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Introduction

Lukasiewicz logic was introduced in the early 1900s as a non-classical logic system. Unlike classi-
cal logic, which only has 0 and 1 as truth values, Lukasiewicz logic is a many-valued logic system
that accepts any real number between 0 and 1 as truth value. It is especially helpful to formalize
situations where there is uncertainty or imprecision in statements, such as in natural language,
where statements may only be partially true or false. The algebraic models of Lukasiewicz logic
are the MV-algebras. MV-algebras are a class of algebras that generalize Boolean algebras,
which are used to model classical logic. In particular, an MV-algebra is an algebraic structure
(A, ®,—,0) where @ is a binary operation which is both associative, commutative, with the con-
stant 0 as neutral element, and — is a unary operation, such that the following equalities hold:
——x =z, 2®-0=-0, and ~(-x B y) Dy = ~(-y ®z) ®x. The aim of these conditions is to
capture particular characteristics of the real unit interval [0, 1], equipped with two operations:
the negation -z := 1 —z and the truncated addition z &y := min(1, 2 +y). It has been proved in
[44] that the variety MV of MV-algebras is equivalent to the category of lattice-ordered abelian
groups with fixed order-unit, denoted by ufAb. A lattice-ordered group is an algebraic structure
of signature {+,0, —, vV, A} satisfying the axioms of groups, the axioms of lattices, and the axioms
related to the distributivity of the group operation over both the lattice operations. A lattice-
ordered group is abelian if the group operation is commutative. Given a lattice-ordered group
G we can define, for every element = of G, |z| =z V —z. An order-unit u of G is an element
0 < u € @G satisfying the following property: for every z € G, there exists a natural number
n € N such that |z| < nu. Despite their importance in logic, MV-algebras and lattice-ordered
groups have been underexplored from a categorical-algebraic perspective. The goal of this thesis

is precisely to investigate the categorical properties of these structures.

The first chapter focuses on the category ¢Grp of lattice-ordered groups. Being a variety of uni-
versal algebras with a unique constant and a group operation, /Grp is a semi-abelian category.
Semi-abelian categories were introduced in [39] in order to capture the categorical properties
of groups, following the same idea that led to the notion of abelian category, which describes
very efficiently the properties of abelian groups and modules over a ring. Semi-abelian categories

are pointed, Barr-exact, finitely cocomplete category where the Split Short Five Lemma holds.
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However, the effectiveness of the notion of semi-abelian category in expressing the properties of
groups is weaker than the notion of abelian category in relation with abelian groups and modules.
For this reason, additional conditions have been considered in recent years to get a better ap-
proximation of the structural properties of the category of groups; among these, one can mention
representability of actions, algebraic coherence, and strong protomodularity. In the first chapter
of this thesis, we show that ¢Grp is strongly protomodular [8], fiber-wise algebraically cartesian
closed [15], and its full subcategory ¢Ab of lattice-ordered abelian groups is algebraically coherent
[22]. Neither ¢Grp nor £Ab is action accessible [I8]; this observation answers an open question

presented in [22].

The second chapter of this thesis is dedicated to exploring various categorical properties of the
category of MV-algebras. Although the category of MV-algebras is not pointed and, as such,
not semi-abelian, it possesses several noteworthy categorical properties. For instance, MV is a
protomodular and arithmetical category, and we provide explicit examples of protomodularity
and arithmeticity terms. Additionally, using the categorical equivalence between MV and ufAb,
it is proved that in every category of points on MV, subobjects have centralizers. A significant
portion of this chapter is focused on the study of idempotent elements in MV-algebras. Given an
MV-algebra A, an element e € A is idempotent if it satisfies the identity e @ e = e. The subset
Idem(A) of idempotent elements of A is a subalgebra in which all elements are idempotent. In
other words, Idem(A) is a Boolean algebra with respect to the inherited operations from A. This
assignment establishes an adjunction: the functor Idem: MV — Boole is the right adjoint of the
inclusion functor ¢: Boole — MV. By exploiting the adjunction just introduced and the classical
results of Stone Duality, we define the Pierce structural space relative to the idempotents of an
MV-algebra. The study of this structural space leads to similar results to those obtained for
unitary rings and presented in [4]. Thus, this chapter provides a framework for studying the ad-
junction between MV-algebras and Boolean algebras from the perspective of categorical Galois

theory, offering valuable insights for future research in this area.

In the third chapter, we investigate the relationship between the category of MV-algebras and
two of its full subcategories: the subcategory pMV of perfect MV-algebras and the subcategory
sMV of semisimple MV-algebras. For a given MV-algebra A, its radical, denoted by Rad(A4), is
the intersection of all maximal ideals of A. The radical of A can be characterized as follows:
an element a belongs to Rad(A) if and only if na < —a for every natural number n, where na
denotes the iterated sum of the element a with itself n times. An MV-algebra is perfect if it can
be expressed as the union of its radical and the negation of it. An MV-algebra is semisimple
if its radical is trivial, i.e. it consists only of 0. This pair of subcategories of MV defines a pre-
torsion theory. The definition of pretorsion theory [30] was introduced to generalize the notion
of torsion theory to the non-pointed case. In this chapter we also prove that the reflection of

semisimple MV-algebras gives rise to an admissible adjunction for the categorical Galois theory.
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In particular, we provide an explicit description of central extensions with respect to this Galois
structure. These central extensions are exactly the surjective morphisms of MV-algebras whose
restriction to the torsion part is either injective or the unique arrow from the initial object to the
terminal one. Furthermore, this pretorsion theory induces a stable factorization system (&, .#)
on the category MV, where & consists of all surjective morphisms of MV-algebras whose kernel is
contained in the radical of the domain, while .# is given by all morphisms of MV-algebras whose
kernel has trivial intersection with the radical of the domain. Finally, by observing that central
extensions form a reflective subcategory in the category of regular epimorphisms and that also
the adjunction induced by this reflection is admissible for categorical Galois theory, it is possible
to study and characterize higher-order central extensions. Using this characterization, we can
provide a notion of commutator, in the non-pointed case, between two ideal subalgebras of an

MV-algebra, with respect to this Galois structure.

The good properties of the reflection of semisimple MV-algebras have led us to generalize the
results obtained in [27] to the non-pointed case, highlighting the connection between pretorsion
theories, Galois structures, and stable factorization systems. Specifically, we work in protomod-
ular, Barr-exact and finitely cocomplete categories C, satisfying the following conditions: the
initial object 2 and the terminal object 1 are not isomorphic; every arrow with domain 2 and
codomain a non-terminal object is a monomorphism; and the terminal object is strict, meaning
that every morphism from 1 is an isomorphism.

In [20], the authors introduced the notion of a protoadditive functor: a functor between pointed
protomodular categories is protoadditive if it preserves split short exact sequences. Moreover, the
authors of [27] show that a zero-preserving functor between pointed protomodular categories is
protoadditive if and only if it preserves pullbacks along split epimorphisms. This characterization
allows us to extend this notion to our framework: we define a functor to be protoadditive if it
preserves the terminal object, the initial object, and the pullbacks along split epimorphisms.

In the fourth chapter, our attention is devoted to the study of pretorsion theories (7, %) defined
in categories which satisfy the properties described above, such that 7 N % = {1,2}. While
exploring this setting, we encounter a class of torsion objects that exhibit anomalous behavior.
Namely, the class of objects B € C such that F(B) = 1, where F' denotes the reflector onto the
subcategory #. In order to handle such objects and obtain results analogous to those presented
in [27], we introduce new conditions for a pretorsion theory to satisfy with respect to any objects
A BeC:

(P1) if F(B) =1, then F(A x B) & F(A);

(P2) if F(B) =1 and A # 1, then the sequence 2 x B Laxids, A B T4 Ads pre-exact, and
2 x B belongs to 7.

The conditions described above enable us to define both a Galois structure and a stable factor-

ization system starting from a pretorsion theory.
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Specifically, with a pretorsion theory that satisfies (P1) and has a protoadditive reflector onto
the subcategory of torsion-free objects, we can construct an admissible adjunction for categorical
Galois theory. For this Galois structure, the following fact holds: an effective descent morphism
f is a central extension if and only if the domain of the prekernel of f, defined up to isomorphism,
is a torsion-free object.

Furthermore, we can define a stable factorization system (&,.#) on the category C from a pretor-
sion theory that satisfies condition (P2) and where, for every arrow f: A — B, the composition
T(K[f]) —
of f, and T is the coreflector on the subcategory .7). Specifically, & consists of all precokernels
e with K[e] € 7, while ./ consists of all arrows m with K[m] € 7.

In conclusion, we present some examples of pretorsion theories that satisfy our properties, in

K[f] %y Ais the prekernel of an arrow with domain A (k represents the prekernel

addition to our guiding example for MV-algebras. In the dual of the category of M-sets (where
M is a fixed monoid), we can consider the pretorsion theory whose torsion objects are the M-sets
with at most one fixed point, while the torsion-free objects are the M-sets consisting only of fixed
points. In the category Heyt of Heyting algebras, we study the pretorsion theory whose torsion
objects are the Heyting algebras in which the negation of each element is either 0 or 1, and the
torsion-free objects are the Boolean algebras. Finally, we present a pretorsion theory in the dual
of the category of simplicial sets, where the torsion objects are the simplicial sets with at most

one vertex, and the torsion-free objects are the simplicial sets consisting only of vertices.



Chapter 1

Categorical-Algebraic Properties

of Lattice-ordered Groups

A lattice-ordered group is a set endowed with both a group structure and a lattice structure
such that the underlying order relation is invariant under translations. In other words, a lattice-
ordered group can be defined as an algebraic structure of signature {-,e,”1,V, A} satisfying the
axioms of groups, the axioms of lattices, and the axioms related to the distributivity of the
group product over both the lattice operations. Therefore, the category of lattice-ordered groups
(denoted by ¢Grp) can be presented as the variety of models associated with the equational
theory just described.

Recently, lattice-ordered groups have emerged in many areas of mathematics. For instance, in
the study of many-valued logic (as shown in [44], the category of lattice-ordered abelian groups
with a distinguished order-unit is equivalent to the one of MV-algebras, which provides algebraic
semantics for Lukasiewicz many-valued propositional logic [21]), in the theory of Bézout domains,
in complex intuitionistic fuzzy soft set theory, and in varietal questions in universal algebra.
Although the notion of lattice-ordered groups is as natural as that of rings or partially ordered
groups (it suffices to say that examples of lattice-ordered groups include the set of integers Z,
the set of rational numbers Q, and the set of real numbers R with the usual group sum and the
usual order structure), there are currently no studies about this variety from a categorical point
of view. The purpose of this work is precisely to explore these aspects.

A first observation is that the category of lattice-ordered groups is semi-abelian. In the same
spirit of how abelian categories describe the properties of the categories of abelian groups and
of modules over a ring, the notion of semi-abelian category is aimed to capture the homological
properties of the category of groups. In short, a semi-abelian category [39] is a pointed finitely
cocomplete category which is Barr-exact and protomodular (i.e. the Split Short Five Lemma

holds). Examples of semi-abelian categories include, for instance, groups, rings without unit,



loops, Lie algebras, Heyting semilattices, etc. However, the notion of semi-abelian category
is not as efficient in capturing the properties of groups as the one of abelian category is with
respect to abelian groups and modules. Therefore, additional categorical-algebraic conditions
have been introduced over the years to get closer to a characterization of the structural properties
of the category of groups; among these, one can mention representability of actions [5], algebraic
coherence [22], and strong protomodularity [9]. The first chapter of this thesis is aimed to study
which of these properties hold in the category of lattice-ordered groups.

In Section [L.1] we recall some classical facts about lattice-ordered groups and we focus on the
notion of semi-direct product in £Grp.

In Section [I.2] we study the nature of commutators in {Grp and we show that every subobject
admits a centralizer, which coincides with the classical notion of polar; moreover, we prove that
£Grp is algebraically cartesian closed.

In Section we give an alternative proof of the known fact that ¢Grp is arithmetical using the
observation that the only internal group object is the trivial one.

In Section |1.4] we show that ¢Grp is strongly protomodular; this property implies that, among
other things, the commutativity of internal equivalence relations in the Smith-Pedicchio sense [46]
is equivalent to the commutativity in the Huq sense [36] of their associated normal subobjects.
Moreover, we prove that in /Grp every internal equivalence relation admits a centralizer and we
provide a description of it.

Section [1.5] is devoted to the study of action accessibility, a property related to the existence
of centralizers of internal equivalence relations; here we observe that, despite £Grp is not action
accessible, there is a construction of centralizers which is very close to the one developed in [1§]
for the action accessible category of rings without unit.

Section [L.6]is aimed to prove that the category of lattice-ordered groups is fiber-wise algebraically
cartesian closed (i.e. each category of points in ¢Grp is algebraically cartesian closed); in detail,
we show that in each category of points in ¢Grp every subobject admits a centralizer, and we
provide a description of it.

In Section we study the properties of the Higgins commutator in /Grp; in particular, we prove
that ¢Grp satisfies the condition of normality of the Higgins commutators showing that the Huq
commutator of a pair of ideals (i.e. kernels of some arrows) is nothing more than the intersection
of the two ideals.

Finally, in Section we focus our attention on the study of the categorical-algebraic properties
of the variety of lattice-ordered abelian groups (denoted by ¢Ab). To be precise, we show that ¢/Ab
is algebraically coherent; this condition implies several algebraic properties (such as, for example,
strong protomodularity, normality of the Higgins commutator, and the so-called “Smith is Huq”
condition). Furthermore, we observe that the category of lattice-ordered abelian groups provides
an example of an algebraically coherent category that is not action accessible (thus solving the
Open Problem 6.28 presented in [22]).
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1.1 Preliminaries

In this section, we recall the notion of lattice-ordered group. Roughly speaking, a lattice-ordered
group is a set endowed with a group structure and a lattice structure such that the group

operation is distributive with respect to the lattice operations.
Definition 1.1.1. A lattice-ordered group is an algebra (X, -, e,”1,V) where:
LG1) (X,-,e,~ 1) is a group,

LG2) (X,V) is a semilattice (i.e. V is a binary, associative, commutative and idempotent opera-

tion on X ) and

LG3) for every x,y,z € X the following equalities hold

x-(yvVz)=(x-y)V(x-z) and

(zVy)-z=(z-2)V(y-2)

A morphism between two lattice-ordered groups (X,-,e,”1 V) and (Y,-,e,”*,V) is amap f: X —
Y such that f is both a group homomorphism between (X, -,e,”1) and (Y,-,e,~') and a semilattice
homomorphism between (X,V) and (Y,V).

The category £Grp is the category whose objects are the lattice-ordered groups and whose arrows

are the morphisms between them.

Lattice-ordered groups appear in many different fields of mathematics. The set of integers
Z, the set of rational numbers Q, and the set of real numbers R with the usual group sum
and the usual order structure are lattice-ordered groups. Moreover, given a totally ordered
set I' we can provide a lattice-ordered group structure on the set of order automorphisms
Aut(T"): for every f,g € Aut(I') the group product is defined as the composition f o g, and
(f vV g)(z) == max(f(x),g(x)) for all z € . These and other examples can be found in any

textbook on lattice-ordered groups, as for instance [40] and [IJ.

We will often denote a model of an algebraic theory (A, &) (where & is the set of internal
operations) with the underlying set A. So, for instance, we will indicate a lattice-ordered group
(X,-,e,”1,V) simply with X.
Given a lattice-ordered group X we will assume that the product precedes the lattice operation,
i.e.

x-yV z stands for (z-y) V 2.
Finally, when we work with group operations we will concatenate the elements to indicate the

product between them, i.e.

xy stands for x - y.



4 1.1. Preliminaries

In the literature, lattice-ordered groups are usually presented as algebras on the set of operations
{-,e,71,V, A} satisfying the group axioms, the lattice axioms and the axioms related to the left
and right distributivity of the group operation over both lattice operations. However, in this
thesis, we have preferred a presentation that does not directly involve the meet operation in
order to facilitate the description of the semi-direct products (topic that will be covered in the
final part of this section). In fact, starting from Definition it is always possible to define,

in a unique way, the meet operation. Explicitly, given a lattice-ordered group X we can define
zAy = (27t vy ! for every z,y € X.

Clearly, the new binary operation is associative and commutative (it is, moreover, idempotent).
We observe that for all z,y € X

eA(@Vy) =@ Vvy) )T =) =
in fact z < 2 Vy implies (x Vy)~! <271 and hence 2=tV (x Vy)~! =271

Furthermore, for every z,y € X, we have
zV(zAy)=azVE@ vy ) =2

since v~ < 271 vy~ ! implies (z7' vV y~1)~! < . Therefore, (X, V,A) is a lattice.
Now, we have to prove that the group product distributes also over the meet operation; in other

words, we want to show that
x(yAz)=zyAzzand (rAy)z =z2Ayz
for all z,y, z € X. We have that

wlynz) =aly v )= (v e

=((y e v (e = ((ay) 7V (@2) T T = (ay) A (a2).

The proof of the other equality is similar. Therefore, also (X,-,e,”,A) is a lattice-ordered
group.

Moreover, it is easy to show that every morphism in {Grp preserves also the meet operation
defined above.

Finally, it is a known fact that the lattice (X, V, A) is distributive; a proof of this last result can
be found e.g. in [40] and [IJ.

Definition 1.1.2 ([0, ]). Let X be an object of £Grp. For every x € X we define

T =aVe 7 =xAe and |z| ::x\/a:_l;
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xt is called the positive part of z, x~ the negative part of z, and |z| the absolute value of x.

The previous definition is useful in order to show that in a lattice-ordered group every element
can be seen as the product between a positive element and a negative one. In fact, given an

object X of {Grp, we define the positive cone of X as
P={xeX|x>e}

So, for every x € X, it can be shown that

r=x"2" and |2| = 2T (27)

-1
Therefore, X is generated by its positive cone (i.e. X = PP~!) and, moreover, || > e holds for
every x € X. A proof of these facts can be found, for example, in [40] and [IJ.

Furthermore, the notion of positive part is extremely useful in order to characterize group homo-
morphisms between lattice-ordered groups which are, in addition, morphisms of /Grp. In fact,
the following holds:

Lemma 1.1.3. Let XY be two objects of £Grp. A map f: X — Y is a morphism of £Grp if

and only if f preserves the group product and
flxve)=f(z)Ve, foralze X.

Proof. One implication is trivial. So, let us suppose that f preserves the group product (i.e. is

a group homomorphism) and f(z Ve) = f(x) V e for every x € X. We have to prove that

f@Vy) = f(x)V f(y), for all z,y € X.

We have 7 Vy = (zy~! Ve)y, hence f(z Vy) = f(xy~! Ve)f(y) and, by assumption,

flay™' Ve fly) = (flay ) Ve fly) = (F@)fy)~ Vel fly) = fl2) V f(y). u

Now, we want to provide a description of the ideals (or normal subobject) in the variety ¢Grp. In
a category where it makes sense to speak of a kernel of a morphism (for example a pointed finitely
complete category), a subobject of X is called an ideal if it is the kernel of some morphism. A
detailed study of the notion of an ideal in the variety ¢Grp can be found in [40] and [IJ.

First of all, we have to recall the definition of a convexr subset. Given an object X of /Grp and
a subset S C X, S is said to be convex if for every a,b € S and every x € X, if a < x < b then
rel.

A subobject A < X is an ideal if and only if it is normal (in the classical sense) as a subgroup

and it is a convex subset.
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The aim of the following proposition is to describe the notion of convexity only with terms. This

characterization will be crucial for the purpose of working with semi-direct products.

Proposition 1.1.4. Let X be an object of {Grp and A < X a subalgebra. A is convex if and
only if for every a1,a2 € A and z,y € X one has

(@12 V agy)(z Vy)~t e A
Proof. Let us suppose that A is convex. We consider the following inequalities:
((a1 N az)z) V ((a1 Aa2)y) < a1z Vasy < ((a1 Vaz)z) V ((a1 V az)y),

hence
(a1 Nag)(xVy) <arxVay < (a1 Va)(zVy),

and so
(a1 A az) < (a1z V agy) (@ Vy) " < (a1 Vaz).

Thus, since A is convex, we deduce (a1 V azy)(z Vy)~! € A.
Conversely, let us suppose that for every a;,as € A and x,y € X one has (a;xVasy)(zVy)~t € A.
Let us take an element x € X and two elements a1, as € A such that a; < x < as. In particular,

a1 V x = x; therefore, by assumption,
(areVex)(eva)teA

and so
rlenz ™) =zAhe=2" € A

With a similar argument, from a;l <zl < afl, we can deduce e Az~ ! € A and, since A is a

subalgebra, we have z Ve = 27 € A. Finally, we get v = 272~ € A, i.e. A is convex. O

To conclude, we can say that a subobject A < X in ¢Grp is an ideal if and only if for every

ai,az,a € A and z,y,2 € X one has (a17 V agy)(x Vy)~' € A and 27 1az € A.

In the following part of this section, we will deal with the notion of a semi-abelian category. The
main idea behind this notion is to capture some of the homological properties of the category of
groups; among the examples of semi-abelian category we can find those of groups, rings without

unit, Lie algebras, and Heyting semilattices.
Definition 1.1.5 ([39]). A pointed category (i.e. a category with a zero object) C is semi-abelian
if:

e it is Barr-exact [2] (which means that C is a regular category in which every internal

equivalence relation is a kernel pair);
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e it has finite coproducts;
e it is protomodular [6] (i.e. the Split Short Five Lemma holds in C).

In Theorem 1.1 of [I7] the authors provided, in the case of a variety V of universal algebras,
a characterization for protomodularity depending on terms. In fact, the authors proved that a
variety V is protomodular if and only if it has O-ary terms ey, ..., e,, binary terms ¢1,...,t, and

an (n+ 1)-ary term ¢ satisfying the identities

t(z,t1(z,y), ..., ta(x,y)) =y and t;(x, ) = e;

foralli=1,...,n
Proposition 1.1.6. ¢Grp is a semi-abelian category.

Proof. Clearly, {Grp is Barr-exact and it has finite coproducts since it is a variety. Moreover,
the trivial lattice-ordered group {e} is a zero object. Finally, to show that ¢Grp is protomodular
we can take as set of 0-ary terms just e; = e, as set of binary terms just t;(z,y) = 2~y and as

(n+1)-ary term (in this case n = 1) t(z,y) = zy. O

As shown in [I6], in every semi-abelian category there exist semi-direct products in a categorical
sense. In the category of groups, the categorical semi-direct product coincides with the classical
one. Now we can describe semi-direct products in the category ¢Grp. In order to do this we will

apply, in the next proposition, the results provided in [24].

Proposition 1.1.7. Let p: A — B be a split epimorphism in £Grp with fized section s: B — A,
and k: K — A a kernel of p. Without loss of generality let us suppose that K, B are subalgebras
of A and k, s are the inclusions of subalgebras. Then A is isomorphic (as a lattice-ordered group)

to the set K x B endowed with the operations
o (k1,b1)(k2,ba) = (kibikaby "t b1bo),
o (k1,b1) V (k2,b2) = ((k1b1 V kaba)(b1 V b2) ™1, b1 V ba),
(which takes the name of semi-direct product and is indicated as K x B) via the morphism

p:KxB—A
(k,b) — kb.

Moreover, considering the following diagram in £Grp:

K%KNBHB

|4

K4k>A<:>B
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where ik (k) = (k,e), ip(b) = (e,b) and pp(k,b) = b, we have gix = k,pp = pp and pig = s.

1.2 Centralizers and Algebraic Cartesian Closedness

In this section we study, from a categorical point of view, the commutativity of subobjects in
the variety ¢Grp.

In order to introduce the topic, we mention some known results related to the category of groups.
Given a group G and two subgroups A, B < G, the condition that, for every a € A and b € B,
ab = ba can be reformulated in the following equivalent way: there exists a group homomorphism

p: A x B — G making the following diagram commutative:

Moreover, it is easy to show that ¢ must be the group product and, therefore, it is necessarily
unique. Hence, with the aim of generalising the notion of commutativity, we must place ourselves
in a context in which a morphism ¢ of this type is unique. This reasoning justifies the following

definition:

Definition 1.2.1 ([7]). A pointed category C with finite products is unital if, for X andY objects
of C, the pair of morphisms (idx,0): X — X xY, (0,idy): Y — X XY is jointly extremally

epimorphic.

To be more explicit, a pair of arrows f: A — B and g: C — B of a category C is said to be

jointly extremally epimorphic when for each commutative diagram

LN

A*>B<7C

if m is a monomorphism, then m is an isomorphism.
It has been shown in [3] that every semi-abelian category is unital.

We are ready to mention the generalized notion of commutativity between subobjects.

Definition 1.2.2 ([I1]). Let C be a unital category. Two subobjects a: A — X and b: B — X

of X are said to cooperate (or commute in the sense of Huq [36], and we write [a,b] = 0) if
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there exists a (necessarily unique) morphism @: A x B — X (called cooperator) such that the

following diagram commutes:
A B

~N -
(idA 70) (OvidB)

Ax B

a ‘ b

I/

Given a subobject a: A — X, the centralizer of a in X, if it exists, is the greatest subobject of

X that cooperates with a.

Now, let us recall the definition of orthogonal subobjects of a lattice-ordered group. This concept

will be essential in order to study the condition of cooperation.

Definition 1.2.3 ([40]). Let X be an object of £LGrp. Two elements a,b € X are called orthogonal
if
la| A b] = e.

Two subsets A, B C X are called orthogonal (and one writes A L B) if, for every a € A and for

every b € B, a and b are orthogonal as elements.

It is a known fact that two orthogonal subobjects of a lattice-ordered group commute as sub-
groups. More generally, if @ and b are orthogonal then ab = ba. A proof of this can be found, for

instance, in Proposition 2.2.10 of [40).

Proposition 1.2.4. Let X be an object of £Grp and A, B < X two subobjects. Then A and B
cooperate if and only if A 1 B.

Proof. (=) The cooperator ¢: A x B — X is given by ¢(a,b) = ab. In fact, since ¢ preserves

the group operation, we have

p(a,b) = p(a,e)p(e,b) = p(ia(a))p(ip(b)) = ab.

We observe that, for every a € A and b € B, (|al,e) A (e, |b]) = (e, €) holds. So, since ¢ preserves

the lattice operations, we get
e =p(e,e) = p((lal,e) A (e, [b])) = ¢(lal, e) A p(e, [b]) = |af A[b].

(<) If a cooperator ¢ exists then it must be the group multiplication because of what we observed

at the beginning of the proof. Therefore, we have to show

ab = ba and (ab)™ = a™b"
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for all @ € A and b € B. In fact, if ab = ba for every a € A and b € B, then ¢((a,b)(c,d)) =
p(ac,bd) = acbd = abed = p(a,b)p(c,d) since, by assumption, ¢b = be; furthermore, if (ab)* =
a®tbt for every a € A and b € B, then ¢((a,b)") = ¢((a,b) V (e,e)) = p(a™,bt) = atbt =
(ab)* = p(a,b)t = p(a,b) Ve, and thus we can apply Lemma to say that ¢ is a morphism
of lattice-ordered groups. The first equality holds trivially since A | B. Let us deal with the
second one: aTbt = (aVe)(bVe) =abVaVbVeand (ab)t = abV e; so we have to prove

aVb<abVe. Since |a| A |b| = e, we have (aVa 1) A (bVb~!) = e and, by distributivity, we get
(anb)V(@Ab ) V(@ Ab) V(e AbT) =e.

Hence, a=' Ab < e implies a V b~! > e and, multiplying by b on the right, we obtain abV e > b;
with a similar argument we get abV e > a. Finally, considering the last two inequalities, we
conclude that abV e > aVb. O]

The following lemma, related to the properties of orthogonal subobjects, will be of fundamental

importance in the next sections.

Lemma 1.2.5. Let X be an object of £Grp and A, B < X two orthogonal subobjects. Then, for
every a € A and b € B, the following equality holds:

(ab)Ve=(aVe)bVe).

Proof. Since A and B are orthogonal, then there exists a cooperator ¢: A x B — X given by
the group product. Therefore (ab) Ve = p(a,b) V ¢(e,e) = ¢((a,b) V (e,€)) = p(aVe,bVe) =
(ave)bVe)forallae Aandbe B. O

We, therefore, recall the notion of polar of a subset S of a lattice-ordered group (i.e. the set of
elements orthogonal to each element of S). We will show that the polar of a subobject is nothing
but the centralizer of the subobject. Hence, we will exhibit some properties of centralizers related

to being ideals.

Proposition 1.2.6 ([40], Proposition 1.2.6). Let X be an object of {Grp and S C X a non-empty
subset. Then the set St = {x € X | for each s € S |z| A |s| = e} (called the polar of S) is a

convex subalgebra of X .

Lemma 1.2.7. Let X be an object of £Grp and S C X a non-empty subset of X closed under

conjugation. Then S+ is an ideal of X .

Proof. First of all we observe that, for all x,y € X, one has

1

le ™ lyz| =2 lyz vty le =27 (y vy e = 27yl
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We want to show that one has |z~ lyz| A|s| = e, for every x € X, y € S, and s € S. We observe
that [z~ yz|Als| = 27 ylzAls| = 27 (ylAz]sla™ )z = a7 (Jy[Alzsz ™ )z = 27 (Jy|Als])z = e,

1

where zsz~1 = 3 € S because S is closed under conjugation, and |y| A |3 = e (since y € S1). O

Corollary 1.2.8. Let X be an object of £Grp and A, B < X two subobjects. A and B cooperate
if and only if B C A+. Therefore, A* < X is the centralizer of A < X.

Finally, we recall a property that is strictly related to the existence of centralizers. It is well
known that a category E with finite products is cartesian closed if and only if for every object Y
of E the change-of-base functor 75-: E — E/Y along the terminal arrow 7v: Y — 1 has a right
adjoint. For algebraic categories, such adjoints rarely exist, but it turns out to be of interest to

consider a variation of this notion; this leads to:

Definition 1.2.9 ([15]). A category C is algebraically cartesian closed (a.c.c.) if for every object
X of C the change-of-base functor 75 : Pt1C — PtxC has a right adjoint, where Tx: X — 1 is

the unique arrow from X to the terminal object.

In [I5] the authors show that the existence of such adjoints is related to the existence of cofree
structures for the split epimorphisms py : Y x X — Y in Pty E with fixed section (idy,u), where

u: Y — X can be chosen to be a monomorphism.

Proposition 1.2.10 ([I5], Proposition 1.2). A unital category C is algebraically cartesian closed
if and only if, for every X object of C, each subobject of X has a centralizer.

Corollary 1.2.11. The category £Grp is algebraically cartesian closed.

1.3 Congruence Distributivity and Arithmeticity

It is a widely known fact that in the category ¢Grp the lattice of congruences on any object
is distributive. In this section we provide an alternative proof of this fact based on categorical
tools. We recall that a category is a Mal’tsev category [19] if it is finitely complete and if every
internal reflexive relation is an internal equivalence relation. If the category is regular, this
notion is equivalent to the following property: for every object X and for every pair of internal
equivalence relations (s1,$2): S — X x X and (r1,72): R— X X X one has RoS = SoR; in
detail, RoS: — X x X is defined as the regular image of (p1,ps), where (p1,ps3) is given by the
following diagram:
s
Rxx S — 85— X
/ | l
PnR—— X

N

X.
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The composite S o R can be defined in a similar way. Moreover, if the category is a variety of
universal algebras, the property of being a Mal'tsev category is equivalent to the existence of a

ternary term p(z,y, z) (called Mal’tsev term) satisfying the axioms

p(z,x,2) =z and p(z,y,y) ==

for every object X and for every x,y, z € X. Therefore, if the theory contains a group operation,
the associated variety is a Mal’tsev category: in fact, a Mal’tsev ternary term is p(x,y, z) =
ry Lz

Then we immediately get the following result:
Corollary 1.3.1. The category £Grp is a Mal’tsev category.

If C is a Barr-exact category with coequalizers then, for every object X of C, the set Eq(X)
of internal equivalence relations on X is a lattice; given two internal equivalence relations
(s1,82): S — X x X and (ry,r2): R — X x X, the meet S A R is defined as the meet of
subobjects of X x X, and the join (¢1,%2): SV R — X x X is defined as the kernel pair of
q = coeq(v1,v2), where (vi,v2): V — X x X is the join of S and R as subobjects of X x X
(we recall that the join, as subobjects, of two internal equivalence relations is not, in general,
an internal equivalence relation). Thanks to the previous observations, the classical notion of

arithmetical variety of universal algebras can be extended to a categorical context as follows:

Definition 1.3.2 ([47]). A Barr-ezact category with coequalizers C is arithmetical if it is a
Mal’tsev category and, for any object X of C, the lattice Eq(X) of internal equivalence relations

on X is distributive.

It is a known fact (a proof of this can be found in [3]) that the property of being an arithmetical
category is related to the absence of non-trivial internal group objects in the category. In fact,

the following holds:

Proposition 1.3.3 ([3], Proposition 2.9.9). Let C be a semi-abelian category. If in C the only

internal group object is the zero object then C is arithmetical.

Proposition 1.3.4. The only internal group object in £Grp is the zero object.

Proof. Given an internal group X in ¢Grp, with multiplication p: X x X — X and neutral
element 7: {*} — X, we want to show that X ~ {e}. It is not difficult to see that n(x) = e and
w(z,y) = xy for all z,y € X. Therefore, since p is a morphism of lattice-ordered groups, for all

a,b,c,d € X the following equality holds

u((@,b) V (e, d)) = pu(a,b) V pu(e, d).
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Hence, p being the group multiplication, we obtain
abVadVebVed=abV cd.
We deduce that the following inequality holds:
adV cb < abV cd.

