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Abstract
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Bergman projections do not preserve the Sobolev space
for sufficiently large Sobolev indices.
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1 INTRODUCTION

In the paper [11], Diederich and Fornæss constructed a class of smoothly bounded, pseudocon-
vex domains in ℂ2, denoted here as Ω𝜇 for 𝜇 > 0, having nontrivial Nebenhülle, that is, such
that the intersection of all pseudoconvex domains containing the closure Ω𝜇 properly contains
Ω𝜇. Such a domain Ω𝜇 in the two complex variables 𝑧1, 𝑧2, now called (smooth) worm domain,
is a union of disks in the 𝑧1-plane, each centered at the unitary point 𝑒𝑖 log |𝑧2|2 . In other words,
Ω𝜇 is a union of disks winding about the origin in the 𝑧1-plane according to a rotation angle
log |𝑧2|2. The radii of these disks are 1 when log |𝑧2|2 belongs to the interval 𝐼𝜇 = (−𝜇, 𝜇), and fade
to 0 as | log |𝑧2|2| ranges from 𝜇 to some finite 𝜇′ > 𝜇. This ground-breaking idea of Diederich
and Fornæss makes every defining function for Ω𝜇 not globally plurisubharmonic. Moreover,
the boundary 𝜕Ω𝜇 is strongly Levi-pseudoconvex at every point, apart from the one-dimensional
exceptional set {0} × 𝐴, where 𝐴 is an annulus centered at the origin in the 𝑧2-plane, determined
by the condition log |𝑧2|2 ∈ 𝐼𝜇. Thanks to these features, the domainΩ𝜇 also serves as a counterex-
ample to a number of important geometric phenomena. We mention, in particular, the article [2]
where, for 𝜇 > 𝜋

2
, Barrett showed that the Bergman projection onΩ𝜇 fails to preserve the Sobolev

space𝑊𝑟,2(Ω𝜇) when 𝑟 ⩾ 𝜈 = 𝜋

2𝜇
. Based on Barrett’s result, with a clever and far-reaching argu-

ment, Christ [8] proved that the Bergman projection and the Neumann operator on Ω𝜇 fail to
be globally regular. These properties are well described also in the monographs [7, 18]. Besides
the nontrivial Nebenhülle and the already mentioned questions of global regularity, the worm
domains are “testing ground” for several other problems. Here, we just mention some of the most
recent papers on these topics [9, 10, 13–15, 17] and references therein.
It is a matter of great interest to fully understand the worm, and to put it in a more general

context. For instance, the recent article [1] (referring to [3]) highlights a crucial geometric feature
of thewormdomain and uses it to generalize the construction of Diederich and Fornæss to awider
class of two-dimensional domains. It is also interesting to investigate analogous constructions in
higher dimensions. The article [4] constructed analogs of the worm domain withinℂ𝑛. There, the
boundary is strongly Levi-pseudoconvex at every point apart from a one-dimensional exceptional
set {𝟎} × 𝐴, where𝟎 is the origin inℂ𝑛−1 and𝐴 is an annulus centered at the origin in the 𝑧𝑛-plane.
In the present work, we construct for every 𝜇 > 0 a new class 𝒞𝜇 of smoothly bounded, pseu-

doconvex domains in ℂ3. Every Ω ∈ 𝒞𝜇 is again a union of disks winding about the origin in the
𝑧1-plane; but now the rotation angle is log |𝑧2𝑧3|2, where (𝑧2, 𝑧3) is confined to a bounded neigh-
borhood of the product of annuli 𝐴 × 𝐴 determined by the condition (log |𝑧2|2, log |𝑧3|2) ∈ 𝐼𝜇 ×

𝐼𝜇. The boundary 𝜕Ω turns out to be weakly Levi-pseudoconvex at every point 𝑧 = (𝑧1, 𝑧2, 𝑧3) ∈

𝜕Ω with (𝑧2, 𝑧3) ∈ 𝐴 × 𝐴. Moreover, 𝜕Ω includes the two-dimensional complex manifold {0} ×
𝐴 × 𝐴. We prove that Ω, just like the original worm domain of [11], has nontrivial Nebenhülle
when 𝜇 > 𝜋

2
. We also prove, following the lines of [2], that the Bergman projection of Ω does not

preserve the Sobolev space𝑊𝑟,2(Ω) when 𝜇 > 𝜋

2
, 𝑟 ⩾ 𝜈 = 𝜋

2𝜇
.

Our construction requires some effort, which is unsurprising if we take into account Boas and
Straube’s result [18, Corollary 5.16]. Let us recall the substance of this result, originally proven
in [6]. Let Ω ⊆ ℂ𝑛 be a smoothly bounded domain and assume that there exists a smooth real
submanifold𝑀 of the boundary 𝜕Ω such that:𝑀 includes all infinite-type points of 𝜕Ω; the real
tangent space of 𝑀 at each 𝑝 ∈ 𝑀 is included in the null space of the Levi form of 𝜕Ω at 𝑝. A
trivial de Rham cohomology for𝑀 is a sufficient, but not necessary, condition for the regularity
of the Bergman projection and Neumann operator of Ω. Regularity is still guaranteed when 𝑀
has nontrivial cohomology, provided that a specific cohomology class vanishes. Thus, a possible

 14697750, 2025, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70195 by U

niversita'D
egli Studi D

i M
ila, W

iley O
nline L

ibrary on [10/06/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 3 of 38

irregularity of the Bergman projection is not simply due to the presence of the manifold 𝑀 but
rather to how𝑀 is embedded in 𝜕Ω.
The paper is structured as follows:
Section 2 constructs a wide family of domains 𝜂 in ℂ3, varying with the choice of a func-

tion 𝜂. Two conditions on 𝜂 are determined, to make the boundary 𝜕𝜂 smooth except at
(possible) boundary points 𝑧 with 𝑧2𝑧3 = 0. A third condition on 𝜂 is then added, to make 𝜂

smoothly bounded.
Section 3 starts with a characterization of pseudoconvexity of𝜂 by means of two inequalities

in the first and second derivatives of 𝜂. Some unbounded or nonsmooth examples are immedi-
ately provided. Then, 𝒞𝜇 is defined as the class of the 𝜂 with 𝜂 fulfilling all three conditions
for boundedness and smoothness, as well as the inequalities for pseudoconvexity. Finally, 𝒞𝜇 is
proven not empty by constructing an explicit class of examples in Theorem 3.11, which is themain
result of this work.
Section 4 is devoted to the study of any smoothly bounded, pseudoconvex domainΩ in the class

𝒞𝜇. In particular, for the case when 𝜇 > 𝜋

2
: Theorem 4.5 shows thatΩ has nontrivial Nebenhülle;

Theorem 4.6 concerns the irregularity of the Bergman projection of Ω.
Section 5 comprises the proof of Theorem 4.6, as well as several tools used in the proof.

2 BASIC CONSTRUCTION

Wedefine a family of domains𝜂 in dimension 3, varying with the choice of a function 𝜂. Making
different assumptions on 𝜂, we will later prove different properties of𝜂. As customary, the word
domain here means a nonempty connected open subset of ℂ3.

Definition 2.1. Fix a real number 𝜇 > 𝜋. Let 𝜂 ∶ ℝ2 → [0, +∞) be upper semicontinuous, with
𝜂−1(0) including the square (−𝜇, 𝜇) × (−𝜇, 𝜇) and with 𝜂−1([0, 1)) path-connected. Set ℂ∗ ∶= ℂ ⧵

{0} and

 = 𝜂 =

{
(𝑧1, 𝑧2, 𝑧3) ∈ ℂ × ℂ∗ × ℂ∗ ∶

|||𝑧1 − 𝑒𝑖 log |𝑧2𝑧3|2 |||2 < 1 − 𝜂(log |𝑧2|2, log |𝑧3|2)} .

Equivalently, is the subset of ℂ × ℂ∗ × ℂ∗ having the upper semicontinuous function

𝜌(𝑧1, 𝑧2, 𝑧3) = |𝑧1|2 − 2Re(𝑧1𝑒
−𝑖 log |𝑧2𝑧3|2 ) + 𝜂(log |𝑧2|2, log |𝑧3|2)

as a defining function.

In what follows, we let△(𝑃, 𝑟) denote the disk in the complex plane with center 𝑃 and radius
𝑟. We also let △∗(𝑃, 𝑟) denote the punctured disk. Finally, we let 𝐴(𝑃, 𝑟1, 𝑟2) denote the planar
annulus with center 𝑃 and radii 𝑟1 < 𝑟2.
The next remark decomposes into a family of disks that rotate about the origin in ℂ.

Remark 2.2. If we set

𝑅(𝑧2, 𝑧3) ∶= 1 − 𝜂(log |𝑧2|2, log |𝑧3|2) ,
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4 of 38 KRANTZ et al.

then

 =
⋃

𝑅(𝑧2,𝑧3)>0

△
(
𝑒𝑖 log |𝑧2𝑧3|2 , 𝑅(𝑧2, 𝑧3)) × {(𝑧2, 𝑧3)} .

As a result, if we let 𝜋𝑗 denote projection on the 𝑗th variable, we have 𝜋1() = △∗(0, 2).

Remark 2.3. Let us show that is a domain in ℂ3.
The set is an open subset of ℂ × ℂ∗ × ℂ∗ (whence an open subset of ℂ3) because its defining

function 𝜌 ∶ ℂ × ℂ∗ × ℂ∗ → ℝ is upper semicontinuous.
Additionally,  is path-connected because for every 𝑧 = (𝑧1, 𝑧2, 𝑧3) ∈  , we can find a path

in joining 𝑧 to the point (1,1,1). We begin by observing that, since 𝜂−1([0, 1)) is path-connected
by hypothesis, there exists a path 𝛾 = (𝛾2, 𝛾3) from (log |𝑧2|2, log |𝑧3|2) to (0,0) in 𝜂−1([0, 1)). Now,
𝑧 = (𝑧1, 𝑧2, 𝑧3) can be joined by a line segment within  to the point (𝑒𝑖 log |𝑧2𝑧3|2 , 𝑧2, 𝑧3), which
can be joined to the point (1, 𝑧2|𝑧2| , 𝑧3|𝑧3| ) by means of the path

[0, 1] ∋ 𝑠 ↦

(
𝑒𝑖𝛾2(𝑠)+𝑖𝛾3(𝑠), 𝑒𝛾2(𝑠)∕2

𝑧2|𝑧2| , 𝑒𝛾3(𝑠)∕2 𝑧3|𝑧3|
)
∈  .

Finally, every point of the form (1, 𝑒𝑖𝑡2 , 𝑒𝑖𝑡3 ) can be joined to (1,1,1) by means of the path

[0, 1] ∋ 𝑠 ↦
(
1, 𝑒𝑖(1−𝑠)𝑡2 , 𝑒𝑖(1−𝑠)𝑡3

)
∈  .

The main body of consists of those disks that have radius 1. Because of the choices made in
Definition 2.1, the set 𝑅−1(1) of those (𝑧2, 𝑧3) ∈ (ℂ∗)2 such that 𝜂(log |𝑧2|2, log |𝑧3|2) = 0 includes

𝐴(0, 𝑒−𝜇∕2, 𝑒𝜇∕2) × 𝐴(0, 𝑒−𝜇∕2, 𝑒𝜇∕2).

Restricting to this main body for the sake of simplicity, we can study the fiber 𝜋−1
1
(𝑧1) over each

𝑧1 ∈ △∗(0, 2) as follows.

Proposition 2.4. Fix any point 𝑧1 = 𝜌0𝑒
𝑖𝜃0 with 0 < 𝜌0 < 2 and 𝜃0 ∈ ℝ. For any 𝑘 ∈ ℤ, let

𝑟±
𝑘
∶= exp(𝜃0∕2 ± [arccos(𝜌0∕2)]∕2 + 𝜋𝑘) .

If (𝑧2, 𝑧3) ∈ 𝑅−1(1), then (𝑧1, 𝑧2, 𝑧3) belongs to 𝜋−11 (𝑧1) if and only if

𝑧2𝑧3 ∈
⋃
𝑘∈ℤ

𝐴(0, 𝑟−
𝑘
, 𝑟+
𝑘
) .

Proof. If (𝑧2, 𝑧3) ∈ 𝑅−1(1), then 𝜂(log |𝑧2|2, log |𝑧3|2) = 0. Also

𝜌(𝑧1, 𝑧2, 𝑧3) = |𝑧1|2 − 2Re(𝑧1𝑒
−𝑖 log |𝑧2𝑧3|2 )

= 𝜌20 − 2𝜌0 Re(𝑒
𝑖(𝜃0−log |𝑧2𝑧3|2)

= 𝜌0(𝜌0 − 2 cos(𝜃0 − log |𝑧2𝑧3|2)) .
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 5 of 38

This quantity is negative if and only if cos(𝜃0 − log |𝑧2𝑧3|2) > 𝜌0∕2. This is, in turn, equivalent to
having

𝜃0 − arccos(𝜌0∕2) + 2𝜋𝑘 < log |𝑧2𝑧3|2 < 𝜃0 + arccos(𝜌0∕2) + 2𝜋𝑘 ,

that is, 𝑟−
𝑘
< |𝑧2𝑧3| < 𝑟+

𝑘
for some 𝑘 ∈ ℤ. □

Let us set a few notations, which will prove useful later.

Definition 2.5. For each 𝑧 = (𝑧1, 𝑧2, 𝑧3) ∈ ℂ × ℂ∗ × ℂ∗, we set 𝐿 ∶= log |𝑧2𝑧3|2. Moreover,
referring to the map (𝑡2, 𝑡3) ↦ 𝜂(𝑡2, 𝑡3), we set

𝜂◦(𝑧) ∶= 𝜂(log |𝑧2|2, log |𝑧3|2)
and, if 𝜂 is smooth,

𝜂′𝑗(𝑧) ∶=
𝜕𝜂

𝜕𝑡𝑗
(log |𝑧2|2, log |𝑧3|2)

𝜂′′
𝑗,𝑘
(𝑧) ∶=

𝜕2𝜂

𝜕𝑡𝑗𝜕𝑡𝑘
(log |𝑧2|2, log |𝑧3|2)

for all 𝑗, 𝑘 ∈ {2, 3}.

Remark 2.6. Fix (𝑧1, 𝑧2, 𝑧3) ∈ ℂ × ℂ∗ × ℂ∗. By direct computation, we see that

𝜕

𝜕𝑧1
𝜌(𝑧1, 𝑧2, 𝑧3) = 𝑧1 − 𝑒−𝑖𝐿 .

Moreover, if 𝜂 is smooth, then

𝜕

𝜕𝑧𝑗
𝜌(𝑧1, 𝑧2, 𝑧3) = −2 Im(𝑧1𝑒

−𝑖𝐿)𝑧−1𝑗 + 𝜂′𝑗𝑧
−1
𝑗 for 𝑗 ∈ {2, 3} .

Now, for appropriate choices of 𝜂, we can prove a first significant result about the geometry of
𝜂.

Proposition 2.7. Under the following additional assumptions:

(I) 𝜂 is smooth in an open neighborhood of 𝜂−1([0, 1]);
(II) at each point of 𝜂−1(1) (if any), the gradient of 𝜂 does not vanish;

then𝜂 is a domain in ℂ3 whose boundary is smooth except at the boundary points 𝑧 with 𝑧2𝑧3 = 0

(if any). For each 𝑧 = (𝑧1, 𝑧2, 𝑧3) ∈ 𝜕𝜂 , if 𝑧1 ≠ 𝑒𝑖𝐿 and 𝑧2𝑧3 ≠ 0, then the complex tangent space to
𝜕𝜂 at 𝑧 is spanned by the vectors

v(𝑧1, 𝑧2, 𝑧3) ∶=
⎛⎜⎜⎜⎝
2 Im(𝑧1𝑒

−𝑖𝐿) − 𝜂′
2

𝑧2(𝑧1 − 𝑒−𝑖𝐿)

0

⎞⎟⎟⎟⎠ , w(𝑧1, 𝑧2, 𝑧3) ∶=
⎛⎜⎜⎜⎝
2 Im(𝑧1𝑒

−𝑖𝐿) − 𝜂′
3

0

𝑧3(𝑧1 − 𝑒−𝑖𝐿)

⎞⎟⎟⎟⎠ .
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6 of 38 KRANTZ et al.

In the (nongeneric) case when 𝑧1 = 𝑒𝑖𝐿 and 𝑧2𝑧3 ≠ 0, the complex tangent space to 𝜕𝜂 at 𝑧 is
spanned by the vectors

v(𝑧1, 𝑧2, 𝑧3) ∶=
⎛⎜⎜⎜⎝
1

0

0

⎞⎟⎟⎟⎠ , w(𝑧1, 𝑧2, 𝑧3) ∶=
⎛⎜⎜⎜⎝

0

𝑧2𝜂
′
3

−𝑧3𝜂
′
2

⎞⎟⎟⎟⎠ .
Under the further additional assumption:

(III) 𝜂−1([0, 1]) is a bounded subset of ℝ2;

then𝜂 is a smoothly bounded domain in ℂ3.

Proof. We first work under assumptions (I) and (II) only. Suppose that 𝑧 = (𝑧1, 𝑧2, 𝑧3) is a bound-
ary point of 𝜂 with 𝑧2𝑧3 ≠ 0, so that 𝜌(𝑧) = 0. If 𝜕𝜌∕𝜕𝑧1(𝑧) = 0, then 𝑧1 = 𝑒𝑖𝐿. This, in turn,
implies that

0 = 𝜌(𝑧) = −1 + 𝜂(log |𝑧2|2, log |𝑧3|2) .
As a result, (log |𝑧2|2, log |𝑧3|2) ∈ 𝜂−1(1). Thus, 𝜂′

𝑗
≠ 0 for some 𝑗 ∈ {2, 3}. The equality 𝑧1 = 𝑒𝑖𝐿

also implies that

𝜕

𝜕𝑧𝑗
𝜌(𝑧) = 𝜂′𝑗𝑧

−1
𝑗 .

In conclusion, 𝜕𝜌∕𝜕𝑧𝑗(𝑧) ≠ 0. Since the gradient of 𝜌 does not vanish at 𝑧, the boundary 𝜕𝜂 is
smooth at 𝑧. The generators of the complex tangent space can be computed directly.
We now take all assumptions (I),(II),(III). In particular, there exists 𝜇′ > 𝜇 > 0 such that

𝜂−1([0, 1]) is included in a closed disk of radius 𝜇′ centered at the origin in ℝ2. Now, if 𝑧 =
(𝑧1, 𝑧2, 𝑧3) ∈ 𝜂, then 𝑅(𝑧2, 𝑧3) > 0, whence 𝜂(log |𝑧2|2, log |𝑧3|2) < 1 and 𝑒−𝜇

′∕2 < |𝑧2|, |𝑧3| <
𝑒𝜇

′∕2. Thus,

𝜂 ⊆ △∗(0, 2) × 𝐴(0, 𝑒−𝜇
′∕2, 𝑒𝜇

′∕2) × 𝐴(0, 𝑒−𝜇
′∕2, 𝑒𝜇

′∕2)

is a bounded domain and there exists no boundary point 𝑤 = (𝑤1, 𝑤2, 𝑤3) of 𝜂 having
𝑤2𝑤3 = 0. □

Remark 2.8. Under our additional hypotheses (I) and (II), we have that the complex tangent space
to 𝜕𝜂 at each boundary point of the form (0, 𝑤2, 𝑤3) equals

spanℂ

⎧⎪⎨⎪⎩
⎛⎜⎜⎜⎝
0

1

0

⎞⎟⎟⎟⎠,
⎛⎜⎜⎜⎝
0

0

1

⎞⎟⎟⎟⎠
⎫⎪⎬⎪⎭ .

