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1 | INTRODUCTION

In the paper [11], Diederich and Fornzss constructed a class of smoothly bounded, pseudocon-
vex domains in C2, denoted here as Qu for 4 > 0, having nontrivial Nebenhiille, that is, such

that the intersection of all pseudoconvex domains containing the closure ﬁﬂ properly contains
QM. Such a domain Q# in the two complex variables z,, z,, now called (smooth) worm domain,

is a union of disks in the z;-plane, each centered at the unitary point e!18 |1 In other words,
Q, is a union of disks winding about the origin in the z,-plane according to a rotation angle
log |z, |%. The radii of these disks are 1 when log |z, |? belongs to the interval I u = (—u, ), and fade
to 0 as | log|z,|?| ranges from u to some finite u’ > u. This ground-breaking idea of Diederich
and Fornzss makes every defining function for Q, not globally plurisubharmonic. Moreover,
the boundary 0Q,, is strongly Levi-pseudoconvex at every point, apart from the one-dimensional
exceptional set {0} X A, where A is an annulus centered at the origin in the z,-plane, determined
by the condition log |z,|* € I .- Thanks to these features, the domain Q,, also serves as a counterex-
ample to a number of important geometric phenomena. We mention, in particular, the article [2]
where, for u > % Barrett showed that the Bergman projection on Q,, fails to preserve the Sobolev
space W’ ’Z(QM) whenr >v = zi Based on Barrett’s result, with a clever and far-reaching argu-

ment, Christ [8] proved that the Bergman projection and the Neumann operator on Q,, fail to
be globally regular. These properties are well described also in the monographs [7, 18]. Besides
the nontrivial Nebenhiille and the already mentioned questions of global regularity, the worm
domains are “testing ground” for several other problems. Here, we just mention some of the most
recent papers on these topics [9, 10, 13-15, 17] and references therein.

It is a matter of great interest to fully understand the worm, and to put it in a more general
context. For instance, the recent article [1] (referring to [3]) highlights a crucial geometric feature
of the worm domain and uses it to generalize the construction of Diederich and Fornaess to a wider
class of two-dimensional domains. It is also interesting to investigate analogous constructions in
higher dimensions. The article [4] constructed analogs of the worm domain within C". There, the
boundary is strongly Levi-pseudoconvex at every point apart from a one-dimensional exceptional
set{0} X A, where 0 is the origin in C"~! and A is an annulus centered at the origin in the z,,-plane.

In the present work, we construct for every u > 0 a new class €, of smoothly bounded, pseu-
doconvex domains in C3. Every Q € %), is again a union of disks winding about the origin in the
z,-plane; but now the rotation angle is log |z,z;|?, where (z,, z;) is confined to a bounded neigh-
borhood of the product of annuli A X A determined by the condition (log |z,|?,log|z;|?) € I X
I,. The boundary 0Q turns out to be weakly Levi-pseudoconvex at every point z = (2,2, 23) €
0Q with (z,, z;) € A X A. Moreover, 0Q includes the two-dimensional complex manifold {0} x
A X A. We prove that Q, just like the original worm domain of [11], has nontrivial Nebenhiille
when u > % We also prove, following the lines of [2], that the Bergman projection of Q does not
preserve the Sobolev space W"2(Q) when u > % Fzv= %

Our construction requires some effort, which is unsurprising if we take into account Boas and
Straube’s result [18, Corollary 5.16]. Let us recall the substance of this result, originally proven
in [6]. Let Q C C" be a smoothly bounded domain and assume that there exists a smooth real
submanifold M of the boundary dQ such that: M includes all infinite-type points of Q; the real
tangent space of M at each p € M is included in the null space of the Levi form of dQ at p. A
trivial de Rham cohomology for M is a sufficient, but not necessary, condition for the regularity
of the Bergman projection and Neumann operator of Q. Regularity is still guaranteed when M
has nontrivial cohomology, provided that a specific cohomology class vanishes. Thus, a possible
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irregularity of the Bergman projection is not simply due to the presence of the manifold M but
rather to how M is embedded in 9Q.

The paper is structured as follows:

Section 2 constructs a wide family of domains W, in C3, varying with the choice of a func-
tion 7. Two conditions on 7 are determined, to make the boundary 01, smooth except at
(possible) boundary points z with z,z; = 0. A third condition on 7 is then added, to make W,
smoothly bounded.

Section 3 starts with a characterization of pseudoconvexity of W, by means of two inequalities
in the first and second derivatives of 7. Some unbounded or nonsmooth examples are immedi-
ately provided. Then, %), is defined as the class of the W, with 7 fulfilling all three conditions
for boundedness and smoothness, as well as the inequalities for pseudoconvexity. Finally, €, is
proven not empty by constructing an explicit class of examples in Theorem 3.11, which is the main
result of this work.

Section 4 is devoted to the study of any smoothly bounded, pseudoconvex domain Q in the class
?5#. In particular, for the case when u > %: Theorem 4.5 shows that Q has nontrivial Nebenhiille;
Theorem 4.6 concerns the irregularity of the Bergman projection of Q.

Section 5 comprises the proof of Theorem 4.6, as well as several tools used in the proof.

2 | BASIC CONSTRUCTION

We define a family of domains W, in dimension 3, varying with the choice of a function . Making
different assumptions on 7, we will later prove different properties of W,,. As customary, the word
domain here means a nonempty connected open subset of C3.

Definition 2.1. Fix a real number u > 7. Let 7 : R?> — [0, +00) be upper semicontinuous, with

7~1(0) including the square (—u, u) X (—u, &) and with ~1([0, 1)) path-connected. Set C* := C\
{0} and

. 2
w=w,= {(21,22,23) ECXC*XC* : |z, — 8125l |" < 1~ p(log|z,|?, log |z3|2)} )

Equivalently, W is the subset of C X C* X C* having the upper semicontinuous function
_ 2_9R —ilog|zyzs/|? 1 2 2
p(zy,25,23) = |2;]° — 2Re(ze ) +n(log|z,|", log | z3|%)

as a defining function.

In what follows, we let /A\(P, r) denote the disk in the complex plane with center P and radius
r. We also let /A*(P,r) denote the punctured disk. Finally, we let A(P, r,,t,) denote the planar
annulus with center P and radii r; < r,.

The next remark decomposes W into a family of disks that rotate about the origin in C.

Remark 2.2. If we set

R(z,,23) :=1-n(log |ZZ|2a log |Z3|2),

a9 'S20Z '0SLL69VT

jrsdny woiy

B5UB017 SUOLUILLIOD dA 81D 3|e! (dde ay) Ag pausenoh ae sajoie YO ‘8sn JO Sa|nJ oy Aeiqi 8uljuQ A3]1M UO (SUORIPUOD-PUB-SWWLBY 0D A3 | 1M ARelq 1 U Juo//SdiiL) SUORIPUOD pue SWB | 3L 88S *[G202/90/0T] Uo ARlqi7auliuo A |IM eI 1Q 1pNIS 1BeaeiseAlun Ag S6TOLSWIIZTTT OT/I0pAuod Ao m ARiqipL



40f38 | KRANTZ ET AL.

then

W= U A(ei log |ZZZ3|2,R(z2,z3)) X {(25,23)} .
R(z,,23)>0

As a result, if we let j denote projection on the jth variable, we have ;(W) = /\*(0,2).

Remark 2.3. Let us show that W is a domain in C3.

The set W is an open subset of C X C* x C* (whence an open subset of C*) because its defining
function p : C X C* X C* — R is upper semicontinuous.

Additionally, W is path-connected because for every z = (zy, z,,z;) € W, we can find a path
in W joining z to the point (1,1,1). We begin by observing that, since 771([0, 1)) is path-connected
by hypothesis, there exists a path y = (y,,73) from (log |z, |2, 1og | z;|?) to (0,0) in ~1([0, 1)). Now,
z = (2,,2,, ;) can be joined by a line segment within W to the point (/1812223 2, z.), which
can be joined to the point (1, Z—"’l Z3) by means of the path

1z21” 23]

[0,1] 25~ <eiyz(5)+i73(S)’e}/z(S)ﬂi,eVs(S)ﬂi) cw.
|2, |23

Finally, every point of the form (1, e’2, ¢/3) can be joined to (1,1,1) by means of the path
[0,1]25~ (1,ei(1_s)t2, ei(l_s)t3> eEwW.

The main body of W consists of those disks that have radius 1. Because of the choices made in
Definition 2.1, the set R=!(1) of those (z,, z;) € (C*)? such that n(log |z,|?,10g |z5]?) = 0 includes

A(0, e M2 e“/z) x A(0, e /2 e“/z).

Restricting to this main body for the sake of simplicity, we can study the fiber 77 !(z,) over each
z, € A*(0,2) as follows.

Proposition 2.4. Fix any point z; = p,e’® with 0 < p, < 2 and 6, € R. Forany k € Z, let

rl'(—* 1= exp(6,/2 + [arccos(p,/2)]/2 + 7k).

If (2,,23) € R™(1), then (zy, 25, 23) belongs to 7w, (z,) if and only if

Z,25 € U A(0, r;,r;).
kez

Proof. 1f (z,,z;) € R71(1), then n(log |z,|?, log | z3]?) = 0. Also
0(21,2,,25) = |z;|> — 2Re(z,e™" log |ZZZ3|2)
= p(z) — 2p0 Re(ei(eo_log |2223|2)

= po(py — 2cos(6, — log |z,25|%)).
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This quantity is negative if and only if cos(6, — log |z,25|?) > p,/2. This is, in turn, equivalent to
having

6, — arccos(py/2) + 27k < log|z,z;5]* < 6, + arccos(p,/2) + 27k,
thatis, r, < |zyz3| <r] forsomek € Z. O
Let us set a few notations, which will prove useful later.