Now, if we consider a = d and ¢ = b = e, we get a® < a? Ve < ae V ea = a; multiplying by a~!
we have a < e for each a € X and, by replacing a with ™!, we get e < a. In other words, we
have proved X = {e}. O

Corollary 1.3.5. (Grp is an arithmetical category.

1.4 Strong Protomodularity

Given a category C, we denote by Pt(C) the category whose objects are the diagrams in C of the
form

A B

H@

where ps = idg, and whose arrows are the pairs (f, g) of arrows of C

A== B
A
C@D

such that ¢f = gp and fs = rg. We denote by m: Pt(C) — C the functor that associates to
every split extension (i.e. an object of Pt(C)) (p, s) the codomain of p.

Definition 1.4.1 ([§]). A finitely complete category C is strongly protomodular when all the
change-of-base functors of w: Pt(C) — C reflect both isomorphisms and normal monomorphisms

(in the semi-abelian case a monomorphism is normal if and only if it is the kernel of some arrow).

In [9) the author shows that, if C is a pointed protomodular category, there is a characterization
of strong protomodularity related to the stability of kernels. Let us consider a diagram in C of

the form
X —*ts54 $ B

W

%
Y = C<=5B

where k = ker(p), ps = idp, | = ker(q), gr = idg, m is a normal monomorphism and the right-

rightward square, the right-leftward square, and the left square commute. Then C is strongly
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protomodular if and only if the composite Im is a normal monomorphism for every diagram of

this form.

Proposition 1.4.2. (Grp is a strongly protomodular category.

Proof. Let us consider the following commutative diagram (without loss of generality we can

assume that the monomorphisms are inclusions):

Xc—>A$B
[l
Yt—>C$B

where ps = idg, qr = idp, X is the ideal of A determined by ker(p), Y is the ideal of C' determined
by ker(gq), X is an ideal of Y and the right-rightward square, the right-leftward square, and the

left square commute. We want to show that X is an ideal of C, too.

e X is a normal subgroup of C. This is a known fact about the category of groups (but we
give the proof anyway). Let us fix an element € X and an element ¢ € C. Then there
exist y € Y and b € B such that ¢ = yr(b), so ¢~ twe = r(b) "ty tzyr(b) = r(b)~'zr(b) with
T € X (since X is closed under conjugation with the elements of V). Hence, f(Z) = T and
r(b) = fs(b). Thus, r(b)~1Zr(b) = f(s(b)~'Ts(b)) = f(Z) = T with T € X, since s(b) € A

and X is closed under conjugation with the elements of A.

e X is a convex subset of C. We know that, for every y € Y, if 1 <y < x9, with 1,29 € X,
then y € X and, for every c € C, if y; < ¢ < yo, with y1,y2 € Y, then ¢ € Y. So, given an
element ¢ € C such that x; < ¢ < xo, with 21,29 € X, we have ¢ € Y (since z1,25 € Y)
and thus c € X. O

In the final part of this section we study, in the case of {Grp, the consequences of strong proto-
modularity relatively to the commutativity, in the Smith-Pedicchio sense, of internal equivalence
relations. In particular, we show that every internal equivalence relation admits a centralizer.

Let us begin by recalling the necessary notions to deal with this subject.

Definition 1.4.3 ([46], [13]). Let C be a Mal’tsev category and

_n s
R +6r— X, S +os— X
T2 S2

a pair of internal equivalence relations on an object X of C. We say that (R,r1,72) and (S, s1, $2)

commute in the Smith-Pedicchio sense (and we write [R,S] = 0) if, given the following diagram:

RXX;S’;’S

mﬂm Has

R"X
ORr
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where R x x S is the pullback of ro through s1, Tr = (idgr,0sr2) and s = (6rs1,ids) are induced
by the universal property, there exists a unique morphism p: R xx S — X (called connector
between R and S) such that prs = so and ptr = r1. The centralizer of an internal equivalence
relation (R,71,7r2) on X, if it exists, is the greatest internal equivalence relation on X which

commutes with (R,ry,r2).

It has been shown in Proposition 3.2 of [I4] that, in a pointed Mal’tsev category, if two in-
ternal equivalence relations (R,71,72) and (S, s1,s2) commute in the Smith-Pedicchio sense,
then necessarily their associated normal subobjects jr and jg commute in the Huq sense, where
jr = ker(¢qr) and jg := ker(qs), with g := coeq(r1,r2) and gg := coeq(s1, s2). Briefly, [R,S] =0
implies [jr, js] = 0. The converse is not true in general. We say that a pointed Mal’tsev category
satisfies the so-called Smith is Hugq condition (SH) if [jg, js] = 0 implies [R, S] = 0. It has been
proved in Theorem 6.1 of [I4] that in every pointed strongly protomodular category the Smith
is Huq condition holds.

Finally, we are ready to prove the following:

Proposition 1.4.4. In {Grp internal equivalence relations admit centralizers.

Proof. Since £Grp is a semi-abelian category we have, for every object X, an order-preserving
bijection ¢ between Eq(X) and the lattice Ideals(X) of ideals of X, where ¢(R) := Ig, with
I :={x € X|(x,e) € R}. Given two internal equivalence relations R < X x X and S < X x X,
we know that [R,S] = 0 if and only if [p(R),¢(S)] = 0 ({Grp is a strongly protomodular
category, hence (SH) holds). Moreover, given an internal equivalence relation R on X, we recall
from Lemma m that the centralizer I f?j < X of the ideal Ir associated with R is an ideal.
Therefore, since ¢ is an order-preserving bijection and ¢Grp satisfies (SH), the centralizer of R
in X is o' (I). O

1.5 Action Accessibility

To approach the topic covered in this section, let us first review some known properties of the

category Grp of groups. First of all, we recall the general notion of split extension.

Definition 1.5.1. Let C be a pointed protomodular category. A split extension of C is a diagram
of the form

X#A%B,

where k = ker(p) and ps = idp.
We denote by SplExtc(X) the category whose objects are the split extensions of C with the same
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fized kernel object X and whose arrows are the pairs (g, ) of arrows in C

such that gk =1,fp = qg and gs = rf.
Given a group X, we can define a functor

Act(—,X) Set

Grp°P

B {X 5 AS B/ ~

fl Tact(£,%)

B 5 (X5 A S B}~

where {X — A & B} is the set of split extensions with fixed kernel object X and fixed quotient
object B; two split extensions X - A = B and X — A S B are equivalent (under the

equivalence relation ~) if there exists an arrow g: A — A such that gk = k, gs =5 and pg = p

(hence, thanks to the Split Short Five Lemma, g is an isomorphism). Finally, Act(f, X) sends
the class of a split extension X — A’ = B’ to the class of the split extension defined via the
following diagram, where the right-rightward square is a pullback:

: (s' ids)
x WO gy B

4 TB)

| |#

X — A’ Z<:>: B’
It is a known fact that, in Grp, there is a one-to-one correspondence between the set {X —
A S B}/ ~ and the set of group homomorphisms with domain B and codomain the group
Aut(X) of automorphisms of X. In other words, the functor Act(—, X) is representable and a
representing object is Aut(X). A pointed protomodular category in which the functor Act(—, X)
is representable for every object X is called action representable [5]. However, this condition is
extremely strong: there are, in fact, very few examples of action representable categories (for
instance, the category of groups and the category of Lie algebras over a commutative ring with

unit). It appears therefore legitimate to try to weaken such condition. In order to do this, it
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is easy to observe that, in Grp, the property of being an action representable category can be

restated in the following way: the split extension

(0,3dAut(x))
X —— X xAut(X) —— Aut(X), (1)
(idx,0) TAut(X)

corresponding to the action ida¢(x): Aut(X) — Aut(X), is a terminal object of SplExtg,,(X).
Therefore, in Grp, for each object of SplExtg,,(X) there exists a unique morphism into (1.
In light of this, the authors of [I8] have weakened the notion of action representable category in

the following way:

Definition 1.5.2 ([I8]). An object F of SplExtc(X) is said to be faithful if for each object E
of SplExtc(X) there is at most one arrow from E to F.

Definition 1.5.3 ([I8]). Let C be a pointed protomodular category. An object in SplExtc(X)
is said to be accessible if it admits a morphism into a faithful object. We say that C is action

accessible if, for every object X of C, every object in SplExtc(X) is accessible.

Actually, the notion of action accessible category appears as a generalization of the one of action
representable category: in fact, if there is a terminal object T' of SplExtc(X), this object is also
faithful and each object of SplExtc(X) admits a unique morphism into 7. Examples of action
accessible categories include, for instance, not necessarily unitary rings (as shown in [I8]) and all
categories of interest in the sense of [45] (as shown in [43]).

One of the interesting properties, among other things, implied by action accessibility is the ex-
istence of centralizers of internal equivalence relations (see Theorem 4.1 in [I8]). The converse
implication, in general, is not true. In fact, in the next part of this section we show that the
category /Grp is not action accessible despite the existence of centralizers of internal equivalence
relations (as shown in Proposition .

Proposition 1.5.4. (Grp is not action accessible.

Proof. Consider the lexicographic product ZXZ of the group of integers Z (with the usual order)
with itself. The underlying set is the product, and in terms of structure the group operations are
defined component-wise, while the order is defined as follows: (a,b) < (¢,d) if and only if b < d,

or b=d and a < ¢. We consider the following split extension
zZ ML z%z =2 2)
p2

where i1 = (idz,0), io = (0,idz) and py is the projection on the second component. Now, for

every n € Nso we can consider the morphism of lattice-ordered groups f,: Z — Z given by
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fn(z) == nx. This morphism induces the following morphism in SplExts,,(Z):

zZ ML z%z+= 2

P2
| Tl

?

Z——2ZXxZ2¢&=7Z
1 P2

where g, (z,y) = (x,ny). Thus we can deduce that is not faithful. So, if /Grp were action

accessible then there should exist a faithful object
S
X ——A % B

and a morphism

Z—>Z><Z<7Z

|,k

24>A<:>B

Then, if we consider the (regular epimorphism, monomorphism)-factorization of (g, f) we get:

z ", 7%z <—p . Z
H L LY
— [m(g) = Im(f) (3)

| I

.<7
Z—— A——=B.

Therefore, Im(f) is a quotient (in £/Grp) of Z. However, Z has only two ideals: {0} and Z. Hence
we have two possibilities: Im(f) & Z or Im(f) & {e}. If Im(f) = Z then f is injective and so

the split extension

zZ ML z%z =2
P2

has to be a faithful object, and this is a contradiction. Alternatively, if Im(f) = {e}, f has to be
the trivial morphism, and so Im(g) = Z. Therefore, recalling that the top right-rightward square
of (3) is a pullback, we get a contradiction since ZXZ is not isomorphic, as a lattice-ordered

group, to Z x Z. O

In [I8] the authors show that, in the case of the variety Rng of not necessarily unitary rings, given
a split extension there is a procedure, based on centralizers of subobjects, to build a morphism
from it into a faithful split extension. This same argument has also been extended in [43] to
categories of interest in the sense of [45]. We recall here a sketch of the proof present in [18§].

Given an object A of Rng, two subobjects X,Y < A cooperate if and only if for every x € X
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and for every y € Y
zy =0 =yx.

Hence, it can be shown that the centralizer of X in A is the subobject
Za(X)={a€Alar =0=za for all z € X}.
Given an object of SplExtrng(X)
X tsA==B (4)

they define I := {b € B|s(b)k(z) = 0 = k(x)s(b) for all € X}; they prove that I is an ideal of
B and s(I) = Z4(k(X)) N s(B) is an ideal of A. Thus, they show that the split extension

X —F A/s(l) = B/I, (5)

S

where the morphisms are induced by the universal property of the quotient, is a faithful object of
SplExtrn,y(X) and the pair (74(y),7r), obtained by the quotient projections myry: A — A/s([)
and 7r: B — B/I, is a morphism between and . Therefore, in the case of rings, there is
a canonical way to construct an arrow of SplExtg,q(X) into a faithful object making use of the
notion of centralizer.

Although the category ¢Grp is not action accessible, it is possible to emulate the previous con-
struction in this case. This shows that in £Grp centralizers of subobjects have a good behaviour
even though the category is not action accessible.

Let us fix a split extension in ¢Grp:
k p
X = A —B.
S

We want to show that the intersection between s(B) and the centralizer of k(X)) in A is an ideal
of A. In other words, we need to prove that k(X)-NS(B) is convex and closed under conjugation
in A.

e Convexity: let us consider s(b;) < a < s(bg) where s(b1),s(b2) € k(X)L Ns(B) and a € A.
We recall that for all a € A there exist # € k(X) and b € B such that a = k(z)s(b) (see
Proposition [1.1.7)). Then, applying p to the inequalities, we obtain b; < b < by and thus

s(b1) < s(b) < s(b2).

Therefore, since k(X)* is a convex subobject of A, we get s(b) € k(X)L N s(B). Hence,
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from s(b1) < a < s(by) multiplying on the right by s(b~!), we obtain
s(bib™h) < E(x) < s(bab™h).

So, since s(b1b™1), s(b2b1) € k(X)-Ns(B) (because k(X)*Ns(B) is a subalgebra of A and
s(b),s(b1), s(b2) € k(X)* N s(B)), we get k(z) € k(X)L (k(X)* is a convex subalgebra).
Therefore, k(x) = e and then we obtain a = k(z)s(b) = s(b) € k(X)) N s(B).

e Closedness under conjugation: let us consider s(c) € k(X)* N s(B) (where ¢ € B) and
a = k(z)s(b) € A. Then, we have

where s(d) = s(b)s(c)s(b™1) € k(X)+ N s(B) since k(X)! is closed under conjugation and,
clearly, s(d) € s(B). Therefore, we get

since s(d) € k(X)* and the elements of k(X)! commute with the ones of k(X).

1.6 Fiber-wise Algebraic Cartesian Closedness

In this section we deal with a stronger version of the notion of algebraically cartesian closed

category:

Definition 1.6.1 ([I5]). A category C is fiber-wise algebraically cartesian closed if for every

split epimorphism

the change-of-base functor
p*: PtgC — Pt4C

has a right adjoint.

It is not difficult to see that this condition holds for a category C if and only if every category
of points over C is algebraically cartesian closed. First of all, we observe that the category

Pt = pPtgC is isomorphic to Pt 4C: an object of Pt 45 PtgC can be seen as a diagram of type
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where ps = idg, qr = idg, ht = ids, ph = ¢, and ts = r; therefore, ¢ and r are uniquely
determined by h and t. Hence, each category of points is algebraically cartesian closed if and
only if the functor

T PtB:BPtBC —_— PtA:BPtBC

has a right adjoint; thanks to the isomorphism shown above between Pt C and Pta=pPtgC
and recalling that 7 = p, we get that 7* has a right adjoint if and only if p* has a right adjoint.
Therefore, C is fiber-wise algebraically cartesian closed if and only if every category of points
over C is algebraically cartesian closed.

Our aim is to show, thanks to the previous observations, that ¢Grp is fiber-wise algebraically
cartesian closed. In order to do this we will prove that, in every category of points over £Grp, sub-
objects have centralizers. As a preliminary remark, we recall that an arrow (A = B) ER (C = B)

of PtgC is a monomorphism if and only if f: A — C is a monomorphism of C.

We are ready to show the existence of centralizers in every category of points over /Grp and to

provide an explicit description of them.

Definition 1.6.2. Let X be an object of £Grp and B a subalgebra of X. A subalgebra L of X is

closed under the action of B if
blb=t € L and (llbl \ lgbg)(bl \Y bg)_l €L

for every l,11,lo € L and b,by,by € B.

Proposition 1.6.3. Let B be an object of {Grp. In the category PtgplGrp subobjects have

centralizers.

Proof. Let us consider an object (A, p, s) of PtglGrp, i.e. a diagram of the form
K—*5 4 i B
P

where ps = idp and k = ker(p). For simplicity, let us suppose that k is the inclusion of K < A
and s is the inclusion of B < A. Therefore, by Proposition [[.1.7, we know that A is isomorphic

as a lattice-ordered group to K x B, whose operations are defined by
(K1,b1) (K2, b2) = (k1bikaby ", b1bo)

and
(k1,b1) V (Ko, bo) = ((kiby V Ekobo)(by V bo) ™1, by V by).
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In other words, the object (A, p, s) is isomorphic to

K-, KxB p<:B> B
B
where pg(k,b) = b, ig(b) = (e,b) and ik (k) = (k,e). A subobject (X,q,r) of (K x B,pg,ip) in
PtglGrp is a subalgebra X < K x B in {Grp such that, referring to the following diagram,

q is the restriction of pp to X and r(b) = (e, b) for every b € B (in particular {e} x B < X).

Given two subobjects (X,p x,rx) and (Y,py,7y) of (A4,p,s) and the product between them in
PtglGrp, we need to describe the arrows ix: X — X xgY and iy: Y — X Xg Y induced by
the universal property (we recall that the product in PtpfGrp is the pullback of p;x along pjy ).

Then, if we consider the following diagram

XxpY 25 Y
idx T - lp\Y
X4>B

we get ix(x) = (x, sp(x)); in a similar way iy: Y — X xp Y is given by iy (y) = (sp(y), y).

We know that (z,y) € X xgY if and only if p(z) = p(y). Moreover, given (x,y) € X xgY we have
(2,9) = (2, 5p(2))(5p(y), 56(2)) " (sp(y), y) where (z, 5p(z)) € X Y, (sp(y), ) € X x5 and,
since psp(z) = p(x) = p(y) = psp(y), we get (sp(y), sp(x)) = (sp(x), sp(x)) = (sp(y),sp(y)) €
X xpY.

Hence, if there exists a cooperator ¢: X xgY — A, then

o(z,y) = p(x, sp(x))e(sp(y), sp(x) " o(sp(y), y) = zsp(z) "'y = zsp(y) 'y,

since

-1

o(x, sp(x))e(sp(y), sp(x)) " o(sp(y), y) = plix (x))e(ix (sp(x)))  e(iv (y))

X Y
XXBY
©

A.
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Given a subobject (X, q,r) of (K x B,pp,ip) we define
X = {7 € K |there exists b € B s.t. (7,b) € X}.

We want to show that X = X x B as sets. Clearly X C X x B. Conversely, let us take an
element (k,b) € X x B. Then k € X, and so there exists b; € B such that (k,b;) € X; but
(e,b), (e,b1) € X, therefore (k,b) = (k,b1)(e,b1)"1(e,b) € X. In general, we have a one-to-one
correspondence between the subobjects of (A, p,s) and the subalgebras of K closed under the

action of B. Hence, under our assumptions, we have X = X x Band Y =Y x B. Thus,
X xpY ={((#b1),(y,b2)) € X XY [b1 = bo}
and ¢: X xpY — K x B is such that

@((fv b)v (yv b)) = (f7 b) (6, b)il(ya b) = (fyv b)

Let us show that ¢ is a group homomorphism if and only if 2y = yz forallz € X andy € Y.
Given an element ((x,b), (y,b)), ((z,¢), (w,c)) € (X x B) xg (Y x B) one has

((2,0), (3,5)) (2, ¢), (w, €)) = ((2,b) (2, ¢), (y, b) (w, €)) = ((xbzb~", be), (ybwb™", be)).

Therefore,
o((2,0), (y,0)@((2,¢), (w,¢)) = (zy,b) (2w, ) = (xybzwb ™", be)

and, since ((x,b), (y,b))((2,¢), (w,c)) = ((xbzb~*, be), (ybwb~1, be)), we get
o((xbzb™ 1, be), (ybwb™ !, be)) = (xbzb™ ybwb ™!, be).

So, ¢ is a group homomorphism if and only if bzb~ 1y = ybzb~! forall z € X, y € Y and b € B.
Then, setting b = e, we get zy = yz for all z € X and y € Y. Moreover, since X is closed under
the action of B and since the conjugation is a bijection, we get that every element of X can be
seen as bzb~! for appropriate b € B and z € X; thus, if 2y = yz for all z € X and y € Y then
bzb~ly = ybzb~! forall z € X, y € Y and b € B. Now, let us deal with the order structure. We
know that ¢ is a morphism of lattice-ordered groups if and only if ¢ is a group homomorphism
and for all ((z,b), (y,b)) € (X x B) x5 (Y x B)

(P(((m> b)’ (yab)) V(e e), (676)» = L)0(((37’ b)v (Y, b))) V (e, e). (1'1>
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We know that

((2,0), (y,0)) V ((e,€), (e, €)) = ((z,b) V (e, €), (y,0) V (e, €))
(((xzbve)bve) ™t bVe) ((ybVe)bVe) ™t bVe))

(((@b) ™ ()1 6%), (wb) F (67) 71, 07)),

hence one has
e(((2,0), (4,0) V ((e.e), (e, €))) = ((xb) T (bT) " (yb) " (b7) 1, b7).
Considering the right term of (1.1, we obtain
P(((2,0), (1)) V (e, €) = (zy,b) V (e,e) = ((yb) ™ (b7) 7", bF).

We want to show that ¢ is a lattice-ordered group morphism if and only if X 1 Y.

If ¢ is a lattice-ordered group morphism, then
(ab) F(bF) T (yb) T (F) T = (ayb) (T
for each x € X, y € Y and b € B; therefore, setting b = e, we get
(xy)T =aTyt foreveryr € X andy € Y

and so X and Y are orthogonal (see the proof of Proposition [1.2.4)).
Conversely, let us suppose X 1 Y. We want to show that, forallz € X,y €Y and b € B,

(@b) F(bF) T (wb) T (F) T = (ayd) ()
and so we have to prove that (zbV e)(bVe) " (ybVe) = zybV e. We start with the first term:

(xbVe)(bVe) HybVe)= (zb(b™  Ae)V (b Ae))(ybVe)
=axb(b" ' Ae)(ybVe) V(b Ae)(ybVe)
=ab(b" P Ae)ybVab(b  Ae)V (b7 Ae)ybV (bt Ae).

Now, we know that there exists an element y; € Y such that yb = by; (since Y is closed under

the action of B and the conjugation is an automorphism of Y), hence the last term is equal to

xb(b Ae)byr Vab(b t Ae) v (b Ae)byr v (b Ae)
=x(bAV )y VabAe)V(bAe)y V(b Ae).
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Moreover, we observe that there exists an element yo € Y such that (b A e)y; = y2(b Ae), thus

zbAe)V(bAe)yr=xbAe)Vya(bAe)=(zVya)(bAe)
=(zy2Ve)bAe)=zy2(bAe)V (bAe)=xz(bAe)y1 V(bAe)

(since X LY, by Lemma we know that = V ya = zy2 V €). Then, one has

z(OAD)yr Vb Ae)V(bAe)y V(b1 Ae)
=z(bAP)y Ve Ae)y VvV (bAe) V(b Ae).

We recall that (bAe)V (b~ Ae)=(bVb 1) Ae=|bAe=e, so we finally get

z(bA )y VazbAe)yr vV (bAe) V(b Ae) =z(bAb )y Va(bAe)y Ve
=2[(bAV)V (bAe)|lyr Ve=aby; Ve=aybVe

since (bAD?)V (bAe)=bbAe)VelbAe)=(bVe)bAe)=bTb" =b.

To conclude, we have to prove that, if we take a subalgebra X < K closed under the action of
B, then also YL < K is closed under the action of B (and so the centralizer of X = X x B is
Yl x B endowed with the semi-direct product structure). Let us consider two elements y € YL
and b € B; we want to show that byb~! € X . We know that

byb~t € X" if and only if |byb™ | A |z| = e for all € X if and only if
lyl A [b~'2b| = e for all z € X if and only if |y| A |z| = e for all x € X

because the conjugation is an automorphism of X; the last assertion holds since y € YL. We
recall that YL is a convex subalgebra of K. For every yi,ys € YL and by,by € B we have
y1b1 < (y1 V y2)(b1 V ba) and yobe < (y1 V y2)(b1 V b2); we also observe that (y1 A y2)b1 < y1by

and (y1 A y2)bs < yabs. So one has
y1b1 V y2ba < (y1 V y2) (b1 V b2)

and

(y1 Ay2) (b1 V b2) = (y1 Ay2)bi V (y1 Ay2)ba < 9101 V y2ba.

Therefore, for all y1,ys € Yl and by, by € B we obtain

Y1 Ay < (y1b1 V y2be) (b1 V ba) ™t < yp Voyo;

then, since X" is convex in K, we get (yiby V yabs)(by V ba)~t € X" for all Y1,Y2 € X" and
bl, by € B. O]
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Corollary 1.6.4. For every object B of {Grp, in the category PtplGrp subobjects have central-
izers, therefore PtplGrp is algebraically cartesian closed. Hence, the category {Grp is fiber-wise

algebraically cartesian closed.

1.7 Normality of the Higgins Commutator

The aim of this section is to propose a further study regarding the properties of commutators in
the category of lattice-ordered groups.

We recall a first notion of categorical commutator strongly linked to the concept of cooperation.

Definition 1.7.1 ([36],[11]). Let C be a unital category. For a pair of subobjects a: A — X
and b: B — X of an object X in C, the Huq commutator is the smallest normal subobject
[A, B]x — X such that the images of a and b cooperate in the quotient X/[A, B]x.

Then, we remind here the notion of Higgins commutator. In a pointed category C with binary
products and coproducts, for each pair of objects H and K we have the following canonical

arrows:
AR AN T GOl e

H+«——— H+K — K;
[’LdH,O] [OﬂdK]

combining them we get a canonical arrow

S=(" 0 ) H+K—HxK.

idi

For instance, in the case of the variety of groups, the morphism ¥ associates to each word
hikihoks ... hyky, where h; € H and k; € K for i = 1,...,n, the pair (hihy...hy, kiks... k) €
H x K. It is easy to see that a category with binary products and coproducts is unital if and
only if, for every pair of objects H and K, ¥ is a strong epimorphism. Hence, again in the case
of groups, the kernel of X, denoted by H ¢ K and called the cosmash product of H and K, can
be described as the subgroup of H 4+ K generated by the elements of the form hkh~'k~! with
h € H and k € K. In the light of the above, we are ready to recall the following:

Definition 1.7.2 ([42]). Let C be a semi-abelian category. Given a pair of subobjects a: A — X
and b: B — X of an object X in C, the Higgins commutator of A and B is the subobject
[A,B] — X constructed, via the (regular epimorphism, monomorphism)-factorization, as in

diagram
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ka,B

AoB —/ A+ B

L e

[A, B] — X,

where ka g is the kernel of ¥ = (’%A i(?B): A+ B — AxB.

In general, the Higgins commutator of two normal subobjects is not normal. Therefore, it makes

sense to mention the following definition:

Definition 1.7.3 ([23]). A semi-abelian category C satisfies the condition of normality of Higgins
commutators (NH) when, for every pair of normal subobjects H — X, K — X where X is an

object of C, the Higgins commutator [H, K| — X is a normal subobject of X.

We have everything we need to prove that that the category of lattice-ordered groups satisfies

(NH) (recalling that in £Grp the notion of normal subobject coincide with the one of ideal).

Lemma 1.7.4. Let H, K < X be two convex subalgebras of X in {Grp. Then H and K cooperate
if and only if H N K = {e}.

Proof. (=) Trivial since H L K (thanks to Proposition [1.2.4]).

(<) We want to show that H L K: let us consider two elements h € H and k € K; then
e < |h| A k] < |h] and e < |h| A |k| < |k|. Therefore, since H and K are convex, we have
|h| Akl € HN K = {e}. O

Notation 1.7.5. We will write [H, K| for the Higgins commutator of H — X and K — X,
and [H, K]y for the Huq commutator of H — X and K — X in the subobject Y of X, where H
and K are subobjects of Y.

Proposition 1.7.6. Let X be an object of ¢Grp and H, K ideals of X. Then, [H,K|x = HNK.

Proof. Let us prove the inclusion H N K C [H, K]x. Consider the following diagram:

H K
~ e
1H 1K
I e
Hx K
q1H l 9K
@
X/[H,K]x

where ¢: X — X/[H, K]x is the canonical projection. Then, by Lemma we know that
q(H)Ngq(K) = {e}. So, since q(HNK) C q(H)Nq(K) = {e} we get HN K C [H,K]x. The

other inclusion holds in every semi-abelian category (see Theorem 3.9 in [29]). O

Proposition 1.7.7. The category (Grp satisfies (NH).
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Proof. Thanks to Theorem 2.8 of [23], it suffices to prove that, given an ideal H of X and an
ideal K of Y such that H, K <Y, then [H,K|x = [H, K]y. Thus the statement follows from
the previous proposition, since [H, K]x = [H, K]y = HN K. O

1.8 Algebraic Coherence for (Ab

In the last part of the chapter we focus on the notion of algebraically coherent category. This
concept has an important algebraic meaning: an algebraically coherent category satisfies a large
set of properties related to the good behaviour of commutators (such as, for example, strong
protomodularity); moreover, in the case of the varieties of universal algebra, the property of

being fiber-wise algebraically cartesian closed is implied by algebraic coherence.
Definition 1.8.1 ([22]). A category C with finite limits is algebraically coherent if, for every
morphism f: X — Y in C, the change-of-base functor

f*: PtyC — PtXC
is coherent: a functor between categories with finite limits is coherent if it preserves finite limits
and jointly extremally epimorphic pairs.

Since in the semi-abelian case the split extensions with fixed splitting can be totally described

in terms of semi-direct products, the authors in [22] proved the following result:

Proposition 1.8.2 ([22], Theorem 3.21). Suppose C is a semi-abelian category. The following

are equivalent:
o C is algebraically coherent;

e given K ~— X and H — X in C, any action &: BbX — X which restricts to K and H
also restricts to KV H.

Let us now try to understand how this result can be interpreted in the category of lattice-ordered
groups. We know (see [16]) that, in the semi-abelian case, for each internal action £: BbX — X
there exists a unique (up to isomorphism) split extension
X 54 i B
P
making, in the following diagram, the right-rightward square, the right-leftward square and the

left square commute:

BbX%X—FB‘iB

{ el ™

XﬁA?B.
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Therefore, in £Grp, & restricts to a subalgebra L < X if and only if L is closed under the corre-
sponding action of B (in the sense of Definition |1.6.2]).

In the next proposition we will deal with the category of lattice-ordered abelian groups. A lattice-
ordered abelian group is a lattice-ordered group in which the group operation is commutative.

The category (Ab is the full subcategory of /Grp whose objects are lattice-ordered abelian groups.

Proposition 1.8.3. ¢Ab is algebraically coherent.

Proof. Let us consider an object (A, p, s) of PtglAb i.e. a diagram of the form
X —*5A % B

where ps = idp and k = ker(p). For simplicity, let us suppose that & is the inclusion of X < A
and s is the inclusion of B < A. Given two subalgebras K, H < X closed under the action of B,
we want to show that also K V H is closed under the action of B.

First of all, let us observe that, given a subalgebra L < X, the following equality holds for every
li,lo € L and by,by € B:

(I1by V lobo) (b V bg) ™t = Io(I5 M 11byby ' Vo) (biby ' V)t
Therefore, L is closed under the action of B if and only if for all [ € L and b € B
(IbVe)(bVe)™" belongs to L.
Now, in a lattice-ordered abelian group A, the equation
zy = (xVy)(zAy)

holds for all z,y € A; in fact, z(x Ay) "ty = x(x~ ' Vy =)y = 2 Vy and thus zy = (x Vy)(z Ay).

Finally, it is easy to see that every element of K V H can be written as
\ N Fijhi;
iel jeJ

where I, J are finite sets of indices and k; ; € K, h;; € H for all i € I,j € J. This statement
can be proved by iteratively applying the distributive properties of the lattice operations, the

distributivity property of the group product over the lattice operations, and the commutative
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property of the group product. Therefore, given an element b € B, one has

<<\/ A ki,jhi,j>bve> - (\/ A ki,jhi,jb> Ve

i€l jeJ i€l jeJ

= \/ ( /\ Ifi,jhi,jb\/€> = \/ /\(kl]hljb\/ 6)

iel \jeJ iel jed

where the first equality holds thanks to the distributivity of the group operation over the lat-
tice operations, the second thanks to the idempotence of the join, and the third thanks to the

distributivity of the join over the meet. Therefore

((\/ /\ k‘@jh@j)b\/e) (b\/e)_l = \/ /\(k‘i,jhi,jb\/e)(b\/ 6)_1

iel jeJ iel jeJ

and hence, in order to prove that if K and H are closed under the action of B then also K V H
is closed under the action of B, it suffices to prove that for every k € K, h€ H and b€ B

(khbVve)(bVe) ™t € KV H.

We need to take care of an intermediate step: we want to show that, for all kK € K, h € H and
be B,
(kVh)DV (EAR)Y)(DVe)™! belongs to KV H.

To do this we observe that

(kvh)bV (EAR) D (bVe) ™ =(kbVhbVE P VE ) (bVe) ™t
=(kbVE)OBVe) vV (hbVh ) (bVe) !
=k YK ve)bve) Tt vATI (AP ve)(bVe) Tt

So, since K is closed under the action of B, we have (k*bV e)(bV e)~! € K and then we obtain
k=Y (k*b Vv e)(bVe)~t € K; similarly h=1(h?bV e)(bV e)~! € H. Therefore, taking the join of
these two terms, we get ((kVh)bV (kAR)™ 1) (bVe)™ € KV H. To conclude, since kAh € KV H,
the product

(EAR)((EV ROV (EAR)Y)(bVe) ! belongs to KV H;

then we get
(khbve)bVve) ' € HVK

applying the distributivity property of the group product over the lattice join and recalling that
(k AR)(kV h) = Eh. O

This conclusive result answers the Open Problem 6.28 presented in [22]. In fact, the category ¢Ab
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is algebraically coherent, as just shown, however it is not action accessible: the example provided

in exclusively involves lattice-ordered groups whose group operations are commutative.






