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Abstract Co-orbital dynamics appears in the three-
body problem and is widely studied to analyze aster-
oidal behaviors, but also to design trajectories for
interplanetarymissions. It involves complex transitions
that can be challenging to analyze manually in case
of large and lengthy dataset, typically of planetary
science, but also in case of parametric analysis that
involves different perturbations. For this reason, in this
work we employ the statistical sparse jump model, an
efficient and robust machine learning model, to clas-
sify co-orbital regimes and identify their transitions.
The ability of the model to estimate regime-specific
parameters and ensure regime persistence provides a
significant advantage in capturing the dynamics of
these motions. Unlike black-box methods, this model
offers interpretable results directly linked to the phys-
ical parameters of celestial mechanics. Our method
achieves high accuracy in simpler cases and strong per-
formance in more complex scenarios, even with large
datasets. Applications to data corresponding to real and
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simulated trajectories reveal critical insights into the
co-orbital dynamics, such as the average duration of
regimes and the role of key orbital parameters. This
work marks the first application of statistical sparse
jump models in orbital dynamics, and contributes to
bridge machine learning with celestial mechanics.
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1 Introduction

In celestial mechanics, a co-orbital motion arises in the
context of the three-body problem and it occurs when
two bodies orbit another one in the same amount of
time, on average.

Taking as reference example a system composed by
Sun, Earth and an asteroid, the asteroid is in co-orbital
motionwith theEarth if it performson average oneorbit
around the Sun in one year, that is the orbital period of
the Earth. In other words, on average, the motion of
the asteroid and the one of the Earth are in 1:1 mean
motion resonance.

The importance of this dynamics lies in its asso-
ciated stability. As a matter of fact, in the solar sys-
tem there have been observed several natural bod-
ies, both asteroids and moons, that follow these con-
figurations for more than hundreds of thousands of
years, even if subject to various orbital perturbations. In
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the field of space engineering, different missions have
been proposed to follow, as nominal orbital, a quasi-
satellite orbit [18,23,37,49] or to exploit the equilateral
Lagrange points of the Sun-Earth system (e.g., [1]), in
viewof their stable feature and thus low station-keeping
costs. There also exist missions aimed to take scientific
observations at objects in co-orbital state [35,50].

The examples just mentioned refer to different con-
figurations that can appear in the co-orbital motion,
being the main difference the relative phase with
respect to the Earth (keeping the Sun-Earth system
as reference). They will be specified in detail in the
following section. Although they are in general sta-
ble, there exists the possibility, well observed in nature
(e.g., [16]), that the particle1 moves from one co-orbital
regime to another one. To be able to master these tran-
sitions is important because different regimes have dif-
ferent features, that can help to understand the natural
evolution of small bodies in the solar system, but that
can also be exploited for mission analysis. The works
[17,36] have developed a semi-analytical map to clas-
sify the co-orbital regimes in the quasi-planar approx-
imation, assuming the Circular Restricted Three-Body
Problem (CR3BP). Here, we aim at leveraging artificial
intelligence methods for the automatic identification of
the co-orbital motions, together with the mutual tran-
sitions, when they exist. To make an example, given
one or more time series describing the orbital evolu-
tion of a particle, the method presented in this work
aims at classifying the specific co-orbital configuration
and whether, and in case how, it changes over time.
This tool is useful to validate the framework where the
semi-analytical map can be applied and also to analyze
large set of long numerical samples, typical of statisti-
cal studies in planetary science (e.g., [21,26]).

In the literature, some studies focus on identify-
ing specific resonant regimes (e.g., [6,8,9,24,45,47])
also with machine learning methods, the latter being
particularly promising, but still in its emerging phase
[7]. Concerning the identification of dynamical transi-
tions within the 1:1 mean motion resonance, it is usu-
ally tackled focusing on single objects (e.g., [5,15]) by
visual inspection.

A good method for co-orbital regime identification
should determine the time intervals duringwhich a spe-
cific orbital regime occurs, characterize the nature of
the possible transitions, and accurately account for their

1 In general, a particle can be an asteroid or a spacecraft.

persistence, which often lasts for extended periods.
This allows for more accurate estimates of transition
frequencies, whether certain directions are privileged,
and an assessment of whether certain asteroid fami-
lies exhibit greater stability within specific co-orbital
regimes for a given planet-Sun system. Furthermore, an
effective method must handle the additional complex-
ity arising from the potential non-resonant dynamical
evolution of the particle.

In view of these challenges, we combine celestial
mechanics knowledge with advanced machine learn-
ing techniques to investigate complex co-orbitalmotion
dynamics in the Sun-Earth system. A review on the
state-of-art concerning machine learning applications
to celestial mechanics and dynamical astronomy is
given in [7,9].