Definition 2.5. For each z =(z;,2,,23) € CXC*" X C*¥, we set L :=log |zzz3|2. Moreover,
referring to the map (¢,,t;) — 7n(t,, t3), we set

7°(2) 1= n(log|z,|*,1og |z;|*)

and, if » is smooth,

d
7)(2) := 3-(og |zl log |2 %)
J

_ 9

— 1 2’1 2
atjatk(0g|Z2| 0g|z;3]%)

77,2

forall j, k € {2,3}.
Remark 2.6. Fix (zy,z,,25) € C X C* X C*. By direct computation, we see that

9 Z il
32 p(z1,25,23) =2z, —e ™.
1

Moreover, if 1) is smooth, then

i,o(zl,zz,z3) = —2Im(z;e )z + 927t for j e {2,3}.
dz; J J7

Now, for appropriate choices of 7, we can prove a first significant result about the geometry of
W,
Proposition 2.7. Under the following additional assumptions:

(I) 7 is smooth in an open neighborhood of ([0, 1]);
(1) ateach point of n~1(1) (if any), the gradient of  does not vanish;

then W, is a domain in C3 whose boundary is smooth except at the boundary points z with z,z; = 0

(ifany). Foreach z = (z,,2,,23) € OW,, if z; # el and z,z, # 0, then the complex tangent space to
122,23 1 223 p gent sp

9w, at z is spanned by the vectors

2Im(z,e7L) — 7} 2Im(z,e7L) — 7}

V(z1,25,235) = z,(zy —e L) |, W(zy,25,23) i = 0

0 z5(z — e ')
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In the (nongeneric) case when z, = e'* and z,z; # 0, the complex tangent space to oW, at z is
spanned by the vectors

1 0
v(z,2,,25) :=]0], W(zy,2,,23) 1= zy15
0 —237,

Under the further additional assumption:

(1I1) 7n~1([0,1]) is a bounded subset of R?;

then W, is a smoothly bounded domain in c.

Proof. We first work under assumptions (I) and (II) only. Suppose that z = (z;, z,, z3) is a bound-

ary point of W, with z,z; # 0, so that p(z) = 0. If dp/dz,(z) = 0, then z; = e'". This, in turn,
implies that

0 = p(z) = -1 +n(log|z,|*, log |z3|%).

As a result, (log |z,|?,log |z;|%) € n~'(1). Thus, 77;. # 0 for some j € {2, 3}. The equality z; = el
also implies that

9

azj

pz) =7zt

In conclusion, 8p/9z;(z) # 0. Since the gradient of p does not vanish at z, the boundary 0W, is
smooth at z. The generators of the complex tangent space can be computed directly.

We now take all assumptions (I),(II),(IIT). In particular, there exists ' > u > 0 such that
7~1([0,1]) is included in a closed disk of radius ' centered at the origin in R%. Now, if z =
(21,25, 23) € W,, then R(z,,2;) > 0, whence 7(log|z,|% log|z;]|?) <1 and e ¥/2 < |z,|, |z5| <
e /2. Thus,

W, € A*(0,2) X A(0,e7#/2,e#/2) x A(0,e7#/2,eH'/?)

is a bounded domain and there exists no boundary point w = (w;,w,,w;) of W, having
w2w3 =0. D

Remark 2.8. Under our additional hypotheses (I) and (II), we have that the complex tangent space
to 0W, at each boundary point of the form (0, w,, w;) equals

0
spanc4|11],]10
0o)\1

3 | STUDY OF PSEUDOCONVEXITY

As it happened with the original worm domain of [11], we will now study the pseudoconvexity of
W,. We begin with a useful remark.
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Remark 3.1. Fixw = (wy, w,,ws) € Wwithe := [w, w;| > 0. Then
U, := {(21,22,23) €C’ & (z,23)" € Aw, ws)z’gz)}

is an open neighborhood of w in C3. Moreover, A((w2 ws)?, 52) is a simply connected open subset
of C missing the origin, where a branch of logarithm log (whence a branch arg of the argument
function) is defined. In U, the product

B(z1,2,,23) 1= e 23)29(21, Zy,23)
= B 2|2 - 2 Re(zye 05 4 e 2 log |2, %, log 23 ?)

is a local defining function for W,.

We are now ready for our first main theorem. In the proof, and throughout the paper, we will
use the notation

hy(uy,wy) 1= Mu, D

for every complex square matrix M of order 3 and any u,,u, € C3. We will also use the notations
7°, 77;, 77;;{ 1 CXC* X C* = [0,400) set in Definition 2.5.

Theorem 3.2. We take the extra assumptions (I),(11) on 1 and fix w € 0W, with w, w; # 0. If

n°+ny, >0, 2)
nyns — M) +n° Yy + n —2n)) — (b —13)* > 0 3)

at w, then W, is Levi pseudoconvex at w. If, moreover, conditions (2) and (3) are fulfilled in a neigh-
borhood of w, then the local defining function p constructed in Remark 3.1 is plurisubharmonic near
w.

Proof. Fix w = (w;,w,,ws) € W, with |w, w;| > 0. Let us adopt the notations of Remark 3.1
and argue locally in U,,, studying the complex Hessian matrix of the local defining func-
tion g is plurisubharmonic. The second addend in p(z), namely, —2 Re(zle‘“‘)g(z2 23)2), is the
real part of a holomorphic function, whence a real-valued pluriharmonic function. We are left
with studying the complex Hessian matrix of the sum of m(z) : = e¥'8(% 23)2|21|2 and n(z) :=
earg(ZZZS)Zn(log|22|2,10g|z3|2). Let us compute the complex Hessian matrix of m(z) at z =
(21, 2,,23) € U,,. By direct computation, we see that

d arg(z, z3)° 5
—m(z) = e¥8%22)° 7 |
5 1
2
z
im(z) = earg(ZZZS)Zl.;' for j €{2,3},
azj iz;

whence the complex Hessian matrix of m(z) is e*8#2 %)’ M(z), where

.z . Z

1 i i

Z, Z3
2 2

. .z |zl 1zq]
M(z) :=|-l— +—5 ——
Z |25 2523
_ja E
z3 Lz zsl?
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Let us consider the vectors

1 iz, iz,
P=]0], nmy=|2z|, n;=]0
0 0 Z3
Since
L 0 0
Mp=|"'Z |, Mn,=|o|, M@,=|0],
—ja 0 0
23

the vectors p, n,, n; form an orthogonal basis with respect to h,,, the real number h,,(p,p) =1
is positive and n,, N, belong to the null space of M. In particular, M is positive semidefinite and
m is plurisubharmonic.

Now assume 7 to fulfill the assumptions (I),(II) of Proposition 2.7. The equalities

d
EH(Z) =0,

o 7’),
in(z) = e¥8(z 23)2<.77_ + Z—]> for j €{2,3},

0z; iz; i

2 argz 23 (o W n. N

O nz)= S (Lo ) eme@a( ey X ) for ke 2,3}
020z, —iz; izj  zj iz;z = zjZy

imply that the complex Hessian matrix of n(z) is e2'8(% 2’ N (2), where

0 0 0
0 n°+15, 0+, +im,=n%)
N(z) := 125 ZyZ3
o4 !/+l~( ’_ /) o4 "
0 N Ay T, ARR/ER
2523 |z312
Since
0 0
) 0 ) n° 41k, ) n° 4+ +i(n,—n)
Np=|0|, Nn,= z, , Nnj= z) )
0 1n° 4+ +i(ns—n)) n°+ny,
23 Z3

we conclude that, for all oy, a,, a3 € C,

a
Iyrn (P + cony + asng, agp + apny +azng) = oy I + (a a3) C (i) ;
where
o " o 1 il anl
C = C(log |z,|?,log |z5]%) := ( . 7,7, +?722, . U +7723o+l(37,2 773)> ‘
n°+ny;, + iy — 1)) n° +15,
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ON A HIGHER-DIMENSIONAL WORM DOMAIN AND ITS GEOMETRIC PROPERTIES | 9 of 38

Thus, the sum m + n (whence g) is plurisuharmonic near w if, and only if, C(log |z,|?, log |z;]%)
is positive semidefinite for z near w. This happens if, and only if, both the (1,1) entry 7° + /), of

C and the determinant

detC = (n° +0))1° +ny) — (1° + 0> — () — n))?
=0 — )7 +n°(Y, + 0y — 20Y) — (nh —13)?

are nonnegative near w. This is the same as asking for conditions (2) and (3) to be fulfilled near
w. Finally, in case w € 6W#: if conditions (2) and (3) are fulfilled at w, then h,,, 5 is nonnegative
on C3 x C3, whence W, is Levi pseudoconvex at w. I

Theorem 3.2 allows us to provide our first three examples of pseudoconvex domains in C3.

Corollary 3.3.

() If n =0, then W, = W), is an unbounded pseudoconvex domain, whose boundary is smooth
except at the points w with w,w; = 0.

(ii) Ifn is the characteristic function of the complement of the square (—, ) X (—u, 1), then W,
is a bounded pseudoconvex domain, whose boundary is smooth except at the points w with
log |w,|* = +u orlog |ws|* = +pu.

(iii) W, is an unbounded pseudoconvex domain with smooth boundary if we pick

U(tZ’ t3) = ¢(t2 + t3)’ i-e'9 no = ¢(10g |Z2Z3|2) )

for a smooth, strictly convex and even function ¢ having $~(0) = [—u, u] and ¢~1([0,1]) =
[—u, '] for some real number u' > .

Proof. To prove the third statement, we will apply Theorem 3.2. The first statement will then
follow and, in turn, imply the second statement.

(iii) If n(t,, t;) = ¢(t, + t3), then the additional assumptions (I) and (II) are fulfilled. More-
over, for all z € Cx C* x C*, we find that 1, = 7} = ¢'(log |z,25|*) and that 7}, =77, =
1Y, = ¢"(log|z,25|?). Thus, inequality (2) is fulfilled and an equality holds in (3). Finally,
each w = (w;,w,, w;) in the finite boundary dw, has log|w, w3|2 € [—u', '], whence
w, w3 # 0.

(i) Pick ¢ asin case (iii). Forn € N*, we sety),, := % and remark that {Wnn }nene 1S an increasing
sequence of pseudoconvex domains with smooth boundaries. It follows that

Wo = U Wa,

neN*

is pseudoconvex, too. Additionally, the boundary W, coincides locally near each w € oW,
with w, w; # 0 with the boundary 6W, for some n € N*.

(ii) Ifnisthe characteristic function of the complement of the square (—, u) X (—u, u), then W,
is the intersection between the unbounded pseudoconvex domain W, of C X C* X C* and the
pseudoconvex domain C x A(0, e /2, e#/2) x A(0, e /2, e#/2) of C3. It follows that W, isa
pseudoconvex domain in C3. Every boundary point w = (wl, w,, w3) either is a boundary
point of W, with w, w; # 0 or has |w;| = e*#/2 for some j € {2, 3}. The thesis follows.  []
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10 of 38 | KRANTZ ET AL.

For the unbounded nonsmooth domain defined in case (i) and for the bounded nonsmooth
domain defined in case (ii) of Corollary 3.3, it is convenient to set the following notations.

Definition 3.4. We set the notations C,, := R?\ (—u, u) X (—u, ) and WL i=W,. ,aswellas
u
Wéo = Wo.

Remark 3.5. The equality W/, = U, (1) YV, holds true.