Chapter 2

Categorical-Algebraic Properties
of MV-Algebras

MV-algebras are a class of algebraic structures used in mathematics to study non-classical logic.
They generalize the notion of Boolean algebras, which are used to model classical logic, and can
be seen as a mathematical system for reasoning under uncertainty. MV-algebras have applica-
tions in various areas of mathematics, such as logic, algebra, topology, and computer science,
and can be used to model fuzzy logic, intuitionistic logic, and quantum logic.

More specifically, an MV-algebra A is a set equipped with an operation @, which is both asso-
ciative, commutative, and has a neutral element 0, and an operation —, such that the following
equalities hold: ——x =z, t® -0 = =0, and ~(-z B y) By = ~(~y ® z) ® x. These conditions
are intended to capture some properties of the real unit interval [0, 1] equipped with negation
-z = 1 — 2 and truncated addition z & y = min(1, z + y).

MV-algebras are a powerful tool to model Lukasiewicz calculus mathematically. In fact, in
Lukasiewicz calculus, which is a type of many-valued logic, the truth values are not limited to
just “true” or “false”. Instead, they can take on any value from a continuous interval, typically
[0, 1]. In this sense, MV-algebras provide a natural framework for modeling Lukasiewicz calculus,
as they can represent the truth values as elements in the interval [0, 1], and develop an algebraic
structure that can naturally manipulate these values.

In this chapter, we will investigate the categorical-algebraic properties of the variety of MV-
algebras, denoted by MV. Although MV is not a semi-abelian category, it possesses many impor-
tant properties. Recall that a category is semi-abelian [39] if it is a pointed finitely cocomplete
category which is Barr-exact and protomodular. However, MV fails to satisfy the condition of
having isomorphic initial and terminal objects; the initial object is the algebra {0, 1}, while the
terminal object is the algebra {0 = 1}. Nonetheless, being a variety of universal algebra, MV is

complete, cocomplete, and Barr-exact. Furthermore, we will show that MV is also a protomod-

33
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ular category. To summarize, even though MV is not a semi-abelian category, it still possesses
many important algebraic-categorical properties, making it an interesting object of study in its
own right.

The structure of the chapter is organized as follows.

In Section we recall some classical facts about MV-algebras and we focus on the notion of
ideal of an MV-algebra.

In Section [2.2] we investigate the properties of idempotent elements in an MV-algebra. An ele-
ment a in an MV-algebra is said to be idempotent if the equation a ®a = a holds. We will review
some known results concerning idempotents and prove some additional properties. The content
presented in this part of the chapter will be fundamental for the following sections.

In Section we review Stone Duality Theorem for Boolean algebras [49] and establish the
notation that will be used in the subsequent parts of the chapter.

In Section we deal with extending the construction of the Stone space for Boolean algebras
to the case of MV-algebras. In addition, in this section, we will provide an in-depth study of
the Pierce spectrum for MV-algebras, obtaining results similar to those known for the case of
unitary rings, as presented e.g. in [4].

In Section [2.5] we show that the category of MV-algebras is a protomodular and arithmeti-
cal category, by providing explicit descriptions of the protomodularity and arithmeticity terms.
Moreover, we prove that subobjects in the category PtgMV = (MV/B)\idg (i.e. the coslice over

idp of the slice of MV over B) have centralizers.

2.1 Preliminaries

In this section, we will recall the fundamental properties of MV-algebras, starting from their
definition. We will examine how new operations can be derived from those introduced in the
definition. Additionally, we will recall how a partial order can be naturally defined on any

MV-algebra. Finally, we will focus on the concept of an ideal in an MV-algebra.

Definition 2.1.1. An MV-algebra is an algebra (A, ®,—,0) with a binary operation @, a unary

operation = and a constant O satisfying the following equations:
M) ze(yez) =(ray) ®z;

M2) zdy=y®ux;

M3) z®0=uz;

M) ——x = x;

M5) z® -0 = —0;
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M6) ~(—z@y) Dy =-(-ydr)Da.

A morphism between two MV-algebras (A, ®,—,0) and (B, ®,—,0) is a map f: A — B satisfying
the following conditions, for each x,y € A:

Hi) f(0)=0;
H2) fxoy) = flx) @ f(y);
H3) f(-x) = = f(z).

The category MV is the category whose objects are the MV-algebras and whose arrows are the

morphisms between them.

As in the case of (Grp, we will indicate an MV-algebra (A, @, -, 0) simply with A. Moreover, we

will consider the — operation more binding than the & operation.

Given an MV-algebra A, we define the constant 1 and the binary operations @, ©, —, and d as
follows:

e 1:=-0;

e xOy=("T®y);

o r—y:=—"2DY;

e 20y ="(20y)=-(z=y) =20 ()

o d(z,y) = (xSy)® (y©x) (called distance)

We will consider the — operation more binding than the ®, &, and — operations.

With respect to the new operations, we get
[ ) ﬁl = 07

e z@y=(-z0Oy);

rd1l=1;

e (r0y)dy=(yoz)d1;

e r H>xr=—axdr=1;

o z =y if and only if d(z,y) = 0 (see [21], Proposition 1.2.5).

We recall now some known facts that will be useful in the next sections.
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Lemma 2.1.2 ([21I], Lemma 1.1.3). Let A be an MV-algebra. For every x € A, —x is the unique
solution of the simultaneous equations:

rd-x=1

rz®-x=0.

Lemma 2.1.3 ([21], Lemma 1.1.2). Let A be an MV-algebra and x,y € A. Then the following

conditions are equivalent:
s zhy=1;
o x(©O-y =0
e y=(yor) da;
o there exists an element z € A such that y = x @ z.

Given an MV-algebra A and two elements x,y € A, we write
z<y

if and only if z and y satisfy one of the above equivalent conditions. It can be shown that the
relation < defines a partial order on A (a proof of this fact can be found in [21]). Tt is clear that

every morphism of MV-algebras preserves the partial order defined above.

Lemma 2.1.4 ([2I], Lemma 1.1.4). In every MV-algebra A the natural order < has the following

properties:
o x <y if and only if -y < —x;
o ifx <ythen, forallz€e A, 2P 2<ydzandz®z<y0O z;
e x Oy <zifand onlyiff t < -y z.

Proposition 2.1.5 ([21I], Proposition 1.1.5, Proposition 1.1.6, and Proposition 1.5.1). On every
MV-algebra A the natural order determines a lattice structure. Specifically, for every xz,y € A,

the join x \V y and the meet x Ay are given by
zVy=(20y) By andxz ANy =20 (mx Dy).

Moreover, the underlying lattice structure on A is distributive.

Finally, the following equations hold:
e zO(yVz)=(oy)V(ro=);

e zd(YNz)=(rDyY) A (zD2);
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e zO(YN2)=(@OY A(zO2);
s z®(yVve)=(zdy V(z&2).

Given a morphism of MV-algebras h: A — B, one can define the kernel of h as
ker(h) == {x € A|h(z) = 0}.

Kernels of morphisms can be characterized as ideals. A subset I C A of an MV-algebra A is an

ideal if and only if for every x,y € A:
e 0e
o x.yc limpliesx®yel;
e z €] and y <z implies y € 1.

An ideal T is said to be proper if I # A.
The dual notion of an ideal is the one of a filter. A subset F' C A of an MV-algebra A is a filter
if and only if for every z,y € A:

o lcF,
e ,y € Fimpliesz Oy € F;
e r € Fand x <y impliesy € F.

A filter F is said to be proper if F' # A. One can easily prove that F is a filter of A if and only
it -F :={a€ A|-a € F} is an ideal of A.

It is known that every kernel is an ideal (we recall that every morphism preserves the order).
Given an ideal I C A we can define a congruence ~j on A in the following way: for every
z,y € A, x ~y y if and only if d(z,y) € I. One can show that the kernel of the quotient
projection m: A — A/ ~ is exactly I. This procedure establishes a one-to-one correspondence
between kernels of morphisms with domain A and ideals of A. Additionally, it is not difficult to
see that a morphism of MV-algebras h is injective if and only if ker(h) = {0}.

Finally, given an MV-algebra A and a non-empty subset S C A, the ideal generated by S (i.e.

the smallest ideal containing S) exists and it is
(S)={r€A|3s1,...,8n€5st. <51 - - B s, }.

Lemma 2.1.6. Let f: A — B be a morphism of MV-algebras and I C A an ideal. The restriction
of f to I is injective if and only if ker(f) NI = {0}.

Proof. If the restriction of f is injective and we take an element a € ker(f) N1, we get f(a) =
0 = f(0) and, since 0 € I, we obtain a = 0. Conversely, if ker(f) NI = {0} and we consider
two elements a,b € I such that f(a) = f(b), we get that f(d(a,b)) = d(f(a), f(b)) = 0 and so
d(a,b) € ker(f) NI = {0} i.e. a = b; thus the restriction of f is injective. O
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2.2 Properties of Idempotents

In this section, we will examine some properties of idempotent elements in an MV-algebra. Given
an MV-algebra A, we denote the set of idempotent elements of A with Idem(A). We will prove
that the assignment defined by A — Idem(A) constitutes a functor Idem: MV — Boole, which
is right adjoint to the inclusion functor i: Boole — MV. Finally, in the second part of this
section, we will investigate fundamental properties of idempotent elements that are relevant for

the subsequent sections.

Definition 2.2.1 ([21]). Let A be an MV-algebra. An element x € A is an idempotent (or
Boolean) element if

rPr=umr.

The set of idempotent elements of A is called Boolean skeleton of A and it is denoted by
Idem(A).

Given an MV-algebra (A, ®, —,0), it is a known fact that A is a Boolean algebra with respect to

its operations if and only if @ is an idempotent operation.

Theorem 2.2.2 ([21], Theorem 1.5.3). For every element x in an MV-algebra A the following

conditions are equivalent:
o z € Idem(A);
o xV—x=1;
o x AN—x=0;
e r®x=0;
e xdy=xVy, forally € A;
e zOQy=xAy, forally € A.

Therefore, for every MV-algebra A, Idem(A) is a subalgebra of A. Additionally, the MV-algebra
A is a Boolean algebra with respect to its operations if and only if A = Idem(A).

Remark 2.2.3. The assignment introduced in Definition [2.2.1] can be extended to a functor

My —1dem o Boole

A —— Idem(A)
fJ/ lldem(f)
B ——— Idem(B),



Categorical-Algebraic Properties of M'V-Algebras 39

where Idem(f) is the restriction of f to Idem(A). In fact, fized an element x € Idem(A) one has
fx)e f(z) = flz®x) = f(z) (ie f(z) € ldem(B)).

Proposition 2.2.4. The inclusion functor i : Boole < MV is both a left and a right adjoint.

Proof. We start showing that ¢ 4 Idem. We do this proving the existence of a counit : i Idem —
Idyy. For every object A of MV, we define €4 as the inclusion Idem(A) C A; clearly the following

diagram commutes for all morphisms f, and so ¢ is a natural transformation:

ildem(A) —2

A
i Idem( f)l J{f

ildem(B) —— B.

€B

Moreover, ¢ satisfies the universal property of the counit: given a morphism of MV-algebras
g: i(B) — A, where B is an object of Boole, we want to prove that there exists a unique

morphism of Boolean algebras g: B — Idem(A) such that the following diagram commutes

i(B

)
N
ildem(A) ————— A.

Since B is a Boolean algebra, g(b) € Idem(A) for every b € B and so g is defined as the restriction
of g.
Now, we construct the functor

MV —< 5 Boole

Ar— A/pA

7| |s

B —— B/p37

where we define, for every MV-algebra A, the congruence p4 == ({(z,2®x) € Ax A|x € A}) C
A x A; since each element of A/p4 is idempotent, then A/p4 is a Boolean algebra. Moreover,
for every morphism of MV-algebras f: A — B, f: A/pa — B/pg is given by f([a]) = [f(a)].
We prove that @@ 4 ¢ by showing the existence of a unit n: Idyy — iQ. For every object A of
MV, we define 14 as the quotient projection on the congruence p4. Easy computations show that

following diagram is commutative, so 7 is a natural transformation:

A" i(Afpa)

fl li(.f)

B ——— i(B/pB).

Moreover, n satisfies the universal property of the unit: consider a morphism of MV-algebras
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h: A — i(B), where B is an object of Boole, we want to prove that there exists a unique morphism

of Boolean algebras h: A/pa — B such that the following diagram commutes

A—"4 5 AJpa

\ <

Since B is a Boolean algebra, we observe that h(z) = h(x) & h(z) = h(z & z) for every x € A;
hence, we have py C K[h] where K[h] == {(x,y) € A x A|h(z) = h(y)}. So, by the universal
property of the quotient, we can define a unique morphism of MV-algebras (actually, of Boolean

algebras) h: A/py — B making the above diagram commutative. O

Proposition 2.2.5 ([21], Proposition 6.4.1). Given an MV-algebra A, for every element e €
Idem(A)\ {0}, (I e,®, —¢,0) is an MV-algebra (where | e :={x € A|z < e} and —ex = —x Ae).
Moreover, the map

he: A —le

r—xNe

is a morphism of the MV-algebra A onto the MV-algebra | e, with ker(h.) =] —e.

Given an MV-algebra A and an element e € Idem(A), as a consequence of the previous proposi-

tion, the following equalities holds for every z,y € A:
echN(zoy) =(enz)® (e Ny);
eceV(zoOy) =(eVr)o(eVy);
e eN(zdy) = (eNz)D(eNy);
eeV(zdy =(eVvVz)d(eVy).

Proposition 2.2.6 ([2I], Lemma 6.4.5). Let A be an MV-algebra and eq,..., e, elements of
Idem(A) such that

e ciV---Ver=1,
e e;Nej=0fori#j,i,j=1,...k.
Then there exists an isomorphism of MV-algebras
k
h: A= ] e
i=1

such that, for every x € A,
h(z) = (x Ae)r,.
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Lemma 2.2.7. Let A be an MV-algebra and ey, ..., ey elements of Idem(A) such that
[ 61\/--'\/€k:1,
e ciNej=0fori#j,i,5=1,...k.

Then, for every x1,...,x € A, the following equality holds

k

ﬁ<éxi ® e,») = @(Tm ©e).

i=1

Proof. First of all, we observe that —e; = @, £; €j» 0 fact the following equalities hold simulta-

neously:
k
e @ (Gaj;éi ej) = @i e =1
¢ © (D ie;) =DjpleiOe;) =0

hence, applying Lemma [2.1.2} we get —e; = @#j €j.
We are ready to prove our claim; on the one hand we have

<é(wz ® 6z’)> 5] <é(—'xz ® ei)> = é(mZ Oe)® (-z; Oe)
Gfa(xi@_'xi)Qei :@ei — 1.

On the other hand, since z; ®¢; < x; and x; ©®e; < e; for i = 1,...k, we obtain
k k
(@(.’L‘z © 62)> ® (@(ﬁxz © €Z)> < (xi D @63‘) ® (ﬁl‘i &) @ej)
i=1 i=1 j#i j#i
= (z; ®© —e;) © (-7 © —e;)

= (z: © ~7;) © —e; = —ej;

therefore, for every ¢ = 1...k, we get
k k
<@($z O] ei)) ® (@(ﬁmz O] ei)) < —e;.
i=1 i
So, we deduce
k k k k
(@(IEZ @61)) ® (@(—'SCZ @61)) S /\ —€e; = 7 \/ €; = -1=0
i=1 i=1 i=1 i=1

and, applying again Lemma [2.1.2] the statement follows. O
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Lemma 2.2.8. Let A be an MV-algebra and eq, ..., ej elements of Idem(A) such that e;©Oe; =0
fori#3j,i,j=1,...k. Then, for every x € A, the following equality holds:

201 @ Dep)=(xQe1)D - B (xOep).

Proof. Let us consider two idempotent elements e, f € Idem(A) such that e ® f = 0. Given an
element x € A, since e ® f € Idem(A), we get

zodf)=zA(eVf)=@re)V(@nf)=@0e)V(@of)<(z0e)d (o f)
Now, we want to show the converse inequality
(zoe)@(zof)<(zoe)V(zOf).

First of all, we observe that the equality e ® f = 0 implies the inequalities e < = f and f < —e.

Hence, we obtain

(z0e)® (@0 f)<(z0e)@(z0e)<ed(zOme) =z Ve,
(zoed@Eof)<(@o-flo@of)<(zo-fleof=zV/f

Therefore, we have
zoe)@of)<(zVe)A(zV f)=zV(eAf)=x

and, moreover,
(zoe)a(zof)<ea

Considering the meet of the last two inequalities, we get
(zoe)® @0 f)<zA(edf)=z0(®[)

since e @ f € Idem(A). Finally, the statement follows by induction. O

Lemma 2.2.9. Let A be an MV-algebra. For every e € Idem(A) and z,y € A,
(roy)0e=0and (yoz)©e=0 impliesx©e=yQe.

Proof. If e = 0 the statement follows trivially. Hence, suppose ¢ # 0. From (z © y) ® e =
0and (y©x) ©®e =0 we get

(zoy)oe)@((yor)oe)=0



Categorical-Algebraic Properties of M'V-Algebras 43

and so
d(z,y) Ne=0.

We know that h.: A —| e is a morphism of MV-algebras (see Proposition [2.2.5)), where h.(z) =

zANe=z® e. Therefore, from
0=d(z,y) ©e = he(d(z,y)) = de(he(x), he(y))

we get he(z) = he(y), and so x @ e = y© e (where d. is the distance operation of the MV-algebra
le). O

2.3 Boolean Algebras and Stone Duality

Stone Duality is a mathematical result that connects two seemingly unrelated areas of mathemat-
ics: topology and algebra. It provides a powerful tool for studying the structure and behavior of
various mathematical objects, such as Boolean algebras, topological spaces, and lattice-ordered
groups. Stone Duality was introduced by Stone [49]. The purpose of this section is to provide a
concise overview of Stone Duality. To accomplish this objective, we will present a summarised

version of the discussion presented in [4].

In the first part of this section, we will recall the concepts of filters and ideals in Boolean algebras,

and explore some of their key properties and applications.

Definition 2.3.1. Let B be a Boolean algebra. A subset F C B is a filter if
e lcF;
o z,y € F impliesx Ny € F;
e xcF andx <y impliesy € F.

The set of filters of B is denoted by Filters(B).
A filter F' is proper if 0 ¢ F. An ultrafilter is a mazimal element in the poset of proper filters

ordered by inclusion.

Definition 2.3.2. Let B be a Boolean algebra. A subset I C B is an ideal if
e 0cl;
o x.ycl impliesxVyel;
e zecl andy < x impliesy € I.

The set of ideals of B is denoted by Ideals(B).
An ideal I is proper if 1 ¢ I. A maximal ideal is a maximal element in the poset of proper ideals

ordered by inclusion.
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Proposition 2.3.3. Consider a filter F' of a Boolean algebra B. The following are equivalent:
e Fis an ultrafilter;
o forallr e X, x € F or ~x € F;
o forallz,ye B, xVye€F impliesx € F oryeF;
e there exists a morphism of Boolean algebras f: B — 2 = {0 < 1} such that f~1(1) = F.
Proposition 2.3.4. Let B be a Boolean algebra:
e cvery proper filter is contained in an ultrafilter;
e cvery non-zero element of B is contained in an ultrafilter;
o for every x,y € B, if x £ y then there exists an ultrafilter F such that x € F and y ¢ F;
e cvery filter is the intersection of the ultrafilters containing it.

For every Boolean algebra B, we define the set Spec(B) as the set of ultrafilters of B and, for
every filter H of B, the set
Oy = {F € Spec(B) |H ¢ F}.

Our aim is to recall the definition of the two functors that establish the duality between the

category of Boolean algebras and the one of Stone spaces.

Definition 2.3.5. A topological space (X, T) is a Stone space if (X, 1) is compact, To and has
a base of clopens. The category Stone is the full subcategory of the category of topological spaces

which objects are precisely the Stone spaces.

The first functor, denoted by Spec, maps a Boolean algebra B to the set of ultrafilters on B.
More specifically, the set Spec(B) is equipped with the Stone topology

7 :={On C Spec(B) | H € Filters(B)}.
Proposition 2.3.6. Let B be a Boolean algebra. The map

O: (Filters(B),C) — (7,Q)
H— Ogn
is an isomorphism of partially ordered sets.
As a consequence of this proposition we have the following:
Corollary 2.3.7. Let B be a Boolean algebra. Then

e Op1y =0 and Op = Spec(B);
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® Opynn, =0n, NOpy;
* Ow,., 1) = Uics On,, where, given a subset S C B, (S) is the filter generated by S.

Furthermore, since the following lemma holds, the set Spec(B) equipped with the topology just

defined turns out to be a Stone space.

Lemma 2.3.8. Let B be a Boolean algebra. For every b € B the set
Oy == O4p = {F € Spec(B) |b ¢ F}

is a clopen for . Moreover, the set {Oy|b € B} is a base for 7.

The behavior of Spec on arrows is contravariant. That is, if f: A — B is a morphism of Boolean
algebras, then Spec(f): Spec(B) — Spec(A) is a continuous map between the associated Stone
spaces, defined by

Spec(f)(F) = f~(F)

for every ultrafilter F' C B.

The second functor is the clopen algebra functor Clopen, which assigns to each Stone space X
its Boolean algebra Clopen(X) of clopen subsets (where the Boolean algebra operations are the
ones induced by 2Spec(3))7 and, to each continuous map g : X — Y between Stone spaces, it

assigns the morphism Clopen(g) : Clopen(Y) — Clopen(X) given by
Clopen(g)(V) := g~ (V)
for every clopen subset V C Y.

To conclude, the result of Stone Duality precisely states that the following hold:

Proposition 2.3.9. Let B be a Boolean algebra. B is isomorphic as a Boolean algebra to
Clopen(Spec(B)) = {U C Spec(B) | U is a clopen for T}.

Proposition 2.3.10. Let (X,7) be a Stone space. (X,7) is homeomorphic to the topological
space (Spec(Clopen(X)), 7).

Theorem 2.3.11. The category of Boolean algebras is dually equivalent to the category of Stone

spaces. The equivalence is given by

o Spec
Boole®” —— Stone.
lopen

Finally, we mention the following results, consequences of Stone Duality, that will be indispens-

able for tackling the next section.
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Lemma 2.3.12. Let B be a Boolean algebra and b,c € B. For every a € B, we define U, :== O—,.
Then, the following hold:

o Ifb<c then Op D O, and U, C U;

if b # ¢ then Op # O;;

Ob/\c = Ob N Oc;'

Ob\/c = Ob U Oc;

e O,=0,0,=B,U; =B, and Uy = 0;

Oy = (O)°.

Corollary 2.3.13. Let B be a Boolean algebra. U C Spec(B) is a clopen if and only if there
exists an element b € B such that U = U,.

2.4 Pierce Spectrum for MV-Algebras

In this section we will introduce the Pierce spectrum of an MV-algebra based on its idempotent
elements, and explore some of its key properties. We will see that the Pierce spectrum allows us
to classify MV-algebras in terms of their idempotent elements. This part of the thesis is heavily
influenced by the results obtained from the study of the Pierce spectrum for unitary rings, which
can be found presented in [4].

We begin by proving some properties related to ideals and idempotent elements.

Definition 2.4.1. Let A be an MV-algebra. An ideal I of A is regular if
I = (Idem(1)),

where Idem(I) = {zx €I |z @ x = x}.

Lemma 2.4.2. Let A be an MV-algebra. Given an ideal I of A the following are equivalent:
i) Iis regular;
ii) for every i € I there exists an element e € Idem(I) such thati =1 e.

Proof. ii) = i) Since i =i ® e < e we conclude that I = (Idem([)).
1) = 4i) Given an element ¢ € I we know that i < ey B es @ --- @ e, with ¢; € Idem([) for every
t=1,...,n. Furthermore, e = e¢; ®ea @ --- D ¢, is an element of Idem([I), therefore there exists

an element z € Asuch that i =2z 0e;s0i@e=20e@e=20e=1 (since e e =e). O
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Proposition 2.4.3. Let A be an MV-algebra and I and ideal of A. Idem(I) is an ideal of the
Boolean algebra Idem(A).

Proof.
e 0 € Idem(]), since 0 € I and 0 0 = 0;
o if x € Idem(]) and y < x with y € Idem(A), then y € T NIdem(A) = Idem([);
o if 2,y € Idem(I), then z Vy =2 &y € I NIdem(A) = Idem(I). O

Definition 2.4.4. We define the Pierce Spectrum functor
Sp: MV’ — Stone

as the composite
Idem®?

MV°P —— Boole®? M Stone.

Lemma 2.4.5. Let A be an MV-algebra. FEvery partition in non-empty clopens of a clopen U,
of Sp(A) has the form
Ue=U,, UUg, U--- U,

where
e cach e; is a non-zero element of Idem(A),
eciDead®---Dey =e,
® ¢;®e; =0 for everyi # j.

Proof. First of all, we observe that U, can be presented as a finite union of clopens since it is
compact (it is a close subset of a compact space). Thanks to Lemma [2.3.12| we get

Ue = Uel UU€2 U"'UUen == e1VeaV---Ve,

and so e =¢e1 Vey V-V ey; we recall that, for every x € A, f @ x = fVaif f € Idem(A). So,
we obtain e; © ez @ --- @ e, = e. In a similar way, from Ue, N Ue, = 0 (with i # j) we conclude
that e; © e; = 0. O]

Lemma 2.4.6.
i) Bvery MV-Algebra A is a regular ideal of itself;
it) a finite intersection of reqular ideals is a regular ideal;

i) an arbitrary join of regqular ideals (which is computed as the join of ideals) is a regular

ideal.
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Proof. 1) A= ({1}).
i1) Consider two regular ideals I, J of A and fix an element x € I N.J. We know that there exist
e1 € Idem(I) and ey € Idem(J) such that

r=x0e; =xO es;

therefore we obtain t = x ©es = (x ©e1) ©ea =z O (61 ®ez). Since e; @ ea € I N J, we deduce
that I N J is a regular ideal.

i41) Consider a family {Ij}rex of regular ideals. We show that

\ I =(9)

keK

where S = Idem(\/; o I1). Clearly, one has (S) C \/, . Ir. Conversely, if we take an element
x € \/ e Ix, then there exist iy, € Iy,, with k; € K for i = 1,...,n, such that

x<ip, D D, .

n

Since ik, is an element of the regular ideal Ij,, we know that there exists an element e; € I,

such that iy, = ix, © ¢;. Hence, one has
T <, D Dig, = (i, Oe1) DD (ig, Oen) <e1D---Dey €8,

and so x € (5). O

Now, we will provide an in-depth analysis about the relationship between the set of idempotent
ideals of an MV-algebra A and the set of open subsets of the topological space Sp(A4). To do

this, it is necessary to recall the notion of a locale.

Definition 2.4.7. A locale L is a complete lattice such that the equality

a/\(\/bi) :\/(a/\bi)

icl el

holds for every a € L and {b;};er C L. A function between two locales is a morphism of locales if
it preserves arbitrary joins and finite meets. An isomorphism of locales is a bijective morphism

of locales.

Proposition 2.4.8. Let A be an MV-algebra. The set of regular ideals of A (denoted by
Regldeals(A) ), endowed with the intersection as meet and the join of ideals as join, is a lo-

cale isomorphic to the one of open subsets of (Sp(A), ).

Proof. We know, from Proposition that 7 is isomorphic as a locale to Filters(Idem(A))

which is, in turn, isomorphic as a locale to Ideals(Idem(A)) (we recall that, given an ideal I of
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a Boolean algebra B, the set -1 = {& € B|—x € I} is a filter and this assignment establishes a
bijection, which preserves and reflects the order, between the set Ideals(B) and Filters(B)). So,
we can restate our claim: the locale Regldeals(A) is isomorphic to the locale Ideals(Idem(A)).

We define the map
¢: Regldeals(A) — Ideals(Idem(A))

I — Idem(]) = I NIdem(A).

We prove that ¢ is an isomorphism of locales.
e ¢ is injective: if ¢(I) = ¢(J), then I = (p(I)) = (@(J)) = J.

e ¢ is surjective: let us consider an ideal J € Ideals(Idem(A)), and define I := (J). Clearly,
one has J C Idem(]). Conversely, if we consider an element e € Idem(I) = (J) NIdem(A),

there exist eq,...,e, € J such that e < e; @ --- D e, (we recall that the elements of J are
idempotent). But e < e; @---®e, =e1V---Vey, hence e € Idem(A) and e € J; therefore
Idem(I) C J.

e ¢ preserves and reflects the order: if we consider two elements I; C I5 of Regldeals(A) we
have Idem(I;) C Idem(I3); conversely, if we take J; C Ja, then (J;) C (Jo). O

Thanks to the above observation, it is possible to translate the topology of Sp(A4) making use of
regular ideals. We have shown, in fact, that the following sets are isomorphic as partially ordered

sets
Filters(Idem(A)) = Ideals(Idem(A)) = Regldeals(A).

Therefore, we deduce that
Sp(A) = {M € Regldeals(A) | M is a maximal element of (Regldeals(A4),C)},

and so, if we consider the last bijection as a definition of Sp(A) (and we will do that from here

on), we have to translate the topology in the following way:
T ={O1|I € Regldeals(A)}

where
Or ={M € Sp(A)|I g M}.

Definition 2.4.9. The structural Pierce space of an MV-algebra A is

T a/m

MeSp(A)
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endowed with the final topology for which the following maps are continuous

sk:0r— [ A/M
MeSp(A)

N — [LU]N GA/N

for every I € Regldeals(A) and © € A (where on O we are considering the subspace topology
induced by O; € Sp(A)). In other words, a subset U C [[y,eg,a) A/M is open if and only if
(sD)=L(U) is open for every I € Regldeals(A) and x € A.

x

Notation 2.4.10. Let A be an MV-algebra. For every e € Idem(A) we define O, = O, where
le={xz e A|x < e}, therefore

Oc ={M € Sp(A) |e & M}.

Definition 2.4.11. A map f: X — Y between two topological spaces (X, 7x) and (Y, 1,) is étale
if for every x € X there exist two open subsets U C X, and V CY such that x € U, f(z) € V
and

Jo: U=V

is an homeomorphism.
An étale map is both continuous and open.

Theorem 2.4.12. Let A be an MV-algebra. The map
p: H A/M — Sp(A)
MeSp(A)
[l‘]N S A/N — N
is étale.
Proof. First of all, let us show that

Uy, ={M € Sp(A) |z e M}

is an open subset of Sp(A) for every xz € A.
We define

J = {e € Idem(A)| for every N € Sp(A) such that t ¢ N = e N}
= ({Idem(N) | N € Sp(A),z ¢ N},

then J can be seen as an intersection of ideals of Idem(A) and so there exists a regular ideal
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I € Regldeals(A) such that
J =Idem(7).

We observe that, for every N € Sp(A), the following chain of equivalences holds: N € Oy if
and only if I ¢ N if and only if (since I and N are regular and, therefore, generated by their
idempotents) there exists an element e € Idem(A) such that e € I (and so e € J) and e ¢ N.
This last statement implies that € N: in fact, if we suppose x ¢ N then, since Idem(N) appears
in the intersection above and since e ¢ Idem(A), we conclude that e ¢ J. Conversely, if v € N
then there exists an element e € Idem(A) such that e € J and e ¢ N. In fact, if x € N then,
since N € Regldeals(A), there exists ¢/ € Idem(N) such that z = z ©® ¢/. Now, if we consider
M € Sp(A),if x ¢ M then ¢/ ¢ M (in fact ¢/ € M implies x € M, since x < ¢’). But we know
that Idem(M) is maximal as ideal of Idem(A); therefore e’ ¢ M implies —e’ € M C M. Hence,
for every m € Sp(A) if x ¢ M then —e¢’ € M, and so —¢’ € J and —e’ ¢ Idem(NN) (since €’ € N).
Then we have N € Oy if and only if x € N, which is equivalent to saying N € U,; hence U, is

open. Let us consider s. and si,

(s3) " (s2(01) = {M € Oy | sy (M) € 53(Or)}
= {M S OJ|E|N S OI and [y]M = [x]N};

then we conclude that M = N and we have
(s7) M (s£(01)) ={M € Or N Oy | [ylnr = [x]n}-
Since the equality [y]p = []a holds if and only if d(z,y) € M, we obtain

(SJ)_l(SJIC(O[)) = O] n O[ n Ud(z,y)

Y

which is a finite intersection of open subsets and, therefore, it is open. Thanks to the definition
of final topology we know that sl is open in HMESp(A) A/M for every I € Regldeals(A) and
x € A. We observe that O4 = Sp(A) and so s (Sp(A)) is open for every # € A. Moreover, if we
consider an element [z]a € [{5/e5,(4) A/M we have [z]ar € s2(Sp(A)) (in this set we have all

the quotient classes of x). So, we get

SA(SP(4)) ———= 0.4 = Sp(4)

S.T

where s2 and p are continuous. We observe that for every I € Regldeals(A) one has psi(N) =
pllz]n) = N, hence
psl: Op < Sp(A)

is continuous. Then, if we fix an open subset O C Sp(A), we know that p~1(O) is open if and
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only if (s1)~*(p~1(0)) is open for every s., which means that (psl)~'(O) is open for every
sl; therefore, since psl is continuous, we deduce that p~*(O) is open, too. Finally, we observe
that ps2(N) = p([z]x) = N for every N € Sp(A), and s2p([z]y) = s2(N) = [z]y for every
[z]n € s2(Sp(A)). Therefore, p is étale. O

Theorem 2.4.13. Every MV-algebra A is isomorphic to the MV-algebra of continuous sections
of

p: [ A/M —Sp(4)
MeSp(A)

[l‘]N EA/N!—>N

More generally, the MV-algebra of continuous sections defined on O., with e € Idem(A), is
isomorphic as an MV-algebra to | e (introduced in Proposition .

