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ABSTRACT

It is usuallyassumedin classicalstatisticalmechanicsthatthe tem-
peratureshouldcoincide, apartfrom a suitableconstantfactor with the
meankinetic enegy of the particles.We shav thatthis is not the casefor
Fermi—Rasta—Ulamsystems,n conditionsin which enegy equipartition
betweerthemodess not attained We find thatthetemperaturshouldbe
ratheridentifiedwith the meanvalue of the enegy of the low frequenyg
modes.
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1 Introduction.

The Fermi—Rista—Ulansystemconsistsof a chainof N nonlinearoscilla-
torswith certaingivenboundaryconditions tipically fixedends.lIt is well
known (see[1] and[2]) that, for enegiesbelon a certainthresholdE, if
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the enepy is initially givento a few low frequeng modes,equipartition
of enegy amongthe modesis eventuallyattainedonly afteran extremely
long time, while at intermediateimesa kind of metaequilibriumstateis
attained,in which the enegy is sharedessentiallywithin a paclet of low
frequeng modes.

An interestingand much discussecproblem, is whetherthe specific
enepy thresholdEc/N vanishesor notin the limit of aninfinite number
of particles.Herewe leave this problemaside:we will supposdor exam-
ple thatthe numberN of particlesbe fixed, sothatthe thresholdcertainly
exists. We addresdnsteadthe problemraisedby the factthat below the
thresholdonemeetsasin thetheoryof glasseswith time scalego thermal
equilibriumwhich arevery long, evenlongerthanary fixedobserational
time scale.Doesthis lack of thermalizatiorhave ary consequencesn the
relevant thermodynamicatjuantities?or even, is it possibleto correctly
(i.e. uniquely)definethe quantitiesof interest?In otherwords,is it still
possibleto have athermodynamicéelown thethreshold?

In theliterature the discussions usuallyfocusedon the specificheat,
becausdrom heuristicagumentsit is suggestedhatto lesschaoticmo-
tionstherecorrespondmallerspecificheatswith eventuallyzerospecific
heatfor totally orderedmotions(i.e. for integrablesystems)Thusit is ex-
pectedhatby loweringtheenegy below thresholdhespecificheatshould
diminish;sucha propertyin turn,shouldbeconsideredsagoodindicator
of thewealeningof chaos.

The papers[3] and[4], which aim at evaluatingthe specificheatof
Fermi—Rasta—Ulanmsystemsbelav thresholdby numericalcomputations,
reachtwo oppositeconclusions:in [3] the value of the specificheatre-
mainsconstan{aswould follow from theequipartitionprinciple)evenbe-
low thethresholdwhile in [4] thespecificheatindeedbeginsto fall down,
below thethreshold andfinally vanishesastemperaturgoesto zero. This
striking differenceis apparentlydueto the differentmethodsusedin the
two papersin estimatingthe specificheat. Actually, in both papersthe
Fermi—Rasta—Ulamsystemis kept isolated(fixed ends),so that a direct
measurementf the specificheatis precludedbecause direct measure-
mentrequiresat leastone heatbath). The specificheatis thenestimated
from thefluctuationsof enegy of a subsystenthroughthewell known re-
lation betweenspecificheatand meansquaredeviation of enegy, which
holdsin the canonicalensemble.The two papersdiffer in the choice of
the subsytem:in the paper[3], oneconsiderghe enegy fluctuationsof a



small pieceof thetotal chain,while in [4] oneconsiderghe enegy fluc-
tuationsof a small paclet of nearbymodes.As the enegy of eachmode
remainsnearlyconstanbelov thethresholdwhile theenegy of a pieceof
chainsstill presentarge fluctuationsthis indeedexplainswhy thetwo pa-
persreachoppositeconclusionsNow, at mostonly oneof theconclusions
canbe correct,if aright conclusiondoesexist atall; indeedit is notclear
whetherthe specificheatcanbedefinedin anunambiguousvay below the
threshold.