If we fix z; = 1 in the bounded nonsmooth domain W;x constructed in case (ii), we recover
the truncated worm domains studied in [12] and in subsequent literature. If we fix z; =1 in
the unbounded smooth domain constructed in case (iii) of Corollary 3.3, we recover the origi-
nal Diederich-Fornass worm domains of C2. Our next goal is showing that the following class of
smoothly bounded pseudoconvex domains is not empty.

Definition 3.6. We let ¢, denote the class of all W, with 7 such that the extra assumptions
(I),(I1),(I11) of Proposition 2.7 and the inequalities (2), (3) are all fulfilled near oW,,.

Our first attempt to prove that &), is not empty leads to a negative result, which is, however,
instructive.

Proposition 3.7. Ifwe pick

n(ty, t3) = ¢(t,) + P(t3)

for smooth, convex, and even functions ¢, having $~1(0) = p~1(0) = [—u, u] and ¢$~1([0,1]) =
[, 11, 971([0,1]) = [<&, €] (for some u', & > ), then W, is a smoothly bounded domain in c3
that is not pseudoconvex.

Proof. Under such hypotheses, we find 7/, = ¢'(log |z,1), 7} = ¥'(log |z31), 7%}, = ¢" (log |2,]?),
1%y, = 9" (log 1Z512), 1y, = 0. For z = (2;,2,,23) € CX C* X A(0, e H/2, et/2) we get that 7° =
¢(log|z,|%), whence 1), = 0%, =7/}, = 0. For all a;,a,,a; € C, by inspection in the proof of

Theorem 3.2,
h = Jo, 12 Cllog ) (22
Mman (@D + QN + azng, o p + apn, + azng) = |a > + (a,  az) C(log|z,| =]
3

where

1 iz iz " Y
p+¢" ¢+ig
p=|0|, m=|z], n3=|0]|, C=<¢—i¢' ¢ .
0 0 Z3

Inequality (3) is the same as det C(log |z,|?) > 0. For ¢ > 0, we have det C(log |z,|?) > 0 for z, €

A(0, e#/2,et9)/2) if and only if ¢¢” — (¢')? > 0 in (u, 4 + €). To the contrary, we claim that
$'@ _ (P

routl 50 e )?] = —co and postpone the proof of our claim to the end of the proof.

lim inf
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ON A HIGHER-DIMENSIONAL WORM DOMAIN AND ITS GEOMETRIC PROPERTIES | 11 of 38

Let us now prove that W, is not pseudoconvex. Take any z = (2, 2,,23) € W, with z; €
A(0,eH/2 eH/2). Based on Remark 2.6, we note that the vector

ap +izy(ay + a3)
Z303

belongs to the complex tangent to W, at z if, and only if,
(zy —e™)oy + (ilzy]* —izye ) (ay + a3) + (—2Im (z,e7E) + ¢/ (log |z,]?) ),
—2Im (z;e )ay = 0.
This is the same as

Now, z € W, implies |z, — e—iL|2 =1-7°=1-¢(og|z,|?) and |¢|? = |z, |>(1 — ¢(log |z,|?)).
Thus,

(1= ¢(log |z,1?) " oy |? = [¢(ay + a3) — ¢ (log |z, |2
= 1¢ = ¢'(log |2, ley | + I¢ 12 las | + (¢ — ¢/ (log |z, Eatras + (€ — ¢ (log |2,12))ats i, -
Overall,

a
Myren (P + aon, + asng, app + apn, + asng) = (@, as) (B, (loglz,1%) + Cllog|z, ) <az> ,
3

where

s - L (1K=¢] €-¢)%
Tol-e\s¢-¢) kP
Since the diagonal elements of B, + C are nonnegative, the study of pseudoconvexity of W, relies
upon the study the sign of det(B, +C) = detB, +detC+d =0+ ¢¢" — (¢')? + d, where

A-@)d=1{—¢’p+1LP@+¢")— ¢ —¢N(p—ig) — ¢ —¢)¢ +ig))
=16 —¢ = ¢PPe+ilC - )¢ — ¢ — NP +1¢17¢"
= $(@)? +i(¢ =@ + 1S 1%4”
= (¢ + @z — D) + 2, — e D)@ + 12,170 — ¢)¢”
= [¢ — 2Re(z;e 1) + 2|2, [*] (@) + 1z, P - $) ¢ .
We must therefore study the sign of

¢ — 2Re(z;e7F) + 2|z, |?
1-¢

det(B,, +C) = ¢¢" —(¢')* + (@) + |z, 1%¢" .
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12 of 38 | KRANTZ ET AL.

If we choose z so that z; = (1 — \/1 — ¢)e'l, then ¢ — 2Re(z e L) = ¢ — 2 +24/1 — ¢ = O(¢?)
and |z,]?> = (1 — y/1 — ¢)?> = O(¢?). Using our claim, we get

- i e [0 (@Y
lim inf [gs(r) ? det <B(1_ m>el—L(r)+C(r)>] = lim inf l o(x) <¢(r)) ] T

It follows that B(l_ m)em(r) + C(t) cannot be positive semidefinite for all 7 € (u, ') and

that B, (log |Z,]%) + C(log |z,|?) cannot be positive semidefinite for all z € oW,. Thus, W, is
not pseudoconvex.

" _ (M)Z]
$(0) ¢(0)

¢ coincides away from ¢~1(0) = [—u, u] with ef, for some function f. It follows that ¢’ =

e/ f' and ¢" = e/ (f" + (f')?), whence "fﬂ—i)) (‘igg = f”. Since lim,_ ,+ $(t) = 0, we have

= —oo0. The function

We are left with proving our claim that liminf _, +[

lim,;_, ,+ f(¢) = —oo, whence

lim f (D)dt = hm L [f(1) = f(O)] = +o0.

t—-ut

As a consequence, there exists a sequence {s,},cy C (4, #') with lim,_,, s, = u such that
lim,_, . f'(s,) = +o0. Thus,

o
tim [ e = lim 76 - £'G)) = -

n—+oo
Sl’l

This implies that liminf,_, ,+ f”(z) = —co, as desired. O

The computations made in the last proof motivate the next remark and the subsequent
proposition.

Remark 3.8. Convexity of 5 suffices to guarantee inequality (2) but not inequality (3).

In the case 7(t,, t3) = ¢(t,) + P(t3), condition (3) would have required logarithmic convexity of
¢, which would have, in turn, prevented ¢ from vanishing identically in [—pu, u].

Proposition 3.9. Assume 7 = yye/ for some open subset U of R?> and some smooth
: o . ._ 9 .
functlon f:U->R. Set f° := f(log|z,|? log|z;]?), f;. = %(loglzzlz,loglzﬂz) and ;’k =

a[ S (log|22|2 log |z5|?). Then the equalities

n°=el,
n;=n"f},
L =0"(Fif+ 17D
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ON A HIGHER-DIMENSIONAL WORM DOMAIN AND ITS GEOMETRIC PROPERTIES | 13 of 38

33

hold true in U for all j,k € {2,3}. If we set H; := (;% Jff%}) L= < Ty ) u:= (_11) then, for the
terms appearing in inequality (3), we have

Wl — GfL)? = detH, = (0°Plhyy (0,0) + detH ],
n° Oy + 135 = 2133) — (0, = 03)* = 0°hy (w.u) — () = 13)* = (9°)hyy (u, ).
Therefore, in U inequalities (2), (3) are equivalent, respectively, to
(f?+ [ +12 (4)
th(v,v)+detHf+th(u,u)>0. (5)
Proof. We compute
sy — 57 = HID? + FLIE? + 3] = (Fof + f50)%

= VL5 + (PP o = 2050 + Foh o — (F))°]
= (1°)*[v'Hpv + detH]
and
n°(m5, +nyy — 20 — 0y = 0)* = VLD + £y + (F> + £y — 21515 = 2f 5y — (f5 — )]
= °YLfY, + [y —2f%]
= (17°)2utHfu. m

The last result is useful to prove that the class €, is not empty, thus finding examples of
smoothly bounded pseudoconvex domains W,. The next proposition will also be useful in the
construction.

Proposition 3.10. Let U, ..., U; be open subsets of R2, take smooth functions ng, ..., n; : R?2 > R,
and set

ni=mg ke

Ifeach ), fulfils inequality (2) separately, then ) itself fulfils inequality (2). This is automatically true
ifng, ..., m; are convex. If we assume |l = 1, that is, n := 1, + 1,, we can compute the quantity

P(n) = detH, +n°hy (w,u) = O, = n})?
appearing on the left-hand side of inequality (3) as follows:
P(n) = P(no) + P(n) + ng detH, + 7y detH,

+ (770 (771 + (771 (770 2(770 (771 2[(’70); - (Wo)g] [(771)/2 - (771)/3] .
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Proof. The first statement follows from the equality

n° 47, = 2((nk) + ().

For the second statement, we compute
P(n) = detH, +1°hy (u,u) = (7, —1})°
= [10)Y, + @)% [(0)5 + M%) = [(M0)ys + ()Y,
+ 5 + 1) gy, () + iy, (0]
= (o), + () = () = ()}’
= P(10) + P(n1) + (00)3,(m)55 + (01)5,(00)s5 — 2(00)55 (1)
+g detH, +n7detH, —2((1); — 10)3)((11); — (1)})- O

We are now ready to prove that the class €, is not empty, constructing a class of examples of
n’s such that the corresponding W, are smoothly bounded pseudoconvex domains.

Theorem 3.11. Pick A, > B, > \/2e# and letc, > 0. Let us definen :=mn, +1n_, where

ni(tz’ ty) 1= X @2 ,+oo)(eit2 + 6113) ef+(t2:13) ,

Cs

Cx
fi(tz,t3) = A2 _ -

2 +t +t; _ R2
i BJ_r exh2 4 e*l3 BJ_r

In other words,

¢, lzmlP+lzlP-A2
A2 —B? |z,]2 4 |z5]2 -

N (2.1 + |z ) ex N A e S A e
B N P P =

n° = X(Bi,+oo)(|zz|2 +1231%) exp<

Then, W), is a smoothly bounded domain in C3 that contains W;z (and is contained in W;l/ foru' >

2logA,,2log A_). Moreover, there exists C, > A% such that, for every ¢, > C,, there exist C_ =
C_(c,) > A? such that, for every c_ > C_, the domam W), is pseudoconvex.

