kind of
“truth function”, which is 1 if φ is true and 0 otherwise.

Note that SaM is particularly well suited to handle item in-
sertions, because its purely horizontal transaction representa-
tion makes it easy to incorporate transaction weights. With
other algorithms, more effort is usually needed in order to ex-
tend them to approximate frequent item set mining.

For an implementation, it is beneficial to distinguish be-
tween unlimited item insertions (wmin = 0) and limited item
insertions (wmin > 0). If wmin = 0, it is possible to combine
equal transactions (or transaction suffixes) without restriction:
two equal transactions (or suffixes) t1 and t2 with weights w1

and w2, respectively, can be combined into one transaction
(suffix) t with weight w1 + w2 even if w1 �= w2. If another
item i needs to be inserted into t1 and t2 in order to make
them contain a given item set I , the distributive law (that is,
w1 · c(i) + w2 · c(i) = (w1 + w2) · c(i)) ensures that we still
compute the correct support for the item set I . If, however, we
have wmin > 0 and, say, w1 > w2, then using (w1 +w2) · c(i)
as the contribution of the combined transaction t to the sup-
port of the item set I may be wrong, because it may be that
w1 · c(i) ≥ wmin, but w2 · c(i) < wmin. Then the support
contributed by the two transactions t1 and t2 would rather be
w1 · c(i). Effectively, transaction t2 does not contribute, since
its weight has fallen below the transaction weight threshold.
Hence, with limited insertions, we may combine equal trans-
actions (or suffixes) only if they have the same weight.
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Figure 4: Unlimited item insertions, first recursion level.
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Figure 5: Unlimited item insertions, second recursion level.

5 Unlimited Item Insertions

If unlimited item insertions are possible (wmin = 0), only a
minor change of the data structure is needed: the integer oc-
currence counter for the transactions (or suffixes) has to be
replaced by a real-valued transaction weight. In the process-
ing, the split step stays the same (see Figure 4 on the left),
but now it only yields an intermediate database with all trans-
actions (or suffixes) that actually contain the split item under
consideration (item e in the example). In order to form the
full conditional database, we have to add those transactions
that do not contain the split item, but can be made to con-
tain it by inserting it. This is achieved in the merge step, in
which two parallel merge operations are carried out now (see
Figure 4 on the right). The first part (shown in black) is the
merge that yields the conditional database for frequent item
sets not containing the split item. The second part (shown in
blue/grey) adds those transactions that do not contain the split
item, weighted down with the insertion penalty, to the interme-
diate database created in the split step. Of course, this second
part of the merge operation is only carried out, if c(i) > 0,
where i is the split item, because otherwise no support would
be contributed by the transactions not containing the item i
and hence it would not be necessary to add them. In such a
case the result of the split step would already yield the condi-
tional database for frequent item sets containing the split item.

Note that in both merge operations equal transactions (or
suffixes) can be combined regardless of their weights. As a
consequence we have in Figure 4 entries like for the transac-
tion (suffix) cbd, with a weight of 1.2, which stands for one
occurrence with weight 1 and one occurrence with weight 0.2
(due to the penalty factor 0.2, needed due to the insertion of
item e). As an additional illustration, Figure 5 shows the split
and merge operations for the second recursion level.
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Figure 6: Limited item insertions, first recursion level.
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Figure 7: Limited item insertions, second recursion level.

6 Limited Item Insertions
If item insertions are limited by a transaction weight thresh-
old (wmin > 0), the transaction weight has to be represented
explicitly and kept separate from the number of occurrences.
Therefore the data structure must comprise, per transaction
(suffix), (1) a pointer to the item array, (2) an integer occur-
rence counter, and (3) a real-valued transaction weight. The
last field will be subject to a thresholding operation by wmin,
which eliminates all transactions with a weight less than wmin.
Hence there may now be array elements that refer to the same
transaction (suffix), but differ in the transaction weight.

The processing scheme is illustrated in Figure 6. The split
step is still essentially the same. However, the merge step dif-
fers due to the fact that equal transactions (or suffixes) can
no longer be combined if their weight differs. As a conse-
quence, there are now, in the result of the second merge oper-
ation (shown in blue) two array elements for cbd and two for
bd, which carry different weights. This is necessary, because
they may reach, due to item insertions, the transaction weight
threshold at different times and thus cannot be combined.

That transactions are discarded due to the weight threshold
rarely happens on the first level of the recursion. (This can
occur only if the insertion penalty factor of the split item is
smaller than the transaction weight threshold, which is equiv-
alent to inhibiting insertions of this item altogether). There-
fore, in order to illustrate how transactions are discarded, Fig-
ure 7 shows the second recursion level, where the conditional
database with prefix e is processed. Here the second merge
operation actually discards transactions if we set a transaction
weight limit of 0.1: all transactions, which need two items
(namely both e and a) to be inserted, are not copied.
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Figure 8: Experimental results on the Census (Adult) data;
left: frequent item sets, right: execution times.

7 Experiments
We ran experiments on several data sets, of which we chose
two for this paper: Census (aka Adult, a data set derived from
an extract of the US census bureau data of 1994, which was
preprocessed by discretizing numeric attributes [2]) and BMS-
Webview-1 (a web click stream from a leg-care company that
no longer exists, which has been used in the KDD cup 2000
[8]). We chose these data sets, because Census is rather dense
(a rather large fraction of all items occur in each transaction),
while BMS-Webview-1 is rather sparse, and SaM and RElim
[15] (the two algorithms of which we have implementations
that can find approximate frequent item sets) exhibit a signifi-
cantly different behavior on dense and sparse data sets.

The results are shown in Figure 8 for the census data set and
in Figure 9 for the BMS-Webview-1 data set. In both figures
the diagrams on the left show the decimal logarithm of the
number of found frequent item sets, while the diagrams on the
right show the decimal logarithm of the execution times (in
seconds) for our implementations of SaM and RElim.2 We
tested insertion penalty factors of 1

8 = 0.125, 1
16 = 0.0625,

and 1
32 = 0.03125, non-vanishing insertion penalty factors

2Execution times were measured on an Intel Core 2 Quad Q9300
machine with 3 GB of main memory running openSuSE Linux 11.0
(32 bit) and gcc version 4.3.1.
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Figure 9: Experimental results on the BMS-Webview-1 data;
left: frequent item sets, right: execution times.

for 10, 20, and 40 items, and transaction weight thresholds
that allowed for 1, 2 or an unlimited number of insertions.

As can be seen from the diagrams on the left of each figure,
the two data sets react very differently to the possibility of
inserting items into transactions. While the number of found
frequent item sets rises steeply with all parameters for Census,
it rises only very moderately for BMS-Webview-1, with the
factor even leveling off for lower support values. As it seems,
this effect is due, to a large degree, to the sparseness of BMS-
Webview-1 (this still needs closer examination, though).

SaM fares considerably better on the dense data set (Cen-
sus), beating RElim by basically the same margin (factor) in
all parameter settings, while SaM is clearly outperformed by
RElim on the sparse data set (BMS-Webview-1), even though
the two algorithms are actually on par without item insertion
(solid lines). On both data sets, the number of insertions that
are allowed has the strongest influence: with two insertions
execution times are about an order of magnitude larger than
with only one insertion. However, the possibility to combine
equal transactions with different weights still seems to keep
the execution times for unlimited insertions within limits.

The number of items with a non-vanishing penalty factor
and the value of the penalty factor itself seem to have a similar
influence: doubling the number of items leads to roughly the
same effect as keeping the number the same and doubling the
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penalty factor. This is plausible, since there should not be
much difference in having the possibility to insert twice the
number of items or preserving twice the transaction weight per
item insertion. Note, however, that doubling the penalty factor
from from 1

32 to 1
16 has only a comparatively small effect on

the BMS-Webview-1 data compared to doubling from 1
16 to 1

8 .
On the census data set the effects are a bit more in line.

Overall it should be noted that the execution times, al-
though considerably increased over those obtained without
item insertions, still remain within acceptable limits. Even
with 40 items having an insertion penalty factor of 1

8 and un-
limited insertions, few execution times exceed 180 seconds
(log10(180) ≈ 2.25). In addition, we can observe the inter-
esting effect on the BMS-Webview-1 data that at the highest
parameter settings the execution times become almost inde-
pendent of the minimum support threshold.

8 Conclusions
In this paper we presented a very simple split and merge algo-
rithm for frequent item set mining, which, due to the fact that
it uses a purely horizontal transaction representation, lends it-
self well to an extension to “fuzzy” or approximate frequent
item set mining. In addition, it is a highly recommendable
method if the data to mine cannot be loaded into main mem-
ory and thus the data has to be processed on external storage
or in a (relational) database system. As our experimental re-
sults show, the SaM algorithm performs the task of “fuzzy”
frequent item set mining excellently on the dense Census data,
but shows certain weaknesses on the sparse BMS-Webview-1
data. However, our experiments provided some evidence (to
be substantiated on more data sets) that “fuzzy” frequent item
set mining is much more useful for dense data sets as more ad-
ditional frequent item sets can be found. Hence SaM performs
better in the (likely) more relevant case. Most importantly,
however, one should note that with both SaM and RElim the
execution times remain bearable.

Software: SaM and RElim sources in C can be found at:

http://www.borgelt.net/sam.html
http://www.borgelt.net/relim.html
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Abstract— This article deals with the recognition of recurring
multivariate time series patterns modelled sample-point-wise by para-
metric fuzzy sets. An efficient classification-based approach for the
online recognition of incompleted developing patterns in streaming
time series is being presented. Furthermore, means are introduced
to enable users of the recognition system to restrict results to certain
stages of a pattern’s development, e. g. for forecasting purposes, all
in a consistently fuzzy manner.

Keywords— Fuzzy classification, fuzzy automata, multivariate
time series, pattern recognition.

1 Introduction
Fuzzy sets have been successfully used for a long time for
a model-free or model-based representation of time series or
time series sequences, e. g. for the classification and prediction
of nonlinear systems behaviour [1–4]. This article aims at ex-
tending the fuzzy time series classification approach of [2,3]
to an always aware online recognition system for nonstation-
ary recurring patterns in multivariate streaming time series.
Always aware refers to the ability of the recognition system
presented in this paper to constantly expect to find an (incom-
pleted) pattern in a time series in any of its possible stages of
development, which will be achieved by classification of pat-
tern subsequences. It will be shown how the computationally
expensive classification results for all possible subsequences
can be obtained at almost no additional cost compared to the
classification of completed patterns by relating the recognition
procedure to ideas from fuzzy automata.

2 Fuzzy Modelling of Time Series Patterns
2.1 A Multivariate Parametric Fuzzy Set

In this section a parametric membership function type will
be presented, which will serve as the common basis for the
classifiers developed in this article. For the univariate case, the
membership function is defined in (1). Based upon a potential
function, it has already been successfully used in numerous
applications such as process or medical surveillance [1], time
series modelling and prediction [2, 3] and classifier networks
[5]. One important property of this function is its capability of
modelling asymmetric fuzzy sets by individual parameters for
the left- and right-hand function branches.

µ(x) =



a

1 +
(

1
bl

− 1
)(

r − x

cl

)dl
: x < r

a

1 +
(

1
br

− 1
)(

x − r

cr

)dr
: x ≥ r

(1)

The maximum truth value a of the fuzzy set occurs at its
modal point: µ(x = r) = a. For normalised fuzzy sets,
a = 1 holds, as will be the case throughout this paper. The six
parameters bl/r, cl/r and dl/r determine the extent and shape
of the class. From Fig. 1, the effect of b (0 < b < 1) and c
(c > 0) can be understood. Semantically, they correspond to
the class borders. The d parameter (d ≥ 2) influences the shape
of µ’s descent to zero, with increasing d leading to a sharper
descent and d → ∞ resulting in a rectangular shape. This is
particularly interesting since crisp sets may be represented by
(1) as well.

µ

br

1

r + crr − cl r x

bl

Figure 1: Normalised parametric membership function (1).

The parameters of this membership functions may be chosen
based upon expert knowledge on the one hand, and automati-
cally be computed [1] from a set of learning data on the other
hand.1 Both options benefit from the interpretability of these
parameters.

A probably unique advantage of this function concept is
that a multivariate membership function—based upon a con-
junction of one-dimensional sets using a compensatory n-fold
Hamacher intersection—may also be obtained in parametric
form [1]. The n-fold operator is given by (2). The resulting
multidimensional membership function is, for a simplified case
of symmetric left- and right-hand branches, given by (3). Ad-
ditionally (and omitted here for brevity), the class space may
optionally be rotated in the underlying feature space for each
class individually, leading to (n − 1) further rotation angle
parameters, which can be obtained from a principal component
analysis of the learning data. Fig. 2 depicts two examples of
membership functions in a two-dimensional feature space.

∩n
Ham µi =

1

1
n

n∑
i=1

1
µi

(2)

1The parameters of (1) are computed from data as follows: Firstly,
the modal point r is being calculated by averaging the object values.
The left- and right-hand side extents cl/r are chosen such that all
learning objects, augmented by a so-called elementary fuzziness, lie
within these class borders. Finally, the shape parameters b and d
parameters are—if not specified manually—being computed to best
fit the dispersion of the data.
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µ(x) =
a

1 +
1
n

n∑
i=1

(
1
bi

− 1
)
·
∣∣∣∣xi − ri

ci

∣∣∣∣di
(3)

Figure 2: Two examples of two-dimensional fuzzy classes.

2.2 A Fuzzy Model for Time Series Patterns

The membership function concept introduced in section 2.1
forms the basis of a classifier model for multivariate time series
sequences [2]. It allows to compute a continuous degree of
similarity µ ∈ [0, 1] between a measured time series pattern
and the fuzzy pattern model. Therefore pattern matching is
being treated as a fuzzy classification task. The model de-
scribed hereafter may be employed for equidistantly sampled
univariate or multivariate time series.

Each point x(i) of a time series pattern (length: L sample
points) is being described by a membership function µP,i(x),
x ∈ Rn, i = 1, . . . , L. This model therefore exhibits a soft
tolerance towards noise and other sources of imprecision. To
compare a time series sequence against the model, i. e. to clas-
sify a pattern given by L points x(1), . . . ,x(L), the individual
classification results of each point are combined to an overall
degree of similarity µ ∈ [0, 1] by means of a fuzzy conjunction:

µ = µP,1(x(1)) ∩ · · · ∩ µP,L(x(L)) (4)

If we recall the ideas of section 2.1 which led to the multi-
variate parametric membership function, it appears reasonable
to reuse the same conjunction operator given by (2). In that
manner, the overall classifier for the entire time series pat-
tern could also be thought of as one fuzzy class created from
the conjunction of (L · n) univariate fuzzy sets, forming an
(L · n)-dimensional membership function. Thusly classifica-
tion of time series sequences would very well remain in line
with the multivariate classification paradigm behind section 2.1.
One key advantage of this model—especially in comparison
to many black box models such as neural networks—is its sup-
port for partial classification, i. e. for the classification of any
possible subsequence, simply by intersecting the underlying
classification results for the sample points available. We will
make use of this advantageous property later on.

Fig. 3 depicts an example of an univariate (n = 1) pattern
(length L = 286 sample points) described by this fuzzy time
series model, learned from a set of 14 instances of this pattern
(Coffee dataset, available from [6]). By means of this figure
we may also come to the interpretation of the pattern classifier

as a corridor with soft boundaries. A measured pattern will,
depending on its degree of similarity, more or less follow this
corridor. The properties of the underlying membership function
ensure that no pattern will be absolutely rejected (µ = 0)
by this classifier, thusly enabling a smooth, non-switching
behaviour of the recognition system.

Figure 3: Fuzzy time series model along with a noisy pattern.

While the presented classifier aims at the recognition of re-
curring patterns that are similar in terms of absolute values,
variations such as offsets or scaling may, at least to a certain
extent, be covered by suitable preprocessing steps like normal-
isation. As in section 2.1, the time series pattern model may
either be formulated based upon expert knowledge—eased by
the interpretability of the individual parameters—or be result of
a learning step using a set of pattern instances of the same phe-
nomenon, employing the learning algorithm from section 2.1
for each point of the pattern. The latter is especially interesting
in conjunction with clustering or motif mining algorithms. As
there is no transform involved, the original properties of the
pattern ensemble (energy content, statistics etc.) are mostly
being preserved by this model. Furthermore, short-term fore-
casting of a time series with a partially elapsed pattern is made
possible in a straightforward manner based upon the knowledge
represented by the model.

3 Online Pattern Recognition
3.1 Task Description

The task of online pattern recognition—as we would like to
understand it in the context of this work—can be described by
means of Fig. 4. In a streaming univariate or multivariate time
series x(t), we are looking for instances of a known pattern.
Online pattern recognition firstly implies that an occurrence
of the pattern has to be permanently expected. But in addi-
tion to that, we aim at detecting incompleted patterns, which
would enable short-term predictions of the time series based on
known patterns. For applications such as machine diagnosis,
for instance, this facilitates preventive maintenance actions
before a minor damage develops into a severe one.

At the current point in time tnow (as sketched in Fig. 4), the
model containing the desired pattern has to be adjusted in its rel-
ative position τ such that the subsequence x([tnow−τ ] . . . tnow)
optimally matches the partial model. τ then represents the time
already elapsed in the pattern.

Summarisingly, an online pattern recognition system has to
check if a pattern in a time series can be found at the current
point in time, and if so, at which stage of development τ .
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Figure 4: Online matching of evolving patterns.

3.2 Fuzzy Online Recognition

For reasons outlined above, we would like to treat the pattern
matching problem as a fuzzy classification task, with time
series subsequences (length τ , τ ≤ L) being input to a suitable
classifier representing a pattern of length L. For each point in
time t, this would yield classification results µ(t, τ) for every
possible value of τ . Semantically, µ(tnow, τ) represents the
similarity of the time series subsequence x([tnow − τ ] . . . tnow)
to the first part (length τ ) of the pattern model/classifier.

In a truly fuzzy sense2, each pattern would be found at every
point in time in all possible stages of development τ , expressed
by non-zero classification results µ(t, τ) > 0 ∀τ , even though
µ(t, τ) may, of course, be negligibly small. At any point in
time t, fuzzy classification of evolving time series patterns
therefore results in a fuzzy set µ(t, τ)—instead of just one truth
value µ(t), as in a “conventional” fuzzy classification task,
cf. Fig. 5. Representing the recognition result as a fuzzy set
reflects the fuzziness of the recognition task. It is a joint fuzzy
representation of the following information:

1. Could the pattern be found at the current point in time?
2. What is the pattern’s state of development τ?

Both questions can—in real-world time series—not be an-
swered precisely and unambigously. µ(t, τ) commensurates
with this vagueness. Furthermore, it may be interpreted as
a fuzzy specification of τ , resembling the concept of fuzzy
numbers.3

3.3 Representation as Fuzzy Automaton

In section 2.2, a suitable classifier model for patterns in equidis-
tantly sampled time series has been introduced. As this model
supports partial classification, it is well suited for the online
pattern matching problem. In an online recognition system,
however, obtaining µ(t, τ) for every possible value of τ by
classifying all respective subsequences x([t − τ ] . . . t) would
be a rather time-consuming procedure. More specifically, it
appears incommensurate to recompute the whole fuzzy set
µ(t, τ) if only one new datum x(t) is being presented to the
recognition system at time t. We therefore would like to reuse
the classification result µ(t − 1, τ − 1) of the subsequence

2As an unofficial definition, we would like to understand “true”
fuzziness as a property of models and methods which do not (ex-
plicitely or implicitely) perform crisp decisions or cut-off operations.
For instance, a “truly” fuzzy set has infinite support, thusly all ele-
ments x of the underlying universe of discourse belong to this set
with µ(x) > 0. As a counterexample, triangular fuzzy sets feature
crisp and finite extents, and would therefore not be regarded as “truly”
fuzzy models.

3Although not being a fuzzy number in the sense of Dubois and
Prade [7], especially owing to the very likely multimodality, it matches
the spirit of a fuzzy number as a fuzzified representation of a real-
valued number (here: τ ) quite well.

x

tµ

pattern “A”

t

pattern “B”

x(t) µ(t, τ)
classification

τ
LA LB

µA(t, τ) µB(t, τ)

Figure 5: Fuzzy online recognition of two patterns “A” and “B”
(length LA and LB). At each point in time t, the maximum
truth values of the recognition results µA/B(t, τ) w. r. t. τ point
to the relative positions τ associated to the best match of the
partially elapsed patterns. The fuzzy sets µA/B are shown at
two different stages of development τ for each pattern.

x([(t − 1) − (τ − 1)] . . . t − 1) when computing µ(t, τ) for
x([t − τ ] . . . t).

For discrete time patterns of length L, the pattern recognition
result µ(t, τ) consists of L truth values (τ = 1, . . . , L). This
result may be represented by means of a fuzzy state automaton
[8], as sketched in Fig. 6. Being a fuzzy automaton, each
state—corresponding to a certain value of τ—is active to a
certain degree µ(t, τ). At each point in time t, the automaton
is triggered with a discrete event in the form of a new input
value x(t), leading to new activation levels for each state. An
activation level µ(t, τ) depends on the current input value x(t)
and the former activation level of the previous state:

µ(t, τ) = f(µ(t − 1, τ − 1),x(t)) (5)

1

x(t)

2 3 4

µ(t, 3)µ(t, 2)µ(t, 1) µ(t, τ =4)

z-1 z-1 z-1

Figure 6: (Informal) fuzzy state automaton representation of
a time series pattern recognition system, here for a pattern
consisting of four sample points.

Recalling the internals of the time series pattern classifier
from section 2.2, the overall classification result was gained
from a compensatory Hamacher conjunction (cf. (4)) of indi-
vidual classification results µP,i of time series sample points
xi. Thusly µ(t − 1, τ − 1) consists of a conjunction of τ − 1
truth values. µ(t, τ) could therefore be obtained from a con-
junction of µ(t − 1, τ − 1) and the partial classification result
µP,τ (x(t)) for the τ th point of the time series pattern. However,
this conjunction should reflect the weight of the τ − 1 truth val-
ues that contributed to µ(t− 1, τ − 1), so that µP,τ (x(t)) does
not outweigh all previous information. A suitable conjunction
operator will be derived in the following section, which will
enable us to rewrite (5) to such a weighted conjunction:

µ(t, τ) = µ(t − 1, τ − 1) (τ−1)∩1 µP,τ (x(t)) (6)
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Equation (6) forms the basis for the mode of operation of
the fuzzy automaton from Fig. 6, and will enable us to perform
online recognition of time series patterns much more efficiently.

3.4 Weighted Compensatory Hamacher Conjunction

The compensatory Hamacher conjunction of n truth values
µi (i = 1, . . . , n) has already been introduced in (2). By
rearranging the components of (2) into two sets of truth values,
we may formulate the compensatory Hamacher conjunction of
n = n1 + n2 truth values as:

µ1 ∩ · · · ∩ µn =
1

1
n1 + n2

 n1∑
i=1

1
µi

+
n∑

j=n1+1

1
µj


=

1
1

n1 + n2

(
n1

µ1 ∩ · · · ∩ µn1

+
n2

µn1+1 ∩ · · · ∩ µn

) (7)

= (µ1 ∩ · · · ∩ µn1)
n1∩n2 (µn1+1 ∩ · · · ∩ µn)

Based upon (7) we may now define the (na, nb)-weighted
compensatory Hamacher conjunction of two truth values µa

and µb, which was in a similar manner also derived in [9]:

µa
na∩nb µb =

1
1

na + nb

(
na

µa
+

nb

µb

) (8)

Thusly it becomes possible to compute the conjunction of
new truth values with existing conjunction results without hav-
ing to store the individual truth values leading to the existing
results and while exactly retaining the weight of each truth
value that contributed to the overall result.

Finally, we may define the vectorial weighted conjunction of
two equal-sized truth vectors µa and µb using weight vectors
na and nb containing the individual weights for the respective
elements:

µa
na∩nb µb =



...
1

1
na,i + nb,i

(
na,i

µa,i
+

nb,i

µb,i

)
...

 (9)

3.5 Update Equations for the Fuzzy Automaton

Recalling (6) and employing the weighted conjunction operator
from (8), we may now formulate the update equation for each
fuzzy state of the automaton representation of the recognition
results µ(t, τ) from section 3.3. Equation (6) holds for τ ≥ 2,
as the first state of the automaton does not have a predecessor
state to obtain µ(t − 1, τ − 1). Since the weight of the non-
existing zero-th state would be zero anyway, (6) can (for τ = 1)
be thought of to reduce to solely the classification result for the
first sample point, cf. (10). All further results µ(t, τ ≥ 2) are
computed by a weighted conjunction of antecedent recognition
results and the classification results µP,τ of the new sample
point x(t) available at each point in time.

µ(t, 1) = µP,1(x(t)) (10)

To obtain a vectorial form of the update equations, we de-
fine µP (t) as the vector containing the individual membership
values of x(t) to all classes constituting the fuzzy time series
pattern model, and µτ (t) as the state vector containing all lev-
els of activation of the automaton, and thusly the overall pattern
recognition results:

µP (x(t)) =

µP,1(x(t))
...

µP,L(x(t))

 (11)

µτ (t) =

µτ,1(t)
...

µτ,L(t)

 =

µ(τ, 1)
...

µ(τ, L)

 (12)

Summarisingly, the recursive update equation for the recog-
nition result (the fuzzy set µ(t, τ)) or its vectorial representa-
tion µτ (t) can be condensed from (5), (6) and (9) to (13):

µτ (t) = f(µτ (t − 1)),µP (x(t))) (13)

=
((

1
0

)
+
(
0T 0
I 0

)
· µτ (t − 1)

)
nτ ∩1 µP (x(t))

nτ =


0
1
...

L − 1

 (14)

Incorporating the weight vector nτ , this finally results in:

µτ (t) =



1
1
1
·
(

0
1

+
1

µP,1(x(t))

)
...
1

1
i
·
(

i − 1
µτ,i−1(t − 1)

+
1

µP,i(x(t))

)
...
1

1
L

·
(

L − 1
µτ,L−1(t − 1)

+
1

µP,L(x(t))

)



(15)

Apart from the (L−1) weighted conjunctions of truth values
that are required at each time step, the online recognition of
a (partially elapsed) fuzzy pattern therefore does not require
more underlying classification steps and computations of µP,τ

than would be needed just for the fuzzy classification and
recognition of only completed patterns in streaming time series.

4 Post-Processing Recognition Results
4.1 Windowing of µ(t, τ)

The fuzzy set µ(t, τ)—describing the recognition results of
a pattern found at the current point in time t in all possible
stages of development τ—is a rather complex result containing
a wealth of information. In many cases it will thusly have to
be narrowed down to particularly interesting or relevant parts.
In addition to that, shorter subsequences of the pattern will be
found more often in a time series than the whole pattern. This
results in a tendency to relatively often obtain high degrees

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

977



of similary µ(t, τ) for small values of τ , which will later on
diminish if the time series does not develop further into an in-
stance of the pattern. For longer patterns, a user will therefore
always have to gauge and find a trade-off between the necessity
of detecting patterns at an early stage of development τ (with
a higher risk of a false or premature recognition result) and
the importance of a reliable recognition result (which can ulti-
mately only be achieved at the end of an evolving pattern). This
trade-off cannot be universally formulated in a crisp manner,
and neither does it seem advisable to do so.

These considerations lead us to the idea of letting the user of
the recognition system focus on certain stages development τ
of a pattern in a soft manner, such that the recognition system
only reports matches of the evolving pattern for values of τ
falling within certain (fuzzy) boundaries. Subsequently, we
will call these boundaries the fuzzy window of interest for τ . We
will represent this window of interest by means of a fuzzy set
µw(τ) defined over all possible values of τ , with µw(τ) → 0
indicating low interest in a recognition result for this particular
value of τ , and µw(τ) → 1 indicating high interest.

To obtain a windowed pattern recognition result µ̃(t, τ), the
window of interest µw(τ) and the recognition result µ(t, τ) are
combined as in (16) by a conjunction4 of the two fuzzy sets.
Semantically, this corresponds to a coincidence of a pattern
being found at a certain stage of development and the user’s
subjective assessment of the importance of this particular stage.

µ̃(t, τ) = µ(t, τ) ∩ µw(τ) ∀τ (16)

Equation (16) in its general form includes some interesting
special cases, such as the following: By definition, the truth
values in µ(t, τ) appear equally important to the user regardless
of τ , so that higher values of µ will often be found for smaller
values of τ , although the pattern has just begun to evolve.
Following the windowing approach would also enable us to (for
example: linearly) weigh a recognition result µ(t, τ) according
to the stage of development τ of the pattern by chosing a
suitable µw(τ). To achieve this, µw(τ) has—in this special
case—to be chosen as a fuzzy set with (linearly) increasing
truth values, reaching µw(τ = L) = 1 at the end of the pattern
(length L). If we, as an example, choose the algebraic product
for the operator ∩ in (16), we would simply obtain (17) for a
thusly weighted/windowed recognition result.

µ̃linear (t, τ) = µ(t, τ) · τ

L
(17)

4.2 Deriving Decisions

In order to further process the (windowed) recognition results
µ(t, τ) or µ̃(t, τ), e. g. when serving as a rationale for subse-
quent actions, it will often be necessary to come to a crisp
decision regarding the similarity and stage of development of
a pattern found in a time series. In these cases, the fuzzy set
µ̃(t, τ) has to be condensed to one or more crisp parameters.

Although many defuzzification methods for fuzzy sets are
available [10], we would—for the sake of simplicity—like
to restrict ourselves in this article to a maximum approach
(first of maxima, FOM). The resulting crisp value τ∗ from
µ̃(t, τ) points to the earliest stage of development of the pattern

4As conjunction operator, a non-compensatory operator—such as
all T -norm operators—should be chosen to ensure µ̃(t, τ) ≤ µ(t, τ).

yielding the highest degree of similarity µ̃∗ to the respective
time series subsequence, both of which may be represented as
a fuzzy singleton µ̃∗(t, τ∗) for each point in time t.

5 Example
Fig. 7 shows a time series containing one instance of the pattern
modelled and depicted in Fig. 3. For illustrative purposes, the
instance has been highlighted, as the surrounding parts of the
the time series are relatively similar in amplitude and shape.

200 400 600 800 1000
0

10

20

30

t

x
Figure 7: Univariate time series with a pattern instance.

Employing the fuzzy model from Fig. 3, we are now per-
forming an online recognition of this pattern in the time series
of Fig. 7. While advancing in time t through all points of the
time series, the pattern is constantly being expected to be found
in all5 possible stages of development τ . The classification
results for each point in time t—evolving fuzzy sets µ(t, τ)
defined over τ—are being shown in Fig. 8.

Figure 8: Results for an online recognition of the time series
pattern of Fig. 3.

These recognition results µ(t, τ) reveal high degrees of sim-
ilarity of time series subsequences to the first part (i. e. small
values of τ ) of the pattern, and, in fact, it can be understood
from Fig. 7 that the ascending first slope can (with slight varia-
tions) be found repeatedly throughout the time series. Apart
from that, the progression of a detected instance is well visible
in the course of µ(t, τ). Only once a completed pattern is being
found with distinctly high values for µ(t, τ = L), which point
to the pattern instance embedded in this time series.

To detect a pattern ahead of time (τ < L), e. g. for forecast-
ing purposes, the recognition result has to be well-founded, and
therefore based upon a adequately large number of recognised

5In the first part of the time series, the pattern may only be found
at early stages of development τ < t, i. e. µ(t, τ > t) = 0 must hold.
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sample points τ on the one hand, whilst τ being small enough
to leave sufficient scope for actual forecasting. We will tackle
both problems of “premature” pattern recognition and formu-
lating a compromise for a suitable value of τ delivering usable
recognition results by following the windowing approach for
µ(t, τ) presented in section 4.1. As an example, we would
like to concentrate on recognition results for pattern instances
being at least half-way, but not yet fully completed. Once again
employing the unimodal parametric membership function from
(1), we formulate a fuzzy window of interest µw(τ) for this
certain stage of the pattern’s development, cf. Fig. 9.6 Due to
the fuzzy nature of the presented method, slight variations of
µw(τ) and its parameters will not alter the overall system be-
haviour and recognition results in a drastic, switching manner.
This eases the design of µw(τ), as no “critical” decisions have
to be made when choosing its parameters.

50 100 150 200 250
0

0.5

1

τ

µ

Figure 9: Fuzzy window of interest µw(τ) for pattern recogni-
tion results µ(t, τ) from Fig. 8.

For each t, the recognition result (fuzzy set) µ(t, τ) was pro-
cessed as given by (16) using a Hamacher product with µw(τ).
The windowed recognition results µ̃(t, τ) are shown in Fig. 10.
As a final step, a simple decision strategy was followed to gen-
erate crisp recognition results in singleton form for each point
in time t. For each fuzzy set µ̃(t, τ), the modal (maximum)
value µ̃∗(t, τ∗) was determined. Any result for τ∗ with a corre-
sponding truth value falling below a threshold µ̃∗(t, τ∗) < 0.5
was discarded. Results of this decision procedure are marked
in Fig. 10. As can be seen in this figure, two candidate pattern
instances are being identified at the desired stage of develop-
ment τ , the first one of which vanishing quickly. The actual
pattern instance embedded in the time series of Fig. 7 is being
recognised reliably throughout the fuzzy window of interest.

6 Conclusions
This article dealt with the online recognition of patterns in mul-
tivariate time series. The vectorial recursive update equation
for the recognition results derived in section 3.5 allows to ob-
tain a fuzzy recognition result µ(t, τ) for all possible stages of
development τ of a pattern at almost the same computational
cost as required for the fuzzy classification of only completed
patterns. By formulating and applying a fuzzy window of in-
terest, the recognition result µ(t, τ) can be narrowed down to
parts relevant for the respective application in a fuzzy manner.
This also eases a subsequent crisp decision step.

Further work will concentrate on the application of the model
and methods presented here to the recognition and prediction

6The parameter were chosen manually: r = 150, bl = 0.5, br =
0.7, cl = 30, cr = 100, dl = 4, dr = 2. For τ < r, dl = 4 and
cl = 30 ensure a quick decrease of µw(τ), whereas the right-hand
side parameters br , cr , dr provide a gentle decrease of µw for τ > r.

Figure 10: Windowed recognition results µ̃(t, τ). Singleton
results µ̃∗(t, τ∗) of the decision procedure are marked with
dots (slightly increased for better visibility).

of recurring patterns in energy load time series. Besides that,
an enhancement of the decision procedure appears promising.
A desirable goal would be a fuzzy decision process delivering
parametric fuzzy information for the stage of development
of a detected pattern. This could be more directly employed
in subsequent (e. g. prediction) steps without discarding the
fuzziness always inherent in a real-world recognition result.
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Abstract— The Greenfield-Chiclana Collapsing Defuzzifier
comes in many variants, depending on the order of slice collapse.
The accuracy of the fundamental variants of forward, backward, in-
ward and outward, and the composite variants of forward-backward
and outward right-left is compared experimentally for the discretised
interval type-2 fuzzy set.

Keywords— Centroid, Collapsing, Defuzzification, Interval Type-
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1 Introduction
A fuzzy inferencing system (FIS) is a computerised system
that uses fuzzy sets and rules to support decision making.
Type-2 FISs are being developed for an increasing number of
applications such as [1], [2], [3]. There are five main stages to
any FIS: fuzzification, antecedent computation, implication,
aggregation and defuzzification. In the case of a type-2 FIS
(where at least one fuzzy set is type-2), defuzzification con-
sists of two parts — type-reduction and defuzzification proper,
as shown in figure 1. Type-reduction is the procedure by
which a type-2 fuzzy set is converted to a type-1 fuzzy set,
known as the type-reduced set (TRS). The TRS is then easily
defuzzified to give a crisp number.

Inference

Fuzzifier

Rules

Fuzzy

input sets

Defuzzifier

Type-reducer

Fuzzy

output sets

inputs

Crisp

Crisp

output

Output Processing

 Type-reduced

Set (Type-1)

Type-2 FLS

y

x

Figure 1: Type-2 FIS (from Mendel [4]).

The type-reduction stage of type-2 defuzzification is prob-
lematic owing to its computational complexity. This is the
type-reduction algorithm originally described by Mendel ([4],
pages 248-252):

1. All possible type-2 embedded sets ([4], definition 3-10,
page 98) are enumerated.

2. For each embedded set the minimum secondary member-
ship grade is found.

3. For each embedded set the domain value of the type-1
centroid of the type-2 embedded set is calculated.

4. For each embedded set the secondary grade is paired with
the domain value to produce a set of ordered pairs (x,z).

It is possible that for some values of x there will be more
than one corresponding value of z.

5. For each domain value, the maximum secondary grade
is selected. This creates a set of ordered pairs (x,zMax)
such that there is a one-to-one correspondence between
x and zMax. This completes the type-reduction of the
type-2 set to the type-1 TRS.

The resultant TRS, as with any type-1 fuzzy set, is readily
defuzzified by finding its centroid.

Thus type-reduction involves the processing of all the em-
bedded sets within the type-2 set. This is why we term the pro-
cedure ‘exhaustive defuzzification’. Embedded sets are very
numerous. For instance, when a prototype type-2 FIS per-
formed an inference using sets which had been discretised into
51 slices across both the x and y-axes, the number of embed-
ded sets in the aggregated set was calculated to be in the order
of 2.9× 1063. Though individually easily processed, embed-
ded sets in their totality give rise to a processing bottleneck
simply by virtue of their high cardinality. Consequently, ex-
haustive defuzzification is an impractical technique.

A computationally simpler alternative to the exhaustive
method is the Greenfield-Chiclana Collapsing Defuzzifier, in-
troduced in [5]. This technique converts an interval type-2
fuzzy set into a type-1 fuzzy set which approximates to the
representative embedded set (RES), whose defuzzified value
is equal to that of the original type-2 set. As a type-1 set, the
RES may then be defuzzified straightforwardly.

In this paper we build on the work reported in [5]. The next
section covers assumptions and definitions; section 3 presents
an overview of the collapsing defuzzifier, after which section
4 introduces the theme of this article, the notion that there are
variants of the collapsing method. Sections 5 and 6 are con-
cerned with finding experimentally the most accurate variant.

2 Preliminaries
2.1 Assumptions
Discretisation The work presented here is concerned only
with defuzzification of discretised type-2 fuzzy sets.

Interval Type-2 Fuzzy Set This paper is concerned with the
interval type-2 fuzzy set.

Centroid Method of Defuzzification It is assumed that the
centroid method of defuzzification ([6], page 336) is used.

2.2 Definitions
Definition 1 (Degree of Discretisation) The degree of dis-
cretisation of a discretised fuzzy set is the separation of the
slices.
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Scalar Cardinality For type-1 fuzzy sets, Klir and Folger
([7], p17) define scalar cardinality as follows:

Definition 2 (Scalar Cardinality) The scalar cardinality of a
fuzzy set A defined on a finite universal set X is the summation
of the membership grades of all the elements of X in A. Thus,

| A |= ∑
x∈X

µA(x). ([7], p17)

To distinguish scalar cardinality from cardinality in the classi-
cal sense, we adopt the ‘‖ ‖’ symbol for scalar cardinality.

3 Overview of the Collapsing Method
An interval type-2 set may be regarded as a blurred type-1 set.
The collapsing method is a technique for deriving a type-1
fuzzy set from a type-2 fuzzy set, and may be thought of as a
reversal of blurring. The type-1 set’s membership function is
calculated so that its defuzzified value approximates that of the
type-2 fuzzy set. It is a simple matter to defuzzify the type-
1 set, and to do so would be to find the defuzzified value of
the original type-2 fuzzy set. The collapsing process approx-
imates the output of the type-reducer followed by the type-1
defuzzifier, and in so doing reduces the computational com-
plexity of type-2 defuzzification. We term this special type-1
set the ‘representative embedded set approximation (RESA)’.
(Full details of the collapsing algorithm, including proof of the

x

y

0 1
0

1

L

U

RES

Figure 2: A Representative Embedded Set.

associated theorem, may be found at [5].) We formally state
the Simple1 Representative Embedded Set Approximation:

Theorem 1 (Simple Representative Embedded Set Approx.)
The membership function of the embedded set R derived by
dynamically collapsing slices of a discretised type-2 interval
fuzzy set F̃, having lower membership function L, and upper
membership function U, is:

µR(xi) = µL(xi)+ ri

with

ri =

(
‖L‖+

i−1

∑
j=1

r j

)
bi

2
(
‖L‖+

i−1

∑
j=1

r j

)
+bi

, (1)

1In [5], we used the term ‘simple’ to describe an interval set in
which each vertical slice consists of only two points, corresponding
to L and U . The term is redundant in the context of this paper.

and bi = µU (xi)−µL(xi), r0 = 0.

This is an iterative formula. Collapsing proceeds vertical
slice by vertical slice. The first slice is collapsed, the first y-
value of the RESA calculated, the next slice is collapsed and
the second y-value of the RESA calculated, and so on until all
the slices have been collapsed. In this formula each bi is the
blur for vertical slice i, i.e. the difference between the upper
membership function and the lower membership function for
slice i. Each ri is the amount by which the y-value of L must
be increased to give the y-value of the RESA R.

4 Variants of the Collapsing Method
As we have seen, equation (1) is the formula for collapsing.
This is in fact a version of collapsing — the most intuitive
variant, whereby the slices are collapsed in the order of in-
creasing domain value (x = 0 to x = 1). We term this col-
lapsing forward. However slice collapse may be performed in
any slice order giving slightly different RESAs. If the domain
of the interval type-2 fuzzy set is discretised into s vertical
slices, the number of permutations of these slices is s! ([8],
page 139). Therefore there must be s! RESAs obtainable by
varying the order of slice collapse. The question this piece of
research addresses is, “Does the order in which the slices are
collapsed affect the accuracy of the method?”

There are four fundamental variants, which we term for-
ward, backward, outward and inward. Inward and outward
may each be approached in two different ways. For the in-
ward variant, slice collapse might start from the left or from
the right. For the outward variant, the first slice is in the mid-
dle2, but the second slice may be to the right or to the left.
Added to these, there are composite variants, such as forward-
backward, which is the mean of the defuzzified values found
by collapsing forward and collapsing backward.

5 Experimental Comparison
5.1 Test Sets
We chose to test defuzzification in isolation from the rest of
an FIS, on specially created test sets. Our methodology was
to run different collapsing variants against each other to see
which gave the most accurate results.

Symmetric Horizontal Test Set The lower membership
function is the line y = 0.2; the upper membership function
the line y = 0.8. The shape of this test set may be described
as a horizontal stripe. The symmetry of this set tells us that its
defuzzified value is 0.5.

Symmetric Triangular Test Set This is a normal test set.
The lower and upper membership functions are both triangular
in shape, both with vertices at (0.4,1). The symmetry of this
set reveals its defuzzified value to be 0.4.

Asymmetric Gaussian Test Set This test set was deliber-
ately designed to be asymmetrical, and hence a more realis-
tic simulation of an FIS aggregated set. Both the lower and
upper membership functions are Gaussian. As this set has
no symmetry, exhaustive defuzzification (section 1) had to be
employed to determine the actual defuzzified value, which, as

2We always employ an odd number of slices, giving a determinate
middle slice.
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would be expected, varies slightly with the degree of discreti-
sation.

5.2 Test Strategy
A preliminary set of tests was performed on the fundamen-
tal variants: forward, backward, inward, outward, and the
composite variant forward-backward. As will be reported in
the next section, the outward variant outperformed the others.
This led on to further tests to discover the most accurate ver-
sion of collapsing outward.

For the Gaussian test set, the only way of knowing its de-
fuzzified value was to employ exhaustive defuzzification (sec-
tion 1). This procedure only works properly for 21 slices or
under. In contrast, the horizontal and triangular test sets reveal
their defuzzified values by symmetry, so the number of slices
used can be much higher, allowing finer discretisation.

6 Results and Conclusion

6.1 Preliminary Tests
Table 1 gives the results for the horizontal test set; table 2
gives the associated errors. Table 3 shows the triangular test
set results, and table 4 the errors. The defuzzification results
for the Gaussian test set are shown in table 5, with the errors in
table 6. For all three test sets, the best performing variant was
outward, followed by inward, then forward and backward. For
the symmetrical sets (horizontal and triangular), the errors of
collapsing forward were equal and opposite to those of col-
lapsing backward. Therefore in these cases we would expect
collapsing forward-backward to give exact results. This has
been confirmed by experiments. For the Gaussian test set,
backward performed more poorly than forward. In this case
the composite of forward-backward performed worse than for-
ward, though better than backward.

6.2 Further Tests
The outward variant may be performed in two ways, outward
right and outward left (section 4). Collapsing right-left is the
mean of collapsing right and collapsing left. The results and
associated errors for the three versions of the outward variant
as applied to the three test sets are shown in tables 7 to 9.

For the symmetrical horizontal test set, outward right and
outward left gave rise to equal but opposite errors. For the
composite outward right-left, these errors cancelled to zero.

The triangular test set, though symmetrical, is not placed
symmetrically about x = 0.5. The errors of collapsing right
and collapsing left were of equal sign and either equal or very
close in quantity. When the errors were not equal, those of out-
ward left were marginally smaller than those of outward right.
Unsurprisingly, the performance of the composite of outward
right-left fell between that of outward right and outward left.

For the Gaussian test set, the errors were all of negative
sign. At all degrees of discretisation, outward left gave the
best results, outward right the poorest, and outward right-left
came in between.

For two of the three test sets outward left outperformed out-
ward right. Our conjecture is that the position of the cen-
troid is an important factor affecting which performs better
out of outward right and outward left. This topic requires fur-
ther research using a wider range of test sets, but for now we

conclude that the optimum strategy is the composite outward
right-left.

6.3 Why is Outward the Most Accurate Variant?
This explanation is based on the symmetrical horizontal test
set. As each slice is collapsed, ‖L‖+∑ j=i−1

j=1 r j in both the nu-
merator and denominator of the collapsing formula (equation
(1)) increases, which means that as the collapse progresses,
the ri for each collapsed slice i is a closer approximation to
1
2 bi, i.e. half the ‘blur’ term. Thus with every successive col-
lapsed slice, the RESA tends towards the midline of L and U ,
as shown in figure 3 for the forward and backward variants.

For the symmetrical horizontal test set, we take the RES to
be the midline of L and U for two reasons. Firstly, by symme-
try we would expect the RES to be a horizontal line. Secondly,
as the number of slices is increased (either as the collapse pro-
gresses, or as the degree of discretisation is made finer), the
RESA gets closer to the midline of L and U .

Therefore, as the slices are collapsed, the RESA approaches
the RES. This means that the earlier slices in the RESA deviate
more from the RES than the later ones. To get the best results,
the collapse need to proceed symmetrically. Both the inward
and outward variants meet this criterion; the inaccuracies are
distributed symmetrically. However the greatest inaccuracy is
associated with the first collapsed slice. To achieve maximum
accuracy, the ideal place for this first slice to be positioned
is centrally, as the effect on the defuzzified value obtained is
then minimal. For this reason outward (figure 4) gives a more
accurate defuzzified values than inward. We would expect the
same reasoning to apply to all type-2 fuzzy test sets. However
further investigation, using radically contrasting test sets, is
planned.
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Table 1: Defuzzified Values Obtained by Collapsing the Symmetrical Horizontal Test Set.

Degree of Defuzzified Collapsing Collapsing Collapsing Collapsing
Discretisation Value Forward Backward Inward Outward
0.1 0.5 0.5038320922 0.4961679078 0.4993086838 0.4995891494
0.05 0.5 0.5019998917 0.4980001083 0.4998049953 0.4998891777
0.02 0.5 0.5008177226 0.4991822774 0.4999665227 0.4999815068
0.01 0.5 0.5004115350 0.4995884650 0.4999914377 0.4999953154
0.005 0.5 0.5002064040 0.4997935960 0.4999978353 0.4999988213
0.002 0.5 0.5000827100 0.4999172900 0.4999996513 0.4999998107
0.001 0.5 0.5000413793 0.4999586207 0.4999999126 0.4999999526
0.0001 0.5 0.5000041401 0.4999958599 0.4999999991 0.4999999995
0.00001 0.5 0.5000004140 0.4999995860 0.5000000000 0.5000000000

Table 2: Errors Incurred in Collapsing the Symmetrical Horizontal Test Set.

Degree of Defuzzified Collapsing Collapsing Collapsing Collapsing
Discretisation Value Forward Backward Inward Outward
0.1 0.5 0.0038320922 -0.0038320922 -0.0006913162 -0.0004108506
0.05 0.5 0.0019998917 -0.0019998917 -0.0001950047 -0.0001108223
0.02 0.5 0.0008177226 -0.0008177226 -0.0000334773 -0.0000184932
0.01 0.5 0.0004115350 -0.0004115350 -0.0000085623 -0.0000046846
0.005 0.5 0.0002064040 -0.0002064040 -0.0000021647 -0.0000011787
0.002 0.5 0.0000827100 -0.0000827100 -0.0000003487 -0.0000001893
0.001 0.5 0.0000413793 -0.0000413793 -0.0000000874 -0.0000000474
0.0001 0.5 0.0000041401 -0.0000041401 -0.0000000009 -0.0000000005
0.00001 0.5 0.0000004140 -0.0000004140 0.0000000000 0.0000000000
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Table 3: Defuzzified Values Obtained by Collapsing the Symmetrical Triangular Test Set.

Degree of Defuzzified Collapsing Collapsing Collapsing Collapsing
Discretisation Value Forward Backward Inward Outward
0.1 0.4 0.4001359091 0.3998640909 0.4001131909 0.3998916916
0.05 0.4 0.4000597189 0.3999402811 0.4000498280 0.3999505451
0.02 0.4 0.4000230806 0.3999769194 0.4000195457 0.3999808751
0.01 0.4 0.4000115326 0.3999884674 0.4000098170 0.3999904744
0.005 0.4 0.4000057773 0.3999942227 0.4000049299 0.3999952381
0.002 0.4 0.4000023153 0.3999976847 0.4000019784 0.3999980943
0.001 0.4 0.4000011585 0.3999988415 0.4000009904 0.3999990469
0.0001 0.4 0.4000001159 0.3999998841 0.4000000992 0.3999999047
0.00001 0.4 0.4000000116 0.3999999884 0.4000000099 0.3999999905

Table 4: Errors Incurred in Collapsing the Symmetrical Triangular Test Set.

Degree of Defuzzified Collapsing Collapsing Collapsing Collapsing
Discretisation Value Forward Backward Inward Outward
0.1 0.4 0.0001359091 -0.0001359091 0.0001131909 -0.0001083084
0.05 0.4 0.0000597189 -0.0000597189 0.0000498280 -0.0000494549
0.02 0.4 0.0000230806 -0.0000230806 0.0000195457 -0.0000191249
0.01 0.4 0.0000115326 -0.0000115326 0.0000098170 -0.0000095256
0.005 0.4 0.0000057773 -0.0000057773 0.0000049299 -0.0000047619
0.002 0.4 0.0000023153 -0.0000023153 0.0000019784 -0.0000019057
0.001 0.4 0.0000011585 -0.0000011585 0.0000009904 -0.0000009531
0.0001 0.4 0.0000001159 -0.0000001159 0.0000000992 -0.0000000953
0.00001 0.4 0.0000000116 -0.0000000116 0.0000000099 -0.0000000095

Table 5: Defuzzified Values Obtained by Collapsing the Gaussian Test Set.

Degree of Defuzzified Collapsing Collapsing Collapsing Collapsing Collapsing
Discretisation Value (EM) Forward Backward Inward Outward Forward-Backward
0.5 0.2899142309 0.2947300898 0.4090097593 0.2940174555 0.2884666838 0.3518699246
0.25 0.2906756945 0.2925398791 0.3712146394 0.2923170555 0.2900969651 0.3318772592
0.125 0.3043413255 0.3052741624 0.3526142975 0.3051864643 0.3041285835 0.3289442299
0.1 0.3074987724 0.3082433183 0.3477346996 0.3081777251 0.3073450280 0.3279890090
0.0625 0.3125118626 0.3129728510 0.3393585073 0.3129362993 0.3124323840 0.3261656791
0.05 0.3142610070 0.3146278507 0.3362363800 0.3145998182 0.3142020426 0.3254321154

Table 6: Errors Incurred in Collapsing the Gaussian Test Set.

Degree of Defuzzified Collapsing Collapsing Collapsing Collapsing Collapsing
Discretisation Value (EM) Forward Backward Inward Outward Forward-Backward
0.5 0.2899142309 0.0048158589 0.1190955284 0.0041032246 -0.0014475471 0.0619556937
0.25 0.2906756945 0.0018641846 0.0805389449 0.0016413610 -0.0005787294 0.0412015647
0.125 0.3043413255 0.0009328369 0.0482729720 0.0008451388 -0.0002127420 0.0246029044
0.1 0.3074987724 0.0007445459 0.0402359272 0.0006789527 -0.0001537444 0.0204902366
0.0625 0.3125118626 0.0004609884 0.0268466447 0.0004244367 -0.0000794786 0.0136538165
0.05 0.3142610070 0.0003668437 0.0219753730 0.0003388112 -0.0000589644 0.0111711084
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Table 7: Defuzzified Values and Errors Obtained for the Symmetrical Horizontal Test Set, Collapsed Outward.

Collapsing Defuzzified Values Errors
Degree Defuzzified Outward Outward Outward Outward Outward Outward
of Disc. Value Right Left Right-Left Right Left Right-Left
0.1 0.5 0.4995891494 0.5004108506 0.5000000000 -0.0004108506 0.0004108506 0.0000000000
0.05 0.5 0.4998891777 0.5001108223 0.5000000000 -0.0001108223 0.0001108223 0.0000000000
0.02 0.5 0.4999815068 0.5000184932 0.5000000000 -0.0000184932 0.0000184932 0.0000000000
0.01 0.5 0.4999953154 0.5000046846 0.5000000000 -0.0000046846 0.0000046846 0.0000000000
0.005 0.5 0.4999988213 0.5000011787 0.5000000000 -0.0000011787 0.0000011787 0.0000000000
0.002 0.5 0.4999998107 0.5000001893 0.5000000000 -0.0000001893 0.0000001893 0.0000000000
0.001 0.5 0.4999999526 0.5000000474 0.5000000000 -0.0000000474 0.0000000474 0.0000000000
0.0001 0.5 0.4999999995 0.5000000005 0.5000000000 -0.0000000005 0.0000000005 0.0000000000
0.00001 0.5 0.5000000000 0.5000000000 0.5000000000 0.0000000000 0.0000000000 0.0000000000

Table 8: Defuzzified Values and Errors Obtained for the Symmetrical Triangular Test Set, Collapsed Outward.

Collapsing Defuzzified Values Errors
Degree Defuzzified Outward Outward Outward Outward Outward Outward
of Disc. Value Right Left Right-Left Right Left Right-Left
0.1 0.4 0.3998916916 0.3998916916 0.3998916916 -0.0001083084 -0.0001083084 -0.0001083084
0.05 0.4 0.3999505451 0.3999522908 0.3999514180 -0.0000494549 -0.0000477092 -0.0000485820
0.02 0.4 0.3999808751 0.3999812363 0.3999810557 -0.0000191249 -0.0000187637 -0.0000189443
0.01 0.4 0.3999904744 0.3999905679 0.3999905212 -0.0000095256 -0.0000094321 -0.0000094788
0.005 0.4 0.3999952381 0.3999952617 0.3999966681 -0.0000047619 -0.0000047383 -0.0000047501
0.002 0.4 0.3999980943 0.3999980981 0.3999980962 -0.0000019057 -0.0000019019 -0.0000019038
0.001 0.4 0.3999990469 0.3999990479 0.3999990474 -0.0000009531 -0.0000009521 -0.0000009526
0.0001 0.4 0.3999999047 0.3999999047 0.3999999047 -0.0000000953 -0.0000000953 -0.0000000953
0.00001 0.4 0.3999999905 0.3999999905 0.3999999905 -0.0000000095 -0.0000000095 -0.0000000095

Table 9: Defuzzified Values and Errors Obtained for the Gaussian Test Set, Collapsed Outward.

Collapsing Defuzzified Values Errors
Degree Defuzzified Outward Outward Outward Outward Outward Outward
of Disc. Value Right Left Right-Left Right Left Right-Left
0.5 0.2899142309 0.2884666838 0.2890645675 0.2887656257 -0.0014475471 -0.0008496634 -0.0011486052
0.25 0.2906756945 0.2900969651 0.2902918203 0.2901943927 -0.0005787294 -0.0003838742 -0.0004813018
0.125 0.3043413255 0.3041285835 0.3041906758 0.3041285835 -0.0002127420 -0.0001506497 -0.0001816959
0.1 0.3074987724 0.3073450280 0.3073862653 0.3073656467 -0.0001537444 -0.0001125071 -0.0001331257
0.0625 0.3125118626 0.3124323840 0.3124493111 0.3124408476 -0.0000794786 -0.0000625515 -0.0000710150
0.05 0.3142610070 0.3142020426 0.3142130418 0.3142075422 -0.0000589644 -0.0000479652 -0.0000534648
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Abstract—The use of hierarchical taxonomies to organise 
information (or sets of objects) is essential to the semantic web and is 
also fundamental to many aspects of web 2.0. In most cases, the 
seemingly crisp granulation of a taxonomy disguises the fact that 
categories are based on loosely defined concepts which are better 
modelled by allowing graded membership. Fuzzy categories may also 
arise when integrating information from multiple sources which do 
not conform to precisely the same taxonomy definitions. Knowledge 
of relations between categories can be summarised by association 
rules. In this paper, we outline a new method to calculate fuzzy 
confidences for association rules between fuzzy categories from 
different hierarchies. We illustrate with examples drawn from a 
system that integrates information from web-based sources. 
Keywords— fuzzy association rules, fuzzy data mining, fuzzy 

hierarchies, soft semantic web, mass assignment.   

1 Introduction 

The semantic web [1] is a co-ordinated attempt to develop 

“common formats for integration and combination of data 
drawn from diverse sources”

*
 whilst Web2.0 is an emergent 

trend involving changes in web use, including user 

participation, content sharing, collaboration, etc. Both rely 

heavily on hierarchical taxonomies as a fundamental 

mechanism for information organisation. In the case of the 

semantic web, ontologies provide a formal definition of 

terms, relations, constraints, etc. as well as their 

correspondence to objects in the real world. For example, an 

ontology for wine retailers would define terms such as grape 

type, vintage, region, descriptions of flavour, etc. Web 

documents using these terms can be processed by machines, 

knowing that the “meaning” is defined by the ontology. The 

use of “tags” from the ontology enables automated reasoning 

as well as assisting human understanding. 

 
*
 taken from http://www.w3.org/2001/sw/ 

In the case of Web 2.0, tagging and categorisation also 

play a central role. Photo and video sharing sites, wikis, 

blogs, and large parts of e-commerce rely on hierarchical 

categorisation of content. This may be implicit rather than 

explicit - a tag such as sport can encompass athletics, 

swimming, football, etc - but the hierarchical nature is 

unarguable. Rather than relying on formal, agreed 

ontologies, the meaning of a tag is essentially defined by the 

user who adds the tag, and a degree of shared understanding 

is necessary for the system to work.  

The ability to categorise and summarise data is a key 

feature of human intelligence, enabling us to group multiple 

entities together into an (approximately) uniform whole and 

represent / reason about the group as a single concept. Many 

familiar ways to access information such as books, libraries, 

computer file structures, the web and other networks provide 

evidence that hierarchical categorisation is an efficient way 

to organise and access information.  

There is rarely a single unique hierarchy - instead, a 

person chooses the most appropriate way to split up data 

according to their expertise / background knowledge and the 

problem at hand. For example, Fig 1 shows two possible 

divisions of customers. Here, as in most real-world 

hierarchies, groups of entities (or conceptual categories) are 

loosely defined, able to admit elements according to some 

scale of membership rather than according to an absolute 

yes/no test - indicating that fuzzy set theory [2] is 

appropriate.  

An association exists when the extensions of two concepts 

overlap significantly, as indicated in Fig 1 by the directed 

link. Association rules (in their crisp form) are a well-

established technique for knowledge discovery in databases, 

Figure 1: Two fuzzy taxonomies giving different views of customer records. 

customers 

prospective current former 

customers 

satisfied dissatisfied 

sales dept  view support dept   view 

very satisfied quite  satisfied 

John Smith 

“customer John 
Smith is currently 
slightly dissatisfied, 
but is generally 
quite satisified” 

“Most of our  
current customers are satisfied” 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

986



 

 

enabling “interesting” relations to be discovered. There have 

been a number of proposals to develop fuzzy association 

rules, that is to discover the degree of association between 

fuzzy categories. Some of our recent work has used mass 

assignment theory [3-5] to find a point valued association 

strength between fuzzy categories [6], later extended to an 

interval-valued version [7]. In common with other work on 

fuzzy association rules, most of our previous work assumes 

there is a crisp value for the rule confidence.  

The main contribution of this paper is a novel mass 

assignment-based method for calculating a fuzzy confidence 

in associations between fuzzy categories. It relies on a new 

method of converting fuzzy relations to mass assignments 

and a membership function for fuzzy confidence related to 

the movement of mass needed to produce that confidence 

value. The minimum and maximum values for the 

confidence can be found quickly, and memberships 

calculated based on the corresponding mass assignments. A 

full version, including proofs, will appear subsequently [8].  

2 Background 

The Smart Queries and Adaptive Data (SQuAD) project is 

concerned with adding structure (tags) to data  and refining 

approximate knowledge from this data. It aims to assist in 

the extraction of useful information from diverse sources of 

semi-structured text data and consists of four main 

components: 

- approximate fuzzy grammars [9] to tag small text 

fragments.  

- SOFT  (Structured Object Fusion Toolkit) [10] to help 

determine that entities from different sources are the same (a 

process also known as instance-matching, entity resolution)   

- iPHI (intelligent Personal Hierarchies of Information)  

[11, 12]  which aims to combine and integrate multiple 

sources of information and to configure access to the 

information based on an individual’s personal categories. 

- TRACK (Time-varying Relations in Approximately 

Categorised Knowledge). [7] The previous three processes 

leave us with a collection of objects organised into fuzzy 

categories, where the taxonomic structure reflects a view of 

the underlying data. Insight can be gained by considering 

relations between fuzzy categories, particularly from 

different category hierarchies. Of particular interest is the 

change over time in the degree of association between fuzzy 

categories - for example, in Fig 1, an executive in charge of 

the company would be interested to know whether the set of 

current customers (in the sales department’s categorisation) 

is mostly the same as the fuzzy set of satisfied customers (in 

the support department’s categorisation) and how the 

relation has changed over recent time, over the medium term 

and over the long term - particularly if there have been 

significant changes such as company practice, number/nature 

of competitors, etc during any of these periods. 

2.1 Fuzzy Sets - the Conjunctive Interpretation 
Many authors (e.g. [13]) have proposed fuzzy sets to model 

uncertain values in databases and knowledge based 

applications. The standard (disjunctive) interpretation of a 

fuzzy set in this context is as a possibility distribution - a 

single valued attribute which is not known exactly. 

The conjunctive interpretation of a fuzzy set occurs when 

the attribute can have multiple values. These values are not 

repeated so it is a set, not a multi-set. For example, a person 

may be able to speak several languages; we could model this 

as a fuzzy set of languages, where membership would 

depend on the degree of fluency. This is formally a relation 

rather than a function on the underlying sets. We distinguish 

between the  conjunctive interpretation - modelled by a 

monadic fuzzy relation – and the disjunctive interpretation – 

modelled by a possibility distribution by using the notation 

 F(a) = {x/µ(x) | x � U}  

to denote a single valued attribute F of some object a (i.e. a 

possibility distribution over a universe U) and 

 R(a) = [x/�(x) | x � U] 

to denote a multi-valued attribute (relation). Fuzzy 

categories represent the latter case, since we have multiple 

values that satisfy the predicate to a greater or lesser degree.  

2.2 Extending Association Rules to Fuzzy Categories 
In creating association rules within transaction databases 

(e.g. [14], see also [15] for a clear overview), the standard 

approach is to consider a table in which columns correspond 

to items and each row is a transaction. A cell contains 1 if 

the item was bought, and 0 otherwise. The aim of association 

rule mining is to find links between disjoint subsets of items 

– for example, do customers generally buy biscuits and 

cheese when buying beer and wine? These disjoint subsets 

represent categories, as described earlier. 

Let I denote the set of items, so that any transaction can 

be represented as tr � I, and consider X, the set of all 

transactions (strictly speaking, X is a multi-set but can be 

made into a set by adding a unique identifier to each 

transaction). We also specify two categories (itemsets) s and 

t, which are non-empty, non-overlapping subsets of I, 
 t � I     s � I   where      s � t  = � 

and the sets of transactions containing s and t 

  
S = x x � X � s� x{ }

T = x x � X � t � x{ }
 

An association rule is of the form s => t and is interpreted as 

stating that when the items in s appear in a transaction, it is 

likely that the items in t will also appear i.e. it is not an 

implication in the formal logical sense. A slight abuse of 

notation allows us to use S => T or  s => t as the rule. 

Most authors use two measures to assess the significance 

of association rules. The support of a rule s => t  is the 

number (or relative number) of transactions in which both s 

and t appear, and the confidence of the rule is an estimate 

(based on the samples) of the conditional probability of t 
being contained in a transaction given that it contains s 

 Support s, t( ) = S�T  (1) 

 

Conf s, t( ) =
S� T

S
 (2) 

Typically a threshold is chosen for the support, so that only 

frequently occurring sets of items s and t are considered; a 

second threshold filters out rules of low confidence. 
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name sales salary  

a 100 1000  

b 80 400  

c 50 800  

d 20 700  
 

good sales high salary confidence 
sales�80 high�400 1 

sales�50 high�500 0.667 

sales>50 high>500 0.5 

sales�50 high>800 0.333 

Figure 2 : A simple database of names (a, b, c, d), sales and salaries 

(top) and (bottom) confidences for the rule good sales => high 
salary arising from different crisp definitions of the terms good 
sales and high salary 

For example, consider a database of sales employees, 

salaries and sales figures. A mining task might be to find out 

whether the good sales figures are achieved by the highly 

paid employees. Given the database table in Fig 2, we can 

obtain rule confidences ranging from 1/3 up to 1 by different 

crisp definitions of “good sales” and “high salary”.. 

Although this is a contrived example, such sensitivity to the 

cut-off points adopted for crisp definitions is a good 

indication that a fuzzy approach is more in line with human 

understanding of the categories. 

Various approaches to fuzzifying association rules have 

been proposed e.g. [15-17]. The standard extension to the 

fuzzy case is to treat the sets S, T as fuzzy and find the 

intersection and cardinality using a t-norm and sigma-count 

respectively.  

 

Conf S,T( ) =

µS�T x( )
xX
�

µS x( )
xX
�

 (3) 

In the example of Fig 2, a fuzzy approach would categorise 

employees according to simple membership functions for 

good sales (S) and high salary (T), which could lead to  

 S = [a/1, b/0.8, c/0.5, d/0.2]  
and    

 T = [a/1, b/0.4, c/0.8, d/0.7] 

and confidence 0.72 for the association S=>T using (3). 

As pointed out by [15], using min and the sigma count for 

cardinality can be unsatisfactory because it does not 

distinguish between several tuples with low memberships 

and few tuples with high memberships - for example,  

   
S = x

1
1[ ]

T = x
2
1[ ]

 

leads to  Conf(S, T) = 0  but 

  S1 = x1 1, x2 0.01, x3 0.01,… , x1000 0.01[ ]
T1 = x1 0.01, x2 1, x3 0.01,… , x1000 0.01[ ]

 

leads to  

 Conf S1,T1( ) =
1000 0.01

1+ 999 0.01
�0.91 

which is extremely high for two almost disjoint sets (this 

example originally appeared in [18]). Using a fuzzy 

cardinality (i.e. a fuzzy set over the possible cardinality 

values) is also potentially problematic since the result is a 

possibility distribution over rational numbers, and the 

extension principle [19] gives a wider bound than it should, 

due to neglect of interactions between the numerator and 

denominator in Eq 2. For example, given  

 S = [x1/1, x2/0.8]  

 T = [x1/1, x2/0.4]. 

the fuzzy cardinalities are  

 |S � T | = {1/1, 2/0.4} ,  

 |S | = {1/1, 2/0.8}  

leading (by the extension principle) to a confidence of  

 {0.5/0.8, 1/1, 2/0.4},  

clearly incorrect as the confidence cannot be greater than 1.  

2.3 Fuzzy Relations as Mass Assignments 
As with previous work [6, 7] we start from the fact that a 

relation represents a conjunctive set of ordered n-tuples i.e. a 

conjunction of n ground clauses. For example, if U is the set 

of dice values then we could define a (crisp) predicate 

differBy4or5 on U � U as the set of pairs 

 [(1,6), (1,5), (2,6), (5,1), (6,1), (6, 2)] 

This is a conjunctive set, in that each pair satisfies the 

predicate. In a similar way, a fuzzy relation represents a set 

of n-tuples that satisfy a predicate to some degree. Thus 

differByLargeAmount could be represented by  

[(1,6)/1, (1,5)/0.6, (2,6)/0.6, (5,1)/0.6, (6,1)/1, (6,2)/0.6] 

The interpretation is not that a single pair satisfies this 

predicate, but that one set of pairs  satisfies it (out of several 

possible sets of pairs).  

A mass assignment [3-5] on a universe U is a distribution 

over the power set of U. Here, the mass assignment is on 

possible relations : 

  

This is equivalent to treating the fuzzy relation as a fuzzy set 

of crisp relations: 

  

Similarly, a monadic fuzzy predicate largeValue defines a 

set of 1-tuples such as [6/1, 5/0.8, 4/0.3] which is written as 

a fuzzy set of crisp monadic relations: 

  

and has the mass assignment 

 

Our subsequent studies [7] show that this approach can 

sometimes overestimate the difference between full and 

nearly-full membership, which can lead to unreasonably 

large intervals calculated for the confidence of association 

rules. For example, under this interpretation, the monadic 

fuzzy relation   S = [a/1 b/0.98]      has the mass assignment  

 
m
S

= a[ ]{ } : 0.02, a[ ], a,b[ ]{ } : 0.98{ }  
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The normal mass assignment interpretation allows us to 

redistribute the mass on {[a], [a,b]} to either of the relations 
[a] or [a,b] which leads to the family of distributions: 

 S = [a] : 1-x   ,   [a,b] : x     where 0 � x � 0.98 

This flexibility in re-assigning mass means that for a source  

S = [a/1 b/0.98]  and target relation  T = [a/1 b/0.98  c/0.02]   

we get an interval [0.51, 1] which is surprisingly wide 

considering the two relations are so similar. NB this 

behaviour arises mostly in contrived cases, smaller intervals 

are calculated in the vast majority of “real” association rules 

that have arisen in our experimental studies such as [7].  

2.4 Alternative Interpretation of Relations as Mass 
Assignments 

The approach discussed above, which we will refer to as 

an open world approach, treats partial membership of a tuple 

x in a relation R  (i.e. 0 < �R(x) < 1)  as an upper bound for 

the mass that can be assigned to any set of tuples including 

x. This leads to a wide range of mass distributions that can 

be derived from the fuzzy relation R.  

In the open world approach, for any tuple x where 

�R(x)<1, the total mass that can be assigned to relations 

containing x is given by 

 

0 � m t( )
t= x1,…,xn[ ]
x� t

� � �R x( )  

In the largeValue example above, consider the element x=5, 

which has �R(x) = 0.8; the relations containing 5 are [5, 6] 

and [4, 5, 6] and we have 

0   �    mlargeValue([5,6]) +  mlargeValue([4,5,6])  �  0.8  

This gives a considerable degree of flexibility in assigning 

mass. The alternative interpretation used here - the closed 

world approach - regards partial membership of a tuple x in a 

relation R (i.e. 0 < �R(x) < 1) as strictly equal to the total 

mass assigned to the sets of tuples which include x, i.e.  

 

m t( )
t= x1,…,xn[ ]
xt

� = �
R
x( ) 

This means there is no flexibility in the range of mass 

distributions that can be derived from the fuzzy relation R. 

However, there is flexibility in the mass assignments when R 

is combined with an assignment corresponding to another 

relation, for example in calculating association confidences 

as described later. 

Under this interpretation, the monadic fuzzy relation 

largeValue  discussed above has 

 
mlargeValue = 6[ ] : 0.2, 6,5[ ] : 0.5, 6,5,4[ ] : 0.3{ }  

and clearly  

  mlargeValue([5,6]) +  mlargeValue([4,5,6])  = 0.8  

2.5 Closed world Mass-based Association Rules 
For a source category  

 

and a target category  

  

we can define the corresponding mass assignments as 

follows. Let the set of distinct memberships in S be 

  

where

  
 

and nS � |S| 

Let  

 Si = x �S x( ) � �S
( i)[ ]{ }  

Then the mass assignment corresponding to S is  

  
where 

  (7) 

and we define 

  

For example, the fuzzy category  

 S = [a/1, b/0.8, c/0.5, d/0.2] 
has the corresponding mass assignment 

   
M

S
= a[ ] : 0.2, a,b[ ] : 0.3, a,b,c[ ] : 0.3, a,b,c,d[ ] : 0.2{ }

 

 

We can now calculate the confidence in the association 

between the categories S and T using mass assignment 

theory. In general, this is not a unique value as we are free to 

move mass (consistently) between the cells corresponding to 

Si  and Tj for each i, j.  
For two mass assignments  

 

MS = Si :mS Si( ){ }, 1� i � nS

MT = Tj :mT Tj( ){ }, 1� j � nT

 the composite mass assignment is  

 

M = MS � MT = X : m X( ){ } 

where m is specified by the composite mass allocation 

function, subject to  

 

mij
j=1

nT

� = mS Si( ) mij
i=1

nS

� = mT Tj( )  

This can be visualised using a mass tableau (see [3])  as 

shown in Fig 3. Each row (column) represents a relation of 

the source (target) mass assignment. We label the rows S1, 
S2, … SnS   and columns  T1, T2, … TnT , and assign mass mij to 

cell (i, j) subject to row and column constraints. The 

confidence in the association rule is given by 

conf M( ) =

mij � Si �Tj( )
i, j

�

mij � Si
j

nT

�
� 

� 
� 

� 

	 

 

i=1

nS

�

=
n

d

where n = mij � Si �Tj( )
i, j

�

d = mij � Si
j

nT

�
� 

� 
� 

� 

	 

 

i=1

nS

�

= Si �
i=1

nS

� mS

i( )

 

(7)
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Clearly n � 0, d >0  and d is a constant for a given source 

relation S, irrespective of T and M. 
For example consider the fuzzy categories 

S = [a/1, b/0.8, c/0.5, d/0.2]        and    

T = [a/1, b/0.4, c/0.8, d/0.7] 

One notable assignment is the least prejudiced distribution, 

obtained by taking the product of source and target masses 

for each cell as shown in Fig 3. This corresponds to the 

minimum entropy combination of the two mass assignments. 
 

  0.2 0.1 0.3 0.4 
  [a] [ac] [acd] [abcd] 

0.2 [a] 
[a] 
0.04 

[a] 
0.02 

[a] 
0.06 

[a] 
0.08 

0.3 [ab] 
[a] 
0.06 

[a] 
0.03 

[a] 
0.09 

[ab] 
0.12 

0.3 [abc] 
[a] 
0.06 

[ac] 
0.03 

[ac] 
0.09 

[abc] 
0.12 

0.2 [abcd] 
[a] 
0.04 

[ac] 
0.02 

[acd] 
0.06 

[abcd] 
0.08 

Figure 3: mass tableau, showing intersections Si  Tj and the least 

prejudiced mass distribution. The corresponding point valued rule 

confidence is 1.86 / 2.5  = 0.744 

It is possible to show [8] that maximum rule confidence is 

obtained by moving mass towards the diagonal (top left to 

bottom right) and that minimum confidence is obtained by 

moving mass towards the bottom left - top right diagonal, as 

illustrated in figs 4 and 5.  

 

  0.2 0.1 0.3 0.4 
  [a] [ac] [acd] [abcd] 

0.2 [a] 
[a] 
0.2 

[a] 
0 

[a] 
0 

[a] 
0 

0.3 [ab] 
[a] 
0 

[a] 
0.1 

[a] 
0.2 

[ab] 
0 

0.3 [abc] 
[a] 
0 

[ac] 
0 

[ac] 
0.1 

[abc] 
0.2 

0.2 [abcd] 
[a] 
0 

[ac] 
0 

[acd] 
0 

[abcd] 
0.2 

Figure 4 : mass tableau, showing intersections Si  Tj and the mass 

distribution leading to minimum rule confidence   2.1 / 2.5  = 0.84 

  0.2 0.1 0.3 0.4 
  [a] [ac] [acd] [abcd] 

0.2 [a] 
[a] 
0 

[a] 
0 

[a] 
0 

[a] 
0.2 

0.3 [ab] 
[a] 
0 

[a] 
0.1 

[a] 
0.1 

[ab] 
0.2 

0.3 [abc] 
[a] 
0 

[ac] 
0.1 

[ac] 
0.2 

[abc] 
0 

0.2 [abcd] 
[a] 
0.2 

[ac] 
0 

[acd] 
0 

[abcd] 
0 

Figure 5 : mass tableau, showing intersections Si  Tj and the mass 

distribution leading to minimum rule confidence  1.5 / 2.5  = 0.6 

2.6 Membership Function for Fuzzy Confidence 
We define the membership function in terms of the mass 

which must be moved (relative to the least prejudiced 

distribution, where confidence has membership 1). Any 

other assignment of mass requires one or more elementary 

mass transfers relative to the LPD, and we are particularly 

interested in mass assignments corresponding to minimum 

and maximum confidence, MMIN
 and MMAX

. We define a 

fuzzy interval C representing the confidence such that 

µC conf M( )( ) =1�
pos M

LPD
�M( )

N

 

where
       

N =max pos M
max

�M
LPD( ), pos Mmin

�M
LPD( )( )

 

Because the membership varies linearly with the amount of 

mass moved, it is triangular and can be calculated quickly by 

considering the end points. We note that it is possible for the 

membership function to be discontinuous at one end (i.e. to 

drop abruptly to zero). Fig 6 shows the membership function 

for the fuzzy confidence in the good sales - high salary 

example, with the calculations shown in figs 3, 4, and 5.p g

 

Figure 6 : Membership function for fuzzy confidence in the good 

sales - high salary example. Note the discontinuity at 0.8

3 Demonstrator Application 

We have applied the algorithm to calculation of associations 

in an integrated taxonomic database of terrorist incidents, as 

described in [7]. Our primary source is the Worldwide 

Incidents Tracking System (WITS) [20] augmented by 

additional information from the MIPT Terrorism Knowledge 

Base (TKB) database
†
. WITS consists of incidents in which 

“subnational or clandestine groups or individuals 
deliberately or recklessly attacked civilians or 
noncombatants (including military personnel and assets 
outside war zones and war-like settings)”. We are not 

concerned with the correctness or otherwise of this 

definition, and treat the data simply as a testbed for SQuAD . 

Once data has been integrated and categorised into the 

iPHI hierarchies, the methods outlined in this paper and [20] 

 
†
 TKB ceased operation on 31 March 2008 and is now part of 

Global Terrorism Database (GTD) at www.start.umd.edu/data/gtd/ 
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have been applied to find significant associations between 

categories in different hierarchies (e.g. geographic region,  

weapon type, perpetrator, casualty level etc). Since the data 

is not static, we cannot assume that significant associations 

remain significant – indeed, valuable insight arises from 

changes in association levels relative to other associations, 

and trends in the strength of an association. 15,900 incidents 

between January 2005 and January 2006 were analysed.  

Various associations can be extracted by consideration of 

fuzzy categories in different taxonomies. Although the vast 

majority of results from [7] led to reasonable intervals, there 

were a few cases in which intervals were quite large. As can 

be seen from Fig 7, much smaller intervals were obtained 

under the closed world method. The interval for closed 

world rules indicates the extremes of the fuzzy association 

confidence, with a symmetric triangular membership 

function (possibly truncated on one side). The interval for 

open world calculations has membership 1 throughout. 

 
 

 

Figure 7 : Confidence intervals and point values for associations 

between the fuzzy categories in/near Iraq and  Medium casualty 
levels. The fuzzy confidence (closed world) gives a much tighter 

interval than the open world calculation 

4 Summary and Future Work 

We have described a new method for calculating the 

confidence in an association rule between two (or more) 

fuzzy categories, based on mass assignment theory and 

yielding a fuzzy interval within which the confidence must 

lie. Combined with the point value confidence described in 

previous work, this enables us to order and plot association 

strengths with an indication of the degree of uncertainty. 

Acknowledgment 

This work was partly funded by BT and the Defence 

Technology Centre for Data and Information Fusion. 

References   

[1] Berners-Lee, T., J. Hendler, and O. Lassila, "The Semantic Web," 

in Scientific American, vol. 284, 2001, pp. 28-37. 

[2] Zadeh, L. A., "Fuzzy Sets," Inf. and Control, 8, pp. 338-353, 1965. 

[3] Baldwin, J. F., "Management of Fuzzy and Probabilistic 

Uncertainties for KB Systems," in Encyclopedia of AI, S. A. 
Shapiro, Ed., 2nd ed: John Wiley, 1992, pp. 528-537. 

[4] Baldwin, J. F., "Mass Assignments and Fuzzy Sets for Fuzzy 

Databases," in Adv. in the Shafer Dempster Theory of Evidence, M. 

Fedrizzi, J. Kacprzyk, and R. R. Yager, Eds.: Wiley, 1994. 

[5] Baldwin, J. F., T. P. Martin, and B. W. Pilsworth, FRIL - Fuzzy 
and Evidential Reasoning in AI. Wiley, 1995. 

[6] Martin, T. P., B. Azvine, and Y. Shen, "A Mass Assignment 

Approach to Granular Association Rules for Multiple 

Taxonomies," presented at Uncertain Reasoning in the Semantic 

Web / Semantic Web 2007, 2007. 

[7] Martin, T. P. and Y. Shen, "TRACK - Time-varying Relations in 

Approximately Categorised Knowledge," Int. J. Comp Intelligence 
Research, (to appear), 2009. 

[8] Martin, T. P. and Y. Shen, "Fuzzy Association Rules to Summarise 

Multiple Taxonomies," in Fuzziness and Scalability, A. Laurent 

and Lesot. M-J, Eds.:  2009. 

[9] Martin, T. P., Y. Shen, and B. Azvine, "Incremental Evolution of 

Fuzzy Grammar Fragments to Enhance Instance Matching and 
Text Mining," IEEE Transactions on Fuzzy Systems, 2008. 

[10] Martin, T. P. and B. Azvine, "Soft Integration of Information with 

Semantic Gaps," in Fuzzy Logic and the Semantic Web, E. 

Sanchez, Ed.: Elsevier, 2005. 

[11] Martin, T. P. and B. Azvine, "Acquisition of Soft Taxonomies for 

Intelligent Personal Hierarchies and the Soft Semantic Web," BT 
Tech Jl,  21, pp. 113-122, 2003. 

[12] Martin, T. P., B. Azvine, and Y. Shen, "Intelligent Hierarchy 

Mapping: A Soft Computing Approach," Information Tech and 
Intelligent Computing, 2008. 

[13] Bosc, P. and B. Bouchon-Meunier, "Databases and Fuzziness - 

Introduction," Int J Intel Systems, 9, 419, 1994. 

[14] Agrawal, R. and R. Srikant, "Fast Algorithms for Mining 
Association Rules in Large Databases," VLDB, 1994.

[15] Dubois, D., E. Hullermeier, and H. Prade, "A systematic approach 

to the assessment of fuzzy association rules," Data Mining and 
Knowl Discovery, 13, 167-192, 2006. 

[16] Bosc, P. and O. Pivert, "On Some Fuzzy Extensions of Association 

Rules," proc IFSA , 2001. 

[17] Kacprzyk, J. and S.Zadrozny, "Linguistic Summarization of Data 

Sets Using Association Rules," proc Fuzz-IEEE, 2003. 

[18] Martin-Bautista, M.J., M.A.Vila, H.L. Larsen, D. Sanchez, 

"Measuring Effectiveness in Fuzzy Information Retrieval," 
Flexible Query Answering Systems (FQAS), 2000. 

[19] Zadeh, L. A., "The Concept of a Linguistic Variable and its 

Application to Approximate Reasoning (Part 1)," Information 
Sciences, vol. 8, pp. 199-249, 1975. 

[20] WITS, "WITS - Worldwide Incidents Tracking System," National 

Counterterrorism Center Office of the Director of National 
Intelligence 2007. 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

991



Around fuzziness. Some philosophical thoughts

Alejandro Sobrino M. Pereira-Fariña

Faculty of Philosophy, University of Santiago de Compostela
Praza de Mazarelos, s.n., 15782 Santiago de Compostela, Spain

Email: alejandro.sobrino@usc.es, martin.pereira@rai.usc.es

Abstract— Fuzzy logic has a considerable success in the area of
applications. However, this active growth in the implementation in
applied electronic devices has not always been accompanied by a
discussion about the theoretical grounds underlying those uses. This
paper deals with some theoretical aspects that seem convenient to
discuss for the purpose of clarifying the status of fuzzy logic, to get
into its true nature and to appoint its achievements and limits. In or-
der to carry out this goal, the paper is organized around three ques-
tions: 1) Fuzzy logic, is it a logic or a techno-logic?; 2) How fuzzy is
fuzzy computing?; 3) Are there fuzzy objects?

Keywords— Fuzziness, fuzzy computation, fuzzy objects, philo-
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1 Introduction
Borderline cases are initially addressed by Ch. S. Peirce in
1902 [1]. In 1923, B. Russell positioned vagueness as an in-
teresting subject in the philosophy arena [2]. Later, Hempel
and Copi dealt with vagueness in separate articles published in
the journal Philosophy of Science [3, 4]. Up till them, vague
language was not considered a central topic for the analytic
tradition, a school of thought characterized by an emphasis on
clarity and argument, achieved by formal logic and analysis of
language. M. Black introduced in 1937 [5] the ‘consistency-
profiles’ as a way to represent the meaning of a vague pre-
dicate, defined by the standard use that a community make of
it. Consistency-profiles are represented by curves, showing
the degree of consistency in the application of a word to an
object or concept. The notion involves three characteristics
present in the modern forms to represent vagueness: the user
of a language, a situation in which the user is trying to apply a
symbol to an object and a way to represent the consistency of
this application through a logic formalism.

Among the modern initiatives to deal with the formal re-
presentation of vagueness, understood as imprecision, the
most successful has been Zadeh’s fuzzy logic [6]. Fuzzy logic
enables to symbolize vague propositions and to manage appro-
ximate inferences in a suitable way. As a result, it has had a
tremendous growth, supported mainly by the success of their
applications. However this active growth in the area of ap-
plications has not always been accompanied by a reflection
on the theoretical grounds involved in the use of the under-
lying tool. As an applied logic it was not surprising that, in
the beginning, Zadeh claimed that “clearly the problems, the
aims and the concerns of fuzzy logic are substantially differ-
ent from those which animate the traditional logical systems.
Thus, axiomatization, decidability, completeness, consistency,
proof procedures and other issues which occupy the center of
the stage in such systems are, at best, of peripheral importance
in fuzzy logic” [6, p.151]. And perhaps the same could be

said of the metatheoretical discussions. In this paper we will
deal with some theoretical problems that we believe that they
are important for the purpose of clarifying the status of fuzzy
logic, to get into its true nature and to draw its achievements
and limits. The fundamental issues considered here take the
form of three questions that, in turn, will name the next three
sections of this work.

2 Fuzzy logic, in its true nature, is it a logic or
rather than a techno-logic?

The reflection about the logical statute of fuzzy logic is in-
volved with two traditional topics in Philosophy:

i. The classification of sciences.

ii. The fundamentation of sciences.

The classification of sciences is frequently revised in func-
tion of new emergent branches of knowledge, forcing to modi-
fy standard taxonomies. In the field of deductive sciences,
fuzzy logic came as a new discipline that questioned some of
the classical principles, prompting a debate about the nature
of the logic and provoking a discussion about the status of the
deviant logics, among which fuzzy logic was included [7].

Since its birth, fuzzy logic was valued in different ways by
engineers (applied scientists) and by mathematicians (theoret-
ical thinkers). Due to the success of the applications, fuzzy
logic was welcomed in Engineering Schools. Nevertheless, it
also caused rejection among mathematicians because, during
a long time, it was a matter under construction, provisional
and tentative.

Engineers use fuzzy logic according, at least, three criteria:

• Fuzzy logic allows us to represent complex scenarios that
involve uncertainty using few rules. In the same vein, it
permits to manage approximate inferences reaching good
and quite stable solutions to the pretended conclusions.

• Although fuzzy logic is a (precise) logic about impre-
cision, it manages outputs that provides enough infor-
mation to make good decisions. As Popper says: “Al-
though clarity is valuable in itself, exactness or precision
is not: there can be no point in trying to be more precise
than our problem demands” [8, p.28]. So, in presence
of imprecision, alternatives to the classical bivalent logic
should be suggested.

• Systems with incorporated fuzzy rules are quite robust.
Fuzzy logic admits a tolerance fringe between positive
and negative outputs, although it is difficult to supply a
priori guaranties about the stability of a fuzzy controller.
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These points agree with the Zadeh’s dictum, known as
‘Principle of Incompatibility’: “Stated informally, the essence
of this principle is that as the complexity of a system increases,
our ability to make a precise and yet significant statements
about its behavior diminishes until a threshold is reached be-
yond which precision and significance (or relevance) become
almost mutually exclusive characteristics” [9, p. 28].

In summary, from the applied sciences point of view, as
engineering, fuzzy logic is a useful discipline. Its success are
the achievements of its applications and any further evidence
is not requested about the logical properties of the formal tool.
For engineers, fuzzy logic is a techno-logic, i.e., a logic to be
implemented in electronic machines.

But beyond applications, fuzzy logic is a kind of logic and,
therefore, a branch of mathematics. Mathematics is a theo-
retical science, not an applied one and its currency are pre-
cision, rigor and proof. So, frequently, fuzzy logic was not
welcomed in mathematical circles while it was used as an ad
hoc tool for solving quite particular problems in a large extent
and specially in early applications. This partial and temporary
knowledge was not well received in the field of mathematics,
accustomed to dealing with eternal truths. Attending to its
provisional character, mathematicians think that fuzzy logic
is not a logic, but a kind of formalism for managing specific
problems that involves imprecision; fuzzy logic, they say, does
not manage any rationality, even not that it say to grasp: the
imprecise or vague reasoning.

Attending to classical logic, the Verificability Principle a-
llows us to substitute a proposition by its truth value. But
in the field of fuzzy logic, this unanimous correspondence is
problematic. A vague predicate can be represented, in a rea-
sonable way, by similar linguistic labels or fuzzy numbers. As
a matter of degree, fuzzy meaning is grasped in an imprecise
way; hence, some margins of tolerance should be admitted in
order to represent it. Accordingly, in fuzzy logic it is not pos-
sible to forget the world and focus only in the proofs. We need
to reconcile both of them. Any attempt to give a fuzzy logic
axiomatic approach hits with the absence of the stability of
truth, with the lack of a perfect truth. Therefore, for mathe-
maticians, fuzzy logic is not a true logic.

From the point of view of the fundamentation of sciences,
logic is a main part of the scientific method. The hypothetico-
deductive system is considered, frequently, as the scientific
method par excellence. From Aristotle, Science is strongly re-
lated to deductive reasoning. In [10], it is defined a deductive
science as a set S of sentences that satisfies four conditions:

1. Reality postulate: Sentences of S are about a particular
subject matter, about real entities.

2. Truth postulate: Each sentence of S is true.

3. Deductive postulate: If something can be deduced from
a subset of S, then it is also a member of S –closure
property under logical consequence.

4. Evidence postulate:

(a) Definability: The sentences of S are built from a
finite set of terms, which have a meaning immedia-
tely obvious.

(b) Axiomatizability: The truth of every sentence of S
can be inferred logically from a certain finite subset
S1 of S whose truth is also obvious.

Postulates 1 and 2 require comments. It is known that both
mathematics and physics are scientific theories. But while
mathematics is an ideal science, physics is an experimental
one. So, the objects of mathematics are not real objects, but
ideal entities. Therefore, their statements can be absolutely
true; timeless true. This forces to not cast doubts about the
postulate 3. The simplification of the reality and the idealism
related to the mathematical thinking lead to not questioning
the postulate 4. But empirical statements are about real en-
tities, and material objects change and vary over time. So,
postulate 2 –the truth postulate– is not immediately obvious.
Sometimes empirical sentences are true, sometimes are par-
tially true (true in a degree, true with a probability,. . . ) but
they are always temporarily true; that is, true in absence of
falsation. Postulate 2 is known as the Principle of Bivalence
and it was traditionally rejected in other applications which
are different from the logic of mathematical entities.

In twentieth century, with the birth of artificial intelligence,
a new way to see deductive sciences came. The logic is not
only applied to specific languages, such as the mathemati-
cal language –crisp in nature–, or to regimented natural lan-
guage –specified artificially–, but also to statements that ver-
balize normal situations related to ordinary life. So, the Reali-
ty Postulate was extended to any real entity, including these
with ill-defined borders and the Principle of Bivalence was
replaced by the Principle of Valence [11], which states that
every proposition has a truth value, not fixing how many or
which. The relaxation of principles 1 and 2 casts doubt on
the fourth: in real life it is difficult to think about meanings or
truths immediately obvious. More attention is demanded by
the third principle. Fuzzy logic is a deductive logic that grasps
imprecise consequences. As a logic, it aims to conclude de-
ductively, but as a theory of imprecise consequences, calls for
margins of tolerance or imprecise intervals of plausible con-
clusions. Whether fuzzy logic verifies, or not, the deductive
postulate depends on how the meanings of vague sentences
are represented, as well as the approach to combine them into
complex propositions. For example, Trillas et al. showed that
the unique way to obtain consequences in the Tarski’s sense
from the Zadeh’s compositional rule of inference is using the
bold t-norm if the rule is represented by the Reichenbach’s
conditional definition [12].

From the beginning until now, fuzzy logic has evolved dra-
matically. Today it is still a formal tool with successful appli-
cations, but also a logic that seeks its theoretical consolidation.
In this goal highlights –among others– the contributions made
by the Spanish school of fuzzy logic, particularly those made
by Esteva & Godo and Trillas. Esteva & Godo deal with fuzzy
logic as a symbolic logic developed in the spirit of classical
logic (syntax, semantics, axiomatization, truth-preserving de-
duction, completeness, etc. both in propositional and predi-
cate logic) [13]. Hajek and Novak et al. contributed too to
credit fuzzy logic in this vein [14, 15]. Hence, their work
was directed to confer credit to fuzzy logic as a kind of logic.
Trillas has been from a long time devoted to evolve a fuzzy
metatheory of fuzzy logic; so, he has contributed to develop
fuzzy logic as a fuzzy theory [12]. All of them, helped to
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credit fuzzy logic as an area of interest in the contemporary
scientific panorama.

Despite these developments, fuzzy logic needs to assume
new challenges. In the field of applications is a truism the
success of the fuzzy controllers in many household devices.
But to avoid falling in auto-complacency, it would be desira-
ble to develop applications where vagueness or imprecision
are the main component of a complex system; e.g., imple-
menting fuzzy logic into devices in order to summarize per-
ceptions [16]. In the theoretical perspective, fuzzy logic needs
to debate about the ways to represent the meaning of a vague
proposition, how to justify one choice or another among the
various alternatives. Its credibility will be critically linked to
this task. Another job will be to mix fuzzy logic with oth-
ers logics while imprecision in not the only characteristic of
human language or human decision-making. Context, time,
intentionality, beliefs and its corresponding logics are jointly
relevant to model human reasoning and, therefore, to build
electronic devices that simulate human behavior.

The new fuzzy logic proposed by Zadeh under bright titles
as ‘Computing with Words and Perceptions’, ‘Precisiated Nat-
ural Languages’, ‘Protoforms’ and so on [17], should make
progress in this regard. Until now we have ashy headlines but
low content.

3 How fuzzy is fuzzy computing?
‘Turing machine’ (TM) is perhaps the main reference in com-
puter science. So, it is said that any function is computable if
it is Turing computable. If a problem is computable, it admits
an algorithmic definition; i.e., its solution can be reached by a
finite sequence of instructions that ends in a finite time.

A TM requires that:

• Each cell of the tape contains only a symbol, although
there can be an infinite number of cells.

• States are finite and discrete: the machine is in one state
or another, but never in two states at the same time or in
no state.

According to the discrete nature of the alphabet and the
states, the computation performed by a TM is linear and pre-
cise. But although the representation and the computation of
a problem are bivalent in nature, the output may be trivalent:
in effect, a TM computation can conclude in three different
states:

• Final state or success: The problem is decidable and it
has a solution.

• Non-final state or failure: The problem is decidable but
it does not have solution.

• Loop state or auto-referential state: The machine com-
putes indefinitely and never stop. The problem is inde-
cidable and it does not have any solution. Hence, a TM
may have not solution because it stops on a not final state
or because it does not stop.

There are so many TM as problems can be putted in an al-
gorithmic form. But a nice achievement of the theory of com-
putation is that any TM admits to be simulated by a special

one: the binary TM. A binary TM works as follows: any sym-
bol or state is represented by binary digit or a set of binary
digits. So, an instruction as 10 −→ 10001l denote that the
machine is in the internal state 1, reads 0 in the tape, change
to the state 1000, writes 1 and it moves the tape one step to the
left. A binary TM can simulate any other specific TM; so, it is
an universal computing machine.

At this point, we wish to emphasize the capability of the
binary TM to simulate the behavior of any other TM. But the
TM not only support be simulated. It is also an excellent simu-
lator; in particular, mimic goods solutions to problems which
was not designed to. For example, several TM working si-
multaneously can imitate a parallel computation, although the
way in which TM process is sequential and not parallel.

Fuzzy TM goes back to the late 1960s, when Zadeh spoke
about the notion of fuzzy algorithm [18]. Santos gave the for-
mal description of a fuzzy algorithm by fuzzy variants of Tu-
ring machines, Markov algorithms and finite automata [19].
He established the fundamentals of the fuzzy language too.
Fuzzy TM are linked to classical TM through the support and
crisp part of a fuzzy set. Fuzzy algorithms were drawn to per-
form imprecise computations.

What is meant by imprecise computations? At least, two
answers are possible:

• In a soft sense, imprecise computations refer to problems
whose working process can be expressed in an algorithm
form through imprecise instructions; that is, rules that
are or are not completely satisfied, but only fulfilled at
some extent. From this perspective, a typical imprecise
computation is a cooking recipe: add a pinch of salt, cook
quite slowly, serve very cold,. . .

• In a hard sense, imprecise computations should refer to
a genuinely form to compute vague instructions. If so,
there would be a new model of computing, but up till
today, the TM is the only machine for computing. After-
wards, we come back to this topic.

Imprecise computations in a soft sense can be simulated by
a TM. A fuzzy instruction, as “add a pinch of salt’, can be rep-
resented by a generalized membership function. Fuzzy logic
provides a fuzzy arithmetic for managing fuzzy commands.
So, a TM with a fuzzy arithmetic module can operate fuzzy
computations and output a final state of partial success; that is,
a solution qualified by a degree. The appearance of this fuzzy
output may be continuous and not discrete. Discrete outputs
passing serially, one after the other, in a small temporary se-
quence, may emerge as a continuous appearance –cartoons are
a god metaphor: snapshot sequences of static pictures seem to
have movement by themselves.

In a soft sense, a fuzzy computation can be performed by a
classical TM, at least, in two ways:

• Weighting the symbols of the tape alphabet.

• Qualifying the states with degrees of preference.

So, from a theoretical point of view, fuzzy computation is
classical computation augmented with a module that operates
with degrees. “Fuzzy” refers to data high level representation
not to a form of computing. Therefore, there is not a new or
genuine way of computation [20]. However, from an applied
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perspective, the important thing is not to valuate the nature
of the process, but its outcome. Today there is an enormous
amount of computational processes that simulate approximate
solutions to interesting problems. Still having the TM as a
substrate, all of them have a very realist appearance, as it is
showed by the software that control the smoothness of a train
brake or the camera that stabilizes the frame for taking a good
picture show. From this point of view, fuzzy computation is a
fact regardless if the true nature of the computational process
is fuzzy or not.

As we have said before, if it is possible to get good simula-
tions of fuzzy instructions using classical methods, would still
be desirable a true fuzzy computer? The answer of this ques-
tion leads to discuss the differences and analogies between the
real and the artificial, between the authentic and the simulated,
directing, ultimately, the old philosophical question of what is
‘being’. But this inquiry is out the limits of this paper.

Computing in the traditional sense involves inputs with
numbers and symbols that are crisp. However, human beings
use words to solve daily problems that attend to fuzzy rules; so
to speak, humans use words to make computations. In the last
years, some new idea has being emerging in this field. Fuzzy
logic is emphasized to play a key role in granular computing,
the methodological base for computing with words and per-
ceptions. So, while in classical theory a sensor records a tem-
perature by a number (30 Co), in fuzzy theory a device should
to convert the numerical input in the name of a perception:
its hot. According to Ying [21], the start point of models for
computing with words is to deal with fuzzy finite-state and
fuzzy pushdown automata through extending their inputs to
be strings of fuzzy subsets of input an alphabet. However, a
study about the correlation between the strings or words and
the symbols as inputs has not taken place.

In the context of translating human perceptions to computa-
tional perceptions and in the frame of a practical application,
Triviño et al. [16] developed a methodology to generate a lin-
guistic summary from data provided by sensors. A chain of
transducers perform this task. A ‘transducer’ is a kind of au-
tomata capable of translating perceptions between two levels
of granularity. In the project of a Linguistic Fuzzy Transducer
the following actions are involved:

• Representing the granular word of the input by its asso-
ciated vector of linguistic state variables.

• Representing the granular word of the output by its asso-
ciated vector of linguistic state variables.

• Defining a set of rules that describes the evolution of the
system in order to reach the outputs as a function of the
values of the inputs.

• Generating a generic representation of the system by the
methodology of Zadeh’s protoform.

Besides fuzzy computation, there are other initiatives to
deal with imprecision. The most remarkable is quantum com-
puting. In quantum physics, vagueness or imprecision take the
form of indetermination. But quantum indetermination and
linguistic vagueness or imprecision are quite different con-
cepts in nature. So, today quantum computing does not seem
an adequate model for imprecise computing. Despite the dif-
ferent nature of vagueness and indetermination, the continuum

and not deterministic nature of quantum computing encour-
aged to find alternative models in the general area of impre-
cision. Although today TM is the computational tool par ex-
cellence, other emerging tools, impelled by the problem of
imprecision, are coming. If they can be an alternative to the
classical way of computation is still an enigma, as they are in
a starting point.

4 Are there fuzzy objects?
As previously noted, in 1923 Bertrand Russell published a
seminal paper about vagueness. In that article, he provided
a starting point to introduce the vagueness as a topic of dis-
cussion in the field of the analytic philosophy, that attempt to
clarify, by analysis, the meaning of statements and concepts.
After Russell, other philosophers like Hempel, Black, Dum-
met or Fine wrote about this subject [22].

Russell discussed the role of vagueness in the language
and wrote: “Vagueness and precision alike are characteristics
which can only belong to a representation, of which language
is an example. The have to do with the relation between a
representation and that which it represents. Apart from repre-
sentation, whether cognitive or mechanical, there can be no
such thing as vagueness or precision; things are what they
are, and there is an end of it”[2, p. 2]. So, vagueness is con-
fined to the realm of the language and excluded as a property
of the objects.

Saying that there are only vague sentences and not vague
objects seems to be a truism. Objects are what they are. Only
the way to access them by the language is imperfect or impre-
cise in nature. In the vein of positivism, some philosophers
thought the opposite: so, the first Wittgenstein said in the
Tractatus that sentences, if they are to mean anything, must
mirror reality in the same way that a picture does. But even
in natural sciences, words picture objects in different ways: in
that task, some words are more vague that others.

So, we can say unequivocally that the Everest is higher than
Mont Blanc. But is it is intrinsically imprecise where the Mont
Blanc starts or which area encompasses. A cloud is too a typi-
cal case of object with fuzzy boundaries. Quantum mechanics
brought a new field of examples of vague objects. The ‘spin’
is a fundamental property of atomic nuclei, hadrons, and ele-
mentary particles. ‘Having a spin direction x’ is a property
clearly defined and it is possible to know exactly when a par-
ticle is or not in a given spin direction. Making an experiment
we can identify a number of electrons that have this property
and the result obtained will be the same if the experiment is
repeated. Nevertheless, we cannot notice if the particles that
had the property in the first experiment are the same as the
second. The particles fall or not under the extension of the
predicate ‘Having a spin direction x’, but it is impossible to
fix the identity of the resulting set.

We can refer to vague objects from three points of view:

• Objects are well defined but there is not enough infor-
mation or appropriate knowledge for grasping them pre-
cisely.

• Objects are well defined but it is not possible to know
their true being.

• Objects are ill defined because we cannot observe them
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directly and the instruments to watch them distort irre-
mediably their nature.

The first two points are related to the representation of rea-
lity through language. The third refers to the essential nature
of the objects. We approach them in an inverted order.

The mental experiment of Schrödinger’s cat provides a
good example of essential vagueness: suppose a cat into a box.
Suppose you cannot see in it and the cat cannot see out. Into
the box there are a rock, a Geiger counter and a vial of poi-
son. Now, the rock is slightly radiactive, with an exactly 50%
chance of emiting a subatomic particle during an hour. If the
rock emits a particle, the Geiger counter activates a device that
breaks the vial of poison, killing the cat. Quantum mechanics
suggests that after an hour the cat is simultaneously alive and
dead, so it is an indeterminate or vague object.

From a philosophical point of view, an essentialist perspec-
tive is approached by G. Evans, who address the impossibility
of vague objects in the frame of the Kripke’s theory of rigid
designators. A term is a rigid designator if it always desig-
nates the same object in any world where the object exists.
Proper nouns are rigid designators. Like this, we can imagine
a world where the name ‘cat’ do not refer to a domestic, hairy,
medium size, enemy of the mice,. . . , animal, but we cannot
imagine that the name ‘Lotfi Aliasker Zadeh’ do not refer to
Lotfi Aliasker Zadeh. If a word denotes always to the same ob-
ject in every possible world, we can say that there are a strong
correspondence between the word and the object: when we
are talking about something, we can say that the words re-
place objects and the words have an unambiguous and precise
meaning. Evans uses this preconception for showing the im-
possibility of vague objects.

In a short paper published in Mind in 1978, he introduced
the question about the existence of vague objects [23]. The
underlying question posed under the title: Can there be vague
objects? This question adress the possibility of a vague iden-
tity relationship when both sides of the equal sign are occu-
pied by terms that are rigid designators. Evans answers ‘no’
arguing the following proof (see table 1): Denote ∇ ‘indeter-
minate’,

Table 1: Evans’ Theorem.
(1) ∇(a = b) a = b is indeterminate (assumption)
(2) λx[∇(a = x)]b b is indeterminely equal to a (from 1)
(3) ¬∇(a = a) a = a is determinate axiom
(4) ¬λx[∇(x = b)]a a is not indeterminely equal to b (from 3)
(5) a �= b a is not equal to b (from 2 and 4)

Evans’ argument shows that there are not vague entities if
the terms are rigid designators: briefly, if it is indeterminate
that a is equal to b and it is determinate that a and a are equals,
whatever a be, a and b differ at least in one property; so, are
different. But the Evans’ argument entails a mistake: as D.
Lewis point out in [24], Evans’ proof start attaching vague-
ness to the identity relation involving rigid designators. But
the own proof demonstrates that the premise is false; there-
fore, the starting point of the argument was inadequate. Evans’
argument shows the inconvenience to judge the imprecision in
a small subset of the language –that of rigid designators–, and
the mistake to extend this conclusion to the overall language.

In general, language is imprecise in nature and its formal
approach, a matter of degree. Furthermore, some words are

essentially vague. In the sequel, we analyse the second way in
which an object can be vague, according to the bottom clasi-
fication. There are objects of which we know all that it is
required for knowing their meaning, for attributing them a va-
luation, but, in some cases, we cannot do that in a unique way.
A ‘Bald man’ or a ‘heap of sand’ are some examples.

Sorites or Falakros is a well-known paradox since Greek
philosophers that comes from the use of predicates as ‘bald’
or ‘heap’ in the argumentation. To analyse a Sorites argu-
ment with a classical look leads to paradoxical and unaccept-
able conclusions. Note that baldness can be mainly referred
in terms of hairs and their distribution, that is, in terms of nu-
merable instances. So, a man with 0 hairs is absolutely bald
and a man with 1010 hairs, not. But counting does not ever
clarify the status of a vague predicate. Adding to every man
that is bald one hair does not modify its attribute and preserve
bald. But the key point is how many hairs are neccesary to
change a man from bald to not bald. If you choose a number,
I can select another very close to the previous and to claim
the truth with the same legitimacy. There is not a bald ob-
ject that determines, in a unanimous way, a unique use of the
word ‘bald’, but only different uses depending on the context.
Different uses mean diverse representations, leading to varia-
tions –between some margins– in the conclusions reached by
argumentations. Trillas and Urtubey proposed a reasonably
cut point that divide when a person is going to be more bald
that not bald [25]. But following a kind of metatheoretical
game and applying a type-sorites reasoning to it, the solution
comes irremeably affected by high-order vagueness: the ob-
jection that emerge is why not suggest a very similar, but dis-
tinct, cut point, to the one supplied. So, it seems quite difficult
to solve problems of vagueness with precise measures.

Finally, there are objects well defined but there is not
enough information or appropriate knowledge for grasping
them precisely; that is, objects that are imprecisely verbal-
ized. Linguistic imprecision should be analysed with fuzzy ar-
mamentarium. Fuzzy logic provides tools for managing prob-
lems that involve imprecise statements or approximate reason-
ing. In the field of fuzzy logic, there is not a debate about
what is a vague object but how to represent words with vague
meaning. From some philosophical traditions (phenomenol-
ogy, e.g.), an object is how we describe it using words in
context. Objects are represented by words, and sentences are
represented by logic. If objects have a crisp shape, perhaps
precise sentences can designate them and classical member-
ship functions should be employed to formalize them. If the
objects have loose frontiers, the way to speak about them are
vague in nature and generalized membership functions should
be used.

For fuzzy logic there are vague objects as there are fuzzy
representations of them. There is no other consideration about
its true nature. Fuzzy logic is not a physical theory, but a for-
mal one. So, it does not pretend to reveal the essential nature
of the objects, but knowing how people verbalize and repre-
sent them in a manageable way in order to solve problems.
For fuzzy logic, fuzzy objects are mental or physical objects
acceded by sentences uttered in a culture or context that point
out the consensus required for an adequate formalization.

Fuzzy logic repairs on linguistic vagueness, not vague ob-
jects, anything they that be. Therefore, words or predicates
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that are instead of the objects are the objective of fuzzy logic.
So, its function is to be faithful to how that ordinary people
describe reality trough language, generating models to catch
the meaning of the predicates according their use in context,
generalising solutions whenever possible, making hypothesis
on its explanatory character and contrasting the reached con-
clusions with those awaited. This is a dialectical process, ty-
pical of experimental sciences. As a formal tool, fuzzy logic
must pursue eternal truths –even imprecise truths–, but like an
experimental one, facts must show that truth is obtained only
in a degree.

In addition to pursuing affordable challenges, as providing
models for a large number of vague sentences in real sce-
narios, fuzzy logic must address others questions that are still
elusive. One of them is how to justify and to manage a sui-
table specification of the context, basic for representing, in an
adequate way, the meaning of vague predicates. There are
some formal theories of context, but seems too complex to be
manageable or too simple to account the complexity of the
meaning. Other challenge is how to summarize a complex
perception, where attention is frequently directed to an issue,
with a unique membership function. Those are applied in-
quiries that, however, also require a theoretical debate.

5 Final Remarks

Philosophical discussion about fuzzy logic and its applications
is convenient. The popularity of fuzzy logic is based, in a
large extent, on the success of its applications. Applications
show the working face of a theory, but its consolidation and
credit come through the development of a meta-theory, that
shed light over its foundations and limits. More work should
be done in this direction.

Although vagueness is treated from fuzzy logic mostly by
the side of applications, theoretical studies are useful if shed
intriguing doubts or suggest illuminating challenges to applied
developments. Theory without applications is lame, but appli-
cations without theory are blind.

So, to justify the election of a membership function con-
sistent with the true context of a used word or to argue about
alternatives for combining atomic sentences into a composite
one are tasks that will help to approach more credible solu-
tions to problems every time more generals; so, to transfer
credit to fuzzy logic as logic.

The discussion about alternatives to classical computation
and the characteristic of a genuine fuzzy TM serve to distin-
guish the real and the imitated behavior. Also it is interes-
ting to emphasize the simulation power of the classical TM
to get fuzzy outputs managing approximate algorithms with
crisp implementations.

Finally, to consider how we represent objects permits us to
focus on tools as fuzzy logic that manage the meaning of the
words that verbalize not only objects, but objects in context.
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Abstract— Web 2.0 is based on personalized access to impre-
cise and incomplete information from heterogeneous sources. In
this paper we present a web-based system enabling preference-based
search. We use modified Fagin’s model of fuzzy preferences based
on aggregation of attribute preferences. Aggregation is generated
by user ranking of objects. Our contributions are twofold. First we
present a formal model and implementation suitable for efficient pref-
erential search. Second we provide several fuzzy measures to evalu-
ate experimental results of our system.
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1 Introduction

From its birth in 1965, fuzzy logic has spread to many ar-
eas. It has influenced logic, databases, neural networks, expert
systems, natural language processing and other fields of both
theoretical and practical research. Fuzzy logic allows us to
model imprecise, vague or uncertain information and to spec-
ify vague requirements. Any theory or application can possi-
bly be fuzzified. However, we should first consider the pur-
pose, especially in case of applications. The important ques-
tion is how much fuzziness we really deal with and where it
comes from.

In this paper we propose one such application of fuzzy
logic: we use fuzzy sets to represent a notion of user pref-
erence in the process of web search. Web search tasks are
recently changing from finding a document to solving spe-
cific problem for specific user. A typical problem is to buy
some item online, make a flight reservation, find a transporta-
tion line, apply for a job. Most of these problems actually
require searching for objects from some domain (e.g. flights,
books, notebooks, job offers). The search depends on various
attributes of objects (e.g. price, destination, date of departure,
airlines and class in the domain of flights). Fulltext search
often fails to support such tasks.

Therefore we search data from one arbitrary, but fixed do-
main. Data is extracted from heterogeneous sources on the
web and stored in a standard database or ontology. Our ex-
traction tool does not create fuzzy data. Although the formal
model can be easily extended to handle fuzzy data, we focus
on the situations where the main source of fuzziness is not in
the data itself, but in the imprecise way of human thinking and
specifying requirements. Most web users do not know pre-
cisely what they want to find, but they are able to distinguish
between better and worse objects. Hence we allow users to
rate objects and we use inductive learning tool [1] to adjust
user preferences. But users also have an opportunity to spec-
ify their preferences precisely by means of a special graphical

WEB
Preference-based

search

WIE User
input

Domain
ontology

User
profile

ontology

Figure 1: Overview of User-Dependent Search System.

interface. The best objects can be retrieved with top-k thresh-
old algorithm (see [2, 3]).

This paper investigates how fuzzy logic can be used to make
web search easier and more suitable for imprecise require-
ments. We compare our approach with other systems and for-
mal models and point out the features necessary for Web 2.0
applications [4] – modeling vague preferences, dealing with
huge amounts of data and ordering search results by degree of
preference. We also analyze user data from our system with
various measures of fuzzy similarity, equality, correlation and
we compare the results.

2 Formal Models

Throughout the rest of this paper we will use the domain of
job offers which is used also in the implementation. But the
formal models described below are suitable for other domains
as well. We tested the whole system or its parts in domain of
cars, flats and investments.

Web search process is divided into two phases. The first
phase is called WIE – web information extraction. Information
is extracted from HTML pages, each of which contains data
for a single object (job offer). Such pages are often generated
by server side scripts, so that their structure and HTML tags
are similar. The extraction tool [5] compares the page struc-
ture with diff algorithm and analyzes HTML tags with regular
expressions. Differing parts of page sources contain relevant
information, most often various attributes of domain objects.
We use heuristics (like regular expression patterns for HTML
structure) to avoid irrelevant information. Extracted crisp data
is stored in domain ontology of job offers. Data repository is
the only point that connects extraction phase with searching
phase (see Fig. 1). Therefore it is easy to use other extraction
tools or search in some existing standard database as well. It
is also possible to have fuzzy domain data. Some extraction
tools consider reliability of web sources, quality of source data
or other conditions to determine fuzzy degree of extracted ob-
jects. Our formal model could be extended to consider this
type of data as well. Full description of the extraction phase
is beyond the scope of this paper, for more information see
[6, 7, 5].
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Figure 2: Flow Diagram of User-Dependent Search.

Figure 3: Interface for Attribute Importance.

The second phase, preference-based search, is detailed on
Fig. 2. The task of job offer search can be repeated. The sys-
tem reads user preferences (specified directly) or user feed-
back (previous search results rated in five-degree scale), up-
dates stored preferences and finds new results. Every such
search cycle provides more information about the user and
helps the system to find more exact preferences.

In the rest of this section we will describe all phases of user-
dependent search from Fig. 2 in more detail, together with un-
derlying formal models. We especially emphasize the sources
of fuzziness and their influence on the formal model.

2.1 Explicit Preference Specification

Current web portals often provide either a text field for fulltext
search or some form to specify required attribute values. Job
offer portals usually allow applicants to specify at least place,
job position and contract type (i.e. permanent or temporary).
But it is impossible to express things like “I prefer York to
Birmingham” or “my decision depends on salary more than
on location”. Our system allows for vague user preferences
and provides a suitable graphical interface.

First, the user is presented a list of all attributes from the
domain of job offers that could influence his decision (like
salary, benefits, required education level, required experience,
place, job position, contract type, start date). The interface
displays a slider marked with “Not important” and “Impor-
tant” for each attribute (Fig. 3). User can drag the slider to
specify how much he cares about the corresponding attribute.
The settings from Fig. 3 will produce weighted average

@U =
6 · µU

education level + 10 · µU
salary + 7 · µU

location

23

Weighted averages and other types of aggregation will be de-
scribed below.

Figure 4: Interface for Attribute Preference.

1.0

0.0

�experience_level

U

experience_levelWorking

Comprehensive

Intermediate

Basic Expert

Figure 5: Preference to experience level, acquired from user
input.

The next step is to specify preferred attribute values (only
for attributes that are marked as “Important” to some non-zero
degree). Now the graphical interface contains one slider for
every attribute value. Fig. 4 shows the input interface for
required experience level. The user prefers those job offers
that require comprehensive experience (possibly because he
has such experience in the profession).

Formally, user preference related to one particular attribute
is a typical example of fuzzy subset. We consider a domain
∆ of objects (job offers) and a finite set of domain attributes
{A1, . . . , An}. Every attribute Ai is a function Ai : ∆ −→
∆Ai

, where ∆Ai
is a set of possible attribute values. Then

attribute preference for user U and attribute Ai is defined as
µU

Ai
= ∆Ai −→ [0, 1]. Thus µU

Ai
defines a fuzzy subset of

∆Ai
, which is usually a finite set with some natural element

ordering.
Fuzzy set µU

experience level generated from user input on
Fig. 4 is shown on Fig. 5. Job offers that require basic
or expert experience are unacceptable, while job offers with
comprehensive experience are the most preferred. Every at-
tribute preference defines non-strict linear ordering of all ob-
jects based on their membership values. The ordering gen-
erated by the fuzzy set µU

experience level would not preserve
original ordering of attribute values. Note that some distinct
attribute values (e.g. basic and expert experience) have equal
membership values. Such objects are indiscernible with re-
spect to attribute experience level.

The most suitable membership functions to represent real
user preferences are monotonic and trapezoidal. Some at-
tributes are preferred similarly by all users (e.g. high salary is
better than low), however, other attribute preferences may dif-
fer significantly (e.g. preference for required language level).
These preference types can be seen on the right side of Fig. 4.

If we consider more than one attribute, we need to deter-
mine the final preference degree for every object, based on
attribute preferences. User requirements are often conflict-
ing so that the orderings are different, sometimes even re-
verse. Therefore we use aggregation function to acquire over-
all ordering. Aggregation function is n-ary monotone function
@U : [0, 1]n −→ [0, 1].
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Let us consider an object x ∈ ∆ with attribute values
A1(x), . . . , An(x) and attribute preferences µU

A1
(A1(x)) =

p1, . . . , µ
U
An

(An(x)) = pn. The global preference degree of
x will be @U (p1, p2, . . . , pn). A typical aggregation function
is weighted average which reflects the idea that some attributes
can be more important than the others. Our system acquires
the weights from the interface shown on Fig. 3. We will de-
scribe other types of aggregation functions in Section 2.3.

2.2 Relevant Object Search

After storing user preferences the system proceeds to the next
phase - relevant object search. It is a modification of Fagin’s
threshold algorithm [3] called top-k [2], based on the idea
that users are interested only in a few best results from poten-
tially huge dataset and that different users can have different
attribute preferences.

Top-k uses a preprocessing phase to generate lists of objects
ordered by attribute values. A typical structure for indexing is
a B+ tree which allows us to follow records (attribute values)
from highest to lowest or vice versa. User preference can de-
fine a different ordering of objects, but it can be simulated as
well. If the user specified a trapezoidal membership function
(“Something in the middle” preference), we start traversing
values in both directions from the middle and we merge two
non-increasing lists into one non-increasing list. Thus we gain
a list of objects ordered from most preferred to least preferred.
(The original threshold algorithm considered only one fixed
ordering for each attribute.)

If our domain contains attributes A1, . . . , An, we prepare n
ordered lists L1, . . . , Ln. Lists can be stored in heterogeneous
repositories, or even acquired from web services. Top-k al-
gorithm uses sorted access to the lists, reads attribute values
and calculates preference values. One object can have differ-
ent position in each ordered list, so some attribute values will
be unknown in the meantime. After reading all attribute val-
ues of some object x, top-k algorithm calculates aggregation
function to determine overall preference value of the object.
A threshold value is determined to see if any object with some
unknown values has a chance to be more preferred than x. If
not, object x is written on the output.

This algorithm is very efficient for complex preferential
search. The preprocessing phase causes that we can find k
best objects without traversing the whole dataset. The output
is an ordered list of k best objects (according to given pref-
erences) together with overall preference values. Despite the
fact that source data is crisp, we obtain fuzzy results similar to
“object x1 is preferred by user U to degree 0, 8”. This fuzzi-
ness originates from vague user preference representation and
it is reflected in the results.

2.3 Learning Classification Rules from Ratings

Although the preference model is fuzzy, it is intended to rep-
resent real user preferences as precisely as possible. If they
do not correspond, the user obtains different results, or results
in wrong order. The graphical interface gives user a chance
to rate the results in 5-degree scale (bad, poor, average, good,
excellent) as can be seen on Fig. 6. Degrees can also be rep-
resented as percents, stars, smilies, etc. Then we use ordinal
classification [8] to find a new aggregation function. As we
showed in [9], it is sufficient to learn an aggregation function,

Figure 6: Interface to view and rate search results.

provided that types of attribute preferences did not change
(e.g. from “The more the better” to “The less the better”).
The new aggregation function has a form of fuzzy rules.

Fuzzy rules are well-known from fuzzy controllers [10],
fuzzy inference systems [11] and many other application ar-
eas. A fuzzy rule consists of antecedent and consequent. An-
tecedent is typically a (fuzzy) conjunction or disjunction of
fuzzy condition clauses. Consequent can be some action (in
case of fuzzy controllers) or a fuzzy predicate (in case of fuzzy
inference systems).

controller rule: IF temperature IS cold THEN heater IS high

inference system rule: IF wind IS strong AND barometer IS
falling THEN forecast IS bad

Different types of rules look syntactically similar, but they
differ in the semantics of consequent. In the first case the con-
sequent “heater IS high” means that the heater device will be
set to high level. In the latter case the consequent “forecast IS
bad” means that the variable forecast will be assigned a fuzzy
value bad, but no physical action will take place. Condition
clauses contain crisp variables (temperature, wind, barometer)
and fuzzy sets (cold, strong, falling) in both cases. Connec-
tives AND, OR are fuzzy t-norms and t-conorms, IF-THEN
implications are also fuzzified. There is usually a larger set
of rules which are processed, their outputs are combined (ag-
gregated) in some way into a single fuzzy set. It is then de-
fuzzified to determine crisp output value. The most common
defuzzification method is centroid calculation, which returns
the geometric center of area under the fuzzy membership func-
tion.

Our usage is more similar to fuzzy inference systems be-
cause we use fuzzy rules to find a preference value, not to
control some electronic device. It is somewhat simplified to
reflect our preference model. The following example shows a
set of classification rules. We chose fuzzy rules as aggrega-
tion method because they are human-understandable and very
close to natural way of thinking.

IF µU
salary(salary(x)) ≥ 0.7 AND µU

place(place(x)) ≥
0.6 AND µU

position(position(x)) ≥ 0.5 THEN goodU (x) ≥
0.8

IF µU
experience level(experience level(x)) ≥ 0.3 AND

µU
salary(salary(x)) ≥ 0.6 THEN goodU (x) ≥ 0.6
It is easy to see some differences compared to fuzzy rules

mentioned above. Our fuzzy rules are induced from a small set
of rated objects, so they are more specific. Condition clause
µU

salary(salary(x)) ≥ 0.7 can be written more intuitively as
salary(x) IS good ≥ 0.7. We use arbitrary fuzzy sets µU

Ai

instead of linguistic variables like “cold”.
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Our condition clauses use α-cut defuzzification and thus our
conjunctions and implications are crisp. If object x satisfies
the antecedent, then the aggregation function goodU will be
greater or equal to the value specified in the consequent. If
some object satisfies more antecedents, we choose the greatest
output value. If it does not satisfy any rule antecedent, the
result will be set to 0. A set of rules makes up a monotone
aggregation function. An object y with all attribute preference
values greater or equal to object x will be “good” to greater or
equal degree than x.

3 Implementation
The system for user-dependent web search is implemented
and available on http://x64.ics.upjs.sk:8080/nazou/. It is a
web application created in Java with Wicket1 framework. Java
servlets run under Tomcat application server. The server also
supports Sesame2 database to store both our ontologies, i.e.
job offer ontology and user preference ontology (see Fig. 2).
User preference ontology schema is fixed, while domain on-
tology is arbitrary (see [12, 9] for details).

The application is divided into relatively independent tools:
top-k search, inductive learning, and user preference acquisi-
tion called UPreA. UPreA provides user preferences for other
tools, processes user inputs and manages all changes in user
profile. It communicates with Sesame database through Java
API to store and update user information.

4 System and Model Evaluation
Our goal is to experiment with the implemented system and
to find out if our model is a suitable representation of real
user preferences. As our model is fuzzy, we are interested in
fuzzy degree of correspondence between our results and some
“ideal” results. Analysis of experiments is further complicated
by the fact that user preferences are evolving in time and user
inputs can be inconsistent.

We anticipate vague user preferences and therefore we use
inductive learning to adjust the aggregation function. Our
preferences define an ordering of all objects from the domain,
while user ratings define another ordering of some small sub-
set of objects. Fig. 2 shows orderings that are generated in
search cycles: Ri is the ordering of search results and U i is the
ordering specified by user ratings. We explore the correspon-
dence of Ri and U i. If these orderings are similar, the user
must have assigned higher ratings to objects from the front
of the result list and therefore our preference model reflected
real user preferences well. Throughout the rest of this sec-
tion we assume that Ri and U i are permutations of objects
{o1, . . . , on}. Also note that results R0 are retrieved with
user-defined aggregation function (weighted average), while
other results Ri, i ≥ 1 are retrieved with aggregation (fuzzy
rules) learned from previous ratings.

The main problem is how to determine the correspondence
of two fuzzy subsets. We present several measures below and
compare the results. We analyse how Ri corresponds with U i

in six successive search cycles. In fact, some users stopped
searching after the first or the second cycle, so the number
of analyzed ordered lists is slightly decreasing. Data for this

1http://wicket.apache.org/
2http://www.openrdf.org/

Table 1: Correlations of result ordering and user evaluation.
Cycle 0. 1. 2. 3. 4. 5.

τ -correlation 0.73 0.77 0.79 0,77 0,81 0,81
Result lists 174 134 102 53 26 15

Table 2: Weighted similarity of result ordering and user eval-
uation.

Cycle 0. 1. 2. 3. 4. 5.
similarity 0.53 0.41 0.39 0,56 0,61 0,64

analysis (search results Ri and user ratings U i) comes from
real users who tested the implemented system.

4.1 Correlation of Orderings

The first possibility is Kendall τ -correlation coefficient [13].
It is defined as τ = nc−nd

1
2 n(n−1)

− 1, where nc is the number of
concordant pairs and nd is the number of discordant pairs in
both ratings. A pair of elements is discordant if their order
is reversed. We modified this formula to τ = 2P

1
2 n(n−1)

, so
that results belong to interval [0, 1] to conform with our fuzzy
model. However, in this case only results above 0.5 mean a
positive correlation.

Kendall τ -correlation originally deals with strictly ordered
lists. However, in our case many objects from Ri or U i can
share the same fuzzy value. We distinguish ties according to
the (strict) order in which they are presented to user. This or-
der in fact depends on indexing methods used in top-k search.

4.2 Weighted order similarity

If the order of some objects change, τ -correlation decreases
evenly, regardless of the position where the discordance arose.
We can also assume that the position of discordance is im-
portant – discordance on the 1st and the 2nd position is
more significant than discordance on the 8th and the 9th po-
sition. This idea is reflected in weighted order similarity.
We choose a decreasing vector of weights such that differ-
ences between adjacent values are also decreasing, e.g. w =
〈20, 15, 11, 8, 6, 5, 4, 3, 2, 1〉 for n = 10. Weighted order co-

efficient is defined as W = 1 −
n∑

j=1

∣
∣wpj − wqj

∣
∣ where pj is

a sequence number of Ri
j and qj is a sequence number of U i

j .
Note that this coefficient does not consider all pairs of ele-
ments as τ -correlation, only the sequence number of the same
element in both orderings.

4.3 Fuzzy Equality

Another suitable measure is fuzzy equality [14], which is
stronger condition than similarity. In this case we consider
fuzzy aggregation values @U , not only orders. We define
fuzzy equality of fuzzy sets µA, µB as: ≡• (µA, µB) =
infx∈∆{∨•(→• (µA, µB),→• (µB , µA))}. It means that
µA, µB are equal if µA(x) implies µB(x) and vice versa, for
all x from the domain. We can choose different types of fuzzy
implication and conjunction, namely Łukasiewicz, Gödel and
product. The universal quantifier is always represented as in-
fimum for all elements from the domain.

Finally, we compare results of these fuzzy measures on Fig.
7. τ -correlation and weighted similarity seem to be the most
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Table 3: Fuzzy equality of result ordering and user evaluation.
Cycle 0. 1. 2. 3. 4. 5.
≡•

L 0.19 0.41 0.32 0,35 0,42 0,42
≡•

G 0.23 0.22 0.14 0,20 0,22 0,24
≡•

p 0.17 0.28 0.16 0,23 0,31 0,27

Table 4: τR-correlation of result lists Ri, Ri+1.
i 0 1 2 3 4∣

∣Ri ∩ Ri+1
∣
∣ 4,50 6,21 5,95 4,88 5,52

τ∩ 0,65 0,80 0,76 0,63 0,76
τR 0,53 0,67 0,64 0,56 0,64

suitable measures. Fuzzy equalities impose too strict condi-
tions on fuzzy values. We do not expect result lists and user
ratings to be totally equal because we learn new preferences
from their difference. Correlation increases most significantly
between 1st and 2nd cycle where we start to use fuzzy rules.
So experiments proved that fuzzy rules are suitable represen-
tation of user preference.

Another interesting point is that τ -correlation and weighted
similarity have the same trends up to fifth cycle, while all
fuzzy equalities have the same trends from second to fifth cy-
cle. Łukasiewicz equality has the greatest results and Gödel
equality has the smallest results because the corresponding
fuzzy implications also have this feature.
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Figure 7: Comparison of different fuzzy measures.

4.4 Correlation of Subsequent Result Lists

We are also interested in the correlation of k-tuples Ri, Ri+1.
If Ri and Ri+1 have empty intersection, this correlation will
be 0. In case of non-empty intersection, we can compute usual
τ -correlation coefficient of the common elements τ∩ and mul-

tiply the result with |Ri∩Ri+1|
n . Thus we obtain τR. Average

results for the first 5 cycles are shown in Table 4.

5 Related Work
In this section we present a short survey of similar preference
models and searching methods. Many searching methods al-
low user to select desired attribute values, but they mostly pro-
duce a conjunctive query from user requirements. Our model
is more general because aggregation functions are generaliza-
tion of both (fuzzy) conjunctions and disjunctions.

A similar problem is addressed by fuzzy multicriteria de-
cision making [15, 16]. It supports decision based on vari-
ous attributes called criteria. Attribute preferences are usu-
ally represented as fuzzy preference relations – binary rela-
tions defined for every two-tuple of objects. Preference rela-
tion defines a degree to which one object is better than another
object, based on the corresponding attribute. Other models
of attribute preference mentioned in [16] are utility functions
(identical with our fuzzy functions) and crisp preference or-
derings of objects. Aggregation is defined as OWA operator
[17]. It is ordered weighted average associated with a nor-
malized weight vector w = (w1, . . . , wn)T . Note that weight
wi is not connected with preference value of ith attribute, but
with ith greatest preference value. This operator produces one
“collective” preference relation from attribute preferences.

The main difference is that multicriteria decision is mainly
designed for a small number of objects (alternatives). Each
preference relation requires quadratic space w.r.t. number of
objects. Decision making process consists of computing ag-
gregated preference relation and transforming this relation to
a global ranking of objects. Efficiency issues are left to imple-
mentations. Our model is closely connected with efficient top-
k searching method which allows finding best objects without
computing aggregation for all of them and sorting the results.
Advantages of fuzzy multicriteria decision include support of
sophisticated aggregation methods like Choquet integral and
various modifications of OWA operator.

Another method to find interesting objects according to
more attributes is based on Skyline [18]. Every attribute forms
one dimension and every object is represented as a point in
multi-dimensional space. Skyline is defined as a set of points
which are not dominated by any other point (Pareto optimal),
which means that no other point is equally good or better in
all dimensions and strictly better at least in one dimension. A
special Skyline clause can be integrated to relational database
systems. Efficient methods of finding Skyline are proposed
in [18, 19], including partitioning, indexing with B-trees and
searching with top N algorithm (similar to top-k).

Compared to our system, Skyline produces a set of un-
ordered, potentially interesting objects. Despite the similar
searching methods, results can be different from our top-k re-
sults. First object o returned by top-k always belongs to Sky-
line set, but not necessarily the following objects, which can
be in fact dominated by o, but still very close to it. Skyline
also does not support attribute preferences other than simple
“The more the better” or its reverse for ordinal attributes, thus
it assumes the same attribute preferences for all users.

Another similar approach is rank-aware querying [20]. It
uses general aggregation (scoring) functions to compute ob-
ject ranking and returns a list of results ordered by ranking.
Aggregations and new rank-join operators are integrated into
relational database system. Rank-join operator performance is
optimized by transforming a query into an execution plan and
finding the most efficient plan. As in the case of Skyline op-
erator, rank-aware querying does not support various attribute
preferences or fuzzy rules. Simple preferences like “The less
the better” can be simulated with scoring functions.

All-purpose fuzzy database system FSQL Server is pro-
posed in [21]. It supports attribute preferences (called lin-
guistic labels) for both ordered and unordered attribute do-
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mains. It is possible to define special fuzzy connectives to
aggregate the results, but weighted average and fuzzy rules
are not supported. In addition to fuzzy features needed in our
system, FSQL supports fuzzy comparison, fuzzy constants,
special values and α-cuts (fulfillment thresholds). FSQL is in-
tended to support all common fuzzy features, while our system
is designed for a single purpose of preferential web search.

From theoretical point of view, rough set theory [22] also
has some common ideas with our model. It uses conditional
attributes and decision attributes (similar to our user rating).
Objects with the same attribute values belong to the same
equivalence class and they are called indiscernible by those
attributes. However, a set that contains one element from an
equivalence class and does not contain another object from the
same equivalence class, cannot be defined exactly (using only
available attributes). Such set is called rough set and it can be
defined with help of lower and upper approximation.

The main goal of rough set theory is to synthesize decision
rules to determine the value of decision attribute from condi-
tional attributes. The main difference is that a rough set does
not generate any ordering, we can only distinguish objects in-
side the set from “boundary” objects.

6 Conclusions
Some approaches mentioned in the previous section are fo-
cused on theoretical support of decision process, some deal
more with efficiency and optimization. We address both is-
sues to achieve a clear-cut formal model and efficient imple-
mentation. Our main purpose is to enable user-specific web
search in one arbitrary domain. All parts described in section
2 are important for personalized search: web information ex-
traction, interface for explicit preference specification, top-k
search, user rating and inductive learning. To the best of our
knowledge, other fuzzy preference systems do not address all
these phases to connect web and user.

So our approach has the following contributions:

• Formal model – fuzzy sets and aggregation as a model of
user preference, suitable for preferential search.

• Expressive power – arbitrary fuzzy sets and fuzzy rules
are strong tools to represent preferences.

• Implementation – web-based system implements speci-
fied functionality.

• Model evaluation – various fuzzy measures are used to
analyze the results.
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Abstract– Many aggregation operators like fuzzy integrals and 

similar require a preference relation as input. If the number of 

decision alternatives increases it becomes almost impossible to 

provide the exponentially increasing number of preference 

statements which are needed because a preference relation is 

defined upon the power set of the set of decision alternatives.  If, as 

in many real world applications, the number of decision goals 

increases, it is also almost impossible to supervise the consistency 

of preference statements with respect to the interactions between 

the decision goals. In this paper it is discussed in which way a 

decision making approach based on interactions between goals is 

applied in order to use preference information that is not defined 

upon the power set of the set decision alternatives but simply on 

the decision set itself. Instead of defining the preferences upon the 

power set of the decision alternatives with respect to all the goals, 

for every decision goal the preference of the decision alternatives 

for this goal is defined upon the set of decision alternatives by a 

linear preference ranking of the decision alternatives. 

Consequences for both decision modeling based on classical 

preference relations and based on weighted sums are discussed. 

Keywords– Aggregation complexity, decision making, interac-

tions between goals, reduced preference relation, weighted sum. 

1     Introduction 

Many decision making approaches are limited with respect 

to the management of complexity [4], [5], [8], [9], [10]. The 

consequence of this limitation is that these models are rather 

not applicable for real world problems. Many aggregation 

approaches require a preference relation as input. For more 

complex decision problems such preference relations are 

difficult to obtain because a preference relation is defined 

upon the power set of the set of the decision alternatives. If 

the number of decision alternatives increases it becomes 

almost impossible to provide the exponentially increasing  

number of preference statements needed. If additionally, as 

in many real world applications, the number of decision 

goals increases, it is almost impossible to supervise the 

consistency of preference statements with respect to the 

interactions between the decision goals. In this paper it is 

discussed in which way a decision making approach based 

on interactions between goals is adapted in order to 

aggregate in complex decision situations requiring only 

reduced linear preference information. The required input 

preference  information is not defined upon the power set of 

the decision alternatives. Instead of this, for every single 

decision goal a linear preference ranking of the decision 

alternatives with respect to that goal is required. Of course, 

the single goal preference rankings may rank the decision 

alternatives in different way for different goals as the goals 

usually are partly conflicting. The presented aggregation 

approach ascertains for each pair of goals their conflicts 

(and correlations) by computing the so called interactions 

between the goals from the initial input single goal rankings. 

The only additional information needed when the 

interactions between the goals have been calculated is a 

linear importance information of each goal which is 

expressed in terms of goal priorities. The goal priorities are 

numbers of [0,1] and are comparable with a fuzzy measure 

that ranks not the decision alternatives but the decision goals 

itself with respect to their importance (priority). 

It turned out that the decision making based on interactions 

between goals is less limited because the complexity of both 

the input information required and the aggregation process 

is not higher than polynomial. Since the model has 

successfully been applied to many real world problems [3] it 

clearly helped to manage many complex aggregation 

processes in which the number was varying between 50 and 

100. The number of decision alternatives was in some 

applications even more than several thousands. 

In the subsequent sections first for better readability of the 

paper we repeat a brief description of the decision making 

approach based on interactions between decision goals. 

Then we show how the approach is applied in order to work 

with single goal preference rankings and a statement with 

respect to classical preference based decision modeling is 

made. Subsequently it is discussed under which conditions 

decision models based on weighted sums help and how they 

are related to decision situations with interacting decision 

goals. Finally, the consequences of the results are discussed.  

2     Decision Making based on Interactions 

between Goals 

In the following it is shown how an explicit modeling of 

interaction between decision goals that are defined as fuzzy 

sets of decision alternatives helps to manage complexity of 

the decision making and aggregation. This modeling of the 

decision making and aggregation process significantly 

differs from the related approaches and the way they 

manage complex decision situations. First the notion of 

positive and negative impact sets is introduced. Then 

different types of interaction between goals are defined. 

After this it is shown how interactions between goals are 

used in order to aggregate pairs of goals to the so called 

local decision sets. Then it is described how the local 

decision sets are used for the aggregation of a final decision 

set. The complexity of the different steps is discussed. 

2.1     Positive and Negative Impact Sets 

Before we define interactions between goals as fuzzy 

relations, we introduce the notion of the positive impact set 

and the negative impact set of a goal. A more detailed 

discussion can be found in [1],[2] and [3]. 

Def. 1a)     Let A be a non-empty and finite set of decision 

alternatives, G a non-empty and finite set of goals, A ∩ G 
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( ]1,0,,, ∈∈∈∅= δGgAa . For each goal g we define 

the two fuzzy sets Sg and Dg  each from A into [0, 1] by: 

1. Positive impact function of the goal g: Sg(a):= δ,  

if a affects g positively with degree δ, Sg(a):=0 else.  

2. Negative impact function of the goal g: Dg(a):= δ,  

if a affects g negatively with degree δ, Dg(a):=0 else. 

Def. 1b)     Let Sg and Dg be defined as in Def. 1a).  

Sg is called the positive impact set of g and Dg the negative 

impact set of g. 

The set Sg contains alternatives with a positive impact on 

the goal g and δ is the degree of the positive impact. The set 

Dg contains alternatives with a negative impact on the goal 

g and δ is the degree of the negative impact. 

2.2     Interactions between Goals 

Let P(A) be the set of all fuzzy subsets of A. Let 

X, Y ∈ P(A), x and y the membership functions of X and Y 

respectively. Assume now that we have a binary fuzzy 

inclusion [ ]I: P P( ) ( ) ,A A× → 01  and a fuzzy non-inclusion 

[ ]N: P P( ) ( ) ,A A× → 01 , such that N I :   ( , ) ( , )X Y X Y= −1 . 

In such a case the degree of  inclusions and non-inclusions 

between the impact sets of two goals indicate the degree of 

the existence of interaction between these two goals. The 

higher the degree of inclusion between the positive impact 

sets of two goals, the more cooperative the interaction 

between them. The higher the degree of inclusion between 

the positive impact set of one goal and the negative impact 

set of the second, the more competitive the interaction. The 

non-inclusions are evaluated in a similar way. The higher 

the degree of non-inclusion between the positive impact sets 

of two goals, the less cooperative the interaction between 

them. The higher the degree of non-inclusion between the 

positive impact set of one goal and the negative impact set 

of the second, the less competitive the relationship. The pair 

(Sg, Dg) represents the whole known impact of alternatives 

on the goal g. Then Sg is the fuzzy set of alternatives which 

satisfy the goal g. Dg is the fuzzy set of alternatives which 

are rather not recommendable from the point of view of 

satisfying the goal g. 

Based on the inclusion and non-inclusion between the 

impact sets of the goals as described above, 8 basic fuzzy 

types of interaction between goals are defined. The different 

types of interaction describe the spectrum from a high 

confluence between goals (analogy) to a strict competition 

(trade-off) [1]. 

 

Def. 2)    Let Sg1 
, Dg1 

,
 
Sg2  

and Dg2 
be fuzzy sets given 

by the corresponding membership functions as defined in 

Def. 1). For simplicity we write S1 instead of Sg1
 etc.. Let 

g
1

, g
2

 ∈ G where G is a set of goals. T is a t-norm. 

The fuzzy types of interaction between two goals are 

defined as relations which are fuzzy subsets of G × G  as 

follows: 

1.  g
1 is independent of g

2
: <=> 

)NNNN( )2,1(),1,2(),2,1(),2,1( DDDSDSSST  

2.  g
1 assists  g

2
: <=> )NI( )2,1(),21( DSSST  

3.  g
1 cooperates with g

2
: <=> 

)NNI( )1,2(),2,1(),2,1( DSDSSST  

4.  g
1 is analogous to g

2
: <=> 

)INNI( )2,1(),1,2(),2,1(),2,1( DDDSDSSST    

5.  g
1 hinders g

2
: <=> )IN( )2,1(),2,1( DSSST  

6.  g
1 competes with g

2
: <=> 

)IIN( )1,2(),2,1(),2,1( DSDSSST  

7.  g
1 is in trade-off to g

2
: <=> 

)NIIN( )2,1(),1,2(),2,1(),2,1( DDDSDSSST  

8.  g
1 is unspecified dependent from g

2
: <=> 

)IIII( )2,1(),1,2(),2,1(),2,1( DDDSDSSST  

 

The interactions between goals are crucial for an adequate 

orientation during the decision making process because they 

reflect the way  the goals depend on each other and describe 

the pros and cons of the decision alternatives with respect to 

the goals. For example, for cooperative goals a conjunctive 

aggregation is appropriate. If the goals are rather 

competitive, then an aggregation based on an exclusive 

disjunction is appropriate.  

Note that the complexity of the calculation of every type of 

interaction between two goals is O(card(A) * card(A)) = 

O((card(A))
2
) [4]. 

2.3     Two Goals Aggregation based on the Type of their 

Interaction 

The assumption, that cooperative types of interaction 

between goals imply conjunctive aggregation and 

conflicting types of interaction between goals rather lead to 

exclusive disjunctive aggregation, is easy to accept from the 

intuitive point of view. It is also easy to accept that in case 

of  independent or unspecified dependent goals a disjunctive 

aggregation is appropriate. For a more detailed formal 

discussion see for instance [1],[2]. Knowing the type of 

interaction between two goals means to recognize for which 

goals rather a conjunctive aggregation is appropriate and for 

which goals rather a disjunctive or even exclusively 

disjunctive aggregation is appropriate. This knowledge then  

in connection with information about goal priorities is used 

in order to apply interaction dependent aggregation policies 

which describe the way of aggregation for each type of 

interaction. The aggregation policies define which kind of 

aggregation operation is the appropriate one for each pair of 

goals. The aggregation of two goals gi and gj leads to the so 

called local decision set Li,j.. For each pair of goals there is a 

local decision set Li,j. ∈ P(A), where A is the set of decision 

alternatives (see Def 1 a)) and P(A) the power set upon A. 

For conflicting goals, for instance, the following aggregation 

policy which deduces the appropriate decision set is given: 

 

if (g
1 is in trade-off to g

2
 ) and  (g

1 is slightly more 

important than g
2 )  then L1,2  := S

1 / D2 
. 

In case of very similar goals (analogous or cooperative 

goals) the priority information even is not necessary: 

if (g
1 cooperates with g

2
 )  then L1,2  :=   S

1  ∩  S
2 

because  

S
1  ∩  S

2
  surely satisfies both goals.  

if (g
1 is independent of g

2
 )  then L1,2  :=   S

1  ∪  S
2 

because  
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S
1  ∪  S

2
  surely do not interact neither positively nor 

negatively and we may and want to pursue both goals. 

In this way for every pair of goals g
i
 and g

j 
, i,j ∈ {1,…,n} 

decision sets are aggregated. The importance of goals is 

expressed by the so called priorities. A priority of a goal g
i
  

is a real number P
i
 ∈ [0,1]. The comparison of the priorities 

is modeled based on the linear ordering of the real interval 

[0,1]. The statements like gi slightly more important than g
j
 

are defined as linguistic labels that simply express the 

extend of the difference between P
i
 and P

j
 . 

2.4    Multiple Goal Aggregation as Final Aggregation 

based on the Local Decision Sets 

The next step of the aggregation process is the final 

aggregation. The final aggregation is performed based on a 

sorting procedure of all local decision sets Li,j. Again the 

priority information is used to build a semi-linear hierarchy 

of the local decision sets by sorting them. The sorting 

process sorts the local decision sets with respect to the 

priorities of the goals. Subsequently an intersection set of all 

local decision sets is built. If this intersection set is empty 

then the intersection of all local decision sets except the last 

one in the hierarchy is built. If the resulting intersection set 

again is empty then the second last local decision set is 

excluded from the intersection process. The process iterates 

until the intersection is not empty (or more generally 

speaking until its fuzzy cardinality is big enough with 

respect to a given threshold). The first nonempty intersec-

tion in the iteration process is the final decision set and the 

membership values of this set give a ranking of the decision 

alternatives that is the result of the aggregation process (for 

more details see [2]). 

2.5 Complexity Analysis of the Aggregation Process  

As already discussed for instance in [4] the complexity of 

the aggregation process is O((card(A))
2
 * (card(G))

2
) and the 

complexity of the information required for the description of  

both the positive and the negative impact functions is 

O(card(A) * card(G)).  

3     Application  of the Aggregation in Case of 

Reduced Preference Relations  

In preference based decision making the input preference  

information has to be defined upon the power set of the 

decision alternatives [6]. This means that the complexity of 

the input information required is exponential with respect to 

the cardinality of the set of decision alternatives. This also 

means that the input information required is very difficult to 

obtain. Especially if the number of decision goals increases 

and the goals are  partly conflicting the required preference 

information has to be multidimensional and the provider of 

the preference information has to express all the 

multidimensional interactions between the goals through the 

preference relation. With increasing number of goals and 

interactions between them the complexity of the required 

input preference relation possesses the same complexity as 

the decision problem itself. But, if the complexity of the 

required input is the same as the solution of the underlying 

decision problem itself then the subsequent aggregation of 

the input does not really help to solve the problem and is 

rather obsolete. 

Therefore we propose to reduce the complexity of the input 

preference relation. Instead of requiring a preference 

relation defined upon the power set of the set of the decision 

alternatives which expresses the multidimensionality of the 

impacts of the decision alternatives on the goals for every 

single decision goal a linear preference ranking of the 

decision alternatives with respect to that goal is required. 

This means that for every goal a preference ranking defined 

on the set of decision alternatives is required instead of a 

ranking defined on the power set of the alternatives. The 

multidimensionality of the goals is then computed from all 

the single goal preference rankings using the concept of 

interactions between the goals as defined in section X.2. 

In the sequent we extend the definition Def. 1. The 

extension defines how a single goal preference ranking 

defined on the set of the decision alternatives is transformed 

into positive and negative impact sets: 

 

Def. 1c)  Let A be a non-empty and finite set of  decision 

alternatives, G a non-empty, finite set of goals as defined in 

Def. 1) a), 

A ∩ G ( ]1,0,,, ∈∈∈∅= δGgAa .  

Let >pg be a preference ranking defined upon A with respect 

to g defining a total order upon A with respect to g, such 

that 

ai1 >pg  ai2  >pg ai3 >pg … >pg  aim ,   where m=card(A) and   

∀ aij, aik ∈ A, aij  >pg  aik  :⇔ aij  is preferred to  aik  with 

respect to the goal g. The preference relation >pg is called 

the reduced single goal preference relation of the goal g.  

For simplicity, instead of  >pg we also equivalently write 

RSPR of the goal g. All the RSPRs for all  g ∈ G  are called 

the reduced preference relation RPR for the whole set of 

goals G. In order to avoid complete redundancy within the 

RPR we additionally define that the RSPRs of all the goals 

are different. 

Let us assume that there is a decision situation with n 

decision goals where n=card(G) and m decision alternatives 

where m=card(A). In the subsequent we propose an 

additional extension of the original definition Def. 1b with 

the aim to transform the single goal preference relations 

RSPR of every goals g ∈ G into the positive and negative 

impact sets Sg and Dg:  

Def. 1d)    Let again A be a non-empty and finite set of  

decision alternatives, G a non-empty, finite set of goals as 

defined in Def. 1) a),  A ∩ B ≠ ∅, ai∈A, m=card(A), g∈G, 

i, c∈ {1, …, m}. For any goal g we obtain both the positive 

and the negative impact sets Sg and Dg by defining the 

values of δ according to Def. 1a) and 1b) as follows: 

Def. 1d1) For the positive impact set: 

Sg(ai)=δ:=1/i    iff  i∈[1,c–1],  

Sg(ai)=δ:=0       iff  i∈[c,m]. 

 

Def. 1d2) For the negative impact set:  

Dg(ai)=δ:=0  iff i∈[1,c–1],  

Sg(ai) = δ:= 1/(m-i+1) iff  i∈[c, m]. 

Using the definition Def. 1d1 and Def. 1d2 for any goal 

g∈G we obtain a transformation of the RPR into positive 
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and negative impact sets of all the goals and can evaluate the 

interactions of the goals using Def. 2 that are implied by the 

RPR.  

Compared to classical preference based decision models this 

transformation helps to reduce the complexity of the input 

preference information required without losing modeling 

power for complex real world problems. The advantage is 

that using Def. 2. the interactions between goals that are 

implied by the RPR expose the incompatibilities and 

compatibilities that may be hidden in the RPR. The exposed 

incompatibilities and compatibilities are used adequately 

during the further calculation of the decision sets. Note that 

the exposition is calculated with a polynomial number of 

calculation steps with degree 2. The only additional 

information required from the decision maker is the priority 

information for each goal which has to be expressed as a 

weight with a value between 0 and 1. Many real world 

applications show that despite the reduced input complexity 

there is no substantial loss of decision quality [3]. 

Statement 1: In particular this means that it is not necessary 

to have classical preference relations defined upon the 

power set of the decision alternatives in order to handle 

complex decision problems with both positively and 

negatively interacting decision goals.  

Another interesting question is how the decision making 

based on interactions between decision goals is formally 

related to  aggregation methods based on weighted sums. In 

order to investigate this we introduce the notion of r-

consistency of RPRs and will consider the question under 

which conditions the weighted sum aggregation may be 

appropriate from the point of view of the application of the 

decision making based on interactions between goals if we 

have an RPR as input. For this we define the following: 

 Def.3)    Given a discrete and finite set A of decision 

alternatives. Given a discrete and finite set G of goals. Let r 

∈ (0,1]. The reduced preference relation RPR is called r-

consistent :� ∃ c ∈ {1, … ,m}, m=card(A) such that ∀ (gi 

,gj) ∈ G × G, i,j ∈ {1, … ,n}, n=card(G), (gi cooperates 

with gj)  ≥  r. 

Let us now consider an important consequence of the 

interaction between goals using the notion of r-consistency. 

This notion will imply a condition under which an 

aggregation based on a weighted sum may lead to an 

appropriate final decision. 

For this let us assume that the quite sophisticated final 

aggregation process of the iterative intersections as 

described in section 2.4 is replaced by the following rather 

intuitive straight forward consideration of how to obtain an 

optimal final decision. 

Again let us identify the local decision sets Li,j  obtained 

after the application of the local decision policies for each 

pair of goals  (gi ,gj)  as the first type of  decision subsets of 

the set of all decision alternatives A which, according to the 

decision model are expected to  contain an optimal decision 

alternative ak. Thus we define the set of sets  

T1:= { Li,j  | i ,j  ∈ {1, .. n}, n=card(G)} and expect that the 

optimal decision alternative has a positive membership in at 

least one of the sets of T1. Since we want to consider 

multiple goals we may also expect that an optimal decision 

alternative may have a positive membership in at least one 

of the intersections of pairs of the local Li,j. Thus we define 

T2:= { Lk,l ∩ Lp,q | k,l,p,q  ∈ {1, .. n}, n=card(G)}. In order 

to simplify the subsequent explanation we concentrate on 

the crisp case and replace all membership values > 0  in all 

Li,j, and Lk,l ∩ Lp,q by the membership value 1. Now we 

define the system of these crisp sets GDS as follows: 

Def.4)    GDS:={∅,T1,T2}, T1,T2 are the sets of crisp sets 

that we construct as described above by replacing all 

membership values > 0  in all Li,j, and Lk,l ∩ Lp,q by the 

membership value 1. 

With this definition we are able to formulate the following 

theorem that describes a property of the crisp GDS in the 

case that the underlying decision situation stems from a 

reduced preference relation RPR to which the decision 

model based on interactions between decision goals is 

applied. This property will enable us to relate this decision 

making to the calculation of optimal decisions by concepts 

based on weighted sums that are strongly connected with the 

notion of a matroid [7] and optimal decisions obtained by 

Greedy algorithms. 

Theorem 1: If the reduced preference relation RPR is r-

consistent then the system (P(A),GDS) is a matroid. 

Sketch of the Proof: 

The proof will show that the following matroid conditions 

[7] hold: 1. ∅∈GDS, 2. X⊆Y, Y∈GDS � X∈GDS and 3. 

X,Y∈GDS card(X)<card(Y) � ∃x∈Y\X and X∪{x}∈GDS.  

Ad1.: Holds by definition of GDS.   Ad2.:  If X is one of the 

Li,js then Y must be one of the another Lk,l with i≠k, j≠l.  

If X is one of the Lk,l∩Lp,q   then Y must be Lk,l  or Lk,l. Ad3.: 

This condition holds because the RPR is r-consistent and 

therefore we have ∀ k,l,p,q  ∈ {1, .. n}, n=card(G), 

card(Li,j)=card(Lk,l ∩ Lp,q)=c.  

With this result we obtain the following corollary that 

relates decision making based on interactions between 

decision goals to calculating optimal decisions by concepts 

based on weighted sums. 

Corollary 1: If the reduced preference relation RPR is r-

consistent then there exists a greedy algorithm based on  the 

maximization of the weighted sum Σi∈{1,...,n},k∈{1,…,m} Pi∗Si(ak), 

where Si is defined as in Def. 1d1 and ak ∈ A being a 

decision alternative, n=card(G), m=card(A). Pi is the 

priority of the goal gi as used for the calculation of both the 

local and the global decision sets (see sections 4.3 and 4.4). 

Sketch of the Proof: 

The proof is an immediate result from the Theorem 1 and 

the theory of matroids used in the field of combinatorial 

optimization [7]. 

4     Discussion of the Consequences 

As already mentioned, this corollary relates the decision 

making based on interactions between decision goals to the 

calculation of optimal decisions by concepts based on 

weighted sums. It shows that weighted sums both as 

aggregation and optimization concept are rather appropriate 

if the goals or criteria are cooperative e.g. if they interact 
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positively (or at least do not interact at all being 

independent). In contrast to this the decision making based 

on interactions between decision goals is more general and it 

reflects both positive and negative interactions between the 

goals. This is important in the context of real world decision 

making and optimization problems which usually possess 

partly conflicting goal structures. If the aggregation is 

performed by weighted sums, like for instance Choquet 

integrals, then one can suppose that the aggregation will 

only work if the choices to be made are free of conflicts. 

The hypothesis formulated in [6] postulating that there 

exists a preference relation on subsets of decision 

alternatives which is compatible with a weak order of 

decision alternatives belonging to different subsets of 

decision alternatives seems not to be that natural as 

postulated  (especially in the field of optimization problems 

where partly contradicting goals are daily business). 

Even if for a given application field the postulated 

preference relation exists, in case the number of decision 

alternatives increases it becomes almost impossible to 

provide the exponentially increasing number of required 

preference statements.  If additionally, as in many real world 

applications, the number of decision goals increases, it is 

almost impossible for a human decision maker to keep all 

the interactions between the goals in mind and supervise the 

consistency of the preference statements with respect to the 

interactions between these decision goals. We see that the 

adapted decision making approach based on interactions 

between goals helps reducing the complexity of the required 

preference information without reducing neither the quality 

of the decision results [3] nor the complexity of decision 

situations that are modeled [4]: The required input 

preference information is not defined upon the power set of 

the decision alternatives. Instead of defining the required 

preferences upon the power set of the decision alternatives 

with respect to all the goals, for every decision goal the 

preference of the decision alternatives for this goal is 

defined upon the set of decision alternatives by a simple 

linearly ordered preference ranking of the decision 

alternatives (for each particular goal). This means that it is 

not necessary to require from the decision maker that he or 

she keeps in mind all the interactions between the goals. We 

are able to calculate the interactions as implication of 

linearly ordered single goal preference rankings by applying 

Def. 2. accordingly as shown in section 3. The only 

additional information that we require from the decision 

maker are assertions about the importance of the goals, 

namely again only a simple (linear) ordering of the so-called 

priorities of goals which are real numbers from the interval 

[0,1] and express for every goal its importance in a 

particular decision situation (see sections 2.3 and 2.4).  

5     Conclusions 

In this paper it is discussed in which way a decision making 

approach based on interactions between goals is applied in 

order to use preference information that is not defined upon 

the power set of the set decision alternatives but simply on 

the decision set itself. Instead of defining the preferences 

upon the power set of the decision alternatives with respect 

to all the goals, for every decision goal the preference of the 

decision alternatives for this goal is defined upon the set of 

decision alternatives by a linear preference ranking of the 

decision alternatives. Although the input complexity is 

reduced, the decision quality is not. Therefore we conclude 

that classical preference relations defined upon the power 

set of the decision alternatives are not necessary in order to 

adequately handle complex decision problems. We have 

also discussed in which way the decision model based on 

interaction between decision goals can be related to decision 

making methods based on weighted sums only. Through a  

link to the theory of matroids it is shown that the model is 

more general in the sense that an adequate aggregation is 

possible even if the goals are partly conflicting whereas 

weighted sums are in this kind of situations rather restricted. 
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 �� ������ ��1
���
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 ���1
%���$	� ����� 9�� ����	%	�	��	� 
�����: �� � �	��� 	�������� *	�$
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Abstract—Classes issued of evolving systems are dynamic and their 
characteristics vary over the time. Assigning a pattern to a class is 
achieved using a classifier. Therefore, the classifier parameters must 
be adapted online in order to take into account the temporal changes 
in the classes’ characteristics. This adaptation is based only on the 
recent and useful information carried out by the new incoming 
classified patterns. In this paper, we propose to develop the 
classification method Fuzzy Pattern Matching (FPM) to be operant 
in the case of dynamic classes. This development is based on the use 
of an incremental algorithm to follow the accumulated gradual 
temporal changes of classes’ characteristics after the classification of 
each new pattern. When these changes reach a suitable predefined 
threshold, the classifier parameters are adapted online using the 
recent and representative patterns.          

Keywords— Classification, dynamic patterns, evolving systems, 
pattern recognition.   

1 Introduction 
Dynamic systems evolve between different normal or 
faulting functioning modes in the course of time. In statistical 
Pattern Recognition (PR) [12, 9], observations about system 
functioning modes are divided into groups of similar 
patterns, called classes, using an unsupervised learning 
method [10, 4] or human experience. These patterns, with 
their class assignments, constitute the learning set. They are 
represented by a set of d features, or attributes, so they can 
be viewed as d-dimensional features vectors, or points, in the 
feature space. A supervised learning method [9, 16] uses the 
learning set to build a classifier that best separates the 
different classes in order to minimize the misclassification 
error. The model of each class can be represented by a 
membership function which determines the membership 
value of a pattern to a class. Then, new incoming patterns are 
assigned to the class for which they have the maximum 
membership value. In supervised learning methods, the 
membership function can be generated using Probability 
Density Function (PDF) estimation based methods or 
heuristic based ones. 
Patterns describing the system functioning can be static or 
dynamic. A static pattern is represented by a point in the 
feature space while a dynamic pattern is represented by a 
multidimensional trajectory. In this case, the feature space 
has an added dimension which is the time [3]. Classes can 
also be static or dynamic. Static classes are represented by 
restricted areas formed by similar static patterns in the 
feature space. Hence, the way in which patterns occur is 
irrelevant to their membership values. Therefore, the 
classifier's parameters remain unchanged with the time. 
However, data issued from evolving processes are non 

stationary. In this case, classes become dynamic and their 
characteristics change in the course of time. Thus, the 
classes’ membership functions must be adapted to take into 
account these temporal changes. This requires an adaptive 
classifier with a mechanism for adjusting its parameters over 
the time. Hence, some of the new incoming points reinforce 
and confirm the information contained in the previous data, 
but the other ones could bring new information (creation, 
drift, fusion, splitting of classes, etc.). This new information 
could concern a change in operating conditions, development 
of a fault or simply more significant changes in the process 
dynamic. 
The general principle of dynamic PR methods [14, 3, 7, 13] 
is to observe the change of some statistical properties of 
classes, in order to decide in which state the system is: 
unchanged, gradually changed or completely changed. Thus, 
the classifier parameters, i.e. the membership functions, will 
be respectively unchanged, slightly adapted, or relearned 
from scratch. 
In the literature, the membership functions are generally 
adapted using two approaches [2, 3, 14]. The first one acts 
directly on the classifier parameters, by substituting or 
adding some recent and representative patterns to the 
learning set [3, 14], according to the state in which the 
system is. This adaptation is based only on the most recent 
batch of patterns selected by one of the two following 
methods. The first method uses a time window, with a fixed 
or a variable size, which permits to reduce or limit the 
growing size of the database by accepting the n most recent 
patterns [14, 17]. The size of the time window must be well-
chosen to obtain a compromise between a fast adaptation and 
a sufficient number of representative patterns. The second 
method is based on the use of a template containing a fixed 
number of selected patterns according to their age and 
usefulness [11]. Nevertheless, it is subjective and difficult to 
estimate the utility of patterns. The second approach to adapt 
the membership functions is based on the use of evolving 
neural networks [1, 2, 7]. In [2], a potential function based 
on the distance between data points is defined for the new 
points. The first data point potential is considered as equal to 
1 and it establishes the first neuron (or rule) which is 
considered as the prototype (or centre) of the first cluster. 
Then, the next new data points may possess a potential close 
or greater than the one of the prototype neuron. This point 
can reinforce or confirm the information contained in the 
previous ones, or if the point is more informative than the 
data used as prototype, a new neuron (new rule) is added. In 
[1], the neural network is based on a multiprototype 
Gaussian modeling of non convex classes. The activation 
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function of each hidden neuron determines the membership 
degree of an observation to one prototype of a class. With 
the first acquisition, the network is initialized there is 
creation of the first prototype constituting the first class. The 
prototype is parameterized by its centre and an initial 
covariance matrix. Then, according to the membership 
degree of new acquisitions, the prototype (the hidden 
neuron) can be adapted, eliminated or a new prototype can 
be created. 
Dynamic classification methods are used to solve several real 
problems. The application of [3] concerns the credit-scoring 
which aims to decide whether a new customer is a good or a 
bad risk according to changes in his consumption. In [1], the 
authors aim to detect and to follow up the progressive 
evolution of the functioning mode from normal to faulty one 
of a thermal regulator. This evolution is due to the age of the 
system’s components or to other temporal factors in its 
environment. In [13], the author looks to estimate a ratio 
between the number of good parts in a completed batch of 
microelectronic chips and the number of parts obtained from 
the same batch if there is no default. Due to high complexity 
and variability of modern microelectronics manufacturing 
industry, this ratio is affected daily by hundreds of material-
related, equipment-related and human-related factors. In [7], 
dynamic traffic data streams are treated in order to reduce 
the waiting time of drivers at the road intersections. 
We use the classification method Incremental Fuzzy Pattern 
Matching (IFPM) [15] which is an incremental version of 
FPM [6]. The membership functions are based on the 
estimation of the marginal class probability density functions 
using histograms. Then, the membership functions are 
adapted incrementally after the classification of each new 
pattern. IFPM provides good result in the case of static 
classes based on static patterns. This method is simple and 
has a low and constant classification time according to the 
size of the database. However, IFPM has no mechanism to 
forget the no more useful patterns.    
In this paper, we propose to develop IFPM to be operant in 
the case of dynamic classes. This development is called 
Dynamic FPM (DFPM). The paper is structured as follows. 
The two first parts are devoted respectively to the 
functioning of IFPM and DFPM. In the third part, the limits 
of IFPM and results of DFPM are presented in the case of 
dynamic classes. The last part concludes the paper and 
presents the perspectives of our future work. 

2 Incremental Fuzzy Pattern Matching 

2.1 Principle 
The functioning of Incremental FPM (IFPM) involves the 
learning, the classification, and the incremental update 
phases. 

2.1.1  Learning phase 

Let Xi be the set of learning points belonging to the class Ci. 
Each class Ci contains Ni points, or patterns, in the feature 
space, ℜd, formed by d attributes. X is the learning set, 
containing N points x belonging to C classes, so    

�
C

i
iXX

1=

= . The learning phase consists in building, based 

on X, a decision rule characterized by a set of membership 
functions. These latter are based on histograms allowing to 
estimate the conditional probability density of each class Ci 
according to each attribute j. The number h of bins bk, 

{ }hk ,...,2,1∈  of a histogram is determined experimentally. 
The choice of h conditions the performances of IFPM. The 
lower jmin  and upper jmax  borders of each attribute are 
determined manually by an expert. In the case of dynamic 
classes, these borders must be well defined to contain all 
patterns of the classes’ evolutions. This constitutes a 
shortcome of IFPM when the classes are dynamic. The width 

j∆  of a bin according to the attribute j is defined by: 
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where j
ikn  is the number of learning points of the class Ci

which are located in the bin j
ikb  and Ni is the total number of 

points of the class Ci . Then, the resulting distribution of 
probability is transformed into a distribution of possibility 
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The possibility measure has the advantage to take into 
account the imprecision and the uncertainty contained in the 
data [8]. Finally, the density of possibility j

iΠ of the class Ci  
according to the attribute j is obtained by a linear 
interpolation of the bins centers of the histogram of 
possibility.   
2.1.2 Classification phase  

A pattern x is assigned to a known class Ci using the 
following three steps: 
• determination of the membership possibility value j

iπ of 
xj to each class Ci according to each attribute j. This 
possibility is obtained by projection of xj on the density 

j
iΠ of each class Ci according to each attribute j (Fig. 1). 

Figure 1: Projection of a point on the possibility densities.  1∆
and 2∆  are the bins’ widths according respectively to 

attributes 1 and 2.
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• fusion, for each class Ci, of all membership possibility 
values d

iii πππ ...,,, 21  by the aggregation operator 
“minimum”. The result of this fusion represents the 
membership possibility iπ  of x to each class Ci, 
• classification of the point x to the class for which it has 
the highest membership value.  

2.1.3 Incremental update phase  

Each new classified pattern carries information about the 
temporal changes of the class’ characteristics. In order to 
take into account this new information, the membership 
functions must be relearned after the classification of each 
new pattern. An incremental learning algorithm is proposed 
in [15] to relearn the membership functions based on the 
most recently classified pattern in such a way that the 
previous learned information is reused. When a new point is 
classified in the class Ci, the number of points belonging to 
this class becomes Ni + 1, so the probability of each bin 
changes. If the point is located in the bin j

ikb , the new 

probability )( j
ik

j
i bp ′  of this bin is [15]: 

     
1

1
1

)(
1

1
1

)(
+

+
+

×=
+

+
+

×=′
ii

ij
ik

j
i

ii

i

i

j
ikj

ik
j

i NN
Nbp

NN
N

N
n

bp       (4) 

For each other bin, the new probability is: 
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Using (4) and (5), the probability histograms can be updated 
after the classification of a new point without the need to 
recalculate them. We just need to know in which bin the new 
point is located. The histogram of possibility is then 
calculated by (3). IFPM has been developed to deal with data 
represented in a feature space of correlated attributes as the 
case of XOR database [5]. In the next part, the improvements 
realized on IFPM are presented.  

3 Dynamic Fuzzy Pattern Matching 
We have called Dynamic Fuzzy Pattern Matching (DFPM) 
the improved version of IFPM. DFPM integrates a 
mechanism to adjust the classifier’s parameters when serious 
changes in the classes’ characteristics are detected during a 
growing time window. The size of the time window depends 
of the application’s dynamic. The next subsections detail the 
two phases of DFPM’s functioning.  

3.1 Detection phase 
In the detection phase, three indicators are used to monitor 
the temporal changes of a system. The first indicator is a 
measure evaluating the bins’ usefulness. This indicator is 
based on the accumulated temporal changes which have 
occurred in the probability distributions during a variable 
time sliding window. It considers the number of new points 
located in each bin of the probability histograms, as well as 
its initial probability before the assignment of the new 
pattern(s). Let w s�T t t= −  be the growing size of the time 
window at the present time tw. This time window starts at the 
instant ts. Let { }{ }hkbp j

ik
j

i ,...,2,1),( ∈  be the probability 

histogram for the class Ci according to the attribute j at the 
instant ts. The probability of each bin is calculated by (2).  
Let iN∆  be the number of new classified points in the class 

Ci and let j
ikn∆  be the number of new points located in the 

bin j
ikb  at the present time tw. The new probability of this bin 

is calculated by: 
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where j
ikn  and Ni are respectively the number of points of 

the class Ci located in the bin j
ikb  and the total number of 

points of the class Ci before the classification of the new 
pattern(s). The accumulated temporal changes for each bin 
are evaluated as the difference between the bin’s 
probabilities at the present time )( j
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We define the usefulness measure as a gradual measure, 
)( j

ik
j

i bI : { } [ ]1,1,...,2,1 −→h  for each bin j
ikb  of each class Ci

according to each attribute j. This measure evaluates the 
usefulness of each bin based on the accumulated temporal 
changes in the probability distributions defined by (7): 
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This measure is calculated after the classification of each 
new classified point. When the value of this indicator is 
negative for one bin, it indicates a decrease of its usefulness. 
This decrease is due to the fact that no new classified points, 
or just a few ones, are located in this bin. On the contrary, 
the positive values indicate an increase of the bin’s 
usefulness due to the assignment of many new points in the 
bin, according to its initial value. It is interesting to take into 
account the old or initial probabilities. Indeed, if there is no 
important change in the probability distribution, it is normal 
that the bin with the highest probability receives more new 
points than the others. If most of the new classified points are 
located in the bins which possess a small initial probability, 
this indicates a serious change in the probability distribution 
and thus their usefulness indicators must have a more 
important positive value. 
To detect an evolution, a second indicator, which is a 
residual, is calculated based on the usefulness’ measure of all 
histograms’ bins according to all attributes. The goal of this 
residual is to provide one indicator for each class, which 
evaluates the temporal accumulative changes in the 
probability distributions of this class. This residual is 
sensitive for these changes. Two thresholds th1 and th2 
predefined by an expert according to the system dynamic are 
used to determine the size �T of the time window. The 
value of this residual is updated and compared after each 
pattern assignment to th1 and th2. If the residual value is 
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inferior to th1, then no serious change in the class’ 
characteristics is yet started. As long as the residual is 
inferior to th1, the measure of usefulness is based on the 
difference between the current bin probability and the one of 
the previous classified pattern. If the residual value is 
superior to th1 and inferior to th2, a serious change has 
begun to occur. The time window starts at this moment, t=ts, 
and patterns are stored in a block, called the evolution block. 
During this window, the measure of usefulness is calculated 
using (8). Patterns are stored in the evolution block until the 
residual value reaches th2. At this moment the growing time 
window reaches its final size tw=tf. This residual is defined 
for each class Ci as follows: 
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When the residual value reaches th2, a serious change can be 
decided in a class so the classifier parameters (densities of 
possibility) must be adapted using only the patterns stored in 
the evolution block. The old patterns which have become 
obsolete are forgotten and an online update of the classifier’s 
parameters can then be performed.  

3.2 Adaptation phase 
This phase consists in the adaptation of the probability 
histograms and the update of the lower and upper attributes’ 
borders as well as the number of bins h. Indeed, in IFPM, 
these latter are defined initially using (1) and they remain 
unchanged. For dynamic classes, it is not realistic to define 
static attributes’ borders. Thus, in DFPM these borders will 
be updated online with the classification of new points. If a 
new classified point involves the creation of a bin for a 
histogram, then a bin is added to the histogram according to 
this attribute so that h is incremented and the histograms’ 
borders are updated: 
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The value of j∆ is defined initially by (1). With this update h
can be different according to each attribute. The adaptation 
of probability histograms is achieved using an incremental 
approach. Let { }{ }hkbp j

ik
j

i ,...,2,1),( ∈  be the probability 
histogram for the class Ci according to the attribute j. When 
the residual value of a class reaches th2, old patterns are 
deleted and only the new patterns of the evolution block are 
considered. So, the value of probability for each bin is 
calculated incrementally by: 
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This incremental adaptation permits to follow the evolution 
of classes online with a constant and low classification time. 
Then, the histogram of possibility is calculated using (3). 
Fig. 2 illustrates the functioning phases of DFPM. 

Figure 2: Functioning phases of DFPM. 

4 Results with dynamic classes 
Classes become dynamic if at least one of their 
characteristics changes with the time. For the sake of 
simplicity we have used a set of simulations described in a 
two dimension space. The obtained results can be extended 
for higher dimensions. The generated datasets follow a 
normal distribution of two independent variables (mean and 
standard deviation). We suppose that one unit of time 
corresponds to the classification of one point. This 
hypothesis is verified since DFPM has a constant and low 
classification time. 

4.1 Class drift 
Figure 3 shows a drift of a class in the course of time. The 
drift database has been created as follows:  
- t=0: the possibility densities are already learned using 100 
labeled patterns. The mean values of these data points 
are 1µ =3 and 2µ =3 (Fig. 3.a). 
- t=1 to 100: 100 new incoming patterns, possessing the 
same initial class’ characteristics (mean and standard 
deviation) occur in the class; thus there is no evolution or 
drift. 
- t=101 to 200: a sudden change takes place in the class’ 
mean values jµ according to each attribute j, { }2,1∈j . This 
sudden change is followed by a slow drift of the mean value 
according to each attribute (Fig. 3.b): 

�
�
�
�



�

−×++=

−×++=

100
)100(22)(

100
)100(42)(

2'2

1'1

tt

tt

µµ

µµ
   200101 ≤≤ t     (13) 

- t=201 to 300: 100 new patterns with the same 
characteristics as the ones of the drifted class occur. Fig 3.c 
presents the 0.1 membership level curve expected for the 
final drifted class. This curve contains all the points which 
have a membership possibility value to the class greater or 
equal to 0.1. 
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Figure 3: Evolution of the drift for the class C1. The mean 
values of the class are presented before and after evolution 

between parentheses. 

Fig. 4 presents the 0.1 membership level curve obtained by 
IFPM at the end of the class’ drift ( 200=t ). We suppose 
here that each attribute borders were correctly determined in 
order to include the class drift.  

Figure 4: Classification of all patterns of the drifted class by 
IFPM. 

All the patterns classified by IFPM are considered 
representative. Thus, the membership function, represented 
by the 0.1 membership level curve in Fig. 4, is not adapted to 
the drifted class with its new means values (see Fig. 3.c). 
This is due to the fact that all patterns were considered 
without eliminating any old and useless pattern. 
The DFPM method is evaluated on the same drift of a class 
generated by (14). The residual values obtained 
progressively after the classification of each pattern in the 
class are represented in Fig. 5.  

Figure 5: Residual values obtained by DFPM for the class 
drift. 

Based on Fig. 5, we can conclude: 
- between t=1 and t=100, the class’ evolution has not yet 
begun.  
- at t=105, the evolution of the class is detected. To detect 
this evolution the th1 must be equal to 0.11. 

- at t=204, the class drift is finished. To detect the end of this 
class drift the second threshold th2 must be equal to 0.64. 
- finally, between t=205 and t=300 no evolution is observed 
so the residual values are small for the latest patterns and the 
class is stable. These patterns are classified in the class as 
usual.  
Fig. 6 permits to see the membership level curve obtained by 
DFPM just before the evolution (Fig. 6.a) and the final result 
of classification after evolution when the adaptation of the 
histograms was realized (Fig. 6.b).  

Figure 6: 0.1 membership level curve obtained by DFPM 
before evolution and after classification of all patterns. 

The drift of the class has been well detected for both 
attributes. The classifier has been adapted with the 
representative patterns. However, the thresholds th1 and th2 
must be well determined. A too big or too small th1 value 
leads to lose some representative patterns or to keep some 
obsolete ones, while a too big or a too small th2 value leads 
to detect too late or too early the class evolution.  
The mean values of the class obtained by DFPM are close to 
those expected, contrary to those obtained by IFPM (Fig. 4). 
However, some patterns which represent the connection 
between the old class and the evolved one are still in the final 
class obtained by DFPM. 

4.2 Rotation of class 
The rotation of a class is presented in Fig. 7. The standard 
deviations of the class according to the two attributes are 
initiated at 1σ =4 and 2σ =0.25. The possibility densities are 
already learned using 150 learning patterns of the class (Fig. 
7.a). Then, new incoming points evolve, between t=1 and 
t=150, to achieve a rotation of the class (Fig. 7.b).  

Figure 7: Rotation of the class C1. 

These changes are generated for the class according to each 
attribute j, { }2,1∈j , by:  
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Fig. 8 presents the 0.1 membership level curve obtained by 
IFPM after the rotation of the class (t=150). 
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Figure 8: Final classification result obtained by IFPM for the 
patterns of the rotation’s case. 

All patterns have been classified in the class, but IFPM has 
not detected the rotation of the class. The membership level 
function is not adapted and useless patterns are still in the 
class. With DFPM, the residual values obtained after the 
classification of each pattern in the class are represented in 
Fig. 9. 

Figure 9: Residual values obtained by DFPM for the rotation 
of the class. 

Based on Fig. 9, we can conclude that the use of th1=0.06 
and th2=0.75 leads to well detect the class rotation. 
Fig. 10 presents the membership level curve obtained by 
DFPM after classification of the evolving patterns when the 
adaptation of the histograms was realized. 

Figure 10: Classification result obtained by DFPM after 
adaptation of the class.

The classifier has been adapted with all representative 
patterns detected since the start of the class rotation. The new 
conserved useful patterns are the only patterns used to 
calculate the membership function. The resulting class 
corresponds well to the expected one, contrary to the class 
obtained by IFPM (Fig. 8).  

5 Conclusions 
In this paper, the Incremental version of the classification 
method Fuzzy Pattern Matching (IFPM) has been developed 
to discriminate dynamic classes. This development, called 
Dynamic FPM (DFPM), follows online the accumulated 
gradual changes in classes’ probability distributions after the 
classification of each new pattern. Bins’ usefulness values 
are calculated for each class and attribute. Based on these 
usefulness values, a residual value is calculated for each 

class in order to follow the evolution of each class. Then, the 
classes histograms are adapted in an incremental manner 
using the recent and useful patterns. This adaptation is 
achieved when the residual value reaches a suitable threshold 
according to the system dynamic. The DFPM method will be 
applied on two real applications. The first one concerns the 
following of a treatment’s evolution for hemiplegic’s patient 
according to its response to a medical treatment. The second 
application is a folding metal system which evolves from a 
normal mode to a faulty one according to temporal changes 
in the characteristics of the system and to the wear of its 
tools. 
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Abstract— The setting of formal concept analysis presupposes the
existence of a relation between objects and properties. Knowing that
an unspecified object has a given property induces a formal possibil-
ity distribution that models the set of objects known to possess this
property. This view expressed in a recent work by the authors of the
present paper, has led to introduce the set-valued counterpart to the
four set functions evaluating potential or actual, possibility or neces-
sity that underlie bipolar possibility theory, and to study associated
notions. This framework puts formal concept analysis in a new, en-
larged perspective, further explored in this article. The “actual (or
guaranteed) possibility” function induces the usual Galois connex-
ion that defines the notion of a concept as the pair of its extent and
its intent. A new Galois connexion, based on the necessity measure,
partitions the relation in “orthogonal” subsets of objects having dis-
tinct properties. Besides, the formal similarity between the notion of
division in relational algebra and the “actual possibility” function
leads to define the fuzzy set of objects having most properties in a
set, and other related notions induced by fuzzy extensions of division.
Generally speaking, the possibilistic view of formal concept analysis
still applies when properties are a matter of degree, as discussed in
the paper. Lastly, cases where the object / property relation is incom-
plete due to missing information, or more generally pervaded with
possibilistic uncertainty is also discussed.

Keywords— possibility theory; formal concept analysis.

1 Introduction

Formal concept analysis [1] exploits the duality between ob-
jects and properties in a lattice theory setting, which has led to
an original and practical view of the notion of a formal con-
cept with application in data mining. A concept is then a pair
made of a set of objects and a set of properties that are in mu-
tual correspondence. These two sets are the extent and of the
intent of the concept respectively. In this framework, proper-
ties are binary, and complete information is assumed about the
relation linking objects and properties.

Fuzzy set theory [2] has emphasized the idea that proper-
ties are not always all-or-nothing notions, but are rather often
a matter of degree. This has led to an extension of the orig-
inal formal concept analysis setting by allowing intermediate
truth values for the propositions “object x has property y” [3].
However, complete information is still assumed. Namely, for
any pair (object, property), it it is known to what degree the
object has the property. Besides, fuzzy sets have also been the
starting point for the development of a new approach for the
representation of uncertainty, named possibility theory [4, 5].
Fuzzy sets then have a disjunctive reading and represent states
of incomplete information, i.e. (soft) restrictions on the mutu-
ally exclusive possible values of a single-valued variable.

The authors of the present paper have recently advocated
the interest of a possibilistic reading of formal concept analy-
sis where the possibility theory set-functions are shown to be
meaningful in formal concept analysis [6]. Under this view,
the set of objects known to possess a given property plays the
role of a formal possibility distribution that restricts the pos-
sible value (identity) of an unspecified object only described
as having the given property. This leads to an enlarged setting
that we continue to investigate in this paper. Besides, this en-
larged setting can be itself extended either by allowing prop-
erties to be non-Boolean, or by considering that the relation
between objects and properties may be incompletely known.

The next section provides the background on a possibility
theory-inspired view of formal concept analysis. Four ba-
sic operators that are the counterparts of the four basic set-
functions in bipolar possibility theory are introduced, leading
to consider another Galois connexion distinct from the usual
one that gives birth to the notion of concept. Section 3 briefly
describes the extension of the enlarged setting to fuzzy prop-
erties, i.e., when the relation linking objects and properties
becomes fuzzy. Section 4 relates the operator underlying clas-
sical formal concept analysis and the notions of division (and
quotient) in relational algebra. This provides a basis for defin-
ing the fuzzy set of objects having most properties in a set
(where most is a fuzzy quantifier) and other related notions.
Section 5 deals with the situation where information is incom-
plete or uncertain. Due to the lack of space, the paper only
outlines new ideas, without developing them.

2 A possibility theory view of concept analysis
A formal information system is viewed here as a binary rela-
tion R between a set Obj of objects and a set Prop of Boolean
properties. Some authors speak of ‘attribute’ instead of ‘prop-
erty’. As we shall see in Section 5, this distinction only mat-
ters for attributes with non-binary domains. R is called context
in formal concept analysis. If X ⊆ Obj, X is its complement
Obj \ X . The notation (x, y) ∈ R means that object x has
property y. R(x) = {y ∈ Prop|(x, y) ∈ R} is the set of prop-
erties of object x. Similarly, R−1(y) = {x ∈ Obj|(x, y) ∈
R} is the set of objects having property y. Its characteristic
function induces a two-valued possibility distribution π:

∀x ∈ Obj, π(x) =
{

1 if x ∈ R−1(y)
0 otherwise,

Intuitively speaking, if all we know about an unknown object
is that it has property y then this object may be any x such
that π(x) = 1 in context R. Thus, the relation R for a par-
ticular property y plays the role of a possibility distribution π
encoding a set of possible values for x.
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2.1 Possibility theory
In possibility theory [5], two “measures” are associated with a
possibility distribution π defined on a universe U as the char-
acteristic (membership) function of a fuzzy set E representing
the available information (in the above case U = Obj, and
E = R−1(y) is an ordinary subset of U ). Namely

i) a possibility measure Π (or “potential possibility”):

Π(A) = max
x∈A

π(x).

It estimates to what extent event A is consistent with the infor-
mation represented by π. Π(A ∪ B) = max(Π(A), Π(B)) is
the characteristic property of possibility measures [4].

ii) a dual measure of necessity N , expressing that an event
is all the more necessarily (certainly) true as the opposite event
is more impossible. N thus reflects an “actual necessity”:

N(A) = 1 − Π(A) = 1 − max
x �∈A

π(x),

where A = U \ A. N(A) estimates to what extent event A
is implied by the information E represented by π (inasmuch
as this information entails that any realization of A is more or
less impossible). Necessity measures are characterized by the
decomposability property N(A ∩ B) = min(N(A), N(B)).

Π and N are based on the maximum of π over A and A
respectively; two other set-functions [5] use the minimum:

iii) a measure of “actual (or guaranteed) possibility”

∆(A) = min
x∈A

π(x),

which estimates to what extent all elements in A are possi-
ble. ∆ can be also termed “sufficiency measure” since
∆(A) = 1 is enough for ensuring that all realizations of A are
actually possible. Clearly, ∆ ≤ Π. Note also that ∆(A) and
N(A) are unrelated. ∆(A ∪ B) = min(∆(A), ∆(B)) is the
characteristic property of guaranteed possibility measures.

iv) a dual measure of “potential necessity or certainty”

∇(A) = 1 − ∆(A) = 1 − min
x �∈A

(π(x))

which estimates to what extent there exists at least one value in
the complement of A that has a zero (or more generally a low)
degree of possibility. This is clearly a necessary condition
for having “x ∈ A” somewhat certain. Property ∇(A ∩ B) =
max(∇(A),∇(B)) characterizes these measures.

2.2 An enlarged formal concept analysis setting
These four set functions make sense in the formal concept
analysis. Namely, four remarkable sets can be defined:

RΠ(X) = {y ∈ Prop|R−1(y) ∩ X 	= ∅}
RN(X) = {y ∈ Prop|R−1(y) ⊆ X}
R∆(X) = {y ∈ Prop|R−1(y) ⊇ X}
R∇(X) = {y ∈ Prop|R−1(y) ∪ X 	= Obj}

whose respective characteristic functions are Π(X), N(X),
∆(X), and ∇(X). Their meanings are as follows w. r. t. a
subset of objects X in context R.

• RΠ(X) is the set of properties that are associated with at
least one object in X . Formally, we have

RΠ(X) = ∪x∈XR(x).

RΠ(X) is such that any object that satisfies one of them
is possibly in X . In other words, if an object has none
of the properties in RΠ(X) then it cannot belong to X .
Moreover, we have RΠ(X1∪X2) = RΠ(X1)∪RΠ(X2).

• RN (X) is the set of properties s. t. any object that sat-
isfies one of them is necessarily in X . Having any prop-
erty in RN(X) is a sufficient condition for belonging to
X , and RN(X) = RΠ(X) = Prop \ RΠ(X). Thus,

RN (X) = ∩x �∈XR(x).

and RN (X1 ∩ X2) = RN (X1) ∩ RN(X2).

• R∆(X), set of properties shared by all objects in X is

R∆(X) = ∩x∈XR(x).

In other words, satisfying all properties in R∆(X) is a
necessary condition for an object to belong to X . R∆(X)
is a partial conceptual characterization of objects in X :
objects in X should have all the properties of R∆(X)
and may have some others (that are not shared by all ob-
jects in X). It is worth noticing that RΠ(X) provides
a negative conceptual characterization of objects in X
since it gathers all the properties that are never satis-
fied by any object in X . Besides, it can be checked that
RN (X) ∩ R∆(X) is the set of properties possessed by
all objects in X and only by them. Moreover, we have
R∆(X1 ∪ X2) = R∆(X1) ∩ R∆(X2).

• Note that R∇(X) = R∆(X) = Prop \ R∆(X). Thus
R∇(X) is the set of properties in Prop that are not satis-
fied by at least one object in X , i.e. R∇(X) is the set of
properties that some object in X misses. In other words,
in context R, for any property in R∇(X), there exists at
least one object outside X that misses it. We have

R∇(X) = ∪x �∈XR(x).

and the following decomposability property holds
R∇(X1 ∩ X2) = R∇(X1) ∪ R∇(X2).

Note that RΠ(X) and RN(X) get larger when X increases,
while R∆(X) and R∇(X) get smaller. The four modal-like
operators RΠ, RN , R∆, and R∇ have been considered by
Düntsch and Orlowska [7] in the Boolean algebra setting,
where R∆ is called sufficiency operator, and its representa-
tion capabilities are studied. Taking inspiration as the previ-
ous authors from rough sets [8], Yao [9] also lays bare these
four subsets. In both cases, the four operators were introduced
without any mention of possibility theory.

Results in possibility theory have their counterparts in the
enlarged formal concept analysis setting, as, e.g., [6]: If R−1

is s. t. ∀y ∈ Prop, R−1(y) 	= ∅ and R−1(y) 	= Obj, then

∀X ⊆ Obj, RN(X) ∪ R∆(X) ⊆ RΠ(X) ∩ R∇(X). (1)

Assuming that the property y is non trivial with respect to
the set of objects Obj, i.e. R−1(y) 	= ∅ (at least one object
has property y) and R−1(y) 	= Obj (at least one object has
not property y), then the four sets RΠ(X), R∆(X), RN (X),
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Situation y ∈ RΠ(X) y ∈ R∆(X) y ∈ RN (X) y ∈ R∇(X)
1. X = R−1(y) 0 0 0 0
2. X ⊂ R−1(y) 0 0 0 1
3. R−1(y) ⊂ X 1 0 0 0
4.R−1(y) ∩ X 	= ∅, 1 0 0 1

R−1(y) ∩ X 	= ∅
5. R−1(y) ⊂ X 1 0 1 1
6. X ⊂ R−1(y) 1 1 0 1
7. R−1(y) = X 1 1 1 1

Figure 1: The seven possible positions of X and R−1(y)

R∇(X) are necessary and sufficient for describing (and dis-
tinguishing between) the seven relative possible positions of
X and R−1(y), as shown in Table 1, where 1 (resp. 0) stands
for y ∈ A (resp y 	∈ A) where A is the set R∗(X) associated
to the column (and ∗ is Π, ∆, N , or ∇). Note that the 9 = 16 -
7 remaining binary 4-tuples are ruled out by the constraints in-
duced by (1), namely RN(X) ⊆ RΠ(X), R∆(X) ⊆ RΠ(X),
R∆(X) ⊆ R∇(X), RN(X) ⊆ R∇(X). For instance, the
“trivial” cases R−1(y) = ∅ and R−1(y) = Obj (ruled out by
the constraints) would be captured by distinct 4-tuples in Ta-
ble 1, namely (0 0 1 1) and (1 1 0 0) respectively.

The above characterization of remarkable sets of prop-
erties w. r. t. a set of objects can be easily adapted for
defining the corresponding sets of objects associated to a
set of properties Y ∈ Prop: namely R−1Π(Y ), R−1N(Y ),
R−1∆(Y ), and R−1∇(Y ). Their definitions can be easily
obtained by swapping R and R−1 and exchanging the roles
of the sets Obj and Prop. Namely,

R−1Π(Y ) = {x ∈ Obj|R(x) ∩ Y 	= ∅} = ∪y∈Y R−1(y)
R−1N(Y ) = {x ∈ Obj|R(x) ⊆ Y } = ∩y �∈Y R−1(y)
R−1∆(Y ) = {x ∈ Obj|R(x) ⊇ Y } = ∩y∈Y R−1(y)
R−1∇(Y ) = {x ∈ Obj|R(x) ∪ Y 	= Obj} = ∪y �∈Y R−1(y).

Remark The above operators can be combined together.
For instance, consider an object x0. Let R(x0) be the
set of its (known) properties. Compute R−1∆(R(x0)),
the set of objects that share these properties. Then get
RΠ(R−1∆(R(x0))), which is the set of properties that are
associated with at least one object sharing the properties
of x0. Viewing the table Obj × Prop as the information
pertaining to a repertory of cases, and x0 as a partially known
extra object (not in Obj) for which one tries to guess other
properties, the expression RΠ(R−1∆(R(x0))) may be viewed
as the result of a case-based reasoning procedure, i.e. a set
of potential properties that x0 may also have. Besides, its
subset RN (R−1∆(R(x0))) is the set of properties that alone
characterize the objects sharing the properties of x0. Thus,
if one of the properties in RN (R−1∆(R(x0))) is not already
among the known properties of x0, it may be considered as a
serious candidate property for x0.

2.3 Galois connexions

In formal concept analysis, the pair of set valued functions R∆

and R−1∆ induces a Galois connexion [10] between 2Obj and

objects
1 2 3 4 5 6 7 8

a × × × ×
b × ×
c × × ×
d × × × ×
e ×
f × × ×
g × × × ×
h × × ×
i ×

Figure 2: R: a relation objects/properties a, b, c, ..., i

2Prop. Then, a formal concept is a pair (X, Y ) such that
X = {x ∈ Obj|R(x) ⊇ Y } and Y = {y ∈ Prop|R−1(y) ⊇
X}, i.e. such that X = R−1∆(Y ) and Y = R∆(X), X is
called its extent and Y its intent. In other words, in a for-
mal concept (X, Y ), Y is the set of properties shared by all
the objects in X , and X is the set of objects that possess all
the properties in Y . Then X × Y ⊆ R, i.e. ∀x ∈ X, ∀y ∈
Y, (x, y) ∈ R. A formal concept is a maximal pair that sat-
isfies the latter condition (where maximality is taken in the
sense of set inclusion).

Putting formal concept analysis in the perspective of possi-
bility theory, it becomes then natural to also consider

- the pairs (X, Y ) s. t. X = R−1Π(Y ) and Y = RΠ(X);
- the pairs (X, Y ) s. t. t X = R−1N(Y ) and Y = RN (X);
- the pairs (X, Y ) s. t. X = R−1∇(Y ) and Y = R∇(X).
First, observe that X = R−1∇(Y ) and Y = R∇(X) holds

if and only if X = R−1∆(Y ) and Y = R∆(X) holds, i.e., if
(X, Y ) is a formal concept, due to the duality between opera-
tors R∆ and R∇. Similarly, X = R−1Π(Y ) and Y = RΠ(X)
holds if and only if X = R−1N (Y ) and Y = RN (X)
holds. But, it can be easily seen that a pair (X, Y ) such that
X = R−1N (Y ) and Y = RN (X), i.e. such that X = {x ∈
Obj|R(x) ⊆ Y } and Y = {y ∈ Prop|R−1(y) ⊆ X} is not
generallly a formal concept, as now exemplified. This Galois
connexion has been introduced by [11] on a formal basis, but
its practical meaning was apparently not really discussed.

Example 1 We consider an example of relation R described
by the table of Figure 2. This relation defines the links between
eight objects Obj = {1, 2, 3, 4, 5, 6, 7, 8} and nine properties
Prop = {a, b, c, d, e, f, g, h, i}. There is a “×” in the cell
corresponding to an object x and to a property y if the object
x has property y, in other words the “×”s describe the rela-
tion R (or context). An empty cell corresponds to the fact that
(x, y) 	∈ R, i.e., it is known that object x has not property y.
It can be checked that the pairs ({1, 2, 3, 4}, {g, h, i}),
({5, 6, 7, 8}, {a, b, c, d, e, f}) are pairs (X, Y ) such that X =
R−1N (Y ) and Y = RN (X). These two pairs are not for-
mal concepts. They are disjoint w. r. t. both Obj and
Prop. Examples of formal concepts are ({2, 3, 4}, {g, h}),
({6, 7, 8}, {a, c, d}), or ({5, 6, 7, 8}, {a, d}). Note that these
latter examples are here obtained by considering appropriate
subsets in the previous pairs.

A pair (X, Y ) that satisfies X = R−1N (Y ) and Y = RN (X)
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objects

properties

1 2 3 4 5 6 7 8
a × × × ×
b × ×
c × × ×
d × × × × ×
e ×
f × × ×
g × × × ×
h × × ×
i ×

Figure 3: R′: relation R modified

is such that all the objects in X possess at least one prop-
erty in Y and the properties in Y are only (possibly) pos-
sessed by the objects in X . While the intent of a formal con-
cept is a conjunction of properties, the pairs (X, Y ) forming
an “N-block” correspond to sets of objects defined through
disjunctions of properties. Finding such pairs, which may
not exist, aims at decomposing the relation R into independent
blocks without object or property in common, as in the Fig-
ure 2 example. When such a decomposition no longer holds,
as in Figure 3, pairs (X, Y ) such that X = R−1N (Y ) and
Y = RN (X) no longer exist, except for the trivial pair (Obj,
Prop), as shown in the next example.

Example 2 Let us now consider a modified version of re-
lation R, say R′, depicted in the table of Figure 3, where
object 4 has also the additional property d now. Then
it can be checked that we still have R′N ({1, 2, 3, 4}) =
{g, h, i}, but R′−1N ({g, h, i}) = {1, 2, 3}, since R′(4) =
{d, g, h, i} 	⊆ {g, h, i}. Similary, R′−1N({a, b, c, d, e, f}) =
{5, 6, 7, 8}, but R′N({5, 6, 7, 8}) = {a, b, c, e, f} since
R′−1(d) = {4, 5, 6, 7, 8} 	⊆ {5, 6, 7, 8}. Thus the pairs
({1, 2, 3, 4}, {g, h, i}), ({5, 6, 7, 8}, {a, b, c, d, e, f}) are no
longer pairs (X, Y ) such that X = R′−1N(Y ) and Y =
R′N (X) in the new context R’.

3 Handling fuzzy properties in the new setting
In the previous section, properties were supposed to be
Boolean. Hence, when an object satisfies a property, it fully
satisfies it: there is no intermediary degree of satisfaction since
the property is not gradual. Thus, the relation linking objects
and properties was all-or-nothing. When properties become a
matter of intensity, i.e., when an object may have a property
to some degree, the relation R between objects and proper-
ties becomes fuzzy. However, when relaxing the Booleanity
assumption, we still assume that we have complete informa-
tion. Namely, it is known to what extent α object x has prop-
erty y for any pair (x, y), which is denoted µR(x, y) = α.
Then, µR−1(y)(x) = α denotes the fact that object x satisfies
property y at degree α where µR−1(y) is the membership func-
tion of the fuzzy set of objects that constitutes the extension
of R−1(y). Such an extension to standard concept analysis
(based on the operator called here ∆) has been studied by Be-
lohlavek [3]; see also [12].

Then, the four operators introduced in the previous section

easily extend to the case where relation R is fuzzy. Namely,

µRΠ(X)(y) = Πy(X) = maxx∈X µR−1(y)(x)
µRN (X)(y) = Ny(X) = minx �∈X 1 − µR−1(y)(x)
µR∆(X)(y) = ∆y(X) = minx∈X µR−1(y)(x)
µR∇(X)(y) = ∇y(X) = maxx �∈X 1 − µR−1(y)(x)

where Πy , Ny, ∆y and ∇y are respectively potential pos-
sibility, actual necessity, actual possibility, and potential ne-
cessity measures, based on the gradual possibility distribution
π = µR−1(y). They thus enjoy the corresponding characteris-
tic decomposability properties of these respective measures.

The following results are straightforward:

• µRN (X)(y) = 1 − µRΠ(X)(y);

• µR∇(X)(y) = 1 − µR∆(X)(y)

• if µRΠ(X)(y) = α then ∃x ∈ X, µR(x, y) = α and ∀x ∈
X, µR(x, y) ≤ α

• if µRN (X)(y) = α then µR(x, y) > 1 − α ⇒ x ∈ X

• if µR∆(X)(y) = α then x ∈ X ⇒ µR(x, y) ≥ α

• if µR∇(X)(y) = α then ∃x 	∈ X, µR(x, y) = 1 − α and
∀x 	∈ X, µR(x, y) ≥ 1 − α

The first two results extend duality relations to the graded
case. The other ones express the meaning of each fuzzy
set. Thus a property belongs to RΠ(X) to degree α inas-
much as objects in X possess this property to at most de-
gree α. Then h(RΠ(X)) = maxy∈Y µRΠ(X)(y) = 0 means
that no object in X possesses a property in Y to any ex-
tent. A property belongs to RN (X) to degree α if any ob-
ject possessing this property to a degree greater than 1 − α
necessarily belongs to X . In particular, any object possess-
ing this property to some positive degree belongs to X , if
α = 1. A property belongs all the more to R∆(X) as any
object in X possesses this property to a greater degree. Lastly,
�(R∇(X)) = miny∈Y µR∇(X)(y) = α means that for any
property y in Y objects outside X possess this property to at
most to degree 1−α. In particular, if �(R∇(X)) = 1, for any
property in Y there exists an object outside X that misses it.

Moreover, we have the following counterpart to (1):

Proposition 1 If R−1(y) is such that for y ∈ Prop,
h(µR−1(y)) = 1 and �(µR−1(y)) = 0, then

∀X ⊆ Obj, max(Ny(X), ∆y(X)) ≤ min(Πy(X),∇y(X)).

Lastly, it is clear that when nesting the operators as in the
Remark at the end of Section 2.2, or when extending Ga-
lois connexions when R is fuzzy, we are led to extend again
the above definitions to cases where X and Y become fuzzy
sets themselves. From a possibility theory point of view, this
means defining generalized measures for fuzzy events. De-
pending on the properties we want to preserve, several choices
are possible here (see on this point [13], especially pages 51–
64), which would lead to different extensions for the four op-
erators. Choosing the appropriate extensions depends on the
intended use and interpretation of the definition we want to
generalize. We leave these questions for further research.
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4 Generalized quotient and fuzzy quantifiers
In a relational database, given an ordered set of attributes
A = {A1, ..., An}, information is stored in a relational table
R where each column corresponds to an attribute, and a row to
an object belonging to Obj. Thus a cell in such a relational ta-
ble corresponds to the value of an attribute for an object. Any
row in the relational table R is also called a ‘tuple’. A ‘tuple’
is thus an ordered set of attribute values pertaining to an ob-
ject. Let T u(R) denote the set of tuples in R. Quotients are
relational algebra operations that aim at finding out the subre-
lational table R ÷ S of a finite relational table R, containing
subtuples of R that have for complements in R all the tuples
of a relational table S. The quotient operation is defined by

Definition 1 Relational quotient.

R÷ S = {t, ∀s ∈ T u(S), (t, s) ∈ T u(R)}

where s denotes a tuple of S and t a subtuple of R such that
(t, s) is a tuple of R.

The definition of R∆(X) can be viewed as a particular case
of such a division. Indeed R∆(X) = {y ∈ Prop|R−1(y) ⊇
X} = {y ∈ Prop|∀x ∈ X, (x, y) ∈ R}. Besides, a relation
R ⊆ Prop×Obj can be viewed as equivalent to a 2-attribute
relational table R with A = {Object − name, Property −
name}, where (x, y) (resp. (y, x)) is a tuple in R (resp.
R−1) if and only if (x, y) ∈ R. Then, it becomes clear that
R∆(X) = R−1 ÷ X , where X is the one-attribute relational
table containing the object names. Similarly, R−1∆(Y ) =
R÷Y (Y is the one-attribute relational table associated to Y ).

The fuzzy extensions of the basic operationsR∆, R−1∆,
which underly formal concept analysis, can thus be related to
fuzzy division operations in fuzzy relational databases where
tuples are weighted [14, 15]. As we shall see, this also pro-
vides a way for introducing fuzzily quantified conjunctions in
order to require that tuples in R are associated with “at least
k”, or more generally ‘most’ objects in X , rather than all el-
ements in X as in formal concept analysis basic operations.
In the following, we discuss these extensions in the setting of
formal concept analysis.

First, the definition of R∆(X) extended to the case where
R becomes fuzzy, as given in the previous section, namely
µR∆(X)(y) = minx∈XµR−1(y)(x), is the exact counterpart
to the fuzzy division µR−1÷X (y) = minx∈T u(X ) µR(x, y),
for all pair (y, x) in T u(R−1), when R is a fuzzy relation and
X remains a classical set. The definition of a fuzzy division in
fuzzy relation databases includes the more general case where
X is also a fuzzy set. This can be done as well here, choosing
an appropriate type of inclusion between fuzzy sets, i.e. an
implication connective → in the expression:

µR∆(X)(y) = min
x∈Obj

µX(x) → µR−1(y)(x)

in relation with the intended meaning of having X fuzzy. For
instance, taking Gödel implication (a → b = 1 if a ≤
b, and a → b = b if a > b) amounts to seeing µX(x)’s as
a significance threshold to which µR(x, y) is compared, while
using Dienes implication (a → b = max(1 − a, b)) would

be more in agreement with the idea of viewing µX(x) as a
level of priority of x, just requiring the inclusion of important
objects in R−1(y) (indeed the less important x, the greater
(1 − µX(x)), and the smaller the impact of x on the global
evaluation, even when x totally fails to have property y (see
[14, 15] for details).

Having both a fuzzy relation R and a fuzzy set X of objects
may sound unrealistic in practice. In formal concept analysis,
it is the starting point for natural weakening of the quantifier
‘for all’ into “at least k”, or even into ‘most’. The idea is to
require that “at least k” (or more generally ‘most’) objects in
X are the important objects that are the most in relation R
with property y.

Let I be a fuzzy constraint on integers, defined by a mem-
bership function of the form: µI(0) = 1andµI(i) ≥ µI(i+1).
For instance, “at least k objects are important” is represented
by µI(i) = 1 if 0 ≤ i ≤ k and µI(i) = 0 for i ≥ k + 1, n
where n = |X |. Let us reorder the µR−1(y)(xk)’s decreas-
ingly, so that objects (xk)’s that are more in relation R with y
are the most important ones:

µR−1(y)(xσ(1)) ≥ µR−1(y)(xσ(2)) ≥ ... ≥ µR−1(y)(xσ(n)).

Then the extent to which property y is possessed by ‘at least
k’ objects in X can be computed as

µR∆(X),I(y) = min
i

max(µR−1(y)(xσ(i)), 1 − µI(i)),

I being defined as above. This expression, which involves an
absolute fuzzy quantifier, may be easily modified in order to
introduce relative quantifiers Q like ‘most’, having an increas-
ing membership function in [0, 1], by changing 1 − µI(i + 1)
into µQ(i/n) for i = 0, n− 1 and µQ(1) = 1. It gives

µR∆(X),Q(y) = min
i

max(µR−1(y)(xσ(i)), µQ(
i − 1

n
)).

Clearly, if Q means ‘all’, µQ(t) = 0 for t < 1, then the above
expression reduces to µR∆(X)(y) = minx∈X µR−1(y)(x).

5 Incomplete and uncertain information
Until now, it has been assumed that we have complete infor-
mation about the existing links between properties in Prop
and objects in Obj. Namely, (x, y) ∈ R means that object
x satisfies property y and (x, y) 	∈ R means that object x
does not satisfy property y, rather than “we do not know if
(x, y) ∈ R or not”. Clearly, this assumption may be relaxed,
while Boolean properties are still assumed: One may consider
that there are pairs (x, y) for which it is not known at all if x
has property y or not. This case has been considered in [16].
Information may be also uncertain, i.e., we are certain at level
α that x has property y, or at level β that x has not property y.

In the most general case, properties are non Boolean (i.e.
µR(x, y) is supposed to belong to [0, 1]), but the extent
µR(x, y) to which an object x has a property y may be only
fuzzily known under the form of a possibility distribution
π

(x,y)
µR on [0, 1] that restricts its possible values. Then one

may not be even sure in general that some property y is pos-
sessed by an object x at least at some degree α). Since the
information about µR(x, y) is now represented by a fuzzy
set (on [0, 1]), and the four measures introduced in Section 3
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µRΠ(X)(y) = Πy(X), µRN (X)(y) = Ny(X), µR∆(X)(y) =
∆y(X), µR∇(X)(y) = ∇y(X) can themselves only be known
under the form of induced possibility distributions (using the
fuzzy set extension principle [2]). Let us take the example of
µRΠ(X)(y) = Πy(X) = maxx∈X µR(x, y). The induced
possibility distribution is given by
πΠy(X)(t) = maxi:maxi ti=t minxi∈X π

(xi,y)
µR (ti) i.e.

πΠy(X)(t) =

maxi min(π(xi,y)
µR (t), minj �=i(maxtj≤t π

(xj ,y)
µR (tj)).

Such a computation may be heavy in practice, but one may
at least compute an upper bound of the possibility that a
property y is associated to an object x with a degree equal
to α, as π∗

Πy(X)(α) = maxx∈X π
(x,y)
µR (α). One may also

compute the degree of membership of property y to the
fuzzy set of properties that are possibly associated with at
least one object in X at least to a degree ρ as Πy,ρ(X) =
maxx∈X max{t|t≥ρ} π

(x,y)
µR (t).

A maybe more promising approach for dealing with incom-
plete information in formal concept analysis is to first slightly
modify the setting we start with by accommodating directly
many-valued attributes instead of binary ones. We now out-
line this idea. Indeed when attribute domains are two-valued,
they only give birth to a binary property (and its negation),
while any non empty subset of a many-valued attribute do-
main (different from the domain itself) defines a non-trivial
property. Take the example of the color attribute with do-
main {black, red, yellow, blue, green, ...}, red or green, or
red or yellow or blue are (imprecise) properties, beside the
basic colors black, red, etc. Let Y now denote a set of at-
tributes y, dom(y) be the domain of y, Py denote a non-empty
subset of dom(y). Let Γy(x) represent the available informa-
tion about the value of attribute y for object x. It is assumed
that Γy(x) ⊆ dom(y). Information is imprecise if Γy(x) is
not a singleton. For the moment, we suppose that information
may be incomplete but not uncertain. Γy(x) = ∅ means that
y does not apply to x, and Γy(x) = dom(y) means that the
value of y is unknown for x. Γy(x) 	= ∅ is now assumed.

Then R−1N (Py) = {x|Γy(x) ⊆ Py} is the set of ob-
jects that (certainly) have property Py w. r. t. attribute y.
Three other similar sets can be defined by reversing ⊆, or re-
placing it by non-empty intersection, or non-covering union
conditions, in the spirit of the basic definitions of Section 2.
Let R−1N� be the relation that expresses that certainly ob-
jects have some (maybe imprecise) properties; it is defined on
X×∪y∈Y P(y), where P(y) denote the power set of dom(y).
Since (P(y),⊆) is a Boolean lattice, (x, Py) ∈ R−1N� en-
tails (x, P ′

y) ∈ R−1N� as soon as Py ⊆ P ′
y (if an object is

red, it is also red or green). Clearly, {x|(x, red or green) ∈
R−1N�} = {x|Γcolor(x) = red}∪{x|Γcolor(x) = green}∪
{x|Γcolor(x) = red or green}. Moreover, we can also find
out if there are only possibly red or green objects, e.g. those
that are known to be red or blue. If not, it means that there
is no completion of the knowledge that can alter the extension
of the set of red or green objects in our example. More gen-
erally, we can look for concepts associated with sufficiently
imprecise properties that remain stable under any knowledge
completion. This can be extended to gradual uncertain knowl-
edge by working with the α-cuts of the Γy(x)’s, i.e. pieces of
information that are (1−α)-certain. These are lines for further

research.

6 Concluding remarks
Starting with a possibility-theoretic reading of concept anal-
ysis, we have reintroduced four operators, that enable us to
describe all the different possible relations between a set of
objects and a set of properties. Apart from retrieving the Ga-
lois connexion defining formal concepts, another Galois con-
nexion based on the “actual necessity” operator is laid bare
for decomposing the relation into independent blocks. The
proposed setting extends to graded properties, leading to two
kinds of Galois connected pair of fuzzy sets, whose mean-
ing must be laid bare. Besides, the formal similarity between
the actual possibility operator and relational algebra division
operation, suggests a relaxation of the definition of concepts,
computing the extent to which a property is highly possessed
by most objects in a set. Lastly, extensions of the formal con-
cept analysis setting to incomplete or uncertain information
have been outlined. It is clear that many pending issues re-
main, such as e.g. the use of rough set reducts in this setting.
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Abstract—
In this work we study the behaviour of a Fuzzy Rule Based Clas-

sification System, and its relationship to a certain data complexity
measures family. As Fuzzy Rule Based Classification System we have
selected a recent proposal called Positive Definite Fuzzy Classifier,
which is a Fuzzy System that uses Support Vector Machines for its
training, obtaining accurate results and a low number of rules.

We have examined several data complexity metrics of separability
of classes over a wide range of data sets built from real data, and
try to extract behaviour patterns from the results for this learning
method. Using these data complexity measures and the accuracy
results of the Positive Definite Fuzzy Classifier, we have built a rule
set which describes both good or bad behaviours of this Fuzzy Rule
Based Classification System.

These rules use different values of such data complexity measures
as antecedents, so we aim to predict the behaviour of the method from
the data set complexity metrics prior to its application. Therefore,
the rule set could characterise the domains of competence of this
particular Fuzzy Rule Based Classification System.

Keywords— Classification, Data complexity, Fuzzy Rule Based
Systems, Support Vector Machines

1 Introduction
Fuzzy Rule Based Classification Systems (FRBCSs) [12, 14]
are a very useful tool in the ambit of Data Mining, since they
are capable of building a linguistic model clearly interpretable
by human beings. There is a vast literature in the field of FR-
BCSs [14], which is very active at this time [9, 1, 16, 13].

The prediction capabilities of classifiers are strongly depen-
dent on the problem’s characteristics. An emergent field, that
uses a set of complexity measures applied to the problem to
describe its difficulty, has recently arisen. These measures
quantify particular aspects of the problem which are consid-
ered complicated to the classification task [11]. Studies of
data complexity metrics applied to particular classification’s
algorithms can be found in [11, 4, 3, 19].

In this work we are interested in analysing the relationship
between FRBCSs and the complexity measures, considering
a case of study using the Positive Definite Fuzzy Classifier
(PDFC) proposed by Chen and Wang [5]. In particular we
consider one type of data complexity measures based on the
separability of classes.

To perform this study, we have created several binary clas-
sification data sets from real world problems, 438 ones, and
computed the value of 3 metrics proposed by Ho and Basu
[10]. We have analysed the intervals of the complexity mea-
sures values related to the created data sets, in which PDFC

method performs well or badly, and then formulated a rule for
such intervals. The rules try to describe the ranges where some
information and conclusions about the behaviour of PDFC
method can be stated.

This contribution is organised as follows. In Section 2 we
describe the FRBCS we have used. In Section 3 the considered
complexity measures are described. In Section 4 we include
the experimental set-up, the results obtained and the rules ex-
tracted, along with their analysis. Finally, in Section 5 some
concluding remarks are made.

2 Preliminaries: Fuzzy Rule Based
Classification System

Any classification problem consists of l training patterns xp =
(xp1, . . . , xpn), p = 1, 2, . . . , l from M classes where xpi is
the ith attribute value (i = 1, 2, . . . , n) of the p-th training
pattern.

Let us consider a two-class classification problem of assign-
ing class label y ∈ {+1,−1} to input feature vector xp. In this
work we consider the additive FRBCSs with constant THEN-
parts.

As learning method we use the PDFC method [5], which
uses a Support Vector Machine (SVM) approach to build up
the model. In the following two Subsections, first we include
the fuzzy inference model and a complete description of the
PDFC algorithm.

2.1 Fuzzy Inference Model: PDFC Method

Consider a fuzzy model with m fuzzy rules of the form:

Rule j : If A1
j AND A2

j AND . . . AND An
j THEN bj (1)

where Ak
j is a fuzzy set with membership function ak

j : R →
[0, 1], j = 1, . . . , m, k = 1, . . . , n, bj ∈ R. If we choose
product as the fuzzy conjunction operator, addition for fuzzy
rule aggregation, and center of area defuzzification, then the
model becomes a special form of the Takagi-Sugeno fuzzy
model, and the input output mapping, F : Rn → R , of the
model is defined as

F(xp) =

∑m
j=1 bj

∏n
k=1 ak

j (xk)∑m
j=1

∏n
k=1 ak

j (xk)
. (2)

Equation (2) could not be well-defined on R if∑m
j=1

∏n
k=1 ak

j (xk) = 0 for some xp ∈ Rn, which could
happen if the input space is not wholly covered by fuzzy rule
“patches”. To fix this problem, we add a fuzzy rule so that the
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denominator
∑m

j=1

∏n
k=1 ak

j (xk) > 0 for all xp ∈ R. Thus
the following rule is added:

Rule 0 : If A1
j AND A2

j AND . . . AND An
j THEN b0 (3)

where b0 ∈ R, the membership functions ak
0(xk) ≡ 1 for

k = 1, . . . , n and any xp ∈ Rn. Consequently, the input
output mapping becomes

F(xp) =
b0 +

∑m
j=1 bj

∏n
k=1 ak

j (xk)

1 +
∑m

j=1

∏n
k=1 ak

j (xk)
. (4)

A classifier associates class labels with input features, i.e.,
it is essentially a mapping from the input space to the set of
class labels. In binary case, thresholding is one of the simplest
ways to transform F(xp) to class labels +1 or −1.

Considering the FRBCS with m+1 fuzzy rules where Rule
0 is given by (3), then the system induces a binary fuzzy clas-
sifier, f , with decision rule

f(xp) = sign(F(xp) + t) (5)

where t ∈ R is a threshold. We can assume t = 0 without loss
of generality.

The membership functions for a binary fuzzy classifier de-
fined above could be any function from R to [0, 1]. We narrow
our interests to a class of membership functions, ak

j : R →
[0, 1], j = 1, . . . , m, which are generated from a reference
function ak through location transformation [8], and the clas-
sifiers defined on them. In [5] well-known types of reference
functions can be found, like the symmetric triangle and the
gaussian function.

As consequence of the presented formulation, the decision
rule of our binary fuzzy classifier can be written as:

f(xp) = sign

(
m∑

j=1

bjK(xp, zj) + b0

)
(6)

where zj = [z1
j , z2

j , . . . , zn
j ]T ∈ R contains the location pa-

rameters of ak
j . K : Rn×Rn → [0, 1] is a translation invariant

kernel defined as

K(xp, zj) =

n∏
k=1

ak(xk
p − zk

j ) (7)

which is actually a Mercer Kernel [6], if it has nonnegative
Fourier transform. Again, from [5] some Mercer kernels can
be built using the reference functions mentioned above.

Thus, the decision rule of a binary fuzzy classifier is

f(xp) = sign

(
b0 +

m∑
j=1

bj

n∏
k=1

ak
j (xk

p)

)
(8)

2.2 Learning method: SVM approach to build PDFC

Here, we assume that the reference functions are predeter-
mined. So the remaining question is how to find a set of fuzzy
rules ({z1, . . . , zm} and {b0, . . . , bm}) from the given training
so that the PDFC method has good generalization.

As given in (7), for a PDFC, a Mercer kernel can be con-
structed from the positive definite reference functions. The
kernel implicitly defines a nonlinear mapping Φ that maps X
into a kernel-induced feature space F. Theorem 3.12 in [5]
states that the decision rule of a PDFC can be viewed as a hy-
perplane in F. It is well-known that the SVM algorithm finds

a separating hyperplane with good generalization by reducing
the empirical risk and, at the same time, controlling the hyper-
plane margin [21]. Thus we can use the SVM algorithm to find
an optimal hyperplane in F. Once we get such a hyperplane,
fuzzy rules can be easily extracted. The whole procedure is
described by the following algorithm 1.

Algorithm 1 SVM learning for PDFC
INPUTS: Positive definite reference functions ak(xp) asso-
ciated with n input variables, and a set of training samples
OUTPUTS: A set of fuzzy rules parameterized by zj , bj ,
and m. zj contains the location parameters of the IF-part
membership functions of the jth fuzzy rule, bj is the THEN-
part constant of the jth fuzzy rule, and m+1 is the number
of fuzzy rules.
Steps:
1 Construct a Mercer kernel, K, from the given positivedef-
inite reference functions according to (7).
2 Construct an SVM to get a decision rule of the form

f(x) = sign

(∑
i∈S

yiαiK(x, xi) + b

)
,

being S the index set of the support vectors:
2.1 Assign some positive number to the cost C, and solve

the quadratic program defined by the proper SVM to get the
Lagrange multipliers αi.

2.2 Find b (details can be found in, for example, [18]).
2.3 Extracting fuzzy rules from the decision rule of the

SVM:
b0 ← b
j ← 1
for i = 1 to l do

if αi > 0 then
zj ← xi

bj ← yiαi

j ← j + 1
end if

end for
m ← j − 1

In our study, we have considered the parameters values rec-
ommended by the authors. They are summarized as follows:

• C = 100 (weight of the classification error)

• d = 0.25 (parameter used by the reference functions)

• Type of reference functions: Gaussian

3 Data Complexity Measures Based on the
Separability of Classes

In this section we describe the three metrics we have used in
this contribution, with their correspondent acronym.

For our study, we will examine three measures of separabil-
ity of classes from [10] which offer information for the PDFC
method. They are described next.

• N1: fraction of points on class boundary. This method
constructs a class-blind minimum spanning tree over the
entire data set, and counts the number of points incident
to an edge going across the two classes. The fraction of
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such points over all points in the data set is used as a
measure. For two heavily interleaved classes, a majority
of points are located next to the class boundary. However,
the same can be true for a sparsely sampled linearly sep-
arable problem with margins narrower than the distances
between points of the same class.

• N2: ratio of average intra/inter class Nearest Neighbour
(NN) distance. For each input instance xp, we calcu-
late the distance to its nearest neighbour within the class
(intraDist(xp)) and the distance to nearest neighbour of
any other class (interDist(xp)). Then, the result is the ra-
tio of the sum of the intra-class distances to the sum of
the inter-class distances for each input example, i.e.,

N2 =
∑m

i=0 intraDist(xi)∑m
i=0 interDist(xi)

,

where m is the number of examples in the data set. This
metric compares the within-class spread with the dis-
tances to the nearest neighbours of other classes. Low
values of this metric suggest that the examples of the
same class lay closely in the feature space. Large values
indicate that the examples of the same class are disperse.
It is sensitive to the classes of the closest neighbours to
a point, and also to the difference in magnitude of the
between-class distances and that of the within-class dis-
tances.

• N3: error rate of 1-NN classifier. This is simply the error
rate of a nearest-neighbour classifier measured with the
training set. The error rate is estimated by the leave-one-
out method. The measure denotes how close the exam-
ples of different classes are. Low values of this metric
indicate that there is a large gap in the class boundary.

4 Experimental Study: Analysis of the PDFC
with Data Complexity Measures

In this Section we analyse the obtained results for the PDFC
method. First, in Subsection 4.1 we present the experimen-
tal framework, with the data sets generation method, accuracy
validation scheme, and the global average results of the PDFC
method. Next we determine several rules based on PDFC’s
behaviour in Subsection 4.2. Finally we analyse the collective
evaluation of the set of rules in Subsection 4.3.

4.1 Experimental Framework: Data Sets Generation

We evaluate the PDFC method on a set of 438 binary clas-
sification problems. These problems are generated from pair-
wise combinations of the classes of 20 problems from the Uni-
versity of California, Irvine (UCI) repository [2]. These are
iris, wine, new-thyroid, solar-flare, led7digit, zoo, yeast, tae,
balanced, car, contraceptive, ecoli, hayes-roth, shuttle, aus-
tralian, pima, monks, bupa, glass, haberman and vehicle.

In order to do that, first we take each data set and extract
the examples belonging to each class. Then we construct a
new data set with the combination of the examples from two
different classes. This will result in a new data set with only 2
classes and the examples which have two such classes as out-
put. We perform this process for every possible pairwise com-
bination of classes. However, if an obtained data set with this

procedure proves to be linearly-separable, we discard it (since
we could classify it with a linear classifier with no error). The
complexity measure L1 from [10] indicates if a problem is
linearly-separable if its value is zero, so every data set with a
L1 value of zero will be discarded.

This method for generating binary data sets is limited by the
proper combinatorics, and we can only obtain over 200 new
data sets with the original 20 data sets with this first approach.
In order to obtain more data sets, we group the classes two by
two, that is, we create a new binary data set, and each of its
two classes are the combination of two original classes each.
For this second approach we have used ecoli, glass and flare
data sets, since they have a high number of class labels. Again,
those data sets with a L1 value of zero are discarded.

In order to measure the PDFC performance, we have ap-
plied a 10-fcv validation scheme. In Table 1 we show the
global Training and Test accuracy obtained by the PDFC
method.

Table 1: Global Average PDFC Training and Test Accuracy
PDFC Global % Accuracy Training 94.06%
PDFC Global % Accuracy Test 91.22%

4.2 Determination of Rules Based on the PDFC Behaviour

In the following we present the results of the execution over
the 438 data sets summarized in Figures 1 to 3.
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Figure 1: PDFC accuracy in Training/Test sorted by N1
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Figure 2: PDFC accuracy in Training/Test sorted by N2

For each complexity measure (N1, N2 and N3), the data
sets are sorted by the ascending value of the corresponding
complexity measure, and put altogether in a Figure. In the X
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Table 3: Rules with one metric obtained from the intervals
Id. Rule Support %Training Training % Test Test

Diff. Diff.
R1+ If N1[X] < 0.089 33.11% 99.09% 4.91% 98.15% 6.55%

then good behaviour
R2+ If 0 < N3[X] < 0.047 28.31% 98.92% 4.86% 97.70% 6.48%

then good behaviour
R1- If N1[X] ≥ 0.25 25.57% 84.64% -9.42% 79.01% -12.21%

then bad behaviour
R2- If N2[X] > 0.5196 24.89% 86.14% -7.92% 80.88% -10.34%

then bad behaviour
R3- If N3[X] > 0.175 19.41% 82.64% -11.42% 76.77% -14.45%

then bad behaviour
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Figure 3: PDFC accuracy in Training/Test sorted by N3

axis we represent the data sets, not the complexity measure
value, and the Y axis depicts the accuracy obtained both in
training and test. The reason to do so is to give each data
set the same space in the graphic representation. For those
measures where we can find different ad-hoc intervals which
present good or bad behaviour of the PDFC, we use a vertical
line to delimit the interval of the region of interest.

• We understand for good behaviour an average high test
accuracy in the interval, as well as the absence of over-
fitting.

• By bad behaviour we refer to the presence of over-fitting
and/or average low test accuracy in the interval.

In Table 2 we have summarized the intervals found ad-hoc
from Figures 1 to 3.

Table 2: Significant intervals
Interval PDFC Behaviour
N1 < 0.089 good behaviour
0 < N3 < 0.047 good behaviour
N1 ≥ 0.25 bad behaviour
N2 > 0.5196 bad behaviour
N3 > 0.175 bad behaviour

From these ad-hoc intervals we construct several rules that
model the performance of the FRBCS we have used. In Table
3 we have summarized the rules derived from Table 2. Given
a particular data set X , we get the complexity measure of X
with the notation CM [X]. Table 3 is organised with the fol-
lowing columns.

• The first column corresponds to the identifier of the rule
for further references.

• The “Rule‘” column presents the rule itself.

• The third column “Support” presents the percentage of
data sets which verifies the antecedent of the rule.

• The column “% Training” shows the average accuracy
in training of all the examples which are covered by the
rule.

• The column “Training Diff.” contains the difference be-
tween the training accuracy of the rule and the training
accuracy across all 438 data sets.

• The column “% Test” shows the average accuracy in test
of all the examples which are covered by the rule.

• The column “Test Diff.” contains the difference between
the test accuracy of the rule and the test accuracy across
all 438 data sets.

As we can see in Table 3, the positive rules (denoted with a
“+” symbol in their identifier) always show a positive differ-
ence with the global average, both in training and test accu-
racy. The negative ones (with a “-” symbol in their identifier)
verify the opposite case. The support of the rules shows us
that we can characterize a wide range of data sets and obtain
significant differences in accuracy.

From this set of rules we can state that a low N1 value re-
sults in a good behaviour of the PDFC method. A low N3
value obtains the same results. In the other hand, a high value
in the N1 metric produces a bad behaviour of the PDFC con-
sidered in our analysis. A high N3 value will also produce a
bad behaviour of the PDFC method. With similar outcome, if
N2 presents a high value, the PDFC method will obtain bad
behaviour.

Although we have obtained some interesting rules, we can
extend our study by considering the combination of these
complexity metrics in order to obtain more precise and de-
scriptive rules.

4.3 Collective Evaluation of the Set of Rules

The objective of this section is to analyse the good rules
jointly, and the bad rules together as well. Thus we can ar-
rive at a more general description, with wider support, of the
behaviour of the PDFC with these joint rules. We perform the
disjunctive combination of all the positive rules to obtain a sin-
gle rule, and all the negative ones, so we obtain another rule.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1030



Table 4: Disjunction Rules from all simple rules
Id. Rule Support %Training Training % Test Test

Diff. Diff.
PRD If R1+ or R2+ 37.44% 98.99% 4.93% 97.90% 6.68%

then good behaviour
NRD If R1- or R2- or R3- 31.51% 86.23% -7.83% 81.24% -9.98%

then bad behaviour
not charac- If not PRD and not NRD 31.05% 96.06% 2.00% 93.27% 2.05%

terised then good behaviour
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Figure 4: Three blocks representation for PRD, NRD and not covered data sets for PDFC

The new disjunctive rule will be activated if any of the compo-
nent rules’ antecedents are verified. In Table 4 we summarize
both disjunctions, and a third rule representing those data sets
which are not charaterised by either disjunction rules.

From the collective rules we can observe that the support
has been increased from the single rules both for the Posi-
tive Rule Disjunction (PRD) and Negative Rule Disjunction
(NRD). In the other hand, the Test and Training Accuracy Dif-
ferences are similar to the single rules from Table 3. Since
there are no data sets in PRD and NRD simultaneously, we
can consider three blocks of data sets with their respective
support, as depicted in Figure 4 (with no particular data set
order within each block):

• The first block (the left-side one) represents the data sets
covered by the PRD rule. They are the data sets recog-
nized as being those in which the PDFC has good accu-
racy.

• The second block (the middle one) plots the data sets
for the rule NRD, which are bad data sets for the PDFC
method considered.

• The third and last block (the right-side one) contains the
unclassified data sets by the previous two rules.

We can see that almost the 70% of the analysed data sets
are covered by these two rules, and hence the good behaviour

and bad behaviour consequents represent well the accuracy of
PDFC methods.

5 Concluding Remarks
We have performed a study over a set of binary data sets with
the PDFC method. We have computed some data complex-
ity measures for the data sets in order to obtain intervals of
such metrics in which the method’s performance is signifi-
cantly good or bad. We have constructed descriptive rules, and
studied the interaction between the intervals and the proper
rules.

We have obtained two rules which are simple and precise
to describe both good and bad performance of the PDFC. Fur-
thermore, we present the possibility of determining which data
sets PDFC would performs well or badly prior to their execu-
tion, using the Data Complexity measures.

We must point out that this is a particular study for one
specific method, the PDFC. On the other hand, this work
presents a new challenge that could be extended to other FR-
BCSs, to analyse their domains of competence, and to develop
new measures which could give more information on the be-
haviours of FRBCSs for pattern recognition.
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Abstract—In this paper we tackle the issue of generating 

Mamdani fuzzy rule-based systems with optimal trade-offs between 

complexity and accuracy by using a multi-objective genetic 

algorithm, which concurrently learns rule base, granularity of the 

input and output partitions and membership function parameters. To 

this aim, we exploit a chromosome composed of three parts, which 

codify, respectively, the rule base, and, for each variable, the number 

of fuzzy sets and the parameters of a piecewise linear transformation 

of the membership functions. We show the encouraging results 

obtained on a real world regression problem. 
Keywords— Accuracy-Interpretability Trade-off, Granularity 

Learning, Mamdani Fuzzy-Rule-Based Systems, Multi-objective 

Evolutionary Algorithms, Piecewise Linear Transformation.  

1 Introduction 

In the last years, the problem of finding the right trade-off 

between interpretability and accuracy of Mamdani fuzzy 

rule-based systems (MFRBSs) [1] has arisen a growing 

interest in the fuzzy community [2]. To this aim, Multi-

Objective Evolutionary Algorithms (MOEAs) have been 

extensively used for tuning or learning the data base (DB) 

and the rule base (RB) of the MFRBSs [3][4]. All these 

approaches generate approximated Pareto fronts with non-

dominated solutions in the interpretability-accuracy space. 

For example, in [5], authors use a predefined DB and evolve 

only the RB, while in [6] the membership function (MF) 

parameters are adapted to a specific context exploiting a 

predefined RB. Furthermore, in [7] and [8] the tuning of the 

DB is performed together with a rule selection. 

The ideal approach would be to learn concurrently DB and 

RB. So far, only approximations of this ideal approach have 

been proposed such as to learn simultaneously the overall 

RB and, for the DB, only the MF parameters [9][10] or the 

granularities of the uniform partitions defined on the input 

and output variables [11][12].  

On the other hand, both granularity and MF parameters are a 

critical factor in MFRBS generation [6][13], since both 

affect accuracy and interpretability. Indeed, the former fixes 

an upper bound to the number of rules in the MFRBS and the 

latter adapts the meaning of the linguistic values to the 

specific application context. 

In this paper, we propose a multi-objective evolutionary 

approach to generate MFRBSs with different trade-offs 

between complexity and accuracy. The main novelty of our 

approach is that the RB, the granularity of the input and 

output partitions and the MF parameters of each fuzzy set are 

learnt concurrently during the evolutionary process. To deal 

with RBs defined on different granularities, we exploit the 

concept of virtual RBs introduced in [12]. Further, the 

learning of the MF parameters is performed by using a 

piecewise linear transformation [14][15], which allows us to 

obtain a high modelling capability with a limited number of 

parameters.  

Chromosomes are composed of three parts, which codify the 

RB, and, for each linguistic variable, the number of fuzzy 

sets and the parameters of the piecewise linear 

transformation, respectively. In the evolutionary process, we 

adopt the mating operators proposed in [5] for the fist part of 

the chromosome, and standard crossover and mutation 

operators for the second and third parts, respectively.  

Our approach has been tested on a real world regression 

problem, with nine input variables, and has provided Pareto 

fronts with solutions characterized by better trade-offs 

between accuracy and complexity than solutions belonging 

to Pareto fronts generated by learning only the rule base with 

a fixed DB, and concurrently the rule base and the MF 

parameters with fixed granularities, respectively.  

2 Mamdani Fuzzy Systems 

Let 1{ ,..., ,..., }f FX X X=X  be the set of input variables and  

1FX +  be the output variable. Let ( 1,..., 1)fU f F= +  be the 

universe of the f
 th

 variable. Let { },1 ,
,...,

ff f f T
P A A=  be a 

fuzzy partition of fT  fuzzy sets on variable fX . An MFRBS 

is composed of M rules expressed as: 

 

mR : IF 
,11 1, mj

X Ais AND … AND 
,, m FF F jX Ais THEN 

, 11 1, m FF F j
X A

++ +is   ( 1,...,m M= )      (1) 

 

where , [1, ]m f fj T∈  identifies the index of the fuzzy set 

(among the fT  fuzzy sets of partition fP ), which has been 

selected for fX  in rule mR . 

To take the “don’t care” condition into account [16] a new 

fuzzy set ,0fA ( 1,..., )f F=  is added to all the F input 

partitions fP . This fuzzy set is characterized by a 

membership function equal to 1 on the overall universe.  

The terms ,0fA  allow generating rules which contain only a 
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subset of the input variables. It follows that , [0, ]m f fj T∈ , 

1,...,f F= , and , 1 1[1, ]m F Fj T+ +∈ . 

An MFRBS can be completely described by the following 

matrix ( 1)M F
J

× +∈�  

 

 

1,1 1, 1, 1

,1 , , 1

,1 , , 1

...

... ... ... ...

...

... ... ... ...

...

F F

m m F m F

M M F M F

j j j

j j jJ

j j j

+

+

+

� �
� �
� �
� �=
� �
� �
� �� �  

 

where the generic element ( , )m f  indicates that fuzzy set 

,, m ff jA  has been selected for variable fX  in rule mR .  

We adopt the product and the weighted average method as 

AND logical operator and defuzzification method, 

respectively. 

Given a set of N input observations ,1 ,[ ,..., ]n n n Fx x=x , with 

,n fx ∈ℜ , and the set of the corresponding outputs 

, 1n Fx + ∈ℜ , 1,...,n N= , we apply a multi-objective 

evolutionary algorithm which produces a set of MFRBSs 

with different trade-offs between accuracy and complexity by 

learning simultaneously the RB, the granularity of the 

partitions of each variable and the MF parameters. The 

choice of the appropriate trade-off between accuracy and 

complexity depends on the particular application.  

3 Granularity and MF Parameter Learning 

3.1 Granularity Learning 

To determine simultaneously the granularity of partitions and 

the RB in the evolutionary process is not an easy task since 

the RB depends on the number of fuzzy sets used to partition 

the variables. In [12] we have introduced the concept of 

virtual RB. A virtual RB is composed of rules defined by 

considering the variables partitioned with a user-defined 

maximum number maxT  of fuzzy sets (virtual partition). All 

the mating operators are applied to virtual RBs: the actual 

granularity is used only in the computation of the fitness. In 

practice, we generate virtual RBs and assess their quality 

using each time different “lens” depending on the actual 

number of fuzzy sets used to partition the single variables. 

Thus, we do not worry about the actual granularity in 

applying crossover and mutation operators.  

To map the virtual RB defined on variables uniformly 

partitioned with maxT  fuzzy sets into a concrete RB defined 

on variables uniformly partitioned with 
f

T  fuzzy sets, we 

adopt a mapping strategy. Let ,
ˆ

f f hX Ais , 
max

[0, ]h T∈ , be a 

generic fuzzy proposition defined in a rule of the virtual RB. 

Then, the proposition will be mapped to ,f f sX Ais � , with 

[0, ]
f

s T∈ , where ,f sA�  is the fuzzy set more similar to ,
ˆ

f hA  

among the 
f

T  fuzzy sets ,
ˆ

f jA  defined on fX . For the sake 

of simplicity, we have trivially considered as similarity 

measure the distance between the centroids of the two fuzzy 

sets. If there are two fuzzy sets in { },1 ,
,...,

ff f f T
P A A= � ��  with 

centroids at the same distance from the centroid of ,
ˆ

f hA , we 

choose randomly one of the two fuzzy sets.  

Note that different rules of the virtual RB can be mapped to 

equal rules in the concrete RB. This occurs because distinct 

fuzzy sets defined on the partitions used in the virtual RB can 

be mapped to the same fuzzy set defined on the partitions 

used in the concrete RB. In the case of equal rules, only one 

of these rules is considered in the concrete RB. The original 

different rules are, however, maintained in the virtual RB. 

Indeed, when the virtual RB will be interpreted by using 

different “lens”, all these rules can again be meaningful and 

contribute to increase the accuracy of the MFRBS. Thus, the 

concept of virtual RB allows us to explore the search space 

and concurrently exploiting the optimal solutions achieved 

during the evolutionary process. 

3.2 MF Parameter Learning 

We approach the problem of learning the MF parameters by 

using a piecewise linear transformation [14][15]. The 

transformation is described in Fig. 1 for a generic variable Xf. 

In the following, we assume that the interval ranges of the 

original and transformed variables are identical. Further, we 

consider triangular fuzzy sets ,f jA  defined by the tuple 

( , , ,, ,f j f j f ja b c ), where ,f ja  and ,f jc  correspond to the left 

and right extremes of the support of ,f jA , and ,f jb  to the 

core. Finally, given a generic partition { },1 ,,...,
ff f f TP A A= , 

we assume that, for j = 2… 1fT − , , , 1f j f jb c −=  and 

, , 1f j f jb a += , and ,1 ,1f fa b=  and , ,f ff T f T
b c= . 

Before passing the input value fx  to the MFRBS, we apply 

the transformation ( )ft x . Thus, we have that: 

( ) ( )( ) ( ), , ,f j f f j f f j fA x A t x A x= =� � �  

where ,f jA�  and ,f jA  are two generic fuzzy sets from the 

uniform and non-uniform fuzzy partitions, respectively. In 

those regions where t has a high value of the derivative (high 

slope of the lines), the fuzzy sets ,f jA  are narrower; 

otherwise, the fuzzy sets ,f jA  are wider. 

As observed in [14], the transformation t must be non-

decreasing. Further, the fuzzy sets ,f jA  of the non-uniform 

fuzzy partition induced by the transformation t are not 

necessarily of triangular shape. This could bring to fuzzy 

partitions difficultly interpretable. To preserve the shape of 

the MFs, we force the change of slopes in t to coincide with 

the cores of the fuzzy sets in the partitions. 

Let ,1 ,
,...,

ff f T
b b  and ,1 ,,...,

ff f Tb b� �  be the cores of 

,1 ,
,...,

ff f T
A A  and ,1 ,,...,

ff f TA A� � , respectively. Transformation 

t can be defined as: 

( ) ( ), , 1

, 1 , 1

, , 1

f j f j

f f f j f j

f j f j

b b
t x x b b

b b

−

− −

−

−
= − +

−

� �
� , , 1 ,f j f f jb x b− ≤ < , 

with j=2…Tf. 

Once fixed the granularity of the partitions, ,1 ,,...,
ff f Tb b� �  are 

fixed and therefore known. Further, ,1fb  and , ff T
b  coincide 
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with the extremes of the universe Uf of Xf. Thus, ( )ft x  

depends on Tf –2 parameters, that is, ( ),2 , 1
; ,...,

ff f f T
t x b b − . 

Once fixed ,2 , 1
,...,

ff f T
b b − , the partition { },1 ,

,...,
ff f f T

P A A=  

can be obtained simply by transforming the three points 

( , , ,, ,f j f j f ja b c�� � ), which describe the generic fuzzy set ,f jA� , 

into ( , , ,, ,f j f j f ja b c ) applying ( )1

ft x
− � .  

We define the piecewise linear transformation on the 

maximum granularity. When we reduce the granularity, to 

maintain the original shape of the MFs, we do not apply the 

piecewise linear transformation to all the points of the 

universe, but only to the three points, which define the 

generic triangular MF. In practice, we transform 

( , , ,, ,f j f j f ja b c�� � ) into ( , , ,, ,f j f j f ja b c ) by applying ( )1

ft x− � . 

Fig. 2 shows an example of this transformation for 

granularity 5 by using the piecewise linear transformation in 

Fig. 1, defined with granularity 7. 
 

,1f
A  ,2fA  ,3fA  ,4fA  ,5fA  ,6f

A  

,1f
A�

,2f
A�

,3fA�

,4f
A�

,5fA�

,6fA�  

,7fA�  

,7fA

f
X  

fX�  

 
Figure 1: An example of piecewise linear transformation. 

4 The Multi-Objective Evolutionary Approach 

4.1 Chromosome coding 

Each solution is codified by a chromosome C composed of 

three parts 1 2 3( , , )C C C , which define the virtual RB, and the 

granularities and the piecewise linear transformations of all 

the variables, respectively. In particular, 1C  encodes the 

virtual RB by considering that each variable fX  is 

uniformly partitioned by using maxT  fuzzy sets, that is, 

{ }
max,1 ,,...,f f f TP A A= . As described in [5], 1C  is composed 

of ( 1)M F⋅ +  natural numbers where M is the number of 

rules currently present in the virtual RB. The RB (defined as 

concrete RB) used to compute the fitness is obtained by 

means of the mapping strategy using the actual granularities 

fixed by 2C . 

 

,3fa ,3fb ,3fc

,3f
c�

,3f
b�

,3fa�

,1f
A

 ,2fA
 ,3fA

 ,4fA
 ,5fA

 

,1fA�

,2fA�

,3f
A�

,4fA�

,5fA�

fX

f
X�

 
Figure 2: An example of piecewise linear transformation 

with granularity different from Tmax. 

 

2C  is a vector containing 1F +  natural numbers: the f
 th

 

element of the vector contains the number max[2, ]fT T∈  of 

fuzzy sets which partition the linguistic variable fX . maxT  is 

fixed by the user and is the same for all the linguistic 

variables.  

3C  is a vector containing 1F +  vectors of max 2T −  real 

numbers: the f
 th

 vector contains the 
max,2 , 1,...,f f Tb b −

� �� �  points 

which define the piecewise linear transformation for the 

linguistic variable fX . To preclude that the piecewise linear 

transformation can become decreasing, we force ,f jb  to vary 

in 
, , 1 , 1 ,

, ,
,

2 2

f j f j f j f j

f j f j

b b b b
b b

− +
� �− −

− +� �
� �� �

� � � �
� � , max[2, 1]j T∀ ∈ − . 

Each chromosome is associated with a bi-dimensional 

objective vector. The first element of the vector measures the 

complexity of the MFRBS as the number of propositions 

used in the antecedents of the rules contained in the concrete 

RB (the number of antecedents may be different, as 

explained in the next subsection, between the virtual and 

concrete RBs). The second element assesses the accuracy as 

the half of the mean square error (MSE) between the output 

of the MFRBS and the expected output.  

4.2 Genetic operators 

In order to generate the offspring populations, we exploit 

both crossover and mutation. We apply separately the one-

point crossover to 1C  and 2C  and the BLX-� crossover, with 

� = 0.5, to 3C . Let s1 and s2 be two selected parent 

chromosomes. The common gene for 1C  is chosen by 

extracting randomly a number in [ min min,M ρ ], where minM  

is the minimum number of rules, which must be present in a 

rule base, and minρ  is the minimum number of rules in s1 and 

s2. The common gene for 2C  is extracted randomly in 

[1, 1]F + . 
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As regards mutation, we apply two mutation operators for 

1C . The first operator adds γ  rules to the virtual RB, where 

γ  is randomly chosen in [1, maxγ ]. The upper bound maxγ  is 

fixed by the user. If maxM Mγ + > , then maxM Mγ = − . For 

each rule Rm added to the chromosome, we generate a 

random number [1, ]v F∈ , which indicates the number of 

input variables used in the antecedent of the rule. Then, we 

generate v natural random numbers between 1 and F to 

determine the input variables which compose the antecedent 

part of the rule. Finally, for each selected input variable f, we 

generate a random natural number ,m fj  between 1 and maxT , 

which determines the fuzzy set 
,, m ff j

A  to be used in the 

antecedent of rule Rm in the virtual RB. To select the 

consequent fuzzy set 
, 11, m FF j

A
++ , a random number between 1 

and maxT is generated.  

The second mutation operator randomly changes δ  elements 

of the matrix J associated with the virtual RB. The number 

δ  is randomly generated in [1, maxδ ]. The upper bound maxδ  

is fixed by the user. For each element to be modified, a 

number is randomly generated in [0, maxT ].  

The mutation applied to 2C  randomly chooses a gene 

[1, 1]f F∈ +  and changes the value of this gene by randomly 

adding or subtracting 1. If the new value is lower than 2 and 

larger than maxT , then mutation is not applied. 

The mutation applied to 3C  first chooses randomly a 

variable [1, 1]f F∈ + , then extracts a random value 

max[2, 1]j T∈ −  and changes the value of ,f jb  to a random 

value in the allowed interval 

, , 1 , 1 ,

, ,,
2 2

f j f j f j f j

f j f j

b b b b
b b

− +
� �− −

− +� �
� �� �

� � � �
� � . 

We experimentally verified that these mating operators 

ensure a good balancing between exploration and 

exploitation, thus allowing the multi-objective evolutionary 

algorithm described in the next subsection to create good 

approximations of the Pareto fronts. 

4.3 Multi-objective evolutionary algorithm 

We adopted the (2+2)M-PAES proposed in [5]. Unlike 

classical (2+2)PAES, which uses only mutation to generate 

new candidate solutions, (2+2)M-PAES exploits both 

crossover and mutation. Further, in (2+2)M-PAES, current 

solutions are randomly extracted at each iteration rather than 

maintained until they are not replaced by solutions with 

particular characteristics. 

Fig. 3 shows a pseudo-code which describes the application 

scheme of the different operators to generate the offspring 

solutions o1 and o2 from the selected parents s1 and s2. Note 

that Pc1, Pc2 and Pc3 represent the probabilities of applying the 

crossover operator on C1, C2 and C3, respectively. Similarly, 

Pm1, Pm2 and Pm3 represent the probabilities of applying the 

mutation operator on C1, C2 and C3, respectively, and Padd 

and Pinc represent the probabilities of adding rules and of 

increasing the granularity of the selected variable, 

respectively. In Fig. 3 we also report the values of the 

probabilities we used in our experimentations. 

At the beginning, we generate two solutions s1 and s2. The 

genes of 2C  in both the solutions are set to the maximum 

value maxT , while the genes of 1C  and 3C  are randomly 

generated. At each iteration, the application of crossover and 

mutation operators produces two new candidate solutions 

from the current solutions s1 and s2. These candidate 

solutions are added to the archive only if they are dominated 

by no solution contained in the archive; possible solutions in 

the archive dominated by the candidate solutions are 

removed. Typically, the size of the archive is fixed at the 

beginning of the execution of the (2+2)M-PAES. In this 

case, when the archive is full and a new solution z has to be 

added to the archive, if z dominates no solution in the 

archive, then we insert z into the archive and remove the 

solution (possibly z itself) that belongs to the region with the 

highest crowding degree [5]. If the region contains more than 

one solution, then, the solution to be removed is randomly 

chosen.  
 

P
c1
 = P

c2
 = P

c3
 = 0.5; 

P
m2
 = P

m3
 = 0.2; 

P
add
 = 0.55; 

P
inc
 = 0.85; 

… 

//Generate two new solutions 

[s
1
, s

2
] = random_selection(archive)  

o
1
 = s

1
 

o
2
 = s

2
 

if (rand() < P
c1
) 

[o
1
.C

1
,o

2
.C

1
]=crossover_C

1
 (s

1
.C

1
,s

2
.C

1
); 

P
m1
 = 0.01; 

else 

P
m1
 = 1; 

endif 

if (rand() < P
c2
) 

[o
1
.C

2
,o

2
.C

2
]=crossover_C

2
 (s

1
.C

2
,s

2
.C

2
); 

endif 

if (rand() < P
c3
) 

[o
1
.C

3
,o

2
.C

3
]=crossover_C

3
 (s

1
.C

3
,s

2
.C

3
);  

endif 

loop i=1,2 

if (rand() < P
m1
) 

 if (rand() <P
add
) 

 o
i
.C

1
 = first_mutation_operator(); 

 else 

 o
i
.C

1
 =second_mutation_operator(); 

 endif 

endif 

if (rand() < P
m2
)  

 if (rand <P
inc
) 

 o
i
.C

2
 = increase_granularity(); 

 else 

 o
i
.C

2
 = decrease_granularity(); 

 endif 

endif 

if (rand() < P
m3
)  

       o
i
.C

3
 = transf_function_mutation(); 

endif 

endloop 

Figure 3: Genetic operators application scheme. 
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5 Experimental results 

We tested our approach on a real world regression problem 

provided by the Bilkent University Function Approximation 

Repository [17]. The dataset contains the weather data of 

Ankara, a Turkish town, collected from 01/01/1994 to 

28/05/1998. Here, the goal is to predict the mean 

temperature from the values of nine weather features, namely 

max temperature, min temperature, dewpoint, precipitation, 

sea level pressure, standard pressure visibility, wind speed, 

and max wind speed. The dataset contains 1609 instances of 

these features and corresponding mean temperatures. In 

order to asses the reliability of our approach, we performed a 

five-fold cross-validation and  executed six trials, with 

different seeds, for each fold. We set max 5T = , min 5M = , 

max 30M = , max 5γ = , max 5δ = , the maximum number of 

evaluations to 300000 and the archive size to 64.  

To assess the advantages of learning concurrently RB, 

granularities of partitions and MF parameters, we compared 

the results achieved by our approach with the ones obtained 

by applying the (2+2)M-PAES to learn only rules, that is, 

using only the first part of the chromosome and fixing the 

number of fuzzy sets in all partitions to maxT , and to learn 

concurrently the RB and the MF parameters, using only the 

first and third parts of the chromosome with fixed 

granularities. We denote these two approaches as PAES-RB 

and PAES-SF, respectively, while the proposed approach is 

denoted as PAES-SFG. 

Figures 4 and 5 show the average Pareto fronts achieved by 

the three algorithms on the training and test sets, 

respectively. The average Pareto front consists of the average 

values of the twenty most accurate solutions of each of the 

thirty Pareto front approximations (at least twenty solutions 

were always generated in all the trials for both datasets). In 

practice, the average Pareto fronts are obtained as follows. 

First, the solutions in the Pareto front approximations 

produced in each of the thirty trials are ordered for 

increasing MSE values. Then, only the twenty solutions with 

the lowest MSEs are retained for each Pareto front 

approximation. Finally, the average values, on the thirty 

Pareto front approximations, of complexity and MSE for 

these twenty solutions are computed. The choice of 

considering only the twenty solutions with the lowest MSEs 

was motivated by the observation that the other solutions are 

in general characterized by quite high MSEs which make 

these solutions impractical.  

We note that the average Pareto front generated by PAES-

SFG outperforms the other two average Pareto fronts both on 

the training and on the test sets. This proves that learning 

concurrently the RB, the granularities of the input and output 

partitions and the membership parameters allows generating 

FRBSs with better trade-offs between accuracy and 

complexity than the other two MOEAs used for comparison. 

In Table 1 we show the average results corresponding to 

three representative points of the average Pareto fronts: the 

first (the most accurate), the median and the last (the least 

accurate) point. We refer to these average values as First, 

Median and Last, respectively. It is interesting to observe 

that the average MSEs of the most accurate solutions 

generated by PAES-SFG are 47% and 68%, and 33% and 

56% lower than the corresponding solutions in the Pareto 

fronts generated by PAES-SF and PAES-RB with 

comparable complexity on the training and test sets, 

respectively.  
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Figure 4. Average Pareto fronts on training set. 
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Figure 5. Average Pareto fronts on test set. 

 

Table 1. Results obtained on three representative points of 

the average Pareto fronts 

 MSETr MSETs Complexity # Rules 

 PAES-RB    

First 2.70±1.27 3.50±1.90 93.20±19.99 28.30±2.65 

Median 2.93±1.40 3.77±2.17 59.33±17.02 22.80±4.48 

Last 3.87±3.08 4.58±3.43 39.80±16.36 17.67±5.00 

 PAES-SF    

First 2.36±1.60 2.99±2.18 87.23±17.33 24.20±4.24 

Median 2.49±1.71 3.06±2.21 47.30±14.11 17.23±4.08 

Last 2.66±1.88 3.28±2.51 28.80±11.10 12.97±3.69 

 PAES-SFG    

First 1.61±0.34 2.24±1.11 104.53±27.86 25.77±4.59 

Median 1.64±0.35 2.12±0.62 64.13±21.15 20.97±4.81 

Last 1.79±0.62 2.31±1.11 45.10±15.76 17.33±4.19 

 

Finally, Figures 6 and 7 show an example of complete Pareto 

fronts generated by the three algorithms in a single trial on 

the training and test sets, respectively. We have plotted only 

the solutions of the final archive with the MSEs lower than 5, 

since the other solutions in the archive are characterized by 

quite high MSEs and tend to visually flatten the plot. On the 
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other hand, these solutions, though characterized by very low 

complexity, are not very interesting due to the high MSEs. 

We observe that the approximated Pareto fronts obtained by 

PAES-SFG are wide and quite dense. Further, except for 

some solutions in the low complexity zone, all the solutions 

in the Pareto front generated by PAES-SFG dominate the 

solutions at the same complexity of the other two fronts. 
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Figure 6. Examples of complete Pareto fronts on training set. 
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Figure 7. Examples of complete Pareto fronts on test set. 

 

6 Conclusions 

In this paper we have proposed a multi-objective 

evolutionary algorithm to generate a set of Mamdani rule-

based fuzzy systems with optimal trade-offs between 

accuracy and complexity. We have exploited a modified 

version of the well known (2+2)PAES where the 

chromosome consists of three parts which codify the RB, 

and, for each variable, the number of fuzzy sets and the 

parameters of a piecewise linear transformation of the 

membership functions, respectively. To manage the 

dependence between granularity, and rule and membership 

parameters definition, we have adopted the following 

solution: the RB coded in the chromosome and the piecewise 

linear transformation are always defined on linguistic 

variables partitioned with a fixed maximum number of fuzzy 

sets. Only when accuracy and complexity have to be 

evaluated, the RB is actualized by using the real number of 

fuzzy sets determined by the second part of the chromosome 

and the DB by computing the corresponding piecewise linear 

transformation of the fuzzy sets. This approach has proved to 

be very efficient and effective, allowing both a good 

exploitation of the solutions and an accurate exploration of 

the search space. 

The algorithm has been tested on a real world regression 

problem and has provided Pareto fronts with solutions 

characterized by better trade-offs between accuracy and 

complexity than solutions belonging to Pareto fronts 

generated by learning only the RB with a fixed BD, and 

concurrently the RB and the MF parameters with fixed 

granularities, respectively. 
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Abstract— Fuzzy Databases have been a fertile research area that
has produced a wide variety of remarkable solutions for the storage
and manipulation of imperfect information. Proposals can be found
in the three most relevant data models: relational, object-oriented,
and object-relational. Query capabilities have been especially stud-
ied in the context of the relational data model, while in object models
many problems continue being a matter of research. In this paper, we
focus on the resolution of “division queries” (in its relational sense)
in an object oriented data model. As we will see, the presence of
fuzzily described objects in the database make necessary to use suit-
able operators that take into account the resemblance that governs
the comparison in the underlying reference universe. We also ana-
lyze the role of cardinality in this kind of queries.

Keywords— Division, Quotient, Fuzzy, Object-Oriented, Object-
Relational, Database.

1 Introduction

Fuzzy Set Theory[1] has proved to be an adequate tool in han-
dling real world data when they are affected by imperfections
of very different kinds. The application of this theory in order
to extend conventional databases has led to the development
of fuzzy database systems.

Object-oriented and object-relational database management
systems allow the representation of schema when complex re-
lationships make the use of Codd’s relational model difficult.
The object-oriented data model is more powerful from a mod-
eling point of view, because it incorporates important features
such as inheritance and encapsulation. As it was the case with
the relational data model in the past, many researchers have
recently tried to improve object orientation with the help of
fuzzy concepts. As a result, fuzzy object-oriented database
models (FOODBM) have appeared [2, 3, 4].

In [5, 6] a framework is presented which allows program-
mers to handle imprecision in the description of objects. An
object-relational implementation of this model can be found
in [7].

In this paper, we focus on the study of operators that can
be used to solve a special kind of queries in fuzzy object-
oriented databases: those queries that, in the relational con-
text, are known as fuzzy divisions. Fuzzy division queries in
the relational data model has been deeply studied during the
last decades: from the initial works of Dubois et al.[8] till the
last works of Bosc et al.[9], the interested reader can find a
wide survey of remarkable proposals(e.g. [10, 11, 12]).

This work analyzes how to solve this kind of queries over
a fuzzy object model, where the equality is substituted by re-
semblance as the basis of comparisons. Due to this fact, we

have to suitably soften the division operator, so that resem-
blance can be appropriately taken into account.

The paper is organized as follows: section 2 briefly intro-
duces the fuzzy object-oriented data model that is the basis of
our proposal; section 3 describes the type of queries we want
to solve in an object-oriented context; section 4 analyzes the
problem of considering the resemblance when computing the
inclusion associated to division queries; section 5 analyzes the
role that the cardinality of the involved sets plays in the reso-
lution of the query; finally, some conclusions are outlined in
section 6.

2 A fuzzy object-oriented model
As we have previously mentioned in the introduction, this pa-
per is devoted to the problem of how to solve division queries
in a fuzzy object model like the one introduced in [13]. We
briefly present in this section a summary of its main charac-
teristics.

As in any object model, the state of an object is equated
with a set of attribute values according to its class description.
The approach described in [13] considers different types of
attribute values in order to give support to the representation
of fuzzily described objects. Together with the precise val-
ues, objects, and crisp collections of any conventional object-
oriented data model, the fuzzy model permits to use more
powerful values, as imprecise labels and fuzzy collections, in
order to deal with imprecision in the state of the object.

Fig. 1 shows a description of different types of attribute
values that we consider in our approach. That is, the object
state can be composed by:

• Precise values: This category of values involves all the
classical basic classes that usually appear in an object-
oriented data model (e.g. numerical classes, string
classes, etc.). Values in these domains are easily rep-
resented and compared using conventional built-in data
types and the classical set of relational operators.

• Imprecise values: The case of imprecise (atomic) val-
ues is a bit more complex. In many cases, linguistic
labels[14, 15, 16] are associated to this kind of values,
but different types of imprecise values must be consid-
ered according to their semantics.

• Objects: the attribute value may be a reference to another
object (constituting what is called a complex object).

• Collections: the attribute may be conformed by a set of
values or, even, by a set of objects. Imprecision in this
kind of attributes may appear at two levels:
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precise  value

imprecise value

object

object collection

Figure 1: Different kinds of attribute values

– The set may be fuzzy. The semantics of member-
ship degrees depends on the problem, but, in col-
lections, the fuzzy set is considered to be conjunc-
tive. For example, the set of languages a person
can speak may be fuzzy if we take into account the
degree of command for every language.

– The elements of the set may be fuzzy values or, in
general, fuzzily described objects. For example, we
can have a set of fuzzily described students.

An example of a fuzzy set of fuzzily described objects
may be the collection of friends of a given person, if we
use a degree to measure the friendship relation and the
friends are described by means of fuzzy attribute values.

2.1 Generalization of equality

We do not only need a representation of fuzzily described ob-
jects in our model but also a way to manage this kind of ob-
jects. This includes a basic capability to compare the state of
two objects belonging to a given class.

With fuzzily described objects like the ones presented in the
previous paragraphs, this comparison has to be performed by
a process which consists of two steps:

• computing degrees of resemblance for pairs of attribute
values, and

• aggregating these resemblance degrees to obtain a gen-
eral degree of object resemblance.

That is, if o1 and o2 are two objects belonging to class C
which is characterized by type TC whose structural compo-
nent StrC is an attribute set {x1, x2, . . . , xn}, then our goal is
to find a resemblance degree between o1 and o2 by the aggre-
gation of resemblance degrees of the pairs (o1.xi, o2.xi).

Sxi
(o1, o2) will stand for the resemblance degree observed

between the xi attribute values for objects o1 and o2, and

S(o1, o2) is the aggregated resemblance degree we want to
calculate.

In this process, not all attributes need to have the same im-
portance: each attribute xi has an associated weight pxi

∈
[0, 1] that represents its relative importance in the final deci-
sion.

Figure 2 summarizes the process of calculating resemblance
degrees. In order to compare objects o1 and o2, we first com-
pare their attribute values and obtain partial compatibility de-
grees Sxi

(o1, o2). Then, we aggregate them to obtain a global
resemblance opinion S(o1, o2) according to the attribute im-
portance established in the class.

As can be observed, the comparison of two objects involves
a recursive procedure. For the sake of space, we omit here
the operators for base cases and the analysis of the recursive
aggregation procedure used in our model. Interested readers
can found a detailed description in [17].

3 Division queries in fuzzy object-oriented
databases

Codd defined a set of eight basic operators for his relational
model. Some of them are implemented directly in SQL, but
some other require particular implementation to fit into the
SQL language. Relational division is one of the eight basic
operations in Codd’s relational algebra[18] that has these re-
quirements.

Suppose that we have two relations ta and tb whose schema
are, respectively, TA(X, Y ) and TB(Y ′), where Y and Y ′ are
compatible attributes. The division ta ÷ tb obtains a new re-
lation td with schema TD(X) and with the following set of
tuples:

{a|a ∈ domain(X) ∧ (∀b, (b ∈ tb) → (< a, b >∈ ta)} (1)

Assume now that TA and TB are fuzzy relations, i.e., that
their tuples are weighted by a number between 0 and 1. That

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1040



o1

x1

x2

xn

o2

Sx (o1,o2) Sx (o1,o2) Sx (o1,o2)

S(o1,o2)

particular resemblanceopinions

general resemblance opinion

...

o1.

o1.

o1.

x1

x2

xn

...

o2.

o2.

o2.

1 2 n

Class

x1

x2

xn

...

weights

pa1

a2
p

an
p

Figure 2: Obtaining the compatibility between two objects.

is, each tuple of ta is affected by a membership degree,
µta(< a, b >) ∈ [0, 1] and, similarly, each tuple of tb has
its corresponding µtb

(< b >) ∈ [0, 1].
The membership degree of the tuples of the division result

can be obtained as follows [8]:

µtd
(a) = infb{µtb

(b) → µta(a, b)} (2)

In the case of an object-oriented model, we have to con-
sider (in the more general case) that attribute values are ob-
jects. Figure 3 depicts the tables with the new situation in an
object-oriented context.

µ  (object     )1,1 object   1,1 Aa

µ  (object       ) object
  

1,n Aa

1

1 1 1,n1

µ  (object     )p,1 object   p,1 Aa

µ  (object       ) object
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p p p,npp

p
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.
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.
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.
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.
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B
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1
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..
.

..
.

D

p

1

1

T

T

T

X Y

Y

µ

µ

X µ

Figure 3: Tables involved in the division

Moreover, as in an object-oriented model attribute values
do not necessarily have to be atomic, table TA (and, similarly

TB) could have the schema showed in Fig. 4.

µ  (object     )1,1 /object      + ... +1,1Aa µ  (object       ) /object 
 

1,nA1 11,n1

a p

..
.

A

µ  (object     )p,1 /object      + ... +p,1A µ  (object       ) /object 
 

p,nA pp,np

1 1

p p

..
.

T '

X Y

Figure 4: Object-oriented version of TA

In any case, whatever the schema version of dividend and
divisor tables are, the solution for division queries entails the
resolution of the inclusion problem described in Fig. 5. Next
sections are devoted to analyze this inclusion problem.

∩ ?

Set of Objects A

µ  (object    )A i,1 / object   i,1

µ  (object     )A i,n  / object   i,n

...

Set of Objects B

µ  (object   )B 1 / object   1

µ  (object   )B k / object   k

...
i

i ii

i
µ   (   )  aiD

Figure 5: An inclusion problem

4 Two resemblance-based approaches
According to the previous paragraphs, in order to solve divi-
sion queries in object-oriented models, we need to perform
suitable computations of the above mentioned inclusion oper-
ator.

To compute the inclusion between any couple of fuzzy sets
of objects (like in Fig. 5), we need to generalize the fuzzy
inclusion operators, taking into account that the objects of the
set may be fuzzily described.

Several proposals for the calculus of this inclusion degree
can be found in the literature. In [19] the inclusion degree
between two fuzzy sets A and B is calculated as follows:

N(B|A) = min
u∈U

{I(µA(u), µB(u))}, (3)

where I stands for an implication operator, and µX is the
membership function that describes the fuzzy set X. This de-
gree coincides with the fuzzy division operator described in
(2). The implication operator can be chosen in accordance to
the properties we want the inclusion degree to fulfil [8, 10].

Nevertheless, independently of the chosen implication op-
erator, this formulation supposes that both A and B are de-
fined over a reference universe U made up of precise elements,
where the classical equality is the basis of the comparisons.
That is, the implication operator compares to what extent the
presence of an element of the universe U in A forces its pres-
ence in B (i.e. we compare the membership degrees of the
same object to both sets).

However, in the context of fuzzy databases, it frequently
happens that the elements of the universe U are imprecise ob-
jects among which classical equality cannot be applied (as we
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commented in section 2. Instead, a similarity or a (more re-
laxed) resemblance relationship must be used. That is, for a
given element in the set A, it is not clear which element of B
has to be taken in order to compare the membership degrees.

In our example of object databases, the objects of the two
set of Fig. 5 may be defined with imprecision and two appar-
ently different objects (from the identity point of view) may
be the same one (from the value equality point of view).

That is, if the reference universe U is formed by fuzzily
described elements, a generalized version of (3) that takes
into account resemblance among the involved objects must
be used. We can consider two distinct ways of doing that,
namely, making resemblance acts as a limit of the implication
or making resemblance acts as a limit of membership to Ai.

4.1 Resemblance as a limit of the implication

If the reference universe U is formed by fuzzily described el-
ements, (3) can be generalized as follows [20]:

Definition 1 (Resemblance driven inclusion degree) Let A
and B be two fuzzy sets defined over a finite reference universe
U, S be a resemblance relation defined over the elements of
U, and ⊗ be a t-norm. The inclusion degree of B in A driven
by the resemblance relation S is calculated as follows:

ΘS(A|B) = min
x∈U

max
y∈U

θB,A,S(x, y) (4)

where

θB,A,S(x, y) = ⊗(I(µB(x), µA(y)), µS(x, y)) (5)

In (3), the inclusion degree is calculated taking into account
the element of U that fulfils in a lower degree the implication
condition between the membership degrees of this element to
both sets. In (4), since the membership degrees of similar (but
not necessarily equal from the identity point of view) elements
can be compared, we restrict the implication using the resem-
blance degree of the two elements. In summary, for each ele-
ment that belongs with a certain degree to the set A, we look
for a quite similar object in U that belongs to the set B with an
equal or higher degree.

Consider the example of Fig. 6.

∩ ?

Set of Objects B

0.9/object 1

Set of Objects A
µ   (  )  aD

1.0/object 4

1.0/object 1

0.7/object 2

0.9/object 3

Figure 6: Example

In this example, {o1, o2, o3, o4} is the reference universe U

over which the resemblance relation S of table 1 is defined.
In this situation:
ΘS(A|B)= min {max {⊗(I(µB(o1), µA(o1)), µS(o1,o1)),

..., ⊗ (I(µB(o1), µA(o4)), µS(o1,o4))}, ..., max{⊗(I(µB(o4),
µA(o1)), µS(o4,o1)), ..., ⊗(I(µB(o4), µA(o4)), µS(o4,o4))}}.

If we use the minimum as t-norm and (6) as implication
operator, then:

ΘS(A|B)= min {max {1,0,0,0}, max {0,1,0,0}, max
{0,0,1,0.7}, max {0,0,0.7,0}}= min{1,1,1,0.7}=0.7.

Table 1: Resemblance Relation
o1 o2 o3 o4

o1 1.0 0.0 0.0 0.0
o2 1.0 0.0 0.0
o3 1.0 0.7
o4 1.0

I(x, y) =
{

1, if x ≤ y
y/x, otherwise (6)

4.2 Resemblance as a limit of relationship

As an alternative to the strategy used in the previous subsec-
tion, we can consider that the resemblance only restricts the
membership degree of a certain object to the set A.

The assumption of this second version of flexible inclusion
is to enlarge the set A into a superset A’ obtained by compos-
ing A with the resemblance relation as suggested in [9]. The
idea is to expand A in the sense that the objects of the ref-
erence class U similar to an object initially present in A, are
added to A. This resemblance based tolerant inclusion can be
defined as follows.

Definition 2 (Resemblance based tolerant inclusion degree)
Let A and B be two fuzzy sets defined over a finite reference
universe U, S be a resemblance relation defined over the
elements of U, and ⊗ be a t-norm. The tolerant inclusion
degree of B in A according to the resemblance relation S is
calculated as follows:

ΨS(A|B) = min
x∈U

max
y∈U

ψB,A,S(x, y) (7)

where

ψB,A,S(x, y) = I(µB(x),⊗(µA(y), µS(x, y)) (8)

According to the example of Fig. 6 and the resemblance
relation defined in Table 1:

ΨS(A|B)= min {max {I(µB(o1), ⊗(µA(o1),µS(o1,o1))),
, ..., I(µB(o1), ⊗(µA(o4),µS(o1,o4)))}, ..., max {I(µB(o4),
⊗(µA(o4),µS(o4,o1))), ...,I(µB(o4), ⊗(µA(o4),µS(o4,o4)))}}.

If we use the minimum as t-norm and (6) as implication
operator, then:

ΨS(A|B)= min {max {1,0,0,0}, max {1,1,1,1}, max
{1,1,1,1}, max {0,0,0.7,0}}= min{1,1,1,0.7}=0.7.

4.3 Some notes on the two approaches

Although with our example, both flexible implementations of
inclusion deliver the same value, normally the behaviour of
these alternatives will differ.

An example where the second approach is more optimistic
than the first one is described below.

Consider the naive example of Fig. 7.
In this example, {o1, o2} is the reference universe U over

which the resemblance relation S of table 2 is defined.
If we use the minimum as t-norm and (6) as implication

operator, then:
ΘS(A|B)=0.6
ΨS(A|B)=1.0
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∩ ?

Set of Objects B

0.6/object 1

Set of Objects A

µ   (  )  aD

0.1/object 1

0.6/object 2

Figure 7: Example

Table 2: Resemblance Relation
o1 o2

o1 1.0 0.6
o2 1.0

If we change the resemblance relation as in Table 3 and
maintain the rest of data, then

ΘS(A|B)=0.9
ΨS(A|B)=1.0

Table 3: Resemblance Relation
o1 o2

o1 1.0 0.9
o2 1.0

From a semantic point of view, with this configuration of
the Tolerant Inclusion, in the computation of ψB,A,S(x, y),
the membership degree to A of a given object y bounds the
needed resemblance between x and y. This effect can diminish
if we use t-norms more restrictive than the minimum.

5 The role of cardinality
In order to finish our analysis of inclusion operators between
fuzzy sets of fuzzily described objects, we now pay attention
to cardinality, which may play a relevant role when comput-
ing the inclusion for two main reasons: On the first hand, if
we soften the inclusion so that similar objects can fulfil the
implication constraint, we have to be careful with the number
of involved objects (the same object of A can be matched to
more than one object of B); on the other hand, another point
where the inclusion operators are able to be softened is to be
tolerant with the number of objects of set B that we force to
be included in A.

These two reasons lead us to new approaches to the in-
clusion operator which is supporting the division we want to
solve.

5.1 Cardinality as a constraint of similarity

The use of resemblance relations instead of equality when
computing inclusion degrees may make the obtained value be
high, even if there is a great difference in terms of cardinality
between the set of elements of B and the subset of elements of
A matched to them during the computation of inclusion.

In some situations, cardinality may not be important. For
example, imagine that A and B are two sets of tools and that
we want to solve the question Can a person do with tools of A
all the tasks he can do with the tools of B?. In this case, for
each tool of B, we look for a tool of A with similar capabili-
ties. In this context, it does not matter if the same tool of A is

matched to more than one tool of B. That is, the number of se-
lected tools of A is not relevant. However, if we need to assign
this set of tools to a group of people that have to work inde-
pendently, then, the number of selected tools of A is relevant
and cardinality is important.

If we wish to distinguish between these situations, we need
to weight the inclusion degree with a factor that takes into
account the distance between the cardinalities of the fuzzy sets
that are being compared.

Definition 3 (Cardinality Factor) Let U be a reference uni-
verse. Let |X| stands for the crisp cardinality of X. CF :
P (U) × P (U) → [0, 1] is a cardinality factor if:

1. If |X| = |Y |, CF (X,Y ) = 1

2. If |X| >= |Y |, CF (X, C) >= CF (Y,C)

3. If |X| >= |Y |, CF (C, Y ) >= CF (C, X)

A simple example of CF is the following one:

CF (X, Y ) =
{

1, if |X| >= |Y |
|X|/|Y |, otherwise (9)

This CF can be composed with a relative fuzzy quanti-
fier[21] to adjust the behavior to the user needs.

Using (9) in the example of Fig. 8 and the resemblance
relation of Table 4, we have:

ΘS(A|B)=1.0
ΨS(A|B)=1.0
but CF(matched elements of A,B)=0.5.

∩ ?

Set of Objects B

0.9/object 1

Set of Objects A
µ   (  )  aD

1.0/object 2

1.0/object 1

Figure 8: Example

Table 4: Resemblance Relation
o1 o2

o1 1.0 1.0
o2 1.0

5.2 Cardinality as a relaxation of the inclusion

The other role cardinality can play in an inclusion operator is
to soften the amount of elements of B that have to fulfil the
inclusion relation. That is, with this kind of relaxation, the
idea is to compute to what extent almost all elements of B are
included in A. For example, in the case of tools, we want to
solve the question Can a person do with tools of A almost all
the tasks he can do with the tools of B?

There are many possible implementations of this idea in re-
lation to what is called approximate division[8, 12]. One of
the possible implementations of the corresponding approxi-
mate inclusion is to substitute the infimum in (3) by an OWA
operator based on the desired almost all quantifier[22]. This
way, we can adapt Θ and Ψ operators as follows.
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Definition 4 (Approximate Θ) Let A and B be two fuzzy sets
defined over a finite reference universe U, S be a resem-
blance relation defined over the elements of U, ⊗ be a t-
norm, and OWAQ an OWA operator induced by a regular
non-decreasing quantifier Q. The approximate inclusion de-
gree of B in A driven by the resemblance relation S according
to OWAQ is calculated as follows:

ΘQ,S(A|B) = OWAQ({max
y∈U

θB,A,S(x, y)}x∈U) (10)

Definition 5 (Approximate Ψ) Let A and B be two fuzzy sets
defined over a finite reference universe U, S be a resemblance
relation defined over the elements of U, ⊗ be a t-norm, and Q

a relative fuzzy quantifier. The approximate tolerant inclusion
degree of B in A based on the resemblance relation S accord-
ing to Q is calculated as follows:

ΨQ,S(A|B) = OWAQ({max
y∈U

ψB,A,S(x, y)}x∈U) (11)

6 Conclusions
In this paper, we have presented an approach to solve queries
that are similar to the division queries of the relational data
model but, now, in an object-oriented context. The fact that
attribute values can be fuzzily described objects make us to
extend the division operator by means of resemblance mea-
sures. We have considered two ways of incorporating such re-
semblance measures in the computation of inclusion, namely,
restricting membership and restricting inclusion. Addition-
ally, we have analyzed the role that cardinality can play in
the division operator. Thus, we have considered to weight the
inclusion operators with a cardinality factor that takes into ac-
count the number of elements of set A matched during the
inclusion analysis. We have also propose two approximate in-
clusion operators based on the use of a quantifier for relaxing
the division condition. With the described survey of opera-
tors, the user can semantically adapt the division operators to
her/his needs in an object-oriented context.
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Abstract—In this paper, we present an evolutionary multiobjective 
learning model achieving positive synergy between the Inference 
System and the Rule Base in order to obtain simpler, more compact 
and still accurate linguistic fuzzy models by learning fuzzy inference 
operators together with Rule Base. The Multiobjective Evolutionary 
Algorithm proposed generates a set of Fuzzy Rule Based Systems 
with different trade-offs between interpretability and accuracy in 
linguistic fuzzy modeling, allowing the designers select the one that 
involves the most adequate equilibrium for the desired application. 

Keywords— Linguistic fuzzy modeling, interpretability-accuracy 
trade-off, Multiobjective genetic algorithms, adaptive Inference 
System, adaptive defuzzification, rule learning.   

1 Introduction
The main objective in system modelling is to develop 
reliable and understandable models. Interpretability and 
accuracy are usually contradictory requirements in the 
design of linguistic fuzzy models (FMs). Recent research 
into genetic fuzzy systems has focused on methods aimed at 
generating Fuzzy Rule-Based Systems (FRBS) with an 
appropriate trade-off between accuracy and interpretability 
[1, 2].   

Two important tasks in the design of a linguistic FM for a 
particular application are the derivation of the linguistic 
Rule Base (RB) and the setup of the Inference System and 
defuzzification method. In the framework of the trade-off 
between interpretability and accuracy in fuzzy modeling, 
adaptive Inference Systems and defuzzification methods 
have acquired greater importance [3, 4]. 

Recently, the use of Multiobjective Evolutionary 
Algorithms (MOEA) has been applied to improve the 
aforementioned trade-off between interpretability and 
accuracy of linguistic fuzzy systems [5, 6, 7, 8, 9, 10, 11]. 
Some of them obtain the complete Pareto (the set of non-
dominated solutions with different trade-offs) by selecting 
or learning the set of rules which best represents the 
example data, i.e., improving the system accuracy and 
decreasing the FRBS complexity. In [7, 8, 11] the authors 
also propose tuning the membership functions together with 
the rule selection to obtain simpler yet still accurate 
linguistic FMs.  

Following these ideas on the advantage of using 
parametric operators and MOEAs to improve the trade-off 
between interpretability and accuracy, in [9] we presented a 

MOEA capable of learning the fuzzy inference operators 
(including inference and defuzzification) and of performing 
rule selection for Mamdani linguistic fuzzy systems. The 
proposed model aimed to achieve a positive synergy, that is, 
cooperation between the fuzzy operators and the RB to 
improve accuracy while at the same time simplifying the RB 
to improve interpretability.  

Our main objective in this work is to include a new and 
highly important element in the learning process, the 
complete RB. Thus, we propose a MOEA capable of 
generating a set of FRBS (each with a high degree of 
cooperation between the RB and the Inference System) with 
varying optimal trade-offs between accuracy and 
complexity, so as to obtain compact and accurate linguistic 
fuzzy models by learning fuzzy operators and RB. 

To do this, Section 2 describes the parametric fuzzy 
operators, Section 3 shows the RB learning used in this 
work, Section 4 is devoted to describing the MOEA 
learning proposal, Section 5 develops an experimental 
study, and finally, Section 6 presents some concluding 
remarks. 

2 Adaptive Fuzzy Operators 
In this section we describe the adaptive Inference System as 
well as the adaptive defuzzification method used in our 
learning proposal. 

2.1 Adaptive Inference System 
Linguistic FRBSs for system modeling use IF - THEN rules 
of the following form: 

Ri : If Xi1 is Ai1 and ... and Xim is Aim then Y is Bi

with i = 1 to N, where N stands for the number of rules of 
the RB, Xi1 to Xim and Y for the input and output variables 
respectively, and Ai1 to Aim and Bi for the involved 
antecedents and consequent labels, respectively. 

The expression of the Compositional Rule of Inference in 
fuzzy modeling with punctual fuzzification is the following: 
�B' (y) = I (C (�A1 (x1) , ... , �Am (xm)), �B (y)), where �B' (·) 
is the membership function of the inferred consequent, I(·) 
is the implication operator, C(·) is the conjunction operator, 
�Ai(xi) are the values of the matching degree of each input 
of the system with the membership functions of the rule 
antecedents, and �B(·) is the consequent of the rule. 
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The two components, the conjunction (C(·)) and the 
implication operator (I(·)) are suitable for parametrization in 
order for the Inference System to be adapted. Our previous 
studies in [3] show that models based on the adaptive 
conjunction is a more valuable option than those based on 
the adaptive implication operator. Hence, we selected the 
adaptive conjunction in this study in order to insert 
parameters in the Inference System. 

Taking into account the aforementioned studies in [3], we 
have selected the Dubois adaptive t-norm with a separate 
connector for every rule, the expression for which is shown 
in (1). 

),y,x(Max
yx),y,x(TDubois �
�

�� ,    (0���1) (1) 

This adaptive t-norm showed the highest accuracy in 
previous studies, compared with Frank and Dombi t-norms 
and is more efficiently computed. The use of an adaptive t-
norm for the antecedent connection seeks better 
performance than traditional t-norms. Dubois t-norm 
performs between minimum (� = 0) and algebraic product 
(� = 1). 
 
2.2 Adaptive Defuzzification Interface 

There are various tendencies in the development of adaptive 
defuzzification methods reported in the literature. These 
employ one or more parameters in their expression for 
modifying the behaviour of the defuzzifier or, in most cases, 
to achieve higher accuracy.  

Following the studies developed in [13], in this work we 
consider applying the defuzzification function to the fuzzy 
set inferred by each rule (getting a characteristic value) and 
computing them by a weighted average operator, because of 
its fine performance, efficiency and easier implementation. 
This way of working is named FITA (First Infer, Then 
Aggregate) [12].  

We also consider the use of a product functional term of 
the matching degree between the input variables and the 
rule antecedent fuzzy sets (hi), iii hh ���)(f where �i 
corresponds to one parameter for each rule Ri, i=1 to N, in 
the RB, as it is more efficiently computed and obtains 
similar results to other functions [13]. The adaptive 
defuzzification formula selected is shown in (2). 

,
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(2) 

where Vi represents a characteristic value of the fuzzy set 
inferred from rule Ri, the Maximum Value or the Gravity 
Center (GC), the latter being the one selected in this paper. 

The product functional term with a different parameter 
for each rule has the effect of weighted rules. This value 
associated with the rule indicates the importance of that rule 
for the inference process.  

3 Rule Base Learning 
The linguistic RB learning used in this work is based on the 
ad-hoc data driven methodology named COR [14]. This 
methodology manages a set of consequent label sets (one 
per rule). Instead of  selecting the consequent with the best 
performance in each subspace as usual (Wang and Mendel 
[15]), the COR methodology considers the possibility of 
using another consequent, different from the best, which 
allows the FRBS to be more accurate thanks to having a RB 
with best cooperation. For this purpose, COR performs a 
combinatorial search among the candidate rules looking for 
the set of consequents which globally achieves the best 
accuracy. 

COR consists of two stages: 

1) Construction of the search space—This obtains a set of 
candidate consequents for each rule. 

2) Selection of the most cooperative fuzzy rule set—This 
performs a combinatorial search among these sets seeking 
the combination of consequents with the best global 
accuracy. 

In order to perform this combinatorial search, an explicit 
enumeration or an approximate search technique can be 
considered.  In this work, we use a search technique because 
it is effective and quick.  

4 Rule Base and Inference System 
Cooperative Learning with Multiobjective 

Algorithms
This Section describes the evolutionary multiobjective 
model proposed in this work. As was previously mentioned, 
our objective is to obtain a set of fuzzy systems with 
different trade-offs between accuracy and interpretability, 
using adaptive inference and defuzzification, and Rule Base 
learning (including rule selection).  To do this, we exploit 
two specific MOEAs considering a threefold coding scheme 
(coding of rules and coding of the parameters of the 
Inference Systems and Defuzzification). We adopted two of 
the most representative second generation MOEAs, SPEA2 
[16] and NSGA-II [17], as two general purpose MOEAs for 
performing the cooperative adaptation of the fuzzy 
operators and fuzzy rule learning.    

4.1 SPEA2 and NSGA-II 

The SPEA2 algorithm [16] (Strength Pareto Evolutionary 
Algorithm for Multiobjective Optimization) is one of the 
most well-known techniques for solving multiobjective 
problems. It is characterized by the following two aspects: a 
fitness assignment strategy, which takes into account both 
dominating and dominated solutions for each individual, 
and a density function, estimated by employing the nearest 
neighbourhood, which guides the search more efficiently. 

NSGA-II algorithm [17] is another of the most well-
known and frequently-used MOEAs for general multi-
objective optimization in the literature. It is a parameterless 
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approach with several interesting principles: a binary 
tournament selection based on fast non-dominated sorting, 
an elitist strategy and a crowding distance method to 
estimate the diversity of a solution. 

4.2  Questions related to the MOEAs. 

The evolutionary model uses a chromosome with threefold 
coding scheme (CC+CD+CR) where: 

� CC encodes the �i parameters of the conjunction 
connective. They are N real coded parameters (genes), 
one for each rule, Ri ,of the linguistic RB. Each gene can 
take any value in the interval [0, 1], that is, between the 
minimum and the algebraic product. This is represented 
by the CC part of the chromosome shown in Figure 1.  

� CD encodes the �i parameters of the defuzzification. They 
are N real coded parameters, one for each rule, of the 
linguistic RB. Each gene can take any value in the 
interval [0, 10]. This interval has been selected according 
to the study developed in [13]. It allows attenuation as 
well as enhancement of the matching degree. This is 
represented by the real part CD shown in Figure 1.  

� CR encodes the learning Rule Base. It is an integer string 
of N genes, each one representing a candidate rule 
consequent of the initial RB. Furthermore, depending on 
whether a rule is selected or not, the value ‘-1’ is 
assigned to the corresponding gene. This is represented 
by the integer part of the chromosome shown in Figure 1. 

 The initial population is randomly initialized in the fuzzy 
operators part with the exception of a single chromosome: 

� CC with the N genes is initiated to 0 in order to make 
Dubois t-norm equivalent to Minimum t-norm initially.  

� CD also with the N genes is initiated to 1 with the 
objective of beginning like the standard WCOA method. 

 

The initial population in the fuzzy rule part, CR, is 
initialized following these two exceptions: 

� A single chromosome with the N rules obtained by the 
WM-method [15], that is, with all the genes initialized to 
correspondent consequent. 

� Default chromosomes randomly initiated with all rules 
activated. In this case, in order to achieve solutions with 
a high accuracy we should not lose rules that could 
present a positive cooperation once their FM parameters 
have been evolved. The best way to do this is to start 
with solutions that select all the possible rules. This 
favors a progressive extraction of bad rules (those that do 
not improve with the tuning of parameters). 

The crossover operator employed by the fuzzy operators 
part is BLX-0.5 [18] while the one used for the rule learning 
part is HUX [19]. 

Finally, four offspring are generated by combining the 
two from the CR part with the two from the operators part 
(the two best replace their parents). The mutation operator 
changes a gene value at random in the CR and operators part 
(one in each part) with probability 0.2. 

In this work, to obtain an optimal set of FRBS with 
different trade-offs, the fitness, based on the interpretability 
(using the number of rules) and the accuracy (using the 
error measure), must be minimized. 

 

 

 

 

Fig. 1. Coding scheme for the MOEA with N rules 
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5 Experimental Study 
 
In order to analyse the practical behaviour of the proposed 
methods, we built several FMs in a real-world problem [20] 
of four input variables consisting in estimating the 
maintenance costs of medium voltage lines in a town. 
Methods considered for the experiments are briefly 
described in Table 1, where WM and COR methods are 
considered as reference. S denotes the methods that perform 
rule selection. If rule selection is performed after another 
method we give it a “+” denotation (eg. COR+S). However, 
if rule selection is performed jointly with another method 
we denote this in subscript (eg. CORS). S–C–D means rule 
selection and fuzzy operators learning together. SPEA2S-C-D, 
and NSGA-IIS-C-D are the methods that learn the fuzzy 
operators and the rule selection together, while SPEA2CORS-C-

D and NSGA-IICORS-C-D are methods that also learn the RB as 
previously mentioned. 

Table 1. Methods considered for comparisson 

Ref. Method Description 
[15] WM Wang & Mendel algorithm 
[21] WM + S Wang & Mendel and then Rule 

Selection  
[9] WM + S–C–D Wang & Mendel and then Rule 

Selection and Adaptive Fuzzy 
Operators 

[14] COR COR 
 COR + S COR and then Rule Selection 

 CORS COR with Rule Selection 
 CORS–C–D COR with Rule Selection and 

Adaptive Fuzzy Operators 
[9] SPEA2S-C-D SPEA2 algorithm with Rule 

Selection and Adaptive Fuzzy 
Operators 

- SPEA2CORS-C-D SPEA2 algorithm with COR with 
Rule Selection and Adaptive Fuzzy 
Operators 

[9] NSGA-IIS-C-D NSGA-II algorithm with Rule 
Selection and Adaptive Fuzzy 
Operators 

- NSGA-IICORS-C-D NSGA-II algorithm with COR with 
Rule Selection and Adaptive Fuzzy 
Operators 

 
5.1 Application Selected and Comparison Methodology 
 

The application selected to test the evolutionary model is the 
aforementioned electrical distribution problem [20] that has 
a data set of 1059 cities with four input variables and a 
single output. The RB is composed of 65 linguistic rules 
achieved with the Wang and Mendel method [15]. The 
fuzzy partition used for inputs and output has 5 labels. 

We considered a 5-fold cross-validation model, i.e., 5 
random partitions of the data each with 20% (4 of them with 
211 examples, and one of them with 212 examples), using  
the combination of 4 of them (80%) as training, and the 
remaining one as a test. We achieved a total of 30 trials for 
each evolutionary process, as the learning methods were run 
6 times for each one of the data partitions. We show the 

average values of the medium square error (MSE) as a usual 
performance measure, computed considering the most 
accurate solution from each Pareto obtained with the 
multiobjective algorithm. This method of working was also 
employed in [9] in order to compare the single objective 
methods with the multiobjective ones based on considering 
the accuracy objective only, letting us see that the Pareto 
fronts are not only wide but also optimal, so similar 
solutions obtained with the WM + S–C–D or CORS–C–D must 
appear in the final Pareto. The MSE is computed with 
expression (3), 

� �
P

) ) - FM (x ( y  
2
1

  = FMMSE  

P

1k=

2
kk

B

�
 

 

(3) 

where FM denotes the fuzzy model the Inference System of 
which uses the Dubois t-norm as conjunction operator 
showed in expression (1), the inference operator is 
minimum t-norm, and the adaptive defuzzificación method 
is the one shown in expression (2). This measure uses a set 
of system evaluation data formed by P pairs of numerical 
data Zk =(xk,yk), k=1,..,P, with xk being the values of the 
input variables, and yk being the corresponding values of the 
associated output variables. The MOEAs population size 
was fixed at 200. The external population size of the 
SPEA2S-C-D and SPEA2CORS-C-D was 61.  

5.2 Results and Analysis 

To compare the results obtained we also used non-
parametric tests, according to the recommendations made in 
[22]. The results obtained are shown in Table 2, where #R is 
the average number of rules, MSEtra and MSEtst are the 
average MSE for training and test respectively, and 
Wilcoxon-test is the result of applying a Wilcoxon signed-
ranks test [23] (with 95% confidence), with the following 
interpretation: * represents the best average result (control 
algorithm); + means that the best result has better 
performance than that of the corresponding row, while sign 
(=) means it is similar to the best result. As we have 
mentioned, Demšar [20] recommends a set of simple, safe 
and robust non-parametric tests for statistical comparisons 
of algorithms, one of which is the Wilcoxon signed-ranks 
test [23]. This is analogous to the paired t-test in non-
parametrical statistical procedures. 
 

Table 2 only shows the best result for each MOEAs for 
accuracy. Analysing the results we can highlight the two 
following points: 
 
� The learning of the RB allows remarkable improvement 

in accuracy: Looking at Table 2, we can observe that 
SPEA2CORS-C-D improves the accuracy of SPEA2S-C-D and 
NSGA-IICORS-C-D improves NSGA-IIS-C-D. In spite of the 
fact that the number of rules shown in Table 2 is 
slightly larger, it must be taken into account that the 
results shown are the ones with the highest accuracy 
along the Pareto front. Looking at Table 3, we can 
observe similar values for accuracy in solutions with a 
lower number of rules from 40 to 32, so NSGA-IICORS-C-

D truly obtains better fuzzy systems (for accuracy and 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1048



 

 

interpretability) than NSGA-IIS-C-D. Thus, the 
cooperation between the rules and the fuzzy operators 
improves the results of the evolutionary multiobjective 
proposal without rule learning.

� The solution with the best accuracy obtained with 
NSGA-IICORS-C-D and SPEA2CORS-C-D shows a similar 
accuracy to the single objective evolutionary model 
CORS–C–D (as shown in the non-parametric test) with a 
significant reduction in the number of rules, particularly 
for NSGA-IICORS-C-D. Consequently, the proposed 
method achieves more interpretable models with similar 
accuracy. We also notice that the best accuracy in Table 
2 is obtained by the single objective model CORS–C–D. 
The difference is small, but we can deduce that the 

evolutionary multiobjective methods are not achieving 
the most accurate solution. This fact suggested in [9] 
the design of more specific multiobjective algorithms in 
order to get even better solutions than the generic 
MOEAs SPEA2 and NSGA-II.  Figure 2 shows the 
Pareto progress for each evolutionary algorithm 
(SPEA2CORS-C-D and NSGA-IICORS-C-D) where we can 
observe the Pareto movement for each generation. 
Because to the adaptive fuzzy operators search space is 
large, we consider it may be necessary to focus the 
search process on the Pareto zone with highest 
accuracy, so that the same accuracy can be achieved as 
with single objective evolutionary algorithms based on 
accuracy.  

Table 2. Results obtained 

Method #R MSEtra Wilcoxon-test MSEtest Wilcoxon-test 

WM 65 56135.75 + 56359.42 + 
WM + S 40.9 41517.01 + 44064.67 + 
WM + S–C–D 52.8 22640.95 + 26444.43 + 
COR 65 50710.80 + 54584.76 + 
COR + S 44.7 40763.48 + 43228.38 + 
CORS 43 39530.19 + 41060.99 + 
CORS–C–D 50 20123.39 * 23323.72 * 
SPEA2S-C-D 38,60 24021,41 + 29333,72 + 

SPEA2CORS-C-D 41,10 21254,70 + 24079,32 = 

NSGA-IIS-C-D 38,90 23364,63 + 28174,76 + 

NSGA-IICORS-C-D 40,27 20689,86 = 23346,34 = 

Table 3. A Pareto front example obtained from NSGA-IICORS-C-D 

#R MSEtra MSEtest #R MSEtra MSEtest #R MSEtra MSEtest 
40 20036,37 22771,09 32 22354,40 24819,15 25 30133,70 42029,38 

39 20198,77 22768,15 31 23266,76 25226,77 24 32481,97 43640,18 

38 20388,66 22675,47 30 24347,59 27510,49 23 35058,65 43578,74 

37 20783,97 23251,03 29 24994,05 26904,67 22 39128,61 53587,74 

36 20999,33 23435,43 28 26190,94 29391,74 21 43276,59 58873,29 

34 21719,71 24057,71 27 27445,85 30597,32 20 47428,26 69762,81 

33 21901,55 24051,67 26 28706,22 33035,11 20 47428,26 69762,81 
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Fig. 2. Example of the Pareto front for NSGA-IICORS-C-D and SPEA2CORS-C-D 
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6 Conclusions
In the framework of the trade-off between accuracy and 
interpretability, the use of MOEAs gives a set of solutions 
with different levels of conciliation between both features. 
In this work we have proposed a multiobjective 
evolutionary learning model where the adaptive fuzzy 
operator parameters are learnt together with the RB. This 
fact allows both elements to cooperate, improving the 
accuracy as well as the interpretability.  
 

The results obtained have shown that the use of MOEAs 
can represent a way to obtain a set of FRBSs in a single run 
with optimal trade-off between accuracy and 
interpretability. In terms of future work, some 
improvements may be developed in order to guide the 
search towards the desired Pareto zone with higher accuracy 
(right and central zone) where the FRBSs obtained are 
perhaps more interesting in more applications. 

By focusing the search process we can reduce the effort 
of the search, and a better precision in the non-dominated 
solutions can be obtained, because the search effort is 
concentrated on a reduced zone of the Pareto, such that the 
density of the obtained solutions is higher. An improvement 
could be a change in the MOEAs used or a change in the  
non-dominated definitions in order to give more weight to 
the objective of  accuracy.  
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Abstract—This paper investigates the potential information 
provided to the user by the uncertainty measures applied to the 
possibility distributions associated with the spatial units of an 
IKONOS satellite image, generated by two fuzzy classifiers, based, 
respectively, on the Nearest Neighbour Classifier and the Minimum 
Distance to Means Classifier. The deviation of the geographic unit 
characteristics from the prototype of the class to which the 
geographic unit is assigned is evaluated with the Un non-specificity 
uncertainty measures proposed by [1] and the exaggeration 
uncertainty measure proposed by [2]. The classifications were 
evaluated using accuracy and uncertainty indexes to determine 
their compatibility. Both classifications generated medium to high 
levels of uncertainty for almost all classes, and the global accuracy 
indexes computed were 70% for the Nearest Neighbour Classifier 
and 53% for the Minimum Distance to Means Classifier. The 
results show that similar conclusions can be obtained with 
accuracy and uncertainty indexes and the latter, along with the 
analysis of the possibility distributions, may be used as indicators 
of the classification performance and may therefore be very useful 
tools. Since the uncertainty indexes may be computed to all spatial 
units, the spatial distribution of the uncertainty was also analysed. 
It’s visualization shows that regions where less reliability is 
expected present a great amount of detail that may be potentially 
useful to the user. 

Keywords—Accuracy assessment, Minimum Distance to Mean 
Classifier, Nearest Neighbour Classifier, Non-specificity measures, 
Remote Sensing Images, Uncertainty. 

1 Introduction 
Some classifiers used in Remote Sensing allow the 
assignment of each spatial unit (pixel or object) to several 
classes through the computation of degrees of possibility, 
probability or membership associated with each class, as 
opposed to the traditional classifiers where each spatial unit 
is only assigned to one class [3, 4, 5, 6]. This additional 
information may be interpreted as degrees of membership of 
the spatial unit to the classes, and in this case are usually 
referred to as soft classifiers [7]. Even though the use of soft 
classifiers is increasing, most applications still require a hard 
classification into disjoint classes of interest. For these cases, 
the spatial units may be assigned to the class presenting the 
larger degree of possibility or probability. The additional 
information provided by these degrees of possibility of 
probability may be used as indicators of the classifier 

difficulty to assign only one class to the spatial unit and, 
together with the application of uncertainty measures, may 
provide valuable information to the user [2, 8, 9, 10]. 

In [1] it is shown that, for a fuzzy classifier which assigns 
to each spatial unit degrees of membership or possibility 
associated with the classes, the non-specificity measures may 
be used to estimate the classification accuracy. They can 
therefore be a useful tool, since, on one hand, they can give 
an estimation of the classification accuracy prior to the final 
accuracy evaluation, enabling the classification improvement 
before the final classification accuracy is assessed (which is a 
time consuming and expensive process), and on the other 
hand enable the spatialization of the uncertainty [11]. In this 
paper a very high resolution image is classified with two 
fuzzy classifiers and the uncertainty measures (two non-
specificity measures and an exaggeration measure) are 
applied to both classifications, to determine the usefulness of 
the information provided by them. A comparison between 
the information provided by the non-specificity measures and 
the producer’s and user’s accuracy indexes is made to 
determine their compatibility. 

To evaluate the usefulness of the information provided by 
the spatialization of uncertainty, an approach similar to the 
one proposed by [2] is considered, where it is proposed that, 
when the spatial units are assigned to the best degree of 
similarity, errors of omission and commission are committed. 
The former occurs because, when assigning the spatial unit 
only to the best class, its similarity to the other classes is 
omitted. The latter occurs because, when the spatial unit is 
assigned to the best class and the degree of similarity to that 
class is smaller that one, a commission error is introduced, 
since a higher similarity is considered. To estimate omission 
errors [2] used an entropy measure. Since the Shannon 
entropy should only be applied to probability measures, the 
Un uncertainty measure was used instead. To estimate the 
commission errors the measure of exaggeration proposed in 
[2] was used. The results are shown and conclusions drawn. 

2 Data and methods 

2.1 Data 
The study was conducted in a rural area with a smooth 
topographic relief, situated in a transition zone between the 
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centre and south of Portugal featuring diverse landscapes 
representing Mediterranean environments. The area is 
occupied mainly by agriculture, pastures, forest and agro-
forestry areas where the dominant forest species in the region 
are eucalyptus, coniferous and cork trees. An image obtained 
by the IKONOS sensor was used, with a spatial resolution of 
respectively 1m in the panchromatic mode and 4m in the 
multi-spectral mode (XS) and a dimension of 11 884 m by 
14 432m. The geometric correction of the multi-spectral 
image consisted of its orthorectification. The average 
quadratic error obtained for the geometric correction was 
1.39 m, inferior to half the pixel size, which guarantees an 
accurate geo-referencing. 
2.2 Classification 
Two fuzzy classifiers were used in this application to obtain 
the elementary entities that are the basic units of landscape, 
like crown trees and parts of buildings, called Surface 
Elements (SE), to produce a Surface Elements Map (SEM). 
Both classifiers compute degrees of similarity [12] between 
the values observed at each spatial unit and a set of ideal 
values, which are, in this case, the spectral response observed 
in each spatial unit and what is considered to be the ideal 
characteristics of the class in terms of spectral values, 
respectively. Even though both classifiers use the same 
theoretical tools to derive the degrees of similarity, the 
definition of the ideal characteristics of each class is different 
for each of them. 

The first classification method used is an object–oriented 
supervised Fuzzy classifier based on the Nearest Neighbor 
Classifier (FNNC) available on the software eCognition. In 
the supervised classification methods, a training set has to be 
chosen for each class. The spectral responses of the pixels 
inside this set are the signature files used to characterize each 
class. This classification method assigns to each pixel a 
degree of membership to each class, depending on the 
distance between its spectral response and the closest 
spectral response of the pixels used in the training set for 
each class (see Fig. 1).  
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Values obtained for each class in the training phase
Mean of the values obtained in the training phase
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Figure 1: Nearest Neighbor Classifier. 

The degrees of membership are computed using a 
membership function, where the ideal value, corresponding 
to a degree of membership equal to one, is obtained when the 
distance between the spectral response of the pixel to classify 
to the nearest reflectance value of the training set of the class 
is equal to zero (see Fig. 2).  
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Figure 2: Membership function used in the fuzzy classifier 
based on the Nearest Neighbor Classifier. 

The second classification method used is a pixel-based 
supervised Fuzzy classifier based on the underlying logic of 
Minimum-Distance-to-Means Classifier (FMDMC), 
available in the commercial software IDRISI. With this 
classification method, the image is classified based on the 
information contained in the signature files and a standard 
deviation unit (Z-score distance) introduced by the user. The 
fuzzy set membership is calculated based on a standardized 
Euclidean distance from each pixel reflectance, on each 
band, to the mean reflectance for each class signature (see 
Fig. 3), using a sigmoidal membership function (see Fig. 4). 
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Figure 3: Minimum-Distance-to-Means Classifier. 
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Figure 4: Membership function used in the fuzzy classifier 
based on the Minimum-Distance-to-Means Classifier 

The underlying logic is that the mean of a signature 
represents the ideal point for the class, where fuzzy set 
membership is one. When distance increases, fuzzy set 
membership decreases, until it reaches the user-defined Z-
score distance where fuzzy set membership decreases to 
zero. To determine the value to use for the standard 
deviation unit, the information of the training data set was 
used to study the spectral separability of the classes and 
determine their average separability measure.  

The most representative surface elements of the study area 
are Eucalyptus Trees (ET), Coniferous Trees (CFT), Cork 
Trees (CKT), Shadows (S), Shallow Water (SW), Deep 
Water (DW), Herbaceous Vegetation (HV), Sparse 
Herbaceous Vegetation (SHV) and Non-Vegetated Area 
(NVA), and therefore these were the considered classes. 
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2.3 Uncertainty measures 
To evaluate the uncertainty of the possibilistic classifier the 
measures of nonspecificity were used. The uncertainty 
measure NSp proposed by [13] and given by  

( ) ( )+
=

Π = − Π − Π� �� �� �
�

�
� � �

�

� �
�

��� � �
�

and a normalized version proposed by [1] of the U-
uncertainty measure developed by [14], given by 
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( )

log

n

i i
i

n

x n x x i
U

n

+
=

− Π + Π − Π
Π =

�

In both equations Π  is an ordered possibility distribution 
defined over a universal set X, that is, a possibility 
distribution such that ( ) ( ) ( )1 2 nx x xΠ ≥ Π ≥ ≥ Π� , n is the 

number of elements of the universal set and ( )+Π ���  takes 
the value zero. A normalized version of the U-uncertainty 
measure was used to normalize the range of the measure, so 
that both non-specificity measures vary within the interval 
[0,1]. The non-specificity measures are appropriate to 
evaluate the uncertainty resulting from possibilistic 
classifications, since they quantify the ambiguity in 
specifying an exact solution [15, 16]. 

An additional uncertainty measure of exaggeration E, 
proposed by [2], was also used to quantify the commission 
errors at each spatial unit. This measure is given by 

( )11E x= − Π
where ( )1xΠ  is the largest degree of possibility. 
2.4 Classification evaluation with the accuracy indexes
To evaluate the classifications accuracy a testing set was 
used. A random sampling of 900 pixels was selected 
considering the entire image scene. The sample unit was the 
pixel. The accuracy assessments was made with error 
matrixes, where the (i,j) entry is the number of pixels that is 
class i in the map and class j in the reference. The reference 
data were obtained from aerial images with larger resolution. 
The Global Accuracy was computed for both classifications. 
The User Accuracy (UA) and the Producer Accuracy (PA) 
indexes were also computed for all classes. 

2.5 Comparison between uncertainty and accuracy indexes
To determine if the information given by the uncertainty 
measures may be used as indicators of the classifier’s 
performance and if they are correlated with the results 
obtained with the classification quality assessment, two 
accuracy indexes were considered, namely the normalized 
user’s and producer’s accuracy; and one index for each 
uncertainty measure based on the mean, corresponding to the 
complement of the mean uncertainty per class ( 1 NSpI −  and 

1 nUI − ). Since high uncertainty values are expected to 

correspond to low accuracy values, and vice-versa, the 
complement of the uncertainty measures is considered to 
allow an easy comparison with the accuracy indexes. The 
correlation coefficient between the several accuracy and 
uncertainty indexes was also computed. 

Even though uncertainty measures can be computed to the 
whole image, since the objective was to compare the results 
given by the uncertainty measures with the ones given by the 
error matrix, for this comparison only the sample pixels were 
used, so that the results were not influenced by the sample 
representativeness. 

2.6 Spatial variation of uncertainty 
Since there is a possibility distribution associated with all 
pixels or objects of the image, the uncertainty indexes may 
be computed for the whole image. This enables the 
visualization of the spatial distribution of uncertainty, and its 
spatial relation with the classes assigned to each spatial unit. 
As an estimator of the spatial units omission errors the Un
uncertainty measure was used, since it is more sensitive to 
dispersion than NSp (see [1]) and to estimate the commission 
errors the exaggeration E measure was used.  

3 Results and discussion 

3.1 Classification evaluation with accuracy indexes 
The error matrix computed for the classification with the 
FNNC is presented in Fig. 5. The global accuracy obtained 
with this classification method was 70%. 

DW SW NVA ET S HV CKT CFT SHV

DW 102 100.0

SW 3 92 96.8

NVA 76 2 1 8 87.4

ET 42 4 6 7 18 11 47.7

S 2 77 5 91.7

HV 2 1 90 7 90.0

CKT 1 11 8 18 50 6 26 41.7

CFT 3 43 10 42 9 39.3

SHV 23 3 22 16 3 73 52.1

73.7 77.8 55.9 55.6

Error matrix of the classification with the fuzzy KNN

User's 

Accuracy 

(%)

Producer's 

Accuracy (%)

95.3 98.9 67.9 69.77%60.0 54.5

Figure 5: Error matrix of the image classification with the 
method based on the Nearest Neighbour Classifier. 

The error matrix shows that water classes (DW and SW) 
were well identified. Forestry species were often confused 
between each other and with other classes, such as Sparse 
Herbaceous Vegetation (SHV) and Herbaceous Vegetation 
(HV). Significant confusion was observed between 
Herbaceous Vegetation (HV) and Coniferous Trees (CFT). 
The class with the smaller value of PA is SHV (54.5%), 
which means it is the class with more omission error. And 
the class with smaller UA is CFT (39.3%) and therefore the 
class with more commission errors. 

The global accuracy obtained with the classification with 
the FMDMC was 53% and the error matrix computed is 
presented in Fig. 6. The error matrix shows that Deep Water 
(DW) was the class best identified. Significant confusion was 
observed between Cork Trees (CKT), Eucalyptus Trees (ET) 
and Sparse Herbaceous Vegetation (SHV) and between ET 
and Coniferous Trees (CFT). The class with the smaller 
value of PA is SHV (14.8%), which means this is the class 
with more omission error. The pixels which are erroneously 
not included in this class are included mainly in the class 
Non Vegetated Areas (NVA), which is the class with smaller 
UA (27%) and therefore the class with more commission 
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error, which receives pixels from all classes. These results 
show that this classifier presents great difficulty in 
classifying the class NVA. 

DW SW NVA ET S HV CKT CFT SHV

DW 89 1 98.9

SW 3 54 1 93.1

NVA 16 40 104 8 19 79 15 15 89 27.0

ET 37 5 8 17 4 52.1

S 1 35 7 81.4

HV 65 1 98.5

CKT 7 13 3 50 11 18 49.0

CFT 5 16 6 27 3 47.4

SHV 3 1 2 6 20 62.5

38.6 14.8 53.21%57.8 60.3 38.9 54.3
Producer's 

Accuracy (%)

81.7 57.4 90.4

Error matrix of the classification with the fuzzy MDM

User's 

Accuracy 

(%)

Figure 6: Error matrix of the image classification with the 
method based on the Minimum Distance to Mean Classifier. 

3.2 Comparison between uncertainty and accuracy indexes
For the classification made with the FNNC, the uncertainty 
indexes 1 NSpI −  and 1 nUI −  along with the user’s and 

producer’s accuracy, ordered with increasing values of 

1 NSpI − , are shown in Fig. 7. 
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Figure 7: 1 NSpI −  and 1 nUI −  uncertainty indexes along with 

the user’s and producer’s accuracy of the classification based 
on the Nearest Neighbour Classifier. 

It can be observed that for all classes the uncertainty 
indexes present low to medium values. To determine the 
reason for these relatively low values of certainty, the 
observation of the possibility distribution was made, and it 
was observed that the largest degree of possibility is in 
general very high, but also high levels of possibility are 
obtained for the second and sometimes even for the third 
classes, which explains the high levels of uncertainty (see 
Table 1). The analysis of the possibility distributions and the 
classes associated with the second degrees of possibility for 
the several points enable the identification of classes that 
might be easily confused, which are mainly the forest classes 
and SHV. Similar conclusions can be taken from the 
confusion matrix, with the exception that considerable 
confusion was also expected between CFT and HV, and this 
is not expected from the analysis of the degrees of 
possibility. 

From this analysis, worst results are expected for the 
classes ET, CFT, CKT and SHV, which are exactly the 
classes with low levels of UA, 1 NSpI −  and 1 nUI − . This is an 

expected result, since in [1] it is shown that high correlation 
values are expected to occur between the uncertainty indexes 
and the UA. Similarly, the classes with higher values of 

1 NSpI −  and 1 nUI −  are in general the ones presenting higher 

UA, except for the classes S and DW, which have slightly 
lower value of 1 NSpI −  and 1 nUI − . 

Table 1: Mean values of the highest and second highest 
degrees of possibility of the possibility distributions 

associated with the sample points used to evaluate the 
accuracy of the classification with the FNNC, along with the 

most frequent second class. 
Best 
class ( )1xΠ ( )2xΠ Second 

class 
% of pixels with 
the second class 

SW 0.96 0.66 NVA 100 
DW 0.99 0.87 NVA 51 
NVA 0.84 0.37 SHV 52 
ET 0.99 0.96 CKT 48 
HV 0.93 0.55 SHV 50 
SHV 0.94 0.83 CKT 52 
CFT 0.98 0.94 ET 56 
CKT 0.99 0.94 SHV 46 
S 0.98 0.89 CKT 64 

For the classification made with the FMDMC, the 
uncertainty indexes 1 NSpI −  and 1 nUI −  along with the user’s 

and producer’s accuracy, ordered with increasing values of 
1 NSpI − , are shown in Fig. 8. It can be seen that the values of 

certainty given by both NSp and Un are low to medium for 
all classes, presenting 1 nUI −  slightly larger values than 1 NSpI − . 
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Figure 8: 1 NSpI −  and 1 nUI −  uncertainty indexes along with the 

user’s and producer’s accuracy for the classification with the 
FMDMC. 

To determine why such relatively high levels of 
uncertainty were obtained, an analysis of the possibility 
distributions was also made. This analysis showed that, for 
all classes, a high percentage of the pixels presented 
relatively low values for the highest degree of possibility, 
which explains the relatively low levels of certainty, and no 
point was classified with the highest degree of possibility 
equal to one (see Table 2). Further more, for all classes, the 
second highest degree of possibility for the great majority of 
testing sites was to the class Non Vegetated Areas (NVA) 
(except, of course, for the class NVA), in some cases with 
the degrees of possibility close to the higher degree, which 
means that there was great confusion between this class and 
all other classes.  
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Table 2: Mean values of the highest and second highest 
degrees of possibility of the possibility distributions 

associated with the sample points used to evaluate the 
accuracy of the classification with the FMDMC, along with 

the most frequent second class. 
Best class ( )1xΠ ( )2xΠ Second 

class 
% of pixels with 
the second class 

SW 0.62 0.19 NVA 100 
DW 0.53 0.003 NVA 26 
NVA 0.41 0.07 HV 16 
ET 0.48 0.14 NVA 88 
HV 0.57 0.16 NVA 95 
SHV 0.63 0.38 NVA 100 
CFT 0.52 0.22 NVA 82 
CKT 0.54 0.22 NVA 90 
S 0.38 0.03 NVA 100 

This indicates that one major problem of this 
classification was mainly due to the difficulty in 
discriminating NVA from the other classes. This same 
conclusion can be obtained from the accuracy analysis. The 
class NVA presents very different values for the user and 
producer accuracy, respectively 27% and 90%. This means 
that this class presents a very high percentage of commission 
errors, and therefore, a great amount of sites that should have 
been assigned to other classes were assigned to NVA, and 
were therefore absent from the other classes, such as SHV 
and HV, increasing their omission errors.  

The information provided by the uncertainty measures is 
therefore in accordance with the one provided by the 
accuracy indexes, even though the analysis of the possibility 
distributions is necessary to reach the obtained conclusions.  

The most evident discrepancies between the uncertainty 
and accuracy indexes obtained with the classification with 
the FMDMC are mainly for the class DW and S. These 
classes present higher values of accuracy, meaning that they 
were well identified according to the accuracy indexes, but 
considerably low levels of classification certainty, 
corresponding to lower values of the uncertainty indexes. 
This can be explained by the relatively low level of the first 
degree of possibility and the confusion between classes, 
which reinforces the assumption that uncertainty indexes 
capture the classifier difficulty in determining the correct 
class. Apparently some discrepancies occur between 
uncertainty and accuracy indexes for the SW and HV classes 
due to the fact that they present higher values of UA (93,1 
and 98,5 respectively). However, the PA results are lower 
(57,4% and 38,9 % respectively) which reveal that these 
classes present higher omission errors and are in accordance 
with the lower values of 1 nUI − index. Two main aspects seem 

to be responsible for the results obtained with this classifier: 
1) the larger degrees of possibility for each pixel are in 
general relatively low, which results in high uncertainty 
levels; 2) there is considerable confusion between all classes 
and the class NVA. 

To explain the low degrees of possibility obtained with 
this classifier, a closer look to its classification approach is 
required. The computed degrees of possibility reflect the 
closeness of the spectral response of the testing set to an 

ideal value, which is the mean of the spectral responses 
obtained for the training set. The computed degrees of 
possibility are then obtained considering the distance 
between the spectral response at each testing site and that 
mean value, and therefore, if the obtained value is relatively 
distant from the mean, even if its spectral response is very 
close to some values obtained for the training set, a low 
degree of possibility will be assigned to it. This classifier and 
the obtained degrees of possibility, have therefore a limited 
capability to translate the information provided by the 
training set. For example, if a pixel has a spectral response 
equal to the spectral response of one of the pixels used in the 
training set, but which is relatively far from the mean, it will 
not have a degree of possibility of belonging to that class 
equal to one, as should be expected. 

The fuzzy classifier based on the FNNC has a better 
behavior on this aspect, since it translates the information 
contained in the training set in a more reliable way. For 
example, all points with a spectral response equal to the 
spectral response of a point included in the training set will 
have a degree of possibility equal to one. Furthermore, if the 
spectral response of pixels is located inside the regions 
populated by the spectral responses of a particular class, high 
degrees of similarity are expected to occur to that class. 

3.3 Spatial variation of uncertainty 
Fig. 10 shows on a), b) and c) respectively an extract of the 
classification with the FNNC and the values of the Un and E 
uncertainty measures. Fig. 10 d), e) and f) show the 
corresponding images obtained with the FMDMC. 

a) FNNC - Classification

b) FNNC - Un

c) FNNC - E

d) FMDMC - Classification

e) FMDMC - Un

f) FMDMC - E

a) FNNC - Classification

b) FNNC - Un

c) FNNC - E

d) FMDMC - Classification

e) FMDMC - Un

f) FMDMC - E

Figure 10: a), b) and c) show respectively the classification 
results, Un and E uncertainty values obtained with the FNNC. 
Images d), e) and f) show the results corresponding to a), b) 
and c) obtained with the FMDMC. 

It can be easily observed that the classification results are 
very different. Even though the accuracy evaluation and the 
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uncertainty indexes already indicated that the classification 
with the FMDMC was worst, the visualization of the results 
clearly shows that it is bad. It can be seen that the FMDMC 
classified most of the image as NVA, while the FNNC 
manage to differentiate much more structures in the image.  

Images shown in Fig. 10 b) and e) correspond to the 
spatial distribution of the Un uncertainty measure of both 
classifications and may be used to illustrate the omission 
error committed when the pixel is assigned to the class 
corresponding to the largest degree of possibility. The 
regions with larger uncertainty are the ones where the 
degrees of possibility were more dispersed over other 
classes. Fig. 10b) shows that relatively large values of Un
were associated with regions that correspond to landscape 
units composed by different surface elements such as forest 
trees and Sparse Herbaceous Vegetation. Some region with 
higher Un uncertainty can also be seen in the zones identified 
by the black circumferences. Fig. 10c) and f) show the 
commission errors, that is, the exaggeration committed when 
the best class is chosen. In general in Fig. 10c) low values 
are obtained for most of the image, higher values are mainly 
visible in some landscape boundaries and in the regions 
identified by the circumferences in Fig. 10b), which indicate, 
once again, that those regions may be problematic. Fig. 10f) 
shows that larger commission errors are obtained with the 
FMDMC than with the FNNC. One aspect clearly visible 
from Fig. 10e) and f) is that the spatial variation of 
uncertainty shows many structures invisible in the 
classification, such as the SW region shown in the region  
identified by the arrow. 

4 Conclusions 
The results obtained with the presented case study highlight 
that the classifiers FMDMC and FNNC presented possibility 
distributions with particular characteristics, which are a 
consequence of the method used to compute the degrees of 
possibility. The classification with the FNNC presented large 
possibility values for the best class, but also presented large 
values for the second and sometimes third class, and the 
classification with the FMDMC presented low values of the 
largest possibility. In both cases the presented characteristics 
increase uncertainty and are a signal of possible difficulties 
in the classification. In fact, neither of these classifications 
presented very good results, since Global Accuracies of only 
70% and 53% were obtained.  

It is also shown that when the classifications present 
relatively large and similar uncertainty values for all classes 
it is more difficult to take conclusions regarding the 
problematic classes only with these measures. Even though, 
an analysis of the possibility distributions may give valuable 
information. It is also very important to know how the 
degrees of possibility associated to the pixels are obtained, to 
understand what they represent. 

In this study it was considered that the confusion matrix 
and the accuracy indexes were reliable, but in reality a 
human interpreted may have large difficulties in 
differentiating for example NVA from SHV, and this type of 
confusion between classes may influence greatly the 
accuracy indexes. In future analysis the uncertainty 

information present in the reference data, used to build the 
confusion matrixes, should be taken in consideration when 
comparing the results provided by the uncertainty and 
accuracy information. 

The presented results also show that the spatialization of 
uncertainty may provide valuable information to the user. 
This will enable the identification of problematic regions, 
where the classification is probably less reliable. On the 
other hand, the spatial variation of uncertainty provides a 
great amount of information, which, if introduced in the 
classification itself, might be very useful. 
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A method for locating the iliac crests based on the fuzzy Hough transform
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Abstract— In this paper we present a method based on the fuzzy
Hough transform to locate the iliac crests in posteroanterior radio-
graphs. Firstly, a Canny edge detector is applied to the X-ray images
in order to obtain an edge map. Then, the fuzzy Hough transform
is used in combination with several constraints extracted from our
domain knowledge. At the bottom of the radiograph we search for
two circular arcs, as we can represent the shape of the iliac crests
by means of these curves. Locating the iliac crests can be useful for
a later processing of the X-rays in order to obtain a fully automated
segmentation of the whole spine.

Keywords— Computer-aided diagnosis, fuzzy Hough transform,
medical imaging, X-rays.

1 Introduction

Computer-aided diagnosis is increasing its importance in
healthcare. This kind of systems can help physicians to per-
form routine tasks that require a long training and a great
amount of time, and can provide more accurate and consis-
tent measures that may improve the diagnostic process.

Modern medical imaging techniques such as computed to-
mography (CT) and magnetic resonance imaging (MRI) pro-
vide images of high quality which can help physicians enor-
mously in diagnostic process. However, these techniques are
usually expensive and give patients high doses of radiation.
Therefore, they are not suitable for all diagnoses and, although
X-rays do not provide as much quality as the other ones, they
are widely used in diagnosis of many diseases.

Much research has been done to segment anatomical struc-
tures in CT and MRI. Nevertheless, X-rays have not been as
widely studied as the other ones due to its lower quality. In our
work we use X-ray images because they are extensively used
in diagnosing scoliosis, which is the problem we are focused
on.

Scoliosis is a three-dimensional deformation of the spine
that produces vertebral rotation and crushing, and lateral cur-
vature. It is typically classified as congenital (caused by ver-
tebral anomalies present at birth), idiopathic (sub-classified as
infantile, juvenile, adolescent or adult according to the time
when the onset occurred) or as a secondary symptom of an-
other condition, such as cerebral palsy, spinal muscular atro-
phy or due to a physical trauma.

Diagnosis of scoliosis is performed by calculating Cobb an-
gle ([1]) manually on X-rays. Automatic measure of Cobb an-
gle could improve diagnosis since it can provide more reliable
and consistent measures. In order to assess Cobb angle auto-
matically we need to segment the spine accurately and, as we
will see afterwards, the proposed method can be useful to do
so.

The iliac crest is the long and curved upper border of the
wing of the ilium. According to a study performed by Render
in [2], the line connecting the iliac crests intersects the spine
at the level of the fourth lumbar vertebra or the interspace be-
tween the fourth and the fifth lumbar vertebra in 78.5% of
cases, while the point of intersection was lower than the fourth
lumbar vertebra in 17.8% and at the level of the interspace be-
tween the third and the fourth lumbar vertebra in 3.7%. We
are interested in locating these anatomical structures as we can
use them as a reference to initialise a segmentation algorithm
that is intended to segment the whole spine. In the same way,
this reference point will be useful to label the vertebrae found
by the segmentation algorithm, since we can use the results of
Render.

In this work, we have used full-length standing posteroan-
terior X-rays. The pictures were acquired from a PACS
(Picture Archiving and Communication System) as DICOM
(Digital Imaging and COmmunication in Medicine) files with
5700 × 2400 pixels of resolution. The problem with this kind
of images is the presence of noise and distortions due to its
acquisition process, that makes difficult to detect and iden-
tify the anatomical structures present in the X-rays accurately.
Other important problems are poor contrast and low visibility
of some details in the images. In order to deal with these prob-
lems, first of all we have to preprocess the images to obtain
new ones with less quantity of noise and, as far as possible,
better visibility than the initial ones.

The rest of the paper is organised as follows: in section 2 we
describe the foundations and the operation of the fuzzy Hough
transform. In section 3 we present our method for locating the
iliac crests in posteroanterior radiographs and, in section 4,
we discuss the results achieved by it. Finally, in section 5,
we comment some aspects of our future work related to this
paper.

2 The fuzzy Hough transform
The Hough transform (HT) was originally proposed as a tech-
nique to detect straight lines by Hough in 1962 ([3]). It was
extended to detect general curves with known analytical ex-
pressions by Duda and Hart in [4] and, later, Ballard proposed
a new extension in [5] to detect any curve although its expres-
sion was not known. In this work we use the fuzzy Hough
transform (FHT), another extension of the original algorithm
developed by Han et al. in [6].

A straight line can be represented as ρ = x cos θ + y sin θ,
where θ is the angle of the vector from the origin to the closest
point of the line, ρ is the lowest distance between the line and
the origin and (x, y) are the coordinates of a point in the image
space. In that way, a line is defined by these two parameters ρ
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and θ. Similarly, a circle and other curves can be represented
by its parameters. The main goal of the algorithm is to detect
shapes by checking which points in the edge map belong to the
curve defined by a certain point in the parameter space. This
is done by mapping the image space to the parameter space,
where each point defines a different curve. By doing so we
simplify the problem to locate a peak in an accumulator array.

In the original HT, the value at a point of the parameter
space is the number of points in the image space that occur
strictly on the shape defined by this point of the parameter
space. There is no difference between a point being far from
the ideal line or being just a little off it. Because of this, with
the HT is difficult to detect approximate shapes that may ap-
pear in noisy environments due to the noise itself, or due to the
not accurate edge detection performed by the feature detector.
Fuzzy theory can help to deal with the detection of those ap-
proximate shapes.

We have assumed that we can represent the shape of the
iliac crest by two circular arcs. However, the iliac crest is
not exactly a circular arc, although it is close to. Because
of this, the results obtained by applying the conventional HT
to the X-rays are not accurate, so we propose the use of the
FHT in order to achieve better results. In section 4 we make
a comparison between both techniques based on the results
achieved by them.

The main idea in the FHT is that each edge point contributes
more or less to one point in the parameter space depending on
its distance from the ideal curve defined by this point. To do
this, once the accumulator is computed, Han et al. proposed
to convolve it with the membership function

g(d) =
{

ke−d2/σ2
if d < R

0 otherwise
. (1)

As they proved, when the membership function of fuzzy
points is defined as a circle the transforms of those points lying
inside it is bounded in the parameter space by r, which is the
radius of that membership function. That is true for straight
lines and circles and, as we are considering circular arcs in
such a way that they are particular instances of circles with
some restrictions, we shall use this smoothing function.

In (1) k, σ and R are constants that are chosen empirically
and d is the distance between the two points of the image con-
sidered. In our case, they are set as k = 1, R = 3 and σ = 1.3
in the experiments.

3 The proposed method to locate the iliac crest

In this section we present our method for automated detection
of the iliac crest, based upon the fuzzy Hough transform. The
method starts with the acquisition of the X-rays and finishes
with the location of the iliac crests. Fig. 1 shows the operation
of the method. It involves basically the search for circular
arcs at the bottom of the radiograph, where the iliac crests are
supposed to be, by means of the FHT.

As we have mentioned beforehand, a preprocessing stage
is necessary to deal with noise and distortions present in the
images. In this work we have used a combination of unsharp
masking (UM), adaptive histogram equalisation and median
filter to achieve images more suitable to be analysed by a com-
puter vision system.

Preprocessing

stage

Canny edge

detector

Fuzzy Hough

transform

Input X-rays

Found location

of the il iac crest

Peak selection

in the

accumulator

Figure 1: Flowchart of the proposed method to detect the iliac
crest

Unsharp masking intends to improve the visibility of im-
ages by emphasising smoothed edges while the noise com-
ponents are suppressed. The effect of the algorithm onto the
images is edge sharpening, but usually it tends to reduce its
contrast. Because of this, after the unsharp masking proce-
dure we perform adaptive histogram equalisation to enhance
it.

In unsharp masking, the high-frequency components of the
image are extracted and then are added to the original image.
First of all, a slightly blurred version Iblur of the image Iorig

is obtained by convolving it with a Gaussian kernel and then
is subtracted from Iorig to obtain Iedge. After that, Iedge is
multiplied by a sharpness factor and the result, which contains
the enhanced high-frequency components of the image, is then
added to Iorig .

In our case, the unsharp masking is done by using

Isharp(x, y) = Iorig(x, y)+6·(Iorig(x, y)−Iblur(x, y)). (2)

In (2) Iorig(x, y) represents the original image and
Iblur(x, y) is a blurred version of the original image obtained
by convolving Iorig(x, y) with a Gaussian kernel of size 5× 5
pixels and a variance of 5.

After the unsharp masking, we apply adaptive histogram
equalisation to the image in order to enhance the contrast of
the resultant image. Adaptive histogram equalisation divides
the image into several regions and then distributes pixels val-
ues in each region of the image uniformly throughout the grey
scale. It is performed in order to achieve a higher contrast for
the images by means of the adaptivehisteq MATLAB func-
tion.

Finally, a median filter of size 11 × 11 pixels is applied to
the image with the medfilt2 MATLAB function to reduce the
presence of impulse noise, naturally present in the X-rays.
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Once the image has been preprocessed, Canny edge detec-
tor is applied to it in order to obtain an edge map that will be
used as a starting point for the FHT in the locating procedure.
The Canny edge detector is one of the most widely used al-
gorithms among all the features detectors. It was proposed by
Canny in [7] in 1986. This method consists of several stages:
first of all noise reduction is performed by means of a Gaus-
sian filter; then it computes the gradient in every point of the
image and discard those ones whose value is under a certain
threshold; next, the pixels whose gradient magnitude is not
maximum in the gradient direction are suppressed; finally a
hysteresis thresholding is performed by using two thresholds
to suppress spurious noisy pixels.

We have used the implementation available in MATLAB
by means of the edge function, and we have used the default
parameters of the function.

In order to apply the FHT we need to identify the param-
eters that define the considered curve and the equation that
relates them. A circular arc is defined by five parameters: the
two coordinates of its centre, its radius, its orientation and its
angular size. We could use the generalised Hough transform
proposed in [5], but this would imply that we would have to
use a five-dimensional accumulator. By doing so, the memory
and computational requirements of the algorithm would rise
enormously. Nevertheless, if we can fix one or more parame-
ters, the requirements will remain reasonable.

In this case, after studying the characteristics of the iliac
crests showed in the X-rays, we can assume that the radius
of the circular arcs we use to represent them has to be be-
tween fifteen and forty pixels. We can also assume that an
appropriate orientation for the circular arc could be 0 rad and
a suitable angular size for it could be π rad. These assump-
tions we have made permit us to simplify the original problem
reducing its computational requirements, which is one of the
major drawbacks of the Hough transform. Instead of using a
five-dimensional accumulator we can use a less computational
expensive three-dimensional array.

In this work we have used a parametric representation of the
circular arc, which allow us to use the parametric equation of
the circle by restricting the permitted values for the parametric
coordinate between 0 rad and π rad, instead of between 0 rad
and 2π rad that we would use if we were searching for a whole
circle. Moreover, the parametric representation facilitates the
computation of the positions of the accumulator that have to be
incremented. Thus, the equation used to describe the circular
arc is

x(t) = R · cos(t) + a
y(t) = R · sin(t) + b

t ∈ [0, π]
(3)

where t is the parametric coordinate, R is the radius of the
circular arc and (a, b) are the coordinates of the centre of the
arc.

Next, we introduce the formal description of our implemen-
tation of the FHT:

1. Set the initial values of the accumulator A to 0.

2. For each edge point (x, y), do:

(a) For each radius R between 15 and 40 pixels, do:

i. For every t ∈ [0, π], do:

A. a = x − R · cos(t)
B. b = y − R · sin(t)
C. A[a, b, R] = A[a, b, R] + 1

3. Convolve the accumulator A with the smoothing function
(1).

At this point we can apply the FHT, as we have just de-
scribed it, to the edge map obtained in the previous step. By
doing so, we get an accumulator array where the maximum
values represent the most suitable arcs for the given image.
We shall use the one hundred biggest ones of those peaks.

After the use of the FHT, several constraints coming from
the domain knowledge are applied to the peaks found in the
accumulator array to improve the performance of the algo-
rithm.

Figure 3: Canny edge map divided into regions to seek local
maxima

We divide the lower part of the radiograph into two parts,
and we seek the left iliac crest in the left half and the right iliac
crest in the right half. Let us consider five regions of equal size
within each considered division of the radiograph as we can
see in Fig. 3. The search is performed separately in the left
and in the right parts of the X-ray. In each region we search
for the maximum local peak and record the parameters of the
correspondent circular arc. Thus, we have ten local maxima,
five for the left part and five for the right part, which represent
ten circular arcs that are suitable locations for the iliac crests.
We can make twenty five possible couples with those peaks by
choosing one from the left and another one from the right.

We can assume that the locations of the left and the right
iliac crests are, approximately, at the same height in the X-ray.
Let us consider a tolerance factor of 15 pixels. In that case,
we can discard those couples of peaks which do not satisfy
this criterion. Finally, for the couples of peaks which satisfy
the criterion, we add its values and we choose the one with
the largest value. Thus, at the end we have a couple of peaks
which corresponds to the location of the iliac crests obtained
by the method. This process is called “peak selection in the
accumulator” in Fig. 1.

We performed several experiments in order to choose the
most appropriate values for the tolerance factor and the num-
ber of regions in terms of its performance.
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Figure 2: Some examples of the found locations of the iliac crests

(a) Only one iliac crest accurately located (b) No iliac crest accurately located

Figure 4: Some examples which do not locate accurately the iliac crests

4 Results

In this section we discuss the results achieved by our method.
We used a database with 45 X-ray images obtained from a
PACS system in a local hospital. The images were in DICOM
format with 5700 × 2400 pixels of resolution. Almost all the
images were from patients suffering from scoliosis because
we are focused on the study of this pathology by means of
digital images. The resolution of the images was reduced to a
tenth of its original one to reduce the time of processing before
starting the location procedure. Experiments performed with

several images suggest us that reduction in image size does not
have a significant influence on the accuracy of our method.

It is important to remark that we are not interested in extract
the exact shape of the iliac crest, but in the line drawn from
the highest point of the left arc to the highest one of the right
arc that, as we said beforehand, in an large number of cases
will pass through the fourth lumbar vertebra or the interspace
between the fourth and the fifth lumbar vertebrae. Therefore,
accurate shape delimitation for the iliac crests is not essential.

The experiments we performed showed that in 28 out of
45 cases iliac crests were properly located, while in 3 images
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the method found the correct location for one iliac crest but
failed to locate the another one. In Fig. 2 we can see some
of the satisfactorily solved cases after performing the experi-
ments. Moreover, Fig. 4 shows some cases that are not prop-
erly solved by our method.

The most important reasons that make our method fails in
those cases are two: on the one hand, the presence of dis-
tortions in the area of the radiograph were the iliac crest is
located, due to the position of the intestines which partially
occlude it; on the other hand, the shape of some iliac crests
is not completely round and this causes that our method fails
because other rounder objects in the image, such as the femur
heads, are located. In those cases other constraints should be
included in our algorithm.

We also ran the same experiments using the method de-
scribed here but using the standard HT instead of the FHT.
Results obtained were satisfactory in 17 out of 45 images,
whereas they were satisfactory for only one iliac crest in 14
out of 45. It is clear then that FHT can achieve better results
in those images with a great presence of noise or in which the
shapes sought are not clear.

5 Concluding remarks and future work
In this paper we have proposed a method for locating the iliac
crests in X-ray images based on the fuzzy Hough transform.
We can use the found location of the iliac crests to identify
the fourth lumbar vertebra by drawing a line between the two
crests and, that will be useful to initialise another algorithm
designed to segment the spine. We are still working on im-
proving accuracy and success rate of our method, as well as
its efficiency, by incorporating additional constraints into the
method.

It is important to remark that results achieved by means of
FHT are clearly better than those obtained by standard HT. As
shape of iliac crests is largely variable, it is difficult to find
them by using a rigid template as HT does. For that reason
FHT, which relaxes shape constraints by means of fuzzy logic,
is more suitable in this problem.
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Abstract— The use of Linear Matrix Inequalities and Common
Quadratic Lyapunov Functions is a powerful and commonplace tool
for Takagi-Sugeno fuzzy controlled system analysis and synthesis.
However, in practice, few practical and performing results are avail-
able when the subsystems exhibit different input matrices, because of
the strong coupling between the subsystems/subcontrollers. In this
paper, this coupling is demonstrated and a method is proposed which
allows to synthesize, for a number of subsystems higher than 2, the
local gains of a Parallel Distributed Controller. It is shown that the
controller gains depend on the values of the input matrices and of the
membership functions, and are thus able to relax classical stability
conditions by embedding information on the fuzzy premises.

Keywords— Fuzzy Control, Takagi-Sugeno Fuzzy Systems, Sta-
bility, Parallel Distributed Control.

1 Introduction
T-S fuzzy model is a fuzzy dynamic model which embeds a set
of fuzzy rules in order to describe a global nonlinear system as
a set of local linear models, these being smoothly connected
by fuzzy membership functions [1]. As T-S fuzzy models are
equivalent to polytopic linear models, systematic approaches
to stability analysis and controller design can be developed us-
ing powerful conventional (linear and nonlinear) control the-
ory with the help of optimization techniques such as Linear
Matrix Inequalities solvers [2].

Control of T-S fuzzy system is most of the time achieved
by the so-called Parallel Distributed Compensation method
(PDC) for which the fuzzy controller shares the same fuzzy
sets with the fuzzy model in the premise parts, and, thus, each
control rule is distributively designed for the corresponding
rule of a T-S fuzzy model. Since the consequent parts of T-
S fuzzy models are described by linear state equations, linear
control theory and corresponding stability tools can be used to
design the fuzzy control local gains [3].

Among the mathematical tools used for assessing the stabil-
ity of a T-S fuzzy system (with or without PDC control), the
use of a Common Quadratic Lyapunov Function (CQLF) for
all subsystems is the most popular, because it allows to de-
rive easily explicit conditions [2] [4] [5]. It has been noted
that Common Quadratic Lyapunov functions tend to be con-
servative, and even worse, might not exist for many complex
highly nonlinear systems. Several works have allowed to re-
lax stability conditions [4] [6] [7], and as an alternative, such
tools as piecewise quadratic Lyapunov functions or fuzzy Lya-
punov functions have been proposed (e.g. [8]). The draw-

backs of these methods lie in the difficulty of synthesizing
control gains - and not only analyze closed-loop stability with
fixed controllers -, and that the results are quite independent of
the membership functions, leading sometimes to poor overall
performances. However, extended results have been obtained
when considering additional bounds or shapes on membership
functions considering linear consequents and PDC [9] [10] or
nonlinear / non PDC controllers [11] [12] [13].

In short, there still remains a need for designing further tools
to synthesize PDC control for T-S fuzzy systems, which ap-
pears to be very difficult when the input matrices of the sys-
tems of the fuzzy consequents are not identical or not propor-
tional. In this case, the closed-loop system is not a parallel
distribution of the individual closed-loop subsystems, because
additional coupling terms appear, as the control gain designed
for one subsystem is distributed over the remaining subsys-
tems. Whereas most papers embed the general case, the exam-
ples are nearly always proposed for proportional or identical
input matrices, or for a very limited number of input matrices.

When input matrices are different, it is not only necessary that
all subsystems be stable, but also that any subsystem should
be at least stable (or performing) under every other local con-
troller, and, moreover, that all these closed-loop controlled
subsystems should share a CQLF. A solution to this problem
consists of solving a Riccati equation which has a positive def-
inite solution that corresponds to a Lyapunov function, using
some results from linear control theory [14]. In this case, the
set of coupling terms is represented by a product of matrices
involving a single uncertain matrix with a norm smaller than
one, leading to a global Riccati equation [2].
Whereas this method is powerful and depends on the ampli-
tude and variations of the membership functions, finding a
global bounding matrix for the coupling terms is often not
easy to work out, because these terms depend on the control
gains themselves; in the case of control synthesis, when the
gains are a priori unknown, this task can be impossible. The
cancelation of such coupling terms has been tackled only for
large-scale systems [15]. To sum up, practical and member-
ship function-dependent of PDC control synthesis has not yet
be performed when subsystems exhibit different input matri-
ces as the explicit cancelation of coupling terms has not been
proposed.

In this paper, the closed-loop T-S system under PDC control is
rewritten in such a way that the cross-coupled terms are clearly
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seen as a weighted sum of the pairwise products involving
the difference of two input matrices and their corresponding
control gains. This allows, first, to determine easily a Riccati
equation for each subsystem, which does not depend on the
other subsystems control gains, and that takes the variation of
fuzzy membership functions into account. Moreover, adding
a little more conservativeness, allowing the control gains to be
bounded, turns the stability conditions into a set of very simple
Lyapunov equations, which might be a good help for control
synthesis. Finally, it is shown that, when the number of sub-
systems is sufficient, the cross-coupled terms can be canceled
by proposing nonlinear control gains.

2 Takagi-Sugeno fuzzy model and controller

2.1 Closed-loop model decomposition

The fuzzy model proposed by Takagi and Sugeno consists of
a set of r fuzzy IF...THEN rules for which the consequents are
linear models:

Plant Rule Ri: IF z1 IS Mi1 AND · · · AND zg IS Mig THEN
ẋ = Aix + Biu;
where x(t), u(t) are state and input vectors, zi(t), Mij are
the premise variables and corresponding fuzzy rules, the final
output of the fuzzy system being inferred as follows:

ẋ =
r∑

i=1

µi

(
Aix + Biu

)
, (1)

where µi = ωi∑ r
i=1 ωi

, ωi is the grade of membership function
of rule Ri.

For every subsystem Si, a local controller can be defined as
u = Kix, where Ki is a control gain (possibly nonlinear). It
is intuitive to build a fuzzy controller using a set of rules which
share the same premises as the fuzzy model, hence distributing
the local controllers within the global controllers according to
their systems’ weights.

Controller Ci: IF z1 IS Mi1 AND · · · AND zg IS Mig THEN
u = Kix, yielding:

u =
r∑

i=1

µiKix. (2)

Lemma 2.1. Let the system ẋ =
∑r

i=1 µi(Aix + Biu) with
PDC control u =

∑r
i=1 µiKix such that Ai + BiKi = Gi

and
∑r

i=1 µi ≤ 1, µi ≥ 0. The closed-loop system is:

ẋ =


r∑

i=1

r∑
j=1

µiµjGi +
r∑

i=1

Ai

(
1 −

r∑
j=1

µj

)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.

(3)

Proof. One has

ẋ =
r∑

i=1

µi

(
Aix + Bi

r∑
j=1

µjKjx

)

=
r∑

i=1

µi

(
Ai + µiBiKi + Bi

r∑
j=1,j �=i

µjKj

)
x.

ẋ =
r∑

i=1

µ2
i Gi + µiAi(1 − µi) + µiBi

r∑
j=1,j �=i

µjKj

x.

Moreover,
r∑

i=1

µiBi

r∑
j=1,j �=i

µjKj =
r∑

i=1

r∑
j=1,j �=i

µiµj(Gi − Ai)

+
r∑

i=1

µiBi

r∑
j=1,j �=i

µjKj −
r∑

i=1

r∑
j=1,j �=i

µiµjBiKi.

In this equation, one can rearrange the two last sums into a
sum of pairwise terms:

r∑
i,j=1,j �=i

µjBjµiKi + µiBiµjKj − µiµjBiKi − µjµiBjKj

=
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki).

Hence,
r∑

i=1

µiBi

r∑
j=1,j �=i

µjKj =
r∑

i=1

r∑
j=1,j �=i

µiµj(Gi − Ai)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki).

One has now:

ẋ =


r∑

i=1

(
µ2

i Gi + µiAi(1 − µi)
)

+
r∑

i=1

r∑
j=1,j �=i

µiµj(Gi − Ai)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.

As
r∑

i=1

µ2
i Gi+

r∑
i=1

r∑
j=1,j �=i

µiµjGi =
r∑

i=1

r∑
j=1

µiµjGi, and

r∑
i=1

µiAi(1−µi)−
r∑

i=1

r∑
j=1,j �=i

µiµjAi =
r∑

i=1

µiAi

(
1−

r∑
j=1

µj

)
.

We demonstrate the final result:

ẋ =


r∑

i=1

r∑
j=1

µiµjGi +
r∑

i=1

µiAi

(
1 −

r∑
j=1

µj

)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.
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Remark: When
∑r

i=1 µi = 1, formula (3) is reduced to:

ẋ =


r∑
i=1

µiGi+
r∑

i,j=1,j �=i

µiµj(Bi−Bj)(Kj−Ki)
x.

2.2 Global Stability Verification

It should be recalled that a Linear Matrix Inequality (LMI) is a
set of equations which can be put under the form FO +F1x1+
· · ·Fnxn ≺ 0, where FT

i = Fi. A matrix F is said negative
definite, which is noted F ≺ 0 if ∀x �= 0, xT Fx < 0.
A Bilinear Matrix Inequality involves bilinear terms and can-
not be solved in a straightformard way as LMIs are.

Theorem 2.2. The system ẋ =
∑r

i=1 µi(Aix + Biu), under
PDC control u =

∑r
i=1 µiKix, such that Ai + BiKi = Gi

and Ai + BiKj = Gij , is stable if there exists a common
positive definite matrix P such that:

∀ i = 1 · · · r, PGi + GT
i P ≺ 0,

∀ i < j, P (Gij + Gji) + (Gij + Gji)
T

P ≺ 0.
(4)

Remark: Theorem (2.2) allows the determination of both
the Lyapunov matrix and the controller gain, using a change
of variable Ni = KiP

−1, when being replaced in the stability
conditions, leads to a set of LMIs in Ni and in P , the PDC con-
troller being provided by Ki = NiP . The conservativeness of
the result comes from several reasons: of course, the global
system can be stable without sharing a Common Quadratic
Lyapunov function. The conditions are independent of the
membership functions, and those roughly mean that system
i is considered to behave ”well” with the corresponding local
controller u = Kix, but also with any other local controller
u = Kjx, j �= i . Of course, it cannot be expected that a sys-
tem with a controller designed for another plant has a ”good”
behavior, and hence, the PDC controller is designed according
to the ”worst” case among the pairs {Plant i, Controller j}.

3 Coupling terms attenuation

Theorem 3.1. [14] First, we consider the linear uncertain
system for which ẋ = A +

∑r
i=1 DiδiEi, ‖δi‖ ≤ 1 , and the

elements of δ are Lebesgue measurable. Then the positive-
definite matrix P is a common Lyapunov matrix for this sys-
tem if there exists r positive scalars ηi such that:

PA + AT P +
r∑

i=1

ηiPDiD
T
i P + η−

i 1ET
i Ei ≺ 0,

or simply, if ∀i, ηi = 1

PA + AT P +
r∑

i=1

PDiD
T
i P + ET

i Ei ≺ 0. (5)

Remark: This Theorem was applied first by Tanaka [2]
and then by numerous authors to the whole coupling term.
Whereas this method provides for a rather non-conservative
solution, it is clear that finding individual uncertain matrices
might be a tedious task, because the rate of variation and thus

the bounds on the uncertain matrix depend on the control gains
themselves. It can thus be applied to analyze an existing solu-
tion (the gains are fixed) but not for gain synthesis consider-
ing models/controllers coupling. The following Theorem pro-
poses a different application of this method to every individual
component of the coupling terms.

Theorem 3.2. Consider the system ẋ =
∑r

i=1 µi(Aix+Biu),
under PDC controller:

ẋ =


r∑

i=1

µiGi +
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.

Let us suppose that: ∀ i, there exists bi such that:
∑

j/Bi �=Bj

µj(Bj − Bi) = biδi, where ‖δi‖ ≤ 1.

The matrices δi thus depend on membership functions and
other input matrices µj and Bj; as µj may vary with time, δi

is a matrix which may vary with time or with the state space
x. The corresponding norm is the Euclidean norm.
The closed-loop system is quadratically stable if:

∀ i = 1 · · · r, PGi + GT
i P + Pbib

T
i P + KT

i Ki ≺ 0. (6)

This can be turned into:

∀ i = 1 · · · r,

 PGi + GT

i P Pbi KT
i

bT
i P −I 0
Ki 0 −I


≺ 0. (7)

Proof.

ẋ =
r∑

i=1

µiGi +
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x

=
r∑

i=1

µi

r∑
j=1,j �=i

Gi + µj(Bi − Bj)Ki.

One has now: Gi + µj(Bi − Bj)Ki = Gi + biδiKi, and one
can apply the Theorem (3.1).

Remark: Uncertain matrices δi do not depend anymore on
the control gains but only on input matrices and membership
functions which are known a priori. Their determination is
thus quite easy and the membership functions are indeed em-
bedded in the control synthesis. Note also that the correspond-
ing i Riccati equations in (6) are decoupled, i.e. the ith equa-
tion only depends on the ith control gain, the influence of the
other subsystems being lumped into the matrix biδi . However,
one can realize that equation (7) is a BMI in P and Ki, and
thus less tractable for control gain synthesis, which motivates
the following Corollary.

Corollary 3.3. Let us suppose that:

∀ i = 1 · · · r, ∃Qi � 0, KT
i Ki − Qi ≺ 0.

Then, condition (7) can be expressed as:

∃P ≺ 0,∀ i = 1 · · · r, PGi + GT
i P + Q′

i ≺ 0, (8)
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where Q′
i = Pbib

T
i P + Qi, with KT

i Ki − Qi ≺ 0,
which can be turned into:

∀ i = 1 · · · r,




(
PGi + GT

i P + Qi Pbi

bT
i P −I

)
≺ 0,

KT
i Ki − Qi ≺ 0.

The Corollary simply reduces the search for a common Lya-
punov matrix to a series of r Lyapunov equations and thus r
LMIs. This is really a drastic improvement to other methods
because, now, control gains can nearly be selected indepen-
dently without the need to taking care of coupling terms, at
the expense of a priori gain limitation.

4 Example

Let us take the 3 following systems:

A1 =
( −1 2

0 −2

)
, B1 =

(
2
1

)
;

A2 =
( −1 −1

1 0

)
, B2 =

(
0
1

)
;

A3 =
( −2 1

1 −2

)
, B3 =

(
1
0

)
;

along with local gains:

K1 = ( 2 1 ), K2 = ( −2 1 ),K3 = ( 2 0 ).

The premisses corresponding to systems 1, 2 and 3 are:
µ1 = z, µ2 = 1 − z and µ3 = z where z ∈ [−1 · · · 1].

For every subsystem i, it is quite easy to compute the matrices
bi such that

∑
Bi �=Bj

µi(Bj −Bi) = biδi, since the upper bound

depends on the fuzzy variable z.
One finds:
b1

T = ( 1 0.25 ), b2
T = ( 0.75 0.25 ),

b3
T = ( 1 1 ).

The application of Theorem (3.2) allows to find a common

positive definite matrix P =
(

1.28 −0.37
−0.37 0.87

)
whereas it

is impossible to find one by the classical method; it is easy to
check that the gain K2 is unable to stabilize matrix A1 and the
converse for K1 and A2. It is quite interesting to note that the
result is quite tied to the value of the matrices bi.
When all other variables keep the same values, but bT

2 =
( 1 1 ), then the Theorem (3.2) is no more applicable be-
cause a positive definite CQLF cannot be found. Thus, The-
orem (3.2) is able to relax stability conditions, depending
strongly on the membership functions and input matrices val-
ues.

5 Conclusion
In this paper, the stability of a Takagi Sugeno fuzzy system un-
der the Parallel Distributed Compensation controller has been
studied. This control strategy allocates the same weight to a
local controller that the one in the fuzzy combination of the
local submodels.
The influence of the coupling between any local subsystem
and any local controller (different from the corresponding lo-
cal controller designed from the local subsystem considered)

in the closed-loop response has been highlighted, and it has
been shown to be effective when the input matrices of the sub-
systems are different. It has been subsequently shown that a
controller synthesis based on an analysis of each local subsys-
tem controlled by any local compensator, would lead to con-
servative results.

A new approach has been proposed which, for every local
subsystem, takes the coupling term coming from other sub-
systems into account, and proposes to choose the gain in order
to cope with the effect of the coupling terms. This strategy al-
lows to minimize the number of Linear Matrix Inequalities to
be solved for controller synthesis and to take into account the
shape of the membership functions.
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Abstract— Lattice-valued up-sets and down-sets of a poset are
investigated under the cutworthy approach. It is proved that the co-
llections of all lattice valued up-sets and down-sets of a given poset
are complete lattices under fuzzy inclusion. Properties of these are
investigated. For a given collection of crisp up-sets of a poset, ne-
cessary and sufficient conditions are given under which the family
represents a collection of cuts of a lattice valued up-set. The co-
rresponding conditions are also obtained for the analogous case of
down-sets.

Keywords— L-valued sets (L-fuzzy sets), L-valued up-sets, L-
valued down-sets.

1 Introduction
Lattice valued sets and structures have been widely studied
from Goguen’s first paper [1] on this topic, and since Negoita
and Ralescu published their book [2] back in 1975. They
appear when the membership grades can be represented by
elements of an arbitrary partially ordered set L, instead of
just by numbers in the unit interval [0, 1]. Although a lot of
studies have been done for fuzzy order structures (see, e.g.,
[3, 4, 5, 6] among many others), the relaxation of the requi-
rements allow us to use lattice-valued sets in a wider context,
since they can be more appropriate to model natural problems.
It turns out that recently this approach to fuzziness attracts
more and more interest, in particular when a structure has a
residuated or similar lattice as a co-domain. Thus, in the last
decade, lattice-valued mathematics have undergone a signifi-
cant development. This have created bridges between them
and algebraic theories, quantales and order-theoretic structu-
res, various subdisciplines of topology and theoretical compu-
ter science (see, e.g., [7, 8, 9, 10, 11, 12, 13, 14]).

Due to the importance of up-sets (semi-filters) and down-
sets (semi-ideals) in the classical representation theory, the
main purpose of this paper is to study the generalization of
these concepts for L-valued sets. Fuzzy semi-ideals (down-
sets) and semi-filters (up-sets) were investigated in [15], refe-
reing to a particular T-norm, therefore not in the framework of
our cutworthy approach. Let us remember that a property ge-
neralized to a fuzzy structure is said to be cutworthy if the co-
rresponding crisp property is preserved by the cut-structures.
It is known that many properties of relations or algebraic struc-
tures are cutworthy if the co-domain of the investigated fuzzy
structure is a complete lattice (e.g., properties of equivalence
or ordering relations, then subalgebras of algebraic structures
etc.). On the other hand, if this co-domain is a lattice with
some additional operations like residuation, product etc., then
this cutwortheness is not fulfilled. Since our aim is to connect
a lattice valued structure with its cut-structures, the co-domain
of all fuzzy structures here is a complete lattice, without addi-

tional operations.
In the present investigation, we start with a finite poset X

and a complete lattice L. Then we introduce L-valued up-sets
(semi-filters) and L-valued down-sets (semi-ideals) as isotone
and anti-isotone mappings from X to L, respectively. It turns
out that the cut-sets of these are precisely crisp up-sets and
down-sets on X . Next we investigate collections of all L-
valued up-sets and all L-valued down-sets on X . We prove
that under the order induced by the one in L, these collections
are complete lattices, fulfilling all identities satisfied by the
lattice L. Moreover, we analyze the problem of existence of
a representation of collections of crisp up-set on X by collec-
tions of cut-set of an L-valued up-set on X . We give neces-
sary and sufficient conditions (fulfilled by the lattice L) under
which such representation exists.

Our main motivation in this work was to present a mat-
hematical characterization of these algebraic objets, namely
semi-filters and semi-ideals, in the fuzzy environment. The
justification to consider lattice valued fuzzy sets has been wi-
dely explained in the literature, since lattices are more richer
structure and we can obtain non-comparable values of fuzzy
sets. They can be applied, for instance, in image processing.

The work is structured in 4 sections. In Section 2 we re-
call the most relevant concepts concerning classical order sets,
up-sets and down-sets, as well as lattice-valued sets. In Sec-
tion 3 we introduce L-valued up-sets and down-sets and we
relate these concepts. The first part of this section is devo-
ted to a wide study of the properties and characterizations for
L-valued up-sets. In the second part of the section, analogue
problems are investigated for L-valued down-sets. In Section
4 we briefly address some conclusions and future work.

2 Preliminaries
In this section, some well-known definitions and preliminary
results are recalled. They will be necessary in order to un-
derstand the new concepts introduced in this paper and their
associated studies.

2.1 Order, up-sets and down-sets

Some necessary notions from the classical order theory are lis-
ted in the sequel, together with relevant properties. For more
comprehensive presentation, see e.g., books [16, 17].

A poset is a nonempty set X equipped with an ordering
relation ≤ . A poset is usually denoted as an ordered pair
(X, ≤ ), or simply by the underlying set X . A sub-poset of
(X, ≤ ) is a poset on a subset Y of X in which the order is
the one restricted from X , and usually denoted in the same
way (≤ ). An up-set (semi-filter) on a poset X is any sub-
poset U , satisfying the following: for x ∈ U, y ∈ X , x ≤ y
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implies y ∈ U . Dually, an down-set (semi-ideal) on X is
any sub-poset D, satisfying: for x ∈ D, y ∈ X , y ≤ x im-
plies y ∈ D. A lattice is a poset L in which for each pair of
elements x, y there is a greatest lower bound (glb, infimum,
meet) and a least upper bound (lub, supremum, join), denoted
respectively by x ∧ y and x ∨ y. These are binary operations
on L. A non-empty poset L is said to be a complete lattice
if infimum and supremum exist for each subset of L. Com-
plete lattice possesses the top (1) and the bottom element (0).
On the other hand, a lattice L is distributive, if each opera-
tion is distributive with respect to the other. An example of
distributive lattices is presented in the following lemma.

Lemma 1 The collection of all up-sets (down-sets) of a poset
X is a distributive lattice under inclusion.

Given a lattice L, an element a in L is completely meet-
irreducible if a �= 1 and for every family {xi | i ∈ I} of
elements from L, from a =

∧
i∈I xi it follows that a = xi for

some i ∈ I . When L is a lattice of finite length, a is just said
to be meet-irreducible.

A closure operator on a lattice L is a function C : L →
L such that, for all p, q ∈ L, it fulfills the three following
requirements:

• p ≤ C(p),

• p ≤ q → C(p) ≤ C(q),

• C(C(p)) = C(p).

If p = C(p), then p is a closed element under the correspon-
ding closure operator.

Lemma 2 Let C be a closure operator on a lattice L. Then,

1. The subset of all closed elements of L is closed under
meets in L.

2. The top element of L is a closed element under C.

Lemma 3 Let L be a complete lattice. Then,

1. For any closure operator C on L, the subset of all clo-
sed elements of L is a complete lattice under the order
inherited from L.

2. If F is a subset of L closed under arbitrary meets, then
the map such that to any element p in L associates the
value

∧{q ∈ F | p ≤ q} is a closure operator on L.

By the definition of the supremum and the infimum in a
complete lattice, we also have that

∧ ∅ = 1 and
∨ ∅ = 0.

Lemma 4 Let C be a closure operator on a complete lattice
L. If we consider the relation ∼ on L defined by x ∼ y iff
C(x) = C(y), then

1. ∼ is an equivalence relation on L.

2. Each such equivalence class has the top element and this
element is closed.

3. The set L/∼ (denoted also by L/C) can be ordered:
[x]∼ ≤ [y]∼ iff C(x) ≤ C(y) in L.

4. The poset (L/∼,≤) is a lattice isomorphic with the poset
of closed elements of L, under C.

2.2 Lattice-valued sets

We present some notions from the theory of lattice-valued
structures. More details about the relevant properties can be
found in [18, 19].

Lattice-valued, L-valued sets or L-fuzzy sets are here
considered to be mappings from a non-empty set X (domain)
into a complete lattice L (co-domain) with the top and bottom
elements 1 and 0, respectively. This concept can be seen as a
generalization of the concept of fuzzy or valued set and it was
introduced by Goguen (see [1]).

If α : X → L is an L-fuzzy set on X then, for p ∈ L, the
set

αp := {x ∈ X | α(x) ≥ p}
is called the p-cut, a cut set or simply a cut of α.

Example 1 Let us consider the poset (X,≤) and the com-
plete lattice (L,≤) represented in Figure 1.
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Figure 1: Hasse diagrams of X and L.

Some examples of L-valued sets are

X a b c
α r t p

X a b c
ν q s r

X a b c
µ r 0 p

X a b c
λ q s t

where we consider a tabular representation for the L-valued
sets on X .

In the case of α, for instance, its p-cut is αp = {b, c} and
its t-cut is αt = {b}.

We can notice that the ordering in X does not have a role
in this example. This ordering is used later in the paper.

Some characterizations of the collection of cuts of a lattice-
valued set are presented in the next three results.

Proposition 1 [18] Let F be a family of subsets of a nonem-
pty set X which is closed under intersections and contains X .
Let α : X → F be defined by

α(x) =
⋂

(p ∈ F | x ∈ p).

Then, α is a F-valued set on X with the codomain lattice
(F ,⊇) such that its family of p-cuts is F and for every p ∈ F
it holds that p = αp.

Theorem 1 [20] Let L be a fixed complete lattice. Necessary
and sufficient conditions under which F ⊆ P(X) is the co-
llection of cut sets of an L-valued set with domain X are:
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1. F is closed under arbitrary intersections and contains
X ,

2. The dual poset of F under inclusion can be embedded
into L, such that all infima and the top element are pre-
served under the embedding.

Proposition 2 [21] Let L be a lattice of finite length and let
α : X → L be an L-valued set. Then, all p-cuts of α are
distinct if and only if all meet-irreducible elements of L belong
to α(X).

3 L-valued up-sets and down-sets
In classical order theory, the families of up-sets and down-
sets, associated to any ordered set, play a central role in the
representation theory. Once the L-valued sets are considered,
a step forward would be to define and characterize up-sets and
down-sets in the L-valued logic. That study is made in this
section.

Classical up-sets and down-sets can be seen as sets which
are “closed under going up” and “closed under going down”,
respectively. In fact, a subset is an up-set if and only if its
characteristic function is order-preserving. Moreover, a subset
is a down-set if and only if its characteristic functions is order-
preserving, when the dual of the usual order is considered in
{0, 1}. Thus, a natural generalization of these concepts for
L-valued sets is presented in Definition 1.

Definition 1 Let (X,≤) be a poset and let (L,≤)1 be a com-
plete lattice in which 0 and 1 are the bottom and the top ele-
ment, respectively.

A function α : X → L such that for all x, y ∈ X

x ≤ y =⇒ α(x) ≤ α(y)

is an L-valued up-set or an L-valued semi-filter on X .
Dually, a function µ : X → L such that for all x, y ∈ X

x ≤ y =⇒ µ(y) ≤ µ(x)

is an L-valued down-set or an L-valued semi-ideal on X .

Example 2 If we consider the L-valued sets introduced in
Example 1, α and ν are L-valued up-sets, µ is an L-valued
down-set and λ is neither L-valued up-set nor L-valued down-
set.

If L = {0, 1}, that is, if we are in a two-valued logic, it is
immediate that any L-valued up-set is a classical up-set and
the same happens for down-sets. Thus, these concepts gene-
ralize the classical ones.

The duality between these two concepts is showed in the fo-
llowing proposition, by means of complement operators [22].

Proposition 3 Let (X,≤) be a poset and let (L,≤) be a com-
plete lattice in which 0 and 1 are the bottom and the top ele-
ment, respectively. If there exists a complement operator c on
L, that is, a map c : L → L fulfilling

1For simplicity, we consider the same notation for the order in X
and in L. Of course these orders do not have to coincide. However,
possible ambiguity is removed by the context, so that in any moment
we are able to identify order represented by ≤.

1. Boundary values: c(0) = 1 and c(1) = 0;

2. Non-increasing: p ≤ q ⇒ c(q) ≤ c(p), ∀p, q ∈ L;

3. Involution: c(c(p)) = p,∀p ∈ L;

then an L-valued set α : X → L is an L-valued up-set if
and only if, its c-complement αc is an L-valued down-set,
where αc denotes the L-valued set on X defined by αc(x) =
c(α(x)).

3.1 Characterization of the family of L-valued up-sets

In this section we present a wide study of the concept of L-
valued up-sets. This study is repeated later, in next section,
for L-valued down-sets, due to the duality between these two
classes of L-valued sets. Let us start with a characterization
of the concept of L-valued up-set by means of α-cuts.

Theorem 2 Let (X,≤) be a poset, let (L,≤) be a complete
lattice and let α an L-valued set on X . The following two
statements are equivalent:

• α is an L-valued up-set on X .

• The p-cut αp of α is crisp up-set (semi-filter) on X , for
any p ∈ L.

The proof of this theorem is a immediate consequence of
the definitions of p-cut and L-valued up-set.

Example 3 Let us consider again the L-valued up-set α in-
troduced in Examples 1 and 2. The family of its cuts is formed
by the elements

α0 = X, αp = {b, c}, αr = {a, b}, αt = {b}
and αq = αs = α1 = ∅.

As a consequence of the previous theorem, we know that all
these crisp sets are up-sets. Conversely, since all the cuts are
crisp up sets on X the previous theorem says that α is an L-
valued up-set which is easy to check.

From now on, we denote by UL(X) the subset of the L-
valued power set of X formed by all L-valued up-sets on the
poset X , that is,

UL(X) = {α : X → L | α is an L-valued up-set}.
This poset can be ordered naturally using the order induced

by the one from the lattice L. Thus, for any α, β ∈ UL(X),
we say that α ≤ β if and only if for each x ∈ X α(x) ≤ β(x).

Moreover, meet and join exist for any subset of UL(X), as
it is stated in the following theorem.

Theorem 3 The poset (UL(X),≤) is a complete lattice.

In fact, the poset (UL(X),≤) is a complete sublattice of
the lattice (LX ,≤). More specifically, it is a {0, 1}-complete
sublattice with 0(x) = 0 and 1(x) = 1, for all x ∈ X .

Due to the definition of the order in UL(X), we have the
following obvious consequence.

Proposition 4 If a lattice identity holds in L, then the same
identity is satisfied in the lattice (UL(X),≤).
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From Proposition 4, if L is e.g., a distributive lattice, then
we also have that the lattice (UL(X),≤) is distributive.

Now, we prove a result which allows us to know when, star-
ting from a given collection of crisp up-sets, it is possible to
built an L-valued up-set.

Theorem 4 Let (X,≤) be a poset, let F ⊆ P(X) be a family
of some up-sets of a poset X , and let (L,≤) be a complete
lattice. Then, there is an L-valued up-set α : X → L such
that its family of cuts is equal to F if and only if the following
two conditions hold:

1. F is closed under intersections and contains X;

2. there is a closure operator C on L, such that the poset
(L/C,≤) is order isomorphic to (F ,⊇).

In the proof of this theorem we have to prove the equiva-
lence among these conditions and the conditions imposed in
Theorem 1.

Example 4 Let us consider again the poset X , the complete
lattice L and the L-valued sets α, ν introduced in Example 1.
Let F be the family of up-sets of X defined by

F = {X, {a, b}, {b, c}, {b}, ∅}.
This family fulfills Conditions 1 and 2 in Theorem 4 and the-
refore, there exists an L-valued up-set whose family of cuts is
equal to F . This L-valued up-set is precisely the L-valued set
α. Of course, it does not need to be unique. For instance, also
ν is an L-valued up-set with F as its family of cuts.

In the previous theorem, we have characterized families of
up-sets which are the cut-sets of an L-valued up-set. Now,
we are going to characterize the L-valued up-set such that this
family is formed by all the (crisp) up-sets.

Proposition 5 Let (X,≤) be a poset, let (L,≤) be a com-
plete lattice and let α : X → L be an L-valued up-set. The
following two statements are equivalent:

• The family of cut sets of α is formed by all the crisp up-
sets of poset (X,≤).

• For every family {xi | i ∈ I} of elements from X and
every x ∈ X , it holds that

α(x) ≥
∧

i∈I

α(xi) ⇒ ∃i ∈ I | x ≥ xi.

A main step in the proof of the previous proposition is to
consider that the

⋃
i∈I ↑xi is a crisp up-set of α, where {xi |

i ∈ I} is the family of elements from X such that α(x) ≥∧
i∈I α(xi) for x ∈ X and x �≥ xi for all i ∈ I .
As a consequence of the previous proposition, we obtain

two necessary conditions for a representation by means of all
the crisp up-sets. They are presented in the two following
corollaries.

Corollary 1 Let (X,≤) be a poset, let (L,≤) be a complete
lattice and let α : X → L be an L-valued up-set. If the
family of cut sets of α is formed by all the crisp up-sets of
poset (X,≤), then α is an order-embedding.

In the following result it is necessary to consider the subpo-
set Lα of L associated to any L-valued set α on X and gene-
rated by taking all infima of all the subsets of α(X) (including
infimum of the empty set - the top element of L). Thus, given
an L-valued set α on X ,

Lα = {p ∈ L | p = ∧B with B ⊆ α(X)}.
Let us note that it is immediate that Lα is a complete lattice.

Corollary 2 Let (X,≤) be a poset, let (L,≤) be a complete
lattice and let α : X → L be an L-valued up-set. If the
family of cut sets of α is formed by all the crisp up-sets of poset
(X,≤), then α(x) is a completely meet-irreducible element in
the lattice Lα for every x ∈ X with α(x) �= 1.

In order to illustrate Proposition 5 and Corollaries 1 and 2,
we show an example of an L-valued set such that its family of
cuts is formed by all the crisp up-sets of its domain.

Example 5 Let us consider again the L-valued up-set α intro-
duced in Example 1. In Example 4 we have obtained its family
of cut sets. It is immediate that this is the family of all up-sets
of X . Thus, by Corollaries 1 and 2, we know that α is an
order-embedding and α(x) is a completely meet-irreducible
element in the lattice Lα = {0, p, r, t, 1} for every x ∈ X .

Now, we suppose that L is a lattice of finite length. Then,
combining Proposition 2 and Proposition 5, we obtain the fo-
llowing result.

Theorem 5 Let (X,≤) be a poset, let (L,≤) be a complete
lattice of finite length and let α : X → L be an L-valued
up-set such that

1. α is an bijection to set M(L) of all meet-irreducible ele-
ments of lattice L.

2. For every family {xi | i ∈ I} of elements from X , if
α(x) ≥ ∧

i∈I α(xi) for x ∈ X , then x ≥ xi, for some
i ∈ I .

Then, the lattice L is isomorphic with the family of all up-
sets of the poset X and therefore L is distributive.

Example 6 Let us consider again the L-valued up-set α in-
troduced in Example 1. Since αs = αq = ∅, it is not true
that all its p-cuts are distinct (see Proposition 2) and therefore
Condition (1) in the previous theorem does not hold. We can
also notice that s is a meet irreducible element in lattice L and
it is not a value of the function α. Therefore, we cannot use
this example in order to illustrate Theorem 5.

Let us consider a different poset (X,≤), a different com-
plete lattice (L,≤) and a different L-valued up-set α, which
are represented in Figure 2.

Given the L-valued set α : X → L, the p-cuts of α are all
the up-sets of X:

α0 = {0, a, b, c, 1}, αn = {a, b, c, 1}, αp = {a, b, 1},
αq = {a, c, 1}, αr = {b, c, 1}, αs = {a, 1} αt = {b, 1},

αu = {c, 1}, αv = {1}, α1 = ∅,
which are all distinct.

Observe that using the mapping E(l) = αl for all l ∈ L,
that is, if we change l by αl, the result is the set of all the
upsets ordered by ⊇.
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Figure 2: Hasse diagrams of X and L and L-valued set α.

Let us conclude this section with a version of the well-
known Birkhoff Representation Theorem: on the one hand,
by this theorem, we know that any finite distributive lattice L
can be represented by the set of all up-sets on the set of all
meet-irreducible elements of L. Now by Theorem 5, we can
define an L-valued up-set whose cut sets are order isomorphic
to L. Therefore, we can obtain a representation of any dis-
tributive lattice as a family of cut-sets of an L-valued up-set.
This L-valued up-set is the embedding of M(L) in L, that is,
α : M(L) → L with α(p) = p,∀p ∈ M(L).

3.2 Characterization of the family of L-valued down-sets

All the previous studies made for L-valued up-sets could be
repeated for L-valued down-sets. By the duality between
these two concepts (see, for instance, Proposition 3), the ob-
tained results are totally analogous.

Theorem 6 Let (X,≤) be a poset and let (L,≤) be a com-
plete lattice. A function µ : X → L is an L-valued down-set
on X if and only if any p-cut µp of µ is a crisp down-set (semi-
ideal) on X , for every p ∈ L.

Theorem 7 Let (X,≤) be a poset and let (L,≤) be a com-
plete lattice. If we consider the set DL(X) formed by the co-
llection of all L-valued down-sets on X and the induced order
on DL(X) is defined for any µ, ν ∈ DL(X) as follows

µ ≤ ν if and only if µ(x) ≤ ν(x),∀x ∈ X,

then the poset (DL(X),≤) is a complete lattice.

Proposition 6 Let (X,≤) be a poset and let (L,≤) be a com-
plete lattice. If a lattice identity holds in L, then the same
identity is satisfied in the lattice (DL(X),≤). Thus, for a dis-
tributive lattice L, the lattice (DL(X),≤) is also distributive.

Theorem 8 Let (X,≤) be a poset, let F ⊆ P(X) be a family
of some down-sets of a poset X , and let (L,≤) be a complete
lattice. Then, there is an L-valued down-set µ : X → L such
that its family of cuts is equal to F if and only if the following
two conditions hold:

1. F is closed under intersections and contains X;

2. there is a closure operator C on L, such that the poset
(L/C,≤) is order isomorphic to (F ,⊇).

Proposition 7 Let (X,≤) be a poset, let (L,≤) be a complete
lattice and let µ : X → L be an L-valued down-set. The
family of cut sets of µ is formed by all the crisp down-sets of
poset (X,≤) if and only if for every family {xi | i ∈ I} of
elements from X the condition µ(x) ≥ ∧

i∈I µ(xi) for x ∈ X
implies that x ≤ xi for some i ∈ I .

Corollary 3 Let (X,≤) be a poset, let (L,≤) be a complete
lattice and let µ : X → L be an L-valued down-set. If the
family of cut sets of µ is formed by all the crisp down-sets of
poset (X,≤), then the two following statements hold:

• µ is an order-embedding.

• For any x ∈ X , µ(x) is a completely meet-irreducible
element in the lattice Lµ.

Theorem 9 Let (X,≤) be a poset, let (L,≤) be a complete
lattice of finite length and let µ : X → L be an L-valued
down-set such that

1. µ is an bijection to set M(L) of all meet-irreducible ele-
ments of lattice L.

2. For every family {xi | i ∈ I} of elements from X , if
µ(x) ≥ ∧

i∈I µ(xi) for x ∈ X , then x ≤ xi, for some
i ∈ I .

Then, the lattice L is distributive and L is isomorphic with
the family of all down-sets of the poset X .

4 Conclusion
In this work, we have carried out an in-depth study of some
particular classes of L-valued sets: up-sets and down-sets. We
have started with the L-valued up-sets and we have proven
that this is a cutworthy property. Moreover, we have esta-
blished necessary and sufficient conditions under which for a
given family of crisp up-sets, there exists an L-valued set such
that its collection of cuts coincides with the family of crisp
up-sets. In particular, we have done a deeper study for the L-
valued up-sets such that its family of cuts is formed by all the
crisp up-sets. In the case of lattices of finite length, we have
arrived to the Birkhoff Representation Theorem. All these stu-
dies have been repeated for the case of L-valued down-sets
and analogous results have been obtained.

In future works we would like to obtain some necessary and
sufficient conditions not only for the existence of an L-valued
up-set (resp. down-set) for a given family of up-sets (resp.
down-sets), but for the uniqueness of such L-valued up-set
(resp. down-set). The properties under which uniqueness is
guaranteed were already studied for general fuzzy sets in [23].
Now, we try to adapt these results in two senses: L-valued sets
instead of fuzzy sets (valued in the interval [0, 1]) and up-sets
(resp. down-sets) instead of any sets.
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[21] B. Šešelja and A. Tepavčević. Representation of lattices by
fuzzy sets. Information Sciences, 79:171–180, 1993.

[22] D. Sinha. A general theory of fuzzy arithmetic. Fuzzy Sets and
Systems, 36:339–363, 1990.

[23] A. Jaballah and F.B. Saidi. Uniqueness results in the represen-
tation of families of sets by fuzzy sets. Fuzzy Sets and Systems,
157:964–975, 2006.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1078



Fuzzy Intersection and Difference Model for Topological Relations 

Ahed ALBOODY1  Florence SEDES2  Jordi INGLADA3

1 Université Paul Sabatier (UPS) 
Toulouse, 118 Route de Narbonne, F-31062-CEDEX 9, France 

2 Institut de Recherche en Informatique de Toulouse (IRIT), Université Paul Sabatier (UPS),  
Toulouse, 118 Route de Narbonne, F-31062-CEDEX 9, France 

3 Centre National d’Etudes Spatiales (CNES) 
Toulouse, 18 Avenue Edouard Belin, 31401- CEDEX 9, France 

Email: albahed@yahoo.fr, Florence.Sedes@irit.fr, jordi.inglada@cnes.fr 

Abstract—Topological relations have played important roles in 
spatial query, analysis and reasoning in Geographic Information 
Systems (GIS) and spatial databases. The topological relations 
between crisp and fuzzy spatial objects based upon the 9-
intersections topological model have been identified. However the 
formalization of the topological relations between fuzzy regions 
needs more investigation. The paper provides a theoretical 
framework for modelling topological relations between fuzzy regions 
based upon a new fuzzy topological model called the Fuzzy 
Intersection and Difference (FID) Model. A novel topological model 
is formalized based on Fuzzy Topological Space (FTS). In order to 
derive all fuzzy topological relations between two fuzzy spatial 
objects, the fuzzy spatial object (A) is decomposed in four 
components: the Interior, the Interior’s Boundary, the Object’s 
Boundary, and the Exterior’s Boundary of A. By use of this definition 
of fuzzy spatial object, new 4*4-Intersection and Fuzzy Intersection 
and Difference (FID) models are proposed as a qualitative model for 
the identification of all topological relations between two simple 
fuzzy regions. These two new models are compared with other fuzzy 
models studied in the literature. Examples are provided to illustrate 
the use of these two models presented in this paper with results 
which can be applied for modeling GIS and geospatial databases. 

Keywords— Fuzzy Intersection and Difference Model, 4*4-
Intersection Matrix, Fuzzy Objects, Topological Relations, GIS 

1 Introduction 
Topological relations have an important significance in GIS 
modelling since they are the basis for spatial modelling, 
spatial query, analysis and reasoning. How to identify the 
topological relations between spatial objects is a critical 
point in GIS modelling. 
During recent years, topological relations have been much 
investigated in the crisp and fuzzy topological space. The 
well-known 4-intersection approach described in [1, 2], as 
well as the 9-intersection approach as discussed in [3], and 
the Intersection and Difference (ID) model studied in [4, 5, 
6], were proposed to formalize topological relations between 
two simple regions in the Crisp Topological Space (CTS). 
The 4-intersection model is extended in [7] to deal with the 
topological relations between spatial objects with holes.  
Geographical phenomena in GIS with uncertain boundaries 
can be modelled by Regions with Broad Boundaries (BBRs) 
as in [8]. A region with broad boundary is an extension of a 
region with a crisp boundary (refer to simple regions with 
holes as in [7]). Objects with broad boundaries as defined in 
[8] are spatial objects, whose crisp boundaries are replaced 
by an area expressing the boundary’s uncertainty. The 9-

intersection model is extended in [9] to describe topological 
relations between BBRs by replacing the crisp boundary in 
the 9-intersection with the broad boundary. Another method 
called 4-tuple representation of topological relations 
between BBRs is used in [10] to infer new topological 
information. The 4-tuple representation can distinguish the 
same topological relations as identified by the extended 9-
intersection. The 4-tuple, however, can be applied to the 
reasoning of topological relations between BBRs [10], 
because it uses the composition of topological relations 
between crisp regions to determine those between uncertain 
and vague regions. 
More recently fuzzy spatial objects have been emphasized 
since there are spatial features which are not always crisp. 
Fuzzy spatial objects are those with indeterminate 
boundaries. For fuzzy boundaries, that is, boundaries that 
are by nature not crisp, the broad boundary represents their 
minimum and maximum extent. 
In order to derive the topological relations between fuzzy 
spatial objects, the 9-intersection approach was updated into 
the 3*3-intersection approach in the fuzzy topological space 
[11, 12]. Furthermore, in these two works, a 4*4-
intersection matrix was built up by using the topological 
properties of fuzzy sets, and then a 5*5-intersection matrix
can be built up based on certain conditions. 
In the next section, we compare these models. 

2 Related Work about Topological Relation 
Models and Spatial Objects 

Crisp spatial objects have been formally defined in GIS. 
Point, line and polygon are three primitives in GIS. Fig. 1 
represents the closure, interior and boundary of a closed disk 
as crisp spatial objects [2]. The 4-intersection and 9-
intersection matrix are well-known approaches to 
identifying topological relation models between these two 
crisp spatial objects using the concept of the interior, 
boundary and exterior. 

Closure  Interior  Boundary  
Figure 1: Closure, Interior and Boundary of a Crisp Object 

By using some topological invariants of the intersection 
such as the empty/non empty contents, the topological 

2AA- A° 
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relations between two crisp spatial objects can be identified. 
This approach implies the following facts in CTS: (1) the 
interior, boundary and the exterior of a subset are 
topological invariants; (2) these topological invariants are 
mutually disjoint in CTS; and (3) the empty/non-empty 
contents of the intersections between these three topological 
parts of two subsets are topological invariants. Then the 4-
intersection and 9-intersection models are defined as:  
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Eight topological relations of the spatial reasoning system 
(Region Connection Calculus) RCC8 (DC, EC, EQ, PO, 
TPP, TPPi, NTPP and NTPPi) have been identified between 
two simple regions by using these two models in [2, 3].  
In ID model [4, 5, 6], a crisp spatial object is defined by its 
interior and boundary; two intersection sets are 

°° ∩ BA and BA ∂∩∂ ; two difference sets are B-A and A-B . 
This model can also distinguish the eight topological 
relations. This crisp topological model is represented by:     
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The main difference between the 4-intersection model and 
ID model is that both intersection sets BA ∂∩° and °∩∂ BA of 
4-intersection model are replaced by two 
differences B-A and A-B . 
However, the fact (2) in CTS cannot hold in Fuzzy 
Topological Space (FTS). That means the interior; the 
boundary and the exterior of a fuzzy set may not be disjoint 
with each other. Therefore the 4-intersection, 9-intersection
and ID models cannot be directly applied for the 
identification of relations between two fuzzy sets.
The 9-intersection model is extended in [8, 9] to spatial 
objects with broad boundary as simple fuzzy regions. It’s 
expressed by the following matrix: 
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Using this model, 44 relations between two simple fuzzy 
regions by using the 3*3-intersection matrix are possible. 
For composite regions with broad boundaries, there are 14 
additional topological relations [8]. Fig. 2 represents a 
region with broad boundary as simple fuzzy spatial object. 

Figure 2: Region with a Broad Boundary 

In [14], they investigated a special space and formalized the 
9-intersection in Crisp FTS. They proved that the Crisp FTS
whose open sets are crisp is able to meet the above 
conditions.  
The 9-intersection matrix can be formalized as: 
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The above 3*3-intersection matrix is derived based on the 
interior, boundary, and exterior of a simple fuzzy spatial 
object. By use of 9-intersection matrix, 44 topological 
relations are identified between two simple fuzzy regions 
(See Appendix 1. in [14]). Fig. 3 represents a region with 
indeterminate boundary as simple fuzzy spatial object. 

Figure 3: Two Fuzzy Spatial Objects  

In [14], it was shown that fuzzy spatial objects can be 
decomposed into four parts: the interior, the boundary of the 
boundary )A(∂∂ , the interior of the boundary °∂ )A( and the 
exterior, which are mutually disjoint as in Fig. 4.

Figure 4: Interior, Boundary, Interior of the Boundary and 
Boundary of the Boundary of a Simple Fuzzy Region (After 

X. Tang and W. Kainz in [14]) 

Therefore, they introduced a 4*4-Intersection matrix
between two simple fuzzy spatial objects as follows: 
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Under certain conditions, 152 relations are identified by 
using the 4*4-intersection approach (See Appendix 2. in 
[14] for more details).  
After investigation about the topological relations between 
two simple fuzzy regions compared with these models 
studied in the literature, we can see that some topological 
relations can’t be identified by these models. Here are some 
relations presented in Fig. 5. 

Figure 5: Some of Topological Relations to Identify

The question is how many topological relations there are 
exactly between two simple fuzzy objects? To answer this 
question, we will extend the 4-intersection and the ID 
models with a new definition of the fuzzy boundary for 
fuzzy regions. 
The disadvantage of the 3*3-intersection and 4*4-
intersection models is that the intersection operator (3) is 
the most expensive one in terms of computation. In order to 
reduce the computational cost of the 3*3-intersection and 
4*4-intersection models; and to reduce the computational 
complexity by avoiding spatial operations between 

A B 

Interior
Exterior�Closure

Boundary

A B
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topological components with different dimensions (1-D and 
2-D), we will try to reduce the number of intersections by 
introducing the difference operator (-). 
Finally, the motivation of the paper is trying to build a 
topological model for identification of all fuzzy topological 
relations between two fuzzy regions.  
The structure of the paper is as follows. The fuzzy 
topological space is defined in section 3. Section 4 is our 
contribution which consists of a new definition of simple 
fuzzy regions, fuzzy boundaries and their properties. The 
novel major contribution of our study, proposed in section 5, 
is a new form of 4*4- intersection model and the Fuzzy 
Intersection and Difference (FID) model. Section 6 shows 
the identification of fuzzy topological relations between two 
simple fuzzy regions by using two models (4*4- intersection 
and FID) based on empty/non-empty contents. We end with 
a discussion about results and a conclusion. 

3 Fuzzy Topological Space (FTS) 
Fuzzy topology is constructed based on fuzzy sets. It is an 
extension of general (crisp) topology. 
Let A be a fuzzy subset of an ordinary (crisp) set X, and 

[ ]X1,0)X( =℘ be the fuzzy power set of X. [ ]X1,0 can be 
viewed as a lattice in which a supremum (or join) is denoted 
by 4 and an infimum (or meet) by 5 , conventionally. They 
correspond to the union and the intersection, respectively.

)X(℘∈δ∀  if (1) δ⊆Φ X, , (2) ,A,A ii δ∈∨δ∈∀ (3) 

δ∈∧δ∈∀ VU,V,U , then 6 is called a fuzzy topology on X 
(i�I is an index set). (X, �) is called a Fuzzy Topological 
Space (FTS) as defined in [15, 16]. Every element of 6 is 
called an open (fuzzy) set in (X, 6). A set A is a closed 
(fuzzy) set if its complement Ac is open. The union of all 
open sets contained in A is the interior of A, denoted by A°. 
The intersection of all closed sets containing A is called the 
closure of A, denoted by A−. The exterior of A is the 
complement of A− and is denoted by Ae. Obviously, it is an 
open set. The boundary 2A of a subset A is the intersection 
of the closure of A with the closure of the complement of A. 
The boundary of a subset may also have its interior and its 
boundary of the boundary. On the other hand, the interior 
and the closure of a subset also have their boundaries. For 
example, the boundary of the boundary of a fuzzy set A is 
the union of the boundary of the closure and the boundary of 
the interior of a fuzzy set [14].  
Based on this information, one can define a maximum of 
four other different areas from that defined in [14] for each 
object: Interior, Boundary of the Object, Interior of the 
Boundary, and Exterior of the Boundary in the next section.  

4 Definition of Simple Fuzzy Regions and a 
Fuzzy Boundary 

In this section, we will develop a definition of simple fuzzy 
region, fuzzy boundary and their properties. 

4.1 Definition of Simple Fuzzy Region 
A crisp region is defined in CTS. Correspondingly, a fuzzy 
region should be defined in FTS. We now define a simple 
fuzzy region in FTS. 

A simple fuzzy region is made up of two regions 
1A and 2A with 21 AA ⊂ (see Fig. 6), where: (1) the interior 

of A is the interior of 1A °° = )A(A 1 and °A  is an open subset 

and connected; (2) the interior’s boundary of A is the 
boundary of 1A as 1

i A)A(A ∂=∂= ° , and iA is a closed subset 

and connected; (3) the boundary of A is 2A defined as the 
interior of the difference between 1A  and 2A  as 

°−=∂ )AA(A 12 , and 2A is an open subset and connected; 

(4) the exterior’s boundary of A is the boundary of 

2A∂ as 2
ee A)A(A ∂=∂∂= , and eA  is a closed subset and 

connected; and (5) the intersection of all closed sets 
containing A is called the closure of A, denoted by A−. Fig. 
6 shows the four components of simple fuzzy regions. 

Figure 6: Interior, Boundary, Interior’s Boundary, and 
Exterior’s Boundary of a Simple Fuzzy Region 

This definition is considered as the de decomposition of the 
boundary in [14, 15, 16] into disjoint subsets such as the 
interior boundary of the boundary, the exterior boundary of 
the boundary and the interior of the boundary with condition 
that is the interior of the boundary couldn’t be a non-empty 
set. 
We called the boundary (2A) of A by the fuzzy boundary. 
This definition of fuzzy regions is very interesting to 
identify all topological relations between two simple fuzzy 
regions that other models [8, 9, 14] can’t identify. We will 
prove that in the next section by developing a 4*4-
intersection matrix. In the next part, we will define the 
properties of the fuzzy boundary. 

4.2 Properties of Fuzzy Boundary 
Let A be a fuzzy set in FTS (X, 6). Based on the definition 
of simple fuzzy regions, we find the properties of the fuzzy 
boundary (2A) as follows: (1) 2A is an open subset of A; (2) 
2A = ¬ Ø is a non-empty subset; (3) the boundary of A (2A) 
is the interior of the difference °−=∂ )AA(A ie  between the 
exterior’s boundary (Ae) and the interior’s boundary (Ai) of 
A; (4) the union ei AAA ∪∂∪ of the interior’s boundary 
(Ai), the boundary (2A) and the exterior’s boundary (Ae) of 
A is a closed subset of A; (5) the interior boundary of the 
boundary (2A) of A )A(A)A( ii °∂==∂∂ is the interior’s 
boundary (Ai); and (6) the exterior boundary of the 
boundary (2A) of A )A(A)A( eee ∂==∂∂ is the exterior’s 
boundary (Ae). 
We also find that the intersections between Ao, Ai, 2A, Ae

are, respectively, always empty, and the union of these parts 

AeAi

2A

Ai

Ae

A° 

� (�A)�

A
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A1

Ae
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A° 2A

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1081



is equal to A as follows: ØAA i =∩° ; ØAAi =∂∩ ; 

ØAA e =∩∂ ; ØAAAA ei =∩∂∩∩° ; 

and AAAAA ei =∪∂∪∪° . 
It also can be easily proven by the above intersections that 
the interior (Ao), the interior’s boundary (Ai), the boundary 
2A and the exterior’s boundary (Ae) of a simple fuzzy 
region (A) are mutually disjoint. 
In order to identify all possible topological relations, the 
condition of the mutual disjointness of these four parts of 
simple fuzzy regions is important to propose and construct a 
new method to form the intersection matrix. In the next 
section, a new 4*4-intersection matrix and fuzzy intersection
and difference model are proposed based upon this 
definition of simple fuzzy region. 

5 Contributions: 4*4 - Intersection and Fuzzy 
Intersection and Difference (FID) Models 

In this section, we will develop two models to identify the 
topological relations between two simple fuzzy regions. 
Supposing there are two simple fuzzy objects A and B in the 
FTS, we adopt the interior, boundary, interior’s boundary, 
and exterior’s boundary to formalize two new topological 
models as in the next. 

5.1 Contribution 1: 4*4 - Intersection Model 
In the first contribution, the first model is a new 4*4 - 
intersection matrix which uses the operator (��� of 
intersection. Between these two simple fuzzy spatial regions 
A and B, the 4*4-intersection matrix will be as presented in 
Table 1: 

Table 1: 4*4 - Intersection Matrix 
3 B° Bi 2B Be

A° A°3 B° A°3 Bi A°3 2B A°3 Be

Ai Ai 3B° Ai 3 Bi Ai 32B Ai 3 Be

2A 2A 3B° 2A 3 Bi 2A 32B 2A 3 Be

Ae Ae 3B° Ae 3 Bi Ae 3 2B Ae 3 Be

And the 4*4-inetrsection model applied to simple fuzzy 
objects is expressed by the following expression: 
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This new 4*4- intersection matrix (I4*4) is considered as an 
extension of the 4-intersection model [1, 2] for simple fuzzy 
spatial regions.  
The intersection operator (3) is perhaps the most expensive 
one in terms of computation. In order to reduce the 
computational cost of this 4*4-intersection model, we will 
extend this model to the fuzzy intersection and difference 
model in the next part. 

5.2 Contribution 2:  Fuzzy Intersection and Difference (FID) 
Model 

In this model, we will introduce the difference operator (-). 
In order to avoid spatial operations between topological 
components with different dimensions (A°, B°, 2A, 2B as 2-

D; and Ai, Bi, Ae, Be as 1-D), we will replace the 
intersection between the terms A°3 Bi, A°3 Be, Ai 3B°, Ai 

32B, 2A 3 Bi, 2A 3 Be, Ae 3B° and Ae 3 2B in the 4*4-
intersection model by the differences as in the matrix (see 
Table 2).  
The four intersections (A°3B°, A°32B, 2A3B°, 2A32B) 
with topological components with dimension 2-D and the 
four intersections (Ai3Bi, Ai3Be, Ae3Bi, Ae3Be) with 
topological components with dimension 1-D remain 
unchanged as similar as in [4, 5, 6] for the ID model. 

Table 2: 4*4 - Intersection and Difference Matrix 
3 B° Bi 2B Be - 
A° A°3 B° Ai - Bi A°3 2B Ai - Be A° 
Ai Bi - Ai Ai 3 Bi Bi - Ai

Be – Ai

Ai 3 Be Ai

2A 2A 3B° Ae - Bi

Ai - Bi

2A 32B Ae - Be

Ai - Be

2A 

Ae Bi - Ae Ae 3 Bi Bi – Ae

Be - Ae

Ae 3 Be Ae

By simplification and arrangement of this 4*4 - Intersection
and Difference matrix, we obtain two intersection matrices 
and two difference matrices (Table 3): 

Table 3: Intersection and Difference Matrices 

At the end, the Fuzzy Intersection and Difference (FID)
model is written as follows: 
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The FID model combines two different operators 
(intersection and difference). The FID has two advantages: 
first, it reduces the computational complexity by avoiding 
spatial operations between topological components with 
different dimensions, e.g., A°3 Bi, A°3 Be, Ai 3B°, Ai 32B, 
2A 3 Bi, 2A 3 Be, Ae 3B° and Ae 3 2B, with A°, B°, 2A, 2B 
as 2-D, and Ai, Bi, Ae, Be as 1-D; and second, it reduces the 
computational cost due to only eight intersections in the 
matrix of FID model. 
This FID model is considered as an extension of the ID
model [4, 5, 6] for simple fuzzy spatial regions. 
In general, there are 216= 65536 relations between two fuzzy 
regions by using the 4*4-intersection matrix and FID model. 
For GIS applications, some conditions will limit the number 
of these relations as in [7, 8, 14]. However, how to find all 
possible topological relations between two simple fuzzy 
regions needs more investigation. It’s done in the next 
section for the 4*4-intersection matrix and FID model.  

3 B° 2B
A° A°3 B° A°3 2B 
2A 2A 3B° 2A 32B 

3 Bi Be

Ai Ai 3 Bi Ai 3 Be

Ae Ae 3 Bi Ae 3 Be

- Bi Be

Ai Ai - Bi Ai - Be

Ae Ae - Bi Ae - Be

- Ai Ae

Bi Bi - Ai Bi - Ae

Be Be - Ai Be - Ae
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6 Identification of Topological Relations based 
upon 4*4 - Intersection and FID Models 

In this section, we focus on the identification of all fuzzy 
topological relations between two simple fuzzy regions by 
4*4-intersection and FID models. 
Let A and B be two simple fuzzy regions. For relation 
identification, each intersection or difference in 4*4-
intersection and FID matrices takes value of either empty 
( Ø ) or non-empty ( Ø¬ ). Every different set of 4*4-
intersection and FID matrices describes a different 
topological relation. Some values of these two matrices have 
no sense on the topological relation. 

6.1 Identification by 4*4 - Intersection Model 
For identification by 4*4-intersection model, by respecting 
the definition in section 3, we scan all possible 
configurations for A and B in two different steps as 
following: (1) If the exterior’s boundary of A intersects with 
the exterior’s boundary of B ( ØBA ee ¬=∩ ), then, we 
search all possible topological relations between A and B, 
we find 105 relations; (2) If the exterior’s boundary of A 
doesn’t intersect with the exterior’s boundary of B 
( ØBA ee =∩ ), then, we search all topological relations 
between A and B, we find 47 relations. The total number of 
topological relations identified between A and B is 152 
relations. Some of these topological relations are not 
identified and determined in [8, 9, 14]. Here are some 
examples in Fig .7 and Fig .8. 

Figure 7: Examples for ØBA ee ¬=∩

Figure 8: Examples for ØBA ee =∩

The 4*4-intersection matrices correspondent for (1), (2) and 
(3) in Fig .7, and for (4), (5) and (6) in Fig .8 are given, 
respectively, by: 
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We note that the separateness between these relations can’t 
be realized by other models studied in [8, 14]. In the next 
part, we will identify all relations by the FID model. 
6.2 Identification by FID Model 
For identification by FID model, by respecting the definition 
in section 3, we apply the same two steps in previous part 
(6.1) for ØBA ee ¬=∩ and ØBA ee =∩ .  152 topological 

relations can be identified by using the FID model. These 
relations identified by FID model is the same relations by 
4*4-intersection model. We give some examples in Fig .9 
and Fig .10. 

Figure 9: Examples for ØBA ee ¬=∩

Figure 10: Examples for ØBA ee =∩

The FID matrices correspondent to (7), (8) and (9) in Fig .9, 
and to (10), (11) and (12) in Fig .10 are given, respectively, 
by: 
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To find and extract these relations by the 4*4-intersection
and FID models, we have developed and implemented these 
two steps on MATLAB.  

7 Applications and Discussion 
For GIS applications, satellite images and spatial databases, 
these two models (4*4-intersection and FID) can determine 
the topological relations between simple fuzzy regions. For 
that, we need to know how to generate fuzzy spatial objects 
from satellite images and to find the four components of our 
definition (interior, interior’s boundary, boundary and 
exterior’s boundary) for satellite images and GIS objects. 
We can adopt processed data such as classification or 
segmentation results of satellite images. For example, Land 
Use and Land Cover (LULC), most of which is obtained 
from the classification results of satellite images, may be a 
good example of a fuzzy spatial object as in [17]. In 
principle, a fuzzy spatial object can also be generated by 
other methods as in [14, 18]. 
These two models can be used in order to evaluate the 
change detection process (for Land Cover changes)of 
geographical objects (Beach, Forest, Residential Area…) 
represented in GIS and satellite imagery (TM and SPOT 
images) databases as in [14, 17, 19, 20]. 
Comparing between the relations identified in [8, 9, 14] and 
our models (4*4-intersection and FID), we find that there 
are 100 new relations which can’t be discriminated and 
identified by other models. Some of these 100 new
topological relations identified by 4*4-intersection and FID
models are presented in the appendix of this paper.

8 Conclusion 
In this paper, we have proposed a new definition of simple 
fuzzy spatial region by decomposing the spatial region into 

(10) (11) 
B 
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four components: interior, interior’s boundary, boundary 
and exterior’s boundary. Based upon these four components, 
a 4*4-intersection matrix is introduced to identify all 
topological relations between two simple fuzzy regions. 
Then, in order to reduce the computational complexity of 
the 4*4-intersection model, the Fuzzy Intersection and 
Difference (FID) model is developed based on the 4*4-
intersection matrix. The main contribution of this work is 
these two models 4*4-intersection and FID. 152 fuzzy 
topological relations can be identified by using the 4*4-
intersection and FID models. Among these 152 relations, 

100 new relations can’t be discriminated or identified as 
different relations by other models [8, 9, 14]. 
In our future work, we will try to find more topological 
relations which can be identified if we adopt in the 
definition ØAA ie ¬=∩ , ØA ¬=∂  and iA  don’t intersect 
with the exterior of A. Then, we will try to classify these 
fuzzy topological relations identified by I4*4 and FID 
models to be grouped into the eight relations DC, EC, PO, 
TPP and TPPi, NTPP and NTPPi, and EQ of the spatial 
reasoning system RCC8. 

Appendix
 Some Topological Relations between Two Simple Fuzzy Regions by Using the 4*4-Intersection Model (I4*4 Matrix) and the 
Fuzzy Intersection and Difference (FID Matrix) Model 

Illustration I4*4 Matrix FID Matrix Illustration I4*4 Matrix FID Matrix 
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Abstract— We contrast the concept underlying t-norm-based
propositional fuzzy logics with the problem to whose solution fuzzy
logics are frequently suggested as helpful – namely, to find a model
of reasoning with vague information. We argue that fuzzy logics are
useful as long as truth values can be identified with the meaning of
the considered propositions. This, however, is rarely the case in prac-
tice; hence we see the need to broaden the concept underlying this
important class of logics and try fresh approaches. In particular,
we should flexibilise the formalism to allow that propositions do not
arise in the same context, but are just known to be related in some
way.
We tackle the problem tentatively. We define a set of rules which, as
we assume, are minimally required to enable us to argue about vague
propositions whose content is not taken into account. Our choice of
rules reflects the practical requirements of a certain expert system on
which we work.
Although we deal here with fuzzy logic in a very direct sense, we
arrive at calculi completely different from the t-norm-based ones.
Without incorporating truth degrees explicitly, we are led to Belnap’s
logic, which can, but need not, be endowed with a semantics based
on graded truth degrees. When formalising also truth degrees, we
get a logic which can be based on what we call metric De-Morgan
lattices.

Keywords— t-norm-based fuzzy logics, reasoning under vague-
ness, medical expert system, De-Morgan lattices, metric De-Morgan
lattices

1 T-norm-based fuzzy logic for
reasoning about vague information – a trap

Fuzzy logics are distinguished from classical logic by the in-
corporation of an extended set of truth values. In the standard
case, the value 0 is used to express falsity, the value 1 is used
to express trueness, and all remaining real values in between
these two limit points are added in order to cope with the fact
that objects may fulfil a property to an intermediate degree.
We arrive naturally at the idea to evaluate propositions in the
real unit interval, whose most basic feature is its linear order.

The connectives used in fuzzy logics consequently need to
be interpreted by operations on [0, 1]. Typically, a conjunction
is present, which is typically interpreted by a left-continuous
t-norm. Sometimes, an involutive negation is present as well,
conveniently interpreted by the standard negation 1 − ·. A
further connective, which logicians, in contrast to engineers,
generally consider as the most basic one, is the implication,
which is typically interpreted by the residuum belonging to the
t-norm. Finally, the logic may or may not offer the possibility
to express explicitly to which degree a proposition holds.

Based on this approach, more than just a few logics have
been defined and intensively studied. Monographs of basic

importance include [14, 13] as well as, as regards the explic-
itation of truth degrees, [18]. We remark that we certainly do
not address all logics which have been called “fuzzy” in the
literature; this would be impossible as it seems that nowadays
any logic has a “fuzzy” counterpart. Here, we just speak about
logics of the indicated type.

We wish to address in this note the peculiar relationship be-
tween t-norm-based fuzzy logics and a problem which is reg-
ularly mentioned in discussions on the fundamentals of fuzzy
logics: how to formalise reasoning when the referred infor-
mation is possibly vague. The discussion on the very nature
of fuzzy logics is old. An aim has been to develop fuzzy log-
ics, as they are, from clear, meaningful principles; see, among
many papers, e.g. [9, 10, 21, 22]. Here, we want to approach
once the subject from the other side, namely, from the point of
view of a specific application: an appropriate formalisation of
justifiable reasoning can simply be a practical need.

Let us first try to formulate our concern in an abstract way.
We assume to be given a set of propositions whose content
does not matter. This means that for the derivation of con-
sequences, the meaning is not taken into account and can be
assumed to be unknown. We just know that the propositions
refer to the observable or unobservable properties of some-
body or something, describable in, possibly scientific, natu-
ral language. Important for us, the propositions express the
presence of some property which can be vague, where, as
usual, vagueness is characterised by the possibility of border-
line cases. Moreover, we assume to have some knowledge
about the mutual relationships. These relationships may ex-
press that some property is more general than another one, or
a causal implication based on experience; again, we do not
require the relationships to hold necessarily strict. What we
are finally interested in, is to find a formal framework which
tells us how to derive new information from the one we have
to our disposal. Since the outlined situation is very general,
the framework must be very general as well; we wonder, so to
say, about a minimal logic for reasoning under vagueness.

The described problem is not purely academic and in partic-
ular not part of any “ivory-tower” philosophical theory, but has
a practical background. We work towards an appropriate for-
malisation of a medical expert system [7]. The system which
we are to analyse is called Cadiag-2, the second generation of
the expert systems Cadiag – “Computer-Assisted Diagnosis”,
and aims at the differential diagnostic decision support in pa-
tient care [1, 2]. Cadiag-2 processes both vague and uncer-
tain data; we restrict here to the first case only. The proces-
sion of uncertain data calls for a probabilistic logic and causes
completely different problems than those discussed here; for
probability theory, well-founded calculi exist, whose unpleas-

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1085



ant feature, however, can be a too high complexity as well as
incomprehensible inference rules.

As we intend to formalise propositions disregarding their
content, our problem is clearly a case for a propositional logic.
As mentioned, many propositional fuzzy logics have been pro-
posed in the past, based on different ways how to endow the
real unit interval with a structure. Moreover, a wide range
of logics has been introduced related to the problem which
we address here, in particular different versions of “logics of
argumentation”. For a comprehensive overview and a large
collection of references, we recommend the handbook [12].
Here, we just mimic the first steps towards the generally much
more sophisticated and often more specialised systems found
in the literature. What we have in mind is to concentrate exclu-
sively on the aspect of vagueness, to proceed in a way which
can hardly be further generalised, and to see how the result
relates to t-norm-based fuzzy logics.