Proof. Clearly, from the second statement we can deduce the first one putting e = 1. So let us

prove the second one. Fix an element e € Idem(A), for every x € A we have
s¢ =8t 0, — H A/M
MeSp(A)

N — [{E]N

We define

Sece(p) = {s: Oc — H A/M | s continuous and ps = ido_}
MeSp(A)

(i.e. the set of continuous sections of p defined on O, ) and

©Ye: A — Sece(p)

€.
T > Sg;

clearly, p.(A) inherits the MV-algebra structure from A and, in this setting, ¢, is a morphism
of MV-algebras.
We observe that s¢, = 0: in fact, if we consider an element N € O, we have e ¢ N and, by

maximality, we get —e € N; so s¢_(N) = [-e]y = 0. Therefore, the kernel ker(y.) of
Ye: A= @e(A)

contains | —e. So, thanks to the universal property of the quotient, we define .
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We prove that 1), is injective: let us consider an element [z] € A/ | —e; then 9. ([z]) = 0 implies
s& =0 and so s&(N) = 0 for every N € O,. Therefore, [z]y = 0 for every N € O,; hence, we
have z € yeo, = Negn N = Nj—ecn N =1 —e (the last equality holds observing that, in a
Boolean algebra, every ideal can be seen as the intersection of the maximal ideals containing it).
So we get [z] = 0, i.e. ¢ injective.

To conclude, we have to prove that ¢.(A) = Sece(p) (i.e. p. is surjective). We consider an

element o € Sec,(p); given M € O,, we know that o(M) = [zr]ar € A/M. Now, o 1(s¢ (O.))

T M

is an open subset of O, (in the proof of the previous proposition we have seen that the subsets

of the form o~!(sL(Oy)) are open). Therefore
Wy = {N S Oe|CT(N) = [JL‘M]N S A/N}
is an open subset of O,. Since o(M) = [xar]ar, we obtain M € Wj,. We observe that

W = JO.,

icl

with e; € Idem(A) (we know that the set {O. | e € Idem(A)} is a base for the topology on Sp(A)).
Hence, there exists an ep; € {e; € Idem(A)|i € I} such that M € O.,, € Wi C O,. So, we

have
U O
MeO,

and, since O, is compact,

for an appropriate finite set {M,..., M,} C O.. We define
Oel = eny
Ocy = Ocypy \ Oeys
Oe = OeMn \Oen—w
hence we obtain

0.=0.,U---UO,,,
Oe, NO,; = 0 for every k # j.

Moreover, we know that O,, C Oc,, C Wy, and so o(N) = [za,]n € A/N for every N € O,,.



54 2.4. Pierce Spectrum for M'V-Algebras

We define xy, = xpy, for every k=1,...,n and
n
T = @(xk ©eg),
k=1
we prove that o = s¢. Let us consider an element M € O; there exists an i € {1,...,n} such

that M € O,, (i.e. e; ¢ M) and for every j # i, with j € {1,...,n}, M ¢ O, (i.e. e; € M).
Then, recalling that (M) = [x;]p € A/M, we get

n

o (M) = P (@il © ler]ar) = [wilar = (M),
k=1

since [ex]ar = ki O

Proposition 2.4.14. Let A be an MV-algebra and M € Sp(A), Then we have
Idem(A/M) = {[0], [1]}.

Proof. We know that the MV-algebra A/M is the filtered limit of the MV-algebras A/{eq, ..., e,)
where eq,...,e, are idempotents of M. If [z] is an idempotent of A/M, then there exists an
MV-algebra A/{e1,...,e,) in which z and z & z are identified. Moreover, the ideal (e1, ..., e,)
is equal to | —e, where —e :=e; @ -- D e, (—e is, therefore, an idempotent of A). We recall that
the assignment
h: A/ ] —-e—le
[ —yAe

is an isomorphism of MV-algebras. Therefore x A e is an idempotent of | e, and hence of A
(since the operation @ is defined in the same way). Let us say that z Ae = f € Idem(A). We
observe that h([f]) = fAe=axANeAe=xzANe= f, s0[z] =[f] in A/ | —e, and then the
same equality holds in A/M. Now, recalling that Idem(M) is a maximal ideal of Idem(A) and
f € Idem(A), we encounter two possibilities: if f € Idem(M) we get [x] = [0]; if f ¢ Idem (M)
then, by maximality, ~f € Idem(M) and so [z] = [1]. O

Given a Stone space X, an MV-algebra A, and a continuous map f: X — Sp(A4), we define
C((X, f), (Haresp(ay A/M, p)) as the set of continuous functions g: X — J[/¢5,(4) A/M making

the following diagram commutative:

g
X HMesp(A) A/M

N

Sp(A).

The set C((X, f), (Harespay A/M,p)) can be endowed with a structure of MV-algebra, via the
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structure of MV-algebra of each quotient A/M: given g,h € C((X, f), (HMesp(A) A/M,p)),
(g@h)(z) = g(x) ®h(z) (we know that g(x), h(x) € A/ f(x) and, therefore, they can be summed

in A/f(z)); in a similar way we can define 0 and —.
Theorem 2.4.15. Let R be an MV-algebra. The right adjoint of the functor

Spr: MV’ /R — Stone / Sp(R)

R ™45 A s Sp(A) 224 g (R)

is the functor
Cgr: Stone/Sp(R) — MV°?/R

X Lsp(R) R (X, 0. T A/M.p)
MeSp(A)
where m(r): X — [lyrespa) A/M is defined by m(r)(x) = [r] ;). Moreover, this right adjoint
is full and faithful.

Proof. Let us first prove that m(r) is a continuous function. Consider an open subset U C

Haresp(ay A/M. Since s is a continuous function, we can deduce that its pre-image (s2)~1(U) =

{N € Sp(R)|[r]n € U} is an open subset of Sp(R). Now, since f is also a continuous func-
tion, we can conclude that f~1((sZ
FHHHU) = {z € X[ f(z) € (s7)HU)} = {z € X[f(2) = N,[rly € U} = {z €

X |[2] ¢y € U} = (m(r))~1(U). Therefore, m(r) is a continuous map, as desired.

)~1(U)) is an open subset of X. Specifically, we have

If R =1 the result is trivial. So suppose R # 1 and start from the last statement. An idempotent
of the MV-algebra C'((X, f), (I yresp(ay) A/M,p)) is a continuous map g: X — [1psegpa) A/M
such that pg = f and g(z) € R/f(z) is an idempotent (and, thanks to Proposition
g(x) is either 0 or 1). Moreover, the subsets sgp(R)(Sp(R)) = {[0]ps € R/M|M € Sp(R)} and
s?p(R)(Sp(R)) = {[1]ar € R/M | M € Sp(R)} are open and disjoint (since 1 ¢ M). Hence, the
idempotents of C((X, f), (I asesp(a) A/M,p)) are given by the set of continuous maps

C((X, f), ({0,1} x Sp(R),p))

where p: {0, 1} xSp(R) — Sp(R) is the projection on the second component and {0, 1} is provided
with the discrete topology. Clearly,

C((X, f); ({0,1} x Sp(R),p))

is isomorphic, as a Boolean algebra, to Clopen(X) and, therefore, thanks to the Stone Duality,

we get

Sp(C((X. 1), ( [T 4/Mp) =X,

MeSp(A)
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Moreover, since Cr(f) := m is defined by the equality m(r)(z) = [r](5), Idem(m): Idem(R) —
C((X, f), (0,1} x Sp(R), p)) is such that

So, we get that

X Losp(r) =spe((X, ). [T A/M.p)) % sp(r).
)

MeSp(A

We want to show the existence of a natural bijection

MV((C((X, f),( T A/M,p)),m),(A,ma)) = Stone((Sp(A), @), (X, f)),
MEeSp(A)

where o = Sp(m ). We fix an element ¢ of

MV(C((X’f)v( H A/M,p)),(A, mA))

MEeSp(A)

i.e. a morphism of MV-algebras ¢: C((X, f), (HMesp(A) A/M,p)) — A such that om = m4. So,
for every clopen U C X, we consider the continuous map xy: X — [] MeESp(A) A/M defined as

(Ut € R/ f(x) ze€U
xu(z) =
0f@) € R/f(z) x¢U.
Clearly xu is an idempotent of C((X, f), (I yresp(a) A/M,p)), and so (xu) € Idem(A). Hence,
we can define a morphism of Boolean algebras
¢": Clopen(X) — Idem(A)
U e(xv)

and, thanks to the Stone Duality, we obtain a continuous map ¢”: Sp(A) — X; we have to show

that f¢” = a. In other terms, we have to prove that ¢'(f~1(O.)) = ma(e). We observe that

@ € R/ f(x) xe f7HOe)
Xf*l(Oe)(x) =
(0]f2) € R/ f(x) x¢& f~H(Oe).

If e ¢ f(x) then —me € R/f(x), and so [1]f,) = [€]f(z). Similarly, if e € f(x) then [e]f,) =
[0]f(2) € R/ f(x). Therefore, x¢-1(0,)(x) = [e] @) = m(e)(x), so we obtain xf-1(0,) = m(e) and
o(xf-1(0.)) = p(m(e)) = ma(e). This implies fo” = a.
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Let us prove that the assignment ¢ — ¢ is injective. First of all, we notice that for every
h e C((X, f), (HMESP(A) A/M, p)) the collection

h~ (7P (Sp(R)))

is an open covering of X. Since X has a base of clopens, we can refine this covering with clopens
and, since X is compact, we can extract from it a finite covering Uy, ..., U, C X. Now, for every

x € U; we have an element 7; € R such that h(x) = [r]f(,). So we obtain

h=Ema(r) © xuv.-

i=1

Hence, if we consider two morphisms of MV-algebras

e C(X, N, ([T A/M.p)— A

MeSp(A)

such that pm = m 4, we have yym = my and ¢” = 1¢”. We observe that

p(h) = (@ ma(r:) ©xu,) = P p(ma(r)) © e(xv,)

i=1 i=1

= @¢(mA(Ti)) ©Y(xuv,) = ¥(h)
i=1

since, by Stone Duality, ¢ = 4" implies ¢’ = ¢, and so p(xv) = ¢'(U) = ¢'(U) = ¥(xv) for
every clopen U of X.

It remains to prove the surjectivity. Let us consider a continuous map g: Sp(A) — X such that
fg = a. We have to construct a morphism of MV-algebras ¢ such that ¢’ = g. Thanks to the
Stone Duality, we can prove that ¢’ = g where g: Clopen(X) — Idem(A) is the morphism of
Boolean algebras induced, by the Stone Duality, from g. We remind that g(f~1(0.)) = ma(e).
Moreover, we know that every h € C((X, f), (L yresp(a) A/M,p)) can be written as

h=Ema(r) © xuv.,
1=1

where {Uy,...,U,} is a partition of X in clopens. Therefore, we can define

(X, I A/Mp)—4

MeSp(A)

hi= p(h) = @mA(m) ©g(U).
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If we show that ¢ is well defined (i.e. it does not depend on the partition) and it is a morphism
of MV-algebras, then we can conclude that g = ¢”, since p(xv) = g(U) for every clopen U of

X. Let us consider an other decomposition
m
h=EPma(s;) © xv;
j=1

we define W; ; := U; NVj. For every x € W ; we have [r;] ;) = h(x) = [s;](»); observe that the

family {W; ;}L, is a partition in clopens of U;, therefore
9(U) = EPawi,),
j=1
with g(W; ;) © g(W; ) = 0 for every j # k. Thanks to Lemma [2.2.8] we obtain
ma(ri) ©9(U:) = @ ma(rs) ©g(Wi)
j=1
for every i =1,...,n and
ma(s;) ©9(V;) = @ mals;) ©g(Wi,)
i=1
for every j =1,...,m. So, if we show that

ma(ri) ©g(Wi ;) =ma(s;) ©g(Wi ;)

we are done. We know that for every x € W; ; we have [r3]¢(o) = [5j] #(x), and so d(r;, s;) € f(z).
Hence, it suffices to show ma(r) © g(U) = 0 if r € f(x) for every x € U (where U is a clopen
of X). In fact, we know that d(r;,s;) € f(x) for every x € W; ;. Therefore, if the previous
statement holds, we get d(r;, s;) ©g(W; ;) = 0 and so, thanks to Lemma[2.2.9, m4(r;) ©g(W; ;) =
ma(s;) ©g(W; ;). Let us prove that, if r € f(z) for every x € U (where U is a clopen of X),
then ma(r) © g(U) = 0. We observe that f(U) C {M € Sp(R)|r € M} = U,. Recalling that
U, is open, we can construct a covering {O,, };c; made by clopens of U, (where e; € Idem(R)
for every i € I). Therefore, {f~1(O,,)}icr is a covering of the closed (and so compact) subset
U. Hence, we can extract a finite subcovering and we can modify this subcovering in order to

obtain a partition, let us say {O;}7_;. So, we have

UC 01U U fH(Om),
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and then

ma(r) ©gU) =ma(r) 0gU N (f~(O1)U---U f1(Om)))

m

— ma() © (@ <g(U) @g(f—l(oej»)) - ém(r) OFW) ©male;)

Jj=1

where the last equality holds thanks to Lemma Finally, let us show that
ma(r) ©ma(e;) =0
for every i € I:

re([{M e€Sp(R)|M e 0.} ={MeSp(R)|e; ¢ M}
={M € Sp(R) | —e; € M} =| —e;,

then r» < —e; and so r ® e; = 0.

It remains to prove that ¢ is a morphism of MV-algebras. Clearly ¢(0) = 0. Let us consider
h1 and he, and decompose them on the same partition (which can be done in light of what has
just been shown). Then hy = @), ma(r;) © xv, and he = @, ma(s;) ® xv,. Now, recalling
that in every MV-algebra one has (x ®e) ® (y ®e) = (z @ y) © e for every idempotent e, we
get hy @ hy = @, ma(r; ® s;) ® xu, and so p(hy & ha) = ¢(h1) @ p(hs). Finally, thanks to
Lemma we know that if h = @ ma(r;) © xu, then ~h = @, ma(-r;) © xv, and so
p(=h) = ~p(h). O

In conclusion, our analysis has revealed that the counit of the adjunction, introduced in the
previous proposition, is a natural isomorphism. This crucial observation offers interesting pos-
sibilities for examining the adjunction between MV-algebras and Boolean algebras through the
lens of categorical Galois theory. This result provides a solid foundation for our future work,

which aims to explore and advance this idea.

2.5 Protomodularity, Arithmeticity, and Centralizers

In this section, we will study the categorical-algebraic properties of MV. Since MV is a variety
of universal algebras, we know that it is a Barr-exact category. It is known that MV is also
arithmetical and protomodular. We will give an explicit description of the terms of protomod-
ularity and arithmeticity for MV. We will then prove how protomodularity allows us to identify
the conditions under which certain commutative squares in MV are pullbacks. Finally, we will
provide a more detailed analysis of the properties of categories PtyyB, showing in particular

that in these categories every subobject has a centralizer.
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To determine whether a variety V is protomodular, we can use Theorem 1.1 of [I7]. This theorem
states that V is protomodular if and only if it has O-ary terms ey, ...,e,, binary terms t1,...,t,

and an (n + 1)-ary term ¢ satisfying the identities
t(z,t1(z,y), ..., ta(z,y)) =y and t;(x,x) = e;

foralli=1,...,n.

In the recent work [41], the authors make use of the results obtained for the variety of hoops to
prove, among other things, that the variety of MV-algebras is protomodular. Here, we present
an alternative proof of this fact by exhibiting different protomodularity terms compared to those

introduced in the aforementioned work.

Proposition 2.5.1. MV is a protomodular category.

Proof. We define t1(x,y) =2 Sy, t2(z,y) = x @ —y, and t(x,y,2) =z @ (y ® z). Clearly, one
has

ti(z,x) =2 x=0and t3(z,z) =& - =1.

Moreover, the following equality holds

t(ti(z,y), t2(2,9),y) = (20y) ® (x © ~y) O y) = ;

a proof of the last equality can be found in Proposition 1.6.2 of [21]. O

In their work [41], the authors show that MV is a protomodular category by constructing two
binary terms, namely «o1(z,y) and as(z,y), as well as a ternary term, 0(x,y, z). However, we
observe that, in their case, the equalities s1(z,2) = 1 and s3(z,z) = 1 hold. Consequently, it is

clear that our own protomodularity terms differ from theirs, as anticipated earlier.

Lemma 2.5.2. Consider a commutative square in MV

AN

b

B
I»
o D

=
<7

Q

where the horizontal arrows are reqular epimorphisms. Hence, denoting with (h, f) the unique
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arrow induced by the universal property of the pullback

BN
[

we get:

i) (h, f) is injective if and only the restriction of h (considered as map) h: ker(f) — ker(g)

1s injective;

it) (h, f) is surjective if and only the restriction of h (considered as map) h: ker(f) — ker(g)

18 surjective.

Proof. i) (=) By assumption (h, f) is injective, therefore {0} = ker((h, f)) = ker(f) Nker(h) and
so, thanks to Lemma [2.1.6] we conclude that the restriction of & is injective.

(<) Consider an element a € A such that (h, f)(a) = (0,0); then a € ker(f) Nker(h) and so
a = 0, since the restriction of & is injective.

1) (=) Fix an element ¢ € ker(g); we know that (¢,0) € P since k(0) = 0 = g(c); hence, there
exists an element a € A such that (h, f)(a) = (¢,0) ((h, f) is surjective). Therefore, a € ker(f)
and h(a) = ¢, i.e. the restriction of h is surjective.

(<) Given an element (¢,b) € P (i.e.c € C, b € B, and g(c) = k(b)) there exists an element a € A
such that f(a) = b (f is surjective). Now, we observe that gh(a) = kf(a) = k(b) = g(c), and so we
deduce c© h(a) € ker(g) and h(a) ©c € ker(g). Therefore, since the restriction of h is surjective,
there exist a1, as € ker(f) such that h(a1) = coh(a) € ker(g) and h(az) = h(a) & c € ker(g) (for
our aim, it is most useful to keep in mind that h(—a2) = ¢® —-h(a)). We recall, from Proposition
1.6.2 of [21], that the following equality holds

(coh(a))® ((c®—h(a)) ®h(a)) =c.
This equality can be reformulated as
h(a1) @ (h(—a2) ® h(a)) = c,

s0 h(ay ® (maz ®a)) = c and f(a1 & (maz © a)) = f(a1) & (—f(a2) © f(a)) =0® (1 © f(a)) = b;
we have proved that (h, f) is surjective. O

The previous lemma yields the following direct consequence:
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Corollary 2.5.3. A commutative square in MV
4']0» B

gk

)

N

>
%

Q

g

where the horizontal arrows are regular epimorphism, is a pullback if and only if the restriction

of h (considered as map) h: ker(f) — ker(g) is bijective.

It is known that MV is an arithmetical variety, which means it both congruence distributive and
congruence permutable. As we said in the previous chapter, in Theorem 2 of [48] the author
proved that a variety V is arithmetical if and only if there exists a ternary term r(z,y, z) such
that

T(I,;’E’ Z) = Z7 T(I, y7 y) = x7 and r("lj7y7 1:) =

for every object X and for every z,y,z € X. Here, we give a proof that MV is arithmetical by

exhibiting such a term:
Proposition 2.5.4. MV is an arithmetical category.

Proof. We define
p(x,y,2) = ((x = y) = 2) A ((z = y) = x)

and

tz,y,2) = (y—= (xA2)A(zV2).

We observe that

p(z,z,2)=2AN((z—>2) > 2)=2A(~(-28x)® )

ZN(A(rx@2)D2) =2

p(z,y,y) = (z = y) 2y Ao =(=(cedy) y) A
=(-(~y®z)Pr) ANz =21 and

p(z,y,2) = ((x = y) = 2) AN((z = y) = )
=(z—y) —z)=-(xdy) dr >

Moreover, we have

tz,z,2) == (@xA2)A(zVz)=((z = 2)AN(z—=2)A(zV=2)
=@—=2)A(zVz) >z

ta,y,y) == (@AY A (@Vy) =(y =) AN(zVy) >z, and
(

t(z,y,x) =(y > ) ANz =x.
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Therefore, the term

r(z,y,z) = p(x,y,2) Nt(2,y, 2)

satisfies

r(z,x,2z) =z, r(z,y,y) = =, and r(z,y,z) = x. O

In the final part of this section we study, from a categorical point of view, the commutativity
of subobjects in the category PtgMV, for every MV-algebra B. In general, given an arbitrary
category C, the category PtgC (where B is an object of C) is the nothing more than (C/B)\idp

(i.e. the coslice over idp of the slice of C over B).

In order to show that in PtgMV there are centralizers of subobjects, we need to recall the notion
of lattice-ordered abelian group. As we seen in the previous chapter, a lattice-ordered abelian
group is an algebraic structure of signature {+, 0, —, V, A} satisfying the axioms of abelian groups,
the axioms of lattices, and the axioms related to the distributivity of the group operation over

both the lattice operations:
r+@yVz)=(@@+y)Ve+z)andz+ (yAz)=(z+y) A(z+2).

We denote by ¢Ab the category whose objects are lattice-ordered abelian groups and whose arrows
are maps between lattice-ordered abelian groups which preserves the operations. Given a lattice-
ordered abelian group G we can define, for every element x of G, |z| := & V —z. An order-unit
u of G is an element 0 < u € G satisfying the following property: for every x € G, there exists a
natural number n € N such that |z| < nu. We denote by ulAb the category whose object are the
pairs (G, u), where G is a lattice-ordered abelian group and w is an order-unit of G, and whose
arrows are the maps which preserve the operations and the distinguished order-unit. Given an
object (G, u) of ulAb we recall from [44] the definition

[0,u] ={x e G|0<z<u};

and on [0, u] the following new operations are introduced: z @y = (x + y) Au and —z = u — .
The structure ([0, u], ®, —,0) is an MV-Algebra, denoted by I'(G, w); moreover, for every arrow
h: (G,u) — (H,v) in ulAb, the restriction of h to [0,u] (denoted by I'(h)) is a morphism of
MV-algebras between [0, u] and [0, v].

Theorem 2.5.5 ([44], Theorem 3.9). The assignment defined by I establishes an equivalence of
categories between ulAb and MV.

We know that ufAb is complete and cocomplete, since it is equivalent to a variety of universal

algebras. We want to describe finite limits in wfAb. We prove that they are computed as in ¢Ab.
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We start dealing with equalizers. Let us consider a diagram in wflAb of the form

(X,u) == (¥,0)

We define F = {x € X | f(z) = g(z)}. We know that E inherits the lattice-ordered abelian
group operations from X (limits in £Ab are computed as in Set since ¢Ab is a variety). Moreover,
since f(u) = v = g(u), we have u € E. So, given an arrow k: (H,h) — (X, u) of ufAb such that
fk = gk, then, since E is the equalizer of f and g in ¢Ab, k factors through the inclusion of F in
X; moreover, k(h) = u and so we can conclude that (E,u) < (X, u) is the equalizer of f and g
in wfAb. Let us take a look at the products. We consider two objects (X, u) and (Y, v) of ulAb.
We prove that (X X Y, (u,v)) is an object of u¢Ab (where the operations on X x Y are defined
component-wise); in other terms, we have to show that (u,v) is an order-unit. So, fix an element
(x,y) € X x Y. Then, there exist ny,na € N such that |z| < nju and |y| < ngv. Thus, taking
n as the maximum between n; and ng, we get |(z,y)| = (|z|, ly]) < (nu,nv) = n(u,v). Hence,
applying similar reasoning to the one seen for equalizers, we obtain that the products in ufAb

are computed as in ¢Ab.
Proposition 2.5.6. Pt g ., ulAb is a unital category.

Proof. Since ufAb is arithmetical it is also a Mal’'tsev category, and so Pt(p . ufAb is unital for

every object (B,v). O

Proposition 2.5.7. Let (B, u) be an object of ulAb. In the category Pt g ., ulAb subobjects have

centralizers.

Proof. Let us consider an object of Pt(p . ulAb ((A,u),p,s) and let us suppose, without loss
of generality, that s: (B,u) — (A,u) is the inclusion. We observe that (A,p, s) is an object of
PtplAb. We define K == {k € A|p(k) = 0} and we observe that K is a subalgebra of A in
fAb. Hence, applying the results from Proposition we obtain that A is isomorphic as a

lattice-ordered abelian group to K x B, whose operations are defined by
(k1,b1) + (K2, b2) = (k1 + k2,01 + b2)

and
(k1,b1) V (k2,b2) = (((k1 + b1) V (ko + b2)) — (b1 V ba), b1 V ba).

In other words, the object (A, p, s) is isomorphic to
B

KxB+"= B
pPB

where pp(k,b) = band ig(b) = (0,b). The isomorphism is given by the arrow of ulAb ¢: K xB —

A, where ¢(x,b) = x+b. Clearly ¢ induces an isomorphism in u¢Ab between the lattice-ordered
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abelian groups with order-unit (A4, u) and (K x B, (0,u)). Hence, we can apply the same argument
of Proposition to establish the validity of the statement. O






Chapter 3

A Galois Theory for MV-Algebras

Given an MV-algebra A, we define its radical, denoted by Rad(A), as the intersection of all
maximal ideals of A. It has been shown that Rad(A) consists precisely of those elements a € A
that satisfy the inequality na < —a for every natural number n. This notion of radical has
important implications in the study of MV-algebras. In particular, it naturally leads to the
definition of two important classes of MV-algebras: the perfect MV-algebras and the semisimple
MV-algebras. An MV-algebra A is said to be perfect if it can be expressed as the union of its
radical Rad(A4) and the set - Rad(A), which consists of all elements whose negation belongs to
Rad(A). Interestingly, it has been shown (for a proof of this fact see [2I]) that the category
of non-trivial perfect MV-algebras is equivalent to that of lattice-ordered abelian groups. An
MV-algebra is said to be semisimple if its radical is trivial. This notion of semisimplicity plays a
crucial role in the study of the structure of MV-algebras, and is intimately related to the notion
of simplicity in other areas of algebra.

We denote by pMV the full subcategory of MV whose objects are perfect MV-algebras, and by
sMV the full subcategory of MV whose objects are semisimple MV-algebras. Notably, we observe
that pMV N sMV = {1,2}, and every morphism f from a perfect MV-algebra to a semisimple
MV-algebra factors through either 2 or 1. This consequently gives rise to the question of whether
these two categories form a non-pointed version of a torsion theory. The appropriate notion to
answer this question is that of a pretorsion theory, which was introduced in the recent work [30].
This concept provides a generalization of the classical torsion theory, and it has been successfully
applied in various areas of mathematics.

Additionally, we will prove that the subcategory sMV C MV is not only reflective but that the
adjunction S -4 (with S representing the reflector and i the inclusion) is admissible for cate-
gorical Galois theory with respect to the class of all arrows (and also with respect to the class
of regular epimorphisms). By studying this Galois structure, we will be able to characterize the
trivial, normal, and central extensions related to it.

Finally, it should be noted that the subcategory of the category of regular epimorphisms in MV
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whose objects are the central extensions is reflective. The corresponding Galois structure is ad-
missible with respect to double extensions, which opens the way to studying higher-dimensional
central extensions.

In Section we will review the necessary preliminary concepts required to understand the re-
maining part of the chapter. Specifically, we will focus on the concepts of pretorsion theories,
categorical Galois theory, and factorization systems.

In Section we will delve into a detailed study of the adjunction determined by the reflective
subcategory sMV from the perspective of categorical Galois theory. Additionally, we will describe
the commutators defined by this Galois structure. Finally, we will investigate some properties of
the functor S and show how the Galois structure induces a stable factorization system on MV.
In Section we will study the higher-dimensional normal and central extensions relative to
the Galois structure determined by the adjunction defined by the subcategory of regular epimor-
phisms whose objects are the central extensions. This in-depth analysis will allow us to define

the commutator of two ideal subalgebras with respect to this Galois structure.

3.1 Pretorsion Theories, (zalois Theory, and Factorization

Systems

The aim of this section is to provide an introduction to the foundational concepts required
for studying pretorsion theories in general categories. Given two full replete subcategories of C
(7, %), the authors of [30] start by defining a new full subcategory 2 := 7 N.Z of trivial objects
in the category C. A morphism is considered to be Z-trivial if it factors through an object of
Z. We denote the collection of Z-trivial (or simply trivial) morphisms as Ng. This allows
to define Z-prekernels, % -precokernels, and short Z-pre-exact sequences (or simply prekernels,

precokernels, and pre-exact sequences).

Definition 3.1.1 ([30]). Let f: A — B be a morphism in C. We say that a morphismk: K — A
in C is a Z-prekernel of f if the following properties are satisfied:

o fk is a morphism of Na;

e whenever e : E — A is a morphism in C and fe is in Ng, then there exists a unique

morphism ¢: E — K in C such that kp = e.

Dually, we have the definition of 2 -precokernel.

In [30], the authors show that some properties known for kernels also hold for Z-prekernels.
They prove that every Z-prekernel is a monomorphism. Additionally, they show that for every
morphism f: A — B in C, the Z°-prekernel of f is unique up to unique isomorphism. This means
that if k: K — A and k': K/ — A are % -prekernels of the same arrow f, then there exists a
unique isomorphism ¢: K’ — K such that kp = k’.

Clearly, the dual of the previous observations hold for Z-precokernels.
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Definition 3.1.2 ([30]). Let f: A— B and g: B — C be morphisms in C. We say that

A%B%C

is a short Z-pre-exact sequence in C if f is a 2 -prekernel of g and g is a Z -precokernel of f.

A pretorsion theory [31] in a category C is defined as a pair (.7,.%) of full and replete subcate-
gories 7 and Z of a category C, which satisfy certain conditions. Specifically, every morphism
from an object in J to an object in % must be trivial, and, for every object A in C, there
must exist a pre-exact sequence with a torsion object in 7 as its left endpoint and a torsion-free
object in .% as its right endpoint. This broader view allows for more flexibility in the choice of
the category C and the subcategories 7 and .%. The concept of pretorsion theory can be seen
as a generalization of the notion of torsion theory. In fact, when the category C is pointed, every

pretorsion theory such that .7 N .% reduces to the zero object is, actually, a torsion theory.

Definition 3.1.3 ([31]). Let C be an arbitrary category. A pretorsion theory (J,%) in C
consists of two replete (i.e. closed under isomorphism) full subcategories T ,.F of C satisfying
the following two conditions. Set & = T N .F:

e C(T,F) C N for every object T € T , F € F;

e for every object A of C there is a short Z -pre-exact sequence
T(A) =25 A 5 F(A)

with T(A) € 7 and F(A) € Z. It has been shown that such a 2 -pre-exact sequence is

unique up to isomorphism.

In [31], the authors prove that, by fixing for each object A a Z-pre-exact sequence as in

every pretorsion theory defines two functors:

c—~f 7 c—~ 7
Ar— F(A) A— T(A)
| &) | [
B+——— F(B) B ——— T(B)

where T(f): T(A) — T(B) is the unique morphism such that feq = egT(f), and it exists
since npfea € Ng; in a similar way, F(f): F(A) — F(B) is the unique morphism such that
F(f)na =npf, and it exists since ngfea € Ng

T(A) =25 A ™ F(A)

37 f)J{ Jf P!F(f)
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Proposition 3.1.4 ([3I], Proposition 3.3). Let (7,.%) be a pretorsion theory in a category C.
Then:

e the functor F': C — F is a left inverse left adjoint of the inclusion functor ig: % — C

and the unit is given by n;

e the functor T: C — 7 is a left inverse right adjoint of the inclusion functor ig: T < C

and the counit is given by .
In the following pages, we will review several important definitions from categorical Galois theory.

Definition 3.1.5. Let C be a category with pullbacks. A class € of arrows in C is admissible

when:
e cvery isomorphism is in € ;
e ¢ is closed under composition;

o ¢ is closed under pullbacks, namely for every pullback

_c
J

d
a

if a and b are in € then ¢ and d are in €.

Definition 3.1.6. Let € be an admissible class of morphisms in a category C. For an object C

of C, we write €/C for the following category:
o the objects are the pairs (X, f) where f: X — C in€;
o the arrows h: (X, f) = (Y, g) are all arrows in C such that gh = f.

Definition 3.1.7 ([37]). A relatively admissible adjunction consists in an adjunction S
C:P — A (where A and P have pullbacks) and two admissible classes o/ C A, & C P of

arrows, such that
o S(#) C 2,
o C(2)C o,
o for every object A of A the A-component na of the unit of the adjunction S 4 C is in <,
e for every object P of P the P-component ep of the counit of the adjunction S - C is in L.

We denote a relatively admissible adjunction by (S,C, o, ).



A Galois Theory for M'V-Algebras 71

In order to recall the notion of an admissible adjunction, remaining consistent with the notation
of previous definitions, we review the definition of the following functors: Sa: &/ /A — 2 /S(A)
and Cq: P/S(A) — o/ /A, where A is an object of A. One has Sy4(f: B — A) = S(f) and
Ca(g: P — S(A)) = w4, where the diagram

K—" 4 A

TCo(P) nA

C(P) 5= CS(A)

is a pullback (n4 is the A-component of the unit of the adjunction S - C'). Moreover, S4 is the
left adjoint of C4.

Definition 3.1.8 ([37]). A relatively admissible adjunction (S,C, </, P) is admissible when the
functor Cy is full and faithful for every object A of A.

Now, we recall the definition of effective descent morphism, as this concept will be of crucial

importance for the detailed analysis of admissible Galois structures.

Definition 3.1.9. Let & be an admissible class of arrows in a category A with pullbacks. An

arrow h: B — A is an effective descent morphism relatively to o7 if:
e he o;
e the change-of-base functor h*: o/ /B — </ /A is monadic.

It has been shown that, in Barr-exact categories, effective descent morphisms, w.r.t the class of

all morphisms, are precisely the regular epimorphisms.

