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The structure of this Supplemental Information is as follows: in Section I we provide more detail on the WSCP dimer. Sections
II and III are devoted to the computation of the corresponding absorption and two-dimensional electronic spectra (2DES). In
Section IV we quantify the error introduced by the residual environment compared to the exact solution while, in Section V,
we describe in detail the procedure for the derivation of the Markovian Closure parameters. Section VI presents a comparison
between standard TEDOPA and TEDOPA with Markovian Closure, assessing the quality of the results and the computational
advantage provided by the Markovian Closure technique.

I. WSCP

Water-Soluble Chlorophyll Protein (WSCP) of Cauliflower (Brassica oleracea L.) [1] is a dimeric pigment-protein photo-
syntetic complex. The dimer consists of two interacting pigments, with each pigment coupled to a local phonon environment,
originating from the motion of the proteins scaffolding the pigments [2], and from intrapigment vibrations [3].

We thus model WSCP as an excitonically coupled dimer where the electronic excitation of each site is coupled to a local
vibrational environment characterized by a phonon spectral density J(ω). The total Hamiltonian consists of three parts, H =
He +Hv +He−v . The electronic Hamiltonian He is characterized by on-site energies Ei and inter-site electronic coupling V

He =

2∑
j=1

Ej | ej 〉〈 ej |+ V (| e1 〉〈 e2 |+ | e2 〉〈 e1 |), (S1)

where |ej〉 represents an electronic state where site j is excited and the other site is in its ground state. Such a single electronic
excitation is transferred between two sites mediated by the electronic coupling V . In this work, we consider identical on-site
energies, E ≡ E1 = E2 ≈ 15198 cm−1, corresponding to 658 nm, for which the electronic eigenstates (excitons) are fully
delocalized over two sites, |Eb〉 = 1√

2
(|e1〉 + |e2〉) and |Ed〉 = 1√

2
(− |e1〉 + |e2〉). We consider the electronic coupling

V = 69 cm−1 of WSCP homodimers [2]. The vibrational environments are modelled by quantum harmonic oscillators

Hv =

2∑
j=1

∑
k

ωkb
†
j,kbj,k, (S2)

where bj,k describes a vibrational mode with frequency ωk, which is locally coupled to site j. The coupling of the electronic
degrees of freedom to their respective vibrational environment is described by

He−v =

2∑
j=1

|ej〉 〈ej |
∑
k

ωk
√
sk(bj,k + b†j,k), (S3)

where the vibronic coupling strength is quantified by a Huang-Rhys factor sk. In this representation, the spectral density is
defined by J(ω) =

∑
k ω

2
kskδ(ω − ωk) with δ(x) denoting the Dirac delta function.

To identify the influence of vibrational modes on electronic dynamics and associated optical responses, we define the center-
of-mass Bk = 1√

2
(b1,k + b2,k) and relative motion modes bk = 1√

2
(b1,k− b2,k) of the local vibrational modes b1,k and b2,k with

identical frequency ωk [4, 5]. Bk and bk satisfy the bosonic commutation relations and the total Hamiltonian can be expressed
as H = He +Hc +Hr, where

Hc =
∑
k

ωkB
†
kBk + (|e1〉 〈e1|+ |e2〉 〈e2|)

∑
k

ωk

√
sk
2

(Bk +B†k), (S4)

Hr =
∑
k

ωkb
†
kbk + (|e1〉 〈e1| − |e2〉 〈e2|)

∑
k

ωk

√
sk
2

(bk + b†k). (S5)
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Note that the center-of-mass modesBk are coupled to both electronic excited states |e1〉 and |e2〉with the same coupling strength
and phase. This implies that the coupling to the center-of-mass motion, described by Hc, does not affect electronic dynamics
within the single excitation manifold. Instead, it induces dephasing of optical coherences between electronic ground and excited
states, which broadens the line shapes of linear and nonlinear optical spectra. The contribution of the center-of-mass modes to
absorption and two-dimensional electronic spectra can be taken into account analytically [5], as discussed below in detail.

The vibronic coupling to the relative motion of vibrational modes, described by Hr, affects electronic dynamics in the single
excitation subspace. Here we describe Hr in terms of exciton states |Eb〉 and |Ed〉 that diagonalize the electronic Hamiltonian
He =

∑
j=b,dEj |Ej〉 〈Ej | with exciton energies Eb = E + V and Ed = E − V . In the exciton basis, Hr is expressed as

Hr =
∑
k

ωkb
†
kbk − (|Eb〉 〈Ed|+ |Ed〉 〈Eb|)

∑
k

ωk

√
sk
2

(b†k + bk), (S6)

where off-diagonal vibronic (electronic-vibrational) couplings |Eb〉 〈Ed| (b†k + bk) induce the transitions between exciton states
mediated by the creation and annihilation of vibrational excitations, leading to a vibronic mixing [5, 6]. These off-diagonal
vibronic couplings are perturbatively treated in the second order cumulant expansion and the reduced vibronic model where
a broad phonon spectrum JAR(ω) is approximately described by a Lindblad equation (Markovian noise). The off-diagonal
couplings can be treated in a non-perturbative way by using numerically exact methods, such as TEDOPA with Markovian
closure considered in this work.

Following [2, 3], we model the environment as a continuum of bosonic modes and define the spectral density of the WSCP
dimer as the sum of two contributions,

J(ω) := JAR(ω) + JAL(ω). (S7)

The first contribution is given by the Adolphs-Renger spectral density,

JAR(ω) :=
∑
k=1,2

πck
9! 2

ω5

ω4
c,k

e−
√
ω/ωc,k , (S8)

with weights and cut-off frequencies set to (c1, c2) = (35.45, 22.15) and (ωc,1, ωc,2) = (0.557, 1.936)cm−1, respectively. The
second contribution comprises three sharp Lorentzian peaks,

JAL(ω) :=

3∑
k=1

8Sk ΓkΩk(4Ω2
k + Γ2

k) ω

(4(ω − Ωk)2 + Γ2
k)(4(ω + Ωk)2 + Γ2

k)
, (S9)

centered at (Ω1,Ω2,Ω3) = (181, 221, 240) cm−1 with Huang-Rhys factors (S1, S2, S3) = (0.0173, 0.0246, 0.0182), and equal
width Γk = Γ = 20 cm−1, corresponding to a lifetime of 500 fs.

For this choice of parameters the exact reorganization energies evaluate to

λAR = lim
ωmax→∞

λωmax

AR =

∫ ∞
0

JAR(ω)

πω
dω ≈ 62.63 cm−1

λAL = lim
ωmax→∞

λωmax

AL =

∫ ∞
0

JAL(ω)

πω
dω ≈ 12.94 cm−1.

(S10)

Note that ωmax is ultimately defined through Eq. (S10) by requesting that the relative error between the exact reorganization
energy λ = λAR + λAL and the approximated reorganization energy λωmax = λωmax

AR + λωmax

AL is below a certain threshold, i.e.,

λ− λωmax

λ
< ε. (S11)

In the example discussed in the main text, we set ε = 10−3 which leads to a finite support [0, ωmax] of the spectral density with
ωmax = 1000 cm−1.

We finally observe that, when WSCP spectral density is defined as in Eq.(S7), the interaction term He−v can be rewritten as

HI :=

2∑
k=1

∫ ωmax

0

dω

√
J(ω)

π
| ek 〉〈 ek |(aω,k + a†ω,k), (S12)

while the free Hamiltonian of the environment reads

HE :=

2∑
k=1

∫ ωmax

0

dω ω a†ω,kaω,k. (S13)

The renaming He = HS completes the identification of the total Hamiltonian H = He +Hv +He−v with the Hamiltonian (1)
of the main text.
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II. REDUCED VIBRONIC MODELS

Here we summarize approximate methods for computing linear and nonlinear optical spectra considered in the main text,
including second order cumulant expansion [7–10], reduced vibronic models where a broad phonon spectrum JAR(ω) (see (S8))
is approximately described by a Lindblad equation [5, 6] (Markovian noise) or by a set of quantum harmonic oscillators under
Lindblad damping [11] (non-Markovian noise).

A. Absorption

In absorption simulations, we consider an initial state in the form |g〉 〈g| ⊗ %v(T ) where |g〉 is a global electronic ground state
where both sites are in their electronic ground states, and %v(T ) is a thermal state of the vibrational modes at temperature T . In
this work, we consider zero temperature where each mode is in its vibrational ground state at the initial time; the initial state of
the environment is therefore the factorized vacuum state that we indicate by %v(0) = | 0 〉〈 0 |.

When light-matter interaction is sufficiently weak and can be well described in perturbation theory, the absorption line shape
A(ω) is determined by the Fourier transform of a dipole-dipole correlation function [7, 12]

A(ω) ∝ Re

[
ω

∫ ∞
0

dteiωtTr[µ−U(t)[µ+ |g〉 〈g| ⊗ %v(T )]]]

]
, (S14)

where µ+ =
∑2
i=1(ε̂ · ~di) |ei〉 〈g| and µ− =

∑2
i=1(ε̂ · ~di) |g〉 〈ei| describe optical transitions between electronic ground and

excited states, with ~di representing the transition dipole moment of site i, and ε̂ the polarization of an external electric field
inducing absorption process. The time evolution of the electronic-vibrational system perturbed by an optical pulse, described
by the application of µ+, is represented by a unitary operator U(t)[A] = e−iHtAeiHt with the total Hamiltonian H . For
simplicity, we consider parallel transition dipole moments, ~d ≡ ~d1 = ~d2. In this case, the transition dipole moment operators
are expressed in the exciton basis as µ+ =

√
2(ε̂ · ~d) |Eb〉 〈g| and µ− =

√
2(ε̂ · ~d) |g〉 〈Eb|. This implies that for a positive-

valued electronic coupling V , a high-energy exciton state |Eb〉 = 1√
2
(|e1〉+ |e2〉) is bright, whereas a low-energy exciton state

|Ed〉 = 1√
2
(− |e1〉+ |e2〉) is dark as it is not directly excited by an optical pulse described by µ̂+, namely 〈Ed|µ+ |g〉 = 0. The

lifetime of the optical coherence |Eb〉 〈g| determines the width of an absorption line shape, which is governed by the interaction
between electronic states and vibrational modes.

