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Logarithmic prismatic cohomology,
motivic sheaves, and comparison theorems
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Abstract. We prove that (logarithmic) prismatic and (logarithmic) syntomic cohomol-
ogy are representable in the category of logarithmic motives. As an application, we obtain
Gysin maps for prismatic and syntomic cohomology, and we explicitly identify their cofibers.
We also prove a smooth blow-up formula and we compute prismatic and syntomic cohomology
of Grassmannians. In the second part of the paper, we develop a descent technique inspired by
the work of Nizioton log K-theory. Using the resulting saturated descent, we prove de Rham
and crystalline comparison theorems for log prismatic cohomology, and the existence of Gysin
maps for Ajps-cohomology.
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1. Introduction

Let us fix a prime p. Prismatic cohomology is a cohomology theory for p-adic formal
schemes introduced by Bhatt and Scholze [15], building on the work of Bhatt, Morrow, and
Scholze [13,14]. Classical p-adic cohomology theories, such as étale, de Rham, and crystalline
cohomology, are all specializations of prismatic cohomology.

There are several approaches to prismatic cohomology. The construction in [15] uses
a mixed-characteristic refinement of the crystalline site, based on the notion of prism; a sort of
“deperfection” of (mixed characteristic) perfectoid rings. Given a prism (A4, '), the prismatic
cohomology of a p-adic smooth formal scheme X over A/ is then defined as

RTp(X/A) == RT((X/A)p.On).

where (X/A) is the prismatic site of X relative to (A4, 1), and O is the structure sheaf. It
comes equipped with a decreasing filtration FilZ*, the Nygaard filtration, and a Frobenius en-
domorphism ¢. In general, prismatic cohomology is not complete with respect to the Nygaard
filtration. The Nygaard completion of prismatic cohomology can be described in purely homo-
topy-theoretic terms, using trace invariants such as topological Hochschild homology. This is
the approach of [14], and it is compared with that of Bhatt—Scholze in [15, Theorem 13.1]. This
point of view has lent itself to numerous striking results in homotopy theory: let us highlight the
computations in algebraic K-theory of Antieau—Krause—Nikolaus [3] and the generalization of
prismatic cohomology to commutative ring spectra of Hahn—Raksit—Wilson [33].

The theory of prismatic cohomology in the sense of [15] admits a natural extension to for-
mal schemes X that are not necessarily smooth over A/, but merely smooth in the sense of log-
arithmic geometry. A logarithmic version of the prismatic site has been defined by Koshikawa
[37] and further developed by Koshikawa and Yao [38], generalizing the comparison theorems
of [15] to the semistable setting.

In [20], the first, second, and fourth named authors, together with @stveer, defined a vari-
ant of logarithmic prismatic cohomology based on the approach of [14]. The role of topolog-
ical Hochschild homology is played by Rognes’ logarithmic topological Hochschild homol-
ogy [54]. The resulting theory RI'A (—) is called the (absolute) Nygaard-complete logarithmic
prismatic cohomology. It is a (strict) étale sheaf on the category of quasisyntomic log formal
schemes and comes equipped with a Nygaard filtration and a Frobenius endomorphism ¢. We
may then define log syntomic cohomology analogously to the non-log variant of [14], namely
as the equalizer

can

RTksyn(—, Zp (i) = eq(Fily’ RTA(—){i} — RT3 ()1i})

of the Frobenius and the canonical map.

This paper is dedicated to further study of log syntomic cohomology and Nygaard-
complete log prismatic cohomology. We exhibit these as theories defined on a suitable category
of mixed motives and prove comparison theorems analogous to those of [14]. Our results are
independent of [37, 38], but we remark that, as in [14], it is possible to construct (depend-
ing on the choice of a perfectoid base R) a non-Nygaard-completed version of log prismatic
cohomology out of the completed version, by left Kan extension from the log smooth case (see
[18, Section 5] for a comparison with the site-theoretic definition). Our results also apply to the
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resulting theory @rf/ r- Let us also point out that one main difference from [37,38] at the level
of statements is that the log structure on the coefficient prism is in general trivial in this paper,
with the exception of the Breuil-Kisin case (see Section 6).

We will now give an overview of the main results of this work and discuss the methods
used to achieve them.

1.1. Motivic realizations. Let us fix a base (formal) quasisyntomic p-adic scheme S.
Crystalline cohomology, Hodge cohomology, prismatic cohomology, and syntomic cohomol-
ogy are all examples of cohomology theories that fail to be A!-homotopy invariant (for pris-
matic cohomology, this indeed follows from the crystalline comparison theorem, and for syn-
tomic cohomology, it follows from e.g. [14, Theorem 1.12 (5)], together with the fact that TC
is not Al-invariant). In particular, the functors

RTA(—) and RIggyn(—., Zp) € Fun(QSyng, D(Zp))

do not factor through the co-category ¥ DA(S; Zp) of (effective, formal, étale) motivic
sheaves of Ayoub, Morel, Voevodsky, and others, defined as the subcategory of A !-local objects
of the category of étale sheaves of complexes of £ (Z,)-modules on smooth formal S-schemes.
This category is a powerful tool for studying rational p-adic cohomology theories. For ex-
ample, it can be used to deduce finiteness results [58], to define categories of coefficients
[30], Gysin triangles [28], and to study in large generality monodromy operators and weight
filtrations [16, 17].

By enlarging the framework to the category of logarithmic schemes, we gain an extra
level of flexibility that not only admits more general objects (such as formal models with
semistable reduction) but also allows a different motivic formalism to be applied. Namely, we
can work in the category of logarithmic motivic sheaves introduced in [22—-24]. Its construction
mimics Voevodsky’s definition; one starts with the category of strict étale or Nisnevich sheaves
of A-modules Shvg (SmISmg, D(A)) or Shvenis(SmlSmg, D (A)) on the category of fs log
smooth log schemes separated of finite type over a base S, for a ring of coefficients A. One
then considers the localization with respect to the projections (P%, Pg_l) xs X — X forevery
X € SmISmg and n > 1. The effect of inverting this class of maps is striking, as it recovers sev-
eral results that were previously only available in the A!-local setting, notably the construction
of Gysin sequences and a Thom space isomorphism for Chern-oriented theories. By passing to
P!-spectra, one obtains a non-effective version, logD4(S, A), which is our preferred frame-
work in this text. A verbatim translation of the above construction allows for p-adic formal log
schemes as input. We denote the resulting category logF D A(S, A) or logF DA(S, D(A)).

In the first part of the paper, our main goal is to prove the representability of the afore-
mentioned cohomology theories in the log motivic categories of formal schemes. Theorem 3.20
gives oriented motivic spectra

EL € log7 DAS. D(Z,)). EF'L clogF DA(S, DF (Z,))

for any quasi-compact and quasi-separated p-adic formal base scheme S (with trivial log struc-
ture). If S € QSyng for a perfectoid ring R, we also obtain_oriented motivic spectra EA™
and EF'2™ from the non-Nygaard-complete versions. Both E2 and EF'2 are E o-rings, and
there are functorial ring maps induced by the divided Frobenius and the canonical morphism
in prismatic cohomology. Forming their equalizer, we then obtain a motivic ring spectrum
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EFY", representing log syntomic cohomology. The orientation is induced by the existence of
Chern classes, due to the work of Bhatt—Lurie [11]. Similarly, building on our previous work
[19,20,45], we can construct motivic ring spectra EH42 EIR representing Hodge and de Rham
cohomology for log smooth formal S-schemes, as well as ESRY | E representing de Rham—
Witt and log crystalline cohomology over a perfect field k of characteristic p (with trivial log
structure). See Section 2.4.

This has as an immediate application the following result (see Theorem 3.22).

Theorem 1.1. Let S € QSyn. Let 3 — X be a morphism of p-adic smooth formal
schemes over S such that it is locally the p-completion of a pure codimension-d closed immer-
sion of smooth schemes over S. Let Bl3(X) denote the blow-up of X in 3 and let E be the
exceptional divisor, so that (BI3(X), E) is log smooth over S. Then, for all j, there are Gysin
maps in O(Zp), functorial in (X, 3),

gysg/aei RTA(3){j —d}[-2d] — RTA(¥){/}.
ey 4RI/ ™ RUR(3)() — d)[-2d] - Fil/ RTZ@)).
eys5/%: Rran(3. Zp(j —d)[-2d] = RTrn(E. Zp())

whose homotopy cofibers are respectively given as
RTA(BI3(X). E){j}. Filg/ RTA(BI3(X). E){j}. RTrayn((BI3(X). E). Zp())).

If S € QSyny with R perfectoid, we have similar Gysin maps for the non-completed prismatic
cohomology of [15], relative to the perfect prism (Ains(R), ker(0)),

2ys3x: R (3/Aini(R){j — d}[-2d] — RTp (%/Ainc(R){j }.
eys 8RR/ RTA(3/Aim(R){j — d}[-2d] — Fily’ RT 4 (/i (R){)
The homotopy cofibers are respectively given as

RT2x((Bl3(¥), E)/R){j}, Filg’ RTZ=((BI3(X), E)/R){j}.

In particular, we can not only define a push-forward for (non-log) prismatic or syntomic
cohomology along the inclusion of a smooth subscheme 3 C X, but we can also identify the
cofiber of this map in terms of an explicit logarithmic cohomology theory. Coherently with
the philosophy sketched in [19], we might call the corresponding bifiber sequence the residue
sequence for prismatic (resp. syntomic) cohomology.

The Gysin map described above appears after a trivialization of the motivic Thom space
of the normal bundle of 3 in X, which is possible in light of the orientation on prismatic
cohomology. This is an analogue of the homotopy purity theorem of Morel and Voevodsky
[46, Theorem 2.23], proved in [23, §7.4], [24]. In the Al-local setting, the logarithmic term
would be replaced by the open complement U = X — 3: we interpret the pair (Bl3(X), E)
as a relative compactification of U, which preserves the homotopy type. Note that more gen-
eral Gysin maps (where also X and 3 are allowed to have a non-trivial log structure) can be
constructed, using [23, Theorem 7.5.4]. See Remark 3.24 for more details.

Another byproduct of the representability result of prismatic and syntomic cohomology
is a computation of the prismatic and syntomic cohomology of the Grassmannian Gr(r, n) for
every r,n. See Theorem 3.26 for the precise notation.
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Theorem 1.2. Let S € QSyn. Let X be a p-adic log smooth formal scheme over S.
Then there are isomorphisms of bigraded rings, functorial in X,

Oh, HE@)(9) ®2 Zrn > HE(Gr(rm) x X){o},
SEIE . FiZ® HE (X){e} ®7 Zrn = FilZ® HE (Gt(r, n) x X){e},
ot Hiyn (X, Zp(9) ®7 Zrn — Hiyyn(Gr(r,n) x &, Zp(9)).
where Zyp is an explicit ring in (3.7). If S € QSyng with R perfectoid, a similar statement

holds for the non-completed prismatic cohomology relative to R.

As yet another application of our general motivic formalism, we obtain blow-up formulas
for syntomic and prismatic cohomology; see Theorem 3.27.

Theorem 1.3. Ler S € QSyn. Let 3 — X be a morphism of p-adic smooth formal
schemes over S such that it is locally the p-completion of a pure codimension-d closed immer-
sion of smooth schemes over S. Let X' = Bl3(X). Then there are equivalences, functorial in

(%, 3),
RTA(®){j}® @) RTARNM) —i-2i] > RTAE){)},

0<i<d
Fil>/ RTZ(X){j} @ P FiI*/~ RTA(INJ —i}[-2i] — Fil=/ RTZ{j}(X)).
0<i<d
RTgn(®,Z5(j) & €D RTeyn(3.Zp(j —))[-2i] = RTyn(X', Z(j)).
0<i<d

If S € QSynp with R perfectoid, a similar statement holds for the non-completed prismatic
cohomology relative to R.

The previous result was first proved in [11, Corollary 9.4.2] for syntomic cohomology,
with the extra assumption (in the non-formal setting) that Z is the image of a section s: Y — X
of a smooth morphism of schemes f: X — Y.

Let us briefly sketch how one establishes the representability of prismatic cohomology.
The first step is to prove that it is (P”, P"~!)-invariant for every n > 1. Using quasisyntomic
descent, we can reduce to the case where the base is a perfectoid ring R: in this case, the
HKR-filtration [19, Theorem 5.15] induces as in [14] a finite conjugate filtration on the graded
pieces with respect to the Nygaard filtration grﬁv, with graded quotients given by exterior pow-
ers of the Gabber logarithmic cotangent complex. It is explained in [19, §8.3] that this is
(P", P"~!)-invariant. The second step is P!-stability: we prove this by showing that the graded
commutative monoid (RI'A (—){i});ez admits a Chern orientation, and this will follow from
the construction of the prismatic first Chern class of [11] in the non-log situation.

1.2. Saturated descent and comparison theorems. In the second part of the paper,
we concentrate on more explicit descriptions of log prismatic cohomology. Namely, we prove
that it can be computed via descent of (non-logarithmic) prismatic cohomology in many cases
of interest. The main application of this is a comparison result with log crystalline cohomology.
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Theorem 1.4 (Theorems 4.36 and 4.37). Let k be a perfect field of characteristic p.
For all log smooth X € 1Smy yiv) and Y € 1Sm Ny with Y reduced, we have the following
equivalences of filtered Eo-rings that depends functorially on X and Y :

RTRA(X/k) =~ Rl crys(X/W(k)),
RTA((Y,0Y ®N Nperf)/ k) = Rlerys(Y/W(k,N)).

Note that the inclusion k™ — k (resp. the map k* @ N — k given by (x,0) + x and
(x,n) > 0 for x € k* and n > 1) is the log structure on the point Spec(k, triv) = Spec(k)
(resp. standard log point Spec(k, N)).

We will reduce both statements to the ordinary, non-logarithmic crystalline comparison
of [14]. The central tool for this is saturated descent, a technique first considered in [50]. For
this, we form the Cech nerve in the category of saturated monoids and get for a monoid map
M — N adescent datum

(A, M) — (A®zm) ZIN].N) = (A®zm] ZIN &55 N].N & N) = ---.
We prove that this datum induces the following descent property.

Theorem 1.5 (Theorem 4.21 and Example 4.22). Let B be a p-complete ring with
bounded p®°-torsion. For a p-adic formal log smooth scheme X over B, the log prismatic
cohomology RT'A(X) can be computed étale locally as the limit of the (non-log) prismatic
cohomology,

I%H(AAémmB(Mperf@?\a}"'@?@ Mper)):

where (A, M) is a strict chart on X.

We stress that the rings A ® B(M) B(N @3} --- ®5; N) are not obtained by tensor prod-
ucts in any category of rings: rather, these saturated tensor products actively extract data
from the log structure. By the same method, one obtains similar results for the log crystalline
cohomology (see Theorems 4.29 and 4.31), which combined with the crystalline comparison
of [14] gives Theorem 1.4.

This descent datum is considered also in [38, §6] applied to the Kummer étale cohomol-
ogy with p inverted, and in [38, §6], it is used to deduce a Kummer étale comparison isomor-
phism [38, Theorem 6.1 and Proposition 6.13].

1.3. A log version of Breuil-Kisin cohomology. In the last part of the paper, we
use the above results to construct a logarithmic version of the Breuil-Kisin cohomology of
[14, Theorem 1.2] (see [37, Example 1.6] for a construction based on site-theoretic log pris-
matic cohomology). For K a discrete valuation field with ring of integers Ok, uniformizer
w and residue field k, let © = W(k)[z]. There is a surjective map 6:© — Ok determined
by the inclusion W (k) € Ok and z — w. The kernel of this map is generated by an Eisen-
stein polynomial £ = E(z) € © for w. Let ¢ be the endomorphism of & determined by the
Frobenius on W(k) and z — z?. The following makes reference to the notion of log Cartier
type introduced in [36, Definition 4.8].
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Theorem 1.6 (Theorems 6.1 and 6.2). Let1Smg, (resp. ISm‘Ea@”K o)) be the category of
fs log schemes of finite type that are log smooth over Ok (resp. log smooth over (Og, @) of

Cartier type). There are cohomology theories

RTA(=/©):1Smpg . — D(©),

RTA(—/(G, w)):1Sm§g;ﬁ1;) — D(B)

with values in (p, z)-complete Exo-algebras together with a ¢-linear Frobenius endomorphism
having the following features.

(1) (Breuil-Kisin) The Frobenius endomorphism ¢ induces equivalences
RTA(—/©) ®e,¢ ©[1/E] =~ RTA(—/©)[1/E],
RTA(=/(©. w)) ®e,¢ ©[1/E] =~ RT'A(—/©)[1/E].

(2) (De Rham comparison) After scalar extension along 0 = 6o ¢, one recovers log de Rham
cohomology,
RTA(—/©) ® g Ok ~ RTwr(—/0k).

RTA(—/(8.@)) ®§ » Ok ~ RTar(—/(Ok. @)).

(3) (Crystalline comparison) After scalar extension along the map © — W (k) which is the
Frobenius on W (k) and sends z to 0, one recovers log crystalline cohomology of the
special fiber,

RTA(—/©) ®& W(k) =~ RTerys((—)i/ W(k)),
RTA(—/(B, w)) ®% W(k) ~ RTerys((—) . ny/ (W (k, N))).

The strategy of the construction of these cohomology theories follows [14, §11]: they
are defined in terms of relative log THH over the log cyclotomic bases (S[N]) and (S[N], N),
together with a Frobenius descent: this last part, in turn, follows from a logarithmic version of
the Segal conjecture (see Propositions 5.1 and 5.2).

Similarly to the absolute case, the cohomology theory R (—/@) is again representable
in the log motivic category of formal schemes over Ok, building an oriented ring spectrum
(Theorem 6.5)

EBK € CAlg(log# D A(Ok, ©)).