Finally, we observe how the notion of effective descent morphism enables the study of specific
classes of arrows with respect to an admissible Galois structure.

Definition 3.1.10 ([37]). Given a relatively admissible adjunction (S,C, o, P)

e ¢ trivial extension is an arrow f: A — B of & such that the square

A 25 PS(A)

fi JPS(f)
B T) PS(B)

is a pullback (where 1 is the unit of the adjunction S - P);

e ¢ normal extension is an arrow f of & such that it is an effective descent morphism

relatively to & and its kernel pair projections are trivial extensions;
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e ¢ central extension is an arrow f of o/ such that there exists an effective descent morphism

g relatively to o/ and the pullback g*(f) of f along g is a trivial extension.
Finally, we are ready to recall the notion of factorization system.

Definition 3.1.11. A factorization system for a category C is a pair of classes of arrows (&, .#)
such that:

o for everye € & and m € M one has e | m, i.e. for every commutative square in C

I
N
g m
AN
]

<
—
<

Q

there exists a unique arrow d: B — C' such that de = g and md = h;
o cvery arrow f in C factors as f = me, where m € A and e € &.

A factorization system (&, #) is stable if the pullback of every arrow of & along an arbitrary

arrow s, again, an arrow of &.

3.2 A Galois Theory for MV-Algebras

In this section, we will study the category of MV-algebras from the perspective of categorical
Galois theory. Given an MV-algebra A, we denote its radical, i.e. the intersection of its maximal
ideals, by Rad(A). An MV-algebra is said to be semisimple if its radical is trivial. It has been
shown (for a proof of this fact see [2I]) that an MV-algebra is semisimple if and only if it is
a subdirect product of subalgebras of the MV-algebra [0,1]. We will also consider perfect MV-
algebras, which are defined as follows: an MV-algebra A is said to be perfect if A = Rad(4) U
—Rad(A4). We will show that the full subcategory of semisimple MV-algebras and the full
subcategory of perfect MV-algebras constitute the torsion-free and torsion parts, respectively, of
a pretorsion theory on MV. We will then study the Galois structure defined by the reflector of
the subcategory of semisimple MV-algebras.

Definition 3.2.1 ([2I]). Given an MV-Algebra A, the radical of A is defined as
Rad(A) = ﬂ{M C A| M is a mazimal ideal}.
Let us consider an MV-algebra A. In Proposition 3.6.4 of [2I] the authors show that

Rad(A) = Inf(A) U {0},
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where a € Inf(A) if and only if @ # 0 and na < —a for every n € N. Moreover, in Lemma 7.3.3
of [21], it is proved that

Rad(A) = \/{J C A|J is a nilpotent ideal of A},

where an ideal J is said to be nilpotent if, for every x,y € J, one has x ® y = 0 and the join is
computed in the poset Ideals(A) of ideals of A.

Definition 3.2.2 ([2I]). Let A be an MV-algebra. A is semisimple if its radical Rad(A) is
trivial, i.e.

Rad(4) = {0}.

A is perfect if it can be expressed as the union of its radical Rad(A) and the negation of its
radical, i.e.
A =Rad(A4) U-Rad(A),

where =S = {x € A| -~z € S}

Remark 3.2.3. Given an MV-algebra A, we define S(A) = A/Rad(A). Thanks to Lemma
3.6.6 of [21)] we obtain that S(A) is semisimple.

Remark 3.2.4. Given an MV-algebra A, we define P(A) = Rad(4) U -Rad(A). P(A) is a
subalgebra of A:

e 0 € P(A);
e x € P(A) implies —x € P(A);

o ifx,y € P(A) then x ®y € P(A). To show this, we work on cases: if x,y € Rad(A) then
x @y € Rad(A4); if v € Rad(A) and y € ~Rad(A) then, since ~Rad(A) is a filter and
y <z dy, we obtain x &y € P(A); finally, if x,y € ~Rad(A), since ~Rad(A) is a filter
andy < x Dy, we get x Dy € P(A).

Moreover, it is easy to see that P(A) is perfect.

It is straightforward to verify that the argument just presented holds for any arbitrary ideal I of
A. In other words, the set I U —I always forms a subalgebra of A.
If we denote by sMV the full subcategory of MV whose objects are the semisimple MV-algebras,

we get a functor S described by the following assignment:

MV — 5 s sMV

A —— S(A) = A/Rad(A)

f| [si=7

B —— S(B) = B/Rad(B),
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where f([a]) := [f(a)], for every [a] € S(A). We have to show that f is well defined: a € Rad(A)
if and only if na < —a for every n € N, thus nf(a) = f(na) < f(-a) = = f(a) for every n € N,
and so f(a) € Rad(B).

Similarly, if we denote by pMV the full subcategory of MV whose objects are the perfect MV-

algebras, we get a functor P described by the following assignment:

MV P pMV

A +—— P(A) = Rad(A) U—Rad(A)

| 26

B — P(B) = Rad(B) U—~Rad(A),

where P(f)(a) = f(a) for every a € P(A). We have to show that P(f) is well defined: as we saw
before, if a € Rad(A) then f(a) € Rad(B), and so f: A — B restricts to P(f): P(A) — P(B).

Proposition 3.2.5. The inclusion functor i: sMV < MV is right adjoint to S.

Proof. We construct the unit of the adjunction n: idyy — S as the quotient projection n4: A —
A/ Rad(A), for every MV-algebra A. Clearly 7 is a natural transformation. Moreover, 7 satisfies
the universal property of the unit: given a morphism of MV-algebras g: A — i(B), where B is
semisimple, we want to prove that there exists a unique morphism of MV-algebras g: S(A) — B

such that the following diagram commutes:

A A
XA i(9)
i(B).

Since B is semisimple, then if ¢ € Rad(A) we have g(a) = 0; therefore g induces a unique

iS(A)

morphism g such that §([a]) = g(a), for every a € A. O
Proposition 3.2.6. The inclusion functor j: pMV < MV is left adjoint to P.

Proof. We construct the counit of the adjunction €: jP — idwy as the inclusion e4: j(P(A4)) —
A, for every MV-algebra A. Clearly ¢ is a natural transformation. Moreover, ¢ satisfies the
universal property of the counit: given a morphism of MV-algebras h: j(B) — A, where B is
perfect, we want to prove that there exists a unique morphism of MV-algebras h: B — P(A)

such that the following diagram commutes

€A
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Since B is perfect, then, for every b € B, b € Rad(B) or b € ~Rad(B) and h(b) € Rad(A) or
h(b) € = Rad(A), i.e. h(b) € P(A); therefore h defines a unique morphism h such that h(b) = h(b),
for every b € B. O

More specifically, as anticipated at the beginning of this section, the pair of subcategories just
introduced allows us to define a pretorsion theory in MV. Therefore, we define the class of trivial

objects as

7 ={1,2},
where 1 indicates the terminal object of MV and 2 the initial object.
In the remaining part of the chapter, we will assume that the class of zero objects is {1,2};

therefore, we will write prekernel, precokernel, and pre-exact sequence to denote, respectively,

{1, 2}-prekernel, {1, 2}-precokernel, and {1, 2}-pre-exact sequence.
Proposition 3.2.7. (pMV, sMV) is a pretorsion theory for MV.

Proof. First of all we observe that
pMV N sMV = {1, 2}.

We prove that, given two MV-algebras A, B, with A perfect and B semisimple, MV(A, B) C Ng.
Let us suppose B # 1 (this implies A # 1); then a morphism f: A — B factors in the following

way:
A—71 B
X= Rad(A)\‘ /
2,
where
0 a € Rad(A)

X-Rad(4)(a) =
1 a€-Rad(4).

In fact, if a € Athena € Rad(A) or a € ~Rad(A), since A is perfect, and so f(a) € Rad(B) = {0}
or f(a) € “Rad(A4) = {1}, because B is semisimple. If B =1 we have

A—T 9

N S

1.

Now, we want to show that, for every MV-algebra B, we have a pre-exact sequence with B in

the middle. If B = 1 the sequence is given by B = B = B. Suppose B # 1; we prove that

P(B) <~ B —;» S(B)
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is a pre-exact sequence. Observe that, since np(b) = 0 for every b € Rad(B), npep € Ny. We
prove that ep is a prekernel of ng. Consider an arrow Ag: C — B such that there exists an

arrow x: C' — 2 making the diagram below commutative

B "4 S(B)

s T

Notice that if ngAp factored through 1, then we would have S(B) = 1; since S(B) = 1 implies
1 € Rad(B), it would follow that B = 1. Now, for every ¢ € C, if z(¢) = 0, then Ag(c) € Rad(B)
and, if z(c) = 1, then Ag(c) € ~Rad(B); therefore, Ag restricts to Az: C — P(B) and the

following diagram commutes

P(B) —2+ B "4 S(B

N4 /

Therefore, €5 is a prekernel of 7p.

Thus we focus on np: we want to show that it is a precokernel of eg. Fix an arrow g: B — C
such that Opep € Na. Now, if gep factors through 1, we can conclude that C' = 1. Hence, the
claim becomes trivial. Then, suppose there exists an arrow y: P(B) — 2 making the following

diagram commutative:
P(B) £+ B

O

If b € Rad(B), then 6p(b) € 2 C C; but, if 0p(b) = 1, we get 1 € Rad(C) and so C =1 (we

are excluding this case). Hence, g induces a unique morphism 0%5: S(B) — C such that the

—

diagram below is commutative

P(B) <2+ B 24 S(B
NN /9’
22— (C.
Therefore, np is a precokernel of . O]

The purpose of the following part of the section is to examine the adjunction
S Hi: sMV — MV

from the perspective of categorical Galois theory.
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In the literature, adjunctions studied through the lens of categorical Galois theory are frequently
adjunctions between semi-abelian categories. Additionally, in cases where the adjunction is
induced by the reflection of a reflective subcategory, it is often required that the subcategory is a
Birkhoff subcategory. A full and reflective subcategory D of a category C is considered a Birkhoff
subcategory if it is closed under subobjects and regular images. It is important to mention
that our work does not fall under the conditions specified above. Specifically, our category MV
is not semi-abelian (it is not pointed), and the full subcategory sMV < MV is not a Birkhoff
subcategory. In fact, let us consider the MV-algebra

A::HL,,

n>2

where L, = {0, 2,...,2=1 1} C [0,1] and the operations are the ones induced by [0,1]. First

n

of all, let us show that A is semisimple. Given an element z = (z,,)n>2 € A, with = # 0, there
exists a natural number n > 2 such that x,, = % # 0, hence (—x), = 2, =1 — % = ”Tfk # 1.
Therefore, there must exist a natural number m such that mk > n — k and so ma £ -z, ie.
Inf(A) = () and Rad(A) = {0}. Next, we consider the relation p C A x A defined by (x,y) € p
if and only if there exists a natural number N > 2 such that x,, = y, for every n > N, where
T = (Tp)n>2 and y = (Yn)n>2. It is clear that p is a congruence. Let [2] € A/p where z = (2,,)n>2
and z, = < for every n > 2. Our goal now is to show that [2] € Inf(A/p). Fix a natural number
m € N; clearly 7+ < "T_l for every m > m, that is mz, < —z,. We define y = (yn)n>2 € A such
that

Oif n<m
Yp =
zp ifn > m.

Then m[z] = m[y] < —[y] = —[z] and so the radical Rad(A/p) is not trivial, i.e. A/p is not

semisimple.

Proposition 3.2.8. For every MV-algebra B the counit of the adjunction
Sp Hip: sMV/s(B) — MV/B

18 an tsomorphism.

Proof. When B = 1 the assertion is trivial. Suppose B # 1; we recall that, for every object
f: A= Bof MV/B, Sg(f: A— B) = (f: S(A) — S(B)) and, for every object ¢: A — S(B),
ig(p: A— S(B)) = (¢': A’ — B) is defined by the following pullback:
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We want to prove that
(S(¢'): S(A") - S(B)) = (p: A~ S(B)).

Consider the following commutative diagram, where ¢’ is induced by the universal property of

n:
Ay A/ Rad(A)

A

" is surjective; let us show that it is also injective. Fix an element (b,a) € A’, where

Clearly ¢
a € A b e B and ¢(a) = np(b) = [b]. If ¢"'([b,a]) = 0, we obtain ¢"'n4(b,a) = 0 and so
¢ (b,a) = 0, i.e. a = 0. We want to prove that (b,0) € Rad(A’): since b € Rad(B) we know
that nb < =b for every n € N; then n(b,0) = (nb,0) < (=b,1) = —(b,0) for every n € N and so
(b,0) € Rad(A’). Therefore ker(¢) is trivial, i.e. ¢ is injective. It remains to prove that the

following diagram is commutative:

/ /
A'/Rad(4)
“’J B/Rad(B)
A. ¢

Take an element (b,a) € A’. We know that ¢ ([b,a]) = ¢(a), ¢(a) = [b], and S(¢’)([b,a]) =
[b]. O

We observe that, thanks to the previous proposition, the adjunction S - ¢ is admissible with
respect to the class of all arrows in MV and the class of all arrows in sMV. We will denote this

Galois structure as I'.

Proposition 3.2.9. Given an arrow f: A — B in MV, the restriction of f (considered as map)
f: Rad(A4) — Rad(B) is injective if and only if P(f): P(A) — P(B) is injective, or P(A) = 2
and P(B) = 1.

Proof. Thanks to Lemma we know that f: Rad(A4) — Rad(B) is injective if and only if
ker(f) NRad(A) = {0}. Suppose first that B # 1 (which implies A # 1). If a € ker(P(f)), then
we have a € Rad(A): indeed, if a € =Rad(A), then f(a) = 0 € =Rad(B), which contradicts
our assumption that B # 1. Hence, we have ker(P(f)) = ker(f) N Rad(A4), and so P(f) is
injective if and only if ker(f) N Rad(A) = {0}. Now suppose that B = 1. Then the restriction
f: Rad(4) — Rad(B) = {0} is injective if and only if Rad(A4) = {0}. Indeed, the condition
Rad(A) = {0} is equivalent to either P(A) = 2 or P(A4) = 1. O

Proposition 3.2.10. Given an arrow f: A — B in MV, the following diagram is a pullback (i.e.



A Galois Theory for M'V-Algebras 79

f is a trivial extension for T')

A% S(A) = A/Rad(A)

fl lsm:?

B —— S(B) = B/Rad(B)

nB

if and only if P(f): P(A) — P(B) is an isomorphism, or P(A) = 2 and P(B) =

Proof. We apply Lemma[2.5.2]and we get that the above diagram is a pullback if and only if the
restriction f: Rad(A) — Rad(B) is bijective. Thanks to Proposition this last statement
holds if and only if P(f): P(A) — P(B) is an isomorphism, or P(A) =2 and P(B) = 1. O

Proposition 3.2.11. Given an effective descent morphism relatively to the class of all arrows
(i.e. a regular epimorphism) f: A — B in MV, f is a normal extension for T if and only if
P(f): P(A) — P(B) is injective, or P(A) =2 and P(B) =1

Proof. Consider the kernel pair of f defined by the pullback

Eq(f) 25 A

SR

—

We want to prove that P(m) is an isomorphism if and only if P(f) is injective, or P(A) = 2
and P(B) = 1. We start by assuming B # 1. Suppose that P(f): P(A) — P(B) is injective; we
observe that P(Eq(f)) = {(a1,a2) € A x A|a1,a2 € Rad(A) and f(a1) = f(a2)} U{(a1,a2) €
A X Alay,az € "Rad(A) and f(a1) = f(a2)}. Therefore, since P(f) is injective and Rad(A4) N
- Rad(A) = 0 (otherwise we would get A = 1), if (a1,a2) € P(Eq(f)) then f(a1) = f(az) and so
a1 = az. Hence, P(Eq(f)) = {(a,a) € Ax A|la € P(A)} and clearly P(m): P(Eq(f)) — P(A)
is an isomorphism. Conversely, if we assume that P(m1) is an isomorphism and we consider
an element a € P(A) such that P(f)(a) = 0, then a € Rad(A) (otherwise we would obtain
B = 1), and so (0,a) € P(Eq(f)) (in fact, n(0,a) = (0,na) < (1,—-a) = —(0,a) for every
n € N). So, since P(m) is an isomorphism and P(m1)(0,0) = P(m)(0,a), we get a = 0 and
then we deduce that P(f) is injective. Finally, let us handle the case B = 1. If A =

then Eq(f) = 1 and so the assertion is trivial. If A # 1 and B = 1 we have two possible
situations. If P(A) = 2, then P(Eq(f)) = 2 and so P(m1) is an isomorphism and P(f): 2 — 1.
If P(A) # 2, hence P(f): P(A) — 1 is not injective and P(7m) is not an isomorphism. In fact,
by assumption, we have an element a # 0 such that a € Rad(A); therefore, we observe that
there exist two different elements (0,0),(0,a) € P(Eq(f)) (since f(a) € Rad(B) = {0}) such
that P(7m1)(0,0) = P(m1)(0,a), and so P(m1) is not an isomorphism. O
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Proposition 3.2.12. Given an effective descent morphism relatively to the class of all arrows
(i.e. a regular epimorphism) f: A — B in MV, f is a central extension for T' if and only if
P(f): P(A) — P(B) is injective, or P(A) =2 and P(B) = 1.

Proof. Consider the following pullback diagram:

AxpC %% C

S

A7

Thanks to the previous proposition, if P(f) is injective or P(A) = 2 and P(B) = 1, then we can
choose g = f. Conversely, suppose that there exists a regular epimorphism ¢g: C' — B such that
the restriction of m¢ (considered as a map) m¢: Rad(A x g C) — Rad(C) is a bijection (i.e. ¢ is
a trivial extension). We will show that the restriction of f (considered as a map) f: Rad(A) —
Rad(B) is injective. Thanks to Proposition this is precisely equivalent to stating that P(f)
is injective, or P(A) = 2 and P(B) = 1. So, it suffices to prove that ker(f) NRad(A) = {0}. To
do this, let us fix an element a € ker(f)NRad(A). Then, f(a) = 0 = g(0), and thus (a,0) belongs
to A x g C. Moreover, we observe that (a,0) is an element of Rad(A x g C), since a € Rad(A).
Therefore, recalling that, by assumption, ¢ restricted to Rad(A x g C) is an injective map and
observing that m¢(a,0) = m¢(0,0), we deduce that a = 0. Hence, the restriction of f to Rad(A)

is injective. O

From the two previous propositions, it follows immediately that a regular epimorphism is a cen-
tral extension if and only if it is a normal extension. It is known that this situation always occurs
for Galois structures arising from reflections to a Birkhoff subcategory of a Goursat category, see
Theorem 4.8 of [38]. However, our case is not an instance of this general result, since sMV is not
a Birkhoff subcategory of MV.

We provide an example of a central extension which is not trivial. Consider the MV-algebra

A::HLn

n>2

and the congruence p C A x A defined by (z,y) € p if and only if there exists a natural number
N > 2 such that z,, = yy, for every n > N, where & = (2,,)n>2 and y = (yn)n>2. We prove that
the quotient projection

m: A= Afp

is central but not trivial. Recalling that A is semisimple, we immediately get that P(A) = 2 and
so the map
P(m): P(A)=2 — P(A/p)
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is injective (since P(A/p) is not trivial). However, the map P() is not surjective. To see this,
let [z] € A/p be fixed, where z = (2,)n>2 and 2, = L for every n > 2. We have already shown
that [z] € Inf(A/p), and it is clear that [z] is not the zero element of A/p. Therefore, [z] does
not lie in the image of P(7), and we conclude that P(7) is not surjective. This implies that the

morphism 7 is central but not trivial.

In [28], the authors show that, in the case of an adjunction between semi-abelian categories
induced by the reflection of a Birkhoff subcategory, the Galois structure determined by such an
adjunction allows for the introduction of a notion of commutator. The goal of this part of the
section is to present a construction similar to that of [28] for the case of MV-algebras. Specifi-
cally, given a regular epimorphism f: A — B, we seek to identify a subalgebra of A such that f
is a central morphism if and only if the subalgebra is trivial (which, in our case, means that it is

an element of the class ).

Recalling that every MV-algebra is a distributive lattice with respect to the operations defined
in[2.1.5] the result presented in Proposition [3.2.12] can be expressed in a different form: a regular
epimorphism f: A — B is a central extension if and only if ker(f) C Rad(A)‘. Here, for an
MV-algebra A and a non-empty subset S C A, we define the set

St={x € AlxAs=0 for every s € S}.

It can be proved that S+ is an ideal of A.

Lemma 3.2.13. Consider a morphism f: A — B in MV. Then, ker(f) NRad(A4) = {0} if and
only if K[f] N P(A) € &, where K[f] .= A if B =1, otherwise K|[f] is given by the following
pullback:

K[f] —

)

k

W+—nw
w

A—3

Proof. We notice that K[f] is precisely given by the union of I with —I, where I = ker(f).

Therefore, we obtain
Rad(K[f]) = Rad(A) N K[f] = (Rad(A) Nker(f)) U (Rad(A) N —ker(f)).

If B+#1, then 1 ¢ Rad(B) and so Rad(A) N —ker(f) = 0. Hence ker(f) N Rad(A4) = {0} if and
only if Rad(K[f]) = {0} (which means P(K[f]) € &). If B = 1, then ker(f) = A and K[f] = A.
Hence, the equivalence we need to prove simplifies to: Rad(A) = {0} if and only if P(A) € Z;

this equivalence always holds, so the statement is trivial in this case. O

To conclude, based on what has been proved so far, we observe that a regular epimorphism
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f+ A — B is central for T if and only if K[f] N P(A) € 2. It therefore makes sense to define,

for a general regular epimorphism f, the following subalgebra of A:
[A, K[fllsmv = K[f] N P(A);

[A, K[f]]smv has the following property: it belongs to & if and only if f is central.

In the final part of this section, we will focus on the study of the functor S: MV — sMV. The
authors of [26] introduce the concept of a protoadditive functor. A functor F' between pointed
protomodular categories is protoadditive if it preserves split short exact sequences. Moreover,
in [27], the authors show that a functor between pointed protomodular categories that preserves
the zero object is protoadditive if and only if it preserves pullbacks along split epimorphisms.
This characterization enables the extension of the notion of protoadditivity to the non-pointed

case.

Definition 3.2.14. A functor S: C — D between protomodular categories that have both a
terminal and an initial object is protoadditive if it preserves the terminal object, the initial

object, and pullbacks along split epimorphisms.

Additionally, we will prove how the pretorsion theory in MV studied in this section induces a
stable factorization system. These observations will assist us in introducing the topics covered

in the next chapter.

Proposition 3.2.15. The functor S: MV — sMV is protoadditive.

Proof. Tt is clear that S(1) =1/1 =1 and S(2) = 2 /{0} = 2. Moreover, since sMV is a full
reflective subcategory of MV, we know that sMV is closed under the formation of limits. We

consider, in MV, the pullback of a split epimorphism along an arbitrary morphism

AxpC -5 O

S
Ai .

S

We observe that

Rad(A xp C) ={(a,c) € Ax C|a € Rad(A), c € Rad(C), p(a) = g(c)}
=Rad(Ax C)N (A xpC).
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We now proceed to compute the pullback of S(p) along S(g) in sMV

S(mc)

S(A XB C)
Jle
TS(C)

S(A) x5y S(C) — 7 S(C)

S(ma) 7TS(A)\L : s S(g)
S(A) ? S(B).

Using the fact that S(p)S(ma) = S(pma) = S(gne) = S(9)S(7¢c), the universal property of this
pullback defines an arrow : S(AxpC) — S(A)x g(p)S(C) such that ¢([a, c]) = ([a], [c]). We will
prove that ¢ is an isomorphism. It is not difficult to see that ¢ is injective: if ¢([a, ¢]) = ([0], [0]),
then we have (a,c) € AxpC, a € Rad(A), and ¢ € Rad(C). Thus, (a,¢) € Rad(AxC)NAxgC,
and so [a,c] = [0,0]. Now, let us show that ¢ is surjective. Let ([a],[c]) € S(A) xg(p) S(C).
Since S(p)([a]) = S(g)([¢]), we have [p(a)] = [g(c)], and so [sp(a)] = [sg(c)]. Our goal is to
find o’ € A and ¢ € C such that p(a’) = g(¢') and [@] = [a], [¢/] = [¢]. First, we observe
that (sp(a) © a,0) € A xp C and (a © sp(a),0) € A xg C. By the definition of ¢, we get
¢([sp(a) © a,0]) = ([sp(a) © a],[0]) and ¢([a © sp(a),0]) = ([a © sp(a)],[0]). Additionally, we
obtain (sg(c),c) € AxpC and ¢([sg(c), c]) = ([sg(c)], [c]) = ([sp(a)], [c]) (since [sp(a)] = [sg(c)]).
Let us define z := [a © sp(a),0], y == [sp(a) © a,0], and z == [sg(c), ], for simplicity. Recalling
that
(@& p(@) & ((a & ~sp(a)) © sp(a)) = 6,

we get
plz® (~y © 2)) = ([al, [).

Thus, ¢ is surjective, and since we have already shown that it is injective, we conclude that ¢ is

an isomorphism. O

Lemma 3.2.16. Given a morphism f: A — B in MV define
7: A/@f — B
[a] = f(a),

where 07 = ker(f) NRad(A) and f is well defined since 0y C Rad(f). Then we have

ker(f) NRad(A/0;) = {0}.

Proof. Fix an element [a] € ker(f) N Rad(A/6f). Since f(a) = f([a]) = 0, we immediately get
a € ker(f). We consider the quotient projection mp: A — A/0y. Given that [a] = 7s(a) €
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Rad(A/6;) = N{M C A/0;| M is a maximal ideal} we deduce that a belongs to
m{ﬂ';l(M) C A| M is a maximal ideal of A/6;}.

Thanks to Proposition 1.2.10 of [2I], we know that 7r;1 defines a bijection, which preserves and
reflects the order, between {I C A/0;|I is an ideal} and {J C A|J is an ideal and J D 6;}.
We can observe that the maximal elements of the poset of ideals in A are precisely the maximal
elements of the poset {J C A|J is an ideal and J D ¢}, as ; C Rad(A) and the radical is
contained in every maximal ideal. Thus, we have

m{ﬂ';l(M) C A| M is a maximal ideal of A/f;} =

ﬂ{N C A|N is a maximal ideal of A and N D 67} = Rad(A).
Consequently, if [a] € ker(f) N Rad(A/6f), then a € ker(f) N Rad(A) = 6, and therefore
[a] = 0. O

Proposition 3.2.17. We define the two following classes of arrows in MV

& ={e: A— B € Arr(MV) | e is surjective and ker(e) C Rad(A)} and
M ={m: A — B € Arr(MV) | ker(m) NRad(A4) = {0}}.
Then the pair (&,.#) forms a stable factorization system for MV.

Proof. We start by considering a commutative square

ecé
—

s

!

meA D’

Q
—

Q

and given that e is surjective, we assume B = A/ker(e). We observe that for every element
a € ker(e) C Rad(A), we have g(a) € Rad(C) and, furthermore, mg(a) = he(a) = h(0) = 0.
Therefore, we get g(a) € Rad(C) Nker(m) = {0} which implies that the arrow d: B — C, where
d([a]) == g(a), is well defined. Additionally, we can see that md([a]) = mg(a) = he(a) = h([a]).
Finally, d is unique since e is an epimorphism. Next, we consider an arbitrary arrow f: A — B

in MV and we construct the factorization

A\ ! /B

A/ ker(f) NnRad(A),

where ¢ is the quotient projection and i([a]) := f(a). Clearly, since ker(q) = ker(f) N Rad(A) C



A Galois Theory for M'V-Algebras 85

Rad(A), we have g € &. Furthermore, thanks to Lemma we get
ker(i) NRad(A/ ker(f) NRad(A)) = {0},

and so i € 4. To conclude, we need to show that the factorization system is stable. For this,

we consider the pullback
A XB C %} C

)
Z B

A——»
ec

and we observe that m¢ is surjective, since it is the pullback of a surjective map. Moreover,
ker(me) = {(a,0) € AxC'|e(a) = 0}, and so every element (a,0) € ker(n¢) satisfies a € Rad(A).
Hence we have ker(m¢) C Rad(A x1 C). O

3.3 A Higher Galois Theory for MV-Algebras

In the final part of this chapter, we will explore the higher-order Galois structure determined
by the adjunction S - 4. Additionally, we will use this analysis to define and examine the
commutator of ideal subalgebras in relation with this Galois structure. For an MV-algebra
A # 1, a subalgebra S C A is said to be ideal if there is an ideal I of A such that S =TU-I. If
A =1, the only subalgebra is 1 itself, and we assume it is also ideal. To express the commutator
of ideal subalgebras, we only need to consider regular epimorphisms (i.e. surjective maps) of MV
and sMV, as we will see. In particular, to investigate commutators between ideal subalgebras,
we need to use the structure (S,i,|Ext MV/|, | Ext sMV|), where | Ext sMV| denotes the class of
surjective maps of sMV, and | Ext MV| denotes the class of surjective maps of MV. Let us begin
by observing that this structure satisfies the necessary conditions to be considered an admissible
structure in Galois theory. We know that sMV is a full and reflective subcategory of MV, and
thus closed under limits. Therefore, the set of surjective maps of MV and sMV are admissible
classes of arrows. Additionally, it is evident that for every surjective map f of MV, S(f) is
also surjective. Finally, since every component of the unit of the adjunction S - ¢ is surjective
(and the composition of surjective maps is surjective), we can conclude that the Galois structure
(S,i,| Ext MV/|, | Ext sMV/|) is admissible.

Definition 3.3.1 ([12]). Let C be a category with pullbacks. A commutative diagram of regular
epimorphism

A2y C

i I

BT»D

is a regular pushout if the morphism (f,g): A — B xp C defined by the universal property of
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the pullback

is a reqular epimorphism.
Applying Lemma [2.5.2] we immediately get the following characterization:

Proposition 3.3.2. A diagram of reqular epimorphism

Sy

AN

h

>
&—
&—

N

Q
S

g
in the category MV is a regular pushout if and only if h(ker(f)) = ker(g).

Let Ext MV be the category whose objects are the extensions (i.e. regular epimorphisms) of MV-
algebras and whose morphisms are the commutative diagrams between them; let CExtgyy MV be

the full subcategory of Ext MV determined by the central extensions. We define the functor Sy

as follows:
Ext MV 51 CExt gy MV
A-1sB A9, —L 5 B
hJ k — hJ Jk
¢ —»D C/b, — D

where 6 = ker(f) N Rad(A) and 6, = ker(g) N Rad(C). Moreover, we define f([a]) == f(a),
9([c]) = g(c) and h([a]) == [h(a)]. Since O C ker(f) we immediately get that f is well defined
(in a similar way one can show that also g is well defined). Let us consider an element a € 6 =
ker(f) N Rad(A); then h(a) € 6, = ker(g) N Rad(C) (from ¢ € Rad(A) we get h(a) € Rad(C)
and from a € ker(f) we obtain h(a) € ker(g) because gh = kf); therefore, h is well defined. It
remains to prove that f: A/fy — B and g: C/6, — D are central extensions. In other words,

we have to show that
ker(f) NRad(A/0;) = {0} and ker(g) N Rad(C/6,) = {0}.

These equalities are a direct consequence of Lemma [3.2.16]
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Being MV a Mal’tsev variety, it was proved in [35] that the inclusion functor iy : CExtguy MV —
Ext MV has a left adjoint, which gives rise to an admissible Galois structure. We provide a

detailed proof of this result in our context.
Proposition 3.3.3. The inclusion functor i;: CExtgyy MV — Ext MV s right adjoint to S1.

Proof. To build the unit of the adjunction, denoted by n': Idgy;mv — %151, we need to define
1} for each object f in ExtMV. Specifically, we define 7} as the pair of arrows (my,idg) in MV,
where my: A — A/ is the quotient projection. In other terms, n]lc is given by the commutative
square

A*f»B

oL

Consider the commutative square in MV below:

B
k

D

g )

L

>
—

|

where g is an object of CExtswy MV (i.e. ker(g) N Rad(C) = {0}). We observe that, if a € §; =
ker(f)NRad(A), then gh(a) = kf(a) = 0 and h(a) € Rad(C). Hence, we can define h: A/ — C

such that the two squares in the following diagram are commutative:

J\

=

A

|

A/

7|

C

>
[y

—

f

O

1

So, we have proved that n' satisfies the universal property of unit of an adjunction. O

In the case of MV-algebras, we define the class of arrows Ext?MV of ExtMV as the class of
squares which are regular pushouts. Moreover, we introduce the class of arrows Ext CExtgyy MV
of CExtgwv MV as the squares of Ext?MV in which the horizontal arrows are central extensions.

The purpose of the following results is to establish the admissibility of the Galois structure
(S1,i1, Ext® MV, Ext CExt gy MV).

Furthermore, applying Proposition 3.3 of [12] we get that every regular pushout is a regular

epimorphism in Ext MV. Finally, thanks to Theorem 2.1 and Example 3.1 of [25], we conclude
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that every regular pushout in Ext MV is an effective descent morphism.

Proposition 3.3.4. Ext*MV is an admissible class of arrows.

Proof. Every isomorphism is in Ext® MV: we consider a commutative diagram

A1y
S
C — D

where h; and hy are isomorphisms in MV. If we fix an element ¢ € ker(g) we get h'(c) € ker(f)
and so ¢ € hy(ker(f)); this implies ker(g) = hq(ker(f)).