B. Second order cumulant expansion

In the line shape theory based on second order cumulant expansion [7–10], the absorption spectrum is approximately described
by

A(ω) ∝ Re

ω ∑
j=b,d

| 〈Ej |µ+ |g〉 |2
∫ ∞

0

dt exp

(
i(ω − Ej − ELS,j)t+Gj(t)−Gj(0)−

(
1

2
γrxn,j + γpd

)
t

) , (S15)

where | 〈Ej |µ+ |g〉 |2 is the transition dipole strength of an exciton state |Ej〉, which is zero for the dark low-energy exciton
|Ed〉 in our model. Moreover, Ej and ELS,j represent the exciton energy of |Ej〉 and its shift induced by vibronic couplings,
described by a second order perturbation theory [5, 13]

ELS,j = −
2∑
i=1

|〈ei|Ej〉|4λ+
1

π

2∑
i=1

|〈Eb|ei〉〈ei|Ed〉|2 P

∫ ∞
−∞

dω
J(ω)(n(ω) + 1) + J(−ω)n(−ω)

∆Ej − ω
, (S16)

where λ =
∫∞

0
dωJ(ω)/(πω) is the reorganization energy, ∆Ej = Ej − Ek with j 6= k, representing an excitonic splitting,

and P denotes the Cauchy principal value; γrxn,j is the relaxation rate from |E0,j〉 to |E0,k〉 with j 6= k, described by a second
order perturbation theory [5, 13]

γrxn,j = 2

2∑
i=1

|〈Ej |ei〉〈ei|Ek〉|2(J(∆Ej)(n(∆Ej) + 1) + J(−∆Ej)n(−∆Ej)), (S17)
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FIG. S1. (a) Numerically exact absorption spectrum computed by TEDOPA+MC is shown in black, and approximate results obtained by
the standard line shape theory based on second order cumulant expansion (CE) are shown in red. (b) Approximate absorption spectrum
computed by CE is shown in red, where a prefactor

∑2
i=1 |〈ei|Ej〉|

4 = 1/2 suppressing the intensity of a vibrational sideband is ignored.
(c) Approximate results obtained by a modified line shape theory with dynamic localization are shown in red. We note that the maximum
amplitude of every absorption spectrum is normalized to unity for a comparison of different models.

and γpd is a phenomenological pure dephasing rate that is taken to be zero unless stated otherwise. A vibrational sideband in
the line shape theory originates from Gj(t) =

∑2
i=1 |〈ei|Ej〉|4G(t) with G(t) defined by

G(t) =
1

π

∫ ∞
0

dω ω−2
(
J(ω)(n(ω) + 1)e−iωt + J(ω)n(ω)eiωt

)
, (S18)

where n(ω) = (exp(ω/kBT ) − 1)−1. For a monomer, optical coherence dynamics can be computed exactly by using an
analytical solution: Tr[µ−U(t)[µ+|g〉〈g|⊗%v(T )] ∝ exp(−i(E−λ)t+G(t)−G(0)). In the case of a dimer, the line shape theory
only provides an approximate solution of optical coherence dynamics, and it is notable that the vibrational sideband is determined
byGj(t)−Gj(0) =

∑2
i=1 |〈ei|Ej〉|4(G(t)−G(0)) whose amplitude is suppressed by the delocalization of the exciton states over

two sites,
∑2
i=1 |〈ei|Ej〉|4 = 1/2. In Fig. S1(a), a numerically exact absorption spectrum computed by TEDOPA+MC, shown

in black, is compared with an approximate absorption line shape obtained by the second order cumulant expansion, shown in red,
where a vibrational sideband observed in TEDOPA+MC simulations is almost not visible in the approximate results. The absence
of the vibrational sideband in the approximate results is partly due to the fact that the intensity of the vibrational sideband is
suppressed by the exciton delocalization in the line shape theory, namely a prefactor

∑2
i=1 |〈ei|Ej〉|4 = 1/2 inGj(t)−Gj(0) =∑2

i=1 |〈ei|Ej〉|4(G(t)−G(0)). As shown in Fig. S1(b), even if the prefactor is ignored in the line shape theory, the vibrational
sideband in numerically exact results around ∼ 15300 cm−1, shown in black, cannot be reproduced by the approximate results,
shown in red, as the vibrational sideband of the bright high-energy exciton state |Eb〉 appears in a region around∼ 15400 cm−1.
In the line shape theory, the energy-gap between main absorption peak centered at ∼ 15200 cm−1 and vibrational sideband
is determined by the vibrational frequencies of the intrapigment modes, (Ω1,Ω2,Ω3) = (181, 221, 240) cm−1, as highlighted
by blue arrows in Fig. S1(b). The vibrational sideband in the standard line shape theory is a broad peak, contrary to the three
narrow peaks in numerically exact results, which is due to the fact that their widths are determined by the relaxation rate
γrxn,b ≈ 91 cm−1 from the bright high-energy exciton |Eb〉 to the dark low-energy exciton state |Ed〉.

A modified line shape theory based on the idea of dynamic localization [14, 15] also cannot reproduce the numerically exact
absorption spectrum, as shown in Fig. S1(c). The peak positions of the vibrational sideband in approximate results, shown in
red, are blue-shifted from those in numerically exact results, shown in black. This is due to the fact that in the modified line
shape theory, the vibrational sideband of a dimer is replaced by the vibrational sideband of a monomer [5] and as a result the
peak positions of the vibrational sideband are approximately given by E + Ωk where E is the energy-level of a monomer and
Ωk are the vibrational frequencies of the three intrapigment modes. Contrary to the dynamic localization theory, the vibrational
sideband in the numerically exact absorption spectrum originates from vibrationally hot dark exciton states |Ed, 1k〉 borrowing
transition dipole strengths from a vibrationally cold bright exciton state |Eb, 0〉 where |0〉 represents a global vibrational ground
state where all the intrapigment modes are in their vacuum states, and |1k〉 is a singly-excited vibrational state where only
the k-th intrapigment mode is singly excited and the other two modes are in their vacuum states (see Section II C for more
detail). As a result the peak positions of the vibrational sideband in numerically exact results are approximately given by
Ed + Ωk = E − V + Ωk where Ed is the energy-level of the dark exciton state |Ed〉 and V = 69 cm−1 is the electronic
coupling considered in simulations. This is the reason why the vibrational sideband in the line shape theory with dynamic
localization (E + Ωk) is blue-shifted by ∼ 80 cm−1 from that of the numerically exact results obtained by TEDOPA+MC
(Ed + Ωk = E − V + Ωk), as highlighted by a blue arrow in Fig. S1(c).
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C. Reduced vibronic model with Markovian description of a broad phonon spectrum

We now consider a reduced vibronic model where three intrapigment vibrational modes are included in system Hamiltonian
in addition to the electronic states [5, 6]. The remaining broad phonon spectrum JAR(ω) is approximately treated by using a
Lindblad equation, inducing Markovian noise [5]. The vibrational damping of the intrapigment modes is also included in the
construction of the Lindblad equation by considering a secondary bath coupled to each intrapigment mode [5]. The Lindblad
equation is constructed in the vibronic eigenbasis of the system Hamiltonian where the pure dephasing and relaxation rates of the
vibronic eigenstates are determined by the broad phonon spectrum JAR(ω) and an effective coupling spectrum of the secondary
bath, as detailed below. We consider only the modes bk that describe relative motion in the Lindblad equation, as the contribution
of the center-of-mass motion modes Bk to absorption and 2D electronic spectra can be treated in an analytical way [5].

In this reduced model, the total Hamiltonian is decomposed into four parts, H = H0 + H1 + H2 + Hc where Hc is the
Hamiltonian of the center-of-mass modes in Eq. (S4). The system Hamiltonian H0 consists of the electronic Hamiltonian He

and the vibrational Hamiltonian of the three intrapigment modes with vibrational frequencies Ωk and Huang-Rhys factors Sk

H0 = He +

3∑
k=1

Ωkb
′†
k b
′
k − (|Eb〉 〈Ed|+ |Ed〉 〈Eb|)

3∑
k=1

Ωk

√
Sk
2

(b′†k + b′k), (S19)

where b′k describes the relative motion of the k-th intrapigment modes. In simulations, we consider a composite vibrational basis
{|n1, n2, n3〉} where nk denotes the number of vibrational excitations in the mode b′k. To check the convergence of numerical
data, such as computed absorption spectra, we consider N vibrational excitation subspace spanned by the composite vibrational
states with 0 ≤ ∑3

k=1 nk ≤ N and increase the value of N until the data show numerical convergence. To compute the
dynamics of the vibronic system, we consider a Lindblad equation where the pure dephasing and relaxation rates of the vibronic
eigenstates of the system Hamiltonian H0 are determined by H1 +H2 in the total Hamiltonian [5, 13]

H1 =
∑
k

ωkb
′′†
k b
′′
k − (|Eb〉 〈Ed|+ |Ed〉 〈Eb|)

∑
k

ωk

√
sk
2

(b′′†k + b′′k), (S20)

H2 =

3∑
k=1

∑
l

ωlc
†
k,lck,l +

3∑
k=1

(b′†k + b′k)
∑
l

gk,l(c
†
k,l + ck,l). (S21)

Here, H1 is the Hamiltonian of the relative motion modes b′′k of the broad phonon spectrum JAR(ω), which is not included in
the vibronic system Hamiltonian H0, while H2 describes a secondary bath coupled to each intrapigment mode, modelled by
b′k in H0, where vibrational excitations are exchanged between intrapigment modes b′k and secondary bath modes ck,l. The
coupling spectrum of the k-th secondary bath, characterized by gk,l, is modelled by a Lorentzian spectral density centered at
the vibrational frequency Ωk of the k-th intrapigment mode, so that the coupling strength is maximized when environmental
mode frequencies ωl are near-resonant with Ωk of the intrapigment mode. The width of the Lorentzian function is taken to be
(50 fs)−1, so that the corresponding secondary-bath correlation function quickly decays within the time scale of the vibrational
damping of the intrapigment modes, ∼ (500 fs)−1. The height of the Lorentzian function is determined in such a way that the
Lindblad damping rate of the k-th mode is identical to the vibrational damping rate, ∼ (500 fs)−1, considered in TEDOPA+MC
simulations, when the k-th mode is decoupled from electronic states, namely when the single vibrational mode is coupled to
only its secondary bath. See Ref. [5] for more detail.