Proof. The functions 7,7,,7_ are continuous because f,(t,,t;) > —co as e*’2 +e*s — Bf_r.
Moreover, 7,7,,7_ are C? because

[3) f+

J

0,005, 9L\,
dt; dr  oron )P

9n
3_:(&, £3) = X (52 yoo) (@12 + €F3)ef 202 (t2,13),
’ H

8’1,

at at (tZ’ t3) X(Bz +°o)(e—t2 + e+t3)ef+([2 t3)<
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ON A HIGHER-DIMENSIONAL WORM DOMAIN AND ITS GEOMETRIC PROPERTIES 15 of 38

where
t:
e 1= — 22
atj 2>43 (eit2 + e-|_—t3 —B_Z'_)z’
31, o) c et (et 4 els — Bi)z — c eth2(eth 4 etls — Bi)eitz
=2 \2.l3) =
Gtg (et + etz — Bi )
L, —ef2+e*s — B}
=c e —,
= (et2 +e*ls —B2)}
2 +t) _ pxty _ B2
o°f. +t, e*2 —e*s — B

— (b, t3) = c,e” >
at; = (et +etls — B2)3
%f. —2c, e*hetls

———(ty, 1) = .
dt,0t, 20 (exl2 4 e*is —Bi)3

Similar reasonings apply to successive derivatives and prove that 7,7, ,7_ are smooth. Clearly,
the gradient of 7, never vanishes where 7, # 0.
The function # vanishes identically in the (compact) intersection of the sets

(77+)_1(0) ={(t),13) € R? : e2 4¢3 g B_Z'_},
(_)710) = {(t,t3) ER? : ™2 + e < B2},

which includes the square (—u, 1) X (—u, 1) because e # < e‘2,e3 < e implies e2 + efs < 2eH <
B2 and e™2 + 73 < 2e# < B2. In particular, Wl; C W,. The function 7 takes positive values
wherever 7, or 7_ is strictly positive. Clearly, each positive level set of 7, is a straight line
e’z + e =1, > B2 > 2inthe (e, e'3)-quadrant, while each positive-level set of 7)_ is a hyperbola
e~2 4¢3 =1_> B2 > 2 (or equivalently e2e’s — I~!(e2 + e3) = 0) in the (e2, e'3)-quadrant.
This straight line and this hyperbola intersect at exactly two points, namely,

(e, = <l+i VA Lxya
9 2 b

> ) A= li — 4L 07 =1L - 4) > 0.

We point out, for future reference, that 7, (¢,,t;) > 0 with e2 = e’s implies 7-(t,, ;) = 0.
The set
(1)71(0,1]) = {(t,. 13) € R? : BS < el +e3 < A2},
corresponds to the set between the dotted straight lines in Figure 1, while the set
(17)71(0,1]) = {(t5, t;) ER? : B> <e 2 +e73 < A%},

corresponds to the set between the two dotted hyperbola branches in Figure 1 (bold curve
included, finer curve excluded). The intersection (7, )~1((0, 1]) n (n_)~1((0, 1]) has two connected
components U,, U, with

U, C{ltyt;) ER* 1 t; < 1y}, Us C{(ty,t5) €R? 1 1, < 13} (6)
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16 of 38 KRANTZ ET AL.

N
es|:

FIGURE 1 Thecurvese” +e = A2,e™2 + e7% = A? (in bold dots) and e” + e"s = B2,e™ + ¢~ = B (in
finer dots) within the (e2, s )-quadrant.

The compact set ~1([0, 1]) is properly included in the (compact) intersection between the sets

(m)7H0,1]) = {(t,, £3) € R* @ €2 + € < A2},

1)7H[0,1]) = {(ty,t5) ER?* 1 e72 + 73 < A%}

In particular, if 7(t,, ;) € [0,1], then A~2 < e'2,e'3 < A2, whence —2log A_ < t,,t; < 2logA,.
Thus, W, C Wl;, for ¢/ > 2logA,,2logA_.
More precisely, the simple closed curve n~1(1) bounding the compact set »~1([0, 1]) is the union

of four arcs y,y_,7,,73, where
el2 +els = A2
£ { "

e 4e7ls < B2

is part of the bold straight line in Figure 1,

e tels =A%
r-- el2 4 el stL
is part of the bold hyperbola in Figure 1, while the arcs

ef_(tzst3) + ef+(fzyl3) =1
v
Tt t) €U,

(with j € {2, 3}) are not drawn in Figure 1. Clearly, the gradient of 7 never vanishes in y_ , where
it equals the gradient of ., nor in y_, where it equals the gradient of 7_. Moreover, the gradient
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ON A HIGHER-DIMENSIONAL WORM DOMAIN AND ITS GEOMETRIC PROPERTIES 17 of 38

of n never vanishes in y,, y; because it never vanishes in U, U Us;: if it did, then

t —t
ofslat) €T f ) ce =0
(ef2 +efs — B2)? (e72 + e71s — B2)?2
and
t —t
G B L N (W ce’ =0,
(e'2 + e's — B2 )2 (e72 +e73 — B2 )2
+
whence
f 4 ofs — B2)2
o2 — c__eff(fz,ta) (e'2 + €3 —B+) _ o

B ¢, ef+(t2t3) (e7t2 + ¢35 — B2)2 B

and t, = t;. We would thus find a contradiction with the inclusions (6). We have therefore proven
that the gradient of 7 never vanishes in 7~!(1). Overall, all assumptions (I),(IT),(III) are fulfilled.
By Theorem 3.2, the set W, is a smoothly bounded domain in C3, which is pseudoconvex if, and
only if, inequalities (2), (3) are fulfilled near V,. We will now prove that, for sufficiently large ¢,
the function 7, is convex in a neighborhood of (1,)~1([0, 1]). Then, we will prove an analogous
statement for 7_. This will allow us to easily address inequality (2), thanks to Proposition 3.10.
Later, we will study inequality (3) for 7.
Omitting the sign +in f,c,, A, B, for the sake of readability, we have

2
’ clz;|

(AR AL - B2)?’

|z, + |2, - B
(Iz5)% + 2312 = B2)3’

" _ 2
2 C|Z2|

|Zz|2 - |Z3|2 - B?
(I12,]? + 12312 = B2)¥’

" _ 2
33 C|Z3|

" o_ _2|Zz|2|23|2
2 (1231 + |z;51? — B2)?

The inequality (77, )}, > 0is trivial where 53 vanishes and equivalent to (f})* + f!, > 0 elsewhere
by Proposition 3.9. In order to study this last inequality, we compute

¢ Mz, |7 (2, |* + |z3)* — BY)? [(fé)z + f;’z] = ¢+ |z, 2 (=12, )° + 1231 = B)(|2,)* + |23]° — B?)
2 ) 2 242
=c—|z,|" + |z,] 7 (|23 = BY)".

The inequality (f})* + f/, > 0 is certainly true when ¢ > |z,|*. Choosing ¢ = ¢, > A2 guaran-
tees that (1, )Y, > 0 in a neighborhood of (n3)71([0,1]). We now study the inequality det H, >
0, which is trivial where 7 vanishes and equivalent to the inequality hy f(v,v) +detH; >0

elsewhere by Proposition 3.9. Here,

H. = c <|Zz|2(—|zz|2 +|z31* — B?) —2|z,|?|z3/? >
I 7 (12, + |23 — B2)? —2|z,|?|z;51? |1z312(12,|* — |23]* — B?)
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and

v:v-z(ﬂ>: c <%V>
’ —f1) " Uzl + 1252 = B2)? \—|z,|?

Recalling the notation set in formula (1), we compute
¢z, 2|25 2 (|2, 1% + |25)% — Bz)7th(U, v)
= |Zz|_2|Z3|_2(C_1(|Zz|2 + |z5)? _Bz)zvt)(c—1(|22|2 + |z5)? _B2)3Hf)
(7N (|zy)? + |51 — BY)?D)

_ IZ |—2|Z |—2(|Z |2 |Z |2) <|Z2|2|Z3|2(_|22|2 + |Z3|2 _B2)+2|22|4|Z3|2>
— 142 3 31 > 7142

—2|z,12|231* — |2, 1%1231%(12, 1> — 231> — B?)
2 2 2 2 21, 12 21, 12 2 2 2 2
= |z3|7(=1251" + 12317 = BY) + 2|2,|"|z5]" + 2|2,17] 23517 + |2,1°(|2,|" — |z3]" — B7)
2 2 2 2 2 2 2 2 2 2
= |z3|7(=12,|" + 231" — B* + 2|2,|%) + |2,|°(125]° — |23]° — B* + 2|z3]7)

= (12,1 + 12312, )* + |z31° — BY),

whence
|2,1% + |25 2
hy (v,v) = c3|22|2|z3|2 = c3|Zz|2|Z3|2—’
s (2,17 + |z3]? — B2 (2 — By
where t = t, :=1/|2,|? + |z5]|%. Moreover,
-2 =21, =2 2 2 246
¢ 7Nz, NZ51 77 (12,17 + |23]7 — B)  det Hy
-2y, -2 -1 2 2 243
= |z, |z5) 7> det (¢ (Iz,]* + | 23] _B)Hf)
=z |_2|Z |_2det <|Z2|2(—|Z2|2 + |Z3|2 _BZ) _2|Zz|2|z3|2 >
=12z 3
—2|z,|?|z3/? 1z31%(|1z,* = |z3]* — B?)
2 2 2 2 2 2 21, 12
= (=217 + 12317 = B*)(|2,]" = |z3]7 = B”) — 4|z,|"|z3]
4 4 4 21, 12
=B" — |z,]" — |z3]" — 2|z,|7|z3]
= B* — (I2,1* + |z5/*)°
2 2 2 2 2 2
= —(|z,1" + 1z31° + B*)(|z,]° + |z3]" = B7),
whence
2 2 2 2 2
2. 2. 2 |Z2l"+ 12517+ B 2, 21, 2 t"+B
detH; = —c”|z,||z3] 3 s = ¢ l2lEl s
(12517 + |z51* — B?) (t> - B?)
We conclude that

¢2z,) Pz 2 — B [y (v, 0) + detHf] = c—t72(t2 + B)(* — B?)
=c—t2(t*-BY

=c—t*+=
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ON A HIGHER-DIMENSIONAL WORM DOMAIN AND ITS GEOMETRIC PROPERTIES | 19 of 38

is nonnegative when ¢ > t* = |z,|* + | z;|%. Therefore, choosing ¢ = ¢, > A? guarantees not only
™, ’2’2 > 0, but also det H, >0 in a neighborhood of (771)‘1([0, 1]), whence the convexity of 7.,
in a neighborhood of #7*([0,1]). For future reference, we now compute the quantity P(z,) =
detH, + 77°th+ w,u) = ((m4), — (77+)g)2, defined in Proposition 3.10. Here, u := (1,—1)!. By
Proposition 3.9, P(n,) = (n‘jr)z[th(v, v) +detHy + th(u, u)] wherever 7] does not vanish. We
compute

Izl + 12307 —Bz)3th(u, u)
=u' (7|2, + |25 —BZ)3Hf)12

=(1,-1) <|Zz|2(—|zz|2 + 2512 = B?) + 2|zz|2|z3|2>
’ —2|2,?1231? — |231%(|2,|* — |z3]* — B?)

