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The phenomenon of Grokking, first reported by Power et al. [73], has gained significant attention for its
unusual characteristics. Grokking is defined by a delay in generalization, during which the training loss reaches
near-zero values while the test performance remains poor. This raises a critical question: if not the training
loss, what drives generalization? Understanding the mechanisms behind Grokking is essential for gaining
insights into the generalization process in broader deep learning contexts. In recent years, this phenomenon
has attracted growing interest, with numerous theories and observations proposed to explain it. In this work,
we aim to provide a comprehensive review that consolidates the current research and knowledge surrounding
Grokking.
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1 Introduction

Neural networks, along with gradient descent-based learning, have been transformative in the field
of machine learning, demonstrating applications across a wide range of domains (see Abiodun et al.
[1] for a review). Despite their success, the underlying behavior of these models remains poorly
understood, and many phenomena are yet to be fully explained. In this work, we focus on the
phenomenon of Grokking, as described by Power et al. [73].

In recent years, the phenomenon of Grokking has attracted significant research attention due to
its intriguing and puzzling nature. Grokking occurs when generalization happens long after the
training process has stagnated. A typical scenario is illustrated in Figure 1. This phenomenon is
usually characterized by three distinct phases: the memorization phase, the plateau phase, and
the generalization phase. The memorization phase is marked by a decrease in training loss and an
increase in training accuracy, though test accuracy remains low. The plateau phase is characterized
by stagnation in both training loss and accuracy, as well as in test accuracy. Finally, the generalization
phase is marked by a sudden increase in test accuracy.

The puzzling nature of Grokking is primarily evident during the plateau phase. Although it
may seem that the network is not making any progress for a period of time, it suddenly begins to
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Fig. 1. Grokking phenomenon: Generalization occurs long after training appears to have stagnated. The train-
ing loss reaches near-zero values early in the process (within the first 1,000 epochs), and the training accuracy
achieves near-perfect levels. However, during this time, the accuracy stays low. After a prolonged period
of stagnation (between 1,000 and 4,000 epochs), the test accuracy starts improving, eventually converging
between 4,000 and 8,000 epochs.

generalize. This raises a critical question: if the training loss is not responsible (since it is near-zero),
what drives generalization? What are the mechanism that allow the network to transition from
memorizing solutions to achieving generalization?

Initially observed for a limited set of algorithmically generated tasks, Grokking has now become
one of the most studied phenomena in the context of gradient descent learning. It has been observed
across various data settings and model architectures [35, 54]. Furthermore, several hypotheses have
been proposed regarding the factors that drive networks from memorizing solutions to achieving
generalization [44, 54, 55]. However, inconsistent findings have also been reported [28, 48, 54].

Understanding this phenomenon is crucial for the development of more robust and reliable
models. In this survey, we provide an overview of the Grokking phenomenon, its implications,
and the current state of research. Additionally, we discuss the challenges and open questions that
remain to be addressed.

This survey is organized into six main sections. Firstly, we provide a brief background that
introduces the key concepts and terminology used in the context of Grokking (Section 3). Secondly,
we discuss the mechanisms and hypotheses regarding what drives generalization or explains
the observed delay in generalization (Section 4). Thirdly, we offer a broad overview of the main
observations and findings related to the Grokking phenomenon (Section 5). Next, we discuss tasks
and datasets that have been shown to exhibit the Grokking phenomenon (Section 6). We then
explore models and architectures that have been studied in the context of Grokking (Section 7).
Finally, we conclude with a discussion of the challenges and open questions that remain to be
addressed (Section 9). Related works that mention Grokking, but do not explicitly study it, are
discussed in Section 8. Notes on the methodology used in this survey are provided in Section 2.

2 Methodology

This survey was conducted in three phases. In the first phase, we performed a literature search to
identify articles that cited the original Grokking article [73] and contained the term “Grokking” in
the title or abstract using the semantic scholar graph API [39]. We then removed duplicates and
examined articles with missing bibliography entries. At this stage, we were left with 241 articles.
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In the second phase, we classified the remaining articles based on their relevance to the Grokking
phenomenon. We manually removed articles that were irrelevant based solely on the abstract.
Finally, we skimmed through potentially relevant articles and removed any that were still deemed
irrelevant. The remaining 45 articles were included in the survey.

In the third phase, while organizing the findings among the 45 articles, we applied snowball
sampling to identify related works.

3 Background

In this section, we provide a brief overview of the concepts and terminology relevant to the Grokking
phenomenon. The purpose of this section is to serve as a reference for the reader, helping them
better understand the subsequent sections.

Notation. Let 7 = {fy : X — Y | 6 € ©} be a family of functions parameterized by 6, where X'
denotes the input space, ¥ denotes the output space, and © denotes the set of all possible parameters.
Let f* : X — Y denote the task-specific function that we aim to approximate. Let D = {(x;, yi)}i]i .

be a training dataset of size N, with x; € X and y; € Y. Let [ : F x2%*7 — Rbe aloss function that
measures the discrepancy between the predicted output and the true output. We denote the training
loss for a function fas I(f, D). The generalization loss is measured as I(f, {(x, f*(x)) : x € X'}).
For brevity, we will denote the training loss as [ and the generalization loss as l; and omitting the
second argument.

