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1 | INTRODUCTION
Let Q C R" be an open, bounded set with outer parallel sets

I, :={x e R" | dist(x, Q) =t} witht >0,
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and consider the problem

(-A)*u=1 inQ,
(1.1)
u=0 in R" \ Q,
with the overdetermined Neumann condition
Nau=c, €R onT, (1.2)

for some t > 0. Here, for s € (0,1), (—A)* is the fractional Laplacian defined for u € CX(R") as

El

(=A)’u(x) :=c,q P.V./ u(x) — uly)

RA |x _ y|n+2s
with

. T(n/2+5)
=s(1—s)dsg /2 L2 "7
Crs s(1—s)dsm Tz —s)
and N is the non-local normal derivative given by

Nu(x) :=cn,s/wdy for x € R" \ Q,

Q |X _ y|n+2s

which was introduced by Dipierro, Ros-Oton and Valdinoci in [12]. Problem (1.1) is known as the
fractional torsion problem. It is easy to see that it admits a unique weak solution u € H5(R") - see
Section 2 - and its analytic and probabilistic properties have received extensive attention in recent
years. The local analogue of (1.1), the classical torsion problem

—Au=1 inQ,
1.3)
u=20 on dQ

has been analyzed by Serrin in his seminal paper [25] together with an overdetermination on the
normal derivative at the boundary, that is, with the overdetermined condition

u,=¢, <0 ondQ, 1.4)

where v denotes the exterior normal at the boundary. Serrin proved that if Q is a domain of class C?
such that there exists a classical solution u € C?(Q) n C! (Q) to the overdetermined problem (1.3)-
(1.4), then Q must be a ball. Later, Aftalion, Busca and Reichel [1] performed a quantitative
analysis of the moving plane method to establish a stability counterpart to Serrin’s result, which
was further refined in [7].

On the other hand, Ciraolo, Magnanini and Sakaguchi [6] investigated (1.3) in the setting of
the interior parallel surface. Specifically, they imposed the condition that u is constant on a sur-
face parallel to dQ and contained within Q, also addressing the stability result for this problem.
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 30f34

In particular, they considered domains of the form Q = G + Bg(0), with 3G of class C!, and the
overdetermined condition

u=c¢, ondgG, (1.5)

proving that if there exists a classical solution u € C2(Q) N C°(Q) to the problem (1.3) with the
overdetermined condition (1.5), then Q and G must be concentric balls. See also [26] for the
symmetry result.

The fractional torsion problem (1.1) has also been studied in the literature with various types
of overdetermined conditions distinct from (1.2). First, Fall and Jarohs [15] examined it together
with a condition on the fractional normal derivative of u along dQ - that is, a condition analogous
to (1.4). Specifically, they considered the fractional normal derivative

u(x — tv(x))

@yu),(x) 1= — tl_i}r(1)1+ ;

for x € 9Q,

where v denotes the exterior normal, and they showed that, among all smooth bounded open
sets Q, balls are the only ones for which the solution u to (1.1) satisfies the overdetermined
boundary condition

@,u);=c, <0 ondQ.

Subsequently, Dipierro, Poggesi, Thompson and Valdinoci [10] established the quantitative
counterpart of their result.

Moreover, Ciraolo, Dipierro, Poggesi, Pollastro and Valdinoci [4] investigated (1.1) in the set-
ting of the interior parallel surface - that is, under the overdetermined condition (1.5). Further
developments concerning this type of overdetermination were later achieved by Dipierro, Poggesi,
Thompson and Valdinoci [9, 11].

Despite the extensive literature on the topic, the problem under examination differs from
previous works in two key aspects. First, the overdetermined condition (1.2) does not appear
to have been investigated before. Second, while we consider a parallel surface-type overdeter-
mination, our prescribed surface lies in the exterior region of Q. This distinction introduces
significant difficulties compared to [4, 6, 9], particularly when applying the moving plane
method.

In contrast to the works [4, 6, 9], our problem (1.1)—(1.2) is more closely related to an exterior
problem. It is therefore worth noting that exterior overdetermined problems have already been
studied in the local setting. For instance, Reichel [22, 23] adapted the method of moving planes
to address Serrin-type problems on exterior domains. However, in those cases, the overdetermi-
nation is imposed on 0Q, which makes our problem fundamentally different from those in [22,
23]. A second crucial difference between our problem and an exterior problem is that, in our case,
the equation for u holds only in Q. As a result, the idea of reduced half-spaces developed in [23]
is not suitable for the present setting. This distinguishes the present paper also from the work of
Soave and Valdinoci [27], who also employed the idea of reduced half-spaces in the study of some
overdetermined exterior problems for the fractional Laplacian.

In the following two subsections, we present in detail the symmetry and stability results, along
with our main assumptions.
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40f34 | GATTI ET AL.

1.1 | Symmetry results

Aswe shall see in the following, the moving plane method for the overdetermined problem (1.1)-
(1.2) relies on specific assumptions on the geometry of Q and the distance parameter ¢ > 0. Thus,
before stating our first symmetry result, we recall the notion of sets of positive reach, introduced
by Federer in the seminal paper [16]. This concept is essential for formulating and clarifying
our assumptions.

For a non-empty set E C R", we denote by Unp(E) the set of all points x € R” for which the
projection

Mp(x) :={y € E | dist(x, E) = |x — y|}
is a singleton. Moreover, for x € E, we define
reach(E, x) :=sup{r > 0| B,(x) C Unp(E)}
and the reach of E as
reach(E) := )1622 reach(E, x).

If reach(E) > 0, we say that E is a set of positive reach, which necessarily implies that E is closed.
In the remainder of this paper, we shall consider (1.1), (1.8) and (1.10) on a regular open set Q C
R" whose closure Q has positive reach. Here, as usual, we call a set Q C R" regular open if Q
equals the interior of its closure. Moreover, a connected regular open set Q C R” will be called a
regular domain in the following.
‘We can now state our first result.

Theorem 1.1. Let QO C R" be a regular open, bounded set whose closure Q has positivereachrg > 0,
and let t € (0,rg). If the unique solution u € H*(R") of the fractional torsion problem (1.1) satisfies
the overdetermined condition

Nau=c¢, onT,

with some constant ¢, € R, then Q is a ball.

It is well-known - see, for instance, [14] - that, for Q = B,(x,) where r > 0 and x, € R", the
solution to (1.1) can be computed explicitly and is given by

B0 = 7 (77 = [ =30

S
’
+

with

4-5T(n/2)
Vs

T T2+ )T +s) (1.6)

Since 9 is radial, it immediately follows that N3 is constant along every parallel surface to 6Q.
Therefore, the converse of Theorem 1.1 also holds.

- 19 3PWIIN AQ 65T0Z SWIA/ZTTT 0T/I0PALIOD A| 1M AReIq1[BUIUO"I0SUTRWPUO /SNy WOI) Papeoumoq ' ‘9202 ‘XyvZ09vT

100 pUe SWd | 3U) 89S *[9202/70/ET] U0 Akeiqi18ulIuO ABIIM *BI1IA 1A 1PNIS 1IBeaeIseAlIN

R Areiq|

85UBD1 7 SUOWILLIOD 3A 11D 3ol jdde au Aq peusenob ae sapiie YO ‘88N Jo se|ni Joy Ariqi78uluo A8 |IMm uo



FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 50f34

The proof of Theorem 1.1 proceeds via the moving plane method and shares some features with
that of the non-local Alexandrov’s theorem established by Cabré, Fall, Sola-Morales and Weth [3],
as well as by Ciraolo, Figalli, Maggi and Novaga [5] at the same time.

