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ABSTRACT

We study the ground state energy of a gas of spin 1/2 fermions with repulsive short-range interactions. We derive
an upper bound that agrees, at low density ¢, with the Huang-Yang conjecture. The latter captures the first three
terms in an asymptotic low-density expansion, and in particular the Huang-Yang correction term of order 97/ e
Our trial state is constructed using an adaptation of the bosonic Bogoliubov theory to the Fermi system, where the
correlation structure of fermionic particles is incorporated by quasi-bosonic Bogoliubov transformations. In the latter,
itis important to consider a modified zero-energy scattering equation that takes into account the presence of the Fermi
sea, in the spirit of the Bethe-Goldstone equation.

1 | Introduction and Main Result

Establishing asymptotic formulas for the ground state energy of dilute gases has been an active area in Mathematical
Physics in recent years, partly motivated by the advances in the physics of cold atoms and molecules. In the bosonic case,
the validity of the Lee-Huang-Yang formula [1] for the first two terms in a low-density expansion was recently established
[2-5], following earlier work on the first term in [6, 7]. In this work, we are concerned with the analogous question for
fermions, for which the Huang-Yang formula [8] gives the first three terms in an asymptotic expansion at low density. We
shall establish the validity of this formula, at least as an upper bound.

We consider a system of N fermions with spin 1/2 in a box A := [-L/2,L/2]® c R3 with periodic boundary conditions.
The interaction between particles is described by the periodization V : A — R of a potential V, : R3 = R, that is,
Vx)=Y se73 Vool(X + Lz), where we assume that V, is nonnegative, radial and compactly supported. The Hamiltonian
describing the system is given by

N
Hy :=- Z ij + 2 V(xi - xj), (1.1)
j=1

1<i<j<N
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acting on /\N L?(A, C?), the Hilbert space of antisymmetric square-integrable functions of N space-spin variables (x;, o;),
with x; € A and o; € {1,]}. Since Hy is spin-independent, if N = Ny + N, then Hy leaves invariant the subspace

h(N1,N)) C /\N L?(A, C?) consisting of N-body wave functions with exactly N, particles of spin o € {1, | }.

The Hamiltonian Hy is bounded from below and can be defined as a self-adjoint operator by Friedrichs’ method. The
ground state energy in the subspace §(N, N ) is given by

(¥, HNY)

E;(Ny,N|)= in , (1.2)
PP pesvivp T @9
and the ground state energy density in the thermodynamic limit is
e(or,0)) = ngfolo — 0 1.3)
NU/LS_’QU)UE{T!U'
It is well-known that the thermodynamic limit exists and is independent of the boundary conditions [9, 10].
By using a pseudopotential method, Huang and Yang [8] predicted that in the low-density limit g1 = ¢; = ¢/2 = 0,
3 25 4 2 7
e(/2,0/2) = S(3n*)3¢3 +2mag® + -(11 - 210g2)(97m)3 a7/ + 0(¢3 g0, (1.4)

where a > 0 is the s-wave scattering length of the interaction potential V,, defined by 87a = fR3 V(1 — @) with g :
R3 — R the solution of the zero-scattering equation

2006 + V(1= 90) =0, @o(x) >0 as x| - co. (1.5)

The Huang-Yang conjecture was derived from a consideration of hard-sphere interactions, but it is expected that
the formula extends to a large class of repulsive and short-range interaction potentials. The formula (1.4) is of great
interest in the theory of dilute quantum gases, since it exhibits a remarkable universality, with the energy depending
on the interaction potential only via its scattering length, at least to the order considered. We refer to [11] for an
experimental verification.

On the mathematical side, for a large class of repulsive interactions, including hard spheres, the validity of the first two
terms of (1.4) was proved in [12]; more precisely, [12, Thm. 1] states that

3 5/3 . 5/3
elor.e)) = S(67)%/ 3(9/ +o) ) +87agro) +0(e*)g—0- (1.6)

The leading order term comes from the kinetic energy of a non-interacting Fermi gas, while the second-order term provides
an effective description of the interaction between components of different spins. (In the case of fermions without spin,
this second term vanishes; see [13, 14] for the corresponding result in this case.) An analogue of (1.6) for the thermodynamic
pressure at positive temperature was derived in [15].

An alternative proof of (1.6) was recently given in [16], by applying elements of bosonic Bogoliubov theory to Fermi systems.
The method in [16] was later extended in [17] to derive an optimal error estimate 0(97/ 3) in the upper bound, and will
also be of crucial importance in our analysis here. (See also [18] for an alternative approach.) In fact, in the present article
we shall prove an upper bound containing the precise Huang-Yang correction of order 97/ 3. We impose the following
conditions on the interaction potential.

Assumption 1.1. The interaction potential Vo, € L>(R3) is nonnegative, radial and compactly supported.

In order to state our main result, we shall need the function F : R, — R, defined as

672)1/3
F(x) = % 16x7/31Inx — 48(x7/3 + 1) In(1 + x1/3)
+6(15x1/3 = 4x2/3 4 33 + 33343 — 433/ +15x7 )
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1— 1/3
+21<1—6x2/3+5x+5x4/3—6x5/3+x7/3>1nw ) (1.7)
14 x1/3

1
It is a continuous, increasing function, with F(1) = g(ll —2log2)(672)3.

Theorem 1.2 (Upper bound). Let V, be as in Assumption 1.1, and let a > 0 be its scattering length. In the low-density
limit 91 + ¢ = ¢ — 0, the ground state energy density defined in (1.3) satisfies

5 5 7
e(er,9)) < (671'2)3<9T +9¢>+87Ta9T9l+a 9T3F<9i> +O(93 9) (1.8)

where F is defined in (1.7). In particular, if 1 = 9| = ¢/2 — 0, we have

2 5 7,1
e(9/2,0/2) < (3712)393 +2mag® + —(11 —2log 2)(971)3 a20”/3 + 0(g379). (1.9)
7
As we will see in the proof, the contribution azgaT3 F(g/¢1) in (1.8) comes from the expression
1 ’ 1
/ / d / {|r+p|>k } {Ir'=pl>ky} (1.10)
r dr’ ’ :
8777 R3S i<kl i<k, 2Ipl2 Ir+pl?—1Ir|> +1r" = p|> = |F|?
1
with kg = (67%)3¢,” the Fermi momenta of the two spin components. In particular, the roles of ¢1 and ¢ are symmetric.

7 7
In fact, 97 F (¢, /¢1) = 9 F (¢1/¢}) since F(x~1) = x~7/3F(x) for x > 0. The explicit form of F in (1.7) has appeared in
the physics literature in [19] (see also [20, 21]).

The Huang-Yang correction in (1.4) can be interpreted as the fermionic analogue of the Lee-Huang-Yang correction for
the energy of a dilute Bose gas, in the sense that it captures the next to leading order contribution of the interactions, beyond
the ¢? term. The validity of the Lee-Huang-Yang correction was proved in [3, 4] (lower bound) and [2, 5] (upper bound)
(see also [22-24] for extensions to the free energy at positive temperature). In the analysis of the Bose gas, an important
role is played by Bogoliubov’s theory [25], where the correlation between particles is captured by unitary transformations
containing quadratic expressions in the creation and annihilation operators on Fock space. The solution of the zero-energy
scattering equation (1.5) naturally enters in these transformations.

Our proof of Theorem 1.2 is based on an adaptation of the bosonic Bogoliubov theory to Fermi systems. We will interpret
suitable pairs of fermions as bosons, and then construct a trial state using the corresponding quasi-bosonic Bogoliubov
transformations. This bosonization method goes back to heuristic arguments in [26, 27] in the attempt to explain the
random phase approximation proposed in the 1950s [28-31]. In the context of the high-density Fermi gas, the bosonization
method has been recently made rigorous to study the correlation energy in the mean-field regime [32-37].

For the low-density Fermi gas, the bosonization method was used in [16] to give a new proof of (1.6), and was improved
further in [17] to obtain an optimal error estimate 0(97/ 3) in the upper bound. However, to obtain the precise Huang-
Yang correction of order ¢7/3, we need to go substantially beyond the existing analysis. We will in fact introduce two
quasi-bosonic Bogoliubov transformations to extract the correlation contribution of the particles. The first Bogoliubov
transformation is closely related to the construction in [17], and involves the solution to the zero-energy scattering
equation in (1.5). In the present article, this transformation carries an additional momentum cut-off to ensure that all
relevant error terms are of order 0(97/ 3). The main new tool is the second Bogoliubov transformation, which contains the
solution of a modified scattering equation (related to the Bethe-Goldstone equation [38]) taking into account the presence
of the Fermi sea at low momentum. The main ingredients of the proof will be explained in the next section.

Our analysis can be extended in a straightforward way to higher spin fermions or, equivalently, more than two species
of spinless fermions. For simplicity, we stick to the case of spin 1/2 here. We also remark that the method of the present
article can be used to derive a lower bound with the optimal error 0(97/ 3); see [39] for details.
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Note added in proof. After the completion of the present article, the matching lower bound was established in [40].
Subsequently, the authors of [41] studied the free energy of the dilute Fermi gas for temperatures T < 92/ 3+1/6 and proved
an analogue of the Huang-Yang formula in this case. Several ingredients of the present work, in particular the analysis
of the Bethe-Goldstone equation explaining the Huang-Yang correction and factorization techniques yielding estimates
uniform in volume, play an essential role in these subsequent developments.

Organization of the paper. In the next section, we shall explain the main structure of the proof. In Sections 2.1 and 2.2 we
introduce the fermionic Fock space and the particle-hole transformation, which gives a convenient representation of the
correlation Hamiltonian in Proposition 2.3. In Section 2.3 we construct the trial state in terms of two quasi-bosonic unitary
transformations T and T,, defined in Definition 2.7. A heuristic discussion of the effect of the unitary transformations on
the correlation Hamiltonian, and a sketch of the key estimates required, is then given in Section 2.4. Section 3 contains
some preliminary bounds that in particular will allow to reduce the correlation Hamiltonian to a simpler, effective one,
as formulated in Proposition 3.6. The main technical analysis needed in the proof of Theorem 1.2 is done in Sections 4
and 5, respectively, where the effect of the two unitary transformations T; and T, on the various operators of relevance
is investigated. The main results of these two sections are summarized in Propositions 4.1 and 5.1, respectively. Finally, in
Section 6 we combine the results of the previous sections, and complete the proof of Theorem 1.2. The appendix contains
various auxiliary results needed in the proof.

2 | Main Ingredients in the Proof

In this section we shall explain in detail the construction of the trial state and the main strategy of the proof of Theorem 1.2.
We will briefly recall the Fock space formalism and the particle-hole transformation, which will be convenient in order to
focus on the excitations around the Fermi sea. Then we will introduce quasi-bosonic transformations, which are our main
tool to impose the precise correlations among particles needed to capture the energy to the desired order. Finally, we will
explain heuristically some key estimates in the computation of the energy, leading to the upper bound in Theorem 1.2.

2.1 | The Fermionic Fock Space

It will be convenient to work in second quantization. The fermionic Fock space is given by

n
- (n) (n _ 2 2
Fre=@Pr". 7Y=L

n>0

Any ¢ € F; is of the form o = @©@,»p®D, ... 9™ ) with ™ = pM((x1,07),..., (x4, 0,) € Ff(n). The vacuum state
will be denoted by Q = (1,0,0,...).

For any f € L?(A, C?), we denote by a*(f) and a(f) the creation and annihilation operators, respectively. These operators
satisfy the canonical commutation relations

{a(N),a* @} = (.8 2ac2),  {a(N),a(@)} ={a*(),a*(@} =0,
forany f,g € L%(A; C?), where {A,B} = AB+ BA. As a consequence, these operators are bounded, with
la(HIl = lla* DIl = 1f 20 c2)- @1)

Foro € {1, |}and k € A* := (27r/L)Z>, we denote (8, f)(x,0") = &, ;1L ~3/2ek* and

A — — 1 —ikx
o = a6 fr) = IS /A dx ay e "%, (2.2)
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where we introduced the operator-valued distributions a, , = a(8y ;) with 8y ;(y,¢’) = 85 5/6(x — y). Furthermore, we
denote by N, o € {1, |}, the number operators counting the number of particles of spin o, which can be written as

Ak ~ *
No = Z 4y oo = / dx Ax,c0x,09
’ A

keA*

and the total number operator N' = ¥ _ . |, No.
The Hamiltonian Hy in (1.1) can be extended to the operator on Fock space

1
H= Z / dx Vyay ,Vyiay s + 5 / dxdy V(x — y)ay ,a* 514y Gxo-
sell}’ A AXA ¥,

o0’ e{t,1}

That is, Hyy is the restriction of H to FISN) C Ft. Equivalently, we can write

1 .
- 25% 4 - sk o s A
H= Z Z Ikl“a Gro + NE Z Z V(k)ap+k’aaq_k’a,aq’o/ ap.os
o€l I} ken* o.0'e{l,1}k.p.gen*

where V are the Fourier coefficients of V. Here and in the following, we use the convention

for= [ axfees. fo=5 T feer

PEN*

for the Fourier transform in a box A. (The Fourier transform in R> will instead be denoted by F in the following.)

Finally, we can identity h(Ny, N| ) with the subspace F¢ (N, N|) C Fr where N; = N, foro € {1, |} (which is left invariant
by H), and write the ground state energy in (1.2) as

b, Hp)

E;(N+,N)) = in .
BTV serivy vy (@09

2.2 | The Particle-Hole Transformation

For a non-interacting system, the ground state is given by the free Fermi gas state gpgg, which is simply the Slater
determinant of the plane waves with momentum inside the Fermi sphere(s), namely

vera= ] 11 4,9

oe{t,l} keB%

11
where BY 1= {k € (2n/L)Z? | |k| < k$} is the Fermi ball of spin o, with k& = (67%)3 2 + 0(1)[ - co-

5 5
. Eppg 3, 53 3 3 . 8
Aim —== = S(677)3 | e +ef | +V(0)ere, +0(e3), (2.3)
for small ¢, where the shorthand notation lim; _, ., stands for the thermodynamic limit.

We will denote by v the one-particle reduced density matrix of {pgg, which is an orthogonal projection with integral
kernel given by

6. 1 ,
D M (2.4)

UU,G’(X;y) = I
keB%
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Note that v, ,/(x;y) is real-valued. We shall also define u = 1 — v, with integral kernel

S ! .
’ Z ik-(x=y)
3 ] e , (2.5)
kﬁBF

Uy o1 (X;y) =

satisfying uv = vu = 0. We will write u; = u, ; and v, = v, ; for simplicity. Furthermore, we define u, ;(-) 1= ugs(-;x)
and vy () 1= vg(-;x).

As in [16, 17] we factor out Erpg by a unitary particle-hole transformation.

Definition 2.1 (Particle-hole transformation). Let u, v : L?(A; C?) — L?(A; C?) be given in (2.4)~(2.5). The particle-
hole transformation R : F¢ — F} is a unitary operator such that the following properties hold:

i. The state RQ is such that (RQ)™ = 0 whenever n # N and (RQ)N) = YErG-
ii.

R*a;,oR = ag(uy) + as(vy), (2.6)

where

@ () = / Ui Gpvg) = / dy 0o (y: )aye. @7)
A A

Remark 2.2. As explained in [42], the particle-hole transformation R is a particular example of a fermionic Bogoliubov
transformation, which allows to focus on the excitations around the free Fermi gas. Equivalently, the transformation R
can be defined by

) o if k¢ B,
R*a; ,R = ’ 2.8
o {f’fka if k € 57, 8
which justifies the name particle-hole transformation.

Note that we define the particle-hole transformation slightly differently from the one used in the previous work [16, 17],
in order to preserve translation-invariance. Since RQ = ¢ppg We have Epgg = (RQ, HRQ). With the aid of (2.6) we can

compute R*HR explicitly. Proceeding as in [16] (using (2.6) and normal-ordering all the terms), we obtain

Proposition 2.3 (Conjugation of H by R). Let V, be as in Assumption 1.1. Let () € F¢ be a normalized state satisfying
Ny =Ny foro € {1, 1}. Then

(Ip, H¢> = Efpg + <R*¢: HcorrR*zl’): (2.9)

where Eggg is the energy of the free Fermi gas introduced above (2.3) and H oy = Ho + X + Z?zl Q; is the correlation
Hamiltonian given by

Ho = ) O Ilkl? = (k)1ar ko
o k

X= 3 [ dxdy V- ooe- ) {azuas ) - 65,0 @),
o JA

Q = Z /A2 dxdy V(x — y)ag(uy)ai(vy)ayr (vy)agr (uy)

o0/
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+% E /A , dxdy V(x — y)(a?}'(vx)a:’,,(vy)agr(vy)ag(vx) - 2a;‘;(ux)az,(vy)aa/(vy)ag(ux)),
Q, = % /A2 dxdy V(x - y)az(uy)a’,(uy)a’, (vy)az(vy) + hoc.,

o0/

Q; = Z //\2 dxdyV(x — y)(a:’,(ux)az, (vy)az(vy)ag(vy) - a:;(ux)a:, (uy)az(vy)ags (uy)> +h.c,

o0/

Qq

% /2 dxdy V(x — y)ai(ux)a:_,(uy)aar (uy)ag(uy). (2.10)
A

o0/

In the following, it will be convenient to further decompose Q, = @! + @;l into a part @g involving interactions of particles
with the same spin, and @;i involving interactions of particles of opposite spin, that is,

1 * *
Q! =5 Z //\2 dxdy V(x — y)aj(uy)as(uy)az(vy)az(vy) +h.c.
g
0l =2 % [ dxdyvix - yaiuoa’, e’ v,)aiv,) + he 1)
2 72 zy V)it )a g Uy)a /Uy )Ag Ux) + .C. '
o#a’! A
For our trial state, the main contribution to the energy will come from the effective correlation Hamiltonian
HEE = Hy+ @l + Q. (212)

(see Section 3.2 for more details).