= 2,2 (=12, + |z31> = BY) + |23 (I2,]° — |23]° — B) + 412, |%| 23]
= —|z,|* = |z3|* + 61z, |%|z3]* — (12,]* + |25]*)B?
= 8|2,%1231° — (12,1% + |23 1)z, * + |23]* + B?),

whence

812, 1712517 — (12,17 + 123121221 + |25]* + B?) —¢ 8|2,|?|2;|* — t2(t* + B?)
(1231* + |z3]* = B2)? (12 — B2)3

th(u,u) =c

‘We conclude that
¢! |zz|_2|z3|_21‘_2(t2 — B?)® [th(v, v)+detHy + th(u, u)]
2 » B ) 200 1=2(42 4 B2VI(+2 _ R2y3
=c"+c|—t +t_2 + [8t7° — |z,| 7| z5| (¢t + B*)](¢t* — B?)
2 , B 21, =204 _ pAyee2 22 —2/.2 243
=c“+c|—t +t—2 — |2, 7%|25|7°(t* — B*)(t* — B°)* + 8t “(t* — B°)
2 , B O\ =204 phvee2 232
zc"+c| -t +t_2 = |z5| 7| z5| 7= (¢" — BY)(t* — B)",

where the last expression is nonnegative for

Bi\/(1 1
c=c, > <ti - t_2+><5 + 5\/1 + 4|z, 2| 25|21 (12 — B2)(e2 +B§r)—1> .
+

Similarly, we can prove that choosing c_ > A? guarantees the convexity of 7_ in a neighbor-
hood of #~1([0, 1]). Indeed, omitting the sign — in f_,c_, A_, B_ for the sake of readability, we
have

—c|z;| 7

fh

Tz + |Z3|_2—32)2’

—|z,| 7 + |z5]7* — B?
(125172 + |z3|72 = B2)*’

-2
= ¢|z,|
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Y i
A — i .
37 Iz 2 ¥ (252 - B2

The inequality (1_)/), > 0 holds where 7° does not vanish if, and only if, (f)* + f!/, > 0, where
Mz * 12,072 + 125172 = B (57 + [y
=+ 12,7 (=12z,| 7% + |23] 72 = B*)(|2,| 7> + |23] 7> = B)
=c—|z,| 7 + |2,°(1z3]* = B*).

The last inequality is certainly true when ¢ > |z,|~2. On the other hand, det H, >0 where n°

does not vanish if, and only if (after setting t = t_ 1= /|z,|72 + |2z5]72)
B4
0 < ¢ 2|z, |2 |z5 |7t 2(t* — B)® [th(v,U) + detHf] =c—t>+ =

The last inequality is certainly true when ¢ > t? = |z,|™2 + |z3| 7. A suitable choice is there-
fore ¢ = c_ > A?, as announced. For future reference, we now compute the quantity P(n_) =
detH, +n°hy (u,u)— ()= m))? = (nj)z[th(v, v) +detHy + hy (u,u)]. We have

c Nz, |?|z5 )2t 2 (t? — B?)® [th(v, V) + detHy + th(u, u)]
B* -
=c’+ c<—t2 + t—2> — |z,|%1 252 (t* = BH(t* — B*)? + 8t7%(t? — B?)?
4
>+ c(—t2 + %) — 12,7125 (t* = BH)(t* — B?)?,
where the last expression is nonnegative for

2 Bi 1 1 2 2¢4 (2 2 2 2)—1
c=c_> t__t_z §+§ 1+ 4|z, |?|z5|2t4 (t2 — B2)(t2 + B2) .

Consider now the compact set
K :=(°)7'([0,1) € )"0, 1) n (12)~"([0,1])

={(zy,z3) €C* 1 1, <A1t < A%}

\/'

For future reference, we point out that (z,, z;) € K implies ATl g 12,1, 123] < A, and that B—2 <

1251, |25] < % implies 7°(z) = 0. We established that 7 ,7_ are both convex in a neighborhood

of K when ¢, > A2 and c_ > A%. Proposition 3.10 guarantees that, when ¢, > A% and c_ > A2,
then inequality (2) is fulfilled in a neighborhood of K for 7 = 7, + #_. Our final aim is studying
inequality (3) for = 5. + n_. According to Proposition 3.10, inequality (3) is the same as

0<P(m) =Pmy)+P1n_) +n3 detH, + 7o detH,H

+ ()5, (05 + )55 — 2005120 — 2((); — (., ))((M2), — (1))
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ON A HIGHER-DIMENSIONAL WORM DOMAIN AND ITS GEOMETRIC PROPERTIES | 21 0f 38

We already established that detHn+ >0 in a neighborhood of (ni)‘l([o, 1]) when ¢, > Ai
and that detH, >0 in a neighborhood of (n°)~'([0,1]) when c_ > A2. We also know that
P(n.), P(n_) > 01in a neighborhood of K if we choose ¢, > M, and c_ > M_, where

4
M, = 2 - B\ (L + 10/1+ a1z, 2125 204 (2 - B2)(@2 + B2)L
+ max + 2 2 251721251 +3V+ +/8 ¢ + ’

" (zz)ek 2
B'\/1 1
M= max (2= — (34214 4zPlz P2 - B2 + B2 ).
(z3,23)€EK l’% 2 2

We are left with studying the quantity
Q) 1= (M) + )L )Y — 2 ) ) = 2] — 5] [0y — ()]
We have Q(77) = 0 wherever 72 = 0 or 7° = 0. Moreover,
(n°)*Q()
= [(f )2 + (LB + (FL] + [0 + FL] [(F L)+ (f)5]
—2[(f 55 + PSS + (F)5] = 2[(f), = (F5 [(F0)y = ()]

at each point (z, z;) where neither 7 nor 7° vanishes (which implies |z,| # |z3|), that is, at each
point (z,, z3) in the disjoint union V, U V; with

ty =|z,1* + 231> > B, ty =1z, +|z3]* > By
VyiRt_ =1z 2+ |z5]™2>B_ , V3 1 3t_=|z,| 2+ |z3| > >B_ .
|z5] < |z 12| < |zs]
We already know that

't =B (f)h = 121,
T2 = B2A(fL)y = =z, 2,
M2 =B ((F L + () = 1214 ey — 12,19,
2 (2 = B2 (FL) + (FL)] 2 1zl e = 125172).
Similarly,
;M2 = B[y = 1zl
cZHe2 = B2A(fL)y =~z 7,
(% = BOM((FOR? + (F%] = 12310, — 1251,
T2 = B2 [((FLR* + (FL)5] 2 lzsl e — 123 7).
(7 = BOM(F LS+ (FOY] = 1271250 ey — 205 - BY)]

T2 = B2 [(FILU s+ (] = |za1 7z 7 e — 222 — B2)] .
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22 0f 38 | KRANTZ ET AL.

B2 B2B?
Letusset x := |z,|%|z3|72. If (z,,23) € V,, then |22|2 —-and |z3]” -2 5 2 Whence x > t=>

. B?
1; if (z,,23) € V3, then |z3]?> > = and |z,| ™2 > = whence x < < 1. We also know that

32 2
(z,,25) € K implies Ai;AE <x< AiAz_. For (zz,z3) € V, U V5, we have
;e (e} = BN = B2 (n°)7*Q(n)
R N A R R EA D CRE PR R B EA e PA N CRE PA  CRE PA )
—2[c, —2(t2 = B})][c_ —2(t> — B?)]
—2(t7 = B2 = B2 (1) = 1251°) (=121 2 + 1251 72)
=ce (P H+x2=2) e, [-xP|z35|7E = x|z, 2 + 42 — B+
+c_[-Xx?|zy* — x7?|z3)* + 4(t7 = B2)| + x* + x> —8(t7 — B2)(t> — B?)
— 22 —BA)(? —BX)(x +x1 = 2)

> O(llc+(:_ + 0(10C+ + O(Olc_ + aOO 5

with
ap = (x—x"H2>0
a 1= =x%|z3| 7 — x 72z, 72
ay 1= —x7|z,)* — x|z )
oy 1= —2(2 — BE)(E2 — Bi)[(xl/2 — X7V b a2 — B2 - BY)] .

Therefore, Q() > 0in V, U V5 if (c,, c_) lies to the right of the right branch of the rectangular
hyperbola ay;c,c_ + aygc, + agc_ + ayy = 0 depicted in Figure 2. This happens exactly when
the two following inequalities are fulfilled:

e s Jou_ Xlzp* + X2 z3)* _ x*zy)* + Iz
T oay (x —x~1)? (x2-12

—a0C. —
5 Z%0¢ = %00
Ay + g

‘We can set

4 2 2
X'z + |z
N+ := max (M>,

(25,2,)€EK (x2 - 1)2

pick a c, larger than A2, M, and V', set

—0C+ — %o
N_=N_(c,) := ax ——M——,

(ZZ ZZ)EK a11C+ + 0601

and pick a c_ larger than A%, M_, and N_ to conclude that W, is a smoothly bounded
pseudoconvex domain. O
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@4C,C +a ,C +ay, C +ap =0

C, = ag/ay c

FIGURE 2 Theright branch of the rectangular hyperbola ¢, c_ + a;oc, + @y c_ + @y = 0.

By inspection in the last proof, the following property could be added to the statement: there
exists C_ > A2 such that, for every c_ > C_, there exist C, = C,(c_) > A% such that, for every
¢, > C,, the domain W, is pseudoconvex.

4 | STUDY OF THE SMOOTHLY BOUNDED PSEUDOCONVEX WORM
DOMAINS IN &,

This section is devoted to the study of the class €, of smoothly bounded pseudoconvex domains
constructed in Definition 3.6 and proven nonempty in Theorem 3.11. We make the following
remark, which involves the bounded nonsmooth domain W/{l and the unbounded domain W/
defined in Definition 3.4.

Remark 4.1. Let Q € %ﬂ. Then,
/ / !/
w,cQcw, cwj (7

for sufficiently large ' > . Namely, if Q = W,, it suffices for the open disk of radius ' centered
at the origin in R? to include the set »~1([0, 1)).

It is useful to define the following functions on W/_.

Definition 4.2. Forall z = (z1,2,,23;) € W/ and all x € C, we define
£(z) :=log (zle_i log |Z2Z3|2) +ilog|z,z5|%,
E,(z) 1= exp(x£(2)),

where log denotes the principal branch of logarithm on C \ (-0, 0].
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24 of 38 | KRANTZ ET AL.