We will refer to overfitting or memorizing solutions as those functions for which L(f) ~ L(f*)
and [,(f) > l(f*). In contrast, we will refer to generalizing solutions as those functions for which
lg(f) ~ g(f*)

Grokking. The Grokking phenomenon refers to the phenomenon originally observed by [73],
where the generalization loss of a neural network suddenly decreases after a long period of stag-
nation. This phenomenon is typically characterized by three phases: the memorization phase, the
plateau phase, and the generalization phase. The memorization phase is marked by a decrease in
the training loss, but no improvement in generalization loss (i.e., L(f) ~ L(f*) and lg( > lg( ).
The plateau phase is characterized by stagnation in both training and generalization loss. Finally,
the generalization phase is characterized by a sudden decrease in generalization loss, after which
lg(f) ~ g(f*)

Optimal Set. The optimal set, also known as zero-risk manifold, is the set of parameters for
which the training loss is minimized. Formally, it is defined as

0" ={0€0 : (fy) = L(f)}

Generalizing Set. The generalizing set is the set of parameters for which the generalization loss
is minimized. Formally, it is defined as

0" ={0€0 : L(fy =L,(f)%}

Note that ©* C @,

Goldilocks Zone Hypothesis. The Goldilocks Zone Hypothesis [24] posits the existence of a
hollow spherical shell of parameters in which parameters within the optimal set are more likely
to be generalizing ones. We can formalize the Goldilocks zone hypothesis as follows: there exists
a preferred weight norm w* and a threshold € such that the parameter space § = {§ € © :
[116]] — w*| < €}, referred to as the Goldilocks zone, leads to generalizing solutions. That is,

Eg_ovnglle )] < Eg_genglls(fo)]
where G denotes © \ G.

ACM Comput. Surv., Vol. 58, No. 13, Article 327. Publication date: June 2026.



327:4 F. Bertolotti and W. Cazzola

Occam’s Razor Hypothesis. The Occam’s Razor Hypothesis posits that simpler models are
more likely to generalize. This is a general hypothesis that has been found useful in a variety
of domains. In the context of neural networks, it implies the existence of a complexity measure,
g + ©® = Ry, on the network parameters. Formally, the hypothesis states that for 6,0, € ©*,

g(@l) > g(ez) == lg(fﬂl) > lg(fHZ)'

Regularization. The term regularization refers to a set of techniques used to prevent overfitting
(see [63] and [90] for a review). Regularization is typically achieved by adding a penalty term to the
loss function. The most common form of regularization is L, regularization, which adds a penalty
term proportional to the square of the L, norm of the parameters. Formally, the regularized loss
function is given by
Where A is a hyperparameter that controls the strength of the regularization.

Kernel Regime. During the training of over parameterized neural networks, small changes in
parameter space can lead to large changes in the output space. When, during training, the network
does not distance itself from the initialization, the network is said to be in the kernel regime or lazy
training [11] (see [29] for a survey). When the network is in the kernel regime, we can approximate
its behavior with a linear model (with respect to the feature map ¢(x) = V fgo (%)), ];9, derived from
the Taylor expansion, as follows:

Jo) = fo, GO + V fg, GO (0 = o).

The error of this approximation is o(||0 —6,||), where 6, represents the initial parameters. Moreover,
as the width of the network increases, the approximation error decreases [11].
Cross Entropy Loss. The cross-entropy loss is a common loss function used in classification

tasks. It is defined as
1 N C
N Z Z Yielog(Fic),

i=1c=1
where y; . is the true probability of class ¢ for sample i, and j; . is the predicted probability for the
respective class and sample. Usually, the predicted probability is obtained by applying the softmax
function to the output of the network, often referred to as logits, z; .:
N ezi,c
Yie = 20

Yo, e

For numerical stability, the cross-entropy loss is often computed in log-space. That is,

C
~10g(jie) =~z + max(z) + log (Z ‘““) -
=1
Absorption Errors. In floating-point arithmetic, absorption errors occur when adding two
numbers with vastly different magnitudes. The smaller number is effectively “absorbed” by the
larger one. For example, when adding 10° + 107 in a floating-point system, the smaller number
(10™%) may be rounded off entirely due to the limitations in precision that can be stored.
A minimal Python program to illustrate an absorption error is as follows:

print(1el10+1e-10 == 1e10) # True

Despite using the more stable log-space computation, absorption errors can still occur when
the logits of the network become large. Specifically, when the logits (z; ;) corresponding to the
correct label become significantly large (3> 0) and the logits corresponding to the incorrect labels
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become very small (< 0), this can result in numerical instability due to precision limitations. More
precisely, absorption error can occur when computing

C
Z ezi,c_maxc(zi,c)
c=1

Maximal Margin Solution. When the data is linearly separable, we can select two hyperplanes
that separate the data, such that the distance between them is as large as possible. The region
between these hyperplanes is referred to as the margin. In this setting, a good classifier choice
is the hyperplane that lies halfway between the two hyperplanes. This is known as the maximal
margin solution. In practice, the maximal margin solution corresponds to solving the following
optimization problem:

min 1||w||2 subject to yi(wai +b)>1 Vi
wb 2
Where wis the vector orthogonal to the hyperplane, b is the bias term, and (x;, ¥;) is the ith training
sample.

For deep networks, the treatment of the maximal margin solution becomes more challenging
(see Elsayed et al. [23] for further reference).

4 Explaining Grokking

In this section, we aim to summarize the primary mechanisms and hypotheses that explain the delay
and generalizations associated with the Grokking phenomenon. Along with the main mechanisms,
we will present observations that either support or contradict these hypotheses. Overall, this will
lead to a complex picture in which multiple mechanisms may be at play at different stages.

4.1 Stumbling in the Dark Hypothesis

For under-parameterized neural networks, their optimal set, ®, (see Section 3) is small and scattered.
As the number of parameters increases, the optimal set also grows. Initially, it forms small and
scattered parameter patches with minimal loss. As we further scale the number of parameters,
these patches begin to merge, forming a connected region of minimal loss [50, 83] (see Figure 2).

When the network hit the near-zero training-loss region, the parameter exploration became
guided by mostly gradient noise. Eventually, during training, the network will stumble upon a set
of parameters that generalizes well, leading to the grokking phenomenon [60]. However, this can
happen only if the optimal patch at which the network lands is connected to a patch of generalizing
solution, ®*. This is depicted in Figure 2 as depicted in Figure 2(c).

Kozyrev [42] supports this hypothesis by proposing that stochastic gradient descent (SGD) behaves
like Brownian motion on ®*, known as the zero-risk manifold. According to the second law of
thermodynamics, the network tends to move toward flatter, lower-entropy regions of this manifold,
which are typically associated with better generalization [8, 32]. Kozyrev further explains the
dependence on training size by noting that each additional training sample imposes new constraints
on the zero-risk manifold without altering the region responsible for generalization.