In order to carry out the moving plane method, it is essential to note that, for a fixed t > 0, the
outer parallel set I', can be written as I', = G, with

G, :={x e R" | dist(x, Q) < t}. 1.7

Moreover, the assumption t < r guarantees, by Theorem 4.8 in [16], that dG,; is at least of
class C1'1. Thus, the set G, has sufficient regularity to ensure the geometric features of the critical
position in the moving plane procedure. See, for instance, Section 5.2 in [18] for details.

We also note that, by Remark 3.2 in [20], the projection IT defines a retraction of G, onto Q.
It then follows that the fundamental and homology groups of G, are finitely generated. As a
consequence, Qand R" \ Q only have finitely many connected components.

Finally, we note that the assumption ¢ < r, is fundamental for using an equation on Q within
the moving plane machinery, as will become clear in Lemma 3.1 and the explanation preceding
it. For an example where these assumptions are violated, resulting in an undesired configuration,
see Figure 2A.

Remarkably, we observe that no restriction on ¢ > 0 is necessary within the class of convex
domains. Indeed, if Q is a convex domain, then Q isregular and r, = +o0. Thus, any outer parallel
surface to 0Q is admissible in this case.

We also extend our analysis to a more general class of problems, specifically considering the
equation

(=AYu=fw) inQ,

u=0 inR"\ Q, (1.8)
u>0 in Q,
where
f110,400) - R with f € C([0, +00)). (1.9)

In this case, we will prove the following theorem.
Theorem 1.2. Let Q C R" be a regular open, bounded set whose closure Q has positive reach r¢, >
0, and let t € (0,rp). If f satisfies (1.9) and there exists a solution u € H¥(R") N L*(R") to (1.8)
satisfying the overdetermined condition
Nau=c¢, onT,

with a constant ¢, € R, then Q is a ball.

To maintain clarity, we present the proof of Theorem 1.1 in full detail before addressing The-
orem 1.2 in Section 5. Indeed, the proof of Theorem 1.1 already brings out the key structural
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60f34 | GATTI ET AL.

similarities and differences with respect to [3, 5, 15], while the argument for Theorem 1.2 consists
mainly of a technical adaptation of the previous one.

1.2 | Stability results

Once the symmetry result has been established, it is natural to address its quantitative counterpart.
The main question is whether N,u being almost constant along I, implies that Q is close to being
a ball. As in [1], the deviation of Q from being a ball is measured using the deficit

p(Q) :=inf{R —7 | B,(x) C Q C By(x) forsomex € Q},

while the discrepancy of N u from being constant along T, is quantified by the semi-norm

[NU]F = sup |Nsu(x)_~/\fsu(y)|
s L .

x,y€Ty |x - .V|
x#£y

Our first stability result provides a quantitative bound for p(Q) in terms of [N Su] T, and is as
follows.

Theorem 1.3. Assumethatn > 2orn = 1lands > 1/2. Moreover, suppose that Q C R" is a regular
open, bounded set satisfying the uniform interior sphere condition with radius t, > 0, and that Q has
positive reach rg > 0. Then, the unique solution u € H5(R™) of the fractional torsion problem (1.1)
satisfies

1

p(Q) < C[J\/‘su]lz_?

foreveryt € (0,rg), where

1+s
i L/ C, \2s
C = 16(n + 3)(s + 2) A Czﬂ( ) >2+ ,

t} |B1] I \s+1
_ (diam(Q) + ro)" >+

n |B;| diam(Q)"
v CnsVns ri—;(” + 23) ’

-1
2n=trg

, C, :=diam(Q)"! +

It is worth noting that, since we assume that Q is a set of positive reach satisfying the uniform
interior sphere condition, it must also satisfy a uniform two-sided sphere condition and hence be
of class C!. See, for instance, Section 2 in [8] for more details.

Also in this case, we can extend the previous stability result to a more general class of problems.
Specifically, we have the subsequent theorem.

Theorem 1.4. Assume that n > 2 or n =1 and s > 1/2. Suppose also that QO C R" is a regular
open, bounded set satisfying the uniform interior sphere condition with radius to > 0, and that Q
has positive reach rq > 0. Moreover, let [ satisfy (1.9) and f(0) > 0. Then, for every non-trivial
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 7 of 34

T

FIGURE 1 The plane stops upon touching Q, so Q, = @. At the critical position, both Case 1 and Case 2
occur simultaneously.

solution u € HS(R") N L*(R") to

(-M'u=f(w) inQ,
u=20 inR"\ Q, (1.10)

uz0 in Q,

andeveryt € (0,rg), we have

p(Q) < C[Nsu]li_f,

where C,C, > 0 are as in Theorem 1.3, and

C oo diam(Q)n+2s+2
YT, O ) (n+2s)’

with C' > 0 given by (2.4) below.

To maintain parallelism, the proof of Theorem 1.4 is also postponed to Section 5, as it is a
variation of the previous argument, making use of tools developed in [9].

It should not be surprising that the uniform interior sphere condition is assumed in Theo-
rems 1.3 and 1.4, since, as far as we know, all available stability results in the context of fractional
overdetermined problems rely on regularity assumptions of this type. However, in view of our
symmetry results, it is reasonable to expect, in this context, stability also for a larger class of
domains, including general convex domains and Lipschitz domain with corners, such as that
in Figure 1. Since the interior sphere condition enters in an essential and quantitative way in
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8of34 | GATTI ET AL.

Theorems 1.3 and 1.4, we need a new approach to deal with such more general domains. In Sec-
tion 6, we present a possible approach to remove the interior sphere condition at the cost of a
reduced stability exponent. Specifically, we will prove the following results for general bounded
regular domains whose closures have positive reach.

Theorem 1.5. Assume thatn > 2, let O C R" be a regular bounded domain, and suppose that the
closure Q has positive reach rq, > 0. Then, the unique solution u € H*(R") of the fractional torsion
problem (1.1) satisfies

1

p(Q) < Cq [Nsu]f?

for every t € (0,r), where

2s+1 1
3 1) L C 2+42s 2s+1)C 2425
Cq ::max{32—(n+ )s + )C“ZS(—2 > ’ ,<—( )Gy > ’ }diam(Q),

Q| 1 2s+1 diam(Q)n-1
diam(Q) + r n+2s+2 n—1 _
1= ( (@ +ro) , Cy:i=diam(Q)" ' + |1+ 2 @, ,(Q,R").
Cn,s Vn,s(n + 25) ro

Here, cp,,_l(ﬁ, -) denotes the (n — 1)-th curvature measure associated with Q - see [16].

Theorem 1.6. Assume that n > 2, and let Q C R" be a regular domain whose closure Q has posi-
tive reach rg > 0. Moreover, let f satisfy (1.9) and f(0) > 0. Then, for every non-trivial solution u €
HS(R™) N L*®(R") of

(—8)’u=f inQ,

u=0 inR"\ Q,

uz0 in Q,

we have

1

p(Q) < Cq [Nsu]l?

foreveryt € (0,rq), where Cq,, C, > 0 are as in Theorem 1.5, and

_ (diam(Q) + ry)" 2
VT, C'(n+2s)

s

with C' > 0 given by (2.4) below.

We conclude by noting that, beside the fact that Qhas positive reach, no regularity assumptions
are imposed on dQ in Theorems 1.1, 1.2, 1.5 and 1.6. To the best of our knowledge, in the context
of local Serrin-type problems, the most refined result in terms of domain regularity has recently
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 9 of 34

been obtained by Figalli and Zhang in [17]. More precisely, they adapted Weinberger’s proof [29]
to bounded, indecomposable sets of finite perimeter satisfying a density condition - a class that
includes Lipschitz domains - by exploiting techniques from Geometric Measure Theory.

Very recently, Domingo-Pasarin and Ros-Oton [13] provided an alternative proof of Serrin’s
result for Lipschitz domains by establishing the smoothness of Lipschitz free boundaries for weak
solutions to a one-phase Bernoulli problem. Exploiting this fact, they showed that a Lipschitz
domain supporting a weak solution to Serrin’s problem (1.3)-(1.4) is actually smooth, together
with the corresponding solution, so that Serrin’s original result [25] applies.

