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Abstract
We investigate symmetry and quantitative approximate
symmetry for an overdetermined problem related to the
fractional torsion equation in a regular open, bounded
set Ω ⊆ ℝ𝑛. Specifically, we show that if Ω has positive
reach and the non-local normal derivative introduced in
Dipierro, Ros-Oton and Valdinoci [Rev. Mat. Iberoam.
33 (2017), no. 2, 377–416] is constant on an external sur-
face parallel and sufficiently close to 𝜕Ω, thenΩmust be
a ball. Remarkably, this conclusion remains valid under
the sole assumption thatΩ is convex. Moreover, we ana-
lyze the quantitative stability of this result under two
distinct sets of assumptions onΩ. Finally, we extend our
analysis to a broader class of overdetermined Dirichlet
problems involving the fractional Laplacian.
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1 INTRODUCTION

Let Ω ⊆ ℝ𝑛 be an open, bounded set with outer parallel sets

Γ𝑡 ∶= {𝑥 ∈ ℝ
𝑛 ∣ dist(𝑥,Ω) = 𝑡} with 𝑡 > 0,
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and consider the problem {
(−Δ)𝑠𝑢 = 1 in Ω,

𝑢 = 0 in ℝ𝑛 ⧵ Ω,
(1.1)

with the overdetermined Neumann condition

𝑠𝑢 = 𝑐♭ ∈ ℝ on Γ𝑡 (1.2)

for some 𝑡 > 0. Here, for 𝑠 ∈ (0, 1), (−Δ)𝑠 is the fractional Laplacian defined for 𝑢 ∈ 𝐶∞𝑐 (ℝ
𝑛) as

(−Δ)𝑠𝑢(𝑥) ∶= 𝑐𝑛,𝑠 P.V.∫ℝ𝑛
𝑢(𝑥) − 𝑢(𝑦)|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑦,

with

𝑐𝑛,𝑠 ∶= 𝑠(1 − 𝑠)4𝑠 𝜋
−𝑛∕2 Γ(𝑛∕2 + 𝑠)

Γ(2 − 𝑠)
,

and𝑠 is the non-local normal derivative given by

𝑠𝑢(𝑥) ∶= 𝑐𝑛,𝑠 ∫Ω
𝑢(𝑥) − 𝑢(𝑦)|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑦 for 𝑥 ∈ ℝ𝑛 ⧵ Ω,

which was introduced by Dipierro, Ros-Oton and Valdinoci in [12]. Problem (1.1) is known as the
fractional torsion problem. It is easy to see that it admits a unique weak solution 𝑢 ∈ 𝐻𝑠(ℝ𝑛) – see
Section 2 – and its analytic and probabilistic properties have received extensive attention in recent
years. The local analogue of (1.1), the classical torsion problem{

− Δ𝑢 = 1 in Ω,

𝑢 = 0 on 𝜕Ω
(1.3)

has been analyzed by Serrin in his seminal paper [25] together with an overdetermination on the
normal derivative at the boundary, that is, with the overdetermined condition

𝑢𝜈 = 𝑐♭ < 0 on 𝜕Ω, (1.4)

where 𝜈 denotes the exterior normal at the boundary. Serrin proved that ifΩ is a domain of class𝐶2
such that there exists a classical solution 𝑢 ∈ 𝐶2(Ω) ∩ 𝐶1(Ω) to the overdetermined problem (1.3)–
(1.4), then Ω must be a ball. Later, Aftalion, Busca and Reichel [1] performed a quantitative
analysis of the moving plane method to establish a stability counterpart to Serrin’s result, which
was further refined in [7].
On the other hand, Ciraolo, Magnanini and Sakaguchi [6] investigated (1.3) in the setting of

the interior parallel surface. Specifically, they imposed the condition that 𝑢 is constant on a sur-
face parallel to 𝜕Ω and contained within Ω, also addressing the stability result for this problem.
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In particular, they considered domains of the form Ω = 𝐺 + 𝐵𝑅(0), with 𝜕𝐺 of class 𝐶1, and the
overdetermined condition

𝑢 = 𝑐♭ on 𝜕𝐺, (1.5)

proving that if there exists a classical solution 𝑢 ∈ 𝐶2(Ω) ∩ 𝐶0(Ω) to the problem (1.3) with the
overdetermined condition (1.5), then Ω and 𝐺 must be concentric balls. See also [26] for the
symmetry result.
The fractional torsion problem (1.1) has also been studied in the literature with various types

of overdetermined conditions distinct from (1.2). First, Fall and Jarohs [15] examined it together
with a condition on the fractional normal derivative of 𝑢 along 𝜕Ω – that is, a condition analogous
to (1.4). Specifically, they considered the fractional normal derivative

(𝜕𝜈𝑢)𝑠(𝑥) ∶= − lim
𝑡→0+

𝑢(𝑥 − 𝑡𝜈(𝑥))

𝑡𝑠
for 𝑥 ∈ 𝜕Ω,

where 𝜈 denotes the exterior normal, and they showed that, among all smooth bounded open
sets Ω, balls are the only ones for which the solution 𝑢 to (1.1) satisfies the overdetermined
boundary condition

(𝜕𝜈𝑢)𝑠 = 𝑐♭ < 0 on 𝜕Ω.

Subsequently, Dipierro, Poggesi, Thompson and Valdinoci [10] established the quantitative
counterpart of their result.
Moreover, Ciraolo, Dipierro, Poggesi, Pollastro and Valdinoci [4] investigated (1.1) in the set-

ting of the interior parallel surface – that is, under the overdetermined condition (1.5). Further
developments concerning this type of overdeterminationwere later achieved byDipierro, Poggesi,
Thompson and Valdinoci [9, 11].
Despite the extensive literature on the topic, the problem under examination differs from

previous works in two key aspects. First, the overdetermined condition (1.2) does not appear
to have been investigated before. Second, while we consider a parallel surface-type overdeter-
mination, our prescribed surface lies in the exterior region of Ω. This distinction introduces
significant difficulties compared to [4, 6, 9], particularly when applying the moving plane
method.
In contrast to the works [4, 6, 9], our problem (1.1)–(1.2) is more closely related to an exterior

problem. It is therefore worth noting that exterior overdetermined problems have already been
studied in the local setting. For instance, Reichel [22, 23] adapted the method of moving planes
to address Serrin-type problems on exterior domains. However, in those cases, the overdetermi-
nation is imposed on 𝜕Ω, which makes our problem fundamentally different from those in [22,
23]. A second crucial difference between our problem and an exterior problem is that, in our case,
the equation for 𝑢 holds only in Ω. As a result, the idea of reduced half-spaces developed in [23]
is not suitable for the present setting. This distinguishes the present paper also from the work of
Soave and Valdinoci [27], who also employed the idea of reduced half-spaces in the study of some
overdetermined exterior problems for the fractional Laplacian.
In the following two subsections, we present in detail the symmetry and stability results, along

with our main assumptions.
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4 of 34 GATTI et al.

1.1 Symmetry results

As we shall see in the following, the moving plane method for the overdetermined problem (1.1)–
(1.2) relies on specific assumptions on the geometry ofΩ and the distance parameter 𝑡 > 0. Thus,
before stating our first symmetry result, we recall the notion of sets of positive reach, introduced
by Federer in the seminal paper [16]. This concept is essential for formulating and clarifying
our assumptions.
For a non-empty set 𝐸 ⊆ ℝ𝑛, we denote by Unp(𝐸) the set of all points 𝑥 ∈ ℝ𝑛 for which the

projection

Π𝐸(𝑥) ∶= {𝑦 ∈ 𝐸 ∣ dist(𝑥, 𝐸) = |𝑥 − 𝑦|}
is a singleton. Moreover, for 𝑥 ∈ 𝐸, we define

reach(𝐸, 𝑥) ∶= sup {𝑟 > 0 ∣ 𝐵𝑟(𝑥) ⊆ Unp(𝐸)}

and the reach of 𝐸 as

reach(𝐸) ∶= inf
𝑥∈𝐸
reach(𝐸, 𝑥).

If reach(𝐸) > 0, we say that 𝐸 is a set of positive reach, which necessarily implies that 𝐸 is closed.
In the remainder of this paper, we shall consider (1.1), (1.8) and (1.10) on a regular open setΩ ⊆

ℝ𝑛 whose closure Ω has positive reach. Here, as usual, we call a set Ω ⊆ ℝ𝑛 regular open if Ω
equals the interior of its closure. Moreover, a connected regular open set Ω ⊆ ℝ𝑛 will be called a
regular domain in the following.
We can now state our first result.

Theorem 1.1. LetΩ ⊆ ℝ𝑛 be a regular open, bounded set whose closureΩhas positive reach 𝑟Ω > 0,
and let 𝑡 ∈ (0, 𝑟Ω). If the unique solution 𝑢 ∈ 𝐻𝑠(ℝ𝑛) of the fractional torsion problem (1.1) satisfies
the overdetermined condition

𝑠𝑢 = 𝑐♭ on Γ𝑡

with some constant 𝑐♭ ∈ ℝ, thenΩ is a ball.

It is well-known – see, for instance, [14] – that, for Ω = 𝐵𝑟(𝑥0) where 𝑟 > 0 and 𝑥0 ∈ ℝ𝑛, the
solution to (1.1) can be computed explicitly and is given by

𝜓(𝑥) ∶= 𝛾𝑛,𝑠

(
𝑟2 − ||𝑥 − 𝑥0||2)𝑠

+
,

with

𝛾𝑛,𝑠 ∶=
4−𝑠 Γ(𝑛∕2)

Γ(𝑛∕2 + 𝑠) Γ(1 + 𝑠)
. (1.6)

Since 𝜓 is radial, it immediately follows that𝑠𝜓 is constant along every parallel surface to 𝜕Ω.
Therefore, the converse of Theorem 1.1 also holds.
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The proof of Theorem 1.1 proceeds via the moving planemethod and shares some features with
that of the non-local Alexandrov’s theorem established by Cabré, Fall, Solà-Morales andWeth [3],
as well as by Ciraolo, Figalli, Maggi and Novaga [5] at the same time.
In order to carry out the moving plane method, it is essential to note that, for a fixed 𝑡 > 0, the

outer parallel set Γ𝑡 can be written as Γ𝑡 = 𝜕𝐺𝑡 with

𝐺𝑡 ∶= {𝑥 ∈ ℝ
𝑛 ∣ dist(𝑥,Ω) < 𝑡}. (1.7)

Moreover, the assumption 𝑡 < 𝑟Ω guarantees, by Theorem 4.8 in [16], that 𝜕𝐺𝑡 is at least of
class 𝐶1,1. Thus, the set 𝐺𝑡 has sufficient regularity to ensure the geometric features of the critical
position in the moving plane procedure. See, for instance, Section 5.2 in [18] for details.
We also note that, by Remark 3.2 in [20], the projection Π

Ω
defines a retraction of 𝐺𝑡 onto Ω.

It then follows that the fundamental and homology groups of 𝐺𝑡 are finitely generated. As a
consequence,Ω and ℝ𝑛 ⧵ Ω only have finitely many connected components.
Finally, we note that the assumption 𝑡 < 𝑟Ω is fundamental for using an equation on Ωwithin

the moving plane machinery, as will become clear in Lemma 3.1 and the explanation preceding
it. For an example where these assumptions are violated, resulting in an undesired configuration,
see Figure 2A.
Remarkably, we observe that no restriction on 𝑡 > 0 is necessary within the class of convex

domains. Indeed, ifΩ is a convex domain, thenΩ is regular and 𝑟Ω = +∞. Thus, any outer parallel
surface to 𝜕Ω is admissible in this case.
We also extend our analysis to a more general class of problems, specifically considering the

equation

⎧⎪⎪⎨⎪⎪⎩
(−Δ)𝑠𝑢 = 𝑓(𝑢) in Ω,

𝑢 = 0 in ℝ𝑛 ⧵ Ω,

𝑢 > 0 in Ω,

(1.8)

where

𝑓 ∶ [0, +∞) → ℝ with 𝑓 ∈ 𝐶0,1
loc
([0, +∞)). (1.9)

In this case, we will prove the following theorem.

Theorem 1.2. Let Ω ⊆ ℝ𝑛 be a regular open, bounded set whose closure Ω has positive reach 𝑟Ω >
0, and let 𝑡 ∈ (0, 𝑟Ω). If 𝑓 satisfies (1.9) and there exists a solution 𝑢 ∈ 𝐻𝑠(ℝ𝑛) ∩ 𝐿∞(ℝ𝑛) to (1.8)
satisfying the overdetermined condition

𝑠𝑢 = 𝑐♭ on Γ𝑡

with a constant 𝑐♭ ∈ ℝ, thenΩ is a ball.