In absorption simulations, one needs to compute the dipole-dipole correlation function, Tr[µ−U(t)[µ+|g〉〈g| ⊗ %v(T )]].
The thermal state of the total vibrational environments can be decomposed into four parts, %v(T ) = %′v,r(T ) ⊗ %′′v,r(T ) ⊗
%v,c(T ) ⊗ %s(T ) where %′v,r(T ) and %′′v,r(T ) are the thermal states of the relative motions of the three intrapigment modes
and the broad phonon spectrum JAR(ω), respectively, and %v,c(T ) is the thermal state of the center-of-mass motion modes
of the total spectral density J(ω). %s(T ) is the thermal state of the secondary baths. In reduced model simulations, %′v,r(T )
is included in a reduced system density matrix, while %′′v,r(T ) and %s(T ) are considered in the construction of the Lindblad
equation (Markovian noise). It can be shown that the state of the center-of-mass modes is separable from the other degrees of
freedom, namely electronic states and relative motion modes, as the center-of-mass modes are coupled to the electronic states
via (

∑2
i=1 |ei〉 〈ei|)⊗

∑
k ωk

√
sk/2(Bk + B†k) where

∑2
i=1 |ei〉 〈ei| is an identity operator within single electronic excitation

subspace. As a result, the center-of-mass modes can dephase optical coherence between electronic ground and excited states,
but do not affect electronic dynamics within the single electronic excitation subspace. The contribution of the center-of-mass
modes to absorption spectrum can be taken into account exactly by using the analytical solution of optical coherence dynamics
of a monomer coupled to a vibrational environment with an effective spectral density J(ω)/2 [5].

In Fig. S2(a), the absorption spectrum computed by the reduced vibronic model is shown in red, where the peak positions
of the vibrational sideband are well matched to numerically exact results shown in black. It is found that the reduced model
results obtained for double (N = 2) and triple (N = 3) vibrational excitation subspaces are well matched (not shown here).
By analyzing the vibronic eigenstates of the system Hamiltonian H0, it is found that the main absorption peak originates from a
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FIG. S2. (a) Numerically exact absorption spectrum computed by TEDOPA+MC, shown in black, and approximate absorption line shape
obtained by a reduced model, shown in red, where a broad phonon spectrum is modelled by a Lindblad equation (Markovian noise). (b)
Energy-level structure of a vibronic system Hamiltonian where three intrapigment modes are included in system Hamiltonian in addition to
electronic states. (c) Numerically exact absorption spectrum of a dimer where monomer transition dipoles ~d1 and ~d2 are parallel (orthogonal) to
each other, shown in black (red). (d) Huang-Rhys factor distribution J(ω)/(πω2). (e) Spectral density J(ω). We note that in (a), the maximum
amplitudes of numerically exact and approximate absorption spectra are independently normalized and taken to be unity for a comparison of
different models. In (c), the maximum amplitudes of the parallel and orthogonal cases are normalized by a common factor to demonstrate that
the absorption peak at ∼ 15200 cm−1, originating from a vibrationally cold high-energy exciton state |Eb, 0〉, has a smaller amplitude for the
orthogonal case than for the parallel case. In the orthogonal case, the total transition dipole strength of two monomers is distributed to two
exciton states, while in the parallel case, the high-energy exciton state carries all the transition dipole strength as the low-energy exciton state
becomes dark. This is the reason why the amplitude of the absorption peak at∼ 15200 cm−1 becomes smaller for the orthogonal case than for
the parallel case. A Gaussian dephasing considered in the orthogonal case also reduces the absorption peak intensity, but this effect is minor
than the dipole distribution effect.

vibrationally cold bright exciton state |Eb, 0〉 that is vibronically mixed with vibrationally hot dark exciton states |Ed, 1k〉 with
k ∈ {1, 2, 3}, mediated by the off-diagonal vibronic couplings, as schematically shown in Fig. S2(b). The three peaks in the
vibrational sideband originate from the vibrationally hot dark exciton states |Ed, 1k〉 that barrow transition dipole strengths from
the bright exciton state |Eb, 0〉, mediated by a vibronic mixing, and become visible in absorption spectrum.

This interpretation is further supported by additional TEDOPA+MC simulations where transition dipole moments ~di are taken
to be mutually orthogonal to each other. In this case, the transition dipole strengths of both exciton states, | 〈Eb|µ+ |g〉 | ∝
|ê · (~d1 + ~d2)| and | 〈Ed|µ+ |g〉 | ∝ |ê · (~d1− ~d2)|, become non-zero when an orientational average of the dipole moments ~di with
respect to the polarisation ê of an external field is considered in simulations (isotropic ensemble), meaning that both excitons
are bright and can be directly excited by an optical pulse. At zero temperature, the lifetime of the optical coherence related
to the low-energy exciton state, |Ed〉 〈g|, is extremely long due to a slow relaxation from low- to high-energy exciton states,
and the coherence does not decay close to zero within a simulation time of ∼ 2 ps. In order to estimate the absorption peak
position related to a vibrationally cold low-energy exciton state |Ed, 0〉, we multiply a Gaussian dephasing exp(−∆2t2) with
∆ = 7 cm−1 to the optical coherence dynamics computed by TEDOPA+MC, which corresponds to a correlated static disorder
where the site energies Ei of two monomers are shifted in a correlated way for each sub-ensemble [5]. The additional Gaussian
dephasing makes the resultant optical coherence dynamics decay to zero within ∼ 2 ps, leading to a well-defined absorption
line shape when Fourier transformed. As highlighted by a red arrow in Fig. S2(c), a narrow low-energy absorption peak appears
when the monomer dipole moments ~d1 and ~d2 are orthogonal to each other, as shown in red, and this low-energy peak is absent
when the dipole moments are parallel, as shown in black. This is due to the fact that the low-energy exciton is bright and dark,
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FIG. S3. (a) Broad phonon spectral density JAR(ω), shown in black, and a sum of 97 Lorentzian functions, shown in red. (b) Total spectral
density J(ω), shown in black, and a sum of 100 Lorentzian functions, shown in red, including the 97 Lorentzian functions considered in (a).
(c) Numerically exact absorption spectrum computed by TEDOPA+MC, shown in black, and approximate absorption spectrum computed by
a reduced model, shown in red, where 100 effective damped quantum harmonic oscillators are considered within single (N = 1) vibrational
excitation subspace. (d) Approximate results obtained by the reduced model, shown in red, where double (N = 2) vibrational excitation
subspace is considered. (e) Time evolution of the population P (Ei,M = 0) of a vibrationally cold i-th exciton state |Ei, 0〉, shown in black,
and the total populations P (Ei,M = 1) and P (Ei,M = 2) of singly- (|Ei, 1j〉) and doubly-excited vibrational states (|Ei, 1j , 1k〉 and
|Ei, 2j〉) of the i-th exciton state, shown in blue and red, respectively. The populations of the bright (i = b) and dark (i = d) exciton states
are shown in solid and dashed lines, respectively. (f) The population dynamics of the bright singly- and doubly-excited vibrational states are
shown in detail.

respectively, in the orthogonal and parallel cases. It is found that the energy-gaps between the narrow lowest-energy absorption
peak in the orthogonal case and the three narrow peaks in a vibrational sideband, observed in both orthogonal and parallel cases,
are close to the vibrational frequencies Ωk of the three intrapigment modes, as highlighted by blue arrows in Fig. S2(c). This
implies that these absorption peaks originate from vibrationally cold and hot low-energy exciton states, |Ed, 0〉 and |Ed, 1k〉
with an energy-gap of Ωk, although the peak positions of the vibrational sideband can be slightly shifted by a vibronic mixing
of |Ed, 1k〉 with |Eb, 0〉 [6].

However, the low-energy part of absorption spectrum cannot be reproduced by the reduced model. As highlighted by a green
arrow in Fig. S2(a) and (c), there is a shoulder in the low-energy part of numerically exact absorption line shape. The shoulder
observed in the parallel dipole case is blue-shifted by ∼ 30 cm−1 from the lowest-energy absorption peak observed in the
orthogonal dipole case, as highlighted by a green arrow in Fig. S2(c). This suggests the possibility that the dark exciton state in
the presence of vibrational excitations of the broad phonon spectrum JAR(ω) could be responsible for the low-energy shoulder.
Fig. S2(d) shows the distribution of the Huang-Rhys factors of the total spectral density, J(ω)/(πω2) =

∑
k skδ(ω − ωk),

which determines the transition dipole strength of a vibrational sideband in the case of a monomer [5]. It is notable that the
broad phonon spectrum JAR(ω) leads to a relatively narrow Huang-Rhys factor distribution JAR(ω)/(πω2) with a peak around
∼ 30 cm−1 (see the spectral density J(ω) shown in Fig. S2(e) where JAR(ω) leads to a broad phonon spectrum).