Here, we employ the statistical sparse jump model
(SJM), an unsupervised learning method introduced in
[33] as an alternative to hidden Markov models [3,52].
SJMs belong to the broader class of regime-switching
models, which are statistical methods designed to iden-
tify and analyze systems that switch between distinct
states or regimes. In this framework, the dynamics of
a given system is assumed to be driven by an unob-
served discrete latent process. This process is typi-
cally modeled as a Markov chain [31], with each of
its states representing a distinct regime. Expanding on
this foundation, the authors in [4] introduced statistical
jump models, a more general framework for captur-
ing regime dynamics. Building further, the authors in
[34] extended this approach by incorporating k-means
clustering to define localized submodels, enabling the
simultaneous identification of regimes and estimation
of their parameters. In this context, statistical SJMs
[33] enhance the basic regime-switching framework by
effectively modeling the persistence of latent regimes
and incorporating feature importance analysis: this
means that SJMs can identify which variables are most
relevant for differentiating between regimes, providing
insights into the underlying dynamics. Thismakes SJM
a robust tool for modeling systems characterized by
sudden changes and numerous features. The estimation
procedure is also fast and efficient, with the key advan-
tage of producing easily interpretable results, as the
characteristics of each regime can be directly inferred
from the estimated parameters. For example, in our
context, regimes correspond to different co-orbital con-
figurations, and their transitions reveal the dynamical
processes governing the system. This stands in contrast
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to black-boxmethods, such as artificial neural networks
[51], which may achieve high classification accuracy
but often lack interpretability.

SJMs have found applications across awide range of
domains. In finance, they have been employed to study
cryptocurrency [11], and equitymarkets [2,10], for risk
management purposes [42], and investment strategies
[43]. Beyond finance, these models have also been uti-
lized for air quality assessment [14] and urban thermal
comfort monitoring [13].

As far as we know, this is the first time that SJMs are
applied to the field of orbital dynamics. Here, the defi-
nition of the features is given by theoretical arguments
of celestial mechanics. Our results demonstrate per-
fect classification accuracy in simple cases and strong
performance in more complex scenarios. The statisti-
cal findings align well with physical principles, offer-
ing straightforward result interpretation and valuable
insights for future research on the key factors influenc-
ing co-orbital regime transitions.

The paper is organized as follows. Section2 intro-
duces the basic concepts needed to understand the co-
orbital motion. Section3 details the methods used to
acquire the data for analysis. Section4 shows the appli-
cation of the SJM to the data corresponding to orbits
of asteroids that can enter in co-orbital motion with the
Earth, proving its effectiveness in identifying the cor-
rect regime. Moreover, it highlights the model’s strong
potential for handling highly complex scenarios where
labeling is unfeasible. Section5 draws some conclu-
sions.

2 The co-orbital motion

In general, an orbit of a celestial body is a conic section,
defined by five orbital elements, that describe its size,
shape and orientation with respect to a given inertial
reference system, namely, semi-major axis a, eccen-
tricity e, inclination i , longitude of the ascending node
�, argument of pericenter ω. (See Fig. 1). The posi-
tion of the particle on the orbit is given by an angular
variable, that can be the mean anomaly M (the one
used in this work), or the true anomaly ν, or the eccen-
tric anomaly E . If the particle2 is subject only to the

2 Since we focus on the motion of real asteroids or on data com-
ing from numerical simulations on asteroidal motion, in the fol-
lowing we call the particle either the asteroid or the particle,
while the secondary be the Earth and the primary the Sun. The
reference plane is always the ecliptic.

gravitational attraction of one massive body (two-body
problem), then the orbital elements (except the mean
anomaly) would remain constant in time. When a sec-
ond massive body is added to the system, the orbital
elements vary with time. The so-called third-body per-
turbation can be modeled by the following disturbing
function R [27,41]

R = GmP

(
1

|r − rP | − r · rP
r3P

)
, (1)

whereG is the gravitational constant,mP is themass of
the second body (the planet) and r, rP are, respectively,
the heliocentric positions of the asteroid and the planet
(see Fig. 2)3. Notice that r and rP are functions of the
corresponding orbital elements, say, a, e, i,�, ω, M
and aP , eP , iP ,�P , ωP , MP , respectively.

In general, to obtain the long-term evolution of the
orbital elements of the asteroid due to the perturbation,
the disturbing function is averagedover the fast variable
of the system (for instance, the mean anomaly of the
planet [27]). The corresponding function

R = GmP

〈 1

|r − rP | − r · rP
r3P

〉
, (2)

where
〈

·
〉
stands for the average with respect to a

fast variable, depends on the relative orbital elements
between the asteroid and theplanet, say,ar , er , ir ,�r , ωr ,
where

ar = a − aP ,

er =
√
e2 + e2P − 2 e eP cos ω̄r ,

ir =
√
i2 + i2P − 2 i iP cos�r ,

�r = � − �P ,

ωr = ω − ωP ,

ω̄r = ωr + �r . (3)

The co-orbital regime occurs when ar oscillates
around 0. When this happens, the asteroid is in a 1:1
mean motion resonance with the planet and the range
of oscillation of the resonant angle, namely

θ = (M + � + ω) − (Mp + �P + ωP ), (4)

3 The disturbing function is obtained by considering the gravita-
tional accelerations of the twomassive bodies on the particle and
the gravitational acceleration between them. Thus it contains one
direct term (the first one), that represents the acceleration of the
third body on the particle and one non-direct term (the second
one), that represents the fact that the two primaries attract each
other.
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Fig. 1 Definition of orbital elements for an elliptical orbit (left: on the orbital plane, right: three-dimensional representation)

Fig. 2 The geometry of the third-body perturbation

determines the kind of co-orbital regime. The resonant
angle is the relative phase between the position of the
planet in its orbit around the Sun and the position of
the particle in its orbit around the Sun.

In particular, we focus on the following co-orbital
regimes (see Fig. 3):

• Tadpole (TP): the relative phase θ oscillates around
π/3 or 5π/3 rad (or -π/3);

• Horseshoe (HS): the relative phase θ oscillates
around π rad;

• Quasi-Satellite (QS): the relative phase θ oscillates
around 0 rad.