To maintain clarity, we present the proof of Theorem 1.1 in full detail before addressing The-
orem 1.2 in Section 5. Indeed, the proof of Theorem 1.1 already brings out the key structural
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6 of 34 GATTI et al.

similarities and differences with respect to [3, 5, 15], while the argument for Theorem 1.2 consists
mainly of a technical adaptation of the previous one.

1.2 Stability results

Once the symmetry result has been established, it is natural to address its quantitative counterpart.
The main question is whether𝑠𝑢 being almost constant along Γ𝑡 implies thatΩ is close to being
a ball. As in [1], the deviation of Ω from being a ball is measured using the deficit

𝜌(Ω) ∶= inf {𝑅 − 𝑟 ∣ 𝐵𝑟(𝑥) ⊆ Ω ⊆ 𝐵𝑅(𝑥) for some 𝑥 ∈ Ω},

while the discrepancy of𝑠𝑢 from being constant along Γ𝑡 is quantified by the semi-norm

[𝑠𝑢]Γ𝑡 ∶= sup𝑥,𝑦∈Γ𝑡
𝑥≠𝑦

||𝑠𝑢(𝑥) −𝑠𝑢(𝑦)|||𝑥 − 𝑦| .

Our first stability result provides a quantitative bound for 𝜌(Ω) in terms of
[𝑠𝑢]Γ𝑡 and is as

follows.

Theorem 1.3. Assume that 𝑛 ⩾ 2 or 𝑛 = 1 and 𝑠 ⩾ 1∕2. Moreover, suppose thatΩ ⊆ ℝ𝑛 is a regular
open, bounded set satisfying the uniform interior sphere conditionwith radius 𝔯Ω > 0, and thatΩhas
positive reach 𝑟Ω > 0. Then, the unique solution 𝑢 ∈ 𝐻𝑠(ℝ𝑛) of the fractional torsion problem (1.1)
satisfies

𝜌(Ω) ⩽ 𝐶
[𝑠𝑢] 1

2+𝑠

Γ𝑡

for every 𝑡 ∈ (0, 𝑟Ω), where

𝐶 ∶= 16(𝑛 + 3)(𝑠 + 2)
diam(Ω)

𝔯𝑛
Ω
||𝐵1|| 𝐶

1
2+𝑠

1

(
𝐶2
𝑠 + 1

) 1+𝑠
2+𝑠

,

𝐶1 ∶=
(diam(Ω) + 𝑟Ω)

𝑛+2𝑠+2

𝑐𝑛,𝑠 𝛾𝑛,𝑠 𝔯
𝑠
Ω
(𝑛 + 2𝑠)

, 𝐶2 ∶= diam(Ω)
𝑛−1 +

𝑛 ||𝐵1|| diam(Ω)𝑛
2𝑛−1 𝔯Ω

.

It is worth noting that, since we assume that Ω is a set of positive reach satisfying the uniform
interior sphere condition, it must also satisfy a uniform two-sided sphere condition and hence be
of class 𝐶1,1. See, for instance, Section 2 in [8] for more details.
Also in this case, we can extend the previous stability result to amore general class of problems.

Specifically, we have the subsequent theorem.

Theorem 1.4. Assume that 𝑛 ⩾ 2 or 𝑛 = 1 and 𝑠 ⩾ 1∕2. Suppose also that Ω ⊆ ℝ𝑛 is a regular
open, bounded set satisfying the uniform interior sphere condition with radius 𝔯Ω > 0, and that Ω
has positive reach 𝑟Ω > 0. Moreover, let 𝑓 satisfy (1.9) and 𝑓(0) ⩾ 0. Then, for every non-trivial
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 7 of 34

F IGURE 1 The plane stops upon touching Ω, so Ω⋆ = ∅. At the critical position, both Case 1 and Case 2
occur simultaneously.

solution 𝑢 ∈ 𝐻𝑠(ℝ𝑛) ∩ 𝐿∞(ℝ𝑛) to

⎧⎪⎪⎨⎪⎪⎩
(−Δ)𝑠𝑢 = 𝑓(𝑢) inΩ,

𝑢 = 0 in ℝ𝑛 ⧵ Ω,

𝑢 ⩾ 0 inΩ,

(1.10)

and every 𝑡 ∈ (0, 𝑟Ω), we have

𝜌(Ω) ⩽ 𝐶
[𝑠𝑢] 1

2+𝑠

Γ𝑡
,

where 𝐶, 𝐶2 > 0 are as in Theorem 1.3, and

𝐶1 ∶=
diam(Ω)𝑛+2𝑠+2

𝑐𝑛,𝑠 𝐶
′ 𝔯𝑠
Ω
(𝑛 + 2𝑠)

,

with 𝐶′ > 0 given by (2.4) below.

To maintain parallelism, the proof of Theorem 1.4 is also postponed to Section 5, as it is a
variation of the previous argument, making use of tools developed in [9].
It should not be surprising that the uniform interior sphere condition is assumed in Theo-

rems 1.3 and 1.4, since, as far as we know, all available stability results in the context of fractional
overdetermined problems rely on regularity assumptions of this type. However, in view of our
symmetry results, it is reasonable to expect, in this context, stability also for a larger class of
domains, including general convex domains and Lipschitz domain with corners, such as that
in Figure 1. Since the interior sphere condition enters in an essential and quantitative way in
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8 of 34 GATTI et al.

Theorems 1.3 and 1.4, we need a new approach to deal with such more general domains. In Sec-
tion 6, we present a possible approach to remove the interior sphere condition at the cost of a
reduced stability exponent. Specifically, we will prove the following results for general bounded
regular domains whose closures have positive reach.

Theorem 1.5. Assume that 𝑛 ⩾ 2, let Ω ⊆ ℝ𝑛 be a regular bounded domain, and suppose that the
closure Ω has positive reach 𝑟Ω > 0. Then, the unique solution 𝑢 ∈ 𝐻𝑠(ℝ𝑛) of the fractional torsion
problem (1.1) satisfies

𝜌(Ω) ⩽ 𝐶Ω
[𝑠𝑢] 1

2+2𝑠

Γ𝑡

for every 𝑡 ∈ (0, 𝑟Ω), where

𝐶Ω ∶= max

{
32
(𝑛 + 3)(𝑠 + 1)|Ω| 𝐶

1
2+2𝑠

1

(
𝐶2
2𝑠 + 1

) 2𝑠+1
2+2𝑠

,

(
(2𝑠 + 1)𝐶1
diam(Ω)𝑛−1

) 1
2+2𝑠

}
diam(Ω),

𝐶1 ∶=
(diam(Ω) + 𝑟Ω)

𝑛+2𝑠+2

𝑐𝑛,𝑠 𝛾𝑛,𝑠(𝑛 + 2𝑠)
, 𝐶2 ∶= diam(Ω)

𝑛−1 +

[
1 +

2

𝑟Ω

]𝑛−1
Φ𝑛−1(Ω,ℝ

𝑛).

Here, Φ𝑛−1(Ω, ⋅) denotes the (𝑛 − 1)-th curvature measure associated withΩ – see [16].

Theorem 1.6. Assume that 𝑛 ⩾ 2, and let Ω ⊆ ℝ𝑛 be a regular domain whose closure Ω has posi-
tive reach 𝑟Ω > 0. Moreover, let 𝑓 satisfy (1.9) and 𝑓(0) ⩾ 0. Then, for every non-trivial solution 𝑢 ∈
𝐻𝑠(ℝ𝑛) ∩ 𝐿∞(ℝ𝑛) of

⎧⎪⎪⎨⎪⎪⎩
(−Δ)𝑠𝑢 = 𝑓(𝑢) inΩ,

𝑢 = 0 in ℝ𝑛 ⧵ Ω,

𝑢 ⩾ 0 inΩ,

we have

𝜌(Ω) ⩽ 𝐶Ω
[𝑠𝑢] 1

2+2𝑠

Γ𝑡

for every 𝑡 ∈ (0, 𝑟Ω), where 𝐶Ω, 𝐶2 > 0 are as in Theorem 1.5, and

𝐶1 ∶=
(diam(Ω) + 𝑟Ω)

𝑛+2𝑠+2

𝑐𝑛,𝑠 𝐶
′(𝑛 + 2𝑠)

,

with 𝐶′ > 0 given by (2.4) below.

We conclude by noting that, beside the fact thatΩhas positive reach, no regularity assumptions
are imposed on 𝜕Ω in Theorems 1.1, 1.2, 1.5 and 1.6. To the best of our knowledge, in the context
of local Serrin-type problems, the most refined result in terms of domain regularity has recently
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 9 of 34

been obtained by Figalli and Zhang in [17]. More precisely, they adapted Weinberger’s proof [29]
to bounded, indecomposable sets of finite perimeter satisfying a density condition – a class that
includes Lipschitz domains – by exploiting techniques from Geometric Measure Theory.
Very recently, Domingo-Pasarin and Ros-Oton [13] provided an alternative proof of Serrin’s

result for Lipschitz domains by establishing the smoothness of Lipschitz free boundaries for weak
solutions to a one-phase Bernoulli problem. Exploiting this fact, they showed that a Lipschitz
domain supporting a weak solution to Serrin’s problem (1.3)–(1.4) is actually smooth, together
with the corresponding solution, so that Serrin’s original result [25] applies.
Therefore, the absence of specific regularity assumptions in our setting appears to be a

genuinely non-local phenomenon.

1.3 Structure of the paper

In Section 2,we collect somepreliminary results on the fractional setting and closed sets of positive
reach which will be used later. In Section 3, we then introduce a key notation related to a variant
of the moving plane method which we use, and we complete the proof of Theorem 1.1. Section 4
is devoted to the proof of the stability result given in Theorem 1.3. Here, we use the notation and
some inequalities from the previous section, andwe performa refined analysis to get the necessary
quantitative information. In Section 5, we then prove some extensions of Theorems 1.1 and 1.3
to the semi-linear setting, as stated in Theorems 1.2 and 1.4. Finally, in Section 6, we prove the
stability results, given in Theorems 1.5 and 1.6, under significantly weaker regularity assumptions
on Ω.

2 PRELIMINARIES

This section is divided into three brief subsections, where we collect some notions and results that
will be used later.

2.1 Fractional setting

Let 𝑛 ⩾ 1 and 𝑠 ∈ (0, 1). The fractional Sobolev space 𝐻𝑠(ℝ𝑛) is defined as

𝐻𝑠(ℝ𝑛) ∶=
{
𝑢 ∈ 𝐿2(ℝ𝑛)

||| [𝑢]𝐻𝑠(ℝ𝑛) < +∞}
,

where [⋅]𝐻𝑠(ℝ𝑛) is the Gagliardo semi-norm given by

[𝑢]2
𝐻𝑠(ℝ𝑛)

∶= 𝑐𝑛,𝑠 ∫ℝ𝑛 ∫ℝ𝑛
||𝑢(𝑥) − 𝑢(𝑦)||2|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑥 𝑑𝑦.

Furthermore, for𝑢, 𝑣 ∈ 𝐻𝑠(ℝ𝑛), the bilinear form associatedwith the fractional Laplacian is given
by

(𝑢, 𝑣) ∶= 𝑐𝑛,𝑠
2 ∫ℝ𝑛 ∫ℝ𝑛

(𝑢(𝑥) − 𝑢(𝑦))(𝑣(𝑥) − 𝑣(𝑦))|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑥 𝑑𝑦.
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10 of 34 GATTI et al.

For any arbitrary open, bounded set Ω ⊆ ℝ𝑛, we also define the space

𝑠0(Ω) ∶= {𝑢 ∈ 𝐻𝑠(ℝ𝑛) ∣ 𝑢 = 0 on ℝ𝑛 ⧵ Ω}.
For g ∈ 𝐿2(Ω) and 𝑐 ∈ 𝐿∞(Ω), we say that a function 𝑢 ∈ 𝐻𝑠(ℝ𝑛) satisfies

(−Δ)𝑠𝑢 + 𝑐 𝑢 = g in Ω

in weak sense if

(𝑢, 𝜙) + ∫Ω 𝑐 𝑢𝜙 𝑑𝑥 = ∫Ω g𝜙 𝑑𝑥 for all 𝜙 ∈ 𝑠0(Ω).

Moreover, we say that 𝑢 satisfies the inequality

(−Δ)𝑠𝑢 + 𝑐 𝑢 ⩾ g in Ω

in weak sense if

(𝑢, 𝜙) + ∫Ω 𝑐 𝑢𝜙 𝑑𝑥 ⩾ ∫Ω g𝜙 𝑑𝑥 for all non-negative 𝜙 ∈ 𝑠0(Ω),

and we use the same notation for the reversed inequality sign.
In particular, we see that weak solutions 𝑢 ∈ 𝐻𝑠(ℝ𝑛) of (1.1) are precisely the critical points 𝑢 ∈

𝑠
0
(Ω) of the strictly convex and coercive functional

 ∈ 𝐶1(𝑠0(Ω), ℝ),  (𝑢) ∶= 1
2
(𝑢, 𝑢) − ∫Ω 𝑢 𝑑𝑥.