D. Reduced vibronic model with non-Markovian description of a broad phonon spectrum

To investigate the influence of vibrational excitations of the broad phonon spectrum JAR(ω) on absorption line shapes, we
consider a sum of 100 Lorentzian spectral densities that is well fitted with the total spectral density J(ω). As displayed in
Fig. S3(a), the broad phonon spectrum JAR(ω), shown in black, is fitted with a sum of 97 Lorentzian functions, shown in red.
The total spectral density J(ω), including three intrapigment modes modelled by three narrow Lorentzian functions, is therefore
fitted with a sum of 100 Lorentzian functions, as shown in Fig. S3(b). For simplicity, we consider a uniform width of the 100
Lorentzian functions and take the value of the vibrational damping rate, ∼ 500 fs, of the three intrapigment modes considered
in TEDOPA+MC simulations. In reduced model simulations, we consider each Lorentzian function as a quantum harmonic
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oscillator under a local Lindblad damping

d

dt
%(t) = −i[Hnon−Markov, %(t)] +

100∑
k=1

γ
(

2ak%(t)a†k − {a
†
kak, %(t)}

)
, (S22)

with γ ≈ (500 fs)−1, â†k and âk represent the creation and annihilation operators, respectively, of the k-th effective mode.
The vibrational frequency, Huang-Rhys factor and damping rate of each effective mode are determined, respectively, by the
peak position, height and width of the corresponding Lorentzian function. The reduced model Hamiltonian Hnon−Markov is
constructed in a composite vibrational basis {|n1, n2, n3, · · · , n100〉} with nk denoting the number of vibrational excitations of
the k-th effective mode. We note that these effective modes describe the relative motion modes of the spectral density J(ω),
as the contribution of the center-of-mass modes to optical line shapes can be taken into account analytically. We consider
N vibrational excitation subspace spanned by the composite vibrational states with 0 ≤ ∑100

k=1 nk ≤ N . Fig. S3(c) and (d)
show absorption spectra computed by the reduced model within single (N = 1) and double (N = 2) vibrational excitation
subspaces, respectively. It is notable that the doubly-excited vibrational states are essential to reproduce numerically exact
absorption line shape obtained by TEDOPA+MC, and the low-energy shoulder in absorption spectrum can be well reproduced
by the reduced model. These results imply that the initial bright exciton state |Eb, 0〉, where all the vibrational modes are in their
ground states, is mixed with vibrationally hot dark states |Ed, 1j〉, and then these singly-excited vibrational states |Ed, 1j〉 are
subsequently mixed with the doubly-excited vibrational states |Eb, 1j , 1k〉 and |Eb, 2j〉 where different j-th and k-th modes are
singly excited, or the j-th mode is doubly excited. As shown in Fig. S3(e), the population P (Eb,M = 0) of the initial bright
exciton state |Eb, 0〉, shown in a black solid line, decays on a 100 fs time scale, leading to an increase in the total population
P (Ed,M = 1) of the dark singly-excited vibrational states |Ed, 1j〉, as shown in a blue dashed line, and then the damping of
vibrational modes generates the population P (Ed,M = 0) of a vibrationally cold dark exciton state |Ed, 0〉, as shown in a black
dashed line, with M denoting the total number of vibrational excitations of the 100 effective modes. As shown in Fig. S3(f),
the dark singly-excited vibrational states |Ed, 1j〉 are coupled to the bright doubly-excited vibrational states, |Eb, 1j , 1k〉 and
|Eb, 2j〉, and increase the total population P (Eb,M = 2) of the doubly-excited states, as shown in a red solid line. The
vibrational damping process decreases the population P (Eb,M = 2) of the doubly-excited states and enhances the population
P (Eb,M = 1) of the bright singly-excited vibrational states |Eb, 1j〉, as shown in a blue solid line. It is notable that the total
population P (Eb,M = 2) of the doubly-excited vibrational states is not negligible, as it is of the order of ∼ 5 %. Importantly,
the population P (Eb,M = 0) of the initial bright state |Eb, 0〉 becomes comparable to the total population P (Eb,M = 2) of the
bright doubly-excited vibrational states |Eb, 1j , 1k〉 and |Eb, 2j〉within a 100 fs time scale, t ≥ 150 fs. This implies that when the
electronic-vibrational dynamics is monitored by a pump-probe scheme, the bright doubly-excited vibrational states |Eb, 1j , 1k〉
and |Eb, 2j〉 can dominate nonlinear optical spectra when the time delay between pump and probe is sufficiently long enough to
suppress the population of the vibrationally cold initial bright state |Eb, 0〉. The high population of the singly-excited vibrational
states |Ed, 1j〉 cannot be directly probed by an optical pulse as they are dark states.

III. TWO-DIMENSIONAL ELECTRONIC SPECTROSCOPY

To investigate the contribution of the doubly-excited vibrational states |Eb, 1j , 1k〉 and |Eb, 2j〉 to nonlinear optical responses
involving long-time vibronic dynamics, we consider 2D electronic spectroscopy [16, 17]. In this modified pump-probe scheme,
a molecular sample is perturbed by two pump pulses and one probe pulse with controlled time delays. When the wave vectors
of the three optical pulses are denoted by ~k1, ~k2, ~k3, respectively, nonlinear optical signals can be measured at several phase-
matched directions ±~k1 ± ~k2 ± ~k3. In this work, we consider rephasing 2D spectra measured at a phase-matched direction
−~k1 + ~k2 + ~k3. In 2D experiments, the intensity of laser pulses is reduced until measured nonlinear signals show convergence,
so that the measured 2D spectra are dominated by a third-order optical response with relatively weaker contributions of higher-
order nonlinear optical signals. Such a weak light-matter interaction can be well described by a perturbation theory and it can be
shown that the rephasing 2D signals originate from three distinct pulse-driven molecular dynamics, called ground state bleaching
(GSB), stimulated emission (SE) and excited state absorption (ESA) [7, 18]. The GSB and SE signals originate from optical
coherence dynamics between electronic ground and singly-excited states (excitons), while the ESA signal involves the optical
coherence between singly- and doubly-excited electronic states (biexcitons). Contrary to the GSB signal, where vibrational
dynamics in the electronic ground state manifold is monitored as a function of the time delay t2 between second pump and probe
pulses, the SE and ESA signal provide the information about electronic-vibrational (vibronic) dynamics in the electronic excited
state manifold as a function of the waiting time t2. In this work, we consider the SE component of the rephasing spectra where
two-dimensional optical line shapes in the excitation ω1 and detection ω3 energy domain evolve as a function of the waiting time
t2 due to the vibronic dynamics in the electronic excited state manifold. For simplicity, we consider a broad bandwidth of the
pump and probe pulses, and compute the SE component in the impulsive limit where the temporal profiles of the laser pulses
are approximately described by a Dirac delta function in the time domain [7, 18]. The SE component of the rephasing signal,
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RSE(ω1, t2, ω3), is described by

RSE(ω1, t2, ω3) ∝
∫ ∞

0

dt1e
−iω1t1

∫ ∞
0

dt3e
iω3t3Tr[µ−U(t3)[U(t2)[µ+U(t1)[|g〉 〈g| ⊗ %v(T )µ−]]µ+]]. (S23)

Here, |g〉 〈g| ⊗ %v(T )µ−pump,1 describes a molecular sample perturbed by the first pump pulse, creating an optical coherence
between electronic ground and excited states. The coherence evolves during a time-delay t1 between first and second pump
pulses, represented by a time evolution operator U(t1)[σ] = e−iHt1σeiHt1 with the total HamiltonianH . The second pump pulse
induces an optical transition from electronic ground to excited states in the ket space, µ+

pump,2U(t1)[|g〉 〈g| ⊗ %v(T )µ−pump,1],
which enables one to monitor vibronic dynamics in the electronic excited state manifold as a function of the waiting time t2
between second pump and probe pulses, represented by U(t2)[σ] = e−iHt2σeiHt2 . The probe pulse induces an optical transition
from electronic excited to ground states in the bra space, U(t2)[µ+

pump,2U(t1)[|g〉 〈g| ⊗ %v(T )µ−pump,1]]µ+
probe, leading to an

oscillatory average dipole moment as a function of time t3, which generates a third order optical response depending on the
controlled time delays t1 and t2 amongst pulses. In simulations, a two-dimensional optical line shape is obtained by Fourier
transforming the third order optical response with respect to t1 and t3, leading to excitation ω1 and detection ω3 energies,
respectively.

Fig. S4(a) and (b) show the real part of the SE component of the rephasing spectra at t2 = 0 and t2 = 500 fs, respectively,
computed by TEDOPA+MC. The positions of 2D peaks at t2 = 0 are well matched to the absorption peak positions computed
by TEDOPA+MC shown in Fig. S3(d). It is notable that the overall intensity of 2D spectra at t2 = 0 is an order of magnitude
stronger than that of 2D data at t2 = 500 fs. This is due to the population transfer from initial bright exciton state |Eb, 0〉 to dark
states |Ed, 1j〉 (see Fig. S3(e)) where a high population of the optically dark states results in a suppressed 2D signal intensity at
t2 = 500 fs. The 2D peaks at t2 = 500 fs can be categorized into three regions A, B, C, as highlighted in Fig. S4(b). Importantly,
the 2D peaks in the regions B and C are below diagonal (ω1 > ω3) and the differences in excitation and detection energies,
|ω1 − ω3|, of these cross peaks are in the range of 200 ∼ 400 cm−1, as marked by white arrows in Fig. S4(b), which are two
times larger than the vibrational frequencies of the spectral density J(ω), shown in Fig. S2(d) and (e). These results suggest the
possibility that the cross peaks in the regions B and C originate from the bright doubly-excited vibrational states, |Eb, 1j , 1k〉
and |Eb, 2j〉, created by multi-phonon transitions.