This hypothesis aims to explain the delay in generalization while addressing the reason why
over-parameterized networks generalize better than their under-parameterized counterparts.

Barak et al. [3] explore the training of small neural networks for the sparse parity problem (see
Section 6) and find evidence against the stumbling in the dark hypothesis. Specifically, they present
the following observations:
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Fig. 2. The optimal set of parameters, ®, in three settings: under-parameterized, medium-parameterized,
and over-parameterized, shown in orange. The generalization set, ©*, is shown in purple. The dashed line
represents the path taken by the optimization algorithm, and the cross represents the initial set of parameters.

— The stumbling in the dark hypothesis would suggest the existence of a lucky initialization
that is close to generalizing solutions that lead to faster generalizations. However, the authors
found no such initializations.

— Sampling training batches differently leads to different parameter trajectories. According
to the stumbling in the dark hypothesis, one would expect some trajectories to lead to a
generalizing solution faster. However, the authors found no such trajectories.

— The time of convergence does not follow a power law with respect to the problem size, as
random exhaustive search would predict.

— Running several copies of the network simultaneously does not lead to a speed-up in conver-
gence time. The authors found no evidence of such a speed-up.

— The stumbling in the dark hypothesis suggests that while the network is training within the
optimal set of parameters but away from the generalizing set, no progress is made. However,
the authors found evidence of a hidden progress measure that continuously improves during
training.

4.2 LU Mechanism

Overview. The LU-mechanism describes the relationship between the train and test losses as a
function of the weight norm of a neural network. Consider Figure 3(a). The train loss exhibits
an L-shaped curve with respect to the weight norm. This implies that in the high-norm region,
there are many overfitting solutions but only a few generalizing ones. Conversely, in the low-norm
region, overfitting solutions are sparse. On the other hand, the test loss follows a U-shaped curve
with respect to the weight norm, reaching its minimum in the so-called “Goldilocks zone”, where
the generalizing solutions are located.

When the network is initialized with a high weight norm, gradient descent quickly converges
to an overfitting solution and remains stuck in this region, as the training loss enters a near-zero
regime. In contrast, when the network is initialized in the low-norm region, it progresses slowly
toward the Goldilocks zone. This behavior is illustrated in Figure 3(a). These phenomena are also
observed in practice.

When regularization is applied, the training loss in the high-norm region increases, as shown in
Figure 3(b). This encourages a gradual transition from the high-norm region toward the Goldilocks
zone, ultimately leading to a generalizing solution. This observation aligns with the well-established
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Fig. 3. Illustration of the LU-mechanism. (a) The train loss exhibits an L-shaped curve with respect to the
weight norm, while the test loss follows a U-shaped curve. (b) The effect of weight decay on the LU-mechanism
as its strength increases.

finding that weight decay can improve generalization [73]. Furthermore, Hu et al. [34] report that
generalization occurs with “just-right” decreases in the weight norm.

Supporting this hypothesis, recently Musat [65] showed that gradient descent training quickly
converges to a zero-training-loss memorizing solution, while weight decay drives movement in
this solution space toward lower-norm solutions associated with better generalizations.

In contrast with the LU-mechanisms, Levi et al. [48] analyze the gradient flow dynamics for a
simple linear model and conclude that grokking is primarily a result of the slower convergence
of the generalizing loss. Their results demonstrate that different initialization scales lead to a
rescaling of the training and test losses. This rescaling provides an explanation for why lower-norm
initialization results in better generalization.

Similarly, Golechha [28] shows that grokking can occur outside the Goldilocks zone. In their
experiments, the authors observe grokking even when negative regularization (which pushes the
network toward high norms) is applied. This observation is inconsistent with the LU-mechanism.
Similar conclusions are reported in [44, 97].

4.3 Slingshot Mechanism

Thilak et al. [88] note that, when the training accuracy is optimal, the classification layer exhibits a
cyclic behavior. Specifically, the norm of the last layer alternates between a plateau phase and a
phase of rapid growth. Furthermore, the transition between these two phases triggers spikes in
the loss. Figure 4 illustrates this phenomenon. The authors refer to this behavior as the slingshot
mechanism. They also observe that the slingshot mechanism is often accompanied by a sudden
improvement in generalization, measured as an increase in test accuracy.

The authors hypothesize that the slingshot mechanism may be caused by the nature of the
cross-entropy loss. Cross-entropy inherently pressures the classification layer to grow in norm to
reduce the loss. This norm growth continues until the curvature of the loss surface becomes large,
effectively “flinging” (hence the name slingshot) the weights into a different region of parameter
space. This abrupt transition leads to a spike in the loss.

Through their experiments, the authors find that each training run may experience multiple
slingshots. Moreover, models exhibiting signs of grokking also tend to experience slingshots,
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Fig. 4. ldealized representation of the slingshot mechanism. The weight norm of the last layer suddenly
grows from a plateau to plateau again. This rapid transition causes a spike in the loss.

whereas models that do not exhibit slingshots show no signs of grokking. Importantly, models that
undergo slingshots are observed to generalize better.

The authors also compare the slingshot mechanism to weight decay. Both phenomena prevent
the weights from growing unbounded—the slingshot mechanism by “slinging” the weights into
a different parameter region and weight decay by directly penalizing large weights. Thus, the
slingshot mechanism can be viewed as an implicit form of regularization. However, the authors
note that when weight decay is applied, the slingshot mechanism disappears.

Pascal et al. [68] analyze the loss landscape of deep neural networks during training. The authors
find that generalizing networks usually occurs when the loss and accuracy quickly oscillate. This
observation is then used to predict which model will eventually generalize. The authors argue that
the slingshot mechanism is a key factor in the oscillatory behavior. Furthermore, they suggest that
the model escapes the lazy regime during these oscillations, leading to generalization.

Similar to the LU mechanism, the grokking phenomenon has been observed in models that do
not exhibit the slingshot mechanism [48] and even in the presence of negative regularization [28].
This suggests that the slingshot mechanism is not the sole driver of generalization.