Note here that the coercivity of  follows from the fractional Poincaré inequality since Ω is
bounded. Hence,  has precisely one critical point which is the global minimum of  , and
therefore (1.1) has a unique solution.

2.2 Remarks on solutions to the overdetermined problems

The unique solution 𝑢 ∈ 𝐻𝑠(ℝ𝑛) to (1.1) must be of class 𝐶∞(Ω) ∩ 𝐿∞(ℝ𝑛), as follows from Propo-
sitions 2.2 and 2.3 of [24], the bootstrap argument and Claim 2.8 in [24]. Furthermore, if we
assume thatΩ is Lipschitz and 𝑟Ω > 0, then we also get that 𝑢 ∈ 𝐶𝑠(ℝ𝑛) by Proposition 1.1 in [24].
Moreover, we have

𝑢 > 0 in Ω. (2.1)

In fact, this follows without any regularity assumptions onΩ. More precisely, by Lemma 5.3 in [4]
– which is an application of the weak comparison principle in [15] – we obtain

𝑢(𝑥) ⩾ 𝛾𝑛,𝑠 dist(𝑥, 𝜕Ω)
2𝑠 for every 𝑥 ∈ Ω. (2.2)
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 11 of 34

Regarding the regularity of solutions 𝑢 ∈ 𝐻𝑠(ℝ𝑛) ∩ 𝐿∞(ℝ𝑛) to (1.8) under the assumption (1.9),
Propositions 2.2 and 2.3 in [24], together with a possible bootstrap argument, imply that 𝑢 ∈
𝐶2𝑠+1−𝜀(Ω) with 𝜀 ∈ (0, 2𝑠) and 2𝑠 − 𝜀 ∉ ℤ. See, for instance, Remark 4.1 in [9] for details.
Furthermore, for non-trivial bounded solutions to (1.8) under the hypothesis (1.9), if we

additionally assume that 𝑓(0) ⩾ 0, then Proposition 3.1 in [9] ensures that

𝑢(𝑥) ⩾ 𝐶′ dist(𝑥, 𝜕Ω)2𝑠 for every 𝑥 ∈ Ω, (2.3)

where

𝐶′ ∶=
𝐶𝑛,𝑠

max {1, diam(Ω)}𝑛+2𝑠

(
1 + diam(Ω)2𝑠 ‖𝑓‖𝐶0,1([0,‖𝑢‖𝐿∞(ℝ𝑛)]))−1⋅

⋅
(
𝑓(0) + ∫ℝ𝑛

𝑢(𝑥)

1 + |𝑥|𝑛+2𝑠 𝑑𝑥
)

(2.4)

for some 𝐶𝑛,𝑠 > 0. Observe that 𝐶′ > 0 since 𝑢 is non-trivial. In particular, this implies that the
positivity condition in (1.8) can be relaxed to 𝑢 ⩾ 0.
Finally, we observe that, from (2.1) or the positivity assumption in (1.8), and taking advantage

of the Dirichlet conditions in (1.1) and (1.8), it follows that

𝑠𝑢(𝑥) = −𝑐𝑛,𝑠 ∫Ω
𝑢(𝑦)|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑦 < 0 for all 𝑥 ∈ ℝ𝑛 ⧵ Ω, (2.5)

which, in turn, implies 𝑐♭ < 0 in (1.2).

2.3 The tangent and normal cones

We recall some geometric notions, introduced by Federer in [16], which are needed in
the following.
For 𝐸 ⊆ ℝ𝑛 and 𝑥 ∈ 𝐸, we denote by Tan(𝐸, 𝑥) the set of all tangent vectors of 𝐸 at 𝑥, consisting

of all 𝑢 ∈ ℝ𝑛 such that

either 𝑢 = 0 or there exist sequences {𝑥𝑘}𝑘 ⊆ 𝐸 ⧵ {𝑥} and {𝑟𝑘}𝑘 ⊆ (0, +∞)

such that 𝑥𝑘 → 𝑥 and 𝑟𝑘(𝑥𝑘 − 𝑥) → 𝑢 as 𝑘 → +∞.

The set Tan(𝐸, 𝑥) is a closed cone called the tangent cone. Its dual cone, defined by

Nor(𝐸, 𝑥) ∶= {𝑣 ∈ ℝ𝑛 ∣ 𝑢 ⋅ 𝑣 ⩽ 0 for all 𝑢 ∈ Tan(𝐸, 𝑥)} (2.6)

is called the normal cone.
The following lemma collects two useful results, which can be found in Theorem 4.8 of [16], in

Proposition 3.1 of [20] or in Corollaries 4.6 and 4.12 of [21].

Lemma 2.1. Assume that 𝐸 ⊆ ℝ𝑛, 𝑥 ∈ 𝐸 and reach(𝐸, 𝑥) > 0.
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12 of 34 GATTI et al.

(1) If 𝑣 ∈ Nor(𝐸, 𝑥) and 𝑦 ∈ 𝐸, then

𝑣 ⋅ (𝑦 − 𝑥) ⩽
|𝑦 − 𝑥|2 |𝑣|
2 reach(𝐸, 𝑥)

.

(2) Nor(𝐸, 𝑥) is non-trivial, meaning that {0} ⊊ Nor(𝐸, 𝑥) ⊊ ℝ𝑛, if and only if 𝑥 ∈ 𝜕𝐸.

3 PROOF OF THE SYMMETRY RESULT FOR THE TORSION
PROBLEM

In this section, we will provide the proof of Theorem 1.1. Let Ω ⊆ ℝ𝑛, 𝑢 ∈ 𝐻𝑠(ℝ𝑛) and 𝑡 ∈ (0, 𝑟Ω)
satisfy the assumptions of this theorem.With the help of themoving planemethod, we shall prove
in the following that there exists 𝜆⋆ ∈ ℝwith the property thatΩ is symmetric with respect to the
reflection across the hyperplane {𝑥 ∈ ℝ𝑛 ∣ 𝑥1 = 𝜆⋆}. Of course, by the rotational invariance of the
problem, we can replace the 𝑒1-direction by any other direction in this argument, and a standard
procedure then yields that Ωmust be ball.
In order to perform themoving planemethod in the 𝑒1-direction, we need some notation. First,

since 𝑡 ∈ (0, 𝑟Ω) is fixed, we shall simply write 𝐺 for the set 𝐺𝑡 defined by (1.7) in the following.
For a given 𝜆 ∈ ℝ, we also define the sets

𝐻𝜆 ∶= {𝑥 ∈ ℝ
𝑛 ∣ 𝑥1 > 𝜆}, 𝑇𝜆 ∶= {𝑥 ∈ ℝ

𝑛 ∣ 𝑥1 = 𝜆}, Ω𝜆 ∶= Ω ∩ 𝐻𝜆, 𝐺𝜆 ∶= 𝐺 ∩ 𝐻𝜆.

Moreover, we indicate the reflection of a point 𝑥 ∈ ℝ𝑛 across the hyperplane 𝑇𝜆 by

𝜎𝜆(𝑥) ∶= 𝑥 + 2(𝜆 − 𝑒1 ⋅ 𝑥)𝑒1 = (2𝜆 − 𝑥1, 𝑥2, … , 𝑥𝑛).

We also denote by

Ω𝜆 ∶= 𝜎𝜆(Ω), 𝐺
𝜆 ∶= 𝜎𝜆(𝐺) and 𝐻𝜆 ∶= 𝜎𝜆(𝐻𝜆) = {𝑥 ∈ ℝ

𝑛 ∣ 𝑥1 < 𝜆}

the reflections of Ω and 𝐺 across the hyperplane 𝑇𝜆, respectively, and we set

Ω𝜆
𝐻
∶= Ω𝜆 ∩ 𝐻𝜆, 𝐺𝜆

𝐻
∶= 𝐺𝜆 ∩ 𝐻𝜆.

Finally, we write

𝑢𝜆(𝑥) ∶= 𝑢(𝜎𝜆(𝑥)) for 𝑥 ∈ ℝ𝑛.

SettingΛ ∶= sup {𝑥1 ∣ 𝑥 ∈ 𝐺}, we then define the critical value associatedwith the 𝑒1-direction as

𝜆⋆ ∶= inf
{
𝜆 ∈ ℝ ∣ 𝐺

𝜇

𝐻
⊆ 𝐺 for all 𝜇 ∈ (𝜆, Λ)

}
. (3.1)

For simplicity, we shall replace 𝜆⋆ by ⋆ in the notation introduced above, so we write
𝐻⋆, 𝑇⋆, Ω⋆, 𝐺⋆, 𝜎⋆, Ω⋆, 𝐺⋆, 𝐻⋆, Ω⋆𝐻 , 𝐺

⋆
𝐻

and 𝑢⋆ in place of 𝐻𝜆⋆ , 𝑇𝜆⋆ , Ω𝜆⋆ 𝐺𝜆⋆ , 𝜎𝜆⋆ , Ω
𝜆⋆ ,
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 13 of 34

(a) (b)

F IGURE 2 An example in which our assumptions on Ω and 𝐺 are violated.

𝐺𝜆⋆ , 𝐻𝜆⋆ , Ω𝜆⋆
𝐻
, 𝐺𝜆⋆
𝐻

and 𝑢𝜆⋆ . We refer to this situation as the critical position, and we call 𝑇⋆ the
critical hyperplane.
From the definition of 𝜆⋆, we deduce the inclusion 𝐺⋆𝐻 ⊆ 𝐺, which then yields

𝐺⋆
𝐻
⊆ 𝐺 (3.2)

since 𝐺 is of class 𝐶1,1 and therefore regular open. Moreover, it is well-known – see, for
instance, [18, Section 5.2] for a proof – that the critical position 𝜆⋆ gives rise to one of the following
key geometric implications:

Case 1 there exists a point 𝑥⋆ ∈ 𝜕𝐺 ∩ 𝜕𝐺⋆ ∩ 𝐻⋆, called an interior touching point for the
inclusion (3.2);

Case 2 there exists a point 𝑥⋆ ∈ 𝑇⋆ ∩ 𝜕𝐺 ∩ 𝜕𝐺⋆ with 𝑒1 ∈ 𝑇𝑥⋆𝜕𝐺 ∩ 𝑇𝑥⋆𝜕𝐺
⋆, called non-

transversal intersection point. Here, 𝑇𝑥⋆𝜕𝐺 and 𝑇𝑥⋆𝜕𝐺
⋆ denote the tangent spaces of 𝜕𝐺

and 𝜕𝐺⋆ at 𝑥⋆, respectively.

While it is easy to see that the definition of 𝜆⋆ implies that𝐺⋆ ≠ ∅, this property fails in general
for Ω. We will therefore distinguish the cases

Ω⋆ = ∅ and Ω⋆ ≠ ∅
at some places in the following arguments. We refer to Figure 1 for an example of a regular open
set Ωwhose closure has positive reach and for which Ω⋆ = ∅.
In addition to the inclusion (3.2) which readily follows from our definition of 𝜆⋆, we also

need the inclusionΩ⋆
𝐻
⊆ Ω, since we do not have an equation for the difference function 𝑢 − 𝑢⋆

in Ω⋆
𝐻
⧵ Ω. Figure 2 illustrates that this inclusion property does not hold in general. However, as

noted in the subsequent key lemma, our assumption 𝑡 ∈ (0, 𝑟Ω) implies the required inclusion.
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14 of 34 GATTI et al.

This result is purely geometric and not related to the equation under consideration, moreover we
believe it could be of independent interest.

Lemma 3.1. LetΩ ⊆ ℝ𝑛 be a regular open, bounded set whose closureΩ has positive reach 𝑟Ω > 0,
let 𝑡 ∈ (0, 𝑟Ω) in the definition of𝐺 = 𝐺𝑡 in (1.7), and let 𝜆⋆ be the critical value defined in (3.1). Then,
we have

Ω⋆
𝐻
⊆ Ω.

Proof. SinceΩ⋆
𝐻

≠ ∅ is an open set, it suffices to prove thatΩ⋆
𝐻
⊆ Ω, because then it follows that

Ω⋆
𝐻
⊆ int(Ω) = Ω since Ω is regular open.

Suppose, for contradiction, that there exists a point 𝑥 ∈ Ω⋆
𝐻
⧵ Ω. We write 𝑥 = 𝜎⋆(𝜉) with 𝜉 ∈

Ω⋆ ⊆ Ω and set 𝜆1 ∶= 𝜉1, so that 𝜉 ∈ 𝑇𝜆1 .
Since Ω is open, there exists 𝜀 > 0 such that

𝜎𝜇(𝜉) ∈ Ω for 𝜇 ∈ (𝜆1 − 𝜀, 𝜆1]. (3.3)

We now define

𝜆2 ∶= inf
{
𝜆 ∈ ℝ ∣ 𝜎𝜇(𝜉) ∈ Ω for all 𝜇 ∈ (𝜆, 𝜆1]

}
.