To identify the origin of the 2D peaks observed at t2 = 500 fs, the reduced vibronic model in Section II C is considered
in 2D simulations where the three intrapigment vibrational modes are included in the system Hamiltonian and the remaining
broad phonon spectrum JAR(ω) is approximately described by a Lindblad equation (Markovian noise). As shown in Fig. S4(c),
the 2D spectra at t2 = 0 computed by the reduced model are well matched to the numerically exact 2D data computed by
TEDOPA+MC, although a low-energy shoulder in the numerically exact results is absent in the reduced model results, as
highlighted by white arrows in Fig. S4(a) and (c). However, the reduced model cannot reproduce numerically exact 2D optical
line shape at t2 = 500 fs, as shown in Fig. S4(d), where the cross peaks in the region B are absent in the reduced model results.
It is found that the 2D peak intensities in the region A are enhanced when the vibrational damping rate of the three intrapigment
modes is decreased in reduced model simulations (not shown here). This is in line with our interpretation of absorption peaks
(see Fig. S2(c)) where the three peaks in a vibrational sideband mainly originate from vibrationally hot dark excitons |Ed, 1k〉,
which are weakly mixed with the vibrationally cold bright exciton state |Eb, 0〉, making these vibronic eigenstates sensitive to
the vibrational damping rate of the intrapigment modes. The differences in excitation and detection energies of the cross peaks in
the region C are approximately two times larger than the vibrational frequencies of the intrapigment modes, as highlighted by a
white arrow in Fig. S4(d), indicating that these cross peaks originate from the bright doubly-excited vibrational states |Eb, 1j , 1k〉
and |Eb, 2j〉. Importantly, the absence of 2D cross peaks in the region B of Fig. S4(d) suggests the possibility that these cross
peaks originate from the vibrational excitations of the broad phonon spectrum JAR(ω).

To demonstrate that the vibrational excitations of the broad phonon spectrum are responsible for the cross peaks in the region
B, we investigate 2D spectra computed by another reduced model in Section II D where the broad phonon spectral density
JAR(ω) is modelled by a sum of 97 Lorentzian functions. For simplicity of analysis, we ignore the vibrational damping of the
100 effective modes and consider a phenomenological dephasing noise for the optical coherence dynamics during t1 and t3 by
multiplying an exponential dephasing exp(−γph(t1 + t3)) to the third order molecular response function computed by using the
reduced vibronic Hamiltonian Hnon−Markov only. The phenomenological damping rate γph is taken to be the uniform width of
the 100 Lorentzian functions, ∼ (500 fs)−1, considered in Fig. S3(b). The reduced model results in the presence of vibrational
damping of the 100 effective modes will be discussed later where the phenomenological dephasing is not considered (γph = 0).
In Fig. S4(e), the 2D spectra at t2 = 0 computed by using the reduced model Hamiltonian Hnon−Markov are shown. The low-
energy shoulder observed in TEDOPA+MC simulations is visible in the reduced model results, as highlighted by a white arrow.
It is notable that for t2 = 500 fs, the cross-peak structures in the regions B and C, observed in TEDOPA+MC simulations, are
well reproduced by the reduced model, although the peak intensities in the region A are over-estimated by the reduced model, as
shown in Fig. S4(f), which is due to the absence of the vibrational damping of the intrapigment modes in simulations. It is found
that the reduced model results obtained for double (N = 2) and triple (N = 3) vibrational excitation subspaces are qualitatively
similar with minor quantitative differences in relative peak intensities (not shown here).
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FIG. S4. (a,b) The real part of the SE component of rephasing 2D spectra at t2 = 0 and t2 = 500 fs computed by TEDOPA+MC. (c,d) 2D
line shapes at t2 = 0 and t2 = 500 fs computed by a reduced model where a broad phonon spectrum JAR(ω) is approximately described by
a Lindblad equation (Markovian noise). (e,f) 2D line shapes at t2 = 0 and t2 = 500 fs computed by a reduced model where the total spectral
density J(ω) is approximately described by 100 undamped vibrational modes (non-Markovian noise). For simplicity, exponential dephasing
for t1 and t3 dynamics is considered instead of taking into account the vibrational damping of the 100 effective modes in simulations.

To clarify that the cross peaks in the regions B and C originate from the bright doubly-excited vibrational states |Eb, 1j , 1k〉
and |Eb, 2j〉, we consider third-order molecular response functions conditional to the final vibrational states in the electronic
ground state manifold

R
(M)
SE (ω1, t2, ω3) ∝

∫ ∞
0

dt1e
−iω1t1

∫ ∞
0

dt3e
iω3t3Tr[IMµ

−U(t3)[U(t2)[µ+U(t1)[|g〉 〈g| ⊗ %v(T )µ−]]µ+]], (S24)

where IM is an identity operator of the M vibrational excitation sector, defined by I0 = |g, 0〉 〈g, 0|, I1 =
∑100
j=1 |g, 1j〉 〈g, 1j |

and I2 =
∑100
j=1 |g, 2j〉 〈g, 2j |+

∑
j 6=k |g, 1j , 1k〉 〈g, 1j , 1k|. The sum of these conditional response functions R(M)

SE (ω1, t2, ω3)

is identical to the SE component of the rephasing spectra in Eq. (S23), shown in Fig. S4(f). By analyzing R(M)
SE (ω1, t2, ω3) one

can find which vibrational sector is responsible for the 2D peaks in the regions A, B, C. As shown in Fig. S5(a), the 2D peaks in
the region A originate from the vibrational ground state sector (M = 0). The contribution of the singly-excited vibrational sector
(M = 1) is absent, as it is associated with optically dark states |Ed, 1j〉, as shown in Fig. S5(b). The optically bright singly-
excited vibrational states |Eb, 1j〉, which can contribute to 2D spectra, are populated by a vibrational damping of the bright
doubly-excited vibrational states |Eb, 1j , 1k〉 and |Eb, 2j〉 in reduced model simulations, which is not considered in Fig. S4(e,f)
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FIG. S5. The SE component of rephasing 2D spectra conditional to the final vibrational states in the electronic ground state manifold. The
contributions of (a) vibrational ground state R(0)

SE , (b) singly-excited vibrational states R(1)
SE , and (c) doubly-excited vibrational states R(2)

SE to
the total SE signal RSE =

∑2
M=0R

(M)
SE are shown separately.

and Fig. S5. The cross peaks in the regions B and C are induced by the doubly-excited vibrational sector (M = 2), as shown in
Fig. S5(c), demonstrating that these 2D peaks originate from multi-phonon transitions.

To clarify that the over-estimated peak intensities in the region A are due to the absence of the vibrational damping of the
intrapigment modes, we consider the full reduced model in Section II D where the damping of the 100 effective modes is
considered: the phenomenological dephasing rate for t1 and t3 dynamics is not considered here (γpd = 0). As shown in
Fig. S6(a), the peak intensities in the region A become weaker than those in the regions B and C when the vibrational damping is
taken into account in reduced model simulations, similar to numerically exact 2D data obtained by TEDOPA+MC. The reduced
model, however, introduces additional cross-peaks with weak intensities in a region D marked in Fig. S6(a), which are absent in
the reduced model results when the vibrational damping is not considered (see Fig. S6(b)) as well as in the TEDOPA+MC results
(see Fig. S6(c)). These minor deviations between reduced and numerically exact results could be suppressed by considering
a larger number of narrower Lorentzian functions in the fitting of the total spectral density J(ω), corresponding to a lower
vibrational damping rate of the effective modes, or by fitting a bath correlation function instead of the total spectral density J(ω)
to obtain more reliable parameters for reduced model simulations.

IV. RESIDUAL ENVIRONMENT

Here we provide an additional analysis of the error that is introduced by replacing the exact WSCP TEDOPA chain coefficients
ωn/kn with the corresponding asymptotic values Ω/K provided in the main text (Eq. (6)). To this end we first define the discrete
(effective) spectra associated to the truncated TEDOPA chain. Once fixed an integer value D > 0, we truncate the TEDOPA
chain after D sites. The truncated chain Hamiltonian therefore reads

H =

D∑
n=1

ωnb
†
nbn +

D−1∑
n=1

κn(b†n+1bn + b†nbn+1) = ~b†Ĥ~b, (S25)

~b = (b1, b2, . . . , bD)T , (S26)

Ĥ =

 ω1 κ1 0 . . . 0
κ1 ω2 κ2 . . . 0
. . . . . . . . . . . . . . .
0 . . . . . . κD−1 ωD

 . (S27)
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FIG. S6. (a) The SE component of rephasing 2D spectra at t2 = 500 fs obtained by a reduced model where 100 damped effective modes
are considered (non-Markovian noise, γpd = 0). (b) The reduced model results shown in Fig. S4(f) where the vibrational damping is not
considered, but phenomenological pure dephasing for t1 and t3 dynamics is considered (γpd 6= 0). (c) Numerically exact 2D line shape
obtained by TEDOPA+MC.

If we denote by S = diag(e1, e2, . . . , eD) with j = 1, 2, . . . , D the eigenvalues of the normal modes of Ĥ and by U the unitary
transformation such that Ĥ = U†SU , the discrete spectral density truncated chain can be written as

JD(ω) = κ2
0

D∑
j=1

|U1,j |2 δ(ω − ej), ) = κ2
0

D∑
j=1

wjδ(ω − ej), (S28)

where k0 is the coupling coefficient between the system and the first chain site, δ(x) is the Dirac-δ function, and wj = |U1,j |2.
The spectral density JD(ω) determines the two-time correlation function (TTCF) CD(t) as

CD(t) =
κ2

0

π

D∑
j=1

wj exp (−itej) . (S29)

For any fixed value of D, the quality of the approximation of the exact TEDOPA chain can be therefore assessed also by
looking at the deviations between the TTCF corresponding to the exact chain coefficients and the approximating chain where
we have operated the replacements ωn → Ω and κn → K for M < n ≤ D. Figure S7 shows, for the same truncation value
D = 400 used in Fig. 2(b) of the main text, the evolution of the TTCF determined by the exact TEDOPA chain, and the TTCF
corresponding to M = 40 and M = 80 approximations. In order to better understand the relative deviation of the approximated
TTCFs from the exact one, we set κ0/π = 1, so that Re[CD(0)] = 1 (Im[CD(0)] = 0 by definition). We see that for M = 80
there is an excellent agreement between the TTCFs determined by the exact and by the approximated chain, whereas the error
becomes much larger for M = 40. The comparison between the different TTCFs allows moreover to appreciate the earlier onset
of deviations for M = 40 w.r.t. the M = 80 case.