A differentapproactwasproposedn thepapeir5]. In short,thebasic
remarkis thefollowing one.As theabore mentionedelationbetweerspe-
cific heatandenegy fluctuationsis obtainedfrom the equilibrium Gibbs
ensemblethenits validity below the thresholdis in doubtjust because,
up to the consideredimes, the systemhasnot yet thermalized. So, it is
amguedthatin measuringhe specificheatoneshouldrevertto the corven-
tional methodwhich makes useof a heatbath at a given temperaturer
coupledto the Fermi—Rasta—Ulansystemwith thecorrespondindamiliar
calorimetricexpressiorfor thespecificheat.Namely theenegy exchange
AQ betweerthebathandthe Fermi—Rasta—Ulansystenis measuredvhen
the temperatures variedby AT, thentheratio AQ/AT is computedand
(in principle) the limit is taken for vanishingAT. However, even with
suchamethod,oneis still confrontedwith adelicateproblem,becausehe
amountof exchangecenegy AQ doesdependon how muchtime onehas
waitedin makingthe measurementthis is the so—calledwaiting time of
the theory of glasses).The curwe predictedby equipartitionis recovered
for infinitely long waiting times,while for finite waiting timesthe specific
heatis expectedto vanishat sufficiently low temperatures.

Thequestions thus: doesthereexist anaturalway to choosea definite
waitingtime? Anotherproblemthenarisesdueto thefactthat,in theratio
AQ/AT defining the specificheat,one shouldinsertin the denominator
thevariationof temperaturef the Fermi—Rsta—Ulanmrsystemandnot that
of the bath. The questionis thenwhetherthe temperaturef the Fermi—
Pasta—Ulansystemis the sameasthatof the heatbath. The very factthat
thequantityAQ depend®nthewaiting time actuallyshavs thatthisis not
the case,just becausdhe equality of the two temperaturesvould imply
AQ = 0. Ontheotherhand,if onewereableto identify thetemperaturef
theFermi—Rasta—Ulansystemthenthequestiorof thewaitingtimewould
have a quick answer:oneshouldwait until the heatbathtemperatureand
thatof the Fermi—Rasta—Ulansystemhave becomeequal,andonly atthat



time shouldonemeasurehe correspondingnegy exchange.Sothe pos-
sibility of having availablewell definedthermodynamigjuantitieson short
time scaleds basedon the possibility of providing a goodnotion of tem-

peraturefor the FPU systembefore completeequipartitionbe achiared.

From this point of view, the identificationusually madeof the tempera-
ture of the Fermi—Rista—Ulansystemwith the meankinetic enegy of its

particlesis not the correctone,becauseén sucha casethetemperaturesf

thetwo systemgqFermi—Rasta—Ularmsystemandheatbath)would remain
differentfor extremelylongtimes.

The identificationof the meankinetic enegy with temperaturds so
deeplyrootedin our minds,thatthe existenceof anotherquantityplaying
thatrole seemsardlyconcevable. Theaimof thispapelis to shav instead
thatthisis possible.

In Section2 we give a preliminary discussionof the zerothlaw for
statesof metaequilibriumsuchasthoseof the Fermi—Rsta—Ulanmsystem
belav threshold,n Section3 we describethe modelwe emplgy for mea-
suring of the temperaturef the Fermi—Rista—Ulanmsystemthroughheat
bathsby numericalcomputationsandthe numericalresultsare given in
Sectior4.

2 Zeroth law and temperature in states of metae-
quilibrium.

Oneof thebasicfeaturesof thermalequilibriumis theso—calledzerothlaw,
which essentiallyamountgo thetransitvity of the equilibrium. Fromthis
follows (see[6]) thatfor ary systemthereexists a function of its macro-
scopic(the socalledempiricaltempeature) which hasthe samevaluefor
bodiesin equilibrium.

However, it is notgrantedthat,for agivenmacroscopistate theequi-
librium is uniqueif someof the internaldegreesof freedomare dynami-
cally frozen.We arethinkingtypically of thecaseof polyatomicmolecules
(see[8]) for whichit is known that the exchangeof enegy betweenthe
centerof massandthe internal degreesof freedomare so slow that the
numberof effective degreesof freedomdependson thetime of obsera-
tion. This is actuallythe generalsituationthat occursin statesof metae-
quilibrium.

We thus addresghe problemwhetherit is possibleto have a zeroth



principle,andsoalsoanempiricaltemperaturein situationsof metaequi-
librium, in which the physicalquantitiesarechangingonly onaverylong
time scale. So, if we put our Fermi—Rasta—Ulamsystemin heatcontact
with anotherbody, andobsene thatat first thereis a rapid relaxationto a
certainstate while alaterevolutionto afinal equilibriumwouldtake place
on atime scalemuchlongerthanour obserationalscale we canthink of
our systemasif it wereequilibrated.Obviously, oneis not grantedthatin
sucha situationthe zerothlaw, i.e. thetransitvity of this metaequilibrium
state,holds. But, if this is the case,an empiricaltemperatureanbe de-
fined. In otherterms,if we put the Fermi—Rista—Ulansystemin contact
with a thermometricbody which, after a shorttransient,appeargso have
reachedatemperaturd (notevolving onourtime scale)andif later, after
having put the Fermi—Rasta—Ulansystemin contactwith anotherody at
thesametemperaturd’, nothingseemdo occur(i.e. thereis no exchange
of enegy in meanbetweenthe bodies),thenthe metastablestatereached
doeshave the transitive property andwe are authorizedto assignto the
Fermi—Rasta—Ulanmsystemthe temperaturdl’ reachedoy the thermomet-
ric body