2.3 | Trial State and Quasi-Bosonic Bogoliubov Transformations

The trial state we are going to use in order to prove Theorem 1.2 is of the form
Yurial := RT1T2Q, (2.13)

where R is the particle-hole transformation defined in Definition 2.1, Q € F} is the vacuum state, and T4, T, are certain
unitary transformations that will be defined below.

The main idea of our approach is to describe the low energy excitations around the Fermi ball by pairs of fermionic particles
that display an approximate bosonic behavior. To do that we introduce the quasi-bosonic annihilation operators

bpio = tlo(p+K)0;(apk oo  and bpo= D bpyo, (2.14)
ken*

and their adjoints, the corresponding creation operators, where @i, U, are the Fourier coefficients of the kernels introduced
in (2.5). In particular,

0 if |kl < kS, 1if k| < kS,
(k) = Uy(k) = 2.15
#e {1 it k> ke, o {0 if [k| > k9. @19

Remark 2.4. Unlike in [16, 17], we use here the sharp projections 4, U (instead of regularized ones), which will help to
simplify and improve many error terms.

The unitary transformations T; and T, are defined as exponentials of expressions quadratic in the b, b* operators. The two
transformations correspond to two different regimes of the momentum p of the bosonic quasi-particle: for high-momenta
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(with respect to k7) we use a “less refined” expression which helps to extract the leading term 87 agq¢, of the interaction
energy, and at the same time renormalizes the interaction potential, while for low momenta we use a “more refined”
expression which allows us to extract the correct energy of order ¢7/3. In order to introduce the momentum splitting, we
choose two smooth functions R3 — R, denoted by F(x< o,) and F (¥ o), respectively, satisfying

1
1 if < 40377,
if |p| 91 (2.16)

FX<o) + F(X>0) =1, FlX<o)p) = 1
0 if [p| > 503 7.

Here 0 < y < 1/3 is a parameter which will be optimized over at the end; we shall in fact choose y = 1/9. From F(y« )
we can construct the periodic function y. : A — C using the Fourier coefficients {7(¥< o (P)}pen*, which satisfies the
uniform bound || y || Lla) < C (see Lemma A.5). In the following we will also use the notation . (p) =1 — ¥<(p).

The operators T and T, will implement the desired correlation structure between particles by using two different
expressions both related to the zero-energy scattering Equation (1.5).

Definition 2.5 (Scattering solutions). We define the periodic function ¢ : A - C by ¢(p) = F(¢)(p) for 0 # p €
A*, $(0) = 0, where ¢, : R? = R is the solution of the zero-scattering equation (1.5). Moreover, for ¢ = 92/ 3+0 with a
parameter § > 0, we define

8ma
5 = . Ay =+ pl?=1rl? 2.17
iy 4 (P) PR W T Ir +pl= = Ir| (2.17)

where a denotes the scattering length of V.

Remark 2.6. We will see in Appendix A that ¢ is well defined. In fact ||| 0 (o) < C uniformly in L but ||¢|| L2(A) diverges
as L — oo (see Remark A.3).

Definition 2.7 (Quasi-bosonic transformations). For a parameter 1 € R, we define

1

Tig=exp (ABL - B))), Bi=—5 3 ¢(0)Z-(P)byibopy, (2.18)
PEA*
* 1 A =
Tyq=exp(AB2=B))), Ba=—05 D 7 ,(DR<(Phbprib_pyr, (2.19)
prrlens

where ¢ and ﬁj s are given in Definition 2.5. We also write T} and T, in place of T.; and T',.;, respectively.

The cut-off ¥ (p) helps to regularize B; since the function ¢ : A = R with &(p) = ¢(p)£~(p) is uniformly bounded
in L'(A) N L®(A) (see Lemma A.2) as L — 0. In the expression for B, in (2.19), we only use ﬁi r,(p) for momenta r €

B;, r e B}T, r+pé B —p¢ B where Arp=1r+pl*=|rl*>0and A,y _, = | = p|* = |r'|> > 0. The parameter
€= 92/ 349 in the denominator of ﬁj r,(p) is introduced for technical reasons to avoid logarithmic divergences otherwise
encountered in integrals. At the end we shall choose § to satisfy 16/63 < § < 8/9.

Remark 2.8 (Relation to the Bethe-Goldstone equation). From our analysis, it may seem more natural to consider a
trial state of the form )y, : = RTQ, with the unitary T given by

1 .
T =exp| = > @ (Pbpyib_p s —he.l, (2.20)
p.r.r!

where @, ./ is chosen to satisfy the equation

2(1pl2+ p - (r =" )@, 1 (p) = FVoo(1 = @, ,.))(P), (2.21)
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(in the infinity volume limit). Note that (2.21) reduces to (1.5) for r = r’ = 0. Equation (2.21) can be interpreted as describing
the scattering (at zero energy) of two particles at relative momentum p, with initial momenta r, ' within the Fermi ball that
is fully occupied. From the definition of b, . + and b_ o1 the function ¢, ,/(p) appearing in (2.20) is naturally supported
on the set where |r + p| > kT, Ir' - p| > k}w. Note that the effective kinetic energy

2lpl?+2p-(r—1") = Arp+ 40 _p

describes the difference between the kinetic energy of the two particles with initial momenta r,r’ and excited momenta
r+ p,r’ — p, and is positive. Equation (2.21) plays a prominent role in the physics literature. With the help of G, ,/(p) :=
App + Ay _ p)qﬁr,,/( p), it can be rewritten in the form

Gr,r’(p) =FWV)(p) - / MG;’J’(Q)’ (2.22)

|r+q|2k},|r’—q|2k}7 /li‘,q + /lr’,—q

which is known as the Bethe—Goldstone Equation, see [38, Equation 2.2].

For technical reasons, we find it simpler not to work with j, = RTCQ, but rather split the unitary into two parts, T;
and T,. Note that the ¢ in the definition of T; depends only on the momentum p; in this sense T, is “less refined”
but it is sufficient to renormalize the interaction in @} into a softer one with integral given by 8za. To be precise, the

transformation T4 allows us to replace the original potential V in Q;l by the softer potential 87ray ., which is supported

in small momenta (|p| < 5¢'/3~7 <« 1), and consequently the scattering length of 87ray is well approximated by (877)~
times its integral. On the other hand, the transformation T is “more refined” since the 77; " in T, depends on p,r,r’, but

it is also simpler than T since the function ﬁi o is explicit.

Note that on the support of - (p), the term p - (r — r’) is subleading compared to p?, hence it is natural to replace @y 1 by

the usual scattering solution ¢ in T7. On the other hand, on the support of y . and forr € BIT,, ¥ e va, F(Veo( =@, ,1))P)
on the right-hand side of (2.21) can be replaced by 87a to leading order, naturally reducing ¢, , to ﬁi o in this regime.

Remark 2.9 (Configuration space representation). In the calculation below it will be convenient to estimate the error
terms in configuration space. For this reason, we will often write

B = /dzdz’ @(z — z’)aT(uz)aT(vz)al(uzr)al(vzr), (2.23)
where

3(p) = F(@)(P)X>(D)- (2.24)

Useful bounds on the function ¢ will be given in Lemma A.2.
Writing the unitary T, in configuration space is a bit more complicated, since nf o (p) depends on all the momenta involved

in the definition of the transformation. First of all we notice that in the definition of B, in (2.19), the coefficients il1(r + p)
and @) (r" — p) appearing in (2.14) can be replaced by ;" (r + p) and ﬁf(r’ — p) with

1
1 if kg < k| <6037,

as(k) 1= (2.25)

1
0 if |k| <kS, or |k| > 693 7,
since |p| < 5¢/37 and both r and r’ are bounded by (a constant times) ¢'/3, hence |r + p|, |’ — p| < 60/3~7 for ¢ small.

Moreover, since both 4, , and 4,/ _, appearing in the dominator in the definition of ﬁi o in (2.17) are positive, we can
write |

&8
© (p) = ~(rp =P+l =plP=Ir' 1P +20)t
N, (p) =8ma /0 die ,
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forr+pgBLr—pe Bl re B; andr’ € va. Therefore, introducing the functions
A 2 A . —t1-124
oL() i=ell Poy(),  ab() =7t Pag(), (2.26)

with 25 and 0, defined in (2.25) and (2.4), respectively, we can write B, in configuration space as

B, = Sna/ dt e¢ / dzdz' y (z — z’)aT(u;)aT(vé)al(u;,)al(v;,). (2.27)
0

A big advantage of choosing the explicit function (2.17) (as opposed to the solution of (2.21)) is to allow for this
representation in configuration space.

Remark 2.10. The transformation T, is related to the unitary transformation used in [17, Definition 4.3] (see also
Remark 4.4 and Remark 4.5 in [17]). In [17, Definition 4.3], T; contains a cut-off around |x| ~ 9‘1/ 3 in configuration
space, which is essentially equivalent to a cut-off around |p| =~ 91/ 3 in momentum space. In the present article we choose
a weaker localization with a momentum cut-off around |p| ~ 91/ 37 in order to obtain better error estimates of order

o(e7/3).

We conclude this section by showing that the trial state introduced in (2.13) is admissible, that is, is a state with N particles
with spin 1 and N particles with spin |. To see this, note that RQ is clearly admissible, and RB;R commutes with N for
j€{l,2}and o € {1, ]}, which can be deduced from the definitions in a straightforward way. Hence

No-¢trial = NGRTlTZQ = RTITZRNGRQ = Ncﬂ»btrial-

2.4 | Key Estimates

Using the trial state (2.13) and Proposition 2.3, we obtain as an upper bound to the ground state energy
Er(N1,N)) < Eppg + (Q, TET Heon T1 T2 Q) = Eppg + (Q, TITYHEL T, T,Q),

where Hggfr =Hy+ @;i + Q4 was defined in (2.12). We shall now explain some key estimates in the computation of
(Q,T5T HEL T T »Q). In the first step, the unitary operator T introduced in (2.18) is responsible for extracting the

2 corr
leading order of the interaction energy given by 87agt¢,. Moreover, via T; we also renormalize the interaction, effectively

replacing @;l + Q4 by
8ma ~
Qi = 5 D 2<(p)byyb_p +he. (2.28)
p

At this point the correlation operator to leading order reduces to Hp + Q... To extract the next order correction to the
correlation energy we then conjugate Hy + Q.. by the unitary operator T, in the second step.

Step 1: We conjugate the effective correlation operator with the unitary T; by writing
1
T T = 1l [ daonTy M
0
1
ff ff
= Heorr + / da Ti/l[Hgorr’ By - BT]Tl;/I’
0
recalling the notation Ty;; = exp(A(B; — B))) introduced in (2.18). To leading order, we shall see that

1 R N
[Ho + Qa4 By = Bl = —— (21p1*@(P)7>(p) + V sy (§X>)(P))bptb_p,| +h.c.,
p
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where *_, denotes the “discrete convolution” for functions defined on momentum space, namely

)

(f g OO = = X f0- @ = TP

qEN*

This explains the choice of the function ¢}, appearing in B;: From the zero-energy scattering equation (1.5) we deduce
that V ky @(p) ~ V(p) — 2|p|*>@(p). The operator @;l in (2.10) can equivalently be written as

1 1 N
all = = Y V(p)bpib_p, +he.
p

Since 2|p|?¢(p) ~ 87a for small p, we conclude that
QL' + [Ho + Q. By — BY| = Q. + Do, (2.29)

where Q. is defined in (2.28) and

~ 1 5 FPN
Qi< = 75 v #5 (PRIPIbp 1b_p +hc. (2.30)
p

We emphasize that Q.. is a renormalized version of Q;l, where after taking the 2-body scattering process into account,

we have the softer interaction potential 87ay . instead of V. The operator @2;< will be important only in the next order
of the Duhamel expansion, where it leads via a commutator to a term relevant for the correct Huang-Yang correction of
order 97/ 3, as will be demonstrated below. In fact, applying (2.29) we can extend the above Duhamel expansion as

TT(IH]O + Q4+ Q;l)Tl =Hy+ Q4 + Q;l + [Ho + Q4,B1 — BT]

1 1
+ / di (1 - /I)TT'A[[HO + Q4,Bl - BT]’BI - BT]TI;/I + / di TT.A[Q;l’Bl - BT]TI;/I
0 ? 0 ?

1
~Ho+ Q4+ Qpe + Qo + / da Ti‘ﬂl[/l@;l +(1 = 2)(Qa< + Qp<), By — B} Ty (2.31)
o ;

Computing the commutator in the last integrand and normal-ordering the expression leads to constant term, which is the
leading contribution. The integration over A then just gives a factor 1/2. We shall see that

~ . Y X<(p)
[Q + Qo + Dy, By~ Bi = —pro) D V(p)@(P) + Bra)ere; D, Tt
pEA* O;EPEA* 2|p|

N =

The first term on the right-hand side naturally combines with V(0)e1¢ | from (2.3) to yield the scattering length, since
. 1 5 . PSA A
VO- 75 T VOWE) =0 -7 3 O = | Vel - o) = 7a.
R

pEN*

Therefore, we obtain the upper bound

ELN1.N 2( 3 3 87a)? > 2
BN 3 6n2)3 (o7 o) )+ 8magre, + Xl e18L G<(p)
- i L = 2|p|
L ?
+ E<TZQ’ (Hop 4+ Q4 + Q2. )T>Q) + 0(g3). (232)

The rigorous justification of this statement is the of Proposition 4.1.

Step 2: To complete the proof, we still have to compute the last term in (2.32). We will see that Q4 is negligible, that
is, that L~3(T,Q, Q,T,Q) = 0(97/ 3) (see Proposition 5.3). It therefore remains to conjugate the final effective correlation
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Hamiltonian Hy + Q,.< under T,. As above we can write
1

T;(HO + @2;<)T2 = HO + T;@2;<T2 + / da T;;A[HO’BZ - B;]Tz;/l, (233)
0

where T.; = exp(A(B; — B;‘ )). From the definition of the unitary operator T, (see (2.19) and (2.17)), we find that
[Ho, By — Bi] = —Qy,. (2.34)

As a consequence, inserting (2.34) in (2.33) we obtain
1 1
T;([H]O + @2;<)T2 ~ Hy + T;@2;<T2 - / da T;;},QZKTZ;A =Hy + / Ada T;;/l[@zK’BZ - B;]Tz;/l.
0 0

Computing the commutator and normal-ordering leads to a constant contribution in the last expression, which is the
leading term and given by

X<(p)?% (2.35)

_ (87a)? ¥ w(r + p)iay(r' = p)oy (o (')

Lo [r+pl2=1r12+1|r' —p|2 = |2 +2¢

1
§[®2;<’B2 - B;] =
p.rr! €N*

where 7i, and U, are given in (2.15). The rigorous justification of this formula is contained in Proposition 5.5. Combining
both transformations we find that the energy per unit volume satisfies

55
Ef(Ny,N)) 3 _,2( 3 3
—5 < 3(671 )3 e; +o) | +8magrey

_ (8ma)? Y ( ay(r + p)ay(r' — p)oy(r)o, (r") 1

7
o 2 3

- +o0(g3).

L9 [r+pl2—=1r|2+|r' — p|2 = |r'|> + 2¢ 2|p|2>()(<(p)) (e2)

p.r.r!eN*

To conclude we can remove the ¢ and the momentum cut-off in the third term (see Lemma 6.1) to get, in the
thermodynamic limit,

5 5
3 303
e(or.0)) < S (67°)3 <9T3 + ef) +87magye,
X4 r+p)xt, (" = p)
B
F F

c

(87ra)2/ / / . B 1 7
- d dr dr — +0(p3).
e Jus P I S | PP — A —pr - 2 | FOE

7
The evaluation of the last integral yields the expression a29T3 F(g¢,/¢1) in Theorem 1.2, as will be demonstrated in
Appendix B.

3 | Preliminary Bounds and Effective Correlation Operator

In this section, we collect some useful preliminary bounds that we will use frequently in our analysis. We also identify
the effective correlation operator from which we will extract the desired expression for the energy in the upper bound
in Theorem 1.2. As usual, we will denote by C generic constants in the following, which may have different values at
different occurrences.
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3.1 | Some Operator Bounds

In this subsection we collect some general operator inequalities. For g € L1(A), define
bo@) 1= [ dzg(@as(ur)asv.) G
A
where we recall the notation (2.7). Similarly, we define

bio®) = [ dze@aua@p). =123 (32)
A

Lemma 3.1 (Bounds for b,(@,), b; ;($,)). For @ defined in (2.24) let ¢,(z") = ¢(z — ). Then

1. 247
Ibs (@)1l < Co3 "2, Ibj (@)l <Co3 2,  j=1,23 (33)

uniformly inz € A.