By this definition, together with (3.3) and the fact that 𝑥 = 𝜎⋆(𝜉) ∉ Ω, we obtain

𝜆⋆ < 𝜆2 < 𝜆1 (3.4)

and

𝑥0 ∶= 𝜎𝜆2(𝜉) ∈ 𝜕Ω ∩ Ω
𝜆2
𝐻
. (3.5)

Moreover, since 𝑥0 + 𝑠𝑒1 ∈ Ω for small 𝑠 > 0, it follows that 𝑒1 ∈ Tan(Ω, 𝑥0). Let 𝑣 be a unit
vector such that 𝑣 ∈ Nor(Ω, 𝑥0), which exists by point (2) in Lemma 2.1. Then, Federer’s inequality
from point (1) in Lemma 2.1 shows that

𝑣 ⋅ (𝑦 − 𝑥0) ⩽
|𝑦 − 𝑥0|2
2𝑟Ω

for all 𝑦 ∈ Ω.

Consequently, for 𝑦 ∈ Ω ⧵ {𝑥0} and 𝜏 ∈ (0, 𝑟Ω), we have that

|𝑥0 + 𝜏𝑣 − 𝑦|2 = 𝜏2 + |𝑦 − 𝑥0|2 − 2𝜏𝑣 ⋅ (𝑦 − 𝑥0) ⩾ 𝜏2 +(
1 −

𝜏

𝑟Ω

)|𝑦 − 𝑥0|2 > 𝜏2.
Thus, |𝑥0 + 𝜏𝑣 − 𝑦| > 𝜏 = dist(𝑥0 + 𝜏𝑣, 𝑥0), which implies that

dist(𝑥0 + 𝜏𝑣,Ω) = 𝜏 for 𝜏 ∈ (0, 𝑟Ω). (3.6)
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 15 of 34

Furthermore, since 𝑒1 ∈ Tan(Ω, 𝑥0) and 𝑣 ∈ Nor(Ω, 𝑥0), we obtain from (2.6) that 𝑣1 = 𝑣 ⋅ 𝑒1 ⩽ 0.
Combining this with (3.5), we deduce that

𝑥0 + 𝜏𝑣 ∈ 𝐻
𝜆2 for all 𝜏 > 0. (3.7)

Since 𝑡 < 𝑟Ω in the definition of 𝐺, (3.6) and (3.7) yield

𝑥0 + 𝑡𝑣 ∈ 𝜕𝐺 ∩ 𝐻
𝜆2. (3.8)

Moreover, since Ω is open, 𝜉 = 𝜎𝜆2(𝑥0) ∈ Ω, and 𝜎𝜆2(𝑣) is again a unit vector, we also find that

dist(𝜎𝜆2(𝑥0 + 𝑡𝑣),Ω) = dist(𝜉 + 𝑡𝜎𝜆2(𝑣), Ω) <
|||𝜉 + 𝑡𝜎𝜆2(𝑣) − 𝜉||| = 𝑡

and therefore 𝜎𝜆2(𝑥0 + 𝑡𝑣) ∈ 𝐺, which implies that

𝑥0 + 𝑡𝑣 ∈ 𝐺
𝜆2 . (3.9)

Combining (3.8) and (3.9) gives 𝑥0 + 𝑡𝑣 ∈ 𝐺𝜆2 ∩ 𝐻𝜆2 = 𝐺
𝜆2
𝐻
and 𝑥0 + 𝑡𝑣 ∈ 𝜕𝐺. This is impossible

by the definition of 𝜆⋆ since, from (3.4), we know that 𝜆2 > 𝜆⋆ and 𝐺 is open. Hence, we have
arrived at a contradiction, thereby concluding the proof. □

Remark 3.1. In light of Lemma 3.1, we also notice that 𝜆⋆ > −∞, and that the procedure cannot
terminate after fully passing through Ω. In other words, it is impossible that ∅ ≠ Ω = Ω⋆ ⊆ 𝐻⋆,
since in that case we would have ∅ ≠ Ω⋆

𝐻
⊆ Ω ⊆ 𝐻⋆ by Lemma 3.1, leading to a contradiction

with𝐻⋆ ∩ 𝐻⋆ = ∅.

Before we complete the proof of Theorem 1.1, we note the following simple but useful fact.

Lemma 3.2. IfΩ,Ω′ ⊆ ℝ𝑛 are regular open sets with |Ω| = |Ω′| < +∞ and |Ω ⧵ Ω′| = 0, then we
haveΩ = Ω′.

Proof. We first note that |Ω ⧵ Ω′| ⩽ |Ω ⧵ Ω′| = 0, which implies that Ω ⧵ Ω′ = ∅, since Ω ⧵ Ω′ is
an open set. Thus, we have Ω ⊆ Ω′, and therefore also

Ω ⊆ int(Ω′) = Ω′,

asΩ is open andΩ′ is regular open. To show the inclusionΩ′ ⊆ Ω, we can argue in the same way
after noting that also

|Ω′ ⧵ Ω| = |Ω′| − |Ω∩Ω′| = |Ω| − |Ω∩Ω′| = |Ω ⧵ Ω′| = 0.
Hence, the claim follows. □

We are now in a position to prove Theorem 1.1.
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16 of 34 GATTI et al.

Proof of Theorem 1.1. To begin, we observe that Ω can be decomposed, up to negligible sets, as

Ω =
(
Ω ⧵ Ω⋆

)
∪
(
Ω∩Ω⋆

)
with Ω∩Ω⋆ = Ω⋆ ∪ Ω

⋆
𝐻
. (3.10)

To see the second identity in (3.10), we note that the inclusionΩ∩Ω⋆ ⊆ Ω⋆ ∪ Ω⋆𝐻 follows readily
from the definition of these sets, while the inclusion Ω⋆ ∪ Ω⋆𝐻 ⊆ Ω ∩ Ω

⋆ is a consequence of
Lemma 3.1. Moreover, we introduce the function

𝑣⋆ ∶= 𝑢 − 𝑢⋆ ∈ 𝐻
𝑠(ℝ𝑛), (3.11)

which is anti-symmetric with respect to 𝑇⋆, that is, 𝑣⋆(𝜎⋆(𝑥)) = −𝑣⋆(𝑥) for every 𝑥 ∈ ℝ𝑛. We
claim that

𝑣⋆ ⩾ 0 in 𝐻⋆. (3.12)

This is clear if Ω⋆
𝐻
= ∅, since in this case Ω ⊆ 𝐻⋆ and therefore 𝑣⋆ = 𝑢 ⩾ 0 in 𝐻⋆. In the case

whereΩ⋆
𝐻

≠ ∅, it follows, sinceΩ⋆
𝐻
⊆ Ω by Lemma 3.1, from (1.1) that the function 𝑣⋆ satisfies

⎧⎪⎨⎪⎩
(−Δ)𝑠𝑣⋆ = 0 in Ω⋆

𝐻
,

𝑣⋆ ⩾ 0 in𝐻⋆ ⧵ Ω⋆
𝐻
.

(3.13)

Notice that the second inequality in (3.13) holds because, by (1.1) and (2.1), 𝑢 ⩾ 0 in ℝ𝑛, 𝑢⋆ = 0
in ℝ𝑛 ⧵ Ω⋆ and 𝐻⋆ ⧵ Ω⋆

𝐻
⊆ ℝ𝑛 ⧵ Ω⋆. By the weak maximum principle of Proposition 3.1 in [15],

we then deduce that 𝑣⋆ ⩾ 0 in Ω⋆𝐻 and therefore (3.12) also holds in this case.
Next we note that, since 𝑥⋆ ∈ 𝜕𝐺 ∩ 𝜕𝐺⋆ in both Case 1 and Case 2, by (1.2), we have

𝑠𝑢(𝑥⋆) = 𝑐♭ =𝑠𝑢⋆(𝑥⋆), (3.14)

where𝑠𝑢 is given by (2.5) and𝑠𝑢⋆ is coherently given by

𝑠𝑢⋆(𝑥) = −𝑐𝑛,𝑠 ∫Ω⋆
𝑢⋆(𝑦)|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑦 for all 𝑥 ∈ ℝ𝑛 ⧵ Ω⋆. (3.15)

By (3.14), we deduce, using a change of variables, that

0 = ∫Ω
𝑢(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠 𝑑𝑦 − ∫Ω⋆

𝑢⋆(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠 𝑑𝑦
= ∫Ω 𝑢(𝑦)

[
1||𝑥⋆ − 𝑦||𝑛+2𝑠 − 1||𝑥⋆ − 𝜎⋆(𝑦)||𝑛+2𝑠

]
𝑑𝑦 =∶ 𝐼.

(3.16)

Now, we first consider Case 1, so we have 𝑥⋆ ∈ 𝐻⋆. This implies that

||𝑥⋆ − 𝑦|| < |𝑥⋆ − 𝜎⋆(𝑦)| for all 𝑦 ∈ 𝐻⋆. (3.17)
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 17 of 34

Using the decomposition in (3.10), we can now write 𝐼 = 𝐼1 + 𝐼2 with

𝐼1 ∶= ∫Ω⧵Ω⋆ 𝑢(𝑦)
[

1||𝑥⋆ − 𝑦||𝑛+2𝑠 − 1||𝑥⋆ − 𝜎⋆(𝑦)||𝑛+2𝑠
]
𝑑𝑦 (3.18)

and

𝐼2 ∶= ∫Ω⋆∪Ω⋆𝐻
𝑢(𝑦)

[
1||𝑥⋆ − 𝑦||𝑛+2𝑠 − 1||𝑥⋆ − 𝜎⋆(𝑦)||𝑛+2𝑠

]
𝑑𝑦

= ∫Ω⋆
𝐻

𝑣⋆(𝑦)

[
1||𝑥⋆ − 𝑦||𝑛+2𝑠 − 1||𝑥⋆ − 𝜎⋆(𝑦)||𝑛+2𝑠

]
𝑑𝑦.

Here, in the second equality, we used the fact that Ω⋆
𝐻
= 𝜎⋆(Ω⋆), and that the kernel function

𝑦 ↦
1||𝑥⋆ − 𝑦||𝑛+2𝑠 − 1||𝑥⋆ − 𝜎⋆(𝑦)||𝑛+2𝑠

is oddwith respect to the reflection𝜎⋆. SinceΩ ⧵ Ω⋆ ⊆ 𝐻⋆ up to a set ofmeasure zero and, by (2.1),
we have 𝑢 > 0 inΩ, we deduce from (3.17)–(3.18) that either |Ω ⧵ Ω⋆| = 0 or 𝐼1 > 0. Moreover, we
have 𝐼2 ⩾ 0 by (3.12) and (3.17).
As a result, we conclude from (3.16) that |Ω ⧵ Ω⋆| = 0 and therefore Ω = Ω⋆ by Lemma 3.2.

So, Ω is symmetric with respect to the reflection 𝜎⋆.
We then proceed to Case 2. Since 𝑥⋆ ∈ 𝑇⋆ ∩ 𝜕𝐺 ∩ 𝜕𝐺⋆ is well detached from Ω and Ω⋆, it

follows that 𝑠𝑢 and 𝑠𝑢⋆ are of class 𝐶1(𝐵𝑟(𝑥⋆)) for some small 𝑟 > 0. Moreover, given a
direction 𝜔 ∈ 𝕊𝑛−1, we have

𝜕𝜔𝑠𝑢(𝑥) = 𝑐𝑛,𝑠(𝑛 + 2𝑠)∫Ω
𝑢(𝑦)|𝑥 − 𝑦|𝑛+2𝑠+2 (𝑥 − 𝑦) ⋅ 𝜔 𝑑𝑦,

𝜕𝜔𝑠𝑢⋆(𝑥) = 𝑐𝑛,𝑠(𝑛 + 2𝑠)∫Ω⋆
𝑢⋆(𝑦)|𝑥 − 𝑦|𝑛+2𝑠+2 (𝑥 − 𝑦) ⋅ 𝜔𝑑𝑦 for all 𝑥 ∈ 𝐵𝑟(𝑥⋆).

Because 𝑒1 ∈ 𝑇𝑥⋆𝜕𝐺 ∩ 𝑇𝑥⋆𝜕𝐺
⋆,𝑠𝑢 is constant along 𝜕𝐺, and𝑠𝑢⋆ is constant along 𝜕𝐺⋆, we

have

𝜕𝑒1𝑠𝑢(𝑥⋆) = 0 = 𝜕𝑒1𝑠𝑢⋆(𝑥⋆).
As a result, we deduce that

0 = ∫Ω
𝑢(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝑥⋆ − 𝑦) ⋅ 𝑒1 𝑑𝑦 − ∫Ω⋆

𝑢⋆(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝑥⋆ − 𝑦) ⋅ 𝑒1 𝑑𝑦
= ∫Ω

𝑢(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝜆⋆ − 𝑦1)𝑑𝑦 − ∫Ω⋆
𝑢⋆(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝜆⋆ − 𝑦1)𝑑𝑦 =∶ 𝐽.