This has the following interesting application (see Corollary 6.6). Let 3 — X be a morphism
of p-adic proper smooth formal schemes over Ok such that it is locally the p-completion of
a pure codimension-d closed immersion of smooth schemes over Ok . Let C be the completion
of an algebraic closure of the p-adic completion of K(p'/?°"). Then there is a functorial Gysin
map

RT 4, (307 —d}-2d] = RT4, (o7}

where RI'4, ; is the Ajpr-cohomology of [13], and whose homotopy cofiber is
RTZ((BI3(X), E)/©){j} ®E Aunt.

Similarly, we have the computation of the cohomology of Grassmannians and the smooth blow-
up formula. We remark that the Gysin or residue sequences considered here are compatible with
the corresponding sequences for de Rham, Hodge, Hodge—Tate, and crystalline cohomology,
via the comparison isomorphisms.
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1.4. Future perspectives. In a follow-up paper [18], we have considered the prob-
lem of understanding under which conditions the Nygaard-complete variant of log prismatic
cohomology considered here indeed comes to life as the Nygaard completion of the site-
theoretic definition pursued by Koshikawa—Yao. Such a comparison result should, among other
things, open the door to pursue log variants of the global motivic filtration of Bhatt—Lurie
[11, §6.4]. We consider this, in turn, to be a stepping stone to understanding the even filtration
of Hahn—Raksit—Wilson in the setting of log ring spectra, and its compatibility with the residue
sequences considered here.

In light of Theorem 4.21, it is tempting to define log K-theory in terms of saturated
descent. We intend to pursue this definition in future work and relate it to trace invariants
based on Rognes’ log topological Hochschild homology. A similar definition of log K-theory
is introduced by Niziot [50, §4].

Notation. We will use freely the notation from the table in [24, §1.1]: in particular,
every (log) smooth morphism will always be considered separated and of finite type, unless
specified. Recall also that the class of such log smooth morphisms is denoted by ISm.

The base of every category of (log) motives will always be assumed to be quasi-compact
and quasi-separated, but not necessarily noetherian.

For A a commutative ring and € a A-linear stable oco-category, we let mape be the
mapping spectrum enriched in D (A), and mape the internal mapping spectrum of €. If there
is no confusion, we will suppress €. -

We will use the following convention regarding monoid rings. For any commutative
monoid M and a fixed prime number p, we let Z, (M) denote the p-completion of the monoid
ring Z,[M]. For a different p-complete base ring R, we shall write R(M ) for the p-complete
tensor product R ®Z,, Zp(M).

If € is an oco-category endowed with a topology t and D is an co-category with limits
and colimits, we denote by Shv, (€, D) C PSh(€, D) the full sub-oco-category of D-valued
t-sheaves, and by Shv/ (€, D) C Shv. (€, D) its full subcategory of T-hypersheaves. We will
write L, to denote the t-sheafification functor as well as the t-hypersheafification functor
(depending on the context).

We will always consider Gabber’s log cotangent complex [52, §8] and the correspond-
ing version of log derived de Rham cohomology: we refer to [8, §6] for the construction
and [19, §3] and [20, §2] for a quick recall. We will freely refer to [20, §2 and §3] for the
results and constructions on logarithmic (topological) Hochschild homology, as introduced by
Rognes [54].

To ease Ehe notation, for R a perfectoid ring, we will write A,g and A /R instead of
B/ Ay(R) A0 B/ 45, (R)-

2. Log motives and abstract representability results

Throughout this section, we fix a p-complete ring R with bounded p°°-torsion (that is,
the p-primary torsion is killed by a fixed power of p) and trivial log structure. This assumption
is necessary to apply the motivic formalism developed in [23, 24], but will be dropped in later
sections where more general comparison results are considered.
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2.1. Motivic sheaves. We begin by recalling some facts about p-adic formal (log)
schemes in the (non-necessarily) locally noetherian setting. Log structures on formal schemes
will always be defined étale locally. For locally noetherian fs log schemes, this does not inter-
fere with the setting of [23] in light of Niziot’s theorem [49, Theorem 5.6].

Definition 2.1 (see [37, §A.1]). A bounded p-adic formal log scheme over R is a pair
consisting of a bounded p-adic formal scheme X (i.e. with bounded p°°-torsion) and a map
of étale sheaves of monoids a: Mg — O that induces an isomorphism oz_l(9§ ~ O%. For
(A, M) a p-complete pre-log R-algebra such that A has bounded p°°-torsion, we let Spf(A, M)
be the p-adic formal log scheme Spf(A) with log structure given by the logification of the map
M — Ospta), where M is the constant sheaf on the €étale site of Spf(A). A bounded p-adic
formal log scheme is quasi-coherent [7, §1.1] if étale locally it admits a chart, i.e. étale locally
on X, it is isomorphic to Spf(A, M) for (A, M) a p-complete pre-log R-algebra such that A
has bounded p® torsion. We say that X is coherent if it is quasi-coherent and if the charts
(A, M) can be chosen with M = M/M* a finitely generated monoid.

Recall that, for a commutative ring B, an object M € D(B) is called p-completely flat
if M ®I§ B/pB € D(B/pB) is concentrated in degree 0 and a flat B/ pB-module. Similarly,
a B-module N is p-completely flat if N[0] € D(B) is p-completely flat.

Definition 2.2. We let FIQSmp (formally log quasismooth) denote the category of
quasi-coherent bounded p-adic formal log schemes X over R that, strict étale locally, are
isomorphic to Spf(A, M) with (A, M) a pre-log R-algebra such that 4 is p-complete with
bounded p°°-torsion such that R(M) — A is p-completely flat and the cotangent complex
L¢a,m)/R is p-completely flat. We equip FIQSmp with the strict étale topology, i.e. §Y) — X
is a strict étale cover if it is strict and (|Y)|, Oy, pn) — (|X], Ox/pn) is an étale cover for all n.

Remark 2.3. If R has bounded p°° torsion and A is p-completely flat over R, then
A has bounded p®°-torsion by [14, Corollary 4.8]. Note that the log cotangent complex is
logification-invariant by [19, Lemma 3.11] and satisfies strict étale descent, so if (A4, M) is
a quasismooth pre-log R-algebra in the sense of [20, Definition 4.5] such that every point
has a chart M’ — A that satisfies R(M') — A is p-completely flat, then étale locally on
A, we have LL(4,(m7)2) =~ LL(4,m). This is p-completely flat, so Spf(A4, M) is formally log
quasismooth over R.

Remark 2.4. For X afine log scheme with bounded p°°-torsion, we consider its formal
p-completion as the bounded p-adic formal log scheme X 1;\ with

with pullback log structure. If X is log smooth over R, X 1;\ is formally log smooth over R:
indeed, by [51, Theorem IV.3.3.1], étale locally on X, there is a chart Spec(A4, M) such that
R[M] — A is smooth. Since R[M] is a free R-module, R[M] has bounded p°°-torsion; in
particular, by [14, Lemmas 4.4 and 4.7], the (classic) p-completion R(M) = (R[M ])1’,\ — A;,\
is p-completely flat; moreover, the cofiber sequence (see [19, (3.4)])

AD &% Lasny/r = Lag.my/r = Leay.m/cam)
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implies that, after derived p-completion, L AN M)/R = Ag ®j L (4,m)/ R, Which is p-com-
pletely flat as L (4,pm)/R = Q%A’M)/R by [19, Propositions 4.5 and 4.6], which is a projective
(hence flat) R-module. The assignment X — X lf is clearly functorial, and for any € € Pr>®,

it induces an adjoint pair
Shv (ISmpg, €) 2 Shvy (FIQSmpg, €).

For SmISmpg C ISmpg the category of log smooth schemes over R such that X is smooth (see
[23, A.5.10]), the p-completion induces again

Shv (SmiSmp, €) 2 Shvy (FIQSmpg, €).
Definition 2.5. Let A be a commutative ring. Let

-1

be the formal completion of the log scheme (P”, P"~1). Then we let log% D AT (R, A) be the
localization of Shv (FIQSmp, D (A)) with respect to the class maps given by the projections

(Pgrry Pani(r)) X X — X for X € FIQSmg and n > 1.

By construction, there is a canonical monoidal adjunction

. Com; ] -
2.1) log DAT(R, A) —— logF DA(R, A),
Comp™

where logD AT (R, A) is the co-category of algebraic (strict) étale log motivic sheaves con-
structed in the same way starting from Shvg (SmISmg, €) (see [23, Proposition 5.4.2] and
[24, Theorems 3.5.5 and 3.5.6] for all the equivalent models).

2.2. Generalities on spectra. We briefly review the process of formally inverting the
tensor product with a fixed object of a symmetric monoidal stable co-category. This material
is not new, and probably well known to the experts, but we collect the relevant results for the
reader’s convenience. See [53] for a detailed discussion.

Definition 2.6. Let CAlg(Caty,) — Catoo be the forgetful functor from symmetric mo-
noidal oo-categories. By [39, Example 3.1.3.14], it admits a left adjoint, denoted Sym®°(—).
We let Sym® () be the free symmetric monoidal co-category generated by one object . This
was denoted free® (A[0]) in [53, §2.1]. Note that the underlying oo-category of Sym®™ ()
agrees with BXy = ]_[n B>, (see also [2, Construction 1.3.1]).

Definition 2.7. Let €® € £r>® be a stable and presentably symmetric monoidal co-
category, and let €% = Fun®™(Sym® (x), €)® be the category of symmetric sequences in € as
in [39, Definition 6.3.0.2] (see [27, Definition 6.3] for the 1-categorical version), equipped with
the Day convolution product [39, §2.2.6].

We have Fun"(Sym® (x), Sy =11, Fun“(BX,, €). Informally, its objects are given
by collections (A;),eN, Where each A, is an object of € equipped with an action of X;,.
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Construction 2.8. We define an endofunctor (—){—1} of €% as follows. Given X € €%,
we set X{—1}o = 0and X{-1}, = £, xx,_, Xy—1, where &, x5, |, X,_1 is the equalizer

n—1

@ Xn-1 T @ Xn—1

YEZ, YEZ,

and 1, (resp. t,) is the endomorphism of @yezn Xn—1 given by the action of ¥,_; C ¥,
permuting the components (resp. given by the diagonal action). See [27, §6.2].

Let 1{—1} € €% be given as (1{—1}), = 1if n = 1 and 0 otherwise, where 1 is the unit
of €®. By definition of the convolution product, we observe that M {—1} = M ® 1{—1}.

Remark 2.9. For every n € N, the canonical projection induces an evaluation functor
€% = €. (Aien > 4n.

This functor has a left adjoint € — €%, given by sending X to X {n} = (—){1}°" X, where by
abuse of notation, we write X for the image of X via

€ = Fun®(x,€) > [ [Fun®(BZ,.€)
n

given by left Kan extension along the maps * — BX,,.

Recall from [53, Definition 2.16] that an object 7" in a symmetric monoidal co-category
€9 is called symmetric if the cyclic permutation 03 on T ® T ® T is equivalent to the identity
on €.

Definition 2.10. Let 7 be a symmetric object of €%, and let
St = Sym®(T{—1}) € CAlg(€¥)

be the free commutative algebra on 7{—1}. Following [34, Definition 6.2] or [27, §6.6], we
define the co-category Pred pt% (€) of symmetric T -pre-spectra in € as the symmetric mono-
idal co-category Mods,- (€¥).

For M € Modg, (€¥), we have the structure map S7 ® M — M. Precomposing with
the canonical morphism 7{—1} — ST, we obtain a map

om:T{-1} M ~(T @ M){—1} - M,
where the tensor product is the convolution product in €*. By adjunction, we obtain a map
(2.2) ym:M — mapes(T{—1},M) =: QT M.

In components, it is given by a collection of morphisms M;,, — mape (T, M;, +1) forn > 0.

Definition 2.11 ([34, Definitions 7.6 and 7.7], [27, §6.23]). The symmetric monoidal
oo-category of symmetric 7 -spectra & pt% (€) in € is the Bousfield localization of the co-cate-
gory Pre§ pt? (€) of symmetric T -pre-spectra with respect to the collection of morphisms s
of (2.2) for M € €~.
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Proposition 2.12. The oco-category § pt? (€) is a presentable stable symmetric mono-
idal co-category, and it is naturally equivalent to the formal inversion €[T ] of the object T
constructed in [53, Proposition 2.9].

Proof. Since T is a symmetric object of €, this follows from Robalo’s comparison of
Hovey’s category of symmetric spectra, which is the content of [53, Theorem 2.26]. O

2.3. Log motivic spectra. Let S be a quasi-compact and quasi-separated scheme. Re-
call that the Tate object A(1) € logD A (S, A) is given by the splitting A(P!) ~ A & A(1)[2].
By [24, Proposition 3.2.7], the object A(1) is symmetric in logDAT(S, A). We define the
symmetric monoidal stable co-category of log motivic spectra by

logDA(S, A) 1= Spty ;) log DA (S, A);

cf. Proposition 2.12. For X € PSh(SmISmg, D(A)), we let X(n) := X ® A(1)®”. An object
of log D A(S, A) is then a sequence (X;, 07);eN Where X, are (sét, (P*, P*~1))-local® objects
of PSh(SmISmg, D (A)) equipped with an action of the symmetric group %, and

on: Xn(1) > Xnt1
are maps of complexes of presheaves such that
(i) the composite
Xn(p) > Xnt1(p—1) = -+ = Xpyp
is ¥ x Xp-equivariant, where X, acts on the left as the permutation isomorphism of the
tensor structure of logD A" (S, A) and on the right via the embedding

Yp X Xp = Xptp;

.. .. . . . eff
n ) N .
(ii) the map X, — map(A(1), X +1) adjoint to oy, is an equivalence in logD A (S, A)

If R is a p-complete ring with bounded p°°-torsion, we define A(1) € log¥ DAT(R, A) in
the same way as before. It is the image of A(1) € logD AT (R, A) under the strong mono-
idal functor Compy of (2.1), so A(1) is also symmetric in log% D AT (R, A). We define the
symmetric monoidal stable co-category

log# DA(R, A) := sptiF(l) log# DA(R, A),

whose objects are sequences (X, 05), analogously to the case above. The adjunction (2.1)
induces canonically an adjunction

(2.3) logDA(R. A) — log# DAR, A).

Comp*

Definition 2.13. Let €® ¢ £r~® be a presentable symmetric monoidal co-category.
The category of graded objects of € is the functor category Fun(Z>0, €). It is a symmetric
monoidal oco-category, under the Day convolution product. A graded commutative monoid in
€ is, by definition, an object of CAlg(Fun(Z>0, €)), where the symmetric monoidal structure
on ZE, is given by the sum.

D Recall that if S is finite-dimensional and noetherian, this is the same as (dét, O)-local by [24, Theo-
rems 3.5.5 and 3.5.6].



Binda, Lundemo, Merici and Park, Log prisms and motivic sheaves 13

Remark 2.14. A graded commutative monoid E of € is a sequence { E£; }; <N of objects
of € equipped with a unit map n: 1 — E¢ and a coherent commutative and associative multi-
plication. In particular, we obtain in the homotopy category h€ the following set of data: for
any pair of integers (i, j), a multiplication y; ;: E; ® E; — E; 4 ; such that the diagrams

1®n 1®u1, k

E; —> E; ® Ey EiQE; @ Ex — E; @ Ej Ei ® Ej
\ lm,o lm,,-@l lﬂi.j+k l)’i,k&i’f
E; Eivj® Ex % By iin Ej ® E; " Eiy;

commute, where y; i is the symmetry isomorphism.
For X € 1Smyg, let

RF(X’ F) = mapPSh(lSms,e@(A))(A(X)’ F)

We write ’R\f(X x P, F) for MaPpgh(ismg,D(A)) (A (X X P')/A(X), F). The following propo-
sition is then analogous to [29, Proposition 1.4.10]:

Proposition 2.15. Ler Ey be a graded commutative monoid in 1ogD A (S, A) (resp.
log# DA(S, A)) together with a section ¢: A(PY) — E;[2] in PSh(SmISmg, D(A)) (resp.
in PSh(F1IQSmg, D(A))) such that, for all X € SmlSmg (resp. FIQSmpg) and all i, the fol-
lowing composition is an equivalence:

RT(X,E;) — RT'(X xP E; ® A(P')) 5 RI'(X xP E; ® E1[2])

l/“'i.l
\) /R\f;(X XPI,EH—I[Z])

Then there is E € CAlg(logDA(S, A)) (resp. € CAlg(logF DA(S, A))) such that, for all
X € 1Smg (resp. FIQSmpg),
mapoe A (s,A) (27 (X), Z™"E) >~ RT(X, Ex[m])
(resp. mapy,ez pa(s,A)(Z7(X), ™ E) = RT (X, Ex[m])).
Proof. We prove it only for logdD +4: the proof for log# DA proceeds verbatim. Con-
sider the symmetric sequence E € logD AT(S, A) given by setting E; = E; for i € Z>o,

where each E; is considered as 3;-module with trivial action. More concretely, E is the image
of E along the functor

(2.4) Fun®(Z&.10g DA (S. A)) — [ [ Fun® (BZ,.logDA(S. A))
" = log D AT(S, A)T

induced by the projection BXN = ), BX, — Zdzso. Note that the functor (2.4) is symmetric
monoidal; hence it induces a functor

(2.5) CAlg(Fun®(Z%,.10gD A (S, A))) — CAlg(logD AT (S, A)).
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Since E« is by assumption a graded commutative monoid, we obtain that E is a commutative
algebra object of logD A(S, A)Z. For all i, the section ¢ induces maps

(2.6) Ei(1) » E; @ A(PL)[-2] — Ei ® E1 — Eiq1

in logD A(S, A), which build up to a map A(1){—1} — E in logDAT(S, 4)Z, since A(1)
is a symmetric object. By the universal property, we obtain a morphism of algebras S4(1) — E,
so that E € Pre$pt (1)(10g£DeA‘J’ﬁ(S A)).