The same orbits can be seen also in the context of
the Circular Restricted Three-Body Problem, assum-
ing that the eccentricity of the orbit of the planet is
small enough. We recall that the CR3BP models the
motion of a massless particle subject to the simulta-
neous and comparable gravitational attraction of two

massive bodies, that orbit on a circular orbit around
their common center of mass [46]. Usually one of the
two masses is much larger than the other and thus the
barycenter lies within the actual radius of the primary
(that is however assumed as a point mass). The motion
of the particle is described in a synodic reference sys-
tem, so that the primaries are fixed on the x-axis. In
this reference system, the tadpole, horseshoe and quasi-
satellite motion can be visualized as shown in Fig. 4.
In the context of the CR3BP, the Earth revolves in a
circular Keplerian orbit, that is a reasonable approxi-
mation. Thus the relative orbital elements er andωr are
replaced, respectively, by the asteroid orbital elements
e and ω.

When the inclination of the orbit of the asteroid is
not zero, the asteroid can move within the co-orbital
motion between different regimes. This is what we call
a transition (see Fig. 5, left and right). A transition
can occur for two reasons: if the system can be well
approximated within the three-body model, then the
transition is due to a secular variation in eccentricity and
argument of pericenter [28], otherwise the transition
is due to an external effect, that is comparable to the
gravitational influence of the planet and the Sun on the
asteroid.

Apart from transitions involving HS, QS and TP
motions, we deal with

• Compoundmotion (CP): this is a compositionof the
HS and the QS regimes and it is characterized by
the fact that the relative phase oscillates around π ,
but it crosses the value θ = 0, that does not happen
for the HS motion. See Fig. 5 in the middle.
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Fig. 3 Co-orbital regimes. Left: tadpole; middle: horseshoe;
right: quasi-satellite. In the upper panels the evolution of the
resonant angle θ versus time t is plotted and in the lower panels
the semi-major axis a versus θ is represented for three real aster-

oids (the first is a co-orbital of Jupiter and the semi-major axis
is scaled to assume that the semi-major axis of Jupiter is 1, the
others are co-orbitals of the Earth)

Fig. 4 The classical co-orbital motions in the synodic reference
system (in red), the planet (in green), and the Sun (in yellow). The
grey dashed line highlights the fact that the co-orbital regimes

take place at the same distance with respect to the Sun as the one
of the given planet

• Non-resonant (NR) regime: the asteroid is not in
mean motion resonance with the planet, that is, the
semi-major axis does not oscillate around the mean
value of semi-major axis of the planet. In what fol-
lows, we consider only Sun-Earth system, and thus

NR is characterized by the fact that a does not cross
the value a = 1 AU.

In Fig. 5, we plot the evolution of the resonant angle
θ for three different co-orbital asteroids of the Earth.
On the left panels, an asteroid experiencing transitions
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Fig. 5 Coexistence of different regimes. Left: transition between
HS andQSmotions;middle: CPmotion; right: transitions involv-
ing HS, QS and non-resonant regimes. In the upper panels the

evolution of the resonant angle θ versus time t is plotted and in
the lower panels the semi-major axis a versus θ is represented
for three real asteroids in co-orbital motion with the Earth

from HS to QS to again HS is shown. In the middle
panels, a CP regime can be appreciated; finally, in the
right panels, the asteroid is first in aHS regime, then in a
QSorbit and, then, is notmore trapped in the resonance,
showing a NR regime.

Transitions canbe thus characterizedby thebehavior
of the resonant angle in terms of averaged value, but
also considering the following.

• The period of oscillation of the resonant angle θ

changes consistently according to the given co-
orbital regime [5,25,28,38,44,48]. This is impor-
tant to define the time windows to apply the SJM
method.

• The time derivative of the resonant angle θ depends
on the mean motion n of the asteroid by means of
the Lagrange planetary equations [27], and thus its
variation is strictly related to a transition.

• The amplitude of the oscillations of the TP, HS, QS
motions depends strongly on the eccentricity of the
orbit of the asteroid [36].

• At the transition from HS to QS and from QS to
HS, the argument of the pericenterωr is a stationary
point [5,28]. See Fig. 6.

• The relative eccentricity er and inclination ir can
provide conditions about the possibility to be in a
particular co-orbital state. For example, the condi-
tion i < er is necessary to get a stable QS phase
[48].

Finally, in [17,36], thanks to the identification of
the fast and slow variables of the Hamiltonian sys-
tem assuming a planar4 approximation of the CR3BP,
we have shown that the averaged approximation of the
dynamics is able to classify the three co-orbital regimes

4 i.e., the asteroid orbits the Sun on the same orbital plane of the
planet.
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ω

θ ω

Fig. 6 Orbital evolution of θ (left) and ω (right) for the aster-
oids 2015 SO2 (top—transition between HS and QS) and 2015
XX169 (bottom—transition between HS and QS plus a CP

motion). When ω decreases we have a QS regime; during the
CP motion the behavior is the composition of the QS and the HS
regimes

Fig. 7 The (θ, e) map. According to the value of θ and e of
the orbit of the particle at the intersection between the semi-
major axis of the particle with the one of the planet, we can clas-
sify the co-orbital state in the planar approximation. The black
curve corresponds to the collision with the planet, the HSmotion
takes place between the black and the red curve. Inside the black
curves, we have the QS domain; outside the red curves we have
the TP domains

above in terms of the value that the variables θ and e
take when the value of semi-major axis of the particle
is equal to the one of the planet. This is what we call
the (θ, e) map, that is shown in Fig. 7.