Ext2MV is closed under composition: to see this, we fix the following diagram, where the two
squares are commutative, h(ker(f)) = ker(g), and k (ker(g)) = ker(e):

B

\l&

12

D

k2

F.

tij«;Q«—iL

L -

Then, k1 hy (ker(f)) = ki(ker(g)) = ker(e); so, (k1hi, kaha) is in Ext* MV.
Ext? MV is closed under pullbacks: consider two arrows (hy, he) and (ki,k2) in Ext? MV

A—tsB E—°%F
“i 32 hi yz
C—»D ¢ — D,

the pullback of (hi, he) along (k1,k2) is given by the commutative cube:

BxpF —™ s F

where the front face and the back face are pullbacks in MV. We have to prove that (74, 7p) is in
Ext2MV. First of all, we show that f x e is surjective. Fix an element (z,y) € BXpF (i.e. x € B,
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y € F, and ha(x) = ka(y)). Then, there exist z € A and w € E such that f(z) = z and e(w) = y.
We know that ghi(z) = haf(2) = kee(w) = gk1(w). So, h1(2) © k1(w) € ker(g) = ki (ker(e)) and
k1(w) © hi(z) € ker(g) = ki(ker(e)). Therefore, there exist e; € ker(e) and ey € ker(e) such that
k1(e) = h1(2) ©k1(w) and ki (e2) = k1 (w)©hi(z). We define W := e1 & (—e2 @w); clearly, we have
e(w) = 0B (10e(w)) = y. Moreover, ki (W) = (h1(2)0k1(w))D((—k1(w)Bh1(2)) Ok (w)) = hi(z)
(the last equality holds thanks to Proposition 1.6.2 of [2I]). Hence, we deduce that (z,w) €
Axc E and (f x e)(z,w) = (x,y), and so we conclude that f x e is surjective.

It remains to prove that

ma(ker(f x e)) = ker(f).

Observe that
ker(f x e) = {(z,w) € Ax¢c E| f(z2) =0,e(w) = 0}.

We recall that hq(ker(f)) = ker(g) = k1(ker(e)). Therefore, given an element a € ker(f), there
exists an element w € ker(e) such that ki(w) = hi(a) ie. (a,w) € A X E. Finally, we notice
that (f x e)(a,w) = (0,0), and so a € wa(ker(f x e)). This implies 74 (ker(f x €)) = ker(f). O

Proposition 3.3.5. Ext CExtyuy MV is an admissible class of arrows.

Proof. Using a similar argument to the one presented in the previous proposition, we can conclude
that every isomorphism belongs to Ext CExtgyy MV, and that Ext CExtgyy MV is closed under
composition.

To see that Ext CExtgmy MV is closed under pullbacks consider two arrows (h1, hg) and (kq, k)
in Ext CExtguy MV;

€

N

A B EFE—»F
ol el
C ——» D C —— D.

We recall that ker(f) NRad(A4) = {0}, ker(g) "Rad(C) = {0}, and ker(e) NRad(E) = {0} (since
f»g, e are central extensions).

The pullback of (hy, hs) along (k1, k2) is given by the commutative cube:

BxpF ——" 4 F
fxe E /
8B €
Axc FE P E k2
| l k1
A B . J{ D
/ %’
A - c,

where the front face and the back are pullbacks in MV. Applying what we have seen in the
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previous proposition, it remains to prove that
ker(f x e) NRad(A x¢ E) = {0}.

We fix an element (x,y) € ker(f x e) N Rad(A x¢ E); we observe that € Rad(A) and y €
Rad(C). Moreover, recalling that (z,y) € ker(f x e), we obtain z € ker(f) N Rad(A) and
y € ker(e) N Rad(F). This implies (x,y) = (0,0), and so we conclude that f X e is a central

extension. O

Proposition 3.3.6. The data (S1, 11, Ext? MV, Ext CExt gy MV) determine a relatively admissi-

ble adjunction.

Proof. To show that S (Ext? MV) C Ext CExt.y MV, consider an arrow (h, k) in Ext>MV (the
left square below) and its image under S, denoted by S;(h, k) = (h, k) (the right square below):

ALy B A)oy — B
h k gl lk
C—»D C/b, — D.

We aim to prove that (h,k) € Ext CExtgyy MV. We consider an element [c] € ker(g), which
implies that ¢ € ker(g). Since h(ker(f)) = ker(g), there exists an element a € ker(f) such
that h(a) = c¢. Thus, we have [a] € ker(f) and h([a]) = [¢], showing that h(ker(f)) = ker(g).
Moreover, since i, is the inclusion, we have i (Ext CExtsguy MV) C Ext? MV trivially. Finally, for
every object f: A — B of Ext MV, the f-component 77} of the unit of the adjunction is defined
by the following square:

A*f»B

wL

We want to prove that 7} is in Ext?MV: fix an element [z] € ker(f); then 2 € ker(f) and

7p(z) = [x] (le. mplker(f)) = ker(f)). Moreover, since iy is the inclusion, the counit ¢ is a

natural isomorphism and, therefore, ¢, € Ext CExtouy MV, for every object g of CExtouy MV. O
Proposition 3.3.7. For every object f: A - B of Ext MV the counit of the adjunction
Sy Airp: Ext CExtguy MV/Sy(f) — Ext* MV/f

is a natural isomorphism.
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Proof. An object (h, k) of Ext CExtswy MV/S1(f) is a regular pushout of the following form:

Hence, i1¢(h, k) is defined by the following commutative cube in which the front face and the

back face are pullbacks in MV:

pA

in fact, we have i17(h, k) :== (pa, k). Therefore, the (h, k)-component £ ) of the counit of the

adjunction S5 =41y is given by the horizontal arrows of the commutative cube

pc C

D
g
gprc k
L
B B — B
%ﬁ %

Y — YT

pa

To show that pg is an isomorphism of MV-algebras, we need to prove both injectivity and
surjectivity. First, we note that pg is surjective, since po is surjective. To prove injectivity,
consider an element [a, ¢] € P/0,,,, such that pc([a,c]) = 0. This implies ¢ = 0. Since (a,c) € P
and ¢ = 0, we have [a] = 7s(a) = h(0) = 0. Thus, a € 8; = ker(f) N Rad(A), which leads
to (a,0) € Rad(P). Furthermore, gpc(a,0) = ¢g(0) = 0, which means that (a,0) € 8y,., and
therefore [a,0] = 0in P/, . Hence, pc is injective. Finally, note that (h, k)(pc,idp) = (Pa, k),
which completes the proof. O

Corollary 3.3.8. The Galois structure

Ty = (81,1, Ext> MV, Ext CExt oy MV)
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is admissible.
We are ready to study the central extensions determined by the structure I'y.

Proposition 3.3.9. Consider an element (h, k) € Ext? MV

I

B

B
I
D

b

=
H

Q

(h, k) is a normal extension for T'y if and only if (h, f): A — C xp B is a normal (or central)

extension for T,
Proof. Let us consider the pullback of (h, k) along (h, k):

1
BxpB—"2 4B

Axc A 2 A k
A
| .
A B & D
A - C.

We construct the diagram associated with the naturality of n':

BXDB BXDB
fM %
T fxf
A XcA Trxy l A Xc A/fof k
T
TA B B
A = AJo;.

We have to prove that this cube is a pullback (i.e. the front square is a pullback) if and only if
(h, f) is central for T' (i.e. ker({h, f)) NRad(A4) = {0}).
We know that the square

Axc AT Axe Allry

) _
ﬂAJ{ l”,lq

A——FF AJO;
f
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is a pullback if and only if the restriction 7Y : 67y s — 6 is a bijection (thanks to Lemma [2.5.2)).
We prove that 7} is always surjective. Let a € 8 = ker(f) NRad(A); then (a,a) € ker(f x f) N
Rad(A x A), and 7! (a,a) = a. By Lemma we know that the restriction of 7} is injective if
and only if ker(7}) N0y s = {0}. Specifically, ker(m}) N0y s = ker(r}) Nker(f x f)NRad(A4 x¢
A)=1{(0,a) € AxA| f(a) =0,h(a) =0,a € Rad(A)}. It is clear that ker(7},)N0sx s = {0} if and
only if ker(f)Nker(h)NRad(A) = {0}. The last statement is true if and only if (h, f): A - CxpB

is a normal extension for I', observing that ker((h, f)) = ker(h) Nker(f).

Proposition 3.3.10. Consider an element (h, k) € Ext* MV

Hf)B

s

k

>
&—

Q

g D’

(h,k) is a central extension for T'1 if and only if (h,k) is a normal extension for I'y.

Proof. Clearly if (h, k) is normal then it is central. Let us prove that also the other implication
is true. We consider two objects (h, k) and (b, k) of Ext* MV, defined by the following squares:

AL B ALy p
hl lk h/l lk:,
C—>D C—>D

The pullback of (h, k) along (h’, k) is given by the commutative cube

BxpB — 2 s p
ey . /
B f
A Xc A Tar Al K
A B — J D
A C.
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We construct the diagram associated with the naturality of n':

B XD B’ B XD B’
fo’ /
us:% f><f’
AXC A Trns l AXC A/Qfxf B!
T Al B’ ° B
/ 7
I
A - AJbg.

Now, if the restriction of m4:: 0yx — 6y is bijective, then it is injective and so, thanks to
Lemma we obtain ker(ma/) Nker(f x f/) NRad(A x¢ A”) = {0}. But ker(ma/) Nker(f x
fYNRad(A x¢ A") = {(a,0) € Ax A|h(a) = 0, f(a) = 0,a € Rad(A)}. It is clear that
ker(mas) Nker(f x f/)NRad(A xc A’) = {0} if and only if ker(h) Nker(f) NRad(A) = {0}. The
last statement is true if and only if (h, f): A - C xp B is a normal extension for I (this is
implied by the fact that ker((h, f)) = ker(h) Nker(f)). O

Corollary 3.3.11. Consider an element (h, k) € Ext* MV

Hf)B

s

k

>
H

Q

—— D.

(h, k) is a central extension for Ty if and only if (h, f): A - C xp B is a central extension for
T.

We are now prepared to describe the commutator of two ideal subalgebras with respect to the

Galois structure that has just been studied. To accomplish this, we require the following results.
Lemma 3.3.12. Let A # 1 be an MV-algebra and I C A a proper ideal. Then Rad(A)N—I = 0.

Proof. Suppose z € Rad(A)N—I. Since z € Rad(A), we have < —x. However, since ~x € I by
assumption, we also have x € I. Thus, we conclude that 1 = z@®—x € I, which is in contradiction
with the fact that I is a proper ideal. Therefore, Rad(A) N —I must be empty, as claimed. [

Lemma 3.3.13. Let A be an MV-algebra. Consider three elements x,y,z € A such thatx < y®z.
Then, there exist y1,z1 € A such that y1 <y, z21 < z, and x =y; P z1.

Proof. By Theorem 3.9 of [44], we know that A = [0, u] for a certain object (G, u) in ulAb, where
wlAb denotes the category of lattice-ordered abelian groups with order-unit. We recall that in A
the operation @ is defined as a ® b = (a + b) A u, where + denotes the addition in (G, u). Given
x,y,z € A such that x < y® z < y + 2, we can apply the Riesz decomposition property (see,
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for example, Theorem 2.1 in [40]) to obtain two elements 0 < y; < y and 0 < z; < z such that
x = y1 + 2z1. Finally, we observe that y; ® 21 = (y1 + 21) Au =2z Au =2 = y1 + 21, and thus the
statement holds. O

Proposition 3.3.14. Let A be an MV-algebra and let I and J be two ideals of A. We define
I & J to be the set {x € A|there existi € I and j € J such that x = i ® j}. Then, we have
IVJ=1®J, where IV J denotes the join of I and J computed in Ideals(A).

Proof. To prove that @ J is an ideal of A, it suffices to show that 0 € I®J, I ®J is closed under
@, and I @ J is downward-closed. Since 0 = 0 ® 0, we have 0 € I @ J. Moreover, if x = i1 @ j;
and y = ia @ jo with 41,49 € T and j1,j2 € J, then x @y = (i1 ® i) ® (j1 ® j2) € I ® J, which
shows that I ® J is closed under @. Finally, suppose z € I ®J and w € A such that w < z. Then
there exist ¢ € I and j € J such that z =i @ j. Applying Lemma [3.3.13] we obtain w = iy, @ ju
with 4, <7 and j,, < j. Therefore w € I & J, which shows that I & J is downward-closed and
completes the proof. O

Consider an MV-algebra A, with A # 1, and fix I and J two proper ideals. Let M = I U—I and
N = JU~-J be the two ideal subalgebras associated with I and J, respectively. We aim to show
that

MV N=KU-K,

where M V N denotes the subalgebra generated by M and N, and K = IV J (with this join
computed in the poset Ideals(A)). In fact, as K contains both I and J, it is clear that K U—-K 2
M and K U—-K D N, which implies K U—-K O M V N. Moreover, since M V N contains both I
and J, we have MV N D I®J = IV J (the last equality holds applying the previous proposition).
As M Vv N is an MV-algebra, we also have M V N O K V —~K. Therefore, the equality we need
to show holds.

We distinguish two cases. If IV J = A, then the diagram

A5 AlT

qfl | (%)

A)l — 1

is a regular pushout. To show this, we only need to prove that the restriction gr: J — A/I is
surjective. Let [a] € A/I be an arbitrary element. Since IV J = A, there exist ¢ € I and j € J
such that a« = i @ j. Therefore, [a] = [i © j] = [j] = qr(j). This implies that ¢; is surjective,
completing the proof. If I vV J # A, then K is a proper ideal of A. Hence, it is easy to see that
K N =K = (. Therefore, we define a morphism of MV-algebras y: M VN = KUK — 2 by
setting x(z) = 1 if and only if x € =K. Since I C K, this morphism induces a morphism of
MV-algebras & : (M V N)/I — 2 defined by & ([z]) = 1 if and only if 2 € —K. Similarly, we
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define a morphism of MV-algebras &: (M V N)/J — 2 by &2([z]) = 1 if and only if z € =K. Let

us then show that the diagram

MVN — 5 (MVN)/J

l e (®)

(MVN)/I — 2
is a regular pushout. Consider an element [z] € (M V N)/I such that [x] € ker(&;), which means
that x € K. Therefore, since K = I V J, there exist ¢ € I and j € J such that x =i & j. Now
observe that [x] = [i ® j] = [j] = q1(j). Hence, the restriction py: J — ker(&;) is surjective.
To conclude, we note that the vertical arrows of both squares are central extensions for the
structure T’y if and only if Rad(4) NI N J = {0} (where we use the fact that Rad(M VvV N) =
(M Vv N)NRad(A)). Applying Proposition we can see that this condition is equivalent to
requiring that

P(AANMNN € Z.

Therefore, we can define the commutator between M and N with respect to the adjunction
S1 -1 as
[M? N]CEX(}SMV MV = P<A) NMN ]\[7

[M, N]cExt.wMv has the following property: it belongs to 2 if and only if the vertical arrows
of (&) or (M) (depending on the join IV J) are central extensions for I';. Finally, if at least
one of the ideals is not proper (for example, if I = A), then the study of centrality reduces
to analyzing the behavior of the regular epimorphism ¢;: A — A/J with respect to the Galois
structure I'. Notably, observing that N = K|[q;] and M = A, we have that ¢ is central if and
only if P(A)NANN = P(A)NN € Z. Therefore, we can define [4, N]|cgxt . Mv = [4, N]smv-

One possible goal for future work is to further investigate the properties of this commutator.



Chapter 4

Protoadditive Functors in a
Multipointed Context and

Pretorsion Theories

The goal of this chapter is to explore the relationship between pretorsion theories, Galois struc-
tures, and stable factorization systems. In particular, we aim to investigate how pretorsion
theories, which generalize torsion theories in non-pointed categories, can be used to define Galois
structures and stable factorization systems.

There is a well-known correspondence between semi left exact reflections, that are often associ-
ated with torsion-free reflections and factorization systems. Indeed, the pair (&, .#) of classes
of morphisms, where & is the class of morphisms inverted by a semi left exact reflector and .#
the class of trivial extensions, is a factorization system [20].

In the previous chapter, we observed how the pretorsion theory (pMV, sMV) in the category of
MV-algebras determines a Galois structure and a stable factorization system. Building on this,
we aim to generalize these results to non-pointed categories.

To achieve this goal, we begin by revisiting and deepening our understanding of the concepts of
prekernel and precokernel. This will be essential in providing a solid foundation for understand-
ing the contents of the chapter.

We then examine how a pretorsion theory can be used to define a Galois structure in a non-
pointed category, and investigate the conditions under which such a structure exists. We also
explore the correlation between the reflector associated with the pretorsion theory and the cen-
tral extensions with respect to the induced Galois structure.

Furthermore, we investigate how pretorsion theories determine a stable factorization system in
non-pointed categories. So, we highlight the similarities and differences between the pointed and

non-pointed cases, and identify the necessary conditions for the existence of such a system.

97
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The purpose of Section is to introduce the working context and examine the properties of
prekernels and precokernels. We work, in fact, in categories that are, in a sense, similar to the
category of MV-algebras. Thus, we prove that prekernels are always present in these categories.
However, we also show that the existence of precokernels cannot be guaranteed. This analysis
provides the foundation for the next sections.

Section [4.2] is focusing on a series of technical and specialized results in non-pointed categories.
These results are crucial for developing a proof of a variation of the Nine Lemma to the non-
pointed case.

Section is the centerpiece of this chapter, as we investigate the crucial conditions that a
pretorsion theory must meet to determine, on the one hand, an admissible Galois structure with
respect to the class of all arrows and, on the other hand, a stable factorization system.

In Section we present a series of examples of pretorsion theories that satisfy the properties
analyzed in the previous sections. To be specific, we will provide examples of such pretorsion
theories in the category of M-sets (with M a fixed monoid), in the variety of Heyting algebras,
and in the category of simplicial sets. Our goal is to provide concrete examples of how the con-
cepts and conditions discussed in earlier sections can be applied in practice to develop a deeper

understanding of pretorsion theories and their applications.

4.1 Framework Analysis: Properties of Prekernels and Pre-

cokernels

4.1.1 Framework and Assumptions

In general, our identifications will be up to isomorphism. Therefore, when this will not cause any
confusion, we will say that two objects or two morphisms of a certain category are equal when
in fact they are simply isomorphic.

Let us establish the framework for this chapter.

Assumption 4.1.1. We assume to work in a Barr-ezxact and protomodular category C with finite
colimits. We define & as the full replete subcategory whose objects are (modulo isomorphisms)
the initial object 2 and the terminal object 1. We denote the class of arrows of C factorizing
through an object of & as N .

Moreover, we require:
e 2+#£1;
o for every object A # 1, the unique arrow t4: 2 — A is a monomorphism;

e for every object A, if there exists an arrow e: 1 — A then A =1 and e = idy. Therefore

there does not exist an arrow 1 — 2.
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Remark 4.1.2. For every A, if there exists an arrow £: A — 2 then £ is a split epimorphism

(where a section is given by va).

Examples of categories satisfying these assumptions include the category Boole of Boolean alge-
bras, the category MV of MV-algebras, the category Heyt of Heyting algebras, and the category
Set°P.

Proposition 4.1.3. Let E be an elementary topos. The following conditions are equivalent:
i) for every object A # 2, the unique arrow T4: A — 1 is an epimorphism;
it) E is two-valued (i.e. Sub(1) has exactly two elements).

Proof. i) = ii) Fix a monomorphism m: V »— 1. There are two possible cases to consider:
either V' = 2 or m is an epimorphism. In the second situation, since E is balanced, we conclude
that m is an isomorphism and so V = 1.

1) = i) We construct the (regular epimorphism, monomorphism)-factorization of 74

A—" 41

S A

If I = 2, since in an elementary topos the initial object is strict, we can conclude that A = 2.
If I # 2, then we know from the assumptions that I = 1. This implies 74 = e, and so 74 is an

epimorphism. O
Based on what we have just proved, we can assert that also categories of the form E°?, where E

is a two-valued elementary topos, satisfy the conditions presented in Assumption

From this point on, we assume to work in a category C satisfying the conditions presented in

Assumption [I.1.1]

As a final result in this subsection, we present the following lemma which will be extremely useful

in the subsequent sections:

Lemma 4.1.4. Consider a regular epimorphism f: A — B and a morphism g: B — C such
that gf € No. Then g € Ng.

Proof. If C = 1 the statement is trivial. Therefore, let us assume C' # 1. Thus, there exists a

morphism «: A — 2 such that the following diagram commutes:

A—»B—>C

P4
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So, for the diagonal property of the (regular epimorphism, monomorphism)-factorization, there

exists a morphism d: B — 2 such that df = a and g = t¢d, which implies g € Ng. O

4.1.2 Prekernels and Precokernels

As in the previous chapter, we will consider the class of zero objects 2 = {1, 2} fixed. Therefore,
when there is no ambiguity, we will use the terms prekernel, precokernel, and pre-exact sequence
to refer, respectively, to Z-prekernel, 2 -precokernel, and Z-pre-exact sequence.

As a first step, we will show that every arrow in C admits a prekernel, and we will provide an
explicit description of it. Fix an arrow f: A — B, suppose B # 1, and consider the pullback of

f along tp:

We claim that k: K[f] — A is a prekernel of f. In fact, for every commutative diagram of the
following form (we know that if fe € Ng, then it cannot factor through 1, since B # 1):

N
E%A%B,

we have a morphism ¢: E — K[f] such that kp = e induced by the universal property of the

pullback
E h
/\\
]

K[f] —— 2
IS
AT B.

This morphism is unique: suppose there exists a morphism % such that k¢ = e; since k is a
monomorphism (it is the pullback of a monomorphism) we get ¢ = 1.

Furthermore, if B = 1, it is easy to see that preker(r4: A — 1) =id 4.

Given an arrow f, we denote the domain of the prekernel of f, defined up to unique isomorphism,
as K|[f].

Let us now state and prove two lemmas that will help us to understand better how prekernels

behave with respect to (regular epimorphism, monomorphism)-factorizations and pullbacks.

Lemma 4.1.5. Consider a morphism f: A — B, with B # 1, and let k: K[f] — A be the
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prekernel of f. Then, we have k = preker(g), where g is the regular epimorphism of the (regular

epimorphism, monomorphism)-factorization of f.

Proof. Let A % I v B be the (regular epimorphism, monomorphism)-factorization of f.
We know that I # 1, since B # 1. We consider the following diagram:

K[f] —

k (1) u (2)

~<—— N
®
W]

A——

g 7

The square (2) is a pullback since the top arrow is an isomorphism and the bottom arrow is a
monomorphism. Recalling that (1)+(2) is a pullback by assumption, we can deduce that (1) is
also a pullback. Therefore, we obtain k = preker(g). O

Lemma 4.1.6. Consider a pullback diagram:

At .pB
hl—‘(l) ll
C—— D,

with D # 1. Then, K|[f] is equal to K[g].

Proof. We know that preker(f) is defined by the pullback

K[f] —— 2
) JLB
A 4)0) B.

Therefore, considering the commutative diagram

|

<;§ N
o

sy

(2
3 f

1)

= =~ X
QT O

O «—

fl

since (1) and (2) are pullbacks, we get that (1)4(2) is a pullback diagram and so K|[f] is equal
to Klg]. O

Let us now shift our focus to precokernels. It should be noted that, unlike the case of prekernels,

the existence of a precokernel for an arrow in C cannot be guaranteed, in general. To illustrate
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this, let us suppose that the two projections 71, 7me: 2 x 2 — 2 are not equal (which precisely
means that 2 X 2 and 2 are not isomorphic). Under this assumption, the precokernel of ids « 2
does not exist. Indeed, let us suppose the existence of a precokernel q: 2x 2 — @ of ids « 2.

Therefore, considering the diagram below, there are two morphisms ¢1,ps: @ — 2 such that

w1q = m1 and @aq = ma:

2

So, we have (¢1, p2)q = ida x 2, which implies that ¢ is a split monomorphism. However, in gen-
eral, a precokernel is an epimorphism, hence ¢ is an isomorphism. Therefore, up to isomorphism,
we can assume that ¢ = ida x 2. But, if ida x 2 = precoker(ida x 2), we obtain a factorization of
the following form:

ida x 2=(m1,72)

2x2 2x2

Indeed, id3 « 2 cannot factor through 1, since this would imply that 2 x 2 =1, and thus 2 =1,
contradicting our assumption on C. Hence, we have (p,p) = Ap = (m1,m2), which implies

p = m = T, in contrast with m # ms.

Let us continue by recalling a known and useful result concerning precokernels.

Proposition 4.1.7 ([31], Lemma 4.4). If p is a precokernel of some morphism, then p is also

the precokernel of its prekernel.

Now, let us present a list of situations in which we investigate the existence of precokernels. If

they exist, we provide an explicit description.

o If there exists a unique arrow £: A — 2, then precoker(f: A — B) = p, where p is defined
by the pushout

A#2

A2

BT>P.

Indeed, consider an arrow g: B — C such that gf € Ng. If C = 1, we obtain 7pp = g.
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Otherwise, we must have the following factorization:

AHB%P

\\2—>C

Therefore, there exists a unique ¢: P — C such that ¢p = g defined by the universal
property of the pushout

AL2
f J{LP
BT>P

From this, we can conclude p = precoker(f).

e If there does not exist an arrow A — 2, then precoker(f: A — B) = 75. To see this,

consider an arrow ¢ such that gf € Ng. We must have the following factorization of gf:

A—>B—>1

\\1—>C

So, we can immediately deduce that C' = 1.

e The arrow 74: A — 1 is a precokernel if and only if there does not exist an arrow A — 2.
Indeed, if 74 is a precokernel, then it is also the precokernel of its prekernel, which is id 4.

Therefore, if there were an arrow A — 2, there would exist an arrow 1 — 2, given by

A Ay g Ty

N

which leads to a contradiction. Conversely, if there is no arrow of the form A — 2, then
any arrow g in Ng with domain A must factor through 1, and thus 74 is the precokernel

of ’idA:

e f: A— B € Ny if and only if precoker(f) = idp (see Lemma 5.4 in [30]).
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Proposition 4.1.8. Let f: A — B be the precokernel of an arrow g: C — A, with B # 1. We

know that gf factors as in the following commutative diagram:
c—2sa4-71 4B #1

N, A

Then, f can be obtained as the pushout of x along g.

Proof. We consider the pushout of g along x and the arrow €, induced by the universal property,

making the following diagram commute:

Then we obtain an arrow -y, making the diagram below commute, determined by the fact that

VRN
C—95 A ! B#1
XZ/

Finally, we observe that that 6vf = f and 70¢ = ¢. Since both f and ¢ are epimorphisms (the

g9 € No and f = precoker(g):

former is a precokernel and therefore an epimorphism, while the latter is the pushout of the split

epimorphism ), we can deduce that 8y = idp and 70 = idg. O

Corollary 4.1.9. Consider a precokernel f: A — B, with B # 1, and its prekernel k: K[f] — A.
Then the pullback
K[f] =

k

<;P [\
o]

sy

A3

is also a pushout.

Corollary 4.1.10. Ewvery precokernel f: A — B, with B # 1, is a reqular epimorphism.
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Proof. Every precokernel with a codomain different from 1 is a pushout of a split epimorphism,

and hence a regular epimorphism. O

Proposition 4.1.11. Consider an arrow f: A — B with prekernel k: K[f] — A, and suppose
that there exists a unique morphism x: K[f] — 2. Then we have k = preker(q), where ¢ =
precoker (k).

Proof. Let us suppose B # 1. Then k is defined by the pullback

K[f] == 2
K (1) LB

Moreover, since there exists a unique morphism x: K[f] — 2, ¢ is given by the pushout

K[f] —— 2
k (2) lLQ
A— Q

q

N
Ily
\_j
7 B

and, additionally, this pushout induces an arrow ~v: @ — B such that v¢ = f (and, of course,
~vtg = tp). To prove that the square (2) is also a pullback, consider two arrows a: X — A and
B: X — 2 such that g = 1. Then, we have fa = yqga = yigf = tgB. By the universal
property of the pullback (1), there exists a unique morphism ¢: X — K[f] such that kp = a and
X = B. Therefore, the square (2) is also a pullback. If B =1 we have k = id4 and, moreover,
the following diagram is both a pullback and a pushout:

hence precoker(ida) = x and preker(x) = ida. O

4.2 Some Remarks on the Nine Lemma for Pre-Exact Se-

quences

The Nine Lemma (or 3 x 3 Lemma) is a fundamental tool in homological algebra that is used
to establish exactness of sequences in various contexts. In [I0] it is proved that this result

holds in any quasi-pointed (the unique arrow from the initial object to the terminal object is
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a monomorphism), regular, and protomodular category. In the present section, we provide an
alternative version of the Nine Lemma that is suitable for our non-pointed case (in which, in
general, the morphism 2 — 1 is not a monomorphism). To derive this, we adapt to our context

some results obtained in [I0]. We begin by recalling the following;:

Lemma 4.2.1. Let C be a regular category. If (1) and (2) are commutative squares, such that

(1) and (1)+(2) are pullbacks and f' is a regular epimorphism, then (2) is a pullback:

AL B9 ¢

ai (1) lb (2) lc
A’ — B —— (.
g
The purpose of this section is to prove a version of the Nine Lemma that holds in a category
satisfying the conditions stated in Assumption Therefore, from now on, we will assume

that C satisfies these conditions.

We present a set of auxiliary lemmas and propositions that are adaptions of similar known results
in the pointed context. These findings will be essential in proving the final theorem within this

section.

Proposition 4.2.2. Consider a commutative diagram as below:

K%A*f»B
u la b
K/TAIT»B/’

where f, f' are regular epimorphisms, k = preker(f), and k' = preker(f’). If u and b are

isomorphisms, then a is an isomorphism.

Proof. If B = 1, the result is trivial. Therefore, let us assume that B # 1. Consider the following

commutative diagram:
—>

K 2
X \
u A ! B
a b
K’g‘/iZ
A —— s B
f/ b

where, by assumption, the top face, the bottom face, and the back face are pullbacks. Then,

the diagram defined by the top face and the front face is a pullback. Therefore, we obtain the
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commutative diagram

) LAy R Ayl

l (1) if (2) if’

2*>BT>B’,

where both (1) and (1)+(2) are pullbacks and f is a regular epimorphism. By protomodularity,
we conclude that (2) is a pullback, too. We can deduce that a is an isomorphism, as pullback of

the isomorphism b. O
Lemma 4.2.3. Consider a commutative diagram as below:

K%A*f»B

Jow oo |

K’T>A’7>B’,

where [ is a regular epimorphism, k = preker(f), and k' = preker(f’). Furthermore, we require
that if B # 1 then also B’ # 1. Under these assumptions, (1) is a pullback if and only if b is a

monomorphism.

Proof. Suppose B # 1 and B’ # 1, and consider the commutative cube

K——% .4
\ K
u 2 B
K’ K A b
\ X’)
2 .,

where the top face and the bottom face are pullbacks. If (1) is a pullback, then the diagram

defined by the top face and the front face is a pullback, too. Therefore, in the commutative

diagram
K—2=—=2
ERCE |
A= B— B

we have that (i)+(ii) is a pullback, (i) is a pullback and f is a regular epimorphism. Then,
thanks to Lemma we obtain that (ii) is a pullback, as well. Since in a protomodular
category pullbacks reflect monomorphisms, we can conclude that b is a monomorphism.

If we assume that b is a monomorphism, we can deduce that the front face in the cube above is a

pullback. Therefore, the diagram defined by the back face and the bottom face forms a pullback.
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Since the bottom face is already a pullback, we can conclude that the back face is a pullback,
too. In other words, (1) is a pullback.

If B =1, then also B’ = 1. In this case, b is an isomorphism, k = id4, and k' = id4,. So (1) is
trivially a pullback. O

It should be noted that the previous result is not true, in general, in the case where B’ = 1 and

B = 1. This can be illustrated with a counterexample given by the commutative diagram below
(in MV):

2 2 ——
| |
1

1 ——

2
I
1.

In fact, (1) is a pullback but b is not a monomorphism.

Lemma 4.2.4. Consider a commutative diagram as below:

K%A*f»B
u al b
K’ B’

K’

£
y

where f, f’ are reqular epimorphisms, k = preker(f), and k' = preker(f’). If u and b are regular

epitmorphisms, then a is a regular epimorphism.

Proof. Let a be factored as a = ip, where p is a regular epimorphism and ¢ is a monomorphism.

Consider the following commutative diagram:

K—* a1 4B

S )|

K 1 Im(a) L5 B
K’ A’ B
k/ f/ i

where j is determined by the fact that u is a strong epimorphism and ¢ is a monomorphism. If

B’ # 1, then j = preker(f’i); in fact, in the diagram below the two squares are pullbacks:

K —— K —— 2

! o]
Im(a) —— A’ — B,

and thus the whole rectangle is also a pullback, too. Furthermore, we observe that f/ is a regular

epimorphism, and so, applying Proposition to the bottom rectangle of the first diagram
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in this proof, we can deduce that 7 is an isomorphism. Hence, a is a regular epimorphism. If
B’ = 1, then k' is an isomorphism. Thus, k’u = ipk is a regular epimorphism, and so i is a
regular epimorphism. Since 7 is also a monomorphism, it must be an isomorphism. Therefore, a

is a regular epimorphism. O

Lemma 4.2.5. Consider a commutative diagram as below:

A—5B
A
oLy (RN £
S

K/I o A// f” B//’

where o'V, ', f" u are reqular epimorphisms, a = preker(a’), b = preker(V'), k' = preker(f’)
and k" = preker(f"”). Furthermore, suppose B’ # 1, and B"” # 1. Under these assumptions, f

18 a reqular epimorphism.