Therefore, the absence of specific regularity assumptions in our setting appears to be a
genuinely non-local phenomenon.

1.3 | Structure of the paper

In Section 2, we collect some preliminary results on the fractional setting and closed sets of positive
reach which will be used later. In Section 3, we then introduce a key notation related to a variant
of the moving plane method which we use, and we complete the proof of Theorem 1.1. Section 4
is devoted to the proof of the stability result given in Theorem 1.3. Here, we use the notation and
some inequalities from the previous section, and we perform a refined analysis to get the necessary
quantitative information. In Section 5, we then prove some extensions of Theorems 1.1 and 1.3
to the semi-linear setting, as stated in Theorems 1.2 and 1.4. Finally, in Section 6, we prove the
stability results, given in Theorems 1.5 and 1.6, under significantly weaker regularity assumptions
on Q.

2 | PRELIMINARIES

This section is divided into three brief subsections, where we collect some notions and results that
will be used later.

2.1 | Fractional setting
Letn > 1and s € (0,1). The fractional Sobolev space H5(R") is defined as
HR" 1= {1 € PR | gy < +00 |,

where [-]s(wny is the Gagliardo semi-norm given by

() —u)|” u(y)l
[u]HS(R”) '/[R" /R” |x y|n+2s

Furthermore, for u, v € H*(R"), the bilinear form associated with the fractional Laplacian is given
by

£(u,v) 1= / / (u(x) —u@NEE) ~v®)
R? JRn

|x y|n+2s
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10 of 34 | GATTI ET AL.

For any arbitrary open, bounded set QO C R", we also define the space
Hy(Q) :={ue H'R") |u=00nR"\ Q}.

For g € L?(Q) and ¢ € L®(Q), we say that a function u € H3(R") satisfies
(—A’u+cu=g inQ

in weak sense if

E(u, ) + / cupdx = / gpdx forall ¢ € Hy(Q).
Q Q

Moreover, we say that u satisfies the inequality

(-AY’u+cu>g inQ

in weak sense if
E(u,¢) + / cupdx > / g¢dx for all non-negative ¢ € Hy(Q),
Q Q

and we use the same notation for the reversed inequality sign.
In particular, we see that weak solutions u € H5(R") of (1.1) are precisely the critical points u €
HS(Q) of the strictly convex and coercive functional

J € C'(H(Q),R), T =3 Euw) - / udx.
Q

Note here that the coercivity of 7 follows from the fractional Poincaré inequality since Q is
bounded. Hence, .J has precisely one critical point which is the global minimum of .7, and
therefore (1.1) has a unique solution.

2.2 | Remarks on solutions to the overdetermined problems

The unique solution u € H5(R") to (1.1) must be of class C*(Q) N L*(R"), as follows from Propo-
sitions 2.2 and 2.3 of [24], the bootstrap argument and Claim 2.8 in [24]. Furthermore, if we
assume that Q is Lipschitz and rg, > 0, then we also get that u € C5(R") by Proposition 1.1 in [24].
Moreover, we have

u>0 inQ. 2.1

In fact, this follows without any regularity assumptions on Q. More precisely, by Lemma 5.3 in [4]
- which is an application of the weak comparison principle in [15] - we obtain

u(x) > 7, dist(x,6Q)*  for every x € Q. (2.2)
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 11 of 34

Regarding the regularity of solutions u € HS(R") N L*°(R") to (1.8) under the assumption (1.9),
Propositions 2.2 and 2.3 in [24], together with a possible bootstrap argument, imply that u €
Cx+1-¢(Q) with € € (0, 2s) and 2s — € & Z. See, for instance, Remark 4.1 in [9] for details.

Furthermore, for non-trivial bounded solutions to (1.8) under the hypothesis (1.9), if we
additionally assume that f(0) > 0, then Proposition 3.1 in [9] ensures that

u(x) > C'dist(x,3Q)* for every x € Q, (2.3)

where

/. C"’S : 2s -1
C' = (1+dlam(Q) ”f”CO,I([O,”u”L‘X’(R")J)) ’

max {1, diam(Q)}"**
u(x)
. — - d .
<f(0)+/w o x) 2.4)

for some C,, ; > 0. Observe that C’ > 0 since u is non-trivial. In particular, this implies that the
positivity condition in (1.8) can be relaxed to u > 0.

Finally, we observe that, from (2.1) or the positivity assumption in (1.8), and taking advantage
of the Dirichlet conditions in (1.1) and (1.8), it follows that

Ngu(x) = —c, /Q % dy <0 forall x € R" \5, (2.5)

which, in turn, implies ¢, < 0in (1.2).

2.3 | The tangent and normal cones
We recall some geometric notions, introduced by Federer in [16], which are needed in
the following.

For E C R" and x € E, we denote by Tan(FE, x) the set of all tangent vectors of E at x, consisting

of all u € R" such that

either u = 0 or there exist sequences {x; };, C E \ {x} and {r; }; C (0, +0)
such that x;, - x and ri (X, —x) > uask - +oo.
The set Tan(E, x) is a closed cone called the tangent cone. Its dual cone, defined by
Nor(E,x) :={v e R" |u-v < 0forall u € Tan(E, x)} (2.6)
is called the normal cone.
The following lemma collects two useful results, which can be found in Theorem 4.8 of [16], in

Proposition 3.1 of [20] or in Corollaries 4.6 and 4.12 of [21].

Lemma 2.1. Assume that E C R", x € E and reach(E, x) > 0.
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12 of 34 | GATTI ET AL.

(1) Ifv € Nor(E,x)and y € E, then

2
ly — x|~ [v]

(y — -
0y =x) 2reach(E, x)

(2) Nor(E, x) is non-trivial, meaning that {0} C Nor(E, x) ¢ R", ifand only if x € E.

3 | PROOF OF THE SYMMETRY RESULT FOR THE TORSION
PROBLEM

In this section, we will provide the proof of Theorem 1.1. Let Q C R", u € H¥(R") and t € (0,7q)
satisfy the assumptions of this theorem. With the help of the moving plane method, we shall prove
in the following that there exists 4, € R with the property that Q is symmetric with respect to the
reflection across the hyperplane {x € R" | x; = 1, }. Of course, by the rotational invariance of the
problem, we can replace the e, -direction by any other direction in this argument, and a standard
procedure then yields that Q must be ball.

In order to perform the moving plane method in the e, -direction, we need some notation. First,
since t € (0, rg) is fixed, we shall simply write G for the set G, defined by (1.7) in the following.
For a given 1 € R, we also define the sets

H/l :={x€|R"|x1>/1}, Tﬂ. :={x€[R”|x1 =/1}, Q/l Z=QnH/1, G/l :=GOHA.
Moreover, we indicate the reflection of a point x € R" across the hyperplane T; by
0 (x) i==x4+2(Ad —e; - x)e; = (21 — X1, Xy, ..., Xp).
We also denote by
0t :=0,(Q), G':=0;(G) and H* :=0,(H) ={xeR"|x; <}

the reflections of Q and G across the hyperplane T, respectively, and we set

A ._ 0ok 1 Ao d 2

Q =Q"nH", Gy :=G'nH"

Finally, we write

uy(x) :=u(o,(x)) forx e R™
Setting A := sup{x; | x € G}, we then define the critical value associated with the e, -direction as

A, ::inf{/leRlG” ngorall,ue(/l,A)}. 31

For simplicity, we shall replace 4, by x in the notation introduced above, so we write
H,, Ty, Qy, Gy, 04, QF, G*, H*, QF, Gf; and u, in place of H; , Ty, Q;, Gy, 04, Qtx,
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 13 of 34

La) An example where dG is too far from (b) An example where Q is not entirely
Q. The point zp € dG has two projections contained in Q: the orange region belongs to
on Q, and 8G is not even C'. Q7 but not to Q.