The set of eligible propositional logics is much restricted by
one basic requirement, dictated by the intended application:
all constituents of the formal logic need to have a counterpart
on the informal level. Specifically, there must exist a plausible
way how to think about each connective which appears in the
logic’s language, most easily obtained by a clear correlation
with a natural-language expression. Moreover, if a proposi-
tion is provable from others, there must exist a proof in a proof
system such that each step is comprehensible as a plausible ar-
gument, rather than a pure manipulation of strings; in the best
case, each step can easily be translated to an explanation in
natural language, exhibiting the causal or logical relationship
on which the argument is based.

A fuzzy logic of the above-indicated kind does not meet
any of these requirements. To see the problem, let us assume
that we actually can find a logic fitting to our needs. We ac-
tually feel that it is natural to assume so; after all, we wish
to formalise possibly vague statements, and these are appro-
priately evaluated on a linear continuous scale. So let us see
how the logic could look like. We need a conjunction ∧ and
a negation ∼; the interpretation by the infimum and the stan-
dard negation, respectively, will do in our case. We note that
the interpretation of truth values is not our subject here, and
our particular choices for the connectives provide just an ex-
ample. Moreover, we need to express truth degrees explicitly;
to this end, we add constants r̄ for each rational r ∈ [0, 1]. So
far, we do not encounter problems.

The first serious problem comes with the implication.
Let us tentatively add the connective → interpreted by the
residuum belonging to ∧. Note that we then arrive at the logic
RGL∼, the Gödel logic enriched with the standard negation
and truth constants [8]. Now, there is a natural way how to
think about a statement “α → β”: we interpret it as “α im-
plies β”. However, this clarity disappears as soon as we nest
implications on the left side, like in “(α → β) → γ”. If our
reference, a set of propositions, has a priori the structure of a
residuated lattice, we can say that α→β denotes the weakest
element which, together with α, implies β. But in our case,
there is no such structure available; we recall that we do not
wish to assume any a priori structure as we would have to
analyse the propositions by content then.

We note that this critics is related to the discussion out of
which relevance logics arose [3]. Furthermore, a discussion in

which the role of the implication connective in fuzzy logics is
opposed to the needs of certain applications, can be found in
[4].

For us, there is a reasonable way how to proceed: to drop
the implication as a generally applicable connective. To this
end, we consider in [7] a logic in which the implication al-
ways appears at the only place at which it can be appropri-
ately called an implication: on the outermost level. Namely,
we consider pairs of implication-free formulas, with the in-
tended meaning that the left one denotes a proposition which
is stronger then the right one. Thus we leave the area of t-
norm-based logics and enter the field of lattice word problems.
Namely, our model is the following algebra K, a Kleene alge-
bra with added constants: ([0, 1];∧,∨,∼, (r̄)r∈Q[0,1]).

We arrive at a logic, which we call GZL, whose formal
expressions possess straightforward interpretations. How-
ever, we encounter the second and even more serious prob-
lem when considering a proof system for GZL. Following the
lines of [5], we have in [7] presented a proof system based
on sequents-of-relations. Unfortunately, our requirement that
proof steps should be comprehensible in an informal way, is
far from being fulfilled. Consider the K-tautology

α ∧ ∼α → β ∨ ∼β. (1)

In its proof, we have to make necessarily use of the possibility
to use multisets of relations, namely,

α ⇒ β | β ⇒ α (2)

will appear in the proof. However, α and β refer to arbitrary
facts, and the tentative translation “α implies β, or β implies
α” is nonsense. Note that the problem concerns the proved
result as well; (1) cannot be interpreted as a statement which
anybody would ever tell.

The deeper reason for this difficulty is the semantics. An
element of [0, 1] is intended to be the truth degree of a propo-
sition; but it is treated like its meaning. What we might think
as being associated to a property, telling that the property does
not fully apply, is already the property itself. As a conse-
quence, when using [0, 1] as a model, we may be led to the
situation that we compare something by strength what by con-
tent would never be comparable. A valid statement of the form
“α → β” is not really translatable to “from α we can con-
clude β”, but only that α is under all circumstances assigned
a smaller truth value than β, and based on this interpretation,
(2) becomes indeed meaningful and just expresses the linear
order of the truth degrees. However, this interpretation is not
what we want.

The interpretation in the linearly ordered set of reals may
certainly be useful at other places. A requirement comes into
play which we have frequently argued for: to put fuzzy logics
on firm grounds, we need first to be aware of the nature of what
we reason about. In case of t-norm-based fuzzy logic, we rea-
son about a set of propositions which has the internal structure
of a residuated lattice, as it is the case for universes of fuzzy
sets. The same, by the way, applies to classical propositional
logic, which exactly reasons about a collection of proposi-
tions endowed a priori with the structure of a Boolean algebra;
the popular claims about a “general validity” of this logic are
meaningless.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1086



For us, the only way out is to restrict the calculus for GZL
to those inferences which are not in conflict with our intended
interpretation: the sequent α ⇒ β should mean that α is a
statement stronger than β. We can achieve this is by not al-
lowing multisets of relations, but only single relations. The
interesting observation in [7] is that by means of this restric-
tion, we get – not exactly but, say – very close to the logic
which is actually used for the expert system which we exam-
ine.

The observation that the logic which we need arises by a
certain restriction of a t-norm-based fuzzy logic, might be con-
sidered interesting, but not really satisfying. It rather suggests
that the conceptual differences between the logic underlying
systems like Cadiag-2 or similar expert systems on the one
hand, and fuzzy logics on the other hand, cannot be bridged.

2 A minimal logic for reasoning under
vagueness, without explicit degrees

The problem how to formalise ways to argue about vague
propositions of unspecified content and their mutual interrela-
tions, calls for alternative solutions. Let us opt for the syntac-
tical approach; we will assemble some inference rules which
translate to argumentation steps in a straightforward way. We
will then check if some semantics with a reasonable interpre-
tation can be found ex post, taking all imaginable possibilities
into account and in particular not restricting ourselves to struc-
tures known from fuzzy logics or fuzzy set theory.

We note that this procedure seems to be in sharp contrast
to the guiding principles of mathematical modelling which we
have defended earlier, namely the principle that prior to any
formalisation, the structure of reference needs to be specified
first, in a way that the meaning of all its constituents is clear.
However, in the present case, we do not do metamathemat-
ics, we do not examine ways how structures of a certain type
are generally examined in a sound way; we do mathematics.
Namely, it is the way of reasoning itself which is our object
of investigation, and we do not share the opinion that rules for
proper argumentation are fixed and thus can be derived from
some higher-level truth. Intuitively acceptable inference rules
will rather constitute a structure over a set of atomic proposi-
tions, and we do not assume a canonical answer how it may
look like. In any case, we examine a logic as a mathematical
object, the notion “logic” just being a name for it.

As indicated, there is not really a canonical way to select
rules. One may argue against certain rules shown below, or
feel that there is something missing. A discussion would not
be fruitful if no guidelines were provided. We keep with the
application in medicine; the rules shown below are extracted
from those essential for the medical expert system with whose
formalisation we are concerned.

In this section, we consider the case that we do not deal with
truth values explicitly. We define the propositional logic DML
as follows.

Definition 2.1 The propositions of DML are built up from a
set of symbols ϕ1, ϕ2, . . . and the two constants 0̄, 1̄ by means
of the binary connectives ∧,∨ and the unary connective ∼;
the set of propositions is denoted by FL. The implications of
DML are ordered pairs of propositions, denoted by α → β,
where α, β ∈ FL; the set of implications is denoted by FI .

Moreover, a sequent is an ordered pair of a non-empty fi-
nite set of propositions and a single proposition, notated by
γ1, . . . , γk ⇒ δ. The axioms and rules of DML are the fol-
lowing, for any propositions α, β, γ and sequent Γ:

0̄ ⇒ α α ⇒ α α ⇒ 1̄

Γ ⇒ α α ⇒ β

Γ ⇒ β

Γ ⇒ α

Γ, β ⇒ α

Γ ⇒ α Γ ⇒ β

Γ ⇒ α ∧ β

Γ, α, β ⇒ γ

Γ, α ∧ β ⇒ γ

Γ, α ⇒ γ Γ, β ⇒ γ

Γ, α ∨ β ⇒ γ

Γ ⇒ α

Γ ⇒ α ∨ β

Γ ⇒ β

Γ ⇒ α ∨ β

α ⇒ β

∼β ⇒ ∼α

∼α ⇒ β

∼β ⇒ α

α ⇒ ∼β

β ⇒ ∼α

The notion of a proof of a sequent from a finite set of sequents
is defined in the expected way. A theory of DML is a finite set
of implications. An implication α→β is called provable from
T = {α1 →β1, . . . , αn →βn} if there is a proof of α ⇒ β
from {α1 ⇒ β1, . . . , αn ⇒ βn}, in signs T ( α→β.

As to be expected, a sequent γ1, . . . , γk ⇒ δ is meant to
express that “γ1 and ... and γk imply δ”.

Note that this logic again does not contain the implication
as a connective, and it does contain a negation. Moreover, the
calculus is sound, but not complete, with respect to classical
two-valued interpretations; again (1) is not derivable. For the
lack of the implication connective, also the comparison with
intuitionistic logic is (probably) not well possible.

But a semantics is easily found, since DML is Belnap’s
logic of De-Morgan lattices; DML differs only slightly from
the calculus presented in [11]. A structure (M ;∧,∨,∼, 0, 1)
is a De-Morgan lattice if (i) (M ;∧,∨, 0, 1) is a distributive
lattice and (ii) ∼ is an order-reversing and involutive unary op-
eration. De-Morgan lattices are subalgebras of direct products
of the algebra (M4;∧,∨,∼, 0, 1), where (M4;∧,∨, 0, 1) is
the four-element Boolean lattice and ∼ maps each of the two
atoms to itself [16]. It follows that we can provide a seman-
tics based on M4; we note that assigning one of the four truth
values to a proposition ϕ is usually interpreted as that ϕ is
known to be true, false, neither true nor false, both true and
false, respectively.

Most remarkably, fuzziness does not appear. However, the
algebra M4 possesses a natural “fuzzified” extension, and we
may alternatively base DML on a kind of fuzzy semantics. To
make the comparison possible, we consider the pair Vc and
Vf ; note that the algebra Vc is isomorphic to M4.

Definition 2.2 Let Vc = {(s, t) : s, t ∈ {0, 1}}, endowed
with the componentwise natural order and the operation ∼ de-
fined by

∼ (s, t) = (1 − t, 1 − s) (3)

for s, t ∈ {0, 1}. A crisp evaluation of DML is a mapping
v : FL → Vc preserving ∧,∨,∼ and mapping 0̄ to (0, 0) and
1̄ to (1, 1). An implication α→ β is then said to be satisfied
by v if v(α) ≤ v(β). A theory T is said to crisply entail an
implication α→ β if the latter is satisfied by all crisp evalua-
tions satisfying every element of T ; we write T |=c α→β in
this case.
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Furthermore, let Vf = {(s, t) : s, t ∈ [0, 1]}, endowed with
the componentwise natural order and the operation ∼, which
is again defined by (3), where however this time s, t ∈ [0, 1].
We define fuzzy evaluations, satisfaction, and fuzzy entailment
similarly as above.

Theorem 2.3 Let T be a theory and α→β an implication of
DML. Then T ( α→β if and only if T |=c α→β if and only
if T |=f α→β.

Proof. Completeness in the indicated sense, but with re-
spect to arbitrary De-Morgan lattices, holds due to [11, The-
orem 4.11, (A1)]. But any De-Morgan lattice is a subalgebra
of a direct product of copies of Vc, or alternatively, of a direct
product of copies of Vf . �

As regards the interpretation of the semantics which we
have proposed for DML, the situation is surprising with re-
spect to the fuzzy variant. There is a close connection of DML
to a logic which has been proposed in the context of decision
making, based on the observation that we often consider sep-
arately the arguments in favour and the arguments against a
possible decision [19].

On the other hand, the fact that we can work, without the
need to change the inference rules, with crisp truth values as
well, is somewhat disillusioning. The reasoning is the same
if we assume our propositions to refer to vague or crisp prop-
erties. The situation certainly changes when we include truth
degrees, as to be done next.

3 A minimal logic for reasoning under
vagueness, with explicit degrees

The logic DML discussed in the last section is intended to be
useful for reasoning about relationships between statements
involving vagueness. The vagueness, however, cannot be ad-
dressed directly; and the logic can actually equally well con-
sidered as a logic not concerning vagueness. Moreover, a pos-
sible non-strictness of the relationships themselves is not ex-
pressible.

In applications, it can be desirable to have the possibility
to denote a vague property by one single symbol, to which
the degree of presence is explicitly attached. In this chapter,
we attempt to formulate a calculus similarly to DML, but with
explicit reference to truth degrees.

This problem is much more involved. We believe that there
are many possibilities, and that the decision which is the best
is even more difficult than in the above case.

According to a common procedure, we could enrich the lan-
guage by truth constants. We will not follow this way; apart
from the fact that we have not succeeded to produce a rea-
sonable result concerning a logic DML enriched with truth
constants, the idea is actually not well in accordance with the
guidelines formulated above: truth constants should not be
mixed with the meaning of a proposition. So we will use the
two sharp truth constants only, representing falsity and true-
ness.

Truth constants should appear on a separate level. We pro-
pose to make a graded implication the basic syntactical con-
stituent:

α
t→ β,

with the intended meaning that α implies β to a degree ≥ t ∈
[0, 1], where α and β are propositions of DML. As an ex-
ample, let α denote a crisp proposition like “having a body
temperature of 37.8◦C”, and let β denote “having fever”; then
the statement would hold with, say, t = 0.8.

In general, α and β are meant to refer to any vague property.
Then either t refers to the compatibility of α with β. Alterna-
tively, we can mean that α and β are causally related; then the
smaller t is, the less strict is this relationship. Finally, we may
also deal with single properties. Namely, the expressions

1̄ t→ δ and δ
t→ 0̄ (4)

may serve to express that δ holds to the degree t, or δ is refused
with the degree t, respectively.

To formulate inference rules is not straightforward; in the
present context, our aim can only be plausibility. The basic
question is which truth degree is, by tendency, assumed af-
ter two successive inference steps which are both based on a
non-strict relationship. To examine this problem is even more
difficult than to make a reasonable choice with regard to the
truth values themselves, a problem which has been studied nu-
merous times, see e.g. [15, 17]. It would clearly be desirable
to have methods at hand to examine also the present situation
empirically, in analogy to the procedure followed in [15].

Only the case of implications of the form α
1→ β is clear;

they are supposed to express strict relationships, and for them,
the rules of DML should be applicable. Furthermore, the de-
grees are assumed to be lower bounds, hence an implication
is the less expressive the smaller the indicated truth degree is.
Statements of the form α

0→ β do not express anything.
So let us see how the set of rules for our refined logic could

look like. For implications α
1→ β, we will use the rules of

DML. For implications of the form α
t→ β, where t < 1, the

rules of DML introducing ∧ or ∨ are not generalisable though;
the degree of the conclusion cannot be assumed to be calcula-
ble from the degrees of the assumptions. However, what we
should be able to say is, if we replace α by a stronger propo-
sition, or β by a weaker proposition, then the relationship be-
tween α and β should be characterised by a higher truth value,
so that t will still be a lower bound. Next, assume that we have
proved α

s→ β and β
t→ γ; then α

u→ γ will be derivable as
well, and we have to offer a way to calculate the degree u from
s and t. As mentioned above, a well-founded decision is im-
possible, hence just like in case of the design of a fuzzy logic,
a pragmatic solution is needed here. We opt for the operation
dual to the truncated addition: we take here the Łukasiewicz
t-norm ) : [0, 1]2 → [0, 1], (a, b) #→ (a + b − 1) ∨ 0.

We specify the propositional logic ArgL as follows.

Definition 3.1 The set FL of propositions is defined like for
DML. An implication of ArgL consists of ordered triples of
two propositions and a rational value t ∈ [0, 1]; we write α

t→
β, where α, β ∈ FL; the set of implications is denoted by FI .

Moreover, a sequent is an ordered triple consisting of a non-
empty finite set of propositions, a single proposition, and a
rational value t ∈ [0, 1]; we write

γ1, . . . , γk
t⇒ δ.
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The crisp rules of ArgL are those of DML, the symbol ⇒ being
replaced at all places by 1⇒.

The fuzzy rules of ArgL are the following:

Γ s⇒ α α
t⇒ β

Γ s�t⇒ β

Γ t⇒ α

Γ s⇒ α
, where s ≤ t

Γ, α
t⇒ δ

Γ, α ∧ β
t⇒ δ

Γ t⇒ α

Γ t⇒ α ∨ β

The notion of a proof, a theory, the provability of an implica-
tion from a theory, is defined similarly like for DML.

To associate to this calculus a reasonable semantics, is the
next challenge. Only one point seems to be certain – we are
not led to fuzzy sets. The only remarkable fact is that a t-norm
is involved; for connections between t-norms and a somewhat
similar setting, see [6, 20].

Let us consider the following structures, so-to-say the
algebraic counterpart of ArgL. Here, ⊕ : [0, 1]2 →
[0, 1], (a, b) #→ (a + b) ∧ 1 is the t-conorm associated to
).

Definition 3.2 A structure (A;∧,∨,∼, 0, 1, d) is called a
metric De-Morgan lattice if (A;∧,∨,∼, 0, 1) is a De-Morgan
lattice and d : A × A → [0, 1] is such that (i) d(a, b) = 0 if
and only if a ≤ b and (ii) d(a, c) ≤ d(a, b) ⊕ d(b, c).

An evaluation of ArgL in a metric De-Morgan lattice A is
a mapping v : FL → A preserving ∧,∨,∼ and the con-
stants. An implication α

t→ β is satisfied by an evaluation
v if d(v(α), v(β)) ≤ 1 − t. Semantic entailment is defined as
usual.

Let us consider the following instructive example. Let
(A;∧,∨,∼, 0, 1) be a Boolean algebra, and let µ : A → [0, 1]
be a strictly positive submeasure on A, meaning that, for a, b ∈
A, (i) µ(0) = 0, (ii) µ(a) > 0 if a > 0, (iii) a ≤ b implies
µ(a) ≤ µ(b), (iv) µ(1) = 1, and (v) µ(a ∨ b) ≤ µ(a) ⊕ µ(b).
Furthermore, put d(a, b) = µ(a ∧ ∼b). Then we may check
that (A;∧,∨,∼, 0, 1, d) is a metric De-Morgan lattice.

Theorem 3.3 Let T be a theory and α
t→ β an implication

of ArgL, where t ∈ (0, 1]. Then T ( α
t→ β if and only if

T |= α
t→ β.

Proof. The “only if” part is easy; just define the satisfac-
tion of sequents by identifying the set on the left side with its
conjunction.

For the “if” part, assume that T does not prove the implica-
tion γ

s→ δ.
Let A be the quotient of FL w.r.t. the equivalence relation

⇔, where α ⇔ β if α
1→ β and β

1→ α are provable from
T . Then A is naturally endowed with the structure of a De-
Morgan lattice.

For α, β ∈ FL, let d([α], [β]) = 1 − t, where t ∈ [0, 1]
is maximal such that T ( α

t→ β. Endowed with d, A is a
metric De-Morgan lattice. By construction, the elements of T
are satisfied by the natural embedding of FL into A, but not
γ

s→ δ. �

Needless to comment, our formalism comes closer to mea-
sure theory than to fuzzy set theory.

From the interpretational point of view, the semantics based
on metric De-Morgan lattices is to be clarified though. Note
that only the special case of a Boolean algebra with a submea-
sure offers an intuitively well comprehensible picture.

4 Conclusion
T-norm-based propositional fuzzy logics are frequently dis-
cussed as a suitable tool to model reasoning under vagueness.
We have stressed that this is the case as long as the proposi-
tions which are formalised share the same reference; namely,
they must be modellable by a system of fuzzy sets over a com-
mon universe.

If propositions are arbitrary, we run into difficulties when
trying to apply techniques of fuzzy logics. This is, for exam-
ple, the case for the medical expert system Cadiag-2, whose
knowledge base contains information on logical and causal re-
lationships between entities which are processed regardless of
their meaning. We have risen the question how to define, in
this general setting, a minimal frame for what we could call
formalised argumentations. As a proposal, we have designed
two minimal, but for our needs fully sufficient, systems; we
have done so purely syntactically, allowing only rules with a
clear interpretation.

The first version concerns reasoning without explicit ref-
erence to truth degrees; what comes out is the De-Morgan
logic, which allows for interpretations without any connec-
tion to fuzziness. The second version incorporates truth val-
ues, but the calculus which comes out, still is by no means re-
lated to t-norm-based fuzzy logic. The semantics which can be
defined ex post are De-Morgan lattices endowed with a non-
symmetric distance function.

Our calculi are qualified in that they allow to reproduce the
inference mechanism of Cadiag-2. The further elaboration on
details of the calculus is work to be done, as well as the anal-
ysis of the newly introduced notion of a metric De-Morgan
lattice.
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Abstract— Formal concept analysis has become an important
and appealing research topic. There exist a number of different fuzzy
extensions of formal concept analysis and of its representation the-
orem, which gives conditions for a complete lattice in order to be
isomorphic to a concept lattice. In this paper we concentrate on the
study of operational properties of the mappings α and β required in
the representation theorem.

Keywords— Formal concept analysis, multi-adjoint framework.

1 Introduction
Formal concept analysis [12] has become an important and
appealing research topic both from a theoretical perspec-
tive [18, 29, 32] and from the applicative one. Regarding ap-
plications, we can find papers ranging from ontology merg-
ing [10, 27], to applications to the Semantic Web by using the
notion of concept similarity [11], and from processing of med-
ical records in the clinical domain [14] to the development of
recommender systems [8].

Soon after the introduction of “classical” formal concept
analysis, a number of different approaches for its generaliza-
tion were introduced and, nowadays, there are works which
extend the theory with ideas from fuzzy set theory [3, 21, 22]
or fuzzy logic reasoning [2, 4, 9] or from rough set the-
ory [20, 30, 33] or some integrated approaches such as fuzzy
and rough [31], or rough and domain theory [19].

In this paper we concentrate on the fuzzy extensions of
formal concept analysis, for which a number of different ap-
proaches have been presented. To the best of our knowledge,
the first one was given in [6], although they did not advance
much beyond the basic definitions, probably due to the fact
that they did not use residuated implications. Later, in [3, 28]
the authors independently used complete residuated lattices as
structures for the truth degrees; for this approach, a representa-
tion theorem was proved directly in a fuzzy framework in [5],
setting the basis of most of the subsequent direct proofs.

In [23, 24] as a new general approach to formal concept
analysis multi-adjoint concept lattices were introduced, in
which the philosophy of the multi-adjoint paradigm [15, 26]
to formal concept analysis is applied. With the idea of pro-
viding a general framework in which the different approaches
stated above could be conveniently accommodated, the au-
thors worked in a general non-commutative environment; and
this naturally led to the consideration of adjoint triples, also
called implication triples [1] or bi-residuated structures [25]
as the main building blocks of a multi-adjoint concept lattice.

∗Partially supported by the Spanish Science Ministry under grant
TIN 2006-15455-C03-01 and by Junta de Andalucı́a under grant P06-
FQM-02049.

The representation (or fundamental) theorem gives condi-
tions for a complete lattice in order to be isomorphic to a con-
cept lattice. This theorem is proved in the classical case [12]
and in the fuzzy paradigms [5, 13, 16, 23, 28]. As a conse-
quence, to obtain the isomorphism it is necessary to search two
mappings α and β that satisfy some properties, one of these
relate the mappings with the relation. In this paper, we present
a characterization of this last property, which is more efficient
than the actual from the computationally point of view. More-
over, some other interesting properties of mappings α and β
are introduced.

The structure of the paper is as follows: in Section 2 we
recall the definition of the multi-adjoint concept lattices and,
in particular, the mappings α and β required in the definition
of lattice representing a multi-adjoint concept lattice. Then,
in Section 3, we prove some new results concerning α and β.
Finally, some concluding remarks are added.

2 Multi-adjoint concept lattices
In this section we will recall the more important definitions
and results from [23]. The first definition introduces the ba-
sic building blocks of the multi-adjoint concept lattices, the
adjoint triples, which are generalisations of the notion of ad-
joint pair under the hypothesis of having a non-commutative
conjunctor.

The lack of commutativity of the conjunctor, directly pro-
vides two different ways of generalising the well-known ad-
joint property between a t-norm and its residuated implication,
depending on which argument is fixed in the conjunction.

Definition 1 Let (P1,≤1), (P2,≤2), (P3,≤3) be posets and
&: P1 × P2 → P3, ↙: P3 × P2 → P1, ↖: P3 × P1 → P2 be
mappings, then (&,↙,↖) is an adjoint triple with respect to
P1, P2, P3 if:

1. & is order-preserving in both arguments.

2. ↙ and ↖ are order-preserving in the consequent and
order-reversing in the antecedent.

3. x ≤1 z ↙ y iff x & y ≤3 z iff y ≤2 z ↖ x,
where x ∈ P1, y ∈ P2 and z ∈ P3.

Note that in the domain and codomain of the considered con-
junctor we have three (in principle) different sorts, thus pro-
viding a more flexible language to a potential user. Further-
more, notice that no boundary condition is required, in dif-
ference to the usual definition of multi-adjoint lattice [26] or
implication triple [1]. Nevertheless, some boundary condi-
tions follow from the definition, specifically, from the adjoint
property (condition (3) above) [23].
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Lemma 1 If (P1,≤1), (P2,≤2), (P3,≤3) have bottom ele-
ment and (&,↙,↖) is an adjoint triple, then (P1,≤1) and
(P2,≤2) have top element and for all x ∈ P1, y ∈ P2 and
z ∈ P3 the following properties hold:

1. ⊥1 & y = ⊥3, x&⊥2 = ⊥3.

2. z ↖ ⊥1 = �2, z ↙ ⊥2 = �1.

In order to provide more flexibility into our language, we
will allow the existence of several adjoint triples for a given
triplet of posets. Notice, however, that since these frames will
be used as the underlying structures of our generalization of
concept lattice, it is reasonable to require the lattice structure
on some of the posets in the definition of adjoint triple.

Definition 2 A multi-adjoint frame L is a tuple

(L1, L2, P,	1,	2,≤, &1,↙1,↖1, . . . ,&n,↙n,↖n)

where (L1,	1) and (L2,	2) are complete lattices, (P,≤) is
a poset and, for all i = 1, . . . , n, (&i,↙i,↖i) is an adjoint
triple with respect to L1, L2, P .

For short, a multi-adjoint frame will be denoted as
(L1, L2, P, &1, . . . ,&n).

Following the usual approach to formal concept analysis,
given a frame, a multi-adjoint context is a tuple consisting
of sets of objects and attributes and a fuzzy relation among
them; in addition, the multi-adjoint approach also includes a
function which assigns an adjoint triple to each object (or at-
tribute). This feature is important in that it allows for defining
subgroups of objects or attributes in terms of different degrees
of preference, see [23]. Formally, the definition is the follow-
ing:

Definition 3 Let (L1, L2, P, &1, . . . ,&n) be a multi-adjoint
frame, a context is a tuple (A, B, R, σ) such that A and B
are non-empty sets (usually interpreted as attributes and ob-
jects, respectively), R is a P -fuzzy relation R: A × B → P
and σ: B → {1, . . . , n} is a mapping which associates any el-
ement in B with some particular adjoint triple in the frame.1

Once we have fixed a multi-adjoint frame and a context for
that frame, we can define the following mappings ↑σ : LB

2 −→
LA

1 and ↓σ

: LA
1 −→ LB

2 which can be seen as generalisations
of those given in [4, 17]:

g↑σ (a) = inf{R(a, b) ↙σ(b) g(b) | b ∈ B} (1)
f↓σ

(b) = inf{R(a, b) ↖σ(b) f(a) | a ∈ A} (2)

These two arrows, (↑σ , ↓
σ

), generate a Galois connection [23].
For the sake of self-containment, this concept is defined be-
low:

Definition 4 Let (P1,≤1) and (P2,≤2) be posets, and
↓: P1 → P2, ↑: P2 → P1 mappings, the pair (↑, ↓) forms a
Galois connection between P1 and P2 whenever the following
conditions hold:

1. ↑ and ↓ are order-reversing.
1A similar theory could be developed by considering a mapping

τ : A → {1, . . . , n} which associates any element in A with some
particular adjoint triple in the frame.

2. x ≤1 x↓↑ for all x ∈ P1.

3. y ≤2 y↑↓ for all y ∈ P2.

Proposition 1 ( [23]) Let (L1, L2, P, &1, . . . ,&n) be a mul-
ti-adjoint frame and (A, B,R, σ) be a context, then the pair
(↑σ , ↓

σ

) is a Galois connection between LA
1 and LB

2 .

As usual in the different frameworks of formal concept
analysis, a multi-adjoint concept is a pair 〈g, f〉 satisfying that
g ∈ LB

2 , f ∈ LA
1 and that g↑σ = f and f↓σ

= g; with (↑σ , ↓
σ

)
being the Galois connection defined above.

Definition 5 The multi-adjoint concept lattice associated to
a multi-adjoint frame (L1, L2, P, &1, . . . ,&n) and a context
(A, B,R, σ) is the set

M = {〈g, f〉 | g ∈ LB
2 , f ∈ LA

1 and g↑σ = f, f↓σ

= g}
where the ordering is defined by 〈g1, f1〉 	 〈g2, f2〉 if and only
if g1 	2 g2 (equivalently f2 	1 f1).

The ordering just defined above actually provides M with
the structure of a complete lattice [23]. This follows from
proposition 1 (the arrows (↑σ , ↓

σ

) forms a Galois connection)
and the theorem below.

Theorem 1 ( [7]) Let (L1,	1), (L2,	2) be complete lat-
tices, let (↑, ↓) be a Galois connection between L1, L2 and
consider C = {〈x, y〉 | x↑ = y, x = y↓; x ∈ L1, y ∈ L2};
then (C,	) is a complete lattice, where

∧

i∈I

〈xi, yi〉 = 〈
∧

i∈I

xi, (
∨

i∈I

yi)↓↑〉;
∨

i∈I

〈xi, yi〉 = 〈(
∨

i∈I

xi)↑↓,
∧

i∈I

yi〉

and 〈x1, y1〉 	 〈x2, y2〉 if and only if x1 	1 x2.

From now on, we will fix a multi-adjoint frame
(L1, L2, P, &1, . . . ,&n) and context (A, B,R, σ). Moreover,
to improve readability, we will write (↑, ↓) instead of (↑σ , ↓

σ

)
and ↙b, ↖b instead of ↙σ(b), ↖σ(b).

In the next section, we will present some new properties
about the functions α and β involved in the representation (or
fundamental) theorem for the multi-adjoint framework pre-
sented in [23]. In order to do this, we will recall some nec-
essary definitions.

Definition 6 Given a complete lattice L, a subset K ⊆ L is
infimum-dense (resp. supremum-dense) if and only if for all
x ∈ L there exists K ′ ⊆ K such that x = inf(K ′) (resp. x =
sup(K ′)).

A multi-adjoint concept lattice is said to be represented by
a complete lattice provided there is a pair of functions, α and
β, satisfying the conditions stated in the definition below:

Definition 7 A multi-adjoint concept lattice2 (M,	) is rep-
resented by a complete lattice (V,) if there exists a pair of
mappings α: A × L1 → V and β: B × L2 → V such that:

2Recall that we are considering a multi-adjoint concept lattice on
a fixed frame (L1, L2, P, &1, . . . , &n) and context (A, B, R, σ).
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1a) α[A × L1] is infimum-dense;

1b) β[B × L2] is supremum-dense; and

2) For all a ∈ A, b ∈ B, x ∈ L1, y ∈ L2:

β(b, y)  α(a, x) if and only if x&b y ≤ R(a, b)

From the definition of representability above the following
properties follow:

Proposition 2 Given a complete lattice (V,) which repre-
sents a multi-adjoint concept lattice (M,	), and mappings
f ∈ LA

1 and g ∈ LB
2 , we have:

1. β is order-preserving in the second argument.

2. α is order-reversing in the second argument.

3. g↑(a) = sup{x ∈ L1 | vg  α(a, x)}, where
vg = sup{β(b, g(b)) | b ∈ B}.

4. f↓(b) = sup{y ∈ L2 | β(b, y)  vf}, where
vf = inf{α(a, f(a)) | a ∈ A}.

5. If gv(b) = sup{y ∈ L2 | β(b, y)  v}, then
sup{β(b, gv(b)) | b ∈ B} = v.

6. If fv(a) = sup{x ∈ L1 | v  α(a, x)}, then
sup{α(a, fv(a)) | a ∈ A} = v.

Finally, the fundamental theorem for multi-adjoint concept
lattices presented in [23] is the following.

Theorem 2 A complete lattice (V,) represents a multi-
adjoint concept lattice (M,	) if and only if (V,) is iso-
morphic to (M,	).

3 New results about the mappings α and β

In this section, we introduce some new interesting properties
about the mappings α and β. So, let us assume a complete
lattice (V,) which represents a multi-adjoint concept lattice
(M,	) and the mappings α: A × L1 → V , β: B × L2 → V .

We will restate below the isomorphism constructed in fun-
damental theorem, based on both the α and β functions, since
these expressions will be used later.

Proposition 3 ( [23]) If a complete lattice (V,) represents
a multi-adjoint concept lattice (M,	), then there exists an
isomorphism ϕ:M → V and two mappings β: B ×L2 → V ,
α: A × L1 → V , such that:

ϕ(〈g, f〉) = sup{β(b, g(b)) | b ∈ B}
= inf{α(a, f(a)) | a ∈ A}

for all concept 〈g, f〉 ∈ M.

The following result shows continuity-related properties of
α and β in their second argument.

Proposition 4 The mappings β: B × L2 → V and α: A ×
L1 → V satisfy that:

1. For all indexed set Y = {yi}i∈I ⊆ L2 and b ∈ B:

β(b, sup{yi | i ∈ I}) = sup{β(b, yi) | i ∈ I}

2. For all indexed set X = {xi}i∈I ⊆ L1 and a ∈ A:

α(a, sup{xi | i ∈ I}) = inf{α(a, xi) | i ∈ I}

Proof : 1. Consider b ∈ B and Y = {yi}i∈I ⊆ L2, as α[A ×
L1] is infimum-dense and β(b, sup Y ) ∈ V , there exists an
indexing set Λ such that β(b, sup Y ) = inf{α(aj , xj) | j ∈
Λ}; as a result β(b, sup Y )  α(aj , xj) for every j ∈ Λ.
From proposition 2(1), we obtain that β(b, yi)  α(aj , xj),
for every i ∈ I and j ∈ Λ, and hence sup{β(b, yi) | i ∈ I} 
α(aj , xj) for every j ∈ Λ, then

sup{β(b, yi) | i ∈ I}  inf{α(aj , xj) | j ∈ Λ}
= β(b, supY )

For the other inequality, let us consider sup{β(b, yi) | i ∈ I}
and, as α[A × L1] is infimum-dense, there exists an indexing
set Λ′ such that sup{β(b, yi) | i ∈ I} = inf{α(aj , xj) |
j ∈ Λ′}. Now, for all i ∈ I and j ∈ Λ′ we obtain
that β(b, yi)  α(aj , xj), therefore, from Definition 7(2),
xj &b yi ≤ R(aj , b). Now, as (&b,↙b,↖b) is an adjoint
triple, we have the following chain of equivalent statements:

xj &b yi ≤ R(aj , b) for all i ∈ I

yi 	2 R(aj , b) ↖b xj for all i ∈ I

sup Y 	2 R(aj , b) ↖b xj

xj &b sup Y ≤ R(aj , b)

so, β(b, sup Y )  α(aj , xj) for every j ∈ Λ′, and thus

β(b, sup Y )  inf{α(aj , xj) | j ∈ Λ′}
= sup{β(b, yi) | i ∈ I}

2. This proof is analogous using that β[B×L2] is supremum-
dense. �

We continue below by proving some boundary conditions
fulfilled by α and β.

Proposition 5 The two mappings α: A×L1 → V and β: B×
L2 → V are such that α(a,⊥1) = �V and β(b,⊥2) = ⊥V

for all b ∈ B and a ∈ A.

Proof : Given a ∈ A, let us prove that α(a,⊥1) = �V . Firstly,
recall that lemma 1 implies that ⊥1 &b y ≤ R(a, b) for all
b ∈ B and y ∈ L2; now, from Definition 7(2) we obtain
that β(b, y)  α(a,⊥1) for all b ∈ B and y ∈ L2, that is,
α(a,⊥1) is an upper bound of the set of elements β(b, y) for
all b ∈ B and y ∈ L2. Now, as β is supremum-dense, there
is an indexing set Λ such that �V = sup{β(bi, yi) | i ∈
Λ}, therefore, we have that: �V  α(a,⊥1). Hence, �V =
α(a,⊥1).

The other equality follows similarly. �

From the propositions above, we obtain the following corol-
lary which states the behaviour of α and β regarding suprema
of any set (either empty or non-empty).

Corollary 1 The mappings β: B ×L2 → V , α: A×L1 → V
satisfy that:

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1093



1. β(b, supY ) = sup{β(b, y) | y ∈ Y }, for all Y ⊆ L2

and b ∈ B.

2. α(a, sup X) = inf{α(a, x) | x ∈ X}, for all X ⊆ L1

and a ∈ A.

As a consequence of the property above we have the fol-
lowing result, which gives us a more efficient form to write
Property (2) in Definition 7 to check if a lattice is isomorphic
to a concept lattice, that is, in order to apply Theorem 2.

Proposition 6 Given a ∈ A, b ∈ B, the applications
βb: L2 → V , αa: L1 → V have residuated mappings, that
is, there exist β′

b: L2 → V , α′
a: L1 → V such that:

βb(y)  v if and only if y 	2 β′
b(v)

v  αa(x) if and only if x 	1 α′
a(v)

for all x ∈ L1, y ∈ L2 and v ∈ V .

Proof : If we define β′
b(v) = sup{y ∈ L2 | βb(y)  v} and,

similarly, α′
a(v) = sup{x ∈ L1 | v  αa(x)}, we obtain the

result straightforward from Corollary 1. �

The following proposition states a necessary and sufficient
condition for the mappings α and β to fulfill the second con-
dition in the definition of representable lattice.

Proposition 7 The mappings α and β satisfy Property (2) in
Definition 7 if and only if, for all a ∈ A, b ∈ B, x ∈ L1,
y ∈ L2, any of the following equalities holds:

β′
b(αa(x)) = R(a, b) ↖ x

αa(β′
b(y)) = R(a, b) ↙ y

Proof : Firstly, we assume that the mappings α and β satisfy
Property (2) in Definition 7. The first equality is given from
the following chain of equivalences, given a ∈ A, b ∈ B,
x ∈ L1, y ∈ L2:

y 	2 β′
b(αa(x)) ⇐⇒ β(b, y)  α(a, x)

⇐⇒ x&b y ≤ R(a, b)
⇐⇒ y 	2 R(a, b) ↖ x

if we substitute y by R(a, b) ↖ x in the first sentence and
y by β′

b(αa(x)) in the last one. The second equality follows
similarly.

Now, we assume that β′
b(αa(x)) = R(a, b) ↖ x, hence

β(b, y)  α(a, x) ⇐⇒ y 	2 β′
b(αa(x))

(∗)⇐⇒ y 	2 R(a, b) ↖ x

⇐⇒ x &b y ≤ R(a, b)

where (∗) is given from the hypothesis. �

As a result of the previous proposition, we obtain a straight-
forward mechanism to obtain the mappings α and β in order
to check whether a lattice is isomorphic to a concept lattice.

Finally, the following property shows that any subset of A×
L1 or of B × L2 is related to a concept via α and ϕ, or β and
ϕ, respectively.

Proposition 8 Consider a multi-adjoint concept lattice
(M,	) represented by a complete lattice (V,) and the map-
pings α: A × L1 → V , β: B × L2 → V , then for each
K ⊆ A × L1, there exists a unique concept 〈g, f〉 ∈ M such
that

inf{α(a, x) | (a, x) ∈ K} = ϕ(〈g, f〉)

Analogously, for each K ′ ⊆ B × L2, there exists a unique
concept 〈g, f〉 ∈ M such that

sup{β(b, y) | (b, y) ∈ K ′} = ϕ(〈g, f〉)

Proof : Given K ⊆ A × L1, let us consider the sets Ka =
{x | (a, x) ∈ K}, and the function h: A → L1 defined as
h(a) = sup Ka.

By Corollary 1, we have that, for all a′ ∈ A, the following
equality holds

α(a′, h(a′)) = inf{α(a′, x) | x ∈ Ka}

Therefore:

inf{α(a′, h(a′)) | a′ ∈ A} =
= inf{inf{α(a′, x) | x ∈ Ka′} | a′ ∈ A}
= inf{α(a′, x) | (a′, x) ∈ K}

Finally, we obtain the following chain of equalities:

inf{α(a, x) | (a, x) ∈ K} = inf{α(a′, h(a′)) | a′ ∈ A}
(1)
= sup{β(b′, h↓(b′)) | b′ ∈ B}
(2)
= ϕ(〈h↓, h↓↑)

where (1) follows by Proposition 2, (2) by Proposition 3. This
means that the concept whose existence is postulated in the
statement is 〈h↓, h↓↑〉.

Now, the uniqueness follows from the isomorphism ϕ:
If there would exist another concept 〈g, f〉 such that
sup{β(b, g(b)) | b ∈ B} = inf{α(a, x) | (a, x) ∈ K}, we
would have:

ϕ(〈h↓, h↓↑〉) = sup{β(b, h↓(b)) | b ∈ B}
= inf{α(a, x) | (a, x) ∈ K}
= sup{β(b, g(b)) | b ∈ B}
= ϕ(〈g, f〉)

Thus, 〈h↓, h↓↑〉 = 〈g, f〉.
The second statement follows similarly. �

4 Conclusions

The representation theorem is one of the most important re-
sults in the theory of formal concept analysis, since it provides
conditions in order to determine whether a given lattice is iso-
morphic to some concept lattice. In this paper, an analytic
expression for the mappings α and β involved in the represen-
tation theorem of t-concept lattices is provided, together with
some interesting properties.
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L-fuzzy concept lattice. Mathware & Soft Computing,
3:209–218, 1994.

[7] B. Davey and H. Priestley. Introduction to Lattices and
Order. Cambridge University Press, second edition,
2002.

[8] P. du Boucher-Ryana and D. Bridge. Collaborative rec-
ommending using formal concept analysis. Knowledge-
Based Systems, 19(5):309–315, 2006.

[9] S.-Q. Fan, W.-X. Zhang, and W. Xu. Fuzzy inference
based on fuzzy concept lattice. Fuzzy Sets and Systems,
157(24):3177–3187, 2006.

[10] A. Formica. Ontology-based concept similarity
in formal concept analysis. Information Sciences,
176(18):2624–2641, 2006.

[11] A. Formica. Concept similarity in formal concept analy-
sis: An information content approach. Knowledge-Based
Systems, 21(1):80–87, 2008.

[12] B. Ganter and R. Wille. Formal Concept Analysis: Math-
ematical Foundation. Springer Verlag, 1999.

[13] G. Georgescu and A. Popescu. Concept lattices and sim-
ilarity in non-commutative fuzzy logic. Fundamenta In-
formaticae, 53(1):23–54, 2002.

[14] G. Jiang, K. Ogasawara, A. Endoh, and T. Sakurai.
Context-based ontology building support in clinical do-
mains using formal concept analysis. International Jour-
nal of Medical Informatics, 71(1):71–81, 2003.

[15] P. Julian, G. Moreno, and J. Penabad. On fuzzy unfold-
ing: A multi-adjoint approach. Fuzzy Sets and Systems,
154(1):16–33, 2005.

[16] S. Krajci. The basic theorem on generalized concept lat-
tice. In V. Snásel and R. Belohlávek, editors, Interna-
tional Workshop on Concept Lattices and their Applica-
tions, CLA 2004, pages 25–33, 2004.

[17] S. Krajci. A generalized concept lattice. Logic Journal
of IGPL, 13(5):543–550, 2005.

[18] S. O. Kuznetsov. Complexity of learning in concept lat-
tices from positive and negative examples. Discrete Ap-
plied Mathematics, 142:111–125, 2004.

[19] Y. Lei and M. Luo. Rough concept lattices and domains.
Annals of Pure and Applied Logic, 2009. Article in press
(http://dx.doi.org/10.1016/j.apal.2008.09.028).

[20] M. Liu, M. Shao, W. Zhang, and C. Wu. Reduction
method for concept lattices based on rough set theory
and its application. Computers & Mathematics with Ap-
plications, 53(9):1390–1410, 2007.

[21] X. Liu, W. Wang, T. Chai, and W. Liu. Approaches to the
representations and logic operations of fuzzy concepts in
the framework of axiomatic fuzzy set theory I. Informa-
tion Sciences, 177(4):1007–1026, 2007.

[22] X. Liu, W. Wang, T. Chai, and W. Liu. Approaches to the
representations and logic operations of fuzzy concepts in
the framework of axiomatic fuzzy set theory II. Informa-
tion Sciences, 177(4):1027–1045, 2007.

[23] J. Medina, M. Ojeda-Aciego, and J. Ruiz-Calviño. For-
mal concept analysis via multi-adjoint concept lattices.
Fuzzy Sets and Systems, 160(2):130–144, 2009.

[24] J. Medina, M. Ojeda-Aciego, and J. Ruiz-Calviño. On
multi-adjoint concept lattices: denition and represen-
tation theorem. Lect. Notes in Artificial Intelligence,
4390:197–209, 2007.

[25] J. Medina, M. Ojeda-Aciego, A. Valverde, and P. Vojtáš.
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Abstract — The volume of energy loss that Brazilian electrical 
utilities have to deal with has been ever increasing. Electricity 
distribution companies have suffered significant and increasing 
losses in the last years, due to theft, measurement errors and other 
irregularities. Therefore there is a great concern to identify the 
profile of irregular customers, in order to reduce the volume of 
such losses. This paper presents a combined approach of a neural 
networks committee and a neuro-fuzzy hierarchical system 
intended to increase the level of accuracy in the identification of 
irregularities among low voltage consumers. The data used to test 
the proposed system are from Light S.A., the distribution company 
of Rio de Janeiro. The results obtained presented a significant 
increase in the identification of irregular customers when 
compared to the current methodology employed by the company. 

Keywords— neural nets, hierarchical neuro-fuzzy systems, 
binary space partition, electricity distribution, fraud detection. 

1 Introduction
Commercial electricity loss due to irregularities (energy 
theft and measurement errors) reach about R$ 5 billion a 
year in Brazil, which is around 5% of the total amount spent 
in energy consumption. A great part of that loss occurs in 
the area operated by Light S.A.: 3.8 million customers in 28 
cities in the state of Rio de Janeiro. Electricity bills are, in 
some cases, up to 17% more expensive than they should be, 
so as to compensate for energy thefts and other fraudulent 
practices [1]. 

The company makes use of heuristics to indicate a set of 
low voltage customers who may practice some kind of 
irregularity. This set of customers, initially classified as 
suspects, is then analyzed by an expert, who selects a certain 
number to be directly inspected. The inspection is 
performed by an employee that visits each residence to 
confirm (or not) the irregularity. Based on this simple 
approach, Light S.A. has reached a low identification rate. It 
is evident that the adopted procedure is not effective and 
that a more accurate system must be developed. 

Some researches have already tackled this problem, 
confirming the difficulty of correctly identifying irregular 
consumption. In [2], Rough Sets have been used to fraud 
detection among electrical energy consumers. The results 
obtained are promising but accuracy is still low (around 
20%) due to the presence of noisy information in the 
company's database. In [3] and [4] a similar approach is 
presented, where only past consumption information is 
considered in the analysis. Due to the temporal nature of the 
data, time series analysis methods [5] are applied in order to 

get new invariant characteristics. However, other relevant 
variables, such as information about the measurement 
device and the average temperature are not considered.  

This paper describes a new intelligent methodology, 
based on neural networks and fuzzy systems, that takes into 
consideration historical consumption as well as other 
important variables. The main objective is to increase the 
accuracy level when identifying irregular low voltage 
consumers, selected from a group of suspicious clients.  

The proposed methodology is composed of two basic 
modules: Filtering and Classification, the former comprising 
an ensemble of five artificial neural networks, while the 
latter consists of a Neuro-fuzzy Hierarchical System [6]. In 
the Filtering module, each neural network indicates whether 
customers are suspected of irregularities or not. As in any 
ensemble-based methodology, the use of a committee of 
neural networks aims at improving accuracy by producing a 
consensus decision that is potentially more accurate than 
individual neural networks [7]. The Filtering Module was 
developed to better extract actual normal and irregular 
customers for training the Classification Module. This 
module is introduced in the expectation of improving even 
further the detection of irregularities. It should be noted that 
the database contains untrustworthy data, due to incorrect 
information filled in by some visiting employees. 

The paper is organized in four additional sections: 
Section 2 describes the current methodology used by Light 
S.A. for detecting irregularities, Section 3 describes the 
proposed methodology, Section 4 presents the case studies 
considered, and, finally, Section 5 concludes the work. 

2 Current Methodology for Fraud Detection 
Currently, Light S.A. makes use of diverse methodologies 
for selecting low voltage customers that present irregularity 
indications. The Quarterly Indicator methodology consists 
of comparing the past three months' consumption. The 
Annual Indicator consists of evaluating clients' consumption 
during the last 24 months. The Adjustment Factor 
methodology compares last month consumption to that in 
the corresponding month of the preceding year. Finally, the 
Tendency Factor methodology consists of comparing 
clients' previous month's consumption with that expected in 
the present month. In all cases, if the reduction in 
consumption is higher than expected, the client is 
considered a suspect. 

All customers identified by those methodologies form 
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the set of suspects, which is analyzed by an expert; some are 
then recommended for direct inspection. Through this 
methodology, Light has attained an average Positive 
Predictive Value (PPV) of 25%, which is the proportion of 
proven irregular customers among all those who have been 
classified as suspects of some irregularity and have been 
inspected. Table 1 shows a typical confusion matrix [8] for 
a two-class problem (normal and irregular consumers). 

 
Table 1: Suspected x Inspected Customers 

System Output Inspection Result 
 Irregular Normal 

Irregular A B 

Normal C D 
 

The PPV is computed by:  

BA
APPV ��  

3 Proposed Methodology 
The methodology proposed in this work consists of three 
basic modules: Pre-Processing and Normalization, Filtering 
and Classification.  

The whole methodology is shown in Fig. 1. Fig. 1a 

shows the system's configuration used during the learning 
phase, which contains all three modules; Fig. 1b, on the 
other hand, presents a simpler configuration, used for the 
recall phase, which does not include the Filtering Module.  

The first module, present in both training and recall 
phases and called Pre-processing and Normalization, is 
where all attributes are selected, normalized and coded.  
It should be pointed out, however, that the available 
inspection database is, unfortunately, very noisy, containing 
unreliable information due to (intentional or not) incorrect 
indication of an irregular consumer as a normal one during 
inspection. Therefore, to create a more reliable database for 
training the Classification Module, a Filtering Module was 
conceived.  

The Filtering Module makes use of a committee of five 
neural networks, which select irregular and normal 
consumers that better characterize the two different classes. 
The resulting filtered database is then employed for training 
the Classification Module, which eventually identifies a 
customer as normal or irregular. Therefore, future 
classifications of customers (recall phase) will employ only 
the Pre-processing and Classification modules. The Filtering 
Module is only necessary if the system needs to be 
retrained. 

 
Figure 1(a): Complete methodology of the Learning Phase – Pre-processing, Filtering and Classification 

 

Figure 1(b):  Methodology for the Recall Phase - Pre-processing and Classification modules. 
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The following sub-sections present in more detail 
each of the modules. 
3.1 Pre-Processing and Normalization Module 
The data pre-processing module is composed of the 
following phases: selection of attributes, data cleaning 
and normalization. The database contains general 
information on both commercial/industrial and residential 
consumers in the so-called East Regional of Rio de 
Janeiro. It is well known that the behaviours of 
residential and non-residential clients are very distinct. 
Therefore, the database was divided into residential and 
non-residential clients, resulting in a specific Module for 
each class of clients.  

After the evaluation of the entire available attributes, 
those which refer to customers' consumption for the last 4 
years were selected, as well as some attributes that 
characterize the installation made at the consumer unit. 
Table 2 presents the attributes selected in this phase. 
 

Table 2: Attributes selected from the database 

Attribute Description 

Local Consumer Unity Identification 
code  

Inspection date Date when the inspection was 
made 

Related Month Month used as a reference. 
Previous month to the inspection. 

Origin Main reason for the inspection 
Measurer Measuring device identifier 
MonoBiTri Indicates if the installation is 

mono, bi or triphasic 
Consumption 
irregularity code 

Last detected consumption 
irregularity 

Reading 
irregularity code 

Last confirmed  reading 
irregularity 

Month 
consumption 

Consumer unity consumption 
during the related month 

Previous year 
consumption 

Registered consumption one year 
before the related month 

Quarterly 
Indicator 

Variation in the past three 
months' consumption, one by one 

Adjustment 
Factor 

Variation from the current month 
consumption to the same month 
from the previous year 

Annual Indicator Clients' consumption during the 
last 24 months 

Tendency Factor Clients' previous month's 
consumption with the 
consumption expected in the 
present month  

Fraud indicator Indicates whether the inspector 
found an irregularity or not 

The first three attributes in the database identify, 
respectively, the installation where the inspection was 
made, the date of inspection and the month used as a 
reference for data acquisition. Those three attributes are 
presented only to identify consumer registers and are not 
used as inputs to the system. The five following attributes 
describe in detail the technical aspects of the installation 

and the customer's behavior. These are nominal 
attributes, coded as follows: 
Origin – 60 different origins, divided into 4 classes 
(encoded in 2 binary inputs): 

1. Intelligence: information extracted from the 
database 

2. System: automatically identified information by the 
system of Light S.A 

3. Report: complaints made by other customers or 
readers 

4. Grouping: inspection without fraud suspicion 
Measuring device – 90 models of measuring devices, 
grouped in 6 classes (encoded in 3 binary inputs): 

1. MMD – direct mechanical measurer  
2. OMMD – direct mechanical measurer (obsolete) 
3. MMI – indirect mechanical measurer  
4. OMMI – indirect mechanical measurer (obsolete) 
5. MED – direct electronic measurer  
6. OMED – direct electronic measurer (obsolete) 

MonoBiTri – three different classes: monophasic, 
biphasic and triphasic (encoded by 2 binary inputs). 
Reading Irregularity Code and Consumption Irregularity 
Code – coded in such a way that if one customer presents 
any kind of irregularity, his attribute will be 1; otherwise, 
it is zero. 

The next six attributes – consumption in a given 
month, previous year consumption and the indicators 
explained below – define the consumption profile of the 
customer. Since these are numerical attributes, they have 
been normalized through: 

MINMAX

MAX
NORM vv

valuevvalue
�
�

�  

where value is the attribute to be normalized, NORMvalue  

is the normalized attribute, MAXv  is the maximum 

attribute value registered in the last two years and MINv  
is the minimum attribute value registered in the last 2 
years. 

Four additional indicators have been computed from 
the monthly consumption information of each customer: 
three-months moving average, six-months moving 
average, last 12 months average and the previous year 
average (from the 24th previous month to the 12th 
previous month).   

The Fraud Indicator attribute provides the result of 
the inspection, and indicates if any irregularity was 
found. This attribute was used as output (target) in 
training. 

Finally, the following variables were also added to the 
set of attributes: minimum and maximum monthly 
temperatures, according to the customer's geographic 
area, and the amount of consumption of all customers in 
the month under analysis. 
All data have been filtered (spurious data, redundant and 
incomplete were eliminated) and normalized [9]. 
Through normalization all attributes present the same 
interval of variation, which is important for training. 
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3.2 Filtering Module 
As already mentioned, the available database is rather 
noisy, due to some unreliable information in the Fraud 
Indicator attribute. In order to extract patterns from the 
database that are more reliable examples of actual normal 
and irregular customers, the Filtering Module was 
proposed. This consists of a committee of five neural 
network, all of them Multi-Layer Perceptrons (MLP) 
[10][11], with 21 inputs, one hidden layer and one neuron 
in the output layer, with sigmoidal threshold function 
(Fig. 2). The output neuron represents two classes: 
irregular customers (measurement or technical 
irregularities) and normal customers (those who do not 
show any irregularity).  

 
Figure 2:  MLP Neural Network topology with one output 

 
As the network output is a continuous value between 

zero and one, a threshold level of 0.5 was defined so as to 
distinguish irregular (output value � 0.5) from normal 
customers (output value < 0.5). It should be mentioned 
that different threshold limits, between [0.3, 0.8] with 
steps of 0.05 were also evaluated, but the best 
performance has been achieved for 0.5. 

The complete database is divided into five disjoint 
sets in order to train each of the networks that form the 
committee. After training, the complete database is 
processed by the neural networks.  The selection of more 
reliable training patterns (filtering process) is carried out 
as follows: a pattern that is labeled as irregular in the 
dataset and is indicated by three or more votes in the 
committee evaluation as also irregular is taken as a 
positive true pattern, that is, a customer that actually 
characterizes an irregular pattern. On the other hand, 
patterns specified as normal in the database and indicated 
by at least three votes from the committee as being 
normal are called negative true patterns. These patterns 
are then considered as reliable examples of normal 
customers (see Fig. 3).  
 

 
Figure 3:  Limits for the Filtering Committee 

 

A new filtered database is then formed, containing all 
positive and negative true patterns, which will then be 
used for training the Classification Module. The 
positively false registers (those normal patterns that 
receive three or more votes as being irregular from the 
committee) and the negatively false registers (irregular 
patterns that receive at least three votes as being normal) 
are discarded as noisy patterns and are not used to train 
the Classification Module.  
3.3 Classification Module 
As mentioned above, the main difference between this 
and the filtering module is the database used for training. 
Now only the filtered database, obtained from the 
filtering module, is used to adjust the classifier 
parameters. Once training is completed, the Classification 
Module is ready for use with new input patterns. In this 
phase, the Filtering Module is no longer necessary (see 
Fig. 1b), and will only be used again if retraining 
becomes necessary. 

The structure used in this stage is a Hierarchical 
Neuro-fuzzy with Binary Space Partition (BSP) system 
[6] [12], briefly described below. 
Hierarchical Neuro-Fuzzy Systems have been devised to 
overcome limitations of traditional neuro-fuzzy systems, 
which in general have a limited capacity for creating their 
own structure and rules. Additionally, most of the models 
employ grid partition of the input space, which, due to 
the rule explosion problem, are more adequate for 
applications with a smaller number of inputs. When a 
greater number of input variables are necessary, the 
system's performance deteriorates.  

The Neuro-fuzzy Hierarchical BSP (HNFB) system 
used here makes use of basic cells. An HNFB cell is a 
neuro-fuzzy mini-system that performs fuzzy binary 
partitioning of the input space. The HNFB cell generates 
a crisp output after a defuzzification process. Fig. 4 
illustrates the cell's functionality, where x represents the 
input variable, �(x) and µ(x) are the membership 
functions low and high, respectively, which generate the 
antecedents of the two fuzzy rules, and y is the output. 
The linguistic interpretation of the mapping implemented 
by the HNFB cell is given by the following rules:   

� If x � � then y = d1 

� If x � µ then y = d2

x (input)

x

x

��

1d
2d 	  y

(output)
(consequents)  

Figure 4: Neuro-Fuzzy BSP cell 
 

Each rule corresponds to one of the two partitions 
generated by BSP. Each partition can in turn be 
subdivided into two parts by means of another HNFB 
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cell. The profiles of membership functions �(x) and µ(x) 
are complementary logistic functions.

The output y of an HNFB cell (defuzzification 
process) is given by the weighted average. Due to the fact 
that the membership function �(x) is the complement to 1 
of µ(x), the following equation applies: 

   21 *)(*)( dxdxy �� ��    or   i
i

idy 	
�

�
2

1


  

where 
i symbolizes the firing level of the rule in 
partition i and are given by 
1=�(x) and 
2=�(x). Each di 
corresponds to one of the possible consequents below: 

� A singleton: di = constant. 

� A linear combination of inputs:  0
1

wxwd k

n

k
ki �	�

�
 

where: xk is the k-th input, wk represent the weight 
associated with input xk, n is the total number of 
inputs and w0 is a constant value. 

� The output of a generic cell j: di =yj 
The HNFB model may be described as a system that 

is made up of interconnections of HNFB cells, as 
illustrated in Fig. 5, along with the respective partitioning 
of the input space. In the system presented in Fig. 5, the 
initial partitions 1 and 2 (‘BSP0’ cell) have been 
subdivided; hence, the consequents of its rules are the 
outputs of BSP1 and BSP2, respectively. In turn, these 
subsystems have, as consequents, values d11, y12, d21 and 
d22, respectively. Consequent y12 is the output of the 
‘BSP12’ cell. The output of the system in Fig. 3(b) is:  

)(

))((

222221212

1221221211211211111

dd

dddy
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Although each BSP cell divides the input space only 
into two fuzzy sets (low and high), the complete HNFB 
architecture divides the universe of each variable into as 
many partitions as necessary. The number of partitions is 
determined during the learning process. In Fig. 5, for 
instance, the upper left part of the input space (partition 
12) has been further subdivided by the horizontal variable 
x1, resulting in three fuzzy sets for the complete universe 
of discourse for this specific variable. 

The training algorithm makes use of the gradient 
descent method for learning the structure of the model 
and, consequently, linguistic rules. The parameters that 
define the the membership functions of the antecedents 
and consequents are regarded as fuzzy weights of the 
neuro-fuzzy system.  

A tuning parameter �, called decomposition rate 
prevents the structure from growing indefinitely.  

4 Experimental Results 
This section presents the results obtained for Filtering, 
the Neural Networks Committee, and Classification, 
performed by the HNFB system. 
4.1 Filtering 
After processing the selected data three databases were 
obtained. These were composed of 4159 customers with 
non technical irregularity, 3754 customers with technical 
irregularity and 14405 normal customers. 

Data were divided into Training, Validation and 
Testing databases. Training and Validation sets refer to 
the period between September 2002 and June 2006, with 
the exception of February and March 2006. The data for 
these two months, together with those for July and 
August 2006 were used to form the test set. These months 
were selected to evaluate the system’s performance in 
different seasons (summer and winter in the southern 
hemisphere). Due to the unbalanced characteristic of the 
database, with many more examples of normal customers 
than the available number of irregular patterns (technical 
and non-technical irregularities), the training and 
validation sets were equalized to avoid a biased 
behaviour of the neural networks. The datasets actually 
used in the experiments consisted of 3754 customers with 
technical irregularities, 3754 randomly selected 
customers with non-technical irregularities and 7508 
normal ones, also randomly chosen. For training, 75% of 
the balanced samples have been considered; the rest was 
left for validation. 

Five different databases were created, each to train 
one of the five neural networks that form the filtering 
committee. For each neural network, 10 training 
processes were realized and the best performing network 
from the validation set has been selected to form the 
committee. The early stopping methodology was used 
during each training process, which specifies the optimal 
number of epochs to avoid over fitting and attain best 
generalization performance. 

As the main objective of the proposed system was to 
increase the PPV of irregularity detection, two 
experiments were carried out: one considering the PPV as 
the error metric for the neural networks training, and 
another considering the general classification error as the 
metric used to select the best neural network. It was 
observed that the latter provided better results, since 
when the classification error for both classes is 
minimized, the PPV is indirectly maximized. Thus, in the 
following experimental results, the general classification 
error metric was used.   
 

     
BSP

1

BSP
2

BSP
12

BSP
0

122d

22d

121d
11d

21d

2x

2x1x

1x

1

2

12y

y (output)

   x1

Bi-partitioning

21

22

11

122121

x2

 
Figure 5: Example of an HNFB system and respective input space Partitioning 
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After all neural networks had been trained and the 
committee members had been selected, a test was carried 
out with the data of customers investigated during the 
months of February, March, July and August 2006. That 
test base has 4663 registers of inspected customers.  
Table 3 illustrates filtering results for one specific ZEI 
(Elementary Intervention Zones) of East Regional, in the 
same fashion of Table 1. 
 

Table 3: Results with the filtering committee 
 Committee 
 Irregular Normal 

Irregular 960 1164 

Normal 572 1970 
 PPVNN: 45.2% 
 Class. Error: 37.2% 
 PPVLight: 32.8% 

 
As can be observed, by using only the Filtering 

Module the PPV has already increased from 32.8% to 
45.2%.  
4.2 Classification 
The same inputs considered for filtering were initially 
considered for classification, performed by the HNFB 
system. After variable selection by the least-square 
estimator (LSE) [13], nine were effectively used as inputs 
to the system. The test database was identical to that used 
for testing in the filtering stage. 

It can be seen from the classification results shown in 
Table 4 that the VPP has improved even further, reaching 
51.2%. This attests the advantage of the proposed 
methodology. 
 

Table 4: Results for classification 
 Committee 
 Irregular Normal 

Irregular 991 943 

Normal 541 2191 
 PPVHNFB: 51.2% 
 Class. Error: 31.8% 
 PPVLight: 32.8% 

 
In addition to performing classification, the HNFB 

also produces fuzzy rules as a result. In this experiment 
45 rules have been generated, of which an example is: 
If Origin is low and minimum temperature is low then 
class is normal. 

5 Conclusions
This paper presented an intelligent system, based on a 
neural networks committee and on a Hierarchical Neuro-
fuzzy BSP system, to identify consumers' frauds in an 
electrical distribution company of Rio de Janeiro, Brazil.  

The system is formed by two modules, one for 
filtering the database and another for actual classification 
of a consumer. The use of this methodology greatly 
improved the current fraud detection rate. 

Besides increasing the performance regarding the 
correct identification of fraudulent consumers, the system 
has the additional advantage of ranking irregular 
costumers as a result of the number of votes the neural 
networks committee provides to identify a customer as 
irregular.  

The proposed methodology is being applied to other 
areas covered by the company. Additionally, a clustering 
algorithm will be applied to non-residential consumers in 
order to group them in classes with similar consumption 
behaviour.  
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Abstract — This work presents a methodology for the 
characterization of human reliability based on fuzzy sets concepts, 
which has been implemented in an innovative decision support 
system, providing managers with an intelligent computational tool for 
reducing the possibility of human errors in industrial activities. 
Considering that such activities can be described as operational, 
maintenance or inspection processes, which are composed of a set of 
procedures, the methodology is carried out in two levels: the process 
level and the procedure level. The proposed system provides a human 
reliability index, which allows the identification of problems that may 
constitute causes of human errors, as well as the indication of 
possible strategies for the control of potentially adverse impacts of 
interactions that add uncertainty and complexity to processes. 

Keywords— fuzzy sets, human reliability, industrial process 
safety.

1 Introduction
Human reliability has received much attention in areas such 
as nuclear, aviation and petrochemical industries. Although 
resources have been historically applied mostly in equipment 
reliability and process optimization, it has been realized that 
priority should be given to the study of human reliability, 
focusing on the adaptation of the equipment and the working 
environment to the capabilities, limitations and needs of the 
human being. Human error usually arises from inadequacies 
of the system design, such as task complexity and error-
likely situations. Errors are likely to occur when the task 
requirements exceed human limitations regarding 
perception, attention, remembering, etc. Some situational 
characteristics may predispose operators to errors, such as 
inadequate workspace and training procedures, as well as 
poor supervision. Errors may also reflect individual 
differences, related to human attributes such as abilities and 
attitudes. Important individual factors are susceptibility to 
stress and inexperience, for example, which may increase 
tenfold the possibility of occurrence of a human error. 

Studies in human reliability are generally divided into 
two generations [1]. First-generation methods are 
characterized by comparing human performance to that of a 
machine, associating probabilities of success or of a fault to 
the operators’ actions. Second-generation methods extend 
the analysis of human reliability to cognitive systems, by 
considering decision levels, diagnosis processes, dexterity, 
knowledge and organizational factors. These are probability-
based methods, which makes it difficult to establish a 
precise model for human fault prediction, since a large 
quantity of data is needed for mapping all the uncertainties 
inherent to human behavior.  

Probabilistic analysis is used for analyzing system 
reliability objectively and assumes that an equipment or 
human failure occurs at random. A failure of a single 
component may occur at random; a human error, however, 
does not necessarily occur in that way, since a human factor 
is composed of a large number of attributes (or performance 
shaping factors) and its functional structure is very complex. 
By using the probabilistic approach, where the equipment 
and procedure are qualified, it is assumed that the operator 
correctly implements all the procedure's provisions and thus 
isolates the human factor elements. 

Other works [2] have contributed to human reliability 
research employing Fuzzy Set Theory and the concept of 
possibility of failure instead of probability of failure. Lian 
and Wang [3] used fuzzy relations to estimate the fuzzy
probability. Nowakowski [4][5] observed that, when 
applying the fuzzy  approach, probabilistic interpretations of 
human reliability are abandoned; instead, human reliability 
is defined in terms of possibility measures. Wang [6] used 
the concept of fuzziness to evaluate human performance in 
an inspection task. Onisawa [7] analyzed human reliability 
in the events that preceded the nuclear accident in Chernobyl 
and showed the importance of considering the possibility 
approach in human reliability analysis. More recently, 
Onisawa [8] created a model that integrates the subjectivity 
in specialists’ opinions to reliability analysis. 

This work presents a fuzzy-based decision support 
system for the analysis of human reliability in operation, 
maintenance and inspection activities in industrial and 
production processes, where the human error may have a 
great impact on safety and on the environment. As 
operational, maintenance and inspection processes consist of 
a set of procedures, the human reliability characterization 
method is carried out at both process and procedure levels.  
This paper comprises four additional sections. Section 2 
presents the methodology, describing in detail the human 
reliability characterization at both process and procedure 
levels. Section 3 presents a decision support system 
developed to provide managers with computational tools for 
the application of the human reliability characterization 
method, helping them to choose the most adequate strategic 
actions to be taken. Section 4 discusses a case study in the 
oil industry and Section 5 concludes the work. 

2 Proposed Methodology
This work deals with a two-level analysis of human 
reliability in industrial activities. On a first level, each of the 
operation, maintenance and inspection processes are 
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analyzed as a whole; then, on a second level, human 
reliability is considered for every procedure that composes 
each of the processes.

The following sub-sections describe in details the two-
level analysis contemplated by the proposed methodology. 
2.1 Process Level Characterization 
This module is an improved version of the process level 
characterization first introduced in [9].  

The characterization of human reliability in a process has 
the objective of establishing the degree of attendance of 
Performance Shaping Factors (PSFs), which can be of 
human, technical or environmental types. Such 
characterization may be carried out in any category: 
operation, maintenance or inspection.  

The method for determining the degree of attendance of 
a set of attributes (see Fig. 1) begins with the selection of 
PSFs that affect the human being. After that, experts specify, 
through a questionnaire, the influence of each of these 
factors on human reliability. By aggregating the experts' 
opinions about the PSFs' influences, weighed by the degree 
of importance of each expert, a standard degree of influence 
is established for each PSF. By considering the degrees for 
all PSFs, a Quality Standard is obtained. In a second stage, 
workers' opinions on the attendance of each of the PSFs are 
collected, also through a questionnaire, producing the degree 
of attendance of each PSF [9].

For human PSFs that are related to cognitive 
characteristics, namely intelligence, communication ability, 
sociability, attention, stress and anticipation, the attendance 
degree is determined by psychometric tests applied to each 
operator. It is considered that, for such type of factors, the 
operators opinion would correspond to a self judgment, 
which could result in biased information about the 
attendance degree. Psychometric tests are likely to provide 
more reliable results, since they are constructed to determine 
individual psychosomatic characteristics in an unbiased 
manner. The enhanced process level characterization method 
is depicted in the diagram of Fig. 1, which highlights the 
Psychometrics tests module, one of the significant 
contributions of this work. 
2.2 Procedure Level Characterization 
The human reliability characterization at procedure level 
focuses on two main objectives: establish a failure 
possibility index for each procedure in an operation, 
maintenance or inspection process, and for each of the 
human actions that are performed to accomplish it; and 
secondly, establish the degree of attendance for each worker 
with respect to the cognitive demands of each action within 
the procedure. 

The characterization method requires that experts specify 
the failure expectation for each action, the degree of 
dependency of each action on the preceding one, the 
influence that a failure in one action may have on 
subsequent ones and the cognitive demands of each action. 
All this information is acquired through the application of 
questionnaires, where experts give linguistic answers such 
as low, medium, or high. The experts' opinions are 
aggregated and weighed by the degree of importance of each 
expert so as to produce, for each action, a failure possibility 

index and standard demand degrees with respect to the 
cognitive factors considered. The overall failure index for 
the procedure can be obtained by combining the actions 
indexes. By submitting the workers to psychometric tests, 
the degree of attendance of each cognitive factor for all 
operators can be determined. The method is depicted in the 
diagram of Fig. 2. 

Figure 1: Characterization of Human Reliability in a 
Process, with K PSFs, C cognitive factors, M experts and N 

operators.

Figure 2: Characterization of Human Reliability in a 
Procedure, with A actions, K cognitive factors, M experts 

and N operators. 

The procedure level characterization methodology 
consists of the following stages. 
Establishment of a committee of decision-makers 
This is one of the most important steps in the methodology, 
since the quality of information will depend on the experts' 
proficiency.   
Establishment of the relative importance of each expert 
This step is accomplished through an Expert Profile 
Identification Questionnaire (EPIQ), which consists of a set 
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of questions for the evaluation of each expert's relative 
importance and thus assigning him a weight [10]. This 
weight will establish the influence of the expert's opinions 
on the final standard degrees and failure possibility indexes. 
Choice of linguistic values for the evaluation of actions  
This stage consists of choosing linguistic terms, or values, 
for the evaluation (by experts) of the expectation of failure 
of an action, its degree of dependency on the preceding one, 
its influence on subsequent ones and its cognitive demands. 
For instance, the terms used for the evaluation of the 
expectation of failure usually are: very high, high, medium, 
low, and very low. All terms are associated to triangular 
fuzzy sets, defined by three parameters. 
Acquirement of experts’ opinions 
This step consists of obtaining from the selected experts, 
through questionnaires, their opinions on the expectation of 
failure of each action, its degree of dependency on the 
preceding action, its influence on succeeding ones and its 
cognitive demands.  
Application of psychometric tests to operators 
Psychometric tests are applied to operators in order to obtain 
the degree of attendance of cognitive demands for each 
worker.
Fuzzy treatment of the data provided by experts and of 
psychometric tests results 
Here, the individual prognoses from each expert for failure 
expectation, dependency, influence on future actions and 
cognitive demands are aggregated, generating a consensus 
for each evaluated attribute. The Hsu and Chen's model [11] 
is used to pool the expert’s opinions: the similarity 
aggregation method (SAM) is used for combining the 
opinions of each expert. The opinion of an expert i is 
expressed by a fuzzy set denoted by Ãi. The agreement 
degree (or similarity measure) S (Ãi, Ãj) between two experts 
i and j can be determined by the proportion of the consistent 
area to the total area: 
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dxxx
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Once all agreement degrees between experts are 
measured, an agreement matrix (AM) can be built, giving an 
insight into the agreement between the experts. 
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The average agreement degree AADi of expert Ei (i = 1 to 
n) is given by:  
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The relative agreement degree RADi of expert Ei (i = 1 to 
n) is given by:  
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Finally, by weighing the relative agreement degree of 
each expert k by the degree of importance (obtained 
through a questionnaire), the consensus 
coefficient for that expert can be calculated by equation (5). 
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The aggregated opinions are given by: 



�

�
n

i
ii ÃCCÑ

1
    (6)

In order to obtain a single value for each of the evaluated 
attributes – representing the failure expectation index, the 
dependency and adverse influence degrees, and the 
cognitive demands for each action, the max defuzzification 
method is applied [12].  

For the case of cognitive demand, after normalization, 
and considering all cognitive demands for all actions, a 
Cognitive Demand Standard is built. 
The overall failure possibility index for an action i (Pi) is 
obtained from its failure expectation index (Fi), its 
dependency degree on the previous action (Di,(i-1)) and the 
adverse influence degree caused by failure of preceding 
actions (Tj,i; where j< i ):
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ijiiii TDFP (7)

The overall failure possibility for a procedure is obtained 
from the actions indexes:  

))1(1( � ���
i

iprocedure PP (8)

Finally, a degree of attendance of the operators to the 
Cognitive Demand Standard of each action is obtained. For 
that matter, the degree of attendance (OPk) to each cognitive 
demand is multiplied by its demand standard (DSk) and a 
weighted average R is then calculated: 
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3 Decision Support System 
The decision support system for human reliability analysis 
was developed as an Intranet application, maintaining all 
information in a centralized database and being accessible to 
all professionals involved in a characterization project: 
managers, experts, operators and psychologists.  

The system is totally configurable to any company or 
business area and can de used for characterization and 
analysis at process and procedure levels, allowing for: 

� human reliability characterization trials or projects, as 
they are called in the system, for different units of the 
company and different periods of time; 

� the complete configuration of the PSFs to be 
considered, as well as the corresponding 
questionnaires to be applied to experts and workers, so 
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that questions can be set up in accordance with the 
personnel's profile and company's characteristics;    

� the complete configuration of the sequence of actions 
that make up the procedures to be analyzed; 

� the on-line answering of EPIQ, PSF and procedure 
evaluation questionnaires by experts; 

� the on-line answering of PSF questionnaires by 
operators;

� the on-line input of the psychometric test results for all 
workers by an authorized psychologist; 

� the association of reference files to each project, such 
as manuals or norms that must be followed on the 
given human reliability characterization trial. 

The system provides two sets of reports that give 
managers effective support on strategic decisions regarding 
the improvement of human reliability, and, consequently, the 
minimization of process failure.  
The first set of reports, called Process Reports, comprises 
results from the process level characterization, including: 

� Degree of importance of PSFs:
The opinions of all experts with respect to the degree 
of importance of all PSFs are presented in a 
comparative chart.  

� Average degree of attendance of PSFs:
The average degrees of attendance of all PSFs, as seen 
by each operator, are presented in a comparative chart. 
A degree close to 1 indicates that, in the environment 
being evaluated, the operator considers that, in average, 
the quality standard is being met. On the other hand, a 
degree closer to 0 indicates that the operator evaluates 
that, in average, the quality standard is not being 
attended to. In this case, the possibility of failure for 
this worker is high. 

� Distance to quality standard for all PSFs, as seen by a 
given operator:
The quality standard for PSFs, established by the 
experts, represents the PSF demand, while the 
attendance degrees specified by a worker represent the 
PSF offer. This report shows graphically and in tabular 
form the distances between offer and demand. The 
greater the distance between the attendance degree and 
the quality standard, the more efforts and investments 
should the company dedicate to the given PSF to 
increase its attendance level. Factors with distances 
larger than 0.5 should merit special attention (Fig. 3).  

� Inclusion coefficients for all PSFs, as seen by a given 
operator:
This report shows the inclusion degree of the fuzzy set 
quality standard in the fuzzy set attendance, given by 
each operator. An inclusion coefficient close to 1 
indicates that, in the environment being evaluated, the 
particular operator assimilation is greater than the 
quality standard. 

The second set of reports, called Procedure Reports,
present results from the procedure level characterization, 
including:

� Failure expectation for actions:
The experts' aggregated expectations with regard to the 
failure of each action are presented. Failure 
expectations are presented together with the 
corresponding aggregated certainty degrees, which 

indicate the overall degree of sureness of the experts 
with respect to their opinions. 

Figure 3: Distance to quality standard for all PSFs, as seen 
by a given operator. 

� Dependency degree of actions: 
The experts' aggregated opinions on the dependency of 
each action on the previous one are presented. A 
degree close to 1 indicates that a failure on the previous 
action will most probably cause a failure on the current 
action. Actions with degrees higher than 0.6 deserve 
special attention. The dependency degrees are also 
presented together with the related aggregated certainty 
degrees.

� Influence of actions:
In a matrix form, this report presents the experts' 
aggregated opinions about the possibility of a failure in 
each action having an influence on succeeding actions 
(Fig. 4). Degrees higher than 0.6 should be analyzed. 

Figure 4: Influence of actions on subsequent ones 

� Cognitive demands of actions:
This report presents the degree with which a cognitive 
aspect is demanded for a worker to correctly execute an 
action (in the consensual opinion of all experts). The 
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degree of attendance of each cognitive factor for each 
operator is also shown. It indicates on which cognitive 
aspects the worker should receive training. Cognitive 
demands higher than 0.6 deserve special attention.

� Procedure overall failure possibility:
The overall failure possibility indexes for the procedure 
and its actions are shown. 

4 Case Study
An oil refinery was chosen as the unit for the case study, 
namely REDUC (Refinery of Duque de Caxias). This is 
located at Campos Elísios district, Rio de Janeiro, Brazil, 
and produces petrol, lubricants and other oil derivatives. The 
object of this case study is Procedure 1 (part of the Refinery 
Operation Process [9]), composed of the actions listed in 
Fig. 5.

The influence on each action by each cognitive factor 
was evaluated by 17 experts, who answered the 
questionnaire. The cognitive factors studied were: 
Anticipation, Attention, Calculation, Emotional State, Group 
Identification, Intelligence, Memory, Perception, Personality 
and Stress. 

Taking as a basis the API 770 norm, two PSFs 
questionnaires, one for operators and another for experts, 
were configured for the considered unit. Both questionnaires 
correlate one question to each PSF. By using this specific 
questionnaire, an expert can evaluate which are the most 
critical PSFs. The system generates the PSFs quality 
standard by putting together the answers of all experts and 
weighing them based on EPIQ. By answering his 
questionnaire, an operator evaluates each PSF attendance. 
To evaluate the attendance of PSFs associated to cognitive 
factors, a questionnaire is used by a specialized 
psychologist, who analyses, based on standard psychology 
tests, how each interviewed operator is responding to each 
cognitive factor. 

In total, 51 workers of the Operation Process answered 
the PSFs questionnaire, giving opinions about their working 
conditions. The 17 available experts answered the 
questionnaire in order to determine which PSFs had higher 
need to be attended. They also answered the EPIQ and the 
questionnaires about actions of Procedure 1, that is, 
expectation of failure, degree of dependency, influence on 
subsequent actions and cognitive demands. After all 
operators and experts of REDUC answered their respective 
questionnaires, the final reports could be consulted in the 
system by project administrators and managers. 

The reports obtained in this case study are described 
below.
Report of Failure Expectation of Actions 
From the report presented in Fig. 6, it is possible to conclude 
that the actions which had the higher failure expectation 
were: Return of Line to The Operation, Release of Line to 
The Maintenance, Return of Tank to The Operation, 
Aliments Change, and Area Survey. 
Action Dependency Ratio Report 
This report, depicted in Fig. 6, demonstrates that the actions 
which had higher dependency ratio on the preceding action 
were: Return of Pot Flare (18), Return of Line to The 
Operation (16), and Product Shipments to CIAS, BR/GEI, 
PETROFLEX (8).

Action Influence Report (see Fig. 4) 
Based on this report, it is possible to conclude that actions 
Demands (1) and Aliments Change (7) have more influence 
on subsequent actions than any other. Additionally, Product 
Shipments to CIAS, BR/GEI, PETROFLEX (8) and Loading 
of Trucks (12) are most affected than other actions. 

Figure 5: Failure Expectation of Actions for Procedure 1. 

Figure 6: Dependency ratio between each action and the 
preceding one 

Cognitive Demand Attendance Degree of Actions 
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This report, shown in Fig. 7, is used for comparison between 
the cognitive demand of actions of Procedure 1 and the 
attendance of each worker. Therefore, a manager can infer 
whether an operator is capable of executing the actions 
he/she is assigned to. For instance, it can be seen in Fig. 7 
that the given operator does not attend the Anticipation 
requirement of actions 9, 13 and 16.
Global Index of Failure Possibility of Actions 
This report, shown in Fig. 8, indicates the possibility of 
failure of each action, considering every influence it 
experiences (such as influences and dependencies from other 
actions, failure expectation). The system allows the manager 
to choose the cut level of the influence to be considered. A 
higher cut level means that the preceding actions which have 
low influence will not be considered. As a result, in this case 
study, a 0.6 cut level returns the mid and final actions as the 
ones with the highest failure possibilities. In opposition, a 
0.9 cut level returns a more disperse failure profile, since it 
only considers the preceding actions that have large 
influence on the action itself. 

Figure 7: Cognitive Demand Attendance 

5 Conclusions
An innovative system for the evaluation of human reliability 
in industry has been presented. The approach taken makes 
use of fuzzy sets, so that experts and operators' opinions can 
be translated into mathematical terms. As a consequence, a 
Quality Standard (QS) can be established and the attendance 
to performance shaping factors can be evaluated. 
This system can be used at both process and procedure 
(consisting of series of actions) levels and produces several 
reports that help managers to make decisions aimed at 
reducing the possibility of human errors. A case study 
considered a unit of a Petrobras (Brazilian Oil Company) 
refinery, where the system has been actually applied to. 
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Figure 8: Global Index of Failure Possibility of Actions. 
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Abstract—A new method of time series segmentation is developed 
using differential evolution.  Traditional methods of time series 
segmentation focus on single variable segmentation and as such often 
determine sections of the time series with constant slope (i.e. linear).  
The problem of segmenting multivariate time series is significantly 
more involved since several time series have to be jointly segmented.  
Thus the concept of boundary becomes ill-defined since each time 
series may not be exactly synchronized and change identically in 
time.  The problem is rectified by minimizing the mean of the 
variance of the slopes determined in each segment.  Performance of 
the method is measured in terms of the classification rate and the 
accuracy of determination of boundaries.  Experimental evidence 
shows the effectiveness of the method when applied to synthetic and 
real-world data compared with multivariate time series clustering 
approaches. 

Keywords—Multivariate segmentation, differential evolution, 
time series, fuzzy clustering.   

1 Introduction 
Many data come in the form of time series that need to be 
partitioned into contiguous blocks in time.  Tools of 
Computational Intelligence have been applied to solve the 
time series partitioning problem are commonly referred to as 
time series segmentation including fuzzy clustering, 
hierarchical clustering, and genetic algorithms.  Time series 
segmentation of a single variable has been studied 
extensively in the literature, c.f. [1,2,3,4,5]. However, there 
is a lack of research in the area of multivariate time series 
segmentation or the joint segmentation of several time 
series. 

Only a few multivariate segmentation algorithms found in 
the literature cluster the time series by taking into account 
temporal information, e.g., [5,6,7,8].  Unfortunately 
clustering a time series to perform segmentation poses a few 
problems.  An important issue with segmentation of a time 
series which has to be addressed is that segments must be 
contiguous in time.  Several approaches have been 
considered to solve this problem.  One method uses 
constrained clustering to find contiguous segments in time, 
i.e. constrained hierarchical clustering.  Another approach 
uses time information as an auxiliary component exploited 
directly in the clustering process.  A significant problem is to 
effectively use this auxiliary information in the clustering 
procedure leading to boundary identification.  However, 
augmenting clustering with time information is not an 
appropriate vehicle for segmenting a time series since 
identification of boundaries requires use of time information 
as auxiliary information in clustering.  A common problem 
produced by augmented clustering algorithms that account 
for time information is that the resulting partition does not 

necessarily consist of contiguous segments.  Currently, the 
literature lacks an effective method of using the auxiliary 
information in clustering. 

The focus of this research is in multivariate time series 
segmentation by a more direct segmentation method that 
avoids the problems produced by using clustering as a 
vehicle for segmentation by employing differential 
evolutionary optimization of an objective function.  As well, 
evolutionary methods such as differential evolution are well 
suited for structural optimization.  The reason for using 
differential evolution (DE) to segmentation a time series is 
that the segmented boundaries to be optimized cannot be 
explicitly expressed in the underlying objective function.  
This makes gradient-based optimization methods not 
feasible in this problem.  The optimization calls for methods 
of structural optimization and various techniques of 
Evolutionary Computing are of interest.  In this category of 
methods, DE has shown to be effective as far as quick 
convergence is concerned. 

We focus on detecting slope changes in the time series in 
order to determine segments.  The motivation behind 
approaching the problem of segmentation by detecting 
monotonicity is that often a time series can be represented 
quite effectively using only a handful of monotonic models 
for each segment.  An example is with a set of ECG time 
series which are often characterized by sharp spikes in the 
middle.  A potential application of segmentation that detects 
changes in slope is in signal compression, c.f. [2]. 

There are a number of other applications of multivariate 
time series segmentation.  An example is presented in [9] for 
process monitoring, diagnosis and control of a medium and 
high-density polyethylene plant.  Another application of 
multivariate time series segmentation is with music 
structural segmentation where the objective is to 
automatically determine a partition of structural elements in 
music, i.e. verse, chorus, bridge, by detecting significant 
transition points in the music. 

The material is organized in five sections.  A literature 
review is covered in Section 2.  Section 3 includes a 
description of the segmentation algorithm and presents the 
essentials of differential evolution.  Section 4 concentrates 
on the experimental evaluation of the multivariate 
segmentation algorithm.  The proposed method is evaluated 
on synthetic data sets and on several real-world time series 
data sets coming from Time Series Data Library [10].  
Section 5 presents the conclusions. 
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2 Literature Review 
Time series segmentation is a very important topic with 
temporal information processing as long time series need to 
be broken down into relevant segments.  The problem of 
segmentation has not been solved with high boundary 
detection accuracy in the literature hence most of research 
conducted in the literature focuses on the segmentation 
aspect and leaves the labelling of segments to be done later. 

Most time series segmentation approaches look at the 
problem of segmenting a time series of a single variable.  
There are three main categories of classical segmentation 
algorithms available in the literature: 

 Bottom-up 
 Top-down 
 Sliding-window 

Unfortunately high segmentation accuracy is not always 
achieved and there is no one method preferred than the 
others.  The three algorithms are described in [1].  All three 
have an error threshold where they stop segmenting once the 
error is exceeded.  The first bottom-up starts with each 
sample in its own segment much like agglomerative 
hierarchical clustering.  Likewise top-down is similar to 
divisive hierarchical clustering in that the entire time series 
is broken down into smaller segments until the error for each 
segment is less than the error threshold.  Sliding-window is a 
real-time segmentation algorithm that starts with the first 
sample and extends the segment with each new sample until 
an error threshold is exceeded. 

Determining segments via linear approximation and 
evolutionary methods is common in the literature such as 
methods using genetic algorithms to approximate an ECG 
time series trough a set of its linear segments, cf. [2].  In [2], 
the fitness function minimizes the variability between the 
maximum and minimum slopes for each consecutive sample 
within the proposed segment.  The number of segments is 
determined beforehand.  The experiments are conducted on 
ECG signals which show fairly good match on the data, i.e. 
little information appears to be lost during segmentation 
(which also leads to dimensionality reduction). 

Multivariate time series are common in practical 
problems.  Many of the approaches discussed in the 
literature are not directly applicable to them.  An inherent 
problem with multivariate time series segmentation is that it 
difficult to determine boundary points where each feature 
time series in the multivariate time series unanimously 
agree.  For example, a question arises whether a significant 
change in one feature’s value where all other features do not 
change significantly constitutes a boundary change point for 
a time series.  Also not all features may change at exactly the 
same point in time; hence, multivariate segmentation 
approaches require greater boundary point flexibility to 
account for the latent changes among the feature values.  As 
a result, some limited work has been done in the literature 
directly applicable to multivariate time series segmentation, 
c.f. [5,6,7,9]. 

The multivariate time series segmentation method 
developed in [9] approaches the problem as a constrained 
clustering problem with the constraint that a cluster (i.e. 

segment) must contain patterns at successive time points.  
The approach also constructs fuzzy sets for specifying the 
segments detected with fuzzy boundaries.  Local Principal 
Component Analysis (PCA) models are used in clustering of 
the time series into segments based on Gath-Geva clustering.  
They apply the segmentation algorithm to process 
monitoring, diagnosis and control in particular monitoring a 
medium and high-density polyethylene plant, i.e. production 
of a versatile plastic.  The data is multivariate and is 
successfully segmented via the proposed clustering 
algorithm. 

A Gath-Geva-based clustering algorithm similar to the 
approach in [7,9] is introduced for application to 
multivariate time series segmentation.  The approach 
described in [9] and [7] utilize a modified Gath-Geva 
clustering based on the probabilistic PCA (PPCA) [11] for 
each cluster.  The method in [9] and [7] constrain the 
segment (cluster) fuzzy sets (membership matrix) to 
Gaussian membership functions.  The method in [7] uses 
modified Gath-Geva clustering (a.k.a. fuzzy maximum 
likelihood clustering) to cluster a multivariate time series.  
The time information is included as an attribute in the time 
series.  The segments are projected onto principal 
components based on a localized PPCA models for the 
rationale that the correlation between variables often changes 
with multivariate time series.  The distance measure in the 
clustering is chosen to include two parts: Gaussian fuzzy sets 
determining distance in the time domain and a second term 
that measures the distance of the data from the PCA 
hyperplane model.  The number of principal components to 
keep in the PPCA model and the number of segments 
(clusters) are two important parameters that need to be 
selected via some other method.  The authors include some 
case studies in the literature for the application of the 
approach to multivariate time series segmentation although 
the experimental evidence is limited. 

Speaker segmentation is discussed in [5].  The method 
exploits the BIC (Bayesian Information Criterion) 
procedure, known also as the minimum description length 
(MDL).  The objective is to determine segments of different 
speakers.  Some improvements are found in their approach 
over traditional BIC approaches.  Multivariate segmentation 
in [6] is accomplished via constrained clustering for the 
purpose to determine the important structural components of 
a musical recording, i.e. intro, verse, chorus, solo, bridge, 
outro.  They report some improvements in the classification 
rate and boundary f-value with their method over traditional 
approaches.  A multivariate time series segmentation 
algorithm based on hierarchical Bayesian clustering was 
developed in [12] specifically designed for astronomical data 
that can be modelled as a Poisson counting process.  Some 
experiments on synthetic data and real astronomical data are 
provided however they are limited.  Authors in [8] describe 
multivariate segmentation approach for motion data using 
singular value decomposition (SVD) in the distance measure 
between multivariate motion time series.  The experimental 
results are very limited. 
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3 Multivariate Segmentation 
3.1 Problem Formulation 
The problem of multivariate segmentation involves finding 
the boundaries in a time series that denote changing 
behaviour in the time series.  For instance a time series 
might be increase steadily and then at a time  the time 
series changes behaviour and starts decreasing steadily.  
Extending this to the multivariate case, each variable which 
is a time series in itself, exhibits changes in behaviour after 
the boundary at .  With single-variable time series 
segmentation, segments are contiguous homogenous 
partition series that are specified by a set of boundaries that 
divides segments from their adjacent ones.  Multivariate 
segmentation is the problem of finding a set of boundaries 
that jointly divides each time series into a set of contiguous 
partitions of multivariate time series.  With multivariate time 
series, segmentation is more complicated since each feature 
can be considered a separate time series and hence what 
might be considered a boundary in one may not be 
considered a boundary in the other.  i.e., the transitions in 
each feature signal may start and end at different points in 
time providing conflicting clues as to where the segment 
starts and ends. 

Given a multivariate time series  for t=1…T with M 
features k=1…M, the time series can be segmented through 
slope analysis of each feature.  The idea is to find segments 
with similar slopes, i.e. finding segments that are monotonic 
with relatively constant slopes.  Assuming the number of 
segments c is known a priori, the boundaries for the 
segments are the free-parameters given by  
where  and .  An example of a multivariate 
segmentation is given in figure 1. 

 
Figure 1: Multivariate segmentation illustration 

 
3.2 Differential Evolution 
Differential evolution is simple population-based 
evolutionary optimization technique that minimizes (or 
maximizes) an objective function much like genetic 
algorithms, c.f. [13].  Differential evolution uses mutation 
and crossover operations just as genetic algorithms; 
however, the mutation operation is based on population 
vector differences.  The population of vectors are given by 
the set  where each vector  is real-
valued and has dimensionality M.  The objective function to 

be minimized is denoted by f(x).  The vectors in the 
population assume values in the unit interval and P is the 
size of the population.  The range of values for the 
population vectors is on the interval [0,1]. 

The essence of the differential evolution is expressed via 
the following pseudo code 

1. Initialize Population of size P 
2. Loop until stopping criterion met 

1. For each element xi in the population 
1. Randomly select three parameter 

vectors: xr1, xr2, xr3 (not the same) 
2. Generate a mutant vector 

vi=xr1+G[xr2-xr3] [Mutation] 
3. Generate trial vector 

ui=crossover(vi,xi) by mixing 
vectors vi and xi [Crossover]  

4. If f(ui) < f(xi) then replace xi with 
ui in population 

3. Termination 
 The difference factor G controls the intensity of mutation 
(i.e. vector differences).  The difference factor G can take on 
positive real numbers as well as zero, c.f. [4].  There is also a 
crossover operation.  Many different kinds of crossover 
operations are possible.  Here we use the one presented in 
[4].  This crossover operation combines two vectors xi and yi 
according to the pre-specified probability .  The resulting 
crossover vector produced by crossover is give by the 
expression 

 
(1) 

where rk is a uniform random sequence of numbers on the 
interval [0,1] for k=1 … M. 
 
3.3 Fitness Function 
The boundaries of the segments are determined via 
differential evolution.  Here we elaborate on the pertinent 
algorithmic details. 

A difference (describing slope) sequence is calculated for 
each variable k=1…M in the multivariate time series 

 (2) 
for t=1…T-1. 

Given a set of boundaries  where  
and , the length of each segment is given as  

 (3) 
The variance of the slopes of each variable are calculated via 
the expression 

 
(4) 

where  is the mean slope of each 
variable k=1…M for each segment i=1...c.  The mean of the 
standard deviations across the variables is calculated for 
each segment, i.e. 

 
(5) 

for i=1…c. 
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Finally multivariate segmentation is accomplished by 
minimizing the following fitness function 

 
(6) 

where  is the standard deviation defined in (4) and  is the 
segment length defined in (2).  The resulting segmentation 
favors segments with slopes that do not vary greatly; hence, 
the resulting segments are approximately linear. 
 
3.4 Population Encoding 
Each population vector is encoded in differential evolution 
as a vector of real-valued numbers denoted by 

.  The set of boundaries 
 is calculated from the vector  

where the first and last elements (  and ) can be 
discarded.  The boundaries are calculated in the form: 

1.  
2.  

3.  
The elements of vector  is sorted from least to greatest and 
its sorted version is denoted as a new vector  so that the 
boundaries are given in order.  The vector  is normalized to 
a vector of numbers on the range  called  by 
subtracting the smallest element in  given by  since the 
vector is sorted and divided by the largest element .  The 
vector  maps directly to boundaries in the time series where 
0 is the start of the time series and 1 is the end of the time 
series.  The vector  is calculated by expanding the range of 

 to the set of integer time coordinates .  The reason 
for sorting the vector is that taking vector differences (the 
mutation operation in differential evolution) can result in 
negative values.  Simply normalizing the vector by its sum 
as done in [2] would produce erroneous results since vector 
elements are not necessarily positive.  Elements of  needed 
to be mapped to the interval [0,1] where the smallest value 
of is mapped to the start of the time series. 
 

4 Experiments 
The objective function described in section 3.2 minimizes 
slope variance for each segment.  The optimization 
procedure is unsupervised, i.e. does not use pre-labelled data 
during optimization.  The following synthetic experiments 
are evaluated against an a priori segmentation provided by a 
human expert.  The classification rate and boundary f-value 
criteria are used to evaluate the synthetic experiments.  The 
classification rate is the percentage of correctly classified 
samples according to a pre-segmented time series (human 
labelled) and is indicative of the precision.  The boundary f-
value is a measure of the number of correct boundaries in the 
resulting segmentation.  The boundaries discovered by the 
algorithm are denoted by vector  and the human labelled 
boundaries are given by the vector  where  and  have 
length denoted by  and  respectively.  The boundary f-
value is determined according to the following expression 

 
(7) 

where  is the boundary precision and  is the boundary 
recall calculated as follows 

 
(8) 

 (9) 

 (10) 

where  is the number of correctly classified boundaries 
with respect to the provided human labelled boundaries and 

 is a threshold value which determines the tolerance or 
region of acceptable difference between the human labelled 
boundary and machine labelled boundary.  The following 
figure demonstrates the calculation of the f-value. 

 
Figure 2: Multivariate segmentation illustration 

The reconstruction error is the performance index for the 
real-world data sets since no human labels are present, i.e. 

 
(11) 

where  is the reconstructed time series.  The time series 
 is reconstructed by approximating each segment via a 

linear line of the form  from the first point 
in the segment to the last point in the segment for each 
variable k=1...M.  The values  and  are the slope and 
intercept, respectively, of the line for each variable k. 

Four synthetic time series were segmented using the 
described multivariate time series segmentation algorithm.  
Each variable for time series DATA1, DATA2, DATA3, and 
DATA4 are given in the figure below where DATA1 and 
DATA3 have four feature time series and DATA2 and 
DATA4 have three.  The length of each time series is 325, 
300, 775, and 700 samples respectively. These time series 
were generated by creating a collection of linear segments 
and then adding white noise. 

The experimental results on the synthetic data are shown 
in table 1.  They are compared with FCM-DFS (Fuzzy C-
Means clustering with Distinct Feature Sets) time series 
clustering described in [14] for segmentation.  The value of 
theta was chosen to be relatively small, i.e. 3, since the 
synthetic data sets are relatively simple often with an 
underlying linear component mixed with white noise.  Also, 
it was noted that generally the segmented boundaries were 
either very close to the human defined boundary (within 3 
samples) or the boundary was not properly discovered by the 
segmentation algorithm. 
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(a) DATA1 (c=3) (c)DATA3 (c=6) 

 

 

 

(b) DATA2 (c=5) (d) DATA4 (c=4) 
 Figure 3: Synthetic Data 

The following figure shows the convergence of 
differential evolution. 

 

(a) DATA1 

 

(b) DATA2 

 

(c) DATA3 

 

(d) DATA4 
Figure 4: Fitness function in successive generations of 

differential evolution 

 

Table 1: Synthetic experimental results 
 P G  Num Iter. F-value 

(  
Classification 
Rate 

DATA1 100 1 0.25 500 100% 99.7% 
DATA2 100 0.1 0.35 10000 50% 67.3% 
DATA3 100 0.1 0.3 10000 100% 99.6% 
DATA4 100 0.1 0.35 10000 66.7% 57.3% 

The differential evolution parameters were fairly robust 
meaning that changes in the crossover rate and differential 
gain did not change performance dramatically.  However, as 
the time series became more complex, i.e. DATA3, the 
differential evolution parameters had to be tuned to prevent 
the method from being trapped in local minima.  From the 
practical point of view, the essential differential evolution 
parameters are differential gain, and crossover probably.  It 
was found that increasing population size beyond 100 did 
not greatly improve the final boundaries.  Initially the 
crossover probably was set to 0.5 and differential gain was 
set to 1.  It was found through parameter adjustments that 
performance improved with slightly smaller crossover 
probability.  A differential gain of 1 was sufficient on simple 
data sets; however, more complicated data sets such as 
DATA2, DATA3, and DATA4 required a smaller value for 
differential gain (i.e. less mutation) in order to obtain better 
classification rates and boundary f-value. 

Table 2: Synthetic experimental results with FCM-DFS 
 m α F-Value 

(  
Classification 
Rate 

DATA1 2 0.5 66.7% 99.7% 
DATA2 2 0.1 25.0% 80.3% 
DATA3 2 0.4 71.4% 99.7% 
DATA4 1.3 0.5 16.1% 81.2% 

The accuracy of the boundaries discovered by FCM-DFS 
is not as high when compared with differential evolutionary 
multivariate segmentation on these synthetic data sets.  The 
classification rate is higher for FCM-DFS but since the 
boundary f-value is much higher for the proposed method, 
the segmentation with DE is much more accurate with the 
determined boundary locations.  The reason for the smaller 
classification rate with DE is that in some of the data sets, 
only one boundary is be determined correctly and its 
location is way-off the expected value.  With FCM_DFS, 
several boundaries are not determined very well (accuracy is 
very low) but the locations are a bit closer to their expected 
values when a boundary is missed.  The experiments on 
FCM-DFS were run for several different values of m {1.3, 
1.5, 1.7, 2, 2.3, 2.5, 3} and several values of α {0.05, 0.1, 
0.2, 0.4, 0.5, 0.6, 0.8, 0.9, 0.95}. 

The segmentation approach was applied to several real 
valued time series [10].  The performance of the 
segmentation is evaluated against reconstruction error (11) 
as shown in Table 3. 

The number of clusters was based on a visual estimate of 
the number of segments from the plot and then running 
several different values of c in close proximity to the 
estimated number of clusters.  The results show that the 
segmentation algorithm does fairly well on some of the data 
sets with small reconstruction errors especially on power 
station and hog data sets. 
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Table 3: Real-world time series experimental results 
 P G  Num 

Iter. 
c Reconstruction 

Error 
Lynx 
Pelts 

100 0.1 0.9 4000 13 0.1253 

Power 
Station 

100 0.5 0.3 4000 12 0.0917 

Hog 100 0.1 0.9 4000 16 0.0940 
Housing 100 0.5 0.3 4000 17 0.1386 
Housing 
Starts 

100 2 0.3 4000 23 0.2185 

 

5 Conclusions 
The results on synthetic data show that multivariate time 
series segmentation show promise as a multivariate time 
series segmentation tool.  The results are quite good on noisy 
synthetic data with boundary f-values reaching upto 100% 
and classification rates around 99%.  Parameter tuning was 
important especially as the time series become more 
complicated and required smaller differential gain values, 
smaller crossover probability values and more iterations to 
achieve best results. 

Future directions in research involve applying the 
multivariate segmentation algorithm to the problem of 
musical segmentation – a particularly difficult problem that 
automatically finds a partition in music that corresponds to 
the structural labels of a song, i.e. intro, verse, chorus, 
bridge, outro.  Replacing the linear segment models with 
more flexible autoregressive models will be developed in 
future segmentation algorithms. 
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Abstract— In this paper we study a genetic fuzzy system approach
to assess suitable bidding strategies for agents in online auction en-
vironments. Assessing efficient bidding strategies allows evaluation
of auction models and verification whether the mechanism design
achieves its goals. Day-ahead electricity auctions are particularly
explored to give an experimental instance of the approach developed
in this paper. Previous works have reported successful fuzzy bidding
strategies developed by genetic fuzzy systems and coevolutionary al-
gorithms. Here we review the coevolutionary algorithm and present
recent results of the bidding strategies behavior. We analyze how
the evolutionary strategies perform against each other in dynamic
environments. Coevolutionary approaches in which coevolutionary
agents interact through their fuzzy bidding strategies permit realis-
tic and transparent representations of the behavior of the agents in
auction-based markets. They also improve market representation and
evaluation mechanisms. Experimental results show that coevolution-
ary agents can enhance their profits at the cost of increasing system
hourly price paid by demand, an undesirable outcome from the per-
spective of the buyers.

Keywords— Genetic fuzzy systems, electricity markets, auctions,
multiagent systems, computational economics.

1 Introduction
The restructuring process of electricity markets has raised new
challenges and opportunities, because currently there is no
consensual market architecture. The progress of the power
industry has mirrored the lack of insight about the mecha-
nism design issues to be addressed. An electricity market is
inherently a complex system populated by self interested, in-
teracting economic agents. Tools rooted in the neoclassical
economic theory have shown to be of limited value to study
the behavior of economic agents in electricity markets. The
approach considered in this paper is derived from agent-based
computational economics (ACE) [15] and computational in-
telligence tools. The purpose is to find bidding strategies for a
set of agents playing in a market using genetic fuzzy systems
principles. The approach can be extended to other negotiation
environments and contexts.

Evolutionary bidding strategies support decisions of mar-
ket players and may uncover unknown and unexpected agents
behaviors that help designers to simulate and analyze negoti-
ation mechanisms. When coevolutionary agents extract bene-
fits of strategic behavior, the mechanism designer can review
the decision making process to correct eventual unfavorable
decisions and fix mechanism flaws.

Recently a coevolutionary approach was suggested to as-
sess bidding strategies for multiagent systems. The focus was
on strategies encoded in fuzzy rule-based systems [18]. The
aim was to learn models represented by coevolving knowl-
edge bases and improve the performance of the agents when
acting in competitive environments. In competitive environ-
ments data for learning and tuning of knowledge bases are
rare and rule bases must evolve jointly with databases. An
evolutionary algorithm whose operators use a variable length
chromosome, a hierarchical relationship among individuals
through fitness, and a scheme that successively explores and
exploits the search space along generations has also been de-
veloped [17]. In this paper we first review the coevolutionary
algorithm of [18], summarize recent results of coevolutionary
bidding strategies, and analyze how evolutionary agent strate-
gies react against each other in dynamic environments.

Electricity auctions are the main application example ad-
dressed in this paper due to its practical relevance and the ex-
perimental instance they provide. The example illustrates the
design of bidding strategies to exploit the negotiation space
and to take advantage of market power aiming at improved
negotiation mechanisms.

This paper is organized as follows. After this introduction, a
brief overview of strategic bidding and survey of related work
are presented in section 2. Next, section 3 summarizes the
approach addressed in this paper. Section 4 presents and dis-
cusses the experimental results. Section 5 concludes the paper
and suggests issues for further research.

2 Evolutionary Techniques for Electricity
Market Bidding Strategies

Currently, many power industries worldwide use auctions as
a mechanism of resource allocation and system coordination.
The design of auction mechanisms can give agents the ability
to explore market imperfections for gaming.

A energy supplier (generator) competing in an electricity
market has to decide upon how much energy to offer and at
which price. In a perfectly competitive market, risk averse
agents have an incentive to offer energy at a price equivalent
to their marginal costs [7]. Electricity markets are, however,
much more an oligopoly than a laissez-faire, with low or no
demand elasticity in the short term, barriers to entry, and phys-
ical constraints. Thus, a energy supplier may have an incentive
to offer energy at a price other than its marginal costs and to
extract some surplus from such an imperfect market.
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The behavior of a generator bidding other than marginal
costs in an effort to exploit market imperfections is defined
as strategic bidding [6]. The most common strategy is to max-
imize the expected profit but other strategies may interest a
supplier exercising its market power such as competing for be-
ing a base-load generator, increasing market share, increasing
profit margin, etc.

2.1 Related Work
Evolutionary approaches for strategic bidding in electricity
markets have been addressed in the literature in the realm of
genetic algorithms, evolutionary strategies, and classifier sys-
tems. Multiagent system approaches have been proposed to
model the electricity market as well, among them [8, 14].

The evolutionary strategy approach suggested in [19]
evolves a single bid value, assumed to be valid for all hours
of a day ahead market. In this sense, it does not give a bidding
strategy, but a bid value that is narrowly valid for a specific
situation.

The approach proposed in [1] is a classifier system capable
of dealing with the grid constraints of the UK market and elec-
trical restrictions that constraint generators to be on or off by
the dispatch.

In [3] a coevolutionary approach based on a coevolution-
ary cooperative genetic algorithm (CCGA) is devised to ana-
lyze electricity market equilibrium. Results for a 3-firms mar-
ket is presented. They show that the approach finds Cournot-
Nash equilibrium and Pareto solutions. In a related work [4]
the same coevolutionary CCGA scheme is used together with
a Cournot model and a supply function equilibrium (SFE)
model of a 5-firms experiment. In this case, the coevolution-
ary scheme converges to a Nash equilibria.

The coevolutionary approach to model the electricity mar-
ket can be based on different coevolutionary methods such as
the one addressed in [2] for duopolies. In this method, dis-
cretization of the state space imposes limitations.

The coevolutionary process proposed in [11] is more com-
plex1. The intent is to coevolve agents strategies and market
mechanisms. The authors use a genetic programming (GP)
method to evolve a function the auctioneer uses to set the price
between the ask and the bid price in a double auction frame-
work. GP is used to represent the auctioneer and traders (buy-
ers and sellers). Simulation results based on the Nicolaisen’s
experiment report a function with several terms after 10,000
generations. The authors claim that the function evolved was
approximately equivalent to a discriminatory price k-double
auction with k = 0.5.

3 Coevolutionary Fuzzy Bidding Strategies
The approach employed in this paper is to coevolve fuzzy bid-
ding strategies. Previous work [17] has devised evolution-
ary fuzzy bidding strategies. In [18] a coevolutionary algo-
rithm was introduced to study how the evolving strategies re-
act against each other in dynamic bidding environment2. Con-
trary to alternative evolutionary approaches, the aim was to
model bidding information and strategies within the frame-
work of fuzzy set theory. By enabling a fuzzy system to learn

1A more complete report of this work can be found in [12].
2This and all previous papers are a result of the PhD thesis of the

first author and has no links with the Regulatory Agency.

trough an evolutionary algorithm, one expects to find effective
and transparent bidding strategies. We assume that bidding
strategies are encoded by fuzzy rule-based systems (FRBS).
As opposed to trial and error methods, genetic algorithms are
especially attractive to develop bidding strategies because they
can optimize the knowledge base (dimension, membership
functions and rules) for a given market configuration. Ge-
netic algorithms are also more appropriate than conventional
optimization techniques because rule base tuning may involve
operators and high dimensionality search spaces.

Here a GFRBS (Genetic Fuzzy Rule-Based System3)
scheme is adopted to simultaneously evolve the data base
(granularity and membership functions) and the rule base of
a FRBS with the aim to find the most profitable bidding strat-
egy. Each population of the GFRBS is a coevolving specie
that represents a market agent. The result is a set of fuzzy rule-
based systems able to handle imprecise data typically found in
auction environments.

The evolutionary approach detailed in [17] is used to evolve
the data base employing a variable length chromosome to rep-
resent the rule base. In the rule base, both, the number of
rules and size of each rule may change during the evolutionary
process. A particularly suitable crossover operation detailed
in [17] was developed to enhance system performance.

Many coevolutionary approaches emphasize explicit com-
petition such as the host-parasite scheme to minimize sorting
networks in [10]. The coevolutionary approach focused in this
paper is based on the CCGA of Potter and De Jong [13]. As
detailed below in Algorithm 1, our approach selects a repre-
sentative agent for each coevolutionary specie. The species
model bidding agents. The representatives are the ones who
compete in the auctions. When representatives bid, their strat-
egy may improve the profit of the remaining bidders. Thus, the
remaining coevolutionary species may act in a tacit coopera-
tion in this competitive game. Therefore, although CCGA was
originally developed to coevolve subcomponents of a problem
in an explicit cooperative framework, we use its main idea in
a competitive environment: auction in electricity markets4.

3.1 Genetic Algorithm

The genetic algorithm employed in this paper uses a variable
length chromosome representation for both: data base and rule
bases. The encoding schemes are similar to the ones adopted
in [17]. Crossover operations in data base and rule base are
synchronous, that is, crossover points of database and rule
base induce exchange of chromosome portions to keep the rule
structure and fuzzy terms meaningful in their offspring.

The first step to design a GFRBS must decide which part
of the FRBS will be optimized by the genetic algorithm [5].
This decision usually means a trade off between granularity
and search efficiency. In the approach adopted here, the fol-
lowing FRBS components are evolved: database (granularity
and membership functions parameters) and rule base (number
of “active” rules5 and rule structure).

3For a taxonomy, a comprehensive survey of past and recent de-
velopments, as well as future trends of genetic fuzzy systems see [9].

4A similar approach was adopted in [3].
5An “active” rule is a rule that is processed during fuzzy inference

while an “inactive” rule remains in the rule base genotype but it is not
used during fuzzy inference.
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The GA also assumes the simultaneous evolution of the
FRBS in the sense that each individual represents a complete
fuzzy rule-based system as in the Pittsburgh approach. The
FRBS is encoded in a chromosome Cr composed by three
major components (Cr1, Cr2, and Cr3) to represent the data
and rule base.

More specifically, the chromosome component Cr1 en-
codes granularity in a variable length chain of integers, and
Cr2 encodes membership functions parameters in a variable
length chain of real numbers. The number of rules, rules size
and the rules themselves define chromosome component Cr3.
Component Cr3 has, in addition to two integers (number of
rules and rules size), several variable chains of alleles of ’0’
or ’1’, where a ’1’ means that a linguistic term is used in the
rule, otherwise it is ’0’.

Algorithm 1 Coevolutionary GFRBS Algorithm
t← 0
for each specie s do

create random initial population Ωs
0

end for
repeat

for each specie s do
for each specie r such that r �= s do

choose a representative in Ωr
t

end for
evaluate each individual in Ωs

t through fitness function
with the chosen representatives
select parents in Ωs

t based on relative fitness in Ωs
t

apply crossover and mutation on parents to produce
offspring Ωs

t+1

t← t + 1
end for

until (stop criteria is satisfied)

As stated before, the coevolutionary algorithm detailed in
Algorithm 1 is based on CCGA [13]. The specifics of the
genetic operators are described next.

3.2 Genetic Operators
Due to the particular chromosome encoding structure used to
represent the knowledge base, the nature of the genetic op-
erators becomes an important issue to effectively evolve the
FRBS. Since there are strong relationships among chromo-
some components, we need operators that work cooperatively
on the chromosome.

Selection is performed using roulette wheel. We adopt an
elitist model, but the best individual is not guaranteed to be
selected for crossover, albeit kept intact in the offspring.

Crossover of the database follows the approach detailed
in [17]. Summing up, two different crossover operators are
used depending on whether the selected individuals have the
same granularity or not. When the granularity is the same,
a promising zone in the search space is found and must be
appropriately exploited. In this case, the granularity of the
offspring database (Cr1) is kept the same and the mem-
bership functions parameters (Cr2) combined following the
max-min-arithmetic algorithm of [17]. When the selected
pair has different granularity, a random crossover position p

is chosen. Both, granularity (Cr1) and the corresponding

parameters of the membership functions (Cr2) are recom-
bined. Crossover operations of database and rule base are syn-
chronous: crossover points of database and rule base induce
exchange of chromosome portions that keep the rule structure
and terms meaningful in their offspring.

Different operators can be used to mutate chromosomes,
similarly as reported in [17]: a local variation is introduced to
the granularity by adding or subtracting one with equal prob-
ability, mutation of membership function parameters uses the
Michalewicz non-uniform mutation operator, and rule bases
are mutated via the standard, bitwise reversing operation.

3.3 Electricity Market
The application example focused in this paper is electricity
markets. The approach can, however, be extended to distinct
negotiation applications. The coevolutionary GFRBS agents
are thermal power suppliers that have to decide how to bid in
auctions. The coevolutionary GFRBS species were evolved
using a day-ahead electricity auction. We assume that the re-
maining agents are non evolutionary and conservative com-
petitors. Conservative agents offer energy bidding all their
capacity at their marginal costs [7]. The negotiation proto-
col is an uniform price sealed bid auction: the price paid for
the energy is the same for all accepted bids and is equal to
the last bid accepted. The auctioneer decides the hourly dis-
patch choosing the electricity generator agents outputs and the
corresponding price to minimize overall energy cost. Cost
minimization results in a merit order dispatch procedure, i.e.,
bids at lower prices come first. The performance of the best
FRBS obtained were verified using test demand data for two
weeks day-ahead auctions against conservative and evolution-
ary competitors. The results are presented and discussed in
section 4.

The experiments use actual public data made available from
the Brazilian Independent System Operator (ISO)6. Demand is
supposed to be known to all the participant agents. The data
used to evolve the GFRBS is the load of the week beginning on
May 19th, 2002, for a portion of the national grid: the South
sub-market. The fitness of the coevolutionary agents are the
profit on the electricity auction of the decoded GFRBS for the
training week. The best individual found by training is tested
using the next two remaining weeks period that begins on May
26th 2002 7.

3.4 Cost Function
A pool of power generator agents was setup based on actual,
ISO’s publicly available data. Electrical constraints and geo-
electrical location are neglected in this work: all the plants
are supposed to be in the same sub-market. There is some ex-
cess of supply and the running costs of producing electricity in
coal, gas and oil plants have been modeled as quadratic func-
tions of the power Ps supplied by the agent, expression (1).
Nuclear plants are assumed to have linear cost functions.

F (Ps) = a + bPs + cP 2
s [GJ/h] (1)

The supplier cost function Cj(.) is given by F (Ps) multi-
plied by the fuel cost in $/GJ. Hence costs are quadratic func-

6ONS: Operador Nacional do Sistema.
7These same data set was used in [17, 18]. Data set contains 504

samples; 168 used for training and 336 for testing.
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Table 1: Thermal power generator agents characteristics and cost functions.

Plant Type Capacity (MW) Marginal cost ($/MWh) Cj(.)
Ibirité Gas 766.5 39.065 3, 632.08 + 31.966g + 0.00463g2

TermoRio Gas 824.7 39.109 3, 904.05 + 31.912g + 0.00436g2

Argentina I Gas 1,018 41.045 4, 459.61 + 32.775g + 0.00406g2

Argentina II Gas 1,000 41.046 4, 379.82 + 32.774g + 0.00414g2

tions given by (2), where g
j
h is the amount supplied by agent

j at hour h.

Cj(gj
h) = α + βg

j
h + γg

j
h

2

[$/h] (2)

3.5 Competitive Environment
We assume power demand Dh inelastic with price. Therefore,
the auctioneer must assure, as commonly found in a single
buyer auction, that for each hour h:

∑Th

j=1
g

j
h = Dh, where

g
j
h is the power supplied by agent j and Th is the number of

suppliers. Thus, allocation would cost the market Dhπh(Dh).
The supplier agents profit is given by( 3):

P
j
h = πhg

j
h − Cj(gj

h) [$/h] (3)

Supplier agents (generators) must internalize all costs to a
simple bid, a pair (qj

h, p
j
h) of the amount offered (in MW)

and its price ($/MWh), where the amount q
j
h is less than or

equal to the agent capacity, Gj . Conservative agents bid a
pair (Gj , MCj(Gj)) where MCj(Gj) is the marginal cost at
capacity Gj .

Table 1 shows the thermal generator agents characteristics
for the agents we have chosen to coevolve. The complete data
set of the thermal generation park can be found in [17]. The
fourth column, the marginal cost ($/MWh), is the marginal
cost at full capacity corresponding to conservative bids. The
last column gives the cost functions of the thermal suppliers8.

3.6 Fitness

Algorithm 2 Evaluation of Population Individuals
for each individual i such as i ∈ Ωs

t do
decode database and rule base of i as agent Ai

add the agent Ai to the market
simulate market (run auction) for the training period
keep fitness FAi

as the profit for the period
remove Ai from the market

end for

The fitness of a GFRBS individual is defined as the profit
of the corresponding agent during the training week. Algo-
rithm 2 summarizes the evaluation of the fitness of each indi-
vidual of the population.

4 Results
The experiments reported in this paper use a population of 40
individuals. Each individual encodes a single input-single out-
put (SISO) FRBS: the input is the hourly load and the output

8gj

h is denoted by g for short.

Table 2: Comparison between coevolutionary and conserva-
tive strategies.

conservative strategy
agent hours energy (MWh) profit ($)
Ibirité 332 232,954 849,960
TermoRio 277 199,390 959,133
Argentina I 202 179,595 1,065,262
Argentina II 149 116,381 1,049,804

coevolutionary strategy: testing
agent hours energy (MWh) profit ($)
Ibirité 334 255,856 2,082,681
TermoRio 336 248,367 2,237,294
Argentina I 150 89,969 1,825,135
Argentina II 335 301,710 2,304,976

variation: coevolutionary / conservative
agent hours energy (MWh) profit ($)
Ibirité +0.60% +9.83% +145.03%
TermoRio +21.30% +24.56% +133.26%
Argentina I -25.74% -49.90% +71.33%
Argentina II +124.83% +159.24% +119.56%

the corresponding the bid price. The genetic operators de-
scribed in section 3.2 were employed in all the experiments9

with probability of crossover 0.5 and probability of mutation
0.01. We let the evolutionary process run for 500 or 1,000 gen-
erations10. While several experiments were performed with 2
to 5 species, some of them did not achieve stable behavior.
For instance, for 5 coevolutionary species stability was not at-
tained after 1,000 generations. Section 4.2 discusses briefly
why stable behavior may not be necessarily expected, as the 5
coevolutionary species case shows.

4.1 Experiment: Four Coevolutionary Strategies
In [18] two thermal plants coevolved. They are the same used
as evolutionary agents in [17]: Argentina I and Argentina II,
respectively.

Here we report an experiment in which Argentina I and Ar-
gentina II are coevolved together with other two natural gas
plants: TermoRio and Ibirité. The fitness of the best indi-
vidual of each specie during 1,000 generations of the evolu-
tionary process (training period) is depicted in Fig. 1. Notice
that, after a short unstable period lasting about 100 genera-

9The choice of the evolutionary parameters is not subject to any
optimization process.

10The training process can take about 2 hours of processing time
for 2 species, corresponding to 500 generations, and above 6 hours
for 4 species and 1,000 generations. Experiments were done using a
Pentium 4,2 GHz 256 Mb RAM PC running GNU/Linux Fedora.
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Figure 1: Fitness for coevolutionary species (4 thermal plants: Argentina I, Argentina II, TermoRio and Ibirité).

tions, the fitness of the best individual of each specie increases
and stabilizes after about 200 generations and suddenly fit-
ness behavior becomes unstable again. After approximately
another 250 generations, the fitness becomes stable again, be-
ginning at 550th generation, and remains stable until the end
of the evolutionary process window (1,000 generations). No-
tice also that the resulting outcome for the specie representing
Argentina I becomes worse than in the one achieved during the
first stable interval. This behavior suggests that the other three
thermal plants may have learned how to exploit Argentina I
agent weakness. All the remaining agents increase their prof-
its. A close look at the fitness values shows that the species
interact with each other during the whole evolutionary pro-
cess.

After the end of the evolutionary process, the best indi-
vidual of each specie is decoded into the corresponding bid-
ding strategies to be played by the four agents. Table 2 sum-
marizes the energy produced and profits obtained when the
agents compete in the electricity market using the coevolution-
ary strategies. Table 2 shows how evolutionary agents outper-
form the corresponding conservative strategy of bidding their
marginal costs at full capacity. The last four rows show the
variation when using conservative and evolutionary strategies.
We notice in Table 2 that Argentina I decreases energy produc-
tion by half and still, with the hourly prices that result from the
coevolutionary strategic bidding, increases its profit. This is a
typical example of an undesirable behavior (from the perspec-
tive of the buyers) that mechanism designers wants to avoid
before putting any market to work.

Clearly, the coevolutionary strategies affected the electric
energy prices. The maximum hourly price of energy reached
in the testing period was the same for both, purely conser-
vative strategies or coevolutionary strategies, but coevolution
made the average price 10.6% higher. The average price in-
crease for the experiment reported in [18] was smaller, about
7.1%. Similarly as in [18], the individual hourly prices can
be up to 53.2% higher for the coevolutionary strategies than

purely conservative ones.

4.2 Multiagent Learning Equilibrium
It is important clarify that, while the results presented here and
in [18] converge to a stable outcome, some of the experiments
performed did not achieve stable outcome at all, remaining un-
stable for 500 or even 1,000 generations. Unstable outcomes
typically occurred when there are many evolutionary agents (5
thermal generators in our experiments). While the dynamics
of unstable behavior still is to be investigated, it does not seem
to be a novelty, as it has been pointed out by Vidal in [16], who
asserts that most multiagent learning systems do not necessar-
ily converge to an equilibrium or stable behavior.

One reason for designers to use learning agents is because
they do not know, at design time, the specific circumstances
that the agents will face at run time. We will often see a multi-
agent system with learning agents when the designer can nei-
ther predict that an equilibrium solution will be found, nor
which equilibria might emerge. The result is a form of closed
loop feedback evolving system in which evolution and learn-
ing play a complementary role.

As stated in [16], the main reasons behind the difficulty to
predict equilibrium solutions of a system include the existence
of unpredictable environmental changes that affect the payoffs
of the agents, and the fact that, in many systems, an agent only
has access to its own set of payoffs. These reasons partially
justify the difficulty a designer finds to predict equilibria, if
any, a system could reach. However, the agents in a system
may still play a game for which an equilibrium exists, even
though the designer cannot predict it at design-time. Since in
general the payoffs change, it is often the case that the agents
are constantly modifying their strategies as an attempt to get
better payoffs. This may result in unstable outcomes.

5 Conclusion
A coevolutionary genetic fuzzy systems approach to develop
fuzzy bidding strategies was suggested in this paper. Coevo-
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lutionary approaches provide more realistic representation of
agents in auction-based environments because they allow the
bidding strategies to interact during the evolutionary process.

The results reported here for an electricity market example
show that coevolution can improve agents profits at the ex-
pense of increasing the average electricity hourly price paid
by demand, an outcome that is undesirable from the perspec-
tive of the buyers, and for auction based markets in general.
Further research is needed to obtain design methods for bid-
ding strategies in multiagent systems framework populated by
intelligent agents. In particular, stability and equilibrium anal-
ysis of evolutionary learning in multiagent systems environ-
ments still remains a challenge.
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Abstract—This paper considers a portfolio selection problem with 
type-2 fuzzy future returns involving ambiguous and subjectivity. Since 
this proposed problem is not well-defined due to fuzziness, introducing 
the fuzzy goal for the total future return and the degree of possibility, 
the main problem is transformed into the standard fuzzy programming 
problem including the secondary fuzzy numbers. Furthermore, using 
the hybrid solution approaches based on the linearity of the 
deterministic equivalent problem and the crisp possibilistic mean 
value, the efficient solution is constructed.

Keywords— Portfolio selection, Type-2 fuzzy, Possibility 
measure, Crisp possibilistic mean value, Efficient solution method

1 Introduction
Portfolio selection problems are standard and most important 
problems in investment and financial research fields, and 
various studies have been so far performed. Furthermore, in 
recent investment fields, not only big companies and 
institutional investors but also individual investors called 
Day-Traders invest in stock, currency, land and property. 
Therefore, the role of investment theory called portfolio 
theory becomes more and more important. As for the research 
history on mathematical approach, Markowitz (Markowitz 
[18]) has proposed the mean-variance analysis model. It has 
been central to research activity in the real financial field and 
numerous researchers have contributed to the development of 
modern portfolio theory (cf. Elton and Gruber [4], 
Luenberger [17]). On the other hand, many researchers have 
proposed models of portfolio selection problems which 
extended Markowitz model; mean-absolute deviation model 
(Konno [13], Konno, et al. [14]), safety-first model [4], Value 
at Risk and conditional Value at Risk model (Rockafellar and 
Uryasev [19]), etc.. As a result, nowadays it is common 
practice to extend these classical economic models of 
financial investment to various types of portfolio models. In 
practice, after Markowitz’s work, many researchers have 
been trying different mathematical approaches to develop the 
theory of portfolio selection. 

Particularly, the prediction of future returns is one of the 
most important factors in theoretical and practical investment, 
and they have been treated as only random variables in many 
previous studies. Then, the expected returns and variances 
also have been assumed to be fixed values. However, 
investors receive effective or ineffective information from the 
real world and ambiguous factors usually exist in it. 
Furthermore, investors often have the subjective prediction 
for future returns which are not derived from the statistical 
analysis of historical data. Then, even if investors hold a lot of 
information from the investment field, it is difficult that the 

present or future random distribution of each asset is strictly 
set. Consequently, we need to consider not only random 
conditions but also ambiguous and subjective conditions for 
portfolio selection problems. 

Recently, in the sense of mathematical programming, some 
researchers have proposed various types of portfolio models 
under randomness and fuzziness. These problems with 
probabilities and possibilities are generally called stochastic 
programming problems and fuzzy programming problems, 
respectively, and there are some basic studies using a 
stochastic programming approach, goal programming 
approach, etc.., and fuzzy programming approach to treat 
ambiguous factors as fuzzy sets (Inuiguchi and Ramik [8], 
Leon, et al. [15], Tanaka and Guo [20], Tanaka, et al. [21], 
Watada [23]). Furthermore, some researchers have proposed 
the mathematical programming problems with both 
randomness and fuzziness as fuzzy random variables (for 
instance, Katagiri et al. [11, 12]). In the studies [11, 12], fuzzy 
random variables were related with the ambiguity of the 
realization of a random variable and dealt with a fuzzy 
number that the center value occurs according to a random 
variable. Then, Yazenin considered some models for 
portfolio selection problems in the probabilistic-possibilistic 
environment, that profitabilities of financial assets are fuzzy 
random variables�  (Yazenin [25, 26]).  On the other hand, 
future returns may be dealt with random variables derived 
form the statistical analysis, whose parameters are assumed to 
be fuzzy numbers due to the decision maker’s subjectivity, 
i.e., random fuzzy variables which Liu (Liu [16]) defined. 
There are a few studies of random fuzzy programming 
problem (Katagiri et al. [9, 10], Huang [7]). Most recently, 
Hasuike et al. [6] proposed several portfolio selection models 
including random fuzzy variables and developed the 
analytical solution method. 

However, in [6], the random distribution of each asset is 
assumed to be a normal distribution. From some practical 
studies with respect to the present practical market, it is not 
clear that price movements of assets occur according to 
normal distributions. In fact, considering the existence of 
various types of investors in the practical market and the 
subjectivity of investors, it is important that we need to 
develop a new portfolio selection problem to deal with a lot of 
subjectivity. In this paper, we assume future returns to be 
Type-2 fuzzy numbers which can be dealt with various types 
of membership functions, and propose a new Type-2 portfolio 
selection problem. 
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In the sense of mathematical programming, since the 
proposed model is not formulated as a well-defined problem 
due to fuzziness, we need to set some certain optimization 
criterion so as to transform into well-defined problems. In this 
paper, introducing a fuzzy goal and the degree of possibility, 
we transform the main problem into the possibility 
maximization problem. However, this problem includes the 
fuzzy number and it is also not a well-defined. Therefore, in 
order to solve possibility maximization problem analytically, 
we introduce the crisp possibilistic mean value proposed by 
Carlsson and R. Fullér [1] and develop an efficient solution 
method to find a global optimal solution of deterministic 
equivalent problem. 

This paper is organized in the following way. In Section 2, 
we introduce mathematical concepts of type-2 fuzzy set and 
crisp possibilistic mean value. In Section 3, we propose a 
type-2 fuzzy portfolio selection problem maximizing the total 
future return. Then, introducing the degree of possibility and 
the crisp possibilistic mean value, we transform the proposed 
model into the deterministic equivalent problem. In Section 4, 
in order to compare our proposed models with other models 
for portfolio selection problems, we provide a numerical 
example derived from current practical market data. Finally, 
in Section 5, we conclude this paper. 

2 Mathematical concept 

2.1 Type-2 fuzzy set 
A type-2 fuzzy set is a set in which we also have uncertainty 
about the membership function, i.e., a type-2 fuzzy set is 
characterized by a fuzzy membership function whose grade 
for each element is a fuzzy set [0,1] (Castillo and Melin [3]). 
In the real world, there are many problems where the decision 
maker cannot determine the exact form of the membership 
function such as in time series prediction because of noise in 
the data. Therefore, it is important that the type-2 fuzzy set is 
introduced into real world problems. 

Example 1 (Castillo and Melin [3]) 
Consider the case of a fuzzy set characterized by a Gaussian 
membership function with mean  and a standard deviation 

that can take values in 

m
[ ]1 2,� � , i.e., 

( ) [ ]
2

1 2
1exp ,  ,
2

x mx�
�

� �� �� ��� ���= � 	�
 �� ���� �� � �� �
� � �

In this paper, with respect to future returns we treat the 
following L-shape fuzzy numbers as fuzzy numbers based on 
the type-2 fuzzy set: 

( ) max 0, ,  ,
j

j L U
r j

j

r
L
�

� � � � �
�

� �� �� �� �� ��� � � ���= 	
 �� � �� � ��� ����� � �� �� �
� j j (1)

where ( )L �  is a shape function from �  to  satisfying 
the following conditions: 

�

1. ( ) ( )   for L L� � �� = � 	�
2. ( )0 1L =

3.  is nonincreasing on ( )L � [ )0,�
4. Let ( ){ }0 inf 0 0t t L t= > = . Then 00 t< <�

The L-shape fuzzy number includes the more general 
membership function than the Gaussian in Example 1. 
Therefore, by using the L-shape fuzzy number, it is possible 
that we represent more versatile social problems. 
2.2 Crisp possibilistic mean value 
Carlsson and Fullér [1] introduced the notation of crisp 
possibilistic mean value of continuous possibility distribution, 
which are consistent with the extension principle. Let A  a 

fuzzy number. Then, [ ]A �
denote the � -level set of A  as 

the following form: 

[ ] ( ) ( ),L UA a a� � �� �= � �

Using this � -level set of A , the crisp possibilistic mean 
value of A  is introduced as follows: 

( ) ( ) ( )( )
1

0 L UE A a a� � �= + d��
Example 2 
In the case that a fuzzy number A  is a trapezoidal fuzzy 
number with tolerance interval [ ],a b , left spread �  and 

right spread � . Then, the crisp possibilistic mean value of 
A  is 

( ) ( ) ( )( )
1

0
1 1

        
2 6

E A a b d

a b

� � � � �

� �

= � � + + �

+ �= +

� �

This crisp possibilistic mean value has been applied to 
various types of portfolio selection problems with fuzzy 
numbers (in detail, see [5]), and it becomes one of the most 
useful tool in the sense of fuzzy programming problem. 

3 Type-2 fuzzy portfolio selection problem  
In this paper, we deal with the following portfolio selection 
problem with future returns based on the type-2 fuzzy set 
maximizing total future returns. 

1

1

Maximize

subject to 1, 0 , 1,2, ,

n

j j
j

n

j j j
j

r x

x x p j

=

=

= � � =

�

�

�

� n
(2)

where ( )1, , nx x= �x  is a composition of the portfolio and 

jp  is a limited upper rate of jth asset. In this problem, the 

objective function 
1

n
j jj

Z r x
=

=�� �  is also a fuzzy number 

characterized by the following membership function: 
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( ) 1

1

max 0, ,  ,

n

j j
j L U

j j jnZ

j j
j

r x
L

x

�
� � � � �

�

=

=

� �� �� ��� �� � �� � ���� ���� �� �� � ��= 	�
 � � �� � � �� �� �� ��� �� �� �� �� �� �� � � �� �� �

�

�
� (3)

Due to the fuzziness of objective function, problem (2) is not 
a well-defined problem, and so we need to set some certain 
optimization criterion. Until now, researchers have proposed 
some solution approaches to solve fuzzy programming 
problem based on not only strict solution methods such as 
linear and nonlinear programming but also approximate 
solution methods such as GA and NN. In this paper, we focus 
on the strict solution method in the sense of mathematical 
programming, and so we introduce the possibility measure as 
follows: 

( ){ }
1

Pos sup
n

j j Z
j

r x f f
�
� � �

=

� �� �� �� = �
 �� �� �� �
� ��

where f  is the target value to total future return. The 
possibility measure means that the total future return is more 
than f  as much as possible in the aspiration level of each 
investor. 

3.1  Possibility maximization model for the proposed type-2 
fuzzy portfolio selection problem 
On the other hand, in practical situations, the investor 
considers increasing the goal of total future return and that of 
possibility, simultaneously.  Furthermore, considering many 
real decision cases and taking account of the vagueness of 
human judgment and flexibility for the execution of a plan, 
the investor often has subjective and ambiguous goals with 
respect to the target return f such as “Total future return 

1

n
j jj

r x
=� �  is approximately larger than 1f .”. In this 

subsection, we propose the more flexible model considering 
the aspiration level to the goal for the total future return. We 
represent the subjective and ambiguous goals with respect to 
f  as a fuzzy goal characterized by the following 

membership function: 

( ) ( )
1

0 1

0

1

0
G

f f
f g f f p f

f f
�

� �����= � <
�� <���

� (4)

where  is the strict increasing function. Furthermore, 

using a concept of possibility measure, we introduce the 
degree of possibility as follows: 

( )g f

( ) ( ) ( ){ }supmin ,Z GZ f
G f� �=� � ��
� f (5)

Using this degree of possibility, we formulate a possibility 
maximization model for the proposed portfolio selection 
problem as the following form: 

( )

1

Maximize

subject to 1, 0 , 1, 2, ,

Z

n

j j j
j

G

x x p j
=

= � � =

�
�

�
�

�

Then, this problem is equivalently transformed into the 
following problem introducing a parameter h :

( )

1

Maximize

subject to ,

                 1, 0 , 1, 2, ,

Z

n

j j j
j

h

G h

x x p j
=

�

= � � =

�
�

�
�

� n

h

(7)

In this problem, the possibility constraint  is 

transformed into the following form: 
( )Z
G �� �
�

( )
( ) ( ){ }

( ) ( )

( )

( ) ( )

( ) ( )

1 1

1

1

1 1

1

1 1

sup min ,

,

,

,

Z

Z G
f

Z G

n

j j
j

n

j j
j

n n

j j j j
j j

n n

j j j j
j j

G h

f f h

f h f h

f r x
L h f g h

x

f r x L h x f g h

r x L h x g h

� �

� �

�

�

�

= �

=

� �

= =

� �

= =

�

� �

� � �
� ��� � �� �� �� ��� � ��� �� ��� �� �� �� �� �

� � + �

� + �

�

�

�

� �

� �

�

� �

� �

�

(8)

Using these inequalities, the main problem (6) is equivalently 
transformed into the following problem: 

( ) ( )1

1 1

1

Maximize

subject to ,

                 1, 0 , 1,2, ,

n n

j j j j
j j

n

j j j
j

h

r x L h x g h

x x p j

�� �

= =

=

+ �

= � � =

� �

� � n

(9)

In this problem, if each spread of fuzzy number j�  is fixed, 

this problem is analytically solved by using the hybrid 
solution method of bisection algorithm on parameter h  and 
the linear programming problem. However, in the case that 

j�  is not fixed but a fuzzy number, it is difficult that this 

problem is analytically solved by standard linear 
programming approaches due to including secondary fuzzy 
numbers. 
3.2 Solution method based on the crisp possibilistic mean 

value
In order to solve problem (9) in the sense of mathematical 
programming, we introduce the crisp possibilistic mean value. 
Subsequently, we assume that each spread j��  is the 

following trapezoidal fuzzy number: 

n
(6)
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( )

( )

( )

( )

1
,  1, 2,...,

0 otherwise

j

L
j L

j jL
j j

j j

U
j U

j jU
j j

j�

� �
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� �

� � �
� �

� �
� � �

� �

�� �� � <�� ������ � ���= =
�� �� < ��� ��������

� n (10)

Using these trapezoidal fuzzy numbers and the fuzzy 
extension principle, the membership function of fuzzy 
number ( )

1

n
j jj
x�

=
=�� x ��  is also the following trapezoidal 

fuzzy number: 

( ) ( )

1

1 1

1 1

1 1

1

1 1

1 1

1

0 otherwise

n
L
j j n n

j L
j j j jn n

L j j
j j j j

j j

n n

j j j j
j j

n
U
j j n n

j U
j j j jn n

U j j
j j j j

j j

x
x x

x x

x x

x
x x

x x

�

� �
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� �
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� �

� �
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� �

=

= =

= =

= =

=

= =

= =

��� �� � �� �� � �� <�� ��� ���� � � �����
� ��� �� �� �� ���= 
 � 

� � ��� �< �� �� ���� �

�
� �

� �

� �

�
� �

� �

� x ,  1, 2,...,j n

������ =����������������������

(11)

Then, the -level set of � ( )�� x  is as follows: 

( ) ( ) ( )
1 1 1 1

1 ,  1
n n n n

L U
j j j j j j j

j j j j
jx x x

�
� � � � � � � � �

= = = =

� �
� x� � = + � + �� � ���
� � � �� x �

���
(12)

Therefore, from the mathematical concept in Subsection 2.2, 
the crisp possibilistic mean value of  is as follows: ( )�� x

( )( ) ( ) ( )

( ) ( )

1

0 1 1

1 1

1 1              
3 6

n n
L U L U

j j j j j j j j
j j

n n
L U

j j j j j j
j j

E x

x x

� � � � � � � � �

� � � �

= =

= =

� �� �= + � � + +� �� ����

= + + +

� ��

� �

� x x d�
�

 (13)

Consequently, problem ( ) is transformed into the following 
problem from the viewpoint of crisp possibilistic mean value: 

( ) ( ) ( )1

1 1

1

Maximize

1subject to ,
3 2

                  1, 0 , 1, 2, ,

n n
L U

j j j j j j j
j j

n

j j j
j

h
L h

r x x g h

x x p j n

� � � �
�

�

= =

=

� ���+ + + + ��� ���� 

= � � =

� �

� �

(14)

In this problem, coefficients ( )1
2

L U
j j j� � � �+ + +

( ) ( )
1 1

1

1Maximize
3 2

subject to 1, 0 , 1, 2, ,

n n
L U

j j j j j j j
j j

n

j j j
j

L q
r x x

x x p j n

� � � �
�

= =

=

� ���+ + + + �� ���� 

= � � =

� �

� �
(15)

In the case that parameter q  is fixed, problem (15) is 
degenerated to a linear programming problem. Therefore, in a 
way similar to the standard possibility maximization model, 
we construct the following efficient solution method using 
the hybrid approach of bisection algorithm and linear 
programming based on the study [6]. 

Solution algorithm 
STEP1: Elicit the membership function of a fuzzy goal for the 

total future return with respect to the objective 
function value. 

STEP2: Set  and solve problem (14). If the optimal 
objective value 

1q 
( )Z q  of problem (14) satisfies 

( ) ( )1Z q g q�> , then terminate. In this case, the 
obtained current solution is an optimal solution of 
main problem. 

STEP 3: Set  and solve problem (14). If the optimal 
objective value 

0q 
( )Z q  of problem (14) satisfies 

( ) ( )1Z q g q�� , then terminate. In this case, there is no 
feasible solution and it is necessary to reset a fuzzy 
goal for the probability or the aspiration level f .

STEP 4: Set  and .1qU  0qL  
STEP 5: Set ( ) 2q qU L� + .

STEP 6: Solve problem (14) and calculate the optimal 
objective value ( )Z q  of problem (14). If 

( ) ( )1Z q g q�> , then set qL q  and return to Step 5. 

If ( ) ( )1Z q g q�� , then set  and return to 

Step 5. If 
qU  q

( ) ( )1Z q g q�= , then terminate the 

algorithm. In this case,  is equal to a global 
optimal solution of main problem. 

( )q�x

4 Numerical example 
In order to compare our proposed models with other models 
for portfolio selection problems, let us consider a numerical 
example based on the data of securities on the Tokyo Stock 
Exchange. In this paper, we compare our proposed model 
(14) in Section 3 with Carlsson et al. model [2] and Vercher et 
al. model [22]. These models are type-1 fuzzy portfolio 
models and include the possibilistic mean value and variance. 
These problems are formulated as the following form: 

j
 are initially 

set as fixed values, and so this problem is similar to problem 
(9), which is one of the standard possibility programming 
problem. Then, it should be noted here that problem (14) is a 
nonconvex programming problem and it is not directly solved 
by the linear programming techniques or convex 
programming techniques. However, a decision variable h  is 
involved only in first constraint. Therefore, we introduce the 
following subproblem involving a parameter :q

(Carlsson et al. model) 
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(Vercher et al. model) 
( )
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Let us consider ten securities shown in Table 1, whose mean 
values and standard deviations are based on historical data in 
the decade between 1995 and 2004. Then, we introduce the 
asset allocation rate  to each security, 
and its upper value is assumed to be 0.2. 

(,  1,2,...,10jx j=

Table 1: Sample data from Tokyo Stock Exchange 

Returns Sample 
mean SD

R1 0.055 0.445
R2 0.046 0.289
R3 0.015 0.306
R4 0.114 0.208
R5 0.043 0.253
R6 0.034 0.269
R7 0.018 0.230
R8 0.171 0.297
R9 0.087 0.388

R10 0.090 0.318

With respect to our proposed type-2 fuzzy portfolio model, 
parameter jr  of the primary L-fuzzy number is assumed to be 
sample mean in Table 1. Then, in two previous models 
parameters, parameters of trapezoidal fuzzy number  

( ),  ,  ,  ,  1,2,...,10j j j ja b j� � =  based on study [22] are shown 
in Table 2 using the historical data in Table 1. 

Table 2. Each parameter value based on the historical data 
Returns ja jb j� j�

R1 -0.123 0.005 0.239 0.868
R2 -0.069 0.069 0.301 0.467
R3 -0.129 0.025 0.200 0.713
R4 0.005 0.177 0.198 0.235
R5 -0.082 0.114 0.217 0.323
R6 -0.052 0.108 0.290 0.382
R7 -0.056 0.067 0.236 0.369
R8 0.060 0.193 0.310 0.456
R9 -0.093 0.130 0.312 0.626

R10 0.009 0.236 0.563 0.264

The secondary membership functions for j��  of type-2 fuzzy 

numbers are assumed to be triangle fuzzy numbers, whose 

j� �=

( )

( )

( )

( )

1 0.15
0.12 0.12 0.15

0.03
0 0.12

G

f
ff f

f

�

� ����� ���= � <
���� <���

,

we set the parameter �  in the Vercher et al. model as 
, and obtain optimal portfolios for three models 

shown in Table 3.  
0.06�=

Subsequently, we consider the case where an investor 
purchases securities at the end of 2004 according to each 
portfolio shown in Table 3. Then, the total return of three 
models at term ends of 2005, 2006 and 2007 become the 
following values shown in Table 4, respectively. 

Table 3. Each optimal solution with respect to three models 
Proposed model Carlsson model Vercher model

R1 0.200 0 0
R2 0 0 0
R3 0 0 0
R4 0.200 0.200 0.200
R5 0 0 0.200
R6 0 0.200 0.200
R7 0 0 0.200
R8 0.200 0.200 0.200
R9 0.200 0.200 0.200

R10 0.200 0.200 0.200

Table 4. Total return to the portfolio of each model 
Term end Proposed Carlsson Vercher

2005 0.2524 0.2194 0.2852
2006 0.4050 0.3575 0.3257

From the result in Table 4, we find that our proposed model 
obtains the larger total return than the Carlsson et al. model 
dealt with the only crisp possibilistic mean value. 
Furthermore, from the total return at the term end of 2006, in 
the case that the investment period is longer, our proposed 
model obtains much larger total return. 

5 Conclusion
In this paper, we have proposed a new portfolio selection 
problem based on the type-2 fuzzy set. Our proposed model 
has been initially not a well-defined problem due to primary 
and secondary fuzzy numbers. Therefore, in order to solve 
analytically in the sense of mathematical programming, we 
have introduced the possibility maximization model with 
fuzzy goal for the object and degree of possibility. 
Furthermore, by using the concept of crisp possibilistic mean 
value for the secondary fuzzy numbers, the main problem has 
been equivalently transformed into the parametric linear 
programming problem. Consequently, we have developed the 
efficient solution method to combine the bisection algorithm 
with the standard linear programming approach. Since this 
proposed model includes various types of investor’s 
subjectivity in the form of type-2 fuzzy number, it is more 
versatile than previous models. Our proposed model is dealt 
with various practical situations in the investment such as the 
case putting the whole policy of investors including a lot of 
subjectivity by using the possibilistic mean value and the case 

j  are variances based on the SD in Table1 and the 

spreads L
j j� ��  and U

j j� ��  become 
j�  and 

j�  in Table 2, 

respectively. Therefore, using these data and introducing the 
following fuzzy goals for our proposed model; 
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indicating the sensible decision making to the investor with 
shaken investment policy due to uncertain but attractive 
information. 

In this paper, as the criterion for the object, we introduced 
the possibility measure and the crisp possibilistic mean value. 
On the other hand, there are various types of criterions with 
respect to fuzzy object and constraints such as necessity and 
credibility measure, fuzzy interval approach, etc.. Therefore, 
as the future works, we need to consider more general and 
versatile type-2 fuzzy portfolio selection problems with such 
criterions.  
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Abstract—In this study, Turkish automotive sector needs for 
flexibility will be determined, and the relationships between flexibility 
levers and flexibility performance criteria will be evaluated with 
respect to the sectoral needs. The choice of the appropriate lever 
combinations will be made for the sector by using the results of this 
evaluation. The flexibility strategies will be ranked by using a fuzzy 
extended AHP approach. At the second phase of this study, the QFD 
tool will be used to find the best flexibility lever portfolio related to 
automotive sector strategies. 

Keywords— Flexibility Management, Fuzzy AHP, QFD, Turkish 
Automotive Sector.

1 Introduction
The markets in which manufacturers and service firms 
compete are increasingly influenced by intense foreign 
competition, rapid technological change, shorter product 
life-cycles and customers increasingly unwilling to settle for 
mass-produced items or services with limited value. The 
“new breed of customer” [1], who demands greater 
responsiveness to a dynamic set of requirements, and a new 
competitive environment, which exposes local companies to 
competition with the companies around the globe, form a 
new scenario that has challenged firms in most industries 
([2]; [3]; [4]). In this new scenario, flexibility may be one of 
the most important capabilities needed for firms to achieve 
competitive advantage ([5]; [6]; [7]). 

We defined flexibility as the capacity of adaptation under 
the double constraint of uncertainty and the urgency. This 
uncertainty can come from the providers (rupture, problems 
of transport), from the customers (variation of the request) 
or from the company itself (breakdowns of the equipment, 
problems of provisioning). The possible behaviors of the 
company face to these problems are called levers of 
flexibilities. After the mass production era of Ford and lean 
management era of Toyota, these days are witnessing the era 
of flexibility. Modern organization should keep as much as 
possible flexibility capability to be used in case of an 
incident. 

This paper will briefly summarize the flexibility concept 
and flexibility levers as well as the existing situation of 
Turkish automotive industry by the flexibility point of view. 
It will introduce a model, based on Analytic Hierarchy 
Process (AHP) and Quality Function Deployment (QFD) 
methodology, which determine the best flexibility levers’ 

portfolio to deal with consumers needs for flexibility in term 
of delivering a 5R product (right place-RP, right time-RT, 
right quantity-RQ, right product-RPr, right price-RPc). The 
Turkish automotive industry including the parts and 
components producers is considered in this study as a case 
industry. Automotive industry is considered as a complete 
industry covering all entities of the value chain.

In the second section of the paper, the flexibility 
management literature will be reviewed and Turkish 
automotive sector needs for flexibility will be determined. In 
the third section, the fuzzy extended AHP model will be 
introduced and the flexibility strategies will be ranked by 
using this approach. At the fourth phase of this study, the 
QFD tool will be used to find the best flexibility lever 
portfolio related to automotive sector strategies. The 
relationships between flexibility levers and flexibility 
performance criteria will be evaluated with respect to the 
sectoral needs. The choice of the appropriate lever 
combinations will be made for the sector by using the results 
of this evaluation. The study will be concluded with the 
presentation of the selected portfolio.   

2 Flexibility Management 

2.1 Literature Review 
Flexibility becomes a strategic resource from the late 70s 
due to the uncertainty in the environment faced by most of 
the enterprises. This uncertainty is due to several factors, 
such as diversification in product range, reduced product life 
cycle, fragmentation and globalization of markets, 
sophistication of customers etc. In a broad view flexibility is 
defined as the capability of adaptation to change. The 
flexibility is a total capacity, which will be activated as a 
function of events, which are not controlled by the company. 
It has a passive vision and defensive usage of the capability. 
But flexibility may create some offensive strategies as well. 
By offering more diverse products than the competitors, by 
renewing the products more frequently or by customizing 
associated services, flexible pioneers can set the rules of 
game of the industry by creating uncertainty for their 
competitors. Therefore flexibility is defined as a strategic 
asset for the companies not only for adapting to the changes 
in the environment but also to change the environment in 
favor of itself. 
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Some authors distinguish between internal and external 
flexibilities. For instance, Swamidass [8] distinguishes 
machine-level flexibility from plant-level flexibility. The 
former being “predominantly technology based” and the 
latter being derived from a combination of technology, 
infrastructure, design and engineering capabilities, and the 
competitive goals and objectives of a firm. Upton [9] defines 
internal flexibility as the operations strategy and the set of 
capabilities a firm nurtures to respond to its environment, 
and external flexibility as capabilities possessed by the firm 
and used to accommodate sources of variability to which the 
firm must respond and which are seen as flexible by the 
market. This external dimension fits the two major strategies 
proposed by Hyun and Ahn [10] for using flexibility: 
reactive and proactive. In the same vein, Gerwin [11] also 
suggests two major strategies for using flexibility: adaptive 
and redefinition. The adaptive strategy refers to the 
defensive or reactive use of flexible competencies to 
accommodate unknown uncertainty, while the redefinition 
strategy refers to the proactive use of flexible competencies 
to raise customer expectations, increase uncertainty for 
rivals and gain competitive edge. 

The reasons companies are motivated to be flexible 
include the need to make design changes quickly, when 
competitors introduce new models and customers start 
switching supply sources; to focus on volume flexibility, 
when large customers reduce inventories and their demand 
rates become volatile; more flexible product mixes, when 
importers or domestic competitors start offering multiple 
quality and price levels; to respond quickly and supply the 
new products/services, when the customer tastes change 
quickly.  
Especially, four types of flexibilities are important in point 
of view of the consumer: the volume (VF), the product mix 
(PMF), the new product (NPF) and the design flexibilities 
(DF). Volume flexibility can be defined as the ability to 
operate profitably at different production volumes [9]. 
Product mix flexibility is adopted to deal with uncertainty 
about the products that will be demanded by customers at a 
particular period ([12]; [13]). It is characterized by the 
ability to produce several products at one manufacturing 
facility without incurring a major cost penalty. New product 
flexibility is the ability of a system to add or substitute new 
products to the product mix. Finally, the design flexibility is 
the ability to change the design of a product very 
economically and quickly 

The need for flexibility can be expressed as a satisfaction 
of the demand with delivery on time (I), at the right place 
(II), in required quantity (III) with the right product (IV) and 
the right price (V). 

It may be noted that each of the above external elements 
are the causes beyond the control of any company. Further, 
none of these needs can be satisfied by the mass production 
strategy. Consequently, the classical methods as the affair 
with large production runs and economies of scale are a 
thing of the past, and are being replaced by a new concept - 
flexibility management. 

To satisfy the need for various types of flexibility, 
Aggorwal [14] define three groups of levers or mechanisms. 
The first group is referred to as levers for internal flexibility. 
Each of these levers remains under the control of 

management at all times. The salient levers in this group are 
Planning/Scheduling Flexibility (1), Sequencing Flexibility 
(2), Routing Flexibility (3), Labor Flexibility (4), 
Machine/Equipment Flexibility (5), Design/Development 
Flexibility (6), Process/Technology Flexibility (7), Raw 
Materials Flexibility (8), Transport/Shipping Flexibility (9), 
Layout Flexibility (10), Expansion Flexibility (11), Financial 
Resources Flexibility (12). 

The second group consists of levers for soft flexibilities. 
Each of these levers can enhance internal flexibility. In 
contrast to hard levers, they are never completely under 
management's control as each requires heightened 
participation and support of specialists and other employee 
groups. The levers constituting this group and their 
respective code numbers are Organizational Structure 
Flexibility (13), Decision Making Flexibility (14), Job 
Design Flexibility (15), Employee's Willingness for Change 
Flexibility (16), Managerial Perception Change Flexibility 
(17). These flexibility levers cannot be measured on a hard 
(quantitative) scale, as was the case with the levers of the 
first group; therefore they are designated soft levers 
flexibilities. 

The third group of levers involves managerial 
manipulation of intangibles. Each of these levers can 
enhance one or more of the flexibilities either externally or 
internally. Again, their effectiveness cannot be measured on 
a hard scale, so they are called intangible levers 
(flexibilities). These are Reputation Building Flexibility 
(18), Flexibility in Enhancing Knowledge and Experience 
Base (19), Flexibility in Identifying Undiscovered and 
Unused Talents of Workforce (20), Flexibility in 
Development of Standing Agreements with Suppliers and 
Customers (21). 
2.2 Changing Landscape in Turkish Automotive Industry 
The present-day automotive industry of Turkey was first 
developed within the broader context of import substitution 
in the 1960s. High tariffs, quantitative restrictions and local 
content regulations were used to create a local vehicle 
industry. Access to the local market could only be achieved 
through local production. In Turkey, the government 
succeeded in attracting a number of assemblers (most 
notably Ford, Fiat and Renault), and by the early 1970s cars 
with a high degree of local content were being produced. 
While the assemblers were joint ventures between foreign 
companies and local groups by the late 1970s, a thriving 
components industry was created, much of which was 
locally owned. The industry continues to grow in the 1970s 
and 1980s mainly by protectionist policies. The rapid 
expansion of the automotive industry arose from a coming 
together of two distinct interests. However, the developing 
impact of the automotive industry in the 1990s is likely to be 
very different from that seen in the 1960s and 1970s. This is 
because the industry has globalized and changed its 
governance structures 

Protectionist policies continued throughout the early 
1990s. In 1995, by signing the Customs Union agreement 
with European Union, Turkey abolished high taxes over 
European origin vehicles.  With customs union Turkish 
automotive industry changed its nature and it results Turkish 
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car manufacturers to produce competitive products both in 
price and in quality. Another impact of the customs union 
over the industry is the shift of focus from local market to 
global markets. As a direct result of globalization, local 
producers have begun to manufacture vehicles for global 
markets. Due to global strategies of multinational vehicle 
producers, manufacturing facilities in Turkey are dedicated 
to manufacture specific models. This shift in the assemblers 
had an immediate impact over the suppliers that are faced to 
the obligations of the globalized environment. It become 
important in this uncertain environment to be armed with 
performer flexibility levers in order to deal with the rapid 
changes in the sector. 

3 Proposed Methodology 

3.1 Ranking Flexibility Strategies with Fuzzy Extended 
AHP Approach

In this paper the fuzzy extension of one of the most widely 
used MCDM methods namely FAHP is used to find the 
relative importance of the problems alternatives and criteria. 
The choice of the method used in this stage is arbitrary but 
the wide range and the ease of use for FAHP was 
determinant for us to choose it. And with fuzzy logic, we 
wanted to handle as precisely as possible the unprecised 
qualitative data collected from the experts.  

The FAHP approach is introduced, with the use of 
Triangular Fuzzy Numbers-TFNs for pairwise comparison 
scale of FAHP according to the method of Chang’s [15] 
fuzzy extent analysis and the correct normalization formula 
given later by Wang et al. [16].  

In the conventional AHP, the pairwise comparisons for 
each level with respect to the goal are conducted using a 
nine-point scale proposed by Saaty [17]. According to Zadeh 
[18], it is very difficult for conventional quantification to 
define the complex situations, so the notion of a linguistic 
variable, whose values are words or sentences, is necessary. 
To assess the relative importance of the criteria and to 
evaluate the alternatives with respect to the problems criteria 
an assumed weighting set has been developed. The decision 
makers can use this linguistic rating set. The triangular fuzzy 
conversion scale of the linguistic values in the weighting set 
is shown in Table 1.    

Table1. The triangular fuzzy conversion scale 
Linguistic Values Triangular Fuzzy Numbers
Very Low (VL) 
Very Poor (VP) 

�
�
�

�
�
�

3
1,

5
1,

5
1

Low (L) 
Poor (P) 

�
�
�

�
�
� 1,

3
1,

5
1

Exactly Equal � �1,1,1
Medium (M) 

Fair (F) 
�
�
�

�
�
�

2
5,

2
3,

2
1

High (H) 
Good (G) 

� �5,3,1

Very High (VH) 
Very Good (VG) 

� �5,5,3

Assume that 	 
nxxxX ,...,, 21�  is an object set, and 
	 
muuuU ,...,, 21�  is a goal set. According to the method of 

Chang’s [24] fuzzy extent analysis, each object is taken and 
extent analysis is performed for each goal respectively. 
Therefore, m extent analysis values for each object can be 
obtained, with the following representation: 

m
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igM ,...,2,1  for  ni ,...,2,1�        (1) 

Note that all the j
gi

M , mj ,,2,1 �� ,  are TFNs representing 

the performance of the object ix  with regard to each goal 

ju . The steps of Chang’s [19] extent analysis can be given 
as in the following: 
� First, by fuzzy arithmetic operations, take the sum of 

each row of the fuzzy comparison matrix. 
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� Using fuzzy synthetic extent analysis, the value of fuzzy 
synthetic extent with respect to the ith object ix ,

ni ,,2,1 ��  that represents the overall performance of 
the object across all goals can be determined by the 
following normalization formula given by Wang et al. 
[25]: 
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� The degree of possibility of 21 MM �  is defined as : 
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� Compute the degree of possibility of ji SS ~~
� by the 

following equation where ),,(~
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� To compare ),,(~
iiii umlS �  and ),,(~

jjjj umlS � , we 

need both the values of )~~( ji SSV �  and )~~( ij SSV � . The 

degree of possibility for a convex fuzzy number S~  to 

be greater than k convex fuzzy numbers ,~
iS i=1,…,k

can be defined by: 
� � � � � �� � � �ikk MMVMMMMVMMMV ���  ��� min,, 11 ��

for ki ,...,2,1�
� Assume that for the alternative Ai,

� � � �jii SSVAd �� min' ,    for ijnj �� ;,...,2,1
 (6) 

� Then the weight vector is given by, 
� � � � � �� �TnAdAdAdW !!!�! ,...,, 21         (7) 

� Via normalization, the normalized weight vectors are, 
� � � � � �� �TnAdAdAdW ,...,, 21�          (8) 
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To illustrate our model, a decision-making group is formed 
that consists of the 5 experts from the Turkish automotive 
industry. After a detailed discussion on every criterion, four 
main criteria of flexibility types have been identified for the 
hierarchical structure. The AHP hierarchy scheme is 
constructed and shown in Figure 1.  

Figure 1. Hierarchical Structure of Flexibility Needs 

The aim of the evaluation is to rank the importance of 
consumers needs for flexibility in the sector. The normalized 
weight vectors of alternatives with respect to criteria are 
calculated and shown in Table 2. 

Table 2. The normalized weight vectors of the alternatives 

0,752 0,1 0,045 0,103

0,195

0,278

0,265

0,109

0,154

0,252

RPc 0,247 0,404 0,131 0,318

RPr 0,276 0,228 0,489

0,203

RQ 0,221 0,094 0,096 0,144

RT 0,148 0,144 0,154

QUICK 
DESIGN 
CHANGE 

RP 0,108 0,129 0,131 0,083

VOLUME M�X NEW 
PRODUCT

The need for volume flexibility is highly important in the 
automotive sector. The consumer demand in this sector is 
significantly sensible to the global economic indicators. On 
the other hand, the right price is very important when we are 
faced to a mix product flexibility problem. In the same way, 
placing the right product in the market is extremely 
important when we have to satisfy a new product flexibility 
need. Finally, the 5R strategies are ranked for their relative 
importance as follows: RPRTRQRPcRPr ���� .

3.2 Selection of the best flexibility lever portfolio using 
QFD

Quality function deployment (QFD) is ‘‘an overall concept 
that provides a means of translating customer requirements 
into the appropriate technical requirements for each stage of 
product development and production (i.e., marketing 
strategies, planning, product design and engineering, 
prototype evaluation, production process development, 
production, sales)’’ [19]. QFD belongs to the sphere of 
quality management methods, offering us a linear and 
structured guideline for converting the customer’s needs into 
specifications for, and characteristics of new products and 
services. The method involves developing four matrixes, or 
‘houses’, that we enter by degrees as a project for a given 
product or production process is developed on increasingly 

specific levels [20]. In the present article, our attention 
focuses on the Planning Matrix, or (HOQ) [21] (Fig. 2).  

The HOQ provides the specifications for product design 
(or engineering characteristics) in terms of their relative 
importance and of target values that have to be reached in 
design and production. In a sense, the HOQ is the hub of the 
whole QFD method: its construction enables us to proceed 
from the customer’s requirements to the design 
specifications ([22]; [23]). This paper describes the HOQ 
and its process following the approaches suggested by 
Brown [24], and Griffin and Hauser [25]. Step 1: Identify 
the WHATs. The expected benefits in a product or service in 
the customer’s own words are customer needs and are 
usually called customer attributes (CA) or ‘‘WHATs’’, area 
(A) in Fig. 2. In assigning priorities to WHATs, it is 
necessary to balance efforts in order to accomplish those 
needs that add value to the customer. The priorities are 
usually indicated in the area designated as (B) in Fig. 2. Step 
2: Determination of HOWs. Engineering characteristics are 
specified as the ‘‘HOWs’’ of the HOQ and also called 
measurable requirements. HOWs are identified by a 
multidisciplinary team [26] and positioned on the area 
marked as (C) on the matrix diagram, Fig. 2. Step 3: 
Preparation of the relationship matrix (D). A team judges 
which WHATs impact which HOWs and to what degree. 
Step 4: Elaboration of the correlation matrix. The physical 
relationships among the technical requirements are specified 
on an array known as ‘‘the roof matrix’’ and identified as 
(E) in Fig. 2. Step 5: Action plan. The weights of the HOWs, 
identified as area (F), are placed at the base of the quality 
matrix. These weights are one of the main outputs 
of the HOQ, and are determined by  

Weight (HOW)i = V(HOW)i1 * imp(WHAT1) +....+ 
V(HOW)in * imp(WHATn)

where V(HOW)in is the correlation value of HOWi with 
WHATn, and imp (WHATn) represents the importance or 
priority of WHATn.

Figure 2. House of quality. 

Various quantitative methods have been suggested to use in 
QFD to improve its reliability and objectiveness, noticeably 
the methods of management science/operational research 
(MS/OR), marketing research, and fuzzy logic. 

Automotive Sector 
Flexibility Needs 

Volume 
Flexibility 

Product Mix 
Flexibility 

New Product 
Flexibility 

Quick Design 
Change 
Flexibility 

Right 
Place 

Right 
Time 

Right 
Quantity

Right 
Price

Right 
Product 
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Figure 3. The HOQ applied to the flexibility levers portfolio choice 

Works applying MS/OR methods to QFD include analytic 
hierarchy process (AHP) to prioritize customer needs 
(whats) ([27]; [28]; [29]), AHP and benchmarking integrated 
to rate ‘‘whats’’ [30], AHP and QFD for combining 
customers’ requirements and preferences [31], AHP and two 
multi-attribute decision-making methods for rating ‘‘whats’’ 
[32], AHP, multiattribute utility theory, and linear 
programming methods for rating ‘‘whats’’ [33], value 
functions to capture ‘‘whats’’ [34], AHP to study the 
ranking sensitivity of ‘‘whats’’ in QFD [35]. 

In this paper, we are using the F-extended AHP method 
which is described in the previous section for ranking the 
WHAT column of the HOQ (fig. 3). These are the flexibility 
levers in the HOW column. The experts have judged which 
flexibility levers impact which flexibility needs and to what 
degree. The physical relationships among the technical 
requirements are also specified but not given here. Finally, 
the table 3 indicates the importance weights of the flexibility 
levers.  

4 Conclusions
In this paper, a decision making model, based on Analytic 
Hierarchy Process (AHP) and Quality Function Deployment 
(QFD) methodology, which determine the best flexibility 
levers’ portfolio to deal with consumers needs for flexibility 
in term of delivering a 5R product is developed. Thus, the 
need for flexibility is calculated with the F-extended AHP 
method. The experts have judged which flexibility levers 
impact which flexibility needs and to what degree.  

The need for volume flexibility is highly important in the 
automotive sector. On the other hand, the right price is very 
important when we are faced to a mix product flexibility 
problem. In the same way, placing the right product in the 
market is extremely important when we have to satisfy a 
new product flexibility need.

Facing continuous change in the automotive industry, 
using the flexible human resources factors and being able to 
develop the flexible agreements with suppliers and 
customers are very important. On the other hand, an 
automotive firm must have a flexible technology to adapt 
any change and be highly flexible in his transport and 
shipping design.  
For the future works, the study will develop a Fuzzy-QFD 
for better represent the vagueness of the experts’ opinions on 
the flexibility levers. In a next time, the three phases of QFD 
will be included for a global design strategy. 

Table 3. The importance weight of the flexibility levers 

Row 

Number Flexibility Levers

Relative Weight 

(Relative 

Importance)

4 Labor Flexibility 10,14%

21
Flexibility in Development of Standing Agreements 

with Suppliers and Customers
10,04%

7 Process/Technology Flexibility 8,35%

9 Transport/Shipping Flexibility 6,71%

12 Financial Resources Flexibility 6,38%

6 Design/Development Flexibility 5,95%

11 Expansion Flexibility 5,56%

19
Flexibility in Enhancing Knowledge and Experience 

Base
5,32%

1 Planning/Scheduling Flexibility 4,61%

13 Organizational Structure Flexibility 4,18%

14 Decision Making Flexibility 4,18%

5 Machine/Equipment Flexibility 3,95%

20
Flexibility in Identifying Undiscovered and Unused 

Talents of Workforce
3,50%

10 Layout Flexibility 3,38%

15 Job Design Flexibility 3,35%

18 Reputation Building Flexibility 3,35%

8 Raw Materials Flexibility 2,36%

17 Managerial Perception Change Flexibility 2,36%

16 Employee's Willingness for Change Flexibility 2,21%

3 Routing Flexibility 2,12%

2 Sequencing Flexibility 2,01%
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Abstract— In this paper, we study the OWA operator on the real
line, which corresponds to the Continuous OWA operator (COWA).
After defining it, we introduce some properties and fundamental for-
mulas for its computation. Among them, we give as an example, a dif-
ferential equation for the COWA operator. Keywords: Fuzzy mea-
sures, Order weighted averaging operator, Choquet integral, Contin-
uous OWA operator

1 Introduction
Aggregation operators [1, 3, 8] are used to combine informa-
tion to obtain a datum of better quality. In recent years there
is an increasing interest in these topics for their application in
decision problems and artificial intelligence.

Among aggregation operators, one of the most well known
and useful one is the Ordered Weighted Averaging opera-
tor (OWA) introduced by Yager [12, 13, 14]. The OWA
is regarded as a Choquet integral with respect to a fuzzy
measure[6, 9].

In classical statistics, when the amount of data is large, it
is usual to approximate a discrete distribution, such as a bino-
mial distribution, by a continuous distribution. A continuous
distribution, such as the normal distribution, is a Lebesgue in-
tegral on the real line and is based on lots of results of classical
integral theory. At present, there are a very few theoretical re-
sults about the Choquet integral on the real line. This paper is
the first step for a theory of Choquet integral on the real line.

The structure of this paper is as follows. In Section 2 we
review fuzzy measures and the OWA operator, and introduce
a few results related to the OWA operator.

In Section 3, we define the OWA operator on the real
line, called the Continuous OWA operator (COWA) operator
and introduce some fundamental formulas and expressions for
their computation.

In Section 4, we show an example of differential equation,
which will be a hint to find a weighting function for the COWA
operator. The paper finishes with some conclusions.

2 Preliminaries
In this section, we define fuzzy measures, the Choquet integral
and the OWA operator, and show their basic properties.

To introduce both a discrete space and a non-discrete space
in a unified way, we use the terms in general topology in this
section. Let X be a locally compact Hausdorff space and B

be a class of Borel sets, that is, the smallest σ−algebra which
includes the class of all closed sets. We say that (X,B) is a
measurable space.

Example 1 We consider two examples of Hausdorff spaces:

(1) The set of all real numbers R is a locally compact Haus-
dorff space. If X = R, B is the smallest σ− algebra
which includes the class of all closed intervals.

(2) Let X := {1, 2, . . . , N}. X is a compact Hausdorff
space with a discrete topology. Then we have B = 2X .

Definition 1 [7] Let (X,B) be a measurable space. A fuzzy
measure (or a non-additive measure) µ is a real valued set
function, µ : B −→ [0, 1] with the following properties;

(1) µ(∅) = 0

(2) µ(A) ≤ µ(B) whenever A ⊂ B, A, B ∈ B.

We say that the triplet (X,B, µ) is a fuzzy measure space if
µ is a fuzzy measure.

A fuzzy measure is said to be continuous if An ↑ A implies
µ(An) ↑ µ(A) and An ↓ A implies µ(An) ↓ µ(A).

Definition 2 Let (X,B) be a measurable space. A function
f : X → R is said to be measurable if {x|f(x) ≥ α} ∈ B for
all α ∈ R.

Example 2 Let f be a continuous function. Then, for all α ∈
R, {f ≥ α} is a closed set. Therefore, f is measurable.

F(X) denotes the class of non-negative measurable func-
tions, that is,

F(X) = {f |f : X → R+, f : measurable}

Definition 3 [2, 5] Let (X,B, µ) be a fuzzy measure space.
The Choquet integral of f ∈ F(X) with respect to µ is de-
fined by

(C)
∫

fdµ =
∫ ∞

0

µf (r)dr,

where µf (r) = µ({x|f(x) ≥ r}).
Let A ⊂ X . The Choquet integral restricted on A is de-

fined by

(C)
∫

A

fdµ := (C)
∫

f · 1Adµ.
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Definition 4 Let D ⊂ RN . An aggregation operator Ag is a
function Ag : D → R with the following properties;

(1) (Unanimity or idempotency)

Ag(a, . . . , a) = a if (a, . . . , a) ∈ D

(2) (Monotonicity)

If ai ≤ bi for all i = 1, . . . , n, a = (a1, . . . , aN ),b =
(b1, . . . , bN ) a,b ∈ D, then Ag(a) ≤ Ag(b).

Yager introduced the Ordered Weighted Averaging operator
in [12].

Definition 5 [12] Given a weighting vector w with weights
(w1, . . . , wN ), the Ordered Weighted Averaging operator is
defined as follows:

OWAw(a) =
N∑

i=1

wiaσ(i)

where σ defines a permutation of {1, . . . , N} such that
aσ(i) ≥ aσ(i+1), a = (a1, . . . , an).

A fuzzy measure µ on B is said to be symmetric [4] if
µ(A) = µ(B) for |A| = |B|, A, B ∈ B. Symmetric fuzzy
measures on {1, . . . , N} can be represented in terms of N

weights wi for i = 1, . . . , N so that µ(A) =
∑|A|

i=1 wi. Us-
ing a symmetric fuzzy measure, we can represent any OWA
operator as a Choquet integral.

Proposition 6 Let X := {1, 2, . . . , N}; then, for every
OWAw, there exists a symmetric fuzzy measure satisfying
µ({1}) := w1 and µ({1, . . . , i}) := w1 + · · · + wi for
i = 1, 2, . . . , N , such that

OWAw(a) = (C)
∫

adµ

for a ∈ RN
+ .

3 Continuous OWA operator

In the following we consider aggregation operators on the real
line. Let λ be a Lebesgue measure on [0, 1], that is, λ([a, b]) =
b − a for [a, b] ⊂ [0, 1].

Definition 7 Let Fb([0, 1]) be a class of bounded measurable
function on [0, 1]. A continuous aggregation operator Ag on
the real line is a functional Ag : Fb([0, 1]) → R with the
following properties;

(1) (Unanimity or idempotency)

Ag(a) = a if a(x) = a for all x ∈ [0, 1]

(2) (Monotonicity)

If a(x) ≤ b(x) for all x ∈ [0, 1], then Ag(a) ≤ Ag(b).

(3) (Continuity) Let an, a ∈ Fb([0, 1]) for n = 1, 2, 3, . . .
and limn→∞ an = a. Then, limn→∞ Ag(an) = Ag(a).

Let D ⊂ RN . For every a := (a1, . . . , an) ∈ D, we can
define a function f ∈ Fb([0, 1]) by f(x) := ak if
(k − 1)/n ≤ x < k/n. Therefore the definition above is one
of the generalization of aggregation operators on D.

Since the Choquet integral with respect to a continuous
fuzzy measure satisfies all the conditions above, the Choquet
integral with respect to a continuous fuzzy measure is a con-
tinuous aggregation operator.

Using the Choquet integral we can define the continuous
OWA (COWA) operator.

Definition 8 Let µ be a fuzzy measure on ([0, 1],B). µ is said
to be symmetric, if λ(A) = λ(B) implies µ(A) = µ(B).

Definition 9 Let a ∈ F�([0, 1]). The continuous OWA opera-
tor is defined by

COWAµ(a) = (C)
∫

adµ

where µ is a symmetric fuzzy measure.

Let µ be a symmetric fuzzy measure on ([0, 1],B). Sup-
pose that λ(A) < λ(B). Then there exists B′ ∈ B such that
λ(B) = λ(B′) and A ⊂ B′. Then we have

µ(A) < µ(B′) = µ(B).

Therefore we have the next proposition.

Proposition 10 Let µ be a symmetric fuzzy measure on
([0, 1],B). Then there exists a monotone function ϕ : [0, 1] →
[0, 1] such that µ = ϕ ◦ λ.

It follows from the proposition above that we can consider
the Choquet integral with respect to ϕ ◦ λ as the COWA oper-
ator. We will write COWAϕ instead of COWAϕ◦λ and we
will say that ϕ is the weight for the COWA operator.

Let f : [0, 1] → R be monotone increasing with f(0) = 0
and differentiable. We define the sequence of functions {fk}
by f1 = f , fk+1 =

∫ x

0
fkdλ for x ∈ [0, 1], k = 1, 2, . . . .

Then we have

(C)
∫

[0,1]

fdλn =
∫ ∞

0

λn(f · 1[0,x]≥α)dα

=
∫ f(x)

0

(x − f−1(α))ndα

Let t := x − f−1(α), Since we have dα = −f ′(x − t)dt,
t = x if α = 0 and t = 0 if α = f(x), then

(C)
∫

[0,1]

fdλn =
∫ 0

x

tn · (−f ′(x − t))dt

=
∫ x

0

tnf ′(x − t)dt

Next let s := x − t, we have

(C)
∫

[0,1]

fdλn =
∫ x

0

(x − s)nf ′(s)ds

= [(x − s)nf(s)]x0 + n

∫ x

0

(x − s)n−1f1(s)ds
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Since f(x) = 0, we have

(C)
∫

[0,1]

fdλn = n

∫ x

0

(x − s)n−1f1(s)ds.

It follows from integration by part again that
∫ x

0

(x − s)n−1f1(s)ds = (n − 1)
∫ x

0

(x − s)n−2f2(s)ds.

Repeating above calculation, we have the next lemma.

Lemma 11 Let f : [0, 1] → R be monotone increasing with
f(0) = 0 and differentiable. We define the sequence of func-
tions {fk} by f1 = f , fk+1 =

∫ x

0
fkdλ for x ∈ [0, 1],

k = 1, 2, . . . . Then we have

(C)
∫

[0,x]

fdλn = n!fn(x)

for x ∈ [0, 1].

Example 3 Let f(t) = t, we have f1 = 1
2x2, · · · , fn =

1
(n+1)!x

n+1.

(C)
∫

[0,x]

tdλn(t) =
1

n + 1
xn+1

for x ∈ [0, 1].

Let the weight w be ∞-order differentiable. Then we can
express w by

w(x) :=
∞∑

k=1

akxk.

Since the Choquet integral is linear with respect to the fuzzy
measures. We have

(C)
∫

[0,x]

fdw ◦ λ =
∞∑

k=1

k!akfk(x)

for x ∈ [0, 1]. Therefore we have the next theorem.

Theorem 12 Let f : [0, 1] → R be monotone increasing
with f(0) = 0 and differentiable. We define the sequence of
functions {fk} by f1 = f , fk+1 =

∫ x

0
fkdλ for x ∈ [0, 1],

k = 1, 2, . . . .

COWAw(f) =
∞∑

k=1

k!akfk(1)

for x ∈ [0, 1].

4 Differential equation for COWA operator
In this section we consider the definition of a weight for the
COWA. As we will see below, a differential equation helps in
this definition.

Let us define a weight w(x) :=
ex − 1
e − 1

. Then we have

w(x) =
1

e − 1

∞∑
k=1

1
k!

xk.

Since ak =
1

(e − 1)k!
, we have

(C)
∫

[0,x]

fdw ◦ λ =
1

e − 1

∞∑
k=1

k!fk(x)

for x ∈ [0, 1].
Then we have the next differential equation for a weighting

function.

d

dx
(C)

∫
[0,x]

fdw ◦ λ = f(x) +
1

e − 1

∞∑
k=1

k!fk(x)

for x ∈ [0, 1]. Therefore we have the next differential equa-
tion.

d

dx
(C)

∫
[0,x]

fdw ◦ λ = f(x) + (C)
∫

[0,x]

fdw ◦ λ

for x ∈ [0, 1].

Proposition 13 Let f be a monotone increasing function with
f(0) = 0 and let f be differentiable. If the weighting function
satisfies the next equation:

d

dx
(C)

∫
[0,x]

fdw ◦ λ = f(x) + (C)
∫

[0,x]

fdw ◦ λ

for x ∈ [0, 1], then we have

w(x) =
ex − 1
e − 1

5 Conclusion
We defined the OWA operator on the real line (COWA opera-
tor), and show some fundamental formulas for its calculation.
We give an example of differential equation to find a weight-
ing function for COWA operator. This methods will be ap-
plicable to the Weighted OWA (WOWA) operator introduced
by Torra [10, 11], which is one of the generalization of OWA
operator. We expect to have some new results related to the
WOWA operator in the near future.
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Abstract— Fuzzy systems address the imprecision of the input
and output variables, which formally describe notions like “rather
warm” or “pretty cold”, while provide a behaviour that depends on
fuzzy data. This class of systems are classically represented by means
of Fuzzy Inference Systems (FIS), a computing framework based on
the concepts of fuzzy if-then rules and fuzzy reasoning. Even if FIS
are largely used, these lack in compositionality. Moreover, the analy-
sis of modeled behaviuors needs complex analytic tools. In this paper
we propose a process algebraic approach to specification and analy-
sis of fuzzy behaviours. Indeed, we introduce a Fuzzy variant of CCS
(Calculus of Communicating Processes), that permits composition-
ally describing fuzzy behaviours. Moreover, we also show how stan-
dard process algebra formal tools, like modal logics and behavioural
equivalences, can be used for supporting fuzzy reasoning.

Keywords— Fuzzy Systems, Process Algebras, Compositional
Fuzzy Reasoning

1 Introduction
Human perception of real world abounds with concepts with-
out strictly defined constraints (examples are fat, very, more,
slowly, old, etc). Such concepts can be described by means
of Fuzzy Sets [1, 2]: classes of objects in which transit from
membership to not membership gradually takes place.

Fuzzy Sets are widely used in control systems where the
system behaviour can depend on data without precise values.
In a Fuzzy System input values are described by means of vari-
ables that model data (temperature, speed) representing them
as fuzzy sets, each of which identifies a different range of val-
ues (e.g. cold, warm, hot,. . . ).

These systems are classically represented by means of
Fuzzy Inference Systems (FIS) [3], a computing framework
based on the concepts of fuzzy if-then rules, fuzzy set theory
and fuzzy reasoning. A Fuzzy If-Then-Rule is a rule of the
form If x is A then y is B where A and B are linguistic values
defined by fuzzy sets on universes of discourse X and Y , re-
spectively. Fuzzy reasoning is an inference procedure used to
derive conclusions from a set of fuzzy If-Then-Rules and one
or more conditions.

Defuzzification is the essential “process” to translate the
fuzzy result in a crisp result. The most frequently used de-
fuzzification strategy is the centroid of area defined as:

zcoa =

∫
z
µC′(z) z dz∫

z
µC′(z) dz

where µC′(z) is the aggregated output membership function.
Other defuzzification strategies arise for specific applications:
maximum membership, mean of maximum, largest of max-
imum, smallest of maximum, weighted average and so on.

Generally speaking, these defuzzification methods are compu-
tation intensive Theoretical results are available [4, 5]. Even if
Fuzzy Inference Systems are largely used, these lack in com-
positionality, in the sense that the rules interactions as well as
how a rule interferes with the others is not completely clear.
Moreover, it is difficult to compare different implementations
of a system as well as verifying the properties satisfied by a
given specification.

Process algebras are a set of mathematically rigorous lan-
guages with well defined semantics that permit modelling be-
haviour of concurrent and communicating systems. Verifica-
tion of concurrent systems within the process algebraic ap-
proach can be performed by checking that processes enjoy
properties described by some temporal logic’s formulae.

In this paper we propose a process algebra approach to
specification and analysis of fuzzy behaviours. Indeed, we
introduce a Fuzzy variant of CCS (Calculus of Communicat-
ing Processes), that permits compositionally describing fuzzy
behaviours. Operational semantics of Fuzzy CCS (FCCS) is
described by means of Fuzzy Labelled Transition Systems [6]
(FLTS). These are an extension of Labelled Transition Sys-
tems where fuzziness is used for modeling imprecision in con-
current systems.

Moreover, we also show how standard process algebra for-
mal tools can be used for supporting fuzzy reasoning. Indeed,
we define a fuzzy behavioural equivalence and a fuzzy modal
logic that can be used for specifying and verifying properties
of fuzzy systems.

The rest of the paper is organised as follows. In Section 2
we introduce Process Algebras conceptually. In Section 3 we
recall the basic notions related to L-Fuzzy Sets while in Sec-
tion 4 we present the Fuzzy CCS. In Section 5 we show how
Fuzzy Hennessy-Milner Logic can be used for specifying and
verifying properties of Fuzzy Systems. Finally, Section 6 con-
cludes the paper.

2 Process Algebras
Process algebras are a set of mathematically rigorous lan-
guages with well defined semantics that permits describing
and verifying properties of concurrent communicating sys-
tems. They can be seen as mathematical models of processes,
regarded as agents that act and interact continuously with
other similar agents and with their common environment. The
agents may be real-word objects (even people), or they may be
artefacts, embodied perhaps in computer hardware or software
systems.

Process algebras provide a number of constructors for sys-
tem description and are equipped with an operational seman-
tics that describes systems evolution. Moreover, they often
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come equipped with observational mechanisms that permit
identifying (through behavioural equivalences) those systems
that cannot be taken apart by external observations. In some
cases, process algebras have also complete axiomatizations,
that capture the relevant identifications.

There has been a huge amount of research work on process
algebras carried out during the last 25 years that started with
the introduction of CCS [7], CSP [8] and ACP [9].

The main ingredients of a specific process algebra are:

• a minimal set of well thought operators capturing the rel-
evant aspect of systems behaviour and the way systems
are composed;

• a transition system associated with the algebra via struc-
tural operational semantics to describe the evolution of
all systems that can be built from the operators;

• an equivalence notion that permits abstracting from irrel-
evant details of systems descriptions.

Verification of concurrent systems within the process alge-
braic approach is performed either by resorting to behavioural
equivalences or by checking that processes enjoy properties
described by some temporal logic’s formulae. Equivalences
are used for proving conformance of a process to specifi-
cations, expressed within the same process algebra notation.
Verification with logical formulae is implemented by “model
checking”, an automatic method to prove properties verifica-
tion.

In the former case two descriptions of a given system, one
very detailed and close to the actual concurrent implementa-
tion, the other more abstract describing the abstract tree of
relevant actions the system has to perform, are provided and
tested for equivalence.

In the latter case, concurrent systems are specified as terms
of a process description language while properties are spec-
ified as temporal logic formulae. Labelled Transition Sys-
tems are associated with terms via a set of structural oper-
ational semantics rules and model checking is used to de-
termine whether the transition system associated with those
terms enjoys the property specified by the given formulae.

Process algebras and modal logics have been largely used as
tools for specifying and verifying properties of concurrent sys-
tems. This, also thanks to model checking algorithms, permits
verifying whether a given specification satisfies the expected
properties.

3 L-Fuzzy Sets
Human perception of real world abounds with concepts with-
out strictly defined constraints (fat, very, more, slowly, old,
etc. . . ). Such concepts can be described by means of Fuzzy
Sets: classes of objects in which transit from membership to
not membership gradually takes place. A fuzzy set is a simple
and intuitive generalization of the classical crisp1 one.

Fuzzy sets are denoted by means of a generalised member-
ship function that gives the membership degree of each ele-
ment of the universe. This degree usually takes values in [0, 1],

1Crisp set is defined to split individuals belonging to a certain
universe into two groups: members (who surely belong to the set)
and not members (who surely do not belong).

the interval of real numbers from 0 to 1 inclusive. Although
above range is the one most commonly used for representing
membership degrees, any arbitrary set with some natural full
or partial ordering can be used. Elements of this set are not
required to be numbers as long as the ordering among them
can be interpreted as representing various strengths of mem-
bership degree [10].

Let U be a universal set and L be a complete lattice, a L-
Fuzzy Set [2, 11] A is denoted by a membership function µA :
U → L.

Standard operations on sets and lattices L, like complement,
intersection and union, can be generalised to L-Fuzzy Sets.
These operations rely on the use of three function c (·), i (·, ·)
and u (·, ·) that, respectively, give the measure of complement,
intersection and union of fuzzy degrees.

The complement of a L-Fuzzy Set A, denoted by A, is
specified by a function c : L → L which assigns a value
µA(x) = c (µA(x)) to each membership degree µA(x). This
assigned value is interpreted as the membership degree of the
element x in the L-Fuzzy Set representing the negation of the
concept represented by A.

Intersection and union of two L-Fuzzy Sets A and B are
defined using functions i : L × L → L and u : L × L → L.
For each element a in the universal set U , these functions take
as argument the pair consisting of the membership degrees
of a in A and in B, respectively. Function i, also named t-
norm, yields the membership degree of a in A ∩ B, while u,
also named t-conorm, returns the membership degree of a in
A∪B. Thus, µA∩B(a) = i (µA(a), µB(a)) while µA∪B(a) =
u (µA(a), µB(a)).

Function c, i and u operating on L-Fuzzy Sets must be con-
tinuous on L and satisfy all axioms in Table 1, where 0 and
1 denote respectively the least and the greatest element in L
while ≤ denotes the partial ordering on L. In the rest of this
paper we will use L to denote a tuple 〈L, c, i, u〉 containing
a complete lattice L together with its complement, intersec-
tion and union functions used for defining a family of L-Fuzzy
Sets.

Table 1: Axioms of fuzzy operations

Axioms for c (·)

c (1) = 0 c (0) = 1
x ≤ y

c (y) ≤ c (x) c (c (x)) = x

Axioms for i (·, ·)

i (1, 1) = 1 i (0, x) = 0 i (1, x) = x i (x, y) = i (y, x)

x1 ≤ x2 y1 ≤ y2

i (x1, y1) ≤ i (x2, y2) i (i (x, y) , z) = i (x, i (y, z))

Axioms for u (·, ·)

u (0, 0) = 0 u (0, x) = x u (1, x) = 1 u (x, y) = u (y, x)

x1 ≤ x2 y1 ≤ y2

u (x1, y1) ≤ u (x2, y2) u (u (x, y) , z) = u (x, u (y, z))

Fuzzy set theory was initially formulated by considering the
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complete lattice [0, 1], denoting the interval of real numbers
from 0 to 1 (inclusive), and the following complement, inter-
section and union functions:

c (x) = 1 − x i (x, y) = min[x, y] u (x, y) = max[x, y]

It is easy to prove that these functions are continuous on [0, 1]
and satisfy the axioms of Table 1.

4 A Fuzzy Process Algebra
Fuzzy systems are used for handling behaviours that depend
on data without precise values that are described by means
of variables taking values between 0 and 1. Variables, like
temperature or speed, are represented by means of fuzzy sets
each of which identifies a different range of values (e.g. cold,
warm, hot,. . . ).

As an example, we can consider a Temperature Control Sys-
tem (TCS). This is composed of an air conditioner (AC) sys-
tem and a temperature sensor installed in the room. The TCS
regulates the AC power, according to the values read from the
sensor, to guarantee a suitable room temperature.

Following the fuzzy approach, room temperature can be
modeled by considering different states identifying different
range of values. For instance, cold, warm and hot like in fig-
ure 1.

Behaviour of TCS is described by a set of rules like: if the
temperature is warm then slightly increase the AC power, if
the temperature is hot then increase the AC power.

These systems are classically represented by means of
Fuzzy Inference Systems (FIS).

In this section we present a fuzzy variant of CCS (Cal-
culus of Communicating Processes [12]), named Fuzzy CCS
(FCCS). In the new calculus the standard CCS actions are en-
riched with a fuzzy value modeling the enabling-degree. We
aim at defining a formal language that permits composition-
ally describing fuzzy systems and that can be used for support-
ing fuzzy reasoning. This, also thanks to the use of standard
formal tools like modal logics.

Like other process algebrae, FCCS provides a set of op-
erators that permit describing the complete system starting
from the specification of its subcomponents. Following the
CCS approach, components interact with each other by means
of actions, atomic and not interruptible steps, which repre-
sent input/output operations on communication ports or in-
ternal computations of the system. Let Λ be an infinite nu-
merable set of labels or ports, not containing τ . A FCCS ac-
tion can be: a ∈ Λ, the action to receive a signal on port
a; a with a ∈ Λ, the action to deliver a signal on port a;
τ , an internal computation step. We assume ¯̄α � α, where
α ∈ Λ∪{ā | a ∈ Λ}∪{τ}. Actions ᾱ and α are said comple-
mentary, they represent input and output actions on the same
channel.

The fundamental difference from CCS is the introduction
of an attribute “xi”, that we define action execution degree. It
is a fuzzy value able to represent, on a quality level, action be-
haviour. By this way CCS actions become fuzzy and therefore
more representative of real world.

We define FCCS sintax by means of the following grammar:

Q ::= nil | X |
∑
i∈I

(acti, xi).Qi

P ::= Q | P1 | P2 | P\A | P [f ]
act ::= ā | a | τ

Now a brief description of operators:

• nil is the inactive process.

• X is the process constant, if X � P then X denotes the
invocation of process P . It is useful in defining recursive
processes.

•
∑

i∈I(acti, xi).Qi is the choice or sum operator and de-
notes a choice among i possible behaviours that evolve
with action acti and degree xi.

• P1 | P2 is the parallel composition operator and rep-
resents the concurrent execution of processes P1 e P2.
If during the composition two complementary actions
match, the resulting composed action is the internal one
τ .

• P\A is the restriction operator. A ∈ Λ and P\A behaves
like P exception made for the impossibility to interact
using actions in A.

• P [f ] is the relabelling operator. f : Λ → Λ allows re-
labelling process actions, to ease the description of com-
plex processes.

4.1 Fuzzy Operational Semantics

Operational semantics of FCCS processes is defined in term of
Fuzzy Labelled Transition Systems [6]. These generalize La-
belled Transition Systems by defining the transition relation in
term of a L-Fuzzy Set. This approach permits modeling situa-
tions like: “the transition takes place rarely” or “the transition
occurs frequently” which may be distinguished and treated as
a consequence.

Definition 4.1 (L-FLTS) Let L = 〈L, c, i, u〉, a Fuzzy La-
belled Transition System F for L (L-FLTS) is a tuple
〈Q, A,χ→〉 where:

• Q is a set whose elements are called states

• A is a finite set whose elements represent actions

• χ→ : (Q×A×Q) → L is the total membership function.

We will write q0
α−→ε q1 to denote that a transition from

state q0 to state q1 by action α has a membership degree ε to
the automaton.

In FLTS next states are selected nondeterministically. The
membership degree associated to each transition is used to
give a measure to computations. This measure is not exact
as the probability one induced by PLTS [13], but can be used
as the base for approximate reasoning in the spirit of Fuzzy
Logic. The membership degree associated to a transition can
be thought of as a value describing how much this transition
is enabled in the FLTS.

Semantics for FCCS processes is defined by considering
function N associating to each process P and transition α the
fuzzy set P of processes reachable from P with α; we identify
P with the set

{Q : ε | Q is reachable from P with action α and degree ε}
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Function N is formally defined in Table 2 where we use P|Q
(resp. Q|P) denotes the fuzzy set obtained by composing each
element of P in parallel with Q. Similarly, P|Q is the fuzzy
set containing the parallel composition of each P in P with
each Q in Q, where the membership degree of P |Q in P|Q is
defined as i (µP(P ), µQ(Q)).

Table 2: N ext Function

N (〈α, ε〉 .P, β) =
{

{P : ε} if α = β
∅ else

N (P + Q, α) = N (P, α) ∪N (Q, α)

N (P\L, α) =




N (P, α) \L ifα /∈ L

∅ else

N (P [f ] , α) =
⋃

β:f(β)=α N (P, β) [f ]

N (P |Q, α) =




[N (P, α) |Q] ∪ [P |N (Q, α)] ifα 	= τ

[N (P, τ) |Q] ∪ [P |N (Q, τ)] ∪ ifα = τ[⋃
α∈Λ (N (P, α) |N (Q, ᾱ))

]
∪[⋃

α∈Λ (N (P, ᾱ) |N (Q, α))
]

N (A, α) = N (P, α) if A � P

We say that P can evolve to Q (written P , Q) if and
only if there exists an action α such that if P = N (P, α),
P(Q) 	= 0. We use ,∗ to denote the reflexive and transitive
closure of ,.

Let P be a FCCS process, we denote with FLTS(P ) =
〈S, Λ,χ→〉 the FLTS such that:

• S = {Q |P ,∗ Q};

• χ→(P, α, Q) = P(Q), where P = N (P, α).

Standard behavioural equivalences, like for instance bisim-
ulation, can be easily generalized in order to take into ac-
count fuzziness. This kind of equivalences are useful when
one aims at comparing different specifications. Definition of
Fuzzy Bisimulation is straightforward and it is somehow rem-
iniscent of Stochastic Bisimulation [14].

Definition 4.2 (Fuzzy Bisimulation) Let 〈S, A,χ→〉 a Fuzzy
LTS. An equivalence relation R ⊆ S × S is a fuzzy bisimu-
lation if and only if for each p and q in S, for each equivalent
class C of R in S, and for each transition label α:

χ→(p, α, C) = χ→(q, α, C)

where:
χ→(p, α, C) =

∨
p′∈C

χ→(p, α, p′)

Definition 4.3 (Fuzzy Bisimilarity) Let 〈S, A,χ→〉 be a
Fuzzy LTS. We say that p, q ∈ Q are bisimilar (p ∼F q), if
there exists a fuzzy bisimulation R such that pRq.

Relation ∼F is a fuzzy bisimilarity and can be defined as the
largest fuzzy bisimulation, namely:

∼F �
⋃

{R | R is a fuzzy bisimulation}

1

10 15 20 230 30

C O L D W A R M H O T

Temperature

Figure 1: Temperature Fuzzy sets: COLD, NORMAL, HOT

Modeling Fuzzy Systems with FCCS We can now use
FCCS for modeling the TCS described in section 4, where
we consider three fuzzy sets for describing possible values
of the room temperature. These sets are represented in Fig-
ure 1. Systems TCS is modeled in FCCS by splitting it into
four subcomponents representing behaviours of the system.
They “mime” TCS by interacting among each of them. Inter-
actions are the result of synchronization between an input and
an output action with the same name. The fuzzy value of the
resulting action is calculated following semantics in Tab. 2.
Process SY Sst is defined as follows:

SY Sst � (SENSst|H|N |C)\{hot, warm, cold,

inc, dec, noop}

where st is the starting temperature while process SENSt,
which models the behaviour of temperature sensor, is defined
as follows:

SENSt �
〈
hot, µhot(t)

〉
.ACt

+ 〈warm, µwarm(t)〉 .ACt

+
〈
cold, µcold(t)

〉
.ACt

+ 〈tempt, 1〉 .SENSt

ACt � 〈inc, 1〉 .SENSt+1

+ 〈dec, 1〉 .SENSt−1

+ 〈noop, 1〉 .SENSt

Notice that in the processes above, non-determism is used for
modeling the unpredictable changes in room temperature.

Controller behaviour is rendered by means of processes H ,
N and C that modify the AC power. These processes are de-
fined as follows:

H � 〈hot, 1〉 .
〈
inc, 1

〉
.H

N � 〈warm, 1〉 . 〈noop, 1〉 .N

C � 〈cold, 1〉 .
〈
dec, 1

〉
.C

For this system one could be interested on verifying that for
each fixed starting temperature, the system always is able to
reach a state where the room temperature is in a given range.
In the next section, we will introduce a modal logic that will
permit specifying and verifying properties of fuzzy systems.

An alternative description of this system could be obtained
by considering process SY S2

st defined as follows:

SY S2
st � (SENSst|CONT )\{hot, warm, cold

inc, dec, noop}
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where, differently from the previous implementation, the con-
troller is obtained as a single process CONT that nondeter-
ministically can behave like H , N and C defined above:

CONT � (H + N + C).CONT

It easy to prove that SY Sst and SY S2
st provide the same

behaviour. Namely, that SY Sst ∼F SY S2
st.

5 Fuzzy Hennessy-Milner Logic

Fuzzy Hennessy-Milner Logic (FHML) [6] is an extension
of HML, which aims at specifying properties of concurrent
systems whose behavior is detailed by means of FLTS. Let
L = 〈L, c, i, u〉, ΦL be the set of formulas ϕ defined by the
following syntax:

ϕ ::= tt | ¬ϕ | ϕ �� ε | ϕ1 ∧ ϕ2 | 〈α〉ϕ | X | νX.ϕ

where ε ∈ L.

Table 3: Formulae semantics

ML,F �tt�δ(p) = 1

ML,F �¬ϕ�δ(p) = M�
L,F �ϕ�δ(p)

ML,F �ϕ1 ∧ ϕ2�δ(p) = i (ML,F �ϕ1�δ(p),ML,F �ϕ2�δ(p))

ML,F �ϕ �� ε�δ(p) =
{

1 if ML,F �ϕ�δ(p) �� ε
0 else

ML,F �〈α〉ϕ �δ(p) = uq∈Q (i (χ→(p, α, q),ML,F �ϕ�δ (q)))

ML,F �X�δ = δ(X)

ML,F �νX.ϕ�δ = ∪
{

χ | χ ≤ Fδ,ϕ
X (χ)

}
M�

L,F �tt�δ(p) = 0

M�
L,F �¬ϕ�δ(p) = ML,F �ϕ�δ(p)

M�
L,F �ϕ1 ∧ ϕ2�δ(p) = u

(
M�

L,F �ϕ1�δ(p),M�
L,F �ϕ2�δ(p)

)

M�
L,F �ϕ �� ε�δ(p) =

{
1 if M�

L,F �ϕ�δ(p) 	�� ε

0 else
M�

L,F �〈α〉ϕ �δ(p) =
= iq∈Q

(
u

(
i
(
χ→(p, α, q),M�

L,F �ϕ�δ (q)
)
, c (χ→(p, α, q))

))
M�

L,F �X�δ = δ(X)

M�
L,F �νX.ϕ�δ = ∩

{
χ | χ ≥� Fδ,ϕ

X (χ)
}

where

Fδ,ϕ
X = ML,F �ϕ�δ[χ/X] �Fδ,ϕ

X = M�
L,F �ϕ�δ[χ/X]

Operators are usual logical tt (true), ¬ (not), ∧ (and). More-
over νX.ϕ is Tarski’s fixed point and 〈α〉ϕ the modal operator
representing the property of evolving with action α to a state
that behaves like ϕ. FHML extends HML by considering new
operator ϕ �� ε (��∈ {<, >}) that states about the satisfac-
tion degree of a given formula in a given state. Such operator
makes possible to describe the satisfaction degree of a formula
in terms of an upper or a lower bound2.

2This is somehow reminiscent of operator [ϕ]p proposed by
Parma and Segala [15]

Other operators can be defined as macros in FHML. In the
rest of this paper we let: ff = ¬tt, ϕ1∨ϕ2 = ¬(¬ϕ1∧¬ϕ2),
[α]ϕ = ¬〈α〉¬ϕ and µX.ϕ = ¬νX¬ϕ[¬X/X].

Semantics of FHML is defined in term of functions ML,F
and M�

L,F that for each formula ϕ yield the L-Fuzzy Set
that gives the measure, respectively, of satisfaction and un-
satisfaction of ϕ. This approach permits defining semantics
of FHML in a general way without considering any special
constraint on the underlying L-Fuzzy Sets. Indeed, in general,
standard properties of sets do not hold in the case of L-Fuzzy
Sets. For instance, the intersection between a L-fuzzy set and
its complement could be not empty. Notice that, in general,
ML,F �¬ϕ� 	= c (ML,F �ϕ�).

To give a semantics to recursive formulae, interpretation
functions ML,F and M�

L,F take also, as a parameter, a func-
tion δ : Q → L, that associates to each logical variable X a
L-fuzzy set.

We assume the usual definitions on positive and negative
variables in [6] for guaranteeing well-definedness of interpre-
tation formulae.

Definition 5.1 (Well formed formula) A formula is well
formed if in each subformula of the form νX.ϕ, variable X
occurs positive in ϕ.

Interpretation functions are parameterized with respect to L,
used for defining the underlying L-Fuzzy Set and the rela-
tive operations, and with respect to the L-FLTS F used for
interpreting formulae. Note that, interpretation of FHML co-
incides with the standard interpretation of HML when consid-
ering standard Boolean lattices.

Definition 5.2 (Formulae Semantics) Let L = 〈L, c, i, u〉
and FL = 〈Q, A,χ→〉. Functions ML,F : ΦL → Q → L
and M�

L,F : ΦL → Q → L are inductively defined in Table 3.

ML,F �ϕ�δ(q) denotes the satisfaction degree of formula ϕ
by q. Formulae tt and ff are satisfied by every state with de-
gree 1 and 0 respectively. A state p satisfies ¬ϕ with degree
ε if and only if p does not satisfy ϕ with degree ε. Fuzzy
set ML,F �ϕ1 ∧ ϕ2� is defined as the intersection between
ML,F �ϕ1� and ML,F �ϕ2�. If a state p satisfies ϕ with a de-
gree that is < (resp. >) of ε then p satisfies ϕ < ε (resp.
ϕ > ε) with degree 1 (resp. 0). ML,F �〈α〉ϕ�δ (p), which
gives a measure of how p can reach with a transition labelled
α a state satisfying ϕ, is defined as the disjunction, for each q,
of i(χ→(p, α, q),ML,F �ϕ� (q)). Where χ→(p, α, q) returns
the membership degree of the transition from p to q with la-
bel α to the behaviour of the system. Finally, interpretation
of νX.ϕ is defined as greates fixed point of the interpretation
of ϕ (Fδ,ϕ

X ), which is monotone in the complete lattice of Q
L-Fuzzy Sets. This, thanks to the Tarski’s fixed point theorem
[16], guarantees the well-definedness of functions ML,F and
M�

L,F .
The definition of function M�

L,F is similar and straight-
forward. However, more attention has to be paid for
M�

L,F �〈α〉ϕ�. Each state q, contributes to the unsatisfaction
of 〈α〉ϕ by p as a factor that depends on the degree of the
transition α from p to q and on the unsatisfaction degree of
formula ϕ by q. This value is obtained as a disjunction of:
c (χ→(p, α, q)) and i

(
χ→(p, α, q),M�

L,F �ϕ� (q)
)
. The for-

mer indicates how much the transition from p to q with label
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α does not belong to the behaviour of the system. The latter,
gives the measure of the unsatisfaction of ϕ when the action
is executed.

Example 5.1 FHML can be used for specifying that system
process SY Sst can always reach a configuration where the
room temperature is between 18 and 20 degrees. The follow-
ing formula states that a configuration where temperature is
between 18 and 20 degrees is eventually reached:

ϕ = µX.〈temp18〉tt ∨ 〈temp19〉tt ∨ 〈temp20〉tt ∨ 〈τ〉X

While formula:
νY.ϕ ∧ [τ ]Y

states that ϕ is always satisfied.

Logical characterization of Fuzzy Bisimulation Formu-
lae satisfaction induces an equivalence on the interpretation
model and two states in a Fuzzy LTS are equivalent if (and
only if) they satisfy the same set of formulae. A classical re-
sult relating modal logic and behavioural equivalence is the
one in [12] showing that the equivalence induced by HML
coincides with the bisimulation equivalence. A similar result
can be proved when one considers FHML and Fuzzy Bisim-
ulation. However, to prove this correspondence, one has to
guarantee that the considered Fuzzy LTS is finite-branching.

Definition 5.3 (Finite-branching) A Fuzzy LTS F =
〈S, A,χ→〉 is finite-branching if and only if ∀p ∈ S, ∀α ∈ A

and ∀ε ∈ χ→, the set
{

q′ ∈ Q|q α−→ε q′
}

is finite.

Theorem 1 Let F = 〈S, A,χ→〉 be finite-branching. For
each p, q ∈ S,

p ∼F q ⇔ ∀ϕ.M�ϕ�(p) = ε ⇔ M�ϕ�(q) = ε

and M��ϕ�(p) = ε ⇔ M��ϕ�(p) = ε

Due to lack of space, the proof is not reported.

6 Conclusions and Future Works
In this paper we have presented FCCS, a Fuzzy variant of CCS
(Calculus of Communicating Processes), that aims at compo-
sitionally describing fuzzy behaviours. Operational semantics
of FCCS has been defined by means of Fuzzy Labelled Tran-
sition Systems [6] (FLTS). These are an extension of Labelled
Transition Systems where fuzziness is used for modeling un-
certainty in concurrent systems. In the paper we have also
shown how standard process algebras formal tools, like modal
logics and behavioural equivalences, can be used for support-
ing fuzzy reasoning.

The idea to combine process algebrae and fuzzy sets is not
new. For instance, in [17] is introduced a model based on in-
terval values, to solve the problem of nondeterministic choices
arising in concurrency and communication systems. However,
differently from previous approaches, the present work intro-
duces both a behavioural equivalence and a modal logic for
reasoning about fuzzy specifications.

As a future work we plan to use the proposed approach
for modeling the examples proposed in literature [18, 19, 20]
where Fuzzy Theory is used for modeling the behaviour of
“systems”, like for instance those involving human interac-
tions, where imprecision is a central feature.
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Abstract— In this paper, line search based on Sequential 

Quadratic Programming is implemented in order to find a solution 

to Fuzzy Relation Equations. Sequential Quadratic Programming 

is a gradient-based method that uses a quadratic estimation of the 

objective function in each iteration’s neighborhood. Unlike 

analytical approaches, the method can handle equations with any 

combinations of t-norms and t-conorms and at any dimensions. It 

is assumed that the FRE problem has at least one solution. 

Keywords— Fuzzy Relation Equation (FRE), Fuzzy Triangular 

Norms, Line Search, Numerical Solution, Sequential Quadratic 

Programming (SQP). 

1 Introduction 

Fuzzy Relation Equations were first introduced by Sanchez 

[1] in 1976. Most of the works done on fuzzy relation 

equations are focused on specific non-parametric t-norms 

(min and product) and t-conorms (max and probabilistic 

sum). Markovskii [2], Shieh [3-5], Molai and Khorram [6], 

Hana et al. [7], and Perfilieva and Nosková [8] have 

presented some algorithms for FREs with such compositions. 

In special cases, an exact solution can be obtained through 

direct analytical methods. However, for parametric operators 

like Schweizer-Sklar, Frank, Yager, Sugeno-Weber, Dombi, 

and Dubois-Prade there is no direct solution available. This 

is mostly because of the complex non-linear nature of these 

operators. 

An FRE can be formed as: 

RQP =�                                                                (1) 

where � denotes the S-T composition. The problem involves 

finding P from Q and R. 

Stamou and Tzafestas [9] developed a criterion for the 

existence of minimal solutions, and interpreted a Fuzzy 

Inference System (FIS) as an FRE, indicating that FREs are 

appropriate for FIS implementation. Shieh [3, 4] recently 

extended the discussion to a general condition using 

continuous t-norms. In such cases, when the solution set for 

(1) is not empty, it can be completely determined by a unique 

maximum solution and a finite number of minimal solutions. 

However, the current models mostly discuss analytical 

approaches to solve the FRE problem in case-specific 

conditions—such as max-min or max-product compositions 

and sizes of 1×m and 1×n for binary fuzzy relations P and R. 

In this paper, we propose a new numerical method based 

on Sequential Quadratic Programming (SQP) line search. 

The proposed model’s advantages are solving FREs for any 

set of parametric operators and capability of handling sizes 

of p×m and p×n for P and R. 

It should be noted that the fundamental assumption of this 

effort is that there exists at least one solution to the FRE 

problem. 

The rest of this paper is organized as follows. In section 2, 

basic concepts of Fuzzy Relation Equations and Sequential 

Quadratic Programming are presented. Section 3 describes 

the method in detail. In section 4, some examples are 

provided for demonstration of the model’s performance. 

Finally, section 5 gives the conclusions and suggests ideas 

for future research. 

 

2 Basic Concepts 

2.1 Parametric Fuzzy Operators 

The most familiar fuzzy operators are max and algebraic sum 

(as t-conorms or s-norms) and min and product (as t-norms). 

But they are not limited to these special cases, and can be 

parametrically constructed. 

The advantages of using parametric operators are: 

• Most of the parametric operators have the capability 

to reduce to the aforementioned non-parametric 

operators, with specific values for the parameters. 

For example, the Frank t-norm reduces to min when 

p = 0. 

• The parameters can be tuned according to the 

specific requirements of the system in question. 

On the other hand, the disadvantage is that the increasing 

complexity leads to longer running times and more 

sensitivity to the tuning mechanism. 

 

2.2 Fuzzy Relation Equations 

An FRE is as presented in (1), in which �  acts as the S-T 

composition, meaning: 

( )[ ] ikjkij

m

j

rqpTS =
=

,
1

                                                   (2) 

where P, Q, and R are fuzzy binary relations and p, q, and r 

are their elements respectively [10]. The Yager series of t-

norms and t-conorms are well-known fuzzy operators: 

( ){ }www

w
babaT

1

)1()1(,1min1),( −+−−=                    (3) 

{ }www

w
babaS

1

)(,1min),( +=                                    (4) 
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Equation (3) represents the t-norm and (4) is the t-conorm 

of Yager operators. 

 

2.3 Sequential Quadratic Programming 

SQP methods represent the state of the art in nonlinear 

programming methods. Schittkowski [11], for example, has 

implemented and tested a version that outperforms every 

other tested method in terms of efficiency, accuracy, and 

percentage of successful solutions, over a large number of 

test problems. 

The method closely mimics Newton's method for 

constrained optimization just as is done for unconstrained 

optimization. At each major iteration, an approximation is 

made of the Hessian of the Lagrangian function using a 

quasi-Newton updating method. This is then used to generate 

a Quadratic Programming sub-problem whose solution is 

used to form a search direction for a line search procedure. 

Consider the following general non-linear minimization 

problem (P): 

  

�
�
�

+=≤

==

mljxh

lixh
tosubject

xfMinimize

j

i

...,,1;0)(

...,,1;0)(

)(

 

where 
mnnn

RRhRRfRx →→∈ :,:, . 

At kth iteration, the SQP algorithm generates a search 

direction (d) solving the definite quadratic sub-problem (Q) 

below: 

  

�
�
�

+=≤∇+

==∇+

+∇

mljdxhxh

lidxhxh
tosubject

dBddfMinimize

k

T

iki

k

T

iki

k

TT

k

...,,1;0)()(

...,,1;0)()(

2
1

 

where Bk is a positive definite approximation to the Hessian 

matrix of the Lagrangian function of the original problem 

(P): 

�
=

+=
m

i

ii xhxfxL
1

)()(),( µµ         (5) 

At each major iteration a positive definite quasi-Newton 

approximation of the Hessian of the Lagrangian function, L, 

is calculated using Broyden–Fletcher–Goldfarb–Shanno 

(BFGS) method [12]. 

A detailed description of the SQP method for nonlinear 

optimization can be found in Fletcher [13], Gill et al. [14], 

Powell [15], Hock and Schittkowski [16], Nocedal and 

Wright [17], and Bartholomew-Biggs [18]. 

 

3 The Method 

SQP, as any other line search method, requires an initial 

solution to start from. A fairly large random search of the 

solution space can provide us with this initial solution. 

Random solutions are generated as matrices of p×m— 

dimensions of P in (1)—with elements uniformly distributed 

between 0 and 1. 

There are various line search methods for solving 

nonlinear problems, the most prominent of which are 

gradient descent, the Newton method, quasi-Newton 

methods, and Sequential Quadratic Programming. These four 

were thoroughly tested for our problem and SQP turned out 

to be the most superior in terms of running time and error 

measure. So SQP is the line search algorithm of choice for 

our method. 

Since our goal is to minimize the final error, the objective 

function would rationally be RMSE, that is, the root-mean-

square of the errors obtained by the difference between the 

actual R and the one calculated from the composition below. 

QPR �′=′                                                             (6) 

where P' is the solution in search of P. Thus, the objective 

function will be as follows. 

np

rr

RMSE

p

i

n

k

ikik

×

′−

=
��

= =1 1

2)(
                                     (7) 

Using (2), we arrive at this formula: 

[ ] [ ]

np

qpTqpT

RMSE

p

i

n

k

jkij

m

j

jkij

m

j
SS

×

�
�
�

�
�
�

′−

=

��
= = ==1 1

2

11

),(),(

(8) 

Constraints for P' elements are obviously the lower band 

of 0 and the upper band of 1. 

This approach guarantees that regardless of the operators 

chosen, the difference between R and R' will be minimized.  

Moreover, continuity and differentiability are necessary 

conditions for the line search. Specifically, operators 

containing such terms as ( ){ }bafc ,,max  render SQP 

unusable. In situations like this, the following substitutions 

will be used: 

( ){ }
2

),(

2

),(
,,max

bafcbafc
bafc

−
+

+
=              (9) 

( ){ }
2

),(

2

),(
,,min

bafcbafc
bafc

−
−

+
=             (10) 

It’s worth mentioning that unlike the “minimum” and 

“maximum” functions, the “absolute value” function is 

differentiable using symbolic math—across all its domain 

except where u(x) = 0. 

)(
)(

)(
)( xu

xu

xu
xu

dx

d
x
′=           (11) 

 

4 Sample Results 

The MATLAB 2008a environment was chosen to implement 

the proposed method, because of its efficiency in matrix 

operations and also the built-in functions and methods. The 

sample M code for Yager’s operators can be found in the 

appendix. 

For each run, P and Q are generated randomly and R is 

obtained through QP �  with predetermined t-norm and t-

conorm parameters to guarantee the existence of at least one 

solution for P. This initial value of P is then discarded so as 

not to interfere with the search process. 

P, Q, and R are all 5×5 in the samples, since dimensions 

do not cause any significant change in the method’s 

behavior. The initial random search produces 2000 solutions 

and chooses the one with the least RMSE for the SQP 

initialization. The stopping criterion for SQP is the number 

of RMSE evaluations, which was determined to be 1500.  
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Operators of the same type (e.g. Dombi) were chosen in 

each run. Sample results are summarized in Table 1 for the 

following triangular norms and conorms: 

• Frank 

• Dombi 

• Schweizer & Sklar 1 

• Schweizer & Sklar 2 

• Schweizer & Sklar 3 

• Schweizer & Sklar 4 

• Yager  

More information on parametric fuzzy operators can be 

found in [10]. 

The method was repeated 10 times for each operator, with 

the best, worst, and average results for RMSE reported in the 

Table 1. Also included is the average running time. 

Table 1 shows the performance of the proposed method with 

various parametric operators. The results imply that the 

Frank operators provide the most suitable search space for 

this method. 

Table 1: test results for various fuzzy operators 

Fuzzy 

Operator 

Worst 

RMSE 

Best 

RMSE 

Average 

RMSE 

Average 

Running 

Time 

Frank 0.0008 0.00005 0.000313 222.48 

Dombi 0.064 0.0009 0.026438 88.11 

Schweizer 

& Sklar 1 

0.014 0.0003 0.003795 300.98 

Schweizer 

& Sklar 2 

0.064 0.0050 0.018533 188.55 

Schweizer 

& Sklar 3 

0.046 0.0006 0.016644 166.08 

Schweizer 

& Sklar 4 

0.036 0.0003 0.008164 363.53 

Yager 0.072 0.0001 0.020254 1006.42 

 

For the sake of clarity, a numerical example will be fully 

featured here .Given the following values for Q and R, we 

want to estimate P such that 

RQP =�                                                                 

using the Frank norm. 

�
�
�
�
�

	




�
�
�
�
�

�



=

0.34000.93000.57000.92000.4700

0.01000.78000.38000.55000.6200

0.47000.53000.75000.59000.2500

0.57000.05000.76000.83000.2000

0.13000.08000.29000.35000.3500

Q  
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�
�
�
�

	




�
�
�
�
�

�



=

0.66810.95330.90230.96300.6713

0.58920.58780.80540.81270.4230

0.58740.85920.82600.92270.6423

0.67120.66720.89420.94190.6664

0.68890.97690.93560.97850.8551

R  

After 57 iterations (1500 evaluations), P' is the estimated 

value for P. 

�
�
�
�

	




�
�
�
�

�



=′

0.92540.30880.87960.25640.0139

0.24870.13420.70260.58210.1811

0.75630.41410.38350.54550.2617

0.24910.54970.26270.95930.6804

0.84330.95380.76710.47850.2921

P  

Then, R' is calculated according to (6): 

QPR �′=′
 

�
�
�
�

	




�
�
�
�

�



=′

0.66820.95360.90210.96290.6715

0.58940.58780.80520.81250.4231

0.58590.85900.82790.92360.6417

0.67130.66720.89420.94180.6664

0.68880.97720.93600.97850.8549

R  

And here’s the difference between the actual R and the 

one obtained by the estimation of P (P'), which will lead to 

our error measure: 

�
�
�
�

	




�
�
�
�

�



=−′

0.00000.00030.0002-0.0001-0.0002

0.00020.00000.0002-0.0002-0.0001

0.0015-0.0002-0.00190.00090.0005-

0.00010.00000.00000.0001-0.0000

0.0001-0.00030.00050.00000.0002-

RR  

Finally, by applying (7), we arrive at the value of RMSE 

as a universal error measure. 

04-5.5246E
55

)(
5

1

5

1
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=
×
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=
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= =i k

ikik
rr

RMSE  

 

5 Conclusions and Future Research 

In this paper, we have proposed a new numerical method 

based on Sequential Quadratic Programming for solving 

fuzzy relation equations. This work is distinguished from 

previous methods in that: 

• it views the FRE problem in the most general sense, 

being capable of handling sizes of p×m and p×n for 

P and R; and 

• unlike analytical approaches, it can handle equations 

with any combinations of t-norms and t-conorms and 

at any dimensions. 

However, the proposed method is not capable of tuning 

the parameters of t-norms and t-conorms. Also, it can be 

extended to be able to handle systems of Fuzzy Relation 

Equations. Such improvements can be considered for future 

research. 

Appendix 

The sample M file only for Yager’s fuzzy operators is 

available through the following URL: 

http://h1.ripway.com/commonlove1985/SQP.txt 
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Abstract— In this contribution we propose a multi-objective evo-
lutionary algorithm for Tuning Fuzzy Rule-Based Systems by consid-
ering two objectives, accuracy and interpretability. To this aim we
define a new objective that allows preserving the interpretability of
the system. This new objective is an interpretability index which is
the union of three metrics to preserve the original shapes of the mem-
bership functions as much as possible while a tuning of the member-
ship function parameters is performed. The proposed method has
been compared to a single objective accuracy-guided algorithm in
two real problems showing that many solutions in the Pareto front
dominate to those obtained by the single objective-based one.

Keywords— Fuzzy Rule-Based Systems, Tuning, Interpretability,
Multi-Objective Evolutionary Algorithms.

1 Introduction
Fuzzy modeling usually tries to improve the accuracy of the
system without inclusion of any interpretability measure, an
essential aspect of Fuzzy Rule-Based Systems (FRBSs). How-
ever, the problem of finding the right trade-off between accu-
racy and interpretability has achieved a growing interest [1].

One of the most widely-used approaches to enhance the per-
formance of FRBSs is the tuning of the Membership Functions
(MFs). It consists of refining a previous definition of the Data
Base (DB) once the Rule Base (RB) has been obtained. Gener-
ally, tuning is a variation in the shape of the MFs that improves
their global interaction. Classically, the tuning methods refine
the parameters that identify the MFs associated to the labels
comprising the DB [2].

For this model, to take into account interpretability issues it
is necessary to use a measure to quantify the interpretability
of the tuned DB. This kind of measure could be used as an ad-
ditional objective to maintain the interpretability of the fuzzy
partitions when the tuning is carried out.

In the literature, many authors improve the difficult trade-
off between accuracy and interpretability of FRBSs, obtaining
linguistic models not only accurate but also interpretable. We
can distinguish two kinds of approaches for managing the in-
terpretability:

1. The complexity of the model [3, 4, 5, 6] (usually mea-
sured as number of rules, variables, labels per rule, etc.)

2. Measuring the interpretability of the fuzzy partitions [4,
7, 8] by means of a semantic interpretability measure.

A way for optimizing both objectives (accuracy and inter-
pretability) is the use of the Multi-Objective Evolutionary Al-
gorithms (MOEAs) [9, 10]. Since this problem presents a

multi-objective nature the use of MOEAs to obtain a set of
solutions with different degrees of accuracy and interpretabil-
ity is an interesting way to work [3, 5, 6, 8].

In this work, we focus our attention in measuring the in-
terpretability of the fuzzy partitions. We propose a seman-
tics interpretability index for maintaining the interpretability
of the system by means of the aggregation of several metrics,
with the aim of preserving the original form of the MFs while
a tuning is performed. These metrics try to minimize the dis-
placement of the central point of the MFs, besides maintaining
the symmetry and the area of the original MFs associated to
the linguistic labels. To this end, we apply a specific MOEA
to obtain accurate and interpretable linguistic fuzzy models
by performing a tuning of the MFs parameters with two main
objectives:

• The system error

• The proposed interpretability index.

This algorithm is based on the well known SPEA2 [11]
and is called SPEA2SI (SPEA2 for Semantic Interpretabil-
ity). In order to improve its search ability, SPEA2SI imple-
ments some concepts as incest prevention and restarting [12].
Moreover, it is focused on the most accurate solutions to fi-
nally form a wide Pareto front. Thus, SPEA2SI is aimed at
generating a complete set of Pareto-optimum solutions with
different trade-offs between accuracy and interpretability. We
have not considered the well-known NSGA-II [13] algorithm
since in [3], approaches based on SPEA2 were shown to be
more effective when performing a tuning of the MFs.

To show the good performance of the proposed method it
is compared with a single objective accuracy-guided tuning
algorithm [14] by applying both of them to initial linguistics
models obtained from automatic learning methods. Two real-
world problems with different complexities have been consid-
ered showing that the solutions of the accuracy based algo-
rithm are dominated by those obtained by SPEA2SI . We can
see as both objectives required are certainly contradictory as
the obtained Pareto fronts moves clearly from the most accu-
rate solutions to the most interpretable ones.

Next section describes the classic tuning used in this work.
Section 3 presents the proposed index to control the inter-
pretability of the MFs. Section 4 presents the SPEA2SI al-
gorithm describing its main characteristics and the genetic op-
erators considered. Section 5 shows the experimental study
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and the results obtained. Finally, in section 6 we point out
some conclusions.

2 Preliminaries: Tuning of MFs
This approach, usually called DB tuning, involves refining
the MF shapes from a previous definition once the remaining
FRBS components have been obtained [15, 16, 17, 18, 19, 20].
The classic way to refine the MFs is to change their definition
parameters. For example, if the following triangular-shape
MF is considered:

µ(x) =




x−a
b−a , if a ≤ x < b

c−x
c−b , if b ≤ x ≤ c

0, otherwise

changing the basic parameters — a, b, and c — will vary the
shape of the fuzzy set associated to the MF, thus influencing
the FRBS performance (See Figure 1). The same yields for
other shapes of MFs (trapezoidal, gaussian, sigmoid, etc.).

T T'

a a' b'b c' c

Figure 1: Tuning by changing the basic MF parameters

Tuning involves fitting the characterization of the MFs as-
sociated to the primary linguistic terms considered in the sys-
tem. Thus, the meaning of the linguistic terms is changed
from a previous definition (an initial DB). In order to ensure
the semantics integrity through the MFs optimization process
[1, 21, 22], some researchers have proposed several proper-
ties. Considering one or more of these properties several con-
straints can be applied in the design process in order to obtain
a DB maintaining the linguistic model comprehensibility to
the higher possible level [15, 23, 24, 25].

In this work we consider strong fuzzy partitions to define
the initial MFs. In order to maintain semantics integrity we
consider also these constraints by defining the variation inter-
vals for each MF parameter. For each MFj = (aj , bj , cj)
where j=(1,...m) and m is the number of MFs in a given DB,
the variation intervals are calculated in the following way:

[Il
aj

, Ir
aj

] = [aj − (bj − aj)/2, aj + (bj − aj)/2] ,

[Il
bj

, Ir
bj

] = [bj − (bj − aj)/2, bj + (cj − bj)/2] ,

[Il
cj

, Ir
cj

] = [cj − (cj − bj)/2, cj + (cj − bj)/2] .

Thanks to these restrictions it is possible to maintain the
comprehensibility of MFs to a reasonable level. In any case,
it would be very interesting to have a measure for the quality
of the tuned MFs. We propose three metrics trying to pre-
serve the original form of the MFs, so improving if possible
the trade-off between accuracy and interpretability.

3 An Interpretability Index based on Three
Interpretability Metrics

In this section, we propose several metrics to measure the in-
terpretability when a tuning is performed on the DB. At this
point, we should remark that these metrics are based on the ex-
istence of the variation intervals (integrity constraints) defined
in the previous section and, therefore, on the assumption that
the initial DB is comprised of triangular uniformly distributed
MFs (strong fuzzy partitions) with an associated linguistic
meaning. Based on these assumptions, significant changes in
the DB can influence negatively in the interpretability. In this
way, each metric is proposed to control how good are different
desirable aspects of the tuned MFs with respect to the original
ones. The metrics proposed are:

• MFs displacements (δ): This metric measures the prox-
imity of the central points of the MFs to the original cor-
responding ones. It should be higher as closer to the orig-
inal point.

• MFs symmetry (γ): This metric measures the symmetry
of the MFs. It should be higher when the two parts of the
support of the MFs (left and right) present more similar
lengths.

• MFs area similarity (ρ): This metric measures the sim-
ilarity of the area of the tuned MFs to the original one.
It should be higher when the tuned area and the original
area are closer.

In the following subsections the three proposed metrics will
be explained in depth.

3.1 MFs displacements (δ)
This metric can control the displacements in the central point
of the MFs. It is based on computing the normalized distance
between the central point of the tuned MF and the central point
of the original MF, and is calculated through keeping the max-
imum displacement obtained on all the MFs. For each MFj :
δj = |bj − b′j |/I , where I = (Ir

bj
− I l

bj
)/2 represents the

maximum variation for each central parameter. Thus δ∗ is de-
fined as: δ∗ = maxj{δj} .

The δ∗ metric takes values between 0 and 1, thereby value
near to 1 represent that the MFs present a great displacement.
The following transformation is made so this metric represents
proximity (maximization):

δ = 1 − δ∗ ,

3.2 MFs symmetry (γ)
This metric can be used to control the symmetry of the MF
shapes. It is based on relating the two parts of the support of
the tuned MFs. Let us define that leftS ′

j = |a′
j − b′j | is the

length of the left part of the MF support and that rightS ′
j =

|b′j − c′j | is the right part. γj is calculated using the following
equation:

γj =
min{leftS′

j , rightS′
j}

max{leftS′
j , rightS′

j}
.

Values near to 1 mean that the two parts of the support of
the MFs are more similar (higher symmetry). Finally γ is cal-
culated by keeping the minimum value obtained.

γ = minj{γj} .
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3.3 MFs area similarity (ρ)
This metric can be used to control the area of the MF shapes.
It is based on relating the areas of the original and the tuned
MFs. Let us define that Aj is the area of the triangle represent-
ing the original MFj , and A′

j is the new area. ρj is calculated
using the following equation for each MF :

ρj =
min{Aj , A

′
j}

max{Aj , A′
j}

.

Values near to 1 mean that the original area and the tuned area
of the MFs are more similar (less changes). The ρ metric is
calculated through keeping the minimum value obtained:

ρ = minj{ρj} .

3.4 A global Semantics Interpretability index based on the
aggregation of the three metrics

We propose an aggregation of the metrics in a global index
based on the geometric mean, that is denoted as GM3M index.
It is clear that if only one of the proposed metrics has very
low values a problem in the interpretability will arise. The
aggregation operator should consider this fact:

GM3M = 3
√

δ ∗ γ ∗ ρ

The value of GM3M ranges between 0 (the lowest level of
interpretability) and 1 (the highest level of interpretability).

4 Proposed Multi-objective Evolutionary
Algorithm

The proposed algorithm performs a parametric tuning to im-
prove the system accuracy as a first objective and uses the
GM3M index to try to preserve the interpretability. It is
called SPEA2 for Semantic Interpretability (SPEA2SI ) and
is based on the well-known SPEA2[11] algorithm. In the
next subsections the main components of this algorithm are
described and the specific characteristics are presented.

4.1 Coding Scheme and Initial Gene Pool
We consider a real coding scheme, being mi the number of
labels of each of the n variables comprising the DB,

Ci = (ai
1, b

i
1, c

i
1, . . . , a

i
mi , bi

mi , ci
mi),

i = 1, . . . , n ,
C = C1C2 . . . Cn .

The initial DB is included as first individual of the initial
population. The remaining individuals are generated at ran-
dom within the corresponding variation intervals defined in
the previous section.

4.2 Objectives
In this algorithm we use two objectives. They are:

• The interpretability index (GM3M ) that is a maximiza-
tion objective representing the geometric mean of the
three proposed metrics (interpretability).

• The Mean Squared Error (MSE) that is a minimization
objective (accuracy):

MSE =
1

2 · |E|
|E|∑
l=1

(F (xl) − yl)2,

with |E| being the data set size, F (xl) being the output ob-
tained from the FRBS decoded from such chromosome when
the l-th example is considered and yl being the known de-
sired output. The fuzzy inference system considered to obtain
F (xl) is the center of gravity weighted by the matching strat-
egy as defuzzification operator and the minimum t-norm as
implication and conjunctive operators.

4.3 Main Characteristics of SPEA2SI

The proposed algorithm makes use of the SPEA2 selection
mechanism. However in order to improve the search ability of
the algorithm the following changes are considered:

• The proposed algorithm includes a mechanism for in-
cest prevention based on the concepts of CHC [12], for
maintaining population diversity. This mechanism avoids
premature convergence. Only those parents whose ham-
ming distance divided by 4 is higher than a threshold are
crossed. The well-known BLX-0.5 [26] crossover is ap-
plied to obtain the offspring.

Since we consider a real coding scheme, we have to
transform each gene considering a Gray Code with a
fixed number of bits per gene (BGene) determined by
the system expert. In this way, the threshold value is ini-
tialized as:

L = (#C ∗ BGene)/4,

where #C is the number of genes of the chromosome.

At each generation of the algorithm, the threshold value
is decremented by one which allows crossing closer solu-
tions. Following the concept of the CHC algorithm that
does not used mutation, in our algorithm we do not in-
clude mutation operator.

• A restarting operator is applied by maintaining the most
accurate individual, and the most interpretable individ-
ual as a part of the new population (external population
is forced to be empty) and obtaining the remaining in-
dividuals with the tuning parameters generated at ran-
dom within the corresponding variation intervals. This
way preserves both the most accurate and the most inter-
pretable solutions obtained.

Restarting should be applied when we detect that all
crossovers are allowed. However in order to avoid pre-
mature convergence we apply the first restart if 50 per-
cent of crossovers are detected at any generation. This
condition is updated each time restarting is performed as
%Required = (100+%Required)/2. Moreover, the most
accurate solution should be improved before each restart-
ing. To preserve a well formed Pareto front at the end,
the restarting is not applied in the last evaluations. The
number of evaluations without restart can be estimated as
the number of evaluations needed to apply the first restart
multiplied by 10. Additionally, restart is disabled if it was
never applied before reaching the mid of the total number
of evaluations.
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• In each stage of the algorithm (between restarting points),
the number of solutions in the external population (P t+1)
considered to form the mating pool is progressively re-
duced, by focusing only on those with the best accuracy.
To do that, the solutions are sorted from the best to the
worst (considering accuracy as sorting criterion) and the
number of solutions considered for selection is reduced
progressively from 100% at the beginning to 50% at the
end of each stage by taking into account the value of L.

In the last evaluations when restart is disabled. This
mechanism, whose main objective is focusing on the
most accurate solutions, is also disabled in order to ob-
tain a wide well formed Pareto front.

5 Experiments

To evaluate the goodness of the proposed approach, two real-
world problems with different complexities (different number
of variables and available data) are considered to be solved
(these data sets are available at, http://www.keel.es/) [27]:

• Estimating the maintenance costs of medium voltage
lines in a town (ELE).

• Predicting the Abalone Age (ABA).

In both cases, the well-known ad hoc data-driven learning
algorithm of Wang and Mendel [28] is applied to obtain an
initial set of candidate linguistic rules. To do so, we will con-
sider strong fuzzy partitions of triangular-shaped MFs. Once
the initial RB is generated, the proposed post-processing algo-
rithm can be applied.

Methods considered for the experiments are:

• T method performs a classic MFs parameter tuning by
only considering the accuracy of the model as the sole
objective [14].

• SPEA2SI is the proposed MOEA method for the clas-
sic tuning considering two objectives, precision and the
semantics interpretability index (GM3M).

5.1 Experimental Set-up

We consider a 5-fold cross-validation model, i.e., 5 random
partitions of data each with 20%, and the combination of 4 of
them (80%) as training and the remaining one as test. For each
one of the 5 data partitions, the tuning methods have been run
6 times, showing for each problem the averaged results of a
total of 30 runs.

In the case of SPEA2SI the averaged values are calcu-
lated considering the most accurate solution from each Pareto
obtained. In this way, SPEA2SI can be compared with the
single objective method T .

The values of the input parameters considered by T are:
population size of 61, 100000 evaluations, 0.6 as crossover
probability and 0.2 as mutation probability per chromosome.
The values of the input parameters considered by SPEA2SI

are: population size of 200, external population size of 61,
100000 evaluations and 30 bits per gene for the Gray codifi-
cation.

5.2 Results and Analysis
Table 1 shows the results obtained with WM, where #R
stands for the number of rules, MSEtra/tst for the averaged
error obtained over the training/test data, σ for their respec-
tive standard deviations and GM3M for the interpretability
index. This method obtains the initial knowledge bases that
will be tuned by T and SPEA2SI . For the WM method the
interpretability index takes value 1 that is the highest level of
interpretability.

Table 1: Results obtained with WM method

Dataset #R MSEtra σtra MSEtst σtst GM3M

ELE 65 56136 1498 56359 4685 1

ABA 68 8.407 0.443 8.422 0.545 1

The results obtained by both post-processing methods are
shown in Table 2. In addition we also show δ, γ and ρ that
represent the individual values of the metrics comprising, and
t represents the results of applying a test t-student (with 95
percent confidence) in order to ascertain whether differences
in the performance of the best results are significant when
compared with that of the other algorithm in the table. The
interpretation of the t column is:

� represents the best averaged result.

+ means that the best result has better performance than
that of the related row.

Analysing the results showed in Table 2, we can highlight
the following facts:

• The proposed method obtains the best results in training
and test with respect to T in both problems. In the case
of the electrical problem, SPEA2SI improves among 7%
and 8.5% in training and test respectively and in the
abalone problem it obtains an improvement of 1.5%.

• The most accurate solutions from SPEA2SI improve
the accuracy and obtain more interpretable models, with
29%(ELE) and 52%(ABA) of improvement in the inter-
pretability index with respect to the T method.

Figure 2 shows the Pareto front obtained with SPEA2SI

method, the solution obtained by T and the initial knowledge
base obtained by WM in the same data partition and seed of
ELE. We can observe that the obtained Pareto front is quite
wide. In fact, the number of non dominated solutions is al-
ways equal to the external population size. Moreover, the WM
solution coincides with the last point of the Pareto front and
the solution obtained with T is dominated by several solutions
from SPEA2SI . Furthermore there is not overfitting in the re-
sults obtained with the proposed method.

The Pareto front obtained allows selecting solutions with
different degrees of accuracy and interpretability. Figure 2
presents that an improvement in the interpretability produces
lack of precision and an improvement in the precision pro-
duces lack of interpretability. This figure clearly shows that
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Table 2: Results obtained in both problems

Dataset Method MSEtra σtra t-test MSEtst σtst t-test GM3M σGM3M t-test δ γ ρ

ELE T 17020 1893 + 21027 4225 = 0.225 0.046 + 0.058 0.337 0.694

SPEA2SI 15884 1191 * 19257 2893 * 0.319 0.170 * 0.225 0.398 0.648

ABA T 2.688 0.063 + 2.770 0.242 = 0.144 0.051 + 0.032 0.182 0.636

SPEA2SI 2.648 0.051 * 2.744 0.276 * 0.298 0.153 * 0.177 0.392 0.625

Figure 2: Pareto Front obtained in ELE

both objectives are actually contradictory. In the extremes of
the Pareto front an improvement in one objective represents
small lost in the other objective. On the contrary in the mid
part of the Pareto front improvements in one objective deteri-
orates the other objective.

Figure 3 presents an illustrative DB obtained with T . Some
DBs obtained with SPEA2SI , in the same data partition and
seed than this shown for T , are shown in Figure 4. This fig-
ure includes three DBs, one with the most accurate solution,
other with a solution not only accurate but also interpretable
and another highly interpretable DB, that obtains 35% of im-
provement with respect to the WM method with a value of the
interpretability index near to 1.

6 Conclusions

The proposed index is useful to preserve the original shape of
the MFs, in order to maintain the interpretability and it is a
measure of the quality of the DB.

The proposed method obtains wide well formed Pareto
fronts that provide a large variety of solutions to select from
more accurate solutions to more interpretable ones.

Finally, we can stand out that SPEA2SI algorithm is very
competitive and efficient since it is able to maintain the DB
interpretability at a better level while accuracy is greatly im-
proved.

Figure 3: A DB obtained with T method in ELE
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[3] R. Alcalá, M. J. Gacto, F. Herrera, and J. Alcalá-Fdez. A
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Abstract— We have proposed tolerant fuzzy c-means clus-
tering (TFCM) from the viewpoint of handling data more flex-
ibly. This paper presents a new type of tolerant fuzzy c-means
clustering with L1-regularization. L1-regularization is well-
known as the most successful techniques to induce sparseness.
The proposed algorithm is different from the viewpoint of the
sparseness for tolerance vector. In the original concept of
tolerance, a tolerance vector attributes to each data. This
paper develops the concept to handle data flexibly, that is,
a tolerance vector attributes not only to each data but also
each cluster. First, the new concept of tolerance is introduced
into optimization problems. These optimization problems are
based on conventional fuzzy c-means clustering (FCM). Sec-
ond, the optimization problems with tolerance are solved by
using Karush-Kuhn-Tucker conditions and an optimization
method for L1-regularization. Third, new clustering algo-
rithms are constructed based on the explicit optimal solutions.
Finally, the effectiveness of the proposed algorithm is verified
through some numerical examples.

Keywords— fuzzy c-means clustering, L1-regularization,
optimization, tolerance, uncertainty

1 Introduction

The aim of data mining is to discover important knowl-
edge from a large quantity of data. From this viewpoint,
clustering techniques have been actively studied. Clus-
tering is one of the well-known unsupervised classifi-
cation methods. For example, hard c-means clustering
(HCM) is the most basic method. Fuzzy c-means cluster-
ing (FCM) is one of the well-known and useful clustering
methods. For example, standard fuzzy c-means cluster-
ing (sFCM) [1] and entropy regularized fuzzy c-means
clustering (eFCM) [2] are representatives. The entropy
regularized fuzzy c-means clustering is constructed by
regularization with maximum entropy function.

By the way, there are some difficulties of handling a
set of data by clustering methods. Some clustering al-
gorithms have been proposed to solve significant prob-
lems, for example, data with uncertainty, cluster size,
noise or isolated data and so on. When we handle a set

of data, data contains inherent uncertainty. For exam-
ple, errors, ranges or some missing value of attributes
are much caused. In these cases, each data is represented
by an interval or a set instead of a point. In case of
handling data with uncertainty, some significant methods
have been proposed [3, 4]. These methods can not only
handle data with uncertainty but also obtain high quality
results by considering data with uncertainty. Thus, han-
dling data with uncertainty is a very important problem
in the field of data mining.

Therefore, some of the authors have proposed the
original concept of tolerance [5, 6] which handle data
with the above-mentioned uncertainty by using toler-
ance vector, and constructed some clustering algorithms
[7, 8]. In these algorithms, tolerance is defined as hyper-
sphere [5, 6] or hyper-rectangle [7, 8]. In case of hyper-
rectangle, the missing value of attributes are handled suc-
cessfully.

On the other hand, it is difficult to obtain clusters with
different size or shape by a single-objective function,
e.g., conventional FCM. In general, multi-objective opti-
mization is considered to solve such problems. However,
there are some problems by optimization, for example,
how to select objective function. We have thought to be
solved the above-mentioned problems by introducing a
kind of “flexibility” for a pattern space and we have pro-
posed the method to handle such “flexibility” by toler-
ance vector [9].

It is considered that the constraint for tolerance vector
much affects classification results. It means that unsuited
parameter makes trivial solutions. Therefore, regular-
ization technique, e.g., Tikhonov’s regularization [10]
method have been used to solve these ill-posed prob-
lems. The quadratic and maximum entropy functions
are typical regularization techniques. Moreover, L1-
regularization is the most efficient technique to induce
sparseness. In the field of regression models or machine
learning, some methods with L1-regularization have
been proposed and given sparse classifiers [12, 13, 14].
In algorithms applied to L1-regularization, a lot of vari-
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ables are calculated zero. Non-zero variables are essen-
tial to understand classification results.

First, we consider optimization problems of tolerant
fuzzy c-means clustering with L1-regularization. Sec-
ond, the optimal solutions are derived by Karush-Kuhn-
Tucker (KKT) conditions and an optimization method
for L1-regularization . Third, we construct a new clus-
tering algorithm by above-mentioned processes. Finally,
the effectiveness of the proposed algorithm is verified
through some numerical examples.

2 Preparation

Let data set, cluster and its cluster center be X = {xk |
xk = (x1

k, . . . , x
p
k)

T ∈ �p, k = 1 . . . n}, Ci (i =
1, . . . , c) and vi = (v1

i , . . . , v
p
i )

T ∈ �p, (i = 1, . . . , c),
respectively. Moreover, uki is the membership grade of
xk belonging to Ci and we denote the partition matrix
U = (uki)k=1∼n, i=1∼c.

2.1 Fuzzy c-means clustering

Fuzzy c-means clustering is based on optimizing an ob-
jective function under constraint for membership grade.

We consider following two types of objective func-
tions Js and Je.

Js(U, V ) =
n∑

k=1

c∑
i=1

(uki)m‖xk − vi‖2,

Je(U, V ) =
n∑

k=1

c∑
i=1

uki‖xk − vi‖2

+ λ−1
n∑

k=1

c∑
i=1

uki log uki.

Js is a well-known objective function of standard
fuzzy c-means clustering (sFCM) proposed by Bezdek
[1] and Je is an entropy regularized fuzzy c-means clus-
tering (eFCM) [2].

The constraint for uki is as follows :
c∑

i=1

uki = 1 , uki ∈ [0, 1] , ∀k.

2.2 Regularization

As above-mentioned, regularization is efficient tech-
niques in the field of data mining. Tikhonov’s regulariza-
tion [10] method has been used to solve ill-posed prob-
lems. Many data mining algorithms which are applied to
regularization have been actively studied to determine a
variety of solution [12, 13, 14].

In the field of clustering, many membership regular-
ization techniques have been proposed to obtain a variety
of membership functions.

min
U

J(U, V ) + λΩ(U),

where λ is a regularization parameter and Ω(U) is a reg-
ularization term.

The choice of a regularization term is important to de-
termine a shape of a membership function. The quadratic
function and maximum entropy function are typical ex-
amples.

Ω(U) =
1
2

n∑
k=1

c∑
i=1

(uki)2,

Ω(U) =
n∑

k=1

c∑
i=1

uki log uki.

3 The concept of tolerance

In the new concept of tolerance, the vector which at-
tributes not only each data but also cluster center is de-
fined as tolerance vector εki. The tolerance κki is defined
as upper bound of tolerance vector.

From these formulation, the proposed methods can
handle data more flexible than conventional methods.

We define κj
ki as the upper bound of each attribute of

tolerance vector κki = (κ1
11, . . . , κ

p
nc) ≥ 0 and toler-

ance vector E = {εki | εki = (ε1
ki, . . . , ε

p
ki)

T ∈ �p }
which mean the admissible range of each data, and the
vector within the range of tolerance, respectively. The
constraint for εj

ki is as follows :

|εj
ki|2 ≤ (κj

ki)
2 (κj

ki ≥ 0), ∀k, i, j.

Figure 1 is an illustrative example about the new con-
cept of tolerance defined as hyper-rectangle in �2.
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Figure 1: The new concept of tolerance defined as hyper-
rectangle in �2.

4 Tolerant fuzzy c-means clustering

In this section, we discuss optimization problems for
clustering. We formulate the tolerant fuzzy c-means
clustering (TFCM) by introducing the notion of toler-
ance into optimization problems and consider the way

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1153



to optimize this objective function under the constraints
for uki and εj

ki. The squared Euclidean-norm is used as
dissimilarity, that is,

dki = ‖xk + εki − vi‖2
2 =

p∑
j=1

(xj
k + εj

ki − vj
i )

2.

4.1 Tolerant standard fuzzy c-means clustering

The optimization problem is as follows :

Jts(U, E, V ) =
n∑

k=1

c∑
i=1

(uki)mdki, (1)

under the following constraints,

c∑
i=1

uki = 1 , uki ∈ [0, 1] , ∀k, (2)

|εj
ki|2 ≤ (κj

ki)
2 (κj

ki ≥ 0), ∀k, i, j. (3)

The goal is to find the solutions which minimize the
objective function (1) under the constraints (2) and (3).

From the convexity of (1), we introduce the following
Lagrangian function to solve this optimization problem.

The Lagrangian function Ltsr is as follows :

Ltsr =Jts(U, E, V ) +
n∑

k=1

γk(
c∑

i=1

uki − 1)

+
n∑

k=1

c∑
i=1

p∑
j=1

δj
ki(|εj

ki|2 − (κj
ki)

2).

Karush-Kuhn-Tucker conditions (KKT conditions)
are as follows:


∂Ltsr

∂vj
i

= 0, ∂Ltsr

∂εj
ki

= 0, ∂Ltsr
∂uki

= 0, ∂Ltsr
∂γk

= 0,

∂Ltsr

∂δj
ki

≤ 0, δj
ki

∂Ltsr

∂δj
ki

= 0, δj
ki ≥ 0.

(4)

First we consider uki, from ∂Ltsr
∂uki

= 0, we have,

uki =
(

γk

mdki

) 1
m−1

. (5)

In addition, from the constraint (2),

c∑
l=1

(
γk

mdkl

) 1
m−1

= 1. (6)

From (5) and (6), we have,

uki =

1

(dki)
1

m−1∑c
l=1

1

(dkl)
1

m−1

. (7)

If some xk +εki = vi, we set uki = 1/|C ′|. Here, |C ′|
is number of cluster centers which satisfies xk+εki = vi.

For vj
i , from ∂Ltsr

∂vj
i

= 0,

vj
i =

∑n
k=1(uki)m(xj

k + εj
ki)∑n

k=1(uki)m
. (8)

For εj
ki from ∂Ltsr

∂εj
ki

= 0 , we can get

εj
ki = − (uki)m(xj

k − vj
i )

(uki)m + δj
ki

. (9)

From δj
ki

∂Ltsr

∂δj
ki

= 0,

δj
ki(|εj

ki|2 − (κj
ki)

2) = 0. (10)

From (10), we should consider two cases, i.e., δj
ki = 0

and |εj
ki|2 = (κj

ki)
2. First, we consider the case of δj

ki =
0. In this case, the constraint (3) is not considered. From
(9), we can get,

εj
ki = −(xj

k − vj
i ).

On the other hand, in case that |εj
ki|2 = (κj

ki)
2,

|εj
ki|2 = | − (uki)m(xj

k − vj
i )

(uki)m + δj
ki

|2 = (κj
ki)

2.

From (uki)m + δj
ki > 0,

(uki)m

(uki)m + δj
ki

=
κj

ki

|xj
k − vj

i |
. (11)

From (9), (11),

εj
ki =

−κj
ki(x

j
k − vj

i )

|xj
k − vj

i |
.

From the above, we can get an optimal solution for εj
ki

as follows :

εj
ki = − αj

ki(x
j
k − vj

i ), (12)

αj
ki = min

{
κj

ki

|xj
k − vj

i |
, 1

}
.

4.2 Tolerant entropy regularized fuzzy c-means
clustering

The optimization problem is as follows :

Jte(U, E, V ) =
n∑

k=1

c∑
i=1

ukidki

+ λ−1
n∑

k=1

c∑
i=1

uki log uki.
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Constraints are same as (2) and (3).
The Lagrangian function Ler is as follows :

Lter =Jte(U, E, V ) +
n∑

k=1

γk(
c∑

i=1

uki − 1)

+
n∑

k=1

c∑
i=1

p∑
j=1

δj
ki(|εj

ki|2 − (κj
ki)

2).

KKT conditions are same as (4).
The optimal solutions are derived as follows :

uki =
exp (−λdki)∑c
l=1 exp (−λdkl)

, (13)

vj
i =

∑n
k=1 uki(x

j
k + εj

ki)∑n
k=1 uki

, (14)

εj
ki = − αj

ki(x
j
k − vj

i ),

αj
ki = min

{
κj

ki

|xj
k − vj

i |
, 1

}
.

5 Tolerant fuzzy c-means clustering with
L1-regularization

In this section, we will consider tolerant fuzzy c-means
clustering with L1-regularization. In this method, con-
straint for εj

ki is not considered.

5.1 L1-regularization

It is well-known that L1-regularization can induce the
strong sparseness of the variables [12, 13, 14]. A lot of
εj
ki become zero, by L1-regularization described as fol-

lows :

Ω(E) =
n∑

k=1

c∑
i=1

p∑
j=1

|εj
ki|.

Here, we will describe objective function with L1-
regularization as Jtl. The partial derivatives of Jtl which
respect to εj

ki will be uniformly zero, as follows :∣∣∣∣∣∂Jtl

∂εj
ki

∣∣∣∣∣ = ν if |εj
ki| > 0,

∣∣∣∣∣∂Jtl

∂εj
ki

∣∣∣∣∣ < ν if |εj
ki| = 0.

Here, ν > 0 is a regularization parameter. This de-
notes that if the partial derivatives of J below ν, εj

ki will
be set exactly zero.

5.2 Tolerant standard fuzzy c-means clustering with
L1-regularization

We will consider the following objective function with
L1-regularization.

Jtsl(U, E, V ) =
n∑

k=1

c∑
i=1

(uki)mdki + ν
n∑

k=1

c∑
i=1

p∑
j=1

|εj
ki|.

In the tolerant fuzzy c-means clustering, each toler-
ance vector can be solved separately. So, we consider
the following semi-objective function Jkij

tsl :

Jkij
tsl (E) = (uki)m(xj

k + εj
ki − vj

i )
2 + ν|εj

ki|.

To obtain partial derivatives respect to εj
ki, we will de-

compose εj
ki = ξ+−ξ−, where all element of ξ+ and ξ−

are nonnegative. Thus, the semi-objective function can
be written as follows :

Jkij
tsl (E) = (uki)m(xj

k + εj
ki − vj

i )
2 + ν(ξ+ + ξ−).

The constraints are as follows :

εj
ki ≤ ξ+,

εj
ki ≥ −ξ−,

ξ+, ξ− ≥ 0.

Introducing the Lagrange multiplier β+, β−, δ+ and
δ− ≥ 0, Lagrangian Ltsl is as follows :

Ltsl =(uki)m(xj
k + εj

ki − vj
i )

2 + ν(ξ+ + ξ−)

+ β+(εj
ki − ξ+) + β−(−εj

ki − ξ−)
− δ+ξ+ − δ−ξ−.

Here,

∂Ltsl

∂ξ+
=ν − β+ − δ+, (15)

∂Ltsl

∂ξ−
=ν − β− − δ−. (16)

Since δ+, δ− ≥ 0, conditions 0 ≤ β+ ≤ ν and 0 ≤
β− ≤ ν are obtained from (15) and (16), respectively.
By using (15) and (16), the Lagrangian Ltsl is simplified
as follows :

Ltsl = (uki)m(xj
k + εj

ki − vj
i )

2 + βεj
ki. (17)

Here, β = β+−β− and satisfies condition −ν ≤ β ≤
ν.

From ∂Ltsl

∂εj
ki

= 0,

∂Ltsl

∂εj
ki

= 2(uki)m(xj
k + εj

ki − vj
i ) + β = 0.

From above,

εj
ki = −(xj

k − vj
i ) −

β

2(uki)m
. (18)

Introducing (18) to (17), the Lagrangian dual problem
is written as follows :

Ltsld = − β2

4(uki)m
− β(xj

k − vj
i ).
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This objective function is a quadratic function respect
to β. From ∂Ltsld

∂β = 0, this dual problem is solved as,

β = −2(uki)m(xj
k − vj

i ). (19)

From considering (18) and (19), the optimal solution
of primal problem is derived. First, if β ≤ −ν, the op-
timal solution is β = −ν. Second, if −ν ≤ β ≤ ν, the
optimal solution is β = −2(uki)m(xj

k − vj
i ). Third, if

ν ≤ β, the optimal solution is β = ν. Finally, the opti-
mal solution for εj

ki of L1-regularized objective function
is derived as follows :

εj
ki =




−(xj
k − vj

i ) + ν
2(uki)m (β ≤ −ν),

0 (−ν ≤ β ≤ ν),
−(xj

k − vj
i ) − ν

2(uki)m (ν ≤ β).
(20)

5.3 Tolerant entropy regularized fuzzy c-means
clustering with L1-regularization

From the same procedure, the optimal solution for εj
ki

of tolerant entropy regularized fuzzy c-means clustering
with L1-regularization is derived as follows :

εj
ki =




−(xj
k − vj

i ) + ν
2uki

(β ≤ −ν),
0 (−ν ≤ β ≤ ν),
−(xj

k − vj
i ) − ν

2uki
(ν ≤ β).

(21)

6 Algorithms

Algorithms of TFCM derived in the above section are
called as follows. In case of hyper-rectangle, we call
these methods TsFCM(R) and TeFCM(R). In case of L1-
regularization, we call these methods TsFCM-L1R, and
TeFCM-L1R.

Each algorithm of TFCM is calculated according to
the following procedure. Eqs. A, B and C used in each
algorithm follow Table 1 .

Algorithm 1

TFCM1 Set the initial values and parameters.

TFCM2 Calculate uki ∈ U by Eq. A.

TFCM3 Calculate vi ∈ V by Eq. B.

TFCM4 Calculate εki ∈ E by Eq. C. If conver-
gence criterion is satisfied, stop. Otherwise, go
back to TFCM2.

In these algorithms, the convergence criterion is con-
vergence of each variable, value of objective function or
number of repetition.

Table 1: The optimal solutions of each algorithm.
Algorithm Eq.A Eq.B Eq.C
TsFCM(R) (7) (8) (12)
TeFCM(R) (13) (14) (12)

TsFCM-L1R (7) (8) (20)
TeFCM-L1R (13) (14) (21)

7 Numerical examples

In this section, some numerical examples of classifica-
tion are shown. In these examples, ‘◦’, ‘�’, ’�’ and
‘∗’ mean each cluster and cluster centers, respectively.
Moreover, tolerance vectors are expressed by arrowed
line. The value of each data are normalized between 0
and 10. In addition, m = 2.0 in TsFCM and λ = 1.0 in
TeFCM.

A polaris data set is mapped into two dimensional pat-
tern space and consists of 51 points. This data set should
be classified into three clusters [1]. Fig. 2 and 3 are
classification results of TFCM with L1-regularization.
In Fig. 2, ν = 2.0 and the number of non-zero toler-
ance vector is 30. In Fig. 3, ν = 4.0 and the number of
non-zero tolerance vector is 15. Moreover, Fig. 4 shows
the relation between regularization parameter ν and the
average of zero parameter ratio out of 1000 trials.

From these results, it is verified that proposed al-
gorithm with L1-regularization can induce the strong
sparseness and its sparseness is controlled by regulariza-
tion parameter ν.

8 Conclusions

In this paper, we have formulated the optimization prob-
lems based on concept of tolerance and derived the op-
timal solutions of tolerant fuzzy c-means clustering with
L1-regularization. From these results, we have con-
structed new clustering algorithm. Moreover, we have
verified the effectiveness of proposed algorithm through
some numerical examples.

The proposed technique is essentially different from
the past one from the viewpoint of handling data more
“flexible” than conventional methods.

In future works, we will calculate with real data which
includes data with uncertainty, e.g., the missing value of
attributes. Next, we will consider another type of reg-
ularization term or constraint for tolerance vector to in-
duce sparseness.
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Figure 2: Result of TsFCM with L1-regularization.
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Figure 3: Result of TeFCM with L1-regularization.
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Abstract— Quadratic programming can be seen both as a gen-
eral approach to linear programming and a special class of nonlin-
ear programming. Moreover, Quadratic Programming problems are
of utmost importance in a variety of relevant practical fields, such
as, portfolio selection. This work presents and develops a novel
fuzzy-sets-based method that solves a class of quadratic program-
ming problems with vagueness in the set of constraints. As vague-
ness is natural and ever-present in real-life situations requiring so-
lutions, it makes perfect sense to attempt to address them using fuzzy
quadratic programming. This kind of problem modeling is being ap-
plied in an increasing variety of practical fields especially those with
logistics problems. Some illustrative numerical examples illustrating
the solution approach are solved and analyzed to show the efficiency
of this proposed method.

Keywords— Fuzzy sets, decision making, fuzzy mathematical
programming, quadratic optimization.

1 Introduction
In the early sixties, based on the fact that classical logic does
not reflect, to the extent that it should, the omnipresent im-
precision in the real world, L. A. Zadeh proposed the The-
ory of Fuzzy Sets and Fuzzy Logic. Nowadays Fuzzy Logic,
or rather Soft Computing, is employed with great success in
the conception, design, construction and utilization of a wide
range of products and systems whose functioning is directly
based on how human beings reason. This is specifically patent
in the case of optimization problems, and particularly in so
called Mathematical Programming problems. Mathematical
programming is an area which solves problems that involve
minimization (or maximization) of the objective function in a
function domain that can be constrained or not. In this area,
Quadratic Programming represents a special class where the
objective function is a quadratic function and the constraints
are linear. This set of problems can be formalized in the fol-
lowing form:

min ctx+ 1
2 xtQx

s.t. Ax ≤ b

x ≥ 0.

(1)

where c is an n vector, b is an m vector, A is an m×n matrix,
and Q is an n×n symmetric matrix.

Thus, on the one hand, it is clear that quadratic program-
ming encompasses all linear problems, including applications
in scheduling, planning and flow computations, and they may

be used to solve some interesting combinatorial optimization
problems. On the other hand, quadratic programming is a
particular kind of nonlinear programming. There are several
classes of problems that are naturally expressed as quadratic
problems. Examples of such problems can be found in game
theory, engineering modeling, design and control, problems
involving economies of scale, facility allocation and location
problems, problems in microeconomics amongst others. Sev-
eral applications and test problems for quadratic programming
can be found in [5, 7, 8, 16, 17]. Some traditional methods are
available in the literature [2, 24] for solving such problems.
An interesting web page about quadratic programming is [6].

Among the several applications, we will present a portfolio
selection problem which is an important research field in mod-
ern finance. This problem was first introduced by Markowitz
[14, 15], and provided a risk investment analysis. Vague-
ness, approximate values and lack of precision in this problem
are very frequent in that context, and quadratic programming
problems have shown to be extremely useful in solving a va-
riety of portfolio models. In any case, it is important to point
out that the aim of this work is not to solve portfolio mod-
els. They are only considered here for the sake of illustrating
the fuzzy quadratic programming problems solution approach
presented, which in fact is the goal and main aim of this con-
tribution. Some works about portfolio selection problem by
using fuzzy approaches can be found in [9, 11, 19, 21, 22].

Moreover, there are some cases where the parameters of
the real-world problems are seldom known exactly and have
to be estimated by the decision maker. Therefore, the appli-
cation of Soft Computing, and Fuzzy Logic in particular, has
shown, in recent years, great potential for modeling systems
which are non-linear, complex, ill-defined and not well un-
derstood. Fuzzy Logic is a way to describe this vagueness
mathematically and it has found numerous and different ap-
plications due to its easy implementation, flexibility, tolerant
nature to imprecise data, low cost implementations and ability
to model non-linear behavior of arbitrary complexity because
of its basis in terms of natural language. The uncertainties can
be found in the relation, constants, decision variables or in all
parameters of the problem. Some authors have applied Soft
Computing methodologies to quadratic programming as can
be seen in [1, 3, 4, 12, 13, 18, 20, 23, 25, 26, 27].

With this in mind, the goal of this paper is to present a novel
approach that transforms a quadratic programming problem
with uncertainties in the coefficients and order relation of the
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set of constraints into a parametric problem and to obtain a
set of optimal solutions of this new problem that belong to the
fuzzy solution.

Thus, Problem (1), which is a classic quadratic program-
ming problem, can be rewritten in the following way:

min ctx+ 1
2 xtQx

s.t. Ãx ≤ f b̃

x ≥ 0.

(2)

where x and c are n× 1 vectores with real numbers and b̃ is
an m×1 vector with fuzzy numbers, Q is an n×n matrix with
real numbers and Ã is an m×n matrix with fuzzy components,
and the symbol “≤ f ” shall mean just that the decision-maker
is willing to permit some violations in the accomplishment
of the constraints. Both fuzzy numbers and these violations
are measured by membership functions µi : R → [0,1], i =
1, . . . ,m that for each solution provide the decision maker’s
degree of satisfaction with the accomplishment of each con-
straint.

The paper is organized as follows: Section 2 demonstrates
that a fuzzy quadratic programming problem can be trans-
formed into a parametric quadratic problem and that the solu-
tion obtained by traditional techniques is an acceptable fuzzy
solution. To illustrate the approach, Section 3 presents a
general portfolio selection problem formulated as a fuzzy
quadratic programming; Section 4 presents numerical simula-
tions for the proposed problems and an analysis of the results
obtained. Finally, in Section 5 some conclusions are pointed
out.

2 A general model for fuzzy quadratic
programming

In this section, a novel approach is presented to solve
quadratic programming problems with uncertainties in the or-
der relation and coefficients in the set of constraints. This ap-
proach transforms this fuzzy quadratic problems into a para-
metric quadratic programming problem. A quadratic pro-
gramming problem with this fuzzy environment has been for-
mulated in (2) and the following sub-section will show how
the uncertainties can be dealt with.

2.1 Parametric ideas for solving a fuzzy quadratic
programming problem

The fuzzy coefficients of the quadratic problem (2) are de-
fined with fuzzy nature, that is, some violations in the accom-
plishment of such restriction functions are permitted. There-
fore these fuzzy parameters can be determined by the decision
maker.

It is clear that each membership function will give the de-
gree of membership (satisfaction) such that any x∈R

n accom-
plishes the corresponding fuzzy objective function and con-
straint upon which it is defined. These membership functions
can be formulated as follows

µi : R→ (0,1], i ∈ I

where µ is an linear membership function (and formally can
also be a non linear one), and I is the set that contains all
fuzzy parameters.

In order to solve this problem in a two-phase method, first
let us define for each fuzzy constraint, i ∈ I

Xi =
{

x ∈R
n | Ãix ≤ f b̃i,x ≥ 0

}
.

If X =
T

i∈I Xi then the former fuzzy quadratic problem can
be addressed in a compact form as

min{ f (x) | x ∈ X}

It is clear that ∀α,γ ∈ (0,1], an (α,γ)-cut of the fuzzy con-
straint set will be the classical set

X(α,γ) = {x ∈R
n | µX (x) ≥ min{α,γ}}

where ∀x ∈R
n,

µX (x) = infµi(x), i ∈ I

Hence an (α,γ)-cut of the i-th constraint will be denoted by
Xi(α,γ). Therefore, if ∀α,γ ∈ (0,1],

S(α,γ) = {x ∈R
n | f (x) = min f (y), y ∈ X(α,γ)}

the fuzzy solution to the problem will therefore be the fuzzy
set defined by the following membership function

µS(α,γ)(x) =

{
sup{α,γ : x ∈ S(α,γ)} x ∈

S

α S(α,γ)
0 otherwise.

Provided that ∀α ∈ (0,1],

X(α,γ) =
\

i∈I
{x ∈R

n | [(Ã)αx]i ≤ ri(α,γ),x ≥ 0,x ∈R
n}

with ri(α,γ) = [(b̃)α]i +[(d̃)α]i(1− γ).
Thus, the operative solution to the former problem can be

found, (α,γ)-cut by (α,γ)-cut, by means of the following aux-
iliary parametric quadratic programming model,

min ctx+ 1
2 xtQx

s.t. Ãαx ≤ b̃α + d̃α(1− γ)

x ≥ 0.

(3)

Therefore, the fuzzy quadratic programming problem was
parameterized at the end of the first phase. In the second
phase, the parametric quadratic programming problem is pre-
sented as a multiobjective approach which is solved for each
of the different α and γ values using any multiobjective opti-
mization technique. We must find efficient solutions to para-
metric problem for each α and γ that satisfy Karush-Kuhn-
Tucker’s necessary efficient optimality conditions.

2.1.1 Methods to solve quadratic programming problems
with fuzzy relations

By using the parametric idea described above a general
method to solve quadratic programming problems with fuzzy
relations is presented here, as described in [18]. This method
is an extension of the method that was developed to solve
fuzzy linear programming problems;

min ctx+ 1
2 xtQx

s.t. (Ax)i ≤ bi +di(1−α), i ∈ I
x j ≥ 0, j ∈ J,α ∈ (0,1].

(4)

where di is the violation permitted for each constraint i, Q and
A are an n×n matrix and an m×n matrix with real numbers,
and c and b are an n vector and m vector with real numbers.
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2.1.2 Methods to solve quadratic programming problems
with fuzzy coefficients in the set of constraints

This multiobjective approach was developed in [10] to solve
fuzzy nonlinear programming problems. This approach will
be used to solve Problem (2) with fuzzy coefficients in the
constraints set. The fuzzy solution is obtained by transforming
a fuzzy nonlinear programming problem into a parametrical
multiobjective nonlinear programming problem in which the
parameters α,γ,βi j ∈ [0,1], i = 1, . . . ,m, j = 1, . . . ,n + 1 can
be treated as new decision variable.

The goal of this parametrical multiobjective problem is
to minimize f (x), maximize γ, and maximize and mini-
mize α,γ, βi j, i = 1, . . . ,m, j = 1, . . . ,n + 1, simultaneously.
Therefore, Problem (3) is transformed into a multiobjective
quadratic programming problem that is stated as follows:

min
[
ctx+ 1

2 xtQx,β11,1−β11, . . . ,βm,n+1,1−βm,n+1
]

s.t. ∑n
j=1

(
(aL

α)i j +βi j
(
(aU

α )i j − (aL
α)i j

))
x j ≤ (bL

α +dL
α)i+

+βi,n+1
(
(bU

α )i − (bL
α)i +

(
(dU

α )i − (dL
α)i
)
(1− γ)

)
x ≥ 0,α,βi j ∈ [0,1], i = 1, . . . ,m, j = 1, . . . ,n+1

(5)
where it considers m(n + 3) new decision variables
α,γ and βi j, i = 1, . . . ,m, j = 1, . . . ,n+1, to transform the in-
tervals Ii j(α) = [h−1

i j (1−α),g−1
i j (1−α)] into functions of the

form zi j(α,βi j) = h−1
i j (1−α)+βi j(g−1

i j (1−α)−h−1
i j (1−α)).

The obtained results for each α and γ value generate a set
of solutions S(α,γ) and then the Representation Theorem can
be used to integrate all these specific alpha-solutions and end-
ing the second phase. Therefore the outlined solution to the
parametric method is a valid solution to the fuzzy quadratic
problem.

3 Portfolio selection problem
As said previously, in order to illustrate the above described
two phases method for solving fuzzy quadratic programming
problems, we now focus on general Portfolio Problems. It is
important to point out that up to now we have not tried to im-
prove other solution methods for this kind of important prob-
lems, but only to show how our solution approach performs. A
description of a classical portfolio selection problem that was
formulated by Markowitz as a quadratic programming prob-
lem is given in [15]. Assume that there are n securities de-
noted by S j ( j = 1, . . . ,n), then this quadratic problem can be
written in the following form:

min xtΣx

s.t. xtE(R) ≥ ρ

1x = 1

x ≥ 0

(6)

where x is an n vector that represents the percentage of money
invested in assets, i.e., the proportion of total investment funds
devoted to each security; E(R) is the average vector of returns
over m periods because R = [ri j] is an m×n matrix that repre-
sents the random variables of the returns of assets varying in m
discrete times; ρ is a parameter representing the minimal rate
of return required by an investor; and Σ = [σ2

i j] is a covariance
n×n matrix between returns of asset which can be written as:

σ2
i j =

m

∑
k=1

(rki −E(ri))
(
rk j −E(r j)

)
m−1

. (7)

Therefore, the objective of Problem (6) is minimizing the
risk variance and the investment diversification subject to a
given average return ρ.

The expected return rate, ρ, is a decision maker’s value that
represents an expert’s knowledge, then a fuzzy approach can
be used in the constraint of the portfolio selection problem.
Problem (6) with the use of fuzzy sets can be formulated in
the following form:

min xtΣx

s.t. xtE(R) ≥ f ρ

1x = 1

x ≥ 0.

(8)

Thus, Problem (8) can be rewritten as

min xtΣx

s.t. xtE(R) ≥ ρ−d(1−α)

1x = 1

x ≥ 0.

(9)

4 Numerical experiments
The problems we use to evaluate this method are one hypo-
thetic mathematical formulation and one fuzzy portfolio se-
lection problem with the fuzzy approach described in Section
3. Nevertheless, they are efficient in validating the realized
study. First, in subsection 4.1 we will show the formulation
of the problems. Then in subsection 4.2 the computational re-
sults and a comparative analysis of the classic methods and
the iterative methods responses will be presented.

The tests were all performed on a PC with two 2.26GHZ
Intel� Core(TM) 2 Duo processors, 4GB RAM running Ubuntu
8.10 operational system. All the problems presented in this
work were resolved using fminimax function to solve con-
straint programming problems of ToolBox Optimization of
MATLAB� 7.4.0 program.

4.1 Formulation of the numerical examples
We present some real-world and theoretical problems found in
the literature with a view to validating the proposed algorithm.
We simulate two quadratic programming problems both with
uncertainties in the order relation and coefficients in the set of
contraints.

Table 1 provides one theoretical quadratic problem that is
described in [8]. The optimal solution to the problems without
uncertainties is presented in the columns xt and f (x) of table
1.

In order to show the performance of our method, we
use the set of historical data shown in Table 2 introduced
by Markowitz. The columns 2-10 represent American To-
bacco, A.T.&T., United States Steel, General Motors, Atch-
eson&Topeka&Santa Fe, Coca-Cola, Borden, Firestone and
Sharon Steel securities data, respectively. The returns on the
nine securities, during the years 1937-54, are presented in Ta-
ble 2.

This example will consider performances of portfolios with
respect to “return” thus defined. This assumes that a dollar of
realized or unrealized capital gains is exactly equivalent to a
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dollar of dividends, no better and no worse. This assumption
is appropriate for certain investors, for example, some types of
tax-free institutions. Other ways of handling capital gains and
dividends, which are appropriate for other investors, can be
viewed in [15].By computing the average value of all the years
of each column of random variables of Table 2, we obtained
the expected values of each return of the securities that are
described in (10). Then, using Equation (7), we computed the
covariance matrix that is presented in (11).

4.2 Results and Analysis

Here we show the results obtained for the problem by the
fuzzy quadratic programming method introduced in Section
2. The problem described in this work was solved by using
linear membership functions as presented by Problem (3). Ta-
ble 3 shows the solution of the theoretical problem described
by Table 1, while the solution of the real-world portfolio se-
lection problem, described by Table 2, is presented in Table
4.

Table 3 presents the results of the hypothetical problem with
fuzzy coefficients and relation in the constraints set. Each row
describes parametrical solutions to different α-cut levels of the
fuzzy coefficients and each column represents parametrical
solutions to different violations of the fuzzy relation in the set
of constraints. Now, by applying the Representation Theorem
in these parametrical solutions, we can define a fuzzy solution
that describes a satisfactory solution of the fuzzy quadratic
programming problem shown in Table (1).

Table 4 presents the results of the fuzzy portfolio selection
problem to different α-cut levels of the fuzzy coefficients and
violations of the fuzzy relation in the set of constraints. Thus,
a fuzzy solution can be defined by applying the Representation
Theorem in these parametrical solutions. This fuzzy solution
describes a satisfactory solution of the fuzzy portfolio selec-
tion problem.

5 Conclusions

Fuzzy quadratic programming problems are of utmost impor-
tance in an increasing variety of practical fields because real-
world applications inevitably involve some degree of uncer-
tainty or imprecision, for example in logistics management.
One of these problems is the portfolio selection problem,
where the imperfect knowledge of the returns on the assets and
the uncertainty involved in the behaviour of financial markets
may be introduced by means of fuzzy quantities and/or fuzzy
constraints. In this context this paper has presented an opera-
tive and novel method for solving Fuzzy Quadratic Program-
ming problems which is carried out by performing two phases
that finally provide the user with a fuzzy solution. The method
has been validated by solving a number of practical problems.
The solutions obtained aid the authors to follow along this line
of research to try to solve real problems in practice, in such a
way that oriented Decision Support Systems involving Fuzzy
Quadratic Programming problems can be built.

A parametric approach that solve a fuzzy quadratic prob-
lem was proposed. The set of optimal solutions obtained by
one parametric approach to each α,β,γ ∈ [0,1] constructs the
fuzzy solution by using the Representation Theorem. The au-
thors aim is to extend the line of investigation involving Fuzzy

Quadratic Programming problems in order to try to solve other
practical problems.
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Table 1: Fuzzy quadratic programming problem
Classic solutionf (x) xinitial Constraints Violation

x̄T f (x)

9−8x1 −6x3 −4x3+ x1 + x2 −2x3 −3 ≤ f 0
+2x2

1 +2x2
2 + x2

3 +2x1x2 +2x1x3
[0.5;0.5;0.5]T

xi ≥
f 0, i = 1,2,3

d1 = 0̃.3 [4/3;7/9;4/9]T 1/9

Table 2: Fuzzy portfolio selection problem
#1 #2 #3 #4 #5 #6 #7 #8 #9

Year Am.T A.T&T. U.S.S. G.M. A.T.&S. C.C. Bdm. Frstn. S.S.

1937 -0.305 -0.173 -0.318 -0.477 -0.457 -0.065 -0.319 -0.4 -0.435

1938 0.513 0.098 0.285 0.714 0.107 0.238 0.076 0.336 0.238

1939 0.055 0.2 -0.047 0.165 -0.424 -0.078 0.381 -0.093 -0.295

1940 -0.126 0.03 0.104 -0.043 -0.189 -0.077 -0.051 -0.09 -0.036

1941 -0.28 -0.183 -0.171 -0.277 0.637 -0.187 0.087 -0.194 -0.24

1942 -0.003 0.067 -0.039 0.476 0.865 0.156 0.262 1.113 0.126

1943 0.428 0.300 0.149 0.255 0.313 0.351 0.341 0.580 0.639

1944 0.192 0.103 0.260 0.290 0.637 0.233 0.227 0.473 0.282

1945 0.446 0.216 0.419 0.216 0.373 0.349 0.352 0.229 0.578

1946 -0.088 -0.046 -0.078 -0.272 -0.037 -0.209 0.153 -0.126 0.289

1947 -0.127 -0.071 0.169 0.144 0.026 0.355 -0.099 0.009 0.184

1948 -0.015 0.056 -0.035 0.107 0.153 -0.231 0.038 0 0.114

1949 0.305 0.030 0.133 0.321 0.067 0.246 0.273 0.223 -0.222

1950 -0.096 0.089 0.732 0.305 0.579 -0.248 0.091 0.650 0.327

1951 0.016 0.090 0.021 0.195 0.040 -0.064 0.054 -0.131 0.333

1952 0.128 0.083 0.131 0.390 0.434 0.079 0.109 0.175 0.062

1953 -0.010 0.035 0.006 -0.072 -0.027 0.067 0.21 -0.084 -0.048

1954 0.154 0.176 0.908 0.715 0.469 0.077 0.112 0.756 0.185

E(R) =
[

0.0659 0.0616 0.1461 0.1734 0.1981 0.0551 0.1276 0.1348 0.1156
]

(10)

Σ =



0.0565 0.0228 0.0303 0.0518 0.0172 0.0341 0.0257 0.0464 0.0383

0.0228 0.0155 0.0199 0.0259 0.0085 0.0106 0.0153 0.0265 0.0221

0.0303 0.0199 0.0905 0.0663 0.0470 0.0141 0.0111 0.0836 0.0445

0.0518 0.0259 0.0663 0.1011 0.0546 0.0307 0.0220 0.0775 0.0388

0.0172 0.0085 0.0470 0.0546 0.1354 0.0136 0.0221 0.0683 0.0476

0.0341 0.0106 0.0141 0.0307 0.0136 0.0437 0.0119 0.0254 0.0229

0.0257 0.0153 0.0111 0.0220 0.0221 0.0119 0.0305 0.0229 0.0184

0.0464 0.0265 0.0836 0.0775 0.0683 0.0254 0.0229 0.1024 0.0553

0.0383 0.0221 0.0445 0.0388 0.0476 0.0229 0.0184 0.0553 0.0839



(11)
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Table 3: Results of the first phase of the hypothetical problem.
γ/α 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.0
1.0 0.1111 0.1045 0.0982 0.0920 0.0860 0.0803 0.0747 0.0693 0.0642 0.0592 0.0544
0.9 0.1037 0.0973 0.0911 0.0851 0.0794 0.0738 0.0684 0.0632 0.0583 0.0535 0.0489
0.8 0.0958 0.0896 0.0836 0.0779 0.0723 0.0669 0.0618 0.0568 0.0521 0.0475 0.0432
0.7 0.0874 0.0814 0.0757 0.0701 0.0648 0.0597 0.0548 0.0501 0.0456 0.0413 0.0372
0.6 0.0784 0.0727 0.0672 0.0620 0.0569 0.0521 0.0474 0.0430 0.0388 0.0348 0.0311
0.5 0.0689 0.0635 0.0583 0.0534 0.0486 0.0441 0.0398 0.0357 0.0319 0.0282 0.0248
0.4 0.0588 0.0538 0.0490 0.0444 0.0400 0.0359 0.0320 0.0283 0.0248 0.0216 0.0186
0.3 0.0483 0.0437 0.0393 0.0351 0.0312 0.0275 0.0240 0.0208 0.0178 0.0150 0.0125
0.2 0.0374 0.0333 0.0294 0.0258 0.0224 0.0192 0.0163 0.0136 0.0112 0.0090 0.0070
0.1 0.0265 0.0230 0.0197 0.0167 0.0139 0.0114 0.0092 0.0072 0.0054 0.0039 0.0026
0.0 0.0160 0.0132 0.0108 0.0085 0.0066 0.0048 0.0034 0.0022 0.0013 0.0006 0.0002

Table 4: Results of the first phase of the portfolio selection problem.
γ/α 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.0
1.0 0.0343 0.0332 0.0322 0.0313 0.0305 0.0297 0.0290 0.0284 0.0278 0.0273 0.0268
0.9 0.0305 0.0298 0.0291 0.0286 0.0281 0.0275 0.0270 0.0266 0.0261 0.0257 0.0253
0.8 0.0282 0.0277 0.0272 0.0268 0.0263 0.0259 0.0255 0.0251 0.0247 0.0243 0.0239
0.7 0.0265 0.0261 0.0257 0.0253 0.0249 0.0245 0.0241 0.0238 0.0234 0.0230 0.0227
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Abstract— In this paper we introduce an application of interval-
valued systems to the segmentation of prostate ultrasound images.
The system classifies each pixel as prostate or background. The in-
put variables are the values of each pixel in different processed im-
ages as proximity, edginess and enhanced image. The system has
20 rules and is trained with ideal images segmented by an expert.
Interval-valued fuzzy systems have been used due to their potential
to capture uncertainty in a more robust way compared to ordinary
fuzzy systems.

Keywords— Interval-valued fuzzy sets, ultrasound image, image
segmentation

1 Introduction
Ultrasound images are used in clinical settings to evaluate
anomalies, tissues and organs. Ultrasound imaging is a quite
common modality due to its low cost, portability and harm-
lessness to human body. Transrectal ultrasound images of the
prostate in male patients are frequently used for both diagnosis
and treatment purposes. Detecting the outline of the prostate –
prostate segmentation – is therefore the first step regardless the
following step is of diagnostic nature or treatment planning as
for brachytherapy of prostate cancer.

Ultrasound image segmentation is strongly affected by the
lower quality of these images. Speckle noise, shadows and
prostate inhomogeneity make the segmentation a complicated
task. There exist several methods to segment ultrasound im-
ages, a complete review can be found in [12]. Some methods
use machine learning techniques to extract the objects/lesions.
In those methods ideally segmented images created by an ex-
pert radiologist are used to train the system. In [18] reinforce-
ment learning is used to train an agent devoted to segment
prostate ultrasound images. Zhang et al. [20] optimize the
weights of a weighed wavelet to detect microcalcifications in
mamographic images. Neural networks were used in [13] to
identify possible injuries in liver images and in [5] a genetic
algorithm optimizes the weights of a self-organized neural net-
work (Kohonen net).

One of the problems of the Neural Networks is the black
box reasoning. In medical applications it is very useful to
know how a certain task has been done the process of segment-
ing the image. Hence, we propose to use a fuzzy logic system
to segment ultrasound images since they provide a convenient
way of interpreting the tasks/results.

Due to the complexity of the ultrasound images we are go-
ing to use interval-valued fuzzy sets enabling us to represent
the uncertainty that is within these images. In [9] Mendel pro-
poses an adaptation of the fuzzy rule learning algorithm to
interval type 2 fuzzy rules. Note what he called interval type
2 fuzzy sets are the same as interval-valued fuzzy sets in some
cases (when a = 1, please see section 2). The objective of
this paper is to develop an interval-valued fuzzy logic system
(from now IT2FLS following the notation given in [9]) to seg-
ment prostates in transrectal ultrasound images.

Why to use interval-valued fuzzy systems instead of clas-
sical fuzzy systems? When we design a fuzzy system that is
going to be trained using typical machine learning algorithms,
we must choose the input variables, the output of our system
and the number of rules. If we train the system with the past
data, we can understand this process as function fitting prob-
lem, in which the fuzzy rule base system is a parametrized
function and the training process is the modification of said
parameters. This means that the output of the system fits the
training data. If the system uses interval-valued fuzzy sets
instead of classical fuzzy sets, the number of parameters to
define an interval fuzzy rule is larger than the one needed for a
classical fuzzy rule. So, in the training process, with the same
data, the interval fuzzy system has more parameters, more de-
grees of freedom, which means it can be adjusted in a bet-
ter way to the data. Some researchers suggest that this is an
advantage compared to ordinary fuzzy systems. Therefore it
means that for the same linguistic complexity (number of rules
and number of variables) interval-valued fuzzy systems can, at
least in theory, achieve better accuracy. We have made a com-
parative study to verify this hypotheses.

This work is organized as follows: first we present an in-
troduction of interval-valued fuzzy logic systems. In section
3 we review Mendel’s algorithm to generate an IT2FLS from
training data. Later, in section 4 we present the model that we
propose to segment ultrasound images. Finally we show some
experimental results, conclusions and future research.

2 Interval-valued fuzzy systems
An interval-valued fuzzy set constitutes that the membership
degree of every element to the set is given by a closed subin-
terval of interval [0,1]. The concept of type 2 fuzzy sets was
introduced by Zadeh [19] as a generalization of an ordinary
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fuzzy set. The membership degree of an element to a type 2
fuzzy set is a fuzzy set in [0,1].

An interval type 2 fuzzy set
=

A in U is defined as

A = {(u,A(u), µu(x))|u ∈ U,A(u) ∈ L([0, 1])},

where A(u) = [A
−

(u),
−

A(u)] is a membership function; i.e., a
closed subinterval is [0, 1], and function µu(x) represents the
fuzzy set associated with the element u ∈ U obtained when x

is within [0, 1]; µu(x) is given in the following way:

µu(x) =


 a if A

−

(u) ≤ x ≤
−

A(u)

0 otherwise
,

where 0 ≤ a ≤ 1.
In [8]–[10], it is proved that an interval type 2 fuzzy set is

the same as an interval-valued fuzzy set if a = 1.
Example: We can represent an interval-valued fuzzy set by

means of an upper bound membership function and a lower
bound membership function. In this work, all of the mem-
bership functions are going to be represented by a Gaussian
function:

µl
k(xk) = exp

[
−

1

2

(
xk − ml

k

σl
k

)]
σl

k ∈ [σl
k1, σ

l
k2] (1)

In fig. 1 we show the membership function with parameter
ml

k = 0.4. We take σl
k1 = 0.05 to represent the lower bound

and σl
k2 = 0.1 for the upper bound.
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Figure 1: Interval-valued membership function with a Gaus-
sian primary membership function and m = 0.4, σl

k1 = 0.05
y σl

k2 = 0.1.

An IT2FLS is a rule-based system in which the sets that
represent the antecedents and consequents are interval-valued
fuzzy sets (or interval type 2 fuzzy sets). In fig. 2 we depict
the most important modules of an IT2FLS (see [9]).

The input of the system is a set of values. The fuzzfier trans-
forms the inputs into interval-valued fuzzy sets. Then, the
main part of the system, using the rules carries out the infer-
ence to generate conclusions, represented by interval-valued
fuzzy sets. To use these conclusions (decisions) in the real
world, the defuzzifier transforms these sets into crisp values.
Commonly, before defuzzification, we can reduce the sets
from interval-valued fuzzy sets to classical fuzzy sets, such
a way typical defuzzifying techniques could be used to obtain
crisp values.

Figure 2: Interval Type 2 Fuzzy Logic System

Considering an IT2FLS with p inputs x1 ∈ X1, · · · , xp ∈
Xp and one output y ∈ Y . Then we assume that the system
has M rules in the following way:

Rl : IF x1 is F l
1 AND . . . AND xp is F l

p,

THEN y is Gl con l = 1, . . . , M (2)

where F l
1, . . . , F

l
p, G

l are interval-valued fuzzy sets. Each
rule is interpreted as an implication:

Rl : F l
1 × F l

2, · · · × F l
p → Gl = Al → Gl with l = 1, . . . , M

(3)
Rl is described by the membership function µRl(x, y) =
µ(x1, . . . , xp, y) where,

µRl(x, y) = µAl→Gl(x, y) =

[
p⋂

i=1

µF l
i
(xi)

] ⋂
µGl(y) (4)

Using the extension of the Zadeh’s compositional rule to
interval-valued fuzzy sets, the consequent is calculated as fol-
lows:

µBl(y) = µAl◦Rl(y) =
⋃

x∈X

[
µAx

(x)
⋂

µRl(x, y)
]

with y ∈ Y, l = 1, . . . , M (5)

There exist several works regarding the inference with
interval-valued fuzzy rules [2, 6], but in this work we are go-
ing to use the method proposed by Mendel in [9] (for a more
detailed study see [10]).

3 Design of Interval-valued fuzzy systems
from data

In this section we show how we can design an IT2FLS from
training data.
Given a collection of N pairs of input-output data
(x(1), y(1)), (x(2), y(2)), · · · (x(N), y(N)) where x(t) is the in-
put vector and y(t) is the output value of the t training pair, we
define the error of the IT2FLS for the t-th input as:

e(t) = fs2(x(t)) − y(t) t = 1, . . . , N (6)

where fs2 is the output of the IT2FLS. Such a value depends
on the parameters that define the interval-valued fuzzy sets of
the antecedents and consequents of the corresponding rules
(ml

k, σl
k1, σl

k2, y
j
l and yj

r , with k = 1, . . . , p, for p inputs,
j = 1, . . . , M , for M rules). Also y

j
l and yj

r represent the
bounds of the membership function of the consequent after
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the type reduction.
We define the quadratic error of the IT2FLS in t-th input as:

E(t) =
1

2
[e(t)]2 t = 1, . . . , N (7)

and the performance of the system as

E =
N∑

i=1

E(t) t = 1, . . . , N (8)

The training of an IT2FLS aims at finding the optimal val-
ues of the parameters that define the system such that equa-
tions (7) or (8) are minimized. If we minimize equation (7)
(such a method is explained in [9]), the learning process is
done in an incremental way, because the parameters are ad-
justed iteratively after processing every training pair. If we
minimize equation (8), as we have done in this work, the
learning process is done as a batch processing, because the pa-
rameters are adjusted after processing all of the training pairs.
When we process all of the N training pairs and modify the
parameters it is called a training epoch. In this work, in ev-
ery epoch the parameters are adjusted proportional to the error
gradient ∂E

∂ml
k

, ∂E
∂σl

k1

, ∂E
∂σl

k2

, ∂E

∂yj

l

and ∂E

∂yj
r

.
This quantity is calculated using the resilient backpropaga-

tion algorithm (RPROP, [14]). This algorithm automatically
adjusts its own parameters during the training process, and is
very easy to implement and can achieve a high convergence
speed.

4 Proposed method

The objective of our method is to classify each pixel of the
image. That is, decide if each pixel belongs to the important
area (prostate) to segment or if it belongs to the background.
Since the size and the position of the prostate are subject to
change, the user must select the central point of the region
(also called the seed point) to avoid false detections (and to
focus on the segmentation itself). Therefore, the method is
semi-supervised due to user suppling some relevant informa-
tion. However, automation of this step is quite possible and
has been repeatedly reported in literature.

The IT2FLS that we propose has 5 inputs, one output and
consists of 20 rules. The inputs are:

1. posi: The distance, in pixels, of the pixel considered
from the central point in the horizontal axes.

2. posj : The distance, in pixels, of the pixel considered
from the central point in the vertical axes.

3. dist: The proximity of the pixel w.r.t. to the central point,
calculated via a flooding algorithm.

4. edg: Edginess of each pixel.

5. mgr: Average gray level of the pixels neighborhood (e.g.
5 × 5 neighborhoods) in the enhanced image.

In the following subsections we present the techniques used
to obtain the values of enhancement, proximity and edginess.

4.1 Enhanced image

The algorithm used to enhance ultrasound images is the one
proposed by Sahba et al. [15, 16, 17], in which fuzzy rules
such as the following have been used:

IF the pixel does not belong to the prostate,
THEN leave it unchanged
IF the pixel belongs to the prostate AND is dark,
THEN make it darker
IF the pixel belongs to the prostate AND is gray,
THEN make it dark
IF the pixel belongs to the prostate AND is bright,
THEN make it brighter

We use a simplified version of these rules in form of

IF the pixel belongs to the object AND is dark,
THEN make it darker,

or in a even more simple formulation and to save time we
can use rules such as:

IF the pixel belongs to the object,
THEN make it darker,

where the degree of “belonging” of each pixel to the object
is a function of its distance to the central point of the object or
the inside of an initial/coares segment as proposed by Sahba
et al. The main idea of enhancement is to eliminate the noise
in the images and enhance the gray levels of selected area (re-
gional contrast enhancement). First the noise is eliminated us-
ing a median filter (7×7 or 9×9). Then each pixel is fuzzyfied
depending on its intensity with a membership function that is
constructed taking into account the mean level of gray of the
surroundings and the position of the selected point.

4.2 Proximity image

The proximity image represents the proximity of every pixel
to the central point (similar to [7, 15, 16]), but taking into ac-
count the edges that separate the different regions of the origi-
nal image. First we calculate the edges of the enhanced image
using the Canny algorithm [4]. Then, starting from the cen-
tral pixel selected by the user the algorithm labels the pixels
with their distance to the central pixel step by step. In the first
step the neighbors are labeled with distance 1 and so on (Fig.
3). The pixels marked as edge by the Canny edge detector are
used as walls and cannot be labeled, so the proximity values
generated are related with areas of the image.

4.3 Edginess

To create the edginess image, we calculate what is commonly
called false edges. In [3] we presented a method to obtain
false edges by means of t-norms and t-conorms. For every
pixel a neighborhood matrix is constructed (3×3, 5×5, etc.).
Applying t-norms to the elements of the matrix we obtain a
lower bound of an interval. Applying t-conorms we obtain
the upper bound of that interval. We called the length of the
interval, that is the difference between the upper bound and the
lower bound of the interval, false edge. The most known case
is obtained when using minimum as the t-norm and maximum
as the t-conorm.
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Figure 3: Top left to bottom right: Original image, ideally
segmented image, edginess image, proximity image

5 Experimental results
To evaluate the performance of the IT2FLS we have a set of
ten prostate ultrasound images with their corresponding ideal
segmentation created by an expert. Each image has a central
point of the prostate provided by the expert (for many prostate
images automated detection of central point is relatively easy
[1]). We use two of these images for the training and the other
six for the validation. From the two training images we select
randomly 200 pixels which are the training data pairs. This
training data set is used to adjust the parameters of the system
as described in section 3. The data is also split into two groups,
the training set (80% of the data pairs) and the validation set
(20%). To evaluate the performance of the IT2FLS we use an
overlap measure SA between the areas of the IT2FLS result
and the ideally segmented image.

SA =
|Ideal ∩ IBF |

|Ideal ∪ IBF |
, (9)

where Ideal is the binary image segmented by the expert,
IBF is the binary image obtained using our method, ∩ and ∪
are the intersection and the union between crisp sets, respec-
tively. Due to the initial values of the parameters of the system
are selected randomly before training, we can obtain different
possible solutions. In Table 1 we show the best ones after 20
trials. In Fig. 4 and 5 we show the binary images obtained by
IT2FLS.

Table 1: Area overlap of segmented images with ideally seg-
mented prostates.

Image 1 2 3 4 5 6 7 8 9 10
IVFS SA(%) 84 61 74 75 77 75 62 64 71 72

Fuzzy SA 86 67 77 78 77 80 71 72 70 73

Table 2: Percentage of convergence.
System Percentage of convergence
Fuzzy 90 %
IVFS 30 %

In the experimental results we show that interval-valued
fuzzy rule systems perform similar to classical fuzzy systems.

The point is that the convergence of IVFS systems is really
poor and also the mean performance achieved by these sys-
tems is a bit worse than ordinary fuzzy sets. It means that the
extra adjustable parameters, if we dont use a specific learning
algorithm with the IVFS system, are not worth in this case.

Original Ideal Result

Figure 4: Comparison between ideally segmented images and
IT2FLS segmented images used for training.

6 Conclusions and future research
We have proposed a new method to segment ultrasound im-
ages using an interval-valued fuzzy system. The system has 5
inputs, 20 rules and one output and can be trained using im-
ages previously segmented by an expert. An average overlap
of 72% between the segmented area and the ideal segmenta-
tion has been reached. Nevertheless the results of the classical
fuzzy systems are a bit better than the IVFSs system, mainly
due to poor convergence of the learning algorithm.Taking into
account the size of the proposed system on one hand and the
challenging nature of prostate ultrasound segmentation on the
other hand, the results can be regarded as promising.

The results show poor spatial consistency, which could be
improved by adding some constraints or rules regarding shape
and boundaries of the areas to the system. Also, we want to
obtain interval input values to capture the uncertainty existing
in the ultrasound images and deal with it via the IT2FLS in
order to obtain better results.
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Abstract— The need for an automatic inference process able to
deal with information coming from unreliable sources is becoming
a relevant issue both on corporate networks and on the open Web.
Mathematical theories to reason with uncertain information have
been successfully applied in several situations, but each one of these
models is tailored to deal with a specific semantics of uncertainty. In
this paper, we put forward the idea of using explicit representations
of the different types of uncertainty for partitioning the inference pro-
cess into parts. By coordinating multiple independent reasoning pro-
cesses, we are sometimes able to apply a specific model to each type
of uncertain information, and recombine the final results via a suit-
able reconciliation process. We validated our approach applying it
to the classic schema matching problem, and using the Ontology
Alignment Evaluation Initiative, (OAEI) tests to assess the results.

Keywords— Uncertainty, Ontology Matching, Reasoning, Rules.

1 Introduction
The problem of automatic inference is one of the most chal-
lenging problem in computer science [1], becoming even
harder when knowledge is uncertain, due to lack of reliabil-
ity of the source of information, approximation, dependen-
cies and other factors. While many mathematical models for
reasoning on uncertain information have been proposed, the
general problem of handling and interpretation of uncertain
knowledge is still to be solved. In this paper, we put for-
ward the idea of using explicit representations of the differ-
ent uncertainties present in the knowledge base according to
different uncertainty models, coordinating multiple indepen-
dent reasoning processes. By splitting the inference process
into parts, we are able to apply a specific model to each type
of uncertain information, recombining the final results via a
suitable reconciliation process. Although the interoperabil-
ity among multiple inference models been studied [2, 3], in
the literature we are not aware of any hybrid reasoning pro-
cesses which can handle the flexible integration of different
models. As a proof of concept of this approach we present a
semantics-aware matching strategy, that we apply to the well-
known problem of ontology alignment [4]. The paper is struc-
tured as follows: Section 2 introduces the problem of uncer-
tain information in knowledge management, briefly present-
ing the different types of uncertainty and the mathematical
models used for the inference process. The section also in-
troduces the need for an explicit representation of the various
types of uncertainty, referring to the Ontology of Uncertainty
[5] proposed by W3C’s UR3W-XG incubator group1. Section
3 presents a case study, applying our technique to the classic
schema matching problem, testing it via the Ontology Align-

1http://www.w3.org/2005/Incubator/urw3/

ment Evaluation Initiative (OAEI) tests and comparing the re-
sults to the participants to the OAEI 2007 contest [4]. Con-
clusions and future work on our framework are presented in
Section 5.

2 Uncertain Information Representation and
Reasoning

Experience has shown that the open Web and other platforms
for hosting user-generated content can provide little quality
control at content production time. As a result, most publicly
available information can be considered uncertain to some de-
gree. In order to clarify the notion of uncertainty, it is impor-
tant to distinguish between degrees of truth and degrees of
uncertainty in the information [6]. A degree of truth can be
defined as the degree of compatibility between a statement and
a knowledge base, which is limited to what the system knows
about reality: a statement S is true if this assumption agrees
with the set of statements in the knowledge base. Instead, Un-
certainty of a statement arises when the knowledge base does
not provide sufficient information to decide if a statement is
true or false. Therefore uncertainty falls at a meta-level with
respect to truth [7]. In case of truth values, we briefly mention
two major theories [7]: Classical two-valued logic and Fuzzy
Logic. In the first case, a statement’s truth value can only as-
sume one of two values [8], namely 0 or 1. In the second case
[9], truth values belong to the entire interval [0, 1] . For uncer-
tainty representation, we distinguish between Probability and
Possibility theory. The degree of probability associated to a
statement is a typical example of gradual uncertainty. In sen-
tences like: ”The player tossing a coin wins with 50% proba-
bility”, ”The player wins” is a true statement: it cannot happen
that a player ”half wins”. The ”50%” at the end of the sentence
is not the statement truth value, but its level of uncertainty.
Possibility theory is an alternative to probability theory, which
separates the uncertainty of statements in possibilities and ne-
cessities [7]. Uncertainty can be classified as Epistemic, if
it comes from the limited knowledge of the agent that gener-
ates the assertion or Aleatory if it is intrinsic in the observed
world. Depending on the features of the agent that generates
uncertain statements, is possible to identify two different types
of uncertainty: Objective if the uncertainty derives from a re-
peatable observation and Subjective if the uncertainty in the
information is derived from an informal evaluation. Further-
more, uncertainty can depend on the type of statement it is
associated to: Ambiguous, Inconsistent,Vague, Incomplete
and Empiric.

For our purposes, uncertainty can be represented as an an-
notation about a statement, expressing the level of certainty
about it. We shall call ”uncertain information” the triple
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(S, t, l) formed by a statement S, its truth value t and its cor-
responding uncertainty level l. It is important to remark that in
many practical scenarios, we may encounter statements whose
uncertainty levels have diverse semantics, especially when un-
certain information is generated by multiple unsupervised pro-
cesses. For example, Web-based weather forecasting services
provide uncertain information in different forms; the uncer-
tainty can be possibilistic or probabilistic (Cloudy:”50%”,
Rain:”10%”) while truth value ranges can be classical (Rainy,
Fair) or fuzzy (Partially Covered, Heavy Rain). Traditional
approaches to uncertain reasoning support extensions of logic
models dealing with inference on statements and their truth
values, including mathematical theories able to deal with the
uncertainty levels. In many cases, however, handling uncer-
tainty hs an impact on the complexity and even the decidabil-
ity of the inference problem. Scientific areas very active in the
integration of classical logic with mathematical theories deal-
ing with uncertainty is Artificial Intelligence and Knowledge
Representation. Recently the effort was concentrated on the
languages for the Web, such as in particular Semantic Web
standards. For example, several probabilistic extensions of
Description Logics (DL) [10] and First Order Logic (FOL)
are available. Here, we shall focus the discussion on De-
scription Logics, which are the logical model underpinning
the OWL-Lite and OWL-DL ontology languages [11] used
on the Semantic Web [12]. OWL-Lite and OWL-DL corre-
spond respectively to SHIF(D) and SHOIN (D) Descrip-
tion Logics respectively, which are known to be tractable. A
sound and complete fragment of SROIQ(D) is SHOQ(D)
[13]. This fragment can be extended to handle uncertainty;
in [14] Lukasiewicz defines a Probabilistic Description Logic
P − SHOQ(D). Based on Lukasiewicz’s Probabilistic De-
scription Logics, Klinov in [15] has implemented the proba-
bilistic reasoner Pronto, that can reason with ontologies where
a probability interval is assigned to statements, specifying the
probability that a certain statement is true. As far as truth-
values are concerned, the work of Straccia and Bobillo [16]
extends the classical two-valued Description Logics to fuzzy
sets. Namely, the authors present an extension of SHIF(D)
Description Logics to the fuzzy case, dealing with different
definitions for the logic operators (Zadeh logic, Lukasiewicz
logic and Classical Logic); this approach, moreover, provides
support to backward reasoning in case of Classical Logic se-
mantics.

At first sight, one might hope that uncertainty represen-
tations and truth value ranges can be freely mixed accord-
ing to the characteristics of the problem at hand. On the
Web, vague information is usually modelled using fuzzy truth-
values, knowledge uncertainty due to incomplete or defective
observations is represented by Probability theory, and uncer-
tainty arising from common sense knowledge and guessing
can be handled with Possibility theory [17].

Unfortunately, the problem of dealing simultaneously with
probability-based uncertainty and fuzzy truth values has been
widely treated in literature but, as stated in [7] probability and
possibility theories are not fully compositional with respect
to all the logical connectives, without a relevant loss of ex-
pressiveness. This consideration leads to the consequence that
uncertain calculi and degrees of truth are not fully composi-
tional either. Nevertheless, some work in this direction has

been proposed, by imposing restrictions to the expressiveness
of the logics. The most relevant studies are: [18, 19] where
the authors define Probabilistic Description Logics Programs
(PDLP) by combining stratified fuzzy Description Logics pro-
grams with respect to degrees of probabilities in a unified
framework. In [20] a definition of possibilistic fuzzy Descrip-
tion Logics has been proposed by associating weights, repre-
senting degrees of uncertainty, to the fuzzy Description Logic
formulas. An extension of the fuzzy Description Logics in the
field of Possibility theory has been presented also in [21] by
annotating logic axioms with possibilities and necessity mea-
sures; by extending the approach presented in [20].

It is also important to underline that different approaches
can be used to tackle the same type of uncertainty (i.e. in case
of incomplete information is possible to use Possibilistic or
Probabilistic theory) the choice of the best theory depends on
the context. For instance, in [22] the authors use Dempster-
Shafer’s beliefs theory to resolve inconsistencies.

2.1 Ontology of Uncertainty

As mentioned in Section 2 uncertainty is generated from dif-
ferent situations and represented under different semantics.
it is possible to create a classification of assertions based
on several criteria: nature, derivation, temporal validity and
type. Nature of uncertainty can be divided in epistemic and
aleatory; objective and subjective; based on the temporal va-
lidity of a statement that can be valid for a period of time or
can be valid always. A statement is contingent if refers to
a particular situation or instant; in the second case a state-
ment refers to situations that summarize trends (e.g. laws
of physics, common sense knowledge, statistical knowledge)
and is classified as generic statement. The nature of uncer-
tainty, moreover, also depends on the statement it is attached
to. Statements can be ambiguous in case the statement can be
represented in different worlds with more than one interpreta-
tion, inconsistent if there is no possible world where the state-
ment can hold, vague, and incomplete in case the knowledge
about the observed world do not provide enough information
to take a decision. Finally, a statement is empiric when is satis-
fied at least in one world. A first effort toward capturing all as-
pects of uncertainty is the Ontology of Uncertainty, published
by the UR3W-XG incubator group[5]. This ontology tries to
capture the nature, type and source of uncertainty that are spe-
cific of an assertion and allows moreover to relate the assertion
to the correct computational model of inference. Statements,
in the Ontology of Uncertainty, are represented by the con-
cept Sentence, that provides information about the source
(Agent) of the assertion, the subject (World) of the asser-
tion and the semantics information about the Uncertainty
model related to the assertions. There is not much to say about
the two concepts Agent and World, which respectively rep-
resent the producer and the subject of an assertion. More in-
teresting is the case of concept Uncertainty, the central
concept of the ontology. This concept is related to all the var-
ious elements used to classify a Sentence under precise se-
mantics. Other concepts related to Uncertainty are then
used to describe type, derivation, validity and nature of the
statement2. The ontology provides a generic meta-model rep-

2Currently, the Ontology of Uncertainty defined by the URW3-
XG does not include a concept of Validity related to the temporal
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resented in OWL-DL [11] for representing uncertainty associ-
ated to various assertions and provides some use case scenar-
ios, where, according to the semantics of the uncertainty, the
correct inference model is selected. Unfortunately, the doc-
ument [5] produced by the URW3-XG incubator group does
not specify how to deal with situations where more than one
model is involved in the inference process.

2.2 Using the Ontology of Uncertainty to support
Reasoning

The Ontology of Uncertainty provides information on which
mathematical model of uncertainty can be employed for man-
aging a specific set of statements. When more than one model
is involved in the reasoning process, the problem of integrat-
ing the results of multiple inference processes arises : if the
subsets of statements handled by each model are disjoint, i.e.
inferences are independent form each other, however, there
are no particular problems in re-conciliating the results of the
various reasoning processes;s. Some work in this direction
has been carried out by the Rule Interchange Format (RIF3).
In [2] the authors propose a framework for sharing informa-
tion between three different models of uncertainty, where the
fuzzy linguistic truth values are propagated through the three
models in a non-monotonic way, by exploiting the extension
principle [23] and aggregation of linguistic values. This ap-
proach is promising but is grounded to fixed fuzzy values (lin-
guistic truth) that are used by all the different models and then
aggregated according to non-monotonic rules.

In our approach, instead, we make use of the Ontology of
Uncertainty as a way to model different types of uncertainty
in a unified framework. The inference process involves three
different steps: the first step is to partition the knowledge base
in subsets according to the specific model, the second step is
to carry out independent inferences, and the third one aggre-
gates the results of the independent inference processes, fol-
lowing the First Inference Then Aggregation (FITA) approach
[24], which also supports parallel reasoning. In our strategy
the various reasoning processes are independent; we use the
Ontology of Uncertainty classification to divide the various
matching relations according to the uncertainty model to be
used for the reasoning process. This way, the reasoners can
be modelled as parallel processes. Directives on how to divide
the heterogeneous knowledge base and how to recombine the
results of the different reasoning processes are explicitly spec-
ified as DL-Safe Horn rules [25].

The knowledge base containing the information for our
matching strategy is composed by a set of statements, gen-
erated independently by different sources, seen as instances of
the concept Sentence in the Ontology of Uncertainty. To
each statement S, information about uncertainty is associated
by instantiating the ontology concept Uncertainty that
defines the correct semantics. DL-Safe rules and SPARQL
queries are largely involved in this process. A first set of DL-
Safe rules is used to associate the statements to the correct type
of uncertainty, and a set of SPARQL queries is used to divide
the knowledge base according to the reasoning model associ-

validity of an assertion, but its addition is straightforward.
3The mission of the Rule Interchange Format (RIF) Work-

ing Group is to produce W3C Recommendations for rules in-
terchange. http://www.w3.org/2005/rules/wiki/RIF_
Working_Group

ated to the statement. Finally a third set of rules is used to
aggregate the results of the various reasoners. Currently, our
approach requires the manual definition of rule sets. However,
while the first set of rules is largely application dependent, the
set of SPARQL queries and the third set of rules can be reused
in many applications4. A detailed application of our approach
is presented in Section 3.

3 A Semantics-aware Matching Strategy
Schema Matching is the time-honored problem of identifying
the relations between the entities of two data source schemata.
In case these schemata are represented as ontologies, this
problem is also known as Ontology Alignment. In the litera-
ture different matching operators for a wide range of situations
are available: the most exhaustive survey is [26].

Recent proposals tackle the schema matching problem by
considering more than one matching operator at once and
combining the final results through a matching strategy [27].
A Matching Strategy can be defined as the process of trans-
formation from a set of Matching Relations Mr to a new set
Mr′, while a Matching Operator can be defined as a func-
tion that takes as input two schema elements and creates as
output a Matching Relation between the two elements.

So far, even if some logic-based approaches are available
[28, 29], most strategies proposed in literature neither consider
explicitly the semantics of the various matching operators nor
the different meanings of the relations that they generate. In-
stead, our matching strategy explicitly models the semantics
of different matching operators as a Description Logic. In our
approach, matching relations are stored as instances of a do-
main ontology, describing our application scenario. This do-
main ontology is extended with the Ontology of Uncertainty
[5], which is used to associate the respective uncertainty to
the different types of assertions. The classification of the var-
ious uncertainty types is performed by applying SWRL rules
[30, 25] to the knowledge base. Once the classification is per-
formed, the knowledge base is divided (by a splitting process)
according to the specific uncertainty model. Each one of this
inference models is used to perform a classification of the var-
ious relations in order to discover the most reliable ones. Fi-
nally a reconciliation process aggregates the best results5.

3.1 The Matching Ontology

A matching relation mri is a 1 : 1 relation associating two
elements (concepts or attributes) of the two ontologies to
align by a relation r from a collection of set theory operators
(≡,⊂,⊃,∩,	=) and a degree of matching δ represented as:

mri = 〈eh, ek, r, δ〉 (1)

The relation r between the elements depends on the partic-
ular feature that is analysed by the matching operator: as an
example, in case of JaroWinkler matching operator, the fea-
tures are composed by the label of the elements eh and ek to

4Although they may require some fine tuning. This especially true
of the third set, which is closely related to the aggregation procedure.

5The classification, splitting and reconciliation process in our
system are rule driven, but this is not a strict requirement: this phases
of the strategy can also be inferred from a Description Logics reason-
ing process used to classify various instances.
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match, while in case of an Instance-based matching operator
the features are composed by the instances related to the ele-
ments to match.

We generally consider a matching operator as a process that
generates a matching relation mri represented by the relation
r between the elements eh, ek in input, associated with the
strength δ of the relation. A matching operator is defined by a
function f used to extract a particular feature that is analysed
by the operator, a function θ which generates the relation r
and a function φ that is in charge of the creation of the value
δ, which represents the strength of the relation:

mo = 〈f, θ, φ〉 (2)
mo(eh, ek) → 〈eh, ek, r, δ〉

Obviously, different matching operators carry different se-
mantics that needs to be considered in the matching generation
process. Also, the same relation can be generated by different
matching operators; but in this case, the syntax of the relations
is identical while the semantics is different. Consequently, dif-
ferent theories can be adopted, in order to infer the most suit-
able matching relations: the relations generated by the data
type based matching operator can be considered as possibili-
ties, while the relations generated by the instance based and
string based matching operator can be modelled as necessities
6. As we have seen, the Matching Ontology models the infor-
mation created by the various matching operators, as well as
information describing each specific matching operator. The
attributes, relations and concepts from the ontologies to align
are stored in the Matching Ontology as instances of the con-
cept Element, represented by a unique identifier (e.g. URI)
which is used by the system to retrieve the element in the orig-
inal ontologies. The concept MatchingOperator, in the
Matching Ontology, represents a generic matching operator;
the specific matching operators (e.g. JaroWinkler, WordNet,
Instances) are modelled as subclasses of this concept. The var-
ious matching relations are defined as instances of the concept
MatchingRelation, which is composed by the concept
RelatedElements that has a subject and an object
that represent the two elements that have been related by one
or more matching operators; and by a confidence value
representing the strength of the matching relation. Subclasses
of the concept Matching Relation are created in order to
specialize the matching relation according to the specific rela-
tion (e.g. Equivalent, Subset, Superset, Disjoint,
Intersection).

Instances of the Matching Ontology are generated during
the matching process. The various matching operators gener-
ate a set of matching relations in the form 〈eh, ek, r, δ〉; these
relations are stored in the Matching Ontology with a reference
to the instance of the matching operator that has generated the
relation. When the Matching Ontology is generated in this
way, some information is certain (e.g. the information pro-
vided by the original ontologies), and some other information
in uncertain under different semantics (e.g. the matching rela-
tions that can disagree or that may have a probability degree to
consider). This consideration motivates the use of additional

6Note that this does not have a direct implication on the mappings
to be created by the systems; for instance, it is clear that a necessary
matching of strings does not imply a necessary mapping.

annotations able to model the semantics of uncertainty of the
various matching relations.

3.2 Managing uncertainty in the matching strategy

In a scenario like the one described in Section 3.1, we use the
Ontology of Uncertainty to identify situations where is impor-
tant to explicitly describe the type of uncertainty related to an
assertion. First of all, the two ontologies (Matching Ontol-
ogy and Ontology of Uncertainty) have to be linked some-
how. Assertions in the Ontology of Uncertainty are repre-
sented by the concept Sentence. A sentence is saidBy
an Agent, which we identify with the matching operator;
moreover a sentence have also an object of the assertion
(saidAbout) which is represented by the concept World.
The two concepts Agent and World are then the linking
point between the two ontologies; the link is defined by declar-
ing MatchingRelation and MatchingOperator as
sub-concepts of World and Agent respectively. Here, the
Ontology of Uncertainty is used basically to drive the rea-
soning process: each type of uncertainty is processed by its
specific reasoner and a final process, based on SWRL rules,
integrates the results of the various reasoners. The applica-
tion flow of the Matching Strategy operates as follows: a pro-
cess takes as input the uncertain knowledge base generated
by the matching operators, afterwards it divides the asser-
tions according to their uncertainty and each sub part of the
ontology is processed by its specific reasoner: in the system
we consider a Probabilistic Description Logic reasoner, such
as Pronto [15], a fuzzy Description Logic reasoner such as
FuzzyDL [16] and a Defeasible Logic Reasoner such as DR-
Prolog [3], but other models can be easily added. In our sce-
nario the sources of information to be analysed, according to
different uncertainty models are independent and no intersec-
tions among them has to be managed. This particular case al-
lows a straightforward use of the Ontology of Uncertainty to
drive the reasoning process, although in general the assump-
tion of independence among the source of information is a
lucky case.

The first part of the matching strategy is to assign to the var-
ious assertions (Sentence), the correct information about
their uncertainty semantics. This information is classified ac-
cording to a set of pre-defined SWRL rules that assigns the
correct semantics in relation to several factors. The assign-
ment is based on: (i) the Agent that has generated the rela-
tion; as an example: some agents can generate objective or
subjective assertions: we can identify objective statements as
necessities and subjective as possibilities; (ii) the presence of a
degree of probability: as an example, sentences with a degree
of probability can be handled with probabilistic theory mod-
els or with possibility theories. In this case is important to
identify which statements need to be modelled with probabil-
ity theory and which ones need to be modelled with possibility
theory. (iii) the level of inconsistency among matching rela-
tions: as an example, if a sentence asserts that two elements
are equivalent and another matching relation asserts that they
are disjoint; (iv) the trustiness level of the matching operator:
some operators are more reliable than others; (v) the level of
detail of the assertion: the assertion created by a Data Type
matching operator is more vague then an assertion created by
a Regular Expression matching operator; (vi) the Data Type
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of the elements to match can be used to establish priorities
between operators.

uncertainty : Sentence(?sentence)∧ (3)

matching : MatchingRelation(?matrel)∧
uncertainty : saidBy(?sentence, ?operator)∧
matching : MatchingOperator(?operator)∧

uncertainty : saidAbout(?sentence, ?matrel)∧
uncertainty : Objective(?derivation)∧

uncertainty : Uncertainty(?uncer)∧
uncertainty : hasUncertainty(?sentence, ?uncer) →

uncertainty : derivationType(?uncer, ?derivation)

There are one or more rules for each specific uncertainty type,
nature, model, derivation and temporal validity. An example
of a rule that we use in this step of the matching strategy is
reported in (3). In our strategy the rules are applied to the
matching ontology with the use of a rule engine such as Jess7;
the rules we use have to be restricted to the DL-Safe [25] sub-
set to ensure tractable complexity of the reasoning processes.
By applying the rules, all the matching relations are associated
to their respective uncertainty.

At this point, a set of sub-knowledge bases is created by
dividing the various instances of the concept sentence ac-
cording to their uncertainty model. A SPARQL [32] query
is used in this case to select the instances of the concept
sentence that respect the desired restrictions. As an ex-
ample the following SPARQL query returns the instances of
Sentence that are associated to a probability theory model.

SELECT ?sentence ?type ?derivation ?nature ?model
WHERE {?sentence uncertainty:hasUncertainty ?uncertainty.
?uncertainty uncertainty:nature ?nature.
?uncertainty uncertainty:derivationType ?derivation.
?uncertainty uncertainty:uncertaintyType ?type.
?uncertainty uncertainty:uncertaintyModel ?model.
?probabilistic rdf:type uncertainty:Probability.
FILTER (?model = ?probabilistic)}

Once the set of assertions has been partitioned, the parallel
reasoning processes can be launched. The reasoning processes
are performed locally, exploiting the information provided by
each assertion and the information provided by the ontologies
to align. According to the information that has been provided
to each reasoner, the process has to return back to the match-
ing strategy the set of assertions that they believe to be the
most reliable ones. Each reasoning process returns the results
as instances of its representative concept (sub-concepts of the
concept Sentence).

When the parallel reasoning processes come to an end, re-
sults are propagated back to the matching ontology by a rec-
onciliation process. This process can be another reasoning
process; in the case of our matching strategy we make use of
SWRL rules to aggregate the results. Basically the reconcilia-
tion process follows the priority between the various reasoners
that need to be made explicit. Some models are more reliable
than others and this preference is defined in our system by
SWRL rules. In our matching strategy we have to deal with
inconsistencies because different relations on the same pair of

7in the Java prototype we developed, we have used Jess Rule en-
gine (http://herzberg.ca.sandia.gov/) with the support
of JessTab [31] and Protégé (http://protege.stanford.
edu/) to translate SWRL rules and assertions from OWL to Jess
and backwards.

elements can be classified as reliable relations by different rea-
soning processes. In case the preferences between inference
models can not solve this situation we handle inconsistencies
by assigning preferences between relations and operators, ac-
cording to contextual factors: (e.g., analysing the data types of
the elements to match. Equivalence relations have the highest
priority in case of Strings, because Instance-based equivalence
between integers is less reliable than the one between Strings).
Rules are also used to propagate the best matching relations
to other elements of the ontologies exploiting structural in-
formation from the original ontologies to match. This case
can again be managed using a defeasible rules system such as
DR-Prolog [3], which provides different precedences between
rules, to help the decision process in inconsistent situations.

4 Experimental Evaluation
Let us now describe the use of OAEI as a validating test for
our data integration system. The comparison has been carried
out with the results of the 2007 contest [4]. The majority of the
participants of the context are based on a linear combination
of several matching operators. In some cases this aggregating
function is adaptive (Asmov [33], Prior+ [34]), while in some
other cases it is fixed and defined by several experimentation
(RiMOM [35], Sambo [36], Soda [37], Ola [38], TaxoMap
[39], X-Som [40]). Some approaches are based on Possibil-
ity theory such as DSSim [28] and OWL-CM [41]. The test is
performed using a palette of five semantically different match-
ing operators (JaroWrinkler Matching Operator, WordNet La-
bel Matching Operator, Description Matching Operator, Type-
based Matching Operator and Instance-based Matching Op-
erator). The results are stored in a matching ontology and the
most reliable relations are extracted by our matching strategy.
Each relation is associated to the respective matching operator.
The reasoners that we used are a Fuzzy Description Logic rea-
soner [16] for the matching relations classified as probabilities
(e.g. JaroWinkler matching operator) and a classic Descrip-
tion Logic reasoner [42] to process certain matching relations
that the rules classify as necessities (e.g. String matching op-
erator). The matching strategy has been developed as a Java
prototype that we used to run the tests.

4.1 Results

The testbed can be divided in five subcategories:
101-104 This test set is the easiest set of tests. The first task

is to match the reference ontology 101 with itself, the second
test requires to generate a matching from the reference ontol-
ogy to an ontology totally irrelevant (102 is a wine ontology).
The ontology 103 represents a language generalization (un-
available constraints are replaced by their generalization): this
ontology is an OWL-Lite generalization of the ontology 101.
Finally the ontology 104 represents a language restriction with
respect to the reference ontology 101. The constraints that are
not available in OWL-Lite are simply removed. In the case of
this first set of tests, our algorithm does not generate perfect
alignments. In the case of 103 the propagation mechanism of
the strategy does not perform well because of the generaliza-
tion of the ontology. The various matching operators generate
several reliable relations that the strategy can not recombine
correctly in relation to their priority.

201-210 In this set of test cases, the structure of ontology
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Test # Name Prec. Rec. fMeas.
101 Reference Alignment 1 1 1
102 Irrelevant Ontology NaN NaN NaN
103 Language Generalization 0,81 0,56 0,66
104 Language Restriction 0,94 0,94 0,94

is preserved. Syntactical changes are introduced: labels and
identifiers are replaced by random names, misspellings, syn-
onyms, language translation and moreover the comments in
some cases have been suppressed. Our matching strategy ob-
tains good results in this set of tests, because of the variety
of the palette of matching operators that are considered in the
strategy. In some cases (202, 209, 210) the Recall value is
low, this because in case a matching operator does not create
a possible relation this can not be automatically generated by
the strategy. SWRL rules are used to propagate the best results
to related elements, but if the matching relation is not created
by any matching operator the propagation mechanism is not
effective.

Test # Name Prec. Rec. fMeas.
201 No Names 0,92 0,90 0,91
202 No Names, No Comments 0,88 0,15 0,26
203 No Comments 0,97 0,97 0,97
204 Naming Conventions 0,92 0,92 0,92
205 Synonyms 0.91 0,90 0,90
206 Translation 0,96 0,70 0,95
207 0,98 0,70 0,97
208 0,96 0,72 0,82
209 0,87 0,34 0,49
210 0,92 0,12 0,22

221-247 In this case the set of tests can be divided into two
subgroups: 221-231 and 232-247. The first subgroup contains
several structural modifications, such as the hierarchy that is
flattened or expanded, and individuals, restrictions and data
types that are suppressed. Each one of the documents in this
subgroup has been modified by a structural change. Because
of the fact that the labels and comments are preserved, the
modifications have little influence on our system. The use of
Description Matching Operator and Name Matching Opera-
tor allows the strategy to find most of the correct alignments
using just the labels and comments information. In the second
subgroup (232-247), the modifications made by combinations
of the single modifications used in 221-231. Our system ob-
tains good results for 232-247 as well.

Test # Name Prec. Rec. fMeas.
221 No Specialization 0,92 0,92 0,92
222 Flattened Hierarchy 0,92 0,92 0,92
223 Expanded Hierarchy 0,93 0,93 0,93
224 No Instance 0,93 0,93 0,93
225 No Restrictions 0,91 0,91 0,91
228 No Properties 0,97 0,97 0,97
230 Flattened Classes 0,95 0,96 0,95
231 Expanded Classes 0,93 0,93 0,93
232 0,95 0,95 0,95
233 1 1 1
236 1 1 1
237 0,92 0,92 0,92
238 0,91 0,91 0,91
239 0,93 0,97 0,95
240 0,85 0,88 0,87
241 1 1 1
246 0,97 1 0,98
247 0,91 0,94 0,93

Note that the observations about the Recall value we made
about the previous tests, here are not valid since the ontolo-
gies provide sufficient information to the matching operators
that can create reliable relations. Also in case of 222 where

there is no hierarchy the results are satisfactory because of the
information provided by the ontology.

248-266 This set of documents represents the most chal-
lenging case. This set combines structural and syntactical sup-
pressions. The single challenges represented by the two pre-
vious set of documents are mixed in this set. All labels and
identifiers are replaced by random names, and the comments
are also suppressed. In this case our system does not perform
well because no hierarchical representation is preserved so the
strategy can not propagate the few correct matching found.
This results in a low level of Recall. However, not enough
information is provided in the ontologies, and the matching
strategy can only find few alignments. The tests from 254 to
262, are the most difficult since almost all literal (labels and
comments) and structural information are removed. In this
case the propagation of the results can not take place because
the relations that the strategy discovers can not be associated
to other elements because of the structural information that is
missing. When some structural information is preserved, the
strategy can exploit this information in order to create possible
matches, starting from the relations discovered by the single
matching operators.

Test # Name Prec. Rec. fMeas.
248 0,88 0,14 0,25
249 0,74 0,14 0,24
250 0,92 0,33 0,49
251 0,86 0,13 0,22
252 0,65 0,11 0,19
253 0,88 0,14 0,25
254 0,90 0,27 0,42
257 0,92 0,33 0,49
258 0,86 0,13 0,22
259 0,65 0,11 0,19
260 0,82 0,31 0,45
261 0,69 0,27 0,39
262 0,90 0,27 0,42
265 0,82 0,31 0,45
266 0,69 0,27 0,39

301-304 This test set is composed by real ontologies con-
textually related to the reference ontology 101. The ontolo-
gies in this test set represent bibliographical information and
they have been defined independently each other. This test
represents a real world case of ontology alignment. Our strat-
egy performs in the average with respect to the other systems
evaluated. In the case of ontologies 301 our approach finds
most of the correct alignments, but it also returns some wrong
results. The alignment results for 302 and 303 are far from sat-
isfactory. The reason is that these ontologies do not provide
individuals and with shallow class hierarchy, where classes
and properties are not related. In this case as well, the re-
call value is low: the matching operators are very sensible to
the noise in data; moreover without a useful hierarchy the few
matching relations identified by the matching operators can
not be propagated or enforced with the support of hierarchical
information. The ontology 304 has similar structure and vo-
cabularies to the reference ontology 101 and in this case, the
results are slightly better than the previous alignments.

Test # Name Prec. Rec. fMeas.
301 Real: BibTeX/MIT 0,9 0,6 0,71
302 Real: BibTeX/UMBC 0,79 0,46 0,58
303 Real: Karlsruhe 0,83 0,49 0,62
304 Real: INRIA 0,81 0,62 0,70
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Figure 1: Graph of the Precision values of the different match-
ing algorithms.

Figure 2: Graph of the Recall values of the different matching
algorithms.

As one can see from the graphs in Figure 1 and 2 , our algo-
rithm has acceptable results but under the best scores. These
results are anyway reasonably encouraging, because our strat-
egy is neither entailed to a particular reasoning model nor to a
set of specific matching operator. More important our strategy
does not imply a training phase that is typically required by
the other systems. Our semantics-aware strategy is a new ap-
proach to ontology matching problem that provide a approach
generally valid and not dependent on the domain. At this stage
the results are very sensible to factors independent to the strat-
egy; such as the quality of the matching operators and the
available reasoners.

For this test we used a Probabilistic Description Logics rea-
soner and a traditional Description Logic reasoner in case of
matching relations without a confidence degree. Moreover the
inconsistencies, in the knowledge base, are not treated by a
reasoning process but with the use of SWRL rules. As soon as
new reasoners or new models appears we can exploit their use
with our strategy. Moreover or strategy is highly customiz-
able: if a new matching operator is plugged in the matching
strategy is just necessary to create the related concept in the
matching ontology and the SWRL rules reacting to the seman-
tics of the new matching operator.

In case of the first series of test the strategy do not obtain
the best results but, instead provides results under the average.
Even the most simple matching operators, such as Edna, per-
forms better than our strategy. The reason of this behaviour
has been identified in the confusion of the strategy that con-
siders the relations generated by different operator all reli-
able at the same level. We had run the same test only with
JaroWinker matching operator and we obtained an average
value of Precision 1 and Recall 1 for all the first series; this
result confirm our previous assumption. In the case of the sec-
ond and the third series the results are in the average of the

approaches presented to the contest. The graph in Figure 1
shows the comparison of the Precision of our strategy with
respect to the other algorithms. As is possible to see the val-
ues are very closed to 1, except in some isolated cases (Edna).
These results show that the various strategies generate correct
relations. The graph in Figure 2 shows the comparison of the
Recall of our strategy with respect to the other algorithms. As
is possible to see the values this time instead are far from the
limit. Only few strategies (Asmonv, Falcon, Lily, OLA2) ob-
tain results around 0.8, while the others still remain over the
0, 5. This generally low value of Recall means that the algo-
rithm does not propagate well the good matching relations by
exploiting the structure of the ontologies.

5 Conclusions
In this paper we presented preliminary work on a framework
for managing different types of uncertainty and a possible ap-
plication to the Schema Matching problem. The Ontology
of Uncertainty, proposed by the W3C’s UR3W-XG incubator
group, provides a vocabulary to annotate different sources of
information with different types of uncertainty. We argue that
such annotations should be clearly mapped to corresponding
reasoning and representation strategies. This mapping allows
the system to analyse the information on the basis of its uncer-
tainty model, running the inference process according to the
respective uncertainty. In this way we can also deal with com-
plex situations that do not tailor to the traditional strategies:
as an example, matching relations provided by a user with her
specific level of expertise. In our scenario the sources of in-
formation analysed, according to different uncertainty mod-
els are independent and no intersection among them has to be
managed. This particular case allows a straight-forward use
of the Ontology of Uncertainty to drive the reasoning process,
although in general the assumption of independence among
the source of information is a lucky case. The need of addi-
tional work on the Ontology of Uncertainty is necessary in or-
der to support reasoning processes when combinations of un-
certainty models are applied to a single source of information.
This outlook is promising in order to provide more expressive
frameworks for reasoning under different types of uncertain-
ties, but definitely the need of more research in this direction
is evident.
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Abstract— Cooccurrence graphs easily grow very dense when ap-
plied to represent binary association patterns of large amounts of
data. Therefore, postprocessing is needed to extract valuable infor-
mation from them. We propose an approach to identify subgraphs
of cooccurrence graphs that show a certain temporal behavior. This
behavior is described with linguistic variables and fuzzy connectives
defined over the change rate domains of certain graph measures.
These measures assess graph properties whose change over time the
user is interested in. To justify our proposed method, we are going to
present evidence from a real-world dataset.

Keywords— Cooccurrence graphs, Temporal change, Fuzzy de-
scription

1 Introduction
Frequent pattern mining has become a prominent method for
identifying patterns in large volumes of data and led to algo-
rithms for postprocessing these patterns [1] or transfer the un-
derlying ideas to other data structures such as graphs [2, 3, 4].
Since the search for frequent patterns necessarily has to deal
with subsets of input data, one easily runs into the problem
of combinatorial explosion which is reflected by the common
problem of finding more patterns than there are input data.
We have addressed this issue in previous work [5], arguing
that the user requires tools that allow to filter the results in or-
der to identify only those results that meet his criteria (such
as interestingness, novelty, etc.). In addition to that we also
provided arguments and empirical evidence [6] that patterns
usually do not arise all of a sudden but evolve or disappear
rather slowly as time passes. In consequence we proposed a
method that allows the user to specify linguistically (in terms
of fuzzy variables) the temporal behavior of the values of as-
sociation rules’ evaluation measures that he is interested in.
The presented algorithm thinned out the entire rule set retain-
ing just those rules that matched the users’ concepts (to some
degree).

In this paper we develop this idea further while keeping the
way of describing temporal behavior (explained in the back-
ground section) but transferring it to a different area of appli-
cation.

This area of application comprises the identification of in-
teresting substructures in cooccurrence graphs. These graphs
arise quite naturally wherever, theoretically speaking, one is
interested in the fact that two entities share some property with
respect to a so-called location (which not necessarily has to
be a spatial artifact but often is). Two authors being cited by
the same paper [7], two persons having visited the same web-

Figure 1: A typical cooccurrence graph with 100 nodes as it
arose in a small-sized application (online gaming players that
having visited the same locations in a 3D world). It is clear
that this representation calls for some means of postprocessing
in order to extract usable information from it.

site [8, 9, 10], or two crimes being committed at the same
location are just three examples of cooccurrences. We will
elaborate the possible applications later in the future work sec-
tion. All these examples can be represented by an undirected
graph with the node set comprising all possible locations and
the weighted edges representing the cooccurrences. A typical
graph of a real-world application is depicted in Fig. 1. It rep-
resents 100 locations in a 3D gaming environment. Whenever
two locations have been visited by the same players, an edge is
inserted (which also gets assigned a weight drawn as the width
of the edge representing the number of common visitors, but
this is omitted here). It is pretty obvious that a user needs some
assistance tools that allow him to identify interesting substruc-
tures (edge combinations). This becomes even more impor-
tant if we have multiple such graphs representing the cooccur-
rences of different time frames (e. g. weeks or months). The
focus of this paper is to present a straightforward yet powerful
approach how to identify common substructures in a collec-
tion of cooccurrence graphs by means of linguistics expres-
sions that address the temporal change in these patterns.

The remainder of this paper is organized as follows: Sec-
tion 2 introduces the notation used throughout the paper and
revisits the linguistic filtering introduced in [6]. Section 3 mo-
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tivates and presents the method of extracting substructures of
cooccurrence graphs that exhibit a certain user-specified tem-
poral behavior. To underpin our proposal, we use a real-world
dataset to illustrate the different stages of analysis in Section 4.
Since this dataset reveals substructures that could not have
been better generated manually, we refrain from handcrafting
an artificial dataset and use selected subsets instead. We con-
clude our paper in Section 5 and propose other applications as
well as possible promising extensions.

2 Background and Nomenclature
2.1 Graph Notations
In this paper we are going to deal exclusively with undirected
graphs which we model as a tuple G = (V, E) with vertices V

and edge set E with

E ⊆ V × V \ {(v, v) | v ∈ V },

and the constraint

(u, v) ∈ E ⇒ (v, u) ∈ E

to emphasize the undirected character. We will interpret the
graphs as cooccurrence graphs where edges determine the
number of cooccurrences (of whatever kind). This is taken
into account with an edge weight function for every edge
e = (u, v):

w : E → N0 with w(e) = w(u, v) = w(v, u).

In the figures, this weight is represented as the edge width,
thus we use the notion width and weight interchangeably.
Given a subset W ⊆ V , we can induce a subgraph
GW = (W, EW ) with

E ⊇ EW = {(u, v) | u, v ∈ W ∧ (u, v) ∈ E}.

In the remainder we will sometimes use such a subset W in the
context of a graph; it is GW that we then refer to. A thresh-
old θ defines the subgraph Gθ = (V, Eθ) with

Eθ = {(u, v) | (u, v) ∈ E ∧ w(u, v) ≥ θ},

i. e., as the graph containing only edges with a weight greater
or equal to θ. Both operations can of course be combined, i. e.,
GW,θ represents the subgraph of G induced by the node set W

after having removed all edges with weight less than θ.
Since we will deal with sequences of graphs, we denote the

temporal index as a superscript. All graphs share the same
node set V and differ only in their edge sets or edge weights
or both. Given a sequence G(1), . . . , G(n) of graphs, we define
the sum of these graphs as follows: GΣ = (V, EΣ) with

EΣ =

n⋃
i=1

E(i) and wΣ(u, v) =

n∑
i=1

w(i)(u, v).

2.2 Linguistic Filtering Revisited
As described in [6] it is not only important to find patterns
that meet some predefined constraints (such as minimum sup-
port or confidence) but also interpret these patterns in terms of
temporal change. If a pattern describes a problem in some
domain or an interesting customer behavior, it might be of

interest to find such evolving patterns early. The underlying
idea is as follows: given a pattern, we devise a set of evalu-
ation measures that characterize the particular pattern (in [6]
we used association rule measures such as support, lift, con-
fidence, etc.). Next, the time series of a user-selected subset
of these measures is calculated for every pattern. Each time
series in turn is aggregated to a single value representing the
overall trend, if any. The domain of this aggregate (i. e., the
change rate domain) is equipped with an adequate fuzzy par-
tition. Given a fuzzy rule antecedent (representing the user’s
intention of what temporal behavior of which measure(s) he
is interested in), for every rule a membership degree to this
concept is computed and an ordered list of rules according to
these degrees is returned.

3 Spatio-temporal Filtering
3.1 Motivation
The objective of our approach is to answer questions of the
following type (given a sequence of cooccurrence graphs):

“First, what are interesting candidates for subgraphs
that it would be worth looking at over time?”

and

“Second, given a (still intractable large) set of sub-
graphs, which graphs become more sparse and less
balanced over time?”

Before we turn to the algorithmic part of our approach, we
need to negotiate which types of substructures within the
graphs are most interesting to users. We will exploit the edge
weights for this purpose. Several measures are needed to
quantify for every subgraph aspects such as size, complete-
ness, edge balance, etc.

If the cooccurrence graphs represent visits of different web
pages within the same online shop portal, then it might be de-
sirable to know whether customers are able to use the web
portal as intended by the owners. Are there dead ends where
users are stuck? What are the “hot spot” sites, i. e., the pages
that attract the most users and are visitors able to find the re-
cently introduced shortcut to related pages? How do the ac-
cesses to the support area of the site change after renewing the
navigational aids, etc.

We explicitly stress that subgraphs that are heavily intercon-
nected with large edge weights only provide us with a hint that
there may be an interesting visiting pattern. However, we can
never conclude transitivity just from the cooccurrence graph!
This is due to the fact that it only represents binary cooccur-
rences. Even a fully connected graph does not tell us anything
about individual events. The sets of cooccurring events whose
cardinality is represented by the edge weights even might be
mutually disjoint. However, these subgraphs are found to be
valuable hints that are worth being investigated.

3.2 Graph Measures
Focussing on the before-mentioned type of aspects one can
identify highly connected subgraphs with large edge weights
to be one type of substructures that are most interesting to
users. Another type may be single edges just connecting two
nodes or substructures that are highly interconnected but with
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G1

G2

Measure G1 G2

size Size 5.0 5.0
comp Completeness 0.7 1.0
wght Total Weight 5082.0 7906.0
avg Average Weight 726.0 790.6
med Median Weight 257.0 770.0
dev Std. Dev. 1191.1 129.3

Figure 2: Two graphs with the same number of nodes. G1

lacks three edges to be complete, therefore the completeness
is just 0.7, whereas the clique G2 yields 1.0. The rather large
difference between average weight and median weight for G1

(in contrast to G2) indicate an imbalanced edge widths distri-
bution which is strengthened by the large standard deviation
value. The two graphs obviously justify this finding. The
layout only acts as a visual cue and thus does not have any
influence on the graph measures.

a large imbalance in the edge weights. The latter might repre-
sent two active sets of websites (large edge weights) between
which users are able to navigate back and forth (numerous
edges in between but with small weights since not every user
is likely to use the offered navigational freedom).

The last arguments call for measures that on the one hand
capture the mentioned properties of subgraphs and on the
other hand allow to build a fuzzy partition on their domains
since we are not going to ask for subgraphs with 9 nodes and
edges with weights greater than 100 but for large subgraphs
with moderately sized edges. We use the following set of
(sub)graph measures to quantify different aspects:

Size size(GW ) = |W |

Completeness comp(GW ) =
2 |EW |

|W |2 − |W |
Edge Weight wght(GW ) =

∑
e∈EW

w(e)

The size simply represents the number of nodes of the sub-
graph, whereas completeness refers to the relative number
of edges compared to the maximal number. Zero represents
an isolated graph (no edges) while a value of 1 designates a
clique. Finally, the edge weight simply returns the sum of
all edge weights without giving any clue about the distribu-
tion of these weights among the edges. Therefore, three addi-
tional measures are used: avg(GW ) calculates the arithmetic
mean of all edge weights, med(GW ) returns the median of the
weights and dev(GW ) represents the standard deviation of the
weights. Fig. 2 illustrates these intentions with two graphs of
the same size. Note, that these are subgraphs from real-world

data and no artificial graphs that were crafted to meet the re-
quirements.

3.3 Candidate Graph Generation
As we are now equipped with measures to assess certain as-
pects of subgraphs that we would like to track over time,
the remaining question is how to determine such candidate
graphs? It is clear that a brute-force approach (testing all
subsets of nodes as potential subgraph node sets) fails im-
mediately due to runtime problems, even for small node sets.
We therefore promote the following heuristic: The graphs of
all time frames are added as shown in Section 2 to arrive
at the sum graph GΣ (or simply the cooccurrence graph if
we ignore the time frames). Next, a threshold θ is chosen
and the graph’s components (disconnected subgraphs) CGΣ =
{C1, . . . , Cj , . . . , Cm} of GΣ,θ are taken as the candidate sub-
graphs. The choice of θ can be entirely left to the user (e. g.
by offering a graphical preview tool that shows the compo-
nents instantly whenever the user selects a new threshold via
a slider) or θ may be determined in such a way to limit either
the number of components or the (average) size of the compo-
nents.

3.4 Matching Against Linguistic Concepts
Whatever way of determining the granularity of components is
chosen, we are left with a set of mutual disjoint node sets CGΣ

that are used to create a sequence of subgraphs
〈
G

(i)
Cj

〉
, i =

1, . . . , n, j = 1, . . . , m (one sequence for every subgraph
induced by the node set) that are evaluated against the user-
specified temporal behavior description. A time series is gen-
erated for every measure referenced in this user description.
The temporal change within this time series is computed and
the degree of membership to the user description is calculated.
We will employ a simple regression approach, i. e., we fit a re-
gression line into the time series and interpret its slope as an
indicator of decrease, stability and increase.

The example concept from the motivation of this section is
repeated here:

“Completeness is decreasing and std. deviation is increasing”

Translated into a linguistic concept, the user may specify

〈 ∆comp is decr ∧ ∆dev is incr 〉 ,

which is evaluated to

$
(
µ

(decr)
∆comp

(Cj), µ
(incr)
∆dev

(Cj)
)
,

where $ represents a t-norm modelling the fuzzy conjunction
(we use $min(a, b) = min{a, b} in this paper). Fig. 3 depicts
an example subgraph consisting of 9 nodes. Five time frames
are shown with the respective edge weights. The graph is ob-
viously becoming less dense with time, i. e., the completeness
is decreasing. The chart for this measure is depicted in Fig. 4.
In analogy to this, Fig. 5 shows the increasing deviation of
the edge weights which is attributed to the emergence of the
strong cooccurrence (the sudden appearance in this case can
be explained with time frames that were too large to appro-
priately cover the short period during which this strong cooc-
currence emerged). If we equipped the change rate domains
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Figure 3: The temporal evolution of the graphs induced by a set of nine nodes. The number of edges is decreasing with time
resulting in an almost isolated graph. Simultaneously, the edges that are remaining grow more and more unbalanced, i. e., the
deviation of the edge weights is increasing. Both time series of the corresponding measures comp and dev are shown in Fig. 4
and Fig. 5, respectively.

Figure 4: Time series with decreasing trend for the complete-
ness of the edge weights for the five graphs of the time frames
depicted in Fig. 3.

Figure 5: Time series with increasing trend for the standard
deviation of the edge weights for the five graphs of the time
frames depicted in Fig. 3.

(i. e., domains of the slopes of the regressions lines of the two
time series) with appropriate fuzzy partitions (as we will do
it in the experiments section) we could calculate the member-
ship degree of this node set to the above-mentioned linguistic
concept.

Summarizing, we state the following procedure:

1. Given a sequence G(0), . . . , G(n) of cooccurrence graphs
with their sum graph being GΣ.

2. Based on an appropriate value θ, we calculate the can-
didate graph node sets {C1, . . . , Cm} which are the ver-
tices of the components of GΣ,θ .

3. The user provides a set of linguistic descriptions (fuzzy

rule antecedents) that refer to the temporal change of the
graph measures.

4. Provide fuzzy partitions for every domain of the change
rate of the measures used in the descriptions of step 3.

5. Evaluate for every graph GCj the degree of membership
to the linguistic concepts of step 3.

6. For every linguistic concept sort the graphs in descending
order with respect to their membership degrees.

4 Experiments
Now that we have a tool at hand that allows us to determine the
structural changes of subgraphs over time, we demonstrate the
applicability with a real-world dataset that was already used to
illustrate the examples above.

This dataset contains player contacts at certain locations
within a 3D environment over a time period of six months.
We carefully selected a subset of 100 such locations and dis-
cretized month-wise in order to result in a dataset large enough
to justify the need for filtering while simultaneously being able
to extract subgraphs that exhibit a structure and behavior that
could not have been crafted more exemplary by hand. There-
fore, we refrain from creating an artificial dataset with just the
same structures.

Fig. 6 shows the sum graph of the dataset, i. e., the cooccur-
rences of six months among 100 locations. The edge weights
indicate some subgraphs that are worth looking closer at. The
threshold θ has been chosen to be 1000 to induce the candidate
node sets.

We will match two linguistic concepts against these graph
candidates: first, we are interested in decay, i. e., in graphs that
show kind of a dissolving behavior, translating into a decreas-
ing completeness and decreasing total weight. In the sample
data this might indicate locations whose attractiveness is di-
minishing. A second concept that we would like to assess is
that of an establishing pattern. An increasing average edge
weight and deviation (of edge weight) might point out a phase
of initial apparent random visiting of multiple locations which
accumulates into a strong favored visiting pattern.

4.1 Concept 1: Decreasing Completeness and Weight
In order to evaluate the membership degrees to the linguistic
concept

〈 ∆comp is decr ∧ ∆wght is decr 〉 ,
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Figure 6: The sum graph of six months of visiting history of
players in a 3D environment. We will match the major com-
ponents (extracted via a user-specified threshold) against two
linguistic concepts.

Figure 7: Fuzzy partitions for the four graph measures used in
the two experiments.

we need to declare a fuzzy partition on the change rate do-
mains of comp and wght. Fig. 7 displays all used fuzzy parti-
tions. We apply three fuzzy sets. Note the asymmetric slopes
of the borders. This setup has proven to be useful in this con-
text since “unchanged” has a more strict semantic to users than
the adjectives “decreasing” and “increasing”. The respective
values that determine the particular fuzzy partition can be read
from the four different horizontal scales. These values have
been selected with respect to the dataset since the quantity that
renders a slope to be highly decreasing or increasing differs,
of course, from dataset to dataset.

If we apply the linguistic concept to the candidate graphs
and select the one with the highest membership (ignoring the
remaining ones here for brevity), the subgraph whose history
is depicted in the upper row in Fig. 8 scores 0.71. Most of the
high degree can be attributed to the rapid loss of visits in the
last two months. The membership degree was evaluated via

min{µ(decr)
∆comp

(C1), µ
(decr)
∆wght

(C1)} = min{0.71, 0.84} = 0.71,

with C1 being the set containing the five nodes. Data inspec-
tion revealed a newly set up structure which was heavily fre-
quented shortly after opening followed by abating excitement.

4.2 Concept 2: Increasing Average and Deviation
We follow the same procedure to find the subgraph that scores
best on the concept

〈 ∆avg is incr ∧ ∆dev is incr 〉 .

The lower part of Fig. 8 shows the resulting graph with a score
of

min{µ(incr)
∆avg

(C2), µ
(incr)
∆dev

(C2)} = min{0.83, 0.89} = 0.83,

The graph shows an establishing link between two nodes in
parallel with a weakening in the remaining edges thus render-
ing the graph history becoming more unbalanced.

5 Conclusion and Future Work
In this paper we discussed the need to postprocess cooccur-
rence graphs if they grow very dense in practical use. We put
forward a heuristic that allows to restrict the candidate node
sets, and transferred the fuzzy concept matching approach
from [6] to the graphical setting. We provided empirical ev-
idence of the applicability by analyzing a real-world dataset
containing six months of game player visits to 100 locations
in a 3D environment.

As indicated in the introductory section, there are many
other scenarios for which such an analysis might be inter-
esting. We are most interested in applying our method to a
web click stream analysis.

Since the used real-world dataset contained time stamps for
every event, it is possible to generate a directed graph that also
indicates which nodes were the source and target nodes for
different users. This requires, of course, some heuristic with
which to decide what should be the maximal period in which
a user has to commit two visits to different nodes in order to
assume that it was a transition and not just two independent
visits.

A shortcoming of the presented approach is the heuristic to
generate the candidate node sets. It worked well on the un-
derlying datasets but one can imagine that it will return fewer
and more interconnected components the more the threshold θ

is reduced. Such subgraphs are also referred to as giant con-
nected components [11]. To address this problem, we intend
to phrase the problem in the setting of the emerging area of
graph mining, more specific finding common substructures in
a single graph [2, 12]. However, we will need a more spe-
cific subgraph definition since we have to account for the edge
weights and not only the edge presence. This in turn automat-
ically leads to another area of investigation: devising more
sophisticated graph measures such as the edge betweenness
centrality [13].
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Figure 8: The histories of the two subgraphs that scored highest in the two experiments. The upper row shows a six-month
development of five locations that were heavily visited but declined rather rapidly towards the end. It yielded a membership
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Abstract—The aim of this study is to develop oil content measure-
ment system using transmitted and scattered intensity. Two fluores-
cence analyses would be suggested with methods that it can use ra-
pidly, continuously, conveniently and accurately in long-distance 
cruise vessels. The present paper consists of the structure of fluores-
cence measurement hardware and an interpretative analysis of expe-
rimental data. Proposed rule-based fuzzy concentration map offers the 
possibility of the conversion of fluorescence into oil content. This 
measurement method would be applied oil discharge monitoring 
control equipment in cruise vessels. 

Keywords—oil content meter, oil discharge monitoring system, 
fluorescence analysis, rule-based fuzzy concentration map. 

1 Introduction
Maritime pollution controls are effected through the 

working of the MARPOL Convention and its associated 
Annexes, as developed by the IMO(international maritime 
organization) Maritime Environmental Protection Committee, 
MEPC. The vessel have an OFE(oil filtering equipment) on 
board. From 6 July 1998, all ships of 400 gross tonnages and 
above, regardless of age, must be fitted with 15ppm OFE. 
Some ships were able to use 100ppm OFE, but this is no 
longer acceptable. According to regulation 10(3)(b) of Annex 
I processed bilge water from machinery spaces is only al-
lowed to be discharged into the sea through OFE system in a 
Special Area of Annex I to MARPOL 73/78 Convention [1]. 

The problem of detecting oil in water has practical sig-
nificance, especially in the environment [2-3]. Optical 
measurement techniques are analytical methods commonly 

used in instrumentation for online measurement of oily water 
[4-5]. Online optical sensors have been used to monitor for 
example the coagulation and filtration processes in the water 
industry [6]. Online nephelometers have been used to meas-
ure oily water distributions [7]. In a study of smart 
nephelometer, artificial neural networks have been used to 
interpret online nephelometer data [8]. 

This paper, after working the sensing system with the 
halogen fluorescence, will attempt to analyze characteristic of 
the oil content. By comparison with the transmitted and 
scattered intensity of 25mg/l and 1000mg/l samples, proposed 
rule- based fuzzy concentration map is classified into dif-
ferent kinds of oil content. The following section provides a 
experimental system. Section 3 presents proposed rule-based 
fuzzy concentration map, section 4 and 5 show experimental 
result and contains concluding remarks. 

2 Experimental System 
A fluorescence measurement system is shown in Fig. 1. 

And system prototype is shown in Fig. 2. The experimental 
system consists of light emitting part, light receiving part, 
signal measurement part, and analyzing part. 
2.1 Light Emitting Part  

The component of the hydrocarbon of oil had strong 
fluorescence absorbance at the wavelength of about between 
600nm and 900nm [9-10]. The halogen lamp provides the 
necessary spectral response for emission at between 200nm 
and 900nm [11]. So halogen light exhibits high absorption in 

 
 

Figure 1: Schematic of fluorescence measurement system,  
(A) light emitting part, (B-C) light receiving and signal measurement parts, (D) analyzing part. 
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oil, system prototype was to use halogen lamp as the source of 
light. 
2.2 Light Receiving Part 

Since the required photo-detector of oily water should de-
tect wavelengths about between 600nm and 1000nm, the most 
suitable sensor was found to be the photodiode that spectral 
response range is between 320nm and 1100nm. As in the case 
of the system prototype, voltages are being measured. Since 
photodiodes generate low current, it is connected to a resistor 
to transform the measured current to voltage as shown in Fig. 
4. And resistor should have a large value in order to attain 
high voltages the data acquisition board, because there is no 
amplifier in this system. The transmitted and scattered fluo-
rescence intensities are measured. Each sensor is positioned 
at 0 , 45 , 90  as shown in Fig. 1. 

2.3 Signal Measurement Part 
The signal sources of photodiodes are floating or nonre-

ferenced signal source [12]. A floating signal source is not 
connected to the building ground system, but has an isolated 
ground-reference point. For examples of floating signal 
sources are outputs of thermocouples, battery-powered de-
vices, optical isolators, and isolation amplifiers. Since the 
voltage level of the floating source can move, data acquisition 
board then saturates, causing erroneous readings. So resistors 
are used as illustrated in Fig. 3. These resistors, called bias 
resistors, provide a DC path. Vm is the measurement voltage. 
In this experiment, light oil samples were prepared with two 
types, 25ppm and 1000ppm. The data acquisition were being 
measured 30 seconds, and sampling rate of 2kHz. 
2.4 Analyzing Part 

The experimental results are shown in Fig. 4-5. There is a 
significant disparity between transmitted and scattered. It 
shows that the more oil content increases, the more trans-
mitted intensity is decreased. And scattered intensities are 
increased. Given experimental results, the component of the 
oil contamination may be seen as absorbing and scattering 
wavelength based on the hydrocarbon. Although there is not a 
stark contrast between samples with marked oil content, 
data-sets have fluorescence patterns to classify. So attention 
was directed to conversion from fluorescence intensity to oil 
content using proposed rule-based fuzzy concentration map. 
 

Light emitting part

Light receiving part

Halogen lamp Photodiode  
Figure 2: System prototype; Left: front of system, optical 

fibre to the sensors; Right: back of system, halogen lamp and 
photodiodes. 

 
(a) 

 
(b) 

Figure 3: (a) Schematic of connecting a floating signal source, 
(b) Practical application. 
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Figure 4: Intensity variations of transmitted (0 ) and scattered 

(45°) in light oil. 
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Figure 5: Intensity variations of scattered (45° and 90°) in 

light oil. 
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3 Rule-based Fuzzy Concentration Map 
Proposed algorithm consist of two variables of fuzzy in-

ference system`s output and one fusion parameter as shown in 
Fig. 6. �t, �c, �f are predicted oil content, � is fusion effect ratio, 
and s0, s45, s90 are optical sensor signals that is positioned 0�, 
45�, 90�. The hypothesized relationship between transmitted 
intensity and scattered intensity is written: 
 

� �1                             (1)f t c� �� � ��� �	 �  

 
where �t, �c denote the independent variables of sub predicted 
oil content of ANFIS output, �f denotes the final estimated oil 
content, � is the fusion effect ratio, and � is the noise term 
reflecting other factors that influence content.  

The following sections provide proposed structure, fuzzy 
concentration map and multiple regression analysis. 
 
 

t� c�

0 45,  s s
45 90,  s s

�

� �1f t c� � � ��	 � �  
 

Figure 6: Proposed rule-based fuzzy concentration map. 

3.1 Fuzzy Concentration Map 
Proposed rule-based fuzzy concentration map presents a 

modeling method for oil content measuring in the form of 
ANFIS [13,14]. ANFIS(adaptive neuro-fuzzy inference sys-
tem) represent TSK(Takagi-Sugeno-Kang) fuzzy models as 
shown in Fig. 7(a). ANFIS are adaptive networks that are 
functionally equivalent to TSK fuzzy inference system as 
shown in Fig. 7(b). Prod is the product of all incoming signal 
or T-norm operator that AND can be used. Norm is the nor-
malized firing weights. The fuzzy concentration map shown 
in Fig. 7(c) classifies the input space of sensor signal into n 
regions which are assigned a labelled class of oil content. 
Every n region is an adaptive node with a node equation (2). 
 

� �                     (2)w f w p x q y ri i ii i i iO 	 	 � �  

 
where iw  denotes the normalized firing weight from i, and pi, 
qi, ri are the parameter set of i region. These are referred to as 
consequent parameters. 

The fuzzy concentration map predicts oil content of 
transmitted and scattered part, which computes the overall 
output as the summation of all n regions in (3). 

              (3 )i ii
ppm i i i

i i ii

w f
O w f

w
� 	 	 	




 




 

 
The ANFIS can be trained by hybrid learning algorithm 

with combining back propagation and least squares method. 
In the forward pass the algorithm uses least squares method to 
identify the consequent parameters. In the backward pass the 
errors are propagated backward and the premise parameters 
are updated by gradient descent. 

In this paper, proposed method consists of two ANFIS. The 
two ANFIS have training dataset that is (0˚ sensor, 45˚ sensor, 
target ppm) and (45˚ sensor, 90˚ sensor, target ppm). Training 
was made using MATLAB software. 
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Figure 7: (a) Representation of TSK fuzzy reasoning, (b) 
Equivalent ANFIS Architecture, (c) Feature space partition-

ing of oil content. 
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Figure 8: Intensity variations and FIS output surfaces; (a) 
Experimental results and classifier of 0° and 45°, (b) Ex-

perimental results and classifier of 45° and 90°. 

 

3.2 Multiple Regression Analysis 
Regression analysis is a statistical method for the investi-

gation of relationships between variables [15]. Proposed 
rule-based fuzzy concentration map is similar to multiple 
linear regression analysis. Regression analysis is a statistical 
method for the investigation of relationships between vari-
ables. A dependent variable is called response variable or 
measurement, one or more independent variables are called 
explanatory variables or predictors in regression analysis. For 
example, a line in a two dimensional or two-variable space is 
written: 
 

                                       (4)Y a bX	 �  
 
where a denote term of a constant or intercept, b is a slope as 
the regression coefficient or B coefficient.  

The multiple regression procedures will be estimated in 
(5). 
 

1 1 2 2                 (5)n nY a b X b X b X	 � � � ��  

 
The purpose of multiple regressions is to learn more about 

the relationship between several independent or predictor 
variables and a dependent or criterion variable [16]. The 
computational problem that needs to be solved in multiple 
regression analysis is to fit a straight line to number of points. 
When there is more than one independent variable, the re-
gression line cannot be visualized in the two dimensional 
space, but can be computed. With n explanatory variables, 
multiple regression analysis will estimate the equation of a 
hyper-plane in n-space such that the sum of squared errors has 
been minimized. 

Given experimental data, it shows that the more oil content 
increases, the more transmitted intensities are decreased, and 
scattered intensities are increased. Multiple regression 
analysis provides an update on relation of intensity in (6). 
 

� �

1 2

1     1 ,              (6)

f t c

t c e

b b
�

� � �

� � �� �
�

	 �

	 �

	 � �
 

 
where �t, �c denote the independent variables of sub predicted 
oil content of ANFIS output, �f denotes the final estimated, � 
is the fusion effect ratio, � is the gradient scale, and � is the 
mean of two predicted oil content. 

4 ANFIS Results and Discussion 
This paper has attempted to make online measurement 

system of oil concentration with insufficient samples. It was 
used samples of 25 ppm and 1000 ppm, and analyzed contrast 
between samples with marked oil concentration. Proposed 
rule-based fuzzy concentration map method was used to 
convert sensing signal to ppm. The generated FIS output 
surface is shown in Fig. 8. When the measurement voltages 
are compared to the inference of oil content, this analysis 
method seems reasonable. After analysis method was estab-
lished, insufficient content ranges of oil sample were calcu-

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1186



 

 

lated as shown in Table 1. While The output of ANFIS(0° and 
45°) was no change in good condition, FIS(45° and 90°) was 
sensitive. And the more ppm increases, the more ANFIS(45° 
and 90°) increases than ANFIS(0° and 45°). Considered in 
this relation, � and � of multiple regression analysis parame-
ters should be updated. 
 

Table 1: Predicted ppm(mg/l) based on ANFIS. 

[ , ] ,   condition =0.5A B A x Bx �	 � �  

0 deg. 45 deg. 90 deg. 
ANFIS(ppm) 

(0 &45 ) 
ANFIS(ppm)

(45 &90 ) ppm 

[0.998, 
1.001] 

[0.6, 
1.4] 

-20 [0.951, 
91.184] 

[4.492, 
87.651] 

[2.721, 
89.417] 

-10 [0.951, 
91.184] 

[17.571, 
99.364] 

[9.261, 
95.274] 

0 [0.951, 
91.184] 

[28.592, 
109.550] 

[14.771, 
100.367]

10 [0.951, 
91.184] 

[52.605, 
314.557] 

[26.778, 
202.871]

20 [0.951, 
91.184] 

[106.429, 
806.196] 

[53.690, 
448.690]

 

5 Conclusion
In this paper, we have developed online content meas-

urement system using transmitted and scattered intensity. We 
attempt to outline an alternative analysis of measurement of 
oil content using ANFIS. Two part of fluorescence intensities 
can be used oil content information. Given experimental 
data-set, it shows that the more oil content increases, the more 
fluorescence absorbance and scattering of hydrocarbon (-CH) 
are increased. So transmitted intensity is decreased, and 
scattered intensities are increased. Proposed rule-based fuzzy 
concentration map offers the possibility of conversion sensor 
signal into ppm. Because proposed method uses hybrid 
learning algorithm, the proposed method can provide an 
input-output mapping. Proposed analysis method and sensing 
system provide a stepping stone for developing basic tech-
nique for designing oil content meter. 
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Abstract— This paper presents an entire scheme for the estima-
tion of a sparse disparity map from stereo pair images. In contrary to
a dense disparity map, for which disparity values are calculated for
each pixel of image, the sparse disparity map is determined only for
some distinguished set of pixels from an image. The pixels belong to
this set are called features. Therefore, in the first stage the algorithm
for determining sparse disparity map has to be able to detect and
specify some pixels as the feature pixels. In this article a method for
specifying features is introduced. The core of the presented method
relies on a fuzzy edges detector. The algorithm of fuzzy edges detec-
tion, as well as a manner enabling determination of the features’ set,
are introduced. The disparity is calculated at the fuzzy domain based
on a similarity measure which is the correlation of fuzzy sets. The re-
sults of the obtained disparity maps for some benchmark stereo pairs,
and the comparison with the well known Marr-Poggio-Grimson al-
gorithm designed for sparse disparity map estimation are presented.

Keywords— feature points, stereo matching, disparity map, edges
detection, fuzzy logic

1 Introduction
Stereo vision is a vivid researched technique of machine vi-
sion area which allows to obtain a three dimensional image of
a scene observed. Its importance arises from its main char-
acteristics, hence, it is a passive method and the equipment
which allows to use it is rather cheap. The estimation of dis-
parity map is one of the central problems of stereo vision ap-
plication.

In spite of thirty years of research there is no good enough
method which always gives a satisfactory solution. The stereo
vision and especially the stereo matching research could be
divided into two main streams [1, 2]. One of them are algo-
rithms which try to match all pixels from images. As a result
of this kind of algorithms the so called dense disparity map
is obtained. [3]. The ”dense” means that the disparity values
are estimated for each pixel of the images. These algorithms,
however suffer from the calculation being time consuming and
the matching in uniform regions of images being almost im-
possible. But doubtless the advantage of this group of methods
is better model reconstruction possibility. This paper does not
consider the methods which produce the dense disparity map.

An alternative approach towards finding a solution to the
stereo vision problem is a feature matching strategy. Al-
though, the obtained disparity map has established values in
much less amount of pixels, in contrary to the former group of
methods, the result can be used in many real tasks as naviga-
tion of autonomous robots, manipulation of industrial robots
or view morphing. Moreover, the disparity values could be
interpolated in the areas where the matching is not made.
The disadvantage of this approach is an insufficient amount of
disparity values for visually good reconstruction of observed

scene. On the other hand, the methods based on features re-
duce the searching space from full image pixels set to the pix-
els which were recognized and assigned as the features. It
attracts reduction of calculation time and in a natural way, it
causes eliminating the ambiguity that may occur inside the
uniform regions of images, because in these regions there are
usually no feature points.

Each clearly distinct pixel from image can be selected as
the features considered for matching task. However, the most
popular features taken under consideration are corners [4, 5]
and edges [6]. The edges matching techniques are more pop-
ular for the reason that the disparity map estimated with de-
pendence only on corners is too sparse. Matching the edges of
the images gives a lot of more dense disparity map therefore
matching edges is considered in this paper.

In another group of feature based approaches image seg-
mentation is done as the first step. Later, they try to match the
segmented regions [7]. This group of methods is not consid-
ered here, and the comparison of results would not give mean-
ingful results because the ability of estimation disparity map
depends mainly on the segmentation step, which is a totally
different issue in machine vision research.

In order to improve results of features stereo matching there
is a big group of methods which aim at matching piecewise-
linear edge segments [8, 9]. The matching of edge segments
has advantages that the error of isolated pixels in edges has
very little influence on the position and orientation of the edge
segments. There are different modifications in the descrip-
tions of edge segments [10] and the edges could be matched
as edge chains [11]. This group of methods is out of our inter-
est because they do not depend on an edge detector and have
a different philosophy behind them than matching edges di-
rectly.

The well known algorithm for matching features is the
Marr-Poggio-Grimson algorithm, MPG in short [12, 13]. This
algorithm is an implementation of the human stereo vision the-
ory that was developed by Marr and Poggio [14]. Because the
MPG algorithm works mainly with reliance on the edge de-
tection it has been used here as the reference algorithm. All
the details of this algorithm are given in the Sec. 5.1.

The paper proceeds in three stages: the first gives a for-
mal statement of the stereo matching problem; the second part
contains an algorithm based on fuzzy logic for edges detec-
tion and a manner for establishing feature points as well as a
method for the calculation of a disparity map; the third part of
the paper presents evaluation results of the introduced method
and the comparison with the MPG algorithm.
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Figure 1: Depiction of the stereo matching problem

2 Problem statement
The stereo vision problem relies on establishing the corre-
spondence between physically the same points in two differ-
ent images representing the same scene. However, these two
images have to be taken under some geometric restrictions in
order to ensure they constitute a proper stereo pair [15, 16]. If
two images constitute a proper stereo pair then there is a hor-
izontal shift between these two images called disparity. Find-
ing this shift is the main aim of almost every stereo matching
algorithm. This task is illustrated in Fig. 1 which shows, that
the same physical points (x1, x2, x3 in the Fig. 1) in the left
and the right images have different abscissa in the image co-
ordinate system. The matching task is usually posed as the
problem of finding points in the right image Ir corresponding
to the selected points in the left image Il. The value of abscissa
shift of the determined point, called disparity is here refereed
to as d. The task is to find the proper values of disparity d
which correspond to the same physical points.

Usually, the epipolar constraint [15] restricts the search to a
horizontal line of images. A further simplification is attained
by limiting the maximum possible value of disparity d, for
which a good estimate can exist. In this paper we restrict
our considerations to a parallel rectified pair of cameras. This
means that the searching is done for each line of images and
the lines of the left and right images correspond to each other.

3 Features detector
Edge detection is a well known problem for the machine vi-
sion community. There are many more or less popular algo-
rithms in the literature considering on image processing tasks
[17, 18]. In this paper we used some new kind of an edge de-
tector. This edge detector is based on fuzzy relation and with
its characteristic feature being rather fat edges obtained as the
detection results [19]. The thickness of the detected edges
could be a disadvantage in some applications but in the match-
ing problem has become an advantage, because the edges have
more information about themselves and about their neighbor-
hood.

3.1 Edges detection

The principle behind the presented algorithm is the fact that
for the pixel which belongs to an edge, the neighboring pixels
have different values. Therefore if the edge is strong then in
the determined small neighborhood of the pixel under consid-
eration there are numerous pixels with the big difference of
value.

The distinction between these pixels is made by using the
fuzzy relation [20]. As it is pointed in [19] a lot different
shapes of fuzzy relation can be used. In this paper we used

the fuzzy relation in the triangular form (1). The shape of
the triangular similarity relation is shown in Fig. 2(a) and its
strength depends mainly on α value.

Formally the triangular fuzzy relation between the pixels
I (i, j) and I (k, l)) is expressed:

µRT (I (i, j) , I (k, l) , α) =




1 − |I(i,j)−I(k,l)|
α

if |I (i, j) − I (k, l)| < α
0

if |I (i, j) − I (k, l)| ≥ α
(1)

In the edge detection stage the distinctions between one dis-

(a) (b)

Figure 2: The shape of triangular fuzzy relation used for the
edge detection (a) and the neighborhood (b) of distinguished
pixel.

tinguished pixel I (i, j) and its neighbors are calculated. If
the differences are big, there are likely big changes in image,
and there could be an edge present. The algorithm for edge
detection is described as follows:

1. The determination of the differences between the dis-
tinguished pixel and its small established neighborhood.
This situation of the distinguished pixel and its neighbor-
ing pixels is shown in Fig. 2(b). In this case we use the
window size eight but many different sizes of this neigh-
borhood can be used [19].
The vector of homogenity description hv is defined. The
length of homogenity vector hv is equal to the size of the
neighborhood. For each pixel of the image the values of
the vector hv are calculated by (2):

hv =
ρ⋃

k,l=−ρ

µRT [I (i, j) , I (i + k, j + l)] (2)

2. The final response of the edge detector is defined as the
sum of the homogenity vector values:

he (i, j) =
∑

hv (3)

If the region is uniform, the response of the edge detector
would be big because all of the pixels have big similarity close
to one. If the region is diverse, and if a strong edge is present in
the region, the response of the detector is smaller. The results
of the detector working for two images are shown in Fig. 3 and
4. We reverse the colors of the edge images in order to get the
better presentation in black in white background. Originally
the colors for the edges are brighter, the bigger response of the
edge detector while the background is black.

Moreover, the values of the edge detector response called
”edginess” could be considered as values of some member-
ship function. The bigger the response, the bigger the pixel’s
membership function value.
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(a) (b)

Figure 3: The left of stereo pair image called ”Tsukuba” (a)
and the result of detected edges (b).

(a) (b)

Figure 4: The left image of an another stereo pair called
”Venus” (a) and the result of edges detection (b).

3.2 Edges thinning

The edges detected by the presented edges detection proce-
dure are rather fat therefore we need to further reduce the num-
ber of points which are subject to match-making. In order to
obtain the reduction of the edge points, a thinning algorithm
is executed at the edge images. The thinning is done in three
independent steps.

The full thinning algorithm proceeds in the following way:

1. Thresholding: The first step of the edge thinning is atten-
uation of small values by using the global threshold Pth

with the value given by:

Pth = ath × Emean (4)

where ath is an arbitrary chosen empirical threshold
value. In this work it was set at the value equals 1.25. The
term Emean determines the average value of the edges
image:

Emean =
1

M · N
N−1∑
i=0

M−1∑
j=0

e (i, j) (5)

where e (i, j) is the pixel value of the edge image.

2. Horizontal non-maximum suppression: This step has
similar idea to the non-maximum suppression algorithm.
But in this step, it is made only in the horizontal direction
of the image, as carried out:

pe (i, j) =




pe (i, j) if pe (i, j) > p (i − 1, j)
and if pe (i, j) > p (i + 1, j)

0 if else
(6)

3. Vertical non-maximum suppression: The last step is prac-
tically the same as the previous step, but it is done in the
vertical direction of the image:

pe (i, j) =




pe (i, j) if pe (i, j) > p (i, j − 1)
and if pe (i, j) > p (i, j + 1)

0 if else
(7)

As the result the images with the edges of one pixel thickness
are obtained. In these images the positions of the remaining
pixels determine the locations of the features which are to be
matched.

The examples of the results obtained by the edge thinning
algorithm and the locations of the feature points for the images
considered earlier (see Fig. 3 and Fig. 4) are shown in Fig. 5.

(a) (b)

Figure 5: The feature points after edge thinning applied for
the images in Fig. 3 (a) and Fig. 4 (b) respectively.

4 Feature points matching
A typical algorithm for finding a stereo matching solution
works for an arbitrary range of disparity values from dmin to
the dmax. There are two windows established, one of which,
called a reference window is set at a stable position in one
(usually left) of the images constituting a stereo pair and the
other called a search window moves along the horizontal line
in the other image (usually right) within the established dispar-
ity range. For each position of the search window some kind
of matching measure is calculated. The value of d for which
position of the search window the value of measure attains its
supreme is taken as the proper value.

The presented algorithm works in the mentioned scheme,
that is reference and search windows, but during the matching
stage the feature image and the edges images are used. The
feature image determines the position of the feature points re-
ceived after using the edge thinning. It is used for establishing
the position of the reference window in the reference edge im-
age exactly at location of the feature point. After establishing
the position of the reference window the matching is carried
out by moving the search window in the other edge image.

The measure of matching is calculated based on the edge
images. For each point which have determined as the feature
point in the feature images, the calculation of matching score
in the edge images is done. As it was mentioned earlier the
values of the edge detector can be interpreted as the values
of the membership function which gives the degree of pixel
belonging to the ”edginess” variable. For this reason the cal-
culation of matching score is done in a fuzzy fashion.
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The matching measure used in this algorithm is the correla-
tion between fuzzy sets [21]. Let us assume that there is a
sequence of paired data
((µA (x1) , µB (x1)) , . . . , (µA (xn) , µB (xn))) which corre-
sponds to the grades of the membership functions of fuzzy
sets A and B defined on X . The correlation coefficient, fA,B ,
between the fuzzy sets A and B is calculated as:

rA,B =

n∑
i=1

(µA (xi) − µ̄A) (µB (xi) − µ̄B) / (n − 1)

SA · SB
(8)

where µ̄A and µ̄B denote the average membership grades of
the fuzzy sets A and B according to the dependence:

µ̄A =

n∑
i=1

µA (xi)

n
(9)

and SA and SB are the standard deviations of fuzzy sets A and
B calculated as: SA =

√
S2

A, where S2
A represents the degree

of variation of the membership function determined by:

S2
A =

n∑
i=1

(µA (xi) − µ̄A)2

n − 1
(10)

The measure of correlation (8) is simply adapted to the mea-
sure of correlation between ”edginess” in the reference win-
dow and ”edginess” in the search window. As in a typical
matching algorithm the score is calculated for each shift from
the chosen range and the value dk for which the correlation at-
tains its maximal value is taken as the proper disparity value.

5 Results evaluation and comparison

For the testing purposes we used some benchmark stereo pairs
made public accessible [3] from the Middlebury Stereo Vision
Page [22]. The big advantage of these stereo pairs is that they
have the true disparity map available. This allows to make a
reasonable comparison of different algorithm in reference to
the true result which should be obtained.

5.1 Reference feature matching algorithm

As the reference algorithm the Marr-Poggio-Grimson (MPG)
has been selected. This algorithm is very popular, easy to
implementation and gives good results. The implementation
which is used here was based on the scheme described in
[12, 13].

The MPG algorithm works in the coarse to fine scheme. In
the description of this algorithm the word ”channel” is used
and it refers to image filtering with a specific filter window
with established size w. The coarse channel means the filter-
ing with the bigger size of filter window and the finest channel
means that the image was filtered by using filter with smaller
size.

The typical scheme of the MPG algorithm consists of six
steps. The steps are outlined below:

1. LOG filtering: Started from the coarsest channel the left
and right image of stereo pair is convolved with LOG
filter. The LOG is a smoothed second derivative of the

image signal and assumes the following form:

∇2 (G (x, y)) =
(

x2 + y2

σ2

)
exp

(
− (

x2 + y2
)

2σ2

)
(11)

where ∇2 is the Laplacian ∇2 =
(

∂2

∂x2

)
+

(
∂2

∂y2

)
and

G (x, y)) is the Gaussian function, which acts as a low-
pass-filter to the image:

G (x, y) = σ2 exp

(
− (

x2 + y2
)

2σ2

)
(12)

where the width of the channel ”w” is related to σ as
follows: w =

√
2σ

2. Zero crossing extraction: In the filtered image the de-
tection of zero crossing is done by scanning the image
horizontally for adjacent elements of opposite sign or for
three horizontally adjacent elements, where the middle
one is zero. Also the sign of zero crossing is searched.
The located position of zero crossing with their signs are
remembered.

3. Matching: For each scan line in the left image is centered
reference window at the founded zero crossing point as
the possible candidate to matching. In the right image the
search window is moved in established disparity range. If
in the right image is a zero crossing point on the search
window and has the same sign as the left point, then this
zero-crossing point produces a match. The disparity, dif-
ference between locations of zero crossing points in the
left and right image, is stored in a dynamic buffer.

Based on the matching process, the left zero crossing is
marked as:

• unique match, if only one right image zero crossing
is matched with the left one

• multiple matches, if more than one match is found
• no match, if no match is found

4. Disambiguation: In this step the disparity map is checked
for possible double matches. This kind of ambiguity is
resolved by checking the disparities within the same re-
gion of the representation at the previous channel. If
there is no coarser channel, or there is no a disparity value
within this region in the coarser channel, or the disparity
is not consistent with coarser level disparity, then the dis-
parity is discarded. The disparity can be approximated
by taking the average of the multiple match.

5. Loop: When the final map disparity for the current chan-
nel has been completed, the process return to the convo-
lution to the next finer representation.

6. Consistency: After calculation of disparity in each chan-
nel has been completed, there is one final test done. Each
disparity value at the finest channel is tested for consis-
tency by checking its value with values at the coarser
channel. If the values are inconsistent the matching is
eliminated.

In this paper we used, as in the Grimson [12] implementation,
four channels with size of 5, 9, 13 and 17 pixels respectively.
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5.2 Results evaluation

The algorithm proposed here and the MPG algorithm were
applied for two different stereo pairs. The Fig. 6 presents the
estimated disparity maps for ”Tsukuba” stereo pair. Similar as
in the edge images the colors were reversed for better visual
presentation. If the color at the disparity map is darker the
original disparity value has bigger value, and the element has
bigger disparity value. The second image Fig. 7 presents the
disparity maps obtained for the ”Venus” stereo pair images.

(a) The result of the proposed algorithm.

(b) The result of the MPG algorithm.

Figure 6: Disparity maps for the stereo pair ”Tsukuba” (a)
estimated by the proposed fuzzy algorithm and the MPG (b).

Visually these results are not so different. In the ”Tsukuba”
stereo pair can be seen that MPG algorithm gives some dif-
ferent matching but the comparison is very hard to done. Just
comparison of numerical statistic given in the Tab.1 gives bet-
ter view at obtained results. It can be seen that the amount of
points classified as the features points is similar in both algo-
rithms but the proposed algorithm based on fuzzy edge detec-
tion gives much more true matches. During generation of the
results enclosed in Tab. 1 a point was classified as the proper
matching point if the difference between its disparity and the
true disparity taken from the true disparity map was equal zero
or one. In this case the small mistake equal one was allowed.
If the difference between estimated disparity value and the true
value was bigger than one the matching point was classified as
wrongly matched point.

In order to check the characteristics of these algorithms in

(a) The result of the proposed algorithm

(b) The result of the MPG algorithm

Figure 7: Disparity maps for the stereo pair ”Venus” (a) esti-
mated by the proposed fuzzy algorithm and the MPG (b).

some more deep manner the second experiment was done. In
this case their behavior in the presence of noise in images
was investigated. For this reason some amount of Gaussian
noise was added to the both images consist of stereo pair. The
amount of added noise is determined in the logarithmic scale
and was established at 30dB value. The value denotes the
amount of noise and is calculated by using expression:

SNR = 10 · log10

(
Pimage

Pnoise

)
(13)

For discrete image I with size M × N and intensities I (i, j)
of pixels the power Pimage is expressed as following:

Pimage =
1

M · N
M,N∑
i,j=1

I2 (i, j) (14)

For the purpose to produce the image with assigned SNR to
the image the Gaussian noise was added iteratively and the
power of noise was calculated for the noise image:

Inoise = Idistorted − Ioriginal (15)
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Table 1: The quantitative results of comparison for matching
algorithms.

Image Points Right Bad Right % Bad %
Results obtained by the fuzzy matching

Tsukuba 11579 10392 1187 89.8 10.2
Venus 18588 16479 2109 88.7 11.3

In the presence of noise in image; SNR = 30dB
Tsukuba 11898 2629 9269 22.1 77.9
Venus 19269 3313 15956 17.2 82.8

Results obtained by the Marr-Poggio-Grimson algorithm
Tsukuba 11579 9549 2030 82.4 17.6
Venus 19143 12449 6694 65.1 34.9

In the presence of noise in image; SNR = 30dB
Tsukuba 12345 582 11763 4.7 95.3
Venus 22705 564 22141 2.5 97.5

where the power Ioriginal had been calculated (13) before
adding noise and the Pnoise was calculated for the noised im-
age. The amount of noise had been increasing to the moment
for which the SNR attained the value equal to 30dB.

As it is shown in Tab.1 both algorithms have very small re-
sistance at the noise. The number of features does not decrease
but the the amount of the proper matching is decreasing very
significantly. But the proposed fuzzy approach still give better
results.

6 Conclusion
In this paper the full scheme for features stereo matching
based on fuzzy edge detection has been presented. The ap-
plication of fuzzy logic allowed to obtain results better than
the good and stable MPG algorithm.

However, both of these algorithms are very sensitive to the
noise present in the images under matching consideration. It
seems that the most sensitive stage is the edge detection. This
aspect of these algorithms should be researched more deeply
because the noise is very important in the real applications of
stereo vision. In the real world numerous kind of distortions
should be considered and this topic should be examined more
carefully.

The obtained results are probably also image depended. In
the case where the image is more complicated and there are
many more edges in an image, as in ”Tsukuba” stereo pair,
the number of properly matched points is always bigger. In the
”Venus” stereo pair, in which long straight edges are present,
both algorithms found much more points classified as the fea-
ture points but the matching in both cases was worse. In that
kind of images probably the algorithms based on segments
edge matching would give better results. But when the im-
age encloses a big number of short edges algorithms presented
here should have better properties. This is probably a clue for
further research but it is out of scope of this paper at this mo-
ment.
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Abstract— Choquet integral has proved to be an effective aggre-
gation model in multiple criteria decision analysis when interactions
between criteria have to be taken into consideration. Recently, some
generalizations of Choquet integral have been proposed to take into
account more complex forms of interaction. This is the case of the
bipolar Choquet integral and of the level dependent Choquet inte-
gral. To apply Choquet integral and its generalizations in decision
problems it is necessary to determine one capacity permitting to rep-
resent the preferences of the Decision Maker (DM). In general the
capacities are determined on the basis of some exemplary decisions
supplied by the DM. It has been observed that effectively there is not
only one capacity compatible with the DM’s preferences, but rather
a whole set of capacities. The determination of the whole set of com-
patible capacities and the consequent definition of proper preference
relations is the domain of the non-additive robust ordinal regression.
The authors have already proposed a methodology for non-additive
robust ordinal regression when dealing with classical Choquet inte-
gral in ranking or choice decision problems. In this presentation, we
want to give the basis of a general methodology for non-additive ro-
bust ordinal regression for Choquet integral and its generalizations
(therefore also the bipolar Choquet integral and the level dependent
Choquet integral) in the whole spectrum of decision problems (i.e.
not only ranking and choice, but also multicriteria classification).

Keywords— Choquet integral; Bi-Capacity; Bipolar Choquet in-
tegral; Level dependent Choquet integral; Non-additive robust ordi-
nal regression.

1 Introduction
In the field of Multiple Criteria Decision Aid (MCDA), the
main purpose of the Multi-Attribute Utility Theory (MAUT)
[1] is to represent the preferences of the Decision Maker (DM)
on a set of alternatives, taking in account different and con-
flicting points of view, called criteria, to get an overall utility
function of every alternative.

The principal assumption underlying MAUT is the indepen-
dence of criteria, not well suited to many real decision prob-
lems in which some interactions between criteria should be
considered. In this last direction, Choquet integral [2] has
proved to be an effective aggregation model in multiple crite-
ria decision analysis when interactions between criteria have
to be taken into consideration. Recently, according to some
studies in psychology [3], many real decision problems are
often based on affect. It seems natural to consider the criteria
evaluations on a scale going from negative (bad) to positive
(good) values, with a central neutral value. Consequently, the
criteria are evaluated on a bipolar scale, i.e. some complex
interactions among criteria arise depending on their good or

positive values. To handle bipolar scales of criteria, the no-
tion of capacity has been extended to that of bi-capacity by
Grabisch and Labreuche in [4] and independently, to the bipo-
lar capacity by Greco, Matarazzo and Słowiński in [5]. As
a result, the Choquet integral has been generalized with the
bipolar Choquet integral [6].

In this work we also consider a recent generalization of the
Choquet integral: the level dependent Choquet integral [7].
The level dependent Choquet integral handles either unipolar
scales or bipolar scales and takes into account the fact that
importance of criteria depends also on the level of their evalu-
ation.

In this paper, we propose a general framework for non-
additive robust ordinal regression (see [8]) permitting to de-
termine the capacities of the Choquet integral and of its above
generalizations being compatible with the DM’s preferences.
On the basis of these sets of compatible capacities, we can de-
fine appropriate preference relations permitting to give a rec-
ommendation in the whole spectrum of decision problems (i.e.
not only ranking and choice, but also multicriteria classifica-
tion). Moreover, we propose to help the DM by identifying
one capacity being the most representative among the many
compatible capacities for the decision problem at hand.

The paper is organized as follows. In Section 2, we present
the basic concepts relative to the Choquet integral and its gen-
eralizations, the bi-polar Choquet integral and the level depen-
dent Choquet integral. In Section 3, the non-additive robust
ordinal regression is extended to such generalizations. Sec-
tion 4 contains some conclusions.

2 Choquet integral and its generalizations

2.1 Preliminary notation

In a multiple criteria decision analysis, let X = X1 × X2 ×
· · ·Xn with X1, · · · , Xi, · · · , Xn ⊆ R

n be the possible val-
ues taken by n criteria describing a finite set X of m alterna-
tives. We denote every alternative x ∈ X by the evaluation
vector x = (x1, · · · , xi, · · · , xn) ∈ X and the index set of
criteria by N = {1, · · · , i, · · ·n}.

2.2 Choquet integral

A fuzzy measure (called also capacity) on N is a set function

µ : 2N → [0, 1]

with µ(∅) = 0, µ(N) = 1 (boundary conditions) and ∀ A ⊆
B ⊆ N, µ(A) ≤ µ(B) (monotonicity condition).

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1194



In the framework of multicriteria decision problems, the
value µ(A) on the set of criteria A can be interpreted as the
importance weight given by the DM to the set of criteria A.

A fuzzy measure is additive if µ(A ∪ B) = µ(A) + µ(B),
for any A,B ⊆ N such that A ∩ B = ∅.

In case of additive fuzzy measures, µ(A) is simply obtained
by µ(A) =

∑
i∈A

µ({i}), ∀ A ⊆ N . In the other cases, we have

to define a value µ(A) for every subset A of N , obtaining 2n

coefficients values.
Given x ∈ X ⊆ R

n
+ and µ being a fuzzy measure on N ,

then the Choquet integral [2] is defined by:

Cµ(x) =
∑n

i=1

[
x(i) − x(i−1)

]
µ (Ai) =

=
∑n

i=1x(i)

(
µ (Ai) − µ (Ai+1)

)

where (·) stands for a permutation of the indices of criteria
such that:

x(1) ≤ x(2) ≤ x(3) ≤ ... ≤ x(n), (1)

with Ai = {(i), ...., (n)} where An+1 = {∅} (i = 1, .., n)
and x(0) = 0.

2.3 Bipolar Choquet integral

Let S(N) = {(C, D) : C ⊆ N, D ⊆ N, C ∩ D = ∅} be
the set of pairs of subsets of N .

A bi-polar capacity, defined in [5], is a function

µ̆ : S(N) → [0, 1] × [0, 1]

such that,

1. µ̆(A, ∅) = (a, 0) and µ̆(∅, B) = (0, b), with A,B ∈
S(N) and a, b ∈ [0, 1];

2. µ̆(N, ∅) = (1, 0) and µ̆(∅, N) = (0, 1);

3. For each (C, D), (E, F ) ∈ S(N), such that C ⊇ E and
D ⊆ F , we have µ̆(C, D) = (c, d) and µ̆(E,F ) =
(e, f), c, d, e, f ∈ [0, 1], with c ≥ e and d ≤ f .

The properties 1) and 2) are the boundary conditions, while
the property 3) is the monotonicity condition.

Given (C, D) ∈ S(N) with µ̆(C,D) = (c, d), we use the
following notation, µ̆+(C,D) = c and µ̆−(C,D) = d.

A bi-capacity, defined in [4], is a function, µ̂ : S(N) →
[−1, 1] such that,

1. µ̂(∅, ∅) = 0 and µ̂(N, ∅) = 1 and µ̂(∅, N) = −1 (bound-
ary conditions);

2. If C ⊇ E and D ⊆ F , then µ̂(C,D) ≥ µ̂(E, F ) (mono-
tonicity conditions).

From each bi-polar capacity, a corresponding bi-capacity is
obtained by

µ̂(C,D) = µ̆+(C, D) − µ̆−(C, D), ∀ (C, D) ∈ S(N).

Let be (·) a permutation of the elements of N such that,

|x(1)| ≤ |x(2)| ≤ . . . ≤ |x(i)| ≤ . . . ≤ |x(n)|,

and |x(0)| = 0.
Let be the following two subsets of N , A

+

i = {j ∈ N :
xj ≥ |x(i)|} and A

−
i = {j ∈ N : xj < 0, −xj ≥ |x(i)|}.

The bi-polar Choquet integral of the positive part is defined
as,

C+
(x, µ̆) =

∑
i∈N

(
|x(i)| − |x(i−1)|

)
µ̆+(A

+

i , A
−
i ).

Analogously, the bi-polar Choquet integral of the negative
part is defined as,

C−
(x, µ̆) =

∑
i∈N

(
|x(i)| − |x(i−1)|

)
µ̆−(A

+

i , A
−
i ).

The bi-polar Choquet integral is defined (see [5]) as:

BC(x, µ̂) = C+
(x, µ̆) − C−

(x, µ̆).

BC(x, µ̂) can be also formulated in terms of bi-capacities
(see [6]), as follows,

BC(x, µ̂) =
∑
i∈N

(
|x(i)| − |x(i−1)|

)
µ̂(A

+

i , A
−
i ).

2.4 Some particular submodels

In the bipolar decision making setting, one of the main draw-
backs is the huge number of parameters to be elicitated from
the DM in order to define the bi-capacity or the bipolar capac-
ity. In fact, since S(N) is isomorphic to the set of functions
from N to {−1, 0, 1}, then |S(N)| = 3n. Let us remark that
in this contest the non-additive ordinal regression is particu-
larly useful, because it does not require the elicitation of all
the parameters, but it is mainly based on some holistic prefer-
ences on a reference set of alternatives from which the whole
set of bi-capacities or bipolar capacities compatible with the
DM’s preferences. Nevertheless, dealing with a model with
smaller number of parameters is always useful and for this
reason, in the following sections we recall some well-known
bipolar submodels, that are interesting from the point of view
of applications and a decomposition of the bi-polar capaci-
ties, introduced in [9], more meaningful from a DM’s point of
view.

2.4.1 Decomposable bi-polar measures
We define a 2−order decomposable bi-polar measure (see [9])
such that

µ+(C, D) =
∑
i∈C

a+({i}, ∅) +
∑

{i,j}⊆C

a+({i, j}, ∅) +

+
∑

i∈C, j∈D

a+({i}, {j})

µ−(C, D) =
∑
j∈D

a−(∅, {j}) +
∑

{i,j}⊆D

a−(∅, {i, j}) +

∑
i∈C, j∈D

a−({i}, {j})
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The above decomposition of the bi-polar capacity has a
more manageable and meaningful interpretation according to
the DM’s preferences.

In fact, a±(·) can be interpreted in the following way:

• a+({i}, ∅), represents the power of the criterion i by it-
self; this value is always positive.

• a+({i, j}, ∅), represents the interaction between i and j,
when their values are both positive; when its value is zero
there is no interaction; on the contrary, when the value is
positive there is a synergy effect when putting together
i and j; a negative value means that the two criteria are
redundant.

• a+({i}, {j}), represents the power of the criterion j
against the criterion i, when the criterion i has a positive
value and j has a negative value; this provokes always a
reduction or no effect on the value of µ+ since this value
is always non-positive.

Analogous interpretation can be applied to the value of
a−(∅, {j}), a−(∅, {i, j}), and a−({i}, {j}).

In what follows, for the sake of simplicity, we will use
a+

i , a+
ij , a+

i|j , instead of a+({i}, ∅), a+({i, j}, ∅), and,
a+({i}, {j}), respectively; and a−

j , a−
ij , a−

i|j , instead of
a−(∅, {j}), a−(∅, {i, j}), and a−({i}, {j}), respectively.

2.5 The level dependent Choquet integral

Let us also recall a recent further generalization of the bi-
capacity (see [7]): the generalized capacity. Such measures
take in account the fact that importance of criteria depends
also on the level of their evaluation.

In particular, we define a generalized capacity a function
µG : 2N × R+ → [0, 1] such that

1. for all t ∈ R+ and A,B ⊆ N , µG(A, t) ≤ µG(B, t);

2. for all t ∈ R+, µG(∅, t) = 0 and µG(N, t) = 1;

We define the generalized Choquet integral of x =
[x1, · · · , xn] ∈ R

n
+, with respect to the generalized capacity

µG as follows:

GC(x, µG) =
∫ +∞

0

µG(A(x, t), t) dt

where A(x, t) = {i ∈ N : xi ≥ t}.
Let us remark that the generalized Choquet integral can al-

ways be written as:

GC(x, µG) =
n∑

i=1

∫ x(i)

x(i−1)

µG(A(x, t), t) dt.

The level dependent Choquet integral can be defined also
with respect to a generalized bi-capacity.

In particular, we define a generalized bi-capacity a function
µG : S(N) × R → R such that

1. for all t ∈ R and (A,B), (C,D) ∈ S(N), A ⊆ C, B ⊇
D , µG(A,B, t) ≤ µG(C, D, t);

2. for all t ∈ R, µG(∅, N, t) = 0 and µG(N, ∅, t) = 1;

We define the generalized bipolar Choquet integral of x =
[x1, · · · , xn] ∈ R

n, with respect to the generalized bi-capacity
µG as follows:

GC(x, µG) =
∫ +∞

0

µG(A+(x, t), A−(xt), t) dt

where A+(x, t) = {i ∈ N : xi ≥ t} and A−(x, t) =
{i ∈ N : − xi ≥ t}.

2.5.1 Interval level dependent capacity
The generalized Choquet integral is quite difficult to calculate
and consequently, to be applied since a capacity µG(A, t) is
needed for each level t ∈ R. For this reason in [7], a manage-
able class of generalized capacities are proposed, namely the
interval level dependent capacities. For the sake of simplicity,
but without loss of the generality, in the following we consider
x ∈ [0, 1]n.

A generalized capacity µG is defined interval level depen-
dent capacity if there exist

1. a0, a1, a2, , am−1, am ∈ [0, 1], with m a positive integer
such that

0 = a0 < a1 < a2 < · · · < am−1 < am = 1

2. m capacities µ1, · · · , µm on N .

such that, for all A ⊆ N and all t ∈ [0, 1], µG(A, t) =
µj(A) if t ∈]aj−1, aj [, j = 1, · · · ,m. In this case, µG

is an interval level dependent capacity relative to the break-
points a0, a1, a2, , am−1, am ∈]0, 1[ and to the capacities
µ1, · · · , µm.

Finally, we recall an useful theorem, proposed in [7], which
permits to split GC(x, µG) in the sum of a finite number of
classical Choquet integrals, more precisely one Choquet inte-
gral for each interval ]aj−1, aj [, j = 1, · · · ,m.

Theorem 1 If µG is the interval level dependent capacity rel-
ative to the breakpoints a0, a1, a2, , am−1, am ∈]0, 1[ and to
the capacities µ1, · · · , µm then for each x ∈ [0, 1]n

GC(x, µG) =
n∑

j=1

Cµ(xj , µj)

where xj ∈ [0, 1]n is the vector having its elements xj
i ,

i = 1, · · · , n, defined as follows:

xj
i =




0 if xi < aj−1

xi − aj−1 if aj−1 ≤ xi ≤ aj

aj − aj−1 if xi ≥ aj .

3 Non-additive robust ordinal regression
3.1 Sorting problems

Within the multicriteria aggregation-disaggregation frame-
work, ordinal regression aims at inducing the parameters of a
decision model, for example those of a utility function, which
have to represent some holistic preference comparisons of the
DM. Usually, among the many utility functions representing
the DM’s preference information, only one utility function is
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selected (for example, in the UTA method [10]). In this con-
text we also remember some UTA like-methods within the
Choquet integral framework, proposed in [11]. Since such
a choice is arbitrary to some extent, recently additive robust
ordinal regression has been proposed with the purpose of tak-
ing into account all the sets of parameters compatible with the
DM’s preference information (for more details, see the multi-
criteria methodologies UTAGMS and GRIP proposed, respec-
tively, in [12] and [13]). Let us remark that the principles of
the additive robust ordinal regression have been applied also
in sorting problems (see the UTADISGMS method [14]).

Until now, robust ordinal regression has been implemented
to additive utility functions under the assumption of criteria in-
dependence. In [15], the authors have proposed a non-additive
robust ordinal regression on a set of alternatives X , whose
utility is evaluated in terms of the Choquet integral which per-
mits to represent the interaction among criteria, modeled by
the fuzzy measures, parameterizing their approach.

In [15], besides holistic pairwise preference comparisons of
alternatives from a subset of reference alternatives X ′ ⊆ X ,
the DM is also requested to express the intensity of prefer-
ence on pairs of alternatives from X ′ and to supply pairwise
comparisons on the importance of criteria, and the sign and
intensity of interaction among pairs of criteria.

In the following, we recall the binary preference relations
on the set of reference alternatives defined in [15].

Let us suppose that the preference of the DM is given by a
partial pre-order � on X ′ ⊆ X.

The preference relation � can be decomposed into its sym-
metric part ∼ and into its asymmetric part �, whose semantics
are, respectively:

x ∼ y ⇔ x is indifferent to y,

x � y ⇔ x is preferred to y, with x,y ∈ X ′.

The relation on the intensity of preference on pairs alter-
natives is represented by a partial pre-order �∗ on X ′ × X ′,
whose semantics is: for x,y, z, t ∈ X ′

(x,y) �∗ (z, t) ⇔ x is preferred to y

at least as much as z is preferred to t.

The following system of linear constraints synthesizes the
DM’s preference information expressed in the approach pro-
posed in [15].




x � y ⇔ Cµ(x) ≥ Cµ(y), with x,y ∈ X ′,
(x,y) �∗ (z, t) ⇔ Cµ(x) − Cµ(y) ≥ Cµ(z) − C(t),
with x,y, z, t ∈ X ′,
...
Constraints on the importance and interaction of criteria
...
Boundary, monotonicity conditions

The output of the approach defines a set of fuzzy measures
(capacities) µ defined compatible with the DM’s preference
information if the Choquet integral, calculated with respect to
it, restores the DM’s ranking on X ′, i.e.

x � y ⇔ Cµ(x) ≥ Cµ(y) ∀x,y ∈ X ′.

Moreover, using linear programming, our decision model
establishes two preference relations:

• for any r, s ∈ X, the necessary weak preference relation
�N , if for all compatible fuzzy measures the utility of
r is not smaller than the utility of s, i.e. r �N s ⇔
Cµ(r) ≥ Cµ(s),

• for any r, s ∈ X, the possible weak preference rela-
tion �P , if for at least one compatible fuzzy measure
the utility of r is not smaller than the utility of s, i.e.
r �P s ⇔ Cµ(r) ≥ Cµ(s).

Since as it is shown in literature, bi-capacities are the right
tools to represent many decision bipolar behaviors, in this
work we suggest to extend the non-additive robust ordinal re-
gression, described in [15], to the bipolar decision setting and
to the level dependent Choquet integral.

However, the greater flexibility of decision strategies with
the criteria on a bipolar scale and level dependent Choquet
integral is offset by the huge number of parameters to be elic-
itated by the DM and the not easy interpretation of the bi-
capacities and level dependent capacity for the DM.

Let us remark that in our approach the DM is not compelled
to give preference information on all criteria.

Moreover, not all criteria are compulsory on a bipolar scale;
some criteria could be on the usual unipolar scale (see for
a result in this topic the concept of partially symmetric bi-
capacities, introduced in [16]).

The set of constraints relative to the bi-polar Choquet inte-
gral is as follows:

2)




x � y ⇔ BC(x, µ̂) ≥ BC(y, µ̂), with x,y ∈ X ′,
(x,y) �∗ (z, t) ⇔
BC(x, µ̂) − BC(y, µ̂) ≥ BC(z, µ̂) − BC(t, µ),
with x,y, z, t ∈ X ′,
...
Constraints on the bipolar measures,
...
Boundary, monotonicity conditions.

The first set constraints are interpreted in the same way of
the first set of constraints of system 1), with the only difference
that every alternative is evaluated by the bi-polar Choquet in-
tegral.

Concerning the constraints on the bipolar measures, we
suggest to adopt the decomposition explained in subsection
2.4.1. Such decomposition is more easy for the DM to be in-
terpreted and to be elicitated.

The set of constraints relative to the level dependent Cho-
quet integral is as follows:

3)




x � y ⇔
GC(x, µG) ≥ GC(y, µG), with x,y ∈ X ′,
(x,y) �∗ (z, t) ⇔
GC(x, µG) − GC(y, µG) ≥ GC(z, µG) − GC(t, µG),
with x,y, z, t ∈ X ′,
...
Constraints on the level dependent capacity.
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In this case, we adopt the interval level dependent capacity
defined in Section 2.5.1, since it is more easy for the DM to
express some ordinal constraints on such capacities. For ex-
ample, if X ⊆ [0, 1]n and we split the interval ]0, 1[ in two
equal subintervals I1 =]0, 1

2 [, I2 =] 12 , 1[, DM’s preference
statement could be that criterion i is more important if the
level of evaluation of every alternative is in I2 than if it is in
I1.

We denote the system of constraints (types 1), 2) and 3)) on
the reference alternatives X ′ by Eε(X ′).

Since linear programming is not able to handle strict in-
equalities in Eε(X ′), we put the constraints in the form of
weak inequalities, by adding a small arbitrary positive value ε
(see [17] for a result on this topic).

4)




U(x) ≥ U(y) + ε, with x,y ∈ X ′,
U(x) − U(y) ≥ U(z) − U(t) + ε,
with x,y, z, t ∈ X ′,
...
Constraints on the bipolar measures,
...
Boundary, monotonicity conditions,

where U stands for the aggregation operator than can be
the bipolar Choquet integral or the level dependent Choquet
integral. A similar approach can be used with the bipolar level
dependent Choquet integral.

Once the decision making setting on the set of reference
alternatives X ′ is chosen by the DM (types 1), 2) and 3)), two
different optimization problems arise to establish a necessary
and possible preference relation for any r, s ∈ X :

max ε

s.t. EX′
ε plus the constraint U(s) ≥ U(r) + ε

(2)

and

max ε

s.t. EX′
ε plus the constraint U(r) ≥ U(s).

(3)

If the problem (2) finds a solution with ε ≤ 0, then U(r) ≥
U(s) for all compatible sets of fuzzy measures, that implies
r �N s with r, s ∈ X.

On the contrary, if a positive ε solves the linear program
indicated in (3), then there exists at least one compatible fuzzy
measure such that U(r) ≥ U(s), that implies r �P s with
r, s ∈ X.

3.2 The most representative value function

To consider the whole set of fuzzy measures compatible with
the preference expressed by the DM reduces arbitrariness in
the decision process. However to take into account one spe-
cific fuzzy measure can help the DM in understanding the
decision process. As already proposed for robust ordinal re-
gression with additive value functions [18], the most repre-
sentative fuzzy measure is that one which better represents
the necessary ranking maximizing the difference of evalua-
tions between alternatives for which there is a preference in

the necessary ranking. As secondary objective, one can con-
sider minimizing the difference of evaluations between actions
for which there is not a preference in the necessary ranking.

This comprehensive “most representative” value function
can be determined through the following procedure:

1. Determine the necessary and the possible rankings in the
considered set of actions.

2. For all pairs of alternatives (x, y), such that x is nec-
essarily preferred to x, add the following constraints to
the linear programming constraints of types 1), 2) or 3):
U(x) ≥ U(y) + ε.

3. Maximize the objective function ε.

4. Add the constraint ε = ε∗, with ε∗ = max ε in the previ-
ous point, to the linear programming constraints of robust
ordinal regression of types 1), 2) and 3).

5. For all pairs of actions (x, y), such that neither x is nec-
essarily preferred to y nor y is necessarily preferred to
x, add the following constraints to the linear program-
ming constraints of of types 1), 2) and 3) and to the con-
straints considered in above point 4): U(x) − U(y) ≤ δ
and U(y) − U(x) ≤ δ.