3 Data

The following analysis focuses on the dynamical evo-
lution of particles coming from two different sources.
In the first case, the maximum time span is relatively
short and the dynamics quite regular. In the second case,
the co-orbital motion can persist much longer and can
present a complex and rich variety of transitions, also
including non-resonant states. This is the testbed for the
data that planetary scientists usually handle. We have:

• dataset 1: real asteroids in co-orbital motion with
the Earth. The given asteroid is found by means
of the procedure described in [17], that is, summa-
rizing, by retrieving from the JPL Horizons system
[29,30] the ephemerides of asteroids that at the date
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Fig. 8 Left: classification of the co-orbital motion of the aster-
oid 2016 HO3, according to the (θ, e) map. In orange the points
classified as quasi-satellite, the blue circle points are those that
are not quasi-satellite in reality, the blue dots are those that are
horseshoe and are classified properly. The black curves define

the boundary of the quasi-satellite regime, while the red ones the
ones of the tadpole motion, between themwe have the horseshoe
motion. Right: the time evolution of θ and the points used for the
classification

March 31, 2021 00:00 have a heliocentric semi-
major axis in the range a ∈ [0.971, 1.029] AU and
looking whether and how long a crosses the value
1 AU. If it happens at least once in the whole time
frame available from the system (up to 900 years),
then the asteroid is a co-orbital candidate. In this
way, we have selected 11 asteroids, that exhibit a
QS, a HS, a CP behavior or transitions between
these regimes5. The given ephemerides have been
then extended by means of the REBOUND soft-
ware [40] forward and backward in time to find the
maximum interval where the co-orbital motion is
seen (some thousands of years, depending on the
specific case). The model accounts for the gravita-
tional attraction of Sun, Moon and all the planets,
and the ephemerides are generated at a time step of
1000 days. The selected asteroids are: 2001 GO2,
2004 GU9, 2019 GM1, 2016 CA138, 2002 AA29,
2015 SO2, 2015 XX169, 2016 CO246, 2020 PN1,
2020 PP1, 2016 HO3. Given the low number of
cases and the relatively short time frame, it has been
possible to label, by visual inspection, all the inter-

5 For this dataset, we do not have transitions involving TP
regimes, because we are considering asteroids in co-orbital
motion with the Earth and thus we have not found them.

vals of the corresponding time series according to
the co-orbital regime they exhibit.
The identification we aim to achieve through
machine learning can, for example, be applied to
this kind of data to detect failures in the (θ, e)map,
and consequently refine the theory. As an exam-
ple, in Fig. 8, we show the case of the asteroid
Kamo’oalewa (2016 HO3). Each time the semi-
major axis crosses a = 1 AU, we compute the cor-
responding values of (θ, e) and evaluate the domain
they belong to. Recalll that the domains are defined
by the curves depicted in Fig. 7. It appears that the
points close to the boundary between the QS and
the HS regimes (black lines on the left plot) are not
evaluated correctly as HS. The reason lies likely
in the orbital inclination, that oscillates in between
7◦ and 8◦, and thus the assumption of co-planarity
might not hold. The map can also fail when addi-
tional effects, e.g., a fourth body, play a significant
role in shaping the dynamics. This is not the case for
this specific example, but can happen for instance
if the eccentricity is high enough to cross the orbit
of Venus.

• dataset 2: simulated lunar ejecta, that were gen-
erated for the work [20]. The underlying idea is
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that there occurred a high energetic impact in the
past that was able to generate fragments that left
the Moon with a launch speed in between the lunar
escape velocity and 5.4 km/s. These particles have
been propagated for millions of years at a time step
of 7500 days to measure how many can be tem-
porarily captured by the Earth and how long. This
is not of interest here, but during the non-capture
phase many particles can exhibit a co-orbital fea-
ture well outside the Earth’s Hill sphere and can be
used for our purpose. In this case, the data are much
more complex than before, given the much longer
time frame. They needed an additional pre-filtering
to consider only the intervals of time that can con-
tain resonant motions. This is done following [17],
that is, removing the intervals where the heliocen-
tric semi-major axis is outside the range specified
above, namely, a ∈ [0.971, 1.029] AU. The whole
dataset comprises 7657 time series of different time
length. It is beyond the scope of thiswork to analyze
the whole set of data, but it is important to notice
that given the high number of cases, the length and
the multiple regimes, it has not been possible to
label the time intervals as in dataset 1. In what fol-
lows, we consider only few cases to develop the
method. Once defined, it it will serve to extract
important statistics over all the trajectories of the
dataset.

4 Statistical sparse jump model

We now analyze the time series as described above
using the statistical SJM, which is an unsupervised
machine learning method designed to identify under-
lying states (or regimes) within a system by analyz-
ing observed features and their temporal evolution. It
assumes that the system’s dynamics is governed by an
unobserved discrete latent process, which transitions
between states over time. The model takes as input a
data matrix with T rows (representing epochs), each
denoted as yt ∈ R

P , and P columns (representing fea-
tures). Each row yt corresponds to a snapshot of the
system at a specific time t , while features are distinct
characteristics or measurements of the system, includ-
ing orbital elements such as a, e, ω, and θ , as well as
summary statistics derived from these elements (e.g.,
their mean or variance over a specific time window).
These features provide a comprehensive representation

of the system’s state and its underlying dynamics. The
model produces three main outputs:

1. A sequence of latent states s = (s1, . . . , sT )′,
where each st takes a value from the discrete set
{1, 2, . . . , K } (e.g., QS, HS, etc., corresponding
to distinct co-orbital regimes in our context). This
sequence provides the inferred regime for each time
step based on the observed data and the underlying
dynamics.