FIGURE 2 Anexample in which our assumptions on Q and G are violated.

G, H?+, Q/I*, G;{* and Uy, - We refer to this situation as the critical position, and we call T, the
critical hyperplane.

From the definition of 1, , we deduce the inclusion GI’fI - 5, which then yields

GI’; CG (3.2)

since G is of class C™! and therefore regular open. Moreover, it is well-known - see, for
instance, [18, Section 5.2] for a proof - that the critical position 4, gives rise to one of the following
key geometric implications:

Case 1 there exists a point x, € dGNAG* N H*, called an interior touching point for the
inclusion (3.2);

Case 2 there exists a point x, €T, NdGNIG* with e; €T, 0GNT, dG*, called non-
transversal intersection point. Here, T, dG and T, dG* denote the tangent spaces of G
and 0G* at x,, respectively.

While it is easy to see that the definition of 1, implies that G, # @, this property fails in general
for Q. We will therefore distinguish the cases

Q. =0 and Q. +#0

at some places in the following arguments. We refer to Figure 1 for an example of a regular open
set Q whose closure has positive reach and for which Q, = @.

In addition to the inclusion (3.2) which readily follows from our definition of 1,, we also
need the inclusion Q;I C Q, since we do not have an equation for the difference function u — u,
in QF, \ Q. Figure 2 illustrates that this inclusion property does not hold in general. However, as
noted in the subsequent key lemma, our assumption ¢ € (0, ) implies the required inclusion.
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This result is purely geometric and not related to the equation under consideration, moreover we

believe it could be of independent interest.

Lemma 3.1. Let Q C R" be a regular open, bounded set whose closure Q has positive reach rg > 0,
lett € (0,rg) inthe definition of G = G, in (1.7), and let 1, be the critical value defined in (3.1). Then,

we have

*
QHQQ.

Proof. Since Ql*i # @ is an open set, it suffices to prove that Q;I - 5, because then it follows that

Q;I Cc int(ﬁ) = Q since Q is regular open.

Suppose, for contradiction, that there exists a point x € QI*—I \ Q. We write x = o,(&Hwithé e

Q, CQandsetd, :=§;,sothat§ €T, .
Since Q is open, there exists € > 0 such that

0,(§)€Q forue(d —e ]
We now define

A i=inf {1 eR |0, (&) e Qforallu € (1,4,]}.

By this definition, together with (3.3) and the fact that x = o, (§) ¢ Q, we obtain

Ay <Ay <4
and

Xy i=0;,(§) €90 QF.

(3.3)

(3.4)

(3.5

Moreover, since x, + se; € Q for small s > 0, it follows that e; € Tan(ﬁ, X,)- Let v be a unit
vector such thatv € Nor(Q, x;)), which exists by point (2) in Lemma 2.1. Then, Federer’s inequality

from point (1) in Lemma 2.1 shows that
1y = xol°

forally € Q.
2rg

v-(y—xp) <

Consequently, for y € Q \ {xp}and 7 € (0, rq), we have that

T
|x0+rv—y|2=T2+|y—x0|2—2w-(y—xo)>rz+<1—r—>|y—x0|2>12.

Q

Thus, |x, + v — y| > T = dist(x, + TV, X)), which implies that

dist(x, + ‘L'v,ﬁ) =1 fort € (0,rq).

(3.6)
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 15 of 34

Furthermore, since e; € Tan(ﬁ, Xp,)andv € Nor(ﬁ, X,), we obtain from (2.6) thatv; = v -e; <0.
Combining this with (3.5), we deduce that

Xo+tv € HY2 forallz > 0. 3.7
Since t < rq in the definition of G, (3.6) and (3.7) yield
Xo + tv € 3G N H™. (3.8)

Moreover, since Q is open, & = 92, (xy) € Q, and O'/IZ(U) is again a unit vector, we also find that
dist(c/lz(xo + tv), Q) = dist(§ + to/lz(v), Q) < ’g + tc,lz(v) - §| =t

and therefore 0, (X, + tv) € G, which implies that

Xo+ U E G". (3.9
Combining (3.8) and (3.9) gives x, + tv € G nH" = Gﬁ and x, + tv € 4G. This is impossible
by the definition of 1, since, from (3.4), we know that 4, > 4, and G is open. Hence, we have
arrived at a contradiction, thereby concluding the proof. O
Remark 3.1. In light of Lemma 3.1, we also notice that A, > —o0, and that the procedure cannot

terminate after fully passing through Q. In other words, it is impossible that @ # Q =Q, CH,,
since in that case we would have @ # QI’:[ C Q C H, by Lemma 3.1, leading to a contradiction

withH, NnH* = @.
Before we complete the proof of Theorem 1.1, we note the following simple but useful fact.

Lemma 3.2. IfQ, Q' C R" are regular open sets with |Q| = |Q'| < +oo and |Q \ Q'| = 0, then we
have Q = ().

Proof. We first note that |Q \ QI<|Q \ Q'| = 0, which implies that Q \ Q' = @, since Q \ Qs

an open set. Thus, we have Q C Q/, and therefore also
QCint(Q) =0/,

as Q is open and Q' is regular open. To show the inclusion Q' C Q, we can argue in the same way
after noting that also

\Q =1Q-1anQ|=1Q-|1QnQ|=|Q\ Q| =0.
Hence, the claim follows. O

We are now in a position to prove Theorem 1.1.
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16 of 34 | GATTI ET AL.

Proof of Theorem 1.1. To begin, we observe that Q can be decomposed, up to negligible sets, as

Q=(Q\0*)u(QnQ*) with QnQ*=0Q,uQ. (3.10)
To see the second identity in (3.10), we note that the inclusion QN Q* C Q, U QI’:I follows readily
from the definition of these sets, while the inclusion Q, U Q;I C QN Q* is a consequence of
Lemma 3.1. Moreover, we introduce the function

v, :=u-—u, € H'R"), (3.11)
which is anti-symmetric with respect to T, that is, v, (o, (x)) = —v,(x) for every x € R". We
claim that

v, >0 inH*. (3.12)

This is clear if Q;I = @, since in this case Q C H* and therefore v, = u > 0 in H*. In the case
where Q;I # @, it follows, since Q;I C Qby Lemma 3.1, from (1.1) that the function v, satisfies

(=A)Yv, =0 inQ%,,
H
(3.13)
v, >0 inH*\ Q}‘_I

Notice that the second inequality in (3.13) holds because, by (1.1) and (2.1), u > 0 in R", u, =0
inR"\ Q* and H* \ Q;I C R" \ Q*. By the weak maximum principle of Proposition 3.1 in [15],
we then deduce that v, > 0in Q;I and therefore (3.12) also holds in this case.

Next we note that, since x, € dG N dG* in both Case 1 and Case 2, by (1.2), we have

Nau(x,) = ¢, = Ngu,(x,), (3.14)

where N,u is given by (2.5) and N u, is coherently given by
.N- u*(}’) n\ yx
U (X) = —c, —————dy forallx € R"\ Q*. (3.15)
’ Q* |X _ y|n+ N

By (3.14), we deduce, using a change of variables, that

Q |x, =y o* |x, —y|

1 1
= u(y)l - ]dy =1
/Q |X* _ y|n+28 |x* _ o_*(y)ll’l+28

Now, we first consider Case 1, so we have x, € H*. This implies that

(3.16)

|xy —y| < Ixy —o,(y)| forally e H*. (3.17)
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION 17 of 34

Using the decomposition in (3.10), we can now write I = I; + I, with

1 1
I, := / u(y)l — ]dy (3.18)
Q\Q* |x* _ y|n+28 |x* _ J*(y)|n+2s

and

1 1
I, I=/ u(y)l - ]dy
Q*UQ* |x* _ y|n+25 |x* _ O_*(y)|n+25

H
1 1
= U, (¥) l > > ] d
/qu [ =y e — o
Here, in the second equality, we used the fact that Q;I =0,(Q,), and that the kernel function
1 1
= n+2s - n+2s
|x* _y| |x* _U*(Y)l

is odd with respect to the reflection o, . Since Q \ Q* C H* up to a set of measure zero and, by (2.1),
we have u > 01in Q, we deduce from (3.17)—(3.18) that either |Q \ Q*| = 0 or I; > 0. Moreover, we
have I, > 0 by (3.12) and (3.17).