6. Minimize the objective function δ.

3.3 Sorting problems

In this section, we briefly illustrate the principles of non-
additive robust ordinal regression to sorting problems in case
of nonadditive value function represented by Choquet integral
or some of its generalizations.

In MCDA, the sorting problem consists in the assignment
of m alternatives of a finite set X into h = 1, · · · , k homo-
geneous classes C1, · · ·Ch, · · ·Ck, which are increasingly or-
dered with respect to preference, i.e. all the elements in the
class Ch have a better evaluation than the elements in class
Ch−1. Let b1, b2, · · · , bh be a set of thresholds relative to the
h classes. We have that x belongs to class h if U(x) ≥ bh−1

and U(x) < bh, where U stands for the aggregation opera-
tor than can be the Choquet integral or one of its generaliza-
tions. In this case, the DM’s preference information will con-
sist in the assignment of some reference alternatives to some
classes. Taking into account the Choquet integral, the pro-
posed approach determines the sets of pairs (µ,b), where µ
is a capacity and b = [b1, b2, · · · , bh], compatible with the
DM’s assignment of the reference alternatives [19]. An al-
ternative x ∈ X is said that possibly belongs to class Ch if
there is at least one pair (µ,b) for which Cµ(x) ≥ bh−1 and
Cµ(x) < bh. One can deal analogously with the above men-
tioned extensions of Choquet integral.

As proposed in [20] with respect to robust ordinal regres-
sion for sorting problems based on additive value function
through the UTADISGMS method [14], also in this case we
can help the DM with the concept of the “most representative”
value function.

The idea is to select among compatible fuzzy measure that
one which better highlights the possible sorting which is con-
sidered the most stable part of the robust sorting obtained by
UTADISGMS. Thus it is selected the fuzzy measure that max-
imizes the difference of evaluations between alternatives for
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which the intervals of possible sorting are disjoints. As sec-
ondary objective, one can consider maximize the minimal dif-
ference between values of actions x and y, such that for any
compatible fuzzy measure, x is assigned to a class not worse
than the class of y, and for at least one compatible value func-
tion, x is assigned to a class which is better than the class
of y. In case there is still more than one such fuzzy measure,
the most representative fuzzy measure minimizes the maximal
difference between values of alternatives being in the same
class for all compatible fuzzy measures, and between values
of alternatives for which the order of classes is not univocal.

4 Conclusions
Nonadditive value functions and bipolar decision making are
one of the underpinning directions of research within MCDA,
as many studies have shown that in a multicriteria decision
problem the criteria under consideration could be on a bipo-
lar scale. In such context, we have proposed a multicriteria
methodology taking inspiration from some recent approaches
based on the principle of the robust ordinal regression: the
UTAGMS [12] and GRIP [13] in the context of choice and
ranking problems, the UTADISGMS method relative to sort-
ing problems [14]. On this basis, with the aim of representing
interactions between criteria, we proposed the non-additive
robust ordinal regression which consists in the extension of
the idea of robust ordinal regression to non-additive decision.
More precisely, the Choquet integral and its generalizations
have been adopted as utility function in different decision
problems such as ranking, choice and sorting (for the spe-
cific case of Choquet integral applied to ranking and choice
problems see [15]). The non-additive robust ordinal regres-
sion seems very useful because it permits to take into account
the whole set of capacities compatible with the DM’s prefer-
ences which are expressed through very simple questions such
as:

• “is the representative alternative a better than the repre-
sentative alternative b”?

• “to what class the representative alternative a belongs”?
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representative ” value function among all compatible value
functions in the grip method. 68th Meeting of the European
Working Group on Multiple Criteria Decision Aiding, Chania,
October 2-3, 2008.

[19] S. Angilella, S. Greco, and B. Matarazzo. Sorting decisions
with interacting criteria. A.M.A.S.E.S. conference, Trento,
Italy, September 1-4, 2008.
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Abstract— In fuzzy set theory, comparison of fuzzy sets plays an
important role. Among the several ways to compare fuzzy sets, we
address the logical theoretic approach using fuzzy implications. We
propose a general framework allowing to generate many measures of
comparison: inclusion, similarity and distance, and study their prop-
erties. Since the literature on the use fuzzy implications for defining
such measures is abundant, we also attempt to relate this work to
existing research.
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1 Introduction

In fuzzy set theory, inclusion (or subsethood) and similarity
measures between fuzzy sets are basic concepts. Among the
different approaches to compare fuzzy sets, one finds three
categories. The first one is based on measuring a distance
between two real functions and do not refer to a specific in-
terpretation, e.g. the Minkowski r-distances. The second cat-
egory involves set-theoretic operations for fuzzy sets (fuzzy
intersection, union, cardinality) [1, 2]. This paper addresses
the third category which relies on logical theory, mainly ap-
proached by using fuzzy implications. Following the early
paper by Bandler and Kohout [3] introducing the use of im-
plications to measure inclusion of fuzzy sets, many authors
have proposed new measures satisfying some specific axioms
[4, 5, 6].
This paper will be organized as follows. We first recall some
basic definitions and theorems on aggregation operators, tri-
angular norms and fuzzy implications that will be used in the
sequel in section 2. Next, in section 3 we propose a general
framework of comparison measures of fuzzy sets (i.e. inclu-
sion, similarity and distance) based on logical considerations,
i.e. using fuzzy implications. A general description of the
overall aggregation method is also provided, characterizing
each measure belonging to this category. In section 4, we
present the existing approaches that could be linked to this
general formulation. We finally conclude and mention some
application domains we have in mind in section 5.

2 Preliminaries and notations

Aggregating numbers plays an important role in decision-
making systems. Values to be aggregated are generally de-
fined on a finite real interval or on ordinal scales. In this paper,
we assume with no loss of generality that they come from the
unit interval. If not, a simple transformation can be found to
make this assumption true. Given n numbers, an aggregation
operator is a mapping A : [0, 1]n → [0, 1], satisfying bound-

ary conditions

A(0, · · · , 0) = 0 and A(1, · · · , 1) = 1. (1)

and monotonocity

∀n ∈ N, x1 ≤ y1, · · · , xn ≤ yn implies
A(x1, · · · , xn) ≤ A(y1, · · · , yn). (2)

Adding properties like idempotency, continuity, associativity
lead to others definitions. In the literature, one finds many ag-
gregation operators, e.g.: triangular norms (t-norms for short),
OWA (Ordered Weighted Averaging) operators, γ-operators,
or fuzzy integrals. They belong to several categories, de-
pending on the way the values are aggregated: conjunctives,
disjunctives, compensatory, and weighted operators. Briefly,
an aggregation operator is said to be conjunctive if its output
value is lower than the minimum of the input values, compen-
satory if the output value lies between the minimum and the
maximum input value, and disjunctive if its output is greater
than the maximum value of the inputs, refer to [7] for a large
survey on aggregation operators.

Theorem 1. If A is a strictly monotonic compensatory aggre-
gation operator, then

A(x1, . . . , xn) = 1 ⇔ x1 = · · · = xn = 1 (3)

and
A(x1, . . . , xn) = 0 ⇔ x1 = · · · = xn = 0 (4)

Proof.

(3) (⇐) obvious with Eq. (1).
(⇒) by contraposition. We show that ∃i such that xi < 1
implies A(x1, · · · , xn) < 1. If xi < 1 for some i, then,
since xj ≤ 1 for all j, by strict monotonicity of A, we
get A(x1, · · · , xn) < A(1, · · · , 1) = 1, which ends the
contraposition.

(4) (⇐) obvious with Eq. (1).
(⇒) by contraposition. We show that ∃i such that xi > 0
implies A(x1, · · · , xn) > 0. If xi > 0 for some i, then,
since xj ≥ 0 for all j, by strict monotonicity of A, we
get A(x1, · · · , xn) > A(0, · · · , 0) = 0, which ends the
contraposition.

Example 1. The family of mean operators are strictly mono-
tonic compensatory aggregation operators.
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Remark 1. From Theorem 1, we immediately see that a dis-
junctive aggregation operator cannot be strictly monotonic.
∀j xj ≤ 1, and ∃i, xi < 1, ∃k, xk = 1. If A is strictly
monotonic, A(x1, · · · , xn) < A(1, · · · , 1) = 1. Since A is
disjunctive, i.e. A(x1, · · · , xn) ≥ max(x1, · · · , xn), we have
1 = max(x1, · · · , xn) ≤ A(x1, · · · , xn) < 1, which is a
contradiction.

A t-norm is an increasing, associative and commutative map-
ping $ : [0, 1]2 → [0, 1] satisfying the boundary condition
$(x, 1) = x for all x ∈ [0, 1]. The most popular continuous
t-norms are:

• Standard: $S(x, y) = min(x, y)

• Algebraic (Product): $A(x, y) = x y

• Łukasiewicz: $L(x, y) = max(x + y − 1, 0)

Alternatively, the dual operators with respect to a strict nega-
tion are called triangular conorms (t-conorms for short). A
t-conorm is an increasing, associative and commutative map-
ping ⊥ : [0, 1]2 → [0, 1] satisfying the boundary condition
⊥(x, 0) = x for all x ∈ [0, 1]. The most popular continuous
t-conorms are:

• Standard: ⊥S(x, y) = max(x, y)

• Algebraic (Product): ⊥A(x, y) = x + y − x y

• Łukasiewicz: ⊥L(x, y) = min(x + y, 1)

Various parametrical families have been introduced, e.g. the
Hamacher family defined by: given γ ∈ [0, +∞[,

• x$H y = x y
γ+(1−γ) (x+y−x y)

• x⊥H y = x+y−x y−(1−γ) x y
1−(1−γ) x y .

Such families result in an infinite number of t-norm couples,
including non parametrical ones e.g. the Algebraic couple for
γ = 1.
A general problem in fuzzy logic is to handle conditional
statements if x, then y where x and y are fuzzy predicates.
A widely used method consists in managing them by map-
pings I : [0, 1] × [0, 1] → [0, 1] such that the truth value of
I depends on the initial propositions x and y. We generally
speak about an implication function if I is non-increasing in
the first variable, non-decreasing in the second variable and
I(0, 0) = I(1, 1) = 1, and I(1, 0) = 0, see [8] for a survey
on fuzzy implication functions and [9] for a large overview
on the use of parametrical implications in fuzzy inference sys-
tems. The four most usual implications are:

1. S-implications, defined by:

I⊥(x, y) = ⊥(xc, y) (5)

where (.)c is the usual complementation xc = 1−x. This
implication is an immediate generalization of the usual
boolean implication x → y ≡ xc ∨ y.

2. R-(for Residual) implications, defined by:

I	(x, y) = sup
t
{t ∈ [0, 1]|$(x, t) ≤ y}. (6)

Note that if $ is a left-continuous t-norm, the supremum
operation can be substituted by the maximum one.

3. QL-(for Quantum mechanic Logic) implications, defined
by:

IQL(x, y) = ⊥(xc,$(x, y)). (7)

4. D-implications, defined by:

ID(x, y) = ⊥($(xc, yc), y) (8)

which are the contraposition of QL-implications with re-
spect to the complementation.

In the sequel, we will denote by:

• X = {x1, · · · , xn} the (supposed finite) universe of dis-
course,

• C(X) and F(X) the sets of all crisps and fuzzy sets in
X , respectively,

• fA(x), ∀x ∈ X , the membership function of a fuzzy set
A over X ,

• [ 12 ] the constant fuzzy set defined by [ 12 ](x) = 1
2 for any

x ∈ X .

3 General framework
There are several ways to compare fuzzy values or fuzzy quan-
tities. The first one is based on a broad class of measures of
equality based on a distance measure which is specified for
membership functions of fuzzy sets. This approach takes its
roots from studies on how to measure the distance between
two real functions and do not refer to any specific interpre-
tation. The general form of a Minkowski r-metric is usually
taken and leads to well known distance functions (Hamming,
Euclidean, Chebyshev):

dr(A, B) =

(∑
x∈X

|fA(x) − fB(x)|r
)1/r

(9)

A second way to compare fuzzy values comes from some ba-
sic set-theoretic considerations where union, intersection and
complementation are defined for fuzzy sets. Cardinal and pos-
sibility based measures belong to this category. In this paper,
we will focus our attention on the third way: the logical frame-
work. We present the design a unified logical framework to
compare fuzzy sets, which includes usual measures depend-
ing the aggregation operators we use. The use of parametrical
t-norms and t-conorms to define the implications will enable
to obtain parametrical measures of comparison, where the pa-
rameters can be set according to user needs.

3.1 Inclusion measures

An inclusion measure is a relation between two fuzzy sets
which indicates to which extent one fuzzy set is contained
in another one. Since its original definition by A ⊂ B iff
fA(x) ≤ fB(x), for all x in X , which was crisp assessment,
Bandler and Kohout enlarged this point of view by giving a de-
gree of subsetness [3], more in the spirit of the fuzzy theory.
Inclusion measures are generally defined by a set of axioms
[4] and by using fuzzy implication operators [3, 10].

Definition 1. A mapping I : F(X)×F(X) → [0, 1] is called
an inclusion (or subsethood) measure if it satisfies
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(P1) I(A, B) = 1 iff A ⊆ B , ∀A, B ∈ F(X).

(P2) if [ 12 ] ⊆ A, then I(A, Ac) = 0 iff A = X .

(P3) ∀A, B,C ∈ F(X), if A ⊆ B ⊆ C, then I(C, A) ≤
I(B, A), and if A ⊆ B, I(C, A) ≤ I(C, B).

Note that if a measure I satisfies only the two last properties,
it is called a weak inclusion measure.

Theorem 2. Let I	 be a residual implication function. Given
X and arbitrary A, B ∈ F(X), let

I(A, B) =
n

A
i=1

I	 (fA(xi), fB(xi)) (10)

for all xi in X , where A is a conjunctive or a strictly mono-
tonic compensatory aggregation operator satisfying Eqs.(1)
and (2). Then I is an inclusion measure.

Proof.

(P1) (⇐) if A ⊆ B, then fA(xi) ≤ fB(xi) for all xi ∈
X . Since if x ≤ y then I	(x, y) = 1, we have
I	(fA(xi), fB(xi)) = 1 for all xi ∈ X , which gives
I(A, B) = 1 by boundary condition on A.
(⇒) two cases are considered
- if A is disjunctive, then we obviously have
fA(xi) ≤ fB(xi) for all xi ∈ X , since the minimum
value of all implications on X is 1
- if A is a strictly monotonic compensatory aggregation
operator, then by using Theorem 1, we have
I	 (fA(xi), fB(xi)) = 1 for all xi ∈ X , giving A ⊆ B
by the confinement principle: x ≤ y iff I(x, y) = 1.

(P2) (⇐) if A = X , then I	(fX(xi), ∅(xi)) = 0 for all
xi ∈ X . By boundary condition on A, it follows that
I(A, Ac) = 0.
(⇒) if I(A, Ac) = 0, then I	(fA(xi), 1 − fA(xi)) = 0
for all xi ∈ X by Theorem 1. Assuming that A 	= X ,
then ∃i, xi such that
1
2 ≤ fA(xi) < 1, i.e. 0 < 1 − fA(xi) ≤ 1

2 .
By non-increasingness in the first variable of I	, we
have I	(fA(xi), 1 − fA(xi)) ≥ I	(1, 1 − fA(xi)) =
1 − fA(xi) 	= 0, since I	 satisfies the border principle:
I(1, x) = x,∀x ∈ [0, 1]. This is a contradiction with
I	(fA(xi), 1 − fA(xi)) = 0, so that A = X .

(P3) if A ⊆ B ⊆ C, fA(xi) ≤ fB(xi) ≤ fC(xi), for
all xi ∈ X . By non-increasingness in the first vari-
able and non-decreasingness in the second variable, it
follows that I	(fC(xi), fA(xi) ≤ I	(fB(xi), fA(xi))
and I	(fC(xi), fA(xi)) ≤ I	(fC(xi), fB(xi)) for all i.
By monotonicity of A, we have I(C, A) ≤ I(B, A) and
I(C, A) ≤ I(C, B), which concludes the proof.

A necessary condition to define a strong inclusion measure I
is that the implication I holds the confinement principle and
the border principle. It is easy to show that the four usual im-
plications I	, I⊥, IQL and ID satisfy the latter, but only I	
satisfies the former. Therefore S, QL and D−implications
define weak inclusion measures while R−implications define
strong inclusion measures provided the operator A is not dis-
junctive, see Remark 1.

3.2 Similarity and distance measures

Definition 2. A mapping S : F(X)×F(X) → [0, 1] is called
a similarity measure if it satisfies

(P1) S(A, B) = S(B, A), ∀A, B ∈ F(X).

(P2) S(A, A) = 1, ∀A ∈ F(X).

(P3) S(D,Dc) = 0, ∀D ∈ C(X).

(P4) ∀A, B, C ∈ F(X), if A ⊆ B ⊆ C, then S(A, C) ≤
S(A, B) ∧ S(B, C)
or, equivalently
∀A, B, C,D ∈ F(X), if A ⊆ B ⊆ C ⊆ D, then
S(A, D) ≤ S(B, C)

However, the symmetry property (P1) is still subject to exper-
imental investigation: if S(x, y) is the answer to the question
how is x similar to y?, then, when making comparisons, sub-
jects focus more on the feature x than on y. This corresponds
to the notion of saliency [1] of x and y: if y is more salient
than x, then x is more similar to y than vice versa, which is
experimentally confirmed. Accordingly to [11], for a certain
element of the universe of discourse X , a degree of equality
of two fuzzy elements x and y can be defined by using impli-
cations as follows:

(x ≡ y) =
1
2
(
(x → y)∧ (y → x)+ (xc → yc)∧ (yc → xc)

)
(11)

where ∧ stands for minimum, → is an R-implication.
Then applying Eq. (6) with x ≥ y, gives

(x ≡ y) =
1
2
(
(x → y) + (yc → xc)

)
(12)

since 1 is the neutral element of t-norms.
Furthermore, due to the opposition law: I(x, y) = I(yc, xc),
we obtain

(x ≡ y) = (x → y) (13)

A convenient way to define a similarity measure is to quantify
to which extent two fuzzy membership degrees are similar,
so that it is closely related to the problem of matching fuzzy
quantities, or fuzzy sets similarity. So we propose to use fuzzy
implication functions as similarity measures by the following
theorem:

Theorem 3. Let I	 be a residual implication function. For
arbitrary A, B ∈ F(X), let

S(A, B) =
n

A
i=1

I	
(
f(1)(xi), f(2)(xi)

)
(14)

for all xi in X , where f(.) is a permutation of fA and fB such
that f(1)(xi) = (fA∪fB)(xi), f(2)(xi) = (fA∩fB)(xi), and
A an aggregation operator satisfying Eqs. (1) and (2). Then
S is a similarity measure.

Proof.

(P1) we have I	(x, x) = 1, for any x ∈ [0, 1]. By boundary
conditions on A, see Eq. (1), we obtain S(A, A) = 1.
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(P2) by commutativity of union and intersection of fuzzy sets,
we have

S(A, B) =
n

A
i=1

I	 ((fA ∪ fB)(xi), (fA ∩ fB)(xi))

=
n

A
i=1

I	 ((fB ∪ fA)(xi), (fB ∩ fA)(xi))

= S(B, A)

(P3) by definition, I(1, 0) = 0. By boundary conditions on A,
see Eq. (1), we obtain S(D,Dc) = 0.

(P4) since A ⊆ B ⊆ C ⊆ D, we have for all xi ∈ X

fD(xi) ≥ fC(xi) (15)
fB(xi) ≥ fA(xi) (16)

By non-increasingness in the first variable and non-
decreasingness in the second variable of I	, we obtain
for all xi ∈ X

I	(fD(xi), fA(xi)) ≤ I	(fC(xi), fA(xi)) by Eq. (15)

I	(fC(xi), fA(xi)) ≤ I	(fC(xi), fB(xi)) by Eq. (16)

Last, monotonicity of A, see Eq. (2), gives
S(A, D) ≤ S(B, C) which concludes the proof.

In contrast to inclusion measures, no restriction is imposed to
the A operator, it can be freely chosen provided Eqs.(1) and
(2) are satisfied. On another hand, here again, the confine-
ment principle is necessary to obtain property (P1) of sim-
ilarity measures. Since S(A, B) is reflexive and symmetri-
cal, i.e. S(A, A) = 1 and S(A, B) = S(B, A) hold for any
A, B ∈ F(X), S is a proximity relation on F(X).

Definition 3. A mapping D : F(X)×F(X) → [0, 1] is called
a distance measure if D has the following properties

(P1) D(A, B) = D(B, A), ∀A, B ∈ F(X).

(P2) D(A, A) = 0, ∀A ∈ F(X).

(P3) D(D,Dc) = 1, ∀D ∈ C(X).

(P4) ∀A, B,C ∈ F(X), if A ⊆ B ⊆ C,
then D(A, B) ≤ D(A, C) and D(B, C) ≤ D(A, C)

Proposition 1. For arbitrary A, B ∈ F(X), and S(A, B)
a similarity measure defined by Eq. (14), then the mapping
D : F(X)×F(X) → [0, 1] defined by D(A, B) = Sc(A, B)
is a distance measure between A and B.

3.3 Examples

Some examples of inclusion and similarity measures of the lit-
erature, and the new Hamacher inclusion and similarity mea-
sures, all obtained through the proposed general logical frame-
work are given in Table 1. Moreover, this table shows how it is
easy to check wether an inclusion measure is strong (non dis-
junctive A and I	) or weak (non disjunctive A), see Definition
1, as well as the proper definition of a similarity measure (any
A and I	), see Theorem 3.

For illustration purpose, Fig. 1 shows some examples of fuzzy
similarity measures as well as the influence of the parameter
γ for Hamacher residual implications, which are defined by:

I	Hγ
(x, y) =

{
1 if y ≥ x

y(γ+x−γx)
y(γ+x−γx)+x−y if y ≤ x

(17)

where γ ∈ [0, +∞[. The different plots show the similarity
value of a given fuzzy set A = {0.4/x1, 0.3/x2} to all the
possible two-dimensional fuzzy sets B for various I	. As one
could expect, the closer to x1 or x2 the higher the similarity.
One can also note that different I	 lead to different shapes for
isosurfaces of the similarity.

4 Related works
Let us relate, as far as possible, the proposed framework to
some works issued from the abundant literature on the use of
fuzzy implications for defining inclusion measures. In their
seminal paper [3], Bandler and Kohout propose to use impli-
cation functions in order to quantify the inclusion of each ele-
ment in another, and then aggregate these individual measures
by a conjunctive operator: the minimum. Some years later,
Hirota and Pedrycz propose to use implications for matching
fuzzy quantities [11]. They aggregate the different implica-
tion truth values over X by a Choquet integral, computing the
fuzzy measure with the help of a family of fuzzy sets taken
as fuzzy prototypes. They also propose an entropy measure
based on this matching measure, which gives an impression
concerning the uncertainty of matching. In [14], Kosko criti-
cizes the original definition of fuzzy set containment: B con-
tains A if and only if fA(x) ≤ fB(x) for all x in X by
Zadeh, pointing out that if this inequality holds for all but
just a few x, we can still consider A to be a subset of B to
some degree. So he proposes a second definition based on
fuzzy intersection of two fuzzy sets which can be seen as the
conditional probability P (B|A) under certain circumstances.
Furthermore, he defines the fuzziness of a fuzzy set A as the
inclusion measure of A ∪ Ac in A ∩ Ac, which satisfies the
axioms of fuzzy entropy of De Luca and Termini [15]. In-
clusion and similarity measures from a general set-theoretic
point of view, coming from the proposition of Tversky [1], are
described by Bouchon-Meunier et al. in [2]. The authors in-
troduce a general framework for similitude, satisfiability and
inclusion measures, also study the aggregation of measures of
comparison, but take only two examples for the aggregation
operator A: a t-norm and the OWA operator. In this paper,
we propose a study of the properties of A in its more general
meaning. The same remark applies to the work by Young [4]
proposing an axiomatization of inclusion measures and their
connection to implication operators since she restricts herself
to both the minimum and the arithmetical mean for A. Fur-
thermore, this work do not give necessary conditions on impli-
cations for the definition of strong or weak inclusion measure
whereas our’s does (Definition 1). Wang [13] presents two
similarity measures which can be viewed as particular cases
of the framework we propose. He enlarges his definition to
the similarity of fuzzy elements belonging to various fuzzy
sets. Again, the framework we propose allows to obtain a
similarity between fuzzy elements since we compute implica-
tions for each element. Starting from Kosko and Young obser-
vations, Botana [16] presents a set of new measures derived
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Table 1: Inclusion and similarity measures of the literature, and the new Hamacher inclusion and similarity measures, all
obtained through the proposed general logical framework.
Inclusion Measure I Aggregation Operator A Implication I

I(A, B) = min
x∈X

(min(1, 1 − fA(x) + fB(x))) as defined in [12] min I	L

I(A, B) =
1
n

∑
x∈X

min(1, 1 − fA(x) + fB(x)) arithmetical mean I	L

I(A, B) =
1
n

∑
x∈X

max(1 − fA(x), fB(x)) arithmetical mean I⊥S

I(A, B) =
1
n

∑
x∈X

1 − fA(x) + fA(x) fB(x) as defined in [4] arithmetical mean I⊥A

I(A, B) =
1
n

∑
x∈X

fB(x)(γ + fA(x) − γfA(x))
fB(x)(γ + fA(x) − γfA(x)) + fA(x) − fB(x)

arithmetical mean I	Hγ

Similarity Measure S Aggregation Operator A Implication I

S(A, B) =
1
n

∑
x∈X

min(fA(x), fB(x))
max(fA(x), fB(x))

as defined in [13] arithmetical mean I	A

S(A, B) =
1
n

∑
x∈X

1 − |fA(x) − fB(x)| as defined in [13] arithmetical mean I	L

S(A, B) = max
x∈X

min(fA(x), fB(x)) max I	S

S(A, B) = 1 − max
x∈X

|fA(x) − fB(x)| min I	L

S(A, B) =
1
n

∑
x∈X

f(2)(x)(γ + f(1)(x) − γf(1)(x))
f(2)(x)(γ + f(1)(x) − γf(1)(x)) + f(1)(x) − f(2)(x)

arithmetical mean I	Hγ

from fuzzy implications. He studies whether the introduced
inclusion measures satisfy Young’s axioms [4] and/or those in
[12] when using Wu, Goguen, modified Goguen, Gödel and
Standard strict implications. He also gives the formulation
of the corresponding entropy in the sense of [15, 14]. An-
other approach to aggregation operators is proposed in [17]
consisting in combining implication truth values through re-
spectively disjunctive and conjunctive functions for an opti-
mistic and pessimistic aggregation. Fan et al. discuss the
links between inclusion, entropy and fuzzy implications, and
propose some new axioms for these measures [5]. Burillo et
al. present a family of implication operators derived from the
Łukasiewicz implication in order to define a family of inclu-
sion grade operators [6] using the minimum operator for A.
In [18], Kehagias and Konstantinidou introduce L-fuzzy val-
ued inclusion, similarity and distance measures, i.e. mappings
I,S,D : F(X) × F(X) → [0, 1]n, but restrict the output to
crisp values. As pointed out by the authors, the vector output
can lead to a difficult interpretation of the result. Furthermore,
as vectors are partially ordered they are even harder to com-
pare, they require a new measure to compare outputs. The
framework we propose can provide a vector output since an
implication on each element of X is computed. By contrast
to [18], it would be a fuzzy L-fuzzy valued measure. More
recently [19, 20], a distance between fuzzy operators, fuzzy
implication functions in particular, is proposed. It leads to
normalized tensor-norms which allow to define a similarity of
fuzzy sets, and present an heuristic to choose the most suit-
able implication function to a fuzzy inference system. Zhang
and Zhang propose an hybrid inclusion measure in [10] and
use it to define similarity and distance measures of fuzzy sets.
They restrict themselves to the weighted mean for A, so it
can be viewed as a special case of the work we propose, but

contrarily to Young the involved implications satisfy the con-
finement and the border principle. Let us finally mention the
work by Fono et al. [21] where as many difference operations
as many implications are used to define measures of compari-
son of fuzzy sets in the set-theoretic framework, but we remind
that such measures are out of the scope of this paper.

5 Conclusion and perspectives
In this paper, we propose a unified logical framework to com-
pare fuzzy sets as well as fuzzy elements. Within this frame-
work, new measures of inclusion, similarity and distance can
be easily derived. These measures depend on any fuzzy im-
plication I , provided it satisfies the necessary conditions we
give (the border and the confinement principles) and any ag-
gregation operator A (for similarity and distance) or any con-
junctive and strictly monotonic compensatory aggregation op-
erator A (for inclusion). Choosing specific (A, I) enables to
retrieve most of the measures of the literature.
We hope that results of this work would be of great help to
set comparison functions in many fields: fuzzy mathematical
morphology [6], cluster validity [5], as well as other domains
e.g. image retrieval or feature selection.
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Abstract— The goal of this paper is to consider properties of the
composition of interval-valued fuzzy relations which were introduced
by L.A. Zadeh in 1975. Fuzzy set theory turned out to be a useful
tool to describe situations in which the data are imprecise or vague.
Interval-valued fuzzy set theory is a generalization of fuzzy set theory
which was introduced also by Zadeh in 1965. This paper generalizes
some properties of interval matrices considered by Pȩkala (2007) on
these of interval-valued fuzzy relations.
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1 Introduction
The idea of a fuzzy relation was defined in [28]. An exten-
sion of fuzzy set theory is interval-valued fuzzy set theory.
Any interval-valued fuzzy set is defined by an interval-valued
membership function: a mapping from the given universe to
the set of all closed subintervals of [0,1] (it means that infor-
mation is incomplete). In this paper we study properties of
the composition of interval-valued fuzzy relations. Consid-
eration of diverse properties of the composition is interesting
not only from a theoretical point of view but also for the ap-
plications, since the composition of interval-valued fuzzy re-
lations has proved to be useful in several fields, see for exam-
ple, [20] (performance evaluation), [27] (genetic algorithm),
[19] (approximate reasoning) or in other (see [1, 16]). In
Section 2, we recall elementary properties of the composition
of interval-valued fuzzy relations. Next, we consider preser-
vation of properties of interval-valued fuzzy relations by the
composition and lattice operations.

We give the following definition. LetX,Y, Z be crisp finite
non-empty sets.

Definition 1 (cf. [29, 26]). Let Int([0, 1]) be the set of all
closed subintervals of [0, 1]. An interval-valued fuzzy relation
R in a universe X,Y is a mapping R : X × Y → Int([0, 1])
such that R(x, y) = [R(x, y), R(x, y)] ∈ Int([0, 1]), for all
pairs (x, y) ∈ (X × Y ). The class of interval-valued fuzzy
relations in a universeX×Y will be denoted by IVFR(X×Y )
or IVFR(X) for X = Y .

Interval-valued fuzzy relations reflect the idea that member-
ship grades are often not precise and the intervals represent
such uncertainty.
The boundary elements in IVFR(X × Y ) are 1 = [1, 1] and
0 = [0, 0]. The relation R−1 between Y and X is defined by
R−1(y, x) = R(x, y) for all (x, y) ∈ (X × Y ) which we will
call the inverse relation of R.
Let us look at immediate properties for interval-valued fuzzy
relations: Let P,R ∈ IVFR(X × Y ).
Then for every (x, y) ∈ (X × Y ) we can define

P (x, y) ≤ R(x, y) ⇔ P (x, y) ≤ R(x, y), P (x, y) ≤ R(x, y),

(P∨R)(x, y) = [max(P (x, y), R(x, y)),max(P (x, y), R(x, y))],

(P∧R)(x, y) = [min(P (x, y), R(x, y)),min(P (x, y), R(x, y))],

where operations ∨ and ∧ are the supremum and the infimum
in IVFR(X × Y ), respectively. For arbitrary set T �= ∅ simi-
larly we use

(
∨
t∈T

Rt)(x, y) = [
∨
t∈T

Rt(x, y),
∨
t∈T

Rt(x, y)],

(
∧
t∈T

Rt)(x, y) = [
∧
t∈T

Rt(x, y),
∧
t∈T

Rt(x, y)].

We know that ([0, 1],max,min) is a complete, distributive lat-
tice, and therefore (IVFR(X × Y ),∨,∧) is also a complete,
distributive lattice. So it is a particular case of lattices consid-
ered by Goguen in [18].

Interval-valued fuzzy relations (sets) are equivalent to
some other extensions of fuzzy relations (sets) (see [12]).
Among others, interval-valued fuzzy relations are isomorphic
to Atanassov’s fuzzy relations. This fact was noticed by sev-
eral authors [5, 11, 12]. An Atanassov’s fuzzy relation is a
pair of fuzzy relations, namely a membership and a nonmem-
bership functions, which represent positive and negative as-
pects of the given information. This objects introduced by
Atanassov and originally called intuitionistic fuzzy relations
were recently suggested to be called Atanassov’s intuition-
istic fuzzy relations or just bipolar fuzzy relations [15]. An
Atanassov’s fuzzy set theory is also widely applied in solving
real-life problems. An example of such application is the op-
timization in Atanassov’s intuitionistic fuzzy environment (an
extension of fuzzy optimization and an application of bipo-
lar fuzzy sets) where by applying this concept it is possible
to reformulate the optimization problem by using degrees of
rejection of constraints and values of the objective which are
non-admissible. This concept allows one to define a degree
of rejection which cannot be simply a complement of the de-
gree of acceptance [2]. The idea of a positive and negative in-
formation was confirmed by psychological investigations [9].
Moreover, multiattribute decision making using Atanassov’s
intuitionistic fuzzy sets is possible (see [22, 23]).

Definition 2 (cf. [3]). Let X �= ∅, R, Rd : X × Y → [0, 1]
be fuzzy relations fulfilling the condition

R(x, y) + Rd(x, y) � 1, (x, y) ∈ (X × Y ).

A pair ρ = (R,Rd) is called an Atanassov’s intuitionistic
fuzzy relation. The family of all Atanassov’s intuitionistic
fuzzy relations described in a given sets X,Y is denoted by
AIFR(X × Y ).
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Basic operations on Atanassov’s intuitionistic fuzzy rela-
tions ρ = (R,Rd), σ = (S,Sd) are defined in the following
way

ρ ∪ σ = (max(R,S),min(Rd,Sd)),

ρ ∩ σ = (min(R,S),max(Rd,Sd)),

ρ � σ ⇔ (R ≤ S, Sd ≤ Rd).

The isomorphism which proves the equivalence between
Atanassov’s intuitionistic fuzzy relations and interval-valued
fuzzy relations is the following

Theorem 1 (cf. [11]). The mapping ψ : IVFR(X × Y ) →
AIFR(X ×Y ), such that R→ ρ is an isomorphism between
the lattices (IVFR(X×Y ),∨,∧) and (AIFR(X×Y ),∪,∩),
where R(x, y) = [R(x, y), R(x, y)], R ∈ IVFR(X × Y ) and
ρ(x, y) = (R(x, y), 1 −R(x, y)), (x, y) ∈ (X × Y ).

2 Composition of interval-valued fuzzy
relations

Now, we consider the composition of interval-valued fuzzy
relations.

Definition 3 (cf. [8]). Let ∗ : [0, 1]2 → [0, 1],
P ∈ IVFR(X × Y ), R ∈ IVFR(Y × Z).
By the sup−∗ composition of relations P and R we call the
relation P ◦R ∈ IVFR(X × Z),

(P ◦R)(x, z) = [(P ◦R)(x, z), (P ◦R)(x, z)], (1)

where

(P ◦R)(x, z) =
∨

y∈Y

(P (x, y) ∗R(y, z)),

(P ◦R)(x, z) =
∨

y∈Y

(P (x, y) ∗R(y, z))

and (P ◦R)(x, z) ≤ (P ◦R)(x, z).

Other types of compositions may be also considered. For
example, the composition of interval-valued fuzzy relations
with supremum and ∗ being a triangular norm or a triangular
conorm is examined in [8].

Definition 4 (cf. [24]). A triangular norm T (conorm S) is an
increasing, commutative, associative operation
T (S) : [0, 1]2 → [0, 1] with a neutral element 1 (0).

In [8] it was proved, for finite sets X,Y, Z, that composi-
tions mentioned there are associative if and only if the first
operation in composition is ∨ or ∧ and the second is an arbi-
trary triangular norm or conorm. This is why the choice of the
first operation in the composition (1) is reasonable.

For our further considerations we need the following prop-
erties

Definition 5 (cf. [18]). Let ∗ : [0, 1]2 → [0, 1]. Operation ∗
is infinitely sup-distributive, if∨

t∈T

(xt ∗ y) = (
∨
t∈T

xt) ∗ y,
∨
t∈T

(y ∗ xt) = y ∗ (
∨
t∈T

xt).

Definition 6 (cf. [6]). Operation ∗ : [0, 1]2 → [0, 1] is isotone
if it fulfils the condition:

∀
x,y,z∈[0,1]

x ≤ y ⇒ x ∗ z ≤ y ∗ z, z ∗ x ≤ z ∗ y.

By generalization of the results of the papers [14, 25] and
using [13] we obtain

Lemma 1. If ∗ is isotonic, then sup−∗ composition is also
isotonic.

Proof. Let ∗ be left side isotonic.
For P,R ∈ IVFR(X × Y ), Q ∈ IVFR(Y × Z)

P ≤ R⇔ [P , P ] ≤ [R,R] ⇔
∀

x,y∈X×Y
P (x, y) ≤ R(x, y), P (x, y) ≤ R(x, y)

by isotonicity of the ∗ and supremum we have for
x ∈ X, y ∈ Y, z ∈ Z∨

y∈X

(P (x, y) ∗Q(y, z)) ≤
∨

y∈X

(R(x, y) ∗Q(y, z)),

∨
y∈X

(P (x, y) ∗Q(y, z) ≤
∨

y∈X

(R(x, y) ∗Q(y, z)) ⇔

P ◦Q ≤ R ◦Q,P ◦Q ≤ R ◦Q⇔ P ◦Q ≤ R ◦Q.
The right side isotonicity of ◦ may be proved similarly.

Lemma 2. Let the operation ∗ have a zero element z. If ∗ has
a neutral element e, then sup−∗ composition has a neutral
element Se = [Se, Se],

Se(x, y) =
{
e if x = y
z if x �= y

for x ∈ X, y ∈ Y.

Proof. Let ∗ operation have a zero element z and a neutral
element e.

(Se ◦R)(x, y) =

[
∨

z∈X

(Se(x, z) ∗R(z, y)),
∨

z∈X

(Se(x, z) ∗R(z, y))] =

[(e∗R(x, y))∨
∨
x�=z

(z∗R(z, y)), (e∗R(x, y))∨
∨
x�=z

(z∗R(z, y))] =

[e ∗R(x, y), e ∗R(x, y)] = [R(x, y), R(x, y)] = R(x, y).

The proof for R ◦ Se = R is similar.

If ∗ is an isotonic operation, then we may prove∨
t∈T

(Pt◦R) ≤ (
∨
t∈T

Pt)◦R,
∧
t∈T

(Pt◦R) ≥ (
∧
t∈T

Pt)◦R. (2)

Now we examine the problem of sup-distributivity. Authors
[8] in Theorem 6 present condition for sup-distributivity by
∗ equal to any t-norm or t-conorm and by finite non-empty
X,Y . By generalization we obtain

Lemma 3. If an operation ∗ is infinitely sup-distributive, then
sup−∗ composition is also infinitely sup-distributive i.e., for
Pt ∈ IVFR(X × Y ), R ∈ IVFR(Y × Z)∨

t∈T

(Pt ◦R) = (
∨
t∈T

Pt) ◦R. (3)
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Proof. Let ∗ be sup-distributive, x ∈ X, y ∈ Y, z ∈ Z. Then

((
∨
t∈T

Pt) ◦R)(x, z) =

[
∨

y∈Y

((
∨
t∈T

Pt)(x, y)∗R(y, z)),
∨

y∈Y

((
∨
t∈T

Pt)(x, y)∗R(y, z))] =

[
∨

y∈Y

(
∨
t∈T

(Pt(x, y)∗R(y, z))),
∨

y∈Y

(
∨
t∈T

(Pt(x, y)∗R(y, z)))] =

[
∨
t∈T

(
∨

y∈Y

(Pt(x, y)∗R(y, z))),
∨
t∈T

(
∨

y∈Y

(Pt(x, y)∗R(y, z)))] =

[
∨
t∈T

(Pt ◦R)(x, z),
∨
t∈T

(Pt ◦R)(x, z)] =
∨
t∈T

(Pt ◦R)(x, z).

Here we discuss the most important property of binary op-
erations, i.e. the associativity. The associativity of ∗ is not suf-
ficient for the associativity of the sup−∗ composition. Some
results of this problem we see in ([8], Theorem 9) for t-norms
or t-conorms on finite sets. As a result the question about the
associativity of the composition of interval-valued fuzzy rela-
tions we get for arbitrary sets X,Y, Z, U the following lem-
mas.

Lemma 4. If an operation ∗ is associative and infinitely sup-
distributive, then sup−∗ composition is associative.

Proof. Let operation ∗ be associative and infinitely sup-
distributive, P ∈ IVFR(X × Y ), R ∈ IVFR(Y × Z),
Q ∈ IVFR(Z × U) and x ∈ X, y ∈ Y, z ∈ Z, u ∈ U .

((P◦R)◦Q)(x, u) = [((P◦R)◦Q)(x, u), ((P◦R)◦Q)(x, u)] =

[
∨
z

(P ◦R)(x, z) ∗Q(z, u),
∨
z

(P ◦R)(x, z) ∗Q(z, u)] =

[
∨
z

(
∨
y

(P (x, y) ∗R(y, z)) ∗Q(z, u)),

∨
z

(
∨
y

(P (x, y) ∗R(y, z)) ∗Q(z, u))] =

[
∨
z

∨
y

(P (x, y) ∗ (R(y, z) ∗Q(z, u))),

∨
z

∨
y

(P (x, y) ∗ (R(y, z) ∗Q(z, u)))] =

[
∨
y

(P (x, y) ∗
∨
z

(R(y, z) ∗Q(z, u))),

∨
y

(P (x, y) ∗
∨
z

(R(y, z) ∗Q(z, u)))] =

[(P ◦(R◦Q))(x, u), (P ◦(R◦Q))(x, u)] = (P ◦(R◦Q))(x, u).

As a direct consequence of the above lemmas we observed
that set of all interval-valued fuzzy relations with the compo-
sition (1) create a semigroup.

Proposition 1. If ∗ is associative, infinitely sup-distributive
operation with a zero element z=0 and a neutral element e=1,
then (IVFR(X), ◦) is an ordered semigroup with the identity
I = [I, I].

In the sequel we denote byD the set of all binary operations
∗ : [0, 1]2 → [0, 1] which are associative and infinitely sup-
distributive (these conditions imply that ∗ is isotonic). As a
result a special case of ∗ may be a left-continous triangular
norm or conorm. If ∗ ∈ D, then in a semigroup (IVFR(X), ◦)
we can consider the powers of its elements, i.e. relations Rn

for R ∈ IVFR(X), n ∈ N. By analogy to [21] we define

Definition 7. By the powers of a relation R ∈ IVFR(X) we
call interval-valued fuzzy relations

R1 = R, Rm+1 = Rm ◦R, where m = 1, 2, . . . .

By the upper closure R∨ and the lower closure R∧ of the re-
lation R we call, respectively

R∨ =
∞∨

k=1

Rk, R∧ =
∞∧

k=1

Rk, where Rk = [Rk, R
k
]. (4)

Proposition 2. If ∗ ∈ D and P,R ∈ IVFR(X), then

∀
n∈N

(P ∨R)n ≥ Pn ∨Rn, (P ∧R)n ≤ Pn ∧Rn, (5)

(P ∨R)∨ ≥ P∨ ∨R∨, (P ∧R)∨ ≤ P∨ ∧R∨, (6)

(P ∨R)∧ ≥ P∧ ∨R∧, (P ∧R)∧ ≤ P∧ ∧R∧. (7)

Proof. Let n ∈ N. From the isotonicity of ∗ and the Lemma 1
we know that the sup−∗ composition is also isotonic. As a
result we obtain the isotonicity for powers. Then by

P ∨R ≥ P, P ∨R ≥ R

(P ∨R ≥ P , P ∨R ≥ R, P ∨R ≥ P , P ∨R ≥ R)

we have

(P ∨R)n ≥ Pn, (P ∨R)n ≥ Rn and

(P ∨R)n ≥ P
n
, (P ∨R)n ≥ R

n
,

so we obtain

(P ∨R)n ≥ Pn, (P ∨R)n ≥ Rn ⇒ (P ∨R)n ≥ Pn ∨Rn.

Similarly, we can prove (P ∧ R)n ≤ Pn ∧ Rn. Moreover,
supremum and infimum are isotonic, so from the condition (5)
also closures have this property
P∨ ≤ (P ∨R)∨, R∨ ≤ (P ∨R)∨ ⇒ P∨ ∨R∨ ≤ (P ∨R)∨,
(P ∧R)∨ ≤ P∨, (P ∧R)∨ ≤ R∨ ⇒ (P ∧R)∨ ≤ P∨ ∧R∨.
Similarly, we may prove the inequalities in (7).

Proposition 3. Let ∗ ∈ D and P,R ∈ IVFR(X).
If P ◦R = R ◦ P , then

∀
n∈N

(P ◦R)n = Pn ◦Rn, (8)

(P ◦R)∨ ≤ P∨ ◦R∨, (P ◦R)∧ ≥ P∧ ◦R∧. (9)
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Proof. The given equality in (8) may be proved by the mathe-
matical induction and associativity of ∗ and commutativity of
powers, which is implied by commutativity of P and R. Then

(P ◦R)∨ =
∞∨

k=1

(P ◦R)k = [
∞∨

k=1

(P k ◦Rk),
∞∨

k=1

(P
k ◦Rk

)],

by (3), (2) and isotonicity of the operation sup−∗ we have

[
∞∨

k=1

(P k◦Rk),
∞∨

k=1

(P
k◦Rk

)] ≤ [
∞∨

k=1

(P∨◦Rk),
∞∨

k=1

(P
∨◦Rk

)]

≤ [P∨◦
∞∨

k=1

Rk, P
∨◦

∞∨
k=1

R
k
] = [P∨◦R∨, P

∨◦R∨
] = P∨◦R∨,

which proves the first condition in (9). The second condition
in (9) one may be justified in a similar way.

3 Properties of interval-valued fuzzy relations
Now, we will examine whether the given properties are pre-
served by the composition of interval-valued fuzzy relations.
We see that many properties of the ∗ operation are transposed
to the operation of sup−∗ composition but not all of them.
Namely, if ∗ = min, then sup−min composition is not
commutative. Now, we examine very interesting properties,
namely subidempotency and superidempotency. These prop-
erties are of the large interest for example in economy where
they are applied in valuation of supply and demand. Similarly
to definitions of properties of fuzzy relations in [21] we have

Definition 8. Let R ∈ IVFR(X). The relation R is called
idempotent, subidempotent (transitive) or superidempotent if
R2 = R, R2 ≤ R, R2 ≥ R, respectively.

For the Boolean matrices of dimension n× n the following
computations hold true

Table 1: The subidempotent relations in the family of all
relations.

n all subidempotent %
2 16 13 81,25000
3 512 171 33,39844
4 65536 3994 6,09436
5 33554432 154303 0,45986

A similar situation takes place in any distributive and
bounded lattice, it means that the percentage of the subidem-
potent matrices is rapidly decreasing with the growth of n.
This is why the consideration and determination of the upper
closure R∨ is very important.

Theorem 2. Let ∗ ∈ D and R ∈ IVFR(X). R∨ is the least
subidempotent relation greater than or equal to R. Moreover,
the relation R is subidempotent if and only if R = R∨.

Proof. Let R,S,Q ∈ IVFR(X). If R is subidempotent, then

∀
n∈N

Rn ≤ R and R ≤ R∨ =
∨
n∈N

Rn ≤ R,

so we obtain R∨ = R.
If R∨ = R, then for S = R∨ we have

S2 =
∞∨

k=2

Rk ≤ R∨ = S

and R∨ is subidempotent.
We show that if there exists Q = [Q,Q] such that

[R,R] ≤ [Q,Q] and [Q2, Q
2
] ≤ [Q,Q],

then by isotonicity the sup−∗ composition (Lemma 1) we ob-
tain

[R2, R
2
] ≤ [R ◦Q,R ◦Q] ≤ [Q2, Q

2
]

thus
[Rk, R

k
] ≤ [Qk, Q

k
] ≤ [Q,Q] for k ∈ N.

So by isotonicity of the supremum R∨ ≤ Q.

The closures and powers of interval-valued fuzzy relations
also preserve some properties of such relations.

Theorem 3. Let an operation ∗ ∈ D be commutative and
R ∈ IVFR(X). If R is subidempotent (superidempotent), then
Rn, R∧ (R∨) are subidempotent (superidempotent).

Proof. Let R2 ≤ R. Then Rn are also subidempotent, n ∈ N.
By (2) and subidempotency of R we have

(R∧)2 ≤ (R2)∧ ≤ R∧,

so R∧ is subidempotent. The property of superidempotency
may be proved analogously.

Theorem 4. Let T �= ∅ and ∗ ∈ D and Rt ∈ IVFR(X),
t ∈ T . If (Rt)t∈T is a family of subidempotent relations, then
the relation R =

∧
t∈T Rt is subidempotent.

Proof. Let R2
t ≤ Rt, t ∈ T , then by (2)

R2 = (
∧
t∈T

Rt)2 = (
∧
s∈T

Rs) ◦ (
∧
t∈T

Rt) ≤

∧
t∈T

((
∧
s∈T

Rs) ◦Rt) ≤
∧

s,t∈T

(Rs ◦Rt) ≤
∧
t∈T

Rt = R

i.e., the relation R is subidempotent.

Theorem 5. Let ∗ ∈ D and P,R ∈ IVFR(X). If P,R are
subidempotent, then P ∨ R is subidempotent if and only if
P ◦R ∨R ◦ P ≤ P ∨R.

Proof. Since P 2 ≤ P , R2 ≤ R so by (3) we obtain

(P ∨R)2 = [(P ∨R) ◦ (P ∨R), (P ∨R) ◦ (P ∨R)] =

[(P ◦ P ) ∨ (R ◦ P ) ∨ (P ◦R) ∨ (R ◦R),

(P ◦ P ) ∨ (R ◦ P ) ∨ (P ◦R) ∨ (R ◦R)] ≤
[P ∨ (R ◦ P ) ∨ (P ◦R) ∨R,P ∨ (R ◦ P ) ∨ (P ◦R) ∨R] =

[P ∨R ∨ (R ◦ P ) ∨ (P ◦R), P ∨R ∨ (R ◦ P ) ∨ (P ◦R)],

as a result

(P ∨R)2 ≤ P ∨R⇔ P ◦R ∨R ◦ P ≤ P ∨R,

because
P ≤ R⇔ P ∨R = R.
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Theorem 6. Let ∗ ∈ D and P,R ∈ IVFR(X). If P,R are
subidempotent (superidempotent) and P ◦ R = R ◦ P , then
P ◦R is subidempotent (superidempotent).

Proof. If P ◦ R = R ◦ P and P ◦ R = R ◦ P , P 2 ≤ P ,
R2 ≤ R, then by the associativity and monotonicity of the
sup−∗ composition we have

(P ◦R)2 = [(P ◦R)2, (P ◦R)2] =

[P ◦ (R ◦ P ) ◦R,P ◦ (R ◦ P ) ◦R] =

[P ◦ P ◦R ◦R,P ◦ P ◦R ◦R] = [P 2 ◦R2, P
2 ◦R2

] ≤
[P ◦R,P ◦R] = P ◦R.

As a result P ◦R is subidempotent. The proof for superidem-
potency is similar.

4 Conclusion
In this work we present only some problems connected with
the preservation of interval-valued fuzzy relation properties by
the sup−∗ composition and related to it operation. We can
also consider preservation of other properties (for example,
symmetry, asymmetry, antisymmetry, reflexivity, irreflexivity,
connectedness) by the composition of interval-valued fuzzy
relations and also by its powers and lattice operations.
We may consider dual composition to the one defined in (1).
This is the inf −∗′

composition with the dual binary operation
∗′, where x ∗′ y = 1 − (1 − x) ∗ (1 − y) for x, y ∈ [0, 1].
The properties of this composition may be deduced from the
sup−∗ composition.
Moreover, we may study interval-valued t-norms and
t-conorms as operations on Int([0,1]) which are important
functions because they are useful in approximate reasoning,
in medical diagnosis and information retrieval. For exam-
ple, the authors of [7, 10] examine the construction of t-norms
and t-conorms in the lattice (Int[0, 1],∨,∧) and analyze some
properties of them.
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A fuzzy approach for the model of sliding window. An application to behaviour
patterns mining
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Abstract— Many traditional environment applications base their
operations on using sensor. For instance, the Tagged World uses the
information from sensors to identify user behaviour and to provide
services. We present a method to limit an user behaviour through
external user knowledge: a Temporal Window. However, an user
behaviour has random imprecision by definition. Thus, we have
adapted the method to manage the imprecision, Fuzzy Temporal Win-
dow, which includes Fuzzy Logic concepts. As an application, we
present a method to extract behaviour patterns on time defined by a
Fuzzy Temporal Window.
Keywords— Behaviour, Fuzzy Windows, Quantified Sentences,
Tagged World, Frequent Itemsets

1 Introduction
In the last years, Smart Computers have suffered a great evolu-
tion that is transforming the world. Ubiquitous Computing[1]
uses them to make user daily life easier. Computers are in-
cluded on daily life without disturbing normal user activities.
Different devices are added in traditional environment from
common PDA or Mobile Phone to sensors. Nowadays, the last
trend in Ubiquitous Computing is to provide the environment
with different mechanisms to get information.

Sensors are devices that are able to know what is happen-
ing in the environment. There are many kind of sensors from
temperature sensor to mechanical one. We also find RFID sen-
sors [2] that identify every object in the environment with an
unique number by means of radio frequency. Placing RFID
tags in an environment we get to construct an intelligent space
in which everyone can enjoy services. An intelligent space
obtains user position, user behaviour, and environment infor-
mation around a user and so on by a sensor network [3]. Other
example about these spaces can be found in [4]. We find an in-
telligent space that provides services in a variety of scenes, but
hardly ever, without reasoning or inference. The development
of these projects is the Tagged World concept.

In [5, 3], the Tagged World project is presented. This
project is developed in the University of Ritsumeikan, Japan
and consists on providing appropriate personalized services
for each user, to make their life easier and safer by recogniz-
ing and reasoning the human behaviour. They use a wearable
computer as a Pocket Assistant that compares an access log
with patterns to recognize human activities. The system is
based on a Bayesian network and obtains results with a prob-
ability value for every extracted behaviour.

Other alternative is proposed by Philipose and et al. [6].
They proposed a system to infer Activities of Daily Living in
a Tagged World. They present a new paradigm for ADL in-
ferencing leverage radio-frequency-identification technology,

data mining and a probabilistic inference engine to recognize
ADLs based on objects that people use. As sensor, they use
RFID technology with other sensor streams to fill in the gaps.
The system represents activities as linear sequences of activity
stages, and annotates each stage with the involved objects and
the probability of their involvement.

In [7][8] is proposed a system to identify correct behaviour
using Data Mining Techniques. The system is divided into two
main parts: inductive learning mechanism, which produces a
behaviour database and a reasoning system for the recognition
of sequences that uses this database. The first stage uses Fre-
quent Itemsets, while the second one does Regular Grammar.

This paper is organized in six main sections. In Section 2
we present the formal problem to solve. In Section 3, Fuzzy
Temporal Window concept is explained. Section 4 presents
the method that manage problem uncertainty. In section 5,
we show some empirical results, comparing crisp and fuzzy
models. Finally, the conclusions and future works are reported
in section 6.

2 Formal Problem
This section defines the formal problem: to obtain sequence
patterns to identify user behaviour that are defined on a spe-
cific domain and context. Thus, we have to define some basic
concepts which are the objectives of the system.

DEFINITION 2.1 (Action) An action, a, is an activity that
happens using a specific object.

However, it results very interesting to know when an action
happens on time.

DEFINITION 2.2 (Action on time) An action on time, a, is an
activity that happens over a specific object in a known time
and it is denoted as a pattern a = (h, l), where h is a fact and
l is a temporal label that defines the time of the action.

These definitions give us a basic element to work, but our aim
is to find different actions that make a behaviour up.

DEFINITION 2.3 (Behaviour) Let A = {a1, ..., an} be set of
possible user actions in some situations or domains. An user
behaviour is a finite set of actions:

β = {α1, α2, , .......αp(β)}

with αj ∈ A∀j , and where αj is performed before αk iif
j ≤ k.
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In this definition, we do not pay attention on the time, al-
though, in general, a behaviour happens in a specific moment
on time.

DEFINITION 2.4 (Behaviour on time) Let A = {a1, ..., an}
be set of possible user actions in some situations or domains.
Let τ be the temporal line, then A user behaviour on time is a
finite set of pair such as:

bI = {(α1, t1), ...(αn(b), tn(b))}

where αj ∈ A∀j, where αj is performed before αk iif j ≤ k,
tj ∈ [0, τ ] ∀ti < tj if i ≥ j, with I = [t1, tn(b)]

The System is based on a database about user actions. This
database has been obtained from user observation, i.e., from
actions that user has done. In rest of this document, we name
this database as Observation Data Base (ODB).

The representation of ODB is a transactional database T,
where every row is an observation over an user. Normally,
we study his activity in a whole day; and every column is a
possible action from A set, A = {a1, ..., an}.

3 Fuzzy Temporal Windows. Extract
behaviour patterns tool.

In previous section, we have presented behaviour sequence
pattern problem. In [7][8] we study behaviours in a crisp way,
however the human behaviour is not crisp. Human activity has
random imprecision by definition.

3.1 Motivations

In [7][8] we present a process to obtain correct sequence pat-
terns of actions from user behaviour. This method extracts
from a particular ODB common actions. A general ODB con-
tains actions that a user has realized for a whole day. For this
reason, we do not know where a behaviour starts or ends. The
proposed method needs an expert to indicate when a behaviour
is performed. This proposal is not applicable in a real system,
since every person has his/her specific activities and habits.

Therefore, we have to design a mechanism to identify the
interval of the ODB that we have to study. In this point, we
use a knowledge about the behaviour :generally, there exist
some behaviours that are realized by user at the same time
every day.

EXAMPLE 3.1 Luis leaves home at 8:30 o’clock.

We use this knowledge to situate an interval on the temporal
line. The result is a subset from particular ODB to the studied
behaviour.

In spite of this fact, nobody usually does an action at the
exactly moment every day. They usually do actions roughly at
the same moment. This raises a new problem: how we fix the
interval’s ranges to detect a specific activity. Ranges should
consider random imprecision of the situations.

EXAMPLE 3.2 Let us suppose that Luis often leaves home at
8:30 o’clock, then we could control actions that happen about
8:30 (from 8:20 to 8:40, for instance).

We name the interval defined over temporal line as Tempo-
ral Window. It permits to get a subset from each ODB tuple
(See figure 1). In this subset, we know that actions have not

Figure 1: Temporal Window over a ODB

the same degree of importance, since actions are about the
specific time are more important than actions far from the in-
terval centre. So, we could assign a degree of importance at
each action, in function of its situation in the interval. Then,
we can define the interval as a fuzzy set and name it as Fuzzy
Temporal Window (See figure 2).

3.2 Model Formulation

In this section we present a formal representation to Temporal
Window and Fuzzy Temporal Window.

DEFINITION 3.1 (Temporal Window, W) Let I be a interval
from the temporal line τ , ODB the Observation Data Base and
t ∈ ODB a tuple from ODB. Let ij be an action ij = (hj , lj),
then a Temporal Window, W, for a specific behaviour, which
happens in interval I of τ , is defined as a subset of t where

∀ij ∈W (t) then ij ∈ t and lj ∈ I

DEFINITION 3.2 (Fuzzy Temporal Window, FW) Let I be
a interval from the temporal line τ , ODB the Observation
Data Base and t ∈ ODB a tuple from ODB. Let ij be an
action ij = (hj , lj) and a Temporal Window, W, to a specific
behaviour. Let fs be a fuzzy set over τ , then it defines a Fuzzy
Temporal Window, FW, as a Temporal Window where

∀ij ∈W (t) µFW (ij) = µfs(lj)

If we apply a Fuzzy Temporal Window over the ODB, we ob-
tain an image where each item has its membership degree. As
we have represented an ODB as a Transactional Database, we
obtain a Transactional Database image too.

DEFINITION 3.3 (Fuzzy ODB applying W) Let ODB be an
Observation DataBase and W a Fuzzy Temporal Window, it
defines ˜ODB as a Fuzzy Observation Data Base constructs
as W(ODB) such as

∀t ∈ ODB,W (t) ∈ ˜ODB

DEFINITION 3.4 (Fuzzy Transactional Data Base) Let T be
a Transactional Data Base and W a Fuzzy Temporal Window,
it defines T̃ as a Fuzzy Transactional Data Base constructs as
W(t) ∀t ∈ T .

We represent the Fuzzy Transactional DataBase as a table
where for every row and column we have membership degree
corresponding to the Fuzzy Temporal Window.
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Figure 2: Fuzzy Temporal Window over a ODB

3.3 Extending the Fuzzy Temporal Windows.

Until this point, we establish a Fuzzy Temporal Window with
previous behaviour knowledge. We suppose this knowledge is
completely true, although this statement always is not correct.

EXAMPLE 3.3 Let us suppose that we want to check the be-
haviour Luis leaves home at 8:30 o’clock. How-
ever, we know that Luis sometimes arrives late at work. So,
we can affirm that Luis leaves home at time almost
always.

In the example 3.3, we give a quantified adjective to actions
of a behaviour to express certain. We employ a semantic ap-
proach based on evaluation of quantified sentences [9]. A
quantified sentence is an expression of the form ”Q of F are
G”, where F and G are two fuzzy subsets of a finite set X,
and Q is a relative fuzzy quantifier. Some examples could be
(The most times, Luis leaves home, 8:30), (Almost never, Luis
leaves home, on time), (Almost all times, Luis leaves home,
8:30).

This knowledge is used to expand the Fuzzy Temporal Win-
dow size. We use the method presented in [10]. This method
transforms the used function to define a specific behaviour
according with the knowledge expressed by a quantified sen-
tence. The proposed process obtains a new window F ′ in two
steps:

1. Firstly, they truncate a fuzzy number, our Fuzzy Tempo-
ral Window, using the certainty degree α associated to
the fuzzy value A. After this operation, we obtain a non
normalized fuzzy set Aα.

2. Secondly, they normalize the fuzzy set. The authors as-
sume that uncertainty is being translated into imprecision
under the condition of the amount of information pro-
vided by the fuzzy number remains equal before and after
normalization process.

The transformation function is defined as:

DEFINITION 3.5 Let A ∈ τ be a fuzzy number such that A =
{(m1,m2, a, b) , αA}, where m1, m2, a, b are the values that
defines a trapezoidal fuzzy number and αA is the height of A.
Let α ∈ (0, 1]. We will denote� (αA, α) = � and define

Tα (A) =
{(

m1,m2, a +
�
k

, b +
�
k

)
, α

}
(1)

for those α in which the transformation makes sense.

Figure 3: Transformations over a Trapezoidal Fuzzy Temporal
Windows

To use the definition 3.5, we need to define two basic parame-
ters:

• k.- scale parameter

• α.- value for doing the transformation

In figure 3 we represent the followed process over a trape-
zoidal window.

In this point, we introduced the quantified sentences over
a Fuzzy Temporal Windows, using their evaluation to know
α value. When we have this value, we transform A set in its
α version (Aα), which is the basis of the final transformation
AT . Example 3.4 shows the followed process. We use a trape-
zoidal Fuzzy Temporal Window for the sake of clarity.

EXAMPLE 3.4 Let us suppose that we want to check the be-
haviour Luis hardly ever leaves home at 8:30
o’clock. Thus, our Fuzzy Temporal Windows, represented
as a lr-number as F = (m1,m2, a, b) where m1, m2 is the
higher points of a trapezoidal fuzzy number, and a, b are the
time to establish the lower points.

F = (8 : 25, 8 : 35, 0 : 05, 0 : 05) (2)

Firstly, we have to evaluate a quantified sentence to find out
the α-value. There exists a lot of ways to evaluate it. Here
we have selected the basic way, but not the best: Zadeh.
The expression of the Zadeh Cardinal is αA = P (A)

|X| where
P (A) = sumx∈XA(x) and |X| is the X set cardinal.

So, αA = 15
20 = 0.75. The evaluation of the quantified

sentence is ZQ(A) = Q(αA) = 0.53.
Next, we do the transformation of our windows using α

value.

F = {(8 : 25, 8 : 35, 0 : 05, 0 : 05) , 1} → (3)

Fα =
{(

8 : 25− 0 : 05(1− α), 8 : 35−
0 : 05(1− α), 0 : 05α, 0 : 05α

)
, α

}
→ (4)

FT =
{(

8 : 25− 0 : 05(1− α), 8 : 35− 0 : 05
(1− α), 0 : 05α− 1−α

kα , 0 : 05α− 1−α
kα

)
, 1

}
(5)

Replacing α value with ZQ(A), i.e., α = 0.53 we expand our
Fuzzy Temporal Windows to

F = (8 : 23, 8 : 37, 0 : 08, 0 : 08) (6)
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4 Fuzzy method to extract behaviour patterns.
Obtaining sequence patterns by alpha-cuts

Once we have information, we should get common actions
and valid sequences for every behaviour. However, we can
not apply the method explained in [7] [8] directly, because
we have to manage membership degree corresponded to the
Fuzzy Temporal Window.

Here, we cannot present our Crisp model but we have to
clarify some basic concepts of it that are need to can under-
stand the process.

4.1 Previous concepts

In this section, we want to specify some important concepts:
common actions and valid sequences.

1. Common actions: We define the common actions as a se-
quence of events that occurs more often in the observed
knowledge. We can identify the common actions with
the concept of Frequent Itemset: every frequent itemset
corresponds to a particular common behaviour [8]. How-
ever, an itemset is a set and, so, it has not order relation-
ship among its elements. However, a basic condition for
a behaviour is the existence of this relationship. Since,
we have to control which sequences of these itemsets are
valid.

2. Valid/Correct sequences We define the valid sequences
as the permutations of the set whose order relationship
among their elements appear in the knowledge of the
ODB. We use the permutation concept and an designed
algorithm to determine if a sequence is valid or not,
since not all permutation will be accepted as a pattern
sequence.

4.2 Changes to manage the random imprecision

In this subsection, we present the different changes to manage
the random imprecision. Thus, the objective is to develop a
system that obtains stimulation from user who realizes some
actions sequentially. The problem consists on extracting the
sequence patterns to specific behaviour when we have a Fuzzy
ODB ˜ODB, represented as T̃ , and a Fuzzy Temporal Window
W defined from user knowledge.

Firstly, we have to transform a fuzzy problem to a crisp
problem to apply the method explained in [7] [8]. We could
use α-cut set [11]. By the α-cut, we would have a new crisp
image of T̃ , Tα where every value is in {0, 1}. Then, we apply
classical method to Tα, obtaining frequent itemsets and se-
quence patterns to specific α value (Iα and Pα, respectively).
After extracting all sequence patterns, we create a fuzzy set
P by sequence patterns which have obtained to every α-value
applying the Representation Theorem.

As we use frequent itemsets, we need to represent extracted
frequent itemsets as an unique fuzzy set. Thus, we have to
ensure consistent restriction between every α frequent itemset
Iαi . For sequence patterns representation is the same. The
proof of these statements can be studied in [8].

4.3 An illustrative example

In this example we want to show the operation of the method.
We start from ODB which is collected from the touched object

by the user in the daily activity1.
Let W a Fuzzy Temporal Window defines by the following

fuzzy set over temporal line τ :

W =




0
8:20 , 0,2

8:21 , 0,4
8:22 , 0,6

8:23 , 0,8
8:24 , 1

8:25 , 1
8:26

1
8:27 , 1

8:28 , 1
8:29 , 1

8:30 , 1
8:31 , 1

8:32 , 1
8:33 , 1

8:34
1

8:35 , 0,8
8:36 , 0,6

8:37 , 0,4
8:38 , 0,2

8:39 , 0
8:40


(7)

Then, we apply W over T and obtain a Fuzzy T T̃ where every
time of actions is replaced with the membership degree value
in W. We apply the α-cut for α values α1 = 0.4, α2 = 0.6,
α3 = 0.8, α4 = 1.0. We obtain for each α values the Tα, the
result of apply the α-cut in T̃ . After these operations, we have
transformed the fuzzy problem to a crisp problem. Now, we
extract frequent itemsets and sequence patterns with the model
explained in [7] and [8].

We have executed the Apriori Algorithm with two support
values: minsup = 0.8 and minsup = 0.9. The results are
showed in tables 1 and table 2.

Since we have the common actions to specific behaviour,
the next stage consists of obtaining the valid sequences pat-
terns and the final representation as a fuzzy set applying the
Identity Principle. The valid patterns are showed in table 3
and table 4. And the final pattern representation in equation 8
to minsup = 0.8 and equation 9 to minsup = 0.9.

Table 1: Frequent itemset to minsup = 0.8
Iα1 {Shoes, Bag, Keys, ODoor, MobilePhone}

{Keys, Keys2, ODoor, ODoor2, MobilePhone}
Iα2 {Shoes, Bag, Keys, ODoor, MobilePhone}

{Keys, Keys2, ODoor, ODoor2, MobilePhone}
Iα3 {Shoes, Bag, Keys, ODoor, MobilePhone}
Iα4 {Shoes, Bag, Keys, ODoor, MobilePhone}

Table 2: Frequent itemset to minsup = 0.9
Iα1 {Keys, ODoor, MobilePhone}
Iα2 {Keys, ODoor, MobilePhone}
Iα3 {Keys, ODoor}
Iα4 {ODoor}

Table 3: Valid patterns to minsup = 0.8
P α1 {Shoes, Bag, Keys, MobilePhone, ODoor} p1

{Shoes, Keys, MobilePhone, Bag, ODoor} p2

{Shoes, MobilePhone, Bag, Keys, ODoor} p3

{Keys, MobilePhone, ODoor, Keys2, ODoor2} p4

{MobilePhone, Keys, ODoor, Keys2, ODoor2} p5

P α2 IDEM
P α3 {Shoes, Bag, Keys, MobilePhone, ODoor} p1

{Shoes, Keys, MobilePhone, Bag, ODoor} p2

{Shoes, MobilePhone, Bag, Keys, ODoor} p3

P α4 IDEM

P̃ =
{

p1

α4
,
p2

α4
,
p3

α4
,
p4

α2
,
p5

α2

}
=

{p1

1
,

p2

0.4
,
p3

1
,
p4

1
,

p5

0.6

}
(8)

1In this paper, we do not show the Data Base due to the lack of
space.
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Table 4: Valid patterns to minsup = 0.9
P α1 {Keys, MobilePhone, ODoor} p1

{MobilePhone, Keys, ODoor} p2

P α2 IDEM
P α3 {Keys, ODoor} p3

P α4 {ODoor} p4

P̃ =
{

p1

α2
,
p2

α2
,
p3

α3
,
p4

α4

}
=

{ p1

0.6
,

p2

0.6
,

p3

0.8
,
p4

1

}
(9)

5 Performance Evaluation
In this section, our objective is to evaluate fuzzy model ver-
sus crisp model presented in [7][8]. In other hand, we present
advantages of modifying the windows using quantified sen-
tences. To do this proof, we used a database that represents
daily activities of the user. To be precise, we focus study on
the analysis of Leave Home behaviour, to simplify the pro-
cess. We study two databases. These databases try to force
the temporal model, thus they imply different temporal rela-
tions between their items. In the first one, the interval between
two consecutive actions is always the same. In the second
database, we break this temporal relation.

With these experiments, we want to control the fuzzy win-
dow influence over the database.

As well as, we need a goodness measure to analyze obtained
outcomes. We design a measure to evaluate the method that
works with a sequence of words. So, we have to design a
way to transform these sequences in a numerical way. We
have to design this measure because it tries to pay attention all
important aspects: correction, rubbish, alpha, minsup, time,
etc.

Therefore, we have to define a goodness measure that
makes the result evaluation easier:

c = α1correction + α2alpha + α3
1

time
(10)

where,

• correction.- similarity measure of every pattern to the
correct pattern. We define a function that associates a nu-
meric value with sequences that a higher value indicates
greater similarity.

• alpha.- mean of the alpha-values used for the α-cut for
every pattern.

• time.- amount of millisecond that the method inverts in
obtaining results.

Goodness measure is inversely proportion with time raises
to the power of minus one and directly proportion with the
correction and confidence measure. So, if the absolute value
of the correction gets bigger, the absolute value of goodness
measure gets bigger too.

For the experiments, we use a specific values for α. We
have chosen this values because we believe they are rougher
to the reality. We use: α1 and α2 equals 0.3 and α3 equals 0.4.

5.1 Crisp model vs Fuzzy model

We were evaluating our system with three different fuzzy dis-
tribution: a trapezoidal distribution, a the Gauss bell shape

Figure 4: Crisp vs Fuzzy. Database a

Figure 5: Crisp vs Fuzzy. Database b

with mean 40 minutes and a the Gauss bell shape with mean
60 minutes. We have used some distributions more, however
we believe these distributions show the most interesting re-
sults. In figure 4 and 5, two graphics show goodness measure
for every window. In addition, we show results of crisp model
to compare the methods. If we observe results, we extract
some conclusions which are convenient to study:

• In general, we conclude that the Fuzzy model obtains bet-
ter results than the Crisp one. The Fuzzy method includes
a way to provide importance to some actions that are key
but are irregular. On the other hand, the Crisp method
consider all actions at the same importance, and can lose
this key actions. In addition, the Crisp method has to
study all the data, while the Fuzzy method can reduce
the size of transactions and can do the elements become
frequent, minimizing the computational cost. This reduc-
tion could be very interesting when we have a forgetful
user, because we would have a database with many mis-
takes that we would have to avoid. Moreover, this size
reduction of the database makes it easier to find if the
order of the sequences are valid.

• Among the Fuzzy Temporal Windows, the best results
are obtained with the Gauss bell shape. It relaxes the de-
gree of membership of their elements to the fuzzy win-
dow. When we perform the cut with a specific α, we
include more items to study. Instead, in the trapezoidal
shape the α-cuts are more abrupt, then more elements are
lost.

• For the second database, the Crisp method provide good
results: if we study all possible data, you always get
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Figure 6: Original vs Extended Trapezoidal. Database a

Figure 7: Original vs Extended Trapezoidal. Database b

key actions. However, with any Fuzzy Temporal Win-
dow with a Gauss bell shape we can extract almost the
same results than the Crisp model minimizing the com-
putational cost. Other alternative is to extend the variance
of the fuzzy window, as we will see in the next subsec-
tion.

• Thus, the outcomes obtained with the fuzzy model are
better than using crisp model.

5.2 Analysis of process of extending the Fuzzy Temporal
Window

Once we have checked our fuzzy method, we analysed the
process of extending the Fuzzy Temporal Window from a
knowledge expressed as a quantified sentence. We are going
to continue with example 3.4 that we proposed on section 3.3.
We applied original Trapezoidal Temporal Window over two
databases used in the previous section, and the new window
obtained after expanding the window. Goodness measure is
represented on figures 6 and 7: From these graphics, we ob-
serve that sometimes we extract results with the second win-
dow where the first window do not. This event happens be-
cause with the second window we have expanded the amount
of data we studied to obtain the results. Although, always, we
studied less data than the Crisp Method. Therefore, we ad-
justed the window to get better results than original window,
without studying the whole interval.

6 Conclusions
In this paper, we have presented a method to detect user be-
haviour. As we have indicated, this problem is random impre-
cision by definition, because we do not know the interval of
the time in which the action happen. Imprecision appears due
of a behaviour is not static on a context or domain and is spe-
cific for every user. Thus, we have designed a method which
uses fuzzy logic to limit events in a specific behaviour using

a Fuzzy Temporal Window. With a Window, we can assign a
membership degree for every event for the studied behaviour.
In addition, we extend the Fuzzy Temporal Window concept,
to adjust the interval using the knowledge from user we have.
This adjustment is made with quantified sentences. With this
adjustment we solve the possibility of a person changes his
habits.

System’s output is the fuzzy pattern sequences which define
the behaviour. To manage non-random imprecision, we use
the α-cuts and the Decomposition Theorem to obtain a fuzzy
result applying the crisp method.

We have demonstrated that the fuzzy method is better than
crisp method and that the fuzzy method obtains better out-
comes than crisp one. As well as we conclude that results
depend on the type of window we use. In addition, we have
studied that outcomes are independent from the database.

In future work, we want to distinguish between three prob-
lems of our system:

• Non-random imprecision

• Uncertainty, because it could exists an error in the sensor
reading. There are many reasons to provoke mistakes in
sensors reading: the sensors or the reader could fail, the
environment affects to the sensors, sensors damage, etc.

• Uncertainty in the Fuzzy Temporal Window, because the
behaviour does no always happen exactly equal.

Our objective consists on extracting patterns that could control
these kinds of problems, obtaining an adjusted pattern.
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Abstract— In this paper a fuzzy model based on Adaptive 

Neuro-Fuzzy Inference System (ANFIS) is introduced for 

calculating the level of risk in managerial problems. In this 

model, affecting  factors on the level of risk are considered 

as inputs and the level of risk as the output. Using the fuzzy 

model, the risky condition changes smoothly in a fuzzy 

environment as it is the case in the real world; while in 

classic models, we may have some stepwise changes in the 

state of the system caused by an infinity small deviations in 

input parameters. The main advantage of the introduced 

model is that for continuous values of input factors, the 

counters of risk surface represent a more realistic behavior 

for different systems. The model is designed for a system of 

three inputs (probability, impact and ability to react) and 

one output (risky situation). The ability of using historical 

data as well as experts’ knowledge and flexibility of 

adaptation to unusual risky situations are some benefits of 

the introduced model. This model which is originally used in 

strategic management system to analyze the external 

environment and the level of threats can also be used in 

contingency management for incidents (CMI) or as a tool for 

Comprehensive Emergency Management Program (CEMP). 

The strategic Risk of Roche is considered as the bench mark 

for comparing the difference between fuzzy and classic 

systems. 

Keywords— Risk assessment, Adaptive Neuro-Fuzzy Inference 

System, Risk Counters, Impact, Ability to react, 

1 Introduction 
Risk management has many applications in different fields 

such as financial management, industrial engineering, 

military and manufacturing systems as a Meta-disciplinary 

field. Companies and organizations have to monitor, scan 

and investigate the environmental factors and to update their 

strategic plans based on the level of recognized threats to 

select appropriate policies and strategies for reducing the 

risks. There are several steps for implementation of global 

risk management, starting with risk identification and 

calculation of its level for taking an appropriate decision. 

One of the most important sub-processes for this purpose is 

the methodology of calculation of risk and comparison of 

risky factors to determine the priorities. Considerable 

quantitative models have been introduced for this purpose in 

literature, where it is tried to calculate the level of the risk, 

which is simply defined as the rate of threat or future deficit 

of any system imposed by controllable or uncontrollable 

variables (Chavas, 2004; Doherty, 2000). Several factors 

such as probability of occurrence, impact, severity and 

ability to react are introduced as effecting factors on the risk. 

Then it is tried to find the mathematical relation between 

affecting factors and the value (level) of the risk (McNeil and 

Frey and Embrechts 2005; Li and Liao, 2007). The concept 

of risk is considerably wide. It can contain strategic, 

financial, operational or any other type of the risk. Based on 

literature review, the models which are mostly used in 

different fields of risk analysis can be classified to three 

types:  

a) Data oriented models 

b) Analytical models 

c) Models based on judgment 

 

Although it should be mentioned that this classification is not 

only related to Risk analysis, but in general it can be applied 

to system identification tasks. 

 

a) Data oriented models:  

 In these models the structure is not needed to be known and 

the only important issue is the system’s behavior. Some of 

the features of this type of models are: dependence to 

historical data, being behavioral, and storing experience and 

knowledge, based on the recognition of the input and output 

patterns of the system. Artificial intelligent models such as 

ANFIS and Neural Networks as well as statistical methods 

by concept of math average approach can be classified as this 

type of models. The more the number of the historical data 

is, the more reliable the models and their results would be. 

Figure 1 presents this type of model which is considered as a 

black box.  

 

 

 

 

 

Figure. 1. Data-based System as a black box 

 

This black box shows that there is no information on the 

analytical model of the system. It means that the relation 

among the variables as well as the way they affect each other 

is still unknown for user.  

b) Analytical models. 

 In these systems it is possible to design a homomorphous 

model based on the system analysis process and structure of 

the problem. Being structure-based, analytical and 

independent from the data, are some of the features of this 

class of models. Many of the existing mathematical models, 
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System Dynamics and a variety system analysis models are 

included in this class (Marrison2002). In this type of systems 

the structures must be recognized. It means that components 

and their relations must be identified to develop the 

analytical model. Figure 2 represents the concept of a 

structure based system. As it is mentioned the component 

and their relations must be recognized for developing an 

analytical model of the system. 

 
 

Figure. 2:. Structure-Based Systems (analysis) 

 

For example if component1 is Risk of investment when 

constructing a building, and component2 represent the 

probability of earthquake in the region, the relation between 

them can be presented as :  

Risk of investment=f (probability of earthquake) 

Although it is a dream for researches to find an analytical 

model for such problems, however the major weakness of 

this kind of models is that they need precise data for 

modeling and the process of verification is considerably 

hard. 

c) Models based on judgment 

As it is mentioned, sometimes the first and second methods 

can not be used in real world problems. For example when 

the risk is based on the human behavior as a complex system, 

it is impossible for researches to find a pattern or 

mathematical model for it with available tools. So the 

judgment and knowledge of experts can help us to determine 

the level of risk and to find suitable solutions for risk 

management.  

In this type of models, it is tried to overcome the major 

weakness of the first type consisting their uselessness in the 

case of no preexisting patterns. The growth of environmental 

dangers and the rapid increase of their variations as well as 

the increase of demand for such models by insurance 

companies have caused rapid and accelerated developments 

of such models (Roberets, 2005; Michael, 2004; Bernadell 

and  CArdon and Coche and Diebold and Manganelli, 2004).  

This classification will help us to use the appropriate model 

in different situations. 

In this paper, the classic models of second type, commonly 

used in risk assessment of threats in strategic planning, are 

analyzed and criticized. Afterward a new model based on 

fuzzy inference is introduced for calculation of risk levels. 

 

2. Problem Statement 
 Figure 3 shows a classic model of risk analysis. It consists of 

two factors: Impact threat and the ability to retaliate. In this 

model the risk value is classified in four groups. Each group 

represents a risky condition for the organization. During the 

implementation, first the opinions of the experts on the 

impact threat and the ability to retaliate are processed by 

means of any appropriate method such as group decision 

making, Delphi, …, and then the risky situation of 

organization is recognized. The distributions of the points 

with the same risk levels (contours of different levels) are 

also presented in Fig. 3(b), Points O  and  +  represent the 

risky situation for two organizations with ability to retaliate 

and impact threats of (1, 8) and (4.9, 5.1) respectively. 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) 

Figure 3: (a) Risky situations classified in 4 levels, (b) 

counters 
 

This model is very simple, but it has some structural 

drawbacks. For example the organization + which is in 

Endangered situation will change to completely opposite 

condition ( Vulnerable) point(*) with infinity small 

deviations (A-da) in ability to retaliate. Also because of its 

geometrical structure, this model suffers from the lack of 

considering additional parameters such as ability to react.  

 Another method which has gained more attraction in the risk 

analysis literature is the model based on the linear 

combination of ability to retaliate  and impact threat  as: 

 

Risk = (ability to retaliate)× (impact threat)                    (1)   

 

 Figure 4 represents a practical continuous increasing surface 

(levels), instead of stepwise levels for risk values. Two 

particular levels are shown by the cutting planes K1 and K2. 

Positions O, + and * are also presented in this figure. Figure 

4(b) shows some contours of risky surface. As it is seen, in 

this model any small change in the values of probability and 

severity will cause a very small deviation in its risky level of 

organization. Also sometimes the risky level remains 

unchanged. This model is more realistic than the one 

Component1 Component2 

Relation 

Bound 
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presented by figure 3. However, it also has its limitations for 

real world applications because it simplifies the complicated 

relation between different factors that affect the risky 

conditions of organizations to a simple multiplication of two 

factors (ability to retaliate and impact threat). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Figure. 4: Continuous surface for risk levels and counters 

 

These kinds of models suffer from some weaknesses such as 

considering the relation between variables as a linear 

relation. Also when the number of inputs increases, the 

complexity of the system will increase dramatically while the 

accuracy of the model will decrease. Moreover due to 

inflexibility of the model, it can not be improved considering 

our experiences based on real world situations or the growth 

of experts’ knowledge. 

Hence we can formulate our problem as an input output 

system by: 
 

R=F (X)                                                                    (2) 
 

Where X is the set of input variables which affect the level of 

the risk, R is the level of the risk and F(.) is a nonlinear 

function (Kreinovich and Nguyen, 2000).  

The problem here is to find an appropriate solution by which 

the level of risk of the system (Organization) can be 

determined in complex situations when there is no access to 

all data, or the historical data is useless. 

In this paper we try to develop a rule based model by using 

fuzzy inference system.  

 

 

 

3. Fuzzy model 
 Fuzzy inference systems (FIS) are rule-based systems with 

concepts and operations associated with fuzzy set theory 

(Zadeh, 1965) and fuzzy logic (Ross, 2004; Mendel, 2001). 

These systems are mappings from an input space to an output 

state; therefore, they allow constructing structures that can be 

used to generate responses (outputs) to certain stimulations 

(inputs), based on stored knowledge on how the responses 

and stimulations are related. Sometimes this knowledge is 

obtained by eliciting information from specialists, in which 

case these systems are known as fuzzy expert systems 

(Takács, 2004). A fuzzy system also can be created to mach 

any set of input-output data. Adaptive Neuro-fuzzy Inference 

System (ANFIS) is one of the well known methods for 

creating Input-Output based models.  (Krus , Gebhart and 

Palm, 1994). ANFIS only support Sugeno systems (Sugeno, 

1985) subject to the structure of the system such as unit 

weight for each rule. Since its introduction, ANFIS has 

successfully been proved in many engineering applications 

(Jang, 1993). Another common denomination for FIS is 

fuzzy control systems (see for example (Mendel, 2001)).  

    FIS are usually divided in two categories (Mendel, 2001; 

Takagi and Sugeno, 1985): multiple input, multiple output 

(MIMO) systems, where the system returns several outputs 

based on the inputs it receives; and multiple input, single 

output (MISO) systems, where only one output is returned 

from multiple inputs. Since MIMO systems can be 

decomposed into a set of MISO systems working in parallel, 

all that follows will be exposed from a MISO point of view 

(Mamdani and Assilian, 1999). 

FIS suffers of adjusting the linguistic knowledge of the 

expert with available data; so in this paper a fuzzy model 

based on ANFIS is introduced for calculating the risky 

situations of organizations by considering different factors 

such as probability, Impact threat and ability to retaliate 

(Nguene and Finger, 2007; Hyo and Hyun, and Yoon, 2002).  

This model is developed in three phases. To clarify the 

process of modeling in different phases a benchmark case 

study adopted from “strategic management by Rowe, et all” ( 

Row et all, 1999) is used as a test example.  

Phase 1: Data generation 

The expert s’ judgments may be extracted by means of 

different group decision making methods. Our experience in 

this work shows that the Delphi method as well as Nominal 

group is more practical. In case there are hard data as a result 

of historical behavior, a similar methodology can be used. 

By the way combination of hard data and information 

extracted from expertise can be used to develop first table 

which is necessary for next step. 

Table 1 shows the set of generated data for test example. 
 

Table.1 

Probability Impact Ability to 

React 

Risk 

(Vulnerability) 

1 10 4 7.5 

0 0 10 0 

.5 5 5 1 

1 5 5 3 

.2 5 2 0 

.8 2 8 5 

.4 7 3 1 
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1 0 5 0 

.7 8 2 4 

.8 8 7 2 

.2 9 5 .5 

.2 3 5 0 

.7 10 3 4.5 

.5 10 2 2.5 

.5 10 10 0 

1 8 0 10 

1 2 8 .5 

.6 10 4 3 

.1 2 6 0 

.3 6 8 0 
 

Phase 2: Rule making 

In this step the Adaptive Neuro-Fuzzy Inference System 

(ANFIS) is used for generating the rules. 

Figure 5 Shows the surfaces of the rule base system adapted 

for the data of table 1  with: 

numMFs = 25 

mfType = gaussmf 

epoch_n = 20 

 

After constructing rule-base surface the model is improved 

by investigating the critical states (which are not approved by 

expert or when there is illogical behavior). Then by adding 

more rules or by imposing some minor deviations to data set 

the final rules may be obtained as shown in figure.5. By this 

way any specific behaviors cause by unusual relation 

between some particular inputs and output of the system can 

be supported which is significant advantage benefit of 

introduced model compare to other model such as Neural 

Network. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure.5: Surfaces of generated rules.  

Phase 3. Implementation 

 

This model is implemented to the simple example of section 

one to have an idea on the main difference between this 

method and the classic model. Figure 6 shows the surface 

and counters of risky levels of organizations +, and O. The 

results are shown for 50% of probability of impact to 

visualize the obtained results. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) 

 

 

 

 

 

 

 

 

 

 

(b) 

 

Figure. 6: (a) Risky surfaces, (b) counters for simple example 

As it is seen, organization + which is appropriately 

Endangered situation will change to appropriately 

defenseless, point(*), with infinity small deviations (A-da) 

and (T-dt) in ability to retaliate and impact threat which is 

more realistic than the classic one.  

The vulnerability analysis for Roche Company is also 

considered as a benchmark for implementing and comparing 

the obtained results with the classic methods. Figures 7 and 8 

compare the results obtained by implementing the introduced 

model. Note that in the rest of paper only the surfaces and 

counters for probability of 50% are shown. 
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Fuzzy 

 

Figure.7: application of classic and fuzzy models for 

vulnerability analysis of Roche Company 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8: Risky levels of Roche by using classic and fuzzy 

models 

 

 Table 2 compares the results of this method by the classic one.  
Table 2 

 

It is seen that using the fuzzy method appropriate  continues  

vulnerability levels are obtained to analyze the risky levels. 

As it can be seen in Table.2 the Result of Vulnerability 

assessment by using Strategic management approach (as 

shown in fig.3) is stepwise and limited to 4 categories; hence 

the real value of risk is unclear. The second model (Classic 

Vulnerability Assessment) suffers from rigidity and can not 

be customized in different situations. So its efficiency can 

not be improved by considering available data and 

knowledge of experts. It is why in real world applications the 

decision Makers are not generally satisfied (trust the model) 

by the results obtained by this method. 

Assumptions Impact  
0-10 

Probability 
 0-1 

Capability  
0-10 

Vulnerability 
Assessment 
Strategic 

management 
Approach 

Vulnerability 
Assessment 

Classic 

Vulnerability 
Assessment 

Fuzzy 

1. Needs and wants served by products 8 0.7 7 Endangered 2.5     1.9960 

2. Resources and Assets 8 0.6 6 Endangered 2.5     1.6119 

3. Cost position relative to competition 5 0.4 7 Prepared 0 0.1490 

4. Customer base 4 0.5 6 Prepared 0 1.9093 

5. Technologies 8 0.4 7 Endangered 2.5 0.0446 

6. Special skills 4 0.4 6 Prepared 0 1.1455 

7. Corporate identity 5 0.5 8 Prepared 0     0.0298 

8. Institutional barriers to competition 8 0.4 6 Endangered 2.5     0.8793 

9. Social values 2 0.2 8 Prepared 0 0.0015 

10. Sanctions, supports, and incentives 6 0.7 7 Endangered 2.5 1.7019 

11. Customer   goodwill 6 0.5 4 Defenseless 10     2.1834 

12. Complementary products or services 6 0.3 6 Vulnerable 7.5     0.2943 

 13. Regulatory agencies  9 0.7 4 Defenseless 10     7.8129 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1221



 

 

The introduced fuzzy based method overcomes the 

mentioned drawbacks.  For example considering rows 

1,2,5,8,10 in table.2, by using classical method as well as 

strategic management approach  the same levels of risk are 

obtained for different assumptions where by using introduced 

method different level of risk is determined. 

 

4. Conclusion 
In this paper the fuzzy risk analysis procedure is compared 

with classic methods. It is demonstrated that the fuzzy 

analysis seems to be more reasonable and applicable because 

of its smoothness in calculating the risky situations. By fuzzy 

analysis the dynamic (time dependent) behavior of risk 

conditions can be defined and used for convenient and 

reliable decision makings. The model presented in this paper 

has some features as follows: a) Relations between variables 

in real life are nonlinear. Abstracting the situation and 

simplifying the problem to a linear model will cause the 

missing of some vital data where by utilizing the introduced 

model the relation between Risk and variables can be 

considered as a nonlinear function. b) Using FIS brings the 

advantage of developing and improving the model based on 

historical data. It is noted that the original model is 

constructed only based on the experts’ knowledge due to 

lack of historical data. c) The model can be extended to be 

used for any number of inputs, where expanding the classic 

models to more inputs is not an easy task. d) This model 

considers probability as an input where other models usually 

solve the problem in a probabilistic environment. e) Any 

Specific behavior caused by unusual relation between some 

particular inputs and output of the system can be supported 

by imposing new rules to the model.  
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Abstract— Possibilitic networks, which are compact representa-
tions of possibility distributions, are powerful tools for representing
and reasoning with uncertain and incomplete knowledge. According
to the operator conditioning is based on, there are two possibilistic
settings: quantitative and qualitative. This paper deals with quali-
tative possibilistic network classifiers under uncertain inputs. More
precisely, we first present and analyze Jeffrey’s rule for revising pos-
sibility distributions by uncertain observations in the qualitative set-
ting. Then, we propose an efficient algorithm for revising possibility
distributions encoded by naive possibilistic networks for classifica-
tion purposes. This algorithm consists in a series of efficient and
equivalent transformations of initial naive possibilistic classifiers.

Keywords— Min-based possibilistic networks, classification un-
der uncertain inputs

1 Introduction
Graphical models such as Bayesian networks [1][2], influence
diagrams and possibilistic networks [3][4] are well-known for-
malisms widely used for representing and reasoning with un-
certain and incomplete knowledge. Possibilistic networks are
like Bayesian ones but lie on possibility theory [5][6] to han-
dle imprecise and incomplete knowledge. They allow to factor
a global joint possibility distribution into a set of local possi-
bility distributions. There are two types of possibilistic net-
works: quantitative and qualitative. In the former, condition-
ing is based on the product operator while it is based on the
min-operator in the latter.
Classification is an important task in many real world applica-
tions consisting in predicting the class instance corresponding
to an observation. This task is a special kind of inference:
given an observed instance of each observable variable Ai,
it is required to determine the class instance ck for the in-
stance to classify among a predefined set of class labels. It
is important to note that possibilistic classifiers have not been
sufficiently studied in spite of the fact that they are very ap-
propriate for problems where knowledge is imprecise or miss-
ing as in real-time classification problems or problems where
some inputs are missing or uncertain. These problems require
classifiers under uncertain inputs. However, only few works
used possibilistic classifiers [7][8][9][10] and to the best of our
knowledge, there is only one preliminary work [11] address-
ing possibilistic network classifiers under uncertain inputs in
the quantitative setting. More precisely, this work proposes
an algorithm suitable of classification under uncertain inputs
using product-based possibilistic networks.
This paper also addresses possibilistic-based classification
with uncertain observations but in the qualitative setting.
While quantitative possibilistic networks are quite similar to

the Bayesian ones, the qualitative ones show significant differ-
ences. For instance, normalizing conditional possibility distri-
butions in product-based possibilistic networks is the same as
in the probabilistic setting while it is significantly different in
min-based networks. We first recall the qualitative possibilis-
tic counterpart of Jeffrey’s rule [12] for revising possibility
distributions by uncertain observations and show that this rule
cannot be directly applied for revising possibilistic knowledge
encoded by a possibilistic network. Indeed, classification by
directly using the possibilistic counterpart of Jeffrey’s rule is
exponential in the number of attributes and attribute domains.
Then, we proposed an efficient method for revising naive min-
based possibilistic networks suitable for classification with un-
certain inputs. This algorithm is based on a series of equiva-
lent and polynomial transformations of initial possibilistic net-
works taking into account uncertain inputs.
The rest of this paper is organized as follows: Section 2 briefly
presents basic background about possibility theory and possi-
bilistic networks. In section 3, we address possibilistic belief
revision based on the possibilistic counterpart of Jeffrey’s rule.
Section 4 proposes a new efficient algorithm for naive possi-
bilistic network classification with uncertain inputs. Finally,
section 5 concludes this paper.

2 Basic background on possibility theory and
possibilistic networks

Let us first fix our notations: V ={A1, A2, .., An} denotes
the set of variables. DA={a1, a2, .., am} denotes the finite
domain of variable A. ai denotes an instance (value) of
variable Ai. A, X,.. denote subsets of variables from V .
DX=×Ai∈XDAi represents the cartesian product relative to
variables Ai involved in subset X . Ω=×Ai∈V DAi

denotes the
universe of discourse and consists in the cartesian product of
all variable domains involved in V . A tuple w=(a1, a2, .., an)
or w=a1a2..an which is an instance of Ω represents a possi-
ble state of the world. φ, ϕ denote subsets of Ω called events
while φ denotes the complementary of φ in Ω (φ=Ω-φ).

2.1 Possibility theory

Possibility theory was introduced by Zadeh [5] and devel-
oped by Dubois and Prade [6]. It is an uncertainty theory
based on a pair of dual measures in order to evaluate knowl-
edge/ignorance relative to event in hand. The concept of pos-
sibility distribution π is one of the important building blocks
of possibility theory: It is a mapping from the universe of dis-
course Ω to the unit scale [0, 1] which can be either quantita-
tive or qualitative. In both these settings, a possibility degree
π(wi) expresses to what extent it is consistent that wi can be
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the actual state of the world. In particular, π(wi)=1 means
that wi is totally possible and π(wi)=0 denotes an impossible
event. The relation π(wi)>π(wj) means that wi is more pos-
sible than wj . A possibility distribution π is said to be normal-
ized if maxwi∈Ω(π(wi))=1. It is said to be sub-normalized
otherwise.
The second important concept in possibility theory is the one
of possibility measure denoted Π(φ) and computing the pos-
sibility degree relative to an event φ⊆Ω. It evaluates to what
extent φ is consistent with the current knowledge encoded by
possibility distribution π on Ω. It is defined as follows:

Π(φ) = maxwi∈φ(π(wi)). (1)

The term Π(φ) denotes the possibility degree relative to hav-
ing one of the events involved in φ as the actual state of the
world.
The necessity measure is the dual of possibility measure and
evaluates the certainty implied by the current knowledge of
the world. Namely, N(φ)=1-Π(φ) where φ denotes the com-
plementary of φ.
Given a possibility distribution π on Ω, marginal distributions
πX relative to subset of variables X (X ⊆ V ) are computed
using the max operator as follows:

πX(x) = maxwi∈Ω(π(wi) : wi[X] = x), (2)

where term wi[X] = x denotes the fact that x is the instantia-
tion of X in wi.
According to the interpretation underlying the possibilistic
scale [0,1], there are two variants of possibility theory:

• Qualitative possibility theory: In this case, the possi-
bility distribution is a mapping from the universe of dis-
course Ω to an ”ordinal” scale where only the ”ordering”
of values is important.

• Quantitative possibility theory: In this case, the pos-
sibilistic scale [0,1] is numerical and possibility degrees
are like numeric values that can be manipulated by arith-
metic operators.

In this paper, we only focus on qualitative setting. Condition-
ing is a fundamental notion concerned with updating the cur-
rent knowledge (encoded by a possibility distribution π) when
an evidence (a sure event) is observed.
In the qualitative setting, conditional possibility degree of wi

given an event φ is computed as follows (we assume that
Π(φ) �= 0) [13]:

πm(wi|φ)




1 if π(wi)=Π(φ) and wi ∈ φ;
π(wi) if π(wi)< Π(φ) and wi ∈ φ;
0 otherwise.

(3)

2.2 Brief description of possibilistic networks
Like Bayesian networks, possibilistic ones [4] involves two
components:
1. A graphical component consisting in a DAG1 which en-
codes direct influence relationships existing between domain
variables.
2. A numerical component which is a ”numerical” compo-
nent composed of a set of local a priori and conditional possi-
bility distributions. The latter measure the influence endured

1Direct Acyclic Graph

by each domain variable Ai in the context of its parents UAi .
Local possibility distributions should satisfy the normalization
condition denoted as follows:

maxaij
∈DAi

(π(aij |UAi)) = 1 (4)

The joint possibility distribution encoded by the network is
computed using the min-based chain rule. Namely,

Π(A1, A2, .., An) = mini=1..n(π(Ai|UAi)) (5)

In classification problems, there exists one node associated
with the class variable C which is not observable (it is the
target variable) while the remaining nodes represent the at-
tributes A1, A2,..,An that may be observable. Classification is
ensured by computing the most plausible class instance given
the instance to classify. Namely, given an observation denoted
A=(a1,a2,..,an) of {A1, A2, .., An}, the predicted class c is
determined as follows:

c = argmaxck∈DC (Π(ck|A)) (6)

Note that term Π(ck|A) denotes the possibility degree of
having ck the actual class instance given the observation
A=(a1,a2,..,an). It is important to note that a class instance
ck is candidate for a given observation a1..an implies that
Π(ck|a1..an)=1. Note also that several class instances may
be totally possible for the observation to classify.

2.3 Min-based naive possibilistic network classifiers

A naive network classifier is the simplest form of possibilis-
tic network classifiers. It lies on the strong independence as-
sumption of attributes in the context of the parent node: at-
tributes are assumed independent in the context of the class
node. As it is shown in Figure 1, the only dependencies al-
lowed in naive classifiers are from the class node C to each
attribute Ai. As for the quantitative component of a naive pos-

Figure 1: Naive possibilistic network structure

sibilistic network, it involves the prior possibility distribution
relative to the class node and the conditional possibility dis-
tributions relative to attributes given the class node. Figure 2
gives the joint possibility distribution encoded by network of
Figure 1.

Classification is ensured using min-based conditioning (see
Equation 3) by computing the a posteriori possibility de-
gree for each class instance ck given the observation A1..An

(namely Π(ck|A1..An)). Namely,

Π(ck|A1..An) = min(π(ck, A1..An), Π(A1..An)) (7)
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Figure 2: Joint possibility distribution encoded by naive clas-
sifier of Figure 1

Note that according to min-based conditioning, Equation 7 is
only valid when term π(ck, A1..An) < Π(A1..An) (See min-
based conditioning of Equation 3). To the best of our knowl-
edge, there is no work that addresses the problem of classi-
fication under uncertain inputs using min-based possibilistic
networks.

3 Min-based revision for classification under
uncertain inputs

In our context, uncertainty relative to uncertain/missing at-
tribute Ai is represented by a possibility distribution π′

Ai
given

for example by the expert. Moreover, uncertainty can bear on
any attribute subset or on the whole attribute set.
Jeffrey proposed in [12] a method based on probability kine-
matics for revising a probability distribution p into p′ given
uncertainty bearing on a set of mutually exclusive and exhaus-
tive events λi. In this method, uncertainty is of the form (λi,
αi) with αi=p′(λi). Jeffrey’s rule states that although there
is uncertainty about events λi, conditional probability of any
event φ ⊆ Ω given any uncertain event λi. The possibilis-
tic counterpart of this rule has been investigated in [14]. In
the possibilistic framework, revised possibility distribution π′
must comply with the principle stating that uncertainty about
events λi must not alter the conditional possibility degree of
any event φ ⊆ Ω given any event λi. Namely,

∀λi ∈ Ω, ∀φ ⊆ Ω, Π′(φ|λi) = Π(φ|λi) (8)

Note that contrary to the probabilistic and quantitative pos-
sibilistic settings, Equation 8 may have several solutions. In
this case, the least specific distribution is selected according to
the principle stating that if an event is not explicitly discarded,
then it must remain possible. Min-based conditioning allows
to obtain from Equation 8 the following one:

∀φ, Π′(φ) = maxλi(min(π′(λi, φ), π(λi, φ), Π(φ)) (9)

In classification with uncertain inputs problems, the possibilis-
tic counterpart of Jeffrey’s rule cannot directly be applied to
revise the possibility distribution encoded by the classifier be-
cause of two major problems:
1- The first problem concerns the fact that Jeffrey’s rule can
be applied only if uncertainty bears on a set of exhaustive and
mutually exclusive events while in classification with uncer-
tain inputs problems, uncertainty is bearing on a set of at-
tributes Ai which are not mutually exclusive. Indeed, if inputs
A1,..,An are uncertain, then this uncertainty is encoded by

π′(A1),..,π′(An) respectively. In order to apply Jeffrey’s rule,
we must compute a joint possibility distribution π′(A1..An)
relative to A1..An where uncertain events a1..an are exhaus-
tive and mutually exclusive. Obviously, the term π′(A1..An)
is function of π′(A1),..,π′(An) and will be henceforth de-
noted by π′(A1..An)=f(π′(A1),..,π′(An)). Uncertain inputs
π′(A1),..,π′(An) can be combined using a combination oper-
ator according to the problem constraints and objectives. It is
important to note that the algorithm we propose in next section
works regardless the combination function f provided that this
latter satisfies the following natural propriety (called hence-
forth unanimity):
i) If ∀i=1..n, π′(ai)=1 then π′(a1..an)=1.
ii) If ∃ai∈DAi

such that π′(ai)=α<1, then π′(a1..ai..an)<1
whatever are the possibility degrees of the other variable val-
ues.
One can easily check that the product and min (and more
generally t-norm operators), which are the most used combi-
nation operators in the possibilistic framework satisfy this nat-
ural propriety. However, max and more generally, t-conorm
operators do not satisfy it. In this paper, we will use the min
operator in order to induce the joint possibility distribution
π′(A1..An) from uncertain inputs π′(A1),..,π′(An). Namely,

π′(a1..an) = mink=1..n(π′(ak)) (10)

2- The second problem concerns the computational com-
plexity of performing classification under uncertain inputs
based on revising the possibility distribution encoded by the
classifier by uncertain inputs using the possibilistic counter-
part of Jeffrey’s rule. Namely, given the initial possibility
degrees of class instances ck, we want to revise this pos-
sibility distribution given uncertain attributes A1,..,An us-
ing Jeffrey’s rule. More precisely, we need to compute
π′(ck)=π(ck|π′(A1, .., An)) defined as follows:

π′(ck) = maxA1..An(min(Π(ck|A1..An), π′(A1..An))) (11)

It is clear that Equation 11 cannot be used to compute π′(ck)
because this computation is exponential in the number of at-
tributes and attribute domains.
Example:
Let us illustrate possibilistic classification with uncertain in-
puts using Jeffrey’s rule on the naive possibilistic classifier
of Figure 1. The uncertain inputs to classify are provided by
Figure 3. Classification is ensured by determining the most

Figure 3: Uncertain inputs to classify

plausible class instance(s) given these uncertain inputs. Figure
4 gives the results of revising the initial joint possibility dis-
tribution (see Figure 2) using the possibilistic counterpart of
Jeffrey’s rule (see Equation 11). One can easily deduce from
joint possibility distribution π′ of Figure 4 that only class in-
stance c2 is totally plausible (π′(c2)=1) given the uncertain
observations of Figure 3. However, in order to obtain such a
result, we computed the revised joint possibility distribution.
We would like to ensure the same classification without com-
puting the joint possibility distribution. Next section proposes
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Figure 4: Revised joint possibility distribution π′

an efficient algorithm suitable for naive min-based possibilis-
tic network classification with uncertain inputs.

4 A polynomial algorithm for naive
possibilistic classifier under uncertain inputs

Classification based on possibilistic networks is ensured by
determining if each class instance ck∈DC is totally possible
given the inputs (Π(ck|A1..An)=1). This is the basic idea of
our algorithm: only search for class instances having a pos-
teriori possibility degrees equal to 1 on the basis of uncertain
inputs. Our algorithm ensures this search through a series of
equivalent transformations on the initial possibilistic network
taking into account the inputs to classify. The five steps of our
algorithm are detailed in the following.

4.1 Step 1: Eliminating not totally possible observations

In our context, classification is ensured by revising the pos-
sibility distribution encoded by the classifier according to
the possibilistic counterpart of Jeffrey’s rule (using Equation
11). Since we are only interested in determining if a given
class label ck has an a posteriori possibility degree equal to
1, it is possible to discard all instances of A1A2..An where
π′(A1A2..An)<1 because such instances force the value of
π′(ck) to be less than 1. According to the unanimity
propriety, each input ai∈DAi

which is not totally possible
(π′(ai)<1) will prevent every input configuration a1..ai..an

from being totally possible. It is clear that such configura-
tions are useless for the classification task and can be dis-
carded. This leads to eliminating from each attribute domain
DΠG

Ai
(relative to attribute Ai in initial network ΠG) values

whose possibility degrees in π′
Ai

are less than 1. In this step,

attribute domain DΠG
Ai

is changed to D
ΠGS1
Ai

which denotes
Ai’s domain in network ΠGS1 obtained from ΠG after Step
1. Namely, DΠGS1

Ai
= DΠG

Ai
−{ai, if π′

Ai
(ai)<1}. All the re-

maining attribute instances are totally possible after this step.
Then we have the following proposition:

Proposition 1 Let ΠG be the naive possibilistic classifier en-
coding the initial knowledge and π′

A1
, π′

A2
,..,π′

An
be the

possibility distributions encoding uncertainty relative to
attributes A1, A2,.., An respectively. Let ΠGS1 be the
naive possibilistic network obtained by eliminating not
totally possible instances. Then,
π′ΠG(ck) = maxA1..An(ΠΠG(ck|a1..an) ∗ π′(a1..an))=1
if and only if
πΠGS1 (ck) = maxA1..An(ΠΠGS1 (ck|a1..an)) = 1

This proposition states that if there is a class instance ck which
is totally possible in the initial network ΠG given the uncer-
tain inputs then it is also totally possible in network ΠGS1

obtained after eliminating not totaly possible inputs.
Example (continued): Network of Figure 5 is ob-
tained by respectively substituting DΠG

A1
={a11, a12, a13},

DΠG
A2

={a21, a22} and DΠG
A3

={a31, a32} by

D
ΠGS1
A1

={a11, a13}, DΠGS1

A2
= {a21, a22} and DΠGS1

A3
={a31}.

Figure 5: ΠGS1 : Possibilistic network after Step 1

It is important to note that the possibility distribution relative
to node C in ΠGS1 is exactly the same as in ΠG.

4.2 Step 2: Eliminating unary variables
After the instance elimination step, some attributes may have
their domains only containing one instance. In the example of
Figure 5, attribute A3’s domain D

ΠGS1
A3

exactly contains one
element (which is a31). Such unary variables can be elimi-
nated provided that class node distribution is adapted to keep
the joint possibility distribution unchanged. The possibility
degree of any instance cka1a2..an in network ΠGS1 is com-
puted using the min-based chain rule as follows:

ΠΠGS1 (cka1..an) = min(πΠGS1 (ck), πΠGS1 (a1|ck), .., πΠGS1 (an|ck)
(12)

Unary attributes can be eliminated giving a new network
ΠGS2 where class node distribution has to be adjusted in or-
der to guarantee that πΠGS1 (cka1..an) and πΠGS2 (cka1..an)
remain equal. Hence, for an unary attribute Ai whose do-
main D

ΠGS1
Ai

contains only one value ai, it is possible to
achieve this transformation by substituting each πΠGS1 (ck)
with πΠGS2 (ck)=min(πΠGS1 (ck), πΠGS1 (ai|ck)). This find-
ing is formalized by the following proposition:

Proposition 2 Let ΠGS1 be the naive possibilistic classi-
fier whose nodes involve class node C and attribute
nodes A1, A2,..,An. Assume that A1 is a unary at-
tribute whose domain only contains the instance a1 and
let ΠGS2 be the naive possibilistic network involving C,
A2,..,An such that: πΠGS2 (ai)= πΠGS1 (ai) for i=2,..,n
and πΠGS2 (ck)=min(πΠGS1 (a1|ck), πΠGS1 (ck)). Then,
∀ck∈DC , ∀ai∈D

ΠGS1
Ai

for i=1..n,
πΠGS1 (cka1a2..an)=πΠGS2 (cka2..an).

Example (continued): Let us continue our example. In net-
work of Figure 5, attribute A3 is unary and will be removed.
After Step 2, we obtain network of Figure 6.
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Figure 6: ΠGS2 : Possibilistic network after Step 2

4.3 Step 3: Re-normalizing local possibility distributions

As a consequence of the instance elimination step (Steps 1),
local possibility distributions of some attributes might not be
normalized. Indeed, it may exist a variable Ai and a class
label ck such that maxAi

(πΠGS2 (ai|ck))=α (α<1). Step 3
deals with this problem considering two cases:

• If α=0, then ∀ai∈D
ΠGS2
Ai

, πΠGS2 (cka1..ai..an)=0
meaning that whatever is the value of Ai, this forces
πΠGS2 (cka1a2..an)=0. Hence, the class ck cannot be
among plausible ones, and can be removed from D

ΠGS2
C .

• If 0<α<1, re-normalizing the conditional possibility dis-
tribution relative to attribute Ai can be done by building
a new network ΠGS3 by substituting πΠGS2 (ai|ck) with
{

1 if π(ai|ck)=maxaj∈DAi
(πΠGS2 (aj |ck));

π(ai|ck) otherwise.

and substituting πΠGS2 (ck) with
min(πΠGS2 (ck),maxaj∈DAi

(πΠGS2 (aj |ck)). After
this transformation, πΠGS3 (cka1..an) is conserved while
sub-normalized local possibility distribution becomes
normalized.

Proposition 3 Let ΠGS2 be the naive possibilistic network
involving nodes C,A1,A2,..,An obtained from Step 2.
Assume that conditional possibility distribution relative
to node A1 is not normalized (∃ck such that
maxA1(π

ΠGS2 (a1|ck))=α and 0<α<1). Let
ΠGS3 be the naive possibilistic network having
same structure as ΠGS2 where πΠGS3 (a1|ck)= 1 if
π(wai|ck)=maxaj∈DAi

(πΠGS2 (aj |ck)), π(ai|ck) oth-
erwise and πΠGS3 (ai|ck)=πΠGS2 (ai|ck) for i=2,..,n and
πΠGS3 (ck)=min(πΠGS2 (ck),maxaj∈DAi

(πΠGS2 (aj |ck)).

Then, ∀ck ∈ D
ΠGS3
C , ∀ai ∈ D

ΠGS3
Ai

,
πΠGS3 (cka1a2..an)=πΠGS2 (cka1a2..an)

Note that contrary to product-based possibilistic networks,
normalizing conditional possibility distribution of min-based
networks is significantly different from normalizing local
probability distributions of Bayesian networks.
Example (continued): In network ΠGS2 of Figure 6, lo-
cal possibility distribution of attribute A1 is not normal-
ized (maxai∈DA1

(πΠGS2 (ai|c1))=.4). After re-normalizing
ΠGS2 , we obtain network of Figure 7. Possibility distri-

Figure 7: ΠGS3 : Possibilistic network example after Step 3

bution relative to A1 has been re-normalized and possibility
distribution relative to class node C has been adjusted accord-
ingly. One can easily check that joint possibility distributions
encoded by networks of Figure 6 and Figure 7 are equal.

4.4 Step 4: Prior totally possible class lookup

The aim of Steps 1, 2 and 3 is simplifying and re-normalizing
the initial network. Step 4 allows to search for class instances
which are totally possible in network NPS3 . Once the net-
work is simplified and re-normalized, it is immediate that each
class instance ck having the utmost prior possibility degree in
network NPS3 (ck=argmax

cj∈D
NPS3
C

(πNPS3 (cj)), is totally

possible given the uncertain inputs to classify. In particular, if
πNPS3 (ck)=1, then we can assert that there exists an attribute
configuration a1..an allowing ck to be totally plausible. This
result is formalized in the following proposition:

Proposition 4 Let NPS3 be the naive possibilistic network
obtained after Steps 1, 2 and 3. Then, ∀ck∈D

ΠGS3
C such

that πΠGS3 (ck)=1 or ck=argmax
cj∈D

NPS3
C

(πNPS3 (cj)),

then maxA1..An
(πΠGS3 (ck|a1..an)) = 1

The attribute configuration guaranteeing that ck is totally pos-
sible is the one where πΠGS3 (ai|ck)=1 for i=1..n.
Example (continued): Proposition 4 allows to assert that in
network ΠGS3 of Figure 7, class instance c2 is totally pos-
sible since c2=argmax

cj∈D
NPS3
C

(πNPS3 (cj)). The attribute

configuration allowing this result is a13a22. One can easily
check that ΠΠGS3 (c2|a13a22)=1.

4.5 Step 5: Conditionally totally possible class lookup

We assume in this step that the class variable C is a binary
variable (namely, D

ΠGS3
C ={c1, c2}) and class label c2 is to-

tally possible (πΠGS3 (c2)>πΠGS3 (c1)).
In Step 4, only a subset of plausible class instances are
found. Indeed, other class instances ck having πΠGS3 (ck)=α
(0<α<1) and ck �=argmax

cj∈D
NPS3
C

(πNPS3 (cj)) can be

totally possible given the uncertain inputs to classify.
Namely, it may exist an attribute configuration a1a2..an

such that ΠΠGS3 (ck|a1a2..an)=1 even if πΠGS3 (ck)<1 and
ck �=argmax

cj∈D
NPS3
C

(πNPS3 (cj)). Hence, there is a need

to check if every class instance ck which is not found to-
taly possible in Step 4 can be conditionally totally possible
without exploring all configurations of ΠΠGS3 (ck|a1a2..an).
If class instance c1 is totally possible, then this implies
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that there exists an attribute configuration a1..an where
ΠΠGS3 (c1|a1a2..an)=1. In order to find such a configuration,
we can use the following decomposition:
ΠΠGS3 (c1|a1..an)=1 if and only if
πΠGS3 (c1a1..an)=ΠΠGS3 (a1..an). Recall that
ΠΠGS3 (a1..an)=max(πΠGS3 (c1a1..an), πΠGS3 (c2a1..an))
Hence, πΠGS3 (c1a1..an)≥πΠGS3 (c2a1..an). Then
min(π(c1),π(a1|c1),..,π(an|c1)
min(π(c2),π(a1|c2),..,π(an|c2)

≥1.
Let us define πc1(ai/c1)=1 if
π(ai|c1)≥π(ai|c2) and πc1(ai/c1)=π(ai|c2) otherwise. Then
min(π(c1),π(a1|c1),..,π(an|c1)
min(π(c2),π(a1|c2),..,π(an|c2)

≥1 implies that

π(c1) ≤ min(πc1(a1|c1), .., πc1(an|c1)). (13)

Decomposition of Equation 13 can be used to build a new net-
work ΠGS5 by transforming conditional possibility distribu-
tions relative to each attribute Ai in ΠGS3 by substituting ev-
ery term πΠGS3 (ai|c1) by 1 if ππGS5 (ai|c1)≥πΠGS3 (ai|c2))
and by πΠGS5 (ai|c1) otherwise and discarding c2 since it is
known to be totally possible. After this transformation, some
local conditional possibility distributions in network ΠG may
not be normalized. Repeating Step 2 (Re-normalization) on
sub-normalized local distributions in network ΠGS5 ) allows
to re-normalize them. Once re-normalization accomplished,
the new possibility distribution π

ΠGS5
C relative to class node

shows whether class instance c1 is totally possible. Then we
have the following proposition:

Proposition 5 Let ΠGS3 be the naive possibilistic net-
work obtained after Steps 1, 2 and 3, and let
D

ΠGS3
C ={c1, c2}, πΠGS3 (c1)<πΠGS3 (c2). Let ΠG be

the possibilistic network having same structure as ΠGS3

where DΠGS5

C ={c1}. Let for i=1..n πΠGS5 (ai|c2)=1
if πΠGS3 (ai|c1)≥πΠGS3 (ai|c2)) and πΠGS5 (ai|c2)=
πΠGS3 (ai|c2) otherwise. Then, πΠGS5 (c1)=1 if and only
if there exists an attribute configuration a1..an such that
ΠΠGS3 (c1|a1..an)=1.

It is important to note that in comparison with the lookup for
conditionally totally possible class instances in product-based
networks (see [11]), this step shows significant differences in
min-based networks.
Example (continued): Transformation of Step 5 on network
ΠGS3 and its re-normalization gives network ΠGS5 of Figure
8 where network of the left side gives the network obtained af-

Figure 8: ΠGS5 : Possibilistic network after Step 5

ter Step 5 before re-normalization while network of right side
represents ΠGS5 after re-normalization according to Step 3.

After this transformation, we can assert that class instance c1

is not totally possible (πΠGS5 (c1) < 1). This result confirms
the one obtained by directly applying the possibilistic coun-
terpart of Jeffrey’s rule (see Figure 4).

5 Conclusion
This paper dealt with min-based possibilistic network classi-
fiers under uncertain inputs. It first addressed the min-based
possibilistic counterpart of Jeffrey’s rule for revising possi-
bilistic knowledge encoded by a qualitative naive possibilis-
tic network. After showing that classification based on the
min-based revision of a possibility distribution encoded by a
qualitative possibilistic classifier is exponential in the number
of uncertain inputs, we proposed a polynomial algorithm for
revising a naive min-based possibilistic network given uncer-
tain inputs. This algorithm applies a series of equivalent and
polynomial transformations on the initial network taking into
account the uncertain evidence to classify. In future works,
we will address general possibilistic classifiers under uncer-
tain inputs.
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Abstract— Although simple and based on physical realizable
color primaries, the RGB color space cannot allow the direct defi-
nition of a topology-preserving, perceptually-compatible inter-color
distance. The classical normalized inter-color distances are rather
complex to implement and tune and do not account for the natural
incertitude and confusion regarding both the numerical color values
and the color perception. We propose the use of a planar color repre-
sentation plot, derived from multivariate data visualization, which al-
lows the introduction of a luminance-invariant, geometry-based fuzzy
inter-color distance, used with good results in the implementation of
distance-based color filters and edge detectors.

Keywords— fuzzy distance, fuzzy color, fuzzy image filtering.

1 Introduction
The classical inter-color distances are based on standard col-
orimetric representations, being metrics (or almost metrics) in
the color gamut space (a subset of R3). We propose to investi-
gate a new approach, inspired by the reduced ordering princi-
ple of Barnett [1] and also used in multivariate data visualiza-
tion [2]: namely, the multivariate data (colors) are mapped to
some familiar, two-dimensional objects, that can be grouped,
compared, and plotted with more ease and are more suited
for human perception. Examples of such mappings are the
Chernoff faces [3], the Andrews curves [4] and their possible
extensions [5], the basic and modified parallel coordinates [6]
and the star glyphs [2]. Previous work showed that we could
extend the geometric distance between simplified, plane color
representations (such as the star glyphs) to color distances [7].

This work proposes the embedding of the uncertainty re-
garding the exact values of the color components describing
the color into a fuzzy color distance, inspired by the two-
dimensional geometrical representation of the color by means
of the parallel coordinates.

The remainder of the paper is organized as follows: sec-
tion 2 describes the basic parallel coordinates representation
of multivariate data and its application to the representation
of colors, section 3 introduces the distance between colors
based on their parallel coordinates representation, section 4
introduces the fuzzy extension of the inter-color distance and,
finally, section 5 presents some applications of the proposed
fuzzy distance in non-linear color image filtering and color
edge extraction.

2 Parallel coordinates: the basics
The parallel coordinates representation is a visualization tech-
nique that basically allows plotting n-dimensional points and
patterns into the bi-dimensional plane. Thus, the parallel coor-
dinates representation transforms multidimensional problems
into two-dimensional patterns, without loss of information.

Let us consider a n-dimensional data point x =
(x1, x2, . . . , xn), originally represented in a Cartesian coor-
dinate system. If each of the n axes of the coordinate system
are lined up in parallel with all others into the plane, sepa-
rated by a fixed distance ∆, we obtain the parallel coordinates
system (as presented in Fig. 1) [6]. Obviously, the approach
is scalable with respect to the data dimension, n. Visualiza-
tion is facilitated by viewing the two-dimensional represen-
tation of the n-dimensional data points as lines, crossing the
n parallel axes, each of them representing one dimension of
the original feature space. A n-dimensional point x is rep-
resented in the plane by the series of n − 1 connected line
segments defined by the end points [(kD, x1), ((k+1)D, x2)],
[((k+1)D,x2), ((k+2)D, x3)], , [((k+n−2)D, xn−1), ((k+
n − 1)D,xn)] (as shown in Fig. 1).

Figure 1: Basic parallel coordinates representation of a n-
dimensional data point.

Several interesting mathematical results have been proven
for the parallel coordinates representation [6], [8] and several
applications were proposed, such as clustering [9], fuzzy rule
representation [10], air traffic control [8], and color image fil-
tering [11] based on the independent processing of the points
along the individual coordinates axes.

We may notice the strong resemblance of the parallel co-
ordinate representation with the Andrews curves [4], [2] rep-
resentation method. The Andrews curve representation maps
each n-dimensional point into a continuous, analytical curve,
obtained as a n-term series expansion having the point co-
ordinates as coefficients, according to a fixed functional ba-
sis. The original method uses the Fourier expansion (sine and
cosines functions), but modifications were also proposed (e.g.
the use of Haar wavelets for color image filtering [5]). For a
discrete representation of the Andrews curves, the continuous
basis functions are sampled at regular intervals, similar to the
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use of some parallel axes.
In the following of the paper, we will focus on the represen-

tation of colors - three-dimensional data points. Thus, each
data point is a triple, x = (x1, x2, x3). This representation is
straightforward for the representation of RGB color data, due
to the similar nature of the RGB components; thus, the data
points will be x = (R, G,B), as proposed in [11]. Still, we
propose to use a slight modification of the classical model, by
using a four-dimensional data vector for the representation of
the color, namely x = (R,G, B, R) as shown in Fig. 2. A
color will be thus represented by the polygonal line or by the
subgraph (lower limited by the horizontal axis) of that polyg-
onal line, which is itself a polygon and will be subsequently
named color polygon.

Figure 2: Proposed parallel coordinates representation of a
RGB color, viewed as a 4-dimensional data vector.

3 Computing color distances
Color is represented by a three-component vector; the basic
representation is the RGB model, for which the vector com-
ponents are the relative amounts of normalized red, green
and blue that additively mix in order to produce that color.
Although simple and based on physical realizable color pri-
maries, the RGB color space cannot allow the direct defini-
tion of a topology-preserving, perceptually-compatible inter-
color distance. The same observation holds for the spectral
color representations as well. As normalized by CIE (Com-
mission Internationale de l’Eclairage), perceptual-compatible
inter-color distances are obtainable from the Lab color repre-
sentation. For any two colors C1 = (L1, a1, b1) and C2 =
(L2, a2, b2), the simplest inter-color distance is the Euclidean
distance in the Lab color gamut [12].

Advanced color difference formulas (such as the CMC,
BFD or CIE94 [12]) have been introduced, since the basic Lab
Euclidean metric do not accurately quantify small-to-medium-
sized color differences. Such correctly-measured (as corre-
lated to the subjective estimation) color difference are very
complex and untractable for general-use in color image pro-
cessing. Furthermore, they are not invariant to the change or
luminance.

Obviously, the parallel coordinates polygon’s shape is re-
lated to the nature of the color (properties like hue, satura-
tion, colorfulness, etc.) and the overall area of the polygon
relates to the luminance or brightness of the color. It can be ac-
cepted that a similarity measure between colors is given by the

area of intersection of the two associated parallel coordinates
polygons. In order to construct a symmetrical and normalized
measure, we will follow an approach similar to the definition
of the Canberra distance: the normalization is performed with
respect to the average area of the two color polygons. Thus,
the distance between colors C1 and C2, represented by their
corresponding parallel coordinates polygons P1 and P2 can be
introduced as:

d(C1, C2) = 2
AreaP1∇P2

AreaP2 + AreaP2

(1)

From simple plane geometry considerations one can easily
show that the distance in (1) can be approximately put in the
form of:

d(C1, C2) = (DRG + DGB + DBR) /3 (2)

where DRG is given in (3) and DGB and DBR have similar
forms.

DRG = 2

{ |R1−R2|+|G1−G2|
R1+R2+G1+G2

if∆R∆G ≥ 0
(R1−R2)

2+(G1−G2)
2

(R1+R2)2−(G1+G2)2
if∆R∆G < 0

(3)

0

50

100

150

200

250

Figure 3: Proposed parallel coordinates distance for two col-
ors (red with RGB = (150, 25, 50) and green with RGB =
(40, 170, 110)): the hashed area is the uncommon area of
the parallel coordinates polygons associated to the colors; the
dashed central line is the parallel coordinates polygon having
the average area.

It can be easily shown that for unsaturated colors (grays),
the proposed inter-color distance is the Canberra distance. The
distance in (2) is normalized in the [0; 1] range. It can be eas-
ily shown that the proposed distance is invariant to luminance
changes, that is d(C1, C2) = d(αC1, αC2), ∀α ∈ R.

4 The fuzzy color distance
All image processing algorithms must deal with the impreci-
sion and vagueness that naturally arise in the digital represen-
tation of visual information. Noise, quantization and sampling
errors, the tolerance of the human visual system are the cause
of this imprecision. This strongly suggests that fuzzy models
may be used for taking them into account.

In the case of color images, color attributes and color dif-
ferences play a particularly important role in the perception of
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object boundaries. The process of measuring color differences
must be designed to maintain a balance between the computed
and the perceived difference. Still, the simple use of any given
color representation does not account for the similarity per-
ception and the visual confusion of colors. We propose to deal
with this factors in the framework of a fuzzy representation of
the basic RGB color components and obtain a fuzzy distance
between colors based on the parallel coordinate representation
of the fuzzy colors.

The assumed model means that we will consider each of
the R, G, and B color components as fuzzy numbers, cen-
tered at their ideal (correct, crisp) value. Thus, the polygonal
line representing the given color in the parallel coordinates
system will evolve into some fuzzy polygonal line, composed
by fuzzy line segments.

We will define the fuzzy distance D̃ between two fuzzy col-
ors by means of its α-cuts. The corresponding α-cuts of any
fuzzy color component are closed intervals along the corre-
sponding parallel coordinate axes. Under these circumstances
we can easily determine (from basic geometrical considera-
tions) the minimal and maximal common areas of the corre-
sponding color parallel coordinates polygon and thus to deter-
mine the lower and upper bounds of the corresponding α-cut
of the fuzzy distance D̃.

In the particular case of modelling the fuzzy RGB compo-
nents by fuzzy triangular numbers, the limits of the α-cut in-
tervals of the fuzzy distance are particulary simple to obtain.
We will assume that the fuzzy color components Ṽi (where
Vi is any of the RGB components) are defined by triangular
fuzzy membership functions around their crisp value Vi0:

µṼi
(V ) = max(0, 1 − |V − Vi0|

2 ∗ δ
) (4)

In equation (4) above, δ is the support of the membership func-
tion, measuring its width around the crisp (correct) value and
being thus the direct measure of the incertitude regarding the
correct component value Vi0.

The α-cuts of any of the terms that sum to the color distance
defined in (2) are bounded intervals, like [D−

XY (α); D−
XY (α)].

These upper and lower bounds of the α-cuts intervals of color
distance terms are given by the expressions in (5) and (6) (for
the DRG term given in (3)), according to the cases when the
line segments within two successive parallel coordinate axes
intersect (corresponding to ∆R∆G < 0) or not (∆R∆G ≥
0).

D±
RG(α) = 2

|R1 − R2| + |G1 − G2| ± 4(1 − α)δ
R1 + R2 + G1 + G2

(5)

P1 = (R1 + R2 + G1 + G2 ∓ 4(1 − α)δ)
P2 = (|R1 − R2| + |G1 − G2| ∓ 4(1 − α)δ)
U1 = (R1 − R2 ± 2(1 − α)δ)2

U2 = (G1 − G2 ± 2(1 − α)δ)2

D±
RG(α) = 2

U1 + U2

P1P2
(6)

The fuzzy color distance is obtained by its α-cuts, by summing
the α-cuts of the corresponding DXY terms in (2). The choice
of the width δ of the triangular membership function that mod-
els the RGB color components and the discrete nature of the

component values imply that the number of distinct α-cuts of
the color distance is limited to the rounded value of δ + 1.
For instance, the fuzzy distance between the two colors rep-
resented in parallel coordinates in figure 3 (red with RGB =
(150, 25, 50) and green with RGB = (40, 170, 110)) com-
puted according to δ = 2.2 is defined by three α-cuts: 2.53
for α = 1, [2.49; 2.58] for α ∈ [0.55; 1) and [2.44; 2.62] for
α ∈ [0.09; 0.55).

5 Applications

A significant part of nonlinear filters for color images are
distance-based, i.e. they rely on the computation of inter-color
distances between the colors selected by the filtering window.
We shall prove the use of the proposed fuzzy inter-color dis-
tance in both smoothing filters (such as the vector median fil-
ter) and edge extraction filters, such as standard derivative-
based filters.

5.1 Vector median filtering using the fuzzy inter-color
distance

The classical VMF (Vector Median Filter) [13] defines the
vector (or color) median as the vector characterized by a mini-
mal aggregated distance with respect to all other vectors in the
filtering neighborhood; this ordering of the color vectors is
an instance of the reduced ordering principle [1]. Usually, the
distance between color is computed as a Lk norm of the RGB
color vectors. We will show here that the use of the proposed
fuzzy inter-color distance provides good filtering results.

The fuzzy aggregate distance associate to each color vector
within the filtering window is computed based on the α-cuts
of the individual inter-color distances. Finally, the aggregated
distances (which are also fuzzy numbers defined by their α-
cuts) are ranked, and the minimal fuzzy aggregated distance
corresponds to the median color.

The ranking of the fuzzy numbers (the fuzzy aggregated
distances) is performed according to the classical total inte-
gral value. The total integral value of a fuzzy number D̃ was
introduced in [14] as:

IT (D̃) =
∫ 1

0

µ−1

D̃
(y)dy (7)

According to the ranking proposed in [14], the smallest fuzzy
number has the smallest total integral value (we may also no-
tice that this ranking is an instance of Barnett’s reduced order-
ing principle [1]).

Figure 4 presents the result of a fuzzy-VMF filter applied
for impulsive noise reduction in a color image.

5.2 Fuzzy color edge detection

Basically, all edge detection operators rely on the computa-
tion of an edge intensity map, which is further thresholded in
order to obtain a binary edge map. The edge intensity map
exhibits important values for the pixels that are on the bound-
aries of uniform regions, characterized by a discontinuity (or
variation) of their colors.

One of the simplest contour extraction methods is the im-
age Laplacian. We shall use the luminance-invariant fuzzy
inter-color distance introduced in (2) for the implementation
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a)

b)

Figure 4: a) 5% Impulsive noise degraded image and b) fuzzy-
VMF filtered image within a 3×3 window, with a fuzzy color
model characterized by δ = 2.2.

of a fuzzy color Laplacian operator L. The proposed oper-
ator is a modification of the classical (derivative-type) V4-
neighborhood Laplacian operator; the color Laplacian is the
average inter-color distance within the color at the current
processed location (i, j) and its immediate neighboring col-
ors from the color image f . Mathematically we can express
the proposed fuzzy Laplacian at location (i, j) as:

L̃(i, j) =
1
4

∑
(k,l)∈V4

D̃(f(i + k, j + l), f(i, j)) (8)

The fuzzy Laplacian will be defined by the use of fuzzy
color distances in (8). The summation of the fuzzy color dis-
tance is performed via the corresponding summation of the
limits of their α-cut intervals, yielding an α-cut definition of
the fuzzy color Laplacian at each image location.

The extraction of the binary edge map image implies the
thresholding of the fuzzy Laplacian edge intensity map. Ac-
cording to the desired level of detail that we want to extract
form the image, we may use as color edge intensity map ei-
ther the lower or the upper limit of a specified α-cut interval,
as shown in figures 5 and 6. The choice of a particular value
of α acts as trimming parameter for the extraction of a more
accurate and detailed or a more rough binary edge map, while
keeping a same fixed general threshold. This is not possible
when using a non-fuzzy color distance, either in RGB or Lab
or other color representations.

6 Conclusions
In this contribution we presented a new fuzzy inter-color dis-
tance measure, derived from geometrical considerations re-
lated to a plane, two-dimensional, reversible color represen-
tation. This color representation by parallel coordinates (rep-
resenting a color as a an open polygonal line) was primarily
used in multivariate data representation. The proposed fuzzy
inter-color distance can be used with good results in the me-
dian (non-linear) filtering of color images and fuzzy edge de-
tection.
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a) b)

c) d)

e) f)

Figure 5: Fuzzy Laplacian edge extraction according to the
proposed fuzzy color distance: a) Original color image; b)
Classical Laplacian binary edge map; c) Fuzzy color Lapla-
cian edge strength map computed according to (8) and (2) for
δ = 3.2 corresponding to an α-cut at α=1; d) Fuzzy color
Laplacian binary edge map computed from c) according to an
α-cut at α = 0.66 and thresholding of the lower bound of
the α-cuts interval; e) Fuzzy color Laplacian binary edge map
computed from c) according to an α-cut at α = 1; f) Fuzzy
color Laplacian binary edge map computed from c) according
to an α-cut at α = 0.66 and thresholding of the upper bound
of the α-cut interval. The fuzzy color model is defined by
δ = 3.2.

a) b)

c) d)

e) f)

Figure 6: Fuzzy Laplacian edge extraction according to the
proposed fuzzy color distance: a) Original color image; b)
Classical Laplacian binary edge map; c) Fuzzy color Lapla-
cian edge strength map computed according to (8) and (2) for
δ = 3.2 corresponding to an α-cut at α=1; d) Fuzzy color
Laplacian binary edge map computed from c) according to an
α-cut at α = 0.66 and thresholding of the lower bound of
the α-cuts interval; e) Fuzzy color Laplacian binary edge map
computed from c) according to an α-cut at α = 1; f) Fuzzy
color Laplacian binary edge map computed from c) according
to an α-cut at α = 0.66 and thresholding of the upper bound
of the α-cut interval. The fuzzy color model is defined by
δ = 3.2.
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Definition of fuzzy Pareto-optimality by using possibility theory

Ricardo C. Silva1 Akebo Yamakami1

1. Department of Telematics, School of Electrical and Computer Engineering,
University of Campinas, P.O.Box 6101, 13083-970, Campinas-SP, Brazil.

Email: {rcoelhos,akebo}@dt.fee.unicamp.br

Abstract— Pareto-optimality conditions are crucial when dealing
with classic multi-objective optimization problems because we need
to find out a set of optimal solutions rather than only one optimal
solution to optimization problem with a single objective. Extensions
of these conditions to the fuzzy domain have been discussed and ad-
dressed in recent literature. This work presents a novel approach
based on the use of possibility theory as a comparison index to define
a fuzzily ordered set with a view to generating the necessary con-
ditions for the Pareto-optimality of candidate solutions in the fuzzy
domain. Making use of the conditions generated, one can charac-
terize fuzzy efficient solutions by means of carefully chosen single-
objective problems. The uncertainties are inserted into the formu-
lation of the studied fuzzy multi-objective optimization problem by
means of fuzzy coefficients in the objective function. Some numeri-
cal examples are analytically solved to illustrate the efficiency of the
proposed approach.

Keywords— Possibility theory, multi-objective optimization,
fuzzy Pareto-optimality conditions, fuzzy mathematical program-
ming.

1 Introduction
One of the most significant characteristics of human beings is
the decision making of day-by-day problems. This character-
istics is used to solve several practical problems including eco-
nomic, environmental, social and technical. These problems
are multidimensional and have multiple objectives that are of-
ten non-commensurable and conflict with each other. Thus,
they are inserted in the set of problems that are solved by using
the theory of multi-objective optimization which is a general-
ization of traditional single objective optimization. Although
multi-objective optimization problems differ from single ob-
jective problems only in the plurality of objective functions, it
is important to realize that the notion of optimality condition
change because now the decision maker must find solutions
that satisfy or create a compromise among the multiple objec-
tives. These solutions are called Pareto optimal or efficient or
non-dominated solutions.

Optimization is a procedure of finding and comparing feasi-
ble solutions until no better solution can be found. These solu-
tions are defined good or bad in terms of one or several objec-
tives when is used any optimization model. The optimization
models often use classical mathematical programming, which
attempts to develop an exact model to the optimization prob-
lem of interest. Such modeling may overlook ambiguities that
all too frequently exist in actual optimization operations. In
recent years, Fuzzy Logic [16] has showed great potential for
modeling systems which are non-linear, complex, ill-defined
and not well understood. Fuzzy Logic has found numerous

applications due to its ease of implementation, flexibility, tol-
erant nature to imprecise data, and ability to model non-linear
behavior of arbitrary complexity because of its basis in terms
of natural language. In [18] is discussed the use of fuzzy
logic that is a precise logic of imprecision and approximate
reasoning. We refer to [6, 10, 19], for some applications in the
fields of pattern recognition, data analysis, optimal control,
economics and operational research, among others.

The representation and arithmetic manipulation of uncer-
tain numerical quantities can be defined by means of fuzzy
sets. Unfortunately, the comparison among two or more fuzzy
numbers, intervals and/or sets is not easy. Some approaches
to compare them (see some examples in [2, 6, 9, 10, 14]) were
developed, each one being based upon a different point of
view. The possibility theory, which is analogous to the prob-
ability theory, was proposed by Zadeh [17] to aggregate the
concept of a possibility distribution to the theory of fuzzy sets.
Comparison indexes to rank fuzzy numbers and intervals em-
ploying possibility theory were proposed in [7]. Their im-
portance stems from the fact that much of the information on
which human decisions rely upon have a possibilistic, rather
than a probabilistic nature. On the other hand, some works
describe a fuzzy optimization problem in a classical problem
and they use the classical theory to find the Pareto optimal set.
[8] transform a fuzzy single objective problem into a classi-
cal multiple objective one where the number of objectives is
defined by fuzzy coefficients from the fuzzy problem.

Possibility theory emerged from the notion of fuzzy sets and
his concept tries to take account of the fact that an object may
more or less correspond to a certain category in which one
attempts to place it. In the calculus of degree of possibility
emphasizes the double relationship between possibility theory
and set theory and the concept of measure, respectively. One
merit of possibility theory is to represent imprecision and to
quantify uncertainty at the same time.

This work is organized as follows. Section 2 presents an
overview about the formulation of classical multi-objective
programming problems and classical concepts to obtain the
set of Pareto optimal solutions. Also, it is shown an exten-
sion of these concepts to Pareto optimal solutions of fuzzy
multi-objective programming problems. Section 3 introduces
a novel approach to fuzzy Pareto-optimality. A fuzzily or-
dered set is defined by using a possibility distribution func-
tion as a comparison measure. This section also presents the
characterization of the efficient solutions through the use of
well defined scalar problems. This relation between efficient
solutions and scalar problems can be determined by certain
theorems. To clarify the above developments, two numerical
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examples are analyzed in section 4. Finally, conclusions are
presented in Section 5.

2 Multiobjective programming problem
formulation and concepts

Choosing the goal to be optimized is a critical step in the pro-
cess of modeling real-world problems. The local or global
optimal solution depends totally upon this choice. In the vast
majority of real-world problems, various objective functions
could be defined. Many times these functions are conflicting
and/or non-measurable. Multi-objective optimization is the
branch of mathematical optimization theory devoted to devel-
oping methods to solve problems with various objective func-
tions. A classical multi-objective problem can be formulated
as follows:

min F (x)
s.t. x ∈ Ω

(1)

where F = (f1, f2, . . . , fm), (m ≥ 2) is a vector of objec-
tives and Ω ⊂ R

n is the set of feasible solutions.
Due to the issue of conflicting objectives, the classical con-

cept of optimality that are used to obtain the optimal solution
to optimization problems with an objective function does not
fit into the multi-objective framework. Hence, in such a frame-
work, one settles for the so-called efficient, non-dominated or
Pareto-optimal solution.

The classical works [12] and [13], by Vilfredo Pareto, intro-
duced the concept of Pareto-optimality and started the field of
multi-objective optimization. A solution x∗ ∈ Ω is said to be
Pareto-optimal or non-dominated if there exists no alternative
solution in Ω that improves some of the objective functions
without degrading at least another objective function. Then,
we can define mathematically a non-dominated solution as

Definition 1 (Pareto optimal solution) x∗ ∈ Ω is said to
be a non-dominated solution of Problem (1) if there exists
no other feasible x ∈ Ω such that fi(x) ≤ fi(x

∗), ∀ i =
1, . . . , m with strict inequality for at least one i.

However, when non-linear programming problems with
single objective are solved by any non-linear programming
method, only local optimal solutions are guaranteed in practi-
cal. Then, the concept of local non-dominated solution can be
defined in the following way:

Definition 2 (local Pareto optimal solution) x∗ ∈ Ω is said
to be a local non-dominated solution of Problem (1) if and
only if there exists a real number δ > 0 such that x∗ is non-
dominated in Ω

⋂
N (x∗, δ), i.e., there does not exist another

feasible x ∈ Ω
⋂

N (x∗, δ) such that fi(x) ≤ fi(x
∗), ∀ i =

1, . . . , m with strict inequality for at least one i.

where N (x∗, δ) denotes the δ neighbourhood of x∗ defined
by {x ∈ R|‖x−x∗‖ < δ}. Thus, it is possible to see by these
definitions that the solution of a multi-objective programming
problem consists of an infinite number of points.

Many methods to solve multi-objective programming prob-
lems were proposed and some specific methods can be found
in [4]. These methods are classified according to the instant
the decision maker applies their criteria. Three methods are
proposed: (i) a-Priori method, where the decision maker as-
signs weights to the objective functions a-priori, thus obtain-
ing a single mono-objective criterion; (ii) a-Posteriori method,

where the decision maker strives to create some type of effi-
cient solutions to chose from a-posteriori; and (iii) interactive
methods, where the decision maker informs their preferences
during the search process of an efficient solution.

Although the mathematical formulation of optimization
problems with multiple objectives be well defined, some val-
ues of the real-world problems have vagueness, imprecision
and uncertainty. These values which have been estimated by
decision maker are parameters in the set of constraints and
in one or several objective functions. These uncertainties can
be formulated by logic fuzzy which is a way to describe this
vagueness mathematically and it has found numerous and dif-
ferent applications due to its easy implementation, flexibility,
tolerant nature to imprecise data, low cost implementations
and ability to model non-linear behavior of arbitrary com-
plexity because of its basis in terms of natural language. The
concept of fuzzy decision to obtain a solution to fuzzy pro-
gramming problems was introduced by Bellman and Zadeh[1]
which proved that the fuzzy programming problems can be
reduced to a conventional programming problem under some
assumptions determined by decision maker.

Based on this work, many researches developed methods
that solve optimization problems under fuzzy environment
and in [15] is used α-cut sets to define a non-dominated so-
lution to multi-objective programming problems with fuzzy
parameters which is called α-Pareto optimal solution. In this
case, the fuzzy parameters can be inserted in Problem (1) and
it is transformed in the following way:

min F (ã;x) = (f1(ã1;x), . . . , fm(ãm;x))

s.t. x ∈ X(b̃) � {x ∈ R
n|gi(b̃i;x) ≤ 0, i = 1, . . . , p}

(2)
where ãi and b̃i represent a vector of fuzzy parameters in-
volved in the objective functions and in the functions that form
the set of constraints, respectively. These fuzzy parameters
which reflect the expert’s ambiguous understanding of the na-
ture of the parameters in the problem formulation process, are
assumed to be characterized as fuzzy numbers.

Definition 3 (α-level set) The α-level set of the fuzzy num-
bers c̃ and d̃ is defined as the ordinary set (c̃, d̃)α for which
the degree of their membership functions exceeds the level α:

(c̃, d̃)α = {(c, d)|µc̃(c) ≥ α and µd̃(d) ≥ α}.

Now, suppose that the decision maker considers that the de-
gree of all of the membership functions of the fuzzy numbers
involved in Problem (2) should be greater than or equal to a
certain value of α. Then, for such a degree α, Problem (2) can
be interpreted as a conventional multi-objective programming
problems in the following way:

min F (a;x) = (f1(a1;x), . . . , fm(am;x))

s.t. x ∈ X(b) � {x ∈ R
n|gi(x, bi) ≤ 0, i = 1, . . . , p}

(a,b) ∈ (ã, b̃)α

(3)
where the coefficient vector (a,b) ∈ (ã, b̃)α and (a,b) are
arbitrary for any value in (ã, b̃)α. This fuzzy subset is for-
matted for all the vectors whose degree of each membership
function exceeds the level α. Here, it is possible to observe
that the parameters (a,b) are treated as decision variables of
Problem (3) rather than constants of Problem (2). Through the
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description of Problem (3), the concepts of (local) α-Pareto
optimality is defined as follows.

Definition 4 ((Local) α-Pareto optimal solution)
x∗ ∈ X(b) is said to be a (local) α-Pareto-optimal solution
to the α-MONLP(Multi-Objective Non-Linear programming)
if and only if there exists no other x ∈ X(b)(

⋂
N (x∗, r))

and (a, b) ∈ (A,B)α(
⋂
N (a∗, b∗, r′)) such that fi(x, ai) ≤

fi(x
∗, a∗

i ), i = 1, 2, . . . , k, with strict inequality holding for
at least one i, where the corresponding values of parame-
ters a∗ and b∗ are called α-level optimal parameters (and
N (x∗, r) � {x ∈ R

n|‖x − x∗‖ < r} denote the r neigh-
borhood of x∗).

The (local) α-Pareto-optimal solutions can be obtained
through a direct application of the scalarization methods,
which transform a multi-objective programming problem into
a single-objective programming problem, and the optimal so-
lution obtained is formed by point (x,a,b). These set of so-
lutions, however, generally comprises an infinite number of
points and the decision should select a single (local) solution
based on a subjective criterion.

3 The use of possibility theory in
multi-objective optimization under fuzzy

environment

Normally, when a multi-objective optimization problems is
formulated, many parameters need to be assigned by the deci-
sion maker and they may be described by possible values. In
most practical situations, it is natural to consider that the pos-
sible values of these parameters are often only vaguely known
and it is appropriated to interpret them by the decision maker’s
understanding. This parameters can be represented by fuzzy
numbers which intent to describe the possible values that are
inserted in the real-world problems. Then, the resulting multi-
objective programming problem with fuzzy parameters would
be viewed as the more realistic version of the conventional
one. In addition, it is necessary to define a model for the
quantification of the imprecise data that interpret the decision
maker’s judgment. There are many comparison approaches
among fuzzy numbers and one of them is the possibility the-
ory which was chosen in this work.

3.1 Fuzzy basic concepts

Mathematical programming problems need a precise defini-
tion of both the constraints and the objective function to be
optimized. Fuzzy sets help handle uncertainties when multi-
objective programming problems are formalized in the follow-
ing form:

m̃in F (ã;x)

s.t. x ∈ Ω̃
(4)

where F = (f1, f2, . . . , fm)(m ≥ 2) is a vector of objectives,
ã ∈ F(Rn×m) represent the fuzzy parameters in the objective
functions and Ω̃ ⊂ F(Rn) is a subset of feasible solutions.
F(R) defines the set of fuzzy numbers, F(Rn) defines the set
of n-dimensional vector with fuzzy parameters and F(Rn×m)
defines the set of n×m-dimensional matrix with fuzzy param-
eters. However, we shall only address the uncertainties of the
parameters in the objective functions, in this work.

In order to be able to sort fuzzy numbers in an increasing
(decreasing) order, one has to opt for a comparison measure,
therefore a possibility measure is used which is defined as:

Definition 5 (Possibility measure) Let A be a fuzzy subset
of U and let

∏
X be a possibility distribution associated with a

variable X which takes values in U . The possibility measure,
π(A), of A is defined by

Poss{X is A} � π(A) � sup
u∈U

min(µA(u), πX(u)) (5)

where µA is the membership function of A and πX is the pos-
sibility distribution function of X . It can be interpreted as the
possibility that the value X belongs to the set A and it is de-
fined to be numerically equal to the membership function of
X .

Then, it is possible define a way to compare two fuzzy num-
bers and this index can be formulated as follows

Poss{ã1 ≤ ã2} = sup
u,v∈U ;u≤v

min(µã1(u), µã2(v))

where µã1 and µã2 are membership functions of ã1 and ã2.
Possibility degree Poss{ã1 ≤ ã2} shows to what extent ã1 is
possibly less than or equal to ã2, as described in [7, 11].

The definition above enables one to define a fuzzily ordered
set F(R) that is an extension of the classical ordered set. A
set is said to be completely ordered if it satisfies the following
conditions:

Definition 6 (Ordered fuzzily set) A fuzzy subset A ⊂
F(R) is fuzzily ordered with respect to the possibility measure
if each element in A satisfies the following basic properties:

1. Poss[ã1 ≤ ã1] = 1;

2. Poss[ã1 ≤ ã2] ≥ α1 and Poss[ã2 ≤ ã3] ≥ α2 ⇒

Poss[ã1 ≤ ã3] ≥ min{α1, α2};

3. Poss[ã1 ≤ ã2] ≥ α1 and Poss[ã2 ≤ ã1] ≥ α2 ⇒

Poss[ã1 = ã2] ≥ min{α1, α2};

∀ ã1, ã2, ã3 ∈ A and ∀ α1, α2 ∈ [0, 1].

According to the expressions above, a fuzzy subset A ⊂
F(R) is completely ordered. However, a fuzzy subset of
F(Rm) is only partially ordered. Therefore, the concept of
optimal solution for single objective problems, which was de-
fined in [3, 15], does no fit into the multi-objective formula-
tion, unless the problem admits the so-called ideal solution,
i.e. a single solution that simultaneously minimizes all objec-
tive functions as below:

Definition 7 (Ideal solution) The ideal solution ỹ of the
multi-objective problem is defined as

ỹi = fi(ãi;x
i), i = 1, . . . , m

where xi = arg minx∈Rn fi(ãi;x).

The problem is said to admit an ideal solution whenever the
set of arguments {xi, i = 1, . . . , m}, possesses a single el-
ement. Because the multi-objective framework is most often
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employed in problems with conflicting objectives, a typical
multi-objective problem is unlikely to admit such a solution.
However, due the existence of an ideal solution is very rare,
such a possibility will not be considered in the present analy-
sis.

Conceptually, an efficient solution is one which is not dom-
inated by any other feasible solution. Hence, the domination
concept of a fuzzy multi-objective problem should reflect the
decision maker’s preferences. In this work, a fuzzy dominance
concept is proposed which can be adjusted to the decision
maker’s preferences. This renders the proposed approach flex-
ible and customizable, and possibly applicable to a wide range
of problems. For any point x0 ∈ R

n, consider the following
subsets

Ω<(x0;α) � {x ∈ R
n : Poss[F (ã;x) ≤ F (ã;x0)] ≥ α

and Poss[F (ã;x) = F (ã;x0)] < 1}

Ω≥(x0;α) � {x ∈ R
n : Poss[F (ã;x) ≥ F (ã;x0)] ≥ α}

Ω∼(x0;α) � {x ∈ R
n : max{Poss[F (ã;x) ≤ F (ã;x0)],

Poss[F (ã;x) ≥ F (ã;x0)]} ≤ α}

The subset Ω<(x0;α) comprises the points in R
n that dom-

inate x0, whereas Ω≥(x0;α) encompasses the points in R
n

that are dominated by x0. The set of points that neither dom-
inate nor are dominated by x0 is denoted by Ω∼(x0;α). The
parameter α is a vector where each one of the terms, αi with
i = 1, 2, . . . ,m, belong to the interval [0, 1]. Those sets be-
ing defined, one can denote the set of fuzzy Pareto-optimal
solutions as below:

Definition 8 (Fuzzy Pareto-optimal solution) x∗ ∈ Ω is
said be a fuzzy Pareto-optimal solution if there exists no other
x ∈ Ω such that Poss[fi(ãi;x) ≤ fi(ãi;x

∗)] ≥ αi, ∀i and
Poss[fj(ãj ;x) = fj(ãj ;x

∗)] < 1 for at least one j, where
αi ∈ [0, 1], ∀i.

For difficult optimization problems it is often the case that a
local optimal solution is acceptable. A local efficient solution
for the proposed problem is defined below:

Definition 9 (Fuzzy local Pareto-optimal solution) x∗ ∈
Ω is said to be a fuzzy local Pareto-optimal solution if there
is a real number δ ≥ 0 such that there exists no other x ∈
Ω∩N (x∗, δ) such that Poss[fi(ãi;x) ≤ fi(ãi;x

∗)] ≥ αi, ∀i
and Poss[fj(ãj ;x) = fj(ãj ;x

∗)] < 1 in at least one j,
where αi ∈ [0, 1], ∀i.

Note that the definition above implies that a candidate solu-
tion to the proposed fuzzy problem is (locally) non-dominated
or efficient, if one cannot find (in a certain vicinity) another
solution that simultaneously improves all the objective func-
tions. This interpretation matches the classical counterpart of
multi-objective optimization.

The convexity hyphotesis determine that the neighbourhood
of each one local solution involves whole the feasible region.

Theorem 1 Let fi : Ω ⊂ X → F(Y), i = 1, . . . , m a con-
vex fuzzy functions about a convex subset Ω of a linear space
X . Then whole locally efficient solution is globaly efficient
solution.

Proof: Let x∗ ∈ Ω is a locally efficient solution. By
definition of convex subset, we obtain λx∗ + (1 − λ)x ∈
Ω, ∀x ∈ Ω − N (x∗, ε), with ε > 0 e λ ∈ [0, 1]. Suppose
λx∗ + (1 − λ)x ∈ Ω ∩ N (x∗, ε) then by the fuzzy Pareto-
optimal solution definition, we obtain Poss[fi(ãi;x

∗) ≤
fi(ãi;λx∗ + (1 − λ)x)] ≥ α1

i , i ∈ I = {1, 2, . . . ,m},
and Poss[fj(ãj ;x

∗) = fj(ãj ;λx∗ + (1 − λ)x)] < 1 for at
least one j ∈ I, where α1

i ∈ (0, 1], ∀i ∈ I. By the convex
fuzzy function definition, we obtain fi(ãi;λx∗ +(1−λ)x) �
λfi(ãi;x

∗) + (1 − λ)fi(ãi;x), ∀i ∈ I, which it can be
rewritten by using Possibility Theory as Poss[fi(ãi;λx∗ +
(1 − λ)x) ≤ λfi(ãi;x

∗) + (1 − λ)fi(ãi;x)}] ≥ α2
i , where

α2
i ∈ (0, 1], ∀i ∈ I. Thus, by using the ordered fuzzily sub-

set definition, we obtain Poss[fi(ãi;x
∗) ≤ λfi(ãi;x

∗) +
(1 − λ)fi(ãi;x)}] ≥ min{α1

i , α
2
i } ⇒ Poss[fi(ãi;x

∗) ≤
fi(ãi;x)] ≥ min{α1

i , α
2
i }, ∀i ∈ I. By selecting a deter-

mined objective function k ∈ I and k 
= i, by the Theorem
2, we guarantee that Poss[fk(ãk;x∗) = fk(ãk;x)] < 1 for at
least one k ∈ I.

3.2 Characterization of fuzzy efficient solutions
The characterization of efficient solutions, efi(Ω), by means
of well defined scalar problems is a recurrent approach in
fuzzy multi-objective problems. The following theorem re-
lates efficient solutions and scalar problems.

Theorem 2 x∗ ∈ efi(Ω) if and only if x∗ solves the m
scalar problems

Pk : minx∈Ω fk(ãk;x)

s.t. fl(ãl;x) � fl(ãl;x
∗),

l = 1, 2, . . . ,m, ∀ l 
= k.

(6)

Proof: (⇒) If x∗ ∈ efi(Ω), then there exist no other
x ∈ Ω such that Poss[fi(ãi;x) ≤ fi(ãi;x

∗)] ≥ αi, i =
1, 2, . . . ,m, and Poss[fj(ãj ;x) = fj(ãj ;x

∗)] < 1, for any
j. In this case x∗ solves (6) for all k.
(⇐) Suppose x∗ solves (6), but x∗ /∈ efi(Ω), then there ex-
ists another x ∈ Ω such that Poss[fi(ãi;x) ≤ fi(ãi;x

∗)] ≥
αi, ∀i, and for some j, Poss[fj(ãj ;x) ≤ fj(ãj ;x

∗)] < 1.
Therefore, x∗ does not solve Problem (6). This contradiction
concludes the proof.

The development of analytical conditions to efficient solu-
tions, based on the characterization of non-dominated solu-
tions to problems Pk, k = 1, 2, . . . ,m, is an important tool
in the theoretical analysis. However, such an analysis yields
only m non-dominated solutions, one to each scalar problem
and is therefore, unable to generate the whole Pareto-optimal
set.

Employing a similar analysis to the one presented above,
we now establish the relationship between non-dominated so-
lutions of a fuzzy multi-objective problem and solutions to the
weighting problem. An alternative characterization based on
the linear combination of the objectives can be expressed as

Theorem 3 Let x∗ ∈ Ω solve the problem

Pw : minx∈Ω 〈w, F (ã;x)〉 =
∑m

i=1 ωifi(ãi;x) (7)

for some w ∈ R
m, w ≥ 0 and

∑m
i=1 wi = 1. Then x∗ ∈

efi(Ω) if
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(i) x∗ is the unique solution(7), or

(ii) wi > 0, i = 1, . . . , m.

Proof: (i) If x∗ ∈ Ω is a unique solution of
(7), then ∀x ∈ Ω and by definition, we obtain
Poss [

∑m
i=1 wi (fi(ãi;x

∗) − fi(ãi;x)) < 0] ≥ mini{αi}.
Suppose x∗ /∈ efi(Ω), i.e., there exists at least one x0 ∈
Ω such that Poss[fi(ãi;x

0) ≤ fi(ãi;x
∗)] ≥ αi, i =

1, 2, . . . ,m and Poss[fj(ãj ;x
0) = fj(ãj ;x

∗)] < 1, for
some j. This contradicts the uniqueness hypothesis, because
w ≥ 0. Thus, x∗ ∈ efi(Ω).
(ii) Suppose x∗ /∈ efi(Ω), but x∗ is a solution of (7).
Then there exists a x0 ∈ Ω such that Poss[fi(ãi;x

0) ≤
fi(ãi;x

∗)] ≥ αi, i = 1, 2, . . . ,m and Poss[fj(ãj ;x
0) =

fj(ãj ;x
∗)] < 1, for any j. Hence,

Poss

[
m∑

i=1

wi

(
fi(ãi;x

∗) ≤ fi(ãi;x
0)

)
> 0

]
≥ min

i
{αi}, ∀i.

A contradiction and therefore x∗ ∈ efi(Ω).

4 Results and analysis

The problems we use to evaluate this method are two hypo-
thetic mathematical formulations, which are described in [5],
with the fuzzy approach described in Section 3. Neverthe-
less, they are efficiency in validating the realized study. They
were resolved using an modified implementation of NSGA-II
that solves multi-objective programming problems with con-
straints or not. This modification was made in the comparison
of the objective functions with fuzzy parameters between two
feasible solutions which uses the concepts of fuzzy Pareto op-
timal solutions described in this work.

The vagueness was inserted into the costs of the objec-
tive function and fuzzy numbers are interpreted in the form
(a, a, a)LR where a is the modal value, a is the scattering left
and a is the scattering right of each fuzzy number.

Example 1 (Schaffer’s problem)

min f1(ã1;x) = (x + ã1)
2

min f2(ã2;x) = (x − ã2)
2

s.t −5 ≤ x ≤ 5

(8)

where ã1 = (0, 0, 2)LR and ã2 = (2, 1, 1)LR.
The figures below present the fuzzy solution and fuzzy front.

In Figure 2, each star represents one solution of this multi-
objective problem by using the fuzzy Pareto optimal concept
defined by Sakawa to α = 0.8, while each square represents
one solution by using the fuzzy Pareto optimal concept de-
scribed in this work to α = 0.8, too. It can be observed that
a range of possible Pareto optimal solutions is formed when
the squares are merged. We can also see that many stars are
inside some squares, i.e., this solutions have a degree of pos-
sibility great or equal to 0.8 and belong to the range of Pareto
optimal solutions obtained by the definition that uses possibil-
ity theory.
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membership 1.0 of f1(ã;x)
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Figure 1: Objective functions
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Figure 2: Pareto front

Example 2 (Binh and Kern’s problem)

min f1(ã1;x) = ã11x
2
1 + ã12x

2
2

min f2(ã2;x) = (x1 − ã21)
2 + (x2 − ã22)

2

s.t. (x1 − 5)2 + x2
2 ≤ 25

(x1 − 8)2 + (x2 + 3)2 ≥ 7.7

0 ≤ x1 ≤ 5, 0 ≤ x2 ≤ 3

(9)

where ã11 = ã12 = (4, 1, 1)LR, ã21 = ã22 = (5, 1, 1)LR.
The figures below present the fuzzy solution and fuzzy front.

In Figure 3 are shown the function objectives of Problem (2)
where the superior drawing represents the function f1(ã1;x)
and the inferior one represents the function f2(ã2;x). The
drawings with solid line represent the value of the objective
functions with α = 1 while the ones with dotted line represent
the value of the objective functions with α = 0.

Again, each star represents one solution by using the con-
cept defined by Sakawa to α = 0.8, while each square rep-
resents one solution by using the concept described here to
α = 0.8, too. In this case, the stars are in the imaginary bound
of the Pareto front range formed by possible Pareto solutions,
i.e., the solutions obtained by Sakawa’s definition have a sat-
isfaction level closed in α = 0.8.
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(ã

;
x
))

x1 x2

Figure 3: Objective functions

0 20 40 60 80 100 120 140
0

5

10

15

20

25

30

35

40

45

50

f1(ã;x)
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5 Conclusion

The use of defuzzification methods to solve fuzzy mathemat-
ical programming problems is very common. These methods
transform a fuzzy number into a classical one, but some data
are always lost in each case. The Pareto-optimality presented
in this work makes use of different defuzzification methods in
various stages of the definitions.

Multi-objective Programming problems are very important
in a variety of both theoretical and practical areas. As am-
biguity and vagueness are natural and ever-present in real-
life situations that require precise solutions, it makes perfect
sense to attempt to address these problems using Fuzzy Multi-
objective Programming problems. In this context, this paper
presented a novel theory to determine Pareto-optimality con-
ditions which provide the user with a fuzzy solution. This the-
ory is an expansion of the classical Pareto-optimality theory
and demonstrates the necessary conditions for fuzzy Pareto-
optimality. Some numerical examples are presented to vali-
date the theory outlined.

The authors aim firstly to extend the line of investigation
regarding Fuzzy Quadratic Programming problems in order
to try to solve practical real-life problems by facilitating the
building of Decision Support Systems. This requires the in-
volvement of fuzzy costs as well as fuzzy coefficients, as a
must.
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Abstract—The aim of this study is to apply and compare statistical 
regression and an evolutionary fuzzy system to model color yield 
in the polyester high temperature (HT) dyeing as a function of 
disperse dyes concentration, temperature and time. The predictive 
power of the obtained models was evaluated by means of MSE 
value. It seems that for modeling cases such as the one considered 
in this study, the evolutionary fuzzy system with a minimum MSE 
showed a better predictive capability than the model based on 
statistical regression. 

Keywords— Evolutionary Algorithm, Fuzzy Inference System, 
Polyester Dyeing, Modelling. 

1 Introduction 
After introducing and developing soft computing methods 
many attempts have been made to use and apply them in 
textile research. In this work, we describe two modeling 
methodologies, namely; statistical regression and 
evolutionary-fuzzy systems and compare their capability for 
modeling of color yield in polyester dyeing. So, a summary 
of the evolutionary fuzzy approach and a brief note on 
polyester dyeing are described followed by literature review 
in use of soft computing in textile engineering. 

1.1 Evolutionary Fuzzy System 
Many real world problems are so complex that classical 
computing methods fail to deal with them efficiently. An 
alternative approach to deal with these problems is soft-
computing. The Term soft computing refers to a family of 
computing techniques comprising four different partners: 
fuzzy logic, evolutionary computation, neural network and 
probabilistic reasoning. The term soft computing 
distinguishes these techniques from hard computing that is 
considered less flexible and computationally demanding. 
From this set of techniques, Fuzzy Inference System (FIS) 
are a powerful tool for modeling real control systems [1,2]. 
After the initial fuzzy inference system has been set up, the 
parameters of its fuzzy sets have been optimized in a 
subsequent step using the covariance matrix adaptation 
evolution strategy (CMA-ES) [3,4]. CMA-ES is an advanced 
evolution strategy that relies on an enhanced update 
mechanism for the mutation distribution’s covariance matrix. 
A survey about genetic-fuzzy systems and its application can 
be found in [2].  

1.2 Polyester Dyeing  
Polyester is the most important man made fiber, which is 
produced by melt spinning process [5]. The dyeing of 
polyester is limited to only disperse dyes [6] and requires 
special conditions such as high temperature (≈ 130°C), dry 
heat (190-220°C), or using carrier in the dye bath [7]. The 
chemical structure of disperse dyes contains polar groups but 
there are no ionic groups present which leads to their very 
low solubility in water. The three main chemical structures of 
disperse dyes are azo, anthraquinone, and nitro 
diphenylamine [8]. Temperature, time and disperse dye 
concentration are the primary factors affecting the color yield 
in dyeing polyester. The relative importance of these factors 
can be seen in models representing the color yield as a 
function of them. These models may also have application in 
processing and cost minimization. The color yield is shown 
by K/S. K/S shows the ratio of the absorbed light by an 
opaque substrate relative to the scattered light from it. This 
ratio is calculated by Kubelka-Munk theory as [1,9]: 

(1)                                                                           
2

)1(
)/(      

2

λ

λ
λ R

R
SK

−
=

1.3 Literature Review 
The research related to the subject of this work can be summarized 
as follows: 
Kim et al. studied Fuzzy modeling, control and optimization 
of textile processes [10]. Soft computing methods in textile 
sciences has been reviewed by Sztandera and Pastore [11]. 
Zarandi et al. presented a fuzzy expert system for textile 
manufacturing system using fuzzy cluster analysis [12]. FIS 
has been applied by Hung and to control continuous dyeing 
[13]. Rautenberg et al. used fuzzy sets for color recipe 
specification in the textile print shop [14]. Jahmeerbacusa et 
al. studied fuzzy dye bath pH control in exhaust dyeing [15]. 
Fuzzy- based simulation model for declorization of industrial 
waste water has been presented by Abdou et al. [16]
Marjoniemi and Mantysalo applied Adaptive Neuro Fuzzy 
Inference Systems (ANFIS) in modeling dye solution and 
concentration [17,18]. Active Tension Control of High 
Speed Splitting Machines using Fuzzy PID has been studied 
by Chung et al. [19]. Tavanai et al. used fuzzy regression 
method to model the color yield in dyeing [20]. Smith et al. 
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studied improving computer control of batch dyeing 
operations [21]. Kim et al. proposed an emotion-based textile 
indexing system using colors, texture and patterns. Their 
system utilizes both fuzzy rules and neural networks [22]. A 
genetic-fuzzy approach has been applied by Nasiri et al. to 
model polyester dyeing [1]. Callhof and Wulfhort applied 
ANFIS [23], Veit et al. employed Neural Networks [24], and 
Nasiri used fuzzy regression in texturing [25].  Guifen et al. 
predicted the warp breakage rate in weaving using neural 
network techniques [26]. Predicting the properties of melt 
spun fibers using neural network has been studied by Chung-
Feng [27]. Jeng-Jong applied an evolutionary algorithm to 
obtain the best combination of weaving parameters for 
woven fabric designs [28]. Sette et al. used soft computing 
techniques to Fiber-to-Yarn production process [29]. Peeva 
et al. examined fuzzy relational calculus theory with 
applications in various engineering subjects such as textile 
[30].Blaga studied the application of evolutionary algorithms 
in knitting technology [31]. An automatic textile sales 
forecast using fuzzy treatment of explanatory variables was 
used by Thomassey et al. [32]. Wong et al. studied genetic 
optimization of JIT operation schedules for fabric-cutting 
process in apparel manufacture [33]. Siddaiah applied 
automation in cotton ginning [34]. Aggregation as similarity 
in a morphological framework for the processing of textile 
images has been studied by Soria-Frisch [35].  

2 Modeling of Polyester Dyeing 
The aim of this study is to model variations of color yield of 
C.I. Disperse Blue 266 versus time, temperature, and 
disperse dye concentration in the high temperature (HT) 
polyester dyeing process using an evolutionary fuzzy system 
and the statistical regression method. A total number of 120 
polyester samples were dyed according to the conditions in 
Table 1. The models based on statistical regression and the 
evolutionary fuzzy system was developed and compared [1].

Table 1: Dyeing conditions [1] 
 Dye Concentration 
(%owf) 

0.75  1.5    3    4.5    6 

Temperature (°C)  100  110  115   120  125  130 
Time (min) 12    24    36   48 

2.1 Modeling by Statistical Regression 
Modeling of a dependent variable as a function of one or 
more independent variable(s) can be carried out by means of 
regression. A general multiple regression for modeling the 
color yield can be considered to take the following form:  

( )2                                        3322110 xAxAxAAY +++=    
After using the least squares method to obtain the 
coefficients in the above equation, the statistical regression 
model is obtained as fallows: 

K/S=-79.4+1.54Conc.+0.11Time+0.71Temp. 

To verify the necessary statistical regression conditions, the 
following four conditions can be used  [1,36]: 

1) Linear form for the normal plot of the residuals. 
2) I chart of residuals should lie between the upper and

lower control limits without any specific pattern. 
3) The residuals histogram should be of an 

approximately normal form. 
4) Residuals versus fitted values should show no 

specific pattern.  
Fig. 1 shows the information related to the statistical regression 
model obtained for C.I. Disperse Blue 266 [1]. Regarding the 
above mentioned four conditions for the validity of the models, it 
can be said that the linear statistical model cannot be accepted 
[1,36]. 
Obviously, the model discussed above with its just four 
degrees of freedom is of limited capability and there are 
more powerful e.g. nonlinear regression models. However, 
these tend to be quite complicated and that is why in the 
following an evolutionary fuzzy approach will be considered. 

2.2 Modeling by Evolutionary Fuzzy System 
Variation of K/S function versus two variables of 
temperature, time and concentration for dyed samples in C.I. 
Disperse Blue 266 as curves and surfs in some figures like 
Fig. 2 are shown to study the effect and behaviour of each 
variable. In view of this figure, for example, it is clearly 
observed that temperature has a greater effect on K/S value 
than time has.  
In the same way, the FIS model has been investigated along 
the following lines to model the colour yield of C.I. Disperse 
Blue 266 in polyester high temperature dyeing [1,37,38]. 
First, membership functions for input and output variables 
according to Table 2 and Table 3 have been determined. The 
Gaussian membership function, and Mamdani max-min 
Inference was used for all input and output variables [1]. 

Table 2: Parameters of fuzzy set for input variables [1]. 
Fuzzy set Concentration Time Temperature 
 Mean Std Mean Std Mean    Std 
Low 1.28 0.848     13.1 14.2   100 9.61 
Medium 3.38 0.891 - -  119 1.64 
High 5.87 1.33 44.4 11.7 129 3.97 

Table 3: Parameters of fuzzy set for output variable [1]. 
Fuzzy set Color yield (K/S) 

 Mean Std 
Very low 3.29 0.62 
Low 4.11 1.42 
Medium 12.8 1.69 
High 19.3 1.86 
Very high 29.8 2.23 

Secondly, the following nine rules were defined according to 
the physical and chemical structure of polyester fiber, HT 
dyeing of polyester, and the behavior of 120 samples dyed in 
C.I. Disperse Blue 266 [1]. 

1) If (temperature is low) and (time is low) and 
(concentration is low), then (K/S is very low). 

2) If (temperature is medium) and (concentration is 
high), then (K/S is high). 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1247



Figure 1: Plot of Residuals for K/S of C.I. Disperse Blue 266 [1]. 

  
3) If (temperature is high) and (concentration is low), then 

(K/S is medium). 
4) If (temperature is high) and (concentration is medium), 

then (K/S is high). 
5) If (temperature is low) and (time is high) and 

(concentration is low), then (K/S is very low). 
6) If (temperature is high) and (concentration is high), then 

(K/S is very high) 
7) If (temperature is medium) and (time is low) and 

(concentration is high), then (K/S is medium). 
8) If (temperature is medium) and (time is high) and 

(concentration is high), then (K/S is high). 
9) If (temperature is low) and (time is low) and 

(concentration is high), then K/S is low. 

Then, after a centroid defuzzification of predicted K/S by 
FIS a Mean Square Errors (MSE) of 3.307 for the FIS model 
has been obtained [1].  

2.3 Optimization of the Initial Fuzzy System 
In a final step the fuzzy sets were tuned using the
evolutionary algorithm. Hence, input of the CMA-ES 
algorithm is a vector of parameters of the predefined fuzzy 
inference system, in this setting the 16 values as given in 
Table 2. The CMA-ES was used without any modification, 
i.e. according to the 16 dimensions of the problem, 6 parents 
breeding 12 offspring were used as recommended. Also the 
build-in recombination and mutation operators have been 
applied. The initial step size of the optimization algorithm, 
also known as mutation strength, was set to 0.1. During the 
evolutionary loop the fuzzy sets' parameters are successively 

modified by the CMA-ES and in turn the squared error of the 
resulting fuzzy inference system is computed for the sample 
set. The optimization ends after 1000 generations. 

3 Results and Interpretation 
The FIS model has been improved along the following lines 
to model the colour yield of C.I. Disperse Blue 266 in  
polyester high temperature dyeing using an evolutionary 
algorithm. Table 4 shows parameters of improved fuzzy sets 
for input variables. As it can be seen in Table 4, 
concentration has two fuzzy sets in this new model. In the 
same way, the effect of rule 4 has been tested. Because of its 
low influence on the results, this rule can be neglected. 

Table 4: Parameters of fuzzy sets for input variables.
Fuzzy set Concentration Time Temperature 
 Mean Std Mean Std Mean    Std 
Low 0.53 0.60     12.3 14.21   104.5 9.76 
Medium - - - -  119.2 1.69 
High 5.05 1.64 44.1 12.1 129.5 6.10 

Regarding the remaining eight rules and changed input 
parameters according to Table 4, a Mean Square Error
(MSE) of 2.333 for evolutionary fuzzy system has been 
obtained. 
Fig. 3 shows the results of the FIS system applied to dyed 
samples in C.I. Disperse Blue 266. 
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Figure 2: K/S in terms of temperature and concentration [1]. 
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Figure 3: K/S of dyed polyester and predicted K/S by improved FIS.

3.1 Comparison of Statistical Regression and 
Evolutionary Fuzzy System 

Table 5 shows a comparison of the predictive powers by 
statistical regression, the fuzzy inference system and the 
evolutionary fuzzy system using MSE. According to this 
table, the evolutionary fuzzy with minimal MSE and simpler 
structure showed the best predictive capability in comparison 
to statistical regression and the fuzzy inference system. 

Table 5:  Parameters of fuzzy set for output variables.
Method                                              MSE 
Statistical Regression                        3.382          
Fuzzy Inference System                    3.307 
Evolutionary Fuzzy System              2.333 

On the basis of the above considerations, it can be said that 
the evolutionary fuzzy system provides an appropriate 
method to predict the color yield.  

4 Conclusions 
This research employed statistical regression and an
evolutionary fuzzy system to model the (HT) polyester 
dyeing process. Color yield has been predicted in terms of 
time, temperature, and disperse dye concentration. We 
improved the fuzzy sets and rules of the FIS model using an 
evolutionary algorithm. The results show that the prediction 
performance is best for the evolutionary fuzzy system. 
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Fuzzy concept lattice is made by proto-fuzzy concepts.
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Insitute of Computer Science, University of P.J.Šafárik in Košice
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Abstract— An L-fuzzy context is a triple consisting of a set of ob-
jects, a set of attributes and an L-fuzzy binary relation between them.
An l-cut is a classical context over the same sets with relation as a
set of all object attribute pairs, which fuzzy relation assigns truth de-
gree geater or equal than l. Proto-fuzzy concept is a triple made of
a set of objects and a set of attributes, which form a concept in some
cut of L-fuzzy context and a supremum of all degrees in which cuts
this concept exists. Aim of the paper is to show the connection of
the structure of proto-fuzzy concepts and fuzzy concept lattice con-
structed in the way of [1][5]. This connection can help to generate
of all fuzzy concepts.

Keywords— formal concept analysis, fuzzy concept lattice, fuzzy
Galois connection

1 Preliminaries
Basic notions of Formal Concept Analysis(FCA) are formal
context and formal concept.

Definition 1 A formal context 〈B, A,R〉 consists of a set of
objects B, a set of attributes A and a relation R between B
and A.

Definition 2 Define the mappings ↑: B2 → A2 and ↓: A2 →
B2. The first assigns to the set X ⊆ B the set of all attributes
common to all objects of the set X

↑ (X) =
{
a ∈ A :

(∀o ∈ X
)
(o, a) ∈ R

}
and the second assigns to the set Y ⊆ A the set of all objects
common to all attributes of the set Y

↓ (Y ) =
{
o ∈ B :

(∀a ∈ Y
)
(o, a) ∈ R

}
.

Definition 3 A formal concept of the context 〈B, A,R〉 is a
pair 〈X, Y 〉 such that X ⊆ B, Y ⊆ A, ↑ (X) = Y and
↓ (Y ) = X .

Ganter and Wille in [3] showed that the pair of mappings( ↑, ↓ ) is a Galois connection and the composite mappings
↑↓: B2 → B2 and ↓↑: A2 → A2 are closure operators. Au-
thors prooved an important theorem in FCA well known as
The Basic Theorem On Concept Lattices.

Theorem 1 (The Basic Theorem on Concept Lattices)The
Concept Lattice (lattice of concepts with ordering 〈X1, Y1〉 ≤
〈X2, Y2〉 iff X1 ⊆ X2 iff Y1 ⊇ Y2) is a complete lattice in
which infimum and supremum are given by∧

i∈I

〈Xi, Yi〉 =
〈⋂

i∈I

Xi, ↑↓
(⋃

i∈I

Yi

)〉
∨
i∈I

〈Xi, Yi〉 =
〈
↓↑
(⋃

i∈I

Xi

)
,
⋂
i∈I

Yi

〉
.

A complete lattice V is isomorphic to the concept lattice of
some context 〈B, A,R〉 if and only if there are mappings β :
B → V and α : A → V , such that β(B) is supremum-
dense in V and α(A) is infimum-dense in V and (o, a) ∈ R
is equivalent to β(o) ≤ α(a) for all o ∈ B and a ∈ A. In
particular V is isomorphic to the concept lattice of context
〈V, V,≤〉.

Bělohlávek and Krajči in [1, 2, 5, 6] showed that above
mentioned basic notions may be generalized by applying the
fuzzy logic.

Everybody knows that reality provides situations where
many of attributes are rather fuzzy than crisp. Answer of ques-
tion “Does the object has the attribute?” is rather somewhere
in the middle of false (0) and true (1).

Definition 4 An L-fuzzy formal context is a triple 〈B, A, r〉
consists of a set of objects B, a set of attributes A and an L-
fuzzy binary relation r, i.e. the L-fuzzy subset of B × A or
mapping from B × A to L, where L is a complete residuated
lattice.

The class of all L-fuzzy sets in X will be denoted by XL.
If L is complete then the relation ⊆ (defined by f ⊆ g iff
f(x) ≤ g(x) for all x ∈ X) makes XL into a complete lattice.

Definition 5 A complete residuated lattice is an algebra L =
〈L,∧,∨,⊗,→, 0, 1〉 where

(a) 〈L,∧,∨, 0, 1〉 is a complete lattice with the least element
0 and the greatest element 1,

(b) 〈L,⊗, 1〉 is a commutative monoid,

(c) ⊗ and → satisfy adjointness, i.e.

a ⊗ b ≤ c ⇐⇒ a ≤ b → c

for each a, b, c ∈ L (≤ is the lattice ordering).

Definition 6 (Bělohlávek) A triple 〈B, A, r〉 is an L-fuzzy
context where r : B × A → L and L is a complete residu-
ated lattice. Define mappings ↑: BL → AL and ↓: AL → BL
such that for every f ∈ BL and g ∈ AL

↑ (f)(a) =
∧
o∈B

(
f(o) → r(o, a)

)
↓ (g)(o) =

∧
a∈A

(
g(a) → r(o, a)

)
.
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Table 1: Example of L-fuzzy formal context.

a1 a2 a3 a4

o1 0,2 0,8 0,8 1
o2 1 1 0,8 1
o3 0,2 0,6 0,4 1
o4 0,8 0,4 0,2 0
o5 0,2 0,4 0,4 0,2

Table 2: 1-cut, 0,6-cut, 0,2-cut

a1 a2 a3 a4

o1 •
o2 • • •
o3 •
o4

o5

a1 a2 a3 a4

o1 • • •
o2 • • • •
o3 • •
o4 •
o5

a1 a2 a3 a4

o1 • • • •
o2 • • • •
o3 • • • •
o4 • • •
o5 • • • •

The aim of this paper is to give a new equivalent definition
of Belohlavek’s mappings, but using so-called protto-fuzzy
concepts as basic building units for constructing the fuzzy
concepts. In the next section an l-cuts of L-fuzzy contexts
will be defined for any truth degree l ∈ L, main properties of
their concepts and a relationship of concepts of different cuts
will be showed. Finally Proto-fuzzy concepts will be defined.
Then an equality of new mappings with Bělohlávek ones will
be showed.

2 Cuts of L-fuzzy context
Lets have an example of L-fuzzy context (Table 1). In our
example is the lattice of truth degrees is
〈{1;0,8;0,6;0,4;0,2;0, };≤〉.

Definition 7 Let l ∈ L be an arbitrary truth degree. An l-cut
of some L-fuzzy set f ∈ XL is a classical set denoted by

fl =
{
x ∈ X : f(x) ≥ l

}
.

Definition 8 An l-cut of the L-fuzzy formal context
〈B, A, r〉 for l ∈ L is the classical context 〈B, A, rl〉 where
rl =

{
(o, a) ∈ B × A : r(o, a) ≥ l

}
.

Some of cuts of our example are in the tables.

Definition 9 For every truth value l ∈ L lets define mappings
↑l: B2 → A2 and ↓l: A2 → B2. For every object or attribute
subset X ⊆ B and Y ⊆ A put

↑l (X) =
{
a ∈ A : (∀o ∈ X)r(o, a) ≥ l

}
↓l (Y ) =

{
o ∈ B : (∀a ∈ Y )r(o, a) ≥ l

}
.

Lemma 1 Let K ⊆ L be an arbitrary subset of truth degrees.
Then for every set of objects X ⊆ B and attributes Y ⊆ A
holds that

↑(
W

K) (X) =
⋂
l∈K

↑l (X)

↓(
W

K) (Y ) =
⋂
l∈K

↓l (Y ).

Proof:
⊆ Cuts of the L-fuzzy context were defined such that for

every l1, l2 ∈ L if l1 ≤ l2 then rl1 ⊇ rl2 . Hence for every
subset of objects X or subset of attributes Y , ↑l1 (X) ⊇↑l2

(X) and ↓l1 (Y ) ⊇↓l2 (Y ), which for every l ∈ K implies
↑W

K (X) ⊆↑l (X) and ↓W
K (Y ) ⊆↓l (Y ). And from above

we have ↑(
W

K) (X) ⊆ ⋂
l∈K ↑l (X) and ↓(

W
K) (Y ) ⊆⋂

l∈K ↓l (Y ).
⊇ Let a be an arbitrary attribute from

⋂
l∈K ↑l (X).

For all l ∈ K and for every object o ∈ X , r(o, a) ≥ l.
From the properties of supremum is r(o, a) ≥ ∨

K for all
objects o ∈ X . It means that a ∈↑(

W
K) (X). Hence⋂

l∈K ↑l (X) ⊆↑(
W

K) (X).
The second part can be prooved dually. ��

Lemma 2 For all l ∈ L the pair (↑l, ↓l) forms a Galois con-
nection between the power-set lattices B2 and A2.

Now lets define the concept on the l-cut for some truth de-
gree l ∈ L.

Definition 10 Let 〈B, A, r〉 be the L-fuzzy context. A pair
〈X, Y 〉 is called an l-concept iff

↑l (X) = Y , and ↓l (Y ) = X ,

hence the pair is a concept in a classical context 〈B, A, rl〉.
The set of all l-concepts will be assigned Cl(B, A, r), shortly
Cl.

2.1 Relationship of concepts in different cuts
Lemma 3 Let l1, l2 ∈ L be an arbitrary truth values, such
that l2 ≤ l1. Let

〈
X, Y

〉 ∈ Cl1 . Then there exists an in-
terval I in concept lattice Cl2 , such that for every l2-concept〈
Z, W

〉 ∈ I holds that X ⊆ Z and Y ⊆ W .

Proof: From
〈
X, Y

〉 ∈ Cl1 we know that ↑l1 (X) = Y and
↓l1 (Y ) = X . So as the greatest element of wanted interval
we can use the

〈 ↓l2↑l2 (X), ↑l2 (X)
〉

and the least one
〈 ↓l2

(Y ), ↑l2↓l2 (Y )
〉
. From the fact rl1 ⊆ rl2 we have inclusions

Y =↑l1 (X) ⊆↑l2 (X)

X =↓l1 (Y ) ⊆↓l2 (Y ).

From closure property of conclusion of mappings we have

↓l2↑l2 (X) ⊇ X and ↑l2↓l2 (Y ) ⊇ Y .

From Y =↑l1 (X) ⊆↑l2 (X) we have

↓l2 (Y ) ⊇↓l2↑l2 (X)

and from properties of concepts from [3] we know that it is
equivalent to

↑l2↓l2 (Y ) ⊆↑l2 (X).

��
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〈
X,Y

〉 〈 ↓l2↑l2 (X), ↑l2 (X)
〉

〈 ↓l2 (Y ), ↑l2↓l2 (Y )
〉

r : B × A → L

Figure 1: l1-concept and its l2-superconcepts

Definition 11 Define an ordering ”�” on the set of all l-
concepts of all cuts of L-fuzzy context. Lets have two concepts
of two different cuts 〈X,Y 〉 ∈ Cl1 and 〈Z, W 〉 ∈ Cl2 (because
of these pairs are concepts in two different cuts so we can as-
sign them 〈X, Y 〉l1 and 〈Z, W 〉l2) then 〈X,Y 〉l1 � 〈Z, W 〉l2
iff X ⊆ Z and Y ⊆ W and l2 ≤ l1.

The lattice in the picture 3 isn’t the concept lattice. It is the
lattice of all l-concepts for all l ∈ L and lines is assigning new
ordering from definition.

Lemma 4 Let l1, l2 ∈ L are arbitrary truth values such that
l2 ≤ l1. Let

〈
X1, Y1

〉
,
〈
X2, Y2

〉 ∈ Cl1 , such that
〈
X1, Y1

〉 �〈
X2, Y2

〉
. Than the geatest and least elements of correspond-

ing intervals of l2-concepts are ordered same as correspond-
ing l1-concepts.

Proof: If X1 ⊆ X2 from properties of closure operator we
have ↓l2↑l2 (X1) ⊆↓l2↑l2 (X2) And from Y2 ⊆ Y1 we have
↓l2 (Y1) ⊆↓l2 (Y2). ��

3 Proto-fuzzy concepts

c1

c2
c11

c12

c21

c22

Cl2(B,A, r)

Cl1(B,A, r)

Figure 2: The relationship of concepts of different cuts

As we can see in the figure 3, some of l-concepts are equal,
but in different cuts. If we fix some l-concept and look on the
set of truth degrees in which cuts the conceot exists, we can
see two important properties described in next theorems.

Theorem 2 is sayng that for every concept of some cut, a
set of all truth degrees in which cut the concept exists is closed
under its supremum.

Theorem 2 Let K ⊆ L be an arbitrary set of truth degrees,
〈X, Y 〉 ∈ Cl for all l ∈ K. Then 〈X, Y 〉 ∈ CW

K .

Proof: The lemma 1 implies

↑W
K (X) =

⋂
l∈K

↑l (X) =
⋂
l∈K

Y = Y ,

↓W
K (Y ) =

⋂
l∈K

↓l (Y ) =
⋂
l∈K

X = X .

Hence 〈X, Y 〉 ∈ CW
K . ��

Next theorem 3 is saying that if some concept exist in two
different cuts, then exists in every cut between them.

Theorem 3 (Convexity) Let l1, l2 ∈ L be an arbitrary truth
degrees, and let 〈X,Y 〉 ∈ Cl1 ∩ Cl2 . Then for all l ∈ L, such
that l1 ≤ l ≤ l2, 〈X, Y 〉 ∈ Cl.

Proof: The lemma 1 implies, that for every set of object X
and any two arbitrary truth degrees k,m ∈ L, such that k ≤ m
holds

↑k (X) ⊆↑k (X)∩ ↑m (X) = ↑W{k,m} (X) =↑m (X)

and

↓k (Y ) ⊆↓k (Y )∩ ↓m (Y ) = ↓W{k,m} (Y ) =↓m (Y ).

So
Y =↑l1 (X) ⊇↑l (X) ⊇↑l2 (X) = Y ,

X =↓l1 (Y ) ⊇↓l (Y ) ⊇↓l2 (Y ) = X .

Hence ↑l (X) = Y and ↓l (Y ) = X , which implies 〈X, Y 〉 ∈
Cl. ��
Definition 12 Let

〈
X, Y

〉 ∈ ⋃k∈L Ck(B, A, r) be the con-
cept of some cut of the fuzzy context

〈
B, A, r

〉
. Triple 〈X, Y, l〉

such that l =
∨{

k ∈ L :
〈
X, Y

〉 ∈ Ck(B, A, R)
}

will be
called a proto-fuzzy concept. The set of all proto-fuzzy con-
cepts will be denoted by PFC(B, A, r).

Definition 13 Define a mapping pd : B2× A2 → L such that
for every set of objects Z ⊆ B and set of attributes W ⊆ A is

pd(Z, W ) =
∨{

l ∈ L : (∃X ⊆ B)(∃Y ⊆ A)

〈X, Y, l〉 ∈ PFC(B, A, r)Z ⊆ XW ⊆ Y
}

.

This mapping assigns to every pair of sets of objects and at-
tributes the truth degree of highest proto-fuzzy concept which
owns them. Notation pd means proto-degree of input sets.

4 Alternative definition of Bělohlávek’s
mappings

Lets go back to introduction.

Definition 14 A triple 〈B, A, r〉 is L-fuzzy context where r :
B × A → L and L is the complete residuated lattice. Define
mappings ↑: BL → AL and ↓: AL → BL such that for every
f ∈ BL and g ∈ AL

↑ (f)(a) =
∧
o∈B

(
f(o) → r(o, a)

)
↓ (g)(o) =

∧
a∈A

(
g(a) → r(o, a)

)
.
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∅
∅
1

{o1, o2, o3} {o2}

{o1, o2}

{o2} {o1, o2, o3}

{o2, o4}

{o1, o2} {o2} {o1, o2, o3} {o2, o4}

{o1, o2, o3} {o2} {o2, o4}{o1, o2, o3, o5} {o1, o2, o3, o4, o5}

{o1, o2, o3, o5} {o1, o2, o3, o4, o5}

{o1, o2, o3, o4, o5}

{a4} {a1, a2, a4}

{a2, a3, a4}

{a1, a2, a3, a4} {a4}

{a1}

{a2, a3, a4} {a1, a2, a3, a4} {a2, a4} {a1}

{a2, a3, a4} {a1, a2, a3, a4} {a1, a2}{a2, a3} {a2}

{a1, a2, a3, a4} {a1, a2, a3}

{a1, a2, a3, a4}

1 1

0, 8

0, 8 0, 8

0, 8

0, 6 0, 6 0, 6 0, 6

0, 4 0, 4 0, 40, 4 0, 4

0, 2 0, 2

0

Figure 3: Lattice of all l-concepts of example for all l ∈ L,〈 ∪l∈L Cl(B, A, r),� 〉
Lets define new mappings and show that they are equivalent

to the mappings above.

Definition 15 A triple 〈B, A, r〉 is L-fuzzy context where r :
B × A → L and L is the complete residuated lattice. Define
mappings ⇑: BL → AL and ⇓: AL → BL such that for every
f ∈ BL and g ∈ AL

⇑ (f)(a) =
∧

l∈rng(f)

(
l → pd(fl, {a})

)
⇓ (g)(o) =

∧
l∈rng(g)

(
l → pd({o}, gl)

)
.

Theorem 4 For every set Z of objects, an every set W of at-
tributes, ∧

(o,a)∈Z×W

r(o, a) = pd(Z, W ).

Proof:
≤ Let l =

∧
(o,a)∈Z×W r(o, a). If a ∈ W then (∀o ∈

Z)r(o, a) ≥ l, i.e. a ∈↑l (Z), so W ⊆↑l (Z). Take Y =↑l

(Z) and X =↓l (Y ) clearly 〈X, Y 〉 ∈ Cl(B, A, r). Hence
〈X, Y, m〉 ∈ PFC(B, A, r) where m =

∨{k ∈ L : 〈X, Y 〉 ∈
Ck(B, A, r)}.

Because W ⊆↑l (Y ) and Z ⊆↓l↑l (Z) =↓l (Y ) = X , we
have

pd(Z, W ) ≥ m ≥ l =
∧

(o,a)∈Z×W

r(o, a).

≥ Let 〈X, Y, l〉 ∈ PFC(B, A, r), Z ⊆ X and W ⊆ Y .
Then l =

∨{k ∈ L : 〈X, Y 〉 ∈ Ck(B, A, r)} and it follows
from Theorem 2 that 〈X, Y 〉 ∈ Cl(B, A, r). It means that,
for all o ∈ X and a ∈ Y is r(o, a) ≥ l
Hence

∧
(o,a)∈Z×W r(o, a) ≥ ∧

(o,a)∈X×Y ≥ l. It follows
that

∧
(o,a)∈Z×W r(o, a) ≥ ∨{l ∈ L : (∃X ⊆ B)(∃Y ⊆

A)〈X, Y, l〉 ∈ PFC(B, A, r), Z ⊆ X, W ⊆ Y } = pd(Z, W ).
��

Theorem 5 For above defined mappings holds

↑ = ⇑ and ↓ = ⇓.

Proof: Note these three facts:

• Because → is antitone in the first argument, f(o) ≥ l
implies

f(o) → r(o, a) ≤ l → r(o, a)

• Because {o ∈ B : f(o) ≥ l} ⊇ {o ∈ B : f(o) = l}, we
have ∧

o∈B:f(o)≥l

(l → r(o, a)) ≤
∧

o∈B:f(o)=l

(l → r(o, a))

• ⋃
l∈rng(f)

{o ∈ B : f(o) ≥ l} =

=
⋃

l∈rng(f)

⋃
m∈rng(f):m≥l

{o ∈ B : f(o) = m} =

=
⋃

l∈rng(f)

{o ∈ B : f(o) = l}

Using the previous facts we obtain∧
l∈rng(f)

∧
o∈B:f(o)=l

(f(o) → r(o, a)) =

=
∧

l∈rng(f)

∧
o∈B:f(o)≥l

(f(o) → r(o, a)) ≤

≤
∧

l∈rng(f)

∧
o∈B:f(o)≥l

(l → r(o, a)) ≤

≤
∧

l∈rng(f)

∧
o∈B:f(o)=l

(l → r(o, a)) =

=
∧

l∈rng(f)

∧
o∈B:f(o)=l

(f(o) → r(o, a))

It follows that both inequalities are in fact equalities, hence
(using Theorem 4)

↑ (f)(a) =
∧
o∈B

(f(o) → r(o, a)) =
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=
∧

l∈rng(f)

∧
o∈B:f(o)=l

(f(o) → r(o, a)) =

=
∧

l∈rng(f)

∧
o∈B:f(o)≥l

(l → r(o, a)) =

=
∧

l∈rng(f)

(l →
∧

o∈B:f(o)≥l

r(o, a)) =

=
∧

l∈rng(f)

(l →
∧

o∈fl

r(o, a)) =

=
∧

l∈rng(f)

(l → pd(fl, {a})) =⇑ (f)(a)

The second part can be proved dually. ��
4.1 One-sided fuzzy concepts
In [8] we defined so-called one-sided fuzzy concepts, the pairs
consisting of one classical set of objects and fuzzy set of at-
tributes and defined mappings which are creating them.

Definition 16 For L-context 〈B, A, r〉 define mappings �:
B2 → AL and �: AL → B2. For an arbitrary set of
objects X ∈ B2 and an L-fuzzy set of attributes g ∈ AL put

� (X)(a) =
∧

o∈X

r(o, a)

� (g) = {o ∈ B : (∀a ∈ A)g(a) ≤ r(o, a)}.

By the theorem 4 we can write � (X)(a) = pd(X, {a}).
Bělohlávek’s theorem ([2]) say:

Theorem 6 For X ∈ B2 and g ∈ AL and mappings ↑, ↓,�
,� we have

� (X) =↑ (X ′) and � (g) = (↓ (g))1

and X ′ means L-fuzzy set of objects corresponding to X , and
(↓ (g))1 means 1-cut of ↓ (g).

With the theorem 5 we can in previous theorem change the
mappings ↑, ↓ by ⇑,⇓.

5 Sketch of algorithm for generating all fuzzy
concepts

Set<Object> B;
Set<Attribute> A;
Set<TrueDegree> L;
LFuzzy binary relation r;
Set<PFConcept> PC(B,A,r)
Set<FConcept> fcs;

public Set<FuzzyConcept> generateAllFC(
Set<Proto-fuzzy concept> PC(B,A,r)

){

// generating all basic L-fuzzy concepts

for ( PFConcept pc : PC(B,A,r) ){
Set<Object> objs = pc.getObjects();

Set<Attribute> atrs = pc.getAttributes();
True Degree deg = pc.getTruthDegree();
for ( TruthDegree m : L )
for ( TruthDegree k : L )
if ( m== k --> deg ){
//new L-fuzzy set of Objects
LFSObjs f = new LFSObjs(

<obj,m> if obj : objs,
<obj,0> if obj : B-objs

);
//new L-fuzzy set of Attributes
LFSAtrbs g = new LFSAtrbs(

<atr,k> if atr : atrs,
<atr,0> if atr : A-atrs

);
//every fuzzy concept will remeber of which
//of proto fuzzy concepts was created

fcs.add(
new FConcept(

f ,
g ,
new Set<PFConcept>{ pfc } )

);
}

}

// creating connected L-fuzzy concepts

for ( LFuzzyConcept fc1 : fcs )
for ( LFConcept fc2 : fcs ){
Set<PFConcept> pfcs1 = fc1.getPFConcepts();
Set<PFConcept> pfcs2 = fc2.getPFConcepts();
boolean ordered = true;
for ( PFConcept pfc1 : pfcs1 )
for ( PFConcept pfc2 : pfcs2 )
if ( !pfc1 <= pfc2 AND !pfc2 <= pfc2 )
ordered = false;

if ( ordered )
fcs.add( createNewFC( fc1 , fc2 ) );

}

return fcs;
}

public FConcept createNewFConcept(
FConcept fc1 ,
FConcept fc2 )

{
//new L-fuzzy set of Objects
LFSObjs f = new LFSObjs(
<obj,fc1.getDeg(obj)>

if fc1.getDeg(obj)>=fc2.getDeg(obj),
<obj,fc2.getDeg(obj)>

if fc2.getDeg(obj)>=fc1.getDeg(obj)
);
//new L-fuzzy set of Attributes
LFSAtrbs g = new LFSAtrbs(
<atr,fc1.getDeg(atr)>

if fc1.getDeg(atr)>=fc2.getDeg(atr),
<atr,fc2.getDeg(atr)>

if fc2.getDeg(atr)>=fc1.getDeg(atr)
);
//Union of sets of proto-fuzzy concepts
Set<PFConcept> pfc =

unite(
fc1.getPFConcepts,
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fc2.getPFConcepts
)

return new FConcept( f , g , pfc );
}

6 Future work
Our future work will be to finish the sketched algorithm, to proove
his good working and apply it.

We are grateful for precious comments of our colleague and friend
Jozef Pócs.

Paper was created with support of grant 1/3129/06 Slovak grant
agency VEGA.
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[8] Krajči, S.: Cluster Based Efficient Generation Of Fuzzy Con-
cepts Neural Network World 5/03 521–530

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1257



A Preliminary Analysis for Improving Model Structure of  
Fuzzy Habitat Preference Model for Japanese Medaka (Oryzias latipes)
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Abstract—The present study examined a preliminary analysis for 
improving model structure of fuzzy habitat preference model for 
Japanese medaka (Oryzias latipes) dwelling in agricultural canals in 
Japan. The present model employed a simplified fuzzy reasoning 
method for evaluating habitat preference of the fish based on the 
relationship with physical habitat characteristics observed in the field 
survey. The model parameter was optimized by using a simple genetic 
algorithm, in which number of fuzzy membership function was fixed. 
In the present analysis, number of fuzzy membership function was 
changed while the other methods were fixed as the original model. The 
model performance was evaluated based on mean square error 
between observed and predicted fish population density, and by using 
two different data sets. As a result, there was no clear tradeoff between 
number of fuzzy membership functions and prediction accuracy. By 
contrast, calibration and validation results showed a slight tendency 
of tradeoff. Further studies on clarifying the tradeoffs would be 
necessary for improving the model structure in an effective way. 

Keywords— fish habitat, genetic algorithm, habitat modelling,
simplified fuzzy reasoning

1 Introduction
  Since anthropogenic impacts largely affect and degrade 
aquatic environments, assessment based on geomorphologic 
and ecological data is the basis for evaluating the state of the 
environment and its management planning [1]. In the 
evaluation, a habitat preference approach, such as habitat 
evaluation procedure (HEP) [2, 3] and Instream Flow 
Incremental Methodology (IFIM) [4], is often applied for its 
simplicity and intuitiveness. Habitat suitability index (HSI), 
which was originally proposed for HEP and IFIM, is usually 
classified into three categories: Category I—professional 
judgements; Category II—habitat use indices; Category 
III—habitat preference indices [5]. Despite its generality, 
some studies concluded that HSI cannot describe habitat uses 
[6, 7, 8, 9]. This failure would be ascribed to non-linear and 
complex interactions between environmental factors 
affecting the habitat use and to uncertainty in ecology.  
 The uncertainty is increasingly recognized and gaining 
public interests in natural ecosystem research. In ecological 
modelling, the uncertainty of the model is caused by both the 
lack of knowledge (i.e. data imperfection) and the variability 
of models and parameters (models’ sensitivity) [10]. For 
coping with the data imperfection, an approach using fuzzy 
logic was proposed and widely applied to expressing expert 
knowledge and dealing with incomplete and/or subjective 
information [11, 12, 13, 14, 15, 16]. This approach enables 
qualitative information consisting of linguistic terms to be 
used for quantitative evaluation of target systems that are 

required for decision-making at an ecosystem level. By 
contrast, [17] introduced fuzziness as a reliability bound so as 
to consider the subjective uncertainty in habitat evaluation by 
different interpretation. The author also applied fuzzy set 
theory to habitat evaluation for considering the vagueness of 
fish behaviour, measurement errors and dispersions of 
physical environment, in which models showed high ability 
to represent habitat use of the target fish by integrating fuzzy 
rule-based model with model optimization techniques of 
genetic algorithm (GA) [18, 19, 20, 21, 22, 23, 24] or 
artificial neural network [25, 26]. By applying GA, all the 
model parameters can be simultaneously optimized, which 
enables us to assess the nonlinearity in fish habitat preference 
[23]. This emerging property clarified from the modelling 
would make an appeal to researchers for applying artificial 
intelligence techniques. However, as reported in [22], the 
fuzzy habitat preference model showed weakness in terms of 
transferability which might be ascribed to the complexity of 
the models. Therefore, to assess the relationship between 
models’ complexity and accuracy would be necessary for the 
model improvement without losing its accuracy. This could 
also promote the application of genetic fuzzy systems in 
ecological research.
 The present study aims to examine a preliminary analysis 
for improving model structure of fuzzy habitat preference 
model (FHPM) for Japanese medaka (Oryzias latipes)
dwelling in agricultural canals in Japan. Field surveys were 
conducted in the agricultural canals to establish a relationship 
between fish habitat preference and physical environments of 
water depth, current velocity, lateral cover ratio and percent 
vegetation coverage. All the FHPMs of different model 
structure were compared focusing on the tradeoffs between 
complexity of the model and accuracy of habitat prediction. 

2 Methods
 In this section, the author first gives a brief review on the 
application of fuzzy systems to ecological research. Second, 
an overview of the study site and target fish is described. And 
then, the author explains the field surveys and the modelling 
procedure of habitat prediction models together with the 
explanation on assessment and comparison of the models.  
2.1 Fuzzy Modelling in Ecological Research 
  The pioneer work of fuzzy logic application to ecological 
study would be [27] in which fuzzy set theory was introduced 
to habitat quality evaluation, classification of wetlands, and 
formation of compartments of ecosystem components. Since 
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then, many researchers have employed fuzzy logic-based 
approaches in ecological research (e.g., population dynamics 
[28, 29, 30, 31], cluster analysis [32], elicitation of expert 
knowledge [33], human decision behaviour [34]). Reference 
[35] reviewed applications of fuzzy logic for decision 
support in ecosystem management with focus on the 
identification, optimization, validation, interpretability and 
uncertainty aspects of rule-based models. As mentioned 
earlier, fuzzy modelling has also been applied to habitat 
assessment. This can be classified into two categories of 
knowledge-based modelling [12, 13, 14, 15] and data-driven 
modelling [16, 18, 19, 20, 21, 22, 23, 24, 25, 26, 36]. The 
former cannot optimize model parameters, while the latter 
can do it. Several approaches were employed for data-driven 
optimization of model parameters. For instance, [16] 
employed a nearest ascent hill climbing algorithm, [22, 25, 
26] incorporated fuzzy membership function into artificial 
neural network, and the others employed GA [18, 19, 20, 21, 
22, 23, 24, 36]. According to [37], the latter two approaches 
can be classified into genetic fuzzy systems. The genetic 
fuzzy systems would gain more attentions in ecological 
research because of its interpretability and learning ability.
2.2 Study Site and Target Fish 
  The survey was carried out in an agricultural canal located 
in Kurume City, Fukuoka, Japan (33˚20’ N, 130˚42’ E; Fig. 
1). The spring-fed canal runs through paddy fields, and is 
used for both irrigation and drainage purposes. It flows into 
the Kose River, which is a tributary of the Chikugo River.  
 The target fish, Japanese medaka (Oryzias latipes), is one 
of the most common freshwater fish in Japan. This fish has 
been considered as one of the symbols of rural environmental 
conservation and restoration because of the vulnerability to 
alterations of physical environment such as concrete lining of 
the earthen canal. For instance, Japanese medaka generally 
grows up to approximately 2 cm in length and thus is 
vulnerable to fast flowing water.  
2.3 Field Survey 
  The field surveys were conducted on 14 October, and 5 
and 9 November 2004. The surveys were conducted during a 
non-irrigation period, thus the discharge in the study reaches 
remained stable. Therefore, the habitat uses of Japanese 
medaka were not affected by any agricultural activities or 
agricultural chemicals. The water temperature remained 
stable (16.1−20.3˚C) during the surveys. 
 The habitat uses of Japanese medaka and the physical 
habitat characteristics of water depth (henceforth referred to 
as depth), current velocity (velocity), lateral cover ratio 
(cover), and percent vegetation coverage (vegetation) in the 
study reach were surveyed on sunny days. The four physical 
environments are found to be the primary factors affecting 
spatial distribution, i.e., habitat use, of the fish [20]. After 
mapping the reach, habitat use of the fish was first observed 
(11:00−14:30) and then the physical habitat characteristics 
within the reach were surveyed.
 The habitat use of Japanese medaka was observed visually 
from the bank; the observer moved slowly and carefully to 
avoid disturbing the fish. The number of the fish was counted 
in units of five to take into consideration the habit of school 
formation, i.e., fish in a small school (less than five) were not 

counted. Observations were repeated eight times and the 
results were averaged to reduce observational error.
 Immediately after completing the fish observation, the 
four physical habitat characteristics of depth, velocity, cover, 
and vegetation were surveyed to establish a relationship 
between physical environment and habitat preferences of 
Japanese medaka. First, depth and velocity were measured to 
divide the study reach into small water bodies having similar 
condition with regard to these two physical parameters. 
Depth was measured with a stainless steel ruler, and velocity 
with a portable propeller current meter (KENEK, V-303) at 
three lateral points comprising a midpoint and two near-shore 
points at longitudinal intervals of 1 m. By using the 
measurements of depth and velocity, the reach was divided 
into water bodies. Next, the other two factors of cover and 
vegetation were calculated from the schematic diagrams of 
the water bodies. The lateral cover ratio is defined as a 
function of the presence of lateral cover, which comprises the 
water’s edge, a dike, or anything that emerges from the water 
surface and surrounds the water body. The cover thus 
consists of four components (four lateral sides). The 
maximum cover ratio is 100%, and each of the cover 
components is assigned a score of 25%. In the definition of 
the cover, objects attached to more than 90% of the boundary 
between water bodies were regarded as cover components. 
That is, only instream and undersurface cover structures were 
considered as cover component because they may have had 
the same effects as the margin of the stream. Percent 
vegetation coverage is defined as the percentage of the area 
covered with aquatic vegetation in each water body. Both 
submerged and emergent vegetation were pooled because of 
their same roles in providing food and shelter from predators 
and fast-flowing currents. 

Figure 1: Study reach 

 The habitat use data used in the following analyses were 
the observed fish population density obtained for the ith water 
body ρo,i (individuals per square metre), where i (i=1, 2, …, 
n) denotes the index of the water body and n the total number 
of water bodies. 
2.4 Fuzzy Habitat Preference Model 
  In fuzzy habitat preference model (FHPM), a simplified 
fuzzy reasoning was introduced to relate physical habitat 
characteristic to habitat preference with the consideration of 
the uncertainties (Fig. 2), and a simple GA to optimize the 
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model structure. GA was employed because it enables us to 
simultaneously optimize all the parameters in FHPM even 
under the nonlinear, complex interactions between physical 
environment and fish habitat preference. The premise part of 
FHPM (Fig. 2(i)), i.e. fuzzy membership functions, is defined 
for the purpose of reflecting the ecology of Japanese medaka. 
For instance, because the body length of an adult medaka is 
approximately 2 cm, the critical requirements for Japanese 
medaka with regard to depth and velocity thus would be 
relatively shallower and slowly flowing water. The habitat 
preference is calculated by taking the weighted mean of 
singletons in the consequent part (Fig. 2(ii)) by the 
membership value µi. That is, 
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where Pj denotes the habitat preference to the environmental 
factor j (=depth, velocity, cover, and vegetation), ci is the 
value assigned to each singleton (i.e., degree of habitat 
preference assigned to the corresponding membership 
function in the premise part), µi is the membership value (i.e., 
degree of fitness to the membership functions in the premise 
part), i is the index of the membership functions, and nm is the 
number of membership functions (Fig. 2). By taking the 
weighted mean (1), the results are given in a simple linear 
form. The singletons in the consequence part are determined 
by using GA so as to minimize mean square error (MSE) 
between predicted and observed fish population density. The 
optimization procedure is summarized as follows. 
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Figure 2: Membership functions of FHPM 

 First, GA proposed a set of initial model structures (i.e., 
consequence part) of FHPM. Second, the environmental 
measurements were given as input values. The input values, 
i.e., four physical environmental variables, are represented 
by symmetric triangular fuzzy numbers for considering the 
uncertainty originated from measurement errors and spatial 
dispersions. The fuzzy inputs are expressed by its centre ac

j

and spread as
j as (ac

j, as
j), where j denotes the environmental 

factors of depth, velocity, cover, and vegetation. The spread 
as

j is determined from allowable variance when dividing the 
reach into water bodies: 1 cm is given for the spread of depth 
as

d, 2 cm s−1 for velocity as
v, 10% each for cover as

c and 
vegetation as

veg. Of these, the abbreviations of d, v, c, and veg 
indicate depth, velocity, cover, and vegetation, respectively. 
Third, habitat preferences for each environmental factor were 
calculated. Fourth, the habitat preferences to the four 
environmental factors were combined using (2).  

iiiii PPPPP ,veg,cv,d, ×××=          (2) 

Fifth, the habitat use of Japanese medaka was predicted by 
using (3).  
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Table 1: Condition of GA optimization 
Operation Condition & Remarks 
Selection Elite preservation strategy
Crossover Uniform 
Mutation 0.05% 

Number of individuals 100 
Number of iteration 5000 

Length of binary strings 6 bits per parameter 

Table 2: Condition of model structure modification, in which 
filled circles indicate the factors modified. 

Factor 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Depth � � � � � � � �

Velocity � � � � � � � �

Cover � � � � � � � �

Vegetation � � � � � � � �

Number* 1 1 1 1 2 2 2 2 2 2 3 3 3 3 4

   *Number of membership functions modified. 

Next, MSE between the predicted and observed fish 
population density was calculated, and then GA repeatedly 
modified the singletons so as to minimize MSE. Finally, the 
optimized FHPM was obtained. The basic condition of GA 
optimization is summarised in Table 1. In the original setting, 
totalled 17 parameters were optimised (5 for depth, 6 for 
velocity, and 3 each for cover and vegetation). The number of 
parameters to be modified differed by the condition of model 
structure modification (see Table 2).  
2.5 Model Development and Analysis 
  In the present study, a data set collected on 14 October and 
5 November 2004 was used for calibration while the other 
data set collected on 9 November was used for validation. 
The condition given for comparing the results of model 
structure modification is summarised in Table 2. Totalled 31 
sets of the condition were given in which one is given for 
original model, and 15 each for reducing and adding 
membership functions to the original model. Since model 
structures of the models vary in accordance with their initial 
conditions in the optimization, 20 different initial conditions 
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were thus given to each model so as to evaluate the variance 
of model structure developed. For the comparison, MSE 
between predicted and observed fish population densities 
was calculated. Average and standard deviation of MSE on 
all the models were then used for the comparison. The 
relationship between MSE and number of fuzzy membership 
functions was compared in order to clarify the 
accuracy-complexity tradeoffs in FHPM.  

3 Results
  The results of field surveys on 14 October and 5 
November 2004 were pooled and used for model calibration 
(Fig. 3(i)), while the result of survey on 9 November was 
used for model validation (Fig. 3(ii)). All the models were 
developed by using raw data shown in Fig. 3.  

(i) Calibration data set (ii) Validation data set
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Figure 3: Result of field survey 

 Habitat preferences evaluated by all the models reflected 
their model structure, in which the variance in habitat 
preference curves would be ascribed to the difference in 
model structure among 20 different initial conditions. Of 
these, three habitat preference curves evaluated by the 
models of no modification (original), four-factor reduced and 
four-factor added are shown as an example (Fig. 4). Despite 
of the similar tendency in habitat preference, the larger 
variance in model structure was found in the case of 
four-factor added model.  
 By using the habitat preference models together with (2) 
and (3), habitat uses of Japanese medaka were predicted, of 
which MSE between predicted and observed fish population 
density (i.e., habitat use) were used for the comparison. 
Because some calibration turned out to be failure (especially 
in the case of adding fuzzy membership function), the best 
result (i.e., model) achieved at each condition was used in the 
following analysis. Fig. 5 shows the scatter diagrams of the 
averaged MSE and number of fuzzy membership functions in 
both calibration and validation, in which the number of 17 
indicates the original model. The model structure could not 
be improved by modifying the number of fuzzy membership 

functions in calibration. By contrast, reducing number of 
fuzzy membership functions resulted in deterioration of 
prediction ability of the models. The degree of deterioration 
differed by factors that was modified. As a result, no tradeoff 
was found between prediction ability of the models (i.e., 
MSE) and number of fuzzy membership function (i.e., model 
complexity). 
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Figure 4: Habitat preference curves evaluated by three 
models of four-factor reduced (i), no modification (original) 

(ii), and four-factor added (iii). 
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Figure 5: Scatter diagram between minimum mean square 
error and number of fuzzy membership functions in 

calibration (i) and validation (ii), in which open marks 
represent the case of reduced number of fuzzy membership 

function while filled marks represent that of added. 

 The MSEs of calibration and validation were compared 
for the deeper understandings of the relationship between 
prediction ability and model structure of FHPM. In Fig. 6, 
there were slight tradeoffs between calibration and validation 
results. For instance, models with smaller MSE in calibration 
resulted in larger MSE in validation. Fig. 6 also indicated that 
no improvement was achieved by adding fuzzy membership 
functions to the original one. 

4 Discussion
 The complex interactions between physical environment 
and habitat preference of the fish made it difficult to clarify 
the tradeoffs in FHPM. All the habitat preference curves of 
31 different conditions showed similar trend of larger water 
depth, slower velocity, larger cover and smaller vegetation 
(Fig. 4). However, the prediction result differed between 
models (Figs. 5 & 6). In Fig. 5, reducing fuzzy membership 
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function resulted in better prediction in the validation data set 
while prediction in the calibration data set resulted in 
deterioration. On one hand, this clearly indicates the effect of 
over-fitting to the data used in model calibration. This could 
be improved by modifying the conditions of GA optimization 
such as number of iteration and number of data used in model 
development. On the other hand, this would be ascribed to 
the different distribution of the physical environment and 
habitat use of the fish (Fig. 3). This is one of the major 
problems in habitat modelling and is often discussed as 
“transferability” of the habitat models [8, 9]. Adding fuzzy 
membership function thus could not improve prediction 
ability of the model. To achieve the model transferability, it is 
necessary to develop habitat models by using sufficient data 
which satisfy generality of the habitat use of the fish. In the 
present case, an approach to achieve generality would be the 
use of different sub-sets of data in model optimization. For 
instance, [38] employed different subsets of data to cope with 
the problems of overtraining and high sensitivity to outliers 
in the application of artificial neural network model. 
Reference [16] also applied similar approach in the 
optimization of fuzzy rule-based habitat model. Another 
approach would be to modify the fuzzy membership function 
into less precise definition as often applied in habitat 
modelling of riverine fish [12, 13, 14, 15, 16]. In this case, the 
advantage of consideration of critical requirement into model 
structure would however be lost at the same time. Besides the 
discussion on complexity and improvement of the model, the 
present result may suggest the significance of cover in the 
habitat use of the fish. In [20], the significance of cover was 
also supported by an approach using Akaike Information 
Criterion (AIC). 

10 11 12 13 14 15
100

110

120

130

140

150

Mean square error of calibration result

M
ea

n 
sq

ua
re

 e
rr

or
 o

f v
al

id
at

io
n 

re
su

lt

Added
Reduced

Figure 6: Scatter diagram between mean square errors of 
calibration and validation results, in which open circles 

represent the case of reduced number of fuzzy membership 
function while filled circles represent that of added. 

 As a concept, adding fuzzy membership function would 
improve model performance by precisely describing habitat 
preference of the fish. By contrast, increasing number of 
parameters to be optimised would put searching loads on GA. 
Although no clear trend was found between accuracy of the 
habitat prediction and model structure (i.e., number of fuzzy 

membership functions), further analyses should be carried 
out to assess the complex combination such as reducing and 
adding fuzzy membership functions at the same time. The use 
of AIC would be appropriate for the quantification of the 
complex relationship between model structure and prediction 
ability. In addition, different performance measures such as 
correctly fuzzy classified instances (%CCFI) and average 
deviation (AD), and interpretability-preserving optimization 
of the fuzzy models as presented in [36], can be a pathway for 
the accuracy improvement of the present model. Further 
studies would be needed to quantitatively understand the 
complexity-accuracy tradeoff of FHPM . 
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Towards A Neural-Based Understanding of the Cauchy Deviate Method for
Processing Interval and Fuzzy Uncertainty
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Abstract— One of the most efficient techniques for processing in-
terval and fuzzy data is a Monte-Carlo type technique of Cauchy de-
viates that uses Cauchy distributions. This technique is mathemati-
cally valid, but somewhat counterintuitive. In this paper, following
the ideas of Paul Werbos, we provide a natural neural network expla-
nation for this technique.

Keywords— Cauchy deviate method, fuzzy uncertainty, interval
uncertainty, Monte-Carlo simulations, neural networks

1 Formulation of the Problem: Cauchy
Deviate Method and Need for Intuitive

Explanation

1.1 Practical Need for Uncertainty Propagation

In many practical situations, we are interested in the value
of a quantity y which is difficult or even impossible to mea-
sure directly. To estimate this difficult-to-measure quantity
y, we measure or estimate related easier-to-measure quanti-
ties x1, . . . , xn which are related to the desired quantity y by
a known relation y = f(x1, . . . , xn). Then, we apply the
relation f to the estimates x̃1, . . . , x̃n for xi and produce an
estimate ỹ = f(x̃1, . . . , x̃n) for the desired quantity y.

In the simplest cases, the relation f(x1, . . . , xn) may be
an explicit expression: e.g., if we know the current x1 and
the resistance x2, then we can measure the voltage y by us-
ing Ohm’s law y = x1 · x2. In many practical situations,
the relation between xi and y is much more complicated: the
corresponding algorithm f(x1, . . . , xn) is not an explicit ex-
pression, but a complex algorithm for solving an appropriate
non-linear equation (or system of equations).

Estimates are never absolutely accurate:

• measurements are never absolutely precise, and

• expert estimates can only provide approximate values of
the directly measured quantities x1, . . . , xn.

In both cases, the resulting estimates x̃i are, in general, differ-
ent from the actual (unknown) values xi. Due to these estima-
tion errors ∆xi

def= x̃i − xi, even if the relation f(x1, . . . , xn)
is exact, the estimate ỹ = f(x̃1, . . . , x̃n) is different from the
actual value y = f(x1, . . . , xn): ∆y

def= ỹ − y �= 0.
(In many situations, when the relation f(x1, . . . , xn) is only

known approximately, there is an additional source of the ap-
proximation error in y caused by the uncertainty in knowing
this relation.)

It is therefore desirable to find out how the uncertainty ∆xi

in estimating xi affects the uncertainty ∆y in the desired quan-
tity, i.e., how the uncertainties ∆xi propagate via the algo-
rithm f(x1, . . . , xn).

1.2 Propagation of Probabilistic Uncertainty

Often, we know the probabilities of different values of ∆xi.
For example, in many cases, we know that the approxima-
tion errors ∆xi are independent normally distributed with zero
mean and known standard deviations σi; see, e.g., [16].

In this case, we can use known statistical techniques to es-
timate the resulting uncertainty ∆y in y. For example, since
we know the probability distributions, we can simulate them
in the computer, i.e., use the Monte-Carlo simulation tech-
niques to get a sample population ∆y(1), . . . ,∆y(N) of the
corresponding errors ∆y. Based on this sample, we can then
estimate the desired statistical characteristics of the desired
approximation error ∆y.

1.3 Propagation of Interval Uncertainty

In many other practical situations, we do not know these prob-
abilities, we only know the upper bounds ∆i on the (abso-
lute values of) the corresponding measurement errors ∆xi:
|∆xi| ≤ ∆.

In this case, based on the known approximation x̃i, we
can conclude that the actual (unknown) value of i-th auxiliary
quantity xi can take any value from the interval

xi = [x̃i −∆i, x̃i + ∆i]. (1)

To find the resulting uncertainty in y, we must therefore find
the range y = [y, y] of possible values of y when xi ∈ xi:

y = f(x1, . . . ,xn) def=

{f(x1, . . . , xn) |x1 ∈ x1, . . . , xn ∈ xn}. (2)

Computations of this range under interval uncertainty is called
interval computations; see, e.g., [4, 5].

The corresponding computational problems are, in general,
NP-hard [9]. Crudely speaking, this means that, in general,
such problems require a large amount of computation time –
and that therefore faster methods are needed.

1.4 Propagation of Fuzzy Uncertainty

In many practical situations, the estimates x̃i come from ex-
perts. Experts often describe the inaccuracy of their estimates
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in terms of imprecise words from natural language, such as
“approximately 0.1”, etc. A natural way to formalize such
words is to use special techniques developed for formalizing
this type of estimates – specifically, the technique of fuzzy
logic; see, e.g., [6, 15].

In this technique, for each possible value of xi ∈ xi, we
describe the degree µi(xi) to which this value is possible. For
each degree of certainty α, we can determine the set of values
of xi that are possible with at least this degree of certainty
– the α-cut xi(α) = {x |µ(x) ≥ α} of the original fuzzy
set. Vice versa, if we know α-cuts for every α, then, for each
object x, we can determine the degree of possibility that x
belongs to the original fuzzy set [3, 6, 12, 13, 15]. A fuzzy set
can be thus viewed as a nested family of its (interval) α-cuts.

We already know how to propagate interval uncertainty.
Thus, to propagate this fuzzy uncertainty, we can therefore
consider, for each α, the fuzzy set y with the α-cuts

y(α) = f(x1(α), . . . ,x1(α)); (3)

see, e.g., [3, 6, 12, 13, 15]. So, from the computational view-
point, the problem of propagating fuzzy uncertainty can be
reduced to several interval propagation problems.

1.5 Need for Faster Algorithms for Uncertainty
Propagation

Summarizing the above analysis, we can conclude that in prin-
ciple, we need to consider three basic types of uncertainty
propagation: situations when we propagate probabilistic, in-
terval, and fuzzy uncertainty. It is also possible that some
quantities are represented by fuzzy sets, while others may be
represented by probabilities.

For probabilistic uncertainty, there exist reasonable efficient
uncertainty propagation algorithms such as Monte-Carlo sim-
ulations. In contrast, the problems of propagating interval and
fuzzy uncertainty are, in general, computationally difficult. It
is therefore desirable to design faster algorithms for propagat-
ing interval and fuzzy uncertainty.

Once such methods are developed, we can then use these
methods to propagate interval and fuzzy uncertainty compo-
nents, and Monte-Carlo simulations to propagate the proba-
bilistic uncertainty.

The computational problem of propagating fuzzy uncer-
tainty can be naturally reduced to the problem of propagating
interval uncertainty. Because of this reduction, in the follow-
ing text, we will mainly concentrate on faster algorithms for
propagating interval uncertainty.

1.6 Linearization Situations: Description

Due to the approximation errors ∆xi = x̃i− xi, the unknown
(actual) values xi = x̃i−∆xi of the input quantities xi are, in
general, different from the approximate estimates x̃i. In many
practical situations, the approximation errors ∆xi are small –
e.g., when the approximations are obtained by reasonably ac-
curate measurements. In such situations, we can ignore terms
which are quadratic (and of higher order) in ∆xi.

1.7 Linearization Situations: Analysis

In the above situations, we can expand the expression for

∆y = ỹ − y = f(x̃1, . . . , x̃n)− f(x1, . . . , xn) =

f(x̃1, . . . , x̃n)− f(x̃1 −∆x1, . . . , x̃n −∆xn) (4)

in Taylor series in ∆xi and keep only the linear terms in this
expansion. In this case, we get

∆y = c1 ·∆x1 + . . . + cn ·∆xn, (5)

where we denoted

ci
def=

∂f

∂xi
(x̃1, . . . , x̃n).

For a linear function, the largest possible value of ∆y is ob-
tained when each of the variables ∆xi ∈ [−∆i, ∆i] attains:

• either its largest value ∆i (when ci ≥ 0)

• or its smallest value −∆i (when ci < 0).

In both cases, the largest possible value of the corresponding
term in ∆y is equal to |ci|·∆i. Thus, the largest possible value
of ∆y is equal to

∆ = |c1| ·∆1 + . . . + |cn| ·∆n. (6)

Similarly, the smallest possible value of ∆y is obtained when
each of the variables ∆xi ∈ [−∆i, ∆i] attains

• either its smallest value −∆i (when ci ≥ 0)

• or its largest value ∆i (when ci < 0).

In both cases, the smallest possible value of the corresponding
term in ∆y is equal to −|ci| ·∆i. Thus, the smallest possible
value of ∆y is equal to

−∆ = −|c1| ·∆1 − . . .− |cn| ·∆n. (7)

Can we transform these natural formulas into an algorithm?
Due to the linearization assumption, we can estimate each par-
tial derivative ci as

ci ≈
f(x̃1, . . . , x̃i−1, x̃i + hi, x̃i+1, . . . , x̃n)− ỹ

hi
(8)

for some small values hi. So, we arrive at the following algo-
rithm.

1.8 Linearization Situations: Algorithm

To compute the range y of y, we do the following.

• First, we apply the algorithm f to the original estimates
x̃1, . . . , x̃n, resulting in the value ỹ = f(x̃1, . . . , x̃n).

• Second, for all i from 1 to n, we compute
f(x̃1, . . . , x̃i−1, x̃i+hi, x̃i+1, . . . , x̃n) for some small hi

and then compute

ci =
f(x̃1, . . . , x̃i−1, x̃i + hi, x̃i+1, . . . , x̃n)− ỹ

hi
. (9)

• Finally, we compute

∆ = |c1| ·∆1 + . . . + |cn| ·∆n

and the desired range y = [ỹ −∆, ỹ + ∆].
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1.9 Linearization Situations: Computational Complexity

The main computation time is spent on calling the time-
consuming algorithm f . In the above uncertainty propagation
algorithm, after one call to f to compute ỹ, we need n calls
to f to compute the corresponding partial derivatives ci and
then, we can estimate the desired uncertainty ∆ in y by using
the above simple formula.

Overall, we thus need n + 1 calls to the algorithm f .

1.10 Cauchy Deviate Method

For large n, we can further reduce the number of calls to f
if we use a special technique of Cauchy-based Monte-Carlo
simulations, which enables us to use a fixed number of calls
to f (≈ 200) for all possible values n; see, e.g., [7, 8].

1.11 Mathematics Behind the Cauchy Method

In our simulations, we use Cauchy distribution – i.e., proba-
bility distributions with the probability density

ρ(z) =
∆

π · (z2 + ∆2)
; (10)

the value ∆ is called the (scale) parameter of this distribution.
Cauchy distribution has the following property that we will

use: if z1, . . . , zn are independent random variables, and each
of zi is distributed according to the Cauchy law with parameter
∆i, then their linear combination

z = c1 · z1 + . . . + cn · zn (11)

is also distributed according to a Cauchy law, with a scale pa-
rameter ∆ = |c1| ·∆1 + . . . + |cn| ·∆n.

Therefore, if we take random variables δi which are Cauchy
distributed with parameters ∆i, then the value

δ
def= f(x̃1, . . . , x̃n)− f(x̃1 − δ1, . . . , x̃n − δn) =

c1 · δ1 + . . . + cn · δn (12)

is Cauchy distributed with the desired parameter

∆ =
n∑

i=1

|ci| ·∆i. (13)

So, repeating this experiment N times, we get N values
δ(1), . . . , δ(N) which are Cauchy distributed with the unknown
parameter, and from them we can estimate ∆.

The bigger N , the better estimates we get.

1.12 Cauchy Method: Towards Implementation

To implement this idea, we must answer the following two
questions:

• how to simulate the Cauchy distribution; and

• how to estimate the parameter ∆ of this distribution from
a finite sample.

Simulation can be based on the functional transformation of
uniformly distributed sample values:

δi = ∆i · tan(π · (ri − 0.5)), (14)

where ri is uniformly distributed on the interval [0, 1].

In order to estimate ∆, we can apply the Maximum Likeli-
hood Method

ρ(δ(1)) · ρ(δ(2)) · . . . · ρ(δ(N))→ max, (15)

where ρ(z) is a Cauchy distribution density with the unknown
∆. When we substitute the above-given formula for ρ(z) and
equate the derivative of the product with respect to ∆ to 0
(since it is a maximum), we get an equation

1

1 +
(

δ(1)

∆

)2 + . . . +
1

1 +
(

δ(N)

∆

)2 =
N

2
. (16)

The left-hand side of (16) is an increasing function that is
equal to 0(< N/2) for ∆ = 0 and > N/2 for ∆ =
max

∣∣δ(k)
∣∣; therefore the solution to the equation (16) can

be found by applying a bisection method to the interval[
0, max

∣∣δ(k)
∣∣].

It is important to mention that we assumed that the function
f is reasonably linear within the box

[x̃1 −∆1, x̃1 + ∆1]× . . .× [x̃n −∆n, x̃n + ∆n]. (17)

However, the simulated values δi may be outside the box.
When we get such values, we do not use the function f for
them, we use a normalized function that is equal to f within
the box, and that is extended linearly for all other values (we
will see, in the description of an algorithm, how this is done).

As a result, we arrive at the following algorithm.

1.13 Cauchy Deviates Method: Algorithm

• Apply f to the results of direct measurements:

ỹ := f(x̃1, . . . , x̃n); (18)

• For k = 1, 2, . . . , N , repeat the following:

• use the standard random number generator to com-
pute n numbers r

(k)
i , i = 1, 2, . . . , n, that are uni-

formly distributed on the interval [0, 1];

• compute Cauchy distributed values

c
(k)
i := tan(π · (r(k)

i − 0.5)); (19)

• compute the largest value of |c(k)
i | so that we will be

able to normalize the simulated measurement errors
and apply f to the values that are within the box of
possible values: K := maxi |c(k)

i |;
• compute the simulated measurement errors

δ
(k)
i := ∆i · c(k)

i /K; (20)

• compute the simulated “actual values”

x
(k)
i := x̃i − δ

(k)
i ; (21)

• apply the program f to the simulated “actual val-
ues” and compute the simulated error of the indirect
measurement:

δ(k) := K ·
(
ỹ − f

(
x

(k)
1 , . . . , x(k)

n

))
; (22)
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• Compute ∆ by applying the bisection method to solve
the equation (16).

Comment. To avoid confusion, we should emphasize that, in
contrast to the Monte-Carlo solution for the probabilistic case,
the use of Cauchy distribution in the interval case is a compu-
tational trick and not a truthful simulation of the actual mea-
surement error ∆xi: indeed, we know that the actual value
of ∆xi is always inside the interval [−∆i,∆i], but a Cauchy
distributed random attains values outside this interval as well.

1.14 Cauchy Deviate Method: Need for Intuitive
Explanation

The above Cauchy deviate method is one of the most efficient
techniques for processing interval and fuzzy data. However,
this method has a serious drawback: while the corresponding
technique is mathematically valid, it is somewhat counterin-
tuitive – we want to analyze errors which are located instead
a given interval [−∆, ∆], but this analysis use Cauchy simu-
lated errors which are located, with a high probability, outside
this interval.

It is therefore desirable to come up with an intuitive expla-
nation for this technique. In this paper, we show that such
an explanation can be obtained from neural networks. (For a
general introduction to neural networks, see, e.g., [2, 11].)

2 Solution: Neural Explanation
2.1 Werbos’s Idea: Use Neurons

Our explanation comes from the idea promoted by Paul Wer-
bos, the author of the backpropagation algorithm for training
neural networks. Traditionally, neural networks are used to
simulate a deterministic dependence; Paul Werbos suggested
that the same neural networks can be used to describe stochas-
tic dependencies as well – if as one of the inputs, we take a
standard random number r uniformly distributed on the inter-
val [0, 1]; see, e.g., [18] and references therein.

In view of this idea, as a natural probability distribution, we
can take the result of applying a neural network to this random
number. The simplest case is when we have a single neuron.
In this case, we apply the activation (input-output) function
f(y) corresponding to this neuron to the random number r.

So, let us see what will happen if we apply a neuron to the
standard random number and get a value f(r).

2.2 What is the Activation Function of a Neuron: Reminder

To answer the above question, let us recall what are the opti-
mal choices of an activation function of a neuron. This prob-
lem was analyzed in detail in [14]; see also [10].

2.3 We Must Choose a Family of Functions, Not a Single
Function

We talk about choosing f , but the expression for f(y) will
change if we change the units in which we measure all the
signals (input, output and intermediate), so in mathematical
terms, it is better to speak about choosing a family of func-
tions f .

It is reasonable to suggest that if an f belongs to this family,
then this family must contain k ·f for positive real numbers k.
This corresponds to changing units.

Also, it must contain f + c, where c is a constant. This
is equivalent to adding a constant bias and therefore does not
change the abilities of the resulting network.

Since we are talking about non-linear phenomena, we can
also assume that some non-linear “rescaling” transformations
x→ g(x) are also applicable, i.e., the family must include the
composition g(f(y)) for each of functions f .

This family must not be too big, therefore, it must be de-
termined by finitely many parameters and should ideally be
obtained from one function f(y) by applying all these trans-
formations. Without loss of generality, we can assume that this
set of transformations is closed under composition and under
inverse, i.e., if z → g1(z) and z → g2(z) are possible trans-
formations, then z → g1(g2(z)) and z → g−1

1 (z) are possible
transformations, where by g−1

1 we denoted an inverse function
g−1
1 (z) = w if and only if g1(w) = z. In mathematical terms

this means that these transformations form a group, and there-
fore a family is obtained by applying to some function f(y) all
transformations from some finite-dimensional transformation
group G that includes all linear transformations (and maybe
some non-linear ones).

All these transformations correspond to appropriate “rescal-
ings”. Rescaling is something that is smoothly changing the
initial scale. This means that if we have two different trans-
formations, there must be a smooth transition between them.
In mathematical terms, the existence of this continuous tran-
sition is expressed by saying that the group is connected, and
the fact that both the transformations and the transitions are
smooth is expressed by saying that this is a Lie group).

2.4 Which Family is the Best?

Among all such families, we want to choose the best one. In
formalizing what “the best” means we follow the general idea
described in [14].

The criteria to choose may be computational simplicity, ef-
ficiency of training, or something else. In mathematical opti-
mization problems, numeric criteria are most frequently used,
when to every family we assign some value expressing its per-
formance, and choose a family for which this value is max-
imal. However, it is not necessary to restrict ourselves to
such numeric criteria only. For example, if we have sev-
eral different families that have the same training ability A,
we can choose between them the one that has the minimal
computational complexity C. In this case, the actual crite-
rion that we use to compare two families is not numeric, but
more complicated: a family F1 is better than the family F2 if
and only if either A(F1) > A(F2) or A(F1) = A(F2) and
C(F1) < C(F2). A criterion can be even more complicated.
What a criterion must do is to allow us for every pair of fami-
lies to tell whether the first family is better with respect to this
criterion (we’ll denote it by F1 > F2), or the second is better
(F1 < F2) or these families have the same quality in the sense
of this criterion (we’ll denote it by F1 ∼ F2). Of course, it is
necessary to demand that these choices be consistent, e.g., if
F1 > F2 and F2 > F3 then F1 > F3.

Another natural demand is that this criterion must choose a
unique optimal family (i.e., a family that is better with respect
to this criterion than any other family). The reason for this de-
mand is very simple. If a criterion does not choose any family
at all, then it is of no use. If several different families are “the
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best” according to this criterion, then we still have a problem
to choose among those “best”. Therefore, we need some ad-
ditional criterion for that choice. For example, if several fam-
ilies turn out to have the same training ability, we can choose
among them a family with minimal computational complexity.
So what we actually do in this case is abandon that criterion
for which there were several “best” families, and consider a
new “composite” criterion instead: F1 is better than F2 ac-
cording to this new criterion if either it was better according
to the old criterion or according to the old criterion they had
the same quality and F1 is better than F2 according to the ad-
ditional criterion. In other words, if a criterion does not allow
us to choose a unique best family it means that this criterion
is not ultimate; we have to modify it until we come to a final
criterion that will have that property.

The next natural condition that the criterion must satisfy is
connected with the following. Suppose that instead of a neu-
ron with the transformation function f(y) we consider a neu-
ron with a function f̄(y) = f(y + a), where a is a constant.
This new neuron can be easily simulated by the old ones:
namely, the output of this new neuron is f̄(y) = f(y + a),
so it is equivalent to an old neuron with an additional constant
input a. Likewise, the old neuron is equivalent to the new
neuron with an additional constant input −a. Therefore, the
networks that are formed by these new neurons have precisely
the same abilities as those that are built from the old ones.

We cannot claim that the new neurons have the same quality
as the old ones, because adding a can increase computational
complexity and thus slightly worsen the overall quality. But it
is natural to demand that adding a does not change the relative
quality of the neurons, i.e., if a family {f(y)} is better that a
family of {g(y)}, then for every a the family {f(y +a)}must
be still better than the family {g(y + a)}.

Now, we are ready for the formal definitions.

2.5 Definitions

By a transformation we mean a smooth (differentiable) func-
tion from real numbers into real numbers. By an appropriate
transformation group G we mean a finite-dimensional con-
nected Lie group of transformations. By a family of functions
we mean the set of functions that is obtained from a smooth
(everywhere defined) non-constant function f(y) by applying
all the transformations from some appropriate transformation
group G. Let us denote the set of all the families by F .

A pair of relations (>,∼) is called consistent if it satisfies
the following conditions: (1) if a > b and b > c then a > c;
(2) a ∼ a; (3) if a ∼ b then b ∼ a; (4) if a ∼ b and b ∼ c
then a ∼ c; (5) if a > b and b ∼ c then a > c; (6) if a ∼ b
and b > c then a > c; (7) if a > b then b > a or a ∼ b are
impossible.

Assume a set A is given. Its elements will be called alter-
natives. By an optimality criterion we mean a consistent pair
(>,∼) of relations on the set A of all alternatives. If a > b,
we say that a is better than b; if a ∼ b, we say that the alterna-
tives a and b are equivalent with respect to this criterion. We
say that an alternative a is optimal (or best) with respect to a
criterion (>,∼) if for every other alternative b either a > b or
a ∼ b.

We say that a criterion is final if there exists an optimal
alternative, and this optimal alternative is unique.

In the present section we consider optimality criteria on the
set F of all families.

By the result of adding a to a function f(y) we mean a
function f̄(y) = f(y + a). By the result of adding a to a
family F we mean the set of the functions that are obtained
from f ∈ F by adding a. This result will be denoted by F +a.
We say that an optimality criterion on F is shift-invariant if
for every two families F and G and for every number a, the
following two conditions are true:

i) if F is better than G in the sense of this criterion (i.e.,
F > G), then F + a > G + a;

ii) if F is equivalent to G in the sense of this criterion (i.e.,
F ∼ G), then F + a ∼ G + a.

2.6 Main Result

As we have already remarked, the demands that the optimality
criterion is final and shift-invariant are quite reasonable. The
only problem with them is that at first glance they may seem
rather weak. However, they are not, as the following theorem
shows:

Theorem. If a family F is optimal in the sense of some op-
timality criterion that is final and shift-invariant, then every
function f from F has the form a + b · s0(K · y + l) for
some a, b, K and l, where s0(y) is either a linear func-
tion, or a fractional-linear function, or s0(y) = exp(y), or
the logistic (sigmoid) function s0(y) = 1/(1 + exp(−y)), or
s0(y) = tan(y).

Comment. The logistic function is indeed the most popular
activation function for actual neural networks, but others are
also used. For our purpose, we will use the tangent function.
As we have mentioned earlier, the application of the tangent
function to the standard random number r indeed leads to the
desired Cauchy distribution.

2.7 Proof: Main Idea

The idea of this proof is as follows: first we prove that the ap-
propriate transformation group consists of fractionally-linear
functions (in Part 1), then we prove that the optimal family
is shift-invariant (in Part 2), and from that in Part 3 we con-
clude that any function f from F satisfies some functional
equations, whose solutions are known.

2.8 Proof: Part 1

By an appropriate group we meant a connected finite-
dimensional Lie group of transformations of the set of real
numbers R onto itself that contains all linear transforma-
tions. Norbert Wiener asked [19] to classify such groups for
an n-dimensional space with arbitrary n, and this classifica-
tion was obtained in [17]. In our case (when n = 1) the
only possible groups are the group of all linear transforma-
tions and the group of all fractionally-linear transformations
x → (a · x + b)/(c · x + d). In both cases the group consists
only of fractionally linear transformations.

2.9 Proof: Part 2

Let us now prove that the optimal family Fopt exists and is
shift-invariant in the sense that Fopt = Fopt + a for all real
numbers a. Indeed, we assumed that the optimality criterion
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is final, therefore there exists a unique optimal family Fopt.
Let’s now prove that this optimal family is shift-invariant.

The fact that Fopt is optimal means that for every other F ,
either Fopt > F or Fopt ∼ F . If Fopt ∼ F for some F �=
Fopt, then from the definition of the optimality criterion we
can easily deduce that F is also optimal, which contradicts
the fact that there is only one optimal family. So for every F
either Fopt > F or Fopt = F .

Take an arbitrary a and let F = Fopt + a. If Fopt > F =
Fopt + a, then from the invariance of the optimality criterion
(condition ii) we conclude that Fopt − a > Fopt, and that
conclusion contradicts the choice of Fopt as the optimal fam-
ily. So Fopt > F = Fopt + a is impossible, and therefore
Fopt = F = Fopt + a, i.e., the optimal family is really shift-
invariant.

2.10 Proof: Part 3

Let us now deduce the actual form of the functions f from
the optimal family. If f(y) is such a function, then the result
f(y + a) of adding a to this function f belongs to F + a, and
so, due to 2., it belongs to F . But all the functions from f
can be obtained from each other by fractionally linear trans-
formations, so f(y + a) = (A + B · f(y))/(C + D · f(y))
for some A,B, C and D. So we arrive at a functional equa-
tion for f . Let us reduce this equation to a one with a known
solution. For that purpose, let us use the fact that fractionally
linear transformations are projective transformations of a line,
and for such transformations the cross ratio is preserved ([1],
Section 2.3), i.e., if g(y) = (A + B · f(y))/(C + D · f(y)),
then

g(y1)− g(y3)
g(y2)− g(y3)

· g(y2)− g(y4)
g(y1)− g(y4)

=

f(y1)− f(y3)
f(y2)− f(y3)

· f(y2)− f(y4)
f(y1)− f(y4)

(23)

for all yi. In our case this is true for g(y) = f(y+a), therefore
for all a the following equality is true:

f(y1 + a)− f(y3 + a)
f(y2 + a)− f(y3 + a)

· f(y2 + a)− f(y4 + a)
f(y1 + a)− f(y4 + a)

=

f(y1)− f(y3)
f(y2)− f(y3)

· f(y2)− f(y4)
f(y1)− f(y4)

. (24)

The most general continuous solutions of this functional equa-
tion are given by Theorem 2.3.2 from [1]: either f is fraction-
ally linear, or f(y) = (a+b ·tan(k ·y))/(c+d ·tan(k ·y)) for
some a, b, c, d, or f(y) = (a+b·tanh(k·y))(c+d·tanh(k·y)),
where

tanh(z) def=
sinh(z)
cosh(z)

, sinh(z) def=
exp(z)− exp(−z))

2
,

cosh(z) def=
exp(z) + exp(−z)

2
. (25)

The tanh(z) expression is equivalent to the logistic function.
The theorem is proven.
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Abstract— The study of human behavior during driving is of 
primary importance for the improvement of drivers' security. This 
study is complex because of numerous situations in which the 
driver may be involved. In this paper, we propose a hierarchical 
fuzzy system for human in a driver-vehicle-environment system to 
model takeover by different drivers. The driver’s behavior is 
affected by the environment. We include climate, road and car 
conditions in a fuzzy mode. For obtaining fuzzy rules, we have 
provided three separate questionnaires on the effects of climate; 
road and car condition on driver's performance. The number of 
fuzzy rules is optimized by Particle Swarm Optimization algorithm. 
Also the precision, age and driving individuality are used to model 
the driver’s behavior under difference environments. We 
investigate the behavior of different drivers when a driver intends 
to pass the leading car. The comparative study showed that the 
simulation result is in good agreement with the real situations. 

Keywords— Fuzzy, PSO, Driver’s behaviour.  
 

1 Introduction
In recent years, by using new control ideas, safety in driving 
has been improved. MacAdam (1980) developed an optimal 
preview control algorithm; however, this algorithm could 
only be applied to single input single output systems. Fenton 
applied Linear Quadratic algorithm (1988) to design a 
controller for steering. Ackermann and Sienel (1990) used 
parameter space robust control to design the automatic 
steering controller. These models did not take the driver's 
preview behavior into consideration. Lee (1989) developed a 
discrete time preview control algorithm for four-wheel 
steering passenger vehicles and found that the control 
accuracy was improved substantially by taking the preview 
behavior into account. The fuzzy logic has proven to be a 
very effective tool for handling imprecision and uncertainty, 
which are both very important characteristics of driving 
environments. This makes fuzzy logic a powerful candidate 
tool in most traffic engineering studies [1]. In [2] Kamada et 
al. proposed a fuzzy logic lateral controller. Hessburg and 
Tomizuka [6] developed a fuzzy logic controller for vehicle 
lateral guidance which consisted of three sub-controllers: 
preview, feedback and gain scheduling. Cai, Lin and 
Mourant investigated the influence of driver emotion on 
performance through platoon driving simulated with 
multiple simulators [4]. They induced two kinds of emotion 
states (anger and excitation) through realistic driver-driver 
interaction by using networked driving simulators. Drivers’ 
psycho physiological parameters changes were the indicators 

of emotions. In the anger and excitation states, drivers 
showed poorer lane control capability. In [4] the author 
investigated emotional behavior (anger, neutral, and 
excitation) of drivers by collecting driving performance data. 
The results demonstrated the feasibility and efficiency of 
using multiple networked driving simulators to study driver 
emotional behavior, e.g., road rage.  
In this paper, we use new parameters to identify uniqueness 
of driving maneuver of each driver under different 
environment, the precision, age and driving individuality. In 
modeling, the decision making process is based on three 
positions, one position in equal lane and two positions in 
opposite lane. By considering three positions, the speed, 
direction of car and the steering angle, a fuzzy model is 
presented for steering angle and speed control. We used two 
levels for modeling. The low level control model is 
responsible for modeling the steering angle and the speed 
variations enforced by the driver. The high level control 
model, models the decision making process of the driver. 
For this purpose, first the fuzzified low level control models 
are illustrated in section 2. The high level decision making 
model is designed in section 3 and the simulation results are 
presented in section 4. Finally section 5 describes 
conclusions. 

2 Low level control 
In order to implement the low-level control model, a simple 
car’s model is required [5]. The car states include the 
Cartesian position (x,y) centered mid-way between the rear 
wheels and the car's orientation denoted by equations 1 to 3, 
where �  is the steering angle, V is the car’s speed and �  is 
the angle of the car with respect to the X axis and L is the 
distance between center of rear and front wheels. 

tVxx nnnn ������ )cos(1 �  (1) 

tVyy nnnn ������ )sin(1 �  (2) 

L
tV nn

nn
���

���
)tan(

1
�

��  
(3) 

The driver controls V and� . In order to model the complete 
low level control procedure, we have assumed that apart 
from the information from the environment that the driver 
perceives, other information such as age and driver's 
individuality are influential in the driver’s control procedure. 
This can be formulated as: 

),,,,,( nnnnnn DrivertEnvironmenyxfV ����  (4) 
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),,,,,( nnnnnn DrivertEnvironmenyxf ��� ��  (5) 
Where ),,,( nnnn yx ��  determine car’s state, Environment 
is the information of the condition of Climate, Road and Car 
and Driver is the individual driver influence.  

2-1) Environmental condition 
The Climate condition is the information of luminosity, 
field of view, rain, temperature and humidity. The Road
condition is about the traffic surrounding the driver, 
road safety, quality of road materials, moving obstacle 
and having enough signs and finally the Car condition is 
the information of car's ergonomic, safety equipments 
performance and agent of distraction in car. The 
information is considered as the input variables of fuzzy 
system (Figure 1).  
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 1. The fuzzy system of environmental condition 
 
2-1-1) Fuzzy rule base and membership functions 
Questionnaires have been provided to obtain the fuzzy rules, 
where the effects of climate, road and car condition in 
driving have been questioned separately. Each expert driver 
answered each question in three manners, percent value, 
graphic representation and linguistic term. We allocated a 
weight for each of them. For percent value 1�perw , graphic 
representation 2�grw  and finally for linguistic term 

5.0�lingw  have been considered. 
The membership functions of fuzzy values are supposed to 
be bell shape as follows: 

d
cx

x
2)(1

1)(
�

�

��
 (6) 

where x is the member of universe, c is the median and d 
represents the shape factor. 
By using collected data, the median value and shape factor 
for each expert driver is calculated as follows: 

linggrper

jlinglingjgrgrjperper
ij www

valwvalwvalw
c

��

�����
� ,,,  (7) 

	 
 	 
 	 

3

,,,,,, jlingjgrjlingjperjgrjper
ij

valvalvalvalvalval
d

�����
�

(8) 

where ijc is median and ijd  is the shape factor suggested by 
thi driver for the thj parameter. So we have n values of ijc  

and ijd  for n drivers.  

Now we can obtain the overall membership function for 
each of environmental parameters by: 
 

j

j
j

P

P
P

d

cx
x 2)(

1

1)(
�

�

��  (9) 

where 
jPc  and 

jPd  are the proposed median and shape factor 

for the thj parameter. 
jPc is obtained based on the number of 

linguistic terms which are optimized by PSO algorithm 
(section 2-1-2). For example, suppose the number of 
linguistic terms and range of universe for a variable are 5 
and [0 1] respectively. Then values of medians for five 
verbal are: 0, 0.25, 0.5, 0.75 and 1 for very bad, bad, 
medium, good and very good respectively. 
Also 

jPd is defined as: 

)1(2
1

__ ��

�
��

jj

jj

termlingunivref

refuniv
Pj NW

dW
d  

(10) 

where 
junivW is the width of universes for thj parameter, 

jtermlingN _  is the number of linguistic terms for thj parameter 
(obtained from PSO algorithm), 

junivrefW _ and 
jrefd are the 

width and the shape factor of reference universe for 
thj parameter. The average of n value of the shape factors 

(obtained from eq. 8) is considered as refd . For all of 

parameters, 
junivrefW _  is fixed to 10.  

The importance of the parameters of climate, road and car 
condition varies for different people. So we use a pair wise 
comparison table for determining the weights of different 
parameters. Table1 shows part of pair wise comparison 
table. 
 

Table1. A part of compared table 

Parameter A B C D 

A  � � - 

 
The above table shows that parameter A is more important 
than parameters B and C. But parameter D is more important 
than parameter A. The proposed method for determining 
weights of parameters in fuzzy rules is as follows: 
First arrange the parameters. First parameter is the least 
important. Then ia  is assigned to thi  parameter such that 

wiai �� . where i is the priority index of parameter and w is 

the priority weight which is considered as 2 in this paper. 

When k parameters have equal importance, 
k

i
wa �

��  for 

all of k parameters. After that, we form the priority table as 
follows: 
� If ith parameter is more important than the jth parameter, 
value of ith row and jth column in table is equal to 

jiij aaT �� . 

Fuzzy
system Environment 

Conditions

Humidity 

Rain 
Temperature 

View field 

Luminosity 

Ergonomy 

Distraction agents

Equipment performance 

Signs 

Safety Traffic 

Moving Obstacle 

Road quality 
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� If the jth parameter is more important than the ith one then 

ij
ij aa

T
�

�
1  

� For diagonal elements 1�iiT  
Finally the weight of each parameter is obtained as follow: 

m
m

j
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j
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i
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(11) 

where m is the number of parameters. The obtained weights 
for parameters are used to generate valid fuzzy rules in 
section 2-1-2. 
The general form of fuzzy rules for climate condition is as 
follows: 
If   field of View is … and   Luminosity is … and   Rain is 
… and   Temperature is … and   Humidity is … Then 
climate condition is … 
For road condition:  
If   Traffic is … and   Road quality is … and  Sign is … and   
Moving obstacle is … and  Safety is …         Then   Road 
condition is … 
Finally for car condition, we have: 
If   Safety equipment operation is … and  Ergonomic is … 
and   Distract agent is … Then   Car condition is … 
 
2-1-2) Particle Swarm Optimization 
Particle Swarm Optimization (PSO) is an optimization 
algorithm which uses properties of a swarm to find an 
optimal solution [4]. In this work, the swarm is represented 
by 100 individuals (or particles) whose values change at 
each iteration. The performance of each particle is measured 
at each position using a “fitness” function. This function 
increases as the optimality of the solution increases; in this 
way, a particle with a higher fitness is considered to fit better 
than the one with a lower fitness. Also, a record of the best 
position (pbest) for each particle, as well as the best overall 
position (gbest) for all particles, is kept in memory. The 
entire swarm then searches around the gbest solution and 
each of the pbest solutions, all the while trying to find even 
better solutions.  
a) particle representation 
The number of fuzzy rules depends on the number of 
linguistic terms of input variables. So, in order to optimize 
number of fuzzy rules, the number of linguistic terms of 
each parameter of climate, road and car condition is 
optimized using PSO. The number of linguistic terms for 
each input parameter is randomly selected 3, 5 or 7, so 
maximum number of fuzzy rules will be m7 (m is the number 
of input variables).The number of linguistic terms of output 
fuzzy variable is set to 5.  
To optimize the number of fuzzy rules and linguistic terms, 
the following particle is considered for PSO: 
Particle=[ par_set  par_rules]  
In the presented particle, the first part par_set is related to 
number of linguistic terms and is defined as follows:
par_set =( 1inN , 2inN , … ,

jinN , …, 
minN ) 

Where m is the number of input variables and 
jinN  shows 

the number of linguistic terms of thj  input variable. The 

number of linguistic terms of output variable is always equal 
to 5. So the par_set has m elements.  
The second part of particle par_rules is:  
par_rules =( OR1, OR2, …, ORi, …, OR7

m) 
The allele value at each location in the second part of 
particle contains either zero or the label of an output 
linguistic value to be used for a given rule. In other words, if 
ORi represents the allele at position i, its nonzero value 
gives the consequent part (i.e., the label of the corresponding 
fuzzy set on the output variable) of the rule which 
corresponds to the ith location of the rules particle. A particle 
containing a zero allele value at the ith position (i.e., iR =0) 
indicates that the rule set represented by the rule particle has 
not selected any rule with the ith antecedent clause.  
As mentioned before, maximum number of fuzzy rules is 

m7 . So in each rule_par, when the number of fuzzy rules is 
less than m7 , other elements are considered to be zero. A 
simple example is considered which has 2 input variables. 
Both of variables have 3 linguistic terms (named Lt1, Lt, 
Lt3). So the maximum of fuzzy rules is nine. 
All fuzzy rules are as follows: 
Rule1: If   input1  is Lt 1 and input2  is Lt 1 Then  output is OR1 
Rule2: If   input1  is Lt 1 and input2  is Lt 2 Then  output is OR2 
Rule3: If   input1  is Lt 1 and input2  is Lt 3 Then  output is OR3 
Rule4: If   input1  is Lt 2 and input2  is Lt 1 Then  output is OR4 
Rule5: If   input1  is Lt 2 and input2  is Lt 2 Then  output is OR5 
Rule6: If   input1  is Lt 2 and input2  is Lt 3 Then  output is OR6 
Rule7: If   input1  is Lt 3 and input2  is Lt 1 Then  output is OR7 
Rule8: If   input1  is Lt 3 and input2  is Lt 2 Then  output is OR8 
Rule9: If   input1  is Lt 3 and input2  is Lt 3 Then  output is OR9 
 
Since the number of linguistic terms of output variable is 5, 
then ORi �{0, 1, 2, 3, 4, 5}. Suppose linguistic terms of 
output variable are {very bad, bad, medium, good and very
good}, therefore, the allele value is 0 when the 
corresponding rule hasn’t been selected as a fuzzy rule, 1 
when output variable is very bad, 2 when it is bad, and so 
on. 
The optimized par_rules is obtained by PSO algorithm as 
follows: 
par_rules =(0, 1, 2, 0, 3, 0, 0, 3, 5, 0, … , 0) 
where first nine values are related to fuzzy rules. By 
considering the optimized par_rules , we have five rules: 
Rule2, Rule3, Rule5, Rule8 and Rule9. So optimized fuzzy 
rules are: 
If   input1  is Lt1 and input2  is Lt 2 Then  output is very bad 
If   input1  is Lt 1 and input2  is Lt 3 Then  output is bad 
If   input1  is Lt 2 and input2  is Lt 2 Then  output is medium 
If   input1  is Lt 3 and input2  is Lt 2 Then  output is medium 
If   input1  is Lt 3 and input2  is Lt 3 Then  output is very good 
 
b) The fitness function 
In the fitness function, we need to use some valid fuzzy 
rules. In order to generate valid fuzzy rules, we select the 
worse (value=0) and the best (value=1) state (verbal value) 
of each input variable. The linguistic terms of them are very
bad and very good respectively. For the middle state 
(medium), value of 0.5 is assigned. If the input variable is 
defined by 5 linguistic terms, the state between the worse 
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and middle state (bad) is set to 0.25 and the state between 
the best and middle (good) is set to 0.75. Also the center of 
gravity defuzzifier is applied as follows: 

�

�

�

�

�

�
m

i
i

m

i
ii

w

wz

z

1

1*  (12) 

where zi and wi are the value and weight (section 2-1-1, 
eq.11) of ith input variable respectively. All of the rules 
where *z  gets one of values 0, 0.25, 0.5, 0.75 and 1, 
corresponding to linguistic terms of input variables, are 
considered as valid rules.  
For example if linguistic term of traffic, road quality, sign, 
moving obstacle and safety are considered to be medium, 
then values of all of them is 0.5. Then by considering 
appropriate weight for each input variable (section 2-1-1, 
eq.11), *z  will be obtained as follows: 

5.0
34.021.011.013.021.0

34.05.021.05.011.05.013.05.021.05.0* �
����

���������
�z  

The obtained value is corresponding to medium linguistic 
term for *z . By this way the following valid rule is 
obtained: 
 
Rule: If Traffic is medium and Road quality is medium and 
Sign is medium and Moving obstacle is medium and Safety 
is medium     Then  Road condition is medium 
Finally the fitness function used for the optimization of the 
membership functions is defined by: 
Fitness=

R

r
cb n

W
nW ��  (13) 

Where Rn  is the number of rules and rW  is its weighting 
factor, cn  is the number of input data set which have same 
output for valid fuzzy rules and the rules generated by PSO 
and rW  is its weighting factor.  
 
2-2) Driver behavior 
The personality (individuality) of each person is very 
important in the task performance. Because it affects on 
driver’s decisions and acts. We consider drivers personality 
into three groups, risky person, normal person and attentive 
person. Also, the people have different reactions in different 
ages. So we include age of driver in modeling of driver’s 
behavior. In addition, the precision of each person affect on 
calculating of distance. So we include it by considering 
graduating diploma and the measure of necessary precision 
in his work. Figure 2 shows the hierarchical fuzzy system 
which models driver behavior in decision making. For 
obtaining fuzzy rules in hierarchical fuzzy system, we use 
the applied method to generating valid rules in PSO 
algorithm. In proposed model, only by applying one 
coefficient in the universes of speed change and steering 
angle change also the ideal low and high speed for each 
person, we can easily model the different behavior under 
take over conditions.  
 

3 High Level Control 
3-1) Structure of road and existence cars 

Two lanes road is considered as the movement trajectory of 
cars. In the simulation, four cars are considered (Figure 3). 
The A car is the car which we intend to control it by fuzzy 
rules, it is called Controlled car. The B car is the back car 
which intends to pass Controlled car and it is called 
BEDOL. The C car is the front car which moves in opposite 
lane. If C car moves in the same direction as Controlled car, 
then it is called FEDOL and if direction of movement is in 
opposite direction then it is called FODOL. The D car is the 
front car which moves in the same lane of Controlled car. If 
D car moves in the same direction as controlled car then it is 
called FEDEL and if it is in opposite direction then it is 
called FODEL.  

 
 
 
 
 
 
 
 
 
 

Figure 2. The driver’s behavior hierarchy fuzzy system 
 

Figure 3. The movement trajectory of cars

3-2) Effective cars in the decision making of driver 
When a person drives a car on the road, movements of other 
cars affect his/her decision making. For example, FODEL 
car is more important than FEDEL car and FODOL is more 
important than FEDOL car. When driver decides to pass 
FEDEL car, location of BEDOL and FODOL is very 
important. The three important cars in decision making of 
driver are shown in Figure 4. 

(a) Controlled car is on the 
right lane 

(b) Controlled car is on the 
left lane 

 

Figure 4. The situations of important cars 

3-3) Decision making process
By considering three positions, the speed and direction of 
car and the steering angle, the fuzzy variables for steering 
angle and speed control are presented as follows: 

BOLTd : (input variable) time distance of Controlled car 
with the back car in other lane, moving in the same 
direction. 

FELTd : (input variable) Time distance with the front car, 
moving in the same lane 

Graduating diploma 

Precision in work 

Fuzzy 
System I Precision 

Fuzzy
System

II 

personality 

Steering 

Speed Coefficient 

Time distance 
Coefficient 

Environment conditions 

A
ge 
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FOLTd : (input variable) Time distance with the car moving 
in opposite lane 
V: (input variable) Speed of Controlled car 
Dir: (input variable) Controlled car’s direction  

v� : (output variable) Change of speed  
�� : (output variable) Direction change of steering. 

Each of the input variables, BOLTd , FELTd  and FOLTd  has 
four linguistic values or fuzzy sets: The speed has three 
fuzzy sets. The car direction and the steering angle direction 
have seven fuzzy sets. Each of output variables is defined by 
using seven linguistic variables. We define a vector for

BOLTd , FELTd  and FOLTd  separately. First element of 
each time distance vector represents the minimum time 
distance for collision with corresponding car. It is called 
very low. The second element is the lowest value of the 
middle time with corresponding car. We call it medium time. 
The last element is the lowest value as the highest time with 
corresponding car which is called high time. The above time 
distance vectors are defined for a normal driver who drives 
according to driving laws. But for modeling different 
behaviors of driver, we use the time distance coefficient 
which is obtained by hierarchical fuzzy system. The time 
distance coefficient is called K_TD. The purposed time 
distance vectors for different drivers are shown in table 2. 
In table 2 we have 

��

�
�
�

�
�

�
�
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Table 2: Time distance vector for different drivers 

Left Lane: Right Lane: 

BOLTd =K_TD*[0.5/b 2/b 7] BOLTd =K_TD*[3 10 15] 

FEDELTd =K_TD*[1 3 5] FEDELTd =K_TD*[4/b 8/b 12] 

FEDOLTd =K_TD*[3 5 8] FEDOLTd =K_TD*[1 3 7] 

FODELTd =K_TD*[2 4 6] FODELTd =K_TD*[4 7 20] 

FODOLTd =K_TD*[3 7 20] FODOLTd =K_TD*[3 7 15]

 
3-3-1) Road partitions in decision making of driver 
Drivers drive in different positions of road. When a driver 
intends to pass the leading car, he/she moves toward the 
middle of road while in low speed and dangerous conditions, 
the car moves toward the shoulder of road. So in decision 
making, we divide the road to four divisions: Left lane, 
Middle Lane, Right lane and Shoulder of lane. Among four 
decision lanes, the middle of lane and the shoulder of road 
lane are the transient lanes. A driver is driving in the right 
lane and only when he/she is passing the leading car, he/she 
drives in the left lane. 
 
3-3-2) Fuzzy rule base for decision making of driver 

The decision making process is categorized into four 
scenarios: 
1. Right lane 
� Staying in the same lane and continuing the path 
a)  No car is in front. The car continues its path. 
b) A car is in front and the time distance with it is low, the 
driver starts to make a decision based on his/her desired 
speed, safety priorities but FODOL car is near or there is 
BEDOL car, then the driver decreases the car’s speed and 
continues the path. 
� Going to the shoulder of road 

 A car is in front and the time distance with it is very low; 
but FODOL car is near and BEDOL car is near. So the 
takeover from the left lane is impossible. In order to avoid 
collision, the driver must move the car to the shoulder of 
road. 
� Going to the middle lane to passing 
When the driver decides to change lane and perform a 
takeover from the left lane. So he/she moves the car to the 
middle lane. 
2. Middle lane 
As mentioned before, this lane is a transient lane. If the 
takeover conditions are satisfied, the driver increases the 
speed and continues with the same direction to enter the left 
lane. Otherwise he/she decides to stay in middle lane or to 
return to right lane.  
After taking over, driver with the same speed from this lane 
enters to right lane 
3. Left lane 
� Before taking over 
If the takeover conditions are satisfied, the driver continues 
the path with high speed. Otherwise he/she goes to middle 
lane and decides to stay there until the takeover conditions 
are provided or he/she returns to right lane. 
� After taking over 
The driver with the same speed from this lane goes to middle 
lane in order to go to the right lane. 
4. Shoulder of road lane 
As mentioned before, a driver in order to avoid collision 
goes to this lane. So he/she must stay in this lane until he/she 
could return. 
 

4 Results
The obtained weights of each of environmental parameters 
from eq. (11) are summarized in Table 3. This table shows 
that among climate parameters, view field is the most 
important parameter. Safety is the most important among the 
road parameters and safety equipment operation is the most 
important among the car parameters. 
 

Table 3: The weights of environmental parameters in fuzzy rules 

Climate 
parameter W

Road 
paramet

er  
W

Car 
parame

ter 
W

View 0.37 Traff. 0.21 Eq.o. 0.47 
Lum. 0.297 R.q. 0.13 
Rain 0.178 Sign 0.11 Er. 0.25 

Temp. 0.098 M.obs 0.21 Dis.a. 0.28 Hum. 0.057 Safety 0.34 
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The obtained optimum number of fuzzy sets for 
environmental parameters input variables by PSO algorithm 
is shown in Table 4. The number of fuzzy sets of output 
variables (climate, road and car condition) is fixed and is 
equal to 5 sets. 
 

Table 4. The optimum number of fuzzy sets for 
environmental parameters 

C
lim

ate 
param

eter 

num
ber 

R
oad 

param
eter 

num
ber 

C
ar 

param
eter 

num
ber 

View 5 Traff. 3 Eq.o. 5 Lum. 3 R.q. 5 
Rain 5 Sign 3 Er. 5 

Temp. 3 M.obs. 5 Dis.a. 5 Hum. 3 Safety 3 
 

 

 
(a) Normal driver (b) Attentive old driver with 

very low precision 

  
(c) Attentive old driver with 

very high precision 
(d) Car’s speed by (a), (b), (c) 

drivers
Figure 5: Comparison of different drivers in the same 

conditions  
We investigate the behavior of different drivers under take 
over condition. The comparison of behavior of three drivers 
under equal passing conditions and the best environmental 
conditions is shown in Figures 5 and 6. As it is seen in 
Figure 5, normal driver and attentive old driver with very 
high precision pass the leading car. But attentive old driver 
with very low precision waits until the FODOL passes and 
then he/she passes the leading car. The paths of cars before 
passing are shown by solid lines. The very low precision 
person’s error is higher than the very high precision person 
in calculating distance with other car. Because of being 
attentive, the driver waits for passing the leading car to 
collision avoidance. The car’s speed of each driver shows 
the driver’s behavior and decision under equal conditions. 
The normal driver is decided to passing and increases the 
speed. The movement of car is smooth. The old person with 
very high precision has more steering direction change 
because he/she is attentive and old and needs more time of 
passing than normal driver. The old person with very low 
precision is late in decision making and waits. After that 
he/she is passing the leading car and returns the right lane as 
soon as because of being attentive. Figure 6 compares a 
normal driver with a young driver. In equal conditions, the 
risky young driver passes the leading car. But the attentive 

young driver and normal driver waits until the FODOL car 
is passed. The speeds of cars are shown in figure (11- d). 
The results are obtained in good mental status.  
 

(a) Normal driver (b) Attentive young driver 
with very low precision

(c) Risky young driver with 
very low precision 

(d) Car’s speed by (a), (b), (c) 
drivers

Figure 6: The comparison of different driving behavior in 
equal conditions 

5 Conclusion
In this paper a fuzzy three positions model has been 
presented for the low-level control model and a fuzzy 
hierarchical system have been proposed for the high-level 
Control Model. The obtained results show that in equal 
conditions an attentive old driver with very high precision 
passes the leading car, but attentive old driver with very low 
precision waits until FODOL car passes and then he/she 
passes the leading car. The very low precision person’s error 
is higher than that of the very high precision person in 
calculating distance with other car. This method also 
provides a basis for modeling individual driver behavior 
characteristics that may be tuned and used in automatically 
guided vehicles. It also provides a reference of natural driver 
behavior of each individual. 
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Abstract—This paper uses a Fuzzy Expert System (FES) in order 
to evaluate firms in terms of Gender Equity (GE). The scope for 
using FES is connected not only to the multidimensional nature of 
GE and to the need of providing a synthetic indicator of firm’s GE 
without losing the its complexity, but even with the composite group 
of experts involved. The presence of sociologists, economists trade 
unions members, not used to a mathematics language, carried us to 
propose an instrument more user friendly like a FES.

Keywords— Fuzzy logic, Fuzzy expert system, gender equity, 
equal opportunity, discrimination.

1 Introduction
The Italian labour market shows remarkable gender
inequalities notwithstanding the advanced labour market 
regulation in terms of Equal Opportunities. Italian women still 
experience many inequalities at their workplaces such as: 
wage differences, lower career paths, higher percentages of 
fixed-term and short-term contracts, etc. Women’s
employment rate on average in Italy was 46.6% in year 2007 
(Istat, Labour Force Survey data) far below the 60% Lisbon 
target and far below men’s employment rate (70.7%)
Inequalities at the workplace are reinforced by and interact 
with the unequal distribution of unpaid work at home (care 
and domestic work). Italian women bear a higher share of 
unpaid work than their partners and when they enter the 
labour market this is going to produce an unequal share of 
total (paid and unpaid) work. [3],[10]. Though the Italian 
situation in terms of gender equity and access to paid labour 
is particularly weak gender segregation in employment is a 
feature that characterizes EU27 on average as the results by 
Burchell, Fagan, O’Brien and Smith [6], based on the
European Foundation for the Improvement of living and 
working conditions 2005 Survey shows. The problem of
firms’ evaluation with regards to gender equity has been 
differently tackled across Europe in connection also to the 
different level of enforcement of equal opportunity laws and 
a different level of integration of gender equality policies in 
employment policies [5]. In order to improve women
employment rates and to reduce the existing gender gaps in 
the workplaces the former Italian Ministry of Labour
promoted the project “Bollino Rosa” together with Isfol

(Istituto per la Formazione Professionale dei Lavoratori). The 
project started in June 2007 in the framework of the European 
Year of Equal Opportunities for All and has been co-financed
by the European Commission. The test was carried out from 
November 2007 until February 2008. This study presents the 
fuzzy expert system (Section 2.1-3) proposed within the
Bollino Rosa project and applied to a sample (section 2.4) of 
firms. Section 3 comments on the results of the application of 
the system to firms involved in the project while section 4 
contains concluding remarks and proposals for the extension 
of the project.

2 A fuzzy expert system for evaluation

2.1 Why a fuzzy expert system
To face this complex problem and to reach an aggregated 
value of the certification level, we propose a Fuzzy Expert 
System (FES), which utilizes fuzzy sets and fuzzy logic to 
overcome some of the problems that occur when the data 
provided by the user are vague or incomplete. 
This is not the natural framework of a FES, in fact engineering
problems are more typical for FES, but recently economic and 
management researches have found in this instrument
interesting applications, [2], [4], [7], [8], [9], [15]. In a
multidisciplinary research, like the one we present, the power 
of FES shows its ability to describe linguistically a particular 
phenomenon or process, and then to represent that
description with a small number of very flexible rules. In a 
FES, the knowledge is contained both in its rules and in fuzzy 
sets, which hold general description of the properties of the 
phenomenon under consideration. FES provides all possible 
solutions whose truth is above a certain threshold, and the 
user or the application program can then choose the
appropriate solution depending on the particular situation. 
This fact adds flexibility to the system and makes it more 
powerful. FES uses fuzzy data, fuzzy rules, and fuzzy
inference, in addition to the standard ones implemented in 
the ordinary Expert Systems. From the mathematical point of 
view a fuzzy system can be described as a function
approximator. [16] More specifically it aims at performing an 
approximate implementation of an unknown mapping
f : A ⊆ R n → R m where A is a compact of Rn . By means of 
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variable knowledge relevant to the unknown mapping, it is 
possible to prove that that fuzzy systems are dense in the 
space of continuous functions on a compact domain and so 
can approximate arbitrarily well any continuous function on a 
compact domain. The following are the main phases of a FES 
design ([11], [17]):

• Identification of the problem and choice of the type of FES, 
which best suits the problem requirement. A modular
system can be designed. It consists of several fuzzy
modules linked together. A modular approach may greatly 
simplify the design of the whole system, dramatically
reducing its complexity and making it more comprehensible.
Fixed input and output variables, it is necessary to describe 
their linguistic attributes (fuzzy values) and their
membership function (fuzzification of input and output);

• definition of the set of heuristic fuzzy rules. (IF-THEN
rules);

• choice of the fuzzy inference method (selection of
aggregation operators for precondition and conclusion);

• translation of the fuzzy output in a crisp value
(defuzzification methods);

• test of the fuzzy system prototype, drawing of the goal 
function between input and output fuzzy variables, change 
of membership functions and fuzzy rules if necessary,
tuning of the fuzzy system, validation of results.

2.2 System structure
The structure of the Fuzzy Expert System (FES) we present is 
very complex and contains sixty initial inputs. We try in the 
space we have to explain how it is born. Preparing the
questionnaire, the economics and sociology experts fix the 
macro-indicators that produce the final evaluation called 
“certification”. The two are “Gender Equity”(GE) and
“Gender SusTainability” (GT). The two are macro-
aggregations may be split in other sub macro-indicators: GE 
sums up two: Equity in the Firm (EF) and Equal Opportunity 
(EO). They include information on what firm makes to treat 
woman at the same level of man in the policy of entrance,
haw firm respects welfare laws and so on. The EF
intermediate variable, we present in detail, contains
information on the firm’s gender fairness in terms of wages 
and career opportunities. Firms are assessed with respect to 
employment equity (measured by horizontal segregation in 
terms of area or type of job), equity in earnings (measured by 

the gender wage gap and the share of women and men in top 
positions as a gross index of vertical segregation) and the 
participation of women as trade unions representatives. The 
other macro-indicator GT contains several types of
information: how firm takes into account work life balance 
policy (WLB) that is how the way working time is scheduled 
and its balance with other use of time related to the family. 
The Human Resource Management (HRM) variables contain 
information on firm’s recruitment methods for entrance into 
work and on employees leaving or being fired by the firm. 
The third Safety (S) produces information on security
policies that the firm adopts and on the awareness of gender 
specific health risks at work. Due to limits of space we are 
going to present more in depth the “Equity in the Firm (EF)”. 
Women tend to be severely underrepresented in Italy in 
apical positions [13], [14] and their low presence in apical
positions in the firm is considered in this system as a
negative element in firm’s assessment with regards to gender 
equity both because: 
1) it can lead to a higher wage gap at the disadvantage of 
women;
2) it can be a sign of employment discrimination by gender; 3)
it can be a signal of an environment not favourable to women 
progression of career; 
4) it can be a sign of a human resources evaluation system 
that rewards less women’s competences than men’s. 
The wage gap has been computed by the ratio of women
total cost of labour to men’s. This is a gross measure of wage 
gap that, in further research, can be computed as a net wage 
gap by taking into account employee’s characteristics (like 
work experience, tenure, education, hours of work). We have 
then considered the bargaining power of women inside the 
firm by computing how many women are representatives in 
trade unions with respect to women employed in the firm. An 
underrepresentation of women in unions representatives
contributes to decrease the value of the final outcome since 
we deem that their voice cannot be enough listened in 
bargaining on job conditions if they are underrepresented 
amongst employees representatives. Equal opportunity, EO, 
takes into account the existence of agreements with unions
and public institutions in terms of equal opportunities (the 
highest mark has been given to enacted agreements and the 
lowest if there are no agreements and the firm does not 

Figure 1: Reduced system layout
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intend to sign any in the future), of affirmative actions, of 
incentives to hire women,of the use of Italian Law 53/2000-
that contains measures to increase work life balance in the 
firm - and equal opportunities and the presence of an Equal 
Opportunity Commission in the firm. We aim at improving the 
measurement of this last variable by collecting information on
the type of activities performed by the Commission. This 
dimension contains also all strategies enacted by the firm to 
inform and make aware personnel about gender differences
and all the actions that lead to an increase (in qualitative and 
quantitative terms) of women’s participation in the firm. The 
equal opportunity dimension is also extended to include
firm’s awareness of the other firms of the network in which it
operates.

2.3 Reduced system layout
We present the inputs involved in EF macro-indicator and 
the sub-system in which the variable GE is split in the original
inputs.
Age. Age
SWminusSM. Gender gap in standard employment inside the
firm

DI. Dissimilarity index defined as 1
2

wi
w − mi

mi
∑ where mi

and wi are the numbers of men and women in the i-th area.
SWomen. Women in standard jobs
SMen. Men in standard jobs
DiffMang. Gender gap in managerial position
DiffResp. Gender gap in high responsibility white-collar
positions
DiffWage. Gender wage gap
W_U. Women share in union’s representatives
Intermediate variables:
EmplEquity. Employment equity
EF. Equity in the firm
EO. Equal opportunities
GE. Gender equity
GT. Gender Sustainability
HRM. Human resources management
Level. Level in the job ladder as percentage of women in 
apical positions
S. Safety
StWork . Standard work
WageEquity. Wage equity
WLB. Work Life Balance
Now we present the fuzzyfied input variable DiffWage and a 
rule block in which this variable is involved. DiffWage
measures the gross wage gap in the firm as the ratio of 
women’s average labour cost with respect to men’s. As it is 
possible to see, this variable enters directly at the second 
step and is aggregated with the intermediate variable Level. 
Level measures the share of women in apical positions with 
respect to men and can be considered as a measure of
vertical segregation against women. Wage equity is then 
evaluated with respect to both variables to evaluate current 
wage gap and a cause of wage gap at disadvantage of 

women. All the cut points that define the fuzzifcation and the 
rules have been discussed in depth inside the research group 
where also the researchers who interviewed firm’s
representatives were involved.

Figure 2: DiffWage variable layout
This research step can be deemed very important both in 
order to state the rules that are at the basis of evaluation in 
FES and in order to detect problems in the evaluation process
and in the tools that have been used.
The following Rule Table is referred to Wage Equity: this 
intermediate variable is built with the input DiffWage and the 
intermediate variable Level. 

Table 1: rule table of WageEquity

The experts decided that if women’s wage cost with respect 
to men’s is low or medium and women’s share in managerial 
and high responsibility white-collar positions are low the 
wage equity dimension assumes value ‘very low’. The
experts have suggested this rule that combines wage
differentials and gender inequalities in access to apical
positions since though the existence of a wage gap at the 
disadvantage of women can be related to vertical
employment segregation one can observe wage differentials 
also in the same job position. Moreover the measure of the 
wage gap obtained from the sample of firms, given the
structure of the questionnaire, is a gross wage gap (not 
corrected for employee’s level of education or work
experience). Inequalities in the access to apical positions can 
be considered as a proxy of vertical employment segregation 
by gender to which the experts’ group assigns a high weigh 
in affecting firms’ gender equity. This rule block shows that 
there is a function f (DiffWage,Level) : R 2 → R increasing
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in all the two variables but they are weighted in a different 
way. Looking at rules 5 and 14 we have that: 5) f(Low,
High)� medium_high;14) f(High, Low)� medium_low .
This table translates in a simple way what the experts 
consider correct. This way to translate the experts’ position
is simpler than asking them numerical weights for the single 
variables and what type of function better represents their 
idea.

2.4 The sample of firms to which the system has been 
applied

The system introduced in this Section has been applied to 
the gender evaluation of 34 private firms of different size 
belonging to the different productive sectors that have been 
selected by the Italian Ministry of Labour through a public 
call. The sample was formed by: 14 joint-stock companies, 2 
Ltds, 3 cooperatives Ltd, 10 social cooperatives and 5 others 
form of enterprise. According to the number of employees 
those firms can be classified as follows: 1 micro-enterprise
(<10 employees), 12 small and medium enterprises (>10
employees <250), 21 big enterprises of which 4 employ more 
than 30.000 employees. 21 firms have got a turnover of max 50
millions euro (SMEs) while 5 companies exceed a turnover of 
1 billion euro per year. Concerning the economic sectors, 17 
firms belong to the service industry (research and training,
welfare services, company services), 5 are utility companies 
(telecommunications and public transports), 3 of them belong 
to the pharmaceuticals industry, 3 to the retail trade, 1 is an 
energy producing industry and 1 is a bank. The last 4 firms of 
the sample belong to other sectors like: edutainment, food 
production and airport management. The selected firms filled 
in the self-assessment questionnaires and the sociologists 
conducted in-depth interviews to the relevant union
representatives. The system has been presented and
discussed inside a group of experts to whom the results of 
evaluation has also been submitted to validate the fuzzy 
outcome.

3 Results
We can start by observing that none of the 34 firms that 
applied to be evaluated and were selected in the Bollino Rosa 
project obtained a high result in terms of “Certification 
value”, the final output of the FES presented in the previous 
section. The firm at the top position in terms reached a final 
evaluation of 0.68 against the maximum of 1 (Table 2) and the 
firm at the bottom has a value of 0.25, with 9 firms out of 34 
with a value for the final outcome of the system lower than 
0.40 (Table 3).At this stage of the project we cannot analyse 
in depth the situation of each firm in the sample and, for
privacy reasons, we cannot provide more details about the 
firms involved in this experimental phase of the project. In the
two tables we call them Ai and Ci if the firm is “not 
corporate” or “corporate” respectively. Table 2 shows the 
value of the intermediate and input variables of the first ten 
firms (in terms of the value of the final output of the system 
that we call certification) and Table 3 shows the last 10 firms.
The tables show how similar output values can be derived by 

different situation in terms of the dimensions of gendered 
equity condensed in our intermediate variables. For instance 
the corporate firm C08 that performs as the not corporate firm 
A01 In terms of the final value of the FES output (0.62) shows
a higher evaluation in terms of gender equity (GE=0.57) than 
in terms of gender sustainability (GT=0.65), whereas firm A01 
performs better in terms of gender sustainability (GT=0.71) 
than in terms of gender equity (GE=0.53). The same result in 
terms of certification can therefore mean different outcomes
in terms of policies suggestions to the firm in order to 
improve its ‘Bollino Rosa’ outcome. A further investigation 
on the reasons of a lower evaluation of firm A01 in terms of 
gender equity with respect to firm C08 reveals that this is 
connected to the high degree of vertical segregation in the 
firm (with no woman in apical positions) whereas the
presence of women in apical position in firm C08 though 
lower (0.32) is higher than in firm A01. On the other hand 
both perform rather well in terms of gross wage gap.

Table 2: results the first ten best

Table 3: of results the last ten

Turning to the last ten firms in terms of the final assessment 
of gender certification, we can see that the bottom one
performs very poorly both in terms of wage equity (0.00) and 
in terms of the equal opportunities (0.20) and gender
sustainability (0.33) dimensions while it scores better (0.575) 
in terms of employment equity denoting a more equal
presence of women and men in the areas of the firm and with 
regards to the type of contract. This firm is very far from a 
sufficient level and has to work a lot in all the dimensions to 
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be certified as a ‘Bollino Rosa’ Firm.
The results shown in the previous section can be considered 
as a step in the whole process of certification that can use
FES tools for assessing firms and addressing specific policies
for each firm to reach a final assessment. The results of Fuzzy 
evaluation will be transmitted to the firms and commented 
upon by the relevant expert/auditor. According to the results 
obtained each firm will introduce the needed changes for 
correcting the gender discriminations. At the end of the 
evaluation path and only when the organizational situation 
within the firm will be improved, it will receive a Label that will
identify it as a “Bollino Rosa firm”, i.e. a gender friendly 
workplace in terms of equity and sustainability. The process 
towards certification of gender equity and sustainability 
involves also an assessment of the steps towards a higher 
values in the critical dimensions by means of the FES
application to evaluate the changes occurred over time. Firms 
can therefore assess their level of ‘Bollino Rosa’ connected 
to the strategies enacted to improve its value. 

4 Pursuing in the process of certification
The results shown in the previous section can be considered 
as a step in the whole process of certification that can use
FES tools for assessing firms and addressing specific policies
for each firm to reach a final assessment. The results of Fuzzy 
evaluation will be transmitted to the firms and commented 
upon by the relevant expert/auditor. According to the results 
obtained each firm will introduce the needed changes for 
correcting the gender discriminations. At the end of the 
evaluation path and only when the organizational situation 
within the firm will be improved, it will receive a Label that will
identify it as a “Bollino Rosa firm”, i.e. a gender friendly 
workplace in terms of equity and sustainability. The process 
towards certification of gender equity and sustainability
involves also an assessment of the steps towards a higher 
values in the critical dimensions by means of the FES
application to evaluate the changes occurred over time. Firms 
can therefore assess their level of ‘Bollino Rosa’ connected 
to the strategies enacted to improve its value. Further
research involve considering how the level of gender equity
and sustainability in the firm relates to the socioeconomic 
environment the firm is inserted in. As shown in the
following chart the firm operates in connection to local, 
national government and European Commission that can set 
rules or adopt policies that are going to affect the firm’s 
situation with regard to Gender Equity or Gender
Sustainability. For instance the National Law 53/00
introduces the possibility for firms to receive funds dedicated
to the implementation of family friendly policies that can 
improve gender sustainability in the firm. On the other hand 
the firm can supply childcare services for their employees but 
open to other families that can improve gender sustainability 
of employment in the area. Equal Opportunity Counsellor can 
take an action to remove discrimination in the firm. The firms 
that are suppliers or clients can be characterized by a
different degree of gender equity and the workers in the firm 
are going to be affected by the equality or gender
sustainability policies of the firm. Trade unions at local or at 

national level can bargain over working hours schedule to 
obtain a working time more that balances more with private 
and family life. The network of relations amongst private and 
public agents leading to the obtained results can itself be 
evaluated calling for an extension of the evaluation process 
to subcontractors, suppliers, clients. The system now
includes firms’ evaluation on the situation of clients and 
suppliers with regards to gender equity and this awareness is 
accounted for as a part of the gender equity dimension. 
However to have a more precise information on the
interactions amongst firms in a gender perspective the whole 
network of firms should be reconstructed and subject to the 
evaluation process. Italy is characterized by a highly
segmented labour market (by area and type of occupation) 
and by a different level of diffusion of public care services 
that can have an impact on gender equity and sustainability 
of work. Local labour market and institutional variables can 
be inserted to provide a comparative analysis upon different 
areas in Italy producing a more complex indicator of gender 
equity that can be inserted in the evaluation of gender human
development.

Figure 3: Toward firm’s evaluation in a gendered perspective

5 Conclusions
The process of firm’s evaluation in terms of gender equity 
pursued by the project ‘Bollino Rosa’ promoted by the Italian
Ministry of Labour in year 2007 requires collecting and 
analysing indicators on different dimensions of gender
equity. To provide a synthetic indicator on the firm’s
situation without loosing the complexity of the different 
dimensions of gender equity we have modelled and applied a 
Fuzzy Expert System. To our knowledge this is the first 
attempt of using Fuzzy Expert System to assess firms with 
respect to gender equity and gender sustainability, though 
broader issue of the gender perspective in the evaluation of 
quality of work using fuzzy expert system has been
considered in [8]. Other experiences carried out in European 
countries implies self-evaluation like Total Equity Prize in 
Germany) or evaluation on the basis of  the policies enacted 
by the firms in terms of equal opportunities, on their human 
resources management and on the presence of work life 
balance policies (like Label Egalité in France) however they 
do not use a system of evaluation structured as the one used 
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in this application [5]. The micro data used have been 
collected through a structured questionnaire submitted to a 
sample of firms in the Private Sector that have proposed 
themselves by answering to a public competition on
participation to the experiment, further extension to the public
sector and a calibration of the questionnaire should follow its 
experimental phase. In this line we plan to let firms construct 
measures of net gender wage gap (by connecting wages to 
employees’ individual characteristics on their work
experience and education) that can improve the system of 
gender equity evaluation (currently based on gross wage 
gap). With respect to other systems of evaluation the
proposed method entails an analytical model of evaluation 
that confers numerical indicators useful for the firm to assess 
its position as far as gender equity and sustainability are 
concerned allowing a backward process to detect causes of 
poor grades in terms of gender certification. Another
advantage of the system is the transparency of the
evaluation system reached by a clear statement of input 
variables and the rules used by the experts. Sometimes the 
transparency is not an advantage especially in situations in
which politics is involved, but we think that a clear and 
transparent method is better than others in which the choices
are expressed in “obscure” words in order to hide real
choices from people involved. Public institutions and
government can use the results of this model in terms of 
gender certification of firms to take policy decisions. They 
can also infer by comparative analyses on different areas 
how different policies and agreement carried out also at local 
level may interact with the gender assessment of firms in that 
area. Policies to consider firms’ gender certification in gender 
equity and sustainability can also be used as an indicator for 
the assessment of firms when public institutions or firms 
contract out part of their production. This approach, more 
typical of engineering problems, finds here an interesting 
multi-disciplinary application. A very heterogeneous
research unit containing mathematics, economics, sociology, 
political and trade union experts have faced this application. 
The fuzzy approach has given us all the possibility to work 
together, to have a common language. This language is due 
to the linguistic attributes of the variables, the rules given in 
a verbal way and the final interpretation of the results
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Abstract— Morphisms of some categories of sets with similarity
relations (Ω-sets) are investigated, where Ω is a complete residu-
ated lattice. Namely a category SetF(Ω) with morphisms (A, δ) →
(B, γ) defined as special maps A → B and a category SetR(Ω)

with morphisms defined as a special relations A × B → Ω. It is
proved that arbitrary maps A → Ω and A × B → Ω can be ex-
tended onto morphisms (A, δ) → (Ω,↔) in SetF(Ω) and mor-
phisms (A, δ) → (B, γ) in SetR(Ω), respectively and that these
extension processes are from categorical point of view special re-
flections. Moreover, if Ω is a complete Heyting algebra we also in-
vestigate morphisms in another category Set(Ω) which consists of
classical fuzzy sets f : A → Ω.

Keywords— residuated lattice, Heyting algebra, similarity rela-
tions, fuzzy sets.

1 Introduction
In fuzzy set theory the category SetF(Ω) of sets with similar-
ity relations defined over a complete residuated lattice Ω =
(Ω,→,⊗,∨,∧) is of principal importance ([5]-[10]). This
category consists of objects (A, δ) (called Ω-sets), where A
is a set and δ is a similarity relation, i.e. a map δ : A×A→ Ω
such that

(a) δ(x, x) = 1,

(b) δ(x, y) = δ(y, x),

(c) δ(x, y) ⊗ (δ(y, y) → δ(y, z)) ≤ δ(x, z).

A morphism f : (A, δ) → (B, γ) in SetF(Ω) is a map f :
A→ B such that γ(f(x), f(y)) ≥ δ(x, y) for all x, y ∈ A.

From historical point of view there is another category con-
sisting of sets with similarity relations defined. This cate-
gory SetR(Ω) is an analogy of a category of sets with re-
lations between sets as morphisms. Objects of this category
SetR(Ω) are the same as in the category SetF(Ω) and mor-
phism f : (A, δ) → (B, γ) are maps f : A × B → Ω such
that

(a) (∀x, z ∈ A)(∀y ∈ B) δ(z, x) ⊗ f(x, y) ≤ f(z, y),

(b) (∀x ∈ A)(∀y, z ∈ B) f(x, y) ⊗ γ(y, z) ≤ f(x, z),

If f : (A, δ) → (B, γ) and g : (B, γ) → (C,ω) are two
morphisms then their composition is a relation g◦f : A×C →
Ω such that

g ◦ f(x, z) =
∨

y∈B

(f(x, y) ⊗ g(y, z)).

Finally we can consider a classical category Set(Ω) of
fuzzy sets over Ω with objects couples (A, f), where A is a

set and f is a map A → Ω and with morphisms u : (A, f) →
(B, g) such that u : A → B is map and f(a) ≤ g ◦ u(a) for
all a ∈ A.

With categories SetF(Ω) and SetR(Ω) we can consider
new sets of objects:

(a) the set Mor(SetR(Ω)) of all morphisms in SetR(Ω),

(b) the set Rel(SetR(Ω)) of all weak morphisms in
SetR(Ω), where f : (A, δ) → (B, γ) is a weak mor-
phism in SetR(Ω) if f : A × B → Ω is an Ω-valued
relation,

(c) the set Map(SetF(Ω)) of all weak fuzzy sets in
SetF(Ω), where f : (A, δ) → (Ω,↔) is a weak fuzzy
set in SetF(Ω) if f : A → Ω is a map and where ↔ is a
biresiduation in a lattice Ω.

(d) the set Fuz(SetF(Ω)) of all fuzzy sets in SetF(Ω), i.e.
morphisms (A, δ) → (Ω,↔) in the category SetF(Ω),
where (A, δ) is an Ω-set.

It is clear that we have

Mor(SetR(Ω)) ↪→ Rel(SetR(Ω)),
Fuz(SetF(Ω)) ↪→ Map(SetF(Ω)).

In this paper we want to consider some relationships be-
tween these sets. We show that new categories (denoted by
the same symbols as the above sets) can be defined with the
above sets as object sets. Then we will receive the following
functor commutative diagram:

Fuz(SetF(Ω)) ↪→−−−−→ Map(SetF(Ω))

F

� �F

Mor(SetR(Ω)) ↪→−−−−→ Rel(SetR(Ω))

Finally, we show that

(a) the category Mor(SetR(Ω)) is a full reflective subcate-
gory in the category Rel(SetR(Ω)),

(b) the category Map(SetF(Ω)) is a full reflective subcate-
gory in the category Fuz(SetF(Ω)).

The reflections f → f̃ and g → ĝ of a weak morphism
f : (A, δ) → (B, γ) and a weak fuzzy set g : (A, δ) → (Ω,↔
) can be then used for construction of a fuzzy logic formu-
las interpretation in corresponding categories SetF(Ω) and
SetR(Ω).
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2 Categories of maps and relations

Let us firstly define two categories Rel(SetR(Ω)) and
Mor(SetR(Ω)). Objects of the category Rel(SetR(Ω))
are all weak morphisms from SetR(Ω). A morphism from
a weak morphism f : (A, δ) → (B, γ) to a weak morphism
g : (C, ρ) → (D,ω) is a couple (u, v) of morphisms from the
category SetR(Ω) such that

(i) u : (A, δ) → (C, ρ) is a morphism in SetR(Ω),

(ii) v : (B, γ) → (D,ω) is a morphism in SetR(Ω),

(iii) (v ◦f)(a, d) ≤ (g ◦u)(a, d) for all a ∈ A, d ∈ D, where
the composition of a morphism and a weak morphism
is formally the same as for morphisms in the category
SetR(Ω).

In that case we say that the diagram

(A, δ)
f−−−−→ (B, γ)

u

� �v

(C, ρ)
g−−−−→ (D,ω)

fuzzy commutes. If (u, v) : f → g and (u1, v1) : g → h
are two morphisms in Rel(SetR(Ω)) such that f : (A, δ) →
(B, γ), g : (C, ρ) → (D,ω), h : (E, σ) → (F, τ) are weak
morphisms then a composition (u1, v1) ◦ (u, v) is defined as
(u1 ◦ u, v1 ◦ v). Using a composition of weak morphisms we
can easily prove that the following diagram fuzzy commutes

(A, δ)
f−−−−→ (B, γ)

u1◦u

� �v1◦v

(E, σ) h−−−−→ (F, τ),

i.e. the definition is correct.
Objects of the category Mor(SetR(Ω)) are all morphisms

f : (A, δ) → (B, γ) in the category SetR(Ω) and mor-
phisms between such objects are defined formally in the
same way as for the category Rel(SetR(Ω)). It is clear
that Mor(SetR(Ω)) is a full subcategory of the category
Rel(SetR(Ω)).

Now, objects of the category Map(SetF(Ω)) are all weak
fuzzy sets (A, δ) → (Ω,↔) in the category SetF(Ω), where
(A, δ) are Ω-sets. If f : (A, δ) → (Ω,↔) and g : (B, γ) →
(Ω,↔) are objects in Map(SetF(Ω)) then u : f → g is
a morphism in Map(SetF(Ω)) if u : (A, δ) → (B, γ) is a
morphism in SetF(Ω) and g ◦ u(a) ≥ f(a) for all a ∈ A.
A composition of such morphisms is defined as a composition
of corresponding morphisms in the category SetF(Ω).

Finally objects of the category Fuz(SetF(Ω)) are all fuzzy
sets in the category SetF(Ω), i.e. morphisms (A, δ) →
(Ω,↔) in the category SetF(Ω). Morphisms in the cate-
gory Fuz(SetF(Ω)) are defines similarly as in the category
Map(SetF(Ω)).

It is well known that there exists a functor F : SetF(Ω) →
SetR(Ω) such that F is an identity on objects and if f :
(A, δ) → (B, γ) is a morphism in SetF(Ω) then F (f) :
A×B → Ω is such that F (f)(a, b) = γ(f(a), b).

Lemma 1
Let g : (A, δ) → (B, γ) be a weak morphism in SetR(Ω).
Let g̃ : A×B → Ω be defined by the formula

g̃(a, b) =
∨

x∈A

∨
y∈B

g(x, y) ⊗ δ(a, x) ⊗ γ(b, y).

Then

(a) g̃ is a morphism in SetR(Ω),

(b) g̃ =
∧{h : h is a morphism (A, δ) → (B, γ) in

SetR(Ω), h ≥ g},

(c) If g is a morphism in SetR(Ω), then g̃ = g.

Lemma 2
Let s : (A, δ) → (Ω,↔) be a weak fuzzy set in SetF(Ω). Let
a map ŝ : A→ Ω be defined such that ŝ(a) =

∨
x∈A δ(a, x)⊗

s(x) for all a ∈ A. Then

(a) ŝ : (A, δ) → (Ω,↔) is a morphism in SetF(Ω),

(b) ŝ =
∧{t : t is a morphism (A, δ) → (Ω,↔) in

SetF(Ω), t ≥ s }.

(c) If s : (A, δ) → (Ω,↔) is a fuzzy set in SetF(Ω) then
ŝ = s,

Now
we define functors G : Rel(SetR(Ω)) → Mor(SetR(Ω))
and H : Map(SetF(Ω)) → Fuz(SetF(Ω)) which will be
reflections.

Proposition 1
(a) Let a weak morphism f be an object from Rel(SetR(Ω))

and let (u, v) : f → g be a morphism in Rel(SetR(Ω)).
Let G(f) = f̃ and G(u, v) = (u, v). Then

G : Rel(SetR(Ω)) → Mor(SetR(Ω))

is a functor.

(b) Let a weak fuzzy set f be an object in Map(SetF(Ω))
and let u : f → g be a morphism in Map(SetF(Ω)).
Let H(f) = f̂ and H(u) = u. Then

H : Map(SetF(Ω)) → Fuz(SetF(Ω))

is a functor.

Proof. (a) Let f : (A, δ) → (B, γ) and g : (C, ρ) → (D, τ)
be weak morphisms. We show that (u, v) is a morphism f̃ →
g̃. Since (u, v) : f → g is a morphism in Rel(SetR(Ω)),
we have v ◦ f ≤ g ◦ u. Then since v and u are morphisms in
SetR(Ω), we have

v ◦ f̃(a, d) =∨
b,b′,a′

f(a′, b′) ⊗ δ(a, a′) ⊗ γ(b, b′) ⊗ v(b, d) ≤
∨
b′,a′

f(a′, b′) ⊗ δ(a, a′) ⊗ v(b′, d) =

∨
a′
v ◦ f(a′, d) ⊗ δ(a, a′) ≤∨

a′
g ◦ u(a′, d) ⊗ δ(a, a′) ≤

∨
c

u(a, c) ⊗ g(c, d) ≤

g̃ ◦ u(a, d).
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(b) Let f : (A, δ) → (Ω,↔) and g : (B, γ) → (Ω,↔) be
weak fuzzy sets. We need to show that ĝ ◦ u ≥ f̂ . Since u is
a morphism in SetF(Ω), we have

ĝ ◦ u(a) =
∨
b∈B

g(b) ⊗ γ(b, u(a)) ≥
∨

x∈A

g(u(x)) ⊗ γ(u(x), u(a)) ≥
∨

x∈A

g ◦ u(x) ⊗ δ(x, a) ≥∨
x∈A

f(x) ⊗ δ(x, a) = f̂(a).

We now introduce a notion of a fuzzy reflective subcate-
gory.

Theorem 1
(a) Mor(SetR(Ω)) is a full reflective subcategory in the cat-

egory Rel(SetR(Ω)) and G is a reflection.

(b) Map(SetF(Ω)) is a full reflective subcategory in the cat-
egory Fuz(SetF(Ω)) and H is a reflection.

Proof. (a) Let f : (A, δ) → (B, γ) be an object in
Rel(SetR(Ω)). It is clear that (idA, idB) : f → f̃ is a mor-
phism in Rel(SetR(Ω)), where for an object (X,σ) from
SetR(Ω) the identity morphism idX : (X,σ) → (X,σ) is
defined such that idX : X ×X → Ω is such that idX(x, y) =
1Ω if x = y and 0Ω, otherwise. Let g : (C, ρ) → (D, τ)
be an object in Mor(SetR(Ω)) and let (u, v) : f → g be a
morphism in Rel(SetR(Ω)). Then we show that (u, v) is the
unique morphism such that the diagram commutes:

f
(idA,idB)−−−−−−→ f̃∥∥∥ �(u,v)

f
(u,v)−−−−→ g

In fact, it suffices to prove that (u, v) : f̃ → g is a morphism
in Rel(SetR(Ω)), i.e. that the diagram

(A, δ)
ef−−−−→ (B, γ)

u

� �v

(C, ρ)
g−−−−→ (D, τ)

fuzzy commutes. We have v ◦ f(a, d) ≤ g ◦ u(a, d) for all
a ∈ A, d ∈ D. Since u and v are morphisms in a category
SetR(Ω), we have

v ◦ f̃(a, d) =∨
b,b′∈B,a′∈A

f(a′, b′) ⊗ δ(a, a′) ⊗ γ(b, b′) ⊗ v(b, d) ≤
∨

b,b′∈Ba′∈A

f(a′, b′) ⊗ δ(a, a′) ⊗ v(b′, d) =

∨
a′∈A

δ(a, a′) ⊗ v ◦ f(a′, d) ≤∨
a′∈A

δ(a, a′) ⊗ g ◦ u(a′, d) ≤ g ◦ u(a, d).

It is clear that (u, v) is the unique morphism with such prop-
erty and that the diagram commutes.

(b) Let f : (A, δ) → (Ω,↔) be an object of
Map(SetF(Ω)). It is clear that idA : f → f̂ is a mor-
phism in Map(SetF(Ω)). Let g : (B, γ) → (Ω,↔) be
an object in Fuz(SetF(Ω)) and let u : f → g be a mor-
phism in Map(SetF(Ω)). Then u is the unique morphism in
Fuz(SetF(Ω)) such that the diagram commutes:

f
idA−−−−→ f̂

u

� �u

g g.

In fact, since g ◦ u(a) ≥ f(a) and g ◦ u is an object in
Fuz(SetF(Ω)), we have

f̂(a) =
∨

x∈A

δ(a, x) ⊗ f(x) ≤
∨

x∈A

δ(a, x) ⊗ g ◦ u(x) ≤

g ◦ u(a).

3 Reflections and fuzzy logic models
The reflectionsG,H can be used for a definition of fuzzy logic
formulas interpretation in categories SetR(Ω) and SetF(Ω),
respectively (see [10]). Let J be a first order language of a
fuzzy logic which consists (as classically) of a set of predicate
symbols P ∈ P , a set of functional symbols f ∈ F and a set
of classical logical connectives {∧,∨,⇒,¬,⊗}. Moreover J
contains also a set Ω of logical constants.

Definition 1
Let K be a category with products and with Ω-sets as objects.
Then a model of a language J in a category K is

D = ((A, δ), {PD : P ∈ P}, {fD : f ∈ F}),

where

(a) (A, δ) is an Ω-set from a category K,

(b) PD : (A, δ) × · · · × (A, δ) → (Ω,↔) is a morphism in
K,

(c) fD : (A, δ) × · · · × (A, δ) → (A, δ) is a morphism in a
category K.

Further, let ψ (t, respectively) be a formula (term, respec-
tively) with free variables contained in a set X of variables.
Then an interpretation ‖ψ‖D,X (‖t‖D,X , respectively) of ψ (t,
respectively) in a model D in a category K should be defined
such that

(a) ‖ψ‖D,X : (A, δ)X → (Ω,↔) is a morphism in K,

(b) ‖t‖D,X : (A, δ)X → (A, δ) is a morphism in K,

where (A, δ)X is a product (A, δ)|X| = (A|X|, δX) in a cate-
gory K. We show shortly how by using reflections H and G
the definition of a formula interpretation can be done in mod-
els D in categories K = SetF(Ω),SetR(Ω).

Let D = ((A, δ), {PD : P ∈ P}, {fD : f ∈ F}) be a
model of a language J in a category K, where K = SetF(Ω)
or K = SetR(Ω), i.e.
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(i) (A, δ) is a Ω-set from K,

(ii) PD : (A, δ) × · · · × (A, δ) → (Ω,↔) is a morphism in
a category K,

(iii) fD : (A, δ) × · · · × (A, δ) → (A, δ) is a morphism in a
category K.

Let t be a term with a set of variables contained in a set X .
Then ‖t‖D,X = ‖t‖X : (A, δ)X → (A, δ) is a morphism in
K defined as follows.

(i) Let t = x, where x ∈ X . Then ‖t‖X := prx :
(A, δ)X → (A, δ) is a projection morphism in a cate-
gory K.

(ii) Let t = f(t1, . . . , tn). Then ‖t‖X is a composition (in
K) of morphisms

(A, δ)X
Q

i ‖ti‖X−−−−−−→ (A, δ)n fD−−−−→ (A, δ).

Hence, for K = SetR(Ω) we have ‖t‖X(a, b) =∨
x∈An(

∏
i ‖ti‖X(a,x) ⊗ fD(x, b), where a ∈ AX .

Now let ψ be a formula with free variables contained in a set
X . In a category K we will define firstly a weak morphisms
(i.e. weak fuzzy set for K = SetF(Ω) or a weak morphism
for K = SetR(Ω)) |ψ|D,X = |ψ|X : (A, δ)X → (Ω,↔). A
definition will be done by induction principle on a structure of
ψ.

(a) Let ψ ≡ P (t1, . . . , tn). Then (according to induction as-
sumption) ‖ti‖X , PD are defined and we define |ψ|X as a
composition of the following morphisms in K:

(A, δ)X
Q

i ‖ti‖X−−−−−−→ (A, δ)n PD−−−−→ (Ω,↔).

(b) Let ψ ≡ t1 = t2. Then |ψ|X is a composition of the
following weak morphisms:

(A, δ)X ‖t1‖X×‖t2‖X−−−−−−−−−→ (A, δ)2
∆K,A−−−−→ (Ω,↔).

(c) Let ψ ≡ ψ1 ∧ ψ2. Then |ψ|X is a composition of the
following weak morphisms:

(A, δ)X ‖ψ‖X×‖ψ2‖X−−−−−−−−−→ (Ω,↔)2 �K−−−−→ (Ω,↔).

(d) Let ψ ≡ ψ1 ∨ ψ2. Then |ψ|X is a composition of the
following weak morphisms:

(A, δ)X ‖ψ‖X×‖ψ2‖X−−−−−−−−−→ (Ω,↔)2 �K−−−−→ (Ω,↔).

(e) Let ψ ≡ σ ⇒ τ . Then |ψ|X is a composition of the
following weak morphisms:

(A, δ)X ‖σ‖X×‖τ‖X−−−−−−−−→ (Ω,↔)2 �K−−−−→ (Ω,↔).

(f) Let ψ ≡ ¬σ. Then |ψ|X is a composition of the following
weak morphisms:

(A, δ)X ‖σ‖X−−−−→ (Ω,↔) ¬K−−−−→ (Ω,↔).

(g) Let ψ ≡ (∃x)σ. Then ‖σ‖X∪{x} is already defined as a
morphism (A, δ)X∪{x} = (A, δ)X × (A, δ) → (Ω,↔) in
K. Then we set

|ψ|X(a, α) =
∨

x∈A

‖σ‖X∪{x}((a, x), α), if K = SetR(Ω),

|ψ|X(a) =
∨

x∈A

‖σ‖X∪{x}(a, x), if K = SetR(Ω).

The maps �K,¬K,�K,�K,∆K,A are defined as follows:
For K = SetR(Ω), we have

(i) ∆SetR(Ω),A((a, b), α) = α ↔ δ(a, b) for all a, b ∈
A,α ∈ Ω.

(ii) �SetR(Ω)((β, γ), α) = α↔ (β ∧ γ).
(iii) �SetR(Ω)((β, γ), α) = α↔ (β ∨ γ).
(iv) �SetR(Ω) ((β, γ), α) = (β ⊗ α) → γ.

(v) ¬SetR(Ω)(α, β) = β ↔ (α→ 0).

For K = SetF(Ω), we have

(a) ∆SetF(Ω),A(a, b) = δ(a, b) for all a, b ∈ A.

(b) �SetF(Ω)(β, γ) = β ∧ γ.

(c) �SetF(Ω)(β, γ) = β ∨ γ.

(d) �SetF(Ω) (β, γ) = β → γ.

(e) ¬SetF(Ω)(β) = ¬β.

Definition 2
Let ψ be a formula in J and let X be a set of variables con-
taining all free variables of ψ. Let D be a model of J in a
category K = SetF(Ω),SetR(Ω). Then we set

‖ψ‖D,X = G(|ψ|D,X) if K = SetR(Ω),
‖ψ‖D,X = H(|ψ|D,X) if K = SetF(Ω).

Theorem 2
For any formula ψ, ‖ψ‖D,X : (A, δ)X → (Ω,↔) is a mor-
phism in a category K = SetR(Ω),SetF(Ω).

4 Category Set(Ω)

To investigate a relationship between classical fuzzy sets
(A, f), where f : A → Ω is a map and Ω-sets (A, δ) it
will be necessary to modify a definition of a similarity rela-
tion δ. There are several natural ways how to transform a clas-
sical fuzzy set into a similarity relation. For example, for a
fuzzy set f we can define a similarity relation σf such that
σf (x, y) = f(x) ↔ f(y). We can also introduce another re-
lation, namely ∆f (x, y) = f(x) iff x = y and ∆f (x, y) = 0,
otherwise. It is clear that in that case ∆f does not satisfies the
condition ∆f (x, x) = 1 from the definition of similarity rela-
tions. Nevertheless to investigate a relationship between fuzzy
sets and such similarity relations, we will introduce in this sec-
tion a generalization of Ω-sets, namely we will define a new
category SetR(Ω)∗ with objects (A, δ), where A is a set and
δ satisfies only the conditions (b) and (c) from definition of a
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similarity relation. Moreover, we will require that morphisms
of SetR(Ω)∗ are those of morphisms f : (A, δ) → (B, γ)
from SetR(Ω) that satisfy the following additional condi-
tions:

(a) γ(x, x) =
∨

y∈B f(x, y), for all x ∈ A,

(b) f(x, y) ⊗ f(x, z) ≤ γ(y, z).

In this section we show a deeper relationship between mor-
phisms in Set(Ω) and SetR(Ω)∗ but only for a very special
Ω, namely for a totally ordered Heyting algebra Ω.

Proposition 2
Let Ω be a totally ordered complete Heyting algebra and let
(A,α), (B, β) be objects from a category Set(Ω). Let f :
A × B → Ω be a map. Then the following statement are
equivalent.

(a) f : (A,∆α) → (B,∆β) is a morphism in the category
SetR(Ω)∗.

(b) There exist a morphism g : (A,α) → (B, β) in a category
Set(Ω) such that

(i) (∀a ∈ A, b ∈ B) f(a, b) ≤ ∆β(g(a), b),

(ii) (∀a ∈ A, b ∈ B) f(a, g(a)) = α(a).

(c) There exists a morphism g : (A,α) → (B, β) in a cate-
gory Set(Ω) such that

(∀a ∈ A, b ∈ B) f(a, b) = α(a) ∧ ∆β(g(a), b).

Proof. Recall that a singleton in (X, δ) ∈ SetR(Ω)∗ is a
map s : X → Ω such that

(∀x, y ∈ X) s(x) ∧ δ(x, y) ≤ s(y),
(∀x, y ∈ X) s(x) ∧ s(y) ≤ δ(x, y).

The set singl (X, δ) of all singletons of (X, δ) with a function
τ(X,δ) is then an object of SetR(Ω)∗ if we set

(∀s, t ∈ singl ) τ(X,δ)(s, t) =
∨

a∈X

s(a) ∧ t(a).

(a)⇒ (b). We construct a map h : A→ singl (B,∆β) such
that

(∀a ∈ A)(∀y ∈ B) h(a)(y) =
∨

x∈A

(f(x, y) ∧ ∆α(a, x)).

We have to show that h(a) ∈ singl (B,∆β) for any a ∈ A.
In fact, for y �= y′ ∈ B we have

h(a)(y) ∧ h(a)(y′) ≤ f(a, y) ∧ f(a, y′) ≤ ∆β(y, y′) = 0,
h(a)(y) ≤ f(a, y) ≤ ∆α(a, a) = α(a).

Moreover, h : (A,∆α) → ( singl (B,∆β), τ) is a mor-
phism in a category SetR(Ω)∗. In fact, for any a, a′ ∈ A we
have

τ(h(a), h(a′)) =∨
y∈B

∨
x,x′∈A

(f(x, y) ∧ ∆α(a, x) ∧ f(x′, y) ∧ ∆α(a′, x′)) ≥

≥
∨

y∈B

(f(a, y) ∧ ∆α(a, a) ∧ ∆α(a′, a)) = ∆α(a′, a),

τ(h(a), h(a)) =∨
y∈B

∨
x∈A

f(x, y) ∧ ∆α(a, x) ≤
∨

y∈B

f(a, y) = ∆α(a, a).

Since h(a)(y) ∧ h(a)(y′) = 0 for all y �= y′ ∈ B and
Ω is totally ordered, for any a ∈ A there exists at most one
element g(a) ∈ B such that h(a)(g(a)) > 0. If h(a)(y) = 0
for all y ∈ B, let g(a) ∈ B be an arbitrary element. Then
g : (A,α) → (B, β) is a morphism in Set(Ω). In fact, if
h(a)(g(a)) > 0, then we have

α(a) = ∆α(a, a) = τ(h(a), h(a)) =
∨

y∈B

h(a)(y)

= h(a)(g(a)) =
∨

x∈A

f(x, g(a)) ∧ ∆α(a, x) ≤

f(a, g(a)) ≤ ∆β(g(a), g(a)) = β(g(a)).

If h(a)(y) = 0 for all y ∈ B, then α(a) = ∆α(a, a) =
0 ≤ ∆β(g(a), g(a)). We show that the function g satisfies the
conditions (i) and (ii). Let h(a)(g(a)) > 0. Then we have

0 < h(a)(g(a)) =
∨

x∈A

f(x, g(a)) ∧ ∆α(a, x) ≤ f(a, g(a)).

Moreover, since f is a morphism in SetR(Ω)∗, we have

(∀a, b) f(a, b) ∧ f(a, g(a)) ≤ ∆β(b, g(a)),

and it follows that f(a, b) = 0 for all b ∈ B such that
b �= g(a). Hence, the condition (i) holds. Since α(a) =
∆α(a, a) =

∨
y∈B f(a, y) = f(a, g(a)), the condition (ii)

holds. Now, if h(a)(y) = 0 for all y ∈ B, it follows that
f(a, y) = 0 for all y ∈ B and the conditions (i),(ii) hold as
well.

(b)⇒(c). This is a trivial computation only.
(c)⇒(a). Let g : (A,α) → (B, β) be a morphism in

Set(Ω) and let f : A × B → Ω be a function from the state-
ment (c). Then for any a ∈ A we have

∨
b∈B

f(a, b) =
∨
b∈B

(α(a) ∧ ∆β(g(a), b)) =

= α(a) ∧ ∆β(g(a), g(a)) = α(a) ∧ β(g(a)) = α(a).

and f : (A,∆α) → (B,∆β) is a morphism in SetR(Ω)∗.
�
It is clear that Proposition 2 introduces a map

ϕ : HomSet(Ω)((A,α), (B, β)) →
HomSetR(Ω)∗((A,∆α), (B,∆β))

such that for any morphism f : (A,α) → (B, β) in Set(Ω),
ϕ(f) : (A,∆α) → (B,∆β) is a morphism in SetR(Ω)∗ such
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that ϕ(f)(a, b) = α(a) ∧ ∆β(f(a), b) for all a ∈ A, b ∈ B.
On the other hand, there exists a relation

ψ ⊆ HomSetR(Ω)∗((A,∆α), (B,∆β))×
HomSet(Ω)((A,α), (B, β))

such that (f, g) ∈ ψ if g is a morphism from (c) (Proposition
2) for a morphism f . It should be observed that (on the con-
trary to ϕ) ψ is not a map, in general. In fact, let (A,α) be
an object in Set(Ω) such that α(a) = 0 for some a ∈ A. Let
f : (A,∆α) → (B,∆β) be a morphism in SetR(Ω)∗ and
let g : (A,α) → (B, β) be a morphism in Set(Ω) satisfy-
ing the condition (c) from Proposition 2. Let us define a map
g′ : A → B such that g′(x) = g(x) for all x ∈ A, x �= a
and g′(a) �= g(a). Then g′ : (A,α) → (B, β) is a morphism,
(f, g), (f, g′) ∈ ψ and g′ �= g. Hence, ψ is not a map.

Acknowledgment
Author express his thanks to reviewers for their valuable re-
marks and recommendations. The research was supported
by the project MSM6198898701 of the MŠMT ČR, grant
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Abstract— The concept of a bipolar query is studied in the frame-
work of the flexible fuzzy querying of databases. The focus is on the
aggregation of the negative and positive conditions forming a bipolar
query. Three formal logical representations of such an aggregation
are proposed and analyzed taking into account various possible in-
terpretations of fuzzy logical connectives. The relation to other ap-
proaches known in the literature is shown.
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1 Introduction

A query to a (relational) database may be identified, in a
slightly simplified view, with a condition expressing what the
user is looking for. A database management system returns in
the response to a query a list of tuples satisfying this condi-
tion. Such a condition is usually composed of a few, simple,
atomic conditions putting some constraints on the values of
the attributes characterizing given relation (table). We will
adopt such a simplified view, assuming moreover that the user
is concerned with just one relation, i.e., using SQL’s terminol-
ogy, joins, subqueries etc. are excluded for the sake of clarity
of the presentation of the main idea.

Atomic conditions are connected using the classical logi-
cal connectives of the conjunction, disjunction and negation.
In many standard application scenarios this is exactly what is
needed to retrieve required data from a database. However in
some other scenarios more sophisticated forms of the queries
seem to be useful. Thus, in the literature further extensions
of this basic setting are proposed. Firstly, many authors ad-
vocate the convenience of using linguistic terms in queries
(cf., e.g., [1, 2]). For example, it is more natural and com-
fortable for a user of a real-estate agency to state that she or
he is looking for a “not very expensive house” rather than to
use a precise interval of acceptable prices. The benefits of us-
ing fuzzy logic to model linguistic terms in queries are widely
advocated and there is a large number of of both theoretical
and practical results obtained by the researchers in this area
(cf., e.g., [3, 1, 2]). Secondly, some (atomic) conditions may
be for the user more important than the others. For example,
a customer of a real-estate agency may be looking for a “not
very expensive house located in a nice city district” and to treat
the former condition as a much more important than the latter.
Thus in the overall matching degree of a tuple against such a
query the satisfaction of the former condition is crucial, while
of the latter is to some extent secondary. Proper modeling of
importance weights is a subject of many papers (cf., e.g., [4]).

The essence of the concept of a bipolar query is in a new
way of differentiating the conditions than by assigning them
with some fixed importance weights. Namely, a bipolar query
is defined by two conditions: one – negative (required) – ex-
presses the constraints that have to be satisfied while the sec-
ond – positive (preferred) – expresses only what is desired
and its violation does not necessarily lead to the rejection of
given tuple. This combination of conditions may be meant
and studied in a few different ways. Here we are interested in
the ways the satisfaction of both types of conditions should be
combined to obtain an overall matching degree of the whole
query. From this point of view the most important is the ques-
tion if there is a conflict between the conditions or they can be
satisfied simultaneously. If there is a total conflict, i.e., satisfy-
ing one condition means totally failing to satisfy another, the
bipolar query reduces itself to the required condition. On the
other hand, if both conditions may be totally satisfied simul-
taneously then the bipolar query reduces to a simple conjunc-
tion. Thus, the most interesting are intermediate cases which
may be characterized by a degree of conflict between the con-
ditions.

In this paper we study three logical formulas which may be
used as a representation of a bipolar query. They are equiv-
alent in case of the classical predicate logic but as soon as
we adopt the fuzzy (multivalued) logic context they become
distinct and exhibit different properties depending on the as-
sumed set of fuzzy operators used to model logical connec-
tives. Our study may be seen as an attempt at justifying par-
ticular choices in this respect.

The structure of this paper is as follows. In Section 2 we
briefly remind the concept of the bipolar query and introduce
the notation used later on. We also discuss the concept of the
winnow operator which is used to derive logical representa-
tions of bipolar queries. In Section 3 we compare particular
representations under different choices of logical operators,
i.e., operators used to model particular logical connectives.

2 The concept of a bipolar query

The very concept of bipolar queries has been introduced by
Dubois and Prade [5]. Its basic idea is to distinguish two types
of query conditions, which are related to the negative and pos-
itive preferences of a user. The former coincide with the tra-
ditional understanding of a condition as a constraint, which
defines a set of feasible tuples or, equivalently, excludes all tu-
ples that do not satisfy it. The latter, on the other hand, charac-
terizes those tuples which are really desired, with such an un-
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derstanding that violating such a condition by a tuple does not
necessarily exclude it from the consideration. Bipolar queries
may be exemplified by the following one:

“Find a non-expensive house and possibly located
near a railway station (1)

where the condition referring to the price is a negative one,
excluding expensive houses, and the condition referring to the
location is a positive one, expressing just a desire to get a
house conveniently located, if possible.

Now there is a crucial question of the interplay between
these two types of conditions which distinguishes different
lines of research in this area. Namely, Dubois and Prade ba-
sically assume that these conditions should be consistent in
such a sense that the set of desired tuples should be a subset
of the set of feasible tuples. Then the main question is how to
take into account the sets of negative and positive conditions.
These are aggregated separately and if the resulting overall
negative and positive conditions are not consistent some mea-
sures are undertaken to make them so. The answer to such a
bipolar query is generated according to the strategy “first se-
lect (with respect to the negative condition) and then order
(with respect to the positive condition)”. This strategy re-
quires a precisiation in case the first condition is fuzzy, i.e.,
is satisfied by tuples to a degree – what is, of course, the most
interesting case, anyway. Then it is not that clear what does
it mean to select tuples satisfying a fuzzy condition as they
form, in fact, a fuzzy set. Dubois and Prade [6] propose to
employ here a lexicographic order of the tuples represented
by vectors of the degrees of matching of particular conditions.
They propose also a comprehensive representation of bipolar
preferences in the framework of the possibility theory [7].

Another line of research explicitly takes into account the
conflict between the constraints and the desires and looks for
the aggregation of both conditions directly referring to the de-
gree of this conflict. This interpretation is emphasized by the
use of the “and possibly” operator in (1). Thus, in general
describing a bipolar query we will use the following notation:

C and possibly P (2)

or, equivalently, an answer to a bipolar query may be defined
as the set of tuples: {t : C(t) and possibly P (t)}. The above
form puts emphasis on the question of a proper modeling of
the aggregation of both types of conditions, which is expressed
here with the use of the “and possibly” operator.

The interest of the database community in this type of
queries dates back to the paper by Lacroix and Lavency [8].
They were the first to propose the use of a query comprising
two categories of conditions: one which is mandatory (C) and
another which expresses just mere preferences (desires) (P ).
The bipolarity of these conditions becomes evident as soon
as one adopts the following interpretation. The former con-
dition C may be seen as expressing the negative preferences:
the tuples which do not satisfy it are definitely not matching
the whole query. The latter condition P , on the other hand,
has a positive character: a tuple satisfying it is preferred over
another tuple not satisfying it, provided both tuples satisfy the
mandatory condition C.

For the purposes of a further discussion we will use the fol-
lowing notation. We assume the queries are addressed against

a set of tuples T = {tj} comprising a relation. We will iden-
tify the negative and positive conditions of a bipolar query
with the predicates that represent them and denote them as C
and P , respectively. For a tuple t ∈ T , C(t) and P (t) will
denote that the tuple t satisfies respective condition (in crisp
case) or the degrees of satisfaction, if the conditions are fuzzy.
We will also denote the whole bipolar query as (C, P ).

According to the original (crisp) approach by Lacroix and
Lavency if there are no tuples meeting both conditions then the
result of the aggregation is determined by the negative condi-
tion C alone. Otherwise the aggregation becomes a regular
conjunction of both conditions. Thus the answer to such a
query depends not only on the explicit arguments, i.e., C(t)
and P (t), but also on the content of the database. This de-
pendence is best expressed by the following logical formula
[8]:

C(t) and possibly P (t) ≡ C(t) ∧ ∃s(C(s) ∧ P (s)) ⇒ P (t)
(3)

The characteristic feature of such an interpretation of bipolar
queries is that if there is no conflict between the conditions P
and C, i.e., there are tuples satisfying both of them, then the
query turns into a conjunction of the conditions. On the other
hand if there are no tuples satisfying both conditions then only
condition C is used to select tuples.

Such an aggregation operator has been later proposed inde-
pendently by Dubois and Prade [9] in the context of default
reasoning and by Yager [10, 11] in the context of the multicri-
teria decision making for the case of so-called possibilistically
qualified criteria. Yager [11] intuitively characterizes a possi-
bilistically quantified criterion as such which should be satis-
fied unless it interferes with satisfaction of other criteria. This
is in fact the essence of bipolar queries in the sense advocated
in this paper. This concept was also applied by Bordogna and
Pasi [12] for the textual information retrieval task.

Lacroix and Lavency [8] consider only the case of crisp
conditions C and P . Then a bipolar query may be, in fact,
processed using the “first select using C then order using P ”
strategy, i.e., the answer to the bipolar query (C, P ) is ob-
tained by, first, finding tuples satisfying C and, second, choos-
ing from among them those satisfying the condition P , if any.
If C is crisp and P is fuzzy then the second step consists in
non-increasingly ordering the tuples satisfying C according
to their degree of satisfaction of P . This understanding is pre-
dominant in the literature dealing with fuzzy extensions of the
original concept of Lacroix and Lavency. Both, direct exten-
sions proposed by Bosc and Pivert [13, 14] as well as sophisti-
cated possibility theory-based interpretation of this concept by
Dubois and Prade [6] focus, in fact, on the proper treatment of
multiple required and preferred conditions, basically assum-
ing the above strategy as the way of combining the negative
and positive conditions.

In [15, 16] we propose a “fuzzification” of the formula (3)
and study its basic properties. Here we focus on the ques-
tion of combining fuzzy conditions C and P and will treat
them in what follows as atomic. From this point of view it is
worth mentioning some other approaches which are of rele-
vance here. Dujmović [17] introduced the concept of the par-
tial absorption function which may be used to combine the
values of two variables in such a way that one variable con-
trols the influence of the other on the result of their combina-
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tion. It makes it possible to express the requirement that for
a high value of the result a high value of the first variable is
mandatory while the high value of the second is desired but
not mandatory. When applied to the aggregation of the val-
ues of C(t) and P (t) this is somehow similar to the idea of
bipolar query expressed by (3), but lacks its dependence on
the content of the whole database. This approach may be seen
as based on a sophisticated, dynamic weighting of the impor-
tance of the combined values, where the weights itself depend
on the combined values. A similar approach has been pro-
posed by Dubois and Prade; cf., e.g., [4].

The operator “among”, very close to the discussed here op-
erator “and possibly”, has been proposed by Tudorie [18]. She
considers queries of the type “find tuples satisfying a condi-
tion P among those satisfying a condition C”, which are in
fact equivalent to the bipolar queries understood as in (2). The
evaluation of a query with the “among” operator is very sim-
ilar to the one adopted by us for the bipolar query, but is ex-
pressed in terms of the rescaling of the linguistic terms used in
the condition P . Namely, first the set of tuples satisfying the
condition C to a non-zero degree is selected. Then the mem-
bership functions of the fuzzy sets representing the linguis-
tic terms appearing in P (such as “near” in (1)) are rescaled
taking into account the actual range of the corresponding at-
tributes in the set of tuples selected in the first step. For exam-
ple, if originally the distance of 2 kilometers from the station
has the membership value to the fuzzy set representing the
term “near” equals 0.5, and it turns out that it is the short-
est distance among the houses selected in the first step (i.e.,
among non-expensive houses, in case of the query (1)), then
this membership degree may be changed to 1 (the actual al-
gorithm of rescaling may, of course, take different forms). Fi-
nally, the overall matching degree is computed as a conjunc-
tion of the matching degrees against the condition C and the
“modified” condition P , i.e., the one for which the rescaled
membership function of the linguistic terms is used. Please
note that if there is no interference between both conditions (in
the sense discussed earlier) then there is no need for rescaling
the membership functions and the query turns into a conjunc-
tion of both conditions, like in the case of the bipolar query.

Bipolar queries may be also seen a special case of queries
with preferences proposed recently, for the crisp case, by
Chomicki [19]. In the framework of this approach a new re-
lational algebra operator called winnow is introduced. This
unary operator selects from a set of tuples T those which are
non-dominated with respect to a given preference relation R,
R ⊆ T × T . If two tuples t, s ∈ T are in relation R, i.e.,
R(t, s), then it is said that the tuple t dominates the tuple s
with respect to the relation R. Then the winnow operator ωR

is defined as follows

ωR(T ) = {t ∈ T : ¬∃s∈T R(s, t)} (4)

Thus, for a given set of tuples it yields a subset of the non-
dominated tuples with respect to R.

The concept of the winnow operator may be illustrated with
the following example. Let us consider a database of a real-
estate agency with a table HOUSES describing the details of
particular real-estate properties offered by an agency. The
schema of the relation HOUSES contains, among other, the
attributes city and price. Let us assume that we are inter-

ested in the list of the cheapest houses in each city. Then the
preference relation should be defined as follows

R(t, s) ⇔ (t.city = s.city) ∧ (t.price < s.price)

where t.A denotes the value of attribute A (e.g., price) at a
tuple t. Then the winnow operator ωR(HOUSES) will select the
houses that are sought. Indeed, according to the definition of
the winnow operator, we will get as an answer a set of houses,
which are non-dominated with respect to R, i.e., for which
there is no other house in the same city which has a lower
price.

In [16] we proposed a fuzzy counterpart of the winnow op-
erator taking into account the fuzziness of the preference rela-
tion R and of the related concept of non-dominance as well as
the fact that the set of tuples T is also a fuzzy set. It may be
expressed as follows:

µωR(T )(t) = truth(T (t) ∧ ∀s (T (s) → ¬R(s, t))) (5)

where µωR(T )(t) denotes the value of the membership degree
of the tuple t to the fuzzy set of tuples defined by ωR(T ).

A bipolar query (C, P ) may be expressed using the concept
of the fuzzy winnow operator as follows [19, 16]. Let R be
a fuzzy preference relation of the following form (symbols R
and P denote both the fuzzy predicates and the membership
functions of corresponding fuzzy sets, depending on the con-
text):

R(t, s) ⇔ P (t) ∧ ¬P (s) (6)

Then the bipolar query may be expressed as the combination
of the selection and fuzzy winnow operators ωR(σC(T )), i.e.,

µωR(σC(T )) = truth(C(t) ∧ ∀s (C(s) → (¬P (s) ∨ P (t))))
(7)

(where σC(T ) is a usual “fuzzy” extension of the standard
relational algebra selection operator, i.e., µσC(T )(t) = C(t)).

The definition of the fuzzy winnow operator (5) as well as
the “fuzzification” of the formula defining a bipolar query (3)
leave open the question of a choice of the logical operators
which should be used to model particular logical connectives
occurring in both formulas. In [16] we show that for a specific
choice of them the fuzzy set of tuples obtained using (7) is
identical with the fuzzy set defined by (3). In [20] we analyze
the properties of the “fuzzified” version of (3) for the broader
class of the logical operators. In the next section we further
advance this study.

3 Various interpretations of bipolar queries
and their properties

In our previous work [15, 16, 20] we studied a specific fuzzy
version of the Lacroix and Lavency formula (3) representing
an interpretation of the concept of bipolar queries. We have
also shown its basic relation with a fuzzy version of the win-
now operator we proposed. Here we extend this study com-
paring three formulas that may be used to represent the bipo-
lar query and their properties under different interpretations of
the logical connectives occurring in them.

We derive the logical formulas expressing the matching de-
gree of a bipolar query in three different ways (we repeat here
some formulas introduced in the previous section for the con-
venience of the reader):
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• making a direct “fuzzification” of the formula (3) pro-
posed for the crisp case by Lacroix and Lavency [8]:

C(t) and possibly P (t) ≡
C(t) ∧ (∃s (C(s) ∧ P (s)) ⇒ P (t)) (8)

• making a direct “fuzzification” of the crisp winnow oper-
ator (4) and applying it with a specific preference relation
(6) to obtain a bipolar query representation:

C(t) and possibly P (t) ≡
C(t) ∧ ¬∃s ((C(s) ∧ P (s) ∧ ¬P (t))) (9)

• using our fuzzy version of the winnow operator (5) and
applying it as above:

C(t) and possibly P (t) ≡
C(t) ∧ ∀s (C(s) ⇒ (¬P (s) ∨ P (t))) (10)

It may be easily seen that in the framework of the classical
logic all three above formulas are equivalent. Here we study
their properties in case of fuzzy (multivalued) interpretation,
in particular taking into account various operators which may
be used to model logical connectives. We follow usual ap-
proach of modeling conjunction and disjunction by the t-norm
and t-conorm operators, respectively [21].

In order to carry out the analysis we consider so-called
De Morgan Triples (∧,∨,¬) that comprise a t-norm opera-
tor ∧, a t-conorm operator ∨ and a negation operator ¬, where
¬(x∨y) = ¬x∧¬y holds. Three following De Morgan Triples
play the most important role in fuzzy logic (cf., e.g., [21] for
a justification) (∧min,∨max,¬), (∧Π,∨Π,¬), (∧W ,∨W ,¬),
where particular t-norms and t-conorms are defined as fol-
lows:

t − norms
x ∧min y = min(x, y) minimum
x ∧Π y = x · y product
x ∧W y = max(0, x + y − 1) Łukasiewicz

t − conorms
x ∨max y = max(x, y) maximum
x ∨Π y = x + y − x · y probabilistic sum
x ∨W y = min(1, x + y) Łukasiewicz

We will refer to these De Morgan Triples in what follows as,
respectively, MinMax, Π and W triples. The negation opera-
tor ¬ in case of all the above De Morgan Triples is defined as:
¬x = 1 − x. Both t-norms and t-conorms are by definition
associative and thus may be treated as m-ary operators, i.e.,
expressions like x ∧ y ∧ . . . and x ∨ y ∨ . . . are well defined.

Basically, the general and existential quantifiers are identi-
fied in fuzzy logic, for the case of a finite universe, with the
maximum and minimum operators, respectively. They may be
generalized via the use of other t-norms and t-conorms what
leads to the concept of t-quantifiers and s-quantifiers; cf., e.g.,
[22]. The truth of a statement involving such a quantifier is
computed as follows ({a1, . . . , am} is a finite universe under
consideration):

truth(∀xA(x)) = µA(a1) ∧ µA(a2) ∧ . . . ∧ µA(am) (11)
truth(∃xA(x)) = µA(a1) ∨ µA(a2) ∨ . . . ∨ µA(am) (12)

We use generalized quantifiers while interpreting formulas
(8)-(10) and particular t- and s-quantifiers will be denoted in
what follows by the ∀ and ∃ symbol with a subscript indicat-
ing underlying t-norm or s-norm, e.g., ∃max denotes a fuzzy
existential quantifier which obtains when the t-conorm “max-
imum” is used.

We consider two implication operators related to a given De
Morgan Triple (∧,∨,¬), so-called S-implications:

x →S−∨ y = ¬x ∨ y (13)

and R-implications:

x →R−∧ y = sup{z : x ∧ z ≤ y} (14)

Thus, for particular De Morgan Triples one obtains the fol-
lowing R-implication operators:

x →R−min y =
{

1 for x ≤ y
y for x > y

x →R−Π y =
{

1 for x = 0
min{1, y

x} for x �= 0

x →R−W y = min(1 − x + y, 1)

and the following S-implication operators:

x →S−max y = max(1 − x, y)
x →S−Π y = 1 − x + x · y
x →S−W y = min(1 − x + y, 1)

Now let us consider the question of the choice of one of the
formulas (8)-(10) to represent bipolar queries and an appro-
priate modeling of the logical connectives occurring therein,
i.e., the choice of one of the De Morgan Triples.

In [20] we have shown certain basic properties of the fuzzi-
fied version of the original formula (8). Some of them are
valid for any choice of logical operators, some are limited to
some special cases. We study some of them here again, check-
ing if they are valid also for the formulas (9) and (10). How-
ever, first we start with a property identifying the equivalence
between formulas (8)-(10) for a certain choice of the logical
operators.

Property 1 For a distributive De Morgan triple, i.e., when
x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z), and a related S-implication
all formulas (8)-(10) are equivalent.

We will show the equivalence between (8) and (9) and the
remaining equivalences may be shown in a similar way (the
equivalence of (8) and (10) was shown by us in [16] for the
specific case of the MinMax De Morgan Triple). Formula (9)
may be rewritten as follows:

C(t) ∧ ∀s (¬C(s) ∨ ¬P (s) ∨ P (t))

what, due to the assumed distributivity of the triple is equiva-
lent to:

C(t) ∧ ((∀s (¬C(s) ∨ ¬P (s))) ∨ P (t))

and via the following series of transformations leads to (8):

C(t) ∧ ((∀s ¬(C(s) ∧ P (s))) ∨ P (t)) ≡
C(t) ∧ ((¬∃s (C(s) ∧ P (s))) ∨ P (t)) ≡

C(t) ∧ (∃s (C(s) ∧ P (s)) ⇒ P (t))
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The last equivalence holds for “⇒” being an S-implication.
Among three De Morgan Triples that we consider in this

paper only the MinMax triple is distributive. Thus for it and
related S-implication we get equivalence of all three formu-
las (8)-(9). Property 1 shows only a sufficient condition for
this equivalence, but for the other two triples some counter-
examples for such an equivalence may be easily shown.

In [20] we have shown a property which is worth remind-
ing as it best characterizes the understanding of the bipolar
queries adopted here. Namely, if there is no conflict between
the required (C) and preferred (P ) conditions at all, i.e., there
is a tuple fully (to a degree equal 1) satisfying both of them
then the formula (8) turns into a regular conjunction of both
conditions. This may be formally expressed as follows.

Property 2 If there exists a tuple t such that C(t) = P (t)
= 1 then a bipolar query (C, P ) turns into the conjunction
C ∧ P .

In [20] we have shown that for any combination of a t-norm,
t-conorm and S-implication or R-implication such that (1 ⇒
x) = x, Property 2 holds in case of the formula (8). Note that
the conjunction mentioned in the Property is modeled then via
assumed t-norm.

Here, in view of the Property 1, it is clear that in case of the
MinMax De Morgan Triple and the S-implication, Property 2
holds also for the formulas (9) and (10). Moreover, it may be
easily proved that this property also holds for the MinMax De
Morgan Triple and the R-implication in case of the formula
(10). Namely, we will show that:

truth(∀s (C(s) ⇒R−min (¬P (s) ∨max P (t))) =

min
s

{
1 if C(s) ≤ ¬P (s) ∨max P (t)
¬P (s) ∨max P (t) otherwise

(15)

is equal P (t) for any tuple t, under the assumptions of the
Property 2. If P (t) = 1 then for all tuples s the value of C(s)
is lower or equal max(1 − P (s), P (t)) and thus (15) is equal
1, i.e., is equal to P (t). Now let us assume that P (t) < 1
and let us denote with u a tuple for which C(u) = P (u) = 1
(the existence of such a tuple is assumed in the Property 2).
Then, for any tuple t, the minimum over s in (15) is realized
for s = u and thus is equal max(1− 1, P (t)), i.e., P (t), what
completes our proof of the Property 2 also for the formula (10)
and the R-implication operator.

Some examples may be easily found showing that Property
2 fails for the W and Π De Morgan triples.

Another property of the formula (8), shown in [20], is valid
for two other formulas (9) and (10), and may be expressed as
follows.

Property 3 If for a tuple t the value of P (t) is equal to 1,
then a bipolar query (C, P ) turns into C(x).

This property holds for all formulas (8)-(10), for any com-
bination of a t-norm, t-conorm and S-implication or R-
implication.

This property is a direct consequence of the general proper-
ties of the t-norm ((x ∧ 0) = 0), t-conorm ((x ∨ 1) = 1 and
(0 ∨ 0) = 0) and implication operators ((x ⇒ 1) = 1).

Now we show some additional properties of the formulas
(8)-(10).

Property 4 Let us assume that truth(∃s (C(s)∧P (s))) > 0.
Then, for a De Morgan Triple with a t-norm without zero di-
visors, i.e., where ∀x, y > 0 (x ∧ y) �= 0, and the related
R-implication, the matching degree computed using (8) for a
tuple t fully satisfying the required condition and not satisfy-
ing the preferred condition at all (i.e., C(t) = 1 and P (t) = 0)
is equal 0.

This is a property of the R-implication. Notice that this
means that such a tuple t will get lower matching degree than a
tuple s which satisfies both conditions to a degree ε, whatever
small ε is. Thus it is surely a property we would like to avoid
and which makes (8) under both MinMax and Π De Morgan
Triples (whose t-norms do not have zero divisors) with related
R-implications less appealing as models of the bipolar query.

A similar property, formulated below, is exhibited by (10).

Property 5 Let us assume that there is at least one tuple u
such that C(u) > 0 and P (u) = 1. Then, for a De Mor-
gan Triple with a t-norm without zero divisors and the related
R-implication the matching degree computed using (10) for a
tuple t fully satisfying the required condition and not satisfy-
ing the preferred condition at all (i.e., C(t) = 1 and P (t) = 0)
is equal 0.

Thus also (10) under both MinMax and Π De Morgan
Triples with related R-implications is not very appealing as
a model of the bipolar query. This property seems to favor the
W De Morgan Triple, at least in case of the R-implication and
formulas (8) and (10).

Another negative property of (8) for a specific combination
of logical operators may be expressed as follows.

Property 6 For the MinMax De Morgan Triple used with
related S-implication, the aggregation scheme defined by (8)
may lead to the same matching degree for two tuples t and u
while t strongly Pareto dominates u, i.e., C(t) > C(u) and
P (t) > P (u).

This may be demonstrated with the following example. Let
us denote ∃s (C(s) ∧ P (s)) with ∃CP . Let ∃CP = 0.7 and
C(t) = 1, P (t) = 0.3, C(u) = 0.3 and P (u) = 0. Then the
matching degree computed for both tuples is equal 0.3, while
t strongly Pareto dominates u.

In fact this property may be supplemented by observing
that all tuples t such that P (t) ≤ (1 − ∃CP ) and C(t) ≥
(1−∃CP ) obtain the same matching degree, equal 1−∃CP .
This fact has been observed by Dubois and Prade [5] for a
formula similar to (8). However, it should be noted that even
for the tuples not satisfying the above conditions, the Pareto
domination may be not reflected by (8) used with the logical
operators specified by Property 6. For example, for a tuple u,
such that C(u) = P (u) = 0.6, still assuming ∃CP = 0.7,
the matching degree is equal 0.6. The same matching degree
obtains for t such that C(t) = 1 and P (t) = 0.6 as well as for
t such that C(t) = 0.6 and P (t) = 1.0, while in both these
cases the tuple t Pareto dominates u.

Note, that due to the Property 1, the Property 6 is also valid
for two other formulas (9)-(10).

Certainly the list of properties discussed in the paper is not
exhaustive and they should be seen as a first attempt at a more
comprehensive analysis of the bipolar queries and their var-
ious representations proposed here. Such an analysis should
provide some hints which representation should be used un-
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der which conditions and using which set of logical operators.
However, already the properties discussed here provide some
hints which may be summarized as follows.

We first list some general properties shared by all three for-
mulas (8)-(10) under any combination of the logical operators.
These properties may be expressed concisely as the properties
of the “and possibly” operator, which is the essence of our un-
derstanding of bipolar queries (this operator is denoted below
as ∧possibly , but it should be remembered that this operator is
not truth-functional):

• monotonicity (but not strict) in both arguments,

• boundary properties: 1∧possibly1 = 1 and x∧possibly1 =
x (Property 3).

Now let us look at particular formulas (8)-(10) and summa-
rize their properties in combinations with all considered logi-
cal operators.

Formula (8) exhibits Property 2 when used with any com-
bination of logical operators. This is surely its advantage as
this property is characteristic for our understanding of bipolar
queries. Property 4 seems to suggest that the R-implication
should be avoided in case of formula (8) (unless it is used
in the framework of the W De Morgan Triple, but then both
types of implication operators are identical, thus a general hint
of avoiding R-implication may be still seen as valid). Property
6 suggests that the MinMax De Morgan Triple is generally not
appropriate for the formula (8).

Formula (9) exhibits Property 2 only for the MinMax De
Morgan Triple, but Property 6 makes this triple inappropriate
to some extent.

Formula (10) also satisfies Property 2 only for the MinMax
De Morgan Triple, which is on the other hand somehow inap-
propriate due to the Properties 5 and 6.

Concluding, if Property 2 is required, what seems to be a
reasonable postulate, then the best choice of the representa-
tion of the bipolar queries and logical operators to model the
logical connectives therein– according to studied properties–
seems to be formula (8) with the Π De Morgan Triple and
the S-implication operator. Such a choice saves the obtained
representation from some negative properties discussed in this
paper. Further studies are needed in order to identify a more
comprehensive list of postulated properties.
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Abstract— In this paper, we introduce a fuzzy extension of the
Rand index, a well-known measure for comparing two clustering
structures. In contrast to an existing proposal, which is restricted
to the comparison of a fuzzy partition with a non-fuzzy reference par-
tition, our extension is able to compare two proper fuzzy partitions
with each other. Elaborating on the formal properties of our fuzzy
Rand index, we show that it exhibits desirable metrical properties.
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1 Introduction
The problem to compare two partitions of a set of objects oc-
curs quite naturally in various domains, notably in data analy-
sis and clustering. For example, one way to evaluate the result
of a clustering algorithm is to compare the clustering struc-
ture produced by the algorithm with a correct partition of the
data (which of course presumes that this information is avail-
able). In cluster analysis, so called external evaluation mea-
sures have been developed for this purpose [1, 2]. However,
measures of that kind are not only of interest as evaluation cri-
teria, i.e., for comparing a hypothetical partition with a true
one. Instead, distance measures for partitions are interesting
in their own right and can be used for different purposes.

In [3], for example, the authors consider the problem of
clustering data in a very high-dimensional space. To in-
crease efficiency, they propose to map the data into a low-
dimensional space first and to cluster the transformed data
thus obtained afterward. In this context, a distance measure
for clustering structures (partitions) is useful to measure the
loss of information incurred by the data transformation: If the
transformation is (almost) lossless, the clustering structures in
the two spaces should be highly similar, i.e., their distance
should be small. On the other hand, a significant difference
between the two partitions would indicate that the transfor-
mation does have a strong effect in the sense of distorting the
structure of the data set.

Even though a large number of evaluation criteria and sim-
ilarity indexes for clustering structures have been proposed in
the literature, their extension to the case of fuzzy partitions
has received much less attention so far. This is especially true
for external evaluation criteria and measures comparing two
clustering structures, whereas internal criteria for evaluating
a single partition1 have been studied more thoroughly (see,

1Typically, such criteria compare the intra-cluster variability, i.e.,
the variability among objects within the same cluster (which should
be small) with the inter-cluster variability, i.e., the variability among

e.g., [4] and [5] for early proposals).
In a recent paper by Campello [6], the author has proposed

an extension of the Rand index [7], a well-known measure of
similarity between two partitions of a data set. Even though
Campello’s proposal is quite interesting, it also exhibits a
number of disadvantages. Most notably, it is properly defined
only for the comparison of a fuzzy partition with a non-fuzzy
reference partition. It is true that this restriction can be tol-
erated if the index is used as an external evaluation criterion
since, as correctly argued by the author, a reference partition
provided by an external source is typically non-fuzzy. Yet, our
example above has clearly shown that there is also a need for
measures comparing two fuzzy partitions.

In this paper, we propose an alternative extension of the
Rand index (which is, in principle, also applicable to related
similarity measures for clustering structures). As opposed
to Campello’s proposal, our variant is able to compare two
proper fuzzy partitions with each other. Moreover, we study
our fuzzy Rand index from a formal point of view and show
that it satisfies the desirable properties of a metric (when being
used as a distance function).

The remainder of the paper is organized as follows. In the
next section, we briefly review the proposal of Campello and
discuss some of its properties in a critical way. In Section 3,
we introduce our new measure and elaborate on its formal
properties. The paper concludes with a short summary and
an outlook on future work in Section 4.

2 Review of Campello’s Proposal
Before reviewing Campello’s proposal and discussing some
of its properties, we briefly recall the original definition of the
Rand index.

2.1 The Rand Index

Let P = {P1, . . . ,Pk} ⊂ 2X and Q = {Q1, . . . ,Q�} ⊂ 2X be
two (crisp) partitions of a finite set X = {x1,x2 . . .xn} with
n elements, which means that Pi �= /0, Pi ∩ Pj = /0 for all
1 ≤ i �= j ≤ k, and P1 ∪ P2 ∪ . . .∪ Pk = X (and analogously
for Q). Let

C = {(xi,x j) ∈ X ×X |1 ≤ i < j ≤ n}
denote the set of all tuples of elements in X .2 We say that two
elements (x,x′) ∈C are paired in P if they belong to the same

objects from different clusters (which should be high).
2Since we consider unordered tuples, we should more correctly

write {xi,x j} instead of (xi,x j).
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cluster, i.e., if there is a cluster Pi ∈ P such that x ∈ Pi and
x′ ∈ Pi. Moreover, we distinguish the following subsets of C:

• C1 ≡ the set of tuples (x,x′) ∈C that are paired in P and
paired in Q;

• C2 ≡ the set of tuples (x,x′) ∈ C that are paired in P but
not paired in Q;

• C3 ≡ the set of tuples (x,x′) ∈ C that are not paired in P
but paired in Q;

• C4 ≡ the set of tuples (x,x′) ∈C that are neither paired in
P nor in Q.

Obviously, {C1,C2,C3,C4} is a partition of C, and a+b+ c+
d = |C| = n(n−1)/2, where

a = |C1|, b = |C2|, c = |C3|, d = |C4|. (1)

The tuples (x,x′) ∈ C1 ∪C4 are the concordant pairs, i.e., the
pairs for which there is agreement between P and Q, while
the tuples (x,x′) ∈ C2 ∪C3 are the discordant pairs for which
the two partitions disagree. The Rand index is defined by the
number of concordant pairs divided by the total number of
pairs:

R(P,Q) =
a+d

a+b+ c+d
(2)

Thus defined, the Rand index is a similarity measure which
assumes values between 0 and 1. It can easily be turned into a
distance function by defining

DR(P,Q) = 1−R(P,Q) =
b+ c

a+b+ c+d
.

It is worth mentioning that DR satisfies the classical properties
of a distance (reflexivity, separation, symmetry, and triangular
inequality).

2.2 Campello’s Fuzzy Rand Index

The aim of Campello’s paper is to extend the Rand index to
the case of fuzzy partitions. To this end, he first reformulates
it within a set-theoretic framework. An extension to the fuzzy
case can then be accomplished in a straightforward way by
using generalized set-theoretical operators. Recall that k = |P|
and � = |Q|, and consider the following sets:

• V ≡ the set of pairs (x,x′) ∈ C that belong to the same
cluster in P; it can be expressed as V =

⋃
i=1...k Vi, where

Vi is the set of pairs that both belong to the i-th cluster
Pi ∈ P.

• W ≡ the set of pairs (x,x′) ∈ C that belong to different
clusters in P; it can be expressed as W =

⋃
1≤i �= j≤k Wi j,

where Wi j is the set of pairs such that x ∈ Pi and x′ ∈ Pj.

• Y ≡ the set of pairs (x,x′) ∈ C that belong to the same
cluster in Q; it can be expressed as Y =

⋃
i=1...�Yi, where

Yi is the set of pairs that both belong to the i-th cluster
Qi ∈ Q.

• Z ≡ the set of pairs (x,x′) ∈ C that belong to different
clusters in Q; it can be expressed as Z =

⋃
1≤i�= j≤� Zi j,

where Zi j is the set of pairs such that x ∈ Qi and x′ ∈ Q j.

The Rand index can directly be written in terms of the cardi-
nalities of these sets, since the four quantities (1) are obviously
given by

a = |V ∩W |, b = |V ∩Z|,
c = |W ∩Y |, d = |W ∩Z|.

In the fuzzy case, the above sets become fuzzy sets. Let
Pi(x) ∈ [0,1] denote the degree of membership of element x ∈
X in the cluster Pi ∈ P. The sets V , W , Y , and Z can then be
defined through fuzzy-logical expressions involving a t-norm
� and t-conorm ⊥:

V (x,x′) = ⊥k
i=1�(Pi(x),Pi(x′))

W (x,x′) = ⊥1≤i�= j≤k�(Pi(x),Pj(x′))

Y (x,x′) = ⊥�
i=1�(Qi(x),Qi(x′))

Z(x,x′) = ⊥1≤i�= j≤��(Qi(x),Q j(x′))

(3)

Moreover, defining the intersection of sets by the t-norm com-
bination of membership degrees and resorting to the com-
monly used sigma-count principle [8] for defining set cardi-
nality, one obtains

a = |V ∩Y | = ∑(x,x′)∈C �(V (x,x′),Y (x,x′))
b = |V ∩Z| = ∑(x,x′)∈C �(V (x,x′),Z(x,x′))
c = |W ∩Y | = ∑(x,x′)∈C �(W (x,x′),Y (x,x′))
d = |W ∩Z| = ∑(x,x′)∈C �(W (x,x′),Z(x,x′))

(4)

As before, the Rand index can then be defined as in (2),
namely as the fraction

a+d
a+b+ c+d

.

2.3 Properties of Campello’s Fuzzy Rand Index

Having defined a similarity or, equivalently, a distance func-
tion, it is natural to ask for desirable metrical properties of
that function. In the case of the above fuzzy Rand index, how-
ever, this question has to be considered with caution, since
Campello is actually only interested in comparing a fuzzy par-
tition P with a non-fuzzy partition Q. And indeed, formal
properties of the measure are not investigated in his paper.

On the other hand, it is noted by Campello himself that,
formally, the measure can in principle be applied to compare
two fuzzy partitions. When doing so, however, it turns out
quickly that it fails to be a proper metric. In fact, it does not
even satisfy reflexivity, the perhaps most basic axiom: Even
for two identical partitions P and Q, the quantities b and c in
(4) will generally not vanish, a necessary condition for having
R(P,Q) = 1.

Consider, for example, the simple fuzzy partition P illus-
trated in Fig. 1, which consists of two clusters P1 and P2. In-
stead of a hard boundary, there is a “soft” transition between
P1 and P2; the elements x1, x2, x3, and x4 partially belong to
both clusters and have membership degrees, respectively, of
3/4, 1/2, 1/2, 1/4 in P1 and 1/4, 1/2, 1/2, 3/4 in P2. Com-
paring P to itself in terms of the fuzzy Rand index, we obtain
R(P,P) < 1.

Upon closer examination, it seems that the core principle
of Campello’s extension is not suitable for comparing parti-
tions in a fuzzy sense. In fact, despite being defined in terms
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Figure 1: Illustration of a simple fuzzy partition of a subset
of the reals (indicated by circles). The partition consists of
two clusters, P1 (left) and P2 (right). While some elements
definitely belong to only one of the clusters, some “critical”
points in the middle have partial membership in both clusters.

of fuzzy logical formulas, the very idea of the approach has
arguably a more “probabilistic flavor”. This becomes espe-
cially obvious when using the product as a t-norm and the
(bounded) sum as t-conorm. Then, if Pi(x) is interpreted as
the probability that x belongs to the i-th cluster, V (x,x′) is
nothing else than the probability that x and x′ are put in the
same cluster, given that the two corresponding clusters are
chosen independently of each other according to the distribu-
tions (P1(x),P2(x) . . .Pk(x)) and (P1(x′),P2(x′) . . .Pk(x′)), re-
spectively. Likewise, W (x,x′) is the probability that x and x′
are put into different clusters.

Even if one accepts the probabilistic interpretation of a sin-
gle membership degree, the additional assumption of indepen-
dence is clearly not tenable. In fact, this property is obviously
violated when comparing a partition with itself, since for each
element x ∈ X , a cluster can then only be chosen once and
not two times independently of each other. But even if P and
Q are not identical, independence of cluster membership is
in conflict with the topological relationships between the ele-
ments and clusters. In the example in Fig. 1, for instance, it is
not reasonable to put x1 and x4 into cluster P2 and x2 and x3
into cluster P1. When putting elements independently of each
other into clusters, however, this is a possible scenario. And
indeed, this scenario contributes to Campello’s fuzzy Rand in-
dex according to (3).

Seen from this point of view, one may even question the
usefulness of the approach for its original purpose, namely
the comparison of a fuzzy with a non-fuzzy partition. What
the fuzzy partition in our example truly suggests is that we
are uncertain about the boundary between the two clusters.
More concretely, the fuzzy partition suggests four possible
non-fuzzy partitions:

• P1 which puts the boundary left to x1;

• P2 with boundary between x1 and x2;

• P3 with boundary between x3 and x4;

• P4 which puts the boundary right to x4.

Thus, it seems reasonable to define an extension of the Rand
index as an aggregation (e.g., weighted average) of the results
of the non-fuzzy comparisons, namely

R(P1,Q), R(P2,Q), R(P3,Q), R(P4,Q).

In Campello’s approach, there are not 4 but 16 scenarios which
have an influence on the result, since each of the four cluster
memberships is determined independently of each other. In

general, the result will therefore be different. In fact, differ-
ences already occur for single pairs of elements. For example,
since x2 and x3 are always in the same cluster in P1, . . . ,P4, it
is natural to say that they are paired with degree 1. According
to Campello’s approach, however, the degree to which x2 and
x3 are in the same cluster in P is given by

V (x2,x3) = ⊥(�(1/2,1/2),�(1/2,1/2)),

which corresponds to the truth degree of the proposition that
“x1 is put into P1 AND x2 is put into P1 OR x1 is put into P2
AND x2 is put into P2”. In general, this degree will be < 1
(except for special (�,⊥)-combinations such as � = min and
⊥ = bounded sum).

3 A New Fuzzy Rand Index
In this section, we propose a new fuzzy variant of the Rand in-
dex which is able to compare any pair of fuzzy partitions and,
moreover, has desirable metric properties. In the following,
we focus on the view of the Rand index as a distance function.
Thanks to the affine transformation DR = 1−R, all results can
directly be transferred to the original conception as a measure
of similarity.

3.1 Definition

Given a fuzzy partition P = {P1,P2 . . .Pk} of X , each element
x ∈ X can be characterized by its membership vector

P(x) = (P1(x),P2(x) . . .Pk(x)) ∈ [0,1]k, (5)

where Pi(x) is the degree of membership of x in the i-th cluster
Pi. We define a fuzzy equivalence relation on X in terms of a
similarity measure on the associated membership vectors (5).
Generally, this relation is of the form

EP(x,x′) = 1−‖P(x)−P(x′)‖, (6)

where ‖ · ‖ is a proper distance on [0,1]k. The basic require-
ment on this distance is that it yields values in [0,1]. The rela-
tion (6) generalizes the equivalence relation induced by a con-
ventional partition (where each cluster forms an equivalence
class). In passing, we note that this definition is invariant to-
ward a permutation (renumbering) of the clusters in P, which
is clearly a desirable property.

Now, given two fuzzy partitions P and Q, the idea is to gen-
eralize the concept of concordance as follows. We consider a
pair (x,x′) as being concordant in so far as P and Q agree on
their degree of equivalence. This suggest to define the degree
of concordance as

1−|EP(x,x′)−EQ(x,x′)| ∈ [0,1]. (7)

Analogously, the degree of discordance is

|EP(x,x′)−EQ(x,x′)| .

Our distance measure on fuzzy partitions is then defined by
the normalized sum of degrees of discordance:

d(P,Q) =
∑(x,x′)∈C |EP(x,x′)−EQ(x,x′)|

n(n−1)/2
(8)

Likewise,
1−d(P,Q) (9)

corresponds to the normalized degree of concordance and,
therefore, is a direct generalization of the original Rand index.
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3.2 Formal Properties

In this section, we first show that our proposal is indeed a
proper generalization of the Rand index. Afterward, we study
the metrical properties of the measure.

Proposition: In the case where P and Q are non-fuzzy parti-
tions, the measure (9) reduces to the original Rand index.

Proof: In the non-fuzzy case, the membership vectors (5) are
0/1-vectors. More specifically, each vector has a single en-
try Pi(x) = 1, while all other entries are 0. Consequently, the
fuzzy equivalence (6) reduces to the conventional equivalence,
that is, EP(x,x′) = 1 if x and x′ are in the same cluster and
EP(x,x′) = 0 otherwise. Likewise, (7) yields 1 if (x,x′) is a
concordant pair and 0 otherwise. Consequently, the measure
(9) is the (normalized) sum of concordant pairs and, therefore,
equals the original Rand index. �

Recall that a non-negative U2 → R mapping d(·) is called
a metric on U if is satisfies the following properties for all
u,v,w ∈U :

• Reflexivity: d(u,u) = 0

• Separation: d(u,v) = 0 implies u = v

• Symmetry: d(u,v) = d(v,u)

• Triangle inequality: d(u,w) ≤ d(u,v)+d(v,w)

The properties of reflexivity and symmetry are quite obvi-
ously valid for our measure (8). To show the triangle inequal-
ity, consider three fuzzy partitions P, Q, R and fix a single
tuple (x,x′) ∈C. Let

a = EP(x,x′), b = EQ(x,x′), c = ER(x,x′).

Since a, b, and c are real numbers (from the unit interval),
and the simple difference on the reals satisfies the triangle in-
equality, we have |a− c| ≤ |a− b|+ |b− c|. Now, since this
inequality holds for each pair (x,x′)∈C, it remains valid when
summing over all these pairs. In other words, it is also satisfied
by (8), which means that

d(P,R) ≤ d(P,Q)+d(Q,R).

The separation property is not immediately valid for (8).
Roughly speaking, this is due to the fact that, by mapping
elements to their membership vectors (5), some information
about the partition itself is lost. In particular, it is possible that
two partitions, even though they are not identical, cannot be
distinguished in terms of the distances between these vectors.

Nevertheless, we can guarantee the separation property by
restricting to a reasonable subclass of fuzzy partitions. We call
a fuzzy partition P = {P1,P2 . . .Pk} normal, if it satisfies the
following:

N1 For each x ∈ X : P1(x)+ . . .+Pk(x) = 1.

N2 For each Pi ∈ P, there exists an x ∈ X such that Pi(x) = 1.

In other words, we consider Ruspini partitions [9] and assume
that each cluster has a prototypical element. Moreover, we
assume the following equivalence relation on X :

EP(x,x′) = 1− 1
2

k

∑
i=1

|Pi(x)−Pi(x′)|. (10)

Note that 0 ≤ EP(x,x′) ≤ 1 for all (x,x′) ∈ X2 under assump-
tion N1.

Now, consider two normal fuzzy partitions P and Q, and
suppose that d(P,Q) = 0. According to our definition of d(·),
this obviously means that

EP(x,x′) = EQ(x,x′) (11)

for all (x,x′) ∈C. We call a set {p1, p2 . . . pk} ⊂ X a prototype
set for P, if Pi(pi) = 1 for all i = 1, . . . ,k (note that a prototype
set is not necessarily unique). We distinguish two cases.

(a) There are no identical prototype sets for P and Q (note
that this is necessarily the case if P and Q have a different
number of clusters). Then, we can find elements x,x′ ∈ X such
that x and x′ are prototypes for P but not for Q. Note that N1
and N2 jointly imply that a prototype is represented by a 0/1
membership vector, and that |P(x)−P(x′)| = 1 for two differ-
ent prototypes x and x′. Moreover, these properties imply that
the extreme distance of 1 can only be assumed for prototypes,
whereas |P(x)−P(x′)| < 1 if either x or x′ is not a prototype.
Thus, it follows that EP(x,x′) = 0 and EQ(x,x′) > 0, which
means that condition (11) is violated. Hence, we have con-
structed a contradiction with the assumption that d(P,Q) = 0.

(b) There are identical prototype sets {p1, . . . , pk} =
{q1, . . . ,q�}, respectively, for P and Q (which means that
k = �, i.e., P and Q do have the same number of clusters).
We can then establish a one-to-one correspondence between
prototypes such that, without loss of generality, pi = qi for
i = 1, . . . ,k. From properties N1 and N2, it follows that the
membership degree of any element x in the cluster Pi is a func-
tion of EP(x, pi). In fact, noting that P(pi) is a 0/1 vector with
a single 1 on position i, we get

EP(x, pi) = 1− 1
2

k

∑
j=1

|Pj(x)−Pj(pi)|

= 1− 1
2

(
(1−Pi(x))−∑

j �=i
Pj(x)

)

= 1− 1
2

((1−Pi(x))− (1−Pi(x)))

= Pi(x).

From (11), it thus follows that Pi(x) = Qi(x) for all x ∈ X , i.e.,
the i-th cluster in P and the i-th cluster in Q are identical. Since
this holds for all i ∈ {1,2 . . .k}, we have shown that P = Q.

The above results can be summarized as follows.

Theorem: The distance function (8) on fuzzy partitions is a
pseudometric, i.e., it is reflexive, symmetric, and subadditive.
Moreover, on the restricted class of normal fuzzy partitions
or, more specifically, under the assumptions N1, N2, and (10),
it also satisfies the separation property and, therefore, is a
metric.

4 Summary and Outlook

We have introduced a generalization of the Rand index for
comparing two fuzzy clustering structures. Elaborating on the
formal properties of our measure, we have shown that it is a
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pseudo-metric and, on a subclass of fuzzy partitions obeying
certain normality assumptions, even a metric.

In future work, we plan to extent our approach to other simi-
larity measures for (non-fuzzy) clustering structures which are
related to the Rand index in the sense of being defined in terms
of the same basic quantities, namely the numbers a, b, c, and
d of concordant and discordant object pairs. An example of
such a measure is the Jaccard coefficient, which is defined as
a/(a+b+ c).
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Abstract— Geometric objects are often represented approxi-
mately in terms of a finite set of points in three-dimensional Eu-
clidean space. In this paper, we extend this representation to what
we call labeled point clouds. A labeled point cloud is a finite set
of points, where each point is not only associated with a position
in three-dimensional space, but also with a discrete class label that
represents a specific property. This type of model is especially suit-
able for modeling biomolecules such as proteins and protein bind-
ing sites, where a label may represent an atom type or a physico-
chemical property. Proceeding from this representation, we address
the question of how to compare two labeled points clouds in terms of
similarity. Using fuzzy modeling techniques, we develop a suitable
similarity measure as well as an efficient evolutionary algorithm to
compute it. Finally, an application study is presented in which the
approach is used to classify protein binding sites.

Keywords— structural bioinformatics, proteins, similarity, classi-
fication

1 Introduction
Geometric objects are often represented in terms of a set of
points in three-dimensional Euclidean space. This type of rep-
resentation is finite and hence approximate (even though the
number of points can become very large, as for example in
laser range scanning), focusing on the most important char-
acteristics of the object while ignoring less important details.
A well-known example of a representation of this kind is the
Molfile format [1], where molecules are described in terms of
the spatial coordinates of all atoms. However, since not only
the position but also the type of an atom is of interest, this
representation is not a simple point cloud. Likewise, other
biomolecular structures, such as proteins and protein binding
sites, are not only characterized by their geometry but also
by additional features, such as physico-chemical properties.
In this paper, we therefore introduce the concept of a labeled
point cloud. A labeled point cloud is a finite set of points,
where each point is not only associated with a position in
three-dimensional space, but also with a discrete class label
that represents a specific property.

Since theory formation in the biological sciences is largely
founded on similarity-based and analogical reasoning princi-
ples, the comparison of two (or more) objects with each other
is a fundamental problem in bioinformatics. To compare two
point clouds, the authors in [2] make use of a measure based
on the Gromov-Hausdorff distance of sets. This approach is
limited to unlabeled point clouds, however. Another possi-
bility is to transform a labeled point cloud into a (labeled)
graph first, capturing, in one way or the other, geometrical
information in terms of edges, and to apply graph matching

techniques afterward. This strategy was recently proposed in
[3], where the use of graph kernels as similarity measures
[4, 5, 6] has been especially advocated. At first sight, this
idea looks appealing, especially since methods for comparing
graphs abound in the literature. Nevertheless, it also comes
with a number of disadvantages. For example, many tech-
niques for matching and comparing graphs capture aspects of
similarity which are reasonable for graphs but not necessarily
for geometric objects. Besides, graph matching techniques are
typically quite complex from a computational point of view.

Perhaps most importantly, however, a graph representation
captures the geometrical information only in an implicit way,
namely through the presence, absence, and possibly the la-
beling of edges. Moreover, the transformation is often not
even lossless. Matching objects while obeying geometrical
constraints can then become troublesome, since the geometri-
cal information is not explicitly available. Instead, it must be
reconstructed from the graph representation whenever needed.

As an alternative to an indirect approach of that kind, we
therefore propose the method of labeled point cloud super-
position (LPCS), which operates on labeled point clouds di-
rectly. Thus, it preserves as much geometrical information as
possible and facilitates the exploitation thereof. Related to the
concept of an LPCS, we introduce a similarity measure which
makes use of modeling techniques from fuzzy set theory. This
measure proceeds from the idea of equivalence (inclusion) of
point clouds in a set-theoretic sense, but is tolerant toward ex-
ceptions (on the level of label information) and geometric de-
formations.

The remainder of the paper if organized as follows. Subse-
quent to a brief introduction to protein binding sites and their
representation in Section 2, we introduce the concept of LPCS
in Section 3. The problem of computing an LPCS is then ad-
dressed in Section 4, where an evolution strategy is proposed
for this purpose. Section 5 is devoted to the experimental val-
idation of the approach, and Section 6 concludes the paper.

2 Modeling Protein Binding Sites
In this paper, our special interest concerns the modeling of
protein binding sites. More specifically, our work builds
upon CavBase [7], a database for the automated detection,
extraction, and storing of protein cavities (hypothetical bind-
ing sites) from experimentally determined protein structures
(available through the PDB). In CavBase, a set of points is
used as a first approximation to describe a binding pocket. The
database currently contains 113,718 hypothetical binding sites
that have been extracted from 23,780 publicly available pro-
tein structures using the LIGSITE algorithm [8].
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Figure 1: Two point clouds A (left, points as circle) and B
(right, points as squares): The intra-point distances are the
same in both point clouds, except for the additional gray point
in A. Labels are depicted as letters within the circles and
boxes, respectively.

The geometrical arrangement of the pocket and its physico-
chemical properties are first represented by predefined
pseudocenters – spatial points that represent the center of a
particular property. The type and the spatial position of the
centers depend on the amino acids that border the binding
pocket and expose their functional groups. They are derived
from the protein structure using a set of predefined rules [7].
As possible types for pseudocenters, hydrogen-bond donor,
acceptor, mixed donor/acceptor, hydrophobic aliphatic, metal
ion, pi (accounts for the ability to form π–π interactions) and
aromatic properties are considered.

Pseudocenters can be regarded as a compressed representa-
tion of areas on the cavity surface where certain protein-ligand
interactions are experienced. Consequently, a set of pseudo-
centers is an approximate representation of a spatial distribu-
tion of physicochemical properties. Obviously, just like in the
case of Molfile, this representation is already in the form of a
labeled point cloud: pseudocenters are given with their coor-
dinates and labels, so that no further transformation is needed.

3 Labeled Point Cloud Superposition
Intuitively, two labeled point clouds are similar if they can be
spatially superimposed. That is, by fixing the first and “mov-
ing” the second one (as a whole, i.e., without changing the
internal arrangement of points) in a proper way, an approx-
imate superposition of the two structures is obtained. More
specifically, we will say that two point clouds are well super-
imposed if, for each point in one of the structures, there exists
a point in the other cloud which is spatially close and has the
same label. As an illustration, the example in Fig. 1 shows two
point clouds A and B, for simplicity only in two dimensions.
By moving B to the left (or A to the right), a superposition
can be found so that, except for the hatched and gray nodes,
all points in A spatially coincide with a corresponding point in
B having the same label, and vice versa. So, A and B can be
considered as being similar, at least to some extent.

More formally, let

A = {(x1, �(x1)), . . . ,(xm, �(xm))}

be a point cloud consisting of m points xi = (xi1,xi2,xi3) ∈
R

3 with associated label �(xi) ∈ L , where L is a discrete set
of labels (in the context of modeling protein binding sites, as

discussed in the previous section, L is given by the seven types
of pseudocenters). Moreover, let

B = {(y1, �(y1)), . . . ,(yn, �(yn))}

be a second point cloud to be compared with A. In the fol-
lowing, we define a function SIM(·, ·) that returns a degree of
similarity between two such structures A and B.

Roughly speaking, we consider similarity as a generalized
(fuzzy) equivalence, which we in turn reduce to two inclusion
relations, namely the inclusion of A in B and, vice versa, of B
in A. Thus, we are first of all interested in whether each point
y ∈ B is also present in A (and each point x ∈ A also present in
B). For a fixed y ∈ B, we define the membership degree of this
point in A by

µA(y) = exp(−γ ·d(y,A)) , (1)

where
d(y,A) = min

x∈A
�(x)=�(y)

‖y− x‖1

is the distance between a point y ∈ B and the closest point
x ∈ A having the same label (d(y,A) = ∞ and hence µA(y) = 0
if no such point exists); for x∈A, µB(x) and d(x,B) are defined
analogously.

In its proper sense, the inclusion of a set B in a set A means
that each point y ∈ B is also contained in A or, stated differ-
ently, if a point y is in B, then it is also present in A. If mem-
bership is a matter of degree, i.e., if A and B are fuzzy sets, this
condition is often formalized in terms of a fuzzy implication
[9]:

min
y∈B

(µB(y)→ µA(y)) .

Here, the minimum operator plays the role of a generalization
of the universal quantifier. In our case, µB(y) ≡ 1, so that the
above expression can be simplified as follows:

inc(B,A) = min
y∈B

µA(y) . (2)

However, a universal quantification (modeled by the min oper-
ator) is too strict in our biological context, where data is typi-
cally inexact and noisy. To relax this definition of fuzzy inclu-
sion, we replace the minimum by a fuzzy quantifier Q, which
is specified in the form of a non-decreasing [0,1]→ [0,1] map-
ping [10, 11]. This leads to

inc(B,A) = min
i=1...|B|

max{Q(i/|B|),mi} ,

where mi is the i-th largest membership degree in the fuzzy
set {µA(y) |y ∈ B}. (Note that we recover (2) for Q defined by
Q(1) = 1 and Q(t) = 0 for 0≤ t < 1.) Here, we simply take Q
as the identical mapping t �→ t. Roughly speaking, inc(B,A)
thus defined can be interpreted as the generalized truth degree
of the proposition that A is almost contained in B. The degree
of inclusion of A in B, inc(A,B), is defined analogously.

As mentioned above, the idea of our approach is to de-
fine the similarity between two labeled point clouds in terms
of the best superposition of these two clouds. Therefore, let
TF(·, t) be a function that moves a point cloud via rotation
and translation, as specified by the six-dimensional vector
t = (θ1,θ2,θ3,δ1,δ2,δ3) ∈ [0,2π]3×R

3. Thus,

B∗ = TF(B, t) = {(y∗1, �(y∗1)), . . . ,(y∗n, �(y∗n))}
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is the point cloud obtained by translating the point cloud B
by δ = (δ1,δ2,δ3) (which means adding δ to each point y ∈
B) and rotating the result thus obtained by the angles θ1, θ2,
and θ3. Note that this operation leaves the label information
unchanged (i.e., �(yi) = �(y∗i )). The position-invariant degree
of inclusion of B in A is then given by

INC(B,A) = max
t∈[0,2π]3×R3

inc(TF(B, t),A) , (3)

and INC(A,B) is defined analogously.
Based on these degrees, the similarity between A and B, in

the sense of a generalized equivalence, can be defined as

SIM(A,B) = min{ INC(A,B), INC(B,A)} . (4)

It is worth mentioning, however, that (4) is not always appro-
priate, especially if A and B greatly differ in size. In some
applications, it makes sense to have a high similarity degree
even if A is only a substructure of B, for example if A is a sub-
pocket of B containing the most important catalytic residues
(while the rest of the binding site B is functionally less impor-
tant). Obviously, this is not guaranteed by (4). An interesting
generalization, therefore, is to let

SIM(A,B) =α ·min{INC(A,B), INC(B,A)}+ (5)
+(1−α) ·max{INC(A,B), INC(B,A)} .

Formally, this similarity measure can be motivated from a
fuzzy logical point of view as follows. Considering the min
(max) operator as a generalized conjunction (disjunction), the
first (second) combination of the two inclusion degrees is the
truth degree of the proposition that A is contained in B AND
(OR) B is contained in A. A conjunctive combination of the
two degrees of inclusion is obviously more demanding than
a disjunctive one, as the former requires equality between A
and B while the latter only requires inclusion of A in B or
B in A. The measure (5), which formally corresponds to an
OWA (ordered weighted average) combination of the two de-
grees of inclusion [12], achieves a trade-off between these two
extreme aggregation modes, which is controlled by the param-
eter α ∈ [0,1]: The closer α is to 0, the closer the aggregation
is to the maximum, i.e., the less demanding it becomes. The
optimal α is application-specific and depends on the purpose
of the similarity measure.

4 Solving the LPCS Problem
The computation of the similarity (5) involves the solution of
a real-valued optimization problem, namely the problem of
finding an optimal vector t in (3) and, thus, an optimal point
cloud superposition. The objective function to be maximized
here is highly non-linear and multimodal. As an illustration,
Fig. 2 shows the objective function obtained for the superpo-
sition of a randomly generated two-dimensional point cloud A
(in which all points have the same label) with itself. This func-
tion maps each two-dimensional translation vector t = (x,y)
to the corresponding similarity degree between TF(A) and A
(where we used α = 0.5 in (5) and did not consider rotation).
As can be seen, there is a sharp peak at t = (0,0), which cor-
responds to the optimal superposition. Surrounding this solu-
tion, however, there are also many local optima.

Figure 2: Example of an LPCS objective function.

The problem of local optima also becomes clear from the
small example in Fig. 1. Moving the point cloud A from left
to right, into the direction of B, has the following effect: First,
a good superposition of two sub-clouds will be found, namely
the right part of cloud A and the left part of cloud B. This re-
sults in a local maximum. Moving A further to the right leads
to a larger local maximum (sub-clouds are growing), until the
global maximum will eventually be reached.

4.1 Evolution Strategies
To solve the LPCS problem, we resort to evolution strategies
(ES), a population-based, stochastic optimization method in-
spired by biological evolution and specifically developed for
real-valued optimization problems [13]. An evolution strategy
is based on a population, a set of µ (sub-optimal) candidate
solutions that are initially spread randomly over the search
space. In each generation, new solutions are generated by ap-
plying the genetic operators recombination and mutation. Re-
combination randomly selects ρ individuals from the current
population and combines them to a new solution. Mutation
takes this solution and shifts it randomly in the search space.
An ES produces λ = �µ·ν� offsprings per iteration, so that this
procedure has to be repeated λ times. A selection operator im-
plements the “survival of the fittest” principle by picking the
best individuals for the new population. There are two kinds
of selection: The plus-selection chooses the best µ individu-
als among the offsprings plus the parents, while the comma-
selection ignores the parent generation (this requires ν > 1).
A main advantage of the ES is its self-adaptation mechanism
that controls the step sizes used in the mutation operator. One
property of this mechanism (the advantage during optimiza-
tion is obvious) is that step sizes decrease dramatically if the
optimization reached a maximum. This property can be used
as a qualitative termination criterion (stop when the largest
step size falls below a given threshold).

Population-based optimization methods are especially ad-
vantageous for highly multimodal problems. Using a large
population leads to an increased probability to generate a can-
didate solution in a region where the direction of descent
points to the global maximum. Choosing the membership
function (1) as a strictly monotone decreasing function which
converges to zero ensures to have this direction in each point
t ∈ [0,2π]3×R

3 and thus greatly simplifies the maximization
problem. However, our experiments indicated that the solu-
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tion we found was most often only a local maximum. There-
fore, we propose to use fast restarts of the ES. This means
that the ES is started n times using comma-selection and weak
termination criteria to achieve a large and quick but inexact
exploration of our search space. We thus obtain n results in
total. In a last step, we use the ES with plus-selection and
strong termination criterion. Additionally, we include the best
solution so far in the start population. The last run of the ES
usually yields a globally optimal degree of similarity.

4.2 Complexity
Even though evolution strategies are generally known to be
quite efficient solvers, the concrete complexity does of course
depend on the application at hand. The application-specific
part is the fitness function, i.e., the objective function to be
optimized. This function has to be evaluated frequently and,
therefore, is an important factor for the runtime. In our
case, this function is given by the similarity measure (5), and
its evaluation is strongly dominated by the nearest neighbor
search which has to be conducted for each single point in both
structures (recall that, according to (1), membership degrees
are determined by the distance to closest points with the same
label).

There exist a lot of data structures for supporting nearest
neighbor search; see e.g. [14]. The most efficient among them
need time O(n log2 n) for construction and O(log3 n) for an-
swering a query. Unfortunately, we are not aware of an ap-
proach that allows for updating a data structure in an effi-
cient and dynamic way. This would be desirable for our prob-
lem, in which the point clouds permanently change (the point
cloud associated with an individual changes in each iteration).
Instead, conventional approaches necessitate a construction
from scratch in every iteration.
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Figure 3: Runtime of a simple procedure and a more complex
data structure as a function of the number of points.

Fig. 3 compares the runtimes, as a function of the number of
points, for two approaches: (1) The use of a kd-tree data struc-
ture, which is reconstructed in each iteration and then used for
query processing. (2) The use of a simple linear data struc-
ture, in which the points are stored in a fixed order. It needs
linear instead of logarithmic time to answer a query but, on the
other hand, does not cause additional costs for reconstruction.
As can be seen, the use of a more complex approach pays off

only for sufficiently large point clouds: The kd-tree reaches a
break-even point at approximately 150 points.

In our application, we are mainly concerned with protein
binding sites, which are characterized by around 180 points
on average (even though much larger structures do of course
exist). The use of a complex data structure did therefore not
pay off. Nevertheless, we increased efficiency by hashing the
points xi of a point cloud, using the label �(xi) ∈ L as a key.
Since nearest neighbors are only searched among points hav-
ing the same label, this obviously reduces runtime by a factor
of approximately |L |.

5 Experimental Results
5.1 Methods
In our experiments, we compared our novel method (LPCS)
with existing graph-based approaches, namely the random
walk (RW) kernel [6], the shortest path (SP) kernel [5], and
the method of multiple graph alignment (MGA) recently in-
troduced in [15]. Given two labeled points clouds as input,
all these methods produce a degree of similarity as an output.
Yet, for the graph-based approaches, it is of course necessary
to transform a point cloud into a graph representation in a pre-
processing step. This was done as as proposed in [15]:

1. each point is transformed into a node with corresponding
node label

2. for each pair of nodes:

(a) the Euclidean distance between both nodes is cal-
culated

(b) if the distance is below a certain threshold (here
11 Å to ensure connected graphs), an edge with
weight equal to this distance is added

Our ES was restarted n = 5 times. The parameterization
was optimized with the sequential parameter optimization
toolbox [16] and was chosen as follows:

• inexact ES: µ= 30,ν = 4,ρ = 2, comma-selection, termi-
nation criteria: largest step size < 0.05, discrete recom-
bination for strategy- and object-component.

• exact ES: µ = 30,ν = 4,ρ = 6, plus-selection, termina-
tion criteria: largest step size < 0.00001, intermediate
recombination for object and discrete recombination for
strategy-component.

A comprehensive explanation of the different ES parameters
and operators can be found in [13].

For both variants we initialized the object-component in
[−150,150]3 for translation and [0,2π]3 for rotation: The step
sizes were initialized in [5,15]3 and [1,π]3, respectively. The
SP-kernel is parameter-free, the RW-kernel expects a parame-
ter λ that is set to the largest degree of a node in the data set
to ensure a geometric series during calculation, which results
in a simpler evaluation [4]. Since the geometric information
of real-world data is noisy, we also need a tolerance parameter
ε to decide whether two edges have equal length (difference
≤ ε) or not; in our experiments, we used ε = 0.2. For MGA,
we chose the parameterization proposed in [15].
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The assessment of a similarity measure for biomolecular
structures, such as protein binding sites, is clearly a non-trivial
problem. In particular, since the concept of similarity by it-
self is rather vague and subjective, it is difficult to evaluate
corresponding measures in an objective way. To circumvent
this problem, we propose to evaluate similarity measures in
an indirect way, namely by means of their performance in the
context of nearest neighbor (NN) classification. The under-
lying idea is that, the better a similarity measure is, the better
should be the predictive performance of an NN classifier using
this measure for determining similar cases.

5.2 Data

One important problem in pharmaceutical chemistry is the
identification of protein binding sites that bind a certain lig-
and. We selected two classes of binding sites that bind, re-
spectively, to NADH or ATP. This gives rise to a binary classi-
fication problem: Given a protein binding site, predict whether
it binds NADH or ATP.

More concretely, we compiled a set of 355 protein binding
pockets representing two classes of proteins that share, respec-
tively, ATP and NADH as a cofactor. To this end, we used
CavBase to retrieve all known ATP and NADH binding pock-
ets that were co-crystallized with the respective ligand. Subse-
quently, we reduced the set to one cavity per protein, thus rep-
resenting the enzymes by a single binding pocket. As protein
ligands adopt different conformations due to their structural
flexibility, it is likely that the ligands in our data set are bound
in completely different ways, hence the corresponding bind-
ing pocket does not necessarily share much structural similar-
ity. We thus had to ensure the selection of binding pockets
with ligands bound in similar conformation. To achieve this,
we used the Kabsch algorithm [17] to calculate the root mean
square deviation (RMSD) between pairs of ligand structures.
Subsequently, we combined all proteins whose ligands yielded
a RMSD value below a threshold of 0.2, thereby ensuring a
certain degree of similarity. This value was chosen as a trade-
off between data set size and similarity. Eventually, we thus
obtained a two-class data set comprising 214 NADH-binding
proteins and 141 ATP-binding proteins.

5.3 Results

The results of a leave-one-out cross validation, using the sim-
ple 1-NN classifier for prediction, are summarized in Table 1.
As can be seen, the kernel-based methods (SP and RW) per-
form very poorly and are hardly better than random guessing.
In terms of accuracy, MGA is much better, though still signif-
icantly worse than LPCS. In fact, LPCS performs clearly best
on this problem.

Table 1: Accuracy and runtimes (in seconds with standard de-
viation, referring to a single comparison) of LPCS (α = 0.5,
with restarts like described above), MGA, RW, and SP on the
NADH/APT data set.

Method Accuracy Runtime
MGA 0.7662 121.74±418.02
SP 0.6056 9.75±97.77
RW 0.5972 65.51±89.07
LPCS 0.9352 20.04±24.65

Table 2 furthermore shows how the performance of LPCS
depends on the choice of the trade-off parameter α in (5). As
can be seen, this parameter does indeed have an influence,
even though the differences are not extreme. For this data set,
α-values around 0.5 yield better results than extreme values
close to 0 or 1; the optimal choice would be α = 0.7. In prac-
tice, α can be considered as a tuning parameter to be adapted
to the problem at hand (e.g., by means of a cross-validation on
the training data).

Table 2: Accuracy of LPCS for different values of α in (5).
α accuracy α accuracy
0 0.9042 0.6 0.9352

0.1 0.9183 0.7 0.9380
0.2 0.9126 0.8 0.9239
0.3 0.9154 0.9 0.9267
0.4 0.9267 1 0.9183
0.5 0.9352

Regarding runtime, the experiment shows that LPCS is
quite efficient, abandon restarts of the ES it would be the
fastest of all alternatives, however with an increasing risk to
get stuck in a local optimum. Using restarts, only SP is still a
bit faster on average, however, it completely fails in terms of
predictive accuracy. Even though we did not investigate this
issue in a systematic way so far, our experience has shown
that LPCS scales much better than typical graph-based ap-
proaches. This is hardly surprising, since the dimensionality
of the LPCS optimization problem is constant (six parameters
have to be optimized) and does not depend on the number of
data points. It is true that the size of the point clouds does
have an influence on the evaluation of the objective function,
which involves a nearest neighbor search for each point. The
increase in runtime is at most quadratic, however. As opposed
to this, the complexity of graph-based methods such as MGA,
in which graph matching is reduced to a combinatorial op-
timization problem, grows exponentially with the number of
nodes.

6 Conclusions

In this paper, we have introduced labeled point cloud super-
position (LPCS) as a novel tool for structural bioinformatics,
namely as a method for comparing biomolecules on a struc-
tural level. Besides, using fuzzy modeling techniques, we
have defined a related similarity measure. The concept of a
labeled point cloud appears to be a quite natural represen-
tation for biological structures, especially since it is closely
leaned on existing database formats. In comparison to other
approaches, such as the prevalent graph-based methods, the
modeling is hence simplified and does not involve any com-
plex transformations. More importantly, a labeled point cloud
preserves the full geometric information and makes it easily
accessible to computational procedures.

A labeled point cloud superposition is a spatial “alignment”
of two point clouds which is optimal in the sense of a given
scoring (similarity) function. As for related problems in bioin-
formatics, such as sequence alignment, the computation of the
similarity between two objects hence involves the solution of
an optimization problem. To this end, we have proposed the

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1303



use of an evolution strategy, an approach from the family of
evolutionary algorithms, which appears to be especially suit-
able for this problem.

First experimental results with classification data are quite
promising and suggest that our approach is able to compare
protein binding sites in a reasonable way. In terms of clas-
sification accuracy, LPCS turned out to be significantly bet-
ter than existing (graph-based) methods used for comparison.
Moreover, even though it is computationally more complex
than these methods for small data sets, it scales much better
and becomes more efficient for larger data sets. This is due
to the fact that, in contrast to graph-based methods, the search
space does not depend on the size of the point clouds and re-
mains low-dimensional.
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Abstract  In this paper, a revisited approach for fuzzy regression
linear model representation and identification is introduced. By
adopting the commonly used principle of �-cuts, the fuzzy regression
implementation is reduced to the handling of conventional intervals,
for inputs, parameters and outputs. Using the Midpoint-Radius rep-
resentation of intervals, the uncertainty attached to linear models
becomes more interpretable. Actually, it is possible to determine the
output uncertainty origin (model parameters and/or inputs). In this
context, a possibilistic regression method is proposed to identify
models of minimal global uncertainty, that is with respect to all pos-
sible inputs.

Keywords  Interval Regression, Fuzzy Regression, Uncertainty
Representation, Fuzzy Inputs-Fuzzy Outputs.

1  Introduction
Fuzzy regression, a fuzzy type of conventional regression
analysis, has been proposed to evaluate the functional rela-
tionship between input and output variables in a fuzzy envi-
ronment. Indeed, unlike statistical regression modeling based
on probability theory, fuzzy regression is based on possibility
theory and fuzzy set theory [14].

In the fuzzy literature, the regression problem with fuzzy data
has been previously treated from different points of view. Ac-
cording to [5], fuzzy regression techniques can be classified
into two distinct areas. The first proposed by Tanaka ([10],
[12]) which minimizes the total spread of the output is named
possibilistic regression. In this case, the problem is viewed as
finding fuzzy coefficients of a regression model according to
a mathematical programming problem. The second approach
developed by Diamond [4], which minimizes the total square
error of the output is called the fuzzy least square method. In
this paper a possibilistic approach is adopted.

In the chosen possibilistic context, different kinds of input/
output data can be considered. Actually, the complete speci-
fication of regression problems highly depends on the nature
of input-output data [5]. Some researches are thus devoted to
Crisp-Input Crisp-Output (CICO) data [9] while others [6],
[7], [8], [13] consider the regression problem using Fuzzy-In-
puts and Fuzzy-Outputs (FIFO) data. Most commonly, a
mixed approach with Crisp-Inputs and Fuzzy-Outputs
(CIFO) is used  [1], [2], [10], [11], [12]. 

In this framework, the fuzzy regression with CICO and CIFO
data aroused a major interest. However, the FIFO model re-
gression remains a little studied field. Indeed, only a few pa-

pers concerning this problem have been published ([6], [7],
[8], [13]). For instance, in [6] and [13], different distances are
proposed in order to extend the least square method to FIFO
data. In [8], a multiobjective optimization technique for FIFO
systems is proposed, whereas in [7] the optimization is based
on the minimization of the deviation between observations
and predictions.

All above mentioned methods lead to interesting results but
present a lack of representativity and an awkward illustration
of the uncertainties in the regression model. In order to over-
come this problem, an extension of the regression methodol-
ogy initially developed for CIFO systems in [1], [2] to FIFO
ones is proposed. The key idea of the proposed approach re-
sides in using a Midpoint-Radius regression model represen-
tation. By doing so, the regression problem can be viewed as
a conventional linear optimization problem where a new cri-
terion is proposed. 

From a practical point of view and as commonly used in fuzzy
regression literature ([5], [7], [8], [12]), the a-cut principle is
adopted. In this case, for a specified a-cut, the fuzzy interval
becomes a conventional interval, which states that a fuzzy in-
terval representation is a generalization of a conventional one.
In order to take into account the maximum of uncertainty in
the system (the pessimistic case), an a-cut equal to 0 (0-cut)
is considered. In this case, the fuzzy regression problem can
be reduced to an interval regression one. That is the approach
adopted in this paper where a new regression methodology is
proposed.

The structure of this paper is as follows. In section 2, relevant
concepts and notations are introduced. Section 3 is devoted to
fuzzy regressive models representation. An identification
method of such models based on a linear problem optimiza-
tion is proposed in section 4. An application is shown in sec-
tion 5. Finally, conclusion and perspectives are presented in
section 6.

2  Relevant Concepts and Notations
For the sake of rigor and clarity, let us define the basic notions
and notations used in this paper. 
A fuzzy trapezoidal interval A is a particular case of a fuzzy
number where a possibility distribution, represented by a
membership function �A, is associated with the conventional
intervals of the support and the kernel (see Figure 1).
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Figure 1: Trapezoidal fuzzy interval representation

In this case, for a given �-cut (��[0, 1]) on the fuzzy interval
A, a conventional interval is obtained:

(1)

Using the �-cut representation, a symmetrical fuzzy interval
is viewed as a weighted family of nested intervals. In the se-
quel, in order to consider the maximum uncertainty, only �-
cuts at level 0 will be considered. Consequently, all computa-
tions are performed with conventional intervals.
In this framework, an interval A is defined by the set of ele-
ments lying between its lower and upper limits (endpoints) as: 

 (2)

The interval A is called thick if A- < A+ and thin (or point) if
A- = A+.
In order to manipulate and exhibit the uncertainty with inter-
vals, an efficient representation is needed. Indeed, the latter
should be able to represent arbitrary intervals and their sets in
a single and uniform graphical way. In this framework, it is
obvious that to uniquely define an interval, two parameters
are necessary, hence the space of intervals is two-dimension-
al. There are many possible representations of an interval.
The most used one is the endpoints representation given in
equation (2). However, the main drawback of this representa-
tion resides in the fact that the uncertainty (the Radius) is
awkward and not directly exhibited in the interval. In order to
overcome this difficulty, another representation is adopted.
Indeed, in order to facilitate the uncertainty representation,
Midpoint (M) and Radius (R) coordinates are used (see Figure
2). In this case, an interval is represented as a point in the
space (M, R).
For an interval A, its Midpoint and its Radius are defined by:

(3)

Moreover, the set of all the intervals contained in the interval
A can be represented by a domain C(A). As shown in Figure
2, the domain C(A) is represented by the upper and lower
bound lines of A, forming a triangle.
In the (M, R) representation, it is clear that the most imprecise
element of C(A) is the interval A itself which corresponds to
the highest value of Radius, i.e. the top of the triangle. On the
opposite, the triangle base represents all the crisp values be-
tween the lower and the upper bounds (the set of all the thin
intervals).

Figure 2: Midpoint-Radius representation of A and C(A)

For two intervals A = [A�, A+] and B = [B�, B+], the addition
and multiplication operations are defined as follows: 

(4)

where: 

(5)
In this case, it can be stated that the Midpoint and Radius of
these operations are given by: 

(6)

and: 

(7)

where:
(8)

For two intervals [3] A and B, an inclusion relation of A in B
(see Figure 3) is defined as follows:

(9)

(10)

From equation (10) it follows: 
(11)

Figure 3: Inclusion of two intervals (A ��B)

3  Fuzzy Regressive Model Representation
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The fuzzy linear regression model is the most frequently used
form in regression analysis for expressing the relationship be-
tween one or more explanatory variables and response. For
the sake of simplicity and as commonly assumed in the fuzzy
regression literature, the case of simple linear regression
model involving a single independent variable is considered.
The case of multiple inputs is a straightforward generalization
of this methodology but more complex in a computational
point of view. 
An interval regression model is mathematically expressed in
the following form:

(12)

where Y is the interval output (dependant variable), A0 and A1
the interval parameters, i.e. unknowns to be estimated from
observed data. According to (3), the parameters A0 and A1 are
denoted as follows: 

(13)

The input X can take any value in a definition domain to be
chosen.
As mentioned in the introduction, the regression problem has
been previously treated from different points of view and by
considering different kinds of input/output data. Indeed, ac-
cording to the nature of X (crisp or imprecise) two regression
problems can been distinguished. The first one deals with
Crisp-Input Imprecise-Output data ([12], [10], [1], [2]). In
this case, as the model is linear and the inputs are considered
as crisp values, the model output (12) will also be an interval.
So, for a crisp input X = X*, equation (12) becomes: 

(14)

In this case, the definition domain is the interval D = [inf(D),
sup(D)], which means that the input X can take any crisp val-
ue in D.
For the sake of illustration simplicity, in the sequel, the par-
ticular case when the parameter A1 and the input are positive
is considered. The other cases are a straightforward generali-
zation of this particular case. The evolution of the model out-
put (14) is illustrated in Figure 4. Actually, as the input X is a
crisp value of D, the model output uncertainty is only due to
the uncertainty of the two parameters A0 and A1.

Figure 4: Interval model representation with a crisp input 
The second regression problem is devoted to systems with

Imprecise-Inputs and Imprecise-Outputs. For an interval in-
put , the interval model output is given
by the following equation with Z defined according to (5): 

(15)

In this case, the input X can be any interval included in the in-
terval D previously defined for crisp inputs. Consequently,
the model definition domain is now � = C(D) (see Figure 2).
The model output evolution is presented in Figure 5.

Figure 5: Conventional interval model representation

Several main drawbacks can be underlined:
• The interval input X* is represented by its endpoints coor-

dinates on a real line with only one dimension. It leads to
a lack of information about the input uncertainty
(Radius). In this case, neither the definition domain ��nor
the output uncertainty on it can be exhibited in a conven-
tional 2D space.

• According to Figure 5, the model output is defined by the
4-sided area delimited by the four vertices (S1, S2, S3, S4).
If the vertices S1 and S3 exhibit the model output bounds,
the others (S2 and S4) have no interpretability in the
model output. In this situation, two intervals are defined
to represent the model output, which limits the interpret-
ability of this kind of representation ([7], [8]).

In order to deal with these drawbacks, the Midpoint-Radius
representation is used to define all handled intervals. In this
context, the output Y is expressed by:

(16)

where: 

(17)

For positive parameter A1 and input X*, we have:
(18)
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, (19)

the equation (18) becomes:
(20)

By adopting the same principle, the following Radius expres-
sion is determined: 

(21)

By substitution of equations (20) and (21) in (17), it follows:

(22)

The Midpoint and Radius output evolutions on the domain �
are illustrated in Figure 6 and Figure 7.

Figure 6: The midpoint output evolution 

Figure 7: The radius output evolution.

From equations (16) and (22), it is obvious that: 

(23)

A global representation of the model output evolution on the
domain � is illustrated in Figure 8.

This Midpoint-Radius representation presents several advan-
tages:
• In this representation, only one interval output is defined

for a considered input. Indeed, the output expression rep-
resents as well the contribution of the input Midpoint
and Radius.

• According to this representation, the origin of uncertainty
in the output can be precisely determined. In other words,

the contributions of the parameters A0, A1 and the input X
are well defined in the model output (22).

Figure 8: The model output evolution

4  Interval Regressive Model Identification 
In the context of regression model identification, two main
problems come up, namely, the model structure specification
and the estimation of the given model. The first problem is fo-
cused on the choice of a suitable model structure for a data
set. This problem is traditionally addressed a priori. In this
paper, as commonly used, the model structure is assumed to
be linear. In this case, the regression problem is reduced to an
estimation problem of the model parameters.
Let us consider a set of N observed data samples. Let the jth
sample be represented by the couple (Xj, Yj), j = 1,..., N where
Xj are interval inputs and the Yj are the corresponding interval
output. 
All the observed input intervals are assumed to be included in
the interval given by:

(24)

Like any regression technique, the fuzzy regression objective
is to determine a predicted functional relationship between in-
puts X and outputs Y: 

 (25)

In this case, the definition domain of the identified model is
the set of all the intervals included in D, i.e. � = C(D).
As discussed in the paper introduction, a possibilistic regres-
sion approach is adopted where the objective is to determine
the model parameters such that the observed data are included
in the predicted ones (possibility model). In this framework,
another kind of model (necessity one) could be identified
[11].
In the proposed identification methodology, two points have
to be considered for its implementation: 
• the interval inclusion constraints to be introduced in the

optimization problem, 
• the identification criterion to be optimized.

4.1  The optimization constraints 

In this case, the inclusion constraints are given by: 
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(26)

with: 
 and: (27)

By substitution of (27) in (26), the constraints inclusion can
be written as: 

(28)

Moreover, the optimization constraints must ensure the iden-
tification of intervals, whose bounds are ordered. Moreover,
the sign of the parameter A1 must be constrained as well. In
the case of a model whose parameter A1 is identified as posi-
tive, it follows:

(29)

It is important to note that all the considered constraints in the
identification problem are linear according to the identifica-
tion variables (Midpoint and Radius of A0 and A1).

4.2  The used criterion

The objective is to identify the less imprecise model on its
definition domain, as it has been proposed in our previous
works [1]. The computation of the global uncertainty on the
whole domain D proposed in [1] is here extended to the whole
domain �, whose elements are intervals. It follows that the
criterion J to be optimized, i.e. the global uncertainty on �, is
expressed as::

(30)

The substitution of equation (23) in (30) yields to:

(31)

To sum up, the identification method is performed by mini-
mizing the criterion (31) under the constraints (28) and (29).

At this stage, several points can be discussed about the pro-
posed approach:
• As the interval D is defined with the observed inputs, its

Radius and Midpoint are known numerical values. So,
the criterion J is linear according to the optimization vari-
ables. Moreover, J is independent of the observed inputs,
i.e. the optimization is made on the whole domain � of
the model, not only on the observed data. This point con-
tributes to improve the model robustness.

• It is obvious that the criterion must be optimized under
constraints in order to ensure inclusion property. If the
constraints are released, the identified model corresponds
to the minimal possible uncertainty, achieved with null
parameters, and has no sense.

• As the minimization of the model uncertainty is per-
formed on �, the input uncertainty is considered in the
model output expression in the identification process.

5  Illustrative example
In this part, the proposed identification method is applied on
the illustrative example given in [8], [7]. Given the data set
[8], [7] illustrated in Table 1, corresponding of �-cuts of level
0 of proposed fuzzy data set, the objective is to identify the
model parameters A0 and A1. 

Table 1: Observed data set and predicted one

The considered definition domain is D = [1.5, 13] and repre-
sented in Figure 9. This domain corresponds to a set of posi-
tive inputs, and, as discussed previously, the parameter A1 is
assumed to be positive too.
The identified parameters corresponding to the less imprecise
model according to the criterion J defined in (31) are:

(32)

In this case, the optimal value of uncertainty obtained is
.

The identified model output representation is given in Figure
9, whereas the predicted outputs are presented in Table 1.

Figure 9: Identified model representation.