An equvalentarrangementwhich we have actuallyimplementedn
our numericalsimulationsto be describedelaw, is thefollowing one:the
Fermi—Rista—Ulanmsystemis put at the sametime in contactboth with a
heatbathandwith athermometridoody (obviously, with nodirectconnec-
tion betweenthe two externalbodies). In sucha situation,the transitive
propertyreducedo the propertythatin a shorttime the thermometeat-
tainsthe sametemperaturef the heathbath;the subsequeravolutionto a
final equilibriumshouldtake placelater, ata muchsmallerrate. Then,by
definition thetemperaturef the Fermi—Rasta—Ulansystemin the metae-
quilibrium stateis the onereachedy thethermometeaftertheshort—time
relaxation.

This definitioncanappeasatishctoryfrom anoperatve point of view.
However, asit standsit still lacksa clearconnectiorwith the propertiesof
the Fermi—Rista—Ulansystemitself. Indeedthereremainsthe problemof
understandindghow thezerothlaw canhold evenif the Fermi—Rasta—Ulam
systemdid not yet thermalize. In this connectionwe malke referenceo
aknown phenomenoifi2] concerningheisolatedFermi—Rasta—Ulansys-
tem,namelythefactthat,belov thresholdfor initial excitationsof thelow
frequeny modesthe enegy turnsout to remainconfinedto modesbelow
acertaincritical modeke,, while the highermodesarenot significantlyin-



volvedin thedynamics.Notice,morewer, thatananalogouphenomenon,
i.e. a dynamicalinvolvementrestrictedto the modesof sufficiently low
frequeng, is know to occuralsowhena systemis coupledto an external
body, for the caseof polyatomicmoleculegsee[7]). So,it is known that,
on a shorttime scale,the high frequenciesmodes(abore k) do not get
dynamicallyinvolved, neitherby theinternalnonlinaritiesnor by aninter
actionwith externalbodies.In bothcases paclet of low frequeng modes
is formedwhich arein mutualequilibrium,andmorewer areactive in the
procesf thermalizationwith externalbodies. Only aftera muchlarger
time scaletherefollows a relaxationof the Fermi—Rista—Ulansystemto
thetrueequilibriumstate.Before, it appearssif thereexistedanadiabatic
partition (of a dynamicalnature)betweerlow andhigh frequeng modes.

If thisis thecorrectpicture,it is clearto whatpropertyof the Fermi—
Pasta—Ulansystenshouldourdefinitionof temperatureorrespondnamely
to themeanenegy of eachof the low frequeng modes(thosebelow k).
In the restof the paperwe will illustrate the resultsof somenumerical
computationswhich, in our opinion, stronglysupportthe factthat sucha
metaequilibriumis transitive, andthatthe empiricaltemperaturehusde-
fined coincideswith the enegy of thelow frequeng modes.

3 Themodd.

As mentionedabove, themodelis constitutedby a Fermi—Rasta—Ulansys-
temin contactwith two bodies,acting,the oneasa thermometeandthe
otheroneasa heatbath. We make the simplestchoice,in which the two
bodiesare perfectgases.Eachgasis modeledasa systemof point parti-
cleshaving nointeractionsamongthem,while interactingwith the Fermi—
Pasta—Ulansystemthroughsomesmoothforce betweeneachof the gas
particlesand one of the edgeFermi—Rsta—Ulamparticles. In more de-
tail, concerningthe Fermi—Rasta—Ulanmsystemwe denoteas usualby x;,
i = 1,...,N, the distanceof the i—th particle from its equilibrium posi-
tion, by p; its conjugatemomentumandconsiderthe familiar “ B—model”
Hamiltonian

Hepu= S p_i2+ig—z(xi+1—><i)2+é(xi+1—><i)4a (1)
52m & 2 4

involving two positive parameterg$ andQ, with fixedboundaryconditions
X = 0, Xy41 = 0. Now, to the " left” of the Fermi—Rista—Ulanthainwe
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Figurel: Specificharmonicenegy of the FPU systemandtwice thespe-
cific enepgiesof thegasesyersugime, at hightemperature.