As a result, we conclude from (3.16) that |Q \ Q*| = 0 and therefore Q = Q* by Lemma 3.2.
So, Q is symmetric with respect to the reflection o, .

We then proceed to Case 2. Since x, € T, N3G NIG* is well detached from Q and QF, it
follows that Mu and Nu, are of class C*(B,(x,)) for some small r > 0. Moreover, given a
direction w € $"1, we have

_ u(y)
8, Nsu(x) = ¢, 5(n+ 23)/Q W(x —¥)-wdy,

u, (y)

R edy forallx € B

9, Nguy (x) = ¢, ((n + 2s)/
Q

Because e; € T, dG NT,, 0G*, Nu is constant along 0G, and Nu, is constant along 6G*, we
have

0., Nju(x,) =0=0, N, (x,).

As a result, we deduce that

u(y) / u, (y)
0= ——2  (x, —y)-e;dy— — *~  (x,—V)-e d
/Q |X*_y|,,+2S+2(x* y)-e dy o |x*—y|”+2S+2(x* y)-e;dy

u(y) u, () .
- [ s -w- | o e~ =i

|x* _y|n+25+2 « |x* _

(3.19)
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Since x, € T, , we also have
lx, — o, = |x, — | forally € R".

Thus, changing variables, we find that

u(y) u(y)
I= / n+2s+2 (s —ypdy + / 2512 (A —ypdy
Q |x* _y| Q |x*—o*(y)|

u()
=2/ ————— (A, —y)dy.
Q |x* _y|n+25+2 * 1

Exploiting again the decomposition made in (3.10), we write J = J; + J, with

u(y)
J =2 / — M4, —y)dy (3.20)
1 o0+ |x _y|n+2s+2 * 71
and
u A=y _
Jp = 2/ %@* —ydy = 2/ 04 () : n+125+2 dy.
Q.uay; |x, -yl o s =

Recall here that Q \ Q* C H* up to a set of measure zero, while 1, —y; > 0fory € H* andu > 0
in Q, thanks to (2.1). Thus, from (3.20), we deduce that either |Q \ Q*| = 0 or J; > 0. Moreover,
we have J, > 0 by (3.12) and since Q¥, C H*. As a consequence, (3.19) implies that |Q \ Q*| =0,
and therefore Q = Q* by Lemma 3.2. So also in this case we conclude that Q is symmetric with
respect to the reflection o, .

As noted at the beginning of this section, the direction e; can be replaced by any other direc-
tion in the argument above. Then, it easily follows that Q must be a ball, thereby concluding the
proof. O

Remark 3.2. We emphasize that our proof relies only on the weak maximum principle for
anti-symmetric functions applied to the comparison function defined in (3.11), and not the
strong maximum principle. This potentially allows the extension of Theorem 1.1 to more general
operators in place of (—A)’ that do not enjoy the strong comparison principle.

4 | PROOF OF THE STABILITY RESULT FOR THE TORSION
PROBLEM

In the following, we will continue to use the notation introduced in Section 3 while applying the
moving plane technique.

Firstly, we establish the subsequent result, which is needed to derive the uniform stability in
one direction - the content of Proposition 4.2.

Lemma 4.1. Assume that n > 2 or n =1 and s > 1/2. Suppose also that Q C R" is a regular
open, bounded set whose closure has positive reach ro > 0, and let t € (0, rg). Moreover, for a given

- 19 3PWIIN AQ 65T0Z SWIA/ZTTT 0T/I0PALIOD A| 1M AReIq1[BUIUO"I0SUTRWPUO /SNy WOI) Papeoumoq ' ‘9202 ‘XyvZ09vT

10D pue SW.B | 84} 885 *[9202/v0/ET] U0 AriqI2UIUO AB|IM “BIIN 1A IPTIS 1IBeaeIsBAILN

R Areiq|

85UBD1 7 SUOWILLIOD 3A 11D 3ol jdde au Aq peusenob ae sapiie YO ‘88N Jo se|ni Joy Ariqi78uluo A8 |IMm uo



FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 19 of 34

direction w € S"1, let 1, be the critical value defined as in (3.1) with e, replaced by w, let T, be the
associated critical hyperplane, and let Q* be the reflection of Q across T . Then, the unique solution u
to (1.1) satisfies

(diam(Q) + rg)"T*+2
cn,s(n + 25)

/ dist(x, T, )u(x) dx < [.Afsu]r . 4.1
Q\o* t

Proof. Of course, after a rotation, we may assume w = e;. Thus, suppose that A, is the critical
value associated with the e, -direction. We define the function v, and the quantities I, I, I,,J, J;,
and J, as in the proof of Theorem 1.1 above, and observe that (3.12) still holds, that is, we have

v, 20 inH*, (4.2)
*

as this inequality only relies on the weak maximum principle and not on the overdetermined
condition (1.2). We now first consider Case 1. Recalling (3.15), a change of variables gives

Ny, (x) = Nu(o,(x)) forall x € R\ Q*.
Therefore, we can write
Nu(o,(xy)) = Ngulx,) = Nguy (x,) = Ngu(xy) = ¢, I =c, (I + 1)) (4.3)

By (3.17) and (4.2), we still have I, > 0. We now aim to estimate I;, arguing similarly to the proof
of Proposition 3.1 of [5]. Recalling that n > 2 or n = 1 and s > 1/2, by convexity, we have

1 B 1 1 B 1

|x* _ y|n+28 |X* _ o"k(y)|n+28 |x* _ y|n+23 |O'*(x*) _ y|
_ 1 <|O.*(x*)_y|>n+2s_1
|O'*(x*)_y|n+28 |x* _y|
n+2s

1 4(/1* - xi)(/l* - 1) 2
n+2s <1 + 2 -1

o) -y |x, — |

n+2s

N 2(n+28) (A, —xL) A — 1)
|ow ) =y ey =yl
N 2(n +25) (A, — X} ) (A — 1)
(diam(Q) + rg)"*+?

>0 foryeQ\Q*.

Here, xi denotes the first component of x, . Recalling (2.1) and (3.18), we deduce that

e 2Bk [ ), -y,
Q\Q*

7 (diam(Q) + ro) >+
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We also notice that |o, (x,) — x,| =2 (/1* - xi) As a result, from (4.3), we conclude that

NSM(G*(X*)) - Nsu(x*) S Cn,s(n + 2S)

|O'*(x*) - X*I ~ (diam(Q) + rQ)n+2s+2

/ Uy — y1)dy.
Q\Q*

From the latter, (4.1) follows at once in Case 1.
We now proceed to Case 2. We start by observing that (o, (x) —y) -e; = —(x — 0,(»)) - e; for
X,y € R", and therefore

Oc, N = Cns 2 / “y) «(X)—y)-e d
Nsu(o, (%)) = ¢ 5(n + 25) Qlo*(x)_y|n+25+2(0 (x)=y)-e dy
u(y)
=—c,(n+2 —0,() e d 4.4
ersn+25) [ RO ad (4.4)
= (1 +29) 1 0) (x—) e dy
» o |o*(x) _O_*(y)|n+23+2
u, (y)
= —Cn,s(l’l + 2s) o Ix —y|n+2$+2 (x—y)-edy= _681 Nsu*(x)

for all x € B,(x,). Recall also that, in this case, x, € T, NdG N 6G;I and thus o, (x,) = x,.
Taking advantage of (4.4), we can write

20, Ngu(x,) =8, Ngu(x,) — 8, Nou,(x,) = ¢, (n+25)] = ¢, ((n+25)J; +J5).