4.4 Kernel and Rich Regime

Overview. The kernel regime refers to an early training phase of over-parameterized neural
networks (see Section 3). During this phase, the network behaves like a linear model on the gradient
feature map [96] (see Figure 5 for a comparison of training dynamics in the kernel and rich regimes).
In the kernel regime, the network tends to overfit the training data [55]. Research indicates that,
under specific conditions, a network remains in the kernel regime for a duration proportional to
O(loga /M), where « represents the initialization weight scale and A the weight decay strength.
This suggests that a lower initialization scale and higher weight decay reduce the time spent in the
kernel regime [55].

While the kernel regime is associated with memorization rather than generalization, exiting
this regime leads to the rich regime, where the network demonstrates improved generalization
capabilities.

The transition between the kernel and rich regimes has been explained by Mohamadi et al. [61]
as the network approaching a maximal margin solution on the training data (Gradient descent has
been shown to converge slowly towards such solutions [56, 86, 94]).

ACM Comput. Surv., Vol. 58, No. 13, Article 327. Publication date: June 2026.



A Survey on Grokking 327:9

!l 6* !
y kernel !
, . '
’ !
. '
’ 4 1
O
4 ’ . 1
. , N J
. o .
’ 0y N g
’ \ 1
// \ 1
/ \ !
y \ '
’ \ U
’ 1 \
4 Kernel Regime', y
4 1
!
L Lo ______ e
]
1
'
!
1
|
1
a*
.

Fig. 5. ldealized representation of the kernel regime compared to the rich regime from [44]. In orange a
training trajectory that remains trapped in kernel regime. In purple a that escapes.

Supporting this perspective, Mohamadi et al. [62] demonstrated that neural networks operating

in the kernel regime during the modular addition task (see Section 6) fail to generalize unless nearly
all training data points are presented. However, once the network escapes the kernel regime, it
can generalize with a smaller proportion of the training data while maintaining a bounded weight
norm.
Further evidence suggests that label rescaling or logit rescaling can induce the kernel regime,
as shown by [11, 26]. This phenomenon was leveraged by Kumar et al. [44], who demonstrated
that rescaling controls delays in generalization in grokking scenarios. Additionally, Kumar et al.
[44] provided empirical evidence that networks achieve generalization once they escape the kernel
regime.

Recently, Tian [89] explains kernel regime as a phase of learning where the network uses random
features to quickly fit the training data. After this phase, the network transitions generalizing
phases of learning. Similarly, Pascal et al. [67] show that in the first phase of learning parameters
remain close to their initialization fitting the training data, while in the second phase, the learning
is driven by weight decay or other regularization mechanisms.

Although there is little evidence against the hypothesis that delayed generalization arises as a
consequence of the kernel regime, this framework provides limited insight into the mechanisms

driving generalization after the network exits the kernel regime.

4.5 Low Complexity Mechanism
Occam’s razor posits that the simplest explanation is the most likely to be correct. In the context of
neural networks, this principle is often used to explain generalization, suggesting that generalization

arises as networks converge to simpler solutions.

Miller et al. [59] propose that grokking may result from the network transitioning from high-
complexity solutions (associated with memorization) to low-complexity solutions (associated with
generalization). Figure 6(a) and (b) illustrates this concept. In the first, the high-complexity region
contains several low-loss solutions that fit the training data. Small changes in parameters can
lead to significant variations in the loss, indicating sensitivity and complexity. In contrast, the
low-complexity region has fewer low-loss solutions, and small parameter changes result in minor
loss variations, indicating stability and simplicity. Specifically, they characterize typical training

trajectories as follows:
(1) At initialization, parameters are in the high error high complexity (HEHC) region.
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Fig. 6. Comparison of a sharp and flat loss landscape. Often, the sharp region is associated with high
complexity solutions, while the flat region is associated with low complexity solutions. These figures are
merely illustrative and do not represent actual loss landscapes.

(2) Guided by gradient descent, parameters quickly move into the low error high complexity
(LEHC) region.

(3) When possible, parameters transition to low error low complexity (LELC) solutions, driven by
regularizers like weight decay.

The authors support their hypothesis by demonstrating that networks fail to generalize without
weight decay and that lower initialization scales reduce delays in generalization.

DeMoss et al. [17] introduce a complexity measure based on the compressibility of network
parameters as a proxy for Kolmogorov complexity [41]. Their findings indicate that sudden decreases
in test loss (signifying generalization) coincide with abrupt reductions in parameter complexity.
Furthermore, they show that explicitly penalizing complexity, rather than weight norm, can reduce
delays in generalization.

Other works explore various approximations of complexity:

— Sensitivity to dropout: Golechha [28] approximates complexity using dropout sensitivity,
reporting sudden drops in sensitivity at the point of generalization.

— Neuron plane crossings: Humayun et al. [35] measure complexity based on the number of
neuron plane crossings within a spatial region. Sudden drops in complexity are observed
during generalization.

— Linear region traversals: Liu et al. [53] approximate complexity by counting linear regions
traversed when interpolating between two points. Similar to other measures, complexity
drops align with generalization.

A complementary perspective is presented in [37], where the authors use a linearization of the
network to apply a complexity measure designed for linear models [15]. Their study reports that
complexity measured on training data diverges from that on test data at the onset of generalization.

While these studies suggest a strong correlation between generalization and low-complexity
solutions, some nuances remain unresolved. For instance, Xu et al. [97] document instances of
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Fig. 7. Two sub-networks (orange and purple) competing.

grokking without explicit regularization, highlighting the need for clearer evidence on what drives
networks to converge to low-complexity solutions.

4.6 Competing Sub-Networks Hypothesis

The competing sub-networks hypothesis proposes that during training, different sub-networks
within an over-parameterized neural network compete to represent the data. This competition
arises because the network can represent the data in multiple ways. Once the network generalizes,
one sub-network dominates. In Figure 7, two sub-networks (orange and violet) compete to explain
the output given the input.