We can make the following remark and prove the subsequent proposition concerning the
Bergman space A*(Q) of any Q € ©,.

Remark 4.3. Letz € W_ . If x € Z, then E,(z) = z}. If x € R, then |E,(2)| = |z |*. If x € C and
z € W;, then E,(z) = z] := exp(xlog(z,)).
2

Proposition 4.4. The functions ¢,E, : W. — C are holomorphic and locally constant in z, and
OE,
0z;

= x E,._,. Finally, the following are equivalent:

in z,. Moreover, a—Lﬂ(z) =1 and
3 z1 21

(i) Re(x) > —1;
(i) E,(z) belongs to AZ(W;‘) for some u > 0;
(iii) Ek(z)zgzé‘ belongs to AZ(W;‘) forallu>0andall j,k € 7Z;
(iv) Ek(z)zgzls‘ belongs to A*(Q) forall u > 0, forall Q € €, and forall j,k € Z.

Proof. The function # (whence all functions E, with ¥ € C) is holomorphic because

Y y=—2 _+o=o,
0z, Zle—tlog|zzz3|2
af( ) z e 10812223 (i) Glog |z,25|2 . Blog|z,z5)? 0
—(z) = 1 =0,
522 Zle_i10g|2223|2 622 622
8y 2 BB (D) Olog |2,z dloglzyzl _
2 ) = =0.
0z4 ze7t log |zyz3/? 0z, 0z,
Analogous computations prove that % =0= %, whence ¢ and E, with x € C are locally
2 3

constant in z, and in z3. Moreover,

—ilog|z,25|?
a_’/ﬂ(z) ¢ " o= 1

621 Zle_i10g|zzzs|2 Z1 ’

8E,
0z
Now let us study L?-integrability. For any a,b € R, j,k € Z, u > 0, we remark that

It easily follows that E, = e has ==~ = x E,_;.

j k|?
Ea+ib(z)zzz3| dV(z)

i k2
I Eqinzs2s | =/
a+ib<p<3 AZ(W;‘) W;t

= / / / |2, 1% |2, % | z5 |
—u<log|z,|2<u J —u<log |z;|2<u A(elloglz22312 1)

exp{ — 2b[arg(zle_“°g|2223|2) +log |z,251*]} dV(z,)dV (z,)dV(z3)

2 2j 2k
=/ / / I$1° 1221 23]
—u<log|zy|2<u J —u<log|z;12<u J A(1,1)

-exp { — 2b(arg($) +1og |z,2z51*) } dV($) dV (z,) dV (z3)
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eH/2 eH/2

Z  p2cosf
2 i 2
— 47.[2 r2a+1 2j+1 2k+1e—2b(9+10g(p2p3) )dr dédo, d
/e—#/2 e—H/2 ‘/— ,/0 p2 p3 P2 6Ps

z
2

T §+,u 9+M log(2 cos )
= g2 / 2 /62 /62 / e2(a+1)se(xz—%)(]+1)e(x3_g)(k+1)e_2b(x2+x3) ds dx2 dX3 db
— ——u S—H —0o0

T
2

[§)

z §+,u §+,u log(2 cos6) ) 8 (i1
— 71.2/ ‘/6 ‘A / ez(a+l)sds ex2(1+1—2b) dx26x3(k+1_2b) dx3 6_5(J+ + )de
_g ;TR JTH T

is finite if, and only if, a > —1. For the fifth equality, we applied the change of coordinates
X 2] X 2]

(r,p2,03) = (eS , eTZ_Z, e d ) It follows at once that properties (i)—(iii) are mutually equivalent.

But the chain of inclusions (7) guarantees that (iii) and (iv) are mutually equivalent. The proof is

therefore complete. Cl

We are now ready to prove that, for sufficiently large u and for Q € €, the Nebenbhiille of Q

is nontrivial. We actually prove a bit more about the space A2(Q), defined as the closure within
the Bergman space A?(Q) of the subspace of those elements of A2%(Q) that extend to holomorphic
functions on neighborhoods of Q.

Theorem 4.5. Letu > 4n. If f € AZ(W;‘), then f admits a holomorphic extension to the domain

W\;{ =W, U U {(21,2,25) © |z, —€¥*| < 1,a <log|z;|* < a+ 27 for j € {2,3}}.
—5<a<%—27r
o 8)
As a consequence, A2(W/’1) C AZ(W/Q).
The same conclusions hold true with any Q € €, in place of Wp’t

Proof. Firstsuppose f to be a holomorphic function onadomain Y > Wl/l Takea € [—%, % - 271']
and consider the annulus

oA, ::A(O,e%,e%”{) ={¢{eC:a<logll|*<a+2r},

whose oriented boundary 3.4/, consists of the circles log |¢|> = a and log [¢|> = a + 27. Consider
also the unit disk centered at e?, namely, A\, = gezia, 1). Since 2a € [—u, u — 4], both of the
following compact subsets of C3 are contained in WF":

Oix o, xd, = {(0,25,23) 1 a<log |zj|2 <a+2xfor j €{2,3}}
and
Za X 8dl, X 8, = {(2,25,23) |2 — ¥ < 1,l0g |z;|* € {a,a + 27} for j € {2,3}}.

Set

1 f(z1,$5,¢5)
229, = dag¢,dés;.
Fa(zl ) 23) (27l'i)2 '/C7Wa '/‘35% (§2 _ Z2)(§3 _ Z3) 52 §3 (9)
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This defines a function F, that is holomorphic in a neighborhood of the set
DN Xy XAy ={(21,25,23) 1 |21 — €| < L,a <log|z;|* < a+ 27 for j €{2,3}}

and coincides with f in a neighborhood of {0} X &/, X &/, by Cauchy’s integral formula. Thus, F,,
coincides with f in W/A N (Za x o, X o). We have thus constructed a holomorphic extension f
of f to the domain ¥ :=Y U U_%<a<;_24_2n Ny XAy XA,

Now consider a sequence {f,},cy C A2(W/;) of functions that admit holomorphic exten-
sions to domains Y,, D W;’u whence holomorphic extensions fn to the domains ¥, :=Y, U
U_%<a<%_2n Ay X ey x d,. Let us assume f, — f in A*(W)), whence f, — f uniformly

in every compact subset of W/;. Taking into account, for all a € <—% ‘5‘ - 27r> and for all

(21,25, 23) € N\ g X A, X A, the Cauchy integral formula

N 1 fn(Z17§27§3)
23, =—2 d¢,d
Tulz1,22,23) (2ri)? /Sﬂa /a,szfa (§2 = 2)(§5 — 23) 2063

1 fn(21,§2,§3)
= d¢,d¢,,
(2mi)? </6,§z¢a /a,;zfa (2 = 2)(§5 — 23) 2063

we conclude that the sequence {fn}neN, too, converges uniformly in every compact subset of
W;/; = W,L,l ulJ_ & A\, X 9, X d,. These uniform limits define a holomorphic function
f: W\l’l — C, which coincides with f in Wﬁ" by construction.

Now take any Q € 6. By (7), every f € A?(Q) also belongs to AZ(WP’L). Thus, f extends
holomorphically to Q := QU U_§<a<§_2ﬂ Ny XAy X d,.

For any x € C \ Z, the function E, (belonging to both Az(Wl’l) and A%(Q)) cannot be holomor-

<a<%—27r

phically extended to A\, X o/, X o, forany a € <—%, % - 271'). This proves the proper inclusions
AZ(W) ¢ A%(W;) and A%(Q) € A2(Q). 0

Our final result concerns the irregularity of the Bergman projection of every Q € €. Just as
in the case of the Diederich-Fornass worm domains, see [2], the Sobolev space W" 2(W) is not
preserved by the Bergman projection for sufficiently large r.

T
2
does not map W"?(Q) into itself when r > v.

Theorem 4.6. Let u > = and setv = % For all Q € €, the Bergman projection associated to Q

Our proof follows the lines of [2] and is postponed to the next section.

5 | PROOF OF THEOREM 4.6

Although the proof of Theorem 4.6 closely follows the proof given in [2] for the classical worm
domain in C2, we prefer to include it for the reader’s convenience and to highlight a few novelties
due to the increased dimension. We will need several tools, starting with the next remark.
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Remark 5.1. Let Q be a domain in C", invariant with respect to the rotation
W (W, ey Wy 15 €W, Wiy g5 oee» W)

for all € R. The Bergman space A%(Q) decomposes as P, HF+0(Q) where

={FeA*(Q): F(w)wr_nk is locally constant in w,, } .

The projection Q__4..q) : AX(Q) = HOk--0(Q) is given by

Qo

e

27
1 . y
Je,.0)F(W) = o /0 F(wy, ..., e%w,, ..,w,)e " do.

If Q is also invariant with respect to rotations in the variable w;, we set

HOvsdsksn0) = 3Orrsr00) OOk 0)
The projection Qe x..g) : AX(Q) - HOJk-0(Q) is given by

Q(O,...,j,...,k,...,O)F(w) =Q0,...j,..0,..0Q(0,..0,...k,.0)F

1 o i6 i6 ike ij6
— L 1 —1 -l
_W/o /o F(wy,...,e"%w), ..., e""mw,,, ... ,w,) e "m do, e~V db; .

Justasin [2], rather than working directly with the domains in the class ), we construct model

domains with the next definition. Here, and in the sequel, we adopt the notations
I, =(-a,a),
Sg=1{{ €C:Im{ €lg}

forall a, 8 > 0.

Definition 5.2. Fix a real number u > 0. We set

Dl" = {(ZI5ZZ9Z3) € C3 : Re (Zle_ilog|ZZZ3|2) > 0’ log |Z2|2,10g |Z3|2 € IIJ} B

D, = {(wl’wz’w3) € C’ : Im(w,) — log [w,w;|* € Iz,log |w, |, log [ws|* € I#}.

Clearly, W/; c D, forall u > 0.

Remark53. If Q € %M, ifQ = Du orifQ = D;t, then Q is invariant with respect to rotations in the

second and third variables. Therefore,

A%(Q) = GB HOIR(Q).

j.kez

For the sake of simplicity, we will denote H(©/)(Q) as H/*(Q).
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More useful tools are provided by the next remarks and lemmas.

Remark 5.4. The domain D, is biholomorphic to D;,x via the “unwinding” map z = (z;, z,,23) —
(¢(2), z,, 23), whose inverse is (w,, w,, w3) = (1, w,, w;). Thus, we have an isometric isomor-
phism T : A*(D,) — AZ(D;‘) with (TF)(w;, w,, w;) = e1F(e*1, w,, w;) and (T71G)(zy, 25, 23) =
z;'G(¢(2), 25, z3). Clearly, T maps H/*(D,) isomorphically and isometrically onto Hj’k(DL) for
all j,k € Z.