We are left to show that E is indeed a symmetric spectrum: this amounts to checking that

the induced map
E,‘ — map(A(l), El'+1)

is an equivalence in logD A°T(S, A) for all i : by construction, for all X € 1Smg, the map
map(A(X), E;) — map(A(X)(1), Ej+1) = map(A(X x P1)/A(X), Ei11[2])

agrees with the map RI'(X, E;) — ﬁ(X x P!, Ej4+1(2]) in the assumption; hence it is an
equivalence. Since the localization Pre§ ptf(l)(log@Aeﬁ(S ,N)) = logDA(S, A) is symmet-
ric monoidal, we conclude that E € CAlg(logD A(S, A)). O

Proposition 2.16. Let E, and E., be graded commutative monoids in logD A (S, A)
(resp. in logF DAT(R, A)) with ¢: A(PY) — E1[2] and ¢': A(P') — E{[2] that satisfy the
hypotheses of Proposition 2.15, and let E,E' € logDA(S, A) (resp. in logF DA(R, \)) be
the associated spectra. Let Y«: Ex — E', be a map of graded commutative monoids such
that y1[2) o ¢ = ¢’. Then there exists a map :E — E' in CAlg(logDA(S, A)) (resp. in
CAlg(logF DA(R, N))) such that, for all X € SmlSmg (resp. FIQSmpg), the map

RT(X, Eq[m]) ~ map(E%°(X), &"E) 2% map(S®(X), S""E') ~ RT(X, E,[m])

agrees with ry.

Proof. The morphism Vx: E« — E., in CAlg(Fun® (Z>0,log§D=A>eff(S A))) induces
a morphism ¢: E — E’ in CAlg(logD Aeff(S A)¥) via the symmetric monoidal functor (2.5)
induced by BXn = D, BX, — Zd>so If it is a map in PreSptA(l)(logi)Aeff(S A)), then ¥
is indeed a map in CAlg(logD A (S, A)) satisfying the desired property. By the compatibility
with ¢, the diagram
Ei(1) — Ei1

llfi(l)l lllfi+1

/) — Ely,

commutes, where the horizontal maps come from (2.6). By the universal property, the map ¥
is a map of S (1)-algebras. The proof for log# DA is analogous. o

Recall [24, Definition 7.1.3] that a homotopy commutative monoid E in logD A (S, A)
(resp. logF DA(R, A)) admits a Chern orientation, or simply that it is oriented if there is
a class coo € 7o map(Z®(P>®), E(1)[2]) whose restriction to P! /pt is the map

2°PH @ n: TP - T®PHRE ~ E(1)[2].
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Remark 2.17. Oriented spectra are particularly nice for the following reason (see [19,
Theorem 9.4]). Let X € SmISmg: by [23, Lemma A.5.10], |0X | is a divisor with simple nor-
mal crossing. Let Z € X be a smooth closed subscheme of pure codimension d with normal
crossing with [0X |, so that Z := (Z,0X|z) € SmISmg. Let 0Blz(X) be the log structure on
Blz (X) induced by the total transform of |0X]|, so that also

Blz(X) := (Blz(X),0Blz(X)) € SmlSmg .
Then, by [24, Theorem 3.2.14], for all oriented E € logDA(S, A), there is a fiber sequence
map(E®A(Z), £~ 7E) - map(S®A(X), Z™°E) — map(S®A(Blz (X)), ZE).

Moreover, if E € log# D A(S, A) is oriented, let Comp™ be the right adjoint of (2.3): for all
Y € SmlSmp and all 7, s, we have an equivalence

Mapge AR, A) (ZCAY), ™ Comp* (=) ~ mapes par,A) (ECAX,), T (),

by adjunction. In particular, Comp™ preserves oriented objects. This implies that, for all X and
Z as above, we have a fiber sequence

(2.7) map(S®A(Z,), "4 79E) - map(Z®A(X}), 5"E)
— map(S*°A(Blz (X)), Z™°E).

Remark 2.18. Let X be a smooth scheme over S and let Z € X be a closed sub-
scheme of pure codimension d such that Z — X — S is smooth. Let X’ = Blz(X) and
Z' = Z xx X'. Then, by [23, Theorem 7.3.3], for all E € logDA(S, A), there is a cartesian
square, functorial in (X, Z),

map(Z°A(X), EE) — map(Z*°A(Z), ¥E)

(2.8) l l

map(Z®°A(X’), XE) — map(Z*°A(Z'), X"*E).

Let X” be the blow-up of X x P! in Z x 0, let E be the log structure on X" induced by
the exceptional divisor, and let Z” = (Z x 0) X(xxp1y X". By [23, Theorem 7.4.2], there is
a cartesian square, functorial in (X, Z),

map(Z®A(X x (P!, 00)), 2™ E) — map(Z®A(Z x 0), Z"°E)

! !

map(Z*°A(X", E), X E) ——— map(Z°A(Z"), X"*E).
By an argument completely analogous to [44, Corollary 15.13], the (homotopic) equivalence
Iy x 0~ ly x I: T®A(X) ~ T®A(X x (P!, 00))
gives a splitting of the map

map(E®A(Z x 0), £"*E) & map(S®°A(X"), T"°E) — map(T®A(Z"), 2" 257E).
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For all oriented E € logD A(S, A), the map
map(S®°A(Z"), 3" 25 7E) - map(S®°A(Z'), X' E)

is a split epimorphism, since it comes from the embedding P(Nzcx) — P(Nzcx @ O): com-
bining everything, the fiber sequence induced by (2.8) splits, giving an equivalence

map(S®A(X), ZE) @ ( D map(E®A(Z), z’—Zi:S—fE)) ~ map(S®A(X'), S™E).
0<i<d

As before, via the adjunction (2.3), we deduce that, for all E € log# DA(S, A), there is a

cartesian square, functorial in (X, Z),

map(E°A(X}), ¥ E) ——— map(2*A(Z}), Z"°E)

l !

map(S®A((X')). 5™ E) — @2} map(S®°A((Z')}). Z"E),
and for E oriented, we have an equivalence

(2.9) map(EOOA(XIg\)’ >E) @ ( @ map(EOOA(ZI/)\), Er—Zi,s—iE))
0<i<d
~ map(Z*°A((X");)), Z"°E).

2.4. First examples: De Rham and crystalline motivic spectra. A strict étale sheaf
on the category of pre-log rings does not automatically produce a strict étale sheaf on the
category of log schemes unlike the case of schemes since the functor Spec from the category of
pre-log rings to the category of log schemes is not fully faithful. Gabber [52, §8] used pre-log
structures in a topos to define the cotangent complexes for schemes without experiencing the
globalization problem; see also [38, Remark 2.12]. However, it is not clear how to adapt such
an argument to the various other sheaves we will consider on the category of pre-log rings. By
inspecting [38, Definition 4.9] and [24, proof of Proposition 8.3.8], we have the globalization
procedure as follows.

Definition 2.19. Let € be an oo-category with colimits and limits. We have the adjoint
functors
" : 1Sch 2 PreLog® : Spec,

where I'(X) := (I'(X, Ox), I'(X, Mx)) for X € ISch. These induce the adjoint functors
I'* : PSh(PreLog®, €) = PSh(ISch, €) : T
such that
% (X):=% @ (X)) and T.§(A, M) := G(Spec(A, M))

for every (A, M) € PreLog, X € 1Sch, ¥ € PSh(PreLLog?, €), and § € PSh(ISch, €). Con-
sider also the adjoint functors

Lyt : PSh(ISch, ©) 2 Shvge(ISch, ©) : ¢,

where L is the sheafification functor, and ¢ the inclusion. A presheaf ¥ € PSh(PreL.og®?, €)
is globalizable if the unit morphism a#: ¥ — Tkt Ly I'* F is an equivalence.
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We provide a general criterion of globalizablity as follows.

Proposition 2.20. With the above notation, assume that ¥ satisfies the following con-
ditions.

(1) F preserves filtered colimits as a functor PreLog — €.

(ii) For every pre-log ring (A, M), the presheaf
(A—- B)— F(B,M)

on the opposite category of A-algebras is an étale sheaf.

(iii) For every pre-log ring (A, M) such that A is strictly local, the induced morphism
FA M) — F(A,M?)

is an isomorphism, i.e. we have the “logification invariance” when the underlying ring
is strictly local.

Then ¥ is globalizable.

Proof. By e.g.[41, Tag 01DK], we need to show that the induced morphism
ye.g g p
F(A, M) — L'« F (Spec(A4, M))

is an equivalence for every pre-log ring (A, M). Fixing M, the natural transformation og
determines a morphism from the presheaf

(2.10) (A— B)— F(B,M)
to the presheaf
(2.11) (A — B) — L'« F (Spec(B, M))

on the opposite category of A-algebras. The first one is an étale sheaf by (ii), and the second
one is an étale sheaf by construction. Hence it suffices to show that every stalk of this morphism
of sheaves is an equivalence.

Let X be a geometric point of Spec(A). By (i), the stalk of (2.10) at X is ¥ (Ax, M).
On the other hand, the stalk of the sheafification is the same as the original one. Indeed, if
i:X — Spec(A) is the structure morphism, then the stalk of a presheaf ¥ on Spec(A4)¢ is
i*§(X). Hence, to show i*g(X) ~ i* L& (X), by taking right adjoints, it suffices to show
tixH >~ ixH for every constant sheaf H on Xg, i.e. ixH is a sheaf. This follows from the
fact that every Cech nerve of a covering in Spec(4)g pulls back to the Cech nerve of the
corresponding covering in X¢. Note also that the category of fs log schemes Y strict over
Spec(A, M) such that Y is affine is equivalent to the opposite category of A-algebras, and if
Y = Spec(B), then Y = Spec(B, M ). Together with (i) again, we see that the stalk of (2.11)
at X is F (Ax, Mspec(4,M),5)- Hence it suffices to show that the induced morphism

}V(AY, M) - \?(AY7 eA’(Spec(A,M),f)

is an equivalence. This follows from (iii) since the stalk Mspec(4,nm),x is the logification M ¢
of M. O
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Let R be a p-complete ring. Let DF (R);)\ be the full subcategory of DF (R) spanned
by p-complete objects. Consider the Hodge-completed derived log de Rham complex

m_/R:PreLogR — i/)?(R)I’,\

equipped with the Hodge ﬁltratlon with graded pieces (/\ L, R)p The completion func-
tors i)?'(R) —~ DF (R) and DF (R) — DF (R)" preserve colimits since it is a left adjoint,
so LQ_ _/R preserves sifted colimits. As in [14, Example 5.11], LG _/R satisfies strict €tale
descent Furthermore, LS2_/g satisfies logification invariance; see e.g. [19, Lemma 3.11].
Hence LQ_ —/R satisfies conditions (i)—(iii) in Proposition 2.20, so we can globalize LO /R
to formal R-schemes. Note that we do not apply Proposition 2.20 to the functor

Zﬁ_/R: PreLogr — D(R)

obtained by forgetting the filtration structure. Let S be a p-completed R-algebra and consider
the strict étale sheaf

LQ_ g:FIQSmg — D(R), ¥ > RO(X,LQ_/R)

by forgetting the filtration structure. Similarly, we consider the strict étale sheaves

(2.12) LQ" p:FIQSmg — D(R), X+ RF(:‘E’ (/i\L—/R):)

fori > 0. The exterior product of differential forms can be used to assemble (2.12) into a graded
commutative monoid { L Q% /R}ieN in Shv (FIQSmp, D (R)). Similarly, the cdga structure of
the log de Rham complex and the multiplicativity of the Hodge filtration induce a structure of
a (constant) graded commutative monoid on {fﬁ -/ R}i (seee.g. [9,4.1]).

Let now R be a perfectoid or R = Z,: we can consider the p-completed derived log
de Rham complex equipped with the conjugate filtration

LQ_ g:PreLogg — DF (R).

With an argument completely analogous to [14, Example 5.12], it is a log quasisyntomic sheaf.

Proposition 2.21. The following statements hold.
(1) There are oriented EH%, Edfﬁ € CAlg(log¥ DA(S, R)) such that, for all X € FIQSmg,
map(E%° (%), TPIEN®) ~ RT(E, LQY p)(pl,
map(S®(%), SPYER) ~ RT(X, L2, »)[p].

(2) Let R be perfectoid or R = Zp, and S € QSyng. Then there is an oriented homotopy
commutative monoid ER € CAlg(log¥ DA(S, R)) such that

map(Z%°(¥), SPYE®) ~ RT(X. LQ_/p)[p].
Proof. 'We begin by showing that (LQ" /R)ieN is in fact a graded commutative monoid

in log# DAT(S, R). By strict étale descent, it is enough to show that, for any pre-log R-
algebra (A, M), the projection induces an equivalence

(2.13) RTzar(A. La,m)/R) = RUzae(Py. Lpr, \prst /R).
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By left Kan extension from the case of finite free pre-log algebras, this follows from [19, Propo-
sition 8.3]. Next, for X € FIQSmg and & — X a vector bundle of rank r + 1, consider the map
induced by the first Chern class,

,
(2.14) @Rr(ae,mge/; [—2i] — RT(P(E), LY (8)/R)

By choosing a trivializing cover and by an argument completely analogous to [11, B.8], we
have an equivalence

RF(P”,LQ/n/R) RT (P%, Q ”/R) @R RT (%, LQY /R)

compatible with the Chern classes, so the classical computation of the Hodge cohomology of
projective spaces [61, Tag OFMI] implies that the map (2.14) is an equivalence. We can then
apply Proposition 2.15 to obtain an oriented spectrum EH,

We now pass to derived de Rham cohomology By passing to the graded pleces of the
filtration, we see from the above computation that LQ_ —/Rr1s (P",P"™ D)_invariant, so LQ_ —/R
is a (constant) commutative monoid in log% DAT(S, R). The first Chern class again induces
a map

(2.15) P RT(x. LQ_/r)[-2i] — RT(P(E).LQ2_/p)
i=0

which is an equivalence by passing to the graded pieces and noting that (2.14) is an equivalence.
The spectrum ER is then assembled using again Proposition 2.15. This proves (1).

Let now R be a perfectoid or R = Z,. By induction on n and (2.13), we have similarly
to [14, Example 5.12] that, for all (4, M) € 1QSyny, and all m,

RTzae(A. Filyy" L4001/ R ®F Z/ pT)
~ Rlzu (PR Fily™ LQer, \, wist, ) ®F Z/ ).

and since (A, M) € 1QSyng, by Lemma 4.17, we have that Filf,;mj LQa,Mm)/R ®é 7] pZ
takes value in D=""! for all n, as each L(4,a)/R has p-completed Tor amplitude [—1,0]:
this implies that cohomology commutes with filtered colimits, so we conclude that

RT (A, L4, M) R ®F Z/pZ) ~ lim RUz0(A, Fill,™ LQ(a,my/R ®F 2/ )

m
~ lim Rz (P Fily™ LQey, \, wi7t, ) ®F Z/pZ)
m

= RI (P L0, i) ©5 2/ 0.

Again, L2 g is a (constant) commutative monoid and the first Chern class induces an equiva-
lence analogous to (2.15) again by considering Fily," and passing to the filtered colimit. This
proves (2). O

Let k be a perfect field of characteristic p. For X €1Smg and m,n > 0, let Wy, Q2% Ik be
the log de Rham—Witt sheaf of [43] and let W}, Q2 X Jk be the m-truncated log de Rham—Witt
complex.
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Proposition 2.22. There are oriented
E"ARW grmcrys gens ¢ CAlg(logD Ak, W(k)))
such that, for all X € SmISmy,

map(Z%°(X), S E™RY) ~ RT (X, Wi Q% )[r],
map(X°°(X), BPIE™N) > RTerys(X/ Win (k) [p),
map(X%(X), ZPIE™) >~ RTerys(X/ W(k))[p].

Proof. Recall from [45, Theorem 1.3] that, for all m, there is
W2 € logD A (k, W(k))

representing the cohomology of W,,,Q2%_/k. By considering the graded commutative monoid
(W, 2"} en, the crystalline Chern class of [32] induces a section ¢;,: A(PY) — W, Q1[2] that
induces, for all X € SmlSmy, an equivalence (see [45, (4.5.1)])

RT (X, W, Q') ~ RT(X x P', W, QI TH[2).

By applying Proposition 2.15, we get oriented ring spectra E”RY ¢ CAlg(logD A (k, W(k))).
By considering the m-truncated de Rham—Witt complex, again by [45, Theorem 1.3], we get
again a constant graded commutative monoid {W,,Q} in logD A (k, W(k)) producing ori-
ented ring spectra E™Y5 € CAlg(logD A (k, W(k))) with, for all my > m», maps of oriented
motivic spectra E"1-:°YS — E™2:%5 in logD A (k, W(k)) by Proposition 2.16. Then

EY := lim E"Y, m
m
If F:W(k) — W(k) is the Frobenius on W(k), we let F*E®Y be the oriented ring
spectrum with W (k)-module structure twisted by F.

Remark 2.23. As proven in [45], E">®RW ES are ring spectra in logD M (k, W(k)).
This will suggest, via the crystalline comparison, that the prismatic and syntomic cohomology
are presheaves with logarithmic transfers (in an appropriate sense): this will be investigated in
future work.

3. Prismatic and syntomic realizations

We recall from [20, Definition 4.5] or from [38, Section 3.1] (which is simply a translation
to the log setting of [14, Definition 4.10 (3)]) the following definition.