Proof. Consider the commutative diagram

K—* s

“l <a’,f’>l H (4)

K// A// XB” B/ T B/

(K igra

where « is the upper arrow in the following pullback square:

K" —2 2

k//l - J{LBI/
A// B//
f// °
In order to prove the commutativity of @, we have to show that f'k’ = tprau. We know that
f'kE" € Ng, and so we obtain 'k’ = tp/x (where x: K/ — 2). We observe that V' f'k’ = f"k"u =
tp»au; moreover, we notice that o' f'k’ = b/ugx = tprx. Since tp» is a monomorphism, we

deduce au = x, and so tgrau = tpx = f'k’. We prove that (k”,.p/«) is the prekernel of wp/.
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To see this, we notice that in the diagram

K" —% 2

l<k//’LBla> le’

" ! !/

k" A X B B ﬁ) B
ﬂA//i J/b’

A// f” B/I

L

the rectangle and the bottom square are pullbacks, hence the top square is a pullback, too.
If u is a regular epimorphism, then by Lemma we can deduce that (a’, f’) is a regular
epimorphism. Since B # 1 and B’ # 1, it follows that A # 1 and A’ # 1. We can then construct
the commutative diagram:

A—t 4 —9 5 u

fl (aﬁf’)l H (*)

" ! "
B<m>A XB”B W}A

where § is the upper arrow in the following pullback square:

BL2

)
bJ/ J/LBH
/ .
B —— B";

the commutativity of (ED can be proved using an argument very similar to the one exhibited for

@. We observe that (14~ 3, b) is the prekernel of 4. In fact, we have the rectangle

B <’“A"ﬁ’b> A// X g B/ g/ B/

ﬂl (1) WA/IL (2) J{b/

2 A// B//
f//

where (1) and (1)+(2) are pullbacks, and so also (2) is a pullback, too. Hence, applying Lemma
to (), we obtain that the left square of () is a pullback, since ida~ is a monomorphism.

So, by regularity, we conclude that f is a regular epimorphism. O
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Theorem 4.2.6. Consider a commutative diagram as below:

K—* a1 4B
o @ o [
LNy VR SNy

4k

K// T A// f” B//7

where f, f', f",u',a’ are regular epimorphisms and u = preker(v’), a = preker(a’), k = preker(f),
k' = preker(f'), and k" = preker(f"). Furthermore, suppose B’ # 1 and B"” # 1. Then, V' is a

reqular epimorphism and b = preker(d').

Proof. We deduce that b’ is a regular epimorphism from the fact that ' f’ = f”a’ and f"a’ is
regular epimorphism. Since B” # 1, we know that A” and K” are not terminal either. Using
Lemma [£.2.3] we obtain that (1) is a pullback, noting that k" is a monomorphism. Since (1) is
a pullback and B’ # 1, we can apply Lemma again to conclude that b is a monomorphism.
We define h: K[b'] — B’ as the prekernel of ¥’. Then, we consider the following commutative

diagram:
f B

g

K —* g

A —2 K[V
b
K —— A — B’

Js
B,

where ¢ is determined by the fact that ' f’ = f”a’, and so b'f'a = f”a’a € Ng. Moreover,
observing that b'bf = f"d’a € Ng and applying Lemma we obtain that b'b € Neg.
Hence, there exists a unique arrow [ such that hl = b. We show that [f = g. Recalling that
hif =bf = f'a = hg and that h is a monomorphism, our claim follows. Thanks to Lemma [4.2.5]
we observe that g is a regular epimorphism, so [ is a regular epimorphism, too. Furthermore,
since b is a monomorphism, we get that [ is a monomorphism. Thus, [ is an isomorphism, which

completes the proof. O

It is important to point out that the aforementioned result does not hold, in general, when B’ = 1
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and B # 1. To see this, consider the commutative diagram in MV

2 =2 =2
2=2 —1
2 =2 —1

and observe that the unique arrow 2 — 1 is not the prekernel of idy.

This version of the Nine Lemma is connected to the one explored in [34]. Fixed an ideal of
arrows IV, the authors recall the notion of a star (i.e. an ordered pair of parallel morphisms
(k1,k2): K =2 A such that k; € N) and they define the star-kernel of an arrow f: A — B as a
universal star with respect to the property that fk; = fko. Moreover, they introduce the notion

of star-exact sequence as a diagram
k1 f
K—A—» B,
k2

where (ki, k2) is the star-kernel of f and f = coeq(ky, k2).

In our context, for every regular epimorphism f: A — B with B # 1, the sequence
Lat f
K[f] — A——» B
k

is star-exact with respect to the ideal N4, where the arrows in the diagram above are defined

by the following pullback:

K[f] — 2

Il

A — B.

Hence, the sequences in the diagram of Theorem can be considered as star-exact sequences in
the sense of [34]. However, our specific version of the Nine Lemma does not directly derive from
the results presented in that paper. This is due to the fact that their study assumes the presence
of enough trivial objects, which requires closure of the class of zero objects under squares. In

contrast, our context lacks this property (for instance, in general, 2 x 2 ¢ 2).
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4.3 Pretorsion Theories, Galois Structures and Factoriza-

tion Systems

The purpose of the initial part of this section is to present a preliminary investigation about
the pretorsion theories (7, %), such that 7 N.% = % = {1,2}, on a category C that satisfies
the properties presented in Assumption [4.1.1] The exploration aims to provide a foundational
understanding of the key concepts and results that will be used in the subsequent sections of this
chapter. Let .7 and .# be two full replete subcategory of C. We recall that (.7,.%) is a pretorsion
theory if every arrow that starts from an object in 7 and ends in an object in .# factors through
an object of 2. Moreover, every object in C is in the middle of a pre-exact sequence such that
the left endpoint is a torsion object, and the right endpoint is a torsion-free object. We denote by
F the reflector on the category of torsion-free objects, and by T the coreflector on the category

of torsion objects.

Remark 4.3.1. Since the sequences

are both pre-exact, and J N.F = {1,2}, we can assume F(2) =2, F(1) =1, T(2) = 2, and
T(1)=1.

Given an object X in C, the (.7, .%)-pre-exact sequence associated with X is the unique pre-exact

sequence, up to isomorphism,
TX) — X — F(X)

such that T(X) € 7 and F(X) € Z.

Proposition 4.3.2. Consider a pretorsion theory (7 ,%) on C. For every object T €  there

exists at most one arrow 1" — 2.

Proof. We fix an object T' € 7. First of all, let us show that F(T) € 2. Consider the (7 ,.%)-

pre-exact sequence associated with T

€
T, —F

T nr Fl
N
Z.
Observe that nr € N4 (since its domain is an object of Z and its codomain an object of %);

then nr factors as above, where Z € 2. If Z = 1, then F} = 1 and, since np = 7 is a

precokernel, we can deduce that there does not exist an arrow 1" — 2. In fact, suppose we have
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an arrow 7: T — 2; then rep € N4 . Therefore, there must exist an arrow 1 — 2, which leads to
a contradiction. If Z = 2 the (regular epimorphism, monomorphism)-factorization of nr is given
by:

T—"T Fy

P4

applying Lemma we get er = preker(y). Hence er is equal to idr. Moreover, we know
that np = precoker(idr) and nridr = g, x; then nr is given by the pushout

E———k
I
— 2.

N

x
N —

So, we obtain that the (7,.%)-pre-exact sequence associated with T is
T——T 25 2.

In conclusion, if we consider an arrow r: T" — 2, since r € N, there exists an arrow p: 2 — 2
such that oy = r. However, because 2 is the initial object, it follows that ¢ = ids, and so

T:X_ D

Proposition 4.3.3. For a pretorsion theory (,.%) on C, the following statements are equiva-

lent:
i) for every object A€ C, F(A) =1 if and only if A=1;
it) for every object T € T with T # 1, there exists a unique arrow T — 2.

Proof. i) = ii) We can apply the same argument as in the previous proof. In fact, the only
scenario where we lack an arrow 7' — 2 is when F(T') = 1. This case only occurs when T = 1,
since, by @), we have F(T) =1 if and only if T' = 1.

#4) = i) Let A € C be a fixed object. If A = 1, then the existence of the arrow n4: 1 — F(A)
implies that F(A) =1. If F(A) =1, then g =74: A — 1 and €4 = id4. Observing that 74 is
a precokernel, we conclude that there does not exist an arrow A — 2. Moreover, as €4 = ida,
we get A€ J and so A=1. O

Definition 4.3.4. We say that a pretorsion theory satisfies condition (U) if it fulfills the equiv-

alent conditions outlined in the aforementioned proposition.

Proposition 4.3.5. For every object A of C, if there exists an arrow x: T(A) — 2 then T(A X
2) T(A).
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Proof. First, we observe that 7 has products. This follows from the fact that T' is the right
adjoint of the inclusion functor is: 7 < C. For any pair of objects T1,To € 7, we have
T(ig(Th) X ig(Ts)) = Tizg(T1)xTig(Ty) = Ty xTs, where X denotes the product in the sub-
category 7. Note that the product in .7 may differ from the product in the larger category C.
So, we need to prove that T(A)x 2 = T(A). Let x be the unique morphism from T'(A) to 2.
Consider the following commutative diagrams:

T(A) TN Ay 2 T, 1 a)

\_/

idT(A)

J— TI'T(A)
—

id s
T(A)X 2 ( T(A) X)

T(A) T(A)X 2;
V

<7TT(A) »XTrT(A)>

recalling that there exists a unique arrow T'(A)x 2 — 2 and, since 72, x7pay: T(A)x 2 — 2,

we deduce T2 = X7p(a), SO (Tr(ay, XTr(a)) = (Tr(4), T2) = idp(ayx2- Hence (idp(ay, x) is an

isomorphism. O

Proposition 4.3.6. Let A be an object of C. If there is no arrow of the form T(A) — 2, then
Ae 7.

Proof. We consider the (7, % )-pre-exact sequence associated with A and the factorization of

TAEA:
=2, A5 F(A
We observe that Z must be 1, and so F'(A) = 1. Therefore, we obtain A =T(A) € . O

Lemma 4.3.7. Let e: A — B be a precokernel with B # 1, such that Kle] € 7. Then, for
every arrow g: C — B, the pullbacke: P — C of e along g is a precokernel and K[e] € .

Proof. Let us say that the prekernel of e is k: K[e] — A and the prekernel of € is k': K[e] — P.
Thanks to Lemma we deduce that K[e] = K[e] € 7. Furthermore, applying Proposition
we conclude that e is the pushout of a split epimorphism, and so it is a regular epimorphism.
Therefore, € is a regular epimorphism as pullback of e. We observe that, since k is the prekernel
of an arrow with domain different from 1 and Kle] = KJe], there exists an arrow ¢: K[e] — 2.
Moreover, this arrow is unique because K[e| is in 7. In order to prove that € is a precokernel,
we examine the diagram

Kle] - P

|

ol

-~

2 —/ G
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applying Proposition 14 of [6], we immediately get that the square above is also a pushout.

Finally, since there exists a unique arrow ¢: K[e] — 2, we conclude & = precoker(k’). O

As we can infer from the previous results and as we will see later, the existence of objects
T # 1 € 7 such that F(T) = 1 can cause issues. In order to ensure that some of the desired
results hold, we need to impose specific constraints on these objects. In particular, we will require
the pretorsion theory to satisfy two particular conditions that are related to this class of torsion

objects. We will introduce one of them now, while the other will be presented later when needed.

Definition 4.3.8. We say that a pretorsion theory satisfies condition (P1) if, for every pair of
objects A, B € C,
F(B) =1 implies F(A x B) = F(A).

Condition (U) clearly implies condition (P1) because, if (U) holds, then F(B) = 1 implies B = 1.

However, the converse is not true in general, as we will show with an example later on.

As mentioned in the introduction, the goal of this chapter is to explore the connection between
pretorsion theories, Galois theory, and stable factorization systems in the non-pointed context.
Specifically, the results presented here are a variation of those introduced in Section 3 of [27],

adapted to the non-pointed case.

Lemma 4.3.9. Let (F,F) be a pretorsion theory satisfying condition (U). Consider an object
A of C and the (7 ,.F)-pre-exact sequence associated with A:

T(A) =25 A 5 F(A).
In this sequence, the arrow n4 s a reqular epimorphism.

Proof. Consider an object A in the category C. If F(A) = 1 then, by our condition (U), we have
A = 1. Therefore, n; = idy which is a regular epimorphism. If A £ 1, we can apply Corollary
4.1.10 O

Proposition 4.3.10. Let (.7,.%) be a pretorsion theory satisfying condition (U), and let C rep-
resent the class of reqular epimorphisms in C and .F represent the class of reqular epimorphisms

in Z. In this context, the adjunction F =iz is relatively admissible with respect to these classes.

Proof. The components of the counit and of the unit of the adjunction are, respectively, iso-
morphisms and regular epimorphisms (see Lemma [4.3.9). Moreover, F' is a left adjoint and so

preserves colimits: in particular F((%) C C. Finally, we consider the following diagram in .%:

f
A?B%Q,
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where ¢ = coeqz(f,g). To clarify, we use the symbol coeqg to denote the coequalizer computed
in .#, and we use the symbol coeqc to denote the coequalizer computed in C. Consider the
coequalizer ¢’ = coeqc(f, g) in C and observe that, since F preserves colimits, we have F(q') = q.
Thanks to the naturality of the unit 7, we obtain ng¢’ = F(q') = ¢. This implies that ¢ can be
presented in C as the composite of two regular epimorphisms. Since C is a Barr-exact category,
the composition of two regular epimorphisms is a regular epimorphism, too. Therefore, g is a

regular epimorphism in C. O

Proposition 4.3.11. Let (7 ,.%) be a pretorsion theory satisfying condition (P1). For every
object B in C, the counit of the adjunction Fg digzp : F/F(B) — C/B is an isomorphism.

Proof. First of all, we recall that igzp(f: A — F(B)) = (f': A — B), where f’ is defined by

the pullback

U AN

o
B —— F(B)

So, we have to prove that
Fp(f')=(F(f): F(A) = F(B)) = (f: A— F(B)).

Suppose B = 1; then the following square is a pullback:

A
|
1

L

)

and so the assertion holds. Now, if B # 1 and F'(B) = 1, we consider the pullback

A

Sy

X B —— A
|
B 1.

Then, since condition (P1) holds by assumption, we have F'(A x B) =& F(A). Finally, suppose

|

F(B) # 1 and consider the commutative diagram:

T(A) =25 A N F(A")

A

)

where [ is induced by the fact that 4 € Ng, as its domain is a torsion object and its

codomain is torsion-free. We prove that f”’ is an isomorphism. Applying Lemma we im-
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mediately get that f” is a precokernel and K|[f”] = K[ng] = T(B). Thus, due to the uniqueness
of the (7, F)-pre-exact sequence associated with A, since K[f"] €  and A € %, we conclude
that f”” is an isomorphism:

T(A) 2 A 2 A

L e
K[f") —— A —— A

Finally, we have to show that the following diagram is commutative:

F(a) 22 p(p)
f H

A — F(B).

We note that ff""na = ff" =npf = F(f")na (where the last equality follows from the fact

that 7 is a natural transformation). Therefore, since 14+ is an epimorphism (it is a precokernel),
we get [ =F(f). O

We have just observed that a pretorsion theory (7,.%) satisfying (P1) defines a precokernel-
reflective subcategory (i.e. a reflective subcategory with the property that each component of
the unit is a precokernel) .# of C. Moreover, the reflector F': C — .# satisfies F'(1) = 1, and
F(f*(ng)) is an isomorphism for every object B € C and every arrow f in .%. Thanks to the

next proposition that we are about to state, we can claim the converse, too.

Proposition 4.3.12. Consider a precokernel-reflective subcategory % of C such that the reflector
F:C — Z satisfies F(1) = 1, and F(f*(ng)) is an isomorphism for every object B € C and
for every arrow f in F. Then, F is the torsion-free part of a pretorsion theory (7, F) which

satisfies (P1) and such that F N T = Z.

Proof. We define the full subcategory of C whose objects are
7 ={T € C|T = K[nx] for some object X € C}.

To determine .% N .7, let us consider an object Z € .# N 7. Since Z = K|[nx]|, we know that it

is defined by the pullback
zZ —— 7'

|7 b

X — F(X),
where Z/ = 1if F(X) =1, and Z' = 2 if F(X) # 1. Recalling that F(x*(nx)) is an isomorphism
and F(Z) = Z (since Z € %), we obtain Z = F(Z') = Z'. Moreover, we have F(1) = 1, by

assumption, and F(2) = 2, since F' preserves coproducts. So, we get Z = 1 or Z = 2, i.e.
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FNT =2%. Now, we show that F(T) € & for every T € 7. Since T = K[nx], T is given by

a pullback of the form
T — 7

.
X —— F(X),

where Z € Z. As before, we can conclude F(T) = Z € Z. In order to prove that every arrow
fiT—F (withT € J and F € %) is an element of N4, consider the naturality square of 7

below:
T -5 FT)e %
7 JF(f)
F———F

This diagram tells us that f = F(f)nr € Ng. Furthermore, given an object X € C, we observe
that the (7, % )-pre-exact sequence associated with X is given by

T(X) = K[nx] —= X —= F(X),

where ex = preker(nx). Finally, we notice that (.7,.%) satisfies (P1). Suppose F(X) = 1; then
nx = T7x and so, applying F to the top arrow of the pullback

XxY —Y

X
X

— 1,
X

we deduce F(Y x X) = F(Y). O

Thanks to what has been shown so far, we are finally ready to describe, in terms of the pretorsion
theory (7, %), the normal and central extensions determined by the Galois structure associated
with the reflector F.

Theorem 4.3.13. Consider a pretorsion theory (7, %) satisfying condition (P1), where F is
protoadditive (i.e., F(1) = 1, F(2) = 2, and F preserves the pullback of split epimorphisms
along every morphism). Suppose f: A — B is an effective descent morphism (in our case, a
reqular epimorphism), and let T g be the Galois structure associated with the reflector F. Then,

the following conditions are equivalent:
i) f is a normal extension for T'g;
it) f is a central extension for T g;

i) K[f] € # (where K[f] denotes the domain, up to isomorphism, of the prekernel of f).
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Proof. i) = 4i) This implication is always true.
1) = iii) Let p: E — B be an effective descent morphism such that the morphism p*(f), defined

by the pullback below, is a trivial extension:

Suppose B # 1. This implies F # 1, too. Consider the commutative cube

Kp*(f)] ————— K[f]
b J N
" (f) 2 f 2
/ o
E . B,

in which the front face and the two lateral faces are pullbacks. Therefore, also the back face is

a pullback, and hence K|[p*(f)] = K|[f]. By assumption, p*(f) is a trivial extension, then the

square
P, F(P)

wml |For
E —5 F(E)

is a pullback. If F((E) # 1, applying the same argument seen before, we deduce K[F(p*(F))] =
K[p*(F)] 2 K[f]. Hence, since .Z is closed under limits in C, we obtain K[F(p*(F))] € .#. Thus
K[f] € #. If F(E) = 1, consider the following commutative cube:

Klp* (] (P)

o

p"(f) 2
E /

where the front face and the two lateral faces are pullbacks. Therefore, the back face is a
pullback, too. This implies K [p*(f)] = 2 xF(P) € .F (since .# is closed under products) and so
K[f]= K[p* (/)] € 7.

J F(P

1

|

1

)/F
////

)
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If B=1 and E =1 the statement follows trivially.
Finally, if B =1 and E # 1, consider the commutative cube

LEXV
Ex A J A
E 1.

Using a similar reasoning to what was proposed in the first part of the proof, we deduce 2 x A €

2xA — A

/

1

. Hence, we have T'(2 x A) € & . Now, if there exists an arrow T'(4) — 2, applying Proposition
4.3.5, we get T(A) = T(2 xA) € 2 and then A € #. If there does not exist an arrow T'(A) — 2,
then, as seen Proposition we have A € 7 and F(A) = 1. Hence f = na = 74. So,
since f is central, there exists a regular epimorphism 75: E — 1 such that 7g: Ex A — E is
trivial (observe that g is the pullback of f along 7). Given that F'(A) = 1 and condition (P1)
holds, we obtain F(E x A) = F(E). Moreover, because 7g is trivial, the following diagram is a
pullback:
Ex A4 F(E x A) = F(E)

”EJ( . J/F(ﬂE):idE

E ————— F(B).

Noting that 7g is an isomorphism, as a pullback of an isomorphism, we can suppose £ x A = F

and mg = idg. In conclusion, considering the diagram

EF—sA——1

| “wm] o |

EFE—1—=1,

where (2) is a pullback and (1)+(2) is a pullback, we can apply Lemma to get that (1) is
a pullback. Therefore, n4 is an isomorphism and A = 1.
i) = i) We will start by examining the case where B # 1. As a direct consequence we have

A # 1. Moreover, we can apply a similar argument to the one seen before to the commutative
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cube

e
/2

where (Eq(f), 71, m2) is the kernel pair of f, to deduce K[f] = K|[m]. Therefore, by assumption,

we have K[m] € #. Consider the pullback

7T1 4)Eq

I H

22— A

and observe that it is preserved by F', since it is the pullback along a split epimorphism. Hence,

also the square
F(K m]) — F(Eq(f))

[

2 —— F(A

is a pullback. Observe that K[m] € % implies F(K[m]) = KJm]. Suppose F(A) # 1 and

consider the cube

K[m] K[m]

—

NF(Ea(f)) F(Eq(f))

Since 7 is a split epimorphism and C is a protomodular category, we conclude that the front
face is a pullback. Thus, 7 is a trivial extension and so, by definition, f is a normal extension.
Let us deal with the case F(A) = 1. Analyzing the pullback

F(K 7r1]) — F(Ea(f))

I H

22— F(A
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we deduce F(Eq(f)) =1 and K[m] = F(K|[m1]) = 2. Moreover, considering the commutative

cube
K[Wﬂ:2 L
EQ(f)/ fnaq(f)) F(Eq(f)):1/

A F(A) =1

once again, we can conclude that the front face is a pullback, and hence f is a normal extension.
Finally, if B = 1, we obtain K[f] = A € .#. Hence the square

Ax A P4 x A)

A e

A — s F(A)

is a pullback, since n4 and nax4 are isomorphisms (A x A € #). Then, m;: AX A — Ais a

trivial extension, and thus f is normal extension. O

The purpose of the following results is to understand the relationship between pretorsion theories
and factorization systems. Specifically, we will see how certain pretorsion theories give rise to
stable factorization systems. Moreover, we will show that every stable factorization system
(&, #), such that 2 — 1 € .# and every arrow in & is a precokernel, induces a pretorsion
theory.

Lemma 4.3.14. For a given pretorsion theory (7 ,.%), we define two classes of arrows:
& = {e precokernel |Kle] € T} and M = {m|K[m] € F}.

Then, for every e € & and m € M, we have e | m. Additionally, the unique arrow 2 — 1
belongs A .

Proof. We recall that e | m holds if, for every commutative square

*~ B

3d

NS
J

Q
J{"\
3

D

)

there exists an arrow d: B — C such that md = b and de = a. Let k(e): K[e] — A be the

prekernel of e, and k(m): K[m] — C the prekernel of m. We consider the following commutative
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diagram:

7/
\) K m] k(m)

where e € &, m € M, ma = be, and Z, 7' € %. Since mak(e) = bek(e) € Ny, there exists
a unique arrow ¢ such that ak(e) = k(m)p. Furthermore, since Kle] € 7 and K[m] € .7, it
follows that ¢ € Ng. Hence, we have ak(e) = k(m)p € Ng. Additionally, we recall that e is the
precokernel of k(e) (by Proposition , and therefore there exists a unique arrow d: B — C

such that de = a. To conclude, we obtain mde = ma = be and, from the fact that e is an

D

epimorphism, we deduce md = b. Furthermore, we can note that preker(2 — 1) = ids and that

2 € .Z. Therefore, we obtain that 2 — 1 is an element of M. O

The following definition represents a generalized version, applicable to our non-pointed case, of

the original definition presented in [33].
Definition 4.3.15. We say that a pretorsion theory (7, %) satisfies condition (N) if, for every

diagram

T(K[f]) =% K[f] > 4 L5 B

where k = preker(f), then keg(y) is the prekernel of some arrow.

Definition 4.3.16. We say that a pretorsion theory (7, %) satisfies condition (P2) if, whenever
F(B)=1 and A # 1, the sequence

2xBAXE 4B A, Q4

is pre-ezact and 2 xB € 7.

Proposition 4.3.17. If the pretorsion theory (7 ,.%) satisfies conditions (P2) and (N), then

the pair of classes & and A , defined in the previous lemma, forms a stable factorization system.

Proof. We can obtain a factorization of the arrow 74: A — 1 as follows:

A - 1
\UN F(A) /F(\A)

Here, preker(na) = (ca: T(A) — A), and, since T(A) € J, we get na € &. Similarly,
preker(7p(4)) = idpay: F(A) — F(A), and, since F(A) € .Z, we have 7p(4) € #. Thus,
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we can restrict our argument to an arrow f: A — B with B # 1. By assumption, we know
that kegpy is a prekernel of some arrow. Suppose that keg(s = preker(ra: A — 1). Then
we can assume keg[s] = ida, which implies A = T(K[f]) € 7. Moreover, since ke s is an
isomorphism, we obtain that k is a regular epimorphism; recalling that k is a monomorphism,
as a prekernel, we deduce that k is an isomorphism. Since k is an isomorphism, we can suppose
preker(f) = ida. Additionally, we observe that there exists an arrow y: A — 2, in fact, given
that B # 1, K|[f] is defined by the pullback

K[f] —— 2
AﬁB

So we have an arrow K[f] — 2, and, recalling that A = T(K][f]), this implies the existence
of x: A — 2. Thus, A being an object of .7, the morphism x: A — 2 is unique. Moreover,
considering that preker(f) = id4 and B # 1, the factorization f = ¢tpx holds. Finally, the square

below is a pushout:

and so x = precoker(id4). To sum up, f can be factorized as f = tpy, where K[ig] =2 € % (i.e.
tp € M) and Y is a precokernel such that K[y] = A € 7 (i.e. x € &). We still need to examine
the scenario where B is not equal to 1, and ke gy is the prekernel of an arrow h: A — C, where
C is not equal to 1. First of all we construct the precokernel of keg(;. We observe that there
exists a unique morphism &: T(K[f]) — 2, since T(K[f]) € 7. Therefore, the precokernel of
ke gy is given by the pushout

T(K[f]) —— 2

’CEK[le i
-

A—"rs Q.

Notice that ¢ is a regular epimorphism, since it is the pushout of the split epimorphism £. Now,
we can apply Proposition |4.1.11|to obtain that kegs = preker(q). So, consider the commutative

diagram
P

k %f j
— K|[f] A B
N
QT»Iv

where (g, j) is the (regular epimorphism, monomorphism)-factorization of f, (e, i) the (regular
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epimorphism, monomorphism)-factorization of m, and m is induced by the universal property
of the precokernel q. We claim that f = mgq is the (&,.#)-factorization of f. Thanks to
Lemma we get that k = preker(g) and, by the uniqueness of the (regular epimorphism,
monomorphism)-factorization, we can assume P = I. Additionally, we recall that, by construc-
tion, ¢ is a precokernel and preker(q) = kegrs: T(K[f]) — A. Hence ¢ € &. So, it remains
to prove that m € .# or, equivalently, K[m] € .#. Applying Lemma we deduce that
Kle] = K[m]. Therefore, we will show that Kle] € .%#. To this end, consider the commutative

diagram
T(K[f]) —% K[f] =5 F(K[f)
H - lk 3k’
T(K[f)) A—"—Q
(| o |
2— s pP———P,

tp
where k' is induced by the universal property of the precokernel nxs. Thanks to Theorem
we conclude that k' = preker(e) and so Kle] = F(K|[f]) € Z.

To complete the proof we have to show that & is pullback stable. For this purpose, fix an arrow
e: X =Y of & and suppose Y # 1. Since Y # 1, we can apply Lemma m to deduce that
e € &. In contrast, if the codomain of e is the terminal object, i.e. e = 7x : X — 1, we obtain
idx = preker(e) and, moreover, there does not exist an arrow X — 2. But X = Kle] € .7, so
F(X) = 1. We consider the pullback of e along the arrow my: W — 1

X xW s W
TFXl - \LTW
X —— 1.

If W =1, then my = e and so the pullback of e is a precokernel. If W # 1, we use condition
(P2) to assert that the sequence

2w X WXix o x TW Ly

is pre-exact. Thus, we have that my is the precokernel of 1y X idx and 2xX € 7, ie.
W € &.

Proposition 4.3.18. Consider a stable factorization system (&,.#) such that every arrow in

& is a precokernel and 2 — 1 € . Let T be the full subcategory of C whose objects are

T ={TeC|3t:T—2,teStU{T eClm €&}
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and F the full subcategory of C whose objects are
F ={FeCl|rpec. &}

Then, the pair (7, F) forms a pretorsion theory in C satisfying conditions (P2) and (N), with
INF=%.

Proof. Let us begin with the study of the intersection 7 N .%#. It is clear that both 1 and 2
belong to 7 N .%#. Vice versa, fix an object X € 7 N .%#. If there exists an arrow x: X — 2

belonging to &, then we consider the commutative diagram

€& A
L>264> 17

~_ 7

TXEM

X

where 7x € ., since X € .#. From the uniqueness of the (&, .#)-factorization we deduce that
X is an isomorphism, and so X = 2. If there does not exist an arrow X — 2 belonging to
&, then we must have 7x € &. Hence, since X € .#, 7x belongs also to .#. Considering the

commutative diagram
TXEE
—

we deduce that X =1 (since there must exist an arrow d: 1 — X).
Let us show that (7,.%) is a pretorsion theory. First of all, we consider an arrow f: T — F
from an object T' € Z to an object F' € %#. We have to prove that f € Ng. If there does not

exist an arrow t: T — 2 belonging to &, then 7p € &. So, from the commutative square

T €% q
e
fJ{ 3d H
N
Foeat

we deduce that there exists an arrow d: 1 — F, since 77 | 7. Thus, FF =1 and f € Ng. If

there exists an arrow t: T'— 2 belonging to &, we consider, as before, the commutative diagram

teé
T S

A

f 3d
F

i

QN
-

FE

since t | Tp, there exists an arrow d: 2 — F such that dt = f. This implies f € Ng.
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For every object A € C we consider the (&, .#)-factorization of 74: A — 1

A—"2 1

S A

and we define (k: K[e] — A) := preker(e). Clearly, since I = K[m], we deduce that I is an
object of .%. We prove that KJe] belongs to 7. If =1, we get 74 € &, and so K[e] = A€ T.
If I # 1, then KJe] is defined by the following pullback:

K[e] te&

;

— N

~

€

)

where ¢ € & (we recall that the factorization system is stable). Hence, we have Kle] € 7. In

other words, for every object A, the pre-exact sequence
Kle] —f—» A —5 1

is such that K[e] € J and I € .#. Referring to the diagram above, we define T'(A4) := KJe] and
F(A) =1
Let us now focus on proving that (7, %) satisfies condition (N). Consider a morphism f: A — B

and assume B # 1. Given the sequence

T(K) —» K —*5 4 B,

we have to verify that ke is a prekernel (where k = preker(f) and T'(K) is the torsion part of K).
To this end, we study the (&,.#)-factorizations of f: A % I ™ B and of 7: K < I' =5 1.
Generally, for every arrow x: K — 2 in C, the & part of the factorization of x is equal to the &

part of the factorization of 7. To prove it, we examine the diagram
/ [
zEM
\ , -

)

where x = me and 7x = m’¢’. Since .# is closed under composition, we obtain zm € ..

Therefore, zme = m’e’ and so, from the uniqueness of the (&,.#)-factorization, we deduce

e = ¢/. Hence, in order to study the torsion part of K, we can focus on the arrow x: K — 2,
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whose existence is guaranteed by the fact that K is the prekernel of an arrow with codomain
different from the terminal object. Let us put x = m/e’ with ¢ € & and m’ € .#, and consider

the commutative diagrams

’ ’ ’

K-—‘S4—5J1-T52 K4 T
kl ld le ekl §|d/ J/LB’H’L/
v

where d is induced by the diagonal property of the factorization system (see the square on the
right). Thanks to the stability of the factorization system and the uniqueness of the (&, .#)-
factorization, we conclude that both the squares in the rectangle on the left are pullbacks.
Therefore, applying Lemma we get k(e) = kk(e'), where k(e) = preker(e) and k(e') =
preker(e’). By definition of T'(K) we have € = k(e’), and so we deduce that ke = kk(e') =k is a
prekernel. If B = 1, we come to a trivial situation.

Finally, we have to prove that (7, %) satisfies condition (P2). With this goal, fix an object
B € C such that F(B) = 1. So, by definition, 75 € &. Now, since & is stable, for every arrow
A — 1, with A # 1, the pullback

Ax B T4

X A
[
B— 1

tells us that my4 € &. Hence w4 is a precokernel. Furthermore, consider the prekernel of w4

defined by the pullback
2xB —— 2

Lo
AX B — A

Then, 2 xB € 7 since it is the domain of the prekernel of an arrow of &. To sum up, we have
verified that the sequence
2xBAXME 4 p TAL 4

is pre-exact and 2 xB € 7. O

Theorem 4.3.19. The assignments defined in Proposition [[.3.14 and Proposition [].5.18 estab-
lish a one-to-one correspondence between pretorsion theories (7, F), satisfying conditions (N)
and (P2), and stable factorization systems (&, .#) such that every arrow in & is a precokernel

and 2 —1¢e /.

Proof. For every pretorsion theory (7, %) we define

& = {e precokernel |Kle] € 7} and A4 = {m|K[m] € F}.



130 4.3. Pretorsion Theories, Galois Structures and Factorization Systems

The pretorsion theory induced by this factorization system is given by the two full subcategories

whose objects are
T ={TeC|3t:T—=2tc&IU{TeClrr &}

and
F = {F€C|TF€%}.