As in the proof of Theorem 1.1, (4.2) yields that J, > 0. Moreover, by the definition of J; in (3.20),
we easily see that

2
Jy > / u(y)(, — y1)dy.
17 (diam(Q) + 1) Jarar o

Hence, we conclude that

Cp (N + 2s)

(diam(Q) + rg)" "> +?

8., Nyu(x,) > / uG)(Ay — y1)dy.
Q\Q*

from which inequality (4.1) also follows. O

We now plan to derive the uniform stability in each direction, that is, a quantitative estimate
for |Q A Q*|, from Lemma 4.1. This estimate is essentially contained in (4.1) through arguments
developed in [5], provided one can get rid of  in the integral on the left-hand side of (4.1). This
can, of course, be achieved by employing a quantitative version of Hopf’s lemma to obtain a lower
bound for u.

Once the stability estimate in one direction is obtained, the full stability result follows via a
well-established procedure introduced in [5].

The details of the implementation in our situation are as follows.
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 210f34

Proposition 4.2. Assume that n > 2 or n =1 and s > 1/2. Moreover, suppose that Q C R" is
a regular open, bounded set whose closure has positive reach ro > 0, and let t € (0,r). Finally,
assume that Q satisfies the uniform interior sphere condition with radius t, > 0. For a given direc-
tion w € S"7L, let A, be the critical value defined as in (3.1) with e, replaced by w, let T, be the
associated critical hyperplane and let Q* be the reflection of Q across T .. Then, the unique solution u
to (1.1) satisfies

1

lan o< Cyl Nl £,

with
1ts

C _2 2+—s C2 2+s
g o= (s+ 2)C1 S+l > (4.5)

(diam(Q) + rg)"T*+2

n |B,| diam(Q)"
Cns¥ns L“;)(n + 25) ‘

C, =
1 2n—1 Tg

, C, :=diam(Q)" ! +

Proof. Since Qs of class C! and satisfies the uniform interior sphere condition with radius o, > 0,
by Lemma 5.3 in [4], we have

u(x) >y, vy, dist(x,0Q)" forallx € Q, (4.6)

where 7, ; is defined in (1.6).
Possibly after a rotation and a translation, we can suppose that w = e; and A, = 0. Thus, (4.1)
reads as

(diam(Q) + rq)"+*+2
- dx < )
/Q\Q* 1 u(X) X cngs(n + ZS) [Nsu] Ft

From now on, we argue as in the proof of Proposition 4.4 in [9]. The latter inequality, together
with (4.6), yields

(diam(Q) + rg)" 2

CnsVns r?)(n + 25)

/ —x; dist(x, 0Q)*dx < [Vu] r,=:Ci [Vu] r, (4.7)
Q\Q*
Let y > 0 to be determined soon. Chebyshev’s inequality and (4.7) entail that
c
|{x € Q\ Q* | —x, dist(x,0Q)° > y}| < l/ —x, dist(x,3Q)*dx < — [Naulp .  (48)
Y Jo\o* Y t
In addition, we also have

|{x € Q\ Q* | —x, dist(x,dQ)° < y}|

1
{xea\Q | —x dist(x, 60 <7,—x, <y }‘
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+

1
{x e\ 0" | —x dist(x,00) <7,-x, >y }‘

<

1
{ernH*l—x1<ym}'+

1
{x € Q| dist(x,3Q) <y }‘
and

1 1
{x EQNH" | —x; < y1_+s} < diam(Q)" 1y,

trivially, while

n |B|diam(Q)"
< M)/H—s, (49)

2n|Q| L
< —y1+s

1
x € Q| dist(x,0Q) < 1_-H}
{ | dist( )<Y Tg P

by eq. (1.10) in [28] and Lemma 5.2 in [4]. Here, we also used the isodiametric inequality for the
last estimate. Hence, it follows that

L

yl+s = Czyﬁ_

B,|di Q)"
|{x € Q\ Q7 | —x, dist(x,0Q)° < V}| < <diarn(Q)"_1 + M)

2n-lrg
Coupling with (4.8), we get
(oh i
|Q\ Q*| < 7[./\[Su]rt + C2y1+s.

Minimizing over y, we conclude that

1+s

o\ | <G+ e (L) [WVyul 7
S Io\s+1 S
which, in turn, implies

(QAQ*

1
=2[Q\ 0*| < [Vl
t
where Cy > 0 is defined in (4.5). O

We are now in a position to prove that, for any direction, 1, must be close to the centre of approx-
imate symmetry, defined as the intersection of the critical hyperplanes associated with e, ..., e,.
This will be achieved by reasoning along the lines of Lemma 4.1 in [5].

Proposition 4.3. Assume thatn > 2orn = 1ands > 1/2. Moreover, let Q C R" be a regular open,
bounded set whose closure has positive reach rq > 0, and let t € (0, r,). Assume that Q satisfies the
uniform interior sphere condition with radius tg, > 0, and that the unique solution u of (1.1) satisfies

L (1 1) % lBil
Vel £ <7 = min {3,015

, (4.10)
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FRACTIONAL DIRICHLET PROBLEMS WITH AN OVERDETERMINED NON-LOCAL NEUMANN CONDITION | 23 0f34

where Cy > 0 is defined in (4.5). Moreover, denote with T; the critical hyperplane associated
with the direction e; and suppose that T; = {x € R" | x; = 0}, for every i = 1, ..., n. Finally, for a
direction w € S"1, let 1, be the critical value given in (3.1) with e, replaced by w, and let T, be the
associated critical hyperplane. Then, we have

Cy diam(Q)

a1
|44 < Gy [Nu] lits with  C, :=4(n+3) AT

Proof. Define Q :={—x | x € Q}. Since Q can be obtained by symmetrizing Q with respect to T;
fori =1,...,n, we deduce that

1

@ A G| <nCy [Nl (4.11)
t
by applying Proposition 4.2 with respect to the coordinate directions. See also the proof of
Lemma 6.1 in [4] for further details about the estimate in (4.11).
Fix w € $"~! and assume that 2, > 0, as the case 1, < 0 is analogous. We observe that

A, i=supi{x-w|x € Q} < diam(Q). (4.12)

Indeed, if A, >diam(Q) and x € Q, then x-w > A, —diam(Q) > 0. Consequently, we
have |Q AN ﬁ’ = 2 |Q] which, combined with (4.10) and (4.11), would lead to

0<2]Q| <nCyy, <ty By <19,

a contradiction. This proves the validity of (4.12).
We continue to use the notation introduced at the beginning of Section 3, with the direction e,
replaced by w. By Proposition 4.2, it follows that

1
Q@A Q| <Vl (4.13)
t

Recalling the decomposition Q = (Q \ Q*) U Q, U QF,, we deduce from (4.13) that

Iﬂ*uﬂ*| 1 - |Q\ Q*] 2
o, = —— = : > -lepa |>7—cﬁwsu]la+t. (414)
Moreover, setting
H, :={—x|x€H}={x|x w<-1,}, (4.15)
we find that (4.11) and (4.14) yield
=1 15 | 19l ™
)QnH*| = ‘QnH*| >Q,| - |QAQ’ > = = (n+ DG W] I (4.16)
t
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Exploiting (4.14), (4.15) and (4.16), we see that
xe Q-4 <x-w <A =101- |0,] - |@n | < (n+2)C; [Nl 2+*. (417)
Since this strip is the image of {1, < x - @ < 34, } through the reflection across T, , we have
xeQla, <x-w<34,}| = ‘{er* | Ix - @ </1*}’
<lxeq] |x-co|<l*}|+|QAQ*| (4.18)
L
< (n+3)Cy [Ny 12:“,
t

where we used (4.13) and (4.17).
We now partition Q into strips of width 21, , and we define

me={xeQ|Ck-DA, <x-w<k+DA,}| fork>1
We note that, by definition of the critical value A, , a parallel translation by the vector (¢’ — w)w

maps the set QN T, into the set QN T,,, for every 4, < 1 < u. Therefore, we deduce that the
sequence my is decreasing. Consequently, using (4.18), we find that