Definition 3.1. A pre-log ring (A4, M) is called log quasisyntomic if A is p-complete
with bounded p torsion, p-completely flat over Zp, and satisfies that L 4,p,)/z, has p-
complete Tor amplitude in degree [—1, 0]. We denote by 1QSyn the category of pre-log rings
that are log quasisyntomic, and for any ring R, we let IQSynp denote the category of pre-log
R-algebras which are log quasisyntomic. Let X be a quasi-coherent bounded p-adic formal log
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scheme. Then X is log quasisyntomic if, strict étale locally, it is isomorphic to Spf(A, M) with
(A, M) € 1QSyn. We will denote by F1IQSyn the category of bounded p-adic log quasisyntomic
formal log schemes.

The strict quasisyntomic topology on F1QSyn is generated by the families of strict mor-
phisms {U; — X};es such that {U; — X};e; is a quasisyntomic covering.

We also recall the following notion.

Definition 3.2. An integral pre-log ring (S, Q) is called log quasiregular semiperfectoid
if it is log quasisyntomic, there exists a map R — S with R perfectoid, and S/pS and Q are
semiperfect (in the sense of Definition 4.1).

Lemma 3.3. Let X be a p-adic formal log scheme, and let (A, M) be a p-complete
pre-log ring. Then there is a natural isomorphism

3.1) Hom(X, Spf(A, M)) = Hom((4, M), (T'(X, Ox), T(X, Mx))).

Proof.  Since Spf(A, M) = Spf(A) xspi(z,) SPI(Zp (M), M), the left-hand side of (3.1)
is isomorphic to
Hom(X, Spf(A)) XHom(x,spt(z, (M))) Hom(X, Spf(Zy (M), M)).
The right-hand side of (3.1) is isomorphic to
Hom(A4, I'(X, Ox)) Xgom(M,I'(X,0x)) Hom(M, T'(X, Mx)).

Since
Hom(X, Spf(A4)) = Hom(4, I'(X, Ox)),

Hom(X, Spf(Z,(M))) = Hom(M,T'(X, Ox)),
it suffices to show

Hom(X, Spf(Z, (M), M)) = Hom(M, I'(X, Mx)).

This can be shown arguing as in [51, Proposition I11.1.2.9]. ]

Definition 3.4. Let € be an co-category with colimits and limits. By Lemma 3.3, we
have the adjoint functors
I' : FIQSyn 2 1QSyn®? : Spf,

where ['(X) := (I'(X, Ox), I'(X, Myx)) for X € FIQSyn. We have the induced adjoint func-
tors
'* : PSh(1QSyn?, €) = PSh(FIQSyn, ©) : [s.

Let sqsyn be the shorthand for the strict quasisyntomic topology. Then we have the adjoint
functors
Ligsyn : PSh(FIQSyn, €) 2 Shveyn (FIQSyn, ©) : «.

A presheaf ¥ € PSh(1QSyn°P, €) is globalizable if the unit morphism
g F — TatLgsyn " F

is an equivalence.
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Proposition 3.5. With the above notation, assume that ¥ satisfies the following condi-
tions.

(1) The restriction of ¥ to lQSynZ;yc with Z;yc =7Zp [,upoo];,\ preserves filtered colimits as
a functor lQSynZ;yc — €.

(ii) For every (A, M) € 1QSyn, the presheaf (A — B) — F (B, M) on the opposite cate-
gory of quasisyntomic A-algebras is a quasisyntomic sheaf.

(iii) For every (A, M) € lQSynZ;yc such that A is strictly local, the induced morphism
F(AM) — F (A, M?)

is an isomorphism.

Then ¥ is globalizable.

Proof. 'We need to show that the induced morphism
F(A, M) — LygsynI'* F (Spf(A4, M))

is an equivalence for every (A4, M) € 1QSyn. Both sides satisfy quasisyntomic descent on A.
Since Z;yc € QSyn and Z), — Z;yc is p-completely faithfully flat, Z, — Z;yc is a quasisyn-
tomic cover. Use the Cech nerve of the induced quasisyntomic cover A — A ®le Z;yc to
reduce to the case where A is a Z;yc—algebra.

We only need to show that the morphism from the quasisyntomic sheaf
(A— B)—~ ¥(B,M)

to the quasisyntomic sheaf (A — B) +> Lggsyn'x F (Spf(B, M)) on the opposite category of
quasisyntomic A-algebras is an equivalence. The quasisyntomic pretopology consists of the
families {4 — B;};es in QSyn with finite / such that A — @;.; B; is a quasisyntomic
cover. Due to the finiteness of the index set I, the quasisyntomic topos is coherent. Hence,
by Deligne’s theorem [6, Proposition VI.9.0], the quasisyntomic topology has enough points.
Arguing as in Proposition 2.20, we reduce to the case where A is local in the quasisyn-
tomic topology. In this case, A is strictly local since the étale topology is coarser than the
quasisyntomic topology, so (iii) finishes the proof. O

Remark 3.6. We often apply Proposition 3.5 to the case where € = DF (R) ;,\ for some
ring R. Together with [14, Lemma 5.2 (1), (3)], we see that

F € PSh(IQSyn, DF (R)})

is globalizable if the graded pieces gr' ¥ satisfy conditions (i)—(iii) in Proposition 3.5 for all
integers i.

Recall from [20, §7.3] that, analogously to [14, §7], the Nygaard-complete absolute log
prismatic cohomology A_ := RIjgsyn(—, 7o TP(—)I/,\) equipped with the Nygaard filtration
defines functors

A_ € Fun(1QSyn, D(Zp)), Filg® A_ € Fun(1QSyn, ﬁ(Zp)l/,\).
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These complexes commute with (homotopy) limits and satisfy quasisyntomic descent (this is
a consequence of [20, Theorem 2.3] and the construction). Define the Breuil-Kisin twists
A—{1} = erqsyn(_, 2 TP(_)I/)\)[_Q‘]i
A—{~1} := RTjggyn(= 12 TP(-)))[2]
with the Nygaard filtrations given by unfolding the double-speed Postnikov filtration. In anal-
ogy with [14, Theorem 1.12(3)], we get the twisted prismatic cohomology A_{i} by taking
tensor powers in Fun(1QSyn, DF (Zp) p) with the 1nduced filtration.

As observed in [14, Lemma 7.14], the object A(A m){1} is not invertible as an A(A M)-
module, but it is invertible when considered a module over the filtered ring A( A,Mm) (the proof
for log rings works verbatim). In particular, in the filtered category DF (Z p);,\), we have an
equivalence

Filg* A_{i} ® FilZ* A_{j} — Fil3* A_{i + j}
of filtered objects for all i, j € Z, where the tensor product is taken in Fun(1QSyn DF (Zp) ;,\).
By definition of the convolution product, we have
Fil"(FiIR® A-{i} @ FIIR* A-{j}) ~ @ FIR™ b_{i} ®F FIF" A_{j}.
mi+my=m

This gives associative and commutative multiplication maps in Fun(IQSyn, D(Z,)),
(3.2) FilZ™ A_{i} ®7, Fil" A_{j} — FIF"" A_{i + j}

forall i, j,m,n.
Proposition 3.7. The above functor Fil;' A_is globalizable.

Proof. Observe that Fil;' A_isa log quasisyntomic sheaf and hence strict quasisyn-
tomic sheaf. By [20, Proposition 7.4] and Remark 3.6, it suffices to show that the sheaves

(A, M) — (NyLiapyzs)p

on lQSynZ;yc with values in the full subcategory £ (Z) ;,\ of D(Zp) spanned by the p-complete
objects satisfy conditions (i) and (iii) in Proposition 3.5 for all integers i. The completion
functor D(Zp) — D(Zp) 9 preserves colimits since it is left adjoint to the inclusion functor,
so it suffices to show that the sheaves

(A, M) — NyLa,pry/zse

on lQSyanyc with values in D(Z,) satisfy conditions (i) and (iii) in Proposition 3.5 for all inte-
gersi. Condltlon (1) holds by [19, Lemma 3.11], and condition (iii) holds since A AIL( AM)/ZS"
is left Kan extended from Polyza< (1y) and hence preserves sifted colimits; see [19, §2.10] for
the notation Poly. |

For every i € Z, we denote by Filﬁ' RT 2 (—){i} the object defined in
Shvy(FIQSyn, DF (Z,))

by globalization, and we denote by RI'A (—){i} the object defined in Shvy(FIQSyn, D(Z,))
after forgetting the filtration structure.
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Remark 3.8. Since the filtrations obtained by unfolding from the double-speed Post-
nikov filtration of (logarithmic) TC™ and TP are functorial and multiplicative, we have

RF@ (_){l} = erqsyn(_v T2 TP(_);\)[_ZZ]»
Filg" RTA(—){i} = RTiqyyn(—. m2; TC™ (—))[-2i].

The multiplication maps in (3.2) agree with the one induced by the E-structure of TP and
TC™, which also satisfy the identity axiom: this implies that the objects { RT'A (—){i }};ez and
{Filﬁ’ RTA(—){i}}iez are graded commutative monoids in their respective categories.

Remark 3.9. The filtration Fil;' RT 2 (—) is complete and exhaustive (in fact, constant
in negative degrees). Indeed, since the category Shvg (FIQSyn, £D(Z)) is generated by Z(U)
with U = Spf(A4, M), it is enough to check that

map(Z(U), limFil3" RT2(—/R)) = limmap(Z(U), Fil3" RT4(—/R))
n n
= limFil" A4.a)/R =0
n
and, since the colimit is filtered and Z (U ) is compact, for all m > 0, the map

. Z_m ~( . . Z—n ~(_
map(Z(U),Filg ™ RTA(-)) — map(Z(U),h7n>1F11N RIA( ))

agrees with the map

~ Csen A

Aa,m —>117r)nF11N Aca,my,
which is an equivalence (this can be checked 1QSyn-locally, reducing to the case of IQRSPerfd,
where it is obvious since the Postnikov filtration is exhaustive, so Fil%' RT 2 (—) is eventually
constant).

Remark 3.10. If R is perfectoid ring, let A := Ag =~ Aint(R). By Proposition 3.7, we
get an object of Shvy (FIQSyng, D(A)) (resp. in Shvy (FIQSynpg, DF (A))) that we denote
RTA(—/R) (resp. by Fil§° RTZ(—/R)). In this case, the graded pieces gré\, (RTR)) carry
themselves a finite conjugate filtration with graded pieces given by

map(Z(U), g/ gr'iy (RTE(—/R))) = (L g pryp)pl=j] for0<j <i.

Remark 3.11. The perfectoid base is useful for the following reason. The Breuil-Kisin
twist of A is given as in [14, §6.2] by Ag{l} := 2 TP(R;Z,) € D(AR), defined in terms
of the (non-logarithmic) prismatic cohomology. Since R is perfectoid, it is a free module of
rank 1 over A generated by the element £ € Aj,¢(R). In this case, the ith twisted prismatic
cohomology satisfies

~ . ~ ~L & i
DA_jriiy >~ h_jg ®F , DR{1}®".
Similarly, the twisted Nygaard filtration satisfies
FilZ' A_pli} ~ FilZ' g &%, Bp{1}®

Remark 3.12. We can interpret the filtered object Fil§° A /R1i} as the convolution
product of the filtered objects Fil§° A_sg and A r{1}%%, where the latter is equipped with the
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trivial filtration. With this convention, the Ob]CCt A R/R1i} comes equipped with its Nygaard
filtration as in [14, §6.2], given by F11— AR/R{z} = £" Aips(R)u', where u is a generator of
2 TC™ (R; Zp). This agrees with the ﬁltra’uon given by the convolution product on

(A_ p{1})®7!.

By quasisyntomic descent, this recovers the filtration on the absolute prismatic cohomology.
We recall the non-Nygaard-complete version.

Construction 3.13. Let R be a perfectoid ring and A‘f/ g the functor obtained by left
Kan extension from p-completion of polynornial pre-log R algebras (see [19, Remark 2.11])?
Then, as in [14, Construction 7.12], A™ /R/E LQ_ g, where LQ_ /g is the p-completed
derived de Rham cohomology. As observed in [14, Construction 7.12], this depends on the
choice of a perfectoid base. By the comparison with L2, we deduce that A™isa quasisyntomic
sheaf on 1QSyng with values in D (Aiyr(R)) and that it takes discrete values on IQRSPerfdg:
thus it can be globalized as before and we consider the qua51synt0mlc sheaves RI"anc(—/R)
and the Breuil-Kisin twists given by tensoring with A Rr{1} (note that Ay~ A“C by construc-
tion). As observed in the proof of [15, Theorem 13.1], it comes equipped w1th the Nygaard
filtration Filﬁm RT 2 (S/R){i} again by left Kan extension, and RT'2 (S/R){i} is the com-
pletion of RT'an(S/R){i} with respect to this filtration: this follows from the comparison of
the graded pieces.

Remark 3.14. In [18, Theorem 1.3], we apply saturated descent to compare the Ny-
gaard-complete log prismatic cohomology considered here with the Nygaard completion of the
site-theoretic log prismatic cohomology pursued by Koshikawa [37] and Koshikawa—Yao [38].

Proposition 3.15. Assume that R is a perfectoid ring. Let S € 1QSyng. Foralli,m € Z
and n > 1, we have equivalences

RTA(S/R){i} ~ RTA((P%, P 1) @R S)/R){i),
Fils” RTA(S/R){i} ~ FilZ™ RTA ((P%, P% 1) @& S)/R){i},
RT2n(S/R){i} ~ RTz=((P%, P Y ®r S)/R)},
Filz™ RTan(S/R){i} ~ FilZ™ RTane (P, P% 1) @& S)/R){i}.

In particular, for all S € 1QSyng, the strict étale sheaves

RTA(=/R){i}.  FIY™ RTA(=/R){i}.

RTjne(—/R){i}.  Filg™ RTjne(—/R){i}
are (P",P"~Y)-invariant, so they define objects of log¥ D A(S, A).

Proof.  Via the trivialization A rR{l} >~ A R (which can be chosen since R is perfectoid),
we reduce to the case where i = 0. Let us prove the completed version first. Since the filtration
is complete and exhaustive, it is enough to prove it for gr’)V (RTA(—/R)). Since the conjugate
filtration they carry by Remark 3.10 is finite, it is enough to check it on the graded pieces, i.e.
it is enough to check that LQ/ /R 18 (P", P"~1)-local: this is done in Proposition 2.21.

2) Equivalently, from derived log smooth pre-log R-algebras in the sense of [19, Definition 4.2].
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For the non-complete version, we deduce the result for RI"An(—/ R) by checking it mod-
ulo & from the analogous result for p-completed de Rham cohomology (Proposition 2.21).
Finally, we deduce the statement for the filtration from the sequence

Fil5" RT A (—/R) — Fil5™ RTan(—/R) — gr=" RTA(—/R)
plus the fact that Fil3™ RT anc(—/R) ~ RT A (—/R) form < 0. =
Corollary 3.16. Let X € FIQSyn. Foralli,m € Z and n > 1, we have equivalences

RTA(X){i} ~ RTA(P",P"1) x X){i},
Filg” RTA (¥){i} ~ Filg™ RTA((P",P"1) x %){i}.

In particular, for all S € 1QSyn, the strict étale sheaves
RTA(—){i}.Filg™ RTA(—){i }: FIQSmY — D(Zp)
are (P", P"~Y-invariant, so they define objects of logF DA(S, ZLp).

Proof. By Proposition 3.7, we can assume X = Spf(S) with S € IQSyn. Let S — S’
be a quasisyntomic cover in 1QSyn with S’ € IQRSPerfd and let (S’)® be its Cech nerve. Then
there is a perfectoid ring R with amap R — §’, so

Agiiy ~ hgygliy and  Filg™ Asliy ~ FiI" A rli}.

In particular, the projections P’ — S and P?S/). — (8")*® induce an equivalence

RTA(S){i . RTA (P PE1){i}
) —limpen )
RTZ((SY"/R)i} RTE (Pl Pig ) /R

in Fun(Al, D(Z,)). Since the vertical maps on the right-hand side are equivalences by Propo-
sition 3.15, we deduce that the map on the left-hand side is an equivalence too. The result for
Filg" RT 2 (—){i} follows in the same way. o

3.1. The first Chern class. In order to apply Proposition 2.15, we want to exploit the
Chern classes defined in [11].

We consider the non-Nygaard-complete absolute prismatic cohomology of (non-log)
quasisyntomic bounded p-adic formal schemes RI"p (—){i} of [11] with its Nygaard filtration
Fil;' RT A (—){i}. For X a (non-log) bounded p-adic formal scheme, the filtered object

(RTA(X),Fil5® RTA (X))

of [14] coincides with the completion of the filtered object (RI"p (%), Fil§° RT A (%)) func-
torially in X (see [11, Theorem 5.6.2] and [15, Theorem 13.1] for the case over a perfectoid
ring and then use quasisyntomic descent). Recall that, by [11, Notation 7.5.3], for all (non-log)
bounded p-adic formal schemes X, there is a Chern class map

¢®: RT4 (X, Gp)[—1] — Fil, RTp (X){1}.
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Let & — X be a vector bundle and let P(&) be the associated projective bundle. Since
H(P(E)/E,Gm) =0 and  Hy(P(E)/X, Gp) = Pic(P(€)/%) = Z,
we have a Chern class given by

Z = Pic(P(£)/X) ~ <o RT«(P(E)/ X, Gin)[1] —— RT«(P(E), Gm)[1]

CIA[Z] a1
— Fily, R (P()){1}[2].

and by composing with Fil, RT p (—){1}[2] — RTs (—){1}[2], we get
cf:Z = Pic(P(€)/X) — RT 5 (P(€)){1}[2].