As presented in Table 1, the main advantage of the proposed
approach compared to those presented in [7] and [8] is that
only one interval output corresponds to a considered input. In
Figure 9, it can be stated that the desired inclusion is respect-
ed.
Another advantage of the representation using the (Midpoint,
Radius) space for the interval inputs concerns the exploitation
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Ŷj
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of the model characteristics. According to (22), the output Ra-
dius evolution on � can be represented (see Figure 10). On the
axe (MX, RX = 0), i.e. the triangle basis, only the parameter
uncertainty is exhibited, whereas at the top of the triangle, the
output uncertainty is maximum, corresponding to the most
uncertain input in �, i.e. D. In this example (Figure 10), the
output radius is nearly constant on the basis of the triangle,
corresponding to the case of a nearly crisp parameter A1. The
output radius increasing on � is essentially due to the input
uncertainty. 

Figure 10: Identified model output Radius evolution.

The same analysis can be performed on the output Midpoint
evolution on �, corresponding to the global tendency of the
output on the domain.
In [8], the identified model, whose output respects the inclu-
sion statement, corresponds to a criterion value ,
according to (31). Its parameters are the following:

(33)

In fact, the vertical dimension � is introduced into the pro-
posed multiobjective optimization problem. It is known that
the higher the � value is set for optimization, the more uncer-
tain the identified model is and inclusion is respected for any
lower � levels. So, this compromise between higher level of
inclusion and lower uncertainty leads to the identification of
a model whose uncertainty is not minimal on the domain.
On the other hand, the proposed method in [7], which mini-
mizes deviations between observations and predictions with-
out constraining inclusion, leads to the identification of a
model which corresponds to a criterion value , and
whose parameters are:

(34)

It is obvious that guaranteeing the inclusion increase the mod-
el uncertainty.

6  Conclusion
In this paper, a revisited representation of interval regressive
model is proposed and used in an identification problem.
By adopting the Midpoint-Radius formalism for intervals, un-
certainty representation is improved. Applied to regressive
interval models, this formalism allows a better handling of the
input uncertainty in the definition domain establishment and
in the model output definition. In an identification problem,
based on the optimization of a linear expression of the model
output global uncertainty on its definition domain, the desired

inclusion is ensured.
Further work will focus on the extension of this approach to
fuzzy linear systems, by considering the vertical dimension �.
In the proposed space, a symmetrical trapezoidal fuzzy inter-
val can be interpreted by a zooming operation as illustrated in
the following Figure 11:

Figure 11: Midpoint-Radius representation of symmetrical 
trapezoidal fuzzy interval �-cuts.

A particular attention should be paid to the loss of linearity of
the membership function of the model output, due to the
fuzzy product between the input X and the parameter A1.
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Abstract— The aim of this paper is to study a predator-prey pop-
ulation model which takes into account the uncertainty that arises
when determining the initial populations of predator and prey . This
model is solved numerically by means of a 4

th-order Runge-Kutta
method. Simulations are made and a graphical representation is also
provided to show the evolution of both populations over time. In ad-
dition to that, a new phase-plane in this fuzzy setting, referred to
as fuzzy phase-plane, is introduced. The stability of the equilibrium
points is also described. Finally, this paper points out a new research
direction on fuzzy dynamical systems, especially in non-linear cases.

Keywords— Equilibrium points, Fuzzy predator-prey population
model, Fuzzy phase-plane, Fuzzy stability, Uncertainty.

1 Introduction
Nowadays, differential equations have proved a successful
modelling paradigm. In a wide range of disciplines, the be-
haviour of an idealised version of a problem under study has
been adequately described by one or more ordinary differen-
tial equations. Real-world problems, however, are pervaded
with uncertainty. According to Diniz et al. [1], the uncertainty
can arise in the experimental part, the data collection, the mea-
surement process, as well as when determining the initial con-
ditions. These are patently obvious when dealing with “liv-
ing” material, such as soil, water, microbial populations, etc.
In order to handle these problems, the use of fuzzy sets may
be seen as an effective tool for a better understanding of the
studied phenomena. It is therefore not surprising that there
is a vast literature dealing with fuzzy differential equations
(FDEs) for modelling this kind of perception. In the study of
differential equations in a fuzzy environment, the term fuzzy
differential equations is used for referring to differential equa-
tions with fuzzy coefficients, differential equations with fuzzy
initial values or fuzzy boundary values, or even differential
equations dealing with functions on the space of fuzzy inter-
vals (see [2, 3, 4, 5, 6, 7, 8]).

In population dynamics, Bassanezi et al. [9] have started
using FDEs to study the stability of fuzzy dynamical sys-
tems. The variables and/or the parameters in the systems un-
der consideration were supposed to be uncertain and mod-
elled by fuzzy sets. The authors have suggested a new def-
inition of fixed point: if f is a continuous function, then u

is a fixed point if f([u]α) = [u]α for α ∈ [0, 1], where
[u]α = [uα

1 , uα
2 ] = [minx∈[uα

1
,uα

2
] f(x),maxx∈[uα

1
,uα

2
] f(x)]

(see [9] for more details). According to Ortega et al. [10],
the proposed idea is not easy to implement in practice because
several details should be treated carefully. Guo et al. [11] have
adopted Hüllermeier’s approach [7] to establish fuzzy impul-
sive functional differential equations and some results were
applied in the logistic model and the Gompertz model. In [12],

the author has established existence and uniqueness results for
fuzzy functional differential equations. These results were ap-
plied in population models whose solutions define fuzzy in-
tervals. Recently, Peixoto et al. [13] have studied the fuzzy
predator-prey population model. The authors have elaborated
the classical deterministic model by means of a fuzzy rule-
based system. The fuzzy rule-based system considered in their
work consists of two inputs and two outputs. The fuzzy rule
base is given by 30 rules of the type: “If the number of preys is
large AND the potential of predation is very small, THEN the
variation of preys increase a little AND the variation of the po-
tential of predation increase a lot”. The words such as “large”,
“very small”, “increase a little” and “increase a lot” are mod-
elled by fuzzy sets. This might be a possible way to treat the
model in a fuzzy setting. In this paper, we propose a new way
of studying the fuzzy predator-prey population model. For this
purpose, we only consider the initial populations of predator
and prey to be fuzzy intervals.

2 Preliminary Concepts

In this section, let us first introduce the notations and some
theoretical background we will be using throughout this paper.
Denote F(R) = {U | U : R → [0, 1]}, where U satisfies the
following conditions:

1. U is normal: there exists x0 ∈ R such that U(x0) = 1;

2. U is convex: for x, y ∈ R and 0 ≤ λ ≤ 1, one has

U(λx + (1 − λ)y) ≥ min (U(x), U(y)) ;

3. U is upper semi-continuous: for any x0 ∈ R, one has

U(x0) ≥ lim
x→x

±

0

U(x);

4. [U ]0 = {x ∈ R | U(x) > 0} is a compact subset of R.

If U satisfies (1)–(4), then it is called a fuzzy interval. We can
define its α-cuts as follows:

[U ]α = {x ∈ R | U(x) ≥ α} , 0 < α ≤ 1

For a fuzzy interval U , its α-cuts are closed intervals in R. Let
us denote them by [U ]α = [uα

1 , uα
2 ].

In what follows, we introduce some results we adopt from [14]
concerning the notion of interactivity of fuzzy intervals.
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Definition 1 Two fuzzy intervals A and B are said to be in-
teractive fuzzy intervals if there exist q, r ∈ R, q �= 0, such
that their joint possibility distribution is given by

C(x1, x2) = A(x1) · χ{qx1+r=x2}(x1, x2)
= B(x2) · χ{qx1+r=x2}(x1, x2)

(1)

where χ{qx1+r=x2}(x1, x2) stands for the characteristic func-
tion of the line{

(x1, x2) ∈ R
2 | qx1 + r = x2

}
.

In this case we have

[C]α =
{
(x, qx + r) ∈ R

2 | x = (1 − t)aα
1 + taα

2 , t ∈ [0, 1]
}

where [A]α = [aα
1 , aα

2 ] and [B]α = q[A]α + r for any α ∈
[0, 1], and, finally

B(x) = A

(
x − r

q

)
for all x ∈ R.

Definition 2 Two fuzzy intervals A and B are said to be com-
pletely positively interactive if q is positive in (1).

0
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Figure 1: Completely positively interactive fuzzy intervals.

Definition 3 Let C be a joint possibility distribution with
marginal possibility distributions A and B, and let f : R

2 →
R be a continuous function. If A and B are interactive fuzzy
intervals, then the extension of f via C is defined as

f(A,B)(y) = sup
y=f(x1,x2)

C(x1, x2) , ∀y ∈ R. (2)

Remark 1 If A and B are non-interactive fuzzy intervals, that
is, their joint possibility distribution is defined by

C(x1, x2) = min (A(x1), B(x2)) ,

then (2) turns into the extension principle introduced by Zadeh
[15].

Definition 4 If A and B are two fuzzy intervals, then the dis-
tance D between A and B is defined as

D(A,B) = sup
α∈[0,1]

dH([A]α, [B]α)

where

dH([A]α, [B]α) =

max

{
sup

a∈[A]α
inf

b∈[B]α
d(a, b), sup

b∈[B]α
inf

a∈[A]α
d(a, b)

}

3 Two-Dimensional Autonomous Systems

In this section, we first consider a general two-dimensional
autonomous system with crisp initial values:{

x′(t) = f(x, y), x(t0) = x0

y′(t) = g(x, y), y(t0) = y0

(3)

where f, g : R
2 → R are continuous functions and x0, y0 ∈

R. This model is called an autonomous system because the
functions appearing on the right-hand side of (3) do not de-
pend on the independent variable t. Suppose that the initial
values in (3) are uncertain and modelled by fuzzy intervals,
then we have the following fuzzy autonomous system [16]:{

x′(t) = f(x, y), x(t0) = X0

y′(t) = g(x, y), y(t0) = Y0

(4)

where f, g : R
2 → R are continuous functions and X0, Y0 ∈

F(R) with [X0]
α = [xα

01, x
α
02] and [Y0]

α = [qxα
01+r, qxα

02+r]
for α ∈ [0, 1], q ∈ R

+ and r ∈ R. Here we assume that X0

and Y0 are completely positively interactive fuzzy intervals.
A solution to (4) can be approximated by any numerical

method existing in the literature. For any fixed value of t, the
solution is represented as a joint possibility distribution in the
xy-plane. As t varies, the solution traces out the joint pos-
sibility distributions in the plane. By plotting a collection of
such joint possibility distributions, we gain graphical insight
into the behaviour of solutions. In this paper, the set of joint
possibility distributions and the xy-plane are called fuzzy tra-
jectories and the fuzzy phase-plane, respectively.

4 Numerical Methods

In many cases, model (4) presented in Section 3 cannot be
solved analytically and therefore we need a numerical scheme
to approximate the exact solution. We consider the following
4th-order Runge-Kutta method:

xi+1 = xi +
h

6
[K1 + 2K2 + 2K3 + K4] (5)

yi+1 = yi +
h

6
[L1 + 2L2 + 2L3 + L4] (6)

where

K1 = f (xi, yi)

L1 = g (xi, yi)

K2 = f

(
xi +

h

2
K1, yi +

h

2
L1

)

L2 = g

(
xi +

h

2
K1, yi +

h

2
L1

)

K3 = f

(
xi +

h

2
K2, yi +

h

2
L2

)

L3 = g

(
xi +

h

2
K2, yi +

h

2
L2

)
K4 = f (xi + hK3, yi + hL3)

L4 = g (xi + hK3, yi + hL3)
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Since the arguments xi and yi on the right-hand side of (5) and
(6) are interactive, we can define new functions as follows:

Fh(xi, yi) = xi +
h

6
[K1 + 2K2 + 2K3 + K4] (7)

Gh(xi, yi) = yi +
h

6
[L1 + 2L2 + 2L3 + L4] (8)

By using the concept of interactivity of fuzzy intervals pro-
posed by Majlender [14], we have the following generalised
4th-order Runge-Kutta method for solving (4), where X0 and
Y0 are interactive fuzzy intervals.

Xi+1 = Fh(Xi, Yi) (9)

Yi+1 = Gh(Xi, Yi). (10)

The idea is that if Xi(u) ≥ α for some u ∈ R, then there exists
a unique v ∈ R that Yi can take. Furthermore, if u is moved to
the left (right), then the corresponding value (that Yi can take)
will also move to the left (right). Vice versa, if u is moved to
the left (right), then the corresponding value (that Yi can take)
will move to the right (left) [14]. From this explanation, we
can compute the numerical approximations as follows:

xα
1,i+1 = Fh(xα

1,i, y
α
1,i) (11)

xα
2,i+1 = Fh(xα

2,i, y
α
2,i) (12)

yα
1,i+1 = Gh(xα

1,i, y
α
1,i) (13)

yα
2,i+1 = Gh(xα

2,i, y
α
2,i) (14)

Our purpose here is to generate accurate approximations at
each α-cut. We begin by making a partition of the form t0 <

t1 < t2 < ... < tN−1 < tN = T on the interval [t0, T ].
This partition is uniformly spaced, that is the partition points
are ti = t0 + ih, i = 0, 1, 2, ..., N and the partition spacing
h = T−t0

N
> 0 is sufficiently small and we called it the step-

size or step-length.

5 Stability
In this section, we consider the following fuzzy autonomous
system in vector form [16]:

z
′(t) = f(z), z(t0) = Z0 (15)

where f : R
2 → R

2 and Z0 ∈ F(R2) is a joint possibility
distribution of which the marginal possibility distributions are
interactive fuzzy intervals.

Next, we give several definitions and sufficient conditions
for stability of the model studied.

Definition 5 A point ze is called an equilibrium point of (15)
at time t0, if for all t ≥ t0, it holds that f(ze) = 0.

This definition asserts that an equilibrium point ze is a con-
stant solution of (15), since f(ze) = 0 and thus z

′(t) = 0 at
such a point.

Lemma 1 If Z is joint possibility distribution and ze is an
equilibrium point, then

D(Z, ze) = sup
s∈[Z]0

d(s, ze)

Definition 6 An equilibrium point ze of (15) is defined to be
fuzzy stable if for all ε > 0, there exists δ > 0 such that if
D(Z(t0), ze) < δ then D(Z(t), ze) < ε for all t ≥ t0.

This definition states that all solutions of (15) that start “suf-
ficiently close” to an equilibrium point ze stay “close” to ze.
Note that this definition of fuzzy stability does not require the
solution to approach the equilibrium point.

Proposition 1 If an equilibrium point ze is stable, then it is
also fuzzy stable.

Definition 7 An equilibrium point ze of (15) is defined
to be asymptotically fuzzy stable if it is fuzzy stable and
there exists δ > 0 such that if D(Z(t0), ze) < δ then
limt→∞ D(Z(t), ze) = 0 for all t ≥ t0.

This definition asserts that solutions of (15) that start “suffi-
ciently close” to an equilibrium point ze not only stay “close”
to ze, but must eventually approach the equilibrium point ze

as t approaches infinity. Note that this is a stronger require-
ment than fuzzy stability, since the equilibrium point ze must
be stable before one can talk about whether or not it is asymp-
totically fuzzy stable.

Proposition 2 If an equilibrium point ze is asymptotically
stable, then it is also asymptotically fuzzy stable.

Definition 8 An equilibrium point ze of (15) is defined to be
fuzzy unstable if it is not fuzzy stable. Hence, there exists an
ε > 0 such that for any choice of δ > 0, there exists Z(t)
satisfying D(Z(t0), ze) < δ such that D(Z(t), ze) ≥ ε for
some t.

This definition states that all solutions of (15) that start “suffi-
ciently close” to an equilibrium point ze move away from ze

when t increases.

Proposition 3 If an equilibrium point ze is unstable, then it
is also fuzzy unstable.

6 Fuzzy Predator-Prey Population Model
Consider the following fuzzy predator-prey population model{

x′(t) = x − 0.1xy

y′(t) = −0.5y + 0.02xy

where the initial populations of prey and predator are inter-
active fuzzy intervals with q = 1 and r = −5, and they are
defined as follows, respectively:

X0 =




0, if x < 14,

x − 14, if 14 ≤ x < 15,

−x + 16, if 15 ≤ x < 16,

0, if x > 16

and

Y0 =




0, if y < 9,

y − 9, if 9 ≤ y < 10,

−y + 11, if 10 ≤ y < 11,

0, if y > 11
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First we find the equilibrium points of the model by setting
the derivatives equal to zero. One can note that the model has
two equilibrium points: (0, 0) and (25, 10). The equilibrium
point (0, 0) is uninteresting because there are no populations
to observe in the model. However, the second equilibrium
point is of interest. From the numerical approximation, we
can see that the point (25, 10) is fuzzy stable since the supports
of the joint possibility distributions move around the equilib-
rium point when t increases (see Fig. 4). This is true since
the prey population increases when the predator population is
minimum, and the prey population decreases when the preda-
tor population is maximal (see Figs. 2 and 3).
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Figure 2: The evolution of the predator population over time.
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Figure 3: The evolution of the prey population over time.
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Figure 4: Fuzzy phase-plane with direction field (N = 100,
t = 10, h = 0.1).

7 Conclusions
In this paper, we have proposed a new way of studying
predator-prey population models, which takes into account the

uncertainty that arises when determining the initial popula-
tions of predator and prey. By using the concept of interactiv-
ity of fuzzy intervals proposed by Majlender [14], we have de-
veloped a generalised numerical method, based on a 4th-order
Runge-Kutta method, to approximate the number of predators
and preys over time.
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Abstract—This paper proposes an algorithm for concept matching, 
applied in the ontology mapping domain. Basic idea is to seek the 
effective semantics embedded in the concept name by analyzing 
the context in which it appears. Through simple interactions with 
the known lexicon WordNet, the right meaning associated to a 
concept is unequivocally elicited by exploring their local semantic 
context, viz. the surrounding concepts.  

This approach reveals interesting results for the word sense 
disambiguation, when polysemy problems requires a semantic 
interpretation. 

 
Keywords— Semantic Web, concept matching, ontology 

mapping, WordNet, concept similarity.   

1 Introduction 
The Web comprises huge and disparate collections of 
information, whose size is estimated to overcome 11.5 
billion web pages [1], though the search engines do not seem 
to cover the whole size (for instance, Google indexes 
approximately 9 billion pages). The diffusion of the 
Semantic Web has promised new models to support 
integrated access to web resources and services as well as 
intelligent applications for information processing on the 
Web.  
Ontologies represents a conceivable solution for data 
representation as well as the knowledge sharing, aimed at the 
integration of the Web content in a unique and coherent 
view. Nevertheless, due to the decentralized nature of the 
Web, a plethora of ontologies has been defined and 
disseminated on the net; often they describe overlapped 
application domains; sometimes are specialized for specific 
domain.  
It is evident the exigency to find some semantic 
correspondence  among concepts which refer to different 
ontologies in order to get a "semantic reconciliation", aimed 
at establishing interoperability between semantic Web 
applications and a more homogeneous integration of 
information [22]. 
Ontology mapping has been proposed as an effective way of 
handling the semantic heterogeneity problem. It plays a 
central role in many application domains, such as e-
commerce, semantic web services matchmaking [22], 
information integration, query mediation [23], etc..   
It is the process that discovers a set of semantic 
correspondence between some entities of different 
ontologies. Many research studies have yield approaches and 
tools for (semi) automatic ontology matching [2], [3]; 
structural and linguistic matching has been taken into 

account; often combined approaches for the matching 
valuation provide efficient results too.  
This paper presents a simple approach to concept matching, 
based on the linguistic similarity. The main idea is to 
discriminate the effective meaning of a word by analyzing 
the context in which it appears, in order to overcome the 
polysemy problems and the lexical ambiguity. 
The approach achieves a primitive ontology mapping, by 
discovering semantic correspondences between concepts of 
two ontologies (implemented as graph-like structures). A 
graphical interface presents the discovered mapping. 
The paper is organized as follows. Section 2 sketches a state 
of art in the ontology matching domain. Section 3 introduces 
our approach, describing the basic algorithm and then in 
Section 4, implementation details and some relevant case 
studies are presented in order to validate its applicability. 
Finally, conclusions close the paper. 

2  Related works 

In the last years, ontologies are increasingly being used to 
support the integration of information. Yet, their diffusion in 
many Web areas emphasizes impressive heterogeneity 
among information sources and in particular in the formal 
model exploited to encode the domain conceptualizations.  

In literature, different types of heterogeneity have been 
identified, mainly split in the following classes.  

- Syntactic heterogeneity: represents the heterogeneity 
due to differences at the language level; for instance, 
when two ontologies are defined by using different 
knowledge representation formalisms even though 
the meaning is the same [4]. 

- Terminological heterogeneity: occurs when different 
names are given to similar ontology entities [6]. 

- Semantic heterogeneity: is often called conceptual 
heterogeneity. It occurs when the same domain of 
interest is modelled in different way, for instance, 
exploiting different types of axioms for defining 
concepts or just giving diverse expressive values to 
them [5].  

Many efforts have been done from the research communities 
to find a solution to the matching problem by developing a 
variety of tools and mostly providing a well-founded 
formalization [7, 8, 9].  Matching ontologies (or schemas) 
has been recognized as a critical operation in many 
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application domains. It takes as input two ontologies, each 
one consisting of a set of entities and produces as output the 
“connections” (which may represent equivalences or just 
relations such as consequence, subsumption, or disjointness) 
holding between these entities. 
Systems for ontology matching such as Cupid [11], 
OntoBuilder [10], Similarity Flooding [2], Clio [12], Glue 
[13], S-Match [3], OLA [14] and Prompt [15] aim at 
providing an alignment, namely a set of correspondences 
between semantically related entities of different ontologies. 
Finding the correspondences which are effective from the 
user’s viewpoint is often not easy.  
In [17] a tree-based classification of elementary matching 
approaches is given. At granularity level, matching 
techniques can be distinguished into the following 
classification criteria:  
–   Element-level vs. structure-level: Element-level matching 
techniques discover correspondences by analyzing entities or 
their relative instances, without considering their relations 
with other entities or their instances. Structure-level 
techniques instead compute correspondences by studying the 
structure in which the concepts or their instances appear 
[16]. 
– Syntactic vs. external vs. semantic: The syntactic 
techniques consider the input with regard to its sole 
structure, according to some well stated algorithm. On the 
other hand, external techniques exploit external resources 
(such as human support, thesaurus, etc.) and common 
knowledge in order to interpret the input [17]. Finally, 
semantic techniques use some formal semantics (i.e. model-
theoretic approaches) to interpret the input and justify their 
results.  Semantic matching [3] is based on the idea that 
labels at concept nodes, which are written in natural 
language, are translated into propositional formulas which 
codify the intended meaning of the labels themselves. This 
way the matching problem becomes a propositional 
unsatisfiability problem, which can then be efficiently 
implemented through propositional satisfiability (SAT) 
solvers [18]. 
Although many advances in the ontology matching research 
topic have been addressed, nevertheless, there are still open 
issues to investigate in order to get a more efficient and 
effective integration of ontology matching tools in the web 
applications domain. 

3 Ontology Matching 
The ontology matching problem can be seen as a problem of 
concept matching.  Two concepts match, if they are similar. 
In this section some formal notions are given to delineate a 
common background, useful to describe our ontology 
matching approach. Then the ontology matching method is 
detailed.  

3.1 Scope of a concept into an ontology 

Concept matching requires the evaluation of the similarity 
between two concepts. This approach aims at discovering 
linguistic similarities between the involved entities. In 

general, linguistic similarities are based on morphology and 
semantics, which are associated to the words that describe 
the relative entities. Thus, in this approach the similarity 
between two entities of different ontologies is evaluated not 
only by investigating the semantics of the entities names, but 
also taking into account the local context, through which the 
effective meaning is described. 
Often the same word placed in different textual contexts 
assumes completely different meanings. In addition, lexicons 
are not able to disambiguate situations in which homonyms 
occur.
In order to deal with lexical ambiguity, this approach 
introduces the notion of “scope” of a concept which 
represents the context where the concept is placed.  

Definition 1: Let O be ontology and c is a concept in O. The 
scope of c, with radius r, scope(c, r) is a set of all the 
concepts outgoing from c included in a path of length r, with 
centre c. More formally: 
 

�������� �	 
 ������ � ��� ������� ��	 � ����� 
 
where ������� ��	 is the number of edges that are in the path 
from concept c to concept c’. Let us note that ������� ��	 

������� 
 �� . 

 Figure 1 sketches the idea. The scope defines a round area 
composed of all concepts that are connected directly or 
indirectly to the central node. This area represents the 
context. Increasing the radius means to enlarge the scope 
(i.e. this area) and, consequently, the set of neighbour 
concepts that intervene in the description of the context.   
Fixed the radius of the scope of two concepts � and �,
belonging to different ontologies, our goal is to find out a 
semantic relationship exist between them.   

Definition 2. Let � be a concept in the ontology O. The 
concept name of �, a= label(�) is the linguistic label 
associated to the concept �. 

Definition 3. Given two concepts � , � belonging 
respectively to ontologies O and O’, let L be a lexicon and 
a= label(�)  and b= label(�). Then, let  lex (a, b) � [0, 1] be 
a lexical similarity associated to the pair of concept names  
(�, �), with ��O , ��O’. The set L is composed of all pairs, 
defined as follows: 
 

� 
 ��� ����� ��	��� � ��������� �	����������
� ��������� �	������ �!���� "	 # �	����

WordNet is the lexicon exploited in this approach. It is one 
of the most common lexical databases, used for research 
studies in computational linguistics, text analysis, etc.  The 
function lex(a, b) is the similarity metric.  
Many similarity functions have been implemented in the 
WordNet package. In particular, a measure specifically 
developed for WordNet is the similarity proposed by Wu 
and Palmer [19]. It is simple to compute and results an 
efficacy metric for ontology matching.   
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Figure 1: Intuitive idea of concept matching, exploiting the scope and the effective sense of the concept names 

The Wu-Palmer similarity is based on the observation that 
although two concepts near the root of a hierarchy are close 
to each other in terms of edges,  they can be very different 
semantically; conversely, two classes under one concept that 
are distant as number of edges, could be more similar 
conceptually. The idea is to find a common closest 
hyperonym in the path from them to the root. 
The principle of similarity computation between two nodes 
is based on the distance which separates these two nodes 
from the root node and the distance which separates their 
closest common ancestor from the root too.  
Let us assume that the arcs in ontology represent uniform 
distances (i.e. all the semantic edges have the same weight). 

Definition 4. Let c1 and c2 be two ontology elements in the 
ontology O. The distance between two nodes  �(c1, c2)  is 
represented by the minimum number of edges that connect 
them. 

Definition 5. Given an ontology O formed by a set of nodes 
and a root node R. Let c1 and c2 be two ontology concepts of 
which we will calculate the similarity. Then,  g is  the common 
ancestor of c and c’. The Wu–Palmer similarity is defined by 
the following expression[19]: 

��$��%� �&	 
 �
'� ( �)��*� +	��

)��%� +	 , )��&� +	
�

3.2 Concept Sense Discrimination 

Through the given definitions, it is possible to individuate 
the meaning of a name associated to an ontology concept. 
Given a word, WordNet provides a list of all the synsets and 
word senses, related to that word. Just to give an example, 

submitting the word “table” to WordNet, the result is the 
following list. 

The noun table has 6 sense (first 3 form tagged 
texts)

1. (57) table, tabular array -- (a set of data 
arranged in rows and columns; "see table 1") 

2. (25) table -- (a piece of furniture having a 
smooth flat top that is usually supported by 
one or more vertical legs; "it was a sturdy 
table")

3. (5) table -- (a piece of furniture with 
tableware for a meal laid out on it; "I 
reserved a table at my favorite restaurant") 

4. mesa, table -- (flat tableland with steep 
edges; "the tribe was relatively safe on the 
mesa but they had to descend into the valley 
for water") 

5. table -- (a company of people assembled at a 
table for a meal or game; "he entertained the 
whole table with his witty remarks") 

6. board, table -- (food or meals in general; 
"she sets a fine table"; "room and board") 

Let us note all the senses are ranked with respect to the 
frequency of the term (shown in the parenthesis for the first 
three senses) in the reference context (according to the 
spoken common sense). 
The following pseudo-code details the algorithm for 
discriminate the actual sense of a word associated to a given 
concept.  The algorithm takes as input an ontology O, a 
reference concept � in that ontology and a word w. The word 
w represents the name associated to the concept � (i.e. 
w=label(�)).  
Let us note the semantic difference between the concept (or 
class) in an ontology and the label associated to that concept.  
The algorithm replies to question like “I would like to know 
the effective sense of the word w, placed in the context (or 
scope) of the concept �”.   
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Algorithm1___________________________________ 
Input: Ontology O, concept � � O, radius r and the 
word w 

Output: sense number of w 

1: build an array N[|synset(w)|]; 
2: for each t1 in synset(w) 
3:    initialize N[senseNumber(t1)] = 0; 
4: for i = 1 to r 
5:      set M = �;   
6: for each c in scope(�,i) – scope(�,i-1)
7:         set S = �;  //set of similarity values
8: for each t2 in synset(label(c)) 
9:            sim = similarity_WP(t1, t2) 
10:           S = S U {sim}; 
11: end for each
12:
13:        set max = maximum in S; 
14:        max = max / |scope(�, i)|; 
15:        M = M U {max}; 
16: end for each
17:     set Sum = summation of all the values in M 
18:     Sum = Sum /i; 
19:     N[senseNumber(t1)] += Sum; 
20: end for
21: end for each
22: i1 = sense number with the highest
                               frequency in N. 
23: return i1 
____________________________________________ 

First step (line 1) is to declare a vector structure whose size 
corresponds to the number of synsets (or senses) associated 
to the given word w. Goal is to maintain in each cell of the 
vector a pertinence value that represents how much the word 
w is semantically related to that sense (or belongs to that 
synset).   
The algorithm selects all the concepts in the scope of �
(belonging to the reference ontology O) by varying the 
radius (lines 4-6), in order to get different set of terms. Then 
compute the Wu-Palmer similarity between two terms 
coming from the concept name of  � and the word w (line 9).   
Just to give an idea about how the algorithm works, let us 
look at Figure 2. For simplicity, let us suppose w = label(�)
= “Table”. The algorithm evaluates the similarity between 
all the terms coming from both the WordNet synset of 
“Table” and the scope of concept “Table” in the ontology.  
In particular, Figure 2 shows the flat ring shaped areas in 
different colours, by varying the radius.  
For each concept c in the ring shaped area (computed as the 
difference of the areas between two successive radii, see line 
6), the max similarity values between the name associated to 
c and a concept name in synset of � are maintained in M 
(line 15). 
At the end of the two loops (lines 6-11) the variable Sum
contains the sum of all the max similarity values computed 
for each couple of terms coming from the fixed term t1 of 
synsets of �  and all the terms in the synset of w.
The Sum is “weighted” with respect to the current radius 
(line 18). The final value of Sum is added to the value stored 
in the cell associated to the sense of some term t1. This is 
repeated for each t1 in the synset of w.  At the end, in each 
cell of the vector N there is a value, associated to each term 
in the synset of w.

Figure 2.  A sketched ontology and the scope of concept 
“Table” at different radius r.  

The index of the vector cell, whose value is the maximum, 
represents the sense number to give as output. 
Applying the algorithm on the ontology of Figure 2, the 
retuned index value is 5. 
Abstractly speaking, the approach helps the user to 
individuate the right meaning of a word, given the context.  

3.3 Ontology mapping 

As said, the ontology mapping outlines correspondences or 
matches between concepts coming from two different 
ontology. In this approach, the concept matching is 
measured by computing a similarity between concepts at 
linguistic level.   
The algorithm described in the previous section has been 
exploited to evaluate the concept matching. More formally, 
given two ontologies O e O’ and two concepts c and c’,
belonging respectively to these two ontologies, there is a 
match between c and c’ if a similarity between them exists, 
computed as follows: 

1. Algorithm1 is invocated twice: one time it takes as 
input the concept c and the ontology O and another 
time, by giving the concept c’ and the ontology O’.
Outputs of these two independent executions of 
Algorithm1 are two indexes, i  for the synset of c
and i’ for the synset of c’. As said, they identify the 
sense number associated to each concept.  

2. Once discovered the sense of involved concepts, the 
affinity between the concepts is computed by a 
similarity measure (for instance, the Wu-Palmer 
similarity defined in Section 3.1) between c and c’.

In order to obtain all the semantic correspondences among 
the concepts in the two ontologies, this procedure can be 
applied for each couple of concepts coming from two 
reference ontologies. Final result is an ontology mapping; a 
similarity value is assigned to each discovered 
correspondence between concepts in the two ontologies. 
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Figure 3.  Ontology Mapping GUI 

4 User interface and application details  

The algorithm has been implemented in Java language. It 
exploits Java WordNet Similarity Library (JWSL) [20]  for 
accessing the WordNet database. JSWL implements the 
most commons similarity and relatedness measures between 
words and get information about synsets.
A simple graphical interface has been designed for the user 
interaction (see Figure 3).  It has been implemented by 
exploiting Graphviz library [21]. It is an open source graph 
visualization software which provides several main graph 
layout programs.  
Let us note the ontologies have been represented (and 
implemented) as graphs, whose nodes represent the concepts 
whereas the edges connects two nodes when a relationship 
exists between them. In this version, a restriction on just 
hierarchies or taxonomies (i.e. only IS-A relationships) is 
considered. 
The user can load the two ontologies and the final mapping 
is drafted in the Ontology Graph View panel (see Figure 3).  
The correspondences discovered by the mapping are 
sketched in Figure 3 as dotted lines between the concepts. A 
weight (value of similarity) is associated to each arc.  
Figure 3 shows on the right hand of the interface, a sliding 
bar for setting the similarity threshold. Moving the cursor, 
the threshold is modified, returning in the graph view panel 
just the arcs whose similarity values are greater than this 
threshold.   
Moreover, when the user clicks on a concept (node) in the 
graph view panel, all its connections with other concepts and 
the relative similarity values are shown on the left of the 
interface.  

4.1 Some case studies  
The algorithm has been applied on some sketched 
ontologies.  The application acquires the ontologies in OWL 

format, although this prototypal version is limited to work on 
hierarchical structure.  
In the interface of Figure 3, a simple example of ontology 
mapping is shown. The case study has been built ad-hoc; just 
the relevant portions of two ontologies are shown.  
The Ontology1 (in blue color in Figure 3) is described by the 
concepts named “Object”,  “Vehicle” and “Car” , whereas 
the Ontology2 (green color) is composed of the concept with 
names “Thing”, “Automobile” and “Motor”.  
The application adds an arc between two concepts of 
different ontologies, when a similarity value (in the range [0, 
1]) is found.  
Let us note there exists an arc between the concept names 
“Vehicle” and “Automobile” with an high similarity (0.96), 
but  the arc between “Vehicle” and “Motor” is not inserted in 
the graph view, because the similarity between these concept 
names assumes values lower than the selected threshold.  
Similar considerations can be done on the ontology mapping 
shown in Figure 4 (although the GUI is not shown).  
Two ontologies are drafted in different colors. Both of them 
describe a similar domain (the living beings). 

Figure 4: Example of Ontology Matching on the human 
beings domain.  
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Figure 5: No concept matching occurs between these two 
ontologies, due to different meanings of the reference 
ontology domains.  

Because the ontologies present concepts with similar names 
and meanings, the similarity values on the added arcs (in 
red) are equal to 1 (the maximum similarity). 
Finally, Figure 5 shows a case of no concept match. The two 
ontologies share the same concept name “Table”, but the 
reference context is completely different.  In fact,  
Algorithm1 returns the sense number 5 for the ontology on 
the left (colored blue) and the sense number 1 for the 
ontology on the right, respectively (see Section 3.2 for 
details). Thus no arcs can be placed between them. 
Let us note, in the example in Figure 5, the node with 
concept name “Number” is disconnected by the others, 
because the algorithm does not analyzes the OWL ontology 
relationships that are not hierarchical. 

5 Conclusions
The paper describes a study for ontology mapping based on 
the discovering of linguistic similarity. A graphical interface 
allows the user to see the final mapping, presenting a 
similarity value for each discovered concept matching.  
This algorithm represents an initial version of an ontology 
matching method and needs some extension for processing 
all the ontology relationships. Its efficacy would be visible if 
it was exploited in combination with structure based 
ontology matching. Further developments are addressed to 
reach these issues. Nevertheless, its applicability may not 
restricted to ontology matching problems. The basic 
algorithm could be used for Information Retrieval problems, 
for instance when the textual analysis requires the word 
sense disambiguation. The context of a word could be 
described by defining a “sliding window” on the text 
surrounding the analyzed word, in order to discover its 
appropriate sense.  Furthermore, the algorithm could be 
exploited for discriminating common sense words, in 
specialized contexts where the word meaning depends on the 
application domain (or the reference ontology). 
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Abstract— We propose a new, human consistent method for the
evaluation of similarity of time series that uses a fuzzy quantifier base
aggregation of trends (segments), within the authors’ (cf. Kacprzyk,
Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk, Wilbik [7, 8, 9]) ap-
proach to the linguistic summarization of trends based on Zadeh’s
protoforms and fuzzy logic with linguistic quantifiers. The results ob-
tain are very intuitively appealing and justified by valuable outcomes
of similarity analyses between quotations of an investment fund and
the two main indexes of the Warsaw Stock Exchange.

1 Introduction

Among various application areas of advanced data mining and
knowledge discovery tools and techniques, all kinds of finance
related areas are of primordial and growing importance. For
instance, in an interesting statistical report [10] on top data
mining applications in 2008, the first two positions are, in the
sense of yearly increase:
• Investment/Stocks, up from 3% of respondents in 2007 to
14% of respondents in 2008% (350% increase),
• Finance, up form 7.2% in 2007 to 16.8% in 2008 (108% in-
crease).
This trend will presumably continue in view of serious dif-
ficulties on financial/investment market which is expected to
continue well after 2009.

This paper is a continuation of our previous works (cf.
Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk,
Wilbik [7, 8, 9]) which deal with the problem of how to effec-
tively and efficiently support a human decision maker in mak-
ing decisions concerning investments. We deal mainly with
investments in investment (mutual) funds. Clearly, decision
makers are here concerned with possible future gains/losses,
and their decisions is related to what might happen in the fu-
ture. However, our aim is not the forecasting of the future
daily prices, which could have been eventually used directly
for a purchasing decision. Instead, in our works, we follow a
decision support paradigm, that is we try to provide the de-
cision maker with some information that can be useful for
his/her decision on whether and how many units to purchase.
We do not intend to replace the human decision maker.

This problem is very complex. First of all, there may be two
general approaches. The first one, which may seem to be the
most natural is to provide means to derive a price forecast for

∗Partially supported by the Ministry of Science and Higher Edu-
cation Grant no. NN 516 4309 33.

an investment unit so that the decision maker could “automati-
cally’ purchase what has been forecast, and as much as he/she
could afford. Unfortunately, the success in such a straightfor-
ward approach is much less than expected. Basically, statis-
tical methods employed usually for this purpose are primitive
in the sense that they just extrapolate the past and do not use
domain knowledge, intuition, some inside information, etc. A
natural solution may be to try to just support the human deci-
sion maker in making those investment decisions by providing
him/her with some additional useful information, and not get-
ting involved in the actual investment decision making.

Various philosophies in this respect are possible. Basically,
from our perspective, the following one will be followed. In
all investment decisions the future is what really counts, and
the past is irrelevant. But, the past is what we know, and the
future is (completely) unknown. Behavior of the human being
is to a large extend driven by his/her (already known) past
experience. We usually assume that what happened in the past
will also happen (to some, maybe large extent) in the future.
This is basically, by the way, the very underlying assumption
behind the statistical methods too!

This clearly indicates that the past can be employed to help
the human decision maker find a good solution. We follow
here this path, i.e. we present a method to subsume the past, to
be more specific the past performance of an investment (mu-
tual) fund, by presenting results in a very human consistent
way, using natural language statements.

It should be noted that this line of reasoning has often been
articulated by many well known investment practitioners, and
one can quote here some more relevant opinions. In any in-
formation leaflets of investment funds, one may always notice
a disclaimer stating that “Past performance is no indication of
future returns” which is true. However, on the other hand, for
instance, in a well known posting “Past Performance Does Not
Predict Future Performance” [11], they state something that
may look strange in this context, namely: “. . . according to an
Investment Company Institute study, about 75% of all mutual
fund investors mistakenly use short-term past performance as
their primary reason for buying a specific fund”. But, in an
equally well known posting “Past performance is not every-
thing” [12], they state: “. . . disclaimers apart, as a practice in-
vestors continue to make investments based on a schemes past
performance. To make matters worse, fund houses are only
too pleased to toe the line by actively advertising the past per-
formance of their schemes leading investors to conclude that
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it is the single-most important parameter (if not the most im-
portant one) to be considered while investing in a mutual fund
scheme”.

As strange as this apparently is, we may ask ourselves why
it is so. Again, in a well known posting “New Year’s Eve: Past
performance is no indication of future return” [13], they say
“. . . if there is no correlation between past performance and
future return, why are we so drawn to looking at charts and
looking at past performance? I believe it is because it is in our
nature as human beings . . . because we don’t know what the
future holds, we look toward the past . . . ”.

And, continuing along this line of reasoning, we can find
many other examples of similar statements supporting our po-
sition. For instance, Myers [14] says: “. . . Does this mean
you should ignore past performance data in selecting a mu-
tual fund? No. But it does mean that you should be wary
of how you use that information . . . While some research has
shown that consistently good performers continue to do well
at a better rate than marginal performers, it also has shown a
much stronger predictive value for consistently bad perform-
ers . . . Lousy performance in the past is indicative of lousy
performance in the future. . . ”. And, further: Bogle [15] states:
“... there is an important role that past performance can play in
helping you to make your fund selections. While you should
disregard a single aggregate number showing a fund’s past
long-term return, you can learn a great deal by studying the
nature of its past returns. Above all, look for consistency.”.
In [16], we find: ”While past performance does not necessar-
ily predict future returns, it can tell you how volatile a fund
has been”. In the popular “A 10-step guide to evaluating mu-
tual funds” [17], they say in the last, tenth, advise: “Evaluate
the funds performance. Every fund is benchmarked against an
index like the BSE Sensex, Nifty, BSE 200 or the CNX 500 to
cite a few names. Investors should compare fund performance
over varying time frames vis-a-vis both the benchmark index
and peers. Carefully evaluate the funds performance across
market cycles particularly the downturns”.

One can give many more quotations from all kinds of in-
vestment guides, analyses, etc. by leading experts. Virtually
all of them emphasize the importance of looking at the past
to help make future decisions. Moreover, they also generally
advocate a more comprehensive look in the sense that what
might be useful would rather be not particular single values
but some deeper meaning, even nature of past behavior and
returns.

We have followed this line of reasoning in our past papers
(cf. Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk,
Wilbik [7, 8, 9]), i.e. to try to find a human consistent, fuzzy
quantifier based scheme for a linguistic summarization of the
past in terms of various aspects of how the time series rep-
resenting daily quotations of the investment fund(s) behave.
However, we have mainly concentrated on a sheer absolute
performance, i.e. the time evolution of the quotations them-
selves. This may be relevant, and sometimes attractive to the
users who can see a summary of their gains/loses and their
temporal evolution.

However, for many more detailed analyses we need to re-
late the performance of an investment fund to the performance
(time evolution) of some benchmark(s) against which the par-
ticular investment fund is to be compared, as stated in its

prospectus. These benchmarks are usually some stock ex-
change indexes, or a composition thereof.

One of more interesting and relevant questions that may
be posed by both a professional analyst or a customer whose
money is being invested may be: how similar was the temporal
evolution of quotations of the particular investment fund and
its benchmark(s)? This has clearly to do with the measuring
of similarity of time series.

The problem of similarity of time series or finding simi-
lar subsequences of time series is an important issue in many
problems, e.g., in indexing [18, 19], clustering [20] or mo-
tif discovery [21, 22]. A similarity measure should allow
for the imprecise match, i.e., should indicate time series se-
quences that are similar to some extent. Moreover, the algo-
rithm should be very efficient [23], as we may consider very
long time series.

Different approaches to the similarity measures of time se-
ries were considered and proposed in the literature. A sim-
ple solution is to view each sequence as a point in an n-
dimensional Euclidean space, where n is the length of the
segment (trend). The similarity or dissimilarity is based on
the Euclidean distance, and computed as the norm in this
space [24]. This approach can be used for various time se-
ries but normally some extensions should be applied provid-
ing various transformations such as scaling or shifting were
proposed [21].

Another methods use, for instance, the Dynamic Time
Wraping (DTW) [19] and Longest Common Subsequence
(LCS) measures [24], and they allows gaps in sequences. They
are successfully used in other domains such as speech recog-
nition and text pattern matching [25].

Other approaches developed for similarity search in time
series data are based on dimension reduction. This can be
achieved in numerous ways, e.g. using the Discrete Fourier
Transform (DFT) [23], wavelets [26], etc.

One can also mention here approaches based on the piece-
wise linear representation of time series [27]. In this approach
time series are represented by segments (trends), not the par-
ticular values. The method proposed here falls into this cate-
gory.

In this paper we propose new method of calculating the sim-
ilarity of time series; as we have already indicated, this con-
cerns the quotations of an investment fund and some bench-
mark. The degree of similarity of two time series is meant
here as the degree to which, for instance, “most” of the long,
overlapping segments are similar (for instance, such that “al-
most all” of their features are similar). Notice that this has
very much to do with a soft definition of consensus meant
as a degree to which, for instance, “most of the important
individuals agree as to almost all of the relevant options”.
This was introduced by Kacprzyk and Fedrizzi [28, 29, 30],
Kacprzyk, Fedrizzi and Nurmi [31], and recently by Kacprzyk
and Zadrożny [32] and has been found useful in many areas.

We will now discuss first the segmentation of time series, as
the similarity will proceed in terms of segments (trends), not
all the consecutive values. Then, we will propose some new,
linguistic quantifier based measures of similarity, followed by
examples on real data, and conclusions.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1322



2 Segmentation of time series
In our approach (cf. Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4,
5, 6] or Kacprzyk, Wilbik [7, 8, 9]) we summarize the trends
(segments) extracted from a time series, and we have to ex-
tract these segments assumed to be represented by a frag-
ment of a straight line. There are many algorithms for a
piecewise linear segmentation of time series, including, e.g.,
on-line (sliding window) algorithms, bottom-up or top-down
strategies (cf. Keogh [33, 34]). We may either divide the
time series into k segments (using, e.g., bottom-up or top-
down strategies), where k is specified by the user, or divide
it so that the maximum error for any segment does not ex-
ceed some threshold value ε, also specified by the user. In
our works [1, 2, 3, 4, 5, 6, 7, 8, 9] we used a simple on-line
algorithm, a modification of one proposed by Sklansky and
Gonzalez [35] in the contest of image analysis. The method
is simple and fast, and fully satisfies our needs though many
other methods are possible.

Our algorithm constructs the segments so that the maximum
distance between the segment line and the observed time point
is smaller than a user specified ε value. It works by construct-
ing the intersection of cones starting from point pi of the time
series and including a circle of radius ε around the subsequent
data points pi+j , j = 1, 2, . . ., until the intersection of all
cones starting at pi is empty. If for pi+k the intersection is
empty, then we construct a new cone starting at pi+k−1. Fig-
ure 1 present the idea of the algorithm. The family of possible
solutions is indicated as a gray area. Clearly other algorithms
can also be used, and there is a lot of them in the literature (cg.
[18, 36]).

(a) the intersection of the cones
is indicated by the dark grey
area

(b) a new cone starts in point p2

Figure 1: Illustration of the segmentation algorithm used

To present details of the algorithm, let us first denote:
• p_0 – a point starting the current cone,
• p_1 – the last point checked in the current cone,
• p_2 – the next point to be checked,
• Alpha_01 – a pair of angles (γ1, β1), meant as an interval,
that defines the current cone as shown in Figure 1(a),
• Alpha_02 – a pair of angles of the cone starting at the point
p_0 and inscribing the circle of radius ε around the point p_2
(cf. (γ2, β2) in Figure 1(a)),
• function read_point() reads a next point of data series,
• function find() finds a pair of angles of the cone starting
at the point p_0 and inscribing the circle of radius ε around
the point p_2.

A pseudocode of the algorithm that extracts trends is de-
picted in Figure 2.

read_point(p_0);
read_point(p_1);
while(1)
{

p_2=p_1;
Alpha_02=find();
Alpha_01=Alpha_02;
do
{

Alpha_01 = Alpha_01 ∩ Alpha_02;
p_1=p_2;
read_point(p_2);
Alpha_02=find();

} while(Alpha_01 ∩ Alpha_02 �= ∅);
save_found_trend();
p_0=p_1;
p_1=p_2;

}

Figure 2: Pseudocode of the modified Sklansky and Gonza-
lez [35] algorithm for extracting trends

The bounding values of Alpha_02 (γ2, β2), computed by
functionfind() correspond to the slopes of two lines that (1)
are tangent to the circle of radius ε around point p2 = (x2, y2)
and (2) start at the point p0 = (x0, y0). Thus

β2, γ2 = arctg

∆x · ∆y −±ε

√
(∆x)2 + (∆y)2 − ε2

(∆x)2 − ε2


where ∆x = x0 − x2 and ∆y = y0 − y2.

The resulting linear ε-approximation of a group of points
p_0, . . . ,p_1 is either a single segment, chosen as, e.g., a
bisector of the cone, or one that minimizes the distance (e.g.,
the sum of squared errors, SSE) from the approximated points,
or the whole family of possible solutions, i.e., rays of the cone.

This method is effective and efficient as it requires only
a single pass through the data. From now on we will iden-
tify (partial) trends with the line segments of the constructed
piecewise linear function.

3 Linguistic summarization of time series
First, we will outline the very essence of our approach to the
linguistic summarization of time series which is based on the
two types of protoforms of linguistic summaries of trends:
• a short form:

Among all segments, Q are P (1)

e.g.: “Among all segments, most are slowly increasing”.
• an extended form:

Among all R segments, Q are P (2)

e.g.: “Among all short segments, most are increasing”.
whose truth values are, respectively:

T (Among all y’s, Q are P ) = µQ

(
1

n

n∑
i=1

µP (yi)

)
(3)

T (Among all Ry’s, Q are P ) = µQ

(∑n

i=1 µR(yi) ∧ µP (yi)∑n

i=1 µR(yi)

)
(4)

where ∧ is the minimum operation (more generally it can be
another appropriate operator, notably a t-norm).
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For more information on this approach, and on the advan-
tages of using protoforms as general forms of linguistic sum-
maries, see Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or
Kacprzyk, Wilbik [7, 8, 9].

4 A new fuzzy quantifier based method for the
evaluation of similarity of time series

The degree of similarity of two time series is meant here as
the degree to which, say “most” of the long, simultaneous seg-
ments are similar (i.e., “majority” of their features are similar).

The time series is represented by its segments (trends).
Each segment is described by the following four values:
• starting time, called here a partition point,
• duration of the segment (expressed in time units),
• dynamics of change (expressed as the slope of the segment),
• variability occurring in the segment, describing the variabil-
ity of differences between the trend (segment line) and the
particular time series values over the duration of this trend.

Let us assume, we wish to compare two time series A and
B. As the result of the segmentation procedure time series A

was divided into k segments, represented by aj , j = 1, . . . , k

and time series B was divided into l segments, represented by
bj , j = 1, . . . , l.

Next we create the set of partition points of the two time
series considered, i.e. this set contains the time points when
at least one segment has started. There are at most k + l such
partition points. Those times are sorted, so that the earlier ones
come first.

Now between any consecutive partition points (e.g. pi and
pi+1) there is only one segment (or a part of it) of each time
series. We may denote those segments as api and bpi , i.e.,
api is the segment representing time series A that take place
between pi and pi+1. Now we can compute the similarity of
such simultaneous segments.

We compute the degree of similarity of two segments
(trends), as the degree to which “most” of their features are
similar. Here we consider for simplicity the three features
only: duration, dynamics and variability. The values of the
features of segment api are durapi

for duration, dynapi
for

dynamics, and varapi
for variability. Rdur, Rdyn and Rvar

are the ranges of possible values of duration, dynamics and
variability. The degree of similarity of segments api and bpi

with respect to duration is computed as

simdur(api , bpi) = µdur
sim

(
|durapi

− durbpi
|

Rdur

)
(5)

Similarly, separate functions can be defined for the similarity
for each feature, here µ

dyn
sim and µvar

sim. Let µQ1
(.) be the mem-

bership function of quantifier “most”, i.e regular, nondecreas-
ing and monotone. Thus the degree of similarity of segments
api and bpi is computed as

sim(api , bpi) = µQ1

(
wdur

(
µ

dur
sim

(
|durapi

− durbpi
|

Rdur

))
+

+ wdyn

(
µ

dyn
sim

(
|dynapi

− dynbpi
|

Rdyn

))
+

+ wvar

(
µ

var
sim

(
|varapi

− varbpi
|

Rvar

)))
(6)

where wdur + wdyn + wvar = 1, here all are equal, wdur =
wdyn = wvar = 1

3
.

Next, to obtain the similarity of A and B, we need to ag-
gregate above similarity values between the overlapping seg-
ments, and again we use a linguistic quantifier driven aggre-
gation.

sim(A, B) = µQ

(∑n

i=1

pi+1−pi

T
sim(api , bpi)∑n

i=1

pi+1−pi

T

)
(7)

where pi+1 − pi is the difference between the two consecu-
tive partition points pi and pi+1, and T is the total time span
considered.

As
∑n

i=1
pi+1 − pi = T we may simplify this formula and

we obtain

sim(A, B) = µQ

(
n∑

i=1

pi+1 − pi

T
sim(api , bpi)

)
(8)

5 Numerical results
The method proposed in this paper was tested on data on quo-
tations of an investment (mutual) fund that invests at most
50% of assets in shares listed at the Warsaw Stock Exchange
(WSE). We have used two benchmark time series, the index
of WSE companies (WIG), that is the benchmark for this fund
mentioned in the fund prospectus, and the index of 20 biggest
and most liquid companies (WIG20). More information can
be found on the WSE Web page (http://www.gpw.pl).

Data shown in Fig. 3 were collected from the beginning of
2007 until the end of 2008 (501 quotations); notice that one
can see when world wide financial problems begun. They are
measured in different units, and in order to compare them, we
have scaled them using the following formula. The new value
of the quotation

v̄i =
vi − v0

v0

10 + 10

where v0 is the quotation value of the first observation, i.e. on
January, 2, 2007. Those scaled time series may be interpreted
as the amount of money that would be earned if we invested
PLN 10 (PLN stands for the Polish Zloty) in the mutual fund
or stocks of the index on January 2, 2007.

Figure 3: Daily quotations of an investment fund considered
and the WIG and WIG20 indexes

The value of the mutual fund time series was equal PLN
5.28 at the end of the time span considered. The minimal value
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recorded was PLN 4.63 while the maximal one during this
period was PLN 12.86.

The values of the benchmark time series were equal to PLN
5.46 and PLN 5.61 at the end of the time span considered for
the WIG and WIG20, respectively. The minimum value of
WIG recorded was PLN 4.71 while the maximum one during
this period was PLN 13.20. The minimum and maximum val-
ues for WIG20 were PLN 4.62 and PLN 11.70, respectively.

Using the modified Sklansky and Gonzalez algorithm
(cf. [2]) and ε = 0.25 we obtained 43 extracted trends (seg-
ments) for the fund time series, 51 for the WIG time series and
49 for the WIG 20 time series.

We can describe each time series independently using lin-
guistic summaries of time series (cf. Kacprzyk, Wilbik,
Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk, Wilbik [7, 8, 9]).
As those data sets serve only the purpose of example and are
small, we applied the granulation with 3 labels for each feature
only, namely decreasing, constant and increasing for the dy-
namics of change; short, medium length and long for duration
and low, moderate and high for the variability.

The summaries obtained for the fund time series along with
their truth values T are shown in Table 1.

Table 1: Linguistic summaries for the mutual fund time series
linguistic summary T
Among all y, most are constant 1
Among all medium y, most are constant 1
Among all moderate y, most are constant 1
Among all low y, most are constant 1
Among all medium and moderate y, most are con-
stant

1

Among all medium and low y, most are constant 1
Among all long y, most are constant 1
Among all long and moderate y, most are constant 1
Among all short y, most are low 0.8107
Among all short y, most are constant 0.7819
Among all moderate y, most are medium 0.7462
Among all moderate y, most are medium and con-
stant

0.7462

Among all long y, most are constant and moderate 0.7302
Among all long y, most are moderate 0.7302
Among all long and constant y, most are moderate 0.7302

The summaries obtained for the WIG index time series
along with their truth values T are shown in Table 2.

Table 2: Linguistic summaries for the WIG index time series
linguistic summary T
Among all y, most are constant 1
Among all medium y, most are constant 1
Among all low y, most are constant 1
Among all moderate y, most are constant 1
Among all medium and low y, most are constant 1
Among all medium and moderate y, most are con-
stant

1

Among all long y, most are constant 1
Among all short and moderate y, most are constant 1
Among all short y, most are constant 0.9950
Among all short and low y, most are constant 0.7856

The summaries obtained for the WIG20 index time series
along with their truth values T are shown in Table 3.

Table 3: Linguistic summaries for the WIG20 index time se-
ries

linguistic summary T
Among all y, most are constant 1
Among all y, most are constant and low 1
Among all y, most are low 1
Among all constant y, most are low 1
Among all low y, most are constant 1
Among all medium y, most are constant 1
Among all medium y, most are constant and low 1
Among all medium y, most are low 1
Among all medium and constant y, most are low 1
Among all medium and low y, most are constant 1
Among all short y, most are low 1
Among all short and constant y, most are low 1
Among all long y, most are constant 1
Among all long y, most are constant and low 1
Among all long y, most are low 1
Among all long and constant y, most are low 1
Among all long and low y, most are constant 1
Among all short and low y, most are constant 0.9713
Among all short y, most are constant 0.9465
Among all short y, most are constant and low 0.8850
Among all constant y, most are medium 0.7333

The degree of similarity between the fund quotation time
series and the WIG time series is equal 0.8622, while the de-
gree of similarity of the fund quotation time series and the
WIG20 time series is equal to 0.7529. This result clearly con-
firms our intuition. This may be viewed, on the one hand, as
a proof of usefulness of our method, and on the other hand is
quite natural because the investment fund considered in based
on the WIG index. Luckily enough, the similarity with the
WIG20 index, that of the biggest and most liquid companies,
is also at a similarly high level.

6 Concluding remarks
We have proposed a new, human consistent method for the
evaluation of similarity of time series, within our approach to
the linguistic summarizatioon of time series that uses a fuzzy
quantifier based aggregation of trends. The results obtained
are very intuitively appealing. This is justified by the analysis
of similarity between quotations of an investment fund and the
two main indexes of the Warsaw Stock Exchange, WIG and
WIG20. It also seems that a relation to natural language gener-
ation (NLG), along the lines of Kacprzyk and Zadrożny [37],
may be very promising.
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Abstract— In this paper we present a procedure to deal with a
kind of single-stage decision problems with imprecise utilities. In
this type of problems the product measurability of the utility function
is not required. So that, the involved expectations are calculated by
means of iterated integrals instead of integrals over product spaces.

Keywords— Bayesian decision analysis, Iterated expectation,
Kudo-Aumann’s integral, Random upper semicontinuous function,
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1 Introduction
There are situations in which product measurability of cer-
tain mappings is not satisfied, but iterated integrals are well-
defined (see [10]). This type of situations appear in single-
stage decision problems where we need conditions which al-
lows us to exchange iterated expectations in order to perform
a Bayesian analysis. This paper studies the case of Bayesian
analysis of single-stage decision problems with imprecise util-
ities and non product-measurable utility funtion.

Several studies have been developed before to evaluate im-
precise utilities, see for instance Watson et al. [27], Tong and
Bonissone [26], Dubois aand Prade [7, 8, 9], Gil and Jain [11],
Billot [1], Chen and Klein [3], Gil et al. [13], Krätschmer [16],
Bordley [2], Rébillé [22] or Rodrı́guez-Muñiz and López-Dı́az
[25].

Here we model the imprecise utilities by means of fuzzy-
valued utility functions (based on the concept of random upper
semicontinuous functions or fuzzy random variable). How-
ever, only in [25] the non-product measurable case has been
analyzed for this type of furrzy utilities, based on the theoreti-
cal results on iterated integrals of random upper semicontinu-
ous functions given in [24].

In this paper we gather theoretical and applied results about
how to deal with the type of problems referred above.

The paper is organized as follows: Preliminaries and nota-
tion constitutes Section 2, Section 3 contains theoretical re-
sults and Section 4 gather the statistical decision analysis re-
sults.

2 Preliminaries
Let us consider Kc the class of nonempty compact convex sub-
sets of R, endowed with a semilinear structure by means of the
Minkowski addition and the product by a scalar. Also, con-
sider the Hausdorff metric on Kc (see [6]). On a measurable
space (Ω,A) we can define S : Ω → Kc a randon set as a
A|BdH

-measurable mapping ([14]).
A random set S is said to be integrably bounded with re-

spect to measure µ, if ‖S‖ ∈ L1(Ω,A, µ), where ‖S‖(ω) =

supx∈S(ω) ‖x‖. The integral, or expected value in case of µ
being a probability, of S, is given by the Kudo-Aumann inte-
gral and it will be denoted either by

∫
Ω

S(ω) dµ(ω) or E(S|µ)
([14]).

Let Fc denote the class of upper semicontinuous functions
or fuzzy sets U : R → [0, 1] such that Uα ∈ Kc for all α ∈
[0, 1], where Uα = {x ∈ R : U(x) ≥ α} for α ∈ (0, 1], and
U0 = cl {x ∈ R : U(x) > 0}, cl denoting the topological
closure.

The class Fc can be endowed with a semilinear structure,
where addition and product by a scalar can be defined by
means of Zadeh’s extension principle ([28, 19]). On Fc we
consider the d∞ metric ([19]). The magnitude of U ∈ Fc is
given by ‖U‖ = d∞(U,1{0}) = dH(U0, {0}).

Given a measurable space (Ω,A), a mapping X : Ω → Fc

is said to be a random upper semicontinuous function (r.u.s.f.
for short) if Xα : Ω → Kc with Xα(ω) = (X(ω))α for all
ω ∈ Ω, is a random set for all α ∈ [0, 1] ([21, 4]).

A r.u.s.f. X is said to be integrably bounded with respect to
a measure µ : A → R, if the mapping ‖X‖ ∈ L1(Ω,A, µ),
where ‖X‖ : Ω → R is given by ‖X‖(ω) = ‖X(ω)‖ for all
ω ∈ Ω.

For an integrably bounded r.u.s.f., in [21] is defined its inte-
gral, denoted by

∫
Ω

X(ω) dµ(ω) or E(X|µ), as the unique
set in Fc such that E(X|µ)α = E

(
Xα

∣∣µ)
for every α ∈

[0, 1]. When Ω = [a, b], we will use also the notation∫ b

a
X(ω) dµ(ω).
If µ is a probability measure, an r.u.s.f. is also referred to as

a fuzzy random variable and its integral as the fuzzy expected
value of X .

It is possible to extend to upper semicontinuous functions
the concept of Hukuhara difference or Minkowski difference
for subsets ([15, 20]), so given U, V ∈ Fc, its Hukuhara dif-
ference, denoted by U −h V , is the set W ∈ Fc (if it exists)
such that U = V + W .

Let T be a nonempty open subset of R. A mapping G :
T → Fc is said to be Hukuhara differentiable at t0 ∈ T if
there exists G′(t0) ∈ Fc, which is called the Hukuhara dif-
ferential of G at t0, such that

lim
∆t→0+

d∞

(
G(t0 + ∆t) −h G(t0)

∆t
, G′(t0)

)

= lim
∆t→0+

d∞

(
G(t0) −h G(t0 − ∆t)

∆t
, G′(t0)

)
= 0.

The above definition ([20, 23]) is an extension of the
Hukuhara’s differentiability criterion for set-valued mappings
([15]).
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If a mapping G depends on more than one argument, we
will make use of the usual symbol of partial derivative to indi-
cate with respect to which argument the Hukuhara differential
is considered.

Throughout the paper, for any set Ω ⊂ R
k with k ∈ N,

BΩ will denote the Borel σ-field on Ω. Given (Ω,BΩ) and
m1, m2 : BΩ → [0,∞] two σ-finite measures, m1 � m2

will indicate that m1 is absolutely continuous with respect to
m2, and dm1

dm2
will denote a Radon-Nikodym derivative of m1

with respect to m2. If it is supposed that there exists a con-
tinuous Radon-Nikodym derivative, then dm1

dm2
will denote this

particular function.
As we will model the imprecise utilities by means of fuzzy-

valued functions it should be necessary to rank fuzzy sets.
For this purpose the ranking criterion introduced by De Cam-
pos and González [5] will be considered. Therefore, we will
say that U ∈ Fc is greater than or equal to W ∈ Fc in
the λ, µ-average sense, we will denote it by U ≥λ,µ W, if
V λ

µ (U) ≥ V λ
µ (W ), where λ ∈ [0, 1] represents a kind of de-

gree of optimism/pessimism and µ is a measure on [0, 1] (see
[18] for more details).

3 Theoretical results
We include in this section those theoretical results regarding
the exchange of iterated integrals that are necessary to prove
the applied results in Section 4.

The first result is about differentiating under the integral
sign, by using Hukuhara derivative.

Proposition 3.1 Let (Ω,A, P ) be a probability space with
Ω ⊂ R

k, and let m denote the Borel measure on the inter-
val [a, b]. For every ω ∈ Ω, let Pω be a probability measure
on ([a, b],B[a,b]) with Pω � m, such that there exists a con-
tinuous Radon-Nikodym derivative.

If X : Ω × [a, b] → Fc satisfies the following conditions:

i) for every ω ∈ Ω, the mapping Xω : [a, b] → Fc, with
Xω(t) = X(ω, t), is an integrably bounded r.u.s.f. with
respect to Pω, and Xω is continuous a.s. [P ],

ii) there exists h ∈ L1(Ω,A, P ),
such that

∥∥X(ω, t)dPω

dm (t)
∥∥ ≤ h(ω) a.s. [P ] for every

t ∈ [a, b], and the mapping ω 	→ X(ω, t)dPω

dm (t) is con-
tinuous a.e. [m],

iii) there exists g ∈ L1([a, b],B[a,b],m) with∥∥X(ω, t)dPω

dm (t)
∥∥ ≤ g(t) a.e. [m] for every ω ∈ Ω,

then, the mapping

t ∈ [a, b] 	→
∫

Ω

( ∫ t

a

X(ω, s) dPω(s)
)
dP (ω)

is Hukuhara differentiable on (a, b), and for every t ∈ (a, b)
it holds that

∂

∂t

∫
Ω

( ∫ t

a

X(ω, s) dPω(s)
)

dP (ω)

=
∫

Ω

X(ω, t)
dPω

dm
(t) dP (ω).

Starting from last result, we can go one step further to prove
a exchange of iterated integrals:

Theorem 3.2 Let (Ω,BΩ, P ) be a probability space with
Ω ⊂ R

k and let m denote the Borel measure on the interval
T = [a, b]. For every t ∈ T , let Pt be a probability measure
on (Ω,BΩ) such that Pt � P and there exists a continuous
Radon-Nikodym derivative. For every ω ∈ Ω, let Pω be a
probability on (T,BT ) such that Pω � m and there exists a
continuous Radon-Nikodym derivative.

Let X : Ω × T → Fc be a mapping satisfying that:

i) for every t ∈ T , Xt is an integrably bounded r.u.s.f. with
respect to Pt,

ii) for every ω ∈ Ω, Xω is an integrably bounded r.u.s.f.
with respect to Pω and it is continuous a.s. [P ],

iii) there exists h1 ∈ L1(Ω,BΩ, P )
such that

∥∥X(ω, t)dPω

dm (t)
∥∥ ≤ h1(ω) a.s. [P ] for every

t ∈ T , and the mapping ω 	→ X(ω, t)dPω

dm (t) is continu-
ous a.e. [m],

iv) there exists a mapping g ∈ L1([a, b],B[a,b],m) such that
for every ω ∈ Ω, ‖X(ω, t)dPω

dm (t)‖ ≤ g(t) a.e. [m] for
every ω ∈ Ω,

v) the mapping t 	→ X(ω, t)dPt

dP (ω) is continuous on T a.s.
[P ],

vi) there exists h2 ∈ L1(Ω,BΩ, P )
such that ‖X(ω, t)dPt

dP (ω)‖ ≤ h2(ω) a.s. [P ] for every
t ∈ T .

Let m′ be a probability measure on (T,BT ) such that m′ �
m and there exists a continuous Radon-Nikodym derivative. If
for every t ∈ T , the equality

dPω

dm
(t) =

dPt

dP
(ω)

dm′

dm
(t) a.s. [P ]

holds, then ∫
Ω

( ∫ t

a

X(ω, s) dPω(s)
)

dP (ω)

=
∫ t

a

( ∫
Ω

X(ω, s) dPs(ω)
)

dm′(s)

for every t ∈ T .

And also an unbounded version of previous theorem can be
obtained.

Theorem 3.3 Assume the conditions in Theorem 3.2 with the
interval T being not necessarily bounded, and suppose that
there exists g′ ∈ L1(Ω,BΩ, P ) such that∫

T

‖X(ω, s)‖dPω(s) ≤ g′(ω) a.s. [P ] .

Then, the following equality holds,∫
Ω

( ∫
T

X(ω, s) dPω(s)
)

dP (ω)

=
∫

T

( ∫
Ω

X(ω, s) dPs(ω)
)

dm′(s) .

It should be remarked that the conditions in Theorems 3.2
and 3.3 do not imply that X is an r.u.s.f. on the product mea-
surable space as is illustrated in [24].
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4 Applied results

In this section we are using the theoretical results obtained in
Section 3 to obtain applied results to the single-stage decision
problem under non-product measurability conditions. Obvi-
ously, different conditions than in the Fubini-applicable case
will be obtained, but it is again very important to underline
that under the conditions stated here product measurability is
not implied.

We first introduce the concept of fuzzy utility function con-
sidered in this communication. We will use the following no-
tation: Θ is the state space and it will be considered an interval
of R, BΘ is the Borel σ-field on Θ, with m the Borel measure
and A is the action space.

Definition 4.1 A mapping U : Θ × A → Fc is said to be a
fuzzy utility function on Θ × A if

i) for every a ∈ A, the projection Ua : Θ → Fc is an r.u.s.f.
on (Θ,BΘ),

ii) for every pair a1, a2 ∈ A, a1 will be considered pre-
ferred or indifferent to a2 with respect to a probability
distribution ξ on (Θ,BΘ), if E(Ua1 |ξ) ≥λ,µ E(Ua2 |ξ)
(for fixed λ ∈ [0, 1] and measure µ).

The decision problem with fuzzy utilities will be denoted
by (Θ,A, U).

On the other hand, it will be considered a Bayesian context,
so the existence of a probability distribution π on (Θ,BΘ), the
prior distribution, will be assumed. Then the “value” of the
decision problem will be the fuzzy value E(Uaπ |π), where
aπ is a prior Bayes action in the λ, µ-average sense, this is,
aπ ∈ A verifies E(Uaπ |π) ≥λ,µ E(Ua|π) for all a ∈ A.

Similar to the case of real-valued utilities, it is useful for
increasing the expected utility to incorporate sample infor-
mation. Let X be a statistical experiment characterized by
a probability space (X,BX, Pθ), where θ ∈ Θ, BX is the Borel
σ-field on X ⊂ R

k and the experimental distribution Pθ de-
pends on the true unknown state θ. We will denote by P the
marginal (predictive) distribution of the experiment.

After the experiment is performed, if X = x is the available
sample information, the fuzzy expected utility associated with
an action a ∈ A is given by E(Ua|πx), where πx is the pos-
terior distribution of θ given X = x, obtained on the basis of
Bayes’ formula. So, a posterior Bayes action is any aπx ∈ A
such that E(Uaπx |πx) ≥λ,µ E(Ua|πx) for every a ∈ A.

In order to generalize the choice of an action for each pos-
sible sample, the concept of decision rule, as a mapping from
X to A satisfying several conditions (based on Theorems 3.2
and 3.3) is formalized. These conditions will allow the proper
extension of the normal and extensive forms of the Bayesian
analysis.

Definition 4.2 Let (X,BX, Pθ) be the probability space of a
statistical experiment X associated with the decision problem
(Θ,A, U). A decision rule is a mapping d : X → A satisfying
that

i) for every θ ∈ Θ, U(θ, d()) : X → Fc is an integrably
bounded r.u.s.f. with respect to Pθ,

ii) for every x ∈ X, U(, d(x)) : Θ → Fc is an integrably
bounded r.u.s.f. with respect to πx, moreover, it is contin-
uous a.s. [P ],

iii) there exists h1 ∈ L1(X,BX, P ) such that∥∥U(θ, d(x))dπx

dm (θ)
∥∥ ≤ h1(x) a.s. [P ] for every θ ∈ Θ,

and the mapping x 	→ U(θ, d(x))dπx

dm (θ) is continuous
a.e. [m],

iv) there exists g ∈ L1(Ω,BΩ,m) such that for every x ∈
X, it holds that ‖U(θ, d(x))dπx

dm (θ)‖ ≤ g(θ) a.e. [m] for
every x ∈ X,

v) the mapping θ 	→ U(θ, d(x))dPθ

dP (x) is continuous on Θ
a.s. [P ],

vi) there exists h2 ∈ L1(X,BX, P ) such that∥∥U(θ, d(x))dPθ

dP (x)
∥∥ ≤ h2(x) a.s. [P ] for every θ ∈ Θ,

vii) there exists g′ ∈ L1(X,BX, P ) with∫
Θ
‖U(θ, d(x))‖ dπx(θ) ≤ g′(x).

Now, on the one hand we can consider the normal Bayesian
analysis. In this case we should find a Bayes decision rule,
that is, a rule dB such that

∫
Θ

( ∫
X

U(θ, dB(x)) dPθ(x)
)

dπ(θ)

≥λ,µ

∫
Θ

( ∫
X

U(θ, d(x)) dPθ(x)
)

dπ(θ)

for every decision rule d. In this case, the “value” of the prob-
lem is ∫

Θ

( ∫
X

U(θ, dB(x)) dPθ(x)
)

dπ(θ). (1)

On the other hand, we can consider the extensive Bayesian
analysis. We should obtain for each sample information x
a posterior Bayes action aπx , and consider the decision rule
which associates with each x an action aπx . In this analysis,
the “value” of the experiment X is quantified by the fuzzy
expected terminal utility, defined as follows:

Definition 4.3 Given (Θ,A, U) a decision problem and X =
(X,BX, Pθ), an associated experiment, the fuzzy expected ter-
minal utility of X is given by

Ut(X) =
∫

X

( ∫
Θ

U(θ, aπx) dπx(θ)
)

dP (x). (2)

We are now showing the equivalence between the two forms
of the Bayesian analysis in the sense that (1) and (2) are equal
in the λ, µ-average sense. Previously, the following result for
the exchange of the integrals is stated.

Theorem 4.4 Let (Θ,A, U) be a decision problem, let Θ ⊂
R and let π be a prior probability on (Θ,BΘ) such that
π � m with a continuous Radon-Nikodym derivative. Let
X = (X,BX, Pθ) be an associated experiment, and let P
be the marginal distribution. For every θ ∈ Θ, suppose
that Pθ � P and there exists a continuous Radon-Nikodym
derivative. For every x ∈ X, let πx be the posterior distribu-
tion on (Θ,BΘ) such that πx � m with a continuous Radon-
Nikodym derivative.
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If for every θ ∈ Θ, it holds that dπx

dm (θ) = dPθ

dP (x) dπ
dm (θ)

a.s. [P ], then∫
X

( ∫
Θ

U(θ, d(x)) dπx(θ)
)

dP (x)

=
∫

Θ

( ∫
X

U(θ, d(x)) dPθ(x)
)

dπ(θ)

whatever the decision rule d : X → A may be.

As a consequence, the following key result, which states
the equivalence between the normal and extensive forms of
Bayesian analysis, is obtained.

Theorem 4.5 Assume the conditions of Theorem 4.4. Let us
consider the mapping which associates with each sample x ∈
X a posterior Bayes action aπx . If this mapping satisfies the
definition of decision rule, then it is a Bayes decision rule.
Moreover, Ut(X) is equal, in the λ, µ-average sense, to the
fuzzy expected utility associated with any Bayes decision rule,
this is

Ut(X) =λ,µ

∫
X

( ∫
Θ

U(θ, dB(x)) dπx(θ)
)

dP (x)

Thus, the fuzzy expected terminal utility, so calculated, can
be interpreted as the “value” of the decision problem once the
experiment X is performed and one Bayes decision rule is cal-
culated. This lead us not only to express the information of the
problem by a value but also as a criterium to rank experiments
in order to obtain the more informative.

5 Conclusions
By using a theoretical result about exchanging iterated inte-
grals of [0, 1]R-valued r.u.s.f., the model established in this
paper provides a framework for single-stage decision prob-
lems in which both forms of Bayesian analysis (normal and
extensive) are proved to be equivalent when imprecise utili-
ties are not necessarily product measurable. Thus, these re-
sults together with those in [12, 17, 13] cover most of the
situations which one can found when analyzing single-stage
decision problems with imprecise utilities modeled by fuzzy
random variables.
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floue. Comptes Rendus de l’Académie des Sciences. Série I.
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Abstract—When 60 years ago Shannon established “A Mathemat-

ical Theory of Communication” nobody could know the consequen-

ces for science and technology in the second half of the century. 

Shannon published his article in two parts in the July and October 

1948 editions of the Bell System Technical Journal. However, it is 

very probable that this article wouldn’t have become famous without 

the help of Weaver, whose popular text “The Mathematics of commu-

nication” re-interpreted Shannon’s work for broader scientific audi-

ences. Weaver’s “preface” and Shannon’s article were published 

together in the book The Mathematical Theory of Communication 

(1949) that represents the beginning of the then so-called “Informa-

tion theory”. However, in his “introduction” Weaver went over and 

above Shannon´s mathematical theory mentioning not only the tech-

nical but also the semantic and influential problems of communi-

cation. This classification is very similar to the foundations of the 

Theory of Signs (1938) that was established by Morris. This paper 

deals with the connectivity between this Information theory and the 

Theory of Fuzzy sets and systems that appeared in the first half of the 

1950s.Then the paper focuses to the non-technical but philosophical 

aspects of information theory and it advocates a fuzzy information 

theory that has to be  appropriate to cover the concept of information 

– particularly with regard to the philosophical aspects.  

Keywords— communication, fuzziness, information, philosophy, 

semiotics, signs, signals 

1 Introduction 

60 years ago, in July 1948, the mathematician and electrical 

engineer Claude Elwood Shannon (1916-2001) published “A 

Mathematical Theory of Communication” in the Bell System 

Technical Journal [1] (Fig. 1) and in July of the following 

year “The Mathematics of Communication” by the 

mathematician and physicist Warren Weaver (1894-1978) 

appeared in the Scientific American [2] (Fig. 2). 

Figure 1: Title of Shannon’s publication in July 1948 [1]. 

Figure 2: Title of Weaver’s publication in July 1949 [2]. 

 

However, other roots of the later so-called “Information 

Theory” can be found also in the Cybernetics of Norbert 

Wiener (1894-1964) [3], in the work of the Russian 

mathematician Andrei N. Kolmogorov (1903-1987) [4] and 

of the British statistician Ronald A. Fisher (1890-1962) [5]. 

Wiener wrote: “This idea occurred at about the same time to 

several writers, among them the statistician R. A. Fisher, Dr. 

Shannon of the Bell Telephone Laboratories, and the author. 

Fisher’s motive in studying this subject is to be found in 

classical statistical theory; that of Shannon in the problem of 

coding information; and that of the author in the problem of 

noise and message in electrical filters. Let it be remarked 

parenthetically that some of my speculations in this direction 

attach themselves to the earlier work of Kolmogorov in 

Russia, although a considerable part of my work was done 

before my attention was called to the work of the Russian 

school.” ([3], p. 18.)
1
  

Shannon’s “Mathematical Theory of Communication” and 

Wiener’s Cybernetics had appeared simultaneously, but in 

both cases the publication was delayed by the war. However, 

Wiener mentioned the fact that, since Shannon was a Bell 

employee, his research projects were geared toward realizing 

and marketing his findings as quickly as possible, whereas 

Wiener, as a college professor, was able to approach his 

research freely. He had “found the new realm of 

communication ideas a fertile source of new concepts not 

only in communication theory, but in the study of the living 

organism and in many related problems”.
2
 In the manuscript 

 
1 Wiener cited Kolmogorov’s article [4]. 
2 Wiener in conversation with Bello (technology editor of the 

journal Fortune) on 13 October 1953, Box 4.179, MC22, Wiener 

Papers, MIT.  Quoted from [6], p. 138. 
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for his book Invention: The Care and Feeding of Ideas, 

which he never finished, Wiener wrote in 1957: 

“Once I had alerted myself and the public in general to the 

statistical element in communication theory, conformation 

began to flow in from all sides. At the Bell Telephone 

Laboratories there was, and is, a young mathematical 

physicist by the name of Claude Shannon. He had already 

applied mathematical logic to the design of switching 

systems, and throughout all his work he has shown a love for 

the discrete problems, the problems with a small number of 

variable quantities, which come up in switching theory. I am 

inclined to believe that from the very start, a large part of his 

ideas in communication theory and its statistical basis were 

independent of mine, but whether they were or not, each of 

us appreciated the significance of the work of the other. The 

whole subject of communication began to assume a new 

statistical form, both for his sorts of problems and for mine. 

This is not the point for me to give the genealogy of every 

single piece of apparatus which this new statistical 

communication theory has fostered, but I can say that the 

impact of the work has gone from one end of communication 

theory to the other, until now there is scarcely a recent 

communication invention which has not been touched by 

statistical considerations. Thus, this whole wide spreading 

branch of science represents a subtle working out of concepts 

implicit in Gibbs and in the Lebesque-Borel team, but if I 

may say so, implicitly implicit, so that until some forty years 

had passed, no one could have seen the direction in which 

the earlier thought was bound to lead. This is, in my mind, a 

key example of a change in intellectual climate, and of the 

effect it has had both in discovery and in invention.” ([7], p. 

22f) 

Today Shannon’s name is associated almost unanimously 

with mathematical information and communication theory – 

these terms are often considered synonyms – although people 

had spoken at first of the “Wiener-Shannon Communication 

Theory”. 

Figure 3: C. E. Shannon, W. Weaver and N. Wiener. 

 

However, it was not least Warren Weaver’s article that 

popularized Shannon’s theory and therefore it became – with 

little changes and the new title “Recent Contributions to the 

Mathematical Theory of Communication” – as an 

“introduction” to Shannon’s text in their joint book-

publication The Mathematical Theory of Communication [8]. 

Even more Weaver’s manuscript was not only a brief and 

understandable sketch of Shannon’s theory and their 

technical problems − in this text Weaver presented self-

contained and more philosophical considerations on the 

semantic and influential problems with the concept of 

information that is in the core of Shannon’s theory and that 

was called in the following years “Information theory”. We 

will deal with these philosophical subjects in section 3. 

Beforehand we will give a few remarks on the genesis of the 

theory of fuzzy sets and systems, especially against the 

background of the developments of information theory in the 

1950s. 

Figure 4: The books of Shannon and Weaver and Wiener. 

 

2 Information theory and the theory 

of Fuzzy Sets and Systems  

2.1 A Historical Sketch - in General 

Inspired by Wiener’s Cybernetics, Shannon’s and Weaver’s 

Mathematical Theory of Communication and the digital  

computer era that started during the wartime with the 

Electronic Numerical Integrator and Computer (ENIAC) 

and the Electronic Discrete Variable Computer (EDVAC), 

both designed by John P. Eckert (1919-1995) and John W. 

Mauchly (1907-1980), the young emigrant Lotfi A. Zadeh 

continued his studies in electrical engineering at MIT in 

Boston after his emigration from Iran into the USA in the 

1940s. When he started his doctoral studies at the Columbia 

University in 1946, he became acquainted with these new 

milestones in science and technology. Shannon and Wiener 

delivered lectures in New York about the new theories they 

had developed during the War. In 1950 Zadeh acted as a 

moderator at a debate on digital computers at Columbia 

University, held between Shannon, Edmund Callis Berkeley 

(1923-1988), the author of the book Giant Brains or 

Machines That Think published in 1949 [9], and Francis 

Joseph Murray (1911-1996), mathematician and consultant 

to IBM. 

15 years later Zadeh, who was then a professor of electrical 

engineering at Berkeley, established the new mathematical 

theory of Fuzzy Sets and Systems [10-12]. Already in 1962 

he described the basic necessity of a new scientific tool to 

handle very large and complex systems in the real world: 

‘‘we need a radically different kind of mathematics, the 

mathematics of fuzzy or cloudy quantities which are not 

describable in terms of probability distributions. Indeed, the 
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need for such mathematics is becoming increasingly apparent 

even in the realm of inanimate systems, for in most practical 

cases the a priori data as well as the criteria by which the 

performance of a man-made system are judged are far from 

being precisely specified or having accurately-known 

probability distributions’’ [13]. 

The potential of the new techniques of the theory of Fuzzy 

sets and Fuzzy systems urged Ebrahim H. Mamdani, a 

professor of electrical engineering at Queen Mary College in 

London, to attempt the implementation of a fuzzy system 

under laboratory conditions. He expressed the intention to 

his doctor student Sedrak Assilian, who designed a fuzzy 

algorithm to control a small steam engine within a few days. 

The concepts of so-called linguistic variables and Zadeh’s 

max-min composition were suitable to establish fuzzy control 

rules because input, output and state of the steam engine 

system range over fuzzy sets. Thus, Assilian and Mamdani 

designed the first real fuzzy application when they controlled 

the system by a fuzzy rule base system [14]. In 1974, 

Assilian completed his Ph. D. thesis on this first fuzzy 

control system [15].  

The steam engine heralded the Fuzzy boom that started in the 

1980s in Japan and later pervaded the Western hemisphere. 

Many fuzzy applications, such as domestic appliances, 

cameras and other devices appeared in the last two decades 

of the 20
th

 century. Of greater significance, however, was the 

development of fuzzy process controllers and fuzzy expert 

systems that served as trailblazers for scientific and 

technological advancements of fuzzy sets and systems.
3
 

Very little is known about the historical connectivity between 

the Information theory and the theory of Fuzzy Sets and 

Systems. In the following paragraph we review some links 

across the boundaries of these fields. 

 

2.2 In detail: Signals, Noise and Uncertainty 

Shannon intended to establish a general theory of 

communication and a basis for such a theory was already 

given in two former papers of other Bell-engineers, Harry 

Nyquist and Ralph V. L. Hartley [17, 18].
4
 20 years later, 

Shannon extended this theoretical basis. He included “new 

factors, in particular the effect of noise in the channel, and 

the savings possible due to the statistical structure of the 

original message and due to the nature of the final 

destination of the information.” ([1], p. 379) To illustrate this 

mathematical theory, Shannon had drawn a diagram of a 

general communication model (Fig. 5): 

– An information source produces a series of messages 

that are to be delivered to the receiver side. 

Transmission can occur via a telegraph or teletypewriter 

system, in which case it is a series of letters. 

Transmission can also occur via a telephone or radio 

system, in which case it is a function of time f(t), or else 

 
3 A more detailed presentation of the history of the theory of Fuzzy 

sets and systems can be found in [16]. 
4 A more detailed presentation of the aspect of these papers is given 

in my paper for the 2009 annual meeting of NAFIPS [19]. 

it is a function f(x, y, t), such as in a black and white 

television system, or it consists of complicated 

functions. 

– The transmitter transforms the message in some way so 

that it can produce signals that it can transmit via the 

channel. In telegraphy, these are dotdash codes; in 

telephony, acoustic pressure is converted into an electric 

current. 

– The channel is the medium used for transmission. 

Channels can be wires, light beams and other options. 

– The receiver must perform the opposite operation to that 

of the transmitter and in this way reconstructs the 

original message from the transmitted signal. 

– The destination is the person or entity that should 

receive the message. 

 

Figure 5: Shannon’s diagram ([1], p. 381). 

According to this, Shannon conceived of communication 

purely as the transmission of messages – completely 

detached from the meaning of the symbols! 

In the second paragraph of his paper Shannon states: “The 

fundamental problem of communication is that of 

reproducing at one point either exactly or approximately a 

message selected at another point.” ([1], p. 379) Eventually, 

in chapter 12 that is entitled “Equivocation and Channel 

Capacity”, he applies his theoretical framework to this 

problem: “If the channel is noisy it is not in general possible 

to reconstruct the original message or the transmitted signal 

with certainty by any operation on the received signal E. 

There are, however, ways of transmitting the information 

which are optimal in combating noise.” His solution of the 

problem is as follows: “We consider a communication 

system and an observer (or auxiliary device) who can see 

both what is sent and what is recovered (with errors due to 

noise). This observer notes the errors in the recovered 

message and transmits data to the receiving point over a 

“correction channel” to enable the receiver to correct the 

errors.” ([1], p. 408) Shannon also indicated this situation 

schematically (Fig. 6).  

Figure 6: Shannon’s diagram of a communication system 

with correction device ([1], p. 409). 
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Shannon’s introduction of the observer is of great theoretical 

interest but – of course – the system has to transmit the data 

on errors and the correction data via communication 

channels to the observer. When Warren Weaver explained 

the mathematics of Communication in the first version of his 

paper [2], he wrote: “If noise is introduced, then the received 

message contains certain distortions, certain errors. Certain 

extraneous material, that would certainly lead to increased 

uncertainty. […] To get the useful information in the 

received signal we must subtract the spurious portion. This is 

accomplished, in the theory, by establishing a quantity 

known as the “equivocation”, meaning the amount of 

ambiguity introduced by noise.” ([2], p. 13) And some 

paragraphs later he emphasized: “However clever one is with 

the coding process, it will always be true that after the signal 

is received there remains some undesirable uncertainty about 

what the message was”. ([2], p. 13)  

Let’s see how Lotfi Zadeh dealt with this fundamental 

problem of communication in the 1950s! 

In 1949, the year when the book of Shannon and Weaver 

appeared, Zadeh wrote the Ph. D. thesis on Frequency 

Analysis of Variable Networks, under supervision of 

Professor John Ralph Ragazzini, and in 1950 he was 

appointed to an assistant professor. He was enhanced by 

Wiener’s cybernetics and Shannon’s information theory. In 

February 1952, he presented Some Basic Problems in 

Communication of Information at the meeting of the Section 

of Mathematics and Engineering of the New York Academy 

of Sciences and in the following, one of these problems will 

be sketched, that deals with the recovery process of 

transmitted signals. In the proceedings of this meeting, Zadeh 

wrote: “Let X={x(t)} be a set of signals. An arbitrarily 

selected member of this set, say x(t), is transmitted through a 

noisy channel Γ  and is received as y(t). As a result of the 

noise and distortion introduced by Γ, the received signal y(t) 

is, in general, quite different from x(t). Nevertheless, under 

certain conditions it is possible to recover x(t) – or rather a 

time-delayed replica of it – from the received signal y(t).” 

([20], p. 201) 

In this paper, he didn’t examine the case where {x(t)} is an 

ensemble; he restricted his view to the problem to recover 

x(t) from y(t) “irrespective of the statistical character of 

{x(t)}”[5, p. 201]. Corresponding to the relation y = Γ x 

between x(t) and y(t) he represented the recovery process of 

y(t) from x(t) by x = Γ 
-1

y, where Γ 
-1

y is the inverse of Γ, if it 

exists, over {y(t)}. 

Zadeh represented signals as ordered pairs of points in a 

signal space Σ, which is imbedded in a function space with a 

delta-function basis, and to measure the disparity between 

x(t) and y(t) he attached a distance function d(x, y) with the 

usual properties of a metric. Then he considered the special 

case in which it is possible to achieve a perfect recovery of 

the transmitted signal x(t) from the received signal y(t). He 

supposed that “X = {x(t)} consist of a finite number of 

discrete signals x1(t), x2(t), …,  xn(t), which play the roles of 

symbols or sequences of symbols. The replicas of all these 

signals are assumed to be available at the receiving end of 

the system. Suppose that a transmitted signal xk is received as 

y. To recover the transmitted signal from y, the receiver 

evaluates the ‘distance’ between y and all possible 

transmitted signals x1, x2, …, xn, by the use of a suitable 

distance function d(x, y), and then selects that signal which is 

‘nearest’ to y in terms of this distance function (Fig. 7). In 

other words, the transmitted signal is taken to be the one that 

results in the smallest value of d(x, y). This in brief, is the 

basis of the reception process.” ([20], p. 201) By this process 

the received signal xk is always ‘nearer’ – in terms of the 

distance functional d(x, y) – to the transmitted signal y(t) 

than to any other possible signal xi, i.e. d(xk, y) < d(xi, y),          

i ≠ k,for all k and i. 

But at the end of his reflection of this problem Zadeh 

conceded that “in many practical situations it is inconvenient, or 

even impossible, to define a quantitative measure, such as a 

distance function, of the disparity between two signals. In such 

cases we may use instead the concept of neighborhood, which is 

basic to the theory of topological spaces” ([20], p. 202). Spaces 

such as these, Zadeh surmised, could be very interesting with 

respect to applications in communication engineering. 

Therefore, this problem of the recovery process of 

transmitted signals which is a special case of Shannon’s 

fundamental problem of communication, the problem “of 

reproducing at one point either exactly or approximately a 

message selected at another point”, was one of the problems 

that initiated Zadeh’s thoughts about not precisely specified  

quantitative measures, i. e. or cloudy or fuzzy quantities. − 

About 15 years later he proposed his new ‘concept of 

neighborhood’ which is now basic to the theory of fuzzy 

systems! 

Figure 7: Lotfi A. Zadeh (born 1921) and his illustration: 

“Recovery of the input signal by means of the  

comparison of the distances between the received  

signal y and all possible transmitted signals” [20]. 

 

3 Fuzziness and Information Theory 

In this section we concentrate our attention from the problem 

of communication to some philosophical considerations in 

the first half of the 20
th

 century by Charles William Morris 

(1901-1976) and Warren Weaver. However, Morris was an 

engineer by training and he did his Ph. D. in philosophy 

under George Herbert Mead (1863-1931), the founder of 

social psychology, and Weaver was a mathematician and 

physicist. Nevertheless, both scientists wrote philosophical 
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works on the subjects of signs and their transmission. 

Moreover, there is a distinct similarity between the two 

theoretical works that has to be underlined. 

 

3.1 Theory of Signs, semiotics, and Information theory 

The study of sign processes, or signification and 

communication is called “semiotics” since the 1930s. Great 

work to formalize this field was done by members of the 

Vienna Circle but also by the philosophers and linguists 

Charles Sanders Peirce (1839–1914), Ferdinand de Saussure 

(1857–1913) and Louis Hjelmslev (1899–1965), but here we 

will limit our considerations to the fundamental work of 

semiotics by Morris.  

Figure 8: Ch. W. Morris; an illustration of the four 

components of the semiosis process. 

Morris was in touch with some members of the Vienna 

Circle and he was a member of the Unity of Science 

movement. When he intended in his 1938 published 

Foundations of the Theory of Signs [21] a science of signs 

“on a biological basis and specifically with the framework of 

the science of behavior”, he defined semiotics as a universal 

theory of signs and an interdisciplinary undertaking. In his 

view, the mission of semiotics as a science of signs is 

analyzing language as a social system of signs. Language is a 

system of signs which produces dispositions to social 

behavior, and in order to understand the uses and effects of 

signs we have to understand that and how signs influence 

social behavior. The process by which a sign-vehicle may 

function as a sign is called semiosis.
5
 In Morris’ foundation 

there are four components of the semiosis (Fig. 8): 

1) the sign vehicle − this is the object or event which 

functions as a sign, 

2) the designatum − this is the kind of object or class 

of objects which the sign designates, 

3) the interpretant − this is the disposition of an 

interpreter to initiate a response-sequence as a result 

of perceiving the sign, and 

4) the interpreter − this is the person for whom the 

sign-vehicle functions as a sign. 

 

He also divided semiotics into three interrelated disciplines:  

1) syntactics − the study of the methods by which signs 

may be combined to form compound signs,  

 
5 The term semiosis was introduced by Ch. S. Peirce to describe “a 

process that interprets signs as referring to their objects” [22]. 

2) semantics − the study of the signification of signs,  

3) pragmatics − the study of the origins, uses, and 

effects of signs. 

 

3.2 Weaver’s three levels in Information theory  

It seems that Warren Weaver was familiar with Morris’ 10 

years old classification of the semiosis when he wrote his 

paper on Shannon’s Mathematical theory of communication 

[2]. Already in the third paragraph of his paper he wrote “In 

communication there seem to be problems at three levels: 1) 

technical, 2) semantic, and 3) influential. The technical 

problems are concerned with the accuracy of transference of 

information from sender to receiver. They are inherent in all 

forms of communication, whether by sets of discrete symbols 

(written speech), or by a varying two-dimensional pattern 

(television). The semantic problems are concerned with the 

interpretation of meaning by the receiver, as compared with 

the intended meaning of the sender. This is a very deep and 

involved situation, even when one deals only with the 

relatively simple problems of communicating through 

speech. […] The problems of influence or effectiveness are 

concerned with the success with which the meaning 

conveyed to the receiver leads to the desired conduct on his 

part. It may seem at the first glance undesirable narrow to 

imply that the purpose of all communication is to influence 

the conduct of the receiver. But with any reasonably broad 

definition of conduct, it is clear that communication either 

affects conduct or is without any discernible and provable 

effect at all.” ([2], p. 11)  

In the revised version of the paper that was published in [8], 

Weaver explained the trichotomy of the communication 

problem in extenso and he divided it into three levels: 

– Level A contains the purely technical problem involving 

the exactness with which the symbols can be transmitted, 

– Level B contains the semantic problem that inquires as 

to the precision with which the transmitted signal 

transports the desired meaning, 

– Level C contains the pragmatic problem pertaining to 

the effect of the symbol on the destination side: What 

influence does it exert? 

He underscored very clearly the fact that Shannon’s theory 

did not even touch upon any of the problems contained in 

levels B and C, that the concept of information therefore 

must not be identified with the “meaning” of the symbols: 

“In fact, two messages, one of which is heavily loaded with 

meaning and the other of which is pure nonsense, can be 

exactly equivalent, from the present viewpoint, as regards 

information.” [8] However, there is plenty of room for 

fuzziness in the levels B and C. The interpretation of 

meaning of signs, e. g. linguistic signs, names, words, is 

obviously a fuzzy process, and influence or effectiveness the 

exerted to the receiver’s side is a fuzzy process, too. We will 

have this fuzziness at the back of our mind following 

Weaver’s continuing considerations.  
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3.3 Fuzziness in the diagram of a communication system 

It is quite plain: Weaver went over and above Shannon´s 

theory: “The theory goes further. Though ostensibly 

applicable only to problems at the technical level, it is 

helpful and suggestive at the levels of semantics and 

effectiveness as well.” Weaver stated, that Shannon’s formal 

diagram of a communication system (Fig. 5) “can, in all 

likelihood, be extended to include the central issues of 

meaning and effectiveness. […] One can imagine, as an 

addition to the diagram, another box labeled “Semantic 

Receiver” interposed between the engineering receiver 

(which changes signals to messages) and the destination. 

This semantic receiver subjects the message to a second 

decoding the demand on this one being that it must match the 

statistical semantic characteristics of the message to the 

statistical semantic capacities of the totality of receivers, or 

of that subset of receivers which constitutes the audience one 

wishes to affect.  

Similarly one can imagine another box in the diagram which 

inserted between the information source and the transmitter, 

would be labeled “Semantic Noise” (not to be confused with 

“engineering noise”. This would represent distortions of 

meaning introduced by the information source, such as a 

speaker, which are not intentional but nevertheless affect the 

destination, or listener. And the problem of semantic 

decoding must take this semantic noise into account. It is 

also possible to think of a treatment or adjustment of the 

original message that would make the sum of message 

meaning plus semantic noise equal to the desired total 

message meaning at the destination.” ([2], p. 13) 

Figure 9: Shannon’s diagram with Weaver’s addition of the 

two boxes “Semantic Receiver” and “Semantic Noise”. 

 

Fig. 9 shows Weaver’s two additional “fuzzy” boxes in 

Shannon’s diagram of a communication system. We will 

interpret the “first coding” between the information source 

and the “Semantic Noise” as a fuzzification and the “second 

decoding” between the “Semantic Receiver” and the 

destination as a defuzzification.  

 

4 Outlook 

In future work we will proceed with this generalization of 

Weaver’s philosophical considerations on Shannon’s 

Mathematical theory of communication to a “Fuzzy 

information theory”. 
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Abstract—In this paper we consider physical systems and the 
concept of their states in the context of the theory of fuzzy sets and 
systems. In section 1 we give a brief sketch on the fundamental 
difference between the theories of classical physics and quantum 
mechanics. In section 2 and 3 we introduce very shortly systems and 
their states in classical and quantum mechanics, respectively. Section 
4 presents the concept of fuzzy systems. We propose to fuzzify the 
classical systems in section 5 and quantum systems in section 6. In 
section 7 we start to consider a fuzzy interpretation of the uncertainty 
principle.  

Keywords— Fuzzy sets and systems, quantum mechanics, system 

theory, philosophy.   

1 Introduction 

Due to the scientific revolution brought about by the 

discovery of quantum mechanics in the first third of the 20th 

century, a basic change took place in the relationship 

between the exact scientific theory of physics and the 

phenomena observed in basic experiments. Systems of 

quantum mechanics − “quantum systems” − do not behave 

like systems of classical theories in physics – their elements 

are not particles and they are not waves, they are different. 

This change led to a new mathematical conceptual 

fundament in physics. 

Niels Bohr, Max Born, Louis de Broglie, Paul A. M. Dirac, 

Werner Heisenberg, Pacual Jordan, Wolfgang Pauli, Erwin 

Schrödinger, John von Neumann and others introduced new 

objects and theoretical terms to the new mathematical theory 

of atomic physics and rather quantum physics, then so-called 

“quantum mechanics” that differ significantly from those in 

classical physics. Their properties are completely new and 

not comparable with those of observables in classical 

theories such as Newton’s mechanics or Maxwell’s 

electrodynamics. 

The new theoretical term is the quantum mechanical state 

function ψ � that is an element of the abstract Hilbert space H. 

The theory of quantum mechanics is completely abstract: it is 

a theory of mathematical state functions that have no exact 

counterpart in reality. This means that per se ψ � is not 

observable but, nonetheless, we can experiment with a 

quantum mechanical object having a state function in order 

to measure its position value, and we can also experiment 

with this object in order to measure its momentum value. 

However, we cannot conduct both experiments 

simultaneously and thus are not able to get both values for 

the same point in time. But we can predict these values as 

outcomes of experiments at this point in time. Since 

predictions are targeted on future events, we cannot valuate 

them with the logical values “true” or “false,” but must use 

probabilities. The probability distribution to measure a 

certain position, e.g. value r (t) = (x (t), y (t), z (t)) at point t 
in time is given by |ψ (r, t)|2 and the probability distribution 

to measure a certain momentum value p at time point t is 

given by |ψ (p, t)|2, where ψ (x, t) or ψ (p, t), are represent-

tations of the abstract Hilbert space element ψ  in the 

position or momentum representation respectively.  

 

2 Classical Systems 

In classical physics, the state of a “system” or an “object” is 

represented by a set of observables. For example, in 

Newtonian mechanics the state of an object (a particle with 

mass m) is given by the pair of 3-component vector values of 

the object’s position vector r and its momentum vector p. 

These two vectors imply all other properties of the object 

that are relevant in the Newtonian theory of mechanics. We 

can formulate that the state of a physical object is the 

collection of all the object’s properties Pi. In order to 

represent these properties Pi in terms of the physical theory, 

we must determine the formally possible functions Fi in this 

mechanical theory, and in order to know the object’s 

properties at a given point in time t, we must measure the 

values of these functions Fi. Thus, the representation of the 

“state of a classical object” is related to the measurement 

process or the perception process of the observer.  

Due to the possible errors of measurement and the systematic 

errors occurring in every experiment, we can attribute their 

probability of this being the real value to all measured values 

of observables. Thus, the state of an object in Newtonian 

mechanics is given by the pair of the probability distributions 

of position r and momentum p. 

 

3 Quantum Systems 

3.1 The concept of state in quantum mechanics  
The state of a quantum mechanical system is much more 

difficult to determine than that of classical systems as we 

cannot measure sharp values for both variables simultane-

ously. This is the meaning of Heisenberg’s uncertainty prin-

ciple.  

However, we can experiment with quantum mechanical 

objects in order to measure a position value, and we can also 

experiment with these systems in order to measure their mo-

mentum value. But: we cannot conduct both experiments 
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simultaneously and thus are not able to get both values for 

the same point in time respectively. We can predict these 

values as outcomes of experiments at this point in time. 

Since predictions are targeted on future events, we cannot 

valuate them with logical values “true” or “false”, but with 

probabilities.  

Accordingly, in quantum mechanics, we have to use a 

modified concept of the state: the state of a quantum 

mechanical system consists of the probability distributions of 

all the object’s properties that are formally possible in this 

physical theory.  

• Max Born ([1, 2]) proposed an interpretation of this 

non-classical peculiarity of quantum mechanics – the 

quantum mechanical wave function is a “probability-

amplitude”: The absolute square of its value equals the 

probability of it having a certain position or a certain 

momentum if we measure the position or momentum 

respectively. The higher the probability of the position 

value, the lesser that of the momentum value and vice 

versa.  

• In 1932, John von Neumann published the Mathematical 
Foundations of Quantum Mechanics [3], in which he 

defined the quantum mechanical wave function as a one-

dimensional subspace of an abstract Hilbert space, 

which is defined as the state function of a quantum 

mechanical system (or object). Its absolute square equals 

the probability density function of it having a certain 

position or a certain momentum in the position or 

momentum representation of the wave function 

respectively.  

Unfortunately there is no joint probability distribution for 

events in which both variables have a certain value simulta-

neously, as there is no classical probability space that com-

prises these events. Such pairs would describe classical 

states. Thus, the quantum mechanical system’s state function 

embodies the probabilities of all properties of the object, but 

it delivers no joint probability distribution for all these prop-

erties. Therefore we claim here: “We need a radically 

different kind of mathematics, the mathematics of […] 

quantities which are not describable in terms of [classical] 

probability distributions.
1
 

 

3.2 Quantum logic and Quantum probability theory 

After the establishment of quantum mechanics there 

appeared some approaches to achieve a new logic and later 

also a new probability theory to handle quantum mechanical 

propositions and quantum mechanical events.  

• 1936, Garett Birkhoff and John von Neumann proposed 

the introduction of a “quantum logic”, as the lattice of 

quantum mechanical propositions is not distributive, and 

therefore not Boolean [5].  

 
1 This is analogue to Zadeh’s requirement: “. . . we need a radically 

different kind of mathematics, the mathematics of fuzzy or cloudy 

quantities which are not describable in terms of probability 

distributions” in his 1962 article [4], p. 857. 

• In 1963, George Whitelaw Mackey attempted to provide 

a set of axioms for the propositional system of 

predictions of experiment’s outcomes. He was able to 

show that this system is an orthocomplemented partially 

ordered set. [6]  

In these logico-algebraic approaches, the “probabilities” of 

evaluating the predictions of the properties of a quantum 

mechanical system do not satisfy Kolmogorov’s well-known 

axioms. The double-slit experiment shows that they are not 

additive and together with their non-distributivity it is 

indicated that the probabilistic structure of quantum 

mechanics is more complicated than that of the classical 

probability space as it was defined by Kolmogorov.  

• Already in the 1960s, the philosopher and statistician 

Patrick Suppes discussed the “probabilistic argument for 

a non-classical logic of quantum mechanics” [7, 8]. He 

introduced the concept of a “quantum mechanical σ-

field” as an “orthomodular partial ordered set” covering 

the classical σ-fields as substructures.  

• In the 1980s, a “quantum probability theory” was 

proposed and developed by Stanley Gudder and Imre 

Pitowski [9, 10].
2
 

The quantum mechanical lattice of predictions is Suppes’ 

“quantum mechanical σ-field”, which can be restricted to a 

Boolean lattice corresponding to a given observable. The 

quantum probabilities became classical probabilities again, 

only applying to predictions of compatible observables. 

The theory of Fuzzy sets and systems pertains to “quantities 

which are not describable in terms of probability 

distributions” and theory of Quantum mechanics pertains to 

quantities which are not describable in terms of classical 

probability distributions.  

Quantum logic and Quantum probability theory represent 

important approaches to manage quantum mechanical 

uncertainties within limits of usual mathematics and the 

developments in the last decades show numerous and also 

very difficult results. Thus, quantum logic and quantum 

probability theory are new theories in classical mathematics 

that became more and more complex. On the other hand 

there was the new theory of fuzzy sets and systems available 

at the same time and the question arose in the 1980s and 

1990s of whether fuzzy sets could be useful in the 

interpretation of quantum mechanics. However, at that time 

this approach was not successful. The disappointing results 

may have stemmed from the fact that fuzzy set theory was 

not as well accepted as a mathematical tool the as it is today 

and from a lack of interest in using the new theory on the 

part of theoretical physicists. Moreover, until recently there 

was also no interest in fuzzy set theory in the philosophy of 

science. But now the theory of fuzzy sets is broadly 

accepted, particularly in applied sciences and technology and 

in the history of science the theory of fuzzy sets attracts 

 
2 These developments regarding a theory of probabilistic structures 

of quantum mechanics became very complex, as the reader can see 

in the authors Ph. D thesis [11]. 
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attention [12, 13, 14]. In physics, the results of new 

experiments (Alain Aspect’s test of Bell’s inequality in 1982 

[15, 16] and Anton Zeilinger’s experiments on quantum 

teleportation since 1997 [17] have sparked a new debate on 

the interpretation of quantum mechanics and there is growing 

interest in the theory of fuzzy sets in the field of scientific 

history [29]. In the next sections we will evolve some ideas 

towards a “fuzzy view” on quantum systems. 

 

4 Fuzzy Systems 

In his talk on “A New View on System Theory,” for the 

Symposium on System Theory that took place in Brooklyn in 

April 1965, Lotfi Zadeh defined fuzzy systems as follows: 

Definition: A system S is a fuzzy system if input u(t), output 

y(t), or state x(t) of S or any combination of them ranges over 

fuzzy sets. ([18], p. 33)
3 

He explained that “these concepts relate to situations in 

which the source of imprecision is not a random variable or a 

stochastic process but rather a class or classes which do not 

possess sharply defined boundaries.” ([18], p. 29 

Eight years later, in “Outline of a New Approach to the 

Analysis of Complex Systems and Decision Processes,” he 

introduced “linguistic variables” that are variables whose 

values may be sentences in a specific natural or artificial 

language. [19] To illustrate, the values of the linguistic 

variable “age” might be expressible as young, very young, 

not very young, somewhat old, more or less young.  

Figure 1: Example of the linguistic variable “Age” [20]. 

These values are formed with the label old, the negation not, 
and the hedges very, somewhat, and more or less. In this 

sense the variable “age” is a linguistic variable (see Fig. 1). 

Linguistic variables became a proper tool for reasoning 

without exact values. Since in many cases, it is either 

impossible or too time-consuming (and therefore too 

expensive) to measure or compute exact values, the concept 

of linguistic variables has been successful in many fuzzy 

application systems, e.g., in control and (medical) decision 

making. In the next section we seek to apply the concept of 

linguistic variables in quantum mechanics where exact values 

of observables do not exist. The situation is that outcomes of 

a physicist’s experiments have to be values of observables, 

 
3 We assume that the reader is familiar with the basic principles of 

the theory of fuzzy sets. 

i.e., an observing physicist assigns sharp values (and their 

classical probability distributions of the classical variables 

(e.g. its position r or its momentum p) due to the possible 

errors of measurement and the systematic errors occurring in 

every experiment)
4
 to a quantum theoretical object. This 

value is not sufficient to determine the quantum object’s 

state. This is only one representation − among many others − 

and none of these representations of the state of the quantum 

system is complete! 

 

5 Fuzzy Classical Systems 

In this section a new approach to the interpretation of 

uncertainty in quantum mechanics using the methodology of 

fuzzy sets and systems is outlined. 

We will interpret the “fuzzy state variable” of a physical 

system as a vector of linguistic variables instead of numerical 

variables. This interpretation yields to the interpretation of 

the “fuzzy state” of a classical physical object as a pair of the 

two linguistic variables – position and momentum   

In a manner similar to Zadeh’s extension of systems to fuzzy 

systems, the definition of a linguistic variable operating on a 

fuzzy set, and assignment of membership degrees and 

elements of the term set of the linguistic variable, the “fuzzy 

state” of a physical system is interpreted as a vector of 

linguistic variables instead of numerical variables.  

 A concrete system a has a certain number of properties Pi
, 

i∈{1, …, n}. In classical physics we attach classical 

numerical variables (observables) VP
i
 to these properties that 

can be measured. To use the methods of fuzzy set theory, 

now we attach can find also a linguistic variable LVP
i
 to 

representing the property Pi
. These linguistic variables 

operate on fuzzy sets and assign membership degrees and 

elements of a term set, for example: 

T(LVP
i
) = {very small, small, big, very big, … etc .} 

We can imagine the n-tuple LVPn = ‹ LVP
1
, LVP

2
, …, LVP

n
› 

to be a “linguistic vector” in an n-dimensional Cartesian 

space. The value LVPn (a, t) for a system a at time point t is 

called the “linguistic state” or “fuzzy state” of this system at 

this time. During this time, the linguistic state of a system 

moves in the “linguistic state space” or “fuzzy state space” 

Σn L 
(a) = {LVPn (a, t) | t∈T} of the system. 

In the case of a classical particle in Newtonian mechanics, 

the “fuzzy state” is the pair (2-tupel) (LVr , LVp) of the two 

linguistic variables position LVr and momentum LVp that 

operate on fuzzy sets and assign membership degrees and 

elements of a term set, for example: 

T(LVr) = {very small, small, null, big, very big, … etc.} 

and  

T(LVp) = {very small, small, null, big, very big, … etc.} 

Usually the shape of the fuzzy set’s membership functions is 

subjectively chosen or dependant on the problem. In a very 

special case, the membership function may have the shape of 

the classical Gaussian probability distribution and thus the 

 
4 In the next sections we sometimes will omit this completion about 

the classical errors of measurement and the systematic errors. 
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fuzzy state variable yields the probabilities of measuring the 

observables position r and momentum p due to the 

calculation of errors. However, in general, membership 

functions of fuzzy sets do not represent probability 

distributions of measurement errors or randomness, but more 

general uncertainties that are deeply rooted in the absence of 

the theoretical concept’s strict boundaries.  

We know already that classical concepts such as position and 

momentum, having strict boundaries in Newtonian 

mechanics, do not have such boundaries in the theory of 

quantum mechanics. Therefore this pair of concepts does not 

match the quantum mechanical state variable – to represent 

the quantum mechanical “state”, position and momentum are 

in use with some uncertainty. This concept of uncertainty in 

quantum mechanics is often represented by classical 

probability, but, in the strict sense, the quantum mechanical 

uncertainty is different from the concept of classical 

probability. 

 

6 Fuzzy Quantum Systems 

Let’s try to extend our approach of “fuzzy states” of systems 

to quantum systems to include the assumption that the 

classical theoretical concepts are not the right concepts, but 

that we have no better concepts to interpret the outcomes of 

classical experiments. Thus, we can use fuzzy sets and 

linguistic variables to convert classical observables to 

systems of quantum mechanics.  

In the case of a quantum system, the “fuzzy quantum state” is 

an infinite dimensional vector LVP∞∞∞∞ (a,t) of linguistic 

variables in the abstract Hilbert space, with an infinite tuple 

LVP∞∞∞∞ = ‹ LVP
1
, LVP

2
, …, LVP

n
, …› of linguistic variables 

LVi, but not all linguistic variables LVi and LVj are 

compatible, i.e. they are in an uncertainty relation with each 

other, e.g., LV1 = LVr (position observable) and LVj = LVp 
(momentum observable). 

In general, at one point in time we can measure one of these 

LVi and this measurement reduces the membership function 

to a numerical value of this observable. This is an effect that 

is known in usual quantum mechanics as the “collapse” of 

the quantum mechanical state function. 

 

Let’s use the fuzzy state concept for quantum systems! After 

the measurement of an observable, say VP
i
, there is no 

“collapse” of the fuzzy quantum state. We still have it’s 

complete representation as the infinite tuple of linguistic 

variables LVP∞∞∞∞ = ‹ LVP
1
, LVP

2
, …, LVP

n
, …›. However, after 

the measurement of observable VP
i
, this component of the 

fuzzy quantum state is not any longer a linguistic but a 

numeric term: the measurement, just a number (associated 

with a unit). 

 

7 Fuzzy Uncertainty Principle 

First we consider the classical uncertainty principle that was 

found by Heisenberg in 1925. This uncertainty principle 

states that the values of certain pairs of conjugate variables
5
 

 
5 In physics, conjugate variables are pair of variables mathemati-

cally defined in such a way that they become Fourier transform 

duals of one-another. 

(e.g. position r and momentum p) cannot both be known with 

arbitrary precision. That is, the more precisely one variable is 

known, the less precisely the other is known. We already 

noticed that this is not the uncertainty of the measurement of 

particular observables of a system.  

Heisenberg’s uncertainty principle was very often formulated 

in usual mathematics (classical probability theory and 

statistics) as follows: every quantum state has the property 

that the root-mean-square deviation of the position r from its 

mean (the standard deviation of the r-distribution) times the 

root-mean-square deviation of the momentum p from its 

mean (the standard deviation of p) can never be smaller than 

a small fixed fraction of Planck's constant: 

 
2
�≥∆⋅∆ pr , (1) 

where 2)( rrr −=∆  and 2
)( ppp −=∆ . 

Any measurement of the position with accuracy ∆r collapses 

the quantum state making the standard deviation of the 

momentum ∆p larger than
2
� .  

This view is using classical probability theory what is 

adequate for each one of the two variables r and p but what 

is not appropriate to the combination of the two “pictures”. 

There is no joint probability distribution for the two 

variables r and p and therefore the product of their root-
mean-square deviations has no meaning in classical 

probability theory. That is, what is meant by the logico-

algebraic result that there is no Boolean lattice of quantum 

mechanics. 

Let’s consider the uncertainty principle in our approach of 

fuzzy quantum states! In our view position and momentum, r 

and p, are associated with linguistic variables, LVr and LVp. 

Hence we can consider 2)( rrr −=∆  and 

2)( ppp −=∆ as being linguistic variables as well. 

Because Heisenberg’s uncertainty relation (1) is a 

proposition of the possible values of ∆r⋅⋅⋅⋅∆p, we can also 

consider this product of the two linguistic variables ∆r and 

∆p as being a linguistic variable S (“action”
6
). 

Heisenberg’s inequality claims that S = ∆r⋅⋅⋅⋅∆p can never be 

smaller than
2
� , i.e. the minimal value of S equals

2
� , but this 

result was never derived by Heisenberg himself. Moreover, 

in his famous 1930 lecture in Chicago he refined his 

principle to the following inequality [21]: 

  (2) 

The formulation (1) of the uncertainty relations was proved 

by E. H. Kennard in 1927 but in this prove it was postulated 

that ∆r and ∆p are the standard deviations of position and 

momentum, therefore this formulation uses classical 

probability theory [21] 

What does this mean? – The value of the linguistic variable S 

at a given point of time is the composition of the values of 

the linguistic variables ∆r and ∆p but to get both of the two 

 
6 “Action” is the name of this particular quantity (product of 

position and momentum or of energy and time) in physics. 
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values is not possible in the theory of quantum mechanics. 

(Remark: To compute the value of ∆r or ∆p we have to 

measure the value of r or p respectively.)  

Thus, it is only possible to know one of the linguistic values 

of ∆r or ∆p and therefore it is not possible to compute the 

value of the linguistic variable S = ∆r⋅⋅⋅⋅∆p. 

 

8 Conclusions 

During the last decade the literature on combining the 

theories of quantum mechanics and fuzzy sets was growing, 

e.g. [23- 29].
7
 Of course there might be many more papers on 

the meeting of the two theories but unfortunately – as one of 

the reviewers to this paper, “it seems to be sometimes the 

application of ideas from quantum theory to fuzzy sets than 

the other way around”. This paper was written to plea for 

applications of ideas from Fuzzy set theory to quantum 

mechanics. Of course, we gave only some preliminary ideas 

to establish a fuzzy approach to physics and particularly to 

quantum mechanics. 

We presented a rough idea of what the methodologies of 

fuzzy sets and systems, along with linguistic variables, could 

contribute to the project to represent phenomena in physics 

that can not be represented in classical mechanics. Quantum 

mechanics is a very successful theory to represent these 

phenomena but there are difficulties with the using of the 

concept of probability. It seems that the concepts of fuzzy 

sets and linguistic variables can be more appropriate for the 

representation of quantum phenomena in the framework of 

quantum mechanics than the classical concept of probability. 

Our definition of the fuzzy state of a quantum mechanical 

system avoids the difficulties that arise in classical 

probability theory in attempts to define this state. On the 

other hand, with this fuzzy approach new difficulties arise, 

e.g. with the experimental side of physics and also with its 

interpretative side. Of course, scientists should take such 

problems seriously. At the other hand, these are the usual and 

well-known problems of all fuzzy-approaches in the field of 

science and technology of the last 40 year. From the point of 

view of a historian and philosopher of science this is also a 

big challenge! 
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Abstract— Subjective uncertainty is one of the most essential
subjects for evaluation that was the reason Fuzzy theory was pro-
posed. Related research areas are widely spread such as decision
making, data analysis, information retrieval, psychology, and human
computer interaction and so on. As a basis for various researches
mathematical interpretation of evaluation methods occupies an im-
portant position. In Possibility theory, possibility and necessity eval-
uations have been utilized as ways for evaluating a vague achieve-
ment in an ambiguous situation. However, mathematical interpre-
tations for these evaluations have been insufficient. In this article,
possibility and necessity evaluations are examined based on the or-
dinal comparability in social choice theory. Equivalent conditions to
the evaluations are deduced so that axiomatic interpretations for the
evaluations become possible, and order relations related to the two
evaluations are deduced.

Keywords— evaluation, measure, necessity, ordinal comparabil-
ity, ordinal utility, possibility.

1 Introduction
In Possibility theory [1, 2, 3, 4, 5], subjective value of attain-
ment or satisfaction of an evaluation item in state x is rep-
resented by the membership function µ(x)(0 <= µ(x) <= 1).
And occurrence degree of subjective possibility is represented
by the membership function π(x)(0 <= π(x) <= 1). Tuple of
these functions, (µ(x), π(x)), can be regarded as a representa-
tion of state x with two kinds of uncertainties (vagueness and
ambiguity) and be applied for evaluation and decision making.

An evaluation value for (µ, π) is defined as follows:

Definition 1

Π(µ, π) = sup
x

min (µ(x), π(x)) (1)

This can be regarded as an extension of possibility measure
for fuzzy sets. This is also interpreted as a fuzzy integral for
fuzzy set on possibility measure.

In Possibility theory, necessity measure is defined as dual
for possibility evaluation:

Definition 2

N(µ, π) = inf
x

max (µ(x), 1 − π(x)) (2)

These two evaluations (possibility and necessity) also can
be interpreted as optimistic (positive) and pessimistic (nega-
tive) evaluations respectively.

In this paper, we investigate generalized possibility and ne-
cessity evaluations. As seen in these definitions, generally in

Fuzzy theory, max operation and min operation are used fre-
quently. For example, they are used in the synthetic rule of
fuzzy reasoning.

Moreover, some restrictions, e.g., normality, are assumed
on membership functions in many cases. A continuity and
convexity are sometimes assumed on membership functions.
[3].

Definition 3 A membership function π(x) is normal means
that there exists x such that π(x) = 1.

In order to perform the mathematical interpretation on pos-
sibility and necessity evaluations and to examine the validity
of the evaluations, it is necessary to consider on the property
of functions µ(x) and π(x) determined subjectively. For ex-
ample, whether it is a cardinal utility function or ordinal utility
function.

In Possibility theory, considerations for improving qualita-
tive possibilistic criteria are discussed. Axiomatic approach
has been made in order to examine decision theoretic founda-
tion [6]. Generalized concordance rules that request compar-
isons within possible values for components and comparisons
between sets of attributes is proposed [7]. The injection of
lexicographic ingredients in the possibilistic criteria has been
studied [8].

It is necessary to consider the conditions at the time of uni-
fying the functions and performing synthetic evaluation, e.g.,
evaluation level comparability on evaluation items. In social
choice theory or voting theory, the comparability of utility
functions was introduced with ordinal number based on ex-
tended ordering [9, 10]. and examination has been made about
how synthetic evaluation should be performed [11].

This paper newly defines possibility and necessity evalua-
tions based on ordinal comparability and deduces equivalent
conditions to them. Therefore, the applicable conditions of
possibility and necessity evaluations are clarified. Moreover,
relations between these two evaluations are discussed.

Hereafter, Section 2 examines necessary and sufficient con-
dition of the evaluations based on extended ordering. In Sec-
tion 3, interpretations of the conditions for evaluations, pos-
sibility, and necessity evaluation, are discussed. Section 4
considers order relations between possibility evaluation and
necessity evaluation.

2 Extended ordering and preference relation
We denote that X is a set of states or a set of alternatives. We
define preference relation as a binary relation.

Definition 4 Preference relation R on X (x, y ∈ X, xRy:
x is preferred to y) is a binary relation which is reflective
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(∀x ∈ X : xRx), transitive (∀x, y, z ∈ X : (xRy ∧ yRz) →
xRz). and total (∀x, y ∈ X : (x �= y) → (xRy ∨ yRx)).
Strong preference relation P and indifference relation I are
defined by: xPy ≡ (xRy ∧ ¬(yRx)), and xIy ≡ (xRy ∧
yRx).

We denote H as a set of evaluation items. In social choice
theory [9], X is called a set of social states, and H is called a
set of individuals. In this paper, we make fundamental investi-
gations on preference relation, so that the number of elements
of the set H is restricted to two.

We consider (x, i) ∈ X×H . A binary relation R̃ on X×H
is assumed to be a preference relation. This relation is called
extended ordering [9]. In similar meaning, it is also called
extended sympathy [10].

Definition 5 Preference relation (x, i)R̃(y, j) means that
an evaluation item i on a state x is preferred to j on a
state y. Strong preference relation P̃ and indifference rela-
tion Ĩ on X × H are defined by: (x, i), (y, j) ∈ X × H
and R̃, (x, i)P̃ (y, j) ≡ ((x, i)R̃(y, j) ∧ ¬((y, j)R̃(x, i))),
(x, i)Ĩ(y, j) ≡ ((x, i)R̃(y, j) ∧ (y, j)R̃(x, i)).

Here, we consider generalized function f : R̃ → R, which
corresponds the preference relation R̃ (P̃ and Ĩ) on X ×H to
the preference relation R (P and I) on X . The function f is
called Generalized Social Welfare Function (GSWF) in social
choice theory [9].

In the following section, higher evaluation on state x is de-
noted as 2(x) ∈ {1, 2} and lower evaluation is denoted as
1(x) ∈ {1, 2}. This means that (x, 2(x))R̃(x, 1(x)).

Definition 6 GSWF fP is defined as follows. For all x, y ∈
X ,
(1) if for all i ∈ {1, 2} (x, i(x))Ĩ(y, i(y)), then xIy,
(2) if (x, 1(x))Ĩ(y, 1(y)) and (x, 2(x))P̃ (y, 2(y)), then xPy,
(3) if (x, 1(x))P̃ (y, 1(y)), then xPy.

GSWF fP corresponds to leximin rule, because we com-
pare preference from lower level to higher level [9, 11].

Next, we consider following five conditions on the two pref-
erence relations R̃ and R. We denote (x, i)R̃(y, i)R̃(z, i) for
short as (x, i)R̃(y, i) and (y, i)R̃(z, i). We denote for P̃ and
Ĩ in similar way.

(C1) Preference relation R̃ can take any logically possible re-
lation.

(C2) If the restrictions of R̃ and R̃′ on any pair in X are the
same, then the restrictions of R and R′ on that pair are also
same.

(C3) For any x, y in X , if (x, 1)R̃(y, 1) ∧ (x, 2)R̃(y, 2), then
xRy. If one of the two relations is a strong preference relation
P̃ , then xPy.

(C4) For any x, y in X , if (y, 2) P̃ (x, 2) R̃ (x, 1) P̃ (y, 1) or
if (y, 1) P̃ (x, 1) R̃ (x, 2) P̃ (y, 2), then xPy.

(C5) For any x, y in X , if (x, 1)Ĩ(y, 2) ∧ (x, 2)Ĩ(y, 1) and
¬((x, 1)Ĩ(x, 2)), then xIy.

We note that if (x, 1)R̃(y, 1) ∧ (x, 2)R̃(y, 2) and
(y, 1)R̃(x, 1) ∧ (y, 2)R̃(x, 2), then xIy by (C3). Furthermore
we note that the conditions (C3), (C4), and (C5) are mutually
independent.

For GSWF fP and the five conditions, following theorem
is stated [12].

Theorem 1 Assume that |X| > 2, only GSWF that satisfies
(C1), (C2), (C3), (C4), and (C5) is fP .

Next, from the view of symmetry, we consider a different
condition only for (C4) in the above five conditions. We define
the following converse condition (C4’).

(C4’) For any x, y in X , if (x, 2) P̃ (y, 2) R̃ (y, 1) P̃ (x, 1) or
if (x, 1) P̃ (y, 1) R̃ (y, 2) P̃ (x, 2), then xPy.

In this case we consider the followings.

Definition 7 GSWF fN is defined as follows. For all x, y ∈
X ,
(1) for any i ∈ {1, 2}, if (x, i(x))Ĩ(y, i(y)), then xIy,
(2) if (x, 2(x))Ĩ(y, 2(y)) and (x, 1(x))P̃ (y, 1(y)), then xPy,
(3) if (x, 2(x))P̃ (y, 2(y)), then xPy.

For GSWF fN and the five conditions, following theorem
is stated.

Theorem 2 Assume |X| > 2, only GSWF that satisfies
conditions (C1), (C2), (C3), (C4’), (C5) is fN .

By the above two theorems, conditions equivalent to two
GSWFs, fP and fN , were obtained. Based on these results
we can discuss what kind of conditions are assumed when
each GSWF is applied for evaluation.

3 Interpretation of possibility and necessity
evaluation based on extended ordering

3.1 Ordinal utility function

In this section, as an application of the knowledge obtained
in the previous section to Possibility theory, we consider the
case that H = {µ, π}. In the case we define GSWF fP as a
possibility evaluation.

We can say from (1) and the definition of fP that if xPy
for fP , then min(µ(x), π(x)) >= min(µ(y), π(y)).

In the following, we discuss the interpretation of possibil-
ity evaluation based on the theorem obtained in the previous
section.

We consider that (x, i) ∈ X ×H corresponds to (x, µ) and
(x, π). The relations between the preference relation R̃ and
membership functions are defined as follows;

(x, µ)R̃(y, µ) ≡ µ(x) >= µ(y),
(x, π)R̃(y, π) ≡ π(x) >= π(y),
(x, µ)R̃(x, π) ≡ µ(x) >= π(x),
(x, π)R̃(x, µ) ≡ π(x) >= µ(x).
We denote strong preference relation and indifference rela-

tion as “>” and “=” respectively.
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We should note that membership functions µ and π can be
regarded as ordinal level comparable utility functions based
on extended ordering.

3.2 Possibility evaluation

In this subsection we discuss the conditions in Theorem 1.
Conditions (C1) and (C2) are naturally acceptable condi-

tions.
Condition (C3) (if µ(x) >= µ(y) and π(x) >= π(y), then

xRy) is so-called Pareto condition, so that this is naturally
acceptable for the functions µ and π.

However, (C4) (if µ(y) > µ(x) >= π(x) > π(y) or π(y) >
π(x) >= µ(x) > µ(y), then xRy) means that we must compare
two evaluation elements of µ and π on one state.

And condition (C5) (if µ(x) = π(y) and π(x) = µ(y),
then xIy) means that in indifferent two states, two evaluation
elements of µ and π can be exchanged as same.

Therefore conditions (C4) and (C5) for the functions µ and
π are restrictions on two evaluations, then these restrictions
are strongly imposed on setting these two membership func-
tions.

If conditions (C1), (C2), (C3), (C4), (C5) are acceptable for
µ and π, then by Theorem 1, we can utilize the function fP as
a preference functions on x, y ∈ X .

On the other hand, in the case that we use the function fP

as a preference relation, the conditions (C1), (C2), (C3), (C4),
(C5) should be satisfied.

Consequently, for x, y ∈ X we clarify the conditions for
evaluation of (1) based on comparing min(µ(x), π(x)) and
min(µ(y), π(y)).

3.3 Necessity evaluation

Similarly we can discuss necessity evaluation. In case of ne-
cessity, for π in (2) we can see 1 − π(x). Therefore, as a
converse order relation we defined an ordinal utility function
π∗(x) as follows.

Definition 8 π∗(x) is defined by:

π∗(x) < π∗(y) ≡ π(x) > π(y), (3)
π∗(x) = π∗(y) ≡ π(x) = π(y). (4)

Similarly as possibility evaluation we can discuss the inter-
pretation of necessity evaluation based on Theorem 2 obtained
in the previous section.

We consider that (x, i) ∈ X ×H corresponds to (x, µ) and
(x, π∗) in the same way as possibility. The relation between
the preference relation R̃ and membership functions are de-
fined as follows;

(x, µ)R̃(y, µ) ≡ µ(x) >= µ(y),
(x, π∗)R̃(y, π∗) ≡ π∗(x) >= π∗(y),
(x, µ)R̃(x, π∗) ≡ µ(x) >= π∗(x),
(x, π∗)R̃(x, µ) ≡ π∗(x) >= µ(x).
We denote strong preference relation and indifference rela-

tion as “>” and “=” respectively.
We should note that membership functions µ and π∗ can

be regarded as ordinal comparable utility functions based on
extended ordering. As similar with possibility, we can discuss
µ, π∗, and conditions (C1), (C2), (C3), (C4’), (C5).

4 Order relation between possibility
evaluation and necessity evaluation

In this section, as discussed in earlier sections we assume that
H = {µ, π} and that extended ordering on (x, µ) and (x, π)
satisfies conditions (C1), (C2), (C3), (C4), and (C5) for pref-
erence relations R̃ and R.

Definition 9 xP ∈ X is defined by: for all y(�= xP ) ∈ X ,
xP Ry.

Similarly we assume that H = {µ, π∗} and that extended
ordering on (x, µ) and (x, π∗) satisfies conditions (C1), (C2),
(C3), (C4’), and (C5) for preference relations R̃∗ and R∗. We
discriminate R̃, R and R̃∗, R∗.

Definition 10 xN ∈ X is defined by: for all y(�= xN ) ∈ X ,
yR∗xN .

We should recall that µ(x) and π(x) are ordinal functions.
In Possibility theory, optimistic evaluation and pessimistic

evaluation are discussed. In this section, order relation be-
tween possibility evaluation and necessity evaluation is dis-
cussed.

We obtain the following result with respect to µ(xP ) and
µ(xN ).

Lemma 3

µ(xP ) >= µ(xN ). (5)

(Proof)
Assuming µ(xP ) < µ(xN ) we deduce contradiction. In this
case, xP �= xN . If π(xP ) <= π(xN ), then (xN , µ)P̃ (xP , µ)
and (xN , π)R̃(xP , π). Therefore, by (C3) of GSWF fP ,
xNPxP . This contradicts the definition of xP . Next, we con-
sider the case that π(xP ) > π(xN ). In this case, π∗(xP ) <
π∗(xN ) and µ(xP ) < µ(xN ), then (xN , µ)P̃ ∗(xP , µ) and
(xN , π)P̃ ∗(xP , π). By (C3) of GSWF fN , xNP ∗xP , so that
this contradicts the definition of xN .

For order relations with respect to max(µ(xN ), π∗(xN ))
and min(µ(xP ), π(xP )), we obtain the following results.

Lemma 4 If π∗(x) > π(x), then

max(µ(xN ), π∗(xN )) > min(µ(xP ), π(xP )). (6)

Lemma 5 If there exists x′ which satisfies the condition
π(x′) >= µ(x′) >= π∗(x′), then

min(µ(xP ), π(xP )) >= µ(x′) >= max(µ(xN ), π∗(xN )). (7)

(Proof)
By the definition of xP , we have min(µ(xP ), π(xP )) >=
min(µ(x′), π(x′)) >= µ(x′). Similarly with respect to xN ,
max(µ(xN ), π∗(xN )) <= max(µ(x′), π∗(x′)) <= µ(x′). Con-
sequently we obtain the result.

Next we discuss in the framework of conventional Possibil-
ity theory, i.e., we consider π∗(x) = 1 − π(x). xP is most
preferable on X with respect to GSWF fP . Then xP takes
the optimal value of (1) in Definition 1. Similarly, xN is most
unpreferable on X with respect to GSWF fN . Then xN takes
the optimal value of (2) in Definition 2.
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Some assumptions are sometimes taken in Possibility the-
ory. In this section we assume that the membership function
π(x)(0 <= π(x) <= 1) satisfies normality condition, i.e., there
exists the x′ ∈ X such that π(x′) = 1. Then we obtain the
following result by Lemma 5.

Theorem 6 If π(x) is normal, then

Π(µ, π) >= N(µ, π). (8)

(Proof) By the definition of normality there exists x′ that
π∗(x′) = 0 and π(x′) = 1, and 0 <= µ(x′) <= 1, then the
prerequisite condition of Lemma 5 is satisfied.

5 Conclusion
This paper described the mathematical foundation of subjec-
tive uncertainty. Axiomatic interpretations on possibility eval-
uation and necessity evaluation, and the relation between these
evaluations were examined based on the extended ordering in
social choice theory.

The obtained results are as follows:
In section 2, based on extended ordering we obtained the

equivalent conditions for two kinds of GSWF fP and fN ;
conditions (C1), (C2), (C3), (C4), (C5), and conditions (C1),
(C2), (C3), (C4’), (C5).

In section 3, we examined generalized possibility evalua-
tion and necessity evaluation, and discussed the conditions ob-
tained in section 2.

In section 4, we defined xP and xN , and discussed the order
relations between possibility evaluation and necessity evalua-
tion, and obtained some results on the relations.

By these results obtained in this paper, mathematical inter-
pretations and applicable conditions of the evaluations became
clear. These are important when the evaluations are applied in
various practical situations.
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Abstract— In the current approaches to fuzzy answer set pro-
gramming (FASP) one can state preferences amongst rules to denote
their relative importance. However, in many situations we need more
complex preferences such as those in the answer set optimization
framework proposed by Brewka for crisp answer set programming.
Unfortunately, these complex preferences do not readily fit into the
current FASP approaches. In this paper we propose a language to
state such preferences and show that programs with these preferences
can be translated into equivalent general fuzzy answer set program-
ming (gFASP) programs. This not only provides an implementation
method, but also shows that this extension can be added as syntactic
sugar on top of general fuzzy answer set programming solvers.

Keywords— Logic Programming, Fuzzy Logic, Answer Set Pro-
gramming, Preference-based Logic Programming.

1 Introduction
Answer set programming [1] is a logic programming language
based on the stable model semantics [2]. Roughly speaking,
in answer set programming a program contains a set of rules
of the form a ← b1, . . . , bn, not c1, . . . , not cm describing a
problem whose solution is generated by an answer set solver.
For example, if one is interested in finding solutions to the
problem of assigning a seat s to either of two persons p1 and
p2, the following program could be used:

sit(p1 , s) ← not sit(p2 , s)
sit(p2 , s) ← not sit(p1 , s)

This program has two answer sets, which correspond to the
solutions of the modeled problem, S1 = {sit(p1, s)} and
S2 = {sit(p2, s)}.

In recent work, answer set programming and, more general,
logic programming have been extended to deal with fuzzy
[3, 4], probabilistic [5] and many-valued logics [6, 7, 8, 9],
allowing for a more flexible description of both the problem
domain and the proposed solutions of the problem domain.
Specifically, in [4] degrees are attached to answer sets describ-
ing the quality of prospective solutions. For example, in case
one is interested in only allowing solutions in which people
are seated close to friends, one could write a program contain-
ing fuzzy constraints, as follows:

0←sit(p1, s1) ∧ sit(p2, s2) ∧ friend(p1, p2)
∧ ∼ near(s1, s2)

∗Funded by a joint Research Foundation–Flanders (FWO) project
†Postdoctoral fellow of the Research Foundation–Flanders

(FWO)
‡On leave from Ghent University

where sit(p, s) means that person p sits on seat s,
friend(p1, p2) that person p1 is a friend of p2 (to a certain de-
gree), near(s1, s2) denotes the proximity of seats s1 and s2

and ∼ is a negator. The constraint above would then attach
a higher degree of quality to answer sets in which friends are
close together. Note that ∼ near(s1, s2) should be used and
not near(s1, s2) since the satisfaction of the constraint rule
should increase with the value of near(s1, s2). More details
can be found in Section 2.

Although the quality degree allows to express preference
amongst solutions, the current proposals only allow this pref-
erence to be based on the degree of rule fulfillment. However,
in many practical situations, we would like to express prefer-
ences based on the truth degrees of literals. Furthermore, we
might want to express that the importance of some preferences
depends on the context, i.e. we would like to have conditional
preferences. For example, we wish to be able to state that if we
are sitting on a seat, we prefer it to be by the window, but only
consider this important when the scenery is nice, as follows:

scene : (sit(p, s)→ nearWin(s)) � nicescenery (1)

where nearWin(s) denotes that seat s is near the window,
the nicescenery literal determines the weight of importance
of the rule and → is an implicator. The exact semantics of
such rules are given in Section 3.

In the crisp case, Brewka proposed rules like (1) in [10].
However, to the best of our knowledge no such proposal exists
for fuzzy answer set programs, which we remedy in this paper.
The main contributions of this paper are the following:

• In Section 3 we propose a generalisation of the Pref-
erence Description Language (PDL) of Brewka to the
fuzzy case.

• In Section 4 we show how programs containing these
preferences can be translated to standard general fuzzy
answer set programming (gFASP) programs [11], pro-
viding an implementation method and hence also show-
ing that this extension is actually syntactic sugar on the
general fuzzy answer set programming language.

2 General Fuzzy Answer Set Programming

General fuzzy answer set programming (gFASP) programs
over a complete lattice L consist of rules, which are objects
of the form

r: a← f(b1, . . . , bn)
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where r is the label of the rule, a and bi, 1 ≤ i ≤ n, are ei-
ther elements from L or propositional symbols called literals
(where bi = bj for i �= j is possible), f is a (computable)
function from Ln to L such that for bk, b′k ∈ L it holds that if
bk ≤ b′k, either f(b1, . . . , bk, . . . , bn) ≤ f(b1, . . . , b

′
k, . . . , bn)

or f(b1, . . . , bk, . . . , bn) ≥ f(b1, . . . , b
′
k, . . . , bn) and ← de-

notes a residual implicator over L. If a ∈ L, the rule is called
a constraint. The head a of a rule r is denoted as rh and the
body f(b1, . . . , bn) is denoted as rb.

The semantics are given by interpretations, i.e. fuzzy
sets over the literals of a program. These are extended to
give meaning to rules in a straightforward fashion, i.e. if
I is an interpretation, [a ← f(b1, . . . , bn)]I = [a]I ←
[f(b1, . . . , bn)]I , where [a]I = I(a) if a is a literal and
[a]I = a if a ∈ L, and [f(b1, . . . , bn)]I = f([b1]I , . . . , [bn]I).

Models of a program P are defined using an aggregator ex-
pression AP which maps rule propositions (corresponding to
rule labels) to a value in a quasi-ordered set Q. For example,
given a program P1 with two rules r1 and r2, a possible ag-
gregator would be AP1 = r1 + r2. Such an expresssion can
be evaluated by an interpretation, e.g. for I an interpretation
of P we obtain [AP1 ]I = γ([r1]I)+γ([r2]I), with γ an order-
preserving L → Q mapping. A k-model, k ∈ Q, is then an
interpretation for which [AP ]I ≥ k.

k-Answer sets of a program P are k-models that contain
the maximal amount of knowledge inferrable from a program
through forward chaining, without resorting to external hy-
potheses, i.e. they are models for which the truth value of
every literal is supported by the application of a rule in the
program.

As an example, consider program Pseat, describing seat-
ing arrangements, with the following rulebaseRPseat

over the
lattice ([0, 1],≤):

gen: sit(P ,S ) ←g 1
c1: 0 ←g sit(P ,S ) ∧ sit(P ′,S ) ∧ P �= P ′

c2: 0 ←g sit(P ,S ) ∧ sit(P ,S ′) ∧ S �= S ′

cr: 0 ←g sit(P ,S ) ∧ (1 − sit(P ,S ))
u: unh(P) ←g sit(P ,S ) ∧ friend(P ,P ′)

∧sit(P ′,S ′) ∧ (1 − near(S ,S ′))
q: 0 ←l unh(P)
s: s(P) ←g sit(P ,S )
a: 0 ←g 1 − s(P)

where ∧ is the minimum t-norm over ([0, 1,≤) and ←l, ←g

are resp. the Łukasiewicz and Gödel implicator. The aggre-
gator is defined as APseat

= infr∈RPseat\{gen} r. Due to
the fact that the gen-rule is not incorporated in the aggrega-
tion expression, this rule generates random truth degrees for
sit(P, S). To ensure that sit(P, S) is either 0 or 1, we use
the cr (crispify) rule. Rules c1 and c2 guarantee that a seat is
occupied by a single person, resp. that a person only occu-
pies one seat. The a and s rules ensure that everyone has a
seat and the u and q rules are used to prefer solutions where
friends are seated close together. Note that due to grounding a
rule such as s(P )←g sit(P, S) actually denotes a set of rules
{s(pi) ←g sit(pi, sj)} for a set of persons (pi)i∈I and a set
of seats (sj)j∈J .

If we have three seats s1, s2 and z, only two of which
are near, viz. near(s1, s2).8 and near(s2, s1).8 and there

are three persons a, b and c connected by friendship de-
grees friend(a, b).8, friend(a, c).5, and friend(b, c)0, then
from program Pseat one could e.g. derive the .2-answer set
A1 = {sit(a, s1)1, sit(b, z)1, sit(c, s2)1, unh(a).8, . . .}
and the (better) .5-answer set A2 = {sit(a, s1)1, sit(b, s2)1,
sit(c, z)1, unh(a).5, . . .}.

For more details on the gFASP framework, we refer the
reader to [11].

3 Complex Preferences on Literals
3.1 Fuzzy preference rules: syntax

In this section, we build a fuzzy preference framework based
on a fuzzy preference description language (FPDL) which
is an extension of the language PDL proposed by Brewka
in [10]. Formally, a gFASP program with literal preferences
consists of a tuple (P, e), where P is a gFASP program and e
is an expression from FPDL. This expression determines a
preference ordering on answer sets based on truth degrees of
literals.

The basic elements of this language are fuzzy preference
rules. Note that although they are called rules, they should not
be confused with the rules of a fuzzy answer set program intro-
duced in Section 2: the former are used for creating preference
expressions (the e in (P, e)), whereas the latter are used to
create (general) fuzzy answer set programs (the P in (P, e)).
Formally the fuzzy preference rules are defined over a set of
literals L and the complete lattice L as expressions of the fol-
lowing form:

r : g(a1, . . . , an) � f(b1, . . . , bm) (2)

In this rule, the ais (1 ≤ i ≤ n) and bjs (1 ≤ j ≤ m)
are literals from L, the function g is a mapping from Ln to
L, f is a mapping from Lm to L and r is the label of the
rule. For convenience, for a given fuzzy preference rule r we
also refer to g(a1, . . . , an) as rh (the head of the rule) and to
f(b1, . . . , bm) as rb (the body of the rule).

Intuitively, the g-function denotes an expression determin-
ing the suitability of an answer set with respect to a certain
preference and the f -function denotes the applicability of the
rule, meaning the conditions under which this preference rule
is considered important or relevant. For example, consider the
following preference rule:

scene : (sit(p, s)→ nearWin(s)) � nicescenery

This rule states that by default we (with “we” being person
p) would like to have a seat near the window. However, we
only consider this requirement important to the degree that
the scenery is actually nice. The reason for choosing g to be
an implication in this rule is that we want to state that this
specific rule is also fulfilled (thus the answer set considered
is still “suitable”) if we are not sitting at this seat. Note that
there is a difference between the → in the head and the � of
the rule: if we would rewrite the scene rule as

scene′ : (sit(p, s) ∧ nicescenery → nearWin(s)) � 1

it would denote that the nicer the scenery, the closer to the
window we would like to sit rather than that we only find it
important to sit near the window when the scenery is nice.
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This can also be seen from the fact that if→ is a residual im-
plicator and nicescenery is true to a degree of 0.5, the scene
rule is only fully fulfilled when nearWin(s) is 1 (or sit(p, s)
is 0), whereas in the scene′ rule it suffices that nearWin(s)
is 0.5 (or sit(p, s) is 0).

Intuitively we thus prefer answer sets with a better suitabil-
ity score, but can forgive the answer set a low suitability score
if the applicability degree is rather low. Formally the seman-
tics of rules are dependent on a function suit and app defined
for a given fuzzy preference rule r and an arbitrary answer set
A as

suit(A, r) = [g(a1, . . . , an)]A = g(A(a1), . . . , A(an))

app(A, r) = [f(b1, . . . , bm)]A = f(A(b1), . . . , A(bm))

In the approach of Brewka [10], the semantics of preference
rules are defined by attaching a penalty score in R to each ap-
plicable rule. Such a penalty reflects how good an answer set
fulfills a preference rule, where lower penalties correspond to
better fulfillment. Inapplicable rules are not considered impor-
tant and are therefore attached penalty 0, i.e. they are always
optimally fulfilled.

Unfortunately, the same approach is not possible when gen-
eralizing from crisp to fuzzy answer set programming: in the
fuzzy case the applicability value is in [0, 1] and by reduc-
ing the values suit(A, r) and app(A, r) to a single number
(i.e. penalty score in R), we lose the important semantic dis-
tinction between suitability of answer sets and applicability of
preference rules. In the following sections, we define an alter-
native semantics for fuzzy preference rules which does adhere
to this distinction. We will first give the semantics for rules
with a crisp applicability score and then define penalty ex-
pressions built from rules; starting from the semantics thus ob-
tained we then introduce the semantics for rules with a fuzzy
applicability score using the recently introduced concept of
gradual number [12]; finally we introduce the general penalty
expressions built from rules with fuzzy applicabilities.

3.2 Rules with crisp applicability

Suppose r is a rule with a crisp applicability condition
(i.e. app(A, r) is either 1 or 0), then we define the penalty
score as:

penc(A, r) =

{
Ξ(suit(A, r)) if app(A, r) = 1
0 otherwise

where Ξ is a decreasing L to [0, +∞[ mapping, such that
Ξ(1) = 0, in the examples in this paper usually assumed to
be Ξ(x) = 1− x.

As an example, consider the following rule:

V IPp : goodSeat(p) � vip(p)

where goodSeat(p) ∈ [0, 1] reflects how good the seat of per-
son p is and vip(p) ∈ {0, 1} denotes whether person p is a
VIP. This rule encodes that we find it important that VIPs have
good seats. If A(goodSeat(p)) = 0.8 and A(vip(p)) = 1, we
know from the definition of penc that penc(A, r) = 1−0.8 =
0.2. Hence, answer set A has a low penalty score and thus
represents a seating configuration that satisfies our wishes.

Starting from rules with crisp applicability, we can define
the set of complex penalty expresssions FPDLp as follows:

1. If r is a fuzzy preference rule whose applicability condi-
tion takes only crisp values, r is in FPDLp;

2. If e1, e2, . . . , ek are in FPDLp, then so are
(sum e1, . . . , ek) and (max e1, . . . , ek).

We extend the definition of penc to cover complex penalty
expressions in a straightforward way, e.g.

penc(A, sum e1, ..., ek) = penc(A, e1) + ... + penc(A, ek)

For example, suppose we have two V IPp rules for persons
p1 and p2, then we can combine these into one penalty expres-
sion summing the penalties as

ev : (sum V IPp1 , V IPp2)

If we then have an answer set A for which penc(A, V IPp1) =
0.2 and penc(A, V IPp2) = 0.5, the total penalty of this ex-
pression is penc(A, (sum V IPp1 , V IPp2) = 0.7.

3.3 Rules with vague applicability

In the general case, where applicability conditions are vague,
we define penalties as gradual numbers in the sense of [12],
i.e. as mappings from ]0, 1] to R. For each threshold λ in ]0, 1],
we convert preference rules r of the form (2) to preference
rules rλ with a crisp applicability condition:

rλ : g(a1, . . . , an) � (f(b1, . . . , bm) ≥ λ) (3)

The (gradual) penalty of A w.r.t. a preference rule r is then
given by the gradual number pen(A, r), defined for each λ in
]0, 1] as

pen(A, r)(λ) = penc(A, rλ) (4)

In Figure 1, one can see an example of the penalty
thus induced by an answer set A on the rule V IPp where
A(vip(p)) = app(A, V IPp) = 1/2 and A(goodSeat(p)) =
suit(A, V IPp) = 0.75. Note that for each rule the set
{λ | pen(A, r)(λ) = Ξ(suit(A, r))} is the half-open inter-
val ]0, app(A, r)] and the set {λ | pen(A, r)(λ) = 0} is the
half-open interval ]app(A, r), 1]. Hence, an answer set is only
accountable (gets a penalty) w.r.t. a rule to the extent that the
rule is applicable for the answer set.

Figure 1: Example rule penalty

These penalties can easily be extended to complex prefer-
ence expressions from a set FPDLgp, defined analogously
as FPDLp above, but starting from arbitrary preference
rules. To define the semantics for expressions from FPDLgp,
we rely on the semantics of corresponding expressions from
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FPDLp. Specifically, for e in FPDLgp and λ in L, we de-
fine

pen(A, e)(λ) = penc(A, eλ)

where eλ is obtained from e by replacing all occurrences of
preference rules r by the corresponding preference rules rλ.
Note that in principle, aggregation strategies that operate di-
rectly on gradual penalties could be defined as well.

Figure 2 depicts pen(A, e) (the solid line) and pen(A′, e)
(the dashed line) for an expression of the form e =
(sum dance, win) where the rule

dance : (sit(p, s)→ nearDanceF l(s)) � nearFriends(p)

encodes that person p would like to sit near the dancefloor, but
only finds this important if he is sitting close to his friends.
The other rule is defined as

win : (sit(p, s)→ nearWin(s)) � nearColleagues(p)

and denotes that person p likes a window seat, but only finds
this important if he is sitting close to his colleagues. The an-
swer sets A and A′ take on the following applicability and
suitability values:

app dance win
A 0.375 0.625
A′ 0.75 0.5

suit dance win
A 0.18 0.82
A′ 0.8 0.95

��

�

����

�

���

��	������
	� �����

����
����

Figure 2: Example complex penalties

Now, given Figure 2, which answer set is preferred: A or
A′? This depends on the application: if one only wants to
look at the higher (more important) lambdas, we would prefer
A as for λ = 0.75 this answer set has penalty 0; however if the
global penalty score over all lambdas is important, we would
prefer A′ as A has a high penalty for values lower than 0.375
(viz. 1). Hence many options are viable, depending on the
application. Furthermore there is a need to state preferences
amongst expressions themselves so that we can e.g. state that
only satisfying the dance rule is better than only satisfying
the win rule. In the next section we show how such order-
ings of answer sets based on the penalties and the preferences
amongst preference expressions can be stated.

3.4 Preference strategies

Using penalties, we can define preference orderings on answer
sets, which are referred to as strategies. Various such strate-
gies can be specified. A natural strategy if we are comparing
answer sets on the basis of one expression is to define the pref-
erence ordering ≤ between answer sets, based on an ordering


 of gradual numbers. This strategy is denoted by (
 e), and
the corresponding preference ordering≤ is defined for answer
sets A1 and A2 as

A1 ≤ A2 ≡ pen(A1, e) � pen(A2, e)

Several partial and total orderings between gradual numbers
can be used to this end. When the applicability values are
interpreted as priorities, the total ordering 
1 can be used,
where g1 
1 g2 for gradual numbers g1 and g2 whenever

1. g1 = g2; or

2. g1(λ) < g2(λ) for some λ in ]0, 1], and g1(λ′) = g2(λ′)
for all λ′ > λ.

A useful partial ordering is the pointwise extension of the
natural ordering ≤ on R, denoted by 
2, i.e. g1 
2 g2 iff
g1(λ) ≤ g2(λ) for all λ in ]0, 1]. Finally, an averaging strat-
egy 
3 could be used where g1 
3 g2 iff

∫ 1

0
g1(λ)w(λ) dλ ≤∫ 1

0
g2(λ)w(λ) dλ. Intuitively, we may want to give more

weight to the values of g1 and g2 for larger values of λ. This
is encoded by using an increasing ]0, 1]–]0, 1] mapping w, de-
fined, for instance, by w(λ) = λ for all λ in ]0, 1].

As an example, consider Figure 2 with expression e from
Section 3.3 again. From the picture one can see that if 
1 is
used, answer set A would be preferred over A′ as for λ = 0.75
we have that pen(A, e)(λ) < pen(A′, e)(λ) and for any λ >
0.75 it holds that pen(A, e)(λ) = 0 = pen(A′, e)(λ). Hence

1 encodes a form of priority where we discriminate answer
sets on their penalties for rules with a high applicability. Using

2, we would obtain that A and A′ are incomparable. Thus

2 takes a more global approach, only considering preference
when one of the two answer sets globally imposes a lower
penalty score. With 
3 and w(λ) = λ for each λ ∈]0, 1] then,
we obtain that A′ would be preferred over A, due to the fact
that A has a very high penalty at lower λ scores and is close to
the penalty of A at the more important λ values. We can thus
conclude that 
3 can be used when one is not only interested
in the fact that one penalty is higher than the other, but also in
the exact value of these penalties.

The 
i (1 ≤ i ≤ 3)–strategies are not sufficient however:
if we have two preference rules r1 and r2 and we want r1 to be
more important than r2, we cannot readily encode this using
a combination of the sum or max expressions and one of the
orderings on the gradual penalties. To this end, we introduce
other strategies, encoded as expressions from the set FPDL.
First we have (
 e) ∈ FPDL for e ∈ FDPLgp and 

a partial ordering between gradual numbers. In analogy with
Brewka [10], we also consider the following expressions:

1. If e1, . . . , ek are in FPDL, then (pareto e1, . . . , ek) and
(lex e1, . . . , ek) are in FPDL

2. If e1, . . . , ek are in FPDLgp then (rinc e1, . . . , ek) and
(rcard e1, . . . , en) are in FPDL

The semantics of (pareto e1, . . . , ek) and (lex e1, . . . , ek)
are defined analogously to the crisp case. In particular, the
ordering ≤ induced by (pareto e1, . . . , ek) is defined by

A1 ≤ A2 ≡ A1 ≤1 A2 ∧ ... ∧A1 ≤k A2
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where ≤i is the ordering induced by ei. As an example, con-
sider the expression (pareto (
1 dance), (
1 win)) with
dance and win as defined in Section 3.3. The preference or-
dering induced by this expression does not favor either of the
expressions (
1 dance) and (
1 win).

Similarly, the ordering induced by (lex e1, . . . , ek) is given
by

A1 ≤ A2 ≡∀j ∈ 1..k ·A1 ≤j A2

∨ ∃j ∈ 1..k ·A1 <j A2 ∧ ∀j′ < j ·A1 ≤j′ A2

Expression (lex (
1 dance), (
1 win)) states that we first
need to look whether we can prefer one of two answer sets A
and A′ by the expression (
1 dance). If this is not the case,
we look whether (
1 win) can be used to prefer one of the
two. Intuitively we thus prefer answer sets where person p is
close to the dancefloor, even if that means he is sitting far from
the window and close to his colleagues.

The pareto and lex strategies both take arbitrary FPDL
expressions as their arguments. The next two strategies we
introduce, rinc and rcard, however, have expressions from
FPDLgp as arguments. The difference with the 
i (1 ≤ i ≤
3) strategies introduced earlier is that rinc and rcard base
the preferences on more than one penalty expression and thus
allow to have some interplay between rules and penalty ex-
pressions.

The semantics of (rinc e1, . . . , ek) and (rcard e1, . . . , ek)
are defined in terms of the interval-valued fuzzy set P a

A in
the finite universe {1, . . . , k}, where A is an answer set,
a ∈ [0, +∞[ and La

A(i) = {λ | pen(A, ei)(λ) = a}:

P a
A(i) =

{
[inf La

A(i), sup La
A(i)] if La

A(i) �= ∅
[0, 0] otherwise

Intuitively, P a
A is the set of (indices of) subexpressions ei

that attach a penalty a to an answer set A. Due to penalties
being gradual numbers and because of the specific form of
pen(A, e)(λ) for any penalty expression e, P a

A is an interval-
valued fuzzy set.

The preference ordering induced by (rinc e1, . . . , ek) is
defined as A1 ≤ A2 iff

1. P a
A1

= P a
A2

for all a in [0, +∞[; or

2. P a
A1
⊂ P a

A2
for some a in [0, +∞[, and P b

A1
= P b

A2
for

all b < a

where⊂ is an inclusion measure on interval-valued fuzzy sets,
such as those proposed in [13]. As an example, consider
(rinc dance, win, boss) with dance and win as in Section
3.4 and boss the rule

boss : (sit(p, s)→ nearSpeechStand(s)) � nearBoss(p)

Furthermore, we have answer sets A and A′ with the following
applicability and suitability values

app r1 r2 r3

A 0.25 0.5 0.5
A′ 0.75 0.25 1

suit r1 r2 r3

A 0.5 0.5 0.25
A′ 1 0.1 0.5

By definition of rinc we first need to check whether we can
discriminate between A and A′ on the basis of P 0

A and P 0
A′ .

From the definition we easily obtain that:

P 0 r1 r2 r3

A [0.25, 1] [0.5, 1] [0.5, 1]
A′ [0, 1] [0.25, 1] [0, 0]

Note that P 0
A′(1) = [0, 1] as the penalty of A′ is 0 over the

whole interval. Likewise P 0
A′(3) = [0, 0] as the rule is fully

applicable and penalty 0 is thus never reached. We use the
inclusion measure A ⊆ B ≡ ∀x ∈ X · A(x) ≤ B(x) for
interval-valued fuzzy sets A and B over a universe X where
[a, b] ≤ [a′, b′] ≡ b ≤ b′ ∧ (b−a) ≤ (b′−a′) in this example,
i.e. we take both the more important high λs and the amount
of lambdas into account. By this definition P 0

A(2) < P 0
A′(2)

and P 0
A′(3) < P 0

A(3) meaning that using rinc the answer sets
A and A′ are incomparable.

For (rcard e1, . . . , ek), which uses a cardinality based ap-
proach, the ordering is given by A1 ≤ A2 iff

1. |P a
A1
| = |P a

A2
| for all a in [0, +∞[; or

2. |P a
A1
| < |P a

A2
| for some a in [0, +∞[, and |P b

A1
| = |P b

A2
|

for all b < a

where |U | denotes a measure of cardinality for the interval-
valued fuzzy set U , such as those defined in [14]. Note that
rcard induces a partial order, whereas rinc induces a total
order.

As an example, consider (rcard dance, win, boss), A and
A′ defined as before and a cardinality measure of the form
|A| =

∑
x∈X f(A(x)) on an interval-valued fuzzy set A.

When interval-valued membership degrees are used to encode
uncertainty or bipolarity, f1([a, b]) = a+b

2 is a natural choice.
However, in our case, we need a notion of cardinality which
is increasing in both b and b − a: a given penalty value is
more representative for a penalty expression when it corre-
sponds to more λ values, and to higher λ values. A suit-
able function is therefore given by f2([a, b]) = b(b − a). To
further justify this choice, we provide the outcomes of both
f1 and f2 in this example. For rcard we obtain with f1

that |P 0
A| = 4.25

2 > 2.25
2 = |P 0

A′ | whereas with f2 we get
|P 0

A| = 1.75 = |P 0
A′ |, hence with f1 answer set A would

be preferred over A′, whereas with f2 no difference can be
made by looking at penalty 0 and thus we must look for a
higher penalty that does make a difference. The first penalty
we should consider is 0.5 as this is the first penalty actually
occurring for some rules. Computing P 0.5 gives:

P 0.5 r1 r2 r3

A [0, 0.25] [0, 0.5] [0, 0]
A′ [0, 0] [0, 0] [0, 1]

From this table we see that with f2 we get |P 0
A| = 0.25 ∗

0.25 + 0.5 ∗ 0.5 = 0.3125 and |P 0
A′ | = 1, hence A ≤ A′ and

thus A′ is preferred over A.

4 Translating Literal Preferences to a gFASP
Program

In this section, we show that the gFASP framework we sum-
marized in Section 2 is sufficiently general to encode FPDL–
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rules, an observation which immediately leads to an imple-
mentation method. Consider the gFASP program P , com-
prised of a rule base RP and an aggregator expression AP

over the quasi-order QP , and the expression e from FPDL.
Specifically, we will show that a set of rulesRP ′ can be found,
and an aggregator expression AP ′ over a quasi-order QP ′ ,
such that for any two answer sets A1 and A2

[AP ′ ]A1 ≤ [AP ′ ]A2 ≡ [AP ]A1 ≤ [AP ]A2 ∧A1 ≤e A2

Intuitively, AP encodes which rules are more important, and
how answer sets should be penalized when some rules are vi-
olated, while e encodes preferences between the actual solu-
tions, i.e. preferences on the truth values of the literals.

As a first step, we need to provide the means to refer to the
value of a certain function over literals f(a1, . . . , an) from the
aggregator expression. This is done by creating a constraint of
the form cf : 0 ← ∼f(a1, . . . , an) where ∼ is an involu-
tive negator and← is an implicator satisfying 0 ← x = ∼x.
It is easy to see that, in this way, the interpretation of rule
proposition cf , which we can refer to in the aggregator expres-
sion, will always be equal to the corresponding interpretation
of f(a1, . . . , an). Since the aggregator expression is increas-
ing in all rule propositions, this procedure only works if we
prefer answer sets with higher values of f(a1, . . . , an). If, on
the other hand, lower values of f(a1, . . . , an) are preferred,
we introduce the constraint cf : 0 ← f(a1, . . . , an) and use
∼ cf in the aggregator.

LetRe = {r1, . . . , rn} be the set of preference rules occur-
ring in e. Given that the preference of answer sets increases
with increasing suitability of the rules and decreasing appli-
cability, the aforementioned procedure leads to the rulebase
RP ′ , defined by

RP ′ = RP ∪ {gi : 0← ∼rih | i ∈ 1..n}
∪ {fi : 0← rib}

The second part of our embedding consists of constructing a
suitable aggregator expression AP ′ and corresponding quasi-
order QP ′ . The aggregator AP ′ is straightforwardly obtained
from AP by extending it with the various suitability and ap-
plicability values, i.e.:

AP ′ = (AP , (g1, . . . , gn,∼ f1, . . . ,∼ fn))

The corresponding quasi-order is given by QP ′ = (QP ×
L2n,≤QP ′ ) where

(a, b) ≤QP ′ (a′, b′) ≡ (a ≤QP
a′) ∧ (b ≤e b′)

Note how we can discriminate between answer sets on the ba-
sis of their rule fulfillment, using the first element of tuples
from QP ′ , as well as on the basis of the fulfillment of pref-
erence expression e, using the second element. The ordering
≤e is defined in the same way as the orderings on preference
expressions, taking as arguments tuples with applicability and
suitability scores, instead of answer sets.

The following proposition shows that the proposed embed-
ding indeed preserves the intended semantics:

Proposition 1 Let P be a gFASP program and e a fuzzy pref-
erence expression from FPDL. For the program P ′, obtained
in the way described above, it holds for any two answer sets
A1 and A2 that

[AP ′ ]A1 ≤ [AP ′ ]A2 ≡ [AP ]A1 ≤ [AP ]A2 ∧A1 ≤e A2

5 Concluding remarks
In this paper, we generalized Brewka’s answer set optimiza-
tion framework to the fuzzy domain. The resulting formal-
ism combines the flexibility of fuzzy answer set programming
with the expressiveness of conditional preferences. We em-
phasized the conceptual difference between applicability and
suitability of preference rules. This difference, which col-
lapses in the two-valued case, played a crucial role in our
fuzzification, leading to a generalization of penalty values us-
ing the notion of gradual numbers.

Although our extension is independent of any particular ap-
proach to fuzzy answer set programming, we showed that the
recently introduced gFASP framework can provide a conve-
nient implementation. One of the core elements in this ap-
proach is the use of an aggregator expression to discriminate
between answer sets. We have shown how fuzzy preference
expressions can be seen as particular choices of this aggrega-
tor expression. Hence, fuzzy preference expressions should be
regarded as a convenient way to encode complex quasi-orders
between answer sets, in a truely declarative way, rather than
as a fundamental extension to this earlier work.
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able functions and show two interesting results. First result is related
to conditions for existence of global optimal solutions for some gen-
eral class of optimization problems on E

n, the space of compacts,
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is about preservation of local optimality points, via Zadeh’s principle
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1 Introduction
In most optimization problems, the coefficients, parameters
and variable decisions involved are assumed to be precise ele-
ments of some real space R

n. However in many real situations
there is not such certainty about those values and is necessary
to consider some models or methods to deal with optimization
problems under uncertainty. Two main approaches have been
deeply developed when we consider uncertainty in the param-
eters, in the constraints or in the values of the objective func-
tion, these are stochastic programming and fuzzy optimiza-
tion. We may refer [1] or [2] for stochastic programming and
[3], [4] or [5] for an overview of fuzzy optimization.

By the other hand, in connection with applications and
modelling using fuzzy theory, a different kind of fuzzy op-
timization problems has been appeared in which some of the
decision variables are itself fuzzy, this means, optimization
of fuzzy variable functions. Some situations like this can be
found in problems of depend or constraints programming as is
shown in [6] or [7]), in estimation and regression models for
fuzzy random variables as in [8], [9], [10], [11] or [12], or in
problems of optimal control for fuzzy differential equations as
in [13] or [14].

In most of the cases those fuzzy variable optimization prob-
lem was faced successfully using some ad hoc techniques or
properties, some heuristic algorithm, or considering just spe-
cific classes of fuzzy numbers such as triangular or L-R fuzzy
numbers. We believe that fuzzy variable optimization prob-
lems have not been thoroughly studied yet, and they deserve a
systematic study in itself, because a general approach to this
issue can leave a fertile field for their application and theore-
tical developments.

In this work we are dealing with fuzzy quantities in R
n,

specifically we are considering E
n the spaces of compacts,

upper semicontinuous and normal fuzzy sets of R
n. It is well

known that E
n with usual arithmetic between fuzzy numbers

is not a vector space, so many of general results in optimiza-
tion theory are not availables immediately on this context, pre-
cisely because most of them use the vector space structure.
Taking advantage of the special characteristics and properties
of E

n we will be able to show two interesting theoretical re-
sults in optimization of fuzzy variable functions.

In section 2 we set the two problems under consideration
and we recall some basic notation and definitions. In section
3 we recall some results about compacity in E

n. Section 4
presents our first main result related to conditions for existence
of optimal global solutions for some general class of optimiza-
tion problems on E

n. In section 5 we recall the Zadeh’s prin-
ciple of extension and some related properties and in section
6 we present our second main result related to preservation of
local optimality points, via Zadeh’s principle of extension.

2 Preliminaries
We are going to consider first the following optimization prob-
lem:

min f(u) subject to u ∈ D (1)

with D ⊂ E
n and f : E

n → R. Later we will consider a
given function f : R

n → R and study the problem of optimal
local points of the function f̂ : E

n → E defined by Zadeh’s
principle of extension from f .

Besides of the space E
n we will also use the metric space

K(Rn) of compacts subsets of R
n with the Hausdorff metric

h defined by h(A, B) = max{d(A, B), d(B, A)} where A, B
are compacts subsets of R

n, d(A, B) = supa∈A d(a, B) and
d(a, B) = infb∈B d(a, b).

Let u be an element of E
n. For every α ∈ (0, 1] the α-

level of u is defined by uα = {x ∈ R
n : u(x) ≥ α} and

u0 = supp(u) = {x ∈ Rn : u(x) > 0}.
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The supremum metric d∞ on E
n is defined in terms of

Hausdorff metric between α-level sets:

d∞(u, v) = sup
α∈[0,1]

h(uα, vα),

where u, v ∈ E
n.

3 Compacity in E
n

Definition 3.1. A set U ⊂ E
n is said to be compact-supported

if there is a compact subset K of R
n such that supp(u) ⊂ K

for every u ∈ U .

If a subset U of E
n is compact-supported then is bounded.

We explain this in the next theorem to be used later.

Theorem 3.2. Let U be a subset of E
n. If U is not compact-

supported then exist a sequence {uk} ⊂ U such that ||uk|| :=
d∞(uk, 0)→∞ as k →∞.

Proof: If U is not compact-supported then for every com-
pact set K ⊂ R

n there exist some uK ∈ U such that
supp(uK) �⊂ K. If we take K = Bk(0) the closed ball with
center 0 an radius k, then for each k ∈ N there is a uk ∈ U
such that supp(uk) �⊂ Bk(0).

We have that d(0, Bk(0)) = 0 and d(Bk(0), 0) = k so
h(0, Bk(0)) = k, and by the other hand we have that at
least one element x of supp(uk) is not an element of Bk(0)
so d(x, 0) > k and this implies that d(supp(uk), 0) =
d((uk)0, 0) > k and furthermore h((uk)0, 0) > k.

By definition of supremum metric we have that

d∞(uk, 0) = sup
α∈[0,1]

h((uk)α, 0) > k,

so, ||uk|| := d∞(uk, 0)→∞ as k →∞

We consider also the level-set mapping u(·) : [0, 1] →
K(Rn) which associate with each α the level-set uα.

Definition 3.3. A set D ⊂ E
n is called equicontinuous if the

family of level-sets functions {u(·) : u ∈ D} is a family of
equicontinuous functions of [0,1] in K(Rn).

The following is a well known result of metric spaces writen
in terms of our fuzzy optimization problem:

Theorem 3.4. Let D be a compact subset of E
n and f a conti-

nuous function on D. Then exists an optimal global solution
for problem 1.

An also well known corollary it follows, but first we need
an additional notation. For c ∈ R and f : D → R the set
Lf,D(c) is defined by

Lf,D(c) := {x ∈ D : f(x) ≤ c}

Corollary 3.5. If f is continuous and exist c ∈ R such that
Lf,D(c) is not empty and compact then exists an optimal
global solution for problem 1.

Proof: If Lf,D(c) is not empty and compact then previ-
ous theorem implies that the function f reaches a minimum at
some x∗ ∈ Lf,D(c) when f is restricted to Lf,D(c). By defi-
nition if x /∈ Lf,D(c) then f(x) > c. But f(x∗) ≤ c < f(x)
so x∗ is an optimal global solution of problem 1

So far what we have just write are old compacity results.
Those results can be easy to understand but maybe hard to ap-
ply because until now we have not talked about the meaning
of compacity on (En, d∞).

An interesting characterizations of compacity in (En, d∞)
in terms of concepts previously defined is the following.

Theorem 3.6. A subset D of (En, d∞) is relatively compact
if D is compact-supported and equicontinuous.

Proof: See Corollary 10 in [15]

Corollary 3.7. If a subset D of (En, d∞) is closed, compact-
supported and equicontinuous then D is compact.

4 A Coercitivity Condition
In this section we will prove our first main result. We need to
recall some definitions.

Definition 4.1. A sequence {xk} ⊂ E
n is called critic in re-

lation to a set D if {xk} ⊂ D and ||xk|| := d∞(0, xk) → ∞
or xk → x with x ∈ D but x /∈ D.

Definition 4.2. A function f is coercive in a set D if for all
sequence {xk} critics in relation to D, lim supk→∞ f(xk) =
+∞.

Previous ones are well known definitions on normed vec-
tor spaces but even if E

n is not exactly a vector space, this
concepts can be used in this context because of the special
characteristics of E

n. Let’s see how this can be done.

Theorem 4.3. If f is continuous and coercive in D and exist
c ∈ R such that Lf,D is not empty and equicontinuous, then
problem 1 has an optimal global solution.

Proof:We will show that under this hypothesis Lf,D(c) is
compact and then we use corollary 3.5.
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If Lf,D(c) is not compact then because corollary 3.7 and
hypothesis, Lf,D(c) is not closed or is not compact-supported.

If Lf,D(c) is not closed, as we assume that Lf,D(c) is
not empty, then exist a sequence {uk} ⊂ Lf,D(c) such that
uk → u and x /∈ Lf,D(c). If u ∈ D then continuity of f in
D and the fact that f(uk) ≤ c for all k = 0, 1, ..., allow us
to conclude f(u) ≤ c but u /∈ Lf,D(c) by definition of u, so
u /∈ D.

This means that {uk} is a critic sequence in relation to D
and by coercitivity of f in D we have that f(uk)→∞, which
is a contradiction because f(uk) ≤ c.

Now, if Lf,D(c) is not compact-supported then for the-
orem 3.2 there is a sequence {uk} ⊂ Lf,D(c) such that
||uk|| := d∞(uk, 0) → ∞ and again because of coercitivity
of f we conclude that f(uk) → ∞ which is again a contra-
diction because f(uk) ≤ c.

So Lf,D(c) has to be compact and the desired result it fol-
lows from corollary 3.5

5 Zadeh’s Principle of Extension and
Ordering in E

We recall now for the case of f : R
n → R one of the corner-

stones of fuzzy theory.

Zadeh’s Principle of Extension: Given a function f :
R

n → R we define the Zadeh’s extension of f by:

f̂ : E
n → E,

f̂(u)(x) =

{
supz∈f−1(x) u(z), if f−1(x) �= ∅,
0, if f−1(x) = ∅,

for each u ∈ E
n.

Next theorem is now a well known result and establishes
conditions on f in order to f̂ be a well-defined and continuous
function.

Theorem 5.1. If f : R
n → R is continuous then f̂ :

(En, d∞) → (E, d∞) is a well-defined continuous function
and

[f̂(u)]α = f(uα),

for all u ∈ E
n and α ∈ [0, 1].

Proof: Proof of this result is an easy adaptation of theorems
2.1 and 3.3 at [16] and a famous result of Nguyen at [17]

A usual partial order on E
n is defined by α-cuts inclusion

in the following way:

u ≤ v ⇔ uα ⊆ vα for all α ∈ [0, 1]],

with u, v ∈ E
n.

Nevertheless, even that this order has been used succesfully
for theoretical developments as in [18], it is still a little unsat-
isfactory at least in the case n = 1 because in this case this
order is not a generalization of usual order on R. In fact, num-
ber 2 is not longer greater than 1, they are not even comparable
using this order.

There is, however, a generalization of natural order on R

that we are going to consider now. Before, is necessary to note
that if u, v ∈ E this implies that all their α-cuts are bounded
closed interval of real line, this means that for all α ∈ [0, 1]

uα = [aα, bα], vα = [cα, dα]

with aα, bα, cα, dα ∈ R.

Definition 5.2. Given u, v ∈ E and α ∈ [0, 1] we consider
uα = [aα, bα] and vα = [cα, dα]. We define a partial order
relation on E by:

u ≤1 v ⇔ aα ≤ cα and bα ≤ dα

for all α ∈ [0, 1].

It is easy to show that previous order is in fact a partial order
on E and that it is indeed a generalization of natural order on
R.

6 Local Optimality Preservation
Now we are going to prove our second main result. We are still
considering the order defined in definition 5.2 and the supre-
mum metric on E

n

Theorem 6.1. If f : R
n → R is continuous and has a local

minimum (maximum) at x∗ then f̂ : (En, d∞)→ (E, d∞,≤1)
has also a local minimum (maximum) at x∗.

Proof: We will just make the proof for local minimum. The
other part is identical.

If f has a local minimum at x∗ then exist a closed ball
Br(x∗) ⊂ R

n such that f(x∗) ≤ f(x) for all x ∈ Br(x∗).

Because f̂ is just an extension of f to E
n and the order ≤1

is a generalization or usual order of R to E then obviously
f̂(x∗) ≤1 f̂(x) for all x ∈ Br(x∗) so we need to find a neigh-
borhood of x∗ in (En, d∞) with the same property.

We consider simply the closed ball B̃r(x∗) ⊂ (En, d∞)
with the same radius and center than the previous one, this
means

B̃r(x∗) ={u ∈ E
n : d∞(u, x∗) ≤ r}

={u ∈ E
n : sup

α∈[0,1]

h(uα, x∗) ≤ r}

={u ∈ E
n : ∀α ∈ [0, 1] h(uα, x∗) ≤ r}

B̃r(x∗) ={u ∈ E
n : ∀α ∈ [0, 1] uα ⊂ Br(x∗), }

(2)
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and we have that Br(x∗) ⊂ B̃r(x∗) when elements of
Br(x∗) are considered as fuzzy as well.

If u ∈ B̃r(x∗), we have that for all α ∈ [0, 1], uα ⊂ Br(x∗)
so f(uα) ⊂ f(Br(x∗)) and by definition of Br(x∗) this im-
plies that for all α ∈ [0, 1], f(x∗) ≤ y for all y ∈ f(uα).

By theorem 5.1 we have that [f̂(u)]α = f(uα) so, for all
α ∈ [0, 1]

f(x∗) ≤ y for all y ∈ [f̂(u)]α. (3)

If we write [f̂(u)]α as an interval, this means, [f̂(u)]α =
[aα, bα] for some aα, bα ∈ R the previous expression in the
specific case of aα and bα becomes

∀α ∈ [0, 1], f(x∗) ≤ aα and f(x∗) ≤ bα. (4)

Because f(x∗) = f̂(x∗) and because f(x∗) considered as a
fuzzy set has α-level sets always equals to [f(x∗), f(x∗)], the
previous considerations and the expression 4 implies that for
u ∈ B̃r(x∗)

f̂(x∗) ≤1 f̂(u),

so f̂ has a local minimum at x∗. .

7 Conclusions and Future Work
In this work has been shown that a classical result of vec-
tor space optimization about coercitivity can be extended also
for optimization problems on E

n, even if this spaces is not
a vector space. We believe that many other results can be ge-
neralized in this way and we will continue to study this subject
and its applications.

This kind of problem can be seen also as general metric
spaces optimization problems, a subject that is lately getting
attention again (See [19]), however because of the fact that E

n

is indeed more than just a metric space (after all it has some
arithmetic structure) we will try to take advantage of its par-
ticular structure to obtain better results and applications.

We also believe that there are interesting questions about
the way that a fuzzy extension of a function and orderings are
related to optimal points and others qualitative characteristics
of a function. We will keep study this subject deeply and we
hope to find interesting interpretations and future applications.
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Abstract — Industrial monitoring of complex processes with 
hundreds or thousands of variables is a hard task faced in this work 
through evolving fuzzy systems. The Visbreaker process of the Sines 
Oil Refinery is the case studied. Firstly dimension reduction is 
performed by multidimensional scaling, obtaining the process 
evolution in a three dimensional space. Then an evolving fuzzy system 
(eFS) is developed to detect eventual malfunction of sensors. This eFS 
takes the data in the three reduced dimensions as antecedents and 
classifies the process state into normal and abnormal states. A 
software platform- the eFSLab (Evolving Fuzzy Systems Laboratory) 
- , with which this work has been developed, is presented and 
discussed. Several strategies for rule creation and evolution of rules, 
for Takagi-Sugeno (and for Mamdani system obtained from these) , 
are implemented in eFSLab. The obtained eFS shows a promising 
performance in the case studied, classifying in some simulations the 
state of the process into abnormal-normal condition in about 95% of 
the cases, with a number of rules between 5 and 8. 

Keywords — Evolving fuzzy systems; multidimensional scaling; 
industrial monitoring; fuzzy logic software. 

1 Introduction
The growing complexity of industrial processes, the market 
competition, the more strict quality and safety rules, enhance 
the needs for sophisticated maintenance functions, including 
online process monitoring, failure detection and failure 
diagnosis [1] [11] [12]. This turns to be a complex problem 
mainly because of its non-linear high dimensional 
characteristics, since industrial systems are described using a 
large number of variables, which can be determined by 
various parameters and measurements. 
According to [2] the main problem is to find the clusters of 
states in order to reflect the measurements and determine the 
general behavior of the system. Fuzzy systems may play 
here an important role, if iterative, real time techniques for 
rule base creation and evolution can be found. The eFSLab, 
Evolving Fuzzy Systems Laboratory, is a computational 
framework with that aim, briefly presented in this work. 
The Visbreaker process of the Sines Refinery (Galp) is used 
to obtain real data for testing the performance of eFSLab to 
classify the state of the process into abnormal-normal 
condition. This classification is done through fuzzy systems 
produced by an evolving algorithm which is implemented in 
the platform. 

An analysis is made of the performance of the fuzzy systems 
as classifier for this problem concluding that this algorithm 
has the potential to support maintenance activities as a 
failure detector. 
The paper is organized as follows. Section 2 reviews briefly 
the eFS algorithm and in section 3 the eFSLab environment 
will be described. In section 4 the results obtained with 
eFSLab for data from Sines Refinery are presented and in 
section 5 these results are discussed and some conclusions 
and directions for future work are proposed. 

2 The eFS algorithm 
The algorithm to create Takagi-Sugeno fuzzy models is 
based on the approach proposed by Angelov et al. for online 
learning [3] and improved by [4] [5]. This algorithm allows 
creating zero or first orders Takagi-Sugeno fuzzy models 
with global or local recursive estimation parameters.  
Fuzzy models are created with a data-driven approach, 
composed of an iterative process with 7 main stages [3] . 
The procedure begins with the initialization of the rule-base 
structure (antecedent part of the rules) with a single rule, 
based on the first data sample. The second stage is to read 
the next data sample. Then, the potential of each new data 
sample is recursively calculated and in stage 4 occurs a 
recursively update of the potentials of the focal points 
(centers) of the existing rules/clusters. 
After this, the potential of the new data sample is compared 
with the updated potential of existing centers, in order to 
decide if the rule-base is modified or upgraded. In the next 
stage consequence’s parameters are recursively updated by 
Recursive Least Squares (RLS) or weighted RLS for 
globally or locally optimal parameters, respectively. Finally, 
the last stage is to predict the output of the system. By 
reading the next data sample at the next time step, the 
procedure returns to stage 2.
The algorithm intends to approach the subtractive clustering 
technique applied in a batch onset. Since it is to be applied 
in real-time environments, the data appears successively and 
at each time the new available data is used to improve the 
fuzzy system, in such a way that the new informative content 
of data should be reflected in the fuzzy rules, whether by 
change some of them, whether by creating new rules if there 
is sufficiently novelty in the process behavior. There are 
here some scientific challenges. The main one is how to 
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measure the informative novelty in the new data. The second 
is how to change/create the rules consequently. The 
proposed techniques by [3] and [4] are based basically on 
heuristics and experimentation and as a consequence are 
case dependent. In the present work the same approach is 
followed. More conditions for rule update/create have been 
investigated and implemented in the computational 
framework eFSLab. 

eFSLab allows to develop a Mamdani fuzzy model from a 
zero order Takagi-Sugeno (TS) fuzzy model. The Mamdani 
system is made based on the same antecedents of TS system 
previously created and by centering the fuzzy sets of 
Mamdani consequents in the Takagi-Sugeno constant 
consequent (only zero order models can be considered). 

3 The eFSLab interface 
The eFSLab interface is presented in Fig. 1(at the end of the 
paper). It was intended to create an interface as complete as 
possible, where the user could set the great majority of 
parameters needed to create a Takagi-Sugeno fuzzy system 
and transform it into a Mamdani system (in case of zero 
order TS systems), in a simple way. 
The first step to use eFSLab interface is to select the file to 
import data. This file can be an Excel or a text file. 
Then the user can choose TS order (zero or first), the 
recursive parameter estimations method, and set some other 
parameters needed to the recursive process. 
Conditions for creation or modification of rules can also be 
chosen or defined by the user. There is a set of predefined 
conditions or the user can build up his (her) own conditions, 
as shown in Fig. 2  

Figure 2. Creating or modifying rules in eFSLab. 

The fuzzy system is created and its characteristics can be 
analysed using the Matlab Fuzzy Logic Toolbox, with all its 
functionalities (viewing the graphics, consulting antecedents 
and consequents fuzzy sets, etc). A diagnosis text file is 
created by eFSLab. The created rules are shown in a table in 
the interface, shown in Figure 3 for the case of two 
antecedents, Gaussian membership functions and five rules.

Figure 3. Table containing antecedents and consequents for each 
rule created by eFS procedure. 

eFSLab produces a set of graphical information about the 
evolution of the TS systems, such as the number of rules, the 
instants of modification or creation of rules, the potential 
evolution of the data samples, the model output versus real 
output for validation data, the norm of covariance matrix and 
rules parameters evolution, the obtained cluster in input 
space. Some of them are shown in figures below. 
The algorithm is based on recursive subtractive clustering 
[3]. At the end of the learning phase, the collection of points 
that has been used, together with the obtained clusters, can 
be observed as in Fig. 4. 

Figure 4. Clusters in input space after training. The dimensions of 
the spheres depend on the parameters of the clusters in a 

subtractive clustering environment.

In an on-line (iterative) implementation, the new rules can 
be created or the existent rules can be modified, and the 
instant when that happens can be shown as in Fig. 5 
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Figure 5. Localization of rules (new rules, rules modified and rules 
deleted).

The evolution of the number of rules during the process can 
be visualized as in Fig. 6. 
To transform a zero-order TS fuzzy system into a Mamdani 
one, the SugenoToMamdani interface is opened as Fig. 7. 
The user can choose the type of membership functions, the 
correspondent parameters and can preview their shape. 
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Figure 6. Evolution of the number of rules.

The Mamdani fuzzy system produced can be opened in the 
Matlab Fuzzy Logic Toolbox, benefiting from its 
functionalities for a deeper analysis . 

Figure 7.The SugenoToMamdani interface.

4 Applicatiom to the Visbreaker process 
The Visbreaker Unit is intended to reduce the viscosity of 
the residual coming from the vacuum column. With this 
objective a thermal cracking process is used with a relatively 
low temperature, and a long residence time. As a result of 
the thermal process a low viscosity Visbreaker residual is 
obtained, as well as lighter products, such as hydrocarbonets 
(gas oil diesel, gasoline and gases).The great economical 
advantage of the Visbreaker process is in fact that it 
produces a residual with a lower viscosity that the load feed. 
By this way, it is possible to use a lower quantity of 
“cutterstocks” (some of them of high benefit) for the 
production of fuel oil.  
Fig. 8 [9] presents its flow sheet. It is composed of several 
sub-processes, and its main part is a kiln operating at about  
310 ºC.  

Data averaged for each hour, between the 1st of January and 
the 5th of June of 2008 was collected. Actually, data from 
160 tags is available. From these, after correlation analysis 
and process expertise, 59 were selected as sufficiently 
representative of the process. Multidimensional scaling is 
then applied to those 59 dimensions to obtain a three 
dimensional representation by using VisRed [6]. The three 
dimensional data is then fed to eFSLab that finds a zero-
order TS fuzzy model.  

Multidimensional scaling reduces an n-dimensional data set 
to p-dimensional data set, with p<<n, such that the distance 
(for example Euclidian) between each pair of points in the 
reduced space is similar to the distance in the high 
dimensional space. This means that the topology of the 

original data set is preserved, as well as the information 
embedded in the topology. The technique consists in the 
minimization of the Euclidian distance between two 
matrices: the dissimilarity matrix in the original space and 
the dissimilarity matrix in the reduced space. The (i,j)
element  of a dissimilarity matrix is the distance between 
points i and j.

Three simulated scenarios have been considered with 
increasing time horizon and number of faults: one week with 
one fault in one sensor (Case 1), two weeks with two faults 
in two sensors (Case 2), and one month with two sensors 
faults during one day (Case 3). In Case 1 a 20% reduction in 
data from one temperature sensor in the kiln, during one day,  
was introduced into the data between the 1st and the 6th of 
June 2008. In Case 2 a 20% reduction in data from two 
temperature sensors in the kiln, during one day, was 
introduced into the data between the 22nd of May and the 4th

of June 2008. In Case 3, the process data between the 5th of 
May and the 5th of June 2008 was changed in the same way 
in the same two sensors. These scenarios allow to measure 
the diagnosis capability of the eFS, as a classifier, as the size 
of data set increase. 

For each test, there are some parameters of eFSLab that had 
to be set in order to produce the fuzzy system. The first 
parameter to be set is the order of the TS fuzzy model (zero) 
and the parameter estimation (Global estimation) for all the 
three cases. Other parameters controlling the rule base 
evolutions were fixed at their default values in eFSLab.  
Radii value (controlling the region of influence of each 
cluster in input space) changed from test to test in order to 
evaluate its influence on the process. The conditions for 
creation and modification of rules were chosen to have the 
capability to produce rules in regions with less data points, 
improving the classification performance. 
Some results of the three cases are presented in the 
following. In Case 1 and Case 3was introduced perturbation 
both in test and train data sets. In Case 2 the perturbation 
was only introduced in test data set  

Case 1. Data is from the 1st to the 6th of June 2008 (one 
week). In train data set it was added a reduction of 20% to 
data from the 2nd of June and in test data set the same 
perturbation was added to data from the 4th of June, in a 
temperature sensor. 
Dimension reduction by multidimensional scaling was 
performed with cosine dissimilarity metric without 
normalization. Fig. 9 represents data after dimension 
reduction. Two different groups corresponding to normal 
and abnormal data can be observed. 
The reduced data is then presented to eFSLab, obtaining a 
zero order TS system with 8 rules to classify the data into 
two classes 1 and 2. A Radii value of 0.3 was used. These 
rules can be visualized in Fig. 10 (using Matlab Fuzzy Logic 
Toolbox ). 
In Fig. 11 shows the real output and the fuzzy system output 
It can be seen that the fault was detected. This classifier 
shows here 95% of successful classification, although there 
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are also some false faults detected, reducing the performance 
of the system. 
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Figure 9. The three-dimensional state space for Case 1. Blue points 
(Group 1) are normal operating point. Group 2 are points of a 

simulated sensor fault. 

Figure 10. The 8 rules Takagi-Sugeno eFS obtained to classify the 
points in Case 1. 
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Figure 11. Real output (blue) and simulation output (red) obtained 
with zero-order TS system created for Case 1. 

Case 2. Data from 22nd of May to 4th of June 2008 (two 
weeks) is considered, with a perturbation of 20% in data 
from two sensors in 23 of May and 4 of June. 
Dimension reduction was made with Euclidean dissimilarity 
metric without normalization.  Fig. 12 is a three dimensional 
representation of the reduced data. 
Giving to eFSLab the reduced data, with Radii of 0.1, a 10 
rules zero order TS system was obtained, shown in Fig. 13. 

Case 3. Now all the data from 5th of May to the 5th of June 
(one month) is considered. Perturbation is the same as in the 
Case 2, but in 20th of May and 4th of June. Also the Radii 
value and the dissimilarity metric for dimension reduction 
are the same as in Case 2. In Fig. 15 is represented data set 
after dimension reduction. 
Fig.14 compares the real output with the fuzzy system 
output. The classification is successful in 98.8% of the 
points. 
The obtained zero-order TS system has now 11 rules, 
presented in Fig. 16. 

Fig. 17 compares the output of the fuzzy system with the 
prepared data. The performance of the created fuzzy system 
is now substantially decreased: although the fault was 
detected, so have been many false positives. Overall 80.80% 
of the points have been correctly classified. 
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Figure 12: The three-dimensional state space representation of the 
Visbreaker process in the last week of May and the first week of 
June 2008. Blue points are normal operating point. Group 2 are 

points of a simulated sensor malfunction situation. 

Figure 13: The 10 rules Takagi-Sugeno eFS obtained to classify the 
points in Case 2.

.
0 20 40 60 80 100 120 140 160 180

-0.2

0

0.2

0.4

0.6

0.8

1

1.2
Model output (red) vs. real output (blue) for validation data

Sample

O
ut

pu
t v

al
ue

Figure 14. Real output (blue) and simulation output (red) obtained 
with fuzzy system created for Case 2.
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Figure 15: The three-dimensional state space representation of the 
Visbreaker process during the 5th of May and the 5th of June 2008. 

Blue points are normal operating point. Group 2 are points of a 
simulated sensor malfunction situation.
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Figure 16: The 11 rules Takagi-Sugeno eFS for Case 3. 

0 50 100 150 200 250 300 350 400
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Model output (red) vs. real output (blue) for validation data

Sample

O
ut

pu
t v

al
ue

Figure 17. Case 3 :real output (blue) and fuzzy system output in 
Case 3. 

Table 1 presents a  summary of the results. 

Table 1: Summary of results for the three cases. 
Test  Data Set 

Size 
MD Scaling 
Dissimilarity 
Metric

Radii Output 
Matching 
(%) 

1 1 week Cosine 0.3 95% 
2 2 weeks Euclidean 0.1 98.8% 
3 1 month Euclidean 0.1 80.80% 

When the time horizon increases (the data sets size increases 
proportionally), the performance of the fuzzy system as 
classifier seems to be worse. The way how the rules are 
created probably needs improvements. This is also supported 
by the distribution of the final clusters in the input space (see 
for example Fig. 4), that does not cover all the relevant 
space. However the results show a promising performance 
of the fuzzy system in terms of output (classification) 
matching. Furthermore, the low number of rules produced in 
each test contributes to a lower fuzzy sets superposition, 
increasing eventually interpretability and transparency, 
which is a main concern in fuzzy modelling [7] [8] [9]. 
Further work is needed to improve the iterative clustering 
technique, looking for better approximations to the 
subtractive clustering method. 

5 Conclusions
Development of fuzzy systems from data is still an 
unattained aim of the fuzzy logic communities. Accuracy, 
interpretability and transparency are characteristics with an 
important practical relevance, allowing to give sense and 
credibility to the fuzzy systems. In the case of industrial 
monitoring, in big complexes of basic process industry, they 
may play an important role supporting the decision making 
in daily operation of the plants. eFSLab can be a useful 

computational framework to this goal. It is built with 
friendly user interfaces and allows an easy configuration and 
application to any data set built in proper form. 
Evolving fuzzy systems, where rules are based on clusters,  
need more elaborated techniques for iterative clustering 
methods. This is not an easy task, since here neighbour 
points do not appear at the same time. Some kind of 
manageable memory must be developed to approach the 
iterative results to the non-iterative ones. This is one 
research direction of the authors. 
New ways to measure novelty in data is needed. In a real 
time set the size of datasets tends to infinity. It is possible to 
maintain in memory only a finite time window of data 
Deleted points are forgotten history and new points may 
simply repeat pas behaviour but leading to new rules that are 
not only unnecessary but also prejudicial. This is another 
challenge to future work. The fuzzy community can have 
here a rich field of research to make fuzzy systems a credible 
and useful tool for data mining and knowledge discovery, 
whether in batch, whether in real-time. 
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Figure 1: eFSLab interface. 

Figure 8: The Visbreaker Process [10]. 
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Abstract—We develop a new model for decision making under risk 
environment and under uncertainty. We introduce a new aggregation 
operator that unifies the probabilities and the ordered weighted 
averaging (OWA) operator in the same formulation. We call it the 
probabilistic ordered weighted averaging (POWA) operator. This 
aggregation operator provides a more complete representation of the 
decision problem because it is able to consider probabilistic 
information and the attitudinal character of the decision maker. We 
study different properties and families of the POWA operator. We 
also develop an illustrative example of the new approach in a 
decision making problem about selection of investments. 

Keywords— Decision making; OWA operator; Probabilities; 
Investment selection.   

1 Introduction 
Decision making problems [2-8,14,16,18] are very common 
in the literature. There are different ways and methods for 
solving the decision process. Usually, the method used for 
solving the decision problem depends on the available 
information. For example, when the decision maker has 
probabilistic information he will solve the problem 
calculating the expected value for each alternative. Thus, he 
will be in a problem of decision making under risk 
environment. However, in other problems the decision maker 
may not have probabilistic information. Therefore, he must 
use another approach for solving the problem such as the use 
of the ordered weighted averaging (OWA) operator [13] that 
reflects the attitudinal character (degree of optimism) of the 
decision maker. In this case, we are in a situation of decision 
making under uncertainty. 
The OWA operator is a very useful technique for 
aggregating the information. It provides a parameterized 
family of aggregation operators between the maximum and 
the minimum. In decision making it is very useful for 
representing the attitudinal character of the decision maker. 
Since its appearance, the OWA operator has been studied 
and applied in a wide range of problems [1-4,6-7,9-18]. 
In [4], they presented a new model that tried to unify the 
concept of probability with the OWA operator. They 
introduced the immediate probabilities. This method 
formulates an aggregation operator that uses probabilities 
and OWA operators at the same time. Therefore, this 
approach permits to consider decision making problems 
under risk environment and under uncertainty at the same 
time. The concept of immediate probabilities has been 
further studied in [6-7,16]. It is very useful in some particular 

situations. However, further analysis (as those shown in the 
paper) show that it can only unify probabilities and OWAs 
giving a neutral degree of importance to each case. But the 
real situation is that sometimes the decision maker believes 
more on the probabilistic information or on the OWAs. 
Therefore, the real unification must consider the degree of 
importance of these to concepts in the aggregation process. 
The aim of this paper is to present a new formulation that 
unifies the probabilities and the OWA operators considering 
the degree of importance of each case in the aggregation 
process. We call this new approach as the probabilistic 
ordered weighted averaging (POWA) operator. The main 
advantage of this approach is that it provides more complete 
information of the decision process because we can unify the 
probabilistic information and the attitudinal character 
according to the available information in the decision 
process. We study some of its main properties and we see 
that the OWA operator and the usual probabilistic decision 
making are particular cases of this approach. We study other 
particular cases of the POWA operator such as the Hurwicz-
POWA, the olympic-POWA and the S-POWA. 
We study the applicability of the POWA operator and we see 
that it is incredibly broad because it can be used in most of 
the problems where it appears the probability. In this paper, 
we focus on a decision making problem about selection of 
investments. We see the usefulness of the POWA operator 
because we can use situations of risk and uncertainty at the 
same time. 
This paper is organized as follows. In Section 2 we briefly 
review the OWA operator and the immediate probability. 
Section 3 presents the POWA operator and Section 4 
different particular cases. In Section 5 we present a decision 
making problem with the POWA operator in investment 
selection and in Section 6 we give the main conclusions.  

2 Preliminaries 

2.1 The OWA operator 
The OWA operator [13] is an aggregation operator that 
provides a parameterized family of aggregation operators 
between the minimum and the maximum. It can be defined as 
follows.  
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Definition 1. An OWA operator of dimension n is a mapping 
OWA: Rn → R that has an associated weighting vector W of 
dimension n such that wj ∈ [0, 1] and � ==

n
j jw1 1, then: 

OWA(a1, …, an) = �
=

n

j
jj bw

1
                             (1) 

where bj is the jth largest of the ai.  
Note that different properties can be studied such as the 
distinction between descending and ascending orders, 
different measures for characterizing the weighting vector 
and different families of OWA operators. Note that it is 
commutative, monotonic, bounded and idempotent. For 
further reading, refer, e.g., to [1-4,6-7,9-18]. 
2.2 Immediate probabilities 
An immediate probability is a type of probability that 
includes the attitudinal character of the decision maker by 
using the OWA operator in the aggregation process. 
Therefore, it is an attemp to unify the probabilities with the 
OWA operator. It can be defined as follows. 

Definition 2. An IPOWA operator of dimension n is a 
mapping IPOWA: Rn → R that has an associated weighting 
vector W of dimension n such that wj ∈ [0, 1] and 
� ==

n
j jw1 1, according to the following formula:  

IPOWA (a1, …, an) = �
=

n

j
jjbv

1
ˆ                            (2) 

where bj is the jth largest of the ai, each argument has 
associated a probability vi with � =

n
i iv1  = 1 and vi ∈ [0, 1], 

�= =
n
j jjjjj vwvwv 1 )/(ˆ  and vj is the probability vi ordered 

according to bj, that is, according to the jth largest of the ai. 
Note that the IPOWA operator is a good approach for 
unifying probabilities and OWAs in some particular 
situations. But it is not always useful, especially in situations 
where we want to give more importance to the OWA 
operators or to the probabilities. One way to see why this 
unification does not seem to be a final model is considering 
other ways of representing jv̂ . For example, we could also 

use � ++= =
n
j jjjjj vwvwv 1 )](/[ˆ  or other similar 

approaches. 

3 The probabilistic OWA operator 
The probabilistic ordered weighted averaging (POWA) 
operator is an extension of the OWA operator for situations 
where we find probabilistic information. It can also be seen 
as a unification between decision making problems under 
uncertainty (with OWA operators) and under risk (with 
probabilities). This approach seems to be complete, at least 
as an initial real unification between OWA operators and 
probabilities.  

However, note that some previous models already considered 
the possibility of using OWA operators and probabilities in 
the same formulation. The main model is the concept of 
immediate probability explained in Section 2 [4,6-7,16]. 
Although it seems to be a good approach it is not so 
complete than the POWA because it can unify OWAs and 
probabilities in the same model but it can not take in 
consideration the degree of importance of each case in the 
aggregation process. Other methods that could be considered 
are the hybrid averaging (HA) operator and the weighted 
OWA (WOWA) operator. These methods are focused on the 
weighted average (WA) but it is easy to extend them to 
probabilities because sometimes the WA is used as a 
subjective probability. As said before, these an other 
approaches are useful for some particular situations but they 
does not seem to be so complete than the POWA because 
they can unify OWAs with probabilities (or with WAs) but 
they can not unify them giving different degrees of 
importance to each case. Note that in future research we will 
also prove that these models can be seen as a special case of 
a general POWA operator (or its respective model with 
WAs) that uses quasi-arithmetic means. Obviously, it is 
possible to develop more complex models of the IP-OWA, 
the HA and the WOWA that takes into account the degree of 
importance of the OWAs and the probabilities (or WAs) in 
the model but they seem to be artificial and not a natural 
unification as it will be shown below. 
In the following, we are going to analyze the POWA 
operator. It can be defined as follows. 

Definition 3. A POWA operator of dimension n is a 
mapping POWA: Rn → R that has an associated weighting 
vector W of dimension n such that wj ∈ [0, 1] and 
� ==

n
j jw1 1, according to the following formula:  

POWA (a1, …, an) = �
=

n

j
jjbv

1
ˆ                               (3) 

where bj is the jth largest of the ai, each argument ai has an 
associated probability vi with � =

n
i iv1  = 1 and vi ∈ [0, 1], 

jjj vwv )1(ˆ ββ −+=  with β ∈ [0, 1] and vj is the 

probability vi ordered according to bj, that is, according to 
the jth largest of the ai. 
Note that it is also possible to formulate the POWA operator 
separating the part that strictly affects the OWA operator and 
the part that affects the probabilities. This representation is 
useful to see both models in the same formulation but it does 
not seem to be as a unique equation that unifies both models.  

Definition 4. A POWA operator is a mapping POWA: Rn �
R of dimension n, if it has an associated weighting vector W, 
with � =

n
j jw1  = 1 and wj ∈ [0, 1] and a probabilistic vector 

V, with � =
n
i iv1  = 1 and vi ∈ [0, 1], such that:  
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POWA (a1, …, an) = �−+�
==

n

i
ii

n

j
jj avbw

11
)1( ββ          (4) 

where bj is the jth largest of the arguments ai and β ∈ [0, 1].  
In the following, we are going to give a simple example of 
how to aggregate with the POWA operator. We consider the 
aggregation with both definitions. 

Example 1. Assume the following arguments in an 
aggregation process: (20, 40, 50, 30). Assume the following 
weighting vector W = (0.2, 0.2, 0.2, 0.4) and the following 
probabilistic weighting vector P = (0.4, 0.2, 0.3, 0.1). Note 
that the probabilistic information has a degree of importance 
of 60% while the weighting vector W a degree of 40%. If we 
want to aggregate this information by using the POWA 
operator, we will get the following. The aggregation can be 
solved either with (3) or (4). With (3) we calculate the new 
weighting vector as: 

26.03.06.02.04.0ˆ1 =×+×=v
2.02.06.02.04.0ˆ2 =×+×=v

14.01.06.02.04.0ˆ3 =×+×=v
4.04.06.04.04.0ˆ4 =×+×=v

And then, we calculate the aggregation process as follows: 

POWA = 0.26 × 50 + 0.2 × 40 + 0.14 × 30 + 0.4 × 20 =    
33.2. 

With (4), we aggregate as follows: 

POWA = 0.4 × (0.2 × 50 + 0.2 × 40 + 0.2 × 30 + 0.4 × 20) + 
0.6 × (0.4 × 20 + 0.2 × 40 + 0.3 × 50 + 0.1 × 30) = 33.2. 

Obviously, we get the same results with both methods. 
From a generalized perspective of the reordering step, it is 
possible to distinguish between the descending POWA 
(DPOWA) and the ascending POWA (APOWA) operator by 
using wj = w*n−j+1, where wj is the jth weight of the DPOWA 
and w*n−j+1 the jth weight of the APOWA operator. 
If B is a vector corresponding to the ordered arguments bj, 
we shall call this the ordered argument vector and WT is the 
transpose of the weighting vector, then, the POWA operator 
can be expressed as: 

POWA (a1, …, an) = BW T                                (5) 

Note that if the weighting vector is not normalized, i.e., W
=� ≠=

n
j jw1 1 , then, the POWA operator can be expressed 

as: 

POWA (a1, …, an) = �
=

n

j
jj bv

W 1
ˆ1                          (6) 

The POWA is monotonic, commutative, bounded and 
idempotent. It is monotonic because if ai � ui, for all ai, then, 
POWA(a1, a2,…, an) � POWA(u1, u2…, un). It is 
commutative because any permutation of the arguments has 
the same evaluation. That is, POWA(a1, a2,…, an) = 
POWA(u1, u2,…, un), where (u1, u2,…, un) is any 
permutation of the arguments (a1, a2,…, an). It is bounded 
because the POWA aggregation is delimitated by the 
minimum and the maximum. That is, Min{ai} � POWA(a1, 
a2,…, an) � Max{ai}. It is idempotent because if ai = a, for 
all ai, then, POWA(a1, a2,…, an) = a. 
Another interesting issue to analyze are the measures for 
characterizing the weighting vector W. Following a similar 
methodology as it has been developed for the OWA operator 
[7,13] we can formulate the attitudinal character, the entropy 
of dispersion, the divergence of W and the balance operator. 
Note that these measures affect the weighting vector W but 
not the probabilities because they are given as some kind of 
objective information.  

4 Families of POWA operators 
First of all we are going to consider the two main cases of the 
POWA operator that are found by analyzing the coefficient 
β. Basically, if β = 0, then, we get the probabilistic approach 
and if β = 1, the OWA operator. 
By choosing a different manifestation of the weighting vector 
in the POWA operator, we are able to obtain different types 
of aggregation operators. For example, we can obtain the 
probabilistic maximum, the probabilistic minimum, the 
probabilistic average and the probabilistic weighted average.  

Remark 1. The probabilistic maximum is found when w1 = 1 
and wj = 0 for all j ≠ 1. The probabilistic minimum is formed 
when wn = 1 and wj = 0 for all j ≠ n.  

Remark 2. More generally, the step-POWA is formed when 
wk = 1 and wj = 0 for all j ≠ k. Note that if k = 1, the step-
POWA is transformed to the probabilistic maximum, and if k
= n, the step-POWA becomes the probabilistic minimum 
operator. 

Remark 3. The probabilistic average is obtained when wj = 
1/n for all j, and the probabilistic weighted average is 
obtained when the ordered position of i is the same as the 
ordered position of j.  

Remark 4. For the median-POWA, if n is odd we assign w(n 

+ 1)/2 = 1 and wj* = 0 for all others. If n is even we assign for 
example, wn/2 = w(n/2) + 1 = 0.5 and wj* = 0 for all others.  

Remark 5. For the weighted median-POWA, we select the 
argument bk that has the kth largest argument such that the 
sum of the weights from 1 to k is equal or higher than 0.5 and 
the sum of the weights from 1 to k − 1 is less than 0.5. 

Remark 6. The olympic-POWA is generated when w1 = wn

= 0, and for all others wj* = 1/(n − 2). Note that it is possible 
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to develop a general form of the olympic-POWA by 
considering that wj = 0 for j = 1, 2, …, k, n, n − 1, …, n − k + 
1, and for all others wj* = 1/(n − 2k), where k < n/2.  Note 
that if k = 1, then this general form becomes the usual 
olympic-POWA. If k = (n − 1)/2, then this general form 
becomes the median-POWA aggregation. That is, if n is odd, 
we assign w(n + 1) / 2 = 1, and wj* = 0 for all other values. If n is 
even, we assign, for example, wn/2 = w(n / 2) + 1 = 0.5 and wj* = 
0 for all other values. 

Remark 7. Note that it is also possible to develop the 
contrary case, that is, the general olympic-POWA operator. 
In this case, wj = (1/2k) for j = 1, 2, …, k, n, n − 1, …, n − k
+ 1, and wj = 0, for all other values, where k < n/2. Note that 
if k = 1, then we obtain the contrary case for the median-
POWA. 

Remark 8. Another interesting family is the S-POWA 
operator. It can be subdivided into three classes: the “or-
like,” the “and-like” and the generalized S-POWA operators. 
The generalized S-POWA operator is obtained if w1 = 
(1/n)(1 − (α + β)) + α, wn = (1/n)(1 − (α + β)) + β, and wj = 
(1/n)(1 − (α + β)) for j = 2 to n − 1, where α, β ∈ [0, 1] and 
α + β ≤ 1. Note that if α = 0, the generalized S-POWA 
operator becomes the “and-like” S-POWA operator, and if β
= 0, it becomes the “or-like” S-POWA operator. 

Remark 9. Another family of aggregation operator that 
could be used is the centered-POWA operator. We can
define a POWA operator as a centered aggregation operator 
if it is symmetric, strongly decaying and inclusive. Note that 
these properties have to be accomplished for the weighting 
vector W of the OWA operator but not necessarily for the 
weighting vector P of the probabilities. It is symmetric if wj

= wj+n−1. It is strongly decaying when i < j ≤ (n + 1)/2 then wi

< wj and when i > j ≥ (n + 1)/2 then wi < wj. It is inclusive if 
wj > 0. Note that it is possible to consider a softening of the 
second condition by using wi ≤ wj instead of wi < wj. We shall 
refer to this as softly decaying centered-POWA operator. 
Another particular situation of the centered-POWA operator 
appears if we remove the third condition. We shall refer to it 
as a non-inclusive centered-POWA operator. 

Remark 10. Another type of aggregation that could be used 
is the E-Z POWA weights. In this case, we should 
distinguish between two classes. In the first class, we assign 
wj* = (1/q) for j* = 1 to q and wj* = 0 for j* > q, and in the 
second class, we assign wj* = 0 for j* = 1 to n − q and wj* = 
(1/q) for j* = n − q + 1 to n.  

Remark 11. A further interesting type is the non-monotonic-
POWA operator. It is obtained when at least one of the 
weights wj is lower than 0 and � ==

n
j jw1 1 . Note that a key 

aspect of this operator is that it does not always achieve 
monotonicity. Therefore, strictly speaking, this particular 
case is not a POWA operator. However, we can see it as a 

particular family of operators that is not monotonic but 
nevertheless resembles a POWA operator. 

Remark 12. Note that other families of POWA operators 
could be used following the recent literature about different 
methods for obtaining OWA weights. Some of these methods 
are explained in [1,7,9,15,18]. 

5 Decision making with the POWA operator in 
investment selection 

The POWA operator is applicable in a wide range of 
situations where it is possible to use probabilistic information 
and OWA operators. Therefore, we see that the applicability 
is incredibly broad because all the previous models, theories, 
etc., that uses the probability can be extended by using the 
POWA operator. The reason is that all the problems with 
probabilities deal with uncertainty. Usually, in most of the 
problems it is assumed a neutral attitudinal character against 
the probabilistic information but we are still under 
uncertainty. Thus, sometimes we may prefer to be more or 
less optimistic against the probabilistic information. Note 
that this problem can be proved by looking to utility theory. 
In this theory, people prefer more safety results 
independently that the expected results (obtained with 
probabilities) give better results to a more risky alternative. 
For example, people prefer 100.000 euros with probability 1 
instead of 90% probability of obtaining 1.000.000 euros and 
10% probability of obtaining 0 euros. If we calculate the 
expected result (with probabilities) we get that the first 
alternative gives 100.000 euros and the second one 900.000 
euros. However, most of the people will prefer the first 
alternative because there is no risk involved. This problem 
has been solved by the economists by using utility theory but 
as we can see, the use of the POWA operator is also useful 
for solving this type of problems.  
Summarizing some of the main fields where it is possible to 
apply the POWA operator, we can mention: 

• Statistics (especially in probability theory). 
• Mathematics 
• Economics 
• Decision theory 
• Engineering 
• Physics 
• Etc. 

In this paper, we focus on an application in decision making 
about selection of investments. The main reason for using the 
POWA operator is that we are able to assess the decision 
making problem considering probabilities and the attitudinal 
character of the decision maker. Thus, we get a more 
complete representation of the decision problem. 
In the following, we present a numerical example of the new 
approach in investment selection. We analyze a company 
that operates in Europe and North America that wants to 
invest some money in a new market. They consider five 
alternatives. 
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• A1 = Invest in the Asian market. 
• A2 = Invest in the South American market. 
• A3 = Invest in the African market. 
• A4 = Invest in all three markets. 
• A5 = Do not invest money in any market. 

In order to evaluate these investments, the investor has 
brought together a group of experts. This group considers 
that the key factor is the economic situation of the world 
economy for the next period. They consider 5 possible states 
of nature that could happen in the future: S1 = Very bad 
economic situation, S2 = Bad economic situation, S3 = 
Regular economic situation, S4 = Good economic situation, 
S5 = Very good economic situation.  
The results of the available investments, depending on the 
state of nature Si and the alternative Ak that the decision 
maker chooses, are shown in Table 1. 

Table 1: Available investment alternatives 
S1 S2 S3 S4 S5

A1 20 40 60 70 80 
A2 50 70 90 40 20 
A3 30 40 50 80 60 
A4 40 40 50 60 70 
A5 80 60 50 40 30 

In this problem, the experts assume the following weighting 
vector: W = (0.3, 0.2, 0.2, 0.2, 0.1). They assume that the 
probability that each state of nature will happen is: P = (0.1, 
0.3, 0.3, 0.2, 0.1). Note that the OWA operator has an 
importance of 40% and the probabilistic information an 
importance of 60%. With this information, we can calculate 
how the attitudinal character of the decision maker may 
affect the probabilistic information. For doing so, we will use 
(3) to calculate the “attitudinal probabilities”. The results are 
shown in Table 2. 

Table 2: Attitudinal probabilities 
1v̂ 2v̂ 3v̂ 4v̂ 5v̂

A1 0.18 0.2 0.26 0.26 0.1 
A2 0.3 0.26 0.14 0.2 0.1 
A3 0.24 0.14 0.26 0.26 0.1 
A4 0.18 0.2 0.26 0.26 0.1 
A5 0.18 0.26 0.26 0.2 0.1 

With this information, we can aggregate the expected results 
for each state of nature in order to make a decision. In Table 
3, we present different results obtained by using different 
types of IOWAAC operators. 

Table 3: Aggregated results 
 Prob. OWA PAM POWA 

A1 54 60 54 56.4 
A2 63 61 59.4 62.2 
A3 52 57 52 54 
A4 50 55 50.8 52 
A5 52 57 52 54 

Note that we can also obtain these results by using (4). Then, 
we will calculate separately the OWA and the probabilistic 
approach as shown in Table 4.  

Table 4: First aggregation process 
 Prob. AM OWA 

A1 54 54 60 
A2 63 54 61 
A3 52 52 57 
A4 50 52 55 
A5 52 52 57 

After that, we will aggregate both models in the same 
process considering that the OWA model has a degree of 
importance of 40% and the probabilistic information 60% as 
shown in Table 5. 

Table 5: Final aggregated results 
 Prob. OWA PAM POWA 

A1 54 60 54 56.4 
A2 63 61 59.4 62.2 
A3 52 57 52 54 
A4 50 55 50.8 52 
A5 52 57 52 54 

Obviously, we get the same results with both methods. If we 
establish an ordering of the alternatives, a typical situation if 
we want to consider more than one alternative, then, we get 
the results shown in Table 6. Note that the first alternative in 
each ordering is the optimal choice. 

Table 6: Ordering of the investments 
 Ordering 

Probabilistic A2�A1�A3=A5�A4
OWA A2�A1�A3=A5�A4
PAM A2�A1�A3=A5�A4

POWA A2�A1�A3=A5�A4

As we can see, depending on the aggregation operator used, 
the ordering of the investments may be different. Therefore, 
the decision about which investment select may be also 
different. Note that in this example, we get the same results 
for all the cases but in other problems or other types of 
aggregation operators we may find different results and 
decisions. 

6 Conclusions 
We have presented an approach for decision making with 
probabilities and OWA operators. We have developed a new 
aggregation operator that unifies the probabilities with the 
OWA operators. We have called it the POWA operator. The 
main advantage is that it gives a more complete 
representation of the decision problem because we are taking 
into account the probabilistic information and the attitudinal 
character of the decision maker. We have studied this new 
formulation and we have seen that it includes decision 
making problems under risk environment and under 
uncertainty as particular cases. We have studied some of its 
main properties and different families of POWA operators. 
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We have also studied the applicability of the POWA 
operator and we have seen that there are a lot of potential 
applications that can be developed because in almost all the 
studies where it appears the probabilities, it is possible to 
extend the analysis by using the POWA operator. The reason 
is that the probabilistic information is always affected by the 
uncertainty. Therefore, it is always possible to consider the 
attitudinal character of the decision maker by using the OWA 
operator. We have focused on a decision making problem 
about selection of investments. We have seen the usefulness 
of using the POWA operator because we are able to consider 
probabilities and OWAs at the same time. 
In future research, we expect to develop further extensions to 
this approach by adding new characteristics in the problem 
such as the use of order inducing variables, uncertain 
information (interval numbers, fuzzy numbers, linguistic 
variables, etc.), generalized and quasi-arithmetic means and 
distance measures. We will also extend this approach to 
situations where we use the WA instead of probabilities and 
further developments that have been initially developed in 
[7]. We will also consider different applications giving 
special attention to business decision making problems such 
as strategic and product management. 
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Abstract— We present in this paper some properties of k-Lipschitz
quasi-arithmetic means. The Lipschitz aggregation operations are
stable with respect to input inaccuracies, what is a very important
property for applications. Moreover, we provide sufficient conditions
to determine when a quasi–arithemetic mean holds the k-Lipschitz
property and allow us to calculate the Lipschitz constant k.

Keywords— k-Lipschitz aggregation functions, quasi-arithmetic
means, stability, triangular norms.

1 Introduction
Aggregation of several input values into a single output value
is an indispensable tool in many disciplines and applications
such as decision making [1], pattern recognition, expert and
decision support systems, information retrieval, etc [2]. There
is a wide range of aggregation functions which provide flexi-
bility to the modeling process, including different types of ag-
gregation functions. There are several recent books that pro-
vide details of many aggregation methods [3, 4, 5, 6, 7].

For applications it is important to design aggregation func-
tions that are stable with respect to small perturbations of
inputs (e.g., due to input inaccuracies). Such aggregation
functions need not only be continuous, but Lipschitz contin-
uous [8]. Kernel and 1-Lipschitz aggregation functions have
been studied in [9, 10, 11]. It is known, for instance, that
1-Lipschitz triangular norms are copulas [12, 3, 7]. More
recently, k-Lipschitz t-norms and t-conorms were studied
[13, 14, 15]. k-Lipschitz t-norms do not increase the perturba-
tion of inputs by more than a factor of k, which is suitable for
many applications.

There are many other generated functions constructed simi-
larly to the Archimedean triangular norms with the help of ad-
ditive generators. In this article we examine quasi-arithmetic
means and establish conditions under which these functions
are Lipschitz or not Lipschitz.

Firstly, in Section 2 we recall some basic notions to develop
the rest of the work. Section 3 contains the main results in-
volving quasi–arithmetic means. At the end we provide some
conclusions.

2 Preliminaries and related works
We restrict ourselves to aggregation functions defined on
[0, 1]n.

Definition 1 A function f : [0, 1]n → [0, 1] is called an ag-
gregation function if it is monotone non-decreasing in each
variable and satisfies f(0, . . . , 0) = 0, f(1, . . . , 1) = 1.

Now, we will pay attention to a special class of aggregation
function, -the class of weighted quasi–arithmetic means-, for
this we need to consider a continuous strictly monotone func-
tion g : [0, 1] → [−∞,∞], which we call a generating func-
tion or generator. Of course, g is invertible, but it is not neces-
sarily a bijection (i.e., its range may be Ran(g) ⊂ [−∞,∞]).
Other two examples of generated functions are Archimedean
t-norms and t-conorms. Further there exists a class of uni-
norms, known as representable uninorms or generated uni-
norms, that can also be built by means of additive generators.
Further, a vector �w = (w1, . . . , wn) is called a weighting vec-

tor if wi ∈ [0, 1] and
n∑

i=1

wi = 1.

Definition 2 For a given generating function g, and a weight-
ing vector �w, the weighted quasi-arithmetic mean is the func-
tion

M�w,g(�x) = g−1

(
n∑

i=1

wig(xi)

)
. (1)

From this definition, we have the following particular
quasi–arithmetic means:

Arithmetic mean M(�x) = 1
n

n∑
i=1

xi

Geometric mean G(�x) = (
n∏

i=1

xi)
1
n

Harmonic mean H(�x) = n(
n∑

i=1

1
xi

)−1

Power mean Mr(�x) = 1
n (

n∑
i=1

xr
i )

1
r , if r �= 0

and M0(�x) = G(�x).
Another class of aggregation operators is the following

Definition 3 Let g : [0, 1] → [−∞,∞] be a continuous
strictly monotone function and let �w be a weighting vector.
The function

GenOWA�w,g(�x) = g−1

(
n∑

i=1

wig(x(i))

)
(2)

is called a generalized OWA (also known as ordered weighted
quasi-arithmetic mean [4]). As for OWA, x(i) denotes the i-th
largest value of �x.

Another aggregation operator that include the previous one
for the case of a symmetric fuzzy measure is the generalized
discrete Choquet integral which is defined as follows
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Definition 4 Let g : [0, 1] → [−∞,∞] be a continuous
strictly monotone function. The generalized Choquet integral
with respect to a fuzzy measure v is the function

Cv,g(�x) = g−1 (Cv(g(�x))) ,

where Cv is the discrete Choquet integral with respect to v
and g(�x) = (g(x1), . . . , g(xn)).

Now, we consider the crucial concept of this work

Definition 5 An aggregation function f is called Lipschitz
continuous if there is a positive number k, such that for any
two vectors �x, �y in the domain of definition of f :

|f(�x)− f(�y)| ≤ kd(�x, �y), (3)

where d(�x, �y) is a distance between �x and �y. The smallest
such number k is called the Lipschitz constant of f (in the
distance d). We shall call such functions k-Lipschitz.

Typically the distance is chosen as a p-norm d(�x, �y) = ||�x−

�y||p, with ||�x||p =
(

n∑
i=1

|xi|p
)1/p

, for finite p, and ||�x||∞ =

max
i=1,...,n

|xi|. In this work we concentrate on the 1–norm.

Definition 6 A function f is called locally Lipschitz continu-
ous on Ω if for every x ∈ Ω there exists a neighbourhood
D(x) such that f restricted to D(x) is Lipschitz.

Of course, duality w.r.t. standard negation preserves Lips-
chitz property (and the Lipschitz constant). It is easy to see
that if an aggregation function A is k–Lipschitz, it is also
m–Lipschitz for any m ≥ k. Also any convex combina-
tion of k−Lipschitz aggregation functions f = αf1 + βf2,
α + β = 1, α, β ≥ 0, is k−Lipschitz.

The class of k–Lipschitz t–norms, whenever k > 1, has
been already characterized (see [13]). Note that 1–Lipschitz
t–norms are copulas, see, e.g., [3, 5]. A strictly decreasing
continuous function g : [0, 1]→ [0, 1] with g(1) = 0 is an ad-
ditive generator of a 1–Lipschitz Archimedean t–norm if and
only if g is convex.

The k–Lipschitz property implies continuity of the t–norm.
Recall that a continuous t–norm can be represented by means
of an ordinal sum of continuous Archimedean t–norms, and
that a continuous Archimedean t–norm can be represented by
means of a continuous additive generator [3, 16]. Charac-
terization of all k–Lipschitz t–norms can be reduced to the
problem of characterization of all Archimedean k–Lipschitz
t–norms.

Definition 7 Let g : [0, 1] → [0, +∞] be a strictly monotone
function and let k ∈]0, +∞[ be a real constant. Then g will
be called k–convex if

g(x + kε)− g(x) ≤ g(y + ε)− g(y)

holds for all x ∈ [0, 1[, y ∈]0, 1[, with x ≤ y and ε ∈
]0,min(1− y, 1−x

k )].

Obviously, if k = 1 the function g is convex.
Observe that, a k–convex monotone function is also con-

tinuous in ]0, 1[, as was earlier. A decreasing function g can
be k–convex only for k ≥ 1. Moreover, when a decreasing
function g is k–convex, it is also m–convex for all m ≥ k.
In the case of a strictly increasing function g�, it can be k-
convex only for k ≤ 1. Moreover, when g� is k–convex, it is
m–convex for all m ≤ k.

Considering k ≥ 1 and a strictly decreasing function g, we
provide the following characterization given in [13].

Proposition 1 Let T : [0, 1]2 → [0, 1] be an Archimedean t–
norm and let g : [0, 1] → [0, +∞], g(1) = 0 be an additive
generator of T . Then T is k–Lipschitz if and only if g is k–
convex.

Another useful characterizations are the following

Corollary 1 (Y.-H. Shyu) [17] Let g : [0, 1] → [0,∞] be an
additive generator of a t–norm T which is differentiable on
]0, 1[ and let g′(x) < 0 for 0 < x < 1. Then T is k–Lipschitz
if and only if g′(y) ≥ kg′(x) whenever 0 < x < y < 1.

Corollary 2 Let T : [0, 1]2 → [0, 1] be an Archimedean t–
norm and let g : [0, 1] → [0,∞] be an additive generator of
T such that g is differentiable on ]0, 1[\S, where S ⊂ [0, 1] is
a discrete set. Then T is k–Lipschitz if and only if kg′(x) ≤
g′(y) for all x, y ∈ [0, 1], x ≤ y such that g′(x) and g′(y)
exist.

The following useful results follow from Corollary 1, with
it we can determine whether a given piecewise differentiable
t–norm is k–Lipschitz.

Corollary 3 Let T : [0, 1]2 → [0, 1] be an Archimedean t–
norm and let g : [0, 1] → [0,∞] be its additive generator
differentiable on ]0, 1[, and g′(t) < 0 on ]0, 1[. If

inf
t∈]x,1[

g′(t) ≥ k sup
t∈]0,x[

g′(t)

holds for every x ∈]0, 1[ then T is k–Lipschitz.

Corollary 4 Let g : [0, 1] → [0,∞] be a strictly decreasing
function, differentiable on ]0, a[∪]a, 1[. If g is k-convex on
[0, a[ and on ]a, 1], and if

inf
t∈]a,1[

g′(t) ≥ k sup
t∈]0,a[

g′(t),

then g is k–convex on [0, 1].

Remark 1 Generated uninorms are not k–Lipschitz since that
they are not continuous at (0,1) and (1,0) (in the binary case).
Nullnorms are aggregation functions related to t–norms and
t–conorms. In this case, it is clear that a nullnorm V is k–
Lipschitz if and only if the underlying t-norm and t–conorm
are k–Lipschitz, and the k–Lipschitz constant of V is the max-
imum of Lipschitz constants of the underlying t–norm and t–
conorm.
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3 Quasi-arithmetic means
Consider a univariate continuous strictly monotone function
g : [0, 1]→ [−∞,∞], called generator.

For a given g, the quasi-arithmetic means are defined in
Definition 2, and are denoted by Mg . We start with bivariate
quasi-arithmetic means of such operations. Quasi-arithmetic
means are continuous if and only if Ran(g) �= [−∞,∞] [18].
Moreover, its generator is not defined uniquely, i.e., if g(t) is a
generating function of some weighted quasi-arithmetic mean,
then ag(t) + b, a, b ∈ �, a �= 0 is also a generating func-
tion of the same mean provided Ran(g) �= [−∞,∞]. For
this reason, one can assume that g is monotone increasing, as
otherwise we can simply take −g.

We shall consider two cases: I) g(0) = 0, g(1) = 1, and
II) g(0) = −∞, g(1) = 0. Of course, by duality we also
cover the case g(1) =∞, g(0) = 0, and by using appropriate
linear transformations, all generators can be reduced to the
mentioned cases.

Let us make some preliminary remarks on convexity. As
opposed to the case of convex additive generators of t-norms,
where the resulting t-norms are 1-Lipschitz, convexity of
the generator g does not play any role by itself for quasi-
arithmetic means. Since both g and −g are generators of the
same mean, and obviously when g is convex −g is concave,
convexity of g by itself does not lead to the Lipschitz condi-
tion. Also note that g(x) = − ln(x) is a convex generator of
the geometric mean G(x, y) =

√
xy, which is not Lipschitz.

Further, even if g is convex and increasing or convex and de-
creasing, this does not imply Lipschitz condition either: note
that gd(x) = 1− g(1− x) is a generator of a quasi-arithmetic
mean dual to the one generated by g, and Lipschitz condition
is preserved under duality. If g is convex increasing, then gd

is convex decreasing and vice versa. Thus we will look for a
different condition.

3.1 Case of finite generators

We start with the case I) of g finite. First, let us show that g
must be Lipschitz on [0,1]. For short, we will denote M�w,g by
Mg .

Lemma 1 Let g be finite locally Lipschitz and continuously
differentiable except at a point a ∈ [0; 1]. Then Mg is not
k–Lipschitz for any k.

Proof. Suppose that Mg is k-Lipschitz, which means it is
differentiable almost everywhere in its domain (Rademacher’s
theorem), and we must have

∂Mg

∂x
(x, y) ≤ k, x, y �= a

whenever such a derivative exists, and similarly for the other
partial derivative. Since Mg is symmetric, only the derivative
with respect to x is needed.

∂Mg

∂x
=

1
g′ (Mg(x, y)))

.
1
2
g′(x) ≤ k.

Since g is strictly increasing we must have
1
2g′(x) ≤ kg′(Mg(x, y)) for all x, y ∈ [0, 1] such that x �=

a and Mg(x, y) �= a or

1
2
g′(x) ≤ k · inf

y∈[0,1]
g′(Mg(x, y)). (4)

Since g is finite, Mg does not have an absorbing element. Let
lim
x→a

g′(x) =∞.

∃y �= a : z = Mg(a, y) �= a such that g′(z) ≤ M <
∞ (because g is locally Lipschitz). Then inequality (4) fails,
because we can always choose such x �= a that g′(x) > 2kM ,
which would give us

kM <
1
2
g′(x) ≤ kg′(z) ≤ kM,

which is false. Then ∂Mg

∂x > k, hence Mg is not Lipschitz. �
Now, since g is Lipschitz on [0, 1], it is differentiable almost

everywhere, which means that the left- and right-derivatives
exist in [0, 1]. We start with the case of g differentiable on
[0, 1], and then adapt it to g differentiable almost everywhere
by using left- and right-derivatives. Let Mg be k-Lipschitz.
Then we must have

∂Mg

∂x
(x, y) ≤ k.

Following the same procedure as in Lemma 1, we get the con-
dition

1
2
g′(x) ≤ k · inf

y∈[0,1]
g′(Mg(x, y)) (5)

for all x ∈ [0, 1]. Finally, by using left- and right- derivatives
g′−, g′+ we obtain a general condition for non-smooth increas-
ing generators

1
2
g′−(x) ≤ k inf

z∈[M(x,0),M(x,1)]
g′−(z) (6)

1
2
g′+(x) ≤ k inf

z∈[M(x,0),M(x,1)]
g′+(z)

for all x ∈]0, 1[, and only one of the above inequalities for
x = 0 and x = 1.

Remark 2 If g is finite and concave increasing, then it is suf-
ficient to check

1
2
g′(x) ≤ kg′(M(x, 1)) = k(g′ ◦ g−1)

(
g(x)

2
+

1
2

)
,

(and similarly for left- and right-derivatives if g is not
smooth). If g is finite and convex increasing, it is sufficient
to check

1
2
g′(x) ≤ kg′(M(x, 0)) = k(g′ ◦ g−1)

(
g(x)

2

)
.

Let us provide some examples of Lipschitz and non-
Lipschitz quasi-arithmetic means.

Example 1 If g is linear (Mg is the arithmetic mean), g′(x) =
const, and Mg is k-Lipschitz for k = 1

2 .

Example 2 If g(x) = xp, p > 1 (Mg is a power mean M[p]),

g′(x) = pxp−1, and Mg is k-Lipschitz for k =
(

1
2

) 1
p . It

follows from

1
2
pxp−1 ≤ kp

(
xp

2

) p−1
p

= kpxp−1

(
1
2

) p−1
p

.

Example 3 If g(x) = xp, 0 < p < 1 (Mg is a power mean
M[p]), Mg is not Lipschitz by Lemma 1.
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3.2 Case of generators infinite at 0

Now we turn to the case II), g increasing with g(0) = −∞,
which entails that 0 is the absorbing element of Mg . We have
an analogue of Lemma 1. The proof is similar, except that it
fails for a = 0, hence the modification.

Let g be finite locally Lipschitz and continuously differen-
tiable except at a point a 2 [0; 1]. Then Mg is not kLipschitz
for any k

Lemma 2 Let g be locally Lipschitz and continuously dif-
ferentiable except at a point a ∈]0, 1]. Then Mg is not k-
Lipschitz for any k.

Let g be finite locally Lipschitz and continuously differen-
tiable except at a point a ∈ [0; 1].

For x ∈]0, 1] we have condition (6), to which we add con-
dition

1
2

lim
x→0+

g′+(x)
g′+(M(x, y))

≤ k (7)

for any fixed y ∈]0, 1]. This condition may or may not be
satisfied depending on the rate at which M(x, y)→ 0 as x→
0. The choice of y > 0 is irrelevant as g(y) is finite and
disappears under the limit.

Example 4 If g(x) = −xp, p < −1 (Mg is a power mean

M[p]), g′(x) = −pxp−1, and Mg is k-Lipschitz for k =
(

1
2

) 1
p .

Differentiating Mg

∂Mg

∂x = 1
p

(
xp+yp

2

) 1
p−1

p
2xp−1

=
(

1
2

) 1
p x−p( 1

p−1)(xp + yp)
1
p−1

=
(

1
2

) 1
p (1 + x−pyp)

1
p−1.

Given p < −1,

k =
(

1
2

) 1
p lim

x→0
(1 + x−pyp)

1
p−1 =

(
1
2

) 1
p .

Example 5 Let M[p], −1 < p < 0 be a power mean with
a generator given by g(x) = −xp = −x− 1

q , q > 1). The
Lipschitz constant will be k = sup ∂M

∂x = 2q . To see this

∂Mg

∂x = −q
2

(
x
− 1

q +y
− 1

q

2

)−q−1

·
(
− 1

q x− 1
q −1

)
= 2qx

1
q (−q−1)(x− 1

q + y− 1
q )−q−1

= 2q

(
1 +

(
x
y

) 1
q

)−q−1

.

k = sup

{
2q

(
1 +

(
x
y

) 1
q

)−q−1
}

= 2q = (1
2 )

1
p .

Condition 7 deals with the asymptotic behavior of the addi-
tive generators near 0. Its direct verification for a given g may
be difficult. In the remainder of this section we will establish
two sufficient conditions that guarantee that a quasi-arithmetic
mean is not Lipschitz (although it is continuous). These con-
ditions are easier to verify, and they provide a tool for a quick
screening of additive generators with respect to their suitabil-
ity for applications. One sufficient condition involves an in-
equality on the derivatives of the inverse of an additive gener-
ator. The other condition is that a decreasing additive genera-
tor cannot decrease slower than a certain rate (1/polynomial)

when x → 0. We will express this rate through the growth
of an auxiliary function 1/g−1 , for which the growth is ex-
pressed in traditional terms (e.g., polynomial) when x → ∞.
First, two simple auxiliary results.

Lemma 3 If two functions f, g are continuous and differen-
tiable at x = 0 and, f(0) = g(0) and f(x) ≥ g(x) for x > 0,
then f ′(0) ≥ g′(0).

Proof: Follows directly from the definition of the derivative.

The next result is a well-known condition for comparability
of quasi-arithmetic means, see, e.g., [19].

Theorem 1 Let g1, g2 be the generators of quasi-arithmetic
means Mg1 and Mg2 ,and g1 decreasing. Then Mg1 ≤ Mg2 if
and only if g1 ◦ g−1

2 is convex.

Theorem 2 Let g be an increasing (decreasing) twice contin-
uously differentiable on ]0, 1] generator of a quasi-arithmetic
mean Mg where g−1 = h, and lim

x→0
g(x) = −∞ ( lim

x→0
g(x) =

+∞). If h′2 − hh′′ ≥ 0 then Mg is not Lipschitz.

Proof. We will show that M[p] ≤ Mg for any −1 < p < 0
decreasing, and hence by Lemma 3 is not Lipschitz. If xp◦g−1

is convex, for −1 < p < 0 by Theorem 1, with g1(x) = xp,
M[p] ≤Mg . Let us show that (xp ◦ h)′′ ≥ 0.

(xp ◦ h)′ = php−1h′

(xp ◦ h)′′ = p(p− 1)hp−2h′2 + php−1h′′

= php−2
(
(p− 1)h′2 + hh′′) ≥ 0.

Given php−2 < 0 for p < 0, h > 0, convexity will hold if
for all p < 0

(1− p)h′2 − hh′′ ≥ 0. (8)

Therefore h′2−hh′′ ≥ 0 implies (xp ◦h)′′ ≥ 0 and M[p] ≤
Mg , and by Lemma 3 the Lipschitz constant of Mg is greater
than that of M[p], which is 2−

1
p , and p→ 0−. �

Remark 3 The generator g can be either increasing or de-
creasing. Clearly when changing g to −g, we change h(x)
to h(−x). Then h

′
changes the sign but h

′′
does not, hence

the inequality in Theorem 2is the same for either increasing
or decreasing generators.

Example 6 Using the geometric mean Mg , take g(x) = ln x

with h(x) = h
′
(x) = h

′′
(x) = ex. Then (h′2 − hh′′)(x) =

e2x − e2x = 0. Therefore Mg is not Lipschitz.

For the sake of convenience, we will formulate our next re-
sult for decreasing additive generators satisfying g(0) = ∞.
To obtain the respective condition on the increasing genera-
tors, we simply invert the sign of g.

Theorem 3 Let h = g−1 be the inverse of a decreasing gen-
erator g of a quasi-arithmetic mean Mg . If the function h̃ = 1

h
grows faster than any power xq, q > 0, then Mg is not Lips-
chitz.
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Proof. Fix y so that g(y) = h−1(y) = 0, which is always
possible (we remind that g is defined up to an arbitrary linear
transformation).

lim
x→0

∂Mg(x,y)
∂x = lim

x→0

dh

(
h−1(x)

2

)

dx ,

= lim
x→0

1
2h′

(
h−1(x)

2

)
(h−1)′(x)

= 1
2 lim

x→0
h′

(
h−1(x)

2

)
1

h′(h−1(x)) .

Let z = h−1(x)
2 . Then

lim
x→0

∂Mg(x, y)
∂x

=
1
2

lim
z→∞

h′(z)
h′(2z)

.

Since h decreases faster than the power function p(z) =
Czr, l’Hôpital’s rule gives

0 = lim
z→∞

h(z)
p(z)

= lim
z→∞

h′(z)
p′(z)

= lim
z→∞

h′(2z)
p′(2z)

.

For convenience of notation take p such that p′(z) = 1
zq .

Then p′(z) = p′(2z)2q .
lim
x→0

∂Mg(x,y)
∂x = 1

2 lim
z→∞

h′(z)
h′(2z) = 1

2 lim
z→∞

h′(z)
h′(2z)

p′(2z)2q

p′(z)

= 2q−1.
Since q can be arbitrarily large, the derivative is unbounded

and Mg is not Lipschitz.
�

Example 7 Let the generator be g(x) = − lnx as in Exam-
ple 6. Clearly its inverse is exp(−x), and the auxiliary func-
tion 1

h(x) = exp(x), which grows faster than any polynomial,
hence the corresponding geometric mean is not Lipschitz.

Further take any power of the logarithm g(x) =
(− lnx)r, r > 1. The auxiliary function 1

h(x) = exp(x
1
r ),

it grows faster than a polynomial, hence the resulting mean
is not Lipschitz either. Note that this quasi-arithmetic mean
is related to the Aczél-Alsina family of t-norms [3, 5] by the
equation

Mg = (TAA
r )

1
r√2 ,

which shows directly that Mg is not Lipschitz (f(x) =
Mg(x, 1) = TAA

r (x, 1)
1
r√2 = x

1
r√2 is not Lipschitz).

Example 8
Consider the generator g(x) = (− lnx)2, h̃(x) = e

√
x. From

the previous example, r = 2 and we know the resulting mean
is not Lipschitz, however this would not have been apparent
from the application of Theorem 2, as

h′2 − hh′′ = 1
4xe−2

√
x − 1

4xe−2
√

x − 1

4
√

x3 e−2
√

x

= − 1

4
√

x3 e−2
√

x < 0.

3.3 Weighted quasi-arithmetic means

We adapt conditions (6) and (7) for the case of unequal
weights. For this we take partial derivatives with respect to

all arguments. The Lipschitz constant is the largest, hence we
have conditions

g′−(x) ≤ k

maxwi
min

z
g′−(z) (9)

g′+(x) ≤ k

max wi
min

z
g′+(z)

where
the minimum for z is over [M(x, 0, . . . , 0),M(x, 1, . . . , 1)],
and

lim
x→0+

g′+(x)
g′+(M(x, c, . . . , c))

≤ k

max wi
(10)

with c ∈]0, 1].
Conditions (9) and (10) can also be used for symmetric

means in the multivariate case, where max wi = 1
n . It

is clearly seen that the higher the number of variables, the
smaller is the Lipschitz constant, if it exists.

Remark 4 Similar, results can be obtained for generalized
OWAs and generalized Choquet integrals.

4 Conclusions
k-Lipschitz aggregation functions are important for applica-
tions because they can control the changes in the outputs due
to input inaccuracies, to a fixed factor of k. k-Lipschitz tri-
angular norms and conorms have been already characterized
by k-convex additive generators, however no analogous re-
sults were available for quasi-arithmetic means. We have
found verifiable conditions which guarantee that an aggrega-
tion function is k−Lipschitz for a given k, or alternatively, not
Lipschitz. We also presented various examples of both Lip-
schitz and non-Lipschitz aggregation functions. Our results
will benefit those who design aggregation functions for practi-
cal applications, as they allow one to make an informed choice
on suitability of specific functions for these applications.
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Abstract— This paper demonstrates that several known sequence
kernels can be expressed in a unified framework in which the position
specificity is modeled by fuzzy equivalence relations. In addition to
this interpretation, we address the practical issues of positive semi-
definiteness, computational complexity, and the extraction of inter-
pretable features from the final support vector machine classifier.

Keywords— fuzzy equivalence relation, kernel, sequence classi-
fication, support vector machines.

1 Introduction

The classification of biological sequences — in particular,
nucleotide sequences (DNA and RNA) and amino acid se-
quences (proteins) — is one of the fundamental tasks in com-
putational biology [1]. In the early days of computational bi-
ology, sequence statistics were employed. These approaches
were later improved by Hidden Markov Models (HMM) and
Artificial Neural Networks (ANN). In the last decade, Sup-
port Vector Machines (SVM) have become increasingly pop-
ular for sequence classification [2]. In many tasks — in com-
putational biology, but also in many other domains — SVMs
have outperformed all competing methods. It is justified to
state that SVMs are nowadays widely considered the most
powerful class of classification methods.1 SVMs have been
applied successfully in a wide spectrum of sequence classifi-
cation tasks, ranging from promoter and splice site detection
(both on DNA data) [3, 4, 5] to protein fold and secondary
structure prediction (both on amino acid sequences) [6, 7, 8].

SVM classifiers, in their simplest form, are nothing else but
linear classifiers. What distinguishes SVMs from other lin-
ear classifiers like perceptrons or logistic regressors is the fact
that SVMs determine the classification function by maximiz-
ing the margin between the classes — a principle that is known
to be optimal in terms of bounds on the generalization error
[9, 10]. Since linear SVMs use input vectors only to compute
scalar products, SVMs facilitate the so-called kernel trick, i.e.
the replacement of the scalar products by a kernel, i.e. a non-
linear two-place function that is positive semi-definite. The
use of kernels enables support vector machines to be applica-
ble to almost any kind of data, including raw sequence data,
signals, images, or graphs — only an appropriate kernel is
needed. It is not surprising, therefore, that the design of ap-
propriate sequence kernels is one of the central research topics
in sequence classification with SVMs. Most of these sequence
kernels are based on comparing sub-sequences and do not take
the positions of these occurrences into account. In many ap-
plications, however, the occurrence of a specific sub-sequence
is only indicative if it is at a specific position or region.

1although one has to admit that there are applications and circum-
stances/requirements under which other methods may be preferable

This paper repeats established sequence kernels that are
based on occurrences of specific patterns along with some
position-specific variants. We demonstrate that these kernels
can be expressed in a unified framework in which the po-
sition specificity is modeled by fuzzy equivalence relations.
This framework, on the one hand, allows for an interpreta-
tion of existing position-specific sequence kernels from the
viewpoint of fuzzy equivalence relations. On the other hand,
and more importantly from the practical viewpoint, this frame-
work gives rise to new position-specific sequence kernels by
allowing to use fuzzy equivalence relations that have not been
considered for modeling position specificity previously.

2 Support vector classification
Suppose that we have to do binary classification of samples
from a given arbitrary non-empty set X . The two classes are
denoted with +1 (positive class) and −1 (negative class). For
a given training set

{(xi,yi) | 1≤ i≤ l}

with xi ∈ X and yi ∈ {−1,+1} for all i = 1, . . . , l, the sup-
port vector machine classifier is represented as the following
discriminant function:

f (x) = b+
l

∑
i=1

αi · yi · k(x,xi) (1)

In this formula, b is a real value, αi are non-negative factors,
and k(., .) is the so-called kernel, that is, a symmetric X ×X →
R mapping fulfilling positive semi-definitenes, i.e.

n

∑
i=1

n

∑
j=1

zi · z j · k(xi,x j)≥ 0 (2)

for all n ∈ N, all (z1, . . . ,zn) ∈ R
n, and all (x1, . . .xn) ∈ X n.

With the notations z = (z1, . . . ,zn)T and K = (k(xi,x j))
j=1,...,n
i=1,...,n ,

Eq. (2) can be written as zT Kz≥ 0. Hence, the positive semi-
definiteness of k corresponds to the positive semi-definiteness
of any kernel matrix K.

The factors α1, . . . ,αn are the Lagrange multipliers of a con-
vex quadratic optimization problem arising from margin max-
imization. For details, the reader is referred to introductory
tutorials [11, 12] and standard SVM literature [9, 10, 13, 14].
We only note shortly that samples contributing to the final
classifier, obviously those xi for which αi > 0, are called sup-
port vectors.

The positive semi-definiteness of the kernel k serves for two
purposes. First, it ensures that the SVM optimization prob-
lem is a convex quadratic one, which ensures the existence
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of a global solution that can be determined efficiently. More
importantly, by the famous Mercer theorem [15], it guaran-
tees that there exists a Hilbert space (H ,〈., .〉) and a mapping
ϕ : X →H such that the representation

k(x,y) = 〈ϕ(x),ϕ(y)〉 (3)

holds for all x,y ∈ X . This means that the kernel k can be
understood as a scalar product in a feature space H .

3 An overview of sequence kernels

In this paper, we restrict ourselves to sequence kernels that are
based on the occurrence of specific patterns. Assume in the
following that we have a certain finite alphabet A and that X
is a set of finite strings over the alphabet A . Further assume
that M is a finite set of patterns. A pattern can either be a
string over A itself (i.e. an exact pattern) or contain wildcards,
i.e. positions that match to an arbitrary symbol or a subset of
symbols from the alphabet A . We consider sequence kernels
that can be expressed as

k(x,y) = ∑
m∈M

N(m,x) ·N(m,y), (4)

where N(m,x) denotes the number of occurrences/matches of
pattern m in string x. It is obvious that, according to the repre-
sentation (3), such a kernel is nothing else but a scalar product
in an |M |-dimensional real feature space, where the feature
mapping ϕ is explicitly given as

ϕ(x) = (N(m,x))m∈M . (5)

In order to accommodate different matching criteria used in
existing sequence kernels, let us express N(m,x) as

N(m,x) =
length(x)

∑
p=1

1(m,x, p), (6)

where 1(m,x, p) is a kernel-specific indicator function whose
value is 1 if pattern m matches string x at position p and 0 if
not. So, in the framework presented here, a sequence kernels
is basically given by its pattern set M and its match indicator
function 1. This representation accommodates the following
well-known sequence kernels:

Spectrum kernel [6]: M = AK , i.e. the set of patterns is the
set of all K-length strings; the indicator function is given
as2

1(m,x, p) =


1 if p+K−1≤ length(x) and

m = x[p . . . p+K−1],
0 otherwise.

In other words, the spectrum kernel maps each of the two
sequences to the numbers of occurrences of all strings of
length K and computes the scalar product of these two
feature vectors.

2For a given string x, we define x[r] to be the r-th character in x
and x[r . . .q] to be the substring that starts with the r-th and ends with
the q-th position.

Mismatch kernel [7]: this kernel is analogous to the spec-
trum kernel with the exception that matches are con-
sidered up to a maximal number of M mismatches, i.e.
M = AK and

1(m,x, p) =


1 if p+K−1≤ length(x) and
|{1≤ r ≤ K | m[r] �= x[p+ r−1]}| ≤M,

0 otherwise.

Motif kernel [16]: M is a set of predefined patterns known
or assumed to be related to the given classification task;
the indicator mapping 1 is given as follows:3

1(m,x, p)=


1 if p+ length(m)−1≤ length(x) and

m[r] = x[p+ r−1] for all 1≤ r ≤ length(m)
such that m[r] �= “∗”

0 otherwise

Beside these three prominent kernels, also some others
comply with the representation (4), e.g. spatial sample ker-
nels [8].

The class of kernels (4) facilitates easy feature extraction,
which is not surprising given the fact that the feature mapping
ϕ is known explicitly. Suppose we are given a support vector
machine with Lagrange multipliers α1, . . . ,αl and an offset b.
Then we can make the following rearrangements:

f (x) = b+
l

∑
i=1

αi · yi · k(x,xi)

= b+
l

∑
i=1

αi · yi · ∑
m∈M

N(m,x) ·N(m,xi)

= b+ ∑
m∈M

N(m,x) ·
l

∑
i=1

αi · yi ·N(m,xi)︸ ︷︷ ︸
=w(m)

(7)

So we obtain w(m) as the linear scaling factor with which ev-
ery occurance/match of m in the sequence x is scored. Obvi-
ously, the higher the absolute value w(m), the more important
the pattern m is for the final classification. If w(m) is positive,
the pattern m is indicative for the positive class and, if w(m) is
negative, m is indicative for the negative class.

Note that the representation (7) is not only beneficial for
feature extraction, i.e. for determining which patterns are in-
dicative for the classification tasks. If the total number of
patterns actually occurring in the training set is not exces-
sively large, the explicit representation (7) also has strong ad-
vantages in terms of computational complexity: the weights
w(m) can be stored in a simple hash table indexed by the
patterns. For a new sample x, it is then only necessary to
sum up the weights for all occurrences of all patterns in x.
For the spectrum kernel, for instance, this means adding up
length(x)−K + 1 numbers, whereas the direct implementa-
tion of the general SVM (1) requires the computation of all
k(x,xi) for which αi > 0 and, therefore, much more computa-
tional effort.

3We restrict to fixed-length motifs with only regular characters
and the wildcard “∗” that matches all single characters, although the
generalization to more sophisticated patterns, e.g. by regular expres-
sions, is straightforward.
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4 Fuzzy position preference
The position-independent kernels presented in Section 3 have
been used successfully in protein classification. Many protein
classification tasks are concerned with inferring the structure
and/or function of proteins from their amino acid sequences.
Structure and function of proteins are largely determined by
shorter sub-sequences (patterns/motifs), mostly irrespective of
their exact position in the sequence, so position specificity is
not an important issue.

When analyzing DNA or RNA nucleotide sequences, the
situation is quite different. There is a rather small alphabet
(four nucleic acids instead of twenty amino acids), so some
patterns (in particular, shorter ones) are less indicative as they
may occur by chance. The position where a pattern occurs, for
example, relative to the start or end of a gene, plays a much
bigger role. Therefore, there is a strong need for position-
specific sequence classification.

We now want to illustrate how position specificity can be
integrated into the class of kernels introduced in the previous
section. So let us assume that all sequences we consider have
the same length L, i.e. X = AL, and are aligned in a way mean-
ingful for the given classification task.

The simplest way to include position dependence is to con-
sider each pattern at each position completely independent of
the other occurrences at other positions (similar to the philos-
ophy behind the weighted degree kernel [3]). This means that,
instead of mapping a sequence to the total numbers of occur-
rences of all patterns (cf. (5)), each pattern induces L features,
one for each position. The explicit feature mapping can be
formulated as follows:

ϕ(x) =
(
(1(m,x,1), . . . ,1(m,x,L))︸ ︷︷ ︸

binary list of occurrences of pattern m

)
m∈M (8)

Then the corresponding position-specific kernel is given as
follows:

k̄(x,y) = ∑
m∈M

L

∑
p=1

1(m,x, p) ·1(m,y, p) (9)

So this kernel basically counts the number of positions where
the same pattern matches both sequences x and y. It is clear
that the number of features (i.e. the dimension of the feature
space H ) grows by a factor of L compared to the position-
independent kernel (4) — potentially increasing the risk of
overfitting. Moreover, this approach is not ideally suited for
tasks in which patterns are indicative if they appear in certain
regions (but not necessarily at exact positions).

The oligo kernel [5] solves this challenge by replacing the
binary indicators in the feature mapping (8) by the sum of
proximity functions around the occurrences of the pattern,
with Gaussian bell functions being the standard choice. We
leave this variant aside for a moment and concentrate on a
different approach in line with the shifted weighted degree
(SWD) kernel [4]. As in the kernel k̄, a pattern m occurring
at the same position in both sequences contributes 1 to the
sum, but also an occurrence of a pattern m at position p in
the sequence x and an occurrence of the same pattern m at
position q in the sequence y may contribute a non-zero value
to the sum. This is solved by a two-place weighting function

E : {1, . . . ,L}2→ [0,1] which corresponds to the closeness of
positions p and q. The farer p and q are apart, the lower the
value E(p,q) should be. If p = q, i.e. if the positions coincide
exactly, E(p,q) = 1 holds. So we may generalize the kernel k̄
in the following way:

k̃(x,y) = ∑
m∈M

L

∑
p=1

L

∑
q=1

1(m,x, p) ·E(p,q) ·1(m,y,q) (10)

If we leave some constant factors and the SWD kernel’s option
to define importance factors for each position aside, the posi-
tion preference weights used by the SWD kernel essentially
come down to

ESWD(p,q) = 2−|p−q|.

It is easy to see that the kernel k̄ given in (9) is a special
case of k̃ with the position weighting function

E=(p,q) =

{
1 if p = q,

0 otherwise,

i.e. the ordinary equality relation, and the position-
independent variant defined in (4) is also a special case of
(10) with the trivial position-independent weighting function
E1(p,q) = 1 (for all p,q ∈ {1, . . . ,L}).

Since the range of the weighting function E is the unit in-
terval and since it is intended to be a model of the close-
ness of the two positions, it is immediate to ask the question
whether fuzzy equivalence relations [17, 18] would be rea-
sonable choices for E. As usual, a mapping E : X 2 → [0,1]
is called fuzzy equivalence relation with respect to a given
triangular norm T if it has the following properties (for all
x,y,z ∈ X ):

(i) Reflexivity: E(x,x) = 1

(ii) Symmetry: E(x,y) = E(y,x)

(iii) T -transitivity: T (E(x,y),E(y,z))≤ E(x,z)

It is trivial that the two special cases E= and E1 highlighted
above are fuzzy equivalence relations, no matter which trian-
gular norm (t-norm) we consider.

It is also straightforward to prove that ESWD is a fuzzy
equivalence relation with respect to the product t-norm
TP(x,y) = x · y. This can be proved directly, but it is essen-
tially a consequence of the well-known correspondence be-
tween pseudo-metrics and fuzzy equivalence relations with
respect to continuous Archimedean t-norms [19]. As further
consequences of this result, we can deduce some more ex-
amples (generally for x,y ∈ R, containing the special case of
natural numbers 1, . . . ,L):

• Elin,σ(x,y) = max(1 − 1
σ |x − y|,0) is a fuzzy equiva-

lence relation with respect to the Łukasiewicz t-norm
TL(x,y) = max(x+ y−1,0).

• Eexp,σ(x,y) = exp(−|x−y|
σ ) is a fuzzy equivalence relation

with respect to the product t-norm TP.

• EGauss,σ(x,y) = exp(− (x−y)2

σ2 ) is a fuzzy equivalence rela-
tion with respect to the t-norm

T (x,y) = exp
(
− (
√
− lnx+

√
− lny)2),

which is nothing else but the Aczél-Alsina t-norm with
parameter λ = 1

2 [20].
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The question arises which choices of E are feasible. In prin-
ciple, every choice for which E(p,q) is a non-increasing trans-
formation of |p−q| seems reasonable, and all examples men-
tioned above are of that kind.4 However, there is also a tech-
nical requirement that should not be forgotten: the resulting
function k̃ must be positive semi-definite. In order to deduce
meaningful requirements on the fuzzy equivalence relation E,
let us make a simple reformulation of k̃. It is trivial that the
two inner sums are just a vector-matrix-vector product

L

∑
p=1

L

∑
q=1

1(m,x, p) ·E(p,q) ·1(m,y,q) = ϕm(x)T ·E ·ϕm(y),

with

ϕm(x) =
(
1(m,x,1), . . . ,1(m,x,L)

)T
,

ϕm(y) =
(
1(m,y,1), . . . ,1(m,y,L)

)T
,

E =

 E(1,1) · · · E(1,L)
...

. . .
...

E(L,1) · · · E(L,L)

 .

Hence, we can rewrite k̃ as

k̃(x,y) = ∑
m∈M

ϕm(x)T ·E ·ϕm(y)︸ ︷︷ ︸
=k̃m(x,y)

.

The sum of kernels is again a kernel [21]. So if we can guar-
antee that each k̃m is a kernel, k̃ is guaranteed to be a kernel.
It is clear that, if the matrix E is positive semi-definite, k̃m
is a scalar product, hence a kernel. Then the positive semi-
definiteness of E, i.e. that E can be understood as a kernel
itself, is a sufficient criterion for E to be positive semi-definite
— and finally for k̃ to be a kernel.

For the first two examples above, the situation is clear: E=
induces the identity matrices, E1 induces matrices containing
only 1’s; both classes of matrices are trivially positive semi-
definite. For non-trivial situations, fortunately, several results
are known as well:

• Every fuzzy equivalence relation with respect to the
minimum t-norm TM(x,y) = min(x,y) is positive semi-
definite [22].

• Eexp,σ and EGauss,σ are long known to be positive semi-
definite [23], where the latter is one of the most used ker-
nels — the RBF kernel.

• Elin,σ has recently been proved to be positive semi-
definite [24].

• ESWD is also positive semi-definite, as obviously every
matrix E induced by ESWD is diagonally dominant.

So we can conclude that the three choices Eexp,σ, EGauss,σ,
Elin,σ and ESWD are reasonable and technically feasible. Fur-
ther note that the former three choices have in common that
the resulting kernels tend to the position-independent variant
(4) as σ goes to infinity, and the resulting kernels tend to the
most position-specific variant (9) as σ→ 0. So the parameter

4More generally, we could also apply a transformation to the po-
sitions first.

σ allows for adjusting the degree of position specificity in a
continuous manner.

We further note that also the oligo kernel [5] can be ac-
commodated in the framework introduced above. This ker-
nel uses an explicit feature representation for each pattern that
convolves the occurrences with Gaussian neighborhood (for
some a priori chosen σ). So we can integrate the oligo kernel
into the above framework with

Eoligo,σ = EGauss,σ ·EGauss,σ.

So, from the computational point of view, everything said here
is also valid for the oligo kernel. However, since entries of
the matrix Eoligo,σ can exceed the unit interval, this distance
weighting matrix cannot be interpreted as a fuzzy equivalence
relation.

5 Feature extraction and computational issues
There is no doubt that the position-specific variant introduced
in the previous section is more complicated than the position-
independent variant presented in Section 3. The question
arises whether the position-specific framework also allows for
simple feature extraction and computational efficiency like the
position-independent variant. Fortunately, this is the case. The
basis of this result is the following rearrangement of the SVM
discriminant function (analogous to Section 3):

f (x) = b+
l

∑
i=1

αi · yi · k̃(x,xi)

= b+
l

∑
i=1

αi · yi · ∑
m∈M

L

∑
p=1

L

∑
q=1

1(m,x, p) ·E(p,q) ·1(m,xi,q)

= b+ ∑
m∈M

L

∑
p=1

1(m,x, p) ·
l

∑
i=1

L

∑
q=1

1(m,xi,q) ·αi · yi ·E(p,q)︸ ︷︷ ︸
=w̃(m,p)

A value w̃(m, p) can be interpreted as the weight to which
an occurrence of pattern m at position p contributes to the fi-
nal result. Analogously to Section 3, w̃(m, p) > 0 means that
an occurrence of pattern m at position p is indicative for the
positive class, whereas w̃(m, p) < 0 tells us that an occurrence
of pattern m at position p is indicative for the negative class.
The absolute value of w̃(m, p) corresponds to the strength of
this influence.

It is worth to point out that the way the weights w̃(m, p)
are computed has a very intuitive interpretation too. Suppose
that pattern m occurs at position q in a support vector xi. Ob-
viously, if we consider p a free variable, E(p,q) is the prox-
imity (equivalence class) of position q. In case E = Elin,σ is
used, it is nothing else but a triangle with width σ; in the case
E = Eexp,σ, it is a Gaussian bell. So the term αi · yi ·E(p,q) is
nothing else but this proximity scaled by the Lagrange multi-
plier αi and the sign yi. Thus, the list (w̃(m, p))p=1,...,L is the
superimposition of proximities of all occurrences of pattern m
in the training set scaled by corresponding Lagrange multipli-
ers and signs/classes.

The list (w̃(m, p))p=1,...,L can be plotted as a graph over
the sequence showing the influence of pattern m at each po-
sition, indicating in which regions of the sequence the pat-
tern is indicative for either class or not indicative at all. Thus,
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the framework presented here allows for the same simple fea-
ture extraction as the position-independent variant. For other
methods to extract features from SVM-based sequence classi-
fiers, see [25, 26].

Moreover, it is obvious from the reformulation above that
the discriminant function f (x) can be evaluated in the same
way as the position-independent variant — by adding up
weights over all patterns occurring in the sequence x. So there
is no difference in computational complexity between the
position-specific and the position-independent variant. How-
ever, we have to store L times as many weights. This may be
an obstacle if the number of patterns occurring in the training
set and the sequence length L are both high.

For the position-specific spectrum kernel, for instance, the
situation is very convenient. A sequence contains exactly
L−K + 1 sub-strings. Thus, the computation of f (x) can be
done by summing up L−K+2 values (again assuming that the
lists of weights are stored in a convenient hash table). Obvi-
ously, the choice of K is of little influence on this complexity,
which is is not true if we consider memory requirements. For
low K’s, the memory needed to store the weights grows expo-
nentially (as |M |= AK), but the total number of patterns that
need to be considered is bounded above by the total number
of patterns occurring in all support vectors.

All said above is valid for the spectrum kernel only. The
mismatch kernel, for instance, is a much more difficult mat-
ter, as every sub-string of length K can match several patterns
(where this number grows exponentially with M). Thus, the
total number of patterns to be considered can be much higher
and, more importantly, the number of patterns that need to be
taken into account for computing f (x) according to the above
principle is much higher. Moreover, the extraction of features
in the above manner is possible in principle, but impeded by
the fact that the sets of sub-strings matching two different pat-
terns may have large overlaps.

6 A DNA classification example
In this section, we demonstrate the concept introduced above
by means of a case study. We consider the task of characteriz-
ing long nucleosome-free DNA segments.

Nucleosomes are a DNA packing mechanism in eukary-
otic genomes. A nucleosome basically consists of a protein
complex (a histone octamer) around which approximately 147
DNA base pairs (bp) are wrapped in 1 2

3 turns. Nonchalantly
speaking, the histone complex acts as a reel around which
DNA is wrapped. The DNA segment around the histone
is mostly inaccessible for interactions with other molecules,
most importantly, RNA polymerase. That is why the positions
of nucleosomes and possible change of those positions play
an essential role in transcription regulation. Therefore, it is of
essential interest for the systems biology of eukaryotic cells
which mechanisms determine the positioning and reposition-
ing of nucleosomes. An interesting sub-topic is whether there
are specific feature of the DNA that favor or hamper the posi-
tioning of nucleosomes.

For the yeast sub-species Saccharomyces cerevisiae, a com-
monly used model organism, data are available about where
nucleosomes are located [27]. Instead of trying to find out
which DNA features favor nucleosomes [28, 29], we tried
to elicit DNA features that hamper the positioning of nucle-
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Figure 1: Weight profiles for the four patterns “AAAA”,
“TTTT”, “CTTT” and “CGTC” (from top to bottom).

osomes. To this end, we selected a total number of 10226
nucleosome-free sub-sequences of 100 bp length which occur
before (on either strand) a well-positioned nucleosome (with
the end of the sequence aligned to the start of the nucleo-
some coming thereafter). This was done using the data pub-
lished along with [27]. These sequences were labeled as +1.
The data set was complemented by the same number of ran-
dom 100 bp long DNA fragments occurring in nucleosomes or
in between two nucleosomes that are less than 100 bp apart.
These sequences were labeled as −1.

Our investigations were carried out as follows. The choices
A = {“A”,“G”,“C”,“T”} and L = 100 were given by the data
set under consideration. We used the spectrum kernel, both
position-independent and position-specific, with different val-
ues for K ranging from 2 to 6. For the position-specific vari-
ant, we used E = Elin,σ with σ’s of 5, 10, and 20. We em-
ployed libSVM [30] to train standard soft margin SVMs. The
best cross validation accuracy of 79.2% was obtained for the
position-specific variant with K = 4 and σ = 10.

Let us have a closer look at the best setting K = 4. Obvi-
ously, we have |M | = 44 = 256 different patterns. Hence, in
order to realize the principle described in the previous section
we have to store at most 256 · 100 = 25,600 numbers, which
is easily manageable. Computing the discriminant function
f (x) for a new sequence x requires only to slide a window of
length K = 4 over the sequence and to sum up the correspond-
ing weights, hence only 98 additions are necessary, which is
negligible compared to directly applying Eq. (1).

Figure 1 shows four examples of such weight profiles
obtained for the given classification task. It is obvious
that “AAAA” is indicative for the positive class (longer
nucleosome-free positions), more or less regardless of the po-
sition. This is in line with the result of Peckham et al. [29]
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who have found out that poly-A occurrences are indicative
for non-nucleosome sequence regions. One would expect the
same situation for the complementing pattern “TTTT”, but the
profile in Figure 1 shows that this pattern is indicative for the
positive class only in the first half of the sequence, whereas
it is not indicative for the last 45 bases before a nucleosome.
The pattern “CTTT” is not indicative for either class in the
first half of the sequence, it seems to occur frequently around
50 bases before a nucleosome, and it occurs with less-than-
random probability in the last 40 bases before a nucleosome
(note that the negative class is randomly sampled from nu-
cleosomes and shorter nucleosome-free fragments). The last
graph shows that pattern “CGTC” seems to be of no signif-
icance at all. Although the biological interpretation of these
results is a more advanced topic, the examples demonstrate
how easily claims about the significance of specific patterns
can be deduced from the weight profiles.

7 Concluding remarks
In this paper, we have formulated a generalization of position-
specific sequence kernels by using fuzzy equivalence relations
for modeling position specificity. This is not only an inter-
esting link, but also gives rise to new kernels, e.g. the one
based on Elin,σ. We have obtained that these kernels facili-
tate an explicit representation which allows for computational
efficiency and easy feature extraction.
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Abstract—Neural Networks (NN), Type-1 Fuzzy Logic Systems 
(T1FLS) and Interval Type-2 Fuzzy Logic Systems (IT2FLS) are 
universal approximators, they can approximate any non-linear 
function. Recent research shows that embedding T1FLS on an NN 
or embedding IT2FLS on an NN can be very effective for a wide
number of non-linear complex systems, especially when handling 
imperfect information. In this paper we show that an Interval Type-
2 Fuzzy Neural Network (IT2FNN) is a universal approximator 
with some precision using a set of rules and Interval Type-2
membership functions (IT2MF) and the Stone-Weierstrass
Theorem. Also, simulation results of non-linear function
identification using the IT2FNN for one and three variables with 
10-fold cross-validation are presented. 
 
Keywords— Interval Type-2 Fuzzy Logic Systems, Interval Type-2 
Fuzzy Neural Networks, Neural Networks, Universal 
Approximation. 

o

1 Introduction 
It has been shown that a three layer NN can approximate any 
real continuous function [1]. The same has been shown for a 
T1FLS [2, 3] using Stone-Weierstrass Theorem [6]. A 
similar analysis was made by Kosko [4, 5] using the concept 
of fuzzy regions. In [6, 7] Buckley shows that, with a 
Sugeno model [9], a T1FLS can be built with the ability to 
approximate any non-linear continuous function. Also, 
combining neural and fuzzy logic paradigms [10, 11], an 
effective tool can be created for approximating any non-
linear function [8]. In this sense, an expert can use a Type-1 
Fuzzy Neural Network (T1FNN) [13, 14] or IT2FNN 
systems and find interpretable solutions [12, 17-20]. In 
general, Takagi-Sugeno-Kang (TSK) T1FLS’s approximate 
well by the use of polynomial consequent rules [9, 23]. 
This paper uses the Levenberg-Marquardt backpropagation 
learning algorithm for adapting antecedent and consequent 
parameters for an adaptive IT2FNN, since its efficiency and 
soundness characteristics made them fit for these optimizing 
problems.   
An Adaptive IT2FNN is used as a universal approximator of 
any non-linear functions. A set � of IT2FNN is universal if 
and only if (iff), given any process �, there is a system � � 
� such that the difference between the output from IT2FNN 
and output from � is less than a given �.  

2 Interval Type-2 Fuzzy Neural Networks 
An IT2FNN [12] combines a TKS interval type-2 fuzzy 
inference system (TSKIT2FIS) [15,16] with an adaptive NN 
in order to take advantage of both models best 
characteristics. Even though Mamdami and Tsukamoto are 
much complex models [13, 14, 16], TSK is preferred due to 
the lower computational cost in type reduction. 
2.1 IT2FNN-2:A2C0 Architecture 
An IT2FNN-2:A2C0 (IT2FNN-0) is a seven layer IT2FNN, 
which integrates a first order TSKIT2FIS (interval type-2 
fuzzy antecedents and real consequents), with an adaptive 
NN. The IT2FNN-2:A2C0 (Figure 1) layers are described as 
follows: 
Layer 0: Inputs 

i
0 � xi ; i �1,...,n  

Layer 1: Adaptive type-1 fuzzy neuron (T1FN) 
for i=1,…,n 
  for k=si+1,…,si+1 

        netk
1 � wk,i

1,0 xi � bk
1  

       ok
1 � �(netk

1 ) 
  end 
end 
Layer 2: Non-adaptive T1FN  
o2k	1

2 �o2k	1
1 
o2k

1 � k �1,...,�  
o2k

2 � o2 k	1
1 � o2 k

1 	 o2 k	1
2  

for k=1,…,r 
 for i=1,…,n 
       

�

 � l k ,i ; � � v j � 
j�1

i	1

�
 

       if   > 0  
   �

k,i
� oil (� )

2 ;�k,i � oiu (� )
2  

       else 
  �

k , i
� null ; � k , i � null  

       end 
end 

end 
Layer 3: Lower-upper firing strength rule normalization. 
Nodes in this layer are non-adaptive and the output is 
defined as a the ratio between the kth lower-upper firing 
strength rule and the sum of lower-upper firing strength of 
all rules: 
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o2k	1
3 � wk �

f k

f l

l �1

r

�
; k �1,...,r  

��

o2k
3 � w

k
�

f
k

f
l

l �1

r

�
 

Layer 4: Rule consequents. Each node is adaptive and its 
parameters are { . The node’s output corresponds to 

partial output of k

ci
k,c0

k}
th rule . yk

yk � ci
k xi

i�1

n

� � c0
k ; k �1,...,r  

o2k	1
4 � y k

o2k
4 � yk

 

Layer 5: Type reduction. Estimates left-right interval values 
[ ˆ yl , ˆ yr], nodes are non-adaptive with outputs ˆ yl , ˆ yr . Layer 
5 output is defined by:  

o1
5 � ˆ yl � wk 
 yk

k�1

r

�

o2
5 � ˆ yr � w

k

 y k

k�1

r

�
 

Layer 6: Defuzzification. This layer’s node is adaptive, 
where the output  is defined as weighted average of left-
right values and parameter 

ˆ y
� . Parameter �  (default value 

0.5) adjusts the uncertainty interval defined by left-right 
values [ ˆ yl , ˆ yr]. 
 
o1

6 � ˆ y � �ˆ yl � (1	 �) ˆ yr  

 
Figure 1: IT2FNN-2:A2C0 (IT2FNN-0) Architecture 

 

2.2 IT2FNN-2:A2C1 Architecture 
An IT2FNN-2:A2C1 (IT2FNN-2) [12] is a six layer 
IT2FNN, which integrates a first order TSKIT2FIS (interval 
type-2 fuzzy antecedents and interval type-1 fuzzy 
consequents), with an adaptive NN. The IT2FNN-2:A2C1 
(Figure 2) layers are described as follows: 
 
Layers 0-2 of IT2FNN-2:A2C1 architecture are the same as 
layers 0-2 of IT2FNN-2:A2C0 architecture. 
Layer 3: Rule consequents. Each node is adaptive with 
parameters  and { . Node’s output 

corresponds to k

{ci
k,c0

k} si
k,s0

k}
th rule’s partial output, ˜ yk � [yl

k,yr
k ]. 

o2k	1
3 � yl

k � ci
k xi

i�1

n

� � c0
k 	 si

k xi
i�1

n

� 	 s0
k ; k �1,...,r  

o 2 k
3 � y r

k � c i
k x i

i� 1

n

� � c 0
k � s i

k x i
i� 1

n

� � s 0
k  

Layer 4: Type reduction. Estimates left-right values of 
interval [ ˆ yl , ˆ yr] and left( )-right(fl

k fr
k ) firing strength that 

are used for computing [ ˆ yl , ˆ yr] using KM algorithm [15, 
16].  
fl

k � leftpoint( f k, f
k
,yl

k ) ; fr
k � rightpoint( f k, f

k
,yr

k )  

o1
4 � ˆ yl �

f l
k yl
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Layer 5: Defuzzification. This layer’s node is adaptive with 
output   defined by: ŷ
 
o1

5 � ˆ y � �ˆ yl � (1	 �) ˆ yr  

 
Figure 2: IT2FNN-2:A2C1 (IT2FNN-2) Architecture 
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3 IT2FNN as a Universal Approximator 
 
With this simplified interval type-2 fuzzy if-then rule, it is 
possible to prove that under certain circumstances, the 
resulting IT2FIS has unlimited approximation power to 
match any non-linear functions on a compact [24, 25] set 
using the Stone-Weierstrass theorem [13, 14, 21, 22] as 
follows: 
3.1 Stone-Weierstrass Theorem.
Let the domain D be a compact space of N dimensions, and 
let � be a set of continuous real-valued function on D, 
satisfying the following criteria [24, 25]: 
 
1. Identity function: The constant f(x) = 1 is in �. 
2. Separability: For any two points x1 � x2 in D, there is an 

f in � such that f(x1) � f(x2).  
3. Algebraic closure: If f and g are any two functions in �, 

then fg and af + bg are in � for any two real numbers a 
and b.  

 
Then � is dense in C(D), the set of continuous real-value 
functions on D. In other words, for any � > 0, and any 
function g in C(D), there is a function f in � such that 

��	 )()( xfxg  for all x � D. 

 
3.2 Applying  Stone-Weierstrass Theorem used on 

IT2FNN-2:A2C0 Architecture. 
 
In the IT2FNN, the domain in which we operate is almost
always compact. It is a standard result in real analysis that 
every closed and bounded set in �n is compact. Now we 
shall apply the Stone-Weierstrass theorem to show the
representational power of IT2FNN with simplified fuzzy if-
then rules.
 
3.2.1 Identity Function
 
The first requirement of Stone-Weierstrass theorem needs 
our IT2FNN to be able to compute the identity function 
f(x)=1. An obvious way to compute the function is to set the 
consequence part of each rule equal to [1-�, 1+�], where � is 
the uncertainty spread. In fact, an IT2FNN with only one 
rule suffices to satisfy this requirement. 
 
3.2.2 Separability
 
The second requirement of the Stone-Weierstrass theorem 
needs the IT2FNN to be able to compute functions that have 
different values for different points. Without this 
requirement, the trivial set of functions f: f(x)= [c-�, c+�] c 
� � would satisfy Stone-Weierstrass theorem. Separability 
is satisfied whenever IT2FNN can compute strictly 
monotonic functions of each input variable. This can easily 
be achieved by adjusting the membership functions of the 
premise part. 

 
3.2.3 Algebraic Closure-Additive

The third requirement of Stone-Weierstrass theorem needs 
the IT2FNN to be able to approximate sums and products of 
functions. Suppose we have two IT2FNNs S and S  each of 
which has two rules. The output of each system can be 
expressed as
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therefore we can construct an IT2FNN that computes 
az � bz . 
 
3.2.4 Algebraic Closure-Multiplicative
 
Modeling the product of zz  of two IT2FNNs is the last 
capability we must demonstrate before we can conclude that 
the Stone-Weierstrass theorem can be applied to the 
proposed reasoning mechanism. The product zz  can be 
expressed as 
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therefore we can construct an IT2FNN that computes zz . 
 
3.3 Applying Stone-Weierstrass theorem to the IT2FNN-

2:A2C1 architecture 
As in the case of IT2FNN-2:A2C0, let there be two distinct 
IT2FNN-2:A2C1, S  and S , each with two rules; we can 
proceed in this case as follows:  
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then the sum of  and z z  is equal to 
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therefore we can construct an IT2FNN that computes 
az � bz . 
 
3.3.2 Algebraic Closure-Multiplicative
 
The product zz  can be expressed as 
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therefore we can construct an IT2FNN that computes zz . 
The IT2FNN architectures that compute az � bz  and zz  
have the same S  and S  if and only if the class of 
membership functions is invariant under multiplication. This 
is loosely true if the class of interval type-2 membership 
functions is the set of all bell-shaped functions and 
Gaussian-shaped (igbellmtype2, igbellstype2 and 
igbelltype2 for bell-shaped and  igaussmtype2, igaussstype2 
and igausstype2 for Gaussian-shaped, all of which can be 
found in the Matlab’s Interval Type-2 Fuzzy Logic Toolbox 
[26]). 
 
Therefore by choosing an appropriate class of membership 
functions, we can conclude that the IT2FNN with simplified 
fuzzy if-then rules satisfy the four criteria of Stone-
Weierstrass theorem. Consequently, for any given � > 0 and 
any real-valued function g, there is an IT2FNN S  such that 

��	 )()( xSxg  for all x in underlying compact set. 

Moreover since the simplified IT2FNN is a proper subset of 
two types of architecture, we can conclude that the IT2FNN 
architecture has unlimited approximation power to match 
any given data set. 
 

4 Application Examples 
Two application examples are used to illustrate the proofs of 
universality, as follows. 
Experiment 1. Identification of a one variable non-linear 
function. 
 
In this experiment we approximate a non-linear function 
f :���: 
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(where   is a uniform noise component) using a one input-
one output IT2FNN, 50 training data sets with 10 fold cross-
validation with uniform noise levels,  6 IT2MF type 
igaussmtype2, 6 rules and 50 epochs. Once ANFIS and 
IT2FNN models are identified a comparison was made, 
taking into account RMSE statistic values with 10 fold 
cross-validation. Table 1 and Figure 3 show resulting RMSE 
values for ANFIS and IT2FNN, it can be seen that IT2FNN 
architectures [12] perform better than ANFIS. 
 

 
Figure 3: RMSE values of ANFIS and IT2FNN using 10-
fold cross-validation for identifying non-linearity in 
Experiment 1. 
 
 
Table 1: RMSE values of ANFIS and IT2FNN with 10-fold  
cross-validation for identifying non-linearity of Experiment 

1. 
SNR(dB) ANFIS IT2FNN-0 IT2FNN-1 IT2FNN-2 IT2FNN-3 

0 0.6156 0.3532 0.2764 0.2197 0.1535 

10 0.2375 0.1153 0.0986 0.0683 0.0453 

20 0.0806 0.0435 0.0234 0.0127 0.0087 

30 0.0225 0.0106 0.0079 0.0045 0.0028 

free 0.0015 0.0009 0.0004 0.0002 0.0001 
 
 
Experiment 2. Identification of a three variable non-
linear function. 
 
A three input – one output IT2FNN is used to approximate 
non-linear Sugeno [9] function : f :�3 ��
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216 training data sets are generated with 10-fold cross-
validation and 125 for tests; 2 igaussmtype2 IT2MF for each 
input, 8 rules and 50 epochs. Once the ANFIS and IT2FNN 
models are identified, a comparison is made with RMSE 
statistic values and 10-fold cross-validation. Table 2 and 

Figure 4 show the resultant RMSE values for ANFIS and 
IT2FNN. It can be seen that IT2FNN architectures [12] 
perform better than ANFIS. 
 
Table 2: Resulting RMSE values in ANFIS and IT2FNN for 
non-linearity identification in Experiment 2 with 10-fold 
cross-validation. 
SNR(dB) ANFIS IT2FNN-0 IT2FNN-1 IT2FNN-2 IT2FNN-3 

0 1.0432 0.7203 0.6523 0.5512 0.5267 

10 0.3096 0.2798 0.2583 0.2464 0.2344 

20 0.1703 0.1637 0.1592 0.1465 0.1387 

30 0.1526 0.1408 0.1368 0.1323 0.1312 

free 0.1503 0.1390 0.1323 0.1304 0.1276 
 
 

 
 Figure 4: Resulting RMSE values obtained by ANFIS and 
IT2FNN for non-linearity identification in Experiment 2 
with 10-fold cross-validation. 
 

5 Conclusions 
 
In these experiments, the estimated RMSE values for non-
linear function identification with 10-fold cross-validation 
for the hybrid architectures IT2FNN-2:A2C0 and IT2FNN-
2:A2C1 illustrate the proof based on Stone-Weierstrass 
theorem that they are universal approximators for efficient 
identification of non-linear functions. Also, it can be seen 
that while increasing the Signal Noise Ratio (SNR), IT2FNN 
architectures handle uncertainty more efficiently.   
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Abstract— Graph-based semi-supervised learning has recently
emerged as a promising approach to data-sparse learning problems
in natural language processing. They rely on graphs that jointly rep-
resent each data point. The problem of how to best formulate the
graph representation remains an open research topic. In this pa-
per, we introduce a type-2 fuzzy arithmetic to characterize the edge
weights of a formed graph as type-2 fuzzy numbers. The fuzzy num-
bers are identified by the changing parameters of the fuzzy kernel
nearest neighbor algorithm, namely the degree of fuzziness and the
hyper-parameter of the Gaussian kernel function, both of which have
an effect on the uncertainty in forming the affinity matrix of the graph.
We introduce a new graph-based semi-supervised learning with the
type-2 arithmetic operations. We apply this technique in the frame-
work of label propagation and evaluate on a question answering task.
We demonstrate that the type-2 SSL can improve the prediction ac-
curacy and can be considered to be the an alternative tool for text
mining applications of computational linguistics.

Keywords— Graph-based semi-supervised learning, kernel fuzzy
k-nearest neighbor, type-2 fuzzy numbers.

1 Introduction and Motivation

In building reliable models for real systems, identification of
exact values of variables of model equations are required. In
real life practices, precise values of parameters may not be ob-
tained due to imprecise, noisy, vague, or incomplete nature of
information. Fuzzy logic provides explanatory tools for such
tasks, mainly because of its capability to manage imprecise
categories to represent imperfect information, by means of
fuzzy sets, graduality, measures of resemblance or aggrega-
tion methods. Type-1 fuzzy sets may not be enough to explain
the whole spectrum of possible results, mainly because the
values used to characterize the membership functions of type-
1 fuzzy numbers are usually overly precise. Usually the level
of information is improperly set to define membership func-
tions, thus it is rather necessary to use type-2 fuzzy numbers
to represent uncertainties in model parameters.

In this work, we mainly focus on uncertainties in finding
similarities in text mining. We consider one of the most com-
monly used learning methods, namely the semi-supervised
learning (SSL) method [1]. It is often the case in the areas of
machine learning for classification problems such as the prob-
lem of text classification on web pages, automatic translation
or online question/ answering systems, etc. that one needs to
deal with a very small portion of labeled data and vast amounts
of unlabeled data. For such cases, graph-based SSL methods
(spectral learning methods) have proved to outperform other
learning methods. In graph- based methods the data is repre-
sented by the nodes of a graph (Fig. 1), the edges of which are
labeled with the pairwise distance of the incident nodes. One

problem with spectral learning methods is that the procedure
is highly sensitive to the choice of the kernel, for example it
is very sensitive to the choice of the spread (variance) of a
Gaussian kernel, which naturally effects the similarity matrix
defined for the given dataset.

As in the phrase of ”words can mean different things to
different people”, an entailment relation between a candidate
sentence and a question posed by the user may be evaluated
differently by different people. For instance, a different de-
gree of entailment may be assigned by different people for
pairs of question ”Who bought Overture?” and candidate sen-
tences such as ”Yahoo bought Overture”, ”Yahoo owns Over-
ture”, ”Overture acquisition by Yahoo”, using linguistic terms
such strict, loose, or direct entailment. Current methods can
only use crisp values to define such relations, which cannot be
explained to a full extent. Type-2 fuzzy logic is the best fit
to define the entailment relations between each sentence. To
our knowledge, characterization of edge weights of a graph
as type-2 fuzzy numbers, as presented in this paper, is a new
approach. The novel type-2 SSL defines such uncertain en-
tailment relation between two sentences by characterizing soft
linked graphs.

In this paper we concentrate on characterization of the un-
certainties in similarity measure when discovering knowledge
from unstructured text using graph-based SSL algorithm. A
common way to construct the affinity matrix of a graph is by
application of a nearest neighbor method. We use a fuzzy k-
nearest neighbor (FKNN) to allow fuzzy decisions based on
fuzzy labels. In addition we use its kernel extension [2] to
enable solving possible non-linearly separable problems and
get non-linear fuzzy boundaries instead of linear boundaries
when necessary. In addition kernel methods have proven to
prevent over-fitting in high dimensional feature spaces. For
these reasons, we consider applying type-2 fuzzy arithmetic
to situations where the similarity between two objects, i.e, two
sentences, is imprecise.

Thus, the novel type-2 SSL method learns the edge link
weights via kernel fuzzy k-nearest neighbor algorithm [2]
(KFKNN). We use the arithmetic operations on type-2 fuzzy
numbers defined in [3]. For ease of calculations, we gradu-
ate the interval valued degree of fuzziness and the kernel pa-
rameter and obtain bounded discrete valued weights (interval
valued) with associated type-2 membership grades, enabling
to represent each weight link with a type-2 fuzzy number.
In a way each membership value is further stretched 1 based
on fuzziness of the model to capture uncertainty interval of
membership values (Fig. 2). Using the interval type-2 fuzzy

1Zadeh[4] defines the membership values as elastic constraints
that has to be stretched to get their full meaning.
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weights, we construct fuzzy graph Laplacian. The novel type-
2 SSL uses label propagation algorithm [1] to obtain interval
valued output values. Defuzzification follows to measure the
performance of the new classifier.

In this paper we mainly focus on the application of the novel
spectral classification method on a specific area of natural lan-
guage processing. Text-based question answering (QA) is the
process of automatically finding the answers to arbitrary ques-
tions in plain English by searching collection of text files. Re-
cently intensive research has been continuing to grow in this
area fostered by evaluation-based conferences, one of which is
the Text REtrieval Conference (TREC) [5]. Among different
question types, most current research focuses on the factoid
type questions, e.g., ”How tall is Eiffel Tower”, where the
answer is short string indicating a fact with a named entity.
We construct a textual entailment model to find the degree of
match between the question posed by the user and the candi-
date answers retrieved by the search engine and then rank the
sentences likely to contain the correct answer at the top.

We will briefly review graph-based SSL methods, KFKNN,
and type-2 fuzzy numbers. Then we will present the novel
type-2 SSL method followed by the benchmark analysis on
the TREC dataset. Finally conclusions are drawn.

2 Graph Based Semi-Supervised Learning
We begin with notation and a brief summary of SSL algo-
rithms [1], [6]. Let X = {x1, ..., xn} represent n data points
in �d and Y = {y1, ..., yn} be their output targets. The la-
beled part of X is represented with Xl = {x1, ..., xl} with
associated labels Yl = {y1, ..., yl}T . For ease of presenta-
tion, we concentrate on binary classification, where yi can
take on either of {−1, +1}. X has also unlabeled part, i.e.,
X = Xu ∪Xl. The aim is to predict labels for the remaining
unlabeled points, Xu = {x1, ..., xu}.

In this section we review the most general graph-based
semi-supervised learning method for binary classification
problem. A graph is denoted with g = (V,E), where V =
Xl ∪ Xu is set of nodes. E represents the edges connecting
two vertexes and is represented by the n× n symmetric affin-
ity matrix W, where an edge W (xi, xj) = e(i, j) represents
the similarity between any vertexes xi and xj and 0 if there
is no similarity between them. The most common similarity
measure is the Gaussian kernel of width σ,

Wij = K (xi, xj) = e−‖xi−xj‖2/2σ2
(1)

Earlier research [1] suggests that the choice of σ can strongly
influence the results (it is one of the imprecise parameters we
use to characterize uncertainty interval of membership func-
tions in our approach.) The diagonal degree matrix D is de-
fined for g by D=

∑
j Wij .

In graph-based SSL, a function over the graph is estimated
such that it satisfies two conditions: 1) it should be close to
the given labels (L), and 2) it should be smooth (S) on the
whole graph. These two conditions are presented in a reg-
ularization form to minimize the following basic algorithm.
Let f=[f1, ..., fl, fl+1, ..., fn] denote the predicted labels of X
where f ∈ �n. According to the mathematical representation
of graph based approach, the objective is to minimize

arg minf EL(f) + λES(f). (2)

In (2) EL(f) is a loss function to penalize the deviation from
the given labels,

EL(f) =
∑
i⊂L

(fi − yi)2 (3)

and ES(f) is a regularizer to represent the label smoothness,

ES(f) =
1
2

∑
i,j∈L∪U

Wij(fi − fj)2 = fT Lf (4)

In (4), L = D −W is the graph Laplacian. To satisfy the
local and global consistency [1], the normalized combinatorial
Laplacian is used such that the ES(f) is replaced with normal-
ized Laplacian, L = I −D−1/2LD−1/2, as follows:

ES(f) =
∑

i,j∈L∪U

Wij(
fi√
di

− fj√
dj

)2 = fTLf (5)

The classification function f is learned through any of the
label propagation(LP) algorithms, e.g., [1], [7] on the graph.
From consistency approach [1] f∗ can be found as :

f∗ = (I − λ
(
D−1/2WD−1/2

)−1

Y (6)

Nearest neighbors are most commonly used method to iden-
tify the affinity matrix of the graph. In this work, we use the
KFKNN method by capturing the uncertainty interval of sim-
ilarities via perturbations on learning parameters.

3 Kernel Fuzzy k-Nearest Neighbor

The k-nearest neighbor approach (KNN) is commonly used
in spectral learning to obtain the link weights of the graph
Laplacian. It does not depend on the distribution of selected k
objects, whereas fuzzy KNN [8] deals with the distribution of
the selected k objects to determine the sum of similarities be-
tween labeled data points. They both use Euclidean distance
function. To handle with more complex real systems, instead
of Euclidean distance, we use kernel function to calculate dis-
tance between two objects. Through some non-linear mapping
the input data is mapped onto a higher-dimensional feature
space, i.e., X → φ (X) to conduct the fuzzy KNN. With the
kernel trick, instead of mapping the data point and calculat-
ing the distance in the feature space, we can use the kernel
function and compute the dot product in some feature space,
K (xi, xj) = 〈φ (xi) , φ (xj)〉. The distances are calculated in
this space as follows:

‖φ (x)− φ (xj)‖2 = 2− 2K (x, xj) (7)

Gaussian kernel functions as in (1) is used. Let Ci, i = 1, ...c
represent each class c of distinct labels. The FKNN algorithm
[8] assigns memberships as a function of vector distance from
their nearest neighbors and those neighbor memberships in the
possible classes. The membership values of xu

i in each labeled
class c = 1, ..., k is calculated with

µi(xu) =

∑k
j=1 µij

(
1/ (1−K(x− xj)

1/m−1
)

∑k
j=1

(
1/ (1−K(x− xj)

1/m−1
) (8)
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Algorithm 1 Kernel Fuzzy κ-Nearest Neighbor
1: procedure KFKNN(k, X l, Xu, m, σ)
2: for j ← 1, nu, xu

j ∈ Xu do
3: wxu

j ,xl
l
← K(xj , x

l
l) and σ using (1).

4: Select k nearest neighbors among all labeled ob-
jects, Nj =

{
xl

1,j , ...x
l
k,j

}

5: Calculate the membership values of xu
j , µi(xu

j ), in
each class i = 1, ..., c using Nj data points via (8)

6: If required, classify xu
j into any of Ci using crite-

ria in (9)
7: end for
8: end procedure

The initial class memberships of labeled points are calculated
using the function in [2]. Class separation criteria is based on;

ŷu = arg maxi=1...c µi(x) (9)

The input parameters of KFKNN are the k-nearest neighbors,
the labeled X l data points, and unlabeled Xu data points, the
degree of fuzziness parameter, m and kernel distance variance
parameter σ in (1). The parameter m determines how heav-
ily the distance is weighted when calculating each neighbor
contribution to the membership value. It has been recently
shown [9], [10], [11] that changing the m parameter in fuzzy
clustering methods [12] such as fuzzy c-means and fuzzy c-
regression have an effect on the outcome of the partition ma-
trix, as well as the classification results. With some perturba-
tions on the fuzziness parameter, we can identify uncertainty
interval of membership values distributions. In this work,
we identify the parameter m as an interval valued parame-
ter, m := [ml, mu], l : lower, u : upper. Next we graduate
the interval manually into crisp values, mr =

{
m1, ...,mnr

}
.

We do the same discretization for the Gaussian kernel hyper-
parameter, σs =

{
σ1, ..., σns

}
. Each pair of parameter corre-

sponds to one discrete affinity matrix obtained from KFKNN.
We obtain the degree of membership values of relations, de-
gree of similarity of an edge, via fuzzy max−min rule, to be
explained in section 5.

4 Type-2 Fuzzy Numbers and Operations
Before we present the novel type-2 SSL method, we give a
brief review of type-2 fuzzy numbers in the next. Introduced
by Zadeh [13] in the trilogy of papers, a type-2 fuzzy set Ã
is characterized in [14] with a type-2 membership function,
µÃ (x, u), which maps elements x ⊂ X to their membership
values u ⊂ Jx ⊆ [0, 1] as follows:

Ã = {((x, u) , µÃ (x, u)) |∀x ⊂ X,∀u ⊂ Jx ⊆ [0, 1]} (10)

where Jx is a type-1 fuzzy set, i.e., primary membership value,
and 0 ≤ µÃ (x, u) ≤ 1 is called secondary membership grade.
Any type-2 fuzzy set can be represented as a collection of em-
bedded type-2 fuzzy sets [14], as follows:

Ãe =
N∑

i=1

[fxi
(ui) /ui] /xi; ui ⊂ Jxi

⊆ [0, 1] (11)

where ui is the primary and fxi(ui) is the secondary mem-
bership grade. The total number of type-2 sets embedded

in Ã is given by ne =
∏N

i=1 Mi, where Mi is the cardinal-
ity of each primary membership grade on xi ∈ X . When
X has a numeric domain, Ã can be characterized as fuzzy
number. Thus for Ãj

e =
{(

uj
i , fxi

(uj
i )

)
, j = 1..N

}
and

uj
i ∈ {uik, k = 1, ...,M}, we can define a fuzzy number with

Ã =
ne∑

j=1

Aj
e (12)

Zadeh [13] introduced the union and intersection of type-2
fuzzy sets. Mendel and John [14] then defined the type-2 oper-
ations with embedded type-2 fuzzy sets. The union of discrete
1 type-2 fuzzy sets Ã and B̃ is given as:

Ã ∪ B̃ =
nA∑
j=1

Ãj
e

nB∑
i=1

B̃i
e =

nA∑
j=1

nB∑
i=1

Ãj
e ∪ B̃i

e (13)

The union of two type-2 embedded sets in (13) is defined as:

Ãj
e ∪ B̃i

e =
N⋃

k=1

[
Fxk

(
uj

k, wj
k

)
/

(
uj

k ∨ wi
k

)]
/xk (14)

where Fxk

(
uj

k, wj
k

)
is the flag that is computed by the t-norm

of the secondary membership grades of any kth embedded set,
µAj

e

(
xk, fxk

(
uj

k

))
and µBi

e

(
xk, fxk

(
wi

k

))
[3]. When the

secondary membership grades are unity, i.e., interval type-2
fuzzy sets, the union of type-2 embedded sets are defined as:

Ãj
e ∪ B̃i

e =
N⋃

k=1

[
1/

(
uj

k ∨ wi
k

)]
/xk (15)

In [15] the arithmetic operations with type-2 fuzzy numbers
such as addition of ˜about 2 and ˜about 5 is defined based on
(14) in series of steps. Later in [3], computationally less ex-
pensive arithmetic operations, e.g., addition and multiplica-
tion with type-2 fuzzy numbers, is defined, which will be used
in this paper to define the similarity between the sentences
to construct the type-2 affinity matrix. with unity secondary
membership grades.

Here we will only give a brief description of addition be-
tween two interval type-2 fuzzy numbers,

˜about 3 = {0.3, 0.6, 0.7} /2, {1} /3, {0.3, 0.6, 0.7} /4
˜about 5 = {0.6, 0.7} /4, {1} /5, {0.6, 0.7} /6

Since the secondary membership grades are unity, we obtain
for each discrete primary membership value:

µaboutAj
e+ ˜aboutBi

e
(z) = sup

(
uj

x ∧ wi
y

)
(16)

where z = x ⊗ y is performed for any discrete number de-
fined in ˜about A and ˜about B, on all embedded numbers
uj

x = µabout Aj
e
, j = 1..nA and wi

x = µabout Bi
e
, i = 1..nB .

In (16), ∧ is t-norm(minimum). Then the union of all the pairs
are captured along domains of z ∈ Z = X ⊗ Y . For potential
duplicate values from the resultant of the supremum opera-
tion in (16), the best practice is to select pair with the highest

1In this paper we deal with discrete fuzzy sets as naturally the
fuzzy sets are discretized to do inference.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1390



membership value to form the resultant interval type-2 fuzzy
number. From the addition operation on two type-2 fuzzy
numbers, the resulting type-2 fuzzy number would yield:

˜about 8 = {0.3, 0.6, 0.7} /6, {0.6, 0.7} /7,

{1} /8, {0.6, 0.7} /9, {0.3, 0.6, 0.7} /10

5 Novel Type-2 Semi-Supervised Learning

5.1 Motivation

In graph based SSL methods, one of the main problems is to
construct the graph. Typically, k-nearest neighbor of each data
point is identified and then each node is connected to their k
nearest neighbors according to the edge weights using a Gaus-
sian distance function as in (1). In cases where it is difficult
to identify numerical characterization of similarities between
two data points, one could identify imprecise similarities as
type-2 fuzzy numbers (as explained in the previous section)
and characterize these fuzzy numbers based on small pertur-
bations on the learning parameters. Applications of Type-2
fuzzy modeling tools, e.g., [16], [17], [18] has shown to be
effective methods for such cases.

In this work, we mainly focus on the imprecision of model
parameters to define the edge weights. It is in this sense
that we characterized the edge weights of a graph with type-2
fuzzy numbers, to be explained next.

5.2 The Learning Algorithm

We assume that the dataset X = {x1, ..., xn} contain set of
labeled and unlabeled data points which are represented as
X =

{
Xu ∪X l

}
. There are c number of classes based on

the class labels of the labeled data and k represents the nearest
neighbor count. For the labeled training data points the degree
of memberships to any of classes is either 0 or 1 depending on
the label of the class. After we obtain the partition matrix of
the overall dataset X , we compute type-2 link membership
values of each pair in the dataset.

We construct one KFKNN model and obtain one partition
matrix Usr ⊂ �n×k for each pair of imprecise parameters,
{σs, mr}, s = 1..ns, r = 1..nr, where µsr

ij ∈ Usr repre-
sents the degree of membership of data point xj to any class
i obtained using parameter set of {σs, mr}. The next step is
to merge all these partition matrices to construct type-2 fuzzy
graph. Each vertex is connected to its k-nearest neighbor ob-
tained from each KFKNN model. First we measure the sim-
ilarities between each connected node, ws

pq ∈ W s in each
graph with Gaussian weighted distance measure as in (1).
Note that the edge similarities are effected by the Gaussian
variance parameter, σs. As a result, we characterize each edge
weight, w̃pq =

{
w1

pq, ..., w
ns
pq

}
, s = 1, .., ns, with a discrete

interval valued number based on σs.
The next step is to associate degree of similarity to each

edge weight. Any vertex vj , representing each data point xj

holds a degree of membership µsr
ij to each class label i = 1...c

(conditional degree of possibility given class labels). To con-
struct the fuzzy graph, µsr

i we calculate the degree of rela-
tionship between each node using conditional possibilities via
min-max rule. Let µR(xp,xq) be the degree of relationship
(similarity) between paired data points, xp and xq, in the graph
which is measured from the conditional possibility values of

Figure 1: A type-2 fuzzy graph.

Figure 2: The interval type-2 fuzzy edge weight.

each vertex. Using the fuzzy max−min rule of relations [13],
we calculate the joint degree of fuzzy relations as follows:

µpq(xp, xq) = ∨i=1,...,c (µi (xp) ∧ µi (xq)) (17)

where ∨ and ∧ denote max and min operations, respectively.
Using (17) we define as many degree of similarity values,
µsr

pq, as the number of discrete mr, r = 1..nr, to character-
ize each discrete edge weight, ws

pq. This would identify the
edge weights as type-2 fuzzy numbers, see Figure 2.

In summary, we defined ns, s = 1, ..., ns different variance
values, σs to calculate ns different similarity values, ws

pq, s =
1.., ns. for any pair of connected nodes. These form the soft
weight, w̃pq = ws=1..ns

pq of the corresponding edge epq, p, q =
1, ..., n of the graph. In addition, each discrete similarity value
ws

pq is represented with a degree of similarity from the max−
min operation, µsr

pq(xp, xq) using (17). These stretch out the
degree of membership of each ws

pq, and we identify discrete
membership values for each weight, ws

pq.
The fuzzy graph where the edges are represented with the

soft type-2 weights is shown in Fig. 1, and Fig. 2 displays a
sample edge weight that is in the form of type-2 fuzzy number.

The pseudo code for the type-2 fuzzy semi-supervised
graph learning method is shown in Algorithm 2. Initially the
partition matrix U is computed for unlabeled data points using
the labeled data (Step-3). Note that the membership values of
the labeled data points µi(xl

j) to any of the c clusters are either
1 or 0 so they are merged to the partition matrix (Step-7).

After the conditional possibility values of each data point xj

to each class µsr
i (xj) is obtained from every pair of parameter

values, {σs, mr} we measure the joint possibilities of paired
data points in step 9-10. We use the max−min rule to obtain
single degree of similarity between two nodes, xp and xq. In
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Algorithm 2 Forming Type-2 SSL Graph
1: procedure LEARNGRAPH(k, X l, Xu, X ={

X l + Xu
}

)
2: For σs =

{
σ1, ..., σns

}
and mr =

{
m1, ...,mr

}
3: -Execute Algorithm 1 using {σs, mr} to obtain
4: each partition matrix Usr ⊂ �n×c

5: -Calculate similarity matrix W s =
{
ws

pq

}
using σs

6: EndFor
7: µsr

j ∈ Usr = Usr +
{
µi=1..c(xl

i=1..nl
)
}

where
8: For p, q = 1, ..., n, p �= q
9: -Calculate degree of fuzzy relation, µsr

pq(xp, xq)
10: using (17)
11: -Characterize each edge weight as type-2 fuzzy
12: number w̃pq =

{
ws=1..ns

pq

}
∈ W̃ ⊂ �n×n

13: using each µsr
pq.

14: d̃p ∈ D̃ ⊂ �n×n ←
∑n

q=1 w̃pq

15: EndFor
16: L̃n← D̃−1/2W̃ D̃−1/2

17: end procedure

this way we represent the discrete membership values of the
type-2 fuzzy number of the corresponding edge similarity.

Using the type-2 fuzzy number operations from section 4
[3], we obtain the fuzzy degree of each connected edge. Note
that, instead of crisp edge weights, W , and graph node de-
grees, D, we characterized type-2 fuzzy edge matrix W̃ and
degrees, D̃. To obtain the soft normalized graph Laplace, we
compute the Step-16.

5.3 Inference with Soft Graphs

In the previous section we presented the algorithm to form a
soft graph Laplacian matrix L̃n, the members of which are
represented with interval type-2 fuzzy numbers. It has been
shown in recent literature [?, 9, 11, 10] that some of the un-
certainties in system models can be captured during learning
when we define interval values for the learning parameters
instead of crisp values. For instance when fuzzy clustering
methods are used to construct membership functions (fuzzy
sets) defining an interval valued fuzziness parameter, m, in-
stead of crisp value, we can identify the uncertainty interval
of the membership functions as well as the perturbation ef-
fects on the local functions. The same is also true for the pa-
rameters of similarity functions. The variance parameter of
a Gaussian kernel has a significant effect on the outcome [7].
By the analogy of these approaches, we use the interval valued
Gaussian variance distance measures and fuzziness parameter
of the KFKNN for identification of the soft graph Laplacian
as explained in the previous section. The classifier function is
learnt using the graph Laplacian. In standard SSL methods,
briefly explained in section 2, one can use a label prorogation
method to find the classifier function, f∗. In Type-2 SSL al-
gorithm of this paper, we learn classifier by first type-reducing
the type-2 graph Laplacian and then defuzzifying its values to
obtain a single graph Laplace.

The graph Laplacian is a sparse matrix L :=
(
ln×n
pq

)
representing the difference between the degree matrix and
weight matrix. The matrix elements are zero if there is no
edge link, and 1 for the diagonal elements. Hence the ma-
trix is sparse representing the graph where there are edge

Figure 3: (Left Graph)Interval type-2 fuzzy laplace value.
(Right Graph)Type-1 fuzzy laplace value.

links. We consider soft normalized graph Laplacian L̃ =
I − D̃−1/2W̃ D̃−1/2. Each matrix element l̃pq is an interval
type-2 fuzzy number, represented as:

l̃pq =
{
µs=1,r=1

pq , .., µs,r=nr
pq

}
/ls=1

pq + · · ·
+

{
µs=ns,r=1

pq , .., µs=ns,r=nr
pq

}
/ls=ns

pq

We consider type-reducing the Laplace values via center of
gravity (COG) rule as shown in Figure 3 as

COG(µs
pq) =

nr∑
j=1

µs,r=j
pq /nr (18)

Then we defuzzify to obtain a single Laplace values:

lpq =
∑ns

t=1 COG
(
µs

pq

)
ls=t
pq∑ns

i=1 COG
(
µs

pq

) (19)

Using the defuzzified graph Laplacian, we obtain the classifier
function using (6).

6 Textual Entailment Model for Question
Answering

In this section we use a real question and answering (Q/A)
dataset to test the performance of the type-2 SSL in com-
parison to the SSL method [7], and well-known SVM [19].
We used the TREC2001-2003 factoid questions for training
and TREC04 questions for testing. The training and testing
datasets comprise of 20 relevant sentences for each question
that may or may not contain the true answer. We build the
training and testing datasets using the relevant documents pro-
vided by NIST 2 and extracted 20 relevant sentences from
TREC corpus using search engine 3. We manually classi-
fied each retrieved sentence as true/false based on the pro-
vided gold-factoid-answers. In addition, we used additional
question-sentence pairs from RTE-3, and RTE-4 datasets of
RTE challenges 4. We used only Q/A type sentence pairs
and converted the hypothesis sentences into question forms
to build the Q/A pairs. We sustained the true/false distribu-
tions in the training and testing datasets around 25% true-75%
false.

Each of the Q/A pairs, i.e., from TREC and RTE, are used
to extract features to indicate true/false entailment. Thus the

2available at http://trec.nist.gov/data/qa.html
3available at http://lucene.apache.org/java/docs/
4Recognizing Textual Entailment Challenge, datasets available at

http://www.nist.gov/tac/tracks/2008/rte/index.html
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Figure 4: AUC performance on Testing Dataset.

aim of the model is to identify if the candidate sentence entails
the question. To measure entailment we extracted 20 different
features based on syntactic and semantic match between the
question and answer sentences. Some of our features include
syntactic matching (keyword and phrase match), named-entity
match, headword match using hypernym, hyponym extensions
of words, answer type match, which is determined from the
question. An automatic hypernym relation extraction algo-
rithm is implemented to capture semantic structures in sen-
tences, such as ’a.k.a’, ’such as’, apposition relations, to list a
few. In addition, we used semantic features such as sentence
structure match, i.e., subject, object, headword match, named
entity match based on our named entity module to match 50
fine objects in sentence pairs such as time, place, location,
person, descriptions, reason, numbers, etc.

In this experiment we used around 600 training questions
to compile around 7500 training data points. Similarly, us-
ing the entire 202 TREC04 factoid questions as testing, we
compiled around 4000 testing data points. Among the train-
ing datasets, we used different number of labeled data points
to compile series of experiments. Since the data points are
randomly selected from the pool, we repeated the experi-
ments 10 times and captured the standard errors to measure
robustness. We measured the accuracy of the true/false en-
tailments based on Area Under the Receiver Operating Curve
statistic. We repeated the experiment using different training
sets of different sizes. We built type-2 SSL models with pa-
rameters, i.e., k = {3, 5, 10, 50}, m = {1.4, 1.5, ..., 2.6},
σ =

{
10−2, ..102

}
and tested the AUC performance on the

same testing dataset. We compared the performance of our
models with the ones obtained from application of the same
experiments using standard SSL method [20] with the same
learning parameters as well as the SVM methods using learn-
ing parameters C =

{
2−1, ..., 28

}
and γ = {1− default}.

The AUC performance comparison with the well-known SSL
and SVM method is shown Figure 4. The results of the ex-
periment on QA datasets reveals that the new soft SSL outper-
forms the standard SSL method. The results are comparable
with the state-of the art SVM tool. Based on the current exper-
iment we can suggest that the presented method is an alterna-
tive method for linguistic analysis when there are not enough
labeled data but more unlabeled data present.

7 Conclusions
We presented a new uncertainty modeling tool for graph-
based semi-supervised learning methods using type2 fuzzy

number arithmetic. We learn the interval valued degree of
similarity values based on fuzzy k-nearest approach. Each
edge linking weight is represented with a type-2 fuzzy num-
ber and arithmetic operations on type-2 fuzzy numbers are
implemented to build the type-2 fuzzy graph Laplacian and
learn a classifier function. Experiments on information extrac-
tion from unstructured text for question/answering task have
shown promising results.
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An Indirect Analysis in the Presence of Fuzzy Descriptions
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Abstract— In the past, mathematicians actively used the ability of
some people to perform calculations unusually fast. With the advent
of computers, there is no longer need for human calculators – even
fast ones. However, recently, it was discovered that there exist, e.g.,
multiplication algorithms which are much faster than standard mul-
tiplication. Because of this discovery, it is possible than even faster
algorithm will be discovered. It is therefore natural to ask: did fast
human calculators of the past use faster algorithms – in which case
we can learn from their experience – or they simply performed all op-
erations within a standard algorithm much faster? This question is
difficult to answer directly, because the fast human calculators’ self-
description of their algorithm is very fuzzy. In this paper, we use an
indirect analysis to argue that fast human calculators most probably
used the standard algorithm.

Keywords— Fast Fourier transform, fast human calculators, fast
multiplication, fuzzy description

1 People Who Computed Fast:
A Historical Phenomenon

In history, several people have been known for their extraordi-
nary ability to compute fast. Before the 20 century invention
of computers, their computational abilities were actively used.

For example, in the 19 century, Johann Martin Zaharias
Dase performed computations so much faster than everyone
else that professional mathematicians hired him to help with
their calculations; see, e.g., [1, 3]. Dase:

• computed π with a record-breaking accuracy of 200 dig-
its,

• calculated the logarithms table with 7 digit accuracy, and

• performed many other computational tasks.

Karl Friedrich Gauss himself recommended that Dase be paid
by the Academy of Science to perform the calculations.

2 People Who Computed Fast:
How They Computed?

Calculations have been (and are) important in many practical
problems. Because of this practical importance, people have
therefore always been trying to speed up computations. One
natural way to speed up computations is to learn from the peo-
ple who can do computations fast.

3 People Who Computed Fast:
Their Self-Explanations Were Fuzzy and

Unclear
In spite of numerous attempts to interview the fast calculators
and to learn from them how they compute, researchers could
not extract a coherent algorithm. One of the main reasons is
that most of the fast calculators were idiots savants: their in-
tellectual abilities outside computations were below average.
Their explanations of their algorithms were always fuzzy and
imprecise, formulated in terms of words of natural language
rather than in precise mathematical terms.

To us familiar with fuzzy logic and its applications this
fuzziness should not be surprising. It is normal that people in
general – and not necessarily idiots savants – cannot precisely
describe

• how they drive,

• how they operate machines,

• how they walk,

• how they translate from one language to another,

• how they recognize faces,

• how they control different situations, etc.

– this is why fuzzy control and other fuzzy techniques, tech-
niques for translating this fuzzy description into a precise
strategy, have so many practical applications; see, e.g., [4].

What may be somewhat unusual about fast computations
is that while the self-description of fast calculators was fuzzy
and imprecise, the results of the computations were always
correct and precise.

4 With the Appearance of Computers, the
Interest in Fast Human Calculators Waned

With the appearance of computers, the need for human calcu-
lators disappeared, and the interest in their skills waned. Such
such folks may provide a good entertainment, they may be of
interest to psychologists who study how we reason and how
we perform menial tasks – but mathematicians were no longer
interested.

Yes, fast human calculators can perform calculations faster
than an average human being – but electronic computers can
perform the same computations much much faster. From this
viewpoint, fast human calculators remained a curiosity.
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5 Why Interest Waned: Implicit Assumptions
One of the main reasons why in the 1940s and 1950s the in-
terest in fast human calculators waned is that it was implicitly
assumed that the standard techniques of addition and multipli-
cation are the best.

For example, it was assumed that the fastest way to add
the two n-digit numbers is to add them digit by digit, which
requires O(n) operations with digits.

It was also implicitly assumed that the fastest way to mul-
tiply two n-digit numbers is the standard way to multiply the
first number by each of the digits of the second numbers, and
then to add the results. Each multiplication by a digit and each
addition requires O(n) steps, thus multiplication by all n dig-
its and the addition of all n results require n · O(n) = O(n2)
computational steps.

From this viewpoint, the only difference between a normal
human calculator, a fast human calculator, and an electronic
computer is in the speed with which we can perform opera-
tions with digits. From this viewpoint, the only thing we can
learn from fast human calculators is how to perform opera-
tions with digits faster. Once the electronic computers became
faster than fast human calculators, the need to learn from the
fast human calculators disappeared.

6 A Surprising 1960s Discovery of Fast
Multiplication Algorithms

The above implicit assumption about arithmetic operations
was not questioned until a surprising sequence of discoveries
was made in the 1960s; see, e.g., [2].

These discoveries started with the discovery of the Fast
Fourier Transform algorithm, an algorithm that enables us to
compute the Fourier Transform

f̂(ω) =
1√
2π

·
∫

f(t) · exp(i · ω · t) dt, (1)

where i =
√−1, in time O(n · log(n)) – instead of the

n · O(n) = O(n2) time needed for a straightforward compu-
tation of each of n values of f̂(ω) as an integral (i.e., in effect,
a sum) over n different values f(t).

The ability to compute Fourier transform fast lead to the
ability to speed the computation of the convolution of two
functions:

h(t) def=
∫

f(s) · g(t − s) ds. (2)

A straightforward computation of the convolution requires
that for each of the n values h(t), we compute the integral
(sum) of n different products f(s) · g(t − s) corresponding
to n different values s. Thus, the straightforward computation
requires O(n2) computational steps.

Indeed, it is known that the Fourier transform of the convo-
lution is equal to the product of Fourier transforms. Thus, to
compute convolution, we can do the following:

• first, we compute Fourier transforms f̂(ω) and ĝ(ω);

• then, we compute the Fourier transform of h as

ĥ(ω) = f̂(ω) · ĝ(ω); (3)

• finally, we apply the inverse Fourier transform to the
function ĥ(ω) and compute the desired convolution h(t).

What is the computation time of this algorithm?

• Both Fourier transform and inverse Fourier transform can
be computed in time O(n · log(n)).

• The point-by-point multiplication ĥ(ω) = f̂(ω) · ĝ(ω)
requires n computational steps.

Thus, the overall computation time requires

O(n · log(n)) + n + O(n · log(n)) = O(n · log(n)) (4)

steps, which is much faster than O(n2).
V. Strassen was the first to notice, in 1968, than this idea can

lead to fast multiplication of long integers. Indeed, an integer
x in a number system with base b can be represented as a sum

x =
n∑

i=1

xi · bi. (5)

In these notations, the product z = x · y of two integers x =
n∑

i=1

xi · bi and y =
∑n

i=1 yi · bi can be represented as

z =

(
n∑

i=1

xi · bi

)
·

 n∑

j=1

yj · bj


 =

n∑
i=1

n∑
j=1

xi · yj · bi · bj =
n∑

i=1

n∑
j=1

xi · yj · bi+j . (6)

By combining terms at different values bk, we conclude that

z =
n∑

k=1

zk · bk, (7)

where
zk =

∑
i

xi · yk−i. (8)

This is convolution, and we know that convolution can be
computed in time O(n · log(n)).

The values zk are not exactly the digits of the desired num-
ber z, since the sum (8) can exceed the base b. Thus, some
further computations are needed. However, even with these
further computations, we can multiply two numbers in almost
the same time

O(n · log(n) · log(log(n))). (9)

The corresponding algorithm, first pro-
posed by A. Schönhage and V. Strassen in their 1971 paper
[5], remains the fastest known – and it is much faster than the
standard O(n2) algorithm.

7 Fast Multiplication: Open Problems
Fast algorithms drastically reduced the computation time. Fast
Fourier transform is one of the main tools for signal process-
ing. These successes has led to the need to find faster and
faster algorithms. From this viewpoint, it is is desirable to
look for even faster algorithms for multiplying numbers.

The fact that researchers succeeded in discovering algo-
rithms which are much faster than traditional multiplication
gives us hope that even faster algorithms can be found.
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8 Interest in Fast Human Calculators Revived
Where to look for these algorithms? One natural source is
folks who did compute fast. From this viewpoint, the fact that
they were unable to clearly explain what algorithm they used
becomes an advantage: maybe the algorithm that they actually
used is some fast multiplication algorithm? This possibility
revived an interest in fast human calculators.

So, the question is:

• did fast human calculators use fast multiplication algo-
rithm(s), or

• they used the standard algorithm but simply performed
operations with digits faster?

9 Direct Analysis Is Impossible
The most well-known fast human calculator, Johann Martin
Zacharias Dase, died almost 150 years ago. Even when he
was alive, his self-descriptions were not sufficient to find out
how exactly he performed the computations. There might
have been hope that our knowledge of fast multiplication al-
gorithms can help in this understanding, but it did not work
out. In other words, the direct analysis of Dase’s behavior has
been impossible – and it is still impossible. We therefore need
to perform an indirect analysis.

10 Indirect Analysis: Main Idea
A natural way to check which algorithm is used by a com-
putational device – be it a human calculator or an electronic
computer – is to find out how the computation time changes
with the size n (= number of digits) of the numbers that we
are multiplying.

• If this computation time grows with n as n2, then it is rea-
sonable to conclude that the standard algorithm is used
– since for this algorithm, the computation time grows
as n2.

• On the other hand, if the computation time grows with n
as ≈ n · log(n) (or even slower), then it is reasonable to
conclude that a fast multiplication algorithm is used.

– It maybe a Strassen-type algorithm, for which the
computation time grows as n · log(n).

– It may be a (yet unknown) faster algorithm in which
case the computation time grows even slower than
n · log(n).

11 Data That We Can Use
Interestingly, there is a data on the time that Dase needed to
perform multiplication of numbers of different size. This data
comes from fact that Dase’s performance was analyzed and
tested by several prominent mathematicians of his time – in-
cluding Gauss himself. Specifically:

• Dase multiplied two 8-digit numbers in 54 seconds;

• he multiplied two 20-digit numbers in 6 minutes;

• he multiplied two 40-digit numbers in 40 minutes; and

• he multiplied two 100-digit numbers in 8 hours and 45
minutes.

12 Analysis
For the standard multiplication algorithm, the number of com-
putational steps grows with the numbers size n as n2. Thus,
for the standard multiplication algorithm, the computation
time for performing the computation also grows as n2:

t(n) = C · n2. (10)

So, for this algorithm, two different number sizes n1 < n2,
we would have t(n1) = C · n2

1 and t(n2) = C · n2
2 and thus,

t(n2)
t(n1)

=
n2

2

n2
1

=
(

n2

n1

)2

. (11)

For a faster algorithm, e.g., for the algorithm that requires
O(n · log(n)) running time, the corresponding ratio will be
smaller:

t(n2)
t(n1)

=
n2 · log(n2)
n1 · log(n1))

=
n2

n1
· log(n2)
log(n1)

. (12)

Thus, to check whether a human calculators uses the stan-
dard algorithm or a faster one it is sufficient to compare the

the corresponding time ratio
t(n2)
t(n1)

with the square
(

n2

n1

)2

:

• If the time ratio is smaller than the square, this means that
the human calculator used an algorithm which is much
faster than the standard one.

• On the other hand, if the time ratio is approximately the
same as the square, thus means that the human calcu-
lators most probably used the standard algorithm – or
at least some modification of it that does not drastically
speed up the computations.

• If it turns out that the time ratio is larger than the square,
this would mean, in effect, that a human calculator used
an algorithm which is asymptotically even slower than
the standard one – this can happen, e.g., if there is an
overhead needed to store values etc.

According to the above data, we have:

• t(8) = 0.9 minutes,

• t(20) = 6 minutes,

• t(40) = 40 minutes, and

• t(100) = 8 · 60 + 45 = 525 minutes.

Here, for n1 = 8 and n1 = 20, we have:

t(n2)
t(n1)

=
t(20)
t(8)

=
6

0.9
≈ 6.7 >

(
n2

n1

)2

=

(
20
8

)2

= 2.52 = 6.25. (13)

For n1 = 8 and n2 = 40, we have

t(n2)
t(n1)

=
t(40)
t(8)

=
40
0.9

≈ 44 >

(
n2

n1

)2

=
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(
40
8

)2

= 52 = 25. (14)

Finally, for n1 = 8 and n2 = 100, we have

t(n2)
t(n1)

=
t(100)
t(8)

=
525
0.9

≈ 583 >

(
n2

n1

)2

=

(
100
8

)2

= 12.52 ≈ 156. (15)

In all these cases, the computation time of a human calculator
grows faster then n2 corresponding to the standard algorithm.

The same conclusion can be made if instead of comparing
each value n with the smallest value n1, we compare these
values with each other. For n1 = 20 and n2 = 40, we have

t(n2)
t(n1)

=
t(40)
t(20)

=
40
6

≈ 7 >

(
n2

n1

)2

=

(
40
20

)2

= 22 = 4. (16)

For n1 = 20 and n2 = 100, we have

t(n2)
t(n1)

=
t(100)
t(20)

=
525
6

≈ 88 >

(
n2

n1

)2

=

(
100
20

)2

= 52 = 25. (17)

Finally, for n1 = 40 and n2 = 100, we have

t(n2)
t(n1)

=
t(100)
t(40)

=
525
40

≈ 13 >

(
n2

n1

)2

=

(
100
40

)2

= 2.52 = 6.25. (18)

Thus, it is reasonable to conclude that the fast human calcu-
lators did not use any algorithm which is faster than the stan-
dard one.

13 Possible Future Work
People who perform computations fast appear once in a while.
It may be a good idea to record and analyze their computation
time – and maybe record their fuzzy explanations and try to
make sense of them.
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Abstract— This work describes a novel fuzzy-sets-based method
to solve a particular class of quadratic programming problems which
have vagueness coefficients in the objective function. Quadratic pro-
gramming problems are of utmost importance in an increasing vari-
ety of practical fields. In addition, as the ambiguity and vagueness
are natural and ever-present in real-life situations requiring solu-
tions, it makes perfect sense to attempt to address them using fuzzy
quadratic programming problems. Also, two other methods to solve
this kind of problems are briefly described. The proposal uses two
phases to solve fuzzy quadratic programming problems. In the first,
phase we parametrize the fuzzy problem in several classical alpha-
problems with different cutting levels. In the second, phase each of
these alpha-problems is solved by using conventional solving tech-
niques. The final fuzzy solution to the problem is obtained by inte-
grating all of these particular alpha-solutions. The results obtained
using these two methods are compared with the two-phased proposal
outlined above.

Keywords— Fuzzy sets, decision making, fuzzy mathematical
programming, quadratic optimization.

1 Introduction
The conception of Artificial Intelligence (AI) in the early
fifties was inspired by the wide variety of physical and men-
tal tasks performed by humans without any measurements and
any computations. Thus, this forward thinking described the
definition of AI as it is widely known: “the study and design of
intelligent agents [14]”, where an intelligent agent is a system
that perceives its environment and takes actions which max-
imize its chances of success[15]. The capability to compute
and reason with perception-based information can be applied
to real-world problems in which decision-relevant informa-
tion is a mixture of measurements and perceptions [20], where
in general, measurements are crisp, although perceptions are
fuzzy.

The literature shows that the best way of modeling these
types of problems is using Soft Computing methodologies.
According to Verdegay et al.[17], Soft Computing is a family
of problem-resolution methods headed by approximate rea-
soning, functional and optimization approximation methods,
which now include search methods. More specifically, the
search methods use thorough evaluations to find regions with
approximate points of optimal solutions that are obtained by
using optimization methods.

These methods, which are algorithms based on mathemati-

cal knowledge, are used to guarantee the convergence to the
optimal solution. They are covered by the area of mathe-
matical programming. This area has several sub-fields where
the quadratic programming is a special type that optimizes a
quadratic objective function of several variables subject to lin-
ear constraints. A precise definition of the constraints and the
objective function to be optimized is necessary to obtain exact
optimal solutions of quadratic programming problems.

Nevertheless, in most real practical applications (portfolio,
game theory, engineering modeling, design and control, logis-
tics, etc.) one lacks this kind of exact knowledge, and only
approximate, vague and imprecise values are known. More-
over, these imprecise values can be dealt with fuzzy logic.
In this case, the concept of fuzzy mathematical programming
emerges when it is used.

With this in mind, the objective of this paper is to review
some methods that are related to quadratic topic and to outline
a soft computing model used to solve novel fuzzy quadratic
programming problems.

The paper is organized as follows: Section 2 briefly intro-
duces the different approaches to solving the quadratic pro-
gramming problem with fuzzy costs. In this section, a novel
approach is developed to solve quadratic programming prob-
lems with fuzzy costs where these are transformed into para-
metrical quadratic multiobjective programming problems. To
clarify the above developments, three numerical examples are
analyzed in section 3. Finally, conclusions are presented in
Section 4.

2 Quadratic optimization with fuzzy costs
An optimization problem that is described with a quadratic
objective function subject to linear constraints is called a
“Quadratic Programming” problem. QP can be viewed both
as a special case of the nonlinear programming and a gener-
alization of the linear programming. Several applications and
methods can be found in [3, 8, 9, 16, 19]. A quadratic pro-
gramming problem can be formulated as

min ctx+ 1
2 xtQx

s.t. Ax ≤ b
x ≥ 0

(1)

where x and c are n vectores of real numbers, Q is an n× n
symmetric matrix of real numbers, A is an m× n matrix of
real numbers and b is an m vector of real numbers.
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In this work, quadratic programming problems with fuzzy
costs are considered because there are cases of real world
problems whose parameters are seldom known exactly and
have to be estimated by the decision maker. Hence, the n×n
symmetric matrix Q and the n vector c have fuzzy numbers
in these components. The application of fuzzy logic is also a
way to describe, mathematically, this vagueness as described
in [2, 10, 13, 18]. The uncertainties of costs of the objective
function can be dealt with by fuzzy numbers.

Thus, this set of problems with uncertain costs can be for-
malized in the following form:

min c̃tx+ 1
2 xtQ̃x

s.t. Ax ≤ b
x ≥ 0

(2)

where the fuzzy numbers are characterized by membership
functions that are defined by decision makers. The member-
ship functions can be defined as

µj,µi j : R→ [0,1], i, j ∈ J = {1,2, . . . ,n}

In particular these membership functions will be supposed
as:

µj(y) =


0 if cU

j ≤ y or y ≤ cL
j

h j(y) if cL
j ≤ y ≤ c j j ∈ J

g j(y) if c j ≤ y ≤ cU
j

(3)

and

µi j(y) =


0 if qU

i j ≤ y or y ≤ qL
i j

hi j(y) if qL
i j ≤ y ≤ qi j i, j ∈ J

gi j(y) if qi j ≤ y ≤ qU
i j

(4)

where h(·) and g(·) are assumed to be strictly increasing
and decreasing continuous functions, respectively, h j(c j) =
g j(c j) = 1, j ∈ J and hi j(qi j) = gi j(qi j) = 1, i, j ∈ J.

Bellman and Zadeh describe the fuzzy decision in [4] as the
intersection of goals and constraints which is formalized in the
following definition:

Definition 1 Assume that we are given a fuzzy goal µG and a
fuzzy constraint µC in a space of alternative X. Then, µG and
µC combine to form a fuzzy decision, µD, which is a fuzzy set
resulting from intersection of µG and µC. In symbols

sup
x∈X

µD(x) = sup
x∈X

[µG(x)∧µC(x)]

Note that in Definition 1, the goals and the constraints enter
into the expression for µD in the same way. Thus, it is able
to find a maximizing decision to an extremum problem for
a scalar function, as described in [13]. Let φ be denoted by
φ : [0,1] → [0,1] that implies φ(α) = supx∈X(α) µG(x) where
X(α) = {x ∈R

n | µX (x) ≥ α}. If φ is continuous in [0,1] then
φ has a fix point α and, therefore,

sup
x∈X

µD(x) = sup
x∈X(α)

µG(x) = α

.
A novel parametric approach to solve quadratic program-

ming problems with fuzzy costs will be presented in the
next sub-section. This approach transforms the original prob-
lem into a parametric multi-objective quadratic programming
problem.

2.1 Multi-objective approach
A multi-objective approach to solve a linear programming
problem with imprecise costs is described in [6, 7]. As the lin-
ear problem is a particular case of quadratic problem, this ap-
proach can be extended to solve quadratic programming prob-
lems with fuzzy costs.

The quadratic objective function can be divided into two
parts, where the first one is a linear term and the second one is
a quadratic term. According to this, the fuzzy costs can only
be in the first part or only the second part or in both. In this
section, these three ways will be presented separately.

The linear problem considered in [6] used trapezoid mem-
bership functions for the costs but here, for the sake of sim-
plicity, they will be supposed to be like (3) and (4).

Then, by considering the (1 − α)-cut of every cost, α ∈
[0,1],

∀ x ∈R, µj(x) ≥ 1−α ⇔ h−1
j (1−α) ≤ x ≤ g−1

j (1−α),

∀ x ∈R, µi j(x) ≥ 1−α ⇔ h−1
i j (1−α) ≤ x ≤ g−1

i j (1−α),

where i, j ∈ J = {1,2, . . . ,n}.

2.1.1 Quadratic programming problem with fuzzy costs
vector of linear term

The approaches described in this section solve a quadratic pro-
gramming problem with a vector c̃ of fuzzy numbers. This
vector describes the costs of the objective function and Prob-
lem 2 can be rewritten as follows:

min c̃tx+ 1
2 xtQx

s.t. Ax ≤ b

x ≥ 0.

(5)

Thus, according to some results by Bitran [5], it has been
shown that a fuzzy solution to (5) may be found from the para-
metric solution of the multi-objective parametric quadratic
programming problem

min
[
(c1)tx+ 1

2 xtQx,(c2)tx+ 1
2 xtQx, . . . ,

(c2n
)tx+ 1

2 xtQx
]

s.t. Ax ≤ b, x ≥ 0,

ck ∈ E(1−α), α ∈ [0,1], k = 1,2, . . . ,2n
,

(6)

where E(1−α), for each α ∈ [0,1], is the set of vectors in R
n

such that each of its components is either in the lower bound,
h−1

j (1−α), or in the upper bound, g−1
j (1−α), of the respec-

tive (1−α)-cut, that is, ∀ k = 1,2, . . . ,2n, and ∀ j ∈ J

ck = (ck
1,c

k
2, . . . ,c

k
n)∈E(1−α)⇔ ck

j =

{
h−1

j (1−α) or
g−1

j (1−α).

Now observe that to find a parametric solution to (6), from
which one can obtain a fuzzy solution to (5), one may use any
classical multiobjective quadratic programming approach.

2.1.2 Quadratic programming problem with fuzzy costs
matrix of quadratic term

The approach described in this section solves a quadratic pro-
gramming problem with matrix Q̃ of fuzzy numbers. This
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vector describes the costs of the objective function and Prob-
lem 2 can be rewritten as follows

min ctx+ 1
2 xtQ̃x

s.t. Ax ≤ b

x ≥ 0.

(7)

As it was shown above, a fuzzy solution to (7) may be found
from the parametric solution of the multiobjective parametric
quadratic programming problem

min
[

ctx+ 1
2 xtQ1x,ctx+ 1

2 xtQ2x, . . . ,ctx+ 1
2 xtQ2n2

x
]

s.t. Ax ≤ b, x ≥ 0,

Qk ∈ E(1−α), α ∈ [0,1], k = 1,2, . . . ,2n2
,

(8)
where E(1−α), for each α ∈ [0,1], is the set of vectors in R

n

such that each of its components is either in the lower bound,
h−1

i j (1−α), or in the upper bound, g−1
i j (1−α), of the respec-

tive (1−α)-cut, that is, ∀ k = 1,2, . . . ,2n2 , and ∀ i, j ∈ J

Qk = (qk
11, . . . ,q

k
1n, . . . ,q

k
nn) ∈ E(1−α) ⇔

⇔ qk
i j =

{
h−1

i j (1−α) or
g−1

i j (1−α).

Now observe that to find a parametric solution to (8), from
which one can obtain a fuzzy solution to (7), one may use any
classical multiobjective quadratic programming approach.

2.1.3 Quadratic programming problem with all fuzzy costs
Thus, according to the parametric transformations shown
above, a fuzzy solution to (2) may be found from the para-
metric solution of the multiobjective parametric quadratic pro-
gramming problem

min
[
(c1)tx+ 1

2 xtQ1x,(c2)tx+ 1
2 xtQ1x, . . . ,

. . . ,(c2n
)tx+ 1

2 xtQ1x,(c1)tx+ 1
2 xtQ2x, . . . ,

. . . ,(c2n
)tx+ 1

2 xtQ2x, . . . ,(c2n
)tx+ 1

2 xtQ2n2
x
]

s.t. Ax ≤ b, x ≥ 0,

ck
,Qp ∈ E(1−α), α ∈ [0,1],

k = 1,2, . . . ,2n and p = 1,2, . . . ,2n2
,

(9)

where E(1−α), for each α ∈ [0,1], is the set of vectors in R
n

such that each of its components is either in the lower bound,
h−1

j (1−α), or in the upper bound, g−1
j (1−α), of the respec-

tive (1−α)-cut, that is, ∀ k = 1,2, . . . ,2n, and ∀ i, j ∈ J

ck = (ck
1,c

k
2, . . . ,c

k
n)∈E(1−α)⇔ ck

j =

{
h−1

j (1−α) or
g−1

j (1−α).

and
Qk = (qk

11, . . . ,q
k
1n, . . . ,q

k
nn) ∈ E(1−α) ⇔

⇔ qk
i j =

{
h−1

i j (1−α) or
g−1

i j (1−α).

The obtained parametrical solutions for any of multi-
objective models above, to the different α values, generate a
set of solutions and then we use the Representation Theorem
to integrate all of these particular alpha-solutions.

2.2 Liu’s approach
Transforming a fuzzy quadratic programming problem into a
two-level mathematical programming problem for finding the
bounds of the fuzzy values in the objective function and in the
set of constraints is discussed in [11, 12]. These papers de-
scribe how to transform the two-level mathematical program
into the conventional one-level quadratic program. However,
such a method is also valid when only the objective is fuzzy,
that is, when only the vector of costs are fuzzy, and for this
reason it shall be considered here. According to the goal of
this work, the coefficient c of Problem (5) is fuzzy.

The authors derive the membership function of the goal,
and then they apply Zadeh’s extension principle to transform
the fuzzy quadratic problem into family of classical quadratic
problems that can be solved by conventional optimization
techniques. Thus, the membership function of the objective
function can be defined as

µZ̃(z) = sup
c

min{µc̃ j(c j), ∀ j|z = Z(c)} (10)

where Z(c) is the goal of the conventional quadratic problem.
Membership function µZ̃ can be computed by finding the func-
tions that describe the shape of the left and right sides of the
fuzzy numbers. Then, it is possible to obtain the upper bound
of the objective value ZU

α and your lower bound ZL
α to each

value α. Thus, ZU
α is the maximum and ZL

α is the minimum of
Z(c), respectively, that can be described as

ZU
α =

max
c j


minx ∑n

j=1 c jx j +
1
2 ∑n

j=1 ∑n
l=1 q jlx jxl

s.a ∑n
j=1 ai jx j ≤ bi, i = 1, . . . ,m

x j ≥ 0, j = 1, . . . ,n
(11)

ZL
α =

min
c j


minx ∑n

j=1 c jx j +
1
2 ∑n

j=1 ∑n
k=1 q jkx jxk

s.a ∑n
j=1 ai jx j ≤ bi, i = 1, . . . ,m

x j ≥ 0, j = 1, . . . ,n
(12)

where c j ∈ [(c j)
L
α,(c j)

U
α ], for any α∈ [0,1] chosen by decision

maker.
These two formulations above are solved by outer-level

and inner-level programs, respectively. The outer-level pro-
gram obtains the values c j that are used with parameters by
inner-level program. The inner-level program solves a clas-
sical quadratic programming problem with the data obtained
by outer-level program. The authors state that the formula-
tion of two-level quadratic problems is a generalization of
the conventional parametrical quadratic programming prob-
lem. Thus, the first two-level mathematical program can be
transformed into the following quadratic problem by dual for-
mulation:

max ∑m
i=1 biλi −

1
2 ∑n

i=1 ∑n
j=1 qi jxix j

s.t. ∑m
i=1 ai jλi +δ j −∑n

i=1 qi jxi = c j, j = 1,2, . . . ,n
(c j)

L
α ≤ c j ≤ (c j)

U
α , j = 1,2, . . . ,n

λi,δ j ≥ 0, i = 1,2, . . . ,m and j = 1,2, . . . ,n.

(13)
Since both the inner-level program and the outer-level of

the second program have the same minimization operation,
they can be combined into a conventional one-level program
with the constraints of the two programs considered simulta-
neously. Consequently, some points must be analyzed which

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1400



are shown in [11, 12]. The second program can be described
as

max ∑n
j=1(c j)

L
α + 1

2 ∑n
i=1 ∑n

j=1 qi jxix j
s.t. ∑n

i=1 ai jxi ≤ bi, i = 1,2, . . . ,m
x j ≥ 0, j = 1,2, . . . ,n

(14)

2.3 Ammar’s approach

A method to solve a quadratic programming problem with
fuzzy coefficients in the objective function and in the set of
constraint is described in [1]. However, such a method is also
valid when only the objective is fuzzy, that is, when only the
matrix of costs are fuzzy, and for this reason it shall be consid-
ered here. This approach can be formulated in the following
way:

min xtQ̃x

s.t. Ax ≤ b

x ≥ 0.

(15)

where all decision variables are non negatives and the linear
term in objective function is not used. However, in this work
only costs of the objective functions are imprecise.

Thus, Problem (15) can be reformulated by using α-cutting
levels as

(Pα) : min xt[Q−
α ,Q+

α ]x

s.a Ax ≤ b

x ≥ 0.

(16)

where α ∈ (0,1]. Q−
α represents a matrix with the lower val-

ues of the interval and Q+
α represents a matrix with the upper

values of the interval.
[1] describes how Problem (16) can be written in two

quadratic problems. Then, these problems are formulated as
follows

(P−
α ) : min xtQ−

α x

s.a Ax ≤ b

x ≥ 0.

(17)

(P+
α ) : min xtQ+

α x

s.t. Ax ≤ b

x ≥ 0.

(18)
where the first problem uses the lower bound of the interval
of the α-cutting level and the second problem uses the upper
bound.

The two quadratic problems (17) and (18) can be solved by
using the conditions of Karush-Kuhn-Tucker’s optimality to
each α value. The optimal solution of the original problem
(16), (Pα), is inside the interval formed by the optimal solu-
tions of each one problems (P−

α ) and (P+
α ).

3 Numerical example

In this section, we illustrate a quadratic programming problem
that will be solved with three different way. Each way is rep-
resented by different fuzzy environment in each problem, i.e.,
the first problem has fuzzy costs in the linear term, while the
second has fuzzy costs in the quadratic term, and the third has
fuzzy costs in all coefficients in the objective function.

Example 1 Consider the following quadratic programming
problem with fuzzy coefficients in the linear term:

min (−6,−5,−4)x1 +(1,1.5,2)x2 +2x2
1 −2x1x2 + x2

2
s.t. x1 + x2 ≤ 2

2x1 − x2 ≤ 4
x1,x2 ≥ 0.

(19)
The membership functions are:

µ−5(c1) =

{
c1 +6 −6 ≤ c1 ≤−5
−c1 −4 −5 ≤ c1 ≤−4

µ1.5(c2) =

{
2(c2 −1) 1 ≤ c2 ≤ 1.5
2(2− c2) 1.5 ≤ c2 ≤ 2

From the membership function for this costs an interval rep-
resentation according to (3) can be given:

c0.2
1 = [−5.8,−4.2], c0.4

1 = [−5.6,−4.4],
c0.6

1 = [−5.4,−4.6], c0.8
1 = [−5.2,−4.8]

c0.2
2 = [1.1,1.9], c0.4

2 = [1.2,1.8],
c0.6

2 = [1.3,1.7], c0.8
2 = [1.4,1.6]

with c0
1 = [−6,−4], c1

1 = [−5,−5] and c0
2 = [1,2], c1

2 =
[1.5,1.5], and now M = {0,0.2,0.4,0.6,0.8,1}.

Thus, Problem (19) can be re-formulated as:

min (α−6)x1 + 1
2 (α+2)x2 +2x2

1 −2x1x2 + x2
2

min (α−6)x1 + 1
2 (4−α)x2 +2x2

1 −2x1x2 + x2
2

min (−α−4)x1 + 1
2 (α+2)x2 +2x2

1 −2x1x2 + x2
2

min (−α−4)x1 + 1
2 (4−α)x2 +2x2

1 −2x1x2 + x2
2

s.t. x1 + x2 ≤ 2
2x1 − x2 ≤ 4
x1,x2 ≥ 0.

(20)

Problem (20) is solved by weighting objectives, with α =
0.8, where an auxiliary problem can be obtained in the fol-
lowing way:

min ω1[−5.2x1 +1.4x2]+ω2[−5.2x1 +1.6x2]+

+ω3[−4.8x1 +1.4x2]+ω4[−4.8x1 +1.6x2]+

+2x2
1 −2x1x2 + x2

2
s.t. x1 + x2 ≤ 2, 2x1 − x2 ≤ 4, x1,x2 ≥ 0.

(21)

Different optimal solutions to each of the weighting vectors
is obtained by choosing the canonical base of R4 as weighting
vectors, as it is presented in Table 1.

Table 1: Result of Problem 21 to each vector ω.
ω x1 x2 FunObj

(1,0,0,0) 1.4600 0.5400 -3.8580
(0,1,0,0) 1.4800 0.5200 -3.7520
(0,0,1,0) 1.4200 0.5800 -3.2820
(0,0,0,1) 1.4400 0.5600 -3.1680

By taking ω1 = ω2 = ω3 = ω4 = 1
4 and solving (21) the op-

timal solution is x∗ = [1.45,0.55] and value of objective func-
tion is -3.5125.

On the other hand, according to the method described in
2.2, Problem (19), which is the outer-level program, can be
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rewritten as:

max 2λ1 +4λ2 −
1
2 (4x2

1 −4x1x2 +2x2
2)

s.t. λ1 +2λ2 −δ1 −4x1 +2x2 = c1
λ1 −1λ2 −δ2 +2x1 −2x2 = c2
−5.2 ≤ c1 ≤−4.8
1.4 ≤ c2 ≤ 1.6
x1,x2,λ1,λ2,δ1,δ2 ≥ 0.

(22)

and the inner-level program can be written as:

min −5.2x1 +1.4x2 + 1
2 (4x2

1 −4x1x2 +2x2
2)

s.t. x1 + x2 ≤ 2
2x1 − x2 ≤ 4
x1,x2 ≥ 0.

(23)

This model is a traditional quadratic program that can rep-
resent the two models described in 2.2. Hence, by solving
the outer-level program the optimal solution is x∗ = [1.3,0]
and value of objective function is -3.38. On the other hand,
by solving the inner-level program the optimal solution is
x∗ = [1.45,0.55] and value of objective function is -3.8575.

Example 2 Consider the following quadratic programming
problem with fuzzy coefficients in the quadratic term:

min −5x1 +1.5x2 +(1,2,3)x2
1 +(1,2,3)x1x2 +(0,1,2)x2

2
s.t. x1 + x2 ≥ 2

2x1 − x2 ≥ 4
x1,x2 ≥ 0.

(24)
The membership functions are

µ2(c1) =

{
c1 −1 1 ≤ c1 ≤ 2
2− c1 2 ≤ c1 ≤ 3

µ1(c2) =

{
c2 0 ≤ c2 ≤ 1

2− c2 1 ≤ c2 ≤ 2

From the membership function for these costs an interval
representation according to (4) can be given:

c0.2
1 = [1.2,2.8], c0.4

1 = [1.4,2.6],
c0.6

1 = [1.6,2.4], c0.8
1 = [1.8,2.2]

c0.2
2 = [0.2,1.8], c0.4

2 = [0.4,1.6],
c0.6

2 = [0.6,1.4], c0.8
2 = [0.8,1.2]

with c0
1 = [1,3], c1

1 = [2,2] and c0
2 = [0,2], c1

2 = [1,1], and now
M = {0,0.2,0.4,0.6,0.8,1}.

Thus, Problem (24) can be re-formulated as

min −5x1 +1.5x2 +(α+1)x2
1 − (α+1)x1x2 +αx2

2
min −5x1 +1.5x2 +(α+1)x2

1 − (α+1)x1x2 +(2−α)x2
2

min −5x1 +1.5x2 +(α+1)x2
1 − (3−α)x1x2 +αx2

2
min −5x1 +1.5x2 +(α+1)x2

1 − (3−α)x1x2 +(2−α)x2
2

min −5x1 +1.5x2 +(3−α)x2
1 − (α+1)x1x2 +αx2

2
min −5x1 +1.5x2 +(3−α)x2

1 − (α+1)x1x2 +(2−α)x2
2

min −5x1 +1.5x2 +(3−α)x2
1 − (3−α)x1x2 +αx2

2
min −5x1 +1.5x2 +(3−α)x2

1 − (3−α)x1x2 +(2−α)x2
2

s.t. x1 + x2 ≥ 2
2x1 − x2 ≥ 4
x1,x2 ≥ 0.

(25)

Problem (25) is solved by weighting objectives, with α =
0.8, where an auxiliary problem like (21) can be obtained;

min −5x1 +1.5x2 +ω1(1.8x2
1 −1.8x1x2 +0.8x2

2)
+ω2(1.8x2

1 −1.8x1x2 +1.2x2
2)+ω3(1.8x2

1 −2.2x1x2 +0.8x2
2)

+ω4(1.8x2
1 −2.2x1x2 +1.2x2

2)+ω5(2.2x2
1 −1.8x1x2 +0.8x2

2)
+ω6(2.2x2

1 −1.8x1x2 +1.2x2
2)+ω7(2.2x2

1 −2.2x1x2 +0.8x2
2)

+ω8(2.2x2
1 −2.2x1x2 +1.2x2

2)
s.t. x1 + x2 ≥ 2, 2x1 − x2 ≥ 4, x1,x2 ≥ 0.

(26)

Different optimal solutions to each of the weighting vectors
is obtained by choosing the canonical base of R8 as weighting
vectors, as it is presented in Table 2.

Table 2: Result of Problem 21 to each vector ω.
ω x1 x2 FunObj

(1,0,0,0,0,0,0,0) 1.5114 0.4886 -3.8506
(0,1,0,0,0,0,0,0) 1.5521 0.4479 -3.7630
(0,0,1,0,0,0,0,0) 1.4688 0.5312 -4.1547
(0,0,0,1,0,0,0,0) 1.5096 0.4904 -4.0505
(0,0,0,0,1,0,0,0) 1.3854 0.6146 -3.0130
(0,0,0,0,0,1,0,0) 1.2705 0.3279 -2.9303
(0,0,0,0,0,0,1,0) 1.3558 0.6442 -3.3582
(0,0,0,0,0,0,0,1) 1.4018 0.5982 -3.2040

On the other hand, the approach described in 2.3 can be
obtained by using the first and last weighting vector of Ta-
ble 2. Hence, by taking ωL = (1,0,0,0,0,0,0,0) and solv-
ing (26) the optimal solution is x∗ = [1.5114,0.4886] and
value of objective function is -3.8506. Besides, by taking
ωU = (0,0,0,0,0,0,0,1) and solving (26) the optimal solu-
tion is x∗ = [1.4018,0.5982] and value of objective function is
-3.2040.

Example 3 Consider the following quadratic programming
problem with all fuzzy coefficients:

min (−6,−5,−4)x1 +(1,1.5,2)x2 +(1,2,3)x2
1+

+(1,2,3)x1x2 +(0,1,2)x2
2

s.t. x1 + x2 ≥ 2
2x1 − x2 ≥ 4
x1,x2 ≥ 0.

(27)

The membership functions are

µ−5(c1) =

{
c1 +6 −6 ≤ c1 ≤−5
−c1 −4 −5 ≤ c1 ≤−4

µ1.5(c2) =

{
2(c2 −1) 1 ≤ c2 ≤ 1.5
2(2− c2) 1.5 ≤ c2 ≤ 2

µ2(c1) =

{
c1 −1 1 ≤ c1 ≤ 2
2− c1 2 ≤ c1 ≤ 3

µ1(c2) =

{
c2 0 ≤ c2 ≤ 1

2− c2 1 ≤ c2 ≤ 2

From the membership function for these costs an interval
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representation according to (3) and (4) can be given:

c0.2
1 = [−5.8,−4.2], c0.4

1 = [−5.6,−4.4],
c0.6

1 = [−5.4,−4.6], c0.8
1 = [−5.2,−4.8]

c0.2
2 = [1.1,1.9], c0.4

2 = [1.2,1.8],
c0.6

2 = [1.3,1.7], c0.8
2 = [1.4,1.6]

c0.2
3 = [1.2,2.8], c0.4

3 = [1.4,2.6],
c0.6

3 = [1.6,2.4], c0.8
3 = [1.8,2.2]

c0.2
4 = [0.2,1.8], c0.4

4 = [0.4,1.6],
c0.6

4 = [0.6,1.4], c0.8
4 = [0.8,1.2]

with c0
1 = [−6,−4], c1

1 = [−5,−5], c0
2 = [1,2], c1

2 = [1.5,1.5],
c0

3 = [1,3], c3
1 = [2,2] and c0

4 = [0,2], c1
4 = [1,1], and now

M = {0,0.2,0.4,0.6,0.8,1}.
Different optimal solutions to each of the weighting vec-

tors can be showed by the multi-objective method described
choosing the canonical base of R

32 as weighting vectors.
According to the previous examples, it can obtain the mini-
mum and maximum values that form the optimal interval of
this problem. The minimum value is -4.5021 where the opti-
mal solution is [1.4792,0.5208] while the maximum value of
this optimal interval is -2.6579 where the optimal solution is
[1.1803,0.2186].

4 Conclusions

This paper presented three approaches for solving fuzzy
quadratic programming problems. A novel approach that
transforms a quadratic programming problem with imprecise
costs in the objective function into a parametric multiobjective
quadratic programming problem. The other two approaches
are methods published that are used in this work for compar-
ison. Quadratic Programming is very important in theoretical
and practical areas. When real-world applications are consid-
ered, vagueness appears in a natural way, and hence it makes
perfect sense to think of fuzzy quadratic programming prob-
lems. In contrast to what happens in fuzzy linear program-
ming problems, unfortunately until now not much research has
been conducted to this important class of problems.

It was shown that the parametric multiobjective program-
ming problem can obtain the optimal solutions of the other ap-
proaches because these solutions are a quadratic or linear com-
bination of the optimal solutions obtained for each of weight-
ing vectors. Hence, this shows that the parametric multiob-
jective approach contains the optimal solutions obtained by
the others. Therefore, parametric approaches can be used as
a general method to solve quadratic programming problems
with uncertain costs in the objective function.

The authors aim to extend the line of investigation involv-
ing Fuzzy Quadratic Programming problems in order to try to
solve practical real-life problems by facilitating the building
of Decision Support Systems.
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Abstract— In this paper we investigate properties of multicriteria
methods that are used for building land-use suitability assessment
criteria. We identify and describe fundamental properties that are of
interest in the land-use suitability analysis and the design of suitabil-
ity maps. The existing multicriteria methods can be evaluated from
the standpoint of their ability to support the desirable properties that
affect the expressive power of evaluation methods. In this paper we
investigate simple additive scoring, MAVT, MAUT, AHP, OWA, out-
ranking methods and LSP.

Keywords— GIS, land-use, MCDM.

1 Introduction
This paper has two main goals. The first goal is to iden-
tify properties that affect the expressive power of multicri-
teria decision methods (MCDM) that can be used to create
suitability maps of a specific geographic region. The second
goal is to investigate land-use suitability assessment meth-
ods that are based on simple additive scoring (SAS), multi-
attribute value technique (MAVT), multiattribute utility tech-
nique (MAUT), analytic hierarchy process (AHP), ordered
weighted average (OWA), outranking methods (ELECTRE,
PROMETHEE), and logic scoring of preference (LSP) in view
of satisfaction of the identified properties.

We assume that the analyzed geographic region is di-
vided into cells and that each cell with coordinates x, y
is characterized by an array of suitability attribute values
a1(x, y), . . . , an(x, y), n ≥ 1 [5]. The attributes are defined
as quantitative parameters that affect the suitability of a cell
for some specific land-use (e.g. housing, recreation, agricul-
ture, industrial development, etc.). The set of attributes must
be complete, i.e., it must include all relevant components.
Generally, the attributes must be justifiable and not redundant
with each other.

The purpose of MCDM is to provide a criterion function
σ : R

n → [0, 1] for computing an overall degree of suitability
S(x, y) = σ(a1(x, y), . . . , an(x, y)) that reflects the suitabil-
ity of location x, y for specific land-use. The overall suitability
is a matter of degree: 0 ≤ S(x, y) ≤ 1. As in all soft comput-
ing models, here 0 denotes a completely unsuitable location,
and 1 denotes the highest level of suitability. A suitability map
is defined as a distribution of the overall suitability S(x, y) for
a specific geographic region [7].

Nowadays suitability maps are assumed to be dynamically
created using data from GIS databases in a way illustrated in

Fig. 1. The multicriteria decision model must be interfaced
both with the user and with the GIS database. An attribute
ETL interface is necessary to Extract, Transform, and Load
the set of cell attribute values from the GIS database. The
multicriteria decision model is used to implement the crite-
rion function σ and to generate the overall suitability S(x, y).
The user input includes a specification of desired suitability
attributes and parameters of the decision model. A suitability
criterion interface is necessary for accepting user input and for
rendering the resulting suitability map.

GIS database

Attribute ETL interface

Multicriteria decision model

Suitability criterion interface

�
Suitability 

map
User 
input

GIS database

Attribute ETL interface

Multicriteria decision model

Suitability criterion interface

�
Suitability 

map
User 
input

Figure 1: Dynamic generation of suitability maps using GIS.

Suitability maps introduced in GIS literature use a vari-
ety of decision models [16, 9, 11, 5, 20]. The emphasis of
such efforts is primarily (and naturally) on the selection of at-
tributes and the use of suitability maps. So far the GIS litera-
ture avoided problems of evaluating the credibility of MCDM
used for the development of suitability maps.

Except for interfacing with GIS components, the land-use
suitability assessment problems do not differ from evaluation
problems in other areas. All multicriteria decision models are
ultimately models of human decision making in the area of
evaluation of complex alternatives. Therefore, the credibil-
ity of MCDM used in GIS context depends on their ability to
express observable properties of human evaluation logic [4].
The primary purpose of this paper is to evaluate the expres-
sive power of GIS-related MCDM based on the level of their
ability to support the concepts of human evaluation logic.

The remainder of this paper is structured as follows. In Sec-
tion 2, the logic properties of GIS-related MCDM are studied.
In Section 3, the logic properties of the selected decision meth-
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ods are investigated. The major contributions of the paper are
summarized and some conclusions are presented in Section 4.

2 Ten fundamental properties of MCDM

The properties of human evaluation logic are easily observ-
able, and they are also observable in the context of land-use
evaluation. Our goal is to first identify properties that are fre-
quently encountered in all worth assessment problems. The
most important properties include the following:

1. Ability to combine any number of attributes.
2. Ability to combine objective and subjective inputs.
3. Ability to combine absolute and relative criteria.
4. Flexible adjustment of relative importance of attributes.
5. Modelling of simultaneity requirements.

(a) Modelling of soft simultaneity.
(b) Modelling of hard simultaneity.

6. Modelling of replaceability requirements.
(a) Modelling of soft replaceability.
(b) Modelling of hard replaceability.

7. Modelling of balanced simultaneity/replaceability.
8. Modelling of mandatory, desired, and optional require-

ments.
9. Modelling of sufficient, desired, and optional require-

ments.
10. Ability to express suitability as an aggregate of useful-

ness and inexpensiveness (separation of the usefulness
analysis and the cost analysis).

2.1 Ability to combine any number of attributes

We assume that the analyzed geographic region is divided
into cells and that each cell is characterized by attributes
a1, . . . , an, n ≥ 1. In special cases n = 1. For example,
the acoustic pollution (noise) maps presented in [11] uses in
each cell a single scalar value, the level of noise. However, in
all cases of more complex suitability maps we have n > 1.
For example, the housing suitability maps discussed in [5] use
n = 11. If we want to develop maps of complex suitability
indicators that depend on variety of inputs it is reasonable to
expect that the number of inputs can be large. So, in a general
case, MCDM used to compute the land-use suitability must be
able to support any number of inputs.

It should be noted that this requirement indirectly trans-
forms into a requirement to use nonlinear MCDM models. In-
deed, in the case of linear weighted aggregation models, the
overall suitability S(x, y) is a dot product of a vector of n suit-
ability components s = [s1(x, y), . . . , sn(x, y)] (one compo-
nent for each attribute) and a corresponding vector of relative
weights W = [W1, . . . , Wn]: S(x, y) =

∑n
i=1 Wisi(x, y)

where 0 ≤ si(x, y) ≤ 1, 0 < Wi < 1, i = 1, . . . , n, and
W1 + · · · + Wn = 1.

Obviously, a large value of n yields a low significance of
individual components. For example, if n = 100 the average
significance (the ability to change the overall suitability S)
of each input is only 1%, and in the case of unequal weights
some inputs will have the significance considerably below 1%
which means that such inputs may (and should) be neglected.
This is not acceptable since credible decision models must be
equally applicable for any number of inputs.

2.2 Ability to combine objective and subjective inputs

Some input attributes are objectively measurable values (e.g.,
distances, slopes, altitudes, temperatures, etc). Other inputs
are subjective and must be assessed by experts (e.g., aesthetic
quality of an area, the quality of educational and/or medical in-
stitutions, quality of public transportation, development costs,
etc.). MCDM for GIS applications must be able to combine
and aggregate objective and subjective inputs.

2.3 Ability to combine absolute and relative criteria

Each suitability attribute must satisfy specific requirements.
The requirements can be defined as elementary criterion func-
tions gi : R → [0, 1], i = 1, 2, . . . , n. By definition, the
attribute suitability si(x, y) = gi(ai(x, y)) is the degree of
satisfaction of the attribute requirements. The suitability of an
attribute is a component of the overall suitability of the evalu-
ated location x, y.

Suppose that a decision maker (DM) needs a suitability map
for housing in a rural area where it is possible to buy land and
build a house. Let the attribute ai(x, y) = t denote the travel-
ing time between location L(x, y) and the closest elementary
school (or hospital, or airport, or any other point of interest).
An absolute criterion is a criterion that evaluates location L
regardless of other competitive locations. E.g., a DM may
specify the absolute requirements as threshold times tmin and
tmax so that all times t ≥ tmax are considered unacceptable
and all times t ≤ tmin are considered perfectly acceptable.
Then the elementary criterion function might be defined as
follows: gi(t) = max(0,min(1, (tmax − t)/(tmax − tmin))).
So, gi(t) specifies the attribute suitability for any value of t. If
DM wants to compare locations L1 and L2, with respect to the
access to school then the comparison can be based on gi(t1)
and gi(t2). If tmin and tmax are well justifiable values, then
gi(t1) and gi(t2) are very credible results.

Another approach is to define a relative criterion. In the
case of k locations an example of such a criterion could be
gi(t) = tmin/t, tmin = min(t1, . . . , tk). The relative cri-
terion evaluates relationships between competitors regardless
of DM’s actual needs: the closest location is considered per-
fectly suitable (gi(tmin) = 1) and a location where t = 2tmin

gets gi(t) = 0.5. Obviously, the credibility of relative criteria
is much less under DM’s control than the credibility of cor-
responding absolute criteria. E.g., if only two locations are
available, then the location that is 2 minutes from the closest
school is likely to be equally attractive as the location that is
1 minute from the school, and locations that are 1 hour and 2
hours from the closest school might be equally unacceptable;
in both cases the suitability levels of 1 and 0.5 are inappro-
priate. For some other values, e.g., tmin = 7 minutes, the
presented relative criterion might be appropriate.

It is highly unlikely that DM knows what is better, but does
not know what is good. In other words, if DM can specify a
justifiable relative criterion, it is very likely that DM can also
specify a justifiable absolute criterion. Absolute criteria can
be used to evaluate a single alternative (e.g., a single location),
while relative criteria can be applied only if we have multiple
alternatives. Relative criteria are appropriate only in situations
where expected values of attributes are unknown. Such situa-
tions are not frequent, but exist, and MCDM must be able to
combine and aggregate absolute and relative attribute criteria.
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2.4 Flexible adjustment of the relative importance of
attributes

In a general case, multiple attributes are not equally important.
The relative importance of an attribute is usually expressed
using multiplicative or implicative weights [3]. The relative
importance has two roles in suitability criteria: it defines the
level of contribution of an attribute to the overall suitabil-
ity, and it defines compensatory properties between attributes.
Assuming that the overall suitability is a function of at-
tribute suitability degrees, S = λ(s1, . . . , sj , . . . , sk, . . . , sn),
we expect that if the suitability sj is more important than
the suitability sk, then ∂S/∂sj ≥ ∂S/∂sk. Under the
same assumptions, if some compensation is possible, then
λ(s1, . . . , sj , . . . , sk, . . . , sn) = λ(s1, . . . , sj − p, . . . , sk +
q, . . . , sn) and p < q. In other words, a suitability decrement
p of an attribute can be compensated by the suitability incre-
ment q of a less important attribute, but the increment q must
be greater than the decrement p. These properties are essential
in human reasoning and must be supported by MCDM.

2.5 Modelling of simultaneity requirements

Function λ : [0, 1]n → [0, 1] that aggregates all attribute suit-
ability degrees and computes the overall suitability degree is
essentially a logic function. In human decision making the ag-
gregation of suitability degrees is usually a stepwise process
where small groups of related suitability degrees are aggre-
gated and replaced by an aggregated suitability degree. The
process of stepwise aggregation terminates when the suitabil-
ity degrees of subsystems at the highest level are aggregated
yielding the overall suitability degree S as a compound func-
tion of attribute suitability degrees.

Let us investigate an aggregation step where DM aggre-
gates m suitability degrees using an aggregation function µ :
[0, 1]m → [0, 1]. In human decision making µ(s1, . . . , sm)
is most frequently a model of simultaneity. E.g., a home-
buyer regularly prefers locations that are both close to schools
for children and to jobs for parents. Such a simultane-
ity requirement can be modelled using some form of par-
tial conjunction [3], i.e., µ is expected to have an adjustable
degree of similarity with conjunction s1 ∧ · · · ∧ sm. A
normalized degree of proximity between µ(s1, . . . , sm) and
s1 ∧ · · · ∧ sm is called andness and it can be defined by:
α = (s1∨···∨sm)−µ(s1,...,sm)

(s1∨···∨sm)−(s1∧···∧sm) . Since (s1 ∧ · · · ∧ sm) ≤
µ(s1, . . . , sm) ≤ (s1 ∨ · · · ∨ sm) it follows that 0 ≤ α ≤ 1
and µ(s1, . . . , sm) is a model of simultaneity if 0.5 < α ≤ 1
and (s1 ∧ · · · ∧ sm) ≤ µ(s1, . . . , sm) < (s1 + · · · + sm)/m.
This form of andness depends on input degrees of suitability
and humans usually think globally using an average andness,
e.g., α =

∫
[0,1]m

α(s1, . . . , sm)ds1 . . . dsm, 0 ≤ α ≤ 1. If
DM needs a high simultaneity (e.g., α > 0.7), that usually
means that all inputs must be at least partially satisfied. In
other words, µ(s1, . . . , sm) = 0, si = 0, i ∈ {1, . . . ,m} and
it is mandatory to satisfy all inputs. This kind of simultaneity
is called a hard simultaneity. In other cases DM may need a
soft simultaneity, where the average andness is slightly above
0.5 and µ(s1, . . . , sm) > 0, si > 0, i ∈ {1, . . . , m}. Support-
ing models of simultaneity is an important requirement that
MCDM must satisfy.

2.6 Modelling of replaceability requirements

Replaceability requirements are symmetrical and complemen-
tary to simultaneity requirements. Replaceability means that a
high suitability in a group of attributes can be achieved using
any one of the attributes (i.e., they can replace each other).
E.g., a home location can be considered suitable for recre-
ational activities if it is close to lake, or close to ski terrains.
The intensity of replaceability can be determined using the or-
ness indicator that is a complement of andness: ω = 1−α. Re-
placeability aggregators satisfy conditions 0.5 < ω ≤ 1 and
(s1 + · · ·+ sm)/m < µ(s1, . . . , sm) ≤ (s1 ∨ · · · ∨ sm). High
orness means low andness and vice versa. Similarly to the case
of simultaneity, a high level of replaceability (e.g., ω > 0.7)
may be combined with the requirement for hard replaceabil-
ity where µ(s1, . . . , sm) = 1, si = 1, i ∈ {1, . . . , m}.
Soft replaceability is any form of replaceability that does not
satisfy the hard replaceability requirements. In the case of
soft replaceability we have µ(s1, . . . , sm) < 1, si < 1,
i ∈ {1, . . . , m}.

2.7 Modelling of balanced simultaneity/replaceability

If the simultaneity and replaceability are balanced then α =
ω = 0.5. In the case of two variables, from definition
α = (s1∨s2)−µ(s1,s2)

(s1∨s2)−(s1∧s2)
= 0.5 it follows that µ(s1, s2) =

((s1 ∨ s2)+ (s1 ∧ s2))/2 = (s1 + s2)/2. This result indicates
that the arithmetic mean is a soft computing logic function
that combines simultaneity and replaceability requirements in
a balanced way: DM would like that all attributes are simul-
taneously satisfied, but at the same time s/he accepts that any
attribute can compensate any other attribute. It is important to
understand that the arithmetic mean represents a model of this
specific logic condition and nothing more. MCDM that use
the arithmetic mean are acceptable only in cases where DM
can justify the use of this specific logic condition.

According to Malczewski [16], “GIS implementations of
the weighted summation procedures are often used without
full understanding of the assumptions underlying this ap-
proach.”

2.8 Modelling of mandatory, desired, and optional
requirements

Using models of simultaneity, replaceability and negation
(x �→ 1 − x) it is possible to create a variety of compound
soft computing logic functions that precisely reflect the needs
of DM. A compound aggregator that is most frequent in hu-
man reasoning is used to combine mandatory and nonmanda-
tory attributes. Most frequently there are one mandatory at-
tribute and one or two nonmandatory attributes. E.g., a DM
may reject home locations that do not have good ground
transportation, but accept locations that are far from an in-
ternational airport. In such cases the ground transportation
is a mandatory requirement, and the vicinity of an interna-
tional airport is desired, but not mandatory. Optional at-
tributes are also nonmandatory and have lower significance
than desired attributes. To model such requirements we
need aggregators µ(sman, sdes, sop) that satisfy the conditions
µ(sman, sdes, sop) = 0, sman = 0, sdes > 0, sop > 0 and
if the compensation between sdes and sop is possible, then
µ(sman, sdes, sop) = µ(sman, sdes − p, sop + q), sman > 0,
p < q. Optional attributes can be omitted, and in such cases
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we use only mandatory and desired inputs. An aggregator with
these properties is a partial absorption function introduced in
[2] and expanded in [19].

2.9 Modelling of sufficient, desired, and optional
requirements

Sufficient, desired and optional requirements are a disjunctive
counterpart of mandatory, desired and optional requirements.
If the sufficient input is completely satisfied then the desired
and optional inputs have no effect. If the sufficient attribute
has low or even zero suitability degree, this can be partially
compensated by the desired and optional attributes. The cor-
responding aggregator µ(ssuf , sdes, sop) satisfies conditions
µ(ssuf , sdes, sop) = 1, ssuf = 1, sdes < 1, sop < 1, and
if the compensation between sdes and sop is possible, then
µ(ssuf , sdes, sop) = µ(ssuf , sdes − p, sop + q), ssuf < 1,
p < q.

2.10 Ability to express suitability as an aggregate of
usefulness and inexpensiveness

Land-use is regularly related to a variety of costs (e.g., the cost
of land, the cost of building infrastructure and objects, the cost
of financing, etc.). The overall suitability depends on two si-
multaneous requirements: finding locations that are very use-
ful for specific purpose and at the same time inexpensive. A
convenient way to solve that problem is to define usefulness as
a non-financial part of the overall suitability, and inexpensive-
ness as an overall result of cost analysis (an aggregate of cost
components only). Then, the overall suitability can be conve-
niently expressed as an aggregate of usefulness and inexpen-
siveness. Separation of cost and usefulness attributes reflects
human reasoning where the overall cost is compared with the
corresponding overall satisfaction. Of course, there are cases
where the overall suitability does not depend on cost. In such
cases the overall suitability reduces to usefulness.

The presented list of properties is not proved to be necessary
and sufficient in all cases. However, the presented conditions
are relevant for many land use decision problems and show
that logic aggregation of attribute suitabilities is a frequently
needed property. For detailed analysis of mathematical condi-
tions see [4], and for sample applications see [4, 5].

The necessary properties of MCDM’s do not change if at-
tributes of a cell are functions of time, or functions of the val-
ues of attributes in other cells.

3 Properties of GIS related MCDM

Several GIS related MCDM approaches have been presented
in literature [15, 16]. Among the decision methods used in
these approaches we selected a representative set that consists
of the following techniques: simple additive scoring (SAS)
[8, 6], multiattribute value technique (MAVT) [22, 13, 14],
multiattribute utility technique (MAUT) [13, 10], analytic hi-
erarchy process (AHP) [18, 1], ordered weighted average
(OWA) [21, 17], outranking methods [12] and logic scoring
of preference (LSP) [4, 5].

The ten fundamental features presented in the previous sec-
tion can be used to investigate the selected decision methods
in view of their appropriateness for land-use evaluation and
suitability map construction.

3.1 Simple additive scoring

The SAS technique [8, 6] is based on the concept of a
weighted average in which weights are used to denote rela-
tive importance of suitability attributes. A DM directly as-
signs a weight wi to each suitability attribute ai, i = 1, . . . , n.
These assigned weights are rescaled to normalized weights
Wi, i = 1, . . . , n, such that

∑n
i=1 Wi = 1. The overall score

or overall degree of suitability S(x, y) of each cell x, y is then
computed by:

• Determining the n suitability components s1(x, y), . . . ,
sn(x, y) that are obtained from the evaluation of the n
attributes for the cell.

• Multiplying each suitability component si(x, y) with the
normalized weight Wi of its corresponding attribute.

• Summing the products over all attributes, i.e., S(x, y) =∑n
i=1 Wisi(x, y).

Therefore, SAS uses a simple linear weighted aggregation
model.

3.2 Multiattribute value technique

In MAVT [22, 13, 14] suitability attributes ai, i = 1, . . . , n
are evaluated using value functions that aim to mathemati-
cally represent human judgements. A single-attribute value
function translates the performance of the alternative attribute
values into a value score which represents the degree to which
a decision objective is achieved. As such, value function vi

associates a number (or ‘value’) vi(a) with each alternative
value a of attribute ai in such a way that a preference order
on the alternatives consistent with DM value judgements is
obtained.

For aggregation, more complex value functions are used.
The most commonly used function is the simple additive
weighting function S(x, y) =

∑n
i=1 Wivi(ai(x, y)) where

Wi is the weight of suitability attribute ai and vi(ai(x, y))
is the value of suitability attribute value ai(x, y) (of cell x, y).
This approach is valid if suitability attributes are preferentially
independent.

The weights Wi are scaling constants that have to be de-
rived with reference to the attribute ranges. These need to
be elicited through questions which capture acceptability of
trade-offs (e.g., ‘how many units of one suitability attribute
are worth how many of units of another suitability attribute?’).
Weights must sum up to 1, i.e.,

∑n
i=1 Wi = 1.

As such, the MAVT approach is similar to the ‘scoring
method’, except that the scores si(x, y) are replaced by val-
ues vi(ai(x, y)) that are obtained with the value function vi.

3.3 Multiattribute utility technique

MAUT [13, 10] is used and treated separately from MAVT
when ‘risks’ or ‘uncertainties’ have a significant role in the de-
finition and assessment of alternatives. The attitude of the DM
toward risk is incorporated into the assessment of a single-
attribute utility function ui, which is obtained through utility
analysis and translates the values of suitability attribute ai into
‘utility units’. A ‘utility unit’ is a relative value between 0 and
1 (where 0 and 1 resp. denote the worst and best values). The
concept of a utility function is inherently probabilistic in na-
ture.
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Aggregation is done by an overall utility function. A sim-
ple additive weighting function is most commonly used. In
such a case S(x, y) =

∑n
i=1 Wiui(ai(x, y)). Suitability at-

tributes must be preferentially independent. The weights Wi,
i = 1, . . . , n have to sum up to 1, i.e.,

∑n
i=1 Wi = 1.

From aggregation point of view, the MAUT approach is
similar to the MAVT and ‘scoring’ approaches.

3.4 Analytic hierarchy process

AHP [18, 1] uses a different approach. Cognitive psychology
has found that people are poor at assimilating large quantities
of information on problems. The subsequent steps in AHP can
be summarized as follows:

• Model the problem as a hierarchy containing the decision
goal, the alternatives for reaching it, and the suitability
attributes for evaluating the alternatives.

• Establish priorities (normalized weights) among the ele-
ments of the hierarchy by making a series of judgments
based on pairwise comparisons of the elements.

• Synthesize these judgments to yield a set of overall
weights for the hierarchy. This is done by means of a
sequence of multiplications of the matrices of relative
weights at each level of the hierarchy.

• Check the consistency of the judgments.

• Come to a final decision based on the results of this
process.

Suitability attributes are subdivided in subattributes and hi-
erarchically structured. Overall suitability s(x, y) for an
attribute a is computed by an additive weighting function
s(x, y) =

∑m
j=1 Wsj(x,y)sj(x, y) where sj(x, y), j =

1, . . . , m denote the suitability components of the subat-
tributes of a. All weights Wsj(x,y) must to sum up to 1, i.e.,∑n

i=j Wsj(x,y) = 1.

3.5 Ordered weighted averaging

In an OWA approach [17], the DM specifies the decision-
relevant suitability attributes to be used as evaluation criteria;
identifies preferred criteria values on a qualitative scale; and
defines the relative importance of each criterion by assigning
weights. The weighted criterion values are then combined us-
ing an OWA aggregation operator [21], resulting in an eval-
uation score for each cell. OWA allows the DM to specify a
decision strategy that reflects his decision-related preferences.

The OWA operators [21], provide a parameterized class of
mean type aggregation operators. Many notable mean opera-
tors such as the max, arithmetic average, median and min, are
members of this class. OWA operators allow to model linguis-
tically expressed aggregation instructions.

An OWA operator of dimension n is a mapping function
F : [0, 1]n → [0, 1] that has an associated collection of
weights W = [W1, . . . ,Wn] ∈ [0, 1]n, for which it holds that∑n

i=1 Wi = 1, and with F (s1, . . . , sn) =
∑n

i=1 Wis
′
i where

s′i is the ith largest value of the si.
By choosing different W, different aggregation operators

can be implemented. The OWA operator is a non-linear oper-
ator as a result of the process of determining the values s′i.

3.6 Outranking methods

Outranking methods, such as variants of ELECTRE and
PROMETHEE are used in the areas of GIS and environmen-
tal planning [12]. The basic idea of these methods is to use
strictly relative criteria that express a range from indifference
to strong preference of one alternative over another alternative
separately for all individual attributes. The attribute prefer-
ences are then averaged using the arithmetic mean to gener-
ate the credibility of the outranking relation of two alterna-
tives (PROMETHEE). In such a case no input is mandatory.
The overall degree of outranking of two alternatives can also
be computed using a product (ELECTRE III), making all at-
tributes mandatory.

3.7 Logic scoring of preference

With the LSP method [4, 5] suitability maps are created with
the following main steps:

1. Creation of an attribute tree. This tree contains and struc-
tures all parameters that affect the overall suitability and
is build by the DM.

2. Definition of elementary criteria. The DM has to provide
an elementary criterion for each attribute involved in the
decision process. These criteria will be evaluated dur-
ing suitability map construction. For each analyzed cell
x, y, the evaluation of each attribute ai, i = 1, . . . , n will
result in an elementary satisfaction degree si(x, y).

3. Creation of the aggregation structure. For each analyzed
cell, all associated elementary satisfaction degrees must
be aggregated. Therefore, the DM has to create an ag-
gregation structure, which adequately reflects his domain
knowledge and reasoning.

4. Computation of the overall suitability degree. Once the
attribute tree, the elementary criteria and the aggregation
structure are available, the suitability map construction
can start. The elementary criteria are evaluated and their
resulting elementary satisfaction degrees can be aggre-
gated in order to compute the overall satisfaction degree
of each analyzed cell.

Aggregation in LSP is done via the aggregation structure,
build by the DM. The basic building blocks of the aggregation
structure are the simple and compound LSP aggregators. The
DM can use them to construct an easily understandable aggre-
gation schema which is consistent with observable properties
of human reasoning in the area of evaluation.

The simple LSP aggregators are all graded preference logic
functions and based on a superposition of the fundamental
Generalized Conjunction/Disjunction (GCD) function. Most
frequently, GCD is implemented by the weighted power mean
function GCD(s1, . . . , sn) = (W1s

r
1+· · ·+Wnsr

n)1/r where
r ∈ [−∞, +∞] and 0 < Wi < 1 such that

∑n
i=1 Wi = 1 [5].

The parameter r determines the logical behavior of the func-
tion. As such a continuous variety of logical functions ranging
from full conjunction to full disjunction can be modelled. The
simple LSP aggregators can be used to construct more com-
plex, compound operators like the conjunctive partial absorp-
tion which can be used to aggregate a mandatory and a desired
criterion.

For suitability map construction, the overall suitability de-
gree of each analyzed cell x, y must be computed. This is
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done in two steps: First, the elementary satisfaction degrees
s1(x, y), . . . , sn(x, y) are aggregated using the logic aggrega-
tion structure. This results in the overall satisfaction degree
s(x, y) of the cell. Second, cost (if applicable) is taken into
account. Cost is dealt with separately. This better reflects hu-
man reasoning and allows for more efficient cost/satisfaction
studies. Cost is considered to be a function c of the analyzed
cells. For each cell x, y the cost function returns the associ-
ated cost c(x, y) of the cell. If the importance of high satisfac-
tion of criteria is the same as the importance of low cost, then
the overall suitability degree S(x, y) of the cell can be com-
puted by S(x, y) = s(x, y)/c(x, y). Alternative definitions of
S(x, y) are possible.

4 Conclusions
All multicriteria decision methods should be models of hu-
man decision making and the only way to prove their cred-
ibility is to show their proximity to human evaluation logic.
Our analysis shows that the majority of existing MCDM are
not derived with an explicit goal to model observable proper-
ties of human reasoning. Indeed, human reasoning is neither
restricted to the use of arithmetic mean nor restricted to rel-
ative criteria only. Humans use a spectrum of absolute and
relative elementary criteria and a spectrum of soft computing
logic aggregators, such as soft and hard simultaneity and re-
placeability with nonmandatory, mandatory and sufficient at-
tributes, conjunctive and disjunctive partial absorption, as well
as other compound aggregators.

Decision methods that are used in land-use evaluation prob-
lems cannot be randomly selected, without appropriate justifi-
cation. The justification for using a specific evaluation method
in a GIS environment should be based on investigating the
capability of the method to support features that are proved
to characterize human decision making. Many oversimplifi-
cations that are frequent in GIS literature [16] (particularly
those based on simple additive models) are based on the fact
that they are “easy-to-understand and intuitively appealing.”
Unfortunately, that is not enough. Before using mathematical
models it is first necessary to prove that they are appropriate.

LSP is a method developed with the goal to support logic
operators observed in human reasoning. Consequently, it is re-
alistic to expect that the LSP method can provide highly accu-
rate and justifiable models for GIS applications, such as land-
use evaluation, suitability maps, and natural resources plan-
ning.
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Abstract— Describing and modeling a complex system is very
hard and time consuming, so, we propose to use a linguistic approach
introduced by Zadeh. By taking a linguistic approach we can use
linguistic variables and approximate rules to characterize approxi-
mately phenomenons which are too complex or too ill-defined to be
done in numerical terms.

Starting from the results obtained in our previous works, in this
paper we propose to decompose complex behaviors in simple be-
haviors, and context dependent rules for the behaviors coordination,
which are described by set of fuzzy rules. The use of fuzzy rules for
behavior coordination and behavior description has allowed us to
have a shared framework that makes easy to develop and to compute
with linguistic descriptions of actions.

We propose to use a mixture of competitive and cooperative co-
evolutionary algorithms to manage the big search space and tackle a
complex and decomposable problem.

We use the Fuzzy-IEEE 2007 Car Racing Competition as an ex-
ample of a problem that allows to show the benefits of our approach.
In the example presented the results obtained are better and the flex-
ibility is increased with respect to previous works.

Keywords— Computing with Words, Computing with Actions,
Fuzzy Linguistic Descriptions, Fuzzy Controllers, Co-evolutionary
Algorithms, Behavior coordination.

1 Introduction
Real-life problems with solutions that are complex and un-
known in advance require to build and test several prototypes
before being able to build a good enough solution. Prototypes
allow designers to devise what an appropriate solution might
look like while they work at intermediate stages of develop-
ment. In this way, designers require to test potential solutions,
following a design-test-update cycle before reaching a good
enough solution (as suggested in the Agile software develop-
ment [1]). Computers are useful tools to develop and test these
prototypes, which in turn serve designers to explore, build and
test different ideas.

Describing and modeling a complex system is very hard and
time consuming. So, we propose to use a linguistic approach
introduced by Zadeh in [2, 3, 4, 5, 6] to deal with complex sys-
tems and complex concepts. By taking a linguistic approach
we can use linguistic variables and approximate rules to char-
acterize approximately phenomenons which are too complex
or too ill-defined to be done in numerical terms [7, 8]. We use
linguistic descriptions to describe the desired solution, prob-
lem decomposition techniques and fuzzy controllers to build
the solution, and co-evolutionary algorithms to tune and im-
prove the solutions.

∗His work has been supported by the Spanish Department of Sci-
ence and Innovation (MICINN) under program Juan de la Cierva JCI-
2008-3531, and the European Social Fund.

Indeed, in this work we are introducing a tentative proposal
to compute with actions by computing with linguistic descrip-
tions of actions, paralleling Zadeh’s Computational Theory of
Perceptions [9], in which he proposed to compute with per-
ceptions by means of computing with linguistic descriptions
of perceptions.

To cope with these problems, we combine our previous
ideas, improvements and results in the areas of computing
with words [10], fuzzy controllers [11] and co-evolutionary
algorithms [12].

The rest of the paper is organized as follows. In section
2, we provide details of the problem tackled, the FUZZ-IEEE
2007 Car Racing Competition. In section 3, the solution based
on linguistic description of the behaviors is presented. The
coordination between behaviors is presented in section 5. The
mixture of co-evolutionary algorithms is presented in section
6. In section 7 we present the results and finally, we summa-
rize our work and provide conclusions in section 8.

2 The problem: FUZZ-IEEE 2007 Car Racing
Competition

Car Racing Competition is a well-known sport that gets at-
tention from many people in a number of different scenarios,
ranging from popular real-life Fomula One to virtual computer
games. Particularly, we tackle the challenge of building a car
pilot for the FUZZ-IEEE 2007 Car Racing Competition.

Driving is a complex problem and how to find a general
solution is unknown. Everyone need a lot practice before be-
coming a good driver. Actually, people become driving ex-
perts by practicing in many different scenarios. So we will use
the simulator provided by the FUZZ-IEEE 2007 Car Compe-
tition to simulate different races that will allow us to learn and
test solutions in many different scenarios.

In this problem, the challenge was to develop the best fuzzy
car driver controller for a basic form of car race. A compe-
tition in which a pair of simulated cars race through a series
of waypoints within a 2d plane, and compete between them
to reach the maximum number of waypoints. Basic aspects of
the car race are the following:

1. A car only sees the next three waypoints at a given time.

2. Waypoints have to be visited in order and the next one to
be visited is highlighted.

3. Waypoints are randomly generated on a 2d plane.

4. The car that first reaches the next waypoint scores.

5. Cars cannot collide with each other, so two cars can fol-
low the same path at the same time.
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Figure 1: Car Racing Simulation on a 2d Plane.

6. Cars have imperfect sensors and actuators: gaussian
noise is used to simulate the lack of perfect observations
on position and velocity.

7. General driving ability rather than specialization to a par-
ticular track it is tested.

3 The solution: Behaviors described by
linguistic actions

We describe a desired behavior by describing linguistically
a set of actions modeled by fuzzy rules. So each behavior
will be described by a set of fuzzy rules, and a solution will
be composed by one or more behaviors coordinated appropri-
ately.

Fuzzy rules are linguistically interpretable units that can
serve our purposes of designing and testing prototypes eas-
ily and quickly, since they are easily human-interpretable, as
well as, adjustable.

We have used fuzzy controllers [13, 14, 15] to imple-
ment individual behavior units. Fuzzy controllers incorporate
heuristic control knowledge in the form of if-then rules, whose
membership functions are later tuned by the co-evolutionary
algorithm, similarly as it was proposed by Karr in [16].

We have used Xfuzzy 3.0, a fuzzy system development en-
vironment, to design our fuzzy inference system [17]. This
system contains a set of tools that allows not only to easily
describe a fuzzy inference model but also to implement it, and
export it to programming languages such as JAVA, C and C++.

In this section we present the three different behaviors that
we introduced in our previous paper [12]. The first behavior
“Go straight to next target” was a local solution in the sense
that the other targets were not considered (the other two way-
points). The second behavior “Follow a spline curve” takes
into account the next three way-points, thus following a more
global approach. The third behavior “Avoiding ellipses around
targets” cope with unwanted situation of going around a target
indefinitely.

3.1 Behavior 1: Go straight to the target

Basically, this fuzzy controller takes as input variables: veloc-
ity, distance to next target and angle to next target; and has as

output variables: acceleration and turn angle. The final con-
troller is composed of two rule-bases:

• Acceleration rules:
If Distance is Large then Acceleration is Very Positive.
If Distance is Medium then Acceleration is Positive.
If Distance is Small and Velocity is Very Positive then
Acceleration is Very Negative.
If Distance is Small and Velocity is Positive then Accel-
eration is Negative.
If Distance is not Small and Velocity is Zero then Accel-
erations is Positive.

• Turn rules:
If Angle is Zero then Turn Zero
If Angle is Positive then Turn Positive
If Angle is Negative then Turn Negative
If Angle is not Zero and Distance is Very Small then Turn
Zero

Figure 2: Distance Linguistic Variable

Figure 3: Acceleration Linguistic Variable

We impose the following ordering constrains [18] between
the linguistic labels of the linguistic variables to maintain the
interpretability of the rules, although these don’t impose that
they should form a partition:

• Distance = { Small ≺ Medium ≺ Large }
• Velocity = { Very Negative ≺ Negative ≺ Zero ≺ Posi-

tive ≺ Very Positive }
• Acceleration = { Very Negative ≺ Negative ≺ Zero ≺

Positive ≺ Very Positive }
After tuning parameters of the fuzzy membership functions

using a genetic algorithm (see figures 2 and 3) of the fuzzy
rules this behavior was able to defeat the heuristic controller
in all races (see table 2 for comparison). So from now on we
took it as the new baseline for comparison with the rest of the
solutions.
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3.2 Behavior 2: Follow a spline curve

We observed that the previous behavior was able to align with
the first target (next target) quite well, but it did not consider
the positions of second and third targets. In other words, di-
rection of the car was perfect for the next target, but it was not
exploiting the knowledge about the rest other targets.

To do that, we use a spline curve instead of following
straight lines, in order to follow a global strategy and gain
advantage over the opponent, as soon as possible. We built
a spline curve that goes through four points on a 2d plane:
the position of our car, and the next three targets. We use the
spline curve to calculate/approximate intermediate points be-
tween our car and the next target, and then follow them using
these fuzzy rules:

• Acceleration rules:
If Distance is Large then Acceleration is Very Positive.
If Distance is Medium then Acceleration is Positive.
If Distance is not Small and Velocity is Zero then Accel-
erations is Positive.

• Turn rules:
If Angle is Zero then Turn Zero
If Angle is Positive then Turn Positive
If Angle is Negative then Turn Negative

On the negative side of this approach we can say that the
distance that the car is covering is higher than in our previous
behavior, that is, without using a spline curve, so when we set
up a competitive co-evolutionary strategy this behavior (B2)
was always loosing, unable to defeat the previous one (B1)
(see table 3 for comparison).

3.3 Behavior 3: Avoid ellipses around targets

We also noticed that some races were ended when both cars
were unable to reach a target. This situation occurred when
a new target appeared and both cars were: 1, too close to the
new target; and 2, with such a high angle to the target that it
could not be corrected enough, given the short distance and the
velocity of the cars. As a result, cars spent their last moments
turning around the target.

To avoid that, we add this behavior (B3), that detects the
unwanted situation and takes a different action. In order to de-
tect that unwanted situation, we keep track of what happened
in last n iterations. Particularly, we consider three facts dur-
ing the last n iterations: 1, the target remained the same; 2, the
angle to target was around 80 degrees; 3, the distance to target
was small.

To address the described scenario, when the unwanted sit-
uation is detected then this new behavior is activated during a
number m of iterations. This new behavior was built follow-
ing the same rules that “Go straight to the target” with one
sole difference: it did not go towards the target but in the op-
posite direction (it has the same rules as behavior 1 but with
opposite sign).

4 Tuning Fuzzy Membership Functions by
Co-evolution

Developing a good prototype from scratch is very time con-
suming and difficult since it involves a good understanding

Table 1: Summary of previous results

HC GA Comp1 Coopα

HC - 15 0 0

GA 83 - 1 5

Comp1 100 99 - 47

Coopα 100 81 47 -

of the problem to do a good design, and a good understand-
ing of the solution to adjust all its parameters. We did this
initially manually and then used genetic algorithms, and co-
evolutionary algorithms.

To avoid complexity and exploit the features of co-
evolutionary algorithms we defined different species with dif-
ferent attributes to optimize. Actually, we divided our popula-
tion into three species. Species number 1 consisted of individ-
uals of behavior 1 “Go straight to target”, species number 2
was formed by individuals belonging to behavior 2 “Follow a
spline curve”, and species number 3 was formed by individu-
als of behavior 3 “Avoid ellipses”.

So, we built a population with three different species with
20 individuals each, which evolve during 1000 generations.
These species only met when racing (to calculate the fitness
functions of individuals), while for the rest (cross, mutation,
selection of individuals) were kept apart.

In [12] we compared how the use of a competitive or a coop-
erative co-evolutionary algorithm affects to the final solution.
Obtaining that both approaches can find very good solutions,
once the appropriate crossover operator is chosen. Table 6 re-
call the summary of results.

1. HC, hand coded model;

2. GA, complete model including three pilots, automatically
tuned using a genetic algorithm;

3. Comp1, complete model including three pilots, auto-
matically tuned using a competitive coevolutionary ap-
proach, with 1-point cross operator;

4. Coopα, complete model including three pilots, automati-
cally tuned using a cooperative coevolutionary approach,
with BLX-alpha cross operator.

5 Behavior coordination
The main two problems of behavior coordination are:

1. Arbitration: deciding which behavior should be activated
in each situation. This can be decided a priori or dynam-
ically by establishing variable priorities. The simplest
solution is a switching scheme that selects one behav-
ior and ignores the rest. More flexible arbitration can be
obtained using fuzzy context rules, that allow to activate
concurrently several behaviors with different degrees of
activation.

2. Command fusion: If only one behavior is active at a time,
then there is not need to do it, but if there are more than
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one behavior active simultaneously, then it is needed to
combine in some way the different commands generated
by them. It is needed to fuse, or aggregate, properly these
commands in order not to send a set of contradictory
commands but to send a coherent fused command.

Context dependent blending is a flexible and general form
of solving the problem of behavior coordination, since it
solves both arbitration and command fusion by using a com-
mon scheme, fuzzy context rules and fuzzy aggregation. It
was initially proposed by Ruspini in [19] and later expanded
by Saffioti and himself in [20, 21].

5.1 Context dependent behavior coordination

In our previous work we defined a fix arbitration scheme to
switch between behaviors. And compared competitive and co-
operative co-evolutionary algorithms to tune the membership
functions of the linguistic variables used in the fuzzy rules.

In this work we use context dependent blending, using
fuzzy rules for both behavior coordination and behavior de-
scription, since that allowed us to have a shared framework
that made easier to develop complex behaviors.

To address the coordination problem, we defined context
rules for each behavior, so they could be activated in different
situations, and serve to merge their outputs when are activated
at the same time.

• Context Rule 1:
If Distance is Small then “Go Straight to the target”.

• Context Rule 2:
If Distance is Large then “Follow a spline curve”.

• Context Rule 3:
If Distance is Small and Angle is approx. 80o then
“Avoid ellipses”.

This allows to follow a local strategy when the car is near
to the next target, a global strategy when the car is far to the
next target, and avoiding ellipses around targets

We set up a mixture of competitive and cooperative co-
evolutionary strategy, the individual behaviors cooperate to
form the complex behavior (B123) while competing with the
best solution obtained previously (B1). (see table 5 for com-
parison).

In figure 4 we can see a diagram of how the coordination
of the different behaviors works. Using a weighted fusion be-
tween the commands of behaviors 1 and 2 and a switching
scheme with behavior 3.

Figure 4: Behaviors Coordination

6 Mixture of Co-evolutionary algorithms
In some way, approaches pointing in the same direction that
ours have already been proposed. In fact, many papers on
fuzzy systems tuned with genetic algorithms have been pub-
lished (for a good review see [22]).

Genetic algorithms, of single-population algorithms, are
not well suited to problems which have solutions that are
long, complex and interdependent [23]. In the last years, co-
evolutionary algorithms have shown their ability to manage
big search spaces and to tackle complex problems. Specially
when the solution to the problem may be decomposable, or
when there exist different competitive solutions [24, 25].

Co-evolutionary algorithms can be seen as an extension of
traditional evolutionary algorithms, where there are, at least,
two species that are simultaneously evolved and their fitness
functions are coupled [24, 25]. Therefore, each species has its
own coding scheme and reproduction scheme, but each indi-
vidual is evaluated considering individuals from other species.
Depending on the type of interaction between species, we can
distinguish between competitive or cooperative species.

6.1 Competitive Co-evolution

In this context, each individual represents a candidate solution
to the problem and competes with individuals of other species
to find better solutions. Thus, if one individual increases its fit-
ness, then fitness functions from the rest individuals decrease
[24]. This may be seen as a kind of struggle between species,
which presses individuals to compete between them for find-
ing better solutions.

6.2 Cooperative Co-evolution

In this case, each individual represents a component of the
solution and requires the rest components to build a complete
solution. Therefore, an individual needs to cooperate with oth-
ers to find a better solutions [25]. Thus, an individual fitness is
linked with fitness values of its cooperative individuals. This
is often seen as a kind of symbiosis between species to pre-
serve existence, leading individuals to cooperate for finding
better solutions.

6.3 Mixture of Competitive and Cooperative Co-evolution

We have different solutions that compete or cooperate to ob-
tain better solutions. Following the two co-evolutionary ap-
proaches we have defined a mixed environment, where alter-
native solutions were competing to obtain better solutions, and
where complementary solutions were cooperating to obtain
better solutions. At the same time that the three different be-
haviors evolve in a cooperative way, they are competing with
the best previous solutions.

The main features of the co-evolutionary algorithm used to
tune the parameters of the membership functions are the fol-
lowing:

generations = 1000.
population size = 20.
crossover probability = 0.9.
mutation probability = 0.1.
crossover operator = BLX-α.
α = 0.7.
species = 3.
co-evolutionary strategy = mixed.
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Each specie have its own coding as follows:

• Go Straight to Target (51 genes) + Context 1 (2 genes)

• Following a Spline Curve (39 genes) + Context 2 (2
genes)

• Avoiding Ellipses (51 genes) + Context 3 (5 genes)

7 Results
In this section it is shown the sum of the results we obtained
during the development of the system and a comparative eval-
uation of the obtained solutions (for previous results see [12]).

Table 2:
Heuristic vs Behavior 1

Race HC B1

1 18 37

2 15 35

3 12 42

4 16 44

5 11 43

6 19 41

7 13 46

8 12 42

9 20 44

10 17 39

Total 153 413

Table 3:
Behavior 1 vs Behavior 2

Race B1 B2

1 47 4

2 44 2

3 44 5

4 43 7

5 42 6

6 44 3

7 43 9

8 42 8

9 42 5

10 44 5

Total 435 54

Table 2 shows the number of way-points (targets) got in
10 races by the hand coded (HC) against the behavior 1 (B1)
“Go straight to the next target”, in which we can see that the
behavior 1 is much better than the hand coded controller, and
it is wining all the races by a big difference.

Table 3 shows the number of way-points (targets) got in
10 races by the behavior 1 (B1) “Go straight to the next tar-
get” against the behavior 2 (B2) “Follow the spline curve”,
in which we can see that behavior 2 is performing very bad
against behavior 1, loosing all the races by a huge difference of
points, and performing even worse than the hand coded con-
troller.

These results indicate that the best individual behavior is
“Go straight to the next target”, and that to improve these re-
sults we need to combine it with other behaviors, as we did in
the next experiments.

Table 4 shows the number of way-points (targets) got in 10
races by the behavior 1 (B1) “Go straight to the next target”
against the combined behavior 1 and 2 (B12) “Go straight to
the next target; Follow the spline curve”, in which we can see
that the combined behavior 12 is much better that the behavior
1 alone, and it is wining all the races by some difference. Ta-
ble 5 shows the number of way-points (targets) got in 10 races
by the behavior 1 (B1) “Go straight to the next target” against
the combined behavior 1, 2 and 3 (B123) “Go straight to the
next target; Follow the spline curve; Avoid ellipses”, in which

Table 4:
Behavior 1 vs Behavior 12

Race B1 B12

1 26 35

2 27 37

3 25 32

4 31 32

5 24 38

6 32 31

7 28 36

8 26 36

9 28 35

10 30 40

Total 277 352

Table 5:
Behavior 1 vs Behavior 123

Race B1 B123

1 19 35

2 18 45

3 13 43

4 22 33

5 18 32

6 20 34

7 16 37

8 26 28

9 24 32

10 20 36

Total 196 355

we can see that behavior 123 is performing very well against
behavior 1 wining all the races by a big difference of points,
and performing even better than the combined behavior 1 and
2 (B12).

These results indicate that the best behavior is the combined
behavior 123. But after these comparisons and to evaluate
the impact of the context blending behavior coordination, we
compared it with the best solutions from our previous work
Comp1 and Coopα.

We set up a league competition among all of them, by
playing 100 races between each pair of solutions. Table 6
shows the results of the five solutions considered: Hand-
coded, Comp1, Coopα and B123, and their associated wins
for each one in the 100 races between each pair of solutions.

Table 6: Wins Against Each Other

HC Comp1 Coopα B123 Total

HC - 0 0 0 0

Comp1 100 - 47 20 167

Coopα 100 51 - 31 182

B123 100 74 63 − 237

Table 6 shows the associated wins of each solution. Both
behaviors, Comp1 and Coopα, obtained good performance
but the new solution B123 outperformed them with a greater
number of wins than the other approaches, which indicates
that: 1, the context dependent blending provides a great ad-
vantage compared to fixed arbitration coordination; 2, auto-
matically tuning of fuzzy membership functions yield better
results than using hand-coded solutions.

8 Conclusions
In the particular context of the FUZZ-IEEE 2007 Car Racing
Competition we have introduced a tentative proposal to com-
pute with actions by computing with linguistic descriptions of
behaviors. In this context we have identified and tackled the
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following key aspects: how to define different behaviors by
describing them linguistically and how to coordinate several
behaviors using context dependent rules.

We have set up a mixture of competitive and cooperative co-
evolutionary algorithms to model the membership functions
of the linguistic variables used. On one hand, competitive
co-evolution allows to find alternative solutions that compete
among them to find better solutions and to avoid being trapped
in local minima. On the other hand, cooperative co-evolution
allows to find complementary solutions that cooperate among
them to find complex and better solutions.

By following an incremental approach, we were able to de-
compose the solution to this problem in simple behaviors with
a lower degree of complexity. The use of fuzzy rules for be-
havior coordination and behavior description has allowed us
to have a shared framework that makes easy to develop com-
plex behaviors and to compute with linguistic descriptions of
actions. The use of co-evolutionary algorithms has allowed
us to test, compare, combine and tune the different behaviors
appropriately and obtain a better solution.

In general, it is not possible to predict a priori all the sce-
narios, problems, or solutions. So a “learning by doing” ap-
proach is a need in these cases. The know-how obtained by
testing and playing with different solutions is irreplaceable in
order to build systems that compute with actions described
by words. This approach allows to mix designer’s knowledge
and knowledge learned from the data, maintaining a good in-
terpretability of the solution. This represents a very important
step-stone that would allow to change and improve the system
in front of new environments and situations.
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Abstract— We consider some existing similarity measures for

Atanassov’s intuitionistic fuzzy sets (A-IFSs, for short). We show

that neither similarity measures treating an A-IF as a simple in-

terval values fuzzy set, nor straightforward generalizations of the

similarity measures well-known for the classic fuzzy sets work un-

der reasonable circumstances. Next, expanding upon our previous

works, we consider a family of similarity measures constructed by

taking into account both all the three functions (the membership,

non-membership and hesitation) describing an A-IF, and the com-

plements of the elements we compare to each other. That is, we use

all kinds and fine shades of information available. We point out their

proper behavior and an intuitive appeal.

Keywords— Atanassov’s intuitionistic fuzzy sets, similarity mea-

sures.

1 Introduction

Atanassov’s intuitionistic fuzzy sets (Atanassov [1], [2], [3])

– to be called A-IFSs, for short – can be viewed as a tool

that may better model and process imperfect information. The

use of positive and (independently) negative information that

is the core of A-IFSs is natural in real life and is also well-

known, advocated and studied in psychology and other so-

cial and behavioral sciences [e.g., [21], [14]]. It also at-

tracted much attention and research interest in soft comput-

ing. It would be difficult to deal with machine learning (mak-

ing use of examples and counter-examples), modeling of pref-

erences or voting without taking into account positive and

(independently) negative testimonies or opinions. Although

from a mathematical point of view A-IFSs are equipotent,

under some assumptions, to interval-valued fuzzy sets (cf.

Atanassov and Gargov in 1989 [4]), from the point of view of

solving problems (starting from the stage of collecting data),

they are different as A-IFSs force the user to explicitly con-

sider positive and negative information independently. On the

other hand, while employing the interval-valued fuzzy sets,

the user’s attention is focused on positive information (in an

interval form) only. Notably, Dubois [9] noticed recently that

A-IFSs correspond to an intuition that differs from that behind

the interval valued fuzzy sets.

The fact that people tend to notice and take into account

only most obvious aspects (e.g. advantages only) when

making decision is well known in psychology (cf. Kahne-

man [14]), Sutherland [21]) and may often lead to improper

decisions. In this context, A-IFSs (“forcing” a decision maker

to take into account both negative and positive aspects of the

decisions) may be seen as belonging to modern and promising

means of knowledge representation and processing.

We consider here some major similarity measures for A-

IFSs. First we present a whole array of similarity measures

(known from the literature) for A-IFSs viewed in terms of sin-

gle intervals. Second, we consider measures that are straight-

forward generalization of the similarity measures for the con-

ventional fuzzy sets. Unfortunately, both do not meet our ex-

pectations, and we provide some counter-intuitive examples.

It seems to be an indirect hint that A-IFSs are not functionally

equivalent to the interval valued fuzzy sets.

Next, we reconsider our (cf. Szmidt and Kacprzyk [41])

concept of a similarity measure between A-IFSs taking into

account all three functions (the membership, non-membership

and hesitation), and explicitly add to the above three functions

the complements of the elements we compare to each other.

2 A brief introduction to A-IFSs

One of the possible generalizations of a fuzzy set in X (Zadeh

[48]), given by

A
′

= {< x, µA′ (x) > |x ∈ X} (1)

where µA′ (x) ∈ [0, 1] is the membership function of the fuzzy

set A
′

, is Atanassov’s intuitionistic fuzzy set (Atanassov [1],

[2], [3]), A-IF, A given by

A = {< x, µA(x), νA(x) > |x ∈ X} (2)

where: µA : X → [0, 1] and νA : X → [0, 1] such that

0<µA(x) + νA(x)<1 (3)

and µA(x), νA(x) ∈ [0, 1] denote the degree of membership

and a degree of non-membership of x ∈ A, respectively.