3 STUDY OF PSEUDOCONVEXITY

As it happened with the original worm domain of [11], we will now study the pseudoconvexity of
𝜂. We begin with a useful remark.
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 7 of 38

Remark 3.1. Fix 𝑤 =
(
𝑤1,𝑤2, 𝑤3

)
∈  with 𝜀 ∶= ||𝑤2 𝑤3

|| > 0. Then

𝑈𝑤 ∶=
{
(𝑧1, 𝑧2, 𝑧3) ∈ ℂ3 ∶ (𝑧2 𝑧3)

2 ∈ △
(
(𝑤2 𝑤3)

2, 𝜀2
)}

is an open neighborhood of𝑤 inℂ3. Moreover,△
(
(𝑤2 𝑤3)

2, 𝜀2
)
is a simply connected open subset

of ℂ missing the origin, where a branch of logarithm log (whence a branch arg of the argument
function) is defined. In 𝑈𝑤, the product

𝜌(𝑧1, 𝑧2, 𝑧3) ∶= 𝑒arg(𝑧2 𝑧3)
2
𝜌(𝑧1, 𝑧2, 𝑧3)

= 𝑒arg(𝑧2 𝑧3)
2 |𝑧1|2 − 2Re(𝑧1𝑒

−𝑖 log(𝑧2 𝑧3)
2
) + 𝑒arg(𝑧2 𝑧3)

2
𝜂(log |𝑧2|2, log |𝑧3|2)

is a local defining function for𝜂.

We are now ready for our first main theorem. In the proof, and throughout the paper, we will
use the notation

ℎ𝑀(𝐮1, 𝐮2) ∶= 𝐮𝑡1𝑀𝐮̄2 (1)

for every complex square matrix𝑀 of order 3 and any 𝐮1, 𝐮2 ∈ ℂ3. We will also use the notations
𝜂◦, 𝜂′

𝑗
, 𝜂′′

𝑗𝑘
∶ ℂ × ℂ∗ × ℂ∗ → [0, +∞) set in Definition 2.5.

Theorem 3.2. We take the extra assumptions (I),(II) on 𝜂 and fix 𝑤 ∈ 𝜕𝜂 with 𝑤2 𝑤3 ≠ 0. If

𝜂◦ + 𝜂′′22 ⩾ 0, (2)

𝜂′′22𝜂
′′
33 − (𝜂′′23)

2 + 𝜂◦(𝜂′′22 + 𝜂′′33 − 2𝜂′′23) − (𝜂′2 − 𝜂′3)
2 ⩾ 0 (3)

at𝑤, then𝜂 is Levi pseudoconvex at𝑤. If, moreover, conditions (2) and (3) are fulfilled in a neigh-
borhood of𝑤, then the local defining function 𝜌 constructed in Remark 3.1 is plurisubharmonic near
𝑤.

Proof. Fix 𝑤 =
(
𝑤1,𝑤2, 𝑤3

)
∈ 𝜂 with ||𝑤2 𝑤3

|| > 0. Let us adopt the notations of Remark 3.1
and argue locally in 𝑈𝑤, studying the complex Hessian matrix of the local defining func-
tion 𝜌 is plurisubharmonic. The second addend in 𝜌(𝑧), namely, −2Re(𝑧1𝑒−𝑖 log(𝑧2 𝑧3)

2
), is the

real part of a holomorphic function, whence a real-valued pluriharmonic function. We are left
with studying the complex Hessian matrix of the sum of 𝑚(𝑧) ∶= 𝑒arg(𝑧2 𝑧3)

2 |𝑧1|2 and 𝑛(𝑧) ∶=

𝑒arg(𝑧2 𝑧3)
2
𝜂(log |𝑧2|2, log |𝑧3|2). Let us compute the complex Hessian matrix of 𝑚(𝑧) at 𝑧 =

(𝑧1, 𝑧2, 𝑧3) ∈ 𝑈𝑤. By direct computation, we see that
𝜕

𝜕𝑧1
𝑚(𝑧) = 𝑒arg(𝑧2 𝑧3)

2
𝑧1,

𝜕

𝜕𝑧𝑗
𝑚(𝑧) = 𝑒arg(𝑧2 𝑧3)

2 |𝑧1|2
𝑖𝑧𝑗

for 𝑗 ∈ {2, 3} ,

whence the complex Hessian matrix of𝑚(𝑧) is 𝑒arg(𝑧2 𝑧3)2𝑀(𝑧), where

𝑀(𝑧) ∶=

⎛⎜⎜⎜⎜⎝
1 𝑖

𝑧̄1
𝑧̄2

𝑖
𝑧̄1
𝑧̄3

−𝑖
𝑧1
𝑧2

|𝑧1|2|𝑧2|2 |𝑧1|2
𝑧2𝑧̄3

−𝑖
𝑧1
𝑧3

|𝑧1|2
𝑧̄2𝑧3

|𝑧1|2|𝑧3|2

⎞⎟⎟⎟⎟⎠
.
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8 of 38 KRANTZ et al.

Let us consider the vectors

𝐩 =
⎛⎜⎜⎝
1

0

0

⎞⎟⎟⎠ , 𝐧2 =
⎛⎜⎜⎝
𝑖𝑧1
𝑧2
0

⎞⎟⎟⎠ , 𝐧3 =
⎛⎜⎜⎝
𝑖𝑧1
0

𝑧3

⎞⎟⎟⎠ .
Since

𝑀𝐩̄ =

⎛⎜⎜⎜⎝
1

−𝑖
𝑧1
𝑧2

−𝑖
𝑧1
𝑧3

⎞⎟⎟⎟⎠ , 𝑀𝐧̄2 =
⎛⎜⎜⎝
0

0

0

⎞⎟⎟⎠ , 𝑀𝐧̄3 =
⎛⎜⎜⎝
0

0

0

⎞⎟⎟⎠ ,
the vectors 𝐩, 𝐧2, 𝐧3 form an orthogonal basis with respect to ℎ𝑀 , the real number ℎ𝑀(𝐩, 𝐩) = 1

is positive and 𝐧̄2, 𝐧̄3 belong to the null space of𝑀. In particular,𝑀 is positive semidefinite and
𝑚 is plurisubharmonic.
Now assume 𝜂 to fulfill the assumptions (I),(II) of Proposition 2.7. The equalities

𝜕

𝜕𝑧1
𝑛(𝑧) = 0,

𝜕

𝜕𝑧𝑗
𝑛(𝑧) = 𝑒arg(𝑧2 𝑧3)

2

(
𝜂◦

𝑖𝑧𝑗
+
𝜂′
𝑗

𝑧𝑗

)
for 𝑗 ∈ {2, 3},

𝜕2

𝜕𝑧𝑗𝜕𝑧̄𝑘
𝑛(𝑧) =

𝑒arg(𝑧2 𝑧3)
2

−𝑖𝑧̄𝑘

(
𝜂◦

𝑖𝑧𝑗
+
𝜂′
𝑗

𝑧𝑗

)
+ 𝑒arg(𝑧2 𝑧3)

2

(
𝜂′
𝑘

𝑖𝑧𝑗𝑧̄𝑘
+

𝜂′′
𝑗,𝑘

𝑧𝑗𝑧̄𝑘

)
for 𝑗, 𝑘 ∈ {2, 3}

imply that the complex Hessian matrix of 𝑛(𝑧) is 𝑒arg(𝑧2 𝑧3)2𝑁(𝑧), where

𝑁(𝑧) ∶=

⎛⎜⎜⎜⎜⎝
0 0 0

0
𝜂◦+𝜂′′

22|𝑧2|2 𝜂◦+𝜂′′
23
+𝑖(𝜂′

2
−𝜂′

3
)

𝑧2𝑧̄3

0
𝜂◦+𝜂′′

23
+𝑖(𝜂′

3
−𝜂′

2
)

𝑧̄2𝑧3

𝜂◦+𝜂′′
33|𝑧3|2

⎞⎟⎟⎟⎟⎠
.

Since

𝑁𝐩̄ =
⎛⎜⎜⎝
0

0

0

⎞⎟⎟⎠ , 𝑁𝐧̄2 =

⎛⎜⎜⎜⎜⎝
0

𝜂◦+𝜂′′
22

𝑧2
𝜂◦+𝜂′′

23
+𝑖(𝜂′

3
−𝜂′

2
)

𝑧3

⎞⎟⎟⎟⎟⎠
, 𝑁𝐧̄3 =

⎛⎜⎜⎜⎜⎝
0

𝜂◦+𝜂′′
23
+𝑖(𝜂′

2
−𝜂′

3
)

𝑧2
𝜂◦+𝜂′′

33

𝑧3

⎞⎟⎟⎟⎟⎠
,

we conclude that, for all 𝛼1, 𝛼2, 𝛼3 ∈ ℂ,

ℎ𝑀+𝑁(𝛼1𝐩 + 𝛼2𝐧2 + 𝛼3𝐧3, 𝛼1𝐩 + 𝛼2𝐧2 + 𝛼3𝐧3) = |𝛼1|2 + (
𝛼2 𝛼3

)
𝐶

(
𝛼2
𝛼3

)
,

where

𝐶 = 𝐶(log |𝑧2|2, log |𝑧3|2) ∶= (
𝜂◦ + 𝜂′′

22
𝜂◦ + 𝜂′′

23
+ 𝑖(𝜂′

2
− 𝜂′

3
)

𝜂◦ + 𝜂′′
23
+ 𝑖(𝜂′

3
− 𝜂′

2
) 𝜂◦ + 𝜂′′

33

)
.
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 9 of 38

Thus, the sum 𝑚 + 𝑛 (whence 𝜌) is plurisuharmonic near 𝑤 if, and only if, 𝐶(log |𝑧2|2, log |𝑧3|2)
is positive semidefinite for 𝑧 near 𝑤. This happens if, and only if, both the (1,1) entry 𝜂◦ + 𝜂′′

22
of

𝐶 and the determinant

det 𝐶 = (𝜂◦ + 𝜂′′22)(𝜂
◦ + 𝜂′′33) − (𝜂◦ + 𝜂′′23)

2 − (𝜂′2 − 𝜂′3)
2

= 𝜂′′22𝜂
′′
33 − (𝜂′′23)

2 + 𝜂◦(𝜂′′22 + 𝜂′′33 − 2𝜂′′23) − (𝜂′2 − 𝜂′3)
2

are nonnegative near 𝑤. This is the same as asking for conditions (2) and (3) to be fulfilled near
𝑤. Finally, in case 𝑤 ∈ 𝜕𝜇: if conditions (2) and (3) are fulfilled at 𝑤, then ℎ𝑀+𝑁 is nonnegative
on ℂ3 × ℂ3, whence𝜇 is Levi pseudoconvex at 𝑤. □

Theorem 3.2 allows us to provide our first three examples of pseudoconvex domains in ℂ3.

Corollary 3.3.

(i) If 𝜂 ≡ 0, then 𝜂 = 0 is an unbounded pseudoconvex domain, whose boundary is smooth
except at the points 𝑤 with 𝑤2𝑤3 = 0.

(ii) If 𝜂 is the characteristic function of the complement of the square (−𝜇, 𝜇) × (−𝜇, 𝜇), then𝜂

is a bounded pseudoconvex domain, whose boundary is smooth except at the points 𝑤 with
log |𝑤2|2 = ±𝜇 or log |𝑤3|2 = ±𝜇.

(iii) 𝜂 is an unbounded pseudoconvex domain with smooth boundary if we pick

𝜂(𝑡2, 𝑡3) = 𝜙(𝑡2 + 𝑡3), i.e., 𝜂◦ = 𝜙(log |𝑧2𝑧3|2) ,
for a smooth, strictly convex and even function 𝜙 having 𝜙−1(0) = [−𝜇, 𝜇] and 𝜙−1([0, 1]) =
[−𝜇′, 𝜇′] for some real number 𝜇′ > 𝜇.

Proof. To prove the third statement, we will apply Theorem 3.2. The first statement will then
follow and, in turn, imply the second statement.

(iii) If 𝜂(𝑡2, 𝑡3) = 𝜙(𝑡2 + 𝑡3), then the additional assumptions (I) and (II) are fulfilled. More-
over, for all 𝑧 ∈ ℂ × ℂ∗ × ℂ∗, we find that 𝜂′

2
= 𝜂′

3
= 𝜙′(log |𝑧2𝑧3|2) and that 𝜂′′

22
= 𝜂′′

33
=

𝜂′′
23
= 𝜙′′(log |𝑧2𝑧3|2). Thus, inequality (2) is fulfilled and an equality holds in (3). Finally,

each 𝑤 =
(
𝑤1,𝑤2, 𝑤3

)
in the finite boundary 𝜕𝜂 has log ||𝑤2 𝑤3

||2 ∈ [−𝜇′, 𝜇′], whence
𝑤2 𝑤3 ≠ 0.

(i) Pick 𝜙 as in case (iii). For 𝑛 ∈ ℕ∗, we set 𝜂𝑛 ∶=
𝜙

𝑛
and remark that {𝜂𝑛

}𝑛∈ℕ∗ is an increasing
sequence of pseudoconvex domains with smooth boundaries. It follows that

0 =
⋃
𝑛∈ℕ∗

𝜂𝑛

is pseudoconvex, too. Additionally, the boundary 𝜕0 coincides locally near each 𝑤 ∈ 𝜕0

with 𝑤2 𝑤3 ≠ 0 with the boundary 𝜕𝜂𝑛
for some 𝑛 ∈ ℕ∗.

(ii) If 𝜂 is the characteristic function of the complement of the square (−𝜇, 𝜇) × (−𝜇, 𝜇), then𝜂

is the intersection between the unbounded pseudoconvex domain0 ofℂ × ℂ∗ × ℂ∗ and the
pseudoconvex domain ℂ × 𝐴(0, 𝑒−𝜇∕2, 𝑒𝜇∕2) × 𝐴(0, 𝑒−𝜇∕2, 𝑒𝜇∕2) of ℂ3. It follows that𝜂 is a
pseudoconvex domain in ℂ3. Every boundary point 𝑤 =

(
𝑤1,𝑤2, 𝑤3

)
either is a boundary

point of0 with 𝑤2 𝑤3 ≠ 0 or has |𝑤𝑗| = 𝑒±𝜇∕2 for some 𝑗 ∈ {2, 3}. The thesis follows. □
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10 of 38 KRANTZ et al.

For the unbounded nonsmooth domain defined in case (i) and for the bounded nonsmooth
domain defined in case (ii) of Corollary 3.3, it is convenient to set the following notations.

Definition 3.4. We set the notations 𝐶𝜇 ∶= ℝ2 ⧵ (−𝜇, 𝜇) × (−𝜇, 𝜇) and ′
𝜇 ∶= 𝜒𝐶𝜇

, as well as
 ′

∞ ∶= 0.

Remark 3.5. The equality ′
∞ =

⋃
𝜈∈(0,+∞) ′

𝜈 holds true.

If we fix 𝑧3 = 1 in the bounded nonsmooth domain  ′
𝜇 constructed in case (ii), we recover

the truncated worm domains studied in [12] and in subsequent literature. If we fix 𝑧3 = 1 in
the unbounded smooth domain constructed in case (iii) of Corollary 3.3, we recover the origi-
nal Diederich–Fornæss worm domains of ℂ2. Our next goal is showing that the following class of
smoothly bounded pseudoconvex domains is not empty.

Definition 3.6. We let 𝒞𝜇 denote the class of all 𝜂 with 𝜂 such that the extra assumptions
(I),(II),(III) of Proposition 2.7 and the inequalities (2), (3) are all fulfilled near 𝜕𝜇.

Our first attempt to prove that 𝒞𝜇 is not empty leads to a negative result, which is, however,
instructive.

Proposition 3.7. If we pick

𝜂(𝑡2, 𝑡3) = 𝜙(𝑡2) + 𝜓(𝑡3)

for smooth, convex, and even functions 𝜙, 𝜓 having 𝜙−1(0) = 𝜓−1(0) = [−𝜇, 𝜇] and 𝜙−1([0, 1]) =
[−𝜇′, 𝜇′], 𝜓−1([0, 1]) = [−𝜉, 𝜉] (for some 𝜇′, 𝜉 > 𝜇), then𝜂 is a smoothly bounded domain in ℂ3
that is not pseudoconvex.

Proof. Under such hypotheses, we find 𝜂′
2
= 𝜙′(log |𝑧2|2), 𝜂′3 = 𝜓′(log |𝑧3|2), 𝜂′′22 = 𝜙′′(log |𝑧2|2),

𝜂′′
33
= 𝜓′′(log |𝑧3|2), 𝜂′′23 ≡ 0. For 𝑧 = (𝑧1, 𝑧2, 𝑧3) ∈ ℂ × ℂ∗ × 𝐴(0, 𝑒−𝜇∕2, 𝑒𝜇∕2), we get that 𝜂◦ =

𝜙(log |𝑧2|2), whence 𝜂′
3
= 𝜂′′

33
= 𝜂′′

23
= 0. For all 𝛼1, 𝛼2, 𝛼3 ∈ ℂ, by inspection in the proof of

Theorem 3.2,

ℎ𝑀+𝑁(𝛼1𝐩 + 𝛼2𝐧2 + 𝛼3𝐧3, 𝛼1𝐩 + 𝛼2𝐧2 + 𝛼3𝐧3) = |𝛼1|2 + (
𝛼2 𝛼3

)
𝐶(log |𝑧2|2)(𝛼2𝛼3

)
,

where

𝐩 =
⎛⎜⎜⎝
1

0

0

⎞⎟⎟⎠ , 𝐧2 =
⎛⎜⎜⎝
𝑖𝑧1
𝑧2
0

⎞⎟⎟⎠ , 𝐧3 =
⎛⎜⎜⎝
𝑖𝑧1
0

𝑧3

⎞⎟⎟⎠ , 𝐶 =

(
𝜙 + 𝜙′′ 𝜙 + 𝑖𝜙′

𝜙 − 𝑖𝜙′ 𝜙

)
.

Inequality (3) is the same as det 𝐶(log |𝑧2|2) ⩾ 0. For 𝜀 > 0, we have det 𝐶(log |𝑧2|2) ⩾ 0 for 𝑧2 ∈
𝐴(0, 𝑒𝜇∕2, 𝑒(𝜇+𝜀)∕2) if, and only if 𝜙𝜙′′ − (𝜙′)2 ⩾ 0 in (𝜇, 𝜇 + 𝜀). To the contrary, we claim that
lim inf 𝜏→𝜇+[

𝜙′′(𝜏)

𝜙(𝜏)
− (

𝜙′(𝜏)

𝜙(𝜏)
)2] = −∞ and postpone the proof of our claim to the end of the proof.
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 11 of 38

Let us now prove that 𝜂 is not pseudoconvex. Take any 𝑧 = (𝑧1, 𝑧2, 𝑧3) ∈ 𝜕𝜂 with 𝑧3 ∈

𝐴(0, 𝑒−𝜇∕2, 𝑒𝜇∕2). Based on Remark 2.6, we note that the vector

𝛼1𝐩 + 𝛼2𝐧2 + 𝛼3𝐧3 =
⎛⎜⎜⎝
𝛼1 + 𝑖𝑧1(𝛼2 + 𝛼3)

𝑧2𝛼2
𝑧3𝛼3

⎞⎟⎟⎠
belongs to the complex tangent to 𝜕𝜂 at 𝑧 if, and only if,(

𝑧1 − 𝑒−𝑖𝐿
)
𝛼1 +

(
𝑖|𝑧1|2 − 𝑖𝑧1𝑒

−𝑖𝐿
)
(𝛼2 + 𝛼3) +

(
−2 Im

(
𝑧1𝑒

−𝑖𝐿
)
+ 𝜙′

(
log |𝑧2|2))𝛼2

− 2 Im
(
𝑧1𝑒

−𝑖𝐿
)
𝛼3 = 0 .

This is the same as

(𝑧̄1 − 𝑒−iL)𝛼1 = 𝜁 (𝛼2 + 𝛼3) − 𝜙′(log |𝑧2|2)𝛼2 , 𝜁 ∶= −𝑖|𝑧1|2 + 𝑖𝑧̄1𝑒
iL = −𝑖𝑧̄1(𝑧1 − 𝑒iL) .