More generally, for all i > 0, we get

Fill, R[5 (P(€)){1}[2]®" — Fill, R[5 (P(8)){i }[2i]

I

Pic(P(§)/%) —2— Pic(P(8)/%)®
R, (P(){1}[2]® —— RIA(P(E)){i}[2i].

If X is a bounded p-adic formal scheme (with trivial log structure), we obtain, by [11, Theo-
rem 6.2.8],

RT(®){i} — lim RT (B){i}/ Fil" R (X)) ~ RTA (@)},
Fil3® RTp (¥){i} — 11’?11:11;‘ RTA(X){i}/Filg*™ RTA(X){i} ~ Fil3® RTA (X){i}
induced by completions. This gives Chern classes
(cf'2Y: Z = Pic(P(6)/%) — Fil5' RT'& (P(€)){i}[2i].
()1 Z = Pic(P(€)/%) — RTZ(P(E){i}[2i].

Construction 3.17. Let X € FIQSyn and & — X a vector bundle; we let & and P(&) be
the log schemes with the pullback log structure from X (see e.g. [23, Definition 7.1.2]). Recall
by [15, Theorem 13.1] that, for all i, m € Z, we have maps

RTA(X){m —i}[-2i]

RTA(X){m —i}[-2i] ®F Pic(P(€)/%)
id®(c2)i

(3.3) RTA(X){m — i }[-2i] ®% RTZ (P(&)){i}[2i]
()

RTA(P(€))){m — i}[-2i] ®F RTA(P(€)){i}[2i]
nw

RTAP(E)){m}
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which are functorial in X and &. Here () is induced by the pullback along the maps P(§) — X
and P(&) — P(&). Similarly, we obtain a map

(3.4) FilZ™ ™" RTA(X){n — i}[-2i] — FilZ"™ RT4 (P(€)){n}.

The maps of (3.4) assemble to a map

(3.5) FilZ*™ RTA(X){n —i}[—2i] — Fil3* RTA (P(€)){n}.
in @‘(Zp) for every n,i € Z.

In a completely analogous way, for R perfectoid, using that @gg /R Ag/r by [15, Theo-
rem 13.1], we obtain a map N

FilZ*™ RT 4w (X){n — i }[—2i] — FilZ* RTx(P(€)){n}

in DF (Aine(R)) for every n,i € Z. The following result is analogous to [11, Lemma 9.1.4].

Lemma 3.18. Let R be a perfectoid ring and let X € FIQSynpg. Let & — X be a vector
bundle of rank r + 1 equipped with the induced log structure as above. The maps defined in
(3.3) and (3.4) give the following equivalences for all m, n:

P FiIZ" ™ RTA(%/R){n —i}[-2i] = Filg" RTA(P(E)/R){n}.
i=0 ,

€D RTa(%/R){n —i}[-2i] = RTZ(P(E)/R){n},
i=0

@Fﬂf{""’ RT2ne(X/R){n — i}[—2i] — FilZ™ RT e (P(€)/R){n},
i=0
D RTa=(&/R){n — i}[-2i] = RT&=(P(€)/R){n}.

i=0

Proof. We follow the pattern of [11, Lemma 9.1.4]: we first prove the completed ver-
sion. Notice that the second equivalence is a special case of the first with m < 0. As in (3.5),
for fixed n, we can build a map

@Fﬂﬁ"” RTA(%/R){n —i}[—2i] — Filz®* RTA(P(8)/R){n}
=0

inDF (@ R)- Since the filtration is complete, it is enough to check that the induced map
r .
@ ey RTE(E/R)in —i)[-2i] — g RTA(P(E)/R)in}
i=0

on graded pieces is an equivalence by [14, Lemma 5.2 (1)]. Let I be the kernel of the map
0: AR — R, generated by &. By [14, Remark 6.6], there is an equivalence of R-modules

BRliy ®F , R~ (I/1%)®%.
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Since the structure of a A g-module on gr'yy RT'A (¥/R) induces an R-module structure by
[14, Proposition 7.8], we have

o (RTE (X/R)i}) ~ e} (RTA(X/R)) ®F  Ai} ~ e’ (RTA(X/R) &5 (1/1%)®'.

This implies that the finite filtration on gr’}v (RT2(X/R)) induces a map

é RT(%, (j/_\l ]ng/R): &% (1/1%)8")[-2i]
i=0 .
— RF(P(S), /j\LP(g)/R);\ ®§ (]/12)®n,

The map on //1? is just the multiplication. Since they are free R-modules of rank 1, they can
be coherently trivialized, which leaves us with the map

é Rr(ae, J/_\l ]ng/R)[—Zi] - RI‘(P(S), /J\Lp(g)/R).
i=0

By construction (see [11, Theorem 7.6.2]), this map agrees with the powers of the first Chern
class c‘liR((9(1)), which is an equivalence (see (2.14)).

For the non-completed version, in the same way as before, we see that the twists trivialize
modulo &, and by construction as before, the Chern classes also agree with the de Rham chern
class modulo £ (see again [11, Theorem 7.6.2]): this gives the equivalence

€D RTaw(X/R)(n — i}/6[-2i] ~ €D RT(E. LQz/){n — i} —> RT(P(E). Lpe)/R)
i=0 i=0

~ RT 2 (P(€)/R){n}/§
which gives the fourth equation by £-completeness. Finally, again use the sequence
FilZ"™ RT goe(—/R){i} — FilZ™ RTan(—/R){i} — gr=™ RT& (—/R) &% (1/1%)®

plus the fact that Fil;m RUAnc(—/R) >~ RT an(—/R) for m < 0 to deduce the third equiva-
lence. =

As before, we deduce the result in the absolute case.

Corollary 3.19. Let X € FIQSyn and let & — X be a vector bundle of rank r + 1
equipped with the induced log structure as above. Then, for all m, the maps defined in (3.3)
give equivalences

@D FilZ" ™ RTA (%){n — i}[-2i] = FilF" RTA (P(€)){n}.
i=0 r

D RT&(F){n —i}[-2i] — RTA(P(E)){n}.
i=0

Proof.  As in the proof of Corollary 3.16, we assume X = Spf(S) with S € 1QSyn and
we let S — S’ be a quasisyntomic cover in IQSyn with S’ € IQRSPerfd, (S’)® the Cech nerve,
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and we fix R — S’ with R perfectoid. We have an equivalence

®i=o RTA(S){n —i}[-2i]) Bi—o RTAS)"/R){n —i}[-2i]
\L ;limmeA \L
RTA(P(Es)){n} RTA((P(E(srym))/ R)in}
in Fun(A!, D(Zp)). The result follows from Lemma 3.18. =

We are now ready to prove our first main result.

Theorem 3.20. Let S € QSyn. There are oriented ring spectra gt and EF il & in
CAlg(logF DA(S, Zp))

such that, for all X € FIQSmg, we have

MaPiogs DA (s.2,) (B (X). T EL) = RTR (%) {s}[r].
MaPye 7 D A(S,Z,) (27 (X), SEMA) ~ FilZT R (X){s}r].

If § € QSyny, for R perfectoid, E% and EFﬂ@ live in log¥ DA(S, Ains(R)), and there are
oriented ring spectra E2"™ and EF'2™ in CAlg(logF D A(S, Aini(R))), together with equiva-
lences

(3.6) E2 @40 R~ER, E2" ®%,9 R~ER

of oriented ring spectra in CAlg(log¥ D A(S, R)), where 0: Ains(R) — R is Fontaine’s period
map.

Proof. Let {E;} be either the collection { RT'A{i }};en or {Filﬁi RTA{i}}ien. By Cor-
ollary 3.16 and Remark 3.8, E\ is a graded commutative monoid in log ¥ DAT(S, A). More-
over, Proposition 3.15 gives equivalences

RT3 (Pgys)){1}2] = mapyyes o 4en(s) (AP), EP [2]),
pf(S)
Filg" RTA (P, 5)){1}[2] = mapyggz pact(s) (A1), EF'2[2)),

from which we get a section A(P!) — E{[2]. By Corollary 3.19, the composition as con-
structed in Proposition 2.15 is an equivalence. So we can apply Proposition 2.15 and get the
ring spectra E2 and EF'2  They are oriented by Lemma 3.18.

If § € QSyny with R perfectoid, the same construction using Proposition 3.15 and
Lemma 3.18 gives E2" and EF'2™ Moreover, we have the following equivalences of graded
commutative monoids:

(RTA(=/R)i} ®%x R)i = (RTA(=/R) @&, (I/1%)®);,
(RTZ(~/R){i} ®8x R)i =~ (RTar(~/R) ®%, (1/1%)®);,
similarly to Lemma 3.18. Here [/ is the kernel of Fontaine’s period map A R — R, gener-
ated by £. In particular, as before, the twists can be canonically trivialized and the natural

equivalence
b_yr/E = LR
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of [20, §7.2] and the equivalence

A /€~ LQ_ g

obtained by left Kan extension are indeed equivalences of graded commutative monoids in
log# DA(S, R) by descent from 1QRSPerfd (analogously to [14, Proposition 7.9]), which
by Proposition 2.16 lift to the desired equivalences. |

3.2. Syntomic cohomology. Recall that the canonical and Frobenius maps
can{n}, p{n}: Filg" RTA(=){n} — RTA(-){n}
arise via unfolding of the maps of graded commutative algebras
mox(can), mox(P): m2x TCT (S, Zp) — m2x TP(S, Zp).

These are functorial in S € 1QRSPerfd (since they are functorial in Alg g, ; see e.g. [48, §II1]),
so in particular, they induce maps of graded commutative monoids,

{can{i}}. {p{i}}: (FiIF' RTA ()i }}i — {RTA(—){i}}i.
by unfolding. Let S € QSyn and X € FIQSmg, and let

RTpyn(®. Z,(s)) 1= fib(EiZ" RTE ®)is)r] 227 Rrg @) isyir)

for s € Z.1f X has trivial log structure, then it agrees with the syntomic cohomology of formal
schemes of [11, Construction 7.4.1] (therein denoted RI'sy,: we keep the notation for schemes
and formal schemes separate). Observe that the same proof as in [4, Theorem 5.1] implies that
RTEgyy i left Kan extended from p-complete polynomial algebras, so in case S € QSynpy for
R perfectoid, it agrees with the same fiber taken in the non-Nygaard-completed setting.

Theorem 3.21. Let S € QSyn. Then there is an oriented ring spectrum EFY" in
CAlg(logF DA(S,Zp))
such that, for all X € FIQSmg, we have
Mapyoe 7 0.4(s,A) (27 (%), EPSEMY) & RTpgyn (¥){s}r].

Proof. Let c:A(P') — E 1@[2] and ¢’: A(P!) - E lFﬂi[Z] be the maps constructed in
the proof of Theorem 3.20. By construction, the diagram

APY[2] — ETIB[]

\) lcan{ 1}
Ef A

commutes. By Proposition 2.16, there is a map of ring spectra,

can: EF'8 L R in logF DACS, A).



32 Binda, Lundemo, Merici and Park, Log prisms and motivic sheaves

Moreover, the two compositions
CIA 1 ol can{l} 1 ol
RFet(PSpf(S),Gm)[l] —— Fily RFA(PSpf(S)){l}[2] ﬁ Fily RFA(PSpf(S)){l}[2]

agree, since c1 factors through the equalizer of can{1} and ¢{1} (see [11, Notation 7.5.3]).
This implies that the diagram

A(Pl) 2] EFllA

\

commutes. By Proposition 2.16, there is a map ¢:EFﬂ£ — E2 of oriented ring spectra in
CAlg(log# DA(S, Zp)).

Let EFY denote the equalizer of ¢ and can in log# D A(S, Zp). For X € FIQSmg, we
have

map(Z%° (%), £ EFY) ~ fib(map(S°°(X), £ EF 4)

0T nap(S%°(E), SER)) ~ fib(FiIZ® RTE (2){s)[7]

¢{s}—can{s}

—> RTA(X){s}[r]) = RTpeyn(X. Zp(5))[r].

Since ¢ and can are maps in CAlg(log# DA(S, Zp)), and the forgetful functor
CAlg(log# DA(S, Zp)) — logF DA(S, Zp)

preserves all limits and all limits are representable in CAlg(log¥ D A(S, Zp)) by [39, Corol-
lary 3.2.2.5], we conclude. O

3.3. Consequences of motivic representability. We now list some immediate result
following from the fact that E2 EFl 2 EFsyn EA™ EFIA™ are oriented ring spectra in logD 4.

Theorem 3.22. Let S € QSyn. Let 3 — X be a morphism of p-adic smooth formal
schemes over S such that it is locally the p-completion of a pure codimension-d closed immer-
sion of smooth schemes over S. Let Bl3(X) denote the blow-up of X in 3 and let E be the
exceptional divisor, so that (Bl3(X), E) is log smooth over S. Then, for all j, there are Gysin
maps in D(Zp), functorial in (X, 3),

gys3yxt RTA (U — d}[-2d] — RTE(X){j}.
eysBI& FiIZ ™ RT2 ()1 — d)[-2d] — Fily’ RTA ()},
ysgs/y% RFFsyn(3a Zp (] - d))[_Zd] - RFFsyn(%» Zp (]))

whose homotopy cofibers are respectively given as

RTA(BI3(%), E){j}, Fily/ RTA(BI3(X), E)j}, RTrya((Blg(X), E), Z(j)).
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If S € QSyng, with R perfectoid, we have similar Gysin maps for the non-completed prismatic
cohomology of [15), relative to the perfect prism (Aint(R), ker(6)),

gys5 z: RTA (3/Aine(R){j — d}[-2d] — RT 5 (X/ Aint(R){j }.
gyst) % Fily/ ~ RTA(3/Ain(R){j — d}[-2d] — Filg’ RT 4 (%/ Aie(R){j }.

The homotopy cofibers are respectively given as
RTG=((BIg(X), E)/R){j},  Fily/ RTax((BI3(X), E)/R){j}.
Proof. Immediate from (2.7). O

Remark 3.23. When S € QSyny, for R a perfectoid ring, the Gysin sequences above
take values in D(Ajnf(R)). In that case, after base change along 6, the equivalence (3.6)
exchanges the prismatic Gysin sequence with the analogous sequence for de Rham cohomol-
ogy, as both come from homotopy purity. More generally, we expect the Gysin sequence to
take value in O (R*"), following [10].

Remark 3.24. More general log structures on X and 3 are allowed, in light of [23, The-
orem 7.5.4] and [24, Proposition 7.3.9]; see [19, Theorem 9.4]. More precisely, the Gysin maps
can be constructed in the following generality: for simplicity of writing, we work with the
non-formal case here. Let Dy, D5, ..., D, be smooth divisors on X € Smg, forming a strict
normal crossing divisor D over S. Let Z be a smooth closed subscheme of X of pure codi-
mension d, having strict normal crossings with Dy + --- + D, over S in the sense of [23, Def-
inition 7.2.1] and not contained in any component of Dy U---U D,. Let Y = (X, D) (resp.
W = (Z,Z N D)) be the log scheme in SmISmg given by the compactifying log structure
X —D < X (resp. Z—(Z N D) — Z). Let E be the exceptional divisor in Blz(X), and
consider the log scheme (Blz(Y), E), given by the compactifying log structure

Blz(X)—(EUW,U---UW,) = Blz(X),
where W; is the strict transform of D;. For all j, there are fiber sequences
RTRA(WHAj —d}[=2d] — RTA(Y){j} — RTR(Blz(Y). E)){j}

in D(Zp), and similarly for the filtered version, for syntomic cohomology, and for the non-
complete version over a perfectoid.

Remark 3.25 (Comparison with Tang’s Gysin map). In [55, Theorem 1.4], Tang con-
structs a Gysin map in (derived) syntomic cohomology

cycyx: Rlsyn(Y. Zp(j — d))[-2d] — RTgyn(X. Zp())

for Y — X aregular immersion of pure codimension r, via weighted deformation to the normal
cone. We expect this map to agree with our Gysin map gysl;s/y;( when both are defined. We
remark that the argument of [55] does not allow, to the best of our understanding, to identify
the cofiber of cycy, x explicitly.



34 Binda, Lundemo, Merici and Park, Log prisms and motivic sheaves

We can also use motivic methods to compute the prismatic and syntomic cohomology
of Grassmannians. Write Gr(r, n) for the Grassmannian classifying r-dimensional subspaces
of an n-dimensional vector space, defined over Z. We consider Gr(r,n) as a log scheme over
Spec(Z), with trivial log structure. As in [24, §7.4], we let

(3.7 Znd =2ZL[x1,.... %0, Y1, .. yal/(z1,....2n)
with z1, ..., z, satisfying

l+tz1 4+ F+t"zy=Q+txy+--+t"x,) A+ tyr + -+ 1" yp—r).

As aring, it agrees with the singular cohomology of the complex Grassmannian Gr(r, n)(C)
(see [47, Section 6.2] for another description).

Theorem 3.26. Let S € QSyn. Let X be a p-adic log smooth formal scheme over S.
Then there are isomorphisms of bigraded rings, functorial in X,

oL HE (X){0} ®7 Zry — H(Gr(r.n) x X){e},
¢fj},@:FﬂZ' H% (X){o} ®7 Zrn — FilZ* H%(Gr(r,n) x X){e},
o Hion (8. Zp(9)) ®7 Zrn — Hily (Gr(r,n) x &, Zp()).

If § € QSyng with R perfectoid, a similar statement holds for the non-completed prismatic
cohomology relative to R.

Proof. The analogous version with RI" is strict étale local on X, so we may assume
that X is a p-completion of X € ISmg. Then this follows as an immediate consequence of
[24, Theorem 7.4.2], together with the fact that the motivic ring spectra E2 , EFﬂA, EFsYy? are
oriented. m]

Finally, by applying the smooth blow-up formula (2.9) to the aforementioned ring spectra,
we have the following result.