Each fuzzy set may be represented by the following A-IF

A = {< x, µA′ (x), 1 − µA′ (x) > |x ∈ X} (4)

For each intuitionistic fuzzy set in X , we will call

πA(x) = 1 − µA(x) − νA(x) (5)

an intuitionistic fuzzy index (or a hesitation margin) of x ∈ A
and, it expresses a lack of knowledge of whether x belongs to

A or not (cf. Atanassov [3]). It is obvious that 0 ≤ πA(x) ≤ 1,

for each x ∈ X .

The hesitation margin turns out to be important while con-

sidering the distances (Szmidt and Kacprzyk [26], [29], [39],

entropy (Szmidt and Kacprzyk [31], [40]), similarity (Szmidt

and Kacprzyk [41]) for the A-IFSs, etc. i.e., the measures that

play a crucial role in virtually all information processing tasks.

In our further considerations we will use the following dis-

tances between fuzzy sets A, B in X = {x1,, . . . , xn} Szmidt
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and Baldwin [23], [24], Szmidt and Kacprzyk [29], [39]:

the normalized Hamming distance

lIFS(A, B) =
1
2n

n∑
i=1

(|µA(xi) − µB(xi)| + |νA(xi) −

νB(xi)| + |πA(xi) − πB(xi)|) (6)

and the normalized Euclidean distance:

qIFS(A, B) = (
1
2n

n∑
i=1

(µA(xi) − µB(xi))2 +

(νA(xi) − νB(xi))2 + (πA(xi) − πB(xi))2)
1

2 (7)

For distances (6), and (7) we have 0<lIFS(A, B)<1, and

0<qIFS(A, B)<1. Clearly these distances satisfy the condi-

tions of the metric.

In our further considerations we will use the notion of the

complement elements, which definition is a simple conse-

quence of a complement set AC

AC = {< x, νA(x), µA(x) > |x ∈ X} (8)

The use of A-IFSs instead of fuzzy sets implies the introduc-

tion of another degree of freedom (non-memberships) into the

set description. Such a generalization of fuzzy sets gives us an

additional possibility to represent imperfect knowledge which

leads to describing many real problems in a more adequate

way. Applications of intuitionistic fuzzy sets to group deci-

sion making, negotiations, voting and other situations are pre-

sented in Szmidt and Kacprzyk [25], [27], [28], [30], [32],

[34], [33], [35], [38], Szmidt and Kukier [42], [43].

3 Some counter-intuitive results given by the
traditional similarity measures

In the literature there is a multitude of similarity measures

both for A-IFSs (Atanassov [1, 2, 3], and vague sets (Gau and

Buehrer [10]) which have also been proved to be equivalent

to A-IFSs (Bustince and Burillo [5]). Here we adopt the no-

tation for A-IFSs but we will consider the measures originally

introduced for vague sets, too.

Chen [6, 7] considered similarity measures between two A-

IFSs A and B as

SC(A, B) = 1 −

∑n
i=1 |SA(xi) − SB(xi)|

2n
(9)

where SA(xi) = µA(xi) − νA(xi), SA(xi) ∈ [−1, 1] and

SB(xi) = µB(xi) − νB(xi), SB(xi) ∈ [−1, 1].
But, as Hong and Kim [11] noticed

µA(xi)−νA(xi) = µB(xi)−νB(xi) ⇒ SC(A, B) = 1 (10)

which is counterintuitive as, e.g., for A = (x, 0, 0) and B =
(x, 0.5, 0.5), we have SC(A, B) = 1.

To overcome the problem of SC (9), Hong and Kim [11]

proposed the similarity measures SH and SL

SH(A, B) = 1 − (
n∑

i=1

|µA(xi) − µB(xi)| +

|νA(xi) − νB(xi)|)/2n (11)

SL(A, B) = 1 −
1
4n

((
n∑

i=1

SA(xi) − SB(xi)) −

(
n∑

i=1

|µA(xi) − µB(xi)| + |νA(xi) − νB(xi)|)) (12)

Since SH(A, B) takes into account the absolute values, it

does not distinguish the positive from negative differences,

e.g., for A = {(x, 0.3, 0.3)}, B = {(x, 0.4, 0.4)}, C =
{(x, 0.3, 0.4)}, and D = {(x, 0.4, 0.3)}, we obtain from

(11) that SH(A, B)=SH(C, D) = 0.9 which seems counter-

intuitive.

SL(A, B) also gives counter-intuitive results, e.g. for A =
{(x, 0.4, 0.2)}, B = {(x, 0.5, 0.3)}, C = {(x, 0.5, 0.2)}, we

obtain from (12) SL(A, B)=SL(A, C) = 0.95 which seems

counter-intuitive.

The same problem like with SH occurs with the similarity

measure (cf. Li et al. [16]):

SO(A, B) = 1 − (1/2n)0.5(
n∑

i=1

(µA(xi) −

µB(xi))2 + (νA(xi) − νB(xi))2)0.5 (13)

Dengfeng and Chuntian [15] considered the similarity mea-

sure:

SDC(A, B) =

1 − (1/n1/p)(
n∑

i=1

(|mA(xi) − mB(xi)|)p)1/p (14)

where mA(xi) = (µA(xi) + 1 − νA(xi))/2, mB(xi) =
(µB(xi) + 1 − νB(xi))/2, 1 ≤ p < ∞. Unfortunately, as

for (14), the medians of two intervals are compared only, it

is rather easy to point out the counter-intuitive examples, e.g.,

A = (x, 0.4, 0.2), B = (x, 0.5, 0.3), then SDC(A, B) = 1,

for each p.

Mitchell [18] modified Dengfeng and Chuntian’s measure

SDC (14) using a statistical approach by interpreting A-IFSs

as families of ordered fuzzy sets. Let ρµ(A, B) and ρν(A, B)
denote a similarity measure between the “low” membership

functions µA and µB , and between the “high” membership

functions 1 − νA and 1 − νB , respectively, as:

ρµ(A, B) = SDC(µA, µB) =

1 − (1/n1/p)(
n∑

i=1

(|µA(xi) − µB(xi)|)p)1/p

ρν(A, B) = SDC(1 − νA, 1 − νB) =

1 − (1/n1/p)(
n∑

i=1

(|νA(xi) − νB(xi)|)p)1/p

Then the modified similarity measure between A and B is

SHB(A, B) = (ρµ(A, B) + ρν(A, B))/2 (15)

Unfortunately, SHB gives the same counter-intuitive results as

SH , for p = 1 and for one-element sets.

To overcome the drawbacks of SDC , Liang and Shi [17]

proposed Sp
e (A, B), Sp

s (A, B), Sp
h(A, B) as:
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Sp
e (A, B) =

1 − (1/n1/p)(
n∑

i=1

(φµAB(xi) − φνAB(xi)|)p)1/p(16)

where φµAB(xi) = |µA(xi)− µB(xi)|/2, φνAB(xi) = |(1−
νA(xi))/2 − (1 − νB(xi))|/2. But, for p = 1 and for one-

element sets, Sp
e (A, B)=SHB=SH , which are again the same

counter-intuitive results.

Sp
s (A, B) =

1 − (1/n1/p)(
n∑

i=1

(ϕs1(xi) − ϕs2(xi))p)1/p (17)

where: ϕs1(xi) = |mA1(xi) − mB1(xi)|/2,

ϕs2(xi) = |mA2(xi) − mB2(xi)|/2,

mA1(xi) = (µA(xi) + mA(xi))/2,

mA2(xi) = (mA(xi) + 1 − νA(xi))/2,

mB1(xi) = (µB(xi) + mB(xi))/2,

mB2(xi) = (mB(xi) + 1 − νB(xi))/2,

mA(xi) = (µA(xi) + 1 − νA(xi))/2,

mB(xi) = (µB(xi) + 1 − νB(xi))/2.

Sp
s (17) avoids the problematic results obtained from SDC

(14) (for the intervals with equal medians) but, again, a prob-

lem of counter-intuitive results remains. For example, for A =
{(x, 0.4, 0.2)}, B = {(x, 0.5, 0.3)}, C = {(x, 0.5, 0.2)}, we

obtain Sp
s (A, B) = Sp

s (A, C) = 0.95 which seems difficult to

accept.

Sp
h is given as

Sp
h(A, B) = 1 −

(1/(3n)1/p)(
n∑

i=1

(η1(i) + η2(i) + η3(i))p)1/p (18)

where η1(i) = φµ(xi) + φν(xi) (the same as for Sp
e ),

η2(i) = mA(xi) − mB(xi)) (the same as for SDC),

η3(i) = max(lA(i), lB(i)) − min(lA(i), lB(i)),
lA(i) = (1 − νA(xi) − µA(xi))/2,

lB(i) = (1 − νB(xi) − µB(xi))/2. But, again, there are

counter-intuitive cases for this measure. For A = (x, 0.3, 0.4),
and B = (x, 0.4, 0.3), i.e., for an element and its complement,

we obtain Sp
h(A, B) = 0.933 (which seems to be rather too

big a similarity for an element and its complement).

Hung and Yang [12] proposed the similarity measures S1
HY ,

S2
HY , S3

HY in which Hausdorff distances were employed:

S1
HY (A, B) = 1 − dH(A, B) (19)

S2
HY (A, B) = 1 − (edH(A,B) − e−1)/(1 − e−1) (20)

S3
HY (A, B) = (1 − dH(A, B))/(1 + dH(A, B)) (21)

where

dH(A, B))=
∑n

i=1 max(|µA(xi)−µB(xi)|, |νA(xi)−νB(xi)|)
Unfortunately, (19)–(21) give counter-intuitive results (im-

plied by the calculation of dH(A, B) - cf. Szmidt [22]).

For example if A = (x, 0.4, 0.5), B = (x, 0.5, 0.4), C =
(x, 0.5, 0.3), D = (x, 0.6, 0.4), E = (x, 0.6, 0.3), F =

(x, 0.4, 0.3) then S1
HY (A, B) = 0.9 (a counter-intuitive large

similarity for A and its complement as B = AC ), and also

S1
HY (C, D) = S1

HY (C, E) = S1
HY (C, F ) = 0.9. Next,

S2
HY (A, B) = S2

HY (C, D) = S2
HY (C, E) = S2

HY (C, F ) =
0.85, and also S3

HY (A, B) = S3
HY (C, D) = S3

HY (C, E) =
S3

HY (C, F ) = 0.85.

A straightforward attempt to calculate the similarity be-

tween A-IFSs just by adding the non-memberships values to

the existing similarity measures for fuzzy sets is due to Hung

and Yang [13]. Their measures (22) and (23) are the extension

of Wang’s measures [46]:

Sw1(A, B) = (1/n)
n∑

i=1

min (µA(xi), µB(xi)) + min (νA(xi), νB(xi))
max (µA(xi), µB(xi)) + max (νA(xi), νB(xi))

(22)

But, it is easy to give counter-examples again. For exam-

ple, for A = {(x, 0, 0.5)}, B = {(x, 0.1, 0.5)}, C =
{(x, 0, 0.6)}, we obtain Sw1(A, B) = Sw1(A, C) = 0.8(3)
(for different B and C we obtain the same result), for A =
{(x, 0, 0.5)}, B = {(x, 0.18, 0.5)}, C = {(x, 0, 0.68)}, we

obtain Sw1(A, B) = Sw1(A, C) = 0.735 (again - for differ-

ent B and C the same result) etc., which seems to be difficult

to accept (Sw1 is not bijective).

Sw2(A, B) = (1/n)
n∑

i=1

(1 − 0.5(|µA(xi) − µB(xi)| + |νA(xi) − νB(xi|)) (23)

But for A = {(x, 0, 0.5)}, B = {(x, 0, 0.4)}, C =
{(x, 0, 0.6)}, we obtain Sw2(A, B) = Sw2(A, C) = 0.95
(again - for different B and C the same similarity), which

seems to be difficult to accept (Sw2 is not bijective).

Another straightforward extensions of fuzzy similarity

measures proposed by Hung and Yang [13] for A-IFSS are

measures (24), (25) and (26) (they are extensions of Pappis

and Karacapilidis’ [20] measures for fuzzy sets).

Spk1(A, B) =∑n
i=1(min (µA(xi), µB(xi)) + min (νA(xi), νB(xi)))∑n
i=1(max (µA(xi), µB(xi)) + max (νA(xi), νB(xi)))

(24)

For (24) the counter-intuitive examples are like for (22).

Spk2(A, B) = 1 − 0.5(max
i

(|µA(xi)−µB(xi)|)+

max
i

(|νA(xi)−νB(xi)|)) (25)

For (25) it is easy to give counter-examples again - es-

pecially for one-element sets. For example, for A =
{(x, 0, 0.5)}, B = {(x, 0.1, 0.5)}, C = {(x, 0, 0.6)}, we ob-

tain Spk2(A, B) = Spk2(A, C) = 0.95 (for different B and C
just the same result).

Spk3(A, B) = 1−∑n
i=1(|µA(xi) − µB(xi)| + |νA(xi) − νB(xi)|)∑n
i=1(|µA(xi) + µB(xi)| + |νA(xi) + νB(xi)|)

(26)

But for A = {(x, 0, 0.5)}, B = {(x, 0, 0.26)}, C =
{(x, 0, 0.965)}, we obtain Spks(A, B) = Spk3(A, C) = 0.68
(again, for different B and C the same similarity), which

seems to be difficult to accept.
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3.1 Why the measures presented may yield counter-intuitive

results?

It is worth noticing that all the above measures were con-

structed to satisfy the following conditions:

S(A, B) ∈ [0, 1] (27)

S(A, B) = 1 ⇐⇒ A = B (28)

S(A, B) = S(B, A) (29)

IfA ⊆ B ⊆ C, then S(A, C) ≤ S(A, B) and

S(A, C) ≤ S(B, C) (30)

Conditions (27)–(29) are obvious. The problem lies in (30) as

this condition is meant as:

A ⊂ B iff ∀x ∈ X, µA(x) ≤ µB(x) and

νA(x) ≥ νB(x) (31)

Unfortunately, (31) is not constructive and operational for A-

IFSs as for many cases it can not be used. For example, for

the elements (x : (µ, ν, π)): x1: (0.12, 0.4, 0.48) and x2:

(0.1, 0.3, 0.6) we can not come to a conclusion. Moreover,

element x: (0, 0, 1) seems to be always beyond consideration

in the sense of (31) which is very specific, and mostly practi-

cally irrelevant.

Furthermore, most of the similarity measures shown above

are in fact similarity measures comparing just two intervals

(each interval representing one of the A-IFSs under compar-

ison). But we should bear in mind that elements of A-IF are

described via the membership and non-membership function

and the hesitation margin. In other words, in the terms of in-

tervals, we have both the membership in an interval, and the

non-membership in an interval so that we should represent an

A-IF via two (not one) intervals.

Considering the representation of A-IFSs as single inter-

vals implies some problems while calculating distances. Dis-

tances used in the (counter-intuitive) similarity measures men-

tioned in the previous section are calculated without taking

into account the hesitation margins as the membership and

non-membership functions only are taken into account. The

counter-intuitive results obtained in such a case are in Szmidt

and Kacprzyk [29], [39], Szmidt [22].

4 Some examples of intuitively justified and
operational similarity measures

First we recall the measure of similarity between A-IFSs pre-

sented by Szmidt and Kacprzyk [37], [36]).

In the simplest situations we calculate the similarity of any

two elements X and F belonging to an A-IF (A-IFSs). The

proposed measures indicate if X is more similar to F or to

FC , where FC is the complement of F . In other words, the

proposed measures answer the question: is X more similar or

more dissimilar to F ?

Definition 1

Simrule(X, F ) =
lIF (X, F )

lIF (X, FC)
(32)

where: lIFS(X, F ) is a distance from X(µX , νX , πX) to

F (µF , νF , πF ),

lIFS(X, FC) is a distance from X(µX , νX , πX) to

FC(νF , µF , πF ),
FC is a complement of F , distances lIFS(X, F ) and

lIFS(X, FC) are calculated from (6).

For (32) we have

0<Simrule(X, F )<∞ (33)

Simrule(X, F ) = Simrule(F, X)

The similarity has typically been assumed to be symmetric.

Tversky [44], however, has provided some empirical evidence

that the similarity should not always be treated as a symmet-

ric relation. We stress this to show that a similarity measure

(32) may have some features which can be useful in some sit-

uations but are not welcome in others (see Cross and Sud-

kamp [8], Wang et al. [47], Veltkamp [45]).

It is obvious (cf. Szmidt and Kacprzyk [36]) that the for-

mula (32) can also be stated as

Simrule(X, F ) =
lIFS(X, F )

lIFS(X, FC)
=

lIFS(XC , FC)
lIFS(X, FC)

=

=
lIFS(X, F )

lIFS(XC , F )
=

lIFS(XC , FC)
lIFS(XC , F )

(34)

It is worth noticing that

– Simrule(X, F ) = 0 means the identity of X and F .

– Simrule(X, F ) = 1 means that X is to the same extent

similar to F and FC (i.e., values bigger than 1 mean a closer

similarity of X and FC to X and F ).

– When X = FC (or XC = F ), i.e. lIFS(X, FC) =
=lIFS(XC , F )= 0 means the complete dissimilarity of X
and F (or in other words, the identity of X and FC ), and then

Simrule(X, F ) → ∞.

– When X = F = FC means the highest possible entropy

(see [31]) for both elements F and X i.e. the highest ”fuzzi-

ness” – not too constructive a case when looking for compati-

bility (both similarity and dissimilarity).

In other words, while applying the measure (32) to analyze

the similarity of two objects, one should be interested in the

values 0<Simrule(X, F ) < 1.

The proposed measure (32) was constructed for selecting

objects which are more similar than dissimilar [and well-

defined in the sense of possessing (or not) attributes we are

interested in]. In Szmidt and Kacprzyk [37] it was shown

that a measure of similarity defined as above, (32), between

X(µX , νX , πX) and F (µF , νF , πF ) is more powerful than a

simple distance between them. The following conclusion were

drawn:

– when a distance between two (or more) objects/elements,

or sets, is large, then it means for sure that the similarity does

not occur.

– when a distance is small, we can say nothing for sure about

similarity just on the basis of a distance between two objects

[when not taking into account complements of the objects as

in (32)]. The distance between objects can be small and the

compared objects can be more dissimilar than similar.

We have shown on a simple example (cf. Szmidt and

Kacprzyk [37]) that the measure (32) gives reasonable results

when applied to assessing agreement in a group of experts.

The only disadvantage of the proposed measure is that it does
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Table 1: Example results obtained from the similarity measures (35)–(38)

1 2 3 4 5
X = (µ, ν, π) (0.3, 0.4, 0.3) (0.4, 0.2, 0.4) (0.4, 0.2, 0.4) (0, 0, 0)
F = (µ, ν, π) (0.4, 0.3, 0.3) (0.5, 0.3, 0.2) (0.5, 0.2, 0.3) (0.5, 0.5, 0)

Sim1 0 0.6 0.75 0.5
Sim2 0 0.43 0.6 0.33
Sim3 0 0.72 0.88 0.6
Sim4 0 0.48 0.65 0.38

not follow the range of the usually assumed values for the sim-

ilarity measures. But it is possible to construct a whole array

of similarity measures following the philosophy, and preserv-

ing the advantages of the measure (32), and whose numerical

values are consistent with the common scientific tradition (i.e.

belonging to [0, 1]). For example:

Sim1(X, F ) = Sim1(lIFS(X, F ), lIFS(X, FC)) =

1 −
lIFS(X, F )

lIFS(X, F ) + lIFS(X, FC)
(35)

Sim2(X, F ) = Sim2(lIFS(X, F ), lIFS(X, FC)) =
1 − f(lIFS(X, F ), lIFS(X, FC))
1 + f(lIFS(X, F ), lIFS(X, FC))

(36)

Sim3(X, F ) = Sim3(lIFS(X, F ), lIFS(X, FC)) =
1 − f(lIFS(X, F ), lIFS(X, FC))2

1 + f(lIFS(X, F ), lIFS(X, FC))2
(37)

Sim4(X, F ) = Sim4(lIFS(X, F ), lIFS(X, FC)) =

e−f(lIF S(X,F ),lIF S(X,F C)) − e−1

1 − e−1
(38)

where

f(lIFS(X, F ), lIFS(X, FC)) =

=
lIFS(X, F )

lIFS(X, F ) + lIFS(X, FC)
(39)

and 0 ≤ f(lIFS(X, F ), lIFS(X, FC)) ≤ 1.

The measures (35) – (38) give intuitive results. Some exam-

ples, being troublesome for other measures, are presented in

Table 1. It is worth noticing that each measure assigns similar-

ity equal 0 for an element (0.3, 0.4, 0.3) and its complement

(0.4, 0.3, 0.3). In general, similarity measures (35) – (38) sat-

isfy the following properties:

Simi(X, F ) ∈ [0, 1], (40)

Simi(X, X) = 1, (41)

Simi(X, XC) = 0, (42)

Simi(X, F ) = Simi(F, X), (43)

for i = 1, . . . , 4.

The similarity measures introduced in this section assess

similarity of any two elements (X and F ) belonging to an

intuitionistic fuzzy set (or sets). The counterpart similarity

measures for A-IFSs A and B containing n elements each,

are:

Simk(A, B)=
1
n

n∑
i=1

Simk(lIFS(Xi, Fi), lIFS(Xi, F
C
i )) (44)

for k = 1, . . . , 4.

5 Conclusions

We considered two groups of similarity measures between A-

IFSs. First, we dealt with similarity measures constructed

as if an A-IFSs was equal to a simple interval valued fuzzy

set, or similarity measures being straightforward generaliza-

tions of those well known for the fuzzy sets. Unfortunately,

in some situations, both approaches give counter-intuitive re-

sults. Second, we considered similarity measures account-

ing for all three functions describing an A-IF (the member-

ship, non-membership, and hesitation margin) which is differ-

ent from viewing an A-IF as a single interval. Next, we also

took into account the complements of the elements compared.

That is, we employed all kinds and fine shades of informa-

tion available. It seems that these last measures are the most

promising because, first of all, they help avoid some strong

counter-intuitive results. This is crucial for both theory and

applications.
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Abstract— We discuss a formal many-valued logic called EQ-
logic which is based on a recently introduced special class of alge-
bras called EQ-algebras. The latter have three basic binary opera-
tions (meet, multiplication, fuzzy equality) and a top element and, in
a certain sense, generalize residuated lattices. The goal of EQ-logics
is to present a possible direction in the development of mathemati-
cal logics in which axioms are formed as identities. In this paper we
propose a basic EQ-logic and three extensions which end up with a
logic equivalent to the MTL-logic.

Keywords— EQ-algebra, fuzzy equality, residuated lattice, MTL-
logic, fuzzy logic.

1 Introduction
One of possible directions of the development of mathemat-
ical logic which can be tracked down to Leibnitz, Wittgen-
stein, and Ramsey (cf. [1]) is to develop it on the basis of
identity (equality) as the principal connective. This direction
has been crowned in a noble way by Henkin in [2] who de-
veloped the type theory (a higher order logic) using identity
as a sole primitive constant. This is nice because it enables
to treat equality between elements on the basis of the same
principles not depending on their character. Thus, equality
between truth values is, in principle, a relation of the same
kind as an equality between other kinds of elements. Hence,
we will speak about equality instead of equivalence even when
speaking about truth values.

Note that there are works developing classical boolean logic
on the basis of equivalence as the main (not sole) connective (a
recent book presenting logic in this way is [3]). Moreover, the
logic is developed there in the “equational style”, i.e. proofs
proceed as sequences of equations (in fact, equivalences).

This gives rise to an idea whether also fuzzy (many-valued)
logic could be developed on the basis of fuzzy equality as the
main connective where by fuzzy equality we mean, in fact, a
fuzzy equivalence, i.e. a generalization of the classical logical
equivalence. We will prefer the term “fuzzy equality”, though.
Recall that this idea is supported by the mentioned Henkin
successful type theory (for a detailed development of this the-
ory, see also [4]) as well as by the development of fuzzy type
theory (see [5, 6]). On the other hand, unlike classical type
theory, it seems impossible to have fuzzy equality a sole con-
nective. At least conjunction is also necessary as follows from
the considerations concerning the structure of the algebra of
truth values. Namely, two approaches are apparent.

In the first approach, the structure of truth values is assumed
to form a residuated lattice where the basic operations are, be-
sides the lattice ones, the multiplication “⊗” and its residuum
“→”. The latter is in fuzzy logic a natural interpretation of im-
plication which is a primary operation while the equivalence

is interpreted by a biresiduation a ↔ b = (a → b) ∧ (b → a)
which is a derived operation. Since the basic connective, in
our case, should be the fuzzy equality, it seems unnatural to
interpret it by a derived operation.

The second approach follows an idea presented in [7, 8]
where a specific kind of algebra called EQ-algebra is devel-
oped. Unlike the residuated lattices, the basic operation in EQ-
algebras is a fuzzy equality “∼” while implication is derived
from it. Of course, a crucial question remains, which proper-
ties such an equality should have. At first sight it seems clear
that these properties should be reflexivity, symmetry, and tran-
sitivity. We are convinced, however, that the fuzzy equality
should be characterized by a deeper property reflecting some
basic structure so that both symmetry as well as especially
transitivity would follow. The most essential is, in our opin-
ion, the “substitution principle” stating that if we replace an
object by another one equal to the former then the result is not
changed; in the case of fuzzy equality, the replacement should
not make the structure in concern “worse” in some reasonable
sense.

What basic structure should we consider in fuzzy logic?
Clearly, this is ordering since the basic idea standing behind
fuzziness is introducing degrees to enable measuring impre-
cision stemming from vagueness. Since ordering is in no
way included in the equality, it must be introduced explic-
itly. Therefore, we will consider the basic structure to be a
∧-semilattice with the greatest element 1. At the same time,
we must “fuse” in some way statements about ordering and
equality. The fusion is in our algebra realized by a third opera-
tion of multiplication “⊗” whose properties, however, should
be as weak as possible because we think that it should not
participate on the ordering but enable only to “fuse things to-
gether”. This is the main motivation behind axiom (E4) below.
The symmetry and transitivity of ∼ are then consequences of
it. The fusion ⊗ needs not be commutative and, perhaps, nor
even associative.

Step by step we arrive at 8 axioms which determine the EQ-
algebra. In its “crude form”, there is no need to introduce the
smallest element 0. Morever, the axioms make it possible to
have two different truth values equivalent in the degree 1 and
so, the fuzzy equality generalizes classical equivalence in an
essential way. From the algebraic point of view, EQ-algebras
generalize, in a certain sense, residuated lattices and so, they
look as interesting class of algebraic structures.

When attempting to develop a formal logical calculus it
came out, surprisingly, that the crude structure though reflect-
ing the basic principles of fuzzy equality, is not strong enough.
Namely, the logic enforced adding an axiom of “goodness”
(E10) (or, as a logical formula (EQ1)) below which says that
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an element a is equal to 1 always in a degree a. This axiom im-
plies that the algebra is separated, i.e. that two elements equal
in the degree 1 must be identical in the classical sense. We
conclude that the logic allows only a slight generalization of
the classical equivalence. Of course, the goodness axiom has
many important algebraic consequences (see [9, 8]). Among
them is also the fact that each good EQ-algebra gives rise to a
BCK-algebra. Putting all together we expect that EQ-algebras
may put a different light on residuated lattices and on their
general role in algebra and logic.

This paper is an attempt to introduce a formal logic called
EQ-logic∗) whose truth values are taken from a good EQ-
algebra. Several basic properties of this logic demonstrat-
ing that it behaves reasonably are proved. In comparison
with residuated fuzzy logics, however, our logic seems to be
more limited. For example, the deduction theorem even in
its weaker form probably does not hold and we guess that its
validity is equivalent with residuation. Still, it is interesting
to learn how far can we go with the development of EQ-logic.
Besides others, it enables us to separate properties, which stem
from the fuzzy equality itself, from the properties for which
residuation is necessary. It may also shed light on classical
logic, especially on its equational variant ([3]).

2 Definition and fundamental properties of
EQ-algebras

Definition 1
A semicopula-based EQ-algebra E is an algebra of type (2, 2,
2, 0), i.e.

E = 〈E,∧,⊗,∼,1〉 , (1)

where for all a, b, c, d ∈ E:

(E1) 〈E,∧,1〉 is a commutative idempotent monoid (i.e.
∧-semilattice with top element 1) where the ordering
a ≤ b is defined in standard way as a ∧ b = a,

(E2) ⊗ is a binary multiplication operation isotone w.r.t. ≤,
i.e. a ≤ b implies both a⊗c ≤ b⊗c as well as c⊗a ≤
c⊗b and 1 is a neutral element, i.e. a⊗1 = 1⊗a = a.

(E3) a ∼ a = 1 ,

(E4) ((a ∧ b) ∼ c) ⊗ (d ∼ a) ≤ c ∼ (d ∧ b) ,

(E5) (a ∼ b) ⊗ (c ∼ d) ≤ (a ∼ c) ∼ (b ∼ d) ,

(E6) (a ∧ b ∧ c) ∼ a ≤ (a ∧ b) ∼ a ,

(E7) (a ∧ b) ∼ a ≤ (a ∧ b ∧ c) ∼ (a ∧ c) ,

(E8) a ⊗ b ≤ a ∼ b .

The operation ∼ is called a fuzzy equality.
For all a, b ∈ E we put

a → b = (a ∧ b) ∼ a. (2)

This is a derived operation called implication†).

∗)This logic has been first introduced in Barcelona, October 2008
at the occasion of Prof. F. Esteva 65th birthday.

†)Note that this operation has been, in fact, introduced already by
G. W. Leibnitz (cf. [10])

Note that axioms (E6) and (E7) can be rewritten as

a → (b ∧ c) ≤ a → b , (E6’)
a → b ≤ (a ∧ c) → b . (E7’)

The following theorem confirms that ∼ is indeed a fuzzy
equality.

Theorem 1
Let E be an EQ-algebra. The following holds for all a, b, c ∈
E:

(a) Symmetry: a ∼ b = b ∼ a ,

(b) Transitivity: (a ∼ b) ⊗ (b ∼ c) ≤ a ∼ c ,

(c) Transitivity of implication: (a → b)⊗ (b → c) ≤ a → c .

We say that the multiplication ⊗ is →-isotone if

a → b = 1 implies a ⊗ c → b ⊗ c = 1 (3)

for all a, b, c ∈ E. Let us remark that the →-isotonicity of ⊗
is usually fulfilled. There exist EQ-algebras, however, which
have not this property.

A semicopula-based EQ-algebra has the operation ⊗, in
general neither commutative nor associative. If the latter
is only non-commutative but associative then we will speak
about a non-commutative EQ-algebra.

Theorem 2
Let E = 〈E,∧,⊗,∼,1〉 is a semicopula-based EQ-algebra
and put b ⊗̄ a = a ⊗ b. Then E ′ = 〈E,∧, ⊗̄,∼,1〉 is also a
semicopula-based EQ-algebra.

The following lemmas summarizes some of the properties
of EQ-algebras useful below. Its proof can be found in [9, 8].

Lemma 1
Let E be an EQ-algebra. For all a, b ∈ E such that a ≤ b it
holds that

(a) a → b = 1 ,

(b) a ∼ b = b → a ,

(c) c → a ≤ c → b and b → c ≤ a → c .

Lemma 2
Let E be an EQ-algebra. For all a, b, c, d, a′, b′, c′, d′ ∈ E it
holds that

(a) a⊗ b ≤ a, a⊗ b ≤ a∧ b, c⊗ (a∧ b) ≤ (c⊗ a)∧ (c⊗ b) ,

(b) a ∼ b ≤ a → b, a → a = 1 ,

(c) (a → b) ⊗ (b → a) ≤ a ∼ b ,

(d) a = b iff a ∼ b = 1 ,

(e) a = 1 → a and a → 1 = 1 ,

(f) a ⊗ (a ∼ b) ≤ b ,

(g) b ≤ a → b ,

(h) ((a ∧ b) ∼ (c ∧ d)) ⊗ (a ∼ a′) ⊗ (b ∼ b′) ⊗ (c ∼ c′)
⊗ (d ∼ d′) ≤ (a′ ∧ b′) ∼ (c′ ∧ d′) .
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Note that if E is separated, then a → b = 1 implies a ≤ b.
Indeed, a → b = (a ∧ b) ∼ a = 1 implies a ∧ b = a, i.e.
a ≤ b.

Let E contain also the bottom element 0. Then we put

¬a = a ∼ 0, a ∈ E (4)

and call ¬a a negation of a ∈ E.

Definition 2
Let E be an EQ-algebra and a, b, c, d ∈ L. We say that E is:

(i) separated if for all a ∈ E,

(E9) a ∼ b = 1 implies a = b.

(ii) good if

(E10) a ∼ 1 = a.

(iii) residuated if for all a, b, c ∈ E,

(E10) (a⊗b)∧c = a⊗b iff a∧ ((b∧c) ∼ b) = a.

(iv) involutive (IEQ-algebra) if for all a ∈ E,

(E11) ¬¬a = a.

(v) prelinear if for all a, b ∈ E,

(E12) sup{a → b, b → a} = 1.

(vi) lattice EQ-algebra (�EQ-algebra) if it is a lattice and

(E13) ((a ∨ b) ∼ c) ⊗ (d ∼ a) ≤ (d ∨ b) ∼ c.

(vii) complete if it’s ∧-semilattice reduct is complete.

(viii) EQ(R)-algebra if for all a, b ∈ E there exist

a/b = max{c ∈ E | a ⊗ c ≤ b}
a\b = max{c ∈ E | c ⊗ a ≤ b}

(the latter equalities will be referred to as (R)-condition).

It is easy to show that good EQ-algebras are separated. Ob-
viously, ⊗ in good EQ-algebras is →-isotone. As already dis-
cussed, the “goodness property” appeared to be indispensable
for logic and so, from now on, by EQ-algebra we will always
mean a good one.

Remark 1
Let E be a semicopula-based EQ-algebra. A set F ⊆ E is a
filter if 1 ∈ F ; a, b ∈ F implies a ⊗ b ∈ F ; a, a → b ∈ F
implies b ∈ F ; a → b ∈ F implies (a ⊗ c) → (b ⊗ c) ∈ F
and (c ⊗ a) → (c ⊗ b) ∈ F . Then it can be proved that a fac-
tor algebra E |F is a separated semicopula-based EQ-algebra.
Surprizingly, there exist EQ-algebras with no proper filter and
so, we cannot embed each EQ-algebra into a separated one.

The concept of EQ(R)-algebra is due to El Zekey [11]. Ob-
viously, it inserts residuation inside EQ-algebra. In case that
E = [0, 1], it simply requires the operation ⊗ to be left-
continuous.

Lemma 3
Let E be an IEQ-algebra. Then

(a) E is good �EQ-algebra with join defined by

a ∨ b = ¬(¬a ∧ ¬b).

(b) a ≤ b iff ¬b ≤ ¬a.

(c) a ∼ b = ¬a ∼ ¬b.

(d) a ⊗ ¬a = 0.

Theorem 3 ([11])
Let E be a good non-commutative EQ(R)-algebra. Then the
following is equivalent:

(a) E is representable (i.e. subdirectly embeddable into a
product of linearly ordered good EQ(R)-algebras‡)).

(b) E satisfies the formula

(a → b) ∨ (d → (d ⊗ (c → (b → a) ⊗ c))) = 1

for all a, b, c, d ∈ E.

3 Basic EQ-logic
In this section we introduce a propositional EQ-logic which
we will call basic. This logic seems to be the simplest logic
definable on the basis of EQ-algebras. Of course, we obtain
more sophisticated logics when adding further axioms. From
this point of view, all core (residuated) fuzzy logic in the sense
of [12]) are extensions of the basic EQ-logic.

Definition 3
The language of EQ-logic consists of propositional variables
p1, p2, . . . , binary connectives ∧∧∧,&&&,≡ and a truth (logical)
constant . Formulas are defined in the obvious way: each
propositional variable is a formula,  is a formula and if A,B
are formulas, then A ∧∧∧ B, A&&&B, A ≡ B are formulas. Im-
plication is defined as a short

A ⇒⇒⇒ B := (A∧∧∧ B) ≡ A. (5)

Let J be a language of EQ-logic, FJ a set of all formulas
in the language J and E = 〈E,∧,⊗,∼,1〉 be a good EQ-
algebra. A truth evaluation e : FJ −→ E is defined as usual:
if p ∈ J is a propositional variable then e(p) ∈ E. Further-
more, we put

e() = 1,

e(A∧∧∧ B) = e(A) ∧ e(B)
e(A&&& B) = (e(A) ⊗ e(B)),
e(A ≡ B) = (e(A) ∼ e(B))

for all formulas A,B ∈ FJ .
A formula A ∈ FJ is a tautology if e(A) = 1 for each truth

evaluation e : FJ −→ E.
Note that our logic has a non-commutative fusion connec-

tive &&& but only one implication because it is derived from
equivalence (i.e. its interpretation is not residual operation
adjoint with multiplication). We are convinced that this is an
advantage.

‡)A recent result of El-Zekey (personal communication) implies
that the (R)-condition is unnecessary for the representability. This
may lead to simplification of the structure of EQ-logics discussed
below.
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3.1 Logical axioms and inference rules

The following formulas are axioms of the EQ-logic:

(EQ1) (A ≡ ) ≡ A

(EQ2) A∧∧∧ B ≡ B ∧∧∧ A

(EQ3) (A∧∧∧ B)∧∧∧ C ≡ A∧∧∧ (B ∧∧∧ C)

(EQ4) A∧∧∧ A ≡ A

(EQ5) A∧∧∧  ≡ A

(EQ6) A&&& ≡ A

(EQ7) &&& A ≡ A

(EQ8a) ((A∧∧∧ B)&&&C) ⇒⇒⇒ (B &&& C)

(EQ8b) (C &&&(A∧∧∧ B)) ⇒⇒⇒ (C &&& B)

(EQ9) ((A∧∧∧ B) ≡ C)&&&(D ≡ A) ⇒⇒⇒ (C ≡ (D ∧∧∧ B))

(EQ10) (A ≡ B)&&&(C ≡ D) ⇒⇒⇒ (A ≡ C) ≡ (D ≡ B)

(EQ11) (A ⇒⇒⇒ (B ∧∧∧ C)) ⇒⇒⇒ (A ⇒⇒⇒ B)

(EQ12) (A ⇒⇒⇒ B) ⇒⇒⇒ (A∧∧∧ C) ⇒⇒⇒ B

Remark 2
The above axioms have been written using ⇒⇒⇒ for better read-
ability because formulas with this connective are more usual
than those with ≡. However, technically we apply equational-
style proofs in the sense of [3], which are sequences of formu-
las of the form A1 ≡ A2, . . . , An−1 ≡ An such that each of
the individual theorems Ai ≡ Ai+1 has an independent indi-
vidual proof. Therefore, a fussy presentation would require to
rewrite all the axioms using ≡ and the definition (5) only.

By A[p := B] we denote a formula resulting from A by
replacing all occurrences of a propositional variable p in A
by the formula B. Then we introduce the following inference
rules of EQ-logic:

(EA)
A,A ≡ B

B
(L)

B ≡ C

A[p := B] ≡ A[p := C]

The rule (EA) is the equanimity rule and (L) is the Leibnitz
rule for formulas (cf. [3] and elsewhere). The notion of prov-
ability is classical. A formal theory is any subset T ⊆ FJ . As
usual, we suppose that T is defined by a set of special axioms.

3.2 Main properties

The proof of the following three lemmas is technical. They
demonstrate several reasonable properties of the basic EQ-
logic.

Lemma 4
The following are special derived rules:

(a) A ≡  � A. (rule (T1))

(b) A � A ≡ . (rule (T2))

(c) A∧∧∧ D ≡ C,A ≡ B � B ∧∧∧ D ≡ C. (rule (C))

(d) (A ≡ D) ≡ C,A ≡ B � (B ≡ D) ≡ C. (rule (E))

(e) A&&& D ≡ C,A ≡ B � B &&& D ≡ C. (rule (F1))

(f) D&&&A ≡ C,A ≡ B � D&&& B ≡ C. (rule (F2))

Lemma 5
(a) � A ≡ A,

(b) A ≡ B � B ≡ A,

(c) A ≡ B, B ≡ C � A ≡ C,

(d) A,A ⇒⇒⇒ B � B, (Modus Ponens)

(e) � (⇒⇒⇒ A) ≡ A,

(f) A ⇒⇒⇒ B, B ⇒⇒⇒ C � A ⇒⇒⇒ C,

(g) A,B � A&&& B,

(h) � (A ≡ B) ≡ (B ≡ A),

(i) A ⇒⇒⇒ (B ≡ C), B � A ⇒⇒⇒ C,

(j) � (A ≡ D) ⇒⇒⇒ ((A ≡ B) ≡ (D ≡ B)),

(k) A ⇒⇒⇒ (B ≡ C), B ≡ D � A ⇒⇒⇒ (D ≡ C),

(l) A ⇒⇒⇒ (B ≡ C), C ≡ D � A ⇒⇒⇒ (B ≡ D),

(m) � (A ≡ B) ⇒⇒⇒ (A ⇒⇒⇒ B),

(n) A ≡ B, C ≡ D � A&&&C ≡ B &&&D,

(o) A ⇒⇒⇒ B, C ⇒⇒⇒ D � A&&& C ⇒⇒⇒ B &&&D,

(p) � ((A ≡ B) ≡ C)&&&(A ≡ D) ⇒⇒⇒ ((D ≡ B) ≡ C),

(q) � (A ≡ B)&&&(C ≡ D) ⇒⇒⇒ (A ≡ C) ≡ (B ≡ D),

(r) � (A ⇒⇒⇒ B)&&&(B ⇒⇒⇒ A) ⇒⇒⇒ (A ≡ B),

(s) � B ⇒⇒⇒ (A ⇒⇒⇒ B).

Lemma 6
(a) � (A ≡ B)&&&(B ≡ C) ⇒⇒⇒ (A ≡ C),

(b) � (A&&&(A ≡ B)) ⇒⇒⇒ B

(c) � (A ⇒⇒⇒ B)&&&(B ⇒⇒⇒ C) ⇒⇒⇒ (A ⇒⇒⇒ C),

(d) � (A&&&(A ⇒⇒⇒ B)) ⇒⇒⇒ B

(e) � B ⇒⇒⇒ (B ≡ ),

(f) A ⇒⇒⇒ (B ⇒⇒⇒ C) � (A&&& B) ⇒⇒⇒ C,

(g) � A&&& B ⇒⇒⇒ A ≡ B,

(h) � (A∧∧∧ B) ⇒⇒⇒ A,

(i) � (C ⇒⇒⇒ A)&&&(C ⇒⇒⇒ B) ⇒⇒⇒ (C ⇒⇒⇒ (A∧∧∧ B)).

By the straightforward verification we can prove the follow-
ing two lemmas.

Lemma 7
All axioms of EQ-logic are tautologies.

Lemma 8
The deductive rules of EQ-logic are sound in the following
sense. Let e : FJ −→ E be a truth evaluation:
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(a) If e(A) = 1 and e(A ≡ B) = 1 then e(B) = 1.

(b) If e(B ≡ C) = 1 then e(A[p := B] ≡ A[p := C]) = 1
for any formula A.

The following is a standard Lindenbaum-Tarski technique.
Put

A ≈ B iff � A ≡ B, A,B ∈ FJ .

It follows from Lemmas 5(a), (h) and 6(a) that ≈ is an equiv-
alence on FJ . Let us denote by [A] an equivalence class of A
and put Ē = {[A] | A ∈ FJ}. If we define

1 = [],
[A] ∧ [B] = [A∧∧∧ B],
[A] ⊗ [B] = [A&&& B],
[A] ∼ [B] = [A ≡ B],

then we obtain an algebra Ē = 〈Ē,∧,⊗,∼,1〉.

Lemma 9
The algebra Ē is a good semicopula-based EQ-algebra.

Theorem 4 (Soundness)
The basic EQ-fuzzy logic is sound.

PROOF: This is a consequence of Lemmas 7 and 8. �

Theorem 5 (Completeness)
The following is equivalent for every formula A:

(a) � A,

(b) e(A) = 1 for every good semicopula-based EQ-algebra
E and a truth evaluation e : FJ −→ E.

PROOF: The implication (a) to (b) is soundness.
(b) to (a): By Lemma 9 the algebra Ē of equivalence classes

of formulas is a good semicopula-based EQ-algebra. Thus, if
(b) holds then it holds also for e : FJ −→ Ē. If e(A) = 1
then it means that [A] = [], i.e. � A ≡  and so, � A by
rule (T2). �

4 Extensions of the basic EQ-logic
In this section we will briefly discuss some extensions of the
basic EQ-logic.

4.1 Involutive EQ-logic

This logic (we will speak about IEQ-logic) contains falsity
and is characterized by the property of double negation which
leads to some simplifications.

The language J is the same as that of basic EQ-logic with
the exception that  is replaced by ⊥. Furthermore, we intro-
duce the following shorts of formulas:

 := ⊥ ≡ ⊥, (6)
¬A := A ≡ ⊥, (7)

A∨∨∨ B := ¬¬¬(¬¬¬A∧∧∧¬¬¬B). (8)

(clearly, (7) is a negation and (8) a disjunction.
Axioms of IEQ-logic are (EQ2)–(EQ12) plus the following

ones:

(EQ13) (A&&&B)&&& C ≡ A&&&(B &&& C),

(EQ14) (A∧∧∧ ⊥) ≡ ⊥,

(EQ15) ¬¬¬¬¬¬A ≡ A.

Axiom (EQ14) characterizes the basic property of ⊥ and it can
be written as ⊥⇒⇒⇒ A (ex falso quodlibet). Axiom (EQ1) is in
this logic provable.

A contradiction is a formula A&&&¬¬¬A. Then we say that a
theory T is contradictory if T � A&&&¬¬¬A for some formula
A ∈ FJ .

A straightforward proof will give the following (classical)
theorem:

Theorem 6
A theory T is contradictory iff T � A for all A ∈ FJ(T ).

Semantics of this logic is formed by IEQ-algebras.

Theorem 7 (Completeness)
The following is equivalent for every formula A:

(a) � A,

(b) e(A) = 1 for every IEQ-algebra E and a truth evaluation
e : FJ −→ E.

4.2 EQ(R)-fuzzy logic

This logic seems to be closest to the residuated fuzzy logics.
In fact, it already introduces some kind of residuated structure
which enables to prove a stronger variant of the completeness
theorem.

The language of this logic is that of IEQ-logic extended by
two binary connectives: “\” and “/” and the shorts (6) and

A∨∨∨ B := ((A ⇒⇒⇒ B) ⇒⇒⇒ B) ∧ ((B ⇒⇒⇒ A) ⇒⇒⇒ A).

Axioms are (EQ1)–(EQ14) plus the following:

(EQ16) (A ⇒⇒⇒ B)∨∨∨ (D ⇒⇒⇒ (D&&&(C ⇒⇒⇒ (B ⇒⇒⇒ A)&&&C)))

(EQ17) C/(A ⊗ B) ≡ (C/(B/A))

(EQ18) (A ⊗ B)\C ≡ ((A\B)\C)

Semantics of this logic is formed by good non-commutative
prelinear EQ(R)-algebras.

Using Theorem 3, the following can be proved:

Theorem 8 (Completeness)
For every formula A ∈ FJ the following is equivalent:

(a) � A.

(b) e(A) = 1 for every truth evaluation e : FJ −→ E
and every linearly ordered good non-commutative EQ(R)-
algebra E .

(c) e(A) = 1 for every truth evaluation e : FJ −→ E and
every good non-commutative prelinear EQ(R)-algebra E .
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4.3 Residuated EQ-logic

This is stronger logic close to MTL-logic because of introduc-
ing the residuation property.

The language J is the same as that of basic EQ-logic. Its
axioms are (EQ1)–(EQ12) plus the following:

(EQ19) ((A&&& B) ≡ C)&&&(D ≡ A) ⇒⇒⇒ (C ≡ (D&&&B))

Lemma 10
The following is provable residuated EQ-logic:

(a) � A&&&B ≡ B &&& A,

(b) (A&&&B)&&& C ≡ A&&&(B &&& C),

(c) � ((A&&& B) ⇒⇒⇒ C) ≡ (A ⇒⇒⇒ (B ⇒⇒⇒ C)).

By An we mean n-times repetition of A w.r.t. &&& (as usual).

Theorem 9 (Deduction)
For every theory T and formulas A, B ∈ FJ :

T ∪ {A} � B iff there is n ≥ 1 such that T � An ⇒⇒⇒ B

Semantics for this logic is formed by residuated EQ-
algebras. If we replace the constant  in the language J by ⊥,
take the definition (6) and add axiom (EQ14) and the axiom

(EQ20) ((A ⇒⇒⇒ B) ⇒⇒⇒ C) ⇒⇒⇒ (((B ⇒⇒⇒ A) ⇒⇒⇒ C) ⇒⇒⇒ C)

then the resulting logic is equivalent with the MTL-logic.

5 Conclusion
In this paper we introduced a class of logics based on a new
algebra of truth values called EQ-algebra. This algebra is spe-
cific by introducing fuzzy equality (equivalence) as the basic
operation. Accordingly, the basic connective of EQ-logic is
equivalence.

It is easy to show that BCK-axioms are provable in ba-
sic EQ-logic and so, basic EQ-logic is also a BCK-one (cf.
[13]). However, since modus-ponens is a derived rule in the
former, translation of properties of BCK-logic to EQ-logic is
not straightforward. It is an open question whether there is
a formal system equivalent with basic EQ-logic with modus
ponens as its sole rule.
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Abstract— This communication is concerned with the problem of
supervised classification of fuzzy data obtained from a random ex-
periment. The data generation process is modelled through fuzzy
random variables which, from a formal point of view, can be identi-
fied with a kind of functional random element. We propose to adapt
one of the most versatile discriminant approaches in the context of
functional data analysis to the specific case we handle. The discrimi-
nant analysis is based on the kernel estimation of the nonparametric
regression. The results are applied to an experiment concerning fuzzy
perceptions and linguistic labels

Keywords— fuzzy data, random experiments, supervised classifi-
cation, kernel estimation, nonparametric regression.

1 Introduction
In many random experiments, as for instance sociological sur-
veys, ecological studies, etc., some characteristics of interest
can be assessed in a more meaningful scale if the respon-
dents or the experts are allowed to indicate the degree of
precision/imprecision of their answers/judgment/perceptions
by means of fuzzy sets (see, for instance, [3] and Section 4
for more details). The results of those experiments can be
soundly modelled by means of fuzzy random variables in Puri
& Ralescu’s sense [16]. It should be remarked that fuzzy
random variables in this sense are used to model fuzzy-set-
valued random elements and that our goal regards the fuzzy
random variables ‘per-se’. However, there are other experi-
ments in which the quantity of interest is an underlying real-
valued random variables that cannot be precisely observed. In
this cases, different approaches may be considered (see, for
instance, [5]).

From a formal point of view fuzzy random variables can be
identified with a special case of functional random variables,
although with some particular features concerning the natural
arithmetic and metric structure (see [7] for a deeper discus-
sion). Functional Data Analysis has become an important area
of research in recent years (see, for instance, [12, 17, 8, 19]),
and as it was suggested in [7], it is possible to take advantage
of some of the results developed for those elements to analyze
fuzzy data.

As a first step in classification problems concerning fuzzy
random variables, some unsupervised approaches have been
considered in the literature (see, for instance, [10]). In this
communication we deal with the supervised classification
problem. That is, given a set of possible groups and a train-
ing random sample of fuzzy data of each group, the goal is to

predict the group membership of a new fuzzy datum.
As it is indicated in [6], there are different approaches to this

problem in the functional context. Most of them are based on
modifications of the linear discriminant analysis, however to
avoid the inconveniences that frequently arises from the pres-
ence of nonlinear class boundaries, we propose a nonparamet-
ric method inspired by [6].

The rest of the paper is organized as follows. In Section 2
we introduce the notation and the basic concepts. In Section 3
the classification approach is discussed. Section 4 is devoted
to the empirical results, and finally in Section 5 we conclude
with some remarks and open problems.

2 Preliminaries
We will denote by Fc(Rp) the class of fuzzy sets U : R

p →
[0, 1] whose α-levels Uα are nonempty compact convex sub-
sets of R

p for all α ∈ [0, 1], where Uα = {x ∈ R
p |U(x) ≥

α} for all α ∈ (0, 1] , and U0 = cl({x ∈ R
p |U(x) > 0}).

Recently, a new class of metrics based on the generaliza-
tion of the mid-point and the spread of an interval has been
defined. This class is very intuitive and versatile and has good
properties for the statistical analysis (see [18]).

The generalized mid-point and spread of a fuzzy set A is
a way of identifying levelwise the center (location) and the
extent (imprecision) by considering each direction in the mul-
tidimensional case through the unit sphere S

p−1.
Formally, let α ∈ [0, 1] and u ∈ S

p−1, and calculate the
lengths πu(Aα) of all orthogonal projections of Aα on this
direction, i.e.

πu(Aα) =
[
πu(Aα) , πu(Aα)

]
=

[ − sAα
(−u) , sAα

(u)
]

where s stands for the support function of a nonempty con-
vex compact set, that is, sAα(u) = supa∈Aα

〈u, a〉 (〈·, ·〉 de-
noting the usual inner product in R

p). Thus, the general-
ized mid-point and spread of A are defined as the functions
mid A, spr A : S

p−1 × [0, 1] → R so that

mid A(u, α) = mid Aα
(u) =

1
2
(
sAα

(u) − sAα
(−u)

)
,

spr A(u, α) = spr Aα(u) =
1
2
(
sAα(u) + sAα(−u)

)
.

Note that in the interval case, S
p−1 = {−1, 1}

and mid A(−1, α) = −mid A, mid A(1, α) = mid A,
spr A(−1, α) = spr A(1, α) = spr A holds for all α ∈ [0, 1].
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The generalized mid-point and spread are not defined as num-
bers summarizing the ‘central tendency’ and the ‘impreci-
sion’, but as functions identifying the ‘central points’ and
the ‘imprecision’ in the different directions of the Euclidean
space. In this way, we get a meaningful characterization of
the fuzzy sets alternative to the classical support functions.

The class of distances in [18] is defined from the distances
between the level sets as a meaningful generalization of the
Bertoluzza et al. metric [1], by considering L2-type distances
between the mid-points and the spreads. Specifically, for each
level set α ∈ [0, 1], we define

d2
θ

(
Aα, Bα

)
= ‖mid Aα−mid Bα‖2 +θ‖sprAα−sprBα‖2

where ‖ · ‖ is the usual L2-norm in the space of the square-
integrable functions L2(Sp−1), and 0 < θ ≤ 1 determines
the relative importance of the squared distance between the
spreads in relationship with the squared distance between the
mids.

The metric between fuzzy sets Dϕ
θ is defined as a weighting

mean (w.r.t. a probability measure ϕ with support [0, 1]) of the
distances between the level sets by

Dϕ
θ (A, B) =

( ∫
[0,1]

d2
θ(Aα, Bα)dϕ(α)

)1/2

The weight measure ϕ reflects the intuitive (or subjective) in-
terpretation of fuzzy sets - for instance one may treat every
α-level as equally important (and therefore use the Lebesgue
measure as weight measure ϕ), or give more mass to α-levels
close to 1 or to α-levels close to 0.

If we denote by ‖·‖2̃ the usual L2-norm on the Hilbert space
H = L2(Sp−1 × [0, 1]), we have the following alternative
intuitive expression for the metric:

(Dϕ
θ (A,B))2 =

∥∥mid A − mid B

∥∥2

2̃
+ θ

∥∥spr A − spr B

∥∥2

2̃
.

Let (Ω,A, P ) be a probability space. A Fuzzy Random
Variable (FRV) can be identified with a Borel measurable
mapping X : Ω → Fc(Rp) (see [2, 16]). The concepts of in-
duced probability distribution and independence are the same
as for general metric-space valued random elements.

3 Nonparametric discriminant approach for
fuzzy data

Assume that we have a population (Ω,A, P ), and for each
individual we observe a fuzzy datum. In addition, each indi-
vidual may belong to one of k different categories g1, . . . , gk,
and as learning sampling we have the fuzzy data and the group
of n independent individuals. The goal is to find a rule that al-
lows us to classify a new individual in one of the k groups
from the fuzzy datum. For this purpose we suggest to use a
nonparametric approach.

Formally, let (X , G) : Ω → Fc(Rp) × {g1, . . . , gk} be a
random element in such a way that X (ω) is a fuzzy datum
and G(ω) is the membership group (g1,. . . or gk) of each in-
dividual ω ∈ Ω. Assume that we have n independent copies
of (X , G) as training sample, that is, we have a random sam-
ple {Xi, Gi}n

i=1. As in a more general functional context (see
[6]), we propose to estimate nonparametrically

P (G = gj |X = x̃)

for j = 1, . . . , k, x̃ ∈ Fc(Rp), and then to assign the new data
to the class of higher estimated probability.

In order to find a reasonable estimator of the preceding
probability consider first δ > 0 and a closed ball B(x̃; δ) de-
fined in terms of the metric introduced in Section 2. From
Bayes Theorem we have that

P (G = gj |X ∈ B(x̃; δ))

=
P (X ∈ B(x̃; δ)|G = gj)P (G = gj)
k∑

l=1

P (X ∈ B(x̃; δ)|G = gl)P (G = gl)

=
P (Dϕ

θ (X , x̃) ≤ δ|G = gj))P (G = gj)
k∑

l=1

P (Dϕ
θ (X , x̃) ≤ δ|G = gl)P (G = gl)

For each x̃, obviously Dϕ
θ (X , x̃) is a (real-valued) random

variable. Let FDϕ
θ (X ,ex)|G=gj

denote the distribution function
of this variable in the group gj . Consequently,

P (G = gj |X ∈ B(x̃; δ))

=
FDϕ

θ (X ,ex)|G=gj
(δ)P (G = gj)

k∑
l=1

FDϕ
θ (X ,ex)|G=gl

(δ)P (G = gl)

If we assume (as it is natural in the nonparametric set-
ting) that FDϕ

θ (X ,ex)|G=gj
is uniformly continuous for all j =

1, . . . k, then we have that there exists an underlying density
function fDϕ

θ (X ,ex)|G=gj
and

lim
δ→0

FDϕ
θ (X ,ex)|G=gj

(δ)

δ
= fDϕ

θ (X ,ex)|G=gj
(0)

As a result,
P (G = gj |X = x̃)

=
fDϕ

θ (X ,ex)|G=gj
(0)P (G = gj)

k∑
l=1

fDϕ
θ (X ,ex)|G=gl

(0)P (G = gl)

.

Note that the denominator is just fDϕ
θ (X ,ex)(0), and for this

reason according to [6] we could estimate P (G = gj |X = x̃)
by means of

P̂ (G = gj |X = x̃)

n∑
i=1

IG=gj
K(h−1Dϕ

θ (Xi, x̃))

n∑
i=1

K(h−1Dϕ
θ (Xi, x̃))

=

(nh)−1

n∑
i=1

IG=gj
K(h−1Dϕ

θ (Xi, x̃))

(nh)−1

n∑
i=1

K(h−1Dϕ
θ (Xi, x̃))
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=

(njh)−1
∑
i∈Nj

K(h−1Dϕ
θ (Xi, x̃))

 · (njn
−1)

(nh)−1

n∑
i=1

K(h−1Dϕ
θ (Xi, x̃))

where Nj = {i ∈ {1, . . . , n}|Gi = gj}, nj is the cardinality
of Nj , K is a kernel and h the bandwidth.

The last expression shows clearly that the estimator depends
on an estimate of fDϕ

θ (X ,ex)|G=gj
(0) (the densities within each

group at the point 0), the empirical estimate of P (G = gj) and
an estimate of fDϕ

θ (X ,ex)(0) (the overall density at the point 0).
In this approach the bandwidth is the same for all the esti-
mates, and it is determined by employing the whole sample.
In this way, it is verified that

k∑
j=1

P̂ (G = gj |X = x̃) = 1.

However, since that fDϕ
θ (X ,ex)(0) is composed by a mixture

of the variables {Dϕ
θ (X , x̃)|G = gj}k

j=1 whose distributions
are expected to be different (recall that the aim is to discrimi-
nate among them), it seems more convenient to estimate sep-
arately each distribution (each one of them with its own band-
width) and then to combine them to estimate fDϕ

θ (X ,ex)(0).
Thus, we propose to estimate fDϕ

θ (X ,ex)|G=gj
(0) by means of

f̂Dϕ
θ (X ,ex)|G=gj

(0) = (njhj)−1
∑
i∈Nj

K(h−1Dϕ
θ (X , x̃))

for all j = 1, . . . , k. In this way,

P̂ (G = gj |X = x̃) =
njn

−1f̂Dϕ
θ (X ,ex)|G=gj

(0)
k∑

l=1

(njn
−1)f̂Dϕ

θ (X ,ex)|G=gl
(0)

,

and it is also verified that

k∑
j=1

P̂ (G = gj |X = x̃) = 1.

The considered estimators are statistically consistent under
the unique assumption that the corresponding densities exist
for each x̃ ∈ Fc(Rp) (and the usual regularity conditions are
satisfied), however there is no assumption about the changes
in the distributions as x̃ varies.

4 Empirical results
In an experiment about the visual perception of the length of
a rule relatively to a maximum, we have shown images like
those in Figure 1 to different people. The aim has been to
know the relative measure of the dark line (below)in contrast
with the light line (above) for these people. They have been
allowed to express the lack of precision that they may have
by using a fuzzy scale. After a trial with the software, people
have seen different rules with random length and they have
indicated their perception about the length in the fuzzy scale
and the linguistic label (very small, small, medium, large, very
large) that they consider suitable for such a length.

Figure 1: Software to evaluate the visual perception of a rule

The way of using fuzzy scale as explained in the software
is as follows:

“This experiment regards your perception about the relative
length of different lines.

On the top of the screen, we have plotted in light color the
longest line that we could show to you. This line will remain
visible in the current position during all the experiment, so
that you can always have a reference of the maximum length.

At each trial of the experiment we will show you a dark line
and you will be asked about its relative length (in comparison
with the length of the reference light line):

• Firstly you will be asked for a linguistic descriptor of the
relative length. We have consider five descriptors (Very
Small; Small; Medium; Large; Very Large). The aim is
to select one of these descriptors at first sign (you can
change it later if you want to).

• Secondly you will be asked for your own estimate or per-
ception (without physically measuring it) of the relative
length (in percentage) by means of a Fuzzy Set (the infor-
mation about the design and interpretation of the Fuzzy
Set will be shown to you at this time).

• Finally, in case your initial perception had been changed
during the process you can readjust again the linguistic
descriptor of its relative length.”

Concerning the design and interpretation of the fuzzy set,
when the image of Figure 1 is shown, the respondents have
been asked to draw a fuzzy set representing their perceptions.
In accordance with the usual interpretation, the respondents
have to choose the 0-level (set of all those points with a pos-
itive degree of membership) as the set of all values that they
consider compatible with the length to a greater or lesser ex-
tent. In the same way, the 1-level (set of all those points with
total degree of membership) has to be fixed as the set of values
that they consider completely compatible with their perception
about the measure of the line. Although it is possible to change
the shape of the resulting fuzzy sets, by default the trapezoidal
fuzzy set formed by the interpolation of both intervals is fixed
(as shown in Figure 1).

In Table 1 we show some of the data of a person who made
220 trials.

The goal here is to predict the category (very small, small,
medium, large or very large) that this person would consider
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Table 1: Perceptions about the relative length of the rule.
Trial inf P0 inf P1 supP1 supP0 Ling. descrip.
1 78.27 80.94 84.41 87.40 large
2 54.93 58.00 62.20 65.67 large
3 47.25 49.43 50.89 53.31 medium
4 92.65 95.72 97.58 99.11 very large
5 12.92 15.51 17.77 20.03 very small
6 32.55 36.03 39.90 42.89 small
7 2.50 4.44 6.22 9.21 very small
8 24.80 28.19 30.45 33.28 small
9 55.17 58.40 61.79 65.75 large
10 2.26 3.63 5.57 8.08 very small

suitable from the fuzzy perception that he/she has about the
length of the line. It should be remarked that the categories
are treated here simply as different classes, which may be also
labelled as 1, 2, 3, 4 and 5, irrespectively of the fuzzy rep-
resentation that they may have. The consideration of fuzzy
labels would lead to a different approach.

The line showed at each trial has been chosen at random,
although to obtain also a validation sample we have proceeded
as follows:

• 166 lengths were generated by means of random numbers
between 0 and 100. They will be used as training sample.

• The 9 lengths in the equally spaced discrete set
{100/27 + (i/8)100(1 − 2/27)}i=0,...,8 have been re-
peated 6 times. Thus, we have 54 lengths that are rep-
resentative of the different situations that may arise, and
that can be used as validation sample.

• The 166 random lengths of the training sample and the
54 lengths of the validation sample are interspersed and
shown at random.

As it was explained in Section 3, we need to estimate the
density of the random variable Dϕ

θ (X , x̃) at the point 0 for
any fuzzy response x̃ we obtain. The problem of estimating
a density in the boundary of its support is not easy. Several
approaches can be found in the literature (see for instance,
[15], [13] and [11]), however none of them have solved all the
inconveniences that may arise. We have considered different
options to evaluate its performance in this case study:

M1: Firsty a kernel density estimation with Quartic Kernel

K1(u) =
15
16

(1 − u2)2I(|u|≤1).

and bandwidth chosen by cross-validation were consid-
ered. It is well-known that this estimator is non consis-
tent in the boundaries. In particular the estimation at 0 in
this case is not good in general (see for instance, [15]).
As we have mentioned, several boundary corrections to
overcome this problem are available. Many of these cor-
rections (basically based on Jacknife) lead to consistent
estimators at the boundaries, although taking negative
values in many practical situations (which makes them
useless in our case). There are some exceptions in the
literature that yield to both consistent and non-negative
estimates.

M2: In particular, as a second scenario we have considered
the proposal in [6] of using an asymmetric kernel. To
be precise, we consider the absolute value of the Quartic
kernel K1, that is,

K2(u) =
15
8

(1 − u2)2I(u∈[0,1]).

This approach leads to consistent estimates at the bound-
ary (but with a low convergence speed ratio). There are
no studies about the optimal way of choosing the band-
width for this asymmetric kernel, so we have used the
common one provided by cross-validation techniques ap-
plied to this particular case.

M3: Finally, as a third strategy we have considered the estima-
tor proposed by [14] which is a kernel density estimation
with boundary correction that provides with non-negative
estimates, that is,

fP (0) = f(0) exp

{
f̂(0)
f(0)

− 1

}

where f̂(0) denotes the basic kernel density estimator di-
vided by a0(0) =

∫ 0

−1
K(u)du and f is the boundary

corrected kernel density estimator based on generalised
jackknifing by combining f̂ with the analogous estima-
tor based on the kernel L(u) = 0.5K(2u). In this case
and optimal (local) bandwidth is the solution of a com-
plex variational problem (see [15] for a similar situation),
that in general is not possible to obtain. For this rea-
son we have considered the global cross-validation band-
width for the kernel K = K1.

In Table 2 we show the percentage of right classification
corresponding to each one of the considered methods. We ob-
serve a better behaviour for M2 than for M3. In addition M1 is
quite similar to M3 in spite of being theoretically inconsistent.
This seems to indicate that the selection of a right bandwidth
is more important than the theoretical accuracy of the consid-
ered estimator (M1 and M2 are worse from a theoretical point
of view than M3, provided that the optimal bandwidth is con-
sidered).

Table 2: Percentage of right classification with different meth-
ods.

M1 M2 M3
% of right classification 75.92 83.33 77.77

5 Concluding remarks
This works is a preliminary study concerning the problem of
supervised classification of fuzzy random variables. We pro-
pose to use a nonparametric approach to better capture non-
linear boundaries. However, other interesting viewpoints may
be used (either by extending those in functional data analysis,
as the penalized or flexible discriminant analyses, or by be-
ing developed ad-hoc for this case). Further theoretical and
empirical comparative studies should be developed.

As it is mentioned in Section 4, the nonparametric estima-
tion problem to be solved here is not easy, and there is no
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general optimal method to do it. Our empirical results seem
to indicate the importance of the bandwidth selection. As it
is well-known, the optimal bandwidth for the estimation of a
density function is not appropriate in general for the estima-
tion of its curvature. In the same way, the optimal bandwidth
for the estimation of a density function is non necessarily ap-
propriated for the classification problem. As an open problem,
we propose to optimize the bandwidth selection for the clas-
sification problem by choosing, for instance, the values maxi-
mizing the proportion of right classifications.

On the other hand, it seems also very interesting to consider
the case in which the group membership of the training data is
imprecise, as it is done in [4] for real learning data.
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Confidence regions for the mean of a fuzzy random variable
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Abstract— The aim of this paper is to extend the classical prob-
lem of confidence interval estimation for the mean of a random vari-
able to the case of a fuzzy random variable. The key idea consists
in considering a confidence region defined as a ball w.r.t. a given
metric, which is centered in the sample mean and whose radius is
determined via bootstrapping. The developed approach is illustrated
both by means of simulated examples using C and R and by means of
a practical example consisting of courses evaluations.

Keywords— Fuzzy random variables, confidence interval, confi-
dence region, expectation, bootstrap.

1 Introduction
Inferential procedures for handling fuzzy information have
gained in importance in the literature during the last years.
Hypothesis testing problems concerning fuzzy random vari-
ables (hereafter FRV for short) in different situations (see, for
instance, [9, 13, 14, 5, 6, 3]) as well as consistency properties
of the considered estimators, i.e. the associated point-wise
estimation problems, have been studied extensively (see, for
instance, [12, 10, 16, 7]). Nevertheless, the problem of confi-
dence interval estimation for FRVs has not received too much
attention. In this communication we will focus on the the
problem of estimating by a confidence interval the expected
value of an FRV in Puri & Ralescu’s sense [15].

Initially, there are two main difficulties in connection with
this estimation problem: the well-known lack of ordering and
the lack of linearity of the space of fuzzy sets. The lack of
ordering is not crucial - indeed this difficulty has been faced
previously in some classical situations (as for instance in the
determination of confidence bands for the linear regression).
On the other hand the lack of linearity makes it senseless to
attempt to express the confidence interval in the standard way
(sample mean plus/minus a given quantity depending on the
variability and the sample size). Consequently, we will speak
about confidence regions instead of confidence intervals in the
following, keeping in mind that these regions cannot be spe-
cified simply by means of an upper and lower bound.

It is well-known that if X is a real-valued random variable
with mean µ and finite variance, then, based on a random sam-
ple X1, . . . , Xn of n independent random variables having the
same distribution as X , a confidence interval with confidence
level 100(1 − β)% for µ, can be determined by

ICn = [X − δ, X + δ],

whereby X is the sample mean and δ = δ(X1, . . . , Xn) is
so that P (µ ∈ ICn) = 1 − β. The keys are, firstly, that this

confidence interval can be seen as a ball with respect to the Eu-
clidian distance which is centered in the sample mean X and
has radius δ and, secondly, that in practice δ can be computed
via bootstrapping. In other words: classical confidence inter-
vals for the mean µ can equivalently be seen as balls, having
the sample mean as center and a suitable radius.

Having this is in mind, our goal is to consider a good met-
ric (that is, both easy to handle and easy to interpret) on the
space of all fuzzy sets and, on the basis of this metric, to define
confidence regions as balls centered in the sample mean and
with a given radius which is empirically determined by apply-
ing bootstrap procedures. By the comments made before this
technique surely is a natural extension of the classical proce-
dure for real random variables.

The rest of the manuscript is organized as follows. In Sec-
tion 2 we will recall some preliminary concepts concerning
FRVs. At the beginning of Section 3 we propose an initial al-
gorithm to determine a confidence ball for the mean of an FRV
by using bootstrap. After checking its capability by means of
various simulations made in C and R we finally present an im-
provement of the algorithm. In Section 4 we will apply the
developed procedure to a concrete fuzzy sample consisting of
courses evaluations. Finally, some concluding remarks, next
developments and open problems are gathered in Section 5.

2 Preliminaries

Fuzzy random variables in Puri and Ralescu’s sense [15] are
an extension of both random variables and random (convex
compact) sets. They allow us to model situations in which an
imprecise (fuzzy) value is associated with the outcome of a
stochastic experiment. In order to give an exact definition of
FRVs we need some preliminary notions.
Kc(R) will denote the family of all non-empty compact inter-
vals. Fc(R) denotes the class of fuzzy numbers, i.e. functions
U : R → [0, 1], whose α-levels Uα fulfill Uα ∈ Kc(R) for
all α ∈ [0, 1] whereby, as usual, Uα := [Uα, Uα] := {x ∈
R|U(x) ≥ α} for every α ∈ (0, 1] and U0 := [U0, U0] is
defined as the topological closure of ∪α∈(0,1]Uα.
The class Fc(R) is usually endowed with a semilinear struc-
ture that is compatible with Zadeh‘s Extension Principle (see
[17]) - i.e. with a sum (extending the Minkowsky addition
of intervals), defined by (U + V )α = Uα + Vα for all
α ∈ [0, 1], and with a product by a scalar, (aU)α = aUα

for all α ∈ [0, 1] and a ∈ R. For every U ∈ Fc(R) midU and
sprU are defined to be real-valued functions on [0, 1] such that
midU (α) := (Uα + Uα)/2 and sprU (α) := (Uα − Uα)/2

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1433



for every α ∈ [0, 1].
A very useful metric on Fc(R) from the statistical point of
view is the one introduced by Bertoluzza et al [1]. It depends
on two weighting probability measures W and ϕ, defined on
([0, 1],B[0,1]) (B[0,1] being the Borel σ-field on [0, 1]). For any
two fuzzy numbers U, V ∈ Fc(R) the Dϕ

W -distance is defined
as:√∫

[0,1]2

[
t(Uα − V α) + (1 + t)(Uα − V α)

]2
dW (t)dϕ(α)

Thereby ϕ is assumed to have a strictly increasing distribu-
tion function on [0, 1] (and therefore has the whole interval
[0, 1] as support) and W is non-degenerate (i.e. it is not a
Dirac measure). A especially useful subclass of choices for
W , on that we will concentrate in the sequel is that for which∫ 1

0
tdW (t) = 1/2 (which in fact is equivalent to assuming

Dϕ
W to be invariant to rigid motions on R). In this case it is

easy to see that (Dϕ
W (U, V ))2 can be rewritten as follows:

(Dϕ
W (U, V ))2 =

∫
[0,1]

(mid U (α) − mid V (α))2dϕ(α)

+θW

∫
[0,1]

(spr U (α) − spr V (α)2dϕ(α)

That is, the squared Dϕ
W -distance of U, V ∈ Fc(R) is the sum

of the squared ϕ-weighted L2-distances between the mids and
between the spreads, where the parameter θW ∈ (0, 1] allows
us to weight the relative importance of the distance between
mids w.r.t. the distance between spreads (in particular, when
W is chosen as the Lebesgue measure λ then θW = 1/3).

Having this, we can now return to the definition of an FRV
mentioned before. Let (Ω,A, P ) be an arbitrary probability
space. an FRV X is a mapping X : Ω → Fc(R), which is
Borel-measurable with respect to the Dϕ

W -metric. This defi-
nition is different from the original one by Puri and Ralescu,
however in many cases and in particular in the cases we will
consider in the sequel coincides with the original one (see
[15, 11, 2]).
The FRV X is said to be integrably bounded whenever
max{|min X0|, |max X0|} ∈ L1(Ω,A, P ). If X is an in-
tegrably bounded FRV then its expected value (or mean) is
defined as the unique fuzzy number E(X ) ∈ Fc(R) such that(
E(X )

)
α

is the Aumman integral of the random set Xα for all
α ∈ [0, 1] (see [15]). In particular,(

E(X )
)
α

= [E(minXα), E(maxXα)]

holds for all α ∈ [0, 1] if X is integrably bounded.
If, in addition, max{|minX0|, |maxX0|} ∈ L2(Ω,A, P ),
then the (W, ϕ)-variance of X (see [12, 10]) is defined as

Var(X ) = E([Dϕ
W (X , E(X ))]2). (1)

Remark: The main reasons for using the above mentioned
Dϕ

W -metric are that (1) it has more good intuitive properties
(see [1]) than the usual Lp metrics dp (see [4]) do not have, and
(2) it can be expressed as an inner product on the Hilbert space
of all square integrable functions on H = L2([0, 1]×{−1, 1})
(via using the concept of support function).

3 Confidence regions for the mean of an FRV
Let (Ω,A, P ) be an arbitrary probability space, and
consider an FRV X : Ω → Fc(R) verifying
max{|minX0|, |maxX0|} ∈ L2(Ω,A, P ). As mentioned in
the introduction, our aim is to calculate a confidence ball for
the expectation µ = E(X ) ∈ Fc(R) on the basis of n inde-
pendent observations (X1, . . . ,Xn) of X .
We will denote by X and Ŝ the associated sample fuzzy mean
and sample (W,ϕ)-deviation respectively, that is,

X =
1
n

n∑
i=1

X i, Ŝ =

√√√√ 1
n

n∑
i=1

[Dϕ
W (Xi,X )]2. (2)

Following the approach mentioned in the introduction, for a
given significance level β ∈ (0, 1) we define the confidence
ball CRβ with respect to the Dϕ

W -metric as

CRβ = B(X , δ) = {U ∈ Fc(R)|Dϕ
W (U,X ) ≤ δ}, (3)

whereby the radius δ has to verify the coverage condition

P (µ ∈ B(X , δ)) = P (Dϕ
W (µ,X ) ≤ δ) = 1 − β. (4)

Due to the non-existence of sufficiently general parametric
models for FRVs in general it is not possible to find δ fulfill-
ing the coverage condition. Nevertheless we may choose δ as
the (1 − β)-quantile of the distribution of Dϕ

W (µ,X ), which
in turn can be approximated by the corresponding bootstrap
(1 − β)-quantile. In fact, given a sample (X1, . . . ,Xn) of X
we propose to proceed as follows:

Algorithm 3.1

Step 1. Fix the significance level β ∈ (0, 1) and the num-
ber B of bootstrap replications.

Step 2. Obtain B bootstrap samples (X b�
1 , . . . ,X b�

n )
(b = 1, . . . , B) from (X1, . . . ,Xn), and for each one
compute its corresponding sample mean X b�

.

Step 3. Compute the distance between the sample mean
and each bootstrap sample mean, d�

b = Dϕ
W (X ,X b�

),
for each b = 1, . . . , B.

Step 4. Choose δ as one of the (1 − β)-quantiles of the
sample (d�

1, . . . , d
�
B) (that is, choose δ so that at least

the 100(1 − β)% of the computed distances are smaller
or equal than δ and at least the 100β% of the computed
distances are greater or equal than δ).

In order to analyze the quality and accuracy of the confi-
dence regions obtained by means of this algorithm we have
made simulations with different sample sizes n. We have cho-
sen ϕ as the Lebesgue measure on [0, 1] and used two differ-
ent weight distributions W (in fact θW = 1/3, which corre-
sponds to the Lebesgue measure, and θW = 9/10 that gives
more weight to the spreads, were used). Each simulation cor-
responds to 10000 iterations with 1000 bootstrap replications
and a significance level β of 0.05.
For the simulation of general FRVs the approach introduced in
[8] has been applied and n0 = 101 equally spaced alpha-levels
(αi = (i − 1)/(n0 − 1), i = 1, . . . , n0) were considered. In
short, this approach consists essentially of the following three
steps (for more details see [8]):
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SIM1 Decomposition:
Fix the (future) expectation V ∈ Fc(R), an index n0 ∈ N

and α-levels 0 = α1 < α2 < · · · < αn0 = 1. Let V c be
the mid-point of the 1-level of V , V l := V c − min(V0)
the total left spread and V r := max(V0) − V c the total
right spread. Furthermore define

Lα =
{ {0} if V l = 0,

[(min(Vα) − V c)/V l, 0] if V l �= 0

Rα =
{ {0} if V r = 0,

[0, (max(Vα) − V c)/V r] if V r �= 0

for every α ∈ [0, 1] and set F l(t) := max(−L1−t) and
F r(t) := max(R1−t) for every t ∈ [0, 1] (in fact F l

and F r are distribution function but we do not use their
stochastic interpretation).

SIM 2 Discretization:
Define pl

1 = F l(α1) and pl
i = F l(αi) − F l(αi−1)

for all i = 2, . . . , n0, and pr
1 = F r(α1) and pr

i =
F r(αi) − F r(αi−1) for all i = 2, . . . , n0 respectively.
Let Bx ∈ Fc(R) denote the fuzzy set fulfilling (Bx)α =
[0,1[α,1](x)] for every α ∈ [0, 1] and set

Vn0 = V c +
n0∑
i=1

−B1−αi
V lpl

i +
n0∑
i=1

B1−αi
V rpr

i

SIM 3 Stochastic Perturbation
Consider a (2n0 + 1)-dimensional random vector

Y = (C0, C
l
1, . . . , C

l
n0

, Cr
1 , . . . , Cr

n0
) : Ω → R×[0,∞)2n0

of coefficients for the ‘approx-
imating’ simulated FRV X � as random perturbation of
(V c, V lpl

1, . . . , V
lpl

n0
, V rpr

1, . . . , V
rpr

n0
) in such a way

that

E(C0, C
l
1, . . . , C

l
n0

, Cr
1 , . . . , Cr

n0
) =

= (V c, V lpl
1, . . . , V

lpl
n0

, V rpr
1, . . . , V

rpr
n0

)

holds and set

X � := C0 +
n0∑
i=1

−B1−αiC
l
i +

n0∑
i=1

B1−αiC
r
i (5)

This procedure generates a sample of size 1 of the FRV X - for
a sample of size n SIM 3 simply has to be repeated n times.

Remark: To be precise, in the simulations we have made
we have used perturbations from the same distributions, i.e.
Cl

1, . . . , C
l
n0

are independent and distributed as a fixed Dl,
and Cr

1 , . . . , Cr
n0

are independent and distributed as a fixed
Dr (these distributions are also mentioned in the tables be-
low).

In particular we made simulations for three FRVs X , Y and
Z with different expectations - the above-mentioned parame-
ters defining these FRVs are listed in Table 1. Moreover for the
FRV Z (1) the mean, (2) examples of the simulated samples of
Z , (3) the distance between the mean V and one sample mean
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Figure 1: Expectation V of the FRV Z
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Figure 2: Simulated sample and sample mean (in red)

Table 1: Parameters defining the FRVs for the simulation

V = [V c, V l, V r, F l, F r] C = [C0, Dl, Dr]
X [0,1,1,Beta(1,1),Beta(1,1)] [U(− 1

2 , 1
2 ), U(0,2), U(0,2)]

Y [4,2,2,Beta(0.5,1),Beta(3,2)] [U(0, 8), χ1, χ2/2]
Z [0,2.2,3.2,MixL,MixR)] [U(−1, 1), U(0, 2), Ex(1)]

and (4) the empirical distribution function of the quantity d�
b

are depicted in Figure 1 - Figure 4.
Thereby MixL denotes a mixture distribution consisting

of a point mass in 0 with weight 0.083 and a Beta(0.3,0.3)-
distribution with weight 0.9167, and MixR denotes a mixture
distribution consisting of a point mass in 0 with weight 0.067
and a Beta(3,2)-distribution with weight 0.933.

In Table 2 and Table 3 the percentage of confidence regions
(among the 10,000 simulated ones) containing the popula-
tional mean in each situation is collected.

Table 2: Percentage of accurate confidence regions using Al-
gorithm 3.1 - Part 1

n = 10 n = 30
θW X Y Z X Y Z
1/3 89.86 90.03 90.15 93.58 93.25 93.80
9/10 89.89 89.69 0.00 93.07 93.64 93.64
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Figure 3: Dϕ
W -distance of mean and sample mean (θW =

1/3)
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Figure 4: Empirical distribution function of d�
b and 95%-

quantile

Table 3: Percentage of accurate confidence regions using Al-
gorithm 3.1 - Part 2

n = 100
θW X Y Z
1/3 94.51 94.83 0.00
9/10 94.54 94.65 0.00

Taking a look at the results in Table 2 and Table 3 it seems
that (irrespective of the underlying distribution and the se-
lected value for the parameter θW ), the accuracy of the con-
fidence regions generated by means of Algorithm 3.1 is suf-
ficient for either moderate or large sample sizes (30-100 ob-
servations), whereas the results are not satisfactory for small
sample sizes (10 observations). As usual, the bigger the sam-
ple size, the closer the empirical accuracy to the theoretical
one.

In order to improve the results, especially for small sam-
ple sizes, we are going to modify the proposed method. The
modification we make is the usual one in classical statistics -
we define the radius of the confidence ball to be directly pro-
portional to the (estimated) population variability (standard-
ization). For this purpose, define a new confidence ball w.r.t.
the Dϕ

W -metric as follows

CRβ = B(X , Ŝδ) = {U ∈ Fc(R)|Dϕ
W (U,X )/Ŝ ≤ δ}, (6)

whereby the radius δ has to verify the coverage condition

P (µ ∈ B(X , Ŝδ)) = P (Dϕ
W (µ,X )/Ŝ ≤ δ) = 1 − β. (7)

For the same reasons mentioned in the previous case we
again use bootstrapping. In this case the variability of the
population, from which the bootstrap sample is taken, is com-
pletely known (denoted by Ŝ). Consequently, one possibility
consists in approximating the distribution of Dϕ

W (µ,X )/Ŝ by
means of Dϕ

W (X ,X �)/Ŝ, which, however, leads exactly to
the procedure proposed in Algorithm 3.1. Another possibility
is to reestimate the variability of the bootstrap population in-
stead of using the exact known value Ŝ. We will see that this
alternative approach leads to better results.
In fact, the proposed procedure works as follows:

Algorithm 3.2

Step 1. Fix the significance level β ∈ (0, 1) and the num-
ber B of bootstrap replications.

Step 2. Obtain B bootstrap samples (X b�
1 , . . . ,X b�

n )
(b = 1, . . . , B) from (X1, . . . ,Xn), and for each one
compute its corresponding sample mean X b�

and its
sample deviation Ŝb�.

Step 3. Compute the distance between the sample mean
and each bootstrap sample mean, and calculate d�

b =
Dϕ

W (X ,X b�
)/Ŝb� for each b = 1, . . . , B.

Step 4. Choose δ as one of the (1 − β) quantiles of the
sample (d�

1, . . . , d
�
B).

In Table 4 the percentage of accurate confidence regions
using Algorithm 3.2 in the same situations as in the preceding
simulating study is collected. As it was expected the accu-
racy of the confidence regions obtained by using the second
approach is much better than the one of the first approach. In-
deed, the procedure can be applied also for small sample sizes
(n = 10) and seems to be a little bit conservative (with an
empirical confidence level greater than the theoretical one).

Table 4: Percentage of accurate confidence regions using Al-
gorithm 3.2 - Part 1

n = 10 n = 30
θW X Y Z X Y Z
1/3 96.31 95.18 95.70 95.38 95.17 95.42
9/10 96.17 95.77 95.57 94.89 95.26 95.27

Table 5: Percentage of accurate confidence regions using Al-
gorithm 3.2 - Part 2

n = 100
θW X Y Z
1/3 94.93 95.06 0.00
9/10 94.94 94.92 0.00

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1436



4 Case Study
In this section we will apply the proposed methodology in or-
der to obtain a confidence ball for the mean overall rating of
the II Summer Course organized by the European Centre for
Soft Computing in July 2008. A survey regarding different
aspects of this summer course was presented to the students
at the end of the course. Among other questions, the students
where asked about the overall rating of the course. The an-
swers where collected directly as fuzzy sets. In fact, a scale
ranging from 0 (minimum rating) to 100 (maximum rating)
was presented (see Figure 5). The students were asked to draw
a trapezoidal fuzzy set R representing their rating by fixing
two intervals, the 0-level and the 1-level. Firstly the 0-level
was chosen in such a way that their perception about the over-
all rating was surely not outside of this interval. Finally the
1-level was chosen as an interval in which they thought their
overall rating would be contained.

Min 10% 20% 30% 40% 50% 60% 70% 80% 90% Max

Figure 5: Scale for the made questionary

The overall rating of 33 students were collected, edited in
Table 6 and the sample mean was calculated.

Applying Algorithm 3.1 and Algorithm 3.2 with B =
10000 bootstrap iterations and a significance level β = 0.05
we obtained the following results for the confidence balls
listed in Table 7. The centre of the balls in each case is the
sample mean X (see Figure 6).

50 60 70 80 90 100

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Figure 6: Thn elements of the fuzzy sample and the sample
mean (red)

Figures 7 and Figures 8 depict the empirical distribution
functions for the quantities d�

b in Algorithm 3.1 and Algorithm
3.2 as well as the corresponding 95%-quantiles (for the case
θW = 1/3).

Remark: Having calculated the 95%-confidence balls for
the mean overall rating, one question that naturally arises is,
how this confidence balls really look like. Going back to the
definition of the Dϕ

W -metric it is clear that U ∈ B(V, δ) (ball
with respect to Dϕ

W ), for instance, does not imply any re-
strictions on the support of U - in fact, the support can be

Table 6: Overall ratings of the II Summer Course.
Student min R0 min R1 max R1 max R0

1 58,50 75,00 81,75 94,50
2 64,22 71,78 78,44 86,33
3 69,44 75,22 80,78 85,56
4 64,00 72,11 85,44 89,33
5 61,67 69,56 83,33 91,22
6 56,67 66,67 75,56 85,56
7 62,22 72,22 80,00 86,67
8 50,33 57,11 61,67 68,67
9 68,33 75,22 77,44 82,89
10 62,56 69,22 78,56 83,89
11 82,22 87,33 88,11 93,44
12 50,33 60,00 64,44 74,44
13 45,56 56,67 70,00 81,11
14 69,13 75,00 89,00 94,00
15 58,89 68,89 73,11 83,11
16 51,11 62,22 63,33 77,78
17 65,00 72,50 78,50 86,25
18 51,89 61,22 68,22 86,56
19 45,89 51,67 59,44 66,33
20 74,11 80,56 88,78 95,11
21 67,89 76,22 78,33 85,56
22 74,17 85,00 88,33 97,33
23 72,22 75,00 80,44 85,33
24 51,11 60,00 71,11 78,89
25 55,56 65,56 68,89 77,22
26 76,11 80,89 90,11 93,44
27 69,89 75,11 78,00 83,22
28 80,00 90,00 90,00 100
29 71,29 79,14 82,86 89,57
30 63,78 70,89 79,44 86,67
31 63,33 74,44 85,56 95,56
32 60,00 72,11 72,11 79,89
33 78,00 83,00 87,80 92,60
Mean 63,50 71,74 78,15 86,00

Table 7: Results of the case study - calculated radius

Radius
θW Ŝ Algorithm 3.1 Algorithm 3.2
1/3 8.41 2.8239 0.3587
9/10 8.61 2.8224 0.3476

arbitrarily big as long as (loosely speaking) not too many1 α-
levels are arbitrarily big. The reason for this behaviour lies
in the fact that the Dϕ

W -metric (because of the integration in-
volved) averages over the distances of the α-levels (the same
holds for most metrics on Fc(R)). Nevertheless the condition
U ∈ B(V, δ) (ball with respect to Dϕ

W ) surely implies strong
restrictions on U - if for instance the spread of V is small for
all α, then the spread of U can not be too big for many α’s.
As an example, the trapezoidal fuzzy number (73, 73, 78, 78)
(representation as in Table 6) is not contained in the calcu-
lated confidence Ball B(X , 2.8239) since the mean spread is

1“many” in this context has to be understood as ”for a set of big
Lebesgue measure”
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too small.
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Figure 7: Empirical distribution function of d�
b and 95%-

quantile (Algoritm 3.1)
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Figure 8: Empirical distribution function of d�
b and 95%-

quantile (Algoritm 3.1)

5 Conclusions and open points

In this paper we have proposed two algorithms for calculating
confidence balls for the mean of an FRV - we used the sample
mean as centre of the ball and calculated the radius of the ball
via bootstrapping. Since we already have implemented the
developed procedures (and others) in C and R our aim is to
write a general R-package for statistics with fuzzy data, which
could then be freely used by everybody working with R.

The simulations indicate that the second method is quite
accurate, in the sense of achieving the nominal significance
level for moderate and even small samples. Nevertheless, it
is essential to analyze theoretically this approach in order to
soundly justify its usefulness.

We have focused on a kind of percentile bootstrapping for
the estimations, however it can be interesting to consider other
kinds of bootstrap approaches.

Finally, for a future work we propose to analyze a possible
modification of the metrics to make the estimation as reason-
able as possible, by avoiding to include in the confidence re-
gion fuzzy sets which are close to the sample mean, but are
not too realistic.
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Ralescu, D. A., On the formalization of fuzzy random variables,
Inform. Sci. 133, 3–6 (2001)

[3] Colubi, A., Statistical inference about the means of fuzzy ran-
dom variables: Applications to the analysis of fuzzy- and real-
valued data, Fuzzy Sets and Systems, 160 (3), 344-356 (2009)
(doi:10.1016/j.fss.2007.12.019)

[4] Diamond, P., Kloeden, P.: Metric spaces of fuzzy sets, World
Scientific, Singapore, 1994

[5] Gil, M.A., Montenegro, M., González-Rodrı́guez, G., Colubi,
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Gil, M.A., One sample tests for a generalized Fréchet vari-
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Abstract - The paper presents an algorithm designed to 
detect layers of eye’s retina using an analysis in a hierar-
chic approach. This type approach has been implemented 
and tested in images obtained by means of Copernicus OCT 
(Optical Coherence Tomography). The algorithm created is 
an original approach to detect contours, layers and their 
thicknesses. The approach presented is an expansion of 
approaches described in [1], [2] and [4] and enables iden-
tification and recognition of external limiting membranes, 
retina and others in a very short time. The algorithm has 
been implemented in Matlab and C environment. 

Keywords - tomographic eye image, algorithm, recognition 

1. Introduction 
Images originating from a Copernicus tomograph due to its 
specific nature of operation are obtained in sequences of a 
few, a few dozen 2D images within approx. 1s, which pro-
vide the basis for 3D reconstruction. Because of their num-
ber, the analysis of a single 2D image should proceed within 
a time not exceeding 10 ms, so that the time of operator’s 
waiting for the result would not be onerous (as it is easy to 
calculate for the above value, for a few dozen images of 
resolution usually MxN = 740x820 in a sequence, this time 
will be shorter than 1 s).  
At the stage of image preprocessing (like in [1], [2] and [3]) 
the input image LGRAY is initially subject to filtration using a 
median filter of (Mh x Nh) size of mask h equal to 
Mh x Nh=3x3 (in final version of the software this mask may 
be set also at Mh x Nh=5 x 5 so as to obtain better precision 
of algorithm operation for a certain specified group of im-
ages). Image LM obtained this way is subject consecutively 
to decomposition to an image of lower resolution and ana-
lysed in terms of layers detection.  

2. Image decomposition 
It is assumed that the algorithm described should give satis-
factory results considering mainly the criterion of operating 
speed. Although methods (algorithms) described in [1], [2] 
and [3] feature high precision of computations, however, 
they are not fast enough (it is difficult to obtain the speed of 
single 2D image analysis on a PII 1.33 GHz processor in a 
time not exceeding 10 ms). Therefore a reduction of image 
LM resolution by approx. a half was proposed to such value 
of pixels number in lines and columns, which is a power of 
‘2’, i.e.: MxN=256x512 (LM2) applying further on its de-

compositions to image LD16 (where symbol ‘D’ means de-
compositions, while ‘16’ the size of block, for which it was 
obtained). Each pixel of the input image after decomposition 
has a value equal to a median of the area (block) of 16x16 
size of the input image, acc. to Figure. 1.  

 

Figure. 1. Blocks arrangement in LM image 

 

Figure. 2. Pictorial diagram of layers sought arrangement 
in a tomographic image  

 

 

Figure. 3. Image before and after decomposition – LM2 
and LD16, respectively 
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An example of LD16 result and the input image LM2 is shown 
in Figureure. 3. Image LD16 is then subject to determination 
of pixels position of maximum value for each column, i.e.: 

� � � � � �� �
�
�
� �

�
others0

nm,Lmaxnm,Lif1
nm,L D16mD16

DM16
 (1) 

where: 
m –  means a line numbered from one; 
n –  means a column numbered from one. 

Using the described method of threshold setting for the 
maximum value in lines, in 99 percent of cases only one 
maximum value in a column is obtained (Figureure. 4). 

 

Figure. 4. Example of LDM16 image 

 

Figure. 5. Example of LDB16 image  

To determine precise position of Gw and Rp limits (Figure. 
2) it turned out necessary to use one more LDB16 image, i.e.:  

� � � � � �
�
�
� ��	

�
others0

pn1,mLnm,Lif1
nm,L rD16D16

DB16
 (2) 

for m
(1,M-1), n
(1,N), 
where:  

pr –  threshold assumed within the range (0, 0.2). 
As a result, coordinates of Gw(n) and Rp(n) limits position 
points are obtained as such positions of values ‘1’ in LDB16 
image, for which Gw(n) � Rp(n) and Rp(n) is obtained from 
LDB16 image in the same way. 
This method for pr threshold selection at the level of 0.01 
gives satisfactory results in around 70 percent of cases of not 
composed images (i.e. such, which are not images with a 
visible pathology). Unfortunately for the other 30 percent 
cases the selection of pr threshold in the adopted limits does 
not reduce the originated errors (Figure. 5).  
The correction on this level of erroneous recognitions of 
Gw(n) and Rp(n) layers is that important, that for this ap-
proach these errors will not be duplicated (in the hierarchic 

approach presented below) for the subsequent more precise 
approximations. 

3. Correction of erroneous recognitions 
In LDB16 image (Figure. 5) white pixels are visible in an 
excess number for most columns. Two largest objects ar-
ranged along ‘maxima’ in columns entirely coincide with 
Gw and Rp limits position. Based on that and having carried 
out the above analysis for a few hundred images, the follow-
ing limitations were adopted: 
� for coordinates Rp(n) found in LDM16 image there must 

be at the same time LDM16(m,n)=1 in other cases this 
point is considered as disturbance or as a point of Gw(n) 
layer, 

� if only one pixel of value ‘1’ occurs in image LDM16 and 
LDB16 for the same position, i.e. for the analysed n there 
is LDM16(m,n) = LDB16(m,n) the history is analysed for 
n>1 and it is checked, whether |Gw(n-1) - Gw(n)| >  
|Rp(n-1) - Rp(n)|, i.e.: 

� � �nRp  

� � � �
� � � � � � � �

�


�
�

	�	�

���

others0
nRp1-nRpnGw1-nGw

1nm,Lnm,L
ifm DM16DB16  

(3) 

for m
(1,M-1), n
(2,N), 
� if |Gw(n-1) - Gw(n)| � |Rp(n-1) - Rp(n)|, the condition 

Gw(n-1) - Gw(n) = �1 is checked (giving thereby up 
fluctuations against history n-1 within the range �1 of 
area A (Figure. 1). If so, then this point is the next Gw(n) 
point. In the other cases the point is considered as a dis-
turbance. It is assumed that lines coincide Gw(n) = Rp(n) 
if Rp(n-1) - Rp(n)=�1 and only one pixel occurs of value 
‘1’ in LDM16 image. 

� in the case of occurrence in specific column of larger 
number of pixels than 2, i.e. if � �� � 2nm,Lsum DB16m

�  a pair 

is matched (if occurs) Gw(n-1), Rp(n-1) so that |Gw(n-1) 
 - Gw(n-1)| - |Rp(n) - Rp(n)| = �1 would occur. In this 
case it may happen that lines Gw(n) and Rp(n) will coin-
cide. However, in the case of finding more than one solu-
tion, that one is adopted, for which LD16(Gw(n),n) 
 + LD16(Rp(n),n) assumes the maximum value (the maxi-
mum sum of weights in LD16 occurs). 

The presented correction gives for the above class of images 
the effectiveness of around 99% of cases. Despite adopted 
limitations the method gives erroneous results for the initial 
value n=1, unfortunately these errors continue to be dupli-
cated.  
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Figure. 6. Examples of LDB16 images for pr=0.01 with in-
correctly marked Gw(n), Rp(n) points (layers) 

Unfortunately, the adopted relatively rigid conditions of 
acceptable difference |Gw(n-1) - Gw(n-1)| or |Rp(n)-Rp(n)| 
cause origination of large errors for another class of tomo-
graphic images, in which a pathology occurs in any form 
(Figure. 7). 

 

 

Figure. 7. Examples of LDB16 images for pr=0.01 with in-
correctly marked Gw(n), Rp(n) points (layers) 

As it may be seen in Figure. 6 and Figure. 7 problems occur 
not only for the initial n values, but also for the remaining 
points. The reason of erroneous recognitions of layers posi-
tions consists of difficulty in distinguishing proper layers in 
the case of discovering three ‘lines’, three points in a spe-
cific column, which position changes in acceptable range for 
individual n. 
These errors cannot be eliminated at this stage of decompo-
sition into 16x16 pixels areas (or 16x32 image resolution). 

They will be the subject of further considerations in the next 
sections. 

4. Reducing the decomposition area  
The increasing of accuracy and thereby reducing the Am,n 
area size (Figure. 1) – block in LM image – is a relatively 
simple stage of tomographic image processing with particu-
lar focus on the operating speed. It has been assumed that 
Am,n areas will be sequentially reducing by half in each itera-
tion – down to 1x1 size. The reduction of Am,n area is 
equivalent to performance of the next stage of lines Gw and 
Rp position approximation.  
The increasing of accuracy (precision) of Gw and Rp lines 
position determined in the previous iteration is connected 
with two stages: 
� concentration of (m,n) coordinates in the sense of deter-

mining intermediate ((m,n) points situated exactly in the 
centre) values by means of linear interpolation method; 

� change of concentrated points position so that they would 
better approximate the limits sought. 

If the first part is intuitive and results only in resampling, the 
second requires more precise clarifications. The second 
stage consists in matching individual points to the layer 
sought. As in the ox axis the image by definition is already 
decomposed and pixel’s brightness in the image analysed 
corresponds to the median value of the original image in 
window A (Figure. 1), the modification of points Rp and Gw 
position occurs only in the vertical axis. The analysis of 
individual Rp and Gw points is independent in the sense of 
dependence on n-1 point position, as was the case in the 
previous section. 

 

Figure. 8. Pictorial diagram of the process of Rp course 
matching to the edge of the layer sought. Individual pixels 
independent of each other may change the position within 

the �pu range 

Each of Rp points, left from the previous iteration, and new-
ly created from interpolation, in the consecutive algorithm 
stages is matched with increasingly high precision to the 
RPE layer. Point’s Rp(n) position changes within the range 
of �pu (Figure. 8), where the variation range does not depend 
on the scale of considerations (size of A area) and strictly 
results from the distance between Gw and Rp (Figure. 2). 
For blocks A of size from 16 x 16 to 1 x 1 pu is constant and 
equal 2. This value has been taken based on typical average, 
for analysed a few hundred LGRAY images, distance between 
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Gw and Rp equal to around 32 pixels, what means that after 
decomposition into blocks A of size 16x16 these are two 
pixels, i.e. pu=2. In this �2 range a maximum is sought in 
LDM image and a new position of point Rp or Gw assumed 
for it. Thus the course of Rp or Gw is closer to the actual 
course of the layer analysed. 

 

Figure. 9. Results of matching for two iterations White 
colour marks input Rp points and red and green – consecu-

tive approximations 

The obtained results of matching are presented in Figure. 9. 
White colour shows input Rp values as input data for this 
stage of algorithm and decomposition into A blocks of size 
16 x 16 (LDM16 and LDB16 images), red colour – results of 
matching for A blocks of size 8 x 8 (LDM8 and LDB8 images), 
and green colour – results of matching for A blocks of size 
4 x 4 (LDM4 and LDB4 images). As may be seen from Figure. 
9 the next decompositions into consecutive smaller and 
smaller A areas and thus image of higher resolution, a higher 
precision is obtained at the cost of time (because the number 
of analysed Rp(n), Gw(n) points and their neighbourhoods 
�pu increases). 
This method for A of 16 x 16 size has that high properties of 
global approach to pixels brightness that there is no need to 
introduce at this stage additional actions aimed at distin-
guishing layers situated close to each other (which have not 
been visible so far due to image resolution). While at A 
areas of 4x4 size other layers are already visible, which 
should be further properly analysed. At increased precision, 
Io layer is visible, situated close to Rp layer (Figure. 9). 
Thereby in the area marked with a circle there is a high posi-
tion fluctuation within the oy axis of Rp layer. Because of 
that the next step of algorithm has been developed, taking 
into account separation into Rp and Io layers for appro-
priately high resolution. 

5. Analysis of Rp and Io layers 
The analysis of layers consists in separating line Io from line 
Rp originating from previously executed stages of the algo-
rithm. The case is facilitated by the fact that on average 
around 80, 90% of pixels in each tomographic image has a 
maximum value in each column exactly in point Rp (this 
property has been already used in the first section). So the 
only problem is to detect the position of Io line. One of pos-
sible approaches consists of an attempt to detect the contour 

of the layer sought in LIR image. This image originated from 
LM image thanks to widening of Rp(n) layer range within oy 
axis within the range of �pI=20 pixels. LIR image has been 
obtained with the number of columns consistent with the 
number of LM image columns and with the number of lines 
2�pI+1.  

 

Figure. 10. Image LIR = LM(m-Rp(n),n) 

Figure. 10 shows image LIR = LM(m-Rp(n),n) originating 
from LM image from Figure. 9. 
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Figure. 11. Courses LIRS = LMS(m-Rp(n),n) versus m 

The upper layer visible in Figure. 10 as a pretty sharp con-
tour is the sought course of Io. Unfortunately, because of a 
pretty high individual variation within the Io layer position 
relative to Rp the selected pI range in further stages of the 
algorithm may be increased even twice (that will be de-
scribed later). To determine consecutive points of Io layer 
position interpolations with 4th order polynomial of grey 
level degree for individual columns of LIR image obtaining 
this way LIRS, which changes of grey levels in individual 
columns are shown in Figure. 11. The position of point Io(n) 
occurs in the place of the highest gradient occurring within 
the range (Rp(n)- pI) � Rp(n) relative to LMS image or 1� pI 
relative to LIRS image. 

  

Figure. 12. Parts of LM images with marked courses 
Gw – red, Rp – blue, and Io – green 

As may be seen in Figure. 12, the method presented per-
fectly copes with detecting Gw, Rp and Io layers marked in 
red, blue and green, respectively. 
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6. Layers thickness map and 3D reconstruction 
The analysis of LM images sequence and precisely the ac-
quiring of Gw, Rp and Io layers allows performing 3D re-
construction and layers thickness measurement. A designa-
tion for an image sequence with an upper index (i) has been 
adopted, where i = {1,2,3,...,k-1,k) i.e. LM

(1), LM
(2) , LM

(3) ,.., 
LM

(k-1), LM
(k). For a sequence of 50 images the position of 

Gw layers (Figure. 13), Rp (Figure. 14) and Io (Figure. 15) 
was measured as well as Io - Rp layer thickness (Figure. 16). 

 

Figure. 13. Spatial position of Gw 

 

Figure. 14. Spatial position of Rp 

 

Figure. 15. Spatial position of Io 

 

 

Figure. 16. Thickness of Io - Rp layer 

3D reconstruction performed based on LM
(i) images sequence 

is the key element crowning the results obtained from the 
algorithm suggested. The sequence of images, and more 
precisely the sequence of Gw(i)(n), Rp(i)(n) and Io(i)(n) layers 
position provides the basis for 3D reconstruction of a tomo-
graphic image. For an example sequence of 50 images and 
one LM

(i) image resolution of MxN= 256 x 512 a 3D image 
is obtained, composed of three Gw, Rp and Io layers of 
50 x 512 size.  

 

Figure. 17. Example 3D reconstruction of layers:  
Gw – blue, Rp – red, and Io - green  

In an obvious way a possibility of automatic determination 
of the thickest or the thinnest places between any points 
results from layers presented in Figure. 18.  

 

Figure. 18. Example 3D reconstruction of layers:  
Gw – blue, Rp – red, and Io - green 
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Results are shown in Figure. 17 for an example reconstruc-
tion of original images (without processing described above) 
based on pixels brightness and in Figure. 18 – the recon-
struction performed using the algorithm described above was 
carried out based on Gw(i)(n), Rp(i)(n) and Io(i)(n) informa-
tion. 

7. Summary 
The algorithm presented detects Gw, Rp and Io layers within 
up to 50 ms time on a PC with a 2.5 GHz Intel Core 2 Quad 
processor. The time was measured as a mean value of 700 
images analysis dividing individual images into A blocks 
(Figure. 1) consecutively of sizes 16 x 16, 8 x 8, 4 x 4, 2 x 2. 
This time may be reduced modifying the number of ap-
proximation blocks and at the same times increasing the 
layer position identification error – results are presented in 
the table below. 

Table 1. Execution time of algorithm to find Gw, Rp and Io 
layers and 3D reconstruction 

Processing stage Total time 
since process-

ing start  
[ms] 

Time of indi-
vidual stages 
computations 

[ms] 
Preprocessing 10.10 10.10 
Preliminary  

breakdown into  
Gw and Rp+Io 

13.20 3.20 

Gw and Rp+Io  
approximation  
for A – 16x16 

15.90 2.74 

Gw and Rp+Io  
approximation  

for A – 8x8 

23.70 7.63 

Precise Rp and Io 
breakdown 

44.60 20.85 

The specification of individual algorithm stages’ analysis 
times presented in the table above clearly shows the longest 
execution of the first stage of image preprocessing, where 
filtration with a median filter is of prevailing importance (in 
terms of execution time) as well as of the last stage of pre-
cise determination of Rp and Io layers position. Because 
precise Rp and Io breakdown is related to the analysis and 
mainly to the correction of Rp and Io points position in all 
columns of the image for the most precise approximation 
(because of a small distance between Rp and Io it is not 
possible to perform this breakdown in earlier approxima-
tions). So the reduction of computation times may occur 
only at increasing the error of layers thickness measurement. 
And so for example for the analysis in the first approxima-
tion for A of 32 x 32 size and then for 16 x 16 gross errors 
are obtained generated in the first stage and duplicated in the 
next ones. For approximations for A of 16 x 16 and then 
8 x 8, 4 x 4, 2 x 2 and 1 x 1 sizes the highest accuracy is 
obtained, however the computation time increases approxi-
mately twice.  
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Abstract— This paper handles the medical waste disposal facility 
location problem in Istanbul by using fuzzy TOPSIS (FETOPSIS) to 
select the adequate place between some candidate points that are 
obtained from the Ishii’s undesirable facility location algorithm. 
Medical waste must be disposed without damaging environment and 
human health, complying with new regulations. The aim is to provide 
an alternative method to the medical waste disposal facility location 
problem in Istanbul, able to handle the fuzziness of the real world. 
People attempt to minimize the undesirable effects introduced by the 
new facility by maximizing its minimum Euclidean distance with 
respect to all demand points and also to minimize the total 
transportation costs. This study proposes a modified model of Ishii’s 
algorithm to obtain a list of candidate points. Then a selection is 
made between these candidate points considering other criteria as 
earthquake risk, distance to natural water sources and level of air 
pollution.

Keywords— Undesirable Facility Location, Maximin, 
FETOPSIS, Medical Waste, Euclidean Distances.   

1 Introduction 
The infectious, pathological, cutter-driller wastes emanating 
from medical institutions are known as medical wastes. 
Recently, the controlled collection and safe disposal of 
medical waste has become an important field of environment 
protection in Turkey as in whole world. The 50% of 
environmental pollution has occurred in the last 35 years. As 
a result, the scientists work on eliminating all harmful 
factors on air, earth, water and human life. The safe disposal 
and the regain of waste are some of the important fields that 
they work on. Even if the medical waste consist a small part 
of waste amount, when we consider  the  threat they 
constitute on human life, their safe disposal is vital. 

The present position is that medical wastes are stored at 
special hazardous waste storage areas or medical waste 
disposal areas if they cannot be disposed by incineration. 
The technical criteria concerning storage are included in the 
By-Law on the Control of Medical Wastes (2005).  
Throwing away without control or common disposal with 
household waste poses a serious threat for all livings. That is 
why medical waste must be disposed without damaging the 
human mental and physical health, the animal health, the 
flora, the water and the welfare of the society, complying 
with new regulations.  

The aim of this study is to provide an alternative method to 
solve the medical facility location problem in Istanbul, able 

to handle the fuzziness of transportation costs and people 
preferences. Nuclear plant, oil refining plant, waste disposal 
plant must not be close to residential area. People attempt to 
minimize the undesirable effects introduced by the new 
facility by maximizing its minimum Euclidean distance with 
respect to all demand points and also to minimize the total 
transportation costs. These are semi-obnoxious facilities and 
to locate them, facility planners determined two objectives 
[1]. The first objective aims to maximize the minimum 
distance from the new facility to the demand points; this is 
the maximin problem. The second aim is to minimize the 
total distance from the facility to the demand points in order 
to minimize the transportation costs. In this study, we 
propose the following two-step solution procedure where we 
obtain all efficient solutions at the first step and then we 
choose the best solution at the second step. Considering the 
fuzzy nature of the people attitude towards the location of 
this kind of facilities we will try to find the site of the facility 
which maximizes the minimal satisfaction degree among all 
demand points and maximizes the preference of the site by 
using a method based on the Ishii’s where the attitudes of 
people are expressed by a trapezoidal membership function 
[2]. The function represents the satisfaction degree of 
demand points with respect to the distance from these points 
to the facility site. We reformulate the Ishii’s model to 
obtain a list of candidate points. Then, we make a selection 
between these candidate points by solving a fuzzy TOPSIS 
(FETOPSIS). The use of this method allows us to consider 
other criteria as earthquake risk, distance to natural water 
sources and level of air pollution. These criteria will be 
evaluated by experts with the first two criteria: distance to 
districts and transportation costs. 

2 Disposal of medical waste 
There are many proven techniques for the safe disposal of 
medical waste all around the world. Nowadays, new 
contagious diseases that appeared in diverse countries 
induced all medical authorities to take severe precautions. In 
2003, with the outbreak of severe acute respiratory 
syndrome (SARS) the authorities take more serious steps in 
managing medical waste. The procedures for handling, 
treatment and disposal of this waste were required to comply 
with the most stringent standards [3, 4]. The health authority 
in Taiwan had to handle the current status of waste 
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production for further management planning. The quantity 
of waste generated by hospitals varies by changes in local 
legislation according to the studies [5, 6, 7, 8].  

In Turkey, the medical waste production increases due to 
the economic and social changes and the population 
increase. The amount of waste is too huge to dispose in the 
dumping ground and requires an integrated management 
concept involving collection, transportation and disposal. By 
2005 the number of hospital in Turkey has become 1198 and 
due to development of medical technologies and hygienic 
precautions, total waste amount has been increasing. 
According to MEF’s researches, total waste amount in 
Turkey is 238.26 tons per day and 86 968 tons per year. 23 
000 tons of this amount is collected in Istanbul by ISTAC 
(sub institution of Istanbul Metropolitan Municipality) and 
district municipalities. 

The mortal contagious diseases that appeared recently in 
Turkey as Avian Influenza, as well-known name bird flu, 
Crimean-Congo hemorrhagic fever (CCHF) and the 
holocausts related to these diseases, furthermore the increase 
of other contagious diseases as aids, hepatitis and 
tuberculosis accentuate the vitality of the collection and the 
safe disposal of medical waste. 

The regulations of medical waste control inure on 
20.07.2005 in Turkey. The regulations are based on the 8th 
article of the environment code where it is denoted that 
inappropriate collection, transportation and disposal are 
forbidden. In the 35th article of regulations there is a legal 
decision on the medical waste disposal facility location: The 
distance of disposal facility can’t be closer than 1000 meters 
to the residential area. As it is mentioned clearly in the 
regulations these following criteria must be considered in the 
decision making process: 

1. Distance between disposal facility and districts. 
(C1) 

2. Transportation costs. (C2) 
3. Earthquake risk. (C3) 
4. Distance to the water sources. (C4) 
5. Existing air quality. (C5) 

The first two quantitative criteria will be handled by using 
a fuzzy facility location method so as to obtain worthwhile 
candidate points. Then these points will be handled by a 
fuzzy TOPSIS method considering the five criteria above all 
together to select a single point. 

3 Methodology 

3.1 Fuzzy Facility Location with Preference of Candidate 
Sites  

Facilities as power plants, chemical plants, dumping 
grounds, airports are undesired close to residential area but 
they must also be at a reasonable distance easy to reach in 
order to minimize transportation costs. By using different 
decision making methods one must compromise two 
objectives. People don’t want to live near a dumping ground 
but want also to get rid of the waste they produce as fast as 
possible. So the facility can not be placed to an inaccessible 
distance. 

The first step of this study is based on the [2]’s fuzzy 
facility location problem, where the attitudes of the demand 
points (people, clients) towards the location of new facility 
are expressed by a trapezoidal membership function. Ishii’s 
problem is reformulated to obtain a list of candidate points. 
Reference 2 categorizes people attitudes in three categories. 
In this study we have two categories of attitude: 1. People 
don’t want the facility near. 2. People don’t want high costs 
of transportation. As it is mentioned in the medical waste 
regulations, the burning and storage facility can not be close 
more than 1000 meters. Anyway people prefer the facility to 
be more than 5000 meters far from their residential area. 

 
 
 
 
 
 
 
 

Figure 1: Membership function related to distances. 
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N: North = 1; S: South = –1; E: East = 1; W: West = –1 are 
constants used to provide nonnegative differences between 
coordinates. Let be n demand points in the rectangular area. 
These points are represented as 
 �, , 1, 2, ...,i ip q i n� . 

The facility that we will build is represented as  
 �yx,��  

and 
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Define �: � = ( )id�  . Then, we model the problem as [2]: 
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But the way that we will pursue to solve this problem is to 

partition the rectangular area to small rectangles by tracing 
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points. For each line intersection point called  jmx  we will 

solve the sub-problem (4). The optimums of each sub 
problem can be handled by another decision making tool in 
order to select the best location for the facility. 
Q : Maximize  �   

 such that 
 
 
 
                                                                                       (4)                                    

 
 
3.2 Selection of the Best Candidate Site with Fuzzy 

TOPSIS
Method TOPSIS (Technique for Order Preference by 
Similarity to Ideal Solution) was developed by Hwang and 
Yoon (1981) as an alternative to the ELECTRE method. The 
basic concept of the method is that the selected alternative 
should have the shortest distance to the ideal solution and 
the farthest distance to the negative-ideal solution. The 
Euclidian distance approach was proposed to evaluate the 
relative closeness of the alternatives to the ideal solution [4]. 
It solves the dilemma of the choice between ideal and anti-
ideal by using an idea that Dasarathy (1976) applies to the 
data analysis. The TOPSIS method evaluates the decision 
matrix which refers to m alternatives which are evaluated in 
terms of n criteria [9]. 

In real-world situation, because of incomplete or non-
obtainable information, (for example, human judgments 
including preferences are often vague and cannot estimate 
his preference with an exact numerical data), the data are not 
deterministic; therefore they usually are fuzzy / imprecise, 
so, TOPSIS for fuzzy data is used [10]. The main advantage 
of fuzzy formulation compared to the crisp formulation is 
that the decision maker is not obligated to give a precise 
formulation, for the sake of mathematical reasons, even 
though he or she might be able or willing to describe the 
problem in fuzzy terms [11]. 

The extension of TOPSIS to fuzzy TOPSIS provides a new 
multi-criteria decision making method compatible with the 
real world decisions. There are diverse applications of this 
method in the literature as the evaluation of airline service 
quality of [12], selection of expatriate host country of [13], 
bridge risk assessment of [14], new product introduction of 
[15], industrial robotic system selection of [16] etc. 

Let A1, A2,..., Am be m alternatives among which we will 
make the selection, C1, C2,..., Cn be n the criteria that are 
under consideration during the decision making process. ijx~  

is the fuzzy rating of alternative Ai according to the criterion 
Cj. Fuzzy data used here is triangular fuzzy number. We can 
express this fuzzy multi criteria decision making problem in 
matrix format [10]: 
 
 
 
 

 
 
 
 
 

(5) 
 

The purpose of linear scales transformed with 
normalization function used in this study is to preserve the 
property that the ranges of normalized triangular fuzzy 
numbers to be included in (0,1). [17]: 
 
 

(6)                   
 
 
Here, ijij cc max* �   

Thereby, the normalized fuzzy decision matrix � �
nmijrR
�

� ~~
 

is generated. In decision making process each criterion can 
have a different importance for the decision maker who will 
assign different weights to each criterion. But in our study 
we assume that all criteria are equally important. 
We define the positive ideal solution *A  and the negative 
ideal solution �A [17]: 
 

(7) 
 

(8) 
 
Then, we have to calculate the distance of each alternative to 

*A and �A  , by using the formula of distance between two 
fuzzy numbers. 
 
 

(9) 
 
 

(10) 
 

 
The distance between two fuzzy numbers is calculated as: 
 

(11) 
 

 

(12) 
 

 
A relative closeness index between *

id and �
id  is 

calculated to determine the ranking order of alternatives 
[17,10]: 

 
(13) 
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4 Application 
This two-step model is applied to the medical waste facility 
selection for the most populated region of Istanbul including 
the districts �i�li, Ka��thane, Be�ikta� and Sar�yer. The 
figure 2 is the Google Earth map showing the application 
region. The distances and coordinates are provided by 
Google Earth. 

 
 
 
 

 

 

 

 

 
Figure 2: Selection of a medical waste disposal facility in 
Istanbul. 

In rectangular area there are four demand points and all 
lines passing through form 25 points which means that we 
will solve the sub problem (4) 25 times by using LINDO 
software. The optimum membership values and optimum 
candidate facility sites are in the Table 1. As our aim is to 
maximize membership value �, we can select the biggest � 
value as new facility site but there are many � values closer 
to each other. So, the most reasonable attitude is to handle 
some candidate points having big � value, considering other 
criteria. In this study, we handle seven points as alternatives 
having � value bigger than 0.600 in terms of an observation 
made on the map. 

Table 1: Optimum � values and optimum candidate facility 
sites 

SUB PROBLEMS OPTIMUM 
POINT 

OPTIMUM � 
VALUE 

1 - - 
2 (1.790; 3.450) 0.110 
3 (6.350; 0.000) 0.140 
4 (5.330; 7.110) 0.167 
5 (5.080; 2.160) 0.217 
6 (5.080; 3.645) 0.261 
7 (5.330; 3.645) 0.324 
8 (4.445; 2.160) 0.376 
9 (5.080; 2.795) 0.376 

10 (5.080; 2.795) 0.376 
11 (3.230; 0.000) 0.410 
12 (6.350; 2.160) 0.410 
13 (2.675; 0.540) 0.413 
14 (6.350; 7.110) 0.422 
15 (2.675; 0.000) 0.549 
16 (0.000; 0.565) 0.565 
17 (3.230; 7.110) 0.567 
18 (6.350; 3.645) 0.579 
19 (1.640; 5.645) 0.621 
20 (6.350; 3.045) 0.631 
21 (0.000; 3.100) 0.645 
22 (0.000; 0.000) 0,700 
23 (1.640; 7.110) 0.965 
24 (0.000; 5.520) 1.000 
25 (0.080; 5.690) 1.000 

   
Seven candidate waste disposal facilities are highlighted in 

the Table 1. As there are several candidate points, we need a 

second decision process where we will introduce new 
decision criteria that are mentioned in the regulations to find 
out the best place for a medical waste disposal facility. The 
five criteria mentioned in the second section are evaluated 
for each candidate site by experts. The fuzzy TOPSIS 
method of [17] was used to handle these evaluations.  

For the evaluation of the first criterion, the distance 
between the facility and the districts, experts used the � 
values of seven candidate points. Bigger � values improve 
our model. 

To figure out the transportation costs, the distances 
between districts and candidate points are measured and 
given in  the Table 2. The waste amount generated by each 
district is in the Table 3. These amounts help us to determine 
the weights of each district that are used in the calculation of 
transportation costs. 

Table 2: Distances of candidate sites to each demand point 
SITE SISLI BESIKTAS KAGITHANE SARIYER 

1 6.680 5.870 3.800 10.770 
2 3.580 7.890 2.580 7.670 
3 3.525 3.525 5.595 3.915 
4 5.300 10.310 5.000 5.250 
5 3.785 8.795 3.485 3.485 
6 5.390 10.400 5.090 5.000 
7 5.250 10.260 4.950 4.860 

 

Table 3: Waste amounts of each district and weights 
(Istanbul Metropolitan Municipality). 

DISTRICTS 
MED�CAL WASTE  

AMOUNT 
(KG/YEAR) 

WEIGHT 

SISLI 87 600 0.362 
BES�KTAS 64 800 0.268 
KAGITHANE 64 800 0.268 
SARIYER 24 600 0.102 
 

To evaluate the earthquake risk criteria, the experts used 
the earthquake map of Istanbul published by earthquake 
observatory of Istanbul. There are five different risk levels 
in the map. They evaluated each candidate point according 
to their location on the map. 
 

 
  
Figure 3: Earthquake Risk Map of Istanbul. 

Distances of each candidate point to the water sources 
were measured using Google Earth. The results were 
evaluated by experts. 

For the evaluation of air quality criterion, the experts used 
the data of Istanbul Technical University pollution reports. 
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The figure 4 is the regional pollution map. The amount of 
SO2 differs for each color in the map. It is denoted in the 
regulations that the waste disposal facility must be located in 
a region where it will not increase the pollution to high 
levels. So it is convenient to locate the facility in a less 
polluted area. 
 

 
  
 

 

 
 
Figure 4: SO2 amount for different places in Istanbul 

The linguistic variables used by experts are in the Table 4. 
In our study we used a scale of [17]. The evaluation matrix 
and the normalized decision matrix of fuzzy TOPSIS 
decision process of this study are given in  the Table 5 and 
Table 6. 

Table 4: Linguistic Variables 
Very poor (VP) (0; 1; 3) 
Poor (P) (1; 3; 5) 
Fair (F) (3; 5; 7) 
Good (G) (5; 7; 9) 
Very Good (VG) (7; 9; 10) 

 

Table 5: Expert Evaluation 

  C1 C2 C3 C4 C5 

A1 VP G F VP VG 
A2 VP VG P F VP 
A3 P G P G F 

A4 F P VP VG P 

A5 VG VP F P VG 
A6 VG VP F P VG 
A7 VG VP F P VG 

 

 

 

 

 

 

Table 6: Normalized Decision Matrix 
 C1 C2 C3 C4 C5 

0.00 0.50 0.43 0.00 0.70
0.10 0.70 0.71 0.10 0.90 A1 
0.30 0.90 1.00 0.30 1.00
0.00 0.70 0.14 0.30 0.00 
0.10 0.90 0.43 0.50 0.10 A2 
0.30 1.00 0.71 0.70 0.30 
0.10 0.50 0.14 0.50 0.30 
0.30 0.70 0.43 0.70 0.50 A3 
0.50 0.90 0.71 0.90 0.70 
0.30 0.10 0.00 0.70 0.10 
0.50 0.30 0.14 0.90 0.30 A4 
0.70 0.50 0.43 1.00 0.50 
0.70 0.00 0.43 0.10 0.70 
0.90 0.10 0.71 0.30 0.90 A5 
1.00 0.30 1.00 0.50 1.00 
0.70 0.00 0.43 0.10 0.70 
0.90 0.10 0.71 0.30 0.90 A6 
1.00 0.30 1.00 0.50 1.00 
0.70 0.00 0.43 0.10 0.70 
0.90 0.10 0.71 0.30 0.90 A7 
1.00 0.30 1.00 0.50 1.00 

 

The results are given in the Table 7. According to these 
results, three areas, A5, A6, and A7 are equally adequate for 
the medical waste disposal facility. Selected point is 
sufficiently far from residential area and not too far to 
increase the transportation costs. So one can conclude that 
this study is meaningful for this kind of problems. But this 
model does not take into account other logistical constraints.  

Table 7: Range of alternatives 
*
id Range

�
id Range iR Range

A1 1.64 3 1.83 3 0.53 3 
A2 2.13 5 1.35 5 0.39 5 
A3 1.57 2 1.93 2 0.55 2 
A4 2.04 4 1.45 4 0.42 4 
A5 1.30 1 2.17 1 0.62 1 
A6 1.30 1 2.17 1 0.62 1 
A7 1.30 1 2.17 1 0.62 1 

 

5 Conclusions 
This paper deals with the problem of determining the 
undesirable facility location site in Istanbul. We tried first to 
find the site of the facility which maximizes the minimal 
satisfaction degree among all demand points and maximizes 
the preference of the site by using a method based on the 
Ishii’s. 

There are four drawbacks in this kind of solution 
procedure. The first is that this solution procedure suggests 
that residential areas are discrete points. This problem can be 
handled by revising the intervals of membership function as 
in this study. Second is that more than one sub-problem can 
have the same optimum solution. To handle this problem we 
use the optimum of each sub-problem having nearly same � 
values, bigger than a fixed value, in a new decision making 
process. The inaptitude to introduce qualitative criteria to the 
decision process is another drawback. A fuzzy TOPSIS 

134 mic.gr/m3  
137 mic.gr/m3  
139 mic.gr/m3  
140 mic.gr/m3  
Sea 

94 mic.gr/m3  
96 mic.gr/m3  
123 mic.gr/m3  
125 mic.gr/m3  
128 mic.gr/m3  
131 mic.gr/m3 
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method is introduced to the decision making process as a 
second step to improve the model. The last drawback is not 
handled in this study but can be subject to a further study. 
When the number of districts increases, the number of sub 
problems increases hugely and it complicates the decision 
making process. For a limited number of districts, the 
apparent advantage of our solution procedure is that all 
problems are converted to linear problems and we solve 
them easily using LINDO software.  
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Abstract—This paper proposes a computational scheme for online 
classification of process data sets that represent different operation 
modes of machines and other systems by use of fuzzy similarity 
analysis. The classification procedure starts with a preliminary given 
small number of known operation modes (data sets) which constitute 
the initial size of the Knowledge Base (KB). During the online 
classification, the dissimilarity (difference) degree between the newly 
submitted operation mode and each of the current modes stored in the 
KB is computed. As a result, depending on the preliminary given 
threshold for classification, the newly submitted mode is classified as 
belonging to a certain class (operation mode) from the KB or is 
considered  as a new (unknown and different) mode. In the latter case, 
this mode is added as a new entry of the KB and used for the further 
online classification.  

An unsupervised learning algorithm (a modification of the 
Neural-Gas leaning algorithm) is used in the paper for compression of 
the original “raw” data from each operation mode into Compressed 
Information Model (CIM) with a smaller number of neurons.  Then the 
similarity analysis is performed as a two-input fuzzy inference 
procedure that uses the Center-of-Gravity Distance and the Weighted 
Average Size Difference between two CIMs. The membership functions 
and the singletons of the fuzzy inference procedure are tuned in the 
paper by using a given set of test operation modes. The whole 
computational scheme is illustrated and discussed on a real example 
for classification of 5 main operation modes of a hydraulic excavator.   

Keywords— Fuzzy Similarity, Information Compression, Online 
Classification, Operation Modes, Unsupervised Learning  

1 Introduction  
Classification of different available process data taken from 
the real operation of machines and other systems is a problem 
of utmost importance for the proper monitoring and 
performance evaluation of the machines. Generally speaking, 
the classification and pattern recognition problems, as well as 
various methods for their solution are very well presented and 
discussed in the literature [1-6].  However in the most often 
cases the problem is viewed as off-line classification of 
preliminary given set of data (patterns) with fixed size. Then 
the task is to classify every single data (pattern) from the 
given data set as belonging to one or another class.   
When dealing with industrial systems and machines, the 
problem is sometimes different and more complicated, since 
one single data (i.e one measurement from a group of sensors 
at a given instant) is not sufficient to reveal clearly the current 
machine status (known as machine operation mode). We need 
a data set containing multiple measurements during a limited 
time of machine operation, in order to classify the current 
operation mode as belonging (or not belonging) to a certain 
operation mode.  

During long time operation of the machine, large (or even 
endless) sequence of limited time operation data sets is 
obtained. Therefore a flexible online and incremental 
classification scheme is needed that should be able to 1) 
properly classify the data sets into respective operation modes 
and 2) to discover new operation modes that are stored in the 
KB in order to be used in the further online classification.  
 In this paper we present a special two-stage computation 
scheme for solving the problem of online classification, The 
first stage is information compression of the “raw operation 
data” representing a certain operation mode into a respective 
compressed information model (CIM), which consists of a 
small number of neurons. As a tool for information 
compression, a modified version of the off-line Neural-Gas 
unsupervised learning algorithm [3,4] is used in the paper. In 
the second stage a special fuzzy inference procedure for 
similarity analysis is proposed that uses two parameters, 
extracted from the CIM, namely the Center-of-Gravity and 
the Weighted Average Size of the CIM. The differences 
between the respective parameters for a given pair of 
operation modes are used as two input features in the fuzzy 
inference procedure for similarity analysis. 
The proposed classification scheme has the ability to perform 
incremental classification, which is very useful in the typical 
scenario of an unlimited sequence of operation data sets that 
represent different (new, unknown) operation modes. The 
flexibility and applicability of this scheme is shown in the 
paper on a real example for classification of five main 
operation modes of a hydraulic excavator. 

2 The proposed unsupervised classification�
scheme 

The Block-Diagram of the proposed scheme is shown in Fig. 
1. This scheme is a further development of our previous idea 
for similarity analysis, discussed in [7]. 
The procedure starts with a small number of preliminary 
known core operation modes (core CIMs), which build the 
initial size of the Knowledge Base. During classification, the 
difference (dissimilarity) degree between the newly 
submitted (unknown) operation mode (as CIM) and all the 
core CIMs in the KB is computed. As a result, depending on a 
preliminary given threshold Th for classification, the new 
operation mode could be classified as belonging to a certain 
class (mode) from the KB or is regarded as a quite different 
(new) mode thus creating a new class in the KB. In such way, 
the proposed general concept for classification is incremental 
one, allowing the Knowledge Base to gradually grow, when a 
new operation mode with a very high dissimilarity degree to 
any of the core modes in the KB is discovered. 
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Figure 1: Block diagram of the proposed Online 

Classification Scheme based on fuzzy similarity analysis. 

3 Unsupervised learning algorithm for 
information compression 

The first step before the actual similarity analysis and 
classification of the operation modes is to find a way to 
reduce the large amount of the “raw data” information 
contained in the data set. Further on we refer to this 
computation step as Information Compression. From a 
computational viewpoint the information compression can be 
viewed as a kind of transformation of the original large data 
set:� � �1 2, ,..., ,i i i iKx x x i 1,2,...,M� �x , consisting of M data 
in the K-dimensional input space into a respective Neural 
Model consisting of N neurons in the same space. Here 

.N M��  and CR = M/N is the so called Compression Ratio.  
The information compression of the original large data set 
(e.g. pixels or process data from sensors) can be perform by 
using different unsupervised competitive learning algorithms, 
such as clustering algorithms [1,2], Neural-Gas and its 
modifications [3,4,7], Support Vector Machines and 
Self-Organizing Maps  [5,6] etc. All these algorithms try to 
find the most appropriate positions of the preliminary fixed 
number of N neurons (clusters) in the K-dimensional data 
space so that the resulting group of neurons resembles as 
much as possible the density distribution of the original data 
in the same space.  
The essential part of any unsupervised learning algorithm is 
the so called updating rule for the neuron centers 

, ,...,i i 1,2 N�c in the K-dimensional space. The algorithm 
updates the neuron centers iteratively with preliminary fixed 
number of iterations T (t = 0,1,2,…,T), as follows:  

( ) ( ) ( ), ..., .i i it t -1 t i 1,2, N� � � �c c c            (1) 

Here the computation of the update ( )i t�c varies depending 
on the type of the unsupervised algorithm. 
In this paper we use a modified version of the original 
Neural-Gas unsupervised learning algorithm, first presented 
in [3]. At every iteration the update is computed as:   

( ) ( ) ( , ) ( ) ,

, ..., ; , ...,
i s i s it R t H t r t - 1

i 1,2 N s 1,2 M

� �� � 	
 �
� �

c x c         (2) 

Here ( ), ( ) , ,...,R t 0 R t 1 t 0,1,2 T� � � is a monotonically 
decreasing Learning Rate, which guarantees the convergence 
and stability of the learning process: 

 �0( ) exp , , ...,CR t R t T t 0 1, T� 	 �          (3) 

The so called Neighborhood Function in (2) 
( , )s i0 H t r 1� � also decreases exponentially with the 

iterations. It computes the dynamically changing (decreasing) 
activity area for each neuron during the iterations, as follows: 

� �( , ) exp ( ) ( ) ,
, ..., ; , ..., ; , ...,

s i iH t r r 1 B t
t 0 1, T s 1,2 M i 1,2 N

� 	 	

� � �
       (4) 

where    �( ) exp , , ...,WB t t T t 0 1, T� 	 �         (5) 

Here [ .., ]ir 1,2,. N�  is an integer number representing the so 
called ranking position of the i-th neuron (i = 1,2,…,N) to the 
s-th data point (s = 1,2,…M). This position is determined by 
the distance between the i-th neuron and the s-th data point. 
The closest neuron (in a sense of a minimal Euclidean 
distance) is called “winning neuron” and gets ranking 
position r = 1. The second closest neuron gets r = 2 and so on.  
Example for information compression of a given data set by 
using the above algorithm is presented in the next Section. 

4 Example of machine operation data for 
online classification and similarity analysis 

The hydraulic excavator (HE) is a typical example of a 
complex machine. It is equipped with a turbo-diesel engine, 
which powers a special hydraulic system for performing 
different kinds of movements and working operations. HE 
normally works in a dynamical sequence of several repetitive 
operation modes. The following five operation modes are 
typical for a normal long time operation of the excavator, 
when it does not move on the ground, as follows: 
Mode 1. Loading the bucket with the raw material (sand, soil, 
stones etc);   
Mode 2. Transporting the load in the bucket to the nearby 
truck by moving the arm (arrow) with the full bucket; 
Mode 3. Unloading the bucket material into the truck; 
Mode 4. Returning the arm with the empty bucket to the initial 
position for the next loading; 
Mode 5. Short repetitive movements of the arm (up and down) 
for pressing the raw material in the truck; 
All these modes differ from one to another in terms of the 
required engine power and the amount of the load in the 
bucket. Then the real practical problem is to properly 
recognize all these five operation modes and to discover 
possibly new ones (if any), by analyzing the available online 
sequence of data sets, each of them corresponding to one 
operation mode.  
Such recognition and classification of the modes is important 
for detecting a slow trend of deterioration in the performance 
of the HE that needs appropriate maintenance or repair. 
From an engineering viewpoint, the following six parameters 
are considered as important for the proper mode recognition, 
namely: P1- Engine Speed [rpm]; P2 – Engine Boost 
Pressure; P3 - Engine Oil Pressure; P4 - Fuel Consumption; 
P5 – Left Hydraulic Pump Pressure and P6 – Right Hydraulic 
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Pump Pressure. During the experiments, online 
measurements (at every second) were performed and the 
following Fig. 2 depicts the normalized data collected 
separately for each of the five typical operation modes.  
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Figure 2: Plot of the normalized “raw data” representing all 5 

operating modes of a hydraulic excavator. 

As seen above, two different 2-dimensional plots are 
presented in Fig. 2, P1-P4 and P5-P6 respectively, for a 
better understanding of the complexity of the original 
6-dimensional problem. 
Fig. 3. serves as illustration of the information compression of 
the “raw data” set, corresponding to operation Mode 2, by the 
Neural-Gas algorithm explained in Section 3.�The following 
settings of the learning parameters for information 
compression  have been used for all data sets from Fig. 2, as 
follows: 05 ; 6T 00 R 0.1� � and / 5.C WT T T� �  The 
number of the neurons has been fixed to N = 50 in all 
simulations. 
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Figure 3: Results from the information compression of the 

“raw data” for operation Mode 2 with N = 50 neurons. 

5 Feature selection and computation for the 
fuzzy similarity analysis 

As seen from Fig. 1 in Section 2, in order to evaluate the 
similarity between a given pair of operation modes, based on 
their compressed models (CIMs), we have to evaluate two 
important features F1 and F2 that characterize in an 
easy-to-understand numerical way the relation (similarity) 
between each pair of modes. For this purpose, we propose 
here to extract the following two distinct parameters P1 and 
P2 that characterize the location and the size of each 
operation mode in the K-dimensional input space. They are 
further called: P1 - Center-of-Gravity CG and P2 - Weighted 
Average Size WAS of the given operation mode.  
1) The Center-of-Gravity � �...,1 2 KCG ,CG , CG�CG of a 

K-dimensional operation mode is a vector that  is 
computed directly from the respective CIM as follows: 

1 1
, ,...,

N N

j i j i i
i i

CG c g g j 1,2 K
� �

� �� � �         (6) 

Here , ,...,i jc j 1,2 K� denotes the center (coordinates) of the 
i-th neuron in the K-dimensional input space and 
0 1, ,...,ig i 1,2 N� � � are the normalized weights of the 
neurons:  

; ,...,i ig m M i 1,2 N� �                  (7) 

, ,...,im M i 1,2 N� � is the number of all data points: 
, ,...,s is 1,2 m�x , for which the i-th neuron is a winning 

neuron (i.e. the neuron with the shortest Euclidean distance to 
all of these data points). Obviously, the following equation 

holds: 
1

N

i
i

m M
�

��  and therefore
1

N

i
i

g 1
�

�� . 

2) The Weighted Average Size WAS of the operation mode 
(and its respective CIM) is a scalar value, which takes 
into account the normalized weights of all neurons and 
the Euclidean distance 

pqED between all pairs of neurons, 

{ , }, ..., ; ,...,p q p 1,2, N q 1,2 N� � , as shown in the next 
two equations (8) and (9):  

  
1 1

1 1 1 1
.

N N N N

pq pq pq
p q p p q p

WAS ED w w
	 	

� � � � � �

� � � � �         (8) 

where , ,..., ; ,...,pq p qw g g p =1,2 N q=1,2 N� �   (9) 

Fig. 4 shows the locations of the centers-of-gravity CG for all 
5 operation modes, computed by (6) and (7). It is seen from 
this figures that CG of some modes (such as: Mode 1 and 
Mode 4 and also  Mode 3 and Mode 5 ) are quite close to each 
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other in the K-dimensional input space, which could result in 
a wrong  classification.  
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Figure 4:Center-of-Gravities CG for all 5 operation modes. 

The following Table 1. shows the sizes WAS of all 5 
Operation Modes, computed by (8) and (9). It also can be 
noticed here that some sizes are quite similar (such as WAS 
for Mode 3 and Mode 4), which could also lead to wrong 
classification.   

Table 1: Model Size WAS for all 5 operation modes. 
Mode Mode1 Mode2 Mode3 Mode4 Mode5 
Model 
Size 

0.39538 0.38647 0.42592 0.42463 0.44486

 
The above two parameters P1 = CG and P2 = WAS carry 
important information that can be used for selection of the 
two features F1 and F2 used as inputs of the Fuzzy Inference 
procedure for similarity analysis from Fig. 1.  
We propose here an easy way to extract the features F1 and 
F2 as follows:   
- The feature F1 is a scalar value, computed as the distance 
CGD between the centers-of-gravities CG of a given pair 
{A,B} of operation modes: 

2

1
[ ]

K
A B

AB j j
j

F1 CGD CG CG
�

� � 	�         (10) 

- Similarly the feature F2 is a scalar value computed as the 
difference WSD between the weighted average sizes WAS of 
the same pair {A,B} of operation modes, namely:  

AB A BF2 WSD WAS WAS� � 	                (11) 

6 Structure of the block for fuzzy rule based 
similarity analysis 

According to the block diagram shown in Fig. 1., we use the 
features F1 and F2, computed by (10) and (11) as the inputs 
of the Fuzzy Rule Based Inference Procedure for similarity 
analysis of a given pair {A,B} of operation modes.  
Thus the Fuzzy Rule Based Procedure becomes a two-input / 
one output fuzzy system, as follows: ( )D F1,F2� F . Here 
0.0 D 1.0� �  is the Difference Degree (or Dissimilarity 
Degree). A difference degree D = 0 means that the operation 
modes A and B are identical (equal) and difference degree D 
= 1 means that A and B are completely different modes. 
As well known [2], the fuzzy decision procedure consists of 
the following three main computation steps, as follows:  
1) Fuzzyfication (with triangular Membership Functions);  
2) Fuzzy Inference (with Product Operation) and  
3) Defiuzzification (Weighted Mean Average).  

For the next simulations in the paper, we assume five 
triangular membership functions that characterize 
linguistically the two inputs (features), namely F1 and F2. 
They are used in the fuzzification step and have the following 
linguistic meaning: VS = Very Small; SM = Small; MD = 
Medium; BG = Big and VB = Very Big.  
The Fuzzy Rule Base for the Fuzzy Inference procedure is 
shown in Fig. 5. It consists of 25 fuzzy rules, each of them 
with individual output as one of the 9 crisp numerical values 
(Singletons): 1 2 9, ,...,U U U , as seen in the figure. Note that 
the following inequality is required for achieving meaningful 
(plausible) results from the fuzzy similarity analysis: 

...U1 U2 U9� � �                         (12) 
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Figure 5: The Fuzzy Rule Base used for fuzzy similarity 

analysis. 
 

The structure of the fuzzy rule base in Fig. 5 has been 
generated by using general human logic and experience from 
comparison and evaluation of data sets and other objects. 

The well common weighted average method is used for 
the Defuzzification step, as follows:  

1 1

L L

i i i
i i

D u v v
� �

� � �                        (13) 

Here ,i0 v 1 i 1,2,...,L� � �  is the Firing (Activation) 
Degree of the i-th fuzzy rule and L = 25 is the total number of 
the fuzzy rules. All rules have their individual crisp values 
(Singletons): 1 2 9[ , ,..., ], ,iu U U U i 1,2,... L� � , according to 
the notations of the Fuzzy Rule Base in Fig. 5. For example, 
the crisp output of the Fuzzy Rule No. 14 (i = 14), marked by 
circles in Fig. 5 is, as follows:  

     14IF( MD AND 2 BG) THENP1 is P is u U6�      

7 Optimization of the procedure for fuzzy 
similarity analysis  

Once the structure of the Fuzzy Rule base is fixed, according 
to Fig. 5., then all the remaining parameters in the fuzzy 
inference procedure should be appropriately tuned. These are 
the parameters (locations) of the triangle membership 
functions and the singletons (consequents of the fuzzy rules). 
If successful optimization of these parameters is performed 
(according to a given optimization criterion), then we can 
expect correct (plausible) classification results. 
There are two problems in connection with the optimization, 
namely: 1) construction of the optimization criterion with 
possible constraints and 2) selection of the optimization 
method (algorithm) to be used. As for the best selection of the 
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optimization method, this is not a topic of interest in this 
paper, so we concentrate further on in the paper on the first 
problem, namely the selection of the optimization criterion. 
We have collected three groups of data sets for all 5 operation 
modes of the hydraulic excavator, as well as two additional 
data sets representing two different (unknown) modes.  One 
data set actually represents an idling mode of HE, while the 
other mode is not quite typical for the excavator (moving on 
the ground).  
All the collected data sets have been first compressed into 
respective compressed information models (CIMs), 
according to the concept of the block diagram in Fig. 1.  Then 
the respective CIMs have been split into the following three 
groups of models:  
1) Five training models for each of the preliminary known 
operation modes, named as Mode1, Mode2,…,Mode5.   
2) Five test models for the same group of five operation 
modes, named as: Test1, Test2, …, Test5; 
3) A sequence of 16 operation models, used for validation of 
the classification procedure. These validation models are 
named as: Val1, Val2, Val3, …, Val16 (or shortly: 1,2,…,16). 
Then the sequence 1,2,…,16 is used to simulate the Online 
Classification process.   
 Table 2 shows the results from the similarity analysis 
between the test modes and the training modes for the initially 
assumed parameters (before optimization). The columns 
named as Rank No.1 and Rank No.2 refer to the first and 
second choice for classification (i.e the least difference and 
the second least difference). It is easy to notice the 
contradiction in this table arising at operation Mode 5. It is 
wrongly classified as Mode 3 in this table.   

Table 2: Similarity results before optimization. 
 Training Modes:  

Mode 1 – Mode 5    
Rank No.1 Rank No.2 Test 

Modes: No. D No. D 
Test 1  1 0.092 2 0.146 
Test 2 2 0.050 1 0.156 
Test 3 3 0.012 5 0.106 
Test 4 4 0.069 2 0.174 
Test 5 3 0.138 5 0.144 

 
In order to correct this contradiction, we have to tune the 
parameters of the fuzzy inference procedure. It is done in this 
paper by assuming a special type of optimization criterion, 
which counts the discrepancy DIS between the human 
decision (or human preference) and the result from the 
computer-based classification. Table 3 shows example of one 
(plausible) human preference for classification of all 5 
operation modes.  

Table 3: Construction of the Optimization Criterion:  
Preferred Human Decision 

                   Rank No. 1                    Rank No. 2   
Test 
Mode 

Train 
Mode 

D Test 
Mode 

Train 
Mode 

D 

1 1 0.10 1 4 0.20 
2 2 0.10 2 1 0.20 
3 3 0.10 3 5 0.20 
4 4 0.10 4 1 0.20 
5 5 0.10 5 3 0.20 

Now, by summing up the discrepancies between all 10 human 
preferences listed in Table 3 and the respective computer 

results from Table 2, we can compute the initial value of the 
optimization criterion as: DIS = 0.5052.  
Further on we use a relatively simple (random search) 
optimization algorithm (further details omitted here) for a 
two-stage tuning of the fuzzy inference parameters:  
- Stage 1 optimizes the three intermediate locations (SM,   

MD, BG) of the membership functions for both inputs F1 
and F2, which means 3 + 3 = 6 optimization parameters;  

- Stage 2 optimizes the singleton values:
1 2 9, ,...,U U U , 

taking into account the constraints (12).   
The two stages were performed once in a consequence:  
Stage1 � Stage 2 with 30000 iteration steps for each stage. 
As a result the optimization criterion DIS was decrease to 
0.3011 (after Stage1) and to 0.2983 (after Stage2). The final 
classification results are shown in Table 4. It is seen that all 
the classification results have become correct and with much 
closer degrees to the human preferences from Table 3.  

Table 4: Similarity results after optimization. 
 Training Modes 

Mode 1 – Mode 5    
Rank No. 1 Rank No. 2 Test 

Modes: No. D No. D 
Test 1 1 0.123 2 0.169 
Test 2 2 0.096 1 0.192 
Test 3 3 0.016 5 0.168 
Test 4 4 0.114 2 0.208 
Test 5 5 0.141 3 0.189 

 

The next three figures: Fig. 6., Fig. 7. and Fig. 8. are self 
explanatory. They show how the optimization has changed 
the parameters of the membership functions, the singletons 
and the Fuzzy Rule base response surface.    

  a) 
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Figure 6: Results from the tuning of the membership 
functions. Bold lines denote the optimal positions. 

8 Online classification results 
After the fuzzy inference procedure has been tuned 
appropriately, then the whole online classification procedure 
has been tested on the sequence 1,2,…,16 of 16 validation 
models Val1,Val2,…, Val16, according to the Block Diagram 
in Fig. 1. The results from the classification are shown in Fig. 
9 and Fig. 10.   
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Figure 8: Response Surface of the fuzzy rule base: a) before 
optimization; b) after optimization. 
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Figure 9: Classification Results for all 16 validation modes 

1,2,…,16, presented as online sequence.  
 

The “ball” symbols in Fig. 9. correspond to the correct 
classified modes. The two “diamond” symbols for operations 
10 and 16 represent the computer classification results, while 
the respective two “square” symbols represent the actual 
“new” (unknown) operation modes. 
It is seen from the similarity results in Fig. 9 that the operation 
sequences 10 and 16 were classified as Mode 5 and Mode 1 
respectively. However, this decision was later rejected, as 
shown in Fig. 10, because their dissimilarity degrees exceed 
the predetermined threshold: Th = 0.25.  
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Figure 10: Confirmation results from the online classification 

with the predetermined threshold Th = 0.25. 

Therefore finally the two operations 10 and 16 are assumed to 
correspond to new (unknown) operation modes. This result 
reflects the real situation. 

9 Conclusions 
The Onine classification of operation modes in continuously 
working machines and systems proposed in this paper uses 
fuzzy inference for similarity analysis. It is also suitable for 
possible applications in other areas of interest, such as search 
engines, classification and similarity analysis of images etc.  
Essential feature of the whole proposed computation scheme 
is its incremental ability, in a sense that the newly detected 
modes could be added as new members of the current 
Knowledge Base and further on used for online classification.  
The main originality of the proposed classification scheme is 
that it is a human-assisted classification, in which human 
experience and preference is taken into account and included 
into the optimization criterion. This criterion is further on 
used for tuning the parameters of the membership functions 
and the singletons in the fuzzy inference procedure so that to 
achieve the best possible matching between the computer 
results and human preferences.   
There are several directions to improve the current status of 
this research. One is to investigate other optimization 
criterions and to select good, effective optimization method. 
Another direction is to solve the problem of ever-growing 
Knowledge Base during long time operation, by appropriate 
pruning and merging the modes in KB. In such way the whole 
classification system would become more flexible, evolving 
classification system.  
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Abstract-Generating relevant and manageable search 
results is of great interest in database queries and 
information retrieval nowadays. This paper proposes an 
approach to measuring relation compactness and to 
generating a compact set of query outcomes under a fuzzy 
relational data model. The approach has desirable properties 
that (1) the resultant compact set is unique and contains 
mutually distinct tuples at the specified degree, and (2) the 
resultant compact set is information-equivalent to the 
collection of original query outcomes. Moreover, it is deemed 
appealing that the approach provides a way to obtain query 
outcomes of different size in a flexible manner according to 
the specified degree of compactness or the preferred number 
of tuples by users. 

Keywords—Tuple closeness, Fuzzy databases and queries, 
Relation compactness, Information equivalence, Web search 
 

1 Introduction 
The commonly used database model nowadays is the 
relational database (RDB) model initiated by Codd [1] which 
is generally designed under the assumption that the 
data/information is precise and queries are crisp. However, 
decision makers often face a growing need for representing 
and processing imprecise and uncertain information. 
Particularly in a web environment, approximate match is 
often preferred in generating search outcomes when exact 
match is unable to produce satisfactory results from targeted 
databases. 
 
Since 1980’s, a number of fuzzy relational database (FRDB) 
models and fuzzy query techniques [2-6] have been proposed 
to deal with imprecision and uncertainty of fuzziness type by 
means of fuzzy logic [7]. For instance, with the data stored in 
classical RDB, Kacprzyk and Zadrozny [8] proposed a system 
called FQUERY that could execute fuzzy queries such as 
“find (all) records such that most of the (important) clauses 
are satisfied (to a degree in [0, 1])” for crisp data stored in the 
Microsoft Access DBMS. In [9], a method to transform query 
conditions described by fuzzy numbers into the classical SQL 
queries was presented. In [10], the authors extended the SQL 
queries into SQLf to allow the expression of imprecise queries. 
Furthermore, a method was developed to transform the FRDB 
into weighted RDB in that a nesting mechanism was 
introduced to support the expression of some query results 
such as projection-selection-join operations [11]. In [12-13], 
we extended basic algebraic operators to deal with fuzzy data 
modeling and queries in forms of database design as well as 
equivalent definitions and transformation rules of the 
algebraic operators.  

 
Notably, when querying databases with data of high volume, 
the size of the outcomes can easily be very large, even 
massive in a web database search context. For instance, a 
fuzzy query such as “Select Customer Name From R Where 
Age is about 25 AND Location is near B” requires an 
approximate match between query conditions and values of 
corresponding attributes. Another example is a web search, 
say via Google. Just click and see how many pages of 
outcomes to appear when keying in “Population of Beijing” 
for an exact match and Population of Beijing (notably without 
quotation marks) for an approximate match. Efforts have been 
made to deal with queries and web search with imprecise 
information and approximate match measures, so as to enrich 
the representation semantics and strengthen the power of 
search engines [5, 14-16]. Generally speaking, approximate 
match provides flexible queries, which is considered 
meaningful and useful in many cases, whereas the size of its 
outcomes is usually larger than that of the exact match. 
 
Hence, the size of query outcomes becomes an issue of 
concern. One notable approach was to provide the users with 
the top-k results according to a ranking based on a certain 
evaluation function F between query conditions and all data 
records [17-18]. While sometimes the top-k results are 
sufficient for fuzzy/soft queries with approximate match, it is 
desirable and meaningful if a query/search could also 
guarantee that the selected results have no information loss as 
far as all the query results are concerned. The focus of this 
paper is then to provide the users with a compact set of query 
outcomes, in that the compact set (a) is smaller than and 
information-equivalent to the set of all query outcomes, and 
(b) at the same time has its size flexibly specified by users 
upon their need and preference. 
 

2 Fuzzy Relational Database Model 
Fuzzy logic incepted by Zadeh [7] attempts at quantifying and 
reasoning with imprecision and uncertainty that is common in 
the real world. Possibility distributions provide a graded 
semantics to natural language statements such as “the 
customer is young”, which are often used in our daily 
communications. For example, the linguistic term “Young” 
can be defined as 

1 0 30
( ) (50 ) / 20 30 50

0 50
Young

age
age age age

age
�

� ��
�� � � ��
� 	


      (1) 

 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1462



 

Two specific fuzzy relations are of particular interest, namely, 
closeness relation and similarity relation. A closeness relation 
c is a fuzzy relation on X�X such that �x, yX, c(x, x) = 1 
(reflexive) and c(x, y) = c(y, x) (symmetric). A similarity 
relation s is a fuzzy relation on X�X such that �x, y, zX, s(x, 
x) =1 (reflexive), s(x, y) = s(y, x) (symmetric), and s(x, z) � 
supyX min(s(x, y), s(y, z)) (sup-min transitive). Apparently, 
similarity relation is a special case of closeness relation. 
 
In this paper, the extended-possibility-based model is 
considered to be the underlying fuzzy database model since it 
facilitates handling both imprecision in attribute values (e.g., 
Age is young) and fuzziness in domain elements (e.g., 
between classic and gold for the domain of (customer) Class) 
in terms of possibility distributions (including fuzzy sets and 
linguistic terms) and closeness relations, respectively [4, 19]. 
In light of data representation, this model is deemed to be a 
general setting compared with two known models, namely, 
the so-called possibility-based model [4] where attribute 
values can be possibility distributions, and the so-called 
similarity-based model [3] where domain elements can be 
associated by similarity relations (reflective, symmetric and 
sup-min transitive). Specifically, in the extended-possibility- 
based model, a relation R is a subset of �(D1) � �(D2) � … � 
�(Dg), where �(Di) ={�Ai | �Ai is a possibility distribution of 
attribute Ai on domain Di}, and a closeness relation ci is 
associated with domain Di (1 � i � g). In addition, an g-tuple t 
of R is of the form: t(�A1, �A2, …, �Ag). An example tuple 
recording a customer’s Name, Age and Class can be (Tony, 
{0.7/28, 1.0/33, 0.8/36}, diamond). The closeness relation 
cClass on domain DClass ={classic, silver, gold, diamond} can be 
pre-defined by the managers as shown in Table 1. 

 
Table 1: A closeness relation cClass 

cClass classic silver gold diamond
classic 1.0 0.5 0.0 0.0 
silver  1.0 0.75 0.25 
gold   1.0 0.75 

diamond    1.0 
 

Given two g-tuples tp(�A1, �A2, …, �Ag), tq(�'A1, �'A2, …, �'Ag), 
where �Ai and �'Ai are normalized (1 � i � g), an example 
measure for the closeness of two values is [22]: 

,
( , )

( , ) sup min( ( ), ( ))
i i i i

i
i i

c A A A A
x y D
c x y

E x y
�

� � � �


�

� ��                (2) 

 
Here ci is a closeness relation on domain Di, �i  [0, 1] is a 
threshold specified by experts or the database managers. 
Other measures can be found in [19-21]. Then, the closeness 
of two tuples tp and tq can be considered as: 

( , )c p qF t t = 

1 1 2 2
min( ( , ), ( , ),..., ( , ))

g gc A A c A A c A AE E E� � � � � �� � �        (3) 

 

3 Tuple Extraction 
Regarding tuple extraction in fuzzy relational databases, there 
are two issues to consider. One is to evaluate tuple closeness, 
the other is to extract representative tuples. 
 

3.1 The evaluation of tuple closeness 
For the fuzzy database, given an attribute A with domain D, 
let �1, �2, …, �n be n possibility distributions as values of A, 
then a closeness relation on �(D)��(D) is a mapping from 
�(D)��(D) to [0,1], which can be represented by an n�n 
fuzzy matrix M where eij = Ec(�i, �j), 1� i, j � n, as follows: 

11 12 1

21 22 2

1 2

...

...
... ... ... ...

...

n

n

l l nn

e e e
e e e

M

e e e

� �
� �
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� �
� �� �
� �

       (4) 

 
Further, for 0 � � � 1, where � is a threshold which is usually 
determined by users or domain experts, its �-cut (M�) is a 
classical relation defined by: 

1
)

0
ij

ij
ij

e
e

e�

�
�

��
� � �


                   (5) 

 
Moreover, it is known that if M is a closeness relation, then its 
transitive closure M+ (i.e., M+ is a series of max-min 
compositions onto M itself with M+ = Mp = Mp+1, �1) is a 
similarity relation, and M+ converges within n-1 compositions 
[23-25]:  

M+ = Mp,  p � l � 1                   (6) 
 
Furthermore, the equivalence classes of (M+)� constitute a 
partition of the domain concerned [26]. 
 
Definition 1: Given a relation R = {t1, t2,…, tn} � �(D1) � 
�(D2) �…��(Dg), where tuple ti is ti(�i1, �i2,…, �ig), and 
threshold � = (�1, �2,…, �g) with equivalence classes of (M+)�i, 
i = 1, 2,…,n, then two tuples ti(�i1, �i2,…, �ig) and tj(�j1, �j2,…, 
�jg) are called �-close if for all k  {1, 2,…, g}, �ik and �jk are 
in the same equivalence class.    
 
Example 1: Given threshold � = (0.7, 0.8) and a relation S  � 
�(D1) � �(D2) as shown in Table 2. For the sake of simplicity, 
assume that a1, a2, a3, and a4 are mutually distinct; so are b1, 
b2, b3 and b4. Then the �-close tuples can be generated as 
follows. 
 

Table 2:  A relation S with fuzziness 

 
 

First, for A1 we can have: 

, 
where each element on (i, j) in the matrix represents the 
closeness of ti and tj on A1. Then, with (M+=M3=M2)0.7, three 
equivalence classes are obtained: {�11, �21, �31, �41}, {�51} and 
{�61}. Consider attribute A2, in the similar manner, there are 
three equivalence classes: {�12, �22, �52, �62}, {�32} and {�42}. 
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That means that values of t1 and t2 are in the same class for A1 
(i.e., �11, �21) as well as for A2 (i.e., �12, �22), indicating that t1 
and t2 are �-close. 
Finally, it is worthwhile to mention that, in case there are 
closeness relations on domains, the calculation of M can be 
readily made in consideration of ci and �i in Ec. For instance, 
suppose we have c1 = cClass for A1 with a1 = classic, a2 = silver, 
a3 = gold and a4 = diamond as shown in Table 1. Given �1 = 
0.7, since c1(a2, a3) = c1(a3, a4) = 0.75, we have e'45 = 0.6 � e45 
= 0.5. In general, 'M M� .    
 
3.2  Relation compactness 
In addition to closeness of any two tuples, it is of interest to 
investigate the compactness of a given relation R composed of 
n tuples in the fuzzy relational database. Here the 
compactness of a relation refers to the degree of 
non-redundancy. For a given relation, the more redundant 
tuples it contains, the lower the degree of compactness. 
Straightforward ways of evaluating the compactness are to 
use the minimum closeness of any two tuples of R (e.g., 1� 
mint,t'RFc(t, t')) or the average closeness of any two tuples of 
R(e.g., 1 – �t,t'RFc(t, t')/n(n�1)) to reflect the compactness of 
R in whole. But it shall be noted that neither 1 – mint,t'RFc(t, t') 
nor 1� �t,t'RFc(t, t')/n(n – 1) could describe the compactness 
of R in a satisfactory fashion. For example, suppose that all 
the n tuples in R are classical tuples for the sake of simplicity, 
i.e., for any t, t'R, Fc(t, t') = 1 or Fc(t, t') = 0. If there are (n � 
1) tuples which are identical, only one tuple is not identical to 
them, then 1� mint,t'RFc(t, t') = 1. But we know that there are 
a lot of tuples whose closeness degrees to each other are 1 in 
such a situation. On the other hand, if half of the tuples are 
identical to each other, and the other half of the tuples are also 
identical to each other (but different from the first half), then, 
1� �t, t'RFc(t, t')/n(n � 1) =  2 � (n/2) � (n/2 � 1) /n(n � 1) = 
0.5 + 1/(2n � 2) > 0.5. But in this situation, if n is large 
enough, e.g., n = 100, we will surely think that the 
compactness degree of R will be very close to 0, as 98% of the 
tuples can be deleted. Thus, a new measure, relation 
compactness, is proposed to evaluate a given relation R being 
compact. This measure not only works well in both of the 
above situations, but also possesses some good properties. Let 
us first consider it in classical relations, and then extend it into 
the relations in fuzzy databases. 
 
In information theory [27], consider a single discrete 
information source, it may produce different kinds of symbol 
sets A = {a1, a2,…, an}. For each possible symbol set A there 
will be a set of probabilities pi of producing the various 
possible symbols ai (�n

i=1pi = 1), where these symbols are 
assumed successive and independent. Thus there is an entropy 
Hi for each ai. The entropy of this given piece of information 
will be defined as the average of these Hi weighted in 
accordance with the probability of occurrence of the symbols 
in question, 

�� �����
n

i
ii

n

i
iin ppHppppHH log),...,,( 21      (7) 

where the default log base is 2. 
 
Similarly to [28], if there is a relation S with a set of classical 
tuples, which can be divided into m classes C1, C2, …, Cm, the 
probability of a random tuple belonging to class Ci is ni/n, 

where ni is the number of tuples in Ci, and n is the number of 
tuples in S. Here, ni/n is also called the probability of class Ci 
in S. The expected information for classifying this given 
relation S is: 

��
��

����
m

i
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m

i
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21 log),...,,(       (8) 

 
Definition 2: Let R = {t1, t2, …, tn} be a classical relation with 
n tuples, R be divided into m classes C1, C2, …, Cm according 
to tuple identity (i.e., every tuple in Ci  is identical to each 
other), and ni be the number of tuples in Ci. Then the relation 
compactness of R is defined as 
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For a relation R, its degree of compactness (RC') reflects the 
extent to which the tuples of R are not redundant, measured by 
the “amount of information” in R. In other words, the higher 
RC' is, the less redundant the tuples in R, meaning that the 
more information R contains. 
 
Next, let us consider the fuzzy extension. Suppose there are n 
tuples with fuzziness involved in R = {t1, t2, …, tn}, where 
these tuples can be close to each other. To describe the degree 
at which a given relation with fuzziness is compact, the 
concept of relation compactness in the classical context could 
be extended to cope with the closeness of these tuples. A tuple 
tk may not totally belong to class Ci, but belong to class Ci at a 

certain degree, e.g., i
kO [0, 1]. Thus, we will use

1

in
i
k

k
O

�
�  

instead of ni in the extended relation compactness. Concretely, 
suppose we have ni �-close tuples in class Ci = {t1, t2, …, tni} 
of relation R. For each tuple tk, 1 � k � ni, the degree of tk 
belonging to Ci (or the closeness of tk to Ci) can be defined as: 

1
( , ) /

in
i
k c k j i

j
O F t t n

�

� �              (10) 

 
Definition 3: Given a relation with fuzziness R = {t1, t2, …, tn}, 
where R can be divided into m classes C1, C2,…, Cm according 
to �-close (i.e., every tuple in Ci is �-close to each other), and 
ni is the number of tuples in Ci. The relation compactness in R 
is, 

n
n
n

n
nnnnRC

m

i

ii
m log/)'log'()',...,','(

1
21 �

�

��       (11) 

 
where Ci ={t1, t2, …, tni}, 1 � i � m, 1 < ni � n, i

kO is the degree 

of tk belonging to Ci, and n'i =
1

in
i
k

k
O

�
� is the �count operation 

for the “effective number” of tuples in class Ci.   
 
As the classical relation is a special case of a relation with 
fuzziness, if all the tuples in Ci = {t1, t2, …, tni} are classical 
tuples, then they are equal to each other, i.e., Fc(tk, tj) = 1, i

kO  
= 1, and n'i = ni (1 � j, k � ni). So RC'(n1, n2, …, nm) is a special 
case of RC(n'1, n'2, …, n'm). Note that one may also use some 
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other measures (e.g., [19]) instead of i
kO  for the degree at 

which tk belongs to Ci in (10). For RC in the fuzzy database 
context, the following proposition holds. 
 
Proposition 1: Give a relation R = {t1, t2, …, tn} � �(D1) � 
�(D2) �…� �(Dg), where it is divided into m classes C1, 
C2, …, Cm according to �-close, � = {�1, �2, …, �g}, and ni is 
the number of tuples in Ci (1 � i � m), then 
(1) R is not �-close, i.e., m = n, n'1 = n'2 = …= n'm = 1, if and 

only if RC(n'1, n'2, …, n'm) = 1. 
(2) Suppose ming

i=1 �i � e�1 � 0.37, if R is totally �-close, i.e., 
m = 1, n'1 = n, then RC(n'1) decreases when any two of the 
tuples’s closeness Fc(tk, tj) increases (1 � k, j � n). 
Especially, if � = 1, then RC(n'1) = RC'(n1) = 0. 

(3) 0 � RC(n'1, n'2, …, n'm) � 1. 
(4) Suppose (n'p + n'q)/n � e�1 � 0.37, if n is fixed, � = {�1, 

�2, … , �g}, �i = �, i = 1, 2, … , g, then RC decreases when 
any two of the original classes (e.g., Cp, Cq) are merged 
into one class C'p according to �-close.     

 
For different n and m, the value of RC is different. If m = 2, 
then RC = �((n'1/n)log(n'1/n) + ((n�n'1)/n)log((n�n'1)/n))/logn, 
with different n, RC is shown in Figure 1. If m = 3, then RC = 
� ((n'1/n) log (n'1/n) + (n'2/n) log (n'2/n) + ((n � n'1 � n'2)/n) log 
((n � n'1� n'2)/n))/log n, with n = 100, RC is shown in Figure 2. 
Figures 1 and 2 reflect that RC has a characteristic of 
convexity. 
 

 
Figure 1: The value of RC (m = 2) 

 
Figure 2: The value of RC (m = 3; n = 100) 

 
3.3 Extraction of representative tuples 
When it is known which tuples in a relation with fuzziness are 
�-close, then how to extract the representative tuples is the 
next problem of concern. It is considered ideal to have fewer 

tuples if they carry the same amount of original information. 
Usually, due to existence of tuple closeness, obtaining a 
smaller set of query outcomes becomes an effort of extracting 
representative tuples in light of “information equivalence”. 
 
Here we consider a center-based method for extracting the 
representative tuples. Conceptually, all the tuples in a same 
equivalence class are regarded to express approximately the 
same information and therefore one of them could be 
extracted to represent the class. Suppose we have ni �-close 
tuples in class Ci = {t1, t2, …, tni} of a relation R. Then, we will 
keep the tuple whose closeness to Ci is the highest. This 
means, tuple tp will be kept if i

pO = 1max in i
k kO� , 1 � p � ni. 

 
Theorem 1: Suppose there are h �-close tuples in class C = {t1, 
t2, …, th} of a relation R, Ci =C� {ti}, 1 � i � h, and the relation 
compactness of C and Ci are RC and RCi respectively. Then, 
tuple tp (1 � p � h) will be retained if and only if RCp = maxh

i=� 
RCi.      

 
Theorem 1 indicates that we can extract the representative 
tuples in light of relation compactness. It will keep the tuple 
that, without this tuple, the relation compactness of the other 
tuples will be the highest. 
 
Example 2: Suppose we have had the �-close tuples of a fuzzy 
query about customers’ age and salary as shown in Table 3. 

 
Table 3:  Customer’s age and salary (in part) 

 
 
According to (2): e12(�11, �21) = 0.8, e13(�11, �31) = 0.9, e23(�21, 
�31) = 0.8; e12(�12, �22) = 0.8, e13(�12, �32) = 0.8, e23(�22, �32) = 
0.7. Then, according to (3) and (10): Fc(t1, t2) = 0.8, Fc(t1, t3) = 
0.8, Fc(t2, t3) = 0.7, Fc(t1, t1) = Fc(t2, t2) = Fc(t3, t3) = 1. O1 = 
0.87, O2 = 0.83, O3 = 0.83. Thus, t2 and t3 will be eliminated, t1 
will be kept. 
 
Also, from the viewpoint of relation compactness, Table 3 can 
be considered as a class C, so, C1 = {t2, t3}, C2 = {t1, t3}, C3 = 
{t1, t2}. For RC1, n'1 = (Fc(t2, t2) + Fc(t2, t3))=2 + (Fc(t3, t3) + 
Fc(t2, t3))/2 = 1.7. RC1 = – (1.7/2) log(1.7/2)/ log2 = 0.20. In 
the same way, RC2 = RC3 = 0.14, thus, t1 will be kept.     

 
As far as the complexity of the tuple extraction is concerned, 
while introducing possibility distributions enriches the 
semantics that the data model represents, approximate match 
may lead to an increase in computational complexity. Further 
analysis shows that the complexity is polynomial and 
generally manageable. Suppose there are n tuples in relation R, 
the matrix M has n � n entries. For every entry, suppose there 
are, on average, p values in the two imprecise attribute values 
to compare, the cost is O(p2). The total cost to get M is then 
O(p2n2). A reasonable estimate of p could be within 10. 
Therefore, the total cost to get M could be simplified to be 
O(ln2) where l < 100. For the transitive closure of M, the total 
cost is at O(n2) level for large n [24-25]. 
 
Furthermore, in consideration of generating matrix M, though 
detailed treatments go beyond the scope of this paper, there 
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have been effective approaches in database queries, 
informational retrieval and web search, using a variety of 
measures, in respective fields, for keyword similarity, text 
match, semantic proximity, etc., in order to compare 
pair-wise closeness of data/information of interest (e.g., 
[30-34]). 
 

4 Further Discussions 
First, whether the extraction result is unique and 
representative tuples are not redundant is an interesting and 
important issue. Importantly, it can be proven that the result 
of the tuple extraction treatment in Section 3 is unique, and 
the resulting new relation is not �-close. 
 
Second, we can also have the number of tuples in the outcome 
to be controlled by the setting of � = (�1, �2, …, �g). When �i 
increases, there will be more classes, thus, after the extraction, 
more tuples will be kept. Especially, with �i = 1, the treatment 
turns into the classical situation, in that no tuples will be 
eliminated. 
 
Third, two representations are information equivalent if the 
transformation from one to the other entails no loss of 
information, i.e., if each can be constructed from the other 
[35]. In other words, the information in one is also inferable 
from the other, and vice versa [36-37]. Here, “information 
equivalence” in our discussions could be described as follows. 
Suppose there is an original query result R1. The classified 
relation is R2 (i.e., the �-close tuples are in the same classes), 
and the resultant relation (compact set) containing 
representative tuples is R3, which is not �-close. 
 
Compared with original relation R1 of the query result, R2 and 
R3 contain the classification information. We can say that, in 
terms of �-close, R2 and R3 are information equivalent. If we 
have had R2, then R3 could be derived (i.e., via extracting) 
with respect to tuple closeness/relation compactness. If we 
have had R3, suppose R3 = {tu, tw, tx, … }, then every tuple of 
R3 is not �-close, and can be considered as a class labeled as 
Cu, Cw, Cx, … . For every tuple ti of R, if ti satisfies the fuzzy 
query conditions, then it could be compared with the tuples in 
the labeled classes Cu, Cw, Cx, … , if there is a tuple t in one 
labeled class, e.g., Cu such that ti and t are �-close, then add ti 
to Cu. Consequently, we will get relation R2, as the tuples in R3 
and the equivalence classes in R2 are bijective.  
 
Finally, let us discuss the approach from a more applied 
perspective. While searching via a search engine (e.g., 
Google or the like) or querying available databases for some 
information, it would be desirable if the database/web search 
management systems are capable of generating outcomes that 
are representative and of a manageable size. Even better is to 
control the query/search outcomes with different 
compactness degrees or with different sizes. A way to view 
different results is to specify the degree of relation 
compactness. If RC is higher, there will be fewer outcomes, 
otherwise, more outcomes. 
 
Example 3: Someone uses a search engine to browse for the 
literature about “fuzzy queries”. To help discuss the 
procedure and treatment details of how the search results can 
be shortened or extended, we hereby only chose 10 resultant 
items as R1, merely for the sake of illustrative simplicity: 

a1: A Fuzzy Database Model for Supporting a Concept-Based 
Query ... 

a2: Fuzzy Database Query Languages and Their Relational 
Completeness ... 

a3: FSQL (Fuzzy SQL), a Fuzzy Query Language 
a4: Fuzzy Database Modeling with XML 
a5: Fuzzy database systems - Fuzzy Systems, 1995. 

International Joint ... 
a6: Amazon.com: Fuzzy Database Modeling of Imprecise and 

Uncertain ... 
a7: Amazon.com: Fuzzy Database Modeling with XML 
a8: Database Schema with Fuzzy Classification and 

Classification Query ... 
a9:   Type-2 Fuzzy Logic - Publications Database 
a10: Fuzzy Clustering for Content-based Indexing in 

Multimedia Database 
 
Suppose the threshold set by the user is � = 0.7 and the 
closeness of these articles generated with a keywords match 
technique (e.g., [30-34]) is shown in Table 4. 

 
Table 4: The closeness degrees among a1, a2, …, a10 

 
 
Now, let us consider how to obtain the outcomes with RC|0.7 
being 1 and 0.6 respectively. In doing so, the database 
management systems or search processing functions could 
execute the extracting process with � = 0.7, �1 = 0.8, �2 = 0.85, 
�3 = 0.9 and �4 = 1 at the back-end as follows. 
 
For � = 0.7, R1 can be classified as {a1, a2, a3}, {a4, a5, a6, a7} 
and {a8, a9, a10}, extracting the representative tuples as 
described in Section 3.3, the final outcome is S = {a3, a4, a8}, 
RC(S)|0.7 = 1. 
 
For �1 = 0.8, R1 can be classified as {a1, a2, a3}, {a4, a5, a6, a7} 
and {a8, a9, a10}, S1 = {a3, a4, a8}, RC(S1)|0.8 = RC(S1)|0.7 = 1. 
 
For �2 = 0.85, R1 can be classified as {a1}, {a2}, {a3}, {a4, a5, 
a6, a7} and {a8, a9, a10}, S2 = {a1, a2, a3, a4, a8}, RC(S2)|0.85 = 1, 
RC(S2)|0.7 = 0.6. 
 
In the same manner, for �3 = 0.9, S3 = {a1, a2, a3, a4, a5, a8}, 
RC(S3)|0.9 = 1, RC(S3)|0.7 = 0.57. 
 
For �4 = 1, S4 = R1 = {a1, a2, a3, a4, a5, a6, a7, a8, a9, a10}, 
RC(S4)|1 = 1, RC(R1)|0.7 = RC(S4)|0.7 = 0.47. 
 
Thus, if the threshold � = 0.7, the original result of the query 
is compact at a degree of RC(R1)|0.7 = 0.47. The back-end can 
give the user a totally compact outcome S = {a3, a4, a8} (with 
RC(S)|0.7 = 1) by default, which is composed of the three 
items: 

“FSQL (Fuzzy SQL), a Fuzzy Query Language” 
“Fuzzy Database Modeling with XML” 
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“Database Schema with Fuzzy Classification and 
Classification Query ...” 

 
If user wants to review more outcomes, e.g., RC|0.7 = 0.6, then 
the DBMS can generate S2 = {a1, a2, a3, a4, a8}, with 
RC(S2)|0.7 = 0.6. Two more specific “fuzzy query” related 
items are listed: “A Fuzzy Database Model for Supporting a 
Concept-Based Query ...” and “Fuzzy Database Query 
Languages and Their Relational Completeness ...”.  In this 
way, the list of the literature could be shortened or extended 
depending upon the need and preference of the user.        � 
 

5 Conclusion
This paper has introduced a measure, namely relation 
compactness, to express the degree of a given relation being 
compact. Then an approach to evaluating and extracting 
representative tuples has been proposed. It has been proven 
that the resultant set of query outcomes is unique, smaller in 
size, and information equivalent to the original result. 
Moreover, the approach enables the query/search users to 
obtain various sizes of results upon their need and preference 
in light of compactness.  
 
Ongoing research is centering on an application with real data 
on tuple extraction in both database query and web search 
contexts. 
 

Acknowledgements 
The work was partly supported by the National Natural 
Science Foundation of China (70890083/70621061) and 
Tsinghua University’s Research Center for Contemporary 
Management. 
 

References 
[1] E.F. Codd, “A relational model for large shared data banks”, 

Communications of the ACM, vol. 13, no. 6, pp. 377-387, 1970. 
[2] J.F. Baldwin, S.Q. Zhou, “A fuzzy relational inference language”, 

Fuzzy Sets and Systems, vol. 14, pp. 155-174, 1984. 
[3] B.P. Buckles, F.E. Petry, “A fuzzy representation of data for relational 

databases”, Fuzzy Sets and Systems, vol. 7, pp. 213-226, 1982. 
[4] H. Prade, C. Testemale, “Generalizing database relational algebra for 

the treatment of incomplete or uncertain information and vague 
queries”, Information Sciences, vol. 34, pp. 115-143, 1984. 

[5] V. Owei, “An Intelligent Approach To Handling Imperfect Information 
In Concept-Based Natural Language Queries”, ACM Transactions on 
Information Systems, vol. 20, no. 3, pp. 291-328, 2002. 

[6] Z.M. Ma, W.J. Zhang, W.Y. Ma, “Extending object-oriented databases 
for fuzzy information modeling”, Information Systems, vol. 29, no. 5, 
pp. 421-435, 2004. 

[7] L.A. Zadeh, “Fuzzy sets as a basis for a theory of possibility”, Fuzzy 
Sets and Systems, vol. 1, no. 1, pp. 3-28, 1978. 

[8] J. Kacprzyk, S. Zadrozny, “Computing with words in intelligent 
database querying: standalone and internet-based applications”, 
Information Sciences, vol. 134, pp. 71-109, 2001. 

[9] S.M. Chen, W.T. Jong, “Fuzzy Query Translation For Relational 
Database Systems”, IEEE Transactions on System, Man, and 
Cybernetics-Part B, vol. 27, no. 4, pp. 714-721, 1997. 

[10] P. Bosc, O. Pivert, “SQLf: a relational database language for fuzzy 
querying”, IEEE Transactions on Fuzzy Systems, vol. 3, no. 1, pp.1-17, 
1995. 

[11] P. Bosc, O. Pivert, “About project-selection-join queries addressed to 
possibilistic relational databases”, IEEE Transactions on Fuzzy Systems, 
vol. 13, no. 1, pp. 124-139, 2005. 

[12] G.Q. Chen, E.E. Kerre, J. Vandenbulcke, “Normalization based on 
fuzzy functional dependency in a fuzzy relational data model”, 

Information Systems, vol. 21, no. 3, pp. 299-310, 1996. 
[13] X.H. Tang, G.Q. Chen, “Equivalence and Transformation of Extended 

Algebraic Operators in Fuzzy Relational Databases”, Fuzzy Sets and 
Systems, vol. 157, no. 12, pp. 1581-1596, 2006. 

[14] P. Buche, C. Dervin, O. Haemmerle, R. Thomopoulos, “Fuzzy 
querying of incomplete, imprecise, and heterogeneously structured data 
in the relational model using ontologies and rules”, IEEE Transactions 
on Fuzzy Systems, vol. 13, no. 3, pp. 373-383, 2005. 

[15] D.Y. Choi, “Enhancing the power of Web search engines by means of 
fuzzy query”, Decision Support Systems, vol. 35, pp. 31-44, 2003. 

[16] S. Fox, K. Karnawat, M. Mydland, S. Dumais, T. White, “Evaluating 
Implicit Measures to Improve Web Search”, ACM Transactions on 
Information Systems, vol. 23, no. 2, pp. 147-168, 2005. 

[17] C. Li, K. C. Chang, I. F. Ilyas, S. Song, “RankSQL: Query Algebra and 
Optimization for Relational Top-k Queries”, in Proceedings of the 2005 
ACM SIGMOD International Conference on Management of Data, 
2005, pp. 131-142. 

[18] H. Yu, S. Hwang, K. C. Chang, “Enabling soft queries for data 
retrieval”, Information Systems, vol. 32, pp. 560-574, 2007. 

[19] G.Q. Chen, J. Vandenbulcke, E.E. Kerre, “A general treatment of data 
redundancy in a fuzzy relational data model”, Journal of The American 
Society for Information Science, vol. 43, no. 4, pp. 304-311, 1992. 

[20] J.C. Cubero, M.A. Vila, “A new definition of fuzzy functional 
dependency in fuzzy relational databases”, Intelligent Systems, vol. 9, 
no. 5, pp. 441-448, 1994. 

[21] K.V.S.V.N. Raju, A.K. Majumdar, “Fuzzy functional dependencies and 
lossless join decomposition of fuzzy relational database systems”, ACM 
Transactions on Database Systems, vol. 13, no. 2, pp. 129-166, 1988. 

[22] G.Q. Chen, Fuzzy logic in data modeling: semantics, constraints, and 
database design, Kluwer Academic Publishers, Boston, 1998. 

[23] S. Tamura, S. Higuchi, K. Tanaka, “Pattern classification based on 
fuzzy relations”, IEEE Transactions on Systems, Man and Cybernetics, 
vol. 1, no. 1, pp. 61-66, 1971. 

[24] H.S. Lee, “An optimal algorithm for computing the max-min transitive 
closure of a fuzzy similarity matrix”, Fuzzy Sets and Systems, vol. 123, 
pp. 129-136, 2001. 

[25] H.L. Larsen, R.R. Yager, “Efficient computation of transitive closures”, 
Fuzzy Sets and Systems, vol. 38, no. 1, pp. 81-90, 1990. 

[26] S. Shenoi, A. Melton, Fan, L.T. “An equivalence classes model of fuzzy 
relational databases”, Fuzzy Sets and Systems, vol. 38, pp. 153-170, 
1990. 

[27] C.E. Shannon, “A Mathematical Theory of Communication”, The Bell 
System Technical Journal, vol. 27, pp. 379-423, pp. 623-656, 1948. 

[28] J. Han, M. Kamber, Data Mining: Concepts and Techniques, Morgan 
Kaufmann publishers, 2001. 

[29] T.M. Cover, J.A. Thomas, Elements of Information Theory, John Wiley, 
1991. 

[30] Y.Z. Cao, M.S. Ying, G.Q. Chen, “Retraction and Generalized 
Extension of Computing With Words”, IEEE Transactions on Fuzzy 
Systems, vol. 15, no. 6, pp. 1238-1250, 2007. 

[31] S. Medasani, R. Krishnapuram, and Y. Choi, “Graph matching by 
relaxation of fuzzy assignments”, IEEE Transactions on Fuzzy Systems, 
vol. 9, no. 1, pp. 173-182, 2001. 

[32] A. Koeller, V. Keelara, “Approximate matching of textual domain 
attributes for information source integration”, in Proc. of the 2nd 
international workshop on Information quality in information systems, 
2005, pp. 77-86. 

[33] M. Mitra, B.B. Chaudhuri, “Information Retrieval from Documents: A 
Survey”, Information Retrieval, vol. 2, pp. 141-163, 2000. 

[34] E. Rahm, P.A. Bernstein, “A survey of approaches to automatic schema 
matching”, The International Journal on Very Large Data Bases, vol. 
10, no. 4, pp. 334-350, 2001. 

[35] H.A. Simon, “On the forms of mental representation” in Minnesota 
Studies in the Philosophy of Science: Perception and cognition: issues 
in the foundations of psychology, C. W. Savage Eds. University of 
Minnesota Press, 1978. 

[36] J.H. Larkin, H.A. Simon, “Why a diagram is (sometimes) worth ten 
thousand words”, Cognitive Science, vol. 11, pp. 65-99, 1987. 

[37] K. Siau, “Informational and Computational Equivalence in Comparing 
Information Modeling Methods”, Journal of Database Management, 
vol. 15, no. 1, pp. 73-86, 2004. 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1467



 

 

Robot Cooperation without Explicit Communication by Fuzzy Signatures 
and Decision Trees  

Áron Ballagi1   László T. Kóczy2,3   Tamás D. Gedeon4 

1 Department of Automation, 
Széchenyi István University, 

H-9026, Gy�r, Egyetem tér 1., Hungary 
 

2 Inst. of Mechanical, Electrical Engineering and Information Technology, 
Széchenyi István University, 

H-9026, Gy�r, Egyetem tér 1., Hungary 
 

3 Department of Telecommunications and Media Informatics, 
Budapest University of Technology and Economics, 
H-1117, Budapest, Magyar tudósok krt. 2., Hungary 

 
4Department of Computer Science, 

Australian National University, 
Acton, ACT (Canberra), Australia 

 
Email: ballagi@sze.hu, koczy@tmit.bme.hu, tom.gedeon@anu.edu.au 

Abstract—This paper presents a novel action selection method for 
multi robot task sharing problem. Two autonomous mobile robots try 
to cooperate for push a box to a goal position. Both robots equipped 
with object and goal sensing, but do not have explicit communication 
ability. We explore the use of fuzzy signatures and decision making 
system to intention guessing and efficient action selection. Virtual 
reality simulation is used to build and test our proposed algorithm.       

 
Keywords— Mobile robots, cooperation, fuzzy signatures, action 

selection, intention guessing.   

1 Introduction
In this paper we focus on manipulation tasks with 
sufficiently challenging dynamics to require the careful 
cooperation of two or more robots. Sensing and actuation is 
noisy and uncertain in mobile robot domains, resulting in 
partial knowledge about the world. We explore the use of 
fuzzy signatures to efficient action selection and intention 
guessing in this environment. The intention guessing is the 
base of a meta-communication method between the robots. 
In this setup is not any explicit communication line. 
We chose box-pushing as the problem domain because it 
has both theoretical interest and practical applications as it is 
an instance in large class of practical object manipulation 
tasks that appear to require tight feedback and control of 
real-world physics and dynamics [1-9]. From a theoretical 
standpoint, box-pushing is a variant on canonical object 
manipulation problem that draws on issue in fine motion as 
well as high level planning and control. Box-pushing is 
related to the well-known “piano-movers problem” [10], in 
that it requires the achievement  of top level goal of 
delivering the box to a particular location, as well as the 
maintenance of low-level requirements including obstacle 

avoidance, maintaining contact with the box, and 
maintaining forward motion. From a practical point of view, 
box-pushing is a prototypical problem for studying various 
tasks requiring cooperation of number of smaller robots 
moving larger objects [6].  
We use simulation in our experiments where two robots 
push a box to a goal position. Each robot has the own 
behaviour based control system thus they are fully 
autonomous. An action selection mechanism works in our 
behaviour based control in which the decision about 
selection is done by fuzzy signature based state describing 
algorithm. 

2 Experimental task and environment 
The actual stage of our research we use simulation of our 
real differential driven autonomous micro-robots (Fig. 1). 
The physical simulation is exact model of our robots in the 
case of scale, weight, mechanical systems and sensors. 
 

 
Figure 1. The real box-pushing robot 

The two robots operate in a 2 x 2 m square arena. The box 
to be pushed is a 20 cm high and 40 cm wide and long. The 
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goal region, located in one corner of the arena (Fig. 2), 
indicated by light sources detectable by the robot’s sensor. 
In the experiments described here the goal location is fixed 
but it can be moved before and during experiments. 
Each robot pushes the box with two “whiskers” which have 
a pair of force sensors. The left and right whiskers each 
provides an analog force signal which is combined to give 
information the relative position to the box and via the 
control loop keep it contact on both sides and thus 
perpendicular to the box. 
 

 
Figure 2. The simulation environment 

In the description two direction sign systems are used, the 
absolute direction with letters N, E, S, W as in the usual 
sense for North, East, South and West. The second direction 
sign system is a box relative system where the sides of the 
box are NB, EB, SB and WB respectively (Fig. 3). The 
position of the objects (boxes and robots in this case) 
always can be described by the absolute course, latitude and 
longitude of the object. One object relative position to a box 
is described by the box relative system, i.e. which side of 
the box is touched by that object. For simplicity we assume 
that the sides of the box are always parallel with the N-S 
and E-W axes, so there is not necessary any rotation. 

 
Figure 3. Symbols of boxes and robots 

There are just a few essentially different robot positions 
allowed. Because two robots are needed for pushing the 
box, at each side of the boxes, two spaces are available for 
the robots manipulating them: the “counterclockwise 
position” and the “clockwise position” (see Fig. 4). The 
position is described by � �,rP S T� where r is the number of 
the robot, S is the side of the box where the robot touch it 
(NB, EB, SB and WB respectively) and the T is the turning 
position that means “counterclockwise position” or 
“clockwise position” (CC or CW).  

The cooperating combination of robots is denoted by ,i jC  

where i,j is the number of the robots. 1,2C P�  is the 
“pushing or shifting combination”, when two robots (R1 and 
R2) are side by side at the same side of the box as Fig. 5 
shows. In this case R1 and R2 are in the relative North (NB) 
position. Of course, all the other three directions are 
similarly allowed. Any other combination of two robots is 
illegal, except see the next paragraph (“stopping 
combination”). 

 
Figure 4. Robot positions at the NB side of the box 

 
Figure 5. Allowed combinations of two robots for moving 

the box 

Eventually, in Fig. 6, the combinations are shown where one 
robot intends to do a move operation, and another robot that 
has recognized the goal box configuration positions itself to 
prevent a certain move. This is an exception where a two 
robot combination other than the ones listed in Fig. 5 is 
legal as a temporary combination, clearly signalizing “stop 
this attempt as it is in contrary to the goal “.  
 

 
Figure 6. The stopping combination 
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3 Build up the codebook 
After having overviewed the possible positions and 
combinations, let us build the part of the codebook that 
enables robots to recognize a situation and take action 
accordingly. In initial position both robots can see the goal 
light and know the actual position of the box. There are four 
good position and two pushing combination that the robots 
can take up.  
How can take the starting position? The possible initial 
actions are: 
1. The both robots move to reach the nearest possible 

good position. 
2. Which reach the position first wins the temporal leader 

role if the other knows or guesses that this position is 
well for forming a useful combination. In this case the 
second robot turns and moves to the free position for 
this combination as the Fig. 7 shows. If the second 
robot rejects this combination then they try to take up a 
new form. 

3. After the forming this starting combination the next is 
the push or shift task. We assume there are only two 
shifting axis, the N-S and E-S. The robots push the box 
a given force.  

 

   
 

   
Figure 7. The robots take the starting combination 

From this point a lot of scenarios are possible. Let us see 
some examples.  
The R2 robot loses the goal sign, so it does not know the 
direction exactly. The R2 will slow down. The R1 robot 
detects the rotation of the box via its force sensors and 
guesses the R2 is slacken. The R1 has to make a decision, in 
other words it selects an action or reaction. There are two 
ways: 
1. The R1 knows the right direction and forces to shift 

toward. It speeds up slightly, the R2 senses this and has 
to decide its reaction.  The R2 makes a second self-
examination and if it has not any other problem but the 
lost of goal sign then it switches to the blind push 
action or behavior. It means R2 pushes the box lean on 

R1 as follower.  If R2 finds any other reason of slacken, 
e.g.: external obstacle or any internal error (e.g.: low 
battery), it keeps its own speed or decreases it. In this 
case the R1 gives a new reaction and so on, as long as 
they reach a right deal or give up the task.  

2. The R1 does not sure the right direction, slow down to 
the speed of R2 and both robots search the goal light. If 
one of they find the goal takes the leader role and forces 
the other to push the box. If not, after a given time they 
stop pushing the box and move to take a new 
combination. After the some new unsuccessful attempt 
they give up.  

 
Based on the above example and considerations it is 
possible to build up some elements of the action selection 
algorithm as a codebook. It will take the form of a decision 
tree, where the inputs are the direct observation, the first 
level outputs are intention guesses and the second level 
outputs the concrete actions of the corresponding robot. 
Now let us see a relevant part of the codebook contains a 
decision tree with fuzzy elements. It is a part of the above 
presented example. 
 
In R1 control system: 

Does R2 {slow down}? 
 If  no then No Action 
 else 
 Do I know the {goal position}? 
  If no then Goal Searching Action 
  else 
  Force Move Action 
 Does R2 {accelerate}? 
  If no then Slow Down Action 
  else 
  No Action 
 

In R2 control system: 
Can I see the {goal light}? 
 If  no then Slow Down Action 
 . 
 . 
 . 
Does R1 {force the move}? 
  If no then No Action (or Goal Searching Action) 
  else 
  Do I have any internal or external {obstacle}? 
 If no then Blind Push Action 
 else 
 Slow Down Action (or Keep Move Action) 
 

Note that in the condition parts there are fuzzy notions 
which are between curly brackets. It is usually hard to judge 
that the R2 slows down really or the box hits an obstacle as 
the information come from some simple sensors that might 
provide only approximate results. 
This simple example illustrates clearly that the meta-
communication among intelligent robots by intention 
guessing and fuzzy evaluation of the situation might lead to 
effective cooperation and the achievement of task that 
cannot be done without collaboration and communication. 
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4 Fuzzy signatures and decisions 

4.1 Fuzzy signatures 
In 1999 Vámos, et al. introduced the concept of Fuzzy 
Signatures [11]. Some further advanced versions of the 
concept and it possible use for describing complex data 
were later proposed in [12,13,14]. 
The original definition of fuzzy sets was �: [0,1]A X  , and 
was soon extended to L-fuzzy sets by Goguen [15] 
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�:LA X L , L being an arbitrary algebraic lattice. A 
practical special case, Vector Valued Fuzzy Sets was 

introduced by Kóczy [16], where � ��, : 0,1 k
V kA X , and the 

range of membership values was the lattice of k-dimensional 
vectors with components in the unit interval. A further 
generalization of this concept is the introduction of fuzzy 
signature and signature sets, where each vector component 
is possibly another nested vector (right). 
Fuzzy signature can be considered as special 
multidimensional fuzzy data. Some of the dimensions are 
interrelated in the sense that they form sub-groups of 
variables, which jointly determine some feature on higher 
level. Let us consider an example. Fig. 8 shows a fuzzy 
signature structure. 
The fuzzy signature structure shown in Fig. 8 can be 
represented in vector form as follow: 
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Figure 8. A Fuzzy Signature Structure 

Here [x11 x12] from a sub-group that corresponds to a higher 
level compound variable of x1. [x221 x222 x223] will then 
combine together to form x22 and [x21 [x221 x222 x223] x23] is 
equivalent on higher level with [x21 x22 x23] = x2. Finally, the 
fuzzy signature structure will become x = [x221 x222 x223] in 
the example. 
The relationship between higher and lower level is govern 
by the set of fuzzy aggregations. The results of the parent 
signature at each level are computed from their branches 
with appropriate aggregation of their child signature. Let a1 
be the aggregating associating x11 and x12 used to derive x1, 
thus x1 = x11a1x12. By referring to Fig. 8, the aggregations 
for the whole signature structure would be a1, a2, a22 and a3. 
The aggregations a1, a2, a22 and a3 are not necessarily 
identical or different. The simplest case for a22 might be the 
min operation, the most well known t-norm. Let all 
aggregation be min except a22 be the averaging aggregation. 
We will show the operation based on the following fuzzy 
signature values for the structure in the example.  
Each of these signatures contains information relevant to the 
particular data point x0; by going higher in the signature 
structure, less information will be kept. In some operations 
it is necessary to reduce and aggregate information obtained 
from another source (some detail variables missing or 
simply being locally omitted). Such is when interpolation 
within a fuzzy signature rule base is done, where the fuzzy 
signature flanking an observation are not exactly of the 
same structure. In this case the maximal common sub-tree 
must be determined and all signatures must be reduced to 
that level in order to be able to interpolate between the 
corresponding branches or roots in some cases [17]. 
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After the aggregation operation is perform to the lowest 
branch of the structure, it will be described on higher level 
as: 
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Finally, the fuzzy signature structure will be: 
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4.2 Fuzzy signatures for box-pushing robot cooperation 
Now, let us construct the fuzzy signatures for robot 
cooperation. The fuzzy signatures presented here are 
implemented in R1 robot action selection system as a part of 
the meta-communication codebook. Of course here is 
described only a slice of the whole signatures. 
Fig. 9 presents the signatures which describe R2 behaviour. 
The information communicated to R1 is partly the 
observation about the last move of R2 and partly the 
evaluation of the situation with the box, according to those 
membership degrees will be attached to each leave of the 
actual signature. 

 
Figure 9. R2 robot’s behavior fuzzy signatures 

Figure 11 presents a portion of decision tree applied by R1 
when it observes some action or reaction of R2 described by 
above mentioned behavior fuzzy signatures.  
After all action selection the R1 control system reevaluates 
the values of the membership degrees of observed R2 
behavior, environmental properties and the own state as the 
lines partially show in Fig. 11. After the evaluation the robot 
makes a decision which action is taken.  
Parallel, in the R2 control system runs a similar task which 
reacts to the R1 decision and action. Thus, the two robots 
produce a circle of action and reaction (Fig. 10), where an 
initial action triggers the circulation of reactions and 
composes a meta-communication between the robots.  

 
Figure 10. Action – reaction circle 

This is a type of context dependent or fuzzy communication 
[18, 19], which means every robot has the own codebook 
and communicate in a vague, compressed or quasi channel. 

Then the robots build up and interpret this imprecise 
information with their codebooks.  

 

 

 
Figure 11. The decision tree of R1 robot 

5 Conclusions
Fuzzy communication contains vague or imprecise 
components and it might lack abundant information. If two 
robots are communicating by a fuzzy channel, it is 
necessary that both ends possess an identical part within the 
codebook. The codebook might partly consist of common 
knowledge but it usually requires a context dependent part 
that is learned by communicating. Possibly it is 
continuously adapting to the input information. If such a 
codebook is not available or it contains too imprecise 
information, the information to be transmitted might be too 
much distorted and might lead to misunderstanding, 
misinterpretation and serious damage. If however the 
quality of the available codebook is satisfactory, the 
communication will be efficient i.e. the original contents of 
the message can be reconstructed. At the same time it is cost 
effective, as fuzzy communication is compressed as 
compared to traditional communication. This advantage can 
be deployed in many areas of engineering, especially where 
the use of the communication channels is expensive in some 
sense, or where there is no proper communication channel 
available at all. 

Where the actions are 
� BP  –  Blind push 
� FM –  Force move 
� GS –  Goal Searching 
� KM  –  Keep move 
� SD – Slow down 
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Here we illustrate clearly that the communication among 
intelligent robots by intention guessing and fuzzy evaluation 
of the situation might lead to effective cooperation and the 
achievement of tasks that cannot be done without 
collaboration and communication. 
We simulated many scenarios and almost got acceptable 
results, but sometimes the robots made deadlock 
combination and gave up the work. In future we want to 
work out new algorithms to solve these situations. 
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Abstract— In this paper a new fuzzy filter for the removal of ad-
ditive Gaussian noise in colour image sequences is presented. The
proposed method, which is a colour extension of our previous work
on greyscale images, consists of two subfilters. The first subfilter av-
erages the noise in each of the colour bands separately. In this aver-
aging, the weights of the neighbouring pixels are determined by fuzzy
rules. Even though the filtering is performed in each colour band sep-
arately, information from the other colour bands is also used in the
fuzzy rules. In this way, we can be more confident whether a neigh-
bouring pixel is similar to the pixel being filtered. In order to further
improve the results, a second subfilter is applied too. This colour
restorating filter is based on the simplified assumption that for simi-
lar pixels the pixel value difference should be approximately the same
in all colour bands. A pixel is estimated from its neighbours by esti-
mating the differences in each colour band equal to the average over
all colour bands. Experimental results show that, in terms of average
PSNR and average NCD, the proposed colour extension of our previ-
ous work outperforms the usual colour extension of a greyscale filter,
in which the Y component in the Y UV transform is filtered with the
original greyscale method and the chrominance bands U and V are
averaged.

Keywords— Video, noise filter, colour, Gaussian noise, fuzzy
rule.

1 Introduction
Images sequences are among the most important information
carriers in today’s world. They are used in numerous applica-
tions such as broadcasting, video-phone, traffic observations,
surveillance systems and autonomous navigation to name a
few. The used sequences are however often affected by noise
due to bad acquisition, transmission or recording. In this pa-
per we will concentrate on image sequences corrupted with
additive white Gaussian noise of zero mean and variance σ2:

In,i = Io,i + εi, i = 1, . . . , P (1)

where In,i and Io,i denote the i-th pixel from the noisy and
the original frame respectively, εi ∼ N(0, σ2) and P is the
number of pixels per frame.

The goal of noise filtering is not only visual improvement
but also an improvement of the further analysis or coding of
the sequences. During this filtering process a compromise
needs to found between the removal of noise and the preser-
vation of fine image details.

Most video filters that exist in literature are designed for
greyscale sequences. Some examples are e.g. [2, 3, 4, 5].
These greyscale methods can nevertheless be extended to the
RGB colour space [1] in a straightforward way by filter-
ing each of the colour bands R, G and B separately. This

might however result in the introduction of colour artefacts
since the correlation between the different colour bands is ne-
glected. Therefore, the commonly used alternative is to filter
only the luminance component Y of the Y UV -transform with
the given greyscale method, possibly with an additional aver-
aging of the chrominance components U and V .

The proposed filtering framework can be seen as a colour
extension of our previous work presented in [4], which was
inspired by the multiple class averaging filter from [5]. The
presented filter consists of two separate subfilters. In the first
subfilter, we add colour information to the fuzzy logic frame-
work from our work in [4]. In this first fuzzy subfilter, each of
the colour bands is denoised separately by averaging the noise.
The weights assigned to the pixels considered in the averag-
ing are determined by fuzzy rules. Even though the filtering
is performed in each colour band separately, the fuzzy rules
also require information from the other colour bands. Due to
this increase in information, we can expect a more reliable
estimation of the degree to which a neighbouring pixel is sim-
ilar to the pixel that is filtered. However, especially around
edges in the image, some colour artefacts might appear be-
cause sometimes not enough similar neighbours can be found
to completely average the noise and it might also happen that a
neighbouring pixel is wrongly considered as belonging to the
same object (similar). To cope with this problem, the first sub-
filter is combined with an additional second subfilter, which is
an extension of the second subfilter in [6]. This subfilter is
based on the simplified assumption that for similar pixels the
pixel value differences in the three different colour compo-
nents should all three be approximately the same. The pixel
being filtered is estimated from a neighbour by estimating the
differences in each band equal to the average over the different
colour bands.

The experimental results show that the proposed colour
video denoising framework performs better than the Y UV -
colour extension in terms of average PSNR and NCD.

The paper is structured as follows: Section 2 gives some
preliminaries about fuzzy set theory. Next, the proposed
colour video denoising algorithm is explained in Section 3.
Finally, experimental results are presented in Section 4.

2 Preliminaries
In this section, we will introduce some basic notions concern-
ing fuzzy set theory and fuzzy if-then rules.

2.1 Fuzzy Sets
In classical set theory, an element x in a universe X belongs
or does not belong to a certain set C, defined over the uni-
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verse X . This can be modelled by membership degrees be-
longing to {0, 1}. In fuzzy set theory [7], there is a more
gradual transition between ‘belonging to’ and ‘not belonging
to’. A fuzzy set F in the universe X is characterized by a
X → [0, 1] mapping µF , which assigns a degree of member-
ship µF (x) ∈ [0, 1] of x in the fuzzy set F , with every ele-
ment x in X . This membership degree may also lie between
0 and 1, which makes fuzzy sets very useful and more natu-
ral than crisp sets to work with complex systems and human
knowledge, where linguistic variables are used. In this paper,
we will use a linguistic variable “large” for several parameters
that will be introduced further. Using fuzzy set theory, a pa-
rameter is not necessarily large or not large, but can also be
large to some degree.

2.2 Fuzzy Rules and Fuzzy Logical Operators
The general form of a fuzzy rule is “IF A THEN B”, where the
premise A and the consequent B are (collections of) proposi-
tions containing linguistic variables. These propositions can
contain AND, OR and NOT operators, which correspond to
respectively the intersection, the union and the complement of
fuzzy sets.

The membership degree of an element x in the intersection
(respectively union) of two fuzzy sets A and B in X is ob-
tained through a mapping T , (respectively S) that maps the
membership degrees of an element in the fuzzy sets A and B

onto its membership degree in the fuzzy set A ∩ B (respec-
tively A ∪ B): µ(A∩B)(x) = T (µA(x), µB(x)), ∀x ∈ X

(respectively µ(A∪B)(x) = S(µA(x), µB(x)),∀x ∈ X). In
fuzzy logic for the mappings T and S, respectively a trian-
gular norm [8] and a triangular conorm [8] are used. For the
results in this paper, we have used the algebraic product and
the probabilistic sum as triangular norm and conorm respec-
tively. This norm and conorm led to the best results for our
filter and are the most simple from a computational point of
view.

To specify the complement of a fuzzy set A in X , we use
a mapping N to derive the membership degree of an element
x in the complement of the fuzzy set A from its membership
degree in the fuzzy set A: µcoA(x) = N(µA(x)), ∀x ∈ X .
In fuzzy logic for the mapping N an involutive negator [8] is
used. In this paper we have chosen for the well-known stan-
dard negator Ns(x) = 1 − x, ∀x ∈ [0, 1].

Let’s take for example the following fuzzy rule:

Fuzzy Rule 1. IF (u is U AND v is V ) OR w is NOT W
THEN z is Z.

The membership degree µZ(z) of z in Z, which corre-
sponds to the activation degree of the rule, i.e. the degree of
thruthfulness, is then calculated as:

µZ(z) = (µU (u) · µV (v)) + (1 − µW (w))
− (µU (u) · µV (v)) · (1 − µW (w)). (2)

3 The proposed algorithm
In this section, we will outline the proposed filtering frame-
work. The method is a superposition of two subfilters, pre-
sented in respectively Subsection 3.1 and Subsection 3.2.

In the first subfilter a 3×3×2 sliding window is used, which
is moved through the frame from top left to bottom right, each

time filtering the central position in the window. This window
consists of 3 × 3 pixels in the current frame and 3 × 3 pixels
in the previous frame as shown in Fig. 1. The central posi-
tion in the window is denoted by (r, t), where r = (x, y) and
t respectively stand for the spatial and temporal position in
the image sequence. An arbitrary pixel position in the sliding
window (which may also be the central position) is denoted
by (r’, t′), with r’ = (x + k, y + l), (−1 ≤ k, l ≤ 1) and
t′ = t or t′ = t − 1. Further, the second subfilter uses a 3 × 3
window in the current frame for which similar notations will
be used as for the 3 × 3 × 2 window.

( ,t)r

t

t-1

x+1

x

x-1

x
x-1

x+1

y-1

y-1

y

y

y+1

y+1

Figure 1: The 3 × 3 × 2 filtering window consisting of 3 × 3
pixels in the current frame and 3 × 3 pixels in the previous
frame.

3.1 First Subfilter
The subfilter explained in this subsection, can be seen as a
colour extension of the filtering framework of our previous
work, presented in [4]. This method was inspired by the mul-
tiple class averaging filter [5], from which we adopted the fol-
lowing ideas: (i) temporal blur should be avoided by taking
into account only pixels from the current frame when motion
is detected; (ii) image details should be preserved by filter-
ing less when large spatial activity (details) is detected. More
noise will be left, but the eye is less sensitive for the high
spatial frequencies to which large spatial activity corresponds
[9]. In homogeneous areas on the other hand, as much noise
as possible should be removed by strong filtering.

The filtering is based on averaging the noise using the pixel
values in the neighbourhood that are similar to the given pixel
value and probably belong to the same object. Each colour
band is filtered separately, but in the filtering of each colour
band, the information from the other colour bands is used to
confirm that a neighbouring pixel does indeed belong to the
same object.

In the following the output of the first fuzzy subfilter is de-
noted by If , while the noisy input sequence is denoted by In.
The output of the first subfilter for the central pixel in the win-
dow is determined as a weighted mean of the pixel values in
the 3 × 3 × 2 window (i = 1, 2, 3):

If (r, t, i) =

∑
r’

∑t
t′=t−1 W (r’, t′, r, t, i)In(r’, t′, i)∑

r’
∑t

t′=t−1 W (r’, t′, r, t, i)
, (3)

The weights W (r’, t′, r, t, i) in the above weighted means
are determined using fuzzy logic. The weight of a pixel is
chosen equal to its membership degree in the fuzzy set “large
weight”. This membership degree is calculated as the activa-
tion degree of a fuzzy rule that corresponds to the ideas given
at the beginning of this subsection. If large detail is detected,
i.e., if a calculated detail value is large, then we should filter
less by averaging only over pixels that are quite similar, i.e.,
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for which there is no large difference in the considered colour
component and also in at least one of the other components.
On the other hand, if there is not much detail detected, i.e.,
in the case that the calculated detail value is not large, strong
filtering should be performed, i.e., we don’t put a condition
on the difference between the considered and the filtered pixel
in the considered colour band (the check in the other colour
bands remains for the case that the calculated detail value was
not completely reliable). Further, if the pixel for which the
weight is calculated belongs to the previous frame, we only
want to give it a large weight if there is no motion detected in
the filtering window, i.e., if a calculated motion value is not
large. In the filtering of the red colour band, this results in the
following two fuzzy rules, depending on whether the pixel lies
in the current or the previous frame:

Fuzzy Rule 2. Assigning the membership degree in the fuzzy
set “large weight” of the weight W (r’, t′, r, t, 1) for the red
value at position r’ in the current frame (t′ = t) of the window
with central pixel position (r, t):
IF

((
the detail value d(r, t) is LARGE AND ∆1(r’, t′, r, t)

is NOT LARGE AND (∆2(r’, t′, r, t) is NOT LARGE OR

∆3(r’, t′, r, t) is NOT LARGE)
)

OR
(
(the detail value d(r, t) is NOT LARGE) AND

(∆2(r’, t′, r, t) is NOT LARGE OR ∆3(r’, t′, r, t) is NOT

LARGE)
))

THEN the red value at position r’ has a LARGE weight
W (r’, t′, r, t, 1) in (3).

Fuzzy Rule 3. Assigning the membership degree in the fuzzy
set “large weight” of the weight W (r’, t′, r, t, 1) for the red
value at position r’ in the previous frame (t′ = t − 1) of the
window with central pixel position (r, t):
IF

((
the detail value d(r, t) is LARGE AND ∆1(r’, t′, r, t)

is NOT LARGE AND (∆2(r’, t′, r, t) is NOT LARGE OR

∆2(r’, t′, r, t) is NOT LARGE)
)

OR
(
(the detail value d(r, t) is NOT LARGE) AND

(∆3(r’, t′, r, t) is NOT LARGE OR ∆2(r’, t′, r, t) is NOT

LARGE)
))

AND the motion value m(r, t) is NOT LARGE

THEN the red value at position r’ has a LARGE weight
W (r’, t′, r, t, 1) in (3).

Similar fuzzy rules, switching the role of the red colour
band and the colour band that needs to be filtered, are used to
determine the weights W (r’, t′, r, t, 2) and W (r’, t′, r, t, 3) in
expression (3) to filter the green and blue colour band respec-
tively. In these fuzzy rules, a detail value d(r, t), three differ-
ence values ∆1(r’, t′, r, t), ∆2(r’, t′, r, t) and ∆3(r’, t′, r, t)
(one for each colour band) and a motion value m(r, t) are
used, which we will now discuss. In our proposed method,
only one detail value d(r, t) is used for all three colour bands.
This detail value depends however on three detail values com-
puted on each colour band separately. These three detail val-
ues are equal to the standard deviation calculated in the respec-
tive colour bands on the 3 × 3 pixels of the filtering window

belonging to the current frame (i = 1, 2, 3):

Iav(r, t, i) =
1
9

∑
r’

In(r’, t, i),

di(r, t) =
(1

9

∑
r’

(
In(r’, t, i) − Iav(r, t, i)

)2
) 1

2
.

We don’t need to know the exact value of d(r, t). Only the
membership degree µd

(
d(r, t)

)
of d(r, t) in the fuzzy set

“large detail value” is needed to calculate the activation de-
gree of Fuzzy Rules 2 and 3 that determine the weights in the
expression (3). This membership degree corresponds to the
activation degree of the following fuzzy rule:

Fuzzy Rule 4. Assigning the membership degree in the fuzzy
set “large detail value” of the detail value d(r, t) for the pixel
at the central position (r, t) in the filtering window of the cur-
rent step:
IF d1(r, t) is LARGE AND d2(r, t) is LARGE AND d3(r, t)

is LARGE
THEN d(r, t) is LARGE.

LARGE

0

1

Membership degree sbd� (d)

d1
thr

2
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Figure 2: The respective membership functions µsbd, µ∆

and µsbm of the respective fuzzy sets “large single band de-
tail value”, “large difference” and “large single band motion
value”.

The membership function µsbd of the fuzzy set “large single
band detail value” is given in Fig. 2. The membership degree
µd

(
d(r, t)

)
is thus given by:

µd

(
d(r, t)

)
= µsbd

(
d1(r, t)

)
· µsbd

(
d2(r, t)

)
· µsbd

(
d3(r, t)

)
.

(4)
The three difference values ∆1(r’, t′, r, t), ∆2(r’, t′, r, t)

and ∆3(r’, t′, r, t) that are used to determine the weights in
(3) are given by (i = 1, 2, 3):

∆i(r’, t′, r, t) = |In(r’, t′, i) − In(r, t, i)|. (5)

The membership function µ∆ of the fuzzy set ‘large differ-
ence’ is given in Fig.2.
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Analogously to the detail value d(r, t) also only one motion
value m(r, t) is used for the filtering of all three colour bands.
This value depends however again on three values computed
for each of the colour bands separately. These three single
band motion values are (i = 1, 2, 3):

mi(r, t) =
∣∣∣Iav(r, t, i) − Iav(r, t − 1, i)

∣∣∣

=
∣∣∣1
9

∑
r’

In(r’, t, i) −
1
9

∑
r’

Iv(r’, t − 1, i)
∣∣∣.

Just as it was the case for the detail value d(r, t), we don’t need
to know the exact value of m(r, t) either. Only its membership
degree µm

(
m(r, t)

)
in the fuzzy set “large motion value” is

needed for the Fuzzy Rules 2 and 3 (or thus the calculation of
the weights in (3)). This membership degree is obtained from
the following fuzzy rule:

Fuzzy Rule 5. Assigning the membership degree in the fuzzy
set “large motion value” of the motion value m(r, t) for the
pixel at the central position (r, t) in the filtering window of the
current step:
IF(m1(r, t) is LARGE AND m2(r, t) is LARGE) OR

(m1(r, t) is LARGE AND m3(r, t) is LARGE) OR

(m2(r, t) is LARGE AND m3(r, t) is LARGE)
THEN m(r, t) is LARGE.

The membership function µsbm of the fuzzy set “large sin-
gle band motion value” is given in Fig 2. The membership
degree µm

(
m(r, t)

)
is thus given by:

µm

(
m(r, t)

)
= α+(β +γ−β ·γ)−α · (β +γ−β ·γ), (6)

with

α =
(
µsbm

(
m1(r, t)

)
· µsbm(m2

(
r, t)

))
,

β =
(
µsbm

(
m1(r, t)

)
· µsbm

(
m3(r, t)

))
, (7)

γ =
(
µsbm

(
m2(r, t)

)
· µsbm

(
m3(r, t)

))
.

Summarized, the membership degree of the pixel at position
(r’, t′) in the fuzzy set “large weight”, which corresponds to
the weight W (r’, t′, r, t, 1) in (3) is thus given by

W (r’, t′, r, t, 1) = ω ·θ ·φ+(1−ω)·φ−(ω ·θ ·φ)·((1−ω)·φ),
(8)

where

ω = µd(d(r, t))
θ = (1 − µ∆(∆1(r’, t′, r, t)))
φ = (1 − µ∆(∆2(r’, t′, r, t))) + (1 − µ∆(∆3(r’, t′, r, t)))

− (1 − µ∆(∆2(r’, t′, r, t))) · (1 − µ∆(∆3(r’, t′, r, t)))

For pixel positions in the window belonging to the current
frame. For pixel positions in the window belonging to the
previous frame, an extra factor 1 − µm(m(r, t)) is needed.

3.2 Second Subfilter
Because sometimes not enough similar neighbours can be
found to completely average the noise in the first subfilter

and because some pixels might have been wrongly considered
similar in the first subfilter, some colour artefacts might still
be present after applying the first subfilter. To further improve
the result, the first subfilter is combined with an additional
second subfilter, which is an extension of the second subfilter
in [6]. Based on the simplified assumption that the difference
between similar pixels is approximately the same in all three
colour bands, a pixel is estimated from a neighbour by esti-
mating a difference in a given colour component equal to the
average over all three colour bands. So a difference that is
larger than the average is made smaller and vice versa. The fi-
nal output is a weighted average over the estimations obtained
from the different neighbours, where the weight is the degree
to which we believe that the neighbour belongs to the same
object. The weights are introduced because for neighbours
not belonging to the same object, the simplified assumption
does not hold.

3.2.1 Local Differences and Correction Terms
As mentioned before, for this second subfilter, a 3 × 3 sliding
window is used. In each step the central pixel in this window,
at position (r, t) in the image sequence, is filtered. For each
pixel in the sliding window, local differences (gradients) in the
three colour bands (each separately) are calculated. The dif-
ferences in the red, green and blue neighbourhoods are respec-
tively denoted by LD1, LD2 and LD3 and they are calculated
based on the output of the first subfilter (i = 1, 2, 3):

LDi(r’, t, r, t) = If (r’, t, i) − If (r, t, i). (9)

Next, for each position in the window one correction term
is determined using the calculated local differences. This cor-
rection term is defined as the average of the local difference in
the red, green and blue component at the given position:

ε(r’, t, r, t) =
1
3

3∑
i=1

LDi(r’, t, r, t). (10)

3.2.2 Output of the second subfilter
In [6], the output for each component of the central pixel is an
average of the corresponding components of the neighbour-
hood pixels, corrected with the corresponding correction term
(i = 1, 2, 3):

Out(r, t, i) =

∑
r’

(
If (r’, t, i) − ε(r’, t, r, t)

)

9
. (11)

However, pixels that belong to another object and that have
another colour, have a negative influence on the output. In ho-
mogeneous areas, neighbouring pixels are expected to be al-
most the same, and the local differences to be almost 0. So the
method further averages the remaining differences caused by
the noise. For a pixel belonging to another object however, the
assumption that the local differences are expected to be equal
in all components does not always hold. Therefore we as-
sign weights WT (r’, t, r, t) to the neighbouring pixels, based
on whether they are expected to belong to the same object
or not. To make this decision, we use the Euclidian distance
between the central pixel and the considered neighbourhood
pixel, given by

δ(r’, t, r, t) =
( 3∑

i=1

LDi(r’, t, r, t)2
) 1

2 (12)
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The weights themselves are then calculated using the follow-
ing fuzzy rule that expresses that the value δ(r’, t, r, t) should
not be large. Otherwise, the considered pixel is expected to
belong to another object.

Fuzzy Rule 6. Assigning the weight in the second subfilter for
the pixel at position (r’, t) in the filtering window:
IF δ(r’, t, r, t) is NOT LARGE

THEN the pixel at position (r’, t) has a LARGE WEIGHT

WT (r’, t, r, t) in the second subfilter.

The membership function µδ that determines the fuzzy set
“large Euclidian distance” is depicted in Fig 3. The weights in

LARGE

0

1

Membership degree
�

� �(

�

)

1
par

2
par

Figure 3: The membership function µδ of the fuzzy set “large
Euclidian distance”.

the filtering are again chosen equal to their membership degree
in the fuzzy set “large weight”, i.e., WT (r’, t, r, t) = 1 −
µδ(δ(r’, t, r, t)).

Finally, if not WT (r’, t′, r, t) = 0 for all neighbouring pix-
els in the 3 × 3 window, the output of the second subfilter
for the central pixel in the window is determined as follows
(i = 1, 2, 3):

Out(r, t, i) =

∑
r’ WT (r’, t, r, t)

(
If (r’, t, i) − ε(r’, t, r, t)

)
∑

r’ WT (r’, t′, r, t)
(13)

where ε(r’, t, r, t) is the correction term for the components of
the neighbouring pixel at position (r’, t′). If the central pixel
is so corrupt that all neighbouring pixels get a weight equal to
zero, the output is calculated by giving all neigbhouring pixels
in the window a weight equal to 1 and the corrupt central pixel
the weight 0 (i = 1, 2, 3):

Out(r, t, i) =

∑
r’�=r

(
If (r’, t, i) − ε(r’, t, r, t)

)

8
(14)

4 Experimental Results

In this section we present some experimental results obtained
from the test sequences “Salesman”, “Tennis”, “Chair” and
“Flowers”, corrupted with additive Gaussian noise of zero
mean and standard deviation σn = 5, 10, 15, 20, 25.

To draw conlusions about the proposed filtering framework,
we have used the peak signal to noise ratio (PSNR) and the
normalized colour difference (NCD) as measures of objective
similarity and dissimilarity between the original and the fil-
tered frames [6]. The higher the PSNR and the lower the NCD,
the more similar the original and the filtered frame.

4.1 Parameter Selection
The parameters, that determine the membership functions in
the above described filtering framework, have been set as fol-
lows. For the respective noise levels σn = 5, 10, 15, 20, the
optimal parameters in terms of the mean PSNR values av-
eraged over the sequences “Salesman”, “Tennis”, “Flowers”
and “Chair” have been determined by letting them vary over
a range of possible values. As illustrated in Fig. 4 for the pa-
rameter thr2, this led to a linear relationship between these
optimal values and the noise level. Hence, the parameters are
set as the best fitting line through the observations, as shown
in Fig. 4. The equations of those straight lines are given in Ta-
ble 1, where σn stands for the standard deviation of the Gaus-
sian noise. If this standard deviation is not known, it can be
estimated by e.g. the method from [10].

5 10 15 20
0

5

10

15

20

25

30

sigma
th

r2

Figure 4: Optimal parameter values in terms of the PSNR.

Table 1: The used parameter values.

Parameter Value Parameter Value
thr1 0 t1 0.72σn − 4.0
thr2 1.52σn − 4.5 t2 2.22σn − 4.5
T1 0 par1 1.1σn − 7.5
T2 3.14σn − 1.0 par2 6σn + 35

4.2 Experiments
In the experiments, we have compared the proposed filter
(denoted by FMDAF-CR) to the filtering scheme in which
a wavelet extension of the original pixel domain greyscale
method [4], which outperforms both the pixel domain filter
and other state-of-the-art greyscale methods of a similar com-
plexity (as shown in [4]), is applied on the Y component of
the Y UV transform, followed by an averaging (3 × 3 win-
dow) of the chrominance components U and V (denoted by
FMDAF-YUV). The average PSNR and NCD values found
for the test sequences corrupted with different noise levels
and processed by these two above approaches are given in
Tables 2 and 3 respectively. From these tables, we can
conclude that the proposed colour extension performs bet-
ter in terms of average PSNR and average NCD than the
commonly used Y UV -filtering. For a visual comparison,
we have made the original and noisy (σn = 15) “Sales-
man” sequence and the results after applying respectively
the FMDAF-CR and the FMDAF-YUV filter available on
http://users.ugent.be/∼tmelange/colourrule. If
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Table 2: Average PSNR value for the processed sequences.
Sequence σn FMDAF-CR WRFMDAF-YUV

“Salesman” 5 38.34 37.37
10 34.36 33.64
15 32.07 31.20
20 30.45 29.35
25 29.18 27.88

“Tennis” 5 36.51 33.40
10 32.75 29.83
15 30.35 27.92
20 28.68 26.68
25 27.39 25.59

“Chair” 5 39.27 39.92
10 36.17 35.67
15 33.94 32.99
20 32.17 30.89
25 30.67 29.16

“Flower 5 33.32 29.03
garden” 10 30.07 26.39

15 27.65 24.98
20 25.87 23.67
25 24.47 22.44

Table 3: Average NCD value for the processed sequences.
Sequence σn FMDAF-CR WRFMDAF-YUV

“Salesman” 5 0.0446 0.0531
10 0.0676 0.0829
15 0.0861 0.1121
20 0.1027 0.1397
25 0.1183 0.1652

“Tennis” 5 0.0269 0.0339
10 0.0376 0.0475
15 0.0470 0.0601
20 0.0555 0.0724
25 0.0638 0.0848

“Chair” 5 0.0132 0.0122
10 0.0182 0.0215
15 0.0238 0.0309
20 0.0296 0.0404
25 0.0353 0.0498

“Flower 5 0.0543 0.0792
garden” 10 0.0743 0.0945

15 0.0907 0.1064
20 0.1041 0.1190
25 0.1157 0.1319

we concentrate on the side of the phone, we see that for the
FMDAF-YUV method more colour artefacts (green and red
spots) are visible than for the FMDAF-CR filter, which might
be an explanation for the better PSNR and NCD values. Fur-
ther, we also see that the wavelet domain method FMDAF-
YUV has removed more noise and produces a smoother result.
This smoother result can however be attributed to the use of a
wavelet domain filter. If the original pixel domain greyscale
method would have been used, we would also have had a little
more noise remaining. Remark also that the smoother result
also has as a result that the details have been smoothed a little
more. This trade-off between noise removal and detail preser-
vation is one of the main challenges in the development of a
noise filter.
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Abstract — A lot of disciplines (e.g. archaeology) have to process 
imprecise temporal information. There are different possibilities to 
handle this kind of information, amongst them e.g. fuzzy set theory and 
rough set theory. In this paper, due to its capability in the context of 
many data acquisition applications, the focus has been set on rough 
set theory. To illustrate temporal information, an interval is often 
visualised by means of a one-dimensional segment in a one-
dimensional space. An alternative representation of time intervals is 
called the Triangular Model (TM) by which a time interval is 
represented by a point in a two-dimensional space. In this paper, 
rough set theory is applied into TM, which gets extended to the Rough 
Triangular Model (RTM). In RTM, Rough Time Intervals (RTI) and 
their mutual relations can be visualised diagrammatically, which 
offers opportunities to visualise and analyse imprecise temporal 
information. Aerial photos, taken during World War �, containing 
imprecise temporal information with archaeological background, are 
used to illustrate the potentials of the model in processing RTI. 
 
Keywords — Imprecise temporal information, rough set theory, 
temporal reasoning, temporal relation, time interval, triangular 
model. 

1 Introduction 
For time intervals, the most widely adopted representation is 
the linear model where time intervals are modelled as finite 
linear segments in a one-dimensional space. Much research 
has been carried out on representing and reasoning about time 
intervals, most of which is based on this linear concept and 
simple temporal relations [1] [3] [6] [7] [10]. Though Rough 
Time Intervals (RTI), i.e. intervals starting and/or ending at 
uncertain time stamp are also frequently used in many 
disciplines, there is still a shortage of methods and tools to 
visualise them. An alternative temporal model, the Triangular 
Model (TM), has been proposed in [11] [12] [2]. This model 
is based on the W-diagram introduced in [4] [5]. Up till now, 
TM has remained mainly a theoretical concept. However, it 
seems to offer a promising design for several applications.  
A lot of disciplines (e.g. archaeology, geography, psychology, 
and philosophy) are faced by the problem of having imprecise 
temporal information. To handle this information it can be 
reverted to different approaches, for instance to fuzzy set 
theory [13]. This theory aims to formalise inherently fuzzy 

concepts by permitting the gradual assessment of the 
membership of an element in relation to a set. Another way to 
deal with imprecise temporal information can be found in 
rough set theory [8] [9]. This theory introduces a concept of 
lower and upper approximation and a boundary region, 
describing a set where elements can or can not be decisively 
classified into a set X. In contrast to fuzzy set theory, rough 
set theory is particularly useful in the context of many data 
acquisition applications. Therefore, in this paper the rough set 
theory has been chosen to be applied into the TM. 
This paper extends TM to RTM in order to visualise and 
analyse RTIs. First, the basics of TM are introduced in 
section two. The remainder of this section describes RTIs and 
their visualisation in the RTM. In section three, we illustrate 
how to visualise rough time relations of RTIs by means of the 
RTM. This section is followed by a description of an 
application of the RTM to incomplete temporal data which is 
deriving from an archaeological background. Finally, 
conclusions are drawn and future work is pointed out. 
 

2 The Triangular Model 
2.1 Representing time intervals with TM 
Time is usually conceptualised as a linear, one-dimensional 
time line (Fig. 1). In this classical concept, a temporal interval 
I is visualised by a segment that is bounded by a begin point 
I- and end point I+. In the linear model, the vertical dimension 
is only used to differentiate multiple overlapping intervals, if 
used at all. An interval without duration is visualised as a 
point (zero dimension). The basic concept of TM is the 
construction of two lines through the extremes of a linear 
time interval (Fig. 2). For each time interval I, two straight 
lines (L1 and L2) are constructed, with L1 going through I-; L2 
going through I+, and where the angle �1 = �2. The 
intersection of L1 and L2 is called the interval point I. The 
position of I in the two-dimensional space completely 
determines both, the beginning and end point of the interval 
(Fig. 3).  
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Figure 1: Linear representation of time intervals. 

 

 
Figure 2: Construction of a simple interval point. 

 

 
Figure 3: Time intervals in TM. 

 
2.2 Representing RTIs with TM 
It is often difficult for scientists to obtain precise temporal 
information about events or processes. Geological periods, 
for example, are always associated with uncertain starting and 
ending times. In history and archaeology as well, many 
events are lacking precise temporal demarcation. For instance, 
consider the impreciseness coming along with radiocarbon 
dating. 
Scientifically underpinned treatments for imprecise 
information handling are already existing. For instance, fuzzy 
set theory [13] aims to formalize inherently fuzzy concepts by 
permitting the gradual assessment of the membership of an 
element in relation to a set. It extends conventional (crisp) set 
theory and handles the concept of partial truth, i.e. truth 
values between 0 (complete false) and 1 (complete true). 
Another way to deal with imprecise information can be found 
in rough set theory [8] [9]. The main purpose of rough set 
theory is the induction of approximations of concepts, which 
are represented by the upper approximation B  and the lower 
approximation B . Within B , elements can be decisively 
classified into a set X; outside B , elements are not members 
of X. The difference between B  and B  forms a boundary 
region. If the boundary region is nonempty, a set is said to be 
rough; otherwise the set is crisp. In the boundary region, 
elements can not be decisively classified as members or not 
members of X.  

Rough set theory is particularly useful in the context of 
temporal information, due to the nature of data acquisition in 
many scientific applications. Remote sensing, for instance, is 
a world-wide applied tool that relies on images taken at 
discrete time stamps. One can determine the state of a feature 
on these snapshots, whereas this state is uncertain in between 
two time stamps. However, we rely on the very natural 
assumption that this state does not change in between two 
snapshots which show similar states, i.e. the uncertain parts 
only remain in between two snapshots showing different 
states. Hence, we might consider a period of snapshots 
showing similar states (closed time interval) as a lower 
approximation for this state and its neighbouring periods of 
uncertainty (two open time intervals) as boundary region; 
both then cumulate into the state’s upper approximation 
(open time interval) (Fig. 4). Thus, a feature’s state can be 
considered as a rough set or more specifically a RTI. Next to 
remote sensing, this idea applies to numerous other fields, 
such as, soil core sampling, socio-economical census and 
surveys, and opinion polls. 
 

 
Figure 4: Rough set interval in remote sensing. 

 
In the classical linear model, RTIs are represented as linear 
segments with an uncertain beginning range and an uncertain 
end range (Fig. 5). If there is a huge amount of rough 
intervals, it is quite difficult for humans to abstract 
information from this representation. Therefore the analyse 
capacities of the linear model are quite limited. For an 
advanced temporal analysis based on visualisation an 
alternative is needed.  
In TM, a RTI is represented by a polygon. Four lines are 
constructed respectively from the earliest/latest beginning and 
the earliest/ latest end, forming a diamond (Fig. 6). This 
polygon indicates a zone within which the uncertain interval 
can be found. We call this representation the Rough 
Triangular Model (RTM).  
In some cases, the beginning and end range have intersections. 
Take I5 in Fig. 6 for example, we only know that it starts 
between 3 and 5, and ends between 3 and 5. In this case, the 
interval is represented as a triangle incumbent on the x-axis in 
RTM. In some other cases, intervals are partially rough: they 
have a precise beginning/end, but an imprecise end/beginning. 
These semi-rough intervals can be represented by lines (e.g. 
I2 in Fig. 6). There are still other possibilities such as semi-
open intervals, two-sided open intervals and totally 
indefinable intervals. In this paper, we are focussing on the 

TIME (s)

I1 ]5, 8[ 

I2 ]1, 3[ 

I3 ]1, 7[ 

I4 ]1, 9[ 

I5 ]5, 7[ 

0 1 2 3 8 9 4 5 7 6 10
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first type of RTIs which are having a twofold, non-
overlapping boundary region. 
 

 
Figure 5: Linear representation of RTIs1. 

 

 
Figure 6: Visualising RTIs in RTM. 

 

3 Rough temporal relations 
When time intervals are rough, the relations between them 
also become rough. RTM provides the possibility of 
visualising and analysing temporal relations in a two-
dimensional space 
3.1 Representing fine temporal relations in TM 
Based on the basic work of Allen [1], an interval I is 
represented as a pair (I- ; I+) with real numbers I- and I+, 
denoting respectively the beginning and end points of the 
interval. This means that Allen only deals with simple 
intervals having a specified duration. Let the beginning I- and 
end point I+ of two simple intervals have the following three 
possible relations: smaller than (<), equal (=) and larger than 
(>). Then, thirteen possible fine relationships between two 
intervals can be defined (see Tab. 1). 

Table 1: Thirteen Allen relations [1]. 
Allen’s temporal relations 

I1 equal I2 if  I1
- = I2

- ^  I1
+ = I2

+  
I1 starts I2 if  I1

- = I2
-  ^  I1

+<  I2
+  

I1 started-by I2 if  I1
- = I2

- ^  I2
+<  I1

+  
I1  finishes I2  if  I1

+ = I2
+ ^  I1

- > I2
-  

I1  finished-by I2  if  I1
+ = I2

+ ^  I2
- > I1

-  
I1 meets I2 if  I1

+ = I2
-   

I1 met-by I2  if  I2
+ = I1

-   
I1 overlaps I2  if  I2

- > I1
- ^  I1

+< I2
+ ^  I1

+ > I2
- 

I1 overlapped-by I2 if  I1
- > I2

- ^  I1
- < I2

+ ^  I2
+ < I1

+  

I1 during I2 if  I1
- > I2

- ^  I1
+ < I2

+  
I1 contains I2  if  I2

- > I1
- ^  I2

+ < I1
+  

I1 before  I2 if  I1
+ < I2

-    
I1 after I2 if  I2

+ < I1
-   

                                                 
1 In this paper, we use ISO standard notation to distinguish open intervals 
and close intervals. In this notation, ]a, b[ denotes open interval, [a, b] 
denotes close interval and ]a, b] denotes left-open but right-close intervals. 
Since Allen’s intervals are open, we use ]a,b[ here to denotes Allen’s 
intervals. 

 
Using TM [12], these relations can be visualised. Each 
relation thereby corresponds to a specific Fine Relation Zone 
(FRZ) within TM. Given a study period beginning at 0 and 
ending at 100, all examined intervals are located within the 
isosceles triangular of I ]0, 100[. To obtain the best 
visualisation, the reference interval I2  ]33,66[ is chosen to be 
located in the centre of TM. As shown in Fig. 7b several 
intervals (I1a, I1b, I1c, I2) may exist before interval I2  ]33,66[. 
All possible intervals for which I1

+ < I2
- applies are 

generalised, with respect to interval I2, into the FRZ before, 
displayed by the black triangle in Fig. 7c. Note that as Allen 
worked with open intervals, also the interval zone 
corresponding to I  ]0,33[ is open. The right boundary of FRZ 
before represents all intervals for which applies I1

+ = I2
-. 

Therefore, the intervals have their end point at 33, resulting in 
the meets relationship. 
Comparing the visualisations of TM with the linear model, 
both visualise the same fine interval relations, as displayed in 
Fig. 7a and Fig. 7c. The benefit of TM in visualising time 
relations gets spontaneously definite. The time intervals in 
Fig. 7c is faster to capture than the one in Fig. 7a. An 
overview of positions and names of the thirteen FRZs is 
given in Fig. 8. 

 
I1a ]10, 23[
I1b ]20, 25[
I1c ]6, 25[

I2 ]33, 66[ 
T(s)

Figure 7: Visualisation of fine intervals by means of the 
linear model a) and  TM b). FRZ before within TM c). 

 
 

Figure 8: Thirteen FRZs in TM. 
 

3.2 Relation zones in RTM 
While TM represents fine intervals and fine interval relations, 
RTM represents rough intervals and its relation zones are 
Rough Relation Zones (RRZs).  
To transform FRZs into RRZs, all point and line zones of TM 
(equal, starts, started-by, finish, finished-by, meets, and met-

I1 LA: [7, 7]; UA: ]5, 9[ 

TIME (s)

0 1 2 3 8 94 5 7 6 10

I2 LA: [2, 3]; UA : ]0, 3[  

I3 LA: [1, 5]; UA : ]0, 7[ 

I4 LA: [2, 8]; UA: ]0, 10[ 

I5 LA: [3, 5]; UA: ]3, 5[ 

LA: Lower approximation 
UA: Upper approximation 
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by) are expanded according to the duration of the boundary 
regions of the reference interval I2. Hence, two polygon zones 
arise from the intersections of the expanded line zones starts 
and meets as well as from the intersections of the expanded 
line zones finishes and met-by (Fig. 9). Note that the absolute 
position of these zones may change according to the used 
data, while the relative position always remains. 
Transforming the TM to RTM, fifteen relation zones are 
generated; nine of these are expanded zones (Fig. 9 and Tab. 
2). The names of the expanded zones are based on the names 
of FRZs, but preceded by ‘maybe’. Therefore these expanded 
relation zones are named maybe zones. 
In TM, only one specific fine relation is possible within a 
FRZ (Tab. 2). Different from that, in RTM maybe zones 
represent zones where several fine relations are possible (Tab. 
2). This is caused by the fact that a RRZ consists of parts of 
corresponding neighbouring FRZs in TM. The dashed lines in 
Fig. 9 represent the borders of original FRZs. In RTM, the 
positions of these dashed lines are uncertain and can be 
anywhere within the corresponding maybe zone. This is 
different from fuzzy set interval where the dashed lines have 
gradually-changing probability of appearance. Thus, we only 
use flat colour (white) to mark the interior of maybe zones. 
Note that each maybe zone contains the relations of its 
neighbouring zones in RTM (Fig. 9).  

 
Figure 9: RRZs in RTM. 

 
Table 2: Thirteen FRZs in TM and fifteen RRZs in RTM 

FRZ RRZ 

Name Abbr. Name possible
relations Abbr.

equal E maybe 
equal 

contains, 
started-by, 

overlapped-
by, finishes, 

during, 
starts, 

overlaps, 
finished-by, 

equal 

ME 

starts S maybe 
starts 

starts, 
overlaps, 

during 
MS 

started-by SB maybe 
started-by 

started-by, 
overlapped-
by, contains 

MSB 

finishes F maybe 
finishes 

finishes, 
during, 

overlapped-
by 

MF 

finished-by FB maybe 
finished-by 

overlapps, 
finished-by, 

contains 
MFB 

meets M maybe 
meets 

meets, 
before, 

overlaps 
MM 

met-by MB maybe met-
by 

met-by, 
overlapped-

by, after 
MMB 

overlaps O overlaps overlaps O 
overlapped-

by OB overlapped-
by 

overlapped-
by OB 

during D during during D 
contains C contains contains C 
before B before before B 
after A after after A 

/ / 

maybe 
meets or 
maybe 
starts 

before, 
meet, 

overlaps, 
during, 
starts 

MM-
MS 

/ / 

maybe 
finishes or 
maybe met-

by 

during, 
finishes, 

overlapped-
by, met-by, 

after 

MF-
MMB 

 
Unlike with FRZs, the border lines of RRZs do not make up 
separate relation zones but belong to one of their 
neighbouring RRZs. Due to their definition, the boundary 
regions in the beginning and the end of RTIs are open 
intervals (Fig. 4). The corresponding assignments are 
illustrated in Fig. 10, where the arrows are pointing into the 
zone to which the respective border line is assigned. 
 

 
Figure 10: Assignment of the borders of RRZs. 

 
3.3 Applying RTM 
In order to evaluate whether RTM is helpful for the analysis 
of imprecise temporal information; we tested RTM with data 
deriving from an archaeological context. During World War �, 
aerial photos covering the Belgian-German front line in 
West-Flanders (Belgium) have been taken. From these aerial 
photos, we can observe whether a feature such as a fire trench, 
a gun position or a barrack, was not yet present, was present 
or was destroyed. For each feature, several photos with 
according date of acquisition exist. Hence, if we can find (1) 
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the last photo where the feature is not yet found, (2) the first 
photo where the feature is found, (3) the last photo where the 
feature is found, and (4) the first photo where the feature is 
destroyed, we can derive a RTI representing the feature’s 
uncertain lifetime (Fig. 4). 
In RTM, fifteen RRZs can be created for one feature (Fig. 9). 
Lots of similar intervals will yield overlapped RRZs. If 
different grey shades are added to denote the number of 
overlaps in the concerning area, there will appear some 
patterns which reflect characteristics of the underlying data. 
Fig. 11 and Fig. 12 visualise the overlaps of maybe equal 
zones of gun positions and breastworks respectively. More 
overlapped areas are marked with dark grey, and vice versa. 
Comparing these two visualisations, we can have a direct 
overview about how the two types of features are temporally 
distributed. As in the model most polygons of gun positions 
are distributed right of the breastworks zones, comparing Fig. 
11 with Fig. 12, we may observe that gun positions exist 
relatively later than breastworks. It also can be observed that 
breastworks generally exist longer than gun positions because 
most of the breastworks zones are higher on the y-axis than 
the zones of the gun positions. 
 

 
Figure 11: Overlaps of maybe equal zones of gun positions. 

 
 

 
Figure 12: Overlaps of maybe equal zones of breastworks. 

 

If we select contain interval zones of gun positions (Fig. 13), 
the display of the model can be divided into several zones 
according to the colour grade. If an interval point is in the 
dark zone, it contains intervals of most features. In other 
words, in the dark zone, all intervals contain most features 
lifetime intervals. In natural language, we could say: if an 
interval is in a dark zone, it witnesses the lifetime of most 
features. This approach can be applied to other RRZs and 
even to combinations of relation zones. 
 

 
 

Figure 13: The overlaps of the contain zone of gun positions. 
 

4 Conclusions and future work 
Since a lot of disciplines (e.g. archaeology, geography, 
psychology, and philosophy) are faced by the problem of 
having imprecise temporal information we extended TM into 
RTM in order to visualise RTIs and temporal relations 
between them. We do not intend to create a new or extend an 
existing temporal calculus or temporal logic. Our approach 
takes special care for the intuitive and visualization aspects. 
In RTM, RTIs are represented by simple geometries (e.g. 
lines and polygons) in a two-dimensional space. Compared to 
the classical linear model, which has limited analytical 
capacities, RTM gives people a direct overview of the 
temporal distribution of RTIs. When handling a huge amount 
of rough intervals, RTM provides a compact visualisation 
pattern, which helps in further exploratory analysis. 
Furthermore, the temporal relations between RTIs can be 
visualised as zones, i.e. RRZs, in the two-dimensional space, 
which gives potentials in visual queries of rough temporal 
relations.  
In this paper, we described the basics of RTM and RRZs. 
However, further research needs to be done. 
First, as explained in 2.2; also other types of RTIs should be 
considered, e.g. partially rough intervals, one-sided open 
intervals and intervals with overlapped begin and end 
boundary regions. This would imply a wide modification of 
the RRZs. This major change in the division of the RRZ 
consequently has to be followed by an adaptation of 
visualisation and interpretation. Whether these visualisation 
and analyses are delivering feasible results has to be tested in 
further research. 
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Second, the idea of conceptual neighbourhood has proved its 
importance in qualitative reasoning about time and space. 
When temporal relations become rough, there are more 
possibilities that one relation continuously changes to another 
relation without passing through other relations. Thus, the 
conceptual neighbourhood diagram of rough temporal 
relations will change accordingly. Also, the practical use of 
conceptual neighbourhood of temporal relations of rough 
intervals has to be studied in detail. 
Third, so far we dedicated the borders of the RRZs of the 
RTM to one of the RRZs. But following the example of the 
TM, these lines could be relation zones by themselves. That 
would mean that additionally to the fifteen RRZ we would 
have nineteen line zones and probably six point zones. In 
total RTM would be build up out of forty zones. The 
additional line zones would include, for example, line zones 
of TM like starts, started-by, finishes, finished-by, meets and 
met-by. But also new line zones would be created like the line 
zones which are located between the zones maybe starts or 
maybe meets and maybe meets. Within this line zone a wide 
range of relations are possible. Whether this great number of 
RRZ provides useful visualisations and if the interpretation 
could be aided by a computer still needs to be determined. 
Also whether this interpretation would deliver helpful 
information still needs to be investigated. 
Finally, this model can be more useful if it is implemented as 
an interactive tool. More flexible and interactive visualisation 
tools can help to better analyse complex temporal data. 
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Abstract—The problem of solving a multi-objective programming 
problem, by assuming that the decision maker has fuzzy goals for 
each of the objectives, is addressed. In this case a fuzzy goal 
programming problem has to be solved. But when we have several 
objectives it can be a difficult task for the decision maker to 
determine coherent aspiration levels, so it is possible that the 
tolerance thresholds be inconsistent with each other, therefore 
obtaining an infeasible problem. We present a procedure in order to 
repair the infeasibility. We rebuild the unattainable fuzzy goals 
keeping their relaxation levels as small as possible while 
maintaining, at the same time, a good balance vis-à-vis the degree of 
achievement of the others goals.  

Keywords—, Fuzzy goal programming, Goal programming, 
Infeasibility,  Multi-objective programming. 

1 Introduction 
Let a multi-objective programming (MOP) problem with k
objective functions � �i iz x c x� , 1,...,i k�  be  

� � � � � � � �� �1 2(MOP)  Min , ,...,

              S. t.   
kz x z x z x z x

x X

�

�
   

Where � �, 0nX x Ax b x� � � �� , � �1,..., n
i i inc c c� �� ,

1,...,i k� ; � �1,..., m
mb b b� ��  and  A is a m n	�  matrix.   

For the sake of simplicity we suppose that all the objectives 
should be minimized. However, the procedure demonstrated is 
easily extendable were the case to include some maximizing 
objectives.  
In (MOP) it is unlikely that all objectives will simultaneously 
achieve their optimal value. Therefore in practice the decision 
maker (DM) chooses a satisfying solution, according to the 
aspiration level fixed for each objective. 
Assuming that the DM proposes imprecise aspiration levels 
such as, “ � �iz x  should be essentially less than or equal to 
some value gi”, model (MOP) can be written as 
(FGP)       Find x

            
� �Such that 1, 2,...,
X

i iz x g i k
x


 �

�
�      

Each expression i ic x g

�

 is represented by a fuzzy set called 
fuzzy goal, whose membership function, 
� �i iz� , � : 0,1i� �� , provides the satisfaction degree i�  to 

which the ith fuzzy inequality is satisfied. In order to define the 
membership function � �i iz�  the DM has to provide the 
tolerance margins gi+ti that she/he is willing to accept. So 
� �i iz� should be equal to 1 if i iz g� , strictly monotone 

decreasing from 1 to 0 over the interval � �,i i ig g t�  and equal 
to 0 if  i i iz g t� � .
Models like this are named fuzzy goal programming (FGP) 
problems. (FGP) should be considered as an auxiliary model 
in order to solve (MOP).  
As it has been widely seen, a FGP problem, using the fuzzy 
decision max-min of Bellman and Zadeh [1] and introducing 
the auxiliary variable ���adopts the following formulation [2] 
(B-Z)       Max  ��
                S.t.  � �� �0 1, ,i iz x i k� � � � � �            

                       x X� , �
�
But when there are several objective functions it can be a 
difficult task for the DM to determine coherent aspiration 
levels. Therefore it is possible that some tolerance thresholds 
will be inconsistent with each other or with the crisp 
constraints, some of them being unattainable (membership 
degree=0). In this case (B-Z) is infeasible. Chinneck [3] 
summarizes the state of the art in algorithms related to 
infeasibility in optimization. Most published research has been 
focused on the diagnosis of infeasibility. Little investigation 
has been made in infeasibility resolution and very limited 
literature can be found in infeasibility resolution using fuzzy 
approach. León and Liern [5] use a fuzzy sets approach to 
relax constraints to repair infeasibility in crisp mathematical 
programming problems. Gupta et al. [6] take a similar fuzzy 
approach to finding a best approximate solution to an 
infeasible mathematical programming problem. In this paper 
we propose a procedure in order to solve a FGP should the 
above described drawback occur. We demonstrate the 
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operativeness of our approach by means of a numerical 
example. 

2   Repairing infeasibility 
Let us assume that (B-Z) is infeasible because the tolerance 
thresholds of some goals are unattainable. The first step (M.I) 
is to identify one minimum-cardinality subset of {1, 2,…, k},  
that will be denoted CS, so that the goals {1, 2,…, k}�CS
provide a feasible (B-Z) problem. This procedure is related to 
the minimum cardinality irreducible infeasible subsystem (IIS) 
set-covering problem (MIN IIS COVER) (see [3, 4]). Hence 
the Chinneck’s algorithm [4] will be applied to the following 
sets of linear constraints 

� � 1, 2,...,
X

i i iz x g t i k
x

� � �

�

where only the k -first constraints (the goals) are elasticized. 
So we will work with the model 

1

(M.I) Min

S.t. 1, ,

k

i
i

i i i i

p

z p g t i k
x X

�

� � � �
�

�
�

Next, in order to repair infeasibility, we have to shift the 
unattainable goals, i.e. the CS-goals, as low as possible 
without penalizing excessively the achievement degree of 
other goals. Taking this into account we consider the 
following two positions: 1) we allow the feasible goals to 
deteriorate to their corresponding tolerance threshold 2) we 
aim to attain a satisfactory solution for the feasible goals. 
Obviously the relaxation of the unattainable goals will be 
smaller in the first position than in the second. Therefore we 
assign a satisfaction degree equal to 1 to the relaxed values 
obtained in the first position and a satisfaction degree equal to 
0 to that obtained in the second position, decreasing 
monotonously between these values. This way, we obtain the 
membership functions � �� �*

i iz x�  that rebuild the new fuzzy 
goals corresponding to the, previously, unattainable goals. 
Assuming, for the sake of simplicity, that the unattainable 
goals are the first r. Consider the aforementioned position 1, 
that is to say, we allow the feasible goals to deteriorate until 
their tolerance threshold and, being an inclusive condition, we 
look for the lowest relaxation levels for the unattainable goals 
by conventional goal programming approach [7]. Thus we 
propose to solve the following model 

� �
� �

1
(M.II)     Min 

S.t. , 1,...,

, 1,...,
, 0

r

i i
i

i i i i

i i i

i

w p

z x p g t i r

z x g t i r k
x X p

�

� � � �

� � � �

� �

�

where 
1

1
r

i
i

w
�

��  and wi > 0 for all i=1,…,r. The variables pi

have the same significance as the positive deviation in goal 
programming (GP). (M.II) searches for a solution with the 

smallest weighted average relaxation levels in order to achieve 
feasibility, considering that the other goals could reach their 
corresponding tolerance threshold. Weight wi represents the 
priority or importance of the relaxation levels of tolerance 
threshold gi+ti. It is well known that when wi>0 for all 
i=1,…,r, any optimal solution of (M.II) is efficient [8], which 
give us a large set of possible goal shifts that provide a 
feasible solution.
Let xII be an optimal solution of (M.II). In line with what we 
have said before, the values � �II II , 1,...,i iz z x i r� � , have 
membership degree equal to 1 in the  new (repaired) fuzzy 
goals that we are constructing.
Now let us consider the aforementioned position 2, that is to 
say we are looking for a good degree of satisfaction of the 
goals that are attainable in (M.I). In order to achieve this we 
solve the following max-min model in which only the feasible 
goals are included 
 (M.III)    Max  �
        S. t. � � II , 1,...,i iz x z i r� �

                         � �� �0 1, ,i iz x i r k� � � � � � �                      

               x X� , �
�   
Let xIII be an optimal solution of (M.III) and � �III III

i iz z x� ,

i=r+1,…,k. We can consider the values � �IIImax , ,i iz g
i=r+1,…,k as sufficiently satisfactory. In the process of 
searching for the lowest relaxation levels of the infeasible 
goals, maintaining the values of the feasible goals sufficiently 
satisfactory, we solve the following GP model 

� �
� �
� � � �

1

II

III

(M.IV)     Min 

S.t. , 1,...,

                       , 1,...,

max , , 1,...,

, 0

r

i i
i

i i i i

i i

i i i

i

w p

z x p g t i r

z x z i r

z x z g i r k

x X p

�

� � � �

� �

� � �

� �

�

Let xIV be an optimal solution of (M.IV). The values 

� �IV IV , 1,...i iz z x i r� � , achieved by the unattainable goals, 
have membership degree equal to 0 in the  new (repaired) 
fuzzy goals that we are constructing.  
We write II * IV * *and  i i i i iz g z g t� � � .
This way we have obtained the new fuzzy aspiration levels 

� �� �*
i iz x�  which restore feasibility with the lowest relaxation 

levels (see figure 1). 
Finally we solve the following max-min model, by replacing 
the unattainable aspiration levels substituted with the new 
aspiration levels, which restores feasibility. 
(B-Z*)    Max  �

              
� �� �
� �� �

*S.t. 0, 1,...,

0, 1,...,
i i

i i

z x i r

z x i r k

� � � � �

� � � � � �
           

                     x X� ,   �
�
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The optimal solutions of (B-Z*) can be considered as 
solutions of (B-Z) well balanced between attainable fuzzy 
goals an unattainable fuzzy goals. Moreover, if the solution of 
this problem is not fuzzy-efficient of (FGP) and/or not Pareto 
optimal of (MOP), the solution can be improved following a 
procedure showed in [9].  

Figure1: Relaxation of an unattainable fuzzy aspiration        
level.

3 Example 
To check the usefulness of our approach we consider the 
following numerical example.  
Let a MOLP problem be 
 Min z1=3x1+3x2+3x3+2x4+3x5

 Min z2=2x1+x2+2x3+x4+3x5
Min z3=4x1+4x2+2x3+3x4+x5
Max z4=x1+6x2+5x3+7x4+6x5

. Min z5= 5x1+5x2+4x3+7x4+5x5

         S.t.   4x1+2x2+4x3+2x4+3x5� 18
            x1� 1, 0� x3� 3

          x2� 0, x4� 0, x5� 0
Assume the DM proposes the following imprecise aspiration 
levels: “z1 should be essentially less than or equal to 18”, “z2
should be essentially less than or equal to 6”, “z3 should be 
essentially less than or equal to 13”, “z4 should be essentially 
greater than or equal to 24” and “z5 should be essentially less 
than or equal to 17”, the respective tolerance threshold being 
21, 8, 15, 21 and 20.
Step 1.  We solve the (B-Z) problem 

 Max ��
 S.t. 

� �� �

� �� �

� �� �

� �� �

� �� �

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 21 3 3 3 2 3
3
1 8 2 2 3
2
1 15 4 4 2 3
2
1 6 5 7 6 21
3
1 20 5 5 4 7 5
3

x x x x x

x x x x x

x x x x x

x x x x x

x x x x x

�

�

�

�

�

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � � � �

     

 4x1+2x2+4x3+2x4+3x5>18 
x1� 1, 0� x3� 3

 x2� 0, x4� 0, x5� 0, 0� �� �

This problem is infeasible because the tolerance thresholds of 
some goals are unattainable. �
Step 2. We will identify one minimum-cardinality irreducible 
infeasible subsystem of goals by applying the Chinneck’s 
algorithm to the following system of linear constraints where 
only the five first constraints (the goals) are elasticized: 

 3x1+3x2+3x3+2x4+3x5�  21 
 2x1+x2+2x3+x4+3x5� 8

4x1+4x2+2x3+3x4+x5� 15
x1+6x2+5x3+7x4+6x5� 21  

. 5x1+5x2+4x3+7x4+5x5� 20
 4x1+2x2+4x3+2x4+3x5� 18

x1� 1, 0� x3� 3
 x2� 0, x4� 0, x5� 0

We obtain CS ={2, 5}. 
Step 3. In order to repair infeasibility we propose to solve the 
following model (see M.II) 

 Min 2 5p p�
 S.t. 

 2x1+x2+2x3+x4+3x5 2 8p� �
 5x1+5x2+4x3+7x4+5x5 5 20p� �

 3x1+3x2+3x3+2x4+3x5 < 21 
 4x1+4x2+2x3+3x4+x5 < 15

x1+6x2+5x3+7x4+6x5 > 21  
4x1+2x2+4x3+2x4+3x5 > 18 
x1� 1, 0� x3� 3

 x2� 0, x4� 0, x5� 0
2 50, 0p p� �

We get II
2 9z � �and II

5 21 5z .� . These values have 
membership degree equal to 1 in the new (repaired) fuzzy 
goals that we are constructing.  
In order to look for the balanced relaxation levels of the 
infeasible goal we need to find the values sufficiently 
satisfactory for the feasible goals.  
Step 4. We solve the following model (M. III) 

 Max ��
 S.t. 

� �� �

� �� �

� �� �

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 21 3 3 3 2 3
3
1 15 4 4 2 3
2
1 6 5 7 6 21
3

x x x x x

x x x x x

x x x x x

�

�

�

� � � � � �

� � � � � �

� � � � � �

 2x1+x2+2x3+x4+3x5 9�
 5x1+5x2+4x3+7x4+5x5 > 21.5 
 4x1+2x2+4x3+2x4+3x5� 18

x1� 1, 0� x3� 3
 x2� 0, x4� 0, x5� 0
 0� �� ��

As III 15 48iz .� , III
3 11 32z . ,� III

4 26 52z .�  then in the process of 
searching for the lowest relaxation levels of the infeasible 

gi gi+ti
*
ig * *

i ig t�

1

0

�

�

���

zi
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goals, maintaining the values of the feasible goals sufficiently 
satisfactory, we solve the following GP model: 
Step 5. (see M.IV) 
 Min 2 5p p�
 S.t. 

 2x1+x2+2x3+x4+3x5 2 8p� �
 5x1+5x2+4x3+7x4+5x5 5 20p� �

 3x1+3x2+3x3+2x4+3x5 < 18 
 2x1+x2+2x3+x4+3x5 9�
 4x1+4x2+2x3+3x4+x5 < 13

x1+6x2+5x3+7x4+6x5 > 24  
. 5x1+5x2+4x3+7x4+5x5 > 21.5

4x1+2x2+4x3+2x4+3x5 >18
x1 > 1, 0 < x3 < 3 

 x2 > 0, x4 > 0, x5 > 0 
2 50, 0p p� �

We get IV
2 9 5z . ,� IV

5 24 96z .� � These values achieved by the 
unattainable goals, have membership degree equal to 0 in the 
new (repaired) fuzzy goals that we are constructing. 
This way we have obtained the new fuzzy aspiration levels  
which restore the feasibility with the lowest relaxation levels: 
“z2 should be essentially greater than 9” and “z5 should be 
essentially greater than 21.5” with tolerance threshold equal to 
9.5 and 25, respectively. Finally we solve the following (B-
Z*) model 

 Max ��
 s.t. 

� �� �

� �� �

� �� �

� �� �

� �� �

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 21 3 3 3 2 3
3
1 9.5 2 2 3

0.5
1 15 4 4 2 3
2
1 6 5 7 6 21
3
1 25 5 5 4 7 5

3.5

x x x x x

x x x x x

x x x x x

x x x x x

x x x x x

�

�

�

�

�

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � � � �

     

 4x1+2x2+4x3+2x4+3x5>18 
x1 > 1, 0 < x3 < 3 

 x2 > 0, x4 > 0, x5 > 0 
 0 < ��< ��

We get *
1 1x ,� *

2 0 79x . ,� *
3 2 86x .� , *

4 0 25x .� , *
5 0 13x .� ;

� �*
1 14 92z x .� , � �*

2 9 2z x .� , � �*
3 13 83z x .� �� � �*

4 22 75z x .� �

and � �*
5 22 95z x .� ��This can be considered as  a solution of 

model (B-Z) well balanced between attainable fuzzy goals and 
unattainable fuzzy goals. 
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4 Conclusions 
This paper describes a method to deal with infeasibility in 
fuzzy goal programming problems in case of the DM proposes 
unattainable tolerance thresholds for some goals. Considering 
the inherent flexibility of fuzzy approach we restore the 
feasibility by shifting the unattainable goals as low as possible 
but, at the same time, taking care not to penalize excessively 
the degree of achievement of the others goals. This way we rebuilt 
the unattainable goals obtaining a new feasible fuzzy goal 
programming problem whose solution is well balanced between 
attainable and unattainable fuzzy goals.
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Abstract—Two basic issues for data analysis and kernel-machines 
design are approached in this paper: determining the number of 
partitions of a clustering task and the parameters of kernels. A 
distance metric is presented to determine the similarity between 
kernels and FCM proximity matrices. It is shown that this measure is 
maximized, as a function of kernel and FCM parameters, when there 
is coherence with embedded structural information. We show that 
the alignment function can be maximized according FCM and 
kernel parameters. The results presented shed some light on the 
general problem of setting up the number of partitions in a 
clustering task and in the proper setting of kernel parameters 
according to structural information.  

 
Keywords— Affinity matrix, Clustering, Fuzzy C-Means (FCM), 

Kernel matrix, Reordering, Sorting. 

1 Introduction 
The importance of kernels has been much emphasized in the 
literature as the basic construct of learning machines like 
SVMs [6]. Kernel parameters play, therefore, a major role in 
achieving good performance of these classifiers. Setting up 
kernel parameters is usually accomplished by an exhaustive 
search carried out in the space of parameters. Quite often 
this search is completed without a full understanding of how 
kernels represent relations in the input space. The proper set-
up of kernels is only expected to capture the input to feature 
space mapping that results on an acceptable overall machine 
performance, without any direct constraints imposed on the 
internal representation of relationships between patterns. 
 
However, like Fuzzy C-Means (FCM) [7] proximity 
matrices (FPM) [8], kernels may incorporate important 
structural information about the data. In fact, data clustering 
can be accomplished by using information already contained 
in kernels, by finding the proper order of columns and rows 
of the kernel matrix [2, 3, 4, 5]. A similar affinity matrix [1] 
representation can also be obtained for FPMs, which may 
suggest that kernels and FPMs embody similar information 
about the data if their parameters are set accordingly. This 
observation also suggests that supervised and unsupervised 
learning may exhibit a closer relationship by the exchange of 
information between kernels and FPMs. 
 
The problem of approximating kernels and FPMs relies, 
therefore, on setting their parameters so that they yield 
matrices that are close to each other or, in other words, that 

represent the same structural information. The parameters to 
be set are basically the width r of the Gaussian functions, for 
RBF kernels, and the number of partitions c, the basic 
parameter of FPMs. In this paper, we investigate how these 
two parameters are related to the alignment between RBF 
kernels and FPMs.  
 
Experimental results on synthetic data yielded maximum 
alignment on values of c that coincide with the number of 
clusters of the data generator functions. This suggests that, 
for a given kernel matrix, the proper number of clusters can 
be induced by maximizing the similarity of FPM and the 
kernel matrix. In addition, it is also shown that, for the same 
problems, SVMs [6] can also be designed by setting the 
kernel parameter to the corresponding value of r that 
maximizes the similarity. 
 
The paper is organized as follows. We start with a general 
overview of the main concepts including kernels and FPM. 
The concept of affinity matrix representation of kernels and 
FPMs is then described. Another important link between 
these two representations of data is presented in section 5 
where kernels are shown to incorporate the same structural 
information the FPMs. The metric for similarity measure is 
then presented, which is followed by the description of the 
optimization algorithm, the main results, discussions and 
conclusions. 

2 Mercer Kernels 
The main characteristic of (Mercer) kernels [9] in the 
supervised learning context is that they allow implicit 
mapping of input data into feature space without actually 
computing the mapping itself. Instead, the mapping is 
accomplished by computing the internal product located in 
the input space. The kernel matrix K=[k(xi,xj] is regarded as 
a Mercer kernel if it is symmetric and positive semi-definite. 
In general, the kernel matrix can be considered as a matrix 
capturing similarity between all pairs of points of a data set. 
Kernels can be implemented by polynomials, linear and 
sigmoidal functions as well as Gaussian functions. A 
Gaussian, or RBF, kernel is described as follows 

( )
2

2

2),( r
xx

ji

ji

exxk
−−

=                       (1) 

where r is the radius of the Gaussian function. 
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As an example, let us consider Fig. 1, where data were 
sampled from two Gaussian distributions. The corresponding 
RBF kernel where r=0.25 is shown in Fig. 2. As patterns are 
not ordered according to the generator functions, no 
structural information can be directly visualized in the kernel 
matrix. In order to observe pattern relation properties 
directly from the kernel matrix, it is necessary to order the 
patterns accordingly, as it will be described in the next 
sections. 
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Figure 1: Data sample from two Gaussian distributions. 
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Figure 2: Unordered RBF kernel matrix (r=0.25) for the data 

of Fig. 1. 

3 FCM Proximity Matrix 
Fuzzy clustering realized by the well-known FCM algorithm 
[7] is formulated as a constrained optimization problem, 
where the partition matrix U=[uik] satisfies the constraint 

1
1

=∑ =

c

i iku , while the objective function to be minimized 

reads as follows 

2

1 1
|||| ik

c

i

N

k

m
ikuJ vx −=∑∑

= =

                (2) 

where c is the number of partitions (clusters) in the data set, 
N is the data set size, m is the fuzziness coefficient 
(fuzziness factor) and vi is the prototype of cluster i. 

 
The obtained partition matrix U=[uij] can be used to generate 
the NxN proximity matrix P=[pkl], according to the known 
relationship available in the literature [8] that is presented in 
(3). Likewise kernels, the proximity matrix P embodies 
relationships between patterns according to the clusters 
represented in the partition matrix U. 

∑
=

=
c

1i
ilikkl )u,min(up                         (3) 

4 Affinity matrices 

Given a data set { }N
kku x 1==Γ , where N is the number of 

patterns, the elements sij of the Affinity Matrix S=[sij] 
contain a measurement or estimation of the affinity of the 
pair of patterns (xi, xj), where affinity is defined as a likeness 
based on relationship or causal connection [1]. For reflexive 
affinities, S is symmetrical, what implies on sij=sji. In 
general, the Affinity Matrix can be represented as a block 
diagonal symmetrical matrix as the one of (4). 
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where Sij=Sji are sub-matrices of S and k is the total number 
of sub-groups of S. 
 
For ordered data sets, kernels and proximity matrices can be 
represented in the form of (4), where sub-matrix Sii 
represents within-cluster affinities and Sij represents inter-
cluster affinities, for i≠j. Consider, for instance, the data set 
of Fig. 1 and the corresponding kernel presented in Fig. 2, 
which is now ordered according to the generator 
distributions and presented in Fig. 3. The block-diagonal 
affinity matrix form of the kernel presented in Fig. 3 shows 
clearly the structure of the data set. The block-diagonal 
matrices S11 and S22 represent the two clusters of Fig. 1 with 
30 elements each, whereas the matrices S21 and S12 represent 
the relationships between data of matrices S11 and S22. 
Matrices S21 and S12 have in fact very small values, 
indicating that the two clusters are not quite related to each 
other, as can be confirmed in Fig. 1. A similar result to the 
one presented in Fig. 3 would have been obtained if the 
proximity matrix P were obtained and ordered according to 
the partition matrix U for c=2. 
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Figure 3: Ordered RBF kernel matrix (r=0.25) for the data 

set of Fig. 1. 

5 Clustering by Sorting Kernels 
In the previous section we have pointed out to the close 
relationship between kernels and proximity matrices as 
represented by affinities of the data. Clustering algorithms 
can be described with the objective of sorting kernel 
matrices. There are in fact clustering algorithms in the 
literature that work by sorting rows and columns of the 
kernel matrix [2, 3, 4, 5] in order to obtain affinity matrices 
like the one presented in Fig. 3. Once the affinity matrix has 
been formed, embedded cluster information can be directly 
extracted from the kernels. 
 
The eigenvector ordering method [1, 2] was applied to the 
data set presented in Fig. 4, which was generated from 6 
Gaussian generator functions. The corresponding ordered 
RBF kernel is presented in Fig. 5. As it can be observed, the 
ordered kernel shows clearly the presence of 6 groups of 
data in the input space. The affinity matrix representation of 
kernels simply reveal the information that is already present 
in the kernel, since only permutation operations were 
accomplished in the rows and columns of the original 
matrix. This indicates that (properly set) kernels already 
contain information about data structure that is equivalent to 
that obtained by clustering methods. 
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Figure 4: Data set obtained from 6 Gaussian functions. 
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Figure 5: Affinity matrix representation of the ordered RBF 

kernel matrix of the data set of Fig. 4. 

6 Alignment of Kernels and FPMs 
In order to quantify the similarity between kernels and 
proximity matrices, the Empirical Alignment described in 
[2] was adopted. The alignment quantity A is described in 
the form 

FF

F

PPKK

PK
PKA

,,

,
),( =                    (3) 

where K and P, respectively, are the kernel and proximity 
matrices and 

F
.,.  is the Frobenius inner product [2], 

∑∑
= =

=
N

i

N

j
F

jiPjiKPK
1 1

),(),(,                   (4) 

7 Alignment as an Optimization Problem 
As discussed in the previous sections, depending on their 
parameters, kernels and FPM may incorporate analogous 
information about patterns and cluster relationships which 
hold in the input space. For the RBF kernels, structural 
information may be revealed by the proper setting of the 
width r, whereas FPM ability to describe pattern relations 
depends on the previously set number of clusters c. 
Nevertheless, these parameters are usually blindly 
configured in advance by the user. In the SVM design, the 
value of r can be fine-tuned according to the overall learning 
machine performance, while further cluster analysis can also 
give a hint for fine tuning of the value of c. When the setting 
of (c, r) results on affinity matrices that are coherent with the 
actual data structure, the corresponding kernel and FPM will 
be aligned to each other, according to the metric presented in 
(3). These arguments suggest that A(K,P) has a maximum on 
(c*, r*), where c* and r* are, respectively, the number of 
partitions and RBF width that best describe the original data 
structure. This characterizes the optimization problem 
presented in (5). The objective is therefore to obtain the 
values of the parameters c and r that maximize the 
alignment, which are expected to be the ones that describe 
better the data set for both kernel and proximity matrix. 

),(maxarg
),(

PKA
rc

                    (5) 
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In order to demonstrate the arguments above, the values of 
A(K,P) were computed as a function of c and r for the data 
sets coming from Fig. 1 and 4, respectively. The obtained 
results are shown in Fig. 6 and 7. The same calculations 
were also completed for another data set with 4 original 
Gaussian generator functions. The obtained graph is 
presented in Fig. 8. As can be observed in Fig. 6, 7 and 8, 
the maximum occurs for c=2, c=6 and c=4, respectively, 
which correspond to the original number of generator 
functions used in each data set. These results confirm the 
principle that the alignment function (3) has a maximum 
corresponding to the number of generator functions and that 
(5) could be optimized in order to obtain the values of c and 
r that result on the best representation of the data set. In the 
next section, the optimization of (5) will be implemented 
with a simple Genetic Algorithm (GA) [10] approach. 
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Figure 6: Alignment A(K,P) as a function of c and r for the 

data set of Fig. 1. 
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Figure 7: Alignment A(K,P) as a function of c and r for the 

data set of Fig. 4. 
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Figure 8: Alignment A(K,P) as a function of c and r for a 

data set with 4 Gaussian generator functions. 

8 Evolutionary Optimization 
A simple Genetic Algorithm (SGA) [10] was implemented 
in order to optimize (5) for the three problems represented 
by the objective functions of Fig. 6, 7, and 8. GA parameters 
are presented in Table 1 and the obtained results in Table 2. 
As can be observed, the maximum obtained for the three 
objective functions are quite close to the ones observed in 
the figures. As for the number of clusters, the optimization 
yielded exactly the same number of generator functions.  
 

Table 1: Parameters of the SGA for optimization of the 
objective functions of Fig. 6, 7 and 8. 

Number of variables in search space 2 

Population size 50 

Maximum number of generations 65 

Crossover rate 0.6 

Mutation rate 0.03 

Biased linear cross-over coefficient 0.9 

Linear cross-over coefficient  0.5 

 

Table 2: SGA solutions for the objective functions of Fig. 6, 
7 and 8. 

Number of 
generator 
functions 

Number 
of 

iterations 

 
r 

 
c 

 
A 

Two 52 0.5894 2 0.9540 
Four 19 0.6808 4 0.9537 
Six 63 0.6551 6 0.9758 

 
The SGA was also applied to the data set of Fig. 9, 
represented as a binary classification problem. In order to 
distinguish between structural information and data set 
labels for classification problems, one of the classes was 
sampled from two Gaussian distributions, as can be observed 
in Fig. 9. In such a situation, there are three generator 
functions and two classes. This can be visualized by the 
ordered kernel of Fig. 10, which suggests the existence of 
the three clusters, in spite of the number of labels. The SGA 
optimization resulted on r=0.66959, c=3 and A=0.92225, 
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what is consistent with the number of clusters of the original 
distribution.  
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Figure 9: Binary classification problem sampled from three 

generator functions. 
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Figure 10: Affinity matrix representation of the ordered RBF 

kernel matrix of the data set of Fig. 9. 

 

In order to show the consistency of the RBF width resulted 
from SGA optimization for classification purposes, a SVM 
was designed with the obtained value of r=0.66959. The 
corresponding separating surface is presented in Fig. 11 and, 
as can be observed, the resulting surface is coherent with the 
classification problem (the margin parameter was set to 
C=2). This suggests that the maximum obtained from (5) 
also points out to a proper tuning of kernel parameters for 
SVM design. Similar procedures were applied to the Iris 
data set [12], which resulted on c=2 in the maximum 
alignment. This result is consistent with the literature and 
with statistical analysis of the data set [13]. 

 

 
Figure 11: SVM separation surface for Fig. 9. RBF kernel 

was selected with and r=0.66959 obtained from SGA 
optimization. 

9 Discussions and conclusions 
Kernel and clustering design was presented in this paper in 
the perspective of function optimization. Our main argument 
to support this principle is that when both kernel and FPM 
are coherent with the embedded structural information 
contained in the data set, they should be aligned to each 
other. Alignment is measured in this paper according to the 
Frobenius inner product [2] between kernel and FPM, 
computed as a function of the parameters c and r. Therefore, 
we argue that maximum alignment should result on a proper 
setting of the parameters c and r. This approach differs from 
other kernel FCM algorithms [11], since the original 
objective functions are used.  
 
This principle sheds some light on the discussion of 
determining the number of partitions of a clustering task. It 
has been shown throughout the paper that coherent partitions 
can be inferred according to the maximum alignment 
principle. Likewise, proper kernel design can also be 
obtained from the alignment. This suggests that kernel can 
be designed by exploring the structural data properties 
instead of performing an exhaustive blind search in the space 
of parameters with the aim of solely accomplishing the 
input-output mapping. According to these arguments, 
kernels should be more representative of the underlying data 
instead of serving uniquely as a mapping engine. This also 
suggests that kernels and FCM clustering should be co-
designed and not described independently. According to the 
same principle, supervised and unsupervised learning may 
exhibit a closer relationship by collaborative interaction 
between kernels and FPMs. 
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Abstract—In our previous work we proposed a Multilayer 
Perceptron Neural Networks (MLP NN) consisting of fuzzy flip-
flops (F3) based on various operations. We showed that such kind 
of fuzzy-neural network had good learning properties. In this paper 
we propose an evolutionary approach for optimizing fuzzy flip-flop 
networks (FNN). Various popular fuzzy operation and three 
different fuzzy flip-flop types will be compared from the point of 
view of the respective fuzzy-neural networks’ approximation 
capability. 

Keywords— Bacterial Memetic Algorithm, feedbacked fuzzy J-K 
and fuzzy D flip-flops, Multilayer Perceptron Neural Networks  

1 Introduction 
Fuzzy set theory, artificial neural networks, bacterial 
evolutionary algorithms and their hybrid combination have 
been the subject of intense study and application, especially 
in the last decades. These were developed with the aim to 
deal with problems which were hard to solve using 
traditional techniques. Fuzzy systems are transparent and 
interpretable, neural networks possess the property of auto-
adaptability, while evolutionary, especially bacterial 
algorithms have been used for the approximation of the 
optimal structure. To approximate various test functions we 
use a combination of the above mentioned three main 
branches of Computational Intelligence. Although some 
paper report about Support Vector Machines (SVM) 
outperforming traditional Multilayer Perceptron (MLP) in 
classification task, but in prediction and regression problems 
the MLP gives smaller errors with lower network complexity 
[12]. The paper is organized as follows. After the 
Introduction Section 2 defines triangular norms and co-
norms; and then highlight the five well known fuzzy 
operations (algebraic, Yager, Dombi, Hamacher and Frank). 
Section 3 presents the concept of a single fuzzy J-K and D 
flip-flop, using the fundamental equation as it was proposed 
in [13]. A comparative study of several types of fuzzy J-K 
flip-flops based on the five fuzzy operations is made. 
Comparisons of fuzzy J-K flip-flops with feedback and of 
two different interpretations of fuzzy D flip-flops are 
presented. Section 4 is devoted to the investigation of the F3

based neurons and the MLP [11] constructed from them. We 

proposed the Fuzzy Flip-Flop Neural Network (FNN) 
architecture that can be used for learning and approximating 
various simple transcendental functions. In Section 5 we 
present Bacterial Memetic Algorithm with Modified 
Operator Execution Order (BMAM) [5] for FNN variables 
optimization. Experimental results and comparison between 
different types of FNNs trained with Levenberg-Marquardt 
(LM) method and the BMAM are discussed in Section 6, 
followed by a brief conclusion in the last Section.

2 Fuzzy operations 
Klement, Mesiar and Pap enumerate and give the basic 
definitions and properties of the most general triangular 
norms in [8], including also graphical illustrations, 
comparisons. In general a triangular norm [8] (t-norm) is a 
binary operation T on the unit interval [0, 1], i.e., a function 
T:[0,1]2�[0,1], such that for all a, b∈ [0,1] the 
commutativity, associativity, monotonicity and boundary 
conditions are satisfied. Triangular co-norms (s-norm) were 
introduced [8] as dual operations of t-norms.  
Table 1 shows various t-norms and s-norms selected by us, 
(as possible bases of the FNN), all five can be used as basic 
operators in the definition of the fundamental formulas of the 
fuzzy flip-flop introduced in the next Section. (Many other 
did not produce good enough neural network properties, cf. 
[10].) For simplicity we denote the t-norm with i, and the s-
norm with u, where the subscripts refer to the initial of the 
name of the norm: e.g., in case of Yager norms: iY(a,b) = a iY

b and uY(a,b) = a uY b. 

3 Fuzzy flip-flops 

3.1 Fuzzy J-K Flip-Flops 
The fuzzy J-K flip-flop is an extended form of the binary J-K 
flip-flop. In this approach the truth table for the J-K flip-flop 
is fuzzified, where the binary NOT, AND and OR operations 
are substituted by their respective fuzzy counterparts, i.e. 
fuzzy negation, t-norm, and co-norm respectively. 
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Table 1: Some t-norms and co-norms. 
Fuzzy operation t-norm; i (a, b) s-norm; u (a, b)
Algebraic (A) ab a b ab+ −

Yager (Y) 1/1 min 1,((1 ) (1 ) )w w wa b� �− − + −� �
1 /m i n 1, ( )w w wa b� �+� �

Dombi (D) ( ) ( )
1/

1

1 1/ 1 1/ 1a b
αα α� �+ − + −� � ( ) ( )

1/
1

1 1/ 1 1/ 1a b
αα α −− −� �+ − + −� �

Hamacher (H) ( ) ( )1
a b

a b a bγ γ+ − + −
( )

( )
2

1 1
a b a b

a b
γ

γ
+ − −

− −

Frank (F) ( 1)( 1)lo g 1
1

a b

s
s s

s
� �− −+� �−� �

1 1( 1)( 1)1 log 1
1

a b

s
s s

s

− −� �− −− +� �−� �

Parameters w, �, 	 and s lie within the open interval (0, �). 
The next state Q(t+1) of a J-K flip-flop is characterized as a 
function of both the present state Q(t) and the two present 
inputs J(t) and K(t). (For simplicity (t) will be omitted in the 
next.) The so called fundamental equation of the J-K type 
fuzzy flip-flop [13] is 

( 1) ( ) ( ) ( )Q t J K J Q K Q+ = ∨ ¬ ∧ ∨ ∧ ¬ ∨ ¬      (1) 

where , ,¬ ∧ ∨  denote fuzzy operations (e.g. 1K K¬ = − ). 
As a matter of course, it is possible to substitute the standard 
operations by any other reasonable fuzzy operation triplet 
(e.g. De-Morgan triplet), thus obtaining a multitude of 
various fuzzy flip-flop pairs. 
In [9] we studied the behavior of fuzzy J-K flip-flops based 
on various fuzzy operations, and illustrated their behavior by 
the graphs belonging to the next states of fuzzy flip-flops for 
typical values of Q, J and K. 

3.2 Fuzzy D Flip-Flops 
Connecting the inputs of the fuzzy J-K flip-flop in a 
particular way, namely, by applying an inverter in the 
connection of the input J to K, case of 1K J= − , a fuzzy D 
flip-flop is obtained. Substituting D K J= ¬ =  in equation 
(1), the fundamental equation of fuzzy D flip-flop will be 

( 1) ( ) ( ) ( )Q t D D D Q D Q+ = ∨ ∧ ∨ ∧ ∨ ¬       (2) 

As an alternative approach, Choi and Tipnis [4] proposed an 
equation which also exhibits the characteristics of a fuzzy D 
flip-flop, as follows 

( 1) ( ) ( )Q t D D Q Q D+ = ∧ ∨ ∧ ¬ ∨         (3) 

We will refer to this type of fuzzy D flip-flop as Choi (type 
fuzzy) D flip-flop (because of the first author). Comparing 
the characteristical equation of the fuzzy D flip-flop (2), with 
expression (3), there is essential difference between the two 
fuzzy flip-flops.  
As D D D= ∧ , and D D D= ∨  i.e. the t-norm (T) and co-
norm (S) are idempotent [1], hold only in the exceptional 
case (T(x, x) = x and S(x, x) = x for all [ ]0,1x ∈ ); when  
T = min, and S = max. 
For example, using the algebraic norm 

2( , ) 2Au a a a a a a a a a= + − ⋅ = ⋅ − =        (4) 
is satisfied only in the two borderline cases, when 0a = , or 

1a = . It is surprising how much the satisfaction of 
idempotence influences the behavior of the fuzzy D flip-
flops, as it will be shown.  
In the next Section we will give an overview of the different 
type fuzzy J-K, D and Choi D F3s, based on familiar norms 
listed in Table 1.  

3.3 Fuzzy Flip-Flops Based on Various Fuzzy Operations 
The behavior of fuzzy flip-flops based on algebraic, Yager, 
Dombi, Hamacher and Frank t-norms, combined with the 
standard negation c(a)=1-a in every case has been analyzed 
and compared [9] , in order to investigate, whether and to 
what degree they present more or less sigmoidal (S-shaped) 

( 1)J Q t→ +  transfer characteristics in the particular cases, 
when K=1-Q, K=1-J, with a fixed value of Q. F3 based 
algebraic type t-norm presents non-sigmoidal behavior, with 
piecewise linear characteristics and several breakpoints, but 
having the advantage of the hardware implementation of F3

[14], this type was also studied for comparison. 

3.4 Fuzzy J-K, D and Choi D Flip-Flops Based on Some 
Classes of Fuzzy Set Unions and Intersections 

Using a triplet consisting of the standard negation, and a dual 
pair of fuzzy operations, i.e., using Yager t-norm and s-norm, 
the maxterm form in the unified equation (1) can be rewritten 
as: 

( )( ) ( ) ( ) ( )( )( 1) 1 1 1Y Y Y Y Y YQ t J  u K  i  J  u  Q  i  K  u Q+ = − − −  (5) 

This is the fundamental equation of the Yager type fuzzy J-K 
flip-flop. 
By substituting the above mentioned triplet into equations (2) 
and (3) we defined the fundamental equations of the Yager 
type fuzzy D (6) and Yager type Choi D (7) flip-flops. 

( 1) ( ) ( ) ( (1 ))Y Y Y Y Y YQ t D u  D  i D u  Q  i  D u  Q+ = −    (6) 

( 1) ( ) ((1 ) )Y Y Y Y YQ t D i D u  Q  i  Q  u  D+ = −      (7) 

In a very similar way, in the cases of algebraic, Dombi, 
Hamacher and Frank operation triplets we defined the 
corresponding fundamental equations of the respective fuzzy 
J-K, D and Choi D flip-flops.  
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The parameter values in the Yager, Dombi, Hamacher and 
Frank norms strongly influence the ( 1)J Q t→ +
characteristics curvature. We have compared the 
characteristics for various typical parameter values and 
choose w=2, �=2, 	=10 and s=100, where we obtained more 
or less S-shaped ( 1)J Q t→ +  characteristics. A change of 
the t-norms in the characteristical equations of fuzzy J-K, D 
and Choi D flip-flops leads to the modification of the slope 
of the transfer function, which will affect the learning rate in 
the implementation of neural networks. 

4 Fuzzy flip-flop based neurons  
In this section we propose the use of the fuzzy flip-flops 
discussed above as neurons in a MLP. In the next, we study 
the effect of applying the mentioned five t-norms and co-
norms in the investigation of the F3 based neurons and the 
MLPs constructed from them. An important aspect of these 
F3s is that they all have a certain convergent behavior when 
their input J is excited repeatedly. This convergent behavior 
guarantees the learning property of the networks constructed 
this way. 

4.1 Function Approximation by Fuzzy Flip-Flop Network 
Trained with Levenberg – Marquardt Algorithm 

A fuzzy flip-flop based supervised feedfordward 
backpropagation network is applied in order to approximate 
test functions. This function is represented by a set of 100 
input/output data sets. All the input and output signals are 
distributed in the unit interval. In general, two trainable layer 
networks with sigmoid transfer functions in the hidden layer 
and linear transfer functions in the output layer have good 
approximation and interpolation properties [7], analogously 
the neural system model proposed is based on two hidden 
layers constituted from fuzzy flip-flop neurons. 
The nonlinear characteristics exhibited by fuzzy neurons are 
represented by quasi sigmoid transfer functions given by 
fuzzy J-K, D and Choi D flip-flops based on algebraic, 
Yager, Dombi, Hamacher and Frank operations. The 
proposed network activation function is the same at each 
hidden layer, from unit to unit. For simplicity we did not 
apply activation function or threshold to the output layer, and 
considered our model with only one output. The number of 
neurons was chosen after experimenting with different size 
hidden layers. Smaller neuron numbers in the hidden layer 
result in worse approximation properties, while increasing 
the neuron number results in better performance, but longer 
simulation time. In our approach the weighted input values 
are connected to input J of the fuzzy flip-flop based on a pair 
of t-norm and t-conorm, having quasi sigmoid transfer 
characteristics. The output signal is then computed as the 
weighted sum of the input signals, transformed by the 
transfer function.
During network training, the weights and thresholds are first 
initialized to small, random values and the network was 
trained with Levenberg-Marquardt algorithm with 100 
maximum numbers of epochs as more or less sufficient. First 
we fixed the activation function, the number of layers and the 

number of units in each layer. The chosen target activation 
function was the tansig (hyperbolic tangent sigmoid transfer 
function). This function is well suited to the demands of 
backpropagation. 

5 Bacterial Memetic Algorithm with Modified 
Operator Execution Order (BMAM) 

The Bacterial Memetic Algorithm with Modified Operator 
Execution Order (BMAM) [5] is a very recent soft 
computing tool. It combines a special kind of Genetic 
Algorithm [6] - Pseudo-Bacterial Genetic Algorithm (PBGA) 
- and the Levenberg-Marquardt (LM) method. We use this 
algorithm for training fuzzy flip-flop based neural network 
(FNN) to improve function approximation performance. The 
Bacterial Memetic Algorithm (BMA) resulted in better 
approximation properties in fuzzy modeling problems than 
the Bacterial Evolutionary Algorithm (BEA) (which 
outperformed the traditional Genetic Algorithms [2], [3]).  
The core of BMAM contains the bacterial mutation, which is 
inspired by the biological bacterial cell model. Its basic idea 
is to improve the parts of chromosomes contained in each 
bacterium. The bacterial mutation mechanism is used by the 
bacteria which can transfer genes to other bacteria. To find 
the optimal approximation for our network we encoded our 
FNN weighs, biases, Q and fuzzy operation parameter values 
in a bacterium (chromosome). Therefore a procedure is 
working on changing the variables, testing the model 
obtained in this way and selecting the best models.

5.1 Function Approximation by Fuzzy Flip-Flop Network 
Trained with BMAM  

The learning of the FNN is formulated as a parameter 
optimization problem, using the mean square error as the 
fitness evaluation set-up. The basic steps followed by the 
algorithm embrace the bacterial mutation operation and the 
LM method.  
In the initial population a number of individuals are 
randomly created and evaluated. Next, an evolutionary cycle 
is started by applying the bacterial mutation operation for 
each individual. A number of copies (clones) of the 
bacterium are generated. Then the same part or parts of the 
chromosome is choose and mutate randomly, except one 
single clone that remains unchanged during this mutation 
cycle. The LM method nested into evolutionary algorithm is 
applied for a few times for each individual. The selection of 
the best clone is made and transfers its parts to the other 
clones. The part choosing-mutation-LM method-selection-
transfer cycle is repeated until all the parts are mutated, 
improved and tested. The best individual is remaining in the 
population, and all other clones are deleted. This process is 
repeated until all the individuals have gone through the 
modified bacterial mutation. 

6 Simulation results 
The combination of two sine wave forms with different 
period lengths as test function was, 
y = sin(c1*x)*sin(c2*x)/2+0.5, 
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where the input vector x generated a sinusoidal output y. The 
values of constants c1 and c2 were selected to produce a 
frequency proportion of the two components 1:0.35. 
The function approximation goodness depended on the 
flexible Q and fuzzy operation parameter values, on the 
fuzzy flip-flop types, hidden layer neuron numbers and in 
addition on the fuzzy operations themselves. To check the 
goodness of training, we used the Mean Squared Error 
(MSE) as a measure of the error made by the FNN. The 
simulation results are summarized in the next two tests. 

6.1 Test 1 
In one of our earlier paper [9] we optimized the value of Q, 
for every combination of J-K, D and Choi D type F3s with all 
five fuzzy operation pairs, the parameters of the norms 
chosen for suitable values, solving the problem of the 
selection of the value of Q with the fine tuning of FNN.  
The fuzzy flip-flop based FNNs are based on algebraic, 
further parametric Yager, Dombi, Hamacher and Frank 
norms. Table 2 shows the experimental results obtained with 
LM optimization [9]. 

Table 2: Q optimums obtained with LM algorithm. 
 Fuzzy neuron type 

Fuzzy operation J-K D Choi D 
Algebraic (A) 0.21 0.15; 0.91 0.09; 0.81 
Yager (Y) 0.06 0.20 0.17 
Dombi (D) 0.11 0.92 0.06 
Hamacher (H) 0.32 0.57 0.38 
Frank (F) 0.31 0.45 0.55 

The ( 1)J Q t→ +  fuzzy D and Choi D flip-flop 
characteristics based on algebraic norm present about the 
same sigmoidal character in multiple points of the domain 
[7], which fact can leads to rather different optimum results, 
corresponding to minimal median MSE values. In Test 1 we 
propose a new method to find the optimal Q – fuzzy 
operation parameter pair for every combination of J-K, D 
and Choi D type F3s by training a 1-8-8-1 FNN with bacterial 
memetic algorithm. The advantage of this network size lies 
in good learning capability. In our application a population 
with 29 parameters - according to the network size - was 
initialized. During simulations 20 generations of 5 
individuals with 5 clones were chosen to obtain the best 
fitting variables. Table 3 shows the unique optimal Q values 
found by BMAM algorithm, which are approximately equal 
to the respective optimum values listed in Table 2. We 
obtained almost the same results after every run, although in 
short term the training is not always successful.  

Table 3: Q optimums obtained with BMAM algorithm. 
 J-K D Choi D 
Algebraic 0.25 0.12 0.13 

The experimental results in case of J-K F3 type FNN based 
on Dombi norm further indicated that the proposed network 
had multiple optimal Q – � parameter pairs. The test 
revealed, for example, the Q = 0.12, � = 2.9 values as a 
result that was close to the optimum solution mentioned 
above. 

6.2 Test 2 
In the next we will compare the function approximation 
performance of FNN trained in two different ways. In the 
first one the network training function updates weight and 
bias values according to Levenberg-Marquardt optimization 
(section 4.1). In the second approach the FNN variables - 
weights, bias, for fixed Q and fuzzy operation parameter 
values - optimization was made by the bacterial memetic 
algorithm with the modified operation execution order 
(section 5.1). During the simulations we covered all 15 
possible combinations of fuzzy J-K, D and Choi D type 
FNNs with all five fuzzy operation pairs to approximate the 
above mentioned test function. 
By changing the number of the layers, we used a 1-4-3-1 
FNN in order to have a network that approximated 
accurately and also fast enough the sine waves, to emphasize 
the difference between various FNNs. 
The parameter of Dombi, Yager, Hamacher and Frank norms 
were fixed �=2, w=2, �=10 and s=100, which values 
provided good learning and convergence properties. 
In our approach we fixed the value of Q, the present state 
value belonging to each fuzzy flip-flop, according to the 
values in Table 2. Tables 4, 5 and 6 present the 30 runs 
average approximation goodness, by indicating the 
minimum, median, mean and maximum mean squared error 
of the training values for each of the tansig, algebraic, Yager, 
Dombi, Hamacher and Frank types of FNNs.  
Figures 1 and 2 present the graphs of the simulations in case 
of fuzzy J-K flip-flop with feedback based neural network 
trained with LM and respectively BMAM algorithms. In both 
of cases the algebraic F3 provides a fuzzy neuron with rather 
bad learning ability. Comparing the median MSE values, 
considering them as the most important indicators of 
trainability, the Yager and Dombi types FNNs performed 
best, they can be considered as rather good function 
approximators. Our simulations have shown that BMAM 
performs better in every case than the original LM technique.  
Figures 3, 4 and 5, 6 compare the behavior of fuzzy D flip-
flop and Choi type fuzzy D flip-flop based NNs. It is 
interesting that according to the numerical illustrations 
(Tables 5 and 6) the average of 30 run mean squared errors 
in these cases the best results after the idealistic tansig
function are given by the Hamacher and Yager F3, which are 
followed by the Dombi and finally by the algebraic one. The 
Hamacher and Yager types FNNs have excellent 
approximation properties. It is surprising how much the 
satisfaction of idempotence influences the behavior of the 
fuzzy D flip-flop based NN. Comparing the simulation 
results belonging to the two types of fuzzy D flip-flop with 
the same norms, it can be seen that, for the same value of Q, 
the value of the MSE differs, which fact leads to a rather 
different behavior in the applications. 
Using BMAM algorithm in the FNN variable optimization 
task, we obtained better function approximation capability 
with lower error than in case of FNNs trained with LM 
method. 
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Figure 1: Simulation results of J-K FNN trained       Figure 2: Simulation results of J-K FNN trained   

with LM algorithm.                with BMAM algorithm. 

Table 4: Mean squared error values case of JK FNN. 
 LM BMAM 
 min median mean max min median mean max 

tansig 6.6912x10-6 0.0056865 0.0185562 0.0600578 4.8485x10-6 7.5218x10-5 0.0006223 0.0041448 
A 0.04402231 0.0548533 0.0555179 0.0818562 0.00888158 0.0170071 0.0195847 0.0368526 
Y 0.00286463 0.0534354 0.0474332 0.0615071 0.00133805 0.0031207 0.0310288 0.0064944 
D 0.00420610 0.0512862 0.0439112 0.0691943 9.2216x10-5 0.0022534 0.0024855 0.0052513 
H 0.00551096 0.0385112 0.0400807 0.0720822 0.00351781 0.0071140 0.0081815 0.0256592 
F 0.05552121 0.0485408 0.0425236 0.0660629 0.00228814 0.0066725 0.0076724 0.0312439 

Figure 3: Simulation results of D FNN trained       Figure 4: Simulation results of D FNN trained 

with LM algorithm.                with BMAM algorithm. 

Table 5: Mean squared error values case of D FNN. 
 LM BMAM 
 min median mean max min median mean max 

tansig 4.3611x10-6 0.0068415 0.0203523 0.0565211 9.6899x10-7 4.7893x10-5 0.0006056 0.0033605 
A 0.00771386 0.0531832 0.0468789 0.0838021 0.00490354 0.00918654 0.0114988 0.0330397 
Y 0.00562192 0.0515206 0.0448304 0.0653909 0.00031811 0.00335034 0.0033998 0.0065352 
D 0.03089988 0.0502911 0.0502276 0.0692478 0.01059031 0.02699423 0.0255351 0.0365076 
H 0.00511140 0.0485498 0.0425834 0.0679154 0.00017240 0.00586916 0.0073385 0.0271431 
F 0.00694345 0.0506654 0.0458813 0.0640876 0.00051204 0.00681308 0.0065404 0.0229583 
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Figure 5: Simulation results of Choi D FNN trained     Figure 6: Simulation results of Choi D FNN trained 

with LM algorithm.                with BMAM algorithm. 

Table 6: Mean squared error values case of  Choi D FNN. 
 LM BMAM 
 min median mean max min median mean max 

tansig 1.1454x10-6 0.0291153 0.0251398 0.0624285 1.9737x10-7 2.7722x10-5 0.0005026 0.0024156 
A 0.03693712 0.0567222 0.0557563 0.0878214 0.00777224 0.0265908 0.0251665 0.0363809 
Y 0.00660108 0.0508917 0.0483636 0.0641307 0.00328527 0.0077983 0.0087765 0.0254508 
D 0.03222194 0.0534598 0.0537578 0.0861916 0.01436651 0.0235421 0.0247559 0.0347627 
H 0.00459423 0.0497143 0.0446552 0.0737876 0.00546122 0.0077690 0.0111944 0.0286523 
F 0.00668745 0.0518677 0.0445716 0.0727711 0.00293771 0.0092323 0.0126012 0.0310469 

7 Conclusions 
In this paper we proposed the use of BMAM to optimizing 
fuzzy flip-flop based neural network (FNN). We compared 
the function approximation performance of five different 
types of FNNs, which depends from the choice of different 
fuzzy flip-flop types and from the training algorithm. The 
result of learning as well as its performance might differ 
quite significant under these two learning modes. The 
simulations have shown that the bacterial memetic algorithm 
can improve the function approximation capability by 
optimizing the FNN variables values. 
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Abstract— Previously we proposed a scheme to generate fuzzy
rule-based multiclassification systems by means of bagging, mutual
information-based feature selection, and a multicriteria genetic al-
gorithm (GA) for static component classifier selection guided by the
ensemble training error. In the current contribution we extend the
latter component by the use of two bi-criteria fitness functions, com-
bining the latter error measure with the selected ensemble likelihood.
A study on four popular UCI datasets with different dimensionalities
is conducted in order to analyze the accuracy-complexity trade-off
obtained by the two GAs, the initial fuzzy ensemble and a single fuzzy
classifier.

Keywords— Bagging, feature selection, fuzzy rule-based multi-
classification systems, genetic selection of individual classifiers, mul-
ticriteria genetic algorithm.

1 Introduction
Multiclassification systems (MCSs) are promising data min-
ing tools dealing with complex classification problems, espe-
cially when the number of dimensions or the size of the data
are really large [1]. They usually combine decision trees [2]
or neural networks [3], but also more recently fuzzy classifiers
[4, 5, 6].
In a previous study [7], we described a methodology in
which classical MCS design approaches such as bagging [8]
and random subspace [2] are used to generate fuzzy rule-based
multiclassification systems (FRBMCSs) using a basic heuris-
tic fuzzy classification rule generation method [9], as well as a
classifier selection technique based on a GA driven by a multi-
criteria fitness function [10]. Later, we improved our method-
ology in [10] using a feature selection approach based on the
Battiti’s method [11] and the GRASP procedure [12]. Finally,
in [13], we extended the genetic selection method by consid-
ering additional error measures.
We drew the conclusion that a feature and instance selection
procedure combined with a simple grid partitioning FRBS is a
good approach to overcome the curse of dimensionality prob-
lem in large datasets while using FRBMCS, mainly due to the
fact that these kind of classifiers are instable enough. Never-
theless, once a set of classifiers has been trained, we still need
to deal with the high number of rules and the correlations be-
tween individual classifiers. This is why a selection of the
classifiers is so crucial. As said before, we already proposed
a GA guided by several single-criteria fitness functions, based
on the training error [10], the likelihood [7], or the Out-Of-
Bag error [13]. This methodology, quite novel in this topic,
lead us to the generation of a compact sets of rules, while still
preserving its accuracy, in a single GA run, without resort-
ing on a Pareto-based multi-objective optimization technique.
However, many experimentations suggested the choice of the

fitness function is very dependent of the problem being solved.
For instance, when using the training error, the accuracies of
two FRBMCSs can be similar or even null, making difficult
for the GA to discriminate between them in order to improve
the generalization ability. On the contrary, using the likeli-
hood alone seems to give bad results on many datasets. This
suggests the fact that a combination of some criteria could be
a good idea to overcome this issue, producing better results
than any criterion in isolation.
The aim of the current contribution is to propose a solution
by exploring two new fitness functions based on a combination
of the training error and the likelihood measures. By doing so,
we will try to combine them using the two most simple ways:
weighted average and lexicographic order (i.e. considering
the optimization of a single criterion, and using the second in
case of tie). Introducing such elaborated method we hope that
it will allow the FRBMCS to deal with high dimensional data.
We aim to check if the new GA fitness functions will per-
form better in terms of accuracy than the previous ones for
some datasets, while still being competitive for the others
datasets. A preliminary study will be conducted on small and
medium size datasets from the UCI machine learning reposi-
tory to test the two new fitness functions in comparison to a
single classifier, the original FRBMCS, and the GA-selected
FRBMCSs using the said fitness functions. Several parame-
ter settings for the global approach (e.g. different granularity
levels as well as different feature selection methods) will be
tested and compared regarding the accuracy and the size of
the rule base obtained by a single classifier and the original
FRBCS ensemble.
This paper is set up as follows. In the next section, existing
GA-based methods to select MCSs are reviewed. Sec. 3 re-
calls our approach for designing FRBMCSs considering bag-
ging and feature selection, while Sec. 4 describes the proposed
multicriteria GA for component classifier selection. The ex-
periments developed and their analysis are shown in Sec. 5.
Finally, Sec. 6 collects some concluding remarks and future
research lines.

2 Related work on genetic selection of MCSs
In general, the selection of a subset of classifiers is done using
the overproduce-and-choose strategy (OCS) [14], in which a
large set of classifiers is produced and then selected to ex-
tract the best performing subset. GAs are a popular technique
within this strategy. In the literature, performance, complex-
ity and diversity measures are usually considered as search
criteria. Complexity measures are employed to increase the
interpretability of the system whereas diversity measures are
used to avoid overfitting.
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Among the different genetic OCS proposals, we can remark
the following ones. In [15], a hierarchical multi-objective
GA (MOGA) algorithm, performing feature selection at the
first level and classifier selection at the second level, is pre-
sented which outperforms classical methods for two hand-
written recognition problems. The MOGA allows both per-
formance and diversity to be considered for MCS selection.
In [16] a GA is used to select from seven diversity heuris-
tics for k-means cluster-based ensembles and the ensemble
size is also encoded in the genome. In the study of Martı́nez-
Munoz et al. [17], a GA is compared to five other techniques
for ensemble selection. Even if the performance of the GA
was the worst obtained, they showed that while selecting a
small subset of classifiers, the generalization error was sig-
nificantly decreased. In [18], the authors developed a mul-
tidimensional GA to optimize two weight-based models, in
which the weights are assigned to each classifier or to each
class. They applied their system to 6 different classifiers (only
linear and quadratic classifiers are explored), but on only two
small datasets and without comparing to the results obtained
on a single classifier. Finally, our own previous studies [10, 7]
also consider a multicriteria GA for the ensemble selection in
an OCS fashion, with performance (training error) and com-
plexity as criteria to guide the GA.
In general, the performance obtained with the initial MCS
is outperformed by the ensemble selected by the GA, while
simplifying the system. In our current contribution, we will
confirm this conclusion by the study of two improved fitness
functions mixing the two most used criteria: the accuracy and
the complexity of the classifiers. The fitness function will di-
rectly incorporate one or two accuracy criteria (i.e., the train-
ing error and the likelihood), while the MCS complexity will
be implicitly optimized by the considered coding scheme.

3 Bagging and feature selection-based
FRBMCSs

In this section we will both detail how the individual classi-
fiers and the FRBMCSs are designed. A normalized dataset is
split into two parts, a training set and a test set. The training
set is submitted to an instance selection and a feature selec-
tion procedure in order to provide individual training sets (the
so-called bags) to train simple FRBCSs (through the method
described in section 3.1). The instance selection and the fea-
ture selection procedures are described in section 3.2. After
the training, we got an initial FRBMCS, which is validated us-
ing the training and the test errors (Ensemble Training Error
and Ensemble Test Error), as well as a measure of complex-
ity based on the total number of rules in the FRBCSs. This
ensemble is selected using a multicriteria GA (described in
the next section) guided by two accuracy-based fitness func-
tions. The final FRBMCS is validated using different accuracy
(Training Error, Test Error) and complexity measures (number
of classifiers, total number of rules).

3.1 Individual FRBCS composition and design method
The FRBCSs considered in the ensemble will be based on
fuzzy rules Rj with a class Cj and a certainty degree CFj in
the consequent: If x1 is Aj1 and . . . and xn is Ajn then Class
Cj with CFj , j = 1, 2, . . . , N , and they will take their deci-
sions by means of the single-winner method [9]. This fuzzy

reasoning method has been selected due to its high simplicity
and interpretability. The use of other more advanced ones [19]
is left for future works.
To derive the fuzzy knowledge bases, one of the heuristic
methods proposed by Ishibuchi et al. in [9] is considered.
The consequent class Cj and certainty degree CFj are sta-
tistically computed from all the examples located in a specific
fuzzy subspace D(Aj). Cj is computed as the class h with
maximum confidence according to the rule compatible train-
ing examples D(Aj) = {x1, . . . , xm}: c(Aj ⇒ Class h)
= |D(Aj)

⋂
D(Class h)|/|D(Aj)|. CFj is obtained as the

difference between the confidence of the consequent class and
the sum of the confidences of the remainder (called CF IV

j in
[9]).
This method is good for our aim of designing FRBCS en-
sembles since it is simple and quick. However, it carries two
drawbacks: its low accuracy and the generation of large fuzzy
rule bases. We aim to consider more advanced techniques in
the future.

3.2 FRBMCS design approaches
The generation of the FRBMCSs is performed by means of a
bagging approach combined with a feature selection method
[10]. Three different feature selection methods, random sub-
space and two variants of Battiti’s MIFS, greedy and GRASP,
are considered.
As said before, random subspace [2] is a method in which
we select randomly a set of features from the original dataset.
The greedy Battiti’s MIFS method [11] is based on a forward
greedy search using the Mutual Information measure [20],
with regard to the class. This method selects the set S of the
most informative features about the output class which can-
not be predicted with the already selected features. It uses a
coefficient, β, to set up the penalization on the information
brought by the already selected features.
The MIFS-GRASP variant is an approach where the set
is generated by iteratively adding features randomly chosen
from a Restricted Candidate List (RCL) composed of the best
τ percent decisions according to the Battiti’s quality measure.
Parameter τ is used to control the amount of randomness in-
jected in the MIFS selection. With τ = 0.5, we get an aver-
age amount of randomness, while still preserving the quality-
based ordering of the features.
For the bagging approach, the bags are generated with the
same size as the original training set, as commonly done. In
every case, all the classifiers will consider the same fixed num-
ber of features.
Finally, no weights will be considered to combine the out-
puts of the component classifiers to take the final FRBMCS
decision, but a pure voting approach will be applied: the en-
semble class prediction will directly be the most voted class in
the component classifiers output set.

4 A multicriteria GA-based MCS selection
method

In our previous studies, we used a multicriteria GA, which is
able to obtain a list of possible MCS designs ranked by their
quality from a single chromosome thanks to its novel coding
scheme. However, the fitness function considered was based
on a single criterion, either the likelihood (L) [7], the training
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error (TE) [10, 13], or the out-of-bag error [13]. Although
the TE-based GA provided better overall results, the L-based
GA outperformed it in some of the cases. That led us to the
idea of combining the both measures, which moreover show
complementary characteristics.

4.1 Multicriteria genetic optimization

The GA searches for an optimal sequence of the classifiers,
in the way that the most significant classifiers have the low-
est indexes, while those redundant members, which can be
safely excluded, are in the last positions. The coding scheme
is thus based on an order-based representation, a permutation
Π = {j1, j2, . . . , jl} of the l originally generated individual
classifiers. In this way, each chromosome encodes l differ-
ent solutions to the problem, based on considering a “basic”
MCS comprised by a single classifier, that one stored in the
first gene, then another one composed of two classifiers, those
in the first and the second genes, and so on.
So, the computation of the evaluation criteria for the whole
ensemble is obtained in a cumulative way, defined as a vector
containing the measured values of the first classifier; the sub-
set formed by the first and the second; and so on. The fitness
function is thus using the values of a multicriteria vector, being
composed of an array of l values, Li = L′

{j1,j2,...,ji}
, corre-

sponding to the cumulative measure-value of the l mentioned
MCS designs.
At the end of the GA, the best chromosome is that member
in the population overcoming the others using the considered
criterion. Then, the final design encoded in this chromosome
is the MCS comprising the classifiers from the first one to the
one having the the best cumulative measured value (although
any other design not having the optimal accuracy but, for ex-
ample, showing a lowest complexity can also be directly ex-
tracted). In this way, an implicit use of a complexity criterion
is also made.
To increase its convergence rate, the GA works following
a steady-state approach. The initial population is composed
of randomly generated permutations. In each generation, a
tournament selection of size 3 is performed, and the two win-
ners are crossed over to obtain a single offspring that directly
substitutes the loser. In this study, we have considered OX
crossover and the usual exchange mutation [21].

4.2 The two used evaluation criteria

For the definition of the fitness functions, we use TE and L as
the evaluation criteria.
The TE is computed as follows. Let h1(x), . . . , hl(x) be
the outputs of the component classifiers of the selected ensem-
ble for an input value x = (x1, . . . , xn). For a given sample
{(xk, Ck)}k∈{1...m}, the TE of that MCS is:

TE =
1

m
· #{k | Ck �= arg max

j∈{1...M}

hj(xk)} (1)

Fitness evaluation using TE alone was already studied in one
of our previous publications [10]. We will call it Training
Error-based Fitness Function (TEFF).
The L is computed as follows. Let the classes

h1(x), h2(x), . . . , hl(x) be the decisions of the component
classifiers of the selected ensemble S for an input value x =

(x1, . . . , xn). We will assume that the fraction of the mem-
bers of S that agree on the class of x is an estimate of the
conditional probability of that class:

PS(C|x) =
1

|S|
· # {i ∈ S | hi(x) = C} .

The L of the subset S, to be maximized, is:

LS =
∏

k

PS(Ck|xk).

As the small values of LS may produce numerical instabil-
ities, we use instead a bounded log-likelihood:

L′
S =

∑

k

log(PS(Ck|xk) + ε),

where the value ε foresees that case for which none of the
members of the subset has found the true class of the pattern.
In [7], we endowed the fitness function with the L, as it allows
us to discern differences between ensembles with the same
TE (specifically, between those with null error!). A learning
process using only the TEFF will automatically end up with
the learning, while L will go on improving the estimations of
the probability distributions for each class, thus reducing the
chances of overfitting the training data.

4.3 The two new bi-criteria fi tness functions
In this contribution we propose two approaches for the fit-
ness function combining the L with the TE measure, the Lex-
icographical Order-based Fitness Function (LOFF) and the
Weighted Combination Fitness Function (WCFF).
Notice that, working in this way, we are introducing a sec-
ond multi-criteria optimization level in our algorithm. On the
one hand, a multi-criteria optimization is made by means of
the considered coding scheme and the cumulative evaluation
of the possible MCS designs (see Sect. 4.1). On the other
hand, a higher level is introduced when evaluating the latter
possible designs by means of a bi-criteria fitness function.
In the first one, the LOFF, we use the lexicographical order
to deal with the multicriteria optimization. When comparing
two chromosomes, one is better than the other if it takes a
better (lower) minimum value of the TE. In case of tie, the L
measure is considered. The ordering scheme gives priority to
TE, as it provided better results in our previous study, while
taking the L only in the last resort in the case of the frequent
ties encountered by the system.
In the second approach, the WCFF, we propose objective
function scalarization by a weighted combination of both mea-
sures:

WC = factor0 ∗ α ∗ TE + (1 − α) ∗ L (2)

where α is a weight in [0,1] and factor0 = L0/TE0 is a first
evaluation-based normalization using L0 and TE0, the L and
the TE from the initial FRBMCS. The fitness function is to be
minimized.

5 Experiments and analysis of results
In this section, we discuss the performance obtained by a
single FRBCS, the initial FRBMCS, and three different GA-
selected FRBMCSs including our two new fitness functions
on four chosen datasets.
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5.1 Experimental setup
To evaluate the performance of the generated FRBMCSs, we
have selected four datasets from the UCI machine learning
repository (see Table 1). In order to compare the accuracy
of the considered classifiers, we used Dietterichs 5×2-fold
cross-validation (5×2-cv), which is considered to be supe-
rior to paired k-fold cross validation in classification problems
[22].

Table 1: Data sets considered

Data set #attr. #examples #classes
Pima 8 768 2
Glass 9 214 7
Vehicle 18 846 4
Sonar 60 208 2

Three different granularities, 3, 5 and 7, are tested for the
single FRBCS derivation method, for feature sets of size 5
selected by means of three approaches: the greedy Battiti’s
MIFS filter feature selection method [11], the Battiti’s method
with GRASP (with τ equal to 0.5, see section 3.2), and ran-
dom subspace [2]. Battiti’s method has been run by consider-
ing a discretization of the real-valued attribute domains in ten
parts and setting the β coefficient to 0.1.
The FRBMCSs generated are initially comprised by 50
classifiers. The GA for the component classifier selection
works with a population of 50 individuals and runs during 50
generations. The mutation probability considered is 0.05. The
weights of WCFF were set to 0.8 for TE and 0.2 for L as our
aim was to allow a small influence of the L in the cases in
which the TE gives similar values. The other values for the
weights will not improve the results significantly.
All the experiments have been run in a cluster at the Univer-
sity of Granada on Intel quadri-core Pentium 2.4 GHz nodes
with 2 GBytes of memory, under the Linux operating system.

5.2 Comparison of the three fi tness functions

The statistics (5×2-cv error, number of rules, and run time
required for each run, expressed in seconds) for the genetically
selected FRBCS ensembles using LOFF, WCFF and TEFF are
collected in Tables 2, 3 and 4 respectively. There are three
subtables for each of the feature selection method considered.
The best results for a given feature selection method are shown
in bold and the best values overall are outlined.
Comparing the three fitness functions, we can see how
the WCFF approach is able to outperform the TEFF and
LOFF considering the individual test error 9 times (+2 draw).
The best individual improvement was observed on the sonar
dataset (-8% regarding LOFF, -4% regarding TEFF) with
greedy and 5 labels. We observed that in 4 out of 9 cases,
WCFF outperforms other approaches on the sonar and pima
datasets. The best overall result was obtained on the pima
dataset with GRASP and 5 labels (draw with LOFF).
The FRBMCSs based on LOFF are better than TEFF and
WCFF in 12 of the 36 cases (+2 draw). The best individual
improvement was observed on the sonar dataset with random
subspace and 5 labels (-9% regarding WCFF, -12% regard-
ing TEFF). The best overall result was obtained on the pima
dataset with greedy and 5 labels (draw with WCFF) and on

the glass dataset with GRASP and 5 labels. We can observe
that in 5 out of 9 cases, LOFF outperforms the other genetic
approaches on the glass dataset.
Comparing the two new fitness functions, the LOFF pro-
vides better results than WCFF considering individual test er-
ror in 21 cases (+ 2 draw). We can also observe that LOFF
outperforms the other approach on the glass dataset in 7 out 9
cases (+1 draw) giving a good performance for the vehicle (7
out 9 cases) datasets. However, the WCFF is better in 6 out of
9 cases on the pima dataset and in 5 out of 9 cases (+1 draw) on
the sonar dataset. In general, LOFF is better thanWCFF since
it gives a lower influence to L, whereas the weighted combi-
nation is better on the sonar dataset due to the many ties with
the TE on this dataset, making the use of the L more likely.
The TEFF-based FRBMCSs outperforms the LOFF and the
WCFF considering individual test error for 13 of the 36 times.
The best overall result was obtained on the sonar dataset with
random subspace and 3 labels, and on the vehicle with random
subspace and 7 labels. We may conclude that the LOFF and
WTEL are competitive with TEFF. The LOFF got best results
12 times (+2 draw), WTEL 9 (+2 draw) and TEFF 13 times.
However, in the direct comparison, the use of LOFF improves
the single TEFF performance in 18 out of 36 cases (+3 draw)
and the WTEL improves the single TEFF performance in 19
out of 36 cases, which indicates that L does not produce over-
fitting. Thus, the use of L as a secondary criterion is only
useful in some of the cases.
On 36 cases, the number of classifiers is lower in 12 cases
(+1 draw) with the LOFF, in 9 cases with the WCFF and in
15 cases (+1 draw) with the TEFF. The two new fitness func-
tions generate a higher number of classifier, since they are
more conservative due to the use of L. Such fitness functions
could be viewed as a proper way to improve performance of
the datasets having the larger size.

5.3 Genetically selected FRBMCSs vs. single
FRBCS/original FRBMCSs

The results of the single FRBCSs are presented in Table 5
while those of the original FRBMCSs are presented in Table
6. In all the 36 cases, the generated FRBMCSs improve the
performance of the single FRBCS.
Although the main goal of the genetic selection is to re-
duce the complexity of the generated FRBMCS, the accuracy
results obtained from that process are also improved in most
of the cases, showing the potential of the approach. In only
10 of the 36 cases (+1 draw) the original FRBMCS outper-
forms the best genetically designed one in terms of accuracy.
Comparing the best overall TE values of genetically selected
FRBMCSs with those of the original FRBMCSs, the GA im-
proves the results on the sonar dataset (-2% regarding TEFF)
and glass (-10% regarding LOFF), showing a slight increase
for the other problems (+2% for pima regardingLOFF/WTEL,
+2% for vehicle regarding TEFF).

5.4 Statistical signifi cance of the results

Table 7 shows the results of the statistical tests performed to
check if the performance of the initial FRBMCSs and the per-
formance of the GA selected FRBMCSs outperform signifi-
cantly the performance of the single classifier. The Wilcoxon
signed-rank test [23] has been used for this purpose. The best
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Table 2: Results for the FRBCS ensembles selected by the GA using the LOFF
Bagging + Greedy

Pima Glass Vehicle Sonar
5×2-cv 0.257 0.363 0.468 0.246

3 labels #classifiers 3.8 10.1 9.5 8.5
5 #attr. #rules 659.7 1275.9 1298.6 1287.2

avg. #rules 176.6 126.5 138.3 151.0
time 599.57 127.00 665.84 164.46
5×2-cv 0.238 0.374 0.391 0.259

5 labels #classifiers 12.9 8.5 14.0 10.1
5 #attr. #rules 7491.1 2211.3 6711.9 5696.9

avg. #rules 582.0 268.1 482.1 569.4
time 434.14 121.72 487.14 117.84
5×2-cv 0.258 0.387 0.375 0.258

7 labels #classifiers 14.4 9.5 14.0 7.3
5 #attr. #rules 18851.1 3786.4 16266.7 7609.4

avg. #rules 1308.1 400.2 1146.7 1056.8
time 369.73 103.94 405.34 100.18

Bagging + Random Subspace
Pima Glass Vehicle Sonar
0.261 0.375 0.423 0.219
4.0 13.0 14.2 19.9
668.4 1450.0 2336.3 3363.0
167.6 112.5 165.3 169.9
436.40 111.97 482.74 117.36
0.257 0.387 0.374 0.223
12.9 14.2 14.2 14.1
7160.0 3439.0 10374.3 9273.3
550.8 247.5 740.3 680.7
599.22 167.95 665.79 162.04
0.270 0.393 0.347 0.275
15.8 13.4 17.8 6.2
19619.0 5169.0 29596.5 7690.1
1240.5 392.6 1686.0 1234.8
366.53 103.25 407.70 99.94

Bagging + GRASP τ = 0.50
Pima Glass Vehicle Sonar
0.253 0.367 0.440 0.227
4.2 9.1 11.7 12.9
742.4 1162.3 1795.1 2110.9
175.2 125.9 152.0 163.6
534.17 134.80 591.25 144.59
0.240 0.358 0.399 0.234
10.9 16.0 13.4 13.0
6535.1 4190.4 7610.7 8291.5
599.5 271.7 582.1 644.4
370.50 102.98 405.34 100.62
0.258 0.375 0.355 0.250
13.3 9.1 15.5 8.5
17892.8 3738.7 20978.9 10210.4
1338.9 409.5 1386.4 1214.6
498.07 140.94 552.16 135.59

Table 3: Results for the FRBCS ensembles selected by the GA using the WCFF
Bagging + Greedy

Pima Glass Vehicle Sonar
5×2-cv 0.254 0.364 0.488 0.256

3 labels #classifiers 6.2 8.8 15.6 6.8
5 #attr. #rules 1081.6 1139.8 2209.2 1030.0

avg. #rules 174.3 125.4 140.2 153.2
time 401.63 111.35 441.11 108.23
5×2-cv 0.243 0.380 0.395 0.238

5 labels #classifiers 17.4 12.9 14.7 14.9
5 #attr. #rules 10118.3 3438.4 7258.3 8202.4

avg. #rules 589.8 264.5 486.4 566.8
time 383.37 106.09 420.65 102.93
5×2-cv 0.250 0.402 0.368 0.256

7 labels #classifiers 13.8 13.4 12.6 8.0
5 #attr. #rules 17992.3 5231.7 14853.7 8248.2

avg. #rules 1323.8 399.7 1164.6 1053.8
time 372.49 102.26 407.72 100.36

Bagging + Random Subspace
Pima Glass Vehicle Sonar
0.258 0.384 0.430 0.224
6.3 10.5 17.7 22.2
1020.8 1190.4 2944.8 3683.5
161.2 113.1 166.6 171.0
382.65 105.19 419.06 102.40
0.256 0.382 0.372 0.244
16.3 9.2 16.0 19.1
9104.2 2347.5 11739.3 12502.4
550.0 260.3 737.4 674.3
401.48 111.36 441.42 108.02
0.272 0.393 0.353 0.275
16.2 15.1 10.3 6.2
20343.7 5923.8 18443.5 7690.1
1258.5 411.1 1814.7 1234.8
368.65 103.92 408.42 99.82

Bagging + GRASP τ = 0.50
Pima Glass Vehicle Sonar
0.255 0.370 0.459 0.226
7.5 13.9 10.3 10.4
1331.4 1722.5 1587.2 1677.3
172.4 126.3 153.3 167.6
392.34 108.28 428.73 105.53
0.238 0.386 0.401 0.234
14.6 13.0 15.4 22.4
8686.7 3457.0 8947.0 13497.0
593.8 270.3 593.6 622.2
371.67 102.42 411.51 100.52
0.254 0.383 0.363 0.243
14.8 11.7 12.1 9.7
19726.7 4728.6 17199.3 11271.4
1343.0 402.2 1435.8 1173.8
386.31 107.54 425.35 104.44

Table 4: Results for the FRBCS ensembles selected by the GA using the TEFF
Bagging+Greedy

Pima Glass Vehicle Sonar
5×2-cv 0.257 0.360 0.461 0.235

3 labels #classifiers 4.1 7.3 10.3 12.3
5 #attr. #rules 696.5 904.3 1431.0 1842.1

avg. #rules 171.5 125.4 138.3 148.3
time 94.06 26.35 103.26 25.32
5×2-cv 0.242 0.383 0.392 0.247

5 labels #classifiers 11.5 15.9 15.5 10.4
5 #attr. #rules 6744.9 4233.1 7338.4 5757.7

avg. #rules 592.8 268.7 481.9 567.0
time 93.48 26.10 103.48 25.17
5×2-cv 0.258 0.393 0.374 0.258

7 labels #classifiers 12.7 8.9 14.6 6.3
5 #attr. #rules 16614.3 3524.3 16102.3 6427.0

avg. #rules 1313.9 404.5 1115.7 1040.9
time 92.87 26.50 102.90 24.85

Bagging+GRASP τ = 0.50
Pima Glass Vehicle Sonar
0.254 0.372 0.449 0.237
14.4 10.2 12.9 13.9
763.0 1317.9 1991.6 2252.6
174.3 126.0 155.9 161.7
93.37 26.49 102.09 25.18
0.239 0.363 0.399 0.252
10.9 14.7 12.0 7.8
6497.4 3986.7 7227.3 4893.9
593.5 282.0 611.3 630.0
92.58 26.16 103.75 24.86
0.256 0.395 0.356 0.257
16.4 10.3 13.2 6.7
21836.6 4140.6 18296.2 7767.8
1346.2 401.9 1386.5 1148.7
92.49 26.18 102.93 25.31

Bagging + Random Subspace
Pima Glass Vehicle Sonar
0.256 0.381 0.428 0.216
4.2 13.7 13.4 20.1
703.4 1546.0 2239.5 3376.7
168.1 113.1 168.9 168.3
92.77 26.39 103.24 25.08
0.263 0.392 0.378 0.249
11.9 13.7 13.0 9.4
6680.0 3312.2 9455.9 6208.8
555.8 245.0 734.3 668.8
91.47 26.18 104.81 24.83
0.265 0.393 0.337 0.267
17.0 15.5 17.5 6.4
21289.5 5980.6 28854.2 7655.2
1248.4 386.2 1680.2 1203.7
92.31 26.08 103.52 25.19

Table 5: Results for the single FRBCSs with feature selection
Greedy

Pima Glass Vehicle Sonar
3 labels 5×2-cv 0.266 0.446 0.549 0.261
5 #attr. #rules 178.50 135.30 136.40 146.60

time 0.08 0.04 0.12 0.08
5 labels 5×2-cv 0.246 0.376 0.430 0.287
5 #attr. #rules 682.70 291.00 437.60 615.20

time 0.42 0.25 0.65 0.16
7 labels 5×2-cv 0.262 0.414 0.402 0.291
5 #attr. #rules 1600 431.20 1021 1218

time 1.75 1.32 3.27 0.52

GRASP τ = 0.50
Pima Glass Vehicle Sonar
0.267 0.447 0.546 0.316
179.50 137.00 135.80 169.00
0.09 0.04 0.12 0.09
0.246 0.375 0.425 0.314
682.70 293.50 418.90 752.70
0.39 0.26 0.63 0.17
0.266 0.423 0.399 0.317
1599 437.20 907.50 1470
1.71 1.34 3.25 0.55

Random Subspace
Pima Glass Vehicle Sonar
0.265 0.457 0.512 0.319
161.80 109.50 154.50 174.50
0.07 0.03 0.12 0.08
0.262 0.435 0.460 0.329
604.20 259.60 587.80 773.60
0.36 0.24 0.67 0.17
0.276 0.418 0.415 0.340
1432 410.90 1266 1536
1.66 1.32 3.37 0.63

Table 6: Results for the FRBCS ensembles
Bagging+Greedy

Pima Glass Vehicle Sonar
5×2-cv 0.261 0.463 0.525 0.255

3 labels #rules 8578 6208 6843 7282
5 #attr. avg. #rules 171.55 124.16 136.87 145.65

time 3.43 1.51 4.87 2.52
5×2-cv 0.235 0.396 0.400 0.240

5 labels #rules 29405 12877 22177 26769
5 #attr. avg. #rules 588.11 257.54 443.55 535.37

time 17.93 12.11 31.21 6.66
5×2-cv 0.243 0.430 0.375 0.262

7 labels #rules 64891 18633 48479 49587
5 #attr. avg. #rules 1298 372.66 969.58 991.74

time 84.70 67.36 166.51 24.72

Bagging+GRASP τ = 0.50
Pima Glass Vehicle Sonar
0.262 0.464 0.494 0.246
8609 6289 7362 7951
172.18 125.77 147.24 159.03
3.45 1.53 4.91 2.57
0.234 0.405 0.399 0.220
29748 13302 25578 30068
594.95 266.04 511.56 601.36
18.05 12.23 32.79 6.96
0.247 0.425 0.353 0.242
65802 19272 54721 54684
1316 385.45 1094 1094
85.27 68.27 170.48 25.49

Bagging + Random Subspace
Pima Glass Vehicle Sonar
0.299 0.450 0.453 0.250
7936 5671 8008 8174
158.71 113.42 160.16 163.47
3.34 1.49 5.06 2.58
0.260 0.430 0.378 0.221
27199 11998 30799 31824
543.97 239.96 615.97 636.47
17.64 11.94 33.91 7.13
0.263 0.402 0.330 0.241
59824 17999 67936 57298
1196 359.98 1359 1146
82.12 66.06 174.24 25.57

Table 7: Statistical test for the comparison of the single FRBCS and the different FRBMCSs methodology. For each dataset,
the best result is marked (’*’) and the others are compared to it

Best single classifier Best ensemble Best ens. selected Best ens. TEFF
(app./labels) (app./labels) (app./labels/fitness) (app./labels)

Pima Approach GRASP/5 GRASP/5 Greedy/5/LOFF GRASP/5
µ ± σ 0.246±0.00991 0.234±0.019 0.238±0.0167 0.240±0.0159
Symbol = * = =

Glass Approach GRASP/5 Greedy/5 Greedy/3/LOFF GRASP/3
µ ± σ 0.375±0.0526 0.396±0.0568 0.358±0.0382 0.360±0.0507
Symbol = = * =

Vehicle Approach GRASP/7 Random/7 Random/7/LOFF GRASP/7
µ ± σ 0.399±0.0262 0.330±0.0179 0.347±0.0196 0.337±0.0168
Symbol + * = =

Sonar Approach Greedy/3 GRASP/5 Random/5/WCFF GRASP/3
µ ± σ 0.261±0.0463 0.220±0.0445 0.219±0.0264 0.216±0.0265
Symbol + = = *
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result for each dataset is marked with a star ’*’.
The best results (in average) are always obtained by the ini-
tial or the selected ensembles. Even if they are only signifi-
cant for two datasets, they correspond to those with the largest
dimension. Notice that, on sonar, the GA outperforms sig-
nificantly the single classifier. The initial ensemble outper-
forms the best genetically selected FRBMCSs in one of the
four cases (vehicle), whereas TEFF achieves the best result
for the sonar dataset and WCFF for the sonar.
In the direct comparison, TEFF is the best choice two times
for the vehicle and sonar dataset. The new fitness functions
outperforms one of the four cases for pima with LOFF and
glass dataset with WCFF.
Thus, combining bagging and the GA selection process to
design FRBMCSs performs better for high dimensional prob-
lems with a large number of attributes, producing a smaller
rule base while reducing the test errors in some cases, which
was our original goal. When combining these two techniques
with an advanced feature selection process we also get an im-
provement of the accuracy for datasets with higher dimensions
(glass, vehicle and sonar, see Table 7).

6 Conclusions and future works
In this study, we extended our previously developed method-
ology in which a bagging approach together with a feature se-
lection technique are used to train FRBMCSs, at a later stage
selected by a multicriteria GA. Two new fitness functionswere
tested, the LOFF and theWCFF, based on one or two accuracy
criteria (i.e., the training error and the likelihood). The gener-
ated selected FRBCS ensembles are performing correctly on
classification problems with a significant number of features.
By using abovementioned techniques, we would like to obtain
FRCMCS dealing with high dimensional data.
One of the next steps we will consider in the future line is
the design of a generic framework to define the multicriteria
fitness function. At least two different information levels will
be studied: the chromosome and the objective level. Further-
more, we would like to extend this study on larger data sets
(more than 1,000 examples), to study the influence of other
parameters (the GA parameters, the weighting coefficient in
the WCFF, etc.), and to design more advanced genetic MCS
selection techniques (e.g. the use of Pareto-based algorithms).
Analysis of the different fuzzy rule genreation techniques and
introduction a diversity criterion in the algorithm are another
important points for future research.
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Abstract—Fuzzy C-Means (FCM) and hard clustering are the most 

common tools for data partitioning. However, the presence of noisy 

observations in the data may cause generation of completely 

unreliable partitions from these clustering algorithms. Also, 

application of the Euclidean distance in FCM only produces 

spherical clusters. In this paper, a new noise-rejection clustering 

algorithm based on Mahalanobis distance is presented which is able 

to detect the noise and outlier data and also ellipsoidal clusters. 

Unlike the traditional FCM, the proposed clustering tool provides 

much efficient data partitioning capabilities in the presence of noise 

and outliers. For validation of the proposed model, the model is 

applied to different noisy data sets.  

Keywords— Cluster Validity Index (CVI), Fuzzy C-Means 
(FCM), Possibilistic C-means (PCM), Revised Gustafson-Kessel 
(GK), Revised Mahalanobis Distance. 

1 Introduction 

Clustering methods have been extensively used in computer 
vision and pattern recognition. Fuzzy clustering methods 
have shown spectacular ability to detect not only volume 
clusters, but also clusters which are actually thin shells, i.e. 
curves and surfaces. 
Most analytic fuzzy clustering approaches are derived from 
the fuzzy C-means (FCM) algorithm. FCM uses the 
probabilistic constraint that the membership of a data point 
across classes sums to 1. The constraint is used to generate 
the memberships update equations for an iterative algorithm. 
The memberships resulting from FCM and its derivative 
however, do not always correspond to the intuitive concept 
of belonging or compatibility. Moreover, the algorithms have 
considerable trouble in noisy environments. Reference [1] 
summarizes the main problems of classic FCM as follows: 

• In order to get the optimal partition, initial locations of 
the cluster centers should be assigned. The FCM 
algorithm always converges to a local extreme. Different 
choices of initial cluster centers may lead to a different 
extrema. 

• The scientific basis for the choice of m, the weighting 
exponent, is still not clear. 

• The optimum number of clusters in the data is assigned a 
priori. There should be a criterion to assign the optimal 
number of clusters. 

To overcome these problems and drawbacks, first, [2] 
introduces a new method for fuzzy clustering called 

possibilistic fuzzy clustering. Their approach differs from the 
previous clustering methods in that the resulting partition of 
the data can be interpreted as a possibilistic partition, and the 
membership values may be interpreted as degrees of 
possibility of the points belonging to the classes, i.e., the 
compatibilities of the points with the class prototypes. They 
construct an appropriate objective function whose minimum 
will characterize a good possibilistic partition of the data, 
and derive the membership and prototype update equations 
from necessary conditions for minimization of the related 
criterion function. Next nominated work is [1]. Melek et al. 
in [1] show how their PCM addresses the mentioned 
problems of the FCM for some example cases. However, 
their method has some limitations which are the 
concentration of this paper.  
The Rest of the paper is organized as follows: Section 2 
discusses the drawbacks of the previous PCM’s. Then, in 
section 3 the proposed method is presented in order to 
overcome these limitations. Section 4 applies the method for 
different data sets to verify and validate the proposed 
method.  

2 Limitations of the traditional PCM’s  

Reference [1] uses Euclidean distance in all data partitioning 
steps. However, clearly, Euclidean distance usually fails to 
recognize the appropriate shape of the clusters in complex 
data sets. Especially, when data include ellipsoidal shapes, 
Euclidean distance loses sight to those data which should be 
considered in a cluster from data which should not be 
included in that cluster. 
Moreover, the cluster validity index (CVI) applied in [1], 
suffers from linear behaviour of the Euclidean distance. 
There are many samples of data sets which the applied CVI is 
not able to recognize the number of clusters correctly.  
Another limitation is about noise identification procedure. 
Application of Euclidean distance can mislead the noise 
rejection procedure. This problem is discussed in the related 
section of the proposed algorithm.   
While Euclidean distance implies the above mentioned 
limitations, Mahalanobis distance can mitigate or in some 
cases can overcome the cited limitations completely. Another 
advantage of the Mahalanobis distance is that the 
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Mahalanobis distance can identify both spherical and 
ellipsoidal clusters correctly. 

3 Improvements to the traditional PCM’s 

As quoted in introduction, the proposed method applies the 
Mahalanobis distance for noise rejection problem. However, 
when applying mahalanobis distance, some difficulties may 
occur with covariance matrix.  
In this section, first, the problem with calculation of the 
Covariance Matrix in Mahalanobis distance is discussed. An 
estimation of Covariance Matrix is introduced to mitigate the 
problem. Then, new Mahalanobis distance and revised 
Gustafson-Kessel Clustering are presented based on the 
estimation. Next, the revised Gustafson-Kessel Clustering 
method with the new Mahalanobis distance is integrated into 
the PCM which is presented in [1].  
Moreover, a new CVI is applied which is based on proximity 
of two fuzzy sets. The new CVI is independent from the 
distance type and therefore can be integrated to the method 
with Mahalanobis distance. This CVI is used in [3].  
 

3.1 Revised GK with revised Mahalanobis 

In statistics, Mahalanobis distance is a distance measure 
introduced by P. C. Mahalanobis in 1936. It is based on 
correlations between variables by which different patterns 
can be identified and analyzed. It is a useful way of 
determining similarity of an unknown sample set to a known 
one. It differs from Euclidean distance in that it takes into 
account the correlations of the data set and is scale-invariant, 
i.e. not dependent on the scale of measurements. 
Mahalanobis distance can be defined as dissimilarity 
measure between two random vectors yx

��
, of the same 

distribution with the covariance matrix S : 

)()(),( 1 µµµ
������

−−= −
xSxxD

T

M
 

The eigenvalues and eigenvectors of the covariance matrix 
describe the shape and orientation of the clusters in GK 
method of clustering which applies mahalanobis distance 
instead of Euclidean one. When an eigenvalues is zero or 
when the ration between the maximal and minimal 
eigenvalues, i.e., the condition number of F, is very large the 
matrix is nearly singular. In such a case, the inverse of 
covariance matrix cannot be calculated. Also the 
normalization to a fixed volume fails, as the determinant (the 
volume of the covariance matrix) becomes zero and the 
following formula thus cannot be applied in GK method [4]:  

1/1)det( −

i

n

i
FF                                                               (1) 

A straightforward way to avoid numerical problems is to 
constrain the ratio between the maximal and minimal 
eigenvalues such that it is smaller than some predefined 
threshold. When this threshold exceeds, the minimal 
eigenvalues is increased such that the ratio equals to the 
threshold and the covariance is reconstructed by [4]: 

1−ΦΛΦ=F                                                                 (2) 
where, � is the diagonal matrix containing the limited 
eigenvalues and � is a matrix whose columns are the 
corresponding eigenvectors.  

Fig. 1 shows an example of a data set which cannot be 
clustered with standard GK.  Using new estimation for 
covariance matrix, the numerical problems would be 
resolved and GK can appropriately find the correct number 
of clusters (example from [4]). 
The above modification prevents the GK algorithm from 
running into numerical problems. However, as a result one 
can get clusters that are extremely long in the direction of the 
largest eigenvalues and have little relationship with real 
distribution of data. This can cause over fitting of the data 
and consequently one obtains a poor model [4].  
This problem occurs mainly when the number of data points 
in a cluster becomes too low. In such a case, the computed 
covariance matrix is not a reliable estimate of the underlying 
data distribution [7]. One way to tackle this problem is to  
 

 
Figure 1: Linear Clusters 

 
limit the ratio between maximal and minimal eigenvalues 
even further than described in the previous section. This will 
prevent the extreme elongation of the clusters. Another way 
is to add a scaled identity matrix to the covariance matrix. 
Reference [7] and [8] describe several different methods to 
improve the covariance estimation. Inspired by these 
methods, [4] proposes the following estimate for the GK 
algorithm and calculation of Mahalanobis distance:  

IFFF
n
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/1
0 )det()1( γγ +−=                                   (3)�

where ��[0,1] is the tuning parameter and F0 is the 
covariance matrix of the whole data set. Depending on �, the 
clusters are forced to have a more or less equal shape. When 
� is 1, all covariance matrices are equal and have the same 
size, which of course limits the possibility of the algorithm to 
properly identify clusters. 
For the complete description of the revised GK, readers can 
refer to [4]. The main steps of the algorithm are as follows 
[4]: 
Repeat for l = 1, 2, …, Ite# 
Step 1: Compute cluster prototypes (means) 
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Step 2: Compute the cluster covariance matrices 
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Add a scaled identity matrix:  
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Extract eigenvalues �ij and eigenvectors �ij from Fi. Find 
�imax=maxj�ij and set: 
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Step 3: Compute the distances 
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where 1<=i<=k and 1<=k<=N. 
Step 4: Update the partition matrix 
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Improved GK clustering does not have the problems that 
standard GK may face in some cases. In the next section, 
applied cluster validity index is described.  
 

3.2 Cluster Validity Index (CVI) 

This paper uses a cluster validity index proposed by [9].  

Definition1: The relative similarity ),A:A(xS
qpjrel

 between 

two fuzzy sets Ap and Aq at xj is defined as: 
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Definition2: The relative similarity between two fuzzy sets 
Ap and Aq is defined as:  
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Here, h is the entropy of datum xj and )(
jA

xu
P

 is the 

membership value of xj to cluster Ap.  
Definition3: The cluster validity index is as follows: 
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The optimal number of clusters is obtained by minimizing V 
over the range of c values (Number of clusters).  
Moreover, some other popular CVI’s such as “Xie and Beni” 
CVI [5] and “Known” CVI [6] are evaluated. Results show 
that the new CVI has better results and is able to find the 
number of clusters correctly in many complex situations.   
The inputs to the CVI used in the proposed model are 
obtained by the revised GK.  

4 The proposed method 

In this section, we present our method base on the 
modifications presented in section 3. 
For the selection of the weight exponent (m), it is suggested 
to be chosen far from its both extremes so as to ensure that 
the cluster validity index shows the optimum number of 
fuzzy clusters. A fuzzy total scatter matrix is defined in [10] 
as: 
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The trace of the fuzzy total scatter matrix decreases 
monotonically from a constant value z to zero as m varies 
from one to infinity. For data partitioning, a suitable value 
for m is that which gives a value for trace (sT) equal to z/2 
[11]. The constant value z is defined as: 
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Using the trace value, we determine the value of (m) which is 
the degree of fuzziness of the system. Next, using the 
introduced CVI and achieved (m), the appropriate number of 
clusters would be obtained.  
After determination of m and number of clusters, we repeat 
the following procedure, iteratively: 
We first implement the revised GK on the data set. To 
choose the initial cluster centers of the revised GK, we apply 
simple FCM for initialization of our clustering method. Other 
methods like [1] have applied AHC. The GK is sensitive to 
the initial cluster centers and initial membership function 
values. Our experiments show that unlike FCM, AHC is not 
a good method for the initialization of the revised GK.    
Next, in order to find the data points that are ‘‘too far’’ from 
all cluster centers, [13] proposes the following index for each 
data point xj: 

Ahi

C

i

jj
xW υ�

=

−=
1

                                                     (18) 

where, j = 1, 2, ... , N, c is the number of clusters, and N is 
the number of data. The index Wj is the summation of the 
distance of the data point xj to all cluster centers. This gives a 
measure of how far each data point is from the different 
cluster centers assigned in the first step of the algorithm. The 
noise is identified through the data points that have large 
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values of Wj and therefore, a threshold X is assigned to trim 
these outliers from the data set. The value of the threshold 
depends on the range of the input data to the algorithm. 
While [1] applies (18) to find the Wj, we proposed the 
following equation in order to find the Wj: 

)(
1 Ahiji

C

i
j

xWGHTMeanW υ−×=
=

                           (19) 

where, “WGHTi” is a weight assigned to the i-th distance 
after that we sorted the distances of xj from all cluster centers 
(c). Reference [1] does not consider such weight. It is clear 
that simply the summation of distances can not provide a 
good measure for detection of the outliers. Instead the 
proposed model can assign the largest weight to the smallest 
distance and the smallest weight to the largest distance vice 
versa using (19). Weights are the input to the model. After 
choosing the threshold, [1] computes: 

N
z nη

=                                                                       (20) 

where, �n is the number of noise points and N is the total 
number of data. The percentage of ‘‘good’’ data points, i.e., 
inliers can then be calculated as: 

zz −= 1ˆ                                                                       (21) 
After identifying the percentage of inliers in the data, we 
compute the corresponding chi-square data distribution value 
[13]. Then, we calculate the cut-off distance: 

22 χυ
iFC

cutu =                                                           (22) 

where, 
i

υ  is a resolution parameter that depends on the 

number of clusters, and 2χ  is the chi-square value computed 

by (21). By knowing the new cut-off distance, the optimum 
number of clusters, the degree of fuzziness, and the initial 
location of the clusters centers, we calculate the membership 
matrix through (23): 
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It should be noted that (20), (21), (22) and (23) are presented 
in [1]. In the proposed PCM, we use these equations with 
revised Mahalanobis distance.  

5 Results of Experiments 

In this section, the proposed model is applied for handling 
four different cases. The parameters of the proposed model 
for these cases are summarized in table 1: 

• NOC: Number of Clusters 
• m is the degree of fuzziness of system obtained through 

16 and 17.  
• � is the cut-off distance 
• Beta and Gamma are the parameters of (3) and (7). 
• #Itr: The number of iteration which PCM goes on. 
• W: WGHT in (19). 
• Error: If the changes in the value of membership 

functions were smaller than “Error”, the algorithm 
stops.  

In all cases, Beta is 1.00E+16, #Itr is 7 and Error is 1.00E-
07. It should be noted that the data of the cases and their 

related configuration are very similar to [9] and [3]. 
However, we regenerated the data by ourselves.  

Table 1: Parameters of the algorithm for different cases 
Parameter NOC m � Gamma W 

Case 1 4 3 210 1.00E-07 [6 2 2 1] 

Case 2 4 2 375 1.00E-09 [8 3 2 2] 

Case 3 5 2 315 1.00E-01 [8 3 2 2 1] 

Case 4 5 3 4590 1.00E-07 [8 4 3 2 1] 

Case 5 5 3 805 1.00E-01 [8 4 3 2 1] 

 
It should be mentioned that the experiments can’t be applied 
for the previous noise rejection methods in the literature. 
This is because of the ellipsoidal forms of data which can’t 
be handled using Euclidean distance. To make this clear, in 
Fig. 2, the clustering methods based on Euclidean distance 
apparently fail to recognize the shapes of clusters and noises 
correctly. That’s why, only experiments are applied for the 
proposed method.    
 

5.1 Case Study I 

Every data cloud includes 500 data and 50 data are randomly 
generated as noise. Main data and noises both have Gaussian 
distribution.  
 

 
Figure 2: Data before clustering 

 

 
Figure 3: Finding the appropriate m in case study I 

To determine the exponent of fuzziness (m), the total scatter 
matrix is calculated for different values of m and different 
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number of clusters as is shown in (16). Then using z in (17), 
the appropriate m is chosen.  
The trace value calculated as 5.8315e+004. We use half of 
trace value (2.9157e+004) to determine the optimum m (Fig. 
3).  

 

To choose the correct number of clusters, we need to 
calculate the CVI for different number of clusters. Fig. 4 
shows the applied CVI for case study I. As the figure shows, 
the optimum number of clusters is equal to four.  
Base on Fig. 3 and Fig. 4, we consider fuzziness exponent 
(m) equal to 2.5 and the number of clusters equal to 4. The 
result of the clustering is shown in Fig. 5. The result shows 
that the proposed method can identify the noises from the 
main data accurately. The expansion of the eclipse shape 
clusters can be limited by � as an input to the model.  
 

 
Figure 4: Identification of the optimum number of clusters  

 

 
Figure 5: Data after Clustering 

 

It is clear that, the method presented in [1] can not identify 
the correct shape of the clusters because of the spherical 
behaviour of the data. In Fig. 5, data which are shown with 
star “*”, have a maximum membership function value lower 
than 0.2, hence are identified as noise. 
In the other cases, each data cloud includes 500 data and 50 
data are randomly generated as noise. Main data and noises 
both have Gaussian distribution. Also only the figures related 

to clustering and choosing the appropriate number of clusters 
are presented.  
 

5.2 Case Study II 

 

Figure 6: Data before clustering 

 
Figure 7: Identification of the optimum number of clusters  

 
This case is presented to show the strength of the used CVI 
and the effect of �. As Figure 8 shows, the combination of 
these two elements in the proposed model, enable the model 
to identify the number of clusters, the shapes of the clusters 
and finally the noises accurately.  

 
Figure 8: Data after Clustering 

 

5.3 Case Study III 

Fig 9 shows the data set and noises.  
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Figure 9: Data before clustering 

 

As Fig. 10 shows, the optimum number of clusters is equal to 
five. This case is presented to validate that whether the 
method is able to find the spherical and ellipsoidal shapes 
simultaneously or is not. As Figure 11 shows, the method 
could find the circle at the center of the figure and four 
eclipses around the circle accurately. Also the noises are 
detected accurately as shown in Figure 11.  
 

 
Figure 10: Identification of the optimum number of clusters  

 

 
Figure 11: Data after Clustering 

5.4 Case Study IV 

 
Figure 12: Data before clustering 

 

 
Figure 13: Identification of the optimum number of clusters  

 

 
Figure 14: Data after Clustering 

 

In this case, five eclipses are spread in different directions as 
shown in Figure 12. The clustering results show that the 
method can find the complex behaviors of data in different 
directions accurately as well as simple cases.  

6 Conclusions 

In this paper, a new noise rejection clustering method base 
on Mahalanobis distance and a different cluster validity 
index is presented. The new method can be distinguished 
from the existing methods in the literature from the following 
points: 
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-  The noise rejection clustering methods existing in the 
literature mainly use Euclidean distance in their 
clustering method. The proposed method, applies 
Mahalanobis distance which enables the method to 
identify the ellipsoidal behavior of data besides 
spherical behavior.  
-  In order to find the appropriate number of clusters, the 
method uses a well-defined cluster validity index which 
is independent from distance type.  
- A new weighting system is attached to the noise 
rejection method, which helps for better detection of 
noises.  

Method is applied to different cases and the results show that 
the method is capable of identification of noise and outliers 
within spherical and ellipsoidal data.  
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weighting vectors from the individual assessments on a set of alterna-
tives in such a way that these weights maximize the consensus among
individual assessments with respect to the outcome provided by the
OWA operator.
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1 Introduction
In 1988 Yager [9] introduced OWA operators as a tool for
aggregating numerical values in multi-criteria decision mak-
ing. An OWA operator is similar to a weighted mean, but with
the values of the variables previously ordered in a decreasing
way. Thus, contrary to the weighted means, the weights are
not associated with specific variables and, therefore, they are
anonymous. Moreover, they satisfy other interesting proper-
ties, such as monotonicity, unanimity, continuity and compen-
sativeness.

Initially, the weights of an OWA operator may be fixed tak-
ing into account the importance we want to give to the assess-
ments. So, the outcome of an OWA operator may be the maxi-
mum, the minimum, the average or a median of the individual
assessments, among a large number of possibilities.

It is important to note that the determination of the weights
of OWA operators is a relevant issue since the origins of the
theory of OWA operators. In this way, Yager [9] proposes
to use linguistic quantifiers for generating the OWA weights;
O’Hagan [6] generates the OWA weights by maximizing their
entropy whenever a degree of orness has been fixed; Filev
and Yager [3] consider an exponential smoothing approach for
generating the OWA weights. After these seminal papers, a
large variety of techniques have been proposed in the litera-
ture (see, for instance, Wang and Parkan [7] and Xu [8]).

When a group of individuals provides assessments on an
alternative and these values are aggregated, it is relevant to
know the degree of agreement or consensus among the indi-
vidual assessments with respect to the aggregated value. In
fact, it is desirable that the aggregation function used to obtain
the collective value reflects the opinions of as many agents
as possible. Using a specific OWA operator for aggregating
individual assessments does not necessarily ensure such con-
sensus for every opinion situation.

In our proposal, we do not fix the OWA weighting vector,
but we generate an OWA operator for each profile of individ-
ual assessments, just one that maximizes the consensus (or
equivalently, minimizes the disagreement) in the group with
respect to the outcome provided by the OWA operator. More
concretely, once the agents opinions are known, we first cal-
culate the distances among individual assessments on the al-

ternatives and the collective assessments generated by an ar-
bitrary OWA operator. Secondly, we use an aggregation op-
erator for obtaining a representative measure of disagreement
from the individual assessments to the collective one. By solv-
ing a mathematical program, we obtain the weighting vec-
tor(s) that maximize(s) the consensus among individual and
collective opinions.

The paper is organized as follows. Section 2 is devoted to
introduce notation, basic notions and our proposal for gener-
ating an OWA operator for each profile of individual assess-
ments. Section 3 contains some illustrative examples. Finally,
Section 4 shows some open problems and further research.

2 A model for generating OWA weights
Consider a set of agents (experts or voters) V = {1, . . . , m}
(m ≥ 2) who show their opinions on a set of alternatives
A = {a1, . . . , an} (n ≥ 2) through numbers in the interval
[0, 1].

A profile is a m × n matrix

P =




a1
1 · · · a1

j · · · a1
n

· · · · · · · · · · · · · · ·
ai
1 · · · ai

j · · · ai
n

· · · · · · · · · · · · · · ·
am
1 · · · am

j · · · am
n




where ai
j ∈ [0, 1] is the assessment that agent i assigns to

alternative aj . The set of profiles is denoted by P .
Given a weighting vector w = (w1, . . . , wm) ∈ [0, 1]m

such that
∑m

i=1 wi = 1, the OWA operator associated with
w is the mapping Fw : [0, 1]m −→ [0, 1] defined by

Fw(x1, . . . , xm) =
m∑

i=1

wi · yi

where yi is the i-th greatest number of {x1, . . . , xm}. We
use the following notation:

W =

{
w ∈ [0, 1]m

∣∣∣ m∑
i=1

wi = 1

}
.

Given w ∈ W , from the opinions given by the agents on an
alternative aj , {a1

j , . . . , a
m
j }, we generate a collective assess-

ment on aj :

vj(w) = Fw
(
a1

j , . . . , a
m
j

)
.

We denote v(w) = (v1(w), . . . , vn(w)) the vector that con-
tains the collective assessments on the alternatives of A gen-
erated by the OWA operator Fw.
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By ai =
(
ai
1, . . . , a

i
n

)
we denote the vector that contains

the assessments of individual i ∈ {1, . . . , m} on the alterna-
tives of A.

In our context, an aggregation operator is a continuous
mapping A : [0, 1]m −→ [0, 1] that satisfies the following
conditions:

1. Monotonicity, i.e., A(x1, . . . , xm) ≤ A(y1, . . . , ym)
for all (x1, . . . , xm), (y1, . . . , ym) ∈ [0, 1]m such that
xi ≤ yi for every i ∈ {i, . . . , m}.

2. Unanimity, i.e., A(x, . . . , x) = x for every x ∈ [0, 1].

It is easy to see that every aggregation operator is compen-
sative, i.e.,

min{x1, . . . , xm} ≤ A(x1, . . . , xm) ≤ max{x1, . . . , xm},
for every (x1, . . . , xm) ∈ [0, 1]m.

On aggregation operators, see Fodor and Roubens [4],
Grabisch, Orlovski and Yager [5], Calvo, Kolesárova, Ko-
mornı́ková and Mesiar [2] and Beliakov, Pradera and Calvo
[1], among others.

2.1 The general model

In order to present our general model, it is necessary to fix two
ingredients:

• A distance d : [0, 1]n × [0, 1]n −→ [0, 1].

• An aggregation operator A : [0, 1]m −→ [0, 1].

Given a profile P ∈ P , we propose to find weighting vec-
tor(s) w ∈ W being solution(s) of the following mathematical
program

Min A
(
d(a1, v(w)), . . . , d(am, v(w))

)
s. t. : w ∈ W

(1)

Notice that from continuity of A and compactness of W ,
the existence of solution(s) in (1) is always guaranteed.

Among the large variety of distances and aggregation op-
erators that we may use in (1), we present with more detail
those cases where Manhattan and Chebyshev distances are
used, and the aggregation operators are the arithmetic mean
and the maximum.

The Manhattan distance is defined by

d1

(
(x1, . . . , xn), (y1, . . . , yn)

)
=

n∑
i=1

|xi − yi|.

The Chebyshev distance is defined by

d∞
(
(x1, . . . , xn), (y1, . . . , yn)

)
=

= max{|x1 − y1|, . . . , |xn − yn|}.
2.2 Using the arithmetic mean as aggregation operator

If we consider the arithmetic mean as aggregation operator,
then (1) is equivalent to find the weighting vector that mini-
mizes the sum of distances between the individual assessments
and the collective assessments generated by the OWA operator
associated with that weighting vector, i.e.

Min
m∑

i=1

d
(
(ai

1, . . . , a
i
n), (v1(w), . . . , vn(w))

)
s. t. : w ∈ W

(2)

1. If we use the Manhattan distance, then it is necessary to
solve the following mathematical program:

Min
m∑

i=1

(
|ai

1 − v1(w)| + · · · + |ai
n − vn(w)|

)

s. t. : w1 ≥ 0, . . . , wm ≥ 0, w1 + · · · + wm = 1

2. If we use the Chebyshev distance, then it is necessary to
solve the following mathematical program:

Min
m∑

i=1

max
{
|ai

1 − v1(w)|, . . . , |ai
n − vn(w)|

}

s. t. : w1 ≥ 0, . . . , wm ≥ 0, w1 + · · · + wm = 1

In the first case, i.e., when the Manhattan distance is used,
it is possible to give the analytical solution of the problem.

Proposition 1 The solution of Problem (2) for the Manhattan
distance is the median operator.

Proof

When the Manhattan distance is used in Problem (2), we ob-
tain the following mathematical program:

min
w∈W

m∑
i=1

n∑
j=1

|ai
j − vj(w)| =

min
w∈W

n∑
j=1

m∑
i=1

|ai
j − vj(w)|. (3)

On the other hand, it is known that given x1, . . . , xm ∈ R, the
median operator is the solution of the following problem:

min
x∈R

1
m

m∑
i=1

|xi − x|.

Therefore, it is also the solution of

min
w∈W

m∑
i=1

|ai
j − vj(w)|.

for all j ∈ {1, . . . , n}, and, consequently it is the solution of
Problem (3). �

2.3 Using the maximum as aggregation operator

We now consider the maximum as aggregation operator. Thus,
with (4) we look for the weighting vector that minimizes the
maximum distance between the individual assessments and
the collective assessments generated by the OWA operator as-
sociated with that weighting vector, i.e.

Min max
i=1,...,m

{
d
(
(ai

1, . . . , a
i
n), (v1(w), . . . , vn(w))

)}
s. t. : w ∈ W

(4)

1. If we use the Manhattan distance, then it is necessary to
solve the following mathematical program:

Min max
i=1,...,m

{
|ai

1 − v1(w)| + · · · + |ai
n − vn(w)|

}
s. t. : w1 ≥ 0, . . . , wm ≥ 0, w1 + · · · + wm = 1

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1528



2. If we use the Chebyshev distance, then it is necessary to
solve the following mathematical program:

Min max
i=1,...,m

max
{
|ai

1 − v1(w)|, . . . , |ai
n − vn(w)|

}
s. t. : w1 ≥ 0, . . . , wm ≥ 0, w1 + · · · + wm = 1

In this last case, i.e., when the Chebyshev distance is used,
the solution of the mathematical program generates the mid-
range OWA operator, as we show in the following proposition.

Proposition 2 The solution of Problem (4) for the Chebyshev
distance is the weighting vector w∗ given by

w∗
i =

{
0.5, if i ∈ {1,m},
0, otherwise.

Proof

When the Chebyshev distance is used in Problem (4), we ob-
tain the following mathematical program:

min
w∈W

max
i=1,...,m

max
j=1,...,n

{
|ai

j − vj(w)|
}

=

min
w∈W

max
j=1,...,n

max
i=1,...,m

{
|ai

j − vj(w)|
}

. (5)

On the other hand, it is obvious that for all j ∈ {1, . . . , n},
the weighting vector given by

w∗
i =

{
0.5, if i ∈ {1,m},
0, otherwise,

is the solution of the following problem:

min
w∈W

max
i=1,...,m

{
|ai

j − vj(w)|
}

.

Therefore, w∗ is also the solution of Problem (5). �

2.4 Restricted models

The general model (1) does not impose any restriction to the
OWA weighting vectors that maximize the consensus among
the individual assessments and the collective one. However,
in some cases it could be interesting to consider some re-
quirements for these weights by following a desired pattern,
through a subclass W∗ ⊂ W . For instance, we may restrict
the search of the weighting vectors within one of the following
cases.

1. Weighting vectors with a fixed orness or attitudinal char-
acter α ∈ (0, 1) (Yager [9]):

W1
α =

{
w ∈ W

∣∣∣ 1
m − 1

m∑
i=1

(m − i)wi = α

}
.

2. Symmetric weights:

W2 =
{

w ∈ W | wi = wm+1−i ∀i ∈
{

1, . . . ,
[m

2

]}}
.

3. Centered OWAs (after Yager [10]):

W3 =
{

w ∈ W2 | w1 ≤ w2 ≤ · · · ≤ w[m+1
2 ]

}
.

4. Trimmed OWAs:

W4
1 = {w ∈ W | w1 = wm = 0} ,

W4
2 = {w ∈ W | w1 = w2 = wm−1 = wm = 0} ,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

It is worth noting that W3 ⊆ W2 ⊆ W1
0.5 ⊆ W .

Analogously to the general model, consider a distance
d : [0, 1]n × [0, 1]n −→ [0, 1] and an aggregation operator
A : [0, 1]m −→ [0, 1]. Given a profile P ∈ P , we now pro-
pose to find weighting vector(s) w ∈ W∗ being solution(s) of
the following mathematical program

Min A
(
d(a1, v(w)), . . . , d(am, v(w))

)
s. t. : w ∈ W∗

(6)

Notice that from continuity of A and compactness of W∗

in the previous cases, the existence of solution(s) in (6) is al-
ways guaranteed.

3 Some illustrative examples

The following matrix shows the opinions of four experts on
three alternatives.

P =




0.7 0.6 0.1
0 0.5 0.8

0.6 0.1 1
0.6 0.7 0




Case 1. If we use Model (2) with the Chebyshev distance,
the following mathematical programming must be solved:

Min
max{|0.7 − v1(w)|, |0.6 − v2(w)|, |0.1 − v3(w)|} +
max{|0 − v1(w)|, |0.5 − v2(w)|, |0.8 − v3(w)|} +
max{|0.6 − v1(w)|, |0.1 − v2(w)|, |1 − v3(w)|} +
max{|0.6 − v1(w)|, |0.7 − v2(w)|, |0 − v3(w)|}

s. t. : w1 ≥ 0, w2 ≥ 0, w3 ≥ 0, w4 ≥ 0,

w1 + w2 + w3 + w4 = 1,

where
v1(w) = 0.7w1 + 0.6w2 + 0.6w3,
v2(w) = 0.7w1 + 0.6w2 + 0.5w3 + 0.1w4,
v3(w) = 1w1 + 0.8w2 + 0.1w3.

The previous problem is a non-smooth optimization prob-
lem. However, it can be easily replaced by an equivalent
smooth linear problem by using some auxiliary variables. We
have used LINGO software to solve this linear problem. The
solution obtained is showed in Table 1. Likewise, that table
summarizes the solutions obtained when some restrictions are
imposed to the OWA weighting vectors in the problem.
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Table 1: Solutions for Case 1.
w1 w2 w3 w4

W 0.4706 0 0 0.5294
W1

0.75 0.75 0 0 0.25
W1

0.5 0.5 0 0 0.5
W1

0.25 0 0.375 0 0.625
W2 0.5 0 0 0.5
W3 0.25 0.25 0.25 0.25
W4

1 0 0.1429 0.8571 0

Case 2. If we consider Model (4) with the Manhattan dis-
tance, the mathematical programming to solve is:

Min max
{

|0.7 − v1(w)| + |0.6 − v2(w)| + |0.1 − v3(w)|,
|0 − v1(w)| + |0.5 − v2(w)| + |0.8 − v3(w)|,
|0.6 − v1(w)| + |0.1 − v2(w)| + |1 − v3(w)|,
|0.6 − v1(w)| + |0.7 − v2(w)| + |0 − v3(w)|

}
s. t. : w1 ≥ 0, w2 ≥ 0, w3 ≥ 0, w4 ≥ 0,

w1 + w2 + w3 + w4 = 1,

where
v1(w) = 0.7w1 + 0.6w2 + 0.6w3,
v2(w) = 0.7w1 + 0.6w2 + 0.5w3 + 0.1w4,
v3(w) = 1w1 + 0.8w2 + 0.1w3.

As in Case 1, this problem can be also substituted by an
equivalent smooth linear problem by introducing some aux-
iliar variables. Table 2 shows the solution obtained by using
LINGO software for different requirements on the weights.

Table 2: Solutions for Case 2.
w1 w2 w3 w4

W 0.667 0 0.222 0.111
W1

0.75 0.673 0 0.2307 0.0963
W1

0.5 0 0.722 0.056 0.222
W1

0.25 0 0.375 0 0.625
W2 0 0.5 0.5 0
W3 0 0.5 0.5 0
W4

1 0 0.834 0.166 0

4 Further research
It is worth noting that the solutions obtained in the above de-
scribed models might not be unique. Even more, depending
the weighting vector we choose, the outcomes provided by the
corresponding OWA operator could be different. In this way,
it would be necessary to provide an appropriate procedure for
choosing a single weighting vector among the set of multiple
solutions. This open problem constitutes part of our further
research.
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Abstract— Fuzzy number approximation by trapezoidal fuzzy
numbers which preserves the expected interval is discussed. New
algorithms for calculating the proper trapezoidal approximation of
fuzzy numbers with respect to the distance based on bi-symmetrical
weighted functions are proposed. It is shown that the adequate ap-
proximation operator is chosen with respect both to the global spread
of a fuzzy number and the size of possible asymmetry between the
spread of the left-hand and right-hand part of a fuzzy number.

Keywords— fuzzy number, expected interval, trapezoidal approx-
imation, width, weighted distance.

1 Introduction
Trapezoidal approximation of fuzzy numbers was considered
by many authors (see, e.g. [1, 2, 3, 5, 11, 12, 9, 10, 15]). In
[11] a list of criteria which trapezoidal approximation oper-
ators should possess was formulated. Then [18] considered
the trapezoidal approximation under weighted distance. Some
gaps in that paper were removed in [16] and [17] where so-
called extended trapezoidal fuzzy numbers were introduced
and applied.

The most common weighing applied to fuzzy numbers is
a linearly increasing one (see, e.g. [5, 18]). However, it
seems that a slightly modified weighing would be more nat-
ural and convenient in many situations. Such weighted func-
tions, called regular bi-symmetrical weighted functions, were
introduced and the nearest trapezoidal approximation operator
preserving the expected interval, with respect to the distance
based on such weighted functions, was suggested.

The paper is organized as follows. Firstly we recall some
basic notions related to fuzzy numbers and present a few prin-
ciple ideas connected with trapezoidal approximation. Then
in Sec. 3 we introduce the notion of bi-symmetrical weighted
functions. Finally, in Sec 4, we show trapezoidal approxi-
mation operators based on the weighted distance utilizing bi-
symmetrical weighted functions and discuss some properties
of the above mentioned operators.

2 Basic concepts
Let A denote a fuzzy number, i.e. such fuzzy subset A of the
real line R with membership function µA : R → [0, 1] which
is (see [6]): normal (i.e. there exist an element x0 such that
µA(x0) = 1), fuzzy convex (i.e. µA(λx1 + (1 − λ)x2) ≥
µA(x1) ∧ µA(x2), ∀x1, x2 ∈ R, ∀λ ∈ [0, 1]), µA is upper
semicontinuous, suppA is bounded, where suppA = cl({x ∈
R : µA(x) > 0}), and cl is the closure operator. A space of
all fuzzy numbers will be denoted by F(R).

Moreover, let Aα = {x ∈ R : µA(x) ≥ α}, α ∈ (0, 1],
denote an α-cut of a fuzzy number A. As it is known, ev-
ery α-cut of a fuzzy number is a closed interval, i.e. Aα =
[AL(α), AU (α)], where AL(α) = inf{x ∈ R : µA(x) ≥ α}
and AU (α) = sup{x ∈ R : µA(x) ≥ α}.

The expected interval EI(A) of a fuzzy number A is given
by (see [7, 13])

EI(A) = [EIL(A), EIU (A)] (1)

=
[∫ 1

0

AL(α)dα,

∫ 1

0

AU (α)dα

]
.

The middle point of the expected interval given by

EV (A) =
1
2

(∫ 1

0

AL(α)dα +
∫ 1

0

AU (α)dα

)
(2)

is called the expected value of a fuzzy number and it repre-
sents the typical value of the fuzzy number A (see [7, 13]).
Sometimes its generalization, called weighted expected value,
might be interesting. It is defined as

EVq(A) = (1 − q)
∫ 1

0

AL(α)dα + q

∫ 1

0

AU (α)dα, (3)

where q ∈ [0, 1] (see [8]).
Another useful parameter characterizing a fuzzy number is

called the width of a fuzzy number (see [4]) and is defined by

w(A) =
∫ ∞

−∞
µA(x)dx =

∫ 1

0

(AU (α) − AL(α))dα. (4)

Suppose that for a certain reason or just for simplicity we
want to find a suitable approximation of a fuzzy number under
study. It seems that sufficiently effective simplification of the
fuzzy number shape can be reached by the piecewise linear
curves leading to triangle, trapezoidal or orthogonal member-
ship functions. Since these three mentioned shapes are partic-
ular cases of the trapezoidal one, further on we will consider
just the trapezoidal approximation of fuzzy numbers. It means
that we want to substitute given fuzzy number A by the trape-
zoidal fuzzy number T (A), i.e. by a fuzzy number with a
following membership function

µT (A)(x) =


0 if x < t1,
x−t1
t2−t1

if t1 ≤ x < t2,

1 if t2 ≤ x ≤ t3,
t4−x
t4−t3

if t3 < x ≤ t4,

0 if t4 < x.

(5)
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Since we can do this in many ways we need some additional
constraints which guarantee that our approximation would be
reasonable. One of the most natural idea is to construct T (A)
that is the closest to the original fuzzy number A with respect
to given distance d. Sometimes we add additional require-
ments which warrant that our approximation would possess
some desired properties, like preservation fixed parameters or
relations, continuity, etc. This problem was considered by
many authors (see, e.g. [1, 2, 3, 5, 11, 12, 9, 10, 15, 16]).
For example, it was suggested in [11] to consider the nearest
trapezoidal approximation operator preserving the expected
interval, i.e. the approximation operator T which produces a
trapezoidal fuzzy number T (A) that is the closest with respect
to distance

d(A, T (A)) =
(∫ 1

0

[AL(α) − T (A)L(α)]2dα (6)

+
∫ 1

0

[AU (α) − T (A)U (α)]2dα

)1/2

to given original fuzzy number A among all trapezoidal fuzzy
numbers having identical expected interval as the original one,
i.e. satisfying a following condition

EI(T (A)) = EI(A). (7)

It is worth noting the invariance of the expected interval as-
sures many other properties (for more details we refer the
reader to [11] where the broad list of desired requirements that
the approximation operator should possess is also given). The
research on this operator was continued in [3, 12, 9, 10].

Whatever trapezoidal approximation is considered the goal
reduces to finding such real numbers t1 ≤ t2 ≤ t3 ≤ t4 that
characterize T (A) = T (t1, t2, t3, t4). It is so because any
trapezoidal fuzzy number is completely described by four real
numbers that are borders of its support and core. Let us men-
tion that mathematical formulae for these points correspond-
ing to the nearest trapezoidal approximation operator preserv-
ing the expected interval are given in [9].

In some applications other distances than (6) are more suit-
able. It is easily seen that all α-cuts in (6) are treated evenly.
This feature is sometimes criticized by authors who claim that
elements belonging to α1-cut should be treated with the higher
attention that those from α2-cut if α1 > α2 because the mem-
bership degree for the first group is higher and so they are less
uncertain. Such reasoning in trapezoidal approximation can
be found in [18] devoted to weighted trapezoidal approxima-
tion. More precisely, the authors consider there a trapezoidal
approximation with respect to the weighted distance

dZL(A, T (A)) =
(∫ 1

0

α[AL(α) − T (A)L(α)]2dα (8)

+
∫ 1

0

α[AU (α) − T (A)U (α)]2dα

)1/2

with increasing weighting function.

3 A bi-symmetrical weighted distance
Although such increasing weighting might be useful in some
occasions, another weighted distances would be more interest-
ing in general. This is a straightforward conclusion from the

fact that the least informative α-cut is not zero but 0.5. Ac-
tually, situation µA(x) = 1 leads to perfect information that
x surely belongs to A. If µA(x) is close to 1 we’ll say that
x rather belongs to A. And conversely, µA(x) = 0 shows
that x surely does not belong to A (and belongs to ¬A) which
is also a perfect information. Similarly, x such that µA(x)
is close to 0 is interpreted as a point that rather does not be-
long to A. However, if µA(x) = 0.5 we dot know how to
classify x because it belong to A and to it’s completion ¬A
with the same degree. The same happens if µA(x) is close
to 0.5. Thus, to sum up, degrees of membership both high
(close to 1) and low (close to 0) are much more informative
than those close to 0.5. Hence, if we try to incorporate this
quite obvious remark into practice we have to consider a so-
called bi-symmetrical weighted distance suggested below. Be-
fore defining this distance we will introduce the notion of the
bi-symmetrical weighted function.

Definition 1
A function λ : [0, 1] → [0, 1] symmetrical around 1

2 , i.e.
λ( 1

2 − α) = λ( 1
2 + α) for all α ∈ [0, 1

2 ], which reaches its
minimum in 1

2 , is called the bi-symmetrical weighted function.
Moreover, the bi-symmetrical weighted function is called reg-
ular if

(a) λ( 1
2 ) = 0,

(b) λ(0) = λ(1) = 1,

(c)
∫ 1

0
λ(α)dα = 1

2 .

Definition 2
For two arbitrary fuzzy numbers A and B with α-cuts
[AL(α), AU (α)] and [BL(α), BU (α)], respectively, the quan-
tity

dλ(A, T (A)) =
(∫ 1

0

λ(α)[AL(α) − BL(α)]2dα (9)

+
∫ 1

0

λ(α)[AU (α) − BU (α)]2dα

)1/2

where λ : [0, 1] → [0, 1] is a bi-symmetrical (regu-
lar) weighted function is called the bi-symmetrical (regular)
weighted distance between A and B based on λ.

One can, of course, propose many regular bi-symmetrical
weighted functions and hence obtain different bi-symmetrical
weighted distances. Further on we will consider mainly a fol-
lowing function

λ(α) =
{

1 − 2α if α ∈ [0, 1
2 ],

2α − 1 if α ∈ [ 12 , 1], (10)

which is in some sense a bi-symmetrical counterpart of the
increasing weighted function such as applied in [18].

4 Trapezoidal approximations based on
bi-symmetrical weighted distances

Let us go back to the trapezoidal approximation operators
T : F(R) → F

T (R) which produce a trapezoidal fuzzy num-
ber T (A) that is the closest to given original fuzzy number
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A among all trapezoidal fuzzy numbers having identical ex-
pected interval as the original one, i.e. satisfying (7). How-
ever, now we will look for the operators which minimize the
bi-symmetrical weighted distance based on bi-symmetrical
function (10).

It is easily seen that the α-cut of T (A) is equal to [t1 +
(t2 − t1) α, t4 − (t4 − t3)α]. Since a trapezoidal fuzzy num-
ber is completely described by four real numbers that are
borders of its support and core, our goal reduces to find-
ing such real numbers t1 ≤ t2 ≤ t3 ≤ t4 that character-
ize T (A) = T (t1, t2, t3, t4). Substituting it into (9) and (7)
our problem might be expressed as follows: find t1, t2, t3, t4
which minimize

d(A, T (A)) = (11)

=
(∫ 1

0

λ(α) [AL(α) − (t1 + (t2 − t1) α)]2 dα

+
∫ 1

0

λ(α) [AU (α) − (t4 − (t4 − t3)α)]2 dα

)1/2

with respect to conditions

t1 + t2
2

=
∫ 1

0

AL(α)dα, (12)

t3 + t4
2

=
∫ 1

0

AU (α)dα (13)

t1 ≤ t2 ≤ t3 ≤ t4. (14)

Before showing final results let us introduce some nota-
tion. Firstly let us notice that by Def. 1 the centroid of a
bi-symmetrical weighted function λ is 1

2 . Therefore, the dis-
persion of the bi-symmetrical weighted function λ is given by

η =
∫ 1

0

(α − 1
2
)2λ (α) dα. (15)

Easy computation shows that the dispersion of our bi-
symmetrical weighted function (10) is 1

16 .
We also introduce another two parameters characterizing

the dispersion of the left side and of the right side of given
fuzzy number A with respect to considered bi-symmetrical
weighted function λ.

Definition 3
The left (lower) spread of a fuzzy number A with respect to
considered bi-symmetrical weighted function λ is a number
LSPλ(A) given by

LSPλ(A) =
1
2η

∫ 1

0

(α − 1
2
)λ(α)AL (α) dα, (16)

while the right (upper) spread of a fuzzy number A with re-
spect to considered bi-symmetrical weighted function λ is a
following number USPλ(A)

USPλ(A) =
1
2η

∫ 1

0

(
1
2
− α)λ(α)AU (α) dα. (17)

It can be shown that LSPλ(A) ≥ 0 and USPλ(A) ≥ 0.
Let us also denote the total spread of given fuzzy number A

with respect to considered bi-symmetrical weighted function
λ by TSPλ(A), i.e.

TSPλ(A) = LSPλ(A) + USPλ(A), (18)

while the difference between the right and the left spread of a
fuzzy number will be denoted by ∆SPλ(A), i.e.

∆SPλ(A) = USPλ(A) − LSPλ(A). (19)

It is easily seen that as TSPλ(A) is always nonnegative,
∆SPλ(A) might be positive or negative as A is more asym-
metrical to the right or to the left.

We can now formulate our main result.

Theorem 4
The nearest trapezoidal approximation operator preserv-
ing expected interval with respect to distance (11) for bi-
symmetrical weighted function λ given by (10) is such oper-
ator T : F(R) → F

T (R), which assigns a following trape-
zoidal fuzzy number T (A) = T (t1, t2, t3, t4) for any fuzzy
number A with α-cuts [AL(α), AU (α)]

(a) if w(A) ≥ TSPλ(A) then

t1 = EIL(A) − LSPλ(A), (20)
t2 = EIL(A) + LSPλ(A), (21)
t3 = EIU (A) − USPλ(A), (22)
t4 = EIU (A) + USPλ(A); (23)

(b) if |∆SPλ(A)| ≤ w(A) < TSPλ(A) then

t1 = EIL(A) − 1
2
w(A) +

1
2
∆SPλ(A), (24)

t2 = t3 = EV (A) − 1
2
∆SPλ(A), (25)

t4 = EIU (A) +
1
2
w(A) +

1
2
∆SPλ(A); (26)

(c) if w(A) < ∆SPλ(A) then

t1 = t2 = t3 = EIL(A), (27)
t4 = 2EIU (A) − EIL(A); (28)

(d) if w(A) < −∆SPλ(A) then

t1 = 2EIL(A) − EIU (A), (29)
t2 = t3 = t4 = EIU (A). (30)

The prove this result we apply the Karush-Kuhn-Tucker
theorem for the local minimizer under given constraints.

Actually, we have received four different operators provid-
ing the nearest trapezoidal fuzzy number that preserves the
expected value of the original fuzzy number, where T1 leads
to trapezoidal fuzzy number, T2 stands for the operator that
leads to triangular fuzzy number with two sides, while T3 and
T4 produce triangular fuzzy numbers with the right side only
or with the left side only, respectively.

Roughly speaking, we approximate a fuzzy number A by
the trapezoidal approximation operator T1 provided the total
dispersion of given fuzzy number with respect to considered
bi-symmetrical weighted function, measured by the sum of the
lower and upper spread, is large enough. Otherwise, we will
approximate A by a triangular number. It means that for less
dispersed fuzzy numbers the solution is always a triangular
fuzzy number.
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However, here we have also three possible situations: to ap-
proximate a fuzzy number A we apply operator T2 provided
the asymmetry of A is not too big (i.e.there is no big differ-
ence between the lower and upper spread). If A reveals high
right asymmetry (i.e. the right spread is significantly larger
than the lower spread) it would be approximated by a triangu-
lar fuzzy number with the right side only, produced by opera-
tor T3. Otherwise, a fuzzy number with high left asymmetry
would be approximated by a triangular fuzzy number with the
left side only, produced by operator T4.

It is worth noticing that we have obtained four possible so-
lutions like in the problem with non-weighted distance con-
sidered in [3] or [9]. Moreover, operators T3 and T4 are iden-
tical as in [3] or [9]. It means that for very asymmetrical
fuzzy numbers its nearest trapezoidal approximation preserv-
ing the expected interval remains independent whether we use
weighted or non-weighted distance.

Our operators possess many desired properties, like invari-
ance to translations and scale, monotonicity, continuity, etc.
Some of those properties are guaranteed by the expected in-
terval invariance. For the detailed list of requirements related
to trapezoidal approximations we refer the reader to [11].

One may ask what happen if we use a different bi-
symmetrical weighted function. Thus now, contrary to previ-
ous continuous weighted function (10) let us consider a non-
continuous one

λ1(α) =
{

1 if α ∈ [0, 1
4 ] ∪ [ 34 , 1],

0 if α ∈ ( 1
4 , 3

4 ), (31)

which appreciates only elements with high or low degree of
membership and does not take into account the other. Thus λ1

corresponds to Pedrycz’s viewpoint expressed in his shadowed
sets (see [14]) where we consider only these points which
rather belong to a set under study or those that rather do not be-
long to it. The other elements with intermediate membership
degree form the so-called shadow. Easy computation shows
that the dispersion of our bi-symmetrical weighted function
(31) is 7

96 . It is interesting and worth stressing that the final
solution both for λ1 is identical with that obtained before, i.e.
a following theorem holds.

Theorem 5
The nearest trapezoidal approximation operator preserv-
ing expected interval with respect to distance (11) for bi-
symmetrical weighted function λ given by (31) is such oper-
ator T : F(R) → F

T (R), which assigns a following trape-
zoidal fuzzy number T (A) = T (t1, t2, t3, t4) for any fuzzy
number A with α-cuts [AL(α), AU (α)], has the same form as
for for bi-symmetrical weighted function (10), i.e. given in
Theorem 4.

5 Conclusion
In the present contribution we have considered the prob-
lem of trapezoidal approximation of fuzzy numbers for bi-
symmetrical weighted functions. It was shown that the choice
of adequate approximation operator depends mainly on the
global spread of a fuzzy number and possible asymmetry be-
tween the spread of the left-hand and right-hand part of the
original fuzzy number. It is interesting that identical operators
for two different bi-symmetrical weighted functions were ob-
tained. Thus one may ask whether the solution remains valid

for other weighted function too. This would be the topic of
our further research.
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Abstract— In [1] the authors considered finitely-valued modal
logics with Kripke style semantics where both propositions and the
accessibility relation are valued over a finite residuated lattice. Un-
fortunately, the necessity operator does not satisfy in general the nor-
mality axiom (K). In this paper we focus on the case of finite chains,
and we consider a different approach based on introducing a multi-
modal logic where the previous necessity operator is replaced with a
family, parametrized by truth values different from zero, of necessity
operators each one semantically defined using the crisp accessibility
relation given by the corresponding cut of the finitely-valued origi-
nal accessibility relation. This multimodal logic is somehow more
appealing than the original modal one because axiom (K) holds for
each necessity operator. In this paper we axiomatize this multimodal
logic and we prove that, in the case the starting residuated lattice is
a finite BL chain, the modal and the multimodal languages have the
same expressive power iff this algebra is an MV chain.

Keywords— many-valued modal logic, fuzzy modal logic,
Łukasiewicz modal logic, fuzzy logic.

1 Introduction

Fuzzy modal logics is a subfield of mathematical fuzzy logic
with growing interest. The interested reader is referred to [1]
and the references therein for recent developments. Indeed,
in [1] the same authors proposed a mathematical definition of
what a many-valued (uni)modal logic is. According to this
definition many-valued modal logics are sets1 of modal for-
mulas, denoted by Λ(K,A), arising naturally from the seman-
tics given by a complete residuated lattice A, whose support
A corresponds to the intended set of truth values, and a class
K of Kripke frames valuated over the set A.

In [1], due to simplicity reasons, the authors only consid-
ered modal formulas obtained enriching the propositional lan-
guage of residuated lattices with a necessity operator � (i.e.,
without a primitive possibility operator ♦). These modal for-
mulas may include or not canonical constants to talk about the
truth values. By adding canonical constants we mean to add
one constant a for every element a in the residuated lattice A
in such a way that each one of these constants is semantically
interpreted by its canonical interpretation (i.e., the very ele-
ment a). In the case that we allow canonical constants in the
modal language we use the notation Λ(K,Ac) to stress their

1Besides these sets in the same paper it is also considered the
consequence relations Λ(l, K,A) and Λ(g, K,A) corresponding to
the local and global many-valued modal consequence relations.

presence. In the present paper we will always assume that the
language has canonical constants.

An assumption that we consider throughout the present pa-
per is that A is a chain (to keep us inside the fuzzy realm) and
finite, i.e., A is a finite MTL chain. We remind the reader that
finiteness is crucial in the results obtained in [1], but linearity
is not required there. In the next paragraphs we point out some
of the results in [1] for the particular case of finite chains.

One of the main results in [1] is the presentation of a
complete calculus for the many-valued modal logic Λ(K,Ac)
when K is the class Fr of all frames valued over A, assuming
a complete calculus is already known for the non-modal logic
without canonical constants (denoted by Λ(A)). This axiom-
atization is shown in Table 1. It is worth pointing out that in
the case that A is a finite BL chain, it is known [1, Propo-
sitions 2.5 and 2.7] that there are axiomatizations of Λ(A)
based on only one rule, the Modus Ponens rule; but there are
examples of finite MTL chains where it is strictly necessary to
add more rules besides Modus Ponens.

Among the difficulties to find such an axiomatization is that
while the meet distributivity axiom

(�ϕ ∧ �ψ) ↔ �(ϕ ∧ ψ) (MD)

is valid (as in the classical modal case), in general this is not
the case in the many-valued modal setting for the normality
axiom

�(ϕ→ ψ) → (�ϕ→ �ψ) (K)

The normality axiom is indeed valid in Λ(Fr,Ac) iff the resid-
uated lattice is a Heyting algebra (i.e., the interpretation of the
strong conjunction coincides with the meet).

The situation is much more difficult in case that there are no
canonical constants in the language, and as far as the authors
are aware the only known axiomatizations for many-valued
modal logics of the form Λ(Fr,A), where A is not a Heyting
algebra, are the ones given in [1] for the case that A is a finite
MV chain. The main drawback of the axiomatization there
given is that it is rather artificial, and hence it is not absolutely
clear what are the basic principles of these many-valued modal
logics.

On the other hand, if one considers K as the class CFr of
crisp Kripke frames (i.e., those Kripke frames valuating the
accessibility relation over the set2 {0, 1}) then the problem

2It is worth pointing out that since A is a chain it holds that the
set {0, 1} coincides with the set {a ∈ A : 1 = a ∨ ¬a} of Boolean
elements of A.
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Table 1: Axiomatization of the set Λ(Fr,Ac) when A is a finite chain

• the set of axioms is the smallest set closed under substitutions containing

– the axiomatic basis for Λ(A),

– the witnessing axiom
∨

a∈A(ϕ↔ a)

– the bookkeeping axioms (a1 ∗ a2) ↔ a1 ∗ a2 (for every a1, a2 ∈ A and every ∗ ∈ {∧,∨,�,→}),

– �1, (�ϕ ∧ �ψ) → �(ϕ ∧ ψ) and �(a→ ϕ) ↔ (a→ �ϕ) (for every a ∈ A),

• the rules of the basis for Λ(A), the rule k ∨ ϕ � ϕ (where k is the coatom of A)
and the Monotonicity rule ϕ→ ψ � �ϕ→ �ψ.

resembles much more the one in the classical modal setting
since now the normality axiom is valid. It is known [1] that
Λ(CFr,Ac) is the set of modal formulas derivable in the cal-
culus given in Table 2. This table is, roughly speaking, saying
that we only need to add to Λ(Fr,Ac) the normality axiom
plus the axiom �(k∨ϕ) → (k∨�ϕ) (where k is the coatom of
A) in order to capture the logic of crisp frames. We point out
it is known that in general it is not enough to add the normality
axiom3 (cf. Remark 3.2); and we notice that the last axiom is
a particular case of the formulas �(a ∨ ϕ) → (a ∨ �ϕ) with
a ∈ A, all these formulas being valid in Λ(CFr,Ac). Notice
that in Table 2 we have replaced the Monotonicity rule by the
Necessity rule, but this is not important due to the presence of
the normality axiom.

The aim of this paper is to apply to the realm of many-
valued modal logics the well known [2] correspondence be-
tween

• a fuzzy binary relation over A (i.e., a function R : W ×
W −→ A), and

• an A\{0}-indexed and decreasing family of crisp binary
relations (i.e., a family {Ra : a ∈ A, a �= 0} such that if
a � b then Rb ⊆ Ra ⊆W ×W ).

This correspondence is given by the following identities

Ra = {(w1, w2) ∈W ×W : R(w1, w2) � a} (1)

R(w1, w2) = sup{a ∈ A : (w1, w2) ∈ Ra} (2)

The fact that A is a finite chain (in particular a complete lat-
tice) is crucial in order to see that the previous identities in-
duce a bijective correspondence.

In other words, the previous correspondence transforms a
Kripke frame into a family of crisp Kripke frames. This trans-
formation suggests to use a multimodal language (with one
modality �a for every element a ∈ A \ {0}) to describe prop-
erties of Kripke frames. The advantage of this method is that,
since the modalities �a’s are induced by crisp Kripke frames,
the normality axioms

�a(ϕ→ ψ) → (�aϕ→ �aψ)

are valid.
3In [1] it is proved that if we only add the normality axiom to

Λ(Fr,Ac) then we get an axiomatization for the modal logic given
by the class of idempotent frames (i.e., those Kripke frames valuating
the accessibility relation over the set {a ∈ A : a = a � a}).

The aim of the present paper is to pursue this research line.
To this purpose in Section 2 these multimodal logics are in-
troduced, in Section 3 a complete calculus is given for them,
and in Section 4 we compare the expressive power of the crisp
multimodal approach with the unimodal one from [1]. Finally,
in Section 5 the authors analyze what it is known about these
results when there are no canonical constants in the language.

2 Defining the multimodal systems
Throughout this paper we assume that A is a fixed finite resid-
uated lattice whose underlying order is a chain. We remind
the reader that a residuated lattice is an algebra A such that:

• 〈A,∧,∨, 0, 1〉 is a bounded lattice with a linear associ-
ated order �,

• 〈A,�, 1〉 is a commutative monoid with the unit 1,

• x� z � y ⇔ z � x→ y (the law of residuation).

In the literature these algebras are well known under differ-
ent names: residuated lattices, integral, commutative residu-
ated monoids, FLew-algebras, etc. [3, 4, 5]. We stress that
finite MTL-algebras [6], finite BL-algebras [7] and finite MV-
algebras [8] are particular cases satisfying our assumption.

We stress that the algebraic language of A is given by
〈∧,∨,�,→, 1, 0〉 (with arities 〈2, 2, 2, 2, 0, 0〉). The multi-
modal language is the one obtained by enriching the previ-
ous one with canonical constants and a unary operator �a for
every a ∈ A \ {0}. We remind the reader that in this pa-
per (see p. 1) with the term modal language we denote the
language obtained enriching 〈∧,∨,�,→, 1, 0〉 with canonical
constants and one unary operator �. In case we are inter-
ested in the expansion having simultaneously, besides canoni-
cal constants, the operators �a’s and � we will use the expres-
sion full modal language. Of course we adopt the analogous
convention to talk about multimodal formulas, modal formu-
las and full modal formulas.

A Kripke frame is a pair F = 〈W,R〉 where W is a non
empty set (whose elements are called worlds) and R is a bi-
nary relation valued in A (i.e., R : W × W −→ A) called
accessibility relation. F is said to be crisp in case that the
range of R is included in {0, 1}. The classes of Kripke frames
and crisp Kripke frames will be denoted, respectively, by Fr
and CFr.

A Kripke model is a 3-tuple M = 〈W,R, V 〉 where 〈W,R〉
is a Kripke frame and V is a map, called valuation, assigning
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Table 2: Axiomatization of the set Λ(CFr,Ac) when A is a finite chain

• the set of axioms is the smallest set closed under substitutions containing

– the axiomatic basis for Λ(A),

– the witnessing axiom
∨

a∈A(ϕ↔ a)

– the bookkeeping axioms (a1 ∗ a2) ↔ a1 ∗ a2 (for every a1, a2 ∈ A and every ∗ ∈ {∧,∨,�,→}),

– �1, (�ϕ ∧ �ψ) → �(ϕ ∧ ψ) and �(ϕ→ ψ) → (�ϕ→ �ψ)

– �(a→ ϕ) ↔ (a→ �ϕ) (for every a ∈ A) and �(k ∨ ϕ) → (k ∨ �ϕ) (where k is the coatom of A),

• the rules of the basis for Λ(A), the rule k ∨ ϕ � ϕ (where k is the coatom of A) and the Necessity rule ϕ � �ϕ.

to each propositional variable and each world inW an element
of A (i.e., V : Var ×W −→ A where Var is the set of propo-
sitional variables). In such a case we say that M is based on
the Kripke frame 〈W,R〉.

If M = 〈W,R, V 〉 is a Kripke model, then the map V can
be uniquely extended to a map V ′ assigning to each full modal
formula (in particular also multimodal and modal formulas)
and each world inW an element ofA (i.e., V ′ : Fm×W −→
A) satisfying that:4

• V ′ is an algebraic homomorphism, in its first component,
for the connectives ∧,∨,�,→, 1 and 0,

• V ′(a,w) = a for every a ∈ A.

• V ′(�ϕ,w) =
∧

{R(w,w′) → V ′(ϕ,w′) : w′ ∈W}.

• V ′(�aϕ,w) =
∧

{Ra(w,w′) → V ′(ϕ,w′) : w′ ∈
W} =

∧
{V ′(ϕ,w′) : w′ ∈W,R(w,w′) � a}.

Although V and V ′ are different mappings there is no prob-
lem, since one is an extension of the other, to use the same
notation V for both. As usual we say that two formulas ϕ
and ψ are equivalent (in symbols ϕ ≡ ψ) iff for every Kripke
model M it holds that V (ϕ) = V (ψ).

Definition 2.1. The local (many-valued) full modal logic
FΛ(l,Fr,Ac) is the consequence relation obtained by defin-
ing, for all sets Γ ∪ {ϕ} of full modal formulas,

• Γ �FΛ(l,Fr,Ac) ϕ, iff

• For every Kripke model 〈W,R, V 〉 and w ∈ W , if
V (γ,w) = 1 for every γ ∈ Γ , then V (ϕ,w) = 1.

And the global (many-valued) full modal logic FΛ(g,Fr,Ac)
is the one given by defining

• Γ �FΛ(g,Fr,Ac) ϕ, iff

• For every Kripke model 〈W,R, V 〉, if V (γ,w) = 1 for
every γ ∈ Γ and every w ∈ W , then V (ϕ,w) = 1 for
every w ∈W .

In the case that we restrict our attention to multimodal
formulas or modal ones we will analogously use the no-
tations MΛ(l,Fr,Ac), MΛ(g,Fr,Ac), Λ(l,Fr,Ac) and

4The infimun of the empty set is taken, as usual, equal to 1.

Λ(g,Fr,Ac). A formula is valid iff it is a theorem of the
local (or the global) consequence relation. We will write
MΛ(Fr,Ac), FΛ(Fr,Ac) and Λ(Fr,Ac) to denote the set of
valid formulas in the corresponding language.

From this definition it is obvious that all these local and
global consequence relations are conservative expansions of
the non-modal consequence relations with and without canon-
ical constants, denoted respectively by Λ(Ac) and Λ(A).

3 Completeness of the multimodal systems
In this section we give an sketch of the proof of the following
completeness theorem.

Theorem 3.1 (Completeness). Let A be a finite MTL chain.

1. The consequence relation MΛ(g,Fr,Ac) is the conse-
quence relation axiomatized by the axioms and rules
given in Table 3.

2. The set MΛ(Fr,Ac) is the set of modal formulas deriv-
able in the calculus given in Table 3.

3. The consequence relation MΛ(l,Fr,Ac) is axiomatized
by (i) MΛ(Fr,Ac) as the set of axioms, and (ii) the rules
of the basis for Λ(A) together with the rule k ∨ ϕ � ϕ
(where k is the coatom of A).

We notice that the behaviour of the �b operators given in
this axiomatization (Table 3) is the same one that was given
for � in the case of crisp Kripke frames (cf. Table 2), plus the
addition of some axioms telling that the �b’s are somehow
nested.

Remark 3.2. Before explaining the proof it is worth pointing
out that if we delete the axioms �b(k∨ϕ) → (k∨�bϕ) from
Table 3 then we get an incomplete system. This fact can be
checked using an standard matrix argument. Let us consider
the Gödel algebra G3 with three elements {0, 0.5, 1}, and ex-
pand it with canonical constants (i.e., 0.5 = 0.5) and with the
connectives �0.5 and �1 being interpreted by the unary func-
tion f : G3 −→ G3 defined by f(x) := 0.5 → x. Then,
this algebra enriched with the set {1} of designated elements
is a matrix that is a model of all axioms and rules given in Ta-
ble 3 except for the ones of the form �b(k∨ϕ) → (k∨�bϕ).
It is not a model of these last axioms because for example
�1(0.5 ∨ 0) → (0.5 ∨ �10) = 0.5.
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Table 3: Axiomatization of the set MΛ(Fr,Ac) when A is a finite chain

• the set of axioms is the smallest set closed under substitutions containing

– the axiomatic basis for Λ(A),

– the witnessing axiom
∨

a∈A(ϕ↔ a)

– the bookkeeping axioms (a1 ∗ a2) ↔ a1 ∗ a2 (for every a1, a2 ∈ A and every ∗ ∈ {∧,∨,�,→}),

– �b1, (�bϕ ∧ �bψ) → �b(ϕ ∧ ψ) and �b(a→ ϕ) ↔ (a→ �bϕ) (for every a ∈ A and b ∈ A \ {0}),

– �b(ϕ→ ψ) → (�bϕ→ �bψ) and �b(k ∨ ϕ) → (k ∨ �bϕ) (for every b ∈ A \ {0}) (where k is the coatom of A),

– �b1ϕ→ �b2ϕ (for every b1, b2 ∈ A \ {0} such that b1 � b2),

• the rules of the basis for Λ(A), the rule k ∨ ϕ � ϕ (where k is the coatom of A) and
the Necessity rules ϕ � �bϕ (for every b ∈ A \ {0}).

Next we give some hints on the proof of Theorem 3.1. To
this purpose for the rest of this section we will use the sym-
bol L to denote the set of modal formulas derivable from the
calculus given in Table 3, and the symbol �L to denote the con-
sequence relation axiomatized by L as set of axioms and the
rules of the basis for Λ(A) together with the rule k ∨ ϕ � ϕ
(where k is the coatom of A). The completeness theorem can
be proved using two steps: (i) a reduction of the multimodal
completeness problem to the already known strong complete-
ness of the non-modal logic Λ(Ac), and (ii) a Truth Lemma
based on a canonical Kripke model construction. Next we
briefly sketch the proofs of each one of these steps in the com-
pleteness proof.

The first step is based on the fact that �L is strongly com-
plete by definition with respect to Λ(A), and hence by [1,
Corollary 2.16] we know that it is also strongly complete with
respect to Λ(Ac). We point out that the rule k∨ϕ � ϕ plays a
remarkable role in the proof of [1, Corollary 2.16]. Therefore,
we get the following trivial consequence.

Lemma 3.3 (Non-Modal Reduction). Let Γ ∪ {ϕ} be a set of
multimodal formulas. Then

• Γ �L ϕ, iff

• Γ �Λ(Ac) ϕ, i.e., for every homomorphism h from the
algebra of multimodal formulas5 into the algebra Ac, if
h[Γ ] ⊆ {1} then h(ϕ) = 1.

On the other hand, the second step consists on a canonical
Kripke model construction. The definition of this construction
is the following one.

Definition 3.4. The multi canonical Kripke model Mmcan is
the Kripke model 〈Wmcan, Rmcan, Vmcan〉 where

• the set Wmcan is the set of non-modal homomorphisms
v : Fm −→ Ac (we point out that the algebra Fm is the
one given by multimodal formulas) such that v[L] = {1}.

• the accessibility relation Rmcan is defined by6

Rmcan(v1, v2) :=
∨

{b ∈ A\{0} : ∀ϕ(v1(�bϕ) � v2(ϕ))}.
5When we look at the multimodal formulas as non-modal ones

we are thinking that {�aϕ : a ∈ A \ {0}, ϕ multimodal formula}
are the variables of this non-modal language.

6The supremum of the empty set is taken, as usual, equal to 0.

• the valuation map is defined by Vmcan(p, v) := v(p) for
every variable p.

It is obvious that for every b ∈ A \ {0}, it holds that
b � Rmcan(v1, v2) iff v1(�bϕ) � v2(ϕ) for every multi-
modal formula ϕ.

Lemma 3.5 (Truth Lemma). The multi canonical Kripke
model Mmcan satisfies that Vmcan(ϕ, v) = v(ϕ) for every
multimodal formula ϕ and world v.

Proof. The proof is done by induction on the multimodal for-
mula. The only non trivial case is when this formula starts
with a necessity operator �b. By the inductive hypothesis it is
clear that it is enough to prove that

∧
{v′(ϕ) : v′ ∈Wmcan, b � Rmcan(v, v′)} = v(�bϕ)

where v is a world. And indeed the only non trivial inequality
is �. Hence, let us consider a :=

∧{v′(ϕ) : v′ ∈Wmcan, b �
Rmcan(v, v′)} and try to prove that a � v(�bϕ).

First of all we claim that

L ∪ {d→ ψ : ψ ∈ Fm, d = v(�bψ) ∈ A} �Λ(Ac) a→ ϕ.

Why? Let us consider a homomorphism h from the algebra of
multimodal formulas into the algebra Ac such that h[L∪{d→
ψ : ψ ∈ Fm, d = v(�bψ) ∈ A}] = {1}. We have to prove
that h(a → ϕ) = 1, i.e., a � h(ϕ). The assumptions on h
imply that h ∈ Wmcan, and that v(�bψ) � h(ψ) for every
ψ. Hence, b � Rmcan(v, h). Using the definition of a we get
that a � h(ϕ). This finishes the proof of this first claim.

Hence, using that Λ(Ac) is a finitary logic (because A
is finite) we get from the previous claim that there is some
m ∈ ω, some multimodal formulas ψ1, . . . , ψm and some el-
ements d1, . . . , dm ∈ A such that di = v(�bψi) for every
i ∈ {1, . . . ,m} and

L ∪ {d1 → ψ1, . . . , dm → ψm} �Λ(Ac) a→ ϕ.

From here it is clear7 that L �Λ(Ac) ((d1 → ψ1)∧. . .∧(dm →
ψm)) → (k ∨ (a → ϕ)). Using Lemma 3.3 we get from the

7The trick used here is a particular case of the following more
general statement:

Γ, γ �Λ(Ac) ϕ iff Γ �Λ(Ac) γ → (k ∨ ϕ).

This statement is a consequence of the fact that k is the coatom of A.
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previous claim that L �L ((d1 → ψ1)∧ . . .∧ (dm → ψm)) →
(k ∨ (a → ϕ)). Thus, ((d1 → ψ1) ∧ . . . ∧ (dm → ψm)) →
(k ∨ (a→ ϕ)) ∈ L. Therefore, �b((d1 → ψ1)∧ . . .∧ (dm →
ψm)) → �b(k ∨ (a → ϕ)) ∈ L by the Monotonicity Rule.
Thus, ((d1 → �bψ1) ∧ . . . ∧ (dm → �bψm)) → (k ∨ (a →
�bϕ)) ∈ L using some of the axioms in Table 3. Finally, using
that v(d1 → �bψ1) = . . . = v(dm → �bψm) = 1 and that
k �= 1, we obtain that v(a → �bϕ) = 1, i.e., a � v(�bϕ).
This finishes the proof.

Remark 3.6. In the calculus given in Table 3 we have in-
cluded for each one of the �b modalities the meet distribu-
tivity axiom, the normality axiom, the Monotonicity rule and
the Necessity rule. Checking the details of the proof of
Lemma 3.5 the reader can realize that among the previous
four axioms/rules it is enough to include the meet distribu-
tivity axiom and the Monotonicity rule in order to get com-
pleteness. And the same is also true if we only include the
normality axiom and the Necessity rule, but this time the ar-
gument is slightly different (just replace ∧ with � in the proof
of Lemma 3.5).

4 Comparing Expressive Power
The aim of this section is to compare the expressive power of
the multimodal language with the one of the modal language.
To this purpose we introduce the following concepts.

Definition 4.1. Given two pointed8 Kripke models 〈M, w〉
and 〈M′, w′〉, we will say that they are modally equivalent,
in symbols 〈M, w〉 ≡ 〈M′, w′〉, in the case that V (ϕ,w) =
V ′(ϕ,w′) for every modal formula ϕ. Analogously we will
talk about multimodally equivalent and full modally equiva-
lent, in symbols ≡M and ≡F, in the case we focus, respec-
tively, on multimodal formulas or full modal formulas.

The first remark comparing expressive powers is that in ev-
ery finite residuated lattice A (here it is not needed the chain
assumption) it holds that

�ϕ ≡
∧

{a→ �aϕ : a ∈ A \ {0}} (3)

Therefore, the modality � is explicitly definable using the
modalities �a’s (and these last ones have the advantage that
satisfy the normality axiom). In other words, the expressive
power of the modal language is smaller than the one of the
multimodal one. Thus, Λ(Fr,Ac) can be seen as a fragment of
MΛ(Fr,Ac). It is obvious that if two pointed Kripke models
are multimodally equivalent then they are also modally equiv-
alent.

What about the converse direction in the statements from
last paragraph? That is, (i) is it possible to explicitly define the
modalities �a’s in the modal language?, and (ii) are modally
equivalent pointed Kripke models also multimodally equiva-
lent? In the rest of the section we will discuss these two ques-
tions. It is worth pointing out that as far as the authors are
aware there is no general result in the many-valued modal set-
ting relating these last two questions: an study of Beth defin-
ability in this setting has not been undertaken (cf. [9, p. 277]).
As a matter of fact it is necessary to distinguish between hav-
ing an empty set Var of propositional variables or not.

8By a pointed Kripke model we mean a Kripke model together
with a distinguished point.

Proposition 4.2 (Case Var = ∅). Let A be a finite MTL chain.
Then, if two pointed Kripke models are modally equivalent
then they are also multimodally equivalent.

Proof. First of all we point out that it is enough to prove that
if 〈M, w〉 ≡ 〈M′, w′〉, w0 ∈ W and R(w,w0) � a �= 0,
then there is some w′

0 ∈ W ′ such that R′(w′, w′
0) � a and

〈M, w0〉 ≡ 〈M′, w′
0〉. The proof finishes by realizing that the

previous statement is true because for every a ∈ A \ {0}, it
holds that V (�pred(a), w) �= 1 iff there is some w0 such that
R(w,w0) � a. The notation pred(a) refers to the predecessor
of element a.

Therefore, it is obvious that if Var = ∅ then two pointed
Kripke models are modally equivalent iff they are multi-
modally equivalent. It is still open whether the modalities
�a’s are explicitly definable or not when there are no propo-
sitional variables.