Proof. The proof is analogous to the one of [17, Lemma 4.8]. We have

_ _ 1 JUIRPN TN . N N
by(p,) = / dz’ #(z - Z,)aa(uz/)aa(vz’) = E Z &(p)x>(pleP?h,(k + p)va(k)ak+p,aa—k,a
A p.k

1o oo o
== 2 ¢(p)x>(ple'P ZUU(k)ﬂ{|k+p|2391/3—y}ak+p,aa—k,a’ (3.4)
D,k

where we used that the conditions | p| > 4¢'/3~7 and |k| < k% imply that |k + p| > 3¢/3~7 for small ¢, and hence i1, (k +
p) = 1. We multiply and divide the expression on the right hand side of (3.4) by |k + p|*> and decompose b, (%) as a sum
of three terms. Writing them in configuration space, we obtain

3
bo (@) = — / dz' Ap(z — z")a, (U, )as(vy) + 2 Z / dz' 3;9(z — 2')ag (U, )as(8;v,r)
=1

- / dz' ¢(z — z)a,(U,)as(Av,y),

where
L) =5 3 Tl sy @ PO, (35)
L3 e |p|2 {lpI=3¢ }
Using (2.1) we thus obtain
1.y
1bo @ < ogll Nl NABl + 20 Vos 21l V@I + |Avs [l 1Bl < Co37 2,

where in last step we used (A.3) to bound the various norms involving @, as well as ||i]|, < CQV/ 2-1/6 and [[8"vs]l2 <
Col/2+n/3,

For the proof of the second estimate in (3.3) we can proceed in the same way. The extra factor 91/ 3 arises from the additional
derivative hitting v. Cl

Lemma 3.2. Forany g € LY(A) n L*(A), we have

b (@PII* < b (PII> +Cellgls VY eF, gl = 1. (3.6)
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Proof. The proof of (3.6) can be done as in [16, Proposition 5.1, Eq. (5.10)]. The idea is to write
Ib5(@)%11* = lIbs()PII> = (¥, [b3(2), bo()]¥),
and to use the positivity of the (normal-ordered) quadratic terms in the commutator above, obtaining

~1b3(e2).bo(e:)] < 2 1600100 + 0.

Bounding i, by 1, the result follows. O

Next, we turn to the number operator N on Fock space, which, after the particle-hole transformation R, measures the
number of excitations above the Fermi sea. We have the following estimates concerning its behavior under the quasi-
bosonic transformations T;.; and T',.; defined in Section 2.3.

Proposition 3.3 (Estimate for N - PartI). Let A € [0,1] and 0 < y < 1/3. For any normalized i) € Fy, we have

5
(T10%, NT19) < C(p, N9y + CL3g3 7. (3.7)

Proof. The proof is very similar to the one in [17, Proposition 4.11]. We compute
Ty NTi; =T}, [N, By = B{IT1;; = 4T}, (B1 + B{)T1;
= 4T1“;/1 </ dz b (®,)ar(v)ar(uz) + h.c.>T1;,1,

1/2

where we used the definition 3.1 and the form of B; in (2.23). Using that ||ay(v,)|l = ||[v1ll; < /¢ as well as the bound

(3.3) from Lemma 3.1, we obtain with the help of the Cauchy-Schwarz inequality

5.r 3 5.7 1
102(T 11 NT11$)] < Co6 ™2 / dz llay(u)T1a9ll < CL208 2N 2Tyl

The bound (3.7) then follows from Gronwall’s Lemma. O
Before considering the analogous problem for T',.; we shall prove the following Lemma.

Lemma 3.4 (Integration over ). Let0 <y < 1/3and 0 < § < 8y. For v, and u’, defined in (2.26), we have
b 042 1_
/ dr e < CF |t |2 < co3 77, (38)
0
and

© _ g2 l_é
/ dre=25e 2 CE 0t |12 < cp37F. (3.9)
0

The proof shows that the factor 8 can be replaced by any other number. The choice 8 guarantees that the final error bound
is independent of it. In the following we will often use

1r s
[ dte e tlalen < co3 2, (310)
which follows from Lemma 3.4 by the Cauchy-Schwarz inequality.
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Proof. We start with proving (3.8). Writing the L?-norm as a sum in momentum space, we have

e 2k g (k)|*
/ dte ZtE £( F) ” 0'”2 3 Z s .
0 203 & kP = (k)2 +¢

1
Since 45 (k) is supported on k; < k| < 6Q§_y (see (2.25)), the contribution to the sum from |k| > Zkg is bounded by
Cgl/ 3=7. For the remaining part, we bound the sum by the corresponding integral and obtain

1 1 1
—_ < C/ dk
TR (k| = kS)(|k| +K2) +¢ kosiki<arg (K= KK +kg) +e

Kl<Ik|<2kS
(k)
< Ck{ log (1 +—)

The last factor grows only logarithmically with (kg)2 /e < 7%, hence we can bound it by Cg‘é/ 8. This term is negligible

compared to the one of order 91/ 3-7 above, and we arrive at (3.8). For (3.9) we have analogously

e k |07 (k)12
/ dt e-2te 2R o2 = = Z . ‘
0 2L T (kp)? = k|2 + ¢

The sum can be bounded very similarly as above, with the result that

2 s
|65(K)I? / 1 (kS 18
<C dk <CkZlog| 1+ < Cp3 8.
213 Z (k7)? = [k|? +¢ 0<|k| <k, (kg — [kD(kE + [k]) + € E €

(]

Proposition 3.5 (Estimate for N' — Part II). Let 0 < & < 8y for some 0 < y < 1/3, and A € [0,1]. For any normalized
Y € Fr, we have

35y ¢ 1

102(T2,3%, NTo9p)| < CL26 2 16| N 2T 9] (3.11)
Furthermore,
5., 9
(T12T29Q, NT13T,Q) < CL3e3 7778, (3.12)

Proof. As in Proposition 3.3, we compute
0T, NTop =Ty [N, By = BjITy 3 = —4T, (By + B ) T2 1.
In particular, inserting the expression (2.27) for B,, we have
0]
GAT;‘;AJ\/'TZ;/I = 4T;‘;/1 <87ta/0 dt e~ 2t€ / dxdy x(x — y)ari)ar(vi)a; (v))a (u,) + h.c.)Tz;,l,
where ul, and v, are defined in (2.26). We can then estimate

161(T20%, N Top9)| < C / dt e lut 1|0t 1210 I / dxdy |x<(x — y)lllay @) T8l

3 1 1
5.3 > —2te |1 pt ot
SCL2Q2||IN 2Tyl [ dee™1ag |2 l10] 112, (3.13)
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132
where we used that || y|l; < C, ||vi||2 < Cel/zet(kF) , and that

—2t(k<.

/ dy||aa<u;>¢||2=Ek}ma(k)ﬁw,azﬁak,aws Y e 2kyar a .y <e P, N9, (3.14)

ag
|k|>kF

along with the Cauchy-Schwarz inequality. The desired bound (3.11) then follows from (3.10).
Gronwall’s Lemma readily implies (3.12) for 4 = 0. The general case then follows directly from (3.7). O

3.2 | Simplified Correlation Operator

In this section, we collect some bounds already discussed in [16, 17], which allow to reduce the correlation operator Hor =
Ho + X + ZLI Q; defined in (2.10) to a simplified one as far as the energy of our trial state 1,) = RT1T,Q is concerned.

We shall see that we can ignore the contributions of X, Q1, @! and Q3.

3.21 | Estimates for X and Q;

Proceeding as in the proof of [16, Proposition 3.3], it is easy to see that

(. X¥)| <Co, N9), [, Q)| < Ce(h, N'Y), Vi € Fy. (3.15)

This estimate guarantees that (T1T,Q, (X + Q)T1T,Q) = L30(§>7/ 3), as a direct consequence of the bound for the number
operator in (3.12), as longas y + 6 /8 < 1/3.

3.2.2 | Estimate for Q3

We note that the state T T,Q is such that in the n-particle sector of the Fock space (T, TZQ)(”) =Ounlessn = 4k fork € N.
This is a consequence of the fact that both By and B, either create or annihilate 4 particles. Since Q3 changes the particle
number by +2, we immediately conclude that (T, T,Q, Q371 T,Q) = 0.

3.2.3 | Estimate for Q!

We shall now argue, similarly as above, that also (T1T,Q, Q!TlTZQ) = 0. This follows from the fact that T;T,Q and

@g T1T,Q are orthogonal, since @g creates or annihilates 4 particles of the same spin, while in the state T, T, Q the number
of particles in each spin component is the same, since both T; and T, create particle (and annihilate) pairs of opposite
spin simultaneously.

In summary, we obtain the following simplification of the correlation Hamiltonian.

Proposition 3.6 (Effective correlation operator). We have

8 5
(T1T2Q, Heor T1T2Q) < (T1 T2, Hcengszfn + CL3Q§_Y_§,

where HEL = Hy + Q;l + Q4 (with the various terms defined in (2.10)).

4 | First Quasi-Bosonic Bogoliubov Transformation T,

In this section we perform the first step discussed in Section 2.4, that is, we conjugate the effective correlation operator
H&f)fr =Hy + @} + Q4 in Proposition 3.6 with the unitary T; introduced in (2.18). The main result of this section is
the following rigorous version of (2.32). Throughout this section, we shall denote by 0(1);_,, terms that vanish in the
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thermodynamic limit (and likewise o(L%); _, , for those that vanish after dividing by L%). We shall not specify their
¢-dependence since we take L — oo before considering the low density limit.

Proposition 4.1 (Conjugation by T,). For any y € (0, %), 5 € (0, 8y] with 2y + 15—6 < % we have

1 , 1 (87a)*(R<(p))®
§<T1T29, HELTIT2Q) < org) (87Ta -V + = Z SR XA

2
OqépEA* lel
1 g+2)/—é §—27/
+ 17<TZQ’ (IH]O + @2;< + ng]O + CQ 3 8 IH]O + C@4)T29) + C§’3 + O(I)L—wo’ (41)
with Q,.. defined in (2.28) and

Gy =—= 9 ke (s=5)@(K)Z5(K) brstb_yy | +he. “2)
k,s,s' eN*

The operator Q,.. can be interpreted as a renormalized version of @N, where the effect of the 2-body scattering process
have been taken into account, leading to the softer interaction potential 877a ¥ instead of V. This operator, together with
the kinetic energy operator Hy, allows us to extract the full constant term of order ¢’/3 after conjugation with T,. The error

2 )
term (T, (&, + Co3 ™ 8 H, + CQ,)T,Q) will be estimated in the next section.

To prove Proposition 4.1, we first consider the conjugation of the operators Hy, Q4 and @;l with respect to the unitary
T, separately in Sections 4.1-4.3. Then in Section 4.4 we use the zero-energy scattering equation (1.5) to justify (2.29),
effectively leading to Q,.. as a renormalization of Q;l. In Section 4.5 we prove propagation bounds for the operators Hy
and Qy4, which help to control some of the error terms. Finally, in Section 4.6 we collect all the estimates and complete the
proof of Proposition 4.1.

In the following we will often use the expression (2.23) for T in configuration space, together with several estimates on ¢
from Lemma A.2.

4.1 | Conjugation of H,

First, let us consider the conjugation of IHI% by T;. Our goal is to extract a (quasi-bosonic) quadratic term which helps to
renormalize the interaction potential in Q,".

Proposition 4.2 (Conjugation of H, by T,). Let 2 € [0,1] and y € (0,1/3). Under the same assumptions as in

Theorem 1.2
6/1Ti/1[]-|]0T1;,1 = Tik;/l(—[l—l + ng]O)Tl;/I’ 4.3)
where &y, is given in (4.2), and
2 RN
T, = - k2@ (k)7 (k) by 1b_k, +h.c. 4.4)
L .
keA*
Furthermore, for any ¢ € Fs
: 1 4.,
(T 1%, Eng T1aW)| < C™ T IH2Z T NIN 2Tyl + Co3 7 (Ty 09, NT1a). 4.5)
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Remark 4.3. In our analysis, &y, gives rise to an error term. In order to estimate it, in Section 4.6 (see (4.71)—(4.72)), we
shall apply Duhamel’s formula again, in the form

A
Ty €M T1a = €y + /0 A" 0Ty g Tras

and use (4.5) to estimate the last term above.

Remark 4.4 Comparison with [17]. The proof of Proposition 4.2 is similar to that in [17, Proposition 5.1 and Lemma 5.2].
However, here we do not need to insert a smooth cut-off in the projection inside or outside the Fermi ball, which simplifies
and improves many estimates.

Proof of Proposition 4.2. The equality in (4.3) is a straightforward consequence of
0;T7,HoT ;5 = T7,;[Ho, By — BY]T12,

inserting the definitions of Hy and By in (2.10) and (2.18), respectively, and computing the commutator. We shall skip the
details. To prove (4.5), we compute

a/lTi/lgHOTl;/l = Tik;/l[gHO’Bl - BT]TI;A = Ti/l[gﬂ'ﬂo’Bl]Tl;/l +h.c..
For simplicity, we only consider the first term involving k - s in the definition (4.2) of &> that s,
. 2 A <>
Erg1 =15 Y k-s@()Rs (k) bspb gy +he., (4.6)
k,s,s' eA*

the estimate for the other term involving k - s’ is analogous. For the calculation of the commutator [SHo;l’ B1], we need to
compute

AF Ak Ak Ak A A A A
[a—s/,ias'—k,la—s,Tas+k,T’ Qrip Gy Qpr_p A ] 4.7)

A% sk ~ A A~k A PN
= as+k,Tas’—k,la""'P’Ta”’—P’l(as’ras"”’ - 5S’ra—s’,ia_r,’l - 6s’,r’a_s,Ta—r,T)

A ~ A ~ ~ ~ P A
+ (5S+k,r+Pasl_k,lar’—p,l + 8y gyt —pQg,y 1Qrapt — 53’—k,r’—p5r+p,S+k)a—r,Ta—r’,la_s/,la_s,T

Correspondingly, we have [SHO;l,Bl] = Z?:l I;, with

= k T ke rg0R- (0 PPE (PO + D =0+ Py’ = p)
sP,FSF

Ak

X ar+k,Td:<’_k,¢dr+P’Td"’—P,i’ (4.8)

L= —% Y k-rék)2s (K)o (NG(P)Z> (IO ()0 ()i (r + k)it (s — k) (r + p)a, (r' = p)

k,p.r.r!.s
% d;k’de—k,ldis,ld—r’,ldﬂpﬁar’—p,l’ (4.9)
1 A R o A ) ) ) A A
L=-75 Y, k5RO ()@(PIR> ()0, ()01 (N (s + i (' = K)ay(p + 1y (' = p)
k,p,rr’.s
X1ty 8ot 8-rtGrap1Grr—p |, (4.10)
1 A o ) ) A
=16 Y k- (r+ p - ke 25 (K)G(P)Z5 ()it (r + p)ity (s — k)it (r' — p)
k,p,r,r’,s
XOrr+p - k)ljl (s)ﬁT(r)ljl(rl)d:—k,idr’—p,ld—r,Td—r’,ldis,ldir—mk,r’ (411)
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Is = 1% Z k - s¢(k) 7> (K)@(p) x> (p)ay(r + p)ay(s + k)i, (r' — p)

k,p,r,r! s
X 01(8)0, ()01 (r)0y (" + k = P)a%,; 1 8ryp 1Ay 1y, id:,_kﬂ), A (412)
and
1 JUNIDN RN N N N N
Io=-75 Y, k- +p-kp)75(KG(P)E>(p)iy (r + pity (r' = p)oy(r + p — K)oy (r' = p +k)
k,p.r.r’
X 06, (r") a_y1G_pr, 18Oy (13)
In the following, we shall estimate all these terms. We shall repeatedly use the bound
1.n
llac(@" vl < Il - "0 ll2 < Co2" 3, (4.14)

for the fermionic creation and annihilation operators. Moreover, we shall employ the bounds in Lemma 3.1in Lemma A.2.
We will estimate the expectation value of all the terms in a general state i) € F¢. We first consider the error terms coming
from the second line on the right hand side in (4.7), that is, I;, I, and I5. It is convenient to divide them all into two parts,
which corresponds to an integration by parts in configuration space: this allows us to get a factor 91/ 3 when the derivative
hits a v, and to use H instead of N to estimate the error terms when the derivative hits a u;. We start by estimating the
term I; in (4.8). Writing k - r = —r> + r - (r + k), we split I; into two terms, which we denote by I;.q and I; 5, respectively.
In I, it is convenient to replace @i;(r + k) by ﬁT> (r + k) with 7~ defined as

1
1 if |k| > 303 7,
1

7> (k) = (4.15)

0 if |k| <3037,

This can be done since |k| > 4¢!/3~7 and |r| < kIT; for all the terms in the sum. The same argument applies to I, and I5.