Theorem 3.27 (Blow-up formula). Ler S € QSyn. Let 3 — X be a morphism of p-adic
smooth formal schemes over S such that it is locally the p-completion of a pure codimension-d

closed immersion of smooth schemes over S. Let X' = Blg(X). Then there are equivalences,
Sfunctorial in (X, 3),

RTA(B)j}® @D RTARM) —il[-2i] = RTAE){)}.

o<i<d
Fil>/ RTA(X){j} ® @D Fil>/~ RTA(3){j —i}[-2i] — Fil*>/ RT3 {j}(X),
0o<i<d
RTin(%,Z5(j) & €D RTeyn(3.Zp(j —))[-2i] = RTegn(®, Zp())-
o<i<d

If S € QSyng with R perfectoid, a similar statement holds for the non-completed prismatic
cohomology relative to R.
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4. Saturated descent and crystalline comparison

The goal of this section is to prove that, under certain conditions, Gabber’s cotangent
complex is controlled by the classical, non-logarithmic cotangent complex. In light of the con-
jugate filtration, the same is true for log prismatic cohomology of log quasisyntomic rings over
a perfectoid ring (see Theorem 4.21). Similar descent results are enjoyed by the log de Rham—
Witt complex of [60], and are a key tool in the proof of the crystalline comparison theorems
(Theorems 4.36 and 4.37).

4.1. Saturated descent for the cotangent complex. Fix a prime number p. Recall that,
for any commutative monoid M, we have the p-power map (we will use the additive notation
for monoids in this section) Fps: M — M, x — px.

Definition 4.1. We say that the monoid M is perfect (resp. semiperfect) if Fps is an
isomorphism (resp. if Fjy is surjective).

The two notions admit a relative version given as follows. We write Mt (resp. M b) for
the direct (resp. inverse) limit perfection (see [20, §4.3]).

Definition 4.2 (Relative Frobenius). Let P — M be a map of monoids. Consider the
commutative diagram

PL)P
M —— u® D28

\_/

Fy
where the left square is defined to be cocartesian. Here Fp and Fjs denote the p-Frobenius
endomorphism of P and M respectively (see [51, §1.4.4]). We say that the map P — M is rel-
atively perfect (resp. relatively semiperfect) if the relative Frobenius Fyz/p is an isomorphism
(resp. surjective).

Recall that a monoid M is saturated if it is integral (i.e. M C M#P) and if x € M P and
nx € M forsomen > 0imply x € M. A monoid M is sharp if its neutral element is its unique
invertible element.

Lemma 4.3. Let M be a semiperfect saturated monoid. Then the inclusion M™* — M
is relatively perfect. In particular, if M is a semiperfect sharp saturated monoid, then M is

perfect.
Proof. Let (x,y) and (x’, ") be two elements of M @pr« gy M* = MWD If

Fyyp=(x, ) = Fpyym= (X', )"),

then we have px + y = px’ 4+ y’. This implies p(x — x’) € M*, so x —x’ € M*, since M
is saturated. Hence (x, y) = (x’, y") in M. This shows that Fap/p+ is injective. Since Fyy
is surjective by assumption, Fpz/pr+ is surjective. o
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We now state a key result that will be very useful in the rest of the section. The proof is
the same as [35, Lemma 3.3], but for the sake of completeness, we spell it out in the generality
that we need. Recall [51, Definition 1.4.3.1] that a morphism u: P — Q of integral monoids
is Kummer if it is injective and if, for every ¢ € Q, there exist n € Z* and p € P such that
nq = u(p) (this last condition is also known as being QQ-surjective).

Lemma 4.4. Letu: P — Q be a Kummer map of saturated monoids. Then the map
Q@3 0 — Q0 ®0®/P®, (a,b) > (ab,b)

is an isomorphism of monoids. The left-hand side is the pushout in the category of satu-
rated monoids and (') is the natural map Q — Q& — Q& /PS8, More generally, we have
an isomorphism

(@.1) 0% = 0 @ (g /Per)®!~!
foralld > 1.

Proof. The second part follows from the first by induction on d since
0! = 0 @3 (Q%P17!) = Q B3 (0 ® (Q¥/P)®!72)
= (Q &3 Q) @ (0/Pe)®I~.
We follow [35, Lemma 3.3]. Recall that Q EBjS‘ Q is the submonoid of
(Q &p Q) = 0% Gpw OFF

given by pairs (a, b) such that there is m € N with ma, mb € Q. On the other hand, we see
that Q%P @pw QFP is also a pushout in the category of abelian groups, so there is an isomor-
phism Q& @pew QP ~ QP @ QL /P given by the map (a, b) — (ab, b). In particular, we
have a commutative diagram

(a,b)—>(ab,b)

0 ®p' 0 Q@ Q%/P®

I |

(0 ®p 0)® —— QP @pw QP — = QP @ QP /PP,
(a,b)>(ab,b)
which implies that (4.1) is injective. Let (x,y) € Q & Q¥8P/P#8P; then, since P — Q is Q-
surjective, there is n > 0 such that ny = 0, so n(x, y) = (nx,0), which is in the image of
Q @$' Q, and since it is saturated, we have that (x, y) is also in the image, showing the
surjectivity of (4.1). O

Remark 4.5. If M is p-torsionfree, the map M — M. is always Kummer: indeed,
it is injective, and for all x € My, there is n such that p"x € M; hence the canonical mor-
phism is Q-surjective. Moreover, if M is integral (resp. saturated), then My is also integral
(resp. saturated) by [51, Proposition 1.1.3.6].

Remark 4.6. Let P — O be a map of saturated monoids, and let Z[Q°] be the cosim-
plicial ring given by d +— Z[Q@%d], with the usual Cech differentials. In light of Lemma 4.4,
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following [50, Lemma 3.28], we can rewrite it as

Z[P) -5 210) =% [0 © 0%/ P) = Z[Q & (0% P)32) — -

where the differentials b7': Z[Q & (Q%P/ PeP)®n] 5 Z[0 @ (Q2/ PP)®n+1] are determined
(in multiplicative notation) by

1 1

(x0, Xox| xz_ln-x; J X1, ..., Xp) ifk =0,

b (x9, X1, ...,%p) =
k(xo.x1 ") {(xo,xl,...,xk_l,l,xk,...,xn) if k # 0,

and as above, X denotes the image of xg € Q in Q%P / P&P. By (the proof of) [50, Lemma 3.28],
we have that Z[P] — Z[Q @ (Q2P/P&)®*] is a Z[P]-linear chain homotopy equivalence,
and therefore the same is true for Z[P] — Z[Q°].

The following is a generalization of [20, Corollary 4.13], providing sufficient condi-
tions under which the p-completed log cotangent complex agrees with its non-log (classical)
counterpart.

Proposition 4.7. Let R — (R, P) — (A, M) be pre-log rings with P and M saturated.

(1) If M is semiperfect, the map

i i
/\ La/r — /\ La,my/R

is an equivalence after derived p-completion.

(2) If P is semiperfect, the map

1 l
ALwmnyr = \ L r.p

is an equivalence after derived p-completion.

In particular, if both P and M are semiperfect, the composite map

i i
(/\ LA/R);\ e (/\ ]L(A,M)/(R,P))

A

p

is an equivalence.

Proof. Let M be semiperfect. By derived Nakayama, it is enough to prove that the maps
are equivalences after applying — ®IZ‘ Z/pZ. By Lemma 4.3, we can use [20, Lemma 4.12]
(which is essentially [8, Corollary 7.11]) and obtain equivalences

LF, (m1/F, M+ = L@, 1m1,)/Fp [11+] = 0.
The two transitivity sequences
L, (p+1/E, ®F, FplM] = Ly, (a5, = LE, (4178, (471,

L
Ly, s+, OF, Fp[M] = L, 1m1,m)/F, = L@, [M1,M)/F,[M*]
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induce an equivalence Ly, (p1/F, >~ L(F,[pm],0)/F,- From this, we obtain an equivalence

Loz ®5 Z2/pZ ~ L.z ®5 2/ pZ

since Z[M ] ®Ii 7/ pZ ~ F,[M]. We have a cocartesian square

L
Lzimyz ®zpp A ——— Layr

| l

Lz ®5pn A — Lk
by [19, (3.3)], so we deduce Ly, g ®% Z/pZ ~ La,m)/r ®% Z/pZ; in particular,

L(A,M)/A ®é Z/pZ ~ 0.

Then the transitivity sequence L4/g — LL(4a,m)/R = LL(4,m);4 induces a finite filtration on
N L) /R with graded pieces given by

i J i—Jj
gr/ (/\ ]L(A,M)/R) ~ /\]LA/R ®% /\ La,mya-

By applying — ®IZ 7] pZ, we deduce that gr/ vanishes for j < i, and for j = i, it gives the
first desired equivalence

i i
/\ILA/R ®é 7] pZ =~ /\IL(A,M)/R ®é 7] pZ.
Let now P be semiperfect; consider the transitivity sequence
L(r,)/R ®F A = Lam/r = Lam/r.p)-
By the previous case, we have L (g, p)/r ®L 7/ pZ ~ 0; hence, again by looking at the filtra-
tion on the derived exterior powers, we conclude that

i i
/\Lamyr ®% Z/pL = \Leam) r,py 9% Z/ L.

as required. O

Corollary 4.8. Let ¢: (R, P) — (A, M) be a map of saturated pre-log rings with P
and M semiperfect. Then ¢ is log quasismooth (resp. quasisyntomic) if and only if ¢: R — A
is quasismooth (resp. quasisyntomic).

Proof. Immediate from Proposition 4.7 and the definition of (log) quasismooth (resp.
(log) quasisyntomic); see [20, Definition 4.5] and [14, Definition 4.10 (2), (3)]. D

Let A be the cosimplicial category. Recall that if €® is a monoidal co-category, then
the category of cosimplicial objects Fun(A, €®) is again a monoidal co-category with tensor
product defined levelwise, (4 ® B[l = Alill @ Bl
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Lemma 4.9. Let (A, M) be a pre-log ring with M saturated, and let M — N be
a Kummer map with N saturated. Let N & (*+1) pe the cosimplicial monoid given by the
Cech nerve in the category of saturated monoids of the map M — N. Then

sat sat

L4k, ZIN®i1 ¢+D],NEF ¢+1)/(4,M)

is nullhomotopic, and its cosimplicial limit vanishes in D (A).

Proof. By [19, Proposition 3.8], we have
Lzine).N)/@zimim) = ZINY] ®F (N9)E /M=

forall d > 1. The map M2 — (N%) is the diagonal. From this, we obtain an equivalence

sat sat

(4.2) Lzn@iye+Dy N5 e+ zmm) = ZIN O TV QL (N®ar(e+Dyep / prep

in Fun(A, D(Z[M])), where the tensor product is taken levelwise. We now apply the equiva-
lence N®W9 ~ N @ (N&/M)®4~1 of Lemma 4.4 to obtain an equivalence

(N®ir(e+D)ep /prep ~ (NEP ) prep)e

in Fun(A, O(Z)). The right-hand side is the cosimplicial abelian group
NEP/Mep % NEP/MEP @ NP/ Mep 5? NE /M @ N& /M @ NP/ MP — ...
0id

which is chain homotopic to zero via the map N/ M &P — 0. This implies that the cosimplicial
Z|M ]-module (4.2) is chain homotopic to zero. Base change for the Gabber cotangent complex
provides an equivalence

sat sat

L(a@% ,, ZIN®3; ¢+D],N 57 ¢ +1)/(4,M)

~ A ®Fp ZIN®i D] @F (V@ D) pree
in Fun(A, O (A)). Here A € Fun(A, D(Z[M])) is the constant functor and the tensor product
is taken in Fun(A, D (Z[M])). By the Eilenberg—Zilber theorem, taking the associated double
complex, we have a quasi-isomorphism of double complexes,

0~ A ®12[M] Z[NGB%,(O+1)] ®% (NGB;C}(o-l-l))gP/MgP.

Recall that the homotopy limit of cosimplicial chain complexes agrees with the product total-
ization of the associated double complex by [25, Proposition 4.9], and since the double complex
associated to . ]

A ®é[M] Z[NGBX}(FFI)] ®é (Nea;(}(-wtl))gp/Mgp
is an acyclic right-half plane double complex, by [59, Acyclic Assembly Lemma 2.7.3], we
conclude that

sat sat

ligl(L(A@’Z‘[M]Z[NEBM(‘+1)],N€BM('+”)/(A,M))

sat

~ Tot(A ®F yyy ZIN W TV @L (WO (TD)z/prer) ~ 0,

as required. |
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Lemma 4.10. Let (R, P) — (A, M) be a map of integral pre-log rings with M satu-
rated, and let M — N be a Kummer map of saturated monoids. Then the canonical map

i i
/\Lasnz.py = liin(/\ L(A@’Z[M]Z[NGB??}('Jr”],N@%<°+1>)/(R,P))

is an equivalence.

Proof.  As in [19, Theorem 2.9], the transitivity sequence for the composition
(R,P) — (A, M) — (4 ®Ii[M] Z[N@%’('-H)], N@?ﬁ,(o+1))
gives a cofiber sequence

2N ) 8 Los o)
\

sat sat

L(A@é[M]Z[NEBM(‘+1)],NGBM(‘JFI))/(R,P)

i

sat sat

L(4®% ,  ZIN @3 ¢+, N @57 *+D)/(4,M)
in Fun(A, D(A)). This induces a finite filtration on the cosimplicial complex of A-modules

N L(A@é[M]Z[N@SAa}<'+1>],N®%‘3<°+1>)/(R,p) with jth graded piece

sat

J
g/ = N@IN® DT @00 Loamyr,p)
i—j
®£ /\]IJ(A@%[M]Z[N@;*}(o+1)],Nea;2}(-+l>)/(A,M).
For j <1,
i—j
/\ LA®L , ZIN®F ++ D] N @) D) /(4,0

is nullhomotopic by Lemma 4.9, so we conclude that lima gr/ vanishes as in the proof of
Lemma 4.9, while for j =7, we have

i i
J\LaeL,,, zinei e+ iy ety R, Py > [\ ZIN®M DT R Lamyr.p)-

By Remark 4.6, the map Z[M] — Z[N °] is a homotopy equivalence; hence

sat sat

1
lign/\L(A®12[M]Z[N®M(-+1)],N®M(-+1))/(R,P)
i
~ 1 L easal .+1
~lim /\ Laany/r.p) ®Fpar) ZIN 4 HD),
which is equivalent to /\i La,m)/(R,P), as required. ]
The following definition is inspired by [14, Definition 4.1].

Definition 4.11. Let A be a ring and let C € D(A). We say that C is p-completely
discrete if C ®j A/p € D(A/p) is concentrated in degree 0.
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We remark that if C is p-completely flat in the sense of [14, Definition 4.1 (2)], then it is
p-completely discrete in the above sense.
From Lemma 4.10, we get the following descent result for the cotangent complex.

Theorem 4.12. Let (R, P) — (A, M) be an integral map of integral pre-log rings with
bounded p-power torsion and let M — N be a Kummer map of saturated monoids. Assume
that A ®%[M] Z|N] is p-completely discrete. Then, for all (A, M) — (S, Q), where A — S
is p-completely flat, M — Q integral and injective, and S with bounded p-power torsion, the
natural map

A

i A i
(/\]L(S,Q)/(R,P))p — lim (/\L(S®ZP<M>ZP(NGBSA%‘<m+'>>,Q®MN®SA%<M+”)/<R,P>)

[m]eA P

is an equivalence.

Proof.  Asin [14, Remark 4.9], it is enough to check that the natural map

sat sat

(4.3) L(s/pm,0)/(R,P) — [;i]ng(L(S/p"®Z[M]Z[N@M<m+”],Q@MN@MW”)/(R,P))

is an equivalence for all n. We can thus assume that p is nilpotent in 4, so A — S is flat and
the map

(4.4) A ®F 4 ZIN] > A ®z1ar) ZIN]
is an equivalence. Now, we have, for all ,
S @z ZIN®H D] = § @4 A @z) ZIN] @7 ZI(N® /M) ®9)
s 84 (4 ®Lyy ZIN 5 ZI(VE/ ME)2))
(i_g)S ®£ A ®2[M] Z[Neaj(}‘(dﬂ)])
~ S ®£[M] Z[Neaj:‘}(dﬂ)],

where (1) is (4.4) and the fact that Z[N] is flat over Z and (%2) is Lemma 4.4 together with the
flatness of S over A (remember that now we are assuming that p is nilpotent, so p-completely
flat is flat). Observe that

sat sat

L D (d+1)7 ~ L & (d+1
S ®gpar ZIN®H D] = § @75, Z[0 @y N i@,
so that we may consider the animated pre-log rings
(S ®Fpy ZIN®H AV, 0 @y NOHEHD),
By the transitivity sequence for the composites (R, P) — (S, M) — (S, Q) and

(R, P) — (S @z ZIN @@ +D] Ny
(S ®z(M] Z[Neaﬁ‘}(dﬂ)]’ 0 By N@}é}(d-l-l))’
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we have a commutative diagram

sat

I[J(S,M)/(R,P) — [;1111]12A ]L(S®§[M]Z[N@§a}(m+1)],N®M(’"+1))/(R,P)

sat sat

@5  Leoywe = lm Lsel,, 2N 00 N ) /(R P)

l

sat sat

L¢s,0)/s,M) — [1ir€nA]L(S%[M]Z[N@M<m+”],QeaMN€BM<M+'>),

] /S®2[M]Z[N@§\3}(m+”]

where the top horizontal arrow is an equivalence in light of Lemma 4.10, so it is enough to
check that the bottom horizontal arrow of (4.5) is an equivalence. By [19, Corollary 3.9], we
have the following commutative diagram where the columns are fiber sequences:

sat sat

S ®z O/ M® — [li]m S Qz (0 Gy NOstmtDyep /(NS (m+1))ep
ml]eA

!