In the case that there is some propositional variable then the
situation is quite different as next proposition shows. We will
see later in Theorem 4.5 that the assumption in this proposition
is also a necessary condition for the case of finite BL chains.

Proposition 4.3 (Case Var �= ∅). Let A be the ordinal sum
A1 ⊕ A2 of two finite MTL chains such that A1 and A2

are non trivial (i.e., min{|A1|, |A2|} � 2). Then, there are
two pointed Kripke models that are modally equivalent but
not multimodally equivalent.

Proof. Let us define a ∈ A as the minimum element of
A2 (i.e., a is the idempotent element separating both com-
ponents). Since Ai’s are non trivial it is obvious that a �∈
{0A, 1A}, and also that for every b ∈ A, a � b = a ∧ b.
Next we consider the two Kripke models given9 in Fig. 1.
It is obvious that for every modal formula ϕ it holds that
V (ϕ,w1) = V ′(ϕ,w′

1). On the other hand, by induction on
the length of formulas the reader can easily prove10 that for
every modal formula ϕ (we remind that canonical constants
are allowed), it holds both that

• a � V ′(ϕ,w′
1) iff a � V ′(ϕ,w′

2),

• if a �� V ′(ϕ,w′
1) then V ′(ϕ,w′

1) = V ′(ϕ,w′
2).

These last two properties guarantees that for every modal for-
mula ϕ, it holds that V ′(ϕ,w′

1) � a → V ′(ϕ,w′
2); and so

V ′(�ϕ,w′
0) = V ′(ϕ,w′

1). Once we know this last fact, it be-
comes easy to show by an straightforward induction that for
every modal formula ϕ, it holds that V (ϕ,w0) = V ′(ϕ,w′

0).
Thus, 〈M, w0〉 and 〈M′, w′

0〉 are modally equivalent. Finally,
using that V (�ap, w0) = 1 �= a = V ′(�ap, w

′
0) we get that

〈M, w0〉 and 〈M′, w′
0〉 are not multimodally equivalent.

Lemma 4.4. Let A be the finite MV chain of cardinal n.
Then, for every a ∈ A \ {0} it holds that11

�aϕ ≡
∧ {(

a→ ¬�¬((ϕ↔ b)n−1)
)n−1 → b : b ∈ A

}

9The convention here adopted about presenting Kripke models as
diagrams is the same one stated in [1, Convention 3.6].

10In this inductive proof it plays a crucial role the definition of
ordinal sum.

11Notice that ϕn−1 only takes crisp values (i.e., in {0, 1}). Indeed,
ϕn−1 takes value 1 when ϕ takes value 1, and ϕn−1 takes value 0
elsewhere. Hence, ϕn−1 takes the same value than ∆ϕ where ∆ is
the well-known operator used in fuzzy logic (see [7]).
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p = a

1 a

M = 〈W,R, V 〉 M′ = 〈W ′, R′, V ′〉
Figure 1: Two interesting Kripke models

Proof. Let us introduce the abbreviations ♦ϕ := ¬�¬ϕ and
∆ϕ := ϕn−1. Then, the statement says that

�aϕ ≡
∧ {

∆
(
a→ ♦∆(ϕ↔ b)

) → b : b ∈ A
}

In this proof we will use the notation

f(w,ϕ, b) :=
∨

{R(w,w′) : w′ ∈W,V (ϕ,w′) = b}.

The reader can easily check the following steps.

V (♦∆(ϕ ↔ b), w) = f(w, ϕ, b)

V (∆(a → ♦∆(ϕ ↔ b)), w) =


1, if a � f(w, ϕ, b)
0, if not

V (∆(a → ♦∆(ϕ ↔ b)) → b, w) =


b, if a � f(w, ϕ, b)
1, if not

Then, it easily follows that V (
∧ {

∆
(
a → ♦∆(ϕ ↔ b)

) →
b : b ∈ A

}
, w) =

∧{V (ϕ,w′) : w′ ∈ W,R(w,w′) � a} =
V (�aϕ,w). This finishes the proof.

Theorem 4.5 (Case Var �= ∅). Let A be a finite BL chain.
Then, the following statements are equivalent.

1. A is a finite MV chain (i.e., the only idempotent elements
of A are 0 and 1),

2. The modalities �a’s are explicitly definable12 in the
modal language.

3. Two pointed Kripke models are modally equivalent iff
they are multimodally equivalent,

Proof. For the case that |A1| � 2 it is trivial that these state-
ments are equivalent. Hence, we only have to deal with the
case that |A1| � 3; and this case is a consequence of Propo-
sition 4.3 and Lemma 4.4 together with the decomposition of
BL chains as ordinal sums.

5 Concluding Remarks
As it has been stressed in this paper, and also in [1], the
role played by canonical constants is crucial in several of the
proofs given above. For example, it is unknown to the authors
whether there is a general method for converting an axiom-
atization of Λ(A) (and so without canonical constants) into

12That is, there is some modal formula ϕ such that ϕ ≡ �ap. We
remind that p refers to a propositional variable.

one of Λ(CFr,A). One of the few statements that we know
that remains true when we remove canonical constants from
the language is Theorem 4.5. That is, for finite MV chains it
is possible to find a modal formula (and so using �) without
canonical constants that is equivalent to �ap. The proof of
this stronger version of Theorem 4.5 is completely different
and is based on a combinatorial analysis of all possibilities; it
is a rather involved proof and due to space limitations has not
been included in this paper.
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���	 ��������� ¡���	 �$¤¤�	 \���`�����	 ���	 ¡��	 ¦�	 �\\��	
¡���	�����\� �	¡�	��`\��	���	���������	��¢�	£�������	¦�	
�����¦	 ¡�	 ������\������	 �$¤¤�	 ���������	 ¦¡��¡	 ��� ������
£$¤¤�	��¢�	

2 Vehicle Routing Problems
§¡�	 ��¢ ���	 ���	 ��	 ¡�	 `��	 ¦�����	 �$����	 �����	 ��	
\�����`�	 ��	 ��`���������	 �\�`�¤�����	 ���	 ¡�	 �����$��	
\�������	 ������� �²��	 ���	 ¡�$�����	 ���$���	 ��¡��¶$��	 ��	
�������	 �\\����������	 ��¢ ��� \�����`�	 ¦¡���	 �������	
��¡�����	 ¡�	 `$�	 �����	 \����	 ��	 ��`���� ���	 ������	 �	
�����	��	��	��������� ¦¡���	`���`�¤���	�����	��������	��	
�`�� ³��µ�
§¡�	�������	��¢ ¬$�$����	������	��\������	��¢·	^��¢
�����	 ���	 ¡�	����`������	��	�	 ��	��	� ��$�� ¦¡���	 ���	
�����	 ����¡	 ��	 `���`�¤�� �$�¡	 ¡��	 ¬�	 ���¡	 �$��`��	 ��	
������ �²����	 ����	 ��	 ���	 ��$��	 ¬�	 ���¡	 ��$�	 ����	 ���	
����	�	�	������	��\�� ¬�	¡�	���	��`���	��	¡�	�$��`���	
������	 ��	�	 ��$�	����	��	�²����	�	�����	��¡����	��\����	
¸�	���	¬¹	¡�	����¡	��	���¡	��$�	����	��	�²����	�	\����
��`�	 ��	 �	 ������	 �\���	 ��	 �\������	 ���$`��	 ��	 ¡�	 �	
`���`�¤�	 ���������	 ����� �`��	 ���	 �����	 ����	 ���	
����������	�¶$������� �� ���¡	��¡����	����	��������	�	�	��$�	

�� �	� ��������	���$��� ���	¡�	��¢	��	`���	$\	�� � \������
���`	 �	 ���	� ��$��	 � �� ����� �� � � ���	 ¡�	 ������\������	
\��`$����� �� ��	 ��� � ¡�	�\�����	�����	�����	�����	¡�	
��$���	
��¢	 ����¦	 $�	 �	 ��������	 �������	 �\��	 ��	 ����������	
��\������	��	¡�	�\������	�¡�����������	��	¡�	\�����`	���	
���������`�«���	 \������ ³¹µ�	 §¡���	 \�����������	 ����	 �	 �	
������ �� \�����`��	 ���������	 ¦�¡	 ¡�	 �������	 ��	 �����	
��¢�	§¡���	������\����	�����¦�
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������ Mix Fleet VRP. This is a VRP in which the
vehicles have different capacities, in other words, fleet of
vehicles with a heterogeneous capacity. Each resource must
consider these capacities for each route.
������ Multi-depot VRP. A company can have several
depots or warehouses for use when supplying client demand.
If clients are grouped around the depots then the problem
can be viewed as a set of independent VRP problems.
However, if the clients and depots are spread apart, then this
scenario is known as a MDVRP.
����� � Period VRP. In the classical VRP the planning
period of the route is one day. The PVRP expands the
planning period to M days. During this period of M days,
each client should be visited a given number of days.
	������ Split-up Delivery VRP. This problem is a VRP in
which a client is allowed to be serviced by several vehicles if
the total cost decreases. Order size is important since the
total size of the client orders must exceed the capacity of one
vehicle.
����� � Pickup and Delivery VRP. This variation is a VRP
since it allows clients the possibility of returning certain
goods that have to be delivered to other clients. Therefore,
each vehicle that is fitted must consider client pickup and
delivery amounts as well as a planned order.
���
�� VRP with Backhauls. This problem is VRP where
clients can order or return articles. Therefore the formulation
requires that returned goods from clients fit in the vehicle.
In addition, all deliveries must be completed before pickups
begin because vehicles are back-loaded and pickups in the
vehicles are considered uneconomical or unfeasible. Orders
and pickups must be known ahead of time.
����� VRP with Time Windows. This variation is a VRP
with the additional constraint that associates a time window
to each client which identifies the only interval of time when
the client is willing to receive goods or services. If a vehicle
arrives to the client early the vehicle has to wait. If it arrives
during the interval of the time window, the vehicle makes
the delivery at that moment. Finally, if it arrives late the
client is not serviced.
���� - Open VRP. This problem is a special class of VRP
within all open delivery routes, since vehicles are not
required to return to the depot.
Finally, other versions of VRP do exist. Some versions are
mixes or hybrids of the previously mentioned typologies,
such as the MDVRPTW or OPDVRP. Other problem types
introduce specific characteristics which require the
corresponding modifications in the model. For example, one
version of a particularly interesting (and increasingly
complex) problem is a dynamic version of the route problem
with or without time windows (DVRP, Dynamic VRP). In
this version the problem characteristics vary as time passes.

� ���������������������������

An optimization problem can be described as the search for
the value of specific decision variables so that identified
objective functions attain their optimum values. The value of
the variables is subject to stated constraints. In these
problems the objective functions are defined on a set of
solutions that we will denote by X. The objective function is

not subject to any condition or property nor is the definition
of the set X. Typically the number of elements of X is very
high, essentially eliminating the possibility of a complete
evaluation of all its solutions while determining the optimal
solution.
Optimization problems in their most general form involve
finding an optimal solution according to stated criteria. In
practice, however, many situations lack the exact
information that is needed in the problem, including its
constraints, or in other cases, where it is unreasonable to
access such specific constraints or clearly defined objective
functions. In these situations it is advantageous to model and
solve the problem using soft computing and fuzzy
techniques.
Among all the optimization problems, the models that have
received the most attention and have offered the most useful
applications in different areas are Linear Programming (LP)
models, which is the single objective linear case with linear
constraints. The classic problem of LP is to find the
maximum or minimum values of a linear function subject to
constraints that are represented by linear equations or
inequalities. The most general formulation of the LP
problem is:

max
subject to

0

z cx
Ax b
x

�

�

�

(1)

The vector � �1 2, ,..., n
nx x x x� �� represents the decision

variables. The objective function is denoted by z, the
numbers cj are coefficients and the vector

� �1 2, ,..., n
nc c c c� �� is known as the cost vector. The

matrix n m
ijA a �	 
� �� � � is called the constraint or

technological matrix and the vector � �1 2, ,..., m
mb b b b� ��

represents the independent terms or right-hand-side of the
constraints.
In many real situations not all the constraints and objective
functions can be valued in a precise way. In these situations
we are dealing with the general problem form of Fuzzy
Linear Programming (FLP). FLP is characterized as follows:
aij, bj and ci can be expressed as fuzzy numbers, xi as
variables whose states are fuzzy numbers, addition and
multiplication operates with fuzzy numbers, and the
inequalities are among fuzzy numbers.
Different FLP models can be considered according to the
elements that contain imprecise information that is taken as a
basis for the classification proposed in [22], [2]. Short
descriptions of these models follow.
Models with feasible fuzzy set (fuzzy constraints)
This is the case where constraints can be satisfied, and
consequently the feasible region can be defined as a fuzzy
set; it should be defined by means of a membership
function : [0,1]n� � . In such a situation, for each
constraint, a desirable quantity b is considered, but the
possibility that it is greater is accepted until a maximum b+t
(t is referred to as a violation tolerance level). This model is
represented by:
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Models with fuzzy goals
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Models with fuzzy costs as objective function coefficients
§¡���	 `�����	 ���	 ¡���	 ¦¡���	 ����	 ���	 ��	 �$���	 «��¦�	
¬¦�¡	 �`\���������	 §¡��������	 ¡��	 ���	 ��\�������	 ��	 ��
m���`��������	 �$¤¤� ����� � �� �� �����f f f f

nc c c c� �	 ���	 ¡�	

�����¦���	`�����

`�² 																
�$����	�								

�

fz c x
Ax b

x

�

�

�

¬�

���������	z ��	����	�	�$¤¤�	�$`����	�$	x ���	��	�	�����	��	
�$¤¤�	 ��	 �����$¤¤�	 �$`�����	 ���	 ���¡	 �$¤¤�	 ���	 ��	
���������	 ��	 ��	 ������\������	 `�`����¡�\	 �$�����	 »i¬x�
���¡	 ����������	 f

ic ��	 ¡�	 ��������	 �$�����	 ��	 �	 \����
�$¤¤�	 �$`���	 ��	 ¡�	 ���	 �\�	 ¦�¡	 `����	 �������	

�j jc c	 
� � ���	 `�`����¡�\	 �$������	 gj ���	 hj ¬¦¡��¡	 ���	 ��	

�������	 \���������	 ���� �������	 �	 ���	 ³�µ \����	 ¡�	 ¡�	
���$���	 ���	 ��	 �������	 ¦�¡	 ¡�	 `$�����������	 �$²������	
`�����

� � � � � �� �

� �

� �

`�² 														 �����

�$����	�						

�� ��� � � � �

������� � ������ �

n

k
j j j

n

z c x c x

Ax b

x c g h

k j n

� � �� �

	 
� � �
�

� � � � �

� �

¬�

Models with fuzzy coefficients in the technological matrix
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4 Fuzzy optimization Vehicle Routing
Problems

��¡�$�¡	 ¡���	 ���	 ��������	 ���¡����	 �\\����¡��	 �	
`�������	 ���	 �������	 ¡�	 ��¢	 ��	 ¡�	 �����$���	 ¡��	 ��	 ��	
¡�	���� ¦�¡	¡�	\��\����	�\\����¡��	���`	�$¤¤�	��	¡�����	
£$�¡��`����	 ¡�	 �����$��	 ������	 ����	 ����	 ��	 ��`�	 ��	
`�������	 ��¢	 \��\������	 ��¡	 ���`	 ¡�	 ����\���	 ��	 ¡�	
���$����	 `������	 ��	 £$¤¤�	 ��¡�`����� ¢�����``����	
���	£$¤¤�	��¢ ¬£��¢�	¾�¦�����	��	¦�	¦���	����$��	�����	
�������	\��\����� ¡���	����	�����$���	��	�����	������ �$�¡	
�� ¡�	��¢§© ���	����`��	��¢�
�\����������� ��	¦�	���«	�	¡�	£��¢	`����� ��	¡�	�����$���	
¡�	 `������	 ���� ���$`� ���$�����	 ���	 ��`�	 ��	 ¡�	
�����¦���	���`���	¡�	���	���������	��	¡�	`�����	�	£$¤¤�	
��`����	 ¬�	��	 ���������	�$��`��	��`���	 ��	�	�`\������	
��������	���	�	£$¤¤�	�`���	�������	�`�	���	�����	�`�	���	
��	�`\������	����������
§¡�	 ����	 \�����` �����	 ¦�¡	 ¡�	 ��`���	 �����	 ��	 ���¡	
�����¿�	�������	������	¢�������	¡�	�������	¶$����	��	¡�	
������	 ��	 ������$�	 �	 �������¡	 ¦�¡	 �$�������	 �����	 ���	
\������	 ���`�	 ¡�������	 ¦�	��	��	¡���	������	 �	�	 �\������	
¶$�����	 ��	 �¡��	 ¦�����	 ¡�	 �����`����	 ���$	 ��¡����	
��`���	 �	 ��`�	 �����	 ��	 ����	 ��	 \������	 ���$�¡�	 §¡$��	
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¡���	��	����	$��������	���������	¡�	�`�$�	��	��`���	�	
��`�	 ������	 §¡��	 £��¢	 ¦�¡	 �$¤¤�	 �$��`��	 ��`���	 ¦��	
����	 ����$���	 ��	 §���������	 ���	 À�«$�¡�	 ³��µ�	 ��	 ¡��	
\�\���	 ¡��	 �����	 ¡�	 �����	 �`�	 ���	 ¡�	 ����\������	
����	 ��¦���	 ¦�	 �����	 ��	 �	 ��¦��«	 ��	 �$¤¤�	 �$`�����	
§¡��	`�������	¡�	^���«�	���	©���¡	������¡`	¦¡��� �����	
�`��	 ��	 �	 ��¦��«	 ���	 �����	 ��	 �$¤¤�	 �$`�����	 �����	
§��������Á	���	¢��«���Á ³�®µ �����	�	��¢ ¦¡��	��`���	�	
¡�	 �����	 ��	 $������� ���	 ��	 ��\������� ��	 �	 �����$���	
�$¤¤�	 �$`����	 §¡�	 `����	 ��	 �����	 ��	 ¡�	 ¡�$�����	
Â�¦��\���Â	 ������¡`�	 ¦¡��¡	 $��� �$¤¤�	 �\\��²�`��	
���������	\�����$��� �	 ������ ¦¡�¡��	 ��	��	 �	 ����$��	 �	
����	 ��	 ¡�	 ��$��	 �	 ����	 $��� ¡�	 �\\��²�`��	 ���������	
������¡`	 �	 ����$���	 ¡�	 \���������	 ����²�	 ¥���	 ¡�
`�`����¡�\	 �$�����	 ��	 ¡�	 \���������	 ����²	 ¡��	 ����	
����`�����	���$¤¤��������	`$�	�«�	\�����	��	�����	������	
¡���	��`�	�$¡���	¡���	\��\����	���$����	�	¡��	\�����`	
³�¯µ�	 ³�¼µ�	 ¦¡���	 ��$��	 ��`���	 ���$�	 ��	 «��¦�	 ����	 ����	
¡�	����	 �	 ¡�	�����	§¡���	 ���$���	��`�����	
��	���	��	
����`�	 ¦�¡	�$���	����� ��	 �$¤¤�	 ������	�	��¦	\�\��	 ³�¹µ
¡��	 �������	 �\\�����	 ¦¡��¡ ���������	 ¡�	 ��¢ ¦�¡	
$�������	��`���	�	�����	�	$��� ¡�	�\\��²�`��	���������	
������¡`	 �	 ����`���	 ¡�	 \���������	 �����¡	 �	 ����	 ¡�	
��¡����	�	��²	�����	���	¡�	�`\�����	�¦��\���	������¡`	
¦�¡	 ��¡����	 ����������	 ������	 �	 ����`���	 �	 ��	 ��	
��¡����	��$��	¡�	`���`�¤��	�����
§¡�	������	\�����`�	¬�$¤¤�	�`��	��	��¡	�������	���	�����	
��	 �¡�������¤��	 ��	 �¡��	 \�����	 ��	 �����`����	 ¡�	 ���	
������������	�`\�������	�����	¡�	�����	����$`������	��$��	
��	��$���	��¦��«�	���	�������	 ��	 ¡���	�����	�������	 �`��	
�`�	 ¦����¦�	 ���	 �����	 �`�	 ���	 �²\������	 ��	 �$¤¤�	
�$`�����	
§¡�	 ���������	 ����`������	 ��¢	 ��	 �²\�����	 �	 ¡�	
��$����	��	 ¡�	¡�	��¢	¡��	 �$¤¤�	 �����	 �`�	 ���$����	 ��	
³��µ �	 ��`\��	 ������\���	 ��	 ¡�	 ��¢	 ¦�¡	 �$¤¤�	 ��������	
�`�� ¡�	��� �	`�¡�`�����	`����	���	¡�	\�����`� ��	�$���	
�	\$� ���¦���	¡�	�����\	��	�����	�����	�$�����	¦¡��¡	���	
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Abstract— A multi-classifier system - obtained by combining sev-
eral individual classifiers - usually exhibits a better performance
(precision) than any of the original classifiers. In this work we use a
multi-classifier based on a forest of randomly generated fuzzy deci-
sion trees (Fuzzy Random Forest), and we propose a new method to
combine their decisions to obtain the final decision of the forest. The
proposed combination is a weighted method based on the concept of
local fusion and on the data set Out Of Bag (OOB) error.

Keywords— combination methods, fuzzy trees, local fusion,
multi-classifier, random forest

1 Introduction
We have witnessed a variety of methods and algorithms ad-
dressing the classification issue. In the last few years, we have
also seen an increase of multi-classifiers based approaches,
which have shown to deliver better results than individual clas-
sifiers [10].

The multi-classifier Fuzzy Random Forest [2], doesn’t aim
to obtain the best system multi-classifier. Rather, we will fo-
cus on how to start from a multi-classifier system with perfor-
mance comparable to the best classifiers and extend it to han-
dle and manipulate imperfect information (linguistic labels,
missing values, noise in nominal attributes, etc.) maintaining
a proper performance. To build the multi-classifier, we fol-
low the methodology of random forest and to incorporate the
processing of imperfect data, we construct the random forest
using fuzzy trees as base classifiers. Therefore, we try to use
the robustness of a tree ensemble, the power of the random-
ness to increase the diversity of the trees in the forest, and
the flexibility of fuzzy logic and fuzzy sets for imperfect data
managing.

Usually, the majority vote weighted method has been the
most common combination method used to combine the out-
puts of different classifiers. This combination method is opti-
mal in the case of two classes and classifiers with independent
outputs. In addition, although the classifiers are designed in-
dependently, it will be unlikely that they produce independent
outputs [9]. In [2] we have presented various combination
methods to obtain the final decision of the proposed multi-
classifier.

In this work, we propose new inference implementations
to obtain the decision of the multi-classifier Fuzzy Random
Forest and we compare them with two of the best perform-
ing implementations in Fuzzy Random Forest: the proposed

implementations are weighted implementations based on lo-
cal fusion concept [3] and we compare them with weighted
implementations based in the OOB cases.

In the section 2, we review the major elements that consti-
tute a multi-classifier and some attempts for the incorporation
of fuzzy logic in some techniques. In section 3, we provide a
brief description of the Fuzzy Random Forest multi-classifier,
showing the learning and inference phases. In section 4, we
present the inference implementations that are the subject of
this work. We present some comparative results of the ana-
lyzed implementations in section 5. Finally, we present our
conclusions in section 6.

2 Multi-classifiers and Fuzzy Logic

When individual classifiers are combined appropriately, we
usually obtain a better performance in terms of classifica-
tion precision and/or speed to find a better solution. Multi-
classifiers are the result of combining several individual clas-
sifiers. Multi-classifiers differ among themselves by their di-
verse characteristics: the number and the type of the individ-
ual classifiers; the characteristics of the subsets used by every
classifiers of the set; the consideration of the decisions; and
the size and the nature of the training sets for the classifiers
[9].

Segrera [10] divides the methods for building multi-
classifiers in two groups: ensemble and hybrid methods. The
first type, such as Bagging and Boosting, induces models that
merge classifiers with the same learning algorithm, while in-
troducing modifications in the training data set. The second,
type such as Stacking, creates new hybrid learning techniques
from different base learning algorithms.

An ensemble uses the predictions of multiple base-
classifiers, typically through majority vote or averaged pre-
diction, to produce a final ensemble-based decision. The
ensemble-based predictions typically have lower generaliza-
tion error rates than the ones obtained by a single model. The
difference depends on the type of base-classifiers used, en-
semble size, and the diversity or correlation between clas-
sifiers [1]. Ahn [1] indicates that, over the last few years,
three ensemble-voting approaches have received attention by
researchers: boosting, bagging and random subspaces.
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2.1 Random Forest: A Multi-Classifier based on Decision
Trees

Breiman [4] further defines a random forest as a classifiers
composed by decision trees where every tree ht has been gen-
erated from the set of data training and a vector θt of ran-
dom numbers identically distributed and independent from
the vectors θ1, θ2,..,θt−1 used to generate the classifiers
h1, h2, .., ht−1. Each tree provides his unitary vote for the
majority class given the entry. Examples of random forest are:
randomization, Forest-RI and Forest-RC, double-bagging.

Hamza [6] concludes that: Random Forests are significantly
better than Bagging, Boosting and a single tree; their error rate
is smaller than the best one obtained by other methods; and
they are more robust to noise than the other methods. Con-
sequently, random forest is a very good classification method
with the following characteristics: it’s easy to use; it does not
require models, or parameters to select except for the number
of predictors to choose at random at each node.

2.2 Fuzzy Logic and Decision Trees

Decision tree techniques have proved to be interpretable, effi-
cient and capable of treating with applications of great scale.
However, they are highly unstable when small disturbances
are introduced in data learning. For this reason, the fuzzy
logic has been incorporated in the decision tree construction
techniques.

Fuzzy logic offers an improvement in the disadvantages
previously commented on the decision trees due to the elas-
ticity of the fuzzy set’s formalism. In [7, 8] we can find ap-
proaches in which fuzzy sets and their underlying approximate
reasoning capabilities have been successfully combined with
decision trees. This combination has preserved the advantages
of both components: uncertainty management with the com-
prehensibility of linguistic variables, and popularity and easy
application of decision trees. The resulting trees show an in-
creased immunity to noise, an extended applicability to uncer-
tain or vague contexts, and a support for the comprehensibility
of the tree structure, which remains the principal representa-
tion of the resultant knowledge.

In the literature, we can find several proposals for build-
ing trees of fuzzy information starting with algorithms already
known for building traditional trees. Fuzzy CART [7] was
one of the first examples of this approach, being based on the
CART algorithm. However, most authors have preferred to
use the ID3 algorithm to construct trees for recursive parti-
tion of the data set of agreement to the values of the selected
attribute. To use the ID3 algorithm in the construction of
fuzzy trees, we need to develop attribute value space partition-
ing methods, branching attribute selection method, branching
test method to determine the degree to which data follow the
branches of a node, and leaf node labeling methods to deter-
mine classes [8].

Fuzzy decision trees are constructed in a top-down manner
by recursive partitioning the training set into subsets. Some
particular features of fuzzy tree learning are: the member-ship
degree of examples, the selection of test attributes, the fuzzy
tests (to determine the membership degree of the value of an
attribute to a fuzzy set), and the stop criteria (besides the clas-
sic criteria when the measure of the information is under a
specific threshold) [8].

3 Fuzzy Random Forest
Following Breiman’s methodology [4], FRF is a multi-
classifier that is a forest of randomly-generated fuzzy deci-
sion trees. In this section we provide a brief description of the
learning and inference phases in FRF.

3.1 Fuzzy Random Forest Learning

To built a Fuzzy Random Forest (FRF) we use the algorithm
1.

FRFLearning (M,Fuzzy Random Forest)
begin

1. Take a random sample of N observations from the data set
with replacement of the complete set of M observations.
2. Apply algorithm 2 (construct a fuzzy tree) to the subset of
examples.
3. Repeat steps 1 and 2 up to building all fuzzy trees.

end.

Algorithm 1. FRF learning

Each tree in the forest will be a fuzzy tree generated follow-
ing the guidelines of [8], adapting it where is necessary. So,
the following algorithm (Algorithm 2) has been designed so
that the trees could be constructed without considering all the
attributes to split the nodes. We select the set of attributes as
a random subset of the total set of available attributes. Then,
we perform a new random selection for each split. As in the
original case, some attributes (inclusive the best) might not be
considered for each split, but a attribute excluded in one split
might be used by other splits in the same tree.

FuzzyDecisionTree(Examples,Fuzzy Tree)
begin

1. Start with examples set of entry, having the weights of the
examples (in root node) equal to 1.
2. At any node N still to be expanded, compute the number of
examples of each class. The examples are distributed in part or
in whole by branches. The distributed amount of each example
to a branch is obtained as the product of its current weight and
the membership degree to the node.
3. Compute the standard information content.
4. At each node search the set of remaining attributes to split
the node.

4.1.Select with any criteria, the candidate attributes set to
split the node.
4.2. Compute the standard information content to each child
node obtained from from each candidate attribute.
4.3.Select the candidate attribute such that information gain
is maximal.

5. Divide N in sub-nodes according to possible outputs of the
attribute selected in the previous step.
6. Repeat steps 2-5 to stop criteria is satisfied in all nodes.

end.

Algorithm 2. Fuzzy decision tree learning

With Algorithm 2, we integrate the concept of fuzzy tree
within the design philosophy of Breiman’s random forest. In
this way, we augment the capacity of diversification of random
forests with the capacity of approximate reasoning of fuzzy
logic.

When we built a Fuzzy Random Forest using the previous
algorithm, about 1/3 of the cases are excluded from each tree
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in the forest. These cases are called the “out of bag” (OOB);
each tree will have a different set of OOB cases. The OOB
cases are not used to build the tree and constitute an indepen-
dent test sample for the tree. We use the set of OOB cases to
obtain one of the weighted combination methods proposed in
this work.

3.2 Fuzzy Random Forest Inference

In this section we will describe how the inference is carried
out using Fuzzy Random Forest. First, we introduce the nota-
tion that we will use in the following sections. Then, we define
two general strategies to obtain the decision of the forest for a
target example. Concrete instances of these strategies are de-
fined in the next section where we present different inference
implementations in the Fuzzy Random Forest.
Notations

• T is the trees’ number of the forest. We will use the index
t to refer to a particular tree in the forest.

• Nt is the number of reached leaf nodes by an example,
in the tree t. A characteristic inherent in fuzzy trees is
that the classification of an example can derive in two or
more leaves due to the overlapping of the fuzzy sets. We
will use the index n to refer to a particular leaf in a tree
of the forest.

• I is the number of classes that we consider. We will use
the index i to refer to a particular class.

• e is an example from the dataset used to built and to infer
with the Fuzzy Random Forest.

• χt,n(e) is the grade which the example e active the leaf
n from t tree.

• ωt,n is a vector with I elements indicating the weights
of the I possible classes in the leaf n of tree t,
ωt,n=(ωt,n,1, ωt,n,2, ..., ωt,n,I), where ωt,n,i = Ei∑ I

j=1 Ej

and Ej is the sum of the weights of examples with class
j in the leaf.

To make the inference with the Fuzzy Random Forest, we
will define the fuzzy classifier module. The fuzzy classifier
module operate on fuzzy trees of the forest with two possible
strategies:

Strategy 1: Combining the information from the different
reached leaves in each tree to obtain the decision of each
individual tree and then apply the same one or another
combination method to generate the global decision of
the forest (Fig. 1).

Figure 1: Inference with strategy 1

Strategy 2: Combining the information from all reached
leaves from all trees to generate the global decision of the
forest (Fig. 2).

Figure 2: Inference with strategy 2

Moreover, in strategies 1 and 2 we use two functions:
K(·, ·, ·) and Faggre. With K(·, ·, ·) we obtain information
about the classes that provides a leaf reached n in a tree. This
function depends of χt,n(e) and vector ωt,n and returns the
weight assigned by the node n to class i. Concrete cases of
this function will be defined in the next section. And, Faggre
is defined as a frequently used multi-classifiers combination
method [9], e.g., majority vote, minimum, maximum, aver-
age, product or a weighting combination method defined in
the next section.

In Algorithm 3 we implement strategy 1. In this algorithm
first, Faggre is used to obtain A[t][i] (the weight of each tree
for each class). In this case, Faggre aggregates the infor-
mation provided by the reached leaves in a tree. Later, the
values obtained in each tree t, will be aggregating by means
of the function Faggre to obtain the vector F that contains
the weight proposed by the Fuzzy Random Forest for the dif-
ferent classes. This algorithm takes a target example e and the
random forest, and generates the vector F as output.

Begin
TreeClasification.
ForestClasification.

End

TreeClasification (in : e, in : Random Forest, out : A)
Begin

For each Tree t
For each Class i

A[t][i] = Faggre(K(1, χt,1(e), ωt,1), ...,
K(1, χt,Nt(e), ωt,Nt), ..., K(I, χt,1(e), ωt,1),
, ..., K(I, χt,Nt(e), ωt,Nt))

End For each Class
End For each Tree

End

ForestClasification (in : A, out : F )
Begin

For each Class i
F [i] = Faggre(A[1][i], ..., A[T ][i])

End For each Class
End

Algorithm 3. FRF Inference (Strategy 1)

To implement strategy 2, the previous algorithm is simpli-
fied so that it does not add the information for each tree, but
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uses directly the information of all leaves reached by the ex-
ample e in the different trees of the forest. The algorithm 4
implement the strategy 2 and uses as target values the exam-
ple e to classify and the random forest and provides the vector
F that contains the weight proposed by fuzzy random forest
for the different classes.

ForestClasification (in : e, in : Random Forest,out : F )
Begin

For each Class i
F [i] = Faggre(K(i, χ1,1(e), ω1,1), ...,

K(i, χ1,N1(e), ω1,N1), ..., K(i, χT,1(e), ωT,1),
..., K(i, χT,NT (e), ωT,NT ))

End For each Class
End

Algorithm 4. FRF Inference (Strategy 2)

4 Inference Implementations
In the previous section we have shown the general scheme of
inference that we use to obtain the forest’s final decision. In
[2] specific inference instances to FRF are described to both
strategies. These specific instances use the combination meth-
ods commented in previous sections to implement Faggre
function. To implement concrete instances of the strategies
we need to define particular examples to the function K pre-
viously defined.

Given a reached leaf n in tree t, the particular case of
K(i, χt,n(e), ωt,n) that we use provides the weight χt,n(e)
if i is the majority class in this node and 0 for all other classes.
This particular case is denoted K1.

In this work we present new inference implementations to
FRF based on local fusion concept. Also, we compare the re-
sults of these new implementations with the results obtained to
the weighted implementations based on the OOB cases. Next
we describe these implementations:

• Weighted Implementations using the OOB cases- Within
this group we define the following implementations:

• Majority Vote Weighted by Leaf and by Tree applied
to strategy 1 (MWLT1): Uses a weight for each tree
obtained by testing each individual tree with the OOB
data file commented in the previous section. Lets be
p = (p1, p2, ..., pT ) the vector with the weights assigned
to each tree. Each pi is obtained as:

N success OOBi

size OOBi

where N success OOBi is the number of examples in-
ferred correctly from the OOB file used for testing the i
th tree and size OOBi is the total number of examples
in this file.

Once the vector p is obtained, we used it in the final de-
cision of forest, so that the forest votes for the class c
if:

c =
I

max
i=1

T∑
t=1

pt · A[t][i]

where A[t][i] is obtained using the majority vote combi-
nation method but applied to the values of reached leaves

in each tree. Each reached leaf provides values to each
class using the K1 function:

A[t][i] =




1 if i =
I

max
j=1

Nt∑
n=1

K1(j, χt,n(e), ωt,n)

0 other case

• Majority Vote Weighted by Leaf and by Tree to strategy 2
(MWLT2): Every reached leaf of the forest is considered
to vote. In this case, given the example e, the forest votes
for the class c if

c =
I

max
i=1

T∑
t=1

pt

Nt∑
n=1

K1(i, χt,n(e), ωt,n)

• Weighted Implementations based in local fusion- Within
this group we define the following implementations:

• Local fusion applied to strategy 1 (FUS1):

To apply this combination method, first, during the learn-
ing of the forest, by each tree generated we obtain an ad-
ditional tree, that we call error tree.

The procedure to construct the error tree associated to t-
th tree in the forest is the following:

With the training data set of the t-th tree in the forest (tds
treet in figure 3) we make a test of the tree. So, we con-
sider the training data set as the test data set. With the
results of this test we build a new dataset (tds error treet

in the figure 3) with the same data but replacing the at-
tribute class for the binary attribute error. The attribute
error indicates whether that example has been classified
correctly or not by the t-th tree in the forest (for example,
that binary attribute can take the value 0 if the example
has been correctly classified by the tree or 1 if it has been
incorrectly classified and therefore it is a mistake made
by the tree). With this new dataset is constructed a tree
to learn the attribute error. This is the error tree.

In the figure 3, tds treet is the training dataset of the t-th
tree in the forest and contains examples represented by
vectors where:

◦ ej,t is the j-th example in the training dataset of the
t-th tree in the forest.

◦ classj,t is the value of the attribute class to the j-th
example. This attribute is the classification aim for
the forest.

tds error treet is the training dataset of the error tree as-
sociated to the t-th tree in the forest. Contains vectors
represented as:

◦ ej,t is the j-th example in the training dataset of the
t-th tree in the forest.

◦ errorj,t is the attribute that acts as class in this
dataset. It’s a binary attribute with value:

∗ 1 if ej,t is incorrectly classified by the t-th tree
in the forest.

∗ 0 if ej,t is correctly classified by the t-th tree in
the forest.
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Figure 3: Inference with local fusion

Once the forest and the additional error trees are built,
for each example e to classify and each tree of the forest
we will obtain a vector pe = (pe,1, pe,2, ..., pe,T ) with
the weights assigned to each tree to this example (local
weights). Each pe,t is obtained as:

pe,t =
Nerrort∑

n=1

χerrort,nωerrort,n,0, ∀t = 1, .., T

where with the index errort we refer to the error tree
of t-th tree in the forest, Nerrort

is the number of leaves
reached by the example e in the tree of errors errort,
χerrort,n is the weight of the leaf n of the tree of er-
rors errort reached by the example and ωerrort,n,0 is the
weight of the class 0 (value of binary attribute error=0)
in the leaf n of the tree of errors.

The key idea that we want to capture with this imple-
mentation is that use of a local weight or a local fusion
mechanism [3]. For a given probe (new example), first
we evaluate the tree’s performance with those examples
(in the training set) which are similar to the probe we
want to classify. Then, we associate a weight to the de-
cision of that tree on the basis of its performance in the
neighborhood of the probe.

Finally, the decision of the forest for the probe e is ob-
tained by weighing the decisions of each tree with the
computed weight. Therefore, the forest votes for the
class c is:

c =
I

max
i=1

T∑
t=1

pe,t · A[t][i]

where A[t][i] is obtained using the majority vote combi-
nation method but applied to the values of reached leaves
in each tree. Each reached leaf provides values to each
class using the K1 function:

A[t][i] =




1 if i =
I

max
j=1

Nt∑
n=1

K1(j, χt,n(e), ωt,n)

0 other case

• Local fusion applied to strategy 2 (FUS2):

Every reached leaf of the forest is considered to vote. In
this case, given the example e, the forest votes for the
class c if

c =
I

max
i=1

T∑
t=1

pe,t

Nt∑
n=1

K1(i, χt,n(e), ωt,n)

5 Experiments and results
In this section we will make the FRF inference with different
databases of the UCI repository and with different percent-
ages of missing values and linguistic labels (to introduce the
missing values and linguistic labels we have used the NIP 1.5
tool [5]). The percentage is divided equally between missing
and labels values. In table 1 show the results of four infer-
ence implementations that we are considering in this work for
each database without imperfection, with 5%, 15% and 30%
of missing and linguistic labels. For each of them show the av-
erage and the standard deviation of 5 x 10 cross validation. We
also show the results of the combined outputs of the trees by
simple majority vote applied to strategy 1 (SM1) where each
tree votes for the majority class of the reached leaves and the
forest votes for the majority class among the trees and simple
majority vote applied to strategy 2 (SM2) where each reached
leaf in the several trees of the forest votes for its majority class
and the forest votes for the majority class among the reached
leaves.

Analyzing data from Table 1 we can say that the four
weighted inference implementations have have similar behav-
ior but the best inference implementation is FUS2, followed
by MWLT2, FUS1 and MLWT1. It seems that the weighted
inference implementations behave better with the strategy 2
that the strategy 1 and within each one of them behave better
those who make use of the weighted with local fusion. We
may also note that although generally not weighted strategies
(SM1 and SM2) have very good performance with databases
without imperfection, weighted strategies have improved the
not weighted when we add imperfection in the databases.

6 Summary
In this paper we have defined implementations to combine the
outputs of classifiers that composing the multi-classifier FRF.
These implementations are based on the combination methods
used frequently in the literature but weighting the decision of
each classifier by local fusion. The results of these combina-
tion implementation is compared with other weighted imple-
mentation based on the OOB dataset that obtain a good perfor-
mance in FRF and implementations based on simple majority
vote.

We have presented experimental results obtained by apply-
ing these implementations to various databases. The results
show that all weighted implementations obtain a similar be-
havior but FUS2 is the implementation that gets better results.
Also the results show that the general strategy 2 provide better
results with these implementations than the strategy 1. Fur-
thermore, the weighted strategies improves the non weighted
strategies when we add imperfection in the databases.
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Table 1: Testing accuracies of FRF for different levels of labels and missing

Dataset Combination original 5% 15% 30%
methods (0% missing and labels) missing and labels missing and labels missing and labels

Io
no

sp
he

re FUS2 92.66 (2.15) 92.2 (2.16) 92.08 (1.96) 87.07 (3.29)
FUS1 92.6 (2.11) 92.26 (2.17) 87.01 (3.36) 80.63 (2.96)

MWLT2 92.66 (2.15) 92.2 (2.17) 91.51 (2.07) 85.82 (3.09)
MWLT1 92.66 (2.15) 92.43 (2.17) 84.22 (3.01) 80.0 (2.77)

SM2 93.0 (1.99) 92.14 (2.13) 85.93 (2.73) 79.83 (2.78)
SM1 92.83 (2.05) 92.03 (2.15) 84.62 (2.82) 79.37 (2.81)

W
is

co
ns

in
B

re
as

t
C

an
ce

r FUS2 96.37 (1.05) 95.94 (1.17) 96.02 (1.0) 94.79 (1.17)
FUS1 96.34 (1.07) 95.62 (1.3) 95.54 (1.07) 94.22 (1.32)

MWLT2 96.37 (1.05) 96.02 (1.15) 95.77 (1.04) 94.93 (1.11)
MWLT1 96.34 (1.07) 95.65 (1.32) 95.34 (1.08) 94.05 (1.31)

SM2 96.6 (1.03) 95.62 (1.32) 95.31 (1.07) 94.05 (1.31)
SM1 96.6 (1.05) 95.62 (1.32) 95.31 (1.07) 94.05 (1.31)

W
in

e

FUS2 95.27 (2.35) 93.59 (2.62) 93.0 (2.75) 87.84 (3.85)
FUS1 95.05 (2.49) 93.02 (2.81) 91.42 (3.14) 85.15 (4.56)

MWLT2 95.27 (2.35) 93.47 (2.77) 92.78 (2.85) 87.61 (3.77)
MWLT1 94.93 (2.57) 92.68 (2.91) 88.95 (3.27) 83.81 (4.43)

SM2 95.27 (2.35) 92.01 (3.08) 88.39 (3.26) 83.58 (4.2)
SM1 95.16 (2.45) 91.9 (3.12) 88.16 (3.36) 82.9 (4.5)

Ir
is

Pl
an

ts

FUS2 94.93 (3.13) 96.4 (2.5) 94.0 (3.2) 85.2 (5.13)
FUS1 94.93 (3.13) 96.4 (2.5) 93.33 (3.2) 82.67 (5.67)

MWLT2 94.93 (3.13) 96.4 (2.5) 94.0 (2.95) 85.33 (5.03)
MWLT1 95.07 (3.16) 96.4 (2.5) 93.33 (3.2) 82.67 (5.71)

SM2 94.93 (3.08) 96.4 (2.5) 93.33 (3.2) 82.4 (5.7)
SM1 94.93 (3.08) 96.4 (2.5) 93.33 (3.2) 82.4 (5.7)

Pi
m

a
In

di
an

D
ia

be
te

s FUS2 76.59 (2.31) 73.36 (2.86) 72.11 (2.3) 72.42 (2.66)
FUS1 76.51 (2.32) 73.02 (2.84) 71.72 (2.26) 72.61 (2.51)

MWLT2 76.46 (2.34) 73.31 (2.9) 71.95 (2.31) 72.29 (2.83)
MWLT1 76.66 (2.31) 72.89 (2.81) 71.8 (2.26) 72.16 (2.63)

SM2 77.26 (2.23) 73.1 (2.58) 72.5 (2.38) 72.48 (2.76)
SM1 77.0 (2.23) 73.54 (2.69) 72.4 (2.33) 72.5 (2.84)
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Abstract— In complex systems it often occurs that relevant infor-
mation about the system state and behavior is provided by groups of
low-level variables rather than single variables. This grouping into
high-level variables introduces a hierachy in the knowledge that can
only be captured by means of rules involving propositions with a rep-
resentation capability that is more complex than usual ones. In this
paper we describe a genetic programming based approach for auto-
mated learning of Quantified Fuzzy Rules that are capable to deal
with such representation capability. An application of this approach
for hierarchical grouping of the distance measures provided by the
laser sensors of a mobile robot (for the wall-following behaviour)
is presented. Experimentation results show the control action is ac-
ceptable although no prior knowledge on the variables definition and
structure was introduced in the controller.

Keywords— Evolutionary algorithms, Genetic Programming,
Fuzzy Quantification, Intelligent control.

1 Introduction
Modeling of systems using rules overcomes the interpretabil-
ity issue and is a more adequate approach for scenarios when
the model has to cope with noisy data or uncertainty. In this
case fuzzy rules are a good choice.

Evolutionary algorithms have some characteristics that
make them specially adequate for learning fuzzy rules, such as
the flexibility in the representation of solutions through chro-
mosomes, that may range from codifying a complete knowl-
edge base, a single rule, some parameters of the fuzzy sets, ...
The well-known combination of fuzzy logic with evolution-
ary algorithms (genetic fuzzy systems [1]) allows the designer
to determine the most appropriate trade-off between accuracy
and interpretability for a given system.

However, there are systems that can only be correctly mod-
eled with rule bases that contain rules with different structures,
and many times these structures are unknown. In order to learn
such knowledge bases, the algorithm must have the ability to
represent a set of structures. This ability is provided by genetic
programming, where each chromosome of the population is
represented as a tree of variable length. A complete flexibil-
ity in the structure of the rules is, generally, not desired and
some restrictions have to be imposed, as not all the structures
are valid. A compact representation of the valid structures of
rules can be defined through a context-free grammar.

In systems with a huge number of (low level) input variables
it is frequent that the values of the individual variables are not
meaningful. In these cases relevant information about the sys-
tem is only obtained by analyzing sets of low level variables,
grouped into high level variables. This provides a hierarchi-
cal structure of knowledge that is meaningful for the experts,
where the meaning of high level variables cannot be extracted

taking neither an average value of the low level variables of the
set, nor the maximum or minimum values. Usually this mean-
ing can be directly captured using Quantified Fuzzy Proposi-
tions (QFPs) like ”most of the variables in the set take a high
value”.

In this paper we propose a genetic based approach to learn
Quantified Fuzzy Rules (QFRs), defined as fuzzy rules of vari-
able structure involving QFPs. The algorithm is based on the
genetic programming approach and has been designed to solve
regression problems in which the number of input variables is
really high, and the model of the system needs the grouping of
these variables in several sets (high level variables). In order
to illustrate the utility of the algorithm, an application of use
for hierarchical grouping of the distance measures provided
by the laser sensors in a mobile robot is presented.

The paper is structured as follows: Sec. 2 introduces the
motivation of the use of Quantified Fuzzy Rules (QFRs) with
variable structure. Sec. 3 presents the QFRs model, while Sec.
4 describes the genetic programming algorithm that has been
used to learn the QFRs. Finally, Sec. 5 points out some results,
conclusions and future improvements of the algorithm.

2 Motivation for QFRs
Modeling the behavior of a mobile robot that performs a task,
autonomously or remotely controlled by a human operator, is
a challenging problem if no prior knowledge is provided. In
previous papers [2] two successful approaches to learn fuzzy
rules for the control of a robot in two different tasks were de-
scribed. In both cases, the learned rules were conventional
fuzzy rules and all the input variables were defined by a hu-
man expert. For the wall following task these variables were
right distance, left distance, orientation, and velocity. For the
moving object tracking task the variables were distance to the
object, deviation, difference in velocity with the object and dif-
ference in angle.

The question that comes up is: is it possible to model the
behavior of the robot without using any prior knowledge? This
means that learning relies only on the input-output data pairs,
i.e. on the sensors information and on the control orders that
have been given for those situations. Fig. 1 shows how a robot
equipped with a laser range finder senses the environment.

Laser range finders emit at the same time beams in different
directions. When a beam hits an obstacle, it is reflected and
registered by the scanner’s receiver. With this information, the
distance measured in the direction of each beam can be calcu-
lated. Fig. 1 shows in the shadowed area the space covered
by the laser when the robot is placed in an typical office envi-
ronment. The laser range finder provides the distances to the
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closest obstacle in each direction with a given angular resolu-
tion (number of degrees between two consecutive beams).

Figure 1: Sensors information for a mobile robot equipped
with a laser range finder.

A robot equipped with a single laser range finder provides
361 distance measurements in each acquisition for an angular
resolution of 0.5 degrees. When equipped with two laser range
finders (to get information of the whole surrounding environ-
ment) it provides 722 distance input variables. As the output
variables the controller must provide the linear and angular
velocities. This control action cannot be decided by simply
analyzing the individual distance values of each beam, since
noisy measurements, gaps between objects (very frequent in
cluttered environments) may occur. Usually the relevant in-
formation of the environment is modeled (or extracted) with
propositions involving a more complex structure in the vari-
ables. For instance, the input variables can be arranged taking
into account the importance of the information they provide to
model the system.

In general, two categories can be established:

• High-level input variables: variables that provide, by
themselves, information relevant and meaningful to the
expert for modelling the system (e.g. the linear velocity
of the robot).

• Low-level input variables: variables for which their in-
dividual values do not contribute to model the system.
Their importance stems from the analysis of sets of these
variables (e.g. the distance measured by a single beam in
a laser range finder).

However, the values of a group of low level variables can
provide valuable and meaningful information. For example,
the ”‘frontal sector”’ of a laser range finder is a high-level vari-
able made up of a set of distances of single beams (low-level
variables). Within this context Quantified Fuzzy Propositions
(QFPs) such as ”some of the distances of the frontal sector
are low” are useful for representing relevant knowledge for
the experts and therefore for performing intelligent control.
QFPs require the definition of several elements:

• Some: how many distances of the frontal sector must be
low?

• frontal sector: which beams belong to the frontal sector?

• low: what is the meaning of low?

This example clearly sets out the need to use propositions
different from the conventional ones. In this paper QFPs (as

”X is A in Q of S”) are used for representing knowledge about
high-level variables that are defined as the grouping of low-
level variables. Conventional (”X is A”) are used for other
high-level variables, non related to low-level ones.

3 Quantified Fuzzy Rules (QFRs) model
An example of QFR is shown in Fig. 2, and involves both
QFPs 1 and conventional ones 2 :

IF d (h) is HIGH in most of F
1
sector and (1)

. . .

velocity is Fvel (2)
THEN linear velocity is Flv and angular velocity is Fav

Figure 2: A typical QFR to model the behavior of a mobile
robot.

The general expression for QTPs in our case is:

d (h) is F i
d in Qi of F i

sector (3)

where, for each i=1,...,Nd (Nd being the number of analyzed
sectors of distances:

• d (h) is the signal. In this particular case, it represents
the distance measured by beam h.

• F i
d is a linguistic value for variable d (h).

• Qi is a (spatial, defined in the laser beam domain) fuzzy
quantifier.

• F i
sector is a fuzzy set in the laser beam domain (e.g., the

”frontal sector”).

Evaluation of the Degree of Fulfillment (DOF ) for 3 is car-
ried out using Zadeh’s quantification model for proportional
quantifiers (such as ”most of”, ”part of”, ...) [3], that allows
to consider non-persistence, partial persistence and total per-
sistence situations for event d (h) is F i

d in the range of laser
beams (spatial interval F i

sector). This is a relevant characteris-
tic of this model, since it allows to consider partial, single or
total fulfillment of an event within the laser beams set.

Automatic learning of QFRs for this application (Fig. 2)
demands an algorithm with the ability to represent rules with
different structures, as the number Nd of analyzed sectors of
distances, and therefore the number of QFPs per rule (Fig. 2)
can change among rules. Moreover, the number of parameters
involved in the definition of a proposition is higher in QFP
than in conventional propositions (3 vs. 1).

4 Genetic programming algorithm
The proposed evolutionary algorithm is a genetic program-
ming algorithm based on the genetic cooperative-competitive
learning (GCCL) approach. In genetic programming, an indi-
vidual is a tree of variable length. Each individual in the pop-
ulation can have a different structure, and the introduction of
restrictions in that structure of the chromosome can be solved
using, for example, a context-free grammar. As the number
of beams sectors is unknown and can change among rules, the
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flexibility in the structure of the rules can be managed by the
genetic programming algorithm.

In the GCCL approach [4, 5] rules evolve together but com-
peting among them to obtain the highest fitness. In this ap-
proach it is fundamental to include a mechanism to maintain
the diversity of the population (niche induction). The mecha-
nism must warrant that there is competition among individuals
of the same niche, but also has to avoid the deletion of those
weak individuals that occupy a niche not covered by other in-
dividuals of the population.

We have chosen token competition [6] as the mechanism
for maintaining the diversity. According to [7], this mecha-
nism is adequate for genetic programming, as in this kind of
evolutionary algorithms the structure of the individuals can be
completely different and, thus, the evaluation of the similar-
ities is hard. The advantage of token competition over other
approaches, like crowding or fitness sharing, is that it is not
necessary to estimate the similarities between pairs of indi-
viduals.

The learning process is based on a set of training examples.
Each example el is represented by a tuple:

el = (d (1) , . . . , d (NLB) , velocity, vlin, vang) (4)

where d (h) is the distance measured by beam h, velocity is
the velocity of the robot, and vlin and vang are the output
variables linear and angular velocity. In token competition,
each example of the training set has a token and, of all the
individuals that cover this example, the token will be seized
by the individual with the highest raw fitness. In this way, the
individual with the highest strength in the niche will exploit
it, while individuals that are weaker will reduce its strength as
they cannot compete with the best individual in the niche.

4.1 Description of the context-free grammar
As we pointed out before, in genetic programming each in-
dividual is a tree of variable size. Thus, the structure of the
individuals can be very different among them. In order to
generate valid individuals of the population, and to produce
right structures for the individuals after crossover and muta-
tion, some restrictions have to be applied. With a context-free
grammar all the valid structures of a tree (chromosome) in the
population can be defined in a compact form. A context-free
grammar is a quadruple (V, Σ, P, S), where V is a finite set of
variables, Σ is a finite set of terminal symbols, P is a finite set
of rules or productions, and S is an element of V called the
start variable.

The grammar is described in Fig. 3. The first item enumer-
ates the variables, then the terminal symbols, in third place
the start variable is defined, and finally the rules for each vari-
able are enumerated. When a variable has more than one rule,
rules are separated by symbol |. Fig. 4 represents a typical
chromosome generated with this context-free grammar. Ter-
minal symbols (leafs of the tree) are represented by circles,
and variables are shown as flatted circles. Terminal symbols
Fvel, Fd, Flv, Fav, Q correspond with the linguistic labels and
the quantifier defined in Fig. 2. Moreover, Fsector has been
codified with initialB and finalB, which represent the extreme
values of a trapezium.

A description of the evolutionary algorithm is shown in Fig.
5. It is based on the GCCL approach with a population of vari-

• V = { rule, antecedent, consequent, distances }

• Σ = { Flv, Fav, Fvel, Fd, initialB, finalB, Q }

• S = rule

• Productions:

– rule −→ antecedent consequent
– antecedent −→ distances Fvel | distances
– consequent −→ Flv Fav

– distances −→ Fd initialB finalB Q distances | Fd

initialB finalB Q

Figure 3: Context-free grammar.

Figure 4: A chromosome representing a QFR to model the
behavior of a robot.

able size. The following sections describe each of the stages
of the algorithm.

1. Initialization

2. for iteration = 1 to maxIterations

(a) Selection
(b) Crossover and mutation
(c) Evaluation
(d) Resize population

Figure 5: Evolutionary algorithm.

4.2 Initialization
The first step of the algorithm is the initialization of the popu-
lation: a chromosome (Fig. 4) is generated for each of the first
popmaxSize examples in the training set. All the fuzzy sets of
conventional fuzzy propositions (Fvel) and those of the conse-
quent part (Flv and Fav) are initialized with a triangular mem-
bership function centered in the corresponding example value,
and with the extremes of the triangle at a distance equal to
precj from the center of the triangle. precj represents the low-
est meaningful change in the value of variable j.

The initialization of Fd, initialB, finalB and Q is quite more
complex. Firstly, the number of QFPs that should be included
in each rule is unknown and may be different for each exam-
ple. Therefore, starting with the first beam, the average value
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of the distance is calculated incorporating consecutive beams
until the variance of the distances is over a threshold. The
process is repeated until all the beams have been asigned to
a sector. Those sectors with a low number of beams are dis-
carded. For each of the other sectors, initialB and finalB are
directly defined using the information of the sector. Fd is gen-
erated in the same way as the fuzzy sets of the conventional
propositions, but the triangular membership function is cen-
tered in the average value of the distances of the beams of the
sector. Finally, Q is calculated as the percentage of beams of
the sector that fulfill Fd.

4.3 Selection
The first stage of the iterative part of the algorithm is the se-
lection of the individuals of the population. We have used a
binary tournament selection. In a k-tournament selection, k
individuals are randomly picked from the population with re-
placement, and the best of them is selected. In this case, k = 2
(binary tournament selection).

4.4 Evaluation
In order to estimate the fitness of an individual of the popula-
tion, we first need to know the probability that an example ei

matches the output Cj :

P
(
Cj |e

i
)

= exp

(
−

errori
j

ME

)
(5)

where errori
j is the error due to the selection of an output dif-

ferent from the one codified in the example, and ME is a pa-
rameter that defines the meaningful error for the application.
errori

j can be defined as:

errori
j =

(
yi

i − yi
j

)2 (6)

where yi
i is the state of the system reached when the output

of example ei is applied to the state defined by ei, and yi
j is

the state of the system reached when output Cj is applied to
the state defined by ei. As we are working with regression
problems, an example can have several outputs that are differ-
ent from the one codified in the example, but that make small
errors, i.e., that are very similar to the desired output.

The accuracy of an individual of the population can be de-
scribed as:

confidence =
GCex

coveredex
(7)

where GCex is the number of covered examples with
P

(
Cj |e

i
)

over a threshold Pmin. The ability of generalization
of a rule is calculated as:

support =
GCex

GCex + GUex
(8)

where GUex is the number of uncovered examples with
P

(
Cj |e

i
)

> Pmin. Finally, we can define fitnessraw as the
combination of both values:

fitnessraw = αf · confidence + (1 − αf ) · support (9)

which represents the strength of an individual without taking
into account the others. αf ∈ [0, 1] is a parameter that codifies
the trade-off between accuracy and generalization.

As we are using the GCCL approach, fitnessraw will be used
to decide which individual seizes each example. Thus, the
fitness of an individual is defined as:

fitness = fitnessraw ·
seizedex

coveredex
(10)

where seizedex is the number of examples seized by the indi-
vidual, while coveredex is the number of examples that have
been covered by it.

4.5 Crossover and mutation
Once popsize individuals have been selected, each couple of
them is crossed with probability pc. The crossover operator is
the parent-centric BLX (PCBLX) [8, 9]. This crossover oper-
ator is valid for genes representing real numbers. However,
in the defined chromosomes (Fig. 4), there are also genes
representing trapezoids. Given two trapezoids represented
by tuples, (κ1 . . . κ4) and (ρ1 . . . ρ4) (κj , ρj ∈ [aj , bj ],
j = 1, . . . , 4), that are going to be crossed, the following off-
spring are generated:

• (κ′

1
. . . κ′

4
), where κ′

j is randomly selected from the
interval

[
lκj , rκ

j

]
, with lκj = max

{
a′

j , κj − Ij

}
, rκ

j =

min
{
b′j , κj + Ij

}
, Ij = |κj − ρj |·α, α ∈ [0, 1], a′

j = aj

if j ∈ {1, 2} or a′

j = κ2 if j ∈ {3, 4}, and b′j = κ3 if
j ∈ {1, 2} or b′j = bj if j ∈ {3, 4}.

• (ρ′
1

. . . ρ′
4
), where ρ′j is randomly selected from the in-

terval
[
lρj , rρ

j

]
, with lρj = max

{
a′

j , yj − Ij

}
and rρ

j =

min
{
b′j , yj + Ij

}
. Finally, a′

j = aj if j ∈ {1, 2} or
a′

j = ρ2 if j ∈ {3, 4}, and b′j = ρ3 if j ∈ {1, 2} or
b′j = bj if j ∈ {3, 4}.

When two individuals are crossed, the PCBLX operator is
applied to all the genes of type terminal symbol in the chro-
mosomes. However, as the chromosomes are trees of variable
structure and/or size, for a gene of the first individual, which
gene should be selected in the second of the individuals? For
gene Fvel the choice is simple: if this gene exists in both in-
dividuals crossover is performed, otherwise not. Neverthe-
less, for genes of type distances (as there are many possible
choices), the gene selected in the second individual is the one
that has a higher overlap with the gene of the first individual
in the definition of the sector. If there is not overlap, the gene
is not crossed. For genes of type distances, PCBLX is applied
to Fd, initialB, finalB, and Q with their corresponding coun-
terparts in the other chromosome.

After crossover, it could happen that the nodes of type dis-
tances are unsorted, or that two nodes overlap (they should
be merged). The algorithm to repair the chromosome has the
following steps:

1. Sort all the sectors taking into account initialB and insert
them on a list.

2. While the list is not empty.

(a) Choose the first element of the list and check if it
overlaps with other sectors.

i. If there is overlap, then merge the sectors and
sort the list.
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ii. If there is not overlap, delete the sector from
the list and add it to the new tree.

When crossover is not performed, both individuals are mu-
tated. Mutation can be implemented to generate a more
general or a more specific rule. The higher the value of
seizedex/coveredex, the higher the probability to generalize the
rule by mutation. This occurs with rules that are very strong
in their niche and that could be modified to seize examples
in other niches. On the contrary, when the number of seized
examples in very low, this means that the rule is weak in its
niche, and in order to improve its performance some exam-
ples that are currently covered should be discarded.

In order to select the examples that are going to be cov-
ered (generalization) or uncovered (specialization), the value
of P

(
Cj |e

i
)

(Eq. 5) for each example is considered, where
Cj is the consequent of the rule. For generalization, the best
Cex uncovered examples are selected while, for specialization,
the worst Cex covered ones are chosen. Then, from the se-
lected set of examples, Sex are randomly selected to modify
the rule. The selection probability of each example is directly
(generalization) or inversely (specialization) proportional to
P

(
Cj |e

i
)
. For each selected example, each proposition of

the antecedent part of the rule is analyzed to decide its muta-
tion. For generalization, if the DOF of the proposition is null,
then the proposition is mutated. The opposite occurs for spe-
cialization. The mutation of a proposition for generalization
can be done with the following mutation operators:

1. Delete the proposition.

2. Merge two adjacent distance sectors. The new Fd value
will be obtained applying PCBLX operator to the Fd val-
ues of the old sectors. This mutation operator can only
be applied for propositions of type distances.

3. Modify the fuzzy label to cover the new example.

4. Modify the quantifier to cover the new example (only for
distance propositions).

On the other hand, the mutation operators for specialization
are:

1. Insert a distances sector (only valid for distance proposi-
tions). The insertion position is randomly selected. The
values for Fd and Q are generated mutating the values of
the previous or next sector. Also, initialB and finalB are
randomly selected using the definitions of the contiguous
sectors.

2. Divide a distances sector (only valid for distance propo-
sitions). One of the new sectors will have the same Fd

and Q values, while the other sector will be generated
applying non-uniform mutation to the original values.

3. Modify the fuzzy label to uncover the selected example.

4. Modify the quantifier to uncover the selected example
(only for distance propositions).

4.6 Resize population
Those individuals with null fitness are removed from the pop-
ulation, and the best popmaxSize individuals are selected for the
final population. If popsize < popmaxSize, and there are still un-
covered examples, then new individuals are added. These in-
dividuals are chosen from the examples population, randomly
selecting those rules that cover examples that have not been
seized yet by the individuals of the population.

4.7 Population evaluation
The performance of the knowledge base obtained after each
iteration has been measured as:

fitnesspop =
nex∑

l errorpopl

(11)

where nex is the total number of examples, and errorpopl is
the error of the knowledge base when the input is example l.

5 Results and discussion

(a) Number of rules.

(b) Average number of distances.

(c) Average fitnessraw.

Figure 6: Evolution of several variables for an execution of
the algorithm.

The learning algorithm has been tested with a set of 795 ex-
amples recorded when the robot was following the wall in an
environment. The values that have been used for the parame-
ters of the evolutionary algorithm are: maxIterations = 400,
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Figure 7: Path of the robot along the test environment.

popmaxSize = 300, pc = 0.5, α = 0.5 (PCBLX crossover), and
Pmin = 0.4.

Fig. 6 shows the evolution of several variables for an exe-
cution of the genetic programming algorithm. These variables
are the number of rules in the population after each iteration,
the average (over all the individuals of the population) num-
ber of distance variables in the antecedent part of the rules,
and the average fitnessraw. As can be seen from Fig. 6(a), until
iteration 150 the number of rules decreases to less than 150.
As the rules in the initial population where very specific (cov-
ering sometimes only one example) the algorithm finds rules
with a good value of the confidence and with a higher value
of the support. In the second stage, as there are rules with a
high support, new rules with a higher confidence (and a lower
support) seize part of the examples of the weaker rules, thus
generating a higher number of rules. At the last iteration of the
algorithm, the population had 175 rules. The improvement in
the quality of the rules of the population is reflected by the
evolution of the average raw fitness (eq. 9) of the rules (Fig.
6(c)).

Finally, the evolution in the average number of distances in
the antecedent part of the rules (Fig. 6(b)) reflects the ability
of the algorithm to extract valuable information about the dis-
tance sectors that are meaningful to model the system. From
an initial value of more than eight distance sectors (in aver-
age), the algorithm obtains rules that, in average, use around
4.5 distance variables.

Fig. 7 shows the path of the robot along the environment
that was used to test the learned controller. In this environ-
ment, the robot was following the right-hand wall. The higher
the concentration of marks of the robot, the lower the linear
velocity. In order to evaluate the quality of the controller we
have measured four different indicators: the right distance,
the linear velocity, the change in the linear velocity between
two consecutive cycles —which reflects the smoothness in the
control—, and the time. The average values of the indicators
are calculated for each lap that the robot performs in the en-
vironment. Results presented in table 1 are the average and
standard deviation values over five laps of the average values
of the indicators over one lap.

Results show a distance over the expected one (0.5). How-
ever, this is in part because the distance has been measured
with the information coming from only one beam (in [2, 10]
the distance was measured using the input variable defined by
an expert). Moreover, the velocity is low. Nevertheless, the
smoothness of the control is very good.

Table 1: Results (x ± σ) for the environment in Fig. 7
Distance (m) 0.8137 ± 0.0091

Velocity (m/s) 0.13274 ± 0.00095
Velocity change (m/s) 0.00486 ± 0.00053

Time (s) 259.26 ± 2.20

These preliminary results are promising and show an ac-
ceptable control, although no expert knowledge was intro-
duced for the definition of the variables. Moreover, as the
system has been trained with data of a unique environment,
further analysis on the ability of the algorithm to generalize
the extracted model of the behavior of the robot will be con-
ducted in the future.
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Abstract— The aim of this contribution is to propose an approach
to comparing fuzzy sets from the cardinality point of view. The idea
is based on a transformation of one fuzzy set to another one in some
degree, where one-to-one mappings between suitable sets are used.
To ensure the correctness of degrees in which there exist correspon-
dences between fuzzy sets we introduce a class of sets and consider
fuzzy sets and fuzzy classes with universes of discourse from this uni-
verse. We introduce a degree in which two fuzzy sets are equipollent
and show that these degrees define a similarity relation on the class
of all fuzzy sets. Some simplifications of the original definition of the
concept of “being equipollent” are proposed and several properties
are demonstrated.

Keywords— fuzzy sets, equipollence of fuzzy sets, cardinal the-
ory of fuzzy sets.

1 Introduction

The classical concept of cardinality of a set is a measure of
the “number of elements of the set”. A formal definition with-
out knowing anything about numbers is based on the notion
of one-to-one correspondence between sets. In particular, we
say that two sets x and y are equipollent (equipotent, equiv-
alent, bijective, or have the same cardinality etc.) and write
|x| = |y|, if there exists a one-to-one mapping of x onto y.
This definition gives rise to equivalence relation defined on the
class of all sets. This equivalence is called equipollence (or
also equipotence, equinumerosity etc.) and using it the con-
cept of cardinality is introduced. For instance, if we work with
the Zermelo-Fraenkel axiomatic set theory with the axiom of
choice, the cardinality (or the cardinal) of a set x is defined
as the least ordinal number in the class of all sets equipollent
with x.

The concept of equipollent fuzzy sets is not new in fuzzy
set theory. Some classical-like approaches to the concept of
equipollence of fuzzy sets are presented by D. Klaua [1] or
S. Gottwald [2, 3]. In the second case, a degree in which two
fuzzy sets are equipollent is defined using fuzzy uniqueness
of fuzzy mappings. Equivalence classes (fuzzy sets) are fuzzy
cardinals. Note that fuzzy mappings are here defined as spe-
cial fuzzy relations.

Another approach was suggested by M. Wygralak [4],
where the concept of equipollence of fuzzy sets is introduced
using the cardinality of α-cuts of fuzzy sets. More precisely,
two fuzzy sets A and B are equipollent, if

∨
{α ∈ [0, 1] | |Aα| ≥ i} =

∨
{α ∈ [0, 1] | |Bα| ≥ i} (1)

for any cardinal number i. Some modifications of (1) can be
found in [5, 6, 7].

In this contribution, we propose a new approach to the
equipollence of fuzzy set over a universe of sets (e.g., a
universe of all finite or countable sets, or all sets, or a
Grothendieck universe). Analogously to the Gottwald’s ap-
proach, a graded equipollence is considered where, however,
the degrees of being equipollent are obtained by a simpler way
than in the mentioned approach. More precisely, our approach
is based on graded one-to-one correspondences between fuzzy
sets where the crisp mappings between universe are consid-
ered. Such equipollence, contrary to the Gottwald’s definition,
can be used in practice, e.g., for a comparison of a number of
well satisfied criteria for different applicants. Note that our
approach is, in a certain sense, equivalent to the Wygralak’s
approach, if we restrict ourselves to finite fuzzy sets.

2 Preliminaries

2.1 Structures of membership degrees of fuzzy sets

In this contribution the membership degrees of fuzzy sets will
be interpreted in a complete residuated lattice.

Definition 2.1. An algebra L = 〈L,∧,∨,⊗,→,⊥,	〉 is
a residuated lattice, if 〈L,∧,∨,⊥,	〉 is a bounded lattice,
where ⊥ and 	 are the least and greatest elements of L, re-
spectively, 〈L,⊗,	〉 is a commutative monoid and

α ≤ β → γ if and only if α ⊗ β ≤ γ, (2)

holds for arbitrary α, β, γ ∈ L (≤ denotes the corresponding
lattice ordering).

The operations ⊗ and → are called a multiplication and
residuum, respectively. A residuated lattice is complete or
linearly ordered, if 〈L,∧,∨,⊥,	〉 is a complete or linearly
ordered lattice, respectively.

Example 2.1. Let T be a left continuous t-norm (see [8]).
Then

L = 〈[0, 1], min,max, T,→T , 0, 1〉,
where α →T β =

∨{γ ∈ [0, 1] | T (α, γ) ≤ β}, is a complete
linearly ordered residuated lattice. One of the most important
residuated lattices on the unit interval is Łukasiewicz algebra
that is determined by TL(a, b) = max(0, a + b − 1). The
residuum is then given by a →TL b = min(1 − a + b, 1).
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Example 2.2. Let us consider the lattice L = {⊥, a, b,	}
with two incomparable elements a and b. Put x ⊗ y = x ∧ y
and x → y =

∨{z | x ∧ z ≤ y} (see Table 1). Then

L = 〈{⊥, a, b,	},∧,∨,→,⊥,	〉

is a non-linearly ordered residuated lattice. Note that this is an
example of a lattice called a Heyting algebra.

The biresiduum in L is a binary operation ↔ on L defined
by

α ↔ β = (α → β) ∧ (β → α). (3)

Example 2.3. One checks easily that the biresiduum for the
Łukasiewicz algebra is given by a ↔L b = 1 − |a − b|. The
definition of biresiduum for the residuated lattice from Exam-
ple 2.2 is given in Table 1.

→ ⊥ a b 	 ↔ ⊥ a b 	
⊥ 	 	 	 	 ⊥ 	 b a ⊥
a b 	 b 	 a b 	 ⊥ a
b a a 	 	 b a ⊥ 	 b
	 ⊥ a b 	 	 ⊥ a b 	

Table 1: Definitions of → and ↔ in Example 2.2 and 2.3

2.2 Several notions from the set theory

In this contribution we work with Zermelo-Fraenkel axiomatic
set theory with the axiom of choice (ZFC). We shall use small
latin letters as x, y, z, . . . to denote common sets and capital
latin letters as A,B, R, . . . to denote special sets (e.g., spe-
cial mappings and relations). Although, the objects of ZFC
are sets, we consider the informal notion of a class. This is
useful for description of collections of sets that are defined by
formulas of the language of set theory, i.e., if ϕ(x, p1, . . . , pn)
is a formula, we call

{x | ϕ(x, p1, . . . , pn)} (4)

a class. We shall use calligraphic capital letters as
X ,Y,Z, . . . to denote classes. Every set can be consider as a
class, i.e., if y is a set, then it is sufficient to consider the class
{x | x ∈ y}. A class that is not a set is a proper class.

We shall use ∅ to denote the empty set and P(x) to denote
the power set. Further, we shall use the standard symbols
∩,∪,�,×, \ etc. to denote the intersection, union, disjoint
union, product, difference of sets etc. (and analogously for
classes), respectively. The common symbols ⊆ and ⊂ denote
the inclusion relations of sets (and analogously for classes). If
R ⊆ x × y (and analogously for R ⊆ X × Y) is a relation,
then we shall use

Dom(R) = {t | t ∈ x & ∃r ∈ y : (t, r) ∈ R},
Ran(R) = {r | r ∈ y & ∃t ∈ x : (t, r) ∈ R}

to denote the domain and range of R, respectively. If f is a
mapping between sets (analogously for classes), then Dom(f)
and Ran(f) denote the domain and range of f , respectively.
We shall use |x| to denote the cardinality of a set x.

3 Fuzzy sets and classes in universes of sets
Let us suppose that a complete residuated lattice L is given.
The following concept of a universe of sets is motivated by
the definition of Grothendieck universe (see e.g. [9]).

Definition 3.1. A universe of sets over L is a class U of sets
having the following properties:

(U1) x ∈ y and y ∈ U , then x ∈ U ,

(U2) x, y ∈ U , then {x, y} ∈ U ,

(U3) x ∈ U , then P(x) ∈ U ,

(U4) x ∈ U and yi ∈ U for any i ∈ x, then
⋃

i∈x yi ∈ U ,

(U5) x ∈ U and f : x → L, then Ran(f) ∈ U ,

where L is the support of the complete residuated lattice L.

Simple examples of such universes are the classes of all,
finite, or countable sets. Under certain conditions (see e.g.
[9]), a Grothendieck universe may be also a universes of sets
over L. One could notice that L need not be included in U .
In fact, it is sufficient to consider the class of all finite set and
an infinite complete residuated lattice L. Notice that if U is a
proper class, then x ⊆ U is not necessary a set. The following
theorem shows some constructions inside the universe U .

Theorem 3.1. Let x, y ∈ U and yi ∈ U for any i ∈ x. Then
we have

(i) ∅ and {x} belong to U ,

(ii) x × y, x � y, x ∩ y and yx belong to U ,

(iii) if z ∈ U ∪ {L} and f : x → z, then f and Ran(f)
belong to U ,

(iv) if z ⊆ U and |z| ≤ |x|, then z belongs to U ,

(v)
∏

i∈x yi,
⊔

i∈x yi and
⋂

i∈x yi belong to U .

We can see that the whole set theory (i.e., unions, inter-
sections, products of sets, singletons, the empty set) can be
formed inside a universe U , where, moreover, we may con-
sider mappings from sets of U to the support of L. Let us put
0 = ∅, 1 = 0 ∪ {0}, 2 = 1 ∪ {1}, etc. Obviously, the nat-
ural numbers 0, 1, 2, . . . belong to U and, according to (U4),
an arbitrary finite set of natural numbers is also contained in
U . Nevertheless, the set of all natural numbers need not be an
element of U (consider the universe of all finite sets) and it is
only a subset of U , in general.

The following theorem is very important in our investiga-
tion of equipollence of fuzzy sets (see Definition 4.4) and
states that a set of U may be extended to a suitable greater
sets of U . Note that U �∈ U .

Theorem 3.2. Let x ∈ U . Then there exists y ∈ U such that
|x| ≤ |y \ x|.

Now, we can define the concept of fuzzy sets in U as fol-
lows.

Definition 3.2. Let U be a universe of sets over L. A mapping
A : x → L is called a fuzzy set in U , if x ∈ U .
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A consequence of (U2), (U4) and (U5) is that each fuzzy set
(perceived as a relation A ⊆ x × L) belongs to U . Hence, all
fuzzy sets form a subclass of U . It is easy to see that fuzzy sets
of higher order, i.e., fuzzy sets over sets of fuzzy sets, may be
established inside of U .

Let A be a fuzzy set in U . The set Dom(A) is called a
universe of discourse of A. We shall use F(U) to denote the
class of all fuzzy sets in U . Obviously, we have F(U) ⊆ U ,
where F(U) is a proper class, whenever U is a proper class.
The set Supp(A) = {x ∈ Dom(A) | A(x) > ⊥} is called a
support of fuzzy set A. We shall say that A is equivalent with
B, if Supp(A) = Supp(B) and A(x) = B(x) for any x ∈
Supp(A). For example, A = {0.9/a, 0/b} is equivalent with
B = {0.9, /a}. Obviously, the relation “to be equivalent” is
an equivalence on F(U). We shall use cls(A) to denote the
class of all equivalent fuzzy sets with A.

Definition 3.3. Let A,B ∈ F(U), x = Dom(A) ∪ Dom(B)
and A′ ∈ cls(A), B′ ∈ cls(B) such that Dom(A′) =
Dom(B′) = x. Then

• the union of A and B is a mapping A ∪ B : x → L
defined by

(A ∪ B)(a) = A′(a) ∨ B′(a) (5)

for any a ∈ x,

• the intersection of A and B is a mapping A∩B : x → L
defined by

(A ∩ B)(a) = A′(a) ∧ B′(a) (6)

for any a ∈ x.

Definition 3.4. Let A,B ∈ F(U), x = Dom(A)×Dom(B)
and y = Dom(A) � Dom(B) (the disjoint union). Then

• the product of A,B is a mapping A×B : x → L defined
by

(A × B)(a, b) = A(a) ∧ B(b) (7)

for any (a, b) ∈ x,

• the disjoint union of A,B is a mapping A � B : y → L
defined by

(A � B)(a, i) =

{
A(a, i), if i = 1,

B(a, i), if i = 2,
(8)

for any (a, i) ∈ y.

Definition 3.5. Let A ∈ F(U) and A : x → L. Then the
complement of A is a mapping A : x → L defined by

A(a) = A(a) → ⊥ (9)

for any a ∈ x.

Let us illustrate the proposed definitions by an example.

Example 3.1. Let L be the Łukasiewicz algebra and A =
{1/a, 0.4/b} and B = {0.6/a, 0.2/c}. Then we have

A ∪ B = {1/a, 0.4/b, 0.2/c}
A ∩ B = {0.6/a, 0/b, 0/c}
A × B = {0.6/(a, a), 0.2/(a, c), 0.4/(b, a), 0.2/(b, c)}
A � B = {1/(a, 1), 0.4/(b, 1), 0.6/(a, 2), 0.2/(c, 2)}

A = {0/a, 0.6/b}.

The following theorem shows that the relation “being
equivalent” is a congruence for all mentioned operations ex-
cept of the complement.

Theorem 3.3. Let A,B ∈ F(U) and � ∈ {∩,∪,×,�}. If
A′ ∈ cls(A) and B′ ∈ cls(B), then A′ � B′ ∈ cls(A � B).

Although, fuzzy set in U is the most important concept in
our theory, it seems to be useful (analogously to the classical
set theory) to introduce the concept of fuzzy class in U .

Definition 3.6. Let U be a universe of sets over L. A mapping
A : X → L is called a fuzzy class in U , if X ⊆ U .

We shall use C(U) to denote the class of all fuzzy classes
in U . Obviously, we have C(U) �⊆ U . From (U1) of Defini-
tion 3.1, it is easy to see that x ⊆ U , whenever x ∈ U . Hence,
each fuzzy set is also a fuzzy class in U , i.e., F(U) ⊆ C(U).
Now there is a question: When can a fuzzy class be under-
stood as a fuzzy set? One may observe that to each fuzzy set
A there is a fuzzy class A such that Dom(A) �∈ U . However,
such fuzzy class could be regarded as a fuzzy set in U . This
motivates us to establish the following condition of being a
fuzzy set.

Definition 3.7. We shall say that a fuzzy class A in U is a
fuzzy set, if there exists a fuzzy set A such that A ∈ cls(A).
Otherwise, we say that it is proper.

4 Graded equipollence of fuzzy sets
As we have mentioned in Introduction, in the classical set the-
ory, the relation of equipollence (equipotency or to have the
same cardinality) on the class of all sets is defined using a one-
to-one correspondence between sets. In order to introduce an
equipollence for fuzzy sets in U , we shall follow the classi-
cal idea and use “one-to-one mappings between fuzzy sets”.
Nevertheless, contrary to the classical approach, it seems to
be reasonable to distinguish what one-to-one mapping is bet-
ter than another one. This motivates us to introduce a degree
in which a one-to-one mapping between suitable sets is a one-
to-one mapping between fuzzy sets as follows.

Definition 4.1. Let A, B ∈ F(U), x, y ∈ U and f : x → y be
a one-to-one mapping of x onto y in U . We say that f is a one-
to-one mapping of A onto B in the degree α, if Supp(A) ⊆
x ⊆ Dom(A) and Supp(B) ⊆ y ⊆ Dom(B) and

α =
∧
z∈x

(A(z) ↔ B(f(z))). (10)

On Fig. 1 we can see an example of a one-to-one mapping

Dom(A)

Dom(B)

x

y

f

Supp(A)

Supp(B)

Figure 1: One-to-one mapping of A onto B
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f between fuzzy sets A and B, where not all elements of do-
mains of A and B are respected. Obviously, Dom(A)\x (anal-
ogously for B) contains the elements for which we have zero
membership degree and thus they are unimportant elements of
the fuzzy set A from this point of view. Moreover, there exists
a fuzzy set A′ with Dom(A′) = x such that A′ ∈ cls(A). This
entitles us to omit such elements in our definition.

We shall write [A ∼f B] = α, if f is a one-to-one mapping
of A onto B in the degree α. The following three examples
demonstrate the notion of one-to-one mapping between fuzzy
sets. For simplicity, we suppose that L is the Łukasiewicz
algebra (see Example 2.2).

Example 4.1. Let A = {0.9/a, 0.5/b, 0/c} and B =
{0.5/1, 1/2, 0.2/3, 0/4}. If f : {a, b, c} → {1, 2, 3} is de-
fined by f(a) = 1, f(b) = 2 and f(c) = 3, then we obtain
[A ∼f B] = 0.5, or by f(a) = 2, f(b) = 1 and f(c) = 3,
then we obtain [A ∼f B] = 0.8.

Example 4.2. Let A be the same as in Example 4.1 and
B′ = {0.5/1, 1/2, 0.2/3, 0.1/4}. Then there is no one-to-
one mapping between A and B′ satisfying the properties
Supp(A) ⊆ x ⊆ Dom(A) and Supp(B′) ⊆ y ⊆ Dom(B′).

Example 4.3. Let us suppose that the set of all natural num-
bers N belongs to U and define A,B : N → [0, 1] by
A(n) = 1 and

B(n) =
{

1, if n is an odd number,
0.1, otherwise.

for any n ∈ N . Obviously, [A ∼f B] = 0.1 for any one-to-
one mapping between A and B. Notice that if we put 0 instead
of 0.1 in the definition of B, then [A ∼f B] = 1 for a suitable
one-to-one mapping f .

From the latter two examples, we can see that there are
some problems to derive “correct” degrees in which there ex-
ist one-to-one mappings between these fuzzy sets. More pre-
cisely, in Example 4.2, we cannot construct any one-to-one
mapping between fuzzy sets, and in Example 4.3, the ele-
ments with a lower non-zero membership degree significantly
influenced the degree of a one-to-one mapping between fuzzy
sets. A natural idea how to solve these problems is to consider
not just the given fuzzy sets, but the classes of all equivalent
fuzzy sets with them. An example may be seen on Fig. 2,

Dom(A)

Dom(B)

x

y = Dom(B′)

f

Supp(A)

Supp(B) = Supp(B′)

Figure 2: Extension of Dom(B) to Dom(B′) for B′ ∈ cls(B)

where an extension of the original domain of fuzzy set B to
a new domain of fuzzy set B′ which is equivalent to B, i.e.,
B′ ∈ cls(B), is given. Before we introduce the definition of
being equipollent at least in the degree α, let us establish the
following set of one-to-one correspondences.

Definition 4.2. Let A,B ∈ F(U). A mapping f : x → y
belongs to the set Bij(A,B), if

(i) f is a one-to-one mapping of x onto y,

(ii) Supp(A) ⊆ x ⊆ Dom(A), and

(iii) Supp(B) ⊆ y ⊆ Dom(B).

The definition of being equipollent at least in some degree
is following.

Definition 4.3. Let A,B ∈ F(U). We say that A is equipol-
lent with B (or A has the same cardinality as B) at least in
the degree α, if there exists A′ ∈ cls(A), B′ ∈ cls(B) and
f ∈ Bij(A′, B′) such that [A′ ∼f B′] ≥ α.

Example 4.4. Let us suppose A an B′ from Examples 4.1
and 4.2. Then A is equipollent with B′ at least in the degree
0.8, since [A′ ∼f B′] = 0.8, where A′ : {a, b, c, d} → [0, 1]
with A′(x) = A(x) for x ∈ {a, b, c} and A(d) = 0, and

f(a) = 2, f(b) = 1, f(c) = 3, f(d) = 4.

The following result is clearly expected.

Lemma 4.1. Let A ∈ F(U) and A′ ∈ cls(A). Then A is
equipollent with A′ at least in the degree 	.

If we can find a degree α in which some fuzzy sets A and B
are “at least equipollent”, i.e, there exists a one-to-one map-
ping f and A′ ∈ cls(A), B′ ∈ cls(B) with [A′ ∼f B′] ≥ α, a
natural question arises, how to define a degree in which fuzzy
sets A and B are equipollent. Obviously, one way, how to do
it, is to use the supremum from all degrees of possible one-to-
one mappings that can be created between all couples of fuzzy
sets that are equivalent with original ones. However, here is
one problem. If U is a proper class, then the class cls(A) of all
equivalent fuzzy sets with A is proper. Hence, we cannot use
the supremum in the mentioned sense. The following defini-
tion proposes a way, how to introduce a degree in which two
fuzzy sets are equipollent and to avoid the proper classes.

Definition 4.4. Let A,B ∈ F(U). We shall say that A is
equipollent with B (or A has the same cardinality as B) in the
degree α, if there exist fuzzy sets C ∈ cls(A) and D ∈ cls(B)
such that

α =
∨

f∈Bij(C,D)

[C ∼f D] (11)

and, for each A′ ∈ cls(A), B′ ∈ cls(B) and f ∈ Bij(A′, B′),
there is [A′ ∼f B′] ≤ α.

If A is equipollent with B in the degree α, then we shall
write [A ∼ B] = α. One may be surprised, that it is suffi-
cient to restrict ourselves to suitable fuzzy sets, and may ask,
if this definition is really correct. That means, if, for arbitrary
fuzzy sets A and B, there exists the degree in which they are
equipollent. The correctness of our definition follows from the
following theorem.

Theorem 4.2. Let A,B ∈ F(U). Then, for any C ∈ cls(A)
and D ∈ cls(B) such that |Supp(A)| ≤ |Dom(D)\Supp(B)|
and |Supp(B)| ≤ |Dom(C) \ Supp(A)|, there is

[A ∼ B] =
∨

f∈Bij(C,D)

[C ∼f D]. (12)
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Example 4.5. Let A,B′ be fuzzy sets from Example 4.1
and 4.2 and define C, D : {a, b, c, 1, 2, 3, 4} → [0, 1] such
that C ∈ cls(A) and D ∈ cls(B′). According to previous
theorem, we can write

[A ∼ B] =
∨

f∈Bij(C,D)

[C ∼f D] = [C ∼f0 D] = 0.8,

where f0 : {a, b, c, 1} → {1, 2, 3, 4} is defined by f0(a) = 1,
f0(b) = 2, f0(c) = 3 and f0(1) = 4 (compare with Exam-
ple 4.4).

Example 4.6. Let A,B be fuzzy sets from Example 4.3. Put
M = {0, 0.5, 1, 1.5, . . . }, where e.g. 0.5 = {{0, 1}}, 1.5 =
{{1, 2}}, etc. and define C, D : M → [0, 1] such that C ∈
cls(A) and D ∈ cls(B). One checks easily that [A ∼ B] =
[C ∼f D] = 0.9, where f(m) = 2m + 1 for any m ∈ M .

Lemma 4.3. Let f ∈ Bij(A,B) and g ∈ Bij(B′, C), where
B′ ∈ cls(B). Then there exist C ′ ∈ cls(C) and h ∈
Bij(A,C ′) such that

[A ∼f B] ⊗ [B′ ∼g C] ≤ [A ∼h C ′]. (13)

Recall that F(U)×F(U) is a subclass of U . Hence, we can
define the following fuzzy class (or also fuzzy class relation)
in U , which is analogous to the equivalence relation “to be
equipollent” on the class of all sets.

Theorem 4.4. The fuzzy class relation ∼: F(U)×F(U) → L
is a similarity relation (⊗-equivalence) on the class F(U), i.e.,

(i) [A ∼ A] = 	,

(ii) [A ∼ B] = [B ∼ A],

(iii) [A ∼ B] ⊗ [B ∼ C] ≤ [A ∼ C]

hold for arbitrary fuzzy sets A, B,C ∈ F(U).

The fuzzy class relation ∼ is called the equipollence of fuzzy
sets and [A ∼ B] is the degree of equipollence of fuzzy sets A
and B. The following statement is straightforward.

Corolarry 4.5. Let A, B ∈ F(U) and A′ ∈ cls(A). Then
[A ∼ B] = [A′ ∼ B].

In classical set theory, if f : x → z is a one-to-one mapping
of x to z and |x| = |y|, then also |f(x)| = |y|, where f(x) =
Ran(f). Analogously, we can give the following statement
for fuzzy sets.

Theorem 4.6. Let A,B ∈ F(U) and f : Dom(A) → z be a
one-to-one mapping in U . If we put

f(A)(y) =
{

A(x), if f(x) = y,
⊥, otherwise, (14)

for any y ∈ z, then [A ∼ B] = [f(A) ∼ B].

A simple consequence of Theorems 4.4 and 4.6 is the fol-
lowing statement.

Corolarry 4.7. Let A ∈ F(U) and f : Dom(A) → z be a
one-to-one mapping in U . Then [A ∼ f(A)] = 	.

Now there is a question, if the definition of graded equipol-
lence, which is more complicated and practically useless,
could be simplified. The remaining part of this section will
give a partial positive answer.

Let A,B ∈ F(U) and Dom(A) = x, Dom(B) = y. Put

A∗(z, i) =
{

A(z), if i = 1,
⊥, if i = 2, (15)

B∗(z, i) =
{ ⊥, if i = 1,

B(z), if i = 2 (16)

for any (z, i) ∈ x � y. According to Corollary 4.7, we have
[A ∼ A∗] = 	 and [A ∼ B] = [A∗ ∼ B∗] and, hence, it does
not matter, whether we consider the original fuzzy sets A,B
or their images A∗, B∗ to obtain the right degree in which
A and B are equipollent. A straightforward consequence of
Theorem 4.2 is the following lemma.

Lemma 4.8. Let A,B ∈ F(U). Then

[A∗ ∼ B∗] =
∨

f∈Bij(A∗,B∗)

[A∗ ∼f B∗]. (17)

The following lemma shows that we need not consider all
one-to-one mappings to obtain the right degree of equipol-
lence.

Lemma 4.9. Let A,B ∈ F(U) and f ∈ Bij(A∗, B∗). Then
for any z ∈ U with

Dom(f) ⊆ z ⊆ Dom(A) � Dom(B) (18)

there exists f ′ ∈ Bij(A∗, B∗) with Dom(f ′) = z such that

[A∗ ∼f B∗] = [A∗ ∼f ′ B∗]. (19)

From the previous lemma, one could notice that the set
Bij(A∗, B∗) is too large and it is sufficient to consider the
one-to-one mappings with the same domain Dom(A∗) or con-
versely with the same range Dom(B∗). Hence, we may
ask, whether we can restrict ourselves to one-to-one corre-
spondences between Dom(A∗) and Dom(B∗). The answer
is positive as the following theorem shows and this fact is
a consequence of Cantor-Bernstein theorem. We shall use
Perm(A,B) to denote the set of all one-to-one mappings of
Dom(A) onto Dom(B).

Theorem 4.10. Let A,B ∈ F(U). Then

[A∗ ∼ B∗] =
∨

f∈Perm(A∗,B∗)

[A∗ ∼f B∗]. (20)

A generalization of this theorem to a wider scale of fuzzy
sets is as follows (cf. Theorem 4.2).

Theorem 4.11. Let A, B ∈ F(U). Then, for any C ∈ cls(A)
and D ∈ cls(B) such that |Supp(A)| = |Dom(D)\Supp(B)|
and |Supp(B)| = |Dom(C) \ Supp(A)|, there is

[A ∼ B] =
∨

f∈Perm(C,D)

[C ∼f D]. (21)

If we deal with fuzzy sets in U with finite supports, then it is
sufficient to consider fuzzy sets which domains have the same
cardinality as the following theorem shows.
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Theorem 4.12. Let A,B ∈ F(U) and C ∈ cls(A), D ∈
cls(B) be such that |Dom(C)| = |Dom(D)| = n. Then

[A ∼ B] =
∨

f∈Perm(C,D)

[C ∼f D]. (22)

Now we may ask, when there exists just one one-to-one
mapping between two fuzzy sets which determines the degree
of their equipollence. If the given residuated lattice is not
linearly ordered or is a complete linearly ordered residuated
lattice with an infinite support, then the following examples
show simple constructions of fuzzy sets, when more than one
one-to-one mapping between them have to be used to find the
degrees of their equipollence.

Example 4.7. Let L be a residuated lattice from Example 2.2,
A = {⊥/0, b/1,	/2} and B = {a/0, b/1, b/2}. One checks
easily that [A ∼ B] = 	 but there is no permutation on x
giving the degree of equipollence of A and B equal to 	.

Example 4.8. Let L be the Łukasiewicz algebra and let us
suppose that the set of all natural numbers N belongs to U .
Define A, B : N → L by A(n) = 0.5 − 1

n+2 for any n ∈
N and B(0) = 1, B(n) = 0 for any n ∈ N , where n �=
0. Since the presumptions of Theorem 4.11 are satisfied, we
can use (21) to compute the degree of equipollence. If f is a
permutation on N such that f(n) = 0, then one checks easily
that

[A ∼f B] = A(n) ↔ B(0) = 0.5 − 1
n + 2

. (23)

Note that A(n) ↔ 0 = 0.5 + 1
n+2 . Hence, we obtain

[A ∼ B] =
∨

f∈Perm(A,B)

[A ∼f B] = 0.5,

but, due to (23), no permutation on N gives such value.

Let N be the set of all natural numbers and A ∈ F(U) be a
fuzzy set with finite support. Define a fuzzy class pA : N → L
by

pA(i) =
∨

z⊆Supp(A),
|z|=i

∧
x∈z

A(x) (24)

for any i ∈ N .

Theorem 4.13. Let L be a complete linearly ordered resid-
uated lattice and A, B ∈ F(U) be fuzzy sets with finite sup-
ports. Then

[A ∼ B] =
∧
i∈N

(pA(i) ↔ pB(i)).

Corolarry 4.14. Let L be a linearly ordered residuated lat-
tice and A,B ∈ F(U) be fuzzy sets with |Dom(A)| =
|Dom(B)| = n. Then there exists f ∈ Perm(A,B) such
that [A ∼ B] = [A ∼f B].

Example 4.9. Let L be the Łukasiewicz algebra and x =
{c1 . . . , c5} be a set of criterion. Let us suppose that the fol-
lowing fuzzy sets

A = {0.3/c1, 0.8/c2, 0.4/c3, 0/c4, 0/c5}
B = {0/c1, 0.6/c2, 0.9/c3, 0/c4, 0.7/c5}

express the satisfaction of all criterion by two applicants and
our goal is to determine, whether the numbers of satisfied cri-
terion are more or less the same for both applicants. Accord-
ing to (24), we can establish

pA = {1/0, 0.8/1, 0.4/2, 0.3/3, 0/4, 0/5, . . . },
pB = {1/0, 0.9/1, 0.7/2, 0.6/3, 0/4, 0/5, . . . }

and, using Theorem 4.13, we obtain

[A ∼ B] =
∧
i∈N

(pA(i) ↔ pB(i)) = 0.7.

Hence, we can conclude that both applicants have more or less
the same number of satisfied criterion.

The following theorem demonstrates a way how we can in-
vestigate the well-known relations in cardinal set theory for
fuzzy sets in U .

Theorem 4.15. Let A,B ∈ F(U). Then we have

(i) [A ∼ B] ≤ [A ∼ B]

(ii) [A ∼ B] ⊗ [C ∼ D] ≤ [A × C ∼ B × D],

(iii) if Supp(A ∩ B) = Supp(C ∩ D) = ∅, then

[A ∼ C] ⊗ [B ∼ D] ≤ [A ∪ C ∼ B ∪ D].

5 Conclusion
Let us note that the fuzzy set cardinality is not widely devel-
oped in a comparison to the cardinal theory for sets giving
many nice result. The proposed definitions of the universe,
operations and equipollence of fuzzy sets are a starting point
in a deeper fuzzy sets investigation from the cardinality point
of view. We think that the results could be interesting for the
fuzzy set theory as well as for the practical application as e.g.
a determination of “number” of well satisfied criteria.
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Abstract— One of the most well-known and extended data min-
ing techniques is that of association rule mining, a helpful tool to
discover relations between items present in sets of transactions. Nev-
ertheless, in some other scenarios, another interesting issue is that
of considering not only the possible relations involving presence of
items, but the absence of them. The problem gets more complex when
it is necessary to represent also imprecision and/or uncertainty in
the information. In this paper, we introduce a methodology to obtain
fuzzy association rules involving absent items. Additionally, our pro-
posal is based on restriction level sets, a recent representation of im-
precision that extends that of fuzzy sets, and introduces some new op-
erators, covering some misleading results obtained from usual fuzzy
operators as, for example, negation. In our methodology, we define
new measures of interest and accuracy for fuzzy association rules as
RL-numbers, as well as we propose a new way of summarizing the
resulting set of fuzzy association rules, distributed in restriction lev-
els.

Keywords— Absence of items, fuzzy association rules, restriction
levels

1 Introduction

As the amount of information stored in databases grows con-
tinuously day after day, it is desirable the development of
tools, not only to properly manage all this knowledge, but
to get a profit from it. Over the past two decades, consid-
erable efforts have been devoted to the study and develop-
ment of techniques in data mining and knowledge discovery
in databases. One of the most well-known and extended data
mining techniques is that of association rule mining, a helpful
tool to discover implicit, non-trivial and potentially useful re-
lations between items in sets of transactions. The most known
example if that of market baskets, but association rules can be
also applied on relational databases. Since the original asso-
ciation rule definition was proposed in [1], many studies and
related methodologies have been devoted to extend this tool in
order to manage different scenarios and knowledge represen-
tations.

One interesting issue, approached in works like [2], and
[3], is that of considering both present and absent items. In
these cases, it is not only interesting to detect relations be-
tween items included in transactions, but also if the absence
of given items in the transaction can be related to the presence
of some others. One possible application can be the discovery
of conflicts or complements between items, as well as the es-
tablishment of constraints in the sets of items involved in the
data mining procedure. Some other authors have shown in-

terest in this problem, and additional information and efficient
algorithms can be found in [4],[5],[6], and [7].

On the other hand, another interesting issue is that of ap-
plying the theory of fuzzy sets [8] in the modeling of how
items are included in transactions, leading to the definition of
fuzzy association rules. In the literature, some interesting ap-
proaches are discussed in [9], [10], [11], [12], and [13], among
others.

But, as far as we know, none of the cited works manage
properly the absence of items in the fuzzy case. In particular,
consider an item i that belongs to a fuzzy transaction with a
membership degree of 0.5. According to the usual fuzzy ex-
tension of the complement operator, the complementary item
¬i should belong to the same transaction with a membership
degree of 1− 0.5 = 0.5, leading us to counterintuitive results.
Restriction level sets [14], a recently introduced representation
of fuzzy quantities that extends the representation by means of
fuzzy sets, manage to solve scenarios like these.

The representation via restriction level sets can be seen as
equivalent to that of fuzzy sets seen as collections of alpha
cuts, and hence it offers a alternative approach to the repre-
sentation and management of fuzzy quantities, differing from
fuzzy sets in the sense that operations are defined on levels.
However, some operations as negation result in a representa-
tion that may not correspond to the alpha cuts of a fuzzy set.

Actually, although a parallel definition of a logic model for
association rules based also on restriction level sets can be
found in [15], our proposal, in this paper, is a methodology
for mining fuzzy association rules via restriction level sets, in-
stead of fuzzy sets, extending the definition introduced in [16],
and, in addition, considering both present and absent items.

The paper is organized as follows. Sections 2 and 3 are de-
voted to introduce the reader in the followed representations
and previous methodologies. Next, we introduce our proposal
in section 4, where we define new measures for fuzzy associ-
ation rules, based on RL-numbers, and we describe some de-
rived properties from these. Next, some aspects with respect
to the implementation and our first experimentation results are
discussed in section 5. Finally, we present our concluding re-
marks as well as propose some interesting open issues in the
conclusions sections.

2 Data mining tools
2.1 Association rules

Given a set I (“set of items”) and a set of transactions T (also
called T-set), each transaction being a subset of I , association
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rules [1] are “implications” of the form A⇒ C that relate the
presence of itemsets (sets of items) A and C in transactions of
T , assuming A,C ⊆ I , A ∩ C = ∅ and A,C �= ∅.

In the case of relational databases, it is usual to consider that
items are pairs 〈attribute, value〉, and transactions are tuples
in a table. For example, the item 〈X,x0〉 is in the transaction
associated to a tuple t iff t[X] = x0.

The ordinary measures proposed in [1] to assess associa-
tion rules are confidence (the conditional probability p(C|A))
and support (the joint probability p(A ∪ C)). An alternative
framework was proposed in [17]. In this framework, accuracy
is measured by means of Shortliffe and Buchanan’s certainty
factors [18], in the following way: the certainty factor of the
rule A⇒ C is

CF (A⇒ C) =
(Conf(A⇒ C))− S(C)

1− S(C)
(1)

if Conf(A⇒ C) > S(C), and

CF (A⇒ C) =
(Conf(A⇒ C))− S(C)

S(C)
(2)

if Conf(A⇒ C) < S(C), and 0 otherwise.
Certainty factors take values in [−1, 1], indicating the extent

to which our belief that the consequent is true varies when the
antecedent is also true. It ranges from 1, meaning maximum
increment (i.e., when A is true then C is true) to -1, meaning
maximum decrement.

2.2 Fuzzy association rules

In [16], the model for association rules is extended in order to
manage fuzzy values in databases. The approach is based on
the definition of fuzzy transactions as fuzzy subsets of items.
Let I = {i1, . . . , im} be a set of items and T ′ be a set of
fuzzy transactions, where each fuzzy transaction is a fuzzy
subset of I . Let τ̃ ∈ T ′ be a fuzzy transaction, we note τ̃(ik)
the membership degree of ik in τ̃ . A fuzzy association rule is
an implication of the form A ⇒ C such that A,C ⊂ I and
A ∩ C = ∅.

It is immediate that the set of transactions where a given
item appears is a fuzzy set. We call it representation of the
item. For item ik in T ′ we have the following fuzzy subset of
T ′:

Γ̃ik
=

∑

τ̃∈T ′
τ̃(ik)/τ̃ (3)

This representation can be extended to itemsets as follows:
let I0 ⊂ I be an itemset, its representation is the following
subset of T ′:

Γ̃I0 =
⋂

i∈I0

Γ̃i = mini∈I0 Γ̃i (4)

In order to measure the interest and accuracy of a fuzzy as-
sociation rule, we must use approximate reasoning tools, be-
cause of the imprecision that affects fuzzy transactions and,
consequently, the representation of itemsets. In [16], a seman-
tic approach is proposed based on the evaluation of quantified
sentences (see [19]). Let Q be a fuzzy coherent quantifier:

• The support of an itemset Γ̃I0 is equal to the result of
evaluating the quantified sentence Q of T ′ are Γ̃I0 .

• The support of the fuzzy association rule A ⇒ C in the
FT-set T ′, Supp(A ⇒ C), is the evaluation of the quan-
tified sentence Q of T are Γ̃A∪C = Q of T are (Γ̃A∩ Γ̃C).

• The confidence of the fuzzy association rule A ⇒ C in
the FT-set T ′, Conf(A ⇒ C), is the evaluation of the
quantified sentence Q of Γ̃A are Γ̃C .

As seen in [16], the proposed method is a generalization
of the ordinary association rule assessment framework in the
crisp case.

3 Restriction-level representation
3.1 Representation

The RL-representation of an imprecise property is a collection
of crisp sets, each crisp set corresponding to a crisp realiza-
tion of the property under a restriction rule. We distinguish
between atomic and derived properties. Atomic properties are
those that cannot be defined in terms of other properties in our
problem. Derived properties are defined by logical operations
on other properties.

In [14] we consider that atomic imprecise properties are
represented by fuzzy sets, and hence restrictions are of the
form degree ≥ α with α ∈ (0, 1], and restriction levels are
associated to values α ∈ (0, 1]. In the same case, the crisp
realization of an atomic imprecise property represented by a
fuzzy set A in the restriction level α corresponds to the α-cut
Aα.

For every property we assume that there is a finite set
of restriction levels Λ = {α1, . . . , αm} verifying that
1 = α1 > α2 > · · · > αm > αm+1 = 0, m ≥ 1. We call
such sets RL-sets. The consideration that a RL-set is finite is
not a practical limitation since humans are able to distinguish
a limited number of restriction or precision levels and, in prac-
tice, the limit in precision and storage of computers allows us
to work with a finite number of degrees (and consequently, of
levels) only. In practice, the RL-set for an atomic property
represented by a fuzzy set A on an universe X is

ΛA = {A(x) | x ∈ support(A)} ∪ {1} (5)

The RL-set employed to represent a derived property is ob-
tained as the union of the RL-sets of the atomic properties
in terms of which the property is defined. Finally, the RL-
representation of an imprecise property on X is defined in [14]
as follows:

Definition 1 A RL-representation is a pair (Λ, ρ) where Λ is
a RL-set and ρ is a function

ρ : Λ → P(X) (6)

The function ρ indicates the crisp realization that represents
the imprecise property for each restriction level. As an exam-
ple, the RL-representation for an atomic imprecise property
defined by a fuzzy set A is the pair (ΛA, ρA), where ΛA is
obtained using equation (5), and ρA(α) = Aα ∀α ∈ ΛA.

Given an imprecise property P represented by (ΛP , ρP ),
we define the set of crisp representatives of P , ΩP , as

ΩP = {ρP (α) | α ∈ ΛP } (7)
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For an atomic property A, the set of crisp representatives
ΩA is the set of significant α-cuts of A, as we have seen. How-
ever, notice that in definition 1 there is no restriction about the
possible crisp representatives for non-atomic properties. In
particular, as a consequence of operations, they don’t need to
be nested, so the final RL-representation of a derived property
is not always equivalent to the α-cut representation of fuzzy
sets.

In order to define properties by operations, it is convenient
to extend the function ρ to any RL α ∈ (0, 1]. Let (Λ, ρ) be
a RL-representation with Λ = {α1, . . . , αm} verifying 1 =
α1 > α2 > · · · > αm > αm+1 = 0. Let α ∈ (0, 1] and
αi, αi+1 ∈ Λ such that αi ≥ α > αi+1. Then

ρ(α) = ρ(αi) (8)

Finally, let us remark that a RL-representation (Λ, ρ) on X is
a crisp set A ⊆ X iff ∀α ∈ Λ, ρ(α) = A.

3.2 Interpretation in terms of evidence

Given a RL-representation (ΛA, ρA) for an atomic property
A, the values of ΛA can be interpreted as values of possibility
of a possibility measure defined ∀ρA(αi) ∈ ΩA as

Pos(ρA(αi)) = αi. (9)

Following this interpretation we define a basic probability
assignment in the usual way:

Definition 2 Let (Λ, ρ) be a RL-representation with crisp
representatives Ω. The associated probability distribution
m : Ω → [0, 1] is

m(Y ) =
∑

αi | Y =ρ(αi)

αi − αi+1. (10)

The basic probability assignment mF gives us information
about how representative of the property F is each crisp set in
ΩF . For each Y ∈ ΩF , the value mF (Y ) represents the pro-
portion to which the available evidence supports the claim that
the property F is represented by Y . From this point of view,
a RL-representation can be seen as a basic probability assign-
ment in the sense of the theory of evidence, plus a structure
indicating dependencies between the possible representations
of different properties.

3.3 RL-numbers

On the basis of RL-representations and operations, RL-
numbers were introduced in [20] as a representation of im-
precise quantities.

Definition 3 A RL-real number is a pair (Λ,R) where Λ is a
RL-set andR : (0, 1]→ R.

We shall note RRL the set of RL-real numbers. The RL-real
number Rx is the representation of a (precise) real number x
iff ∀α ∈ ΛRx , RRx(α) = x. We shall denote such RL-real
number as Rx or, equivalently, x, since in the crisp case, the
set ΛRx

is unimportant. Operations are extended as follows:

Definition 4 Let f : R
n → R and let R1 . . . Rn be RL-real

numbers. Then f(R1, . . . , Rn) is a RL-real number with

Λf(R1,...,Rn) =
⋃

1≤i≤n

ΛRi (11)

and, ∀α ∈ Λf(R1,...,Rn)

Rf(R1,...,Rn)(α) = f(RR1(α), . . . ,RRn(α)) (12)

This approach offers two main advantages:

• RL-numbers are representations of fuzzy quantities that
can be easily obtained by extending usual crisp measure-
ments to fuzzy sets.

• Arithmetic and logical operations on RL-numbers are
straightforward and unique extensions of the operations
on crisp numbers, verifying the following:

– They verify all the usual properties of crisp arith-
metic and logical operations.

– The imprecision does not necessarily increase
through operations, and can even diminish. The
maximum imprecision is related to the number of
restriction levels employed.

4 Fuzzy association rules via restriction levels
As we noted before, restriction level sets can be viewed as sets
of alpha cuts in fuzzy sets. Actually, if the restriction level set
represents an atomic property, the representation is equal to
that of fuzzy sets. Following this idea, we extend the definition
of fuzzy association rules introduced in [16], using restriction
level sets instead. Moreover, since each restriction level cor-
responds to a crisp set, and crisp operators hold for each level,
we can define a fuzzy association rule via restriction levels as
an aggregation of all the related (crisp) association rules ex-
tracted at each restriction level.

In our approach, we represent items via restriction levels as
follows. Let I = {i1, . . . , im} be a set of items and T ′ be
a set of fuzzy transactions, where each fuzzy transaction is a
restriction level set of I . Let τ̃ ∈ T ′ be a fuzzy transaction, we
note τ̃(ik) the membership degree of ik in τ̃ . Let suppα(ik) be
the support of ik (i.e., the probability that τ̃(ik) > α,∀τ̃ ∈ T ′)
at the restriction level α.

On the other hand, let ¬ik be the negation (absence) of item
ik, and let suppα(¬ik) = 1 − suppα(ik) be the support of
¬ik at the restriction level α. Note how, in the case of negated
items, the subsequent restriction level set may not correspond
necessarily to a fuzzy set.

Let Ī = {¬i1, . . . ,¬im} be the set of negated items from I ,
and A ⊂ {I∪ Ī}, C ∈ {I∪ Ī}, A∩C = ∅, the antecedent and
the consequent of the fuzzy association rule R : A⇒ C. If we
see this fuzzy association rule R under its RL-representation
as the pair (ΛR, ρR), we define the set of crisp representations
of R, ΩR, as

ΩR = {ρR(α) | α ∈ ΛR} (13)

where ρR)(α) = (R)α, that is, ρ represents the association
rules at each restriction level. In other words, this fuzzy as-
sociation rule can be viewed as the aggregation of all (crisp)
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association rules of the form A ⇒ C that can be obtained at
each restriction level α.

Let Suppα(A⇒ C), Confα(A⇒ C), and CFα(A⇒ C)
be, respectively, the support, confidence and certainty factor
of the crisp association rule Suppα(A ⇒ C) at restriction
level α.

Following the definitions in section 2.2, we must define the
measures of interest and accuracy of a fuzzy association rule
in terms of evaluation of quantified sentences. Hence, we de-
fine the support, confidence and certainty factor of the fuzzy
association rule A⇒ C as RL-numbers, according to the RL-
evaluation process proposed in [21].

Definition 5 Let mR be the basic probability assignment for
association rule R : A ⇒ C at each restriction level. The
support of the fuzzy association rule A ⇒ C, RL-Supp(A ⇒
C), is given by

RLSupp(A⇒ C) =
∑

(A⇒C)α∈ΩR

mR((A⇒ C)α) · Suppα(A⇒ C) (14)

Definition 6 The confidence of the fuzzy association rule R :
A⇒ C, RL-Conf(A⇒ C), is given by

RLConf(A⇒ C) =
∑

(A⇒C)α∈ΩR

mR((A⇒ C)α) · Confα(A⇒ C) (15)

Definition 7 The certainty factor of the fuzzy association rule
R : A⇒ C, RL-CF(A⇒ C), is given by

RLCF (A⇒ C) =
∑

(A⇒C)α∈ΩR

mR((A⇒ C)α) · CFα(A⇒ C) (16)

These measures, RL-Supp(A ⇒ C), RL-Conf(A ⇒ C)
and RL-CF(A⇒ C), can be viewed as the summarization of,
respectively, the support, confidence, and certainty factor of
every crisp association rule A ⇒ C obtained at each restric-
tion level. In fact, if the considered association rule has no
negated items involved, the following propositions (as gener-
alizations of the one proposed in [21]) hold.

Proposition 1 The RL-support of the fuzzy association rule
A⇒ C, RL-Supp(A⇒ C), is equal to the support of the rule
as computed in [16], using the method GD proposed in [22].

Proposition 2 The RL-confidence of the fuzzy association
rule A ⇒ C, RL-Conf(A ⇒ C), is equal to the confidence of
the rule as computed in [16], using the method GD proposed
in [22].

Let us remark that these same propositions for RL-Supp and
RL-Conf are not applicable for RL-CF since, again according
to [16], the certainty factor for a fuzzy association rule was
still computed in the same way as for a crisp one. Thus, we
are defining a new measure of accuracy for fuzzy association

rules, via restriction levels. The derived properties for this new
measure will be the object of study in a separate paper.

Finally, let us notice that, due to the followed RL-
representation, and opposite to the fuzzy sets case, it is not
possible to find itemsets containing both items i and ¬i, which
not only is desirable but also sounds logical.

5 Experiments
5.1 Implementation aspects

In our implementation, we start from the same Apriori-based
algorithm proposed in [16], with the exception that we must
compute the measures of interest and accuracy in terms of ev-
idence in restriction levels, following definitions 5, 6, and 7.

Additionally, we must take into account that now we con-
sider also absent/negated items, which result in a larger num-
ber of itemsets to be computed. I.e., if the original Apriori
algorithm [1] takes into account up to 2n itemsets, in our
proposal we must consider all the combinations of items and
negated items (except those impossible cases containing both
i and ¬i), resulting in a total number of (n + 1) · 2n ≈ n · 2n

itemsets. In each iteration, we must count the occurrences of
items in the set of transactions at each restriction level, but
also the absences of them. This results in that when consid-
ering combinations of items and negated items, we must cor-
rectly compute, for each restriction level, the correct support
for each itemset. I.e., supp({¬i1,¬i2}) = 1 − (supp(i1) +
supp(i2) − supp({i1, i2})), supp({i1,¬i2}) = supp(i1) −
supp({i1, i2}), and so on. One important remark is that we
need to keep all the generated itemsets, in order to have access
to their support values when necessary. This fact increases the
amount of necessary memory, and delays the threshold prun-
ing (by minimum support, etc.) until the second stage of the
algorithm (association rule extraction).

According to this, the final efficiency of the algorithm is ap-
proximately that of classic Apriori algorithm, but multiplied
by (n + 1) (due to negated items consideration) and by k (be-
ing k the number of restriction levels considered). One of our
pending tasks will be the study and development of a more ef-
ficient algorithm. In this sense, one choice is that of parallelize
the overall process. Since each one of the restriction levels is
a crisp set, we can reduce the problem to that of concurrently
extract crisp association rules at each level, and then aggregate
the obtained measures. We will address this aspect in a future
paper.

5.2 Experimentation results

In order to test the resulting algorithm, we first performed our
experiments over artificially generated set of transactions. We
randomly generated a set of transactions, involving 100 items
(and their negations), considered k = 10 restriction levels,
and obtained a total number of 39600 fuzzy association rules.
For space saving purposes, we restrict the number of items in
a rule to 2, 1 in the antecendent and 1 in the consequent. In
forthcoming papers, we will afford the study of more complex
rules.

Each fuzzy association rule has a related set of (crisp) asso-
ciation rules, present in each restriction level. Table 2 shows
an example subset of the obtained rules, after establishing a
threshold of minimum support and minimum certainty factor
of 0.5. Note that, after establishing these thresholds, a rule
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Table 1: Example of extracted fuzzy association rules
id# Rule Evidence RL-Supp RL-CF

#39283 ¬i90 ⇒ ¬i92 0.4 0.31 0.31

#39295 ¬i90 ⇒ ¬i95 0.4 0.30 0.25

#39347 ¬i91 ⇒ ¬i92 0.4 0.31 0.31

#39359 ¬i91 ⇒ ¬i95 0.1 0.05 0.05

#39463 ¬i93 ⇒ ¬i95 0.5 0.38 0.36

#39503 ¬i94 ⇒ ¬i95 0.5 0.38 0.36

#39519 ¬i94 ⇒ ¬i99 0.6 0.45 0.38

#39591 ¬i97 ⇒ ¬i99 0.5 0.38 0.37

#39599 ¬i98 ⇒ ¬i99 0.5 0.38 0.37

may not appear in all restriction levels. For sake of simplicity
and space saving matters, only the rule number is shown. See
Table 1 for a more complete description of some of the rules.

Applying definitions 5 and 7, we can summarize the support
and certainty factor of the rules in the restriction levels, and
compute the measures for the fuzzy association rules. Table 1
shows some of the obtained fuzzy association rules. The rule
numbers correspond to the referred ones in previous Table 2.

In addition, another interesting issue of our proposed
methodology is that, in terms of the restriction levels evidence,
we can summarize also the obtained set of fuzzy association
rules. Actually, we can reduce the number of rules present
at each restriction level, by discarding those with low support
and/or low certainty factor. After this pruning, we can com-
pute the associated probability distribution (see definition 10)
for each rule, and then interpret the resulting set of associa-
tion rules in terms of evidence. For example, the association
rules shown in Table 2 could be summarize according to their
evidence in the following expression,

Ruleset = {#39519}/0.6 +
{#39463, #39503,#39591, #39599}/0.5 + (17)

{#39283, #39295,#39347}/0.4

Again, for space saving purposes, we only refer to the rules
by its rule number. Let us remark that this expression is not
actually a fuzzy set, but still can be very helpful in order to
interpret the set of results, as we relate a relevance degree, the
basic probability assignment, to each rule or set of rules.

Finally, we applied our proposed methodology on real
data, obtained from a database containing soil information
(see [23] for a more complete description). We reduce the
set of data to those attributes modeled as fuzzy quantities
(Averagerainfall, Altitude, Depth, PH , and attributes de-
scribing the soil chemical composition). A set of linguistic la-
bels {Low,Medium, High} was defined for every attribute.
Table 3 shows some of the obtained fuzzy association rules,
all having Evidence = 1.0, restraining the thresholds of min-
imum support to 0.5 and minimum certainty factor to 0.7, for
space saving purposes.

Let us notice that considering absent items allows us
to improve the semantics of the rules. I.e., considering
item ¬Avg.Rainfall = Low allows us to represent both

Table 3: Example of fuzzy association rules on real data

Rule RL-Supp RL-CF

PH = High ⇒ ¬Avg.Rain. = Low 0.616 0.97

PH = Low ⇒ ¬Avg.Rain. = Medium 0.616 0.97

PH = High ⇒ ¬Avg.Rain. = Medium 0.616 0.97

PH = High ⇒ ¬Avg.Rain. = High 0.616 0.97

PH = Medium ⇒ ¬Avg.Rain. = Low 0.616 0.97

PH = Low ⇒ ¬Avg.Rain. = Low 0.616 0.97

PH = Medium ⇒ ¬Avg.Rain. = Medium 0.616 0.97

PH = Low ⇒ ¬Avg.Rain. = High 0.616 0.97

PH = Medium ⇒ ¬Avg.Rain. = High 0.616 0.97

¬Alt. = Low ⇒ ¬Avg.Rain. = High 0.810 0.83

¬Alt. = Medium ⇒ ¬Avg.Rain. = High 0.810 0.83

¬Alt. = High ⇒ ¬Avg.Rain. = Low 0.810 0.83

¬Alt. = High ⇒ ¬Avg.Rain. = High 0.810 0.83

¬Alt. = Medium ⇒ ¬Avg.Rain. = Low 0.810 0.83

¬Alt. = High ⇒ ¬Avg.Rain. = Medium 0.810 0.83

¬Alt. = Low ⇒ ¬Avg.Rain. = Medium 0.810 0.83

¬Alt. = Medium ⇒ ¬Avg.Rain. = Medium 0.810 0.83

¬Alt. = Low ⇒ ¬Avg.Rain. = Low 0.810 0.83

Avg.Rainfall = Medium and Avg.Rainfall = High
concepts. This aspect will be addressed in more detail in a
forthcoming paper.

6 Concluding remarks

We have introduced a new methodology to represent fuzzy
association rules in terms of RL-sets, as an alternative rep-
resentation to that of fuzzy sets. This methodology offers
some new advantages as, for example, it allows us to prop-
erly consider issues as fuzzy association rules involving ab-
sent items. As far as we know, ours is a novel methodology,
combining both presence and absence of items with impreci-
sion and uncertainty management. Considering both presence
and absence of items can lead us to discern possible conflicts
between items or detect when a set of items complements an-
other.

In addition, it also offers a method of summarizing the set
of obtained rules, representing them in a format similar to that
of fuzzy sets, and thus allowing us to help the user to discern
the relevance of a given rule or set of rules, along with the
usual measures of interest and accuracy. With respect to these
measures, we have seen how the resulting measures values are
the same to those obtained in the fuzzy set approach. In this
sense, our approach is still coherent with respect to previous
ones. Nevertheless, in the general case, and specially in the
case of the measure of certainty factor, new challenges appears
abroad, and the derived properties for these new definitions for
measuring the accuracy in rules will be approached in a future
paper.

Finally, we have extended an existing Apriori-based algo-
rithm in order to consider a fuzzy association rule as the ag-
gregation (RL-representation) of the related association rules

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1575



Table 2: Example of (crisp) association rules distributed through restriction levels
��������RL

Rule
#39283 #39295 #39347 #39359 #39463 #39503 #39519 #39591 #39599

1.0 × × × × × × ×
0.9 × × × × × × × ×
0.8 × × × × × × × ×
0.7 × × × × × × × ×
0.6 × × × × × ×
0.5 ×
0.4 ×

at each restriction level. As the overall performance is affected
by the higher number of itemsets to be taken into account, one
pending task will be the optimization of this algorithm in order
to improve its efficiency.
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Abstract— Connectivity analysis methodology is suitable to find
representative symptoms of a disease. This methodology describes
connections between symptoms in particular way and then chooses
the group of symptoms that have the high level of connection, or
in other words, have strong interconnections between elements of a
group. In this paper we investigate the analogy between connectivity
analysis and cluster analysis based on fuzzy equivalence relations.
A comparison of two approaches, one of which has strong theoret-
ical background (cluster analysis based on fuzzy equivalence rela-
tions) and more practically oriented connectivity analysis assures
more convincing and accurate connectivity analysis from one side
and applicability of fuzzy equivalence relations for medical diag-
noses from another. Connectivity analysis, as shown in the paper,
is one of the clustering methods, can be used in many applications
where feature selection and extraction problem is considered, in par-
ticular, in pattern recognition and image processing. The results of
the comparison are demonstrated on the examples.

Keywords— connectivity, equivalence relations, fuzzy cluster
analysis.

1 Introduction
When speaking about the physician intuition one means the
ability of a doctor to establish a diagnosis for a patient. This
process can be separated into different stages. One of them,
considered in this paper, distinguishes an experienced doctor
from a beginner: the expert uses a small amount of obser-
vations to make a conclusion about a patient’s state. Call-
ing these observations representative symptoms one highlights
their high discrimination power between this and other dis-
eases, their best characterization for a disease. "The best char-
acterization" means: if a patient has this representative group
of symptoms, his diagnosis is almost sure. Fuzzy notations
such as "small amount", "almost sure" show - as was already
mentioned in many scientific papers devoted to applications
of fuzzy logic in medical domains - that definitions, reason-
ing and conclusions in medicine are usually done with uncer-
tainty. And a task - to find the representative symptoms - is
not an exception.

For reasons of simplification we use symptoms as a general
concept for clinical parameters, different manifestations (sig-
nal, clinical), meanwhile diseases include disorders, different
diagnostic hypotheses.

The problem of finding the representative symptoms can
be solved within a computer-assisted medical diagnosis sys-
tem. Ideally, an established set of representative symptoms
for a particular disease allows to only partly examine a pa-
tient suspected for this disease, that, in turn, reduces costs,
time, etc. Different groups of representative symptoms can

be useful at the different stages of a chronic disease. Repre-
sentative symptoms can help to establish an overall risk for a
patient attacked from a particular disaster. For example, in life
insurance medicine [16] the mortality of applicants within the
period of insurance is assessed on the basis of present risk fac-
tors. Another possible application of representative symptoms
is an optimization of questionaries, e.g., in screening [5].

There are at least two ways to get the representative symp-
toms: to ask an experienced physician or to use some methods
to extract this set from the available information.

As was already mentioned, symptoms cannot normally be
described in simple "black and white" terms with "yes/no" or
"present/not present" answers. An expert seeking to compre-
hensively describe the multiple influencing factors would very
quickly reach the limit of his capacity [7]. For example, if an
expert should estimate a group of three symptoms, each of
which has three values, he will face 27 possible states. If the
number of symptoms and the number of values rise to five,
the number of states increase to 3125. Moreover, some dis-
ease categories overlap. For example, no consensus exists on
clinical or epidemiologic measures that can be used to classify
patients based on asthma symptoms [17]. Due to the highly
variable nature of asthma, classification of patients into mild,
moderate and severe disease categories is necessarily imper-
fect. That categories may overlap means, that trying to find
the representative symptoms for three categories of a disease
(mild asthma, moderate asthma and severe asthma) we do not
have a unique description for each of them. The USA National
Asthma Education Program of guidelines suggest symptoms
(wheeze, dyspnoea, cough, sputum production, allergy char-
acteristics, etc.), the degree of airflow obstruction and fre-
quency of use of oral glucocorticoids (never, infrequently for
attacks, frequently for attacks, and daily use) to validate three
asthma categories. Due to the symptom-disease-patient ter-
minology proposed by us the representative group of symp-
toms could be chosen from symptoms (the medication use,
spirometry, current symptoms) for three diseases (indicators
of asthma severity) for this example. Therefore it is not an
easy task to get representative symptoms from an expert for
building a computer-assisted medical system. A specialist
uses his unconscious knowledge, due to the professional in-
tuition and acumen.

To rely on data from the patient records only (or other
sources containing information about patients), using statis-
tical methods, seems also to be not a doubtless way. Widely
recognized drawbacks of statistical estimations is the demand
on high amounts of data. In other situations, conclusions de-
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duced from records do not correspond to results from other
sources. For example, as was reported in [17], a severity of
asthma induced from oral glucocorticoids use and spirometry
does not correlate with current asthma symptoms from medi-
cal records.

A combination of approaches is a matter of investigations
since years [2]. Especially since the theory of fuzzy sets was
proven to be useful in modeling uncertainties, in particular,
in medicine. Expert knowledge is composed of the evalua-
tions of the observed symptoms (the influencing factors) and
the rules for the combinations of these evaluations. The ex-
pert formulates and describes his decision in a linguistic form
in order to render it comprehensible to a layperson [16, 20].
Often, he/she demonstrates only certain key values of the in-
fluencing factors, the representative symptoms.

The complexity of a method partially depends on the initial
information available. For example, if we have a collection
of rules, where all symptoms and combinations of symptoms
are already estimated by experts as was done in [18] for pul-
monary tuberculosis with some degree of confirmation and ex-
clusion, the task to find the representative symptoms may be
easily solved. Experts are asked to establish thresholds for an
exclusion and a confirmation of symptoms and this will allow
to classify the symptoms to the corresponding representative
groups.

The medical records is a point of departure for connectivity
analysis as well, but values in these records represent some
degree of expressiveness of a symptom, or the degree of com-
patibility between patients and symptoms. For example, for
"overweight" the expert may put a number between 0 and 1 to
reflect his opinion about this patient’s symptom. The expert
may know the exact weight of a patient or not, his estimation
0 shows that the patient has no overweight, 1 - the patient is
very thick, 0.2 -the patient is almost in norm. The "ruddy com-
plexion" is another example for the scale representation, e.g.,
0.2, 0.4, 0.8 would mean different degrees of a skin face color
estimated by an expert.

The connectivity analysis has been intensively applied, in
particular, in medicine, management, geology [4, 10, 11, 12,
13, 22]. In most cases its practical usefulness was proven by
examples. But in general, the connectivity analysis can be
considered as a part of pattern recognition problem, in partic-
ular, cluster analysis. Till now such relations were not estab-
lished. Our intention in this paper is to show that there exists
an analogy between the connectivity analysis and fuzzy clus-
ter analysis based on fuzzy equivalence relations. This com-
parison (or, in some sense, an interpretation of connectivity
analysis in terms of well-established cluster analysis) brings
more insights into the connectivity analysis which is practi-
cally used but has some weaknesses in the theoretical back-
ground from one side and applicability of fuzzy equivalence
relations for medical diagnoses from another.

To realize our intentions, the paper is organized as follows.
In the next section we describe what we understand under con-
nectivity analysis and how it is applied to the representative
symptoms mining problem. Section 3 describes elements of a
fuzzy cluster analysis based on fuzzy equivalence relations. In
Section 4 the analogy between two approaches are considered
and the paper is concluded by final remarks.

2 Connectivity between symptoms
Assume from the database of already diagnosed patients, suf-
fering from a particular disease, the table RSP = {rij},
i = 1 . . . n, j = 1 . . . m is obtained where only presence
or absence of symptoms are ticked. For example, in Table 1
information about 5 patients who have been suffering from a

Table 1: An initial table for a symptom-patient connection

p1 p2 p3 p4 p5

s1 1 0 1 0 0
s2 1 1 0 1 0
s3 1 1 1 1 1
s4 0 1 0 1 1

particular disease with 4 corresponding predefined symptoms
is presented. Compared with a real practical situation, the de-
scription of e.g., pulmonary tuberculosis (PT) [18] consists of
30 symptoms.

2.1 The positive level of connection

Assume, Table 1 defines the relation of connectivity between a
set of patients P = {p1, p2, p3, p4, p5} and a set of symptoms
S = {s1, s2, s3, s4}. rij = 1 denotes that person pj has the
symptom si and rik = 0 denotes that person pk does not have
it.

Dealing with these data, the intuitive proposal to get a group
of representative symptoms is to highlight those symptoms
that often meet under description of a patients’ condition. For
example, from Table 1 it can be seen that symptom s3 is
present by all patients, symptoms s1 and s2 have in common
only p1. Speaking language of connectivity, the representa-
tive symptoms can be naturally chosen based on the level of
connection among symptoms that is equal to the number of
common patients affected by those symptoms. For example,
symptoms s1 and s2 have in common only p1 and hence they
are connected at level 1, meanwhile symptoms s2 and s3 have
in common patients p1, p2 and p4 , i.e., they are connected at
level 3. Formula (1) describes pairwise connectivities between
symptoms.

Qs = RSP RT
SP (1)

In (1) ordinary multiplication of matrices is used.
The result of (1) is matrix (2). Clearly, Qs is diagonal sym-

metric and can be represented in upper triangular form: the
order of symptoms is not important.

Qs =




2 1 2 0
1 3 3 2
2 3 5 3
0 2 3 3


 (2)

Connectivity results can be represented as shown in Table
2.

0-connection is not considered. The symptom s3 can be
taken as the representative one, but the groups of symptoms
are of interest from the physician point of view: one symptom,
for instance, a cough, can be present due to many diseases, and
cannot be distinguishable for them.
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Table 2: Pairwise connections from matrix (2)

Levels of connectivity, q Groups of symptoms
5 {s3}
3 {s2}{s2, s3}{s3, s4}, {s4}
2 {s1}{s1, s3}{s2, s4}
1 {s1, s2}

Sets {s2, s3} or {s3, s4} can be considered as appropriate
ones. They have, however, in common one element, s3. A
fusion of these two sets into {s2, s3, s4} would mean, that the
same number of patients (i.e., 3) have in common subsets of
this set.

Therefore, let us transform Table 2 into Table 3 due to the
following observations:

1. if n patients have in common a symptom (or symptoms),
n−1 patients have this symptom(s), too. The same is for
n − 1, n − 2, etc. This property we call inheritance.

2. if the same symptoms belong to different groups at the
same level of connectivity, these groups can be fused.

Table 3: After fusion and inheritance in Table 2

Levels of connectivity, q Groups of symptoms
5 {s3}
4 {s3}
3 {s2, s3, s4}
2 {s1, s2, s3, s4}
1 {s1, s2, s3, s4}

Information from Table 3 can be interpreted. For instance,
symptoms {s2, s3, s4} are more representative for the consid-
ered disease, because they are at a high level of connectivity
i.e., have in common many patients and the cardinality of this
set is not small. This intuitive procedure can lead, for example,
to similar groups of representative symptoms, i.e., at the same
level, two groups and the same number of different symptoms
in each group. In this case both groups can be considered as
representative ones or a consultation with a physician is sup-
posed.

So far so good, but even in this example part of the infor-
mation used is lost: for instance, the absence of the symptoms
are not taken into account. In Table 4,

Table 4: s1 is more like s2 than s3

p1 p2 p3 p4

s1 1 0 1 1
s2 1 0 1 1
s3 1 1 1 1

s1 and s3 are connected (via p1, p3 and p4) at the same
level (q = 3) as s1 and s2 (via p1, p3 and p4). But obviously,
s1 is more like s2 than s3.

2.2 The negative level of connection

Due to the tradition of expert systems in medical diagnoses
[3, 6, 8, 18, 19, 21] it is important to consider not only an
occurrence of symptoms, but a non-occurrence as well.

Let us now get information from the non-occurrence of
symptoms in Table 1. For each pair of symptoms the num-
ber of patients, that do not have in common these symptoms
is calculated. Formally, formula (1) can be used here, where
matrix RSP is substituted by Ω − RSP , where Ω is a matrix
with all elements unity. The results of negative connectivity is
represented in Table 5, where q− are levels of connectivity.

Table 5: Pairwise connections of symptoms that patients have
no in common from Table 2

q− Groups of symptoms
3 {s1}
2 {s2}, {s4}
1 {s1, s2}{s2, s4}
0 {s3}, {s3, s4}, {s2, s3}, {s1, s3}, {s1, s4}

The results of this table can be interpreted. For example,
the lowest row shows, that there are no patients, that do not
have in common {s3}, or {s3, s4}, or {s2, s3}, or {s1, s3},
or {s1, s4}, i.e., all patients have at least one of these sets in
common. This leads to the assumption, that these groups of
symptoms can be considered as candidates to be representative
ones. {s1} does not occur by 3 patients, and therefore {s1}
can be considered as a representative non-occurrence symp-
tom for the particular disease (if we assume, of course, that
one symptom can be representative for non-disease; this case,
as a corresponding one from the positive connectivity should
be discussed with an expert).

Intuitively it is also clear that if {s1} does not occur by each
of three patients, it does not occur by two or one of them. The
procedures of inheritance and fusion are the same as in the
case of positive connectivities.

The final set of representative symptoms can be differently
established. A possible way is to combine representative
symptoms for a disease and for non this disease. For exam-
ple, if a patient has {s2, s3, s4} and does not have {s1} we
can conclude that the patient has this disease.

2.3 Some remarks, concerning connectivity analysis

We did not consider in the previous sections cases when the
elements of the matrices RSP take the values from [0, 1] or,
moreover, are represented by linguistic terms. In this paper
we restrict ourselves to the “crisp” cases to concentrate on the
explanation of the idea of the connectivity analysis to demon-
strate a way to find similarities between symptoms due to their
presence by patients. If, however, the elements of RSP are
numbers from [0, 1], they are interpreted as a strength of con-
nection (or compatibility) between a patient and a disease.Qs

is a composition of fuzzy relations. Elements of Qs can be
interpreted as a pairwise strength between symptoms for pa-
tients.

It is easy to see that absolute values of the connectivity lev-
els are not decisive for choice of the group of representative
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symptoms. A corresponding ordinal scale can bear the neces-
sary information for connectivity. It means that for particular
calculations we can simply linearly transform obtained con-
nectivity levels into corresponding numbers from [0, 1].

Above we have used a fairly fuzzy procedure to find the
representative symptoms from positive and negative connec-
tivities. The main demands are ”high level of connection” and
rather “wide” set of symptoms, connected at this level. In
some sense, more formal algorithm would be preferable.

In the next section we consider if it is possible to formu-
late the connectivity analysis by similarity relations and cor-
responding fuzzy cluster analysis to assure more convincing
and accurate connectivity analysis.

This idea appears by an intuitive analogy between levels of
connections and α-cuts of fuzzy relations. Let us first recall
several definitions used to build such analogy.

3 Cluster analysis based on fuzzy equivalence
relations

It is known that every fuzzy equivalence relation (sometime
called a similarity relation) induces a crisp partition of its α-
cuts. And therefore, fuzzy clustering problem can be viewed
as the problem of identifying the appropriate fuzzy equiva-
lence relation on given data.

Definition 3.1 Let R be a fuzzy relation, R : X×Y → [0, 1] ,
i.e., R = {((x, y), R(x, y))|(x, y) ∈ X×Y }, the α-cut matrix
αR is denoted by

αR = {(((x, y),α R(x, y))|αR(x, y) = 1 if R(x, y) ≥ α;
αR(x, y) = 0 if R(x, y) < α, (x, y) ∈ X × Y, α ∈ [0, 1]}
Definition 3.2 Binary fuzzy relation R : X × X → [0, 1] is a
fuzzy equivalence relation iff it is reflexive, i. e., R(x, x) = 1;
symmetric, i. e., R(x, y) = R(y, x), and max-min tran-
sitive: R(2) = R ◦ R ⊂ R or, more explicitly R(x, z) ≥
maxy

{
minx,z{R(x, y), R(y, z)}

}
, ∀x, y, z ∈ X

For practical tasks it is easier first to build a fuzzy compat-
ibility relation and then calculate a transitive closure of this
compatibility relation and this way to complete identification
of a fuzzy equivalence relation.

Definition 3.3 A fuzzy relation R on X × X is called a fuzzy
compatibility relation if it satisfies reflexive and symmetric
conditions.

Definition 3.4 The transitive closure RT of a fuzzy relation
R is defined as the relation that is transitive, contains R (
RT ⊃ R) and has the smallest possible membership grades.

Theorem 3.1 [14] Let R be a fuzzy compatibility relation on
a finite universal set X with |X| = n, then the max−min
transitive closure of R is the relation R(n−1).

4 Connectivity analysis in the frame of fuzzy
equivalence relations

Ideally, if Qs (see (1)) would be a similarity relation one can
easy see that levels of connections correspond to α-cuts. Thus,
the analogy between connectivity analysis and a fuzzy cluster-
ing based on fuzzy equivalence relations is established.

NormallyQs is symmetric, but its reflexivity and transitivity
are questionable. To reach these two properties one can do as
follows.

First, as was already told in the section 2.3, we can substi-
tute the elements of Qs by the corresponding ones from inter-
val [0, 1]. Due to the definition of ε-reflexivity, i.e. R(x, x) ≥
ε x ∈ X , 0 < ε < 1 [14], Qs is ε-reflexive. Thus, Qs is a
fuzzy compatibility relation.

Transitive closure of Qs can be find due to the following
procedure [15] based on the results of the Theorem 3.1: find
the transitive closure QT of fuzzy compatibility relation Qs.

Step 1: Calculate Q(2) if Q(2) = Qs or Q(2) ⊂ Qs, then
transitive closure QT = Qs and stop. Otherwise, k = 2,
go to step 2.

Step 2 : If 2k ≥ n − 1, then QT = Q(n−1) and
stop. Otherwise, calculate Q(2k) = Q(2k−1) ◦ Q(2k−1),
if Q(2k) = Q(2k−1), then transitive closure QT = Q(2k)

and stop. Otherwise, go to step 3.

Step 3: k = k + 1, go to step 2.

Due to this procedure a transitive closure of Qs is as follows
(mention a reverse transformation of the previous scale):

QT =




2 2 2 2
2 3 3 3
2 3 5 3
2 3 3 3


 (3)

Following Definition 3.1 the relation (3) induces the parti-
tions of its α-cuts represented in the Table 6:

Table 6:

α-cuts Groups of symptoms
5 {s3}
3 {s2, s3, s4}
2 {s1, s2, s3, s4}
1 {s1, s2, s3, s4}

It can be easy see, that these results coincide with results of
connectivity analysis represented in the Table 3. Relation (3)
represents a transitive closure of Qs, and the elements of this
relation differ from corresponding elements of Qs. A similar
procedure can be done for “negative connectivity” analogy.

Notice, that recently there exist other methods, that trans-
form the initial fuzzy binary relation into reflexive, symmetric
and T -transitive fuzzy binary relation, i.e., a similarity rela-
tion, that contains the initial relation [9].

Although results from Table 6 satisfy our initial intuition,
“the transitive closure method carries a number of major prob-
lems, such as the need of storage and computer time required;
. . . there is no way of controlling the distortion that this method
produce on the data sample”[23].

Several possibilities exist to find a more efficient way than
this transitive closure method does. For instance, an appli-
cation of the representation theorem [23] no longer requires
reflexive and symmetric fuzzy relation as initial data.
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Thus, to build a similarity relation from an initial fuzzy re-
lation, can be done differently. Our approach, based on the
ε-reflexivity, and transitive closure, return a similarity rela-
tion, which α-cuts coincides with group of symptoms from
the connectivity analysis. It was checked for data considered
in different applications [4, 12, 13, 22] and gives the same
results. This is the approach used thus far to establish the va-
lidity of the proposed analogy between connectivity analysis
and the fuzzy cluster analysis based on fuzzy equivalence rela-
tions. Notice that this analogy was found for low dimensional
data, large-scale data is a subject of future investigations.

5 Concluding remarks
Let us summarize what we have done. We have shown how
connectivity analysis can work in the frame of fuzzy equiva-
lence relation. This means, in particular, that due to the above
described analogy, levels of connection in the connectivity
analysis can be represented as α-cuts. In turn, the method-
ology to build clusters based on the α-cuts from fuzzy rela-
tions is already established. Therefore, the connectivity anal-
ysis can be considered as a fuzzy clustering problem based on
the fuzzy compatibility relations.

The question is how to obtain a compatibility relation from
initial table (see, for instance, Table 1). In our discussions
we used QS . As was already told, the connectivity analy-
sis belongs to the family of cluster methods, and particularly,
it can be considered as one of the hierarchical methods [1].
Therefore other dissimilarity measures between patterns and
features (patients and symptoms) can be used and the prob-
lem to find the representative symptoms becomes a problem
of the feature selection and feature extraction problem in the
cluster analysis. A fuzzy compatibility relation can be de-
fined in terms of an appropriate distance function of, e.g., the
Minkowski class [1]. The question is in interpretation of this
relation. Therefore the next investigation can be dedicated to
the construction of QS that allows to inherit useful informa-
tion from the initial table RSP to build representative symp-
toms.

References

[1] J. Abonyi and B. Feil. Cluster Analysis for Data Mining
and System Identification. Birkhäuser Verlag AG, 2007.

[2] K.-P. Adlassnig and G. Kolarz. CADIAG-II: computer-
assisted medical diagnosis using fuzzy subsets. In M.M.
Gupta and E. Sanchez, editors, Approximate Reason-
ing in Decision Analysis, pages 495–505. North Holland
Publishing Company, 1982.

[3] K. Bögl, H. Leitich, G. Kolousek, G. Rothenfluh,
and K.-P. Adlassnig. Clinical data interpretation in
MedFrame/CADIAG-4 using fuzzy sets. Biomedical
Engineering: Applications, Basis and Communications,
8(6):488–495, 1996.

[4] F. Criado, T. Gachechiladze, N. Jorjiashvili,
Z. Khvedelidze, H. Meladze, J. M. Saacutenchez,
G. Sirbiladze, and G. Tsertsvadze. Theory of connec-
tivity and apportionment of representative chains in
the problem of decision-making concerning earthquake
possibility. International Journal of General Systems,
32(2):103–121, 2003.

[5] F. Georgsson and P. Eklund. An identification of han-
dling uncertainties within medical screening: a case
study within screening for the breast cancer. In Fuzzy
and Neuro-Fuzzy Systems in Medicine, pages 161–188.
CRC Press, Boca Raton, FL, 1998.

[6] L. Godo, R. López de Mántaras, C. Sierra, and A. Verda-
guer. MILORD: The architecture and management
of linguistically expressed uncertainty. In D. Dubois,
H. Prade, and R.R. Yager, editors, Fuzzy Information
Engineering: A Guided Tour of Applications, pages 357–
387. Wiley Computing Publishing, John Wiley and Sons,
Inc, 1990.

[7] P.-J. Horgby, R. Lohse, and N.-A. Sittaro. Fuzzy under-
writing: an approach of fuzzy logic to medical under-
writing. Actuarial Practice, 5(1), 1997.

[8] P. R. Innocent and R. I. John. Computer aided medical
diagnoses. Information Sciences, 162(2004):81–104.

[9] P. Julián-Iranzo. A procedure for the construction of a
similarity relation. In IPMU2008, 2008.

[10] T. Kiseliova. A theoretical comparison of Disco and
CADIAG-II-like systems for medical diagnoses. Kyber-
netika, 42(6):723–748, 2006.
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 Abstract—The Internet users have to perform a lot of search to find 

web pages with relevant information. The paper proposes an 

approach for utilization of a hierarchy of concepts to perform 

identification of web pages in the environment of the Semantic Web. A 

user provides a hierarchy of concepts that can only partially “cover” 

their domain of interest. Ontologies related to that domain are used 

to instantiate the hierarchy with concrete information, as well as to 

enhance it with new concepts initially unknown to the user. A web 

page is checked against concepts from the hierarchy and activation 

levels of those concepts are aggregated using Ordered Weighted 

Averaging (OWA) operators that are part of the hierarchy of 

concepts. Mechanisms of aggregations embedded in OWA operators 

are determined using linguistic quantifiers and importance of 

concepts. The importance of concepts is constantly changing, and in 

order to automatically assign importance values and “keep track” of 

changes a new algorithm for Adaptive Assigning of Term Importance 

(AATI) is used.  

 Keywords—hierarchy of concepts, ontology, ordered weighted 

aggregation, text identification 

1 Introduction 

The enormous growth of the WWW (World Wide Web) 

creates a serious challenge in discovering relevant information 

among all web documents. Those documents vary in quality of 

information they contain, as well as in their timeliness. It is not 

easy to find the most relevant documents when the repository 

is constantly changing.  

In general, there are two approaches used for finding relevant 

web pages, i.e., "Information retrieval" (IR) [4] and "Text 

Categorization" (TC) [8]. IR retrieves documents based on a 

query using a "keyword-matching" mechanism without 

considering different meanings of keywords under different 

contexts. In TC, there is no query, and the knowledge about a 

given category is embedded in models developed using 

machine learning (ML) techniques based on documents 

representing the category.  

In real world scenarios, people relay on Search Engines (SEs) 

to retrieve required information. SEs accept users' queries and 

return sets of related web documents applying one of two 

approaches: building a full-text index-based search (IR-like 

approach), like Google and Altavista; or constructing 

taxonomies with web documents populating categories (TC-

like approach), such as Yahoo.  

People identify documents as belonging to a specific category 

based on a set of keywords. A person looks at a document and 

“searches” for keywords and associated with them concepts 

related to a given category. Moreover, for a person all 

keywords and concepts are interconnected and constitute a 

network. Activation of one keyword or concept initiates 

activation of related concepts. Relations between them can be 

of different nature: some can “point” to more specific 

concepts, some can relate to concepts that are parts of the 

original concept, and some can relate to concepts that contain 

the original one. More keywords and associated concepts are 

found in the document more support is collected towards 

assigning this document to a category described by the 

keywords. 

An introduction of the Semantic Web [1] has led to the 

increased popularity of ontology as a means of representing 

knowledge in a way that a human being as well as a machine 

can understand. An ontology is a formal, explicit specification 

of a shared conceptualization [2]. It is a set of well-defined 

classes that describe data models in a specific domain. 

Together with their individuals (instances of classes), 

ontologies work as knowledge characters to express individual 

facts [7]. This new representation of knowledge introduced to 

the web environment brings new possibilities of utilization of 

information [5,6]. 

A different format of knowledge representation has been 

proposed in [10]. The proposed format, called Hierarchy of 

Concepts (HOFC), represents concepts with atomic attributes 

or other concepts. As the result a graph-like structure is 

established where each vertex is a concept, and terminal 

vertices are attributes. The edges of the hierarchy represent 

relationships that define concepts with a set of other concepts 

and/or attributes. An HOFC can be used for representing any 

human-like structure of concepts, for example queries [10].  
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The paper introduces a new idea for constructing a category 

identifier using an HOFC combined with ontology and an 

algorithm for automatic updating of concept importance. In a 

nutshell, a user provides a simple hierarchy describing their 

category of interest. This hierarchy contains concepts that are 

the most obvious for the user. The concepts are linked together 

via different types of relationships. The concepts that 

constitute the hierarchy are generic – they are just definitions 

of concepts. The specific pieces of information are extracted 

form ontologies and “attached” to the equivalent concepts of 

the hierarchy as attributes – in other words ontologies are used 

to populate the hierarchy. Relations existing between ontology 

classes are used to find new concepts that are added to the 

hierarchy as well. This provides a mechanism for dynamic 

enhancement of hierarchies.  

The dynamic character of the proposed approach is evident in 

a process of determining importance of HOFC concepts. 

Concept importance changes accordingly to changes in the 

contents of web pages – newly posted documents and texts 

affect importance of keywords in their ability to “identify” a 

given category. In order to “follow” these changes we 

equipped our HOFC with AATI [3]. The AATI is an un-

supervised algorithm with ability to determine and update 

concept importance values automatically. 

2 Background 

2.1 Hierarchy of Concepts 

In a nutshell, an HOFC uses a notion of representing concepts 

with atomic attributes or other concepts. Edges of HOFC are of 

significant importance to the whole idea of HOFC. If we 

assume that a concept C1 is defined, described by or related to 

other two concepts C2 and C3, then the hierarchy will have two 

edges connecting C2 with C1, and C3 with C1. The concept C1 

is called a higher-level concept, and C2 and C3 are lower-level 

concepts. This also means that activation of concepts C2 and 

C3 leads to activation of C1. 

HOFCs introduce a very important feature – the process of 

activation of higher-level concepts by lower-level concepts is 

fully controlled by a user. There are two controlling 

components: importance vector M and linguistic quantifier Q. 

The vector M is an indicator of significance of each lower-

level concept in defining a higher-level concept. In other 

words, M determines a weight of each of the participating 

(lower-level) concepts in a process of identifying an activation 

level of higher-level concept. The linguistic quantifier Q 

guides the aggregation of lower-level concept activations 

levels. We can have such quantifiers as some, most, at least 

half, about 1/3, or for all. Both M and Q determine how 

activation levels of lower-level concepts should be combined 

using the Ordered Weighted Averaging (OWA) operator [9]. 

In a formal representation, the OWA operator, defined on the 

unit interval I and having dimension n, is a mapping Fw: I
n
 -> I 

such that: 

  

Fw (a1,K,an ) = w j *bj
j=1

n

�                            (1)                                                          

where bj is the j
th

 largest of all arguments a1, a2,..., an, and wj is 

a weight such that wj is in [0, 1] and the sum of wj is equal 1. If 

W is an n-dimensional vector whose j
th

 component is wj and B 

is an n-dimensional vector whose j
th

 component is bj then 

Fw(a1, a2,..., an) = W
T
B. In this formulation W is referred to as 

the OWA weighting vector and B is called the ordered 

argument vector.  

2.2 Ontology 

The most important aspect of the ontology used for Semantic 

Web applications is related to identifying two ontology layers: 

the ontology definition layer, and the ontology instance layer
1
.  

The ontology definition layer represents a framework used for 

establishing a structure of ontology and for defining classes 

(concepts)
2
 existing in a given domain. A structure of ontology 

is built based on a relation is-a between classes. This relation 

represents a subClassOf connection between a superclass and a 

subclass.  

The ontology definition contains descriptions of classes.   

Classes are defined using two types of the properties: 

- datatype property – this type of property focuses on 

describing features of a class; this property can be 

expressed as values of such data types as boolean, float, 

integer, string, and many more (for example, byte, date, 

decimal, time); 

- object property – this property defines other than is-a 

relationships among classes (nodes); these relationships 

follow the notion of Resource Description Framework 

(RDF) [11] that is based on a triple subject-predicate-

object, where: subject identifies what object the triple is 

describing; predicate (property) defines the piece of data 

in the object a value is given to; and object is the actual 

value of the property; for example, the triple “John likes 

books” has “John” as subject, “likes” as predicate and 

“books” as object. 

Once the ontology definition is constructed, it can be 

instantiated. The properties of classes are filled out with real 

data – values are assigned to datatype properties, and links to 

instances of other classes are assigned to object properties.  

2.3 AATI 

Knowledge about a specific category is understood as the 

importance of keywords describing a category. The keywords 

and their importance are used to identify documents that 

belong to the category. The primary characteristic of a new 

algorithm for Adaptive Assigning of Terms Importance (AATI) 

is that it updates weights of keywords – called here terms – at 

the same time it categorizes web documents. It means that a 

training phase is not required [3]. The proposed algorithm is 

able to handle changes of terms and their importance. 

Knowledge collected by AATI is constantly updated, and there 

is no need to restart the algorithm when terms and their 

importance change. 

AATI works on two sets of terms. One set contains terms that 

represent a given category, which is called target category, 

                                                
1 According to the terminology adopted by the Semantic Web community, the 

term “instance” has been replaced by the term “individual”. For the purpose of 

clarity, the term instance – similar to the term instantiated – is used throughout 

the paper 
2 The term class is used to distinguish ontology concepts from HOFC concepts. 
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while the other set contains terms that do not belong to a target 

category. AATI updates importance of the terms via changing 

weights associated with the terms called Term Weights (TW). 

The importance of terms reflects their discriminatory power in 

identifying a target category. Each web document is evaluated 

by summing TW of all terms that the page contains. The sum is 

called Page Value (PV). Please note that TW and PV are 

recursively defined. That is, TW and PV depend on each other. 

Let a set P = {p1,p2,p3,...,pm} denotes PV of web documents, 

where each element pi denotes PV of the ith document. Let a 

set T = {t1,t2,t3,...,tn} denotes terms in web documents, where 

each element tj represents TW of the term j.  In AATI, TW 

defines PV: 

pi =
fij

Ni

t j
j= 0

n

�                               (2) 

where Ni is the number of words on a page i; fij is the number 

of occurrences of term j on the page i. If a term j does not 

occur on page i, fij is zero. 

At the same time, PV defines TW: 

  
t j =

f ij

� N ji=0

m

	 pi
                               (3) 

where N’j is the number of occurrences of term j in the 

document set containing m documents. If a term does not 

occur in the page i, fij is zero.  

Therefore in the language of linear algebra, the definition 

between PV and TW can be written as  

P = A �T

T = B �P
=> T = (B � A) �T => T =C �T           (4) 

Thus, T is the eigenvector of matrix C with the eigenvalue one. 

At the same time, because both the sum of each row in the 

matrix A and that of each row in the matrix B are one, the sum 

of each row in the matrix C is also one. So, the eigenvector T 

as the solution of (4) exists and is unique. 

Therefore, we define the algorithm AATI to evaluate TW : 

o Step1: build a list of terms for a target category, and assign zero 

as TW for all terms; 

o Step2: take a new web document; if there is no more web 

documents, STOP; 

o Step3: parse the document based on the list of terms; 

o Step4: for each term occurring in the document do one of the 

following: 

(a) If the term value is not zero (it means the term has already 

appeared in documents), take this value as TW; 

(b) If the term value is zero (the term has not been found in any 

documents), randomly generate a number between 0 and 1, and 

assume it as TW for this term; 

o Step5: Calculate the PV for this web document by Equation (2) 

o Step6: Update the TW of those terms found in the web document 

(3); 

o Step7: Normalize TW across all terms; 

o Step8: Go back to Step2. 

 

3 HOFC as Keyword Structure for Text 

Identification 

3.1 Description of Domain of Interest

Text categorization uses keywords as representation of a 

category, and a text identification process checks if a given 

text contains those keywords. If all or fraction of keywords 

(depending of the applied technique) are found in a given 

document then the document is considered as belonging to a 

category described by the keywords. Usually, all keywords are 

not equally important and they are associated with weights 

identifying their importance. The keywords are represented as 

a flat structure, and there is no indication that they are 

“related” to each other, and that some of them depend on 

others. 

A human, as it has been already indicated, looks at a document 

and uses not only keywords but also related keywords to 

identify a category the document belongs to. The presence of 

one keyword in the document activates other connected 

keywords. More keywords are found in the document more 

support is collected towards assigning this document to a 

category described by those keywords. 

This human-like approach to use a network of keywords 

describing a specific category can be implemented with an 

HOFC (Section 2.1). An HOFC defines a concept with a set of 

other concepts or attributes
3
. The relations between a defined 

(higher-level) concept and defining (lower-level) concepts and 

attributes represent different types of associations that are 

meaningful for a user. Therefore, a structure of HOFC can be 

treated as a user-defined description of a given category. 

This analogy goes even further when we take a closer look at 

the process of activation of HOFC concepts. In a nutshell, an 

activation level of higher-level concepts depends on activation 

levels of lower-level concepts. In other words, activation of a 

higher-level concept emerges via activation of more specific 

lower-level concepts and attributes. A level of activation of 

higher-level concepts is determined via an aggregation 

operator OWA defined with a linguistic quantifier (Q) and an 

importance vector (M).  

 

Figure 1: A simple structure of HOFC representing the category 

soccer

Fig. 1 shows a simple HOFC representing a soccer concept 

defined by two lower-level concepts: player, and coach. Each 

                                                
3
 To ensure clarity it should be noted that among all phrases used in 

the paper the following relations hold: concepts are equivalent to 

classes; keywords, attributes and terms are equivalent to each other. 
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of them has a single attribute: <NAMEp> and <NAMEc>, 

respectively. Concepts soccer, player and coach have their 

own linguistic quantifiers: Qs, Qp, and Qc, and importance 

vectors Ms, Mp, and Mc. The vector Ms is of dimensionality 

2, dimensionalities of Mp and Mc depend on a number of 

instances of each concept. Instances, that represent concrete 

pieces of information, are values of attributes <NAMEp> and 

<NAMEc>. 

3.2 HOFC and Ontology 

The application of HOFC to represent a user’s view of the 

domain of interests brings a number of benefits. The HOFC 

allows us to incorporate different types of relations between 

concepts and attributes, and build quite complicated and well-

interconnected nets of keywords/concepts describing the 

domain of interest. 

However, users who provide HOFCs do not have to be experts 

in the domain. They can provide a very simple hierarchy – 

called a basic HOFC – that contains just a few concepts. This 

basic HOFC is treated as a starting point for building a more 

comprehensive HOFC better suited for identifying a category a 

given web page belongs to. The process of enriching the user-

provided hierarchy is performed with ontology. 

An ontology as proposed by the Semantic Web community 

(Section 2.2) represents a very attractive and powerful 

approach for knowledge representation. The richness of 

information that can be expressed with an ontology means that 

an ontology can be used to provide concrete and additional 

information for HOFCs. In the first case, we talk about 

instantiation of HOFC, and about enrichment of a hierarchy in 

the second case. 

The process of instantiation can be explained with the help of a 

basic HOFC, Fig. 1. This hierarchy is  “instantiated” with 

specific information obtained from the soccer category. The 

ontology is queried about player. The result – three instances 

of the class player – is presented in Fig. 2. The process of 

assigning values to Q and M is described in Section 3.3 and 4. 

 

Figure 2: The HOFC of the category soccer with instances 

An ontology can also be treated as a repository of new 

concepts that can be added to the concepts already existing in a 

HOFC. This enhancement can be twofold: in the form of 

addition of lower-level concepts, and in the form of providing 

concepts related in a “non-trivial” way to concepts already 

held in the hierarchy.  

The concepts provided by a user are used to find 

corresponding classes in an ontology. The sub-classes of these 

classes are taken from the ontology and attached to the 

concepts of HOFC as new lower-level concepts. For an HOFC 

presented in Fig. 1, it would mean lower-level concepts: 

forward, defender, and midfielder are attached to the concept 

player. 

Classes defined in an ontology possess object properties 

(Section 2.2). Object properties are definitions of “non-trivial” 

relations that exist between pairs of ontology classes. They are 

used to bring new concepts to an HOFC. 

For example, the ontology class player has an object property 

playsFor that “binds” any instance of player with an instance 

of the ontology class team. If we assume that there is an 

instance of the class player called Rinaldo. Rinaldo has an 

object property playsFor that binds Rinaldo with an instance 

of the class team – Manchester_United, Fig. 3.  

3.3 Text Identification process 

A web page identification process corresponds to an 

“activation” of the top concept of an HOFC. The activation 

level of the top concept depends on activation levels of lower-

level concepts and attributes. The activation of HOFC is 

determined in a bottom-up manner. Attributes at the bottom of 

HOFC are “matched” against words that appear in a web page.  

Presence of those words means activation of attributes, and 

activation of attributes means activation of upper-level 

concepts. This approach requires aggregation of activation 

levels of all attributes/concepts that define (are attached to) a 

concept. The aggregation process is performed using OWA 

(Section 2.1). The weights of OWA are determined based on Q 

and M. 

Figure 3: The HOFC of the category soccer with individuals 

and “enhancement” 

Let     mi
� [0,1] be a value associated with an attribute or 

concept ai indicating its importance. If n concepts define a 

single higher-level concept then M of this concept is a n-

dimensional importance vector [m1, m2, …, mn], and the 

weighing vector W has to be calculated based upon both Q and 

M. The first step is to determine the ordered argument vector 

B, such that bj is the j
th

 largest of all arguments a1, a2,..., an. 

The arguments are numbers of occurrences of attributes in a 
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text. Furthermore, we assume µj to denote the importance 

value associated with the attribute or concept that has the j
th

 

largest value. Thus if a5 is the largest value, then b1=a5 and 

µ1=m5. The next step is to calculate the OWA weighing vector 

W using: 

    
wj = Q(

S j

T
) �Q(

S j�1

T
)  

where 

  

S j = µk

k=1

j

�      and     

  
T = Sn = µk

k=1

n

	 .

So, Sj is the sum of the importances of the j
th

 most satisfied 

attributes/concpets, and T is the sum of all importances. 

The linguistic quantifier Q is provided by a user at the time 

they provides their basic HOFC. During processes of 

enhancement, the values of Q for lower-level attributes and 

concepts are “inherited” from the upper-level concepts. In the 

case this is not possible a default quantifier OR is used.  

The values of M representing importance of attributes and 

concepts of HOFC need to reflect a true significance of 

keywords in their capability to identify a category. The AATI 

algorithm capable of finding those values is used. 

4 Importance of HofC Concepts 

4.1 HOFC and AATI 

Importance levels associated with each concept, 

keyword/attribute are considered as the knowledge about a 

domain of interest. Usage of the most accurate and relevant 

values is important for a good performance of the proposed 

HOFC-based approach.  Therefore, the features of AATI 

(Section 2.3) make it a very good candidate for a process of 

updating and “tracking” changes in importance values of 

keywords. For the AATI algorithm, the importance values M 

are represented by TW .  

The AATI algorithm modifies TW at the same time when it 

evaluates PV for each web document. This process is 

"controlled" by upcoming pages. If the content of stream of 

web documents changes, the TWs change too. 

All concepts/keywords of HOFC are input to AATI. According 

to the algorithm their importance is randomly initiated but

when time progresses and web pages are being processed – the 

values of TW are being updated and reflect strength of a 

connection of a term with a domain – strength of a term to 

“identify” the domain. These TW values are fed back to HOFC 

as M values. 

4.2 Continuous Changes in Concept Importance 

The ability of AATI to “follow” the web trends in popularity of 

a given keyword (popularity associated with a frequency of 

occurrence) can be illustrated with two examples. The first 

example represents a change in importance values when a 

source of web pages changes, while he second focuses on 

changes in the contents of web page over time.  

Fig. 4 and 5 present examples of the adaptability of the AATI 

algorithm. Fig. 4 shows TW values of the term "Manchester 

United" (soccer ontology) as a function of a number of 

“processed” web pages. The first 1000 pages are from the 

BBC website (http://www.bbc.co.uk). The next 600 pages are 

from the CCN website (http://www.cnn.com). We see a 

decrease in the TW value (solid line after 1000 pages). If the 

next 600 were from the BBC website the values would follow 

the dashed line.  

 

 
Figure 4: TW changes when the source of upcoming 

documents changes from BBC to CNN 

The term "Manchester United" represents a name of a famous 

soccer club in England, and its TW goes up when the 

documents are downloaded form BBC. However, when the 

source of web pages changes and the upcoming documents are 

pages collected from the CNN site, and the term "Manchester 

United" is less popular.  This decrease in popularity of the 

term "Manchester United" translates into decrease in its TW.  

A different kind of change is seen in Fig. 5. The plots represent 

changes in importance levels when web pages collected at 

different moments in times are fed into the AATI algorithm. 

The first 2300 pages were collected from the BBC site in 

February 2007, while the last 2500 pages are from BBC site 

from January 2009. It can be seen that the importance levels 

for different terms behave differently: the importance of the 

player Ronaldo stays more or less at same level – indication 

that Ronaldo was and still is popular; the importance of the 

player Robinho increased and then slowly decreased, while the 

popularity of the player Shevchenko decreased. 

 
Figure 5: Changes of TW when the set of upcoming documents 

change from Feb07 to Jan09: for Ronaldo, Robinho, and 

Shevchenko 
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5 Classification System 

5.1 Architecture 

An implementation of the proposed approach for web content 

identification requires integration of multiple components 

executing different tasks. A simplified architecture of a system 

performing the identification task is shown in Fig. 6. The 

system contains the following three parts: HOFC Preparation 

and Enhancement Unit, AATI Execution Unit, and 

Identification Unit. The HOFC Preperation and Enhancment 

Unit is responsible for setting up a basic HOFC representing 

user’s query, adding new concepts from a domain ontology, 

and populating an enhanced HOFC with concrete pieces of 

information from the ontology. The AATI Unit is invoked on 

regular basis (based on time interval or a number of incoming 

web pages) to update values of importance of concepts. The 

Identification Unit checks the incoming web page against the 

concepts from the HOFC. This process starts with concepts 

located at the bottom of the HOFC – and it progresses towards 

the top. It is checked if the HOFC concepts are “activated”. 

The activation level of concepts is the result of a number of 

their occurrences in a text, as well as Q and M (Section 3.3).  

A prototype of the system has been developed in Java.  The 

Protégé API is used to access ontology classes, their properties 

and instances. Moreover, API functions allow for creating a 

new enhanced hierarchy of concepts based on classes and 

individuals obtained from the domain ontology and the 

hierarchy of concepts given by a user. 

 

 

Figure 6: Text Identification System

5.2 Experimental Results 

A simple example that illustrates application of the prototype 

system is presented. The HOFC used in the experiment is 

shown in Fig. 1. It is a very simple hierarchy representing the 

category soccer. A user is a novice to this category, and the 

only concepts that define soccer are players and coach. This 

HOFC is later instantiated and enhanced, Fig 3. The enhanced 

HOFC represents the following structure of concepts: 

The concept soccer is activated if there are “MOST” 

of players and coaches. The concept players is 

activated if there exist “OR” Ronaldo “OR” Robinho 

“OR” Shevchenko. The concept coach is activated 

when “OR” Ferguson “OR” Ramos are present. 

This simple HOFC has been checked against a number of 

different web pages. In all cases the activation levels of the 

concept soccer reflected a human evaluation of pages. The 

activation levels have been calculated based on aggregations of 

activations of keywords – Ronaldo, Robinho, Shevchenko, 

Ferguson, Ramos – using simple linguistic quantifiers MOST 

and OR, and values of Ms provided by AATI. 

6 Conclusions

The paper proposes a concept-based structure suitable for text 

identification. The method uses hierarchies of concepts as 

category identifiers. The hierarchies use OWA operators with 

linguistic quantifiers and concept importance to control 

conditions that have to be satisfied by lower-level concepts 

and attributes in order to activate a higher-level concept. 

The concept importance levels are updated using the AATI 

algorithm. This algorithm is able to modify concept and 

attribute importance values in on-line fashion in an un-

supervised manner.  

A prototype of the system implementing the proposed 

approach is briefly described in the paper.  
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Abstract— the paper presents a possibility formulation of   one-
parameter estimation that unifies some usual probability 
formulations. Point and confidence interval estimation are unified in 
a single theoretical formulation and incorporated into estimators of 
an omnibus form: a possibility distribution. New relationships 
between continuous possibility distribution and probability concepts 
are established. The concept of specificity ordering of a possibility 
distribution is then used for comparing the efficiency of different 
estimators. The usefulness of the approach is illustrated on mean and 
median estimators from data sample of different size and of different 
probability distribution.   

Keywords— efficiency, parameter estimation, possibility, 
probability, stochastic ordering, uncertainty. 

1 Introduction 
Systems designed by engineers are often meant to influence 
their environment: to manipulate it, to move it, to control it 
and so on. To enable such actions, these systems need 
information, e.g. values of physical quantities describing 
their environment. Generally, two types of information 
sources are available: prior knowledge and empirical 
knowledge. The latter is obtained by sensor observations. 
Prior knowledge is the knowledge that was already there 
before a given observation became available. The 
combination of prior knowledge and empirical knowledge 
leads to posterior knowledge useful for the task at hand. 
Parameter Estimation deals with this problem to infer a 
parametric description for an object, a physical process or an 
event, given measurements that always come with 
uncertainties due to variability of influence quantities or 
phenomena. Therefore an assessment of the parameter 
estimate uncertainty is also required by the application, and 
prior knowledge is often used to reduce the uncertainty of the 
final estimate. To tackle such problems a lot of developments 
have been done in the statistical science [1].  

In statistics, a parameter estimator ( )T Xθ  is defined as a 
function of the observable sample data 1 2, , ..., nX X X  that is 

used to estimate an unknown parameterθ ; an estimate θ̂  is 
the result from the actual application of the function to a 
particular set of data.  Prior knowledge can be that 

1 2, , ..., nX X X is an independent identical distributed (iid) 
sample from a continuous random variable X having a 
distribution function F . Many different estimators are 
possible for any given parameter. Two main types of 

estimators are worldwide used: point estimators and interval 
estimators. The selection of an estimator of one of the above 
kinds for purposes of informative inference, including typical 
applications in scientific research is generally admitted to 
involve elements of choice which are in some degree 
arbitrary. Such elements include the choice of a particular 
confidence level for an interval estimator, and the choice of a 
location function for a point estimator for a given confidence 
coefficient. In addition, a point estimate is often desired 
along with an interval. Such considerations and related ones 
have led to proposals for simultaneously use of a point 
confidence estimator and a set of confidence limit or interval 
estimation having various confidence coefficients [2]. Such 
estimators may be regarded as a modern formulation of a 
long standing practice of reporting estimates in the 
form ˆ kθ σ± , where k  is some constant and σ  the standard 
deviation of the observations. Note that this expression is 
recommended by the Guide of Uncertainty in Measurement 
(GUM [3]) edited by international legal metrology 
institutions. This form may be interpreted as an ordered set 
of three point estimators. Tukey proposed in [4] that for 
general purposes, it would be advantageous to use a set of 
five points estimators at standard confidence level 
2,5%,16,66%, 50%, 83,33% and 97,5%. Cox proposed to 
use the full continuous family of confidence levels varying 
between 0 and 1 by introducing a so called confidence curve 
estimator [5]. 

The problem of choosing a good estimator, i.e. an estimator 
which tends to take values close to the true unknown value, 
is formulated mathematical by introducing criteria of 
closeness. The latter has been specified by the introduction 
of specific loss function (called sometimes risk function). For 
example, the absolute error criterion was introduced by 
Laplace, Gauss replaced this by the squared error criterion 
which proved mathematically much more tractable [2]. Each 
such definite specification of closeness can be criticized as 
somewhat arbitrary, except in a context when one postulates 
the reality of the indicated cost of errors of each possible 
kind. This point put forth by Galileo leads to comparisons 
between estimators on the basis of all their probabilities 
rather than on the basis of certain summaries such as the 
variance [2]. Birnbaum extended this concept to continuous 
random variables by introducing the notion of peakedness of 
a probability distribution, which characterizes the 
concentration of values around the estimate [6]. 
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In this paper, we propose a possibility formulation of one 
parameter estimation, which unifies the usual previous 
probability formulation. Our proposition is based on a 
possibility/probability transformation we previously 
proposed [7][8], and on the notion of possibility distribution 
specificity ordering [9]. In section 2, this transformation is 
recalled and new relationships with the above mentioned 
probability estimation concepts are exhibited. In particular, 
the efficiency of estimators is characterized by its stochastic 
concentration defined by the possibility specificity. The 
approach is illustrated in section 3 on the problems of mean 
and median estimation. The advantages of the possibility 
formulation, which leads to an intuitive graphic 
representation, are highlighted, particularly when the sample 
size varies and the probability distribution as well. 

2 Possibility versus probability estimation 

2.1 Basics of possibility theory 
Possibility theory is one of the modern theories available to 
represent uncertainty when information is scarce and/or 
imprecise [10]. The basic notion is the possibility 
distribution [11], denotedπ . Here, we consider possibility 
distributions defined on the real line, i.e. π is an upper semi-
continuous mapping from the real line to the unit interval. 
Thus π  is a fuzzy subset but with specific semantics for the 
membership function. Indeed, a possibility distribution 
describes the more or less plausible values of some uncertain 
variable X. The possibility theory provides two evaluations 
of the likelihood of an event, for instance whether the value 
of a real variable X does lie within a certain interval: the 
possibility Π and the necessity Ν . The normalized 
measures of possibility Π and necessity Ν  are defined 
from the possibility distribution [ ]: 0,1Rπ →  such that 
sup ( ) 1x R xπ∈ =  as follows: 

, ( ) sup ( )x AA R A xπ∈∀ ⊂ Π = and
, ( ) 1 ( ) inf (1 ( ))x AA R N A A xπ∉∀ ⊂ = − Π = −

The possibility measure Π satisfies: 
, , ( ) max( ( ), ( ))A B R A B A B∀ ⊂ Π ∪ = Π Π

The necessity measure Ν satisfies: 
, , ( ) min( ( ), ( ))A B R N A B N A N B∀ ⊂ ∩ =

In fact, possibility measures are set functions similar to 
probability measures, but they rely on axioms which involve 
the operations “ maximum “ and “ minimum “ instead of the 
operations “addition” and “product” (if the measures are 
decomposable). 
Moreover we can interpret any pair of dual functions 
necessity/possibility [ ],N Π as upper and lower probabilities 
induced from specific probability families. Let π be a 
possibility distribution inducing a pair of functions [ ],N Π . 
We define the probability family 

}{ }{( ) , , ( ) ( ) , , ( ) ( ) .P A N A P A P A P A Aπ = ∀ ≤ = ∀ ≤ Π�  In 

this case, ( )sup ( ) ( )P P A Aπ∈ = Π�  and 

( )inf ( ) ( )P P A N Aπ∈ =� [12]. In other words, the family 

( )π� is entirely determined by the probability intervals it 
generates. In the estimation context, this fact can be useful 
when it is not possible to identify one specific probability 
distribution for the observations. The concept of specificity 
can be used to qualify the informativeness of a possibility 
distribution. Indeed, a possibility distribution 1π is said more 
specific than 2π  as soon as 1 2, ( ) ( )x x xπ π∀ ≤ [9](it is the 
usual definition of inclusion of fuzzy sets), i.e. 1π is more 
informative than 2π . 

2.2 Background on probability/possibility transformation 
Let us assume that the sample data are issued from a 
continuous random variable X defined on the set of reals and  
described by a probability density function f , F  being its 
corresponding cumulative distribution function, with 1−F  its 
inverse function if it exists (otherwise the pseudo-inverse 
function can be considered [13]). For every possible 
confidence level [ ]0,1β ∈ , the corresponding confidence 
interval is defined as an interval that contains the parameter 
to be estimated, i.e.θ , with probability β≥ . In other words, 
a confidence interval of confidence level β  (denoted βI ) is 
defined as an interval for which the probability outP to be 

outside this interval βI  does not exceed 1α β= −
def

, 
i.e. ( )P Iβθ α∉ = . 
It is possible to link confidence intervals and possibility 
distribution in the following way. A unimodal numerical 
possibility distribution may be viewed as a nested set of 
confidence intervals, which are the α  cuts 
[ ] }{, , ( )x x x xα α π α= ≥ of π . The degree of certainty that 

[ ],x xα α  contains µ  is [ ]( , )N x xα α  (if π continuous). 
Obviously, the confidence intervals built around the same 
point *x  are nested. It has been proven in [7] that stacking 
confidence intervals of a probability distribution on top of 
one another leads to a possibility distribution (denoted *π
having *x as modal value). In fact, in this way, the α-cuts of 

*π , i.e. { }*( )A x xα π α= ≥ are identified with the 

confidence interval *
βI  of confidence level 1β α= −   around 

the nominal value *x . Thus, the possibility distribution 
*π encodes the whole set of confidence intervals in its 

membership function. Moreover, this possibility distribution 
satisfies: 

*A R, (A) P(A)Π∀ ⊂ ≥ , with *Π and P the possibility and 
probability measures associated respectively to *π and f . 
A closed form expression of the possibility distribution 

( )M xπ  induced by confidence intervals around the median 
*x M=  is obtained for symmetric unimodal continuous 

probability densities ( )f x  strictly increasing on the left and 
decreasing on the right of M [7]: 

[ ]
[ ]

, , ( ) 2 ( )

, , ( ) 2(1 ( ))

M

M

x M x F x

x M x F x

π

π

∀ ∈ −∞ =

∀ ∈ +∞ = −
    (1) 

Thus, the possibility distribution is closely related to the 
cumulative distribution function. 
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2.3 Relationships with probability estimation notions 
According to the way a possibility distribution is built from 
the probability distribution F from which the sample data 
come from, the link with confidence intervals is immediate. 
Indeed, generally the parameter to be estimated is a location 
parameter of a distribution function, e.g. the mean. The link 
with Cox confidence curve ( )c xθ is also obvious. Indeed the 
latter is defined by [5]: 

[ ]
[ ]

, , ( ) ( )

, , ( ) 1 ( )

x c x F x

x c x F x
θ

θ

θ θ
θ θ

∀ ∈ −∞ = −

∀ ∈ +∞ = − −
Thus, ( ) ( ) / 2Fc x xθ π θ= − . 

Other new links concern the quality of estimator that is 
related to the concentration of values around the estimate, 
quantified for example by the variance or by the absolute 
mean deviation. Hereafter a few proposition formalizing for 
continuous symmetric random variables the links with the 
absolute mean deviation, the Levy concentration function, 
and other stochastic orderings. 

Proposition 1: 
The specificity index ( ) ( )Msp x dxπ π

+∞

−∞
= � of the possibility 

( )M xπ  distribution equivalent to a continuous symmetric 
random variable X is equal to twice the absolute mean 
deviation:  

( ) 2.M
Xsp E X Mπ = − .  

Proof: 
Assume without loss of generality that M=0. Due to 
symmetry: 

0

0

0

( ) ( ) ( )

2 ( ) 4 ( )

M M M
X X X

OM
X

x dx x dx x dx

x dx F x dx

π π π

π

+∞ +∞

−∞ −∞

−∞ −∞

= + =

=

� � �
� �

 In other respect, as ( ) 0F −∞ = : 

[ ]0 002 ( ) 2 ( 2 ( )

0 ( ) ( )

F x dx xF x xf x dx

xf x dx E X

−∞−∞ −∞
°∞

−∞

= −

= − =

� �
�

Therefore: ( ) ( ) 2.M M
X Xsp x dx E X Mπ π

+∞

−∞
= = −� .

Thus the possibility distribution is closely related to the 
absolute mean deviation, (and not to the conventional 
standard deviation), of course if the latter is defined. Indeed, 

when the term 
0

( )xf x dx
−∞� is infinite, the possibility 

distribution can be computed but the associated specificity is 
infinite. 

Proposition 2: 
The possibility distribution ( )M

X xπ equivalent to a continuous 
unimodal symmetric random variable X is related to the 
Lévy concentration function ( )XQ x by the relation:  

0, ( ) 1 ( )M
X Xx Q x x Mπ∀ ≥ = − +

Proof: 
The concentration function introduced by P. Lévy in 1935 
has been first defined by the expression [14, page 44]: 

[ ]
0 0 00, ( ) sup ( ) ( )X xx Q x F x x F x x∀ ≥ = + − −

Note that, in a latter definition [14, page 90], which is the 
one considered usually, the expression has became: 

[ ]
0 0 0( ) sup ( ) ( )X xQ x F x x F x= + − . Here we will consider 

the first definition, more close to our approach. 
If F  is a symmetric and unimodal distribution about M
then, the supremum in equation is attained for 0x M= (see 
[8] for a demonstration). Thus we have: 

[ ]
0 0 0sup ( ) ( ) ( ) ( )x F x x F x x F M x F M x+ − − = + − − . 

The symmetry of F  gives for 0x ≥ : 
( ) ( ) ( ) (1 ( ))
2 ( ) 1 1 2(1 ( )) 1 ( )

F M x F M x F M x F M x
F M x F M x xπ

+ − − = + − − +
= + − = − − + = −

. 

Therefore, ( ) 1 ( )M
X XQ x x Mπ= − + .

In fact, the possibility distribution gathers probability 
dispersion intervals and it is complementary to the Lévy 
concentration function for continuous unimodal random 
variables. 

Proposition 3: 
The specificity order (defined by the fuzzy subset inclusion) 
defines a stochastic concentration ordering equivalent for 
continuous unimodal symmetric random variables both to the 
peakedness ordering of Birnbaum [6] and to the majorization 
ordering of Hickey [15]: 

( ) ( )M M peaked maj
X Yx x X Y X Yπ π≤ ⇔ ≥ ⇔ ≤

Proof: 
According to Birnbaum [6], X is said to be more peaked 
aboutθ , than  Y about θ  if and only if: 
Pr( ) Pr( )X t Y tθ θ− ≥ ≤ − ≥  holds for all 0t ≥   . 
It is clear that we have: 

( ) ( ) 1 Pr( , ) Pr(Y Yt t t t X tπ θ π θ θ θ θ− = + = − − + = − ≥

Thus: ( ) ( )M M peaked
X Yx x X Yπ π≤ ⇔ ≥

Note also that peakenedness ordering is equivalent to 
conventional stochastic ordering of absolute variables: 

( ) ( )
def

peaked sto
X YX Y X Y F x F xθ θθ θ − −≥ ⇔ − ≤ − ⇔ ≤

The majorization order introduced by Hickey is used to 
compare continuous distribution in terms of randomness. Y 
is said at least as random as X in the majorization sense if 
[15]: 

* *( ) ( ) ,
t t

o o

g y dy f y dy t≤ ∀� � ,  

where *f and *g are the decreasing rearrangement of f and 
g  respectively; that is: 

{ }* ( ) sup : ( ) , 0f x c m c x x= > > with, 

{ }( ) : ( ) ,m c x f x cµ= > µ denoting Lebesgue measure and 

f the corresponding density function of F .  
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It is proved in [16] that for unimodal continuous random 
variables: 

* ( ) ( )
t

X
o

f y dy Q t=� . 

Thus: ( ) ( ) ( ) ( )M M maj
X Y X Yx x Q x Q x X Yπ π≤ ⇔ ≥ ⇔ ≤ .

Note also that a similar proposition as the proposition 3, but 
for discrete probability and possibility distributions has been 
stated by Dubois and Hüllermeier [ 17].  

Thus given two estimators ( )T Xθ and ( )U Xθ of a 
parameterθ , T  is said to have greater stochastic 
concentration about than U  does if T  is more peaked 
thanU . An interesting consequence of greater peakedness 
proved by Hwang [18] is that if L  is any loss function L
satisfying: ( , ) ( )L x h xθ θ= − , 

where for eachθ , [ ) [ ): 0, 0,h ∞ → ∞ is a non decreasing 
function , we have: 

( ) ( )( ) ( ) ( ( ( )) ( ( ( ))T X U Xx x E L T X E L U X
θ θ ϑ θ ϑ θπ π≤ ⇔ ≤

In other words not only is T at least as likely as U to be 
within a neighborhood [ ],x xθ θ− + of the true parameter, it 
is at least as good with regard to a broad class of loss 
functions which includes absolute mean deviation 
( ( , )L x xθ θ= − ), variance ( 2( , )L x xθ θ= − ), and any 
other symmetric loss function where the loss is at least as 
large when x is farther away from θ  than when it is closer 
toθ .  It includes also the continuous entropy. Indeed, the 
latter is defined as: ( ) ( ) ( ( ))

X

H X f x Ln f x= −� , and the 

majorization order implies the entropy order [19]. Therefore, 
for continuous unimodal distribution, the specificity order 
implies the entropy order. 

Thus, the preference ordering of estimators based on greater 
possibility specificity around the parameter is indeed a strong 
preference ordering. 

2.4 Relationships with other notions 
The specificity order (defined by the fuzzy subset inclusion) 
is also related to second order stochastic dominance (SOSD) 
in connection with risk-aversion in decision theory. In this 
context, the notion of dispersion is translated to a notion of 
risk. Given two symmetric distributions with the same 
expected value, G is riskier than F if every risk-averse 
individual prefers F to G. One mathematical definition is: 

( ) ( ) ,
t t

SOSDF G F x dx G x dx t
−∞ −∞

≤ ⇔ ≤ ∀� �
We have: ( ) ( )M M

X Y SOSDx x X Yπ π≤ � ≤ . 

Proof:  ( ) ( )
t t

F x dx G x dx
−∞ −∞

≤� � is equivalent to: 

( ) ( ( ) ( )) 0,
t

U t F x G x dx t
−∞

= − ≤ ∀�

We have: '( ) ( ) ( ) 0, 0U t F t G t t= − ≤ ∀ ≤

due to ( ) ( )M M
X Yx xπ π≤ . Thus U is decreasing, and 

since ( ) 0U −∞ = , then 0, ( ) 0t U t∀ ≤ ≤ . 
By a symmetric reasoning, 0, ( ) 0t U t∀ ≥ ≤ , which completes 
the proof. 

A link exists also with the Value at Risk notion VaRα(X) that 
is defined by the 1-α quantile of X, i.e.: 

( ( )) 1P X VaR Xα α> = − . 
It is easy to see that: 

[ ]( ) ( ) ( ) ( ), 0,1M M
X Yx x VaR X VaR Yα απ π α≤ � ≥ ∀ ∈

The specificity order is also related to notions of social 
science, i.e. the Lorenz curve and the Gini index defined by: 

1( ) ( )
( )

t

X O
L t F x dx

E X
= � and 

1
( ) 1 2 ( )XO

G X L t dt= − �
In fact, Lorenz dominance order is equivalent to second 
order stochastic dominance for distributions with equals 
means [19]. Thus, we have: 

( ) ( ) ( ) ( ),M M
X Y X Yx x L x L x xπ π≤ � ≤ ∀ and,

( ) ( ) ( ) ( )M M
X Yx x G X G Yπ π≤ � ≥ . 

The Gini index is a measure of statistical dispersion most 
prominently used as a measure of inequality of wealth 
distribution. A low Gini index indicates more equal wealth 
distribution, while a high Gini index indicates more unequal 
distribution. 

3 Mean and median estimators 

Let us consider the case where the parameter to be estimated 
is a location parameter of a continuous symmetric 
distribution function. This situation is often encountered in 
physical entity measurements where the variability of 
observations is due to variability of influence quantities or 
phenomena [3].  

We considered hereafter the parameter estimation by using 
the mean and the median estimators. 

3.1 Mean estimator  
Suppose 1 2, , ..., nX X X  are an iid sample from a 
distribution F . The mean estimator is defined: 

1
/

n

n i
i

X nθ
=

� �= � �
� �
	

�
. 

Generally, the Gaussian distribution with a deviationσ  is 
used for F , because, in this case the distribution of the mean 
estimator is also Gaussian but with a standard 
deviation / nσ . Hereafter are plotted the possibility 
distributions associated to such mean estimators for 

1, 3, 30n = and 1σ = . As expected, the larger the sample size 
the more specific the possibility distribution.  
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Let us now consider that the sample data are issued from a 
Cauchy distribution with a scaling parameter of 1: 

2

1( )
(1 )

f x
xπ

=
+

.  

This distribution has no finite moments, but the median 
exists and can be used as a measure of central tendency. 
According to equation (1), the equivalent possibility 
distribution is defined by: 

20, ( ) 1 ( )

20, ( ) 1 ( )

x x arctg x

x x arctg x

π
π

π
π

∀ ≤ = +

∀ ≥ = −

The probability distribution of the mean estimator is also a 
Cauchy distribution with a scale parameter of 1 [1]. Thus the 
possibility distribution of the mean estimator of any number 
of data is the same as the one obtained for one datum. 
Therefore the specificity is not improved by increasing the 
sample size. Note that this is not in contradiction with the 
central limit theorem though the latter considers only 
distribution with finite variance (which is not the case of the 
Cauchy distribution). 

Figure 1: Possibility mean estimators for Normal (red) and 
Cauchy (black) probability distributions (n=1, 3, 30). 

3.2 Median estimator 
Let nM be the median of 1 2, , ..., nX X X , θ  being the median 
of the distribution F  from which the sample data are issued. 
For n  odd, we have the following relationship [20]: 

( 1) / 2

0
( ) ( ) (1 ( ))

n
i i n i

n n
i

P M x C F x F xθ
−

−

=

− ≥ = −	 . 

Therefore the expression of the possibility distribution of 
median estimator is: 

( 1) / 2

( )
0

( 1) / 2

( )
0

, ( ) 2(1 ( ) (1 ( )) )

, ( ) 2 ( ) (1 ( ))

n
i i n i

T X n
i

n
i i n i

T X n
i

x x C F x F x

x x C F x F x

θ

θ

θ π

θ π

−
−

=

−
−

=

∀ ≤ = − −

∀ ≥ = −

	

	

The possibility median estimators for a Gaussian and a 
Cauchy distribution are plotted in figure 2 for 1, 3n = . 

Figure 2: Possibility median estimators for Cauchy (black) 
and Normal (red) distributions (n=1, 3). 

Note that the specificity increases with the sample size in 
both cases, which is remarkable for the Cauchy distribution. 
3.3 Comparison 
The preceding results show that the specificity of the 
possibility distribution associated to a median estimator 
increases with the sample size (with odd data) even for a 
long tail probability distribution such as the Cauchy 
distribution. It is not the case for the mean estimators. This 
seems indicate that the median estimator is better. Hereafter 
are plotted the possibility mean and median estimators for a 
few observations from a normal distribution.   

Figure 3: Possibility mean (black, n=2, 3) and median (red, 
n=3) estimators for a Normal distribution. 

The possibility distribution of the median estimators with 3 
observations is more specific than the possibility distribution 
of the mean estimator for 2 observations but less specific 
than the possibility distribution of the mean estimator for 3 
observations. It seems that in general the possibility median 
estimator for 2n+1 data is more specific than the mean 
estimator for 2n data. 
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4 Conclusions 
The paper has presented new links between continuous 
symmetric probability and possibility distributions. The 
interest of the possibility approach in the context of 
parameter estimation has been highlighted through the 
powerful concept of specificity ordering of possibility 
distribution. The latter allows sounded and intuitive 
comparisons between different estimators (e.g. mean and 
median). Further developments should consider 
dissymmetric distributions and other estimators.   
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Abstract— In this paper, we consider the problem of solving sys-
tems of fuzzy relation equations in a space with fuzzy preorder. Two
types of these systems with different compositions are considered.
New solvability criteria are proposed for systems of both types. The
new criteria are weaker than all the known ones that are based on the
assumption that fuzzy sets on the left-hand side of a system establish
a fuzzy partition of a respective universe.

Keywords— system of fuzzy relation equations, fuzzy preorder,
criterion of solvability

1 Preliminaries
Let throughout this contribution L = 〈L,∨,∧, ∗,→, 0, 1〉 be
an integral, residuated, commutative l-monoid (a residuated
lattice), X a non-empty set and LX a set of L-valued func-
tions on X . Fuzzy subsets of X are identified with L-valued
functions on X (membership functions).

Let X and Y be two universes, not necessary different,
Ai ∈ LX , Bi ∈ LY arbitrarily chosen fuzzy subsets of re-
spective universes, and R ∈ LX×Y a fuzzy subset of X × Y .
The latter is called a fuzzy relation. Lattice operations ∨ and
∧ induce respective union and intersection of fuzzy sets. Two
other binary operations ∗,→ of L are used for compositions
- binary operations on LX×Y . We will consider two of them:
sup-*-composition that is usually denoted by ◦, and inf-→-
composition that is denoted by �. The first one has been in-
troduced by L. Zadeh [16] and the second one by W. Bandler
and L. Kohout [1]. We will demonstrate definitions of both
compositions on particular examples of set-relation composi-
tions A ◦ R and A � R where A ∈ LX and R ∈ LX×Y :

(A ◦ R)(y) =
∨

x∈X

(A(x) ∗ R(x, y)),

(A � R)(y) =
∨

x∈X

(A(x) → R(x, y)).

Remark 1
Let us remark that both compositions can be considered as
set-set compositions where R is assumed to be replaced by a
fuzzy set. In this reduced form they are used in instances of
systems of fuzzy relation equations below.

By a system of fuzzy relation equations with sup-*-
composition (SFRE∗), we mean the following system of equa-
tions

Ai ◦ R = Bi, 1 ≤ i ≤ n, (1)

that is considered with respect to unknown fuzzy relation R ∈
LX×Y . Its counterpart is a system of fuzzy relation equations
with inf-→composition (SFRE→)

Ai � R = Bi, 1 ≤ i ≤ n, (2)

that is considered with respect to unknown R ∈ LX×Y also.
System (1) and its potential solutions are well investigated in
the literature (see e.g. [3, 2, 4, 5, 12, 8, 13, 15]). On the other
hand, investigation of solvability of (2) is not so intensive (see
[2, 10]).

Both systems of fuzzy relation equations arise when a sys-
tem of fuzzy IF-THEN rules is modeled by a fuzzy relation
(below in (3) it is denoted by R), and continuity of the model
[9] is requested. In order to explain this request, we recall
that in relation models, a computation of an output value (B)
which relates to a given input A ∈ LX is performed with the
help of sup-*, respectively inf-→ composition:

B = A ◦ R or B = A � R. (3)

(3) is a computational realization of the Generalized Modus
Ponens inference scheme in fuzzy logic (in a broader sense).
It is often welcome if thus constructed model is continuous in
the sense that when (input) fuzzy sets A′, A′′ ∈ LX are close
to each other (in some space) so do output fuzzy sets A′ ◦ R
and A′′ ◦R (respectively, A′ � R and A′′ � R). We proved in
[9] that this is possible if and only if R solves the respective
system (1) or (2) of fuzzy relation equations. This fact gives
additional importance to the problem of solvability of systems
of fuzzy relation equations.

In general, solutions of (1) or (2) may not exist. There-
fore, investigation of necessary and sufficient conditions for
solvability (or at least, sufficient conditions) is needed. This
problem has been widely studied in the literature, and some
nice theoretical results have been obtained in the cited above
papers.

If the universes of discourse X and Y are infinite then the
complexity of verification of necessary and sufficient condi-
tions is comparable with the direct checking of solvability.
Therefore, the problem of discovering easy-to-check solvabil-
ity conditions or criteria is still open (see [11, 14] for some re-
sults). Besides other, this paper is a contribution to this topic.

We recall basic facts concerning solvability of system (1)
of fuzzy relation equations (similar conditions are known for
system (2), so that we will not recall theme (see e.g. [2, 10])).

Theorem 1
(a) [13] If system (1) with respect to unknown fuzzy relation

R is solvable then relation

R̂(x, y) =
n∧

i=1

(Ai(x) → Bi(y)) (4)

is the greatest solution to (1).
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(b) [5] Let fuzzy sets Ai ∈ LX and Bi ∈ LY , 1 ≤ i ≤ n, be
normal. Then the fuzzy relation

Ř(x, y) =
n∨

i=1

(Ai(x) ∗ Bi(y)) (5)

is a solution to (1) if and only if
∨

x∈X

(Ai(x) ∗ Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔ Bj(y)) (6)

holds for all i, j = 1, . . . , n.

(c) [7] Let fuzzy sets A1, . . . , An ∈ LX be normal and
x1, . . . , xn ∈ X be pairwise different elements such that
for all i = 1, . . . , n, Ai(xi) = 1. Let moreover, for all
i, j = 1, . . . , n,

∨

x∈X

(Aj(x) ∗ Ai(x)) ≤
∧

x∈X

(Aj(x) ↔ Ai(x)) (7)

holds true. Then (1) is solvable if and only if
∨

x∈X

(Aj(x) ∗ Ai(x)) ≤
∧

y∈Y

(Bi(y) ↔ Bj(y)).

In this contribution, we will prove weaker criteria of solv-
ability for systems (1) and (2) than those ones, consider above
in cases (b) and (c) (see Section 5 with the Discussion). More-
over, an algorithm of verifying solvability that is based on each
proposed here criterion has a polynomial complexity.

2 Fuzzy Preorders and Their Normal Upper
Sets

This section is auxiliary with respect to the problem of solv-
ability discussed above. In this section, we will first recall ba-
sic facts that relate to spaces with fuzzy preorder [6]. Then we
will prove new results that are used in Sections below where
we consider the problem of solvability.

We will fix L = 〈L,∨,∧, ∗,→, 0, 1〉 and a non-empty
universe X . Recall that a binary fuzzy relation is a ∗-fuzzy
preorder if it is reflexive and ∗-transitive. Fuzzy preorder
Q : X × X −→ L on X can be generated by an arbitrary
family of fuzzy subsets (Ai)i∈I of X:

Q(x, y) =
∧

i∈I

(Ai(x) → Ai(y)).

If Q is a fuzzy preorder on X then fuzzy set A ∈ LX is
called [6] an upper set of Q if

A(x) ∗ Q(x, y) ≤ A(y), x, y ∈ X.

A necessary and sufficient condition that a family of fuzzy
subsets of X constitutes a family of upper sets of Q has been
proved in [6]. A new result will be proved below in Theorem 2
for a family of normal fuzzy subsets of X . Let us remark that
our assumptions are different from those in [6].

Theorem 2
Let (Ai)i∈I ⊆ LX be a family of normal fuzzy subsets of X
and (xi)i∈I ⊆ X be a family of pairwise different elements
such that for all i ∈ I , Ai(xi) = 1. Then the following two
statements are equivalent:

(i) there exists fuzzy preorder Q on X such that for each
i ∈ I , Ai(x) = Q(xi, x), x ∈ X .

(ii) For all i, j ∈ I ,

Ai(xj) ≤
∧

x∈X

(Aj(x) → Ai(x)). (8)

PROOF: It is easy to see that (i) ⇒ (ii) so that we will
prove the reverse implication. Assume that (Ai)i∈I ⊆ LX

is a family of normal fuzzy subsets of X , and (8) holds true.
If Q(x, y) =

∧
i∈I(Ai(x) → Ai(y)) then by the assertion

above, Q is a fuzzy preorder on X . We will show that state-
ment (i) is valid for Q.

Let us choose and fix i, i ∈ I . For all x ∈ X , and arbitrary
j ∈ I , such that i = j, we have:

Q(xi, x) =
∧

j∈I

(Aj(xi) → Aj(x)) ≤

≤ Ai(xi) → Ai(x) = Ai(x).

On the other hand, by (8), Aj(xi) ≤ Ai(x) → Aj(x) or,
equivalently, Ai(x) ≤ Aj(xi) → Aj(x). Therefore,

Ai(x) ≤
∧

j∈I

(Aj(xi) → Aj(x)) = Q(xi, x).

Hence, for all x ∈ X , Ai(x) = Q(xi, x). �

Corollary 1
Let (Ai)i∈I ⊆ LX be a family of normal fuzzy subsets of
X and (xi)i∈I ⊆ X be a family of pairwise different ele-
ments such that for all i ∈ I , Ai(xi) = 1. Then Q(x, y) =∧

i∈I(Ai(x) → Ai(y)) is the coarsest fuzzy preorder on X
such that (8) holds true.

The following lemma gives another necessary and sufficient
condition that a family of normal fuzzy subsets of X consti-
tutes a family of upper sets of Q. We will use that condition
in our new criteria of solvability.

Lemma 1
Let Ai, i ∈ I , be a family of normal fuzzy subsets of LX , such
that Ai(xi) = 1 for the respective xi ∈ X , i ∈ I . Moreover,
let for all i, j ∈ I , inequality (8) hold true. Then inequality
(8) turns to the equality

Ai(xj) =
∧

x∈X

(Aj(x) → Ai(x)). (9)

PROOF: Assume that for all i, j ∈ I , (8) holds true, i.e.
Ai(xj) ≤

∧
x∈X(Aj(x) → Ai(x)). On the other hand,

∧

x∈X

(Aj(x) → Ai(x)) ≤ Aj(xj) → Ai(xj) = Ai(xj)

so that (9) follows.
Assume that for all i, j ∈ I , (9) holds true. Then (8) follows

immediately. �
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3 SFRE∗ in a Space with a Fuzzy Preorder
and Their Solvability

Assume that L , X , Y are as above, and we are given fuzzy
sets A1, . . . , An ∈ LX and B1, . . . , Bn ∈ LY . In this section
we will investigate the problem of solvability of system (1)
and propose a new criterion that is weaker than all criteria,
based on the assumption that fuzzy sets A1, . . . , An, establish
a fuzzy partition of X , i.e. that they are classes of a respective
similarity on X .

In order to simplify denotation we will choose and fix y ∈
Y and work with the following instance of the system:

Ai ◦ r = bi, 1 ≤ i ≤ n, (10)

where bi = Bi(y), 1 ≤ i ≤ n. In this particular case, system
(10) is considered with respect to unknown fuzzy set r ∈ LX .

Theorem 3
Let fuzzy sets A1, . . . , An ∈ LX be normal and x1, . . . , xn ∈
X be pairwise different elements such that for all i =
1, . . . , n, Ai(xi) = 1. Let moreover, for all i, j = 1, . . . , n,

Ai(xj) =
∧

x∈X

(Aj(x) → Ai(x)) (11)

holds true. Then system (10) is solvable if and only if

Ai(xj) ≤ (bj → bi). (12)

PROOF: By Lemma 1, (11) is equivalent to

(∀i, j)(∀x ∈ X) (Aj(x) ≤ (Ai(xj) → Ai(x))). (13)

Assume that system (10) is solvable. Then

r̂(x) =
n∧

j=1

(Aj(x) → bj)

is a solution so that

(∀j)
∨

x∈X

(Aj(x) ∗ r̂(x)) ≥ bj .

Let us fix j, j = 1, . . . , n. By (13),

(∀k)
∨

x∈X

((Ak(xj) → Ak(x)) ∗ r̂(x)) ≥ bj .

Then
∨

x∈X

((Ak(xj) → Ak(x)) ∗ (Ak(x) → bk)) ≥ bj

so that
Ak(xj) → bk ≥ bj .

The last inequality is equivalent to

Ak(xj) ≤ bj → bk,

and by arbitrariness of k, j, it is equivalent to (12).
On the other hand, assume that (12) holds true. We will

prove that r̂ is a solution of system (10). Let us fix i, i =

1, . . . , n and prove that r̂ solves the i-th equation of (10). In-
deed,

∨

x∈X

(Ai(x) ∗ r̂(x)) ≤
∨

x∈X

(Ai(x) ∗ (Ai(x) → bi)) ≤ bi.

Let us prove the opposite inequality.

∨

x∈X

(Ai(x) ∗ r̂(x)) ≥ Ai(xi) ∗ r̂(xi) =
n∧

j=1

(Aj(xi) → bj).

By (12), Aj(xi) → bj ≥ bi, so that the opposite inequality
easily follows:

∨

x∈X

(Ai(x) ∗ r̂(x)) ≥ bi.

Thus, r̂ is a solution of (10), and the system is solvable. �

4 SFRE→ in a Space with a Fuzzy Preorder
and Their Solvability

Assume that L , X , Y and fuzzy sets A1, . . . , An ∈ LX and
B1, . . . , Bn ∈ LY are as above. In this section we will in-
vestigate the problem of solvability of system (2) and propose
a new criterion. As above we will work with an instance of
system (2), i.e. with the following equation:

Ai � r = bi, 1 ≤ i ≤ n, (14)

where bi = Bi(y), 1 ≤ i ≤ n. System (14) will be considered
with respect to an unknown fuzzy set r ∈ LX .

Theorem 4
Let fuzzy sets A1, . . . , An ∈ LX be normal and x1, . . . , xn ∈
X be pairwise different elements such that for all i =
1, . . . , n, Ai(xi) = 1. Let moreover, for all i, j = 1, . . . , n,
(11) holds true. Then system (14) is solvable if and only if

(∀i, j) Ai(xj) ≤ (bi → bj). (15)

PROOF: By Lemma 1, (11) is equivalent to

(∀i, j)(∀x ∈ X) Aj(x) ≤ (Ai(xj) → Ai(x)),

and can be equivalently transformed to

(∀i, j)(∀x ∈ X) bi∗Aj(xj) ≤ (Aj(x) → bi∗Ai(x)). (16)

Assume that system (14) is solvable. Then

ř(x) =
n∨

j=1

(Aj(x) ∗ bj)

is a solution so that

(∀j)
∧

x∈X

(Aj(x) → ř(x)) ≤ bj ,

and hence

(∀j)
∧

x∈X

(Aj(x) → Ai(x) ∗ bi) ≤ bj ,
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where i = 1, . . . , n. By (16),

(∀i, j) bi ∗ Aj(xj) ≤ bj

that is equivalent to (15).
On the other hand, assume that (15) holds true. We will

prove that ř is a solution of system (14). Let us fix i, i =
1, . . . , n and prove that ř solves the i-th equation of (14). First
we observe that

∧

x∈X

(Ai(x) → ř(x)) ≥
∧

x∈X

(Ai(x) → Ai(x) ∗ bi) ≥ bi.

On the other hand,

∧

x∈X

(Ai(x) → ř(x)) ≤ Ai(xi) → ř(x) =
n∨

j=1

(Aj(xi) ∗ bj).

By (15), for all i, j, Aj(xi) ∗ bj ≤ bi, so that

∧

x∈X

(Ai(x) → ř(x)) ≤ bi.

Thus, ř is a solution of (14), and the system is solvable. �

5 Discussion
In this section, we will show how the discovered criteria relate
to those existed in literature. Moreover, we will justify our
claim in the Abstract that the new criteria are weaker than all
known ones that are based on the assumption that fuzzy sets
on the left-hand side of a system establish a fuzzy partition of
a respective universe. The following criterion is among those
to which we have referred to as known ones (it has been re-
called in Theorem 1). The formulation below is adapted to the
instance (10).

Let fuzzy sets A1, . . . , An ∈ LX be normal and
x1, . . . , xn ∈ X be pairwise different elements such that
for all i = 1, . . . , n, Ai(xi) = 1. Let moreover, for all
i, j = 1, . . . , n,

∨

x∈X

(Aj(x) ∗ Ai(x)) ≤
∧

x∈X

(Aj(x) ↔ Ai(x)) (17)

holds true. Then (10) is solvable if and only if
∧

x∈X

(Aj(x) → Ai(x)) ≤ (bi ↔ bj).

Let us examine condition (7) and compare it with (11). For
simplicity, assume that n = 2 and sets A1, A2 are ordinary
(not fuzzy). It is easy to see that in this case, membership
functions A1, A2 are characteristic functions of the respective
sets and A1(x) ∗ A2(x) is a characteristic function of the in-
tersection A1 ∩ A2. For this particular case, (7) is fulfilled if
and only if either A1 = A2 or A1 ∩ A2 = ∅. Assume that
A1 ⊆ A2 and A1 = A2. Then (7) fails while condition (11) is
valid provided that x2 ∈ A1.

Therefore, in Theorems 3, 4 we have obtained new crite-
ria of solvability that have weaker assumptions than all those
that explicitly or implicitly use the condition that fuzzy sets
A1, . . . , An ∈ LX establish a fuzzy partition of X .

Conclusion

The problem of solvability of systems of fuzzy relation equa-
tions with two different compositions has been considered.
We established new solvability criteria for systems of both
types. The new criteria are based on the assumption that fuzzy
sets on the left-hand side of a system are upper sets of a re-
spective ∗-fuzzy preorder. This assumption is weaker than the
assumption that fuzzy sets on the left-hand side of a system
establish a fuzzy partition of a respective universe.
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Abstract— The concept of an M-approximative system is intro-
duced. Basic properties of the category of M-approximative systems
and in a natural way defined morphisms between them are studied.
It is shown that categories related to fuzzy topology as well as cate-
gories related to rough sets can be described as special subcategories
of the category of M-approximative systems.
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1 Introduction and motivation
In 1968, that is only 3 years after L. Zadeh has published his
famous work ”Fuzzy Sets”, thus laying down the principles
of what can be called Mathematics of Fuzzy Sets, his student
C.L. Chang [3] introduced the concept of a fuzzy topological
space thus marking the beginning of Fuzzy Topology, the con-
terpart of General Topology in the context of fuzzy sets. Now
Fuzzy Topology is one of the most well developed fields of
Mathematics of Fuzzy Sets, and there are published dozens of
fundamental works on this subject.
In 1982 Z. Pawlak [14] has introduced the concept of a rough
set which can be viewed as a certain alternative for the con-
cept of a fuzzy set for the study of mathematical problems of
applied nature. Pawlak’s work was followed by many other
publications where rough sets and mathematical structures on
the basis of rough sets were introduced, studied, and applied.
Although at the first glance it may seem that the concepts of a
fuzzy set, of a (fuzzy) topological space and of a rough set are
of an essentially different nature and ”have nothing in com-
mon”, this is not the case. Probably, the first one to start study-
ing the intermediate relations between topologies, fuzzy sets
and rough sets was J. Kortelainen [11], see also [12], etc. Fur-
ther a detailed analysis of different relations between fuzzy
sets, rough sets and some other related concepts was done in a
series of papers by Y. Yao (e.g. [20]), and other researchers.
The aim of this work is to present an alternative view on the
relations between fuzzy sets, fuzzy topological spaces and
rough sets and to develop a framework allowing to generalize
these concepts and corresponding theories. In order to real-
ize this aim we introduce the concept of an M-approximative
system (cf [19]) and thus come to the category ASM of M-
approximative systems. Properties of this category are studied
and connections between ASM and its subcategories related
to fuzzy topology, fuzzy sets and rough sets are described.

2 The context
In our work two lattices will play the fundamental role. The
first one is a complete infinitely distributive lattice

L = (L,≤,∧,∨),

whose top and bottom elements are 1L and 0L respectively.
Besides sometimes we will assume that the lattice L is
equipped with one of the following operations: a monotone
mapping c : L → L or a binary operation ∗ : L × L → L.

A lattice L = (L,≤,∧,∨,c ) will be called adjunctive if the
pair (c,c ) is an adjunction

(c,c ) : L � L
op,

that is a ≤ bc ⇐⇒ b ≤ ac ∀ a, b ∈ L, cf e.g. [4]. A lattice
L = (L,≤,∧,∨,c ) will be called involutive if c : L → L is an
involution, that is if (ac)c = a ∀a ∈ L. One can easily see
that in an adjunctive involutive lattice involution c : L → L is
order reversing:

a ≤ b =⇒ bc ≤ ac ∀a, b ∈ L,

and conversely, if c : L → L is order reversing involution,
then (c,c ) : L � L

op is an adjunction.
Concerning the second, binary operation ∗ : L × L → L

(conjunction) it will be assumed that L = (L,≤,∧,∨, ∗) is a
commutative cl-monoid (see e.g. [2]), that is
∗ is commutative: a ∗ b = b ∗ a for all a, b ∈ L;
∗ distributes over arbitrary joins:
a ∗

(∨
i∈I bi

)
=

∨
i∈I(a ∗ bi) ∀ a ∈ L, ∀ {bi | i ∈ I} ⊆ L

and a ∗ 1L = a, a ∗ 0L = 0L.

It is well-known (see e.g. [2]) that in a cl-monoid a further
binary operation �→: L → L (residuation) is defined related to
conjunction ∗ by Galois connection:

a ∗ b ≤ c ⇐⇒ a ≤ b �→ c ∀a, b, c ∈ L.

One can easily see that residuation is nonincreasing by the first
argument and nondecreasing by the second argument, and that
b ∗ (b �→ a) ≤ a ∀a, b ∈ L. In particular b ∗ (b �→ 0) ≤ 0, and
hence

b ≤ (b �→ 0) �→ 0.

This allows to conclude, that by setting ac = a �→ 0 we obtain
an adjunction (c,c ) : L � L

op. Indeed, if a ≤ b �→ 0, then

b ≤ (b �→ 0) �→ 0 ≤ a �→ 0.

A cl-monoid is called a Girard monoid [10] if (a �→ 0) �→ 0 =
a ∀a ∈ L. Hence in case L is a Girard monoid, residuation �→
induces an order reversing involution c : L → L.

An important situation in our research will be the following.
Let L = (L,≤,∧,∨) be a a lattice and X be a set. Then the
L-powerset LX =: L becomes a lattice (L,≤,∧,∨) by point-
wise extending the lattice structure from L to L. Besides L is
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infinitely distributive whenever L was infinitely distributive.
Moreover, if L = (L,≤,∧,∨,c ) is an adjunctive (involutive)
lattice then by pointwise extending operation c from L to L,
an adjunctive (resp. involutive) lattice L = (L,≤,∧,∨,c ) is
obtained. In case L = (L,≤,∧,∨, ∗) is a cl-monoid, by point-
wise extension of ∗ : L× L → L to ∗ : L × L → L we obtain
a cl-monoid L = (L,≤,∧,∨, ∗)
The second lattice belonging to the context of our work is de-
noted by M. At the moment we assume only its completeness,
however sometimes it will be requested that M is completely
distributive. The bottom and the top elements of M are 0M

and 1M resp. As different from L we do not exclude the case
when M is a one-point lattice and hence in this case 0M = 1M.

3 Basic definitions
Definition 3.1 An upper M-approximative operator on L is a
mapping u : L × M → L such that

1. u(0, α) = 0 ∀α ∈ M;

2. a ≤ u(a, α) ∀a ∈ L, ∀α ∈ M;

3. u(a ∨ b, α) = u(a, α) ∨ u(b, α)

4. u(u(a, α), α) = u(a, α);

5. α ≤ β, α, β ∈ M =⇒ u(a, α) ≤ u(a, β).

Operator u is called (upper) semicontinuous (usc) if

• (usc) u(a,
∨

i∈I αi) =
∧

i∈I u(a, αi);

u is called (upper) weakly semicontinuous (uwsc) if

• (uwsc) If u(a, αi) = ā ∀αi, i ∈ I and α =
∧

i∈I αi,
then u(a, α) = ā

Definition 3.2 A lower M-approximative operator on L is a
mapping l : L × M → L such that

1. l(1, α) = 1 ∀α ∈ M;

2. a ≥ l(a, α) ∀a ∈ L, ∀α ∈ M;

3. l(a ∧ b, α) = l(a, α) ∧ l(b, α)

4. l(l(a, α), α) = l(a, α);

5. α ≤ β, α, β ∈ M =⇒ l(a, α) ≥ l(a, β).

Operator l is called (lower) semicontinuous (lsc) if

• (lsc) l(a,
∨

i∈I αi) =
∨

i∈I l(a, αi);

l is called (lower) weakly semicontinuous (lwsc) if

• (lwsc) If l(a, αi) = a0 ∀αi, i ∈ I and α =
∨

i∈I αi,
then l(a, α) = a0

Definition 3.3 A triple (L, u, l), where u : L×M → L and l :
L × M → L are upper and lower M-approximative oper-
ators on L, is called an M-approximative system. In case
when X is a set L is a lattice, L = LX and (L, u, l) is an
approximative system, the quadruple (X, L, u, l) is called an
M-approximative space.

Definition 3.4 An M-approximative system (L, u, l) is called
semicontinuous (s.c) if u is u.s.c. and l is l.s.c. An M-
approximative system (L, u, l) is called weakly semicontinu-
ous (w.s.c) if u is u.w.s.c. and l is l.w.s.c.

Definition 3.5 In case L is equipped with unary operation c :
L → L, an M-approximative system (L, u, l) is called self
dual if

u(ac, α) = (l(a, α))c and

l(ac, α) = (u(a, α))c ∀a ∈ L, ∀α ∈ M

Note that in case when (L,≤,∧,∨,c ) is involutive, the sys-
tem is self-dual iff (u(ac, α))c = l(a, α), and (l(ac, α))c =
u(a, α), ∀a ∈ L,∀α ∈ M;

Remark 3.6 Sometimes we consider M-approximative sys-
tems in case of a one-point lattice M = {·}. Obviously, in
this case the use of the second argument in the notation of ap-
proximative systems is redundant and we write just u(a) and
l(a) instead of u(a, ·) and l(a, ·) respectively. Besides, in this
case we use the terms upper and lower approximative opera-
tor, approximative system, etc., omitting the prefix M.

4 Lattice of M-approximative systems on a
lattice L

Let ASM(L) stand for the family of M-approximative systems
(L, u, l) where L and M are fixed. We introduce an order �
on ASM(L) by setting (L, u1, l1) � (L, u2, l2) iff u1 ≥ u2

and l1 ≤ l2.

Theorem 4.1 (ASM(L),�) is a complete lattice. Its top and
bottom elements are given respectively by

u�(a, α) = l�(a, α) = a ∀a ∈ L, ∀α ∈ M;

u⊥(a, α) =
{

1L if a �= 0L

0L, if a = 0L

l⊥(a, α) =
{

0L if a �= 1L

1L, if a = 1L

The infimum of a family {(L, ui, li) | i ∈ I} ⊆ ASM(L) is
given by (u0, l0) = (

∨
i ui,

∧
i li) and its supremum L is given

by (u0, l0) = (
∧

i ui,
∨

i li) .

Proof Let S = {(L, ui, li) | i ∈ I} ⊆ ASM(L). Let
∧

S := (L, u0, v0) where u0 =
∨
i

ui, l0 =
∧
i

li.

Since u0 ≥ ui and l0 ≤ li for all i ∈ I, to show the complete-
ness of ASM(L), it is sufficient to show that u0 and l0 are
respectively the upper and lower M-approximative operators
on L. However this can be established by the direct verifica-
tion of the conditions (1)-(5) in definitions 3.1, 3.2.

Further, let∨
S = (L, u0, l0) where u0 =

∧
i

ui, l
0 =

∨
i

li.

To show that (u0, l0) is the supremum of S it is sufficient
to notice that u0 and l0 are resp. the upper and lower M-
approximative operators. However the validity of properties

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1607



(1),(2),(4),(5) in definitions 3.2, 3.1 is obvious while the va-
lidity of property (3) can be established referring to the dis-
tributivity of L.

One can easily establish also the following

Theorem 4.2 1. The family (SCASM(L),�) of semicon-
tinuous M-approximative systems is a complete sublat-
tice of ASM(L).

2. The family (WSCASM(L),�) of weakly semicontinu-
ous M-approximative systems is a complete sublattice of
ASM(L).

3. The family (SDASM(L),�) of self-dual M-approxi-
mative systems is a complete sublattice of ASM(L).

5 Category ASM of M-approximative systems
Let M be fixed and let ASM be the family of all M-
approximative systems (L, u, v). To consider ASM as a
category whose class of objects are all M-approximative
systems we have to specify its morphisms. Given
(L1, u1, l1), (L2, u2, l2) ∈ Ob(ASM) by a morphism

f : (L1, u1, l1) → (L2, u2, l2)

we call a mapping f : L2 → L1 such that

1. f : L1 → L2 is a morphism in the category LATop

where LAT is the category of complete infinitely dis-
tributive lattices;

2. u1(f(b), α) ≤ f(u2(b, α)) ∀b ∈ L2,∀α ∈ M;

3. f(l2(b, α)) ≤ l1(f(b), α) ∀b ∈ L2,∀α ∈ M

A morphsim f : (L1, u1, l1) → (L2, u2, l2) is aslo referred
to as a continuous mapping between the corresponding M-
approximative systems

Theorem 5.1 ASM thus obtain is indeed a category.

Proof Let f : (L1, u1, l1) → (L2, u2, l2) and g :
(L2, u2, l2) → (L3, u3, l3) be continuous mappings and let
g ◦ f : L1 → L3 be their composition in LATop. We have to
verify that g ◦ f satisfies conditions (2) and (3) above. Since
it is sufficient to verify these conditions for a fixed α ∈ M,
to simplify the reasonings we omit the second argument in the
notation of the approximative operators. Let c ∈ L3. Then

u1(f(g(c))) ≤ f(u2(g(c))) ≤ f(g(u3(c))),

In a similar way we can show that f(g(l3(c))) ≤ l1(g(f(c))).
Thus the composition g ◦ f : (L1, u1, l1) → (L3, u3, l3) is
continuous whenever f and g are continuous. We conclude
the proof noticing that the identity mapping f : (L, u, l) →
(L, u, l) is continuous.
�

In the sequel, when discussing categorical properties of ASM

and other categories we refer to the monograph [1].

Theorem 5.2 Every source fi : L1 → (Li, ui, li), i ∈ I has
a unique initial lift fi : (L1, u1, l1) → (L2, u2, l2).

Proof Taking into account Theorem 4.1 it is sufficient to
consider the case when the source contains only one morphism
f : L1 → (L2, u2, l2) in LATop.
Define upper approximative operator u1 : L1 × M → L1 by

u1(a, α) =
∧

{f(u2(b, α)) | f(b) ≥ a} ∀a ∈ L1, α ∈ M.

Note first that the condition

u1(f(b), α) ≤ f(u2(b, α)) ∀b ∈ L2 ∀α ∈ M

is obviously fulfilled. We verify that u1 thus defined is indeed
an upper approximative operator. As in the previous theorem
in our reasoning we fix α ∈ M and omit it in notation of
approximative operators when verifying the properties (1) -
(4).
The first two properties are obvious: u1(0L1) = 0L1 ; u1(a) ≥
a∀a ∈ L1.
To verify property (3) let a1, a2 ∈ L1, then

u1(a1 ∨ a2) =
∧
{f(u2(b)) | f(b) ≥ a1 ∨ a2} ≤∧

{f(u2(b1 ∨ b2))f(b) ≥ a1, f(b2) ≥ a2} =∧
{f(u2(b1)) ∨ f(u2(b2)) | f(b1) ≥ a1, f(b2) ≥ a2} =∨
i=1,2 (

∧{f(u2(bi)) | f(bi) ≥ ai}) = u1(a1) ∨ u1(a2).

The converse inequality is obvious.
To verify the fourth condition notice that u1(u1(a)) =
u1 (

∧{f(u2(b)) | f(b) ≥ a}) ≤ ∧{u1(f(u2(b))) | f(b) ≥
a} ≤ ∧{f(u2(u2(b))) | f(b) ≥ a} = u1(a). The converse
inequality is obvious
To verify property (5) for u1 note that

α ≤ β, α, β ∈ M =⇒ u1(a, α) ≤ u1(a, β)

is guaranted by the analogous property of the operator u2 :
L2 × M → L2 and the definition of u1.
Define lower M-approximative operator l1 : L1 × M → L1

by

l1(a, α) =
∨

{f(l2(b), α) | f(b) ≤ a} ∀a ∈ L1∀α ∈ M.

Notice first that

f(l2(b, α)) ≤ l1(f(b), α) ∀b ∈ L2, α ∈ M.

We show that l1 : L1 × M → L1 thus defined is an lower M-
approximative operator. Again, we omit in notation α when
it is fixed. The first two conditions from Definition 3.2 are
obvious. To verify the third condition let a1, a2 ∈ L1. Then
l1(a)∧l1(a2) =

∨{f(l1(b1))∧f(l1(b2)) | f(l1(bi)) ≤ ai, i =
1, 2} ≤ ∨{f(l1(b1 ∧ b2) | f(b1) ∧ f(b2) ≤ a1 ∧ a2} =∨{f(b) | f(b) ≤ a1 ∧ a2} = l1(a1 ∧ a2),
The converse inequality is obvious, The idempotence of the
operator l1 : L1 → L1 is establihed as follows:
l1(l1(a)) = l1 (

∨{f(l2(b)) | f(b) ≤ a}) ≥ ∨{l1f(l2(b)) |
f(b) ≤ a} ≥ ∨{f(l2(b)) | f(b) ≤ a} = l1(a).
The opposite inequality is obvious.
Finaly, the condition α ≤ β, α, β ∈ M =⇒ l1(a, α) ≥
l1(a, β) is guaranted by the analogous property of the oper-
ator l2 : L2 → L2 and the definition of l1.
Let g : (L3, u3, l3) → (L2, u2, l2) be a morphism in ASM and
h : L3 → L1 be a morphism in LATop such that f ◦ h = g.
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Then from the construction it is clear that h : (L3, u3, l3) →
(L1, u1, l1) is a morphism in ASM. Thus f : (L1, u1, l1) →
(L2, u2, l2) is indeed the initial lift of f : L1 → (L2, u2, l2).
The uniqueness of the lift is obvious.
Let AILAT denote the category of adjunctive involutive
complete infinitely distributive systems.

Theorem 5.3 Let L1, L2 be adjunctive involutive lattices and
f : L1 → L2 be a morphism in AILATop. If M-
approximative operators l2 : u2 : L2 × M → L2 are self-
dual, then M-approximative operators l1, u1 : L1 × M → L1

constructed above are self-dual as well.

Indeed, let a ∈ L. Then
l1(ac) =

∨
{f(l2(b)) | f(b) ≤ ac} = (

∧
{(f(l2(b)))c |

f(b) ≤ ac})c = (
∧
{f(u2(bc)) | f(b) ≤ ac})c =

(
∧
{f(u2(bc)) | f(bc) ≥ a})c =

(
∧
{f(u2(d)) | f(d) ≥ a})c = (u1(a))c.

Theorem 5.4 If approximative system (u2, l2) on L2 is semi-
continuous (weakly semicontinuous), then the approximation
system (u1, l1) constructed in the previous theorem is semi-
continuous (resp. weakly semicontinuous), too.

Indeed, if (u2, l2) is semicontinuous, then u1(a,
∨

i αi) =∧
f(u2(b,

∨
i αi) | f(b) ≥ a} =

∧
i

∧{f(u2(b, αi) | f(b) ≥
a} =

∧
i u1(a, αi), and l1(a,

∨
i αi) =

∨{f(l2(b,
∨

i αi) |
f(b) ≤ a} =

∨
i

∨{f(l2(b, αi) | f(b) ≤ a} =
∨

i l1(b, αi).
In a similar way one can establish weak semicontinuity of
(u1, l1) in case (u2, l2) was weakly semicontinuous.

Theorem 5.5 Every sink fi : (Li, ui, li) → L2, i ∈ I has a
unique final lift: fi : (Li, ui, li) → (L2, u2, l2) i ∈ I.

Proof . Taking into account Theorem 4.1 it is sufficient to
consider the case of the sink consisting of a single morphism
f : (L1, u1, l1) → L2. We define an upper M-approximative
operator u2 : L2 × M → L2 by:

u2(b, α) =
∧

{c ∈ L2 | c ≥ b, f(c) ≥ u1(f(b), α)}.

It is obvious that u1(f(b), α) ≤ f(u2(b, α)) ∀ b ∈ L2. We
show that u2 : L2 × M → L2 is an upper M-approximative
operator. We omit notation α when it can be fixed.
It is obvious that u2(0) = 0 and b ≤ u2(b) for every
b ∈ L2. Further, let b1, b2 ∈ L2. Then u2(b1) ∨ u2(b2) =
(
∧{c1 ∈ L2 | c1 ≥ b1, f(c1) ≥ u1(f(b1))}) ∨ (

∧{c2 ∈
L2 | c2 ≥ b2, f(c2) ≥ u1(f(b2))}) =

∧{c1 ∨ c2 | ci ≥
bi, f(ci) ≥ u1(f(bi)), i = 1, 2} ≥ ∧{c | c ≤ b1 ∨ b2, f(c) ≥
b1 ∨ b2, f(c) ≥ u1(f(b1)) ∨ u1(f(b2))} =

∧{c | c ≤
b1∨b2, f(c) ≥ b1∨b2, f(c) ≥ u1(f(b1∨b2))} = u2(b1∨b2).
The opposite inequality is obvious.
u2(u2(b)) =

∧{c | c ≥ u2(b), u1(f(u2(b))) ≤ f(c)}. Notic-
ing that u2(b) is among the elements c satisfying the above
conditions, we conclude that u2(u2(b)) ≤ u2(b). The oppo-
site inequality is obvious and hence u2(u2(b)) = u2(b).
Property (5) for u2 is guaranted by the analogous property of
the operator u1 : L1 × M → L1 and the definition of u2.
Define lower approximation operator l2 : L2 × M → L2 by

l2(b, α) =
∨

{c ∈ L2 | c ≤ b, l1(f(c), α) ≤ f(b)}.

The validity of the first two conditions for l2 : L2 × M → L2

is obvious. To verify the third property let b1, b2 ∈ L2. Then
l2(b1) ∧ l2(b2) =

∨
{c1 ∧ c2 | c1 ≤ b1, c2 ≤ b2, l1(f(c1) ≤

f(b1), l1(f(c2)) ≤ f(b2)} ≤
∨
{c1 ∧ c2 | c1 ∧ c2 ≤ b1 ∧

b2, l1(f(c1)) ∧ l1(f(c2)) ≤ f(b1) ∧ f(b2)} ≤
∨
{c | c ≤

b1 ∧ b2, l1(f(c)) ≤ f(b1 ∧ b2)} = l2(b1 ∧ b2).
The opposite inequality is obvious.
To show the fourth axiom note that

l2(l2(b)) =
∨

{c | c ≤ l2(b), l1(f(c)) ≤ f(l2(b))}

and since l2(b) is one of c appearing in the above formula, it
holds l2(l2(b)) ≥ l2(b). The converse inequality is obvious.
Property (5) for l2 is guaranted by the analogous property of
the operator l1 : L1 × M → L2 and the definition of l2.

Theorem 5.6 If approximation system (u1, l1) on L1 is self-
dual, and f : L1 → L2 is a morphism in the category of
adjunkctive involutive lattices, then the approximation system
(u2, l2) constructed in the previous theorem is self-dual.

Indeeed, given b ∈ L2, we have
(l2(b))c = (

∨{d | d ≤ b, l1(f(d)) ≤ f(b)})c =
∧{dc | d ≤

b, l1(f(d)) ≤ f(b)} =
∧{dc | dc ≥ bc, (l1(f(d)))c ≥

f(bc)} =
∧{dc | dc ≥ bc, u1((f(d))c) ≥ f(bc)} =

∧{dc |
dc ≥ bc, u1((f(dc))) ≥ f(bc)} =

∧{e | e ≥ bc, u1(f(e)) ≥
f(bc)} = u2(bc).
One can easily establish also the following

Theorem 5.7 If M-approximation system (u1, l1) on L1 is
semicontinuous (weakly semicontinuous), then the approxi-
mation system (u2, l2) constructed in the previous theorem is
semicontinuous (resp. weakly semicontinuous).

From theorems 5.2, 5.5, we obtain the following important

Corollary 5.8 Category ASM is topological over the cat-
egory LATop lattices with respect to the forgetful functor
F : ASM → LATop.

Besides, taking into account theorems 5.3, 5.6, 5.4, 5.7 we
have

Corollary 5.9 The category SDASM of self-dual M-
approximative systems is topological over the category
AILATop with respect to the forgetful functor F :
SDASM → AILATop.

Corollary 5.10 The categories SCASM and WSCASM of
semicontinuous and weakly semicontinuous M-approximative
systems are topological over the category LATop with respect
to the forgetful functor F : (W )SCASM → LATop.

6 Categories ASM(L) of M-approximative
L-spaces

An important subcategory of the category ASM is the category
whose ojects are L-powersets LX of arbitrary sets (where L is
a fixed lattice) and whose morphisms are induced by mappings
of the corresponding sets X . Here are the details:
Let L be a fixed complete infinitely distributive lattice and
let the objects of ASM(L) be approximation systems of the
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form (LX , u, l) where LX are L-powersets of arbitrary sets
X . Sometimes it is more convenient to interpret objects of
this category as the corresponding quadruples (X, L, u, l). To
define a morphism F : (LX1 , u1, l1) → (LX2 , u2, l2) consider
a mapping f : X1 → X2 and let f← : LX2 → LX1 be the
backward powerset operator induced by f [16]. Now as mor-
phisms in ASM(L) we take F := f←

op

: (LX1 , u1, l1) →
(LX2 , u2, l2) in case it is a morphism in the category ASM.
An important special case is a two point lattice L = 2: in this
case we come to the category of M-approximative structures
on ordinary sets (of course, for this one has to interpret a sub-
set A of a set X as the characteristic function χA : X → 2).
In particular, if M is a one-point lattice we come to the con-
cept of an approximation system as it was considered by some
authors, see e.g. [20].

7 Categories of fuzzy topologies as
subcategories of ASM

7.1 Category of (L, M)-fuzzy topological spaces

We start with interpreting the category FTOP(L, M) of
(L, M)-fuzzy topological spaces see, e.g. [17], [13], [18], [7]
as a subcategory of ASM. In this section M is assumed to be
completely distributive.

Definition 7.1 A mapping T : LX → M is an (L, M)-fuzzy
topology on X if

1. T (0X) = T (1X) = 1;

2. T (U ∧ V ) ≥ T (U) ∧ T (V )∀U, V ∈ LX ;

3. T
(∨

i∈I Ui

)
≥ ∧

i∈I T (Ui) ∀{Ui | i ∈ I} ⊆ LX

A pair (X, T ) is called an (L, M)-fuzzy topological space and
the value T (U), U ∈ LX is interpreted as the degree of ope-
ness of a fuzzy set U . A mapping f : (X, TX) → (Y, TY ) is
called continuous if TX

(
f−1(V )

)
≥ TY (V )) ∀V ∈ LY .

Let (X, T ) be an (L, M)-fuzzy topological space. By setting

intT (A,α) =
∨

{U ∈ LX | U ≤ A, T (U) ≥ α},

we define the s.c. interior operator intT : LX × M → LX .
The relations between (L,M)-fuzzy topologies and lower

M-approximative operators are described in the theorem;

Theorem 7.2 The interior operator int is a weakly s.c. lower
M-approximative operator on L = LX . Conversely, if l :
LX × M → LX is a weakly s.c. lower M-approximative op-
erator, then by setting

Tl(U) =
∨

{α | l(U,α) ≥ U}

we obtain a mapping Tl : LX → LX satisfying conditions (1)
and (3) of Definition 7.1. Besides TintT = T and lTl

= l.

Further, assume that L is an adjunctive involutive lattice and
let c : L → L be the corresponding involution. Then by setting

clT (A,α) =
∧

{B | B ≥ A, T (Bc) ≥ α}

a closure operator clT : LX × M → LX is defined. One can
easily show that clT is a weakly s.c. upper M-approximative

operator and prove a theorem establishing relations between
weakly s.c. upper M-approximative operators and (L, M)-
fuzzy topologies via closure operators, analogous to Theorem
7.2. Besides the M-approximation system (LX , clT , intT ) is
self-dual.

Thus in case of an involutive adjunctive lattice L an (L, M)-
fuzzy topological space (X, T ) can be interpreted as a weakly
s.c. M-approximative self-dual system (L, cl, int) where L =
LX .

This allows us to identify the category FTOP(L, M) with the
subcategory TopASM(L) of the category ASM whose ob-
jects are self dual weakly s.c. M-approximative systems of
the form (LX , int, cl) and the morphisms are F = f←

op

:
(LX , intX , clX) → (LY , intY , clY ), where f← : LY → LX

are powerset operators induced by (see e.g. [9]) by coninu-
ous mappings f : (X, TX) → (Y, TY ) (cf also the previous
section).

7.2 Category of Chang-Goguen L-topological space

To obtain characterization of L-topological spaces (see [3],
[5]) by means of approximative systems we can restrict the
theory developed in 7.1 by taking the two-point lattice 2 =
{0, 1} in the role of M. Then the category of Chang-
Goguen L-topological spaces can be identified with the sub-
category TopAS(L) of the category TopAS2(L). In par-
ticular TopAS2(2) can be identified with the classical cate-
gory TOP of ordinary topological spaces and continuous map-
pings.

7.3 Category of L-fuzzifying topological space

To obtain characterization of L-fuzzifying topological spaces,
originally defined by U.Hohle [6] and then independently dis-
covered by Mingsheng Ying [21], by means of approxima-
tive systems we restrict the theory developed in 7.1 by tak-
ing the two-point lattice 2 in the role of L (thus L = 2X )
and the lattice L in the role of M. Then the category of L-
fuzzifying topological spaces can be identified with the cate-
gory TopASL(2).

7.4 Category of Hutton fuzzy topological spaces

According to B. Hutton [8], a fuzzy topological space is a pair
(L, τ) where L is a completely distributive lattice and τ ⊆ L
such that 0, 1 ∈ τ ; a, b ∈ τ =⇒ a ∧ b ∈ τ : ai ∈ τ∀i ∈
I =⇒ ∨

i∈I ai ∈ τ. The morphisms f : (L1, τ1) → (L2, τ2)
in the category H-TOP of Hutton fuzzy topological spaces are
mappings f : L2 → L1 such that f(τ2) ⊆ τ1. One can show
that the category H-TOP can be identified with the subcate-
gory HAS of the category ASM. whose objects are self dual
approximative systems (L, l, u) where L is a completely dis-
tributive involutive adjunctive lattice and M = {·}

7.5 Category of variable basis fuzzy topological spaces

In [15] S.E. Rodabaugh has introduced the notion of a
variable-basis fuzzy topological space and defined the corre-
sponding category R-TOP. Further the theory of variable ba-
sis fuzzy topological spaces and some related categories was
developed in a series of papers by S.E. Rodabaugh, P. Eklund
and other authors. The category of variable-basis fuzzy topo-
logical spaces also can be obtained as a subcategory of the cat-
egory ASM. However to describe it in this way and to give an
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explicite characterization by means of M-approximative sys-
tems we need more space than it is allowed here.

8 Categories related to rough sets
8.1 Rough sets

Let ρ ⊆ X × X be a binary relation on a set X and let
R(x) = {x′ | xρx′} be the right ρ-class of x ∈ X . Given
A ∈ 2X let l(A) = A� = {x | R(x) ⊆ A}, u(A) =
A� = {x | R(x) ∩ A �= ∅}. In case ρ is reflexive and tran-
sitive u : 2X → 2X and l : 2X → 2X are, respectively,
upper and lower approximative operators on 2X = P(X) and
(X, 2,� ,� ) is an approximative space. Besides, one can eas-
ily see that the system (2X ,� ,� ) is self dual: Ac� = A�c)
for any A ⊆ X . Such operators and corresponding approxi-
mative spaces in case when ρ is an equivalence relation were
introduced by Pawlak [14] under the name ”rough set”. Fur-
ther approximative operators operators induced by binary re-
lations, either general or satisfying special properties, were
studied by different authors, see e.g. [11], [12], [20], etc. Note
however, that in case ρ is not reflexive or transitive, this oper-
ators may fail to be approximative operators in our sense.
In case when ρ is only reflexive, J. Järvinen and J. Kortelainen
[12] along with operators A� and A� consider also operators
u′(A) = A� = {x | R−1(x) ∩ A �= ∅}, l′(A) = A� =
{x | R−1(x) ⊆ A} and show that (u, l′) and (u′, l) form
Galois connection: u(a) ≤ b ⇐⇒ a ≤ l′(b); l(a) ≤ b ⇐⇒
a ≤ u′(b). Thus in case ρ is also transitive, we obtain ”Galoi-
connected” approximative systems (2X ,� ,� ) and (2X ,� ,� ).

8.2 L-rough sets

Generalizing the previous situation let L be a cl-monoid
(L,∧,∨, ∗), X be a set and ρ : X × X → L be an L-
relation on X . Further, assume that ρ is reflexive (that is
ρ(x, x) = 1 ∀x ∈ X) and transitive (that is ρ(x, y) ∗
ρ(y, z) ≤ ρ(x, z) ∀x, y, z ∈ X.) For every x ∈ X we
define R(x) : X → L by R(x)(x′) = ρ(x, x′) Fur-
ther, given A ∈ LX let lower and upper approximative
operators l(A) ∈ LX , and u(A) ∈ LX be defined by
l(A)(x) = infx′∈X(R(x)(x′) �→ A(x′)) and u(A)(x) =
supx′∈X(R(x)(x′) ∗ A(x′)) respectively. One can show that
(LX , u, l) is an L-approximative system. We refer to such
kind of an approximative system as an L-rough system in-
duced by the L-relation ρ. In case (L,∧,∨, ∗) is a Girard
monoid, the system (LX , u, l) is self dual. Further, if L = 2
is a two-point lattice we come to the situation described in the
previous subsection. In an natural way we define morphisms
for the category Rgh(L) of L- rough systems and characterize
it as a category of approximative systems.

9 Defuzzification approximation operators
Finally we sketch how the concept of an approximative sys-
tems can be applied for fuzzy sets themselves.
Let L = (L,∧,∨,≤) be a complete lattice, X be a set and
L = LX Define u : L×L → L and l : L×L → L as follows:
Given A ∈ LX let

u(A,α) = A ∨ 1Aα
, l(A,α) = α · 1Aα

∧ A,

where Aα = {x ∈ X | A(x) ≥ α} In this way we ob-
tain L-approximation operators on the L-powerset of a set

X which can be interpreted as resp. upper and lower level-
defuzzification operators .
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Abstract— AHP (Analytic Hierarchy Process) has been 
widely used in decision making.  Inner dependence method 
AHP is one technique even in case of criteria have 
dependency. However using original AHP or Inner 
dependence method, the results often lose reliability because 
the comparison matrix does not always have sufficient 
consistency. In these cases, fuzzy representation for 
weighting criteria and alternatives using results from a 
sensitivity analysis is useful. In this paper, we present 
alternative overall weights by employing some assumptions. 
Since an idea of less ambiguity is employed, the results show 
how inner dependence AHP has fuzziness when the 
comparison matrix is not sufficiently consistent.. 

Keywords—Decision making, AHP (Analytic Hierarchy 
Process), Fuzzy sets, Inner Dependence, Sensitivity 
analysis. 

1  Introduction 
AHP (Analytic Hierarchy Process) was proposed 

by Saaty T.L. in 1977 [1], [2]. The method has been 
popular and widely used in the domain of decision 
making, since it can include vagaries such as humans 
feelings. In addition, it can be developed to ANP 
(Analytic Network Process) models.  

Usually normal AHP must assume independency 
among criteria, although it is difficult to choose 
enough independent criteria.  Inner dependence 
method AHP[10] is one technique of solving this 
kind of problem even in case of criteria have 
dependency.  

However, the comparison matrix often does not 
have enough consistency when AHP or Inner 
dependence method is used since, for instance, a 
problem may contain too many criteria for decision 
making. In these cases, we consider that answers 
from decision-makers (i.e. components of the 
comparison matrix) have ambiguity or fuzziness. For 
resolving this type of problem, fuzzy reciprocal 
components have been proposed as components of 
the data matrix in some research [12]. In this paper, 
we consider that weights should also have ambiguity 
or fuzziness. Therefore, it is necessary to represent 
these weights by use of fuzzy sets. 

Sensitivity analysis is applied to Inner dependence 
AHP to analyze the amount the components of a 
pairwise comparison matrix influences the weights 
and consistency of a matrix. This makes it possible to 
show the magnitude of the fuzziness in the weights.  

In previous researches, we proposed a new 
representation for weights of criteria and alternatives 
in normal AHP. [7][8][11]. In this paper, a 
representation of weights of inner dependence 
method is proposed. It is represented as L-R fuzzy 
numbers by using the results from the sensitivity 
analysis. This paper encompasses methodology to 
represent weights by fuzzy sets.  In addition, a 
representation of fuzziness as a result of inner 
dependence is presented when a comparison matrix 
does not have enough consistency.  

2  Inner depedence AHP 

2.1  Process of Normal AHP 

(Process 1) Representation of structure by a 
hierarchy. The problem under consideration can be 
represented in a hierarchical structure. The highest 
level of the hierarchy consists of a unique element 
that is the overall objective. At the lower levels, there 
are multiple activities (i.e. elements within a single 
level) with relationships among elements of the 
adjacent higher level to be considered. The activities  
are evaluated using subjective judgments of a 
decision maker. Elements that lie at the upper level 
are called parent elements while those that lie at 
lower level are called child elements. Alternative 
elements are put at the lowest level of the hierarchy 

(Process 2) Paired comparison between elements 
at each level. A pairwise comparison matrix A is 
created from a decision maker's answers. Let n be the 
number of elements at a certain level. The upper 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1612



triangular components of the comparison matrix aij 
(i< j = 1,…,n) are 9, 8, .. , 2, 1, 1/2, …, or 1/9. These 
denote intensities of importance from activity i to j. 
The lower triangular components aji are described 
with reciprocal numbers as follows 

aa ijji /1� ,               (1) 
in addition, for diagonal elements, let aii = 1. The 
lower triangular components and diagonal elements 
are occasionally omitted from the written equation as 
they are evident if upper triangular components are 
shown. The decision maker should make n(n-1)/2 
paired comparisons at a level with n elements. 

 (Process 3) Calculations of weight at each level. 
The weights of the elements, which represent grade 
of importance among each element, are calculated 
from the pairwise comparison matrix. The 
eigenvector that corresponds to a positive eigenvalue 
of the matrix is used in calculations throughout in this 
paper. 

(Process 4) Priority of an alternative by a 
composition of weights. The composite weight can 
be calculated from the weights of one level lower. 
With repetition, the weights of the alternative, which 
are the priorities of the alternatives with respect to the 
overall objective, are finally found. 

2.2 Consistency 

Since components of the comparison matrix are 
obtained by comparisons between two elements, 
coherent consistency is not guaranteed.  In AHP, the 
consistency of the comparison matrix A is measured 
by the following consistency index (C.I.) 

,
1

C.I.
�
�

�
n

nA�
�������������(2) 

where n is the order of matrix A, and �A is its 
maximum eigenvalue. 

It should be noted that holds. And if the 
value of C.I. becomes smaller, then the degree of 
consistency becomes higher, and vice versa. The 
comparison matrix is consistent if the following 
inequality holds. 

C.I. 0�

������������� ����������������   1.0C.I. �

Also consistency ratio (C.R.) is defined as  

C.I.C.R. ,
M

�  

Where M is random consistency value. However we 
only employ C.I., since we mainly use 4 or 
5-dimensional data whose random consistency value 
is not far from 1. 

2.3 Inner Dependence Method 

Usually normal AHP must assume independency 
among criteria, although it is difficult to choose 
enough independent criteria.  Inner dependence 
method AHP[10] is one technique of solving this kind 
of problem even in case of criteria have dependency.  

In the method, using a dependency matrix F={ fij }, 
we can calculate real weights wn as follows, 

wn=Fw                (3) 

where w is weights from independent criterion, i.e. 
normal weights of normal AHP and F is calculated 
as eigen value of influenced matrix. 

3  Sensitivity Analysis 
When AHP is used, the comparison matrix is often 

inconsistent or large differences among the overall 
weights of the alternatives do not appear. Thus, it is 
very important to investigate how the components of 
a pairwise comparison matrix influence the 
consistency or weights. Sensitivity analysis is used to 
analyze how results are influenced when certain 
variables change. Therefore, it is necessary to 
establish a sensitivity analysis of AHP. 

In our research, a previously proposed method [7] 
is used to evaluate the fluctuation of the consistency 
index and weights when a comparison matrix is 
perturbed. This method is useful as it does not change 
the structure of the data. 

Evaluating the consistency index and the weights 
of a perturbed comparison matrix are performed as 
follows. 

(1) Perturbations Ñaijdij are imparted to component 
aij of a comparison matrix, and the fluctuation 
of the consistency index and the weight are 
expressed by the power series of �. 

(2) Fluctuations of the consistency index and the 
weights are represented by the linear 
combination of dij. 

(3) By the coefficient of dij, it can be shown that 
how the component of the comparison matrix 
gives influence on the consistency index and 
the weight. 

Since the pairwise comparison matrix A is a 
positive square matrix, the following Perron- 
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Frobenius theorem [4] holds. 

Theorem 1 (Perron – Frobenius) For a positive 
square matrix A, the following holds true. 

1. Matrix A has a positive eigenvalue. If �A is the 
largest eigenvalue then �A is a simple root. The 
positive eigenvector w, corresponding to �A, 
exists. �A is called the Frobenius root of A. 

2. Any positive eigenvectors of A are the constant 
multiples of w. 

3. The absolute value of the eigenvalues of A, 
except for �A, is smaller than �A. 

4. The Frobenius root of the transposed matrix A' 
is equivalent to the Frobenius root of A. 

This theorem ensures the existence of a weight 
vector in a pairwise comparison matrix. 

From Theorem 1, the following theorem regarding 
a perturbed comparison matrix holds true [7]. 

Theorem2 Let A = (aij), i,j = 1,…,n be a comparison 
matrix and let A(Ñ) = A+ÑDA, DA=(aijdij) be a matrix 
that has been perturbed. Moreover, let �A be the 
Frobenius root of A with w1 being the corresponding 
eigenvector. Let w2 be the eigenvector corresponding 
to the Frobenius root of A', then, the Frobenius root 
�(Ñ) of A(Ñ) and the corresponding eigenvector w1(Ñ) 
can be expressed as follows 

),()( )1( ������ oA ��� ÒÒÒÒÒÒÒÒÒÒÒÒÒÒ         (4) 

),()( )1(
11 ��� owww ��� ÒÒÒÒÒÒÒÒÒÒÒÒÒ        (5) 

where 

,
1

'
2

1
'
2)1(

ww
ww DA�� ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ               (6) 

w(1) is an n-dimension vector that satisfies 

,)()( 1
)1()1( ww IDIA AA �� ���� ÒÒÒÒÒÒÒ     (7) 

where o(Ñ) denotes an n-dimension vector in which 
all components are o(Ñ). 

Proof of this theorem can be found in Ohnishi’s paper 
[7]. 

3.1  Sensitivity analysis of consistency index 

Regarding a fluctuation of the consistency index, 
the following corollary can be obtained from 
Theorem 2. 

Corollary 1 Using an appropriate pij, we can 

represent the consistency index C.I.(�) of the 
perturbed comparison matrix as follows 

C.I.( ) C.I. ( ).
n n

ijij
i j

op d� � �� � ���    ÒÒÒÒÒÒÒ(8) 

(Proof) 
From the definition of the consistency index (3) and 
(4),  

)(
1

C.I.)(C.I. ���� o
n

�
�

��
)1(

. 

Let w1=(w1i) and w2=(w2i) from (6). �(1) is can now be 
represented as 

,1
12

12

)1( dwaw ijj

n

i

n

j
iji� ���

ww
�  

therefore, the second part of the right side is 
expressed by a linear combination of dij. (Q.E.D) 

pij in equation (8) in Corollary 1 shows the 
influence of   comparison matrix components on 
the consistency. 

On the other hand, since the comparison matrix 
A(Ñ) = (aij(Ñ)) is reciprocal, then aji(Ñ) = 1/aij(Ñ) and 
becomes 

).(1 ��� o
a
d

a
daa

ij

ij

ij
jijiji ���� ÒÒÒÒÒÒÒÒÒ       (9) 

Here, since aji =1/aij, 

ijji dd ��                   ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ(10) 

is obtained. The impact on the consistency can be 
easily shown by use of this property. 

3.2  Sensitivity analysis of weights 

With regards to the fluctuation in weighs, the 
following corollary can also be obtained from 
Theorem 2. 

Corollary 2 Using an appropriate qij
(k), we can 

represent the fluctuation w(1)=(wk
(1)) of the weight (i.e. 

the eigenvector corresponding to the Frobenius root) 
as follows 

.)()1( dhw ij

n

i

n

j

k
ijk ���             ÒÒÒÒÒÒÒÒÒ(11) 

(Proof) 
The k-th row component of the right side of (7) in 
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Theorem 2 is represented as 

�� ��
n

i

n

j
ijjij

jijik dwakiwaww ,}),({ 1
12

121 �
ww

 

and is expressed by a linear combination of dij. 
Here,�(i,k) is Kronecker's symbol 

 

�
�
�

�
�

�
).(0
),(1

),(
ki
ki

ki�  

In contrast, since �A is a simple root, Rank(A-�AI) = 
n-1. Accordingly, the weight vector is normalized as  

� � ���
n

k

n

k
kkk www 1)( 1

)1(
1 � , 

then the condition is as follows. 

� �
n

k
kw .0)1( ÒÒÒÒÒÒÒÒÒ                (12) 

By using an elementary transformation to formula (7) 
in the condition above, we also can represent wk

(1) by 
linear combinations of dij. (Q.E.D) 

As seen in equation (5) in Theorem 2, the 
component that has a great influence on weight w1(Ñ) 
is the component which has the greatest influence on 
w(1). qij

(k) in equation (11) from Corollary 2 shows 
how the influence by the components of a 
comparison matrix  on the weights can be 
calculated.  

The influence can also be shown easily by use of 
equation (10). 

3.3  Sensitivity for inner dependence method 

We can also calculate ith regards to the fluctuation in 
weighs, the followi 

Corollary 3 Using an appropriate hij
(k),we can 

represent the fluctuation wn
(1)=(wn

(1)) of the weights of 
inner dependence AHP as follows 

(1) ( ) .
n n

k

n ij
i j

w h� �� ijd  

(Proof) 
From the equation (3), weights of inner dependence 
method wn is calculated from linear transformation of 
normal weights w of normal AHP, and from Corollary 
2 w is represented as sum of linear combination of 

dij .Therefore weights wn is also represented as sum 
of linear combination of dij. . (Q.E.D) 

4  A Weights Representation 

The comparison matrix often has poor consistency 
(i.e. 0.1<C.I.<0.2) because it encompasses several 
activities. In these cases, the components of a 
comparison matrix are considered to have fuzziness 
since they result from the fuzzy judgment of humans. 
Therefore, weights should be treated as fuzzy 
numbers. 

To represent fuzziness of weight w1k, an L-R fuzzy 
number is used. 

4.1  L-R fuzzy number 

 L-R fuzzy number 

),,( LRmM ���  
is defined as fuzzy sets whose membership function 
is as follows. 

�
�
�

��
�

�

� 
!
"

#
$
% �

&  
!

"
##
$

% �

�
).(

),(
)(

mxxmL

mxmxR
xM

�

��  

where L(x) and R(x) are shape function which 
satisfies 
(1) L(x) = L(-x), 
(2) L(0) = 1, 
(3) L(x) is a non increasing function 

4.2  Fuzzy weights of criteria 

From the fluctuation of the consistency index, the 
multiple coefficient gijhij

(k) in Corollary 1 and 3 is 
considered as the influence on aij. 

Since gij is always positive, if the coefficient hij
(k) is 

positive, the real weight of criterion k is considered to 
be larger than w1k.  Conversely, if hij

(k) is negative, 
the real weight of activity k is considered to be 
smaller. Therefore, the sign of hij

(k) represents the 
direction of the fuzzy number spread. The absolute 
value gij|hij

(k)| represents the size of the influence. 

On the other hand, if C.I. becomes bigger, then the 
judgment becomes more fuzzy. 

Consequently, multiple C.I. gij|hij
(k)| can be regarded 

as a spread of a fuzzy weight  concerned with kw�
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aij. 

Definition 1 (fuzzy weight) Let wnk be a crisp weight 
of criterion k of inner dependence model, and gij |hij

(k)| 
denote the coefficients found in Corollary 1 and 3. If 
0.1<C.I.<0.2, then a fuzzy weight  is defined by kw�

 

( , , )k nk k kw w LR� ��� � � � � � (13) 

where 

,||),(C.I.�� ��
n

i

n

j
kijijkijk hghs�      (14) 

,||),(C.I.�� ��
n

i

n

j
kijijkijk hghs�      (15) 

 � �  
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�
�

��
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h
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�
�
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��
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h
h

hs

4.2  Fuzzy weights of alternatives 

Using the fuzzy weights of criteria defined above 
and local crisp weights of alternatives with respect to 
certain criterion, we can calculate overall weights 
from the viewpoint of the overall objective by 
extension. However, the results from the operation of 
fuzzy numbers are frequently too ambiguous to 
interpret. 

Fuzzy weights of activities are normalized thus 
their sum is 1, therefore we can avoid much 
ambiguity since this condition has been considered 
[9]� 

In general, operating with constraints is difficult but 
can be accomplished if every fuzzy membership 
function is linear. 

Especially for every normal triangular function with 
a core �the constraint  holds, and  the 

order of singleton coefficients is assumed. Thus, the 
upper and lower limit of�

iu 1��n

i iu

�  -cut sets of linear sum 
can be easily calculated. 

Let be a crisp local weight of alternative t 
with respect to activity k, and in this paper, assume 

. Then, the overall 
weight of an alternative t is also the L-R fuzzy 
number and is represented as follows.  

)( kt xf

)()()(0 21 nttt xfxfxf ���� �

( , , )t t t tv v l r��

where 

��
n

k
ktkt xfwv )(1 � 

)~supp(inf ttt vvl �� � ttt vvr �� )~supp(sup  

In the above equations, inf supp, sup supp are lower 
and upper limits of support sets and are calculated as 
follows.  
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5. Conclusions 

We proposed a representation for the inner 
dependence overall weights of alternatives by use of 
fuzzy sets and the result of a sensitivity analysis for 
cases in which consistency of the comparison matrix 
is poor. Our approach shows how to represent 
weights, as well as how the result of AHP has 
fuzziness, when inconsistency exists.  This was due 
to reduced ambiguity in the representation presented 
in this work compared to previous normal fuzzy 
operations. 
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Abstract— A summary is a comprehensive description that
grasps the essence of a subject. A text, a collection of text doc-
uments, a query answer can be summarized by simple means
such as an automatically generated list of the most frequent
words or ”advanced” by a meaningful textual description of
the subject. In between these two extremes are summaries by
means of selected concepts exploiting background knowledge
providing selected key concepts. We address in this paper an
approach where conceptual summaries are provided through
a conceptualization as given by an ontology. The idea is to re-
strict a background ontology to the set of concepts that appears
in the text to be summarized and thereby provide a structure,
a so-called instantiated ontology, that is specific to the domain
of the text and can be used to condense to a summary not only
quantitatively but also conceptually covers the subject of the
text.

Keywords— conceptual clustering, conceptual descrip-
tions, conceptual summaries, ontologies.

1 Introduction

The purpose of a summary is to provide a simplification
to highlight the major points from the subject, e.g. a text
or a set of texts such as a query answer. The aim is to
provide a summary that grasps the essense of the sub-
ject.

Most common are summaries as those provided man-
ually by readers or authors as a result of intellectual in-
terpretation. Summaries can however also be provided
automatically. One approach, in the Question Answer-
ing style, such as this is investigated in for instance the
DUC and TREC conferences (see for instance [6],[5],[7]),
is to provide a full natural language generation based
summary construction while a less ambiguous, in the
same tradition, is rather to perform a sentence selection
from the text to be summarized.

In the other end the most simple approach is to se-
lect a reasonable short list of words among the most fre-
quent and/or the most characteristic words from the set
of words found in the text to be summarized. So rather
than a coherent text the summary is a simple set of items.

Summaries in the approach presented here are also
sets of items, but involves improvements over the sim-
ple set of words approach in two respects. First, we go
beyond the level of keywords and aim to provide con-
ceptual descriptions from concepts identified and ex-
tracted from the text. Second, we involve background
knowledge in the form of an ontology. Strictly these two
aspects are closely related – to use the conceptualization

in the ontology we need means to map from words and
phrases in the text to concepts in the ontology.

In this paper we present two different directions to
conceptual summaries based on a background ontology.
In both cases an ontology plays a key role as reference
for the conceptualization. The general idea is from a
world knowledge ontology to form a so-called “instanti-
ated ontology” by restricting to a set of instantiated con-
cepts.

First, we consider conceptual clustering over the in-
stantiated concepts based on a semantic similarity mea-
sure and second we present an approach based on prob-
abilities.

Below we first introduce to the the ontology notion,
then we discuss extraction of conceptual descriptions,
and finally we describe the various approaches to con-
ceptual summaries.

2 Representing background knowledge –
Ontology

Background knowledge is knowledge that complements
the primary target data (the text or text collection /
database) that is subject of the summarization with in-
formation that is essential to the understanding of this.
Background knowledge can take different forms vary-
ing from simple lists of words to formal representations.
In this context, however, our goal is conceptual sum-
maries provided as sets of words or concepts so back-
ground knowledge to support this can range from un-
structured lists of words to ontologies.

A simple list of words can be applied as a filter, map-
ping from a text to the subset of the word list that ap-
pears in the text. Such a controlled list of keywords or a
vocabulary of topics can by obvious means be improved
to capture also morphology by stemming or inflection
patterns. Taxonomies, partonomies, semantic networks
and ontologies are structures that potentially contribute
also to knowledge-based summarization. Our main fo-
cus here is on ontologies ordered around taxonomic re-
lationship. Rather than the common description logic
based approach we choose here a simpler concept alge-
braic approach to ontologies.

One important rationale for this is that our goal here
is not ontological reasoning in general but rather extrac-
tion of sets of mapped concepts and manipulation of
such sets (e.g. contraction).
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2.1 An algebraic approach to ontologies

Given a basis taxonomy that situates a set of atomic term
concepts A in a multiple inheritance hierarchy. Based on
this we define a generative ontology by generalization
of the hierarchy to a lattice an by introducing a (lattice-
algebraic) concept language (description language) that
defines an extended set of well-formed concepts, includ-
ing both atomic and compound term concepts.

The concept language used here, ONTOLOG[9], has as
basic elements concepts and binary relations between
concepts. The algebra introduces two closed operations
sum and product on concept expressions ϕ and ψ, where
(ϕ + ψ) denotes the concept being either ϕ or ψ and
(ϕ × ψ) denotes the concept being ϕ and ψ (also called
join and meet respectively).

Relationships r are introduced algebraically by means
of a binary operator (:), known as the Peirce product
(r : ϕ), which combines a relation r with an expression
ϕ. The Peirce product is used as a factor in conceptual
products, as in x×(r : y), which can be rewritten to form
the feature structure x[r : y], where [r : y] is an attribution
of the concept x. Thus we can form compound concepts
by attribution.

Given atomic concepts A and semantic relations R,
the set of well-formed terms L is:

L = {A} ∪ {x[r1 : y1, ..., rn : yn]|x ∈ A, ri ∈ R, yi ∈ L} (1)

Compound concepts can thus have multiple as
well as nested attributions. For instance with R=
{WRT, CHR, CBY, TMP, LOC, . . .}1 and A ={entity, physi-
cal entity, abstract entity, location, town, cathedral, old} we
get:

L =
{entity, physical entity, abstract entity,

location, town, cathedral, old,

. . . , cathedral[LOC : town, CHR : old],
cathedral[LOC : town[CHR : old]], . . .}

2.2 Modelling Ontologies

Obviously modelling ontologies from scratch is the best
way to ensure that the result will be correct and consis-
tent. However, for many applications the effort it takes
is simply not at disposal and manual modeling have to
be restricted to narrow and specific subdomains while
the major part have to be derived from relevant sources.
Sources that may contribute to modeling of ontologies
may have various forms. A taxonomy is an obvious
choice and it may be supplemented with, for instance,
word and term lists as well as dictionaries for defini-
tion of vocabularies and for handling of morphology.
Among the obviously useful resources are the seman-
tic network WordNet [11] and the Unified Medical Lan-
guage System (UMLS) [4] and unifies several other re-
sources in the biomedical science area.

To go from a resource to an ontology is not necessarily
straightforward, but if the goal is a generative ontology

1for with respect to, characterized by, caused by, temporal, loca-
tion, respectively.

and the given resource is a taxonomy, one option is to
proceed as follows. Given a taxonomy T over the set
of atomic concepts A and a language L, over A for a
given set of relations R, being derived as indicated in
(1) above. Let T̂ be the transitive closure of T . T̂ can
be generalized to an inclusion relation ”≤” over all well-
formed terms of the language L by the following

“ ≤ “ = T̂
∪{〈x[. . . , r : z], y[. . .]〉|〈x[. . .], y[. . .]〉 ∈ T̂ }
∪{〈x[. . . , r : z], y[. . . , r : z]〉|〈x[. . .], y[. . .]〉 ∈ T̂ }
∪{〈z[. . . , r : x], z[. . . , r : y]〉|〈x, y〉 ∈ T̂ }

where repeated . . . denote zero or more attributes of the
form ri : wi.

The general ontology O = (L,≤,R) thus encom-
passes a set of well-formed expressions L derived in the
concept language from a set of atomic concepts A, an in-
clusion relation generalized from the taxonomy relation
in T , and a supplementary set of semantic relations R.
For rεR, we obviously have x[r : y] ≤ x, and that x[r : y]
is in relation r to y. Observe that O is generative and
that L therefore is potentially infinite.

An example is given in figure 1 showing a segment of
a generative ontology build with WordNet as resource.

3 Referencing the background knowledge
– providing descriptions

As already indicated the approach involves surveying
text through the ontology provided and delivering sum-
maries on top of the conceptualization of the ontology.
For this purpose we need to provide a description of the
text to be summarized in terms of the concepts in the
ontology. So words and/or phrases must be extracted
from the text and mapped into the ontology. This is
a knowledge extraction problem, and obviously such
knowledge extraction can span from full deep natural
language processing (NLP) to simplified shallow pro-
cessing methods.

Here we will consider the latter due to the counter-
balance between the need for a full interpretation and
the computational complexity of getting it. A very sim-
ple solution would match words in text with labels of
concepts in the ontology, hence make a many-to-many
relation between words in text and labels in the ontol-
ogy that just accepts the ambiguity of natural language.
Improvements can easily be obtained through pattern
based information extraction / text mining and through
methods in natural language processing.

First, a heuristic part of speech tagging can be per-
formed on the text, and provided that word classes are
assigned to the concepts given in the ontology this en-
ables a word class based disambiguation.

Second, a stemming or, provided lexical information
is available, a transformation to a standardized inflec-
tional form can significantly improve the matching.

Third, given part of speech tagged input, simple syn-
tactic natural language grammars can be used to chunk
words together forming utterances or phrases [3], that
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entity

physical_entity abstract_entity

artifactlocation

structure

building

defensive_structure

place_of_worship

church

abbeycathedral

cathedral[loc: town]

fortification fortress

stockade fortification[chr: large]fortification[chr: old]

attribute

property

magnitudeage

size

largeness

biglarge

fortress[chr: big]

oldness

old

town[chr: old]

region

geographical_area

urban_area

municipality

town

fortification[chr: large, chr: old]cathedral[loc: town[chr: old]]

Figure 1: A segment of an ontology based on Wordnet. Does also correspond to an instantiated ontology for
the set of instantiated concepts {cathedral[LOC : town[CHR : old]], abbey, fortification[CHR : large, CHR : old], stockade,
fortress[CHR : big]}

.

can be used as the basis for matching against compound
concepts in the ontology. Obviously the matching of
chunks from the text and concepts in the ontology is
in principle the same complex NLP problem over again,
but the chunks identified will often correspond to mean-
ingful concepts and therefore lead to a more refined and
better result of the matching and, in addition, allow for
a simple pattern-based approaches. We refer to [18] and
[1] for more refined approaches. Here we will only cover
a simple pattern-based approach.

Finally, some kind of word sense disambiguation [20]
can be introduced in order to narrow down the possi-
ble readings of words, hence ideally mapping words of
phrases to exactly one concept in the ontology.

A very simple approach along these lines is the fol-
lowing. Given a part-of-speech tagged and NP-chunked
input a grammar for interpretation of the chunks is the
following:

Head ::= N
NP ::= A* N* Head | NP P NP

(2)

where A, N and P as placeholders for adjective, noun
and preposition respectively. A very course-grained
mapping strategy on top of this interpretation can be
formed using the following transition rules, where pre-
modifying adjectives relates to the head through char-
acterized by (CHR) while premodifying composite nouns
and prepositions both relates through with respect to
(WRT):

A1, . . . , AnN1, . . . , NmHead �→
Head[CHR : A1, . . . , CHR : An, WRT : N1, . . . , WRT : Nm]

NP (P NP)1, . . . , (P NP)n �→
NP[ WRT : NP1, . . . , WRT : NPn]

(3)

To test this approach we consider the the Metathesaurus
in the Unified Medical Language System (UMLS) [13] as
resource and build a generative ontology from this. For
part of speech tagging and phrase chunking we use the
MetaMap application [2].

Consider the following utterance2 as an example:

[...] the plasma patterns of estrogen and progesterone un-
der gonadotropic stimulation simulating early pregnancy
[...]

The first part of the analysis leads to part of speech tag-
ging and phrase recognition as shown in table 1.
By applying the grammar (2) this can be transformed
into the following three noun phrases:

plasma/N patterns/N of/P estrogen/N

progesterone/N under/P gonadotropic/A stimulation/N

early/A pregnancy/N

and by using the transition rules (3) we can produce the
following compound expressions:

2This utterance is from a small 50K abstracts fraction of
MEDLINE [14] having both Homones and Reproduction as ma-
jor topic keywords.
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Table 1: Part of speech tagging and phrase recognition
Phrase Type Word POS

Noun Phrase
det the det
mod plasma noun
head patterns noun

Preposition prep of prep
head estrogen noun
conj and conj

Noun Phrase head progesterone noun

Preposition
prep under prep
mod gonadotropic adj
head stimulation noun
verb simulating verb

Noun Phrase mod early adj
head pregnancy noun

patterns[WRT: plasma, WRT: estrogen]

progesterone[WRT:stimulation[CHR:gonadotropic]]

pregnancy[CHR:early]

3.1 Instantiated Ontology

The description dO(T ) of a text T given the ontology O
comprise a set of concepts in O and as indicated the pur-
pose here is to summarize based on relations in the on-
tology. Now given the set of concepts (the description)
dO(T ) an obviously relevant subontology is a subontol-
ogy that covers all elements of dO(T ). Such a subontol-
ogy can be consider an instantiation of the text T (or the
set of concepts dO(T )).

Given an ontology O = (L,≤,R) and a set of concepts
C we define the instantiated ontology OC = (LC ,≤C

,R) as a restriction of O to cover only the concepts in
C, that is, C and every concept from L that subsumes
concepts in C or attributes for concepts in C. LC can
be considered an ”upper expansion” of C in O. More
specifically, with C+ being C extended with every con-
cept related by attribution from a concept in C:

LC = C ∪ {x|y ∈ C+, x ∈ L, y ≤ x}
“ ≤C “ = {(x, y)|x, y ∈ LC , x ≤ y} (4)

Thus OC is not generative. ”≤C” may be represented
by a minimal set ”≤′

C”⊆”≤C” such that ”≤C” is deriv-
able from ”≤′

C” by means of transitivity of ”≤” and
monotonicity of attribution:

transitivity : x ≤ y, y ≤ z ⇒ x ≤ z

monotonicity : x ≤ y ⇒ z[r : x] ≤ z[r : y]

Figure 1 shows an example of an instantiated ontol-
ogy. The general ontology is based on (and includes)
WordNet and the ontology shown is ”instantiated” wrt.
the following set of concepts:

C = {cathedral[LOC : town[CHR : old]], abbey,

fortification[CHR : large, CHR : old], stockade,

fortress[CHR : big]}

4 Data summarization through background
knowledge

The general idea here is to exploit background knowl-
edge through conceptual summaries, that are to provide
a means to survey textual data, for instance a query re-
sult. A set of concepts from the background knowledge
is first identified in the text and then contracted into a
smaller set of, in principle, most representable concepts.

This can be seen as one direction in a more gen-
eral conceptual querying approach where queries can
be posed, and answers be presented, by means of con-
ceptual abstractions. For a general discussion on other
means, except from conceptual summaries, of concep-
tual querying, where also a dedicated language con-
structs for this purpose is presented we refer to [8]. Here
we discuss summaries only.

In the approach to summarization described here we
assume an ontology to guide the summarization and,
for the text to be summarized, an initial extraction of
concepts as described in the previous section. Thus, we
can assume an initial set of concepts C and we a fac-
ing a challenge to provide a smaller set of representative
concepts covering C, that is, an appropriate summary
that grasps what´s most characteristic about C. For com-
putation of the summary we restrict to the subontology
OC = (LC ,≤C ,R) corresponding to the instantiated on-
tology for C.

We introduce two directions for deriving summaries
below: one based on clustering of the input concept set
C and the other realized as a probability-based restric-
tion of the input ontology OC . Towards the end we dis-
cuss possibilities for combining these approaches.

4.1 Similarity Clustering

Given a similarity measure summaries can be derived
from a clustering of concepts applying this measure.
Obviously, if the measure is derived from an ontology,
and thereby do reflect this, then so will the cluster-
ing. We will below assume an ontology-based similar-
ity measure sim. A simple example of such a measure
can be derived from the path lenght in the ontology
graph (Rada’ Shortest Path Length [12]). More refined
approaches are Information Content [16] and Weighted
Shared Nodes [17].

4.1.1 A hierarchical similarity-based approach
With a given path-length dependent similarity measure
derived from the ontology a lub-centered, agglomera-
tive, hierarchical clustering can be performed as follows.

Initially each ”cluster” corresponds to an individual
element of the set to be summarized. At each particular
stage the two clusters which are most similar are joined
together. This is the principle of conventional hierarchi-
cal clustering. However rather than replacing the two
joined clusters with their union as in the conventional
approach they are replaced by their lub. Thus given a
set of concepts C = {c1, . . . , cn} summarizers can be de-
rived as follows.

ALGORITHM – Hierarchical clustering summary
INPUT: Set of concepts C = {c1, . . . , cn}
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OUTPUT: Generalizing description δ(C) for C.

1) Let the instantiated ontology for C be OC =
(LC ,≤C R)

2) Let T = {〈x, y〉|sim(x, y) = maxz,w∈C(sim(z, w))}
3) Let

U = min ({u|u ∈ LC ∧ ∃x, y ∈ LC : x < u ∧ y < u})
4) L = {x|〈x, y〉 ∈ T ∨ 〈y, x〉 ∈ T}
5) set δ(C) = C ∪ U/L

As was also the case with the connectivity clustering,
to obtain an appropriate description of C we might have
to apply δ several times and at some point m we have
that δm(C) = Top.

size
number

magnitude

cost
price

cost

fee
cost

politics

relation

abstraction

government
state

government

committee
organization

abstraction

defender
man

person

servant
person

woman

person

fortress
stockade

defensive structure

radiator
artifact

object

entity

Figure 2: An illustration of the hierarchical clustering
summary. The merging of two clusters are shown with
their lub.

Figure 2 illustrates the application of δ a total of 15
times to the set of concepts from the previous example,
where we might have (depending on the exact similarity
values) for instance:

C = {number, size, committee, government, state, de-
fender, man, servant, woman, bribe, cost, price,
fee, fortification, fortress, stockade}

δ1(C) = {number, size, committee, government, state, de-
fender, man, servant, woman, bribe, cost, fee, for-
tification, fortress, stockade}

δ2(C) = {number, size, committee, government, de-
fender, man, servant, woman, bribe, cost, price,
fee, fortification, fortress, stockade}

etc.
Thus summaries are generated iteratively and at each

step the two closest concepts are clustered and the result
is replaced by the corresponding lub.

4.1.2 Simple least upper bound-based approach

The principle of replacing clusters by their least up-
per bound can by applied on top of in principle
any clustering approach. A straightforward similar-
ity based approach is simply to apply a crisp clus-
tering to the set of concepts C = {c1, . . . , cn} lead-
ing to {C1, . . . , Ck} and then provide the set of lub’s
{ĉ1, . . . , ĉk} = {lub(C1), . . . , lub(Ck)} for the division of
C as summary. However to take into account also the
importance of clusters in terms of their sizes the sum-
mary can be modified by the support of the generalizing
concepts, support(x,C), that for a given concept speci-
fies the fraction of elements from the set C covered:

support(x,C) =
|{y|y ∈ C, y ≤ x}|

|C| (5)

leading to a fuzzyfied (weighted) summary, based on
the division (crisp clustering) of C into {C1, . . . , Ck}:

Σisupport (lub(Ci), C) /lub(Ci) (6)

To illustrate this lub-based approach consider table
2. Five groups are given that are derived as clusters of
synsets in wordnet 3

Table 2: A set of clusters and their least upper bounds
from WordNet.

cluster lub
{number, size} magnitude
{committee, government, state} organization
{defender, man, servant, woman} person
{bribe, cost, fee, price} cost
{fortification, fortress, stockade} defensive structure

From these clusters the fuzzyfied
summary {.13/magnitude + .19/organization + .25/person
+ .25/cost + .19/defensive structure} can be generated.

We may expect a pattern similar to hierarchical clus-
tering in derivation of summaries in an approach based
on similarity when the similarity measure reflects sim-
ple shortest path in the ontology.

This approach to summarization can be generalized
using a fuzzyfied notion in place of the least upper
bound as candidate representative. The generalization
reduces the sensitivity against noise in the groups re-
sulting from the initial clustering. This approach is de-
scribed in [8].

4.2 A probability-based approach

We consider above a summary of textual input based
on the concepts that appears in the text and how these
are related in a background ontology. In the hierarchical
approach candidate summarizers are chosen regardless
of their coverage of the input, while the lub-based ap-
proached is introduced with a support that measures the
degree to which all occurring input concepts are sum-
marized. An obvious extension in this direction is to
also consider frequencies of terms in the input text and
thereby measure the probability of encountering an in-
stance of a concept in the text.

Probabilities provides a means for selecting summa-
rizers without taking other measures into account and
thus allows for a straightforward approach as follows.

Given a set of concepts C = {c1, . . . , cn} and let
OC = (LC ,≤C ,R) be the instantiated ontology. Let fur-
ther child(c) denote the set of immediate children and
parent(c) the set of immediate parents for any concept
c ∈ LC . The principle is to accumulate the frequencies
to more general concepts but only so that a child c con-
tributes with 1

|parent(c)| to each parent. A summary can
be derived as follows.

ALGORITHM – Probability-based summary
INPUT: Set of concepts C = {c1, . . . , cn}, their relative

frequencies C = {freq(c1), . . . , freq(cn)} and a thresh-
old α

3The first four are set of clusters and their least upper
bounds in where C1, . . . , C4 are from SEMCOR and C5 is from
the example ontology in figure 1.
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Figure 3: An instantiated ontology based on a paragraph from SEMCOR

OUTPUT: Generalizing description D(C,α) for C.

1) Let the instantiated ontology for C be OC =
(LC ,≤C ,R)

2) Accumulate the frequencies in correspondence with
the ontology such that ∀c ∈ LC\C : freq(c) =∑

c′∈child(c)
1

|parent(c′)|freq(c′)
3) Let N = |C| and p(c) = freq(c)/N be the probabil-

ity of encountering c.
4) Let O′

C = (L′
C ,≤′

C ,R′) be the restriction of OC to
the concepts that appear in {c ∈ LC |p(c) ≥ α}

5) Set the α-level summary of C to the most specific
concepts appearing in O′

C , that is D(C, α) = {c ∈
L′

C |  ∃c′ ∈ L′
C : c′ < c}

As an example consider figure 3 that shows an instan-
tiated ontology derived from WordNet for the following
paragraph found in SEMCOR[10]4:

Greases, stains, and miscellaneous soils are usu-
ally sorbed onto the soiled surface. In most cases,
these soils are taken up as liquids through capil-
lary action. In an essentially static system, an oil
cannot be replaced by water on a surface unless
the interfacial tensions of the water phase are re-
duced by a surface-active agent.

4SEMCOR is a subset of the documents in the Brown corpus
which has the advantage of being semantically tagged with
senses from WordNet

Words in italics indicate the initial set of concepts5.
Among the recognized concepts most appear only once,
while the frequency of surface and water is two and the
frequency of soils is 4 (includes stains). We have N =16
and C={Greases, stains, soils, soiled, surface, soils, liquids,
capillary action, system, oil, water, surface, interfacial ten-
sions, water, phase, surface-active agent} and thus get for
instance

D(C, 0.1)={dirt stain soil, surface, surface tension,
water, oil}
D(C, 0.15)={dirt stain, soil, natural phenomenon,
compound}

5 Concluding remarks

In this paper we have considered how to use ontologies
to provide data summaries with a special focus on tex-
tual data. Such summaries can be used in a querying
approach where concepts describing documents, rather
than documents directly, are retrieved as query answer.
The summaries presented are conceptual due to fact that
they exploit concepts from the text to be summarized
and ontology-based because these concepts are drawn
from a reference ontology.

5Notice that due to the use of SEMCOR there is no com-
pound concepts in the initial set here.
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We have presented three summary principles. Two
based on similarity and clustering and the third on prob-
abilities derived from frequencies in the text to be sum-
marized. Obviously a ”meaningful” clustering may lead
to good summaries if characterizing subsuming con-
cepts can be found in the ontology, but as indicated also
counting occurrences, rather than only recognizing pres-
ence, of concepts may contribute to encircling essential
concepts. Thus a next step should be to develop a com-
bination that draws on similarity to ensure for instance
that close summarizers are joined and on frequencies to
ensure that derived summarizers are important.

For a summarization principle to work in practise
users clearly need some kind of guidance on how many
times to iterate or how to set a threshold. This brings
up the important question on evaluation of summaries.
Initial considerations on the quality of summaries can
be found in [19] but the issue is also an obvious direc-
tion for further work in continuation of what has been
described here.
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Abstract— Case-based reasoning is a recognized paradigm and 
has been explored in both applied and methodological directions. 
In the several phases of CBR, the adaptation phase is certainly the 
most problematic whereas the most characteristic and interesting 
phase. We propose to view this task through a fuzzy analogical 
scheme. The adaptation is realized by focusing on the relation 
existing between the problem to be solved and the retrieved cases. 
Two approaches are proposed here: the relation can be captured 
by a fuzzy linguistic modifier or by a fuzzy interpolation. 

Keywords— Case-based reasoning, analogy, interpolation, 
adaptation, fuzzy sets.   

 

1 Introduction 
Case-based reasoning (CBR) has been explored in both 
applied and methodological directions. If the retrieval phase 
of the process has been widely investigated, less modelling 
has been proposed for the adaptation phase [13]. 
Derivational analogy [10] has been proposed to solve this 
problem when general domain knowledge is available, but it 
remains mainly a domain-dependent approach. More formal 
analysis of transformational analogy, assuming knowledge 
about differences in problems and their solutions, has been 
considered. In particular, a formal model of transformational 
adaptation has been proposed [2] on the basis of the 
consideration of a quality function evaluation. 
 

2 Adaptation modeling in CBR 

2.1 Presentation of the problem 
Let us consider a problem space P and the solution space S 
and ′ P  the subset of P of already solved problems. For a 
problem p in P, case-based reasoning can be regarded as the 
research of a solution s in S which can be associated with p. 
Let us denote by IAS the application “is a solution of” p and 
its solution s: SP:IAS → . A commonly used method is to 
look for the most resembling elements ′ p  to p in ′ P  already 
associated with a solution ′ s  in S. Either the best fitting 
problem is only taken into account and its associated solution 
is considered, or a group of similar problems is retrieved and 
various methods can be used to take them into account, by 
means of an aggregation method or a prototype-based 
approach for instance. 
After the retrieval step, it is generally necessary to 
incorporate the dissimilarity between p and ′ p  to produce a 
transformed view ′ s  of the solution s. The transformation is 
for instance based on a degree of uncertainty attached to the 

solution s, on the proximity between elements of S, on a 
modulation of the linguistic expression of s, or on the use of 
constraints.  
Several types of situations occur. In the first type of 
situation, S is a finite set of crisp solutions and the element s 
which will be associated with a given p is one of them, 
associated with the most similar ′ p  in ′ P . 
For example, we consider the assignment of a student grant 
to attend a conference, P is a set of students characterized by 
several attributes, S the solution space. In this case, S will be 
reduced to a two-element space “grant, no grant”. The 
student p will be assigned a grant if the most similar element 
in ′ P  has been assigned a grant.  
The only possible adaptation in this case is the assignment of 
a degree of uncertainty to ′ s . Obviously, if a decision is to be 
made, a level of acceptable uncertainty will be chosen and no 
decision will be possible if this level is not reached. 
 
In the second type of situation, S is infinite. For a given 
element p in P, the element s which will be associated with p 
is constructed from the solutions associated with the most 
similar problems ′ p  in ′ P . A particular case corresponds to a 
continuous universe S and a finite number of linguistic 
values represented by fuzzy sets of S. 
For instance, continuing the previous example, we can 
consider that a grant assignment can be defined as {refused, 
small, medium, high}. For a given student description p, the 
grant assignment may be expressed as “rather small” or “very 
high” if the value of the grant is supposed to depend on 
his/her merits or characteristics (his/her country is very far 
away, his/her grades are very good…). 
We propose in this paper several adaptation techniques 
derived from fuzzy set based analogical reasoning and 
modelling. Our purpose is to propose a general approach 
based on fuzzy analogy to define adaptation methods in 
CBR. 

 
2.2 Fuzzy analogy as a model for adaptation in CBR  
Problems and solutions are, in many cases, described by 
means of linguistic terms or approximate values derived from 
expert knowledge, for instance “if the quality of the paper is 
very high then the grant assignment is highly recommended”. 
A convenient knowledge representation is thus fuzzy set 
based. Let us denote by 0,1[ ]Ω  the set of fuzzy sets of any 
universe Ω . 
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A number of works have already presented various 
utilizations of fuzzy logic based representations in CBR 
[1][11][12][14] or analogy [20]. Very little attention has 
been drawn to the adaptation problem and we focus on this 
aspect in the present paper.   
                                     
We consider the universe D of descriptions of problems p 
present in P and the application α : P → 0,1[ ]D such that a 
problem p is described by a fuzzy set α p( ) of D. We 
consider also the universe E of expressions of solutions in S. 
Each solution in S is associated by means of a one-to-one 
mapping γ  to a fuzzy set γ s( ) of E. 
Our purpose is to provide a model of transformational 
adaptation in case-base reasoning, starting from the 
opportunity to use analogy [18] to describe the assignment of 
a solution to a problem.  
 
A scheme of analogy has been defined in a fuzzy framework 
[5] in order to mimic the most classic human means of 
deriving a solution to a new problem on the basis of past 
experiences in an automatic approach.  
Starting from this scheme, and considering the specific 
environment of case-based reasoning, we propose the 
following definition of an analogical scheme in CBR. We 
consider two similarity relations R1 on P × P  and 2R  on 
S × S, such that R1 p, ′ p ( )= 1 if and only if p and ′ p  are 
similar, R2 s, ′ s ( )= 1 if and only if s and ′ s  are similar.  
 
Definition 1. For a given application IAS : P → S and two 
similarity relations R1 on P × P  and 2R  on S × S, an 
analogical scheme on P,S( ) is a function (see figure 1): 
ℜ IAS,R1R2  :  P × S × P → S   (1) 
satisfying ∀p ∈ P  and ∀s ∈ S  such that s = IAS(p) 
(i) s = ℜ IAS,R1R 2 (p,s,p)  
(ii) ∀ ′ p ∈ P  such that R1 p, ′ p ( )= 1, ′ s = ℜ IAS,R1R2 (p,s, ′ p )  
if and only if ′ s = IAS( ′ p ) and R2 s, ′ s ( )= 1. 

 
Figure 1. Global analogical scheme for case-based reasoning 
x 
Definition 1 means that if we want to solve a problem ′ p  and 
we find a problem p similar to ′ p  with a solution s = IAS(p) 
in S, then the solution ′ s  of ′ p  will be similar to s. At this 
point, several problems p can be similar to ′ p  and ′ s  will be 
similar to all their solutions. 
It is now necessary to define an operational way of 
evaluating the similarity R1 of problems on the basis of their 
descriptions and the similarity 2R  of solutions on the basis 
of their expressions. 

 
2.3 Measures of similitude 
In many case-based reasoning applications, gradual 
evaluations of similarities are used, for instance based on 
distances between descriptions in D and between solutions in 
S or based on the compatibility with prototypes [19]. Let S1 
and S2 be measures of similitude respectively defined on D 
and E to compare fuzzy sets. Several forms are available, 
depending of the properties we require from measures of 
similitude [8].  
Following Tversky’s seminal work on features of similarity 
[21], we define a measure of similitude on any universe Ω as 
follows, for a given fuzzy set measure M : 0,1[ ]Ω → R+  
such that M A( )= 0 ⇔ A = ∅ and M is monotonous with 
respect to the inclusion ⊆  of fuzzy sets. We suppose also 
given an operation – of difference of fuzzy sets such that 
A − ′ A  is monotonous with respect to A and A ⊆ ′ A  implies 
A − ′ A = ∅.  
With the convention that we use the same symbol for a fuzzy 
set and its membership function, the most used difference is 
defined for any y in Ω by: 
A − ′ A y( )= max 0, ′ A y( )− A y( )( )  (2) 
 
Definition 2. A measure of similitude on Ω is a mapping 

[ ] [ ] [ ]1,01,01,0:S →× ΩΩ
Ω  defined as: 

SΩ A, ′ A ( )= F M A ∩ ′ A ( ),M ′ A − A( ),M A − ′ A ( )( )          (3) 

for a given mapping F : R+3 → 0,1[ ] such that F u,v,w( ) is 
non-decreasing in u, non-increasing in v and w. 
 
A measure of similitude can be regarded as a fuzzy relation 
on 0,1[ ]Ω × 0,1[ ]Ω  and a fuzzy version of a similarity 
relation. Given a function F, we use measures of similitude 
on D and E to determine the similarities on P and S. 
We assume that  

( ) ( ) ( )( ) ε≥′αα⇔=′ p,pS1p,pR D1                 (4)  
and  ( ) ( ) ( )( ) ε≥′γγ⇔=′ s,sS1s,sR E2 ,             (5) 
for a chosen threshold ε. 
 

Figure 2. Operational analogical scheme for CBR 
 
We obtain the operational analogical scheme described in 
Figure 2. The mapping β  from D to E is defined in such a 

way that, for any B in 0,1[ ]D and C in 0,1[ ]E , C = β(B)  if 
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and only if there exist p in P and s in S satisfying B = α p( ), 

( )sC γ=  and s = IAS(p). We have IAS = γ−1 �β �α . 
Let us note that, crisp values being particular cases of fuzzy 
sets, the general scheme remains valid of values of attributes 
are precise. The measures of similitude must of course be 
chosen in an appropriate way [15].  
 
2.4 Operational analogical scheme for CBR 
It is now necessary to define an operational way of deriving 

′ s  from ′ p  on the basis of the two measures of similitude 
SD and SE, and the analogical scheme ℜ IAS,R1,R2 . We 
use a fuzzy version of analogical scheme as follows. 
 
Definition 3. For a given application β :[0,1]D → [0,1]E  
and two measures of similitude SD on [0,1]D × [0,1]D  and 

SE on [0,1]E × [0,1]E , an −ε analogical scheme on D,E( ) 
is a function defined for a given threshold [ ]1,0∈ε  as: 

[ ] [ ] [ ] [ ]EDED
SS, 1,01,01,01,0 : 

ED
→××ℜε

β                      (6) 

satisfying the following conditions ∀B ∈ 0,1[ ]D and 

∀C ∈ 0,1[ ]E such that C = β(B)  

(iii) )B,C,B(C
EDSS,

ε
βℜ=  

(iv) ∀ ′ B ∈ [0,1]D such that SD B, ′ B ( )≥ ε , then 

)B,C,B(C
EDSS ′ℜ=′ ε

β  if and only if ′ C = β( ′ B )  and 

SE C, ′ C ( )≥ ε. 
 
This means that we need to determine a fuzzy −ε analogical 

scheme ε
βℜ

EDSS,  on 0,1[ ]D, 0,1[ ]E� 
� 
� � 

� 
�  compatible with 

ℜ IAS,R1R2 (see figure 1). This compatibility is satisfied in 
the following way.  
 
Property 1: Let us suppose that �IAS = γ−1 �β �α . For any p 
and ′ p  in P, and s in S, the following holds: 

′ s = ℜ IAS,R1R2 (p,s, ′ p ) ⇔ ( ) ( ) ( ) ( )( ).p,s,ps
EDSS, ′αγαℜ=′γ ε

β                   

 
Proof. If ′ p = p, then ′ s = IAS ′ p ( )= IAS p( )= s  by (i), also 
α ′ p ( )= α p( ) and ( ) ( )ss γ=′γ . Then (iii) is ensured.  
Now, if ′ s = ℜ IAS,R1R2 (p,s, ′ p ) , then R1 p, ′ p ( )= 1, 
R2 s, ′ s ( )= 1, and consequently the following inequalities 
hold:  
SD α p( ),α ′ p ( )( )≥ ε, ( ) ( )( ) ε≥′γγ s,sSE ,  

which entails ( ) ( ) ( ) ( )( )p,s,ps
EDSS, ′αγαℜ=′γ ε

β by (iv). 

Conversely, if α ′ p ( )= α p( ), then ( ) ( )ss ′γ=γ , and ss ′= . 
Then (i) is ensured.  

Now, if ( ) ( ) ( ) ( )( ).p,s,ps
EDSS, ′αγαℜ=′γ ε

β , then for 

( ) ( )( ) ε≥′αα p,pSD , we get ( ) ( )( )ps ′αβ=′γ  and 

( ) ( )( ) ε≥′γγ s,sSE . For p and p′  such that ( ) 1p,pS1 =′ , 
( )pIASs ′=′  since γ  is a one-to-one mapping, and 

( ) 1s,sR 2 =′  by (5). Consequently, (ii) holds. 
 
Continuing the previous example, we can consider a 
population P of students p, described by various attributes, 
such as the quality of their submitted paper, their ages, their 
countries… Let us consider universes of paper quality Q, of 
ages A, of countries C, we note D=Q×A×C and we consider 
fuzzy descriptions of students p, i.e. fuzzy sets of D, for 
instance (rather good quality, young, far country). Each 
student p will be assigned an amount of financial support in 
S which may be expressed by a fuzzy set of the universe of 
natural numbers E=IN, such as a “small grant”. 
 

3 Transformational adaptation in CBR 
 
Since we have established a link between a comparison of 
problems in P or solutions in S and a comparison of their 
descriptions in D or expressions in E, we can work on (D,E) 
instead of (P,S) to determine methods of transformational 
adaptation in CBR.  
 
3.1 Retrieval of a similar problem 
We don’t focus in this paper on the retrieval step of CBR. 
Let us only mention that there exist many ways to use the 
similarity relations 1R  to retrieve problems in ′ P  which will 
be used to determine a solution in S to a given problem p.  
For instance, the comparison can be restricted to typical 
problems in ′ P . The definition of prototypes can easily be 
solved through methods based on particular measures of 
similitude and dissimilarity in D [16]. Let ′ ′ P  be the set of 
prototypes. They can be particular problems of ′ P  or they 
can be abstract problems with descriptions in D summarizing 
the descriptions of a class of problems in ′ P . 
The comparison can also be restricted to clusters of ′ P  
determined in agreement with solutions in S. 
Let us remark that the threshold ε  can be freely chosen by 
the user. If he/she chooses 0=ε , he/she takes into account 
all possible problems in P, and the determination of a unique 

′ p  associated with a given p lies in this case on the retrieval 
method. For instance, the retrieval method can be based on 
an optimization technique and ′ p  will be the most similar to 
p, corresponding to the greatest value of ( ))p(),p(SD ′αα , 
under given additional constraints in some cases. Otherwise, 
the threshold ε  can be considered as a level of decidability: 
if there exists no ′ p  such that ( ) ε≥′αα )p(),p(SD , then 
there is no already solved problem sufficiently similar to p 
and no solution can be proposed, unless more information is 
obtained. 
If we now suppose that there exists a subset 0P  of such 
problems ′ p , a method must be picked to determine a unique 

0p′  in 0P  which will be used to find a solution to p by 
adapting ( )00 pIASs ′=′ . Either we use an aggregation 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1627



 

 

method to combine all 0p′  in 0P , or we look for the 
maximum of ( ){ }0D Pp/)p(),p(S ∈′′αα , under additional 
constraints if necessary. Another solution is to look for the k-
best values among ( ){ }0D Pp/)p(),p(S ∈′′αα , with k chosen 
by the user, for instance 2k = . A refinement of the method 
considers a restriction of the search to elements of 0P  
significantly different, with an additional threshold of 
decidability ε′  such that, if the two best values in 

SD α(p),α( ′ p )( )/ ′ p ∈ P0{ } correspond to fuzzy subsets b 

and b′  of D such that ( ) ( ) ε′≤′α−α b),p(Sb),p(S DD  and 

( ) ( )bb ′β≠β , then no solution can be proposed to solve p, 
unless additional information is obtained. 
 
We now focus on transformational adaptation techniques to 
determine the solution s of problem p. 
 
3.2 Transformational adaptation by means of modifiers 
We first consider that the retrieval method provides a unique 

′ p , such that ( ) 1p,pR1 =′ , best fitting the considered 

problem p. The value SD α p( ),α ′ p ( )( ) of the measure of 
similitude gives an information on the level of resemblance 
between p and ′ p . This value is used to adapt the solution 

( )pIASs =  in order to define ( )pIASs ′=′ . The −ε  
analogical scheme introduced in Definition 3 indicates that s 
will be determined in such a way that ( ) ( )( ) ε≥′γγ s,sSE . It is 
clear that, ( )sC ′γ=′  being a fuzzy set of D, there exist many 
fuzzy sets ( )sC γ=  such that this condition is satisfied.  
 
A convenient way to define C from C′  is to use a modifier 
[4], such that s′  will be a linguistically modified form of s. 
For example, if s is “small”, then s′  may be “rather small”, 
or “more or less small”, depending on the context.  
A modifier defined for a universe Ω  ( Ω  being either D or 

E) is a mapping [ ] [ ]ΩΩ → 1,01,0:m .  
We restrict ourselves to ε−modifiers m on Ω  such that  
M m X( )− X( )= 1− ε              (7) 

The modifier is expansive if X ⊆ m(X) for any X in 0,1[ ]Ω . 
Examples of expansive modifiers are “more or less” or 
“approximately”. Modifiers m are defined by parameterized 
mathematical transformations such as homotheties [3]. 
The transformational adaptation process is then the 
following: given the measure of similitude ΩS , we define 
the solution s to problem p in such a way that 

( ) ( )( ) .s,sSE ε≥′γγ  The form of m depends on the chosen 
measure of similitude and the parameters defining m are 
deduced from ε . 
 
We have proved in [6] that the choice of a particular measure 
of similitude and the choice of the modifier are linked. 
Working with expansive modifiers, for instance, leads to use 
a particular measure of similitude called a measure of 

inclusion, defined as a reflexive measure of similitude 
(r.m.s.) such that 0)w,v,0(F = for any v and w and 

)w,v,u(F  is independent of v. Classic examples of 
measures of inclusion are the following: 

- SΩ X, ′ X ( )= M(X ∩ ′ X )
M(X)

,   (8) 

M standing for the fuzzy cardinality of X,   
M X( )= X(y)y∈Ω�                  (9) 

- SΩ X, ′ X ( )= 1− M X − ′ X ( ),           (10) 
M standing for the height of X: 
M X( )= supy∈Ω X(y) .            (11) 
 
Property 2. Let us suppose that the difference of fuzzy sets is 
defined by (2), the fuzzy set measure by (11) and the 
similarity by (10). For any given problem p associated with a 
description B, an ε−modifier m provides the expression of a 
solution s of p compatible with the −ε analogical scheme i.e. 

such that m( ′ C ) = ℜβSDSE
ε ′ B , ′ C ,B( ) for any B, ′ B , ′ C . 

 
Proof. If m is an ε−modifier, then M m ′ C ( )− ′ C ( )= 1− ε , 

which means that supx∈E m ′ C ( )− ′ C ( )= 1− ε . In the case 

where B = ′ B , then SD B,B( )= 1, ε = 1. Then 

M m ′ C ( )− ′ C ( )= 0  by (7). Then m ′ C ( )= C = ′ C  and 

consequently ′ C = ℜβSDSE
ε ′ B , ′ C , ′ B ( ), satisfying condition 

(iii). In the case where ε ≠ 1, we have m ′ C ( ) is such that 
m ′ C ( )= γ s( ) by construction and SE ′ C ,m( ′ C )( )= ε by (7). 

Consequently m ′ C ( )= ℜβSDSE
ε ′ B , ′ C ,B( ). 

 
The properties of a measure of inclusion show that 
SΩ X, ′ X ( ) is independent of XX −′ . This means that the 
choice of a measure of inclusion on E provides 

( )( )C,CmSE ′′  independent of ( )CmC ′−′ . This leads to use 
an expansive modifier m, since it corresponds to 

( ) ∅=′−′ CmC  and ( )CmC ′−′  has no influence on the 
value of a measure of inclusion.  
An example of such an expansive ε−modifier is the 
following: 

C x( )= m ′ C ( )(x) = min 1,
′ C x( )
ε

� 
� 
� 

� 
� 
�  for any x ∈ E , 

if we use (10) for M, s expressed as “approximately s′ ”. 
 
Considering again the previous example, if a “good” paper’s 
author is assigned a “high grant”, a similar paper’s author is 
assigned an “approximately high” grant. The utilization of an 
expansive modifier reveals a cautious approach.  
 
3.3 Transformational adaptation by means of modifiers in 

a gradual environment 
In a different context, we consider the specific case where 
there is a gradual link between a variation on D and a 
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variation on E. An example is expressed by “the better the 
quality of a student’s paper, the higher the assigned grant”.  
Several methods are then possible to obtain a solution s to a 
problem p. We assume that D and E are included in the 
universe R of real numbers.  
 
We consider again that the retrieval method provides a 
unique ′ p , such that ( ) 1p,pR1 =′ , best fitting the considered 
problem p. An appropriate form of modifier corresponds to 
translations of X to the left or to the right [9], with an 
amplitude of translation λ  (positive or negative), to obtain 
the modified version m X( ). All components of the 
comparison between X and ′ X  are taken into account, 
namely X ∩ ′ X , X − ′ X  and ′ X − X . 
The classic definition of a translatory modifier is the 
following, if the universe E is 0,1[ ], to simplify: 
m ′ C ( )(x) = ′ C x + λ( ) if x + λ ∈ 0,1[ ]  
m ′ C ( )(x) = ′ C 0( ) if x + λ ≤ 0 
m ′ C ( )(x) = ′ C 1( ) if x + λ ≥ 1. 
This means that m ′ C ( ) is generally the translation of ′ C , 
except at both ends of E. It is easy to check that 

( )( ) ( )( ) λ=′−′=′−′ CmCMCCmM , except at both ends, 

where ( )( ) λ≤′−′ CCmM  or ( )( ) λ≤′−′ CmCM , if we 
consider the fuzzy set measure (9). 
Such a modifier is associated with any form of r.m.s., defined 
by )w,v,u(F , and depending on u, v, w. We can consider 
the measure of similitude (10) associated with the fuzzy set 
measure (9). 
The amplitude must be defined in our case with respect to ε. 
Choosing ε−=λ 1  ensures that SE m( ′ C ), ′ C ( )≥ ε. We 
then obtain the following result : 
 
Property 3. Let us suppose that the universe is 0,1[ ]. If the 
difference of fuzzy sets is defined by (2), the fuzzy set 
measure by (9) and the similarity by (10), then a translatory 
modifier m defined by an amplitude ε  such that ε−=λ 1  

satisfies m( ′ C ) = ℜβSDSE
ε ′ B , ′ C ,B( ) for any B, ′ B , ′ C , 

according to definition 3. 
 
The solutions we deduce in S from the use of such modifiers 
in E is more diverse. Depending on the sign and the value of 
the amplitude λ , depending also on the context, the solution 
s can take into account a reinforcement or a weakening of 
γ−1 ′ C ( ). In more concrete terms, if a student ′ p  in ′ P  is 
described by “good quality paper” in D and the solution 

′ s = IAS( ′ p ) expressed by “high assigned grant” in E, then a 
student p similar to ′ p  will correspond to an assignment of 
“very high grant” (reinforcement) or “rather high grant” 
(weakening). To determine which of these two possibilities is 
the right one, more information must be taken into account 
about the relative position of B and ′ B . 
 

3.4 Transformational adaptation by means of interpolation 
We still consider that there is a gradual link between a 
variation on D and a variation on E. We now suppose that we 
take into account two problems in P′  similar to p in order to 
find a solution s = IAS(p) in S in a more comprehensive 
way.  
The problems in P′  are associated with descriptions 
represented by a family ( ) ( ){ }...p,pD 21 αα=′  of fuzzy sets 
of D and we further suppose that there exists an order �  on 
D′ such that: 
 ��α p1( )� α p2( )� ...� α pi( )� α pi+1( )� ...� α pn( )  

Let ′ E = γ s1( ),γ s2( )...{ } be the family of associated 
expressions of solutions represented by fuzzy sets in E, with 
si = IAS pi( ) for any i = 1,2..., supposed to be equipped with 
the same order � . 
Without any loss of generality, we can then suppose that: 
γ s1( )� γ s2( )� ...� γ si( )� γ si+1( )� ...� γ sn( ).  
 
For a given p in P, we propose to look for the most 
similar ′ p , namely pi , and consider the pair pi,pi+1( ) if 

��α pi( )� α p( ) or the pair pi−1,pi( ) if ��α p( )� α pi( ). For the 
sake of simplicity, we consider only the first case, such that 

��α pi( )� α p( )� α pi+1( ).  
Because of the assumption of graduality, we will have 

��γ si( )� γ s( )� γ si+1( ). The methods to determine s are again 
various. We propose to use a method based on interpolation 
[7][18]. The general spirit of the method is based on the 
basic analogical process “s is to si and si+1 as p is to pi  and 
pi+1”.  
The method to determine C = γ s( ) is based on the following 

steps: first, we compare α p( ) to α pi( ),α pi+1( )( ). Secondly, 
we construct a family of possible fuzzy sets of E similar to 
the pair γ si( ),γ si+1( )( ) in a way analogous to the way α p( ) 

is similar to the pair α pi( ),α pi+1( )( ). Finally, we deduce 
one element C from this family. 
 
The detailed process we have proposed takes into account 
both location in the universe E and shape (understood as 
their membership function) of fuzzy sets and we proceed as 
follows.  
Step1. We determine the location loc(C)  of C, considering 
that it is to the locations of γ si( ) and γ si+1( ) as the location 
of α p( ) is to those of α pi( ) and α pi+1( ). 
Step 2. We translate α pi( ) and α pi+1( ) towards α p( ) with 
respect to locations, to obtain ′ B i and ′ ′ B i. 
Step 3. We compare the shapes of ′ B i and ′ ′ B i to the shape of 
α p( ). 
Step 4. We translate γ si( ) and γ si+1( ) to loc(C)  to obtain 
respectively ′ C i and ′ ′ C i. 
Step 5. We construct two fuzzy sets ′ C  and ′ ′ C  of E with 
location loc(C)  such that the shape of ′ C  (resp. ′ ′ C ) can be 
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compared to the shape of ′ C i (resp. ′ ′ C i) in the same way as 
the shape of α p( ) is compared with the shape of ′ B i (resp. 

′ ′ B i). 
Step 6. We aggregate ′ C  and ′ ′ C  to construct C. 
 
The interest of such a method appears when the family ′ D  is 
sparse, which means that it is possible to find problems p 
falling into a “gap” between already solved problems, their 
similarity being relatively low. This method can also be used 
in ordinary cases, with a concern of quality of the solution, 
since taking into account two elements provides a more 
gradual, and then more robust, treatment of the problem. 
 

4 Conclusion 
We have pointed out several methods enabling the user to 
perform the transformational adaptation of the solution to a 
similar problem. These methods are diverse and their 
utilization depends on the context. Their interest is to ensure 
a gradual passage between cases and the global utilization of 
the set of already solved problems. Experiments will be 
available in the future to compare methods. 
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Abstract— A new algorithm is proposed to learn fuzzy partitions
with a high interpretability degree. The set of input variables, the
number of linguistic terms per variable, and the type (triangular or
trapezoidal) and parameters of the membership functions are learnt
by means of a meta-algorithm that uses a simple learning method
to generate a fuzzy rule set from the derived fuzzy partitions. Inter-
pretability constrains and powerful genetic operators are considered.
A multi-objective optimization approach is used to generate different
interpretability-accuracy tradeoffs. The algorithm is tested in a set
of real-world regression problems with successful results compared
to other methods.

Keywords— Fuzzy rule-based systems, fuzzy partitions, granu-
larity, interpretability, multi-objective genetic algorithms.

1 Introduction

In the last few years the interpretability (i.e. the capability of
the fuzzy model to express the behavior of the real system in
an understandable way) has received more and more attention
in the fuzzy community. Indeed, this property of the fuzzy
rule-based systems represents one of the main competitive ad-
vantages compared to other system modeling techniques.

In the literature we may find many alternatives to improve
the interpretability such as reducing the number of fuzzy
rules [1], selecting a subset of input variables [2], or using
more compact fuzzy rule expressions [3]. Within these op-
tions, one of the more important approaches involves to learn
the optimal number of linguistic terms per variable [4, 5, 6].
Indeed, to use a reduced number of linguistic terms is crucial
to understand the meaning of the variables and directly influ-
ences on the fuzzy rule set size.

In this paper we propose a new algorithm to learn the num-
ber of input variables, the number of linguistic terms per vari-
able, and the types of membership functions (triangular or
trapezoidal) and their parameters with the aim of generat-
ing highly interpretable fuzzy partitions. The learning is per-
formed by a wrapper-based embedded process where a meta-
algorithm generates different fuzzy partitions and a simple
learning method derives fuzzy rule sets from them.

The proposed algorithm, called EGLFP, has some interest-
ing characteristics that make it very competitive: it uses strong
fuzzy partition and includes distinguishability constrains for
a better interpretability, and it uses variable-length coding
schemes, powerful original crossover and mutation operators,
and multi-objective optimization for a better search process.

The paper is organized as follows. Section 2 describes the
proposed algorithm. Section 3 shows the results obtained in
a set of real-world problems compared with other fuzzy rule
learning methods. Finally, Sect. 4 concludes and suggests
some further works.

2 EGLFP Algorithm
EGLFP is a multi-objective genetic algorithm with a gener-
ational evolutionary approach. A crossover operator that re-
combines membership function parameters, a first mutation
operator that tunes these parameters, and a latter mutation op-
erator that changes the fuzzy partition granularity (i.e., the
number of linguistic terms) per variable are used in EGLFP.
The multi-objective approach is based on the well-known
NSGA-II algorithm [7]. The following sections detail the dif-
ferent components of EGLFP.

2.1 Coding Scheme

For the sake of a good interpretability and in order to reduce
the search space tackled by the genetic algorithm, we propose
the use of strong fuzzy partitions. Each gene (g) is a 2-tuple
that contains the information related to a linguistic term of a
specific variable. It consists of two real-valued fields (gleft

and gright) that encode the left and right extremes of the core
of the associated fuzzy set (i.e., the semantic rule of the lin-
guistic term) normalized to the interval [0, 1]. Figure 1 illus-
trates an example of gene’s coding.

 0

 0.5

 1

 0  0.3  0.7  0.85  1

S M L

Coding of 2nd gene: [left(0.3) , right(0.7)]

Figure 1: Example of a gene coding. Each gene, which en-
codes a linguistic term, consists of two fields (left and right)
to encode the extremes of the fuzzy set’s core (normalized to
[0, 1]). Note that, since strong fuzzy partitions are used, the
extremes of the core of each fuzzy set coincide with the ex-
tremes of the support of the adjacent fuzzy sets

A chromosome is a variable-length string (the length will
depend on the number of linguistic terms used in each vari-
able) of these genes that will encode the complete definition
of the fuzzy partitions of all the input and output variables:

C =
n+m⋃
v=1

lv⋃
i=1

(gv
i,left, g

v
i,right) (1)

with n being the number of input variables, m the number of
output variables, and lv the number of linguistic terms used in
the variable v.
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It is worth mentioning this coding scheme allows the ab-
sence of some variables by using only one linguistic term.
Thus, if the variable v is not used, there will be only one gene
associated to it with the value (gv

1,left, g
v
1,right) = (0, 1).

2.2 Initialization

The initialization process generates the first pool. Among
the generated individuals, one of them will encode uniformly
distributed triangular-shaped strong fuzzy partitions with the
maximum number of linguistic terms allowed for each vari-
able (maxLVv). The remaining pool is filled up at random
with individuals of two types.

One the one hand, some individuals (approximately a half
of the pool) will preserve in some degree the above mentioned
uniformly distributed fuzzy partitions but with a lesser num-
ber of linguistic terms. To do so, a fusion operation (which
is described below in Sect. 2.5.1) on neighboring fuzzy sets is
applied over the original fuzzy partitions. On the other hand,
other individuals (approximately the another half of the pool)
will be generated completely at random. To do so, firstly the
number of linguistic terms is randomly assigned to each vari-
able, then each fuzzy set adopts a triangular or trapezoidal
shape at random and, finally, random values are assigned to
the extremes of the fuzzy sets’ cores.

2.3 Crossover

The crossover generates two individuals that inherit the mem-
bership function parameter definition given by two parents,
even when these parents hold fuzzy partitions with different
number of linguistic terms. This feature, the fact of crossing
the parameters of fuzzy partitions with different granularities,
provides the proposed algorithm with a powerful search pro-
cess and is one of the original contributions of the paper.

The proposed crossover is a kind of parent-centric crossover
operator [8] where each son is generated from a parent that
plays the main role (dominant parent) and the another parent
playing the secondary role (recessive parent). Thus, the son
S1 is generated focused on the parent C1, but using the parent
C2 to add diversity; analogously with the son S2.

Since the considered chromosomes have a variable length,
a process is followed to select a gene of the recessive parent to
be crossed with each gene of the dominant parent. This match
is based on the distance (see eq. 5 below) where, given a fuzzy
set of the dominant parent to be crossed, the closest fuzzy set
in the recessive parent is chosen. Furthermore, to maintain
the interpretability and well definition of the fuzzy partitions,
an interval variation is fixed every time a gene is going to be
crossed. An example is depicted in Fig. 2(a).

Once the dominant and recessive genes are fixed and
the interval variation is determined, an original real-coding
crossover operator is used. We have named this operator as
the Constrained Parent-Centric Crossover (CPCX). Contrary
to other previously proposed parent-centric crossover opera-
tors [8], CPCX is designed to generate the son’s gene con-
strained to a given interval, which is crucial in our EGLFP al-
gorithm to ensure well-defined and distinguishable fuzzy par-
titions. The operator is described in Algorithm 1 and an ex-
ample is given in Figure 2(b).

Algorithm 1: Constrained Parent-Centric Crossover
(CPCX) operator
Input: (g, h, min, max, m, M ) with g being the

dominant value and h the recessive value to be
crossed, [min, max] the variation interval of the
dominant value, and [m, M ] the definition interval
of the variable

Output: New value g′

begin
if g = h then

g′ ← g
else if h < g then

α← (g − h)/(g −m)
l← g − α(g −min)
r ← g
g′ ← U [l, r] /* Random number */

else
α← (h− g)/(M − g)
l← g
r ← g + α(max− g)
g′ ← U [l, r] /* Random number */

end

2.4 Parameter Mutation

The parameter mutation changes the real-valued membership
function parameter values of the input and output variables en-
coded in the chromosome. To do that, an original real-coding
mutation operator is proposed in this paper. Firstly, a ran-
dom process is followed to select the field of the gene to be
mutated. When the gene to be mutated encodes a triangular
fuzzy set, both left and right fields are mutated with the same
value to preserve the original type.

Then, given a gene’s field gv
i,e to be mutated, a variation

interval around its value is defined with the aim of avoiding
lack of distinguishability—i.e., two fuzzy sets very close—
and other kinds of deformities that would decrease the inter-
pretability degree. In this way, the following equations are
used—Fig. 3(a) shows an example:

mingv
i,e

=




minv if i = 1
gv

i−1,right + δ if e = left or gv
i,left = gv

i,right

gv
i,left if e = right and gv

i,left �= gv
i,right

(2)

maxgv
i,e

=




maxv if i = lv
gv

i+1,left − δ if e = right or gv
i,left = gv

i,right

gv
i,right if e = left and gv

i,left �= gv
i,right

(3)
with δ = 1/(2 · lv) being the allowed minimum distance be-
tween the extremes of the cores of the fuzzy sets for the sake
of a good distinguishability degree and lv the number of lin-
guistic terms used in the variable v.

Finally, an original real-coding mutation operator is applied
on gv

i,e constrained to the interval [mingv
i,e

, maxgv
i,e

]. We have
named this operator as the Constrained Asymmetric Mutation
(CAM), which is described in Algorithm 2. Figure 3(b) shows
an example of the resulting asymmetric probability density
function used to mutate a value.
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 0

 0.5

 1

 0  0.25  0.5  0.7  0.9  1

Dominant parent

S M L VL

g

 0

 0.5

 1

 0  0.2  0.7  1
Recessive parent

S L

h

d1 d2

d1 < d2

 0  0.25 0.35  0.5  0.6  1

Constrained Parent-Centric Crossover (CPCX)

g=0.5h=0.2

m min maxl r M

Interval where the son’s gene is
randomly generated

(a) (b)

Figure 2: Example of crossover operation: (a) Given the gene g (which encodes the right extreme of the core of the fuzzy set
labeled as S M ) of the dominant parent to be crossed, the allowed interval variation [0.25, 0.6] is calculated (dashed lines)
and the gene h that encodes the right extreme of the closest fuzzy set in the recessive parent (V S S M ) is selected; (b) CPCX
operator applied on the dominant gene g = 0.5, the recessive gene h = 0.2, the allowed interval variation [min, max] =
[0.25, 0.6], and the definition interval [m, M ] = [0, 1]; a random value is generated in the interval [l, r] = [0.35, 0.5] (α = 0.6)

 0

0.5

 1

 0  0.2  0.6  0.9  1
(a)

S M L�

 0

 1

 2

 3

 4

 5

 0  0.2  0.6  0.733  1
(b)

Figure 3: Example of parameter mutation operation: (a) the right extreme of the core of the fuzzy set M is selected to be
mutated; then, the interval variation is defined by eq. 2 and 3 with δ = 0.167 since there are three linguistic terms (lv = 3);
(b) asymmetric probability density function used in the CAM operator to mutate the right extreme of M ’s core constrained to
the given interval [0.2, 0.733]

2.5 Granularity Mutation

The granularity mutation changes the number of linguistic
terms in both input and output variables. To do that, it can
fuse (merge) two neighboring fuzzy sets (thus decreasing in
one the number of linguistic terms of the corresponding vari-
able) or fission (split) a fuzzy set in two parts (thus increas-
ing in one the number of linguistic terms of the corresponding
variable). When fusion is applied on a variable with two lin-
guistic terms, it involves removing the variable from the fuzzy
model.

There are some constraints to apply fusion and fission. On
the one hand, if fusion is applied on an input variable, this vari-
able must have at least two linguistic terms and there must be
more than one input variable with at least two linguistic terms
(in order to avoid a fuzzy system without input variables af-
ter fusion). When fusion is applied on an output variable, this
variable must have at least three linguistic terms since output
variable removal is not allowed.

On the other hand, fission on variables with the maximum
number of linguistic terms is not allowed. A second constraint
is considered to avoid lack of distinguishability after fission.
Indeed, if the core width of the fuzzy set associated to the gene

to be fissioned is lower than a value inversely proportional to
the number of linguistic terms of the corresponding variable,
the core of the two fuzzy sets resulting from fission will be
too close and, therefore, fission is not allowed. It involves that
triangular fuzzy sets can not be fissioned since its core width
is zero.

The two following subsections explain in detail how fusion
and fission operate.

2.5.1 Fusion (merge) operation
Given a gene gv

i to be fused, let h be the closest gene to gv
i :

h =




gv
i−1 if i = lv

gv
i+1 if i = 1

gv
i−1 if d(gv

i , gv
i−1) ≤ d(gv

i , gv
i+1)

gv
i+1 otherwise

(4)

with

d(g, h) = |(gleft + gright)/2− (hleft + hright)/2| (5)

To fuse gv
i and h, the following steps are done:

• Firstly, if gv
i,left < hleft then gv

i,right ← hright; other-
wise, gv

i,left ← hleft.
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Algorithm 2: Constrained Asymmetric Mutation (CAM)
operator
Input: (x, min, max) with x being the value to be

mutated and [min, max] its variation interval
Output: Mutated value x′

begin
pleft ← (x−min)/(max−min)
if U [0, 1] < pleft then

σ ← (x−min)/3
x′ ← N [x, σ] /* Normal random */
if x′ > (2x−min) then x′ ← 2x−min
else if x′ < min then x′ ← min
if x′ > x then x′ ← x− (x′ − x)

else
σ ← (max− x)/3
x′ ← N [x, σ] /* Normal random */
if x′ > max then x′ ← max
else if x′ < (2x−max) then x′ ← 2x−max
if x′ < x then x′ ← x + (x− x′)

end

• Secondly, gene h is removed from the chromosome and
the number of linguistic terms is decreased by one (lv ←
lv − 1).

2.5.2 Fission (split) operation

The fission operation splits a trapezoidal fuzzy set into two
triangular ones. Thus, given a gene gv

i to be fissioned, the
following steps are done:

• A new gene, h, is inserted at the right of gv
i (h will be the

new gv
i+1) with hleft ← gv

i,right and hright ← gv
i,right.

Set gv
i,right ← gv

i,left.

• The number of linguistic terms is increased by one (lv ←
lv + 1).

2.6 Embedded Genetic Learning Approach

Every time a new individual (which encodes the fuzzy parti-
tion of each variable) is evaluated, a fuzzy rule set is firstly
derived and then the complete fuzzy model (the fuzzy par-
titions plus the fuzzy rule set) is analyzed. To design the
fuzzy rule set an efficient ad hoc data-driven method, the well-
known Wang-Mendel (WM) algorithm [9] in this paper, is
used. Therefore, a wrapper-based embedded genetic learning
process is followed [4].

2.7 Inference Mechanism

We consider FITA (first inference, then aggregate) approach,
the Max-Min inference scheme (i.e., T-conorm of maximum
as aggregation and T-norm of minimum as relational opera-
tor), the T-norm of minimum as conjunction, and center-of-
gravity as defuzzification. Moreover, the mean of the output
domain is returned when no rules are fired for the given input
data (this fact may only occur with test data since the algo-
rithm ensures complete fuzzy rule set regarding training data).

2.8 Objective Functions

The multi-objective optimization performed in EGLFP is
based on three objective functions to be minimized: O1 as-
sesses the error of the system, O2 the complexity of the de-
rived fuzzy rule set, and O3 the complexity of the learnt fuzzy
partitions. Thus, O1 is focused on improving the accuracy of
the fuzzy model while O2 and O3 improve its interpretability.

2.8.1 O1, accuracy objective
The root mean squared error (RMSE) is used to compute the
accuracy of the learnt fuzzy model S:

O1(S) = RMSE(S) =

√√√√ 1
N

N∑
k=1

(FS(xk)− yk)2 (6)

2.8.2 O2, rule set complexity objective
This second objective simply involves the final number of
fuzzy rules obtained after applying the WM algorithm on the
decoded fuzzy partitions as explained in Sect. 2.6:

O2(S) = r(S) (7)

2.8.3 O3, fuzzy partition complexity objective
The third objective is the sum of the linguistic terms used in
input and output variables:

O3(S) =
n+m∑
v=1

Lv with Lv =
{

lv if lv > 1
0 otherwise (8)

The use of Lv is to not computing the removed input variables,
where the number of linguistic terms is lv = 1.

Since the fuzzy partition complexity has a direct influence
on the fuzzy rule set complexity, it is expected that a low value
of O3 will imply a low value of O2. Therefore, O2 and O3 are
correlated in some degree. To improve the interpretability, O2

seems to be more influent than O3. However, we have decided
to also use the objective O3 with the aim of polishing good
solutions by reducing the number of linguistic terms as much
as possible.

This correlation will involve that, in the practice, the Pareto
front shape with three objectives will be similar to the one with
the two former ones and therefore, the inclusion of the third
objective will not significantly degrade the multi-objective op-
timization quality.

2.9 Multi-objective Approach

A generational approach with the multi-objective elitist re-
placement strategy of NSGA-II [7] is used. Crowding dis-
tance in the objective function space is considered. Binary
tournament selection based on the nondomination rank (or the
crowding distance when both solutions belong to the same
front) is applied. Instead fixing initial intervals for the ob-
jectives (which is not easy with the considered objectives) to
compute the crowding distance, it is normalized for each ob-
jective according to the extreme values of the solutions con-
tained in the analyzed front.

3 Experimental Analysis
This section includes the obtained results of the proposed
EGLFP algorithm in six real-world regression problems where
all the input and output variables are real-valued, and com-
pares them with other fuzzy model learning methods.
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3.1 Problems and Learning Methods

We have considered the following regression problems: Ele1
(the data set and partitions used in this paper are available at
the author’s website 1), Laser (available at KEEL website 2),
Ele2 1, DEE 2, Concrete (obtained from the UCI Reposi-
tory 3), and Comp-activ (obtained from L. Torgo’s website4).

Table 1 collects the main features of each problem, where
#InputVar stands for the number of input variables, #Exam
for the total number of examples, and maxLVv for the initial
number of uniformly distributed triangular-shaped linguistic
terms considered for each input variable in the experimental
analysis. The output variable is always initially provided with
seven uniformly distributed triangular-shaped linguistic terms.

Table 1: Data sets considered in the experimental analysis
Problem #InputVar #Exam maxLVv

Ele1 2 495 7
Laser 4 993 5
Ele2 4 1066 5
DEE 6 365 5
Concrete 8 1030 5
Comp-activ 21 8192 3

The experiments shown in this paper have been performed
with a 5-fold cross validation. Thus, the data set is divided
into five subsets of (approximately) equal size. The algorithm
is then applied five times to each problem, each time leaving
out one of the subsets from training, but using only the omitted
subset to compute the test error.

We have considered two learning methods for comparison
(both of them use the same inference engine described in
Sect. 2.7 for our proposal). The Wang and Mendel (WM) [9]
algorithm is a simple learning method that, in spite of not ob-
taining accurate results, is a traditional reference in the re-
search community; the algorithm has been implemented by
us. The Cordón, Herrera, and Villar (CHV) [4] algorithm is
a competitive genetic fuzzy system that provides a learning
flexibility similar to our EGLFP algorithm since it learns both
the number of linguistic terms per variable and the member-
ship function parameters. As in our case, this genetic learning
process is also performed by wrapping the WM algorithm. We
have used the original algorithm implementation provided by
the authors.

Our algorithm has been run with the following parameter
values: 1000 iterations, p = 30 as population size, pc = 0.7
as crossover probability, and ppm = pgm = 0.2 as parame-
ter and granularity mutation probability per chromosome, re-
spectively. We have not performed any previous analysis to
fix these values, so better results may probably be obtained by
tuning them though we have informally noticed our algorithm
is not specially sensitive to any parameter. The same param-
eter values are also used in the CHV algorithm in addition to

1J. Casillas. FMLib: fuzzy modeling library. http://
decsai.ugr.es/˜casillas/FMLib/

2KEEL: Knowledge extraction based on evolutionary learning.
http://www.keel.es

3UC Irvine Machine Learning Repository. http://archive.
ics.uci.edu/ml/

4L. Torgo. Collection of regression datasets. http://www.
liacc.up.pt/˜ltorgo/Regression/DataSets.html

a = 0.35 (for MMA crossover), b = 5 (for non-uniform muta-
tion), and α = 0.2 (weight of the number of rules in the fitness
function).

3.2 Analysis

Table 2 collects the obtained results according to different
quality measures such as approximation error, number of
rules, number of linguistic terms, number of input variables,
and fitness values. Average values of the five data partitions
for each problem are reported.

We have included two versions of our algorithm in the com-
parative. The first one (EGLFP-1) is guided by a single fitness
function in the same way as done in CHV [4] for the sake of a
fair comparison. This function is a normalized aggregation of
the error and the number of rules as follows:

f(S) = 0.8 ·MSE(S) + 0.2 · MSE(SWM )
r(SWM )

· r(S) (9)

with SWM being the fuzzy model generated by the WM al-
gorithm using uniformly-distributed triangular-shaped strong
fuzzy partitions with the maximum number of linguistic
terms allowed per variable (maxLVv) and MSE(S) =
RMSE(S)2.

The second version (EGLFP-3) is guided by the above
three-objectives multicriteria approach. Since in this case sev-
eral solutions are returned in each run, we show five repre-
sentative solutions from the final Pareto-optimal set. They are
computed by sorting in ascending order the solutions accord-
ing to the training RMSE and getting the 1 (i.e. best error),
25, 50 (i.e. mean), 75, and 100 (i.e. worst error) percentiles.

From the obtained results we can observe that our algorithm
EGLFP-1 clearly overcomes, according to the fitness values
(column Fit.), the CHV algorithm in all the considered prob-
lems. Indeed, our method generates more accurate fuzzy mod-
els in five cases. As regards the interpretability, it is not clear
between EGLFP-1 and CHV which method obtains simpler
models in terms of number of rules and number of linguistic
terms since it depends on the problem. However, our method
generates fuzzy models with more easily distinguishable fuzzy
partitions thanks to the constraints tackled by the proposed ge-
netic operators. Furthermore, CHV needs, in order to achieve
the obtained accuracy values, to use badly formed fuzzy par-
titions where the extreme fuzzy sets of every variable may not
hold normality within the corresponding domain.

If we analyze the results obtained by EGLFP-3 we can see
that the process is able to generate a wide range of solutions
with different accuracy-interpretability tradeoffs. It worths
noticing that the most accurate solution of EGLFP-3 over-
comes EGLFP-1 in both accuracy and interpretability in sev-
eral problems. This fact is due to the niche-based search pro-
cess caused by the use of the multi-objective approach, which
leads the algorithm to a better exploration of the search space.
It is also interesting to highlight the significant improvements
in interpretability compared with the solutions provided by the
WM algorithm. Very simple fuzzy models with a low num-
ber of variables, linguistic terms, and fuzzy rules are obtained
while preserving a good accuracy.

4 Conclusion and Further Work
We have proposed a competitive genetic algorithm to simulta-
neously learn many components of a fuzzy model such as the
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Table 2: Obtained results with Etra/tst standing for the RMSE
on the training/test data set (O1, eq. 6), #R the number of
fuzzy rules (O2, eq. 7), #L the sum of the number of linguistic
terms of each variable (O3, eq. 8), #I the number of input
variables, and Fit. the fitness (eq. 9)

Method Etra Etst #R #L #I Fit.
Ele1

WM 650.743 674.910 22.0 21.0 2.0
CHV 591.268 627.132 6.8 15.8 2.0 305924
EGLFP-1 558.793 618.857 12.8 15.0 2.0 298660

560.346 638.527 17.0 16.0 2.0 315981
577.568 632.652 11.1 12.9 2.0

EGLFP-3 588.422 618.726 7.7 10.5 2.0
643.637 651.702 4.2 6.5 2.0

1017.088 988.744 1.8 4.0 1.0
Laser

WM 15.994 16.521 58.4 27.0 4.0
CHV 8.791 10.602 58.8 25.0 4.0 97.694
EGLFP-1 8.509 9.750 33.6 18.6 4.0 87.611

7.955 9.050 30.2 18.8 4.0 77.168
9.570 11.099 17.8 14.8 3.8

EGLFP-3 12.322 13.273 10.7 11.2 3.2
22.477 24.230 5.2 8.1 2.4
29.411 29.536 2.0 4.0 1.0

Ele2
WM 312.446 314.944 65.0 27.0 4.0
CHV 235.053 238.263 22.6 20.4 4.0 50745
EGLFP-1 185.383 187.804 24.2 18.4 3.2 35371

183.883 193.290 17.6 17.4 3.0 32462
211.290 212.999 12.7 14.4 3.0

EGLFP-3 314.150 314.470 6.9 10.6 3.0
553.541 566.163 3.7 8.1 2.0
903.109 917.182 2.0 4.0 1.0

DEE
WM 0.36302 0.47091 178.4 37.0 6.0
CHV 0.34580 0.42109 112.0 32.8 0.0 0.11226
EGLFP-1 0.31916 0.41802 142.2 33.0 6.0 0.10254

0.31795 0.43921 154.8 33.8 6.0 0.10376
0.34773 0.43448 105.5 28.1 6.0

EGLFP-3 0.37248 0.43070 50.5 21.4 5.2
0.41404 0.43448 13.3 13.5 3.5
0.79297 0.79075 2.0 4.0 1.0

Concrete
WM 8.2581 9.6227 309.8 47.0 8.0
CHV 5.5686 7.4688 335.8 43.6 8.0 39.058
EGLFP-1 5.8652 7.1887 235.0 36.0 8.0 37.614

5.6360 7.3113 324.8 41.2 8.0 39.286
6.3962 7.1763 210.0 30.8 7.1

EGLFP-3 7.2349 7.8924 91.4 22.2 5.8
8.9515 8.8944 16.8 12.3 3.9

14.9830 15.0084 2.0 4.0 1.0
Comp-activ

WM 11.9387 11.9762 425.6 70.0 21.0
CHV 3.6004 3.6022 103.6 51.0 21.0 17.2945
EGLFP-1 3.3237 3.3848 14.0 19.4 6.4 9.7949

3.3506 3.4277 12.6 17.6 6.6 9.8424
3.4751 3.5417 8.6 14.1 5.3

EGLFP-3 4.4530 4.5192 6.3 10.5 3.7
6.6188 6.6736 4.0 8.4 2.8

18.3997 18.3876 1.8 4.0 1.0

subset of input variables, the number of linguistic terms per
variable, the type of membership functions (trapezoidal or tri-
angular), the membership function parameter values, and the
fuzzy rule set. The algorithm is designed to generate highly
legible and compact fuzzy partitions thanks to the use of inter-
pretability constraints and powerful genetic operators.

The originality and good performance of the proposal
mainly lies in the definition of new real-coding crossover and
mutation operators that properly deals with the constraints for
distinguishability, orderliness, and non-deformity imposed to
the learnt fuzzy partitions; the design of a variable-length cod-
ing scheme and a parent-centric crossover capable of handling
fuzzy partitions with different number of linguistic terms; and
the use of several criteria and a multi-objective optimization
scheme that provide with a range of different interpretability-
accuracy tradeoffs and endow the algorithm with an effective
niche-based search process. Successful results are obtained in
six real-world regression problems with up to 21 continuous
input variables.

As further work we will investigate the scalability of the
algorithm to large-scale problems and the use of more crite-
ria to assess the interpretability quality of the obtained fuzzy
models.
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Abstract— This paper extends the Choquet integral, widely used
in multi-attribute decision problems, to the non monotone case in the
context of Group Decision Theory. Even if not so often, preference
structures which violate the monotonicity axiom can be observed in
real applications. Our aim is twofold. First, we propose the Choquet
integral with non monotone non additive measure. Then, we apply
the Choquet integral in the context of multi person decision problem,
a typical framework of many real world applications, for which the
Choquet integral was rarely proposed. Thus in our model this ag-
gregation function is applied twice, both in the cases with possible
negative interactions. For this reason, our proposal can be defined
as two-step signed Choquet integral.

Keywords— Non additive measures, Choquet integral, Group De-
cision Theory.

1 Introduction
In Multi Attribute decision models, non additive measures and
the Choquet integral have been intensively applied in many
real world decision problems. Despite simpler approaches,
like simple additive weighting (SAW), non additive measures
can model interactions between the criteria. This method is a
very general aggregation tool, including as special cases many
aggregation algorithms, as SAW, min and max operators, k-
statistics, OWA, and many others. Nevertheless, monotonicity
is usually considered a strict requirement. Only few papers ex-
plicitly considered the non monotone case. Even if rarer than
for preferential independence axiom, some violations of the
monotonicity axiom can be observed in the Decision Maker
preference structure. Moreover, even if many real world ap-
plications exist so far, little results were obtained in the con-
text of Group Decision Theory. This family of problem deals
with complex decision about some alternatives that need to be
scored by a tool of Experts, see [4] and the references therein.
To simplify, suppose that an Experts Committee is demanded
to evaluate a finite set of development strategies on the basis
of some criteria. Non additive measures can help to solve this
type of multi person - multi attribute decision problems.
Negative(non monotone) interactions among the criteria can
be modeled by means of signed measures.
The aim of the paper is twofold; first we consider the pos-
sibility of negative interactions among the criteria, and then
we apply a non additive aggregation algorithm in the context
of Group Decision Theory. In this sense, we apply twice the
Choquet integral, to aggregate the Expert’s opinion for each
alternative, and subsequently to aggregate the Expert alterna-
tive scores into a global numerical evaluation (Group alter-
native score). The latter is usually performed by a Decision
Maker, which, on the basis of his confidence about the Com-
mittee members experience and/or capacity, averages their

judgements not necessarily in a linear way. Thus we can de-
fine our approach as a two-step Choquet integral with signed
measures, i.e. two-step signed Choquet integral. The paper is
organized as follows. The next Section briefly resumes some
definitions and properties of non additive measures and of the
Choquet integral. Section 3 describes our proposed model,
which is deeply analyzed in the following Section 4. Section
5 reports the application of the two-step signed Choquet inte-
gral to multi person - multi attribute decision problems, and
finally in the last section a numerical example is reported.

2 The discrete Choquet integral
Aggregation has for purpose the simultaneous use of different
pieces of information provided by several sources, in order
to come to a conclusion or a decision. So aggregation func-
tions transform a finite number of inputs, called arguments,
into a single output. They are applied in many different do-
mains and, in particular, aggregation functions play an impor-
tant role in different approaches to decision making, where va-
lues to be aggregated are typically preferences or satisfaction
degrees. Many functions of different type have been consi-
dered in connection with different situations and various pro-
perties of these functionals can be imposed by the nature of
the considered aggregation problem. A class of aggregation
operators can also be introduced axiomatically by means of a
set of properties.
We denote by E a non empty real interval. If the integer n re-
presents the number of values to be aggregated an aggregation
operator is a function A : En → E. To motivate the use of the
Choquet integral as an aggregation operator, we present some
basic mathematical properties of the aggregation functions.

• Monotonicity For all x, y ∈ En if xi ≤ yi (i =
1, . . . , n) then A(x) ≤ A(y)

• Positive Homogeneity If x ∈ En and a ∈ �, a > 0
then A(ax) = aAx

Moreover we define x−i the element of�n−1 that is obtained
from x by eliminating component i, and we denote (x−i, yi)
as obtained from x by replacing xi with yi.
Now we present the concept of comonotonicity.

Definition 2.1 If x, y are elements of �n then x, y are said
comonotonic if xi < xj implies that yi ≤ yj .

Two vectors x, y are comonotonic if they have the same ran-
king of their components or there exists a permutation
σ : {1, . . . , n} → {1, . . . , n} such that xσ(i) and the corre-
sponding yσ(i) are arranged in nondecreasing order.
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Our representation result depends on the following axioms re-
lated to the concept of comonotonicity.

• Comonotonic Monotonicity If x, y ∈ En are comono-
tonic and xi ≤ yi

(i = 1, . . . , n) then A(x) ≤ A(y)

• Comonotonic Separability If x, y ∈ En are comono-
tonic then for every i, A(x−i, xi) ≥ A(y−i, xi) iff
A(x−i, yi) ≥ A(y−i, yi)

The comonotonic separability axiom is obviously a variation
of an additive separability axiom and it has been applied suc-
cessfully in decision making under risk and uncertainty, see
[5]and the references therein. It states that preferences be-
tween alternatives depend only on the components that differ
between the vectors under cons ideration, as long as these al-
ternatives maintain the attributes’ ordering.
In order to introduce a non-additive approach to aggregation
operators we propose a non-additive integral operator and so
we consider the integral as a particular averaging operator.
The use of variants of the Choquet integral allows some fle-
xibility in the way criteria are combined. Non additive mea-
sures are in the current literature a commonly used method
to aggregate numerical information. This is particularly due
to the fact that in cooperation with integral aggregation func-
tions, they are a well-founded framework able to capture in-
teractions among the involved variables. Usually the mono-
tonicity property is required in most of practical applications.
Monotone measures can model both synergic and redundance
interactions among the criteria. Conversely, they are unable to
represent the neutralization effect. Such a situation appears,
for instance, where increasing one criterion by alone has a pos-
itive effect, but the contemporary increase of two criteria has
a negative effect. Of course, such a situation cannot be repre-
sented by monotone measures.
In particular in this paper we consider a non-monotone Cho-
quet integral as in [5], [8] and [12] and we define a non-
monotone Choquet measure and a Choquet integral for a n-
dimensional vector.
If N is a finite index set N = {1, . . . , n}, a real valued set
function υ : 2N → �, with υ(∅) = 0, is called a non additive
signed measure. If A ⊆ B ⊆ N implies that υ(A) ≤ υ(B),
then the function is said to be monotone and υ is called a
non-additive measure. If υ is a non-additive measure then
υ(A) ≥ 0 for all A ∈ 2N . We say that a measure is addi-
tive if υ(A ∪ B) = υ(A) + υ(B).
We note that if S ⊆ N , υ(S) can be viewed as the impor-
tance of the set of elements S. We introduce now the discrete
Choquet integral on N viewed as an aggregation function that
generalizes the weighted arithmetic mean.

Definition 2.2 The Choquet integral Cυ of a vector x ∈ �n

with respect to a non-additive signed measure υ is

Cυ(x) :=
∫ +∞

0

υ(x ≥ α) dα +
∫ 0

−∞
(υ(x ≥ α) − υ(N)) dα

where υ(x ≥ α) = υ({i ∈ N : x(i) ≥ α}).
This formula can be interpreted as an expectation operator
with respect to a generalized measure. Then, the Choquet inte-
gral of a vector x ∈ �n with respect to a non-additive measure

υ can be represented as the following weighted sum:

Cυ(x) =
n∑

1=1

(x(i) − x(i−1))υ(A(i)) (1)

and σ : {1, . . . , n} → {1, . . . , n} is such that xσ(i) are ar-
ranged in nondecreasing order and A(i) = {i, . . . n} and
A(n+1) = ∅. The Choquet integral can be also computed us-
ing the Möbius representation of υ, see [8].

Proposition 2.1 The Choquet integral Cυ : �n → � can be
written as

Cυ(x) =
∑

T⊆N

a(T )
∧
i∈T

xi, x ∈ �n

where a is the Möbius representation of υ.

The Choquet integral has important properties for aggregation.

Proposition 2.2 Let A be an aggregation function defined on
En.

i) If A is a non-monotone Choquet integral then it is positive
homogeneous, comonotonic monotone and comonotonic
additive.

ii) A is a non-monotone Choquet integral if it satisfies posi-
tive homogeneity and comonotonic separability.

iii) A is a non-monotone Choquet integral if it is continuous
and comonotonic additive.

Proof The proof of part i) is immediate by the definition of
Choquet integral.
Now it is important to note that a comonotonic separable
aggregation function A is comonotonic additive that is if
x, y ∈ En are comonotonic then A(x + y) = A(x) + A(y).
In fact if x, y, z ∈ En are comonotonic and A(x) ≥ A(y)
then by comonotonic separability A(x + z) ≥ A(y + z).
Then if we consider two comonotonic vectors x, y ∈ En

there exist c, d ∈ E such that A(x) = c = (c, . . . , c) and
A(y) = d = (d, . . . , d). By the fact that each comonotonic
vector is comonotonic with each other vector with equal com-
ponent we can prove A(x + y) = A(c + y) = A(c + d) =
A(c) + A(d) = A(x) + A(y). Now we can conclude since
a homogeneous function that satisfies comonotonic additivity
is a non-monotone Choquet integral by theorem 1 of [8] and a
continuous function that satisfies comonotonic additivity is a
non-monotone Choquet integral by corollary 2.2 of [14].

It is elementary verified that if A satisfies the hypothesis of
proposition 1.1 and it is also monotone then it is a monotone
Choquet integral.

3 The model
We consider a decision problem where K = {1, . . . , k} Ex-
perts have to score M alternatives on the basis of some crite-
ria, each of them normalized in the common scale [0,1]. The
preference structure of the k-th Expert, (1 ≤ k ≤ K), is re-
presented by a set of non additive measures mk, defined on the
space of criteria. Despite the majority of Multi Criteria Group
decision models, we admit that each Expert is characterized
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by his own criteria set, even if the sets can partially overlap or
coincide as a particular case. Moreover, the preference struc-
ture of each Expert will be represented by a signed measure,
including the possibility of neutralization effects among the
criteria themselves. Finally, at higher level, an other measure
u is used to aggregate the individual opinions into a global
score. Assuming that a Decision Maker (DM) has to score
the alternatives on the basis of the judgements expressed by
the Experts, the measure u can be interpreted as the degree of
confidence that the DM feels towards the Experts themselves,
or towards each coalition of Experts. Since the Choquet inte-
gral is twice applied, we deal with a two-step Choquet integral
[11]1. For a better problem formulation, let us consider the
following definitions.
i) The criteria set for the k-th Expert Ek is the set Ni =
{ci1 , . . . , cin}, with ni = |Ni| is the cardinality of Ni. It
follows that xi = (xi1 , . . . , xin

) is the profile of criteria asso-
ciated with an alternative by the Expert Ek and an alternative
is characterized by a vector x in�n where n =

∑K
i=1 ni.

ii) The preference structure of the k-th Expert is represented
by a non additive signed measure mk, defined on 2Nk .

iii) There are M alternatives, each of them characterized by
the vector xj in�n, j = 1, ..,M .

Let vk(x) =
∫

xk dmk for 1 ≤ k ≤ K and v(x) =
(v1(x), . . . , vK(x)).

Then we define the two-step Choquet integral C(x),

C(x) =
∫

v(x) d u.

4 Multi-step non monotone Choquet integral
In this section we give some basic definitions and we present
some results on multi-step non monotone Choquet integral.
The two-step (monotone) Choquet integral has been investi-
gated mainly in [13] and [11]. Let us now give a formal
definition of a multi-step non-monotone Choquet integral.

Definition 4.1 Let Γ ⊆ �
n. For any i ∈ N , the projection

x �→ xi is a 0-step non-monotone Choquet integral. Let us
consider Fi : Γ → �, i ∈ M := {1, . . . ,m}, being ki-step
non-monotone Choquet integrals, and a non-additive signed
measure υ on M . Then

F (x) := Cυ(F1(x), . . . , Fm(x))

is a k-step non-monotone Choquet integral, with k :=
max{k1, . . . , km} + 1. A multi-step non-monotone Choquet
integral is a k-step non-monotone Choquet integral for some
integer k > 1.

Let us first recall the concept of piecewise linear function.

Definition 4.2 A real-valued function F on a convex closed
subset Γ ⊆ �

n is piecewise linear if Γ can be written as a
union of closed subspaces Γ1, . . . ,Γq of the same dimension
as Γ, such that F |Γi

is linear, i = 1, . . . , q. A linear function
G on �n which coincides with F on some Γi is a component
of F .

1Anywise, in the quoted reference the two-step Choquet integral
was limited to the monotone case only.

The following proposition gives the basic properties of non-
monotone multi-step Choquet integrals.

Proposition 4.1 The non-monotone multi-step Choquet inte-
gral is a continuous, positively homogeneous and piecewise
linear function.

Proof The non monotone Choquet integral is a piecewise lin-
ear and positively homogeneous function, then also the multi-
step non monotone Choquet integral. Clearly, any piecewise
linear function is continuous.

Recall that the multi-step Choquet integral is not comonotonic
additive, in general, and hence it cannot be described by a 1-
step Choquet integral.

Proposition 4.2 If F is a 2-step non-monotone Choquet in-
tegral and the measure of the second level is additive then F
coincides with a 1-step non-monotone Choquet integral.

Proof If we consider two comonotonic vectors x, y then for
every i = 1, . . . ,m Fi(x + y) = Fi(x) + Fi(y) since Fi is
comonotonic additive. Then it is easy to prove that F (x+y) =
F (x) + F (y) where F (x) = Cυ(F1(x), . . . , Fm(x)) and Cυ

is a linear functional. Then F is a positively homogeneous
and comonotonic additive functional. Now the positively ho-
mogeneous function F that satisfies comonotonic additivity is
a non-monotone Choquet integral by theorem 1 of [8].

5 A Multi Criteria Group Decision problem
In the proposed model, the two-step Choquet integral will be
used to compute the score of any alternative, proceeding in
two sequential phases. Firstly, the individual measures mk de-
fined on 2Nk are used to compute the individual score. Subse-
quently all the individual scores are aggregated with the mea-
sure u on the space 2K . Both in the cases signed measure can
be admitted, modeling negative interactions.
The measure u represents the preference structure of the DM
about the Expert’s coalitions. For instance, consider a rule like
the following one

If the first and the second Experts score equally an alterna-
tive, then score this alternative with their common value, de-
spite any other opinion of the remaining Experts of the group

This rule can be implemented assigning one to the coalition
formed by the Experts n. 1, 2, that is m{X} = 1 if A∩X 
= ∅
with A = {1, 2}.
The steps of the aggregation algorithms are then the following
ones

i) ∀k, 1 ≤ i ≤ k, aggregate each of the individual measure
using the Choquet integral: vk(x) =

∫
xk dmk, obtaining the

individual score for the alternative (x)

ii) at the top level (the DM level), aggregate the individ-
ual ranking, obtained at the previous step, using the mea-
sure m on the space 2K applying again the Choquet integral:
C(x) =

∫
v(x) d u.
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Let us recall that the relative importance for monotone mea-
sure of a single criterion is usually measured by a suitable
index like the Shapley index, [6]. The Shapley index for the
i-th criterion and for the k-th Expert is given by

pk(i) =
∑

T⊆N\{i}

(ni − t − 1)!t!
ni!

[mk(T ∪ i) − mk(T )] (2)

with t = card(T ). The Shapley index measures the aver-
age relative importance of a criterion and varies between zero
and one. In the case of non monotone measure, it can hap-
pen that the Shapley index is close to zero even if the criterion
is important. This is due to possible conflicting interactions
that compensate positive marginal gains with negative ones.
To this purpose, in [1] the extended Shapley index was intro-
duced:

qk(i) =
∑

T⊆N\{i}

(ni − t − 1)!t!
ni!

|mk(T ∪ i) − mk(T )| (3)

for the i-th criterion and for the k-th Expert. Both the extended
Shapley indices measures the relative importance of the crite-
rion. If the measure is monotone, the two indices coincide.
Otherwise, it can happen that the Shapley index is close to
zero, while the extended index is high. This means that the
criterion is important, but, on average, it is neutral, it is nei-
ther a benefit, nor a cost (for some coalitions it is a cost, while
for others it is a benefit). Then, in the non monotone case,
both the two indices should be considered.
For a better comprehension of the proposed methodology,
consider the following multi person - multi attribute decision
problem. Suppose that an Expert Committee is required to
evaluate among some different investment projects that are
the finite set of the available alternatives. Each project is cha-
racterized by a finite set of criteria. Every Expert scores inde-
pendently any coalition of the criteria. Anywise, the Experts
are not forced to consider all the criteria. Conversely, each Ex-
pert can consider an his own subset of criteria. This preference
is formalized by a non additive signed measure, which can
model strict conflict between the criteria. For instance, an Ex-
pert can consider three criteria valid for the judgements of the
alternatives, and even if all of them, considered by alone, can
be seen as benefit, the subset of the first and the second one
induce a conflict, so that such a coalition receive an inferior
score than the minimum between the first and the second cri-
terion scores, which is usually implied in the monotone case.

6 A numerical example
Consider a decision problem where two alternatives have to
be scored, on the basis of the four criteria values (alternative
profile) reported in Table 1.
Suppose that three Experts are involved in the decision pro-
cess. Then the DM gives a final evaluation of the alterna-
tives on the basis of the Expert’s individual scores. As above
described, the decision process splits into two subsequent
phases: the Expert’s scoring, and the aggregation of each Ex-
pert’s score into an aggregated score. If signed non additive
measures are used for the aggregation in both the activities,

Table 1: Alternative profile
x1 x2 x3 x4

0.4 0.2 0.8 0.6
0.1 0.7 0.4 0.5

Table 2: Expert n. 1
m1(1) m1(2) m1(1, 2)

0.4 0.2 1

the problem can be approached with a two-step non monotone
Choquet integral.
In the first phase, suppose that the first Expert takes only the
first two criteria into account, the second discharges the first
criterion, while the third Expert considers the first and the
fourth criteria only. The values assigned by the three Experts
directly assigned or implicitly obtained using a suitable ques-
tionnaire as proposed by [3] to every coalition are reported in
Tables from 2 up to 4. The first Expert considers more im-
portant the first criterion with respect to the third one, but the
coalition formed by both the two Experts receives a weight
greater than the sum of the two criteria weights. Thus the first
Expert exhibits a synergic, or disjunctive, effect. In MCDA lit-
erature, this is sometimes knew as andness-type effect, while
the opposite redundant behavior is named orness-type effect,
see [7]. The second Expert is characterized by a linear behav-
ior, as it can be easily checked. Both the first and the second
Expert evaluate monotonically. But this is not true for the last
Expert, which considers the first criterion more important than
the fourth, but assigns to the coalition formed by the two cri-
teria an inferior weight than the minimum of them. While the
first Expert exhibits a disjunctive behavior (orness-type), and
the second is linear, we can say that the last Expert is charac-
terized by an exclusive-orness behavior. In fact, his preference
structure follows a rule like:

The alternative is highly scored if the first or if the fourth
criterion is high, but NOT both of them

The scoring of each alternatives can be obtained aggregating
using the (single step) Choquet integral for each Expert. The
Table 5 reports the results of the aggregation for the three Ex-
perts. For instance, the score of the first alternative calculated
for the first Expert, 0.28, is obtained as follows, see (1):

x1
1 = 0.2 × 1 + (0.4 − 0.2) × 0.4 = 0.28 (4)

In the subsequent phase, the individual Expert’s scores need
to be aggregated into a final one. To this purpose, suppose
that, after a preliminary briefing, the implicit preference struc-

Table 3: Expert n. 2
m2(2) m2(3) m2(4)

0.5 0.2 0.3
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m2(2, 3) m2(2, 4) m2(3, 4) m2(2, 3, 4)
0.7 0.8 0.5 1

Table 4: Expert n. 3
m3(1) m3(4) m3(1, 4)

0.7 0.6 0.2

ture of the DM about the Expert’s confidence/experience be
heuristically expressed by the following rules:

Rule # 1: If the Experts 1 and 3 agree, I have complete
confidence about their choice (in this case, the opinion of the
second Expert is inessential).

Rule # 2: The coalition formed by Experts 1 and 2 is more
reliable than the coalition formed by Experts 2 and 3.

Rule # 3: Considering each Experts by alone, the first one
is the most important, while the second one is the least.

These rules can be translated in the coalition weights reported
in Table 6.

The individual measures can now be aggregated, obtaining the
following aggregated alternative scores for the two considered
alternatives:

σ1 = 0.648, σ2 = 0.344

The score σ1 is computed as follows:

σ1 = 0.2×1+(0.28−0.2)×0.5+(0.44−0.28)×0.3 = 0.648
(5)

While for the first and for the second Experts the Shapley and
the extended Shapley indices coincide (they are monotone),
for the third Expert the Shapley index and the extended Shap-
ley index are respectively, for the first criterion:

p3 = 0.5 × {0.7 + (0.2 − 0.6)} = 0.15 (6)

q3 = 0.5 × {0.7 + |0.2 − 0.6|} = 0.55 (7)

Observe that the Shapley index differs from the extended
Shapley indices. In particular, the extended Shapley index
is significatively high (0.55), while the Shapley index is low
(0.15). We can conclude that this criterion of the third Expert
is important even if it is, on average, neither a benefit, nor a
cost.
In a future work, we intend to analyze the properties and the

Table 5: Alternative scoring of each Expert
Alternatives Expert n. 1 Expert n. 2 Expert n. 3

1 0.28 0.44 0.2
2 0.22 0.54 0.26

Table 6: Measure of Expert coalitions
u1 u2 u3 u1,2 u1,3 u2,3

0.2 0.3 0.7 0.5 0.7 1

relationships between the Shapley and the extended Shapley
for the two-step Choquet integral.
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Abstract—Two conflicting goals are often involved in the design of 
fuzzy rule-based systems: Accuracy maximization and interpretability 
maximization. A number of approaches have been proposed for finding 
a fuzzy rule-based system with a good accuracy-interpretability 
tradeoff. Formulation of the accuracy maximization is usually 
straightforward in each application area of fuzzy rule-based systems 
such as classification, regression and forecasting. Formulation of the 
interpretability maximization, however, is not so easy. This is because 
various aspects of fuzzy rule-based systems are related to their 
interpretability. Moreover, user’s preference should be taken into 
account when a single fuzzy rule-based system is to be chosen from 
several alternatives with different accuracy-interpretability tradeoffs. 
In this paper, we discuss the difficulty in measuring the interpretability 
of fuzzy rule-based systems using very simple examples. We do not 
intend to propose any new interpretability measure. Our intention is to 
help to activate discussions on how to measure the interpretability of 
fuzzy rule-based systems. 
Keywords—Fuzzy systems, fuzzy rules, accuracy-interpretability 

tradeoff, multiobjective design of fuzzy systems. 

1 Introduction 
Handling of the tradeoff between the accuracy maximization 
and the interpretability maximization has been a hot issue in 
the design of fuzzy rule-based systems since the mid-1990s 
[1]-[3]. A number of approaches have already been proposed 
for improving the accuracy of fuzzy rule-based systems while 
maintaining their interpretability [1], [2], [4]-[21]. Genetic 
algorithms have been frequently used in those approaches to 
search for an accurate and interpretable fuzzy rule-based 
system. This is because genetic algorithms can perform not 
only continuous optimization for parameter tuning but also 
discrete optimization for structure determination. Studies on 
fuzzy genetics-based machine learning are called genetic 
fuzzy systems [22]-[24]. In some recent studies [3], [25]-[36], 
multi-objective genetic algorithms have been used to search 
for multiple Pareto-optimal fuzzy rule-based systems along 
the accuracy-interpretability tradeoff surface. Those studies 
are often referred to as multi-objective genetic fuzzy systems 
[37]. Recently multi-objective genetic algorithms have also 
been used for machine learning [38] and data mining [39].   
 Let us denote a fuzzy rule-based system by S. We can also 
view S as a set of fuzzy if-then rules. In each application area 
of fuzzy rule-based systems such as classification, regression 
and forecasting, the specification of the accuracy of S for the 
given training data is not difficult (e.g., the number of 
correctly classified training patterns by S). Let us denote the 
accuracy measure of S as Accuracy(S). A design problem of 
fuzzy rule-based systems can be formulated as follows: 

      Maximize Accuracy(S).        (1) 

 Due to the accuracy-interpretability tradeoff relation, the 
accuracy maximization in (1) often leads to the deterioration 
in the interpretability of fuzzy rule-based systems. This means 
that we often obtain from (1) an accurate and complicated 
fuzzy rule-based system with poor interpretability. 
 In some application areas, not only the accuracy but also 
the interpretability is very important. Thus we often want to 
maximize the accuracy of fuzzy rule-based systems without 
degrading their interpretability. This maximization problem 
can be formulated as follows: 

 Maximize Accuracy(S) subject to Interpretability(S) � � , (2) 

where Interpretability(S) is the interpretability measure of the 
fuzzy rule-based system S and �  is the required minimum 
level of the interpretability. 
 Of course, we can formulate the maximization problem of 
the interpretability under the given minimum accuracy level �  
as follows: 

 Maximize Interpretability(S) subject to Accuracy(S) � � . (3) 

 One may want to maximize both the accuracy and the 
interpretability. In this case, a simple approach is to use a 
scalarizing function f (.) which combines the accuracy and 
interpretability measures into a single objective function: 

   Maximize f (Accuracy(S), Interpretability(S)).   (4) 

A well-known scalarizing function is the weighted sum: 

  Maximize w1 Accuracy(S) + w2 Interpretability(S),  (5) 

where w1 and w2 are non-negative weight values. In addition 
to the weighted sum in (5), we can use various scalarizing 
functions developed in the field of multiple criteria decision 
making (MCDM [40]-[42]). 
 In general, it is not easy for human users to specify an 
appropriate scalarizing function for multi-objective problems. 
Users may want to examine some fuzzy rule-based systems 
with different accuracy-interpretability tradeoffs (instead of a 
single best solution with respect to a specific scalarizing 
function). In this case, the design of fuzzy rule-based systems 
can be formulated as the following multi-objective problem: 

   Maximize { Accuracy(S), Interpretability(S)}.   (6) 

A large number of Pareto-optimal fuzzy rule-based systems 
can be obtained by multi-objective genetic algorithms such as 
NSGA-II [43], SPEA [44] and SPEA2 [45]. 
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 In many cases, the interpretability maximization is handled 
as the complexity minimization. Thus the above-mentioned 
formulations in (2)-(6) can be reformulated accordingly. For 
example, the multi-objective formulation in (6) is rewritten as  

 Maximize  Accuracy(S) and minimize Complexity(S),  (7) 

where Complexity(S) is a complexity measure.  
 The main difficulty in the above-mentioned formulations 
in (2)-(7) for the design of accurate and interpretable fuzzy 
rule-based systems is the formulation of their interpretability. 
Whereas the formulation of the accuracy of fuzzy rule-based 
systems is usually straightforward from their application task 
such as classification and regression, it is not easy for human 
users to appropriately formulate the interpretability. This is 
because various aspects of fuzzy rule-based systems are 
related to their interpretability [46]-[52]. Moreover, it is not 
easy for human users to mathematically formulate each of 
those aspects even when the close relation of each aspect to 
the interpretability of fuzzy rule-based systems is clear. 
 In this paper, we explain the difficulty in formulating the 
interpretability of fuzzy rule-based systems using simple 
numerical examples. More specifically, we demonstrate the 
difficulty in comparing different fuzzy rule-based systems 
with respect to their interpretability even in very simple 
situations. 

2 Interpretability of Fuzzy Partitions 
When we use the same type of fuzzy partitions with different 
granularities (e.g., uniform fuzzy partitions with symmetric 
triangular membership functions (MFs) in Fig. 1), we can say 
that the increase in the number of membership functions 
degrades the interpretability of fuzzy partitions. For example, 
the fuzzy partition with two membership functions in Fig. 1 
(a) is the most interpretable among the four alternatives in Fig. 
1. In this case, we can formulate the interpretability of fuzzy 
partitions by the number of membership functions. That is, 
the interpretability maximization is realized by minimizing 
the number of membership functions in fuzzy partitions. 
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Figure 1: Fuzzy partitions with different granularities. 

 
 We can also use the number of membership functions as an 
interpretability measure (i.e., as a complexity measure to be 

minimized) when the same fuzzy partition is used for all input 
variables. For example, we can say that the 3x3 fuzzy grid in 
Fig. 2 (a) is more interpretable than the 4x4 fuzzy grid in Fig. 
2 (b). The comparison, however, becomes difficult when we 
use different fuzzy partitions for each input variable as shown 
in the following two examples. 
 

0.0 1.0x1

0.0

1.0

x2

 

0.0
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0.0 1.0x1  
      (a) 3x3 fuzzy grid.        (b) 4x4 fuzzy grid. 
Figure 2: Comparison between the 3x3 and 4x4 fuzzy grids. 
 
 Example 1: Let us consider the 4x4 and 3x5 fuzzy grids in 
Fig. 3. Both fuzzy grids have eight membership functions in 
total (i.e., 4+4 = 3+5). Thus they are evaluated as having the 
same interpretability if they are compared using the number 
of membership functions. The 3x5 fuzzy grid is, however, 
viewed as being more interpretable than the 4x4 fuzzy grid if 
we use the number of fuzzy subspaces as an interpretability 
measure (i.e., 15 < 16). Since a single fuzzy rule is usually 
generated for each fuzzy subspace, the 3x5 fuzzy grid in Fig. 
3 (b) can be viewed as being more interpretable than the 4x4 
fuzzy grid in Fig. 3 (a) if we evaluate the interpretability using 
the number of fuzzy rules. Some human users, however, may 
intuitively feel that the 4x4 fuzzy grid with the same fuzzy 
partition for the two input variables is more interpretable than 
the 3x5 fuzzy grid with the different fuzzy partitions. 
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0.0 1.0x1  
      (a) 4x4 fuzzy grid.        (b) 3x5 fuzzy grid. 

Figure 3: Example 1 with the 4x4 and 3x5 fuzzy grids. 
 
 Example 2: Let us consider the 5x5 and 3x8 fuzzy grids in 
Fig. 4. The 5x5 fuzzy grid in Fig. 4 (a) has less membership 
functions than the 3x8 fuzzy grid in Fig. 4 (b): 5+5 < 3+8. 
Thus the 5x5 fuzzy grid is evaluated as more interpretable 
than the 3x8 fuzzy grid in Fig. 4 (b) if we use the number of 
membership functions as an interpretability measure. The 5x5 
fuzzy grid, however, has more fuzzy subspaces than the 3x8 
fuzzy grid: 25 > 24. Thus the 3x8 fuzzy grid is viewed as 
being more interpretable than the 5x5 fuzzy grid if we use the 
number of fuzzy subspaces (i.e., the number of fuzzy rules) as 
an interpretability measure. 
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      (a) 5x5 fuzzy grid.        (b) 3x8 fuzzy grid. 

Figure 4: Example 2 with the 5x5 and 3x8 fuzzy grids. 
 
 As we have already explained in this section using the two 
examples, the comparison of different fuzzy grids with 
respect to their interpretability is not so easy. This means that 
the choice of an interpretability measure is difficult. If we use 
the number of fuzzy subspaces in Fig. 4, the 3x8 fuzzy grid is 
viewed as being more interpretable than the 5x5 fuzzy grid. 
When we use not only the number of fuzzy subspaces but also 
the number of membership functions, these two fuzzy grids 
are viewed as being non-dominated with each other with 
respect to the interpretability. In this case, the multi-objective 
formulation in (7) is handled as the three-objective problem: 

  Maximize  Accuracy(S), and  
    minimize {Complexity1(S), Complexity2(S)},   (8) 

where Complexity1(S) and Complexity2(S) are different 
complexity measures to be minimized (e.g., the number of 
fuzzy subspaces and the number of membership functions). 
 Even if we use these two measures, the 3x5 fuzzy grid is 
viewed as more interpretable than the 4x4 fuzzy grid. Thus 
we need another measure if we want to include some bias 
toward fuzzy grids with the same fuzzy partition for all input 
variables. For example, the 4x4 fuzzy grid is evaluated as 
more interpretable than the 3x5 fuzzy grid if the maximum 
number of membership functions for each input variable is 
used as an interpretability measure (max{4, 4} < max{3, 5}). 
 

3 Interpretability of Fuzzy Rule-Based Systems 
In genetic fuzzy systems [22]-[24], almost all aspects of fuzzy 
rule-based systems can be optimized since genetic algorithms 
perform continuous, discrete and combinatorial optimization. 
For example, genetic fuzzy systems can be used for choosing 
an appropriate type of fuzzy rules (e.g., Takagi-Sugeno, 
simplified Takagi-Sugeno and Mamdani). In this section, we 
discuss the interpretability of fuzzy rule-based systems with 
different fuzzy partitions and different types of fuzzy rules. 
 Let us consider a simple function approximation problem 
of a single-input and single-output system y = f (x) in Fig. 5. 
Our task is to design an accurate and interpretable fuzzy 
rule-based system from the given input-output data in Fig. 5. 
For this task, Takagi-Sugeno fuzzy rules are written as 

  Rule iR : If x is iA  then xbay ii �� , Ni ...,,2,1� ,  (9) 

where i is a rule index, Ai is an antecedent fuzzy set, ai and bi 
are real number coefficients of a consequent linear function of 
each fuzzy rule, and N is the total number of fuzzy rules. 
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Figure 5: Input-output data in Examples 3 and 4. 

 
 When an input value x is presented to the fuzzy rule-based 
system with the N fuzzy rules in (9), the output value is 
estimated as follows: 
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where y(x) is the estimated output value for the input value x, 
and �Ai(x) is the membership value of the antecedent fuzzy set 
Ai for the input value x.  
 We can use the same fuzzy reasoning mechanism for the 
simplified version of Takagi-Sugeno fuzzy rules: 

   Rule iR : If x is iA  then y is ih , Ni ...,,2,1� , (11) 

where hi is a consequent real number. 
 Example 3: From the input-output data in Fig. 5, one may 
think that they can be approximated by a fuzzy rule-based 
system with three Takagi-Sugeno fuzzy rules. An example of 
such a fuzzy rule-based system is shown in Fig. 6 where each 
of the three lines (1), (2) and (3) is the consequent linear 
function of each of the three fuzzy rules with the trapezoidal 
antecedent fuzzy sets A1, A2 and A3. The same input-output 
data can be also approximated by a fuzzy rule-based system 
with four simplified Takagi-Sugeno fuzzy rules as shown in 
Fig. 7. Each fuzzy rule in Fig. 7 has a triangular membership 
function Ai and a consequent real number hi. The question is 
which is more interpretable between the two fuzzy rule-based 
systems in Fig. 6 and Fig. 7. 
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Figure 6: Three Takagi-Sugeno fuzzy rules.  
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Figure 7: Four simplified Takagi-Sugeno fuzzy rules. 

 
 In Fig. 8 and Fig. 9, we show the fuzzy reasoning results by 
these two fuzzy rule-based systems in Fig. 6 and Fig. 7, 
respectively. We can see that similar results were obtained 
from the two fuzzy rule-based systems. Since there is no large 
difference in the approximation accuracy between Fig. 8 and 
Fig. 9, the interpretability will play an important role in the 
selection between the two fuzzy models in Fig. 6 and Fig. 7. If 
we use the number of fuzzy rules as an interpretability 
measure, the Takagi-Sugeno model in Fig. 6 is viewed as 
being more interpretable than the simplified Takagi-Sugeno 
model in Fig. 7. On the other hand, if we use the total number 
of parameters (i.e., ai , bi and hi) in the consequent part of the 
fuzzy rules as an interpretability measure, the simplified 
Takagi-Sugeno model is evaluated as more interpretable than 
the Takagi-Sugeno model (i.e., 4 < 6). 
 

x

y

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

 
Figure 8: Results by the three Takagi-Sugeno fuzzy rules. 
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Figure 9: Results by the four simplified fuzzy rules. 

 Example 4: The given input-output data in Fig. 5 can be 
also approximated by the two Takagi-Sugeno fuzzy rules in 
Fig. 10. Whereas data points around x = 0.5 are far from the 
two consequent linear functions in Fig. 10, they can be 
approximated through the interpolation mechanism of the 
fuzzy reasoning in Eq. (10). Fig. 11 is the fuzzy reasoning 
result by the two fuzzy rules in Fig. 10. We can see from Fig. 
11 that good approximation was realized by the two fuzzy 
rules in Fig. 10. Actually, the fuzzy reasoning result in Fig. 11 
by the two Takagi-Sugeno fuzzy rules is similar to Fig. 8 and 
Fig. 9. The question is which is more interpretable between 
Fig. 6 with the three rules and Fig. 10 with the two rules.  
 It is clear that Fig. 10 is simpler than Fig. 6 with respect to 
various aspects of fuzzy rule-based systems (e.g., the number 
of fuzzy rules, the number of membership functions, and the 
number of parameters). However, one may think that Fig. 6 is 
more intuitive than Fig. 10. If we use the local accuracy of 
each liner function [5] as an interpretability measure, the three 
Takagi-Sugeno fuzzy rules in Fig. 6 are evaluated as being 
more interpretable than the two rules in Fig. 10. 
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Figure 10: Two Takagi-Sugeno fuzzy rules.  
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Figure 11: Results by the two Takagi-Sugeno fuzzy rules. 

 
 Example 5: We can use different types of fuzzy rules in a 
single fuzzy rule-based system. We show an example of such 
a fuzzy rule-based system in Fig. 12 where the second fuzzy 
rule with the antecedent fuzzy set A2 has a consequent linear 
function (line (2)). Each of the other two fuzzy rules with the 
antecedent fuzzy sets A1 and A3 has a consequent real number. 
As we can expect, good approximation was realized by these 
three fuzzy rules (due to the page limitation, we can not show 
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the fuzzy reasoning result). The given input-output data in Fig. 
12 can be also approximated with a similar accuracy by the 
four simplified Takagi-Sugeno fuzzy rules in Fig. 13. Since 
the first two fuzzy rules with the antecedent fuzzy sets A1 and 
A2 in Fig. 13 have the same consequent real number, they can 
be merged into a single rule. The last two fuzzy rules with A3 
and A4 in Fig. 13 can be also merged into a single rule. As a 
result, we have a fuzzy rule-based system with the two 
simplified Takagi-Sugeno fuzzy rules in Fig. 14.  
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Figure 12: A Takagi-Sugeno rule and two simplified rules. 
 

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

x

y

A1 A3A2 A4

h1 h2

h3 h4

 
Figure 13: Four simplified Takagi-Sugeno rules. 
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Figure 14: Two simplified Takagi-Sugeno rules. 

 It is clear that the fuzzy rule-based system with only the 
two fuzzy rules in Fig. 14 is the simplest one in Figs. 12-14. 
However, we have no definite answer to the question: Which 
is the most interpretable in the three models in Figs. 12-14? 

4 Conclusions 
In this paper, we demonstrated the difficulty in evaluating the 
interpretability of fuzzy rule-based systems. As shown in this 
paper, the evaluation of the interpretability is difficult even in 
very simple situations. Different fuzzy rule-based systems are 
viewed as being more interpretable according to different 
interpretability measures. This means that the choice of an 
appropriate interpretability measure is important in the design 
of fuzzy rule-based systems. At the same time, such a choice 
is difficult as shown in this paper. We hope that this paper 
will activate discussions on the interpretability and help to 
develop new approaches to fuzzy modelling based on the 
accuracy-interpretability tradeoff analysis.  
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Abstract—This paper proposes a practical stability analysis of a
particular class of continuous PI-like fuzzy control systems based on
the convergence of regular vector norms. This approach is based on
the comparison, the overvaluing principle and the application of
Borne and Gentina criterion. The stability conditions issued from
vector norms correspond to a vector Lyapunov function. A
comparison system relative to a regular vector norm will be used in
order to get the simple arrow form of the state matrix that yields to a
suitable use of Borne and Gentina criterion for establishing sufficient
conditions for global asymptotic stability.

Keywords—Continuous PI-like fuzzy control systems, global
asymptotic stability, vector norms, Borne and Gentina criterion,
Arrow form state matrix.

1 Introduction
Over the last few decades, fuzzy control has received great
attention from engineering and science community and has
marked rapid growth. However, there isn’t a general method
for analysis or synthesis of such control strategy. In
particular, stability analysis of control systems is an essential
step before synthesizing and elaborating the control law.
In this way, many researches have been done on the stability
study of fuzzy control systems since their appearance in the
middle of the 70’s [17].
Indeed, the majority of these studies concern TSK fuzzy
systems since consequent fuzzy variables of this type (known
as type III) are explicit and many important results have been
obtained [13, 18, 23] based on Lyapunov stability theory.
Nevertheless, there have been a limited number of stability
studies of Mamdani type fuzzy systems (known as type I)
due to their complexity, and for this type, fuzzy variables are
linguistically understandable in both the premises and
consequents. Most of these papers provide a stability
analysis of a linear plant controlled by a fuzzy controller and
they regard the latter as a nonlinear controller corresponding
to a Lur’e system. So, the stability problem of fuzzy control
systems comes down to conventional nonlinear stability
theory.
Among the methods that have been used, Popov’s theorem
for time-invariant nonlinearity [16], circle criterion for time-
variant nonlinearity [19, 20] and its extended version, the
conicity criterion [1].
Other approaches have been used: ones can cite: the
hyperstability approach which is equivalent to passivity [9,
10, 24], the input-output stability based on the use of small

gain theorem [11, 25] and the Lyapunov function approach
[8, 12].
We do remark also that the majority of these papers simplify
the study by considering the consequents of the fuzzy system
as singletons [22]. So, this type (known as type II) is a
special case of both TSK fuzzy systems and those of
Mamdani.
In this paper, the stability study of particular class of fuzzy
PI controllers of type Mamdani is presented. This study is
based on the application of the Borne and Gentina criterion
[6] which uses Kotelyanski conditions. In [3], it has been
shown that when system state matrix is in arrow form, then
Borne and Gentina criterion becomes very simple to apply.
This approach has been used in many previous works [2, 4,
5, 21]. In this way, results proposed in [21] will be used and
generalized for stability analysis of continuous Mamdani
fuzzy systems in the case of nonlinear processes to be
controlled.
The paper is organised as follows. The next section is
devoted to the description of the particular class of PI-like
fuzzy control system. In section 3, stability conditions of the
fuzzy system are established by using Borne and Gentina
criterion and vector norms approach. The stability conditions
proposed are illustrated with an example presented in section
4. Finally, concluding remarks are drown in section 5.

2 Particular class of PI-like fuzzy controllers
The fuzzy PI control system considered in this study has two
inputs the error e and its derivative de and one output the
control derivative as shown in Fig. 1, where , ete de duk k k are
scale factors.

Figure 1: Fuzzy control system.

A particular class of fuzzy PI controllers of type Mamdani is
obtained by considering a strong triangular partition of the
normalized variables , andn n ne de du presented in Fig. 2.
The rule base considered is an r×r traditional rule table that
is of antidiagonal type such that the Mac Vicar-Whelan one
(Table 1).
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Figure 2: Fuzzy subsets partition.

Table 1 : The Mac Vicar-Whelan rule base.

Let ( , )n ne de� the surface in the space ( , , )n n ne de du ,
verifying the two properties [21]:

i) If 0 then the input-output characteristic surface ( , ) 0
ii) It exists >0 such as ( ) 0 for all  and .

n n n

n n n n

du e de
k du k du e de

�

�


 
�
�

 �� (1)
The first property means that the intersection of the
overvaluing surface � with the plan ( , )n ne de is a part of
the intersection of the characteristic surface ( , )n n ndu e de
with the same plan. The curve 0� 
 is a straight line when
the fuzzy input partition is identical for the inputs and it
represents the second bissectrix as shown in Fig. 3.

Figure 3: Curve 0� 
 .

According to [21], in the case of an identical partition for the
two inputs ne and nde (i.e. 1 2a a
 and 1 2b b
 ) and when
using an antidiagonal rule table like the Mac-Vicar Whelan
one. This approach is based on the overvaluing and the
undervaluing of the fuzzy controller characteristic surface

( , )n n ndu e de
 by two plans crossing the plan ( , )n ne de in
the second bissectrix which is the curve 0� 
 , in this case
given by the following equation:

0n ne de� 
 (3)
The slopes of these plans are respectively max minandk k ,
those values depend on the geometric parameters of the input
variables andn ne de ( and , 1,2)i ia b i 
 and the output
variable ndu ( and  )a b , on the other hand they depend on
the used inference method.
In this way for each point ( , )n ne de of � � � �1,1 1,1 �  the

controller output ndu is such that:

min max( ) ( )n n n n nk e de du k e de� � � � .

Otherwise (.)( )n n ndu f e de
 � , in such way we can write:

min max(.)k f k� � (4)
where (.)f is a nonlinear gain.
By programming, we can obtain values of maxk and mink that
allow respectively overvaluing and undervaluing the
characteristic surface of the fuzzy controller by PI plans.
In particular, for equidistant fuzzy partition of variables

, andn n ne de du 1 2 1 2( 0.33 and 0.67)a a a b b b
 
 
 
 
 
 ,
max-min inference method and centroid defuzzification
method, we obtain the action surface for the fuzzy controller
given by Fig. 4.
This surface is obtained by distorting the discourse universes
of ne and nde to 100 points, we obtain:

max 1,86k 
 and min 0, 47k 
 (5)

Figure 4: Action surface of the particular Mamdani fuzzy
controller.

So the PI fuzzy control system of the Fig. 1 can be set in the
following form (Fig. 5):

Figure 5: Equivalent fuzzy control system.

3 Proposed stability conditions

3.1 Problem formulatiom
Supposing that the system to be controlled which is nonlinear
is represented by the following state matrix given in the
Frobenius form such that:

n(.) (.)
(.)

x A x B u
x

y C x

 ��

��

�

�
� (6.a)

where:

1 1

0 0 (.) (.) 0
1

(.) , (.) , (.)
0 0

0 1 (.) (.) 1

n n

T

a b

A B C

a b

� � � � � � �

� � � � � �

� � � � � �
 
 

� � � � � �

� � � � � �
�  � �� � � �

� � � � �

� � � �
(6.b)

From the diagram given in Fig. 5, we have du u
 � ,
supposing  that v du u
 
 � and u� 
 , which leads to :

v� 
� , the nonlinear system  equipped with the integration
can be represented by the following state matrix:
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1

0
(.) (.)
0 0

1

nA B
z z v z �

� �
� � � �


 � �� � � �
� �

� �� �

� � � (7)

where: and
x x

z z
� �

� � � �

 
� � � �

� � � �

�
�

�

supposing that:
0

(.) (.)
'(.) and '(.) ' .

0 0
1

A B
A B B

� �
� � � �


 
 
� � � �
� �

� �� �

�

So we can write n ny x z
 
 where nx (respectively nz ) is

the thn state variable of state vector x (respectively z ),
thus: '(.)y C z
 where � �'(.) ' 0 1 0C C
 
 �

On the other hand, and by referring to the diagram in Fig. 5
in the autonomous regime, we can write:

� � � �

� �

(.) (.)

(.)
du n n du e de

du e de

v k f e de k f k e k e

k f k y k y


 � 
  �


  �

�

�
(8)

finally: � �(.) '(.) '(.)du e dev k f k C z k C z
  � �

then:
� �

� �

'(.) '(.) '(.) '(.) (.) ' '

'(.) (.) ' ' ' '
du e de

du e de

z A z B v A z B k f k C z k C z

A z k f k B C z k B C z


 � 
  �


  �

� �

�

that leads to:
� � � �1 (.) ' ' '(.) (.) ' 'n du de du eI k k f B C z A k k f B C z

�
� 
 � (9)

supposing now: 1 (.) ' '
'(.) (.) ' '

n du de

du e

N I k k f B C
M A k k f B C

�

 ��

�

 �

let:

1 1

1 0 0 0 0 (.) (.)
0 1 1

,
0 0 1 (.) (.)

0 0 (.) 1 0 0 (.) 0

n n

du de du e

a b

N M
a b

k k f k k f

� � � �

� � � �

� � � �

� � � �
 

� � � �

� � � �

� � � �� � � �

� � �

� � � � �

� � � � � � � � � �

� � �

� �

where: det( ) 1N 
 and 1

1 0 0
0 1

0 0
0 0 (.) 1du de

N

k k f



� �

� �

� �

� �


� �

� �

� �� �

� �

� �

� � � � �

� �

�

Finally we obtain the following description of the closed
loop system:

(.)Cz A z
� (10)
where:

1

1 1

1 1

(.)
0 (.) (.)
1

1 (.) (.)
0 (.) (.)( (.) ) (.) (.)

C

n n

du de du de e du de

A N M
a b

a b
k k f k f k a k k k f b





� �

� �

� �

� �

� �

� �

� �  � �

� �

� � �

� � � � �

�

�

(11)

For establishing stability conditions for the studied system,
we have to make a basic change leading to new
representation of the system to get best exploitation.

3.2 New state representation of the system
We consider the following passage matrix P allowing
passing from the matrix (.)CA to a matrix ' (.)CA , such that:

1
1 1

1
1 1

1 ( ) 0

1 ( )
0 1 0
0 0 1

n

n
n nP

� �

� �





 

� �

� �

� �

� �

� �

� �

� �
� �

�

� � � �

� �

�

� �

(12)

We note: 'z Pz
 and let 1 '.z P z



In this way:
1 '' (.) ' (.) 'C Cz PA P z A z


 
� (13.a)

where: ' 1(.) (.)C CA PA P



the matrix ' (.)CA is given by:

1 1 1

'
1 1 1

1 1 1

1 1

0 (.) (.)

(.) 0 (.) (.)
(.) (.)

(.) (.) (.) (.)

C n n n

n

n

A
b

� � �

� � �

� � �

� � � 	

  





� �

� �

� �

� �


� �

� �

� �
� �

�

� � � �

�

�

�

(13.b)

where:

¨

1

1 1,..., 1
( )

i n

i j
j
j i

i n�

� �



�


 � 
 

�

(13.c)

1
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i i
n
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j

j
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D a
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 �
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N b
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1
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" (13.g)

By observing the matrix ' (.)CA , we remark that the nonnull
elements are located in the diagonal and in both two last
rows and two last columns, this matrix is called in the double
arrow form. The nonlinear elements are situated in the last
row and the two last columns.
We can also deduce that the Borne and Gentina criterion can
not be applied in this case, only the usual stability criteria
can be used like Holder norms such that max norm, sum
norm and module norm.
In order to use suitably the Borne and Gentina criterion, we
can think of the isolation of the nonlinear elements in only
one row and one column. In this way, we consider a
comparison system relative to the following n regular vector
norm:
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# $1 1 1( ') ' , , ' ,max ' , '
T

n n np z z z z z
 �

� �

� �

� (14)

The vector 'z is of order ( 1)n � and the vector ( ')p z is of
order .n
Let ( ')Z p z
 , so we define the overvaluing system relative
to p such that:

(.)CZ M Z
� (15.a)
The matrix (.)CM is given by:

1 1

1 1

1 1

0 (.)
0

(.)
(.)

(.) (.) (.)

C
n n

n

M

� 


� 


� � �

 



� �

� �

� �

� �

� �

� �

�

� �

� �
(15.b)

where:

1 1

(.) (.) (.) 1,..., 1

(.) (.)

i i i

n n
n n j n j
i j i j i

j j

i n

a b


 � �

� � � 


 



 � � 
 


 � �" "
(15.c)

# $ # $(.) max , (.) max 1, (.)i i i i du dek k f� � � �
 
 (15.d)

# $1(.) max (.) (.) , (.) (.)b� � � 	
 � �

1

1 1
1

1

1 1
1

( (.) ) (.) ,

max
(.) (.) (.) (.) (.)

n

j
j

n

du de j du e du de
j

a b

k k f a k k f k k f b

�

�











� %
  �! !

! !

 � &

� �! !
�  � �! !

� �� '

"

"

(15.e)
The matrix (.)CM is in the arrow form. The vector norm p
allows passing from the matrix in the double arrow form to a
matrix in the simple arrow form by decreasing the order of
the system from ( 1)n � to n order.
To apply the Borne and Gentina criterion to the overvaluing
matrices, we substitute the nonlinear elements in the last row
( (.))i� by constant elements with the following hypothesis:

(.) for (.) 1i i du dek k f� �
 ( (16)

In these conditions the matrix (.)CM becomes:

1 1

'

1 1

1 1

0 (.)
0

(.)
(.)

(.)

C
n n

n

M

� 


� 


� � �

 



� �

� �

� �

� �

� �
� �� �

�

� �

�

(17)

So the nonlinear elements of the matrix ' (.)CM are isolated
in the last column.
3.3 Stability conditions
Theorem 1:
If there exist <0i� for 1,..., 1i n
  , i j i j� �� � � such

that Z S� � where S is a neighbourhood domain:

1
1

1

) (.) 1

) (.) (.) 0

du de
n

i i i
i

i k k f

ii � 
 � �







(

 � )"
(18)

then the equilibrium point =0Z for the continuous system is
asymptotically stable.
If nS 
� , the stability is global. �

Proof:
The matrix ' (.)CM has its off diagonal elements positive and
the ones non constant are isolated in the last line.
Let the following comparison system: ' (.)CZ M Z
�

Thus, by referring to results obtained in [3], the conditions of
the previous theorem can be deduced from the Kotelyanski
conditions [6]. These conditions require having the principal
minors with alternating signs (see Appendix), the ( )i� are
chosen all negative.

1

1 2

1
1

1

0
0

( 1) 0

and ( 1) det ( ) 0

n
n

i
i

n
CM

�

� �

�







(

)

 )

 )

�

�

The ( 1)n  first conditions are checked because the i� are
negative, however the last condition yields to:

* +

1 1

'

1 1

1 1

1 11

=11 1

0 0 (.)
0

0( 1) det (.) ( 1)
0 0 (.)

(.)

( 1) (.) (.) 0

n n
C

n n

n

n nn
n

i i i j
ii j

j i

M

� 


� 


� � �

� � 
 � �

 



 


 


�

 
 

� �, -
� �. /


   )� �. /

� �. /
. /

� �0 1� �

"� �

�

� � � �

� � � �

�

� �

then the theorem is obtained by dividing this condition by
1

1

1

( 1)
n

n
i

i

�







, -

. /
. /
0 1

� such that:
1

1

1

(.) (.) 0
n

i i i
i

� 
 � �







 � )" . �

In order to simplify the application of the theorem, we have
to exploit the expression of (.).� We suppose that:

1

1 1
1

(.) (.) (.) (.) (.) (.).
n

du de j du e du de
j

k k f a k k f k k f b� �





� �

 �  � �

� �
"

Thus, we obtain the following corollary.
Corollary 1:
If there exist <0i� for 1,...,i n
 , i j i j� �� � � such that

Z S� � the three following conditions are checked:

1

1 1
1

1
1

1

) (.) 1

) (.) (.) (.)

) (.) (.) 0

du de

n

j
j

n

i i i
i

i k k f

ii a b

iii

� �

� 
 � �













(

, -

. /  � (

. /

0 1

 � )

"

"

(19)

then the equilibrium point =0Z for the system is
asymptotically stable.
If nS 
� , the stability is global. �

Remark 1 :

For 1n 
 , the stability condition issued from Theorem 1 is
such that: (.) 0.� ( �
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4 Example
For the validation of the results obtained we consider the
stabilization of a fuzzy control system, where the controller
is of type PI fuzzy controller and the system to be controlled
is a speed of DC motor. This motor is supposed with a shunt
excitation represented by a transfer function of a first order
system which is preceded by a nonlinear element,
corresponding to nonlinearity characteristic of the magnetic
flux for example (Fig. 6).

Figure 6: Fuzzy control system for the speed of DC
motor with shunt excitation.

The nonlinear gain (.)k is represented by the following
allure (Fig. 7):

Figure 7: Characteristic of the nonlinear gain.

The system is described by the following state equation:
(.) (.)
(.)

x A x B u
y C x


 ��
�


�

�
(20.a)

where:
(.) 0.8
(.) (.)
(.) 1

A A
B k
C C


 
 �
!


�

!

 
�

(20.b)

the matrix (.)CA is given by :
0.8 (.)

(.)
0.8 (.) (.) (.) (.)C

du de du de du de

k
A

k k f k k f k k f k
� �


 � �
 � �

(21)

By making a basic change to the previous system we obtain:
' ' (.) 'Cz A z
� (22.a)

Such that:
1

2

' (.) (.)
1 0
0 1

C CA PA P

P I


� 


!
� � �


 
! � �
� ��

(22.b)

so we can write: ' (.) (.)C CA A
 and:

# $(.) max (.)0.8 (.) (.) (.), 0.8 (.)C du de du de du deM k k f k k f k k f k k
    �

the factor scales ande dek k are chosen such that:
1e dek k
 
 .

According to Remark 1, by applying Theorem 1 we get the
following condition: (.) 0� (

which leads to:

� �

0.8 (.) 0
(.) 0.2 (.) 0du

k
k f k
 � (�!

�
 (!�

and so:
0.2 (.) 0.8

(.) 0du

k
k f

( (�
�

)�

The area representing the stability domain of the fuzzy
system is given by Fig. 8:

Figure 8: Stability domain of the fuzzy system obtained
from Theorem 1.

The application of Corollary 1 allows to deduce the
following condition: � �0.8 (.) (.) 0.2 (.) 0duk k f k � (  (

then: 0.8 (.)(.)
(.) 0.2du

kk f
k


(


and 0.2 (.) 0.8k( ( .

The area representing the stability domain of the fuzzy
system is given by Fig. 9:

Figure 9: Stability domain of the fuzzy system obtained
from Corollary 1.

5 Conclusion
The stability conditions of particular class of PI-like fuzzy
control systems were presented in this paper. These
conditions were deduced from stability study of overvaluing
systems based on vector norms and the application of the
Borne and Gentina criterion. After making a basic change on
the system, we obtain a state matrix in a double arrow form,
to return to the usual arrow form of the matrix and to get
matrix with nonlinear elements isolated in only one row or
column, we had considered a comparison system relative to a
regular vector norm. In this way the Borne and Gentina
criterion was used to get sufficient stability conditions. These
conditions were applied to nonlinear system given by the
control of the speed of DC motor with shunt excitation.

Appendix
Borne-Gentina practical stability criterion [15]

Let consider the nonlinear continuous process described in
state space by: (.)x A x
� ; (.)A is an n n� matrix,

# $,(.) .i jA a
 If the overvaluing matrix ( (.))M A has its non
constant elements isolated in only one row, the verification
of the Kotelyanski condition enables to conclude to the
stability of the initial system.

As an example, if the non constant elements are isolated in
only one row of (.)A , Kotelyanski lemma applied to the

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1659



overvaluing matrix obtained by the use of the n regular

vector norm ( )p x with � �1 2, ,..., T
nx x x x
 , such as:

1 2( ) , ,..., T
np x x x x� �
 � � , leads to the following stability

conditions of initial system:

1,1 1,2 1,

1,1 1,2 2,1 2,2 2,
1,1

2,1 2,2

,1 ,2 ,

0, 0,..., ( 1) 0

(.) (.) (.)

n

nn

n n n n

a a a

a a a a a
a

a a

a a a

( )  )

�

�

� � �

�

The Borne-Gentina practical criterion applied to continuous
systems generalizes the Kotelyanski lemma for nonlinear
systems and defines large classes of systems for which the
linear Aizerman conjecture can be applied, either for the
initial system or for its comparison system.
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Abstract—We present the fuzzy induced generalized OWA 
(FIGOWA) operator. It is an aggregation operator that uses the 
main characteristics of the fuzzy OWA (FOWA) operator, the 
induced OWA (IOWA) operator and the generalized OWA (GOWA) 
operator. Therefore, it uses uncertain information represented in 
the form of fuzzy numbers, generalized means and order inducing 
variables. The main advantage of this operator is that it includes a 
wide range of mean operators in the same formulation such as the 
FOWA, the IOWA, the GOWA, the induced GOWA, the fuzzy 
IOWA, the fuzzy generalized mean, etc. We study some of its main 
properties. A further generalization by using quasi-arithmetic 
means is also presented. This operator is called Quasi-FIOWA 
operator. We also develop an application of the new approach in a 
strategic decision making problem. 

Keywords— Decision making; OWA operator; Aggregation 
operators; Fuzzy numbers.   

1 Introduction 
Different types of aggregation operators are found in the 
literature for aggregating the information. A very common 
aggregation method is the ordered weighted averaging 
(OWA) operator [17]. Since its appearance, the OWA 
operator has been studied in a wide range of applications [1-
3,5,7-8,10-13,15-22]. In [21], Yager and Filev introduced 
the IOWA operator. It is a generalization of the OWA 
operator that uses order inducing variables in the reordering 
of the arguments. In the last years, the IOWA operator has 
been studied by different authors [5,11-13,16,19,21]. 
When using the IOWA operator, it is assumed that the 
available information is exact numbers or crisp values. 
However, this may not be the real situation found in the 
decision making problem. Sometimes, the available 
information is vague or imprecise and it is not possible to 
analyze it with exact numbers. Then, it is necessary to use 
another approach to deal with this information such as fuzzy 
numbers (FN). For these situations, the IOWA is known as 
fuzzy number induced OWA (FN-IOWA) operator [5].  
Recently, [13] have suggested a generalization of the IOWA 
operator by using generalized means. With this 
generalization, known as the induced generalized OWA 
(IGOWA) operator, we are able to include in the same 
formulation different types of induced aggregation operators 
such as the IOWA operator, the induced ordered weighted 
geometric (IOWG) operator and the induced ordered 
weighted quadratic averaging (IOWQA) operator, among 
others. Moreover, they also suggested the Quasi-IOWA 

operator which is a further generalization of the IGOWA 
operator by using quasi-arithmetic means.  
Going a step further, in this paper we present the fuzzy 
induced generalized OWA operator which generalizes the 
FN-IOWA by using generalized means. We will call it the 
fuzzy induced generalized OWA (FIGOWA) operator. Then, 
we are able to obtain a wide range of fuzzy induced 
aggregation operators such as the FN-IOWA, the FN-IOWG 
operator and the FN-IOWQA operator, among others. We 
study some of the main properties of this generalization and 
we extend it to a more general formulation by using quasi-
arithmetic means. The result is the Quasi-FIOWA operator. 
We also develop an application of the new approach in a 
decision making problem about selection of strategies.  
This paper is organized as follows. In Section 2, we briefly 
review some basic concepts such as FN, the FN-IOWA and 
the IGOWA operator. Section 3 presents the FIGOWA 
operator and Section 4 studies some of its families. In 
Section 5 we briefly present the Quasi-FIOWA operator and 
in Section 6, we develop an application of the new approach 
in a strategic decision making problem.  

2 Preliminaries 

2.1 Fuzzy numbers 
The FN was first introduced by [4,24]. Since then, it has 
been studied and applied by a lot of authors such as [6,9-11].  
A FN is a fuzzy subset [23] of a universe of discourse that is 
both convex and normal [9]. Note that the FN may be 
considered as a generalization of the interval number [14] 
although it is not strictly the same because the interval 
numbers may have different meanings.  
In the literature, we find a wide range of FNs [6,9]. For 
example, a trapezoidal FN (TpFN) A of a universe of 
discourse R can be characterized by a trapezoidal 
membership function ),( aaA =  such that   

     
).()(

),()(

344

121
aaaa
aaaa

−−=
−+=

αα
αα

                           (1) 

where α ∈ [0, 1] and parameterized by (a1, a2, a3, a4) where 
a1 
 a2 
 a3 
 a4, are real values. Note that if a1 = a2 = a3 = 
a4, then, the FN is a crisp value and if a2 = a3, the FN is 
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represented by a triangular FN (TFN). Note that the TFN can 
be parameterized by (a1, a2, a4). 
In the following, we are going to review the FN arithmetic 
operations as follows. Let A and B be two TFN, where A = 
(a1, a2, a3) and B = (b1, b2, b3). Then: 

1) A + B = (a1 + b1, a2 + b2, a3 + b3) 
2) A − B = (a1 − b3, a2 − b2, a3 − b1) 
3) A × k = (k × a1, k × a2, k × a3); for k > 0. 

Note that other operations could be studied [6,9] but in this 
paper we will focus on these ones. 
2.2 Fuzzy induced OWA operator 
The FIOWA (or FN-IOWA) operator was introduced by [5]. 
It is an aggregation operator that uses uncertain information 
represented by FNs. It also uses a reordering process 
different from the values of the arguments. In this case, the 
reordering step is based on order inducing variables. It can 
be defined as follows. 

Definition 1. Let � be the set of FN. A FIOWA operator of 
dimension n is a mapping FIOWA: �n → � that has an 
associated weighting vector W of dimension n such that wj ∈
[0, 1] and � ==

n
j jw1 1 , then:  

FIOWA(�u1,ã1�, …, �un,ãn�) = �
=

n

j
jjbw

1
                   (2) 

where bj is the ãi value of the FIOWA pair �ui, ãi� having the 
jth largest ui, ui is the order inducing variable and ãi is the 
argument variable represented in the form FN.  
Note that from a generalized perspective of the reordering 
step it is possible to distinguish between descending 
(DFIOWA) and ascending (AFIOWA) orders. Note also that 
this operator provides a parameterized family of aggregation 
operators that includes the fuzzy maximum, the fuzzy 
minimum and the fuzzy average (FA), among others. 
2.3 Induced generalized OWA operator 
The IGOWA operator was introduced in [13] and it 
represents a generalization of the IOWA operator by using 
generalized means. Then, it is possible to include in the same 
formulation, different types of induced operators such as the 
IOWA operator or the induced OWG (IOWG) operator. It 
can be defined as follows.  

Definition 2. An IGOWA operator of dimension n is a 
mapping IGOWA: Rn → R that has an associated weighting 
vector W of dimension n such that wj ∈ [0, 1] and 
� ==

n
j jw1 1, then:  

IGOWA(�u1,a1�,…,�un,an�) = 
λ

λ
/1

1 �
�
�

�
�
�
�

	
�
=

n

j
jjbw               (3) 

where bj is the ai value of the IGOWA pair �ui,ai� having the 
jth largest ui, ui is the order inducing variable, ai is the 
argument variable and λ is a parameter such that λ ∈ (−∞, 
∞).  
As we can see, if � = 1, we get the IOWA operator. If � = 0, 
the IOWG operator and if � = 2, the IOWQA operator. Note 
that it is possible to further generalize the IGOWA operator 
by using quasi-arithmetic means. The result is the Quasi-
IOWA operator. 

3 Fuzzy induced generalized OWA operator 
The fuzzy induced generalized OWA (FIGOWA) operator is 
an extension of the GOWA operator that uses uncertain 
information in the aggregation represented in the form of 
FNs. The reason for using this operator is that sometimes, the 
uncertain factors that affect our decisions are not clearly 
known and in order to assess the problem we need to use 
FNs. The FN is a very useful technique in decision making 
because it considers the different uncertain results that could 
happen in the future. This operator also uses a reordering 
process based on order inducing variables. It can be defined 
as follows.  

Definition 3. Let � be the set of FNs. A FIGOWA operator 
of dimension n is a mapping FIGOWA: �n → � that has an 
associated weighting vector W of dimension n such that wj ∈
[0, 1] and � ==

n
j jw1 1, then:  

FIGOWA(�u1,ã1�,…,�un,ãn�) = 
λ

λ
/1

1 �
�
�

�
�
�
�

	
�
=

n

j
jjbw              (4) 

where bj is the ãi value of the FIGOWA pair �ui,ãi� having 
the jth largest ui, ui is the order inducing variable, ãi is the 
argument variable represented in the form of FN and λ is a 
parameter such that λ ∈ (−∞, ∞). 
Note that different types of FNs could be used in the 
aggregation such as TFNs, TpFNs, L-R FNs, interval-valued 
FNs, intuitionistic FNs, etc. 
As it was explained in [13], when using FN in the OWA 
operator, we have the additional problem of how to reorder 
the arguments. In the FIGOWA operator, this is not a 
problem because the reordering process is developed with 
order inducing variables and it is independent of the values 
of the arguments. 
From a generalized perspective of the reordering step, it is 
possible to distinguish between the descending FIGOWA 
(DFIGOWA) and the ascending FIGOWA (AFIGOWA) 
operator. The weights of these operators are related by wj = 
w*n−j+1, where wj is the jth weight of the DFIGOWA and 
w*n−j+1 the jth weight of the AFIGOWA operator. 
If B is a vector corresponding to the ordered arguments bj, 
we shall call this the ordered argument vector and WT is the 
transpose of the weighting vector, then, the FIGOWA 
operator can be expressed as: 
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FIGOWA(�u1,ã1�,…,�un,ãn�) = BW T                     (5) 

Note that if the weighting vector is not normalized, i.e., W
=� ≠=

n
j jw1 1 , then, the FIGOWA operator can be expressed 

as: 

FIGOWA(�u1,ã1�,…,�un,ãn�) = �
=

n

j
jjbw

W 1

1                (6) 

The FIGOWA operator is monotonic, commutative, bounded 
and idempotent. 

Theorem 1 (Monotonicity). Assume f is the FIGOWA 
operator, if ãi � �i, for all ãi, then

 f (�u1,ã1�,…,�un,ãn�) ≥ f (�u1,�1�,…,�un,�n�)                  (7) 

Theorem 2 (Commutativity). Assume f is the FIGOWA 
operator, then 

f (�u1,ã1�,…,�un,ãn�) = f (�u1,�1�,…,�un,�n�)                   (8) 

where (�u1,�1�,…,�un,�n�) is any permutation of the 
arguments (�u1,ã1�,…,�un,ãn�). 

Theorem 3 (Boundedness). Assume f is the FIGOWA 
operator, then 

min{ãi} 
  f (�u1,ã1�,…,�un,ãn�) 
 max{ãi}                   (9) 

Theorem 4 (Idempotency). Assume f is the FIGOWA 
operator, if ãi = ã, for all ãi, then 

f (�u1,ã1�,…,�un,ãn�) = ã                                   (10) 

Note that the proofs of Theorems 1 - 4 are omitted because 
they are trivial.  
Another interesting issue when analysing the FIGOWA 
operator is the problem of ties in the order inducing 
variables. In order to solve this problem, we recommend to 
follow the policy explained in [21]. Basically, the idea is to 
replace each argument of the tied inducing variables by its 
fuzzy generalized mean. Then, different types of means may 
be used to replace the arguments depending on the parameter 
�. 
As it is explained in [21], different kinds of attributes may be 
used for the order inducing variables of the FIGOWA 
operator with the only requirement of having a linear 
ordering.  

4 Families of FIGOWA operators 
Basically, we can distinguish between two main groups of 
FIGOWA operators. The first family represents all the 
families that may be found in the weighting vector W, while 

the second family represents all the particular cases coming 
from the parameter �. 

4.1 Analysing the parameter λ
If we analyze different values of the parameter �, we obtain 
another group of particular cases such as the FIOWA 
operator, the fuzzy IOWG (FIOWG), the fuzzy IOWQA 
(FIOWQA) and the fuzzy induced ordered weighted 
harmonic averaging (FIOWHA) operator. 
When � = 1, the FIGOWA operator becomes the FIOWA 
operator. 

FIOWA(�u1,ã1�, …, �un,ãn�) = �
=

n

j
jjbw

1
                (11) 

Note that it is possible to study a wide range of families of 
FIOWA operators by using different weighting vectors in a 
similar way as it has been explained in Section 4.1. For 
example, if wj = 1/n, for all ãi, we get the FA and if the 
ordered position of bj is the same than the position of the 
values ui, we get the FOWA operator.  
When � = 0, we get the FIOWG operator. 

FIOWG(�u1,ã1�, …, �un,ãn�) = ∏
=

n

j

w
j

jb
1

                  (12) 

Note that in this case we can also study different families of 
FIOWG operators such as the fuzzy geometric mean or the 
fuzzy OWG (FOWG) operator. Note also that it is possible 
to distinguish between descending (DFIOWG) and ascending 
(AFIOWG) orders.  
When � = −1, we get the FIOWHA operator. 

FIOWHA(�u1,ã1�, …, �un,ãn�) = 
�
=

n

j j

j

b
w

1

1                    (13) 

From a generalized perspective of the reordering step we 
find the descending FIOWHA (DFIOWHA) and the 
ascending FIOWHA (AFIOWHA) operator. Different 
families of FIOWHA operators are found by using different 
weighting vectors such as the fuzzy harmonic mean and the 
fuzzy ordered weighted harmonic averaging (FOWHA) 
operator.  
When � = 2, we get the FIOWQA operator.  

FIOWQA(�u1,ã1�,…,�un,ãn�) = 
2/1

1

2
�
�
�

�
�
�
�

	
�
=

n

j
jjbw              (14) 

In this case, we can also study a wide range of families of 
FIOWQA operators such as the fuzzy quadratic mean and 
the fuzzy OWQA operator, and distinguish between the 
DFIOWQA and the AFIOWQA operator. 
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4.2 Analysing the weighting vector W 
By using a different weighting vector in the FIGOWA 
operator, we are able to obtain a wide range of aggregation 
operators. For example, we can obtain the fuzzy maximum, 
the fuzzy minimum, the FGM, the fuzzy weighted 
generalized mean (FWGM) and the FGOWA operator.  

Remark 1. The fuzzy maximum is obtained if wp = 1 and wj

= 0, for all j ≠ p, and up = Max{ãi}. The fuzzy minimum is 
obtained if wp = 1 and wj = 0, for all j ≠ p, and up = Min{ãi}. 
The FGM is found when wj = 1/n, for all ãi. The fuzzy 
weighted generalized mean (FWGM) is obtained if ui > ui+1, 
for all i, and the FGOWA operator is obtained if the ordered 
position of ui is the same than the ordered position of bj such 
that bj is the jth largest of ãi.  

Remark 2. Other families of FIGOWA operators could be 
used in the aggregation by using a different manifestation of 
the weighting vector. For example, we could analyze the 
step-FIGOWA, the window-FIGOWA, the median-
FIGOWA, the olympic-FIGOWA, the centered-FIGOWA, 
the S-FIGOWA, etc. For more information, see [10-13,17-
22]. 

Remark 3. The step-FIGOWA operator is found when wk = 
1 and wj = 0, for all j ≠ k and the window-FIGOWA when wj

= 1/m for k ≤ j ≤ k + m − 1 and wj = 0 for j > k + m and j < k. 
Note that k and m must be positive integers such that k + m −
1 ≤ n. 

Remark 4. For the median-FIGOWA, we distinguish 
between two cases. If n is odd we assign w(n + 1)/2 = 1 and wj

= 0 for all others, and this affects the argument ãi with the [(n
+ 1)/2]th largest ui. If n is even we assign, for example, wn/2

= w(n/2) + 1 = 0.5, and this affects the arguments with the 
(n/2)th and [(n/2) + 1]th largest ui. 

Remark 5. The olympic-FIGOWA operator is found if w1 = 
wn = 0, and for all others wj = 1/(n − 2). Note that it is 
possible to develop a general form of the olympic-POWA by 
considering that wj = 0 for j = 1, 2, …, k, n, n − 1, …, n − k + 
1, and for all others wj* = 1/(n − 2k), where k < n/2.  Note 
that if k = 1, then this general form becomes the usual 
olympic-POWA. 