To estimate I, we rewrite both I;., and I;.;, in configuration space. We have
L= /dxdydzdz’ (x — )@z — 2" (Avy) (x; 2)v (v; z’)a}k(ux)ai‘(uy)aT(uz)ai(uzf).
For fixed y and z, we can use (4.14) and 0 < #i; < 1 to bound

” / dx 3x — y)(8or) (s Dy || < 13, 805111,

where we used the notation @,(-) =@y — -), Avy 1(-) = Avy(-;z), as in Lemma 3.1 and the discussion after (2.5).
Similarly,

| [ 42 - 20020100 < 120,012 (416)
With the aid of the Cauchy-Schwarz’s inequality, we hence find that
¥, ;e )| < / dydz ||gyAvz 111211820y, ll2lla) (uy)Plllag (u )Pl
1 1
2

< ( / dydzdw |3w — y)[2|Avy(z; w>|2||a¢(uy)¢||2> ’ ( / dydzdw |z - w)|2|vl(y;w)|2||aT(uz>¢||2> .
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Thus, using also Lemma A.2, we obtain

4
1, Ta )] < IBI2 1AV llo 2, NP) < Co3 7 (b, N'9). (4.17)

The estimate of the term I, ., is similar. We have

3
Ly =Y, / dxdydzdz’ §x ~ )3z ~ 23,01 (e 2)0, (33 2V} 8 v7)ert (uy Jap (az)ay (atyr),
=1

where v7(-) = »”(- — x). Proceeding as above, we can bound

” / dz 3z — 2)8 01 (s D)ar ()| < 150 vx 12 (4.18)
Using also (4.16) and that
3
D / dx lla1@ev)l? = Y k1197 ()l dr 1 9112 < C{p, Hop), (4.19)
t=1 k
we obtain the bound
1 1 1 1
(9, Tip9)] < CIBIZNVo 2oy I IHZ BN 20 < Co*7 [HZ BIIN 2]l (4.20)

We now estimate the term I, defined in (4.9). Similarly as above, we write k - ¥ = —r + r - (r 4+ k) and correspondingly we
split I, as a sum of two different terms, I,.; and I,.. In order to bound I,.,, we rewrite it partially in configuration space.
Recalling the definition of b, in (3.1), we find

2

W Loat) = 35 210y [ dxe " by@annp

We can bound |r|?0;(r) < C¢?/3 for all r € A*. From the bounds in Lemma 3.1, we find

1

2

=/dx by (B )ar ()Pl

/ dx eI, (B ar ()

2
< / dx [1b,@IPllas @Bl < Co3 ™ (9, N'p),

and hence we obtain

4
(%, L. a)] < Co3 7 (3, N'9). (4.21)

The estimate of I.;, can be done analogously as the one of I,.,, using in addition (4.19). We omit the details, and directly
write the final estimate as

1 1

[, )| < Co ™7 [HZ YN 2. (4.22)

Next we consider I5 in (4.10). Again we split the term in two, I3, and I5.p, by writing k = r’ — (' — k). The term I3, can
then be written as

3
A i ’. — / S ~ ~
g ==Y D r,o,(r") / dydz’ e 0=2)az(u, )b} (@,)b1(@,1)a, (uy1),
t=1 ¢/

where we used the operators introduced in (3.1) and (3.2). Using the bounds in Lemma 3.1 and that Ir;, 0 l("/ ) <C 91/ 3 we
get with the aid of the Cauchy-Schwarz inequality
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|<¢’ I3;a1/)>|

1 1

2\ 2 1 S 2\ 2
> (I? dz'e™" % b(@,)a; (uy)P )
r/

1 1

l 3 2 é+
2 ( [ av ||bm(<oy)a¢<uy>¢u2> ( [ az ||bT(¢'z/>a¢<uzf)¢u2> < o3y, N'p). (42)

. ! -
dy e YV be 1(@y)a) (uy)p

1 1
< Cg3 Z(EZ
.

=1

The analysis of I3.;, can be done similarly as the one for I5.,, using also the inequality in (4.19). The result is

1 1
[, Izp)| < Co™*T|HS BIIN 2. (4.24)
The next error term we estimate is L!f in (4.11). As above, it is convenient to rewrite it in configuration space. Since the

constraints |p| > 4¢*/37 and |r| < k, imply that |r + p| > 3¢'/3~7, we have that i1y (r + p) = 1 in (4.11), and hence

L=Y / dxdydz 3, F(x — )F(x - 2)a’(uy)ay )al(v)a; (0,)al @ vy)ay (us).
t=1
Using Lemma A.2 and (4.14), we can bound

241

3
(1)l < Co™*3 Y / dxdydz [8,F(x = IIFCc = 2lllaywy)plllla; )P

1 3 4

L I 343

*3 2 16811111 (%, N'9) < Co3 ™ (9, N'9). (425)
The estimate for I5 can be done similarly, we omit the details. Also for this term we obtain

4
1, )| < Co3 ™ (3, N'Y). (4.26)

Finally, we consider the last term I in (4.13). Similarly as above, we have @;(r + p) = 1 l(r’ — p) = 1 for all the terms in
the sum. To estimate it, we shall write

*

~ A
r’+p kl —r— p+kT —r’+p kl —VT —r— p+kT _r,l ap’ka_r’Ta—VT

—d_r,Ta_rl’l a

and correspondingly split I in two terms, denoted by Is., and I¢.;,. The last one vanishes,

Iy = vl(r’)vT(r)a rp@* 1 =0,

prr’

since the sum over p is zero by symmetry. The term I¢., we can write in configuration space as
3
Ia= D, / dxdy B(x - )3, F(x = Y)F(x = y)a’ vy)ay (v} Grvy)a (vy). (4.27)
t=1

We use @0, = %65 @? and integrate by parts in x. The derivate then hits either ap(vy) or a?(af Uy), and using (4.14) we
can bound

2 4
1+% — =+
(¥, Ie,a)| < Co 3 /dxdy 150c = Y)Pllay)PlI? < Co3™7 (%, N'9), (4.28)
where we used Lemma A.2 in the last step. Collecting all the estimates, this concludes the proof. O
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4.2 | Conjugation of Q,
We now conjugate Q4 by Ty (see (2.10) and (2.18) for their definition).

Proposition 4.5 (Conjugation of Q, by T,). Let 2 € [0,1] and y € (0,1/3). Under the same assumptions of Theorem 1.2

a/lTill@4T1;/1 = Tik;/l(—l]—Z + 8@4)T1;/1, (4.29)
where
2 14 *s (¢2>)(K) by 1b_k,| +h.c., (4.30)
keA*
and &g, is such that for any P € F¢
S,y 1o 2
[, Eq )| < Co6 2N 2P[I1Q Y. (4.31)

Proof. We start by computing
5,1Ti/1@4T1;A = Ti;/l[@“’Bl]Tl;/l +h.c,
with

[Q4,By] = L6 2 2 VORDITS(D)s(s + K)itgr (5" = k)it ()gr () [a%,, 0% | 8y 51850.bp1bp,].

0,0’ k,p,s,s!
Recall from (2.14) that b, ; = ¥ 9,(p + 1)0;(r)ap4r sa_ o Hence we need to compute
[A;k ad ko 1Oyt o1 Q5,05 Qpr 1 Qp pG_pypr (O | ] = 5S+k,r+p50,Td:r_k’G/dr’—p,ld—r’,ld—r,Tds’,a’dS,U
+ 5s’—k,r+p5cr’,Td;k,gdr’—p,ld—r’,ld—r,Tds’,cr’ Qg — 5s’—k,r’—p5cr’,ld§+k’gdr+p,Td—r’,ld—r,Tds’,cr’ Qs o
+ 5s+k,r’—p50,ld:/_k,gl Qrip Gyt |Gy 1 Gy o1 Q5o+ Otk r+pOs/—k ' —pOo,1007 | Ayt | Ar 1Oyt 51O o
= Syt —pOs/—kr+pOa,1 80t 1yt | A p 1Oyt 51 s o

Using that V(k) = V(=k), (p)x>(p) = #(—p)x>(—p) and performing a suitable change of variables, we can combine the
first two terms in the commutator above, as well as the third and the forth and the last two. Therefore, we find that

[Q4,B1] =11 + 1 + 13,

with
1 SN A " - - N - A A (!
= 2 2 VIOS(P)Z>(p)ay(r + pYiy(r' = p)ay(r + p = K)itg(s — K)ig ()51 ()0, (')
9 k,prr!s
X d:_k,aflr/_p,lCAl_r,TCAl_,,/’lCAlS,gCAl,,_,_p_k,T, (4.32)
1 9, A o ~ ~ ~ ~ ~ ~ ~
=75 Z V()P(p)X>(p)ar(r + p)iay (r' = p)a (r' — p — k)ity (s — k)i ()01 (r)0, (r')
9 k,prr!.s
X d:_k,g‘flr+p,Td—r’,id—r,T‘:Als,adr’—p—k,l’
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]- 9, A o ~ A~ ~ ~ ~ ~
I; = ~T6 Z V(I)@(p)Z>(p)ar(r + p)ia, (r' — p)ay(r + p + k)i (r' — p — k)61(r)o, (")
k,q.r,r!

X ar+p+k’T a_r’T ar/ _p_k,la_r/’l .

In I; we have 4y(r + p) = 4 (+' — p) = 1 due to the constraints on p, r,r" and, with another change of variables, we find
that I5 + I;‘ = T, defined in (4.30). In other words, £g, =11 + I + h.c..

In the following we only consider I;, the bound on I, works in exactly the same way. Using again that @i;(r + p) =1 in
(4.32), we can write in configuration space

== 3 [ dxdy V- asiuy)b@oa@asw)a) 433)

where we recall the definition of the operator b, in (3.1). Using [la; (v,)|| = [[v]l2 < ol/2

Schwarz inequality, we obtain

, Lemma 3.1 as well as the Cauchy-

1

Y 4 1 =
2 Z / dxdy V(x - pllag )l w)arwopll < Cos 2N ZPIIQZ P  (4.34)

24
6

I($, i)l < Ce

This yields (4.31). Ol

4.3 | Conjugation of @;l

In the next proposition we conjugate the operator @y introduced in (2.11) with respect to the unitary operator T; defined
in (2.18).

Proposition 4.6 (Conjugation of a'b T,).LetA € [0,1]andy € (0,1/3). Under the same assumptions of Theorem 1.2
P Jug 2 Oy

15, Q)T = —2010, Y, V(PI(PIZ(P)+ T Eqn T

PEA*
with 5QTL such that for any ¢ € Fs
2
s,r 1 1
(. € 1) < Cob 2 IQZYIIN 2Pl + Colh, N'Y). (4.35)

2
Proof. As in the previous propositions, we have

0aTE Q) Ty = T;,[Q}, By]T1, 0 + hic. (4.36)

For the computation of [@;l, B, ] we shall use that

N _ i 5 A INA ! _ A ~ A~k A A~k A~k
Q) = 3 kz’ V (k)01 ()i (s — k)0, ()i (s + k)a—s’,Tas’—k,Ta—s,laS+k,l +h.c,
5,8

and hence we need
A A% A A ~ ~ ~ ~
a7 180 14075 By Grapaort@prp @y ]

Ak Ak A A Ak A Ak A _
=45y 1954k, Greprar—p,| (5S’,ra—s,¢a—r’,l + 5s,r/a_s,’Ta_V,T 53’,r5s,r’>

A~k ~ £~k ~ ~ ~ A~k Ak
- <5s’—k,r+pas+k’lar’—p,l + 6s+k,r’—pasl_k,Tar+p,T - 5s’—k,r+p5s+k,r’—p)a—r,Ta—r’,la_sl’Ta_s,l' (4.37)
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Correspondingly, from the six terms on the right-hand side we obtain [Q},Bl] = Z j=1 I;, and we shall now estimate

these terms. The main term comes from normal-ordering of I. As in the previous proofs, in our estimates we often use
that ||V||; £ C, together with the bounds proved in Lemma 3.1, Lemma A.2 and (4.14) with n = 0

We start by considering I;. It is convenient to rewrite the term partially in configuration space, as
1 . e . _
L = 3 Zr: o1(r) / dxdydz e -2y (x — y)af(uy)aT' (ux)ai‘(vy)bl(goz)aT(uz), (4.38)

where we used again the operator b, introduced in (3.1). Using that 0 < 04(r) < 1 and the Cauchy-Schwarz inequality, we
get

I, Li9)|

(1
<[ —
=\

We can further bound
1

< / dxdydy'V(x = y)V(x = y)llayyar (e wy)plllla ©y)ar w)a ()l

1 1

2\ 2
) (LiZ / dze "%b | (3;)ay (u,)P > :

2

dxdy V(x — y)e~ir*

[ dxdy Ve = e a0 )ar ey )

< Ce / dxdydy’ V(x = y)V(x - y)llas(upay (u P12 < Col, Gy,

where we used (4.14) and ||V||; < C. Using Lemma 3.1 we can also estimate

2

2
dZ e—ir-Zbl(az)aT(uz)zp = /dZ ||bl(5z)aT(uz)zp”2 S Ceg_ﬂ/(lp"/\/lp)

In combination, we thus obtain

1

1
Q7 $IIN 2]l (4.39)

.Y
62

(%, L)| < Cgb "

The term I, in can be estimated similarly, with the same outcome, and we omit the details.

Next we consider I5. Similarly as for the other terms, we rewrite it in configuration space as

¥, 139) = /dxdde’ V(x -y (v Z’)<ar(ux)a¢(uy)¢, </ dz§(z - Z’)UT(X;Z)aT(uz)>aL(uz’ )¢>- (4.40)

By the Cauchy-Schwarz’s inequality, we have

ST

I, I39)| < </ dxdydz' V(x —y)|vi(y;z’)|2||aT(ux)al(uy)zp||2>

1
2 2

X (/ dxdydz' V(x - y)H/ dz @(z — 2" vy (x; z)ag(u,)

||a¢(uzr)¢||2)
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1
The first factor is bounded by ||v ||, [|Q fz/)||. To bound the second, we proceed as in (4.16), that is, using (4.14) and 0 <
fi; <1, to obtain

1

(¥, I3)| < ||Ul||2||@z¢||</ dxdydz'dw V(x - y)|@(z" - w)lzlvr(x;w)lzllai(uzf)l,bIIz)

ST

1 1 1 5y 1 1
~ = 2+L =
< ||V||12||UT||2||U¢||z||§0||2||@f¢IIIIN2¢|I <Cg6 2 |I@f¢IIIIN2¢II-

Here we have used Lemma A.2 in the last step.
The next term we consider is I4. Before estimating it, we note that from the constraint |p| > 491/ 37 and |r| < k! , we get
that |r + p| > 3¢!/3~7. Hence 24(r + p) = 1. Rewriting I, in configuration space, we then get

Iy = / dxdydz V(x - y)(y - 2)a(ux)a, (uz)ar(vy)a,(v)a) (Lx)ai(vy). (4.41)

Hence, using again Lemma A.2 and the fact that a| (u,) commutes with a;(vy)a l(vz)af(vx)a?(vy),
[, 149)| < Co? / dxdydz V(x — y)Ig(y — 2)lllay(w)pllllay )yl

4
< CA VI 111 (b, N'B) < Co3 ™ (9, N'9). (4.42)

The term I5 can be estimated in the same way, obtaining the same bound.

Finally, we consider the term I¢, from which we extract the leading contribution. We start by normal-ordering the terms,
using

Gyl at, @t =—(a", ag =6,y ) (A%, d =6 ). (4.43)

This way, we obtain

Is = —ere; Y. V(p)$(P)Z>(P)
p

1 s N A No A rNA% A A rNA% A
+ = X VDI () 0101V g +010,(06 dr.y )
Dp,r

1 VAN S (s S P . .
+ 75 ) D ’ VRIG(p)Z>(pIor(k + 1+ p)o,(r' = p = k)oy (o, 0z, jar 4oy (4.44)
sP,FS1

where we have used again that 4(r + p) = 4 (+' — p) = 1 in all the summands. The main contribution is the constant
first term. Since

[ dx VR0 < Wl Wollisscay <C.
A

= TV ORPIR-()
p

the term in the second line is bounded by CoN. To bound the term in the last line in (4.44), we rewrite it in configuration
space as

- [ dxdy v = y)p0x - »a}w0ad )0 w)a ) (445)
Hence also this term is bounded by Co N, using that || V3]l < [[V(111@]le < C because of (A.2). Combining all the bounds
the proof of Proposition 4.6 is complete. O
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4.4 | Renormalization of @} by Scattering Equation

In this subsection we will combine the “bb + b*b* operators” from Propositions 4.2 and 4.5 with @} in order to obtain a
renormalized interaction. Recall the definitions of T; and T, in (4.4) and in (4.30), as well as the ones of Q,.. and @2;< in
(2.28) and (2.30). Note also that, as all these operators, @;l in (2.11) is quadratic in the b’s, namely,

n_1lvyyp
Q) = 5 D V(PIbpibp +he.
p

Proposition 4.7 (Scattering equation cancellation). Let y € (0,1/3). Under the same assumptions of Theorem 1.2,
Ty + Ty + Q) = Qe + T + Excarrs (4.46)

where Eg.qay is such that for any normalized i € Fy

13 7

5 3 1
Y, Escare®)| < C <9§_2y + o(1)mo> (¥, Ny + CL2 (e?‘iy + o(l)mo> IN 29| (4.47)

Proof. Using ¥~ + X< = 1, a simple computation yields
1 .\
Escatt = E Z h(p)bp,Tb_p,l + h.c,
p

with
h(p)=V(p) -V #5 P)(p) - 87ag(p) - 2p*¢(p)x-(p). (4.48)

In the following we will show that, as a consequence of the zero-energy scattering equation (1.5), & is suitably small (for
large L and small ¢). We shall write /1 = h; + h,, with

h(p) = (V(p) = (V %5, 9)(P) = 20°9(p) ) - (P)- (4.49)
According to (1.5), V(p) — 2p?@(p) = (F(V %@ )(p), hence h; takes into account the finite-size effect of the periodic box,

and vanishes in the thermodynamic limit. In Lemma A.4, we shall in fact show that the periodic function 4; with Fourier
coefficients h; satisfies ||h1||L1(A) — 0 and ||h1||L2(A) —0asL — oo.