L
my < my < (n+3)Cy [Nu] 12:;‘ forallk > 1

Now, let k, € N be the smallest natural number such that (2k, + 1) 1, > A, hence

1

Q] <|Qn{d, <x ka\—<—+1>(n+3)Cﬁ[J\/’u] 2+s
Exploiting (4.12), we conclude that
|Q4 | s < (n+ 3)Cy diam(Q) [J\/su]?j .
Finally, by (4.10) and (4.14), we have

|, > M—CMN ]ﬁzr‘n"Bll fo %]
[

which yield the desired conclusion. O
We can finally prove the stability result for the fractional torsion problem.

Proof of Theorem 1.3. Up to a translation and a rotation, we may assume that 7; = {x € R" | x; =
0}, for every i = 1, ..., n. Moreover, we can suppose that (4.10) is in force. Otherwise, we trivially
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have
. Q L
0(Q) < diam(Q) < diam(Q) [Nu] .
Yo I
Define now

r :=min |x| and R := max |x|,
xX€0Q x€0Q

and let x,y € dQ be such that |x| = r and |y| = R. Notice that, if x = y, then Q is a ball and the
result is obviously true. Therefore, we may assume x # y and define
wi=2"" s,
ly = x|

Let T, be the corresponding critical hyperplane. The moving plane method entails that
dist(x, T, ) > dist(y, T,). (4.19)

Indeed, since x = y — tw with 7 = |y — x|, the critical position can be reached at most when g, ()
is tangent to x, which corresponds to the equality case in (4.19), while in all the other cases
strict inequality holds. See, for instance, Proposition 7 in [1] for more details. Therefore, we
get

R—r=|y| —|x| £2dist(0,T,) = 2|4,

Hence, by applying Proposition 4.3, we deduce that

1

p(Q)<KR-r< 2Cb[J\/'Su]fF.
‘

The conclusion follows with

C :=max {ZCb, dl%(m} = 2C,.
0

5 | GENERALIZATION OF THE SYMMETRY AND STABILITY
RESULTS

This section is devoted to the proofs of Theorems 1.2 and 1.4. As mentioned in the Introduction, the
arguments follow the approach of Sections 3 and 4, respectively, with technical variations already
introduced in [9, 15]. For completeness, we reproduce the necessary arguments here, emphasizing
only the modifications required to conclude the proofs in the generalized setting, as compared to
those of Theorems 1.1 and 1.3.

‘We begin with the symmetry result.
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Proof of Theorem 1.2. We adopt the notation introduced in Section 3. Since, by assumption u > 0
in Q, we only need to show (3.12), that is,

v, =0 inH* (5.1

to conclude in the same way as in the proof of Theorem 1.1.
In order to prove (5.1), we introduce, for any 4 € R, the function

(%] :=u—u/1,

so that v, = v, . By the definition in (3.1) and Lemma 3.1, it follows that Qf cQforallle
[1,,A). Thus, v; € HS(R") is an anti-symmetric solution to

(=A)v; +c,v, =0 inQF

H’
v =u in (QnHY)\ Qf,, (5.2)
v, =0 in H* \ Q,

where
_ fu) - fu(o;(x)))
¢, (x) = u(x) —u(o,(x))

0 if u(x) = u(o;(x)).

if u(x) # u(o;(x)),

Moreover, since u € L*°(R") and (1.9) is in force, we deduce that

oo A ;
c; € L¥(QF) with ||cﬂ||Lm(Q%)<||f||co,1([0,||u||m(w)]) forall € [1,,A).  (5.3)

Let /11(031{) denote the first Dirichlet eigenvalue of (—A)® in Q%I Then, by Theorem 1.1 in [30], it
follows that

2s
| "> 400 asi-—> A"

A A
L) > C’QH

Taking advantage of this and of the uniform bound in (5.3), the weak maximum principle of
Proposition 3.11in [15] implies that there exists a 1, € [4,,A) such that

v 20 inQp forall 2 € [2,,A)
and, by (5.2), also that
v; 20 in H* foralll e (4, A). (5.4)

Now, if x, € Q N H* and choosing 4, sufficiently close to A, we have o,(x,) ¢ Q for all 1 €
[4,, A). Thus, possibly taking a 4, closer to A, we obtain

0(xg) = u(xy) >0 foralld € [4,,A).
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Hence, from (5.4) and the strong maximum principle of Corollary 3.4 in [15], we conclude that
v >0 inQ} foralld €[4, A).
As a consequence, the quantity
i, = inf {u € [4,.A) | v; > 0in O forall 1 € [,u,A)} (5.5)

is well-defined. We aim to show that pt, = 4. This, together with (5.2), clearly implies the validity
of (5.1).

We proceed by contradiction and assume that u, > A,. By continuity, we have v, > 0in ok
and, by (5.2), also in H#*. Since u, > A1,, the previous argument, together with Corollary 3.4
in [15], entails that v,, > 0in Q”H* In light of (5.5), it follows that

{vﬂ*_g < O} N Q“H*_g #@ foralle € (0,u, —4y).

Let A, C QMH*_S be an open set such that {vu*_E < 0} n Q}‘{*_E C A,. Taking € > 0 sufficiently

small, we can choose A, so that |AE| is arbitrarily small. Therefore, applying Proposition 3.1 and
Corollary 3.4 in [15], we conclude that

Uy,—e >0 InA.
This leads to a contradiction with the definition of u, in (5.5).

Hence (5.1) holds and the remainder of the proof proceeds exactly as in the proof of
Theorem 1.1. O

We now turn to the stability result.

Proof of Theorem 1.4. As noted in Section 2, any non-trivial solution to (1.10), with f satisfy-
ing f(0) > 0, is such that u > 0 in Q. Moreover, thanks to the positivity of u, (4.2) follows as in the
proof of Theorem 1.2.

At this point, we only need to adapt the proof of Proposition 4.2. Since Q is of class C! and sat-
isfies the uniform interior sphere condition with radius t, > 0, the non-linearity f satisfies (1.9)
with f(0) > 0, and u is non-trivial, Corollary 3.4 in [9] yields

u(x) =’ rf, dist(x,0Q)° forallx € Q,
where C’ > 0 is the constant defined in (2.4). Hence, (4.7) follows with

_ (diam(Q) + rQ)'H'ZSJ“2

C; .
! Cn,s C' 2y, (n + 25)

From this point onwards, the proof proceeds exactly as in the previous argument. O
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6 | FURTHER STABILITY RESULTS

Before the proofs, we need the following lemma, which allows us to estimate the measure of a
half-tube lying in the interior of a sufficiently regular domain. This result may be of independent
interest.

Lemma 6.1. Assume that n > 2. Let Q C R" be a bounded domain with Lipschitz boundary such
that 3Q € W2"=1, Then, for any y > 0, we have

H_ n—1
{x € Q| dist(x,0Q) <7} € y/ [1 +y —] dH"™ L,
Q. n—1
Here, H_ denotes the negative part of the weak mean curvature of 0Q.