2. A series of vectors of state-conditional means µ =
{µ1, . . . ,µK }, where each µk ∈ R

P represents
the average feature values within a given state k.
These vectors summarize the characteristics of each
regime.

3. A vector of feature importance weights w =
(w1, . . . , wP ), where each weightwp quantifies the
relevance of the corresponding feature in explaining
the system’s dynamics. This provides insights into
which features aremost influential in identifying the
regimes.

The model is estimated by solving the following opti-
mization problem

maxs1,...,sT ,µ,w w′ ∑K
k=1 nk

(
µk − µ

)2 − λ
∑T−1

t=1 I(st �= st+1),

subject to ‖w‖2 ≤ 1, ‖w‖1 ≤ κ,

wi ≥ 0, ∀i = 1, . . . , P,

(5)

where nk denotes the number of time points assigned to
state k (k = 1, . . . , K ), that is, the count of observations
(rows in the input matrix) for which the latent state st
equals k. This value represents how frequently state k
is inferred during the analysis; µ ∈ R

P represents the
unconditional mean vector of the features (averaged
across all states).

The term I(st �= st+1) counts the number of transi-
tions between states, representing a penalty term that
discourages frequent switching between states. The
hyperparameter6 λ ≥ 0 determines the strength of this
penalty. A higher λ value increases the penalty for state
changes, resulting in smoother transitions and longer
durations within individual states. Conversely, when
λ = 0, the model behaves like a k-means algorithm,
where no penalty is applied, and state assignments are
based solely on clustering the features.

6 Hyperparameters are parameters whose values are set before
training the model and are not learned from the data.
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The other hyperparameter, 1 ≤ κ ≤ √
P , controls

the sparsity of the feature weights. A lower κ leads
to fewer features being selected (e.g., κ = 1 assigns
full importance to a single feature), while a higher κ

allows for a more distributed importance across fea-
tures (e.g., κ = √

P distributes importance evenly).
The constraints on κ ensure that some feature weights
are set to zero and that the remaining weights sum to
one.

In [33], the authors show that the optimization prob-
lem defined in Eq. (5) can be effectively solved through
an iterative process that alternates three steps: (a) fitting
the model parameters given the current state sequence
s and weights w, (b) determining the state sequence
s by solving a dynamic programming problem, and
(c) updating the weights w using a soft threshold-
ing method. Estimation is fast and efficient, typically
within only a few iterations, making these models suit-
able for real-time applications involving considerable
amount of data. We refer the reader to [33] for further
details on the estimation algorithm.

In the following, we apply the SJM to a set of
features derived from orbital elements. The resulting
state sequence s represents the sequence of co-orbital
regimes, each linked to a distinct state-conditional
mean vector μμμk, k = 1, . . . , K , that enables to infer
valuable insights for characterizing eachorbital regime.
Additionally, each feature is given with a weight
wp, p = 1, . . . , P , reflecting its significance in driv-
ing the dynamics of the asteroid.

The selection of hyperparameters in SJMs is typi-
cally done by using the generalized information crite-
rion (GIC) [10,11], which balances model complex-
ity and goodness-of-fit to avoid overfitting. The model
selection process involves setting a grid of reasonable
values for the hyperparameters, estimating an SJM for
each pair, and then choosing the model with the low-
est GIC. While the GIC has demonstrated high effi-
ciency in both simulation studies and financial applica-
tions, we have observed that it may occasionally over-
estimate the number of regimes K in this context. To
address this, we adopt a heuristic approach: λ and κ are
selected based on the GIC, while K is determined a pri-
ori through simple exploratory analysis, such as exam-
ining time series plots of θ or a. This balance between
data-driven selection and a priori information enhances
both the practical relevance and interpretability of the
model.

AllR [39] functions for estimatingSJMandcomput-
ing GIC, along with a usage example on a toy dataset,
are available on the first author’s GitHub page.7 Esti-
mation is highly efficient, as it requires only a fewmin-
utes even for time series with a considerable number of
observations.

4.1 Two-regime cases

We start by focusing on the identification of the co-
orbital regimes for two cases belonging to dataset 1,
specifically 2002 AA29 and 2016 HO38 (see Sect. 3).

As mentioned before, the dynamics of θ plays a key
role in classifying the transitions between co-orbital
motions. For this reason, we fit a SJM using features
based solely on θ , given its superior predictive capa-
bility for co-orbital dynamics. Specifically, we utilize
θ and its first differences, denoted as dθ . As suggested
by [12,34], volatility (a measure of variability or fluc-
tuations in a time series over a given period) is cru-
cial for tracking regimes as it helps capture periods of
dynamic change and identify transitions between dif-
ferent states. To measure volatility, we include mov-
ing standard deviations of θ and dθ , denoted as σl(θ)

and σl(dθ). We compute these two latter features by
sliding a window of size l over the data and calculat-
ing the standard deviation at each step using only the
data points within the current window. Here, we use9

l = 10, which is consistent with the libration period
of the resonant angle of the two asteroids considered,
namely, 2002AA29 and 2016HO3. As amatter of fact,
the l = 10 steps corresponds to about 25 years; the QS
libration period of the asteroid 2002 AA29 is about 15
years, while the HS libration period lasts about 190
years ([5,48]) and the QS libration period of the aster-
oid 2016 HO3 is about 40 years, while its HS libration
period is about 260 years. So a shorter window canwell