placea perfectgaswhich actsasa heatbath: denotingby y;, 7¢ thei—th
gasparticles positionandmomentunrespectrely, we have —L <y, < X,
with L > 0 playingtherole of the volumeof the gas. The motion of each
particleis thusfree apartfrom the factthatit suffers an elasticreflection
asy, = —L, andthatit morewer interactswith thefirst Fermi—Rasta—Ulam
particlex, throughashortrangepotential which we chooseas

e i—x)/lp

¥ =x)/lo

I, andV,, denotingits rangeandstrengthrespectrely. In agreementvith
the boundgiven above, dueto the singularity of the potentialaty;, = x,,
the solutionsy; (t) of the equationsof motion cannotcrossthe pointx, (t),

i.e. for all timest onehas—L < y;(t) < x,(t). TheHamiltonianof theheat
bathis thus

V=V,

H N 7-42 Vi e~ (i—x)/lp @)
= R -|— _,
2= 2, om TV g

supplementetby the boundaryconditionthatthe particlesarereflectedat
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Figure2: SameasFigurel, atlow temperature.

Tothe" right” of theFermi—Rsta—Ulanthainwe placethethermome-
ter, whichis takenagainasa perfectgas,with Hamiltonian

N fqz e i)/l
H; i; o +Volo G %y 3
(plus a reflectionconditionat ¥, = L) wherey,, it arethe positionsand
momentaof the gasparticlesrespectiely; eachof the particlesinteracts
only with thelastparticlex of theFermi—Rasta—Ulansystenviathesame
potentialasfor the heathbath.

In our simulationswe choseanequalnumberof particlesfor thethree
systemswhile in principle the numberof bath particlesshouldbe larger
thanthatof the Fermi—Rasta—Ulansystemandthisin turnshouldbelarger
thanthat of the thermometer Our choiceis dictatedonly by the compu-
tationalpower available: we cannottake the total numberof particlestoo
large, but at the sametime the numberof particlesin eachsystemcannot
betoo smallif agoodstatisticshasto beinsured.Takingthe samenumber
N = 1000f particlesfor eachof thethreesubsystemseemedo usagood
compromise.
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Figure3: Enegy spectrunmof the FPU systemat hightemperature.

We took asunits of mass,lengthandenegy the valuesm, |, andV,,
which werethusput equalto onein our computations.The valuesof the
parameter) and 8 were setequalto Q = 400 and 8 = 3742 respec-
tively. Suchstrangevaluescomefrom the following consideration:the
intermolecularinteractionin a crystalis well representedby a Lennard—
Jonegotential whoserelevantparametergtherangeandthe strength)are
of orderonewith our choiceof units. Onthe otherhandthe Fermi—Rasta—
Ulam potentialshouldjust be a Taylor expansionof the Lennard—-Jones
potentialaroundthe equilibrium position. Performingsucha Taylor ex-
pansionand putting the parametergqualto one,the indicatedvaluesfor
Q andp arefound.

Finally in our numericalsimulationswe took L = 25; this in orderto
ensureasuficienttotal numberof collisions(of theorder1(P in ouractual
integrations),while at the sametime letting the gasparticlesbe freefor a
large partof their paths.



4 Numerical results.

Theintegration stepwastaken equalto a twentiethof the shortestperiod
T; = 11/Q of the Fermi—Rasta—Ulamchain, and the numericalsolutions
werecomputedupto timesof order2- 1O7rf.

Thenumericalexperimentsvereperformedn thefollowing way. For
the bathwe choseatemperaturdl; andtook randominitial conditionsex-
tractedfrom a Maxwellianat the chosertemperaturdl; (we alsochecled
that the value of the meankinetic enegy should not deviate too much
from the expectedone, in orderto avoid too large fluctuations);for the
Fermi—Rista—Ulamsystemwe choseinitial dataat equipartitionwith a
temperaturel, /10 and randomphases;andfinally for the thermometer
we choseinitial datain the sameway asfor the heathbath,but at atem-
peraturer, /10. We let the systemevolve for atime 104rf, andthenbggan
to computethe time averagesof the kinetic enegies of the gasesand of
the harmonicenegy of the Fermi—Rista—Ulansystem.The resultsof the
computationgor two representate casesareshavn in Figuresl and2,
wherewe report,versugime, thetemperature§i.e. twice thekinetic ener
giesper particle)of the gasesandthe harmonicenegy per particleof the
Fermi—Rasta—Ulansystem(actually time averagesof suchquantitiesare
reported) Let usrecallthatsuchthreequantitiesshouldbeequalaccording
to theequipartitionprinciple,i.e. for suficiently long times.