V. MARKOVIAN CLOSURE: DERIVATION OF THE PARAMETERS

In this section we provide full detail on the derivation of the universal Markovian Closure (MC) parameters. The numerical
values of the parameters for sizes N = 6, 8 and 10 of the MC are reported in Table I, II, and III.
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FIG. S7. The real (top panel) and imaginary (bottom panel) part of the TTCF corresponding to a D = 400 truncation of the WSCP TEDOPA
chain. The exact TTCF (red solid line) is compared to the M = 40 (dotted blue) and M = 80 approximations. The ordinate axis has been
rescaled as to have Re[C(0)] = 1.

A. Transformation to surrogate oscillators and fitting procedure

In the first step of the derivation we rewrite the interaction Hamiltonian between the primary environment and the residual
environment

HPE,R = K(b†M+1bM + bM+1b
†
M ) (S30)

(see Eq. (8) of the main text) in terms of the normal modes b̃ω of the residual environment Hamiltonian

HR = Ω

∞∑
m=M+1

b†mbm +K

∞∑
m=M+1

(b†m+1bm + b†mbm+1), (S31)

as

HSM,R =

∫ 2Ω

0

dω h(ω)(bM b̃
†
ω + b†M b̃ω) =

∫ 2Ω

0

dω h(ω)(xM x̃ω + pM p̃ω), (S32)

with h2(ω) = J∞(ω)/π and

J∞(ω) =

√
(ω − ωmin)(ωmax − ω)

2
, (S33)

(see Eq. (10) of the main text). Our aim is now to find an auxiliary system made up of a (small) discrete set of bosonic modes
which, themselves, are undergoing a Lindbladian dynamics that, upon interaction with the system and primary environment,
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induces on the latter the same reduced evolution (for one- and multi-time quantities) as the residual environment. More specifi-
cally, we need to determine an auxiliary system whose free semigroup dynamics generated by Laux(·) starting from a Gaussian
initial state %aux(0) and interacting with the extended system via

HSM,aux =
∑
k=1,2

ASM,k ⊗Baux,k (S34)

satisfies (approximately) the identity

〈AR,k(t)AR,j(0)〉 = 〈Baux,k(t)Baux,j(0)〉 (S35)

for all k, j ∈ {1, 2} and for all t > 0. Here, ASM,k denote the Hermitian coupling operators of the system (see Eq. (S32)),

ASM,1 := xM ASM,2 := pM , (S36)

AR,k denote the coupling operators of the residual environment,

AR,1 :=

∫ 2Ω

0

dω h(ω)x̃ω, AR,2 :=

∫ 2Ω

0

dω h(ω)p̃ω, (S37)

and

Baux,1 :=

N∑
n=1

1√
2

(cndn + c∗nd
†
n), Baux,2 :=

N∑
n=1

i√
2

(c∗nd
†
n − cndn) (S38)

denote the coupling operators of the auxiliary environment.
In order to construct explicitly a well-defined auxiliary system, we follow the Transformation to Surrogate Oscillators (TSO)

approach described in [19]. Our aim is thus to find a proper set of oscillators governed by the nearest-neighbor Hamiltonian

Haux :=

N∑
n=1

Ωnd
†
ndn +

N−1∑
n=1

gn(dnd
†
n+1 + d†ndn+1) (S39)

and subject to the local Lindblad dissipator

D(%) :=

N∑
n=1

Γn

(
dn%d

†
n −

1

2
{d†ndn, %}

)
. (S40)

For the given asymptotic residual spectral density Eq. (S33), the correlation matrix reads

C∞(t) =

(
〈AR,1(t)AR,1(0)〉 〈AR,1(t)AR,2(0)〉
〈AR,2(t)AR,1(0)〉 〈AR,2(t)AR,2(0)〉

)
=

1

2π

∫ ωmax

ωmin

dω J∞(ω)e−iωt
(

1 i
−i 1

)
=

1

2
C∞(t)

(
1 i
−i 1

)
, (S41)

where

C∞(t) :=
1

π

∫ ωmax

ωmin

dω J∞(ω)e−iωt. (S42)

Using the linear transformation

ω : [−1, 1]→ [ωmin, ωmax], ω(x) := 2κx+ Ω, (S43)

with Ω and K defined by

ωn −−−−→
n→∞

ωmin + ωmax

2

def
= Ω,

κn −−−−→
n→∞

ωmax − ωmin

4

def
= K (S44)
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(see Eq. (6) of the main text), we are able to transform Eq. (S42) into

C∞(t) =
1

π

∫ ωmax

ωmin

dω J∞(ω) e−iωt

=
1

π

∫ 1

−1

dx 2K2 jsc(x) e−i(2Kx+Ω)t = K2 e−iΩtCsc(2Kt). (S45)

Here, we introduced the symmetric semi-circle spectral density

jsc : [−1, 1]→ [0,∞), jsc(ω) :=
√

1− ω2 (S46)

as well as the correlation function

Csc(t) :=
2

π

∫ 1

−1

dω jsc(ω) e−iωt =
2J1(t)

t
= J0(t) + J2(t), (S47)

where J0, J1 and J2 are Bessel functions of the first kind. Hence, any asymptotic correlation function C∞ can be recovered
from the generic correlation function Csc by rescaling with K2

2 and multiplication with the time-dependent phase factor e−iΩt.
Summarizing, having fixed the structure of the auxiliary environment as in Eqs. (S39) and (S40), our aim is now to determine
the TSO coefficients N and the coefficients cn,Ωn, gn so that the relations in Eq. (S35) hold approximately, to a degree which
we can fix a-priori.

To do so, we proceed in two steps. In the first step, we determine an exponential sum approximation of Csc,

Csc(t) ≈
N∑
k=1

wkeλkt, wk, λk ∈ C, (S48)

by means of the approximated Prony method [20]. Here, we can either specify the number of terms N directly or the desired
accuracy in norm which then dictates N . Since, in general, the weights wk are indeed complex-valued or partially negative, the
corresponding surrogate environment made up of non-interacting pseudomodes is shown to be ill-defined [21]. Hence, in the
second step, we follow Ref. [19] to construct a well-defined set of coupled oscillators.

The auxiliary environment correlation matrix is given by

Caux(t) =

(
〈Baux,1(t)Baux,1(0)〉 〈Baux,1(t)Baux,2(0)〉
〈Baux,2(t)Baux,1(0)〉 〈Baux,2(t)Baux,2(0)〉

)
=

1

2

N∑
m,n=1

cmc
∗
n 〈dm(t)d†n(0)〉

(
1 i
−i 1

)
=

1

2
Caux(t)

(
1 i
−i 1

)
, (S49)

where we defined the correlation function

Caux(t) :=

N∑
m,n=1

cmc
∗
n 〈dm(t)d†n(0)〉 . (S50)

As show in detail in Ref. [19], Caux can be rephrased as

Caux(t) =

N∑
m,n=1

cmc
∗
n(eMt)m,n (S51)

where

M :=


α1 β1

β1 α2 β2

β2 α3

. . .

 (S52)

and αn := −Γn

2 − iΩn and βn := −ign. The remaining, very challenging task is to fit the parameters {Ωn}Nn=1, {gn}N−1
n=1 ,

{Γn}Nn=1 and {cn}Nn=1 such that

‖Csc(t)− Caux(t)‖ < ε ∀t ∈ [0, Tf ] (S53)
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for some desired ε, Tf > 0. Since M is a complex-valued symmetric matrix, i.e., MT = M , there exists U ∈ C such that
UTU = 11 and

UTMU = diag (λ′1, . . . , λ
′
N ) =: Λ. (S54)

Using this equivalence, the optimization problem decomposes into two coupled subproblems: Find {Ωn}Nn=1, {gn}N−1
n=1 ,

{Γn}Nn=1 and {cn}Nn=1 such that

N∑
n=1

|λn − λ′n| → min (S55)

N∑
n=1

|wn − w′n| → min (S56)

wherew′n :=
∑N
k,`=1 ckc

∗
`UnkUn`. In contrast to Ref. [19] we do not solve these two subproblems separately but rather combine

both equations into a single cost function. This approach is motivated by the fact that while a solution to Eq. (S55) is very easily
found, imposing this solution on the optimisation problem of Eq. (S56) might lead to local minima. Hence, it makes sense to
combine both optimization problems into a single cost function,

J :=

N∑
n=1

|λn − λ′n|+ |wn − w′n| → min . (S57)

Once we have found a surrogate environment mimicking Csc, the approximation of any asymptotic correlation function C∞ is
easily recovered from Eq. (S45). In particular, we find

C∞(t) = K2e−iΩtCsc(2Kt) ≈ K2e−iΩtCaux(2Kt) = K2e−iΩt
N∑

m,n=1

cmc
∗
n(eM2Kt)mn =

N∑
m,n=1

(Kcm)(Kc∗n)
(

e(2KM−iΩ)t
)
mn

.

(S58)

Hence, we can identify the parameters of the surrogate environment corresponding to C∞ as

Ω′n := 2KΩn + Ω,

Γ′n := 2KΓn,

g′n := 2Kgn,

c′n := Kcn

(S59)

for all n.

B. Fitting results

In the following we briefly summarize the solutions to Eqs. (S55) and (S56) for the correlation function in Eq. (S47) and a
total number of N = 6, 8 and 10 surrogate modes. Completing the exponential sum approximation in Eq. (S48) we find the
weights {wn}Nn=1 and exponents {λn}Nn=1 depicted in Fig. S8.