7 https://github.com/FedericoCortese/GIC-for-SJM/tree/main.
8 Results on regime identification for other asteroids are avail-
able upon request.
9 We initially tested two window sizes, l = 10 (about 25
years) and l = 75 (about 200 years), but the model consis-
tently favors the smaller window, as it better captures local fluc-
tuations and transient dynamics. We highlight that selecting an
inappropriate window size, however, could lead to suboptimal
performance, either by missing important variations or introduc-
ing noise. Based on our experience, carefully choosing l a priori
remains critical, and further research into its automated selection
is planned.
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Fig. 9 Regime identification for 2002 AA29 (top) and 2016 HO3 (bottom), with black dots indicating the horseshoe (HS) regime and
red dots indicating the quasi-satellite (QS) regime

highlight the different features between the QS and a
HS regimes, while a longest window would lose such
features.

The final datasets comprise T = 1 989 and T =
3 988 observations, respectively, with each time step
corresponding to 1000 days, and a total of P = 4 fea-
tures per dataset, specifically θ , dθ , σl(θ) and σl(dθ).

As these data were labeled, as explained in Sect. 3,
we evaluate the performance of the model using the
balanced accuracy (BAC) computed between true and
estimated state sequences. BAC is defined as

BAC = 1

K

K∑
k=1

tpk
tpk + f nk

,

where tpk and f nk denote the number of true positives
and false negatives, respectively, for the state k. The
model achieves exceptional accuracy, with a BAC of
99% for both asteroids 2002 AA29 and 2016 HO3.
Figure9 illustrates the time evolution of θ for 2002
AA29 (top) and 2016 HO3 (bottom). Each dot in the
figure represents a single time step, and it is colored
black for the HS regime and red for the QS regime, as
estimated by the SJM.10

Out of the original four features, two are identified
as relevant: themoving standard deviations of θ and dθ .
These features account for around 76% and 23% of the

10 The GIC selects λ = 0 and κ = 1.25 for both datasets.

total featureweights across both asteroids, respectively.
Recalling that the time derivative of the resonant angle
θ is related to the mean motion n of the asteroid (see
Sect. 2), this result highlights the importance of the
variation of θ and n to discern the QS regime from the
HS one.

The time allocation across co-orbital regimes reveals
comparable patterns in the two cases: 2002 AA29
spends 96.63% of its time in the HS regime and
3.37% in the QS regime, with average durations of
480150 days (about 1315 years) and 22330 days
(about 61 years), respectively. Similarly, 2016 HO3
spends 90.05% of its time in the HS regime and 9.95%
in the QS regime, with average durations of 399000
days (about 1093 years) and 49625 days (about 136
years).

Table 1 present the state-specificmeans and standard
deviations for θ , e, andω. While we do not include fea-
tures related to ω and e in the SJM estimation process,
we report them here to illustrate their behavior across
regimes. Specifically, the volatility of θ remains the pri-
mary distinguishing factor, being 5 to 20 times higher in
the HS regime compared to the QS regime. In contrast,
ω shows differences between regimes for 2002 AA29
but remains consistent for 2016 HO3, whereas e differs
across regimes for 2016 HO3 but is consistent across
regimes for 2002 AA29. These similarities reduce the
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Table 1 Mean and standard deviation (σ ) of orbital elements
for horseshoe (HS) and quasi-satellite (QS) regimes of asteroids
2002 AA29 and 2016 HO3

Variable 2002 AA29 2016 HO3
HS QS HS QS

θ 3.138 0.033 3.140 0.000

σ(θ) 1.798 0.128 1.836 0.056

e 0.028 0.045 0.093 0.104

σ(e) 0.016 0.012 0.017 0.012

ω 1.936 0.961 4.815 4.717

σ(ω) 1.629 0.530 0.720 0.602

ability of ω and e to discriminate between regimes,
potentially introducing confounding effects. Tests con-
ducted with SJMs incorporating ω- and e-related fea-
tures consistently yielded worse performance, further
supporting their exclusion from the final model.

4.2 Complex cases

In this section, we examine more complex scenarios
where an asteroid can experience transitions between
multiple regimes. We focus on two time series as from
the dataset 2 described in Sect. 3. For these cases, the
features used in the previous section are enriched to
catch all the possible situations, in particular the NR
and the CP cases.

Specifically, the NR regimes can be identified by
analyzing the oscillation in semi-major axis a (which
never crosses the value of the semi-major axis of
the planet). Therefore, we include a as a feature and
the indicator variable I(a)t = I(at :(t−l+1) > 1 ∨
at :(t−l+1) < 1), which tracks whether, at each time
step t , all of the previous l observations11 at :(t−l+1) are
either above or below 1. We denote the resulting fea-
ture as I(a). Moreover, the volatility of the CP motion
can be very close to the one of HS regime, and also the
mean of theCPmotion is notwell defined, being a com-
bination of HS and QS. Based on these considerations,
to capture the specific characteristics of the resonant
regimes and to quantify oscillation differences, we first
identify the local maxima and minima of θ using the
peaks function or the splus2R package in R. Based
on these extrema, we then construct the following addi-
tional features:

11 As in previous cases, we set l = 10.

• For each time step t , we definemax(θ)t andmin(θ)t
as the last observed maximum and minimum val-
ues of θ , respectively. Using these, we compute the
following features:

– I(TP)t = I
(
max(θ)t · min(θ)t

> 0 ∧ max(θ)t > min(θ)t
)

– I(QS)t = I
(
max(θ)t · min(θ)t

< 0 ∧ max(θ)t > min(θ)t
)

– I(HS)t = I
(
max(θ)t · min(θ)t

< 0 ∧ max(θ)t < min(θ)t
)

– I(CP)t = I
(
max(θ)t · min(θ)t

> 0 ∧ max(θ)t < min(θ)t
)

• Additionally, we compute the mean oscillation 
t

as


t = I(HS)t · min(θ)t + max(θ)t + 2π

2

+{I(QS)t + I(TP)t } · min(θ)t + max(θ)t

2
.

Wedenote the resulting features as I(TP), I(QS), I(HS),

I(CP), and 
, respectively. In the absence of labeled
data, we evaluate the results through qualitative assess-
ment, emphasizing interpretability and consistency
with theoretical expectations. The final datasets con-
sist of T = 4 917 and T = 6 653 observations each.
The number of features is P = 11 in both cases.

For these complex cases, where ground truth labels
are not available, classification accuracy is evalu-
ated qualitatively. This involves visually inspecting the
resulting graphs and assessing the consistency of the
identified regimes with the expected co-orbital dynam-
ics.

Example 1

A preliminary analysis identifies four regimes in this
case: HS, QS, CP, and NR phases. Figure10 shows the
regime identification with a and θ over a zoomed-in
time frame, highlighting the behavior of each regime
as estimated by the SJM,12 with different colors. The
method is particularly effective in identifying NR and
QS regimes, except for some time steps where the
regime is identified with a slight delay. HS is also
clearly identified, although it is occasionally misclas-
sified as CP.

The asteroid spends 12.77%, 63.96%, 13.14%, and
10.13% of the time in the regimes NR, HS, QS, and

12 In this case, the GIC selects λ = 15 and κ = 2.5.
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Fig. 10 Regime identification for Example 1, displaying a (top)
and θ (bottom). Dots colors indicate different regimes: black
for horseshoe (HS), red for quasi-satellite (QS), blue for non-

resonant (NR), green for compound (CP). The time frame on
these two panels focuses on a shorter period compared to the
whole time span of propagation

CP, respectively, with an average duration of 2355000,
673929, 161500, and133393days (which corresponds
to approximately 6452, 1846, 442, and 365 years,
respectively). Table 2 presents the mean and standard
deviations of θ , e, ω, and a, conditioned on the regime
classification.

The results confirm the importance of the volatil-
ity of θ in identifying the QS regime, as it is lower
with respect to other regimes. We observe no signifi-
cant differences in e or its volatility. The semi-major
axis a remains close to 1 on average, except in the NR
regime, as expected, further supporting the meaning-
fulness of the state classification.

Table 3 shows the weights of the selected features.
The indicator I(a) holds the highest weight (0.223),
highlighting its key role in distinguishing regimes, par-
ticularly as a discriminant for the NR phase. I(CP)

and I(QS) follow, each with a weight of approximately
0.18, aiding in tracking the QS and CP phases. Addi-
tionally, the volatility of θ confirms its importance in
differentiating orbital phases.

Example 2

In this case, exploratory analysis suggests the pres-
ence of five regimes: NR, HS, QS, CP, and TP. Fig-

Table 2 Mean and standard deviation (σ ) of orbital elements
θ , e, ω, and a for asteroid of Example 1 for non-resonant
(NR), horseshoe (HS), quasi-satellite (QS), and compound (CP)
regimes

Feature NR HS QS CP

θ −0.008 3.138 −0.108 3.272

σ(θ) 1.812 1.842 1.345 1.759

e 0.198 0.129 0.132 0.156

σ(e) 0.007 0.036 0.028 0.026

ω 1.884 4.414 4.210 4.236

σ(ω) 0.698 1.183 0.764 0.809

a 0.987 1.000 1.000 1.000

σ(a) 0.008 0.005 0.004 0.005

ure11 illustrates the regime identification,13 showing
the semi-major axis a and angle θ over a zoomed-in
timewindow.Wemark regimes in black (HS), red (QS),
blue (NR), green (CP), and violet (TP). The method
identifies NR and QS effectively, though TP occasion-
ally overlaps with HS, and some NR points are mis-
classified as CP.

13 In this latter case, the GIC selects λ = 10 and κ = 3.
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Table 3 Selected features and their corresponding weights for
Example 1

Feature Weight

I(a) 0.223

I(QS) 0.187

I(CP) 0.182

σl (dθ) 0.158

σl (θ) 0.090

a 0.060

I(HS) 0.060


 0.040

The asteroid spends19.00%,16.40%,1.80%,5.67%,
and 57.16%of the time in regimesNR,HS,QS, CP, and
TP, respectively. The average times (in days) spent in
each regime are 3160000, 1168929, 442500, 235625,
and 3565313 days in NR, HS, QS, CP, and TP, respec-
tively (corresponding to approximately 8658, 3203,
1212, 648, and 9769 years).