(3.19)
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18 of 34 GATTI et al.

Since 𝑥⋆ ∈ 𝑇⋆, we also have

|𝑥⋆ − 𝜎⋆(𝑦)| = ||𝑥⋆ − 𝑦|| for all 𝑦 ∈ ℝ𝑛.

Thus, changing variables, we find that

𝐽 = ∫Ω
𝑢(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝜆⋆ − 𝑦1)𝑑𝑦 + ∫Ω

𝑢(𝑦)||𝑥⋆ − 𝜎⋆(𝑦)||𝑛+2𝑠+2 (𝜆⋆ − 𝑦1)𝑑𝑦
= 2∫Ω

𝑢(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝜆⋆ − 𝑦1)𝑑𝑦.
Exploiting again the decomposition made in (3.10), we write 𝐽 = 𝐽1 + 𝐽2 with

𝐽1 ∶= 2∫Ω⧵Ω⋆
𝑢(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝜆⋆ − 𝑦1)𝑑𝑦 (3.20)

and

𝐽2 ∶= 2∫Ω⋆∪Ω⋆𝐻
𝑢(𝑦)||𝑥⋆ − 𝑦||𝑛+2𝑠+2 (𝜆⋆ − 𝑦1)𝑑𝑦 = 2∫Ω⋆𝐻 𝑣⋆(𝑦)

𝜆⋆ − 𝑦1||𝑥⋆ − 𝑦||𝑛+2𝑠+2 𝑑𝑦.
Recall here thatΩ ⧵ Ω⋆ ⊆ 𝐻⋆ up to a set ofmeasure zero, while 𝜆⋆ − 𝑦1 > 0 for 𝑦 ∈ 𝐻⋆ and 𝑢 > 0
in Ω, thanks to (2.1). Thus, from (3.20), we deduce that either |Ω ⧵ Ω⋆| = 0 or 𝐽1 > 0. Moreover,
we have 𝐽2 ⩾ 0 by (3.12) and sinceΩ⋆𝐻 ⊆ 𝐻

⋆. As a consequence, (3.19) implies that |Ω ⧵ Ω⋆| = 0,
and therefore Ω = Ω⋆ by Lemma 3.2. So also in this case we conclude that Ω is symmetric with
respect to the reflection 𝜎⋆.
As noted at the beginning of this section, the direction 𝑒1 can be replaced by any other direc-

tion in the argument above. Then, it easily follows that Ωmust be a ball, thereby concluding the
proof. □

Remark 3.2. We emphasize that our proof relies only on the weak maximum principle for
anti-symmetric functions applied to the comparison function defined in (3.11), and not the
strong maximum principle. This potentially allows the extension of Theorem 1.1 to more general
operators in place of (−Δ)𝑠 that do not enjoy the strong comparison principle.

4 PROOF OF THE STABILITY RESULT FOR THE TORSION
PROBLEM

In the following, we will continue to use the notation introduced in Section 3 while applying the
moving plane technique.
Firstly, we establish the subsequent result, which is needed to derive the uniform stability in

one direction – the content of Proposition 4.2.

Lemma 4.1. Assume that 𝑛 ⩾ 2 or 𝑛 = 1 and 𝑠 ⩾ 1∕2. Suppose also that Ω ⊆ ℝ𝑛 is a regular
open, bounded set whose closure has positive reach 𝑟Ω > 0, and let 𝑡 ∈ (0, 𝑟Ω). Moreover, for a given
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 19 of 34

direction 𝜔 ∈ 𝕊𝑛−1, let 𝜆⋆ be the critical value defined as in (3.1) with 𝑒1 replaced by 𝜔, let 𝑇⋆ be the
associated critical hyperplane, and letΩ⋆ be the reflection ofΩacross𝑇⋆. Then, the unique solution𝑢
to (1.1) satisfies

∫Ω⧵Ω⋆ dist(𝑥, 𝑇⋆)𝑢(𝑥) 𝑑𝑥 ⩽
(diam(Ω) + 𝑟Ω)

𝑛+2𝑠+2

𝑐𝑛,𝑠(𝑛 + 2𝑠)

[𝑠𝑢]Γ𝑡 . (4.1)

Proof. Of course, after a rotation, we may assume 𝜔 = 𝑒1. Thus, suppose that 𝜆⋆ is the critical
value associated with the 𝑒1-direction. We define the function 𝑣⋆ and the quantities 𝐼, 𝐼1, 𝐼2, 𝐽, 𝐽1,
and 𝐽2 as in the proof of Theorem 1.1 above, and observe that (3.12) still holds, that is, we have

𝑣⋆ ⩾ 0 in 𝐻⋆, (4.2)

as this inequality only relies on the weak maximum principle and not on the overdetermined
condition (1.2). We now first consider Case 1. Recalling (3.15), a change of variables gives

𝑠𝑢⋆(𝑥) =𝑠𝑢(𝜎⋆(𝑥)) for all 𝑥 ∈ ℝ𝑛 ⧵ Ω⋆.

Therefore, we can write

𝑠𝑢(𝜎⋆(𝑥⋆)) −𝑠𝑢(𝑥⋆) =𝑠𝑢⋆(𝑥⋆) −𝑠𝑢(𝑥⋆) = 𝑐𝑛,𝑠 𝐼 = 𝑐𝑛,𝑠 (𝐼1 + 𝐼2). (4.3)

By (3.17) and (4.2), we still have 𝐼2 ⩾ 0. We now aim to estimate 𝐼1, arguing similarly to the proof
of Proposition 3.1 of [5]. Recalling that 𝑛 ⩾ 2 or 𝑛 = 1 and 𝑠 ⩾ 1∕2, by convexity, we have

1||𝑥⋆ − 𝑦||𝑛+2𝑠 − 1||𝑥⋆ − 𝜎⋆(𝑦)||𝑛+2𝑠 = 1||𝑥⋆ − 𝑦||𝑛+2𝑠 − 1||𝜎⋆(𝑥⋆) − 𝑦||𝑛+2𝑠
=

1||𝜎⋆(𝑥⋆) − 𝑦||𝑛+2𝑠
[(|𝜎⋆(𝑥⋆) − 𝑦|||𝑥⋆ − 𝑦||

)𝑛+2𝑠
− 1

]

=
1||𝜎⋆(𝑥⋆) − 𝑦||𝑛+2𝑠

⎡⎢⎢⎣
(
1 +
4
(
𝜆⋆ − 𝑥

1
⋆

)
(𝜆⋆ − 𝑦1)||𝑥⋆ − 𝑦||2

) 𝑛+2𝑠
2

− 1
⎤⎥⎥⎦

⩾
2(𝑛 + 2𝑠)

(
𝜆⋆ − 𝑥

1
⋆

)
(𝜆⋆ − 𝑦1)||𝜎⋆(𝑥⋆) − 𝑦||𝑛+2𝑠 ||𝑥⋆ − 𝑦||2

⩾
2(𝑛 + 2𝑠)

(
𝜆⋆ − 𝑥

1
⋆

)
(𝜆⋆ − 𝑦1)

(diam(Ω) + 𝑟Ω)
𝑛+2𝑠+2

⩾ 0 for 𝑦 ∈ Ω ⧵ Ω⋆.

Here, 𝑥1⋆ denotes the first component of 𝑥⋆. Recalling (2.1) and (3.18), we deduce that

𝐼1 ⩾
2(𝑛 + 2𝑠)

(diam(Ω) + 𝑟Ω)
𝑛+2𝑠+2

(
𝜆⋆ − 𝑥

1
⋆

)
∫Ω⧵Ω⋆ 𝑢(𝑦)(𝜆⋆ − 𝑦1)𝑑𝑦.
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20 of 34 GATTI et al.

We also notice that |𝜎⋆(𝑥⋆) − 𝑥⋆| = 2 (𝜆⋆ − 𝑥1⋆). As a result, from (4.3), we conclude that

𝑠𝑢(𝜎⋆(𝑥⋆)) −𝑠𝑢(𝑥⋆)|𝜎⋆(𝑥⋆) − 𝑥⋆| ⩾
𝑐𝑛,𝑠(𝑛 + 2𝑠)

(diam(Ω) + 𝑟Ω)
𝑛+2𝑠+2 ∫Ω⧵Ω⋆ 𝑢(𝑦)(𝜆⋆ − 𝑦1)𝑑𝑦.

From the latter, (4.1) follows at once in Case 1.
We now proceed to Case 2. We start by observing that (𝜎⋆(𝑥) − 𝑦) ⋅ 𝑒1 = −(𝑥 − 𝜎⋆(𝑦)) ⋅ 𝑒1 for

𝑥, 𝑦 ∈ ℝ𝑛, and therefore

𝜕𝑒1𝑠𝑢(𝜎⋆(𝑥)) = 𝑐𝑛,𝑠(𝑛 + 2𝑠)∫Ω
𝑢(𝑦)||𝜎⋆(𝑥) − 𝑦||𝑛+2𝑠+2 (𝜎⋆(𝑥) − 𝑦) ⋅ 𝑒1 𝑑𝑦

= −𝑐𝑛,𝑠(𝑛 + 2𝑠)∫Ω
𝑢(𝑦)||𝜎⋆(𝑥) − 𝑦||𝑛+2𝑠+2 (𝑥 − 𝜎⋆(𝑦)) ⋅ 𝑒1 𝑑𝑦 (4.4)

= −𝑐𝑛,𝑠(𝑛 + 2𝑠)∫Ω⋆
𝑢⋆(𝑦)||𝜎⋆(𝑥) − 𝜎⋆(𝑦)||𝑛+2𝑠+2 (𝑥 − 𝑦) ⋅ 𝑒1 𝑑𝑦

= −𝑐𝑛,𝑠(𝑛 + 2𝑠)∫Ω⋆
𝑢⋆(𝑦)|𝑥 − 𝑦|𝑛+2𝑠+2 (𝑥 − 𝑦) ⋅ 𝑒1 𝑑𝑦 = −𝜕𝑒1𝑠𝑢⋆(𝑥)

for all 𝑥 ∈ 𝐵𝑟(𝑥⋆). Recall also that, in this case, 𝑥⋆ ∈ 𝑇⋆ ∩ 𝜕𝐺 ∩ 𝜕𝐺⋆𝐻 and thus 𝜎⋆(𝑥⋆) = 𝑥⋆.
Taking advantage of (4.4), we can write

2𝜕𝑒1𝑠𝑢(𝑥⋆) = 𝜕𝑒1𝑠𝑢(𝑥⋆) − 𝜕𝑒1𝑠𝑢⋆(𝑥⋆) = 𝑐𝑛,𝑠(𝑛 + 2𝑠)𝐽 = 𝑐𝑛,𝑠(𝑛 + 2𝑠)(𝐽1 + 𝐽2).
As in the proof of Theorem 1.1, (4.2) yields that 𝐽2 ⩾ 0. Moreover, by the definition of 𝐽1 in (3.20),
we easily see that

𝐽1 ⩾
2

(diam(Ω) + 𝑟Ω)
𝑛+2𝑠+2 ∫Ω⧵Ω⋆ 𝑢(𝑦)(𝜆⋆ − 𝑦1)𝑑𝑦.

Hence, we conclude that

𝜕𝑒1𝑠𝑢(𝑥⋆) ⩾
𝑐𝑛,𝑠(𝑛 + 2𝑠)

(diam(Ω) + 𝑟Ω)
𝑛+2𝑠+2 ∫Ω⧵Ω⋆ 𝑢(𝑦)(𝜆⋆ − 𝑦1)𝑑𝑦,

from which inequality (4.1) also follows. □

We now plan to derive the uniform stability in each direction, that is, a quantitative estimate
for ||Ω△Ω⋆||, from Lemma 4.1. This estimate is essentially contained in (4.1) through arguments
developed in [5], provided one can get rid of 𝑢 in the integral on the left-hand side of (4.1). This
can, of course, be achieved by employing a quantitative version of Hopf’s lemma to obtain a lower
bound for 𝑢.
Once the stability estimate in one direction is obtained, the full stability result follows via a

well-established procedure introduced in [5].
The details of the implementation in our situation are as follows.
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 21 of 34

Proposition 4.2. Assume that 𝑛 ⩾ 2 or 𝑛 = 1 and 𝑠 ⩾ 1∕2. Moreover, suppose that Ω ⊆ ℝ𝑛 is
a regular open, bounded set whose closure has positive reach 𝑟Ω > 0, and let 𝑡 ∈ (0, 𝑟Ω). Finally,
assume that Ω satisfies the uniform interior sphere condition with radius 𝔯Ω > 0. For a given direc-
tion 𝜔 ∈ 𝕊𝑛−1, let 𝜆⋆ be the critical value defined as in (3.1) with 𝑒1 replaced by 𝜔, let 𝑇⋆ be the
associated critical hyperplane and letΩ⋆ be the reflection ofΩacross𝑇⋆. Then, the unique solution 𝑢
to (1.1) satisfies

|||Ω△Ω⋆
||| ⩽ 𝐶♯[𝑠𝑢] 1

2+𝑠

Γ𝑡
,

with

𝐶♯ ∶= 2(𝑠 + 2)𝐶
1
2+𝑠

1

(
𝐶2
𝑠 + 1

) 1+𝑠
2+𝑠

, (4.5)

𝐶1 ∶=
(diam(Ω) + 𝑟Ω)

𝑛+2𝑠+2

𝑐𝑛,𝑠 𝛾𝑛,𝑠 𝔯
𝑠
Ω
(𝑛 + 2𝑠)

, 𝐶2 ∶= diam(Ω)
𝑛−1 +

𝑛 ||𝐵1|| diam(Ω)𝑛
2𝑛−1 𝔯Ω

.