In configuration space we can write
1 .
Ii=5 ; hi(p)bp1b_p,| = / dxdy hi(x — y)ay(uy)ar(vy)ay(uy)a (vy) = / dy by((h1)y)a(uy)a(vy),

where we used the notation b, introduced in (3.1). With the aid of Lemma 3.2 and the Cauchy-Schwarz inequality, we
can estimate

3
2

1 1
(b, Ih)| < I|0¢II2</ dy [1by((h1)y)¥lllay (uy)Pll + CL 9§||h1||2||N§¢||>
3 1
< ||l5¢||2||l3T||2/dXdy lh1(x = Y)lllar(u)pllllay )Pl + CL2ell Ay 1[IV 29|

3 1
< Collll1 (%, N9) + CL2¢ll b [l IV 29l (4.50)

This term is thus o(L?); _, », in the thermodynamic limit.
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We now consider the remaining term
1= — 3 hy(pby b ha(p) = (V(9) ~ (V 5. 9)(p) ~ 870) 2(p) 4.51)
-—L3p 20P)bp1b_p | 2lp) = {Vip y #)p X<(p). :
To start, we note that

1 ~ 1 ~ . N . R N N N N
= D ha(P)pbopy = = X (P (4 DT = PO ()6 (Va8 .
p

prr!

that is, we can replace 44 (r + p) and @ (r' — p) by ﬂ?(r + p) and ﬂf(r' — p), with 25 defined in (2.25), due to the support
properties of ¥ and U,. Using also that

Z ﬁ;(r + p)ﬁa(r)dr+p,ad—r,a = / dx e_ip.xao(u)f)aa(vx),
Wwe can write
TREES) fzz<p>< ([ axerratapiaiwon). [ av e—fp'yal(vy>a¢<u;>¢)>,
p

and hence, by the Cauchy-Schwarz inequality,

1/2

1/2
|, 11p)| < ||fzz||oo< / dx ||a?(u§)a;‘(vx)¢||2> ( / dynal(vy)al(u;)lpuz)

1
The last factor can simply be bounded by ¢2 (3, N* ¥)1/2. In the first factor, we first normal and write aT(u)f)a’T'ﬁ(u;) =

1 1
—a;(u)ar(uy) + ||u<||3, leading to the bound ¢2 (), NP2 4 02 |lu<||,L3/2. Since lu<||3 < Co'=37, this yields

3
(8, 1) < Cllz oo <e<¢, Ny +9207 132y, N¢>1/2>.

We are left with bounding sup,, |hy(p)|. Note that 87a = J3 Vo1 = 900) = V(0) = /113 Vo Poo- Since Vo, is assumed to
have compact support, |[V(p) — V(0)| < C|p|?. Using V(x) = V(—x) and also (A.4), we see that

0 g D0) = [ dxV@per = [ Voo +o) e, (452)

and hence |(V *Z #)(p) — /R3 Veo®ool < Clp|? + 0(1); . Here note that ¢, is bounded by Lemma A.1. Altogether, this
shows that |a,(p)| < CIpI21Z<(P)] + 0(1)1 e < Co%/3>~2 + 0(1);_, 0, and thus completes the proof. O

Proposition 4.8 (Propagation estimates for Q,_ and @z;<)- Let 2 €[0,1] and y € (0,1/3). Under the same
assumptions as in Theorem 1.2

TT;A(QZK + @2;<)T1;A =+ qj2;< —2¢19, 2 (87Ta)’(\<(p) +V *Z (??<¢)(P)>¢(P))’(\>(p) (4.53)
PEA*
A
+ /O dV'TY Eq, a5, Tin: (4.54)

where the error term 8@2;< +8,< is such that for any ¢ € F¢

4 7y L 1
Ty a4 =
(B, €0, v, P < Ce3 7 (B, N'P) +Ce6 2 [QZPININ ZY.
Furthermore, for any normalized ¢ € Fy, we have
Communications on Pure and Applied Mathematics, 2026 27 of 54

- l|pwodeo eare epnuews Aq 0r00L edd/Z00T 0T/10p/Lod A3 1M Asiq Ut |uo//sdny Wwoij papeojumod ‘0 ‘ZTE0L60T

B5UBD17 SUOWILLIOD BAIIEa1D 3|qedl|dde auy Ag pausenob ae saie YO ‘@sn Jo sajnl 1o} Arelq 1T auluQ AS|IAA UO (SUOIIIPUOI-pUR-SLLLIBY WO AB | IM" Aeiq 1 pUI|uO//SdiY) SUONIPUOD pue SWd | 8L 39S *[9z0z/c0/cz] uo AriqiauljuQ 1M ‘BlIW I 1pnS 1IBageisealun



4 1
%, B )| < CL3203 77 Q2 9, (4.55)

2 200y s
(%, Qo )| < CL292" |N 2. (4.56)

Proof of Proposition 4.8. By Duhamel’s formula,

A
TTA(QZK + qj2;<)Tl;/1 = Q2;< + @2;< + / ax’ TT'A’ [Q2;< + @2;031 - BT]Tl;/V- (4-57)
; 0 ;
We start by computing [Q,.., B} — BT ]. The terms have the same structure as in Proposition 4.6, the only difference is that
V(k) has to be replaced by 8way (k) everywhere. We again write them as

6

[Q2<,B1 = B}]= ) I +hc.
j=1

As in Proposition 4.6, putting I in normal order, we get the constant term. All the other terms are error terms, which
we estimate in expectation in a state ¢ € F¢. In some error terms it will again be convenient to replace 7, by 45, with
5 defined in (2.25), which is possible by the compact support of ¥ .. In the estimates below, we often use the bounds in
Lemma 3.1, Lemma A.2 and Lemma A.5 together with (2.1) and (4.14).

For 1;, we have, analogously to (4.38),

8ma

b=

¥ 010) [ dxdydz e - y)ai 5)ai a0, )by @) ). (4.58)

Using 0 < v1(r) < 1 and the Cauchy-Schwarz inequality, we can bound

(.19 < 87ra< / dx

< 8mallgy 145 12l x <o

1/2 12

2
> </ dZIIbl(ﬁz)aT(uz)lpIIZ)

4
(W, NP) < Co3™ (3, N'Y). (4.59)

/ dy x<(x — )a, (0y)ayuS)ay G

1.y
32

The term I, can be estimated in the same way, with the same result.
Next we consider I3. In analogy with (4.40), it is given by

($,139) = 87a / dxdydz’ y.(x - y)v,(y; Z’)<ar(u§)a1(u§)¢, ( / dz @(z - Z’)vT(x;Z)aT(uz)>a¢(uz/)¢>~

Using (4.16) and the Cauchy-Schwarz inequality, we obtain the bound

N =

K, I39)| < 87fa</ dxdydz'|x(x —y)IIvl(y;Z')IzllaT(uyf)ai(u;)l,bIIz)

N =

X (/ dxdydz'dw | x (x = 1@z - w)I*|vy(x; w)IZIIal(uZ/)IPIIZ)

4
< 8malx<llillvtli2livy lzllus 2112 (%, Np) < Ce37(%, N'Y), (4.60)

where we used the bounds mentioned at the beginning of the proof.

The term I4 can be written, similarly to (4.41), as

14 = 87a / dxdydz x(x = Y3y - 2)a} (w)ay (u:)ay (0,)a, (0,)a} )5 (vy).
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Hence

4
(. 1a)] < Co?llx<Il I (%, N'9) = Co3 ™ (, N'p), (4.61)

where used that a(u,) commutes with a;(vy)a i(vz)af(vx)a;‘ (vy), as well as Lemmas A.2 and A.5 in the last step. The
term I5 can be estimated in the same way, with the same result.

Finally, we consider the last term I5 coming from the commutator [Q,.., B; — B;], which equals (4.44) with V replaced
by 87a¥ .. The term in the first line is the desired constant. For the term in the second line, we use

3 ZX<(P)§0(P)){>(P) I Z X<(p ) 93_y, (4.62)

p#0

which follows from the fact that p>@(p) is bounded, as a consequence of (1.5). Hence the expectation value of this term
4

is bounded by C9§_7(¢, N7). In the last term corresponding to the third line of (4.44), we observe that the summation
over p is restricted to |p| < 791/ 3-7, due to the constraints on k, r,r’ and r + p +k,r' — p — k in the summands. In other
words, we can add for free the cut-off function y given by

1
. 1 if |p| <7377,
x(p) = 1
0 if |p|>7¢377,
arriving at
87ra
> 2RI DTN OO0 A7+ PO = p =Ry Aot
k,p,r.,r

Introducing the function @ with Fourier coefficients ¥ (p)@(p)x¥(p) and rewriting the term in configuration space as
1

in (4.45), we obtain the bound Co||y.@.|;N. We have || y.@<|l; < llx<llillP<llco < C§>§_y using the same bound as in
(4.62). Altogether, we have thus shown that

[Q2.<, By — B] = —167agie; )’ R<(P)E(P)Z>(P) + €. »
p

with £g,. _ such that

4
(9, Eqy, PN < Co3 7 (9, NY).

We now consider [@2;<,Bl — B]]. Again all the terms in the commutator are of the same type as the ones in [Q;, By —
B}] in Proposition 4.6, now with V replaced by V * D (X¥<®). They can then be treated exactly in the same way as the

corresponding error terms in Proposition 4.6, using that

1
sup <Co3”, (4.63)
X€EA

= T o)2<(pelP
p

as in (4.62). We thus get that

[@2ic. BL = B = =2010; D, V x5 (RePADIP(DIT-(P) + £, .

DEA*
with & _ such that
2;<
7y 1 1 4
(b, &g, Pl < Coo 2 Q7 YININ 2Pl +Co3 " (p, N'P).
This proves (4.54).
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Finally, we discuss the bounds in (4.55) and (4.56). Rewriting @2;< in configuration space, we have

@2;< = /dxdy V(x = y)p(x = y)ar(uy)ar(vya (uy)a(vy) + h.c.,

where ¢ is the function with Fourier coefficients ¢(p)¥<(p). The bound in (4.55) is then a consequence of ||¢.||s <
Cng/ 3=7 as shown in (4.63). Indeed, via the Cauchy-Schwarz inequality, we get

4 4 1
(%, Q)| < Co3 7 / dxdy V(x — y)llar(uy)a) (uy)pll < CL3/293_y||@42¢||-

Similarly, we can write Q,.. in configuration space as

Q. = 87a / dxdy y(x— y)aT(uj)al(u;)al(vy)aT(vx) +h.c,

where we again could replace 4, by 25 defined in (2.25). We then find

3 3 1
2 2(1- =
(. Qo )| < 167alus 1 llogllzlv, 2 / dxdy |x(x - Pllla, @)l < CLZe2" IV 2P (4.64)

This completes the proof of Proposition 4.8. O

4.5 | Propagation of the Estimates for H, and Q,

In this subsection we obtain propagation estimates for Hy and Q4, which will be useful to estimate some of the error terms.

Proposition 4.9 (Propagation of the estimates for H, and Q,). Let 1 € [0,1], ¥ € (0,1/6), & € (0, 8y] with 2y + % <

1 . ;
T Under the same assumptions as in Theorem 1.2

(T12T2Q, (Ho + Q)T T Q) < C(TQ, (Hy + Q4)T,Q) + CL3¢? + 0(L3)[ . oo.-

Note that since H, and Q4 are nonnegative, the above estimate gives two separate bounds for (T;.,T,Q, HyT.,T,Q) and
(T1:2TQ, Q4T1.1T,Q). The term (T,Q, (Hy + Q4)T,Q) on the right-hand side is actually small compared to L39?, as will
be proved later in Propositions 5.2 and 5.3.

Proof. Let&; = T1.,T,Q. We prove the propagation estimate by Gronwall’s Lemma. By Propositions 4.2 and 4.5, we have

02(62, (Ho + Q)E2) = (€2, (T1 + To + &y, + Eq,)80), (4.65)

where the four terms on the right-hand side are defined in (4.4), (4.30), (4.2) and (4.29), respectively. Equation (4.31) in
Proposition 4.5 gives a bound on £g, . For the term &y, in (4.2), we first consider the terms involving k - s in (4.6) and write,
as in the proof of Proposition 4.2, k = (k + s) — 5. Correspondingly, writing the resulting expression in configuration space
and recalling the definition of b, in (3.1), we find

3

2 FNEON ~

-5 2 ke spUORs (R bis by, =2 / dx b3 (@1 6r0)ay(@pvy) - (v )ayy) ), (466)
t=1

k,s,s’ eN*

where in the first term we again replaced u; by v~ defined in (4.15), which is possible due the presence of the cutoff y-..
Using Lemma 3.1 together with the bounds in (4.14), we can estimate via the Cauchy-Schwarz inequality

33y 1
_ S 4L =
[ dxlbi@oa@ear gl < 122 2N g, (467)
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For the first term on the right-hand side of (4.66), we can proceed as in (4.19) to bound

3 7.7
20672

/dx b} (@x)at (B vx)ar(Bpvy )€ Il < CL296 ™ 2(£;, Hoky ) /2. (4.68)

For the terms involving k - 5" in &y, in (4.2) we can proceed in the same way, obtaining the same bound.

We now consider the expectation of T; + T, in (4.65). From Proposition 4.7, we know that T + T, = —@;l + Q. +
fl)z;< + Escatt, With Ecaye bounded as in (4.47), and Equations (4.55) and (4.56) from Proposition 4.8 give a bound on
Qr.c + @2;<. It thus remains to give a bound on @gl. By the Cauchy-Schwarz inequality and (4.14),

3 1
(&, @l e < Ce/dxdy V(x = Yllay(uea; (uy)éll < CL2o||Q7 &1l < CL30? + (£, Qué)),

where we used V' > 0 and ||V||L1(A) < C. Therefore,

5
(€, (T + TR < CL3e% + C(€;,Q487) + C<9§_2y + 0(1)L—>oo><§ﬂ.s NEy)

3/ 30, 1.7 1
+CL2<92 X 2y+o(1)Lﬂ)||N2§ul. (4.69)

Inserting the bounds (4.31), (4.67), (4.68) and (4.69) in (4.65), we find

5
[82¢62, (Ho + Qu)é1)| < C(&1, (Hp + Q)&7) + CL3e? + C<95_2y + 0(1)L—>oo><§/l’ NEy)

3734, 1.7 1
+CL2<92 RN 2y+0(1)L—>oo>||N2§/1||-

Using the estimate for the number operator in (3.12) together with the constraints on the parameters y < 1/3,§ < 8y and
2y + 1% < % we conclude that

|a/1<§/1’ (IH]O + @4)5/1)' < C<§/17 (IH]O + Q4)§/1> + CL392 + 0(L3)L—>00'

The desired result then follows from Gronwall’s Lemma. O

4.6 | Conclusion of Proposition 4.1

Now we have all the necessary ingredients in order to give the proof of Proposition 4.1. Recall the definition of Hggfr =

Ho + @;l + Q4 in (2.12). We start by writing
1
(T1T,Q, (Hy + Q)T T,Q) = (T,Q, (Hg + Q4)T,Q) + / di alm;ﬂzg, (Ho + @4)T1;,1T2(2>. (4.70)
0
From Proposition 4.2 and Remark 4.3,
1
/ dA0,(T1.2T2Q, HoT1.2T,Q)
0

1 1
= [ a0 AT + (10, Ta0) + [ dAQ - DOT1Ts0, €, TiaTo0), (@)
0 0
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where T is defined in (4.4), and the last error term can be controlled by combining the bound (4.5) from Proposition 4.2
with Propositions 3.5 and 4.9 as

1 1 4
3 £ T+
31(T1AT2Q, Epyy T1nT2Q)| < Co' Y |HG Tip TLQUNIN 2Ty T Q + Co3 "(T1,3T,Q, NT1,T,)

£+Z_£ l 1_7+Z_£ 3_§
<CLY%6 2716 ||(Ho + Q)2 T2l + CL*( 06 2716 +¢” 8 | +0(LY) oo (4.72)

From Proposition 4.5 we get

1 1

/d/la/l(Tl;,lTZQ,@‘;Tl;/szQ)=/ d/l(TmTzQ,(T2+8@4)T1;/1T29), (4.73)
0 0

where T is defined in (4.30) and the error term £g,, can be controlled, again with Proposition 3.5 and 4.9, as

5 1 1
_+_ —_
KT12T2Q, €, T12T2Q)| < Co6 2 IIN2T1;/1T29IIIIQf T1,TLQ||

5 & 1
< Co3 1613/2 <||(I]-I]0 +Qu)2T,0| + L3 %0 + o(L3/2)L%o>. (4.74)

The terms T; and T, can be combined as in Proposition 4.7to T + T, = —@;l + Q. + @2;< + Escare With Q,.. and @2;<
defined in (2.28) and (2.30), and &g,y satistying

19
(T12T2Q, EgcarT1a T2 Q)| < CL3 ™ 716 + 0(L3)] o, (4.75)

where we used the estimate in (4.47) together with Proposition 3.5. Therefore, combining (4.70)—(4.75), we obtain

1
(T1T2Q, HEL T T,Q) = (T,Q, (Ho + Qq + £y )T2Q) + / dA(T13T2Q, (Qp.c + Q. )T11 T Q)
0

1
+(T1T,Q,Q)' T, T,0) - / dA(T1,;T,Q, 0V T, T,0) + €, (4.76)
0
with
5.6 1 8.9 3_ay_ S
|E] < Co3 16 L3/2||(Hy + Q4)2T> Q| + CL33 16 + CL3¢” 7" 16 + 0(L3) s oo- (4.77)

The terms involving Q;l in the second line on the right-hand of (4.76) above can be written as

1 1
(TITZQ,@}Tszm—/ d/l(Tl;,lT2Q,Q;lT1;,1TZQ)=/ dAA8;(T11T,Q, Q1T 1 T,Q),
0 0

which, according to Proposition 4.6, equals

1

—019 Z V(p)p(p)x>(p) + / dAA(T 1 T2, E i T12T2Q), (4.78)
pEA* 0 2
with
8 _, ¢ 5.8 1
(T10T20, €1 TraT2@)] < CL393 778 + Co3 ™ 16 L¥/2)|(Hy + Q) 2T + 0(L¥); cor (4.79)
2
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forall 1 € [0, 1], where we used again Proposition 3.5 and Proposition 4.9. Next we consider the contribution coming from
Q7.< + Q,.< in the first line on the right-hand side of (4.76). By Proposition 4.8,

1
/ dA(T1;3T2Q, (Qpc + Qo )T1T2Q) = (T2Q, Qe + Qo IT2Q) — 87agre; Y, 2<(P)E(P)Z>(p)
0 pPEN*

1
“e1 XV oy GAOROBE+ [ 410 - DT Eg, 5, TiaT20)
PEA
with

é ) 1
3-2y-2 2-y-2 1
KT12T2Q Eq, _1a, T1aToa 1 < CL3¢ 778 + CL320" 716 ||(Ho + Q4) 2 T2Qll + 0(L3)[ oo

where we used again the bounds in Propositions 3.5 and 4.9. We can further bound the term @2;< on the right hand side
above using (4.55). Therefore, combining all the estimates, we proved that

(M0 HIET0) < —erey 3, (V(P)+V 55 (2<9)(p) + 87a2<(p) )9(P)Z-(P)
DEA*

+ <T2.Q, <|]'|]0 + Q4+ @2;< + €H0 >T20>

5 6 1 4 1
+Co3 T6L3/2||(Hy + Qq)2T2Q| + CL32e377 | Q2 T,

8 d d
+CL3%3 778 +CL3" 716 4 o(L3 4.80
0 0 +0(L7)[ o0 (4.80)

To complete the proof of Proposition 4.1, we need the following Lemma, evaluating the constant contribution in the first
line on the right-hand side of (4.80).