Merrill et al. [58] suggest that grokking may stem from competition between two sub-networks:
a dense one and a sparse one. Initially, the dense sub-network dominates, driving memorization.
However, as the model begins to generalize, the sparse sub-network takes over. This hypothesis
is supported by experiments identifying the sparse sub-network and tracking its weight norms.
Remarkably, during generalization, the weight norm of the sparse sub-network increases sharply,
while the weight norms of other components decrease, indicating that the sparse sub-network
becomes dominant.

Additional research provides evidence for this hypothesis:

— Reverse engineering algorithms: Chughtai et al. [13] and Nanda et al. [66] reverse engineered
the algorithm implemented by neural networks at generalization stage (for group operation
task). They develop metrics to track the emergence of the reversed algorithms within the
network, which align with the onset of generalization.

— Emergent sub-networks in GPTs: Wang et al. [95] explore grokking-like phenomena in GPT
architectures during implicit reasoning tasks. Using techniques such as the logit lens [27, 98]
and causal graphs [70], the authors identify generalizing sub-networks that emerge as the
model transitions to generalization.

— Davies et al. [16] model grokking with a toy statistical model built on the assumption that
the network, during training, learns memorizing/generalizing features at different rates.

A contrasting perspective is offered by Bhaskar et al. [6], who test the competing sub-networks
hypothesis using transformer architectures on text datasets. They propose that instead of selecting
between competing sub-networks, the model initially learns a “core” set of simple heuristics.
Generalization occurs as the model learns to effectively combine these heuristics.
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Fig. 8. Max margin solution for a 2 class (orange and purple) problem.

4.7 Maximal Margin Hypothesis

Another potential explanation for grokking is tied to the observation that gradient descent with
cross-entropy loss slowly converges to a maximal margin solution [56, 86, 94] (see Section 3 for an
overview). Maximal margin solutions are often associated with better and more stable generalization
because small perturbations in the output do not alter predictions significantly (see Figure 8). These
solutions are also the primary objective of classical machine learning models like support vector
machines (SVMs) (7, 14].

Early in training, networks may simply memorize the training data, achieving high training
accuracy but poor test accuracy. As training progresses, the network gradually approaches the
maximal margin solution, resulting in improved generalization. This hypothesis is supported by
Mohamadi et al. [61].

However, while this explanation is plausible, it is important to note that grokking has been
observed with loss functions other than cross-entropy [20, 44], which do not inherently benefit from
the implicit bias toward maximal margin solutions. This indicates that maximal margin dynamics
may not be the sole mechanism driving grokking.

4.8 Different Convergence Rates

Levi et al. [48] analyze the exact gradient flow dynamics for simple linear models. They find that
the convergence rates of training loss and generalization loss differ, with the former converging
faster than the latter. This discrepancy in convergence rates is proposed as a key factor underlying
the delayed generalization observed in grokking. The authors test their hypothesis by plotting
the training loss against the analytically derived convergence rate, revealing a strong alignment
between the two.

A related observation is reported in [72], which explores the double descent phenomenon. In
their teacher-student framework, the authors identify two sets of features: one set is learned quickly,
causing an initial descent in loss, while the other set is learned more slowly, resulting in a second
descent. Although their work does not directly address grokking, it raises the possibility that a
similar mechanism could underlie the delayed generalization observed in grokking. Furthermore,
the authors analysis predicts an empirical double descent loss curve in the presence of small 12
regularization.

Davies et al. [16] propose a toy statistical model of the loss curve of grokking and double
descent. Their model is built on the assumption that the network, during training, learns
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memorizing/generalizing features at different rates. Their model is able to reproduce the loss curve
of grokking and double descent, arguing that the two phenomena are related.

This perspective offers a markedly different interpretation of the grokking phenomenon compared
to other hypotheses discussed earlier. It suggests that no inherently complex mechanisms are
required to explain grokking and that the observed dynamics could be attributed to fundamental
differences in learning rates for various features. However, it is important to note that these results
are derived from linear models, which may not fully capture the behavior of deep neural networks.

4.9 Detour States

Hu et al. [34] analyze training dynamics by examining various statistics of the weights (such as
norm, mean, variance, and trace) using hidden Markov models (HMM) [4]. They decompose the
training process into a Markov model, providing insights into the underlying training dynamics.
Specifically, they identify the presence of detour states, which, when entered during training,
systematically cause delays in convergence.

The existence of detour states indicates that the training process is sensitive to randomness.
The authors demonstrate that detour states can be avoided by employing techniques like layer
normalization [47], batch normalization [36], or skip connections [31]. When applied correctly, these
techniques simplify the Markov model associated with the training process into a straightforward
chain, where each state progresses towards the next, ultimately leading to convergence.

Additionally, the authors propose that successful training processes exhibit a “just-right” drop in
weight norm—neither too large nor too small. This observation aligns with the Goldilocks hypothesis.
They further hypothesize that grokking may emerge from a sharp optimization landscape that
facilitates a Slingshot mechanism.

While there is no evidence against the existence of detour states, the idea that grokking results
from a sharp optimization landscape is not supported. However, one could argue that a sharp
optimization landscape might arise from high-complexity regions of the parameter space. In such a
case, the literature presented in Section 4.5 lends support to this hypothesis.

4.10 Good Representation Hypothesis

Liu et al. [52] report that generalization on the modular addition (task 6) occurs only when a well-
organized representation is achieved within the embedding space (see Figure 9 for a comparison).
More specifically, they analyze the training dynamics in relation to an effective loss function that
depends solely on the embedding representation. Empirically, they observe that the gradient flow of
this effective loss mirrors the training dynamics of the embeddings, suggesting a close relationship
between generalization and the organization of the embedding representation.

This hypothesis can be viewed as part of the low complexity mechanism, as well-organized
representations are generally considered to have lower complexity compared to chaotic ones.

We note that Pearce et al. [69] observed non-generalizing models that, however, introduced
a well-organized representation. This suggests that the good representation hypothesis is not
sufficient to explain generalization in all cases.