Proof. SinceΩ is of class𝐶1 and satisfies the uniform interior sphere conditionwith radius 𝔯Ω > 0,
by Lemma 5.3 in [4], we have

𝑢(𝑥) ⩾ 𝛾𝑛,𝑠 𝔯
𝑠
Ω
dist(𝑥, 𝜕Ω)𝑠 for all 𝑥 ∈ Ω, (4.6)

where 𝛾𝑛,𝑠 is defined in (1.6).
Possibly after a rotation and a translation, we can suppose that 𝜔 = 𝑒1 and 𝜆⋆ = 0. Thus, (4.1)

reads as

∫Ω⧵Ω⋆ −𝑥1 𝑢(𝑥) 𝑑𝑥 ⩽
(diam(Ω) + 𝑟Ω)

𝑛+2𝑠+2

𝑐𝑛,𝑠(𝑛 + 2𝑠)

[𝑠𝑢]Γ𝑡 .
From now on, we argue as in the proof of Proposition 4.4 in [9]. The latter inequality, together
with (4.6), yields

∫Ω⧵Ω⋆ −𝑥1 dist(𝑥, 𝜕Ω)
𝑠𝑑𝑥 ⩽

(diam(Ω) + 𝑟Ω)
𝑛+2𝑠+2

𝑐𝑛,𝑠 𝛾𝑛,𝑠 𝔯
𝑠
Ω
(𝑛 + 2𝑠)

[𝑠𝑢]Γ𝑡 =∶ 𝐶1[𝑠𝑢]Γ𝑡 . (4.7)

Let 𝛾 > 0 to be determined soon. Chebyshev’s inequality and (4.7) entail that

|||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)𝑠 > 𝛾}||| ⩽ 1𝛾 ∫Ω⧵Ω⋆ −𝑥1 dist(𝑥, 𝜕Ω)𝑠𝑑𝑥 ⩽ 𝐶1𝛾 [𝑠𝑢]Γ𝑡 . (4.8)

In addition, we also have

|||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)𝑠 ⩽ 𝛾}|||
=

||||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)𝑠 ⩽ 𝛾, −𝑥1 < 𝛾 1
1+𝑠

}||||
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22 of 34 GATTI et al.

+
||||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)𝑠 ⩽ 𝛾, −𝑥1 ⩾ 𝛾 1

1+𝑠

}||||
⩽

||||{𝑥 ∈ Ω ∩ 𝐻⋆ ∣ −𝑥1 < 𝛾 1
1+𝑠

}|||| + ||||{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾 1
1+𝑠

}||||,
and ||||{𝑥 ∈ Ω ∩ 𝐻⋆ ∣ −𝑥1 < 𝛾 1

1+𝑠

}|||| ⩽ diam(Ω)𝑛−1 𝛾 1
1+𝑠 ,

trivially, while

||||{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾 1
1+𝑠

}|||| ⩽ 2𝑛 |Ω|𝔯Ω
𝛾
1
1+𝑠 ⩽

𝑛 ||𝐵1|| diam(Ω)𝑛
2𝑛−1 𝔯Ω

𝛾
1
1+𝑠 , (4.9)

by eq. (1.10) in [28] and Lemma 5.2 in [4]. Here, we also used the isodiametric inequality for the
last estimate. Hence, it follows that

|||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)𝑠 ⩽ 𝛾}||| ⩽
(
diam(Ω)𝑛−1 +

𝑛 ||𝐵1|| diam(Ω)𝑛
2𝑛−1 𝔯Ω

)
𝛾
1
1+𝑠 =∶ 𝐶2 𝛾

1
1+𝑠 .

Coupling with (4.8), we get

|||Ω ⧵ Ω⋆||| ⩽ 𝐶1𝛾 [𝑠𝑢]Γ𝑡 + 𝐶2 𝛾 1
1+𝑠 .

Minimizing over 𝛾, we conclude that

|||Ω ⧵ Ω⋆||| ⩽ (𝑠 + 2)𝐶 1
2+𝑠

1

(
𝐶2
𝑠 + 1

) 1+𝑠
2+𝑠 [𝑠𝑢] 1

2+𝑠

Γ𝑡
,

which, in turn, implies

|||Ω△Ω⋆
||| = 2 |||Ω ⧵ Ω⋆||| ⩽ 𝐶♯[𝑠𝑢] 1

2+𝑠

Γ𝑡
,

where 𝐶♯ > 0 is defined in (4.5). □

Weare now in a position to prove that, for any direction, 𝜆⋆must be close to the centre of approx-
imate symmetry, defined as the intersection of the critical hyperplanes associated with 𝑒1, … , 𝑒𝑛.
This will be achieved by reasoning along the lines of Lemma 4.1 in [5].

Proposition 4.3. Assume that 𝑛 ⩾ 2 or 𝑛 = 1 and 𝑠 ⩾ 1∕2. Moreover, letΩ ⊆ ℝ𝑛 be a regular open,
bounded set whose closure has positive reach 𝑟Ω > 0, and let 𝑡 ∈ (0, 𝑟Ω). Assume thatΩ satisfies the
uniform interior sphere conditionwith radius 𝔯Ω > 0, and that the unique solution𝑢 of (1.1) satisfies

[𝑠𝑢] 1
2+𝑠

Γ𝑡
⩽ 𝛾0 ∶= min

{
1

4
,
1

𝑛

}𝔯𝑛
Ω
||𝐵1||
𝐶♯

, (4.10)
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 23 of 34

where 𝐶♯ > 0 is defined in (4.5). Moreover, denote with 𝑇𝑖 the critical hyperplane associated
with the direction 𝑒𝑖 and suppose that 𝑇𝑖 = {𝑥 ∈ ℝ𝑛 ∣ 𝑥𝑖 = 0}, for every 𝑖 = 1, … , 𝑛. Finally, for a
direction 𝜔 ∈ 𝕊𝑛−1, let 𝜆⋆ be the critical value given in (3.1) with 𝑒1 replaced by 𝜔, and let 𝑇⋆ be the
associated critical hyperplane. Then, we have

||𝜆⋆|| ⩽ 𝐶♭[𝑠𝑢] 1
2+𝑠

Γ𝑡
with 𝐶♭ ∶= 4(𝑛 + 3)

𝐶♯ diam(Ω)

𝔯𝑛
Ω
||𝐵1|| .

Proof. Define Ω̃ ∶= {−𝑥 ∣ 𝑥 ∈ Ω}. Since Ω̃ can be obtained by symmetrizing Ω with respect to 𝑇𝑖
for 𝑖 = 1, … , 𝑛, we deduce that

|||Ω△ Ω̃
||| ⩽ 𝑛𝐶♯[𝑠𝑢] 1

2+𝑠

Γ𝑡
, (4.11)

by applying Proposition 4.2 with respect to the coordinate directions. See also the proof of
Lemma 6.1 in [4] for further details about the estimate in (4.11).
Fix 𝜔 ∈ 𝕊𝑛−1 and assume that 𝜆⋆ > 0, as the case 𝜆⋆ < 0 is analogous. We observe that

Λ⋆ ∶= sup {𝑥 ⋅ 𝜔 ∣ 𝑥 ∈ Ω} ⩽ diam(Ω). (4.12)

Indeed, if Λ⋆ > diam(Ω) and 𝑥 ∈ Ω, then 𝑥 ⋅ 𝜔 ⩾ Λ⋆ − diam(Ω) > 0. Consequently, we
have |||Ω△ Ω̃

||| = 2 |Ω| which, combined with (4.10) and (4.11), would lead to
0 < 2 |Ω| ⩽ 𝑛𝐶♯ 𝛾0 ⩽ 𝔯𝑛Ω ||𝐵1|| ⩽ |Ω|,

a contradiction. This proves the validity of (4.12).
We continue to use the notation introduced at the beginning of Section 3, with the direction 𝑒1

replaced by 𝜔. By Proposition 4.2, it follows that

|||Ω△Ω⋆
||| ⩽ 𝐶♯[𝑠𝑢] 1

2+𝑠

Γ𝑡
. (4.13)

Recalling the decomposition Ω = (Ω ⧵ Ω⋆) ∪ Ω⋆ ∪ Ω⋆𝐻 , we deduce from (4.13) that

||Ω⋆|| = |||Ω⋆ ∪ Ω⋆𝐻|||
2

=
|Ω| − ||Ω ⧵ Ω⋆||

2
⩾

|Ω|
2
−

|||Ω△Ω⋆
||| ⩾ |Ω|

2
− 𝐶♯

[𝑠𝑢] 1
2+𝑠

Γ𝑡
. (4.14)

Moreover, setting

𝐻̃⋆ ∶= {−𝑥 ∣ 𝑥 ∈ 𝐻⋆} = {𝑥 ∣ 𝑥 ⋅ 𝜔 < −𝜆⋆}, (4.15)

we find that (4.11) and (4.14) yield

|||Ω∩ 𝐻̃⋆||| = |||Ω̃ ∩ 𝐻⋆||| ⩾ ||Ω⋆|| − |||Ω△ Ω̃
||| ⩾ |Ω|

2
− (𝑛 + 1)𝐶♯

[𝑠𝑢] 1
2+𝑠

Γ𝑡
. (4.16)
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24 of 34 GATTI et al.

Exploiting (4.14), (4.15) and (4.16), we see that

||{𝑥 ∈ Ω ∣ −𝜆⋆ ⩽ 𝑥 ⋅ 𝜔 ⩽ 𝜆⋆}|| = |Ω| − ||Ω⋆|| − |||Ω∩ 𝐻̃⋆||| ⩽ (𝑛 + 2)𝐶♯[𝑠𝑢] 1
2+𝑠

Γ𝑡
. (4.17)

Since this strip is the image of {𝜆⋆ ⩽ 𝑥 ⋅ 𝜔 ⩽ 3𝜆⋆} through the reflection across 𝑇⋆, we have

||{𝑥 ∈ Ω ∣ 𝜆⋆ ⩽ 𝑥 ⋅ 𝜔 ⩽ 3𝜆⋆}|| = |||{𝑥 ∈ Ω⋆ ∣ |𝑥 ⋅ 𝜔| ⩽ 𝜆⋆}|||
⩽ ||{𝑥 ∈ Ω ∣ |𝑥 ⋅ 𝜔| ⩽ 𝜆⋆}|| + |||Ω△Ω⋆

||| (4.18)

⩽ (𝑛 + 3)𝐶♯
[𝑠𝑢] 1

2+𝑠

Γ𝑡
,

where we used (4.13) and (4.17).
We now partition Ω into strips of width 2𝜆⋆, and we define

𝑚𝑘 ∶= ||{𝑥 ∈ Ω ∣ (2𝑘 − 1)𝜆⋆ ⩽ 𝑥 ⋅ 𝜔 ⩽ (2𝑘 + 1)𝜆⋆}|| for 𝑘 ⩾ 1.

We note that, by definition of the critical value 𝜆⋆, a parallel translation by the vector (𝜇′ − 𝜇)𝜔
maps the set Ω∩ 𝑇𝜇 into the set Ω∩ 𝑇𝜇′ , for every 𝜆⋆ ⩽ 𝜇′ ⩽ 𝜇. Therefore, we deduce that the
sequence𝑚𝑘 is decreasing. Consequently, using (4.18), we find that

𝑚𝑘 ⩽ 𝑚1 ⩽ (𝑛 + 3)𝐶♯
[𝑠𝑢] 1

2+𝑠

Γ𝑡
for all 𝑘 ⩾ 1.

Now, let 𝑘0 ∈ ℕ be the smallest natural number such that (2𝑘0 + 1) 𝜆⋆ ⩾ Λ⋆, hence

||Ω⋆|| ⩽ ||Ω∩ {𝜆⋆ ⩽ 𝑥 ⋅ 𝜔 ⩽ Λ⋆}|| ⩽ 𝑘0∑
𝑘=1

𝑚𝑘 ⩽
1

2

(
Λ⋆
𝜆⋆
+ 1

)
(𝑛 + 3)𝐶♯

[𝑠𝑢] 1
2+𝑠

Γ𝑡
.