Now, 𝑧 ∈ 𝜕𝜂 implies ||𝑧1 − 𝑒−𝑖𝐿||2 = 1 − 𝜂◦ = 1 − 𝜙(log |𝑧2|2) and |𝜁|2 = |𝑧1|2(1 − 𝜙(log |𝑧2|2)).
Thus,

(1 − 𝜙(log |𝑧2|2))−1 |𝛼1|2 = |𝜁(𝛼2 + 𝛼3) − 𝜙′(log |𝑧2|2)𝛼2|2
= |𝜁 − 𝜙′(log |𝑧2|2)|2 |𝛼2|2 + |𝜁|2 |𝛼3|2 + (𝜁 − 𝜙′(log |𝑧2|2))𝜁𝛼2𝛼̄3 + 𝜁(𝜁 − 𝜙′(log |𝑧2|2))𝛼3𝛼̄2 .

Overall,

ℎ𝑀+𝑁(𝛼1𝐩 + 𝛼2𝐧2 + 𝛼3𝐧3, 𝛼1𝐩 + 𝛼2𝐧2 + 𝛼3𝐧3) =
(
𝛼2 𝛼3

) (
𝐵𝑧1(log |𝑧2|2) + 𝐶(log |𝑧2|2))(

𝛼2
𝛼3

)
,

where

𝐵𝑧1 =
1

1 − 𝜙

(|𝜁 − 𝜙′||2 (𝜁 − 𝜙′)𝜁

𝜁(𝜁 − 𝜙′) |𝜁|2
)
.

Since the diagonal elements of 𝐵𝑧1 + 𝐶 are nonnegative, the study of pseudoconvexity of𝜂 relies
upon the study the sign of det(𝐵𝑧1 + 𝐶) = det 𝐵𝑧1 + det 𝐶 + 𝑑 = 0 + 𝜙𝜙′′ − (𝜙′)2 + 𝑑, where

(1 − 𝜙) 𝑑 = |𝜁 − 𝜙′||2𝜙 + |𝜁|2(𝜙 + 𝜙′′) − (𝜁 − 𝜙′)𝜁(𝜙 − 𝑖𝜙′) − 𝜁(𝜁 − 𝜙′)(𝜙 + 𝑖𝜙′)

= |𝜁 − 𝜙′ − 𝜁||2𝜙 + 𝑖[(𝜁 − 𝜙′)𝜁 − 𝜁(𝜁 − 𝜙′)]𝜙′ + |𝜁|2𝜙′′
= 𝜙(𝜙′)2 + 𝑖(𝜁 − 𝜁)(𝜙′)2 + |𝜁|2𝜙′′
= 𝜙(𝜙′)2 + (𝑧1(𝑧1 − 𝑒𝑖𝐿) + 𝑧1(𝑧1 − 𝑒−𝑖𝐿))(𝜙′)2 + |𝑧1|2(1 − 𝜙)𝜙′′

=
[
𝜙 − 2Re(𝑧1𝑒

−𝑖𝐿) + 2|𝑧1|2](𝜙′)2 + |𝑧1|2(1 − 𝜙) 𝜙′′ .

We must therefore study the sign of

det(𝐵𝑧1 + 𝐶) = 𝜙𝜙′′ − (𝜙′)2 +
𝜙 − 2Re(𝑧1𝑒

−𝑖𝐿) + 2|𝑧1|2
1 − 𝜙

(𝜙′)2 + |𝑧1|2𝜙′′ .
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12 of 38 KRANTZ et al.

If we choose 𝑧 so that 𝑧1 = (1 −
√
1 − 𝜙)𝑒𝑖𝐿, then 𝜙 − 2Re(𝑧1𝑒

−𝑖𝐿) = 𝜙 − 2 + 2
√
1 − 𝜙 = 𝑂(𝜙2)

and |𝑧1|2 = (1 −
√
1 − 𝜙)2 = 𝑂(𝜙2). Using our claim, we get

lim inf
𝜏→𝜇+

[
𝜙(𝜏)−2 det

(
𝐵(

1−
√
1−𝜙

)
𝑒𝑖𝐿
(𝜏) + 𝐶(𝜏)

)]
= lim inf

𝜏→𝜇+

[
𝜙′′(𝜏)

𝜙(𝜏)
−

(
𝜙′(𝜏)

𝜙(𝜏)

)2
]
= −∞ .

It follows that 𝐵
(1−

√
1−𝜙)𝑒𝑖𝐿

(𝜏) + 𝐶(𝜏) cannot be positive semidefinite for all 𝜏 ∈ (𝜇, 𝜇′) and
that 𝐵𝑧1(log |𝑧2|2) + 𝐶(log |𝑧2|2) cannot be positive semidefinite for all 𝑧 ∈ 𝜕𝜂. Thus, 𝜂 is
not pseudoconvex.
We are left with proving our claim that lim inf 𝜏→𝜇+[

𝜙′′(𝜏)

𝜙(𝜏)
− (

𝜙′(𝜏)

𝜙(𝜏)
)2] = −∞. The function

𝜙 coincides away from 𝜙−1(0) = [−𝜇, 𝜇] with 𝑒𝑓 , for some function 𝑓. It follows that 𝜙′ =
𝑒𝑓𝑓′ and 𝜙′′ = 𝑒𝑓(𝑓′′ + (𝑓′)2), whence 𝜙′′(𝜏)

𝜙(𝜏)
− (

𝜙′(𝜏)

𝜙(𝜏)
)2 = 𝑓′′. Since lim𝑡→𝜇+ 𝜙(𝑡) = 0, we have

lim𝑡→𝜇+ 𝑓(𝑡) = −∞, whence

lim
𝑡→𝜇+ ∫

𝜇′

𝑡
𝑓′(𝜏)𝑑𝜏 = lim

𝑡→𝜇+
[𝑓(𝜇′) − 𝑓(𝑡)] = +∞ .

As a consequence, there exists a sequence {𝑠𝑛}𝑛∈ℕ ⊂ (𝜇, 𝜇′) with lim𝑛→+∞ 𝑠𝑛 = 𝜇 such that
lim𝑛→+∞ 𝑓′(𝑠𝑛) = +∞. Thus,

lim
𝑛→+∞∫

𝜇′

𝑠𝑛

𝑓′′(𝜏)𝑑𝜏 = lim
𝑛→+∞

[𝑓′(𝜇′) − 𝑓′(𝑠𝑛)] = −∞.

This implies that lim inf 𝜏→𝜇+ 𝑓
′′(𝜏) = −∞, as desired. □

The computations made in the last proof motivate the next remark and the subsequent
proposition.

Remark 3.8. Convexity of 𝜂 suffices to guarantee inequality (2) but not inequality (3).

In the case 𝜂(𝑡2, 𝑡3) = 𝜙(𝑡2) + 𝜓(𝑡3), condition (3) would have required logarithmic convexity of
𝜙, which would have, in turn, prevented 𝜙 from vanishing identically in [−𝜇, 𝜇].

Proposition 3.9. Assume 𝜂 = 𝜒𝑈𝑒
𝑓 for some open subset 𝑈 of ℝ2 and some smooth

function 𝑓 ∶ 𝑈 → ℝ. Set 𝑓◦ ∶= 𝑓(log |𝑧2|2, log |𝑧3|2), 𝑓′𝑗 ∶= 𝜕𝑓

𝜕𝑡𝑗
(log |𝑧2|2, log |𝑧3|2) and 𝑓′′

𝑗,𝑘
∶=

𝜕2𝑓

𝜕𝑡𝑗𝜕𝑡𝑘
(log |𝑧2|2, log |𝑧3|2). Then the equalities

𝜂◦ = 𝑒𝑓
◦
,

𝜂′𝑗 = 𝜂◦𝑓′𝑗 ,

𝜂′′
𝑗,𝑘

= 𝜂◦(𝑓′𝑗𝑓
′
𝑘
+ 𝑓′′

𝑗,𝑘
) ,
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 13 of 38

hold true in 𝑈 for all 𝑗, 𝑘 ∈ {2, 3}. If we set 𝐻𝑓 ∶=
(
𝑓′′
22

𝑓′′
23

𝑓′′
23

𝑓′′
33

)
, 𝑣 ∶=

(
𝑓′
3

−𝑓′
2

)
, 𝑢 ∶=

(
1
−1

)
then, for the

terms appearing in inequality (3), we have

𝜂′′22𝜂
′′
33 − (𝜂′′23)

2 = det𝐻𝜂 = (𝜂◦)2[ℎ𝐻𝑓
(𝑣, 𝑣) + det𝐻𝑓],

𝜂◦(𝜂′′22 + 𝜂′′33 − 2𝜂′′23) − (𝜂′2 − 𝜂′3)
2 = 𝜂◦ℎ𝐻𝜂

(𝑢, 𝑢) − (𝜂′2 − 𝜂′3)
2 = (𝜂◦)2ℎ𝐻𝑓

(𝑢, 𝑢) .

Therefore, in𝑈 inequalities (2), (3) are equivalent, respectively, to

(𝑓′2)
2 + 𝑓′′22 + 1 ⩾ 0 , (4)

ℎ𝐻𝑓
(𝑣, 𝑣) + det𝐻𝑓 + ℎ𝐻𝑓

(𝑢, 𝑢) ⩾ 0 . (5)

Proof. We compute

𝜂′′22𝜂
′′
33 − (𝜂′′23)

2 = (𝜂◦)2{[(𝑓′2)
2 + 𝑓′′22][(𝑓

′
3)
2 + 𝑓′′33] − (𝑓′2𝑓

′
3 + 𝑓′′23)

2}

= (𝜂◦)2[(𝑓′2)
2𝑓′′33 + (𝑓′3)

2𝑓′′22 − 2𝑓′2𝑓
′
3𝑓

′′
23 + 𝑓′′22𝑓

′′
33 − (𝑓′′23)

2]

= (𝜂◦)2[𝑣𝑡𝐻𝑓𝑣 + det𝐻𝑓]

and

𝜂◦(𝜂′′22 + 𝜂′′33 − 2𝜂′′23) − (𝜂′2 − 𝜂′3)
2 = (𝜂◦)2[(𝑓′2)

2 + 𝑓′′22 + (𝑓′3)
2 + 𝑓′′33 − 2𝑓′2𝑓

′
3 − 2𝑓′′23 − (𝑓′2 − 𝑓′3)

2]

= (𝜂◦)2[𝑓′′22 + 𝑓′′33 − 2𝑓′′23]

= (𝜂◦)2𝑢𝑡𝐻𝑓𝑢 . □

The last result is useful to prove that the class 𝒞𝜇 is not empty, thus finding examples of
smoothly bounded pseudoconvex domains 𝜂. The next proposition will also be useful in the
construction.

Proposition 3.10. Let 𝑈0,… ,𝑈𝑙 be open subsets of ℝ2, take smooth functions 𝜂0, … , 𝜂𝑙 ∶ ℝ
2 → ℝ,

and set

𝜂 ∶= 𝜂0 +⋯ + 𝜂𝑙 .

If each 𝜂𝑘 fulfils inequality (2) separately, then 𝜂 itself fulfils inequality (2). This is automatically true
if 𝜂0, … , 𝜂𝑙 are convex. If we assume 𝑙 = 1, that is, 𝜂 ∶= 𝜂0 + 𝜂1, we can compute the quantity

(𝜂) = det𝐻𝜂 + 𝜂◦ℎ𝐻𝜂
(𝑢, 𝑢) − (𝜂′2 − 𝜂′3)

2

appearing on the left-hand side of inequality (3) as follows:

(𝜂) = (𝜂0) + (𝜂1) + 𝜂◦0 det𝐻𝜂1
+ 𝜂◦1 det𝐻𝜂0

+ (𝜂0)
′′
22(𝜂1)

′′
33 + (𝜂1)

′′
22(𝜂0)

′′
33 − 2(𝜂0)

′′
23(𝜂1)

′′
23 − 2

[
(𝜂0)

′
2 − (𝜂0)

′
3

][
(𝜂1)

′
2 − (𝜂1)

′
3

]
.
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14 of 38 KRANTZ et al.

Proof. The first statement follows from the equality

𝜂◦ + 𝜂′′22 =

𝑙∑
𝑘=1

((𝜂𝑘)
◦ + (𝜂𝑘)

′′
22) .

For the second statement, we compute

(𝜂) = det𝐻𝜂 + 𝜂◦ℎ𝐻𝜂
(𝑢, 𝑢) − (𝜂′2 − 𝜂′3)

2

=
[
(𝜂0)

′′
22 + (𝜂1)

′′
22

][
(𝜂0)

′′
33 + (𝜂1)

′′
33

]
−

[
(𝜂0)

′′
23 + (𝜂1)

′′
23

]2
+ (𝜂◦0 + 𝜂◦1)

[
ℎ𝐻𝜂0

(𝑢, 𝑢) + ℎ𝐻𝜂1
(𝑢, 𝑢)

]
− ((𝜂0)

′
2 + (𝜂1)

′
2 − (𝜂0)

′
3 − (𝜂1)

′
3)
2

= (𝜂0) + (𝜂1) + (𝜂0)
′′
22(𝜂1)

′′
33 + (𝜂1)

′′
22(𝜂0)

′′
33 − 2(𝜂0)

′′
23(𝜂1)

′′
23

+ 𝜂◦0 det𝐻𝜂1
+ 𝜂◦1 det𝐻𝜂0

− 2((𝜂0)
′
2 − (𝜂0)

′
3)((𝜂1)

′
2 − (𝜂1)

′
3) . □

We are now ready to prove that the class 𝒞𝜇 is not empty, constructing a class of examples of
𝜂’s such that the corresponding𝜂 are smoothly bounded pseudoconvex domains.

Theorem 3.11. Pick 𝐴± > 𝐵± ⩾
√
2𝑒𝜇 and let 𝑐± > 0. Let us define 𝜂 ∶= 𝜂+ + 𝜂−, where

𝜂±(𝑡2, 𝑡3) ∶= 𝜒(𝐵2±,+∞)(𝑒
±𝑡2 + 𝑒±𝑡3) 𝑒𝑓±(𝑡2,𝑡3) ,

𝑓±(𝑡2, 𝑡3) ∶=
𝑐±

𝐴2
± − 𝐵2±

−
𝑐±

𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±
.

In other words,

𝜂◦ = 𝜒(𝐵2+,+∞)(|𝑧2|2 + |𝑧3|2) exp(
𝑐+

𝐴2
+ − 𝐵2+

|𝑧2|2 + |𝑧3|2 − 𝐴2
+|𝑧2|2 + |𝑧3|2 − 𝐵2+

)

+ 𝜒(𝐵2−,+∞)(|𝑧2|−2 + |𝑧3|−2) exp(
𝑐−

𝐴2
− − 𝐵2−

|𝑧2|−2 + |𝑧3|−2 − 𝐴2
−|𝑧2|−2 + |𝑧3|−2 − 𝐵2−

)
.

Then,𝜂 is a smoothly bounded domain in ℂ3 that contains ′
𝜇 (and is contained in ′

𝜇′
for 𝜇′ ⩾

2 log𝐴+, 2 log𝐴−). Moreover, there exists 𝐶+ ⩾ 𝐴2
+ such that, for every 𝑐+ > 𝐶+, there exist 𝐶− =

𝐶−(𝑐+) ⩾ 𝐴2
− such that, for every 𝑐− > 𝐶−, the domain𝜂 is pseudoconvex.

Proof. The functions 𝜂, 𝜂+, 𝜂− are continuous because 𝑓±(𝑡2, 𝑡3) → −∞ as 𝑒±𝑡2 + 𝑒±𝑡3 → 𝐵2±.
Moreover, 𝜂, 𝜂+, 𝜂− are 𝐶2 because

𝜕𝜂±
𝜕𝑡𝑗

(𝑡2, 𝑡3) = 𝜒(𝐵2±,+∞)(𝑒
±𝑡2 + 𝑒±𝑡3)𝑒𝑓±(𝑡2,𝑡3)

𝜕𝑓±
𝜕𝑡𝑗

(𝑡2, 𝑡3) ,

𝜕2𝜂±

𝜕𝑡𝑗𝜕𝑡𝑘
(𝑡2, 𝑡3) = 𝜒(𝐵2±,+∞)(𝑒

±𝑡2 + 𝑒±𝑡3)𝑒𝑓±(𝑡2,𝑡3)

(
𝜕𝑓±

𝜕𝑡𝑗

𝜕𝑓±

𝜕𝑡𝑘
+

𝜕2𝑓±

𝜕𝑡𝑗𝜕𝑡𝑘

)
(𝑡2, 𝑡3) ,
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 15 of 38

where

𝜕𝑓±

𝜕𝑡𝑗
(𝑡2, 𝑡3) =

±𝑐±𝑒
±𝑡𝑗

(𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±)
2
,

𝜕2𝑓±

𝜕𝑡2
2

(𝑡2, 𝑡3) =
𝑐±𝑒

±𝑡2(𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±)
2 − 𝑐±𝑒

±𝑡22(𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±)𝑒
±𝑡2

(𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±)
4

= 𝑐±𝑒
±𝑡2

−𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±

(𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±)
3
,

𝜕2𝑓±

𝜕𝑡2
3

(𝑡2, 𝑡3) = 𝑐±𝑒
±𝑡3

𝑒±𝑡2 − 𝑒±𝑡3 − 𝐵2±

(𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±)
3
,

𝜕2𝑓±

𝜕𝑡2𝜕𝑡3
(𝑡2, 𝑡3) =

−2𝑐±𝑒
±𝑡2𝑒±𝑡3

(𝑒±𝑡2 + 𝑒±𝑡3 − 𝐵2±)
3
.

Similar reasonings apply to successive derivatives and prove that 𝜂, 𝜂+, 𝜂− are smooth. Clearly,
the gradient of 𝜂± never vanishes where 𝜂± ≠ 0.
The function 𝜂 vanishes identically in the (compact) intersection of the sets

(𝜂+)
−1(0) = {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝑒𝑡2 + 𝑒𝑡3 ⩽ 𝐵2+} ,

(𝜂−)
−1(0) = {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝑒−𝑡2 + 𝑒−𝑡3 ⩽ 𝐵2−} ,

which includes the square (−𝜇, 𝜇) × (−𝜇, 𝜇) because 𝑒−𝜇 < 𝑒𝑡2 , 𝑒𝑡3 < 𝑒𝜇 implies 𝑒𝑡2 + 𝑒𝑡3 < 2𝑒𝜇 ⩽

𝐵2+ and 𝑒−𝑡2 + 𝑒−𝑡3 < 2𝑒𝜇 ⩽ 𝐵2−. In particular,  ′
𝜇 ⊂ 𝜂. The function 𝜂 takes positive values

wherever 𝜂+ or 𝜂− is strictly positive. Clearly, each positive level set of 𝜂+ is a straight line
𝑒𝑡2 + 𝑒𝑡3 = 𝑙+ > 𝐵2+ > 2 in the (𝑒𝑡2 , 𝑒𝑡3 )-quadrant, while each positive-level set of 𝜂− is a hyperbola
𝑒−𝑡2 + 𝑒−𝑡3 = 𝑙− > 𝐵2− > 2 (or equivalently 𝑒𝑡2𝑒𝑡3 − 𝑙−1− (𝑒𝑡2 + 𝑒𝑡3) = 0) in the (𝑒𝑡2 , 𝑒𝑡3 )-quadrant.
This straight line and this hyperbola intersect at exactly two points, namely,

(
𝑒𝑡2 , 𝑒𝑡3

)
=

(
𝑙+ ±

√
Δ

2
,
𝑙+ ∓

√
Δ

2

)
, Δ ∶= 𝑙2+ − 4𝑙+𝑙

−1
− = 𝑙+𝑙

−1
− (𝑙+𝑙− − 4) > 0 .