The advantage of DL over D, is that its fiber over each couple (w;, w,) and its fiber over each
couple (w;, w;) are both connected, a property that allows to prove the next lemma. Before its
statement and proof, we recall a few useful properties.

Remark 5.5. Let >0 and consider, on the strip S 3, @ weight w : Sﬁ — R of the form
w(x +iy) = a(y) for some integrable a : R — [0, +o0) with supp(a) C I. Set a¢) =a(-2i¢) =
flﬁ a(y) e2¢ dy. The Fourier transform associating to any ¢ € L2(R, &) the complex function

S5~ ¢m o [ oetar,

is an isometric isomorphism from L?(R, @) to Az(Sﬁ, w) (see [2, Proof of Lemma 2]). In particular,
according to [2, §2], the reproducing kernel K, of AZ(SB, w) has the form

N1 elC=$NE
K@ =5 [ St

Lemma 5.6. Let j,k € Z,u > 0,set f =2u+ % and define w; . = co;"k 1 Sg—>Ras
wji(x +iy) = ﬂz(e(j+1)(~))(1”) * (e(kﬂ)('))(zu) s XI% o).
Then,
Lij : HKDL) » A%(Sg,0;0)  LjrG)E) = G, wsy, wy)wy wi*

is an isometric isomorphism. Thus: if ij . denotes the reproducing kernel of AZ(S,g, @j i) then the
reproducing kernel oij’k(DL) is (w,w') ~ ij’k(wl, wi) (w, w;)i (w4 w;)k. Moreover,
53 ei(g_fl)g
Ko, €= [ d
@11 r 2773 sinh?(2ué) sinh(7£)

For > % we derive
Ky, (6.8 = e €2, ¢ = &)+ C)) + O e R ) if Re(¢ —¢') >0
= e({—f,)V(Cv(é‘ - 5/) - C;) + O<eRe(§—§j’)V/> if Re(g _ f/) <0 ,

ivs and C]/} _ iv* 3—vmcot(vm)

_ ! — mi = =
wherev = o <Lv min{2v,1} > »,C, 275 sin(v7r) 275 sin(vr)
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Proof. Letm; : D;,z — C denote the projection map onto the first variable: we have
ﬂl(D;t) = {wl €C: At €l st Im(w) —t,—t; € I%}
=Sg with,8=2,u+§.
Over each point x + iy € Sg, we have the fiber
rl(x +iy) = {(x + iy, w,, w3) : log|w,|*,log|ws]* €1,y —log |w,|* —log |w;|* € Iz } .
We now construct weights w; ; : Sz — R such that
My AZ(Sﬁ,cuj,k) - Hj’k(DL) M )Wy, wy, wz) = f(wl)W£w13{

is an injective linear map and an isometry. For any holomorphic f, g : Sz — C, we have
(Mj,kfan’kg>Hj,k(Dl/t) = / f(wl)g(wl)/ o) [w,| % [ws|?* dV (wy) AV (w,) dV (w;)
Sg 7 (wy

= Sw)g(wy) CUj,k(w1) av(w,) = (f, g>A2(Sﬁ,wj,k)

Sp
if we set, for all x + iy € Sﬁ,
)+ 1y) = / 2 |3 2% AV (w;) dV (w,)
ﬂl_l(x+iy)

=4x? [ 1082 2, 0872) i, (v ~Tog 2 —10gr2) 22 arar,

T
2

= [ (o) [ 6, 0= 5, - s ds s
R R 2

= 72 / e(j-H)SZXI#(Sz) <e(k+1)(-))(1u * Xlx >(y —S,)ds,
R 2
=2 (e(jﬂ)('))(lﬂ) % (e(k+1)(‘))([#) * Xrg ).
2

We now fix any G € Hf’k(Dl’l) c H"(DL), recalling that G(w,, w,, ws)w;* is locally constant

in w; and G(wy, wy, w3)w, / is locally constant in w,. We are going to show that the function

G(wy, wy, wy)w, J w;k is constant in (w,, ws): the resulting function of w; will automatically be

an element of AZ(Sﬁ, ) j,k) (which proves that M j k is surjective and an isomorphism, as desired).
Letm, : D;l — C? denote the projection map onto the first two variables: then

ﬂlz(D;) = {(wl,wz) € C? : log|w,|? €I, €, st Im(w;) — log |w,|* —t; € Ig}
? 2

= {(wl,wz) ec?: log|w2|2 €l,, Im(w,) —10g|w2|2 € I/H% }
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Over each pair (w;, w,) € ”1,2(D;¢)’ we have the fiber
5wy, wy)
Vi Vi
= {(wl, w,, w;) : log|w,|? € I,n (Im(wl) —log |w,|? — E,Im(wl) —log |w,|* + E) } ,

which is a nonempty annulus because Im(w, ) — log |w,|* — % < pand Im(w, ) — log |w,|? + % >
—u. Since every fiber ﬂl‘é(wl, w,) is connected, the function G(w,, w,, w3)w3‘k is not only locally

constant but constant in w;. An analogous argument proves that the function G(w;, w,, ws)w, J
is not only locally constant but constant in w,. The proof of the first statement is complete.
The fact that M;, : A*(Sg, ;) — Hf’k(DL), which maps f into (w;, w,, w;) ~ f(w,)wjwk
is an isometry yields the second statement.
Our next aim is computing and estimating the reproducing kernel Ko, of AZ(Sﬁ, w_j_1). We
have

w_1(x+iy) = n X1, * X1, * XI% o)
and the Fourier-Laplace transform of the latter function, computed at —2i¢, is
m? ()?I# YA (—2ié) )?1% (—2i¢) = m2£73 sinh?(2ué) sinh(ré) .
By Remark 5.5,

£3 gi¢=¢%
273 sinh?(2ué) sinh(§) ‘

Ko, @O = [ 108, 10)=

When viewed as a function of a complex variable £ = x + iy, the integrand function Z(£) has
squared modulus

(x2 + y2)3 e2 Im(¢—¢")x g—2Re(¢ ="y

. 2 _
| I(x +iy)|” = 2723(sinh?(2ux) + sin?(2uy))2(sinh?(7rx) + sin?(7y)) .

Moreover, T has: a simple pole at each point ik with k € Z*, because

. _ 1k (m§ — ikm)*"*! k 0 N2n+1 .
sinh(7§) = (1) ,;N—@nﬂ)! =(-1) ;N(z +1)' — ik

a double pole at each point ikv with k € Z*, where v = % because

( #)2n+1

sinh(2uf) = (-1)F ) ot D]

nenN

(& —ikv)? = (-1 (2,u(§' ikv) + g;ﬁ(g’ —ikv)® + ) )

Our hypothesis u > g yields v < 1. Thus, the poles nearest to R are +iv, followed by +iv’ with v’ =
min{2v, 1} > v. If Re(¢ —¢’) > 0,lety, € (v,v') and p, = iv; if Re({ — ¢’) < 0, let y, € (—v/, —v)
and p, = —iv. Along the line y = y,,, the modulus |Z(x + iy)| decays well as x — +o0. A standard
contour integration argument yields that

Ko @O= [ 1005 = [ 1@z +ResT.py). (10)

R+iyg
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Clearly,

'/R-Hyo 1(8)dE = O<e—Re(§—§')J’o) )

To compute Res(Z, p,) at p, = +iv, we first define the functions QI—'(E) = (¢ Fiv)sinh 1 (2ué),
which have Gi(+iv) =-Qu)™ = —% and (G;)'(xiv) =0, as well as the function G,(§) =

(273)71€3 sinh~!(7£)ei¢ "% We then compute

, . d . . d .+
Res(Z,+iv) = 51—1}31/ d—g(@ Fiv)’1(%)) = gl_lg,v d—g(gl—(ﬁ)zgz@))

= 2GE (i) () (21v) Gy(2iv) + CE(iv)’ G, (iv)
2
=0+ %Q’z(iiv)

V2 ( gzei(g_gl)g

(3 — & coth(né) +i(¢ — f’)f))

~ 72\ 273 sinh(x€) |
E=+iv
—(r_F z
=T, - =C),
where
_» & AN U SIS SR V)
Y 275 sinh(r&) le—eiv 270 sinh(ivr) 27 isin(vr) 275 sin(vrr)
o = _iS — ivr coth(ivr) _ v_43 — v cot(vrr) _ E3 — v cot(vrr)
v 275 sinh(ivr) 275 —isin(vr) 275 sin(vr)

If Re(¢ —¢') > 0, by letting y, — (v/)~ in formula (10), we find that
Ky, (€8 =eC(C,¢ =)+ +0(e D),
Similarly, if Re(¢ — ¢’) < 0, by letting y, — (—v')* in formula (10), we find that
Ko, 68 = €, ¢ = §) = )y + O eRCE0),
as desired. O

The nature of the asymptotic expansion of Kw_l,_l(é’ ,¢") in Lemma 5.6 is a slight novelty with
respect to [2, §2], due to the increased dimension of our worm domains. This novelty is related to
the presence of a double pole of Z(§) at £ = +iv, in contrast with the simple pole of the integrand
in [2, Equation (2.1)].

For future use, we prove the next lemma.

Lemma 5.7. Let 0 < u < u'. Associating to each F € AZ(DM/) its restriction F,  defines a linear
i
map

A*(D,) — A*(D,),

whose image is dense in AZ(DM).
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Proof. Thanks to Remark 5.4 and to Lemma 5.6, it suffices to prove that, after setting 8 = 2u + %
and B/ =2u’ + % forall j,k € Z, the restriction to Sz defines a linear map

AZ(Sﬁ/, Cl)?’k) g AZ(Sﬁ, Cl)?,k) ,

whose image is dense in Az(Sﬁ, cof -
Since

coyk(x +iy) = ﬂz(e(j+1)(~))(lﬂ) % (e(k+1)(~)XIM) % x1.(),

’ 2
!/ .