Lemma 4.10 (Constant contribution to 87ag¢,). Let V be as in Assumption 1.1. Let ¥, ¥~ be defined as in (2.16),
with 0 < y < 1/3, and let ¢ be as in Definition (2.5). Then

= T (V0 +7 g ReNp) +8702() (D)2 ()
PEA*

R 8 2% 2
V() -sra- L (87a) ()(;(P))
L o ipenx 2|p|

+ Econsts (4.81)

2
. -2
with [Econst] < Co3™ " +0(1)] - co-

Proof. Using 7. + ¥~ = 1, we can rewrite the left-hand side of (4.81) (multiplied by L) as

; V(p)a(p) - ; ha(P)p(p) - ; V ks (R<PNP)E(PIR<(P) — 870 ; Ap)R<(P), (482)

where we used the definition of fzz(p) =WV(p) -V *Z ?)p) —8ma)¥(p) in (4.51). As in (4.52), we have
L3 Zp V(p)é(p) = /R3 Veo®oo +0(1)] oo = V(0) — 8a + 0(1);_, . At the end of the proof of Proposition 4.7, we also

showed that |,(p)| < C|p|?|1Z<(p)| + 0(1);_ «. The zero-energy scattering equation (1.5) implies that p>@(p) is bounded,
hence

= X hap)e(p)
p

C -~ 1 1 -
<13 z x<(p)+ O(l)L—>ooE Z = <€ +0(D) o
P 0#|p|<sel/37Y
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Using that ||V]| o < C, the third term in (4.82) is bounded as

2
1 7<(p) 2y
<cl = <Co3 ¥, 483
- <L3 Z |p|2 ) ste ( )

p#0

= X V0 - DR-@H@2<()PP)
q.p

Finally, an argument as at the end of the proof of Proposition 4.7 shows at | p>¢(p) — 4a| < Cp?, hence

IR (X<(p))?
> HPR<(p) = dma Y, T e,
p p#0 Pl
with |E] <C X, x<( p)? < CL3'~37. This completes the proof. O

Proposition 4.1 follows from combining (4.80) with (4.81) and a simple Cauchy-Schwarz inequality.

5 | Second Quasi-Bosonic Bogoliubov Transformation T,

In this section we complete the second step discussed in Section 2.4. After the conjugation with Ty, the new effective
correlation operator is Hy + Q,... By conjugating this operator with T, we will extract the full constant of order 97/ 3 The
main result of this section is a rigorous version of (2.35), plus estimates on the conjugations of H,, Q4 and &> which are
needed to control the error terms in (4.1) from Proposition 4.1.

Recall that Hy and Q4 are defined in (2.10), while @y, and £ are given in (2.28) and (4.2), respectively.

Proposition 5.1 (Conjugation by T,). Let 0 < y < % 0< 68 <8y with2y + % < % Then

(87a)? ay(r + p)ay(r' — p)oy(rv, "y 5
T,Q,(Hp + Q,..)T,Q) = — + &7, 5.1
(720, (Fo + 0. JT20) 6 prrz,;A* 4 PP P+ I — p2 — P+ 2e X< P En .1
with
7 7 3
Moreover,
7 s
(T22Q, HoT2,;Q) < CL33 7 T6, (5.2)
8
(T2 Q. QT2 Q) < CL393 7, (53)
L 3-2y-2
(T2, &3y ToQ)| SCL3<93 T 4)- (5.4)

We will study the individual terms (T5,,Q, HoT2,1Q), (T2,2Q, QsT2,2Q), (T2, EyyT2Q2) and (T7,;Q, Qy,< T, Q) in
Sections 5.1-5.4, and then complete the proof of Proposition 5.1 in Section 5.5. In the proof, it will be very helpful to use
the configuration space representation of B, in (2.27).

51 | Conjugation of H,

In this subsection we investigate T;‘ HoT,, and in particular validate (2.34). Moreover, we also prove a rough estimate for
(T,Q, HyT,Q), which is helpful to control the corresponding error term in Proposition 4.1.
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Proposition 5.2 (Conjugation of H, by T,). Let 2 € [0,1], 0 <y < %, 0 <& < 8y with 2y + % < % Under the same
assumptions as in Theorem 1.2,

03T HoT o = =T, Qo< + ey )T2ip, (5.5)

where ey is such that for any normalized 1 € F

33 y, by 1
(%, eno¥)| < CL2g2 27167 ||IN 29|, (5.6)
Moreover, for any normalized p € F¢
2 20003
(Toa, HoTo¥) < (P, Hoyp) + CL202" [N 29| (5.7)

Applying the bounds to 3 = T;.,Q and ¢ = Q, respectively, we obtain from (3.12) (with 4 = 0)

9

7,7 7, 8
3778 (T22Q, HyT5,,Q) < CL33 ™7 6. (5.8)

(T22Q, ey T22 )| < CL@
Proof. We have

a)LT;;/lHoTz;A = T;A[H(),Bz - B§]T2;l/' (59)
An explicit computation, using that fors + k & B!, s’ —k & B, s € B} s’ e Bll;

—(|S + kIZ _ ISIZ + |S’ _ k|2 — |S,|2)ﬁ£,sl(k) = —-8ma + Zgﬁg’s,(k),

N

by the definition of ﬁ;s’ in (2.17), gives [Ho, B, — B5] = —Qy.« + 2&(B, + B}). We have already estimated the expectation
2
value of B, + B;‘ in the proof of Proposition 3.5. Recalling that € = 9§+5 and applying this bound, we directly obtain (5.6).

To prove (5.7) we use Gronwall’s Lemma together with the bound (4.56) on Q... O

5.2 | Conjugation of Q,

In this subsection we conjugate Q4 with respect to T',.;. We will show that (T,.,Q, Q4T,.,Q) does not contribute to the
energy to order ¢7/3.

Proposition 5.3 (Conjugation of Q4 by T,). Let 1 € [0,1], 0 <y < é 0 < &8 < 8y with 2y + % < % Under the same
assumptions as in Theorem 1.2

8
(T229,QyT2,Q) < CL33 7. (510)

Proof. For the proof we find it convenient to split the operator Q4 according to the support of the momenta of each of the
il,. To make this precise, we introduce smooth functions ¢<,¢> : R3 — [0,1] with {< 4+ ¢> = 1 such that

, 1l
£<(i) i {1 if [k| < 5max{k}, kk}, 10

0 if |k| > 6maxik], kL}.

We denote ¢< : A — R the periodic function with Fourier coefficients f <(k) for k € (2m/L)Z3, and also a5 (k) =
(k)¢ T<(k)’ > (k) = g (k)¢ T> (k). Accordingly, we split

Q, = Q] +05,
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where

Q; = Z /dxdy Vix - y)ac*,(u;)a;,(u;)aa;(u;)ag(u;),

o0/

and @: contains all the other possible terms. Specifically, Qj = E?:o @:;j, where Q:;j contains all the terms that have j
functions u; and 4 — j functions u;.
Let & = T5.;Q. Using that ||a, (u$)|| < Co'/?, it is easy to see that

(62, (QS, + Q5 + QENEN] < Co(Er, NE2), (512)

where Q:.’Za denotes the part of Q:,z with one a,(u”) and one a}(u”). The other contributions to @: can be bounded via
the Cauchy-Schwarz inequality as

1 1 1
(€2, (@3 + Q5 )DEN] < Co2IN ZEINGQT)ZE. (5.13)

In particular, from (5.12) and (5.13) we find that

(62, Q€ < Co(€a, NE2) + C(62, Q1 €)- (514)

We are thus left with estimating Q7 , and we will use Gronwall’s Lemma. We start by computing
T3, Q; Toy =T, [Q7, By — By To.

The terms we find from the commutator above are of the same type as the ones in Proposition 4.5. Explicitly, [Q7, B, —
B3] =1 + I + I3 + h.c. with

_ 8ma

=T

2 X VOOR<YE, (0)a7 (r + p)y (' = p)ag (r + p =~ k)G (s — k)ag ()01 (1o, ()

9 k,prr!s

X a:—k,aaV/-P,ld—V,Td—r’,lds,adr+p_k,T, (5.15)

L= % Y VIOR(p; ,(p)in(r + p)ay (' = pyay (' = p = k)i (s — k)ag ()0, (o, (')

9 k,prr!.s

A sk A A A A A
XAy rip 1@y |Grt8so0pr_p k|5

1 . . A A 5 NDSON
L=-75 ) > , VUOZ<(px; () (r + p)iy (r' = p)ag (r + p + k)i (r' — p = k)0 (r)o, (')
,q,r,r

X dr+p+k’Td_r,Tdr’_p_k’ld_rl,l. (5.16)

In what follows we will often use that ||V||; < C, the bounds in Lemma A.5 and Lemma A.6 and that

1

¢ t 5 1(k9)?
lag(Il = llogllz < 2 F

(5.17)
with v], defined in (2.26).

We start by considering I;. Since ﬁT> (r+ p) = & (r + p)ay(r + p) = £ (r + p), the definition of £> implies that |r + p| >
Smax{kT,kI{ﬂ}, and hence |p—r'| > 3max{kl,k;} since |r| £ k} and |r'| < kl{ﬂ. Moreover, also |1’ — p| < 60'/377 and
hence we can replace @ l(”, — p) in (5.15) by #(r' — p) with # the characteristic function of the set 3 max{kT , k},} < k| <
691/ 3-7. Proceeding then as in Remark 2.9 we can rewrite I, in configuration space as

(o]
I, = 87a Z / dt e3¢ / dxdydzdz' V(x — y)x(z = 2/)¢4(z;y) af;(u;)aT(vé)al(n;,)al(v;,)al(u;)ag(u;), (5.18)
o J0
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with

(@) i= o 2 (e G, i (xry) = 3 e ik ), (5.19)
k k

We shall write the right-hand side of (5.18) as 87a fooo dt e ¢ Ii. With the aid of (5.17), Lemma A.6 and the Cauchy-
Schwarz inequality, we find

KEnTE<C ), / dxdydzdz' V(x = y)|x<(z = OIS @G| 217 121164 2 llas(@wy)Ea ey (s )
g
< Cllx<I IS I G210} 2111 > / dxdy V(x = yllas@;)éalllayw)agsuy)éll
ag

L2 s 1 .
<Ceo2eF |0, 12117 2NV 2E;111(Q)2 €,

For the integration over ¢, we can use the Cauchy-Schwarz’s inequality to get

N
N

0 12 e 142 132
[ el ol < ([ dre e 6 e g2 )
0 0

The second integral above is bounded in (3.9). The first equals

e 2 kl 2
([ et
0

11 1 1
213 2 12 \2 < Ce3 " (5.20)
3max{k;,k},}g|k|g691/3—7 lkl? = (kp)? = (kp)* +¢

In combination, we have thus shown that

5y & 1

1 5 6
(G €2 < Cob 2 T8 [N ZEIN@)2E, Il < Co3 778 (6L N'E) + C(61,Q; £2). (5.21)

The term I, can be bounded in the same way.

To conclude the analysis of @7, we now consider I in (5.16). Arguing as above, we can replace ﬁ?(r + p)ﬁj(r’ — p) by
A(r + p)A(r’ — p). In configuration space, we then obtain

I = 87a /O " aree [ dndydzdz' Vix -yt - 2t aon' @ ay i dasehay6)ay )
with 7 as in (5.19). Writing I3 = /000 dt e~2t€ Ig and using (5.17), we can estimate
(e 18] < Coe i e’ / dxdydzdz'V(x - )| x(z - 2)|In' (z: )10 (/s Wl lay @ ay ()E .
With
| [ dzizxa- 2w )| < Cllrall I < Clb 1,

and the Cauchy-Schwarz inequality we then get

3 © 2 12 1
= _ k k ~ =
(62, 1362)] scm( / dt =2t 6" R ||nf||§>||<@:>2§u|.
0

The integral is again bounded as in (5.20). Inserting this bound, we obtain

3 4 1 8
5 3 5 = -2y
(& LED] < CL203 T I@)2 & < CL33 ™ + (&4, Q7 E1). (5.22)
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Combining (5.21) and (5.22), we get

8 5 é
161(T20Q, QT2 Q)] < CL303 ™7 4+ Co3 778 (T 0Q NT22Q) + C(T52Q, @ T5,Q)

8
< CL33 ™ 4+ C(T50Q, Q] T, Q),

where we used the bound on the number operator N from Proposition 3.5 (Equation (3.12) for 1 = 0) and the constraints
0 <y <1/3and § < 8y in the last estimate. Therefore, by Gronwall’s Lemma, for any A € [0, 1], we have

8
-2
(T2, Q; T2 Q)| < CL33 ™.

Inserting this estimate in (5.14) and using again the bound for the number operator from Proposition 3.5, we find (5.10). [

5.3 | Conjugation of &

7
The purpose of this subsection is to show that (T,Q, £y, T>Q) = L30(g3), with &y, defined in (4.2) the kinetic error term
coming from Proposition 4.2 from the conjugation of H, by 7.

Proposition 5.4 (Final estimate for & ). Let 0 <y < é 0< 68 < 8ywith2y + 15—6 <
Theorem 1.2

W=

. Under the same assumptions of

7 )
(120 &4, To0)]| < CL3 (e?” +o77a ) (5.23)

Proof. Again we use Gronwall’s Lemma, and compute
a/sz*;/lgHoTZ;/l = TZ;/l[gﬂ-l]O, B, — B;]TZ;A-

The terms in [8[H]O, B, — B} ] are of the same type as those in Proposition 4.2, see (4.8)-(4.13). The only difference is that each
of them has ﬁi r,(p))’(}(p) in place of ¢(p)¥>(p), which distinguishes By from B,. As in the proof of Proposition 4.2, it is

61_

enough to prove the bound in (5.23) with &}, replaced by €y,;1, defined in 4.6. We shall again write [€}y,;1, B2] = ijl j

and consider the terms individually.

We will estimate the expectation value of all the terms in the state §; = T,.; Q. In the estimates we will often use the bounds
in Lemma A.2, Lemma 3.1, Lemma A.5 as well as (4.14) and (5.17). Similarly to (3.14), we shall also need that

/ dx llagWEL? < 26 (&, N Ey). (5.24)

Moreover, we will often use the constraints on p,r,r’ to replace 24(r + p) and o (+' — p) by ﬁ?(r + p) and ﬂf(r’ -p),
respectively, with 415 defined as in (2.25). Similarly as in Proposition 4.2, it is convenient to split I1, I, and I3 into a sum of
two terms each.

Proceeding as in the proof of Proposition 4.2, taking into account Remark 2.9, we have for the analogue of (4.8)

(o]
I, = 87a /0 dte‘m(I‘l;a + Ii;b), (5.25)
with
I, = / dxdydzdz' §(x — y)x<(z — 2| (v;2)Av} (x; 2) af (we)a] (uy)a (u]ar (uy),
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and
3
Ii;b = fz / dxdydzdz' §(x — y)y(z — z’)vi(y;z’)ag v%(x;z)a}k(agv;)ai‘(uy)al(u;,)aT(u‘Z),
-1

with 1~ defined in (4.15). With the aid of Cauchy-Schwarz inequality, together with bounds as in (4.16) and (4.18), using

_ikvy2
that 0 < ﬁi <e tkp) and 0 < 7y < 1, we obtain for the first term

(€ 1. 6001 < </ dydz
X </ dydz

— kl 2 .
<e P ( / dydzdz’ |cp(z’—y>|2|Av;(z;z’)|2||a¢(uy>§u|2>

1

2 2

/dx ?(x — y)Av%(x; z)ay(uy)

”al(uy)§/1”2>

1
2 2

[ 42 ke =0y

||ar(u§)§/1||2>

(S

1

2
X </ dydzdz' | x(z - Z’)|2|Ui(J/§Z’)|2||aT(u;)§A||2> :
To bound the terms, we shall use Lemma A.2 and || y<||; < Cel/ 2-(3/2)7  as well as (3.14). This way, we obtain

_ kU 2 - ., = kU 2
(E2 T €01 < e 2o C P B ol At ]l l12(5, NEx) < Cot7e™ 20 CF ot |15 1v! 112482, N'E2).