We point out, for future reference, that 𝜂±(𝑡2, 𝑡3) > 0 with 𝑒𝑡2 = 𝑒𝑡3 implies 𝜂∓(𝑡2, 𝑡3) = 0.
The set

(𝜂+)
−1((0, 1]) = {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝐵2+ < 𝑒𝑡2 + 𝑒𝑡3 ⩽ 𝐴2

+} ,

corresponds to the set between the dotted straight lines in Figure 1, while the set

(𝜂−)
−1((0, 1]) = {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝐵2− < 𝑒−𝑡2 + 𝑒−𝑡3 ⩽ 𝐴2

−} ,

corresponds to the set between the two dotted hyperbola branches in Figure 1 (bold curve
included, finer curve excluded). The intersection (𝜂+)−1((0, 1]) ∩ (𝜂−)−1((0, 1]) has two connected
components 𝑈2,𝑈3, with

𝑈2 ⊆ {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝑡3 < 𝑡2}, 𝑈3 ⊆ {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝑡2 < 𝑡3} . (6)
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16 of 38 KRANTZ et al.

F IGURE 1 The curves 𝑒𝑡2 + 𝑒𝑡3 = 𝐴2
+, 𝑒

−𝑡2 + 𝑒−𝑡3 = 𝐴2
− (in bold dots) and 𝑒

𝑡2 + 𝑒𝑡3 = 𝐵2+, 𝑒
−𝑡2 + 𝑒−𝑡3 = 𝐵2− (in

finer dots) within the (𝑒𝑡2 , 𝑒𝑡3 )-quadrant.

The compact set 𝜂−1([0, 1]) is properly included in the (compact) intersection between the sets

(𝜂+)
−1([0, 1]) = {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝑒𝑡2 + 𝑒𝑡3 ⩽ 𝐴2

+} ,

(𝜂−)
−1([0, 1]) = {(𝑡2, 𝑡3) ∈ ℝ2 ∶ 𝑒−𝑡2 + 𝑒−𝑡3 ⩽ 𝐴2

−} .

In particular, if 𝜂(𝑡2, 𝑡3) ∈ [0, 1], then 𝐴−2
− ⩽ 𝑒𝑡2 , 𝑒𝑡3 ⩽ 𝐴2

+, whence −2 log𝐴− < 𝑡2, 𝑡3 < 2 log𝐴+.
Thus,𝜂 ⊂  ′

𝜇′
for 𝜇′ ⩾ 2 log𝐴+, 2 log𝐴−.

More precisely, the simple closed curve 𝜂−1(1) bounding the compact set 𝜂−1([0, 1]) is the union
of four arcs 𝛾+, 𝛾−, 𝛾2, 𝛾3, where

𝛾+ ∶

{
𝑒𝑡2 + 𝑒𝑡3 = 𝐴2

+

𝑒−𝑡2 + 𝑒−𝑡3 ⩽ 𝐵2−

is part of the bold straight line in Figure 1,

𝛾− ∶

{
𝑒−𝑡2 + 𝑒−𝑡3 = 𝐴2

−

𝑒𝑡2 + 𝑒𝑡3 ⩽ 𝐵2+

is part of the bold hyperbola in Figure 1, while the arcs

𝛾𝑗 ∶

{
𝑒𝑓

−(𝑡2,𝑡3) + 𝑒𝑓
+(𝑡2,𝑡3) = 1

(𝑡2, 𝑡3) ∈ 𝑈𝑗

(with 𝑗 ∈ {2, 3}) are not drawn in Figure 1. Clearly, the gradient of 𝜂 never vanishes in 𝛾+, where
it equals the gradient of 𝜂+, nor in 𝛾−, where it equals the gradient of 𝜂−. Moreover, the gradient
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 17 of 38

of 𝜂 never vanishes in 𝛾2, 𝛾3 because it never vanishes in 𝑈2 ∪ 𝑈3: if it did, then

𝑒𝑓+(𝑡2,𝑡3)
𝑐+𝑒

𝑡2

(𝑒𝑡2 + 𝑒𝑡3 − 𝐵2+)
2
− 𝑒𝑓−(𝑡2,𝑡3)

𝑐−𝑒
−𝑡2

(𝑒−𝑡2 + 𝑒−𝑡3 − 𝐵2−)
2
= 0

and

𝑒𝑓+(𝑡2,𝑡3)
𝑐+𝑒

𝑡3

(𝑒𝑡2 + 𝑒𝑡3 − 𝐵2+)
2
− 𝑒𝑓−(𝑡2,𝑡3)

𝑐−𝑒
−𝑡3

(𝑒−𝑡2 + 𝑒−𝑡3 − 𝐵2−)
2
= 0 ,

whence

𝑒2𝑡2 =
𝑐−
𝑐+

𝑒𝑓−(𝑡2,𝑡3)

𝑒𝑓+(𝑡2,𝑡3)

(𝑒𝑡2 + 𝑒𝑡3 − 𝐵2+)
2

(𝑒−𝑡2 + 𝑒−𝑡3 − 𝐵2−)
2
= 𝑒2𝑡3

and 𝑡2 = 𝑡3. We would thus find a contradiction with the inclusions (6). We have therefore proven
that the gradient of 𝜂 never vanishes in 𝜂−1(1). Overall, all assumptions (I),(II),(III) are fulfilled.
By Theorem 3.2, the set𝜂 is a smoothly bounded domain in ℂ3, which is pseudoconvex if, and
only if, inequalities (2), (3) are fulfilled near 𝜕𝜂. Wewill now prove that, for sufficiently large 𝑐+,
the function 𝜂+ is convex in a neighborhood of (𝜂+)−1([0, 1]). Then, we will prove an analogous
statement for 𝜂−. This will allow us to easily address inequality (2), thanks to Proposition 3.10.
Later, we will study inequality (3) for 𝜂.
Omitting the sign + in 𝑓+, 𝑐+, 𝐴+, 𝐵+ for the sake of readability, we have

𝑓′𝑗 =
𝑐|𝑧𝑗|2

(|𝑧2|2 + |𝑧3|2 − 𝐵2)2
,

𝑓′′22 = 𝑐|𝑧2|2 −|𝑧2|2 + |𝑧3|2 − 𝐵2

(|𝑧2|2 + |𝑧3|2 − 𝐵2)3
,

𝑓′′33 = 𝑐|𝑧3|2 |𝑧2|2 − |𝑧3|2 − 𝐵2

(|𝑧2|2 + |𝑧3|2 − 𝐵2)3
,

𝑓′′23 = 𝑐
−2|𝑧2|2|𝑧3|2

(|𝑧2|2 + |𝑧3|2 − 𝐵2)3
.

The inequality (𝜂+)′′22 ⩾ 0 is trivial where 𝜂◦+ vanishes and equivalent to (𝑓
′
2
)2 + 𝑓′′

22
⩾ 0 elsewhere

by Proposition 3.9. In order to study this last inequality, we compute

𝑐−1|𝑧2|−4(|𝑧2|2 + |𝑧3|2 − 𝐵2)4
[
(𝑓′2)

2 + 𝑓′′22
]
= 𝑐 + |𝑧2|−2(−|𝑧2|2 + |𝑧3|2 − 𝐵2)(|𝑧2|2 + |𝑧3|2 − 𝐵2)

= 𝑐 − |𝑧2|2 + |𝑧2|−2(|𝑧3|2 − 𝐵2)2 .

The inequality (𝑓′
2
)2 + 𝑓′′

22
⩾ 0 is certainly true when 𝑐 ⩾ |𝑧2|2. Choosing 𝑐 = 𝑐+ > 𝐴2

+ guaran-
tees that (𝜂+)′′22 ⩾ 0 in a neighborhood of (𝜂◦+)

−1([0, 1]). We now study the inequality det𝐻𝜂+
⩾

0, which is trivial where 𝜂◦+ vanishes and equivalent to the inequality ℎ𝐻𝑓
(𝑣, 𝑣) + det𝐻𝑓 ⩾ 0

elsewhere by Proposition 3.9. Here,

𝐻𝑓 =
𝑐

(|𝑧2|2 + |𝑧3|2 − 𝐵2)3

(|𝑧2|2(−|𝑧2|2 + |𝑧3|2 − 𝐵2) −2|𝑧2|2|𝑧3|2
−2|𝑧2|2|𝑧3|2 |𝑧3|2(|𝑧2|2 − |𝑧3|2 − 𝐵2)

)
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18 of 38 KRANTZ et al.

and

𝑣 = 𝑣+ ∶=

(
𝑓′
3

−𝑓′
2

)
=

𝑐

(|𝑧2|2 + |𝑧3|2 − 𝐵2)2

( |𝑧3|2
−|𝑧2|2

)
.

Recalling the notation set in formula (1), we compute

𝑐−3|𝑧2|−2|𝑧3|−2(|𝑧2|2 + |𝑧3|2 − 𝐵2)7ℎ𝐻𝑓
(𝑣, 𝑣)

= |𝑧2|−2|𝑧3|−2(𝑐−1(|𝑧2|2 + |𝑧3|2 − 𝐵2)2𝑣𝑡
)(
𝑐−1(|𝑧2|2 + |𝑧3|2 − 𝐵2)3𝐻𝑓

)
⋅
(
𝑐−1(|𝑧2|2 + |𝑧3|2 − 𝐵2)2𝑣

)
= |𝑧2|−2|𝑧3|−2(|𝑧3|2, −|𝑧2|2)(|𝑧2|2|𝑧3|2(−|𝑧2|2 + |𝑧3|2 − 𝐵2) + 2|𝑧2|4|𝑧3|2

−2|𝑧2|2|𝑧3|4 − |𝑧2|2|𝑧3|2(|𝑧2|2 − |𝑧3|2 − 𝐵2)

)
= |𝑧3|2(−|𝑧2|2 + |𝑧3|2 − 𝐵2) + 2|𝑧2|2|𝑧3|2 + 2|𝑧2|2|𝑧3|2 + |𝑧2|2(|𝑧2|2 − |𝑧3|2 − 𝐵2)

= |𝑧3|2(−|𝑧2|2 + |𝑧3|2 − 𝐵2 + 2|𝑧2|2) + |𝑧2|2(|𝑧2|2 − |𝑧3|2 − 𝐵2 + 2|𝑧3|2)
= (|𝑧2|2 + |𝑧3|2)(|𝑧2|2 + |𝑧3|2 − 𝐵2) ,

whence

ℎ𝐻𝑓
(𝑣, 𝑣) = 𝑐3|𝑧2|2|𝑧3|2 |𝑧2|2 + |𝑧3|2

(|𝑧2|2 + |𝑧3|2 − 𝐵2)6
= 𝑐3|𝑧2|2|𝑧3|2 𝑡2

(𝑡2 − 𝐵2)6
,

where 𝑡 = 𝑡+ ∶=
√|𝑧2|2 + |𝑧3|2. Moreover,

𝑐−2|𝑧2|−2|𝑧3|−2(|𝑧2|2 + |𝑧3|2 − 𝐵2)6 det𝐻𝑓

= |𝑧2|−2|𝑧3|−2 det (𝑐−1(|𝑧2|2 + |𝑧3|2 − 𝐵2)3𝐻𝑓

)
= |𝑧2|−2|𝑧3|−2 det(|𝑧2|2(−|𝑧2|2 + |𝑧3|2 − 𝐵2) −2|𝑧2|2|𝑧3|2

−2|𝑧2|2|𝑧3|2 |𝑧3|2(|𝑧2|2 − |𝑧3|2 − 𝐵2)

)
= (−|𝑧2|2 + |𝑧3|2 − 𝐵2)(|𝑧2|2 − |𝑧3|2 − 𝐵2) − 4|𝑧2|2|𝑧3|2
= 𝐵4 − |𝑧2|4 − |𝑧3|4 − 2|𝑧2|2|𝑧3|2
= 𝐵4 − (|𝑧2|2 + |𝑧3|2)2
= −(|𝑧2|2 + |𝑧3|2 + 𝐵2)(|𝑧2|2 + |𝑧3|2 − 𝐵2) ,

whence

det𝐻𝑓 = −𝑐2|𝑧2|2|𝑧3|2 |𝑧2|2 + |𝑧3|2 + 𝐵2

(|𝑧2|2 + |𝑧3|2 − 𝐵2)5
= −𝑐2|𝑧2|2|𝑧3|2 𝑡2 + 𝐵2

(𝑡2 − 𝐵2)5
.

We conclude that

𝑐−2|𝑧2|−2|𝑧3|−2𝑡−2(𝑡2 − 𝐵2)6
[
ℎ𝐻𝑓

(𝑣, 𝑣) + det𝐻𝑓

]
= 𝑐 − 𝑡−2(𝑡2 + 𝐵2)(𝑡2 − 𝐵2)

= 𝑐 − 𝑡−2(𝑡4 − 𝐵4)

= 𝑐 − 𝑡2 +
𝐵4

𝑡2
,
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 19 of 38

is nonnegative when 𝑐 ⩾ 𝑡2 = |𝑧2|2 + |𝑧3|2. Therefore, choosing 𝑐 = 𝑐+ > 𝐴2
+ guarantees not only

(𝜂+)
′′
22
⩾ 0, but also det𝐻𝜂+

⩾ 0 in a neighborhood of (𝜂◦+)
−1([0, 1]), whence the convexity of 𝜂+

in a neighborhood of 𝜂−1+ ([0, 1]). For future reference, we now compute the quantity (𝜂+) =
det𝐻𝜂+

+ 𝜂◦ℎ𝐻𝜂+
(𝑢, 𝑢) − ((𝜂+)

′
2
− (𝜂+)

′
3
)2, defined in Proposition 3.10. Here, 𝑢 ∶= (1, −1)𝑡. By

Proposition 3.9, (𝜂+) = (𝜂◦+)
2[ℎ𝐻𝑓

(𝑣, 𝑣) + det𝐻𝑓 + ℎ𝐻𝑓
(𝑢, 𝑢)] wherever 𝜂◦+ does not vanish. We

compute

𝑐−1(|𝑧2|2 + |𝑧3|2 − 𝐵2)3ℎ𝐻𝑓
(𝑢, 𝑢)

= 𝑢𝑡
(
𝑐−1(|𝑧2|2 + |𝑧3|2 − 𝐵2)3𝐻𝑓

)
𝑢̄

= (1, −1)

(|𝑧2|2(−|𝑧2|2 + |𝑧3|2 − 𝐵2) + 2|𝑧2|2|𝑧3|2
−2|𝑧2|2|𝑧3|2 − |𝑧3|2(|𝑧2|2 − |𝑧3|2 − 𝐵2)

)
= |𝑧2|2(−|𝑧2|2 + |𝑧3|2 − 𝐵2) + |𝑧3|2(|𝑧2|2 − |𝑧3|2 − 𝐵2) + 4|𝑧2|2|𝑧3|2
= −|𝑧2|4 − |𝑧3|4 + 6|𝑧2|2|𝑧3|2 − (|𝑧2|2 + |𝑧3|2)𝐵2
= 8|𝑧2|2|𝑧3|2 − (|𝑧2|2 + |𝑧3|2)(|𝑧2|2 + |𝑧3|2 + 𝐵2) ,

whence

ℎ𝐻𝑓
(𝑢, 𝑢) = 𝑐

8|𝑧2|2|𝑧3|2 − (|𝑧2|2 + |𝑧3|2)(|𝑧2|2 + |𝑧3|2 + 𝐵2)

(|𝑧2|2 + |𝑧3|2 − 𝐵2)3
= 𝑐

8|𝑧2|2|𝑧3|2 − 𝑡2(𝑡2 + 𝐵2)

(𝑡2 − 𝐵2)3
.

We conclude that

𝑐−1|𝑧2|−2|𝑧3|−2𝑡−2(𝑡2 − 𝐵2)6
[
ℎ𝐻𝑓

(𝑣, 𝑣) + det𝐻𝑓 + ℎ𝐻𝑓
(𝑢, 𝑢)

]
= 𝑐2 + 𝑐

(
−𝑡2 +

𝐵4

𝑡2

)
+ [8𝑡−2 − |𝑧2|−2|𝑧3|−2(𝑡2 + 𝐵2)](𝑡2 − 𝐵2)3

= 𝑐2 + 𝑐

(
−𝑡2 +

𝐵4

𝑡2

)
− |𝑧2|−2|𝑧3|−2(𝑡4 − 𝐵4)(𝑡2 − 𝐵2)2 + 8𝑡−2(𝑡2 − 𝐵2)3

⩾ 𝑐2 + 𝑐

(
−𝑡2 +

𝐵4

𝑡2

)
− |𝑧2|−2|𝑧3|−2(𝑡4 − 𝐵4)(𝑡2 − 𝐵2)2 ,

where the last expression is nonnegative for

𝑐 = 𝑐+ ⩾

(
𝑡2+ −

𝐵4+

𝑡2+

)(
1

2
+
1

2

√
1 + 4|𝑧2|−2|𝑧3|−2𝑡4+(𝑡2+ − 𝐵2+)(𝑡

2
+ + 𝐵2+)

−1

)
.

Similarly, we can prove that choosing 𝑐− > 𝐴2
− guarantees the convexity of 𝜂− in a neighbor-

hood of 𝜂−1− ([0, 1]). Indeed, omitting the sign − in 𝑓−, 𝑐−, 𝐴−, 𝐵− for the sake of readability, we
have

𝑓′𝑗 =
−𝑐|𝑧𝑗|−2

(|𝑧2|−2 + |𝑧3|−2 − 𝐵2)2
,

𝑓′′22 = 𝑐|𝑧2|−2 −|𝑧2|−2 + |𝑧3|−2 − 𝐵2

(|𝑧2|−2 + |𝑧3|−2 − 𝐵2)3
,
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20 of 38 KRANTZ et al.

𝑓′′33 = 𝑐|𝑧3|−2 |𝑧2|−2 − |𝑧3|−2 − 𝐵2

(|𝑧2|−2 + |𝑧3|−2 − 𝐵2)3
,

𝑓′′23 = 𝑐
−2|𝑧2|−2|𝑧3|−2

(|𝑧2|−2 + |𝑧3|−2 − 𝐵2)3
.

The inequality (𝜂−)′′22 ⩾ 0 holds where 𝜂◦− does not vanish if, and only if, (𝑓
′
2
)2 + 𝑓′′

22
⩾ 0, where

𝑐−1|𝑧2|4(|𝑧2|−2 + |𝑧3|−2 − 𝐵2)4
[
(𝑓′2)

2 + 𝑓′′22
]

= 𝑐 + |𝑧2|2(−|𝑧2|−2 + |𝑧3|−2 − 𝐵2)(|𝑧2|−2 + |𝑧3|−2 − 𝐵2)

= 𝑐 − |𝑧2|−2 + |𝑧2|2(|𝑧3|−2 − 𝐵2)2 .

The last inequality is certainly true when 𝑐 ⩾ |𝑧2|−2. On the other hand, det𝐻𝜂−
⩾ 0 where 𝜂◦−

does not vanish if, and only if (after setting 𝑡 = 𝑡− ∶=
√|𝑧2|−2 + |𝑧3|−2)

0 ⩽ 𝑐−2|𝑧2|2|𝑧3|2𝑡−2(𝑡2 − 𝐵2)6
[
ℎ𝐻𝑓

(𝑣, 𝑣) + det𝐻𝑓

]
= 𝑐 − 𝑡2 +

𝐵4

𝑡2
.

The last inequality is certainly true when 𝑐 ⩾ 𝑡2 = |𝑧2|−2 + |𝑧3|−2. A suitable choice is there-
fore 𝑐 = 𝑐− > 𝐴2

−, as announced. For future reference, we now compute the quantity (𝜂−) =
det𝐻𝜂−

+ 𝜂◦ℎ𝐻𝜂−
(𝑢, 𝑢) − ((𝜂−)

′
2
− (𝜂−)

′
3
)2 = (𝜂◦−)

2[ℎ𝐻𝑓
(𝑣, 𝑣) + det𝐻𝑓 + ℎ𝐻𝑓

(𝑢, 𝑢)]. We have

𝑐−1|𝑧2|2|𝑧3|2𝑡−2(𝑡2 − 𝐵2)6
[
ℎ𝐻𝑓

(𝑣, 𝑣) + det𝐻𝑓 + ℎ𝐻𝑓
(𝑢, 𝑢)

]
= 𝑐2 + 𝑐

(
−𝑡2 +

𝐵4

𝑡2

)
− |𝑧2|2|𝑧3|2(𝑡4 − 𝐵4)(𝑡2 − 𝐵2)2 + 8𝑡−2(𝑡2 − 𝐵2)3

⩾ 𝑐2 + 𝑐

(
−𝑡2 +

𝐵4

𝑡2

)
− |𝑧2|2|𝑧3|2(𝑡4 − 𝐵4)(𝑡2 − 𝐵2)2 ,

where the last expression is nonnegative for

𝑐 = 𝑐− ⩾

(
𝑡2− −

𝐵4−
𝑡2−

)(
1

2
+
1

2

√
1 + 4|𝑧2|2|𝑧3|2𝑡4−(𝑡2− − 𝐵2−)(𝑡

2
− + 𝐵2−)

−1

)
.