L —— Ilim L L @Y (m+1) O (m+1)
4.6) (5:0)/(S.M) mien CEZOOEN M L LoSM NI
/S®F ppZIN®ar (D]

!

1 sat sat
[r}zl]rgA L(S®§[M]Z[N@M(’"+1)]/S®12[M]Z[N®M(m+1)]-

Lsisetnzior = sat

QL N @ im+1),Z[Q®p N®pr M+ D))
The map N®i7@+D . 0 @y, N®i(@+1D i5 constructed as
M @y NEME+D 0 By N @),
with the identity on the second factor, so by Lemma 4.4, we have
(O @ NOni@H+Dyep /(@37 (d+1)yep

sat

~ (O @ (N®ir@d+Dyep/prevy /(o @ N Dir (@+1)yep

=~ (O @ (NP @Dy /(o g N O (@+D)epy /prep
~ O/ P,

so the top horizontal map of (4.6) is an equivalence. Finally, the homotopy pushout diagram

S S ®% 4 Z10]

l |

S ®%[M] Z[Neaﬁi}(dﬂ)] — S ®z[u Z[0] ®é[M] Z[Neaif‘}(dﬂ)]

implies that the map

sat sat

Lsebunziors = [ li]lélA Ls®% \ ZIN®H "+ D1@% @5 (n+1,ZIQ @ N®R1 7+ D]/ s
m ®%[M]Z[N®§ﬁ;(m+l)]
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equals the map
. sat L
LS®IZ‘[M]Z[Q]/S — [r}ll]rélA Z[N®M(m+1)] ®Zm] LS®IZ‘[M]Z[Q]/S-

By Remark 4.6, the map Z[M]| — Z[N 993‘341(”"1)] is a homotopy equivalence, so the map above
is an equivalence. By the transitivity sequences of the compositions

S — S ®F 2101 — S,

sat

S ®%[M] Z[NGBM(d—I—I)] - S ®z[M] Z[0] ®é[M] Z[NGB}&(d-i-l)]
-~ S ®é[M] Z[Neaj;}(dﬁ)]’

we conclude that the bottom horizontal arrow of (4.6) is an equivalence too, so we conclude
that the bottom horizontal arrow of (4.5) is an equivalence too. This concludes the proof. o

Lemma 4.13. Let G be a p-torsionfree abelian group. Then the Frobenius
Fp[G] — Fp[G]
is flat. Hence the induced map Fp |G| — Fp[Gper] is flat.

Proof. Since a colimit of a directed system of flat modules is flat, and since G is the
filtered colimit of its finitely generated subgroups, we may assume that G is finitely generated.
We further reduce to the cases of G = Z and G = Z/n with n prime to p. The claim is clear
for these cases. ]

Example 4.14. Here we give some examples of (4, M) and M — N such that
A ®F 3 ZIN]

is p-completely discrete.
(1) Let R be a ring. Then, for M — N any map of monoids, the following squares are
(homotopy) cocartesian:
7, —— Z[M] —— Z[N]

R —— R[M] —— R][N].
This implies that we have equivalences
R[N] ~ RIM] ®za) ZIN] ~ RIM] ®F 3y Z[N].

In particular, (R[M], M) is such that R ®§[ M] Z|N]has p-complete Tor-amplitude in degree O
foral M — N.

(2) Let (A, M) be a saturated pre-log R-algebra such that M P is p-torsionfree. Then
M — Meir is Kummer and M,,f is saturated, as observed in Remark 4.5. Assume that there
exists a section M — M of the quotient map M — M such that R[M| — A is p-completely
flat, where we write M for M/M* as usual. Then

A/ p @z LIM pert] = A/ p @Ry pp1) R/ P[M pert]
~ A/p ®%, piar R/ P[Mperi] = A/ p @F a7y ZIM pert].
This implies that A ®é[ﬁ] Z[Mperf] is p-completely discrete.
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Assume further that M * is p-torsionfree. We have isomorphisms
A ®%[ﬁ] Z[Mperf] ~A ®Ii[M] Z[Mperf 2] M*],
A ®12[M] Z[Mperf] ~ A ®2[M] Z[Hperf S (M*)perf]-

Together with Lemma 4.13, we deduce that A ®Ii[ M] Z[Mper] is p-completely discrete.
(3) Let (R, N) be the pre-log ring with structure map mo: N — R given by

1 ifr =0,
r ]
0 otherwise.

This factors through a map Npe;f — R. Let (A, M) be a saturated pre-log (R, N)-algebra such
that A is nonzero. Notice that the commutativity of the diagram

N

mo

R

L) M
lm

_9% 4
of monoids implies that the map N — M is injective. Indeed, if r € N such that f(r) =1
inM,then 1l =mf(r) = ¢mo(r),sor = 0.

Let us moreover assume that there exists a section M — M of the quotient map M — M
factoring f such that R ® 7N Z[M] — Ais p-completely flat and that N — M is a saturated
morphism of monoids. Let

M’ := M &N Nperf =~ 111})1 M @&y N.
d® Fy

As it is a filtered colimit of saturated monoids, it is again saturated by [51, Proposition I.1.3.6].
Moreover, we have Méerf ~ Mperf, which is saturated and M’ — Mperf is Kummer by Re-
mark 4.5. Also, the map Nyer — M is injective and saturated since the colimit is filtered, so
by [36, Proposition 4.1], the map Z[Npef] — Z[M'] is flat. Finally, we have

R ®z[N Z[M] = R QZ[Nperr] Z[M],
S0 R ®7[N,.q] Z[M 'l — Ais also p-completely flat. Putting everything together, we have

A/p ®zim) LM pert] = A/ R/ p@ s, 2] R/ P O 2Ny ZIM') ®z(317) ZIM per]

) L L L —
= A/P Bk poty, ,zin) RIP 7N, g ZIM') @731y ZIM per]

~ A/p ®%[M’] Z[Mperf],

where the derived tensors that appear in () follow respectively from the assumption that A

is p-completely flat over R ®zn,,,] Z[M'], from the fact that Z[Nper] - Z[M '] is flat, and

from (1) above. From this, we deduce that A ®Ii[ M) Z[M perf] is p-completely discrete.
Assume further that M * is p-torsionfree. As in (2), using Lemma 4.13, we can deduce

that A ®%[ M@ Nou] Z[Mperf] is p-completely discrete.
per
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4.2. Saturated descent for prismatic cohomology.

Proposition 4.15. Let A be a quasisyntomic ring. For all pre-log rings (A, M) with M
semiperfect, the canonical map A — (A, M) induces an isomorphism

FilZ™ Ay ~ FilZ™ Aam).

Proof. Consider a quasisyntomic cover A — S with S € QRSPerfd. As observed in
Corollary 4.8, (A, M) — (S, M) is a quasisyntomic cover. It thus suffices to check that

Fil" As/r ~ FiIZ" B s,m)/R

for R — S a map with R perfectoid. By the conjugate filtration, it is enough to check it on the
graded pieces, so it is enough to check that the map

i A i A
(/\ LS/R)p - (/\ L(S,M)/R)p

is an equivalence. This follows directly from Proposition 4.7. |

Lemma4.16. Let M be any monoid and let A be p-complete with bounded p°°-torsion.
Then La(my,myja =~ A(M) ®é MEP[0] after derived p-completion. In particular, the map
A — (A(M), M) is log quasisyntomic.

Proof. Since A has bounded p°-torsion and A[M] is a free A-module, A — A(M) is
p-completely faithfully flat by [14, Lemma 4.4], and it is classically p-complete concentrated
in degree zero with bounded p°°-torsion by [14, Lemma 4.7]. By [20, Remark 4.8], we have

Laay.my/a = AM) Qg Liai)an, a
after derived p-completion. On the other hand, by [19, Proposition 3.8], we have

La(m).myja ~ AM) @i (AIM] @7 ME[0]) ~ A(M) &7 M[0]

after derived p-completion. Since A — A(M) is p-completely faithfully flat, A(M ) ®1{; A/p
has p-complete Tor amplitude in degree zero, so

(A(M) @5 M) &% A/p ~ (A(M) ®4 A/ p) @ M®

has Tor amplitude in [—1,0] (as the Tor amplitude of any abelian group is [—1,0]), which
concludes the proof. |

Lemma 4.17. Let (B, P) be a pre-log ring such that B is p-complete with bounded
p-torsion. Let (A, M) € 1QSyn(p p), where M is saturated and M® is p-torsionfree. As-
sume that there is a section M — M of the quotient map M — M factoring P — M, and
let M — No and M &3 No — N be maps of saturated monoids such that the following
conditions hold.

(i) Zp(P) — Zp(No) is p-completely flat.
(i) B @)Zp(p) Zp (M) — A is p-completely flat.
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(i) A @é,,(M) Zp(N) is p-completely discrete.
(iv) Zp(M @nr No) — Zp(N) is p-completely flat.
Then (A ®z,(m) Zp(N).N) € 1QSyn(g py.

Proof. By (i), we have that B — B ®Z,,( p) Zp(No) is p-completely flat, so the latter
has bounded p®°-torsion by [14, Corollary 4.8 (1)]. Moreover, by (ii) and (iv), the compos-
itemap B ®z,,(py Zp(No) = A ®z, 1) Zp(No) = A ®z,(my Zp(N) is p-completely flat,
so A ®Zp( M) Zp(N) has bounded p>°-torsion. By p-completing the sequence of [19, Corol-
lary 3.10] and by [20, Remark 4.8], we obtain a cofiber sequence of the form

AL
A®z, (M®); — Lamyz,)y = Lasz,m)p-

Since (4, M) € 1QSyn(p p), (L4, M)/Z,,)p has p- ciomplete Tor amplitude [—1,0] in D(A),
and since M P is p-torsionfree, the A-module A ®Z (M gp)’\ is p-completely flat. We con-
clude that L4,z (s has p Ach)mpleEed Tor amphtude [—1,0] in D(A). Thus Athe same holds
for the pushout L4,z,(m) ®4 (A ®z,(m) Zp(N)) along the map A — A ®z,(m) Zp(N)
by [14, Lemma 4.5]. By condition (iii) and base change for the cotangent complex, this is
equivalent to IL 487,y Zp(N)/Zp(N)- Using the cofiber sequence

A ~L
(A®z, ) Lp(N)) ®z, (N) = L&, ) Zp(NVNY/Zp —> L&z, 1y Zp(N)/Zp(N)»

we find that
L&z, 2,(N).N)/2,
has p-complete Tor amplitude [—1, 0] in D (A ®Z,)( M) LZp(N)). m]

Remark 4.18. If M is sharp and saturated, then M#P is torsionfree by [51, Proposi-
tion I.1.3.5 (2)].

Remark 4.19. Let (A, M) € 1QSyn. Then there exists a log quasisyntomic cover
(A, M) — (S, Q) with (S, Q) € IQRSPerfd

such that A — § is a quasisyntomic cover and M — Q is integral. Indeed, if (S, Q) is cho-
sen as in [20, proof of Proposition 4.15], then A — S (resp. M — Q) is a pushout of some
quasisyntomic cover F' — F (resp. integral map of integral monoids P — Px).

Lemma 4.20. Let (R, P) be a pre-log ring with R perfectoid and P semiperfect, valua-
tive. Let (A, M) € 1QSyn(g py, where M is saturated and M#" is p- -torsionfree, and P — M
exact. Assume that there is a section M — M of the quotient map M — M factoring P — M
such that R ®Z (P) Zp( ) — A is p-completely flat. Let M — Ny andM @®ar No — N be
maps of saturated monoids such that No and N are semiperfect, A ® r(Mm) R(N) is p-com-
pletely discrete, and Z,{M ®a1 No) — Zp(N) is p-completely flat. Assume also that the map
M — Ny is exact and the induced map M — N is Kummer. Then the natural ¢-equivariant
map of Exo-rings,

Aa,m)/R = liin(A(AQADR(M)R(N@ﬁ\a}(‘“)) N®F(e+D)/R),

is an equivalence, compatible with the Nygaard filtrations.
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Proof.  The map is one of E-rings, so it is enough to show that the map is an equiv-
alence of objects of D(A), as the forgetful functor from E-rings is conservative. We again
write N® for N®» (¢+1D o shorten the notation. Since P — M and M — Ny are exact, the
composite P — Ny is exact. Since P is valuative, it is local by [51, Proposition 1.4.2.1], and
so the map Z[P] — Z[Ny] is flat by [51, Propositions 1.4.6.3 (5) and 1.4.6.7]. Combining this
with the assumptions, we conclude by Lemma 4.17 that (4 ®R(M) R(N),N) € 1QSyn(g p).
Since N is saturated and semiperfect, Corollary 4.8 implies that A ® R(M) R(N) is quasisyn-
tomic. By Remark 4.19 and quasisyntomic descent [20, Theorem 4.22 and §7.4], it is enough to
show that, for (4, M) — (S, Q) a log quasisyntomic cover with (S, Q) € IQRSPerfdg such
that A — S is a quasisyntomic cover and M — Q is integral, the map

(4.7) Fil" As.0)/r — lim(Fil" D (S& riasy RIN®),0@0 N*)/R)

is an equivalence. By Lemma 4.4, we have N¢ ~ N @ (N2 /M&)®4-1 which induces an
isomorphism R(N?) ~ R(N) ® g R((N&/M&)®4=1) We thus have

A®primy RINYY = (A Brary R(N)) ®g R((NE/MeP)BI—Ty

which is quasisyntomic over R{(N&/M&)4=1) by [14, Lemma 4.16 (2)]. In particular, it is
quasisyntomic over R by Lemma 4.16.

Since 4 — S is a quasisyntomic cover, S ® R(M) R(N 4y is quasisyntomic again by [14,
Lemma 4.16 (2)]. Since (S, Q) € IQRSPerfdp (see [20, Definition 4.7]), then S/ p and Q are
semiperfect, and N% =~ N @ (N&/Me)®4=1 s semiperfect since N is semiperfect by as-
sumption, so N &P is also semiperfect. This implies that R(N d) is quasiregular semiperfectoid.
Thus S ®R(M) R(N?)/pand Q &y N¢ are semiperfect, so that

(S ®rpmy RIN?), O @y N?) € IQRSPerfdy .

By [20, Proposition 7.4], we are reduced to check (4.7) on the finite filtration of the graded
pieces of Fﬂ;". That is, we are reduced to checking that the map

A

i i
(/\ ]L(S,Q)/R); - ligﬂ(/\ L(S®R<M>R<N'>,Q@MN->/R)

is an equivalence for all i. But this is precisely Theorem 4.12. ]

p

Theorem 4.21. Let B be a p-complete ring with bounded p°°-torsion and consider
(A, M) €1QSyng, where M is saturated and M P is p-torsionfree. Assume that there exists
a section M — M of the quotient map M — M such that B{(M) — A is p-completely flat.
Then there is a ¢p-equivariant equivalence of E so-rings,

(4.8) @(A,M) o~ lign(AAéB(M)B(Mf;?}(.—F”)),

compatible with the Nygaard filtrations.

Proof. 1%8 observed in Example 4.14, M — M, is a Kummer map of saturated mo-
noids and A @Z[ ] Z[Mperi] is p-completely discrete. Furthermore, Lemma 4.13 implies that
Zp(M @8 M pert) — Zp(Mpert) is p-completely flat. By Lemma 4.17, since P = triv in this
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case, (A ® B(M) B{(Mpert), Mpert) € 1QSyng. As in the proof of Lemma 4.20, we consider
(A, M) — (S, Q) a log quasisyntomic cover with (S, Q) € IQRSPerfd and let R — S be
a map with R perfectoid. Then we have an equivalence (4.7),

~ ~ 1 ~ N sat 1 sat 1
b(s,0)/R = NN(L (S8 roany RMped? ). 0@p Mg )/ R):

compatibly with the Nygaard filtration, which by quasisyntomic descent gives an equivalence

A ~ Lim( A 45 O (1), o DL (o+1)
Ay = HMCAAB s (ary B )My} 0)).-

By Proposition 4.15, we have

N O m+1), . B m+D ~ A 5 DY (m+1)
A(A®B(1u>BUuperg‘/[ " )’Mper?/[ " ) = AA@B(M)B(Mpergu " )
sat
. 1. . .
for all m € A, noting that each M;‘;’l‘f (m+1) is saturated (by construction) and semiperfect.
This concludes the proof. O

Example 4.22. Let X be a log smooth formal scheme over B, where B is a noetherian
p-complete ring with bounded p®°-torsion. Then, by [51, Theorems II1.2.5.5 and 1V.3.3.3],
étale locally on X, there is a chart (Spec(A), My), neat at a point x with M sharp and sat-
urated (see Remark 4.35 later) and B[My] — A flat. Furthermore, working again locally, by
[56, Lemma 1.3.3], we may also assume that M := I'(¥X, Mx) is a chart of X and the compos-
ite My — M — M is surjective. The composite My — M — ﬂx, x 18 an isomorphism since
the chart is neat at x (see [51, Definition I1.2.3.1 (2) (b)]), so we have My =~ M. In particular,
locally, X satisfies the condition in Theorem 4.21.

Remark 4.23. Notice that the right-hand side of (4.8) is the non-logarithmic Nygaard-
completed prismatic cohomology, but the system is not a Cech nerve as the product is different!

Remark 4.24. A similar descent result has been proved in [38] for the Kummer étale
cohomology with p inverted. In particular, one could deduce a comparison between syntomic
and Kummer étale cohomology. We leave this to future work.