4.11 Numerical Stability

Recently, Beck et al. [5] advanced the hypothesis that the failure in generalization observed in
grokking datasets (such as modular addition (see Section 6) or sparse parities (see Section 6))
may be caused by numerical stability issues in the softmax computation within the cross-entropy
loss (see Section 3). Specifically, the authors argue that during the plateau phase of training, the
cross-entropy loss tends to push the logits to extremely large or small values without affecting the
predictions. This update direction, termed naive loss minimization (NLM), reduces the training loss
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(a) Chaotic or “bad” representation (a 2-
dimensional projection).

(b) Organized or “good” representation (a
2-dimensional projection).

Fig. 9. Idealized representations of the embedding space. The left figure shows a chaotic representation, while

the right figure shows an organized representation. This figure is merely illustrative and does not represent
actual embeddings.

but does not modify the model’s predictions. As a result, absorption errors in Section 3 can occur
in the softmax computation, leading to zero-gradient updates and stagnation in generalization
loss.

The authors propose two simple fixes to address this issue:

(1) A numerically stable variant of the softmax function, called stable max.
(2) Projecting gradient updates onto the orthogonal space of the NLM direction.

They demonstrate that these two adjustments can significantly improve the delay and general-
ization behavior observed in the grokking phenomenon. A similar effect can also be achieved by
increasing the precision of the floating-point representation.

4.12 Summary

To summarize this section, let us make the following consideration.

— The Stumbling in the Dark hypothesis intuitively explains the delay in generalization but is
found to be inconsistent according to Barak et al. [3].

— The LU mechanism accounts for the observed Goldilocks zone and explains why weight
decay is necessary for grokking. However, inconsistent findings are reported in [28].

— The kernel regime explains how lower initialization, more data, and weight decay reduce the
delay in generalization and account for initial overfitting. However, inconsistent findings are
reported in [95] and [28].

— The low-complexity hypothesis invokes Occam’s razor and approximates complexity with
weight norm to explain the Goldilocks zone.

— The competing subnetworks hypothesis attributes the delay in generalization to the presence
of competing memorizing subnetworks vying for the final decision.

— The maximum margin hypothesis explains eventual generalization and potentially the delay.

— Differences in convergence rates between the training and generalization loss have been
reported as a potential factor in the delay.
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— Detour states are suggested to explain the delay in generalization, as they cause training to
stagnate temporarily.

— The good representation hypothesis explains the delay and generalization by proposing that a
well-organized representation, which may be difficult to discover, is crucial for generalization.

— Numerical stability errors have been proposed as an explanation for the delay in generaliza-
tion, particularly in the softmax computation.

It is important to recognize that these mechanisms are not mutually exclusive and may operate
at different stages of the training process. For instance, the kernel regime may initially drive
the network towards memorizing solutions, which are difficult to remove even as they reduce
the loss. Over time, regularization (either implicit, such as the slingshot mechanism, or explicit,
such as weight decay) may encourage generalization by discouraging the high-complexity circuits
responsible for memorization. Simultaneously, starting in a low-norm region (and by proxy, low-
complexity) may help the network avoid overly complex memorizing circuits, as suggested by the
LU mechanism and detour states. At the same time, a good representation could reflect the fact
that networks that generalize tend to exhibit lower complexity. Finally, numerical stability errors
may also contribute to delays in generalization.

5 General Observations

In this section, we summarize general observations about the grokking process. Note that these
observations have been made in different contexts ( hyperparameters, architectures, data, etc.) and
may not be directly comparable. However, they provide a broad understanding of the variables
that control the grokking process and how the main theories explain these behaviors. Table 1
summarizes the general observations.

The primary factors influencing the delay in generalization are weight decay strength, initializa-
tion scale, and the proportion of training data relative to test data. Notably, some authors find weight
decay to be necessary for generalization, while others consider it helpful but not essential. Similarly,
smaller initialization scales are observed to reduce the delay in generalization. These observations
generally support the Goldilocks hypothesis (Section 3) and, by extension, mechanisms like the
LU mechanism (Section 4.2). Supporters of the low complexity mechanism (Section 4.5) explain
these findings by approximating complexity with weight norm. At the same time, proponents of
the kernel regime mechanism (Section 4.4) argue that large initialization scales promote the kernel
regime, while weight decay acts to discourage it.

A considerable body of literature finds that different measures of complexity increase during the
memorization phase of grokking but decrease during the generalization phase. This supports the
Occam’s Razor principle Section 3 and, by extension, the low complexity mechanism (Section 4.5).

In addition, techniques known to smooth the loss landscape, such as noisy gradients, layer
normalization, and similar approaches [49], are found to reduce the delay in generalization.

Prakash and Martin [74] recently identified a phenomenon they term anti-grokking, where models
after grokking suddenly go through a disruptive phase and lose their generalization capabilities.

6 Tasks and Datasets

In this section, we provide an overview of task and dataset that have been studied in the context of
Grokking. Table 2 provides a summary. The most commonly studied tasks are algorithmic tasks
such as modular addition and sparse parities.

Sparse Parities. (1, k)-sparse parity problem refers to the binary classification tasks of n-length
binary strings. The task consists of determining the parity of the relevant k-bits of the input string.
The other n — k bits represent noise. To solve this task, the network must learn to recognize the
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Table 1. General Observations About the Grokking Process

Observation References
Goldilocks Hypothesis (“just-right” weight norm) [34, 50, 65, 73]
Sensitivity to randomness yields slower convergence [34]
Regularizing architectural choices such as layer [20, 34, 35]

normalization [47], batch normalization [36], skip
connections [31], or small batch size lead to faster convergence

Adding spurious features exacerbates the delay in [59]
generalization

Weight Decay reduces the delay in generalization [16, 20, 48, 50, 54, 55, 59, 62, 69, 72, 89, 93]
Lower initializations reduce the delay in generalization [54, 55, 59, 62]
More training data reduces the delay in generalization [35, 48, 50, 54, 93]
More training data does not reduce the delay in generalization [95]
Generalization delay can be amplified through data selection [67]
Increasing the output layer scale increases the delay in [5, 44]
generalization

Dropout decreases the delay in generalization [20, 28, 50]
Sparsity decreases in the memorization phase, and increases in [28, 58, 66, 69]
generalization phase

Complexity raises in the memorization phase, and decreases in [13, 17, 35, 53, 66]
generalization phase

Noised gradients reduce the delay in generalization [73]
Weight decay avoids numerical instabilities [5]
Weight decay is not necessary to exhibit generalization [5, 28, 44, 55, 64, 67, 97, 101]
Weight decay is necessary to exhibit generalization [17, 54, 59]
Slingshot mechanism leads to generalizations [68, 88]
Anti-Grokkinh [74]

relevant bits and to perform the parity of such bits. However, some natural datasets, such as MNIST
(vision modality) and IMDB (text modality), have been shown to exhibit grokking behavior.