Consider now the compact set

𝐾 ∶= (𝜂◦)−1([0, 1]) ⊆ (𝜂◦+)
−1([0, 1]) ∩ (𝜂◦−)

−1([0, 1])

= {(𝑧2, 𝑧3) ∈ ℂ2 ∶ 𝑡+ ⩽ 𝐴2
+, 𝑡− ⩽ 𝐴2

−} .

For future reference, we point out that (𝑧2, 𝑧3) ∈ 𝐾 implies 𝐴−1
− ⩽ |𝑧2|, |𝑧3| ⩽ 𝐴+ and that

√
2

𝐵−
⩽|𝑧2|, |𝑧3| ⩽ 𝐵+√

2
implies 𝜂◦(𝑧) = 0. We established that 𝜂+, 𝜂− are both convex in a neighborhood

of 𝐾 when 𝑐+ > 𝐴2
+ and 𝑐− > 𝐴2

−. Proposition 3.10 guarantees that, when 𝑐+ > 𝐴2
+ and 𝑐− > 𝐴2

−,
then inequality (2) is fulfilled in a neighborhood of 𝐾 for 𝜂 = 𝜂+ + 𝜂−. Our final aim is studying
inequality (3) for 𝜂 = 𝜂+ + 𝜂−. According to Proposition 3.10, inequality (3) is the same as

0 ⩽ (𝜂) = (𝜂+) + (𝜂−) + 𝜂◦+ det𝐻𝜂−
+ 𝜂◦− det𝐻𝜂+

+ (𝜂+)
′′
22(𝜂−)

′′
33 + (𝜂−)

′′
22(𝜂+)

′′
33 − 2(𝜂+)

′′
23(𝜂−)

′′
23 − 2((𝜂+)

′
2 − (𝜂+)

′
3)((𝜂−)

′
2 − (𝜂−)

′
3) .
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 21 of 38

We already established that det𝐻𝜂+
⩾ 0 in a neighborhood of (𝜂◦+)

−1([0, 1]) when 𝑐+ > 𝐴2
+

and that det𝐻𝜂−
⩾ 0 in a neighborhood of (𝜂◦−)

−1([0, 1]) when 𝑐− > 𝐴2
−. We also know that

(𝜂+),(𝜂−) ⩾ 0 in a neighborhood of 𝐾 if we choose 𝑐+ > + and 𝑐− > −, where

+ ∶= max
(𝑧2,𝑧3)∈𝐾

(
𝑡2+ −

𝐵4+

𝑡2+

)(
1

2
+
1

2

√
1 + 4|𝑧2|−2|𝑧3|−2𝑡4+(𝑡2+ − 𝐵2+)(𝑡

2
+ + 𝐵2+)

−1

)
,

− ∶= max
(𝑧2,𝑧3)∈𝐾

(
𝑡2− −

𝐵4−
𝑡2−

)(
1

2
+
1

2

√
1 + 4|𝑧2|2|𝑧3|2𝑡4−(𝑡2− − 𝐵2−)(𝑡

2
− + 𝐵2−)

−1

)
.

We are left with studying the quantity

(𝜂) ∶= (𝜂+)
′′
22(𝜂−)

′′
33 + (𝜂−)

′′
22(𝜂+)

′′
33 − 2(𝜂+)

′′
23(𝜂−)

′′
23 − 2

[
(𝜂+)

′
2 − (𝜂+)

′
3

][
(𝜂−)

′
2 − (𝜂−)

′
3

]
.

We have (𝜂) = 0 wherever 𝜂◦+ = 0 or 𝜂◦− = 0. Moreover,

(𝜂◦)−2(𝜂)
=

[
((𝑓+)

′
2)
2 + (𝑓+)

′′
22

][
((𝑓−)

′
3)
2 + (𝑓−)

′′
33

]
+

[
((𝑓−)

′
2)
2 + (𝑓−)

′′
22

][
((𝑓+)

′
3)
2 + (𝑓+)

′′
33

]
− 2

[
(𝑓+)

′
2(𝑓+)

′
3 + (𝑓+)

′′
23

][
(𝑓−)

′
2(𝑓−)

′
3 + (𝑓−)

′′
23

]
− 2

[
(𝑓+)

′
2 − (𝑓+)

′
3

][
(𝑓−)

′
2 − (𝑓−)

′
3

]
at each point (𝑧2, 𝑧3)where neither 𝜂◦+ nor 𝜂

◦
− vanishes (which implies |𝑧2| ≠ |𝑧3|), that is, at each

point (𝑧2, 𝑧3) in the disjoint union 𝑉2 ∪ 𝑉3 with

𝑉2 ∶

⎧⎪⎨⎪⎩
𝑡+ = |𝑧2|2 + |𝑧3|2 > 𝐵+
𝑡− = |𝑧2|−2 + |𝑧3|−2 > 𝐵−|𝑧3| < |𝑧2| , 𝑉3 ∶

⎧⎪⎨⎪⎩
𝑡+ = |𝑧2|2 + |𝑧3|2 > 𝐵+
𝑡− = |𝑧2|−2 + |𝑧3|−2 > 𝐵−|𝑧2| < |𝑧3| .

We already know that

𝑐−1+ (𝑡2+ − 𝐵2+)
2(𝑓+)

′
2 = |𝑧2|2 ,

𝑐−1− (𝑡2− − 𝐵2−)
2(𝑓−)

′
2 = −|𝑧2|−2 ,

𝑐−1+ (𝑡2+ − 𝐵2+)
4
[
((𝑓+)

′
2)
2 + (𝑓+)

′′
22

]
⩾ |𝑧2|4(𝑐+ − |𝑧2|2) ,

𝑐−1− (𝑡2− − 𝐵2−)
4
[
((𝑓−)

′
2)
2 + (𝑓−)

′′
22

]
⩾ |𝑧2|−4(𝑐− − |𝑧2|−2) .

Similarly,

𝑐−1+ (𝑡2+ − 𝐵2+)
2(𝑓+)

′
3 = |𝑧3|2 ,

𝑐−1− (𝑡2− − 𝐵2−)
2(𝑓−)

′
3 = −|𝑧3|−2 ,

𝑐−1+ (𝑡2+ − 𝐵2+)
4
[
((𝑓+)

′
3)
2 + (𝑓+)

′′
33

]
⩾ |𝑧3|4(𝑐+ − |𝑧3|2) ,

𝑐−1− (𝑡2− − 𝐵2−)
4
[
((𝑓−)

′
3)
2 + (𝑓−)

′′
33

]
⩾ |𝑧3|−4(𝑐− − |𝑧3|−2) .

𝑐−1+ (𝑡2+ − 𝐵2+)
4
[
(𝑓+)

′
2(𝑓+)

′
3 + (𝑓+)

′′
23

]
= |𝑧2|2|𝑧3|2[𝑐+ − 2(𝑡2+ − 𝐵2+)

]
,

𝑐−1− (𝑡2− − 𝐵2−)
4
[
(𝑓−)

′
2(𝑓−)

′
3 + (𝑓−)

′′
23

]
= |𝑧2|−2|𝑧3|−2[𝑐− − 2(𝑡2− − 𝐵2−)

]
.
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22 of 38 KRANTZ et al.

Let us set 𝑥 ∶= |𝑧2|2|𝑧3|−2. If (𝑧2, 𝑧3) ∈ 𝑉2, then |𝑧2|2 > 𝐵2+
2
and |𝑧3|−2 > 𝐵2−

2
, whence 𝑥 > 𝐵2+𝐵

2
−

4
>

1; if (𝑧2, 𝑧3) ∈ 𝑉3, then |𝑧3|2 > 𝐵2+
2
and |𝑧2|−2 > 𝐵2−

2
, whence 𝑥 < 4

𝐵2+𝐵
2
−

< 1. We also know that

(𝑧2, 𝑧3) ∈ 𝐾 implies 1

𝐴2
+𝐴

2
−

⩽ 𝑥 ⩽ 𝐴2
+𝐴

2
−. For (𝑧2, 𝑧3) ∈ 𝑉2 ∪ 𝑉3, we have

𝑐−1+ 𝑐−1− (𝑡2+ − 𝐵2+)
4(𝑡2− − 𝐵2−)

4(𝜂◦)−2(𝜂)
⩾ |𝑧2|4|𝑧3|−4(𝑐+ − |𝑧2|2)(𝑐− − |𝑧3|−2) + |𝑧2|−4|𝑧3|4(𝑐− − |𝑧2|−2)(𝑐+ − |𝑧3|2)
− 2

[
𝑐+ − 2(𝑡2+ − 𝐵2+)

][
𝑐− − 2(𝑡2− − 𝐵2−)

]
− 2(𝑡2+ − 𝐵2+)

2(𝑡2− − 𝐵2−)
2
(|𝑧2|2 − |𝑧3|2)(−|𝑧2|−2 + |𝑧3|−2)

= 𝑐+𝑐−(𝑥
2 + 𝑥−2 − 2) + 𝑐+

[
−𝑥2|𝑧3|−2 − 𝑥−2|𝑧2|−2 + 4(𝑡2− − 𝐵2−)

]
+

+ 𝑐−
[
−𝑥2|𝑧2|2 − 𝑥−2|𝑧3|2 + 4(𝑡2+ − 𝐵2+)

]
+ 𝑥3 + 𝑥−3 − 8(𝑡2+ − 𝐵2+)(𝑡

2
− − 𝐵2−)

− 2(𝑡2+ − 𝐵2+)(𝑡
2
− − 𝐵2−)(𝑥 + 𝑥−1 − 2)

⩾ 𝛼11𝑐+𝑐− + 𝛼10𝑐+ + 𝛼01𝑐− + 𝛼00 ,

with

𝛼11 ∶= (𝑥 − 𝑥−1)2 > 0

𝛼10 ∶= −𝑥2|𝑧3|−2 − 𝑥−2|𝑧2|−2
𝛼01 ∶= −𝑥2|𝑧2|2 − 𝑥−2|𝑧3|2
𝛼00 ∶= −2(𝑡2+ − 𝐵2+)(𝑡

2
− − 𝐵2−)

[
(𝑥1∕2 − 𝑥−1∕2)2 + 4(𝑡2+ − 𝐵2+)(𝑡

2
− − 𝐵2−)

]
.

Therefore, (𝜂) ⩾ 0 in 𝑉2 ∪ 𝑉3 if (𝑐+, 𝑐−) lies to the right of the right branch of the rectangular
hyperbola 𝛼11𝑐+𝑐− + 𝛼10𝑐+ + 𝛼01𝑐− + 𝛼00 = 0 depicted in Figure 2. This happens exactly when
the two following inequalities are fulfilled:

𝑐+ ⩾ −
𝛼01
𝛼11

=
𝑥2|𝑧2|2 + 𝑥−2|𝑧3|2

(𝑥 − 𝑥−1)2
=
𝑥4|𝑧2|2 + |𝑧3|2
(𝑥2 − 1)2

,

𝑐− ⩾
−𝛼10𝑐+ − 𝛼00
𝛼11𝑐+ + 𝛼01

.

We can set

+ ∶= max
(𝑧2,𝑧2)∈𝐾

(
𝑥4|𝑧2|2 + |𝑧3|2
(𝑥2 − 1)2

)
,

pick a 𝑐+ larger than 𝐴2
+,+ and+, set

− = −(𝑐+) ∶= max
(𝑧2,𝑧2)∈𝐾

−𝛼10𝑐+ − 𝛼00
𝛼11𝑐+ + 𝛼01

,

and pick a 𝑐− larger than 𝐴2
−,−, and − to conclude that 𝜂 is a smoothly bounded

pseudoconvex domain. □
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 23 of 38

F IGURE 2 The right branch of the rectangular hyperbola 𝛼11𝑐+𝑐− + 𝛼10𝑐+ + 𝛼01𝑐− + 𝛼00 = 0.

By inspection in the last proof, the following property could be added to the statement: there
exists 𝐶− ⩾ 𝐴2

− such that, for every 𝑐− > 𝐶−, there exist 𝐶+ = 𝐶+(𝑐−) ⩾ 𝐴2
+ such that, for every

𝑐+ > 𝐶+, the domain𝜂 is pseudoconvex.

4 STUDY OF THE SMOOTHLY BOUNDED PSEUDOCONVEXWORM
DOMAINS IN𝓒𝝁

This section is devoted to the study of the class 𝒞𝜇 of smoothly bounded pseudoconvex domains
constructed in Definition 3.6 and proven nonempty in Theorem 3.11. We make the following
remark, which involves the bounded nonsmooth domain  ′

𝜇 and the unbounded domain  ′
∞

defined in Definition 3.4.

Remark 4.1. Let Ω ∈ 𝒞𝜇. Then,

 ′
𝜇 ⊂ Ω ⊂  ′

𝜇′
⊂  ′

∞ (7)

for sufficiently large 𝜇′ > 𝜇. Namely, ifΩ = 𝜂, it suffices for the open disk of radius 𝜇′ centered
at the origin in ℝ2 to include the set 𝜂−1([0, 1)).

It is useful to define the following functions on ′
∞.

Definition 4.2. For all 𝑧 = (𝑧1, 𝑧2, 𝑧3) ∈  ′
∞ and all 𝜅 ∈ ℂ, we define

𝓁(𝑧) ∶= log
(
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2) + 𝑖 log |𝑧2𝑧3|2 ,
𝐸𝜅(𝑧) ∶= exp (𝜅𝓁(𝑧)) ,

where log denotes the principal branch of logarithm on ℂ ⧵ (−∞, 0].
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24 of 38 KRANTZ et al.

We can make the following remark and prove the subsequent proposition concerning the
Bergman space 𝐴2(Ω) of any Ω ∈ 𝒞𝜇.

Remark 4.3. Let 𝑧 ∈  ′
∞. If 𝜅 ∈ ℤ, then 𝐸𝜅(𝑧) = 𝑧𝜅

1
. If 𝜅 ∈ ℝ, then |𝐸𝜅(𝑧)| = |𝑧1|𝜅. If 𝜅 ∈ ℂ and

𝑧 ∈  ′
𝜋
2

, then 𝐸𝜅(𝑧) = 𝑧𝜅
1
∶= exp(𝜅 log(𝑧1)).

Proposition 4.4. The functions 𝓁, 𝐸𝜅 ∶  ′
∞ → ℂ are holomorphic and locally constant in 𝑧2 and

in 𝑧3. Moreover,
𝜕𝓁
𝜕𝑧1

(𝑧) = 1

𝑧1
and 𝜕𝐸𝜅

𝜕𝑧1
= 𝜅 𝐸𝜅−1. Finally, the following are equivalent:

(i) Re(𝜅) > −1;
(ii) 𝐸𝜅(𝑧) belongs to 𝐴2( ′

𝜇) for some 𝜇 > 0;
(iii) 𝐸𝜅(𝑧)𝑧

𝑗
2
𝑧𝑘
3
belongs to 𝐴2( ′

𝜇) for all 𝜇 > 0 and all 𝑗, 𝑘 ∈ ℤ;
(iv) 𝐸𝜅(𝑧)𝑧

𝑗
2
𝑧𝑘
3
belongs to 𝐴2(Ω) for all 𝜇 > 0, for allΩ ∈ 𝒞𝜇 and for all 𝑗, 𝑘 ∈ ℤ.

Proof. The function 𝓁 (whence all functions 𝐸𝜅 with 𝜅 ∈ ℂ) is holomorphic because

𝜕𝓁
𝜕𝑧̄1

(𝑧) =
0

𝑧1𝑒
−𝑖 log |𝑧2𝑧3|2 + 0 ≡ 0 ,

𝜕𝓁
𝜕𝑧̄2

(𝑧) =
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2 (−𝑖)
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2
𝜕 log |𝑧2𝑧3|2

𝜕𝑧̄2
+ 𝑖

𝜕 log |𝑧2𝑧3|2
𝜕𝑧̄2

≡ 0 ,

𝜕𝓁
𝜕𝑧̄3

(𝑧) =
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2 (−𝑖)
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2
𝜕 log |𝑧2𝑧3|2

𝜕𝑧̄3
+ 𝑖

𝜕 log |𝑧2𝑧3|2
𝜕𝑧̄3

≡ 0 .

Analogous computations prove that 𝜕𝓁
𝜕𝑧2

≡ 0 ≡ 𝜕𝓁
𝜕𝑧3

, whence 𝓁 and 𝐸𝜅 with 𝜅 ∈ ℂ are locally
constant in 𝑧2 and in 𝑧3. Moreover,

𝜕𝓁
𝜕𝑧1

(𝑧) =
𝑒−𝑖 log |𝑧2𝑧3|2
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2 + 0 =
1

𝑧1
.

It easily follows that 𝐸𝜅 = 𝑒𝜅𝓁 has 𝜕𝐸𝜅
𝜕𝑧1

= 𝜅 𝐸𝜅−1.
Now let us study 𝐿2-integrability. For any 𝑎, 𝑏 ∈ ℝ, 𝑗, 𝑘 ∈ ℤ, 𝜇 > 0, we remark that

‖𝐸𝑎+𝑖𝑏𝑧𝑗2𝑧𝑘3‖2𝐴2( ′
𝜇)
= ∫ ′

𝜇

|||𝐸𝑎+𝑖𝑏(𝑧)𝑧𝑗2𝑧𝑘3 |||2 𝑑𝑉(𝑧)
= ∫−𝜇<log |𝑧2|2<𝜇 ∫−𝜇<log |𝑧3|2<𝜇 ∫△(𝑒𝑖 log |𝑧2𝑧3|2 ,1) |𝑧1|2𝑎|𝑧2|2𝑗|𝑧3|2𝑘
⋅ exp

{
− 2𝑏[arg(𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2 ) + log |𝑧2𝑧3|2]}𝑑𝑉(𝑧1)𝑑𝑉(𝑧2)𝑑𝑉(𝑧3)
= ∫−𝜇<log |𝑧2|2<𝜇 ∫−𝜇<log |𝑧3|2<𝜇 ∫△(1,1)

|𝜁|2𝑎|𝑧2|2𝑗|𝑧3|2𝑘
⋅ exp

{
− 2𝑏(arg(𝜁) + log |𝑧2𝑧3|2)}𝑑𝑉(𝜁) 𝑑𝑉(𝑧2) 𝑑𝑉(𝑧3)
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 25 of 38

= 4𝜋2 ∫
𝑒𝜇∕2

𝑒−𝜇∕2 ∫
𝑒𝜇∕2

𝑒−𝜇∕2 ∫
𝜋
2

−𝜋
2
∫

2 cos 𝜃

0
𝑟2𝑎+1𝜌

2𝑗+1
2

𝜌2𝑘+1
3

𝑒−2𝑏(𝜃+log(𝜌2𝜌3)
2) 𝑑𝑟 𝑑𝜃 𝑑𝜌2 𝑑𝜌3

= 𝜋2 ∫
𝜋
2

−𝜋
2
∫

𝜃
2
+𝜇

𝜃
2
−𝜇 ∫

𝜃
2
+𝜇

𝜃
2
−𝜇 ∫

log(2 cos 𝜃)

−∞
𝑒2(𝑎+1)𝑠𝑒(𝑥2−

𝜃
2
)(𝑗+1)𝑒(𝑥3−

𝜃
2
)(𝑘+1)𝑒−2𝑏(𝑥2+𝑥3) 𝑑𝑠 𝑑𝑥2 𝑑𝑥3 𝑑𝜃

= 𝜋2 ∫
𝜋
2

−𝜋
2
∫

𝜃
2
+𝜇

𝜃
2
−𝜇 ∫

𝜃
2
+𝜇

𝜃
2
−𝜇 ∫

log(2 cos 𝜃)

−∞
𝑒2(𝑎+1)𝑠𝑑𝑠 𝑒𝑥2(𝑗+1−2𝑏) 𝑑𝑥2𝑒

𝑥3(𝑘+1−2𝑏) 𝑑𝑥3 𝑒
− 𝜃
2
(𝑗+𝑘+2) 𝑑𝜃

is finite if, and only if, 𝑎 > −1. For the fifth equality, we applied the change of coordinates
(𝑟, 𝜌2, 𝜌3) =

(
𝑒𝑠, 𝑒

𝑥2
2
− 𝜃
4 , 𝑒

𝑥3
2
− 𝜃
4
)
. It follows at once that properties (i)–(iii) are mutually equivalent.