In Figure1, we startedwith atemperaturd, = 1. Oneseedhat, after
atime of order10°t;, the temperaturesf two gasesandthe specifichar
monic enegy of the Fermi—Rsta—Ulanmsystemhave becomeessentially
equal,althoughstill presentingsignificantfluctuations. This caseshould
correspondo a situationof thermalequilibrium.

Figure 2 refersinsteadto the choiceof T, = 0.4. One seesthatthe
heatbathandthethermometestill reachthe sametemperaturdalthough
aftera time almostone orderof magnituddarger thanbefore),while the
specificharmonicenegy perparticleof the Fermi—Rsta—Ulansystenre-
mainswell belov the commontemperatureof the two gases,up to the
obserationtime. Actually the curwe is soflat thatthe Fermi—Rista—Ulam
systemcanbe expectedo possiblyreachthe equilibriumonly onatotally
differenttime scale. The global systemseemsndeedto be in a situation
of metaequilibrium.

It appearshowever, that the zerothlaw can still be valid, and that
thetemperaturémeasured’by the thermometeis a goodempiricalone,
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Figure4: SameasFigure3, atlow temperature.

becausdhe temperaturesf the two gaseshave becomeequal. To under
standto which quantity of the Fermi—Rista—Ulansystemdoesthis mea-
suredtemperaturecorrespondjn Figures3 and 4 we reportthe spectra
(time—averagedenegiesof themodesversuamodenumber)of the Fermi—
Pasta—Ulansystemat the endof thetwo runs. Figure3 refersto the case
of completethermalizationandcorrespondinglya completeequipartition
amongthe modess found,asexpected.More interestings Figure4: here
equipartitionobtainsonly amongmodesof sufficiently low frequeng, say
belav ke = 10, while the enepgy startsdecreasindor larger valuesof k,
goingdown, sayfor k > 25, to theinitial equipartitionvalue0.04. It does
not appearas a surpriseto obsere that the meanenegy of the low fre-
guengy modesessentiallyagreesvith thecommontemperaturef thetwo
gasesThisseemgo indicatethat,for our metastablstate the“good” def-
inition of temperaturef the Fermi—Rista—Ulansystems themeanenegy
of the (sufiiciently) low frequeng modes.
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5 Conclusions.

In conclusionwe hopeto have shavn, throughour numericalstudyof a
Fermi—Rista—Ulansystemin contactwith two gasesthattherearecases
of metastableequilibrium for which a notion of temperaturecan be de-
fined. However, at variancewith the familiar caseof equilibrium, sucha
temperatur@loesnot coincidewith the “canonical”’ one,namelytwice the
meankinetic enegy perparticle.

As afurthercommentwe would like to addthatthe metaequilibrium
stategnetin Fermi—Rista—Ulansystemgresentharacteristicsvhich are
somehw oppositeto thoseof glassesindeed,n thelattercasethelack of
thermalizatioris ascribedo thelow frequeng modesandcorrespondingly
thethermometemeasureshe meanenegy of the high frequeng modes,
which aretheonebeingin mutualequipartition.

Finally, we would lik e to mentionthatthe possibility of having ather
modynamicdor situationsof metaequilibriumtypically involving thepres-
enceof adiabaticinvariants,wasamply discussedn the secondpart of a
very interestingpaperof Poincae [9], which appeargo have beenalmost
completelyforgotten. In fact we becameaware of suchwork only after
completingthe presentwork, througha conferenceof V. Kozlov [10]. In
fact,V. Kozlov wasaddressingnly the problemdealtwith in thefirst part
of the paperof Poincag, namelyhow it occursthatthefastvariablesof an
integrablehamiltoniansystemapproachequilibrium, notwithstandinghe
reversibility andthe returnpropertyof the system. In the secondpart of
his paper Poincaé wasinsteadconsideringa situationin which one has
at first a quick relaxationto a “provisional equilibrium” while a “defini-
tive equilibrium” would be attainedafter a muchlarger time, i.e. oneis
concernedjn his very words, with “very long times of first order” and
“very long timesof secondorder”, which is a situationanalogoudgo the
onediscussedn the presenpaper
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