Exploiting (4.12), we conclude that

||Ω⋆|| 𝜆⋆ ⩽ (𝑛 + 3)𝐶♯ diam(Ω)[𝑠𝑢] 1
2+𝑠

Γ𝑡
.

Finally, by (4.10) and (4.14), we have

||Ω⋆|| ⩾ |Ω|
2
− 𝐶♯

[𝑠𝑢] 1
2+𝑠

Γ𝑡
⩾
𝔯𝑛
Ω
||𝐵1||
2

− 𝐶♯𝛾0 ⩾
𝔯𝑛
Ω
||𝐵1||
4
,

which yield the desired conclusion. □

We can finally prove the stability result for the fractional torsion problem.

Proof of Theorem 1.3. Up to a translation and a rotation, we may assume that 𝑇𝑖 = {𝑥 ∈ ℝ𝑛 ∣ 𝑥𝑖 =
0}, for every 𝑖 = 1, … , 𝑛. Moreover, we can suppose that (4.10) is in force. Otherwise, we trivially
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 25 of 34

have

𝜌(Ω) ⩽ diam(Ω) ⩽
diam(Ω)

𝛾0

[𝑠𝑢] 1
2+𝑠

Γ𝑡
.

Define now

𝑟 ∶= min
𝑥∈𝜕Ω

|𝑥| and 𝑅 ∶= max
𝑥∈𝜕Ω

|𝑥|,
and let 𝑥, 𝑦 ∈ 𝜕Ω be such that |𝑥| = 𝑟 and |𝑦| = 𝑅. Notice that, if 𝑥 = 𝑦, then Ω is a ball and the
result is obviously true. Therefore, we may assume 𝑥 ≠ 𝑦 and define

𝜔 ∶=
𝑦 − 𝑥|𝑦 − 𝑥| ∈ 𝕊𝑛−1.

Let 𝑇⋆ be the corresponding critical hyperplane. The moving plane method entails that

dist(𝑥, 𝑇⋆) ⩾ dist(𝑦, 𝑇⋆). (4.19)

Indeed, since 𝑥 = 𝑦 − 𝜏𝜔with 𝜏 = |𝑦 − 𝑥|, the critical position can be reached atmostwhen𝜎⋆(𝑦)
is tangent to 𝑥, which corresponds to the equality case in (4.19), while in all the other cases
strict inequality holds. See, for instance, Proposition 7 in [1] for more details. Therefore, we
get

𝑅 − 𝑟 = |𝑦| − |𝑥| ⩽ 2dist(0, 𝑇⋆) = 2 ||𝜆⋆||.
Hence, by applying Proposition 4.3, we deduce that

𝜌(Ω) ⩽ 𝑅 − 𝑟 ⩽ 2𝐶♭
[𝑠𝑢] 1

2+𝑠

Γ𝑡
.

The conclusion follows with

𝐶 ∶= max

{
2𝐶♭,

diam(Ω)

𝛾0

}
= 2𝐶♭. □

5 GENERALIZATION OF THE SYMMETRY AND STABILITY
RESULTS

This section is devoted to the proofs of Theorems 1.2 and 1.4. Asmentioned in the Introduction, the
arguments follow the approach of Sections 3 and 4, respectively, with technical variations already
introduced in [9, 15]. For completeness, we reproduce the necessary arguments here, emphasizing
only the modifications required to conclude the proofs in the generalized setting, as compared to
those of Theorems 1.1 and 1.3.
We begin with the symmetry result.
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26 of 34 GATTI et al.

Proof of Theorem 1.2. We adopt the notation introduced in Section 3. Since, by assumption 𝑢 > 0
in Ω, we only need to show (3.12), that is,

𝑣⋆ ⩾ 0 in𝐻⋆ (5.1)

to conclude in the same way as in the proof of Theorem 1.1.
In order to prove (5.1), we introduce, for any 𝜆 ∈ ℝ, the function

𝑣𝜆 ∶= 𝑢 − 𝑢𝜆,

so that 𝑣⋆ = 𝑣𝜆⋆ . By the definition in (3.1) and Lemma 3.1, it follows that Ω𝜆
𝐻
⊆ Ω for all 𝜆 ∈

[𝜆⋆, Λ). Thus, 𝑣𝜆 ∈ 𝐻𝑠(ℝ𝑛) is an anti-symmetric solution to

⎧⎪⎪⎨⎪⎪⎩
(−Δ)𝑠𝑣𝜆 + 𝑐𝜆 𝑣𝜆 = 0 in Ω𝜆

𝐻
,

𝑣𝜆 = 𝑢 in
(
Ω∩𝐻𝜆

)
⧵ Ω𝜆
𝐻
,

𝑣𝜆 = 0 in𝐻𝜆 ⧵ Ω,

(5.2)

where

𝑐𝜆(𝑥) ∶=

⎧⎪⎨⎪⎩
−
𝑓(𝑢(𝑥)) − 𝑓(𝑢(𝜎𝜆(𝑥)))

𝑢(𝑥) − 𝑢(𝜎𝜆(𝑥))
if 𝑢(𝑥) ≠ 𝑢(𝜎𝜆(𝑥)),

0 if 𝑢(𝑥) = 𝑢(𝜎𝜆(𝑥)).

Moreover, since 𝑢 ∈ 𝐿∞(ℝ𝑛) and (1.9) is in force, we deduce that

𝑐𝜆 ∈ 𝐿
∞(Ω𝜆
𝐻
) with ‖‖𝑐𝜆‖‖𝐿∞(Ω𝜆

𝐻
) ⩽ ‖𝑓‖𝐶0,1([0,‖𝑢‖𝐿∞(ℝ𝑛)]) for all 𝜆 ∈ [𝜆⋆, Λ). (5.3)

Let 𝜆1(Ω𝜆𝐻) denote the first Dirichlet eigenvalue of (−Δ)
𝑠 inΩ𝜆

𝐻
. Then, by Theorem 1.1 in [30], it

follows that

𝜆1(Ω
𝜆
𝐻
) ⩾ 𝐶

|||Ω𝜆𝐻|||−2𝑠𝑛 → +∞ as 𝜆 → Λ−.

Taking advantage of this and of the uniform bound in (5.3), the weak maximum principle of
Proposition 3.1 in [15] implies that there exists a 𝜆♭ ∈ [𝜆⋆, Λ) such that

𝑣𝜆 ⩾ 0 in Ω𝜆
𝐻

for all 𝜆 ∈ [𝜆♭, Λ)

and, by (5.2), also that

𝑣𝜆 ⩾ 0 in𝐻𝜆 for all 𝜆 ∈ [𝜆♭, Λ). (5.4)

Now, if 𝑥0 ∈ Ω ∩ 𝐻𝜆 and choosing 𝜆♭ sufficiently close to Λ, we have 𝜎𝜆(𝑥0) ∉ Ω for all 𝜆 ∈
[𝜆♭, Λ). Thus, possibly taking a 𝜆♭ closer to Λ, we obtain

𝑣𝜆(𝑥0) = 𝑢(𝑥0) > 0 for all 𝜆 ∈ [𝜆♭, Λ).
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 27 of 34

Hence, from (5.4) and the strong maximum principle of Corollary 3.4 in [15], we conclude that

𝑣𝜆 > 0 in Ω𝜆
𝐻

for all 𝜆 ∈ [𝜆♭, Λ).

As a consequence, the quantity

𝜇⋆ ∶= inf
{
𝜇 ∈ [𝜆⋆, Λ) ∣ 𝑣𝜆 > 0 in Ω𝜆𝐻 for all 𝜆 ∈ [𝜇, Λ)

}
(5.5)

is well-defined.We aim to show that 𝜇⋆ = 𝜆⋆. This, together with (5.2), clearly implies the validity
of (5.1).
We proceed by contradiction and assume that 𝜇⋆ > 𝜆⋆. By continuity, we have 𝑣𝜇⋆ ⩾ 0 in Ω

𝜇⋆
𝐻

and, by (5.2), also in 𝐻𝜇⋆ . Since 𝜇⋆ > 𝜆⋆, the previous argument, together with Corollary 3.4
in [15], entails that 𝑣𝜇⋆ > 0 in Ω

𝜇⋆
𝐻
. In light of (5.5), it follows that

{
𝑣𝜇⋆−𝜀 ⩽ 0

}
∩ Ω

𝜇⋆−𝜀

𝐻
≠ ∅ for all 𝜀 ∈ (0, 𝜇⋆ − 𝜆⋆).

Let 𝐴𝜀 ⊆ Ω
𝜇⋆−𝜀

𝐻
be an open set such that

{
𝑣𝜇⋆−𝜀 ⩽ 0

}
∩ Ω

𝜇⋆−𝜀

𝐻
⊆ 𝐴𝜀. Taking 𝜀 > 0 sufficiently

small, we can choose 𝐴𝜀 so that ||𝐴𝜀|| is arbitrarily small. Therefore, applying Proposition 3.1 and
Corollary 3.4 in [15], we conclude that

𝑣𝜇⋆−𝜀 > 0 in 𝐴𝜀.

This leads to a contradiction with the definition of 𝜇⋆ in (5.5).
Hence (5.1) holds and the remainder of the proof proceeds exactly as in the proof of

Theorem 1.1. □

We now turn to the stability result.

Proof of Theorem 1.4. As noted in Section 2, any non-trivial solution to (1.10), with 𝑓 satisfy-
ing 𝑓(0) ⩾ 0, is such that 𝑢 > 0 inΩ. Moreover, thanks to the positivity of 𝑢, (4.2) follows as in the
proof of Theorem 1.2.
At this point, we only need to adapt the proof of Proposition 4.2. SinceΩ is of class 𝐶1 and sat-

isfies the uniform interior sphere condition with radius 𝔯Ω > 0, the non-linearity 𝑓 satisfies (1.9)
with 𝑓(0) ⩾ 0, and 𝑢 is non-trivial, Corollary 3.4 in [9] yields

𝑢(𝑥) ⩾ 𝐶′ 𝔯𝑠
Ω
dist(𝑥, 𝜕Ω)𝑠 for all 𝑥 ∈ Ω,

where 𝐶′ > 0 is the constant defined in (2.4). Hence, (4.7) follows with

𝐶1 ∶=
(diam(Ω) + 𝑟Ω)

𝑛+2𝑠+2

𝑐𝑛,𝑠 𝐶
′ 𝔯𝑠
Ω
(𝑛 + 2𝑠)

.

From this point onwards, the proof proceeds exactly as in the previous argument. □
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28 of 34 GATTI et al.

6 FURTHER STABILITY RESULTS

Before the proofs, we need the following lemma, which allows us to estimate the measure of a
half-tube lying in the interior of a sufficiently regular domain. This result may be of independent
interest.

Lemma 6.1. Assume that 𝑛 ⩾ 2. Let Ω ⊆ ℝ𝑛 be a bounded domain with Lipschitz boundary such
that 𝜕Ω ∈ 𝑊2,𝑛−1. Then, for any 𝛾 > 0, we have

|{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾}| ⩽ 𝛾 ∫𝜕Ω
[
1 + 𝛾

𝐻−
𝑛 − 1

]𝑛−1
𝑑𝑛−1.

Here,𝐻− denotes the negative part of the weak mean curvature of 𝜕Ω.

Proof. By Theorem 1 in [2], there exist a sequence of smooth bounded domains {Ω𝑚}𝑚 and a
constant𝒞Ω > 0, depending only on the Lipschitz constant of Ω, such that Ω ⋐ Ω𝑚 and

dist(𝜕Ω, 𝜕Ω𝑚) ⩽
𝒞Ω
𝑚

for every𝑚 ∈ ℕ. (6.1)

Moreover, if 𝑅Ω ∈ (0, 1) denotes the radius of graphicality of 𝜕Ω, there exist a finite number of
local boundary charts

{
𝜙𝑖
}𝑁
𝑖=1

and
{
𝜓𝑖𝑚

}𝑁
𝑖=1

describing 𝜕Ω and 𝜕Ω𝑚, respectively, such that for
every 𝑖 = 1, … ,𝑁, themaps𝜓𝑖𝑚 are smooth anddefined on the same reference systemas𝜙𝑖. Finally,
we have

𝜓𝑖𝑚 → 𝜙
𝑖 in𝑊2,𝑛−1

(
𝐵′𝑅

)
as𝑚 → +∞, (6.2)

where 𝑅 ∶= 𝑅Ω − 𝜀0, 𝜀0 ∈ (0, 𝑅Ω∕2) being a fixed constant, and 𝐵′
𝑅
denoting the (𝑛 − 1)-

dimensional ball centred at the origin. Note, in particular, that (6.1) follows from the estimate
on p. 25 of [2].
We also observe that if g and  denote the first and the second fundamental forms of 𝜕Ω,

respectively, then in any local chart, at𝑛−1-a.e. 𝑥 ∈ 𝜕Ω, we have

g𝑘𝑗 ∶= 𝛿𝑘𝑗 −
1

1 + |∇𝜙|2 𝜕𝜙𝜕𝑥′𝑘 𝜕𝜙𝜕𝑥′𝑗 and 𝑘𝑗 ∶= − 1√
1 + |∇𝜙|2

𝜕2𝜙

𝜕𝑥′
𝑘
𝜕𝑥′
𝑗

.