But the chain of inclusions (7) guarantees that (iii) and (iv) are mutually equivalent. The proof is
therefore complete. □

We are now ready to prove that, for sufficiently large 𝜇 and for Ω ∈ 𝒞𝜇, the Nebenhülle of Ω
is nontrivial. We actually prove a bit more about the space 𝐴2(Ω), defined as the closure within
the Bergman space𝐴2(Ω) of the subspace of those elements of𝐴2(Ω) that extend to holomorphic
functions on neighborhoods of Ω.

Theorem 4.5. Let 𝜇 > 4𝜋. If 𝑓 ∈ 𝐴2( ′
𝜇), then 𝑓 admits a holomorphic extension to the domain

̂ ′
𝜇 ∶=  ′

𝜇 ∪
⋃

−
𝜇

2
<𝑎<

𝜇

2
−2𝜋

{
(𝑧1, 𝑧2, 𝑧3) ∶ |𝑧1 − 𝑒2𝑖𝑎| < 1, 𝑎 < log |𝑧𝑗|2 < 𝑎 + 2𝜋 for 𝑗 ∈ {2, 3}

}
.

(8)
As a consequence, 𝐴2( ′

𝜇) ⊊ 𝐴2( ′
𝜇).

The same conclusions hold true with anyΩ ∈ 𝒞𝜇 in place of ′
𝜇.

Proof. First suppose𝑓 to be a holomorphic function on a domain𝑌 ⊃  ′
𝜇. Take 𝑎 ∈

[
−
𝜇

2
,
𝜇

2
− 2𝜋

]
and consider the annulus

𝒜𝑎 ∶= 𝐴
(
0, 𝑒

𝑎
2 , 𝑒

𝑎
2
+𝜋

)
=

{
𝜁 ∈ ℂ ∶ 𝑎 < log |𝜁|2 < 𝑎 + 2𝜋

}
,

whose oriented boundary 𝜕𝒜𝑎 consists of the circles log |𝜁|2 = 𝑎 and log |𝜁|2 = 𝑎 + 2𝜋. Consider
also the unit disk centered at 𝑒2𝑖𝑎, namely,△𝑎 = △(𝑒2𝑖𝑎, 1). Since 2𝑎 ∈ [−𝜇, 𝜇 − 4𝜋], both of the
following compact subsets of ℂ3 are contained in ′

𝜇:

{0} ×𝒜𝑎 ×𝒜𝑎 =
{
(0, 𝑧2, 𝑧3) ∶ 𝑎 ⩽ log |𝑧𝑗|2 ⩽ 𝑎 + 2𝜋 for 𝑗 ∈ {2, 3}

}
and

△𝑎 × 𝜕𝒜𝑎 × 𝜕𝒜𝑎 =
{
(𝑧1, 𝑧2, 𝑧3) ∶ |𝑧1 − 𝑒2𝑖𝑎| ⩽ 1, log |𝑧𝑗|2 ∈ {𝑎, 𝑎 + 2𝜋} for 𝑗 ∈ {2, 3}

}
.

Set

𝐹𝑎(𝑧1, 𝑧2, 𝑧3) ∶=
1

(2𝜋𝑖)2 ∫𝜕𝒜𝑎
∫𝜕𝒜𝑎

𝑓(𝑧1, 𝜁2, 𝜁3)

(𝜁2 − 𝑧2)(𝜁3 − 𝑧3)
𝑑𝜁2𝑑𝜁3 . (9)
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26 of 38 KRANTZ et al.

This defines a function 𝐹𝑎 that is holomorphic in a neighborhood of the set

△𝑎 ×𝒜𝑎 ×𝒜𝑎 =
{
(𝑧1, 𝑧2, 𝑧3) ∶ |𝑧1 − 𝑒2𝑖𝑎| ⩽ 1, 𝑎 < log |𝑧𝑗|2 < 𝑎 + 2𝜋 for 𝑗 ∈ {2, 3}

}
and coincides with 𝑓 in a neighborhood of {0} ×𝒜𝑎 ×𝒜𝑎 by Cauchy’s integral formula. Thus, 𝐹𝑎
coincides with 𝑓 in ′

𝜇 ∩ (△𝑎 ×𝒜𝑎 ×𝒜𝑎). We have thus constructed a holomorphic extension 𝑓
of 𝑓 to the domain 𝑌 ∶= 𝑌 ∪

⋃
−
𝜇

2
<𝑎<

𝜇

2
−2𝜋△𝑎 ×𝒜𝑎 ×𝒜𝑎.

Now consider a sequence {𝑓𝑛}𝑛∈ℕ ⊂ 𝐴2( ′
𝜇) of functions that admit holomorphic exten-

sions to domains 𝑌𝑛 ⊃  ′
𝜇, whence holomorphic extensions 𝑓𝑛 to the domains 𝑌𝑛 ∶= 𝑌𝑛 ∪⋃

−
𝜇

2
<𝑎<

𝜇

2
−2𝜋△𝑎 ×𝒜𝑎 ×𝒜𝑎. Let us assume 𝑓𝑛 → 𝑓 in 𝐴2( ′

𝜇), whence 𝑓𝑛 → 𝑓 uniformly

in every compact subset of  ′
𝜇. Taking into account, for all 𝑎 ∈

(
−
𝜇

2
,
𝜇

2
− 2𝜋

)
and for all

(𝑧1, 𝑧2, 𝑧3) ∈ △𝑎 ×𝒜𝑎 ×𝒜𝑎, the Cauchy integral formula

𝑓𝑛(𝑧1, 𝑧2, 𝑧3) =
1

(2𝜋𝑖)2 ∫𝜕𝒜𝑎
∫𝜕𝒜𝑎

𝑓𝑛(𝑧1, 𝜁2, 𝜁3)

(𝜁2 − 𝑧2)(𝜁3 − 𝑧3)
𝑑𝜁2𝑑𝜁3

=
1

(2𝜋𝑖)2 ∫𝜕𝒜𝑎
∫𝜕𝒜𝑎

𝑓𝑛(𝑧1, 𝜁2, 𝜁3)

(𝜁2 − 𝑧2)(𝜁3 − 𝑧3)
𝑑𝜁2𝑑𝜁3 ,

we conclude that the sequence {𝑓𝑛}𝑛∈ℕ, too, converges uniformly in every compact subset of
̂ ′

𝜇 ∶=  ′
𝜇 ∪

⋃
−
𝜇

2
<𝑎<

𝜇

2
−2𝜋 △𝑎 ×𝒜𝑎 ×𝒜𝑎. These uniform limits define a holomorphic function

𝑓 ∶ ̂ ′
𝜇 → ℂ, which coincides with 𝑓 in ′

𝜇 by construction.
Now take any Ω ∈ 𝒞𝜇. By (7), every 𝑓 ∈ 𝐴2(Ω) also belongs to 𝐴2( ′

𝜇). Thus, 𝑓 extends
holomorphically to Ω̂ ∶= Ω ∪

⋃
−
𝜇

2
<𝑎<

𝜇

2
−2𝜋 △𝑎 ×𝒜𝑎 ×𝒜𝑎.

For any 𝜅 ∈ ℂ ⧵ ℤ, the function 𝐸𝜅 (belonging to both 𝐴2( ′
𝜇) and 𝐴

2(Ω)) cannot be holomor-

phically extended to△𝑎 ×𝒜𝑎 ×𝒜𝑎 for any 𝑎 ∈
(
−
𝜇

2
,
𝜇

2
− 2𝜋

)
. This proves the proper inclusions

𝐴2( ′
𝜇) ⊊ 𝐴2( ′

𝜇) and 𝐴
2(Ω) ⊊ 𝐴2(Ω). □

Our final result concerns the irregularity of the Bergman projection of every Ω ∈ 𝒞𝜇. Just as
in the case of the Diederich–Fornæss worm domains, see [2], the Sobolev space𝑊𝑟,2() is not
preserved by the Bergman projection for sufficiently large 𝑟.

Theorem 4.6. Let 𝜇 > 𝜋

2
and set 𝜈 = 𝜋

2𝜇
. For all Ω ∈ 𝒞𝜇, the Bergman projection associated to Ω

does not map𝑊𝑟,2(Ω) into itself when 𝑟 ⩾ 𝜈.

Our proof follows the lines of [2] and is postponed to the next section.

5 PROOF OF THEOREM 4.6

Although the proof of Theorem 4.6 closely follows the proof given in [2] for the classical worm
domain in ℂ2, we prefer to include it for the reader’s convenience and to highlight a few novelties
due to the increased dimension. We will need several tools, starting with the next remark.
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 27 of 38

Remark 5.1. Let Ω be a domain in ℂ𝑛, invariant with respect to the rotation

𝑤 ↦ (𝑤1, … ,𝑤𝑚−1, 𝑒
𝑖𝜃𝑤𝑚,𝑤𝑚+1, … ,𝑤𝑛)

for all 𝜃 ∈ ℝ. The Bergman space 𝐴2(Ω) decomposes as
⨁

𝑘∈ℤ(0,…,𝑘,…,0)(Ω) where

(0,…,𝑘,…,0)(Ω) =
{
𝐹 ∈ 𝐴2(Ω) ∶ 𝐹(𝑤1, … , 𝑒𝑖𝜃𝑤𝑚,… ,𝑤𝑛) = 𝑒𝑖𝑘𝜃𝐹(𝑤) ∀ 𝜃 ∈ ℝ

}
=

{
𝐹 ∈ 𝐴2(Ω) ∶ 𝐹(𝑤)𝑤−𝑘

𝑚 is locally constant in 𝑤𝑚

}
.

The projection 𝑄(0,…,𝑘,…,0) ∶ 𝐴
2(Ω) → (0,…,𝑘,…,0)(Ω) is given by

𝑄(0,…,𝑘,…,0)𝐹(𝑤) =
1

2𝜋 ∫
2𝜋

0
𝐹(𝑤1, … , 𝑒𝑖𝜃𝑤𝑚,… ,𝑤𝑛)𝑒

−𝑖𝑘𝜃 𝑑𝜃 .

If Ω is also invariant with respect to rotations in the variable 𝑤𝑙, we set

(0,…,𝑗,…,𝑘,…,0) ∶= (0,…,𝑗,…,0,…,0) ∩(0,…,0,…,𝑘,…,0) .

The projection 𝑄(0,…,𝑗,…,𝑘,…,0) ∶ 𝐴
2(Ω) → (0,…,𝑗,…,𝑘,…,0)(Ω) is given by

𝑄(0,…,𝑗,…,𝑘,…,0)𝐹(𝑤) = 𝑄(0,…,𝑗,…,0,…,0)𝑄(0,…,0,…,𝑘,…,0)𝐹

=
1

(2𝜋)2 ∫
2𝜋

0 ∫
2𝜋

0
𝐹(𝑤1, … , 𝑒𝑖𝜃𝑙𝑤𝑙, … , 𝑒𝑖𝜃𝑚𝑤𝑚,… ,𝑤𝑛) 𝑒

−𝑖𝑘𝜃𝑚 𝑑𝜃𝑚 𝑒−𝑖𝑗𝜃𝑙 𝑑𝜃𝑙 .

Just as in [2], rather thanworking directly with the domains in the class𝒞𝜇, we constructmodel
domains with the next definition. Here, and in the sequel, we adopt the notations

𝐼𝛼 = (−𝛼, 𝛼) ,

𝑆𝛽 = {𝜁 ∈ ℂ ∶ Im𝜁 ∈ 𝐼𝛽}

for all 𝛼, 𝛽 > 0.

Definition 5.2. Fix a real number 𝜇 > 0. We set

𝐷𝜇 =
{
(𝑧1, 𝑧2, 𝑧3) ∈ ℂ3 ∶ Re

(
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2) > 0, log |𝑧2|2, log |𝑧3|2 ∈ 𝐼𝜇

}
,

𝐷′
𝜇 =

{
(𝑤1, 𝑤2, 𝑤3) ∈ ℂ3 ∶ Im(𝑤1) − log |𝑤2𝑤3|2 ∈ 𝐼𝜋

2
, log |𝑤2|2, log |𝑤3|2 ∈ 𝐼𝜇

}
.

Clearly, ′
𝜇 ⊂ 𝐷𝜇 for all 𝜇 > 0.

Remark 5.3. IfΩ ∈ 𝒞𝜇, ifΩ = 𝐷𝜇 or ifΩ = 𝐷′
𝜇, thenΩ is invariant with respect to rotations in the

second and third variables. Therefore,

𝐴2(Ω) =
⨁
𝑗,𝑘∈ℤ

(0,𝑗,𝑘)(Ω) .

For the sake of simplicity, we will denote(0,𝑗,𝑘)(Ω) as𝑗,𝑘(Ω).

 14697750, 2025, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70195 by U

niversita'D
egli Studi D

i M
ila, W

iley O
nline L

ibrary on [10/06/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



28 of 38 KRANTZ et al.

More useful tools are provided by the next remarks and lemmas.

Remark 5.4. The domain 𝐷𝜇 is biholomorphic to 𝐷′
𝜇 via the “unwinding” map 𝑧 = (𝑧1, 𝑧2, 𝑧3) ↦

(𝓁(𝑧), 𝑧2, 𝑧3), whose inverse is (𝑤1, 𝑤2, 𝑤3) ↦ (𝑒𝑤1 , 𝑤2, 𝑤3). Thus, we have an isometric isomor-
phism 𝑇 ∶ 𝐴2(𝐷𝜇) → 𝐴2(𝐷′

𝜇)with (𝑇𝐹)(𝑤1, 𝑤2, 𝑤3) = 𝑒𝑤1𝐹(𝑒𝑤1 , 𝑤2, 𝑤3) and (𝑇−1𝐺)(𝑧1, 𝑧2, 𝑧3) =
𝑧−1
1
𝐺(𝓁(𝑧), 𝑧2, 𝑧3). Clearly, 𝑇 maps 𝑗,𝑘(𝐷𝜇) isomorphically and isometrically onto 𝑗,𝑘(𝐷′

𝜇) for
all 𝑗, 𝑘 ∈ ℤ.

The advantage of 𝐷′
𝜇 over 𝐷𝜇 is that its fiber over each couple (𝑤1, 𝑤2) and its fiber over each

couple (𝑤1, 𝑤3) are both connected, a property that allows to prove the next lemma. Before its
statement and proof, we recall a few useful properties.

Remark 5.5. Let 𝛽 > 0 and consider, on the strip 𝑆𝛽 , a weight 𝜔 ∶ 𝑆𝛽 → ℝ of the form
𝜔(𝑥 + 𝑖𝑦) = 𝛼(𝑦) for some integrable 𝛼 ∶ ℝ → [0,+∞) with supp(𝛼) ⊆ 𝐼𝛽 . Set 𝛼̃(𝜉) = 𝛼̂(−2𝑖𝜉) =

∫𝐼𝛽 𝛼(𝑦) 𝑒−2𝑦𝜉 𝑑𝑦. The Fourier transform associating to any 𝜙 ∈ 𝐿2(ℝ, 𝛼̃) the complex function

𝑆𝛽 → ℂ 𝜁 ↦
1

2𝜋 ∫ℝ 𝜙(𝜉) 𝑒
𝑖𝜁𝜉 𝑑𝜉 ,

is an isometric isomorphism from 𝐿2(ℝ, 𝛼̃) to𝐴2(𝑆𝛽, 𝜔) (see [2, Proof of Lemma 2]). In particular,
according to [2, §2], the reproducing kernel 𝐾𝜔 of 𝐴2(𝑆𝛽, 𝜔) has the form

𝐾𝜔(𝜁, 𝜁
′) =

1

2𝜋 ∫ℝ
𝑒𝑖(𝜁−𝜁

′)𝜉

𝛼̂(−2𝑖𝜉)
𝑑𝜉 .

Lemma 5.6. Let 𝑗, 𝑘 ∈ ℤ, 𝜇 > 0, set 𝛽 = 2𝜇 + 𝜋

2
and define 𝜔𝑗,𝑘 = 𝜔

𝜇

𝑗,𝑘
∶ 𝑆𝛽 → ℝ as

𝜔𝑗,𝑘(𝑥 + 𝑖𝑦) = 𝜋2(𝑒(𝑗+1)(⋅)𝜒𝐼𝜇 ) ∗ (𝑒
(𝑘+1)(⋅)𝜒𝐼𝜇 ) ∗ 𝜒𝐼 𝜋

2

(𝑦) .

Then,

𝐿𝑗,𝑘 ∶ 𝑗,𝑘(𝐷′
𝜇) → 𝐴2(𝑆𝛽, 𝜔𝑗,𝑘) (𝐿𝑗,𝑘𝐺)(𝜁) = 𝐺(𝜁, 𝑤2, 𝑤3)𝑤

−𝑗
2
𝑤−𝑘
3

is an isometric isomorphism. Thus: if 𝐾𝜔𝑗,𝑘
denotes the reproducing kernel of 𝐴2(𝑆𝛽, 𝜔𝑗,𝑘), then the

reproducing kernel of𝑗,𝑘(𝐷′
𝜇) is (𝑤,𝑤

′) ↦ 𝐾𝜔𝑗,𝑘
(𝑤1, 𝑤

′
1
) (𝑤2 𝑤

′
2)
𝑗 (𝑤3 𝑤

′
3)
𝑘 . Moreover,

𝐾𝜔−1,−1
(𝜁, 𝜁′) = ∫ℝ

𝜉3 𝑒𝑖(𝜁−𝜁
′)𝜉

2𝜋3 sinh2(2𝜇𝜉) sinh(𝜋𝜉)
𝑑𝜉 .

For 𝜇 > 𝜋

2
, we derive

𝐾𝜔−1,−1
(𝜁, 𝜁′) = 𝑒−(𝜁−𝜁

′)𝜈(𝐶𝜈(𝜁 − 𝜁′) + 𝐶′𝜈) + 𝑂
(
𝑒−Re(𝜁−𝜁′)𝜈′

)
if Re(𝜁 − 𝜁′) > 0

= 𝑒(𝜁−𝜁
′)𝜈(𝐶𝜈(𝜁 − 𝜁′) − 𝐶′𝜈) + 𝑂

(
𝑒Re(𝜁−𝜁

′)𝜈′
)

if Re(𝜁 − 𝜁′) < 0 ,

where 𝜈 = 𝜋

2𝜇
< 1, 𝜈′ = min{2𝜈, 1} > 𝜈, 𝐶𝜈 = − 𝑖𝜈5

2𝜋5 sin(𝜈𝜋)
and 𝐶′𝜈 =

𝑖𝜈4

2𝜋5
3−𝜈𝜋 cot(𝜈𝜋)

sin(𝜈𝜋)
.
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Proof. Let 𝜋1 ∶ 𝐷′
𝜇 → ℂ denote the projection map onto the first variable: we have

𝜋1(𝐷
′
𝜇) =

{
𝑤1 ∈ ℂ ∶ ∃ 𝑡2, 𝑡3 ∈ 𝐼𝜇 s.t. Im(𝑤1) − 𝑡2 − 𝑡3 ∈ 𝐼𝜋

2

}
= 𝑆𝛽 with 𝛽 = 2𝜇 +

𝜋

2
.