The Cauchy-Schwarz inequality and (3.9) for the integral with respect to ¢ then yields

oo 4 )
/0 di e HE(E, 1 £)] < Co3 7T (5L NED. (526)
The term I;.;, can be bounded very similarly, using in addition (4.19). We obtain
& .8 1 1
[ dre et 5 < ot TR ING Sl (527)
0

Next we consider the term I,. Proceeding as above, we find again (5.25) with I; replaced by I, everywhere, and

b= 5 Do) [ axeraitupi@) ([ dzerwbieeao).

where we used the notation in (3.1) and introduced in addition

b Gres) = [ d el = 2as(ul Yoo ) (528)

Usin 2.4t 2/3 t(kT )2 _ . . .
g|r| vT(r) < Cg¢*/?e"F’ and the Cauchy-Schwarz inequality, we obtain

2 2
(51, Th 601 < c@ae’“‘ﬁz\/ / dx||bl<¢x>a1<ux>§a||2\/ / dz|b| (x<)a Wh)é |

Using the bound from Lemma 3.1 for ||b (¢, )ll, we find

2
/dx b, (@ aw)El* < Co3 7 (€1, NEy).
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Similarly, from

16! G Il < / dz' | x<(z = 2)lllay @l lllay ) < llx<lalle 11108 12 < Cllae 110! 11 (5.29)

together with (5.24), we find that

2 2tk )2
/ dz||b! (x<dar @ < ce ™ CF I 12110 13¢50, A €D,

Using (3.10) for the integral with respect to ¢, we obtain

(3] Y 0 ‘_t_i
/ dte (€2, 15, 1) < Co't2 (/ dt e-2f€||ai||2||ﬁj||2><§,1,Ng,w =Co3 16(&;, NEY).
0 0

The estimate for Ig, b is similar. It is given by

3
1 N (e sy~
L, = = > erv%(r)/dxdz elr(x Z)a?(agv;)bl'(cpx)bi()kz)aT(ué).
t=1T1

Using (4.19) and proceeding as above, we obtain

0 s 1 1

- I-— 5 3

/ dte™|(€,, 15 £ < Co' 16 [N 2E, | IHZ -

0 ;

The term I3 can be estimated in the same way as I,, obtaining the same final bound. We omit the details.

We now consider the term I4. In contrast to the corresponding one in Proposition 4.2 in (4.11), to estimate this term we
rewrite it in normal order using that

Ak A A A Ak Ak A% Ak Ak A A A
Ay G —pyGrpdop @7 (G7 =G0 67 A7 hGr G Qg

*

A P ~ ~ Ak Ak A A Ak ~
+ 5P,kas—k,la—s,ia—r’,lar’-p,l - 5V/asas—k,la—r—p+k,Ta_r’Ta”/—P,l + 5r’,sap,kaS-k,¢ar’—p,l' (5.30)

t

4 d). The first term equals

Correspondingly, we have I, = 87a /Ooo dte (Iy  +1,, +1, +1

3

1 N iTeo(7— ~

Lo = 2 15 2148 / dydz e FVai(8,0,)b} (0, F,)b| (X<, )ar (v)),
=1 k

T2
where we used again the notations introduced in (3.1) and (5.28). Since 0 < a%(k) <e tkp)

inequality yields

3
(Gt el <4 Y \/ / dy1|b¢<agay>aT<agvy>§a||2\/ [ dzloirea @z
=1

The last factor can be bounded with the aid of (5.29) and (5.24). For the first factor, we use

, the Cauchy-Schwarz

[b:0cgar@eo i) < [ dx 1006 - pillaywoayearGeo i

< ||U¢||2||||a€UT||2/dx 18, @(x — WIllay (sl
and hence

2
[ ar|biecdaree s

8 8
< Cg3 /dydde’ 10,7 = )18 @(y = X lllay (we)éallllay )l < Co3 110, @NT (€2, N'Er).
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In combination with Lemma A.2 and (3.10), this yields
© 4r_ 9
[ e U 0l < o3 2 T L N ) (531)
0

Next we consider Ig, ,» Which is given by

3
) [ dydzu 20,0102 20100 )b} 1)
=1
and can be bounded as

3
|<§/1,Ii;b§/1>| < ||U¢||2||Ui||2 Z /dXddedZ' 18,p(x = W x<(z - z’)||u%(y;z)||agv%(y;z)|||al(ux)§/1||||al(u;,)§/1||.
t=1
gy2
With (3.14), |85 1 < Co"3 vk |12, IVE 115 < Cel/ze[(kF) , Lemma A.2 and Cauchy-Schwarz we thus obtain

— ki 2 .
K& T €01 < e P 3 floy lallod 2186 @ N <l e 128 vE N2 82, N Ex) < CoM7 [0Sl l1uc4E2 N E2)-

3
=1

In combination with (3.10) this yields the same bound as in (5.31) after integration over ¢. The same applies to If‘. . and we
omit the details. The last term in I, is

3
1 FIRUN ~ N N N A Ak A
Tea =75 ;‘1 Z’ Pe@(DIT>(PIR<(PIAL(r + PIre0i (| (5| (¢ + p)ar, ayr .
=lprr

Since |pe@(P)X>(P)X<(P)| < 18¢@ll11lx<Il1 and

1 ¢, Nt
T pz;, 8 (r + p)lre 65 (r)a ()8! (' + p) < Co*/Ilu 114 1.

for all ¥’ € A*, we can again obtain a bound of the same kind. Altogether, we have thus shown that

4v_ 9
(€2, 14€1)] < Co3 727 16(E;, N'Ey). (5.32)

The term I5 can be estimated very similarly, obtaining the same result.

To conclude, we consider the last error term I, which corresponds to (4.13) in Proposition 4.2. We shall again start by
writing it in normal order, using

A A P Ak _ S S Ak A £~ % Ak N N
e e 5!”"(1 Gorpdrt a—r/,la—”) T peicy Gor-prict 4or ot )

t

and correspondingly obtain 4 terms, which we write as I = Ig,, + 87a fooo dte (I, , +1¢ +1}

;d)‘ The term I4., is a
constant, given by

lga =~ X, 2O (D)2 (DI - 161100

p.r.r!

To arrive at this expression, we used that support properties of the various functions imply that i1 (r + p)it l(”l -p)=1.
If we replace ﬁj . ,(p) by 1/(2] p|?), the resulting sum over p is zero by symmetry. Hence we can also write

loa= 2 X, )?<(p)<ﬁi’r,(p) - ﬁ);@(p)@(p)p 01 (0, (F).

p.r.r!
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On the support of 7-(p)¥>(p), that is, for 401/377 < |p| < 501/3~7, one readily checks that 19" ,(p) - 1/Q2Ip13)| <

Ccol/3/|pPPforr e B; andr’ € B}, (and € < ¢%/3). Moreover, as already used earlier, |$(p)| < C/|p|? as a consequence of
(1.5). Hence

dp
Tg;al < 093 = ) 2<(P)—= 2> (D)5 (v, (') < CL393/ —= = L3737, (5.33)
o prr’ © |4 g f ! 491/3_7S|p|5591/3_7/ |P|4

The term I, , is given by
1 JUERON ~ N N A A A A
T Z/ p - r¢(P)Z>(P)X<(P); (r + p)i| (r' — p)oy(r)v| (r)a*, 1a_r1.
p.r.,r

Proceeding as with 1.4 above, we obtain

142 12
k k
K€ I, £ < Cel Il It lloe e P (83, N ).

The integral over ¢t can then be bounded with the aid of (3.8), with the result that

© 4
/ dt e |(€2, I, §2)] < Co3(§1, N'E7). (5.34)

0

The same bounds holds for I;,C.

The last term to study is I, ,, which in configuration space can be written as

6;d’
3
= 3 | dudydadz’ 00 - )<l - 2w s 2 20 0200} G ) o ().

Using (4.14), (5.17) and (5.24) together with the Cauchy-Schwarz inequality we can bound

I{€2, 60520

3
< Y 19evtllallvt I / dxdydzdz’ |6, 3(x — Y)l|x<(z — 21 (v; D)1, (63 2y (L)l llag (VL)
=1

12 e
k ~ N N
< Ce" P 3 116 v 110! 12116, Bl <y 18 l12 188 ll2(E2, N°E2)
=1

NG AN .
< Co7e! N N a1t 11285, N E),
where we also used the bounds from Lemma A.2 and Lemma A.5 in the last step. Again we can bound the integral over ¢
using (3.8) to conclude that (5.34) also holds for 1[6, @ Combining all the bounds above, we obtain

7 4
(€1, T62)] < CL3@3 ™7 4+ Co3 (&1, N'E). (5.35)

Combining all these bounds with (3.12) (for A = 0) and the second bound in (5.8), and using Grénwall’s Lemma, we obtain

(5.23). [l

5.4 | Conjugation of Q,

In the next proposition we finally take into account the conjugation of Q,.. by T,. The contribution from (T,Q, Q,.. T, Q),
when combined with the main contribution of (T,Q,HyT,Q) in Proposition 5.2, will give the correct energy of
order ¢7/3.
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Proposition 5.5 (Conjugation of Q,._ by T,). Let 0 < y < %, §<8y,2y+ % < % Under the same assumptions as in
Theorem 1.2

16ma ~ N . . o A
0Ty Qo<Top = ——¢— D R<(P)P*7; ,(PYa(r + pYity (r' = p)Oy (o) + T3, €a, T, (5.36)
p,r,r’ezTnZ—”

where £, 18 such that for any 3 € F
4,0
(¥, Eay, 9 < Co3 7716 (3, N'). (537)

Combining (5.37) for 3 = T».;Q with (3.12) (for 4 = 0), we get for any 1 € [0,1]

3
3(1_}/)_E5

(T2 €, T2 Q)| < CLY (5.38)

Proof. Since 0175, Q2. T2y =T,,[Qa.<, By — Bj]T,, we have to compute the commutator [Q;;<,B; — Bj]. The
structure of the various terms is the same as those in the commutator in (4.36) in Proposition 4.6. Following the same
strategy, we have

6 0
[Qo. B, — Bj] = 8wa)? ) / dte™I; +h.c.
j=1 0

The leading order constant term comes from normal ordering I é, all the other terms are error terms, which we now estimate
individually. In all the error terms, we can replace each 4, by 25 defined in (2.25) as a consequence of the constraints on
p,k,r, r’, which will be convenient for the estimates.

The first term to consider is the analogue of (4.38),
=2 260 / dxxdz e Dar ()b (e b (e, )ay i),
where we used the definition (5.28) and introduced
b30re,) = [ dr xelx = y)as(uag (v, (539)

T\2
By the Cauchy-Schwarz inequality and 0 < 6%(1{) < o' kp) ,

1/2 1/2
i <P ([ axloioepaon]) ([ a2 piareoaa])

3
From the bounds (5.29) and ||bl<()(<y)” <llx<lh ||Ul||2||”l<||2 < Cgl_iy, we find with (3.14) that

3
|, 159)] < Ce' 27 lud 110 o (%, N'9). (5.40)

The integral over ¢ is bounded in (3.10), resulting in

0 4 )
[ e T < Ce3 T (g Ay, (5.41)

0

The estimate of I, works in the same way, with the same result.
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Next we consider the analogue of (4.40), given by
I = /dxdydzdz’ X<(x =)<z = 2| (3 2 Wi O D)af w)a] uy)ay (! ay (uy).
Using the Cauchy-Schwarz inequality together with the bound (3.14), we can estimate
[, 39)] < Nl lalluf i / dxdydzdz' | x<(x = »)l| x<(z = 2)[lv] ¥ 21 (6 Dl lar @Il @)

—t(k

Ty2 1_2
< & CF ol a2 <1200 0t o, A < Co' ™27l 10t I, M),

where we also used Lemma A.5 in the last step. Applying again (3.10) for the integration over ¢t shows that (5.41) also holds
for I%.
3

The term Ii is the analogue of (4.41). Similarly as for the term I4 in the proof of Proposition 5.4, it is convenient to write

[ . . . [ _ [ t t [ . o e .
I 41N normal order. Using (5.30), we can write I 4= I 4a +1 4b +1 dic +1 ad’ and the individual terms can be analyzed in a

similar way as the corresponding terms in Proposition 5.4. The first term equals
1 N e (v— .
o= 5 D40 [ dydz e 0-Daie07 (e, b e ar )

—t(k

Ty2
where we used again the operators introduced in (5.28) and (5.39). Using 0 < ﬁ%(k) <e F ) and the Cauchy-Schwarz

inequality, we find
1 1

s <P ( [ oforipuen]) ([ o)

We can further bound IIbf()(<y)aT(vy)¢|I <llvtll2llvyllz f dx |x<(x — p)llla; (us)P| and similarly for IIbi()(<Z)a1(v§)¢II,
with the result that

T2 scby2
—t(ky)*—t(k
. Lisa®)] < ollx<lZe P R ot 0! 156, Ap).
where we also used again (3.14). Applying now (3.9) for the integration over ¢, we arrive at
© 4.9
/0 dee € (g, )| < Co3 5 (Y, N'g).
The term Ift;b is given by
L, = / dxdydzdz' y(x = y)x<(z — 2} (z; )| (2"; 1)a] (wP)aj (vy)ay (ul,)ay (VD).

Similarly as above, we can bound it with the aid of the Cauchy-Schwarz inequality as

1%, Lip)| < Nlvfllizllvg i / dxdydzdz' | x<(x = Yl x<(z = Oz W) (s 0lllay @)DPllllay !, Pl
—t(k

12
F) |Iv§IIzIIvl|Iz||vjllzllu§|Iz||)(<||§<¢,N¢> < Celluﬁllzllvéllzﬂb,ﬂf@b)-

With (3.10) to bound the integral over ¢ we therefore obtain

<e

4 vy &

/ mdte‘”‘fl«b,lg.bzp)lSCe3 2 16 (Y, N'Y). (5.42)
; ,

The estimate for the term Ifrc’ which is given by

.= / dxdydzdz' x(x - y)x<(z — 2 (2 )k (z: y)at@s)at ) ul Jay @),
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can be done in a similar way, obtaining the same result. Finally, the term

fy = [ dxdydadz’ e = )<l - 2 )0l 00 2 )a} (u)a )

12
can be estimated similarly as Ifm above, using also that |vi(z’ ;%) < get(kF) , wWith the result that

.15 )] < el 200} 1168, N ).

Again (3.10) then yields the validity of the bound (5.42) also for IZ_ 4+ Combining the bounds, we conclude that for § < 8y,

) 4 o)
/ dte 2 |(y, Ip)| < Cei‘%’ﬁw, NY). (5.43)
0

The estimate for the term I‘S can be done in the same way, obtaining the same result.

Finally, we analyze I¢, which is the analogue of (4.44). As already mentioned at the beginning of the proof, we shall put
it in normal order in order to extract the constant contribution. Using (4.43), we obtain Ig = Ig;a + I[6;b + Ig;c, where the
first is the desired constant,

(87a)? /0 dre o1, = =58 3 @A), ()i + Py - POy,

p.r.r!
The second term equals
no=L > Rl (r + pat (' — pyot (ol ()(a*, a, g +a* , a
6:b 16 X<\p 1 p 1 b 1 1 —r,t -r,7 —V/,l -, )
p.r.r!

(IS

142
and is thus bounded by 9||u% ||2||ui e ¥ N, using 0 < ¥.(p) < 1. The third term we can write in configuration

space as
.= / dxdydzdz’ x(x - y)x<(@ — 2 (z: 0u! (2 1)a; (0)al(vy)ar (vh)a (o).

Proceeding similarly as for pr b above, we can bound it as

()2 T2tk )2
.15 ) < D<oy allod Nl ol l2e P, M) < Collu 1t ll¢ P CF" (p, Ay).
For the integration over ¢, we can again use Lemma 3.4 to conclude that
© 4
/o de e, (I, + T2 )| < Co3 (i, N'Y). (5.44)
Combining all the estimates we proved (5.37). O

5.5 | Conclusion of Proposition 5.1

Proof of Proposition 5.1. We shall now combine the results of Propositions 5.2-5.5 in order to prove Proposition 5.1.
The bounds (5.2), (5.3) and (5.4) were already proved in Proposition 5.2, Proposition 5.3 and Proposition 5.4, respectively.
Moreover, combining Proposition 5.2 and Proposition 5.5 we obtain

1 1

(20, (o + Q3. 0T20) = [ dAAOT240, Q0o + | A4 05, T240)
0 0
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- _8£r_6a 2 B2, (PYi(r + p)y (' — p)or (1) ()

p.r.r’

1
+/ dA(T,,;Q, (E[|.[|O + /15@2;< )T5.2Q).
0

Inserting the definition of ﬁj o in (2.17), the desired estimate (5.1) follows from (5.8) and (5.38). O

6 | Conclusion of Theorem 1.2

We shall now complete the proof of Theorem 1.2. As already explained in Section 2.4, the starting point is the bound
Er(Nt,N)}) < Eppg + (Q, 5T Heor T1 T2Q),

using the trial state (2.13) and Proposition 2.3. From Proposition 3.6 we further obtain

8 s
(T1T2Q, Hoon T T2Q) < (T1T2Q, Hign T1 T2Q) + CL%3 5.

Combining now Propositions 4.1 and 5.1 and taking the thermodynamic limit we find that

5 5
3 3.3
eer. o)) < £(67%)3 (ef’ +9f> +8magre)
(8na)2/ ,< 1 a1 (r + p)a,(r' — p) >A s rn )
+ dpdrdr - O1(r)0, (r
Gy | PSR T pE — A 17— pir— £ 2e AP OB
+ 8T1+T2: (61)

with

7 8 7 7 3
=+ -2 Z—y+58  3-3y—=6
|£T1+T2|SC<93 7+93 7’_,_93 rtg +0 " T6 >

To obtain (6.1), we also used (2.3) and that (27)~3 f dr U,(r) = ¢, Recall the conditions on the parameters, 0 < y < %, 0<

8 <8y,and 2y + 15—6 < % By choosing y = 1/9 and 16/63 < & < 8/9, we fulfill these conditions and find that |E7 47, | <
7.1

Ce37T.

To complete the proof of Theorem 1.2, we still have to remove the parameter 2e = 2¢ in (6.1), which was used to

have strictly positive lower bound on the relevant denominator, and the cut-off (¥.(p))? which restricts the integration

to|p| S 91/ 3=7. This is the of the following lemma.