Parity. The parity task consists of determining the parity of the input binary string. It is a special
case of the sparse parity problem where k = n.

Modular Operations. The modular operation task consists in learning to perform arithmetic
operations modulo p. The task is defined as follows: given two numbers a and b sampled uniformly
from {0, 1,..., p — 1}, the network must predict the result of the operation a>b mod p, where o is
a generic operation.

Modular Addition. Particularly popular among the modular operations, the modular addition
task consists of learning to add two numbers modulo p. The task is defined as follows: given two
numbers a and b sampled uniformly from {0, 1, ..., p — 1}, the network must predict the sum of a
and b modulo p,a+b mod p.

Permutation Composition. The permutation composition task consists of learning to compose
permutations. The task is defined as follows: given two permutations o; and o, of {0, 1, ..., p — 1},
the network must predict the composition of the two permutations, 7; o 7.

Group Operations. The group operation task consists of learning to perform group operations.
Given a group (G, *) the task is defined as follows: given two elements a and b from a group G,
the network must predict the result of the operation a o b, where e is a generic operation. This is a
generalization of the modular operation and permutation composition task.

Addition. The addition task consists of learning to add two numbers. The task is defined as
follows: given two numbers a and b from {0, 1, ..., p}, the network must predict the sum of a + b.
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Table 2. Task and Dataset That Have Been Studied in the Context of Grokking

Task Modality References
Group Operations algorithmic [13]
Modular Operations algorithmic [16, 17, 59, 68, 73, 88,
101]

Modular Addition algorithmic [5, 13, 17, 20, 34, 44, 50,
53, 55, 59, 61, 62, 65, 67—

69, 73, 80, 89]

Addition algorithmic [50]
Sparse Parity algorithmic [3, 5, 34, 58, 69]
Parity algorithmic [51,97]
Permutation Composition algorithmic [13, 53]
Polynomial Regression algorithmic [44]
Teacher-Student Setup algorithmic [48, 67, 72, 80]
Sampled Data algorithmic [54, 54, 55, 93]
MNIST vision [5, 28, 44, 50, 54, 67, 74]
CIFAR-10 vision [88]
CIFA-100 vision [35]
IMDB text [54]
Implicit Reasoning text [95]
QM9 other [54]

MNIST. The MNIST [46] dataset consists of 28 x 28 gray scale images of handwritten digits from
0 to 9. The task consists of classifying the digit in the image.

CIFAR-10. The CIFAR-10 [43] dataset consists of 32 x 32 color images of objects from 10 classes.
The task consists of classifying the object in the image.

CIFAR-100. The CIFAR-100 [43] dataset consists of 32 x 32 color images of objects from 100
classes. The task consists of classifying the object in the image.

IMDB. The IMDB dataset [57] consists of movie reviews labeled as positive or negative. The task
consists of classifying the sentiment of the review.

OM9. The QM9 dataset [77] comprises approximately 134,000 small organic molecules, each
containing up to nine heavy atoms (carbon, nitrogen, oxygen, or fluorine). For each molecule, it
provides quantum chemical properties calculated using density functional theory.

Implicit Reasoning. Wang et al. [95] built a custom implicit reasoning dataset. This dataset
is made of atomic facts and inferred facts. For example, an atomic fact may be “Barack’s wife
is Michelle” and “Michelle is born in 1964” while an inferred fact is “Barack’s wife is born
in 1964”.

Polynomial Regression. Kumar et al. [44] studied the grokking phenomenon with the high-
dimensional polynomial function y(x) = %(ﬂx)z as target. x, f € R%.

Teacher-Student Setup. The teacher-student setup corresponds to a broad class of tasks where
a network randomly initialized, fg* , perform the role of teacher. Meanwhile, a second network
similar in architecture, gy is trained to match the teacher’s output.

Sample Classification Data. Sample data refer to a broad set of task where input point belonging
to different class are sampled from fixed distributions. The task consists in learning to classify the
input points.
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Table 3. Task and Dataset That Have Been Studied in the Context of Grokking

Model References
Multi-Layer Perceptron [3, 5, 20, 28, 34, 35, 44, 50, 53-55, 58, 59, 61,
62, 65, 67, 69, 74, 80, 88, 89, 97]

Transformer [3, 5, 16, 17, 20, 34, 35, 50, 66, 68, 73, 88, 95,
101]

ResNet [34, 35]
Convolutional Neural Network [35]
Gaussian Process [59]
Bayesian Neural Network [59]
Linear Model [48, 72, 93]
Recurrent Neural Network [54]
Graph Neural Network [54]

7 Models and Architectures

In this section, we provide an overview of the models and architectures studied in the context
of Grokking. Table 3 provides a summary. For a more detailed discussion, we refer the reader to
the original articles. The most commonly studied models are transformers [91] and multi layer
perceptrons (MLP) (2, 78].

Linear Model. The linear model is a simple model that assumes a linear relationship between
the input and the output. The model is defined as

y=Wx+b.

Where W is the weight matrix and b is the bias vector. When b # 0, the model is affine. The
parameters of the model are the weights W and the biases b.