Interestingly, both the weights and the exponents come in conjugate pairs. In principle, one could think of grouping these
conjugate pairs and construct a surrogate environment for each of them. However, this is not feasible in general since the weights
do not have positive real part. Instead one has to divide the weights and exponents into larger groups such that the sum of weights
has positive real part for each group. In this work, we decided to not further subdivide the parameters but rather take them as
a single group. As a consequence, the number of parameters to be optimized remains quite high. More precisely, Eqs. (S55)
and (S56) involve 4N − 1 optimization parameters, i.e., for N = 6, 8, 10 we have around 20 to 40 unknowns. In fact, this large
number of unknowns in combination with the non-linearity of the problem makes solving Eqs. (S55) and (S56) very challenging.
Hence, in order to simplify the optimization slightly we constrain all the surrogate frequencies to vanish, i.e., Ωn = 0 for all n.
This can be motivated in two ways. Firstly, when mapping the symmetric semi-circle spectral density to a chain via TEDOPA
we would indeed arrive at a chain that has vanishing surrogate frequencies for all modes. Secondly, when considering only
two conjugate modes of the exponential sum approximation the analytical formulas derived in [19, 21] would also lead to two
surrogate modes with vanishing frequencies. Thus, it is reasonable to speculate that even for a larger number of conjugate pairs
an optimal solution satisfies Ωn = 0 for all n. Tables I to III and Fig. S9 summarize the optimal parameters found for N = 6, 8
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FIG. S8. Prony parameters: We depict the complex weights wn and exponents λn of Eq. (S48) obtained through a Prony analysis of the
correlation function defined in Eq. (S47).

and 10. In contrast to the weights and exponents obtained by the approximated Prony method, there seems to be no particular
structure in the distribution of the parameters. However, as Fig. S10 clearly shows, we have indeed found surrogate environments
of different size that mimic the initial correlation function in Eq. (S47) extremely well. Additionally, Fig. S11 compares the
effective spectral density to the exact one. Here, by effective spectral density we mean the Fourier transform of the two-time
correlation function of the auxiliary environment. Naturally, a non-unitary Lindblad evolution only defines Caux for positive
times t. In order to compute the Fourier transform, we thus extend the correlation function Caux into the negative time domain
by defining

Caux : R→ C, Caux(t) :=

{
Caux(t) for t ≥ 0

C∗aux(−t) for t < 0
. (S60)

Hence, we can identify a real-valued spectral density of the auxiliary environment, jaux : R→ [0,∞),

jaux(ω) :=
1

4

∫ ∞
−∞

dt Caux(t) eiωt =
1

4

∫ ∞
−∞

dt Re
(
Caux(t) eiωt). (S61)

TABLE I. Summary of closure parameters for N = 6

n 1 2 3 4 5 6
Γn −1.60 · 10−2 −1.48 · 10−10 −2.18 · 100 −1.44 · 10−11 −4.79 · 10−3 −1.57 · 10−9

Re cn 2.74 · 10−5 −4.79 · 10−1 6.34 · 10−6 4.82 · 10−1 −1.40 · 10−6 3.83 · 10−1

Im cn −1.11 · 10−5 3.99 · 10−1 −3.53 · 10−6 −3.84 · 10−1 2.45 · 10−6 −2.93 · 10−1

gn 0.79 −0.813 −1.08 −0.68 0.81

VI. TEDOPA WITH MARKOVIAN CLOSURE

Here we provide details on the TEDOPA+MC simulations used to derive the 2DES spectra discussed in the previous sections.

A. Computation of the third-order response function

For the equilibrium state %eq = |g, 0〉 〈g, 0|, where |g〉 is the ground state of the electronic Hamiltonian and |0〉 the vacuum
state of the environment, the third-order response function for the stimulated emission pathway is the argument of the inner
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TABLE II. Summary of closure parameters for N = 8

n 1 2 3 4 5
Γn −1.06 · 10−9 −1.64 · 10−10 −2.70 · 10−11 −2.98 · 10+0 −1.02 · 10−9

Re cn −6.58 · 10−2 −1.31 · 10−1 −1.79 · 10−1 1.92 · 10−2 9.77 · 10−2

Im cn −2.48 · 10−1 3.47 · 10−2 −6.75 · 10−1 −5.08 · 10−3 3.68 · 10−1

gn −0.89 0.41 −1.00 −1.49 −1.04

n 6 7 8
Γn −3.61 · 10−9 −3.53 · 10−11 −3.73 · 10−11

Re cn −1.36 · 10−1 −1.06 · 10−1 −2.91 · 10−1

Im cn 3.60 · 10−2 −4.01 · 10−1 7.73 · 10−2

gn −0.45 0.85

TABLE III. Summary of closure parameters for N = 10

n 1 2 3 4 5
Γn −3.43 · 10−1 −8.67 · 10−5 −2.73 · 10+0 −7.09 · 10−1 −3.24 · 10−6

Re cn −1.32 · 10−3 3.32 · 10−3 −2.40 · 10−3 1.94 · 10−2 −3.32 · 10−2

Im cn 4.62 · 10−4 5.49 · 10−4 −1.48 · 10−3 −3.55 · 10−2 −1.20 · 10−2

gn 1.13 1.05 −1.08 0.83 −0.60

n 6 7 8 9 10
Γn −4.50 · 10−7 −2.79 · 10−6 −9.48 · 10−5 −1.37 · 10−3 −5.95 · 10−6

Re cn 1.04 · 10−1 1.21 · 10−1 1.65 · 10−1 −1.21 · 10−1 4.72 · 10−2

Im cn −3.53 · 10−1 2.08 · 10−2 −8.17 · 10−1 −4.45 · 10−3 −3.67 · 10−1

gn −0.51 0.68 0.16 −0.95

integral of Eq. (S23) [22], which we rewrite as

Rse = Tr
{
µ−U(t3)

[
U(t2)

[
µ+U(t1)[|g, 0〉 〈g, 0|µ−]

]
µ+
]}

, (S62)

where recall that U(t)[·] = e−iHt · eiHt denotes the unitary propagator of the closed system and

µ̂+ := |e1〉 〈g|+ |e2〉 〈g|
µ̂− := |g〉 〈e1|+ |g〉 〈e2|

(S63)

denote the components of the normalized dipole operator.
Now, extending the results of [11] to the case of a multi-time object, since we are dealing with a Gaussian environment we can

replace the unitary evolution by the dissipative one fixed by the Lindblad equation given by the surrogate Harmonic oscillators
defined in Sec.V; the general proof of such a statement will be provided elsewhere [23]. We thus end up with

Rse = Tr
{
µ−eLt3

[
eLt2

[
µ+eLt1 [|g, 0〉 〈g, 0|µ−]

]
µ+
]}

. (S64)

To evaluate Rse, we exploit a Dyson-like expansion for the Lindblad equation characterizing the Markovian closure, i.e.,

d

dt
%(t) = L

[
%(t)

]
:= −i[H, %(t)] +D

[
%(t)

]
(S65)

where the dissipator reads

D[%] :=

N∑
n=1

Γn

(
an%a

†
n −

1

2
{a†nan, %}

)
. (S66)

The evolution map corresponding to such a Lindbladian can be in fact formally written as [24]

eLt[%] = e−iGt%eiG†t (S67)

+

∞∑
j=1

N∑
n1,...nj=1

Γn1
. . .Γnj

∫ t

0

dτj . . .

∫ τ2

0

dτ1e−iG(t−τj)anj
e−iG(τj−τj−1) . . . an1

e−iGτ1%eiG†τ1a†n1
. . . eiG†(τj−τj−1)a†nj

eiG†(t−τj)
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where we introduced the non-Hermitian effective Hamiltonian

G = H − i
2

∑
n

Γna
†
nan. (S68)

Since G |g, 0〉 = an |g, 0〉 = 0, one easily sees that

eLt1
[
|g, 0〉 〈g, 0|µ−

]
= |g, 0〉 〈g, 0|µ−eiG†t1 , (S69)

which means that the jump contributions to the Dyson expansion (i.e., the terms of the form ank
σa†nk

) are not relevant for
single-time objects.

After the application of the second pulse at time t2 we have

µ+ |g, 0〉 〈g, 0|µ−eiG†t1 = %t1 . (S70)

We observe that G acts non trivially on µ+ |g, 0〉 = |Eb, 0〉: the interaction between the system and the chain perturbs the state of
the latter, and excitations start propagating along the chain. By applying the Dyson expansion (S67) to the evolution determined
by eLt2 on (S70) we have

eLt2 [%t1 ] = e−iGt2%t1eiG†t2 +

∞∑
j=1

N∑
n1,...nj=1

Γn1 . . .Γnj

∫ t2

0

dτj . . .

∫ τ2

0

dτ1 (S71)

e−iG(t2−τj)anj
e−iG(τj−τj−1) . . . an1

e−iGτ1 |Eb, 0〉 (S72)

〈Eb, 0| eiG†t1eiG†τ1a†n1
. . . eiG†(τj−τj−1)a†nj

eiG†(t2−τj). (S73)
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Let us focus on the term (S72). Since τ1 < t2, the operators anj
are expected to act trivially on e−iGτ1 |Eb, 0〉 as long as the

oscillators in the closure are in the vacuum state. By a direct inspection of the chain parameters and considered the closure
location M = 80, the population of the closure oscillators starting from the state |g, 0〉 can be estimated to be TM > 800fs (see,
for example, the bottom-left frame of Fig. S12). For the choice t2 = 500fs we can therefore safely neglect the jumps up to the
application of the second pulse, so that

eLt2
[
µ+eLt1 [|g, 0〉 〈g, 0|µ−]

]
≈ e−iGt2µ+ |g, 0〉 〈g, 0|µ−ei(t1+t2)G† . (S74)

The effect of the jumps can no longer be neglected, in principle, once the oscillators in the closure get excited; this happens
when the excitations travelling along the chain reach the closure. More precisely, for the considerations made above, the third
order response function reads

Rse ≈ 〈g, 0|µ−eiG†(t1+t2)µ+eiG†t3µ−e−iG(t2+t3)µ+ |g, 0〉+

∞∑
j=1

N∑
n1,...nj=1

Γn1...nj

∫ t3

0

dτj . . .