This implies that

|||g𝑘𝑗𝑘𝑗||| ⩽ 1√
1 + |∇𝜙|2

(
1 +

|∇𝜙|2
1 + |∇𝜙|2

)|∇2𝜙| ⩽ 2 |∇2𝜙|√
1 + |∇𝜙|2 ,

and analogously for 𝜕Ω𝑚. Therefore, it follows that

∫𝐵′
𝑅

|||g𝑘𝑗𝑘𝑗|||𝑛−1√1 + |∇𝜙|2 𝑑𝑥′ ⩽ 2𝑛−1 ∫𝐵′
𝑅

|∇2𝜙|𝑛−1(1 + |∇𝜙|2) 2−𝑛2 𝑑𝑥′
⩽ 2𝑛−1 ∫𝐵′

𝑅

|∇2𝜙|𝑛−1 𝑑𝑥′ < +∞.
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FRACTIONAL DIRICHLET PROBLEMSWITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 29 of 34

As a result, a covering argument shows that𝐻 ∈ 𝐿𝑛−1 (𝜕Ω).
From the definition of the Hausdorff distance and (6.1), it follows that

sup
𝑥∈𝜕Ω

dist(𝑥, 𝜕Ω𝑚) ⩽
𝒞Ω
𝑚
. (6.3)

Moreover, for any 𝑥0 ∈ {𝑥 ∈ Ω ∣ dist (𝑥, 𝜕Ω) ⩽ 𝛾}, there exists 𝑦 ∈ 𝜕Ω such that ||𝑥0 − 𝑦|| =
dist (𝑥0, 𝜕Ω) ⩽ 𝛾. From (6.3), there exists 𝑧 ∈ 𝜕Ω𝑚 such that

|𝑦 − 𝑧| = dist(𝑦, 𝜕Ω𝑚) ⩽ 𝒞Ω
𝑚
.

Since 𝑧 ∈ 𝜕Ω𝑚, we deduce that

dist(𝑥0, 𝜕Ω𝑚) ⩽ ||𝑥0 − 𝑧|| ⩽ ||𝑥0 − 𝑦|| + |𝑦 − 𝑧| ⩽ 𝛾 + 𝒞Ω
𝑚
.

As a consequence, we conclude that

{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾} ⊆

{
𝑥 ∈ Ω𝑚

||| dist(𝑥, 𝜕Ω𝑚) ⩽ 𝛾 + 𝒞Ω
𝑚

}
. (6.4)

Let 𝐻𝜕Ω𝑚 denote the mean curvature of 𝜕Ω𝑚, which is well-defined since 𝜕Ω𝑚 is smooth for
every𝑚 ∈ ℕ. Since Ω𝑚 is smooth, we can apply Theorem 10.20 in [19] to deduce that

|||||
{
𝑥 ∈ Ω𝑚

||| dist(𝑥, 𝜕Ω𝑚) ⩽ 𝛾 + 𝒞Ω
𝑚

}||||| ⩽
(
𝛾 +

𝒞Ω
𝑚

)
∫𝜕Ω𝑚

[
1 +

(
𝛾 +

𝒞Ω
𝑚

)(
𝐻𝜕Ω𝑚

)
−

𝑛 − 1

]𝑛−1
𝑑𝑛−1

for every 𝛾 > 0. By (6.4), we infer that

|{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾}| ⩽ (
𝛾 +

𝒞Ω
𝑚

)
∫𝜕Ω𝑚

⎡⎢⎢⎢⎣1 +
(
𝛾 +

𝒞Ω
𝑚

)(
𝐻𝜕Ω𝑚

)
−

𝑛 − 1

⎤⎥⎥⎥⎦
𝑛−1

𝑑𝑛−1. (6.5)

We now claim that

∫𝜕Ω𝑚
⎡⎢⎢⎢⎣1 +

(
𝛾 +

𝒞Ω
𝑚

)(
𝐻𝜕Ω𝑚

)
−

𝑛 − 1

⎤⎥⎥⎥⎦
𝑛−1

𝑑𝑛−1 → ∫𝜕Ω
[
1 + 𝛾

𝐻−
𝑛 − 1

]𝑛−1
𝑑𝑛−1 (6.6)

as𝑚 → +∞. Exploiting (6.6) and taking the limit in (6.5) yields the conclusion.
To prove (6.6), by a covering argument and fixing the 𝑖-th chart, it suffices to show that

∫𝐵′
𝑅

𝒜𝑚 𝑑𝑥
′ → ∫𝐵′

𝑅

𝒜 𝑑𝑥′ as𝑚 → +∞, (6.7)
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30 of 34 GATTI et al.

where

𝒜𝑚 ∶=
[
1 +

1

𝑛 − 1

(
𝛾 +

𝒞Ω
𝑚

)(
g
𝑘𝑗

(𝑚)
(𝑚)
𝑘𝑗

)
−

]𝑛−1√
1 + ||∇𝜓𝑚||2,

𝒜 ∶=
[
1 +

𝛾

𝑛 − 1

(
g𝑘𝑗𝑘𝑗)−]𝑛−1√1 + |∇𝜙|2.

Using that 𝜕Ω is Lipschitz, the 𝐿∞-bound on ∇𝜓𝑚 which follows from Theorem 1 in [2], and the
convergence in (6.2), we deduce the validity of (6.7), thereby concluding the proof. □

We can now extend the previous result to domains with positive reach, therefore proving the
subsequent conclusion.

Lemma 6.2. Assume that 𝑛 ⩾ 2. Let Ω ⊆ ℝ𝑛 be a bounded domain whose closure Ω has positive
reach 𝑟Ω > 0. Then, for any 𝛾 > 0, we have

|{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾}| ⩽ 𝛾[1 + 𝛾 2
𝑟Ω

]𝑛−1
Φ𝑛−1(Ω,ℝ

𝑛).

Here, Φ𝑛−1(Ω, ⋅) denotes the (𝑛 − 1)-th curvature measure associated withΩ.

Proof. For 𝑡 ∈ (0, 𝑟Ω∕2), let 𝐺𝑡 be defined by (1.7) and denote Γ𝑡 = 𝜕𝐺𝑡. Then, 𝐺𝑡 is a bounded
Lipschitz domain with reach at least 𝑟Ω∕2 and of class𝑊2,𝑛−1 – in fact, it is of class𝑊2,∞, see [16,
Theorem 4.8]. Moreover, for 𝛾 > 0, we clearly have

{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾} ⊆ {𝑥 ∈ 𝐺𝑡 ∣ dist(𝑥, Γ𝑡) ⩽ 𝛾 + 𝑡}.

Hence, applying Lemma 6.1, we deduce that

|{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾}| ⩽ ||{𝑥 ∈ 𝐺𝑡 ∣ dist(𝑥, Γ𝑡) ⩽ 𝛾 + 𝑡}|| ⩽ (𝛾 + 𝑡)∫Γ𝑡
[
1 + (𝛾 + 𝑡)

𝐻−
𝑛 − 1

]𝑛−1
𝑑𝑛−1

⩽ (𝛾 + 𝑡)

[
1 + (𝛾 + 𝑡)

2

𝑟Ω

]𝑛−1
𝑛−1(Γ𝑡), (6.8)

where in the last inequality we used the exterior sphere condition satisfied by𝐺𝑡 and the resulting
upper bound on𝐻−.
From the Steiner formula in Remark 5.8 of [16], we have

||{𝑥 ∈ ℝ𝑛 ∣ dist(𝑥, 𝐺𝑡) ⩽ 𝑟}|| = 𝑛∑
𝑘=0

𝑟𝑛−𝑘𝜔𝑛−𝑘Φ𝑘(𝐺𝑡, ℝ
𝑛) for 𝑟 ⩽ 𝑡,

where 𝜔𝑘 is the measure of the unit ball in ℝ𝑘 and Φ𝑘(𝐺𝑡, ⋅) is the 𝑘-th curvature measure associ-
ated with𝐺𝑡 defined in [16]. Moreover, from the convergence of𝐺𝑡 toΩ in the Hausdorff distance,
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we also deduce that

Φ𝑛−1(𝐺𝑡, ℝ
𝑛) → Φ𝑛−1(Ω,ℝ

𝑛) as 𝑡 → 0.

As a consequence, we conclude that

𝑛−1(Γ𝑡) → Φ𝑛−1(Ω,ℝ𝑛) as 𝑡 → 0.

See also Corollary 4.33, Proposition 7.1, Theorem 7.3 and Lemma 7.5 in [21] for further details.
Therefore, taking the limit in (6.8), we get the desired conclusion. □

We are finally in a position to prove Theorem 1.5. We will highlight only the necessary modifi-
cations with respect to the proof of Theorem 1.3 in Section 4. The proof of Theorem 1.6 is omitted,
as it proceeds analogously, relying instead on (2.3).

Proof of Theorem 1.5. An inspection of the proof of Theorem 1.3 reveals that the uniform interior
sphere condition is required only in Proposition 4.2 to establish (4.6) and (4.9).
Naturally, (4.6) can be simply replaced with the weaker estimate (2.2). Proceeding in this way,

we obtain

∫Ω⧵Ω⋆ −𝑥1 dist(𝑥, 𝜕Ω)
2𝑠𝑑𝑥 ⩽

(diam(Ω) + 𝑟Ω)
𝑛+2𝑠+2

𝑐𝑛,𝑠 𝛾𝑛,𝑠(𝑛 + 2𝑠)

[𝑠𝑢]Γ𝑡 =∶ 𝐶1[𝑠𝑢]Γ𝑡 ,
which implies

|||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)2𝑠 > 𝛾}||| ⩽ 𝐶1𝛾 [𝑠𝑢]Γ𝑡 .
Moreover, we also have

|||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)2𝑠 ⩽ 𝛾}|||
⩽

||||{𝑥 ∈ Ω ∩ 𝐻⋆ ∣ −𝑥1 < 𝛾 1
1+2𝑠

}|||| + ||||{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾 1
1+2𝑠

}||||
⩽ diam(Ω)𝑛−1 𝛾

1
1+2𝑠 +

||||{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾 1
1+2𝑠

}||||.
We assume that 𝛾 ⩽ 1 and apply Lemma 6.2 to deduce that

||||{𝑥 ∈ Ω ∣ dist(𝑥, 𝜕Ω) ⩽ 𝛾 1
1+2𝑠

}|||| ⩽ 𝛾 1
1+2𝑠

[
1 +

2

𝑟Ω

]𝑛−1
Φ𝑛−1(Ω,ℝ

𝑛).

As a result, we get

|||{𝑥 ∈ Ω ⧵ Ω⋆ ∣ −𝑥1 dist(𝑥, 𝜕Ω)2𝑠 ⩽ 𝛾}||| ⩽ 𝐶2 𝛾 1
1+2𝑠
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with

𝐶2 ∶= diam(Ω)
𝑛−1 +

[
1 +

2

𝑟Ω

]𝑛−1
Φ𝑛−1(Ω,ℝ

𝑛).

By choosing

𝛾 =

(
(1 + 2𝑠)

𝐶1
𝐶2

) 1+2𝑠
2+2𝑠 [𝑠𝑢] 1+2𝑠2+2𝑠

Γ𝑡
,

we conclude that

|||Ω△Ω⋆
||| ⩽ 𝐶♯[𝑠𝑢] 1

2+2𝑠

Γ𝑡
,

where

𝐶♯ ∶= 4(𝑠 + 1)𝐶
1
2+2𝑠

1

(
𝐶2
2𝑠 + 1

) 2𝑠+1
2+2𝑠

.

Finally, since 𝐶2 ⩾ diam(Ω)𝑛−1, we can ensure that 𝛾 ⩽ 1 if we restrict ourselves to

[𝑠𝑢]Γ𝑡 ⩽ diam(Ω)𝑛−1(2𝑠 + 1)𝐶1
.

By setting

𝛾0 ∶= min

⎧⎪⎨⎪⎩min
{
1

4
,
1

𝑛

}|Ω|
𝐶♯
,

(
diam(Ω)𝑛−1

(2𝑠 + 1)𝐶1

) 1
2+2𝑠

⎫⎪⎬⎪⎭
and

𝐶♭ ∶= 4(𝑛 + 3)
𝐶♯ diam(Ω)|Ω| ,

we get the conclusion with

𝐶Ω ∶= max

{
2𝐶♭,

diam(Ω)

𝛾0

}
.

□
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