Multi-Layer Perceptron. The MLP is one of the most popular and earliest architecture. It is a
feedforward neural network that consists of a sequence of fully connected layers, each connected
to the next. The basic layer is an affine transformation followed by a non-linear activation function:

R+D) = (W +DRD 4 pU+D)

Where h(®) represents the input x, and A is the output of the network. The parameters of the
network are the weights WO and the biases b for each layer L The activation function ois typically
a non-linear function such as the sigmoid or the ReLU function.

Convolutional Neural Networks (CNNs). CNNs [25, 45] are a type of neural network architec-
ture that is designed to process grid-like data, such as images. CNNs are composed of convolutional
layers, pooling layers, and fully connected layers. The convolutional layer is defined as

AED = WD & pO 4 pU+D),

Where = is the convolution operator, WO is the convolutional kernel, and bD is the bias. The
pooling layer is usually a max-pooling or average-pooling layer that reduces the spatial dimensions
of the input. The fully connected layer is the same as in the MLP.

ResNet. ResNet [31] is a deep neural network architecture that introduces residual connections.
The idea is to learn the residual of the input and the output of a layer, instead of learning the output
directly. This is done by adding the input to the output of the layer:

RU+D = pO 4 £(RD),
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Where fis the residual function that is learned by the network. This architecture allows to train
very deep networks, by mitigating the vanishing gradient problem. In [31], the residual function is
a convolutional network.

Transformer. The Transformer [91] is a neural network architecture that is based on alternating
multi-head self-attention and feedforward residual layers. A single-head self-attention layer is
implemented as

KT
Attention(Q, K, V) = softmax (Q> \%

N

Q. K, V= WQx, Wiex, Wyx.
While a feed forward layer is implemented as
FEN(x) = o(Woo(Wyx + by) + by).

Popular variant of this architecture are the BERT [18], GPT [75], T5 [76], and ViT [21].

Recurrent Neural Networks (RNNs). RNNs [81] are a type of neural network architecture
that is designed to process sequential data. RNNs have a hidden state that is updated at each time
step, and the output is computed based on the hidden state. The basic RNN cell is defined as

O = g(Wx® + URE-D 4 p).

Where h® is the hidden state at time L, x® is the input at time t, W and U are the weight matrices, b
is the bias, and o is the activation function. A popular variant of the RNN are long short-term memory
(LSTM) [32] cell, gated recurrent unit (GRU) [12], and receptance weighted key value (RWKYV) [71].

Graph Neural Networks (GNNs). GNNs [30, 82] are a type of neural network architecture
that is designed to process graph-structured data. GNNs have a message passing mechanism that
allows nodes to communicate with their neighbors. The basic GNN cell is defined as

hl(l+1) :O_<W(l+1)hl(l)+ Z W(l“)h;l)),
JEN()

Where hl-(l) is the hidden state of node i at layer [, w® is the weight matrix, V(i) is the set of
neighbors of node i, and o is the activation function. Popular variant of the GNN are the graph
convolutional network (GCN) [40], and graph attention networks (GAT) [92].

Gaussian Processes (GPs). GPs are a type of non-parametric probabilistic model used for
regression and classification tasks. A GP is defined by a mean function p(x) and a covariance
function k(x, x”). For a target function f(x), the GP is defined as

J) ~ N (p(x), k(x, x7)).

Training a Gaussian Process involves learning the hyperparameters of the kernel function (and
sometimes the mean function).

Bayesian Neural Networks (BNNs). BNNs are neural networks with probabilistic weights. The
weights are treated as random variables, and the network is trained by maximizing the marginal
likelihood of the data. This is done by approximating the posterior distribution of the weights using
variational inference of Markov chain Monte Carlo (MCMC) methods [38].

8 Related Works

While we mainly discuss works focusing on the Grokking phenomenon and its associated mecha-
nisms, in this section, we try to address works that reported phenomena that may be relevant to
this study albeit not focusing on Grokking explicitly.
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von Oswald et al. [85] report a Grokking-like curve in in context learning (ICL) tasks. Murty et al.
[64] discuss the phenomenon of Structural Grokking. Grokking-like curves are also reported in the
NeQa dataset [99]. Hoffmann et al. [33] study sudden generalizations in multi-hop reasoning tasks.
Stander et al. [87] and Zhong et al. [100] discuss an alternative algorithm to [13] implemented
by a neural network through gradient descent. A slingshot-like mechanism is proposed in [79].
Dziri et al. [22] discover a Grokking-like phenomenon while studying the limits of transformers in
multi-hop reasoning tasks. Dohmatob et al. [19] study how the introduction of synthetic data affects
scaling laws. They recover grokking-like curves. Song et al. [84] introduce two information-based
metrics to quantify the interplay between data representation and class classification heads. In [9]
grokking is further reported on custom datasets. Grokking is also reported in [10] while interpreting
transformer results on the greatest common divisor.

9 Conclusion

In this survey, we reviewed a wide range of studies that explore the Grokking phenomenon, focusing
on various proposed mechanisms and their influence on generalization during training. Through a
detailed examination of the literature, we have identified several key factors that appear to control
the grokking process, including weight decay, initialization scale, and the proportion of training
data relative to test data. The theories and mechanisms discussed-ranging from the kernel regime
to low-complexity hypotheses, offer valuable insights into the complex dynamics of neural network
generalization and the delay often observed during grokking.

Despite the progress in understanding these phenomena, it is clear that no single mechanism fully
explains the behavior. Rather, multiple mechanisms may be at play at different stages of training,
and further empirical investigations are needed to clarify their interactions. For example, slingshot
mechanisms, low-complexity transitions, and Goldilocks zone are all compatible with each other
and may jointly contribute to the sudden onset of generalization observed in grokking. Additionally,
challenges remain in pinpointing the exact causes of delays in generalization, especially in the
context of more complex network architectures and diverse datasets.

As the field continues to evolve, future research should aim to integrate these mechanisms
into unified models and explore their practical applications and interaction in improving training
efficiency and generalization capabilities. Ultimately, a deeper understanding of grokking and the
factors that influence it could lead to more robust and generalizable machine learning models across
a wide range of tasks.
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