2/3+6

Lemma 6.1 (Removing the gap and the cut-off). We have

a1(r + p)iy (r' — p) 1| A
[ dparar P, — 5 [P0 )
Ir+ pI2 = Irf2+ ' = pI2 = /|2 + 237
a1(r + p)a,(r' — p) 1 \., .. Tis z
=/ dpdrdr’<|r+p|2—IrI2+Ilr’—p|2—|r’|2_2|p|2 01(NO ) +03™) +0637. (62)

Proof. Recall the notation 4, p=Ir+ p|? — |r|?. We split the proof in two parts. We first prove that
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5 (X< (P))2

/ dpdrdr’ g (r + p)ity (r' = p)o; ()6, ()
246
Arp+ A _p+ 203"

7
@) +0(3™). (6.3)

_ /dpdrdr’ W (r + p)i (r' = p)oy ()6, (')

Arp+ A _p

The difference between the two terms in (6.3) is given by

2 . PRV AN Aot
[:=203"° / dpdrdr’ b+ P~ p )UT(F)Ul(r; (Z<(p))>. (6.4)

245
Grp + At ) rp+ Aot _p+2037)

Without loss of generality let us assume that k; > k}?. Rescaling the variables respect to k! , we get

7 7
=+8 1 =+6
1] < Ce3 lrl<1<[r+p| dpdl’d"'m <Cg3 7, (6.5)
IF | <kh /i <Ir'=p] rp Al p

where the boundedness of the integral follows from Lemma C.1 in Appendix C. To conclude it remains to show that

. N 7
1= /dpdrd”<m(r+p)ul(r SRET 2>'5T(r)ﬁl(r’)(1—)?<(p)2) =0(3™).

Ar,p +/1r’,—p 2|p|

The integration over p runs over |p| > 491/ 3=7 only, hence we have @1(r + p)it 1(r" = p) = 1. Moreover, using that

2
1 1 _p-('=-n (p-(¢'-n) (6.6)
Arp+ A —p  2|pI? 2|pl* P1*Qrp + A1) |
we can write
2
(p-('=n)

II =/dpdrdr’ 51NV, (") (1 = 2<(p)?).

|p|4(/1r,p + /‘lr’,—p)

since the first term in (6.6) integrates to zero by symmetry. On the support of 1 — y(p)?, Arp + 41 _p is bounded from
below by Cp?, hence

8 7
11 < Co3 / ) d—p4 —co3'.
ipl>43 7 1P|

This completes the proof of the lemma. O

Applying Lemma 6.1 to the bound in (6.1) completes the proof of Theorem 1.2. To get the explicit form (1.7) of the Huang-
Yang correction one has to compute the integral on the right-hand side of (6.2). This will be carried out in Appendix B.
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Appendix A: Useful Bounds on Scattering Solution and Cut-Off Functions
In this section we prove bounds on the solution of the zero-energy scattering equation (1.5), and on the cut-off functions we use in
our analysis.

Al | Bounds on Scattering Solution

Let us start this section by collecting some well-known estimates for the scattering solution ¢,.

Lemma A.1 (Properties of ¢, ). Let V, be as in Assumption 1.1, and ¢, the solution of (1.5). Then

0 < 9o (x) < min {1, |%|} Vx € R3, Poo(X) = |%| Vx € R3\ (suppVy,), (A1)
where a = (87)7! fRS V(1 — ¢) is the scattering length of V .

For the proof of Lemma A.1 we refer to [43] or [44]. Next we investigate @ defined in (2.24), a periodized version of ¢, regularized by a
momentum cut-off. Recall also the definition of ¢ in Definition 2.5.

Lemma A.2 (Bounds for ¢). Let 0 <y < 1/3. Let V, as in Assumption 1.1 and let ¢ be as in (2.24). Then the following bounds hold
uniformly for L large,

1

16lon <€ IBllagn) < Co o2, (A2)
and
2 1
Il <Co 30 VGl <Co 37 1Aglnn) < C. (A3)
Furthermore, with ¢ as in Definition 2.5, forany R > 0

lim sup |@e(x) — @(x)| = 0. (A.4)

L—oo |x|<R
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Proof. We start by proving (A.2). Let f, :=1 — ¢ By the definition (2.24) and the zero-energy scattering Equation (1.5) we have that

< = —_ + = —— X
[p(0) Z 12(p)l < 75 péo T <5 0¢|§p|§1 TE + 53 |p§|>1 TE

where we used that V. fo, € L'(R?) because of Lemma A.1. Assumption 1.1 implies that also V, f, € L?(R3) and the function has
compact support. Hence, for large enough L, the L>(A)-norm of its periodization equals the L>(R>) norm, and in particular,

1

5 X PVl = [ de Voot < IVl <. (A35)

PEA*

< C, we can conclude that |@(x)| < C. For the L?-norm, we have

Therefore, by Cauchy-Schwarz and using that — = EI pl>1 Ty ‘ — <

R - C 1 -1
18100 = 75 D BOPIREP < X o sces
p Iplzag /37 1P

where we used again that |@¢(p)| < C/p?.

Remark A.3. The proof above actually shows that ¢ in Definition 2.5 is uniformly bounded, that is, [|¢l|=(x) < C. However, [|@]l12¢s)
diverges as L — 0.

In the following, we bound the L! norms of @ and its derivatives. With the aid of (1.5) and (2.16) we can write

a(P) = 7:‘(Voofoo * g),

where g : R?® — C has Fourier transform F(g)(p) = F( X>.00)(P)/ (2] pl?). The function @ is thus the periodization of V, f, * g, and
hence

1Zl1a) £ W eof o * 8llLir3) £ Voo foollima) I8l L1 w3

It is a simple exercise, using the smoothness and support properties of ¥, to check that [|g]l;1(r3) < Co~2/3+%  yielding the first

bound in (A.3). The second bound on V§ follows in the same way, using || Vg|l;1(r3) < Cg‘l/ 3+Y, We omit the details. For the last
bound in (A.3), we can directly use that Ap(x) = Zn c73 AP (x + nL) with at most one non-vanishing term in the sum, due to the
compact support of V. This implies that Ap = Ap,, on A. Using that ¥s, =1 — ¥, it then follows that

AP(x) = Ap(x) — / dy Ap(¥)x<(x = ¥).
A
Hence

1AZ111a) < CllVeollpis)y (1 + lx<llzicay) < Cs

where we used again Assumption 1.1, (1.5), Lemma A.1 and the fact that || x|l 1(4) < C by Lemma A.5 below.
It remains to prove (A.4). We have

PV foo)P) ipx _ _1 /d PV f o)D) ipx

() = Pou() = 75 Ly T T

2
f=r
The function p = F(V fe )(p)eiP* is square integrable and smooth, uniformly in x for bounded x. Approximating the integral by a

Riemann sum, it is then a simple exercise to show that the right-hand side is O(1/L) for large L, uniformly in x for bounded x. We leave
the details to the reader. O

Lemma A.4 (Estimates of the L', L? norms of ;). Let h; : A — R be the periodic function with the Fourier coefficients defined in (4.49).
Then ||hyllL1ay = 0 and ||hallf2p) — Oas L — co.

Proof. Using (1.5) and Y. + ¥~ = 1, we can write

hi(p) = §(p)A — 2<(p)) Wwith §(p) = F(Veu®eo)(P) — Vp(p).
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The function g : A — R with Fourier coefficients g(p) is thus the periodization of V(¢ — @), and because of the compact support of
V, we have for x € A = [-L/2,L/2]* (and L large enough)

8(X) = Vo ()P0 (%) — (X))

From Assumption 1.1 and A.4, it readily follows that [|g|l;1(4) — 0 and ||gl|;2¢x) — 0 as L — co. Now

h(x) = g() - / dy gx - 1)<,
A

hence the same holds for h; since || x<[l1(z) < C, as will be shown in Lemma A.5 below. This completes the proof. O
A.2 | Bounds on the Cut-Off Functions
The following Lemma is an easy exercise that we leave to the reader. (Compare with [16, Prop. 4.2].)

Lemma A.5 (L' norm of the cut-off functions y,¢{<). Let y. : A - Rand{< : A — R be the cut-off functions with Fourier coefficients
introduced in (2.16) and (5.11), respectively. Then

lx<llziay €0 ¢Sl <€

The next lemma is somewhat more subtle, as it requires uniformity in ¢.

Lemma A.6 (L' norm of the function ¢!). Let ¢! be as in (5.19) for t € (0, ). Then

IS IL1ay < C. (A.6)

Proof. We start by writing

gt(x) — I% ;e—tlklzeik-x _ I% ; §<(k)e—f|k|zeik~x — gi(x) + {;(x),

with ¢ < as in (5.11). The function ¢! is the periodization of ¢, (x) 1= (27)~3 Jrzdp e~tP?elPX = (47z£)~3/2¢=x"/(4D) hence SNy <
¢ lIL1 3y = 1. To estimate the L' norm of ¢} it is enough to notice that

£L(x) = / dy ¢ (x - L),
A

which implies that ||} lI71a) < 167121 Ay IS <llz1(a) < C, using Lemma A.5. This yields (A.6). O

Appendix B: Evaluation of F(x)
7

In this section we explicitly evaluate the integral in (1.10), and show that it equals angg F(g,/¢1) with F given in (1.7). In fact, rescaling

1
the integrations over p,r,r’ in (1.10) by k; = (67%)3 9}/3, we find

PO = 26 | dp(l% - g(x,p>> 1)
R3

and

9 1
glx,p)=— / dk / dq ) (B.2)
872 Jiapisisikl Jig-plsx/3slq  (kK+p)? —k2+(q—p)?—q?

Lemma B.1. For every x > 0, F(x) can be written explicitly as in (1.7).
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Proof. Let us rewrite g as

Xk + p)x°(x"/3(q - p))
(k+p)2-k?+(q—p)P-g*+ic

g(x,p) = 2 lim/dk)((k)/dq x(xY3q)
872 e—0

1—x(k+p) - x(x73(q - p))
(k+p)32-k*+(q-pP-q*+ie

-2 limRn dk)((k)/dq x(x™13q)
872 =0

where y stands for the characteristic function of the unit ball, Y = 1 — y and we have used that

s xk+px(xBg-p)
SR/dk%(k)/d”(x Vorpi-le+@-pr-g+ie

because of symmetry. In particular, g = gy — g; — g, with

1
(k+pP-k2+(q-pP-q>+ic’

8o(x,p) = 2 lim% / dk x (k) / dg x(x1/3q)
872 e-0
Xk + p)
(k+p?-k2+(q-pP-q*+ic

x(x1/3(q - p))
(k+p?-k2+(q-pP-gq>+ic

gi(x,p)= 2 limi’i/dk)((k)/dq)((x‘l/3q)
872 =0

&(x,p) = 2 1im§R/dk;((k)/qu(x—l/3q)
872 ¢—0

We claim that

/R3 dp<§ —go(x,p)> =0

which follows from

1 1
lim R dp| — - =0
kel p<2p2 (k+p)2—k2+(q—p)2—q2+i£)
for fixed k and q. In fact, the Fourier transform of the integrand above is proportional to

ﬁ (1 _ oiV(k=q)/2p—/~(k—q /aicly| )
y

Taking the real part and € — 0, this evaluates to O at y = 0.
We conclude that

FO) = 267/ [ dp(ei(rp) + (ko)
R

By simple scaling, g,(x, p) = x*/3g;(x~1, x~1/3p), hence also

F(x)= %(67‘[2)1/3 (f)+x"Bf(x))  with f(x)= / dp g, (x, p). (B.3)
R3
‘We have
9 . _ x(k + p)
=—1lim®R [ dp [ dkyk) [ d 1/3
769 872 =0 / p/ x )/ qx(x q)(k+p)2—k2+(q—p)2—q2+is
9 . _ x(p)
=——1limR [ dkyk) [ d 1/3 / d dpdqdk.
o2 m x()/ gx(x~/>q) P K+ qik-pP_g+ic P4
Let us compute
F1(x) = ilimm/ dk)((k)/ dcu/ dp x(p)
872 e—0  Jps 2 rR:  p2—kZ+(xY3w+k—p)2—x2/3+ic
3 a3y / 1/3 / x(x'*p)
=—x*3limR | dk k) [ d d
g2’ o R3 2GR s2 “ R3 ppz—k2+(co+k—p)2—1+i£
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and

1/3
22 (x4 f(x)) =-Lhmm/ dv/ dco/ dp xG7°p)
812 =0 Jgo s2 R prP—x234+(w+x"1Pyv—pR2—1+ic

x(x'/3k)
K2+ (@+k—x"139)2 -1+ic

- timm [ dk dco/ dv
872 e~0 R3 s2 s2 x‘2/3 —

which can further be rewritten as

x7/3(x‘4/3f’(x)), = Liimnr [ @ [ do dp x(p)
872 =0 s2 s2 R3 p2—1+(xV3w+v—p2—x23+ic

x(p)
P2+ (xV3w+v—p)2 —x?/3+ic

-1 imm dw/dv dp
87'[25—’0 S2 S2 R3 1-

For the integration over p, we use that (for a® > 4b)

—1=4a2 - 2_9p— 1-—
timn [ dp 2B _ =2- 2 a2 —apln |22l Var oD 2 2b -2 ‘b+ la
=0 p2+ap+b+ie b—1++va?_4ab |al b+1+]|al

as well as
. x(p) 2tb ., b—la|
limR [ dp—F——— = — - —(a*-b7)1 .
Py PaptbiE= @ jap @ I |5g
Straightforward manipulations then lead to
—x1/3
@ T/3 (=413 103 — g2 1 2 L=x7
8ux73 (x4 f(x)) =8x <2+ x1/3(x 1In )
Consequently, we conclude that
3 1 11— x1/3 x2/3
—4/3 10 _ 24 2 —4/3 _ 5, =2/3 _ (24=5/3 _ 541
x~43f(x) 7A S(9x 2x (3x 5x7!)In YE e
and hence
9 9 6 3 (15 11— x1/3 x?/3
AT —B= 213 22 853 2 (12 6y2/3 CVER S PR R & B P
fo) - Ax T T T T 1 N R Oy R PR VEY

for some constants A, B € R. Since
4 2\1/3 i +7/3 F(y—1 4 2\1/3
0=F(©0) = = (67%) (f(o) + lim X3 fx )) = Z(67) (B + 4)
X—
necessarily B = —A. The value of A is irrelevant as it drops out in the calculation of F using (B.3), and we arrive at the desired formula
7. O
Appendix C: Estimate of the Integral in (6.5)

In this section we prove the bound claimed in (6.5).

Lemma C.1.

1
sup / dp/ dr/ dr' 5 < 0.
0<x<1JR3 [rl<1<|r+p| [ |<x<|r'—p| (Jr+ pl2=|rl2+ ¥ = p|2 = |F'|?)

Proof. We start by observing that it suffices to integrate only over |p| < 2. For |p| > 2, the integrand is bounded by C/|p|*, hence the
resulting integral is finite and bounded uniformly in x.

Communications on Pure and Applied Mathematics, 2026 53 of 54

- 1IPWO%eIO eINe ] BRNUEWIT AJ 0700, edo/Z00T OT/I0P/W00™A3| 1M ARe.q 1BUIIUO//SUNY W01} POPEOIUMOQ ‘0 ‘ZTE0L60T

B5UBD17 SUOWILLIOD BAIIEa1D 3|qedl|dde auy Ag pausenob ae saie YO ‘@sn Jo sajnl 1o} Arelq 1T auluQ AS|IAA UO (SUOIIIPUOI-pUR-SLLLIBY WO AB | IM" Aeiq 1 pUI|uO//SdiY) SUONIPUOD pue SWd | 8L 39S *[9z0z/c0/cz] uo AriqiauljuQ 1M ‘BlIW I 1pnS 1IBageisealun



In the following, let us use the notation e, := ||k|? — 1|. Using that |[r' — p| > x and x> — |r/|> > x(x — |r']), the integral to consider is
bounded above by

1
= / dp/ dr/ dr’ -
Ipl<2 [r|<1<|r+p]| P |<x<|r'—p| er2+p +e2 +x2(x — |r'])

Let us split the domain of integration into two domains, depending on whether e, , < e, or e, < e,,,, and denote the corresponding
integrals by I; and L. In the first case, we have 1 < |r + p|? < 2 — |r|?. Dropping the positive term ef +p in the denominator, we thus get
the upper bound

3/2

2 2
11S4_7r/ dr/ d’( 19 <C/ dr/
3 Ir|<1 || <x e +x2(x—|r’|) [r]<1 ! |<x e +x2(x—|r’|)

where we have used that (2 — |r|2)3/2 —1<C(1—|r|?) = Ce, for |r| < 1. We further have, for any y > 0,

X 2 o 2
’ y _ s yx )
<x  y2 +x2(x — |r'|) 0 y2+x2(x —5) 0 2+ x2s

Hence I; < C. For the second term I, we proceed similarly. If e, < e,,, we have (2 - |r + p|2)Jr < |r]? £ 1, with (), denoting the

positive part. We change variablestog =7+ p. Using1 < |q| < |r| + |p| £3and 1 - (2 — |q|2)i/2 <C(q)P-1)= Ce, we get

1
I, < / dr/ dr’/ dqﬂ{(Z—l R, <IrR<y S . 5
Irl<1 I |<x 1<|q|<3 B, == eé + x2(x — |V’|)2
(1 -@2- IQI )
= an dq/ < C/ dq /
3 Jiqg<3 P |<x e +x2(x — |r’|) lgl<3 [r|<x e + xz(x - |r’|)
which is finite due to (C.1). O
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