Proof. By Theorem 1 in [2], there exist a sequence of smooth bounded domains {Q,,},, and a
constant € > 0, depending only on the Lipschitz constant of Q, such that Q € Q,, and

@
dist,, (89, 89,,) < WQ for every m € N. (6.1)

Moreover, if R, € (0,1) denotes the radius of graphicality of dQ, there exist a finite number of
local boundary charts {qb‘} and {y! } describing dQ and 8Q,,,, respectively, such that for
everyi = 1,...,N, the maps l,bjn are smooth and defined on the same reference system as ¢'. Finally,
we have

P —> ¢! inW>(B) asm > +oo, (6.2)

where R :=Rq —¢j, € € (0,R,/2) being a fixed constant, and Bj denoting the (n—1)-
dimensional ball centred at the origin. Note, in particular, that (6.1) follows from the estimate
on p. 25 of [2].

We also observe that if ¢ and B denote the first and the second fundamental forms of 9Q,
respectively, then in any local chart, at H" !-a.e. x € 9Q, we have

" 1 9 99 1 P

g =06 — and By :=— .
914 Vel ox) 6x] ki L+ Vel %3]
This implies that
; Vel V2
19578 < L <1+ ki 2>|V2<¢>|<2—| o

V1+ Vel

and analogously for 0Q,,,. Therefore, it follows that
2n
/ (gkin 1+|V¢| dx’ < 2"—1/ V2" (14 |VP|*) 2 dx’
By

< 2"—1/ V2" dx" < +o0.
BI

R
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As a result, a covering argument shows that H € L"~! (Q).
From the definition of the Hausdorff distance and (6.1), it follows that

G,
sup dist(x, 0Q,,) < ity (6.3)
xe8Q m

Moreover, for any x, € {x € Q| dist(x,0Q) <y}, there exists y € dQ such that |x,—y|=
dist (x(, 0Q) < y. From (6.3), there exists z € dQ,,, such that

4
ly — z| = dist(y, 9Q,,) < —.
m
Since z € 0Q,,,, we deduce that
. q
dist(xy,0Q,,) < |Xg — 2| < |xo— Y| + Iy —zI <y + e
As a consequence, we conclude that

@
x € Q| dist(x,0Q) <y} C {x €Q, | dist(x,0Q,,) <y + WQ } (6.4)

Let H ~denote the mean curvature of 6Q,,, which is well-defined since 99, is smooth for
every m € N. Since Q,, is smooth, we can apply Theorem 10.20 in [19] to deduce that

n—1
G, G, H
< <)’+—Q>/ l1+ <7+—Q>—( m’”)‘] dH"!
m 49, m n-—1

@
{x €Q, | dist(x,39Q,,) <y + Wﬂ}

for every y > 0. By (6.4), we infer that

H
l{x € Q| dist(x,0Q) < y}| < <y + ﬁ) / 1+ <y + @> M dH™ . (6.5)
30,

We now claim that

( ) 1

H n—1

€ 00, H

/ 1+ (,, + _Q> A dH™ ! > / [1 +y — ] dH" ! (6.6)
40 Cle) n—-1

as m — +oo. Exploiting (6.6) and taking the limit in (6.5) yields the conclusion.
To prove (6.6), by a covering argument and fixing the i-th chart, it suffices to show that

/ o, dx" — ddx’ asm — 4o, 6.7)
By By
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where

o,

m

1+L y+ﬁ <ng B(””)) ol /1+|V¢ |2
n—1 m (m)"kj ) _ mi
o Y kj -l 2
o =1+ L= (gBy)_| 1+ 1vel

Using that dQ is Lipschitz, the L*-bound on V,, which follows from Theorem 1 in [2], and the
convergence in (6.2), we deduce the validity of (6.7), thereby concluding the proof. O

We can now extend the previous result to domains with positive reach, therefore proving the
subsequent conclusion.

Lemma 6.2. Assume that n > 2. Let Q C R" be a bounded domain whose closure Q has positive
reach rg, > 0. Then, for any y > 0, we have

n—1
l{x € Q | dist(x,0Q) <7}l <¥ [1 +v 3] @, 1 (Q,R").

o)
Here, CIJn_l(ﬁ, -) denotes the (n — 1)-th curvature measure associated with Q.

Proof. For t € (0,ry/2), let G, be defined by (1.7) and denote T, = 4G,. Then, G, is a bounded
Lipschitz domain with reach at least r, /2 and of class W"~! — in fact, it is of class W2, see [16,
Theorem 4.8]. Moreover, for y > 0, we clearly have

{x € Q| dist(x,0Q) <y} C {x € G, | dist(x,T',)) <y + t}.

Hence, applying Lemma 6.1, we deduce that

H n—1
l{x € Q| dist(x,3Q) <y} < [{x € G, | dist(x,T,) <y +t}| < (y + t)/ [1 +(y+ t)ﬁ] dH" !
r, -

<@+1) [l +@+ t)%] ) H" (), (6.8)

where in the last inequality we used the exterior sphere condition satisfied by E[ and the resulting
upper bound on H_.
From the Steiner formula in Remark 5.8 of [16], we have

n
[{x € R" | dist(x,G,) < r}| = Z ke, (G, R") forr<t,
k=0

where w), is the measure of the unit ball in R¥ and ®,(G,, -) is the k-th curvature measure associ-
ated with G, defined in [16]. Moreover, from the convergence of G, to Q in the Hausdorff distance,
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we also deduce that
®, ,(G,,R") = @, ;(Q,R") ast— 0.
As a consequence, we conclude that
H'"(T,) » ®,_,(Q,R") ast— 0.

See also Corollary 4.33, Proposition 7.1, Theorem 7.3 and Lemma 7.5 in [21] for further details.
Therefore, taking the limit in (6.8), we get the desired conclusion. O

We are finally in a position to prove Theorem 1.5. We will highlight only the necessary modifi-
cations with respect to the proof of Theorem 1.3 in Section 4. The proof of Theorem 1.6 is omitted,
as it proceeds analogously, relying instead on (2.3).

Proof of Theorem 1.5. An inspection of the proof of Theorem 1.3 reveals that the uniform interior
sphere condition is required only in Proposition 4.2 to establish (4.6) and (4.9).

Naturally, (4.6) can be simply replaced with the weaker estimate (2.2). Proceeding in this way,
we obtain

(diam(Q) + rg)"**+?
Cn,s 7n,s(n + 25)

/ —x, dist(x, 3Q)*dx < [Nou|p =: C [N,
Q\Q* t t
which implies

. c
|{x € Q\ Q* | —x, dist(x,0Q)* > y}| < 71 [J\fsu]rt.

Moreover, we also have
|{x € Q\ Q* | —x, dist(x,3Q)* < y}|

<

1
{ernH*l—x1<yﬁ}’+

1
{x € Q| dist(x,0Q) < yﬁ}'

1
< diam(Q)" 1y +

1
{x € Q| dist(x,3Q) < y 5 }‘
‘We assume that y < 1 and apply Lemma 6.2 to deduce that

1 1 n-1 _
{x € Q| dist(x,8Q) < y } <yTE [1 + 1] @, ,(Q,R").

ra

As aresult, we get

|{x € 0\ 0* | —x, dist(x, 80 <7}| < C,y 7=
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with
n—1
C, = diam(Q)" ! + [1 + %] q)n—l(ﬁ’ R™).
By choosing
C,\ 7 Ltas
y = <(1+2s)c—:> [Nou| £,

we conclude that
_1
QA Q*| <Vl E
t
where

2s+1

1 C 2425
C, i=4(s+1)CH> [ — )
g = A+ DG <2s+1>

Finally, since C, > diam(Q)"~!, we can ensure that y < 1 if we restrict ourselves to

diam(Q)"!
[Nsu]rt < 25 + G, .
By setting
L
:= min min{ 11 } Q] [ diam(Q)*~1Y 22
Yo = 2 C; \ s+ 10,
and
Cy diam(Q)
G =+ g

we get the conclusion with
diam(Q
Cq = max {ZCb, —1am( ) }

Yo

g
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