On the one hand, if we consider an object T' € .7 such that there exists an arrow t: T — 2 € &,
then T € 7, since preker(t) = idy and so K[t] = T. We proceed in a similar way if T — 1 € &.
On the other hand, if we take an object T' € 7, then either T — 2 or 7' — 1 must be a
precokernel (since F(T) = 2 or F(T) = 1). So, as before, T € 7. In other terms, we have
proved .7 = 7. Analogously, we can show that .# = .Z.

For every factorization system (&, . ), satisfying the assumptions of Proposition we define

T ={TeC|H:T—=2tc&U{T cC|rr €&}

and
?z{FECM’FE///}.

The factorization system, induced by this pretorsion theory, is defined by the classes of arrows
& = {e precokernel |Kle] € 7} and A = {m|K[m] € F}.

Fix a precokernel e: A — B, with B # 1. We prove that e € & if and only if e € &. To this
end, observe that, since e is a precokernel, the diagram below (which defines the prekernel of e)

is both a pullback and a pushout:
Kle] —— 2
A ﬁ B.
Due to the closure of & under both pullbacks and pushouts, we can infer that e € & if and only
if K[e] — 2 € &. This equivalence can be further expressed as K[e] € 7, which, in turn, is
equivalent to e € &. It remains to study the case B=1. If 74 € &, then A € .7 andso 74 € &.
Conversely, if we 74 € &, then A € .7 and so, since there does not exist an arrow A — 2 (we
recall that 74 is a precokernel), 74 € &. We have shown & = &. Finally, observing that in a

factorization system each class is uniquely determined by the other, we conclude .#Z = .#. [
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For a given pretorsion theory (7,.%), we define

& = {f € Arr(C) | F(f) is an isomorphism} and

&' :={g € &| every pullback of g is an arrow of &}.

Lemma 4.3.20. Let (F,.%) be a torsion theory satisfying condition (P2). Then, the inclusion
& C & holds.

Proof. Since & is closed under pullbacks, showing that & is a subset of & is sufficient to prove
the statement. Let us start with an arrow e: A — 1 € &. We observe that F(A) = 1, since
Kle] = A € . Therefore, we conclude F(e) = idy, and so e € &. Now, consider an arrow
e: A — Bof & with B # 1. We know that e = precoker(k) and K[e] € 7, where k: Ke] — A
is the prekernel of e. We notice that F'(K[e]) = 2. This is because Kle] € .77, which implies
F(Kle]) € Z. Moreover, since there exists an arrow x: Kle] = 2 (B # 1), F(K|e]) cannot be

1. Furthermore, having that x is unique, we conclude that the diagram below is a pushout:

Kle] —— 2
A —— B.

e

We can therefore apply F to the above diagram, which yields another pushout (due to the fact

that F' preserves colimits):

92—
P | o reeres
F(A) — F(B).

F(e)

In conclusion, as F'(e) is the pushout of an isomorphism, it is an isomorphism, too. This implies
that e € &. O

The following result is a generalization of Proposition 4.2 of [31].
Lemma 4.3.21. Given a sequence in C

F—1sx_2.F

such that Fy, Fy € F and f = preker(g), then X € .
Proof. Consider the (7, % )-pre-exact sequence associated with X

T(X) =2 x 25 F(X)

el

Fy

X 2 5B,
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where ¢ is induced by the universal property of the prekernel f (in fact gex € N4, since it is an
arrow with domain a torsion object and codomain a torsion-free object). Then, ¢ € Ng because
it is an arrow between a torsion object and a torsion-free object. Consequently, ex € N4, which

implies that nx is an isomorphism (i.e. X € .%). O

The dual of the previous proposition tells us that, for every sequence
f g
T ——— X —— Ty,

if g = precoker(f) and T1,T» € 7, then also X € 7.

Finally, we can provide the analogous of Theorem 3.7 in [27]. We write EffDes(C) (resp.
NExtr(C)) for the full subcategory of the category of arrows Arr(C) determined by all effec-
tive descent morphisms (in our case regular epimorphisms) in C (resp. all normal extensions with

respect to I'p, which is the Galois structure associated with F').

Theorem 4.3.22. If (J,.F) is a pretorsion theory in C satisfying our assumptions and such

that the functor F' is protoadditive, the following properties hold:
i) NExtg(C) is a reflective subcategory of Arr(C);
it) normal extensions are stable under composition;

it1) any effective descent morphism f: A — B factors uniquely (up to isomorphism) as a
composite f = me, where e is stably in & and m is a normal extension; moreover, this

factorization coincides with the (&, 4 )-factorization of f.

Proof. i) We can follow the same argument that was used in Theorem 3.7 of [27] for the pointed
context.
11) We consider two normal extensions f: A — B and g: B — C. It is a known and general
fact that gf is an effective descent morphism. We have to prove that gf is normal, i.e. that
Klgf] € &#. If C # 1, we consider the following commutative diagram where the three squares
are pullbacks:
Kla] ——
X

Klgf] Klg] 2
| | |
A B C.

Hence K[a] = K|[f] € %, and so we have a sequence

]
J

K[f] = K[o] —— Klgf] —*— K[g]
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where &k’ = preker(a), and the objects K|a], K[g] belong to .#; therefore we can apply Lemma
4.3.21| to get Klgf] € #. If C = 1, we have g = 75, B = K|g] € %, K[f] € #, and
Klgf] = K[ra] = A; again, we can apply Lemma [4.3.21| to the sequence

K[f] —£» 4 -1 B,

where k = preker(f). So we get A € Z.
i#i) Again, we can follow the same argument that was used in Theorem 3.7 of [27] for the pointed

context. |

This final result establishes a foundation for future studies on higher-order central extensions.

4.4 Examples

4.4.1 MSet and Fix Points

It is a well-known fact that, for every monoid M, the category MSet of sets with a fixed action
of M is an elementary topos. Clearly, MSet is a two-valued topos (Sub(1) = {1,0}). Given an
object X of MSet, we define the set of fix points

Fix(X) == {z € X |ma = x for every m € M}.

We observe that, for every arrow f: 1 = {*} — X in MSet and every m € M, one has
mf(x) = f(mx) = f(x). Then, there is a bijection

MSet(1, X) & Fix(X).

Therefore, the objects of MSet for which there exists a unique arrow 1 — X are precisely the
ones with exactly one fix point. In the light of what has just been said, we define two full

subcategories of MSet whose objects are
F ={X € MSet | Fix(X) = X} and 7 :={X € MSet || Fix(X)| < 1}.

From this point on, we will consider as class of zero objects & = .#N.J = {1,0}. In order to
study prekernels and precokernels in MSet, we can apply what we have seen in the first section
of this chapter. Therefore, given an arrow f: A — B (with A # ()) in MSet, ¢ = precoker(f) is
defined by the following pushout diagram

i

Sy

—
Q

_f
i
—_—

Ql

S~

]
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If A=0, we get precoker() — B) = idp. Additionally, since coproducts in MSet are computed
as in Set, we obtain that Q[f] = B/f(A), where, given an object X of MSet and a subset Y C X
closed under the action of M, we define X/Y as the MSet obtained just contracting Y to one
point and defining the action of M as the one induced by X. Finally, if there exists a unique
arrow 1 — B, the prekernel k of an arrow f: A — B is given by the following pullback diagram:

K[f] — 1
T
AﬁB.

Proposition 4.4.1. (%#,.7) is a pretorsion theory in MSet.

Proof. First of all, we consider F € % and T € 7. If Fix(T) # 0, then every arrow h: F — T

factors as

F—nM 7

N

since, for every x € F and every m € M, mh(x) = h(mz) = h(xz) = y (where y is the only fix
point of T). If Fix(T) = (), then F must be empty (since every image of a fix element is a fix
element), and so h = vy € Ng. Hence MSet(F,T) C N4. Now, given an object X of MSet, we
define

F(X) = Fix(X), T(X) = X/ Fix(X),

and we have the sequence
F(X) =25 X %5 T(X)

where ex is the inclusion and nx the quotient projection. Clearly Fix(Fix(X)) = Fix(X) and
| Fix(X/Fix(X))| < 1 (it is exactly 1 when Fix(X) # (), and the unique fix point is [z] with
x € Fix(X)). We prove that the sequence above is pre-exact. If Fix(X) # ), the following square

(which we know to be a pushout, thanks to the description of precokernels) is a pullback

Fix(X) —X— X

Ll

— X/Fix(X).

To show this, we consider an arrow g: Y — X such that nxg(y) = [z], for an arbitrary = €
Fix(X). Then g(y) € Fix(X), and so g restricts to Fix(X); hence we get ex = preker(ny) and
nx = precoker(ex). If Fix(X) = 0, we have the following sequence

X, x X x
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where idx = precoker(tx) (thanks to the description of precokernels), and tx = preker(idx)
(since every arrow g € Ng with codomain X must have () as domain, otherwise X would have

at least one fix point). O
Proposition 4.4.2. The pretorsion theory (7, %) in MSet? satisfies conditions (P1) and (P2).

Proof. To prove the statement we work, dually, in MSet. We recall that both limits and colimits
in MSet are computed as in Set. In general, for every pair A, B of objects of MSet one has
Fix(A + B) = Fix(A) + Fix(B); so condition (P1) trivially holds. In order to prove that also
condition (P2) holds we have to show that the diagram

is both a pullback and a pushout and 1+B € &, whenever B is such that Fix(B) = () and
A # (). We observe that |Fix(1+B)| = 1 + |Fix(B)| = 1, hence 1+B € 7. Moreover, the

square is clearly a pushout. In order to show that it is also a pullback, we consider an arrow

a: X A+ B
X’x‘
A—™ 51
a in J{
A+B —— 1+

TA +zd B

such that (74 + idg)(a(x)) = = for every x € X (where * is the unique element of 1). We
observe that Im(a) C i4(A): if there exists an element z € X such that a(z) & i4(A4), then
(ta+idp)(a(x)) € ig(B) C1+B, but (Ta+idp)(a(z)) = * € i1(1). This leads to a contradiction
because 1 and B are disjoint in 1 +B. Therefore, we get an arrow a.: X — A such that is(a(z)) =

a(x), for every x € X. Since i4 is injective, this arrow « is unique. O
Proposition 4.4.3. The pretorsion theory (7, %) in MSet®® satisfies condition (N).

Proof. To prove the statement we work, dually, in MSet. Given an arrow f: A — B we consider

n .
A~ B — QIf] = B/f(4) =5 T(QIf)) = (B/F(A)/ Fix(B/f(A))
and we have to show that 7g(s)q is a precokernel. If A = (), the assertion is trivial. If A # (), we
have that

(B/f(A))/ Fix(B/ f(A)) = B/(f(A) UFix(B))
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where the isomorphism is given by @: (B/f(A))/Fix(B/f(A)) — B/(f(A)UFix(B)) induced by
v: B/f(A) — B/(f(A)UFix(B)), where ¢([b]) := (b) ([b] denotes the class of b with respect to the
quotient on f(A), while (b) denotes the class of b with respect to the quotient on f(A4) UFix(B)).
Clearly ¢ is well defined and surjective. We observe that ¢([b]) = ¢([c]) implies b,c € f(A4) U
Fix(B): if b,c € f(A), then [b] = [c]; if b € f(A) and ¢ € Fix(B), then [b] € Fix(B/f(A))
(since every element coming from A via f is a fix point of B/f(A)) and [c] € Fix(B/f(A));
if b,¢ € Fix(B), then [b], [c] € Fix(B/f(A)). Therefore % is also injective and T(Q[f]) is the
precokernel of f(A)UFix(B) — B. O

We are ready to describe the stable factorization system induced by (7, %) on MSet°?. In order
to simplify the argument, we will work again in MSet. Recalling what we have studied in the sec-
ond section, we immediately get that & = {e: A — B € Arr(MSet) | e is a prekernel, B/e(A) €
T} and A4 = {m: A - B € Arr(MSet)| B/m(A) € F}. Hence, if we consider an arrow
f: A— B, the (#,&)-factorization of f is given by

A / B

S—

f(A) UFix(B),

where the morphism m € .# is obtained by restricting the codomain of f, while e € & is the
inclusion map. In order to see that e is a precokernel consider the pullback (assume A # 1,

otherwise the statement is trivial)

F(A)UFix(B) —— 1

| Ik

B ———— B/(J(4) UFix(B)),

where ¢ is defined and unique since |Fix(B/(f(A) UFix(B)))| = 1.
We observe that, in general, the functor F', induced by the pretorsion theory (%, ) in MSet,
does not preserve colimits. For example, if we consider an object A of MSet such that A = ()

and Fix(A) = (), then 74: A — 1 is an epimorphism but F(74): # — 1 is not an epimorphism.

Proposition 4.4.4. The reflector F induced by the pretorsion theory (7 ,.%) in MSet°? is

protoadditive.

Proof. Again, we work in MSet. Clearly F()) = () and F(1) = 1. We prove that F preservers

the pushouts of split monomorphisms. Hence, we consider the following pushout:

<
«—

=
VR el
3

N

iz
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where ps = idx. We define on Y the following relation: y ~ w if and only if y = w or there exist
x,t € X such that y = s(x), w = s(t), and f(z) = f(t). Let us prove that ~ is an equivalence
relation preserved by the action of M. It is clear that ~ is both reflexive and symmetric. We
deal with the transitivity: suppose y ~ w and w ~ r; clearly if y = w or w = r the property
holds, so suppose y = s(z), w = s(t) with f(z) = f(¢) and w = s(t), r = s(q) with f(t) = f(q);
since s is injective we deduce t = ¢, and so y ~ r. Finally, if y ~ w and y # w then y = s(x),
w = s(t) with f(z) = f(t) and, therefore, my = s(mz), mw = s(mt) with f(mz) = f(mt), ie.

my ~ mw. We prove that, in the category Set, the following square is a pushout:

Y
L

s (Z\ FO) + (Y] ~),

S

_

>

[y
—

N

where i1(2) =z if z € Z\ f(X), i1(2) = [s(x)] if z = f(x) (if f(z1) = f(x2) then, by definition,
s(x1) ~ s(z2)), and i2(y) = [y]. The square is commutative: i1f(z) = [s(z)] = i2(s(x)).
Now, let us consider two arrows a: Z — A and b: Y — A such that af = bs; we define
¢: (Z\ f(X)) + (Y/ ~) = A by putting

a(z) ife=zeZ\ f(X)
bly) ife=[yleY/~.

o is well defined: if [y] = [w] and y # w, then y = s(x), w = s(t) and f(z) = f(¢), hence
b(y) = bs(z) = af(x) = af(t) = b(w). The uniqueness is guaranteed because i1, 1o are jointly
epimorphic (i1(Z) 2 Z \ f(X) and i2(Y) = Y/ ~). With the action of M induced by i;
and io we deduce that the square above is a pushout also in MSet. Now, we observe that
Fix((Z\ f(X)) + (Y/ ~)) = Fix(Z \ f(X)) + Fix(Y/ ~). So, we study the set Fix(Y/ ~). We
consider an element [y] € Fix(Y/ ~), such that y ¢ Fix(Y); then, for every m € M such that
my # y, since my ~ y, there exists an element z € X such that y = s(x) (and, since s is
injective, this element x does not depend on m) and an element 2’ € X such that my = s(a’)
with f(xz) = f(a’). But s is injective, hence, from s(z’) = my = ms(z) = s(mz), we deduce
' = mz and then f(z) = mf(z). Moreover, for every element m € M such that my = y, we
get ms(z) = s(z) and, applying p, we obtain ma = z and so mf(x) = z. In other words, if
y ¢ Fix(Y') there exists a unique z € X such that y = s(x) and f(z) € Fix(Z). We are ready to

prove that the commutative diagram below is a pushout (i.e. F' is protoadditive)

Fix(X) ———— Fix(Y)

i I

Fix(Z) —— Fix(Z\ f(X)) + Fix(Y/ ~),
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where, with a slight abuse of notation, we have used the same symbols to indicate an arrow and its
image through F. We consider two arrows in .%# (i.e. maps) a: Fix(Z) - A and b: Fix(Y) — A
such that af = bs, and we define ¢: Fix(Z \ f(X)) + Fix(Y/ ~) — A by putting

) ife=zeFix(Z\ f(X))
p(e) = S b(y) if e = [y], with y € Fix(Y)
af(xz) if e = [y], with y ¢ Fix(Y),

where the third part makes sense because y = s(z) and f(z) € Fix(Z). In order to show that
¢ is well defined we consider [y], [w] € Fix(Y/ ~) such that [y] = [w] and we distinguish three

cases:

e y,w € Fix(Y) (with y # w, otherwise the assertion easily holds): then there exist x,t € X
such that y = s(x), w = s(t), and f(z) = f(t); hence, applying p, we deduce z,t € Fix(X),
and then ([y]) = b(y) = bs(z) = af(x) = af(t) = bs(t) = b(w) = @([w]).

e y € Fix(Y) and w ¢ Fix(Y): then there exist x,t € X such that y = s(z) (and so, since
y € Fix(Y), z € Fix(X)), w = s(t), f(t) € Fix(Z), and f(z) = f(t). Since z € Fix(X)
we can use the commutativity of the square to get bs(z) = af(z), and so ¢([y]) = bs(z) =

af(x) = af(t) = ¢((w]).

o y,w ¢ Fix(Y): then there exist z,t € X such that y = s(z), w = s(t), f(z), f(t) € Fix(2),
and f(x) = f(t); therefore o([y]) = af(x) = af(t) = ¢([w])-

Finally, 41,i2 are jointly epimorphic. To show it we deal with the only non-trivial case: we
consider an element [y] € Fix(Y/ ~) such that y ¢ Fix(Y); therefore there exists € X such
that y = s(z) and f(z) € Fix(Z), and then i1 (f(x)) = [s(z)] = [y]. Hence ¢ is unique and F is
protoadditive. O

Thanks to the previous result we can describe the central extensions for I' s, i.e. the Galois
structure induced by (7,.%) in MSet®?. We apply Theorem and we get that a regular
epimorphism (i.e. an effective descent morphism in a Barr-exact context) of MSet“” is a central
extension if and only if K[f] is an object of .Z. If we dually translate what has just been said we
get that a regular monomorphism f in MSet, seen as an arrow of MSet?, is a central extension
for Tz if and only if Q[f] € . (where Q[f] is the codomain of the precokernel of f in MSet).
Finally, recalling that limits in MSet are computed as in Set, we get that a regular epimorphism
f of MSet? is a central extension if and only if f: A — B, considered as an arrow of MSet, is a
monomorphism and B/f(A) € .Z (or, equivalently, if B = Fix(B) U f(4)).
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4.4.2 Double Negation in Heyting Algebras

We recall that a Heyting algebra is an algebraic structure (H, V, A, 1,0, =) such that (H,V, A, 1,0)

is a bounded lattice and the binary operation = satisfies
ANy <zifandonlyifaz <y= z.

Given a Heyting algebra H, let H__, denote the set of regular elements of H. An element x € H
is said to be regular if -—z = x (recalling that, in general, —x := 2 = 0). It is a known fact that

(H-=,Vo-,\,0,1,=) is a Boolean algebra, where
Voo y=(-x Ay).
Therefore, this construction defines a functor

Heyt —£ Boole

Hv+— H _

7| Lrn

L— L,

where F(f) is simply the restriction of f to H--. Since it is true that ——(——z) = =z, we can
define the function
-—: H— H__

T — .

It is known that this map is a surjective morphism of Heyting algebras. Specifically, this mor-
phism is the H-component of the unit of the adjunction F' - i, where i: Boole — Heyt is the
inclusion functor.

A Heyting algebra H is pseudo-deterministic (we thank Mariano Messora for the suggestion of
the name) if, for every « € H, either -z = 1 or -z = 0. Given a Heyting algebra H, we define
T(H) ={x € H|—x =0or -z = 1}. We recall that, in every Heyting algebra, the equations
r=1=1-(zAy)=2= -y, ~(xVy) =2 Ay, and =(z = y) = =~z A -y hold (a proof
of these identities can be found in any book that deals with Heyting algebras and intuitionistic
logic). These identities can be used to prove that T(H) is a Heyting algebra whose operations

are induced by H. In particular, we get

1 ifﬁ,T:Lﬁy:l 0 ifﬁx:()’ﬁyzo
—(xVy) = —(zAny) =
0 otherwise 1 otherwise

1 if wx = O7 Yy = 1
—(z=y) =
0 otherwise.
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So, T(H) is a pseudo-deterministic Heyting algebra. We denote by PD the full subcategory
whose objects are pseudo-deterministic Heyting algebras. Moreover, the assignment described

above establishes a functor
Heyt —~— PD

where T'(f) is given by the restriction of f to T'(H). It is easy to observe that the inclusions of
T(H) in H are the H-components of the counit of the adjunction j 4 T, where j: PD — Heyt is
the inclusion functor.

Since, in every Boolean algebra, -z = 0 implies x = 1 and - = 1 implies x = 0, we deduce that
Boole "\PD = {1, 2}.

From this point on, we will consider as class of zero objects £ := Boole "\PD = {1, 2}

Proposition 4.4.5. (PD,Boole) is a pretorsion theory for Heyt. Moreover, this pretorsion theory
satisfies both conditions (U) and (N).

Proof. We start by showing that, for any Heyting algebra H, F(H) = 1 holds if and only if
H = 1. Tt is evident that H = 1 implies F(H) = 1. Conversely, if F(H) = 1, this implies that
——1 =--0in H, and as a result, 0 = 1. Hence, if we can prove that (PD,Boole) constitutes a
pretorsion theory, it will inevitably fulfill condition (U). Let us consider a morphism of Heyting
algebras f: T — F, where T is an object of PD and F' is an object of Boole. Let z € T be a
fixed element. If -z = 0, then 0 = f(—a) = —f(x). Since F is a Boolean algebra, we deduce
that f(z) = 1. Similarly, if -z = 1, we get f(x) = 0. Thus, f factors through an object of Z.
We now fix a Heyting algebra H # 1 and show that the inner commutative square below is both

a pullback and a pushout:
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where e is the inclusion, ny denotes the double negation map, and x is defined as follow:

0 if-x=1
x(z) =
1 if -z=0.

Simple calculations allow us to verify that x is a morphism of Heyting algebras. Let us consider
two morphisms of Heyting algebras, h: K — H and [: K — 2, satisfying the condition ngh = «l.
By observing that ——h(k) = il(k), for every k € K, and recalling that in any Heyting algebra
——-x = —x, we can infer that —h(k) can only be equal to 0 or 1. Thus, h factors through T'(H),
and the uniqueness of this factorization is ensured since €y is a monomorphism. Therefore,
the given square is a pullback. We now fix two morphisms of Heyting algebras, f: H — M
and g: 2 — M, such that feg = gx. We observe that the kernel pair of ny is given by
Eq(ny) = {(z,y) € H |-~z = ——y}. Moreover, since -—(z = y) = =z = -y, we deduce
that, if (z,y) € Eq(ng), then ==(z = y) = 1 and =—=(y = x) = 1. Hence ~(x = y) =0
and —(y = x) = 0, so we see that z = y and y = z are elements of T'(H). Clearly, we have
x(x = y) =1 and x(y = x) = 1. By commutativity, we deduce that f(x = y) = 1 (hence
fl@) < f(y)) and f(y = ) = 1 (hence f(y) < f(z)). Finally, since ng is surjective, and
therefore the coequalizer of its kernel pair, there exists a unique morphism of Heyting algebras
f: F(H) — M, induced by the universal property of the coequalizer, such that fng = f. It is
also trivially true that fy = ¢g. Therefore, the square is a pushout. So, given a Heyting algebra
H, the associated pre-exact sequence, with a torsion object on the left and a torsion-free object

on the right, is the following:
T(H) =5 H ™ F(H).

To conclude, we show that this pretorsion theory satisfies condition (N). Let us consider the

following diagram:

T(K[f]) —— K[f] %> 1 L5 1L,

where k = preker(f) and € = eg[y). If L = 1, the statement is trivial; hence, let us assume L # 1.

In order to prove that condition (N) holds, we show that the following square is a pullback:

Y b

T(K[f]) > 2

k| |

H ——— H/(Eq(nx) N Eq(f)),

where Eq(ng) NEq(f) = {(x,y) € H x H| -2 = -—y and f(x) = f(y)} and ¢ is the quotient
projection. Let us consider two arrows a: Y — H and b: Y — 2 such that qa = (b. It can be
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observed that, for every y € Y, if b(y) = 0, then by commutativity, ga(y) = 0, which implies
that =—a(y) = 0 and fa(y) = 0. Recalling that K[f] = {z € H|f(z) = 0or f(z) = 1}, we
can deduce that a(y) € T(K[f]). By a similar reasoning, if b(y) = 1, then a(y) € T(K[f])
as well. Thus, we can conclude that a factors through T(K[f]), and the uniqueness of this
factorization is guaranteed by the fact that ke is a composition of monomorphisms, and therefore

a monomorphism itself. O

Proposition 4.4.6. The reflector F' is a localization (i.e. it preserves all finite limits). Hence,

in particular, F' is protoadditive.

Proof. Clearly, F preserves the terminal object 1. So, it suffices to prove that F' preserves every

pullback. Consider the following pullback in Heyt:

Hx; K -3 K
of
L.

H—

Our goal is to show that (H xj K)o— = H.— X1, xK__. Let (h,k) € (H x1, K)--. Then we
have (h, k) = =—(h, k) and f(h) = g(k). This implies that =——h = h (i.e. h € H._) and ——k € K
(i.e. k € K__). Therefore, (h,k) € H-— x__ xK__. Conversely, let (h,k) € H._ x__ xK__.
Then we have -—h = h, ==k = k, and f(h) = g(k). It follows that (h,k) = =—(h, k) and hence
(h,k) € (H x1, K)—-. Therefore (H xp, K)-— = H-— x__ XK__, as required. O

We are now ready to investigate the central extensions pertaining to the Galois structure defined
by the adjunction F' 4 i. As we have shown, an effective descent morphism f: H — L in Heyt
(i.e. a surjective map) is a central extension if and only if K[f], which is defined as the set
{zr € H|f(z) = 0or f(z) = 1}, is a Boolean algebra. In simpler terms, a surjective map is
central if and only if its prekernel is an object of Boole. Furthermore, since the reflector F is a
localization, it follows that an extension is central if and only if it is trivial. This result can also
be seen as a consequence of Remark 4.6 in [3§].

We now turn our attention to the stable factorization system induced by the pretorsion theory
(PD,Boole). Thanks to the results obtained in this chapter, we get & = {e € Arr(Heyt)|e
is a precokernel and Kle] € PD} and .# = {m € Arr(Heyt) | K[m] € Boole}. Given an arrow

f: H — L in Heyt, we can construct the following factorization:

where H = H/(Eq(f) N Eq(nu)), e is the quotient projection, and f([z]) = f(z) for every
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[z] € H. It is not difficult to see that e is the precokernel of the inclusion of Kle] = {z €
H|f(x) =0,~x =1}U{z € H| f(z) = 1,-xz = 0}, and that KJ[e] € PD, being a subset of

T(H). Moreover, we observe that K[f] € Boole. To see this, consider an element [z] € K|[f].
We need to show that [x] = =—[z] to prove that K[f] is a Boolean algebra. Suppose f([z]) = 0;
the argument can be adapted to the case f([z]) = 1. To conclude that [z] = ==[z], we need to
prove that f(z) = f(——a) and =—a = -—=——z. The second equality always holds, while the first

is true because f(x) = 0. Thus, the proposed factorization is precisely the (&, .# )-factorization.

4.4.3 Contraction of Vertices in sSet

We recall that A is the category whose objects are the totally ordered sets [n] :={0,1,2,...,n},
where the order is induced by the usual one of N, and whose morphisms are the order-preserving
functions. A simplicial set is a functor X : A°? — Set. The category of simplicial sets, denoted
by sSet, is defined to have the simplicial sets as objects, and the natural transformations between
them as morphisms. For every natural number n and every simplicial set X, we define X,, =
X ([n).

A simplicial set X can be seen as family of sets X,, for each non-negative integer n, and two
sets of functions d; : X,, = X,,—1 and s; : X,, = X, 41 for every 0 < i < n, such that specific

conditions are satisfied for each n:

didj = djfld,h 1<

8i8j = 8j8i—1, 1>

sjo1d;, <]
disj = { id, i=3,5+1
dei—h Z>]+1

This is the standard way to write the data of a simplicial set following [32]. The elements of X
are called the vertices. Given that each s; is an injective map, to simplify the notation, we will
assume that these maps are inclusion maps.

Let S denote the terminal object of sSet, and V' denote the initial object. It is clear that
S = A(—,[0]), which implies that S,, = {x}, for every natural number n. Furthermore, V,, = (}
for every natural number n. We observe that sSet is a two-valued elementary topos. Indeed, if
we consider a simplicial set X C .S, then either X,, = {x} for all n € N, or there exists a natural
number n such that X,, = (). However, in the latter case, it follows that X,, = @) for all n € N,
and hence X = V. Therefore, we have Sub(S) = {S,V}, as desired.
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We observe that the Yoneda Lemma implies
sSet (S, X) = sSet(A(—,[0]), X) = Xy

for every simplicial set X. Therefore, the simplicial sets for which there exists a unique arrow
S — X are precisely those such that |Xo| = 1. We now define two full subcategories of sSet

whose objects are:
F ={X €sSet | X,, = Xo, X(f) = idx, for every n € N, f € Arr(A)}

and
T ={X e€sSet || Xo| <1}

Given a simplicial set X, we define F'(X) as the subobject of X such that F'(X),, = X, for every
n € N. So, we have F(X) € Z#.

From this point on, we will consider as class of zero objects 2 == FNT ={S,V}.

Proposition 4.4.7. (#,.7) is a pretorsion theory in sSet.

Proof. Let us consider an arrow f: P — T in sSet, where P is an object of % and T is an object
of 7. If T =V, then clearly f factors through an object of . If T' # V, then fo(Py) = Ty = {*}.

Moreover, by naturality, the following diagram commutes:

PO L T():{*}

| I

PO T) Tl-
1

Thus, fi1(Fy) = {*}. By iterating this reasoning, we deduce that f, (Py) = {*} for every natural

number n. Therefore, f factors through S. Furthermore, we define the simplicial set morphism

ex: F(X) — X, where (ex), is the inclusion of X in X,,. Let us assume that X # V and

construct T(X) through the following pushout diagram:

FX) —— S

X it
r

X — 5 T(X).

nx

Recalling that limits and colimits in sSet are computed, level-wise, as in Set, we deduce that
T(X)o = Xo/Xo = {} and, therefore, T'(X) € .7. We now show that the above square is also
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a pullback. To this end, let a: Y — X be a morphism of simplicial sets such that nxa = try:

Since, for every n € N and for every y € Y,,, we have (nx)n(an(y)) = tn(*) = =, it follows that
an(y) € Xo C X,,. Hence, « restricts to an arrow on F(X) and the square is indeed a pullback.
Therefore, we have shown that €x is the prekernel of nx, and that nx is the precokernel of ex.
Finally, if X =V, we clearly have F(X) =V, and we define T'(X) := V. O

We observe that the pretorsion theory (.7, .%) in sSet? satisfies condition (U). Indeed, if F(X) =
V (recall that V is the terminal object in sSet®”), then Xy = ), and thus X = V. Moreover,
we observe that F' preserves pullbacks in sSet®”. To see this, we work dually and we show that
F preserves pushouts in sSet. Since pushouts in sSet are computed level-wise as in Set, and
F(X) = X for every simplicial set X, the claim follows easily. In particular, F is protoadditive,
considered as functor on sSet’. Finally, we prove that (.7,.%) satisfies condition (N). Consider
a morphism of simplicial sets f: X — Y, where X # V| and define Q[f] through the following
pushout:

x Loy 450U 2 Q).

We observe that T(Q[f]) = (Yn/fn(Xn))/(Yo/fo(Xo)), and applying a similar reasoning to the
one seen for the case of MSet, we deduce that Y, /(Yo U frn(Xn)) = (Ya/fn(Xn))/ Yo/ fo(Xo)).
Therefore, we conclude that 7¢(fq is the precokernel of the inclusion F(Y)U f(X) < Y (where
(F(Y)UF(X))n = YoU[fn(X,) for every natural number n). Moreover, if X =V, then Q[f] =Y,
q = idy, and nQ[f] = ny. Thus, in this case ng[s¢ = 7y, which is a precokernel by construction.

We can now describe the stable factorization system induced by (7 ,.%) on sSet°”. To simplify
the argument, we will follow our discussion in the context of sSet. We have & = {e: X — Y €
Arr(sSet) | e is a prekernel, and Y/e(X) € 7}, and A4 = {m: X — Y € Arr(sSet) | Y/m(X) €
F}, where (Y/e(X))n =Y, /en(X,) and (Y/m(X)),, =Y, /m,(X,), for every natural number

n. Therefore, as previously observed in the case of MSet, the (.#, &)-factorization of an arrow
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f: X =Y is given by:

FX)UF(Y),

where the morphism m € .# is obtained by restricting the codomain of f, while e € & is, level-

wise, the inclusion map.

Finally, we can characterize the central extensions for I' &, which is the Galois structure induced
by (7,.%) in sSet®”. Theorem implies that a regular epimorphism of sSet®” is a central
extension if and only if K[f] is an object of %. In the dual perspective, we can say that a regular
monomorphism f in sSet, viewed as an arrow of sSet“?, is a central extension for I' & if and only if
Q[f], which is the codomain of the precokernel of f in sSet, belongs to .%. Moreover, since every
monomorphism in sSet is regular, we can conclude that a regular epimorphism f in sSet is a
central extension if and only if f: X — Y, considered as an arrow in sSet, is a monomorphism
and Y/f(X) € #, where Y/f(X) is the simplicial set defined by (Y/f(X))n == Y,/ fn(Xy), for

every natural number n. Equivalently, if Y,, = Yy U f,,(X,,) for every natural number n.
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