Remark 6. A further family is the centered-FIGOWA 
operator. This type of aggregation operator is symmetric, 
strongly decaying and inclusive. It is symmetric if wj = 
wj+n−1. It is strongly decaying when i < j ≤ (n + 1)/2, then wi

< wj and when i > j ≥ (n + 1)/2 then wi < wj. It is inclusive if 
wj > 0. Note that it is possible to consider a softening of the 
second condition by using wi ≤ wj instead of wi < wj which is 
known as softly decaying centered-FIGOWA operator. Note 
also the possibility of removing the third condition. Then, we 
shall refer to this type of aggregation as non-inclusive 
centered-FIGOWA operator. 

Remark 7. A further interesting family is the S-FIGOWA 
operator. In this case, we can distinguish between three 
types: the “orlike”, the “andlike”, and the “generalized” S-
FIGOWA operator. The generalized S-FIGOWA operator is 
obtained when  wp = (1/n)(1 − (α + β)) + α, with up = 
Max{ãi}; wq = (1/n)(1 − (α + β)) + β, with uq = Min{ãi}; and 
wj = (1/n)(1 − (α + β)) for all j ≠ p,q where α, β ∈ [0, 1] and 
α + β ≤ 1. Note that if α = 0, we get the andlike S-FIGOWA 
and if β = 0, the orlike S-FIGOWA. 

Remark 8. Another type is the non-monotonic-FIGOWA 
operator. It is obtained when at least one of the weights wj is 
lower than 0 and � ==

n
j jw1 1 . Note that a key aspect of this 

operator is that it does not always achieve monotonicity.  

5 The Quasi-FIOWA operator 
The FIGOWA operator may be further generalized by using 
quasi-arithmetic means. Then, the result is the fuzzy induced 
ordered weighted quasi-arithmetic averaging operator or 
Quasi-FIOWA, for short. Note that the Quasi-FIOWA 
operator is an extension of the Quasi-OWA [1,3,7,11] by 
using order inducing variables and uncertain information 
represented with FNs. 

Definition 4. Let � be the set of FNs. A Quasi-FIOWA 
operator of dimension n is a mapping f: �n → � that has an 
associated weighting vector W of dimension n such that wj ∈
[0, 1] and � ==

n
j jw1 1, then:  

f(�u1,ã1�,…,�un,ãn�) = �
�
�

�
�
�
�

	
�
=

− n

j
jj bgwg

1

1 )(                   (15) 

where bj is the ãi value of the Quasi-FIOWA pair �ui,ãi�
having the jth largest ui, ui is the order inducing variable, ãi

is the argument variable represented in the form of FN and 
g(b) is a strictly continuous monotone function.  
As we can see, when g(b) = b�, we get the FIGOWA 
operator. Note that it is also possible to distinguish between 
descending (Quasi-DFIOWA) and ascending (Quasi-
AFIOWA) orders. Note also that all the properties and 
particular cases commented in the FIGOWA operator, are 
also applicable in this case. 

6 Application in strategic decision making 
In the following, we are going to develop a brief example 
where we will see the applicability of the new approach. We 
will focus in a decision making problem about selection of 
strategies. Note that other business decision making 
applications could be developed such as financial decision 
making, human resource selection, etc. Note that the 
FIGOWA operator may be applied in similar problems than 
the IOWA and the IGOWA operator.  
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Assume a company that operates in North America and 
Europe is analyzing the general policy for the next year and 
they consider 5 possible strategies to follow. 

1) A1 = Expand to the Asian market.  
2) A2 = Expand to the South American market. 
3) A3 = Expand to the African market. 
4) A4 = Expand to the 3 continents. 
5) A5 = Do not develop any expansion.  

In order to evaluate these strategies, the group of experts 
considers that the key factor is the economic situation of the 
next year. Thus, depending on the situation, the expected 
benefits will be different. The experts have considered 5 
possible situations for the next year: S1 = Very bad, S2 = Bad, 
S3 = Regular, S4 = Good, S5 = Very good. The expected 
results depending on the situation Si and the alternative Ai are 
shown in Table 1. Note that the results are TFN. 

Table 1: Available strategies 
S1 S2 S3 S4 S5

A1
(20,30,40) (60,70,80) (40,50,60) (50,60,70) (50,60,70) 

A2
(30,40,50) (70,80,90) (30,40,50) (30,40,50) (50,60,70) 

A3
(60,70,80) (50,60,70) (40,50,60) (20,30,40) (40,50,60) 

A4
(50,60,70) (30,40,50) (60,70,80) (70,80,90) (10,20,30) 

A5
(40,50,60) (30,40,50) (50,60,70) (60,70,80) (40,50,60) 

In this problem, the experts consider the weighting vector W
= (0.1, 0.2, 0.2, 0.2, 0.3). Due to the fact that the attitudinal 
character is very complex because it involves the opinion of 
different members of the board of directors, the experts use 
order inducing variables to express it.  

Table 2: Order inducing variables 
S1 S2 S3 S4 S5

A1 7 9 6 5 8 
A2 4 3 6 8 7 
A3 2 8 4 3 6 
A4 5 6 9 2 7 
A5 8 4 3 6 5 

With this information, we can aggregate it in order to take a 
decision. In Table 3 and 4, we show the different results 
obtained by using different types of FIGOWA operators in 
the decision process. 

Table 3: First aggregation process 
 FA FWA FOWA 

A1 (44,54,64) (47,57,67) (40,50,60) 
A2 (42,52,62) (44,54,64) (38,48,58) 
A3 (42,52,62) (40,50,60) (38,48,58) 
A4 (44,54,64) (40,50,60) (38,48,58) 
A5 (44,54,64) (44,54,64) (41,51,61) 

Table 4: First aggregation process 
 FIOWA FIOWG FIOWQA 

A1 (43,53,63) (40.5,51.1,61.5) (44.8,54.4,64.2) 
A2 (46,56,66) (42.8,53.4,63.7) (49.1,58.6,68.2) 
A3 (43,53,63) (40.2,50.8,61.2) (45.2,54.8,64.5) 
A4 (45,55,65) (36.8,49.1,60.3) (50.2,59.4,68.7) 
A5 (45,55,65) (43.7,54.0,64.1) (46.1,55.9,65.8) 

If we establish an ordering of the alternatives, we get the 
following results shown in Table 5. Note that in this example 
it is not necessary to establish a criterion for ranking FNs 
because it is clear which alternative goes first, second and so 
on, in the ordering process. Note also that “
 ” means 
“preferred to” and “=” means “equal to”. 

Table 5: Ordering of the investments 
 Ordering 

FA A1=A4=A5
A2=A3

FWA A1
A2=A5
A3=A4

FOWA A5
A1
A2=A3=A4

FIOWA A2
A4=A5
A1=A3

FIOWG A5
A2
A1
A3
A4

FIOWQA A4
A2
A5
A3
A1

As we can see, depending on the aggregation operator used, 
the ordering of the investments may be different. Therefore, 
the decision about which investment select may be also 
different. For example, the FA gives very similar results 
between alternatives while the FIOWG and the FIOWQA 
give more differences between the alternatives. 

7 Conclusions 
We have presented the FIGOWA operator. It is a 
generalization of the OWA operator that uses the main 
characteristics of three well known aggregation operators: 
the GOWA, the IOWA and the FOWA operator. That is to 
say, it uses generalized means, order inducing variables and 
FNs in the aggregation. We have studied some of the main 
properties of this new aggregation operator. We have further 
generalized it by using quasi-arithmetic means. Then, we 
have obtained the Quasi-FIOWA operator. By using this 
approach, we get a more complete representation of the 
information because we are using FNs that consider the best 
and worst result and the possibility that the internal results 
will occur. 
We have also developed an application of the new approach. 
We have focused in a strategic decision making problem and 
we have seen that depending on the particular FIGOWA 
operator used, the results and the decisions may be different.  
In future research, we expect to develop further extensions 
by adding new characteristics [11] in the problem and 
applying it to other business problems such as financial 
decision making and human resource management. 
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Abstract— The aim of the Traveling Salesman Problem (TSP) is 
to find the cheapest way of visiting all elements in a given set of 
cities and returning to the starting point. In solutions presented in 
the literature costs of travel between nodes (cities) are based on 
Euclidean distances, the problem is symmetric and the costs are 
constant. In this paper a novel construction and formulation of the 
TSP is presented in which the requirements and features of 
practical application in road transportation and supply chains are 
taken into consideration. Computational results are presented as 
well.

Keywords— Traveling Salesman Problem, time dependent fuzzy 
costs, eugenic bacterial memetic algorithm   

1 Introduction
The aim of the Traveling Salesman Problem (TSP) is to find 
the cheapest way of visiting all elements in a given set of 
cities where the cost of travel between each pair of them is 
given, including the return to the starting point. The TSP is a 
very good representative of a larger class of problems 
known as combinatorial optimization problems. If an 
efficient algorithm (i.e., an algorithm that will guarantee to 
find the optimal solution in polynomial number of steps) can 
be found for the traveling salesman problem, then efficient 
algorithms could be established for all other problems in the 
NP (nondeterministic polynomial time) class, thus TSP 
belongs to the so called NP-hard complexity class. TSP is a 
well studied NP-hard problem [5]. An algorithm can be 
considered as an effective (good) one if it has a polynomial 
function of the problem size n, that is, for large values of n, 
the algorithm runs in time at most Knc for some constant 
number K and c. The question whether or not there is a good 
algorithm for the TSP has not been settled. For its practical 
importance and wide range of application in practice [5] 
many approaches, heuristic searches and algorithms have 
been suggested [8, 10, 11, 12], while different extensions and 
variations of the original TSP have been investigated [6, 9, 
13].  
Solutions presented in the literature most frequently have the 
following features. Costs of travel between nodes (cities) are 
based on Euclidean distances, the problem is symmetric, 
meaning that the cost from nodei to nodej equals to the cost 
from nodej to nodei, and the costs are constant. In this paper 
a novel construction and formulation of the TSP is presented 
in which the requirements and features of practical 
application in road transportation and supply chains are 

taken into consideration. Since the original formulation of 
the problem states: the aim is to find the “cheapest” tour, 
thus the cost matrix that represents the distances between 
each pair must be determined by calculating the actual costs 
of transportation processes. The costs of transportation 
consist of two main elements: costs proportional to transit 
distances (km) and costs proportional to transit times. 
Obviously the physical distances can be considered as 
constant values in a given relation, but transit times are 
subject to external factors, such as weather conditions, 
traffic circumstances, etc., so they should be treated as a 
time-dependent variable. Furthermore the actual costs are 
rarely constant and predictable, so fuzzy cost coefficient can 
be applied in order to represent the uncertainty [15, 17]. On 
the other hand in real road networks the actual distance 
between two points often alter from the Euclidean distance, 
furthermore occasionally some extra costs (e.g., ferriage, 
tunnel fare) can modify the distance-related variable costs. 
Considering these characteristics the original TSP should be 
reconstructed, so that realistic solutions can be developed.  
For solving the above-mentioned fuzzy road-transport TSP 
(FRTTSP) in this paper we suggest a eugenic bacterial 
memetic algorithm (EBMA) since that algorithm is suitable 
for global optimization of even non-linear, high-
dimensional, multi-modal, and discontinuous problems. As 
numerical example a modified TSP (FRTTSP) instance is 
considered, in which the elements of cost matrix are 
dependent on the steps they are selected to carry on with. 

2 Formulating and solutions for the classical 
TSP

In the case of the traveling salesman problem, the 
mathematical description can be a graph where each city is 
denoted by a point (or node) and lines are drawn connecting 
every two nodes (called arcs or edges). A distance (or cost) 
is associated with every edge. If in a graph edges are drawn 
connecting any two nodes, then the graph is said to be 
complete. A round-trip of the cities corresponds to a special 
subset of the lines when each city is visited exactly once, 
and it is called a tour or a Hamiltonian cycle in graph theory. 
The length of a tour is the sum of the lengths of the lines in 
the round-trip. 
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Asymmetric and symmetric TSPs can be distinguished 
depending on if any edge of the graph is directed or not. To 
formulate the symmetric case with n nodes cij = cji, so a 
graph can be considered where there is only one arc 
(undirected) between every two nodes. Let xij = {0,1} be the 
decision variable (i= 1,2,…,n and j=1,2,…,n), and xij = 1, 
means that the arc connecting nodei to nodej is an element of 
the tour. 
Let xii = 0 ( i= 1,2,…,n)  (1) 
meaning that no tour element is allowed from a node to 
itself. Furthermore  

nx
n

i

n

j
ij ���

� �1 1  (2) 
that is the number of decision variables where xij = 1 is equal 
to n, and  
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1
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  , (4) 12 ni ,...,2,1�3
meaning that each column and row of the decision matrix 
has a single element with a value 1 (i.e., each city is visited 
once). For assuring the close circuit, an additional constraint 
must be set. A permutation of nodes (p1,p2,….pn) has to be 
constructed so that the total cost C(p) is minimal: 

minimize  . (5) 	 
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For a symmetrical network there are 1/2 (n-1)! possible tours 
(because the degree of freedom is (n-1) and tours describing 
the same sequence but opposite directions are not considered 
as different tours) and for asymmetric networks where 

 the number of possible tours is (n-1)!. Some 
reduction can be done [14], a guarantee that is proportional 
to n

jiij cc �

22n can be given, however it is clear that an exhaustive 
search is not possible for large n in practice. Rather than 
enumerating all possibilities, successful algorithms for 
solving the TSP problem have been capable of eliminating 
most of the roundtrips without ever actually considering 
them. The main groups of engines are [5-12]: 

• Mixed-integer programming 

• Branch-and-bound method 

• Heuristic searches (local search algorithms, simulated 
annealing, neural networks, genetic algorithms, 
particle swarm optimization, ant colony optimization, 
etc.) 

In this paper a eugenic bacterial memetic algorithm is 
proposed as a novel heuristic search for TSP.  

3 Variable costs and consequences of their 
nature

3.1 Costs in real road networks 

Considering real road transport networks, especially in city 
logistics, the actual circumstances and condition of the 
transit process are subject to not only the topography of the 
given network but to timing as well. Referring to the 

phenomenon of cyclic peak-hours and also to the weekly 
(monthly, yearly) periodicity of traffic on road, it can be 
stated that the unit cost of traveling is also a variable, and it 
can be described as a time series rather than a constant 
value. The main reasons of that are the following:  

• The actual cost of 1 km depends on the current fuel 
consumption, which is partly affected by the speed, 
but the speed is externally determined by the current 
traffic. 

• A relatively large proportion of transportation cost is 
the cost of labor (i.e., wages of drivers), which is 
calculated on driving time. In Europe distance-based 
payment for commercial drivers are not allowed 
according to the European Agreement Concerning the 
Work of Crews of Vehicles Engaged in International 
Road Transport (AETR). 

• The return on equity capital is a vital issue for haulage 
companies, since the transportation sector of the 
economy is a capital intensive one, meaning that 
utilization of vehicle in time is a crucial problem. 

In addition, during long-distance shipments the drivers 
occasionally must stop for a rest (according to AETR) at a 
minimum 11 hour period (often overnight), and very often 
week-end traffic restrictions for heavy vehicles are 
introduced.  
Considering the uncertainty of relevant data it can be stated, 
that one’s estimated travel time by automobile between two 
points is a case of possibility due to the measurement 
imprecision and perception. It can be seen that the 
circumstances and conditions are significantly changing in 
time that is the actual value of cost matrix element cij  should 
be subject to timing of transit between nodei and nodej and 
an appropriate representation of imprecision can be the use 
of fuzzy numbers. In this sense geographical optimization 
alone is not appropriate, and the road transport operation has 
to be scheduled in time as well. 

3.2 The modified TSP, the Fuzzy Road Transport 
Traveling Salesman Problem (FRTTSP) 

For fulfilling the requirements of realistic road transport 
processes, we propose the following modification to the 
classical TSP [23].  
Since the overall target is to achieve the cheapest tour (in 
monetary terms), the constraint that each node (city) is 
visited exactly once is skipped. Calculating with time-
dependent cost coefficients that are not necessarily 
proportional to distances, a longer route can be a cheaper 
one, and as a consequence some nodes can be visited more 
than once. Thus in the FRTTSP we eliminate restrictions (2), 
(3) and (4).  
If a significant improvement in traffic conditions can be 
expected, that is a future value of a cost cij will be less then 
its present value, it is worth waiting (suspending the tour for 
a while) and continuing in the next step. In this case 
obviously the cost of staying at a point must be calculated. 
In this sense we eliminate restriction (1) as well. Very often 
in the solutions restriction (1) is fulfilled by selecting cii = 
�. In our case cii is the cost of staying at nodei in a given 
step.  
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The permutation of nodes (p1,p2,….pn) is being modified as 
well. As a city may be visited several times, objective 
function (5) must be rewritten: 

minimize , (6) 	 
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where m=1,2,… is the multiplier factor. Objective function 
(6) is a generalized form of TSP, the multiplier factor equals 
to 1 in the classical cases. 
In order to represent the uncertainty triangular fuzzy 
numbers are used as cost coefficients. Triangular fuzzy 
numbers have a membership function consisting of two 
linear segments joined at a peak, so they can be constructed 
easily on the basis of little information: the supporting 
interval C= [c1, c2] as the smallest and the largest possible 
values, and cM which is the peak value where the 
membership function equals to 1. In that case the triangular 
fuzzy number is denoted by C = (c1, cM, c2). 
When the distances between the cities are described by 
fuzzy numbers, it must be discussed how these fuzzy 
numbers are summed up in a tour in order to calculate the 
total distance. The arithmetic of fuzzy numbers is based on 
the extension principle [18]. We are using triangular shaped 
fuzzy numbers which can be characterized by three values, 
the boundaries of the support and the core value. When we 
calculate the total distance of a tour, then instead of adding 
fuzzy numbers by the extension principle, we can do an 
easier calculation based on the defuzzified values of the 
fuzzy numbers. According to [16], some defuzzification 
method has invariance properties meaning that the result is 
invariant under linear transformations, thus there is no need 
to determine the whole outcome using the extension 
principle but only to compute the sum of the defuzzified 
values of each fuzzy number. If we are using triangular 
shaped fuzzy numbers then the Averaging Level Cuts (ALC) 
type defuzzification method used in [16] gives the same 
result as the Center of Gravity (COG) method. So, in the 
first step the fuzzy numbers are defuzzified by the COG 
method (which is simply the arithmetic mean of the three 
characteristic points of the fuzzy number) and then these 
crisp numbers are summed up providing the total distance of 
the tour.

4 Eugenic bacterial memetic algorithms
Nature inspired some evolutionary optimization algorithms 
suitable for global optimization of even non-linear, high-
dimensional, multi-modal, and discontinuous problems. The 
original genetic algorithm was developed by Holland [1] and 
was based on the process of evolution of biological 
organisms. It uses three operators: reproduction, crossover 
and mutation. Later, new kind of evolutionary based 
techniques were proposed, which are imitating phenomena 
that can be found in nature.  
Bacterial Evolutionary Algorithm (BEA) [2] is one of these 
techniques. BEA uses two operators; the bacterial mutation 
and the gene transfer operation. These new operators are 
based on the microbial evolution phenomenon. Bacteria 
share chunks of their genes rather than perform a neat 
crossover in chromosomes. The bacterial mutation operation 
optimizes the chromosome of one bacterium; the gene 

transfer operation allows the transfer of information between 
the bacteria in the population. Each bacterium represents a 
solution for the original problem. BEA has been applied for 
wide range of problems, for instance optimizing the fuzzy 
rule bases [2, 3] or feature selection [4]. 
Evolutionary algorithms are global searchers, however in 
most of the cases they give only a quasi-optimal solution for 
the problem. Local search approaches can give more 
accurate solution, however they are searching for the 
solution only in a local area of the search space. Local 
search approaches might be useful in improving the 
performance of the basic evolutionary algorithm, which may 
find the global optimum with sufficient precision in this 
combined way. Combinations of evolutionary and local-
search methods are usually referred to as memetic 
algorithms [19]. A new kind of memetic algorithm based on 
the bacterial approach is the bacterial memetic algorithm 
(BMA) [20]. 
The algorithm consists of four steps. First, an initial 
population has to be created. Then, bacterial mutation, a 
local search and gene transfer are applied, until a stopping 
criterion is fulfilled. The bacterial mutation is applied to 
each chromosome one by one. First, Nclones copies (clones) of 
the bacterium are generated, then a certain segment of the 
chromosome is randomly selected and the parameters of this 
selected segment are randomly changed in each clone 
(mutation). Next all the clones and the original bacterium are 
evaluated and the best individual is selected. This individual 
transfers the mutated segment into the other individuals. 
This process continues until all of the segments of the 
chromosome have been mutated and tested. At the end of 
this process the clones are eliminated. After the bacterial 
mutation operator a local search is applied for each 
individual. This method depends on the given problem. For 
the TSP it is detailed in the next section. 
In the next step the other evolutionary operation, the gene 
transfer is applied, which allows the recombination of 
genetic information between two bacteria. First, the 
population must be divided into two halves. The better 
bacteria are called the superior half, the other bacteria are 
called the inferior half. One bacterium is randomly chosen 
from the superior half, this will be the source bacterium and 
another is randomly chosen from the inferior half, this will 
be the destination bacterium. A segment from the source 
bacterium is chosen randomly and this segment will 
overwrite a segment of the destination bacterium or it will be 
added to the destination bacterium. This process is repeated 
for Ninf times. The stopping condition is usually given by a 
predefined maximum generation number (Ngen). When Ngen 
is achieved then the algorithm ends otherwise it continues 
with the bacterial mutation step. We use eugenic elements 
also in the algorithm [21]. This reflects the human’s decision 
will, and puts some deterministic element into the algorithm. 
Details will be given in the next section. 
The basic algorithm has four parameters: the number of 
generations (Ngen), the number of bacteria in the population 
(Nind), the number of clones in the bacterial mutation 
(Nclones), and the number of infections (Ninf) in the gene 
transfer operation.  
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5 EBMA for the modified traveling salesman 
problem

When applying evolutionary type algorithms first of all the 
encoding method must be defined. The evaluation of the 
individuals has to be discussed, too. The operations of the 
algorithm have to be adapted to the given problem. 

5.1 Encoding method and evaluation of the individuals 

In the modified traveling salesman problem one city may be 
visited more than once. Because each city must be visited at 
least once, one solution of the problem does not need to be a 
permutation of the cities. The evident encoding of the 
problem into a bacterium is simply the enumeration of the 
cities in the order they should be visited. Therefore, a length 
of the bacterium may be greater than the number of cities 
(Ncities), but an upper bound for the bacterium length has to 
be defined too, we allow bacteria not longer than m�Ncities, 
where m is the multiplier factor, which is a parameter of the 
algorithm (usually m=2). The initial city is not represented in 
the bacterium.  
The length of the bacteria can be changeable. It can be 
changing during the evolutionary process and the individuals 
can have different lengths. In the initial population 
generation, the length of the bacteria is a random number 
greater than or equal to Ncities and less than or equal to 
m�Ncities. 
The evaluation of a bacterium is based on the time 
dependent distance matrix. The distance between the first 
element of the bacterium and the initial city is taken from the 
distance matrix at the zeroth time step, the distance between 
the second element of the bacterium and the first element of 
the bacterium is taken from the distance matrix at the first 
time step, and so on, these distances are summed up, and the 
total distance is obtained in this way.  

5.2 Bacterial mutation 

In the bacterial mutation there is an additional parameter, the 
length of the segment to be mutated in the clones. First, the 
segments of the bacterium are determined, and a random 
segment order is created. In the clones, the mutation of the 
given segment is executed. For example in Figure 1, the 
length of the segment is 3, and there are 4 clones. The 
random segment order is e.g., {3rd segment, 1st segment, 4th 
segment, 2nd segment}. This means that in the first sub-cycle 
of bacterial mutation, the 3rd segment is mutated in the 
clones. After the mutation of the clones, the best one is 
being chosen, and this clone (or the un-mutated original 
bacterium) transfers the mutated segment to the other 
individuals.  
The segments of the bacterium do not need to consist of 
consecutive elements. The elements of the segments can 
come from different parts of the bacterium as it can be seen 
in Figure 2. 
Because in the modified TSP the number of visited cities is 
not predefined, bacteria with different length can occur in 
the population. Although in the initial population generation 
bacteria with different length can arise we would like to 
allow the changes in the length within the bacterial 
operations, too. Therefore before a clone is mutated a 

random value is used for determining that after the mutation 
the length of the clone will increase, decrease or remain the 
same. 

 
Figure 1: Bacterial mutation 

 
 

 
Figure 2: Segment in the bacterial mutation 

 
Increasing is allowed only in the case, when the maximum 
bacterium length (m�Ncities) is not exceeded, similarly, 
decreasing is allowed only in the case, when the minimum 
bacterium length (Ncities) is guaranteed. If the length will 
increase, then besides changing the positions of the cities in 
the selected segment of the clone, new cities are added to 
this clone randomly. If it will decrease, then some cities are 
deleted from the clone taking care that only those cities are 
allowed to be deleted, which have at least one other 
occurrence in the clone. If the length remains the same, then 
only the positions of the cities in the selected segment are 
changed. 

5.3 Local search method 

A tour can be improved by some local heuristics. One of the 
most successful methods is the Lin-Kernighan algorithm 
[22] which based on the k-opt algorithm. The k-opt 
algorithm removes k edges from the tour and reconnects the 
k paths optimally. We applied the 2-opt and 3-opt technique 
in our EBMA algorithm. For higher value of k the algorithm 
would take more time and would provide only small 
improvements on the 2-opt and 3-opt techniques. 

5.4 Gene transfer 

In the gene transfer operation there is also an additional 
parameter, the length of the segment to be transferred from 
the source bacterium to the destination bacterium. In contrast 
with the bacterial mutation, in the gene transfer, the segment 
can contain only consecutive elements within the bacterium. 
The reason for that is the segment containing consecutive 
elements representing sub-tours in the bacterium, and 
transferring good sub-tours is the main goal of the gene 
transfer operation.  
Figure 3 shows the gene transfer in the case of time 
independent distance matrix. In the case of time dependent 

 
ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1670



 

distance matrix, the position where the transferred segment 
goes to in the destination bacterium must be the same as the 
position of the segment in the source bacterium. 
 

Figure 3: Gene transfer 
 
The different individual lengths are allowed also in the gene 
transfer operation. After the segment was transferred to the 
destination bacterium, the elements that occur in the 
transferred segment and are already in the destination 
bacterium can be deleted from the destination bacterium. If 
the same number of elements is deleted from the destination 
bacterium as the length of the segment, then the length of the 
destination bacterium remains the same. If less elements are 
deleted, then its length will be increasing. If more elements 
are deleted (taking care that each city must have at least one 
occurrence in the bacterium), then the length will be 
decreasing. We must also take care that the length of the 
destination bacterium must be at least Ncities and at most 
m�Ncities. 

5.5 Eugenic elements 

Eugenic is used in the initial population creation and in the 
bacterial mutation operator. This means that we put more 
determinism into the algorithm which contains normally the 
deterministic local search and the stochastic evolutionary 
operators. During the initial population creation not only 
random individuals are generated but also some 
deterministic ones according to the following rule: there is 
an individual, which represents the tour in which always the 
nearest unvisited city is visited. There can be another initial 
bacterium, which represents the tour in which alternating the 
nearest and the second nearest city is visited. There can be a 
third individual, where always the second nearest city is 
taken.  
In the bacterial mutation not only randomly mutated clones 
are produced, but there will always be a deterministic clone, 
which performs a reverse ordering permutation on the 
selected segment. According to our experiences this can be 
effective in solving TSP like problems.  

6 Computational results 
First the efficiency of the proposed algorithm is presented. 
Fig. 4 and 5 compare the computational result against a  
“classical” reference instance TSP (www.tsp.gatech.edu, 
XQF131). The total length of the optimal tour is 564, the 

solution of our proposed algorithm is 566, the computational 
error is 0.35%. 
 

 
Figure 4: Reference instance (www.tsp.gatech.edu) 

 
 

 
Figure 5: Solution of reference instance by the EBMA 

 
Next in the evaluation process a classic symmetric graph is 
compared to an asymmetric and time dependent version of 
the same graph. Solution for the symmetric case is shown in 
Fig. 6. 
The RTTSP version is modified in the following points: 
Node16 has only one connection to node6.  
Node6 has two connections, to node16 and to node9. 
 

C1,23 (t)= C1,23 +0.05t 
C20,0 (t)= C20,0 +0.01t 
C13,0 (t)= C13,0 +0.02t 
 

where t is the step in which the tour visits the node. This is a 
very simple representation of the time dependency of the 
graph. The results are shown in Fig. 7. 
Since the running time of EBMA is about proportional to the 
number of generations it is a crucial task to select the most 
efficient parameters:  

� number of bacteria in the population (Nind) 
� number of clones in the bacterial mutation (Nclones) 
� number of infections (Ninf) in the gene transfer 

operation 
� length of the segment to be mutated 
� length of the segment to be transferred.  

Finally the fuzzy cost coefficients are considered, results are 
shown in Fig. 8. Let the fuzzy values are: 
 

C2,0= (0.015, 0.1986, 0.4) 
C0,2= (0.001, 0.1986, 0.2) 
C23,4= (0.1, 0.4504, 0.5) 
C4,23= (0.4, 0.4504, 0.7) 
C26,29(t)= (0.05, 0.1655, 0.2) 0.05 t 
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C29,26(t)= (0.11, 0.1655, 0.3) 0.05 t 
C10,4(t)= (0.03, 0.1449, 0.16) 0.06 t 
C4,10(t)= (0.12, 0.1449, 0.3) 0.06 t 
C17,18(t)= (0.15, 0.267, 0.3)+0.05 t 
C18,17(t)= (0.15, 0.267, 0.3)-0.01 t 
C7,23(t)= (0.1, 0.18, 0.25)+0.01 t 
C23,7(t)= (0.1, 0.18, 0.25)-0.01 t 
C0,21(t)= (0.01, 0.066, 0.10)+0.02 t 
C21,0(t)= (0.01, 0.066, 0.10)-0.02 t 

 
(Remark: peak values are kept from the crisp matrix.) 

 

 
 

Figure 6: Graphical representation of the best tour of TSP 
 
 

 
Figure 7: Graphical representation of the best tour in RTTSP 

 
 

 
Figure 8: Graphical representation of the best tour in FRTTSP 

 
The scope of future research activity is to set general rules 
that can give instructions in order to find the most efficient 
parameters of EBMA according to the size and other (e.g. 
topographical) features of a given FRTTSP, since running 
time is significantly affected by those parameters.  
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Abstract— One of the most important stages in data preprocessing
for data mining is feature selection. Real-world data analysis, data
mining, classification and modeling problems usually involve a large
number of candidate inputs or features. Less relevant or highly cor-
related features decrease, in general, the classification accuracy, and
enlarge the complexity of the classifier. Feature selection is a multi-
criteria optimization problem, with contradictory objectives, which
are difficult to properly describe by conventional cost functions. The
use of fuzzy decision making may improve the performance of this
type of systems, since it allows an easier and transparent description
of the different criteria used in the feature selection process. In previ-
ous work an ant colony optimization algorithm for feature selection
was presented, which minimizes two objectives: number of features
and classification error. Two pheromone matrices and two different
heuristics are used for each objective. In this paper, a fuzzy objec-
tive function is proposed to cope with the difficulty of weighting the
different criteria involved in the optimization algorithm.

Keywords— Feature selection, fuzzy decision functions, ant
colony optimization.

1 Introduction
Feature selection has been an active research area in data min-
ing, pattern recognition and statistics communities. The main
idea of feature selection is to choose a subset of available fea-
tures, by eliminating features with little or no predictive in-
formation and also redundant features that are strongly corre-
lated. Many practical pattern classification tasks (e.g., med-
ical diagnosis) require learning of an appropriate classifica-
tion function that assigns a given input pattern (typically rep-
resented by using a vector of feature values) to one of a set
of classes. The choice of features used for classification has
an impact on the accuracy of the classifier and on the time
required for classification.

The challenge is selecting the minimum subset of features
with little or no loss of classification accuracy. The feature
subset selection problem consists of identifying and selecting
a useful subset of features from a larger set of often mutually
redundant, possibly irrelevant, features with different associ-
ated importance [1].

Like many design problems, feature selection problem,
is characterized by multiple objectives, where a trade-off
amongst various objectives must be made, leading to under
or over-achievement of different objectives. Moreover, some
flexibility may be present for specifying the constraints of the
problem. Furthermore, some of the objectives in decision
making may be known only approximately. Fuzzy set the-

ory provides ways of representing and dealing with flexible or
soft constraints, in which the flexibility in the constraints can
be exploited to obtain additional trade-off between improving
the objectives and satisfying the constraints.

Various fuzzy optimization methods have been proposed in
the literature in order to deal with different aspects of soft con-
straints. In one formulation of fuzzy optimization due to Zim-
mermann [2], which is used in the rest of this paper, concepts
from Bellman and Zadeh model of fuzzy decision making [3]
are used for formulating the fuzzy optimization problem.

In this paper is used a feature selection algorithm which is
based in ant colony optimization. The ant feature selection
algorithm uses two cooperative ant colonies, which are used
to cope with two different objectives. The two objectives we
consider are minimizing the number of features and minimiz-
ing the classification error. Two pheromone matrices and two
different heuristics are used for each objective. These goals
are translated into fuzzy sets.

The paper is organized as follows. Section 2 presents a brief
description of fuzzy optimization. A brief consideration of the
fuzzy models we use is presented in Section 3. The ACO fea-
ture selection algorithm is presented in Section 4. In Section 5
the results are presented and discussed. Some conclusions are
drawn in Section 6 and the possible future work is discussed.

2 Fuzzy Optimization
Fuzzy optimization is the name given to the collection of tech-
niques that formulate optimization problems with flexible, ap-
proximate or uncertain constraints and goals by using fuzzy
sets. In general, fuzzy sets are used in two different ways in
fuzzy optimization.

1. To represent uncertainty in the constraints and the goals
(objective functions).

2. To represent flexibility in the constraints and the goals.

In the first case, fuzzy sets represent generalized formulations
of intervals that are manipulated according to rules similar to
interval calculus by using the α-cuts of fuzzy sets. In the sec-
ond case, fuzzy sets represent the degree of satisfaction of the
constraints or of the aspiration levels of the goals, given the
flexibility in the formulation. Hence, the constraints (and the
goals) that are essentially crisp are assumed to have some flex-
ibility that can be exploited for improving the optimization
objective. This framework is suitable for the representation of
interaction and possible trade-off amongst the constraints and
the objectives of the optimization [4].
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2.1 General formulation

The general formulation for fuzzy optimization in the presence
of flexible goals and constraints is given by

fuzzy maximize
x∈X

[f1(x), f2(x), . . . , fn(x)]

subject to gi(x) ≤̃ 0, i = 1, 2, . . . , m.
(1)

In (1), the tilde sign denotes a fuzzy satisfaction of the con-
straints. The sign ≤̃ thus denotes that gi(x) ≤ 0 can be sat-
isfied to a degree smaller than 1. The fuzzy maximization
corresponds to achieving the highest possible aspiration level
for the goals f1(x) to fn(x), given the fuzzy constraints to the
problem. This optimization problem can be solved by using
the approach of Bellman and Zadeh to fuzzy decision making
[3].

Consider a decision making problem where the decision al-
ternatives are x ∈ X . A fuzzy goal Fj , j = 1, 2, . . . , n is
a fuzzy subset of X . Its membership function Fj(x), with
Fj : X → [0, 1] indicates the degree of satisfaction of the
decision goal by the decision alternative x. Similarly, a num-
ber of fuzzy constraints Gi, i = 1, 2, . . . , m can be defined
as fuzzy subsets of X . Their membership functions Gi(x),
denote the degree of satisfaction of the fuzzy constraint Gi by
the decision alternative x ∈ X . According to Bellman and
Zadeh’s fuzzy decision making model, the fuzzy decision D
is defined as the confluence of the fuzzy goals and constraints,
i.e.

D(x) = F1(x) ◦ · · · ◦ Fn(x) ◦G1(x) ◦ · · · ◦Gm(x), (2)

where ◦ denotes an aggregation operator for fuzzy sets. Since
the goals and the constraints must be satisfied simultaneously,
Bellman and Zadeh proposed to use an intersection operator,
i.e. a fuzzy t-norm for the aggregation. The optimal decision
alternative x∗ is then the argument that maximizes the fuzzy
decision, i.e.

x∗ = arg max
x∈X

D(x). (3)

The optimization problem is then defined by

max
x∈X

[F1(x) ∧ · · · ∧ Fn(x) ∧G1(x) ∧ · · · ∧Gm(x)]. (4)

Note that both the goals and the constraints are aggregated.
Hence, the goals and the constraints are treated equivalently,
which is why the model is said to be symmetric. The sym-
metric model is not always appropriate, however, since the
aggregation of the goals and the constraints may have differ-
ent requirements. Often, for example, some trade off amongst
the goals is allowed or may even be desirable, which may be
modeled by an averaging operation. The constraints, however,
should not be violated, i.e. their aggregation must be conjunc-
tive. In that case, the goals and the constraints cannot be com-
bined uniformly by using a single aggregation operator. In
the simplest case, the goals must be combined by using one
operator and the constraints must be combined by using an-
other operator. The aggregated results must then be combined
at a higher level by using a third aggregation operator, which
has to be conjunctive (i.e. both the aggregated goals and the
aggregated constraints should be satisfied).

Clearly, the above formulation of fuzzy optimization is
closely related to the penalty function methods known from

classical optimization theory. The aggregated goals corre-
spond to an overall objective function, which is maximized.
The constraints are added to this objective function by using
fuzzy t-norms, which is similar to the addition of a penalty
function to an optimization objective function in classical op-
timization. After combining the objectives and the constraints,
the resulting optimization is unconstrained, but possibly non-
convex. Furthermore, gradient descent methods may not be
suitable for the maximization due to possible and likely dis-
continuity in the first derivative of the final aggregated func-
tion. Derivative-free search and optimization algorithms such
as simulated annealing, evolutionary algorithms or other bio-
inspired algorithms, such as ant colony optimization, can be
used to solve this type of optimization problems.

2.2 Weighted aggregation in fuzzy optimization

Weighted aggregation has been used quite extensively espe-
cially in fuzzy decision making, where the weights are used
to represent the relative importance that the decision maker
attaches to different decision criteria (goals or constraints).
Almost always an averaging operator has been used for the
weighted aggregation, such as the generalized means [5].

The averaging operators are suitable for modeling compen-
satory aggregation. They are not suitable, however, for model-
ing simultaneous satisfaction of aggregated criteria. Since the
goal in fuzzy optimization is the simultaneous satisfaction of
the optimization objectives and the constraints, t-norms must
be used to model the conjunctive aggregation. In order to use
the weighted aggregation in fuzzy optimization, weighted ag-
gregation using t-norms must thus be considered.

The axiomatic definition of t-norms does not allow for
weighted aggregation. In order to obtain a weighted exten-
sion of t-norms, some of the axiomatic requirements must be
dropped. Especially the commutativity and the associativity
properties must be dropped, since weighted operators are by
definition not commutative.

Weighted t-norms. In [4], the authors used weighted coun-
terparts of several t-norms for fuzzy optimization. The spe-
cific operators considered are the weighted extension of the
product t-norm given by

D(x,w) =
m∏

i=1

[Gi(x)]wi , (5)

the extension of the Yager t-norm given by

D(x,w) = max


0, 1− s

√√√√ m∑
i=1

wi(1−Gi(x))s


 , s > 0.

(6)
The term fuzzy optimization in the remainder of this paper

also refers to a formulation in terms of the flexibility of the
goals.

3 Fuzzy Models for Classification

Fuzzy modeling for classification, is a technique that allows
an approximation of nonlinear systems when there is none or
few knowledge of the system to be modeled [6]. The fuzzy
modeling approach has several advantages when compared to
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other nonlinear modeling techniques. In general, fuzzy mod-
els can provide a more transparent model and can also give
a linguistic interpretation in the form of rules, which is ap-
pealing when dealing with classification systems. Fuzzy mod-
els use rules and logical connectives to establish relations be-
tween the features defined to derive the model. This paper
uses Takagi-Sugeno (TS) fuzzy models [7], which consist of
fuzzy rules where each rule describes a local input-output re-
lation, typically in an affine form. The affine form of a TS
model is given by:

Ri : If x1 is Ai1and . . . and xn is Ainthen
yi = ai1x1 + . . . + ainxn + bi , (7)

where i = 1, . . . , K, K denotes the number of rules in the rule
base, Ri is the ith rule, x = [x1, . . . , xn]T is the antecedent
vector, n is the number of features, Ai1, . . . , Ain are fuzzy
sets defined in the antecedent space, yi is the output variable
for rule i, ai is a parameter vector and bi is a scalar offset.
The consequents of the affine TS model are hyperplanes in the
product space of the inputs and the output. The model output,
y, can then be computed by aggregating the individual rules
contribution:

y =
∑K

i=1 βiyi∑K
i=1 βi

, (8)

where βi is the degree of activation of the ith rule:

βi =
n∏

j=1

µAij (xj), (9)

and µAij
(xj) : R → [0, 1] is the membership function of the

fuzzy set Aij in the antecedent of Ri.
The performance criterion used to evaluate the fuzzy model

is the classification accuracy Ca, given by the percentage of
correct classifications:

Ca =
(Nn −Ne)

Nn
× 100%, (10)

where Nn is the number of used samples and Ne is the number
of classification errors in test samples (misclassifications).

4 Ant Feature Selection
Ant algorithms were first proposed by Dorigo [8] as a multi-
agent approach to difficult combinatorial optimization prob-
lems, such as traveling salesman problem, quadratic assign-
ment problem or supply chain management [9, 10]. The
ACO methodology is an optimization method suited to find
minimum cost paths in optimization problems described by
graphs [11]. This paper presents a new implementation of
ACO applied to feature selection, where the best number of
features is determined automatically. In this approach, two
objectives are considered: minimizing the number of features
and minimizing the classification error. Two cooperative ant
colonies optimize each objective. The first colony determines
the number (cardinality) of features and the second selects
the features based on the cardinality given by the first colony.
Thus, two pheromone matrices and two different heuristics are
used. A novel approach for computing a heuristic value is pro-
posed to determine the cardinality of features. The heuristic

value is computed using the Fisher discriminant criterion for
feature selection [12], which ranks the features giving them a
given relative importance and it is described in more detail in
section 4.2.3. The best number of features is called features
cardinality Nf . The determination of the features cardinality
is addressed in the first colony sharing the same minimization
cost function with the second colony, which in this case ag-
gregates both the maximization of the classification accuracy
and the minimization of the features cardinality. Hence, the
first colony determines the size of the subsets of the ants in
the second colony, and the second colony selects the features
that will be part of the subsets.

The algorithm used in this paper deals with the feature se-
lection problem as a multi–criteria problem with a single ob-
jective function. Therefore, a pheromone matrix is computed
for each criterion, and different heuristics are used.

The objective function of this optimization algorithm aggre-
gate both criteria, the minimization of the classification error
rate and the minimization of the features cardinality:

Jk = w1
Nk

e

Nn
+ w2

Nk
f

n
(11)

where k = 1, . . . , g, Nn is the number of used data samples
and n is the total number of features. The weights w1 and w2

are selected based on experiments.
To evaluate the classification error, a fuzzy classifier is built

for each solution following the procedure described in Sec-
tion 3.

4.1 Fuzzy decision function

The objective function (11) can be interpreted as follows. The
term containing the predicted errors indicates that these should
be minimized, while the term containing the size of the fea-
tures subset used indicates that the number of features should
be reduced. Hence, minimizing the output errors and the size
of the features subset can be regarded as forcing the model to
be less complex and maintain a good performance at the same
time. The parameters containing the weights, w1 and w2, can
be changed so that the objective function is modified in order
to lead to a solution where the accuracy of the model is more
important or to a much simpler model where the reduction of
the number of the features is imperative. This balance always
depends on the application.

When fuzzy multicriteria decision making is applied to de-
termine the objective function, additional flexibility is intro-
duced. Each criterion ζi is described by a fuzzy set, where
i = 1, . . . , T , stands for the different criteria defined. Fuzzy
criteria can be described in different ways. The most straight-
forward and easy way is just to adapt the criteria defined for
the classical objective functions. Fig. 1 shows examples of
general membership functions that can be used for the error
Nk

e and for the features cardinality Nk
f , with k = 1, . . . , g.

In this example, the minimization of the classification error is
represented by an exponential membership function, given by

µk
e = exp

−
(

Nk
e −a

2σ

)2

(12)

This well-known function has the nice property of never
reaching the value zero, and the membership value is still quite
considerable for an error of 10%. Therefore, this criterion is
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Figure 1: Membership functions for the feature selection
goals.

considered to be a fuzzy goal. The features cardinality Nf

can be represented, for example, by a trapezoidal membership
function around zero, as shown in Fig. 1b. A reduced number
of features is considered to be a desired outcome of the op-
timization algorithm. The membership function is defined so
that for a low number of features the membership degree is one
and linearly decreases to zero. The membership degree should
be zero outside the maximum number of features available.
The parameters defining the range of the trapezoidal member-
ship function are application dependent. Sometimes it is con-
venient to make the upper limit of the membership function
much lower than the maximum number of features allowed,
specially if a very large number of features is being tested. In
general, all the parameters of the different membership func-
tions are application dependent. However, it is possible to de-
rive some tuning guidelines, as will be described here. The
membership functions quantify how much the system satisfies
the criteria given a particular feature subset solution, bringing
various quantities into a unified domain. The use of the mem-
bership functions introduces additional flexibility to the goals,
and it leads to increased transparency as it becomes possible
to specify explicitly what kind of solution is preferred. For in-
stance, it becomes easier to penalize more severely a subset of
features that have larger classification errors. Or if we prefer
a solution with less features, a higher number of features can
also be penalized.

Note that there is no need to scale the several parameters
and as in (11), when fuzzy objective functions are used, be-
cause the use of membership functions introduce directly the
normalization required. For this particular aspect, this fea-
ture reduces the effort on defining the objective function, when
compared to classical objective functions. After the member-

Table 1: List of symbols.
Variable Description
General

n Number of features
N Number of samples
Nn Number of samples used for validation
I Number of iterations
K Number of rules/clusters of the fuzzy model
Nc Number of existing classes in database
g Number of ants
x Set with all the features
w Subset of features selected to build classifiers
Jk Cost of the solution for each ant k
Jq Cost of the winner ant q

Ant colony for cardinality of features
Nf Features cardinality (number of selected features)

Nf (k) Features cardinality of ant k
In Number of iterations with same feature cardinality
αn Pheromone weight of features cardinality
βn Heuristic weight of features cardinality
τn Pheromone trails for features cardinality
ηn Heuristic of features cardinality
ρn Evaporation of features cardinality
Γk

n Feasible neighborhood of ant k
(features cardinality availability)

Qi Amount of pheromone laid in the features
cardinality of the best solution

Ant colony for selecting subset of features
Lk

f (t) Feature subset for ant k at tour t
αf Pheromone weight of features
βf Heuristic weight of features
τf Pheromone trails for feature selection
ηf Heuristic of features
ρf Evaporation of features
Γk

f Feasible neighborhood of ant k
(features availability)

Qj Amount of pheromone laid in the features
of the best solution

ship functions have been defined, they are combined by using
a decision function, such as a parametric aggregation operator
from the fuzzy sets theory (see Section 2).

4.2 Algorithm description

Let x = [x1, x2, . . . , xn]T be the set of given n features,
and w = [w1, w2, . . . , wNf

]T , be a subset of features where
(w ⊆ x). It is desirable that Nf << n. Table 1 describes the
variables used in the algorithm.

4.2.1 Probabilistic rule
Consider a problem with Nf nodes and two colonies of g ants.
First, g ants of the first colony randomly select the number
of nodes Nf to be used by the g ants of the second colony.
The probability that an ant k chooses the features cardinality
Nf (k) is given by

pk
i (t) =

[τni ]
αn · [ηni ]

βn∑
l∈Γk

n
[τnl

]αn · [ηnl
]βn

(13)

where τni
is the pheromone concentration matrix and ηni

is
the heuristic function matrix, for path (i). The values of the
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pheromone matrix are limited to [τnmin , τnmax ], with τnmin =
0 and τnmax = 1. Γk

n is the feasible neighborhood of ant k
(available number of features to be selected), which acts as
the memory of the ants, and contains all the trails that the ants
have not passed and can be chosen. The parameters αn and
βn measure the relative importance of trail pheromone and
heuristic knowledge, respectively.

After all the g ants from the first colony have chosen the
features cardinality Nf (k), each ant k from the second colony
select Nf (k) features (nodes). The probability that an ant k
chooses feature j as the next feature to visit is given by

pk
j (t) =

[τfj (t)]
αf · [ηfj ]

βf∑
l∈Γk

f
[τfl

(t)]αf · [ηfl
]βf

(14)

where τfj is the pheromone concentration matrix and ηfj is
the heuristic function matrix for the path (j). Again, the
pheromone matrix values are limited to [τfmin

, τfmax
], with

τfmin = 0 and τfmax = 1. Γf is the feasible neighborhood
of ant k (available features), which contains all the features
that the ants have not selected and can be chosen. Again, the
parameters αf and βf measure the relative importance of trail
pheromone and heuristic knowledge, respectively.

4.2.2 Updating rule
After a complete tour, when all the g ants have visited all the
Nf (k) nodes, both pheromone concentration in the trails are
updated by

τni(t + 1) = τni(t)× (1− ρn) + ∆τni(t) (15)

τfj
(t + 1) = τfj

(t)× (1− ρf ) + ∆τfj
(t) (16)

where ρn ∈ [0, 1] is the pheromone evaporation of the features
cardinality , ρf ∈ [0, 1] is the pheromone evaporation of the
features and ∆τni and ∆τfj are the pheromone deposited on
the trails (i) and (j), respectively, by the ant q that found the
best solution Jq for this tour:

∆τ q
ni

=
{
Qi if node (i) is used by the ant q
0 otherwise (17)

∆τ q
fj

=
{
Qj if node (j) is used by the ant q
0 otherwise (18)

The number of nodes Nf (k) that each ant k has to visit
on each tour t is only updated every In tours (iterations), in
order to allow the search for the best features for each features
cardinality Nf . The algorithm runs I times. Both colonies
share the same cost function given in (11).

4.2.3 Heuristics
The heuristic value used for each feature (ants visibility) for
the second colony, is computed as

ηfj
= 1/Nej

(19)

for j = 1, . . . , n. For the features cardinality (first colony),
the heuristic value is computed using the

Fisher discriminant criterion for feature selection [12].
Considering a classification problem with two possible
classes, class 1 and class 2, the Fisher discriminant criterion is
described as

F (i) =
|µ1(i)− µ2(i)|2

σ2
1 + σ2

2

(20)

Algorithm 1 Ant Feature Selection
/*Initialization*/
set the parameters ρf , ρn, αf , αn, βf , βn, I , In, g.
for t = 1 to I do

for k = 1 to g do
Choose the subset size Nf (k) of each ant k using (13)

end for
for l = 1 to In do

for k = 1 to g do
Build feature set Lk

f (t) by choosing Nf (k) features
using (14)
Compute the fuzzy model using the Lk

f (t) path se-
lected by ant k
Compute the cost function Jk(t)
Update Jq

end for
Update pheromone trails τni

(t + 1) and τfj
(t + 1), as

defined in (15) and (16).
end for

end for

where µ1(i) and µ2(i) are the mean values of feature i for the
samples in class 1 and class 2, and σ2

1 and σ2
2 are the vari-

ances of feature i for the samples in class 1 and 2. The score
aims to maximize the between-class difference and minimize
the within-class spread. Other currently proposed rank-based
criteria generally come from similar considerations and show
similar performance [12]. Since our goal is to work with sev-
eral classification problems, which can contain two or more
possible classes, a one versus-all strategy is used to rank fea-
tures. Thus, for a C-class prediction problem, a particular
class is compared with the other C−1 classes that are consid-
ered together. The features are weighted according to the total
score summed over all C comparisons:

C∑
j=1

Fj(i), (21)

where Fj(i) denotes the Fisher discriminant score for the ith

feature at the jth comparison. Algorithm 1 presents the de-
scription of the ant feature selection algorithm.

5 Experimental Results
The effectiveness of the proposed method is applied to a data
set taken from the UCI repository [13].

The classification error rates of the used classifiers are ob-
tained by performing 10 independent runs. The data set is
divided in test and training sets. The experimental results are
presented as the best, the worst and the mean value of correct
classifications Ca out of ten independent runs. These ten runs
were obtained using the same test data set.

Wine data set The wine data set is a widely used classifi-
cation data available online in the repository of the University
of California [13], and contains the chemical analysis of 178
wines grown in the same region in Italy, derived from three
different cultivars. Thirteen continuous attributes are avail-
able for classification: alcohol, malic acid, ash, alkalinity of
ash, magnesium, total phenols, flavanoids, nonflavanoids phe-
nols, proanthocyanism, color intensity, hue, OD280/OD315 of
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Figure 2: Convergence of the best number of feature during an algorithm run.

Table 2: Classification rates on the Wine data.
Method Number of Classification

features accuracy (%)

Max. Mean Min.
AFS classic obj. func. 4-8 100 99.8 98.8
AFS fuzzy obj. func. 4 100 99.7 98.6

dilluted wines and proline. This data set has 13 features, three
different classes and 178 samples. The AFS algorithm with
fuzzy objective function is applied to select the relevant fea-
tures within the wine classification data set and is compared
to the same algorithm with a non fuzzy objective function.

As can be seen in Table 2, the obtained results are better
than those in feature selection with classical objective func-
tion, once fewer features are selected and because the algo-
rithm always converges to the same number of features.

An example of the process of the ant feature selection with
fuzzy objectives searching for optimal solutions for wine data
set is given in Fig. 2, where it is possible to observe how all
the ants converge to the same solution.

6 Conclusions

A fuzzy objective function for ant feature selection is pro-
posed in this paper. The problem is divided into two ob-
jectives: choosing the features cardinality and selecting the
most relevant features. The feature selection algorithm uses
fuzzy classifiers. The proposed algorithm was applied to a
well known classification database that is considered a bench-
mark. The performance of the proposed algorithm was com-
pared to previous works. The ant based feature selection algo-
rithm yielded similar or better classification rates and the con-
vergence of the solution is better than the previous approach.

In the near future, the proposed feature selection algorithm
will be applied to classification problems with a larger number
of features.
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da Ciência e da Tecnologia, Portugal.

References

[1] H. Motoda H. Liu. Feature Selection for Knowledge Discovery
and Data Mining. Kluwer Academic Publishers, 1998.

[2] H. J. Zimmermann. Description and optimization of fuzzy sys-
tems. International Journal of General Systems, 2:209–215,
1976.

[3] R. E. Bellman and L. A. Zadeh. Decision-making in a fuzzy
environment. Management Science, 17(4):141–164, 1970.

[4] U. Kaymak and J.M. Sousa. Weighted constraint aggregation
in fuzzy optimization. Constraints, 8(1):61–78, January 2003.

[5] U. Kaymak and H. R. van Nauta Lemke. A sensitivity analysis
approach to introducing weight factors into decision functions
in fuzzy multicriteria decision making. Fuzzy Sets and Systems,
97(2):169–182, July 1998.

[6] L. F. Mendonça, S. M. Vieira, and J. M. C. Sousa. Decision
tree search methods in fuzzy modeling and classification. In-
ternational Journal of Approximate Reasoning, 44(2):106–123,
2007.

[7] T. Takagi and M. Sugeno. Fuzzy identification of systems and
its applications to modelling and control. IEEE Transactions
on Systems, Man and Cybernetics, 15(1):116–132, 1985.

[8] M. Dorigo. Optimization, Learning and Natural Algorithms (in
Italian). PhD thesis, 1992.

[9] C. A. Silva, J. M. C. Sousa, and T. A. Runkler. Reschedul-
ing and optimization of logistic processes using GA and ACO.
Engineering Applications of Artificial Intelligence, 21(3):343–
352, 2007.

[10] C. A. Silva, J. M. C. Sousa, T. A. Runkler, and J. M. G. Sá
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Abstract—In this paper we propose a generalization of K-means 
algorithm, which is adapted to integrate Procrustean metrics and full 
mean shape estimation, with the aim of clustering objects with either 
multiple or fuzzy contours. First we are concerned with the 
representation of fuzzy shapes and introduce appropriate shape 
metrics and descriptors. Next, we discuss Procrustean methods for 
aligning shapes, finding mutual dissimilarities and estimating shape 
class centroid. In the case of multiple-contour crisp shapes, we can 
benefit from the Extended Orthogonal Procrustes method to find 
mutual distances between shape pairs and from the Generalized 
Orthogonal Procrustes technique to estimate the Procrustes mean 
shape of a collection of shapes. On the other hand, dealing with the 
case of fuzzy shapes needs more advanced Procrustean techniques 
to consider weighted distances between points placed on �� level
contours with different membership degrees. This leads to solve a 
Weighted Orthogonal Procrustes problem, which typically needs to 
introduce a weighting matrix of residuals (distances). As an 
application, we suggest using such methods to cluster ultrasound 
images of lymph nodes, which typically appear as double-contour 
shapes.

Keywords— Clustering of fuzzy shapes, Fuzzy shape metrics and 
descriptors, Procrustes analysis, Mixing K-means algorithm with 
Procrustean metrics and mean shape estimation.

1 Shape analysis 
Shapes and textures are extremely important features in 
human as well as machine vision and understanding systems. 
Shape analysis is concerned with two main classes of 
algorithms: boundary-based (when only the shape boundary 
points are used for the description) and region-based (when 
the whole interior of a shape is used). There are many 
imaging applications where image analysis can be reduced 
to the analysis of shapes, in contrast to texture analysis. 
However, many shape/edge detection techniques use texture 
information during the segmentation process. 
There are several methods for extracting data from shapes, 
each with their own benefits and weaknesses. These include 
measurement of lengths and angles, landmark analysis and 
outline analysis. A landmark is a point of correspondence on 
each object that matches higher dimensionalities between 
and within populations. Landmark placement consists of 
locating a finite number of points on the outline. 
More advanced techniques have been designed for 
semiautomatic and automatic feature extractions. Active 
contour modeling techniques are commonly used for shape 
analysis and detection. Some of the techniques for texture 

feature extraction use gray level co-occurrence matrices, 
fractal dimension, etc. 
Morphometric analysis aims to describe the shape of an 
object in a way that removes extraneous information and 
thereby facilitates comparison between different objects. In 
these terms, a shape is referred to as an invariant to 
similarity transformations (such as scaling, rotation and 
translation). 
The image fuzzification plays a pivotal role in all image 
processing systems. Several kinds of image fuzzification can 
be distinguished: 
- histogram-based grey-level fuzzification (e.g. brightness 

in image enhancement); 
- local fuzzification (e.g. edge detection); 
- feature fuzzification (scene analysis, object recognition). 

2 Representation of fuzzy shapes 

2.1 Crisp shapes 
Crisp shapes represent objects with crisp borders. 
Furthermore, if a texture is associated with the object, it has 
to be uniformly represented (e.g. a digitized image, where all 
pixels are classified as object pixels, or as background 
pixels). 
The coordinates of selected landmarks for a crisp shape can 
be arranged in a pn�  configuration matrix A , or 
equivalently on a np×1 configuration vector )(Aveca � .

2.2 Continuous fuzzy shapes 
This paper primarily focuses on the representation of fuzzy 
shapes with fuzzy contour, which are commonly obtained 
through fuzzy segmentation techniques. In particular, we 
also consider the case of crisp shapes with multiple contours. 
In the same way as it is convenient to model binary images 
as crisp objects, it is possible to model grey-level images 
directly as fuzzy sets. If the grey-level values of an image 
are scaled to be between 0 and 1, the grey-level of a pixel 
can be seen as its membership to the set of high-valued 
(bright) pixels. 
Fuzziness of an image representation can arise from various 
reasons, such as limited acquisition conditions (scanning 
resolution), but also as intrinsic property of the image, which 
may have imprecise borders. In such cases, pixels close to 
the border of the object have assigned to them a fuzzy 
membership value according to the extent of their 
belongingness to the object. 
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Continuous fuzzy shapes can be described as fuzzy 
geometric objects. A continuous fuzzy geometric object A
in p�  is defined as a set of pairs � �� 	p

A xxx �
|)(, �

where � 1,0: �� p
A�  is the membership function of A  in 

n� . It is assumed to have a bounded support.  
An alternative representation of fuzzy geometric objects is 
given by a set of �� cuts: � � 	1,0|)( 
� ��AAC , where 

� 	��� ��
� )(| xxA A
p  is a crisp object, whose 

�� level contour is obtained for  �� �)(xA . As a 
characteristic of fuzzy geometric objects, the membership 
function is non-increasing away from the interior of the 
object. For example, in figure 1 is shown a fuzzy disk. Its 
core is a crisp disk defined by � �� 	1

2
2

2
1

2
1 | rxxxA ���
�

and its contour is the circle defined by  
� �� 	1

2
2

2
1

2
1 | rxxxA C ���
� , where 1r  is the length of the 

corresponding radix. In general, for any ]1,0[
� , the 

�� cut is defined by � �� 	�� rxxxA ���
� 2
2

2
1

2 | , and 
the  �� level contour is defined by 

� �� 	�� rxxxA C ���
� 2
2

2
1

2 | .

Figure 1: A fuzzy disk: centroid, core, support,  
�-level contours, radial distance 

A shape descriptor based on a one-dimensional functional 
representation of the two-dimensional shape boundary is 
called a signature of the shape. The simplest way to generate 
a signature is to express the radial distance from the centroid 
to the boundary, as a function of the angle. This is called the 
centroid distance function. Thus, for crisp objects, the shape 
signature function corresponds to the Euclidean distance 
between each boundary point � �)(),()( tytxtA �  and the 
centroid � �ccc yxA ,�  of the shape: 

� � � �22 )()()( cc ytyxtxtCD ����

This shape signature function based on the centroid distance 
is a convenient choice in the case of star-shaped objects with 
respect to the centroid (i.e., for each point Ay
 ,  the line 
segment connecting y  with the centroid is contained in 
A ).

In the case of a fuzzy object, boundary points are not strictly 
defined; there is a progressive transition of the membership 
values from the support outline to the core outline. 
The shape signature can be generalized for a continuous 
fuzzy shape in two possible ways: 

� as s radial integral of the membership function: 

� ����

)(

1 )(),()(
tA

A
Afuzzy

c

dyxtCD ����

where )(t�� �  is a parameterization  of the straight path 
between a boundary point and the centroid. 

� as an average signature obtained from the �� cuts: 

���

1

0
2 )()( �� dtCDtCD fuzzy

where fuzzy star-shaped objects are considered, with all the 
boundaries of there �� cuts jointly indexed by the same 
parameter t .
A path �  in p�  from a point px �
  to another point 

py �
  is a continuous function p��]1,0[:� , such that 
x�)0(�  and y�)1(� . The length of a path �  in A ,

denoted by )(�A� , is the value of the following integration 

� ����
1

0

)()()( dt
dt

tdtAA
����

where )(�A�  is the integral of membership values (in A )
along � .
2.3 Discrete fuzzy shapes 
Discrete fuzzy objects can arise from the digitization of 
scanned images. Generally, the gray-level images will be 
thresholded to calculate geometrical measures. Since the 
images or their segments have ill-defined or non-crisp 
boundaries, it is sometimes appropriate to consider them as 
fuzzy sets. The concept of fuzzy digital geometry has been 
introduced by Rosenfeld and plays a key role in many image 
processing applications: "The standard approach to image 
analysis and recognition begins by segmenting the image 
into regions and computing various properties of and 
relationships among these regions. However, the regions are 
not always 'crisply' defined; it is sometimes more 
appropriate to regard them as fuzzy subsets of the image... It 
is not always obvious how to measure geometrical properties 
of fuzzy sets, but definitions have been given and basic 
properties established for a variety of such properties and 
relationships, including connectedness and surroundedness, 
convexity, area, perimeter and compactness, extent and 
diameter" ([12]). 
The application areas of fuzzy geometry are image 
representation, enhancement and segmentation. The process 
of converting the input image into a fuzzy set by indicating, 
for each pixel, the degree of membership to the object, is 
referred to as “fuzzy segmentation”. The most 
straightforward way to perform fuzzy segmentation is to 
scale grey-levels of an image to be between 0 and 1. Such 
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grey levels reflect the area coverage of a pixel by the object, 
and can be naturally used as membership values. However, 
in most cases, more advanced segmentation methods are 
required, especially since it is rarely sufficient to use only 
the brightness of pixels to calculate fuzzy membership 
values. For example, fully segmented image can be 
generated by combining the optimum automatic thresholding 
procedure with edge detection to produce continuously 
connected object border. 
The object of interest is represented as a discrete spatial 
fuzzy subset of a grid. It should be noted, however, that the 
discrete fuzzy objects obtained from the digitization of 
scanned images (say, using a grey-level scale) are affected 
by multiple distortions, due to limited representation 
resolution. Consequently, their properties are significantly 
different with respect to those of corresponding continuous 
fuzzy objects. Figure 2 shows a discrete fuzzy disk (a) and, 
for comparison, its crisp counterpart (b). 

(a)  discrete fuzzy disk      (b) crisp (binary) disk 

Figure 2: Thresholding a fuzzy (gray-level) image: pixels 
with a membership degree below the threshold are lost 

The mapping � 1,0: �� p
A�  of a continuous fuzzy shape 

becomes, by discretization, 
�
�
�

�
�
�� 1,,1,0: �

k
Z p

A� , where 

k  is the maximal number of grey levels available (e.g., k =
255 for 8-bit pixel representation). 
A configuration matrix for a discrete p-dimensional fuzzy 
shape A  can be represented by vertical concatenation of its 

�� level contours into a pnk �  block matrix. Each one of 
the k  sub-matrices defined at each level �  collects 

pn� landmarks: � �)()()(A 21 ����
A
p

AA xxx �� , where 

� 	10| 1 ������
 kii ����� �� .
A similar pnk � -dimensional configuration matrix can be 
defined for a crisp shape with multiple (say k ) contours.  
The shape signature can be also generalized for a discrete 
fuzzy shape in two possible ways: 

� using the distance between the boundary points and the 
centroid: 

� �

� ��
�

�

��

��

kN

j
kkAk

ccAfuzzydiscrete

jyjxj

yxkCD

1

1_

)(),()(

,)(

� 

�

� as an average signature obtained from the �� cuts: 

�
�

�� �
total

kCDkCD resampled
total

fuzzydiscrete

�

�
�� 1

2_ )(1)(

where )(kCD resampled��  is the k th sample of the resampled 
signature obtained for one �� cut.

2.4 Lymph nodes as an example of crisp double-contour 
shapes

The ultrasound image of a lymph node (see figure 3) is a 
typical example of a crisp double-contour shape. It appears 
as an ovoid-shaped masse with an echogenic center, 
representing the medullary, and a peripheral, hypoechogenic 
cortical region, interrupted on the hyllum, which give him a 
reniform shape. Usually, the normal lymph nodes present a 
thin cortical peripheral zone, while benign inflammatory 
changes in lymphadenitis may enlarge the node but with 
preservation of the ovoidal shape and of the ratio 
cortical/medullary thickness less than 1.0. Malignant 
metastatic or infiltrated nodes are more apparent than normal 
ones as they become larger, rounder, and more uniformly 
hypoechoic by the regularly/irregularly thickening of the 
cortical zone with progressive restriction of the 
hyperechogenic medullar area. The Computed Aided 
Diagnosis develops ultrasound applications, especially for 
breast imaging, but the complete characterization must 
include the analysis of the satellite lymph nodes appearance. 
Because of the large variability of the shape and cortical-to-
medullary ratio, computer vision applications are needed to 
make possible the automatic diagnosis, especially in breast 
cancer screening.

Figure 3: A crisp double-contour shape:  
the ultrasound image of a lymph node 

3 Procrustean shape analysis 
A configuration matrix A  is not a proper shape descriptor, 
because it is not pose invariant. For any similarity 
transformation, i.e. ��
s , )( pSOR
  (the special 
orthogonal group, i.e. R is ( pp� ) matrix, s.t. IRR �! )

and pt �
 , the configuration given by tRAs p !�1

describes the same shape as A, where p1  is the 1�p  vector 

)111( !� . To obtain a true shape representation, location, 
scale and rotational effects need to be filtered out. This is 
carried out by shape alignment, i.e. by establishing a 
coordinate reference, commonly known as pose. A very 
popular alignment procedure is Procrustes shape analysis, 
which provides a measure, Procrustes distance, that 
quantifies the dissimilarity of two configurations, and which 
is invariant with respect to translation, scaling, and rotation. 
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Procrustes shape analysis also provides a way to define the 
average shape, the Procrustes mean shape, which can be 
viewed as a representative class template. 
The Extended Orthogonal Procrustes (EOP) problem is a 
least squares method for fitting a given configuration matrix 
A to another given matrix B . It is based on the functional 

model BtsARE p �!�� 1  and consists of minimizing the 

Procrustes distance between A  and B  (i.e. 2
FE ), under 

choice of unknown similarity transformation parameters R ,
t  and s . This leads to solving the problem EE

stR
!

,,
min ,

subject to the orthogonality restriction IRR �! .
Generalized Orthogonal Procrustes (GOP) analysis is a 
technique that provides least-squares correspondence of 
more than two model points. The solution of the problem 
can be thought as the search of the unknown optimal matrix 
W  (also named consensus matrix), defined as follows: 

mitRAsAEM ipiiiii ,,1;1ˆ ��!����

� �� �pni QQNEvec "�# 2,0~)( $

where iE  is the random error matrix in normal distribution, 
# is the covariance matrix, nQ  is the cofactor matrix of the 
n  points, pQ  is the cofactor matrix of the p  coordinates of 

each point, " stands for the Kronecker product, and 2$  is 
the variance factor. 

Let mAC
m

i i� �
�

1
ˆ be the geometrical centroid of the 

transformed matrices. Therefore, Generalized Orthogonal 
Procrustes problem can be solved minimizing 

� � � ��� �� �
�
�

�
�
� �

!
���

m

i ii
m

i i CACAtrmCAm
1

2

1
ˆˆˆ

Crosilla and Beinat (2002) proved that the shape mean 
(centroid) C corresponds to the least squares estimation M̂

of the true value M : � �
��

m

i iAMC
1

ˆˆ .

In the case of multiple-contour crisp shapes we can benefit 
from the Extended Orthogonal Procrustes method in order 
to find mutual distances between shape pairs and from the 
Generalized Orthogonal Procrustes technique in order to 
estimate the Procrustes mean shape of a collection of shapes. 
This is illustrated in figures 4 and 5. 
On the other hand, dealing with the case of fuzzy shapes 
needs more advanced Procrustean techniques, which allow 
us to consider weighted distances between points placed on 

�� level contours with different membership degrees. This 
leads to solve a Weighted Orthogonal Procrustes (WOP) 
problem.  
A weighting matrix W of the residual E  (defined above) is 
now introduced and the minimization problem becomes: 

2min FEW

subject to orthogonality restriction IRR �! , 1)det( �R .

Typically, an iterative method is needed to derive a solution 
to WOP. 
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Figure 4: Ten double-contour star-shaped 2D objects  
with 3, 4 and 5 “lobes” 
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Figure 5: Procrustes mean shape (shape centroid) 

4 A generalization of k-means algorithm for 
clustering fuzzy shapes 

K-means is a commonly used data clustering for partitioning 
data points into disjoint groups such that data points 
belonging to same cluster are similar, while data points 
belonging to different clusters are dissimilar. The main idea 
is to define k centroids, one for each cluster, and to take each 
point belonging to a given data set and associate it to the 
nearest centroid. When no point is pending, an early 
groupage is done. Next, we need to re-calculate k new 
centroids of the clusters resulting from the previous step. 
After we have these k new centroids, a new binding has to 
be done between the same data set points and the nearest 
new centroid. We continue this loop until no more changes 
are done.
Clustering of objects or images of objects, according to the 
shapes of their boundaries is of a key importance in 
computer vision and pattern recognition. This paper was 
intended to pay attention to this reason by proposing a 
generalization of K-means algorithm in order to integrate 
Procrustean metrics and full mean shape estimation, in a way 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1682



making it able of clustering objects with either multiple or 
fuzzy contours. 
We first present the algorithm in pseudo-code, as follows: 

� Make initial guesses for the mean shapes 1v , 2v , …, kv ,
by choosing the first k  shapes from a random 
permutation. 

� While any change still exists in any mean shape 
o Calculate all pair-wise Procrustes distances between 

shapes using the Extended Orthogonal Procrustes 
algorithm  

o Use the estimated mean shapes to assign the shape 
samples into clusters  

o For i  from 1 to k
� Replace iv  with the mean shape of all of the 

samples for cluster i , using the Generalized 
Orthogonal Procrustes algorithm 

o end_for
� end_while  

The resulting mean shapes for each one of the 3 clusters are 
shown below. 
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Figure 8: First cluster. Mean shape and three cluster 
members: {2, 3, 8} 
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Figure 9: Second cluster. Mean shape and four cluster 
members: {1, 6, 7, 9} 
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Figure 10: Third cluster. Mean shape and three cluster 
members: {4, 5, 10} 

Our method is thus graphically validated.  
As an alternative, one can use a “linkage” method to 
perform hierarchical shape clustering, i.e. to create a 
hierarchical tree of clusters starting from the symmetric 
matrix of Procrustean mutual distances between pairs of 
shapes. We obtained the same clusters as in the case of using 
K-means: {6, 7, 9, 1}, {2, 3, 8}, {4, 5, 10}. The dendrogram 
is shown below. 

6 7 9 1 2 3 8 4 5 10
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Figure 11: The dendrogram  

5 Further remarks 
We propose a two stage procedure for landmark placement.  
In the first stage, landmarks are placed arbitrarily (figure 
10).
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Figure 10: First stage: landmarks are placed arbitrarily
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However, we need a frame of reference to compare and 
display the differences in shape. Thus, we use Principal 
Component Analysis (PCA), which uses similarity 
transformations to produce a standard shape orientation, 
based on decomposing the overall variation of data. Each 
axis on a PCA representation of transformed data is an 
eigenvector of the covariance matrix of shape variables. In 
this morphospace, the first axis accounts for maximum 
variation in the sample, with further axes representing 
further decreasing variations (figure 11). 
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Figure 11: PCA-based alignment along the axes of 
maximum variation 

In the second stage we replace all landmarks based on a 
standard procedure. The right most object point landmark is 
taken in the horizontal direction from the centroid. For each 
pair of �� level contours and for each pair of landmarks on 
these contours, distances are computed starting from the 
corresponding points, where corresponding points are those 
located in the same direction from the centroid. It is essential 
to use an angular landmark placement procedure on the 
boundaries, to provide appropriate correspondence between 
the points on the (parts) of the boundaries having different 
lengths, when the corresponding boundary subparts of 
different �� level contours are matched (figure 12). 
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Figure 12: Corresponding points placed on radial directions 
from the centroid, starting from the right most object point 
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Abstract— The importance of nutritional guidance grows as 
nutritional problems, such as obesity and type-2 diabetes, are 
becoming more common. Nutritional guidance is carried out by 
mapping the nutritional state of an individual using a food diary and 
by comparing the nutrition intake levels to the recommended 
reference values. Typically, the expert knowledge of a nutritionist is 
required to balance the diet. 

This paper presents a fuzzy expert system for a nutritional 
guidance application. Expert knowledge acquisition is carried out 
using variable tabulation creating the basis for the rulebase of the 
fuzzy system. The recommended nutrition intake values are used to 
generate membership functions for fuzzification. The development of 
a Mamdani-type fuzzy system is illustrated using a hierarchical 
structure. The first level system refers to groups of similar foods and 
the second level model defines the added and reduced foodstuffs. 

The validation of the fuzzy model was carried out in three 
phases: first two types of sensitivity analysis were performed, and 
then the output was analysed with expert knowledge.. The results 
from the validation schemes are promising. 

 
Keywords— expert system, fuzzy logic, nutritional guidance  

1 Introduction 
Unhealthy diets and physical inactivity are the main causes 
of non-communicable diseases such as Cardiovascular 
disease, type 2 diabetes, and osteoporosis. Obesity is a large 
and growing problem in developed countries. [1] There have 
been regular surveys of Finnish health behaviour since 1978. 
According to the latest survey, over 50 percent of Finnish 
men and women are overweight [2]. The best way to avoid 
nutritional problems is to have a well-balanced diet and to 
ensure the sufficient intake of essential nutrients [3]. 

Individual nutrition guidance is becoming more and 
more important as problems with obesity and type-2 
diabetes are increasing rapidly. The nutrition guidance is 
based on information from food diaries kept by the users 
where they record all the foods they consume. This 
information is converted into nutrient intake levels with the 
help of a food composition database. The intake levels are 
compared to the recommended intake levels and the expert 
knowledge of a nutritionist is used to balance the diet to 
meet the recommendations. There are restrictions, for 
example allergies, diseases, and special diets which must 
also be taken in to account when balancing diets. 

Some software has been developed for the purpose of 
nutritional guidance. For example, a French research group 
developed a nutrition software application for hospital use 

[4]. They use fuzzy arithmetic to handle imprecise and 
uncertain information in the computations. Fuzzy logic is 
first used by the application to determine how well the 
current meal is balanced, after which a heuristic search is 
performed to provide nutritional guidance. Fuzzy logic is 
also used in a nutritional guidance application in [5]. They 
define the optimality of a nutrient intake level as a fuzzy set 
(Fig. 1). The values of the points from "a" to "e" in Fig. 1 
are based on the recommended intake levels. In [5], the 
Prerow value (PV) is used to measure how well the diet is 
balanced. In the calculation of PV, the nutrient with the 
lowest value has the strongest influence on the result. The 
gradient optimization method is used to find the shortest 
route to maximize PV in the discrete multidimensional 
search space. 
 

 
 

Figure 1: Membership function of optimal nutrient intake 
level [5]. 

 
In [6], the optimization results of two approaches to the 
nutrition calculation are compared. The first approach 
considers the use of non-fuzzy numbers and the second 
approach the use of fuzzy numbers in calculations and 
optimization. They concluded that optimization with plain 
numbers always yields results which meet the selected 
recommendations. The downside of this method is that it 
recommends drastic changes to eating habits. According to 
[6], the optimization with fuzzy numbers is not Pareto 
optimal. The results from fuzzy optimization are sometimes 
unbalanced. While the most of the nutrient intake levels are 
on an optimal level, some intake levels are either 
insufficient or excessive, and some are even less in balance 
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than initially. However, the instructions given are closer to 
the original eating habits and are therefore easier to follow. 

Dietary guidance applications usually present their 
results in the form of large tables where the suitable 
amounts of each nutrient are listed. However, this 
information is not very informative if you want to know 
what foods you should cut back on and what should you eat 
more. Therefore, there is a need for software which 
interprets the nutrient level results into the foodstuff level 
guidance. 

The aim of this study is to develop a fuzzy model for the 
Nutri-Flow dietary analysis application. The Nutri-Flow 
application provides nutrition guidance in a user-friendly 
way: the balanced diet does not alter the original diet too 
much and the recommended adjustments to the diet are 
given on a foodstuff level in text format. This paper presents 
the fuzzy model developed for the Nutri-Flow application. 

2 Nutrition recommendations and guidance 
The prerequisite for good health is a well balanced diet. In a 
well balanced diet energy intake is in proportion to energy 
consumption and the nutrition intake is balanced. This often 
implies increasing the amount of dietary fibre in the 
carbohydrate intake and reducing the intake of purified 
sugars. Dietary guidance is based on the calculation of the 
user’s nutrient intake levels and the nutrition 
recommendations. 
2.1 Nutrition recommendations 
The first nutrition recommendations were given to prevent 
deficiency disorders. The basis of traditional nutrition 
recommendations is physiological data on nutrient intake 
requirements. The Finnish Nutrition Recommendations are 
based on the Nordic recommendations which in turn are 
based on scientific data. The main objective of the national 
recommendations is to get Finnish people to balance their 
diets and to improve their health. The recommendations are 
defined for healthy and moderately physically active people. 
Therefore, they should only be used as guidelines for 
individuals and with great precaution. Nutrition 
recommendations represent the average daily values of long 
term intake. [3] Public dietary guidelines are criticized in 
[7]. They conclude that an adequate scientific background 
must first be established before public dietary guidelines are 
declared. 

The nutrition recommendations are given as reference 
values which are defined separately for each nutrient. If 
there is evidence that the nutrient has an effect on health, a 
reference value is defined for it. The reference values are 
determined using estimates and evaluations based on current 
knowledge of nutritional needs and health. Thus, there will 
always be a degree of uncertainty and imprecision in the 
values. The reference values should not be considered as 
fixed points. Reference values distinguish between the lower 
intake level (LI), the average requirement (AR), the 
recommended intake (RI), and the upper intake level (UL). 
[3] The definitions of the reference values are: 
 

 LI – the minimum requirement of a nutrient without 
the deficiency symptoms,  

 AR – the nutrient intake level that is adequate for 
maintaining good health for healthy individuals,  

 RI – the nutrient intake level that is adequate for 
maintaining the good nutritional status among 98 % 
of healthy individuals. RI is calculated based on AR 
and 

 UL – an estimate of the highest level of intake that 
carries no appreciable risk of adverse health effects 
[8].  

Depending on the nutrient, some reference values may be 
missing. For example, only RI is defined for magnesium, 
because the effects of magnesium are not that well known. 
Whereas, all the reference values have been set for vitamin 
B6, because there is reliable scientific data available on how 
vitamin B6 affects health with different intake levels. The 
reference values for vitamin B6 are presented in Table 1. [3] 
 

Table 1: Reference values for vitamin B6 [3]. 
Vitamin B6 level Women [mg/d] Men [mg/d] 

LI 0.8 1 
AR 1.0 1.3 
RI 1.2 1.6 
UL 25 25 

 
2.2 Dietary guidance 
Nutrient intake is usually assessed using a food composition 
databases. Food composition information is needed when 
calculating the composition of menus and recipes. Primary 
sources of food composition data are government databases, 
databases provided by academic and other institutions, the 
food industry, and scientific literature [9]. Finnish food 
composition information is collected into the Fineli® 
Nutrition Database which is provided by the National Public 
Health Institute. The commercial version of the database 
provides information on 2000 foods and 68 nutrients. The 
composition data consists of averaged information on 
Finnish food, and thus the composition of individual foods 
can vary depending on the given data. 

Food composition data and the expert knowledge of a 
nutritionist are used to balance the user’s diet on the basis of 
a food diary and personal nutrition intake recommendations 
(reference values). The national recommendations are 
adjusted individually according to the user’s health data to 
form personal recommendations for evaluation. Typically, a 
nutritionist is needed to compare the data and to balance a 
suitable diet. The task is very complex because the 
information on a nutrient level is not useful in its self and 
must be converted onto a foodstuff level. In other words, 
people should know what foods they should eat more and 
what less. A balanced diet should also be reasonable in 
comparison to the original diet. Furthermore, some 
restrictions, for example allergies, diseases, and special 
diets, must be taken in to account when balancing diets. 

3 Fuzzy logic 
A rule based fuzzy logic system (FLS) consists of three 
interconnected main blocks for mapping crisp inputs to crisp 
outputs. The main blocks are the fuzzifier, the inference 
machine with the rulebase, and the defuzzifier [10]. The 
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design parameters for a FLS are scaling factors, 
fuzzification and defuzzification methods, rulebase, and 
membership function construction, and representation. 

Fuzzification is needed to convert the crisp input data 
into fuzzy sets for the inference machine. The fuzzification 
is carried out by using membership functions with defined 
shapes and parameters. In some cases, the input value needs 
to be normalised before fuzzification. 

The mapping from inputs to outputs is done in the fuzzy 
inference module. The module contains all the necessary 
information for forming the output of the system. The heart 
of the inference module is the rulebase. The definition data 
used to generate and collect the output of the system is 
stored in the inference machine. The selected implication 
method and the aggregation method are a part of the 
definition data. The rulebase is a collection of IF-THEN 
rules which represent the expert information used to define 
the behaviour of the system. The antecedent of the rule 
defines the state of the system and also determines if the rule 
is triggered. The consequent of the rule is the output of each 
rule guiding the system output towards the solution. The 
membership grade of the rule antecedent is utilized through 
implication to produce the output of each rule. The 
minimum and the product are typically used as implication 
methods in Mamdani-type fuzzy systems. In Mamdani-type 
fuzzy systems, the output of each rule is fuzzy and 
aggregation is required to obtain the fuzzy output of the 
system. The fuzzy output needs to be defuzzified to obtain 
the crisp output of the system. In Takagi-Sugeno and 
Singleton -type fuzzy systems, the rule outputs are linear 
functions or constants, respectively. The crisp output of the 
system in these cases is typically obtained by taking the 
weighted average of the rule outputs. [11] 

The defuzzifier module is needed if the output of the 
inference machine is fuzzy. There are several 
defuzzification methods. The most commonly used method 
is the centre of gravity method (COG). Other typical 
methods are the first (FOM), the last (LOM), and the middle 
(MOM) of maxima, and the first (FOS), the last (FOL), and 
the middle (FOM) of support. The defuzzification method 
should be chosen carefully because it affects the crisp result 
considerably. [12] 

4 Data acquisition 
The Nutri-Flow application uses a commercial version of 
the Fineli  Nutrition Database. The database is used to 
convert the information in the food diaries to averaged daily 
nutrient intake levels. The Finnish recommended nutrient 
levels (the reference values) are used to define the 
membership functions for the system inputs. The reference 
values are updated by nutritionist, and the personal 
recommendations are revised according to the user’s health 
data.  

Expert data acquisition was one of the most challenging 
parts of this study. The first task was to find an efficient way 
to convert expert knowledge into the fuzzy rule IF-THEN 
language. Variable tabulation proved to be a very good tool 
for this. With tabulation, all the input set conditions with 
appropriate consequents can be examined separately. 
Variable tabulation is possible because the number of 
variables in most of the rules is two or three. If the number 

of variables connected to a single rule is greater than three, 
tabulation becomes difficult. Table 2 shows an example of 
tabulation for carbohydrate and vitamin-C. The "fruits and 
berries" group is the consequent variable. The notations -, 0, 
and + represent the fuzzy values "too little", "ideal", and 
"too much", respectively. In this case, the consequents are 
limited to "add" and "no action". Naturally, the action 
"reduce" is also used, however, it is not feasible for the 
output variable "fruits and berries" group.  
 

Table 2: Variable tabulation for "fruits and berries" group. 
 Carbohydrate 
Vitamin-C - 0 + 

- add no action no action 
0 no action no action no action 
+ no action no action no action 

 

5 Developed model 
The developed fuzzy model is used in the Nutri-Flow 

application. The schematic diagram of the overall system is 
provided in Fig. 2. The calculations start by analysing the 
user’s nutrient intake levels based on the food diary and the 
Fineli  database. The intake levels are then fed into the 
developed fuzzy system. The fuzzy system is divided into 
two hierarchical levels. The first level model uses the 
nutrient intake levels as inputs and produces output on the 
level of main food groups such as "fruits and berries", 
"vegetables" and "dairy products". These outputs are then 
fed into the 2nd level model together with the nutrient intake 
levels. The 2nd level model produces outputs on a food 
subgroup level. Fig. 3 illustrates the division of foods into 
main groups and subgroups. 

The fuzzy system requires user information (personal 
recommendations) to define the membership functions for 
the input variables. The output variables of the complete 
fuzzy system are continuous. The behaviour of the fuzzy 
system is not regulated by user specific information, such as 
the original diet, allergies, and diseases. The user related 
specific information is used in the optimization process. As 
depicted in Fig. 2, the focus of the future development of the 
Nutri-Flow application is to find an optimization algorithm 
which takes the outputs of the complete fuzzy system and 
the user specific information into account. Also, the nutrient 
density of the recommended foods should be considered 
when evaluating the final results of the system. Furthermore, 
the optimization algorithm would be used to search for 
solutions within a discrete space. The Nutri-Flow 
application uses the jFuzzyLogic java package for fuzzy 
inference. This Chapter presents the properties of the fuzzy 
system in more detail. 
5.1 Membership functions 
The values of the system inputs are the average daily intake 
levels of nutrients. The values are crisp numbers and they 
need to be fuzzified for the fuzzy inference machine. To 
map the crisp input values into the fuzzy domain, three 
linguistic variables are used: "too little", "ideal", and "too 
much" (Fig. 4). The fuzzy output variables are "reduce", "no 
action", and "add". The selected forms of the MFs are 
trapezoidal or triangular. The points "A", "B", and "C" 
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correspond to LI, RI, and UL, respectively. If the points 
"A", "B", and "C" depicted in Fig. 4 are defined, three MFs 
are used to fuzzify the selected input variables. For example, 
in case of alcohol, there is no LI value and point “A” is not 
defined, thus the "too little" MF is not used. It should be 
noticed that the values "A", "B", and "C" are influenced by 
the user’s gender, age, mass, height, body mass index, and 
the level of physical activity. Some other factors, such as 
diseases and pregnancy, also affect the reference values. The 
output membership functions are produced similarly but the 
points from "A" to "C" are kept fixed. 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
Figure 2: Schematic diagram of overall system. 
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Figure 3: Division of foods to main groups and subgroups. 

 

 
 

Figure 4: Input membership functions. 

 
5.2 Rulebase and fuzzy inference 
The most important and most time consuming phase of this 
study was building the rulebase. It is the heart of the fuzzy 
system, and therefore it must work correctly. Every input set 
condition must trigger at least one rule for each of the output 

variables. In this study, the rulebase was built on two levels. 
The first level of the fuzzy system operates on the main food 
group level and the second one on the subgroup level. The 
hierarchical structure is used because of the complexity of 
the system. The purpose of the first level is to roughly 
evaluate the nutritional status of the user and to produce 
additional, informative variables for the second level model, 
which in turn contains more detailed information but uses 
the additional variables to handle the complexity of the 
overall system. 

As mentioned earlier, expert knowledge is obtained 
through variable tabulation. As an example, the tabulation of 
carbohydrate and vitamin-C was presented in Table 2. The 
consequent variable in this example was the "fruits and 
berries" -group. The first level rules corresponding to Table 
2 are 
 
Rule 1: IF Vitamin-C is "too little" AND Carbohydrate is 
"too little" THEN fruits and berries group is "add" 
Rule 2: IF Vitamin-C is NOT "too little" OR Carbohydrate 
is NOT "too little" THEN fruits and berries group is "no 
action" 
 
The output of the first level model directly influences the 
structure of the second level rules. The second level rules 
corresponding to the "fruits and berries" group have a 
general structure which can be written as 
 
IF fruits and berries group is "Add" AND additional 
propositions THEN … 
 
If the consequent of the first level model is "no action", then 
the consequent of the corresponding food subgroups 
determined on the second level is also "no action". 
5.3 Design parameters 
In this study, the variables are not scaled and thus no scaling 
factors are needed. The fuzzy inference uses the minimum 
as an implication method and the maximum as an 
aggregation method. The used T-norm is a minimum. The 
consequents cannot be put in the form of an equation or 
defined by a single number. Therefore, a Mamdani-type 
inference is used with COG as the defuzzification method. 

6 Results and discussion 
All the calculations in this study were carried out in 
Matlab . The data for membership function generation was 
extracted from the Nutri-Flow application. The data contains 
personal nutrient intake recommendations and the nutrient 
intake levels of the selected test cases. Also, a set of test 
cases with varying dietary habits were selected from the 
software for testing purposes. 
6.1 Model validation with expert knowledge 
The validation of the developed model was challenging 
because no "right answers" exist, and thus no meaningful 
error describing values (such as the sum of squared error) 
could be calculated. Therefore, only qualitative validation 
was carried out. 

The model outputs are calculated using the developed 
model with the Nutri-Flow application. The output of the 
application is in text form and contains information on the 
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Food diary 

1st level fuzzy 
system 

2nd level fuzzy 
system 

Optimization 
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diet and instructions on how the diet should be improved. 
The output is obtained in text form even though the 
optimization algorithm mentioned earlier has not yet been 
implemented. The validity of the output of each test case 
was evaluated by a nutritionist with promising results.  
6.2 Uniformly distributed sensitivity test 
The input-output behaviour of the model was tested with an 
uniformly distributed sensitivity test. The system sensitivity 
of each input variable was examined as follows: the supplies 
of all nutrients except the one under examination are fixed 
on the ideal intake level and the test variable gets random 
values in the range of [0, UL]. The number of test rounds 
conducted on one variable was 500. The test range is set so 
that the variable gets values from all the fuzzy sets. The 
quadratic error of the output is recorded as a sum of the 
output variables. The test results show how large the 
independent impact of an input variable is on the output of 
the whole system. 

The value resulting from the test is the sum of the 
quadratic error which is the Euclidean distance from the 
system’s ideal state. The test result value is zero for a 
variable with no individual impact on the output variable. 
The larger the value of a variable the greater its individual 
impact on the output variable. 

A variable affects the output if it is the only variable in 
the antecedent part or the OR-connective is used. Also, if 
the tested variable is connected with an AND-connective to 
other variables and the other variables have a NOT-term in 
the proposition, the tested variable affects the output.  

After the test, the results were given to a nutritionist for 
analysis. The analysis showed that the input variables only 
affected the desired output variables with the desired 
magnitude. An example of the results from the sensitivity 
analysis is shown in Table 4. 
 

Table 4: Example results from sensitivity analysis. 
 output 1 output 2 output 3 output 4 
hard fat 0 0 1 0 
soft fat 0 0 1 1 
fibre 0.51 0 0.51 0 

 
6.3 Normally distributed sensitivity test 
Another type of sensitivity analysis was carried out by 
changing a group of input variables randomly at the same 
time. In this approach, the values of the input variables vary 
around the ideal value and they are taken from a normal 
distribution. The distributions of the output variables are 
obtained as a result and they are visually inspected. Fig. 5 
illustrates a random test set of a variable. The mean and the 
standard deviation of the random changes are defined 
individually for all the input variables. The outputs of the 
random tests are analyzed by visually inspecting the 
distributions of the output variables. An example of the 
distribution of an output variable is given in Fig. 6. From the 
figure, it can be seen that the histogram does not quite 
follow a normal distribution. That is anticipated because no 
adding rules are associated with alcoholic beverages. Thus 
the histogram of the output variable is slightly skewed, and 
only values equal to or smaller than zero are obtained. 

Negative values of the output variables indicate that the 
consumption of a corresponding foodstuff should be 
reduced.  

Some statistical values can also be calculated to evaluate 
the shape of the histograms. Mean, standard deviation, 
skewness, and kurtosis are used in this study. The mean and 
standard deviation values give an overview of the output 
data behaviour. The skewness is a measure of the 
asymmetry of the data around the mean value. If the data is 
spread out more to the left, the skewness value is negative 
and if the data is spread out more to the right, the skewness 
value is positive. For normal distribution the skewness value 
is zero. The distribution can also be evaluated with the 
kurtosis value which is a measure of how outlier-prone the 
distribution is. Table 5 presents the statistical values for 
some output variables. The evaluation of the histograms, 
both visually and on the basis of statistical values, shows 
that the developed model behaves correctly. 
 

 
 

Figure 5: Test set for intake levels of alcohol. 

 

 
 

Figure 6: Histogram of output variable. 

 

Table 5: Example statistical values of output variables. 
 Mean Std Skewness Kurtosis 
Fruits and 
berries 11.9 19.1 1.1 2.5 

Vegetables -5.0 26.0 -0.2 2.3 
Cereals and 
bakeries -39.2 17.5 1.4 3.4 

Alcoholic 
beverages -43.5 14.1 0.9 4.1 

 
6.4 Evaluation of the results 
The results obtained from the performed validation are 
promising but more validation with more efficient methods 
is required. All of the validation procedures showed that the 
model performs in correctly, but no solid proof for this was 
obtained. The addition of the optimization algorithm will 
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make validation easier because the numerical values 
(distance from the original and the recommended diet) can 
be calculated. 

7 Conclusions 
The importance of nutritional guidance is growing as 
nutritional problems, such as obesity and type-2 diabetes, 
are becoming more common. Nutrition guidance is carried 
out by mapping the nutrition intake levels from the user’s 
food diary and comparing them to the recommended levels. 
Typically, balancing the diet requires expert knowledge on 
nutrition. 

This paper presented the development of a fuzzy expert 
system for a nutrition guidance application. The expert 
knowledge acquisition was carried out using variable 
tabulation, thus creating a basis for the development of the 
rulebase for the fuzzy system. The recommended nutrition 
intake values were used to generate the membership 
functions for fuzzification. A Mamdani-type fuzzy system 
was developed with a hierarchical structure. The first level 
system only referred to the groups of similar foods while the 
second level model referred to food subgroups. 

The validation of the fuzzy model was carried out in 
three phases: first two types of sensitivity analysis were 
performed, and then the output was analysed with expert 
knowledge. The results from all the validation schemes are 
promising. 
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Abstract— The problem of measuring scientific impact is consid-
ered. A class of so-called p-sphere indices, which generalize the well
known Hirsch index, is used to construct a possibility measure of sci-
entific impact. This measure might be treated as a starting point for
prediction of future index values or for dealing with right-censored
bibliometric data.
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1 Introduction

Fair and objective assessment methods of individual scientists
had become the focus of scientometricians’ attention since the
very beginning of their discipline. A quantitative expression,
i.e. measurement, of some publication-citation process char-
acteristics is assumed to be a predictor of broadly conceived
scientific competence.

Among the most popular scientific impact indicators is the
h-index, proposed by J. Hirsch in 2005 [1]. It has been defined
as follows. An author who had published n papers has the
Hirsch index equal to H , if each of his H publications were
cited at least H times, and each of the other n−H items were
cited no more than H times. This simple indicator quickly re-
ceived much attention in the academic community [2, 3] and
started to be a subject of intensive research. It was noted (see
for example [4, 5]) that contrary to earlier approaches, i.e.
publication count, citation count etc., the measure both con-
cerns productivity and impact of an individual.

Many modifications of the h-index were later proposed,
e.g. Egghe’s g-index [6], Kosmulski’s h(2)-index [7], Jin’s R-
index [8] or Schreiber’s hm-index [9]. It was also a matter of
more formal studies (e.g. [10, 11, 12, 13, 14, 15]). It is worth
noting that the h-index can be expressed as the Sugeno inte-
gral of some function with respect to a fuzzy counting mea-
sure [16]. For more details we refer the reader to the extensive
scientometric literature.

2 Difficulties related to the h-index

From now on N0 = N ∪ {0} denotes the set of all natural
numbers and zero, while R

+
0 = R

+ ∪{0} stands for the set of
all nonnegative real numbers. For any sets X, Y and Z (Z ⊂
X) and f : X → Y by f |Z we mean a mapping satisfying
f |Z(x) = 1x∈Zf(x), where 1 is an indicator function.

Let us assume that an individual has published exactly
n ∈ N papers. The list of papers generates an ordered ci-
tation sequence C = (c1, c2, . . . , cn) such that ci ≥ cj for

1 ≤ i < j ≤ n, where ci ∈ N0 is the number of unique
citations received by the i-th article.

The problem with the h-index is twofold. Firstly, it assumes
perfect knowledge of the author’s citation sequence. In prac-
tice we gather bibliometric data from large online academic
services, such as Thomson Web of Science, Elsevier Scopus or
Google Scholar. The coverage of all digital libraries is lim-
ited, so in most cases we are dealing with right-censored data.

On the other hand, citing is a dynamic process. If you were
applying for academic tenure and were asked to determine
your h-value, would you be sure that the index is not about to
increase in a while? That is because the Hirsch coefficient to-
tally ignores the number of citations received by publications
represented by c1, c2, . . . , cH (we only know their citation
counts are≥ H) and how close to H are cH+1, cH+2, . . . , cn.

As an illustration of the raised issues, consider the follow-
ing citation sequences: C1 = (4, 4, 4, 4, 0, 0, 0) and C2 =
(10, 9, 8, 7, 4, 4, 3, 1). Both have the h-index of 4, but in the
latter case there is not much needed for C2’s h to increase
even to the value of 6. Such property of the citation sequence
could be called saturation or even instability.

In the next section we recall necessary information on a
class of so-called “geometric” scientific impact indices [17].
In Section 4 we suggest how to evaluate the h-index stability
by means of possibility theory. In our model a given, but usu-
ally uncertain, citation sequence will be treated as a source of
information to estimate possible and necessary index values.
Section 5 illustrates the construction of the suggested possi-
bility measure for individual’s h-index.

3 p-sphere indices

Let us recall some definitions from the paper [17]. The follow-
ing function, based on the citation sequence, will be useful.

Definition 1. A citation function based on a citation sequence
C is a mapping πC : R

+
0 → R

+
0 given by

πC(x) =

{
ci if x ∈ [i− 1, i) , i = 1, 2, . . . , n,
0 if x ≥ n.

(1)

An exemplary citation function for sequence C =
(5, 4, 3, 3, 3, 1) is depicted in Fig. 1.

Definition 2. Consider a function f : R
+
0 → R

+
0 . We say

that the citation function π dominates the function f (denoted
π " f ) if π(x) ≥ f(x) for every x ∈ R

+
0 .
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Figure 1: Citation function for C = (5, 4, 3, 3, 3, 1).

A set of all functions f : R
+
0 → R

+
0 dominated by the

citation function π will be denoted by Lπ.

Among the two new classes of scientific impact indices, the
authors defined the p-sphere index.

Definition 3. Given an arbitrary real number 1 ≤ p <∞ and
any real number r ≥ 0 let sp,r : R

+
0 → R

+
0 denote a function

sp,r(x) =

{
(rp − xp)

1

p for x ∈ [0, r) ,
0 for x ≥ r.

(2)

Moreover, for p =∞ we have

s∞,r(x) =

{
r for x ∈ [0, r) ,
0 for x ≥ r.

(3)

Intuitively, for x ∈ [0, r), the graph of sp,r(x) determines
a part of an Lp-sphere (i.e. the boundary of an Lp-ball on
a plane) of radius r (see Fig. 2) and centered at (0, 0). There-
fore sp,r is further on called the p-sphere function of radius
r.

Figure 2: Exemplary p-spheres, for p = 1, 2,∞.

Definition 4. The p-sphere index (or, originally, the maximal
p-radius) of a citation function π is the greatest number r ≥ 0,
for which π still dominates sp,r , i.e.

rπ(p) := max {r : π " sp,r} . (4)

The p-sphere index was primarily denoted rp(π). In this ar-
ticle we mainly consider the maximal radius to be a function
of p, hence the change. For abbreviation, the p-sphere func-
tion of maximal p-radius sp,rπ(p) will be denoted by Sp,π and
called the maximal p-sphere function for π.

Here are some properties of the p-sphere index.

Lemma 5. For any given p ≥ 1 and a citation sequence C =
(c1, c2, . . . , cn), let π = πC. Then the following properties
hold:

(i) rπ(p) ≤ n.

(ii) rπ(p) ≤ c1.

(iii) If p = ∞, then rπ(∞) = H , where H is the h-index of
an individual (see [1]).

(iv) If p = 1, then rπ(1) = W , where W is the individual’s
w-index, as defined by Woeginger in [13].

(v) For any q > p, rπ(q) ≤ rπ(p) ≤ 2rπ(q).

(ii) rπ(p) is nonincreasing with respect to p.

Their proofs were given in [17].

4 Possible and necessary h-index
The theory of fuzzy measures and evidence has been well es-
tablished. Therefore only definitions and properties that are
necessary are recalled (for more details and further references
the reader is referred, e.g., to [18]).

Further on we consider measures with respect to R
+
0 and

a family of all its subsets P(R+
0 ).

Definition 6. A function µ : P(R+
0 ) → [0, 1] is a fuzzy mea-

sure if it satisfies the following requirements:

M1. µ(∅) = 0 and µ(R+
0 ) = 1 (boundary conditions),

M2. for all A, B ∈ P(R+
0 ), if A ⊆ B, then µ(A) ≤ µ(B)

(monotonicity).

Definition 7. Let Pos denote a fuzzy measure. Then Pos is
called a possibility measure iff for any family {Ak ∈ P(R+

0 ) :
k ∈ K} and an arbitrary index set K ,

Pos

( ⋃
k∈K

Ak

)
= sup

k∈K
Pos(Ak). (5)

For each possibility measure Pos we may associate another
fuzzy measure Nec, called necessity measure, defined by

Nec(A) := 1− Pos(A), (6)

where A ∈ P(R+
0 ).

It may be shown, that for every A ∈ P(R+
0 ) and for any

possibility measure Pos and the associated necessity measure
Nec following relations hold:

(i) Nec(A) > 0⇒ Pos(A) = 1,

(ii) Pos(A) < 1⇒ Nec(A) = 0.

Proposition 8. Every possibility measure Pos may be
uniquely determined by a possibility distribution function (ab-
breviated Pos.D.F.) R : R

+
0 → [0, 1] by the formula

Pos(A) = sup
x∈A

R(x), (7)

where A ∈ P(R+
0 ).
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Now we are ready to present a class of possibility measures
for the h-index values.

Suppose we are given a citation sequence C =
(c1, c2, . . . , cn) of some individual X . Some of the elements
of C are either right-censored data or are potentially due to
increase in a “short time”. Let H = h(C) = max{i ∈ N0 :
ci ≥ i} be equal to X’s Hirsch index. Thus we have sure
evidence that the true value of X’s Hirsch-index is at least H .

We propose some minimal requirements for a possibility
distribution to describe hypothetical values of the h-index.

Definition 9. A Pos.D.F. for the Hirsch index is a mapping
Rh : R

+
0 → [0, 1] which satisfies the following axioms:

H1. Rh(x) = 0 for x < H or x �∈ N0,

H2. Rh(H) = 1 (normalization),

H3. For any x, x′ ∈ N0, if H ≤ x < x′ then Rh(x) >
Rh(x′) or Rh(x′) = 0.

These axioms seem quite natural. Let us look at some prop-
erties of the fuzzy measures defined by such Pos.D.F. The fol-
lowing proposition might be easily proved.

Proposition 10. Let Rh be an arbitrary Pos.D.F. for the
Hirsch index. Furthermore, let Pos be the possibility measure
determined by Rh and Nec be the associated necessity mea-
sure. Then for any [a, b] ∈ P(R+

0 ) the following properties
are satisfied.

• If H ∈ [a, b] then Pos([a, b]) = 1.

• If H �∈ [a, b] then Nec([a, b]) = 0.

• If H ∈ [a, b] then for any b < b′ we get Nec([a, b]) ≤
Nec([a, b′]).

The postulated measures may give clues for questions such
as: What is the (broadly conceived) possibility that the true
value of X’s h-index is really “equal to H+1” or “greater than
H”. Note that publishing-citing is an extremely complicated
process and without drastic simplifications and idealizations it
cannot be modeled using stochastic methods. Thus, in general,
it is not reasonable to consider the results of individual sci-
entometric measurements by means of the probability theory.
Therefore, our problem is how to construct appropriate possi-
bilistic measures. In the next section we propose a Pos.D.F.
for the Hirsch index defined by means of the r(p)-indices.

5 Example
Lemma 11. Assume we are given a citation function C =
(c1, c2, . . . , cn), π = πC and rπ(∞) = H ∈ N. Then the
properties below are satisfied:

(i) ci ≥ H for every i ≤ H ,

(ii) ci ≤ H for every i > H ,

(iii) rπ(p) ≤ 2
1

p H for any 1 ≤ p <∞.

Proof. Only (iii) is proved here. Let 1 ≤ p <∞. By Lemma
5, H ≤ rπ(p) ≤ 2H . Let a = max{c1, 2H}. Consider
a citation sequence C

′ = (c′1, c
′

2, . . . , c
′

n), such that c′i = a for
i ≤ H , and c′i = H for H < i ≤ n. Clearly, rπC′ (∞) = H ,

and ci ≤ c′i for any i. For every 1 ≤ p < ∞, Sp,πC′ goes
through (H, H), so rπC′ (p) is the largest possible for fixed
H . Solving (2) for r gives rπC′ (p) = 2

1

p H . Hence rπC(p) ≤
2

1

p H as stated.

Let us define the inverse function of rπ . As rπ is not nec-
essarily an injection, we need a special formula. In the sequel
we assume that

r−1
π (�) := max {p : rπ(p) = �} , (8)

for � ∈ [rπ(∞), rπ(1)], and undefined otherwise. This def-
inition is sensible, as it may be easily shown that for any
1 ≤ p′ < p′′ and x ∈ R

+
0 , rπ(p′) = rπ(p′′) implies

Sp′,π(x) ≤ Sp′′,π(x), hence the knowledge of maximal p sat-
isfying rπ(p) = � is the most informative.

Now, let Rπ : R
+
0 → [0, 1] be a function given by:

Rπ(x) =


0 for x < rπ(∞),

2− 21/r−1

π (x) for x ∈ [rπ(∞), rπ(1)],
0 for x > rπ(1).

(9)

It is easily seen that for x ∈ [rπ(∞), rπ(1)], Rπ(x) is
a strictly decreasing, but not necessarily continuous function.

For any 1 ≤ p < ∞, if rπ(p) = 2
1

p H , then r−1
π (x) =

[log2(
1
H x)]−1 and

Rπ(x) =

{
2− 1

H x for x ∈ [H, 2H ],
0 otherwise. (10)

Lemma 12. Let C and C
′ be citation sequences for which

π = πC, π′ = πC′ , rπ(∞) = rπ′(∞) = H and for any
1 ≤ p <∞, rπ(p) = 2

1

p H .

(i) Rπ′(x) ≤ Rπ(x) for any x,

(i) If Rπ′ is given by (10), then rπ′(p) = 2
1

p H for any 1 ≤
p <∞.

The proof is left to the reader.

It may be shown that Rπ|N0
is a Pos.D.F. for the Hirsch in-

dex for π. Thus the class of p-sphere indices may be used to
construct a possibility measure having the properties of our in-
terest. Obviously, one may find uncountably many transforms
of r−1

π to [0, 1], so that is just an example. Generating mean-
ingful possibility measures by means of the p-sphere indices
dependent on a type of the process affecting citation sequences
is in scope of our future research.

Let us discuss the behavior of the proposed possible h-index
on real-world data and see how it can be used to differen-
tiate between individual’s citation information. We consider
the output of 3 Polish computer scientists, Prof. A having
nA = 19 publications, Prof. B with nB = 29 publications
and Prof. C with his nC = 18 publications. Their citation
sequences, according to Scopus1, are given in Table 1. See
Fig. 3 for the citation functions πA, πB, πC and the maxi-
mal p-spheres for p = 1, 2,∞. Each author’s h-index equals
H = 7, but they differ in values of other p-sphere indices, e.g.
rπA(1) = 12, rπB (1) = 14 and rπC (1) = 10.

1The publication data were gathered on January 20, 2009 and are
limited to the field “Computer Science”. Authors’ names have been
intentionally masked.
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Figure 3: Citation functions of the 3 authors.

The author’s Rπ functions and resulting possibility distri-
bution functions for the Hirsch-index are depicted in Fig. 4.
Please note that RπB is of the form (10).

We see that Prof. B has the greatest possibility of increasing
his h-index. On the contrary, some papers of Prof. C has not
got a required number of citations so he can not have high
expectations of a greater h-value. The proposed Poss.D.F.
clearly differentiates between all the authors and can be used
as a complement to the Hirsch index.

6 Conclusions
In the paper we discussed an important problem related to
the Hirsch index: it assumes perfect knowledge of author’s
citation sequence and does not take into account a dynamic
essence of the publication/citation process. Therefore we pro-

Table 1: Citation sequences of the 3 authors.
CA (103, 20, 16, 16, 10, 9, 8, 5, 4, 4, 4, 3, 2, 2, 2, 1, 0, 0, 0),
CB (56, 30, 17, 14, 11, 11, 9, 7, 6, 6, 5, 4, 4, 3, 3, 3, 2, 2, 2,

2, 1, 1, 1, 0, 0, 0, 0, 0, 0),
CC (39, 34, 23, 17, 16, 7, 7, 5, 2, 2, 1, 1, 0, 0, 0, 0, 0, 0).
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Figure 4: Rπ and Pos.D.F. for the h-index of the 3 authors.

posed a possibilistic approach to the indicator by setting sev-
eral axioms for the possibility distribution function for the h-
index.

In this model, given citation data are treated as an evidence
for the minimal h-value and thus are just a starting point for
speculation on its likely value in the case of perfect informa-
tion.

We used a recently-proposed class of scientometric coef-
ficients, the p-sphere indices, which is a generalization of
Hirsch’s index, to construct an exemplary possibility measure.
A real-world example was presented for illustration.

As it was already mentioned, future work should definitely
encompass the construction of different possibility measures,
according to the type of a process affecting citation sequences.
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[17] Marek Gągolewski and Przemysław Grzegorzewski. A ge-
ometric approach to the construction of scientific impact in-
dices. Scientometrics, 2009. In press. DOI:10.1007/s11192-
008-2253-y.

[18] George J. Klir and Bo Yuan. Fuzzy sets and fuzzy logic. Theory
and applications. Prentice Hall PTR, New Jersey, 1995.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1695



Similarity based fuzzy interpolation applied to CAGD∗
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Abstract— This paper presents an approach to a system based on
fuzzy logic for the design of interpolative curves and surfaces in the
context of Computer Aided Geometric Design (CAGD). Some prob-
lems arising from a previous model are studied by using a similarity
approach.

Keywords— Fuzzy interpolation, indistinguishability operator,
fuzzy number, Computer Aided Geometric Design,approximate rea-
soning, t-norm, fuzzy control.

1 Introduction
The aim of computer aided geometric design (CAGD) is to
produce a curve or a surface whose shape is controlled by a
set of given points. In this sense, it can be understood as an
interpolative procedure where the goal object is not a function
but its graphical presentation. Therefore, in the design pro-
cess it is essential to control the degree on smoothness of the
solution.

On the other hand, the user of a CAGD system provides the
data “approximately” because, after a first trial, he usually ad-
justs the result to his own taste or aesthetic point of view. So, it
is natural to treat the problem under the setting of approximate
reasoning considering the input-output data as fuzzy points of
R or R

2 represented by fuzzy numbers.
In order to build such a system, we focus our attention in

the fuzzification and defuzzification procedures. To define and
control the shapes on the input-output fuzzy numbers, we as-
sume that there exists a similarity relation in R that granu-
lates and fuzzifies its elements. With respect to the defuzzifi-
cation process, we can choose the Takagi-Sugeno model that
produces a crisp output or select some of the well known de-
fuzzification methods like the center of gravity. The paper
is organized in the following way. After this introduction,
section 2 recalls the preliminaries related to indistinguisha-
bility operators and fuzzy classes. Sections 3 and 4 presents
the general model and a model associated to Takagi-Sugeno
technique that tries to overcome some of the problems of the
model proposed in [17], such as the effective construction of
the fuzzy numbers and the solution for the case of sparse data.
In section 5 an example is fully developed and we close with
conclusions and future works.

2 Preliminaries
The large number of successful applications of fuzzy sets the-
ory (specially in fuzzy control) has produced numerous con-
cepts based on empirical motivations. In order to give a sound
justification to the use of these applied concepts, it is neces-
sary to provide in the setting of a clear model, a well-founded

∗Partially supported by the project TIN2006-14311

interpretation for them. The aim of this section is to introduce
an appropriate background that justifies the different defini-
tions and types of fuzzy real numbers as they are interpreted
and used in the applications.

As a starting point it is assumed that the concept of fuzzy
real number arises from the fact that there exists a certain
equality relation in R, in the sense that numbers laying “close”
are indistinguishable to the observer [15]. When the defined
equality is a T-indistinguishability operator [7,21], triangular
and trapezoidal fuzzy numbers among others, appear in a natu-
ral way. The model justifies the use of different types of fuzzy
numbers depending on the scale defined in R and also devel-
ops the way of generating indistinguishability operators on R

associated to one or several scales.
Fuzzy numbers arise naturally from the underlying in-

distinguishalility as the singletons associated to the relation
[2,12,13,14]. Therefore, only the fuzzy relations whose sin-
gletons fulfill a general definition of fuzzy number are con-
sidered. Reciprocally, given a “suitable” fuzzy equality in R,
only the fuzzy numbers that are the singletons of this relation
will be considered as such. As a natural consequence of this
setting, we also study the families of fuzzy numbers that are
invariant under translations.

Throughout this paper we use the standard definitions and
properties of t-norms. In the sequel Π will represent the prod-
uct t-norm and L the Łuckasiewicz t-norm. Some definitions
on T-indistiguinshability operators and fuzzy numbers are re-
called. For a more detailed exposition on these topics, readers
are referred to [1,7,15,16,18].

Definition 2.1. Let T be a t-norm. A T-indistinguishability
operator E on a set X is a reflexive and symmetric fuzzy re-
lation on X such that

T (E(x, y), E(y, z)) ≤ E(x, z) (T-transitive property).

If T = Min, then E is called a similarity. For T = L, E
is termed a likeness and when T = Π, E is a probabilistic
relation.

T-indistinguishability operators generalize within the fuzzy
framework the concept of equivalence relation and are also
called equality relations [2,7]. From a semantical point of
view, E(x, y) can be interpreted as the degree of similarity
between x and y.

Definition 2.2. Given a T-indistinguishability operator E on a
set X and an element x0 of X , the singleton induced by x0 is
the fuzzy set fx0 defined by fx0(x) = E(x0, x).

The singleton of an element x of X can be thought as its fuzzy
equivalence class with respect to E [12] and its fuzzification
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taking E into account [8].

Definition 2.3. A fuzzy real number is a map fa : R → [0, 1]
such that there exists a number a ∈ R with fa(a) = 1
where fa is non-decreasing on (−∞, a) and non-increasing
on (a,+∞).

Definition 2.4. A T-indistinguishability operator E on R is
called admissible if and only if its singletons are fuzzy num-
bers.

The fuzzified of a real number via an admissible indistingui-
shability operator is therefore a fuzzy number.

The link between these operators and some families of fuzzy
numbers will be investigated.

2.1 Admissible T-indistinguishability operators

A scale on R is defined as a monotonic map f : R → R. The
possibility to distinguish real numbers in a fuzzy environment
is based on the use of a scale. Different scales give different
degrees of accuracy and determine different fuzzy equalities
on R. Theorem 2.1.2 formalizes this idea.

Theorem 2.1.1.[14] Let m be a pseudometric on a set X and t
a generator of an archimedean t-norm T . Then E = t[−1] ◦m
is a T-indistinguishability operator on X .

N.B. Different generators of the same t-norm generate differ-
ent T-indistinguishability operators.

Theorem 2.1.2.[14] Let f : R → R be a monotonic map and
t a generator of an archimedean t-norm T

Ef (x, y) = t[−1] (|f(x) − f(y)|)

is an admissible T-indistinguishability operator.
Two monotonic maps f, g generate the same

T-indistinguishability operator if and only if there exists a con-
stant k such that f = ±g + k.

In real situations where different experts produce different
scales on R it is necessary to combine their information. The
following theorem gives a way to do it.

Theorem 2.1.5. If {Ei}i∈I is a family of admissible T-
indistinguishability operators on R, then

E = Inf
i∈I

Ei

is also an admissible T-indistinguishability operator on R.
Therefore, we can combine admissible likeness or proba-

bilistic relations generated by monotonic functions in order to
obtain another equality on R of the same type.

2.2 Fuzzy numbers invariant under translations

Special families of fuzzy numbers are those who are invari-
ant under translations. Roughly speaking, families formed by
fuzzy numbers of the same “shape”. In the same sense, we can
also consider T-indistinguishability operators, invariant under
translations i.e.: the degree of similarity E(x, y) between two
numbers x, y depends only on their distance.

In this section, we study the link between the families of
fuzzy numbers and T-indistinguishability operators invariant
under translations.

Definition 2.2.1. A family {fa}a∈R of fuzzy numbers associ-
ated to an admissible T-indistinguishability operator is invari-
ant under translations if and only if

fa(x) = fb(x − a + b).

A T-indistinguishability operator E is invariant under trans-
lations if and only if

E(x + a, y + a) = E(x, y).

Let us search for the conditions that such a family {fa}a∈R

must fulfill in order to become the set of the singletons asso-
ciated to a T- indistinguishability operator E, being T Archi-
medean.

Theorem 2.2.4.[7] Given an archimedean t-norm T with ad-
ditive generator t, the families {fa}a∈R of fuzzy numbers in-
variant under translations corresponding to singletons of a T-
indistinguishability operator on R can be obtained from f0

(using definition 2.2.1) defined by

f0 = t[−1] ◦ F

where F is an even and non decreasing in R
+ subadditive

function with F (0) = 0.

The associated T-indistinguishability operator E is defined by

E(x, y) = t[−1] ◦ F (y − x)

which is trivially invariant under translations.

In this section, we have introduced a general setting in order
to generate fuzzy numbers associated to generalized equali-
ties. The model allows the effective construction of families
of fuzzy numbers suitable for applications since the underly-
ing equalities can be deduced from scales proposed by experts
and specially adapted to a concrete implementation.

3 Interpolation in CAGD
In CAGD, usually the user provides a set of points and the
program produces a curve or surface whose shape is controlled
by these points. From a classical point of view an interpolative
curve means a curve passing through a given set of points. In
our proposal we treat this problem in a more relaxed way in
the sense that we obtain the values of the curve from a set
of data points but we do not impose the condition that the
resulting curve should interpolate in the classical sense. Since
it is a design process, it is essential to control the degree of
smoothness of the solution.

In this paper, we propose the following problems, paying
special attention to the case of plane curves:

Problem 1a) (Non parametric or functional curves). Given
n + 1 points of control −→Pi = (ai, bi) ∈ R

2, i = 0, 1, . . . , n,
with a0 < a1 < ... < an, we want to construct the graphic of
a function f : [a0, an] → R such that {ai} are values of the
independent variable and {bi} are values or approximations of
{f(ai)}.

Problem 1b) (Parametric curves). Given n + 1 points of con-
trol −→Pi = (ai, bi) ∈ R

2, or −→
Pi = (ai, bi, ci) ∈ R

3, i =
0, 1, . . . , n we want to construct n+1 values t0 < t1 < . . . <
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Figure 3.1

tn of a parameter and a parametric curve −→
f : [t0, tn] → R

2

or R
3 in such a way that the points {−→P i} are the values or

approximations of {−→f (ti)}.

Problem 2a) (Non parametric or functional surfaces). Given
n + 1 arbitrarily distributed points of control −→

Pi =
(ai, bi, ci) ∈ R

3, i = 0, 1, . . . , n, we want to construct
a surface passing through or controlled by these points as
the graphic of a map f : A ⊂ R

2 → R (for example,
A = [amin, amax] × [bmin, bmax]) such that {(ai, bi)} are the
values of the independent variables and {ci} values or approx-
imations of {f(ai, bi)}.

Problem 2b) (Parametric surfaces). Given a net of (n + 1)×
(m + 1) points −→

P ij = (aij , bij , cij) ∈ R
3 i = 0, . . . , n,

j = 0, . . . , m, we want to construct n + 1 values s0 < s1 <
... < sn of a parameter s and m + 1 values t0 < t1 < ... <
tm of a parameter t and a parametric surface −→

f : [s0, sn] ×
[t0, tm] → R

3 in such a way that the points {−→P ij} are the
values or approximations of {−→f (si, tj)}.

There are many standard techniques to treat the preceding
problems. For a more complete information, also about meth-
ods to construct values of the parameter in parametric cases,
the reader is refered to [9,10,11].

The common algorithm of all design methods that interacts
between the procedure and the user is shown in the Fig. 3.1.

The algorithm shows the existing vagueness of the data
points and its relation with the goal curves. Therefore, it is
natural to focus the problem in the setting of approximate rea-
soning. The model proposed in section 4 uses fuzzy numbers
and techniques of Takagi-Sugeno in fuzzy control to design
curves and surfaces.

4 The Takagi-Sugeno Model

We propose a system based on fuzzy linguistic rules used in
fuzzy control [5,18]. We have adopted the point of view of
Takagi and Sugeno [23], in order to avoid the defuzzification
process.

The main idea is to use rules of the following type:
If −→x is close to −→x i in the domain, then −→y is close to −→y i in

the image. This idea is developed in the following model:

• Use n + 1 rules

Ri : If −→x � −→x i, then −→y � −→y i; i = 0, 1, . . . , n.

• Model the degree of fulfillment of the antecedent of the
ith rule with a fuzzy set αi such that αi(−→x i) = 1 and
αi(−→x ) is a decreasing function of the distance to −→x i [6].

• The consequence function of each rule, fi(−→x ), is the
constant −→y i. (Therefore, the system coincides with the
height defuzzification method).

• The output of the system is obtained as a mean of the
outputs of each rule weighted by the fuzzy sets αi:

−→y (−→x ) =

n∑
i=0

αi(−→x ) · −→y i

n∑
i=0

αi(−→x )
=

n∑
i=0

Fi(−→x ) · −→y i (2.1.)

where Fi(−→x i) = αi(
−→x )

n∑

j=1
αj(

−→x )
.

So, the result is a convex linear combination of the outputs
of the rules where the coefficients depend on the data points
and the fuzzy sets αi. This is the general description of our
proposal already outlined in [17] that contained the following
remarks

4.1 Remarks

4.1.1. If the domain is in R (the case of a curve), then αi = µi

are fuzzy numbers.

4.1.2. If the domain is in R
2 (the case of a surface), then the

closeness αi of a point −→x = (x, y) to −→x i = (xi, yi) can
be modeled in the following way:
−→x = (x, y) is close to −→x i = (xi, yi) if and only if x
is close to xi and y is close to yi. That is, if µi and νi

are fuzzy numbers modeling the closeness of x and y to
xi and yi respectively, then the fuzzy set αi can be de-
fined as αi(−→x ) = T (µi(x), νi(y)), where T is a suitable
t-norm that plays the semantic role of a conjunction. In
order to maintain the degree of smoothness of the result-
ing surface inherited from the smoothness of the fuzzy
numbers, it is convenient to choose a C∞ t-norm. In our
model, we use the product.

4.1.3. The fuzzy sets {µi} must cover the domain in the sense
that for every point −→x in the domain, there must exists a
fuzzy set µi with µi(−→x ) 	= 0. This is a technical require-
ment in order to avoid dividing by zero in (2.1) and has
the semantical meaning that the image of every point of
the domain must be controlled by at least one of the given
points {−→x i}.

4.1.4. Curves of type 1b) generated by this model cannot be,
simultaneously, interpolative and smooth (i.e. tangent
continuous). For interpolative curves −→y (ti) = −→

P i, so
µi(ti) = 1 and µj(ti) = 0 j 	= i. Due to the mono-
tonicity of the µi, µi(t) ≡ 0 t /∈ (ti−1, ti+1). That
means that for every interval [ti−1, ti] there are only two
fuzzy numbers different from zero. Consequently, in this
interval the curve is a convex combination of the points−→
P i−1 and −→

P i and we obtain a polygonal curve.
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4.1.5. It is worth noticing that, whereas in the classical meth-
ods used in CAGD only the selection of points is impor-
tant, here we also have the possibility of choosing the
type and size of the fuzzy number associated to each
point as a consequence of the underlying indistinguis-
ability, even within the same set of nodes. This aspect
gives great versatility to our model.

From these remarks we can detect some problems in order to
obtain a general procedure. The first one deals with the effec-
tive construction of the fuzzy numbers associated to the crisp
data; that is, the fuzzification problem. If we consider that
all the given points have the same weight in the construction
of the curve or surface, it is natural to accept that the fuzzy
points are invariant under translations and we can apply the
ideas contained in the subsection 2.2. Otherwise, we can use
the scales in order to graduate the importance of the points
contained in different intervals of the domain. The fuzzifica-
tion process of R is completely meaningful using the under-
lying equality relations. A second and important problem is
mentioned in the remark 4.1.3., since our initial proposal is
not applicable when dealing with sparse data. This problem
has been extensively treated in the literature[8,10,19,20] from
various points of view. Also, we can find many papers where
different methods are compared [3,4,6,22]. In order to over-
come this problem, we distinguish two different situations:

• a) The data set consists of equidistant x-values. To solve
this case, we propose to build a family of parametrized
fuzzy equalities in R whose associated fuzzy numbers
cover all the domain for values of the parameter and for
every �xi of the data set there exists a fuzzy number µi

such that µi( �xj) = 1 if i = j and µi( �xj) = 0 otherwise.
Under this hypothesis we can obtain a curve that interpo-
lates the points in the classical sense (see the example in
section 5).

• b) The data has sparse non equidistant values. Our pro-
posal consists in constructing a monotonic function f
between a subset of the natural numbers and our nu-
merable (finite) data set and using the fuzzy equality
E(xi, xj) = t−1 ◦ F (f−1(xi) − f−1(xj)) in order to
define the fuzzy numbers associated to data.

With all this in mind, the solutions proposed to the problems
of the introduction are the following:

4.2 Solutions.

Problem 1a) (Non parametric curves). In this case, −→P i =
(ai, bi), the domain is some interval in R, −→x i = ai, −→y i = bi

and αi = µi are normalized fuzzy numbers. The solution
curve is

y = f(x) =

n∑
i=0

µi(x) · bi

n∑
i=0

µi(x)
=

n∑
i=0

Fi(x) · bi. (2.2)

Problem 1b) (Parametric curves). In this case, −→
P i =

(ai, bi) ∈ R
2 or −→P i = (ai, bi, ci) ∈ R

3. The domain is an in-
terval in R, the variable is a parameter t, −→x i = ti, −→y i = −→

P i

and αi = µi are normalized fuzzy numbers. The solution
curve is

−→y = −→
f (t) =

n∑
i=0

µi(t) · −→P i

n∑
i=0

µi(t)
=

n∑
i=0

Fi(t) · −→P i. (2.3)

Problem 2a). (Non parametric surfaces). In this case, −→P i =
(ai, bi, ci) ∈ R

3, the domain is some region on R
2, −→x i =

(ai, bi), −→y i = ci and αi(x, y) = µi(x) · νi(y) where µi, νi

are normalized fuzzy numbers.
The solution surface is

z = f(x, y) =

n∑
i=0

αi(x, y) · ci

n∑
i=0

αi(x, y)
=

n∑
i=0

Fi(x, y) · ci. (2.4)

Problem 2b). (Parametric surfaces).
In this case, −→P ij = (aij , bij , cij), the domain is a rect-

angle in R
2, the variables are the parameters s ∈ [s0, sn],

t ∈ [t0, tm], −→x ij = (si, tj), −→y ij = −→
P ij and αij(s, t) =

µi(s) · νj(t) where µi, νj are normalized fuzzy numbers.
The solution surface is

−→
P (s, t) =

n∑
i=0

m∑
j=0

αij(s, t) · −→P ij

n∑
i=0

m∑
j=0

αij(s, t)
=

n∑
i=0

m∑
j=0

Fij(s, t)
−→
P ij

(2.5)
where

Fij(s, t) =
αij(s, t)

n∑
i=0

m∑
j=0

αij(s, t)

Note: Since in this case, the set of points determines a net, we
have used a double index for convenience. If we want to use
a single index k, we can, for instance, reassign indices in the
following way: {i, j} → {k} with k = i · (m + 1) + j.

5 An example
In this section we develop an example for fuzzy interpolation
of curves and surfaces in its functional and parametric forms.
In order to generate the underlying fuzzy equality in R invari-
ant under translations, we need to select a subadditive, even
and non decreasing function in R

+. We have choosen F =
Arctan |x|. This function fulfills all the conditions of theorem
2.2.1. On the other hand we have selected a parametrized fam-
ily of strictly decreasing functions f(x, k) : [0, 1] → R

+ that,
jointly with its inverses (Fig. 5.1 and Fig. 5.2), allows us to
build a parametrized family of t-norms represented in Fig. 5.3
for k = 5.

Fig. 5.4 contains a representation of the associated T-
indistinguishability that produces the fuzzification of R de-
picted in Fig. 5.5 for a discrete sub-family. By using this
fuzzification and the procedure explained in section 4, we pro-
duce an interpolating curve for the case of equidistant values
in functional form (Fig. 5.6).

Fig. 5.7 and Fig. 5.8 present two solutions of a curve con-
structed by means of its parametrized representation. As it is
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Figure 5.1

Figure 5.2

Figure 5.3

Figure 5.4

Figure 5.5

Figure 5.6

Figure 5.7

Figure 5.8

Figure 5.9
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Figure 5.10

Figure 5.11

pointed out in the remarks, this representation can not be inter-
polative, in the classical sense, and, at the same time smooth.

Finally, in Fig. 5.9 a parametric curve is represented using
a fuzzification of R defined by a scaled indistinguishability.

In a similar way we can construct surfaces.In this setting,the
same incompatibility between interpolation and smoothnes,
in the case on parametric representation, applies. Fig. 5.10
shows the case of interpolation for parametric representation.
Fig. 5.11 shows the interpolative surface for the functional
case.
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Abstract— Using the idea of approach space due to Robert Lowen
[Approach spaces. The missing link in the topology-uniformity-
metric triad], we define the notion of fuzzy approach spaces as a
natural generalization of fuzzy metric spaces due to Kramosil and
Michalek [Kybernetika , 11, 1975, 336–344] and prove some proper-
ties of fuzzy approach spaces.
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1 Introduction
The notion of fuzzy sets was introduced by Zadeh [1]. Since
then, several concepts of fuzzy metric spaces were considered
in [2, 3, 4]. In the sequel, we shall adopt the usual terminology,
notation and conventions of the theory of fuzzy metric spaces
introduced by Kramosil and Michalek [5]. In this section we
recall the definitions of a fuzzy metric space, approach space
and some elementary properties.

Definition 1.1 A binary operation ∗ : [0,1]× [0,1]→ [0,1] is
a continuous t-norm if ([0,1],∗) is a topological monoid with
unit 1 such that a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for
a,b,c,d ∈ [0,1].

Definition 1.2 A KM-fuzzy quasi-metric space (briefly qFM-
space) is a triple (X ,M,∗) where X is an arbitrary set, ∗ is
a continuous t-norm and M : X × X × [0,+∞] → [0,1] is a
(fuzzy) mapping such that for all x,y,z ∈ X:

FM1. M(x,y,0) = 0;

FM2. x = y if and only if M(x,y, t) = 1 for all t > 0;

FM3. M(x,z, t + s)≥M(x,y, t)∗M(y,z,s) for all s, t ≥ 0;

FM4. M(x,y, ·) : [0,+∞)→ [0,1] is left-continuous.

If we additionally assume that M satisfies the symmetry con-
dition:

M(x,y, t) = M(y,x, t) for all t > 0,

then (X ,M,∗) is called fuzzy metric space.

Lemma 1.3 M(x,y, ·) is a nondecreasing function for all
x,y ∈ X.

This paper introduces the concept of a fuzzy approach
space. Our definition is inspired in the concept of approach
spaces introduced by Lowen [6].

Definition 1.4 A pair (X ,δ) where δ : X×P (X)→ [0,+∞] is
a function on a set X such that:

B1. δ(x,{x}) = 0 for every x ∈ X.

B2. δ(x, /0) = ∞ for every x ∈ X.

B3. δ(x,A∪B) = min(δ(x,A) ,δ(x,B)) for every x ∈ X and
A,B ∈ P (X).

B4. δ(x,A) ≤ δ(x,A(r))+ r for every p ∈ X, A ∈ P (X) and
r ∈ [0,∞], with A(r) =

{
y ∈ X

/
δ(y,A)≤ r

}
.

is called an approach space (A-space).

Lowen ([6], 1997) proved that at least seven different struc-
tures can be used to define an approach space, equivalently.
Assuming condition B3, B4 can be rewritten as follows (see
[7]):

B4′. (A(r))(s) ⊆ A(r+s) for every A⊆ X and r,s ∈ [0,∞].

2 KM-Fuzzy approach spaces
Following, the notions of approach space are generalized
to the fuzzy setting and the concept of KM-fuzzy approach
spaces is introduced.

Definition 2.1 A KM-fuzzy approach space (briefly FA-
space) is a pair (X ,F) where X is an arbitrary set and
F : X × P (X)× [0,+∞] → [0,1] is a (fuzzy) mapping satis-
fying the following conditions:
For all x ∈ X, A,B⊂ X and s, t ∈ [0,+∞],

FA1. F(x,A,0) = 0;

FA2. F(x, /0, t) = 0 for all t < +∞;

FA3. F(x,{x}, t) = 1 for all t > 0;

FA4. F(x,A∪B, t)≥max(F(x,A, t),F(x,B, t));
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FA5. F(x,A, t + s)≥ F(x,A(r), t), if s > r ≥ 0,

F(x,A,+∞)≥ F(x,A(+∞), t),

where A(r) = {y ∈ X : F(y,A, t) = 1,∀t > r},
and A(+∞) = {y ∈ X : F(y,A,+∞) = 1};

FA6. F(x,A, ·) : [0,+∞)→ [0,1] is left-continuous for all x ∈
X and A⊂ X.

The map F is symmetric (or the FA-space (X ,F) is symme-
tric) if

F(x,{y}, t) = F(y,{x}, t) for all x,y ∈ X , t > 0.

Firstly, we will prove that there are two families of spaces
satisfying the above six properties.

Lemma 2.2 (A-space ↪→ FA-space) Let (X ,δ) be an A-
space. If we define a fuzzy set Fδ on X ×P (X)× [0,+∞] as
follows:

Fδ (x,A, t) = 0 if t ≤ δ(x,A),

Fδ (x,A, t) = 1 if t > δ(x,A),

then (X ,Fδ) is a FA-space.

Proof. FA1, FA2 and FA3 are immediate. In order to
prove FA4, if A,B⊆X we can suppose min(δ(x,A),δ(x,B)) =
δ(x,A) ≤ δ(x,B) and, then max(F(x,A, t),F(x,B, t)) =
F(x,A, t). Thus Fδ (x,A∪B, t) = 0 for t ≤ δ(x,A); and
Fδ (x,A∪B, t) = 1 for t > δ(x,A). This completes the proof
of FA4.

For every r ∈ [0,+∞), the set A(r) is the same in A-space
and in FA-space, since

A(r)
A−space =

{
x ∈ X

/
δ(x,A)≤ r

}

=
{

x ∈ X
/

Fδ (x,A, t) = 1,∀t > r
}

= A(r)
FA−space.

Let us suppose that s > r. Since δ(x,A) ≤ δ(x,A(r))+ r, thus
for t ≤ δ(x,A)− s, we have

t + r < t + s≤ δ(x,A)≤ δ(x,A(r))+ r;

i.e., t < δ(x,A(r)) and Fδ(x,A, t + s) = Fδ(x,A(r), t) = 0 for t +
s≤ δ(x,A) .

Otherwise, if t + s > δ(x,A), then Fδ(x,A, t + s) = 1 ≥
Fδ(x,A(r), t). This completes the proof.

Theorem 2.3 (FM-space ↪→ FA-space) Let (X ,M,∗) be a
FM-space. If we define a fuzzy set F on X ×P (X)× [0,+∞]
for every x ∈ X, t ∈ [0,∞] and A⊆ X as follows:

FM (x,A, t) = sup
a∈A

M (x,a, t) ,

then (X ,FM) is a FA-space.

Proof. By FM1 and FM2, conditions FA1 and FA3 hold.
The proof of the second condition FA2 follows from the

definition of supA for empty sets, sup /0 = 0. If x ∈ X and
A,B⊆ X are subsets of X , then

Max
(

sup
a∈A

M (x,a, t) , sup
b∈B

M (x,b, t)
)

= sup
a∈A∪B

M (x,a, t) .

Consequently FA4 is proved.
We will prove now FA5. Let x∈X , A∈P (X) and r∈ [0,∞].

If A = /0, the condition FA5 is trivial. It is enough to prove that
the property FA5 holds true for every A �= /0. Since, for every
x,y,z ∈ X , t,s > 0

M(x,z, t + s)≥M(x,y, t)∗M(y,z,s);

in particular,

M(x,y, t + s)≥M(x,a, t)∗M(a,y,s)

for every x ∈ X , a ∈ A(r), y ∈ A, t > 0,s > r ≥ 0.
Taking supremum over y ∈ A, then

FM (x,A, t + s) = sup
y∈A

M (x,y, t + s)

≥M(x,a, t)∗ sup
y∈A

M(a,y,s)

= M(x,a, t)∗FM(a,A,s).

Since, a ∈ A(r), then FM(a,A,s) = 1 for s > r. Thus

FM (x,A, t + s)≥M(x,a, t).

Taking supremum over a ∈ A(r), we have

FM (x,A, t + s)≥ FM(x,A(r), t).

Note that additionally the following condition is satisfied:

FA7 Let x,y∈X be such that FM (x,{y}, t) = 1 for every t > 0,
then x = y.

3 Characterization
Now we ask about the maps F : X ×P (X)× [0,+∞]→ [0,1]
that could provide to X of a FA-space structure. In this cases,
it could be interesting to weaken axioms FA4 and FA5.

Proposition 3.1 Let X be a non-empty set, F : X ×P (X)×
[0,+∞]→ [0,1] be a map satisfying axiom FA2 and such that
F (x,A, t) = 1 for every t > 0 and x ∈ A⊆ X. Then:

The axiom FA4 is equivalent to

FA4′. F (x,A∪B, t) ≥Max(F (x,A, t) ,F (x,B, t)) for t > 0,
for every non-empty subsets A,B ⊆ X such that A �= B
and A∪B⊂ X, and for each x ∈ X\(A∪B).

The axiom FA5 is equivalent to

FA5′. F(x,A, t + s)≥ F(x,A(r), t) for t > 0, for every s > r≥
0, /0 �= A⊂ X and for each x ∈ X\A.

Proof. We prove that there exists some cases in which FA4
and FA5 are always true.

Property FA4′. If A is empty, then F (x,A∪B, t) = F (x,B, t)
and, by the axiom FA2

Max(F (x,A, t) ,F (x,B, t)) = Max(F (x, /0, t) ,F (x,B, t))

= Max(0,F (x,B, t)) = F (x,B, t) .

A similar conclusion is valid for B = /0. We will suppose that
A and B are non-empty sets. If x ∈ A∪B, then, by hypothesis,

F (x,A∪B, t) = 1≥Max(F (x,A, t) ,F (x,B, t)) .
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We can suppose that x /∈ A∪B, and thus A∪B = X is impos-
sible. So, A∪B⊂ X . If A = B, the inequality is trivial.

Property FA5′. If r = +∞, the inequality F(x,A,+∞) ≥
F(x,A(+∞), t) is obvious. Therefore we can suppose that r <
+∞. If A is empty, then for each r > 0,

/0(r) =
{

x ∈ X
/

F (x, /0, t) = 1,∀t > r
}

= /0,

and then in FA5 we have the equality. We can suppose that
A is non-empty. If x ∈ A, by hypothesis, F (x,A, t) = 1 for all
t > 0. Then

F (x,A, t + s) = 1≥ F(x,A(r), t).

Consequently, we can suppose that x /∈ A.

4 Properties
The closure of a subset A of a FA− space (X ,F) can be ex-
pressed by

A = A(0) = {x ∈ X : F(X ,A, t) = 1,∀t > 0}.

Although the set X has not been endowed with a topology, the
following definition can be considered.

Definition 4.1 A is called closed if A⊆ A.

Lemma 4.2 Let (x,F) be a FA-space, x ∈ X and A⊆ X.

1. If a ∈ A, then F (a,A, t) = 1 for each t > 0.

2. If a ∈ A, then F (x,a, t)≤ F (x,A, t) for each t > 0.

3. If A⊆ B⊆ X, then F (x,A, t)≤ F (x,B, t) for each t > 0.

4. sup
a∈A

F (x,a, t)≤ F (x,A, t) for each t > 0.

5. If A⊆ B⊆ X, then A(r) ⊆ B(r) for each r ≥ 0.

6. Let 0≤ r ≤ s, then

A⊆ A = A(0) ⊆ A(r) ⊆ A(s) ⊆ ·· · ⊆ X .

In particular, F (x,A, t)≤ F
(
x,A, t

)
.

7. A is closed if and only if A = A.

8. If r ≥ 0, then /0(r) = /0.

9. x ∈ A(r) if and only if x ∈ A(r+s) for every s > 0.

10. The infimum inf[0,+∞)({r≥ 0 / x∈ A(r)}) is really a mini-
mum, i.e.,

A(r) =
⋂

r<s
A(s).

11. F(x,A, ·) is a nondecreasing function.

Proof.

1. By the axioms FA3 and FA4, if a ∈ A, we have

F (a,A, t) = F (a,A∪{a} , t)

≥Max(F (a,A, t) ,F (a,{a}, t)) = Max(F (a,A, t) ,1) = 1.

2. By the axiom FA4, if a ∈ A, we have

F (x,A, t) = F (x,B∪{a} , t)

≥Max(F (x,B, t) ,F (x,{a}, t))≥ F (x,{a}, t) ,
where B = A\{a}.

3. If A⊆ B, then A∪B = B, and thus

F (x,B, t) = F (x,A∪B, t)≥Max(F (x,A, t) ,F (x,B, t))

≥ F (x,A, t) .

4. By 2, if a ∈ A, then F (x,a, t)≤ F (x,A, t). Taking supre-
mum

sup
a∈A

F (x,a, t)≤ F (x,A, t) .

5. If A⊆ B, by 3

F (x,A, t)≤ F (x,B, t) .

If x ∈ A(r), F (x,A, t) = 1 for each t > r and then
F (x,B, t) = 1 for each t > r. That is, x ∈ B(r).

6. If a ∈ A, by 1, F (a,A, t) = 1 for each t > 0. Thus a ∈ A.

Let r ≤ s. If x ∈ A(r), F (x,A, t) = 1, for each t > r, then,
in particular, F (x,A, t) = 1 for each t > s. Thus x ∈ A(s).

7. Trivial.

8. By FA2, it is immediate.

9. x ∈ A(r) if and only if F (x,A, t) = 1 for all t > r. This
condition is equivalent to the following for each s > r,

F (x,A, t) = 1 for all t > s.

Then,

x ∈ A(r) ⇔ x ∈
⋂

r<s
A(s) ⇔ x ∈

⋂

s>0

A(r+s).

That is, x ∈ A(r) if and only if x ∈ A(r+s) for all s > 0.

10. By 3, 6 and FA5

F(x,A, t + s)≥ F(x,A(r), t)≥ F(x,A, t),

if s > 0.

Next, the previous properties are refined.

Lemma 4.3 Let (X ,F) be a FA-space, x∈X, t ≥ 0 and A⊆X.

1. F (x,A, t) = F
(
x,A, t

)
.

2. The closure A is a closed set, that is, A = A.

3. A is closed if and only if for each x ∈ X satisfying
F (x,A, t) = 1, with t > 0, then x ∈ A.

4. A(r) is closed for every r ≥ 0.

5. (X ,F) satisfies the axiom FA7 if and only if the points are
closed subsets, that is, {x}= {x}.

6. (A(r))(s) ⊆ A(r+s) for every r,s≥ 0.
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Proof.

1. Since A ⊆ A, by 3 of lemma 4.2, F (x,A, t) ≤ F
(
x,A, t

)
.

Using axiom FA5 with r = 0, it holds

F (x,A, t + s)≥ F(x,A(0), t) = F(x,A, t)

for s > 0.

Taking infimum on s, we have F (x,A, t)≥ F(x,A, t).

2. By 6 of lemma 4.2, A ⊆ A. Let x ∈ A = A(0)(0)
. This is

equivalent to
F

(
x,A(0), t

)
= 1

for all t > 0. Using axiom FA5 with r = 0,

F (x,A, t + s)≥ F(x,A(0), t) = 1

for t,s > 0. Then x ∈ A(0) = A.

3. Trivial.

4. Let x ∈ X be such that F
(

x,A(r), t
)

= 1 for all t > 0. By
FA5,

F (x,A, t + s)≥ F
(

x,A(r), t
)

= 1

for all t > 0, s > r ≥ 0. In particular x ∈ A(r). The pre-
vious property implies that A(r) is closed.

5. Trivial.

6. Let r,s≥ 0 and x ∈ (A(r))(s), that is,

F
(

x,A(r), t
)

= 1

for all t > s. By FA5,

F (x,A, t + s)≥ F
(

x,A(r), t
)

= 1

for t > s > r ≥ 0. Thus x ∈ A(r+s).

The following proposition is an interesting property related
to closures of subsets of FA-spaces.

Proposition 4.4 Let (X ,F) be a FA-space, r≥ 0 and A,B⊆ X
subsets of X.

1. A(r)∪B(r) ⊆ (A∪B)(r).

2. If (X ,F) verifies the equality in FA4, then (A∪B)(r) =
A(r)∪B(r).

Proof. Since A⊆ A∪B and B⊆ A∪B, by 5 in lemma 4.2,

A(s) ⊆ (A∪B)(s) , B(s) ⊆ (A∪B)(s) .

Then A(s)∪B(s) ⊆ (A∪B)(s).
Suppose that the equality holds in FA4. If x ∈ (A∪B)(r),

then

Max(F (x,A, t) ,F (x,B, t)) = F (x,A∪B, t) = 1,

for all t > r.
Then, for each t > r,

F (x,A, t) = 1 or F (x,B, t) = 1.

Suppose that t > r is such that F (x,A, t) = 1. If s > 0, then

F(x,A, t + s) = F(x,A(r), t)≥ F(x,A, t) = 1.

Then F(x,A, t) = 1 for all t > r; i.e., x ∈ A(r).
Consequently, x ∈ A(r) or x ∈ B(r)and then x ∈ A(r)∪B(r).
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Abstract—This paper deals with the competitive location 
problems using fuzzy sets. The basic notions on fuzzy optimization 
and linear programming using fuzzy sets are briefly reviewed. The 
standard leader-follower location problem and its linear 
mathematical programming formulation are described. The works 
appeared in the literature concerning the use of fuzzy sets are 
analyzed. 
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1 Introduction 
Competitive location models represent the competition 
between two or more firms which provide goods or services 
to customers. The natural objective of each firm is to 
maximize its profit, which is often replaced by the 
maximization of the market share. That is, each firm tries to 
capture as many customers (or demand) as possible. The 
problem of locating facilities in a competitive environment 
has been addressed in several papers in the field of 
Operations Research, Management Science, Regional 
Economy and Economic Geography, see e.g.  Craig et al. 
(1984) [9],  Drezner (1995) [13], Eiselt and Laporte 
(1989,1996) [14][15], Friesz et al. (1988) [16], Hakimi 
(1990) [17], Plastria (2001) [22], Santos-Peñate et al. (2007) 
[23], Spaulding and Cromley (2007) [25], Till (1992, 2000) 
[26][27], and the references therein. 

In many cases, the real competitive contexts cannot be 
described with precision. The complex, subjective, and 
dynamic behavior of real customers produces a high degree 
of uncertainty related to their decision making process. 
Consequently the most common scenario corresponds to 
problems where the information of the parameters and 
variables is vague or imprecise. Fuzzy sets theory is a 
rigorous and effective instrument to treat problems where 
the necessary information is imprecise. In fuzzy 
optimization two families of problems exist. On the one 

hand we have problems where the objective function and 
the constraints are fuzzy and, on the other hand, those where 
the coefficients are fuzzy. Fuzzy functions are characterized 
by their membership function. Fuzzy decisions are the 
intersection of fuzzy sets corresponding to the objective 
function and to the constraints. Linguistic variables can also 
be considered (See Zadeh [34]). 

In this work we consider the application of fuzzy 
optimization methodologies to competitive location 
problems. The paper is organized as follows. In section 2, 
we describe the fuzzy optimization models. The basic 
concepts of competitive location are presented in Section 3. 
Section 4 is devoted to the solution approaches to 
competitive location problems using fuzzy optimization and 
fuzzy sets. Finally, Section 5 contains the conclusions. 

2 Fuzzy Optimization Problems 
Optimization in their most general form involves finding 
optimal solutions according to stated criteria. This task is 
usually formulated as optimization problems using objective 
functions and constraints. The procedures use mathematical 
properties of the objective and constraints functions. In 
practice, however, many situations lack the exact 
information that is needed in the problem, including its 
objective and constraints, or in other cases, where it is 
unreasonable to access such specific constraints or clearly 
defined objective functions. In these situations it is 
advantageous to model and solve the problem using soft 
computing and fuzzy techniques. 

An optimization problem consists of finding the value of the 
decision variables so that an objective function is minimized 
or maximized when the possible values of the variables are 
subject to a set of constraints. The objective function, 
denoted by f, is defined on a set of solutions denoted by X 
and the constraints are given by a vector function g in such a 
way that the problem is formulated as follows: 
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Minimize
( )

subject to:

( ) 0

f x

g x
x X

�
�

�

��
�

  (1) 

where 1 2( , ,..., ) n
nx x x x� �� �  is the vector of decision 

variables, f and g are defined on n�  and X is a subset of 
.n�  The mathematical formulations are presented in this 

paper using “minimize” operator because the other case, the 
maximization case, is analogous. 

Among the optimization problems that are included in 
Mathematical Programming, the models that have received 
the most attention and have offered the most useful 
applications in different areas are Linear Programming (LP) 
models, which is the single objective linear case.  

The classic problem of LP is to find the maximum or 
minimum values of a linear function subject to constraints 
that are represented by linear equations or inequalities. The 
most general formulation of this problem is: 

   

Minimize

subject to:

0

tc x

Ax b

x

�

�

� �

��
��

  (2) 

where 1 2( , ,..., ) n
nc c c c� �� � is the objective vector,  

1 2( , ,..., ) m
mb b b b� �

�
�  is the right hand side vector, and 

[ ]ijA a�  is an (n,m)-matrix where ija  is the coefficient of 

variable jx  in constraint i. In an economic context where 
the aim is the minimization of the total cost with a limitation 
of the resources, c�  is the cost vector, b

�
is the vector of 

resources and A  is known as the technological matrix. An 
equivalent formulation of the linear problem is the 
following: 

   
1

1

Minimize

subject to:

 1,2,...

0, 1, 2,...,

n

i j
j

n

ij j i
j

j

c x

a x b i m

x j n

�

�

� �

� �

�

�

 (3) 

 

In many real situations not all the constraints and objective 
functions can be valued in a precise way and in these 
situations we are dealing with the general problem form of 
Fuzzy Linear Programming (FLP). FLP is characterized as 
follows: ija , ib  and jc  can be expressed as fuzzy numbers, 
xi as variables whose states are fuzzy numbers, addition and 

multiplication operates with fuzzy numbers, and the 
inequalities are among fuzzy numbers. Different FLP 
models can be considered according to the elements that 
contain imprecise information, this is the criterion used in 
the classification proposed in Verdegay (1995) [33] and 
Cadenas and Verdegay (1999) [1]. 

If we take as a basis the  classification proposed in 
Verdegay [33], we have models with the fuzzy feasible sets, 
models with fuzzy goals, models with fuzzy coefficients of 
objective function, models with coefficients of the 
technological matrix and fuzzy right hand sides, and totally 
fuzzy models where all the elements of the problem are 
fuzzy. 

1. Models with fuzzy objective function 

These models are those whose objective function is not fully 
known. In LP problems where the costs are known with 
imprecision they are represented by an n-dimensional fuzzy 
vector � �1 2, ,..., ,nc c c c��

� � � �
 leading to the following model: 

   

Minimize

subject to        

0

tz c x

Ax b

x

�

�

�

�
�
��
��

  (4) 

Evidently, z is also a fuzzy number, but x�  can be a vector 
of fuzzy or non-fuzzy numbers, and each fuzzy cost is 
described by its corresponding membership function 

� �.j c�  Each coefficient kjc
�

 of the objective function is a 
plane fuzzy number of the L-R type with modal interval 

,j jc c� �� � and membership functions gj and hj (which can be 

linear, parabolic, etc.). Delgado et al. (1989) [11] prove that 
the solution can be obtained with the multi-objective 
auxiliary model: 

   

� 	 � � � �
 �

1 2 2

1 1

Minimize

, ,...,

subject to

0,

0,1 , 1 , 1

1,..., 2 , 1,..., .

n
t t t

kj j j

n

z c x c x c x

Ax b

x

c g h

k j n

� � � 

� �� � �

�

�

� �  

� �

� � � � � �

��
��

 (5) 

2. Models with feasible fuzzy set (fuzzy constraints) 

This is the case where constraints can be satisfied, and 
consequently the feasible region, can be defined as a fuzzy 
set; it should be defined by means of a membership function 

: [0,1]n� �� . In such a situation, for each constraint i, a 
desirable quantity ib  is considered, but the possibility that it 
is greater is accepted until a maximum i ib t�  ( it  is referred 
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to as a violation tolerance level). This model is represented 
by  

   

Minimize 

subject to:

0

tz c x

Ax b

x

�

�

�

� �

��
���

  (6) 

where the symbol �
�

 indicates the imprecision of the 

constraints and where each fuzzy constraint t
i ia x b�

��
�

 is 
specified by a membership function in the form:  

   � � � �
1             if

  if

0            if

t
i i

t t t
i i i i i i i i

t
i i i

a x b

a x f a x b a x b t

b t a x

�

� �
��� � � ��
�

� ��	

� �

� � � � � �

� �
 (7) 

where � �1 2, , , n
i i i ina a a a� �� � �  is the vector of coefficients 

for constraint i.  Expression (7) means that, for each 
constraint i, given the level of tolerance ti, each point (n-
dimensional vector) x�  is associated with a number 

( ) [0,1]i x� ��  which is known as the degree of fulfillment 
(or verification) of the constraint i. The functions fi are 
assumed continuous and monotonous non-decreasing 
functions. In particular, Verdegay (1982) [32], using the 
representation theorem for fuzzy sets, proves that the 
solutions for the case of linear functions fi can be obtained 
from the auxiliary model: 

   

� �
� 	

Minimize       

subject to        

1

0, 0,1

t

t

z c x

Ax b t

x

�

�

�

� � 

� �

� �

� ��
��

  (8) 

where � �1 2, ,..., mt t t t�
�

. 

3. Models with fuzzy goals 

A fuzzy optimization problem with fuzzy goals is one 
whose goal set is fuzzy, that is, it allows the objective 
function value to be slightly below the minimum goal for a 
maximization problem, and similarly for a minimization 
problem. The corresponding linear model is expressed in the 
following way: 

   

�Minimize

subject to

0

tz c x

Ax b
x

�

�
�

� �

��
�

  (9) 

If t0 is the maximum quantity that the function objective 
should be inferior to the minimum goal c0, then each vector 

x�  is associated with a number � �0 x� � , which represents the 
degree that the decision maker considers to be an achieved 
goal. It is defined according to the following function:  

   � � � �
0

0 0 0 0 0

0 0

1              if 

   if

0             if   

t

t t

t

c x c

x f c x c t c x c

c x c t

�

� �
���  � ��
�

� �	

� �

� � � � �

� �
 (10) 

where f0 is a continuous monotonous non-decreasing 
function. The corresponding satisfactory solutions can be 
obtained by solving the equivalent problem when a level for 
the �-cuts is chosen. 

4. Models with fuzzy coefficients in the technological matrix  

Consider a problem of this type: 

   

Minimize

subject to        

0

tz c x

Ax b

x

�

�

�

� �

��
� � ���

  (11) 

where the values of the technological matrix and the right 
hand sides are fuzzy numbers. Fuzzy constraints can also be 
included. Delgado et al. (1987) [10] also include 
imprecision in the constraints. They consider the fuzzy 
relations of the constraints with the application of a ranking 
function g to compare the fuzzy terms. This new 
formulation is expressed by the auxiliary problem: 

   

� 	

Minimize

subject to      
(1 ),  1,...

0, 0,1

t

i g i i

z c x

a x b t i m

x

�

�

�

� �  �

� �

� �

� �
� � ���

 (12) 

 

3 Competitive Location 
In competitive location problems two or more firms 
compete by mean of their locations for providing services or 
products to customers. Several scenarios may be considered: 

� No firm operates in the market and firm F1 wants to 
enter the market with p1 facilities.  

� There are s firms Fi operating in the market, each firm 
Fi has pi facilities and a new firm Fs+1 wants to enter the 
market with ps+1 facilities.  

� There are s firms Fi operating in the market, each firm 
Fi has pi facilities and a firm Fk wants to open kp  
facilities or to close kp  facilities. 

In particular, the Stackelberg location model is a standard 
two-stage problem where a firm, the leader, chooses its 
location points and then a competitor, the follower, enters 
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the market and decides its locations taking into account the 
leader position. The problem of the follower is to find the 
optimal locations given the position of the leader, the 
problem of the leader is to determine the best locations 
taking into account the reaction of the follower to any 
possible strategy of a competitor.  

Different objectives can be considered: 

� The maximization of the market share. 

� The minimization of the competitor market share. 

� The maximization of the difference between its market 
share and the competitor market share. 

For modelling the customer’s behaviour in the problem we 
can use different rules: 

� Binary choice rule. A choice rule where the customers 
patronize their closest facility. 

� Partially binary choice rule. A choice rule where each 
customer patronizes the closest facility of each firm. 

� Proportional choice rule. With this choice rule, 
customers patronize all the facilities according to a non-
increasing function of the travel distance. 

� Threshold choice rule. A customer choice rule where a 
threshold-sensitive behaviour is assumed. 

Moreover, whether goods are essential or not, demand are 
said to be inelastic (constant demand) or elastic (demand 
varies with distance). The customer behaviour is modelled 
by their optimization problems that result from the 
application of the choice rule for them. 

For binary inelastic demand, the leader, follower and 
customer decision problems can be formulated as linear 
optimization models (see Campos-Rodríguez et al. [6]). The 
problems are stated as follows. 

Let m = |L| be the number of possible facility locations and 
n = |C| be the number of customer locations. Let dki = d(ck,fi) 
be the distance between the k-th customer location ck and 
the i-th facility point fi. In addition, let hk be the total 
demand of the customers located at ck. Finally, let K = {1, 2, 
..., n } = [1..n] denote the index set for the customer 
locations and I = {1, 2, ..., m } = [1..m] denote the index set 
for the facility locations.  

A set Z of location points is identified by a binary vector z 
with size m. This vector is z = (z1, z2,..., zm) = (zi, i � [1..m]) 
where zi = 1 if fi � Z and zi = 0 otherwise. Thus the 
corresponding set is given by Z = { fi � L: zi = 1 }. 

The decision variables in the leader and follower location 
problems are the m-vectors x and y of 0-1 or binary decision 
variables corresponding to the sets X and Y. 

For the customer problem, let zki be the 0-1 decision 
variables indicating whether the customers located at the k 
customer location ck prefer the location fi for the facility. 
However, in each customer problem, the sets X and Y are 

data that are represented by corresponding m-vectors of 0-1 
values x  and y  for the variables x and y. 

For the follower location problem we have an m-vector of 
values x  and an m-vector of variables y. The binary choice 
rule oriented to the leader implies that the scalar product 
x · y  is zero. 

Using the coefficients k
ijb  and k

ijc  given, for any i,j � [1..m], 

k � [1..n], respectively, by: 

   
1
0 otherwise

ki kjk
ij

d d
b

��
� �
	

  (13) 

and 

   
1
0 otherwise

ki kjk
ij

d d
c

��
� �
	

  (14) 

The customer decision problem of the customers at location 
ck, for every k � [1..n], is the linear feasible problem in the 
variables zki, for any i � [1..m], given by: 

   � 	
� 	


 � � 	

1
1

1..

1 , 1..

0,1 1..

m

ki
i

ki i i

k k k
ki ji j ji j ij i

ki

z

z x y i m

z c y b x b x i j m

z i m

�

�
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�    �

� �

�

 (15) 

 

For the follower problem consider the coefficients cki given, 
for any k � [1..n] and i � [1..m], by  

   
 �1 min : 1

0 otherwise
ki kj j

ki

d d x
c

� � ��� �
�	

 (16) 

Then, the follower problem is the linear optimization 
problem in the variables zki, k � [1..n], i � [1..m], given by: 

   

� 	

� 	 � 	

 � � 	 � 	

1 1

1

1

maximize

such that:

1 1..

0 1.. ; 1..

, 0,1 1.. ; 1..

m n

k ki
i k

m

i
i
m

ki
i

ki ki i

ki i

h z

y r

z k n

z c y k n i m

z y k n i m

� �

�

�

�

� �
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��

�

�

 (17) 

Finally, consider the set J of all the possible selection for the 
follower. The leader problem is the linear optimization 
problem in the variables w and for any k � [1..n], i � [1..m] 
and j � J, by 
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 �1 min :

0 otherwise
ki kjj

ki

d d j J
z

� � ��� �
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 (18) 

given by: 

   

� 	

� 	 � 	

 � � 	 � 	

1

1 1 1

1

minimize

such that:

1; 1..

0  1.. ; 1.. ;

, 0,1   1.. ; 1.. ;
0

m

i
i
n m n

j
k k ki

k i k
m

j
ki

i
j j

ki ki i

j
ki i

w

x p

h h z w j J

z j J k n

z c x k n i m j J

z x k n i m j J
w

�
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�

�

 � �

� � �
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� � � �
�

�

� ��

�

 (19) 

See Campos-Rodríguez et al. (2009) [6] for details. 
 

4 Solution Approaches 
Several kind of uncertainty have been considered in 
Location problems (Benati (2000) [2], Benati and Hansen 
(2000) [1], Devletoglou (1965) [12], and Sikdera et al. 
(2007) [24]).  Fuzzy sets have been used in several location 
problems (see Canós et al. (1998) [7]), In general, the user 
preferences have uncertainty and the corresponding utilities 
are uncertain. Therefore their choice must be described 
using a membership function and the competitive models 
become fuzzy. On the other hand, travel times to reach the 
facilities are also uncertain and they must be expressed as 
triangular fuzzy number. The distances dki should be 
replaced in the corresponding model by a triangular fuzzy 
distance 1 2 3( , , ).ki ki ki kid d d d��  The using of the �-cuts will 
deal to a crisp model and the solution will be a function of 
this parameter �. There are several works in Literature using 
fuzzy methods for competitive location problems. 

Liang et al. [18] analyze the optimum output quantity 
decision analysis of a duopoly market under a fuzzy 
decision environment. To efficiently handle the fuzziness of 
the decision variables, the linguistic values, subjectively 
represented by the trapezoidal fuzzy numbers, are used to 
act as the evaluation tool of decision variables such as fixed 
cost and unit variable cost. 

Osumi et al. [21] investigate a competitive facility location 
problem where there are two facilities on a linear market. 
Customers at a demand point utilize the facility which seems 
to be the nearest one from them. They do not distinguish the 
small difference between two distances. This preference is 
formulated by introducing relative fuzzy difference based on 
the actual distance between two points. This paper considers 
the problems to find the optimal location for the follower 
and for the leader.  

Uno and Katagiri [31] study a new optimal location 
problem, called defensive location problem (DLP). In the 
DLPs, a decision maker locates defensive facilities in order 
to prevent her/his enemies from reaching an important site, 
called a core; the DLPs are formulated as bilevel 0-1 
programming problems to find Stackelberg solutions. an 
interactive fuzzy satisfying method is proposed, 

Uno et al. [28] y [29] analyse competitive facility location 
problems and consider the case where the set of customers 
is divided into several subsets or types by investigating their 
preferences and criteria. Since the preferences and criteria 
often include the vagueness of human’s judgement they 
express such parameter by fuzzy numbers. 

Uno and Masatoshi [31] propose a multi-objective approach 
for competitive facility location models with fuzzy numbers. 
In cases where the objective of each firm that locates its 
own facilities is only to maximize its reward, the location of 
all facilities is usually crowded on some regions which have 
many populations or are a hub for all regions. Such a 
location forces the firms to compete extremely and the 
market about facilities is insecure. Therefore, they formulate 
a multi-objective problem in which the decision maker is an 
arbitrator and whose objectives are rewards for all firms. By 
using a solution to the problem, they find a good restriction 
such that more firms can survive. 

Considering the imprecision or vagueness in the customer 
choice rule, the appropriate model for dealing problem (19) 
is that with fuzzy coefficients in the technological matrix 
since the coefficients j

kic . Several relaxed choice rules have 
been proposed to allow a soft behavior of the customers. 
These rules will result in corresponding membership 
functions for the coefficients j

kic  that provide a particular 
linear programming problem with fuzzy technological 
coefficients. The problem is then solved by the 
corresponding auxiliary problem. 

 

5 Conclusions and further research 
Fuzzy sets constitute an appropriate approach to manage the 
uncertainty that appears in real competitive location 
problems. Fuzzy competitive location problems need to be 
clearly formalized and classified. There are several research 
works in some competitive location problems with fuzzy 
elements. However, practical solution procedures have to be 
tested for real problems Chance-constrained or Possibility 
theory and the classical use of �-cuts. 
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Abstract— This paper describes the use of syntactical data fusion
to computing possibilistic qualitative decisions. More precisely qual-
itative possibilistic decisions can be viewed as a data fusion problem
of two particular possibility distributions (or possibilistic knowledge
bases): the first one representing the beliefs of an agent and the sec-
ond one representing the qualitative utility. The proposed algorithm
computes a pessimistic optimal decisions based on data fusion tech-
niques. We show that the computation of optimal decisions is equiva-
lent to computing an inconsistency degree of possibilistic bases rep-
resenting the fusion of agent’s beliefs and agent’s preferences.

Keywords— Data Fusion, Decision theory, Pessimistic Criteria,
Possibilistic Logic.

1 Introduction
The problem of decision on uncertainty is crucial for many
applications in artificial intelligence. A decision theory must
provide some criteria for representing behaviors of an agent
in order to take the optimal decision amongst a set of deci-
sions. Possibility theory represents one of the theory which
deals with uncertain information. This paper presents a com-
putation of pessimistic decisions based on syntactic possibilis-
tic fusion operations[1]. A qualitative possibilistic decision
model [2] allows a gradual expression of both agent’s pref-
erences and knowledge. The preferences and the available
knowledge about the world are expressed in ordinal way. In
[2], the authors have proposed two qualitative criteria for or-
dinal decision approaches under uncertainty: the pessimistic
and the optimistic decisions criteria. The first one being more
cautious than the second one for computing optimal decisions.
A method for computing optimal decisions, based on ATMS
(Assumption-based Truth Maintenance System), has been
proposed in [3]. Using the pessimistic criteria, the procedure
is translated into an ATMS problem [4, 5].

Recently, in a companion paper [6] a method has been pro-
posed for computing optimal optimistic decisions using possi-
bilistic fusion modes. This paper is also developed in the same
spirit. Indeed, qualitative possibilistic decisions can be viewed
as a data fusion problem of two particular possibility distribu-
tions: the first one representing the beliefs of an agent and
the second one representing the qualitative utility (or agent’s
preferences). The handling of possibilistic decision raises new
issues and it requires additional steps such that the computa-
tion of negated possibilistic bases.
The rest of this paper is organized as follow. Section 2 gives
a brief backgrounds on possibilistic logic, on qualitative deci-
sion problems under uncertainty based on possibilistic logic

where agent’s beliefs and the preferences are expressed by
means of possibilistic bases. In Section 3, we provide a pre-
liminary step for our work. Section 4 presents an efficient
and unified way of computing pessimistic qualitative deci-
sions based on syntactic counterpart of data fusion problem.
The paper ends with some conclusions in Section 5.

2 Backgrounds
2.1 Possibilistic Logic
This section gives a brief refresher on possibilistic logic. See
[7] for more details on possibilistic logic. Let L be a finite
propositional language and Ω be the set of all propositional in-
terpretations. φ, ψ, . . . denote propositional formulas. For an
interpretation ω and a propositional formula φ, ω |= φ means
that ω is a model (in the sense of propositional logic) of φ. A
possibility distribution [7, 8] π is a mapping from a set of in-
terpretations Ω into the unit interval [0,1]. π(ω) represents the
degree of compatibility (or consistency) of the interpretation
ω with available pieces of information. Given a possibility
distribution π, two dual measures are defined on the set of
propositional formulas:

• The possibility (or consistency) measure of a formula φ,
defined by:

Π(φ) = max{π(ω) : ω |= φ and ω ∈ Ω} (1)

which evaluates the extent to which φ is consistent with
available beliefs expressed by π.

• The necessity (or certainty) measure of a formula φ, de-
fined by:

N(φ) = 1−Π(¬φ) (2)

which evaluates the extent to which φ is entailed by avail-
able beliefs.

A possibilistic knowledge base Σ is a set of weighted for-
mulas:

Σ = {(φi, αi) : i = 1, ..., n},
where φi is a propositional formula and αi ∈]0, 1] represents
the certainty level of φi. Each piece of information (φi, αi)
of a possibilistic knowledge base can be viewed as a con-
straint that restricts possibility degrees associated with inter-
pretations [7].

If an interpretation ω satisfies φi then its possibility degree
is equal to 1 (ω is completely compatible or consistent with
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the belief φi), otherwise it is equal to 1 − αi (the more φi

is certain, the less ω is possible). In particular, if αi = 1,
then any interpretation falsifying φi, is such that its possibility
degree is equal to 0, namely is impossible.

More formally, the possibility distribution associated with a
weighted formula (φi, αi) is [7] ∀ω ∈ Ω:

π(φi,αi)(ω) =
{

1− αi if ω �|= φi

1 otherwise (3)

More generally, the possibility distribution associated with a
qualitative possibilistic knowledge base Σ is: ∀ω ∈ Ω:

πΣ(ω) = min{π(φi,αi)(ω) : (φi, αi) ∈ Σ}. (4)

2.2 Possibilistic Qualitative Decision
Several works have been proposed for dealing with qualita-
tive decision theory under uncertainty. Some approaches con-
sider only all-or-nothing notions of utility and plausibility [9],
others use in addition a preference ordering on consequences
[10]. However, in many applications the knowledge bases
may be pervaded with uncertainty, and the goals may not have
equal priority. Dubois, Le Berre, Prade and Sabbadin [3] have
enriched logical view of the decision problem by assigning
levels of certainty to formulas in the knowledge bases, and
levels of priority to the goals. They have proposed two syn-
tactic approaches based on possibilistic logic, applied on two
stratified logical bases that model gradual knowledge and pref-
erences. The first one being more cautious than the second, for
computing optimal decisions [3].
It has been shown in [3] that the semantics underlying the two
syntactic approaches are in agreement with the two qualitative
utility functions proposed in [2].
Let K be a stratified base which represents level of certainty of
the knowledge, K = {(φi, αi) : i = 1, ..., n} where αi ∈ S
such that (αi > 0) denotes the degree of certainty, and the φi

’s are formulas in L where decision literals may appear.
Let P be a stratified base expressing preferences, P =
{(ψi, βi) : i = 1, ..., n} where βi ∈ S such that (βi > 0)
is a degree of priority, and the ψi’s are formulas in L where
decision literals may also appear.
Let K≥α denotes the set of formulas with certainty at least
equal to α . Let P≥β denotes the set of formulas with priority
at least equal to β. We also recall that K>α (with α < 1) de-
notes the set of formulas with certainty strictly greater than α
and P>β (with β < 1) denotes the set of formulas with prior-
ity strictly greater than β.
The certainty degrees and the priority degrees are assumed to
be commensurate and assessed to the same linearly order scale
S [2]. The top element of S will be denoted by 1, and the bot-
tom element will be denoted by 0.
For any set A of formulas, A∧ denotes the logical conjunction
of the formulas in A. Let D = {li} be a set of decision vari-
ables, where li are distinguished variables of the language L.
Let d ⊆ D, then the decision d∧ is the logical conjunction of
literals in the chosen subset. The variables that are not in D
are state variables.

Each set of decision d induces a possibility distribution πKd

in the following way [7]:

πKd
(ω) =




1 if ∀(φi, αi) ∈ K, ω |= φi and ω |= d∧

min(φi,αi)∈K/ω|=¬φi
(1− αi) if ω |= d∧

0 if ω �|= d∧

Where αi represents the degrees of necessity of the formulas
in the corresponding layers of Kd.
In other hand, the utility function µP associated to the prefer-
ences base P is built over Ω in a similar way:

µP (ω) =
{

1 if ∀(ψj , βj) ∈ P, ω |= ψj

min(ψj ,βj)∈P/ω|=¬ψj
(1− βj)

where βj represents a degree of priority of a formulas in P .
Making a decision amounts to choosing a subset d of the de-
cision set D. The objective is to rank-order decisions on the
basis of K and P . The pessimistic utility function is expressed
in terms of the possibility distribution πKd

and the utility func-
tion µ [3]:

u∗(d) = minω∈Ωmax(1− πKd
(ω), µ(ω)) (5)

In the pessimistic case, the decision d must satisfy [1]:

K∧
α ∧ d∧ $ P∧

>(1−α) (6)

The decision d associated with the most certain part of K en-
tails the satisfaction of the goals, even those with low priority.

3 Syntactic Counterparts of Negated
Preference Bases

This section presents a first result of this paper needed for the
development of our algorithm. It consists in a characterization
of a syntactic counterpart of negated possibilistic base defined
by: ∀ω ∈ Ω, πnΣ(ω) = 1− πΣ(ω).
Let Σ = {(φi, αi) : i = 1, ..n} be a possibilistic base. We
assume that: α0 = 0 < α1 < ... < αn. The following def-
inition gives the possibilistic knowledge base associated with
the negation of Σ.

Definition 1. The negated base of Σ = {(φi, αi) : i =
1, ..., n} is a possibilistic base, denoted by nΣ, and defined
by:

nΣ = {(di, 1− αi) : i = 1, ..., n} ∪ {(⊥, 1− αn)}

where di = ¬φi ∨ ¬φi+1 ∨ ... ∨ ¬φn.

Example 1. Let Σ = {(¬a ∨ b, 0.3), (b ∨ ¬c, 0.6)}. Then,
nΣ = {((a ∧ ¬b) ∨ (¬b ∧ c), 0.7), (¬b ∧ c, 0.4)}

The following proposition shows that nΣ is indeed encodes
the negation of Σ:

Proposition 1. Let Σ = {(φi, αi) : i = 1, ..., n} be a prefer-
ence base, and nΣ its negated base obtained using Definition
1. Let πΣ and πnΣ be the utility distributions associated with
Σ and nΣ respectively. Then:

∀ω ∈ Ω, πΣ(ω) = 1− πnΣ(ω).

Proof. Recall first that when πΣ(ω) = α (resp πnΣ = β)
then ω falsifies formulas of Σ (resp of nΣ) having a weight
equal to α (resp β), but satisfies all formulas of Σ (resp nΣ)
having a weight strictly larger than α (resp β). We distinguish
3 cases:
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1. πΣ(ω) = 1, which means that ∀(φi, αi) ∈ Σ, ω |= φi.
This means that ω falsifies all formulas of nΣ, and in par-
ticular the highest formula α1, namely ω �|= α1. Hence,
πnΣ(ω) = 0 = 1− πΣ(ω).

2. πΣ(ω) = αn. This means that ω satisfies all formulas in
Σ except αn. This also means that ω satisfies all formulas
di (since di is a disjunction of ¬φn and others terms).
The only formula falsified by ω ∈ nΣ is (⊥, 1 − αn).
Hence, πnΣ(ω) = 1− (1− αn) = αn = πΣ(ω).

3. πΣ(ω) = αj with j < n. This means that ω �|= φj .
Hence, ∀i ≤ j, ω |= φj (since dj contains ¬φj).
µP (ω) = αj also means that ∀k > j, ω |= φk, namely
ω |= φn ∧ ... ∧ φj+1. Hence, ω �|= ¬φn ∨ ... ∨ φj+1.
Namely, ω �|= dj+1. Therefore: πnΣ(ω) = 1 − (1 −
α(j+1)−1) = αj = πΣ(ω).

The obtained base nΣ must be put in a clausal form to get
CnΣ .

Example 2. Let nΣ be the base obtained in example 1. The
clausal form of nΣ is then: CnΣ = {(c, 0.4), (a∨¬b, 0.7), (a∨
c, 0.7), (¬b, 0, 7), (¬b ∨ c, 0.7)}

4 Computation of Pessimistic Decision
In this section, we propose an algorithm for computing qual-
itative optimal decision in the pessimistic case. The knowl-
edge base K can be the result of merging several knowledge
bases K1,K2, ...,Kn. The possibilistic distribution associated
to K is then obtained by merging possibility distributions as-
sociated with K1, ,K2, ..., Kn using some merging operator
/oplus, namely: πK = ⊕(πK1, ..., πKn). When ⊕ = min,
it has been shown that K = K1 ∪ ...Kn. If ⊕ = max,
then K = {(φ1 ∨ ...φn, min(α1, ..., αn)) : (φ1, α1) ∈
K1, ..., (φn, αn) ∈ Kn}. For syntactic counterparts of more
general operator, see [1]. Similarly, P can be also the result of
merging several preference bases.
Now, once K and P are fixed, we propose a syntactic com-
putation of optimal decisions. We recall that an optimal pes-
simistic decision d maximizing u∗(d) is such that:

u∗(d) = minω∈Ωmax(1− πKd
(ω), µ(ω)) (7)

From equation (6), a first way to syntactically compute opti-
mal decisions is first to compute the counterpart of 1− πKd

,
then compute the counterpart of max(1− πKd

(ω), µ(ω)) and
lastly compute u∗(d). This approach is not interesting since
first in general Σ is more important than P and computation
of max(1 − πKd(ω), µ(ω)) is more expensive than the com-
putation of the minimum. We propose to explore another pos-
sibility by noting that equation (6) is equivalent to:

u∗(d) = 1−maxω∈Ωmin(πKd
(ω), 1− µ(ω)) (8)

Besides, the syntactic counterpart of min(π1(ω), π2(ω)) is
the possibilistic base Σmin = Σ1 ∪ Σ2 [1].
Thus, combining these results, the corresponding base Σmin

associated to min(πKd
(ω), 1− µ(ω)) is the possibilistic base

K ∪ nP ∪ {(d, 1)}, such that nP is the possibilistic base cor-
responding to the utility function 1− µ(ω). We recall that:

u∗(d) = 1−maxω∈Ω{min(πKd(ω), 1− µ(ω))} (9)

Lemma 1. Let nP be the negated based, obtained using
Definition 1, of the preferences base P . Then, the syntactic
counterparts of min(πKd(ω), 1− µ(ω)) is K ∪ nP .

On the other hand, the inconsistency degree Inc(K ∪CnP )
of a possibilistic base K ∪ CnP

, where CnP
represents the

conjunctive form of the base nP , is defined as follow [7]:

Inc(K ∪ CnP ) = 1−max{πKd
(ω)}

Lemma 2. The pessimistic utility function associated to de-
cision d is :

u∗(d) = Inc(Σmin)

Where Inc(Σmin) represents the inconsistency degree of the
base K ∪ CnP

∪ {(d, 1)}.
Then, the computation of optimal pessimistic decisions is ob-
tained using the Algorithm 1.
The computation of inconsistency degree is performed by a

Algorithm 1 Computation of optimal pessimistic decision
Input: K knowledge base

CnP
conjunctive form of np

N number of decision variables
D = {di∈[1,n]} set of decisions

Output: decision
Begin
i← 1
max← 0
inc← 1
for i = 1 to N do

incons(K ∪ CnP
∪ {(di, 1)}, inc, bool)

if (bool=true) then
if (inc > max) then

max← inc
decision← {di}

else if inc = max then
decision← decision ∪ {di}

end if
end if

end for
RETURN (decision)
End

call to the function incons(B ∪ {(¬φ, 1)}, Inc, bool). This
function, given by the Algorithm 2, has three parameters: a
stratified knowledge base, an integer representing current in-
consistency degree and a boolean variable.
The base B∗

≥αr
is defined as the classical projection of the

α cut B≥αr
. B∗

≥αr
= {φ : (φ, β) ∈ B, β ≥ αr}.

The function incons is on the extension of dichotomous al-
gorithm for computing inconsistency proposed in [11] on
which some adaptations have been made in order to com-
pute optimal decision. Indeed, one the inconsistency degree
of K ∪ CnP ∪ {(di, 1)} can be greater than the inconsistency
degree of K ∪ CnP

∪ {(dj∈[1,i−1], 1)}, the algorithm stops.
In terms of complexity, the proposed algorithm is based on

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1714



an inconsistency degree computation which is known to be
NP-hard and requires in the worst case [log2m] satisfiability
checks, where m is the number of different valuations involved
in K∪CnP

∪{(di, 1)} using any prouver for the propositional
satisfiability problem SAT.

Algorithm 2 Function incons(B ∪ {(¬φ, 1)}, inc, bool)
Input B:stratified base

φ:weighted formula
n: number of strates in base B

Output inc: inconsistency degree
bool:boolean

Begin
l← 0 {initially pointed on the last strate of the base}
u← m {initially pointed on first strate of the base}
bool← true
while ((l < u) and (bool = true)) do

r ← [(l + u)/2] {pointer uses for dichotomy}
if (B∗

≥αr
∧ ¬φ consistent) then

u ← r − 1 {check the inconsistency in the most big
base}

else
if (inc ≥ αr) then

l← r
else

bool← false
end if

end if
end while
if (αr ≥ inc) then

bool← false
end if
if (bool = true) then

inc← αr

end if
RETURN(inc,bool)
End

Example 3. Let us exemplify the algorithm on an exam-
ple initially proposed in [12] and reused in [2]. The example
is about taking an umbrella or not, knowing that the sky is
cloudy.
The literals of the language are:

• It rains: r

• Being wet: w

• Taking an umbrella: um

• The sky is cloudy: c

The stratified knowledge base is K = {(¬um∨¬w, 1), (¬r∨
um ∨ w, 1), (r ∨ ¬w, 1), (c, 1), (¬c ∨ r, 0.6)}.
The stratified preference base is P = {(¬um, 0.2), (¬w, 1)}.
We do not like to take an umbrella, but it is more important to
be dry.
The set of decisions is D = {um,¬um}, i.e taking an um-
brella or not.

The preliminary step consists to compute the conjunctive nor-
mal form CnP of the negated form nP of the preference base
P . Then, the algorithm applies as follow:

• initially, i ← 1, inc ← 1, max ← 0 and d1 ← um.
We have to call to the function incons(K ∪ CnP ∪
{(um, 1)}, inc, bool). This function return inc=0.1 and
bool=true. In this case, inc > max, so decision ←
{um} and max← inc.

• In the next step, i ← 2 and d2 ← ¬um. The call of
the function incons(K ∪ CnP ∪ {(¬um, 1)}, inc, bool)
returns inc = 0.1 and bool is true. As inc=max, the set
of optimal decisions do not change.

Thus, the best pessimistic solution of the umbrella problem
is to take an umbrella.

5 Conclusion
The main contribution of this paper is a proposition of a new
approach to compute a qualitative possibilistic pessimistic de-
cision problem. This problem is viewed as the one of comput-
ing inconsistency degrees of particular bases in the framework
of possibilistic logic. The application exploits the syntactic
counterparts of data fusion techniques.
Our approach is an alternative to the ATMS-based solution,
proposed in [3] and it avoids the use of the ATMS to compute
the pessimistic optimal qualitative decision which is known
to be not efficient when it deals with an important number of
variables. Then, in the pessimistic case, the knowledge base
and the preferences base are fused and the decision problem is
translated into the computation inconsistency degree of a spe-
cific base. This process leads to use a logical technique more
adapted than the ATMS one.
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Abstract—This paper presents a new framework to model an 
assessment process for a complex and multidimensional syndrome 
such as depression. Since the measurements of depression are 
inherently imprecise, we explicitly model the context of the 
assessment process, and we analyze various aspects of imprecision 
(syntactic, semantic, and pragmatic). The framework is based on 
fuzzy logic and semiotics. The fuzzy-logic approach allows for the 
representation of quantitative imprecision of the measurements and  
the semiotic approach allows for the representation of the qualitative 
imprecision of the concepts. We have applied this fuzzy-semiotic 
framework to two types of clinical measurements: the rating by the 
experts and the filling out of self-administered questionnaires. The 
proposed framework provides a conceptual foundation for the 
construction of a medical decision support tool. 

Keywords— Assessment of depression, fuzzy logic, imprecision, 
modelling, medical decision, semiotics.   

1 Introduction 
Depression is a common mental disorder characterized by 
sad moods, loss of interest or pleasure, feelings of guilt or 
low self-worth, disturbed sleep or appetite, low energy, and 
poor concentration. Depression represents a major public 
health problem, and it has a high prevalence worldwide and 
high societal costs [1]. The World Health Organization 
(WHO) reports that “depression is affecting about 121 
million people worldwide;” furthermore, WHO ranks 
depression as one of the most burdensome diseases in terms 
of disability costs [1, 2]. The assessment and treatment of 
depression are lengthy and complex, and often the patients 
wait a long time to gain access to psychiatrists. We believe 
that specialists as well as general practitioners may be 
assisted by a decision-support tool, which may reduce the 
waiting time and facilitate earlier medical assistance. The 
medical decision support tool is not intended to make 
therapeutic and diagnostic decisions, and it should never 
replace proper psychiatric examination or harm the crucial 
relationship and trust between a doctor and a patient. The 
effectiveness of such a support system depends profoundly 
on the underlying models of the measurement process. Thus, 
we present first a framework based on fuzzy-logic and 
semiotic approaches to model the complex and multi-
dimensional concept of depression and its measurement 
methods. Second, we then use this framework to model two 
general types of measurements: (1) rating by an expert using 

widely accepted rating scales such as the Hamilton Rating 
Scale for Depression (HRSD) and (2) self-administered 
questionnaires filled out by patients such as the Beck 
Depression Inventory (BDI).   
This paper is structured as follows. Section 2 surveys various 
classifications of depression and methods used to measure 
the severity of depression. Section 3 presents the definition 
of imprecision in medical data and defines three 
characteristics. Section 4 presents a fuzzy-semiotic 
framework for explicit representation of imprecision in 
medical data. Section 5 and 6 describe the implementation of 
the framework for the assessment of depression in the 
context of treatment evaluation and in the context of 
screening. Finally, the last section presents conclusions and 
suggests directions for future research.  

2 Depression and its measurement process  

Depression is a term used to cover a wide range of states, 
from feeling sad or helpless, through minor depression to 
major depression (MD). There are many approaches to the 
definitions, classifications, diagnostic criteria, and 
measurements of depression. These diverse approaches 
reflect the fact that depression has a complex etiology and 
presents itself with a variety of symptoms, which differ in 
different patients. In this paper, we focus on modeling the 
measurement process; thus we concentrate on a classification 
of symptoms, their frequency, and duration. However, the 
measurement process is determined by the definition of 
depression (its conceptualization). Thus, we cannot model 
the measurement process without specifying first the various 
conceptualization approaches.  

2.1 Conceptualization of Depression 

Several conceptual approaches to depression exist, and many 
authors view depression as a syndrome rather than a single 
diagnostic entity. In this paper, we focus on major 
characteristics: (1) depression can be defined by a set of 
presenting symptoms, which display specific severity, 
frequency, and duration, (2) depression can be viewed as a 
dimensional concept in which symptoms may be grouped or 
clustered into specific dimensions, and (3) depression may 
be conceptualized as a state or trait.  
The symptomatic approach to depression identifies more 
than 10 symptoms, which have varied definitions and which 
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are used in different ways by the diagnostic criteria. The 
symptoms are generally grouped into three classes: affective 
(crying, sadness, apathy), cognitive (thoughts of 
hopelessness, helplessness, suicide, worthlessness, guilt), and 
somatic (sleep disturbance, changes in energy level, changes 
in appetite, and elimination). Not all symptoms are present at 
the same time, and the severity of symptoms differs. 
Moreover, the symptoms may vary in their “directions.” For 
example, two subtypes of depression are distinguished: 
depression with vegetative symptoms (e.g., appetite loss, 
weight loss, insomnia) and depression with reverse 
vegetative symptoms (e.g., appetite increase, weight gain, 
hypersomnia). The second subtype, according to the 
epidemiological studies, is characteristic of one-fourth to 
one-third or of all people with major depression, and it is 
more common among women. 

2.2 Operationalization of Depression 

In our discussion, we refer to two general diagnostic criteria: 
WHO’s International Classification of Disease (ICD-10 in 
Great Britain) and the Diagnostic and Statistical Manual of 
Mental Diseases Fourth Edition (DSM-IV in North 
America). Both criteria are based on a symptomatic approach 
and have many similarities and differences [3]. They differ in 
the set of symptoms; however, both have eight symptoms in 
common: depressed mood, loss of interest, decrease in 
energy or increased fatigue, sleep disturbance, appetite 
disturbance, recurrent thoughts of death, inability to 
concentrate or indecisiveness, psychomotor agitation or 
retardation. The ICD-10 and DSM-IV criteria have a 
significant overlap in diagnosis, yet in some cases the patient 
may meet the diagnostic criteria in one system but not in the 
other. For example, the ICD-10 criteria do not take into 
account bereavement, while DSM-IV excludes a diagnosis of 
major depression if the symptoms may be linked with the 
bereavement process. Both diagnostic criteria have been 
modified several times and remain subjects of ongoing 
discussions. These modifications clearly indicate the 
difficulties in defining such a heterogeneous syndrome.  

2.3 Assessment of Depression 

Assessment of depression must be placed in a broader 
context of clinical decision making. Thus, for example, Nezu 
et al. [4] define the following questions to guide the selection 
and interpretation of the appropriate measurement process: 
(1) What are the goals of assessment? (2) Who is to be 
assessed? (3) What is the value of a given measure and who 
is the source of the information? The goals, for example, are 
screening, diagnosis and classification, clinical hypothesis 
testing, treatment planning, prediction of behavior, or 
outcome evaluation. The assessed groups are heterogeneous 
in terms of age, comorbidity, cultural background, and 
gender. The measures can be divided along the lines of 
idiographic and nomothetic philosophies of measurement. 
The idiographic approach assumes that each person is unique 
and thereby requires an individualized method of 
measurement. Thus, the measuring process requires an 
assessment by a clinician who follows the general structure 
of a rating scale, but who can vary the specific questions 
according to individual needs of the patient. The nomothetic 

approach has the goal of generalization, and the 
measurements strictly follow standardized questionnaires.  
Moreover, various measures are characterized by varied 
reliability, validity, and practical utility.   

3 Imprecision 

Imprecision is an intrinsic part of many medical concepts and 
their measurements. Concepts such as quality of life, state of 
health, and depression are difficult to define, measure, and 
quantify. Moreover, a certain level of imprecision is 
characteristic of all medical data. Imprecision is an inherent 
part of conceptualization, operationalization, and the 
measurements themselves. Moreover, imprecision is distinct 
from incompleteness (absence of value), inaccuracy (value is 
not close to the “true” value), inconsistency (dissimilar 
values from several sources), and uncertainty (probability or 
belief that the value is the “right” value. In our discussion, 
we focus on three characteristics:  

1) Imprecision has two aspects: qualitative and 
quantitative. The qualitative imprecision is a result 
of a vagueness of the concept (e.g., quality of life, 
status of health) and the inability to precisely 
measure the concept (e.g., inherent imprecision of 
self-administered depression questionnaires).  The 
quantitative imprecision is a result of a lack of 
precision in a measurement. We view these aspects 
of imprecision as pragmatic (vagueness of the con-
cept), semantic (lack of precise measures), and 
syntactic (lack of precision in a measurement). 

2) Imprecision is highly contextual and interpretative, 
i.e., a statement “I feel sad some of the time” may be 
sufficiently precise in a specific situation or a more 
precise statement such as “I feel sad 2-3 times a 
week for more than 2 hours without any particular 
reason” may be needed. Thus, imprecision is a 
quality of a specific value used in reference to a 
concept in a specific context. Often, imprecise values 
are sufficient, since the precision may be impossible 
to attain, impractical, too expensive, or unneeded.    

3) Imprecision should be viewed in terms of degrees.  
Each concept, its representation, and its 
interpretation have a certain degree of imprecision or 
precision. Imprecision in a sense has continuous 
values. The values can be ordered in increasing or 
decreasing order of precision. For example, the 
severity of depressive mood can be described in 
terms of its frequency and duration with an 
increasing precision: “occasional sadness” “sadness 
2-3 times a day” and “sadness 2-3 times a day more 
than for 2 hours.”  

4 A fuzzy-semiotic framework 
In this section, we present a conceptual framework for 
modeling imprecision and its qualitative and quantitative 
aspects. Our framework is based on a complementary 
combination of the semiotic approach and the fuzzy-logic 
approach. The semiotic approach provides a model for 
qualitative imprecision, whereas the fuzzy-logic approach 
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provides explicit representation for quantitative imprecision. 
Our framework addresses also the contextual and 
interpretative characteristics of imprecision.   

4.1 Semiotic Approach 
We based the framework on Peircean semiotics, which 
defines “sign” as any entity carrying some information and 
used in a communication process. Peirce divided semiotics 
into three categories [5]: syntax (the study of relations 
between signs), semantics (the study of relations between 
signs and the referred objects), and pragmatics (the study of 
relations between the signs and the agents who use the signs 
to refer to objects in the world). This triadic distinction is 
represented by Peirce’s semiotic triangle: the object, 
representamen (the form which the sign takes), and 
interpretant. Fig. 1 shows the semiotic representation for the 
assessment of depression. In this model, the “interpretant” 
refers to the purpose of the assessment (e.g., screening, 
diagnosis, treatment evaluation), the agents (e.g., patients, 
clinicians), the perspectives (e.g., health care costs, 
accessibility, ethics), the biases (e.g., specific subgroups of 
agents), and the views (e.g., variations in the diagnostic 
criteria).  

  
Figure 1: Semiotic triangle. 

The assessment involves three aspects: conceptualization 
(what to measure), operationalization (how to measure), and 
utilization (how to use the measure). These three aspects 
constitute a triplet: <O,M,U>, where O represents a set of 
objects, M a set of measures, and U a set of utilization 
parameters (interpretants). For example, the representation of 
depression has a set of objects such as depressive episode, 
cognitive symptoms, affective symptoms, somatic symptoms, 
a set of diagnostic criteria and assessment instruments, and a 
set of clinical guidelines for the assessment process in a 
particular context.    

4.2 Fuzzy- Logic Approach  
We based the framework on a fuzzy-logic approach (1) to 
assess the severity of depressive episode as “absent,” “mild,” 
“moderate,” and “severe” and (2) to assess the severity of 
particular dimensions of depression.  Since the assessment 
process depends on the clinical context, the accepted 
definition of depression, and the specific diagnostic criteria, 
we apply the fuzzy-logic framework to the treatment 
evaluation and screening.     

5 Modeling the assessment of depression in the 
context of treatment evaluation  

In this section, we describe the treatment evaluation process, 
which typically is used in psychiatric clinics to assess clinical 

situations and to evaluate the effectiveness of pharmaceutical 
treatment. We have applied the fuzzy-semiotic framework to 
model the assessment of depression in the context of 
treatment evaluation. The evaluation protocol is based on our 
earlier work on a fuzzy-logic based system to support a 
depressive episode therapy [6]. In the following subsections, 
we discuss diagnostic criteria, an assessment instrument, a 
measure for treatment effectiveness, and an implementation 
of the fuzzy-semiotic framework.   

5.1 Diagnostic Criteria  
The treatment evaluation requires at least two consultations: 
pre- and post-treatment. During the first consultation, the 
clinician evaluates the patients according to diagnostic 
criteria accepted by the clinic, such as DSM-IV or ICD-10.  
In this specific application, the clinician uses the Research 
Diagnostic Criteria (RDC) for ICD-10 to assess the severity 
of a depressive episode as mild, moderate, or severe, and to 
classify it as an episode with or without psychotic symptoms 
and with or without somatic symptoms. During the second 
consultation, the clinician repeats the assessment, compares 
the results with the results from the first consultation, and 
evaluates the clinical situation as a recovery, partial 
improvement, lack of improvement, and deterioration. The 
RDC for ICD-10 have 16 items, which are rated by the 
clinician using the Hamilton Rating Scale for Depression 
(HRSD) and eight additional questions for the items not 
covered by HRSD.  

5.2 Assessment Instrument  
The Hamilton Rating Scale for Depression (HRDS) is an 
assessment instrument, which has been the most frequently 
used clinical rating scale since its inception in 1960 [7]. The 
HRDS is completed by a clinician, and it used to indicate the 
severity of depression in patients already diagnosed with a 
depressive disorder. The HRDS has 21 items; 17 items are 
usually used for scoring. The items are measured on a three–
point scale (0, 1, 2) or a five-point scale (0, 1, 2, 3, 4). The 
items are based on symptoms. The items on the three-point 
scale are quantified as 0 = “symptom absent,” 1 = “slight or 
doubtful,” and 2 = “clearly present.” The items on the five-
point scale are quantified in terms of increasing intensity: 0 = 
“symptom absent,” 1 = “doubtful or trivial,” 2 = “mild,” 3 = 
“moderate,” and 4 = “severe.” For example, the symptom 
depressed mood is quantified as 0 = “absent,” 1 = “feeling of 
sadness, gloomy attitude, pessimism about future,” 2 = 
“occasional weeping,” 3 = “frequent weeping,” 4 = “extreme 
symptoms.” Typically, the scores from 17 HRDS’s items are 
added together, and the final score ranges from 0 to 52 
points. Originally, Hamilton did not specify cutoff points; 
however, generally the scores lower than 7 indicate an 
absence of depression, scores 7 to 17 indicate mild 
depression, scores 18 to 24 indicate moderate depression, 
and scores of 25 and above indicate severe depression. 
Generally, the HRDS has high reliability and validity. On the 
other hand, the literature on the HRSD includes many papers 
criticizing the scale on a number of grounds. One of the 
important issues for our explicit model of imprecision is a 
critical assumption about the type of a measurement. The 
problem is related to the quantification of the concept: is the 

Representamen: 
Criteria, Scales, 
Questionnaires 

Interpretant: 
Purposes, Agents, 
Perspectives, Biases, Views 

Object: Multidimensional Concept of Depression   
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HRDS an ordinal measurement scale or is it an interval 
measurement scale? Thus, although from a theoretical 
perspective, the HRDS is an ordinal scale, from the practical 
perspective, the HRDS is perceived as an interval 
measurement, which means that one unit on the scale 
represents the same magnitude of change across the entire 
scale. For example, the symptom depressed mood rated from 
0 to 4 should have equal distances between the four points. 
The distance of two units between “absence of depressed 
moods” (rated as 0) and “occasional weeping” (rated as 2) 
should be the same as the distance between “occasional 
weeping” (rated as 2) and “extreme symptoms, when the 
patient reports only sad feelings in verbal and non-verbal 
communication” (rated as 4).  
We have observed that (1) the HRDS represents an ordinal 
scale, and the assumption of the equity of distances between 
units introduces a large measurement imprecision, and (2) 
the range of values on three-point scale and five-point scale 
is not sufficient for scaling small changes in symptoms 
during the treatment. To address these two problems, we 
have introduced an 11-point rating scale –  a range of values 
from a discrete set: {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 
0.9, 1}. The value 0 means “normal state” (not precisely 
defined), and the value 1 means extreme pathology (also not 
specified), the medium values are based on the HRDS range 
of scores 0–4  (1 = 0.2, 2 = 0.4, 3 = 0.6, and 4 = 0.8). Each 
item has the same rating range. The 16 items on the RDC for 
ICD-10 and an example of values for patient p1 are presented 
in Fig. 2.    

 
Figure 2: Assessment of depressive episode for patient p1 

using the RDC for ICD-10.  

5.3 Measure of the Treatment Effectiveness  
The treatment evaluation is based on the comparison 
between the pre-treatment and post-treatment assessment 
outcomes. In the assessment process, a clinician (a rater) 
evaluates the intensity of depression for each of the 16 items, 
and then calculates the relative intensity of depression in 
percent. The Relative Depression Intensity, RDI, is 
calculated for a specific patient, p1, rated by a specific rater, 
r1, at given point in time, t1, using (1). The RDC criteria for 
ICD-10 are represented as C1,..., C16  (n = 16). The maximum 
value for each Ci is 1.  
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The RDI values range from 0% to 100% and are interpreted 
using linguistic descriptors as follows: “absent” corresponds 
to interval <0, 10), “mild” corresponds to <10, 40), 
“moderate” corresponds to <40, 70), and “severe” 
corresponds to <70, 100>.   
The efficiency of therapy is measured using the Therapy 
Effectiveness Index, TEI. The TEI is based on the RDI 
assessed during the initial consultation at time t1, and the 
RDI assessed during a later consultation at time t2, where t1 <  
t2, using (2).   

(2)  100%  
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111

211111

trpRDI
trpRDItrpRDI RR

The values of the TEI relate to four clinical situations: “no 
improvement,” TEI = 0; “recovery,” TEI = 1, “partial 
improvement,” 0 < TEI < 1; and “deterioration,” TEI < 0.   

5.4 Fuzzy-Semiotic Model for the Treatment Evaluation  
From the semiotic perspective, the assessment process 
involves a representation and an interpretation of the 
assessment outcomes. The outcomes of the assessment are 
interpreted with reference to specific patients, raters 
(clinicians), and specific timing. Thus, we conceptually 
model the assessment process as a tuple shown in (3). 

(3)               ,)},{(,,    Assessment      1       1 TVORP n
i

Where P represents a finite set of references to the patients, 
R represents a finite set of references to the raters, O 
represents a finite set of outcomes, V represents a finite set of 
values for the outcomes, and T represents a finite set of time 
points. The outcomes, O, consist of the criteria, C, and the 
measurements, M. The measurements can be quantitative and 
qualitative.  
The quantitative measurements are absolute scores 
(calculated as the sum of all items from a diagnostic scale) 
and relative scores or indexes (calculated as a ratio between 
the patient’s score and the possible maximum score value). 
For example, the relative intensity of depression, the RDI 
(shown earlier in Fig. 2) is 60 %.  
The qualitative measurements are linguistic descriptions such 
as “symptoms do not meet criteria for any depressive 
episode,” “mild,” “moderate,” and “severe.” Additionally, 
the linguistic descriptions may include a phrase concerning 
somatic and psychotic symptoms. Thus, a qualitative 
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loss of libido 
depression worse in the morning 

lack of emotional reaction 
waking in the morning 

sleep disturbances 
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outcome may be specified, for example as “severe with 
exclusion of psychotic symptoms.”   
Using our framework, an assessment of patient, p1, by a 
clinician, r1, at time, t1, with outcomes o1 and o2 is 
represented as (p1, r1, (o1, 60) (o2, “moderate”), t1).   
We present the fuzzy-logic aspect of the framework based on 
the standardized rating guidelines for the administration of 
the HRDS, GRID-HAMD-17 [8]. The GRID-HAMD-17 
overcomes several shortfalls in the original HRDS, 
particularly, the high level of imprecision in measures of 
frequency and intensity. The GRID-HAMD-17 provides 
specific instructions for the evaluation of the frequency and 
intensity for the 12 items and intensity only for 5 items 
(frequency is not applicable for these items). The frequency 
is represented by four linguistic terms: “absent or clinically 
insignificant,” “occasional,” “much of the time,” and “almost 
all of the time.” The GRID-HAMD-17 guidelines specify the 
mapping between the linguistic terms and the frequency of 
symptoms measured in days/week. The mapping is defined 
as follows: “absent” = not occurring, “occasional” = less than 
3 day/week, “much of the time” = 3–5 days/week, “almost all 
the time” = 6–7 days/week. The same definition of frequency 
is used for all applicable items. The intensity is represented 
by five linguistic terms: “absent,” “mild,” “moderate,” 
“severe,” and “very severe.” The terms have specific 
qualitative mappings for each item.  
We present the fuzzy-logic approach, using an example of 
the first item on the GRID-HAMD-17, “depressed moods.” 
We have constructed two linguistic variables: Frequency and 
Intensity of Depressed Moods. The variable Frequency has 
four terms: absent, occasional, much of the time, almost all 
the time. The membership functions, MFs, for the symptom 
frequency are shown in Fig. 3. They have been created based 
on the frequency measured by days per week.    

0 1 2 3 4 5 6 7
0

0.2

0.4

0.6

0.8

1

Frequency  (days)

D
e

g
re

e
 o

f 
m

e
m

b
e

rs
h

ip

absent occasional much of the time almost all the time

 
Figure 3: MFs for the frequency of a symptom. 

The MFs for the intensity of a depressed mood are shown in 
Fig. 4. The MFs are based on a continuous scale from 0 to 1, 
which corresponds to the clinician’s rates on a discrete scale 
from 0 to 1 with an increment of 0.1. The intensity of the 
symptom is rated by the clinician based on the GRID-
HAMD-17 specification.  For example, the depressed mood 
with a “severe” intensity is described as “intense sadness; 
hopelessness about most aspects of life, feeling of complete 
helplessness or worthlessness.”    
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Figure 4: MFs for the depressed mood intensity.  

6 Modeling the assessment of depression in the 
context of screening 

In this section, we describe the screening process using the 
Beck Depression Inventory (BDI). The BDI was originally 
developed by Beck in 1961 [9], and since then, it has been 
used to measure the intensity of depression in psychiatric 
patients, to screen for depression in family practice, and to 
screen for depression in research studies. BDI has 21 items 
evaluating 21 symptoms of depression. Each item is rated on 
a four-point intensity scale (0 to 3). The currently used BDI 
version refers to the last 7 days and is typically self-
administered [10].  The scores are added together and given 
a total score between 0 and 63. The common guidelines for 
the interpretation of scores specify that scores less than 10 
indicate “absent” depression, 10 to 18 indicate “mild to 
moderate”, 19 to 29 indicate “moderate to severe,” and 
scores of 30 and above indicate “severe” depression.  
Using our framework, an assessment of patient, p1, by self-
reporting, r1= p1 at time, t1, with outcomes o1 and o2 is 
represented as (p1, r1, (o1, 35) (o2, “severe”), t1).  Using the 
fuzzy-logic approach, we have constructed a linguistic 
variable Severity of Depression with four terms: absent, mild, 
moderate, and severe. The MFs for the severity of depression 
are shown in Fig. 5.  
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Figure 5: MFs for the severity of depression based on BDI.  

We have observed that the assessment of depression is highly 
contextual and depends on (1) the conceptual basis of the 
measures, (2) the use of specific guidelines or approaches to 
the measuring instruments, and (3) the interpretation of the 
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outcomes. To demonstrate the inherent imprecision of 
interpretation, we have compared the guidelines for the RDC 
for ICD-10 (described in Section 5), HAMD-17, and BDI. 
We have converted the HAMD-17 scale and BDI to indexes, 
by dividing the HAMD-17 score by its maximum score of 
52, and dividing the BDI score by its maximum score of 63. 
Table 1 shows the mappings between qualitative descriptors 
and corresponding ranges of scores for the RDC-based 
evaluation, HAMD-17, and BDI. We have assumed that the 
scales are interval measurements, and they measure intensity 
of similar conceptual constructs of depression. Interestingly, 
we have noticed that the patient p1, scoring 60% = 
“moderate” on RDI, will be classified as “severe” on 
HAMD-17 and BDI.  

Table 1: Depression severity for three assessment measures. 
Severity  RDC 

 ICD-10( %) 
Indexed 
HAMD-17 % 

 Indexed 
BDI (%) 

Absent       < 10   < 14    < 16  
Mild 10 -39.9 14 – 33.9 16 – 29.9 
Moderate 40 -69.9 34 – 46.9 30 – 46.9 
Severe   > 69.99   > 46.9    > 46.9 

 

7 Conclusions 
In this paper, we have examined three essential 
characteristics of imprecision: (1) qualitative and quantitative 
aspects, (2) contextual and interpretative nature, and (3) 
graduality of imprecision. We have demonstrated that 
imprecision is an intrinsic part of the assessment of such a 
complex syndrome as depression. Furthermore, we have 
presented a fuzzy-semiotic framework for the explicit 
representation of qualitative, quantitative, contextual, and 
interpretative aspects of imprecision. We have used a 
semiotic approach to represent the concept of depression, its 
symptomatic representations, and the clinical utilization of 
the measures. Furthermore, we have applied a fuzzy-logic 
approach to explicitly represent the imprecision of various 
measures.  
We are planning to expand and further formalize the 
proposed framework and to build a comprehensive data 
model for the medical concept of “depression” and its 
assessment in treatment evaluation and screening. We will 
apply this model in a clinical decision support system for the 
diagnosis and treatment of depression, as well as in a support 
system for the treatment of sleep disorders.  
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1 Introduction

Fuzzy equivalence relations, i.e. reflexive, symmetric and
Min–transitive relations, were introduced in 1971 by L.A.
Zadeh [1] with the name of similarities. Later, the Minimum
used in their definition was replaced by a t–norm T [2] and
they were called T–indistinguishabilities. Since then, fuzzy
equivalences have received many other denominations, de-
pending on the author, the context or sometimes on the par-
ticular t-norm used to define them: likeness relations, fuzzy
equalities, T–equivalence relations (the one preferred in [3]),
proximity relations, etc. Here we will use the term T–indis-
tinguishability.

T–indistinguishabilities are then the fuzzy concept corre-
sponding to classic equivalence relation, and they have be-
come from the first beginning as a useful tool in situations
with a certain degree of uncertainty where the transitivity of
the equivalence relations is too strong. They have been widely
used in many applications: Fuzzy Control, Cluster Analysis,
Pattern Recognition, Approximate Reasoning, etc. They are
also an important branch of Fuzzy Sets Theory and Fuzzy
Logic.

For a given set, T–indistinguishabilities measure the degree
of similarity between two of its elements. In this paper we pro-
pose an extension of this concept in order to be used to mea-
sure the similarity between all of the elements of a finite list.
This extension to multiple arguments will be called T–multi-
indistinguishabilitiy, and we will deal also with its counterpart
in the field of metric spaces: multidistance.

The paper is organized as follows. First, in Section 2,
well known definitions and properties of t–norms are recalled.
In Sections 3 and 4 axiomatical definitions for T–multi-
indistinguishabilities and related pseudo-multidistances and
multidistances are proposed, respectively. After, the close re-
lationship existing between T–indistinguishabilities and pseu-
dodistances, by means both of an additive generator of the t–
conorm and strong negations, is recalled and then translated to

our multidimensional definition in Section 5. Finally, an ex-
ample of how to construct T–multi-indistinguishabilities from
multidistances by using this relationship is detailed in Sec-
tion 6.

2 Definitions and basic properties of
triangular norms

Triangular norms are involved in the definition of T–
indistinguishabilities, and so a quick overview on definitions,
examples and properties is convenient (see [3] for a more com-
plete study).

Definition 1 A triangular norm, or a t–norm in short, is a bi-
nary operation T : [0, 1]2 → [0, 1] satisfying the following
properties, for all x, y, z ∈ [0, 1]:

(i) commutativity: T (x, y) = T (y, x),

(ii) associativity: T (x, T (y, z)) = T (T (x, y), z),

(iii) monotonicity: y � z ⇒ T (x, y) � T (x, z),

(iv) neutral element: T (x, 1) = x.

A t-conorm is a binary operation satisfying (i), (ii),(iii), with 0
as a neutral element.

Definition 2 A triangular norm is called Archimedean if for
each (x, y) ∈ (0, 1)2 there exists an n ∈ N such that

T (
n︷ ︸︸ ︷

x, . . . , x) < y. Analogous definition for Archimedean t–
conorm.

Basic t-norms are:

• minimum: TM (x, y) = min{x, y},

• product: TP (x, y) = xy,

• Łukasiewicz t-norm:

TL(x, y) = max{x + y − 1, 0},

• drastic t-norm:

TD(x, y) =




x if y = 1,
y if x = 1,
0 otherwise.

In this work we will deal with continuous Arquimedean t–
norms, whose characterization is given in the following result.
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Proposition 1 A t–norm T is a continuous Archimedean t–
norm if and only if it has a continuous additive generator,
i.e., there exists a continuous, strictly decreasing function
t : [0, 1] → [0,∞] with t(1) = 0, which is uniquely deter-
mined up to a positive multiplicative constant, such that

T (x, y) = t(−1)(t(x) + t(y)),

for all (x, y) ∈ [0, 1]2.

Remember that the pseudo-inverse t(−1) of an additive gen-
erator t of T is defined as:

t(−1)(x) = sup{z ∈ [0, 1] : t(z) > x}.

3 T–indistinguishabilities and
T–multi-indistinguishabilities

Let X be a non empty set. T–indistinguishabilities are defined
as follows (see for example [3]).

Definition 3 Let T be a t–norm. We say that a function
E : X2 → [0, 1] is a T–indistinguishability on X if and only
if for all x1, x2, y ∈ X:

(Ti1) E(x1, x2) = 1 when x1 = x2,

(Ti2) E(x1, x2) = E(x2, x1),

(Ti3) E(x1, x2) � T (E(x1, y), E(x2, y)).

And finally, a T–indistinguishability E separates points if,
in addition,

(Ti4) E(x1, x2) = 1 ⇒ x1 = x2.

Special cases are the similarity relations of Zadeh , the equal-
ity relations of Menger and the likeness relations of Ruspini,
corresponding to the minimum, product and Łukasiewicz t-
norms, respectively.

The elements (lists) of the cartesian product Xn will be de-
noted by (x1, . . . , xn), or x.

A partition of (x1, . . . , xn) is a set of lists {xi =
(xi1 , . . . , xini

) ∈ Xni ; i = 1, . . . , k} such that the sets of
subindexes {{i1, . . . , ini

}, i = 1, . . . , k} constitute a partition
of {1, . . . , n}.

Example 1 We consider the list x = (1, 0, 0, 3, 1, 1) and the
partition {{1, 4, 5}, {2, 3, 6}} of {1, 2, 3, 4, 5, 6}. The cor-
responding partition of the list x is {x1 = (1, 3, 1), x2 =
(0, 0, 1)}.

We introduce now our proposal for an axiomatic definition of
T–multi-indistinguishability.

Definition 4 Let T be a t–norm. We say that a function
E :

⋃
n�1 Xn → [0, 1] is a T–multi-indistinguishability on X

if and only if the following properties hold for all n, for all
x1, . . . , xn, y ∈ X.

(Tmi1) E(x1, . . . , xn) = 1 when x1 = . . . = xn,

(Tmi2) E(x1, . . . , xn) = E(xπ(1), . . . , xπ(n)) for any permu-
tation π of 1, . . . , n,

(Tmi3) E(x1, . . . , xn) � T (E(x1, y), . . . , E(xn, y)).

We say that E is a strong T–multi-indistinguishability if it ful-
fills (Tmi1), (Tmi2) and:

(Tmi3’) E(x1, . . . , xn) � T (E(x1, y), . . . , E(xk, y)) for any
partition {x1, . . . , xk} of x = (x1, . . . , xn), for all
y ∈ ⋃

n�1 Xn.

A T–multi-indistinguishability E separates points if, in addi-
tion,

(Tmi4) E(x1, . . . , xn) = 1 ⇒ xi = xj for all i, j = 1, . . . n.

To conclude this definition, we will say that E :
⋃k

n=1 Xn →
[0, 1] is a k–T–multi-indistinguishability if it satisfies the cor-
responding properties in

⋃k
n=1 Xn. In this sense, classic T–

indistinguishabilities are 2–T–multi-indistinguishabilities.

Remark 1 We denote by E(x, y) the T–multi-indistin-
guishability between the elements of the joint list x, y:

E(x, y) = E(x1, . . . , xn, y1, . . . , ym).

However, this does not means that E is a T–indistin-
guishability between lists of

⋃
n�1 Xn because (Ti1) is not ful-

filled. But T–indistinguishabilities on this set of lists can be
constructed from E and a T–indistinguishability E on [0, 1] as
follows:

EE(x, y) = E(E(x), E(y)).

In this case, EE does not separate points even if E and E
do, because two different lists x, y with the same degree of
indistinguishability verify EE(x, y) = 1.

4 Distances and multidistances
The definition of classic distances and metric spaces [4] goes
back to 1906. We recall it here.

Definition 5 A function d : X2 → [0,∞] is a pseudo–distance
on a set X if for all x1, x2, y ∈ X:

(d1) d(x1, x2) = 0 when x1 = x2,

(d2) d(x1, x2) = d(x2, x1),

(d3) d(x1, x2) � d(x1, y) + d(x2, y).

If the following property also holds:

(d4) d(x1, x2) = 0 ⇒ x1 = x2,

then we say that d is a distance.

The related properties we propose [5] to define pseudo–
multidistances and multidistances are the following.

Definition 6 A function D :
⋃

n�1 Xn → [0,∞] is a pseudo-
multidistance on a set X if it fulfills the following properties
for all n, for all x1, . . . , xn, y ∈ X:

(md1) D(x1, . . . , xn) = 0 when x1 = . . . = xn,

(md2) D(x1, . . . , xn) = D(xπ(1), . . . , xπ(n)) for any per-
mutation π of 1, . . . , n,
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(md3) D(x1, . . . , xn) � D(x1, y) + . . . + D(xn, y).

We say that D is a strong pseudo–multidistance if it fulfills
(md1),(md2) and:

(md3’) D(x1, . . . , xn) � D(x1, y) + . . . + D(xk, y) for any
partition {x1, . . . , xk} of x = (x1, . . . , xn), for all
y ∈ ⋃

n�1 Xn.

If in addition the following property holds:

(md4) D(x1, . . . , xn) = 0 ⇒ xi = xj for all i, j = 1, . . . n,

we will say that D is a multidistance.
Finally, D :

⋃k
n=1 Xn → [0,∞] is a k–pseudo-

multidistance, or k–multidistance, if it satisfies the corre-
sponding properties in

⋃k
n=1 Xn. In this sense, classic dis-

tances are 2–distances.

Remark 2 Again (see remark 1 after Definition 4), expres-
sions like D(x, y) in condition (Tmi3’) have to be interpreted
as:

D(x, y) = D(x1, . . . , xn, y1, . . . , ym),

but D is not an ordinary pseudodistance on
⋃

n�1 Xn because
(md1) does not hold. However, pseudodistances dD in this set
can be constructed by means of D and a pseudodistance d on
R in this way:

dD(x, y) = d(D(x), D(y)).

This distance function dD does not fulfill (md4): different lists
x, y such that D(x) = D(y) verify dD(x, y) = 0, and then it
is not a multidistance.

Example 2 The drastic distance d : X2 → {0, 1}, given by:

d(x, y) =
{

1 if x �= y,
0 if x = y,

can be extended in several ways. For example, with the mul-
tidistances D1, D2, D3 :

⋃
n�1 Xn → [0,∞] defined as fol-

lows:

• D1(x1, . . . , xn) =
{

0 if xi = xj ∀i, j,
1 otherwise,

• D2(x1, . . . , xn) = |{x1, . . . , xn}| − 1,

• D3(x1, . . . , xn) = n − m, where m is the number of
times that appears the most repeated element of the
list.

It can be proved that D1, D2 are strong multidistances.
But D3 is not strong: for instance, if we take the partition
{(0, 0), (1, 1)} of (0, 0, 1, 1),

D3(0, 0, 1, 1) = 2 � D3(0, 0, 0) + D3(1, 1, 0) = 1.

Example 3 For any metric space (X, d), the function DM de-
fined by:

DM (x1, . . . , xn) = max{d(xi, xj); i < j},

is a strong multidistance on X.

Another interesting examples and some properties of mul-
tidistances can be found in [5].

There exist another definitions for multidistances, or multi-
metrics. For example the one in [6], in the field of Probability
and Statistics, which is more general because it allows to mea-
sure the distance between functions. Reduced to lists, mul-
tidistances there correspond with strong multidistances here.
On the other hand, symmetry is not an axiom in [6], and hence
it can not be avoided, preventing the definition of asymmetric
multidistances.

5 T–multi-indistinguishabilities and pseudo
multidistances

One way to construct T–indistinguishabilities is to start from
pseudodistances, because there is a close relationship between
these two concepts. Here we recall two important conexions
that relate them [7] and, in both cases, we do the translation to
the multidimensional case.

5.1 Relationship via an additive generator of the t–norm

The first relationship between T–indistinguishabilities and
pseudo-distance is established by means of an additive gen-
erator of the t–norm T .

Proposition 2 Let T be a continuous Archimedean t–norm
and t an additive generator t of T .

(i) If d : X2 → [0,∞] is a pseudo-distance on a set
X, then the function Ed : X2 → [0, 1] defined by
Ed = t(−1) ◦d is a T–indistinguishability on X. Fur-
thermore, Ed separates points if and only if d is a
distance.

(ii) If E : X2 → [0, 1] is a T–indistinguishability on X,
then the function dE : X2 → [0,∞] given by dE =
t ◦ E is a pseudo-distance; dE is a distance if and
only if E separates points.

The literal translation of this result to our multidimensional
proposal is as follows.

Proposition 3 Let T be a continuous Archimedean t–norm
with continuous additive generator t.

(i) If D :
⋃

n�1 Xn → [0,∞] is a pseudo-multidistance
on a set X, then the function ED :

⋃
n�1 Xn →

[0, 1] defined by ED = t(−1) ◦ D is a T–multi-
indistinguishability on X. Furthermore, ED separates
points if and only if D is a multidistance.

(ii) If E :
⋃

n�1 Xn → [0, 1] is a
T–multi-indistinguishability on X, then the function
DE :

⋃
n�1 Xn → [0,∞] given by DE = t ◦ E is

a pseudo-multidistance; DE is a multidistance if and
only if E separates points.

Proof
For (i), condition (Tmi1) is fulfilled:

ED(x, . . . , x) = t(−1)(D(x, . . . , x)) = t(−1)(0) = 1,
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(Tmi2) is immediate, due to the symmetry of D, and the in-
equality (Tmi3) also holds:

ED(x1, . . . , xn) = t(−1)(D(x1, . . . , xn))
� t(−1)(

∑n
i=1 D(xi, y))

= t(−1)(
∑n

i=1 t(ED(xi, y)))
= T (ED(x1, y), . . . , ED(xn, y)).

Finally,

ED(x1, . . . , xn) = 1 ⇔ t(−1)(D(x1, . . . , xn)) = 1
⇔ D(x1, . . . , xn) = 0,

which suffices to verify that conditions (Tmi4) and (md4) are
equivalent.

For (ii), the reasoning is the same. From:

ME(x, . . . , x) = t(E(x, . . . , x)) = t(1) = 0,

we have (md1). The symmetry of E ensures (md2). Condition
(md3) is also satisfied:

ME(x1, . . . , xn) = t(E(x1, . . . , xn))
� t(T (E(x1, y), . . . , E(xn, y))
=

∑n
i=1 t(E(xi, y))

=
∑n

i=1 ME(xi, y),

and (Tmi4) and (md4) are equivalent on account of this:

DE(x1, . . . , xn) = 0 ⇔ t(E(x1, . . . , xn)) = 0
⇔ E(x1, . . . , xn) = 1.

Note that we have used this property of the additive generator:
for all n,

T (x1, . . . , xn) = t(−1)(t(x1) + . . . + t(xn)).

It always holds in the case of continuous t–conorms. But there
exist classes of non–continuous t–conorms not fulfilling it,
such as non Archimedean t–norms. More details can be found
in [8].

5.2 Relationship via strong negations

Strong negations [9] are decreasing functions n : [0, 1] →
[0, 1], such that n ◦ n = Id[0,1].

If T is a t-norm, then the binary operation T ∗ : [0, 1]2 →
[0, 1] defined by:

T ∗(x, y) = n ◦ T (n(x), n(y)),

is a t–conorm, called the dual of T with respect to n.
It is said that distance functions (distances, multidistances,

etc.) are normalized if RanD ⊆ [0, 1]. In this case, the sum in
inequalities (d3), (md3) and (md3’) in Definitions 5 and 6 can
be replaced by a t-conorm S. For example, for a distance d or
a multidistance D we have, respectively,

(Sd3) d(x1, x2) � S(d(x1, y), d(x2, y)),

(Smd3) D(x1, . . . , xn) � S(D(x1, y), . . . , D(xn, y)).

So, d is an S–distance [7] and D is an S–multidistance.
In the case that S is the Maximum t–conorm, we have ul-

tradistances or multi-ultradistances.
The next result states the close relationship between T–

indistinguishabilities and S–distances. It admits more general
formulations but at this point the following suffices.

Proposition 4 Let T be a t–norm and T ∗ its dual t–conorm
with respect to a strong negation n.

(i) If E is a T–indistinguishability on a set X, then dE =
n ◦ E is a normalized T ∗–pseudodistance; dE is a
distance if and only if E separates points.

(ii) If d is a normalized T ∗–pseudodistance on X, then
Ed = n ◦ d is a T–indistinguishability; Ed separates
points if and only if d is a distance.

There exists a complete analogy with the multidimensional
case.

Proposition 5 Let T be a continuous t–norm and T ∗ its dual
t–conorm with respect to a strong negation n.

(i) If E is a T–multi-indistinguishability on a set X, then
DE = n ◦ E is a normalized T ∗–pseudo- multidis-
tance on the same set; DE is a multidistance if and
only if E separates points.

(ii) If D is a normalized T ∗–pseudo-multidistance on X,
then ED = n ◦D is a T–multi-indistinguishability on
X; ED separates points if and only if D is a multidis-
tance.

Proof
A straightforward verification is only needed. If D and E are
related by means of a strong negation,

E(x, . . . , x) = 1 ⇔ n ◦ E(x, . . . , x) = n(1)
⇔ D(x, . . . , x) = 0,

and thus (Tmi1) and (md1) are equivalent. If one of them is
symmetric, the other one also is. Also (Tmi3) and (md3) are
equivalent: for all y ∈ X,

E(x1, . . . , xn) � T (E(x1, y), . . . , E(xn, y))
⇔ n ◦ E(x1, . . . , xn) � n ◦ T (E(x1, y), . . . , E(xn, y))
⇔ D(x1, . . . , xn) � n ◦ T (n ◦ D(x1, y), . . . , n ◦ D(xn, y))
⇔ D(x1, . . . , xn) � T ∗(D(x1, y), . . . , D(xn, y)).

Finally, for (Tmi4) and (md4):

E(x1, . . . , xn) = 1 ⇔ n ◦ E(x1, . . . , xn) = 1
⇔ D(x1, . . . , xn) = 0

Obviously, if E is a T–multi-indistinguishability then it is a
T ′–multi-indistinguishability for all t–norm T ′ such that T ′ �
T . If D is a normalized S–multidistance then it is an S′–
multidistance for all t–conorm S′ such that S′ � S.

In particular, if E is a Min–multi-indistinguisability (E is
a multisimilarity) then it is a T–multi-indistinguishability for
all t–norm T . If D is a normalized Max–multidistance (D
is an ultramultidistance) then it is an S–multidistance for all
t–conorm S.
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It is interesting to observe that the ways to normalize an
ordinary distance d with the formulas d′ = d

1+d and d′′ =
min{1, d} also work for multidistances, as we can see in the
following result.

Proposition 6 If D is a multidistance on X with values in
[0,∞], then the functions D′, D′′ defined by

D′ =
D

1 + D
and D′′ = min{1, D}

are multidistances on X with RanD′,RanD′′ ⊆ [0, 1].

Proof
Conditions (md1), (md2) and (md4) are immediate. Let us see
that condition (md3) also holds.

For D′ = D
1+D = 1 − 1

1+D we must prove D′(x) �∑n
i=1 D′(xi, y) for all y, that is,

1 − 1
1+D(x) �

∑n
i=1(1 − 1

1+D(xi,y)

= n − ∑n
i=1

1
1+D(xi,y) .

From D(x) �
∑n

i=1 D(xi, y) we have

1 − 1
1+D(x) � 1 − 1

1+
∑n

i=1 D(xi,y) .

But

1 − 1
1+
∑n

i=1 D(xi,y) � n − ∑n
i=1

1
1+D(xi,y) ,

because (suppose that D(x1, y) � D(xi, y) for all i)∑n
i=1

1
1+D(xi,y) − 1

1+
∑n

i=1 D(xi,y)

�
∑n

i=1
1

1+D(xi,y) − 1
1+D(x1,y)

=
∑n

i=2
1

1+D(xi,y)

� n − 1.

And for the function D′′ = min{D, 1}, the inequality D(x) �∑n
i=1 D(xi, y) implies that

min(1, D(x)) � min(1,
∑n

i=1 D(x1, y)).

But

min(1,
∑n

i=1 D(x1, y)) �
∑n

i=1 min(1, D(x1, y)),

that is, D′′(x) �
∑n

i=1 D′′(xi, y) for all y ∈ X.

6 An example: averaged multidistances and
related T–multi-indistinguishabilities

Let (X, d) be a metric space. Let us consider the function
G :

⋃
n�1 Xn → [0,∞] defined by{

G(x1) = 0,
G(x1, . . . , xn) =

∑
i<j d(xi, xj),

that is, the sum of all of the pairwise ordinary distances. It is
not a multidistance: it fulfills (md1), (md2) and (md4) but not
(md3). For example, in the set R2 equipped with the Euclidean
distance we take the vertexes A, B,C of a equilateral triangle
of side of length 1. With these points and taking y = A,
condition (md3) is not fulfilled:

G(A, B,C) = 3 � d(A, A) + d(B, A) + d(C, A) = 2.

In order to obtain multidistances based on G, we have to mul-
tiply it by a factor λ which depends on the length of the list:
λ = λ(n) ∈ R+, n � 1.

Proposition 7 The function Dλ :
⋃

n�1 Xn → [0,∞] defined
by {

Dλ(x1) = 0,
Dλ(x1, . . . , xn) = λ(n)

∑
i<j d(xi, xj),

is a multidistance if and only if:

(i) λ(2) = 1,

(ii) 0 < λ(n) � 1
n−1 for all n > 2.

Proof
The conditions are necessary: the first is needed to fulfill
Dλ|X2 = d and the first inequality of the second condition,
0 < λ(n), is needed to fulfill Dλ � (md3).

Let us see that the second inequality of (ii), λ(n) � 1
n−1 ,

is also necessary with a counterexample. Let us suppose that
there exists n0 such that λ(n0) > 1

n0−1 . We can consider
the drastic distance, two different points x, y ∈ X and the list

(
n0−1︷ ︸︸ ︷

x, . . . , x, y) ∈ Xn0 . We have:

Dλ(
n0−1︷ ︸︸ ︷

x, . . . , x, y) = λ(n0) · (n0 − 1) > 1,

but the sum of distances from the components of (
n0−1︷ ︸︸ ︷

x, . . . , x, y)
to x is 1, and therefore (md3) does not hold.

Conditions (i) and (ii) are also sufficient: condition (i) en-
sures that Dλ � 0. The first inequality of condition (ii) en-
sures (md1) and condition (md2) is fulfilled from the defini-
tion of Dλ.

Finally, let us see that condition (md3) follows from λ(n) �
1

n−1 : for any y ∈ X,

Dλ(x1, . . . , xn) = λ(n)
∑

i<j d(xi, xj)
� λ(n)

∑
i<j(d(xi, y) + d(xj , y))

= λ(n)(n − 1)
∑

i d(xi, y)
�

∑
i d(xi, y).

These multidistances are in some sense like averaged sums of
the pairwise distance values for all pairs of elements of the
list. In fact, if λ(n) = 1

(n
2)

� 1
n−1 , Dλ is the arithmetic mean

of these distances.
Let us find the TL and TP –indistinguishabilities corre-

sponding to the multidistance D = Dλ.
The generator of the Łukasiewicz t-norm is t(x) = 1 − x,

and its pseudo-inverse is:

t(−1) =
{

1 − x if x ∈ [0, 1],
0 if x > 1,

Thus, the TL–multi-indistinguishability is given by ED =
t(−1) ◦ D, that is:

ED(x1, . . . , xn) = max{1 − λ(n)
∑
i<j

d(xi, xj), 0}.

For the product t–norm TP , with additive generator t =
− lnx and pseudo-inverse t(−1)(x) = e−x, the TP –multi-
indistinguishability is:

ED(x1, . . . , xn) = e−λ(n)
∑

i<j d(xi,xj).
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To finalize, we are going to translate the multidistance D
into T–multi-indistinguishabilities through the strong nega-
tion n(x) = 1 − x. First, the normalizations of D given in
Proposition 6:

D′ =
D

1 + D
= 1 − 1

1 + D
,

D′′ = min{D, 1},
and then the negations:

n ◦ D′ =
1

1 + D
.

n ◦ D′′ = 1 − min{D, 1} = max{1 − D, 0}.
Thus, the T–multi-indistinguishabilities are

E ′
D(x1, . . . , xn) =

1
1 + λ(n)

∑
i<j d(xi, xj)

,

E ′′
D(x1, . . . , xn) = max{1 − λ(n)

∑
i<j

d(xi, xj), 0}.

7 Conclusions
The concept of T–indistinguishability relation, which mea-
sures the degree of similarity between two elements of a
set, has been extended with the aim that it also measures
the similarity between all of the elements of a finite list.
Thus, we have stated an axiomatical definition for T–multi-
indistinguishabilities, and a parallel definition for multidis-
tances and pseudo-multidistances. The close relationship be-
tween them has been studied and an example of how to obtain
T–multi-indistinguishabilities from multidistances has been
explained. But this is only the basis; a deeper development
from both theoretical and practical points of view must be
done.
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[8] A. Mesiarová-Zemánková. Ranks of additive generators. Fuzzy
Sets and Systems, in press.

[9] E. Trillas. Sobre funciones de negación en la teorı́a de conjuntos
difusos. Stochastica, III(1):47–59, 1979.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1728



 

 

Mining Linguistic Information for Configuring        
a Visual Surface Inspection System 

D. Martín, D.M. Guinea, M.C. García-Alegre, D. Guinea 

Industrial Automation Institute (IAI), Spanish Council for Scientific Research (CSIC) 
28500 Arganda del Rey, Madrid, Spain 

Email: {dmartin, dmguinea, maria, domingo}@iai.csic.es 

Abstract— The configuration of a surface inspection vision system 
as a complex task, requires mining associations among attributes due 
to the variability of the surface and the environment in real-time 
production process. The surface inspection task has to change to deal 
with different elements such as, wood, stainless steel or paper 
inspection and, in the case of stainless steel, with reflectance and 
thickness variations. 

 This work is an approach to mine linguistic information based on 
the fuzzy transform method, capable of finding associations among 
features. We are interested in the linguistic form of the observed 
associations, derived from numerical data, as the configuration task 
needs such linguistic knowledge. This linguistic knowledge is handled 
by the dynamic cognitive architecture (ARDIS), here propose,  to deal 
with the system knowledge, represented by means of IF-THEN rules, 
required to configure a specific inspection system. 

Keywords— Cognitive Architecture, Fuzzy Transform, 
Knowledge-based Vision Systems, Configuration Task, Surface 
Defects, Visual Inspection. 

1 Introduction
The configuration of a surface inspection system requires 
mining associations among attributes, to avoid the data 
analyses performed by a human expert, due to the variability 
of the surface in the real-time production process. The 
surface inspection task changes, for different materials such 
as wood, stainless steel or paper and, in the case of stainless 
steel, the reflectance, thickness or stainless steel type varies. 
This work proposes the use of the fuzzy transform method 
[1,2], capable of finding associations from a set of numerical 
features. The linguistic expressions of the observed 
associations, derived from numerical data is an input for the 
configuration of the dynamic knowledge-based architecture 
(ARDIS) [3], which uses IF-THEN rules to configure a 
specific inspection system. 
Visual systems for inspecting surface defects have always 
been present in the laminated materials industry [4]. 
Nevertheless, these systems still show several drawbacks, 
such as the vision system reusing, as they are designed for a 
particular surface inspection application and do not offer the 
possibility of changing either the objectives or the inspection 
goals. They are designed for a specific application and are 
not ready to hold unexpected variations. This fact entails a 
high cost as each new visual inspection task has to be 
redesigned, from the superficial defect analysis to the overall 
inspection system by a human expert. The solution here 

proposed points to extract linguistic knowledge on surface 
visual inspection, which is easily differentiated in types, by 
means of associations. This would allow changing or 
reconfiguring the components related to the inspection 
process that vary, in the production line, due to changes on 
either camera, surface or defect type. 
To this aim a visual inspection architecture, namely ARDIS, 
is proposed to surface dynamic inspection in laminated 
materials based on the configuration of a specific visual 
system to obtain a good quality control of the manufacturing 
surface. The configuration task for surface inspection is 
analysed at the knowledge level and the task is decomposed 
into simple subtasks to reach the inference level, the most 
basic tasks. This task is solved as a Configuration-Design 
task following the CommonKADS methodology [5] leading 
to the knowledge-based dynamic architecture (ARDIS), 
which can account with all the knowledge involved in the 
process. The surface inspection generic knowledge is 
differentiated among environment, image quality, real-time 
and computer vision techniques to be integrated in ARDIS. 
The injection of surface inspection knowledge from the 
human expert is an essential issue in the configuration 
process of any visual inspection system. For instance, the 
change of the surface thickness or lighting in a production 
line implies a variation that is not considered in current 
inspection systems. In this case, the distance between the 
camera and the surface varies and the camera gets out of 
focus, generating blurred images. Thus, expert knowledge is 
necessary to solve the problem as human experts do. But 
often, we lack knowledge from the expert, so mining 
linguistic information from numerical data will aid the 
architecture to re-configure, just in time, the inspection 
system. 
In ARDIS, the surface inspection task, at the domain 
knowledge level, is analysed and decomposed into simple 
subtasks to reach the inference level that allows 
differentiating the Environment (E), Image Quality (IQ), 
Real-Time (RT) and Computer Vision Techniques (CVT) 
requirements. 
This work is a first approach, to obtain the associations 
among E, IQ, RT and CVT, to configure the parameters of 
the inspection system to carry out a specific surface 
inspection task. In stainless steel inspection, real-time 
parameters could affect the more the CVT parameters. 
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To reach the proposed goal, numerical data from E, IQ, RT 
and CVT are obtained and evaluated over a set of stainless 
steel and wood images. Results are shown where CVT is 
selected as a dependent attribute and E, IQ, RT are 
independent attributes. 

2 ARDIS a cognitive architecture 
The cognitive architecture, ARDIS, is proposed to deal with 
the complex task of visual inspection of laminated surfaces 
in industrial environments displaying a high variability in 
lighting, reflectance and real-time defect detection 
conditions. The generic expert knowledge on surface visual 
inspection and the deep knowledge on the inspection 
restrictions and defects characteristics that has the line 
inspector, is used in the design of a visual inspection system. 
The architecture has to offer an adaptive behaviour for 
detecting different defects or inspecting different type of 
surfaces. To this aim the cognitive architecture is designed 
so as to be able to configure in real-time a visual inspection 
system, adapted for each specific type of laminated surface 
and defect. 
The proposed architecture allows using generic knowledge 
on surface inspection to configure a specific system of visual 
surface inspection for different laminated materials such as, 
metal or wood. This knowledge, in the static roles of the 
architecture, is codified by means of crisp and fuzzy rules. 
The configured visual inspection system is composed of a 
set of components, design elements, and their parameters. 
Each configured component depends on the type of surface 
and defect to be inspected. An environment component can 
be the lighting device or the camera, which could be 
composed of several sub-components, each one described by 
a set of parameters. 
The method Propose-&-Revise used to solve the visual 
surface inspection task is displayed in Figure 1, showing the 
diagram of subtasks and inferences. This main method 
shows how the ARDIS architecture operates in three steps: 
(1) the initialization process, (2) the extension of the initial 
inspection skeleton and, (3) the revision process of the 
overall inspection system. 
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Figure 1: Subtask and inference diagram of the method 
Propose-&-Revise to solve the surface inspection task. 

2.1 The domain generic knowledge on surface inspection 
The domain generic knowledge on surface inspection is 
composed of different types of generic knowledge on real-
time restrictions, image quality control restrictions, 
environment conditions and computer vision techniques. 
This differentiation of the type of knowledge makes possible 
to distinguish the knowledge used in each inference, making 
easier the specification of components and their interactions. 
Thus, the ARDIS architecture has been provided with all the 
necessary functionalities required to configure a specific 
complete system of visual inspection where knowledge is 
partitioned to be ease reused. 
The relationships between the knowledge types are 
described in Figure 2. Here, the environment knowledge is 
related to real-time knowledge, such as image acquisition 
rate or lighting components that can influence real-time 
components in one or another way. So, during the 
configuration step of an inspection system, if an 
environment component is configured this has to be taken 
into account in the configuration of the real-time 
components. 
 

Environment�
knowledge�type

Real�time�
knowledge�type

Image�Quality�
knowledge�type

Real�time�
knowledge�type

Computer�Vision�
knowledge�type

Computer�Vision�
knowledge�type

Computer�Vision�
knowledge�type

 
 
Figure 2: Influence diagram in the surface inspection process 
 
 
2.2 Dynamic configuration using ARDIS architecture 
The dynamic configuration process relies on (i) the cognitive 
architecture ARDIS, (ii) the domain generic knowledge on 
surface inspection and (iii) the line inspector knowledge 
who selects the requirements of the inspection system. This 
dynamic configuration process allows the inspection of each 
specific surface in a production line. Consequently, it is 
possible to inspect stainless steel or wood laminates in the 
same production line. Following the control structure of the 
ARDIS architecture, requirements and generic knowledge 
are integrated into crisp and fuzzy rules. This process gives 
rise to the configuration of the components of the surface 
inspection system. The Table 1 shows the set of rules used to 
configure the environment components of the inspection 
system. 
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Table 1: Knowledge Base for configuring the surface 
inspection system. 

 
KNOWLEDGE BASE USED IN THE INFERENCES OF THE 
SUBTASK Propose Environment Skeleton Extension 
IF ProductionLineSpeed is high THEN ExpositionTime is short 
IF IlluminationSystem is ExteriorLaserIllumination THEN 
CameraSensorGain is automatic 
IF IlluminationSystem is ExteriorLaserIllumination THEN 
Camera-IlluminationRelativePosition is 45degrees 
IF IlluminationType is GreenLaserSource THEN 
ImageChannel is Green 

 

3 Stainless steel and wood images 
The work departs from a set of images from inspections of 
residual oxide scale on cold stainless steel strip and wood. 
The first visual system is configured to detect 50 microns 
size defects and the second one to inspect larger defects in a 
wood surface. The images are obtained with a robust laser 
technique for diffuse illumination which allows stainless 
steel or wood industrial inspection with the same system. 
This visual technique for surface inspection consists on a 
smart vision system based on a green laser diode diffuse 
illumination, thus images display a green predominant 
colour. 
The Figure 3 shows a set of images of stainless steel to 
inspect micro oxide defects, and Figure 4 displays a new 
laminated material, wood, where knot defects and wood 
irregularities have to be inspected in the same production 
line. The wood and stainless steel images have been 
acquired with an experimental system based on green laser 
illumination which allows inspecting defects ranging micro 
to five millimetres size. The acquisition visual system 
utilizes magnification 1. 

4 Defining parameters from images 
The analysis of the images has been accomplished with a HP 
xw4600 Workstation and “Intel(R) Core(TM)2 Quad CPU    
Q6600  @ 2.40GHz” processor. The numeric parameters 
have been calculated using the image processing toolbox of 
MATLAB [6].  
Parameters of environment (E), image quality (IQ), real-time 
(RT) and computer vision techniques (CVT) are 
differentiated and obtained from the original image acquired 
by the visual inspection system. The E, IQ, RT and CVT 
parameters are all derived from an image, either stainless 
steel or a wood, and the evaluation is performed under the 
same conditions.  
Several features are obtained from images but no 
associations among them. At this point, some additional 
knowledge is required to establish the priority on the 
selected parameter (E, IQ, RT) for the configuration of the 
inspection system. 
The numerical data and F-transform will aid to mine the 
influence of the E, IQ and RT parameters on the CVT 
parameters. This knowledge will be, later on, used to set the 
priority in the configuration process. Then, fixing a CVT 
segmentation technique, we will try to find the influence 
between “E, IQ and RT” and the CVT technique. Thus, a 
segmentation technique could be more influenced by real-
time inspection than a non-uniform lighting in the 
environment. 
The linguistic information obtained for configuring a visual 
surface inspection system has the following structure:  IF 
SegmentationTechnique is CVT and SurfaceInspection is 
StainlessSteel THEN ParameterPriority is Real-Time. 
 
 
 
 

 
 
Figure 3: Images of stainless steel with micro oxide defects 
 

 
 
Figure 4: Images of wood with knot defect and other wood irregularities 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1731



 

 

The parameters chosen to evaluate the E, IQ, RT and CVT 
properties over the acquired image, selecting the Mean-Shift 
algorithm [7] as the segmentation technique, are: 
 
1)  Evaluation of the Environment (E): the lighting non-

uniformity of the image is used to measure the influence 
of the environment in the image. This environment 
evaluation will be an independent attribute or parameter 
and the corresponding contexts are EStainlessSteel= [0.0736 
8.1698], Ewood= [8.0138 50.2337]. Figure 5 shows data 
obtained from stainless steel and wood images. 
 

 
 
Figure 5: Evolution of the lighting in Stainless Steel and 
Wood images. 
 

2)  Evaluation of the Real-Time (RT): the computation time 
of the Mean-Shift algorithm [7] is used to estimate a 
Real-Time parameter in the image. The Real-Time 
evaluation will be an independent attribute or parameter 
and the corresponding contexts are RTStainlessSteel = 
[8.3594 12.3281], RTWood= [10.1719 13.7813]. Figure 6 
shows data obtained on a set of stainless steel and wood 
images. 
 

 
 
Figure 6: Evolution of the Mean-Shift computation time 
in Stainless Steel and Wood images. 

3)  Evaluation of Image Quality (IQ): gray-level co-
occurrence matrix from images, was used to calculate the 
contrast property from the gray-level co-occurence 
matrix which returns a measure of the intensity contrast 
between a pixel and its neighbour over the whole image. 
The Image Quality evaluation will be an independent 
parameter and the corresponding contexts are 
IQStainlessSteel = [5.0702 35.2404], IQWood = [0.2268 
10.5327]. Figure 7 shows data obtained from stainless 
steel and wood images. 
 

 
 
Figure 7: Evolution of the contrast in Stainless Steel and 
Wood images. 
 

4)  Evaluation of the segmentation technique (CVT): the 
Mean-Shift technique is used as the segmentation 
technique and the evaluation is based on the number of 
Mean-Shift regions located by the algorithm. This CVT 
evaluation will be the dependent parameter and the 
corresponding contexts are CVTStainlessSteel = [919 2968], 
CVTWood = [8 243]. Figure 8 shows data obtained from 
stainless steel and wood images. 
 

 
 

Figure 8: Evolution of the number of Mean-Shift regions 
in Stainless Steel and Wood images. 
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5 Membership functions for data analysis 
The membership functions map points in the input space to a 
membership value (or degree of membership) between 0 and 
1. 
If X is the input space and its elements are denoted by x, 
then a fuzzy set A in X is defined as a set of ordered pairs. 

}|)(,{ XxxxA A �� �  
Where µA(x) is the membership degree of x in A.  
 
Gaussian functions are selected to represent membership 
functions, due to their smoothness and concise notation. 
These curves have the advantage of being smooth and 
nonzero at all points.  
The membership functions selected for the environment (E), 
real-time (RT), image quality (IQ) and computer vision 
techniques (CVT) parameters are shown in the Figures 9, 10 
and the vectors of nodes �� kll ,...,1 which define the 
membership functions of the induced fuzzy sets on the E, 
IQ, RT and CVT parameters for Stainless Steel and Wood, 
are displayed in Table 2. 
 

 
 
Figure 9: Membership functions with 9 nodes for E, IQ, RT 
and CVT parameters on Stainless Steel images. 
 

 
 
Figure 10: Membership functions with 9 nodes for E, IQ, RT 
and CVT parameters on Wood images. 

Table 2: Vectors of nodes of the membership functions. 

 
 Stainless Steel Wood 
Environment 
(E) 

[0.0736, 1.086, 2.098, 
3.11, 4.122, 5.134, 
6.146, 7.158, 8.17] 

[8.014, 13.29, 18.57, 
23.85, 29.12, 34.4, 
39.68, 44.96, 50.23] 

Real-Time 
(RT) 

[8.359, 8.855, 9.352, 
9.848, 10.34, 10.84, 
11.34, 11.83, 12.33] 

[10.17, 10.62, 11.07, 
11.53, 11.98, 12.43, 
12.88, 13.33, 13.78] 

Image 
Quality (IQ) 

[5.07, 8.841, 12.61, 
16.38, 20.16, 23.93, 
27.7, 31.47, 35.24] 

[0.2268, 1.515, 2.803, 
4.092, 5.38, 6.668, 
7.956, 9.244, 10.53] 

Computer 
Vision Tech- 
niques (CVT) 

[919, 1175, 1431, 
1687, 1944, 2200, 
2456, 2712, 2968] 

[8, 37.38, 66.75, 
96.13, 125.5, 154.9, 
184.3, 213.6, 243] 

 

6 Mining associations between environment, 
real-time, image quality and computer vision 

techniques parameters: A case study 
The proposed method is based on F-transform to search 
dependence between the CVT segmentation technique and 
the E, IQ, RT parameters. These associations allow to 
determine the priority of the parameters E, IQ, RT for 
configuring a visual surface inspection system. 
Following the applications of F-transform to data analysis 
[2], we look for dependences among some attributes having 
a general expression of the type: ),...,( 1 kz XXHX � , 
where Xz is the dependent attribute, such as the CVT 
segmentation technique and X1,…,Xk are the independent 
attributes as E, IQ, RT parameters. The evaluation of these 
attributes is carried out on a set of 16 images (objects 
{o1,…,oj,…,o16}) for Stainless Steel inspection and 14 
images (objects {o1,…,oj,…,o14}) for Wood inspection. 
This first approach selects a computer vision technique for 
image segmentation, such as the Mean-Shift algorithm and 
afterwards, the F-transform is used, as well as the “degree of 
support” (r) and “confidence” (�) parameters [2], for mining 
associations in the data, finding hypothesis of potential 
dependences among the selected segmentation technique and 
the E, RT, IQ parameters. The degree of support (r) is 
defined by (1): 

m
ollFno

r jkj |}0)](...[|{| 1 �
�         (1) 

Where m is the number of objects, Fn [l1…lk](oj) is the 
membership function of an induced fuzzy set on the set of 
objects {o1,...,om} and | · | denotes a number of elements of 
the given set. 
The degree of confidence (�) using the F-transform and 
inverse F-transform is formulated in (2): 

)](...[)(

)](...[))((
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1
1

2
...

1

1

jk

m

j
lljz

m

j
jklljF

ollFnFf

ollFnFof

k

k

��

��
�

	

	

�

�
    (2) 

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1733



 

 

Where, )( jF of is an auxiliary function on the set of objects 

{o1,...,om} induced by the inverse F-transform with 
components 

kllF ...1
of F-transform, and jzf is the value of 

the dependent attribute Xz measured on the object oj. 
 
Finally, each association is supported by the mean of the 
“degrees of support” (rmean) and “confidence” (�mean) 
parameters, as each r and � corresponding to the k-tuple of 
fuzzy sets �� ][,],[ 1 klFnlFn � is analysed, therefore the 
mean value represents a meaningful value of r and �. 
 
The results are presented under the format (3):  

)(~)][,],[(
,11 onsegmentatiXlFnlFnisX z

F

rmeank 

�� � (3) 

Then applying the F-transform, three associations for 
Stainless Steel and Wood are obtained, using the 
segmentation algorithm (Mean-Shift): 

)(~)][,],[(

0.00021982
0.3194

1 MshiftCVTlFnlFnisE
Steel
Stainless

F

r
meank

Steel
Stainless

�
�

��




�

)(~)][,],[(

0.00040048
0.3889

1 MshiftCVTlFnlFnisRT
Steel
Stainless

F

r
meank

Steel
Stainless

�
�

��




�

)(~)][,],[(

0.0015
0.3750

1 MshiftCVTlFnlFnisIQ
Steel
Stainless

F

r
meank

Steel
Stainless

�
�

��




�  

)(~)][,],[(

0.0547
0.3968

1 MshiftCVTlFnlFnisE Wood

F

r
meankWood

�
�

��




�  

)(~)][,],[(

0.0084
0.4048

1 MshiftCVTlFnlFnisRT Wood

F

r
meankWood

�
�

��




�  

)(~)][,],[(

0.0142
0.3810

1 MshiftCVTlFnlFnisIQ Wood

F

r
meankWood

�
�

��




�  

 
The linguistic approach of these associations for configuring                                                   
a visual surface inspection system can be formulated as: 
 
Stainless Steel: 
“IF CVTStainlessSteel is Mean-Shift THEN 
ConfigurationPriority is IQ” 
with degree of support r=0.3750 and confidence �=0.0015.  
 
The three Stainless Steel associations, highlight the fact that 
Mean-Shift technique has a stronger influence on image 
quality than do the others parameters, so the priority of the 
Stainless Steel configuration process is the image quality 
parameters. This association is quite obvious as a 
consequence of the influence of small defects and huge 
number of regions, Figure 8, detected by the Mean-Shift 
algorithm and the high frequency of the images. 
 
 

Wood: 
“IF CVTWood is Mean-Shift THEN ConfigurationPriority is 
E” 
with the degree of support r= 0.3968 and confidence �= 
0.0547 
 
The three Wood associations points that Mean-Shift has a 
larger influence on environment than the others parameters, 
so the priority of the Wood configuration process is the 
environment parameters. This association is also obvious 
due to the influence of huge defects and small number of 
regions, Figure 8, detected by the Mean-Shift algorithm and 
the low frequency of the images. 

7 Conclusions
This work proposes a first approach to derive associations 
among environment, real-time, image quality and computer 
vision techniques, based on the F-transform and inverse F-
transform. 
This is the first step to tune the parameters of a visual 
inspection system to accomplish a specific surface 
inspection task, either on Stainless steel or Wood.
The mean of r and �, is used to summarize the results instead 
of using individual r and � values. The derived associations 
are quite obvious and suggest hypothesis that correspond to 
expert knowledge. 
Future work will be performed on applications that use the 
linguistic form of the observed associations from numerical 
data as the configuration task for surface inspection that 
requires such linguistic knowledge. 
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Abstract— We develope a construction of an L-fuzzy valued mea-
sure by extending a measure defined on a σ-algebra of crisp sets to
an L-fuzzy valued TM-countably additive measure defined on a TM-
clan of L-fuzzy sets in the case when operations for L-fuzzy sets and
L-fuzzy real numbers are based on the minimum t-norm TM.

Keywords— L-fuzzy set, L-fuzzy real number, L-fuzzy valued
measure.

1 Introduction
There are many works devoted to measures of fuzzy sets. The
most important concepts and results concerning this topic are
considered by D. Butnariu and E.P. Klement [2]. Our inter-
est is in developing a theory of measure and integral where
not only sets are fuzzy, but also measure and integral take
fuzzy real values. To do this we need a concept of a fuzzy
real number. There are several (quite different) ways to de-
fine a fuzzy real number. For our purposes we use fuzzy real
numbers as they were first defined by B. Hutton [3], and then
studied thoroughly in a series of papers (see e.g.[4],[5]). The
preference of using this approach for defining fuzzy real num-
bers is motivated by our intention to develop the investigations
from [6],[7].

In our previous work [1] we suggested the construction of a
T -measure of L-fuzzy sets by extension of a measure defined
on a σ-algebra of crisp sets to a T -measure on a T -tribe in
the case of the minimum t-norm TM and L = [0,1]. The main
purpose of the present paper is to show that the construction
still can be generalized in the case when L is complete and
completely distributive lattice L(∧,∨,0L,1L). It was achieved
in the case of the minimum t-norm TM: TM(x,y) = x∧ y.

2 Preliminaries
Let X be a nonempty set. The class of all L-fuzzy subsets of
X (in the sequel L-fuzzy sets) is denoted LX . The operations
for L-fuzzy sets A,B ∈ LX such as intersection, union and dif-
ference are defined by using a minimum triangular norm TM ,
its corresponding triangular conorm SM and an involution N:
(A∩B)(x) = A(x)∧B(x), (A∪B)(x) = A(x)∨B(x),
(A\B)(x) = A(x)∧N(B(x)).

2.1 Classes of L-fuzzy sets

In order to define an L-fuzzy valued function of L-fuzzy sets
we consider such classes of L-fuzzy sets as TM-semirings (de-
fined by analogy with classical case, see e.g. [8]) and TM-clans
(see e.g. [2]).

Definition 2.1. A subclass ℘⊂ LX is called a TM-semiring on
X if the following properties are satisfied:

(i) /0 ∈℘;

(ii) for all A,B ∈℘we have A∧B ∈℘;

(iii) for all A,B ∈℘ there exist such TM-disjoint L-fuzzy sets

A1,A2, ...,An ∈℘ that A\B =
n∨

i=1
Ai.

A finite family of L-fuzzy sets A1,A2, . . . ,An is said to be
TM-disjoint (see e.g.[2]) iff for each k ∈ {1, . . . ,n}

(
n∨

j=1, j �=k

A j)∧Ak = /0.

A countable family of L-fuzzy sets is said to be TM-disjoint
iff every finite subfamily of this family is TM-disjoint.

Definition 2.2. A subclass A ⊂ LX is called a TM-clan on X
iff the following properties are satisfied:

(i) /0 ∈ A;

(ii) for all A ∈ A we have N(A) ∈ A;

(iii) for all A,B ∈ A we have A∧B ∈ A .

2.2 L-fuzzy real numbers

For our purposes we use the L-fuzzy real numbers as they
were first defined by B. Hutton [3].

Definition 2.3. An L-fuzzy real number is a function z : R→ L
such that

(i) z is non-increasing;

(ii)
∧
x

z(x) = 0L,
∨
x

z(x) = 1L;

(iii) z is left semi-continuous, i.e.
∧

t<x
z(t) = z(x).

The set of all L-fuzzy real numbers is called the L-fuzzy real
line and it is denoted by R(L). An L-fuzzy number z is called
non-negative if z(0) = 1L. The set of all non-negative L-fuzzy
real numbers we denote by R+(L).

The ordinary real line R can be identified with the subspace

{za | a ∈ R} ⊂ R(L)
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by assigning to a real number a ∈ R the fuzzy real number za
defined by

za(x) =
{

1L, if x ≤ a ,
0L, if x > a .

The operation of L-fuzzy addition ⊕ defined by

(z1 ⊕ z2)(x) =
∨

t

({z1(t)∧ z2(x− t)})

whenever z1,z2 ∈ R(L), is a jointly continuous extension of
addition + from the real line R to the L-fuzzy real line R(L).

Given a sequence of non-negative L-fuzzy real numbers
(zn)n∈N ⊂ R+(L) we consider the countable sum⊕

n∈N

zn =
∨
n∈N

(z1 ⊕ z2 ⊕ ...⊕ zn).

2.3 L-fuzzy valued functions

Let ℵ be a class of L-fuzzy sets. Within this section some
basic properties of an L-fuzzy valued function η : ℵ →R+(L)
are considered.

Definition 2.4. An L-fuzzy valued function η is called TM-
additive iff

for all A,B ∈ ℵ such that A∧B = /0,A∨B ∈ ℵ it holds
η(A∨B) = η(A)⊕η(B).

Definition 2.5. An L-fuzzy valued function η is called TM-
countably additive iff

for all (An)n∈N ⊂ ℵ such that

(∀i, j ∈ N : i �= j ⇒ Ai ∧A j = /0) and
∞∨

n=1
An ∈ ℵ

it holds η(
∞∨

n=1
An) =

⊕
n∈N

η(An).

Definition 2.6. Let ℘ be a TM-semiring. A function m : ℘→
R+(L) is called an L-fuzzy valued elementary TM-measure if
it satisfies the following conditions:

(i) m( /0) = z0;

(ii) m is TM-additive.

Definition 2.7. Let A be a TM-clan. A function µ : A →R+(L)
is called an L-fuzzy valued TM-countably additive measure if
it satisfies the following conditions:

(i) µ( /0) = z0;

(ii) µ is TM-countably additive.

3 A construction of an L-fuzzy valued
elementary TM-measure

Let Φ be a σ-algebra of ”crisp” subsets of X and ν is a finite
measure ν : Φ → [0,+∞[. Our aim is to construct an L-fuzzy
valued TM-countably additive measure µ̃ on a TM-clan by ex-
tension a crisp measure ν. To achieve this we generalize the
well known construction of ”classic” measure theory (see e.g.
[8]) to the L-fuzzy case.

3.1 TM-semiring ℘̃of L-fuzzy sets

To realise the construction we use the special type of L-fuzzy
sets with respect to σ-algebra Φ of crisp sets on X . For M ∈Φ,
α ∈ L we define L-fuzzy set A(M,α):

(A(M,α))(x) =
{

α,x ∈ M,
0L,x /∈ M.

For convenience we denote this special type of L-fuzzy sets
by A(M,α) (the choice of a letter in the notation is not crucial:
B(N,β) is still the same type of an L-fuzzy set).

Proposition 3.1. The class of L-fuzzy sets

℘̃= {A(M,α)|M ∈ Φ and α ∈ L}
is a TM-semiring.

Proof. For all A(M,α),B(K,β) ∈℘̃we have
A(M,α)∧B(K,β) = C(M∩K,α∧β) ∈℘̃and
A(M,α) \ B(K,β) = A1(M \ K,α) ∨ A2(M ∩ K,α ∧ N(β)),
where A1(M \K,α),A2(M∩K,α∧N(β)) ∈℘̃.
Taking into account that also /0 = A( /0,0L) ∈ ℘̃, it is proved
that ℘̃ is a TM-semiring.

3.2 L-fuzzy valued elementary TM-measure m̃

We define an L-fuzzy valued function m̃ on the T -semiring ℘̃
by the formula m̃(A(M,α)) = zν(M),α, where

zν(M),α(t) =




1L, t ≤ 0,
α,0 < t ≤ ν(M),
0L, t > ν(M),

is an L-fuzzy real number.

Proposition 3.2. m̃ is an L-fuzzy valued elementary TM-
measure.

Proof. It is easy to see that

m̃∗( /0) = zν( /0),0L = z0

and the equality

m̃(A(M,α))⊕ m̃(B(K,β)) = m̃(A(M,α)∨B(K,β))

is true if A(M,α) = /0 or B(K,β) = /0.
Let us consider A(M,α),B(K,β) ∈℘̃such that

A(M,α)∧B(K,β)= /0, A(M,α)∪B(K,β)∈℘̃and α �= 0L,β �= 0L.

It follows that M∩K = /0 or α∧β = 0L.
If M∩K = /0 then α = β and in this case

m̃(A(M,α))⊕ m̃(B(K,α)) = zν(M),α ⊕ zν(K),α =

= zν(M)+ν(K),α = zν(M∪K),α = m̃(A(M,α)∨B(K,α)).

If M ∩K �= /0 then it is sufficient to consider the case when
α∧β = 0L. In this case α and β are incomparable (due to the
assumptions that α �= 0L,β �= 0L). Because of

A(M,α)∨B(K,β) =

= C1(M∩K,α∨β)∨C2(M \K,α)∨C3(K \M,β) ∈℘̃
we obtain that K \M = /0, M \K = /0 and hence M = K. Then

m̃(A(M,α))⊕ m̃(B(M,β)) = zν(M),α ⊕ zν(M),β =

= zν(M),α∨β = C(M,α∨β) = m̃(A(M,α)∨B(M,β)).

By this we prove that m̃ is TM-additive.
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4 Measurable L-fuzzy sets
4.1 An extension of an L-fuzzy valued elementary

TM-measure

We define an L-fuzzy valued function m̃∗ : LX → R+(L) by
the following formula

m̃∗(E) =
∧{ ∞⊕

n=1
m̃(En) | (En)n∈N ⊂℘̃:

E ≤
∞∨

n=1
En and (En)n∈N is TM −disjoint},E ∈ LX .

Remarks.

(i) For every E ∈ LX there always exists such a sequence

(En)n∈N ⊂ ℘̃ that E ≤
∞∨

n=1
En. It is enough to take

E1(X ,1L). Thus m̃∗ is bounded from above in the fol-
lowing sense: m̃∗(E) ≤ zν(X),1L for all E ∈ LX .

(ii) For all E ∈℘̃we have m̃∗(E) = m̃(E).

Proposition 4.1. For all A,B ∈ LX we have

m̃∗(A)⊕ m̃∗(B) ≥ m̃∗(A∧B)⊕ m̃∗(A∨B).

Proof. For a given L-fuzzy sets A and B we consider two TM-
disjoint sequences:

(Ci(Mi,αi))i∈N ⊂℘̃: A ≤
∞∨

i=1

Ci,

(D j(Kj,β j)) j∈N ⊂℘̃: B ≤
∞∨

j=1

D j

and define a new TM-disjoint sequence

(Hi j(Li j,γi j))i, j∈N, where Li j = Mi ∩Kj and γi j = αi ∧βi.

Obviously, A∧B ≤ ∨
i∈N

∨
i∈N

Hi j.

As to L-fuzzy set A∨B we can cover it with elements of three
sequences:

(H̃i j(Li j,λi j))i, j∈N, with Li j = Mi ∩Kj, λi j = αi ∨βi,

(C̃i(M̃i,αi))i∈N, with M̃i = Mi \
⋃
j∈N

Kj,

(D̃ j(K̃ j,β j)) j∈N, with K̃ j = Kj \
⋃
i∈N

Mi.

Now let us transform the sum
∞⊕

i=1
m̃∗(Ci)⊕

∞⊕
j=1

m̃∗(D j). We use

the following notation:

Fα
i j = (Li j,αi), Fβ

i j = (Li j,β j), i j ∈ N.

Because of σ-additivity of measure ν we get

ν(Mi) = ν(M̃i)+
∞

∑
j=1

ν(Li j), i ∈ N,

ν(Kj) = ν(K̃ j)+
∞

∑
i=1

ν(Li j), j ∈ N.

It follows

m̃∗(Ci) = zν(Mi),αi = z
ν(M̃i)+

∞
∑

j=1
ν(Li j),αi

=

= zν(M̃i),αi
⊕

∞⊕
j=1

zν(Li j),αi = m̃∗(C̃i)⊕
∞⊕

j=1

m̃∗(Fα
i j ),

m̃∗(D j) = zν(Kj),β j = z
ν(K̃ j)+

∞
∑

i=1
ν(Li j),β j

=

= zν(K̃ j),β j
⊕

∞⊕
i=1

zν(Li j),β j = m̃∗(D̃ j)⊕
∞⊕

i=1

m̃∗(Fβ
i j ).

Now we obtain
∞⊕

i=1

m̃∗(Ci)⊕
∞⊕

j=1

m̃∗(D j) =

=
∞⊕

i=1

(m̃∗(C̃i)⊕
∞⊕

j=1

m̃∗(Fα
i j ))⊕

∞⊕
j=1

(m̃∗(D̃ j)⊕
∞⊕

i=1

m̃∗(Fβ
i j )) =

=
∞⊕

i=1

m̃∗(C̃i)⊕
∞⊕

j=1

m̃∗(D̃ j)⊕
∞⊕

i=1

∞⊕
j=1

m̃∗(Fα
i j )⊕

∞⊕
j=1

∞⊕
i=1

m̃∗(Fβ
i j )=

=
∞⊕

i=1

m̃∗(C̃i)⊕
∞⊕

j=1

m̃∗(D̃ j)⊕
∞⊕

i=1

∞⊕
j=1

(m̃∗(Fα
i j )⊕ m̃∗(Fβ

i j )).

Since

m̃∗(Fα
i j )⊕ m̃∗(Fβ

i j ) = m̃∗(Hi j)⊕ m̃∗(H̃i j),

we continue
∞⊕

i=1

m̃∗(C̃i)⊕
∞⊕

j=1

m̃∗(D̃ j)⊕
∞⊕

i=1

∞⊕
j=1

(m̃∗(Fα
i j )⊕ m̃∗(Fβ

i j )) =

=
∞⊕

i=1

m̃∗(C̃i)⊕
∞⊕

j=1

m̃∗(D̃ j)⊕
∞⊕

i=1

∞⊕
j=1

m̃∗(H̃i j)⊕
∞⊕

i=1

∞⊕
j=1

m̃∗(Hi j).

Now taking into account the fact that

A∧B≤
∞∨

i=1

∞∨
j=1

Hi j and A∨B≤ (
∞∨

i=1

Ci)∨(
∞∨

j=1

D j)∨(
∞∨

i=1

∞∨
j=1

H̃i j),

we get

∞⊕
i=1

m̃∗(C̃i)⊕
∞⊕

j=1

m̃∗(D̃ j)⊕
∞⊕

i=1

∞⊕
j=1

m̃∗(H̃i j)⊕
∞⊕

i=1

∞⊕
j=1

m̃∗(Hi j)≥

≥ m̃∗(A∧B)⊕ m̃∗(A∨B).

So independent of the choice of sequences (Ci)i∈N, (D j) j∈N it
holds

∞⊕
i=1

m̃∗(Ci)⊕
∞⊕

j=1

m̃∗(D j) ≥ m̃∗(A∧B)⊕ m̃∗(A∨B).

Finally, by taking infimums of sums we get

m̃∗(A)⊕ m̃∗(B) ≥ m̃∗(A∧B)⊕ m̃∗(A∨B).
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4.2 m̃∗-measurable L-fuzzy sets

We generalize the concept of measurability in the sense of
Caratheodory (see e.g. [8]).

Definition 4.2. A set A ∈ LX is called an m̃∗-measurable
L-fuzzy set, if it satisfies the following conditions for all sets
E ∈ LX :

(i) m̃∗(A)⊕ m̃∗(E) = m̃∗(A∧E)⊕ m̃∗(A∨E),

(ii) m̃∗(N(A))⊕ m̃∗(E) = m̃∗(N(A)∧E)⊕ m̃∗(N(A)∨E).

We denote Am̃∗ the class of all m̃∗-measurable L-fuzzy sets.
Some obvious properties of Am̃∗ :

/0, X ∈ Am̃∗ ,

A ∈ Am̃∗ =⇒ N(A) ∈ Am̃∗ .

Theorem 4.3. Class Am̃∗ is a TM-clan.

Proof. For given L-fuzzy sets A1,A2 ∈ Am̃∗ and E ∈ LX we
will prove the equality

m̃∗(E)⊕ m̃∗(A1 ∧A2) =
m̃∗(E ∧ (A1 ∧A2))⊕ m̃∗(E ∨ (A1 ∧A2))

(1)

Since A1,A2 are m̃∗-measurable we have

m̃∗(A1)⊕ m̃∗(A2) = m̃∗(A1 ∧A2)⊕ m̃∗(A1 ∨A2),

m̃∗(A1 ∧E)⊕ m̃∗(A1 ∨E) = m̃∗(A1)⊕ m̃∗(E).

Now by summing up these two equalities and adding one more
additional summand m̃∗(A1 ∧ (E ∨ A2)) to both sides of the
equality we obtain

m̃∗(A1)⊕ m̃∗(A2)⊕ m̃∗(A1 ∧E)⊕
⊕m̃∗(A1 ∨E)⊕ m̃∗(A1 ∧ (E ∨A2)) =

= m̃∗(A1 ∧A2)⊕ m̃∗(A1 ∨A2)⊕ m̃∗(A1)⊕
⊕m̃∗(E)⊕ m̃∗(A1 ∧ (E ∨A2)).

(2)

Let us transform now the left part of (2). To do this we use (3)
and (4):

m̃∗(A1)⊕ [m̃∗(A2)⊕ m̃∗(E ∧A1)] =
= m̃∗(A1)⊕ [m̃∗(E ∧A1 ∧A2)⊕ m̃∗((E ∧A1)∨A2)] =

= m̃∗(E ∧A1 ∧A2)⊕ m̃∗((E ∧A1)∨A2 ∨A1)⊕
⊕m̃∗(((E ∧A1)∨A2)∧A1) =

= m̃∗(E ∧A1 ∧A2)⊕ m̃∗(A1 ∨A2)⊕ m̃∗((E ∨A2)∧A1)

(3)

and

m̃∗(E ∨A1)⊕ m̃(A1 ∧ (E ∨A2)) =
= m̃∗(E ∨ (A1 ∧A2)∨A1)⊕ m̃∗(E ∨A1 ∧A2 ∧A1) =

= m̃∗(E ∨ (A1 ∧A2))⊕ m̃∗(A1).
(4)

Next we substitute (3) and (4) in (2).

m̃∗(E ∧A1 ∧A2)⊕ m̃∗(A1 ∨A2)⊕ m̃∗(A1 ∧ (E ∨A2))⊕
⊕m̃∗(E ∨ (A1 ∧A2))⊕ m̃∗(A1) =

= m̃∗(A1 ∧A2)⊕ m̃∗(A1 ∨A2)⊕ m̃∗(A1)⊕ m̃∗(E)⊕

⊕m̃∗(A1 ∧ (E ∨A2)).

Finally, canceling like terms we obtain (1).
By analogy it can be proved that

m̃∗(E)⊕m̃∗(A1∨A2)= m̃∗(E∧(A1∨A2))⊕m̃∗(E∨(A1∨A2)).

Taking into account that N(A1 ∨ A2) = N(A1) ∧ N(A2) and
N(A1 ∧A2) = N(A1)∨N(A2), we get that A1 ∨A2 and A1 ∧A2
are m̃∗-measurable.

Proposition 4.4. ℘̃⊂ Am̃∗

Proof. First we will show that for a given A(H,α) ∈℘̃and all
E ∈ LX it holds

m̃∗(A)⊕ m̃∗(E) = m̃∗(A∨E)⊕ m̃∗(A∧E).

Because of Proposition 4.1 it is sufficient to prove the inequal-
ity

m̃∗(A)⊕ m̃∗(E) ≤ m̃∗(A∨E)⊕ m̃∗(A∧E).

We consider two TM-disjoint sequences (Ck(Mk,βk))k∈N ⊂℘̃
and (Dk(Kk,γk))k∈N ⊂℘̃such that

A∨E ≤
∞∨

k=1

Ck and A∧E ≤
∞∨

k=1

Dk

and define two the new sequences

(Fk(Mk \H,βk))k∈N and (Gk(H ∩Mk,βk))k∈N.

By TM-additivity of m̃ it holds

m̃(Gk)⊕ m̃(Fk) = m̃(Ck), k ∈ N.

Taking into account

A ≤
∞∨

k=1

Gk and E ≤ (
∞∨

k=1

Fk)∨ (
∞∨

k=1

Gk),

we obtain

m̃∗(A) = m̃(A) ≤
∞⊕

k=1

m̃(Gk),

m̃∗(E) ≤
∞⊕

k=1

m̃(Fk)⊕
∞⊕

k=1

m̃(Dk).

Summing up

m̃∗(A)⊕ m̃∗(E) ≤
∞⊕

k=1

m̃(Gk)⊕
∞⊕

k=1

m̃(Fk)⊕
∞⊕

k=1

m̃(Dk) =

=
∞⊕

k=1

(m̃(Gk)⊕m̃(Fk))⊕
∞⊕

k=1

m̃(Dk) =
∞⊕

k=1

m̃(Ck)⊕
∞⊕

k=1

m̃(Dk).

So independent of a choice of sequences (Ck)k∈N and (Dk)k∈N

it holds
∞⊕

k=1

m̃(Ck)⊕
∞⊕

k=1

m̃(Dk) ≥ m̃∗(A)⊕ m̃∗(E).

Finally, by taking infimums of sums we get

m̃∗(A)⊕ m̃∗(E) ≤ m̃∗(A∨E)⊕ m̃∗(A∧E).

Since
N(A) = B1(H,Nα)∨B2(X \H,1L),

where B1(H,Nα),B2(X \H,1L) ∈℘̃, the equality

m̃∗(N(A))⊕ m̃∗(E) = m̃∗(N(A)∧E)⊕ m̃∗(N(A)∨E)

can be proved by analogy with the proof of Theorem 4.3.
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5 A construction of an L-fuzzy valued
TM-countably additive measure

Let us denote by µ̃ the restriction of m̃∗ to Am̃∗ :

µ̃ : Am̃∗ → R+(L).

Theorem 5.1. µ̃ is TM-countably additive L-fuzzy valued func-
tion.

Proof. First we will show that for a TM - disjoint sequence

A1,A2, ...,An ∈ Am̃∗ it holds µ̃(
n∨

i=1
Ai) =

n⊕
i=1

µ̃(Ai).

For n = 2 by usinq m̃∗-measurability and TM - disjointness
of A1,A2 we obtain

µ̃(A1)⊕ µ̃(A2) = µ̃(A1 ∨A2)⊕ µ̃(A1 ∧A2) =

= µ̃(A1 ∨A2)⊕ µ̃( /0) = µ̃(A1 ∨A2).

Now we assume that the equality holds for a given n ∈ N

and we prove it for n + 1 TM-disjoint sets A1,A2, ...,An+1 ∈
Am̃∗

µ̃(
n+1∨
k=1

Ak) = µ̃((
n∨

k=1

Ak)∨An+1) = µ̃(
n∨

k=1

Ak)⊕ µ̃(An+1) =

=
n⊕

k=1

µ̃(Ak)+ µ̃(An+1) =
n+1⊕
k=1

µ̃(Ak).

Now let us consider a TM-disjoint sequence (An)n∈N ⊂ Am̃∗

such that
∞∨

n=1
An ∈ Am̃∗ . To prove the inequality

µ̃(
∞∨

n=1

An) ≤
∞⊕

n=1

µ̃(An)

we take TM-disjoint sequences (Bn
k)k∈N ∈℘̃such that

An ≤
∞∨

k=1
Bn

k ,n ∈ N. Then
∞∨

n=1
An ≤

∞∨
n=1

∞∨
k=1

Bn
k and hence

m̃∗(
∞∨

n=1

An)) ≤
∞⊕

n=1

∞⊕
k=1

m̃(Bn
k).

Taking into account that this inequality holds independent of
the choice of sequences (Bn

k)k∈N we obtain

m̃∗(
∞∨

n=1

An) ≤
∞⊕

n=1

m̃∗(An).

Now we will prove inverse inequality. For a given n ∈ N we
have

µ̃(
n∨

k=1

Ak) ≤ µ̃(
∞∨

k=1

Ak).

and

µ̃(
n∨

k=1

Ak)) =
n⊕

k=1

µ̃(Ak),

hence
n⊕

k=1

µ̃(Ak) ≤ µ̃(
∞∨

k=1

Ak).

Finally by taking supremum we obtain
∞⊕

k=1

µ̃(Ak) ≤ µ̃(
∞∨

k=1

Ak).

As the final result, by extension of a crisp measure ν we ob-
tain L-fuzzy valued TM-countably additive measure µ̃ : Am̃∗ →
R+(L) such that

(i) µ̃/℘̃= m̃;

(ii) µ̃/Φ = ν.

The last equality means that for every M ∈ Φ it holds
µ̃(A(M,1L)) = zν(M).
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Abstract— The tuning of Fuzzy Rule Base-Systems is necessary
to improve their performance after the extraction of rules. This op-
timization problem can become a hard one when the size of the con-
sidered system in terms of the number of variables, rules and data
samples is big. To alleviate this growth in complexity, we propose a
distributed genetic algorithm which explotes the nowadays available
parallel hardware (multicore microprocessors and clusters). The em-
pirical performance in solution quality and computing time is as-
sessed by comparing its results with those from a highly effective
sequential tuning algorithm. Both methods are applied for the mod-
eling of four well-known regression problems.

Keywords— 2-tuples, Distributed Genetic Algorithms, Fuzzy
Rule-based Systems Tuning, Lateral Tuning

1 Introduction
Fuzzy rule based-systems (FRBS) have become a wide choice
when addressing modeling and system identification prob-
lems. An essential component in these systems is the fuzzy
rule base, together with the data base compose the knowledge
base. The construction of this knowledge base is a key step
for obtaining a correct system.

It is very difficult for human beings to obtain appropiate
rules when dealing with real-world complex problems with
many variables and where the necessary number of rules is
high. When an expert determines the rule set for a determined
problem, generally it will not be the optimal set in terms of
performance. Performance is an important goal design for
whatever the system is intended to be used: either with ap-
proximation purposes or when searching for an interpretable
system. To cope with this problem a refining process that ad-
justs the system is required. This process is widely known as
tuning.

Classically, tuning processes involve changing the shape
of the Membership Functions (MFs) associated to the labels
in the database so that the best cooperation among rules is
reached. However as the number of variables and rules in-
creases, tuning methods show poor performance due to the
growing complexity of the search space. Moreover, the comp-
tuing time consumed by these approaches grows with the com-
plexity of the search space which would result in a procedures
that are not useful in practice.

Nowadays parallel hardware and software has become very
affordable. They are broadly available which makes them per-
fect to deal with complex search spaces in order to improve the
poor performance achieved with classical tuning approaches.
Clear examples in this line are multicore processors and linux
clusters.

In this paper, we address the tuning problem and present
a distributed method for lateral FRBS tuning. The paper is

structured as follows: in the second section of the paper the
lateral tuning of FRBSs problem is stated and an efficient se-
quential specialized algorithm is reviewed. The third section
describe our proposal for the distributed tuning for FRBS. An
empirical evaluation of the distributed algorithm is presented
in the fourth section. Finally some conclusions and future
work is commented in the last section.

2 Lateral Tuning of FRBSs
The tuning of FRBS is a problem long studied by researchers
in the community [1, 2]. A quite efficient procedure fuzzy
systems tuning was presented recently by Alcalá et al. [3]. We
choose that as a reference to compare the perfomance of our
proposal with. We describe this method briefly in this section.

2.1 Lateral Tuning: The Linguistic 2-Tuples Representation

In [3], a new procedure for FRBSs tuning was proposed. It
is based on the linguistic 2-tuples representation scheme in-
troduced in [4], which allows the lateral displacement of the
support of a label and maintains the interpretability at a good
level. This proposal introduces a new model for rule repre-
sentation based on the concept of symbolic translation [4].
The symbolic translation of a label is a number in [-0.5,
0.5), expressing this interval the domain of a label when it
is moving between its two adjacent lateral labels (see Fig-
ure 1.a). Let us consider a generic linguistic fuzzy partition
S = s0, . . . , sL−1} (with L representing the number of la-
bels). Formally, we represent the symbolic translation of a
label si in S by means of the 2-tuple notation,

(si, αi), si ∈ S, αi ∈ [−0.5, 0.5).

The symbolic translation of a label involves the lateral varia-
tion of its associated MF. Figure 1 shows the symbolic trans-
lation of a label represented by the 2-tuple (s2,−0.3) together
with the associated lateral variation.

In the context of FRBSs, the linguistic 2-tuples could be
used to represent the MFs comprising the linguistic rules. This
way to work, introduces a new model for rule representation
that allows the tuning of the MFs by learning their respec-
tive lateral displacements. With respect to the classic tuning,
usually considering three parameters in the case of triangular
MFs, this way to work involves a reduction of the search space
that eases a fast derivation of optimal models, improving the
convergence speed and avoiding the necessity of a large num-
ber of evaluations.

In [3], two different rule representation approaches have
been proposed, a global approach and a local approach. The
global approach tries to obtain more interpretable models,
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Figure 1: Symbolic Translation of a Label and Lateral Displacement of the associated MF

while the local approach tries to obtain more accurate ones. In
our case, tuning is applied at the level of linguistic partitions
(global approach). By considering this approach, the label sv

i

of a variable v is translated with the same αv
i value in all the

rules where it is considered, i.e., a global collection of 2-tuples
is used in all the fuzzy rules. Notice that from the parameters
αv

i applied to each label we could obtain the equivalent trian-
gular MFs. Thus, an FRBS based on linguistic 2-tuples can be
represented as a classic Mamdani FRBS [5]. Refer to [3] for
further details on this approach.

2.2 Sequential Algorithm for the Lateral Tuning of FRBSs

In [3], a sequential genetic algorithm was proposed to per-
form a lateral tuning of previously obtained FRBSs. A short
description of this algorithm is given in the next (see [3] for a
detailed description).

The used model was the genetic model of CHC [6]. CHC
makes use of a “Population-based Selection” approach. N
parents and their corresponding offsprings are combined to
select the best N individuals to take part of the next popu-
lation. The CHC approach makes use of an incest prevention
mechanism and a restarting process to provoke diversity in the
population, instead of the well known mutation operator.

This incest prevention mechanism is considered in order to
apply the crossover operator, i.e., two parents are crossed if
their hamming distance divided by 2 is over a predetermined
threshold, T . Since a real coding scheme is considered, each
gene is transformed by considering a Gray Code with a fixed
number of bits per gene (BITSGENE) determined by the
system expert. In our case, the threshold value is initialized
as:

T = (#GenesCT ∗BITSGENE)/4.0.

Following the original CHC scheme, T is decreased by one
when the population does not change in one generation. In
order to avoid very slow convergence, T is also decreased
by one when no improvement is achieved with respect to the
best chromosome of the previous generation. The algorithm
restarts when T is below zero.

In the following, the components used to design the evolu-
tionary tuning process are explained. They are: DB codifica-
tion, chromosome evaluation and genetic operators.

2.3 DB Codification

A real coding scheme is considered, i.e., the real parameters
are the GA representation units (genes). Let us consider n
system variables and a fixed number of labels per variable L.
Then, a chromosome has the following form (where each gene
is associated to the tuning value of the corresponding label),

(α1
1, . . . , α

L
1 , α1

2, . . . , α
L
2 , . . . , α1

n, . . . , αL
n)

To make use of the available information, the initial FRBS
obtained from an automatic fuzzy rule learning method is
included in the population as an initial solution. To do so,
the initial pool is obtained with the first individual having all
genes with value ‘0.0’, and the remaining individuals gener-
ated at random in [-0.5, 0.5).

2.4 Chromosome Evaluation

To evaluate a determined chromosome the well-known Mean
Square Error (MSE) is used:

MSE =
1

2 ·N
E∑

l=1

(F (xl)− yl)2,

with E being the data set size, F (xl) being the output obtained
from the FRBS decoded from the said chromosome when the
l-th example is considered and yl being the known desired
output.

2.5 Genetic Operators

The genetic operators considered in CHC are crossover and
restarting approach (no mutation is used). A short description
of these operators comes next:

• Crossover. The crossover operator is based on the the
concept of environments. These kinds of operators show
a good behavior in real coding. Particularly, the Parent
Centric BLX (PCBLX) operator [7] (an operator based
on BLX-α) is considered.

• Restarting. To get away from local optima, this algorithm
uses a restart approach [6]. In this case, the best chro-
mosome is maintained and the remaining are generated
at random within the corresponding variation intervals [-
0.5, 0.5). It follows the principles of CHC [6], perform-
ing the restart procedure when threshold L is below zero.
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3 A distributed genetic algorithm for FRBS
tuning

The availability of extremely fast and low cost parallel hard-
ware in the last few years benefits the investigation on new ap-
proaches to existing optimization algorithms. The key to these
new approaches is achieving not only gains in time, which is
somehow inherent to distributed algorithms, but gains in qual-
ity of the solutions found.

Distributed Genetic Algorithms (DGA) are excellent opti-
mization algorithms and have proven to be one of the best op-
tions when trying to cope with large scale problems and when
the classic approaches take too much time to give a proper
solution.

One procedure for the parallelization of GA comes from
the consideration of spatial separation of populates. Schemat-
ically:

1. Generate a random population, P.
2. Divide P into n subpopulations: SPi,

i = 1, ..., n.
3. Define a topology for SP1, ..., SPn.
4. For i = 1 to n do:
4.1. Apply in parallel during FM

generations the genetic operators.
4.2. Send in parallel NM chromosomes to

neighbour subpopulations.
4.3. Receive in parallel chromosomes

from neigbour subpopulations.
5. If stopping criteria is not meet then

go back to step 4.

In this section the DGA [8] used for Fuzzy Rule-based Sys-
tem tuning is described.

3.1 Gradual Distributed Real-Coded Genetic Algorithm
used

Gradual Distributed Real-Coded Genetic Algorithms (GDR-
CGAs) are a kind of heterogeneous DGAs based on real cod-
ing where subpopulations apply genetic operators in differ-
ent levels of exploitation/exploration. This heterogeneous ap-
plication of genetic operators produce a parallel multiresolu-
tion which allows a wide exploration of the search space and
effective local precision. Due to appropiate connections be-
tween subpopulations in order to gradually exploit multireso-
lution,these algorithms achieve refinement or expansion of the
best emerging zones of the search space.

The GDRCGA [8] used for FRBS tuning employs 8 sub-
populations in a hypercube topology as seen in Figure 2.

In this topology two important groups of subpopulations
can be clearly identified:

1. Front side: this side of the hypercube is oriented to ex-
plore the search space. In this side, four subpopulations,
E1, ..., E4, apply exploration tuned genetic operators in
a clockwise increasing degree.

2. Back side: subpopulations in the back side of the hyper-
cube, e1, ..., e4, apply exploitation oriented genetic oper-
ators in a clockwise increasing degree.

E1

E2E3

E4

e4 e1

e3 e2

Back side (Exploitation)

Front side (Exploration)

+

+ -

-

Figure 2: Hypercube topology for GDRCGA

One of the key elements of DGAs is the migration policy of
individuals between subpopulations. In this particular model,
a immigration process [9] is achieved when the best chromo-
some in every subpopulation abandons it and moves to an im-
mediate neighbour. Due to this immigration policy, three dif-
ferent immigration movements can be identified depending on
the subpopulations involved:

1. Refinement migrations: individuals in the back side
move clockwise to the immediate neighbor, i.e. from
e2 to e3. Chromosomes in the front side move counter-
clock from a more exploratory subpopulation to a less
exploratory oriented one.

2. Expansion migrations: individuals in the back side
move counterclock to the immediate neighbor and chro-
mosomes in the front side move clockwise from a less
exploratory subpopulation to a more exploratory oriented
one, i.e. from E4 to E1.

3. Mixed migrations: subpopulations from one side of the
hypercube exchange their best individual with the coun-
terpart subpopulation in the other side: interchange be-
tween Ei and ei, i = 1 . . . 4.

Figure 3 shows the three different migration movements de-
scribed above.

The genetic operators used in the distributed model are:

• Selection mechanism: linear ranking selection (LRS)
[10] with stochastic universal sampling [11]. Values of
LRS parameter is shown if Table 1.

• Crossover operator: BLX-α [12] operator using values
for α shown in Table 2.

• Mutation operator: non-uniform mutation operator ap-
plied with probability Pmut = 0, 125.

Table 1: LRS parameter values for each subpopulation

Exploitation Exploration
+ ← − − → +
e4 e3 e2 e1 E1 E2 E3 E4

0,9 0,7 0,5 0,1 0,9 0,7 0,5 0,1
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Figure 3: Three different migration movements

Table 2: Values of α for each subpopulation

Exploitation Exploration
+ ← − − → +
e4 e3 e2 e1 E1 E2 E3 E4

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8

As stated in [8], the frequency in which migration move-
ments occur is crucial to avoid the classic withdraws of DGAs:
the conquest and noneffect problems. In order to reduce the
negative effect of these problems, immigrants stay in the re-
ceiving subpopulations for a brief number of generations. Be-
sides, a restart operator is used to avoid stagnation of the
search process. This restart operator randomly reinitializes all
subpopulations if non-significant improvement of the best ele-
ment is achieved for a number of generations. Also an elitism
strategy is used in order to keep the best adapted individual of
every subpopulation.

4 Empirical evaluation
In this section we describe the empirical evaluation we per-
formed in order to assess the merits of our proposal.

We consider the tuning of FRBSs constructed for the mod-
eling of some well-known regression problems. We have com-
pared the quality of the tuning performed by the sequential al-
gorithm and our proposal. We have selected four problems,
some of their salient features are shown in Table 3 displayed
in increasing complexity order.

Table 3: Data sets used to evaluate the algorithm

Data set Variables Instances
Electrical Maintenance 5 1056

Trasury 16 1049
Weather-Izmir 10 1461

Abalone 8 4177

A five-fold cross-validation approach has been used. So five
runs with different independent test sets have been carried out
for each problem. The performance of a fuzzy rule is mea-
sured as mean squared error (MSE) over the test set.

Our proposed distributed algorithm is compared with a spe-
cialized sequential genetic algorithm (CHC) [3] in terms of
quality of the solutions achieved (MSE) as well as in time. As
a starting point we have used the results achieved by apply-
ing Wang & Mendel fuzzy rule learning method [13]. These
initial results are shown in Table 4.

Table 4: Initial results using Wang & Mendel fuzzy rule learn-
ing method

Dataset Training σtra Test σtest

Electrical M. 57605.83 2840.78 57934.25 4732.66
Treasury 1.636 0.121 1.632 0.182

Weather-Izmir 6.944 0.720 7.368 0.909
Abalone 3.341 0.130 3.474 0.247

Generally when comparing a distributed or parallel ap-
proach with some other sequential algorithm an interesting
measure is the execution time gain ratio. This ratio could be
defined as follows:

R =
Tseq

Tdist
(1)

where Tseq is the time spent by the sequential algorithm and
Tdist is the execution time of the distributed approach. The
higher the value of R, the better. Time gain ratio values ob-
tained in the empirical experimentation are shown in Table 5.

An interesting point to which to pay attention is the evolu-
tion of the mean squared error as the number of evaluations
increases. So, three different numbers of evaluations have
been choosen: 10000, 25000 and 50000 evaluations per run.
The results in terms of quality of the solutions attained are
shown in Table 6. An important fact to notice is that the mean
squared error achieved with the distributed method is lower
than the error obtained with the specialized genetic algorithm
in all data sets at 50000 evaluations. The distribuited also ob-
tains good results with fewer iterations in some cases (e.g.
Electrical Maintenance, 25000 it.), but clearly its real effec-
tiveness will be reached when the computation load is higher.
Actually, we are running further experiments with datasets of
higher complexity.

Table 5: Time gain ratio with 50000 evaluations

Data set Tseq Tdist R
Electrical Maintenance 187,3 391,6 0,479

Trasury 525,3 739,7 0,710
Weather-Izmir 849,8 867,1 0,980

Abalone 1980,9 942,5 2,101

As shown in Table 5, the time gain ratio, R, increases with
the problem complexity. In the less complex data sets the ra-
tio obtained is substantially low because the sequential spe-
cialized genetic algorithm is very fast and the time spent in
communications of the distributed approach slows it down in
comparision. As the complexity of the data set increases the
time gain ratio also increases, showing that the distributed ap-
proach in the most complex data set is more than two times
faster than the sequential specialized genetic algorithm.
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Table 6: Mean squared errors in training and test sets. The winner for each pair of training is in italics. The winner for each
pair of test is boldfaced

CHC GDRCGA
Data set Evaluations Training Test Training Test

Electrical Maintenance
10000 2.59363671E+04 2.92591821E+04 2.65539710E+04 2.89024830E+04
25000 2.48690100E+04 2.80510895E+04 2.39248797E+04 2.67720415E+04
50000 2.46214328E+04 2.78282761E+04 2.26682075E+04 2.54097540E+04

Abalone
10000 2.61355003E+00 2.79981355E+00 2.65916770E+00 2.79026550E+00
25000 2.60333453E+00 2.79298130E+00 2.59992700E+00 2.76143590E+00
50000 2.60303744E+00 2.79117626E+00 2.57035010E+00 2.75904570E+00

Weather-Izmir
10000 1.68875432E+00 1.89318352E+00 1.89195950E+00 1.95458830E+00
25000 1.64117336E+00 1.86996710E+00 1.66238700E+00 1.87669540E+00
50000 1.64010963E+00 1.86891124E+00 1.57019250E+00 1.86195430E+00

Treasury
10000 1.71238672E-01 1.86722425E-01 2.12486800E-01 2.16882700E-01
25000 1.33618274E-01 1.50895419E-01 1.42194200E-01 1.67407400E-01
50000 1.20604483E-01 1.37784224E-01 1.15845500E-01 1.31803000E-01

5 Conclusions and final remarks

We have developed and presented a very promising distributed
algorithm for FRBSs lateral tuning that achieves better results
than a specialized genetic algorithm. Due to its distributed na-
ture and consequently the spatial separation implied, it needs
more evaluations to converge than a classic sequential algo-
rithm. It always presents the same behaviour in comparision
to the specialized sequential algorithm: with a small number
of evaluations it offers a higher error than the sequential ap-
proach but when the evaluations are high it gives better quality
solutions.

Empirical results show that when the complexity of the
problem grows, our distributed method takes adventage of the
large computing times and converges to a better solution in
less time. This property makes the distributed tuning algo-
rithm very convenient when dealing with large scale data sets.

The distributed algorithm takes longer than the sequential
algorithm when dealing with small size data sets mainly due
to two reasons: interprocess communication in the distributed
approach implies additional execution time which can not
be paralelized and the specialized algorithm is optimized for
small size data sets where the search space is not too complex.

Since execution time and quality of the results are two prop-
erties always in conflict somehow, our approach is very con-
venient since it can be graduated in order to achieve faster
execution times with a small cost in quality and viceversa.

We expect to achieve great execution time gains when ap-
plying the distributed FRBSs tuning algorithm with large scale
data sets with a non significant loss of quality.
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Abstract—This paper presents an adaptive neuro-fuzzy inference 
system (ANFIS) for USD/JPY exchange rates forecasting. Previous 
work often used time series techniques and neural networks (NN).  
ANFIS can be used to better explain solutions to users than 
completely black-box models, such as NN. The proposed neuro-
fuzzy rule based system applies some technical and fundamental 
indexes as input variables. In order to generate membership 
functions (MFs), we make use of fuzzy clustering of the output 
space. The neuro-fuzzy model is tested with 28 candidate input 
variables for both currencies. For the purpose of comparison, 
Sugeno-Yasukawa model, feedforward multi-layer neural network, 
and multiple regression are benchmarked. The comparison 
demonstrates that the presented algorithm shows its superiority in 
terms of prediction error minimization, robustness and flexibility.

Keywords— ANFIS Network, Exchange Rates, Forecasting, 
Neuro-Fuzzy Systems, Nonlinear Identification. 

1 Introduction 
The Efficient Market Hypothesis ([1], [2], [3]) states that 
one cannot predict the behavior of efficient markets, as the 
markets follow a random walk. However, other studies ([4], 
[5]) found evidences against the Efficient Market 
Hypothesis. Exchange rate prediction is one of the most 
challenging applications of modern time series forecasting. 
To become an efficient dealer in foreign exchange market, 
one must be conversant with the factors that are responsible 
for a currency to appreciate or depreciate. 
Methods that have been proposed for currency exchange 
rates forecasting fall into three categories: (i) econometric 
methods, (ii) time series methods, and (iii) soft computing 
methods. The difficulty in predicting currency exchange 
rates, due to their high volatility and complexity, has long 
been a concern in international financial markets, as many 
econometric methods are unable to produce significantly 
better forecasts than the random walk model [6]. Time series 
methods have their limitations for multidimensional time 
series with mutual non-linear dependencies. Most recently, 
researchers have applied soft computing tools such as 
multilayer Artificial Neural Networks (ANN), Fuzzy Logic 
(FL), and their hybrids to exchange rate forecasting. 
ANN support time-series analysis and forecasting and 
multivariate analysis. Medeiros et al [7] presented and 
compared alternatives to model and forecast monthly 

exchange rates time series. Medeiros et al [7] simulated 
ANN, neuro-coefficient smooth transition autoregressive, 
linear autoregression, and random walk models. 
Kamruzzaman and Sarker [8] have investigated ANN 
modeling of foreign exchange rates using three learning 
algorithms, namely, Standard Back Propagation, Scaled 
Conjugate Gradient, and Back Propagation with Bayesian 
Regularization. Majhi et al [9] proposed two low complexity 
ANN exchange rate prediction models for US Dollar to 
British Pound, Indian Rupees, and Japanese Yen exchange 
rates. 
The literature has shown fuzzy sets as a superior modeling 
tool for many problems. The statistical fuzzy interval NN is 
proposed by [10] to perform knowledge discovery and 
predict currency exchange rate. To overcome the difficulty 
in finding matching rules for forecasting in the fuzzy time 
series model, [11] proposed to use the Euclidean distance 
between two fuzzy logic relationships as a metric for 
selecting matching rules and applied their model to 
exchange rate time series prediction. 
At the computational level, a fuzzy system is a layered 
structure, similar to an ANN of the radial basis function type 
[12]. In order to optimize parameters in a fuzzy system, 
ANN learning algorithms can be employed. This neuro-
fuzzy modeling approach can be better used to explain 
solutions to users than completely black-box models, such as 
ANN [13]. 
For the sake of clarity and completeness, section 2 gives a 
brief overview of the adaptive neuro-fuzzy inference system 
(ANFIS) approach. Section 3 systematically discusses 
neuro-fuzzy systems modeling. Section 4 carefully applies 
neuro-fuzzy modeling to US Dollar to Japanese Yen 
exchange rate forecasting. Finally, conclusions are given in 
Section 5. 

2 Adaptive Neuro-Fuzzy Inference System 
The Takagi-Sugeno-Kang (TSK) model uses fuzzy logic 
with crisp functions in consequent that is convenient for 
complex applications [14]. TSK systems are widely used in 
the form of a neuro-fuzzy system called Adaptive Neuro-
Fuzzy Inference System (ANFIS). The structure of ANFIS 
and its learning algorithms are described in the following:  
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2.1 ANFIS Structure 
An ANFIS is a fuzzy inference system that can be trained to 
model some collection of input/output data. The training 
module allows the system to tune its parameters to learn the 
input/output relationships hidden in the data set. ANFIS 
uses two approaches: ANN and fuzzy modeling. By 
composing these two approaches, a suitable reasoning in 
quality and quantity might be achieved [15]. In ANFIS 
fuzzy logic is used to determine decision surfaces rather than 
to determine uncertainty associated with particular linguistic 
terms [16]. The rule-based representation of neuro-fuzzy 
systems offers transparency. 
For pedagogical purposes, one can imagine a fuzzy 
inference system with two inputs x and y and one output z.
The equivalent ANFIS architecture (Type-3 ANFIS) is 
shown in   Fig. 1. The node functions in the same layer are 
from the same function family.  The first layer implements a 
fuzzification, the second layer executes the T-norm of the 
antecedent part of the fuzzy rules, the third layer normalizes 
the membership functions, the fourth layer calculates the 
consequent parameters, and finally the last layer computes 
the overall output as the summation of all incoming signals. 
The feed forward equations of this ANFIS are as follows: 
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where, 
�  x is the input to node i,
� )(x

iA� is the node i node function,  

� Ai is the linguistic label associated with node functions,  
�  wi is the firing strength of the ith rule,  
� iw is the ratio of the ith rule’s firing strength to the sum 

of all rules’ firing strength,  
� {pi, qi, ri} is the parameter set, and  
�  fi is the consequent value. 

Note that the network’s output y is nonlinear in the weights 
w. The training of this ANN is thus a nonlinear optimization 
problem to which various methods can be applied [13]. 

2.2 Learning Algorithms 
The neuro-fuzzy inference system is optimized by adapting 
the antecedent parameters and consequent parameters so that 
a specified objective function (usually a difference between 
the model output and the actual output) is minimized. A 
number of methods have been proposed for learning rules. 
For example, Mascioli, Varazi, and Martinelli [17] have 
proposed merging of Min-Max and ANFIS models to 
determine the optimal set of fuzzy rules. Jang and Mizutani
[18] have presented an application of the Lavenberg-
Marquardt method, which is essentially a nonlinear least-

squares technique, for learning in an ANFIS network. Tang, 
Quek, and Ng [19] proposed a hybrid system combining a 
Fuzzy Inference System and Genetic Algorithms to tune the 
parameters in the TSK fuzzy ANN. 
Jang [20] proposed methods to update the ANFIS 
parameters involving gradient descent and Least Square 
Error (LSE).  High complexity is one of these methods’ 
features. Several popular training algorithms for tuning 
parameters of ANFIS membership functions are compared in 
[21]. In this paper we use the hybrid learning algorithm 
proposed in [20] which is a combination of least square 
estimation and backpropagation algorithms. 

Figure 1: The equivalent ANFIS structure 

3 Designing a Systematic Neuro-Fuzzy System 
The two basic steps in neuro-fuzzy systems modeling are 
system identification and fuzzy reasoning. In the system 
identification stage, the significant input variables are 
determined, the fuzzy if–then rules are generated, and the 
parameters of the model, such as the number of clusters, the 
level of fuzziness, and the operators to be used in the 
reasoning, are selected. The second, fuzzy reasoning, is used 
to infer new knowledge from the identified rule base [22].
In fuzzy system modeling, the relationships between 
variables are represented with if-then rules with imprecise 
predicates.  The basic steps are: 

1) Fuzzy clustering of the output, 
2) Input selection, 
3) Rule base construction, 
4) Tuning the parameters of membership function of 

input and output variables, and 
5) Inference. 

3.1 Fuzzy Clustering of the Output 
To determine the number of rules of the initial ANFIS, one 
should choose the optimum number of clusters. For this 
purpose, a validity index which is proposed by [23] and
modified by [24] is used. In other words, one minimizes: 

	 
�
� c

qp qPrelFNT AAS
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The optimal number of clusters is obtained by minimizing 
VFNT (U, V; X) over the range of c values: 2, …, cmax; where 
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),( qAPArelS  is the relative similarity between two fuzzy sets 

Ap and Aq and is defined as: 

	 �� n
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where, 
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And ),:( qpjrel AAxS  is the relative similarity between two 

fuzzy sets Ap and Aq at xj which is defined as: 
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Here, h(xj) is the entropy of datum xj and )( jA xu

p
is the 

membership value with which xj belongs to the cluster Ap.
After determining the optimum number of clusters, 
Gustafson-Kessel (GK) clustering algorithm is used for 
generating membership functions. 

3.2 Input Selection 
The performance of non-linear identification techniques is 
often determined by the appropriateness of the selected input 
variables and the corresponding time lags. High correlation 
coefficients between candidate input variables in addition to 
a non-linear relation with the output signal induces the need 
for an appropriate input selection methodology [25]. 
For variables selection, the Sugeno and Yasukawa [26]
method is used. They proposed a combinatorial approach in 
which all possible combinations of input candidates are
considered. For each combination, they built two fuzzy 
models based on two separated sets of data and calculated a 
performance index called “Regularity Criterion” (RC).
After that a combination of input variables is chosen which 
has the minimum value of the performance index. 

3.3 Rule Base Construction 
There are three alternative strategies for incorporating the 
fuzzy clustering during rule base construction; cluster the: 

1. output space and obtain the fuzzy membership 
functions based on the projections of the output 
clusters onto the input space [26].  

2. input space, relating the output variables to each input 
cluster based on the degree of possibility [27].  

3. joined input and output spaces and then project these 
multidimensional clusters to the separate input and 
output spaces [28].  

Kilic, Uncu, and Turksen [22] compared these three 
approaches. This paper uses the first approach. 

3.4 Membership Parameters Tuning 
ANFIS has two kinds of parameters that needed to be 
trained: the antecedent parameters and the premises 

parameters. In this study, Gaussian membership functions 
are located in the antecedent part: 
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It has three types of parameters: {ai, bi, ci}, where ai is the 
variance, bi is the crossover slop and ci is the center of MFs. 

4 Exchange Rates Forecast Modeling 
The authors used ANFIS in forecasting US Dollar/Japanese 
Yen exchange rates. While other researchers primarily used 
a few technical inputs ([8], [9], [10], [29], [30], [31]), (see 
Table 1) this work uses significant fundamental and 
technical inputs. 

Table 1: List of some previous inputs data used in exchange 
rate forecasting  
Authors Model Inputs 
Tenti (1996) Recurrent 

Neural 
Network 

Compound returns of the last n 
periods (n=1, 2, 3, 5, 8) 

The running standard deviation of 
the k last periods (k=13, 21, 34) 

Average directional movement index 
(ADX) 

Trend movement index (TMI) 
Rate of change (ROC) 
Ehlers leading indicator (ELI) 

Lisi and 
Schiavo 
(1999) 

Chaotic 
models and 
NN 

Monthly exchange rate of Franc, 
Deutschmark, Lira, and Pound- all 
against US Dollar 

Kamruzzaman 
and Sarker 
(2004) 

ANN Moving average of one week, two 
weeks, one month, one quarter, 
half year closing rate 

Last week’s closing rate 
Preminger and 

Franck 
(2007) 

Regression Monthly exchange rate of Yen and 
Pound against the US dollar 

Zhang and Wan 
(2007) 

Fuzzy 
interval  NN 

Three, two, and one weeks ago rate 
of exchange 

Majhi, Panda, 
and Sahoo 
(2009) 

ANN Normalized rate on the first day of a 
month 

Mean of the monthly rate 
Variance of the monthly rate 

The candidate inputs are shown in Table 2. Similar to [32] 
the inputs are divided into categories. However, in each 
category, this study used some other indices than [32]. 
Additionally, some of the most popular technical input 
variables are used. As a result, 28 fundamental and technical 
candidate input variables, among which there exist 20 
fundamental indices for both countries and the remaining 
ones have been allocated to technical indices, are fed to 
ANFIS. The full sample compromises daily observation for 
the Jan-2001 to Aug-2008 period from the Reuters 3000 
Xtra Hosted Terminal Platform, where 60% of data points 
are used for training and the rest for testing the model. 
After collecting candidate input data, the Sugeno-Yasukawa 
[26] input selection method is used.  The method selected 
the following input variables: 

� US Federal Reserve Bank interest rate,  
� US M2 Money Supply: it technically defined as sum of 

M1, savings deposits, small denomination time 
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deposits (where small is less than $100,000), and 
retirement account, where M1 is the sum of the 
tender that is held outside banks, travelers checks, 
checking accounts (but not demand deposits), minus 
the amount of money in the Federal Reserve float, 

� West Texas Intermediate oil price,  
� Rate of Change (10 days) of the USD/JPY time series,   
� Momentum (5 days) of the USD/JPY time series, and 
� Stochastic K% (5 days) of the USD/JPY time series. 

Table 2: Candidate Input Data 
No. Factor Indexes 
1 Economic Activities Gross domestic product, Industrial 

Production 
2 Price Consumer price index, Producer price 

index 
3 Interest Rates  Short term interest rate (overnight, 1 

week), Federal rate 
4 Money Supply M1, M2, M3 
5 Trade Balance Trade balance, BOP 
6 Employment Unemployment rate, Nonfarm payroll 
7 Personal Consumption Retail sale, Personal income 
8 Oil Brent, WTI oil 
9 Stock Dow Jones, Nikkei 
10 Technical Indexes Stochastic K%(5, 10 days), ROC(5, 10 

days), Momentum(5, 10 days), William 
R%(5, 10 days) 

The corresponding RC values are shown in Fig. 2. Next, 
based on an introduced Cluster Validity Index, we determine 
that the optimum number of clusters is 7 (see Fig. 3). GK 
fuzzy clustering algorithm is applied for initialization of 
antecedent membership functions. Then ANFIS with hybrid 
learning algorithm (combination of least square estimation 
and backpropagation algorithms) is used for parameters 
tuning. We use Mamdani-style inference, min–max 
operators, and centroid defuzzification method. The rules 
that ANFIS generated make sense relative to the economics 
of the foreign exchange market, as shown in Fig. 4. 

Figure 2: Behavior of RC in proposed model 

Figure 3: Identification of the optimum number of clusters  

To further validate this approach for currency exchange 
rates forecasting, the results were compared to the results 
with a) the Sugeno-Yasukawa [26] approach, b) a 
feedforward multi-layer neural network, and c) multiple 
regression. The comparison uses the root mean square of the 
prediction error (RMSE) and mean error of the prediction 
(BIAS). The comparison results for training and testing 
dataset are shown in Table 3, 4, 5, and 6. The characteristics 
of the mentioned test models are described next. 

Figure 4: Fuzzy rule base of USD/JPY exchange rates 
forecasting 

4.1 Sugeno-Yasukawa Approach 
This Sugeno-Yasukawa [26] approach produces a fuzzy 
model with 6 rules, 6 inputs, and 1 output. The inputs are the 
same as with the ANFIS model. Other aspects of the 
approach include a Mamdani-style inference, min–max 
operators, and centroid defuzzification.  

4.2 Feedforward Multi-layer Neural Network 
A 10×5×1 feedforward multi-layer network with gradient 
descent learning algorithm is used to forecasting US Dollar 
against Japanese Yen currency exchange rates. A tangent 
sigmoid activation function is used in each node. The tests 
were performed for a maximum iteration number of 500.  

4.3 Multiple Regression 
The multiple regression analysis with Matlab ® is used for 
prediction. The regression equation is: 

y = 1.9164 x1 – 0.00001 x2 - 0.0602 x3 + 1.7423 x4

- 0.2103 x5 – 0.0208 x6                                                      (10) 

The output is computed by the above equation and the 
modeling performance measure is obtained. 

Table 3: RMSE of different models for training set 

Model 
#
Rules 

#
Runs

RMSE 
Min. Max. Ave. 

Multiple regression - 10 6.1002 9.1770 7.2391 
Neural network - 10 1.3055 2.7595 2.1306 
Sugeno-Yasukawa 6 10 3.1397 5.6691 3.8723 
ANFIS 7 10 1.3805 2.4980 1.7447 
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Table 4: RMSE of different models for testing set 

Model 
#
Rules 

#
Runs

RMSE 
Min. Max. Ave. 

Multiple regression - 10 6.3060 9.4483 7.9221 
Neural network - 10 1.3820 4.9647 2.8082 
Sugeno-Yasukawa 6 10 3.9835 8.2009 4.8290 
ANFIS 7 10 1.9284 5.4007 2.6301 

Table 5: BIAS of different models for training set 

Model 
#
Rules 

#
Runs

BIAS
Min. Max. Ave. 

Multiple regression - 10 1.7193 2.0918 1.7201 
Neural network - 10 0.5311 0.8375 0.7611 
Sugeno-Yasukawa 6 10 0.8129 1.1602 0.9069 
ANFIS 7 10 0.5591 0.7190 0.6207 

Table 6: BIAS of different models for testing set 

Model 
#
Rules 

#
Runs

BIAS
Min. Max. Ave. 

Multiple regression - 10 1.7660 2.2183 1.9219 
Neural network - 10 0.5005 1.1020 0.9011 
Sugeno-Yasukawa 6 10 0.6291 1.5918 1.4820 
ANFIS 7 10 0.5197 0.9518 0.8526 

5 Conclusions 
The average RMSE and BIAS results are better for the 
ANFIS approach than for the Sugeno-Yasukawa, ANN, or 
multiple regression approaches.  However, the difference 
between the ANFIS and ANN average RMSE and BIAS 
does not appear significant. One might say that the 
performance of ANFIS and ANN was comparable as regards 
accuracy. However, with ANN one does not gain the benefit 
of the semantically meaningful presentation of rules that is 
possible with ANFIS. Given the choice between two 
computer systems that produce comparable test accuracies, 
humans are likely to prefer the system whose logic is 
transparent. 
Future work would explore refined hypotheses in various 
directions.  One hypothesis is that by taking advantage of 
further information about currency exchange rates, we can 
improve the initialization of antecedent membership 
functions and the clustering technique.  Another hypothesis 
is that the application of other learning or optimization 
algorithms, such as genetic algorithms and particle swarm 
optimization, would demonstrate interesting variations on 
the representation and reasoning for the currency exchange 
problem.  By implementing new hybrid learning programs, 
researchers might gain further insights about how to solve 
the currency exchange problem.   Vast amounts of available 
data, clear definitions of success in testing, and practical 
importance are hallmarks of this problem.  The problem of 
forecasting currency exchange rates provides a valuable test 
bed for soft computing methods, and researchers can thus 
elaborate the merit and the shortcomings of each method.   
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Genetic Learning of Serial Hierarchical Fuzzy Systems for Large-Scale Problems
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Abstract— When we face a problem with a high number of vari-
ables by a standard fuzzy system, the number of rules increases expo-
nentially and then the obtained fuzzy system is scarcely interpretable.
This problem can be handled by arranging the inputs in hierarchical
ways. The paper presents a multi-objective Genetic Algorithm that
learns Serial Hierarchical Fuzzy Systems with the aim of coping the
curse of dimensionality. By means of an experimental study, we have
observed that our algorithm obtains good results of interpretability
and precision with problems in which the number of variables is rel-
atively high.

Keywords— Curse of dimensionality, hierarchical fuzzy systems,
multi-objective genetic algorithms, variable selection.

1 Introduction
If a conventional fuzzy system is applied to large-scale prob-
lems (i.e, those with a high number of input variables), the
number of rules grows exponentially with respect to the num-
ber of inputs received [1, 2]. Indeed, if we have n variables
and k linguistic terms per variable, it requires up to nk rules
to build a complete Mamdani-based fuzzy system, and con-
sequently, the accuracy-interpretability balance would be bro-
ken. This problem is know as the “curse of dimensionality.”

In order to solve it, several approaches have been suggested
such as variable selection [3, 4] and rule set reduction [5, 6].
Nevertheless, when the number of variables increases consid-
erably, this kind of reduction is not enough to solve this prob-
lem. There exists a different approach which deals with this
problem: Hierarchical Fuzzy Systems (HFS). An HFS is made
up of a set of fuzzy subsystems or modules. These modules
are linked in such a way that the output of a module is the in-
put of other ones. Thanks to the decomposition of the fuzzy
system made in an HFS, the complexity of each module is
significantly reduced. There are several kinds of modules:

• SISO (Single Input Single Output): It has one input and
one output.

• MISO (Multiple Inputs Single Output): It has several in-
puts and a single output [7]. We can find FLU (Fuzzy
Logic Unit) in this kind of modules. One FLU special
case is the one with two inputs and one output, which is
equally found in the literature [2, 8–11].

• MIMO (Multiple Inputs Multiple Outputs): They have
several inputs and outputs [12].

Apart from distinguishing several kinds of modules, it is
also possible to find different types of hierarchical structures.

There are different classifications [9, 13], though the most
general one is the following [11]:

• Serial HFS (SHFS): The input of one module is the out-
put of the previous ones, along with external variables
[10].

• Parallel HFS: This system is organized in layers. The first
one is made up of a set of modules receiving the input
variables. Each variable is used as input only in a single
module. The output of the modules in the first layer is the
input of the modules which constitute the next layer, and
so on. An aggregate operation might also exist in order
to combine the outputs of one layer [2, 12].

• Hybrid HFS: This type of HFS is a mixture of the two
previous ones [7, 14].

Other approaches study the best way to deal with the out-
put variables in the modules (through fuzzy numbers [9] and
matrixes modeling [11]) and the rules in different hierarchical
levels [15]. Besides, some metaheuristics have been applied
in this field with the purpose of obtaining an HFS capable of
getting the best balance between precision and interpretability.
For instance, Differential Evolution [10] has been employed to
find the best membership functions, Genetic Algorithms [8],
Ant Systems [14], Descendent Gradient Method [7] have been
used to learn the hierarchical structure.

In this paper, a multi-objective genetic fuzzy system is sug-
gested to obtain the best distribution of input variables and
modules belonging to SHFS removing variables by crossover
and mutation operators, so it can face the “curse of dimen-
sionality.” The paper is organized in the following sections:
in Section 2, the suggested algorithm is described; in Section
3, the empirical study is shown; in Section 4, conclusions and
future works are referred.

2 GSHFS algorithm
We propose a SHFS structure learning algorithm. These sys-
tems are a set of linked modules where the output of a module
is one of the inputs of the next module. A module has its own
fuzzy rule set which allows to infer the output variable from
the input variables.

The algorithm uses a multi-objective genetic algorithm
called Genetic SHFS (GSHFS) where there are two objec-
tives to minimize: the root mean squared error (RMSE) and
the number of rules. Our algorithm has three specific genetic
operators: one crossover operator and two mutation operators.
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The following subsections detail the different components
of the algorithm.

2.1 Coding scheme

In our algorithm, each individual represents a SHFS. The cod-
ing consists of a gene concatenation. Each gene has two fields:
a variable index and a flag. The flag takes binary values (0 if
it is an exogenous variable and 1 if it is an endogenous vari-
able). Figures 1, 2, and 3 show some examples of the coding
scheme.

A variable with 1 in the flag field means that is an endoge-
nous variable (variable linking two modules) and a module ex-
ists. This variable is the input of the next module. All treated
variables are variables of the problem. The algorithm decides
if a variable of the problem will be endogenous or exogenous,
but does not create new endogenous variables. In this way,
the correlation between the variables of the problem is con-
sidered. The length of chromosome is fixed to the number of
input variables of the problem. The highest hierarchy level
happens when all modules are SISO. In this case, all variables
will be endogenous except the first and the number of levels is
equal to the number of input variables.

2.2 Initialization

The algorithm randomly generates an initial population. The
variable index and the endogenous/exogenous flag is ran-
domly chosen for each gene. The only restriction is that the
variable can not be repeated and the flag of the first gene can
not be 1 (i.e., the first variable have to be exogenous).

2.3 Crossover operator

The crossover operator is applied according to a probabil-
ity between paired parents and provides exploitation. When
crossover operator is applied to two parents, P1 and P2, there
are a set of types of combinations which we must consider: 1)
both parents, P1 and P2, have several modules; 2) parent P1

has several modules and parent P2 has one module; 3) parent
P1 has one module and parent P2 has several modules (this
case is similar to previous case); 4) both parents, P1 and P2,
have one module. A parent-centric crossover has been used
in some cases where the offspring mainly inherits the infor-
mation of one of the parent and takes the secondary parent in
order to add diversity.

The crossover is applied to individuals depending on the
types of variables that two parents have in common. Each case
has a priority. In this way, the crossover operator is applied
from high to low priority as follows:

2.3.1 Both parents, P1 and P2, have several modules

• Priority 1.- Endogenous-Endogenous case. If P1 par-
ent has common endogenous variables with P2 parent, a
common endogenous variable is selected at random. This
variable is the crossover point. The offspring O1 is gen-
erated centered on P1. Thus, the offspring O1 inherits
from P2 the variables and modules from the beginning
to the crossover point, but excluding the crossover point.
The remaining is taken from P1 and repeated variables
are removed from the part inherited from P2. The off-
spring O2 is generated in the same way but centered on
P2.
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Figure 1: Example of crossover of two parents with several
modules, Endogenous-Endogenous case (priority 1)

• Priority 2.- Endogenous-Exogenous case. If P1 has en-
dogenous variables which are exogenous in P2, a com-
mon variable is randomly selected as crossover point.
The offspring O1 is generated centered on P1. The com-
mon endogenous variable inherited from P1 is converted
into exogenous and the rest of previous modules to this
variable are removed. The idea of this type of crossover
is that if an endogenous variable of P1 is equal to an ex-
ogenous variable of P2, it indicates us that if we convert
this endogenous variable into exogenous variable, RMSE
will decrease, because the SHFS does not carry any error,
taking the variable directly as an input.

• Priority 3.- Exogenous-Endogenous case. If P1 has ex-
ogenous variables which are endogenous in P2, one of
those variables is randomly selected as crossover point.
The offspring O1 is created centered on P1, but excluding
the crossover point. The first part of O1 is inherited from
the first part of P2 (from the first gene to the crossover
point). The repeated variables are removed in O1 from
the part inherited from P2. Figure 2 shows an example of
this case. The generated SHFS offspring has four mod-
ules.

• Priority 4.- Exogenous-Exogenous case. If P1 has a set
of exogenous variables in common with exogenous vari-
ables in P2, the offspring O1 is generated as copy of P1,
but with a change: a common exogenous variable be-
tween P1 and P2 is randomly chosen. This variable in
P2, along with others variables, generates an endogenous
variable. This endogenous variable in P2 is selected to
replace the random exogenous selected variable in O1,
which is common in P1 and P2. Later, the repeated vari-
ables in O1 in part inherited from P1 are removed. If this
case comes true in P2, O2 offspring will be generated
with the same procedure, but centered on P2. Notice that
the common exogenous variables of P1 are looked for in
P2 excluding the exogenous variables of the module with
output Y in P2, because if this module is included, when
an exogenous variable is selected there is not endogenous
variable as output because it coincides with the output of
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Figure 2: Example of crossover of two parents with several
modules, Exogenous-Endogenous case (priority 3)

the SHFS.

• Priority 5.- Different variables case. If variables in P1

and P2 are different, an endogenous variable from P1 and
P2 is chosen at random as crossover point. The offsprings
are generated like priority 1.

2.3.2 Parent P1 has several modules and parent P2 has one
module

• Priority 1.- Endogenous-Exogenous case. If P1 has com-
mon endogenous variables with the exogenous variables
of P2, the offspring O1 is generated like Endogenous-
Exogenous case when P1 and P2 have several modules.

• Priority 2.- Exogenous-Exogenous case. If P1 and P2

have common exogenous variables, the offspring O1 cen-
tered on P1 is created as follows. Firstly, O1 is generated
as a copy of P1. Then, an exogenous common variable
of P1 and P2 is randomly chosen and moved to module
with output Y . This type of crossover carries lower error
and the output of SHFS is better.

• Priority 3.- Different variables case. In this case, O1 is
a copy of P1 and later, an exogenous variable of P2 is
selected at random and inserted in the module of O1 with
the output Y .

2.3.3 Parent P1 has one module and parent P2 has several
modules

• Priority 1.- Exogenous-Endogenous case. If P1 has ex-
ogenous variables which are endogenous in P2, the off-
spring O1 is generated like Exogenous-Endogenous case
when P1 and P2 have several modules.

• Priority 2.- Exogenous-Exogenous case. If P1 has
a set of exogenous variables in common with exoge-
nous variables in P2, the offspring O1 is generated like
Exogenous-Exogenous case when P1 and P2 have sev-
eral modules.

• Priority 3.- Different variables case. If variables in P1

and P2 are different, an exogenous variable from P1 and

an endogenous variable from P2 are chosen at random as
crossover point. The offsprings are generated like prior-
ity 1.

2.3.4 Both parents, P1 and P2, have one module
This case, the offsprings O1 and O2 are generated as follows.
The common exogenous variables of P1 and P2 are inserted
in both offsprings. The rest of variables (no common vari-
ables between parents) are inserted in a set V with |V | size.
A number r is randomly generated: if there are not common
variables between P1 and P2 then r ∈ {1, . . . , n − 1}; other-
wise, r ∈ {0, . . . , n}. r variables are randomly took out and
inserted in O1. Finally, the rest of variables are inserted in O2.

2.4 Mutation operator

The mutation operator makes local changes in the chromo-
some. Two kinds of mutations have been designed:

2.4.1 Exchange Mutation
This operator makes an exchange of variables in a module. It
chooses an exogenous variable at random in a module and ex-
changes between this exogenous variable and the endogenous
variable of the module.

2.4.2 Insertion Mutation
The mutation operator distinguishes between: used and un-
used variables in the individual. According to it and by means
of a probabilistic decision (Algorithm 1 shows a scheme), the
mutation operator will choose between inserting an unused
variable in a module, removing an used variable, or moving
an used variable to other module.

Algorithm 1 Insertion Mutation
r = U[0,1];
if (r < 0.5 and there are unused variables) then

v = Choose at random a unused variable();
Insert unused variable(v);

else
t = U[0,1];
if (t < 0.5 and the SHFS has only a SISO module) then

Remove one used variable();
else

Move used variable();
end if

end if

• The insertion of an unused variable is as follows. Given
an unused variable v, a module m is chosen randomly.
Next, the operator decides if v is inserted into m with a
probability of 0.5. If so, v is inserted as exogenous vari-
able. Otherwise, if m has at least an exogenous variable
as input, one of them, e, is selected at random. The mu-
tation operator creates a new SISO module previous to m
where the input is e and the output is v. In this case, v
will be endogenous variable and input of module m. If m
has not exogenous variables, the m’s output is converted
into a new exogenous variable of m and v will be the new
output of m.

• To remove an used variable, first a module m of the SHFS
is randomly chosen. If m has exogenous variables then
one of them is removed at random. Otherwise, the mod-
ule m is removed, thus linking the output of the module
before m with the input of the module after m.
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• To move an used variable from a module to other, two
modules of the chromosome are chosen at random: a
source module m1 where a variable is removed and a
destination module m2 where the variable is inserted. An
exogenous variable of the m1 is randomly removed and
inserted as exogenous variable of the m2. If there are not
exogenous variables into the m1 and consequently m1

has one input and one output (a SISO module), its en-
dogenous variable is chosen. In this situation, m1 disap-
pears and the chosen variable is inserted as an exogenous
variable into m2. If m1 = m2, an exogenous variable v
is randomly selected, then a new module is created after
m1/m2. The input of this new module (and therefore the
output of the module m1/m2) is v while the output of the
new module will be old output of m1/m2.
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Figure 3: Example of insertion mutation of a unused variable
(X7) as endogenous variable, thus creating a new module

2.5 Fuzzy rule set learning

The learning fuzzy rule set of SHFS is as follows. Each mod-
ule learns its fuzzy rule set with Mamdani rules depending
on the inputs variables by WM [16]. The endogenous vari-
ables in SHFS are inferred by its respective module according
to the input variables of the module. The obtained system is
evaluated by training data examples, choosing the correspon-
dent values of exogenous variables in that module. A module,
according to learned fuzzy rule set, generates a value of out-
put (an endogenous variable). The value is the next input of
the module along with others exogenous variables. The mem-
bership functions are triangular shape distributed strong fuzzy
partition.

2.6 Multi-objective approach

A generational approach with the multi-objective elitist re-
placement strategy of NSGA-II [17] is used. Crowding dis-
tance [17] in the objective function space is considered. Bi-
nary tournament selection based on the non-domination rank
(or the crowding distance when both solutions belong to the
same front) is applied. The crowding distance is normalized
for each objective according to the extreme values of the solu-
tions contained in the analyzed front.

2.7 Objective functions

We consider two objective functions to be minimize and so get
a better precision and interpretability of the system.

2.7.1 Accuracy
It is computed as the RMSE:

F1(S) =
√

1
N

∑N
i=1(S(xi) − yi)2 (1)

with S being the fuzzy system to be evaluated, N the data set
size and (xi, yi) the ith input-output pair of the data set. The
objective is to minimize this function to get good precision.

2.7.2 Interpretability
It is computed as follows:

F2(S) = r(S) (2)

with r() being the number of rules of the fuzzy system.
Although the number of modules or the number of variables

by module are notable criteria to evaluate the learned quality
of the SHFS, the number of rules is more intuitive to validate
the interpretability because it combines both criteria in one
objective. If the number of rules is considered, the number
of variables and modules is controlled automatically: as the
number of rules decreases, the number of modules and vari-
ables increase.

3 Experimental Results
This section presents the experimental results. The objective
of experimentation is to prove the reduction of number of rules
and so, to assess the interpretability that can be compared to a
referential learning method (WM in our case).

3.1 Problems

We have considered five regression problems with a moder-
ate and high number of input real-valued variables: Dee1,
Concrete2, Elevators3, Computer Activity (Comp-activ)3, and
Ailerons3.

Table 1 collects the main features of each problem, where
#InputVar stands for number of input variables, #Exam for to-
tal number of examples, and #LingTerms for the number of
triangular-shaped uniformly distributed linguistic terms con-
sidered for each variable in this experimental analysis.

Table 1: Data sets considered in the experimental analysis
Data set #InputVar #Exam #LingTerms
Dee 6 365 5
Concrete 8 1030 5
Elevators 18 16559 3
Comp-activ 21 8192 3
Ailerons 40 13750 3

The experiments shown in this paper have been performed
by a five fold cross validation with a total of 30 runs per prob-
lem (six runs for each data set partition). Thus, the data set
is divided into five subsets of (approximately) equal size. The
algorithm is then applied five times to each problem, each time

1KEEL: Knowledge extraction based on evolutionary learning.
http://www.keel.es

2UCI Machine Learning Repository. Collection of regression
datasets. http://archive.ics.uci.edu/ml/datasets.html

3L. Torgo, Collection of regression datasets.
http://www.liacc.up.pt/ ltorgo/Regression/DataSets.html
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leaving out one of the subsets from training, but using only the
omitted subset to compute the test error.

Our algorithm has been run with the following parameter
values: 1,000 iterations, 60 as population size, 0.7 as crossover
probability, and 0.2 as mutation probability per chromosome.
We have not performed any previous analysis to fix these val-
ues, so better results may probably be obtained by tuning them
though we have informally noticed our algorithm is not spe-
cially sensitive to any parameter.

3.2 Obtained results

For each problem we present the five validation test results
(Table 2), where RMSEtra and RMSEtst are the approxi-
mation error (eq. 1) values over the training and test data set
respectively, #M, #R, #V stand for the number of modules, the
number of fuzzy rules, and the number of variables respec-
tively.

Since our algorithm performs multi-objective optimization,
several solutions are returned in each run. Therefore, we show
five representative solutions from the final Pareto-optimal set:
the first row of each problem is the best solution (highest pre-
cision), the second row is the first quartile, the third row is the
median (it is not the average), the fourth row is the third quar-
tile, and the fifth row is the worst solution (lowest precision).

Table 2: Obtained Results
Method RMSEtra RMSEtst #M #R #V

D
E

E

WM 0.375594 0.477303 1.0 178.4 6.0
0.372482 0.474365 1.2 157.3 5.6
0.396565 0.460321 1.8 95.6 5.2

GSHFS 0.430456 0.484292 1.8 66.1 4.6
0.495178 0.507092 2.1 28.6 3.7
0.681968 0.695144 1.2 5.5 1.2

C
O

N
C

R
E

T
E WM 8.548268 9.822000 1.0 310.4 8.0

8.479054 9.356946 1.4 257.1 7.2
9.436752 9.812343 2.2 114.7 6.0

GSHFS 10.700607 10.839647 2.3 53.3 5.2
13.111270 13.450416 2.4 25.4 4.2
16.669822 16.477185 1.3 5.6 1.3

E
L

E
VA

TO
R

S WM 0.567771 0.542072 1.0 511.0 18.0
0.487507 0.488641 2.3 39.7 7.7
0.498203 0.498650 2.2 27.5 6.5

GSHFS 0.517594 0.517673 2.4 18.9 5.7
0.563252 0.563026 2.0 11.7 4.3
1.421620 1.422627 1.6 3.8 1.8

C
O

M
P-

A
C

T
IV WM 9.050474 9.084798 1.0 425.6 21.0

5.398862 5.400107 2.5 37.5 8.1
5.880516 5.874316 2.3 25.1 6.6

GSHFS 6.708214 6.719212 2.2 16.8 5.5
8.888890 8.935257 2.1 9.7 3.9

31.900506 31.756379 1.7 4.1 2.0

A
IL

E
R

O
N

S WM 0.253971 0.255557 1.0 1080.6 40.0
0.238855 0.239763 2.8 57.1 10.0
0.254118 0.254958 2.7 37.7 8.2

GSHFS 0.276632 0.277216 2.6 24.0 6.8
0.318274 0.318159 2.3 12.9 5.0
0.724993 0.731567 2.2 5.9 2.9

3.3 Analysis

The main objective is to obtain a fuzzy system with good
tradeoffs between precision and interpretability. When the

number of rules of a fuzzy system decreases, the system gets
better interpretability, but the precision is lower and vice versa.
This event can be observed clearly in the results obtained as
problems with either low or high number of variables. Notice
that the fuzzy rule set is learned individually for each module.

First set of Table 2 shows five solutions of the Pareto ob-
tained by our algorithm in Dee problem. We can observe that
the precision is high when the number of rules is high and,
consequently, the fuzzy system has a lower interpretability. If
we compare our algorithm with WM method, the best solu-
tion (highest precision) is better in precision, having a number
of rules and a number of variables lower. In first quartile, the
precision has a little increase according to solution obtained
by WM in the RMSEtra, but the RMSEtst is lower and the
interpretability is decreased in more than a half.

However, if we observe the problems with a considerable
number of variables (more than eight), our algorithm has bet-
ter performance. Lets look at Elevators problem. It has 18
variables. The best solution (highest precision) obtained by
our algorithm is better than WM solution. The RMSEtra

and RMSEtst have been decreased. The interpretability is
better because the SHFS has a lower number of variables and
a higher number of modules. The number of rules has been de-
creased by 92%. The third quartile of the RMSEtra is better
in precision than WM. The third quartile of the RMSEtst is a
little worse but the number of rules obtained by our algorithm
has decreased by 95%, 98%, and 96%, respectively.

In Ailerons problem (40 variables), we can see that our solu-
tion with highest precision is better than the solution obtained
by WM. We want to emphasize that the number of rules is
decreased by 95% and the number of variables by 75%. The
median of the RMSEtra is a solution with a precision a lit-
tle higher than WM solution, but the median of the RMSEtst

is lower and the interpretability is better than the solution of
WM, due to decrease of the number of variables and its distri-
bution in modules.

To sum up, we have seen that in problems with a low moder-
ate number of variables, the precision is worse when the num-
ber of rules decrease. It does not happen in problems with a
higher number of variables because with a lower number of
variables, the correlation between them is low, because they
are important. Nevertheless, in problems with a higher num-
ber of variables exists more dependence between them: a hi-
erarchical structure and a lower number of variables help to
decrease the complexity of the learned fuzzy model.

Figure 4 shows the average Pareto front obtained in
Ailerons problem by our algorithm. In it we can see that if
there are many rules (lower interpretability), then the preci-
sion is higher. The SHFS gets a better interpretability with a
lower precision.

Finally, we show an example of GSHFS hierarchical struc-
ture obtained by our algorithm in Figure 5. It is an example
of non-dominated solution obtained by GSHFS in a data set
partition of Ailerons. The obtained values are: RMSEtra =
0.214068, RMSEtst = 0.219682, #M = 3, #R = 63, #V =
9. The results obtained by WM in the same data set partition
are: RMSEtra = 0.254144, RMSEtst = 0.261472, #M = 1,
#R = 1072, #V = 40. We can observe that RMSEtra and
RMSEtst obtained by our algorithm is lower than the values
obtained by WM, decreasing the number of rules by 94%.
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Figure 4: Average Pareto front obtained in Ailerons problem
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Figure 5: Example of a solution obtained by GSHFS in the
Ailerons problem with #M = 3, #R = 63, #V = 9

4 Conclusion and Further Work
We have proposed a multi-objective algorithm applied to
learning SHFS for palliate exponential increase of the num-
ber of rules when number of variables increases. The set of
variables is divided into modules by the algorithm. We have
proved that this division by SHFS can obtain good results in
problems with a higher number of variables.

As further work, we suggest to add mechanisms for a better
precision, for example, a global learning of fuzzy rule set, a
detailed study of the interpretability of each rule of the fuzzy
system, and to extend this algorithm for parallel and hybrid
structure learning.

Acknowledgment
This work was supported in part by the Spanish Ministry of
Science and Innovation (grant no. TIN2008-06681-C06-01),
and by Andalusian Government (grant no. P07-TIC-3185).

References

[1] G.V.S. Raju, J. Zhou, and R.A. Kisner. Hierarchical fuzzy con-
trol. International Journal Control, 54(5):1201–1216, 1991.

[2] M.G. Joo and J.S. Lee. Hierarchical fuzzy control scheme using
structured takagi-sugeno type fuzzy inference. In Proceedings
of IEEE International Fuzzy Systems Conference, pages 78–83,
Seoul, Korea, 1999.

[3] T.P. Hong and J.B. Chen. Finding relevant attributes and mem-
bership functions. Fuzzy Sets and Systems, 103(3):389–404,
1999.
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Abstract— Fuzzy associative memories (FAMs) and, in particu-
lar, the class of implicative fuzzy associative memories (IFAMs) can
be used to implement fuzzy rule-based systems. In this way, a vari-
ety of applications can be dealt with. Since there are infinitely many
IFAM models, we are confronted with the problem of selecting the
best IFAM model for a given application. In this paper, we restrict
ourselves to a subclass of the entire class of IFAMs, namely the sub-
class of IFAMs that are associated with the Yager family of parame-
terized t-norms. For simplicity, we speak of the class of Yager IFAMs.
In this setting, we formulate the problem of choosing the best Yager
IFAM for a given application as an optimization problem. Consid-
ering two problems in time series prediction from the literature, we
solve this optimization problem and compare the performance of the
resulting Yager IFAM with the performances of other fuzzy, neural,
neuro-fuzzy, and statistical techniques.

Keywords— Fuzzy associative memory, implicative fuzzy asso-

ciative memory, Yager family of parameterized t-norms, time-series

prediction, hydroelectric plant, monthly streamflow prediction.

1 Introduction
Implicative fuzzy associative memories (IFAMs) belong to the

class of fuzzy morphological associative memories (FMAMs)

[1, 2]. The theoretical background for FMAMs can be found

in fuzzy mathematical morphology (FMM) [3, 4]. More pre-

cisely, FMAMs can be viewed as fuzzy neural networks whose

neurons perform elementary operations of fuzzy mathematical

morphology [2].

Recently, Sussner and Valle [5] showed that many well-

known fuzzy associative memory (FAM) models such as the

FAMs of Kosko, Junbo et al., Liu, and Bělohlavék [6, 7, 8, 9]

represent particular instances of FMAMs. In this paper, we

focus on the FMAM subclass of IFAMs. Upon presentation

of an input pattern x, an IFAM model performs max-T prod-

ucts, where T is a t-norm, at every node. A certain continu-

ous t-norm determines a particular IFAM model. For exam-

ple, the Lukasiewicz IFAM is associated with the Lukasiewicz

t-norm. Learning in IFAM models occurs by forming the

R-implication of the underlying t-norm and by computing a

matrix product that corresponds to the Bandler-Kohout super-

product [10, 11]. In the context of fuzzy associative mem-

ories, we speak of implicative fuzzy learning. As we have

pointed out in previous articles, implicative fuzzy learning is

based on the greatest solution of a fuzzy relational inequal-

ity [1, 12, 13]. In the general setting of FMAMs, implicative

fuzzy learning generalizes to learning by adjunction, a record-

ing strategy that was derived from a concept in mathematical

morphology known as the duality relationship of adjunction

[2, 14].

We have successfully applied IFAMs to some problems in

time series forecasting, in particular a problem of forecast-

ing the demand of man power in steel manufacturing industry

in the state of West Bengal, India, and a problem of stream

flow prediction in a hydroelectric plant in southeastern Brazil

[5, 15]. In these prediction problems, the Lukasiewicz IFAM

exhibited the best performance compared to a variety of other

FAM models and to a number of statistical, neural, fuzzy, and

neuro-fuzzy approaches from the literature. The goal of this

paper is to optimize our results by considering not only a finite

number of IFAMs but an infinite number of IFAM models.

To this end, we introduce the class of Yager IFAMs, a class

of parameterized IFAM models depending on a single param-

eter. We simply define a Yager IFAMs as an IFAM that is as-

sociated with a Yager t-norm [16]. Recall that a Yager t-norm

is of the form T d(x, y) = 1−{1∧ [(1− x)d + (1− y)d]1/d},

where the symbol ∧ denotes the minimum operation and

where d > 0.

Thus, we can formulate an optimization problem depending

on the parameter d that consists in minimizing the distance be-

tween the target pattern and the pattern produced by the IFAM

corresponding to the parameter d. As a result of this optimiza-

tion process, we obtain the Yager IFAM (or the set of Yager

IFAMs) that provides the best fit with respect to the training

data.

The paper is organized as follows. After presenting a brief

introduction to IFAMs, we introduce the Yager class of pa-

rameterized IFAMs in Section 3. Subsequently, we discuss the

aforementioned prediction problems and determine the Yager

IFAMs that minimize the mean squared distance between the

outputs produced by the memory cues x
ξ and the desired out-

puts. We finish the paper with some concluding remarks and

suggestions for further research.

2 A Brief Introduction to Implicative Fuzzy
Associative Memories

Implicative Fuzzy Associative Memories (IFAMs) can be de-

fined in terms of certain matrix products, namely the max-T
product and the min-I product, where T is a t-norm and I is

a fuzzy implication [2]. We will make use of the following
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t-norms:

TM (x, y) = x ∧ y , (Minimum) (1)

TP (x, y) = x · y , (Product) (2)

TL(x, y) = 0 ∨ (x + y − 1) , (Lukasiewicz) (3)

TW (x, y) =

{
x ∧ y, x ∨ y = 1 ,

0, x ∨ y < 1 .
(Nilpotent Min.)

(4)

Reverse fuzzy implications can be easily derived from fuzzy

implications. Recall the following popular implications:

IM (x, y) =

{
1, x ≤ y
y, x > y

, (Gödel) (5)

IP (x, y) =

{
1, x ≤ y

y/x, x > y
, (Product) (6)

IL(x, y) = 1 ∧ (y − x + 1) . (Lukasiewicz) (7)

Let A ∈ [0, 1]m×p and B ∈ [0, 1]p×n. The max-T product

of A and B is given by the matrix C = A ◦ B and the min-

I product of A and B is given by the matrix D = A � B,

where C and D are defined as follows (note that the min-I
product of A and B can also be viewed as a Bandler-Kohout

superproduct [10, 11]).

cij =

p∨
k=1

C(aik, bkj) and dij =

p∧
k=1

I(bkj , aik) . (8)

A FAM is a fuzzy neural network that is designed to

store a fundamental memory set, i.e., a set of associations{(
x

ξ,yξ
)

: ξ = 1, . . . , p
}

, where x
ξ ∈ [0, 1]n and y

ξ ∈
[0, 1]m. This task can be achieved by means of a synaptic

weight matrix W ∈ [0, 1]m×n. Let X = [x1,x2, . . . ,xp] ∈
[0, 1]n×p denote the matrix whose columns are the input pat-

terns and let Y = [y1,y2, . . . ,yp] ∈ [0, 1]m×p denote the

matrix whose columns are the output patterns. We suggested

the following rule for synthesizing the weight matrix W of an

IFAM [1, 12, 13]:

W = Y � XT . (9)

Note that (9) depends on the choice of a fuzzy implication.

In an IFAM model, we require that the underlying fuzzy im-

plication I is the R-implication of a continuous t-norm T . In

other words, the corresponding fuzzy implication I must be

adjoint to a continuous t-norm T [2, 4]. For example, the

pairs (IM , TM ), (IP , TP ), and (IL, TL) represent pairs of ad-

joint operators.

There are infinitely many IFAM models. In the special

cases where the fuzzy implications occurring in (9) are IM ,

IP , and IL, we speak of the Gödel IFAM, the Goguen IFAM,

and the Lukasiewicz IFAM, respectively.

Once the recording phase has been completed, the IFAM

weight matrix can be applied to an arbitrary input pattern x ∈
[0, 1]n. If θ denotes a threshold or bias vector that is given by

the entry-wise minimum over all yξ , where ξ = 1, . . . , p, then

we obtain the following output pattern y ∈ [0, 1]m:

y = (W ◦ x) ∨ θ , where θ =

p∧
ξ=1

y
ξ . (10)

Here, the t-norm T occurring in the max-T product is such

that its R-implication I is associated with the product ”�”

of (9). In other words, the t-norm T of (10) and the fuzzy

implication I of (9) are adjoint [2, 4].

3 The Yager Class of Parameterized IFAMs
Note that a particular IFAM model is determined by a con-

tinuous t-norm. An entire subclass of IFAM models is given

by the class of Yager t-norms or intersections which are ob-

viously continuous. Recall that the class of Yager t-norms

represents a family of parameterized t-norms given by the fol-

lowing equation [16]:

T d(x, y) = 1 −
{

1 ∧ [(1 − x)d + (1 − y)d]1/d
}

, d > 0 .

(11)

For d = 1, the Yager t-norm coincides with the Lukasie-

wicz t-norm TL. For t → 0 the Yager t-norm approaches

the nilpotent minimum TW , which is the pointwise smallest t-
norm. For t → ∞ the Yager t-norm approaches the minimum

t-norm TM , the pointwise largest t-norm [17, 18].

For d > 0, the symbol Id denotes the R-implication of T d.

The operator Id can be computed as follows:

Id(x, y) = 1 −
{
0 ∨ [(1 − y)d − (1 − x)d]

}1/d
, d > 0 .

(12)

The resulting IFAMs are called Yager IFAMs. These pa-

rameterized IFAM models will be considered in the applica-

tions of the next section. In fact, we will tackle the problem of

choosing the best Yager IFAM for a given application in terms

of an optimization problem.

To this end, let us consider the fundamental memory set{(
x

ξ,yξ
)

: ξ = 1, . . . , p
}

which can be viewed as the set of

training patterns. Let W d denote the synaptic weight matrix of

the Yager IFAM with parameter d > 0. A possible approach

towards finding the best Yager IFAM consists in minimizing

the distances between (W d ◦d
x

ξ)∨θ and y
ξ for ξ = 1, . . . , p,

where the symbol ”◦d” denotes the max-T d product. This op-

timization problem can be formulated as follows:

{
minimize

∑p
ξ=1

∥∥yξ − [(W d ◦d
x

ξ) ∨ θ]
∥∥

2

subject to d > 0
. (13)

If y
ξ,d = (W ◦d

x
ξ) ∨ θ and Y d is the matrix Y d =

[y1,d, . . .yp,d] then the optimization problem of (13) can be

expressed in terms of the Frobenius norm as follows:

{
minimize

∥∥Y − Y d
∥∥

F
subject to d > 0

. (14)

In the applications as fuzzy rule-based systems that are de-

scribed below, an input fuzzy set x ∈ [0, 1]n is derived from a

real-valued input vector v and the respective output fuzzy set

y = (W d ◦ x) ∨ θ is defuzzified yielding a real-valued output

s = defuzz(y). The training patterns are given in the form

(v1, s1), . . . , (vp, sp). Let sξ,d denote the defuzzification of

y
ξ,d, i.e. sξ,d = defuzz(yξ,d) for all ξ = 1, . . . , p. If we

have s = (s1, . . . , sp)T and s
d = (s1,d, . . . , sp,d)T then we

choose to minimize the following expression instead of (14):
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{
minimize

∥∥s− s
d
∥∥

2

subject to d > 0
. (15)

In other words, we minimize the Euclidean distance be-

tween the desired results s and the results produced by the

Yager IFAMs for d > 0. To this end, we applied the routine

FMINBND of MATLAB’s Optimization Toolbox in order to

determine a local minimum of the real-valued objective func-

tion f(d) =
∥∥s− s

d
∥∥

2
in an interval. Note that plotting the

objective function f : R → R allows us to select an in-

terval [x1, x2] such that an application of FMINBND yields a

candidate for a global minimum. The resulting parameter d
yields the Yager IFAM that exhibits the best performance on

the training data. The next sections describes applications of

this strategy to two forecasting problems that can be found in

the literature.

4 Applications of Yager IFAMs in Prediction
Fuzzy associative memories such as IFAMs can be used to

implement mappings of fuzzy rules. In this case, a set of rules

in the form of human-like IF-THEN conditional statements

are stored. In this subsection, we consider two problems in

time-series prediction. We use (15) to select the Yager IFAM

that produces the least MSE on the training data.

4.1 Prediction of Manpower Requirement in Steel
Manufacturing

Let us consider the problem of predicting the manpower re-

quirement in steel manufacturing industry in the state of West

Bengal, India [19]. Initially, we have five linguistic values Ai,

i = 1, . . . , 5 and a set of fuzzy conditional statements such as

“If the manpower of year n is Ai, then that of year n + 1 is

Aj”. The linguistic values Ai correspond to fuzzy sets. Table

1 shows the set of input-output pairs that we stored in a num-

ber of different FAM models including the Gödel, the Goguen,

the Lukasiewicz, and the Yager IFAMs with d > 0.

If W is the synaptic weight matrix of an IFAM model and

θ is the threshold obtained after the learning process, then the

predicted manpower of year n + 1 is given by the following

equation:

An+1 = (W ◦ An) ∨ θ , (16)

where An is the manpower of year n and ◦ is the max-t com-

position. Note that here we have θ = (0, 0, 0, 0, 0)T and

therefore

An+1 = W ◦ An . (17)

The fuzzy set An is computed by fuzzifying the numeri-

cal input value v corresponding to the manpower requirement

of year n according to the method described by Choudhury

et. al. [19]. We calculated the predicted value s of the re-

quired manpower for year n + 1 by applying (17) to An and

by defuzzifying the result An+1 using the ”mean of maxima”

(MOM) scheme.

Choudhury et. al. used this problem to compare the av-

erage or mean percentage error (MPE) produced by Kosko’s

FAM [6, 20] and by the statistical methods ARIMA1 and

ARIMA2 [21, 22]. In a recent paper [1], we included some

IFAM models, in particular the Lukasiewicz IFAM, as well as

the Lukasiewicz Generalized FAM (GFAM) of Chung and Lee

[23] and the max-min FAM with threshold of Liu [8] in this

Table 1: Set of input and output pairs used in the forecasting

application

ξ x
ξ

y
ξ

1 [1.0, 0.5, 0, 0, 0]T [0.5, 1.0, 0.5, 0, 0]T

2 [0.5, 1.0, 0.5, 0, 0]T [0.5, 1.0, 0.5, 0, 0]T

3 [0.5, 1.0, 0.5, 0, 0]T [0, 0.5, 1.0, 0.5, 0]T

4 [0, 0.5, 1.0, 0.5, 0]T [0.5, 1.0, 0.5, 0, 0]T

5 [0, 0.5, 1.0, 0.5, 0]T [0, 0.5, 1.0, 0.5, 0]T

6 [0, 0.5, 1.0, 0.5, 0]T [0, 0, 0.5, 1.0, 0.5]T

7 [0, 0, 0.5, 1.0, 0.5]T [0, 0, 0.5, 1.0, 0.5]T

8 [0, 0, 0.5, 1.0, 0.5]T [0, 0, 0, 0.5, 1.0]T

9 [0, 0, 0, 0.5, 1.0]T [0, 0, 0, 0.5, 1.0]T
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Figure 1: The distance
∥∥s− s

d
∥∥

2
between the actual demand

of manpower between 1984 and 1995 and the demand of man-

power predicted by the Yager IFAM as a function of d.

comparison. The Lukasiewcz IFAM, which is closely related

to the original morphological associative memory (MAM)

[1, 24, 25], exhibited the best performance among all the mod-

els mentioned above. Recall that the Lukasiewicz IFAM coin-

cides with the Yager IFAM for d = 1.

In this paper, we determine the best Yager IFAM for this

prediction problem by solving the optimization problem of

(15). Since the Lukasiewicz IFAM is taken into account in

the optimization process, the IFAMs representing solutions

of (15) are guaranteed to perform at least as well as the

Lukasiewicz IFAM with respect to the MSE. In fact, the mini-

mum mean squared error (MSE) is adopted for any value of d
in the interval (0, 1] as shown in Figure 1.

Table 2 presents a comparison of the FAM models and the

statistical autoregressive integrated moving average (ARIMA)

methods in terms of the MSE, the MPE, and the mean absolute

error (MAE). Figure 2 provides for a graphical interpretation

of the predictions.

The results of this experiment indicate the utility of IFAMs

for prediction problems and the validity of our approach for

determining the best Yager IFAM. However - as the reader

may have noticed - this prediction problem does not include
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Table 2: MSE, MAE and MPE produced by the prediction

models

MSE MAE MPE

Method (×105) (m3/s) (%)

Yager IFAM (d ∈ (0, 1]): 1.92 32.75 2.29

Lukasiewicz IFAM: 1.92 32.75 2.29

Kosko’s FAM: 2.57 38.75 2.67

Lukasiewicz GFAM: 2.57 38.75 2.67

Gödel IFAM: 2.89 38.58 2.73

Max-min FAM/threshold: 2.89 38.58 2.73

Goguen IFAM: 3.14 42.75 2.99

ARIMA2 9.36 83.55 5.48

ARIMA1 23.26 145.25 9.79

any test data that would allow us to assess the performance of

the models for years beyond the year of 1995. More realistic

problems such as the one described below consist of training

data and test data. In this case, the optimization should be

performed on the training data and the test data should serve to

validate this approach (possibly, separate validation data can

be extracted from the training data and the validation data can

be used to choose the best model).

4.2 Prediction of Average Monthly Streamflow of a
Hydroelectric Plant

Furnas is a large hydroelectric plant that is located in south-

eastern Brazil. Magalhaẽs et al. as well as Sussner and Valle

have previously discussed the problem of forecasting the av-

erage monthly streamflow [26, 15]. The seasonality of the

monthly streamflow suggests the use of 12 different models,

one for each month of the year. The training data correspond

to the years 1931 − 1990 and the test data correspond to the

years 1991− 1998.

Let sξ, where ξ = 1, . . . , p, be samples of a seasonal

streamflow time series. The goal is to estimate the value of

sγ from a subsequence of (s1, s2, . . . , sγ−1). Here, we em-

ploy subsequences that correspond to a vector of the form

v
γ = (sγ−h, . . . , sγ−1)

T , (18)

where h ∈ {1, 2, . . . , γ − 1}. In this experiment, we em-

ployed a fixed number of three antecedents in our IFAM mod-

els. For example, only the values of January, February, and

March were taken into account to predict the streamflow of

April.

The uncertainty that is inherent in hydrological data sug-

gests the use of fuzzy sets to model the streamflow samples.

For ξ < γ, a fuzzification of v
ξ and sξ using Gaussian mem-

bership functions yields fuzzy sets x
ξ : U → [0, 1] and

y
ξ : V → [0, 1], respectively, where U and V represent fi-

nite universes of discourse. A subset S of the resulting input-

output pairs (xξ,yξ), where ξ = 1, . . . , p, is implicitly stored

in an IFAM model (we only construct the parts of the weight

matrix that are actually used in the recall phase). We em-

ployed the subtractive clustering method to determine the set

S [27]. The centers and the widths of the Gaussian-type mem-

bership functions of the input patterns x
ξ and the output pat-

terns y
ξ in S were estimated by means of the MATLAB func-

tion subclust. Here, we used a constant width of r = 0.5.
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Figure 2: Comparison in forecasting manpower. The contin-

uous line represents the actual manpower. The dashed line

marked by ‘◦’ corresponds to the Lukasiewicz IFAM model,

i.e., the Yager IFAM for d = 1 and the dashed line marked

by ’�’ corresponds to the Goguen IFAM. The dotted line

marked by ‘×’ refers to Kosko’s FAM model as well as the

Lukasiewicz Generalized FAM, and the dotted line marked by

‘+’ refers to the max-min FAM with threshold and the Gódel

IFAM. The lines marked by ‘�’ and ‘�’ represent ARIMA1

and ARIMA2.

Upon presentation of the input pattern x
γ , the IFAM with pa-

rameter d yields the corresponding output pattern y
γ,d. For

computational reasons, x
γ is modeled as a discrete Dirac-δ

(impulse) function. A defuzzification of y
γ,d using the cen-

troid method yields sγ,d.

As before, we generated the vectors s = (s1, . . . , sp)T

and s
d = (s1,d, . . . , sp,d)T . We employed the MATLAB

function FMINBND to solve the optimization problem given

by (15). This optimization process resulted in the parameter

d = 4.3568. Figure 3 depicts
∥∥s− s

d
∥∥

2
for d ∈ (0, 10]. For

the training data concerning the years 1931 − 1990, the MSE

of the Yager IFAM with d = 4.3568 is 12087.3 whereas the

MSE for the Lukasiewicz IFAM, i.e., the Yager IFAM with

d = 1, is 12387.4.

Table 3 provides the MSEs, the MPEs, and the MAEs pro-

duced by some IFAMs and other models during the testing

phase. The values of the periodic auto-regressive moving av-

erage model (PARMA) [21], the fuzzy neural network NFN

[28], and the predictive fuzzy clustering method FPM-PRP

were drawn from the literature [26].

Figure 4 shows the forecasted streamflows estimated by the

prediction model based on the FMAM for the Furnas reser-

voir from 1991 to 1998. Table 3 compares the errors that

were generated by the IFAMs and several other models [26].

In contrast to the IFAM models, the MLP, NFN, and FPM-

PRP models were initialized by optimizing the number of the

parameters for each monthly prediction. For example, the

MLP considers 4 antecedents to predict the streamflow of Jan-

uary and 3 antecedents to predict the streamflow for Febru-

ary. Moreover, the FPM-PRP model also takes advantage of

slope information which requires some additional “fine tun-

ing”. Nevertheless, the Yager IFAM resulting from the min-
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Figure 3: The distance
∥∥s− s

d
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2
between the actual stream-

flows given by the training data and the streamflows predicted

by the Yager IFAM as a function of d.

Table 3: Mean square, mean absolute, and mean relative per-

centage errors produced by the prediction models.

MSE MAE MPE

Method (×105) (m3/s) (%)

FPM-PRP 1.20 200 18
Yager IFAM (d = 4.3568) 1.28 216 21

Lukasiewicz IFAM 1.27 229 24
PARMA 1.85 280 28

MLP 1.82 271 30
NFN 1.73 234 20

imization performed in (15) and the Lukasiewicz IFAM pro-

duced very satisfactory predictions that are visualized in Fig-

ure 4. Note that in the testing phase the MSE produced by

the Yager IFAM with d = 4.3568 is slightly higher than the

one produced by the Lukasiewicz IFAM although the Yager

IFAM with d = 4.3568 outperforms the Lukasiewicz IFAM

in terms of MAE and MPE. This fact may be due to overfit-

ting to the training data. With some fine tuning of the parame-

ters, it is possible to experimentally determine a Lukasiewicz

IFAM (and thus a Yager IFAM) that outperforms the FPM-

PRP with respect to the three error measures MSE, MAE, and

MPE [15]. In our opinion, however, the fine tuning of the pa-

rameters should preferably not be performed experimentally

but should be part of the optimization process.

5 Concluding Remarks

This paper represents the first attempt of tackling the problem

of selecting the best IFAM for a given application. To this

end, we introduced parameterized IFAM models, specifically

the Yager class of IFAMs, and we formulated the problem of

determining the Yager IFAM that yields the best fit to the train-

ing data as an optimization problem.

Recall that an IFAM is uniquely determined by a continu-

ous t-norm, such as a Yager t-norm T d with parameter d for
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Figure 4: The streamflow prediction for the Furnas reservoir

from 1991 to 1998. The continuous line corresponds to the

actual values and the dashed line corresponds to the prediction

of the Yager IFAM with d = 4.3568. The dotted line refers to

the values predicted by the Lukasiewcz IFAM.

0 < d < ∞, which gives rise to an R-implication. Although

other continuous parameterized t-norms could have been cho-

sen [29], the Yager t-norms T d have the advantage that T d

approaches TW , the pointwise smallest t-norm, for d → 0 and

T d approaches TM , the pointwise largest t-norm, for d → ∞.

Moreover, T 1 equals the Lukasiewicz t-norm which implies

that the Lukasiewicz IFAM, i.e., the IFAM that exhibited the

best performance in our previous experiments, is taken into

account in the optimization process.

We applied our approach to two prediction problems from

the literature. In the first problem concerning the prediction of

the manpower requirement in steel manufacturing industry in

West Bengal, India, only training data are available. The min-

imization of the MSE for the Yager IFAMs resulted in an infi-

nite number of Yager IFAMs corresponding to d ∈ (0, 1] that

exhibit the same errors on the training data as the Lukasiewicz

IFAM (d = 1). For the streamflow prediction problem in

a major Brazilian hydroelectric plant, we dispose of train-

ing data and test data. The optimization process generated

a Yager IFAM that outperforms the Lukasiewicz IFAM with

respect to the MSE on the training data but exhibits a slightly

higher MSE on the test data. This result may be due to over-

fitting and in fact we know that better Yager IFAMs exist for

this problem. Nevertheless, the particular Yager IFAM de-

rived from the optimization process exhibits very satisfactory

results (which are better than those of the Lukasiewicz IFAM

with respect to the MAE and MPE error measures), especially

in view of the fact that we used a fixed number of antecedents

and other parameters in conjunction with the Yager IFAM.

In the near future, we intend to incorporate the selection of

additional parameters into the optimization process and we in-

tend to use validation and/or regularization techniques to avoid

overfitting. Furthermore, we plan to investigate other classes

of parameterized IFAMs that are based on other types of pa-

rameterized t-norms.
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Abstract— In this paper, the texture feature ”coarseness” is mod-
elled by means of a fuzzy partition on the domain of coarseness mea-
sures. The number of linguistic labels to be used, and the parameters
of the membership functions associated to each fuzzy set are calcu-
lated relating representative coarseness measures (our reference set)
with the human perception of this texture property. A wide variety
of measures is studied, analyzing its capability to discriminate dif-
ferent coarseness categories. Data about the human perception of
fineness is collected by means of a pools, performing an aggregation
of their assessments by means of OWA operators. This information is
used to obtain a fuzzy partition adapted to the human perception of
coarseness-fineness

Keywords— Coarseness, fineness, fuzzy partition, fuzzy texture,

image features, texture features.

1 Introduction
For analyzing an image several kind of features can be used.

From all of them, texture is one of the most popular and, in

addition, one of the most difficult to characterize due to its

imprecision. For describing texture, humans use vague tex-

tural properties like coarseness/fineness, orientation or regu-
larity [1, 2]. From all of them, the coarseness/fineness is the

most common one, being usual to associate the presence of

fineness with the presence of texture. In this framework, a fine
texture corresponds to small texture primitives (e.g. the im-

age in figure 1(A)), whereas a coarse texture corresponds to

bigger primitives (e.g. the image in figure 1(I)).

There are many measures in the literature that, given an im-

age, capture the fineness (or coarseness) presence in the sense

that the greater the value given by the measure, the greater the

perception of texture [3]. However, given a certain measure

value, there is not an immediate way to decide whether there

is a fine texture, a coarse texture or something intermediate; in

other words, there is not a textural interpretation.

To face this problem, fuzzy logic has been recently em-

ployed for representing the imprecision related to texture. In

many of these approaches, fuzzy logic is usually applied just

during the process, being the output a crisp result [4, 5]. Other

approaches try to model the texture and its semantic by means

of fuzzy sets defined on the domain of a given texture mea-

sure. In this last framework, some proposals model the tex-

ture property by means of an unique fuzzy set [6], and other

approaches define fuzzy partitions providing a set of linguistic

terms [7, 8].

Focusing our study in the last type of approaches, two ques-

tions need to be faced for defining properly a fuzzy partition:

(i) the number of linguistic labels to be used, and (i) the param-

eters of the membership functions associated to each fuzzy set

(and, consequently, the kernel localization). However, these

question are not treat properly in the literature. Firstly, the

number of fuzzy sets are often chosen arbitrarily, without take

into account the capability of each measure to discriminate

between different categories. Secondly, in many of the ap-

proaches, just an uniform distribution of the fuzzy sets is per-

formed on the domain of the measures, although is wellknown

that measure values corresponding to representative labels are

not distributed uniformly. In addition, from our knowledge,

none of the fuzzy approaches in the literature considers the re-

lationship between the computational feature and the human

perception of texture, so the labels and the membership de-

grees do not necessarily will match with the human assess-

ments.

In this paper, we propose a fuzzy partition taking into ac-

count the previous questions. Firstly, in order to select the

number of linguistic labels, we analyze the ability of each

measure to discriminate different coarseness categories. For

this purpose, data about the human perception of fineness is

collected by means of a pools. This information is also used

to localize the position and size of the kernel of each fuzzy set,

obtaining a fuzzy partition adapted to the human perception of

coarseness-fineness

The rest of the paper is organized as follows. In section

2 we present our methodology to obtain the fuzzy partition.

Results are shown in section 3, and the main conclusions and

future work are sumarized in section 4.

2 Fuzzy Partitions for Coarseness
As it was pointed, there is not a clear perceptual interpretation

of the value given by a fineness measure. To face this prob-

lem, we propose to define a fuzzy partition on the domain of

a given fineness measure. For this purpose, several questions

will be faced: (i) what reference set should be used for the

fuzzy partition, (ii) how many fuzzy sets will compound the

partition, and (ii) how to obtain the membership functions for

each fuzzy set.

Concern to the reference set, we will define the partition

on the domain of a given coarseness-fineness measure. From

now on, we will note P = {P1, . . . , PK} the set of K mea-

sures analyzed in this paper, Πk the partition defined on the

domain of Pk, Nk the number of fuzzy sets which compounds

the partition Πk, and T i
k the i-th fuzzy set in Πk. In this paper,

the set P = {P1, . . . , PK} is formed by the K = 17 mea-
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Figure 1: Some examples of images with different degrees of

fineness

sures shown in the first column of table 1. It includes classical

statistical measures, frequency domain approaches, fractal di-

mension analysis, etc. All of them are automatically computed

from the texture image.

With regard to the number of fuzzy sets which compounds

the partition, we will analyze the ability of each measure to

distinguish between different degrees of fineness. This anal-

ysis will based on how the human perceives the fineness-

coarseness. To get information about human perception of

fineness, a set of images covering different degrees of fine-

ness will be gathered. This images will be used to collect,

by means of a pool, human assessments about the perceived

fineness. From now on, let I = {I1, . . . , IN} be the set of

N images representing fineness-coarseness examples, and let

Γ = {v1, . . . , vN} be the set of perceived fineness values as-

sociated to I, with vi being the value representing the degree

of fineness perceived by humans in the image Ii ∈ I. The

way to obtain Γ will be describe in section 2.1

Using the data about human perception, and the measures

values obtained for each image Ii ∈ I, we will apply a set

of multiple comparison tests in order to obtain the number of

fineness degrees that each measure can discriminate (section

2.2). In addition, with the information given by the tests, we

will define the fuzzy sets which will compund the partition

(2.3).

2.1 Assessment collection
In this section, the way to obtain the set Γ = {v1, . . . , vN}
of perceived fineness values associated to I will be described.

For this purpose, firstly the image set I will be selected. Af-

ter that, a poll for getting assessments about the perception

of fineness will be designed. Finally, for a given image, the

assessments of the different subjects will be aggregated.

2.1.1 The texture image set
A set I = {I1, . . . , IN} of N = 80 images representative

of the concept of fineness has been selected. Figure 1 shows

some images extracted from the set I. Such set has been se-

lected satisfying the following properties:

1. It covers the different presence degrees of fineness.

2. The number of images for each presence degree is repre-

sentative enough.

3. Each image shows, as far as possible, just one presence

degree of fineness.

Due to the third property, each image can viewed as ”ho-

mogeneous” respect to the fineness degree represented, i.e., if

we select two random windows (with a dimension which does

not ”break” the original texture primitives and structure), the

perceived fineness will be the same for each window (and also

respect to the original image). In other words, we can see each

image Ii ∈ I as a set of lower dimension images (windows)

with the same fineness degree of the original one.

As we explained, given an image Ii ∈ I, a set of measures

P will be applied on it. In fact, and thanks to the third prop-

erty, we really can apply these measures for each subimage,

assuming that the human assessment associated to that subim-

age will be the human assessment associated to the whole im-

age. From now on, we will note as Mi
w = [mi,w

1 , . . . , mi,w
K′ ]

the vector of measures for the w-th window of the image Ii,

with mi,w
k being the result of applying the measure Pk ∈ P to

the w-th window of the image Ii.

2.1.2 The poll
Given the image set I, the next step is to obtain assessments

about the perception of fineness from a set of subjects. From

now on we shall note as Θi = [oi
1, . . . , o

i
L] the vector of

assessments obtained from L subjects for the image Ii. To

get Θi, subjects will be asked to assign images to classes, so

that each class has associated a perception degree of fineness.

In particular, 20 subjects have participated in the poll and 9
classes have been considered. The first nine images in figure

1 show the nine representative images for each class used in

this poll. It should be noticed that the images are decreasingly

ordered according to the degree of fineness.

As result, a vector of 20 assessments Θi = [oi
1, . . . , o

i
20]

is obtained for each image Ii ∈ I. The degree oi
j associated

to the assessment given by the subject Sj to the image Ii is

computed as oi
j = (9 − k) ∗ 0.125, where k ∈ {1, . . . , 9} is

the index of the class Ck to which the image is assigned by the

subject.
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Algorithm 1 Distinguishable clusters selection

Input:

Part0 = C1, C2, . . . , Cn: Initial Partition

δ: distance function between clusters

φ: Set of multiple comparison tests

NT : Number of positive tests to accept distinguishability

1.-Initialization

k = 0
distinguishable = false

2.- While (distinguishable = false) and (k < n)

Apply the multiple comparison tests φ to Partk

If for each pair Ci, Cj ∈ Partk more than NT of the

multiple comparison tests φ show distinguishability

distinguishable = true
Else

Search for the pair of clusters Cr, Cr+1, verifying

δ(Cr, Cr+1) = min{δ(Ci, Ci+1), Ci, Ci+1 ∈ Partk}
Join Cr and Cr+1 on a cluster Cu = Cr ∪ Cr+1

Partk+1 = Partk − Cr − Cr+1 + Cu

k = k + 1
3.- Output: P̃ artk = C1, C2, . . . , Cn−k

2.1.3 Assessment aggregation
Our aim at this point is to obtain, for each image in the set I,

one assessment vi that summarizes the assessments Θi given

by the different subjects about the presence degree of fineness.

To aggregate opinions we have used an OWA operator

guided by a quantifier [9]. Concretely, the quantifier ”the

most” has been employed, which allows to represent the opin-

ion of the majority of the polled subjects. This quantifier is

defined as

Q(r) =




0 if r < a,
r−a
b−a if a ≤ r ≤ b,

1 if r > b
(1)

with r ∈ [0, 1], a = 0.3 and b = 0.8. Once the quantifier

Q has been chosen, the weighting vector of the OWA operator

can be obtained following Yager [9] as wj = Q(j/L)−Q((j−
1)/L), j = 1, 2, ..., L. According to this, for each image Ii ∈
I, the vector Θi obtained from L subjects will be aggregated

into one assessment vi as follows:

vi = w1ô
i
1 + w2ô

i
2 + ... + wLôi

L (2)

where [ôi
1, . . . , ô

i
L] is a vector obtained by ranking in nonin-

creasing order the values of the vector Θi.

2.2 Distinguishability Analysis of the Fineness Measures
As it was expected, some measures have better ability to rep-

resent fineness-coarseness than the others. To study the ability

of each measure to discriminate different degrees of fineness-

coarseness (i.e. how many classes can Pk actually discrimi-

nate), we propose to analyze each Pk ∈ P by applying a set

of multiple comparison tests following the algorithm 1. This

algorithm starts with an initial partition1 and iteratively joins

1Let us remark that this partition is not the ”fuzzy partition”. In
this case, the elements are measure values and the initial clusters the
ones given by the pool

Figure 2: Fuzzy partitions for the measures Correlation and

Edge Density. The linguistic labels are VC = very coarse, C =

coarse, MC = medium coarse, F = fine, VF = very fine

clusters until a partition in which all classes are distinguish-

able is achieved. In our proposal, the initial partition will be

formed by the 9 classes used in our poll (where each class will

contain the images assigned to it by the majority of the sub-

jects), as δ the Euclidean distance between the centroids of the

involved classes will be used, as φ a set of 5 multiple compar-

ison tests will be considered (concretely, the tests of Scheffé,

Bonferroni, Duncan, Tukey’s least significant difference, and

Tukey’s honestly significant difference [10]), and finally the

number of positive tests to accept distinguishability will be

fixed to NT = 3.

From now on, we shall note as Υk = Ck
1 , Ck

2 , . . . , Ck
Nk

the

Nk classes that can be discriminated by Pk. For each Ck
r , we

will note as c̄k
r the class representative value. In this paper, we

propose to compute c̄k
r as the mean of the measure values in

the class Ck
r .

Table 1 shows the parameters obtained by applying the pro-

posed algorithm 1 with the different measures considered in

this paper. The second column of this table shows the Nk

classes that can discriminated each measure and the third col-

umn shows how the initial classes have been grouped. The

columns from fourth to eighth show the representative values

c̄k
r associated to each cluster.

2.3 The Fuzzy Partitions

In this section we will deal with the problem of defining the

membership function for each fuzzy sets compounding the

partition. As it was explained, the number of fuzzy sets will

be given by the number of categories that each measure can

discriminate.

In this paper, trapezoidal functions are used for defining the
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Table 1: Result obtained by applying the algorithm 1

Measure Nk Classes c̄5 ±KW5/2 c̄4 ±KW4/2 c̄3 ±KW3/2 c̄2 ±KW2/2 c̄1 ±KW1/2
Correlation [3] 5 {1,2-4,5-6,7-8,9} 0.122±0.038 0.403±0.0272 0.495±0.0225 0.607±0.0133 0.769±0.0210

ED [11] 5 {1,2,3-5,6-8,9} 0.348±0.0086 0.282±0.0064 0.261±0.0063 0.238±0.0066 0.165±0.0061

Abbadeni [12] 4 {1,2-6,7-8,9} - 5.672±0.2738 9.208±0.4247 11.12±0.2916 25.23±1.961

Amadasun [1] 4 {1,2-6,7-8,9} - 4.864±0.271 7.645±0.413 9.815±0.230 19.62±1.446

Contrast [3] 4 {1,2-5,6-8,9} - 3312±265.5 2529±295.5 1863±94.84 790.8±129.4

FD [13] 4 {1,2,3-8,9} - 3.383±0.0355 3.174±0.0282 2.991±0.0529 2.559±0.0408

Tamura [2] 4 {1,2-6,7-8,9} - 1.540±0.0634 1.864±0.0722 2.125±0.0420 3.045±0766

Weszka [14] 4 {1,2-6,7-8,9} - 0.153±0.0064 0.113±0.0093 0.099±0.0036 0.051±0.0041

DGD [15] 3 {1,2-8,9} - - 0.020±0.0010 0.038±0.0017 0.091±0.0070

FMPS [16] 3 {1,2-8,9} - - 0.256±0.0477 0.138±0.0122 0.0734±0.0217

LH [3] 3 {1,2-8,9} - - 0.023±0.0010 0.052±0.0025 0.127±0.0096

Newsam [17] 3 {1,2-6,7-9} - - 0.1517±0.0425 0.2654±0.0466 0.4173±0.0497

SNE [18] 3 {1,2-8,9} - - 0.879±0.0182 0.775±0.0087 0.570±0.0232

SRE [19] 3 {1,2-8,9} - - 0.995±0.00026 0.987±0.00066 0.966±0.0030

Entropy [3] 2 {1,2-9} - - - 9.360±0.124 8.656±0.301

Uniformity[3] 2 {1,2-9} - - - 1.3E−4 ±2.6E−5 3.9E−4 ±1.9E−4

Variance[3] 1 - - - - - -

membership functions. In addition, a fuzzy partition in the

sense of Ruspini is proposed. Figure 2 shows some examples

of the type of fuzzy partition used. To establish the localiza-

tion of each kernel, the representative value c̄k
r will be used (in

our case, the mean). Concretely, this value will be localized at

the center position of the kernel.

To establish the size of the kernel, we propose a solution

based on the multiple comparison tests used in section 2.2. As

it is known, in these tests confidence intervals around the rep-

resentative value of each class are calculated (being accom-

plish that these intervals do not overlap for distinguishable

classes). All values in the interval are considered plausible

values for the estimated mean. Based on this idea, we propose

to set the kernel size as the size of the confidence interval.

The confidence interval CIk
r for the class Ck

r is defined as

CIk
r = c̄k

r ± 1.96
σ̄k

r√
||Ck

r ||
(3)

where c̄k
r is the class representative value, and σ̄k

r is the esti-

mated standard deviation for the class. Thus, the kernel size

KW k
r is

KW k
r = 3.92

σ̄k
r√
||Ck

r ||
(4)

and the endpoints of the kernel will be given by c̄k
r ±KW k

r /2
Table 1 shows these values for each measure and each class.

Figure 2 shows the fuzzy partitions for the measures of cor-

relation and ED (the ones with higher capacity to discriminate

fineness clases).

3 Results
In this section, the fuzzy partition defined for the measure

”Correlation” (showed in Figure 2) will be applied in order

to analyze the performance of the proposed model.

Let’s consider Figure 3(A) corresponding to a mosaic made

by several images, each one with a different increasing de-

gree of fineness. Figure 3(B-F) shows the membership degree

to the fuzzy sets ”very coarse”, ”coarse”, ”medium coarse”,

”fine” and ”very fine”, respectively, using the proposed model.

For each pixel in the original image, a centered window of size

32× 32 has been analyzed and its membership degree to each

fuzzy set has been calculated. Thus, Figure 3(B) represents

the degree in which the texture is perceived as ”very coarse”,

with a white level meaning maximum degree, and a dark one

meaning zero degree. It can be noticed that our model captures

the evolution of the perception degrees of fineness.

Figure 4 presents an example where the proposed fuzzy par-

tition has been employed for pattern recognition. In this case,

Figure shows a microscopy image (Figure 4(A)) correspond-

ing to the microstructure of a metal sample. The lamellae

indicates islands of eutectic, which are to be separated from

the uniform light regions. The brightness values in regions

of the original image are not distinct, so texture information is

needed for extracting the uniform areas. This fact is showed in

Figure 4(B1,B2), where a thersholding on the original image

is displayed (homogeneous regions cannot be separated from

the textured ones as they ”share” brightness values). Figure

4(C1) shows a mapping from the original image to its mem-

bership degree to the fuzzy set associated ”very coarse”. Thus,

Figure 4(C1) represents the degree in which the texture is per-

ceived as ”very coarse” and it can be noticed that uniform re-

gions correspond to areas with the maximum degree (bright

grey levels), so if only the pixels with degree upper than 0.9
are selected, the uniform light regions emerge with ease (Fig-

ure 4(C2,C3)).

4 Conclusions and future works
In this paper, a fuzzy partition for representing the fine-

ness/coarseness concept have been proposed. The number of

fuzzy sets and the parameters of the membership functions

have been defined relating fineness measures with the human

perception of this texture property. Pools have been used

for collecting data about the human perception of fineness,

and the capability of each measure to discriminate different

coarseness degrees has been analyzed. The results given by

our approach show a high level of connection with the human

perception of fineness/coarseness. As future work, the perfor-
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Figure 3: Results for a mosaic image. (A) Original image

(B)(C)(D)(E)(F) Membership degree of each pixel to the sets

”very coarse”, ”coarse”, ”medium coarse”, ”fine” and ”very

fine”, respectively (the darker the pixel, the lower the mem-

bership degree)

mance of the fuzzy partition will be analyzed in applications

like textural classification or segmentation.
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Abstract— Group technology (GT) is a useful way to increase 
productivity with high quality in cellular manufacturing systems 
(CMSs), in which cell formation (CF) is a key step in the GT 
philosophy. When boundaries between groups are fuzzy, fuzzy 
clustering has been successfully adapted to solve the CF problem; 
however, it may result uneven distribution of parts/machines where 
the problem becomes larger. In this case, particle swarm 
optimization (PSO) can be used to tackle such a hard problem. This 
paper proposes a hybrid algorithm based on the fuzzy clustering 
and particle swarm optimization (FPSO) to solve the given CF 
problem. We experiment a number of examples to show the 
efficiency of the proposed algorithm and find that our proposed 
FPSO algorithm is able to obtain good results at reasonable time. 

Keywords— Cellular manufacturing systems, cell formation, 

fuzzy clustering, particle swarm optimization (PSO) 

1 Introduction
Cell formation (CF) is a key step in Group technology 

(GT) that is used to design a good cellular manufacturing 

system by using the similarities of parts related to machines 

so that it can identify part families and machine groups. The 

parts in the same machine group have similar requirement so 

that GT can reduce travel and setup time. In CF the 

part/machine matrix, which has m�p dimensions with binary 

components, is usually described and given. The m rows 

indicate machines and p columns represent p parts that need 

to be operated upon. In matrix m, ‘‘1’’ (‘‘0’’) represents that 

this part should be (not) worked on the machine. The matrix 

exhibits parts requirement relative to machines. Our 

objective is to group parts and machines just like a cell. 

 Cell formation problem (CFP) is shown to be NP-hard 

[1] in the strong sense, and obtaining an optimal solution for 

the large-sized problems in reasonable computational time is 

extremely difficult.  

 Clustering involves the task of dividing data points into 

homogeneous classes or clusters so that items in the same 

class are as similar as possible and items in different classes 

are as dissimilar as possible. In real applications there is very 

often no sharp boundary between clusters so that fuzzy 

clustering is often better studied for the data. Membership 

degrees between zero and one are used in fuzzy clustering 

instead of crisp assignments of the data to clusters. In fuzzy 

clustering, the data points can belong to more than one 

cluster, and associated with each of the points are 

membership grades which indicate the degree to which the 

data points belong to the different clusters. In deterministic 

CF methods assumed well- defined boundaries between 

part–machine cells. These crisp boundary assumptions may 

fail to fully describe the case where the part–machine cell 

boundaries are fuzzy. This is why fuzzy clustering 

algorithms were applied for CF. 

 There are many CF methods in the literature [2]. The CF 

models can also be categorized into those of crisp or fuzzy. 

Crisp models assume that there are well-defined boundaries 

between groups and therefore assign each part or machine to 

only one family. In reality, some parts may belong to one 

part family, but there may have parts whose linkages are 

much less evident. 

 Various Clustering methods have been proposed to 

solve the CF problem. The fuzzy c-means (FCM) algorithm 

was first used in part-family formation by Xu and Wang [3]. 

FCM algorithm performs well with small and well- 

structured data sets. However, when the data set becomes 

larger, the algorithm may result in clustering errors, 

infeasible solutions, and uneven distribution of 

parts/machines. Then, several researchers have proposed 

alternatives to remedy these weaknesses with mixed success. 

For example, Chu and Hayya [4] improved the study carried 

out by Xu and Wang [3]. 

 Al- Ahmari [5], Yang et al. [6] and Feng et al. [7] 

applied concepts of fuzzy clustering on the cell formation 

problem. Li et al. [8] improved fuzzy clustering algorithm to 

overcome the deficiencies of FCM. Since large instances are 

so difficult to optimally solve, approximate methods are 

needed. Perhaps, meta-heuristics are the most successful 

approximate methods that have been used so far. Thus, for 

example, Boctor [9] and Chen and Srivastava [10] used 

simulated annealing. Genetic algorithms have been used by 

Kazerooni et al. [11], Brown and Sumichrast [12], 

Ravichandran et al. [13]. Aljaber et al. [14] and Lozano et al. 

[15] applied tabu search. Attila [16] proposed an ant system 

algorithm. Zhao et al. [17] used swarm intelligence, and 

finally Andres and Lozano [18] presented particle swarm 

optimization (PSO) algorithm to solve the cell formation 

problem addressed in GT. 

 In the previous work, fuzzy clustering and PSO have 

been applied in the CF in separate. Our aim is to design a 

fuzzy particle swarm optimization (FPSO) clustering 

algorithm to solve the part–machine grouping problem, 
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which is known as a hard combinatorial problem. 

 The rest of this paper is given bellow. The fuzzy cell 

formation model is presented in Section 2. In Section 3, the 

PSO algorithm is presented. The proposed FPSO algorithm 

is presented in Section 4. Computational results with a 

number of test problems taken from the literature are shown 

in Section 5. Finally, Section 6 draws conclusions, suggests 

directions for future research and discusses the limitations of 

the research. 

2 Fuzzy clustering problem  
The fuzzy cell formation (FCF) problem described by Li 

et al. [8] as follows: Given the routing information of n parts 

and m machines, the goal of CF is to cluster the parts into c
part families and the corresponding machines into machine 

cells. The classification result can be expressed as a matrix 

U= [�ik] c�n , (k= 1, 2,…, n and i= 1, 2,…, c), and �ik is the 

membership degree of part k to group i, which satisfies: 
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The FCM clustering algorithm is based on the 

minimization of the following equation:  
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where, m>1 is a real number governing the influence of 

membership grades, Vi is the cluster center of the part family 

i, and xk is the vector of part k. The necessary conditions for 

minimizing J(p) are the following update equations: 
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where, 2

ik Vx 	  represents the Euclidean distance between xk

and Vi , and �ik
(t+1) is the membership degree of part k in 

group i.
Many variations of FCM algorithms can be found in 

Bezdek [19]. The algorithm is based on the assumption that 

the desired number of clusters c, real number m, stopping 

criterion�, and a particular distance are given. 

Step 1: Let t=0 and select an initial fuzzy pseudo-partition 

p(0).

Step 2: Calculate c cluster centers, V1
(t), …, Vc

(t), by (5) for 

p(t) and the chosen value of m.

Step 3: Define �i
 (t+1) by (6) and update p(t+1)

Step 4: Compare p(t) and p(t=1). If ��	� )()1( tt pp , then stop 

the algorithm; otherwise, increase t by one and then return to 

Step 2. 

 Since the fuzzy clustering problem is a combinatorial 

optimization problem that is hard to solve [20]. Large 

instances are so difficult to optimally solve, approximate 

methods are then needed. 

3 Particle swarm optimization 
In particle swarm optimization (PSO) a number of simple 

entities—the particles—are placed in the search space of some 

problem or function, and each evaluates the objective function 

at its current location. Each particle then determines its 

movement through the search space by combining some aspect 

of the history of its own current and best (best-fitness) locations 

with those of one or more members of the swarm, with some 

random perturbations. The next iteration takes place after all 

particles have been moved. Eventually the swarm as a whole 

likes a flock of birds collectively foraging for food is likely to 

move close to an optimum of the fitness function.

 There are many variants of the PSO proposed in the 

literature so far, when Eberhart and Kennedy [21] first 

introduced this technique. A version of this algorithm is 

used for part-machine grouping by Andres and Lozano [18]. 

  For description of The PSO algorithm, first, let me 

define the notation adopted in this paper: the i-th particle of 

the swarm is represented by the D-dimensional vector 

xi=(xi1, xi2, …, xiD) and the best particle of the swarm (i.e., 

the particle with the smallest function value) is denoted by 

index pg. The best previous position (i.e., the position giving 

the best function value) of the i-th particle is recorded and 

represented pi=(�i1, �i2, …, �iD), and the position change 

(velocity) of the i-th particle is Veli =(Veli1, Veli2, …, VeliD).

The particles are then manipulated according to the 

following equations:  
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where, d=1, 2, …, D ; i=1, 2, …, n; and n is the size of the 

swarm; w is the inertia weight; c1 and c2 are two positive 

acceleration constants; �1 and �2 are two random values into 

the range [0, 1]; � is a constriction factor that is used in 

constrained optimization problems in order to control the 

magnitude of the velocity (in unconstrained optimization 

problems it is usually set to 1.0). 

4 Proposed FPSO algorithm 
In the fuzzy clustering, a single particle represents a 

cluster center vector and a swarm represents a number of 

candidates clustering for the current data vector. Here; each 

point or data vector belongs to every various cluster by 

different membership function, thus; assign a fuzzy 

membership to each point or data vector. Each cluster has a 

cluster center, and per iteration presents a solution that gives 
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a vector of cluster centers. We determine the position of 

each vector for every particle and update it, then change the 

position of cluster centers based of particles. For the purpose 

of our algorithm, we define the following notations: 

n   Number of part  

c   Number of cluster center 

Vl
(t)  Position of l-th particle’ cluster center in stage t

Vell
(t)  Velocity of l-th particle in stage t

xk   Vector of parts ( nk ,......,2,1� )

�l
(t)  Best position funded by l-th particle in stage t

�g
(t)  Best position funded by all particles in stage t

P(t)  Fuzzy pseudo partition in stage t
�ik

(t)  Membership function of k-th part in stage t into i-th
cluster

The fitness of particles is easily measured by (4). The c-
means algorithm tends to converge faster than the proposed 

FPSO algorithm with a less accurate clustering. In this 

section, the performance of the PSO clustering algorithm is 

improved by seeding the initial swarm with the result of the 

c-means algorithm. The FPSO algorithm first executes the c-
means algorithm once. In this case, the c-means clustering 

algorithm is terminated by one of two stopping criteria: I) 

the maximum number of iterations; or II) ��	� )()1( tt pp . The 

result of c-means algorithm is then used as one of the 

particles, while the rest of the swarms are initialized 

randomly. The following algorithm can use to finding 

cluster for each data vector or part: 

Step 1: Let t=0, select initial parameters such as number of 

cluster center c, initial position of particle by the FCM, 

initial velocity of particles, c1, c2, w, �, and a real number 

m�(1, �), and a small positive number � for stopping 

criterion. 

Step 2: Calculate �ik
(t) for all particles and all i=1, 2, …, c

and k=1, 2, …, n by (6) and update p(t+1).

Step 3: For each particle, calculate the fitness by using (4). 

Step 4: Update the global best and local best position. 

Step 5: Update Vell
(t) and Vl

(t) for all l=1, 2, …, n_particle by 

using (7) and (8). 

Step 6: Update p(t+1) by the Step 2. 

Step 7: Compare p(t) and p(t+1). If ��	� )()1( tt pp , then stop; 

otherwise, increase t by one and continue form Step 3. 

5 Numerical example 
In this section, examples from the literature are considered 

to illustrate the application of the proposed fuzzy algorithm 

in the cell formation problem. We compare the results of the 

FCM and FPSO algorithms on various problems taken from 

the literature. Their performances are measured by the 

objective function value given in (4) and CPU time. A 

general rule of thumb is that a clustering result with lower 

J(p) and lower CPU time is preferable. For a comparable 

assessment, we code these methods by using the fuzzy tools 

available in MATLAB 7 and the FPSO, respectively, with 

10 particles, w=0.72, and c1 = c2 = 1.49. For our 

experimental tests, we use a PC Pentium III, CPU 1133 

MHz and 256 MB of RAM for the same parameters for all 

algorithms implementations: m=2, the maximum number of 

iterations is 100 and �  = 0.00001. 

Table 1: Data from Chu and Hayya [4]
Parts 

Machines 1 2 3 4 5 6 7 8 9 

1 1 1 0 0 1 0 0 0 0 

2 1 1 0 0 0 1 0 0 1 

3 0 0 1 0 0 0 1 1 0 

4 0 1 1 1 0 0 0 1 0 

5 1 0 0 1 1 0 0 1 0 

6 0 1 0 0 0 1 0 0 1 

7 0 0 1 0 0 0 1 1 0 

8 0 0 1 1 1 0 1 1 0 

9 0 1 0 0 0 1 0 0 1 

Table 2: The membership matrix for cells for first example         
Memberships for cells 

Machines 
1 2 3 

1 .2239 .2755 .5006 

2 .0912 .7838 .1250 

3 .9335 .0249 .0417 

4 .4413 .1871 .3716 

5 .0712 .0392 .8895 

6 .0160 .9666 .0174 

7 .9335 .0249 .0417 

8 .5359 .0947 .3694 

9 .0160 .9666 .0174 

Table 3: The membership matrix for part families for first 

example 

Parts 
Memberships for part families 

 1 2 3 

1 .7110 .1656 .1234 

2 .2502 .6234 .1264 

3 .0698 .0441 .8861 

4 .5026 .1370 .3603 

5 . 7659 .0922 .1419 

6 .0437 .9346 .0216 

7 .2061 .1233 .6706 

8 .0751 .0330 .8919 

9 .0437 .9346 .0216 

Table 4: Comparison of Chu and Hayya’s approach and FPSO 

approach

Chu and Hayya’s 

approach

The FPSO 

 approach 

Machine 

cell

Part 

families 

Machine 

cell

Part 

families 

Cell 1 M1,M5 P1,P4,P5 M1,M5  P1,P4,P5 

Cell 2 M2,M6,M9 P2,P6,P9 M2,M6,M9 P2,P6,P9 

Cell 3 
M3,M4 

M7,M8 
P3,P7,P8 

M3,M4 

M7,M8 
P3,P7,P8 


 �pJ 3.729600 3.859139 3.729600 3.859139 
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The first example taken from Chu and Hayya [4] consists of 

nine machines and nine parts is illustrated in Table 1. Tables 

2 and 3 show the membership matrix values for cells and 

part families, respectively. The final membership matrix 

values indicates the degree of membership of each machine 

associated with the machine cell (MC) and can be 

configured as: MC (1) = {M1, M5}, MC (2) = {M2, M6, 

M9}, and MC (3) = {M3, M4, M7, M8}. Similarity, the part 

family (PF) can be configured as: PF (1) = {P1, P4, P5}, PF 

(2) = {P2, P6, P9}, and PF (3) = {P3, P7, P8}. Table 4 

compares Chu and Hayya’s approach with the FPSO 

approach results. As illustrated in the table, no changes are 

observed between machine cells and part families. 

Table 5: Data from Susanto et al. [22]
Parts 

Machine 
1 2 3 4 5 6 7 8 9 10 

1 1 1 1 1 0 0 0 0 0 0 

2 1 1 1 1 0 0 0 0 0 0 

3 1 1 1 0 0 0 0 0 0 0 

4 1 1 0 0 0 0 0 0 0 0 

5 0 0 0 0 1 1 1 0 0 0 

6 0 0 0 0 1 1 1 0 0 0 

7 0 0 0 1 1 1 0 0 0 0 

8 0 0 0 0 0 0 0 1 1 1 

9 0 0 0 0 0 0 0 1 1 1 

10 0 0 0 0 0 0 0 1 1 0 

11 1 1 0 0 1 1 0 0 0 0 

12 1 1 0 0 1 1 0 0 0 0 

The second example is taken from Susanto et al. [22] as 

shown in Table 5. The obtained results are illustrated in 

Tables 6 and 7 and can be configured as: MC (1) = {M5,  

M6, M7, M11, M12}, MC (2) = {M8, M9, M10}, and MC 

(3) = {M1, M2, M3, M4}, J(p) = 4.844414 . Part families are 

as follows: PF (1) = {P5, P6, P7}, PF (2) = {P8, P9, P10}, 

and PF (3) = {P1, P2, P3, P4}, J (p) = 5.020256.

Table 6: The membership matrix for cells for second example 
Degree of membership 

Machines 
1 2 3 

1 .0788 .0701 .8511 

2 .0788 .0701 .8511 

3 .0842 .0730 .8428 

4 .1233 .1082 .7685 

5 .9017 .0460 .0522 

6 .9017 .0460 .0522 

7 .6359 .1578 .2062 

8 .0541 .8940 .0519 

9 .0541 .8940 .0519 

10 .01159 .7661 .1180 

11 .4311 .1561 .4128 

12 .4311 .1561 .4128 

Table 7: The membership matrix for part families for second 

example
Degree of membership 

Parts 
1 2 3 

1 0.9265 0.0315 0.0420 

2 0.9265 0.0315 0.0420 

3 0.6430 0.1975 0.1595 

4 0.4342 0.2743 0.2916 

5 0.0238 0.0236 0.9525 

6 0.0238 0.0236 0.9525 

7 0.1765 0.2902 0.5333 

8 0.0218 0.9534 0.0248 

9 0.0218 0.9534 0.0248 

10 0.0702 0.8483 0.0815 

Table 8: Solution to Al-Ahmari

Cell Machine Cells 

 �pJ

 FCM 

CPU

Time  

FCM


 �pJ
FPSO

CPU Time

FPSO

2 {1,3,4,9,10,13,14,16,17,20,21,22},{2,5,6,7,8,11,12,15,18,19,23,24} 54.583351 0.300 54.583351 0.190 

3 {1,3,13,16,20,21,22},{6,7,9,10,14,17,23,24},{2,4,5,8,11,12,15,18,19} 36.388919 0.641 36.388919 0.170 

4 {2,3,4,6,9,10,11,12,15,16,17,18},{1,8,14,20,23,24},{7,13,21,22},{5,19} 22.515392 0.490 22.515392 0.431 

5 {1,13,21,22},{2,5,11,19},{3,4,7,14,16,20,23,24},{9,10,17},{6,8,12,15,18} 14.691166 0.852 14.691166 0.280 

6 {3,20},{1,13,21,22},{2,5,11,19},{7,14,23,24},{4,6,8,12,15,16,18},{9,10,17} 9.046538 0.571 9.046538 0.350 

7 {4,16},{9,10,17},{6,8,12,15,18},{3,20},{2,5,11,19},{1,13,21,22},{7,14,23,24} 6.172838 0.611 6.172838 0.581 

8 {1,13,21,22},{7,23,24},{4,16},{14},{9,10,17},{6,8,12,15,18},{3,20},{2,5,11,19} 4.139911 0.651 4.139911 0.591 

9 {9,10},{14},{17},{6,8,12,15,18},{3,20},{2,5,11,19},{1,13,21,22},{7,23,24},{4,16} 2.772339 0.671 2.772339 0.411 

10 {4,16},{6,7,23,24},{17},{8,12,15,18},{2,5,11,19},{1,14},{13,21,22},{6},{3,20},{9,10} 1.694722 0.551 1.694722 0.541 

Figure 1: CPU Time comparison between FPSO and FCM algorithms
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The proposed approach is also tested on a large-sized 

problem taken from Al-Ahmari [5]. In the example, the 

problem with 24 machines and 40 parts is considered. 

Different numbers of manufacturing cells are used (i.e., 2, 3, 

4, 5, 6, 7, 8, 9, and 10). The results summarized in table 8 

and Figure 1. This example demonstrates the possibility of 

using the approach for large-scale CF problems, and 

evaluates the obtained results using J (P).

6 Conclusion
Group technology (GT) is a useful way to increase 

productivity with high quality in flexible manufacturing 

systems; and CF is a key step in GT. It is used to design a 

good cellular manufacturing that uses the similarities of 

parts related to machines so that it can identify part families 

and machine groups. The cell formation problem is NP-

complete and different -heuristic methods have been used to 

solve it. Particle swarm optimization is one of them. On the 

other hand, the crisp models fail to fully reflect the complex 

nature of part features or routing data, where boundaries 

between groups are fuzzy. Fuzzy clustering has been 

successfully adapted to solve the cell formation problem, but 

when the problem becomes larger, the fuzzy clustering 

algorithms may result uneven distribution of parts/machines. 

In the previous works, fuzzy clustering and particle swarm 

optimization have been applied in CF individually. We have 

designed a fuzzy particle swarm optimization clustering 

algorithm (FPSO) to solve the part–machine grouping 

problem, which is a hard combinatorial problem. The 

presented numerical examples confirm the effectiveness of 

the proposed approach. It is found that this algorithm 

provides a good solution to CF problems at reasonable time 

and allows the user in formulating the required size of 

machine cells and part families. 
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Abstract— This paper continues our study in fuzzy interval logic
based on the Checklist Paradigm(CP) semantics of Bandler and Ko-
hout. We investigate the fuzzy interval system of negation which was
defined by the Sheffer(NAND), the Nicod(NOR) and the implication
connectives of m1 interval system in depth. The top-bottom(TOP-
BOT) pair of fuzzy negation interval shows non-involutive property;
however, it shows various interesting properties as the negation is
iterated to each TOP and BOT fuzzy negation connective. As the iter-
ation reaches to infinity, the TOP-BOT pair of iterated negation shows
nearly involutive property.

Keywords— Checklist Paradigm, Fuzzy Interval, Fuzzy Negation,
Non-Involution, Gap-Theorem.

1 Introduction
The convention that fuzzy logics default into 2-valued
logic for the values 0 and 1 is generally accepted. The
question how connectives of the same type differ outside
the boundary points, within the open interval (0,1) has
been well researched. For example the implications such
as Lukasiewicz( L→), Kleene-Dienes(KD→), Reichenbach(KDL→ ),
Goguen(G43→ ), Gödel( S∗→), Early-Zadeh(EZ→) and Wilmott( W→)
are interrelated by the following inequalities [1]:

a S∗→ b ≤ a G43→ b ≤ a L→ b, and

a W→ b ≤ a EZ→ b ≤ a KD→ b ≤ a KDL→ b ≤ a L→ b, where

a L→ b = min(1,1−a+b); a KDL→ b = min(1,1−a+ab);
a KD→ b = max(1− a,b), etc1. However, much less is known
about inter-relations of interval systems of connectives.

In 1979 Bandler and Kohout derived five interesting sys-
tems of fuzzy logic, m1,m2, . . . ,m5, based on the Checklist
paradigm [2]. Since then, the systems of connectives that
can be generated from implicational intervals by group trans-
formations have been investigated systematically; in particu-
lar, the m1 interval logic system of 16 connectives has been
investigated in depth. Among them, ten 2-argument con-
nectives such as ∧,∨,→, . . . ≡, oplus(XOR) yield the inter-
val pairs of connectives (conbot ≤ m1 ≤ contop) where its
implication(→) yields Lukasiewicz and Kleene-Dienes impli-
cation for its TOP-BOT pair of interval, in particular. How-
ever, a unary connective, a negation, did not yield interval but
just singleton: i.e. ¬a = 1− a. From this question, we pro-
posed the alternative negations in [3] by the Sheffer(NAND),

1For the rest of definitions, refer to [1],[2]

the Nicod(NOR) and a pair of <implication, 0>, which fuzzi-
fies ¬a, generating the intervals like the fuzzified 2-ary con-
nectives. The TOP-BOT pair of generated negation interval
lacks of involutive property on the surface, but a question still
remains if they show a nearly involutive property converging
to a certain value as an iteration of negation proceeds.
Thus, we further investigate this non-involutive property of
TOP-BOT pair of interval negations as well as the relationship
between three definitions of negation which are equivalent in
two-valued logic but bifurcate into different negations in in-
terval many-valued logic in this paper.

2 Interval logic system generated by the
checklist paradigm

The structure of five fuzzy interval systems m1 - m5, based
on the Checklist paradigm by Bandler and Kohout in [2] is
generated by a distinct measure that performs the summariza-
tion of the information contained in certain well-defined bi-
nary structures called fine structures. The interval produced
by a measure mi pair of connectives of one type can be gener-
ically characterized by the following inequality:

CONBot ≤ mi ≤CONTop, i ∈ {1,2, . . . ,5}

For the details of the checklist paradigm and its various uses,
see the papers [2],[4],[5],[6],[7],[8].

2.1 Five Implication Operator Based Interval Systems of
Bandler and Kohout

The following five inequalities linking the interval bounds for
implication operators [→bot ,→top] with corresponding mea-
sures, mi, i = {1,2,3,4,5} have been listed in [2].

1. The Kleene-Dienes implication(KD) and Łukasiewicz
implication (Ł) respectively, are attainable lower and up-
per bounds of m1:

max(1−a,b)≤ m1(→)≤ min(1,1−a+b).

2. A certain new function of (a,b) and the Goguen-Gaines
(G43) implication (the left-hand side) are respectively at-
tainable lower and upper bounds of m2:

max(0,(a+b−1)/a)≤ m2(→)≤ min(1,b/a).

3. Another function of (a,b) and the Early Zadeh impli-
cation (EZ) are respectively attainable lower and upper
bounds of m3:
max(a+b−1,1−a)≤ m3(→)≤ max[min(a,b),1−a].
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4. Still another function of (a,b) and the Wilmott impli-
cation (W) respectively, are attainable lower and upper
bounds of m4:
min[max(a+b−1,1−a),max(b,1−a−b)]≤ m4(→)
≤ min[max(1−a,b),(max(a,(1−b),min(b,1−a)))].

5. Yet another function of (a,b) and one of G43 respec-
tively, are attainable lower and upper bounds of m5:
max[(a+b−1)/a,1−a]≤ m5(→)≤ max[min(1,b/a),1−a].

In m1 system, a Kleene-Dinese logic system forms a a lower
bound of the interval(m1(→bot)) while a Łukasiewicz logic
system forms a upper bound of the interval (m1(→top)).

From this implicational interval pair [m1(→bot),m1(→top)],
one can generate all 16 pairs of connectives of corresponding
interval systems by Kohout-Bandler group of logic transfor-
mations. 10 of these pairs of connectives are genuine interval
pairs and remaining 6 connectives collapse into a single point,
not an interval. It has been investigated systematically over the
years in the series of papers [9], [10]. These 16 connectives
of measure m1, . . . , m5 can be generated by group transforma-
tion. 8 of these interval pair of connectives of m1 system are
shown in section 3.

3 Characterization of logics by group
transformation

Definition 1 Group Transformations in Logic:
Let f be any one of the 10 two-argument propositional con-
nectives of a logic system and ¬ be an involutive negation.
Then, we define the following transformations over f :

1. I( f ) = f (x,y) : Identity transformation
2. D( f ) = ¬ f (¬x,¬y) : Dual transformation
3. C( f ) = f (¬x,¬y) : Contradual transformation
4. N( f ) = ¬ f (x,y) : Negation transformation

It is well known that for the crisp (2-valued) logic these T =
{I,D,C,N} transformations determine the Piaget group which
is a realization of the abstract Klein 4-element group.

The new 4 non-symmetrical transformations below which
are added to the above 4 basic transformations by Bandler and
Kohout in 1979 [11],[12] enriches the algebraic structure of
logical transformations.
Definition 2 8-element Group Transformations: Bandler-
Kohout

5. LC( f ) = f (¬x,y) : Left Contradual
6. RC( f ) = f (x,¬y) : Right Contradual
7. LD( f ) = ¬ f (¬x,y) : Left Dual
8. RD( f ) = ¬ f (x,¬y) : Right Dual

This enlarged set of transformations T = {I, D, C, N, LC, RC,
LD, RD} forms 8-element group {T,◦} called S2×2×2 group.
The equation, N2 = C2 = D2 = LC2 = LD2 = RC2 = RD2 = I,
provides sufficient information to identify this group. Its
group operations are shown in [13] in detail.

When T = {I, D, C, N, LC, RC, LD, RD} are applied
to Łukasiewicz implication(→top) and to Kleene-Dienese
implication(→bot ) of m1 system of logic, respectively, they
yield the closed set of connectives as below [13],[10].

The definitions of group transformation use an involutive
negation ¬a = 1− a which satisfies all of four axioms be-
low. An involutive negation, ¬, can be generated by a pair

Table 1: Group transformation of m1 system: <→top,→bot>.
Transformation Type of
of Connective Interval Bound

g1t = I(→Top) = min(1,1−a+b) →Top
g2t = C(→Top) = min(1,1+a−b) ←Top
g3t = D(→Top)= max(0,b−a) �←Bot
g4t = N(→Top)= max(0,a−b) �→Bot
g5t = LC(→Top)= min(1,a+b) ∨Top
g6t = LD(→Top)= max(0,1−a−b) ↓Bot
g7t = RC(→Top) = min(1,2−a−b) |Top
g8t = RD(→Top) = max(0,a+b−1) ∧Bot

g1b = I(→Bot) = max(1−a,b) →Bot
g2b = C(→Bot) = max(a,1−b) ←Bot
g3b = D(→Bot) = min(1−a,b) �←Top
g4b = N(→Bot) = min(a,1−b) �→Top
g5b = LC(→Bot) = max(a,b) ∨Bot
g6b = LD(→Bot) = min(1−a,1−b) ↓Top
g7b = RC(→Bot) = max(1−a,1−b) |Bot
g8b = RD(→Bot) = min(a,b). ∧Top

of Łukasiewicz implication(→Top) and a constant 0 or by that
of Kleene-Dienese implication(→Bot ) and constant(0):

¬a =

{
a→Top 0 = a Ł→ 0 = min(1,1−a+0) = 1−a

a→Bot 0 = a KD→ 0 = max(1−a,0) = 1−a

However, both of them fall into a single point; there is no
genuine interval of negation.