Over each point 𝑥 + 𝑖𝑦 ∈ 𝑆𝛽 , we have the fiber

𝜋−11 (𝑥 + 𝑖𝑦) =
{
(𝑥 + 𝑖𝑦, 𝑤2, 𝑤3) ∶ log |𝑤2|2, log |𝑤3|2 ∈ 𝐼𝜇, 𝑦 − log |𝑤2|2 − log |𝑤3|2 ∈ 𝐼𝜋

2

}
.

We now construct weights 𝜔𝑗,𝑘 ∶ 𝑆𝛽 → ℝ such that

𝑀𝑗,𝑘 ∶ 𝐴
2(𝑆𝛽, 𝜔𝑗,𝑘) → 𝑗,𝑘(𝐷′

𝜇) (𝑀𝑗,𝑘𝑓)(𝑤1, 𝑤2, 𝑤3) = 𝑓(𝑤1)𝑤
𝑗
2
𝑤𝑘
3

is an injective linear map and an isometry. For any holomorphic 𝑓, g ∶ 𝑆𝛽 → ℂ, we have

⟨𝑀𝑗,𝑘𝑓,𝑀𝑗,𝑘g⟩𝑗,𝑘(𝐷′
𝜇)
= ∫𝑆𝛽 𝑓(𝑤1)g(𝑤1)∫𝜋−1

1
(𝑤1)

|𝑤2|2𝑗|𝑤3|2𝑘 𝑑𝑉(𝑤3) 𝑑𝑉(𝑤2) 𝑑𝑉(𝑤1)

= ∫𝑆𝛽 𝑓(𝑤1)g(𝑤1) 𝜔𝑗,𝑘(𝑤1) 𝑑𝑉(𝑤1) = ⟨𝑓, g⟩𝐴2(𝑆𝛽,𝜔𝑗,𝑘)

if we set, for all 𝑥 + 𝑖𝑦 ∈ 𝑆𝛽 ,

𝜔𝑗,𝑘(𝑥 + 𝑖𝑦) = ∫𝜋−1
1
(𝑥+𝑖𝑦)

|𝑤2|2𝑗|𝑤3|2𝑘 𝑑𝑉(𝑤3) 𝑑𝑉(𝑤2)

= 4𝜋2∬ℝ2
𝜒𝐼𝜇

(
log 𝑟22

)
𝜒𝐼𝜇

(
log 𝑟23

)
𝜒𝐼𝜋

2

(
𝑦 − log 𝑟22 − log 𝑟23

)
𝑟
2𝑗+1
2

𝑟2𝑘+1
3

𝑑𝑟3 𝑑𝑟2

= 𝜋2 ∫ℝ 𝑒
(𝑗+1)𝑠2𝜒𝐼𝜇 (𝑠2)∫ℝ 𝑒

(𝑘+1)𝑠3𝜒𝐼𝜇 (𝑠3)𝜒𝐼 𝜋
2

(𝑦 − 𝑠2 − 𝑠3) 𝑑𝑠3 𝑑𝑠2

= 𝜋2 ∫ℝ 𝑒
(𝑗+1)𝑠2𝜒𝐼𝜇 (𝑠2)

(
𝑒(𝑘+1)(⋅)𝜒𝐼𝜇 ∗ 𝜒𝐼 𝜋

2

)
(𝑦 − 𝑠2) 𝑑𝑠2

= 𝜋2 (𝑒(𝑗+1)(⋅)𝜒𝐼𝜇 ) ∗ (𝑒
(𝑘+1)(⋅)𝜒𝐼𝜇 ) ∗ 𝜒𝐼 𝜋

2

(𝑦) .

We now fix any 𝐺 ∈ 𝑗,𝑘(𝐷′
𝜇) ⊂ 𝑘(𝐷′

𝜇), recalling that 𝐺(𝑤1, 𝑤2, 𝑤3)𝑤
−𝑘
3

is locally constant
in 𝑤3 and 𝐺(𝑤1, 𝑤2, 𝑤3)𝑤

−𝑗
2

is locally constant in 𝑤2. We are going to show that the function
𝐺(𝑤1, 𝑤2, 𝑤3)𝑤

−𝑗
2
𝑤−𝑘
3

is constant in (𝑤2, 𝑤3): the resulting function of 𝑤1 will automatically be
an element of 𝐴2(𝑆𝛽, 𝜔𝑗,𝑘) (which proves that𝑀𝑗,𝑘 is surjective and an isomorphism, as desired).
Let 𝜋1,2 ∶ 𝐷′

𝜇 → ℂ2 denote the projection map onto the first two variables: then

𝜋1,2(𝐷
′
𝜇) =

{
(𝑤1, 𝑤2) ∈ ℂ2 ∶ log |𝑤2|2 ∈ 𝐼𝜇, ∃ 𝑡3 ∈ 𝐼𝜇 s.t. Im(𝑤1) − log |𝑤2|2 − 𝑡3 ∈ 𝐼𝜋

2

}
=

{
(𝑤1, 𝑤2) ∈ ℂ2 ∶ log |𝑤2|2 ∈ 𝐼𝜇, Im(𝑤1) − log |𝑤2|2 ∈ 𝐼𝜇+𝜋

2

}
.
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Over each pair (𝑤1, 𝑤2) ∈ 𝜋1,2(𝐷
′
𝜇), we have the fiber

𝜋−11,2(𝑤1, 𝑤2)

=
{
(𝑤1, 𝑤2, 𝑤3) ∶ log |𝑤3|2 ∈ 𝐼𝜇 ∩

(
Im(𝑤1) − log |𝑤2|2 − 𝜋

2
, Im(𝑤1) − log |𝑤2|2 + 𝜋

2

)}
,

which is a nonempty annulus because Im(𝑤1) − log |𝑤2|2 − 𝜋

2
< 𝜇 and Im(𝑤1) − log |𝑤2|2 + 𝜋

2
>

−𝜇. Since every fiber 𝜋−1
1,2
(𝑤1, 𝑤2) is connected, the function 𝐺(𝑤1, 𝑤2, 𝑤3)𝑤

−𝑘
3

is not only locally
constant but constant in 𝑤3. An analogous argument proves that the function 𝐺(𝑤1, 𝑤2, 𝑤3)𝑤

−𝑗
2

is not only locally constant but constant in 𝑤2. The proof of the first statement is complete.
The fact that 𝑀𝑗,𝑘 ∶ 𝐴

2(𝑆𝛽, 𝜔𝑗,𝑘) → 𝑗,𝑘(𝐷′
𝜇), which maps 𝑓 into (𝑤1, 𝑤2, 𝑤3) ↦ 𝑓(𝑤1)𝑤

𝑗
2
𝑤𝑘
3
,

is an isometry yields the second statement.
Our next aim is computing and estimating the reproducing kernel𝐾𝜔−1,−1 of𝐴

2(𝑆𝛽, 𝜔−1,−1). We
have

𝜔−1,−1(𝑥 + 𝑖𝑦) = 𝜋2 𝜒𝐼𝜇 ∗ 𝜒𝐼𝜇 ∗ 𝜒𝐼 𝜋
2

(𝑦)

and the Fourier–Laplace transform of the latter function, computed at −2𝑖𝜉, is

𝜋2 (𝜒𝐼𝜇 )
2(−2𝑖𝜉) 𝜒𝐼 𝜋

2

(−2𝑖𝜉) = 𝜋2𝜉−3 sinh2(2𝜇𝜉) sinh(𝜋𝜉) .

By Remark 5.5,

𝐾𝜔−1,−1
(𝜁, 𝜁′) = ∫ℝ (𝜉) 𝑑𝜉 , (𝜉) = 𝜉3 𝑒𝑖(𝜁−𝜁

′)𝜉

2𝜋3 sinh2(2𝜇𝜉) sinh(𝜋𝜉)
.

When viewed as a function of a complex variable 𝜉 = 𝑥 + 𝑖𝑦, the integrand function (𝜉) has
squared modulus

|(𝑥 + 𝑖𝑦)|2 = (𝑥2 + 𝑦2)3 𝑒−2 Im(𝜁−𝜁
′)𝑥 𝑒−2Re(𝜁−𝜁

′)𝑦

2𝜋3(sinh2(2𝜇𝑥) + sin2(2𝜇𝑦))2(sinh2(𝜋𝑥) + sin2(𝜋𝑦))
.

Moreover,  has: a simple pole at each point 𝑖𝑘 with 𝑘 ∈ ℤ∗, because

sinh(𝜋𝜉) = (−1)𝑘
∑
𝑛∈ℕ

(𝜋𝜉 − 𝑖𝑘𝜋)2𝑛+1

(2𝑛 + 1)!
= (−1)𝑘

∑
𝑛∈ℕ

𝜋2𝑛+1

(2𝑛 + 1)!
(𝜉 − 𝑖𝑘)2𝑛+1 ;

a double pole at each point 𝑖𝑘𝜈 with 𝑘 ∈ ℤ∗, where 𝜈 = 𝜋

2𝜇
, because

sinh(2𝜇𝜉) = (−1)𝑘
∑
𝑛∈ℕ

(2𝜇)2𝑛+1

(2𝑛 + 1)!
(𝜉 − 𝑖𝑘𝜈)2𝑛+1 = (−1)𝑘

(
2𝜇(𝜉 − 𝑖𝑘𝜈) +

4

3
𝜇3(𝜉 − 𝑖𝑘𝜈)3 +⋯

)
.

Our hypothesis𝜇 > 𝜋

2
yields 𝜈 < 1. Thus, the poles nearest toℝ are±𝑖𝜈, followed by±𝑖𝜈′with 𝜈′ =

min{2𝜈, 1} > 𝜈. If Re(𝜁 − 𝜁′) > 0, let 𝑦0 ∈ (𝜈, 𝜈′) and 𝑝0 = 𝑖𝜈; if Re(𝜁 − 𝜁′) < 0, let 𝑦0 ∈ (−𝜈′, −𝜈)

and 𝑝0 = −𝑖𝜈. Along the line 𝑦 = 𝑦0, the modulus |(𝑥 + 𝑖𝑦)| decays well as 𝑥 → ±∞. A standard
contour integration argument yields that

𝐾𝜔−1,−1
(𝜁, 𝜁′) = ∫ℝ (𝜉) 𝑑𝜉 = ∫ℝ+𝑖𝑦0 (𝜉) 𝑑𝜉 + Res(, 𝑝0) . (10)
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ON A HIGHER-DIMENSIONALWORM DOMAIN AND ITS GEOMETRIC PROPERTIES 31 of 38

Clearly,

∫ℝ+𝑖𝑦0 (𝜉) 𝑑𝜉 = 𝑂
(
𝑒−Re(𝜁−𝜁′)𝑦0

)
.

To compute Res(, 𝑝0) at 𝑝0 = ±𝑖𝜈, we first define the functions ±
1
(𝜉) = (𝜉 ∓ 𝑖𝜈) sinh−1(2𝜇𝜉),

which have ±
1
(±𝑖𝜈) = −(2𝜇)−1 = − 𝜈

𝜋
and (±

1
)′(±𝑖𝜈) = 0, as well as the function 2(𝜉) =

(2𝜋3)−1𝜉3 sinh−1(𝜋𝜉)𝑒𝑖(𝜁−𝜁
′)𝜉 . We then compute

Res(, ±𝑖𝜈) = lim
𝜉→±𝑖𝜈

𝑑

𝑑𝜉

(
(𝜉 ∓ 𝑖𝜈)2(𝜉)) = lim

𝜉→±𝑖𝜈

𝑑

𝑑𝜉

(±
1
(𝜉)22(𝜉))

= 2±
1
(±𝑖𝜈) (±

1
)′(±𝑖𝜈)2(±𝑖𝜈) + ±

1
(±𝑖𝜈)2 ′2(±𝑖𝜈)

= 0 +
𝜈2

𝜋2
′2(±𝑖𝜈)

=
𝜈2

𝜋2

(
𝜉2𝑒𝑖(𝜁−𝜁

′)𝜉

2𝜋3 sinh(𝜋𝜉)

(
3 − 𝜋𝜉 coth(𝜋𝜉) + 𝑖(𝜁 − 𝜁′)𝜉

))
|𝜉=±𝑖𝜈

= 𝑒∓(𝜁−𝜁
′)𝜈(𝐶𝜈(𝜁 − 𝜁′) ± 𝐶′𝜈) ,

where

𝐶𝜈 =
𝜈2

2𝜋5
𝑖𝜉3

sinh(𝜋𝜉) |𝜉=±𝑖𝜈 =
𝜈5

2𝜋5
1

sinh(𝑖𝜈𝜋)
=

𝜈5

2𝜋5
1

𝑖 sin(𝜈𝜋)
= −

𝑖𝜈5

2𝜋5 sin(𝜈𝜋)

𝐶′𝜈 = −
𝜈4

2𝜋5
3 − 𝑖𝜈𝜋 coth(𝑖𝜈𝜋)

sinh(𝑖𝜈𝜋)
=

𝜈4

2𝜋5
3 − 𝜈𝜋 cot(𝜈𝜋)

−𝑖 sin(𝜈𝜋)
=

𝑖𝜈4

2𝜋5
3 − 𝜈𝜋 cot(𝜈𝜋)

sin(𝜈𝜋)
.

If Re(𝜁 − 𝜁′) > 0, by letting 𝑦0 → (𝜈′)− in formula (10), we find that

𝐾𝜔−1,−1
(𝜁, 𝜁′) = 𝑒−(𝜁−𝜁

′)𝜈(𝐶𝜈(𝜁 − 𝜁′) + 𝐶′𝜈) + 𝑂
(
𝑒−Re(𝜁−𝜁′)𝜈′

)
.

Similarly, if Re(𝜁 − 𝜁′) < 0, by letting 𝑦0 → (−𝜈′)+ in formula (10), we find that

𝐾𝜔−1,−1
(𝜁, 𝜁′) = 𝑒(𝜁−𝜁

′)𝜈(𝐶𝜈(𝜁 − 𝜁′) − 𝐶′𝜈) + 𝑂
(
𝑒Re(𝜁−𝜁

′)𝜈′
)
,

as desired. □

The nature of the asymptotic expansion of 𝐾𝜔−1,−1
(𝜁, 𝜁′) in Lemma 5.6 is a slight novelty with

respect to [2, §2], due to the increased dimension of our worm domains. This novelty is related to
the presence of a double pole of (𝜉) at 𝜉 = ±𝑖𝜈, in contrast with the simple pole of the integrand
in [2, Equation (2.1)].
For future use, we prove the next lemma.

Lemma 5.7. Let 0 < 𝜇 < 𝜇′. Associating to each 𝐹 ∈ 𝐴2(𝐷𝜇′) its restriction 𝐹|𝐷𝜇 defines a linear
map

𝐴2(𝐷𝜇′) → 𝐴2(𝐷𝜇) ,

whose image is dense in 𝐴2(𝐷𝜇).
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32 of 38 KRANTZ et al.

Proof. Thanks to Remark 5.4 and to Lemma 5.6, it suffices to prove that, after setting 𝛽 = 2𝜇 + 𝜋

2

and 𝛽′ = 2𝜇′ + 𝜋

2
, for all 𝑗, 𝑘 ∈ ℤ, the restriction to 𝑆𝛽 defines a linear map

𝐴2(𝑆𝛽′ , 𝜔
𝜇′

𝑗,𝑘
) → 𝐴2(𝑆𝛽, 𝜔

𝜇

𝑗,𝑘
) ,

whose image is dense in 𝐴2(𝑆𝛽, 𝜔
𝜇

𝑗,𝑘
).

Since

𝜔
𝜇

𝑗,𝑘
(𝑥 + 𝑖𝑦) = 𝜋2(𝑒(𝑗+1)(⋅)𝜒𝐼𝜇 ) ∗ (𝑒

(𝑘+1)(⋅)𝜒𝐼𝜇 ) ∗ 𝜒𝐼 𝜋
2

(𝑦) ,

𝜔
𝜇′

𝑗,𝑘
(𝑥 + 𝑖𝑦) = 𝜋2(𝑒(𝑗+1)(⋅)𝜒𝐼𝜇′ ) ∗ (𝑒

(𝑘+1)(⋅)𝜒𝐼𝜇′ ) ∗ 𝜒𝐼 𝜋
2

(𝑦) ,

our Remark 5.5 guarantees that the spaces 𝐴2(𝑆𝛽, 𝜔
𝜇

𝑗,𝑘
), 𝐴2(𝑆𝛽′ , 𝜔

𝜇′

𝑗,𝑘
) are the images through the

inverse Fourier transform of the spaces 𝐿2(ℝ, 𝜙), 𝐿2(ℝ, 𝜓), where

𝜙(𝜉) = 𝜋2
sinh

(
2𝜇

(
𝜉 −

𝑗+1

2

))
𝜉 −

𝑗+1

2

sinh
(
2𝜇

(
𝜉 − 𝑘+1

2

))
𝜉 − 𝑘+1

2

sinh(𝜋𝜉)

𝜉
,

𝜓(𝜉) = 𝜋2
sinh

(
2𝜇′

(
𝜉 −

𝑗+1

2

))
𝜉 −

𝑗+1

2

sinh
(
2𝜇′

(
𝜉 − 𝑘+1

2

))
𝜉 − 𝑘+1

2

sinh(𝜋𝜉)

𝜉
.

It follows at once that the restriction to 𝑆𝛽 maps 𝐴2(𝑆𝛽′ , 𝜔
𝜇′

𝑗,𝑘
) into 𝐴2(𝑆𝛽, 𝜔

𝜇

𝑗,𝑘
). Since 𝐶∞

0
(ℝ) is

dense in both 𝐿2(ℝ, 𝜙) and 𝐿2(ℝ, 𝜓), we immediately conclude that the image of the restriction
map 𝐴2(𝑆𝛽′ , 𝜔

𝜇′

𝑗,𝑘
) → 𝐴2(𝑆𝛽, 𝜔

𝜇

𝑗,𝑘
) is dense in 𝐴2(𝑆𝛽, 𝜔

𝜇

𝑗,𝑘
). □

We now turn back to 𝐷𝜇.

Lemma 5.8. The reproducing kernel of𝑗,𝑘(𝐷𝜇) is

𝐾𝑗,𝑘(𝑧, 𝑧
′) = 𝐾𝜔𝑗,𝑘

(𝓁(𝑧),𝓁(𝑧′))(𝑧1 𝑧
′
1)
−1(𝑧2 𝑧

′
2)
𝑗 (𝑧3 𝑧

′
3)
𝑘 .

In particular, recalling that (for 𝜅 ∈ ℂ) 𝐸𝜅(𝑧) is the holomorphic extension of 𝑧𝜅
1
constructed in

Definition 4.2, we have

𝑧2 𝑧
′
2 𝑧3 𝑧

′
3 𝐾−1,−1(𝑧, 𝑧

′) = ∫ℝ
𝜉3 𝐸𝑖𝜉−1(𝑧) 𝐸𝑖𝜉−1(𝑧

′)

2𝜋3 sinh2(2𝜇𝜉) sinh(𝜋𝜉)
𝑑𝜉 . (11)

For 𝜇 > 𝜋

2
, 𝜈 = 𝜋

2𝜇
, 𝜈′ = min{2𝜈, 1}, 𝐶𝜈 = − 𝑖𝜈5

2𝜋5 sin(𝜈𝜋)
, and 𝐶′𝜈 =

𝑖𝜈4

2𝜋5
3−𝜈𝜋 cot(𝜈𝜋)

sin(𝜈𝜋)
, we have

𝑧2 𝑧
′
2 𝑧3 𝑧

′
3 𝐾−1,−1(𝑧, 𝑧

′)

= 𝐸−𝜈−1(𝑧) 𝐸𝜈−1(𝑧
′)
(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
+ 𝐶′𝜈

)
+ 𝑂

(|𝑧′
1
|𝜈′−1|𝑧1|𝜈′+1

)
if |𝑧1| > |𝑧′1|

= 𝐸𝜈−1(𝑧) 𝐸−𝜈−1(𝑧
′)
(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
− 𝐶′𝜈

)
+ 𝑂

(|𝑧1|𝜈′−1|𝑧′
1
|𝜈′+1

)
if |𝑧1| < |𝑧′1|.
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As a consequence: for each 𝜇 > 𝜋

2
, 𝑧′ ∈ 𝐷𝜇,𝑚 ∈ ℕ, 𝑠 ∈ [0, 1), the function

𝑧 ↦
(
Re

(
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2))𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝐾−1,−1(𝑧, 𝑧
′)

does not belong to 𝐿2(𝐷𝜇) if𝑚 − 𝑠 ⩾ 𝜈.