∫ τ2

0

dτ1 (S75)

× 〈g, 0|µ−eiG†(t1+t2+τ1)a†n1
. . . eiG†(τj−τj−1)a†nj

anj
e−iG(τj−τj−1) . . . an1

e−iG(τ1+t2)µ+ |g, 0〉 .

The jumps cannot be ignored when the last line of (S76) differs from zero namely, following the same argument as for (S72), for
t3 + t2 ≥ t2 + τ1 ' TM .

For the computation of 2DES spectra discussed in the main text and in Section III, however, such error has always been
negligible and certainly not discernible from the error generated by the other approximations related to the application of the
Markovian closure itself (see Section V). A clear example of this last kind of error is provided by the plots in last row of Fig. S12
showing the evolution of the average occupation number of the 80-th site. In the setting of Fig. S12, this is the site situated just
before before the Markovian closure. We see that the error is generated, as expected, when the excitations start reaching the
closure (around 0.8ps). More precisely, the average occupation number of the 80-th site is slightly underestimated; this error is
however related to the approximation introduced by the MC : as shown in Fig. S10, theN = 6 closure tends to slightly overdamp
the exact two-time correlation function C∞(t) defined in Eq. S45.

The same Fig. S12 allows to better understand why, for the specific case and parametrization of the MC, the evolution of
pure states by means of an effective non-Hermitian dynamics suffices to reproduce the dynamics determined by the Lindblad
master equation (S65). By inspecting the average occupation number of the 40-th and of the 80-th site (third and fourth row of
Fig. S12) it is in fact clear these chain sites, that are quite far from the system, are lowly occupied. The excitations generated by
the interaction with the system and travelling along the chain arrive therefore to the closure at a low rate. On the other side, is
designed to act as a “perfect absorber”, damping away incoming excitations at a rated that is, by design, the same as the rate at
wich the excitations arrive to the closure. A close look to the closure coefficients (see Tabs. I-III), on the other side, allows to
appreciate that there is a single auxiliary site in the closure having a damping rate (Γn) that is at least one order of magnitude
larger than the other, and that is always of the same order as the transfer rate (2K) from the last chain site (the M -th) to the
closure. Most of the absorption takes therefore place at that site. The evolution of the closure is therefore happening in the single
excitation subspace, where the average damping effect determined by the jump operators an can be mimicked by the effective
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evolution determined by G. While we do not have a formal proof of this fact, all the numerical evidence points in this direction.
This is indeed a most remarkable feature, allowing for the use of pure states not only in our 2DES related context.

Summarizing, for the model at hand we can thus neglect the jump contributions, thus arriving at

Rse ≈ 〈ψe,g(t2 + t1; t3)|ψe,g(t3 + t2; 0)〉 , (S76)

where we have defined

|ψe,g(t; s)〉 = e−iGsµ̂−e−iGtµ̂+ |g, 0〉 . (S77)

In this work we focus on two-dimensional spectroscopy with respect to t1 and t3, i.e., we want to evaluate Rse(t1, t2, t3) for
fixed t2 ≡ T2 and t1, t3 ∈ [0, T13]. Obviously we can not determine Rse|t2=T2

on the continuous interval [0, T13]× [0, T13] but
have to restrict to a discrete grid. Given a certain number of sample points N we can define

G = {tk := k δt | k = 1, . . . , N} (S78)

with a resolution in time of δT := T13

N . If we now want to evaluate Rse|t2=T2 on G × G we can proceed as follows. First, we
compute the evolution

|ψe(t)〉 := e−iGtµ̂+ |g, 0〉 (S79)

up to time t ≤ T13 + T2 and save the intermediate state for each t = tk + T2, tk ∈ G, to memory. Second, for any t = tk + T2,
tk ∈ G, we compute the evolution

|ψe,g(s; t)〉 = e−iGsµ̂− |ψe(t)〉 (S80)

up to time s ≤ T13. For each sk ∈ G load the previously computed state |ψe(sk + T2)〉 from memory, apply µ̂−

|ψe,g(sk + T2; 0)〉 := µ̂− |ψe(sk + T2)〉 , (S81)

and evaluate the overlap

Rse(tk, T2, sk) = 〈ψe,g(tk + T2; sk)|ψe,g(sk + T2; 0)〉 . (S82)

B. Simulation parameters, accuracy and computational performance

a. Absorption spectra In order to assess the computational performance and accuracy of TEDOPA+MC we considered
the computation of the first-order response function required to evaluate absorption spectrum introduced in Eq. (S14). More
precisely, the first-order response function is defined by

Rabs(t) := Tr
{
µ̂−U(t)

[
µ̂+ |g, 0〉 〈g, 0|

]}
= 〈ψe(0)|ψe(t)〉 (S83)

where

|ψe(t)〉 := Pt
[
µ̂− |g, 0〉

]
(S84)

and the propagator is either unitary, Pt := e−iĤt, for standard TEDOPA or non-unitary, Pt := e−iĜt, for TEDOPA+MC. For
both approaches the time-evolved states are determined by means of the Time-Dependent Variational Principle (TDVP) method
with single-site updates. We found that a converged solution [25] is obtained using a local dimension of D = 6 for all the
oscillators in the chain and in the closure, a time step-width of δt = 0.5 fs, and a MPS bond dimension of χ|ψ〉 = 8. The
Hamiltonian corresponding to the TEDOPA chain admits an exact MPO representation of bond dimension χTDP = 4 whereas
for the MC we need bond dimension χMC = 6 to account for the higher connectivity between oscillators. The top row of Fig. S12
shows a comparison of the results found with this configuration and variable extents of the environments. Most importantly, it
proves that TEDOPA+MC indeed yields accurate results over long simulation times without the necessity to increase the chain
length further and further.

In addition, we monitored the population of several oscillators over time in order to emphasize the capability to access
information about the environment within TEDOPA+MC. Indeed, as Fig. S12 indicates, TEDOPA+MC also yields accurate
results for these environmental observables. Even though the relative precision slightly degrades when looking at sites closer to
the closure, it is at worst of the same order as the approximation error of the semi-circle spectral density, cf. Fig. S10, and still
provides reliable information about the primary environment.



22

As discussed in the main text, TEDOPA+MC suffers mainly two sources of error. Firstly, the convergence of chain parameters
is an asymptotic statement, i.e., any truncation after a finite number of sites induces an error. Secondly, the approximation of the
semi-circle spectral density by means of an dissipative environment is error-prone. As Fig. S12 shows both of these errors can
be systematically reduced by increasing the size of the primary environment or using closures with more constituents and thus
higher accuracy, c.f. Fig. S10.

Fig. S12 clearly underlines that the MC is tailored to complement TEDOPA in order to be able to perform long-time sim-
ulations. While for standard TEDOPA the maximal simulation time is in general a linear function of the chain length N , for
TEDOPA+MC the maximal simulation time is independent of N for a fixed desired precision. This has two implications. From
the theory of matrix-product states we know that the memory cost scales as O(NDχ2), i.e., linearly in N . Hence, in contrast
to standard TEDOPA the memory cost of TEDOPA+MC is bounded by a constant which is independent of the simulation time.
Furthermore, the computational time of the TDVP scheme with single-site updates scales linearly in N [26, 27]. In total, we
therefore expect the computational time to scale quadratically as a function of the simulation time for standard TEDOPA whereas
for TEDOPA+MC we expect it to scale linearly. This statement is further supported by Fig.3(e) of the main text. There we con-
sidered the precision of Re 〈ψe(0)|ψe(t)〉 as a figure of merit and fixed ε = 10−3 as an upper bound on the error. Due to the lack
of an analytical solution this error is taken with respect to a reference solution obtained via standard TEDOPA with N = 240.
While TEDOPA+MC withN = 80+6 satisfies this criteria up to simulation time 4 ps, for TEDOPA we steadily have to increase
the number of oscillators in the chain. Hence, we first determined the maximal simulation time for N ∈ {20, 40, 60, . . . , 200}
and then evaluated the corresponding computational time.

b. 2D spectra The computation of 2D spectra is slightly more involved. In order to evaluate the third-order response
function we have to compute the overlap of two non-unitarily evolved states on a two-dimensional grid with resolution δT = 1 fs,
T13 = 1 ps and T2 = 0.5 ps, c.f. Section VI A for further details. The maximal simulation time for this grid is thus 2.5 ps. Again
we use the TDVP evolution scheme with time step-width δt = 0.5 fs, local dimension D = 6 for the first oscillator and D′ = 4
for the remaining oscillators, respectively. While the bond dimension of the state is set to χ|ψ〉 = 8, the MPO representation of
the non-hermitian generator Ĝ has bond dimension χTDP = 4 in the primary environment and χMC = 6 in the closure.
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[12] V. May and O. Kühn, Charge and Energy Transfer Dynamics in Molecular Systems: A Theoretical Introduction (Wiley-VCH, Berlin,

2000).
[13] H.-P. Breuer and F. Petruccione, The Theroy of Open Quantum Systems (Oxford University Press, Oxford, 2002).
[14] T. Renger, M. E. Madjet, A. Knorr, and F. Müh, Journal of plant physiology 168, 1497 (2011).
[15] F. Müh and T. Renger, Biophys. Acta 1817, 1446 (2012).
[16] D. M. Jonas, Annual Rev. Phys. Chem. 54, 425 (2003).
[17] T. Brixner, T. Mancal, I. V. Stiopkin, and G. R. Fleming, J. Chem. Phys. 121, 4221 (2004).
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FIG. S12. Comparison of system and environmental observables within the computation of first-order response functions: In the left
column we depict the real part of the first-order response function defined in Eq. (S83) as well a the average occupation on the 10th, 40th and
80th oscillator. These results are obtained by means of standard TEDOPA (TDP) with chain of different lengths (N = 80, 120, 160, 200, 240),
or by TEDOPA+MC (MC), with the closure made up of 6/8 sites attached to the 80/100-th site of the TEDOPA chain. In the right column
we depict the corresponding absolute errors with respect to the standard TEDOPA solution with N = 240.
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