Axiom 3 Axioms of Fuzzy Negation [1]:

Let a negation ¬ a be defined by a function
¬ : [0,1]→ [0,1]

A function ¬ should satisfy at least two of axiomatic require-
ments below:
A1. ¬ 0 = 1 and ¬ 1 = 0. : boundary condition.
A2. For all a,b ∈ [0,1], if a≤ b, then ¬a≥ ¬b.

: monotonicity.
A3. ¬ is a continuous function. : continuity.
A4. ¬ is involutive, i.e. ¬(¬ a) = a, ∀a ∈ [0,1].

: involution.
In the next section, we define various negations which yield
intervals and investigate their properties.

4 Interval Negations in Many-Valued Logics
In [3], we have shown that the negations can also be defined
by the Sheffer or the Nicod connectives as well as by the im-
plication:

Definition 4 Negation [3]:

1. ¬S a = a | a : by Sheffer
2. ¬N a = a ↓ a : by Nicod
3. ¬PLY a = a→ 0 : by Implication

In classical logic, negations by above definitions are all
equal: ¬ a = ¬S a = ¬N a = ¬PLY a = 1−a. In many valued
logic, however, they do not yield the equal results – ¬S a �=
¬N a �= ¬PLY a – but these negations in checklist paradigm m1
system generate a genuine interval negation [3].
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4.1 Negation on m1 Defined by the Sheffer Connective

Since the Sheffer connective, a | b, of the interval system m1
appears a TOP-BOT pair by means of RD transformation of
<→Top,→Bot> as it is shown at the table in section 3,

a | b =
{

a |Top b = min(1,2−a−b)
a |Bot b = max(1−a,1−b),

the connective type ¬S a also also appears in two forms:

¬S a =
{

a |Top a = min(1,2(1−a))
a |Bot a = 1−a

Thus, ¬S a defined by Sheffer generates the interval

[ |Bot , |Top ] = [ 1−a, min(1,2(1−a)) ].

4.2 Negation in m1 Defined by the Nicod Connective

Since the Nicod connective, a ↓ b, appears as a TOP-BOT pair
of connectives in the interval system m1 , similarly

a ↓ b =
{

a ↓Top b = min(1−a,1−b)
a ↓Bot b = max(0,1−a−b),

the connective type ¬N a also also appears in two forms:

¬N a =
{

a ↓Top a = 1−a = D(a |Bot a)
a ↓Bot a = max(0,1−2a) = D(a |Top a).

Thus, the interval of ¬N a by Nicod is:

[↓Bot , ↓Top] = [max(0,1−2a), 1−a].

4.3 Negation in m1 Defined by the Implication Connective

Since a KD→ b ≤ m1(→) ≤ a Ł→ b, in a→ b of m1 system, i.e.
the BOT connective is the Kleene-Dienes implication operator
while the TOP id Łukasiewicz, we have:

¬PLY a =

{
a→T 0 = a Ł→ 0 = min(1,1−a+0) = 1−a

a→B 0 = a KD→ 0 = max(1−a,0) = 1−a

4.4 Interval of Negation in m1 logic system

Two intervals of negation defined by the Sheffer connective
and by the Nicod connective may be combined to yield a gen-
uine interval of negation since 1− a is the lower bound of
Sheffer negation and the upper bound of Nicod negation, re-
spectively. These two intervals are concatenated as below:

[¬BOT , ¬TOP] = [↓Bot , ↓Top] ∪ [ |Bot , |Top ]
= [ max(0, 1-2a), min(1, 2(1-a) ]

=
{

[ 0, 2(1−a) ], 1≥ a≥ .5
[ 1−2a, 1 ] .5 > a≥ 0

¬MID = ¬PLY a = a ↓Top a = a |Bot a = 1−a.

Thus, Sheffer(|) and Nicod(↓) form the TOP system of nega-
tion and the BOT system of negation, respectively. The ¬PLY

a = 1− a, is a median value of the interval negation, ¬Mid .
Since both ¬Top and ¬Bot satisfy A1 - A3 of Axioms of fuzzy
negation except A4 of sec.3, they are non-involutive TOP-BOT
pair of fuzzy interval negations while ¬Mid is an involutive
fuzzy negation.

Theorem 5 Gap Theorem 1. (Bandler and Kohout [6])

a ANDTop b−a ANDBot b = a ORTop b−a ORBot b
= a PLYTop b−a PLYBot b
= min(ϕa, ϕb).

a IFFTop b−a IFFBot b = a EORTop b−a EORBot b
= 2min(ϕa, ϕb).

Similarly, we can describe Gap Theorem for a TOP-BOT pair
of negation.

Theorem 6 Gap Theorem 2.

¬TOP a−¬BOT a = min(2a,2(1−a)) = 2ϕa

Hence, the margins of imprecision can be directly measured
by the degree of fuzziness ϕ where ϕa = min(a,1−a).

To further investigate a non-involutive properties of
[¬Bot ,¬Top] pair, we apply multiple nagation. It leads to the
iterative negations, interrupting mathematical properties and
mathematical limit, but yields an interesting sequence of val-
ues of interval. In the following sections, we use the symbols
¬T and ¬B for ¬Top and ¬Bot , respectively, for simplicity.

5 Multiple negations
As both ¬Bot (= ¬B) and ¬Top(= ¬T ) are non-involutive, a
question arise what would happen if a negation is iterated to
¬B and ¬T , respectively: namely, a multiple negation.

Definition 7 Multiple Negations.

1. ¬1 a = ¬ a.
2. ¬n a = (¬ a)n = ¬ (¬n−1 a)

= ¬(¬(¬n−2 a))
= ¬(¬(¬ . . . ,(¬︸ ︷︷ ︸

n

a))), 1≤ n

Thus, multiple negations will be applied to ¬T and ¬B,
respectively in the following subsections in order to explore
their properties from the computational results. The follow-
ing two subsections summarize the computational results of
multiple negations of ¬Topa and ¬Bota, respectively .

5.1 Multiple negation of ¬TOP

¬T a = a |T a = min(1,2(1−a))

=
{

2(1−a), a ∈ [ 1
2 , 1]

1 a ∈ [0, 1
2 )

(1)

¬2
T a = ¬T (¬T a) = min(1, 2(1−¬T a))

=




1, a ∈ ( 3
4 ,1]

2(2a−1), a ∈ [ 1
2 , 3

4 ]
0 a ∈ [0, 1

2 )

(2)

¬3
T a = ¬T (¬2

T a) = min(1, 2(1−¬2
T a)))

=




0, a ∈ ( 3
4 , 1]

2(3−4a), a ∈ [ 5
8 , 3

4 ]
1 a ∈ [0, 5

8 )

(3)

¬4
T a = ¬T (¬3

T a) = min(1, 2(1−¬3
T a)))

=




1, a ∈ ( 11
16 , 1]

2(8a−5), a ∈ [ 5
8 , 11

16 ]
0 a ∈ [0, 5

8 )

(4)
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¬5
T a = ¬T (¬4

T a) = min(1, 2(1−¬4
T a)))

=




0, a ∈ ( 11
16 , 1]

2(11−16a), a ∈ [ 21
32 , 11

16 ]
1 a ∈ [0, 21

32 ]
(5)

Figure 1: ¬T a, ¬2
T a, ¬3

T a

Figure 2: ¬4
T a, ¬5

T a, ¬6
T a

If we further generalize it to ¬n
T a both for n = 2k and for

n = 2k+1, ∀k≥ 1, respectively, we get the following formulas
(6)-(7).

¬2k
T a = ¬T (¬2k−1

T a) =




1, a ∈ (u1, 1]
v0, a ∈ [u2, u1]
0 a ∈ [0, u2)

(6)

where v0 = 22ka− 2
3 (22k−1),

u1 = 2·4k+1
3·4k ,

u2 = 2(4k−1)
3·4k ,

and

¬2k+1
T a = ¬T (¬2k

T a) =




0, a ∈ (u3, 1]
v1 a ∈ [u4, u3]
1 a ∈ [0, u4)

(7)

where v1 = 2
3 (22k+1 +1)−22k+1a,

u3 = u1 = 2·4k+1
3·4k ,

u4 = 4k+1−1
6·4k .

Thus, any multiple negations in the odd sequence of
¬2k+1

T , ∀k≥ 0, i.e. <¬T a,¬3
T a, . . . ,¬2k+1

T a, . . . >, are mono-
tonically decreasing(Axiom A2) while those in the even se-
quence of ¬2k

T , ∀k ≥ 1, < ¬2
T a,¬4

T a, . . . ,¬2k
T a, . . . >, are

monotonically increasing(A2). All of multiple negations sat-
isfy the boundary condition(A1) and continuity(A3) .

5.2 Multiple negation of ¬BOT

¬bota = a ↓B a = max(0,1−2a)

=
{

0, a ∈ ( 1
2 , 1]

1−2a a ∈ [0, 1
2 ]

(8)

¬2
Ba = ¬B(¬Ba) = max(0,1−2 ·¬Ba)

=




1, a ∈ ( 1
2 , 1]

4a−1, ∈ [ 1
4 , 1

2 ]
0 a ∈ [0, 1

4 )

(9)

¬3
Ba = ¬B(¬2

B a) = max(0,1−2 ·¬2
B a)

=




0, a ∈ ( 3
8 , 1]

3−8a, a ∈ [ 1
4 , 3

8 ]
1 a ∈ [0, 1

4 )

(10)

¬4
Ba = ¬B(¬3

B a) = max(0, 1−2 ·¬3
Ba)

=




1, a ∈ ( 3
8 , 1]

16a−5, a ∈ [ 5
16 , 3

8 ]
0 a ∈ [0, 5

16 )

(11)

¬5
Ba = ¬B(¬4

B a) = max(0, 1−2 ·¬4
Ba)

=




0, a ∈ ( 11
32 1]

11−32a, a ∈ [ 5
16 , 11

32 ]
1 a ∈ [0, 5

16 )

(12)

Figure 3: ¬B a, ¬2
B a, ¬3

B a

Figure 4: ¬4
B a, ¬5

B a, ¬6
B a

If we further generalize it to ¬n
T a both for n = 2k and for

n = 2k+1, ∀k≥ 1, respectively, we get the following formulas
(13)-(14).

¬2k
B a = ¬B(¬2k−1

B a) =




1, a ∈ (w1, 1]
y0, a ∈ [w2, w1]
0 a ∈ [0, w2)

(13)

where y0 = 22ka− 1
3 (22k−1),

w1 = 4k+2
3·4k ,

w2 = 4k−1
3·4k ,

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1776



and

¬2k+1
B a = ¬B(¬2k

B a) =




0, a ∈ (w3, 1]
y1 a ∈ [w4, w3]
1 a ∈ [0, w4)

(14)

where y1 = 1
3 (22k+1 +1)−22k+1a,

w3 = 2·4k+1
6·4k ,

w4 = w2 = 4k−1
3·4k .

Similar to TOP system of negation in sec. 5.1., any multiple
negations in the odd sequence are monotonically decreasing
while those in the even sequence are monotonically increas-
ing. All of them satisfy the boundary condition and continuity.
Both TOP-BOT systems of negation also show the following
property in the interval of a.

Property 8 The width of interval of a:
The width of interval of a in eq.(6)-(7) and eq.(13)-(14) is:

1. For n = 2k: ¬2k
T a and ¬2k

B a,
| u1−u2 |=| w1−w2 |= 1

22k = 1
2n ,

2. For n = 2k +1: ¬2k+1
T a and ¬2k+1

B a,
| u3−u4 |=| w3−w4 |= 1

22k+1 = 1
2n .

Theorem 9 A relationship between ¬n and ¬n+1:

(1) 1−¬n
T a = 1

2¬
n+1
T a, ∀n ∈ N, a ∈ [max(u2,u4), u1]

in eq.(6)-(7).

(2) 1−¬n+1
B a = 2 ·¬n

B a, ∀n ∈ N, a ∈ [w2, min(w1,w3)]
in eq.(13)-(14).

Proof:

(1) (a) Let n = 2k, ∀k ≥ 1.
1−¬2k

T a = 1− (22ka− 2
3 (22k−1))

= 1
3 (22k+1 +1)−22ka

= 1
2 ( 2

3 (22k+1 +1)−22k+1a)
= 1

2 ·¬
2k+1
T a

(b) Let n = 2k +1, ∀k ≥ 0.
1−¬2k+1

T a= 1− ( 2
3 (22k+1 +1)−22k+1a)

= 22k+1a− 1
3 (22k+2−1)

= 1
2 (22k+2a− 2

3 (22k+2−1))
= 1

2¬
2k+2
T a

Therefore, 1−¬n
T a = 1

2¬
n+1
T a, , ∀n ∈ N. �

(2) (a) n = 2k−1, ∀k ≥ 1.
1−¬2k

B a = 1− (22ka− 1
3 (22k−1))

= 2
3 (22k−1 +1)−22ka

= 2( 1
3 (22k−1 +1)−22k−1a)

= 2 ·¬2k−1
B a

(b) n = 2k, ∀k ≥ 1.
1−¬2k+1

B a= 1− ( 1
3 (22k+1 +1)−22k+1a)

= 22k+1a− 2
3 (22k−1)

= 2(22ka− 1
3 (22k−1))

= 2 ·¬2k
B a

Therefore, 1−¬n+1
B a = 2 ·¬n

B a, ∀n ∈ N. �

5.3 Convergence of multiple negations

In order to investigate a convergence of multiple negations, let
us apply lim to ¬2k

T a, ¬2k+1
T a, ¬2k

B a and to ¬2k+1
B a as k→∞,

respectively. It derives the following formula of convergence
in each case:

lim
k→∞
¬2k

T a =




1, a ∈ ( 2
3
+
, 1]

z0, a ∈ [ 2
3
−
, 2

3
+]

0 a ∈ [0, 2
3
−)

(15)

where z0 = lim
k→∞

v0 = lim
k→∞

22ka− 2
3
(22k−1), in eq.(6)

z0 = 2
3 if a = 2

3 , in particular,
and 2

3
+ = lim

k→∞
u1 = 2

3 + ε1,

2
3
− = lim

k→∞
u2 = 2

3 − ε1, for a very small ε1 > 0.

lim
k→∞
¬2k+1

T a =




0, a ∈ ( 2
3
+
, 1]

z1 a ∈ [ 2
3
−
, 2

3
+]

1 a ∈ [0, 2
3
−)

(16)

where z1 = lim
k→∞

v1 = lim
k→∞

2
3
(22k+1 +1)−22k+1a, in eq.(7)

z1 = 2
3 if a = 2

3 , in particular,
and 2

3
+ = lim

k→∞
u3 = 2

3 + ε2,

2
3
− = lim

k→∞
u4 = 2

3 − ε2, for a very small ε2 > 0

where ε2 < ε1.

Figure 5: lim
k→∞
¬2k

T a and lim
k→∞
¬2k+1

T a

As k→ ∞. both lim ¬2k
T a and lim ¬2k+1

T a converge either
to 0 or to 1, depending on the values of a in the most of in-
tervals, except a ∈ [ 2

3 − εi,
2
3 + εi] for i = 1,2 where εi is in

eq.(15)-(16). For an a in the interval [ 2
3−εi,

2
3 +εi], the values

of lim
k→∞
¬2k

T a or those of lim
k→∞
¬2k+1

T a increases or decreases

drastically in monotonicity, respectively.

We can investigate the limit negations of ¬2k
B a and ¬2k+1

B a of
BOT system, similarly.

lim
k→∞
¬2k

B a =




1, a ∈ ( 1
3
+
, 1]

z2, a ∈ [ 1
3
−
, 1

3
+]

0 a ∈ [0, 1
3
−)

(17)

where z2 = lim
k→∞

y0 = lim
k→∞

22ka− 1
3
(22k−1), in eq.(13)

z2 = 1
3 if a = 1

3 , in particular,
and 1

3
+ = lim

k→∞
w1 = 1

3 +δ1,

1
3
− = lim

k→∞
w2 = 1

3 −δ1, for a very small δ1 > 0.
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lim
k→∞
¬2k+1

B a =




0, a ∈ ( 1
3
+
, 1]

z3, a ∈ [ 1
3
−
, 1

3
+]

1 a ∈ [0, 1
3
−)

(18)

where z3 = lim
k→∞

y1 = lim
k→∞

1
3
(22k+1 +1)−22k+1a, in eq.(14)

z3 = 1
3 if a = 1

3 , in particular,
and 1

3
+ = lim

k→∞
w3 = 1

3 +δ2,

1
3
− = lim

k→∞
w4 = 1

3 −δ2, for a very small δ2 > 0

where δ2 < δ1.

Figure 6: lim
k→∞
¬2k

B a and lim
k→∞
¬2k+1

B a

As k→∞. both lim ¬2k
B a and lim ¬2k+1

B a converge either to 0
or to 1 for the most of a∈ [0, 1], except a∈ [ 1

3−δi,
1
3 +δi], for

i = 1,2 where δi is in eq.(17)-(18). For an a in [ 1
3 −δi,

1
3 +δi],

the values of lim
k→∞
¬2k

B a or those of lim
k→∞
¬2k+1

B a are in the

drastic monotonic increase or decrease, respectively. Thus,
we can further describe the following properties.

Property 10 For n ∈ N,

P1. lim
n→∞
¬n+1

T a≈ 1− lim
n→∞
¬n

T a, a ∈ [0, 1].

P2. lim
n→∞
¬n+1

B a≈ 1− lim
n→∞
¬n

B a, a ∈ [0, 1].

P3. lim
k→∞
¬n

T a≈ lim
n→∞
¬n

B (a+
1
3
), a ∈ [0, 1].

P4. lim
n→∞
¬n

B a≈ lim
k→∞
¬n

T (a− 1
3
), a ∈ [0, 1].

From the above P1 and P2, we can notice that both ¬T and
¬B are nearly limit involutive because lim

n→∞
¬n+1

T a ≈ 1−
lim
n→∞
¬n

T a≈ 1−(1− lim
n→∞
¬n−1

T a)≈ lim
n→∞
¬n−1

T a, a∈ [0, 1],

i.e. ¬T (¬T ( lim
n→∞
¬n−1

T ) ≈ lim
n→∞
¬n−1

T . It holds for ¬B, simi-
larly.

6 Conclusions
The involutive fuzzy negation, ¬a = 1− a, has been col-
lapsed into a single point while ten of binary connectives yield
TOP-BOT interval pairs in m1 logic system of 16 connectives
by group of logic transformations since Bandler-Kohout pro-
posed five checklist paradigm based logic systems m1−m5.
A BOT-TOP pair of connectives of fuzzy negation interval
[¬BOT , ¬TOP], however, could be successfully generated from
the interval of Nicod system [↓top, ↓bot ] and that of Sheffer
system [|bot , |top]. These pairs of negation connective are

non-involutive negation pairs by themselves. When a nega-
tion is applied iteratively, those multiple negations, ¬n

T a,¬n
B a

change their values from 0 to 1 or 1 to 0 drastically within a
very small interval whose width is 1

2n and reveals a property
of nearly limit involution.
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Development of Multiple Linguistic Equation Models
with Takagi-Sugeno Type Fuzzy Models
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Abstract— Multimodel approaches are widely used with linear
submodels, but border areas around submodels are problematic.
Special cases of fuzzy linguistic equation models, which can be un-
derstood as linguistic Takagi-Sugeno (LTS) type fuzzy models, can
be used to solve these problems in many cases. These models use
a special nonlinear scaling approach for both inputs and outputs.
The LTS models are robust solutions for applications where the same
variables can be used for defining operating areas and also in the
submodels. No special smoothing algorithms are needed.

Keywords— linguistic equations, nonlinear systems, multimod-

els, Takagi-Sugeno fuzzy models.

1 Introduction
Fuzzy set systems enable the use of expert system techniques

in uncertain and vague systems [1]. The traditions of physical

modelling on the basis of understanding system behaviour are

maintained with fuzzy rules and membership functions, which

can represent not only gradually changing nonlinear mappings

but also abrupt changes [2]. Various approaches using either

expertise or data are used in constructing these mappings, but

as the complexity of the application increases more and more

combined approaches are required. These approaches are pre-

sented in the upper right-hand corner of Fig. 1. Heuristic

knowledge and know-how can be introduced to fuzzy set sys-

tems with a trial and error based approach. Data-based ap-

proaches rely usually on automatic generation of rules from

predefined simple sets of membership functions. Both knowl-

edge and data need to be used together to develop practical

applications.

Linguistic fuzzy models [3] are mainly used in the

knowledge-based approach, whereas Takagi-Sugeno (TS)

type fuzzy models [4] and fuzzy relational models [5] are

mainly used for data-driven methods. TS models are con-

structed by combining supervised and unsupervised learning.

The antecedent membership functions can be initialised by

grid partioning, iterative search, or fuzzy clustering [6]. The

neuro-fuzzy ANFIS method [7] is widely used in tuning. The

structure and the parameters can also be updated recursively

when new data become available [8]. The trade-off between

global model accuracy and interpretability of local models as

the linearisations of a nonlinear system is important in the de-

velopment of a TS model. To restrict the freedom of the pa-

rameters a multiobjective identification for dynamic TS mod-

els is presented in [9].

This paper presents a set of fuzzy linguistic equation mod-

els, which combine nonlinear scaling and Takagi-Sugeno type

fuzzy models.

Figure 1: Classification of fuzzy set systems [2].

2 Methodologies
2.1 Linguistic equations
The linguistic equation (LE) approach originates from fuzzy

set systems: rule sets are replaced with equations, and the ef-

fects of membership functions are handled with scaling [10].

For nonlinear models, the scaling technique must be nonlinear

as the model equations are linear. The scaling functions are

called membership definitions as they are closely connected

to the membership functions used in fuzzy set systems. [2]

Nonlinear scaling. Nonlinear scaling is carried out using

functions which denote membership definitions. The mapping

function is performed by converting variable values from the

variable range into a range [-2, 2], known as the linguistic
range. The new range describes the distribution of variable

values over the original range fairly accurately. Membership

definitions are presented by a variable specific function

xj = f(Xj) ∀ min (xj) ≤ xj ≤ max (xj), Xj ∈ [−2, 2],
(1)

where xj is the value of variable j, and Xj is the correspond-

ing value within the range [−2, 2], which includes the normal

operation range [−1, 1] and areas for warnings and alarms.

The values Xj are called linguistic values because the scal-

ing function is based on the membership functions of fuzzy

set systems: values -2, -1, 0, 1 and 2 can be associated to the
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linguistic labels, e.g.

{very low, low, normal, high, very high} (2)

are defined with membership functions (Fig. 2). The num-

ber of membership functions is not limited to five: the values

between these integers correspond to finer partitions of the

fuzzy set system. Early applications of linguistic equations

only used integer values [10].

In the case of polynomial membership definitions,

f−
j = a−

j X2
j + b−j Xj + cj , Xj ∈ [−2, 0),

f+
j = a+

j X2
j + b+

j Xj + cj , Xj ∈ [0, 2],
. (3)

the linguistic level of the input variable j is calculated accord-

ing to the equation

Xj =



2 with xj ≥ max xj

−b+j +
√

b+j
2−4a+

j (cj−xj)

2a+
j

with cj ≤ xj ≤ max (xj)

−b−j +
√

b−j
2−4a−

j (cj−xj)

2a−
j

with min (xj) ≤ xj ≤ cj

−2 with xj ≤ min (xj).
(4)

where a−
j , b−j , a+

j , and b+
j are coefficients of the polynomials

(3), cj is the real value corresponding to the linguistic value

0, and xj is the real value. min (xj) and max (xj) are the

minimum and maximum values of the real data corresponding

to the linguistic values -2 and 2.

After the linguistic level of the model output, Xout, is cal-

culated using the linguistic equation model, it is converted into

a real value of output, xout, using the following equation:

xout =


a−

outXout
2 + b−outXout + cout

with Xout < 0
a+

outXout
2 + b+

outXout + cout

with Xout ≥ 0

(5)

where a−
out, b−out, a+

out and b+
out are coefficients of the poly-

nomials (3), and cout is the real value corresponding to the

linguistic value 0.

The coefficients of the polynomials can be represented by

a−
j = 1

2 (1− α−
j ) ∆c−j ,

b−j = 1
2 (3− α−

j ) ∆c−j ,

a+
j = 1

2 (α+
j − 1) ∆c+

j ,

b+
j = 1

2 (3− α+
j ) ∆c+

j ,

(6)

where ∆c−j = cj − (cl)j and ∆c+
j = (ch)j − cj . Membership

definitions may contain linear parts if some coefficients α−
j or

α+
j equal one.

Membership definitions are determined by the centre point

cj , and the core and support areas, which guarantee that the

resulting membership definitions are monotonously increas-

ing functions. An easier way is to define the centre point, the

core [(cl)j , (ch)j ] and the ratios

α−
j = (cl)j−min (xj)

cj−(cl)j
,

α+
j = max (xj)−(ch)j

(ch)j−cj
,

(7)

from the range 1
3 . . . 3, and calculate the

support [min (xj), max (xj)]. The membership definitions of
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Figure 2: Feasible range, membership definitions and mem-

bership functions [2].

each variable are configured with five parameters, which can

presented in three consistent sets. The working point (centre

point) cj belongs to all these sets, and the others are:

• the corner points {min (xj), (cl)j , (ch)j , max (xj)} are

good for visualisation;

• the parameters {α−
j , ∆c−j , α+

j , ∆c+
j } are suitable for

tuning;

• the coefficients {a−
j , b−j , a+

j , b+
j } are used in calcula-

tions.

The upper and the lower parts of the scaling functions can

be convex or concave, independent of each other. Simplified

functions can also be used: a linear membership definition

only requires two parameters: cj and bj = b+
j = b−j or ∆cj =

∆c+
j = ∆c−j , since α+

j = α−
j = 1 and a+

j = a−
j = 0; an

asymmetrical linear definition has ∆c+
j �= ∆c−j and b+

j �= b−j .

Interactions. The basic element of a linguistic equation

(LE) model is a compact equation

m∑
j=1

AijXj + Bi = 0, (8)

where Xj is a linguistic level of the variable j, j = 1...m.

The direction of the interaction is represented by the interac-

tion coefficients Aij . The bias term Bi was introduced for

fault diagnosis systems. A LE model with several equations is

represented as a matrix equation

AX + B = 0, (9)

where the interaction matrix A contains all the coefficients A ij

and the bias vector B all the bias terms Bi.

The model is represented by

xout = fout

− 1
Ai out

(
m∑

j=1,j =out

Aij f−1
j (xj) + Bi)

 ,

(10)
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where the functions fj and fout are membership definitions.

In the general case, the weight factors

wij = − Aij

Ai out
, (11)

and the bias term

Bi = − Bi

Ai out
, (12)

Altogether, there are ni + 1 parameters. As the scaling func-

tions of each variable require three additional parameters for

every two parameters needed for normalisation, the total num-

ber of additional parameters is 4 + 4ni for ni input variables.

Figure 3: A LE model.

Nonlinear steady-state models can be constructed with lin-

guistic equations, and then extended to dynamic systems us-

ing dynamic structures. Case-based systems can include both

steady state and dynamic models.

2.2 Takagi-Sugeno type fuzzy systems
Takagi-Sugeno (TS) fuzzy model [4], in which the consequent

is a crisp function of the antecedent variables, can be inter-

preted in terms of local models, see Fig. 4(a). A TS model

with a common consequent structure can be understood as

a global linear model with input-dependent parameters. For

widely used linear functions, the standard weighted mean in-

ference is

y =
∑K

i=1 βi(x)yi∑K
i=1 βi(x)

, (13)

where the degree of fulfillment, βi(x), is the membership de-

gree of the input vector x in the antecedent of the rule i, see

Fig. 4(b). The models surface (Fig. 4(c)) is constructed from

the values yi which are calculated from the local models

yi = aT
i x, i = 1, 2, . . . , K. (14)

The inference method (13) introduces some undesirable

properties in the border areas of the local models if the local

models intersect within the border area. These drawbacks can

be partly removed by using crisp transitions, y = max(y1, y2)
and y = −max(−y1, y2) for a convex and a concave case,

respectively. However, the slopes of the local models should

differ drastically, and anyway the fuzzy inference is lost and

the result is a piece-wise linear approximation. The inference

(13) results are much better if the local models intersect out-

side the border area.

The smoothness of the model is directly dependent on

the smoothness of the antecedent membership functions, e.g.

the frequently used trapezoidal functions result in nonsmooth

ouputs [3].

Takagi-Sugeno (TS) type fuzzy models are widely used for

the identification of nonlinear systems, since the neuro-fuzzy

ANFIS method [7] provides an efficient tuning method for

these models. Fitting results are very good with strongly over-

lapping models, but process insight is lost as the individual

models do not have any meaning. The ANFIS tuning increases

the overlap of clusters and destroys the meanings of the indi-

vidual linear models, e.g. the role of some submodels may

transform into a part of a smoothing algorithm.
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(b) Fuzzy reasoning.
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Figure 4: A Takagi-Sugeno type fuzzy model.

The strong overlap may also result in a steep increase or

decrease in the borders of the operating area as can be seen

in Fig. 4(c). In dynamic simulation, these steep changes can

be alleviated by limiting the range of the output variable, in
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addition, the operating area of rule 1 should be narrowed down

from the solution provided by ANFIS tuning.

Steady-state TS models created with subtractive clustering

[11] and ANFIS have proven to be very accurate in the fed-

batch enzyme fermentation process [12], however dynamic

simulation turned out to be too demanding [13]. Dimension

reduction with clustering is necessary when the number of in-

puts is large. TS models based on grid partitioning require

a large number of membership functions and rules which are

difficult to tune in practice, e.g. models of the Kappa num-

ber in a continuous digester already resulted eight local mod-

els with three input variables when two membership functions

were used for each variable [14].

The interpolation properties of the TS models can be im-

proved by replacing the weighted mean by mechanisms which

result in a piece-wise convex or concave interpolation surface,

in which [3]: the gradients are bound by the gradients of the

rule consequent functions, and the surface is smooth with con-

tinuous derivatives of a sufficient order. Then the model ap-

proximates the function more accurately than the surface gen-

erated by (13).

For example, the smoothing maximum function [15] con-

nects two consequent hyperplanes, y1 and y2, by a smooth

convex or concave surface, i.e.

y = y1 + sγ(y2 − y1), (15)

where sγ(z) is a piece-wise polynomial

sγ =


0, z ≤ −γ,
z+γ)2

4γ −γ < z < γ,

z, z ≥ γ

(16)

The interpolant starts to deviate from the consequent y1 when

y2 − y1 = γ. The smoothing parameter γ, which is a positive

real number, is determined for each pair of adjacent rules.

Sharper borders require nonlinear consequent models, i.e.

smoothing should be a part of each individual local model.

3 Multimodel LE system
A multimodel approach based on fuzzy LE models has been

developed for combining specialised submodels [16]. The ap-

proach is aimed for systems that cannot be sufficiently de-

scribed with a single set of membership definitions due to very

strong nonlinearities. Additional properties can be achieved

because equations and delays can also vary between different

submodels. In the multimodel approach, the working area is

defined by a separate working point model. The submodels

are developed using the case-based modelling approach.

A multimodel system contains several submodels and a

fuzzy decision system for selecting a suitable model for each

situation using several working point variables. If several in-

puts are combined into a single working point index, the fuzzy

set system is reduced to a fuzzification block (Fig. 5). Lin-

guistic equation (LE) models have been used in several appli-

cations [17, 18, 19, 20, 21].

Linguistic Takagi-Sugeno fuzzy models (LTS) belong to

this class of models, however with one limitation: the fuzzy

partition is defined with same variables as the models. As

LE models are nonlinear, the local models are also nonlinear.

Figure 5: Multimodel LE system with fuzzy decision module.

LTS models can be developed and tuned with the same meth-

ods as the normal TS models. The only difference is that the

variable values are scaled with the nonlinear scaling functions

presented above.

The only difference to the normal LE model is that the equa-

tion part is handled with a fuzzy set system (Fig. 6). Nonlin-

ear scaling is done with the same variable specific functions in

each local model.

Figure 6: A fuzzy LE simulator.

4 Example: a tank system
The training environment consists of tank systems which in-

clude interactive parts where the inflow is divided between

two tanks and the flow between the tanks depends on the lev-

els of these tanks, h1 and h2, respectively (Fig. 7). The flow

F2 depends on the level of the tanks 1 and 2 (h1 and h2):

F2 = c1

√
h1 − h2, (17)

F3 = c2

√
h2. (18)

The working point is set with the valve properties presented

by coefficients c1 and c2.

Figure 7: Interactive tank system.
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Figure 8: The model surface of the fuzzy LE model.

TS model. A good fitting can be achieved with a TS model

y1 = 154.2h1 − 153.9h2 − 1.98, (19)

y2 = 57.61h1 − 59.86h2 − 80.08, (20)

y3 = 64.35h1 − 60.18h2 + 93.15. (21)

This model shown in Fig. 4 was tuned with ANFIS resulting

in a fairly extensive overlap between the submodels. Strong

differences between the submodels can still be observed, but

the detection of the models on the basis of their performance

is not very clear. These problems were discussed in Section

2.2.

LTS model. A good fitting can be achieved with a LTS

model

ỹ1 = 1.704h̃1 + 1.785h̃2, (22)

ỹ2 = 1.775h̃1 + 3.144h̃2, (23)

ỹ3 = 1.93h̃1 + 5.013h̃2, (24)

where the variables h1 and h2 are scaled with the nonlinear

functions: h̃1 = f−1
1 (h1) and h̃2 = f−1

2 (h2). The output is

first constructed in the linguistic range by using (13) and the

submodels ỹ1, ỹ2 and ỹ3. The result is then converted into a

real value F2 by (5) with the scaling parameters of the output

variable: a−
out, b−out, a+

out, b+
out and cout.

The operating areas are clearly observed, and the operation

is smooth (Fig. 8(a)). The first consequent model is rather

steep and operates when the levels of two tanks are close to

each other (Fig. 8(b)). The second model corresponds to neg-

ative flow, i.e. h2 > h1, and the third one to positive flow,

h1 > h2. No smoothing algorithms are needed, and there

are no problems in the boundaries of the operating area (Fig.

8(b)). Performance evaluation also provides a clear indication

of the active submodels.

5 Applications
LTS models provide good results if the same variables can be

used for defining the operating areas and in the submodels.

There are clear differences between the applications in this

sense.

5.1 Single LE models
A single LE model proved to be a reliable solution for fore-

casting the Kappa number in continuous cooking with much

less parameters than TS models [14]. Also, the steady-state

LE model developed in an early lime kiln application provided

better results than a TS model since the weaknesses of the data

could be clearly observed and corrected in the LE approach

[22].

A single LE model can capture nonlinear behaviour so well

that the multimodel structure is not needed. The gas furnace

data [23] was modelled using a single LE model, which pro-

vided very accurate results even in dynamic simulation [24].

The dynamic model of a flotation unit calculates the out-

let turbidity from the properties of incoming water, chemical

dosages, and previously calculated turbidity. This model is

also used as an indicator of water quality [25]. The dynamic

model of fluidised bed granulation consists of three interactive

models: temperature, humidity, and granule size. All submod-

els are based on single LE models. [20]

5.2 Multimodels
Dynamic LE multimodels are used for the control design of

two application: a lime kiln [10] and a solar collector field

[26]. Smooth changes between the submodels were controlled

by a fuzzy decision module as in Fig. 5. The lime kiln model

is based on six operating areas defined by the production level

and the trend of the fuel feed [16]. The interaction matrices

are similar, and the differences between the submodels are in-

troduced by scaling functions. The model has been used in a

fuel quality indicator, which had an essential part in the de-

velopment of a successful control system [10]. The model of

a solar collector field consists of four specialised LE models,

which are specified with interaction coefficients and scaling

function parameters. The fuzzy decision module contains a

working point model, which is based partly on different vari-

ables [24]. The simulator represents the field operation very

accurately, even oscillatory conditions are handled correctly

[26].

There are forecasting applications for batch cooking [19]

and fed-batch fermentation [21]. In batch cooking, specific

submodels are needed due to variations in the quality of the
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chips and the properties of the incoming cooking liquor. Mul-

timodel aspects are taken into account by adapting the model

to different operating conditions by selecting an appropri-

ate speed factor depending on the H-factor and alkali level

[19]. The dynamic model of fed-batch fermentation con-

sists of three interactive models: carbon dioxide concentra-

tion, oxygen transfer rate, and dissolved oxygen concentration

[21]. Transitions between the three phases, lag, exponential

growth, and steady state, are defined on the basis of time, oxy-

gen transfer rate, and glucose feed rate. The primary aim of

the simulator is to detect fluctuations in the process control.

6 Conclusions
Special cases of fuzzy linguistic equation models can be un-

derstood as linguistic Takagi-Sugeno (LTS) type fuzzy mod-

els, in which nonlinear scaling is used for both inputs and

outputs. The LTS models are robust solutions to applications

where the same variables can be used for defining the oper-

ating areas and also in the submodels. No special smoothing

algorithms are needed near the borders of the submodels.
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[14] K. Leiviskä, E. Juuso, and A. Isokangas. Intelligent modelling

of continuous pulp cooking. In K. Leiviskä, editor, Industrial
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Abstract— Knowledge discovery in databases (KDD) is the pro-
cess of discovering interesting knowledge from large amounts of
data. However, real-world datasets have problems such as incom-
pleteness, redundancy, inconsistency, noise, etc. All these problems
affect the performance of data mining algorithms. Thus, prepro-
cessing techniques are essential in allowing knowledge to be ex-
tracted from data. This work presents a real world application of
knowledge discovery in databases, with the objective of prediction of
bankruptcy. For this task fuzzy classification models based on fuzzy
clustering are used, which are developed solely from numerical data.
This data set has missing values, extreme values and also presents a
much smaller bankruptcy class than the not bankruptcy class, which
makes it a challenging problem in the scope of KDD.
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1 Introduction
With the increase of economic globalization and evolution of

information technology, financial data are being generated and

accumulated at an exponential rate. It is used to keep track of

companies, business performance, monitor market changes,

and support financial decision-making. This rapidly growing

volume of data triggered the need for automated approaches

that allow effective and efficient utilization of massive finan-

cial data to support companies and individuals in strategic

planning and investment decision-making.

Knowledge discovery can contribute to solving business

problems in finance by finding patterns, causalities, and cor-

relations in business information and market prices that are

not immediately apparent to managers because the volume of

data is too large or is generated too quickly to be screened

by experts. Knowledge discovery has already been applied to

a number of financial applications, including development of

trading models, investment selection, loan assessment, port-

folio optimization, fraud detection and bankruptcy prediction,

amongst others. The prediction of bankruptcy has been been

previously investigated in terms of the likelihood of success

for the introduction of fuzzy systems for decision support [1]

The prediction of corporate failure or bankruptcy has been

characterized as one of the most important problems facing

business and government [2]. It also is a problem that af-

fects the economy of every country. The number of failing

firms is important for the economy of a country and it can be

considered as an index of the development and robustness of

the economy. The high individual, economic, and social costs

encountered in corporate failures or bankruptcies make this

problem very important to parties such as auditors, manage-

ment, government policy makers, and investors [3].

There is a long history of research attempting to develop

bankruptcy prediction models based on financial variables and

other indicators of financial distress, using a wide variety of

techniques. The pioneer in predicting business failure ratios is

considered to be [4]. The predictive accuracy of the initial ap-

proaches has varied from around 65% [5] to around 90% [6].

Higher predictive accuracy is often achieved by using samples

concentrated in a few industries, using samples with widely

varying bankruptcy/non-bankruptcy company sizes or making

inappropriate assumptions about real world bankruptcy/non-

bankruptcy frequencies.

The data set used in this work, concerning the bankruptcy,

is different from all of the above mentioned, so no direct com-

parison of results can be made. Also, other works never men-

tioned that data sets had missing values and extreme values,

as in this work.

In this work we present a full KDD process, applied in a

real-world problem: the prediction of bankruptcy. The data set

used is quite challenging as it has missing values and extreme

values. It also presents a much smaller bankruptcy class than

the not bankruptcy class. Several possibilities were tested in

each step of the KDD process, such as data preparation, fea-

ture selection and fuzzy classification, and we discuss them

briefly although we give more focus on the best results ob-

tained. Note that the use of fuzzy systems for classification,

besides building a numeric prediction model also represents

the model behaviour in terms of linguistic rules, making it

possible to interpret, which is an important final step in the

KDD process.

The outline of the paper is as follows. In Section 2 we

briefly present the KDD steps used to obtain a bankruptcy

classifier. In Section 3 we present techniques used for data

preparation. Feature selection is presented in Section 4 and

Section 5 describes the procedures used to derive Takagi-

Sugeno fuzzy models by means of fuzzy clustering. The data

used in the work and the results are presented in Section 6.

Finally, conclusions and future work are given in Section 7.

2 KDD process
The search for knowledge in large data sets, with the use of

different hypothesis spaces, is the central and necessary phase

within the discovery process. A large number of methods have

been developed that handle many search tasks, but hypotheses
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Figure 1: Phases in the KDD process, adapted from [8]

inference and verification is only a part of the whole process

of knowledge discovery. As any other process, it has its en-

vironment, its phases, and runs under certain assumptions and

constraints. The process undertakes many phases, namely [7]:

1. Definition and analysis of the problem;

2. Understanding and preparation of data;

3. Setup of the search for knowledge;

4. The actual search for knowledge;

5. Interpreting mined patterns;

6. Deployment and practical evaluation of the solutions.

The KDD process, activities and phases, is shown in Fig-

ure 1.

Compared to the traditional manual analysis, KDD provides

a much higher degree of system autonomy, especially in pro-

cessing large hypotheses spaces. However, at the current state

of the art, a human analyst still makes many decisions in the

course of a discovery process.

The KDD process starts from specification of a given prob-

lem and data understanding, and ends with actionable conclu-

sions from the discovered knowledge. The output of DM is,

in general, a set of patterns, some of which possibly represent

discovered knowledge. In the next sections we will briefly

explain each step of the KDD process.

3 Data Preparation
Real-world databases are highly susceptible to noisy, missing,

and inconsistent data due to their typically huge size. Thus,

data preparation consumes most of the time needed to mine

data [9], and can substantially improve the overall quality of

the patterns mined and/or the time required for the actual min-

ing [10].

This section is a brief overview of some of the concepts

regarding data preparation to yield the best possible model.

For more details refer to [9, 10].

3.1 Missing Data
When applying data analysis methods to real problems, we

often find that the data sets contain many missing elements.

There are two forms of randomly missing data: missing com-

pletely at random (MCAR) and missing at random (MAR)

[11]. Missing values MCAR, behave like a random sample

and their probability does not depend on the observed data or

the unobserved data [12, 13]. MAR exists when missing val-

ues are not randomly distributed across all observations but

are randomly distributed within one or more subsamples.

A possible approach to deal with the missing values is to

discard all incomplete data, and then execute the data analy-

sis method on the remaining data. However, if missing values

are frequent, the data set size may be considerably reduced,

yielding unreliable or distorted results. A way to minimize

this extreme data reduction problem is presented in [14]. If

values are missing completely at random they can be imputed.

Widely used imputation methods use the variables mean, me-

dian or the most probable value as a replacement [11, 10].

3.2 Noisy Data
Noise is considered to be a random error or variance in a mea-

sured variable [10]. A specific type of noise, which the data in

this study has, is extreme values, which in some cases can be

labelled as outliers. In this work numerically sensitive mining

algorithms are used, and it is recommended to normalize the

individual variable distributions [15].

Outliers are defined as a large deviation from the mean

value of the rest of the data. Usually outliers can be thrown

out of the data set, as they bias the analytical results. Distribu-

tion normalization deals with the problems presented by valid

outliers. An outlier is valid if it represents an accurate mea-

surement and still falls well outside the range of the majority

of values. These should not be discarded.

The distribution normalization can be achieved using trans-

formations. In cases where the data have strong asymmetry,

many outliers or batches at different levels with widely dif-

fering spreads a power transformation may alleviate this prob-

lem, without violating the necessary transformation properties

[16].

4 Feature Selection
One of the great challenges in classification is selecting the

important input variables from all possible input variables.

Classification problems involve a large number of potential in-

puts. The number of inputs actually used by the model must be

reduced to the necessary minimum, especially when dealing

with fuzzy models that are, presumably, nonlinear and contain

many parameters. Therefore, it is necessary to select carefully

the variables that are relevant for the feature class.

Feature selection is a process that chooses a subset of M

features from the original set of n features (M ≤ n), so that

the feature space is optimally reduced according to a certain

criteria.

Even when a good criteria exists for model selection, there

is no guarantee that a model based on a given set of vari-

ables is optimal unless all possible combinations of variables

have been explored. The problem is known to be NP-hard

[17]. Hence, finding an optimal solution requires building a

model for each possible combination of input variables, which

becomes computationally prohibitive for problems involving

even a moderate number of candidate input variables.

Feature selection algorithms, essentially divide into wrap-

pers and filters [18]. In this work we use wrappers that make

use of specific learning algorithms to evaluate variables in the

context of the learning problem, rather than independently.

Wrappers share strengths and weaknesses of the learning algo-

rithms and have the advantage of using the actual hypothesis

accuracy as a measure of subset quality. Furthermore, wrapper

methods do tend to outperform filter methods [18].
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The variable selection procedure can be used with vari-

ous performance criteria for model selection. In real-world

databases sometimes one of the classes is more difficult to

classify then the others. This can happen, for instance, when

one of the classes is much bigger than the other or the interest

of the problem is a specific class. To cope with this problem,

we use a criterion, that assigns specific weights to each class

in the model evaluation of the feature selection algorithm [19].

In this work we compare the well known sequential for-

ward selection (SFS) and the sequential backward elimination

(SBE) against the newly proposed ant feature selection algo-

rithm (AFS). The SFS and SBE search algorithms may not be

the best search methods, nor guarantee an optimal solution,

but they are popular because they are simple, fast, provide a

very reasonable solution and are much more efficient than ex-

haustive search.

Sequential forward selection and sequential backward elim-

ination were first used in the context of feature selection for

pattern classification. SFS was first used in [20] and was later

used in [21]. It has also been used to determine input vari-

ables for fuzzy models in [22] and [23]. SBE was first used

in [20] and in [24] it was used with simple linear models to

provide a first-round elimination of the input variables for a

fuzzy model.

4.1 Ant Feature Selection
Ant algorithms were first proposed by Dorigo [25] as a multi-

agent approach to difficult combinatorial optimization prob-

lems, such as traveling salesman problem, quadratic assign-

ment problem or supply chain management [26]. Here we

present an implementation of ACO applied to feature selec-

tion, where the best number of features is determined auto-

matically.

In this approach, two objectives are considered: minimiz-

ing the number of features and minimizing the error classifi-

cation. Two cooperative ant colonies optimize each objective.

The first colony determines the number (cardinality) of fea-

tures and the second selects the features based on the cardi-

nality given by the first colony. Thus, two pheromone matri-

ces and two different heuristics are used. The heuristic value

is computed using the Fisher discriminant criterion for feature

selection [27], which ranks the features giving them a given

relative importance.

The best number of features is called features cardinality
Nf . The determination of the features cardinality is addressed

in the first colony sharing the same minimization cost function

Jτ with the second colony, which in this case aggregates both

the maximization of the classification accuracy and the min-

imization of the features cardinality. Hence, the first colony

determines the size of the subsets of the ants in the second

colony, and the second colony selects the features that will be

part of the subsets.

The objective function of this optimization algorithm aggre-

gate both criteria, the minimization of the classification error

rate and the minimization of the features cardinality:

Jτ = w1
N τ

e

Nn

+ w2

N τ
f

n
(1)

where τ = 1, . . . , g, g being the number of ants, w1 and w2

are weights, Nn is the number of used data samples, n is the

total number of features, Ne is the number of errors produced

by the solution and Nf is the features cardinality.

To evaluate the classification error, a fuzzy classifier is built

for each solution following the procedure described in Sec-

tion 5. This approach was presented in [28].

5 Fuzzy Classification

In this section we outline the basics of the adopted fuzzy rea-

soning scheme for pattern classification problems. Let us con-

sider a n-dimensional classification problem for which N pat-

terns �xp = (x1
p, . . . , x

n
p ), p = 1, 2, . . . , N are given from

κ classes C1, C2, . . . , Cκ. The task of a pattern classifier is

to assign a given pattern �x to one of the κ possible classes

based on its features values. Thus, a classification task can

be represented as a mapping ψ : X ⊂ �n → {0, 1}κ where

ψ(�x) = �c = (c1, ..., cκ) such that ck = 1 and cj = 0(j =
1, . . . , κ, j �= k).

Assuming that there is an arbitrary ordering of the classes,

one way to solve this classification problem is to consider clas-

sifiers with a continuous output, e.g., a Takagi-Sugeno affine

system [29]. The output of an affine Takagi-Sugeno fuzzy rule

is

yk = �a�x+ bk (2)

where yk is the output for rule k, �ak is a parameter vector

and bk is a scalar offset. In classification problems the output

should be a discrete value corresponding to one of the classes

to be identified. So a thresholdTl can be used on the output yk,

to decide which class that it belongs to, as xk ∈ Cl if yk ∈ Tl.

To form the fuzzy system model from the data set with

N data samples, given by X = [�x1, �x2, . . . , �xN ]T , Y =
[y1, y2, . . . , yN ]T where each data sample has a dimension of

n (N >> n), the structure is first determined and afterwards

the parameters of the structure are identified. The number of

rules characterizes the structure of a fuzzy system. Fuzzy clus-

tering in the Cartesian product-spaceX ×Y is applied to par-

tition the training data. The partitions correspond to the char-

acteristic regions where the systems behavior is approximated

by local linear models in the multidimensional space. Given

the training data XT and the number of clusters K , a suitable

clustering algorithm is applied.

The fuzzy clustering algorithms used in this work are based

on the optimization of an objective function. In particular

we use the fuzzy c-means (FCM) [15], the Gustafson-Kessel

(GK) [30], the possibilistic c-means (PCM) [31], fuzzy pos-

sibilistic c-means (FPCM) [32] and the recent possibilistic

fuzzy c-means (PFCM) [33].

The FCM functional uses a probabilistic constraint which

states that the sum of membership degrees must equal one

[15]. Problems arise in situations, where the total member-

ship of a data point to all the clusters does not equal one, as

in the presence of outliers. Clearly, one would like the mem-

berships for representative feature points to be as high as pos-

sible, while unrepresentative points should have low member-

ship in all clusters. The PCM objective function relaxes this

constraint [31].

Gustafson-Kessel extended the standard fuzzy c-means al-

gorithm by employing an adaptive distance norm, in order to

detect clusters of different geometrical shapes in one data set

[30]. As the GK algorithm is based on an adaptive distance
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measure, it is less sensitive to scaling (normalization, stan-

dardization) of the data.

Fuzzy-possibilistic c-means, simultaneously produces both

memberships and possibilities. FPCM tries to solve the noise

sensitivity defect of FCM, and also overcomes the coincident

clusters problem of PCM. Note that FCM and FPCM will not

generate the same membership values, even if both algorithms

are started with the same initialization [32].

FPCM imposes a constraint on the typicality values. PFCM

relaxes this constraint but retains the column constraint on the

membership values. The PFCM functional has two constants

that define the relative importance of fuzzy membership and

typicality values.

Memberships and typicalities are both considered important

for correct interpretation of data substructure. When the ob-

jective is to classify a data point, membership may be a better

choice as it is natural to assign a point to that cluster whose

representative vector is closest to the data point. On the other

hand, when seeking the clusters, i.e., while estimating the cen-

troids, typicality is an important means for alleviating the un-

desirable effects of outliers.

Depending on the clustering algorithm used in this work, a

fuzzy partition matrix U = [µik] and/or the typicality matrix

T = [tik] will be obtained. The fuzzy sets in the antecedent

of the rules are identified by means of the matrix U and T

which have dimensions [N × K]. One dimensional fuzzy

sets Aij are obtained from the multidimensional fuzzy sets

by projections onto the space of the input variables xj . This

is expressed by the point-wise projection operator of the form

µAij
(xjk) = projj(µik) The antecedent membership func-

tions can now be obtained from the fuzzy partition matrix or

from the typicality matrix. The point-wise defined fuzzy sets

Aij are then approximated by appropriate parametric func-

tions. The consequent parameters for each rule are obtained

by means of linear least square estimation, which concludes

the identification of the classification system.

6 KDD Applied to Prediction of Bankruptcy
The data set used in this work contains data from 1817 com-

panies, each one described by 52 features (including the class

feature), containing financial, behavioral and qualitative fea-

tures (as perceived by the account manager).

Some of the features contain extreme values (EV) as their

value is 10000 larger then the other values. In this case, the

extreme values are believed to be different values for different

type and size of companies, containing valuable information.

The data set contains about 10% of missing values. Only

18.38% (334) of the companies have all the features complete

and there are only 5 features without missing values, one of

those features being the status of the company.

Each company in the data set has two possible status

(classes): status 0 (bankrupt) and status 1 (not bankrupt). The

distribution of the classes is uneven: only 4.3% (78) of the

companies have the status 0, and the remaining 95.7% (1739)

have a status 1. This distribution skewness is common in

bankruptcy data.

The KDD steps taken in this work to obtain a compact fuzzy

classification model are the following:

1. Manual selection of relevant data from the available data.

2. Preprocessing of the data to deal with extreme values,

using a power transformation followed by a linear trans-

formation.

3. Preprocessing of the data to deal with missing values, by

replacement of missing values using the most probable

value.

4. Searching and selecting the relevant features using search

algorithms.

5. Obtaining a fuzzy classification model by using only the

selected features in the previous step.

The following computational protocols were used: ε =
0.0001, maximum number of iterations 100, fuzzy exponent

m = 2 and η = 2, and the Euclidean norm is used. For both

PCM and PFCM we first run FCM to termination. All trials

terminated with the convergence criteria after a few iterations.

6.1 Data Preprocessing
When analysing the data we found that seven features can be

discarded because they contain company descriptive features

that may not be relevant to this research.

Extreme Values Linear transformations of re-expressed

data present little additional difficulty in interpretation. Since

power transformations are monotonic for positive data values,

we transform the data so that it has only positive values, main-

taining the missing values, using the linear transformation,

zjk = z∗jk + |min zj | (3)

where the asterisk denotes the unscaled data. After this linear

transformation, which does not alter the shape of the data, we

apply a power transformation T (x) = log(x), because this

transformation alters the distribution of the data and bring the

extreme values to a value closer to the other values [16]. We

chose a matched transformation, presented as:

z1 = a + b T (x), (4)

where a and b are chosen, by using a point x0 and require that:

z0 = a + b T (x) = x0, (5)

and, furthermore, that the derivative of z with respect to x,

evaluated at x0, to be 1. That is,

dz

dz

∣∣∣∣
x0

=
d[a+ bT (x)]

dx
= b

dT (x)
dx

∣∣∣∣
x0

= 1. (6)

This method relies on the linearity of the transformation

near the center of the range x. For sake of simplicity, we chose

x0 as the median value of each feature. Other point could have

been chosen. Furthermore, we normalized the obtained values

of the matched transformation so that all the features are con-

tained between the interval [0, 1], obtaining the data set z2.

Missing Values Almost every company has missing values

for their features, and so discarding the companies with miss-

ing values cannot be considered a feasible approach for this

research. Filling in the missing value during the data prepro-

cess, was used. After the data transformation, we imputed

the missing values using probable value, calculated using the

Expectation-Maximization (EM) algorithm [34].
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6.2 Fuzzy Classification
One of the most important advantages of the, rather complex,

transformation described, can be seen in Table 1. This table

shows the obtained accuracy obtained with the data before the

transformation, using 6 clusters, and the obtained results after

the transformation with only 3 clusters. Since the class 0 is

so small, we used 4-fold cross validation. As can be seen the

results obtained with the data before transformation are more

disperse. This does not happen with the transformed data. The

GK algorithm could not be used in the original data because

of the extreme values. For this reason we decided not to in-

cluded it in this comparison. Furthermore the converge of the

clustering algorithms is improved and less number of clusters

are needed to obtain good results.

Table 1: Accuracy obtained for bankruptcy data with 6 clus-

ters (Raw data) and 3 clusters (Processed data).
Raw data Processed data

Alg.Cl. Max. Mean Min. Max. Mean Min.

FCM 0.928 0.885 0.800 0.972 0.946 0.919

PCM 0.925 0.894 0.733 0.969 0.945 0.919

FPCM-U 0.924 0.877 0.800 0.953 0.944 0.939

PFCM-U 0.926 0.894 0.733 0.955 0.941 0.927

FPCM-T 0.925 0.891 0.800 0.939 0.939 0.939

PFCM-T 0.925 0.891 0.800 0.939 0.925 0.919

6.3 Feature Selection
After the fuzzy classification models with all the features were

extracted, we look to further simplify the model, using fea-

ture selection. We applied each algorithm of feature selection

(SFS,SBE and AFS), using the weighted accuracy for each

feature class present [19], and all of the clustering algorithms

in study (GK,FCM, FFCA, PCM, FPCM and PFCM), to both

the data normalized and not normalized.

In this case, if no weights were used, the algorithms

would choose the features that would maximize the class no

bankruptcy as this is the dominant class. Usually after one or

two iterations the process would stop. In this case, without

the use of the weights the results are highly biased towards the

bigger class.

The features which were selected throughout our tests var-

ied between 2 with the sequential forward search and 37 with

the sequential backward search. This result was expected as

different types of features selection algorithms choose features

in a different manner, and we tested a number of different clus-

tering algorithms. Good results were obtained using the ants

feature selection. The number of features chosen was 15, 3

rules were derived and the obtained accuracy was 78.9% for

companies that are bankrupt and 94.9% for companies that are

not bankrupt. The fuzzy clustering algorithm used was PCM.

The use of fuzzy systems for classification, besides build-

ing a numeric prediction model also represents the model be-

haviour in terms of linguistic rules, which is very natural for

human to understand. Interpretability is considered to be the

main advantage of fuzzy systems over other non-fuzzy alter-

natives like statistical models or neural networks.

The simplest classification model obtained with the data

normalized, only has 2 features and 3 rules and was derived

using the PCM algorithm. The obtained accuracy is 57.9% for

the companies that are bankrupt, whereas the percentage of

companies that are not bankrupt is 97.7%. If we compare the

possibility of interpretability of this model against the model

derived in [3], that had 70 rules and 35 features then it can be

considered that these results are good. Also bare in mind that

this data set has missing values, extreme values and one class

which is much smaller than the other.

The rule base model is relatively simple, as only 3 rules and

2 features are used, the understanding of the consequents of

the model is not a simple task. The obtained rules, for this

simple model are:

1. If PROFIAT is Low and CFEQ is Low then
y1 = 0.35PROFIAT + 0.16CFEQ − 0.16

2. If PROFIAT is Medium and CFEQ is Medium then
y2 = −24.52PROFIAT − 18.65CFEQ + 39.12

3. If PROFIAT is High and CFEQ is High then
y3 = 5.54PROFIAT + 8.49CFEQ − 11.85

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
PROFIAT

0 0.2 0.4 0.6 0.8 1
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Figure 2: Membership Functions bankruptcy Model. solid -

Low, dotted - Medium, dashed - High.

The obtained membership functions are shown in Fig. 2.

The features we have used are the profit after tax (PROFIAT),

and cash flow to equity (CFEQ). Note that the former is the

company’s net operating after tax profit for investors, while

the latter is the cash that can be paid to the equity shareholders

after the company expenses. It is interesting to note that the

membership functions are skewed towards the higher values,

which indicates that the difference between company default-

ing or not is quite small. According to our simple model, a

small value on either of these features is an indication that the

company is performing badly and it is likely to default. It is

interesting to note that the medium membership function are

located in high values. Therefore, even companies with high

values of both features can still default.

7 Conclusions
In this work we present a real world application of knowledge

discovery for prediction of bankruptcy using a databases that

has noisy, missing, and inconsistent data. We present for each

step of the KDD process several possibilities that we tested

in order to obtain good fuzzy classification models. Before

fuzzy models could be extracted from the data, it is neces-

sary to represent the real-world objects of interest in the data
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in a way that this specific method can access the data. With

data preparation, although time consuming, it was possible to

derive compact fuzzy models with only a few features that

predicted the bankruptcy with an high accuracy rate.

Acknowledgments
This work is partially supported by the Portuguese Govern-

ment and FEDER under the programs: Programa de financia-

mento Plurianual das Unidades de I&D da FCT (POCTI-SFA-

10-46-IDMEC) and by the FCT grant SFRH/25381/2005,

Fundação para a Ciência e a Tecnologia, Ministério do Ensino
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Abstract—This paper considers dissimilarity measures and 
clustering techniques for two special cases of set-defined objects: 
fuzzy granules and subsequence time series. To deal with clustering 
of such kind of objects, we propose two implementations that 
generalize the Fuzzy C-Means algorithm to granular feature 
spaces. Granular computing is a paradigm oriented towards 
capturing and processing meaningful pieces of information, the so-
called information granules. In a granular feature space, such as a 
space populated with p-dimensional fuzzy granules, we are 
concerning with both granular data samples and granular 
centroids (center of clusters). In order to accommodate clustering 
algorithms to work in a granular environment we have to choose 
and/or define appropriate metrics and descriptors. Either a crisp 
distance between granules or the defuzzified value of a fuzzy 
distance has to be chosen. On the other hand, subsequence time 
series clustering requires a generalization of Fuzzy C-Means 
algorithm in a similar way. It involves a set-defined centroid and 
appropriate dissimilarity measures to determine the degree to 
which time sequences are different from their centroid. 
Furthermore, we discuss related work in granular clustering and 
subsequence time series clustering.   

 
Keywords—Granular clustering, Metrics in granular feature 

spaces, Fuzzy C-Means clustering, Agglomerative granular 

clustering algorithms, Subsequence time series clustering. 

 

1 P-dimensional fuzzy granules: 
representation and cardinality measure 

In what follows, the attention will be restricted to the class 
p�  of normal fuzzy convex granules on p� , whose � -

level sets are nonempty compact convex sets for all 0�� . 

Each fuzzy granule 
pM ��  is uniquely characterized by its 

support function �),( �usM  },|,{sup �Mxxu ���  

]1,0(,1 �� � �pSu , where 1�pS  is the (p-1)-dimensional 

unit sphere of p�  (i.e. 1�u ) and �		� ,  is the inner 

product in p� . The support function is a mapping from the 

class of fuzzy sets p�  into the space of functions 


 �]1,0[1 ��pSL , which preserves addition and multiplication 

with non-negative scalars. 

A p-dimensional fuzzy granule 
pAAA ��� �1

 is defined 

on the product space pXXX ��� �1 . Representation and 

cardinality measure for A can be given either in terms of 

membership functions: 

],1,0[: � p
A�   

Xxxxx pAAA p ��� ,))(,),((min)( 11 ��� �  
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or in terms of �� level intervals:  

]1,0[);()()( 1 ���� ���� pAAA �  

.)()(

1

0 1

1

0

� ��
�

�� ���� dAdAA
p

j

j  

In particular, let jA  be an LR -fuzzy set. We have: 

� �LR
RjLjj AAA )(),()( ��� �

.)()(

1

0 1
� �

�

��
p

j

LjRj dAAA ���  

The latest integral can be evaluated numerically by means of 

a quadrature formula (e.g. the adaptive Simpson quadrature). 

2 Metrics in granular feature spaces 

2.1 A few examples 
We focus on distances in granular feature spaces populated 

with fuzzy granules. There is an enormous literature that 

covers this topic (at least in case of one-dimensional fuzzy 

spaces). There is also a large diversity of approaches, among 

which we can distinguish: 

a)  Membership focused distances (vertical) 

b)  Spatially focused distances (horizontal) 

c)  Mix of spatial and membership distances (tolerance) 

d) Feature distances (low or high dimensional 

representations) 

e)  Morphological (mixed focus) 

Most of these metrics are defined as crisp distances. As a 

typical example, we can consider an 2L -metric on the space 

of normal compact convex fuzzy sets p�  using the 2L -

metric on the Hilbert space of square-integrable functions 
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 �]1,0[1
2 ��pSL . This space is equipped with the inner 

product 

.)()(),(),(,

]1,0[ 1

� �
�

	���
pS

NM dduususpNM ������  

where �  is normalized Lebesgue measure on 1�pS  (i.e. 

1)( 1 ��pS� ) and �  is normalized Lebesgue measure on 

]1,0[ . Now, the corresponding 2L -metric results of the 

following form: 
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Set-defined distances (such as fuzzy distances) have been 

also proposed ([1]).  

For example, a fuzzy distance of two non-empty one-

dimensional fuzzy sets A  and B  is defined as the fuzzy set 


 �),(,),( BABAD
fDf ����  with the membership function 


 �� �

� �

 �

 
 

!
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A generalization of a fuzzy distance to the p-dimensional 

feature space is easiest if we define fuzzy granules as a 

Cartesian product of fuzzy sets, where the expression for the 

fuzzy distance can be simplified using distances in each 

dimension. A simplification can be obtained by choosing 

some particular kinds of fuzzy sets. 

2.2 A fuzzy distance between p-dimensional fuzzy granules  

In [5] we introduced a fuzzy distance between p-dimensional 

fuzzy granules defined as a Cartesian product of LR-fuzzy 

sets. Let us consider a p-dimensional feature space 

pXXX ��� �1  and a configuration of n objects, each one 
described by a p-dimensional fuzzy granule. Two arbitrary 
objects u  and v  are imprecisely located in the feature 
space by means of two fuzzy granules: upuu AAA ��� �1  

and vpvv AAA ��� �1 . Assume the components ukA  and  

vkA  ( pk ,,1 �� ) belonging to the thk  dimension of X  are 

LR-fuzzy sets, i.e. ))(),(()( ��� R
uk

L
ukuk AAA �  and 

),(()( �� L
vkvk AA � ))(�R

vkA . Therefore, the following 
inequalities hold: 

)()()( ��� R
ukuk

L
uk AxA $$ ;    )()()( ��� R

vkvk
L
vk AxA $$ . 

By subtracting )(�vkx  from )(�ukx , we obtain  

)()()()()()( ������ L
vk

R
ukvkuk

R
vk

L
uk AAxxAA �$�$�   

and then, using well-known properties such as 

),,0max(||min zwx
zxw

��
$$

 and ),max(||max zwx
zxw

��
$$

, 

respectively, the range of )()( �� vkuk xx � , for any �  in 

]1,0[ , can be written as follows: 


 ��

 � � .)()(),()(max

,)()(),()(,0max

)()(

����

����

��

L
uk

R
vk

L
vk

R
uk

R
uk

L
vk

R
vk

L
uk

vkuk

AAAA

AAAA

xx

��

��

��

 

Now, the identity  


 �||
2

1
),max( zwzwzw ���� , ,, ��� zw  

allows us to derive the left and right �� bounds of a 

granular distance, namely the fuzzy distance. We have: 
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Finally, the fuzzy distance between the two p-dimensional 

fuzzy granules  uA  and vA  results in the form of a LR-

fuzzy set: 


 � 
 �)(),()(),()( maxmin ����� R
uv

L
uvuvuvuv ddddd �� . 

A point-wise distance can then be obtained by defuzzifying 

the fuzzy distance uvd , e.g. by computing its centroid. An 

alternative way may be that of averaging the � -level 

intervals )](),([ �� R
uv

L
uv dd  over ]1,0[ : 

� � � ���
]1,0[

)()()(
2

1
)()( ����� ddddEdDefuzz L

uv
R
uvuvuv . 

where �  is a normalized Lebesgue measure on ]1,0[ ,  e.g.  

1)(])1,0([

1

0

�� � ��� dw , where �� 2)( �w . 

Remark: The fuzzy distance between two p-dimensional 

fuzzy granules uA  and vA  with empty intersection, whose 

components ukA  and vkA  are trapezoidal fuzzy sets for all 

pk ,...,1� , is still a trapezoidal fuzzy set. This is because, in 
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such a case, )(�L
uvd  is an increasing function that 

interpolates linearly between )0(L
uvd  and )1(L

uvd  whereas 

)(�R
uvd  is a decreasing function that interpolates linearly 

between )1(R
uvd  and )0(R

uvd  (see Fig. 1).  

 

      
Figure 1: Two-dimensional fuzzy granules, the fuzzy 

distance between them and its defuzzified value. 

 

The fuzzy distance between pairs of fuzzy granules with 

non-empty intersection, is linear-shaped, but not necessarily 

trapezoidal-shaped (see Fig. 2). 

 

 
 

Figure 2: Two-dimensional fuzzy granules with non-empty 

intersection and the pair-wise fuzzy distances. 

 

Obviously, our formal definition of fuzzy distance 

introduced above applies similarly to fuzzy granules of any 

finite dimension p. Fig. 3 illustrates the case of three-

dimensional fuzzy granules. 

 

 

 

Figure 3: Three-dimensional fuzzy granules, the fuzzy 

distance and its defuzzified value. 

 

3 Granular Clustering 

3.1 A generalization of fuzzy c-means algorithm to 
granular feature spaces 

We propose a generalization of Fuzzy C-Means Algorithm 

to fuzzy feature spaces, which leads to adopting a well 

defined distance between p -dimensional fuzzy granules 

(either a crisp distance, or the defuzzified value of the fuzzy 

distance defined above).  

The Fuzzy C-means clustering algorithm is based on the 

minimization of an objective function called C-means 
functional: 


 �))
� �

��
c

i

N

k
Aik

m
ik vxuVUXJ

1 1

2
),;(  

where  


 � n
ic vvvV ��� ,,,1 �  

is a vector of cluster prototypes (centers), which have to be 

determined, and 


 � 
 �ikikAikikA vxAvxvxD �*���� 22  

is a squared inner-product distance norm. 

In a granular feature space, such as a space populated with 

p -dimensional fuzzy granules, kx  are granular samples and 

iv  are granular centroids.  

Remark. The granular centroid of the set nuuA ,,1}{ ��  of 

LR-type p-dimensional fuzzy granules is still an LR-type p-

dimensional fuzzy granule. 

Fig. 4 shows a set },,{ 321 AAA  of 3-dimensional fuzzy 

granules, their granular centroid G , as well as the three pair-

wise granular centroids 12G , 13G  and 23G , respectively.  

Furthermore, the distance 2
ikAD  must be replaced with a well 

defined square distance between p -dimensional fuzzy 

granules. Since the fuzzy distance introduced above have 

been defined as a square distance, we can use the square 

value of the fuzzy distance in order to replace 2
ikAD .  
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Figure 4. Granular and point-wise weighted centroids of 3D 

fuzzy granules (the granular version of median theorem). 

For testing the granular clustering algorithm we started from 

a set of crisp data (Fig. 5). 
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Figure 5: Fuzzy C-means clustering for crisp data. 

 

Then, we transformed these initial data into two-dimensional 

fuzzy granules, i.e. as a Cartesian product of trapezoidal 

shaped fuzzy sets on each dimension. Fig. 6 shows 4 fuzzy 

clusters populated with two-dimensional fuzzy granules 
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Figure 6: Granular fuzzy C-means clustering. 

 

3.2 Related work 
In ([4], [5]) we proposed an agglomerative granular 

clustering method that generalizes the method in [12], 

originally proposed by Pedrycz and Bargiela. Since resorting 

to a different granulation framework (fuzzy set theory 

instead of interval mathematics) involves a refinement of the 

metric formalism, the fuzzy distance has been used for 

allowing fuzzy granules (rather than hyperboxes) to be 

processed during the cluster growing process. The main step 

of the iterative process is finding the two closest information 

granules in order to aggregate them into a more 

comprehensive one. Let ),( BAaggC �  be the resulting 

granule. In terms of p-dimensional LR-fuzzy granules, the 

aggregation process can be carried out as follows: 

pCCC ��� �1  

with   
 �)(),( 11 ��� �� 	�	�� RrxLxC
iiii C

R
CC

L
Ci � . 

The core and the support of  iC  is obtained as 


 � 
 �),(max,),(min,1 R
B

R
A

L
B

L
A

R
C

L
Ci iiiiii

xxxxxxC ��  
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iiiiiiii
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B
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R
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L
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C
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L
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rxrxxx
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�����
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�
 

 The compatibility measure guiding the search for the two 

closest fuzzy granules can now be defined as  


 � CeBAdDefuzzBAcompat '�	�� ),(1),(  

where � ��
�

��
1

0 1

1

0

�� �� dCdCC
p

i
i  is the cardinality 

of C  and '  is a tuning coefficient.  

Maximizing the compatibility measure means that the pair of 

candidate fuzzy granules to be clustered should not only be 

close enough (i.e., the distance between them should be 

small), but the resulting granule should be compact (i.e., its 

expansion along every direction must be well-balanced). 

Fig. 7 shows the sequence of cluster growing over the 

granular clustering process. 
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Figure 7: The sequence of cluster growing over the granular 

clustering process. 

4 Time Series Clustering 

4.1 Time series (dis)similarity 
Roughly speaking, a granule is a set-defined object. In these 

terms, a subsequence time series can be viewed as a special 

kind of granule. 

Let 1,, ��� wmm yyS �  be a  subsequence with length w of 

time series Y = y1, ..., yn , where 1 � m � n � w + 1. 

Subsequences will be represented as vectors in a w-

dimensional vector space. 

Clustering of subsequence time series requires the definition 

of a similarity or of a distance measure. Examples of 

dissimilarity measures are based on Euclidean norms, 

piecewise linear approximations, dynamic time warping, 

longest common subsequences, and probabilistic similarity 

models. 

The usage of the Euclidean distance is subject to the 

constraint that both time subsequences are of the same 

length w. Thus we can define the dissimilarity between 

sequences 1S  and 2S  as Lp( 1S , 2S ), that is, the distance 

between the two �w dimensional vectors measured by the 

Lp norm (when p = 2, this reduces to the familiar Euclidean 

distance). 

Some major disadvantages of the Euclidean distance are as 

follows: it does not allow for different baselines in the time 

sequences; it is very sensitive to phase shifts in time; it does 

not allow for acceleration and deceleration along the time 

axis. 

Other specialized distance measures have been described for 

time series clustering, such as Dynamic Time Warping, 

DTW, and Longest Common Subsequence Similarity, 

LCSS. 

Dynamic Time Warping (DTW) is an extensively used 

technique in speech recognition and allows acceleration–

deceleration of signals along the time dimension. 

Following [11], let us consider two sequences (of possibly 

different lengths) },,{ 1 nqqQ ��  and },,,{ 1 mccC �� . 

To align two sequences using DTW, we construct an n-by-m 
matrix where the (ith, jth) element of the matrix contains the 

distance d(qi , cj) between the two points qi and cj (i.e. 

2)(),( jiji cqcqd �� ). Each matrix element ),( ji  
corresponds to the alignment between the points qi and cj . A 

warping path W is a contiguous set of matrix elements that 

defines a mapping between Q and C. The kth element of W is 

defined as kk jiw ),(� , so we have:  

,,,,,, 21 Kk wwwwW ���     1),max( ���$ nmKnm . 

The warping path is typically subject to several constraints. 

• Boundary conditions: w1 = (1, 1) and wK = (m, n).  

• Continuity: Given wk = (a, b), then ),(1 bawk **�� , where 

1$*� aa  and 1$*�bb . This restricts the allowable steps 

in the warping path to adjacent cells. 

• Monotonicity: Given wk = (a, b), then ),(1 bawk **�� , 

where 0+*� aa  and 0+*�bb . This forces the points in W 
to be monotonically spaced in time. 

There are exponentially many warping paths that satisfy the 

above conditions, however we are interested only in the path 

which minimizes the warping cost: 

KwCQDTW
K

i
k ��
�

�

�

��
�

�

�
� )

�1

min),( . 

The K in the denominator is used to compensate for the fact 

that warping paths may have different lengths. 

This path can be found efficiently using dynamic 

programming to evaluate the following recurrence, which 

defines the cumulative distance �(i, j) as the distance d(i, j) 
found in the current cell and the minimum of the cumulative 

distances of the adjacent elements: 

�(i, j)  = d(qi, cj) + min {�(i � 1, j � 1), �(i � 1, j), �(i, j � 1)}. 

The Euclidean distance between two sequences can be seen 

as a special case of DTW where the kth element of W is 

constrained such that kk jiw ),(� , i = j = k. 

The warping path is also constrained in a global sense by 

limiting how far it may stray from the diagonal. The subset 

of the matrix that the warping path is allowed to visit is 

called the warping window. The two most common 

constraints in the literature are the Sakoe-Chiba band and the 

Itakura parallelogram. We can view a global or local 

constraint as constraining the indices of the warping path 

kk jiw ),(� , such that j � r � i � j + r, where r is a term 

defining the allowed range of warping, for a given point in a 

sequence. In the case of the Sakoe-Chiba band, r is 

independent of i; for the Itakura parallelogram, r is a 

function of i. 

 

Figure 8: Optimal warping path with the Sakoe-Chiba band 

as global constraints. 
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Figure 9: Aligning two time sequences using DTW. 

 

4.2 Non-overlapping subsequence time series clustering 
Our implementation of Fuzzy C-Means algorithm for non-

overlapping subsequence time series clustering is based 

essentially on using the DTW distance, which is proved to 

be largely superior to the Euclidian distance. 

We also report a real-world application of this method for 

clustering non-overlapping subsequences of length 30 from 

Bucharest Stock Exchange Bet Index. The dataset contains 

2210 daily values. Fig. 10 shows ten clusters, which consist 

of several subsequence time series, grouped around a cluster 

centroid. 

  

 

 

 
Figure 10: Non-overlapping subsequence time series of 

length 30: clusters and centroids obtained by fuzzy c-means. 

 

4.3 Overlapping subsequence time series clustering 
Subsequence Time Series (STS) clustering typically 

employs a clustering technique to the subsequences of a time 

series generated using a sliding window technique (Fig. 11). 

Although it is very popular, Keogh et al. [9] reported, for the 

first time, a surprising anomaly: cluster centers obtained 

using STS clustering closely resemble ”sine waves”, 

irrespective of the nature of original time series itself, and 

therefore, the results of STS clustering are meaningless.  

 

 

Figure 11: STS clustering using a sliding window technique. 

 

According to the Keogh’s criticism, superposition of slightly 

shifted subsequences causes the generation of sine waves. In 

order to explicitly exclude superposition, a motif-based 

clustering algorithm has been proposed in [10]. Another 

solution to avoid sine wave has been reported in [2], which 

consists of aligning the phase at the frequency with 

maximum spectrum power with respect to each time series 

subsequence, and then, to apply a clustering algorithm to 

them. Although these approaches are promising, the need of 

identifying solid mathematical foundations behind STS 

clustering steel remains.  
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Abstract— Optimism or pessimism of investors is one of the im-
portant characteristics that determine the investment behavior in fi-
nancial markets. In this paper, we propose a model of investor op-
timism based on a fuzzy connective. The advantage of the proposed
approach is that the influence of different levels of optimism can be
studied by varying a single parameter. We implement our model in an
artificial financial market based on the LLS model. We find that more
optimistic investors create more pronounced booms and crashes in
the market, when compared to the unbiased efficient market believers
of the original model. In the case of extreme optimism, the optimistic
investors end up dominating the market, while in the case of extreme
pessimism, the market reduces to the benchmark model of rational
informed investors.

Keywords— artificial financial market, agent-based modeling, be-
havioral finance, fuzzy aggregation, investor sentiment, optimism in-
dex.

1 Introduction
Artificial financial markets are models for studying the link
between individual investor behavior and financial market dy-
namics. They are often computational models of financial
markets, and are usually comprised of a number of heteroge-
neous and boundedly rational agents, which interact through
some trading mechanism, while possibly learning and evolv-
ing. These models are built for the purpose of studying agents’
behavior, price discovery mechanisms, the influence of market
microstructure or the reproduction of the stylized facts of real-
world financial time-series (e.g. fat tails of return distributions
and volatility clustering).

A similar bottom-up approach has been utilized in agent-
based computational economics (ACE) - the computational
study of economies modeled as evolving systems of au-
tonomous interacting agents [22]. A methodology analogous
to agent-based modeling also comes from the physical sci-
ences as the Macroscopic Simulation - a tool for studying
complex systems by simulating many interacting microscopic
elements [16]. A number of reviews of studies with artificial
financial markets are available, e.g. [15] and [10].

Since agent-based models can easily accommodate com-
plex learning behavior, asymmetric information, heteroge-
neous preferences, and ad hoc heuristics [4], such simulations
are particularly suitable to test and generate various behavioral
hypothesis. The idea of individual investors who are prone to
biases in judgment, who are frame-dependent and use various
heuristics, which might lead to anomalies on the market level,
has been explored within the field of behavioral finance. Be-

havioral finance is the branch of finance which applies knowl-
edge from psychology and sociology to discover and explain
phenomena inconsistent with the paradigm of the expected
utility of wealth and narrowly defined rational behavior [7].
A number of surveys and books on behavioral finance and be-
havioral economics topics can be found, for example [20], [8],
and [2]. This complementarity of behavioral finance research
and the agent-based methodology has been recognized in the
literature (e.g. [15], [5]). Some of the early studies that pur-
sue the idea of explicit accounting for behavioral theories in
agent-based financial market simulations are [21] and [9]. In
[21] the focus is on overconfidence and loss aversion, while
[9] study the social interaction between investors.

One of the key characteristics that govern investor behav-
ior is the optimism or pessimism of the investors. The link
between asset valuation and investor sentiment has been the
subject of considerable debate in the finance, and has been
studied in the context of mispricing (departures from the fun-
damentals) [3], the limits of arbitrage [17], as well as the un-
derreaction and overreaction of stock prices [1]. Two method-
ological approaches can be found in the finance literature. One
is concerned with finding adequate proxies for the aggregate
investor sentiment, and using them in statistical analysis to
explain the variation of stock prices and the occurrences of
mispricing, such as bubbles and crashes. The other one is a
bottom-up approach that aims at modeling individual investor
optimism and pessimism by using the insights from psycho-
logical theories. For these theories, it is important to have a
flexible framework that can be adapted to capture the com-
plexity of human decision making behavior.

In fuzzy decision theory, a wide range of connectives (ag-
gregation operators) has been proposed and studied in order to
model the flexibility of human decision making. In this sense,
the use of fuzzy connectives for modeling elements of behav-
ioral finance is promising, since the wide range of behaviors
documented in the behavioral finance literature necessitates
the use of a flexible framework for aggregating information.
In this paper, we make a step in this direction by proposing a
model of investor optimism based on fuzzy aggregation.

In probabilistic decision theory, such as the Prospect Theory
[12, 23] and Rank-Dependent Utility Theory [19], optimism
and pessimism are modeled using the probability weighting
function. If, for example, the decision under risk is consid-
ered, a decision problem is presented using risky prospects,
i.e. a set of possible outcomes and their probabilities. Be-
cause of the probability weighting, the decision weights asso-
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ciated with the outcomes are not equal to their probabilities (as
would be in the case of Expected Value Theory or Expected
Utility Theory). To model optimism we would need to spec-
ify and parameterize such a probability weighting function
that gives more decision weight to good outcomes and less
decision weight to bad outcomes. However, an empirically
observed probability weighting function is usually S-shaped,
which means that when dealing with such prospects, people
are at the same time optimistic about the best outcomes, pes-
simistic about the worst outcomes, and insensitive to middle
outcomes [25].

A decision maker’s optimism or pessimism has also been
studied within a fuzzy decision making setting. Various fuzzy
connectives studied in this context have parameters that de-
note explicitly the optimism or pessimism degree of a decision
maker. Apart from the well-known Hurwicz operator [11], the
grade of compensation in Zimmermann–Zysno operator [26]
can also be interpreted as an index of optimism. All these
operators view the decision as a mixture of conjunctive and
disjunctive behavior, and the degree of optimism determines
which aggregation type dominates and to which degree. An-
other optimism–pessimism index was proposed in [24], where
the parameter of the generalized averaging operator [6] is in-
terpreted as the decision maker’s characteristic degree of op-
timism. This is an intuitive way of modeling degree of op-
timism, since optimism is now modeled as the disposition of
the decision maker to believe or give importance to positive
events compared to his/her disposition to consider negative
events [14]. An application of this operator in the risk man-
agement of power networks has been considered in [13].

In this paper, we propose a model of investor optimism
based on the generalized averaging operator. The advantage
of the proposed approach is that the influence of different lev-
els of optimism can be studied by varying a single parameter.
We study the effects of investor optimism in an artificial finan-
cial market based on the Levy, Levy, Solomon (LLS) model
[16]. In previous publications, investor psychological biases
such as overconfidence have also been studied by using this
model [18].

The outline of the paper is as follows. Section 2 explains
the basics of the LLS model in which we study the investor
optimism and pessimism. Section 3 describes the setup of the
experiments we have conducted. Section 4 presents the re-
sults of the simulations. Section 5 concludes the paper and
discusses possible extensions for the future research.

2 Model Description
The proposed model of investor optimism is based on the
LLS microscopic simulation model [16] with a small homo-
geneous subpopulation of efficient market believers (EMBs)
as described in [16]. LLS model is a well-known and early
econophysics model, rooted in a utility maximization frame-
work. Variants of the model have been published in a number
of articles and a book, and the model has also been critically
evaluated in [27].

2.1 Asset Classes

As in the original LLS model, there are two investments alter-
natives: a risky stock (or market index) and a risk-free asset
(bond). This is in line with many of the agent-based artificial

financial markets, which typically do not deal with portfolio
selection in multi-asset environments. The risky asset pays at
the beginning of each period a dividend which follows a mul-
tiplicative random walk according to

D̃t+1 = Dt(1 + z̃), (1)

where z̃ is a random variable distributed uniformly in the in-
terval [z1, z2]. The bond pays interest with a rate of rf .

2.2 Agent Behavior

Many early agent-based artificial financial markets were based
on a small number of relatively simple strategies. Such mar-
kets have been labeled as few-type models [15]. Typically,
strategies (or agents who employ them) could be divided into
two groups: fundamental (based on a perceived fundamental
value) and technical (based on the past prices, e.g. some form
of trend extrapolation). Zero-intelligence framework in which
agents trade randomly, might be useful for to studying the in-
fluence of market microstructure, and sometimes a small num-
ber of such agents is included into a few type model to provide
liquidity for other agents.

LLS model follows a standard framework where prefer-
ences (and risk attitude) are captured by an agent’s utility
function, and the objective is the maximization of expected
utility. But even in such a framework there are many possibil-
ities for the functional form of the utility, which differ in de-
scriptive validity and analytical tractability. When empirical
support is taken into account, most evidence suggests DARA
(Decreasing Absolute Risk Aversion) and CRRA (Constant
Relative Risk Aversion), which motivates the choice of power
(myopic) utility function in [16]

U(W ) =
W 1−α

1 − α
. (2)

LLS model contains two types of investors: (1) Rational
Informed Investors (RII) and (2) Efficient Market Believers
(EMB).

2.2.1 RII investors
RII investors know the dividend process, and therefore can
estimate fundamental value as the discounted stream of future
dividend, according to the Gordon model

P f
t+1 =

Dt(1 + z̃)(1 + g)
k − g

, (3)

where k is the discount factor of the expected rate of return
demanded by the market for the stock, and g is the expected
growth rate of the dividend. RII investors assume that the price
will converge to the fundamental value in the next period. In
each period RII investor i chooses the proportion of wealth
to invest in stocks and bonds so that he or she maximizes the
expected utility of wealth in the next period, given by the fol-
lowing equation from [16]:

EU(W̃ i
t+1) =

(W i
h)1−α

(1 − α)(2 − α)
1

(z2 − z1)

(
k − g

k + 1

)
Ph

xDt

×
{[

(1 − x)(1 + rf ) +
x

Ph

(
k + 1
k − g

)
Dt(1 + z2)

](2−α)

(4)

−
[
(1 − x)(1 + rf ) +

x

Ph

(
k + 1
k − g

)
Dt(1 + z1)

](2−α)
}

.
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Based on the optimal proportion, they determine the num-
ber of stocks demanded by multiplying this optimal proportion
with their wealth. Since all RII investors are assumed to have
the same degree or risk aversion (parameter α), they will all
have the same optimal proportion x. The actual number of
demanded shares might differ only if investors differ in their
wealth. However, as in the experiments of [16] we assume
that they all start with the same initial wealth.

2.2.2 EMB investors
EMB investors believe that the price accurately reflects the
fundamental value. However, since they do not know the div-
idend process, they use ex post distribution of stock returns to
estimate the ex ante distribution. EMB investor i uses a rolling
window of size mi, and is in the original model [16] said to
be unbiased if, in absence of additional information, he or she
assigns the same probability to each of the past mi return ob-
servations [16]. Hence, the original, unbiased EMBs assume
that returns come from a discrete uniform distribution

Pri(R̃t+1 = Rt−j) =
1

mi
, for j = 1, ..., mi. (5)

The expected utility of EMB investor i is given by [16]

EU(W̃ i
t+1) =

(W i
h)1−α

(1 − α)

mi∑
j=1

Pri(R̃t+1 = Rt−j) (6)

× [(1 − x)(1 + rf ) + xRt−j ]
(1−α)

.

In accordance with the LLS model [16], for all EMB in-
vestors an investor specific noise is added to the optimal in-
vestment proportion x∗ (that maximizes the expected utility)
in order to account for various departures from rational opti-
mal behavior (ε̃i is truncated so that 0 ≤ xi ≤ 1, imposing the
constraint of no borrowing and no short-selling), i.e.

xi = x∗i + ε̃i. (7)

2.2.3 Sentiment EMBs
In this paper we create a new EMB type, called the sentiment
EMBs by using a fuzzy set connective. Sentiment EMBs use
generalized aggregation operator to estimate future returns,
using the rolling window of size mi. The prediction of the
next period return for each investor i is given by

R̃t+1 =


 1

mi

mi∑
j=1

(Rt−j)s




1/s

. (8)

The higher the parameter s, the higher the estimate of the re-
turn (more closer to the maximum value from the sample), and
vice versa. In such a way, we use parameter s to capture the
phenomena of investor optimism and pessimism.

In our experiments we consider a several special cases of
the generalized mean:

• s → −∞, the minimum of the sample;

• s = −1, the harmonic mean;

• s → 0, the geometric mean;

• s = 1, the arithmetic mean;

• s = 2, the quadratic mean;

• s → ∞, the maximum of the sample.

Since there is only one value for the expected return, instead
of a probability distribution, the expected utility of sentiment
EMB investor i is given by

EU(W̃ i
t+1) =

(W i
h)1−α

(1 − α)

[
(1 − x)(1 + rf ) + xR̃t+1

](1−α)

.

(9)
The investors will maximize this expected utility if in each
period they invest all their wealth either in the stock or in the
bond, depending on the actual comparison between the ex-
pected return on the stock R̃t+1 and the return on the riskless
bond (1 + rf ).

2.3 Market Mechanism

LeBaron in [15] describes four types of market mechanisms
used in agent-based artificial financial markets. In this paper,
as in the original LLS model, we use clearing by temporary
market equilibrium. RII and EMB investors determine opti-
mal proportion in the stock so as to maximize the expected
utility of their wealth in the next period. However, expected
utility is the function of the future price, which is in the cur-
rent period unknown. Investors therefore need to determine
optimal proportions, and respective demands for shares, for
various hypothetical prices. The equilibrium price Pt is set to
that hypothetical price for which the total demand of all in-
vestors in the market equals the total number of outstanding
shares, according to

∑
i

N i
h(Pt) =

∑
i

xi
h(Pt)W i

h(Pt)
Pt

= N. (10)

Table 1: Parametrization

Symbol Value Explanation
M 950 Number of RII investors
M2 50 Number of EMB investors
m 10 Memory length of EMB investors
α 1.5 Risk aversion parameter
N 10000 Number of shares
rf 0.01 Riskless interest rate
k 0.04 Required rate of return on stock
z1 -0.07 Maximal one-period dividend decrease
z2 0.10 Maximal one-period dividend growth
g 0.015 Average dividend growth rate

3 Experiments with investor optimism
In the benchmark model where only RII investors are present
in the market, there is no trade, the log prices follow random
walk, and there is no excess volatility of the market price [16].
In the experiment with a small fraction of homogeneous (with
respect to memory length) and unbiased EMB investors (of the
original model), the market dynamics show semi-predictable
(unrealistic) booms and crashes, with substantial trading in the
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market and excess volatility [16]. This experimental setup of
[16] is also the basis for the experiments in this paper.

In our new model we conduct six experiments for six dif-
ferent levels of optimism of EMB investors, that correspond
to the special cases of the parameter s. In each experiment the
market consists of 95% RII investors and 5% EMB investors,
with the parametrization given in Table 1. We run 100 in-
dependent 1000-period-long simulations, with different initial
seeds of the random number generators. The results in the
Table 2 are averaged over these 100 simulations.

Table 2: Results

s = −∞ s = −1 s = 0
σ(P ) 6.0249 12.8370 17.8668
σ(P f ) 5.7159 5.7159 5.7159
excess volatility % 5.41 124.59 212.58
mean volume p.p. % 0.48 9.04 6.40

s = 1 s = 2 s = ∞
σ(P ) 27.4739 28.8751 25.0327
σ(P f ) 5.7159 5.7159 5.7159
excess volatility % 380.66 405.18 337.95
mean volume p.p. % 2.82 1.18 0.12

4 Results

Fig. 1 shows a typical price dynamics from the first exper-
iment with pessimistic EMB investors. The market price
closely follows the fundamental price which is driven by the
random dividend process. Hence, this experiment resembles
the benchmark model in which there are only RII investors in
the market. Pessimistic investors predict next period return
with the minimum return in the sample of past returns. The
minimum return is almost always bellow the risk-less return,
so the optimal investment for pessimistic EMB investors is
to invest everything in bond. The actual investment propor-
tion will slightly vary due to the error term in (7). Only in
rare occasions when there is a series of returns higher than
the risk-less return, the EMB investors will invest in the risky
asset. The results in Table 2 show that for this experiment
the volatility of the market price is similar to the volatility of
the fundamental price, which means that there is a low excess
volatility. The relative mean volume per period shows that
there is very little trading in the market, i.e. from period to
period the investors do not change much their portfolio hold-
ings.

Fig. 2 shows the price development for the second experi-
ment with slightly more optimistic investors that predict future
return using the harmonic mean. The results of this experi-
ment qualitatively and quantitatively resemble the results of
the original model with a small fraction of unbiased EMB in-
vestors (which predict future returns using a uniform discrete
distribution over the observed returns). The market exhibits
cyclical booms and crashes to the fundamental value. Accord-
ing to Table 2, the market is more volatile, and there is also
more trading. This exchange of risky assets between RII and
EMB investors occurs mostly when the booms begin and when
they crash.
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Figure 1: Price dynamics with 95% RII and 5% minimum
sentiment EMB.
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Figure 2: Price dynamics with 95% RII and 5% harmonic sen-
timent EMB.

Fig. 3, Fig. 4, and Fig. 5 depict the market dynamics when
EMB investors are even more optimistic. As the index of op-
timism increases the market shows more extreme (longer last-
ing) booms, followed by very sharp crashes. During these
bubbles the EMB investors aggressively invest in the risky as-
set, while the RII investor divest expecting that the overvalued
asset would fall to its fundamental value. The crash occurs
when there is a series of low returns, due to low dividend re-
alizations, so the EMB investors suddenly shift toward a risk-
less asset. However, as soon as a better return is realized, EMB
investors invest in the risky asset and a new boom starts. From
Table 2 it is also evident that the more optimistic EMB in-
vestors are, the more volatile market price is. However, the
trading is reduced because the booms are longer lasting, i.e.
the cycles of booms and crashes appear less frequently.

In the case of full optimism, there is an ongoing market bub-
ble, as shown in Fig. 6. The market does not crash because
the maximum return in the rolling window of past returns is
always above the risk-less return, so the EMB investors are
always highly invested in the risky asset. The trading in this
experiment is even more reduced, but the volatility of the mar-
ket price is also somewhat reduced. The reason for the latter
is that the crash does not occur within the experiments.
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Figure 3: Price dynamics with 95% RII and 5% geometric
sentiment EMB.

0 50 100 150 200 250 300 350 400
10

1

10
2

10
3

10
4

10
5

10
6

Time

P
ri
c
e

Market price P

Fundamental price Pf

Figure 4: Price dynamics with 95% RII and 5% arithmetic
sentiment EMB.
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Figure 5: Price dynamics with 95% RII and 5% quadratic sen-
timent EMB.
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Figure 6: Price dynamics with 95% RII and 5% maximum
sentiment EMB.

Fig. 7 shows the development of the relative wealth of RII
investors over time. At the beginning, RII investors posses
95% of all the wealth in the market. In the case of extremely
pessimistic EMB investors, RII investors end up asymptoti-
cally dominating the market. This is because the LLS mar-
ket is a growing market, and only RII investors are investing
in the risky asset and exploiting that growth. Conversely, in
the case of extreme optimism, EMB investors are highly in-
vested in the stock, and eventually dominate the market. In
non-extreme cases of optimism, both types of investor coexist
in the market.
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Figure 7: Relative wealth dynamics of RII against sentiment
EMBs with various levels of optimism.

5 Discussion and conclusions
In this paper we have used a fuzzy connective to study investor
optimism in the modified LLS model of the stock market [16].
We show how changes in the formation of expectations by
EMB investors can have a marked impact on the price dynam-
ics. The levels of investor optimism are related to the occur-
rences of market booms and crashes, as well as measures of
excess volatility and trading volume.

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1807



Since our current experiments focus only on the case of ho-
mogeneous EMB investors, we would like to conduct our next
experiments in the case of heterogeneous EMB investors with
various memory lengths. We expect that the choice of mem-
ory length has a great impact on the occurrence of booms and
crashes, particularly in extreme cases of optimism, because
the larger that window of past returns is, the less likely is that
all the returns are bellow or above the risk-less return. In fu-
ture research, we will extend our analysis to the interplay of
investors with various degrees of optimism within the same
market. Furthermore, we would like to implement an updating
mechanism by which the level of investor optimism changes
based on the past performance.

As we have used the same model to study investor over-
confidence [18], a distinct although related behavioral phe-
nomenon, it would also be interesting to study both phenom-
ena at the same time. The overconfidence in the model [18]
refers to the peakedness of the return distribution around the
mean of return observations, while optimism in this model de-
termines how that mean is chosen (ranging from the minimum
observation to the maximum observation in the sample of past
returns).

This paper demonstrates the advantage of using a fuzzy
connective for modeling investor optimism, as we were able
to control investor optimism by varying only a single param-
eter. The results of our experiments show that this parameter
was a valid choice for an index of optimism in the context of
financial markets. In future research other fuzzy set connec-
tives could be investigated for agent decision making.
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Abstract— Value at Risk (VaR) is a popular measure for quantify-
ing the market risk that a financial institution faces into a single num-
ber. Due to the complexity of financial markets, the risks associated
with a portfolio may vary over time. For accurate VaR estimation,
it is necessary to have flexible methods that adapt to the underlying
data distribution. In this paper, we consider VaR estimation by using
probabilistic fuzzy systems (PFS). Contrary to previous publications,
our focus is on the modeling of the tail points of the distribution of re-
turns. We study two approaches to designing probabilistic fuzzy VaR
models that take into account the extreme values of the data and com-
pare their performance with the performance of a GARCH model. It
is found that the VaR estimation process is simplified and improved
by our proposed method.

Keywords— Density estimation, extreme values, fuzzy his-

tograms, probabilistic fuzzy systems, value-at-risk.

1 Introduction
Due to the volatile nature of the financial markets risk man-

agement is an important activity for financial institutions that

operate in these markets. As a result of risk management, ac-

tivities are undertaken to reduce the possibility of failure to

an acceptable range. These activities may include portfolio

adjustment, hedging or insurance [1, 2]. Nowadays, the finan-

cial sector operates under strict guidelines, which have been

imposed through international agreements, partly due to vari-

ous financial failures that have happened in 1990’s. For exam-

ple, due to the Basel Agreement, the financial institutes must

have well documented procedures to manage the market risk,

the credit risk and the operational risk that they are exposed to

[3].

Managing risk is strongly dependent on the information

available. When the amount of information grows beyond a

specific level, there is a need for a concise representation of

the risk a company or institution is facing. Due to the complex

nature of financial markets in which many parties exchange

information and interact through trading, the overall risk for a

company is influenced by many internal and external factors.

It is customary for management to classify different types of

risk and develop models for dealing with each type of risk in

order to keep the risk management problem tractable. One of

the different types of risk that a financial institution has to deal

with is the market risk, which is the exposure to the uncertain

market value of a portfolio [4]. Value-at-risk (VaR) is a way

to quantify the market risk. It is a single number for the senior

management to express and summarise the total market risk

of a portfolio with financial assets. Value at Risk measures the

worst expected loss over a given horizon under normal mar-

ket conditions at a given confidence level. Due to regulations,

large banks must nowadays base their market risk capital re-

quirements on the VaR estimate [3]. This drives the continued

research into newer and better VaR models.

Different types of approaches have been proposed for VaR

estimation, such as simulation and parametric approaches. In

the parametric approaches, the risk is quantified in terms of

volatility, which is expressed as the standard deviation σ of the

portfolio. The simplest models of volatility assume that it does

not vary over time, while more advanced models acknowledge

that volatility varies dynamically over time. The dynamic as-

pect of volatility could be modelled in various ways. A pop-

ular model where volatility changes dynamically in time is

the GARCH (Generalised Auto Regressive Heteroscedastic-

ity) model [5]. For the GARCH (1, 1) model, which is used

quite often in practice, the variance is estimated using a first-

order autoregressive model of the squared returns.

The disadvantage of the parametric approach is that, due

to the complexity of financial markets, the data usually do not

follow the parametric distributions that are assumed to underly

the data generating process. For example, the returns are typi-

cally non-Gaussian, they have fat tails and volatility clustering

is often observed in financial markets see e.g. [6, 7]. There-

fore, flexible modelling approaches such as non-parametric

modelling or semi-parametric modelling are needed in which

the models can adapt themselves into the underlying actual

data distribution. In this context, neural network models

for VaR estimation have been studied by various researchers

[8, 9, 10] as well as fuzzy set models [11, 12]. Probabilistic

fuzzy systems [13] were also used to model VaR by estimating

the whole density function, by following the distribution of the

data and distributing more membership functions around the

origin.

In this paper we focus on tail point density estimation using

probabilistic fuzzy systems, to correctly estimate VaR. For this

purpose we consider two approaches for estimating the condi-

tional parameters of the PFS model, by giving more relevance

to the extreme values, and comparing their performance in ob-

taining value-at-risk models. A Mamdami-type probabilistic

fuzzy system [14] is used for this purpose. The location of

the antecedent membership functions is determined by using

fuzzy clustering and maximum likelihood parameter estima-

tion is used for determining the probability parameters of the

PFS. The validity of the VaR models is evaluated by using a

statistical back-testing method based on failure rates.

The outline of the paper is as follows. In Section 2 we dis-

cuss the basics of probabilistic fuzzy systems and the concept

of fuzzy histograms. In Section 3 we give a brief introduction

to VaR modelling and VaR models. In Section 4 we present

two methods for estimating the PFS parameters that give more

relevance to the tail points of the distribution, where the VaR
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is estimated. The experimental setup for the empirical study

using six different assets are given in Section 5, while the re-

sults are reported in Section 6. Finally, conclusions and future

work are given in Section 7.

2 Probabilistic Fuzzy Systems

Probabilistic fuzzy systems (PFS) are based on the concept of

the probability of a fuzzy event, as defined by Zadeh [15]. It is

assumed that the input space is a subset of R
n and that the rule

consequents are defined on a finite domain Y ∈ R. The PFS

consists of a set of rules whose antecedents are fuzzy condi-

tions and whose consequents are probability distributions. In

this study, we consider Mamdani PFS in which the rules have

the following form [14].

Rule Rq: If x is Aq then

y is Cq1 with Pr(Cq1|Aq) and

y is Cq2 with Pr(Cq2|Aq) and . . . and

y is CqN with Pr(CqN |Aq). (1)

Hence, a Mamdani PFS is a generalisation of a Mamdani

fuzzy system in which the deterministic fuzzy rules are re-

placed with probabilistic fuzzy rules. These rules specify a

probability distribution over a collection of fuzzy sets that par-

tition the output domain. The rules of a PFS also express lin-

guistic information and they can be used to explain the model

behavior by a set of linguistic rules. This way, the system

deals both with linguistic uncertainty as well as probabilistic

uncertainty. The interpretation of the probabilistic fuzzy rules

is as follows. Given the occurrence of a (multidimensional)

antecedent fuzzy event Aq , which is a conjunction of the fuzzy

conditions defined on input variables, each of the consequent

fuzzy events Cj is likely to occur. The selection of which of

the consequent fuzzy events occurs, is done proportionally to

the conditional probabilities Pr(Cj |Aq), (j = 1, 2, . . . , N).
This applies for all the rules Rq, q = 1, 2, . . . , Q. Note that

two conditional probabilities Pr(Cj |Aq) and Pr(Cj |Aq′) will

be different, in general.

Let

βq(x) =
µAq

(x)∑Q

q′=1 µAq′ (x)
(2)

be the normalised degree of fulfillment of rule Rq, where

µAq
is the degree of fulfillment of rule Rq . When x is n-

dimensional, µAq
is determined as a conjunction of the indi-

vidual memberships in the antecedents computed by a suitable

t-norm, i.e. ,

µAq
(x) = µAq1

(x1) ◦ · · · ◦ µAqn
(xn), (3)

where xn is the n-th components of x and ◦ denotes a t-norm.

Then, it can be shown that the output of the above Mamdani

PFS is a conditional probability density function if an additive

reasoning scheme is used with multiplicative aggregation of

the rule antecedents [16]. The conditional probability of the

output given an input vector x can be computed as

f(y|x) =

N∑
j=1

∑Q
q=1 βq(x) Pr(Cj |Aq)µCj

(y)∫
∞

−∞
µCj

(y)dy
, (4)

assuming that the output space is well-formed, i.e. the output

membership values satisfy

N∑
j=1

µCj
(y) = 1, ∀y ∈ Y. (5)

It is also possible to compute the crisp output of the proba-

bilistic fuzzy system by taking the conditional expectation of

the output according to

E(y|x) =

∫
∞

−∞

yf(y|x)dy. (6)

However, we are not interested in the expected output of the

system in this paper. We are primarily interested in the output

of the PFS as a fuzzy histogram, by using (4).

Assuming Y is fuzzily partitioned in a set of N fuzzy

classes Cj described by membership functions µCj
(y), then

the (fuzzy) column fj(y) for fuzzy class Cj can be estimated

according to

fj(y) =
Pr(Cj)µCj

(y)∫
∞

−∞
µCj

(y)dy
, (7)

The numerator in (7) describes a probability weighted with

membership function µCj
(y). The denominator of (7) is

a scaling factor representing the fuzzified size of class Cj

(which in the one-dimensional continuous case, equals the

fuzzy length of the interval Cq). The complete pdf f(y) is

again approximated by a summation of the functions fj(y):

f(y) ≈ fapp(y) =

N∑
j=1

fj(y) =

N∑
j=1

Pr(Cj)µCj
(x)∫

∞

−∞
µCj

(y)dy
. (8)

Due to the overlap of the fuzzy sets, fuzzy histograms approx-

imate probability distributions better, in practice. In Fig. 1 a

representation of this phenomenon is shown, where a normal

probability density function is approximated using both a crisp

and a fuzzy histogram. In both cases, seven classes have been

used.

pdf normal distribution Crisp histogram Fuzzy histogram

Figure 1: Fuzzy Histogram

3 VaR Estimation
In this section, we discuss value-at-risk estimation as an appli-

cation example for probabilistic fuzzy systems. Value-at-risk

is a single number for the senior management to express and

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1810



summarise the market risk of a portfolio of financial assets.

The VaR value of a portfolio is always calculated over a time

horizon h at a significance level c. It indicates the maximum

loss that a portfolio of assets will suffer over a horizon of h
(days) with a confidence of c. An overview of the mainstream

value at risk estimation methods can be found in [17]. Several

methods are also discussed in [18]. Various building blocks

of VaR measurement, methods for model validation as well

as the differences between the parametric and nonparametric

estimation approaches are discussed in [3].

3.1 Value at risk
Assume that a portfolio has value Wt at time t. Let r denote

the one period percentage return of the portfolio. If f(r) is the

probability density function of the returns, define rv such that

1 − c =

∫ rv

−∞

f(r)dr. (9)

The value at risk Vt of the portfolio at time t is then defined as

Vt = −rvWt. Assuming that the returns are distributed nor-

mally, the key step in the value at risk estimation can be for-

mulated as determining the standard deviation σ of the returns

distribution. This is also called volatility estimation.

Probabilistic fuzzy systems have been successfully applied

in estimating the whole density distribution. In [13], good

results were obtained by scaling the consequent member-

ship functions, which were distributed with more membership

functions are around the origin. The distribution of conse-

quent functions alters the approximation of the density func-

tions. Since VaR is calculated at the negative endpoint of the

distribution function, it is logical to try to model the tail points

more precisely. In Section 4 two approaches are presented that

focus on the modeling of the tail points.

3.2 Model validation
Model validation is the process of checking whether a model

performs adequately, and can be done in various ways. In this

paper, we consider exception based back testing. Kupiec has

developed a statistical test for assessing the validity of a VaR

model [19]. Kupiec confidence regions are defined by the tail

point of the log-likelihood ratio LRuc

LRuc = −2 ln
[
cT−N (1 − c)N

]
+2 ln

{[
1 −

(
N

T

)]T−N (
N

T

)N
}

. (10)

In (10), N is the number of exceptions and T is the total num-

ber of observations. This ratio is shown to be asymptotically

χ2-distributed, with 1 degree of freedom, under the null hy-

pothesis that the VaR model is valid [19]. Note that the Ku-

piec test statistic is two sided. Hence, the model is rejected

both when there are too few exceptions, (the model is too con-

servative), as well as when there are too many exceptions, (the

model underestimates the volatility). In this paper, we apply

the Kupiec test with 95% confidence to assess the validity of

the VaR models.

4 Parameter Learning for Tail Points
The parameters of the probabilistic fuzzy systems consist of

the number of rules in the system, the parameters of the mem-

bership functions (i.e. number, type, location, etc.) and the

probability parameters Pr(Cj |Aq) of the stochastic mapping

between the antecedent and the consequents. The identifica-

tion of all the parameters of the PFS simultaneously can be

very time consuming and it suffers from the problem of mul-

tiple local minima. Thus, we use process knowledge to estab-

lish values of a subset of parameters. The other parameters are

then optimised given the values of this subset of parameters.

In this work we determine the parameters of the antecedent

membership functions by using a fuzzy clustering heuristic,

that uses the fuzzy c-means algorithm [20] on the product

space of the antecedent variables, and the spreads of the mem-

bership functions are derived from the distribution of the data,

using a fuzzy covariance matrix, as proposed in [13]. Since

the output membership functions must satisfy (5), it is con-

venient to use triangular membership functions for the out-

put partition. These membership functions are combined with

shouldered membership functions at the edges of the domain,

as depicted in Fig. 2(a), to ensure that the domain is always

covered by the fuzzy partition, no matter how extreme the val-

ues may be. The distribution of the membership functions can

be uniform over the universe of discourse, or it can be vary-

ing. Two possible partitions for the output space are shown in

Fig. 2. More membership functions placed around the edges

of the universe of discourse, allows to better capture the vari-

ability in this region and to better model the tail points of the

distribution. As one moves towards the edges of the universe

of discourse, the membership functions have smaller supports

and the separation between them decreases. Note that the tri-

angular membership functions in this partition are not sym-

metric.

Assuming that the membership functions in the rule an-

tecedents and the rule consequents have been defined, the opti-

mal probability parameters Pr(Cj |Aq) can now be determined

by using maximum likelihood parameter estimation, in which

the log-likelihood function

J =
K∑

k=1

ln (Pr(yk|xk)) (11)

is maximised where K is the number of samples in the data

set [21]. In (11), it is assumed that the samples in the data

set are independent of one another. A suitable initialisation

for iterative optimisation for maximum likelihood estimation

is given by direct estimation from the data by using

Pr(Cj |Aq) =

∑K

k=1 µCj
(yk)µAq

(xk)∑K

k=1 µAq
(xk)

. (12)

During the parameter estimation of the optimal probabil-

ity parameters Pr(Cj |Aq), more relevance can be given to the

extremes of the universe of discourse. This can be accom-

plished by using an appropriate weight function w(yk) on the

maximum likelihood parameter estimation, dependent on the

distribution of the variable, that will give more weight to the

tail points, in the form:

J =
K∑

k=1

ln (w(yk) Pr(yk|xk)) . (13)

The most simple kind of functions that can be used is an
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Figure 2: Two possible partitions for the output space.

affine function, such as

w(yk) =

{
(minj(yj)/2)−1yk if yk ≤ 0,

(maxj(yj))
−1yk if yk > 0.

(14)

Note that in this function more weight is given to the nega-

tive side, to better model the negative tail points and possibly

obtain better VaR estimation.

5 Experimental Setup
We have studied the performance of the histogram-based

probabilistic fuzzy systems to estimate VaR for six different

stocks: KPN, ABN AMRO, JiaLing, BaoShan, COSCO and

Merchant Bank. The performance of PFS models has been

compared with the performance of the GARCH models.

In this paper, we consider value at risk models for one pe-

riod ahead. In other words, the horizon over which the value at

risk is computed is one day. Extensive models could be identi-

fied for the multiple day case (i.e. h-day horizon), but usually

one suffices by using the simple
√

(h) scaling, where the h-

day value at risk is taken as
√

(h) times the one-day value at

risk.

The probabilistic fuzzy models that we consider use the re-

turns rt at period t to predict the distribution of the returns

at period t + 1. In our models, we have used nine antecedent

membership functions and nine consequent membership func-

tions. Hence, the fuzzy system had nine rules. The input

space was partitioned using the FCM algorithm with nine clus-

ters. In such a system, there are 81 probability parameters

Pr(Cj |Aq) (nine for each rule). Since FCM has the tendency

to place more clusters in regions covered with more data,

there are more antecedent membership functions in the cen-

tre, where more samples are available.

The output space was partitioned with triangular member-

ship functions. These triangular membership functions are

combined with shouldered membership functions at the edges

of the domain, to ensure that the domain is always covered by

the fuzzy partitions, no matter how extreme the returns may

be on a particular day.

Given the fuzzy membership functions whose parameters

are determined as above, the conditional probability parame-

ters for the PFS are determined by using maximum likelihood

estimation. We used uniformly distributed triangular member-

ship functions over the universe of discourse, combined with

(13), and we name this model PFSUD . For the case where we

used the maximum likelihood parameter estimation as stated

in (11), we used varying size of triangular membership func-

tions over the universe of discourse, and we name this model

PFSV . Both approaches could be applied together. Nonethe-

less, in this work, we are interested in studying different ways

of modelling the tail points of the probability density functions

obtained with PFS, and thus we study them separately. Given

the conditional probability distribution of one period returns,

the value at risk of the portfolio is obtained by using (9).

The steps necessary for computing the one-period value-at-

risk of a portfolio can now be summarised as follows for PFS1

models.

1. Collect the price series regarding the portfolio and com-

pute the one-period returns. Create training and valida-

tion data sets.

2. Determine antecedent membership functions by apply-

ing fuzzy c-means clustering to compute the locations of

the membership functions and use cluster covariance to

obtain the spreads of the membership functions.

3. Select the number of consequent membership functions

and form a triangular partition, equally spaced in the

case of PFSUD and with more sets towards the edges on

PFSV .

4. Given the definitions of the antecedent and the con-

sequent membership functions, determine the optimal

probability parameters of the PFS by maximising (13)

for the PFSUD and (11) for the PFSV .

5. Using the test set, compute the estimated conditional

probability distribution function for the one-period re-

turns for each observation in the test set.

6. Given the conditional probability distribution functions,

compute the VaR by using (9).

7. Validate the model by using exception based back-testing

as explained in Section 3.2.

6 Results
This section reports the application results for the proposed

approaches to the stocks in study, for the validation data sets.

Table 1 shows the obtained results of the exception-based back

testing for the best GARCH and probabilistic fuzzy models.
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This table shows the number of exceptions that have occurred

in the validation data for different levels of the confidence pa-

rameter c. The bold face numbers indicate that the model is

not rejected according to the test statistic. The non-rejection

region for the Kupiec test statistic is also shown.

Table 1: Failure rates for back testing

Asset c PFSUD PFSV GARCH Non-Rejection Region

95% 26 30 19 16 < N < 36

ABN 97.5% 15 13 13 6 < N < 20

99% 5 6 9 1 < N < 10

95% 29 22 11 16 < N < 36

KPN 97.5% 14 15 8 6 < N < 20

99% 10 9 4 1 < N < 10

95% 30 35 22 16 < N < 36

JiaLing 97.5% 11 14 14 6 < N < 20

99% 6 6 6 1 < N < 10

95% 24 20 12 16 < N < 36

BaoShan 97.5% 14 13 8 6 < N < 20

99% 9 4 6 1 < N < 10

95% 26 25 14 16 < N < 36

COSCO 97.5% 9 9 11 6 < N < 20

99% 5 6 5 1 < N < 10

95% 27 27 10 16 < N < 36

Merchant 97.5% 15 14 5 6 < N < 20

99% 6 3 4 1 < N < 10

As can be seen in Table 1 the GARCH models are rejected

for some data sets, while the PFS models are accepted for all

data sets. This implies the presence of extreme values in the

returns series that are not captured by the GARCH model [7].

Note that for KPN, the number of exceptions obtained for c =
99% is on the limit indicated by the Kupiec test.

Table 2 shows the initial probability parameters obtained

with (12). It can be seen that all probability variables are pos-

Table 2: Initial probability parameters for ABN AMRO

model.
Consequent

Rule 1 2 3 4 5 6 7 8 9

1 0.1003 0.1333 0.2066 0.0567 0.0441 0.1215 0.1012 0.1218 0.1143

2 0.0565 0.1351 0.1659 0.0792 0.0744 0.0972 0.1617 0.1489 0.0811

3 0.0459 0.1679 0.1495 0.1300 0.1024 0.0773 0.1463 0.1359 0.0448

4 0.0544 0.1683 0.1700 0.1105 0.0647 0.0802 0.1454 0.1579 0.0468

5 0.0516 0.1578 0.1800 0.1119 0.0692 0.0770 0.1547 0.1472 0.0506

6 0.0563 0.1648 0.1760 0.0956 0.0655 0.1206 0.1340 0.1227 0.0646

7 0.0700 0.1877 0.1659 0.0748 0.0405 0.0901 0.1147 0.2002 0.0562

8 0.0529 0.1625 0.1626 0.1122 0.0999 0.0930 0.1313 0.1286 0.0570

9 0.0539 0.1729 0.1624 0.1132 0.0746 0.0772 0.1476 0.1505 0.0476

itive according to this estimation. Table 3 and Table 4 shows

the optimal probability parameters obtained after maximum

likelihood estimation for PFSUD and PFSV , respectively.

Note that some of the probability parameters are now zero.

As tables Table 3 and Table 4 show, more probability mass

is centered around the middle consequents. A higher proba-

bility mass around the center may indicate that the extreme

returns are much less frequent, but this is not always the case.

The returns seem to revert to the average after a positive or

negative extreme value, and the volatility seems to be rather

different for the average returns and the extremes [16]. Hence

these results capture the tail behavior in the returns distribu-

Table 3: Probability parameters for PFSUD ABN AMRO

model after optimisation.
Consequent

Rule 1 2 3 4 5 6 7 8 9

1 0 0 0.0397 0.2675 0.6928 0 0 0 0

2 0 0 0.1049 0.3454 0.5497 0 0 0 0

3 0 0.0090 0 0.3466 0.6225 0.0219 0 0 0

4 0.0562 0 0.0700 0.5111 0.1847 0.1224 0 0.0556 0

5 0 0.0121 0.0074 0.4865 0.4797 0 0.0142 0 0

6 0 0.0357 0 0.4496 0.4550 0.0085 0.0513 0 0

7 0.0145 0.0472 0 0.4219 0.4774 0.0226 0.0163 0 0

8 0 0 0 0.3355 0.5736 0 0.0908 0 0

9 0 0.0441 0 0.1853 0.6198 0.1286 0 0 0.0222

Table 4: Probability parameters for PFSV ABN AMRO model

after optimisation.
Consequent

Rule 1 2 3 4 5 6 7 8 9

1 0 0.0123 0.0326 0.2897 0.6654 0 0 0 0

2 0 0.0310 0 0.4509 0.4618 0 0.0563 0 0

3 0 0.0435 0 0.2054 0.6082 0.1208 0 0 0.0222

4 0.0596 0 0.0719 0.5362 0.1819 0.0909 0 0.0596 0

5 0 0.0122 0 0.3315 0.6317 0.0245 0 0 0

6 0 0 0.1068 0.4104 0.4828 0 0 0 0

7 0 0.0070 0.0244 0.4559 0.4989 0 0.0138 0 0

8 0.0229 0 0.0096 0.4270 0.5231 0.0071 0.0104 0 0

9 0 0 0 0.3320 0.5878 0 0.0801 0 0

tion. When we compare these results with the ones obtained

when distributing more membership functions are around the

origin [13], we can see that the tails of the return distribution

are more pronounced in the presented work. We believe that

this is due to the fact the in the presented work, both proposed

approaches better model and capture the extreme values of the

data.

The obtained probability density functions for ABN-

AMRO using the PFSV are shown in Fig. 3. As can be seen,

for some cases the distribution does not resembles a normal

distribution. Specifically, the cases were the distribution ex-

hibits fat tails, correspond to high volatility data.

−0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08 0.1
0

5

10

15

20

25

y

Figure 3: Obtained pdf ABN-AMRO using PFSV

It is also interesting to consider how the VaR values es-

timated by the PFS compare to the values estimated by the

GARCH models. Table 5 shows the sum of the differences

between the VaR estimated and the actual losses in the peri-

ods where the VaR estimation is smaller than the actual losses,

i.e., when exceptions occur. As can be seen in Table 5, the ex-
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Table 5: VaR Exceptions

Asset c PFSUD PFSV GARCH

95% 0.0339 0.0333 0.0446

ABN 97.5% 0.0430 0.0452 0.0510

99% 0.0586 0.0558 0.0587

95% 0.0591 0.0596 0.0887

KPN 97.5% 0.0744 0.0724 0.1015

99% 0.0902 0.0881 0.1166

95% 0.0301 0.0288 0.0405

JiaLing 97.5% 0.0371 0.0348 0.0463

99% 0.0469 0.0434 0.0533

95% 0.0439 0.0244 0.0350

BaoShan 97.5% 0.0478 0.0314 0.0400

99% 0.0531 0.0463 0.0460

95% 0.0327 0.0330 0.0499

COSCO 97.5% 0.0428 0.0429 0.0571

99% 0.0561 0.0570 0.0656

95% 0.0264 0.0266 0.0362

Merchant 97.5% 0.0312 0.0318 0.0413

99% 0.0371 0.0388 0.0475

pected losses are in most cases smaller in the PFS models,

with the exception of BAOSHAN. In other cases where the

GARCH model has smaller total expected losses than the PFS

model, the GARCH model leads to a smaller number of ex-

ceptions, which may indicate a conservative model.

7 Conclusions
We have proposed two approaches for determining the model

parameters of probabilistic fuzzy systems for value at risk

modelling, where both approaches give more relevance to the

tail points of the distribution of values. In one of the ap-

proaches we distributed more membership functions around

the edges of the universe of discourse and used maximum like-

lihood to estimate the conditional parameters of the model. In

the other approach we distributed the membership functions

uniformly over the universe of discourse and used a weighted

maximum likelihood to estimate the conditional parameters of

the model.

The performance of the proposed models has been

compared to the VaR estimation by using the popular

GARCH (1,1) volatility estimation. It is found that PFS mod-

els are not rejected by back testing, while GARCH models are

sometimes rejected. Furthermore, we show how VaR estima-

tion is improved by using these approaches. This shows the

added flexibility that comes through the use of the probabilis-

tic fuzzy models, enabling them to adapt to the properties of

the data and of the problem at study.
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Abstract— This paper proposes an optimization strategy which is 
based on neural networks and genetic algorithms to calculate the 
optimal values of gas injection rate and oil rate for oil production 
system. Two cases are analyzed: a) A single well production 
system and b) A production system composed by two gaslifted 
wells. For both cases an objective function is maximized to reduce 
production cost. The proposed strategy shows the ability of the 
neural networks to approximate the behavior of an oil production 
system and the genetic algorithms to solve optimization problems 
when a mathematical model is not available. 
Keywords— Genetic algorithms, injection gaslift, neural 

network, optimization, oil production system, perceptron 

multilayer.   

1 Introduction 
The daily operation of an oil and gas production system, 

have many decisions, which affect the volumes produced 

and the cost of production oil. These decisions are taken at 

different levels in the organization, but eventually they will 

reach the physical production system [1]. Fig. 1 gives an 

overview of a physical gas lift production system. For such 

oil production systems, the decisions are related to find the 

lift gas rate for each well giving the maximum total oil 

production rate at very instance of time.  

An objective function is a single-valued and well-defined 

mathematical function mapping the values of the decision 

variables into a performance measure. Examples of such 

performance measures are the total oil production rate, net 

present value (profit), or the recovery of the reservoir. To 

improve the performance of the production system, a 

question to be answered is: what decisions are better to 

maximize or minimize the objective function?. In the 

process of making good decisions, information about the 

production system is used. This information may include the 

physical properties such as pipe diameters and lengths, or it 

may include measurements from the production system. 

To support making good decisions, well models may be 

used to develop the production plans. Typically, well test are 

performed to determine the gas to oil ratio, water cut, and 

production rates of each individual well. Well test are 

performed by routing a well to a dedicated separator. This 

separator will separate three phases, and a rate transmitter is 

connected to the outlet for each phase. The well model is 

update using the measurements taken during a test. Fluid 

sampling may be used to obtain the fluid composition 

including the water cut. 

 
Figure 1: Gas lift production system of a single well. 

 

The objective of gas lift is to increase oil production or 

allow nonrateing wells to rate by reducing the hydrostatic 

head of the fluid column in the well [2]. By injecting gas 

into the tubing, the density of the wellbore fluid decrease; 

thus, the pressure-drop component resulting from gravity is 

reduced. However, the gas lift also gives a larger pressure-

drop component resulting from friction, giving some 

optimal gas lift rate for the well. Usually, the available lift-

gas for a group of wells is less than the sum of the individual 

optimum lift-gas rates for each well. The gas-lift 

optimization problem is established to find the lift gas rates 

for each well giving the maximum total oil production rate 

subject to a gas lift processing capacity constraint and 

possibly other operational and processing constraints. 

In this paper, a model-based optimization via neural 

networks and genetic algorithms is developed and used to 

calculate the optimal values of gas injection rate and oil rate 

of a gas lift production system. Two cases were analyzed: a) 

A single well production system and b) A production system 

composed by two gas lifted wells. For both cases maximize 

the objective function to reduce production cost. The 

proposed strategy shows the ability of the neural networks to 

approximate the behavior of an oil production system and to 

solve optimization problems when a mathematical model is 

not available. 

This paper presents a methodology of hybrid computational 

intelligent using neural networks and genetic algorithm.  

Others related references for example; genetic algorithms 

for neural network training on transputers, neural network 

weight selection using genetic algorithms, studies on the 

speed of convergence of neural network training using 

genetic algorithm, automatic generation of neural networks 

  
OpenOpen ChokeChoke

InjectionInjection GasGas

OpenOpen ChokeChoke

InjectionInjection GasGas
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with parameter setting based on genetic algorithms, 

evolutionary algorithms for neural network design and 

training, others. 

 

2 Optimization strategy based on a neural 
network and genetic algorithms 

In order to solve the gas-lift optimization problem, an 

optimization procedure based on a neural network and 

genetic algorithms was developed. The strategy selected is 

based on three components as illustrated in Fig. 2. The first 

one is a neural network  which is used to approximate the 

gas lift performance curve, the second one uses an objective 

function to satisfy a performance index and the third one is 

used to solve the optimization problem via genetic 

algorithms. 

 

 
 

Figure 2: Strategy of optimization based on a neural network 

and genetic algorithms. 

 

2.1 Neural Network 
A Multi-Layer Perceptron (MLP) is selected. The use of this 

kind of networks to approximate functions and carry out 

identification process goes back to more than one decade 

[3]. The following equation is used to determine the 

structure of a MLP with a single hidden or intermediate 

layer, a neuron in the output layer with function of linear 

activation and M hidden neurons is used; 

 

                   )(),...,(

1 1
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� �

��
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i

p

j
ijijiP xwgxxF ��              (1) 

 

The expression to define the neural network used in our 

strategy is given by 

 

                                     )]1([ �� iugQ ii                           (2)          

 

where: 

 

iQ : is the estimated produced oil rate (STB/day). 

iu : is the Gas lift rate injected into the well (MMscf/day) 

g: function activation 

 

In this application, the approximation procedure is done 

using a neural network multilayer perceptron with three 

layers. The hidden layer has neurons using sigmoid 

activation function and the output layer has a unique neuron 

with linear activation function. Different MLPs are trained 

by means of Levenberg-Marquardt Algorithm, which uses 

the criterion of middle square error to update the neural 

network weights. The corresponding MLP is displayed in 

Fig. 3. 

 
 

Figure 3: Neural network MLP. 

 
 
2.2 Objective function  
The expression to define the objective function used in our 

strategy of optimization is given by: 

 

�
�

��
N

i
iiiii uuQuJ

1

)()( ��  

 

where: 

 

i� : Production costs by 1 STB/day produced oil.�

i� : Supply costs by 1 MMscf/day injected gas. 

 N  : amount wells. 

i� and i�  are required to balance units 

[STB/day]/[MMscf/day]= STBD/MMscfd   

 
The objective function given in (3) can give a net gain, 

relating adequately processes numerical comparison of the 

output of the desired product and quantity of flow of 

injection gas. 

 

2.3 Optimization via genetic algorithms  
In order to maximize the objective function, given in (3), the 

following simple genetic algorithm is applied [4].  

 

 
 

Figure 4: Simple genetic algorithm pseudocode diagram. 
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The properties of genetic algorithms which are applied are 

the following ones 

 

� Type of genetic algorithm: Simple genetic 

algorithm [4]. 

 

� Amount of unit in population: 100 chromosomes 

 

�  Amount of units that contain “N” genes, to find the 

optimal value: 200 generations.  

 

� Probability of mutation= 0.001. 

 

� In order to select the units the match method is 

used. 

 

In this application we take into account that the values of 

injection gas must satisfy the following conditions.  

 

                   � 	6,99.5,.....,002.0,01.0,00.0�iu                   (4) 

 

The previous condition represents the precision considered 

when the injection gas is sampled. 

Other conditions are: 

 

� The rate of gas injection will be a value in the 

following interval (MMscf/day): 

                       

                                       00.600.0 

 iu                        (5) 

 

� There is not mathematical model of the process; 

however, experimental data can be obtained from a 

well simulator.  

 

� A neural network model of the process is available, 

which can be used to approximate its behavior and 

to construct the objective function. 
 

Two cases are simulated; the first one corresponds to a 

single well production system, then the equation (3) can be 

rewritten like: 

 

                             
1111)]([ uQuJMax �� ��                   (6) 

 

and the second one considers a production system composed 

by two wells, then the equation (3) can be rewritten like: 

 

            
22112211)]([ uuQQuJMax ���� ����          (7) 

 

3 Results and Discussions 
3.1  First case: Produced oil by a single well  
The corresponding oil production system is illustrated in 

Fig. 1. For this case, two single wells are considered. The 

first one has a pressure in the well head (Pwh) equal to 14 

kg/cm2 and the second one has 12 Kg /cm2. A simulation 

program is used to collect data and to train neural networks 

using neural networks toolbox of Matlab. 

 

 The best trained neural networks are described in Table 1 

and Table 2. Other parameters like the static pressure in the 

reservoir, lengths and diameters of the tubing and lines, 

chokes and others pipe components are also considered. 

Figure 5 illustrates the simulation for a well with Pwh= 14 

kg/cm2.  

 

 

Table 1: Neural network architecture and obtained errors 

with Pwh = 14 Kg/cm2. 

 
 

 

Table 2: Neural network architecture and obtained errors 

with Pwh = 12 Kg/cm2. 

 
 

 

 
 

Figure 5: Estimated production curve oil production rate vs 

gas injection rate, Pwh = 14 Kg/cm2.  

 

Figure 6 displays the obtained results when the gain of 

production for this well with Pwh=14 Kg/cm2 is maximized. 
Furthermore,�1=28USD/STBD and �1=5250USD/MMscfd 

are considered in equation (6); �1 and �1 estimates cost for 

this year.  

The obtained results in this case are contained in Table 3. 

 

Figure 6: Optimization results; income of production (blue), 

costs by supply of injection gas (green) and objective 

function (Optimal gain-red). 
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Table 3: Gain of production results 

Optimal 

gain 

production 

(USD) 

Income optimal 

production 

(USD) 

Costs by 

supply of 

injection gas 

(USD) 

Obtained 

optimal gas 

injection rate 

(MMscf / day) 

  168,840       190,680       21,840         4.16 

 

Figure 7 illustrates the simulation results for a well when 

Pwh=12 kg/cm2  is used.  

 

 
 

Figure 7: Estimated production curve oil production rate vs 

gas injection rate, Pwh = 12 Kg/cm2. 

 

Figure 8 displays the obtained results via optimization 

procedure to maximize the gain of production for this well 

when Pwh=12 Kg/cm2 is used. As considered above, 

�1=28USD/STBD and �1=5250USD/MMscfd are used in 

equation (6).  

 

The obtained results in this case are contained in Table 4. 

 

 
 

Figure 8: Optimization results; income of production (blue), 

costs by supply of injection gas (green) and objective 

function (Optimal gain-red). 

 
 

Table 4: Gain of production results 
Optimal 

gain 

production 

(USD) 

Income optimal 

production 

(USD) 

Costs by 

supply of 

injection gas 

(USD) 

Obtained 

optimal gas 

injection rate 

(MMscf / day) 

    86,921       96,004       9,082         1.73 

 

 
 
 

3.2 Second case: Produced oil rate by a production system 
based on two wells. 
In Fig. 9 is shown an oil production system of two wells. 

Production system made up of wells of 12 kg/cm2 and 14 Kg 

/cm2. A simulation program is used to collect data and to 

train neural networks using neural networks toolbox of 

Matlab. The best trained neural networks is described in 

Table 5. 

 

Table 5: Neural network architecture and obtained errors, 

two wells. 

 

 

 
 

Figure 9: Gas lift production system composed by two 

wells. 

 

3.2.1 Sub case 1. ui =u1=u2 
The Fig.10 illustrates the simulation for a system composed 

by two wells (Black). 

 

 
 

Figure 10: Estimated production curve oil production rate vs 

gas injection rate. System composed by two wells. 

 

Figure 11 displays the simulation results of maximizing of 

the gain of production for two wells. Assume that �1= 
�2=28USD/STBD and �1=�2=5250USD/MMscfd are 

considered in equation (7). Furthermore, objective function 

is subject to the next constrains: 

 

00.600.0 

 iu  and 12 uu � . 

The obtained results in this subcase are contained in Table 6.
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Figure 11: Optimization results; income of production 

(blue), costs by supply of injection gas (green) and objective 

function (Optimal gain-red). 

 

Table 6: Gain of production results 

Optimal 

gain 

production 

(USD) 

Income optimal 

production 

(USD) 

Costs by 

supply of 

injection gas 

(USD) 

Obtained 

optimal gas 

injection rate 

(MMscf / day) 

    247,260       277,550       30,240 2.88 2.88 

 

 
3.2.2 Sub case 2. u1+u2=K 
The Fig. 12 illustrates the simulation for a system composed 

by two wells (Black). 

 
 

Figure 12: Estimated production curve oil production rate vs 

gas injection rate. System composed by two wells. 

 

Figure13 presents the results of maximizing of the gain of 

production for two wells. �1 and �1 considered in objective 

function subject to constrains : 

 

00.600.0 

 iu  

and  

Kuu �� 12  

where .4�K  Furthermore, �1=�2=28USD/STBD and �1= 
�2 =5250USD/MMscfd are considered in equation (7).  

 

The obtained results in this subcase are contained in table 7.
 

 
 

Figure 13: Optimization results; income of production 

(blue), costs by supply of injection gas (green) and objective 

function (Optimal gain-red). 

 

Table 7: Gain of production results 

Optimal 

gain 

production 

(USD) 

Income optimal 

production 

(USD) 

Costs by 

supply of 

injection gas 

(USD) 

Obtained 

optimal gas 

injection rate 

(MMscf / day) 

    249,360       270,360       21,000 2.79 1.21 

 

 

4 Conclusions 
The obtained results shows that neural networks and genetic 

algorithms are useful to optimize the costs and gains in an 

oil production systems. The implementation of these 

methodologies to be applied in petroleum industry allows to 

increase the gains, to reduce the costs, save natural elements 

and to extend the life of wells. 
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Abstract — This paper shows how Rule Based Fuzzy Cognitive 
Maps can be useful to model qualitative socio-economic systems, by 
discussing and presenting a macroeconomic model that, although 
developed eight years ago and based on simple qualitative rules, 
described and predicted the current economic crisis when the policy 
behavior of the banking system regarding tax-rates was assumed 
similar to the one that ended up occurring.  

Keywords — Qualitative Modelling of Dynamic Systems, 
Rule Based Fuzzy Cognitive Maps, Socio-Economic 
Systems.   

1 Introduction� 
Economic models have traditionally been based on 

mathematics. Econometry, the quantitative science of 
modelling the economy, focus on creating models to help 
explain and predict variables of interest in economics. 
However the most common econometric models are usually 
very imprecise and are not usually valid but on a very short 
term. This can easily be seen on the regular predictions made 
to most macroeconomic indicators: most yearly predictions 
made by governments, economic entities or independent 
experts, must usually get corrected every trimester due to 
inaccuracies in the models used to predict their values. This 
is essentially due to the fact that most econometric models 
tend to ignore the existence of the feedback loops that make 
any alteration in any component of the model to potentially 
be propagated until that component is affected by its own 
previous change on a relatively short term. 

The more precise models that try to address this issue are 
usually based on differential equations [13, 20]. However, 
due to the dimension of these systems (very high number of 
variables involved), these models demand a strong 
knowledge in mathematics, and a huge amount of time to be 
developed. However, even when these kinds of models are 
possible, they usually tend to ignore that economy is a social 
science, and therefore is subject to qualitative uncertainties 
due to human and social factors that are not easily captured 
using strict quantitative mathematic models. 
                                                           
� This work was supported in part by the FCT - Portuguese 
Foundation for Science and Technology under project 
PTDC/MAR/66231/2006 

The use of approaches that include both the existence of 
feedback cycles and the intrinsic qualitative social nature 
associated with economy, should lead to the implementation 
of more accurate models. 

Dynamic Cognitive Maps (DCM), where Rule Based 
Fuzzy Cognitive Maps (RB-FCM) are included, are a 
qualitative approach to modeling and simulating the 
Dynamics of Qualitative Systems (like, for instance, Social, 
Economical or Political Systems) [2,3,4,5,6,7,8,9,10,11]. 
RB-FCM were developed as a tool that can be used by non-
engineers and/or non-mathematicians and eliminates the 
need for complex mathematical knowledge when modeling 
qualitative dynamic systems. In this paper one shows that 
RB-FCM can be used to model socio-economical systems 
using as an example a model that was originally designed 
eight years ago, but that can explain and simulate the current 
world economic situation. 

2 Dynamic Cognitive Maps 
The term Dynamic Cognitive Maps has been recently 

used to describe techniques that allow simulating the 
evolution of cognitive maps through time. Axelrod [1] work 
on cognitive maps (CM) introduced a way to represent real-
world qualitative systems that could be analyzed using 
several methods and tools. However, those tools only 
provided a way to identify the most important structural 
elements of the CM. Complete, efficient and practical 
mechanisms to analyze and predict the evolution of data in 
CM were not available for years due to several reasons. 
System Dynamics tools like those developed by 
J.W.Forrester [12] could have provided the solution, but 
since in CM numerical data may be uncertain or hard to 
come by, and the formulation of a mathematical model may 
be difficult, costly or even impossible, then efforts to 
introduce knowledge on these systems should rely on natural 
language arguments in the absence of formal models. Fuzzy 
Cognitive Maps (FCM), as introduced by Kosko [15, 16, 
17], were developed as a qualitative alternative approach to 
system dynamics. However, although very efficient and 
simple to use, FCM are causal maps (a subset of cognitive 
maps that only allow basic symmetric and monotonic causal 
relations between concepts)[9], and, in most applications, a 
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FCM is indeed a man-trained Neural Network that is not 
fuzzy in a traditional sense and does not exploit usual fuzzy 
capabilities. They do not share the properties of other fuzzy 
systems and the causal maps end up being quantitative 
matrixes without any qualitative knowledge. 

Several evolutions and extensions have been added to the 
original FCM model, but none addresses so many FCM 
issues as RB-FCM. RB-FCM were developed as a tool that 
models and simulates real world qualitative system 
dynamics while trying to avoid the limitations of those 
approaches. The following sub sections resume some 
features of RB-FCM that are useful to the comprehension of 
this paper. 
2.1 Rule Based Fuzzy Cognitive Maps 

RB-FCM allow a representation of the dynamics of 
complex real-world qualitative systems with feedback, and 
the simulation of events and their influence in the system. 
They can be represented as fuzzy directed graphs with 
feedback, and are composed of fuzzy nodes (Concepts), and 
fuzzy links (Relations). RB-FCM are true cognitive maps 
since are not limited to the representation of causal relations. 
Concepts are fuzzy variables described by linguistic terms, 
and Relations are defined with fuzzy rule bases. 

RB-FCM are essentially iterative fuzzy rule based 
systems where we added fuzzy mechanisms to deal with 
feedback, introduced timing mechanisms [8] and new ways 
to deal with uncertainty propagation, and were we defined 
several kinds of Concept relations (Causal, Inference, 
Alternatives, Probabilistic, Opposition, Conjunction, etc. 
[2,5]) to cope with the complexity and diversity of the 
dynamic qualitative systems we are trying to model. Among 
new contributions brought by RB-FCM, there is a new fuzzy 
operation – the Fuzzy Carry Accumulation - [4,7], which is 
essential to model the mechanisms of qualitative causal 
relations (FCR – Fuzzy Causal Relations) while maintaining 
the simplicity and versatility of FCM. 

There are 2 main classes of Concepts: Levels , that 
represent the absolute values of system entities (e.g., 
LInflation is Good); and  Variations , that represent the 
change in value of a system entity in a given amount of time 
(e.g., VInflation increased very much). By allowing the 
definition of both the absolute value of a concept and its 
change through time, RB-FCM have the means to properly 
model the dynamics of a system. 

2.1.1 Expressing Time in Dynamic Cognitive Maps  
Time is probably the most essential factor when modeling 

a dynamic system. However, most DCM approaches seem to 
ignore this fact. In order to maintain consistency in the 
process of modeling the dynamics of a qualitative system, it 
is necessary to develop and introduce timing control 
mechanisms. To allow the representation of time flow, 
delays, and the inhibition of certain relations when they have 
no influence on a given instant, changes were made to the 
engine of RB-FCM. More details regarding RB-FCM time 

mechanisms can be found in [8,11]  

3 A Qualitative Macro Economic Model as an 
Example of DCM Modeling in Socio-

Economic Systems  
In this section one presents a model that was developed 

eight years ago. The primary goal when this problem was 
approached was to show the capabilities and ease of use of 
RB-FCM to model the dynamics of qualitative real world 
systems. Even if the final model is rather complex and does 
not contains apparent flaws, it is not, and was never intended 
to be, a complete model, since it wasn’t developed by 
economic experts (even though some were consulted). 
However, as it can be seen in the obtained results, the model 
exhibits a behaviour that is able to describe the current 
economic crisis and the reasons that lead to it. 

Classic cognitive mapping techniques [1] were used as 
the first step to obtain the model: the concepts and relations 
were extracted from a short column published in Portuguese 
newspaper Público in the year 2001 consisting on an 
economic expert analysis regarding “Short-term Tax Rate 
evolution in Europe” [18]. Throughout the text, the author 
introduced several concepts, supporting its theories while 
explaining the relations between concepts using qualitative 
knowledge. The “classic” CM obtained was much simpler 
than the one presented here, which was expected, since the 
analysis of the dynamics of a much more complex model – 
like the one we ended up obtaining – would require several 
months of work using traditional quantitative econometric 
approaches. The first model used only the most important 
concepts (the ones really necessary to a short term analysis): 
Tax Rates, Inflation, Consumption, Oil Price, and Food 
Cost. Even with such a few concepts, a realistic model 
becomes rather difficult to analyse due to the complexity of 
the relations that affect the involved concepts. However, 
since the goal was to show RB-FCM potential to deal with 
larger systems and long-term simulations, the model was 
evolved to be more realistic therefore including more 
concepts and much more relations. On this step, 13 concepts 
were added to the original 5 (Figure 7). 

At the end of this phase of the modelling process one 
obtained a classic Cognitive Map – basically a graph where 
the nodes were the Concepts and each edge represented an 
existing unknown relation between a pair of Concepts. 
3.1 Concept Modelling 

The next step was refining the concepts to obtain a 
linguistic fuzzy representation for each one. This step 
consisted in defining the class(es) (Variation, Level) and the 
linguistic terms and membership functions for each concept. 
In dynamic systems, variations are much more important 
than absolute values, therefore, most concepts are 
Variations, some are Levels, and a few key concepts like 
Inflation, Tax Rate, etc., are both Variations and Levels (the 
Level value of these concepts is actualized according to its 
Variation using a special LV relation [5]).  
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The linguistic terms of Levels must have a direct 
correspondence with the real world values. Therefore we 
allied common sense and expert consulting (using straight 
questions like “what do you consider a high value for 
Inflation?”, and receiving answers like “around 4%”) to 
define their membership functions. In the particular case of 
Levels that depend on LV relations, it was also necessary to 
define the real-world meaning of a certain amount of 
variation (e.g., a “Small” increase on inflation is around 
0.3%). Figure 5 shows the linguistic terms of the Level 
concept LInflation. 

Variation linguistic terms usually represent qualitative 
terms without a direct correspondence to absolute values. 
E.g., VInflation has 11 linguistic values ranging from “Huge 
Decrease” to “Huge Increase” (Figure 6). Linguistic terms of 
Variations can usually be represented by standard sets, 
which simplify and accelerate the modelling process [10]. 
3.2 Qualitative Modelling of a Qualitative Dynamic 

System 
The huge advantages of using Fuzzy Rule Bases (FRB) to 

define qualitative relations between Concepts has been 
largely discussed and proved [2,3,5,9,11]. The major 
drawback of rule-based fuzzy inference, the combinatorial 
explosion of the number of rules, is avoided in RB-FCM by 
the use of Fuzzy Causal Relations and the Fuzzy Carry 
Operation [4]. Another important feature of RB-FCM is the 
simplicity of the process of insertion and removal of 
Concepts and/or Relations, which also reduces the modelling 
complexity of FRB [4]. Therefore one has in RB-FCM an 
adequate tool to model qualitative relations. However, the 
single fact of using linguistic rule bases to model relations 
does not guarantee the qualitative nature of the model. Let us 
see the example of Inflation modelling: 

A pseudo-qualitative approach using FRB would try to 
closely map the widespread quantitative approaches: 
Inflation value is predicted by a weight averaged sum of 
several factors (Estimated Oil inflation, estimated Food price 
inflation, etc.). This method is highly dependent on the 
precision and validity of each factor real-world absolute 
value. In the proposed model, a novel approach where rules 
are independent from the real world absolute values was 
used. The model is based on a qualitative definition of 
inflation: Economics theory states that economic growth 
depends on inflation – without inflation there is no growth; 
In fact, the worst economic crisis (30´s for instance) are 
associated with deflation; Therefore, it is desirable and 
expected that all factors that affect inflation have a certain 
cost increase – If all factors suffer a normal increase, then 
the inflation will maintain its normal and desired value. 
Therefore, one can state the following qualitative relation for 
each of those n factors: 

 “If factorn has a normal increase, then Inflation will 
maintain” 

This statement is part of the fuzzy rule base of a causal 
relation. Since fuzzy causal effects are accumulative and 
their effect is a variation in the value of the consequent, then 
if all factors that cause inflation have the normally expected 
increase, Inflation will not vary. If some factors increase 
more than expected and the others maintain their value then 
inflation will somehow increase. If a factor increase less than 
normal, or even decreases, then its effect is a decrease in 
inflation (note that the final variation of Inflation is given by 
the accumulation of all causal variation effects – e.g., if 
some pull it down a bit, and one pulls it up a lot, in the end 
inflation still can maintain its normal value). 

It is possible to build a completely qualitative and sound 
causal FRB to model each factor influence of Inflation, 
without ever referring to absolute values. If one intends to 
model inflation in South America, one can maintain the rule 
base. All that needs to be changed are the linguistic terms of 
the Level Concept associated to Inflation (for instance, 
normal inflation would become around 8 %, and so on...). 
Obviously some factors are more important than others (a 
large increase in food might cause a large increase in 
Inflation, but what is considered a large increase in Oil 
might only cause a small increase in Inflation – average Oil 
price varied over 100% in the last 2 years, but other factors 
had a slightly above average increase, and therefore inflation 
had mild increase instead of a sever one…). This “relative” 
importance is easily modelled as a causal effect in a FRB. 
Table I represents an example of a causal FRB. One can also 
mention the fact that oil price variation has a delayed effect 
in inflation. RB-FCM provide mechanisms to model these 
kinds of timing issues [8,11] 

TABLE I: FCR7 +sl Food Cost, Inflation 
If Food Cost Decreases VeryMuch,  Inflation has a Large Decrease 
If Food Cost Decreases Much,  Inflation has a Large Decrease  
If Food Cost Decreases,  Inflation has a Large Decrease  
If Food Cost Decreases Few,  Inflation Decreases 
If Food Cost Decreases VFew,  Inflation Decreases 
If Food Cost Maintains,  Inflation Decreases 
If Food Cost Increases VFew,  Inflation has a Small Decrease  
If Food Cost Increases Few,  Inflation has a Very Small Decrease  
If Food Cost Increases Normally,  Inflation Maintains 
If Food Cost Increases M,  Inflation has a Small Increase 
If Food Cost Increases VM,  Inflation Increases 

This kind of qualitative approach was used throughout the 
model when causal relations were involved. 

As it was mentioned above, Variations usually have a 
standard set of linguistic terms. These allow the 
predefinition of certain common fuzzy causal relations 
(FCR). These FCR are called macros and were used to 
reduce the modelling effort. 

The model includes other than causal relations. For 
instance: Oil price variation was modelled using a classic 
fuzzy inference rule base (FIRB) based on oil Offer/Demand 
(where Oil offer was decided in simulated periodic OPEP 
meetings); the Tax Rates were modelled considering that 
Banks were managed as a common business with profit in 
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mind – for example, an increase in money demand would 
increase Tax Rates (this would be changed later (see 3.4)). 

Regarding timing considerations, the system was 
modelled considering a one month period between iterations. 

It is obviously impossible to detail every aspect of the 
system modelling in this paper. provides a graphic 
representation of the final RB-FCM model. The system 
consists of 18 concepts and around 400 fuzzy rules to 
express relations (most were automatically generated using 
macros). The system was described using RB-FCMsyntax (a 
dedicated language) – a complete description is available in 
[2]. Here are some guidelines regarding the description of 
relations in Figure 7: “FCR+” stands for a standard positive 
causal relation (an increase in the antecedent will cause an 
increase in consequent), and “FCR-“ a standard negative 
relation (increase causes a decrease). Several “+” or “–“ 
represent stronger effects. A “/” represents an attenuated 
effect. “sl” and “sr” represent biased effects (non symmetric 
causal relations. A “?” represents a relation which cannot be 
symbolically described (one must consult the FCR). A “d” 
represents a delay in the effect. FIR stands for Fuzzy 
Inference Relation. The number after FCR or FIR is the label 
for the complete description of the rule base. 
3.3 Simulation results1,2 

The simulation of the original system provided rather 
interesting results. The evolution of the system through time 
was rather independent from the initial values and the 
external effects. After a certain period of time, that could 
vary from a few months to several years (depending on a 
conjugation of external factors like a war, or a severe cut in 
oil production), economy would end up collapsing: 
deflation, negative growth, 0% tax-rates. Figure 1 represents 
one of those cases. 
Initially one could think that there was a major flaw in the 
model (or in the RB-FCM mechanisms), but after a 
discussion and analysis of the results with an economics 
expert, the culprit was found: the model approached the 
economic situation before the creation of entities that control 
Interest Rates (like the U.S. Federal Reserve, the European 
Central Bank). The lack of these entities was the main cause 
to economic instability until 1930’s. In fact, Economics was 
known in the 18th and 19th century as the “Dark Science”, 
because all theories indicated that economy was not 
sustainable. According to the simulation results, depression 
always comes after a growth period and due to an exaggerate 
increase in tax rates (the banks try to maximize their profit in 
a short period, and their greed cause an apparently avoidable 
crisis). Notice the similarity with the present economic crisis 
- one will return to this point later on. Therefore, to support 
the referred theory, a simple model of the European Central 

                                                           
1 Note: This section refers to an initial version of the system that did not 
include concept 17 
2 All variables are in % and must be divided by 10 (e.g., 15 represents 
1.5%) 

Bank behaviour regarding interest rates was added to the 
model. 
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Figure 1 – Serious economic crisis: Negative growth and 

deflation (Predicted Growth, Predicted TaxRate, Predicted 
Inflation, ) 

3.4 Modelling European Central Bank Influence 
To simulate ECB influence, a Fuzzy Inference Subsystem 

(FISS) – a RB-FCM block used to model the process of 
decision making of system entities (FISS timing mechanisms 
are independent of the RB-FCM) – was added to the model 
(Figure 2). This FISS ended up as a simple FRB with 48 
rules (each with 2 antecedents)[2]. These rules were 
designed to inhibit the greedy bank behaviour that was 
identified as the cause to the unavoidable crisis.     
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3.5 Complete Model Simulation 

With the introduction of the ECB-FISS, system behaviour 
changed completely and serious crisis were avoided under 
normal circumstances (Figure 3). One of the most interesting 
results was the fact that, under normal circumstances, the 
economic model stabilizes around the real-world BCE 
predicted ideal target value for inflation (slightly below 2%) 
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and growth (averaging slightly above 2%). Note that these 
values are not imposed anywhere in the model, they result 
from the system itself. 

However, the ECB and private bank behaviour in the last 
two years was incredibly similar to the greedy behaviour 
exhibited by the model without ECB. Tax rates – see Euribor 
historical data [14], Figure 4 – were severely increased 
between 2006-08 under the pretext of controlling inflation, 
but, as it was found later, mostly because private banks were 
needing to increase their tax rates to protect themselves 
against prior mistakes. The variation of the Euribor tax rate 
+ 0.8% spread rate in the last 10 years (120 month), is very 
much similar to what was predicted in the “greedy” model 
that was presented 8 years ago. As a result of that, and, as 
the original model predicted, we are entering a severe 
economic crisis as a result of that policy. Given that this is a 
very long term 10 year simulation (done 8 years ago), the 
results are incredibly more accurate than current models, that 
don’t usually attempt to predict for longer than 2 years and 
usually with very inaccurate results. As a proof of this, less 
than 1 year ago all major economic actors were still insisting 
on increasing tax rates having inflation control in mind, and 
no major economic actor was even suspecting that deflation 
would be the real concern in less than 8 months.   
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Figure 4 – Euribor6+0.8 for the last 120 months 
 

4 Conclusions, Applications, and Future 
Developments 

In this paper we exemplified how one can use DCM to 
model complex qualitative socio-economic systems, 
avoiding the need to use extensive and time consuming 
differential equation models, while obtaining very 
interesting and encouraging results. 

By using true qualitative modelling techniques, one 
obtained results that look more realistic (plausible) than 
those obtained using quantitative approaches – where results 
almost never show the short term uncertainties that are so 
characteristic of qualitative real-world dynamic systems. In 
the end, the results of the presented model, that was 
developed eight years ago, are surprisingly realistic and 
could have been used to predict and avoid the current world 

economic crisis, even if one considers its necessary 
incompleteness. 
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Abstract— In this paper we present the operational semantics
of RFuzzy, a fuzzy Logic Programming framework that represents
thruth values using real numbers from the unit interval. RFuzzy pro-
vides some useful extensions: default values to represent missing in-
formation, and typed terms to intuitively restrict predicate domains.
Together, they allow the system to give constructive answers in addi-
tion to truth values. RFuzzy does not confine to a particular Fuzzy
Logic, but aims at being as general as possible by using the notion of
aggregation operators.
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1 Introduction
For many real-world problems, crisp knowledge representa-
tion is not perfectly adequate. Information that we handle
might be imprecise, uncertain, or even both. Classical two-
valued logic cannot easily represent these qualitative aspects
of information. To address this issue, multiple frameworks for
incorporating uncertainty in logic have been developed over
the years: fuzzy set theory, probability theory, multi-valued
logic, or possibilistic logic; to mention only some.

From the point of view of practical tools to support this rea-
soning the field is not so rich. Logic programming is however
a perfect candidate for the implementation of these tools be-
cause it is traditionally used for problem solving and knowl-
edge representation.

1.1 Fuzzy Logic approaches

The result of introducing Fuzzy Logic into Logic Program-
ming has been the development of several fuzzy systems over
Prolog. These systems replace the inference mechanism,
SLD-resolution, of Prolog with a fuzzy variant that is able to
handle partial truth [1]. Most of these systems implement the
fuzzy resolution introduced by Lee in [2], examples being the
Prolog-Elf system [3], the Fril Prolog system [4] and the F-
Prolog language [5]. However, there is no common method
for fuzzifying Prolog as has been noted in [6].

1.2 Fuzzy Prolog

One of the most promising fuzzy tools for Prolog was the
“Fuzzy Prolog” system [7, 8]. This approach is more general
than others in some respects:

1. A truth value is a finite union of sub-intervals on [0, 1].
∗This work is partially supported by the project DESAFIOS -

TIN 2006-15660-C02-02 from the Spanish Ministry of Education
and Science, by the Spanish Ministry of Science and Innovation Re-
search Staff Training Program - BES-2008-008320 and by the project
PROMESAS - S-0505/TIC/0407 from the Madrid Regional Govern-
ment.

2. A truth value is propagated through the rules by means of
an aggregation operator. The definition of aggregation
operator is general.

3. Crisp and fuzzy reasoning are consistently combined in
a Prolog compiler [9].

Fuzzy Prolog adds fuzziness to a Prolog compiler using
CLP(R) instead of implementing a new fuzzy resolution as
other former fuzzy Prologs do. So, it uses Prolog’s built-in
inference mechanism, and the constraints and their operations
provided by CLP(R) to handle the concept of partial truth. It
represents intervals as constraints over real numbers and ag-
gregation operators as operations with these constraints.

There are other proposals, e.g. in [10], that provide an in-
terpretation of truth values as intervals, but Fuzzy Prolog pro-
posed to generalise this concept to unions of intervals for the
first time.

1.3 Multi-adjoint logic

Over the last few years several papers have been published
by Medina et al. [11, 12, 13] about multi-adjoint program-
ming. The theoretical model described in these works led
to the development of FLOPER [14], another Fuzzy Logic
Programming system. It has a Logic-Programming-inspired
syntax and provides free choice of aggregation operators and
credibility of rules just as RFuzzy does. There are however
some things that FLOPER cannot do: (1) deal with missing
information (which RFuzzy does by default truth value dec-
larations), (2) type atoms and predicates to give constructive
answers, and (3) provide syntactic sugar to express truth value
functions.

1.4 Motivation

The generality of the approach pursued in [7, 8] turned out to
make many users feel uncomfortable: Fuzzy Prolog is rather
expressive, so it is not always clear how knowledge should be
represented. Furthermore, interpreting the output that comes
as a sequence of constraints maybe possible for a human but
is very hard to do for a computer program – especially basing
a decision upon it may not be straightforward.

To address these issues, we propose the RFuzzy framework.
It is considerably simpler to use than the above-mentioned
Fuzzy Prolog, but still contains many of its nice features. In
RFuzzy, truth values will be represented by real numbers from
the unit interval [0, 1]. This simplifies making modelling deci-
sions and interpreting the output of the system. We still use the
general concept of aggregation operators to be able to model
different Fuzzy Logics. The rules of RFuzzy programs will
have attached a credibility value to them: it allows the author
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of the rule to express how much they confide in the relation
expressed by the rule. In addition, RFuzzy offers features that
are very useful for knowledge representation, namely default
values and types.

The rest of the paper is organised as follows: Section 2
introduces the abstract syntax of RFuzzy. In Section 3 we
present an operational semantics for RFuzzy and illustrate it
with an example. The last but one section shortly sketches the
key points of the implementation and Section 5 concludes.

2 RFuzzy Syntax

We will use a signature Σ of function symbols and a set of
variables V to “build” the term universe TUΣ,V (whose el-
ements are the terms). It is the minimal set such that each
variable is a term and terms are closed under Σ-operations. In
particular, constant symbols are terms.

Similarly, with use a signature Π of predicate symbols to
define the term base TBΠ,Σ,V (whose elements are called
atoms). Atoms are predicates whose arguments are elements
of TUΣ,V . Atoms and terms are called ground if they do not
contain variables. As usual, the Herbrand universe H is the
set of all ground terms, and the Herbrand base B is the set of
all atoms with arguments from the Herbrand universe.

To combine truth values in the set of real truth values
[0, 1], we will make use of aggregation operators. A func-
tion F̂ : [0, 1]n → [0, 1] is called an aggregation opera-
tor if it verifies F̂ (0, . . . , 0) = 0 and F̂ (1, . . . , 1) = 1.
We will use the signature Ω to denote the set of used op-
erator symbols F and Ω̂ to denote the set of their associ-
ated aggregation operators F̂ . An n-ary aggregation oper-
ator is called monotonic in the i-th argument, if addition-
ally x ≤ x′ implies F̂ (x1, . . . , xi−1, x, xi+1, . . . , xn) ≤
F̂ (x1, . . . , xi−1, x

′, xi+1, . . . , xn). An aggregation operator
is called monotonic if it is monotonic in all arguments.

Immediate examples for aggregation operators that come to
mind are typical examples of t-norms and t-conorms: mini-
mum min(a, b), maximum max(a, b), product a · b, and prob-
abilistic sum a + b− a · b.

The above general definition of aggregation operators sub-
sumes however all kinds of minimum, maximum or mean op-
erators.

Definition. Let Ω be an aggregation operator signature, Π a
predicate signature, Σ a term signature, and V a set of vari-
ables.

A fuzzy clause is written as

A
c,Fc←−F B1, . . . , Bn

where A ∈ TBΠ,Σ,V is called the head, B1, . . . , Bn ∈
TBΠ,Σ,V is called the body, c ∈ [0, 1] is the credibility value,
and Fc ∈ Ω(2) and F ∈ Ω(n) are aggregation operator sym-
bols (for the credibility value and the body resp.)

A fuzzy fact is a special case of a clause where n = 0,
c = 1, Fc is the usual multiplication of real numbers “·” and
F = v ∈ [0, 1]. It is written as A← v.

A fuzzy query is a pair 〈A, v〉, where A ∈ TBΠ,Σ,V and v
is either a “new” variable that represents the initially unknown
truth value of A or it is a concrete value v ∈ [0, 1] that is asked
to be the truth value of A. �

Intuitively, a clause can be read as a special case of an im-
plication: we combine the truth values of the body atoms with
the aggregation operator associated to the clause to yield the
truth value for the head atom. For this truth value calculation
we are completely free in the choice of an operator.

Example. Consider the following clause, that models to
what extent cities can be deemed good travel destinations –
the quality of the destination depends on the weather and the
availability of sights:

good-destination(X)1.0,·←−·nice-weather(X), many-sights(X).

The credibility value of the rule is 1.0, which means that we
have no doubt about this relationship. The aggregation oper-
ator used here in both cases is the product “·”. We enrich the
knowledge base with facts about some cities and their conti-
nents:

nice-weather(madrid)← 0.8,

nice-weather(istanbul)← 0.7,

nice-weather(moscow)← 0.2,

many-sights(madrid)← 0.6,

many-sights(istanbul)← 0.7,

many-sights(sydney)← 0.6,

city-continent(madrid, europe)← 1.0,

city-continent(moscow, europe)← 1.0,

city-continent(sydney, australia)← 1.0,

city-continent(istanbul, europe)← 0.5,

city-continent(istanbul, asia)← 0.5.

Some queries to this program could ask if Madrid is a good
destination,
〈good-destination(madrid), v〉. Another query could ask if
Istanbul is the perfect des-
tination, 〈good-destination(istanbul), 1.0〉.The result of the
first query will be the real value 0.48 and the second one will
fail. It can be seen that no information about the weather in
Sydney or sights in Moscow is available although these cities
are “mentioned”. (

In the above example, the knowledge that we represented
using fuzzy clauses and facts was not only vague but moreover
incomplete. As this is rather the norm than the exception, we
would like to have a mechanism that can handle non-present
information.

In standard logic programming, the closed-world assump-
tion is employed, i.e. the knowledge base is not only assumed
to be sound but moreover to be complete. Everything that
can not be derived from the knowledge is assumed to be false.
This could be easily modelled in this framework by assuming
the truth value 0 as “default” truth value, so to speak. Yet we
want to pursue a slightly more general approach: arbitrary de-
fault truth values will be explicitly stated for each predicate.
We even allow the definition of different default truth values
for different arguments of a predicate. This is formalised as
follows.

Definition. A default value declaration for a predicate
p ∈ Π(n) is written as default(p(X1, . . . , Xn)) =
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[δ1 if ϕ1, . . . , δm if ϕm] where δi ∈ [0, 1] for all i. The ϕi are
first-order formulas restricted to terms from TUΣ,{X1,...,Xn},
the predicates = and �=, the symbol true, and the junctors ∧
and ∨ in their usual meaning. �

Example (continued). Let us add the following default
value declarations to the knowledge base and thus close the
mentioned gaps.

default(nice-weather(X)) = 0.5,

default(many-sights(X)) = 0.2,

default(good-destination(X)) = 0.3

They could be interpreted as: when visiting an arbitrary city
of which nothing further is known, it is likely that you have
nice weather but you will less likely find many sights. Irre-
spective of this, it will only to a small extent be a good travel
destination.

To model the fact that a city is not on a continent unless
stated otherwise, we add another default value declaration for
city-continent: default(city-continent(X, Y)) = 0.0. No-
tice that in this example m = 1 and ϕ1 = true for all the
default value declarations. (

The default values allow our knowledge base to answer ar-
bitrary questions about predicates that occur in it. But will the
answers always make sense? To stay in the above example,
if we ask a question like “What is the truth value of nice-
weather(australia)?” we will get the answer “0.5” which
does not make too much sense since Australia is not a city,
but a continent.

To address this issue, we introduce types into the language.
Types can be viewed as inherent properties of terms – each
term can have zero or more types. We use them to restrict the
domains of predicates.

Definition. A term type declaration assigns a type τ ∈ T
to a term t ∈ H and is written as t : τ . A predicate type
declaration assigns a type (τ1, . . . , τn) ∈ T n to a predicate
p ∈ Πn and is written as p : (τ1, . . . , τn), where τi is the type
of p’s i-th argument. �

Example (continued). Using the set of types T =
{City, Continent}, we add some term type declarations to our
knowledge base:

madrid : City, istanbul : City,

sydney : City, moscow : City;
africa : Continent, america : Continent,

antarctica : Continent,
asia : Continent, europe : Continent.

We also type the predicates in the obvious way:

nice-weather : (City),
many-sights : (City),

good-destination : (City),
city-continent : (City, Continent).

(
For a ground atom A = p(t1, . . . , tn) ∈ B we say that it is

well-typed with respect to T iff p : (τ1, . . . , τn) ∈ T implies
τi ∈ tT (ti) for all i.

For a ground clause A
c,Fc←−F B1, . . . , Bn we say that it is

well-typed w.r.t. T iff all Bi are well-typed for 1 ≤ i ≤ n
implies that A is well-typed (i.e. if the clause preserves well-
typing). We say that a non-ground clause is well-typed iff all
its ground instances are well-typed.

Example (continued). With respect to the given type dec-
larations, city-continent(moscow, antarctica) is well-typed
whileas city-continent(asia, europe) is not. (

A fuzzy logic program P is a triple P = (R,D, T ) where
R is a set of fuzzy clauses, D is a set of default value declara-
tions, and T is a set of type declarations.

From now on, when speaking about programs, we will im-
plicitly assume the signature Σ to consist of all function sym-
bols occurring in P , the signature Π to consist of all the pred-
icate symbols occurring in the program, the set T to consist
of all types occurring in type declarations in T , and the signa-
ture Ω of all the aggregation operator symbols. For Ω we will
furthermore require that all operators from Ω̂ be monotonic.

Lastly, we introduce the important notion of a “well-
defined” program.

Definition. A fuzzy logic program P = (R,D, T ) is called
well-defined iff

• for each predicate symbol p/n occurring in R, there ex-
ist both a predicate type declaration and a default value
declaration;

• all clauses in R are well-typed;

• for each
default value declaration default(p(X1, . . . , Xn)) =
[δ1 if ϕ1, . . . , δm if ϕm], the formulas ϕi are pairwise
contradictory and ϕ1 ∨ · · · ∨ ϕm is a tautology, i.e. ex-
actly one default truth value applies to each element of
p/n’s domain.

�

3 Operational Semantics
The possibility to define default truth values for predicates of-
fers us a great deal of flexibility and expressivity. But it also
has its drawbacks: reasoning with defaults is inherently non-
monotonic – we might have to withdraw some conclusions
that have been made in an earlier stage of execution. To cap-
ture this formally, we attach to each truth value an attribute
that indicates how this value has been concluded. There are 3
different cases of how a truth value can be determined:

• exclusively by application of program facts and clauses,
represented by the symbol � denoting the attribute value
safe,

• by indirect use of default values, represented by the sym-
bol � denoting the attribute value unsafe (mixed), or

• directly via a default value declaration, represented by
the symbol � denoting the attribute value unsafe (pure).

We need to be able to compare the attributes (in order to
be able to prefer one conclusion over another) and to com-
bine them to keep track of default value usage in the course of
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computation. This is formalised by setting the ordering <a on
truth value attributes such that � <a � <a �.

The operator ◦ : {�, �, �} × {�, �, �} → {�, �, �} is
then defined as:

x ◦ y :=




� if x = y = �
� if x = y = �
� otherwise

The operator ◦ is designed to keep track of attributes during
computation: only when two “safe” truth values are combined,
the result is known to be “safe”, in all other cases it is “un-
safe”. It should be noted that “◦” is monotonic.

The truth values that we use in the description of the se-
mantics will be real values v ∈ [0, 1] with an attribute (i.e.
a z ∈ {�, �, �}) attached to it. We will write them as zv.
The ordering � on the truth values will be the lexicographic
product of <a, the ordering on the attributes, and the standard
ordering < of the real numbers. The set of truth values is thus
totally ordered as follows:

⊥ ≺ �0 ≺ · · · ≺ �1 ≺ �0 ≺ · · · ≺ �1 ≺ �0 ≺ · · · ≺ �1.

A valuation σ : V → B is an assignment of ground terms
to variables. Each valuation σ uniquely constitutes a mapping
σ̂ : TUΣ,V → B that is defined in the obvious way.

A fuzzy Herbrand interpretation (or short, interpretation)
of a fuzzy logic program is a mapping I : B → T that assigns
truth values to ground atoms.

The domain of an interpretation is the set of all atoms
to which a “proper” truth value is assigned: Dom(I) :=
{A | A ∈ B, I(A) * ⊥}.

For two interpretations I and J , we say I is less than
or equal to J , written I + J , if I + J iff I(A) �
J(A) for all A ∈ B.

Accordingly, the infimum (or intersection) and supremum
(or union) of interpretations are, for all A ∈ B, defined
as (I , J)(A) := min(I(A), J(A)) and (I - J)(A) :=
max(I(A), J(A)).

The pair (IP ,+) of the set of all interpretations of a given
program with the interpretation ordering forms a complete lat-
tice. This follows readily from the fact that the underlying
truth value set T forms a complete lattice with the truth value
ordering �.

Definition. [Model] Let P = (R,D, T ) be a fuzzy logic
program.

For a clause r ∈ R we say that I is a model of the clause r
and write

I � A
c,Fc←−F B1, . . . , Bn

iff for all valuations σ, we have: if I(σ(Bi)) = zivi * ⊥
for all i, then I(σ(A)) � z′v′ where z′ = z1 ◦ · · · ◦ zn and
v′ = F̂c(c, F̂ (v1, . . . , vn))).

For a default value declaration d ∈ D we say that I is a
model of the default value declaration d and write

I � default(p(X1, . . . , Xn)) = [δ1 if ϕ1, . . . , δm if ϕm]

iff for all valuations σ, we have: if σ(p(X1, . . . , Xn)) is well-
typed (w.r.t. T ), then there exists an 1 ≤ j ≤ m such that
σ(ϕj) holds and I(σ(p(X1, . . . , Xn))) � �δj .

We write I � R if I � r for all r ∈ R and similarly I � D
if I � d for all d ∈ D.

Finally, we say that I is a model of the program P and write
I � P iff I � R and I � D. �

The operational semantics will be formalized by a transition
relation that operates on (possibly only partially instantiated)
computation trees. Here, we will not need to keep track of
default value attributes {�, �, �} explicitly, it will be encoded
into the computations.

Definition. Let Ω be a signature of aggregation operator
symbols and W a set of variables with W ∩ V = ∅.

A computation node is a pair 〈A, e〉, where A ∈ TBΠ,Σ,V

and e is a term over [0, 1] and W with function symbols from
Ω. We say that a computation node is ground if e does not
contain variables. A computation node is called final if e ∈
[0, 1]. A final computation node will be indicated as 〈A, e〉.

We distinguish two different types of computation nodes:
C-nodes, that correspond to applications of program clauses,
and D-nodes, that correspond to applications of default value
declarations.

A computation tree is a directed acyclic graph whose nodes
are computation nodes and where any pair of nodes has a
unique (undirected) path connecting them. We call a com-
putation tree ground or final if all its nodes are ground or final
respectively.

For a given computation tree t we define the tree attribute

zt =




� if t contains no D-node
� if t contains both C- and D-nodes
� if t contains only D-nodes

�
Computation nodes are essentially generalizations of

queries that keep track of aggregation operator usage.
Computation trees as defined here should not be confused

with the usual notion of SLD-trees. While SLD-trees describe
the whole search space for a given query and thus give rise to
different derivations and different answers, computation trees
describe just a state in a single computation.

The computation steps that we perform on computation
trees will be modelled by a relation between computation
trees.

Definition. [Transition relation] For a given fuzzy logic pro-
gram P = (R,D, T ), the transition relation � is character-
ized by the following transition rules:

Clause: t/
[
〈A′, v〉

]
�

t/



〈A′, v〉 /

C〈A′, Fc(c, F (v1, . . . , vn))〉

〈B1, v1〉 · · · 〈Bn, vn〉




µ

If there is a (variable disjoint instance of a) program

clause A
c,Fc←−F B1, . . . , Bn ∈ R and µ = mgu(A′, A).

(Take a non-final leaf node and add child nodes accord-
ing to a program clause; apply the most general unifier of
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the node atom and the clause head to all the atoms in the
tree.)

Note that we immediately finalize a node when applying
this rule for a fuzzy fact.

Default: t [〈A, x〉] �

t
[
〈A, x〉/D〈A, δj〉

]
µ

If A does not match with any
program clause head, there is a default value declaration
default(p(X1, . . . , Xn)) = [δ1 if ϕ1, . . . , δm if ϕm] ∈
D, µ is a substitution such that p(X1, . . . , Xn)µ = Aµ is
a well-typed ground atom, and there exists a 1 ≤ j ≤ m
such that ϕjµ holds. (Apply a default value declaration
to a non-final leaf node thus finalizing it.)

Finalize:

C〈A, Fc(c, F (v1, . . . , vn))〉

〈B1, v1〉 · · · 〈Bn, vn〉

�

C〈A, F̂c(c, F̂ (v1, . . . , vn))〉

〈B1, v1〉 · · · 〈Bn, vn〉

(Take a non-final node whose children are all final and
replace its truth expression by the corresponding truth
value.)

�
Here, the notation t[A] means “the tree t that contains the

node A somewhere”. Likewise, t[A/B] is to be read as “the
tree t where the node A has been replaced by the node B”.

Asking the query 〈A, v〉 corresponds to applying the transi-
tion rules to the initial computation tree 〈A, v〉. The compu-
tation ends successfully if a final computation tree is created,
the truth value of the instantiated query can then be read off
the root node. We will illustrate this with an example compu-
tation.

Example (continued). We start with the tree

〈good-destination(Y), v〉 .

Applying the Clause-transition to the
initial tree with the program clause
good-destination(X)1.0,·←−·nice-weather(X), many-sights(X)
yields

C〈good-destination(Y), 1.0 · v1 · v2〉

〈nice-weather(Y), v1〉 〈many-sights(Y), v2〉

Now we apply Clause to the left child with
nice-weather(moscow)← 0.2:

C〈good-destination(moscow), 1.0 · 0.2 · v2〉

C〈nice-weather(moscow), 0.2〉 〈many-sights(moscow), v2〉

Since there exists no clause whose head matches many-
sights(moscow), we apply the Default-rule for many-sights
to the right child.

C〈good-destination(moscow), 1.0 · 0.2 · 0.2〉

C〈nice-weather(moscow), 0.2〉 D〈many-sights(moscow), 0.2〉

In the last step, we finalise the root node.

C〈good-destination(moscow), 0.04〉

C〈nice-weather(moscow), 0.2〉 D〈many-sights(moscow), 0.2〉

The calculated truth value for good-destination(moscow) is
thus 0.04. (

The actual operational semantics is now given by the truth
values that can be derived in the defined transition system.
This “canonical model” can be seen as a generalisation of the
success set of a program.

Definition. Let P be a well-defined fuzzy logic program.
The canonical model of P for A ∈ B is defined as follows:

cm(P ) :=




A �→ ztv

∣∣∣∣∣∣∣

there exists a computation starting
with 〈A, w〉 and ending with a fi-
nal computation tree t with root node
〈A, v〉




�
It can be verified that the canonical model cm(P ) is indeed

a model of P .

4 Implementation
RFuzzy is implemented as a package of the Ciao Prolog Sys-
tem [15]. It consists essentially of a set of rules that translate
the RFuzzy Syntax to ANSI Prolog using the expansion of
code of the packages in Ciao Prolog. The predicates of the
program that have been declared as fuzzy get an additional
argument that makes the truth value explicit. The resulting
program can then be interpreted and executed “as usual”.

Example (continued). We have no space to describe the im-
plementation syntax used at RFuzzy, but it can be easily de-
duced from the implementation of our running example (not
all the clauses are shown here).

nice_weather(madrid) value 0.8.
nice_weather(moscow) value 0.2.
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many_sights(madrid) value 0.6.
many_sights(sydney) value 0.6.

good_destination(X) cred (prod,1.0):˜ prod
nice_weather(X),
many_sights(X).

The default value declarations are also very similar to the ab-
stract syntax.

:- default(nice_weather/1, 0.5).
:- default(many_sights/1, 0.2).
:- default(good_destination/1, 0.3).

We use crisp predicates to represent types.

city(madrid).
city(moscow).
city(sydney).

:- set_prop(nice_weather/1) => city/1.
:- set_prop(many_sights/1) => city/1.
:- set_prop(good_destination/1) => city/1.

To ask queries to the system, we add a variable that is going
to be instantiated with the truth value.

?- good_destination(moscow, V).

V = 0.04 ?
yes

But we cannot only ask for truth values of fully instantiated
atoms. The real power of RFuzzy lies in the ability to pro-
vide constructive answers. For example, if we want to know
“What is the best travel destination according to the knowl-
edge base?” we just ask the following query. It looks for a
destination D with a truth value V for which no destination
with a higher truth value V1 exists.

?- good_destination(D, V),
\+ (good_destination(_, V1),

V1 > V).

D = madrid,
V = 0.48 ?

yes

As we see, the system returns “Madrid” as best destination
and thus answers a question with an object rather than a truth
value. (

5 Conclusions and Future Work
We presented the operational semantics of the RFuzzy frame-
work for Fuzzy Logic Programming and showed some fea-
tures of the implementation 1 via an example. We finally re-
mark that a least model semantics and a least fixpoint seman-
tics for RFuzzy also have been defined and proven equivalent
to the operational semantics shown here.

1A complete release of the implementation is available at
http://babel.ls.fi.upm.es/software/rfuzzy
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Abstract—In our previous work we proposed some extensions of 
the Levenberg-Marquardt algorithm; the Bacterial Memetic 
Algorithm and the Bacterial Memetic Algorithm with Modified 
Operator Execution Order for fuzzy rule base extraction from input-
output data. Furthermore, we have investigated fuzzy flip-flop based 
feedforward neural networks. In this paper we introduce the 
adaptation of the Bacterial Memetic Algorithm with Modified 
Operator Execution Order for training feedforward and fuzzy flip-
flop based neural networks. We found that training these types of 
neural networks with the adaptation of the method we had used to 
train fuzzy rule bases had advantages over the conventional earlier 
methods. 

Keywords— Bacterial Memetic Algorithm, Fuzzy Flip-Flop, 

Levenberg-Marquardt method, Neural Network.   

1 Introduction 
Bacterial type evolutionary algorithms are inspired by the 

biological bacterial cell model [1,2]. The Bacterial Memetic 
Algorithm (BMA) is a recent method for fuzzy rule base 

extraction from input-output data for a certain system [7]. 

We have investigated its properties intensely and found some 

points where its performance in the fuzzy rule base 

identification could be improved. The recent bacterial type 

algorithms we proposed were named Bacterial Memetic 
Algorithm with Modified Operator Execution Order
(BMAM), Improved Bacterial Memetic Algorithm (IBMA) 

and Modified Bacterial Memetic Algorithm (MBMA) [3,4]. 

They are both memetic algorithms and apply alternatively 

global and local search for identifying fuzzy rule bases from 

input-output data automatically when no human expert to 

define the rules is available. 

Neural Networks belong to the Soft Computing area like 

Fuzzy Systems and Evolutionary Computing. They can be 

used for modeling a certain system where input-output data 

pairs exist. The neural networks are inspired by biological 

phenomena: the brain itself and other parts of the neural 

system. 

Fuzzy Flip-Flops are extended forms of the binary flip-flops 

that are widely used in digital technics [5]. They use fuzzy 

logic operations instead of Boolean logic ones and require 

fuzzy inputs, furthermore they produce fuzzy outputs instead 

of digital values. 

Our previous works were developing the Bacterial Memetic 
Algorithm applied for fuzzy rule base identification (FRBI) 

and investigating various types of Fuzzy Flip-Flops (F
3
) used 

in feedforward neural networks (FFNN) as replacements of 

the neurons [6]. We trained the Fuzzy Flip-Flop based 
Neural Networks (FNN) with the Levenberg-Marquardt
(LM) based training method as it is a widely used and 

accepted one. However, we faced the same problems with 

the LM based feedforward neural network training as in the 

fuzzy rule base identification. Therefore we have adopted the 

Bacterial Memetic Algorithm with Modified Operator 
Execution Order (BMAM) for training Neural Networks. 

Our goal was to improve the learning capabilities of 

feedforward neural networks with a bacterial type 

evolutionary approach. 

In this paper we propose the adaptation of the BMAM for 

training feedforward neural networks, and we study and 

evaluate the respective results. From another aspect another 

paper was proposed here where we report on the findings of 

our investigations of the properties of different types of 

FNNs trained with BMAM [14]. 

2 Bacterial Memetic Algorithm with Modified 
Operator Execution Order (BMAM) 

2.1 Bacterial Memetic Algorithm (BMA) 
Bacterial Memetic Algorithm (BMA) is a very recent 

approach used for fuzzy rule base identification (FRBI) [7]. 

It combines global and local search. For the global search it 

uses bacterial type evolutionary approach and for the local 

search the Levenberg-Marquardt method is deployed. 

Previous work confirmed that the Pseudo-Bacterial Genetic 
Algorithm (PBGA) and the Bacterial Evolutionary 
Algorithm (BEA) were rather more successful in this area 

than the conventional genetic algorithms [1,2]. 

2.1.1 Bacterial mutation 
PBGA is a special kind of Genetic Algorithm (GA) [8], it 

introduces a new “genetic” operation called bacterial 
mutation. For the algorithm, the first step is to determine 

how the problem can be encoded in a bacterium
(chromosome). In case of modelling fuzzy systems the 
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parameters of the model – all the breakpoints of the rule base 

– have to be encoded in the chromosome. The next step is to 

generate initial bacteria randomly. Then an optimization 

process is started utilizing mainly the bacterial mutation, in 

order to refine the model parameters. 

The bacterial mutation operation tries to improve the parts 

of the chromosomes. Therefore each individual (bacterium)
is selected one by one and a number of copies of the selected 

individual (clones) are created. Then the same part or parts 

are randomly chosen from all clones and it (they) is (are) 

mutated (except one single clone that remains unchanged). 

Mutation means to replace the part with a random value in a 

specified range.  

After the mutations all the clones are evaluated (SSE, MSE, 

BIC) and the best clone is selected whose mutated part or 

parts are transferred to the other clones. Theoretically, this 

operation copies just a few parameters from one clone to the 

other clones (gene transfer), but in practice, the other clones 

will not differ from the best clone at the end at all. So, this 

operation can be done with discharging all the clones except 

the best one and then cloning further the best clone. 

After the selection of the best clone and transferring its 

mutated part or parts to the other clones the above procedure 

is repeated until all the parts are mutated exactly once. The 

final best clone is remaining in the population and all the 

other clones are destroyed. The bacterial mutation cycle is 

done on the other individuals in the population e.g. in a 

parallel processing way. 

At the end of the complete bacterial mutation cycle a new 

generation of bacteria is arisen. 

The Bacterial Evolutionary Algorithm (BEA) is based on the 

PBGA supported by a new genetic operation called gene 
transfer operation. This operation can play an important role 

in the FRBI process as it establishes relationships among the 

individuals of the population (useful in somewhat changing 

environment) and is able to increase or decrease the number 

of the rules in a fuzzy rule base (useful in determining the 

appropriate size of the fuzzy rule base). Because this 

behaviour is not exploited in our investigations when training 

neural networks this operation is not described in detail. 

2.1.2 The Levenberg-Marquardt method (LM) 
The Levenberg-Marquardt (LM) method [9] is a gradient 

based iterative procedure. It is used for least squares curve 

fitting for a given set of empirical data, minimizing the sum 
of squared error function (SSE). It can be used for fuzzy rule 

extraction alone, but it generates only locally optimal rule 

base in the neighbourhood of the initial rules. 

The Error Back Propagation algorithm (EBP or BP) was a 

great improvement in neural network research, but it has 

weak convergence rate. The LM algorithm is more complex 

and requires more computational effort than the BP, but it 

has much better convergence rate properties. Therefore the 

LM algorithm is one of the most popular training functions 

for feedforward back propagation networks.  

2.1.3 Bacterial Memetic Algorithm (BMA) 
Memetic algorithms combine evolutionary and local search 

methods [10]. The evolutionary part is able to find the global 

optimum region, but is not suitable to find the accurate 

minimum in practice. The gradient based part is able to reach 

the accurate optimum, but is very sensitive to the initial 

position in the search space and is unable to avoid the local 

optimum. Combining global and local search is expected to 

be beneficial. 

Bacterial Memetic Algorithm (BMA) combines the Bacterial 
Evolutionary Algorithm (BEA) and the Levenberg-
Marquardt (LM) method. In the past we used it for fuzzy 

rule base extraction, among others. 

The BMA integrates its two components, the BEA and the 

LM method in the following way: 

1. Bacterial Mutation operation for each individual, 

2. Levenberg-Marquardt method for each individual, 

3. Gene Transfer operation for a partial population. 

ith generation 

clones 

best clone 

copies its 

mutated parts 

mutated parts 

bacterium #1 bacterium #2 bacterium #3 bacterium #NInd 

… 

repeat until all the parts are mutated 

Figure 1: Bacterial mutation (one individual) 
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This way the LM method is nested into the BEA, so that 

local search is done for every global search cycle.

2.2 Bacterial Memetic Algorithm with Modified Operator 
Execution Order (BMAM) 

Although BMA provides a very good speed of convegrenve 

towards the optimal model parameters there are some points 

of the algorithm where the performance could be increased. 

We proposed new techniques to improve its performance. 

Some of them contain modifications that are not useful in 

training FFNNs (handling the knot order violation that can 

occur in applying LM for FRBI) (IBMA, MBMA) [3]. 

Another improvement to BMA is the Bacterial Memetic 
Algorithm with Modified Operator Execution Order [4] 

which exploits the Levenberg-Marquardt method more 

efficiently. 

Instead of applying the LM cycle after the bacterial mutation
as a separate step, the modified algorithm executes several 

LM cycles during the bacterial mutation after each 
mutational step. 

The bacterial mutation operation changes one or more 

parameters of the modeled system randomly, and then it 

checks whether the model obtained by this way performs 

better than the previous models or the models that have been 

changed concurrently this way in the other clones. The 

mutation test cycle is repeated until all the parameters of the 

model have gone through the bacterial mutation. 

In the mutational cycle it is possible to gain a temporary 

model that has an instantaneous fitness value that is worse 

than the one in the previous or the concurrent models. 

However, it is potentially better than those, because it is 

located in such a region of the search space that has a better 

local optimum than the other models do. In accordance to 

this, if some Levenberg-Marquardt iterations are executed 

after each bacterial mutational step, the test step is able to 

choose some potentially valued clones that could be lost 

otherwise. 

In the Bacterial Memetic Algorithm with Modified Operator 
Execution Order, after each mutational step of every single
bacterial mutation iteration several LM iterations are done. 

Several tests have shown it is enough to run just 3 to 5 of LM 

iterations per mutation to improve the performance of the 

whole algorithm. The usual test phase of the bacterial 
mutation operation follows after the LM iterations. After the 

complete modified bacterial mutation follows the LM 

method that is used in the original BMA, where more, e.g. 10 

iterational steps, are done with all the individuals of the 

population towards reaching the local optimum. After all this 

the gene transfer operation is executed if needed. 

3 Fuzzy flip-flops (F3) 
Fuzzy flip-flops are extended forms of binary flip-flops used 

in the conventional digital technics. We have dealt with the 

fuzzy extensions (complements) of the binary J-K and D flip-

flops. Various types of fuzzy flip-flops are implemented and 

tested (set, reset type and the general type using the unified 

equation; J-K, D and Choi type D; based on minmax, 

algebraic, Yager, Dombi, Hamacher and Frank t-norms and 

co-norms, resp.) [11]. Because of an interesting property 

some fuzzy flip-flops can be used for implementing a 

sigmoid like transfer function and so constructing Multilayer 

Perceptron Neural Networks. 

In our previous works we studied the behavior of various 

type fuzzy flip-flops, illustrating their characteristics by their 

respective graphs. We proposed also the concept of fuzzy 
flip-flop based neural networks and investigated their 

function approximation capabilities [6, 12]. 

4 Fuzzy flip-flop based feedforward neural 
networks (FNN) 

In our team extensive research was done with the leadership 

of R. Lovassy in the field of fuzzy flip-flops. As we 

mentioned it before, various fuzzy norms can be used for 

building fuzzy flip-flop based neural networks (FNNs). The 

basic idea was to substitute the fuzzy flip-flops with 

sigmoidal transfer function instead of traditional neurons. 

The flip-flops are based on various norms, consequently, 

their transfer functions have different slopes. Fixing the 

value of the present state Q (in the characteristical equation), 

often we obtained “good” enough sigmoidal transfer function 

character [6]. First of all, to train this kind of neural network 

with a usual training method BP or LM the derivatives of 

these transfer functions have to be also calculated. Then the 

FNN can be used and trained in the usual way. We found that 

the FNNs we created had good approximation properties. 

[12]. 

5 Training feedforward neural networks 
With an appropriate transfer function and its derivative the 

Error Back Propagation algorithm (BP) can be used for 

training feedforward neural networks (FFNN). However, it 

has weak convergence rates. 

The LM algorithm is more complex and requires more 

computational effort than the BP one, but it has much better 

convergence rates. The LM algorithm is one of the most 

popular training methods for feedforward neural networks 

despite of its higher memory requirements and higher 

complexity. 

The training of the FFNNs begins with the random 

generation of initial weights and biases. Then the training 

method selected is applied. An update vector is generated 

that has to be applied for the vector that contains the weights 

and biases. 

When using BP or LM based training methods one faces the 

drawback of these local searchers described in the next 

section. 

6 Using BMAM in training FFNNs 
Although the LM method based training of the neural 

networks works much more efficiently than the BP based one 

it has all drawbacks of the local search methods. The training 

is very sensitive to the (parameter’s) initial position of the 

search space. An inconveniently generated random parameter 

set with the initial weights and biases determines a hardly 

trainable neural network with a weak performance at the end 

of the LM method based training procedure. This is because 

the LM method is a local searcher and thus it is unable to 

avoid the local minima. 

We decided to apply bacterial type evolutionary algorithms 

because they proved to be rather successful in our previous 
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works, better than the other evolutionary approaches. We 

preferred the Bacterial Memetic Algorithm with Modified 
Operator Execution Order because it converged faster than 

the original BMA. (And contained not only FRBI related 

improvements, like IBMA and MBMA do.) 

We did not implement here the gene transfer operation 

because it was not useful with the neural network training we 

have done (in not changing environments, there was no need 

to change the structure of the NN or the number of the 

neurons).  

The detailed steps of the BMAM used for NN training are 

described below: 

1. Create the initial population – neural networks with 

two hidden layers – and initialize the neural 

network’s input, layer weights and biases randomly 

as before a usual LM training procedure. Each 

individual contains the weights and biases – the 

parameters of the model – encoded in the 

chromosome. In a 1-4-3-1 NN the number of the 

parameters to be encoded are 2*4+4*3+2*3+1 = 27 

parameters per individual. 

2. Apply the modified bacterial mutation for each 

individual. 

a. Each individual is selected one by one. 

b. NClones copies of the selected individual are 

created (“clones”). 

c. Choose the same part or parts randomly 

from the clones and mutate it (except one 

single clone that remains unchanged during 

this mutation cycle). 

d. Run some conventional LM method based 

NN training iterations (3-5 epochs). 

e. Select the best clone (simulate and 

evaluate the NNs) and transfer all of its 

parts to the other clones. 

f. Repeat the part selection-mutation-LM-

selection-transfer cycle until all the parts 

are mutated, improved and tested. 

g. The best individual is remaining in the 

population, all other clones are deleted. 

h. This process is repeated until all the 

individuals have gone through the modified 
bacterial mutation. 

3. Apply the LM method based NN training to each 

individual (e.g. 10 epochs per individual per 

generation) 

4. Repeat the procedure above from the modified 
bacterial mutation step until a certain termination 

criterion is satisfied (e.g. maximum number of 

generations = 20 generation). 

The experimental setup was: 

• General PC (2GHz), Windows XP, Matlab 

• Test function:
4

3

21 )sin()sin(
)( c

c
xcxcxf +⋅⋅⋅=

• 5.0,2,07.0,2.0 4321 ==== cccc
• Number of individuals in the population: 5 

• Number of clones: 5. 

We tested the new training algorithm in two ways.  

6.1 Test 1 
In the first test group we applied the new BMAM based NN 

training. We created a 1-4-3-1 feedforward neural network 

with the usual sigmoid transfer function and with selected 

fuzzy flip-flop based neurons. Our goal was to investigate the 

improvement of BMAM based training over the conventional 

LM based one so four transfer functions were selected: 

sigmoid (tansig), Dombi Fuzzy D Flip-Flop (Dombi DF
3
), 

Frank Fuzzy D Flip-Flop (Frank DF
3
) and Frank Choi-type 

Fuzzy D Flip-Flop (Frank CDF
3
).  

Our goal was here to train a NN that is hard to be trained 

[12]. The number of neurons (4 and 3 in the hidden layers) 

was relatively low. It makes possible to recognise the 

performance improvement (MSE) better, to see that the 

model complexity may be reduced with the better training, 

and to avoid overfitting.  

We ran 30-30 trainings for each case mentioned above. Then 

the maximum, minimum, median and mean MSE values 

calculated. 

In our previous work we chose the median to characterize the 

trainability of the FFF based NNs because in case of training 

with the LM based way there were several unsuccessful 

trainings where the final model was unusable and produced 

too high MSE. That is why we had to analyse 30-100 runs. 

The best value (minimum MSE) was more or less randomly 

good so it could not be used as a reliable value for indicate 

the trainability. In case of the mean value a single one 

unsuccessful training deteriorates many very successful 

training results. With using the median this random extreme 

values could be avoided. 

Table 1 and 2 contains the results of these tests. One can see 

that using BMAM result much more better quality models 

(lower MSE). Using BMAM results lover maximum MSE 

values than median or mean values of the LM based training 

respectively. Furthermore the median and mean MSE values 

of the BMAM based training are very close to the minimum 

values of the LM based training respectively. 

Table 1: MSE values of LM based training 

LM based Max Min Median Mean 

Tansig  0.06452 1.2x10-5 0.00712 0.01891 

Dombi DF3 0.11962 0.04263 0.05732 0.06045 

Frank DF3 0.06644 0.00459 0.04642 0.04159 

Frank CDF3 0.06645 0.00593 0.05486 0.04697 

Table 2: MSE values of BMAM based training 

BMAM Max Min Median Mean 

Tansig  0.00180 3.14x10-7 2.38x10-5 0.00034 

Dombi DF3 0.03994 0.02342 0.03362 0.03294 

Frank DF3 0.01091 0.00187 0.00680 0.00716 

Frank CDF3 0.02519  0.00460 0.00833 0.00933 

Figure 2 to 9 show MSE histograms of 30-30 runs with 

various transfer functions and training methods. One can see 

that if using BMAM there is no need to run 30 or 100 

complete training cycles to gain an excellent quality model 

because every BMAM trained model have very low MSE 

value. 
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Figure 2: LM – Tansig NN histogram 

Figure 3: BMAM – Tansig NN histogram 

Figure 4: LM – Dombi DF
3
 histogram 

Figure 5: BMAM – Dombi DF
3
 NN histogram 

Figure 6: LM – Frank DF
3
 NN histogram 

Figure 7: LM – Frank DF
3
 histogram 

Figure 8: LM – Frank CDF
3
 NN histogram 

Figure 9: BMAM – Frank CDF
3 
NN histogram 

MSE 

MSE 

MSE 

MSE 

MSE MSE 

MSE MSE 
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6.2 Test 2 
In the second group of tests we utilized the BMAM to 

identify quasi optimal parameter values of various types of 

fuzzy flip-flops used in FNNs. 1-8-8-1 neural networks were 

created because the good trainability was much more 

important than the lower complexity of the model here. This 

way the optimal parameter values are easier to identify. 

Therefore we enhanced the capability of the BMAM based 

training method in a manner that the parameter (internally 

fixed Q values) of the fuzzy flip-flop used in Fuzzy Flip-Flop 

Neural Networks (FNN) can be encoded into the 

chromosome. This way it participates in the bacterial 
mutation cycle so the quasi optimal value of this parameter 

can be identified at the end of the BMAM based training. 

Because this parameter is not affected by the LM training we 

applied two different versions of the bacterial mutation
especially for this parameter. The first one is the original 

bacterial mutation (generate random values in the range of 

[0, 1]), while the second one increments or decrements the 

current fixed Q value with a very fine random step.

Table 2 shows the expected ranges and the quasi-optimal 

internally fixed Q values of several FNNs identified by the 

BMAM training method. The expected ranges were derived 

from our previous work [12]. 

Table 2: Expected ranges and fixed Q values by BMAM

Type of FNN Expected range Fixed Q value 

identified by BMAM 

Algebraic JK FF 0 – 0.4 0.25 

Algebraic D FF ~0.1,~0.5, ~0.9 0.91 

Algebraic C D FF <0.15, 0.4 – 0.6, 

>0.85 

0.53 

Dombi D FF <0.1 or >0.9 0.924 

Frank D FF 0.25 – 0.45 0.31 

Further investigations will be focused on using BMAM 

based training method to identify of the other variable 

parameters of Yager, Dombi, Hamacher, Frank norms based 

FNNs.  

7 Conclusions 
In this paper we introduced the adaptation of the Bacterial 
Memetic Algorithm with Modified Operator Execution Order
for training feedforward neural networks, especially neural 
networks built from Fuzzy Flip-Fops (F3

s). 

We applied this new approach to training neural networks and 

fuzzy flip-flop based neural networks. Our goal was to get a 

quasi-optimal result with only a single one or a very low 

number of training sequences whose error does not exceed (or 

very rarely exceeds) an acceptable level. Despite the usual 

tradeoffs between the complexity and accuracy [13] this way 

there is no need to run a few hundred of training cycles to get 

an acceptable model. 

Our tests have shown that BMAM used for training FFNNs 

and fuzzy flip-flop based FFNNs is a very successful tool. 

Although it requires more computational effort than the 

conventional training methods it produces a higher quality 

model (so the complexity of the model can be reduced) with 

only one training cycle. 

Furthermore we enhanced the capability of the BMAM based 

training method in a manner that the parameter or parameters 

of the fuzzy flip-flop used in Fuzzy Flip-Flop based Neural 
Networks (FNN) can be encoded into the chromosome. This 

way it participates in the bacterial mutation cycle so the quasi 

optimal values of these parameters can be identified at the end 

of the BMAM based training. 
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Abstract— One of the new trends in genetic fuzzy systems (GFS) is 
the use of evolutionary multiobjective optimization (EMO) algorithms. 
This is because EMO algorithms can easily handle two conflicting 
objectives (i.e., accuracy maximization and complexity minimization) 
when we design accurate and compact fuzzy rule-based systems from 
numerical data. Since the main advantage of fuzzy rule-based systems 
compared with other non-linear ones is their linguistic interpretability, 
the design of fuzzy rule-based systems can be viewed as linguistic data 
mining from numerical data. From the data mining point of view, the 
required knowledge strongly depends on its user. That is, the inter-
pretability of fuzzy rule-based systems should be evaluated by taking 
into account the user’s preference. Although there exist a number of 
interpretability measures in the literature, users usually do not know 
which measure represents their preference beforehand. In this paper, 
we propose interactive fuzzy modeling by evolutionary multiobjective 
optimization with user’s preference. User’s preference is represented 
by several satisfaction level functions which can be interactively 
modified by the user. The user’s preference is used as one of multiple 
objectives in an EMO algorithm. As a case study, we apply our ap-
proach to real world time-series data of land price movements in 
Japan and demonstrate a user interface of our approach.  
Keywords— evolutionary multiobjective optimization, fuzzy 

modelling, interactive evolutionary computation, user preference.  
 

1 Introduction 
There are two major goals in the design of fuzzy rule-based 
systems: accuracy maximization and complexity minimiza-
tion. Since the mid-1990s, a large number of approaches have 
been proposed for improving the accuracy of fuzzy 
rule-based systems while maintaining their interpretability 
[1-22]. Genetic algorithms have been frequently used under 
the name of genetic fuzzy systems (GFS) [23-25]. We can 
easily handle two conflicting objectives: accuracy maximi-
zation and complexity minimization by the weighted sum of 
them or multiobjective formulations using evolutionary mul-
tiobjective optimization (EMO) algorithms [26-28]. One of 
the hottest issues in GFS is how to measure the interpretabil-
ity of fuzzy rule-based systems [29-34]. A number of inter-
pretability measures have been already proposed and im-
plemented in GFS. Interpretability is, however, very subjec-
tive for users. Let us assume the following two rule sets. 
[Fuzzy rule-based system A] 

If x1 is big then y is 10, 
If x3 is small then y is 5, 
If x2 is very small then y is 2, 
If x3 is big then y is 11. 

[Fuzzy rule-based system B] 
If x1 is big and x2 is big and x3 is small then y=x1+5x2+9, 
If x1 is very big and x2 is very small then y = 2x2+2, 
If x1 is very small and x2 is small and x3 is big then y=12. 

If we assume that a rule set with a small number of rules is 
interpretable, the fuzzy rule-based system B is more inter-
pretable. However, the fuzzy rule-based system A seems to be 
more interpretable with respect to the rule length and the rule 
type. From this observation, we can say that the interpret-
ability is totally dependent on user’s preference (see [35] for 
more detailed discussions). There is another problem on 
interpretability. Users usually know which is interpretable for 
them only after comparing among some alternative fuzzy 
rule-based systems. That is, an interactive optimization 
process must be needed for the users. 
 In our former studies [36, 37], we have proposed an in-
teractive genetic fuzzy rule selection method for pattern 
classification problems. A preference function is used as one 
objective function in an EMO algorithm. The preference 
function is composed of several satisfaction level functions. 
The reason why we used several satisfaction level functions is 
that users don’t know appropriate criteria and their priorities 
among them beforehand. These satisfaction level functions 
are interactively modified during the evolution under the 
framework of interactive evolutionary computation [38-41]. 
In this paper, we apply this idea to a fuzzy modeling problem. 
We deal with time-series data of land price movements and 
demonstrate the prototype of a user interface.  
 This paper is organized as follows: Section 2 explains 
fuzzy modeling and its interactive optimization process. 
Section 3 explains the tackled problem and demonstrates the 
effectiveness of our method with a prototype of our user 
interface. Section 4 concludes this paper. 
 

2 Interactive Fuzzy Modeling 

2.1 Fuzzy Modeling 
In this paper, for an n-input and single-output nonlinear 
function y = y(x), we use the following fuzzy if-then rules: 
 

Rule kR : If 1x  is 1kA  and ... and nx  is knA        
then y  is kB ,  Nk ...,,2,1� ,   (1) 

 

where xi is the i-th input variable of an n-dimensional input 
vector x = (x1, …, xn), y is an output variable, k is a rule index, 
Aki is an antecedent linguistic label (e.g., small and large) for 
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xi, Bk is a consequent linguistic value, and N is the total 
number of fuzzy if-then rules.  
 The following fuzzy reasoning method has been frequently 
used in fuzzy rule-based systems since its first proposal in a 
neuro-fuzzy system [42]: 
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where �k(x) is the compatibility grade of the fuzzy if-then rule 
Rk with the input vector x, and bk is a representative real 
number of the consequent linguistic value Bk. The compati-
bility grade �k(x) is usually calculated by the product opera-
tion as 

)()()( 11 nknkk xx ��� �000��x ,        (3) 

where )(0ki�  is the membership function of the antecedent 
linguistic value Aki. The representative real number bk can be 
viewed as a result of the defuzzification of the consequent 
linguistic value Bk.  
 The fuzzy reasoning method in (2) can be viewed as a 
simplified version of the Takagi-Sugeno (TS) model where a 
linear function is used in the consequent part of each fuzzy 
if-then rule. The simplified fuzzy reasoning method in (2) has 
several advantages. For example, its reasoning mechanism is 
very simple, and it is suitable for gradient-based learning 
algorithms. 
 Since we use multiple granularities of fuzzy sets for an 
input vector, sometime the effect of specific rules becomes 
lower due to general rules. For giving specific rules more 
weight, we use an idea of inclusion-based fuzzy reasoning 
[43]. We extend the inclusion relation BA RR G  in [43]. 
When only the two rules Rk and Rq with the relation |Ak| > |Aq|, 
are compatible with the input vector x, the specific rule Rq is 
mainly used in fuzzy reasoning. That is, the weight of the 
general rule Rk is discounted. Our idea is to determine the 
amount of the discount for Rk using the compatibility grade 
�q(x) of the specific rule Rq with the input vector x. More 
specifically, the weight of Rk is defined as (1��q(x)). When 
the specific rule Rq is fully compatible with the input vector x, 
the weight of the general rule Rk is zero. This means that Rk 
has no effect on the calculation of the estimated output value 

)(ˆ xy . On the other hand, when the compatibility grade of Rq 
with x is very small, the amount of the discount for Rk is also 
very small. In this case, Rk has almost the same weight as Rq. 
Since the general rule Rk may include multiple rules, its 
weight is defined as 
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When there are no compatible fuzzy if-then rule smaller than 
Rk, w(Rk, x) is specified as w(Rk, x) = 1 because the weight of 
Rk should not be discounted in this case. It should be noted 

that the weight of each rule depends on the compatibility 
grades of other rules with the input vector x. This means that 
the weight is context-dependent. Different weights are 
assigned to the same rule for different input vectors. 
Moreover, the same rule may have different weights for the 
same input vector in different rule bases because the weight 
of each rule depends on other rules. 
 Using the rule weight w(Rk, x) of each fuzzy if-then rule Rk, 
our inclusion-based fuzzy reasoning method is written as 
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2.2 Multiobjective Fuzzy Rule Selection for Modeling 
We use a simple two-stage method for designing rule sets. In 
the first phase, a large number of candidate rules are gener-
ated from the possible combinations of membership functions. 
The consequent real number is specified as the weighted 
average of output values of compatible input-output pairs as 
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where )( pk
xA�  is the compatibility grade of the input vector 

xp with the antecedent part Ak of the linguistic rule Rk.  
 In the second phase of our rule selection, a number of 
fuzzy rule sets are selected by a multiobjective genetic algo-
rithm. Any subset S of the N candidate rules can be repre-
sented by a binary string of length N as  

NsssS �21� ,          (7) 

where sk=1 and sk=0 represent the inclusion of the k-th can-
didate rule Rk in S and the exclusion of Rk from S. 
 Each fuzzy rule set S is evaluated by the three objectives: 
 

 f1(S): the total square error by S,  

 f2(S): the number of selected fuzzy rules in S,  

 f3(S): the overall user preference for S. 

The first and second objectives have been frequently used and 
correspond to accuracy maximization and complexity mini-
mization, respectively. The first objective is calculated by, 

�
�
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2
1 ))(ˆ()( x .        (8) 

 The third objective f3(S) is the newly proposed objective in 
this paper. We explain it in the next subsection. The problem 
formulation of multiobjective genetic fuzzy rule selection is 
written as 

Minimize  f1(S) and f2(S), and maximize f3(S).   (9) 
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We use NSGA-II of Deb et al. [27] to search for a number 
of non-dominated fuzzy rule-based systems with respect to 
these three objectives. In this paper, uniform crossover and 
biased bit-flip mutation are used in NSGA-II. The biased 
mutation is that a larger probability is assigned to the muta-
tion from 1 to 0 than that from 0 to 1.  

Figure 1 shows the whole procedure of the proposed 
method. We specify an interval (i.e., the number of genera-
tions) for internal evaluations. During this interval, the sat-
isfaction level functions are not changed. After the interval, 
the user checks some of non-dominated rule sets and modifies 
the satisfaction level functions. Then another internal 
evaluation process starts. By repeating this interactive process, 
the user can specify the own preference and find the rule set 
with the high user preference value. 
 

Initialization

Evaluation

Calculation of non-
dominated ranking & 

crowding distance

Generation update

Is internal termination
condition satisfiedNo Yes

Display of non-
dominated rule sets

Modification of 
satisfaction level functions

Is termination
condition satisfied

No

Yes  
 

Figure 1: The whole procedure of the proposed method. 

 
2.3 Preference Function 
In our former study [36, 37], we have proposed a preference 
function composed of several satisfaction level functions. 
The inputs for the satisfaction level functions are criteria on 
the accuracy and interpretability of fuzzy rule sets. Each 
satisfaction level function is represented by a trapezoidal 
function in Fig. 2. gr(S) is the value of r-th criterion for the 
rule set S. ur(gr(S)) is the output of r-th satisfaction level 
function. Users specify the preference and priority for each 
criterion by moving the point B in Fig. 2. That is, the ux and uy 
of the point B mean the preference and priority for the crite-
rion, respectively. The ux can be also regarded as the maxi-
mum criterion level. 
 

A (0, ur
y)

B (ur
x, ur

y)

C (1, 0)

1

ur(gr(S))

gr(S)0 1  
 

Figure 2: A trapezoidal function for representing satisfaction 
level functions of each criterion. 

The satisfaction level function can be viewed as the re-
quirement level. During evolution, users can modify the sat-
isfaction level function according to the temporally obtained 
non-dominated rule sets. 
 The third objective function f3(S) for an overall user’s 
preference is calculated by 

	 
	 
�
�
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rr SguSf
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3 )( ,          (10)  

where Nc is the number of criteria. 
 

3 Case Study 

3.1 Problem Description  
We apply our proposed method to a simple fuzzy modelling 
problem for time-series data. The data we used in this paper is 
the land price movements of the three major metropolitan 
areas in Japan available from Ministry of Land, Infrastructure, 
Transport and Tourism webpage (http://www.mlit.go.jp/ 
index_e.html). The data includes the land price movements 
from 1980 to 2000. In this period, the bubble economy was a 
big problem: the increased demand for office buildings in city 
centres due to internationalization and informatization.  
 The data is composed of 63 pairs of two inputs (i.e., area 
and year) and one output (change of land price). For sim-
plicity, we normalized the input attributes into [0, 1]x[0, 1] 
space. We used seven categorical values (all possible com-
binations) for area attribute. For year attribute, we used 48 
fuzzy membership functions shown in Fig. 4 and don’t care 
condition. Each peak of triangular membership functions 
corresponds to one of years. These partitions could be un-
derstandable (e.g., 90’s, Mid of 80’s, around 1988). 
 From this data, 343 fuzzy if-then rules were generated as 
candidate rules. Thus, the search space is 2343. 
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Figure 3: Year-on-year change of land prices of three major 
metropolitan areas in Japan from 1980 to 2000. 

 
3.2 Criteria for Representing User’s Preference 
There are a lot of interpretability measures in the literature. In 
this case study, we used four simple criteria like: 
 - Maximum square error by S, 
 - Overlap among antecedent sets in S, 
 - Total square error by S, 
 - The number of fuzzy rules in S. 
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The maximum square error is calculated by 
2
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When a user gives a high priority to this criterion, the larger 
changes could be fitted by a fuzzy rule set.  
 We normalized each value of four criteria within the valid 
ranges based on the distribution values in the pre-simulation 
without user’s preference. The reason why we used the total 
square error and the number of fuzzy rules as the criteria for 
user’s preference is to reduce the search space based on the 
user’s preference. 
 The choice of interpretability measures is future research 
issues. The correlation among measures must be examined. 
 

0 1

11

1

0

1

0

1

0

1

0

0 1  
 

Figure 4: Fuzzy partitions with different granularities for 
Year attribute. 

 
3.3 Prototype of User Interface 
Figure 5 shows the prototype of our user interface. There are 
two windows. The left one represents the actual land price 
movement and the inferred land price movement calculated 
by the chosen fuzzy rule set.  
 At the middle of the left window, there are two graphs for 
representing non-dominated rule sets in terms of “the total 

square error and the number of rules” and “the total square 
error and the user preference value”. Red open plots represent 
non-dominated rule sets. Blue closed plot means the chosen 
rule set. The above inferred land price movement corresponds 
to the chosen rule set. Users can choose one of the 
non-dominated rule sets by clicking any plot in the graphs. 
The right CUI window shows the rules in the chosen rule set. 
 At the bottom of the left window, there are four satisfac-
tion level functions. Users can change the shapes of these 
functions by moving each point B in Fig. 2.  
 The button “Evolve” is a trigger to start internal evalua-
tions. In this paper, we specified the number of generations 
for internal evaluations as 100.  
3.4 Some Results 
When a user specified the satisfaction level functions for the 
maximum error and the number of rules as in Fig. 6, the user 
obtained a rule set with a small number of rules. The rule set 
seems to represent the original characteristics of the data. 
From Table 1, we can see that there are some general rules 
and specific rules in the fuzzy rule set. The value in paren-
theses in Table 1 represents the range of 0.5-level set of used 
membership function.  For example, “1990 [1]” means the 
smallest partition in which the peak is 1990. 
 

Table 1: Obtained rule set in Fig. 6. 
Area Year Change %

Osaka   1990 [1]   56.1 
Osaka   1992 [1]   -22.9 
Tokyo   1988 [1]   68.6 

Tokyo & Osaka   1993 [1]   -15.9 
Osaka & Nagoya   1990 [2]   28.4 

Tokyo & Osaka & Nagoya   1988 [4]   17.2 
Tokyo & Osaka & Nagoya  -  4.3 

 

 
 

Figure 5: Prototype of user interface for interactive fuzzy modelling. 
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Figure 6: Example 1. 

 
 When a user gave a high priority to “Overlap among an-
tecedent sets in S” as in Fig. 7, the user obtained a rule set 
with only one general rule and six specific rules (see Table 2). 
 

 
 

Figure 7: Example 2. 
 

Table 2: Obtained rule set in Fig. 7. 
Area Year Change %

Osaka   1989 [1]   32.7 
Osaka   1990 [1]   56.1 
Osaka   1992 [1]   -22.9 
Tokyo   1988 [1]   68.6 
Tokyo   1989 [1]   0.4 

Tokyo & Osaka   1993 [1]   -15.9 
Tokyo & Osaka & Nagoya  -  4.3 

 

 When a user gave high priorities to accuracy criteria (i.e., 
maximum error and total square error), a very accurate rule 
set was obtained as in Fig. 8. 
 

 
 

Figure 8: Example 3. 
 

4 Conclusions 
In this paper, we incorporated user’s preference into mul-
tiobjective fuzzy modeling. We proposed a preference func-
tion composed of four satisfaction level functions. We util-
ized this preference function as an additional objective in an 
EMO algorithm. Through a case study, we demonstrated that 
a user can interactively specify satisfaction level functions 
during the evolution. We also showed that the user can obtain 
an accurate and interpretable fuzzy rule-based system based 
on his/her own preference. 
 In our case study, we intuitively selected four criteria to 
represent user’s preference. Further studies are needed to 
choose appropriate criteria. We also have other interesting 
research issues to be discussed in future studies such as the 
visualization of multi-dimensional data and the minimization 
of human user’s fatigue caused by the interaction with our 
system. The latter includes automated preference modeling. 
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Abstract— In this paper, we propose to develop the supervised 
classification method Fuzzy Pattern Matching to be in addition a non 
supervised one. The goal is to monitor dynamic systems with a 
limited prior knowledge about their functioning. The detection of the 
occurrence of new states as well as the reinforcement of the 
estimation of their membership functions are performed online thanks 
to the combination of supervised and non supervised classification 
modes. No information in advance about the shape of classes or their 
number is required to achieve this detection and estimation 
reinforcement. 

Keywords— Classification, clustering, Sequential learning, Fuzzy 

Pattern Matching.   

1 Introduction 
Pattern Recognition (PR) [7] is the study of how machines 

can learn from experience to make sound decisions about the 

classes of patterns of interest. PR involves two stages: 

preprocessing and classification. The preprocessing includes 

feature extraction [1] and selection [12]. The classification 

stage is a mapping of a pattern from the feature space into 

the decision one. The latter is defined by a set of predefined 

classes. This mapping is done using a classifier. The latter is 

a method or algorithm which generates a class membership 

function in order to classify unlabelled incoming patterns 

into one of the predefined classes. Depending on the 

information available for classifier training, one can 

distinguish between supervised [10] and unsupervised [2] 

learning. In the first case, called also classification, there 

exists a set of patterns with their class assignment or label, 

called learning set. The goal of supervised learning is to 

learn a set of membership functions that allows the 

classification of new patterns into one of existing classes. 

The problem of unsupervised learning, also called clustering, 

arises if clusters’ memberships of available patterns, and 

perhaps even the number of clusters, are unknown. In such 

cases, a classifier is learned based on similar properties of 

patterns. Hence, the clustering aims to partition a given set of 

patterns into clusters based on their similarity. 

Semi supervised learning techniques use small or limited 

labelled patterns to estimate the classes’ membership 

functions and the unlabelled ones to detect the occurrence of 

new classes and refine their membership functions 

estimation. Examples of semi supervised methods can be 

found in [4, 9, 11, 13] and the references therein. These 

methods are based either on the use of the Expectation 

Maximisation algorithm for maximum likelihood based 

parameters estimation [9], on the integration of an 

incremental algorithm for the update of classifiers’ 

parameters [13], on the optimisation of an objective or 

learnable distance function [4] or on a classifier retraining to 

integrate new labelled points [11]. The popularity of these 

methods can be attributed to the fact that new information 

can be incorporated resulting better estimation of classes’ 

membership functions and thus more prediction accuracies 

thanks to the unlabelled patterns. However, the 

representativeness of the labelled data is of crucial 

importance especially for small ratios of labelled to 

unlabelled patterns [9]. This is due to the fact that the 

clustering is guided by the labelled patterns.  

One of the applications of PR methods is the monitoring of 

dynamic systems. System states, normal or faulty, are 

characterized by classes in the feature space. The 

performance of statistical PR methods depends on the prior 

knowledge, or learning set, about system behavior. The 

number of available learning patterns is often limited and 

small compared to the dimension of the feature space. Thus, 

it becomes hard to estimate the class membership function 

leading to a large variance in parameter estimates and thus 

higher classification error rates. Moreover, the behavior of a 

dynamic system can assume different operating states in the 

course of time. The learning set cannot contain patterns 

about all these states especially the faulty ones. Thus, the 

occurrence of these missing states must be anticipated online 

and integrated in the data base. In this paper, we propose a 

solution for these problems. This solution is based on the use 

of the supervised classification method Fuzzy Pattern 

Matching [3]. This method presents the advantage to process 

data with a low and constant classification time according to 

the size of data base. We propose to develop FPM as an 

unsupervised classification method. The goal is to combine 

the supervised and unsupervised learning strategies within a 

single algorithm leading to a semi supervised version of 

FPM.    

The paper is organized as follows. Firstly, the functioning of 

FPM is illustrated. In the next section, the proposed solution 

to perform supervised and unsupervised classification using 

FPM is detailed. The performance of semi supervised FPM 

is illustrated and tested using some simulated examples.   
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2 Supervised Fuzzy Pattern Matching 

2.1 Learning phase 
In the learning phase, the probability histograms are 

constructed for each class according to each attribute. The 

number of bins h for a histogram is experimentally 

determined. This number has an important influence on the 

performances of FPM [14]. The histogram upper and lower 

borders can be determined either as the maximal and 

minimal learning data coordinates or by experts. The height 

of each bin 
j

kb , { }hk ,..,2,1∈ , according to each attribute j is 

the number of learning patterns j
kibn  of the class Ci located 

in this bin. The probability distribution 

{ { } { }djhkyp j
kb

j
i ,..,2,1,,..,2,1,)( ∈∈ }, of the class Ci, 

{ }ci ,..,2,1∈ , according to the attribute j is obtained by 

dividing the height of each bin by the total number Ni of 

learning patterns belonging to the same class Ci. These 

probabilities are assigned to the bins’ 

centres { }hky j
k

b ,..,2,1, ∈ :  

i

ib
b

j
i N

n
yp

j
k

j
k

=)(                          (1) 

The Probability Density Function (PDF) is obtained by a 

linear linking between bins heights centres. 

In order to take into account the uncertainty and the 

imprecision contained in the data, the probability distribution 

is converted into possibility one 

{ } { }
2
3
4

5
6
7 ∈∈ djhky j

k
b

j
i ,..,2,1,,..,2,1,)(π . The conversion is 

performed using the transformation of Dubois and Prade [6] 

defined by: 

1

( ) min ( ( ), ( ))j j j
fk k

h
j j j

i i ib b b
f

y p y p yπ
=

= 8                          (2) 

A linear linking between bins heights centres converts the 

distribution of possibilities into density one 
j

iΠ . This 

operation is repeated for all the attributes of each class. 

2.2 Classification Phase 
The membership function for each class Ci according to each 

attribute j is considered to be numerically equivalent to the 

possibility distribution [15]. Thus, the classification of a new 

pattern x, whose values of the different attributes are x1
, .., xj

, 

.., xd
, is made in two steps :  

Determination of the possibility membership value )( jj
i xπ

of jx  to each class Ci according to the attribute j by a 

projection on the corresponding possibility density 
j

iΠ , 

 Merging all the possibility values 

)(),..,(),( 2211 dd
iii xxx πππ  concerning the class Ci, into a 

single one by the aggregation operator “minimum” : 
1 1 2 2( ) min( ( ), ( ),.., ( ))d d

i i i ix x x xπ π π π=              (3) 

The result iπ  of this fusion corresponds to the global 

possibility value that x belongs to the class Ci. Finally, x is 

assigned to the class for which it has the maximum 

membership value. 

3 Semi Supervised Fuzzy Pattern Matching 
The proposed semi supervised FPM has an agglomerative 

characteristic. Thus, it does not require any prior information 

about the number of classes. The classes’ membership 

functions are constructed sequentially with the patterns’ 

arrival. According to the ratio 
Lr

UL L
=

+
 of the number L

of labelled points to the one UL of unlabelled points, the 

proposed method can be totally supervised, r = 1, or totally 

unsupervised, r = 0. Let i
i

i i

L
r

UL L
=

+
be the ratio of labelled 

points Li belonging to the class Ci to the unlabelled ones ULi

which will be assigned to Ci. In the case that 0 1ir≤ < , the 

benefit of semi supervised FPM is to enhance the quality of 

class’s membership estimation thanks to the incorporation of 

the unlabelled points in this class. This enhancement is 

performed online thanks to the use of an incremental 

approach as we can see later. While if ri = 0, the benefit of 

semi supervised FPM is to detect this new class and to learn 

its membership function online. Thus, semi supervised FPM 

presents benefits in both classification and clustering.  

In the case of ri = 0, the first incoming unlabelled pattern is 

considered as the point prototype of a new class and its 

possibilistic membership function according to each attribute 

is computed as in supervised FPM based on this only pattern. 

The next unlabelled pattern is either classified in this created 

class, if it has a membership value according to this class, or 

considered as a point prototype of a new class. After the 

classification of each new pattern, the membership function 

of the corresponding class is updated online using an 

incremental algorithm. Due to the initialisation, created 

classes may need to be merged. This merging is performed 

using a similarity measure. The functioning of semi 

supervised FPM involves the following two steps. 

3.1 Classes detection and local adaptation step  

Let x = dd IRxxx ∈),..,,( 21  be a given pattern vector in a 

feature space constituted of d parameters or attributes. There 

is no learning set containing labelled patterns, nor a prior 

information about classes’ probability density shape or their 

number. Each attribute is divided into equal intervals 

defining the bins of the histogram according to this attribute. 

This histogram is used to estimate the conditional probability 

density for the class that x is driven from. Let 
jX min  and 

jX max  be respectively the lower and upper borders of the 

histogram according to the attribute j. These borders can be 

determined by expert as the minimal and maximal values that 

an attribute can reach. Let h be the number of histogram’s 

bins, then each bin according to the attribute j has the width : 
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h
XX

�
jj

j minmax −
= , { }dj ,..,2,1∈                       (4) 

Thus the limits of these bins are defined as follows : 

{ }
1 min min 2 min min

min max

[ , ], [ , 2 ],

.., [ ( 1) , ], 1,2,..,

j j j j j j j j j

j j j j
h

b X X b X X
b X h X j d

∆ ∆ ∆
∆

= + = + +

= + − ∈
        (5) 

The classes detection and local adaptation step involves two 

strategies : detection of new classes and local adaptation of 

their membership functions. The local adaptation strategy is 

based on an update of classes’ possibility densities after the 

classification of each new pattern so that classifier can follow 

online gradual temporal, or local, changes of classes’ 

membership functions. This online update requires a

recursive representation of classes’ possibility densities. 

However the incremental updating cannot detect abrupt 

changes as changes in the number of clusters. This abrupt 

change is followed up by the detection strategy which is 

based on the fact that each new rejected pattern by all the 

learned classes is considered as a point prototype of a new 

class. The detection strategy is a mechanism for adjusting the 

number of clusters online, which is incremented after the 

detection of each new cluster or class. 

A) Detection of new classes strategy 
The first rejected pattern x according to all the known c 
classes is considered as the point prototype of the first new 

class: , 1.cC x c c← ← + The PDF is obtained as in 

supervised FPM. If x is located in the bin { }hkb j
k ,..,2,1, ∈ , 

then the probability histogram of Cc according to the 

attribute j is : { }1 20, 0,.., 1,.., 0 .
j j j j j

c c c ck chp p p p p= = = = =

The possibility histogram will then be computed using (2). 

Since there is just one pattern, the possibility histogram is 

equal to the probability one. The possibility density of the 

class Cc is obtained by a linear linking between the centre of 

the bin 
j

kb  , which has the height 1, and the ones of its left 

j
kb 1−  and right 

j
kb 1+  neighbours, which have both at present 

the height 0. Generally, if C = {C1, C2, .., Cc} is the set of 

learned classes at present, x a new pattern which is rejected 

by all the learned classes. The detection strategy is defined as 

follows : 

{ }
{ } { }1

( ) 0, 1,2,.., 1,

, ,.., ,..,

i

j d
c c c c c

x i c c c

C x

π

π π π π

= ∀ ∈ 9 ← +

= =
                 (6) 

B) Local adaptation strategy 
For a next pattern x′ , the membership value to each class Ci, 

{ }1,2,..,i c∀ ∈ , will be obtained by a projection on its 

possibility density j
iΠ  according to each attribute j and then 

merging the values according to all the attributes using the 

aggregation operator “minimum” as in supervised FPM. If 

the membership value ( )i xπ ′ of x′  to the class Ci is different 

of zero, then this pattern will be assigned to the class Ci and 

the possibility densities of this class according to each 

attribute will be incrementally updated. To establish an 

incremental update of possibility densities, let 

{ }j
ih

j
ik

j
i

j
i

j
i ppppp ,..,,..,, 21=  and { }j

ih
j

ik
j

i
j

i
j

i πππππ ,..,,..,, 21=
define respectively the probability and possibility histograms 

of the class Ci according to the attribute j. 
Let { }j

ih
j

ik
j

i
j

i
j

i ppppp ′′′′=′ ,..,,..,, 21  and 

{ }j
ih

j
ik

j
i

j
i

j
i πππππ ′′′′=′ ,..,,..,, 21  define respectively the updated 

probability and possibility histograms of the class Ci

according to the attribute j after the assignment of x′ to the 

class Ci. Let suppose for the simplicity that : 
j

i
j
hi

j
ih ppp 1)1( .. <<< − , then these new probabilities can be 

computed incrementally by [14] : 

{ }

{ }

1
, 1,.., * ,

1 1

* , 1,.., ,
1

j j j j i
k ik ik

i i

j j i
iz iz

i

Nx b k h p p
N N

Np p z h z k
N

′ ′∈ ∀ ∈ 9 = +
+ +

′ = ∀ ∈ ≠
+

       (7) 

Then the new possibilities can be computed using Dubois 

and Prade transformation defined by (2). Thus, the local 

adaptation strategy is defined as follows : 

{ }
{ }

{ }
1,..,

1 2

( ) max ( ( )) , ,

, ,.., ,..,

i z i iz c

j d
i i i i i

x x C C xπ π

π π π π π
∈

′ ′ ′= 9 ←

′ ′ ′ ′ ′=
                 (8) 

3.2 Classes merging  step 
The occurrence order of incoming patterns influences the 

final constructed clusters. This entails the possibility to 

obtain several different partitions or number of clusters. 

Thus, several clusters can represent the same class. These 

clusters must be merged into one cluster to obtain one 

partition and one membership function. This fusion can be 

done either by expert or by a merging measure. The later 

measures the overlap or closeness between constructed 

clusters. There are different measures for merging clusters in 

the literature. Most of them are based on a similarity measure 

between clusters, which takes into account either the degree 

of overlapping of clusters or the distance between clusters’ 

centres. The clusters overlapping degree is based on the 

number of ambiguous patterns, belonging to several clusters, 

and their membership values to these clusters. If the number 

of these ambiguous patterns is large enough and their 

membership values to several clusters are high then these 

clusters cannot be considered as heterogeneous anymore and 

must be merged. An interesting similarity criterion which 

takes into account at the same time the number of ambiguous 

patterns as well as their membership values is defined by 

(Frigui el al. 1996) : 

8 8+

8 −

−=

∈ ∈

∈∈

i z

zi

Cx Cx
zi

CxorCx
zi

iz xx

xx

)()(

)()(

1
ππ

ππ
δ               (9) 

izδ  is the fuzzy similarity measure between the classes Ci

and Cz. More this measure is close to one, more the two 

clusters are overlapped. We adopt this measure for the 

merging step of semi supervised FPM.  
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 The merging criterion can be applied offline or online. In 

the first case, several iterations of clustering with a variable 

number of clusters start with a high over-specified number 

(an upper bound). Then, the clusters number is reduced 

gradually until an appropriate number is found. In each 

iteration, similar clusters are merged and this procedure is 

repeated until no more clusters can be merged and finished 

with the optimal number of clusters. In dynamic applications, 

the merging operation must be done online because the 

whole unlabelled patterns are not available a priori. Thus, 

the merging criterion can be tested either after the 

classification of each pattern or in each time window. The 

problem of the testing after each classification pattern is the 

calculation complexity which depends on the cardinality of 

clusters to be merged. However, the clusters are merged 

online when this measure reaches a predefined threshold. 

While in the other case, the merging can be delayed 

according to the size of the time window, but the calculation 

complexity is less than the one of the first case. We propose 

to update the fuzzy similarity measure within a time window. 

This update requires the calculation of the new membership 

values for all the patterns of all the classes inside which new 

patterns have been assigned. Indeed, if a new incoming 

pattern x is assigned to the cluster Ci, then the fuzzy 

similarity measure must be computed only between Ci and 

the other clusters Cz, { }1,.., , .z c z i∈ ≠
When two clusters are merged, their membership functions 

must also be merged. We propose to merge the membership 

functions online using an incremental approach. 

Let { }j
ih

j
ik

j
i

j
i

j
i ppppp ,..,,..,, 21= , { }j

zh
j
zk

j
z

j
z

j
z ppppp ,..,,..,, 21=   

be respectively the probability distributions of the two 

clusters Ci and Cz to be merged. Each bin probability is 

computed as (1) : 
i

bij
ik N

n
p

j
k= , { }hk

N

n
p

z

bzj
zk

j
k ,..,1, ∈∀= . The 

probability of the bin 
j
k

b  after the merging of the patterns of 

the two clusters Ci and Cz is equal to : 

zi

zbibj
izk NN

nn
p

j
k

j
k

+

+
=                       (10) 

Where j
k

ibn and j
k

zbn are respectively the number of patterns 

of the classes Ci and Cz located in the bin 
j
k

b  according to 

the attribute j. Ni and Nz are respectively the number of 

patterns of the classes Ci and Cz.  We can rewrite (10) as 

follows: 

* *

* *

j j
k k

ib zbj i z
izk

i i z z i z

j ji z
ik zk

i z i z

n nN Np
N N N N N N
N Np p

N N N N

= + =
+ +

+
+ +

            (11) 

 Using (11), the probability distribution of the class after 

merging is obtained incrementally according to each 

attribute. Based on (2), the corresponding possibility 

distributions defining the membership functions can be 

obtained. 

4 Experimental Results 
Figure 1 presents a simulated data base of two classes in a 

feature space of two attributes. The two classes are of 

different sizes, the first has 200 patterns and the second has 

100 patterns. The distribution of each class has two 

independent normal variables with different standard 

deviations and means. Anyway, the two classes are not 

overlapped. 

Figure 1: Example of two classes with different sizes, 

standard deviations and means. 

 We apply the proposed semi supervised FPM by selecting 

the patterns with a complete random order. The goal is to test 

the robustness of our algorithm against the initialisation 

problem. The experience is repeated several times with a 

different random pattern’s occurrences at each time. We start 

the experience with a time window which is equal to the size 

of the data set, i.e., the merging step is applied after the 

reception of all the available patterns in the data base. Semi 

supervised FPM detects between 2 to 5 clusters according to 

the initialisation. Figure 2 shows the result of our algorithm 

in the case of the detection of 5 clusters. 

Figure 2: Results of the detection and local adaptation step of 

semi supervised FPM for the example of Figure 1.  

The fuzzy similarity measures between the classes in this 

case are :  

12 13 14 15 23

24 34 35 45

0.23, 0, 0.69, 0, 0,

0.42, 0.04, 0.52, 0.04

� � � � �
� � � �

= = = = =
= = = =

The merging threshold 23.0min =λ  is sufficient to merge the 

classes C1, C2 and C4 into one cluster and C3 with C5 into one 

another cluster in order to obtain at the end the two necessary 

clusters.  Based on the experimentation of several time 

windows’ sizes, a time window of 30 patterns is sufficient to 
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well estimate the correct number of clusters. Anyway, the 

width of the time window depends of the application: its 

dynamic, and the initialisation. If this width is too large, then 

the clusters merging will be delayed, while if it is too small 

the fuzzy similarity measure value may not be enough to 

validate the merging.  

4.1 Classes of non convex shape 
Supervised FPM works well if the classes are separated by at 

least one attribute. This is due to the fact that the 

classification of a pattern by FPM is based on a selection of 

one attribute. Another consequence of the selection of one 

attribute is that FPM does not respect the shape of classes if 

this shape is not convex, which is the case of the majority of 

real applications. Indeed, FPM provides always rectangular 

membership level curves for all the classes. Figure 3 presents 

a case for which the classes are not separated by at least one 

attribute. In addition, the classes C1 and C3 are of non convex 

shape. Figure 4 presents the results of the application of semi 

supervised FPM on this data, with a histogram containing 8 

bins. Indeed, a higher number of histogram’s bins is 

necessary when the classes are not separated by at least one 

attribute. A threshold equal to 0.14 is the required one for the 

merging measure to obtain the three classes. 

Figure 5 shows the membership level curves obtained for this 

data set after the merging of clusters. Here the application of 

(11) leads to obtain one membership function for each class 

according to each attribute equivalent to the one resulting by 

the application of supervised FPM on each class after 

merging. We can see that these curves do not respect the 

shape non convex of classes C1 and C3. This, as we said 

before, is due to the classification decision based on the 

selection of one attribute. Inspired of the multi-prototypes 

approach [5] used in the literature to respect the shape of 

classes, we propose to merge the membership functions of 

the classes as follows : 

),1min( ziiz πππ +=                      (12) 

Where izπ  is the membership function after the fusion of 

classes Ci and Cz. 

Using (12) means that each class is composed of several 

subclasses. Each subclass keeps its membership function. 

The application of (12) provides the membership level 

curves of Figure 6. We can see that these curves respect the 

classes shape. In addition, no supplementary computation is 

required to obtain this fusion. When the number of bins h
increases, the number of subclasses increases also. This leads 

to obtain membership level curves which respect more 

precisely the classes’ shape. However, increasing too much h
entails the appearance of some membership peaks in the 

centre of classes.  

Figure 3: Classes which are not separated by at least one 

attribute and their shape is not convex (classes C1 and C3). 

Figure 4: Clusters obtained by the application of semi

supervised FPM on the data set of Figure 3. 

Figure 5: Membership level curves for the example of 

Figure 3. The membership functions of classes are obtained 

using (11). 

Figure 6: Membership level curves for the example of Figure 

3  using (12). 
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4.2 Overlapped classes 
In the case of overlapped classes, the similarity measure 

becomes useless since the classes are not well separated. In 

addition, some points can be misclassified according to the 

ratio of labelled points to the total number of points in data 

sets. To allow testing the performance of semi supervised 

FPM in the case of overlapped classes, we take the following 

artificial 2-dimensioal dataset (Figure 7) available at 

http://www.stats.ox.ac.uk/pub/PRNN/. It is a normal 

mixtures data set. The training data consists of two classes 

with 125 patterns in each class. Each of the two classes has 

bimodal distribution. The testing set is an independent set of 

1000 patterns drawn from the same distribution. The 

reported misclassification error is based on this testing set. 

The patterns were selected randomly which means that 

labelled patterns about some classes may not be presented at 

all. The experience is repeated 50 times to take into account 

the effect of initialisation. Table 1 presents the obtained 

results using semi supervised FPM. We can see that when r
increases the misclassification error decreases thanks to the 

existence in advances of labelled patterns about some 

classes.   

Figure 7: Normal mixtures data set. 

Table 1: Misclassification Rate (MR) and its STandard 

Deviation (STD) in % according to different values of r for 

the normal mixture data set.  

r % 0% 10% 20% 30% 40% 

MR % 

STD % 

13.49 

12.52 

11.89 

3.71 

9.91 

1.27 

9.39 

1.03 

9.19 

0.62 

50% 60% 70% 80% 90% 100% 

8.84 

0.39 

8.61 

0.32 

8.43 

0.30 

8.26 

0.27 

8.16 

0.2 

8.10 

0 

5 Conclusions 
In this paper, the supervised classification method Fuzzy 

Pattern Matching (FPM) is developed to be also an 

unsupervised classification one. The goal is to obtain a semi 

supervised classification method adapted to dynamic systems 

for which a limited prior knowledge is available. Since the 

unsupervised learning technique is not based on a distance 

measure, the proposed algorithm will not favour the smaller 

sized clusters. In addition, it can start with no prior 

information. Finally, the membership functions can be 

adapted to elongated and non convex clusters.       

We are developing FPM to be operant in the case of non 

stationary data. Indeed, in many practical situations, the 

environment changes. A learning data set used to construct 

the membership functions will be no more valid after a 

certain time. Thus, the classification method must be able to 

forget the information which is no more valid or 

representative of classes and adapt the membership functions 

based only on the recent and useful one.           
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Abstract − The fuzzy weighted average (FWA) is used in
many engineering problems where aggregation of fuzzy in-
formation is dealt with. In this framework, many algorithms
have been proposed to compute efficiently the FWA accord-
ing to Zadeh’s extension principle. However, due to fuzzy in-
terval calculus, the exact solution presents a characteristic
that may be viewed as an important drawback. Indeed, re-
placing each individual by the fuzzy weighted average in the
assessment of the population score leads to a result different
from the original one. The presented work is an attempt to
propose an optimistic counterpart for the FWA that elimi-
nates the mentioned characteristic, possibly undesirable. Ac-
tually, the optimistic FWA is computed by using a modified
division operator. When existing, the latter is the inverse op-
erator of the fuzzy multiplication. Contrary to the conven-
tional FWA, the optimistic one can be computed by a
sequence of elementary arithmetic operations.

Keywords − Fuzzy arithmetic, Fuzzy weighted average,
Gradual real numbers

1 Introduction

The average is probably the easiest and the most widespread

solution to aggregate information. The average is defined as

the single value which all the individuals of a population

should have so that their total is unchanged. When the sam-

ple contains several times the same individuals, it is possible

to reformulate the average as a weighted average by intro-

ducing coefficients related to each individual. So a weighted

average is an average in which a weight wi is assigned to each

quantity xi to be averaged. The weights determine the relative

importance of each quantity on the average. Considering N
numbers xi with associated weights wi, the weighted average

y is expressed as follows:

(1)

In an imprecise environment where information are poorly

defined, it may be appropriate to represent scores and

weighting coefficients by fuzzy numbers and . In this

case, the weighted average becomes a fuzzy number  as

well, i.e. the fuzzy weighted average (FWA). 

If we follow the traditional fuzzy set theory, the fuzzy aver-

age = f ( , , ..., , , , ..., ) is obtained ac-

cording to the extension principle that is:

(2)

Many authors proposed computational algorithms providing

a discrete but exact solution of (2). All methods are based on

the α-cut representation of fuzzy sets and interval analysis as

initially suggested by Dong and Wong [5]. In interval com-

putation, efficient algorithms exist for specific classes of

functions, especially for the class of fractionally-linear func-

tions [12]. The weighted average is an example of such func-

tions and the problem of computing exactly the FWA is thus

practically solvable. Liou and Wang [14] were the first to ob-

serve that since the xi appear only in the numerator of (1),

only the smallest values of the xi are used to find the smallest

value of (1), and only the largest values of the xi are used to

find the largest value of (1). This decomposition is used to re-

duce the algorithmic complexity in recent proposed ap-

proaches ([4], [8], [9], [12], [13], [15]).

Even if the above mentioned iterative procedures determine

the exact solution for the FWA and so cope with multiple ap-

pearance of variables in the expression of the function f in
(1), there is no known closed-form formula for computing .

Moreover, there is no available algorithm that could be di-

rectly implemented using elementary arithmetic operations

between fuzzy operands. This aspect is studied in [16] where

the authors are interested in designing a symbolic engine that

could transform any given function into a sequence of ele-

mentary operations for which fuzzy interval computation

would achieve exact result (without overestimation). Unfor-

tunately, it was proven by Nguyen et al. [16] that operations

with one or two fuzzy operands are not sufficient to describe

generic functions on fuzzy sets.

In addition to the difficulty of obtaining the exact solution,

the fuzzy weighted average has an important drawback di-

rectly related to fuzzy interval calculus. Indeed, replacing

each individual by the fuzzy weighted average in the assess-

ment of the population score leads to a result different from

the original one. Actually, when the fuzzy average is viewed

as expressing a requirement of maximal tolerance on a vari-

able y which is itself the result of a computation involving

quantities x1, x2, ...., xN whose values are implicitly con-

strained by this calculation, it is desirable to solve the fuzzy

y = f (x1, x2, ...., xN , w1, w2, ...., wN )

w1 + w2 + .... + wN

x1 w1 + x2 w2 + .... + xN wN
= 

xi
~ wi

~

y~

y~ x1
~ x2

~ xN
~ w1

~ w2
~ wN

~

µy(y) = sup~

min(µx1
(x1), .., µxN

(xN), µw1
(w1), .., µwN

(wN))

x1, .., xN , w1, .., wN /

~ ~ ~ ~

y =  f (x1, .., xN , w1, .., wN )

y~
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equation:

B� = A (3)

with B = �  ..�.. (4)

and A = ( � )�( � )� ...�( � )

for determining . For example, such a procedure would be

probably well suited to the case where the FWA is used for

aggregating rule contributions in a Sugeno-like fuzzy system

that would deal with fuzzy inputs. 

In this context of «optimistic fuzzy interval calculus» [6],

standard fuzzy operations can not be used directly for com-

puting . It means that a modified division denoted ��
must be searched for so that computing  as A��B guaran-

tees the satisfaction of the equality constraint (3). In the cho-

sen context, both fuzzy quantities A and B are computed with

the same weights  according to (4) but the computation of

 does not handle explicitly weight interaction. The pro-

posed approach is thus different from constrained fuzzy

arithmetics as dealt with by Klir in [10] whose objective is an

appropriate handling of interactive variables. 

The motivation of this paper is twofold. Indeed, the present-

ed work is an attempt:

• to propose an optimistic counterpart for the fuzzy weigh-

ted average,

• to compute the latter by a sequence of elementary opera-

tions.

This paper is organized as follows. Section 2 introduces

fuzzy intervals with emphasis on their profile representation

and their combination by arithmetic operators. In section 3, a

new modified division operator is proposed for directly solv-

ing fuzzy equations. Then, section 4 is devoted to the imple-

mentation of the optimistic fuzzy weighted average with the

presentation of two examples taken from the literature.

2 Fuzzy arithmetic operators

2.1 Fuzzy Intervals and Profiles

Let us consider a unimodal fuzzy interval A with kernel value

KA and support SA = [SA
−, SA

+] where SA
− and SA

+ are respec-

tively the lower and upper bounds, of the interval SA. 

In order to specify the fuzzy interval shape, two additional

functions are used to link the support with the kernel value.

These functions, called left and right profiles, respectively

denoted A− and A+, are defined from the membership func-

tion µA by:

(5)

where λ∈[0, 1]. The profile A− (resp. A+) is an increasing (re-

sp. decreasing) mapping that corresponds to the left (resp.

right) part of the fuzzy interval A. It can be easily stated that:

KA = A−(1) = A+(1), (6)

SA = [A−(0), A+(0)]. (7)

Finally, the fuzzy interval A is univoquely defined by its left

and right profiles. Thus, in the same way that the convention-

al interval SA is denoted [SA
−, SA

+], the fuzzy interval A will

be denoted [A−, A+]. Equivalently, A can be viewed as the

family of nested intervals A(λ) = [A−(λ), A+(λ)], λ∈[0, 1],

when an explicit formulation with respect to λ is preferred. 

For simplicity, the following additional notations are used in

the remaining part of the paper. Given the interval S = [S−,
S+], its midpoint M(S), its radius R(S) and its relative extent

Rex(S) are respectively defined by:

M(S) = (S+ + S−) / 2, (8)

R(S) = (S+ − S−) / 2, (9)

Rex(S) = R(S) / M(S). (10)

2.2 Arithmetic operators

Let A = [A−, A+] and B = [B−, B+] be two fuzzy intervals, the

classical four arithmetic operations are expressed by: 

A�B = [A− + B−, A+ + B+] (11)

A�B = [A− − B+, A+ − B−] (12)

A�B = [min Z, max Z] (13)

where Z = {A−B−, A−B+, A+B−, A+B+}

A�B = [A−, A+]�[1/B+, 1/B−] (14)

for B such that 0 ∉ SB

In order to cope with the twofold objective of solving equa-

tion (3) for determining the optimistic fuzzy average  and

of computing the fuzzy solution by a sequence of elementary

operations, it is quite natural to search for a representation of

 in the form:

= A�B (15)

where A and B are defined according to equation (4).

However, using the usual division and multiplication opera-

tors given by (14) and (13), it can be easily stated that substi-

tuting  computed according to (15) into (3) gives a result

more imprecise than the original A. Figure 1 illustrates this

characteristic using two triangular fuzzy numbers A and B,

with KA = 2.4, SA = [0.8, 5.8] and KB = 1, SB = [0.4, 1.9]. 

At best A ⊆ B�(A�B) which means that the desired equality

is generally not achieved. This problem is related to the lack

of inverses in the calculus of fuzzy quantities.

Thus, a way around overestimation problems must be

searched for outside standard arithmetic operations. One

may think of using fuzzy arithmetic with requisite equality

constraints as proposed in [10]. Klir’s idea consists in doing

fuzzy arithmetic with constraints dictated by the context of

the problem. In practice, constraints are achieved by a-priori

knowing that the α-cuts from two variables are the same. The

approach is thus efficient for avoiding overestimation due to

the occurrence of interactive variables. However, even when

using constrained arithmetic, the calculus of fuzzy quantities

is still pessimistic about the precision.

In the context of optimistic fuzzy calculus, we propose to use

the modified division operator presented in next section.

y~

w1
~ w2

~ wN
~

w1
~ x1

~ w2
~ x2

~ wN
~ xN

~

y~

y~

y~

wi
~

y~

A−(λ) = Inf {x | µA(x) ≥ λ; x ≥ SA
−}

A+(λ) = Sup {x | µA(x) ≥ λ; x ≤ SA
+}

y~

y~

y~

y~
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Figure 1: Fuzzy division and multiplication

3 The modified ������������Operator

3.1 Definition 

Let A = [A−, A+] and B = [B−, B+] be two unimodal fuzzy in-

tervals with 0 ∉ SB. The result of the modified division A
��B is defined from two gradual real numbers [7], denoted

Φ− and Φ+, defined by their assignment functions from [0, 1]

to the reals, as :

(16)

and

(17)

It is clear that, given A and B, both gradual numbers Φ− and

Φ+ can always be computed. It is thus always possible to de-

fine A ��B as the ordered pair (Φ−, Φ+) considering Φ− as

a left profile and Φ+ as a right profile. Such entities are stud-

ied in [11] where it is proposed to add an extra feature, called

“orientation”, to pairs of profiles so as to build “ordered

fuzzy numbers”. 

It is shown in [2] that the modified division �� is the inverse

operator of �, that is B�(A��B) = (A��B)�B = A. Further

details on the way equations (16) and (17) were established

can be found in [3].

There is no guarantee that the ordered pair (Φ−, Φ+) is a

gradual interval [7]. In other words, computations of Φ− and

Φ+ according to (16) and (17) do not guarantee that ∀λ∈[0,
1], Φ−(λ) ≤ Φ+(λ). It is however possible to determine a nec-

essary and sufficient condition on operands A and B, under

which A ��B = (Φ−, Φ+) is the gradual interval [Φ−, Φ+]. 

For unimodal operands, requiring that Φ− ≤ Φ+ at the kernel

and support levels, that is :

Φ−(1) = Φ+(1) = KΦ
Φ−(0) ≤ KΦ ≤ Φ+(0)

leads to the following condition on A and B:

(18)

where δK = KA / KB, δM = M(SA) / M(SB) and S = sign(1 −
|Rex(SA)|). Extending (18) to all λ-cuts leads to a necessary

and sufficient condition under which [Φ−, Φ+] is a gradual

interval. Without any additional monotonicity assumption,

the obtained interval is not always a fuzzy interval in the

sense that λ-cuts are not necessarily nested.

Next subsection illustrates different behaviors of the pair

(Φ− , Φ+).

3.2 Modified division of fuzzy triangular sets

Using the modified division operator for computing the divi-

sion A ��B where A and B are the triangular fuzzy subsets

dealt with previously in figure 1, the fuzzy subset plotted in

figure 2 is obtained. It can be stated that the latter is less im-

precise than the standard division A�B. As desired, the com-

puted result is the exact solution of the fuzzy equation

B�X=A. It induces that X is implicitly less imprecise than A
which is clearly verified in figure 2.  

Figure 2: Modified fuzzy division

One may try to compute 1�� A in order to determine the in-

verse of A according to �� where 1 is the degenerated fuzzy

subset associated with the crisp value 1. Considering the

fuzzy subset A defined previously in figure 1, the result of the

computation using equations (16) and (17) is given in figure

3. It appears clearly that (Φ−, Φ+) is not a gradual interval

since the left and right profiles are exchanged, that is: Φ+(λ)

< Φ−(λ) for λ ≠ 1. 

Figure 3: Computation of Φ− and Φ+ for 1 �� A

It would have been possible to detect the «non-inversibility»

of A prior to calculus according to the violation of condition

(18).

The «non-inversibility» statement can be generalized to any

0 2 4 6
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1
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0
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1
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0
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1

0 10 20 30
0
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1

A�B B�(A�B)

A B

A

Φ− λ( ) Num− λ( )
Den− λ( )
------------------------=

= 
M A λ( )( ) R A λ( )( ) sign M SB( )( )⋅–

M B λ( )( ) R B λ( )( ) sign Num− λ( )( )⋅–
----------------------------------------------------------------------------------------------

Φ+ λ( ) Num+ λ( )
Den+ λ( )
------------------------=

= 
M A λ( )( ) R A λ( )( ) sign M SB( )( )⋅+

M B λ( )( ) R B λ( )( ) sign Num+ λ( )( )⋅+
----------------------------------------------------------------------------------------------

1 −  Rex SA( )
1 − S Rex SB( )⋅
---------------------------------------------

δK
δM
--------

1  Rex SA( )+

1  Rex SB( )+
-------------------------------------≤ ≤

A�����B A A�B

Φ−Φ+
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non degenerated fuzzy subset. Indeed, let us suppose a fuzzy

unimodal interval A, 0 ∉ SA, such that 1��A exists. In this

case, condition (18) has to be verified. As K1 = M(S1) = 1 and

R(S1) = Rex(S1) = 0, condition (18) becomes: 

(19)

As 0 ∉ SA, M(SA) and KA have the same sign. Let us first con-

sider that M(SA) and KA are both positive. Then, inequality

(19) is rewritten as follows: 

(20)

otherwise expressed as: 

SA
+ = M(SA)+R(SA) ≤ KA ≤ M(SA)−R(SA) = SA

− (21)

The single case where condition (21) holds, i.e. A is invert-

ible, is for A being a crisp positive number. The case when

M(SA) and KA are both negative leads to a similar conclusion.

3.3 Modified division for computing FWA

In the context of computing weighted average, weights are

usually supposed to be positive numbers. Extending to fuzzy

weighted average, fuzzy positive weights  are also as-

sumed. Thus, computing the FWA  as A ��B with B being

the sum of the weights, i.e. B = �  ..�.. , one can re-

strict the closed form of the modified division to the case of

B positive. Equations (16) and (17) are then rewritten as A
��B = [Φ−, Φ+], with

(22)

and

. (23)

4 Examples

4.1 Two-term average

To illustrate the proposed method for computing the fuzzy

weighted average, a two-term example discussed in [9] is

considered. Hence, we focus on the computation of:

(24)

where fuzzy triangular scores ,  and fuzzy triangular

weights ,  are illustrated in figure 4. Using the profile

representation, it follows:

 = [λ, 2 − λ],
 = [λ + 2, 4 − λ],
 = [0.3 λ, 0.9 − 0.6λ],
 = [0.3λ + 0.4, 1 − 0.3λ].

The computation of  according to (24) leads to the fuzzy re-

sult plotted in figure 5. As both fuzzy variables  and  are

positive, according to (22) and (23) the developed forms of

the left and right profiles of  are given by :

(25)

(26)

Figure 4: Fuzzy quantities and weights

Althrough the λ parametrization has been omitted in equa-

tions (25) and (26), all involved profiles are fonctions from

the unit interval [0, 1] to the real line. It means that the addi-

tion, multiplication and division operations are function op-

erations. 

It can be observed that the computed optimistic FWA is a

gradual interval. However, that one is not a fuzzy interval

since its left profile is not an increasing function with respect

to λ. 

Figure 5: Optimistic fuzzy weighted average

For comparison purpose, figure 6 regroups the exact FWA

according to Zadeh’s extension principle with its lower and

upper approximations, respectively obtained with the modi-

fied division operator and the conventional one. At the kernel

level (λ = 1), all approaches give the same result, i.e. the

weighted average for precise weights and numbers. At the

other levels, the following inclusion is obtained:

FWAoptimistic ⊆ FWAexact ⊆ FWAarithmetic. (27)

In the very simple example under consideration, it can be ob-

served that the  variables are sorted. Then, according to

[13], the analytical closed form of the exact FWA is ex-

pressed by:

(28)

(29)

1 

1  Rex SA( )–
------------------------------------

M SA( )
KA

----------------
1

1  Rex SA( )+
-------------------------------------≤ ≤

M SA( )
M SA( ) R SA( )–
-------------------------------------

M SA( )
KA

----------------
M SA( )

M SA( ) R SA( )+
-------------------------------------≤ ≤

wi
~

y~

w1
~ w2

~ wN
~

Φ− λ( )
A− λ( )

M B λ( )( ) R B λ( )( )– s⋅ ign A− λ( )( )
-------------------------------------------------------------------------------------=

Φ+ λ( )
A+ λ( )

M B λ( )( ) R B λ( )( )+ s⋅ ign A+ λ( )( )
-------------------------------------------------------------------------------------=

y = (x1�w1 � x2�w2)��(w1� w2) 
~ ~ ~ ~ ~ ~ ~

x1
~ x2

~

w1
~ w2

~

x1
~

x2
~

w1
~

w2
~

y~

x1
~ x2

~

y~

ỹ − x̃1

− w̃1

− x̃2

− w̃2

−⋅+⋅

w̃1

− w̃2

−
+

----------------------------------------=

ỹ+ x̃1

+ w̃1

+ x̃2
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+⋅+⋅

w̃1

+ w̃2

+
+

----------------------------------------=
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~
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However, in the general case it may not be possible to order

the  fuzzy variables and numerical methods have to be ap-

plied for discretized λ values. In this context, mathematical

programming techniques may be preferred ([9], [8]). Meth-

odologies based on the handling of gradual numbers are also

sensitive to the ordering problem. It is thus suggested in [7]

to divide the λ-range in several parts for which specific or-

ders are defined.

Figure 6: Fuzzy weighted average

4.2 Five-term example

This example taken from [13] consists in computing a five-

term FWA, with the fuzzy triangular numbers  and , i =
1, ..., 5, given in table 1 and illustrated in figure 7.

Table 1: Fuzzy numbers and fuzzy weights

Figure 7: Fuzzy numbers and fuzzy weights

Using the modified division operator to compute the FWA,

the result plotted in figure 8 is obtained. It can be observed

that the optimistic FWA is here a fuzzy number, i.e. both left

and right profiles are monotonic. As expected, the inclusion

property (27) is valid.

Figure 8: Five-term FWA

5 Conclusion

Based on the use of a modified fuzzy division operator, an

optimistic counterpart of the usual fuzzy weighted average

was proposed. The modified division is the inverse operation

of the fuzzy multiplication. Consequently, the computed op-

timistic fuzzy average can replaced all individuals without

modifying the weighted sum of the population. Moreover,

the computation can be achieved by a sequence of elementa-

ry arithmetic operations. Unfortunately, the optimistic aver-

age may not be a fuzzy number but only an interval of

gradual numbers. Actually, the modified division definition

only guarantees that the result can be expressed in the form

of an ordered pair of gradual numbers without further re-

quirement on the profile monotonicity.

Two simple examples from the fuzzy literature have been

used for illustration. More complicated and realistic cases

must be further tested. For example, the proposed optimistic

average may be used in the context of determining cluster

centers for linguistic fuzzy C-means ([1]). Another possible

use may be found in the aggregation of Sugeno-like rule con-

sequents. More conceptual works have also to be developed

in order to correctly position the optimistic FWA with respect

to the exact one.
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Abstract— In this paper, evolving inverse fuzzy models obtained
online for uncalibrated visual servoing in 3D workspace, are devel-
oped and validated in a six degrees of freedom robotic manipulator.
This approach will recursively update the inverse fuzzy model based
only on measurements at a given time instant. The uncalibrated ap-
proach does not require calibrated kinematic and camera models, as
needed in classical visual servoing to obtain the Jacobian. Exper-
imental results obtained in a PUMA robot performing eye-to-hand
visual servoing in 3D workspace are used to demonstrate the validity
of the proposed approach, when compared to the previous developed
off-line learning.

Keywords— Visual Servoing, Fuzzy Control, Robotics, Evolving

Fuzzy Systems.

1 Introduction
Industrial robotic manipulators use sensor-based control to

perform tasks, either in structured or unstructured environ-

ments. Vision sensors provide a vast amount of information

on the environment in which robots move. Thus, vision is es-

sential for robots working in unstructured environments. This

type of sensors definitely enlarges the potential applications

of the actual robotic manipulators. Visual servoing can be de-

fined as a method to control dynamic systems using the infor-

mation provided by visual sensors. In this paper, the control of

a robot manipulator end-effector using a single camera look-

ing to the robot (eye-to-hand) is addressed [1].

Early approaches for visual servoing are based on a model

already known, i.e. the robot-camera model, from which the

relation between the features and the robot kinematics is ana-

lytically obtained [2]. Apart from the stated approaches where

the robot-camera model is already known, it can also be esti-

mated [3, 2]. This type of systems, Uncalibrated Visual Servo-
ing, can deal with unknown robot kinematics and/or unknown

camera parameters. By using this type of robot-camera mod-

els, the system becomes independent of robot type, camera

type or even camera location.

In this paper, the robot-camera model estimation, from mo-

tions in the 3D workspace, by learning is addressed both on-

line and off-line using fuzzy techniques to obtain a controller

capable of controlling the system. An inverse fuzzy model is

used to derive the inverse robot-camera model, i.e. the Jaco-

bian, in order to compute the joints and end-effector velocities

in a straightforward manner. The inverse fuzzy model cab be

applied directly as a controller, which is a simple way to im-

plement a controller in real-time. Note that this feature is very

important in robotic systems.

From the modeling techniques based on soft computing,

fuzzy modeling is one of the most appealing. As the robotic

manipulator together with the visual system is a nonlinear sys-

tem, which is only partly known, it is advantageous to use

fuzzy modeling as a way to derive a model (or an inverse

model as in this case) based only on measurements. In this

paper will be applied and compared two approaches, off-line

[2], and on-line [4, 5]. The first approach have already proven

to perform well in visual servoing systems. It’s main draw-

back is that the learning must be performed off-line. Since

the environment in which the robot operates can vary impor-

tantly, new models should be derived very often, which take

time and also the robot must stop the task that is performing.

That is why an on-line modeling of the visual servoing system

is preferable. This approach was not yet applied to control

robotic manipulators using vision and is the objective of the

present paper.

The paper is organized as follows. Section 2 describes

briefly the concept of visual servoing and presents the un-

calibrated visual servoing approach. Section 3 presents very

briefly on-line and off-line fuzzy modeling, and discusses the

problem of identifying inverse fuzzy models directly from

data measurements. Section 4 describes the experimental

setup and presents the obtained results, where the identified in-

verse fuzzy models are discussed. Finally, Section 5 presents

the conclusions and the future work.

2 Visual Servoing

Machine Vision and Robotics can be used together to control

a robotic manipulator. This type of control, which is defined

as Visual Servoing, uses visual information from the work en-

vironment to control a robotic manipulator performing a given

task. In the following sub-sections classical and uncalibrated

visual servoing are presented, along with their main goals.

2.1 Classical Visual Servoing

Within the visual servoing framework, there are three main

categories related with the information obtained from the im-

age features:

• image-based visual servoing [1, 6], which uses direct in-

formation from the object in the image, i.e. image fea-

tures,
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• position-based visual servoing [1], which uses 3D in-

formation of the object from the image(s), e.g. the 3D

coordinates of the object or the rotation and translation

between the camera and object frames, obtained using a

CAD model of the object to perform an on-line pose es-

timation,

• hybrid visual servoing [7], which combines the first two

approaches and is a possible solution to some drawbacks

of image-based and position-based methods [8].

In the following, the classical approaches to modeling and

control of position-based visual servoing are presented.

2.1.1 Modeling the Position-Based Visual Servoing System
In this paper position-based visual servoing with 3D features

[9] is used in an eye-to-hand system [1], where the camera is

fixed and looking the robot and object. The 3D image features,

s are 3D points of the object in the camera frame, p. The

kinematic modeling of the transformation between the image

features velocities, ṡ, and the joints velocities q̇ is defined as

follows [9]:

ṡ = [ −I3 S(p) ] · cWe · eJR · q̇ = J · q̇ , (1)

where I3 is the 3 × 3 identity matrix, S(p) is the skew-

symmetric matrix of the 3D point p, cWe is defined as the

transformation between the camera and end-effector frames

velocities, and eJR is the robot Jacobian. The 3D point is

obtained from the captured image using a pose estimation al-

gorithm [9].

2.2 Uncalibrated Visual Servoing
To derive an accurate Jacobian, J , a perfect modeling of the

camera, the chosen image features, the position of the cam-

era related to the world, and the depth of the target related to

the camera frame must be accurately determined. Even when

a perfect model of the Jacobian is available, it can contain

singularities, which hampers the application of a control law.

Remind that the Jacobian must be inverted to send the camera

velocity to the robot inner control loop. When the Jacobian is

singular, the control cannot be correctly performed.

There are visual servoing systems that obviate the calibra-

tion step and estimate the robot-camera model either online or

offline. The robot-camera model may be estimated:

• analytically, using nonlinear least square optimization

[10], and

• by learning or training, using fuzzy membership func-

tions and neural networks [11, 2].

In addition, the control system may estimate an image Ja-

cobian and use the known robot model, or a coupled robot-

camera Jacobian may be estimated.

To overcome the difficulties regarding the Jacobian, a new

type of differential relationship between the features and cam-

era velocities was proposed in [11]. This approach estimates

the variation of the image features, when an increment in the

camera position is given, by using a relation G. This relation

is divided into G1 which relates the position of the camera

and the image features, and F which relates their respective

variation:

s + δs = G(q + δ q) = G1(q) + F (q, δ q). (2)

Considering only the variations in (2):

δs = F (q, δ q), (3)

the inverse function F−1 is given by:

δq = F−1(δs, q) , (4)

and it states that the joint variation depends on the image fea-

tures variation and the previous position of the robot manipu-

lator. Equation (4) can be discretized as

δq(k) = F−1
k (δs(k + 1), q(k)). (5)

In image-based visual servoing, the goal is to obtain a joint

velocity, δq(k), capable of driving the robot according to a

desired image feature position, s(k + 1), with an also desired

image feature error, δs(k + 1), from any position in the joint

spaces. This goal can be accomplished by modeling the in-

verse function F−1
k , using inverse fuzzy modeling as proposed

in this paper and presented in Section 3. This new approach to

image-based visual servoing allows to overcome the problems

stated previously regarding the Jacobian and the calibration of

the robot-camera model.

3 Inverse Fuzzy Modeling
3.1 Off-Line Fuzzy Modeling
Fuzzy modeling often follows the approach of encoding expert

knowledge expressed in a verbal form in a collection of if–

then rules. Parameters in this structure can be adapted using

input-output data. When no prior knowledge about the system

is available, a fuzzy model can be constructed entirely on the

basis of system measurements. In the following, we consider

data-driven modeling based on fuzzy clustering [12, 13].

We consider rule-based models of the Takagi-Sugeno (TS)

type. TS models consist of fuzzy rules describing a local

input-output relation, typically in an affine form:

Ri : If x1 is Ai1 and . . . and xn is Ain

then yi = aix + bi , i = 1, 2, . . . , K. (6)

Here Ri is the ith rule, x = [x1, . . . , xn]T are the an-

tecedent variables, Ai1, . . . , Ain are fuzzy sets defined in the

antecedent space, and yi is the rule output variable. K denotes

the number of rules in the rule base, and the aggregated output

of the model, ŷ, is calculated by taking the weighted average

of the rule consequents:

ŷ =
∑K

i=1 βiyi∑K
i=1 βi

, (7)

where βi is the degree of activation of the ith rule: βi =
Πn

j=1µAij
(xj), i = 1, . . . , K, and Aij(xj) : R → [0, 1] is the

membership function of the fuzzy set Aij in the antecedent of

Ri.

To identify the model in (6), the regression matrix X and

an output vector y are constructed from the available data:

XT = [x1, . . . ,xN ], yT = [y1, . . . , yN ], where N . n is

the number of samples used for identification. The number of

rules, K, the antecedent fuzzy sets, Aij , and the consequent

parameters, ai, bi are determined by means of fuzzy clustering
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in the product space of the inputs and the outputs [13]. Hence,

the data set Z to be clustered is composed from X and y: ZT =
[X, y]. Given Z and an estimated number of clusters K, the

Gustafson-Kessel fuzzy clustering algorithm [14] is applied to

compute the fuzzy partition matrix U.

The fuzzy sets in the antecedent of the rules are obtained

from the partition matrix U, whose ikth element µik ∈ [0, 1]
is the membership degree of the data object zk in cluster i.
One-dimensional fuzzy sets Aij are obtained from the multi-

dimensional fuzzy sets defined point-wise in the ith row of the

partition matrix by projections onto the space of the input vari-

ables xj . The point-wise defined fuzzy sets Aij are approx-

imated by suitable parametric functions in order to compute

µAij
(xj) for any value of xj .

The consequent parameters for each rule are obtained as a

weighted ordinary least-square estimate. Let θT
i =

[
aT

i ; bi

]
,

let Xe denote the matrix [X;1] and let Wi denote a diagonal

matrix in R
N×N having the degree of activation, βi(xk), as

its kth diagonal element. Assuming that the columns of Xe

are linearly independent and βi(xk) > 0 for 1 ≤ k ≤ N , the

weighted least-squares solution of y = Xeθ + ε becomes

θi =
[
XT

e WiXe

]−1
XT

e Wiy . (8)

3.2 On-Line Fuzzy Modeling
The model obtained from the techniques presented in the pre-

vious section is assumed to be fixed, since it is learned in off-

line mode. Recently attention is focused in on-line learning

[4], where in a first phase input-output data is partitioned us-

ing unsupervised clustering methods and in a second phase,

parameter identification is performed using a supervised learn-

ing method.

In On-Line Fuzzy Modeling and according to [4], also rule-

based models of the TS type, are considered. Typically in the

affine form described in (6), where the input-output data is

acquired continuously. The new data, arriving at some time

instant, can bring new information from the system, which

could indicate a change in its dynamics. This information may

change an existing rule, by changing the spread of the mem-

bership functions, or even introduce a new one. To achieve

this, the algorithm must be able to judge the informative po-

tential and the importance of the new data.

In the following are briefly presented the several steps of

the algorithm used for on-line fuzzy modeling, proposed in

[4], evolving fuzzy systems. The first step is based on the

subtractive clustering algorithm [15], where the input-output

data is partitioned. The procedure used must be initialized,

i.e. the focal point of the first cluster is equal to the first data

point and its potential is equal to one. Starting from the first

data point, the potential of the next data point is calculated

recursively using a Cauchy type function of first order:

Pk(zk) =
1

1 + 1
k−1

∑k−1
i=1

∑n+1
j=1 (dj

ik)2
, k = 2, 3, ... (9)

where Pk(zk) denotes the potential of the data point zk cal-

culated at time k; dj
ik = zj

i − zj
k, denotes projection of the

distance between two data points (zj
i and zj

k) on the axis zj .

When a new data point arrives it also influences the po-

tential of the already defined center of the clusters (z∗i , i =

1, 2, ...,K). A recursive formula for the update of the cluster

centers potential is defined in [4]:

Pk(z∗i ) =
(k − 1)P(k−1)(z∗i )

k − 2 + P(k−1)(z∗i ) + P(k−1)(z∗i ) +
∑n+1

j=1 (dj
ik)2

,

where Pk(z∗i ) is the potential at time k of the cluster center,

related to the rule i.
The next step of the algorithm is to compare the potential

of the actual data point to the potentials of the existing cluster

centers. According to the two approaches tested in this paper

[4, 5] a crucial part of the evolving fuzzy systems is the rule

creation and modification. The first approach is called Evolv-

ing Takagi-Sugeno (eTS) and the second eXtended Takagi-

Sugeno (xTS).

In eTS, if the potential of a new data point is higher than

the potential of the existing cluster centers, then the new data

point is accepted as a new cluster center and a new rule is

formed. If in addition to the previous condition the new data

point is close to an old cluster center, the old cluster center is

replaced. This last condition is defined by:

Pk(Zk)
K

max
i=1

Pk(z∗i )
− δmin

r
≥ 1, (10)

where r ∈ [0.3; 0.5] is the spread of the antecedent [4], and

δmin is the shortest distance between the new candidate Zk

and all the existing cluster centers z∗i .

In xTS, if the potential of a new data point is higher than

the maximum potential of all the existing clusters centers or is

lower than the minimum potential of all the existing clusters

centers, then the new data point is accepted as a new cluster

center and a new rule is formed. In addition to the previous

condition, if the next condition is true then the old cluster is

replaced because the candidate is close to an old cluster center:

K
min
i=1
‖zk − z∗i ‖j ≥

ri
j

2
, (11)

where ri
j is the spread that is not fixed, like in the previous

approach. In this approach the spread is adaptive and can vary

in each element j of every cluster (rule) i, making possible

to obtain hyper-ellipsoidal clusters. The recursive formula to

obtain the adaptive spread is as follows:

rp
jk = ρ · rp

j(k−1) + 0.5
√

Dp
jk; p =

K
argmin

i=1
‖zk − z∗i ‖, (12)

where Dp
jk is the local scatter and ρ = 0.75, both defined in

[5].

For both approaches the fuzzy sets in the antecedent of the

rules are gaussian, with the form:

µij = e−r‖xj−x∗
ij‖2

, (13)

The consequents of the fuzzy rules are obtained using the

global parameter estimation procedure based on the weighted

recursive least squares, presented in [4].

3.3 Inverse modeling
For the robotic application in this paper, the inverse model

is identified using input-output data from the inputs q̇(k) and
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Figure 1: The eye-to-hand experimental setup.

the outputs δs(k + 1), following the procedure described in

[2]. In this paper, the approach presented in [3] to obtain the

3D training set, was used. Note that we are interested in the

identification of an inverse model as in (5).

4 Results
4.1 Experimental Setup
A Puma 560 Robotic Manipulator and a Vector CCi4 camera,

in eye-to-hand configuration, were used to demonstrate the va-

lidity of the approach proposed in this paper. The experimen-

tal setup is presented in Fig. 1. The visual control algorithms

were implemented in real-time using MatLab Simulink, and

the xPC Target toolbox. The robot inner loop velocity control,

performs at 1 KHz and the visual loop control at 12.5 Hz. A

planar object is rigidly attached to the robot end-effector and

is described with eight points, which centroids were used as

the sixteen image features. In this paper, the robot moves in

its 3D workspace (moving joints 1, 2 and 3). To maintain the

image features in the camera field of view during the servo-

ing, the planar target is set to be perpendicular to the camera

optical axis by moving joints 4 and 5, as shown in Fig. 1.

4.2 Inverse Modeling Results
Following the work in [3], to obtain the identification data, the

robot swept the 3D workspace in the camera field of view in

a 3D spiral path, starting in the spiral center, Fig. 2, which

allows to obtain the model for the end-effector position.

The variables needed for identification, δq(k) and δs(k+1),
are obtained from the spiral when setting the desired position

to the spirals center, by:

δq(k) =
q∗ − q(k)

∆t
(14)

δs(k + 1) = s∗ − s(k + 1) (15)

This allows to cover a wide range of values for δq(k) and

δs(k+1). The 3D spiral also allows to control the precision of
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Figure 2: Robot end-effector 3D spiral trajectory.
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Figure 3: Input data for inverse model identification, image

features s(k).

the model, by increasing or decreasing its parameters. Mov-

ing the first, the second and third joints of the PUMA Robotic

Manipulator, the end-effector position follows the desired 3D

spiral. The end-effector orientation is set to maintain the target

parallel to the image plane.

The inverse fuzzy model was identified from the 3D spiral

trajectory data, i.e. the joint velocities (see Fig. 4) and the

sixteen image features obtained (see Fig. 3) using (14).

Note that to identify the inverse model, one cannot simply

feed the inputs as outputs and the outputs as inputs. Since

the inverse model (5) is a non-causal model, the output of the

inverse model must be shifted one step, see [16].

For the identification of joints 1, 2 and 3, the obtained joint

velocities q̇(k), are shown in Fig. 4, solid lines. Note that three

fuzzy models are identified, one for each joint velocity. In the

plots it is hard to see the difference between the real output

data and the output of the inverse fuzzy model, because they

are very similar, output of the models in dash-dotted lines.

In order to measure modeling accuracy, this paper uses the

Variance Accounted For (VAF) [2].
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(a) Comparison of the output data of the off-line inverse fuzzy
model, q̇(k), joints 1 to 3. Solid – real output data, and dash-
dotted – output of the off-line inverse fuzzy model.
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(b) Comparison of the output data of the on-line inverse fuzzy
model (xTs), q̇(k), joints 1 to 3. Solid – real output data, and
dash-dotted – output of the on-line inverse fuzzy model.

Figure 4: Output data for inverse model identification, joints

1 to 3.

In Table 1 are presented the VAF’s for the off-line model-

ing (oTS) and for the two on-line modeling approaches (eTS

and xTS). The best result is for the off-line case as expected,

although the on-line case also performs very well. The best

result for on-line modeling is presented by xTS but it costs

more rules, 110, and consequently more computational time

to update all the cluster centers and rules.

Note that the number of clusters is pre-defined to four in

oTS and that the spread r = 0.4 for eTS. In xTS the spread is

adaptive.

5 Conclusions and Future Works
This paper introduces a novel contribution to eye-to-hand vi-

sual servoing, based on on-line fuzzy modeling to obtain an

uncalibrated visual servoing system. Two methods for on-line

fuzzy modeling (eTS) and (xTS) have showed excellent re-

sults when compared with the results obtained for the off-line

approach. This proves the validity of the proposed approach

Table 1: Results of the inverse fuzzy model, obtained for each

joint with the three different approaches.

Joint 1 Joint 2 Joint 3

VAF Rules VAF Rules VAF Rules

oTS 96.4% 4 98.5% 4 98.5% 4

eTS 95.6% 50 98.4% 50 98.5% 50

xTS 95.6% 110 98.4% 110 98.6% 110

to uncalibrated visual servoing. With the robot-camera model

being able to adapt on-line to changes in the environment, the

robot can now operate on different conditions without the need

for re-learning off-line the model or perform any kind of cali-

bration.

As expected the off-line modeling produces better results

when compared to both on-line approaches, because it takes

into account all the data points. In on-line modeling, only

the actual data point and the defined cluster centers are used

to update the model, introducing or replacing rules. That is

why the on-line approach performs not as good as the off-

line approach. However we are convicted that the differences

in the models, will not compromise the use of the model to

control the robot.

As future work, the proposed evolving inverse fuzzy

model approach will be extended to the tri-dimensional robot

workspace and also will be tested to control the PUMA

Robotic Manipulator for the straight line trajectory presented

in Fig. 2, in order to verify the results already achieved for

the inverse model obtained off-line. The influence of using

the eTS or xTS models will also be studied, i.e. the trade-off

between accuracy (VAF) and computational effort (number of

rules), when controlling the robot.
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Abstract— Today many algorithms for monochrome images have
been developed based on the information provided by the gradient
vector. However, these algorithms can not be applied to color images
without an accurate approximation of the color gradient vector argu-
ment. Moreover, there is a great number of applications that require
to know with the maximum accuracy as possible the direction of the
color variation in color images. This paper presents a new break-
through in our work on the approximation of the argument of the
color gradient vector. Taking into consideration that Hue and Satu-
ration provide very useful basis for judging color uniformity, and that
in the Smith’s HSI color space there is a close relationship between
chromaticity and how humans perceive colors, in our proposal the ar-
gument of the Chromaticity gradient vector is approached based on
the Hue and Saturation information. Moreover, we present a fuzzy
measure of the quality or reliability of the proposed approach that,
considering the inherent vagueness of the chromaticity values of the
image pixels, provides us with a credibility-accuracy degree of the
obtained values.

Keywords— Color gradient, Color image processing, Gradient
argument, Gradient reliability, Gradient vector.

1 Introduction
Edge detection is one of the most important tasks in digi-
tal image processing and machine vision systems. Generally
speaking, an edge implies the existence of abrupt changes or
discontinuities in some visual property as light intensity, tex-
ture or color.

The advantage of color edge detection schemes over
grayscale approaches is easily demonstrated by considering
the fact that those edges that exist at the boundary between re-
gions of different colors cannot be detected in grayscale ima-
ges if there is no change in intensity. Among the existing
approaches to detect color borders we can find active con-
tour based methods [1], which use different approaches to per-
form the deformation process to dynamically adapt the active
contour; multi-scale techniques [2], based on comparing the
evolution of the borders through different scales; or morpho-
logical algorithms [3], that locate borders by computing the
difference between a dilation and an erosion. However these
methods just localize the maximum color variations or appro-
ach their magnitude, but not their direction.

A class of methods which not only localize the maximum

color variations (edge localization) but also consider the direc-
tion of this variation (edge orientation) is the class of gradient
based techniques.

The first methods proposed to compute the color gradient
vector were mostly direct applications of the early intensity
gradient methods. According to Lucchesse et al [4] these me-
thods can be divided in those techniques that embed the varia-
tions of all color channels in a single measure [5, 6], and those
that compute the gradient in each channel and then combine
them according to certain criteria [7, 8]. A comprehensive
analysis of color edge detectors can be found in [9].

Despite the importance and usefulness of the information
provided by the argument of the gradient vector for many
applications (texture characterization and analysis, 3D recon-
struction, vehicle tracking and guidance,...), few techniques
explicitly present and approach edge orientation. Among
them we can find: proposals that approach the argument as the
arc-tangent of the quotient between the vertical and horizontal
partial derivatives [10]; Tensor based proposals [11] wherein
the direction of the global color gradient is obtained from the
tensor gradient components of multi-images regarded as vec-
tor fields; and Matrix based proposals [12] that approach the
color gradient modulus as the highest eigenvalue in a given
matrix, and its direction is given by the eigenvector associated
to that eigenvalue.

The majority of the methods presented are focused on the
RGB space. However, its lack of distinction between chro-
matic and achromatic information makes it unsuitable for ob-
taining edges in an image. A comparison of color edge detec-
tors across several color spaces is presented in [13].

In this paper we present our ongoing work on the argument
of the color gradient vector, focused on the Smith’s HSI color
space [14], which we began in [15]. In our proposal the argu-
ment of the Chromaticity gradient vector is approached based
on the Hue and Saturation information, and we provide a fuzzy
reliability degree of the obtained values for each edge pixel.
This is quite useful, not only to evaluate the accuracy of our
approach, but also to be used in applications that require to
know the precision degree with which they are working. This
is the case of astronomical images processing [16], the selec-
tion of optimal imaging planes in MRI [17] , or even the de-
sign of dichroic mirrors for LCDs [18]. In these applications
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-1 0 1 S(i-1)(j-1) S(i-1)j S(i-1)(j+1)
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a) b)
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1 2 1 H(i+1)(j-1) H(i+1)j H(i+1)(j+1)

c) d)

Figure 1: a) and c) Sobel Operators for the x and y directions,
respectively. b) and d) 3x3 Saturation and Hue components
windows of the source image, respectively.

an accurate contour extraction is necessary, and this is not pos-
sible without a good approach to the argument of the gradient
vector, which also deals with the problems of imprecise con-
tours.

Considering it, the paper is organized as follows. First, in
section 2, we generalize the Sobel operators to compute the
Hue and Saturation partial derivatives along the x and y di-
rections. Then we present, in section 3, the way we combine
the chromatic information to approach the partial derivatives;
it will be used as directional components of the chromaticity
gradient vector for approaching its argument. In section 4, we
present the process and experiments carried out for obtaining a
measure to evaluate the reliability of the color gradient vector
argument approached. Finally we present some conclusions.

2 Proposed approximation of the Hue and
Saturation partial derivatives

From the existing transformations to convert RGB compo-
nents into perceptual ones, we have chosen Smith’s model [14]
based on its high independence between the three components,
and its easier and faster calculation compared to other nonli-
near models. This way we can consider color as a 1D+2D
signal by decomposing it into its achromatic (I) and chromatic
(H and S) components, what will provide us with a most use-
ful basis for judging color uniformity.

In [15], having into consideration that Sobel masks (see
Figure 1-a and 1-c) have slightly superior noise-suppression
characteristics [13] than other operators, as Prewitt one, and
that Sobel operator allows convolving separately the Hue and
Saturation channels of the image, we presented an approxi-
mation to the partial derivatives of the chromatic color com-
ponents extending this operator to approximate the variation
of the Hue and Saturation components along the x and y di-
rections.

2.1 Saturation First Order Derivatives

Given a pixel pij of the source image I , we will note by Sij the
magnitude of its Saturation, and WSij the window containing
the Saturation values of the pixels falling into the 3x3 raster
window centered at the pixel (see Figure 1-b).

Due to the fact that the areas of highest saturation gradient
are where the saturation of the image changes rapidly over a
few pixels, and are thus likely to represent edges, we can com-
pute the Saturation partial derivatives, ∂Sij/∂x and ∂Sij/∂y,

by convolving kernels kx and ky with the WSij window ,
what provides us with the values given at equations (1) and
(2).

2.2 Hue First Order Derivatives

Similarly to the Saturation case, we will note by Hij the Hue
magnitude of pixel pij , and WHij the window containing the
Hue values of the pixels falling into the 3x3 raster window
centered at that pixel (see Figure 1-d). However, while Eu-
clidean distance is appropriate to compare the saturation va-
lues of two given colors, it is not the case of the Hue compo-
nent. This is due to the ownership of Hue circularity, that
is observed when this component is represented in a two-
dimensional space. To overcome this problem, and consider
the direction (the sign) of the difference between two Hue va-
lues we defined a Hue directed distance as follows:

Definition 2.1 Let H1 and H2 be the hue values of pixels
pi1,j1 and pi2,j2 , respectively. Then the directed Hue distance
is defined as:

d̂(H1,H2) =




H2 − H1 if |H2 − H1| ≤ 128
H2 − H1 − 255 if H2 − H1 > 128
H2 − H1 + 255 if H2 − H1 < −128

(3)

Then, convolution of kernels kx and ky are applied on the
directed distances (3) obtained from the Hue values of WHij ,
instead of applying directly the Sobel operator over it.

As a result the Hue partial derivatives in both directions,
∂Hij/∂x and ∂Hij/∂y, are given by equations (4) and (5).

3 Chromatic Gradient Vector Argument
Approach

Once the Hue and Saturation partial derivatives have been ap-
proximated, next step consists in combining these values for
obtaining the directional components of the Chromatic Gra-
dient Vector -CGV-, or Chromatic Partial Derivatives -CPD-,
which will be proportional to the directional components of
the chromatic gradient vector, according to a given propor-
tionality factor. In our case this problem has been figured out
by mixing and merging previously obtained partial derivatives
approximations according to next process.

1. First we consider two reference systems, one for the x di-
rection, RSx, and other for the y direction, RSy , whose
axes are the partial derivatives of H and S in the corres-
ponding directions, ie: RSx = {∂H/∂x, ∂S/∂x} and
RSy = {∂H/∂y, ∂S/∂y}. On these systems we repre-
sent the values of the approaches obtained at the previous
step, what provides us with two chromaticity vectors, one
in the x direction,

−−−−→
Chrijx = (∂Hij/∂x, ∂Sij/∂x), and

other in the y direction,
−−−−→
Chrijy = (∂Hij/∂y, ∂Sij/∂y)

(line-dot vectors of Figure 2-a and 2-b). We also obtain
de modules of these vectors, ‖−−−−→Chrijx‖ and ‖−−−−→Chrijy‖,
which we call the Directional Chromaticity Variations.

2. Because the vectors obtained are represented into two
different reference systems, to be able to mix and merge
the information they contain is necessary to get a refe-
rence system wherein both vectors can be represented.
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∂Sij/∂x =
kx ∗ WSij

8
=

(S(i−1)(j+1) − S(i−1)(j−1)) + 2(S(i)(j+1) − S(i)(j−1)) + (S(i+1)(j+1) − S(i+1)(j−1))
8

(1)

∂Sij/∂y =
ky ∗ WSij

8
=

(S(i+1)(j−1) − S(i−1)(j−1)) + 2(S(i+1)(j) − S(i−1)(j)) + (S(i+1)(j+1) − S(i−1)(j+1))
8

(2)

∂Hij/∂x =
d̂(H(i−1)(j+1),H(i−1)(j−1)) + 2d̂(H(i)(j+1),H(i)(j−1)) + d̂(H(i+1)(j+1)H(i+1)(j−1))

8
(4)

∂Hij/∂y =
d̂(H(i+1)(j−1),H(i−1)(j−1)) + 2d̂(H(i+1)(j), H(i−1)(j)) + d̂(H(i+1)(j+1)H(i−1)(j+1))

8
(5)

To do it, due to axes ∂H/∂x = ∂S/∂x and ∂H/∂y =
∂S/∂y point to the higher potentials of H and S, and
that both components grow equally within these axes, our
proposal is to project the chromaticity vectors into them.
So, our approach to the above mentioned CPD vectors,−−−−−→
∂Cij/∂x and

−−−−−→
∂Cij/∂y, is given by equations (6) and (7),

where −→u = (cos(45o), sin(45o)). These new vectors,
that appear as dotted arrows in Figures 2-a and 2-b, will
be used at next section to approach of the CGVA.

−−−−−→
∂Cij/∂x = proj−→u

−−−−→
Chrijx (6)

−−−−−→
∂Cij/∂y = proj−→u

−−−−→
Chrijy (7)

Figure 2: a, b: Calculation of the CPD vectors in each direc-
tion. c: Approach to the CGVA.

3. Applying the usual calculation of a projection, as we are
interested in considering the argument of the CPD vec-
tors, but considering their direction, the components of
the CGVA approach are given using the scalar product,
as depicted by equations (8) and (9).

∂Cij/∂x = (∂Hij/∂x, ∂Sij/∂x) · (
√

2/2,
√

2/2) (8)

∂Cij/∂y = (∂Hij/∂y, ∂Sij/∂y) · (
√

2/2,
√

2/2) (9)

Then, translating these values to the coordinate system
of axes ∂Cij/∂x and ∂Cij/∂y we get the approach to
the Chromatic Gradient Vector, and the argument of this

vector, αCij
= arctan( ∂Cij/∂y

∂Cij/∂x ) , provides us with the
CGVA approach, as represented by Figure 2-c. This ar-
gument provides us with a direction that is perpendicular
to the contour and so it is 0 for a vertical edge and in-
creases for edges moving anti-clockwise of it.

4 Reliability degree of the color gradient
argument approach

To assess the performance (goodness) of the proposed appro-
ach, we have defined a measure of reliability that must con-
sider the sources of uncertainty of the factors having influence
on the results obtained when the approach is applied on an
image. So, for obtaining the reliability measure we have de-
veloped a set of experiments that allow us to study the relation-
ship among: the error given by the approach with regard to the
actual value of the argument, the Chromatic Partial Deriva-
tives, and the Directional Chromaticity Variations. To carry
out our experiments we have designed a set of images as ex-
plained in the next section.

4.1 Obtaining the set of synthetic images

To perform our experiments we built a set of images, consis-
ting of a square with a circle in the center. The process for
obtaining the images has been carried out as follows:

1. First, after dividing the RGB cube into 512 boxels, we
select a point of each one of the boxes, so obtaining a set
of 512 colors distributed almost homogeneously.

2. Then we generated a set of images using all the possible
combinations of colors for background and foreground.
For each image if a pixel is completely included in the
background or in the circle, it is assigned the correspon-
ding color. If the pixel belongs to background and fore-
ground, after evaluating the area of the pixel belonging
to each region, we assign to the pixel a color that is the
weighted average of the two colors.

3. Finally, after smoothing the images using a 3x3 window
to create a gradient in the boundary of the circles, the
transformation from RGB to HSI is carried out.

4.2 Experimental design

For all the pixels in the borders of the circumferences, we have
computed the argument of the Chromaticity Gradient Vector
using the proposed approach. Since we know the position of
the point and the center of the circle, we know the real value
of the argument for each border pixel (argij). Having both
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values we can accurately evaluate the error at pixel (i, j) as
Eij = | argij − arg αCij |.

In our experiments for obtaining the reliability degree
we have studied the relationship among the aforementioned
error, the Directional Chromaticity Variations (‖−−−−→Chrijx‖, and
‖−−−−→Chrijy‖), and the smaller angles of the Chromaticity Vectors
(
−−−−→
Chrijx, and

−−−−→
Chrijy) with the lines ∂S/∂x = −∂H/∂x and

∂S/∂y = −∂H/∂y. These angles are given by:

E(αij
x ) =

{| arg αij
x − 135| if 45 < arg αij

x < 225
| arg αij

x − 315| else
(10)

E(αij
y ) =

{| arg αij
y − 135| if 45 < arg αij

y < 225
| arg αij

y − 315| else
(11)

Where αij
x and αij

y are the angles of the vectors
−−−−→
Chrijx

and
−−−−→
Chrijy with the lines ∂S/∂x = ∂H/∂x and ∂S/∂y =

∂H/∂y, respectively.
For each pixel (i, j) in the border of the circles we have

obtained the values of Eij , ‖−−−−→Chrijx‖, ‖−−−−→Chrijy‖, E(αij
x ), and

E(αij
y ). Then we have analyzed and discussed the relationship

between the average error and the values obtained for the four
parameters considered by pairs.

4.3 Experimental analysis

For analyzing the obtained results we have represented in
3 − D graphics the error values Eij for each point (i, j)
of the planes: (E(αij

x ), E(αij
y )), (‖−−−−→Chrijx‖, ‖−−−−→Chrijy‖),

and the planes (‖−−−−→Chrijx‖, E(αij
x )), (‖−−−−→Chrijx‖, E(αij

y )),

(‖−−−−→Chrijy‖, E(αij
y )), and (‖−−−−→Chrijy‖, E(αij

x )). In these rep-
resentations the gray level is proportional to the value of the
average error for each point. So, the higher the gray level the
lowest the error is.

As can be observed at the left image of Figure 3, when we
consider the differences of the arguments, the values of the
errors are small or large, and errors distribution indicates a
great dependency among the error and the values of E(αij

x ),
E(αij

y ).
When we consider the values of the Directional Chro-

maticity Variations (right image of Figure 3) the values of
the errors are small and medium. However, the relation-
ship among the error values and those of the parameters is
very small, what is due to for almost each pair (‖−−−−→Chrijx‖,
‖−−−−→Chrijy‖) the errors are small.

Figure 3: Representation of error magnitude for E(αij
x ) vs

E(αij
y ) in the left image, and for ‖−−−−→Chrijx‖ vs ‖−−−−→Chrijy‖ in

the right image.

In the case of the plane (‖−−−−→Chrijy‖, E(αij
x )), and similarly

for (‖−−−−→Chrijx‖, E(αij
y )), the errors are mainly small. The

medium and large errors that occur are highly concentrated,
leaving almost the entire plane to the small errors (see left
image of Figure 4), what implies a correlation among the error
and the values of the parameters.

Finally, having a look at right image of Figure 4 it can be ob-
served that in the case of the plane (‖−−−−→Chrijy‖, E(αij

y )) appear
small and big error values. In this case, while small errors are
highly concentrated large errors are widely distributed, which
indicates a certain relation between the error and the parame-
ter values. A similar behavior is observed in the case of the
plane (‖−−−−→Chrijx‖, E(αij

x ))

Figure 4: Left image represents the error magnitude for
‖−−−→Chrx

ij‖ vs E(αij
x ).Right image represents the error magni-

tude for ‖−−−→Chry
ij‖ vs E(αij

y ).

As a consequence of previous analysis it can be deduced
that the most important information for obtaining the relia-
bility of the proposed approach is given by considering the
values of E(αij

x ) vs E(αij
y ), and the less relevant information

is provided by the values of ‖−−−−→Chrijx‖ vs ‖−−−−→Chrijy‖. On the
other hand some information is provided when we consider
the pairs (E(αij

x ), ‖−−−−→Chrijy‖) and (E(αij
x ), ‖−−−−→Chrijx‖).

4.4 Experimental results and Reliability degree

Based on the results obtained at previous step, we have con-
sidered the Reliability Labels: Great (G), Medium (M ),
Small (S), and Very Small (V S). Then a reliability degree
has been associated to each point of the considered plains, ac-
cording to the error at each point, by means of the membership
functions depicted at Figure 5.

Figure 5: Reliability membership functions.

These membership functions have been obtained through a
heuristic analysis of the results. The border values between
each of the two central functions have been selected so that
the error value of the 75%, the 85% and the 90% of the pixels
are lower than such value.

The graphs obtained for each one of the cases considered at
the previous step leads to the appearance of some lines. For
each case, these lines act as boundaries between the differ-
ent reliability degrees of the points in the corresponding plain.
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So, these lines will allow us to obtain the Reliability Func-
tions of the proposed approach. Due to lack of space here
only present the results obtained for the case of the E(αij

x ) vs
E(αij

y ). For this case Figure 6 depicts the result of using the
reliability degrees. Having a look at this image is it clear that
appear some lines delimiting the different reliability regions,
from Great (dark grey level) to Very Small (very clear grey
level). The lines obtained in this case are given by equations
(12) to (22). Afterwards, these lines are used for obtaining
the corresponding Reliability Degrees that, in this case are de-
picted by equations (23) to (26).

Figure 6: Graph obtained for E(αij
x ) vs E(αij

y ) using the re-
liability membership functions.

r0(i, j) : Eij
x = Eij

y (12)

r1(i, j) : 25 · Eij
x − 27, 5 · Eij

y + 6 = 0 (13)

r2(i, j) : 16 · Eij
x − 29 · Eij

y + 13 = 0 (14)

r3(i, j) : 10, 6 · Eij
x − 29, 1 · Eij

y + 16, 65 = 0 (15)

r4(i, j) : 4, 75 · Eij
x − 29, 25 · Eij

y + 18, 375 = 0 (16)

r5(i, j) : 2, 5 · Eij
x − 29, 5 · Eij

y + 13, 5 = 0 (17)

r6(i, j) : 27, 5 · Eij
x − 25 · Eij

y − 6 = 0 (18)

r7(i, j) : 29 · Eij
x − 16 · Eij

y − 13 = 0 (19)

r8(i, j) : 29, 1 · Eij
x − 10, 6 · Eij

y − 16, 65 = 0 (20)

r9(i, j) : 29, 25 · Eij
x − 4, 75 · Eij

y − 18, 375 = 0 (21)

r10(i, j) : 29, 5 · Eij
x − 2, 5 · Eij

y − 13, 5 = 0 (22)

Finally, for obtaining the Reliability Degree of the Chro-
matic Gradient Vector Argument Approach value for each
point, the previous reliabilities for each case has to be aggre-
gated. To do it, considering that all the individual values have
influence in the final reliability degree, we can consider a T-
Norm to perform the aggregation. Among the great variety of
available T-Norm we propose to use the Minimum due to: its
simplicity, fast computation, and that it is the greatest T-Norm.

5 Conclusions
In this paper we have presented an approach of the chromatic
component for the argument of the gradient vector. After com-
puting the hue and saturation partial derivatives on each direc-
tion, this information has been merged and combined through
projections for obtaining the directional components of the
chromaticity gradient vector used to approach the argument.

We have also presented a study of the error variability pro-
duced by the proposed approach with regard to the four main
parameters used within the proposed approach. This will al-
low us to improve the approximation, as well as obtaining an
approach for the module of the gradient vector.

A very important point to highlight is that, as a result of
the analysis of the error variability, we obtained a value that
provides the credibility of the value provided by the approxi-
mation. This is very important because it will allow to use the
value of the gradient vector argument for each point knowing
its reliability degree.
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µG(Eij
x , Eij

y ) =



0 if r8(i, j) < 0 or r2(i, j) > 0
1 if r6(i, j) > 0 and r1(i, j) < 0

d((Eij
x , Eij

y ), r7(i, j))

d((Eij
x , Eij

y ), rij
7 ) + d((Eij

x , Eij
y ), r6(i, j))

if r6(i, j) < 0 and r7(i, j) > 0

d((Eij
x , Eij

y ), r2(i, j))

d((Eij
x , Eij

y ), rij
2 ) + d((Eij

x , Eij
y ), r1(i, j))

else

(23)

µM (Eij
x , Eij

y ) =



0 if r8(i, j) < 0 or r3(i, j) > 0
1 if (r6(i, j) < 0 and r7(i, j) > 0)

or (r1(i, j) > 0 and r2(i, j) < 0)

d((Eij
x , Eij

y ), r0(i, j))

d((Eij
x , Eij

y ), rij
0 ) + d((Eij

x , Eij
y ), r6(i, j))

if r0(i, j) > 0 and r6(i, j) < 0

d((Eij
x , Eij

y ), r0(i, j))

d((Eij
x , Eij

y ), rij
0 ) + d((Eij

x , Eij
y ), r1(i, j))

if r0(i, j) < 0 and r1(i, j) > 0

d((Eij
x , Eij

y ), r8(i, j))

d((Eij
x , Eij

y ), rij
8 ) + d((Eij

x , Eij
y ), r7(i, j))

if r7(i, j) < 0 and r8(i, j) > 0

d((Eij
x , Eij

y ), r3(i, j))

d((Eij
x , Eij

y ), rij
3 ) + d((Eij

x , Eij
y ), r2(i, j))

else

(24)

µS(Eij
x , Eij

y ) =



0 if (r10(i, j) < 0 or r5(i, j) > 0)
or (r7(i, j) > 0 and r2(i, j) < 0)

1 if (r8(i, j) < 0 and r9(i, j) > 0)
or (r3(i, j) > 0 and r4(i, j) < 0)

d((Eij
x , Eij

y ), r7(i, j))

d((Eij
x , Eij

y ), rij
7 ) + d((Eij

x , Eij
y ), r8(i, j))

if r7(i, j) < 0 and r8(i, j) > 0

d((Eij
x , Eij

y ), r2(i, j))

d((Eij
x , Eij

y ), rij
2 ) + d((Eij

x , Eij
y ), r3(i, j))

if r2(i, j) > 0 and r3(i, j) < 0

d((Eij
x , Eij

y ), r10(i, j))

d((Eij
x , Eij

y ), rij
10) + d((Eij

x , Eij
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d((Eij
x , Eij
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d((Eij
x , Eij

y ), rij
5 ) + d((Eij

x , Eij
y ), r4(i, j))

else
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9 ) + d((Eij

x , Eij
y ), r810(i, j))

if r9(i, j) < 0 and r10(i, j) > 0

d((Eij
x , Eij
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d((Eij
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  Abstract— This paper proposes a method of evolutionary 
robot vision based on a steady-state genetic algorithm and 
fuzzy evaluation. In order to improve the communication 
capability of human-friendly partner robots, the perception of 
human face should be performed as correctly as possible. 
First, we discuss the concept of evolutionary robot vision in 
dynamic environments. Next, we propose growing neural gas 
for preprocessing as a bottom-up processing, and steady-
state genetic algorithm for template matching in human face 
recognition as a top-down processing. In order to improve the 
performance of the human face recognition, we use fuzzy 
evaluation for evaluating the degree of human face. Finally, 
we show several experimental results and discuss the 
effectiveness of the proposed method.

  Keywords— Face Recognition, Evolutionary Computation, 

Robot Vision, Fuzzy Theory, Partner Robots  

1 Introduction
Natural communication and interactions among people and 
robots have been widely researched [1,2]. Furthermore, 
various types of human-friendly robots such as pet robots, 
amusement robots, and partner robots have been developed 
to communicate with people [3,4]. However, there are still 
many problems to realize natural communication between 
people and robots. For  example, it is difficult for a robot 
to identify the speaking person and the place interacting 
with the person. As a result, the content of utterances from 
the robot might not be suitable for the person and place. 

Relevance theory is helpful to discuss the natural 
communication between a human and robot [21]. Relevance 
theory is based on a definition of relevance and two 
principles of the relevance. One is a cognitive principle that 
human cognition is geared to the maximization of 
relevance. The other is a communicative principle that 
utterances create expectations of optimal relevance. The 
central claim of relevance theory is that the expectations of 
relevance raised by an utterance are precise enough, and 
predictable enough to guide the hearer towards the speaker's 
meaning. Furthermore, in relevance theory, human thought 
is shared between two people rather than transmitted. Each 
person has his or her own cognitive environment. An 
important role of utterances, facial direction, pointing 
behaviors, and gestures is to make the hearer pay attention 
to a specific target object or person. As a result, the 
cognitive environment of the hearer can be enlarged by the 
utterances or gestures. The cognitive environment shared 
between two people is called a mutual cognitive 
environment. Based on the above discussion, a robot also 
should have such a cognitive environment, and the robot 
should keep updating the cognitive environment according 
to the current perception through the interaction with a 
human in order to realize the natural communication.

Furthermore, the utterance capability of a robot can be 

applied for preventing dementia of elderly people. Robotic 

conversation can activate the brain of such elderly people 
and can improve their concentration and memory abilities. 
Nursing care for the elderly people can be expected to keep 
their health by having conversations with robots. However, 
it is very difficult to continue the meaningful and attractive 
conversations with robots. Therefore, such a robot requires 
adaptive perceptual systems to communicate with a human 
flexibly, and adaptive action systems to learn human 
behaviors. To realize the learning through interaction with 
people, we must consider a total architecture of the 
cognitive development. The cognitive development for 
robots has been discussed in the fields such as cognitive 
robotics and embodied cognitive science [8-10]. In the 
previous research of cognitive robotics, many researchers 
have proposed the learning methods for the achievement of 
joint attention, imitative learning, linguistic acquisition 
from the viewpoints of babies and infants [6,10]. On the 
other hand, we focus on the refinement of associative 
memory by using symbolic information used for utterances 
and patterns based on visual information through interaction 
with people as cognitive development of robots. We 
proposed the concept of structured learning and discussed 
the importance of total architecture of the learning 
mechanism [30]. However, we did not discuss the 
performance of the human detection so much. In the 
previous works, we proposed a simple method of people 
tracking based on the combination of skin color and hair 
color, and we have a problem of misdetection of people by 
objects with similar color combination in the background 
image. In this paper, we propose a method for detecting a 
human face based on evolutionary computation and fuzzy 
evaluation in order to improve the performance of people 
tracking. The both of evolutionary computation and fuzzy 
theory are useful and practical in the search under the 
environment including noise. We proposed the concept of 
evolutionary robot vision based on the analogy between 
visual perception and evolutionary search [32]. We apply the 
concept of evolutionary robot vision and fuzzy evaluation 
for people tracking.

The paper is organized as follow. In the section 2, we 

explain the concept of evolutionary robot vision. Next, in 
the section 3 we propose a growing neural gas for color 
extraction and a steady-state genetic algorithm with fuzzy 
inference for face recognition. Section 4 shows several 
experimental results and discuss the effectiveness of the 
proposed method.

2 Evolutionary Robot Vision
2.1 Partner robots
We developed two types of partner robots; a mobile PC 
called MOBiMac and a human-like robot called Hubot in 
order to realize the social communication with a human 
[25,26] (Fig.1). Each robot has two CPUs and many 
sensors such as CCD camera, microphone, and ultrasonic 
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sensors. Therefore, the robots can conduct image 
processing, voice recognition, target tracing, collision 
avoidance, map building, and imitative learning.
  We have applied steady-state genetic algorithm (SSGA), 
spiking neural networks (SNN), self-organizing map 
(SOM), and others  for human detection, motion extraction, 
gesture recognition, and shape recognition based on image 
processings [25-28]. However, the image processing takes 
much computational time and cost. Therefore, we discuss 
the applicability of fuzzy theory and evolutionary 
computation in robot vision.

2.2. Active Vision for Robots
Computer vision is a research stream on image processing, 
image understanding, image recovery and others on a 
computer [9]. The quality of image depends strongly on the 
lighting condition related with a camera system. Active 
vision is often used to improve the robustness and 
flexibility and to eliminate the ill-posed conditions based 
on the control of camera systems [9]. Robot vision is 
deeply related with active vision, because a problem on the 
perception and action of a robot must be solved at the same 
time. A robot takes actions to perceive the environment 
when the robot does not know the environment much. 
Therefore, the robot vision is based on the time-series of 
image processing, not the processings on a single image. 
Various technologies for image processings are required for 
realizing the robot vision, e.g., color processing, target 
detection, template matching, shape recognition, motion 
extraction, and optical flow. Recently, evolutionary 
computation has been applied to improve the performance 
of image processing. We also have discussed the 
applicability of the evolutionary computation in robot 
vision [32-34]. In fact, we proposed a method of people 
detection, people tracking and gesture recognition. 

2.3 Evolutionary Computation for Robot Vision
Evolutionary computation (EC) is a field of simulating 
evolution on a computer. Evolutionary optimization 
methods are fundamentally iterative generation and 
alternation processes of multiple candidate solutions. The 
optimization is done by the multi-point search operating on 
a set of individuals, which is called a population. First, we 
discuss the role of evolutionary search in dynamic 
environments. Figure 2 shows the temporal patterns of 
spatial changes in dynamic environments where the vertical 
axis indicates the state of environmental conditions 
represented as a value. If the search speed of EC is faster 
than the changing speed of the environmental conditions, 
EC can obtain feasible solutions in the facing 
environmental conditions. However, EC should be adaptive 
to the facing environmental conditions if the environmental 
changes can be observed. If the environmental change is 
very slow and the change is small (Fig.2 (a)), the mutation 
range should be large according to the amount of the 
environmental change. Basically, this kind of change can be 
considered as some noise in a stationary environment. The 
environment of Fig.2 (b) includes big changes, but the 
environmental condition is stationary after a big change. If 
the big change can be observed, most of candidate solutions 
should be replaced with randomly generated candidate 
solutions. The environment of Fig.2 (c) is  changing non-
stationarily with both features of Figs.2 (a) and (b). In 
general, the change of visual images corresponds to the 
environment of Fig.2 (c). The visual image of a mobile 
robot changes according to both the dynamics of 
environmental changes and the robotic motion. Therefore, 

we discuss visual perception based on active robot vision 
and EC from the viewpoint of human visual perception.

Figure 3 shows the comparison between the visual 
search and evolutionary search. The left and right figures 
show the distribution of search points in the focused search 
and distributed search, respectively. The visual search 
controls the searching area based on the fast movement of 
attentive point. The region of interest (ROI) for the 
information extraction is deeply related with the search of 
geometrical features included in the visual target. The search 
results are reflected to the next visual search. On the other 
hand, the evolutionary search controls the searching area 
based on the selection pressure to candidate solutions. If the 
selection pressure is high, the candidate solutions are 
centralized toward the better candidate solutions. Otherwise, 
candidate solutions are globally distributed in the search 
space. The next search points in the evolutionary search are 
generated by crossover and mutation. The search in ROI is 
mainly performed by mutation and local search, while a new 
search point for ROI is generated by crossover. The degree 
of interest is calculated by the fitness value. If the fitness 
value is high, the focused search should be performed. We 

Hubot II

MOBiMac

Hubot I

Figure 1: Partner robots; MOBiMac and Hubot

(xO, yO)

(0, 0)

(639, 479)

(319, 239)

(0, 0)

 

          (a) Original Image        (b) Attention range

Figure 4: Preprocessing for human face detection 

 

Figure 2: Patterns of changes in dynamic environments

 
(a)  Movement of attentive points in the visual search

 
(b) Distribution of candidate solutions in evolutionary search

Figure 3: Comparison of visual search and 
evolutionary search
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apply a steady-state genetic algorithm (SSGA) to realize the 
continuous and real-time search for the robot vision like 
human visual perception in a dynamic environment, because 
SSGA can easily obtain feasible solutions through 
environmental changes with low computational cost. 

2.4 Image Processing for Pattern Recognition
Various types of pattern matching methods such as template 
matching, cellular neural network, neocognitron, and 
dynamic programming (DP) matching, have been applied 
for the human detection in image processing. In general, 
pattern matching is composed of two steps of target 
detection and target recognition. The aim of target detection 
is to extract a target candidate from an image 
(segmentation), and the aim of the target recognition is to 
identify the target from classification templates. 
Furthermore, we can discuss the pattern matching from the 
viewpoints of the bottom-up processing and top-down 
processing. The candidate detection  is considered as the 
bottom-up processing based on the color distribution in 
segments of an image, while the target recognition is 
considered as top-down processing based on the similarity 
between the extracted target candidate and classification 
templates. The synthetic combination of bottom-up 
processing and top-down processing realizes the efficient 
and effective search. In this paper, we apply growing neural 
gas and SSGA for bottom-up processing and top-down 
processing, respectively. 

3. Human Tracking based on 
Evolutionary Robot Vision

3.1 Growing Neural Gas for Bottom-up Preprocessing
An image is a set of pixels with color information. The 
segmentation into target candidates based on color 
distribution is very important to reduce the computational 
cost of direct template matching. Therefore, we apply an 
unsupervised clustering method for the segmentation based 
on color distribution in an image. Growing neural gas 
(GNG) is a competitive learning network as one of variants 
of SOM [22] used as a clustering method. 

The learning algorithm of GNG is shown as follows. 

w
i
 :  the nth dimensional vector of a node ( wi �R

n  )
A :  a set of nodes
Ni :  a set of nodes connected to the ith node 
c : a set of edges
ai,j : the age of the edge between ith and jth node

Step 0. Generate two units at random position, wc1, wc2 in 

Rn. Initialize the connection set.
Step 1. Generate at random an input data v according to 
p(v). 
Step 2. Determine the nearest unit s1 and the second-nearest 

unit s2 by 

s
1
= arg min

i�A
v � w

i      (1)

s2 = arg min
i�A\{s1}

v � wi      (2)

where v is composed of the position (x, y) and color 
information (R, G, B) of color pixel on the image(see 
Fig.5(a)).
Step 3. If a connection between s1 and s2 does not yet exist 

, create it. Set the age of the connection between s1 and s2 

to zero.

as1 ,s2
= 0      (3)

Step 4. Add the squared distance between the input signal 
and the winner to a local error variable Es1(see Fig.5(b)).

Es1
� Es1

+ v � ws1

2

      (4)

Step 5. Adapt the reference vectors of the winner and its 
direct topological neighbors by the learning rate �1

G and 
�2

G, respectively.

ws1
� ws1

+�1

G � v � ws1
( )      (5)

w
j
� w

j
+�

2

G � v � w
j( ) if c

s1 , j
= 1       (6)

Step 6. Increment the age of all edges emanating from s1.

as1 , j � as1 , j +1 if cs1, j = 1                                    (7)

Step 7. Remove edges with the age larger than amax. If 

units have no more emanating edges after this, remove those 
units(see Fig.5(c)).
Step 8. If the number of input signals generated so far is an 
integer multiple of a parameter �, insert a new unit as 
follows(see Fig.5(d)).
Step 8-1. Determine the unit q with the maximum 
accumulated error.  

q = arg max
i�A

E
i      (8)

Step 8-2. Determine the unit f with the maximum 
accumulated error among the neighbors of q.

f = arg max
c�Nq

Ec      (9)

Step 8-3. Add a new unit r to the network and interpolate 
its reference vector from q and f.

  Original Image  GNG for Human 

shape recognition  

Figure 6: An example of GNG 

(a) node fired (b) node moved

(c) edge deletion

(d) node addition

Figure 5: How to learn GNG nodes and edge
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w
r
= 0.5 � w

q
+ w

f( )    (10)

Step 8-4. Insert edges connecting the new unit r with units 
q and f, and remove the original edge between q and f .
Step 8-5. Decrease the error variables of q and f by the 
discount rate �.

Eq � (1�� )Eq  and Ef � (1�� )Ef    (11)

Step 8-6. Interpolate the error variable of r from q and f

E
r
= 0.5 � E

q
+ E

f( )                                           (12)

Step 9 Decrease the error variables of all units

Ec � (1� �)Ec , c �A                      (13)

Step 10 If a termination condition (e.g., some performance 
measure) is not yet fulfilled continue with step 2.

Figure 6 shows an example of the learning of GNG. In 

this way, the color distribution can be extracted from the 
image by using GNG. 

3.2 People Detection and Tracking as Top-down 
Processing
SSGA simulates a continuous model of the generation, 
which eliminates and generates a few individuals in a 
generation (iteration) [13]. The genotype is represented by 
gi,j (i=1,2,..., G, j=1,2,..., M) and fitness value is 

represented by fi. One iteration is composed of selection, 

crossover, and mutation. The worst candidate solution is 
eliminated ("Delete least fitness" selection strategy), and is 
replaced with the candidate solution generated by the 
crossover and the mutation. 

We use the elitist crossover and adaptive mutation [15]. 
The elitist crossover randomly selects one individual and 
generates an individual by combining genetic information 
from the selected individual and the best individual with 
the crossover probability. If the crossover probability is 
satisfied, the elitist crossover is performed. Otherwise, a 
simple crossover is performed between two randomly 
selected individuals. Next, the following adaptive mutation 
is performed to the generated individual,

  

g
i, j
� g

i , j
+ �

j
�

f
max

� f
i

f
max

� f
min

+ �
j

	



�

�


� � N 0,1( ) (14)

where fi is the fitness value of the ith individual, fmax and 

fmin are the maximum and minimum of fitness values in the 

population; N(0,1) indicates a normal random variable with 
a mean of zero and a variance of one; �j and �j are the 

coefficients (0<�j<1.0) and offset (�j>0), respectively. In 

the adaptive mutation, the variance of the normal random 
number is relatively changed according to the fitness values 
of the population in case of maximization problems.

The robot must recognize a human face from complex 
background speedily. Therefore, we use SSGA for human 
detection as one of search methods. The human face 
candidate positions based on human skin and hair colors are 
extracted by SSGA with template matching. Figure 7 
shows a candidate solution of a template used for detecting 
a human face. A template is composed of numerical 
parameters of gi,1

H, gi,2
H, gi,3

H, and gi,4
H. The number of 

individuals is GH. The initial population of SSGA for 
human detection at the discrete time step t is updated by 
using the reference vector of GNG in addition to the 
candidate solutions obtained at the previous time step t-1. 
The fitness value of the ith individual is calculated by the 
following equation,

  
f

i

H
= C

Skin

H
+ C

Hair

H
+�

1

H �C
Skin

H �C
Hair

H ��
2

H �C
Other

H (15)

where CH
Skin, CH

Hair and CH
Other indicate the numbers of 

pixels of the colors corresponding to human skin, human 
hair, and other colors, respectively; �1

H and �2
H are the 

coefficients (�1
H, �2

H>0). Therefore, this problem results in 

the maximization problem. The iteration of SSGA is 
repeated until the termination condition is satisfied. Here 
SSGA for the human detection is called SSGA-H.

Since SSGA-H extracts the area of skin colors and hair 
colors in the human detection, various objects except 
humans might be detected. Therefore, the human tracking is 
performed according to the time series position of the ith 
human candidate (gi,1

H, gi,2
H) obtained by SSGA-H. The 

position of the jth human candidate in the human tracking 
(Xk,1, Xk,2) is updated by the nearest human candidate 

position within the tracking range. In addition, the width 
and height of the human candidate for the human tracking 
(Xk,3, Xk,4) are updated by the size of the detected human 

(gi,3
H, gi,4

H). The update is performed as follows 

(j=1,2,3,4);

  
X

k , j
= (1� �)X

k , j
+ � � x

i, j
(16)

Furthermore, the time counter for the reliability of human 
tracking is used. If the human candidate position in the 
human tracking is performed, the time counter is 
incremented. Otherwise, the time counter is decremented. If 
the time counter is larger than the threshold (HT), the 
human count is started. Sometimes, several human 
candidates are close each other, because several human 
candidates in a single human can be generated by the human 
detection. Therefore, the removal processing is performed 
when human candidates are coexisting within the tracking 
range.

3.3 Fuzzy Evaluation for Face Recognition
The human detection based on color distribution sometime 
extracts something with similar color distribution. In order 
to improve the performance of human face recognition, we 

(a) Fuzzy Evaluation based (b) The position of 
    on Gaussian membership      facial landmarks

Figure 8: A template used for face recognition

 

Figure 7: A template used for human detection in SSGA
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can use the color information of facial landmarks. The 
human detection by SSGA can be considered as a coarse 
search, and the extraction of facial landmarks can be 
considered as a fine search. We apply fuzzy evaluation for 
face recognition based on the position of facial landmarks 
(Fig.8 (a)). We use the position of eyes and mouth. We use

µA(h,i , j) =
exp �

(x � ah,1 )
2

2b
h ,1

2
�

(y � ah,2 )
2

2b
h,2

2

	


�
�

�
if p(i, j) = ch

0 otherwise

�

�
�

�
�

   (17)
where (x,y) is the normalized position of the pixel (i,j) on 
the image; p(i,j) is the color ID of a the pixel (i,j) on the 
image; ch is the color ID of the hth facial landmark is the 

center of a facial landmark; (ah,1,ah,2) and (bh,1,bh,2) are the 

normalized position and size of the hth facial landmark in 
the template candidate extracted by SSGA. Therefore, this 
value is high if the color pixel corresponding to the facial 
landmark is near with the center of the facial landmark. 
Therefore, we can evaluate the degree of existing each facial 
landmark as follows;

f
Land,h

= µ
A(h ,i, j )

(i, j )�gk

�    (18)

where gk is the template of the kth candidate solution in 

SSGA; h is facial the landmark ID. Furthermore, we can 
evaluate the degree of face as follows;

fFace = fLand,h

h=1

H

�  (19)

where H is the number of facial landmarks. We use right 
eye (h=1), left eye (h=2) and mouth (h=3) for the evaluation 
(H=3). Figure 8 (b) shows the positions of facial landmarks 
where (gi,5

H, gi,6
H) is the position of the right eye and (0.5, 

gi,7
H) is the position of the mouth. Therefore, (a1,1,a1,2) 

=(gi,5
H, gi,6

H), (a2,1,a2,2) =(1-gi,5
H, gi,6

H), and (a3,1,a3,2) 

=(0.5, gi,7
H). However, the position of each facial landmark 

is peculiar to a person. Therefore, the position of 
membership function corresponding to each facial landmark 
should be updated according to the detected person. As a 
result, the number of parameters for human detection is 7. 

4 Experimental results
This section shows experimental results of human 

recognition of a partner robot. The maximal number of 
nodes in GNG is 50. The population size of SSGA is 50. 
The number of generations (iterations) SSGA in each frame 
is 200 including the initial evaluations after the frame of 
image is updated. This value is relatively small comparing 
with that of the search by standard GA, but the search by 
SSGA is a time series of continuous search in a dynamic 

environment including a small change. Table 1 shows the 

initial values of shape information used in fuzzy evaluation, 
and Table 2 shows the search range of face parameters used 
in SSGA.

Figure 9 shows experimental results of the proposed 
method. First of all, we conducted experiments on face 
recognition of two different people (Case 1 and Case 2). 
Figure 9.(a) and (b) show snapshots of original image (left), 
and human-object detection results by SSGA (right) where a 

Original Image Human Tracking

(a) Case 1

Original Image Human Tracking

(b) Case 2

Original Image Human Tracking

(c) Case 3

Original Image                Color information

 

Templete matching        Template with Fuzzy 

inference

(d) Case 4

Figure 9: Experimental results of face recognition

Table 1: Initial values used in Gaussian membership 
function

0.370.4

0.20.4

0.20.4

0.60.5

0.8 0.2

0.20.2

bh,2bh,1ah,2ah,1

Mouth

Left eye

Right eye

Table 2: Search range of g
i ,5

H
, g

i ,6

H
, g

i ,7

H

0.90.350.35

0.70.150.1

gi,7
H

gi,6
H

gi,5
H

max

min

Table 3: The values of human face obtained in experimental
results of Cases 1 and 2

0.780.270.26

0.770.190.31

gi,7
H

gi,6
H

gi,5
H

case 2 

case 1
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green box indicates the extracted human face. Table 3 shows 
the values of human face obtained in experimental results of 
Cases 1 and 2. In these results, the proposed method can 
extract human face with identifying the position of facial 
landmarks correctly. 

Next, we conducted experiments on face recognition 
where the image includes skin color of object (Case 3) and 
the image includes the complicated background (Case 4). 
Figure 9 (c) shows experimental results of the proposed 
method in Case 3. The proposed method can extract a 
human face, although the person wears a helmet with 
having a skin-color book. Figure 9 (d) shows experimental 
results of the proposed method in Case 4; original image 
(upper-left), color information (upper-right), template 
matching without fuzzy evaluation (lower-left), and 
template matching with fuzzy evaluation (lower-right). The 
proposed method succeeds to extract a human face correctly. 
On the other hand, the template matching without fuzzy 
evaluation fails to extract human face, because some books 
located in the left of the person on the background image 
are recognized as a person. In this way, the proposed 
method can extract a human face in various environmental 
conditions.

5 Conclusions
This paper proposed a method of human face detection 

based on the template matching with a steady-state genetic 
algorithm and fuzzy evaluation. The experimental results 
show the effectiveness of the proposed method. 
Membership functions are very useful to evaluate candidate 
solutions including noisy data. The essence of the proposed 
method in the flexibility of the search by combining steady-
state genetic algorithm and fuzzy evaluation.

As a future work, we will develop a method of human 

face detection in case of rotation of human face. 
Furthermore, we apply the proposed method to the 
associative learning between the perceptual information and 
symbolic information peculiar with the interacting person.
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Combining Wavelets and Computational Intelligence Methods with
applications on Multi-class Classification datasets.
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Abstract—In this paper, we propose a novel algorithm for wavelet
feature extraction as input to a supervised Multi-Class Classifier to
improve classification performance. In particular, to select the best
wavelets coefficient features, we first compute the energy-based
variance distribution from wavelets coefficients at different subbands
as well as the entropy-based fuzzy measures associated with the
training instances. Once we get these entropy-based fuzzy measures
associated with the different subsets of wavelets subbands, we apply
the Möbius Transform to these entropy-based fuzzy measures to
extract the Multivariate Mutual Information associated with the
different subsets of wavelets subbands. The goal of these measures is
twofold: assign weights (based on the wavelets information content)
to all subsets of wavelets subbands and extract the independent (in
terms of the multivariate mutual information) subsets of wavelets
subbands. In our case, the optimal subsets of wavelets subbands as
wavelets features vectors to train a Bayesian Network Model are
those which provide a multivariate mutual information equal to zero.
Experimental results with the multi-class SRBCT cancer dataset,
show that our proposed approach achieves lower classification error
in comparison with other methods proposed in the literature.
Keywords— fuzzy measures, mutual information, wavelets.

1 Introduction
In recent years, Wavelets-based classification have gained a
great relevance in different kinds of applications such as
image processing [6][7], time series[8][2],
bioinformatics[9][12], and pattern recognition[10][11]. The
early research in wavelets-based classification was focused
mainly on extracting energy values from the wavelet-
subbands decomposition and using them for classification.
However, in pattern recognition tasks such as classification,
it is well known that proper feature selection help to improve
the classification performance. Hence, a process which
consists on removing irrelevant wavelets features as well as
selecting a subset of wavelets from the wavelet-subbands
decomposition has had a paramount importance in Wavelets-
based Classification tasks.
In this paper, we propose a novel algorithm that uses
entropy-based fuzzy measures and multivariate mutual
information–based tests to identify the suitable subsets of
wavelets features as the correct input to a supervised K2-
based Bayesian Network to improve classification
performance. At present time, Bayesian Networks [13[14]
have became one of the most important technologies in the
area of applied artificial intelligence. Roughly speaking,
Bayesian Networks are graphical structures that model the
probabilistic cause-effect relationships among several related
variables. Particularly, the K2 Algorithm[15] is a greedy

algorithm that learns the structure of Bayesian Networks
from data in an efficient way given a prior order of the
variables (in improper order of data will provide poor
classification performance). In our case, we are proposing
entropy-based fuzzy measures, its Möbius representation and
multivariate mutual information to provide not only the
correct order but also the correct wavelets features to a K2-
based Multi-Class Bayesian Network for classifying a multi-
class cancer dataset.
The remaining of this paper is organized as follows: in Section
2, we provide background on Wavelets, Bayesian Networks,
Fuzzy Measures, Entropy-based Fuzzy Measures and Fuzzy
Measures-based Multivariate Mutual Information. In Section
3, we detail our multi-class classification approach. In Section
4 we present the experimental results obtained using a cancer
dataset with our proposed approach. Finally, in Section 5, we
offer a summary and discussion of future work.

2 Background
2.1 The Wavelet Transform
The Wavelet Transform (WT)[2] is a natural context for
analyzing the time-varying properties of most real-world
signals. In a narrow sense, WT decomposes a signal into
different time scales (wavelet- subbands decomposition) to
detect features of its short-term as well as its long-term
dynamics. Essentially, this transform is defined in two
spaces[2]: continuous and discrete. In the continuous space,
the Continuous Wavelet Transform CWT is defined by
means of two basic functions (known as the mother and the
father wavelet function, respectively). The father wavelet
function �(t) depending of time t is used to capture the
smooth part of the data. By contrast, the mother wavelet
function ���� is stretched and translated to detect the rough
components of the data. These two functions, to be
considered as wavelet functions, must satisfy certain
properties [2].
Complementary to the CWT described above, the Discrete
Wavelet Transform (DWT) can be defined from an
engineering point of view by means of cascading a set of
couple of low and high filters [2]. These couples of filters
are known in the literature as the wavelet and scaling filters.
Together, this set of filters must fulfill the Quadrature Mirror
Filter (QMF) property to obtain a perfect reconstruction
pass-band filter.
Of particular interest in this paper, is the application of a
modified version of DWT known as the Maximal Overlap
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Wavelet Transform (MODWT)[2], to provide wavelets
features to a K2-based Bayesian Network. Roughly
speaking, MODWT is a rescaled version of the wavelet and
scaling filter used in the common DWT but with the
following advantages:

� Wavelet coefficients are aligned with the original
signal values.

� MODWT provides a suitable format for the
traditional tabular framework used in machine
learning approaches.

� MODWT provides more redundancy at each
wavelet-subband.

Definition 1
Let j, t be the decomposition level (wavelet subband), and
time index, respectively, and Xt a real-valued uniformly
sampled signal whose size is N. The jth level MODWT
wavelet and scaling coefficient Wj,t and Vj,t, respectively,
are defined by convolving the impulse response of the
wavelet and scaling filters with the signal Xt in the
following way [2]:

��,� =� ��,� � ���� �	
 ��
(1)

��,� =� �,� � ���� �	
 ��
(2)

Where l is the length of both the wavelet filter impulse
response h and the scaling impulse response g. In this
paper, MODWT was implemented by means of a Pass-
Band Wavelet Filter (using the WMTSA matlab toolbox
[2]). In particular, we use a Daubechies Extremal Phase
Filter with l=6 (DB6). One fundamental property of this
filter is that it transforms a signal in terms of difference of
several order of averages at different wavelet-subbands.

2.2.1 MODWT Energy-based variance distribution
Another important property of WT is its ability to preserve
the energy of a signal. Roughly speaking, the WT
decomposes the total energy of a signal at different wavelet-
subbands defining an Energy Density Distribution (EDD). In
particular, this EDD is computed by means of wavelets and
scaling coefficients of MODWT expressed as follows[2]:

n

j

n
tj

jN

nj
t

t
VWX 2
1

0=
,

2
1

0=

2 = ����
��

� (3)

A closely related concept to the wavelet-based energy
decomposition is the wavelet variance which can be
associated with a probability distribution and used in this
paper for purposes of computing the entropy-based fuzzy
measures. Mathematically, this wavelet variance is defined
as follows [2]:

2

22

1=

2 11= XV
N

W
N

MaxLevelj

MaxLevel

j
X ���� (4)

Where:

:N Number of observations in the signal.
:MaxLevel Maximum level of decomposition .

:jW Vector of wavelet coefficients defined at subband j .

:MaxLevelV Vector of scaling coefficients defined at
subband j .
:X Sample mean of signal .tX

2.2 Bayesian Networks
Bayesian Networks [16][13] have become one of the most
important technologies in the area of applied artificial
intelligence. They have shown to offer reliable methods for
prediction, decision making, classification, and data mining
in different areas such as medicine, image processing,
marketing, banking, finance, etc. Roughly speaking,
Bayesian Networks are graphical structures that model the
probabilistic cause-effect relationships among several related
variables. Mathematically, a Bayesian Network is modelled
by means of a Directed Acyclic Graph (representing the
above cause-effect relationships) and a set of Conditional
Probabilities (one conditional probability for each node
given its parent set in the graph).

Definition 2
A Bayesian Network ),,(= PGB � consists of :

� A Direct Acyclic Graph ),(= EVG with nodes

),..,,(= 21 nVVVV .
� A set of discrete random variables � modeling

the nodes of .G
� A set of conditional probability distributions P

)|( )(vparentv XX for each random variable

��vX where :

)|(=)( )(vpavVv XXPP �� (5)

The last property specifies a joint probability distribution
over X known as the Bayesian Network chain rule.
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2.2.1 K2-based Bayesian Network learning
Generally speaking, the structure learning process under the
K2 algorithm is made by means of an optimization process
in which a quality measure Q of a Bayesian Network
structure given a training dataset X is maximized; that is:

)|(max XBQ S (6)

K2 is a greedy search algorithm that learns from data
presenting a good performance when a prior order of the
data exists. This order refers to have first in a sequence the
parents and then the children. Assuming that the attributes
have an order, the algorithm starts setting the parent of node

1x to the empty set � . Then, the algorithm visists each
subsequent node following the order in the sequence order
adding iParents to the set of parents of node attribute ix
only if the inclusion of the iParents to the node attribute

ix maximize the network-structure posterior probability
distribution. At the same time, it includes the relationship
between the parent and the children in question by adding
arcs between them.

2.2.2 Fuzzy Measures
Fuzzy measures are mainly known in the context of Fuzzy
Integrals[3][5]. Grabisch[4], presents the usage of fuzzy
measures and fuzzy integral in supervised classification and
feature extraction problems. In these papers the author
proposes an optimization approach which is based on a
heuristic least mean squares (HLMS) algorithm, to compute
the fuzzy measures as well as the Choquet Integral in
classification tasks obtaining remarkable results.

Definition 3
Let the triple ),,(= gAK 	 a fuzzy measure space
containing a family A of subsets defined on 	 . A set-
valued function 0,1]: 
Ag is called a fuzzy measure if:

0=)(�g (7)

1=)(Sg (8)

SAAAgAgAA jijiji ���
 ,).()( (9)

Any set-valued function 0,1][: 
Ag can be uniquely
expressed in terms of its MöbiusTransform represented by:

,),(=)( ATSmTg g

TS
���

�

(10)

where the set function 0,1][: 
Amg is called the
Möbius Inversion Transform of g and is given by[17]:

,),(1)(=)( ASTgSm TS

ST

g ��� �

�
� (11)

2.2.2.1Entropy-based fuzzy measures
In comparison with the Grabish approach, in this paper we
are interested in applying and extending a novel
unsupervised approach to compute entropy-based fuzzy
measures proposed by Kojadinovic[1]. The main
characteristic of this approach is the replacement of the
notion of attributes importance with the notion of
information content in attributes by means of the entropy
and the mutual information concepts.

Definition 5
Let S2 denote the power set of },..,,{= 21 mWWWS . An
entropy-based fuzzy measure is a set-valued function

0,1][2: 
SHg defined as follows[1]:

��
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1 WSPH

S
Sg

W
SH (12)

where :

:)(
,..)1(W

PH Entropy associated with the joint probability

distribution )
,..)1(W

P . (In our case Wm means the maximum

wavelet-subband,
,..)1(W

P refers to the joint probability

distribution among the different subset of wavelet-subbands,
and )(

,..)1(W
PH to their associated entropy).

Definition 6
Any entropy-based fuzzy measure 0,1][2: 
SHg can
be estimated by:

)(
)(

),..,(

),..,(
~

1

1

iMi

isi

WW

WW
H

PH
PH

g � (13)

Definition 7
Any entropy-based fuzzy measure 0,1][2: 
SHg can
be uniquely expressed in terms of its Möbius Transform
represented by:

�
�
�

�
�
�
�

�
� ;..}{=;..)(1)(

=0
=)(

11
1 WSWI

S
Sg S

H (14)

where :

:I Multivariate Mutual Information
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Proposition 1
A set of wavelets subbands is called independent if its
Möbius Transform associated with its entropy-based fuzzy
measure is equal to zero.

Proof. From equation 7, clearly 01)( 1 �� �S for all .S
Hence, 0=);..( 1 rXXI implies 0=)(SgH �.

3 Proposed Approach
The proposed approach aims to identify the suitable wavelet
information as the correct input for the the Bayesian
Network. By contrast with other wavelet feature extraction
approaches reported in the literature (in which most of them
deal at the granularity of wavelets coefficients), this
approach presents a novel approach which deals with sets of
wavelets-subbands using entropy-based fuzzy measures, its
Möbius Transform and multivariate mutual information. To
compute the entropy-based fuzzy measures associated with
each set of wavelets-subbands, we first consider the energy-
based variance distribution at different wavelet-subbands
(this Energy Distribution is discretized to fulfill the
monotonicity property of fuzzy measure) as random vectors.
This set of energy-based variance distributions are used to
estimate the entropy-based fuzzy measures associated with
the different sets of wavelets subbands. Once we have
defined the set of entropy-based fuzzy measures, we apply
the Möbius Inversion Transform to these entropybased fuzzy
measures and then we select those sets of wavelets subbands
whose Möbius Inversion Transform is equal to zero (i.e. set
of independent wavelets-subbands in all cancer classes
whose multivariate mutual information is equal to zero).
This set of wavelets subbands are the wavelet-training and
wavelet-testing to our supervised Bayesian Network Model
(see Algorithm I and II).

Algorithm I: Training Phase

1.- Data Preprocessing withWavelet Transform

� Apply Daubechies (DB6) Extremal Phase Filter
to the training dataset.

2.- Energy-based Variance Distribution Estimation
and discretization

� Compute equations (3) and (4).

3.- Estimate entropy-based Fuzzy Measures

� Compute the Wavelet-subbands Join Probability
Distributions with the maximum likelihood
estimator[1].

� Compute the entropy associated with the above
Wavelet-subbands Joint Probability
Distributions.

� Compute entropy-based fuzzy measures using
equation (13).

4.- Apply the Möbius Transform to the entropy-based
Fuzzy Measures obtained in step 3 to obtain their
associated Multivariate Mutual Information

� Compute equations (14).

5.- Wavelet Feature Vector Extraction to train Bayesian
Network.

� Select sets of wavelet-subbands whose Möbius
Transform is equal (or aprox.) to zero
(Proposition 1).

� Concatenate wavelets coefficients of different
wavelet-subbands that fulfill the above
condition. These wavelets features are the input
to train a Bayesian Network. (If exists several
sets of wavelet-subbands that fulfill the above
condition, you might select the subset with less
wavelet coefficients)

End Algorithm I

Algorithm II: Testing Phase

1.- Data Preprocessing withWavelet Transform

� Apply Daubechies (DB6) Extremal Phase Filter
to the testing dataset.

2.- Select the same set of wavelet-subbands obtained in
step 5 of algorithm I.

� Apply 10-fold cross validation to verify
performance of the trained Bayesian Network
with the selected wavelet coefficients.

End Algorithm II

4 Experimental results
Given the great interest in the scientific community in
exploring DNA microarray which in general consist of
thousands of genes, to evaluate the performance of our
proposed approach, we use a highly and noisy
multidimensional multi-class microarray dataset. In
particular, we use a cancer microarray dataset known as
SRBCT[9] consisting of 2,308 genes and 63 samples from
four types of cancers: neuroblastoma (NB),
rhabdomyosacoma (RMS), Burkitt lymphomas (BL) and
Ewing family of tumors(EWS). In our case, we consider a
total of 32 instances for the training phase partitioned
uniformly with respect to each kind of cancer (8 samples for
each type of cancer) and 31 instances as the testing dataset
(eight samples from each type of cancer except one with
seven instances as testing corresponding to the Burkitt
lymphomas).
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In the training phase after applying the first four steps, we
found that the wavelet-subband 5 (containing 2308 wavelet
coefficients) provide us a multivariate mutual information
equal to zero fulfilling the condition established in
proposition 1. Once we apply step 5 of algorithm 1, we use a
10-fold cross-validation method and consider an input
SRBCT-training dataset to the Multi- Class Bayesian
Network (which is implemented. in the data mining
environment known as weka [19]) in the following way:

� �� �2308:,= ��iii WyWT (14)

where:
2308��iW (15)

� �EWSBLRMSNByi ,,,� (16)

Once trained, we test our Bayesian Network classifier
obtaining the following results reported in table I (in
comparison with other results reported in the literature, in
this table we can see that there are two methods providing
100% of accuracy partitioning the multi-class problem as a
collection of N binary sub-problems. In our case, we solve
the multi-class problem without using this artefact):

Table I. Classification Performance
Method Accuracy %

Our Method 92%
KNN 30%

Naive Bayes 60%
lvs1

SVM/Wavelet[9]
100%

SVM-OVA 80%
Decision Tree 75%

5 Conclusions
We have reported experimental results using a novel
wavelet-computational intelligence approach for improving
classification of multi-class datasets. In particular, we
propose a novel approach for extracting entropy-based fuzzy
measures from the wavelet-subband decomposition as well
as their multivariate mutual information (by means of the
Möbius Inversion Transform). With this information, we
select the most suitable wavelets (based on the concept of
independence given in terms of multivariate mutual
information) to train and evaluate a multiclass Bayesian
Network to classify cancer types obtaining satisfactory
results. In conclusion, the propose approach provides a
general framework to deal with data which are inherently
noisy and high dimensional such as microarray gene
expression data. Future work in this research will proceed in
refining and validating the proposed approach in other
applications.
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Abstract— The classical Poincaré weak recurrence theorem states
that for any probability space (Ω,S, P ), any P -measure preserving
transformation T , and any A ∈ S, almost all points of A return to
A. In the present paper the Poincaré theorem is proved when the
σ-algebra S is replaced by any σ-complete MV-algebra.

Keywords— Measure preserving transformation, Poincaré recur-
rence theorem, σ-complete MV-algebra.

1 Introduction
Let (Ω,S, P ) be a probability space, i.e. Ω �= ∅, S is a σ-
algebra of subsets of Ω (i.e. Ω ∈ S; A ∈ S =⇒ Ω \ A ∈
S, and An ∈ S (n = 1, 2, ...) =⇒ ⋃∞

n=1 An ∈ S), and
P : S → [0, 1] is such that P (Ω) = 1, and P (

⋃∞
n=1 An) =∑∞

n=1 P (An), whenever An ∈ S (n = 1, 2, ...) and An ∩
Am = ∅ (n �= m). Let T : Ω → Ω be such that A ∈ S
implies T−1(A) ∈ S, and

P (T−1(A)) = P (A), (1)

whenever A ∈ S; such transformations T are called
measure-preserving. The Poincaré recurrence theorem states
that almost every point x ∈ A will return to A, i.e.

P (A \
∞⋃

n=1

T−n(A)) = 0, (2)

whenever A ∈ S. There is also the stronger variant of the
Poincaré theorem: almost all points of A will return to A in-
finitely many times. It means that for any x ∈ A \ B (where
P (B) = 0) and any k ∈ N there exists n ≥ k such that
Tn(x) ∈ A:

P (A \
∞⋂

k=1

∞⋃
n=k

T−1(A)) = 0. (3)

The strong recurrence theorem has been proved in various
connections (see [7] for Boolean algebras or [3] for topologi-
cal spaces). In [8] the theorem has been proved for a special
class of MV-algebras (σ-complete weakly σ-distributive MV
algebras with product). In the present paper we prove the weak
version for arbitrary MV-algebras.

2 MV-algebras
The notion of an MV -algebra has been introduced by Chang
[1] as an algebraic system

(M,⊕,	,¬, u, 0)

where ⊕,	 are binary operations, ¬ is a unary oparation
and 0, u are fixed elements. By the Mundici theorem ([4])

every MV -algebra corresponds to a unique unital l-group G
(lattice ordered group with a distinguished order unit u),

M = [0, u] = {x ∈ G; 0 ≤ x ≤ u}, (4)
a ⊕ b = (a + b) ∧ u,

a 	 b = (a + b − u) ∨ 0,

¬a = u − a.

Analogously as in quantum structures (see [2]), instead of a
probability masure, a state m : M → [0, 1] can be defined.

2.1. Definition. A state on an MV -algebra
(M,⊕,	,¬, u, 0) is a mapping m : M → [0, 1] satisfying
the following conditions:

(i) m(u) = 1;

(ii) m is additive,
i.e. a 	 b = 0 =⇒ m(a ⊕ b) = m(a) + m(b);

(iii) m is continuous, i.e. an ↗ a =⇒ m(an) ↗ m(a).

2.2. Proposition. Any state m : M → [0, 1] is strongly
additive, i.e. it satisfies the following implication a1 + a2 +
... + an ≤ u =⇒ m(a1 + a2 + ... + an) =

∑n
i=1 m(ai).

Proof. It can be proved by induction.

The following proposition is evident.
2.3. Proposition. A mapping m : M → [0, 1] is a state if

and only if the following conditions are satisfied:

(i) m(u) = 1;

(ii) if (an) is a sequence of elements of M such that a1 +
a2 + ... + an ≤ u for any n ∈ N , then

m(
∞∨

n=1

n∑
i=1

ai) =
∞∑

i=1

m(ai). (5)

3 Main result
3.1. Definition. Let M be a σ-complete MV -algebra, and m :
M → [0, 1] be a state. By an m-preserving transformation of
M we understand a mapping τ : M → M satisfying the
following conditions:

(i) τ(u) = u, τ(0) = 0;
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(ii) τ(a 	 b) = τ(a) 	 τ(b);

(iii) a ≤ b =⇒ τ(b − a) = τ(b) − τ(a);

(iv) τ(a ∧ b) = τ(a) ∧ τ(b);

(v) τ(
∨∞

n=1 an) =
∨∞

n=1 τ(an);

(vi) m(τ(a)) = m(a).

3.2. Definition. a \ b = a 	 (¬b).

3.3. Theorem. Let M be a σ-complete MV -algebra, m :
M → [0, 1] be a state. Then for any a ∈ M

m(a \
∞∨

i=1

τ i(a)) = 0. (6)

Proof. Put bj =
∨∞

i=j τ i(a), b = a \ ∨∞
i=1 τ i(a) = (a −∨∞

i=1 τ i(a)) ∨ 0 = (a − b1) ∨ 0.
By induction it can be proved that

b + τ(b) + ... + τn(b) ≤
n+1∨
j=0

n+1∨
i=j+1

(τ j(a) − bi) ∨ 0.

Since
(τ i(a) − bi) ∨ 0 ≤ τ i(a) ≤ u

we obtain
b + τ(b) + ... + τn(b) ≤ u.

By the strong additivity property

m(
∞∨

i=0

τ i(b)) =
∞∑

i=0

m(τ i(b)) =
∞∑

i=0

m(b),

whence
m(b) = 0.

3.4. Example.
Consider a probability space (Ω,S, µ) and the MV-algebra
M = {f : Ω → [0, 1]; f is S - measurable },
where

f ⊕ g = min(f + g, 1),
f 	 g = max(f + g − 1, 0),

¬f = 1 − f,

u = 1Ω, 0 = 0Ω. Moreover, define m : M → [0, 1] by the
formula

m(f) =
∫

Ω

fdµ,

and
τ(f) = f ◦ T

where T is measure preserving map. By Theorem 3.3 we ob-
tain that ∫

Ω

(f −
∞∨

i=1

f ◦ T i) ∨ 0)dµ = 0,

hence µ-almost everywhere

(f −
∞∨

i=1

f ◦ T i) ∨ 0 = 0,

or equivalently

f ≤
∞∨

i=1

f ◦ T i

µ-almost everywhere.
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Abstract— Following [9] some properties of Q-probability and
Q-states are studied. Representation theorem of Q-probabilities and
Q-states, the existence of the joint observable and The central limit
theorem are proved.
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1 Introduction
Although there are different opinions about intuitionistic
fuzzy events, the following definitions are accepted generally
([1], [5]). Let (Ω,S) be a measurable space. By an intuition-
istic fuzzy event ([5]) we mean any pair

A = (µA, νA)

of S−measurable functions, such that µA, νA : Ω → [0, 1]
and µA + νA ≤ 1.
The function µA is the membership function and the func-

tion νA is the non-membership function. The family F of all
intuitionistic fuzzy events is ordered in the following way:

A ≤ B ⇔ µA ≤ µB , νA ≥ νB .

Evidently
A ∧ B = (µA ∧ µB , νA ∨ νB),

A ∨ B = (µA ∨ µB , νA ∧ νB).

It is easy to see that An ↗ A if and only if µAn
↗ µA and

νAn ↘ νA.
The notion of intuitionistic fuzzy event is a natural general-

ization of the notion of a fuzzy event. Given a fuzzy event µA,
the pair (µA, 1 − µA) is an intuitionistic fuzzy event, so intu-
itionistic fuzzy events can be seen as generalizations of fuzzy
events. Hence we want to define probability on intuition-
istic fuzzy events generalizing probability on fuzzy events.
And actually, two constructions were proposed independently
by Gregorzewski [5] and Gerstenkorn [4], both based on the
Łukasiewicz operations

a ⊕ b = min(a + b, 1),

a 
 b = max(a + b − 1, 0).

Operations ⊕,
 on [0, 1]2 (not necessarily Łukasiewicz oper-
ations) can be naturally extended to intuitionistic fuzzy events
in the following way

A ⊕ B = (µA ⊕ µB , νA 
 νB),

A 
 B = (µA 
 µB , νA ⊕ νB),

whereA = (µA, νA) and B = (µB , νB).

If µ : Ω → [0, 1] is a fuzzy set, then (µ, 1 − µ) is an IF set
corresponding to this fuzzy set. Similarly as in the classical
case, in the fuzzy case and in the quantum case, a probability
(or state) has been introduced as a mapping m : F → [0, 1]
being continuous, additive and satisfying some boundary con-
ditions. Here the main difference is the additivity which is
now of the following form

m(A) + m(B) = m(A ⊕ B) + m(A 
 B).

There exists a general representation theorem for IF-
probability. If (Ω,S, P ) is a probability space, then to any
Łukasiewicz state m : F → [0, 1] there exists α ∈ [0, 1] such
that

m(A) = (1 − α)
∫
Ω

µAdP + α(1 −
∫
Ω

νAdP )

for anyA ∈ F (see [2]). Of course, the constructions (see [4]
[5]) can be obtained as a very special case.
Generally, there are infinitely many possibilities how to de-

fine additivity

m(A) + m(B) = m(S(A,B)) + m(T (A,B))

where
S(A,B) = (S(µA, µB), T (νA, νB)),

T (A,B) = (T (µA, µB), S(νA, νB))

S, T : [0, 1]2 → [0, 1]

being such binary operations (T is a t-norm and S is dual t-
conorm [6]), that

S(u, v) + T (1 − u, 1 − v) ≤ 1.

The Kolmogorov probability theory has 3 fundamental no-
tions: probability, random variable and expectation. In our
fuzzy case, an analogous situation occurs.
Throughout this paper we consider the following operations

with intuitionistic fuzzy events

A⊕QB = ((µA
n+µB

n)
1
n ∧1; 1−((1−νA)n+(1−νB)n)

1
n ∧1),

A
B = (µA, νA)
(µB , νB) = ((µA+µB−1)∨0; (νA+νB)∧1).

Remark 1.1 The operation ⊕Q was introduced by Yager [6],
the operation 
 is Łukasiewicz operation. This is a special
case of operations studied in [9], where ϕ(u) = un, n ∈ N is
fixed for each u ∈ [0, 1]. Special case n = 2 is studied in [2].

We are not able to embed the family F with these operations
into an MV-algebra. Of course, we are able to prove probabil-
ity representation theorems, to construct the joint observable
and prove such fundamental theorems as central limit theorem
or laws of large numbers.
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2 Q-probability and Q-observables
Definition 2.1 Let F be the family of all intuitionistic fuzzy
events, J be the family of all compact subintervals of the unit
interval [0, 1]. Q-probability is any mapping P : F → J
satisfying the following conditions:

(i) P((1, 0)) = [1, 1],P((0, 1)) = [0, 0];

(ii) A 
 B = (0, 1) ⇒ P(A ⊕Q B) = P(A) + P(B);

(iii) An ↗ A ⇒ P(An) ↗ P(A).
(Here [an, bn] ↗ [a, b], if an ↗ a, bn ↗ b.)

Remark 2.2 If A is a crisp set, then µA = ξA, νA = ξB ,
Theorem 2.7 implies that

Psharp(A) = (1 − α)p(A) + αr(A)

Psharp(A′) = (1 − α)p(A′) + αr(A′)

hence Psharp(A)+Psharp(A′) = (1−α)p(Ω)+αr(Ω) = 1.
It follows that there is a large class of examples extending the
classical definition. It makes possible to construct different
models describing some real processes.

Definition 2.3 A mappingm : F → [0, 1] is called a Q-state,
if the following conditions are satisfied:

(i) m((1,0))=1, m((0,1))=0;

(ii) A 
 B = (0, 1) ⇒ m(A ⊕Q B) = m(A) + m(B);

(iii) An ↗ A ⇒ m(An) ↗ m(A).

Example 2.4 Let (Ω,S, p) be a probability space, then a nat-
ural example of Q-state is a function m : F → [0, 1] defined
by the following

m((µA, νA)) =
∫
Ω

µA
ndp,

where n ∈ N is fixed natural number.

Let us suppose, that P maps F to J . We will present this
mapping with functions P�,P� : F → [0, 1] in the following
manner P(A) = [P�(A),P�(A)],A ∈ F . Shorter notation
is used further on is P = [P�,P�].

Theorem 2.5 P : F → J , is a Q-probability if and only if
P�,P� : F → [0, 1] are Q-states.

Proof Let us suppose that P is an Q- probability, then since

[1, 1] = P((1, 0)) = [P�((1, 0)),P�((1, 0))],

we have 1 = P�((1, 0)) and 1 = P�((1, 0)).
Further letA 
 B = (0,1). Then

[P�(A) + P�(B),P�(A) + P�(B)] =
[P�(A),P�(A)] + [P�(B),P�(B)] = P(A) + P(B) =

P(A ⊕Q B) = [P�(A ⊕Q B),P�(A ⊕Q B)],

hence

P�(A) + P�(B) = P�(A ⊕Q B)

and

P�(A) + P�(B) = P�(A ⊕Q B).

Finally

An ↗ A implies [P�(An),P�(An)] = P(An) ↗ P(A),

hence

P�(An) ↗ P�(A) and P�(An) ↗ P�(A).

The opposite implication can be proved similarly. �

Let us find the representation theorems for Q-states and Q-
probabilities. We are able to find this representation only for
representable Q-probabilities.

Definition 2.6 Q-probability P0 = [P�
0,P�

0] : F → J is rep-
resentable, if there exist functions f, g : R2 → R and proba-
bilities p, r : S → [0, 1], such that

P0((µA, νA)) =

= [f(
∫
Ω

(µA)ndp,

∫
Ω

(1−νA)ndr), g(
∫
Ω

(µA)ndp,

∫
Ω

(1−νA)ndr)].

Definition 2.7 Q-state m0 : F → [0, 1] is representable, if
there exist a function f : R2 → R and the probabilities p, r :
S → [0, 1] such that

m0((µA, νA)) = f


∫

Ω

(µA)ndp,

∫
Ω

(1 − νA)ndr


 .

Theorem 2.8 Representation Theorem
Let m0 : F → [0, 1] be a representable Q-state. Then there
exist α ∈ [0, 1] and probabilities p, r : F → [0, 1] such that
for each A ∈ F

m0((µA, νA)) = (1 − α)
∫
Ω

µA
ndp + α(

∫
Ω

(1 − νA)ndr),

where n ∈ N is fixed.

Firstly, let us prove the following lemma.

Lemma 2.9 Let f : [0, 1]2 → R be an additive and continu-
ous function, then f is linear.

Proof Let f : [0, 1]2 → R, we show, that for each A ∈ [0, 1]2

and each α ∈ R such that

f(αA) = αf(A).

Consider cases:

(I) α ∈ N, then f(αA) = f(A + ... + A︸ ︷︷ ︸
α

) = αf(A).

(II) α ∈ Q+, so ∃p, q ∈ Z, (p, q) = 1, p
q > 0.

We have f(A) = f

(
1
q
A

)
+ ... + f

(
1
q
A

)
︸ ︷︷ ︸

q

,

where A ∈ [0, 1]2, so 1
q A ∈ [0, 1]2.

Then f(A) = qf
(

1
q A

)
and so f

(
1
q A

)
= 1

q f(A).

Let us take A ∈ [0, 1]2 such that p
q A ∈ [0, 1]2,

then 1
q A ∈ [0, 1]2 and
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f(p
q A) = f

(
1
q
A

)
+ ... + f

(
1
q
A

)
︸ ︷︷ ︸

p

=

= pf
(

1
q A

)
= p

q f(A).

(III) Since f is continuous and f(rA) = rf(A) for r ∈ Q+,
such that A, rA ∈ [0, 1]2, by approximating any real
x ∈ R by rational (xn)∞n=1 we get

f(xA) = f( lim
n→∞xnA) = lim

n→∞ f(xnA) =

= lim
n→∞xnf(A) = xf(A).

Thus we proved that f is linear on [0,1]. �

Proof of Theorem 2.7
Let m0 be a representable Q-state, we are looking for a for-
mula for function f from Definition 2.6. From property (i) of
Q-state (Definition 2.2) we get

m0((1, 0)) = f(
∫
Ω

1ndp,

∫
Ω

(1 − 0)ndr) = f(1, 1),

because of that ∫
Ω

1dp =
∫
Ω

1dr = 1

we get
m0((1, 0)) = f(1, 1) = 1.

Analogouslym0((0, 1)) = f(0, 0) = 0.
What about additivity? Assume that A 
 B = (0, 1), so

µA + µB ≤ 1, νA + νB ≥ 1.

We get

m0(A ⊕Q B) =

= f(
∫
Ω

( n
√

((µA)n + (µB)n))ndp,

∫
Ω

(1 − (1 − n
√

((1 − νA)n + (1 − νB)n)))ndr) =

= f(
∫
Ω

(µA)n + (µB)ndp,

∫
Ω

(1 − νA)n + (1 − νB)ndr).

Analogously

m0(A) + m0(B) =
f(

∫
Ω

(µA)ndp,
∫
Ω

(1−νA)ndr)+f(
∫
Ω

(µB)ndp,
∫
Ω

(1−νB)ndr).

Let us denote by∫
Ω

µAdp = u1,

∫
Ω

µBdp = v1,

∫
Ω

(1 − νA)dr = u2,

∫
Ω

(1 − νB)dr = v2,

we get

m0(A ⊕Q B) = f(u1 + v1, u2 + v2),
m0(A) + m0(B) = f(u1, u2) + f(v1, v2).

Since the property (ii) holds, we have

f(u1 + v1, u2 + v2) = f(u1, u2) + f(v1, v2),

and that is why the function f is linear (f(x + y) = f(x) +
f(y) holds). This equality holds by the previous Lemma.
Finaly f is continuous by the (iii) property of Definition 2.2.
�

Theorem 2.10 Representation Theorem of Q-probabilities
If P0 is a representable Q-probability, then there exist real
numbers α, β ∈ [0, 1] and probability mesures p, r1, r2 : S →
[0, 1] such that αr1 ≤ βr2 that for each A = (µA, νA) ∈ F
there holds

P0((µA, νA)) = [(1 − α)
∫
Ω

(µA)ndp + α
∫
Ω

(1 −

νA)ndr1, (1 − β)
∫
Ω

(µA)ndp + β
∫
Ω

(1 − νA)ndr2].

Proof Let P0(A) = [P�
0(A),P�

0(A)] be representable
Q-probability. Following Q-states P�

0,P�
0 could be written by

previous formulas. �

3 Q-observables and p-joint Q-observables
First, let us denote Borelian sets by B(R).

Definition 3.1 A mapping x : B(R) → F is called a
Q-observable, if the following conditions are satisfied:

(i) x(R) = (1, 0), x(∅) = (0, 1);

(ii) ifA∩B = ∅ then x(A)
x(B) = (0,1), and x(A∪B) =
x(A) ⊕Q x(B);

(iii) An ↗ A ⇒ x(An) ↗ x(A).

Theorem 3.2 Let x : B(R) → F be an Q-observable, P =
[P�,P�] : F → J be an Q-probability. Then the functions
P�◦x : B(R) → [0, 1],P�◦x : B(R) → [0, 1], are probability
measures.

Proof The proof is straightforward. �

Theorem 3.3 Let x : B(R) → F be an Q-observable,
x(A) = (x�(A), 1 − x�(A));ω ∈ Ω. Then the functions
p�

ω, p�
ω : B(R) → [0, 1] defined by

p�
ω(A) = (x�(A)(ω))n;

p�
ω(A) = (x�(A)(ω))n

are probability measures.

Proof Use instead of ϕ(u) = un in Theorem 2.7 in [9]. �
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Definition 3.4 Let x, y : B(R) → F be Q-observables. By
the p-joint Q-observable h of x, y we understand a mapping
h : B(R2) → F satisfying the following conditions

(i) h(R2) = (1,0); h(∅) = (0,1);

(ii) ifA∩B = ∅ then h(A)
h(B) = (0,1) and h(A∪B) =
h(A) ⊕Q h(B);

(iii) An ↗ A ⇒ h(An) ↗ h(A);

(iv) h(C × D) = x(C).y(D) for any C, D ∈ B(R).
here (µC , νC).(µD, νD) = (µC .µD, 1 − (1 − νC).(1 −
νD))

Remark 3.5 Analogously we can extend Definition 3.4 for fi-
nite collection of Q-observables.

Theorem 3.6 To any Q-observables x, y : B(R) → F there
exists their p-joint Q-observable h : B(R2) → F .

Proof Use instead of ϕ(u) = un in Theorem 2.9 in [9]. �

4 Application of Q-observables
Let us mention one version of Central limit theorem: let
(ξi)∞i=1 be a sequence of independent, equally distributed,
square integrable random variables,

E(ξi) = a, σ2(ξi) = σ2 for all i ∈ N.

Then for any t ∈ R there holds

lim
n→∞ p

({
ω;

ζn(ω) − a

σ

√
n < t

})
= Φ(t).

Here ζn = 1
n

n∑
i=1

ξi and Φ(t) = 1√
2π

t∫
−∞

e−
u2
2 du.

Now we are going to formulate an analogous assertion for
Q-observables.
First, we shall mention some useful definitions:

Definition 4.1 For any Q-probability P = [P�,P�] : F → J
and any Q-observable x : B(R) → F we define the expected
values by

E�(x) =
∫
R

tdP�
x(t);

E�(x) =
∫
R

tdP�
x(t)

and the variances by

σ2
� (x) =

∫
R

(t − E�(x))2dP�
x(t);

σ2
� (x) =

∫
R

(t − E�(x))2dP�
x(t),

where P�
x = P� ◦ x,P�

x = P� ◦ x, assuming that the integrals
exist.

Assume T = (ξ1, ..., ξn) : Ωn → Rn is a random vec-
tor and g : Rn → R is a Borel measurable function (e.g.

g(u1, ..., un) = 1
n

n∑
i=1

ui). Then

g(ξ1, ..., ξn) = g ◦ T : Ωn → Rn,

is a transformation of T. Hence we get the following formula

(g ◦ T )−1(A) = T−1(g−1(A))

for any A ∈ B(R). The formula justifies the following defini-
tion.

Definition 4.2 Let gn : Rn → R be a Borel function,
x1, ..., xn : B(R) → F be Q-observables, hn : B(Rn) → F
their joint observable. Then the gn−transformation of hn

is a Q-observable yn : B(R) → F given by yn(A) =
hn(g−1

n (A)) for any A ∈ B(R).

Definition 4.3 Let (xn)∞n=1 be a sequence of Q-observables,
(hn)∞n=1 be a sequence of the joint Q-observables hn :
B(Rn) → F of x1, x2, ..., xn (for n ∈ N ),m : F → [0, 1] be
a Q-state. The sequence (xn)∞n=1 is independent (with respect
to m), if for any n ∈ N and any C1, C2, ..., Cn ∈ B(R) there
holds

m(hn(C1 × C2 × ... × Cn)) = m(x1(C1))...m(xn(Cn)).

Definition 4.4 A sequence (xn)∞n=1 of Q-observables is
equally distributed, ifm(xn(A)) = m(x1(A)) for any n ∈ N
and A ∈ B(R).

Theorem 4.5 (Central limit theorem)
Let (xn)∞n=1 be a sequence of independent, equally dis-
tributed, square integrable Q-observables, where E�(xn) =
a�, (E�(xn) = a�) σ2

� (xn) = σ2
� , (σ2

� (xn) = σ2
� ) for each

n ∈ N. Then for any t ∈ R there the following holds

lim
n→∞P�

(
x1+...+xn−na�

σ�

√
n

((−∞, t))
)

= 1√
2π

t∫
−∞

e−
u2
2 du,

( lim
n→∞P�

(
x1+...+xn−na�

σ�
√

n
((−∞, t))

)
= 1√

2π

t∫
−∞

e−
u2
2 du).

Proof Use Theorem 4.1 in [9]. �

5 Conclusion

Generalizing some notions proposed in [2] we constructed a
Q−probability theory. The theory includes some known re-
sults (n = 1, n = 2), and also it opens the door for some
other applications. We have proved some representation the-
orems. As an open question and an inspiration for the future
research remains the problem of conditional probabilities for
this framework.
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Abstract— Our basic question is as follows: given a, maybe mul-
tivariate, probability distribution, how to formalize the idea that some
points are more central than others? We present an account of the
notion of centrality which is based on fuzzy events and is valid for
single distributions and for families of distributions (including im-
precise probability models).
This unifying framework is natural and subsumes many known con-
cepts like the following (not an exhaustive list): (a) univariate lo-
cation estimators like the mean, the median and the mode, (b) the
interquartile interval and the Lorenz curve of a random variable, (c)
several generalized medians, trimmed regions and statistical depth
functions from multivariate analysis, (d) most known location esti-
mators for random sets, (e) the probability mass function of a discrete
random variable and the coverage function of a random closed set, (f)
the Choquet integral with respect to an infinitely alternating or in-
finitely monotone capacity.

Keywords— Centrality, Fuzzy event, Multivariate analysis,
Random set, Statistical depth.

1 Introduction

All points are central, but some points are more central than
others.1

Our aim is to show how a simple idea with a natural
interpretation within fuzzy set theory allows to define,
in a unified way, many notions from statistics. These in-
clude well-known location estimators for random vari-
ables; some multivariate generalizations which grew
into the theory of statistical depth functions in the last
fifteen years; trimming methods based on them; means
and medians of random sets; and even Choquet inte-
grals. In fact, the notion applies as soon as we have a
model to which we are able to associate a family of prob-
ability distributions.

The main tool is the notion of a fuzzy event and its
probability [25]. A fuzzy event in a measurable space Ω is
a measurable mapping A : Ω → [0, 1]. The membership
A(ω) denotes the degree to which event A occurs when
ω ∈ Ω occurs. A probability measure on Ω extends to all
fuzzy events by the natural formula

P (A) =
∫

AdP.

The structure of this communication is as follows. Sec-
tion 2 presents the fuzzy notion of centrality of a point

1Paraphrasing a famous sentence from Orwell’s ‘Animal
farm’.

in a probability distribution. Section 3 extends it to fami-
lies of distributions. Sections 4, 5, 6 and 7 exhibit specific
examples covered by our framework. Finally, Section 8
closes the paper with some final remarks.

2 Centrality and location estimators based
on fuzzy events

What does it mean to speak about the ‘centrality’ of a
point in a data set or a probability distribution? Al-
though it is informally clear that the mean, the median
and the mode are three traditional answers to the prob-
lem of pinpointing where the ‘center’ of a distribution
is, a formal definition of centrality is far more elusive. In
this section, an intuitively appealing view of centrality
based on fuzzy set theory is presented.

We begin by choosing a family A of fuzzy events,
called reference events. Roughly speaking, a point x is
considered central if the probability of a reference event
is high whenever it contains x. That is, x is central if the
probable reference events are implied by the occurrence of x,
whereas x is not central if it belongs to unlikely reference
events. Note that this definition of centrality is relative
to the chosen family of reference events.

This notion is reminiscent of the mode as the most
likely point, and actually the mode is what appears
when the reference events are chosen to be the (crisp)
points.

It is possible to derive a crisp definition of centrality
from the ideas above: we could say that a point is central
if

P (A) ≥ A(x) ∀A ∈ A.

But although this might capture the notion that the value
of P (A) is large insofar as the degree to which x belongs
to A is large, a gradual restriction seems even more faith-
ful to the idea. Thus, we say that a point is central to
degree at least α (with respect to the family A) if

P (A) ≥ α ·A(x) ∀A ∈ A.

The set of all the central points to degree at least α is the
α-cut of a fuzzy set. That allows us to define the fuzzy
set C given by

C(x) = sup{α ∈ (0, 1] | ∀A ∈ A, P (A) ≥ αA(x)},
whose membership function indicates the degree of cen-
trality of each point in the probability distribution P .

This definition can be rewritten in the language of
fuzzy logic, as follows.



Proposition 1. Denote Goguen’s fuzzy implication by I .
Then,

C(x) = inf
A∈A

I(A(x), P (A)).

Since P (A) can be seen as the degree of truth of the
proposition ‘A is probable’ in an adequate fuzzy logic
(see e.g. [7]), the fuzzy set C captures the intuitive idea
that its elements are those such that ‘for any reference
event A, if x ∈ A then A is probable’.

In principle, the Goguen implication can be replaced
by a different implication. In this paper, we content our-
selves with showing that many statistical objects arise
from this choice (whose reason is historical, as explained
in the final section), without analyzing other possible
choices. However, note that changing the implication
may lead to obtaining the same examples with a mere
modification of the shape of the reference events.

From a statistical point of view, those points with
the maximal centrality can serve as location estimators
which might be called maximal centrality estimators. In
general, there may be more than one maximally central
point (like e.g. several modes), so all the maximally cen-
tral points form the central region. Points with centrality
at least α form the α-central region.

3 Extension to families of distributions

As shown in Section 4, the notion of centrality presented
above is directly related to some traditional location esti-
mators, as well as to several multivariate generalizations
which have been introduced and studied mostly in the
last fifteen years. However, to account for some of those
cases and specially to cover more general types of mod-
els like random sets, it is necessary to extend it to study
the centrality of a point in a family of distributions.

When the model consists of more than one single
distribution, the underlying distribution generating the
data is known or assumed to belong to a specified fam-
ily. Some situations covered by this more general setting
are the following.

(a) A parametric or non-parametric model.

(b) Upper and lower probabilities.

(c) A Choquet capacity.

(d) A random set.

(e) A credal set.

(f) A neighbourhood of a probability.

(g) Other families defined in terms of the distribution
of a random variable.

Given a random variable ξ, instances of (g) include
the family {Pg·ξ | g is [0, 1]-valued} used to define the
zonoid [11] of ξ; and the family {Q ≤ α−1Pξ} used to de-
fine trimmed regions in [4]). In such examples, a family
of distributions is constructed whose central region con-
tains interesting information about ξ, although maybe
no longer related to centrality itself. For instance, the lift
zonoid of ξ, a multivariate generalization of the Lorenz

curve, is the central region of a family of distributions
defined from the distribution of ξ.

In such a that situation, for statistical purposes a point
should be considered central in the family if it is po-
tentially a central point of the true distribution, which
could be any member of the family. The rationale is
that a model defined by a family of distributions is more
imprecise than pinpointing a single distribution, so the
compatibility of a point being central with the informa-
tion available should be larger 2.

That suggests the following definition: given a family
P of probability distributions, the fuzzy set C of central
points is defined by

C(x) = sup{α ∈ (0, 1] | ∀A ∈ A, sup
P∈P

P (A) ≥ αA(x)}.

The rest of the definitions (α-central region, etc.) are
modified analogously.

Observe that the location information in a family of
distributions is summarized using the same object as for
a single distribution. Thus, the complexity of that sum-
mary is the same as for a single distribution (although
calculating C may be computationally more expensive).
That implies that statistical procedures based on C, de-
vised for single distributions, will extend immediately
to the situations above, particularly imprecise probabil-
ity models (Choquet capacities, random sets).

As will be shown later, in the cases when C coincides
with a statistical depth function such procedures already
exist.

Let us finally note that some of the results below may
require, for technical reasons, that the family P consid-
ered is not an arbitrary one but compact with respect to
the topology of weak convergence (convergence in dis-
tribution).

4 Univariate examples

As already mentioned, the three basic examples of loca-
tion estimators arise as special cases of maximally cen-
tral points of a distribution.

Theorem 2. Let ξ be a random variable. For appropriate
choices of A and α ∈ (0, 1], the α-central region Cα is:

(1) The expectation of ξ, if it exists (otherwise, the cor-
responding α-central region is empty).

(2) The median of ξ.

(3) The mode of ξ, if ξ is discrete.

The necessary choices of α in Theorem 2 are: α = 1 in
(1); α = .5 in (2); α the height of C in (3). In fact, in all
the three cases α coincides with the height of the fuzzy
set C. In subsequent examples, for ease of presentation
we omit the choice of α in each case.

2In any case, it is also interesting to consider the dual ap-
proach: to which degree a point is guaranteedly central in all
the distributions of the model. That was pointed out to me by
Didier Dubois.



As to the other ingredient, A, one may ask whether
the families of reference events needed to retrieve these
classical estimators may be very complicated. In fact,
they are quite simple:

(1) {Ay(x) = |x−y|/(1+|x−y|)}y∈R for the expectation.

(2) {A+
y (x) = I[y,∞)(x), A−y (x) = I(−∞,y](x)}y∈R for

the median.

(3) {Ay(x) = I{y}(x)}y∈R for the mode.

In (2) and (3), IB denotes the indicator function of a crisp
set B.

Subsequent examples use the same choices of A or
suitable multivariate generalizations. Again to avoid
burdensome presentation, we omit the specific choice of
A in each case.

Interestingly, (1) is associated to a new characteriza-
tion of the expectation of a random variable in terms of
the bounded metric d(x, y) = |x− y|/(1 + |x− y|).

Proposition 3. Let ξ be an integrable random variable.
Then, its expectation is the unique real number x such
that, for any number y,

d(x, y) ≤ Ed(ξ, y);

namely Eξ is identified by the property that every num-
ber is closer in d-distance to Eξ than it is (in mean) to
ξ.

Proof (outline of the main ideas). There exists a characteri-
zation of the mean, due to Shafik Doss [6], as the unique
real number x such that, for any y,

‖x− y‖ ≤ E‖ξ − y‖.

It suffices to show that both properties are equivalent.
The easy part, with the help of the Jensen inequality, is
to show that a number satisfying the condition in the
statement must also fulfil Doss’s property (and so our
condition is formally stronger and only the mean could
satisfy it).

To prove that the mean has indeed the property in the
statement we need to go against Jensen’s inequality, so
things get more involved. The key is to take a divergent
sequence of values for y and show that, when y is very
far from x, Jensen’s inequality is almost an equality, so
in the limit we can ‘reverse’ it.

Actually, this geometric characterization is valid in
any separable Banach space, if we just replace the Eu-
clidean distance by the norm.

A couple more univariate examples are as follows.
These are no longer related to location estimation.

Proposition 4. Let ξ be a random variable. For appropri-
ate choices of A and α ∈ (0, 1], the α-central region Cα

is:

(1) The interquartile interval of ξ.

(2) The Lorenz curve of ξ (more exactly, the curve to-
gether with the region below it, its hypograph).

Both the interquartile interval and the median are ex-
amples of the interval between the p-th quantile and the
(1 − p)-th quantile (for p = .25 and p = .5). Modulat-
ing the value of α (precisely, α = .5 − p), we can obtain
any such interval for 0 ≤ p ≤ .5. For p = 0, that is the
interval between the minimum and maximum values of
ξ.

In this connection, let us remark that two known tools
in exploratory data analysis, the box-plot and its mul-
tivariate generalization (the bag-plot), are plotted using
only information subsumed by our framework.

5 Multivariate examples

In the multivariate case, the absence of a natural order
makes it impossible for a point to have all the usual
properties of the univariate median. That has led to the
definition of many depth functions [14]; often the point
maximizing the depth function is called a generalized me-
dian or a maximal depth estimator.

Depth functions aim at ordering, in a center-outward
sense, the points in a data set or, more generally, those
of Rd with respect to a given distribution. A typical ap-
plication of depth (among many others) is outlier detec-
tion: sample points with very small depth are trimmed
out as outliers.

The notion of depth is still somewhat vague, and its
semantics is specially unclear for multimodal or very
asymmetric distributions. Zuo and Serfling [26] under-
lined four desirable properties of depth functions, which
had already been studied in particular cases:

(a) Depth is maximal at a center of symmetry of the dis-
tribution, if the latter exists.

(b) Depth decreases along any ray departing from the
center.

(c) Depth vanishes as the distance to the center goes to
infinity.

(d) The depth function should be affinely equivariant
(so that conclusions do not depend on the chosen
coordinate system).

It must be emphasized that, often, accepted notions of
statistical depth fail some of those properties (e.g. Lp-
depth).

From any depth function, an α-trimmed region can
be constructed which is formed by those points having
depth at least α. Plotting the contours of the α-trimmed
regions constitutes an easy device for multivariate ex-
ploratory analysis.

To give the reader a grasp of how depth functions
work, let us just mention some ways to calculate depth.

Convex hull peeling depth of a point in a data sam-
ple is calculated as follows. Take the convex hull of the
sample. The points outside have depth 0. Now the sam-
ple points in the boundary of the convex hull are ‘peeled
off’; points left outside the cloud by doing so have depth



proportional to 1. The sample points in the boundary of
the convex hull of the remaining points are peeled off,
and points left outside the cloud are given depth pro-
portional to 2. The procedure goes on until the inner-
most points have been peeled off.

Simplicial depth of a point is calculated as the proba-
bility that it belongs to the random simplex whose ver-
tices are independent and identically distributed copies
of the variable.

Similarly, expected convex hull depth is inversely pro-
portional to the number k of copies of the variable which
are needed to ensure that the point is in the Aumann ex-
pectation of the sample {ξ1, · · · , ξk}.

Finally, for halfspace depth one considers the proba-
bility that the variable lies in a halfspace, and calculates
the infimum of such values over those halfspaces whose
boundary contains the point.

Some statistical depth functions in the literature are
fuzzy sets of central points, as the following result
shows.

Theorem 5. Let ξ be a random vector. For appropriate
choices of A, P and α ∈ (0, 1], the centrality C(x) is:

(1) The convex hull peeling depth of x (Huber [9], 1972;
Barnett [2], 1976).

(2) The simplicial depth of x (Liu [15], 1990).

(3) The majority depth of x (Liu–Singh [16], 1993).

(4) The probability of the event {ξ = x}, if ξ is discrete.

The univariate examples presented above extend to
the multivariate setting as follows (including the central
regions associated to further notions of depth).

Theorem 6. Let ξ be a multivariate random vector. For
appropriate choices of A, P and α ∈ (0, 1], the α-central
region Cα is:

(1) The expectation of ξ, if it exists.

(2) The generalized median of ξ according to any of the
depth functions (1-3) above.

(3) The α-trimmed region of ξ according to any of the
depth functions (1-3) above.

(4) The generalized median and the α-trimmed region
of ξ according to the halfspace depth (Tukey [23],
1975).

(5) The generalized median and the α-trimmed region
of ξ according to the zonoid depth (Mosler [17],
2002).

(6) The generalized median and the α-trimmed re-
gion of ξ according to the symmetric order depth
(Cascos–López-Dı́az [5], 2004).

(7) The generalized median and the α-trimmed region
of ξ according to the expected convex hull depth
(Cascos [3], 2007).

(8) The mode of ξ, if ξ is discrete.

(9) The zonoid of ξ (see e.g. [11, 17]).

(10) The lift zonoid of ξ (Koshevoy–Mosler [12], 1998).

The lift zonoid generalizes the Lorenz curve and so
serves to study multivariate concentration and inequal-
ity. It is also remarkable that it characterizes the distri-
bution of ξ.

6 Multivalued examples

When a random set is considered, the statistical model
takes the following form. The underlying random vari-
able ξ is not directly observed; only a larger set of values
X containing ξ is observed. Then, we know that ξ is
such that ξ ∈ X almost surely, namely ξ is a selection of
X . In that case, P is the family of all selections of X .

Most location estimators for random sets are unified
as special cases of central or α-central regions.

Theorem 7. Let X be a random compact set and P the
family of all its selections. Then, for appropriate choices
of A and α ∈ (0, 1], the α-central region Cα is:

(1) The Aumann expectation of X (Kudō [13], 1954;
Aumann [1], 1965) if Ω is non-atomic or X is convex
(in general, the convex hull of the Aumann expec-
tation).

(2) The Vorob’ev expectation of X (Vorob’ev [24], 1984).

(3) The Herer expectation of X (Herer [8], 1990).

(4) The radius-vector expectation of X (Stoyan–Stoyan
[18], 1994).

(5) The Vorob’ev median of X (Stoyan–Stoyan [18],
1994).

Another notion covered by our framework is the cov-
erage function of a random set X , given by pX(x) =
P (x ∈ X).

Proposition 8. Let X be a random closed set. Then, pX is
both an integral depth function in the sense of [22] and
a fuzzy set of central points, corresponding to taking A
to be the family of all crisp points and P the family of all
selections of X .

The corresponding central region is formed by all the
fixed points of the random set.

7 Choquet capacities

Let ν be a Choquet capacity in the sense of [10], namely a
function from the Borel σ-algebra of Rd to [0, 1] with the
following properties:

a) ν(Ø) = 0, ν(Ω) = 1, ν(A) ≤ ν(B) if A ⊂ B,

b) ν(Cn) ↘ ν(C) if Cn ↘ C and Cn, C are closed,

c) ν(An) ↗ ν(A) if An ↗ A.



A more general definition, in which closed sets are re-
placed by compact sets, is possible. A capacity is called
2-alternating if

ν(A ∪B) + ν(A ∩B) ≤ ν(A) + ν(B),

and infinitely alternating if

ν(
n⋂

i=1

Ai) ≤
∑

Ø 6=I⊂{1,...,n}
(−1)card(I)+1ν(

⋃

i∈I

Ai)

whenever A1, . . . , An are Borel sets.
The dual capacity to ν is given by ν(A) = 1 − ν(Ac).

The dual to a 2-alternating or infinitely alternating ca-
pacity has the property called 2-monotonicity or infinite
monotonicity, respectively. The Choquet integral of a ran-
dom variable ξ with respect to ν is
∫

(C)

ξdν =
∫ ∞

0

ν({ξ ≥ t})dt +
∫ 0

−∞
[ν({ξ ≥ t})− 1]dt,

which exists provided at least one of the two improper
Riemann integrals is finite. In that case, ξ is called ν-
integrable.

Our notion of centrality can be applied to capacities
by taking P to be the core of ν, namely the family of
all probability distributions P ≤ ν dominated by ν.
Observe that Zadeh’s definition of the probability of a
fuzzy event extends immediately to capacities by setting
ν(A) =

∫
(C)

Adν.

Proposition 9. Let ν be a 2-alternating Choquet capacity
and let I be Goguen’s fuzzy implication. Then, taking P
to be the core of ν results in

C(x) = inf
A∈A

I(A(x), ν(A)).

The Choquet integrals with respect to ν and ν are
sometimes called the upper and lower Choquet inte-
grals. They can be retrieved in our framework.

Theorem 10. Let ν be an infinitely alternating Choquet
capacity and P its core. Let ξ be a ν-integrable ran-
dom variable. Then, for an appropriate choice of A, the
central region C1 is the interval between

∫
(C)

ξdν and∫
(C)

ξdν.

As a consequence, we obtain the following geometric
characterizations of the Choquet integral.

Proposition 11. Let ν be a Choquet capacity, and let
ξ be a ν-integrable random variable. If ν is infinitely
alternating, then the Choquet integral

∫
(C)

ξdν is the
largest value x satisfying either of the following equiva-
lent properties:

(1) |a− x| ≤ ∫
(C)

|a− ξ|dν for all a ∈ R,

(2) d(a, x) ≤ ∫
(C)

d(a, x)dν for all a ∈ R.

Analogously, if ν is infinitely monotone, then
∫
(C)

ξdν is
the smallest value x satisfying either property.

8 Concluding remarks
1. The proofs of the results presented in this contribu-
tion use pieces of information from several submitted
papers, mostly [22, 20] but also [19, 21], which are not
explicitly about fuzzy sets. The proofs will be presented
in a forthcoming paper. The communication format al-
lows us to present the ideas in a convenient sequence
from particular to general, although the logical path of
their derivation is more involved.

2. There is an interesting connection between defuzzi-
fication and depth-based statistical estimation. Indeed,
defuzzification (understood as obtaining a single point,
not a crisp set) of a fuzzy set of central points appears
very close to location estimation. The two main methods
of depth-based estimation in the literature are general-
ized medians and the depth-weighted estimators given
by

DWE =
∫

xD(x)dx/

∫
D(x)dx,

see e.g. [27]), which correspond to the maximum and
centroid methods of defuzzification.

3. The choice of the Goguen implication, rather than
any other fuzzy implication, is rooted in earlier works
which inspired our own. The genealogy is as follows.
Koshevoy and Mosler [11] defined the zonoid trimmed re-
gions

{E[ξ · g(ξ)] | g : Rd → [0, α−1] is measurable}
formed by the expectations of ξ with respect to all prob-
ability measures Q such that dQ

dP ≤ α−1. Cascos general-
ized that idea to an abstract definition of integral trimmed
regions

Dα
F (x) = {x | ∃Q ≤ α−1P : ∀f ∈ F f(x) ≤

∫
fdQ}

where F is a family of integrable functions) which were
studied in his Ph.D. thesis and the paper [4]. One al-
ready finds P ≥ αQ explicitly there, although as a com-
parison between probabilities. Integral trimmed regions
in the sense of [4] receive a natural interpretation in con-
nection to stochastic orders. They coincide with integral
trimmed regions in the sense of [22] (no longer inter-
pretable from stochastic orders) if F is formed by upper
semicontinuous functions. In turn, those are a special
case of integral central regions [22], which are very simi-
lar to central regions in this paper (although, the notions
of integral depth in [22] and fuzzy centrality in this pa-
per seem to be more far apart).

4. It is natural to ask whether fuzzy centrality and/or
statistical depth are in turn related to Zadeh’s proposal
that probability theory should include a notion of the
usual value of a variable.
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[13] H. Kudō (1954). Dependent experiments and sufficient
statistics. Nat. Sci. Rep. Ochanomizu Univ. 4:151–163.

[14] R. Liu, R. Serfling, D. Souvaine, editors (2006). Data depth:
robust multivariate analysis, computational geometry and ap-
plications. American Mathematical Society, Providence.

[15] R. Y. Liu (1990). On a notion of data depth based on ran-
dom simplices. Ann. Statist. 18:405–414.

[16] R. Y. Liu, K. Singh (1993). A quality index based on data
depth and multivariate rank tests. J. Amer. Statist. Assoc.
88:252–260.

[17] K. Mosler (2002). Multivariate dispersion, central regions
and depth. The lift zonoid approach. Lect. Notes Statist. 165.
Springer, Berlin.

[18] D. Stoyan, H. Stoyan (1994). Fractals, random shapes and
point fields. Wiley, Chichester.

[19] P. Terán. On the equivalence of Aumann and Herer ex-
pectations of random sets. Test 17:505–514.

[20] P. Terán. Classical location estimators for random sets in
the light of statistical depth. Submitted for publication.

[21] P. Terán. Herer and Aumann expectations of random sets.
Submitted for publication.

[22] P. Terán. Integral central regions and integral depth. Sub-
mitted for publication.

[23] J. W. Tukey (1975). Mathematics and the pictur-
ing of data. Proceedings of the International Congress
of Mathematicians (Vancouver, B. C., 1974), 523–531.
Canad. Math. Congress, Montreal.

[24] O. Y. Vorob’ev (1984). Mean-measure modelling [in Rus-
sian]. Nauka, Moscow.

[25] L. A. Zadeh (1968). Probability measures of fuzzy events.
J. Math. Anal. Appl. 23:421–427.

[26] Y. Zuo, R. Serfling (2000). General notions of statistical
depth function. Ann. Statist. 28:461–482.

[27] Y. Zuo, H. Cui, X. He (2004). On the Stahel-Donoho es-
timator and depth-weighted means of multivariate data.
Ann. Statist. 32:167–188.



 

 

L-Prime Spectrum of Modules 
Bayram Ali Ersoy1  and  Dan  Ralescu2 

1 Yildiz Technical University, Department of mathematics, Davutpasa Kampusu, Esenler, 

Istanbul, TURKEY. 

2 University of Cincinnati, Cincinnati, OH 45221-0025, USA. 

E-mail  :  ersoya@yildiz.edu.tr, dan.ralescu@uc.edu 
 

 

Abstract: We investigate  the Zariski Topology on the L-prime 

spectrum of modules consisting of the collection of all prime L-

submodules and prove some useful results. 

 
Keywords: L- ideal,  L-submodule, L-prime submodule, Special L-

submodule, L-Irreducible submodule, L-Prime Spectrum, Zariski 

topology, Generic point. 

 

1 Introduction 

 

Throughout this paper R is a commutative ring with identity 

and M is a unitary R-module. The prime spectrum Spec(R) 

and the topological space obtained by introducing Zariski 

topology on the set of prime ideals of a commutative ring 

with identity play an important role in the fields of 

commutative algebra, algebraic geometry and lattice theory. 

Also, recently the notion of prime submodules and Zariski 

topology on Spec(M), the set of all prime submodules of a 

module M over a commutative ring with identity R, are 

studied by many authors (for example see [1,2], [3]) that is 

in [3] a module with Zariski topology  is called top module 

and it is shown that every multiplication module is a 

topmodule. As it is well known [4], introduced the notion of 

a fuzzy subset μ of a nonempty set X as a function from X to 

unit real interval = [0, 1]. I [5] replaced I  by a complete 

lattice L in the definition of fuzzy sets and introduced the 

notion of L-fuzzy sets. the notion of fuzzy groups was  

introduced by Rosenfeld  [6]); and fuzzy sub-modules of M 

over R were first introduced by Negoita and Ralescu [7]. İn 

[8] Pan  studied fuzzy finitely generated modules and fuzzy 

quotient modules (also see [9]). In the recent five years a 

remarkable amount of work has been done on fuzzy ideals in 

general and prime fuzzy ideals in particular, and some 

interesting topological properties of the spectrum of fuzzy 

prime ideals of a ring are obtained (see [10], [11], [12], [13], 

[14], [15] and [16,17].  

 

Finally R.Ameri and R. Mahjoob 2007 studied  

Zariski topology on ( )L Spec M  defining all prime 

submodules of M. They investigated some basic properties 

of prime L-submodules and characterize the prime L-

submodules of M. They established the relationship between 

primeless and L-primeless for a given module via the role of 

the lattice L. Finally they investigated the Zariski topology 

on ( )L Spec M . They showed that for  L-top modules 

Zariski topology on  ( )L Spec M exists.  In this paper we 

contınue the paper [18] R.Ameri and R. Mahjoob 

2007. ( )L M  defines all L  submodules of .M  We define 

L-special submodule of M to construct a topology on L-

spec(M).  Then we examine the relationship between  with 

the L-special submodule and L-irreducible submodule.  

 

 

_ pL T  module is defined to construct a topology. We 

introduce that If ( )L M  is _ pL T  module then 

L-Spec(M)  is a 0T  space. We show that L-Spec(M)  is 

a 1T  space if and only if for every L-Spec(M)  is 

maximal. The topological space (L-Spec(M) , )T  

where M  is a Noetherian R module is compact. We 

show that where Y  is a closed subset of  ,  If  ( )J Y   is 

L-prime submodule of M  then Y  is irreducible. And if  

Y  is a generic point of Y  then Y  is irreducible. 

 

2 Preliminaries. 

 

Throughout of this paper, by R we mean a commutative ring 

with identity, and M is a unital R-module and L denotes a 

complete lattice. By an L-subset μ of a non-empty set X, we 

mean a function μ from X to L and if L = [0, 1], then μ is 

called a fuzzy subset of X. LX denotes the set of all  L-

subsets of X. 

 

Definition 2.1: A fuzzy ideal of  R  is a fuzzy subset of  R  

such that; 

i- ( ) min( ( ), ( )) ,x y x y x y R       

ii- ( ) ( ) ,xy x x y R     

The set of all L-ideals of R is denoted by L I (R). 

 

Definition 2.2: If   is a fuzzy subset of M , then for any 

 0,1t  the set  ( )t x M x t      is called a 

level subset of M  with respect to  . 

 

Definition 2.3([19]):  Let   and    be a fuzzy ideal of  R  

Then x R   there exists ,y z R  s.t. 

 . ( , ) sup min( ( ), ( ))
x yz

x y y z  


 . 

 

Definition 2.4: Let R  be a ring and ( )LI R . A non 

constant   is called L-prime ideal for every 

, ( )LI R   ,    implies that    or   .   

 

By L-Spec(R)  we mean the set of all prime L-ideals of  R. 

 

Definition 2.5: A fuzzy submodule of  M  is a fuzzy subset 

of  M  such that 

1- (0) 1   

mailto:ersoya@yildiz.edu.tr
mailto:dan.ralescu@uc.edu


 

 

2- ( ) ( ) andrx x r R x M       

3- ( ) min( ( ), ( )) ,x y x y x y M       

 

L-(M)  denotes the set of all L-submodules of  M . 

 

Theorem 2.6:    is a fuzzy submodule of M  if and only 

if   t  is a submodule of  M  for all Imt  . 

 

Definition 2.7 ([20]): For , ML    and 
RL , define 

: ML   as follows:  : ML       . 

 

Definition 2.8: Let M  be an R module and  ( )L M . 

A non constant   is called L-prime submodule for every 

( )LI R  and ( )L M  ,    implies that 

   or :1M  . 

By L-Spec(M)  we mean the set of all L- prime 

submodules of  M . 

 

3  L-prime Spectrum on Modules 

Example3.1: 

   

1 if ( , ) (0,0)

1( , ) if ( , ) , 0 (0,0)
3

0 otherwise

x y

x y x y

 
 

   
 
 

  is 

L-submodule of  ,0 , 

   

1 if ( , ) (0,0)

1( , ) if ( , ) 0, (0,0)
2

0 otherwise

x y

x y x y

 
 

   
 
 

  is 

L-submodule of  0,  and 

1 if ( , ) (0,0)
( , )

0 otherwise

x y
x y

 
  
 

 is L-prime 

submodule of ( , ) .    and    but  

    . We show that  

or            is not always true for 

L-prime submodules in general; Every prime submodule is 

not L-Special  submodule. 

 

Definition 3.2: A submodule   of M  is called L-Special 

submodule, if for any ,   L-submodule  of M  such that 

.or            

 

Example 3.3: Every prime L-ideal of  M  is L-Special 

submodule of R  module R . 

 

Definition 3.4: Let   be a L-subset of  M . ( )V   is a 

subset of  all L-prime submodules of  M  defined by 

 ( ) primesubmodule of ,V is L M        

For any  L-submodule   of M ,  it is easy to show that 

(1 )MV  , (0 ) ( )MV L Spec M  , 

( ) ( )i

i I i I

V V i


 

  and ( ) ( ) ( )V V V      . 

 

Proposition 3.5: Let M  be an R  module. For any   L-

submodule ,   of M , ( ) ( ) ( )V V V       if 

and only if  every L-prime ideal   of M  is L-Special 

submodule. 

 

Proof: Suppose that for all , ( )L M   , 

( ) ( ) ( ).V V V        

Let      for all L-prime ideal   of M . 

( ) ( ) ( )

( ) ( )

.

V V V

V or V

or

       

   

   

      

  

  

 

Conversely, let any   every L-prime ideal   of M  be L-

Special submodule. Then 

 

                    

( )

( ) ( ).

V

or

V V

     

   

  

    

  

  

 

 

Definition 3.6: A L-submodule   of M  is called L-

irreducible submodule, if or            

for any ,   L-submodule  of M . 

 

Proposition 3.7: Every L-special submodule    of M  is 

L-irreducible module. 

 

Proof: Let .     Then or     . And 

also or      then .or      

 

Proposition 3.8: Let   be L-submodule of  M ,   be  

prime L-submodule of M . If    : :     implies 

   for each   L-submodule of M , then   is L-

special submodule of .M  

 

Proof: Let  .     Since  :1Mv  is L-prime ideal by 

R. Ameri ([1]) theorem 3.6               

         

       

:1 :1 :1 :1 :1

:1 :1 or :1 :1

or .

M M M M M

M M M M

     

   

   

    

  

  

  

 

Definition 3.9: An L-submodule of    of M   is called 
'T  

L-submodule,  if  

i) ( ) , LI(R)v           



 

 

ii)    : :              , ( )L M   . 

 

Theorem 3.10: Let   be 
'T L-submodule  of  M . Then 

  is L-special submodule if and only if for (  ) 

 :   is a special L-ideal. 

 

Proof:Let , ( )LI R    and , ( )L M   such that 

 : .      Then since  

 :    , 

 ( ) :             . Since   is L-

special submodule, or     . Then 

 :   or  :   . 

 

Conversely, let      for all , ( )LI R   and 

, ( )L M    Then 

         : : : : : .                

Therefore for 
'T L-submodule then 

       : : : : .or          Then    

or   . 

 

For any L-submodule   of M , ( )V   denotes 

the set of all prime submodules of M  containing  , that 

is;  ( )V       . It is clear that; 

 (1 )MV   and (0 )MV  . Also we can show that for 

any family of submodules of  i i I



 of M  and 

, ( )v L M  , ( ) ( ),i i
i I i I

V V 
 

   

( ) ( ) ( ).V V v V v    Therefore if ( )M  denotes  

the collection of all subsets ( )V   of ( )L Spec M  then 

( )M  contains empty set and itself. Also ( )M  closed 

under arbitrary intersection. But ( )M  is not closed under 

finite union. Therefore on the set of all prime submodules 

Zariski topology does not exist since third rule of Zariski 

topology is not satisfied, i.e; ( ) ( ) ( )V v V V v    . 

If this inequality replaces with equality these modules can be 

called as _ pL T  modules. 

 

Definition 3.11: Let ,v  be L-submodule of .M  ( )L M  

is called _ pL T  module if and only if 

( ) ( ) ( ).V v V V v     

 

Lemma 3.12: ( )L M  is _ pL T  module if and only if 

every L-prime submodule   is L-special submodule of 

M . 

 

Proof: From proposition 2.5.  

 

 Lemma 3.13: Let ,   be an L-submodule of M . If 

( )   such that   , then ( ) ( ).V V   

 

Proof:Let  ,   be an L-submodule of M  and    

. Since    , ( ) ( ).V V   

Conversely Let ( )V  . Then   . This implies 

that    and so   . Since   is L-prime 

submodule of M , then   . Therefore ( ).V   

This completes the proof. 

 

Definition 3.14:  ( )L M  is distrubutive if 

, , ( )L M     

i) ( ) ( ) ( )v v           

ii) ( ) ( ) ( )v v          . 

 

Definition 3.15: Let Y be a  subset of  ( )L M . ( )J Y  is 

the intersection of all prime submodules which belongs to  

Y .  

 

Definition 3.16: Let   be a  L-subset of  M .  

 . ( ) , is prime L-submodulep rad        

is called a radical of .  

 

Definition 3.17:Let  M  be an R  

module.

 =L-Spec(M)= is prime L-submodule of M 

  is called L-prime spectrum of M .  

 

Definition 3.18:  ( ) ( ) 1V x x     for all 

.x M   

 

 If we could not find any L-prime submodule   which 

contains L-prime submodule  , then . ( ) 1Mp rad   .  

 

Theorem 3.19: Let ( )L M  be  _ pL T  module with 

. ( )p rad   . Then ( )L M  is distrubutive. 

 

Proof: , , ( )L M    .  

 



 

 

( ) . (( ) )

( (( ) ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

(( ( ) ( )) ( ))

(( ( ) ( )) ( ( ) ( )))

(( ( ) ( ( )))

(( ( ) ( )))

(( ( ) ( )))

. (( ) (

v p rad v

J V v

J V v V

J V v V

J V v V

J V V v V

J V V V v V

J V V v

J V v

J V v

p rad v

   

 

 

 

 

 

  

  

  

  

 

    

  

  

  

  

  

   

   

   

   

    ))

(( ) ( ))v



     
 

Therefore ( )L M  is distrubutive. 

 

Theorem 3.20: Let   ( )L M  be _ pL T  module,   be L-

submodule of M , and Y be a  subset of  L-Spec(M) . 

Then  

i) ( )V   is closed in L-Spec(M)  and ( )J Y is an L-

submodule of M  equal to . ( ( ))p rad J Y . 

ii) ( ( ))V J Y is the closure of Y  in L-Spec(M) . 

 

Proof: i) It is clear that ( )V   is closed in L-Spec(M)  

and ( )J Y is an L-submodule of M . Finally 

 

 

. ( ( )) . ( is prime L-submodule in

( ).

p rad J Y p rad Y

Y

J Y

 

 

 

  



ii

) Let ( )V   be closed set containing Y . That is 

( )Y V  .  Consequently, ( ( )) ( )V J Y V  . Since 

( ( ))Y V J Y ,  then ( ( ))V J Y  is the smallest closed 

subset of L-Spec(M) . Thus 

___

( ( ))Y V J Y . 

 

Proposition 3.21: Let Y be a subset of  ( )L Spec M . 

Then 

 i) ( ( ( ))) . ( ( )) ( )J V J Y p rad J Y J Y   

ii) ( ( ( ))) ( . ( )) ( )V J V Y V p rad Y V Y  . 

 

Corollary 3.22: For every family   i i
Y


 be a closed 

subsets of  L-Spec(M) , ( ) . ( ( ).i i iJ Y p rad J Y    

Proof:  Since   i i
Y


be a closed subsets of  

L-Spec(M) , then every ( )i iY V Y  for each i .  So 

                                  

( ) ( ( ( )))

( ( ( )))

( ( ( )))

. ( ( )) byproposition 2.20.

i i i i

i i

i

i

J Y J V J Y

J V J Y

J V J Y

p rad J Y

 



  

 









 

 

Corollary 3.23: Let L-Spec(M)Y  . Then 

 
______

 the closure of   is the set ( )V   . We  say that    

is the closed point of  L-Spec(M)  if and only if   is 

maximal submodule in L-Spec(M) . 

 

Proof: Let   Y   then  
_____

( ( ))V J Y   by theorem 

2.19 and ( ( )) ( ( )) ( )V J Y V J V   . 

   is the closed, that is    
_____

  . This implies 

( ( ))V J   . So   is maximal submodule  in 

L-Spec(M) . 

Conversely  now suppose that   is maximal in 

L-Spec(M) , then  ( )V Y    and so 

___

Y Y . 

Hence Y  is closed. 

  

Proposition 3.24: If ( )L M  is _ pL T  module and 

, L-Spec(M)   . Then  
____

   if and only if 

.   

 

Proposition 3.25: Let  ( )L M  be _ pL T  module and 

L-Spec(M)  is a 0T  space. 

 

Proof: Let , L-Spec(M)    be two distinct points. We 

have two cases;  

i)  
____

.        Since   ,   
____

  , then 

 
____ c

  . Therefore  
____ c

  is an open set which contains 

  but not .  

ii)  
____

.        Since   ,   
____

  , then 

 
____ c

  . Therefore  
____ c

  is an open set which contains 

  but not .  

 

Proposition 3.26: L-Spec(M)  is a 1T  space if and only if 

for every L-Spec(M)  is maximal. 

 



 

 

Proof: Let L-Spec(M)   be maximal   

 
____

( ( )) ( )V J V      Since   is maximal,  

 
____

  . This means that     is the closed. Thus, 

L-Spec(M)  is a 1T  space. 

Conversely vice versa. ( L-Spec(M)  is a 1T  space. 

 
____

  . ) 

 

Definition 3.27: ( ) ( )V    is called the 

complement of ( ) in L-Spec(M)V  . 

 

Proposition 3.28: Let Y  be a subset of   and  

___

Y  denote 

the closure of .Y  Then 

___

(1 )NY V  where *
Y

N





 . 

 Proof: Clearly 1 ( ) 1 ( ) 1 .N x x Y       

Therefore if ,Y  then 1N   and consequently 

(1 ).NV  Therefore the closed set (1 )NV  containing Y , 

contains 

___

Y . 

 

Definition 3.29: Let x  be element of M , 

 ( ) L-Spec(M) ( )=1V x x   . 

Theorem 3.30: Let 
':f M M   module epimorphism 

and 

___
': L-Spec(M ) L-Spec(M)f   be a function 

defined by 

___
1( ) ( ).ff    Then 

___

f  is continuous, 

injective and 
'L-Spec(M )  is homeomorphic to the closed 

subset ker(1 ).fV  If f  is an isomorphism, then  

___

f  is 

homeomorphism. 

 

Proof: Let   and v  be an L-prime submodules of 
'M . 

Since f  is surjective,  

___ ___
1 1( ) ( ) ( )( ) ( )( ) .f f v f m f v m m M        

Note that; R. Ameri([1]) theorem 3.14 
1( )f v

 is prime 

submodule. Then by definition, 
___ ___

( ( )) ( ( )) .f m v f m m M      This implies that, 

.v   So  

___

f  is injective.  

 

If  ( )V m  is a basic closed set in L-Spec(M), then 

1___

( ( ))V mf



 is a basic closed set in L-Spec(N). Because 

  
 

1 ______
'

' 1

___
'

'

1

( ( )) L-Spec(M ) ( )( ) 1

L-Spec(M ) ( )( ) 1

L-Spec(M ) ( ( )) 1

( ( ) ).

V m f mf

f m

f m

V f m

 

 

 





 
   
 

  

 
   
 



 

Hence 

___

f  is continuous. Let   and v  be an L-prime 

submodules of 
'M . 

1( )f 
 is constant on Kerf . Indeed 

1( )( ) ( ( )) (0) 1f m f m       for all m Kerf . 

Then 
1( ) (1 )Kerff V  . If (1 )Kerfv V  then 

L-Spec(M)v  constant on Kerf .  Since f  is an 

isomorphism it follows from theorem 3.5.11 that 
'( ) L-Spec(M )f v  . This defines a function 

___
': (1 ) L-Spec(M )KerfVg   where 

___

( ) ( ).g v f v  

Clearly 

1___ ___

.g f



  To prove the continuity of 

___

g , 

'( ( ))V f m  be a closed set in 
'L-Spec(M ) . Then  

                     

 

1___ ___
' '

1

___

1 1

( ( ( ))) ( ( ( ) )

( ) ( ( )) 1

( ) ( )( ) 1

( ) (1 ).Kerf

g V f m V f mf

f v v f m

f v f v m

V m V



 



 
  
 

 

 

 

which is closed subset of L-Spec(M).   

Finally, suppose that f  is an isomorphism. Then 

 0Kerf   and 

(1 ) (0 ) L-Spec(M).Kerf MV V   

 

Corollary 3.31: If  N  is submodule  M  such that 

*N





  , then  L-Spec(M)  and L-Spec( )M
N

 are 

homeomorphic.  

 

Proof: Let  f  be a natural homomorphism of M  onto 

M
N

. Then each  is constant on .Kerf  

 

Theorem 3.32: Let M  be a Noetherian R module. The 

topological space (L-Spec(M) , )T  is compact. 

 

Proof: If  1L   has no prime element, then   

proof is complete. Suppose that   1L   have  prime 



 

 

elements and a  be a prime element of  1L  . Let 

  (( ) ) , 0i tm i t K L      be a cover of   by 

its basic open sets. Let   .t t K b    Then 

 (( ) )i bm i   also cover  . Therefore 

 (( ) ) ( ( ) )).i b i b
i

m i m


     Hence 

( ( ) )) .i b
i

V m


  Let N  be a prime submodule of .M  

Define : M L  , defined by 

1 if
( )

0 otherwise

m N
m

 
  
 

. So   is L-prime 

submodule then  (( ) )i bm i    and so  

( ) .i b
i

m 


  This implies that i   s.t. ( ) .i bm   

Hence either ( )ib m  or b  and ( )im  are 

noncomparable. In either case im N . Therefore 

 im i  is not contained in any proper submodule of 

.M   1 2, ,..., km m m M  since M  is Noetherian.  

Suppose 1( ( ) )k

i i bV m   let 1( ( ) ).k

i i bV m     

Then 1( ) ( )k

i i b im m b      for all   1,...i k . 

Suppose ,i  s.t. ( ) 1.im   Now  

1 1

1

( ) ( ) ( ) .
k

k k

i i i i i

i

m rm m b b   



       Now 

   and so  (( ) ) .i bm i     Therefore 

i   s.t. (( ) ).j bm   Then ( ) .j bm   Thus 

either ( )jb m  or b  and ( )jm  are noncomparable. 

However, 1

1

( ) ( ) ( ) .
k

k

j i i i i

i

m rm m b  



     This is 

a contradiction. Hence ( ) 1.jm   This implies that 

*M  . This is a contradiction. Therefore 

1( ( ) )k

i i bV m  . Consequently, 

 (( ) ) 1,...,i bm i k   is a subcover of .  This 

completes the proof. 

 

Definition 3.33: A topological space T  is called irreducible 

if for any decomposition 1 2T A A   where 1 2,A A  are 

closed subsets of  T , then 1T A  or 2T A . 

 

Theorem 3.34: Let Y  be a closed subset of .   If  ( )J Y   

is L-prime submodule of M , then Y  is irreducible. 

 

Proof: Suppose that ( )J Y   is L-prime submodule of M . 

Suppose 1 2Y Y Y  , where 1 2,Y Y  are closed subsets of  

.  Then 1( ) ( )J Y J Y  and 2( ) ( )J Y J Y . Also 

1 2 1 2( ) ( ) ( ) ( )J Y J Y Y J Y J Y    . Then 

1 2 1 2( ) ( ) ( ) ( ) ( ).J Y J Y J Y J Y J Y     Since ( )J Y   is 

L-prime submodule of M , then 1( ) ( )J Y J Y  or 

2( )J Y  ( ( ) :1 )MJ Y . If  1( ) ( )J Y J Y , the proof is 

complete. If   2( )J Y  ( ( ) :1 )MJ Y , then  

2( ) ( )J Y J Y . This completes the proof. 

  

Definition 3.35: Let Y  be a closed subset of    and 

Y . Then   is called a generic point of Y  if 

 
_____

Y  , the closure of .   

 

We know that ıf Y   where   is a topological space, 

then Y  is irreducible if and only if 
____

Y  is irreducible.  

 

Theorem 3.36: Let Y  be a closed subset of    and Y  

be a generic point of Y  Then Y  is irreducible.  

Proof: Since    is a generic point of Y , then  
_____

Y  . 

Since    is irreducible,  
____

  is irreducible. Therefore  Y  

is irreducible 

 

4 Conclusion 

 

Letting  ( ) ( .1 ) ( )ML M V LI R     . It is easy 

to prove that this set always induces a topology T  on 

( )L spec M .  R. Ameri and R Mahjoob showed that 

( )L M  induces a topology which is called Zariski 

topology if and only if M  is a top module. By following 

them we show that a topology T  on ( )L spec M  exists 

if and only if  ( )L M  is _ pL T  module. Under this 

condition topology T  on ( )L spec M  is 0T  space. 

Behind the existing 1T   space, if  M  is a Noetherian 

R module, then the topological space 

(L-Spec(M) , )T  is compact. 
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