Proof. The first statement follows from Lemma 5.6 through the isometry 𝑇−1 ∶ 𝑗,𝑘(𝐷′
𝜇) →𝑗,𝑘(𝐷𝜇), which maps each 𝐹 into 𝑇−1𝐹(𝑧) = 𝐹(𝓁(𝑧), 𝑧2, 𝑧3)𝑧

−1
1
.

To prove formula (11), we compute

𝑧2 𝑧
′
2 𝑧3 𝑧

′
3 𝐾−1,−1(𝑧, 𝑧

′) = (𝑧1 𝑧
′
1)
−1𝐾𝜔−1,−1

(𝓁(𝑧),𝓁(𝑧′))

= (𝑧1 𝑧
′
1)
−1 ∫ℝ

𝜉3 𝑒𝑖(𝓁(𝑧)−𝓁(𝑧
′))𝜉

2𝜋3 sinh2(2𝜇𝜉) sinh(𝜋𝜉)
𝑑𝜉

= ∫ℝ
𝜉3 𝐸𝑖𝜉−1(𝑧) 𝐸𝑖𝜉−1(𝑧

′)

2𝜋3 sinh2(2𝜇𝜉) sinh(𝜋𝜉)
𝑑𝜉 ,

where we took into account the equalities 𝐸𝑖𝜉−1(𝑧) = 𝑒(𝑖𝜉−1)𝓁(𝑧) = 𝑒𝑖𝓁(𝑧)𝜉𝑧−1
1

and the equalities

𝐸𝑖𝜉−1(𝑧
′) = 𝑒𝑖𝓁(𝑧′)𝜉(𝑧′

1
)−1 = 𝑒−𝑖𝓁(𝑧

′)𝜉(𝑧̄′
1
)−1.

We assume henceforth 𝜇 > 𝜋

2
and apply the estimates for 𝐾𝜔−1,−1

obtained in Lemma 5.6. For|𝑧1| > |𝑧′
1
|, which is the same as Re(

𝓁(𝑧) − 𝓁(𝑧′)
)
> 0, we find that

𝑧1 𝑧
′
1 𝑧2 𝑧

′
2 𝑧3 𝑧

′
3 𝐾−1,−1(𝑧, 𝑧

′) = 𝑒−(𝓁(𝑧)−𝓁(𝑧
′))𝜈

(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
+ 𝐶′𝜈

)
+ 𝑂

(
𝑒
−Re

(
𝓁(𝑧)−𝓁(𝑧′)

)
𝜈′
)

= 𝐸−𝜈(𝑧) 𝐸𝜈(𝑧
′)
(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
+ 𝐶′𝜈

)
+ 𝑂

(||𝑧′1∕𝑧1||𝜈′) ,
𝑧2 𝑧

′
2 𝑧3 𝑧

′
3 𝐾−1,−1(𝑧, 𝑧

′) = 𝐸−𝜈−1(𝑧) 𝐸𝜈−1(𝑧
′)
(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
+ 𝐶′𝜈

)
+ 𝑂

(|𝑧′
1
|𝜈′−1|𝑧1|𝜈′+1

)
,

as stated. For |𝑧1| < |𝑧′
1
|, we find that

𝑧1 𝑧
′
1 𝑧2 𝑧

′
2 𝑧3 𝑧

′
3 𝐾−1,−1(𝑧, 𝑧

′) = 𝑒(𝓁(𝑧)−𝓁(𝑧
′))𝜈

(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
− 𝐶′𝜈

)
+ 𝑂

(
𝑒
Re

(
𝓁(𝑧)−𝓁(𝑧′)

)
𝜈′
)

= 𝐸𝜈(𝑧) 𝐸−𝜈(𝑧
′)
(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
− 𝐶′𝜈

)
+ 𝑂

(||𝑧1∕𝑧′1||𝜈′) ,
𝑧2 𝑧

′
2 𝑧3 𝑧

′
3 𝐾−1,−1(𝑧, 𝑧

′) = 𝐸𝜈−1(𝑧) 𝐸−𝜈−1(𝑧
′)
(
𝐶𝜈

(
𝓁(𝑧) − 𝓁(𝑧′)

)
− 𝐶′𝜈

)
+ 𝑂

(|𝑧1|𝜈′−1|𝑧′
1
|𝜈′+1

)
,

as desired.
We now turn to the last statement, still under the assumption 𝜇 > 𝜋

2
. Since 𝜕𝐸𝜅

𝜕𝑧1
= 𝜅𝐸𝜅−1 and

𝜕

𝜕𝑧1
(𝐸𝜅(𝑧)𝓁(𝑧)) = 𝜅𝐸𝜅−1(𝑧)𝓁(𝑧) − 𝐸𝜅(𝑧)𝑧

−1
1

= 𝐸𝜅−1 (𝜅 𝓁(𝑧) − 1), for any𝑚 ∈ ℕ and any 𝑧′ ∈ 𝐷𝜇,
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34 of 38 KRANTZ et al.

there exist 𝜙𝑚𝜈 = 𝜙𝑚𝜈 (𝑧
′), 𝜓𝑚𝜈 = 𝜓𝑚𝜈 (𝑧

′) ∈ ℂ such that

𝑧2 𝑧3
𝜕𝑚

𝜕𝑧𝑚
1

𝐾−1,−1(𝑧, 𝑧
′) = 𝐸𝜈−𝑚−1(𝑧)

(
𝜙𝑚𝜈 𝓁(𝑧) + 𝜓𝑚𝜈

)
+ 𝑂

(|𝑧1|𝜈′−𝑚−1)
in the region 𝐷𝑧′

𝜇 ∶= {𝑧 ∈ 𝐷𝜇 ∶ |𝑧1| < |𝑧′
1
|}. If the function 𝜕𝑚𝐾−1,−1

𝜕𝑧𝑚
1

(⋅, 𝑧′) belongs to 𝐿2(𝐷𝜇), then

𝐸𝜈−𝑚−1(𝑧)
(
𝜙𝑚𝜈 𝓁(𝑧) + 𝜓𝑚𝜈

)
(𝑧2 𝑧3)

−1 is square-integrable in 𝐷𝑧′

𝜇 . Using the notation 𝐻𝑧′ for the
half-disk {𝜁 ∈ ℂ ∶ Re(𝜁) > 0, |𝜁| < |𝑧′

1
|}, we compute

∫𝐷𝑧′
𝜇

|𝐸𝜈−𝑚−1(𝑧)|2||𝜙𝑚𝜈 𝓁(𝑧) + 𝜓𝑚𝜈
||2||𝑧2 𝑧3||−2𝑑𝑉(𝑧)

= 4𝜋2 ∫log 𝑟2
3
∈𝐼𝜇

∫log 𝑟2
2
∈𝐼𝜇

∫𝑧1𝑒−𝑖 log(𝑟2𝑟3)2∈𝐻𝑧′
|𝑧1|2(𝜈−𝑚−1)||𝜙𝑚𝜈 𝐼 + 𝜓𝑚𝜈

||2𝑑𝑉(𝑧1)𝑑𝑟2𝑟2 𝑑𝑟3
𝑟3

= 𝜋2 ∫𝑠3∈𝐼𝜇 ∫𝑠2∈𝐼𝜇 ∫𝑧1𝑒−𝑖(𝑠2+𝑠3)∈𝐻𝑧′
|𝑧1|2(𝜈−𝑚−1)||𝜙𝑚𝜈 𝐼𝐼 + 𝜓𝑚𝜈

||2𝑑𝑉(𝑧1) 𝑑𝑠2 𝑑𝑠3
= 𝜋2 ∫𝑠3∈𝐼𝜇 ∫𝑠2∈𝐼𝜇 ∫

𝑠2+𝑠3+
𝜋
2

𝑠2+𝑠3−
𝜋
2

∫
|𝑧′
1
|

0
𝑟2(𝜈−𝑚)−1
1

||𝜙𝑚𝜈 𝐼𝐼𝐼 + 𝜓𝑚𝜈
||2 𝑑𝑟1 𝑑𝜃1 𝑑𝑠2 𝑑𝑠3 ,

where

𝐼 = log
(
𝑧1𝑒

−𝑖 log(𝑟2𝑟3)
2
)
+ 𝑖 log(𝑟2𝑟3)

2

𝐼𝐼 = log
(
𝑧1𝑒

−𝑖(𝑠2+𝑠3)
)
+ 𝑖(𝑠2 + 𝑠3)

𝐼𝐼𝐼 = log
(
𝑟1𝑒

𝑖(𝜃1−𝑠2−𝑠3)
)
+ 𝑖(𝑠2 + 𝑠3) = log 𝑟1 + 𝑖𝜃1 .

If the last integral converges, then 𝜈 − 𝑚 > 0. Similarly, if 𝑠 ∈ [0, 1),𝑚 ∈ ℕ, 𝑧′ ∈ 𝐷𝜇 and if the
function

𝑧 ↦
(
Re

(
𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2))𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝐾−1,−1(𝑧, 𝑧
′)

belongs to 𝐿2(𝐷𝜇), then 𝜈 + 𝑠 − 𝑚 > 0, that is,𝑚 − 𝑠 < 𝜈. □

The slight novelties we already mentioned (with respect to [2, §2]) in the asymptotic expansion
in Lemma 5.6 are reflected in our asymptotic expansion of 𝐾−1,−1(𝑧, 𝑧

′). Nevertheless, the con-
dition 𝑚 − 𝑠 ⩾ 𝜈 appearing at the end of Lemma 5.8 is the same exact condition appearing in [2,
Equation (3.2)]. As a consequence: the condition 𝑟 ⩾ 𝜈 at the end of Theorem 4.6 about the irreg-
ularity of the Bergman projection of everyΩ ∈ 𝒞𝜇, which we are about to prove, is the same exact
condition appearing in [2, Theorem 1]. For the sake of simplicity, we will write𝑊𝑟(Ω) instead of
𝑊𝑟,2(Ω).

Proof of Theorem 4.6. Fix Ω = 𝜂 ∈ 𝒞⋐. For 𝜆 ⩾ 1, we set 𝜏𝜆(𝑧) = (𝜆𝑧1, 𝑧2, 𝑧3) for all 𝑧 ∈ Ω and
Ω𝜆 = 𝜏𝜆(Ω). Setting 𝑇𝜆𝑓 = 𝑓 ◦ 𝜏𝜆 defines an isomorphism 𝑇𝜆 ∶ 𝑊

𝑟(Ω𝜆) → 𝑊𝑟(Ω) for all 𝑟 ⩾ 0,
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with inverse 𝑇−1
𝜆
g = g ◦ 𝜏−1

𝜆
. Although 𝑇𝜆 is not an isometry in general, we have

‖𝑇𝜆𝑓‖𝑊𝑟(Ω) ⩽ 𝜆𝑟−1‖𝑓‖𝑊𝑟(Ω𝜆)

for all 𝑟 ∈ ℕ and, by interpolation, for all 𝑟 ⩾ 0. Consider the defining function

𝜌(𝑧) = |𝑧1|2 − 2Re(𝑧1𝑒
−𝑖 log |𝑧2𝑧3|2 ) + 𝜂(log |𝑧2|2, log |𝑧3|2)

of Ω = 𝜂 and notice that

𝜌𝜆(𝑧) = 𝜆𝜌 ◦ 𝜏−1
𝜆
(𝑧) = 𝜆−1|𝑧1|2 − 2Re(𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2 ) + 𝜆𝜂(log |𝑧2|2, log |𝑧3|2)
is a defining function of Ω𝜆 with

𝜌𝜆(𝑧) 𝜒𝐼𝜇 (log |𝑧2|2) 𝜒𝐼𝜇 (log |𝑧3|2) = (
𝜆−1|𝑧1|2 − 2Re(𝑧1𝑒

−𝑖 log |𝑧2𝑧3|2 ))𝜒𝐼𝜇(log |𝑧2|2) 𝜒𝐼𝜇 (log |𝑧3|2)
converging as 𝜆 → +∞ to the defining function of 𝐷𝜇 given by

𝜌∞(𝑧) 𝜒𝐼𝜇 (log |𝑧2|2) 𝜒𝐼𝜇 (log |𝑧3|2) , 𝜌∞(𝑧) = −2Re(𝑧1𝑒
−𝑖 log |𝑧2𝑧3|2 ) .

We note, for future reference, that (Ω𝜆 ∩ 𝐷𝜇) ↗ 𝐷𝜇 as 𝜆 ↗ +∞, whence every compact subset of
𝐷𝜇 is contained inΩ𝜆 for sufficiently large 𝜆; while every compact subset ofℂ3 ⧵ 𝐷𝜇 does not inter-
sect Ω𝜆 for sufficiently large 𝜆. Let 𝑃, 𝑃𝜆 denote the Bergman projections of Ω,Ω𝜆, respectively,
related by the equality 𝑃𝜆 = 𝑇−1

𝜆
𝑃𝑇𝜆. Then,‖‖‖‖‖|𝜌𝜆|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝑃𝜆𝑓
‖‖‖‖‖𝐿2(Ω𝜆)

=
‖‖‖‖‖|𝜌𝜆|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

(𝑇−1
𝜆
𝑃𝑇𝜆𝑓)

‖‖‖‖‖𝐿2(Ω𝜆)

= 𝜆𝑠−𝑚
‖‖‖‖‖|||𝜌 ◦ 𝜏−1𝜆 |||𝑠

(
𝜕𝑚

𝜕𝑧𝑚
1

(𝑃𝑇𝜆𝑓)

)
◦ 𝜏−1

𝜆

‖‖‖‖‖𝐿2(Ω𝜆)

= 𝜆1−𝑚+𝑠
‖‖‖‖‖|𝜌|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

(𝑃𝑇𝜆𝑓)
‖‖‖‖‖𝐿2(Ω)

⩽ 𝐶1 𝜆
1−𝑚+𝑠‖‖𝑃𝑇𝜆𝑓‖‖𝑊𝑚−𝑠(Ω)

for some constant 𝐶1 > 0, according to [16]. Assume that 𝑃(𝑊𝑚−𝑠(Ω)) ⊆ 𝑊𝑚−𝑠(Ω), whence there
exists a constant 𝐶 > 0 such that ‖𝑃g‖𝑊𝑚−𝑠(Ω) ⩽ 𝐶 ‖g‖𝑊𝑚−𝑠(Ω). If we set 𝐶2 ∶= 𝐶1 𝐶, then the
previous chain of inequalities yields‖‖‖‖‖|𝜌𝜆|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝑃𝜆𝑓
‖‖‖‖‖𝐿2(Ω𝜆)

⩽ 𝐶2 𝜆
1−𝑚+𝑠‖‖𝑇𝜆𝑓‖‖𝑊𝑚−𝑠(Ω)

⩽ 𝐶2 ‖𝑓‖𝑊𝑚−𝑠(Ω𝜆) . (12)

We claim that inequality (12) implies that‖‖‖‖‖|𝜌∞|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝑃∞𝑓
‖‖‖‖‖𝐿2(𝐷𝜇) ⩽ 𝐶2 ‖𝑓‖𝑊𝑚−𝑠(ℂ3) (13)
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for all 𝑓 ∈ 𝑊𝑚−𝑠(ℂ3) compactly supported in 𝐷𝜇. Assuming this claim, let 𝐾(⋅, ⋅) denote the
Bergman kernel of 𝐷𝜇. For any fixed 𝑧′ ∈ 𝐷𝜇 and for any open ball 𝐵 = 𝐵(𝑧′, 𝑅) ⊂ 𝐷𝜇, we can
choose a function𝑓 ∈ 𝐶∞

0
(ℂ3), supported in𝐵 and radial in𝐵, such that𝐾(⋅, 𝑧′) = 𝑃∞𝑓: it suffices,

see [5], to set 𝑓(𝑧′ + 𝑠𝑢) = 𝜙(𝑠)when 𝑠 > 0, 𝑢 ∈ ℂ3, |𝑢| = 1, for some 𝜙 ∶ [0, +∞) → ℂ supported
in the interval [0, 𝑅] and such that ∫

ℂ3
𝑓(𝑤)𝑑𝑉(𝑤) = 1. From the last inequality, we conclude that

‖‖‖‖‖|𝜌∞|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝐾(⋅, 𝑧′)
‖‖‖‖‖𝐿2(𝐷𝜇) < +∞ ,

whence𝑚 − 𝑠 < 𝜈 because of Lemma 5.8.
Our claim can be proven as follows. For sufficiently large 𝜆, the function𝜒Ω𝜆 𝑃𝜆𝑓 is well defined

and

‖𝜒Ω𝜆 𝑃𝜆𝑓‖𝐿2(ℂ3) ⩽ ‖𝑓‖𝐿2(ℂ3) .
Therefore, there exists a sequence {𝜆𝑛}𝑛∈ℕ ⊂ (1, +∞) with 𝜆𝑛 → +∞ as 𝑛 → +∞ such that the
sequence {𝜒Ω𝜆𝑛 𝑃𝜆𝑛𝑓}𝑛∈ℕ (is well defined and) weakly converges to a function ℎ in 𝐿2(ℂ3).
Since {Ω𝜆𝑛 ∩ 𝐷𝜇}𝑛∈ℕ is an increasing sequence of domains converging to 𝐷𝜇, the limit func-
tion ℎ must be holomorphic in 𝐷𝜇. Moreover, ℎ ≡ 0 in ℂ3 ⧵ 𝐷𝜇. Our next aim is showing that
ℎ = 𝜒𝐷𝜇 𝑃∞𝑓. If we choose 𝜇

′ > 𝜇 such that the inclusions (7) hold true, then for every 𝑛 ∈ ℕ,
the inclusion Ω𝜆𝑛 ⊂ 𝐷𝜇′ holds true. Thus, the property 𝑓 − 𝑃𝜆𝑛𝑓 ⟂ 𝐴2(Ω𝜆𝑛) implies the prop-
erty 𝑓 − 𝜒Ω𝜆𝑛 𝑃𝜆𝑛𝑓 ⟂ 𝐴2(𝐷𝜇′). By taking the weak limit as 𝑛 → +∞, we conclude that 𝑓 − ℎ ⟂

𝐴2(𝐷𝜇′). Lemma 5.7 now yields 𝑓 − ℎ ⟂ 𝐴2(𝐷𝜇). Therefore, ℎ = 𝜒𝐷𝜇 𝑃∞𝑓, as desired. Finally, we

remark that 𝜒𝐷𝜇 |𝜌∞|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝑃∞𝑓 is the weak limit in 𝐿2(ℂ3) of a subsequence of{
𝜒Ω𝜆𝑛 |𝜌𝜆|𝑠 𝜕𝑚

𝜕𝑧𝑚
1

𝑃𝜆𝑛𝑓

}
𝑛∈ℕ

.

Taking into account inequality (12), we immediately derive inequality (13). This completes the
proof of our claim. □

6 CLOSING REMARKS

For more than 45 years, the worm domain has provided analytic and geometric insight into
important complex analytic phenomena of several variables. The worm has been a decisive
counterexample for many longstanding problems.
In this paper, we have constructed some new, geometrically natural, three-dimensional vari-

ants of the classical two-dimensional Diederich–Fornæss worm domain. We show that they
are smoothly bounded, pseudoconvex, and have nontrivial Nebenhülle. We also show that
their Bergman projections are not bounded in the Sobolev topology for sufficiently large
Sobolev indices.
We plan to further this study, in the spirit of [1, §3], to fully understandwhich geometric features

of our newly constructed class of smoothly bounded pseudoconvex domains play an essential role.
We expect from this further study a significant generalization step in the already rich realm of
worm domains.
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