Table 4 summarizes the mean and standard devi-
ations of θ , e, ω, and a across the five regimes. QS
consistently exhibits lower volatility in θ , while e and
its volatility show no significant differences. The semi-
major axis a deviates from being centered at 1 in the
NR regime, as expected. Although ω appears to dif-

ferentiate between regimes, this was not observed in
the previous example, indicating that its role in regime
classification may be context-dependent or influenced
by specific characteristics of the analyzed dataset.

Table 5 reports the selected variables and their cor-
responding weights. I(HS), I(CP), I(TP), and I(QS)

have similar and high weights. The mean oscillation

 has a weight of 0.117. The standard deviations of
θ and dθ are also key contributors, with weights of
0.112 and 0.113, respectively. Finally, the indicator
I(a > 1), with a weight of 0.098, remains a critical
feature for identifying transitions, particularly in dis-
tinguishing the NR regime.

5 Discussion

The SJM has demonstrated exceptional performance
in simple scenarios, providing accurate and efficient
classification. In more complex cases, where prelimi-
nary manual labeling for accuracy assessment would
be cumbersome, the method still achieves qualita-
tively strong results, significantly reducing the need for
human intervention in co-orbital regime identification.

Our results are consistent with theoretical expecta-
tions, enhancing their applicability and interpretabil-
ity. In fact, the analysis confirms that θ is the primary

Fig. 11 Regime identification for Example 2, displaying a (top) and θ (bottom). Dots colors indicate different regimes: black for
horseshoe (HS), red for quasi-satellite (QS), blue for non-resonant (NR), green for compound (CP), and violet for tadpole (TP)
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Table 4 Mean and standard deviation (σ ) of θ , e, ω, and a for
asteroid of Example 2 for non-resonant (NR), horseshoe (HS),
quasi-satellite (QS), compound (CP), and tadpole (TP) regimes

Feature NR HS QS CP TP

θ 0.033 3.196 − 0.178 3.221 1.297

σ(θ) 1.813 2.040 0.899 1.871 0.538

e 0.221 0.226 0.237 0.197 0.215

σ(e) 0.014 0.021 0.013 0.019 0.018

ω 2.894 2.282 1.459 1.716 3.328

σ(ω) 1.674 1.076 0.337 0.504 1.874

a 1.008 1.000 1.000 1.000 1.000

σ(a) 0.004 0.003 0.002 0.004 0.001

Table 5 Selected variables and their corresponding weights for
asteroid of Example 2

Feature Weight

I(HS) 0.127

I(CP) 0.127

I(TP) 0.123

I(QS) 0.122


 0.117

σl (dθ) 0.110

σl (θ) 0.101

I(a) 0.100

a 0.064

θ 0.016

driver distinguishing different phases, with a playing
a critical role in the occurrence of NR regime. Addi-
tionally, the method enables straightforward extraction
of key dynamical metrics, such as the average duration
of regimes and the transitions between them. Applying
this method to a sufficiently large sample of objects
will allow for a more precise characterization of the
co-orbital behavior. In the long term the procedure
introduced can be considered to analyze also different
kinds of dynamics. The first natural extensionwould be
the identification of transitions between mean motion
resonance of various order, i.e., not only within the
co-orbital motion. In addition, since the method pro-
vides well-defined metrics on selected features, i.e.,
variables, it would be possible to use this information
also in the field of asteroid family members identifica-
tion [32], for instance by using these metrics to look
for given clusters.

While the method demonstrates high accuracy and
interpretability, some aspects suggest that further dis-
cussion and improvements are needed. One of the pri-
mary challenges lies in hyperparameter tuning, which
can influence the performance of the model. A poten-
tial solution to address the issue of selecting K (the
number of regimes) a priori is to employ Bayesian non-
parametric methods, where K is inferred directly from
the data [19]. That said, it is important to note that our
analysis relies on extensive preliminary work on the
data: future applications will benefit from this effort
without needing repeated parameter tuning or initial
feature screening.

The choice of window length, determined through
visual inspection for certain feature computations such
as moving volatility, represents another important
aspect with room for further improvements. The choice
made in this work reflects a synergy among the SJM,
our understanding of celestial mechanics and the spe-
cific dynamics of the problem. In particular, themethod
should be able to catch the period of the QS regime,
that is theoretically the shortest one among the various
regimes, but it is also constrained by the number of
observations in the chosen window. It has to be consid-
ered also the objective of the application: for the cases
shown here the ephemerides of the simpler cases have
a finer time step to detect very short regimes switch-
ing, while the ephemerides of the complex cases were
generated to compute a statistical estimate of the over-
all behavior.14 Notice that the method has been proved
also in the complex scenarios with a relatively large
time step.15 Whenever possible, its effectivenesswould
improve with finer temporal resolutions.

To address these limitations, several potential devel-
opments are worth exploring. One promising approach
is the introductionof regime-dependent featureweights,
which could enhance the model’s adaptability by bet-
ter capturing the unique dynamics of each co-orbital
regime. This refinement would not only improve the
model’s precision but also increase its interpretability,
particularly in more complex scenarios. For instance,
theoretical insights indicate that significant changes in
the semi-major axis a occur predominantly in the NR
case. However, the current SJM framework assigns fea-

14 That will be the objective of the next work.
15 Notably, for simulations spanning millions of years, a time
step of 7500 days is already a significant advantage.
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ture importance uniformly across all regimes, without
distinguishing between them.

Another potential improvement is integratingphysics
insights directly into the SJM framework using the
so-called physics-informedmachine learning approach
[22]. By embedding known dynamical relationships,
the model could enhance its predictive accuracy and
generalization.
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