Wl (e +iy) = 20y ) (0 w0,
’ 2

our Remark 5.5 guarantees that the spaces A%(S 35 co;‘ k), AZ(Sﬁ,, cu7 ,k) are the images through the

inverse Fourier transform of the spaces LA(R, ), LA (R, 1), where

sinh <2,u(§ - %)) sinh <2M(§ - %)) sinh(7§)

b(&) = 7 s —m .
2 2
o0 = 2 sinh <2,u,<§t - %)) sinh <2,U,<§ - %)) sinh(r¢) .
£- 4 F-i §

It follows at once that the restriction to Sz maps AZ(S@, w? /k) into AZ(Sﬁ, cof k). Since C°(R) is
dense in both L*(R, ¢) and L?(R, ), we immediately conclude that the image of the restriction
map A*(Sg, wﬁ."k) — A%(Sg, co;"k) is dense in A%(Sg, cuj.{k ) O

We now turn back to D/x'

Lemma 5.8. The reproducing kernel of HJ*k (D) is
K;i(z,2) = K, (¢(2), ()2, 7)) (2, 2,) (232"

In particular, recalling that (for x € C) E,(z) is the holomorphic extension of z constructed in
Definition 4.2, we have

an

3Eje1(2) By, (2))
Zzgg Z3 5/3 K, (z,2)= / § .l§ 21 lg. 1
R 2703 sinh“(2ué) sinh(7§)
iv>

4
N 1 = " 3-vmcot(vm)
275 sin(vrr)’ and CV

T 275 sin(wa) we have

For u > %,v = %,v’ = min{2v,1},C, =

R
2,2,232,K 1 _1(2,2")

1 -1
= B, @B, @)(C, (¢ - 2@)) +C) ) + o(i> if 2] > |2}]

!
|lev +1

/v +1
12|

- _ v -1
= B, @B, @)(C, (¢ - 2@)) - C) ) + o(&> if |z,] < |2/].
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As a consequence: for each u > % z' e Dw m € N, s € [0, 1), the function

> <Re <zle_“°g|zzz3|2>) 66 —K_|_(z,Z)

does not belong to L*(D,,) if m —s > v

Proof. The first statement follows from Lemma 5.6 through the isometry T~! : Hj’k(Dl’l) -
Hj’k(DM), which maps each F into T~'F(z) = F(£(2), 2, 23)z] !
To prove formula (11), we compute

z, Eg Z3 E; K | (z,2)=(z E’l)_l w, (€2, £(z2"))

53 i(£(2)~£(2")E
@I [ =
2703 sinh*(2ué) smh(ﬂ§)

El

_/ & Ezg_l(Z)Elg_l(Z)
~ Jr 273 sinh?(2u¢) sinh(rr£)

where we took into account the equalities Ej¢_(z) = e(~D7(3) = ¢i“@¥z 1 and the equalities

m = W - e—img(z L.
We assume henceforth u>= and apply the estimates for K, _ obtained in Lemma 5.6. For

|z, | > |zll, which is the same as Re <f(z) - f(z’)) > 0, we find that
B E Ty 8 =T o0 D) ) o e T
—E_(2) Ev(z’)<Cv<f(z) - f(z’)) + c;) +o(|z/z["),
S , N L 12|~
2,2,232,K_y _1(z,2)=E_,_(2) Ev_l(z’)(Cv<f(z) - f(z/)> + CV> +0 |Z|T+1 ,
1

as stated. For |z;| < |z}, we find that
Zy E'l z, E; Z3 Eg K i _4(z, zN = e(f(z)_M)” (CV (f(z) — f(z’)) — CL) +0 <eRe <f(z)_f(z,)>v >

= B, E,@)(¢,(¢() - 7@)) - ¢, ) + 0|z /2" ),

- I -1
52,57, K 4 (22) = B, () EL @) 6, (¢2)~ 7)) - ) + o( 2] ) ,

|Zi|v’+1

as desired.

We now turn to the last statement, still under the assumption u > % Since % =xE,_, and
1

6671 (E(2)£(2)) =xE,_1(2)¢(2) — E,C(z)zl_1 =E, ,(x¢(z)—1),foranym € Nand any z’ € D,,
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there exist ¢ = ¢"(z’), P! = P!*(2’) € C such that

m

o} !
2233 K, 1(z,2)=E, ,_1(2)(¢7¢(2) +9') + O<|zl|v m 1)
1

0MK_1._1

_ , 5
52 (-,2") belongs to L*(D,,), then

Ey 1 (2) (¢7C(2) +9PT7) (2, z3)”! is square-integrable in DIZ;. Using the notation H? for the
half-disk {¢ € C : Re({) > 0,[{| < Izlll}, we compute

in the region D;' i={ze€D, |zl < |z1|}. If the function

/Dz, |B, (2|07 (2) + 7|2, 25| AV (2)

u

—m— 2 dr, dr
—an [ P Ly vz 2
logriel, Jlogriel, zyet10g02r3) ez ra

7 / / / 7 oD 4 g PdV(z,) ds, ds
s3€l, Js,€l, zei2+53) ez

Sy+s3+Z z!
2 sty rlal 2v—m)=1| m mi2
V1 r |y IT + )" |” dry d6, ds, ds;,
s3€l, J €l Js 0

s
2+S3—35

where
I =log (zle_ilog(’2’3)2> + ilog(r,rs)?
I = log (zle_i(32+s3)> +i(s, + 83)
IT = log (rlei(el_sfs3)> +i(s, + 53) = logr, +i6; .

If the last integral converges, then v — m > 0. Similarly, if s € [0,1),m €N, z’ € DM and if the
function

m

. N m
Z- <Re <zle_l 1°g|2223|2>) ;—K_L_l(z, z')
1

belongs to LZ(DM), thenv +s—m > 0, thatis, m — s < v. I

The slight novelties we already mentioned (with respect to [2, §2]) in the asymptotic expansion
in Lemma 5.6 are reflected in our asymptotic expansion of K_; _;(z, z’). Nevertheless, the con-
dition m — s > v appearing at the end of Lemma 5.8 is the same exact condition appearing in [2,
Equation (3.2)]. As a consequence: the condition r > v at the end of Theorem 4.6 about the irreg-
ularity of the Bergman projection of every Q € €, which we are about to prove, is the same exact
condition appearing in [2, Theorem 1]. For the sake of simplicity, we will write W’ (Q) instead of
W2(Q).

Proof of Theorem 4.6. Fix Q = W, € €. For 1 > 1, we set 7;(z) = (12, 2,,23) for all z € Q and
Q% = 7,(Q). Setting T, f = f o1, defines an isomorphism T; : W (Q*) - W"(Q) for all r > 0,
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with inverse T g=got; !, Although T is not an isometry in general, we have
T3 Fllwray < A F lwrcany
for all r € N and, by interpolation, for all r > 0. Consider the defining function
p(2) = |z, - 2Re(z;e7 8 1251%) 4 (log |z, |2, log |25 ])
of Q = W, and notice that
p1(2) = Ap ot} (2) = 17 |z, 1> — 2Re(z e 18 271 4 Azp(log |, 1, log |3 )
is a defining function of Q* with
P2(2) 21,008 12,1%) x5, (g |z:]) = (2712, = 2Re(z,e 98125 1%) ) y, (log |2, %) 1, (log 23 °)

converging as 4 — +oo to the defining function of D,, given by

Peo(@) 21, (0g12,1) X1 (108 1251),  peo(2) = —2Re(zje ! 181251,

‘We note, for future reference, that (Q’1 N D#) / DM as A /' +o0, whence every compact subset of
D, iscontained in Q* for sufficiently large A; while every compact subset of C3 \ BM does not inter-
sect Q* for sufficiently large 1. Let P, P, denote the Bergman projections of Q, Q*, respectively,
related by the equality P; = T;'PT,. Then,

‘ loal® 6 m Pf ‘ lpal® —(T 'PT;f)
L2(Q1) L2(Q1)
m
=" |poz';1’s <a—m(PT1f)> ot !
oz L2(Q4)
= At |,0|5 (PT/lf)

L2(Q)
G Al_mH”PT/lf”Wm—sm)

for some constant C; > 0, according to [16]. Assume that P(W™~5(Q)) € W™~5(Q), whence there
exists a constant C > 0 such that ||Pgl|ym-sq) < C |gllym—s(q)- If we set C, :=C; C, then the
previous chain of inequalities yields

We claim that inequality (12) implies that

< C AT f[lymes
L2(Q4)

< G lwm-scazy - (12)

am
lpal® az_mP/lf

|S m oof < C2 ||f||WWl—3(C3) (13)

#)

|p00 az

L2(D
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for all f € W™=5(C?) compactly supported in I_DM. Assuming this claim, let K(-,-) denote the
Bergman kernel of D,,. For any fixed z' e D, and for any open ball B = B(Z',R) C D,, we can
choose a function f € C8°(C3), supported in B and radial in B, such that K(-, z’) = P, f: it suffices,
see [5], to set f(z’ + su) = ¢(s) whens > 0,u € C3, |u| = 1, for some ¢ : [0, +o0) — C supported
in the interval [0, R] and such that fa:3 f(w)dV(w) = 1. From the last inequality, we conclude that

whence m — s < v because of Lemma 5.8.
Our claim can be proven as follows. For sufficiently large A, the function y . P, f is well defined
and

[Pool ame(’Z) < 400,

L2(D,)

lxar Pafllzzesy < N llrzees) -

Therefore, there exists a sequence {4,},cn C (1, +00) with 4, - +00 as n — +oo such that the
sequence {Y o, P, fhen (is well defined and) weakly converges to a function h in L?(C3).
Since {Q* ND,},ey is an increasing sequence of domains converging to D, the limit func-
tion & must be holomorphic in D,,. Moreover, h = 0 in c3 \I_DM. Our next aim is showing that
h= Xp, P_,f. If we choose ¢/ > u such that the inclusions (7) hold true, then for every n € N,
the inclusion Q* c D, holds true. Thus, the property f — P, f L A%2(Q*) implies the prop-
erty f — xqum Py, f L A%(D,). By taking the weak limit as n — +o0, we conclude that f —h L
AZ(DM,). Lemma 5.7 nowyields f —h L AZ(DM). Therefore, h = Xp, P, f, as desired. Finally, we

P ZoP

remark that Xp, 1P |¥ =5 P f is the weak limit in L?(C?) of a subsequence of
1

{){an |P/1| m P; f} .
neN

Taking into account inequality (12), we immediately derive inequality (13). This completes the
proof of our claim. O

6 | CLOSING REMARKS

For more than 45 years, the worm domain has provided analytic and geometric insight into
important complex analytic phenomena of several variables. The worm has been a decisive
counterexample for many longstanding problems.

In this paper, we have constructed some new, geometrically natural, three-dimensional vari-
ants of the classical two-dimensional Diederich-Fornaess worm domain. We show that they
are smoothly bounded, pseudoconvex, and have nontrivial Nebenhiille. We also show that
their Bergman projections are not bounded in the Sobolev topology for sufficiently large
Sobolev indices.

We plan to further this study, in the spirit of [1, §3], to fully understand which geometric features
of our newly constructed class of smoothly bounded pseudoconvex domains play an essential role.
We expect from this further study a significant generalization step in the already rich realm of
worm domains.
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