We finish by proving saturated descent for the non-completed version of prismatic co-
homology. Let R be a perfectoid ring and denote again by A, p the non-Nygaard-complete
prismatic cohomology of Construction 3.13.

Corollary 4.25. Let R be a perfectoid ring and let (A, M) € 1QSyng, where M is
saturated and M is p-torsionfree. Assume that there exists a section M — M of the quotient
map M — M such that B(M) — A is p-completely flat. Then there are an equivalence

~ 1 S5y (m+1)
L§2(4a,m)/R = oim, LR A® popry RIMOM V) /R
of Eso-rings, and a ¢-equivariant equivalence
ADC ~ i O m+1)
DCamy/R = [,}ll]rélA AA®2p<M>Zp(Mperf~” )/R

of Exo-rings, where the right-hand side is the prismatic cohomology of [15].
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Proof. 'We begin by proving the statement for derived (log) de Rham cohomology.

Since L£2(4,m)/R 1s p-complete (by definition), it is enough to check that the canonical
map to the limit is an equivalence modulo p. Let FllCOnJ LQ_ /g QL 7 2/ pZ denote as in [14,
Example 5.12] the conjugate filtration (see [8]; the definition is identical to the non-log case,
and simply follows from the existence of a canonical filtration on the homotopy colimit of
a simplicial cosimplicial A-module). We have Filc_oi1J LQ_ /R ®é 7/ pZ = 0, and the filtration
18 exhaustive, that is,

li_r)nFilflonj LQ g ®572/pZ ~ LQ_ g ®% 2/ pZ.
n

Moreover, we have an identification grf,onjLQ_ /R ®é 7] pZ ~ N"(L_ /R[] ®é 7] pZ.
By Proposition 4.7 and Theorem 4.12, we deduce by induction that, for all n,

Fils™ LQ4.0)/R ®F 2/ pZ ~ Jim Fils™ L 4 pury RIMEM "0y r @F 7./ .

perf

Since A @ p(m) R(Mrfrj%t (m-+1)

Fily™ LQ A g an) RIMEN V) R ®F L/ pT

) is quasisyntomic for all m by Lemma 4.17, we have that

takes value in D=1 for all n, as each IL_,r has p-completed Tor amplitude [—1,0]: this
implies that, in this case, the direct product totalization coincides with the direct sum totaliza-
tion (as in each cosimplicial degree, there are only finitely many terms), and since the direct
sum totalization commutes with filtered colimits, we conclude.
For the second isomorphism, we use the fact that Are X/ g 1s §-complete, so it is enough to
check that the natural map
Sy (m+1), @Y m+1)
Apy ik~ ol Btop a2 M ") g S
is an equivalence modulo &, thus reducing to the case of L2. One only needs to notice that,
since Mt is perfect, we have

&% m+1),

&y (m+1) B (m+1), ~
M M ) AA®Zp(/\4)Z17<Mperf )

A(A®Zp(/\/l)ZP( perf ) M perf

This can also be checked by working modulo £, reducing the statement to derived de Rham
cohomology, and then to the cotangent complex as before. Finally, the fact that (non-logarith-
mic) Are ™ g agrees with A_, 4, (r) is the content of [15, Theorem 13.1]. |

4.3. Saturated descent for de Rham—Witt cohomology and comparison. For this
subsection, we assume that k is a perfect field equipped with an fs log structure P. Let (4, M)
be an object of ISm py with P — M saturated (or equivalently, by [51, Corollary I11.2.5.4],
(k, P) — (A, M) is of log-Cartier type). The log de Rham-Witt complex W24 ar)/(k,P) 18
equipped with the Nygaard filtration

pimily wQi
wQ4

AM)/kpy T4 <1,

(FilS" W (4,01)/(k,P))? = { . .
ifg > 1.

(4,M)/(k,P)

By [12, Proposition 8.2.1], since W24 a)/(k,p) 18 a saturated Dieudonné complex by [60,
Lemma 7.5], there is an isomorphism

(4.9) W)/ k.P)) = = (WQaM)/(k.P) / D)
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Remark 4.26. As we will only be interested in the case of log smooth algebras of log-
Cartier type, we will not use here the de Rham—Witt complex constructed in [60], but just
the fact that (4.9) holds for the usual log de Rham—Witt complex. We note that there is a gap
in [60, Lemma A.1], as shown in Tsuji’s counterexample in [1, Section 3.6]. However, this
lemma is only used in the globalization construction of the saturated de Rham—Witt complex;
therefore, it does not affect the validity of [60, Lemma 7.5].

Recall from [19, §2.10] that the category Poly py is defined as the category of poly-
nomial pre-log rings over (k, P). The objects are defined to be the free pre-log algebras:
concretely, they are given as polynomial rings (k[T711s], P @ N7), where I and J are finite
sets and N/ is the pre-log structure sending the standard basis element ¢; € [lie; N toT; (see
[20, §2.2]): by construction, if (4, M) € Poly p), then it is log smooth and saturated.

By left Kan extension from Poly p), we construct the derived de Rham-Witt com-
plex with its Nygaard filtration on animated pre-log (k, P)-algebras similarly to [12, Con-
struction 9.2.5], so gr’}v LWk, p) has a finite conjugate filtration with graded pieces
N L/ k,p)- We immediately deduce the following result.

Proposition 4.27.  Let (A, M) be a quasisyntomic (k, P)-algebra with M, P saturated
and semiperfect. Then we have Fil%l LWRa, M)k, P) = Filﬁl LWy k.

Proof.  As in Proposition 4.15, we reduce to the graded pieces and deduce the result
from Proposition 4.7. m

Let L/W\Q(_) /(k,p) be the Nygaard completion of L W)/, p). By reducing to the
filtrations in the usual way, (L W)/, P). Filﬁ') is a quasisyntomic sheaf. The following is
analogous to Lemma 4.20.

Lemma 4.28. Let (A, M) be a quasisyntomic saturated (k, P)-algebra and let M — N
be a Kummer map of saturated monoids such that N is semiperfect and A ®II€‘[ M] k[N] is
discrete. Consider the Cech nerve N ®i1(¢+1) of M — N in the category of saturated monoids.
Then the natural ¢-equivariant map of Eso-rings,

LW M)/, py = HM(L WG p k[N @5 +DLN O +D) /e, P))
is an equivalence and compatible with the Nygaard filtrations.

Proof. By reducing to the finite filtration of gré\, m( A,M)/(k,P)- it boils down to the
equivalence (4.3). O

Then the proof of the saturated descent follows immediately as in Theorem 4.21.

Theorem 4.29. Let k be a perfect field and let (A, M) € 1QSyny, where M is saturated
and M® is p-torsionfree. Assume that there is a section M — M of the quotient map M — M
such that k[M]| — A is flat. Then there is a ¢p-equivariant equivalence of Eso-rings,

LW a7k = lim(L W Agy (ark MM 01 1),

compatible with the Nygaard filtration. ]
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We are now ready to prove our crystalline comparison results. We first deduce the com-
parison with P = triv.

Theorem 4.30. Let (A, M) € 1QSyny, where M is saturated and M ®P is p-torsionfree.
Assume that there exists a section M — M of the quotient map M — M such that k[M] — A
is flat. Then there is a ¢p-equivariant equivalence of filtered E~o-rings,

(4.10) L/\N\Q(A,M)/k ~ A a,m).

lifting the equivalence ﬁ( AM)/§ > LG (4,M)/ k- This equivalence is functorial among maps
(A, M) — (A',M") € 1QSyny and (A’, M) as above.

Proof. By [14, Theorem 8.17] (see also [42, Theorem 9.1]), for every A quasisyntomic
over k (with trivial log structure), there are functorial isomorphisms of filtered Eoo-rings,

AA il L/\V\QA/](,
in D(Zp). By Theorems 4.21 and 4.29, since

esat +1
A ®k[M] k[Mper%/[(m )] S lQSynk

by Lemma 4.17, the result follows from the equivalence

A O+, ~ T WC B (m+1)
AA@k[M]k[Mperfy[ 1= LWQA@k[M]k[Mpe,fVI ]

Meajf‘}(-ﬂ)] is.

in D (Zp), which is functorial since the resolution A — A Qg ar] k| perf

Moreover, we also deduce the following interesting comparison in case P = N, i.e.
(k, N) is the standard log point.

Theorem 4.31. Let (A, M) € 1QSyn ), where M is saturated and M #P is p-torsion-
free. Assume that there is a section M — M of M — M factoring N — M such that

k ®k[N] k[ﬁ] — A
is flat. If N — M is saturated, then there is a ¢p-equivariant equivalence
LWRa,m)/6N) = LWE (4, M@0 Nper) [k = L(AMONNper)-

This equivalence is functorial among maps (A, M) — (A", M) € 1QSyn i ) and (A', M) as
above.

Proof. By Example 4.14 (3), we have
(A, M SN Nperf) = (A, M) ®6€,N) (k, Nperf),
so since the map N — k factors through Np,f, we have

Lca,m) /e, Ny = L4, M@ n Nyert) / (kNpert) == (4, M S Nyert) / K
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where the last equivalence follows from [20, Corollary 4.13]. Then the first equivalence follows

from the conjugate filtration. By Example 4.14 (3), we have that A ®]I;[ M@ Noor] k[Mpert] is
pel

discrete, so by Lemma 4.28 and Proposition 4.7, we have

— ~ 13 P—— N @52 (o1) @5 (o 1)
LW (4, M @ Nyert) / (k- Npert) = hin(L W 481y, kM 1B ) kN
~ lim(L W45 DY (e+1)
~ Hm(L W A8k (010 e KMy D/ K-
©H(e+1)

where the cosimplicial monoid given by the saturated Cech nerve Mperf is computed
relative to the map Q := M &N Nperr — Mperr. Moreover, by [51, Proposition 1.4.2.1 (6)], the

map Nperr — M ®N Npert is exact. Finally, by direct computation, we have
I\Iperf = Z[I/Poo]zo C Z[l/Poo] = (Nperf)gp,

so it is sharp and valuative (in particular p-torsionfree as observed in Remark 4.18). We
now check that (M @©n Npe)® is p-torsionfree. Since N — M is injective as observed in
Example 4.14 (iii), we have an exact sequence

0— (Nperf)gp - (M SN Nperf)gp - Mgp/Z — 0,

50 (M @®N Nperf)®P is p-torsionfree if and only if M*®P/7Z is p-torsionfree. Let M* € M be
the group of units: it is also p-torsionfree, and let M := M/M*. Let x € M such that
nx = 0 in M. Then nx comes from M*, and since M is saturated, x comes from M, and
x + (n — 1)x 4+ (=nx) = 0, so x comes from M *; therefore, Z — M is also injective and
we have an exact sequence

0> M*—> M®/7 - M®/7 — 0.

By [51, Proposition 1.4.8.8], the map N — ‘M is saturated; therefore, since we assumed M fine,
by [51, Proposition 1.4.8.11]¥, we have that M2 /Z is torsionfree, so M 2P/Z is p-torsionfree
since M* C M#P is p-torsionfree: this implies that (M @n Nperr)®P is p-torsionfree.

By Lemma 4.20 and Proposition 4.15, we have equivalences

sat
| M EBEHD)

D (e +1)
]k[M P perf

A(1‘151‘4651\11\Iper1‘) = hi‘n(A(Aék[M@NN perf

perf.

sat 1
KMEB D)),

B ligpl(AA@k[M@NN perf

per

From this, we obtain an isomorphism of simplicial Z,-modules,

~ sat (o ~ — N sat (o
AA@k[M@NNperf]k[Mpejer( +1)] ~ L WQA@k[M@NNperf]k[Mpe:er( +1)]/k7
by [14, Theorem 8.17]. Functoriality follows from the resolution
@Sﬁl(._’_l)
A - A ®k[M®N Nperf] k[MpeI‘? ]
being functorial. 0

3 1In the statement of [51, Proposition 1.4.8.11], we take the face G to be zero. As the proof shows, the
finiteness assumption in the statement is not necessary.
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We now aim for variants of the crystalline comparison. For this, we restrict to the case
of (A, M) € 1Sm py with P — M saturated. Notice that, on W4 ar)/(k, P)» the Nygaard
filtration is clearly complete as p'~9=1V WQ? AM)/(k.P) vanishes for i >> 0. In particular, the
map of filtered E-rings,

LW a,my/k,p) = W4, M)/ (k,P)

induced by any choice of a polynomial resolution of (A, M) factors through L/W\Q( A,M)/(k,P)-
In fact, we have the following.

Lemma4.32. Let (A, M) € 1Sm pywith P — M saturated. Then the canonical map

LWQa,m)/6,P) = WMk, P)

is an equivalence of complete filtered E o -rings.

Proof. 1t is enough to check it on the graded pieces of the conjugate filtration: in that
case, it is the map

1
A\ Lasn) ae.py = Qannw.py

By [19, Proposition 4.6], since (k, P) — (A, M) is log smooth and integral by hypothesis, we
have L4, pm)/(k,P) = Q%A M)/ (k. Py SO the claim follows. O

Lemma 4.33. Let X be a noetherian fs log scheme over Iy, such that X is reduced.
Then I'(X, Mx)®P is p-torsionfree.

Proof. We set M := I'(X, Mx). We can work strict étale locally on X, so we may
assume that X is an affine scheme Spec(A) and the quotient map M — M admits a section
M — M by [56, Lemma 1.3.3]. Since M®P is torsionfree by [51, Proposition I1.1.3.5 (2)], it
suffices to show that M* =~ A* is p-torsionfree. If x € A* satisfies x? = 1, then we have
(x —1)? = 0. Since A is reduced, we have x = 1. Hence A* is p-torsionfree. |

For a noetherian pre-log ring (R, P) such that P is fine and saturated and the induced
map P — I['(Spec(R, P), Mspec(r, p)) 18 an isomorphism, let lSmf‘g’ P) be the full subcategory
of ISm(g, p) spanned by those X such that X is affine and I"(X, M) is a chart for X.

By [19, Proposition 7.7], ISm‘(*g! P) is equivalent to the opposite category of the full sub-
category of pre-log (R, P)-algebras spanned by those objects (A, M) such that Spec(A, M)
is log smooth over Spec(R, P), the induced map M — I'(Spec(A4, M), Mspec(4,m)) is an
isomorphism, and M is fine and saturated.

Lemma 4.34. With the above notation, let € be an co-category with limits. There is an
equivalence of co-categories,

Shve(ISm(R py, €) = Shv(ISm(g, p). €).

The same holds for any basis 8B for the strict étale topology on ISm?Ifzf, Py
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Proof. By [56, Lemmas 1.3.2, 1.3.3], ISm/(*IfQf P) is a basis for the strict étale topology on
ISm(g, py. Hence [5, Corollary A.8] implies that we have an equivalence of co-categories,

Shvg (B, Spe) =~ Shvg (1ISmg p), Spe),

where Spc denotes the co-category of spaces. Use [40, Proposition 1.3.1.7] to conclude. O

Remark 4.35. Let R be anoetherian ring, let P be an fs sharp monoid, and let (R, P) be
the standard log base with P — R the zero map. Write again ISm(g p) for the category of log
smooth and separated fs log schemes of finite type over (R, P). Let X € ISm(g, p) and assume
that X — Spec(R, P) is saturated. By [51, Theorem IV.3.3.1 (3)], for every geometric point x
of X, there are an étale neighborhood X and a chart P — Q neat at x. Since f is saturated,
P — Q is saturated too. By [51, Remark I1.2.4.5], Q is a chart neat at x. In particular, O
is sharp. Furthermore, by [56, Lemma 1.3.3], we may also assume that M := F(f, MZF) is
achart of X and the composite Q — M — M is surjective. The composite O — M — ﬂx, x
is an isomorphism since the chart Q is neat at x, so we have Q = M. Furthermore, M 2P is
p-torsionfree by Lemma 4.33. In particular, we can globalize Theorems 4.30 and 4.31.

Theorem 4.36. For all X € 1Smi yiy), we have an equivalence
4.11) RTA(X/k) >~ Rlcrys(X/W(k)).

of filtered E~o-rings that depends functorially on X .

Proof. In light of Lemma 4.34 and Remark 4.35, we only need to construct a natural
equivalence

4.12) RT A (Spec(A, M)/ k) ~ RT¢ys(Spec(A, M)/ W(k))

for X = Spec(4, M) € lSm?,fka), where M is saturated and M P is p-torsionfree such that
M = I'(X, My) and that there is a section M — M of the quotient map M — M such that
k[M] — A is flat. Note that we only require that (4.12) is natural in (4, M) and not in M. So
we conclude by combining Theorem 4.30, Lemma 4.32, and quasisyntomic descent. O

Theorem 4.37. Forall X € ISm ) with X reduced, we have an equivalence
(4-13) RF@ ((X’ oX ON Nperf)/k) = chrys (X/ W(k, N))

of filtered E o -rings that depends functorially on X.

Proof.  Since N is valuative, the map X — Spec(k, N) is integral, and it is saturated if
and only if X is reduced by [57, Theorem I1.4.2], so we deduce that X — Spec(k, N) is satu-
rated. Then, by [51, Proposition 1.4.7.5 and Theorem II1.2.2.7], the morphism is also s-integral.
As before, we only need to construct a natural equivalence (4.13) for

X = Spec(4, M) € 1Sm{" <o)

where M is saturated and M #P is p-torsionfree such that M =~ I'(X, My) and that there is a
section M — M of the quotient map M — M factoring N — M such that k ®k[N] k[M]— A
is flat. So we conclude again by combining Theorem 4.31, Lemma 4.32, and quasisyntomic
descent. m)
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Remark 4.38. As observed in [11, Warning 4.6.2], the equivalences (4.11) and (4.13)
are not W(k)-linear. Indeed, the maps are F-semilinear, inducing equivalences
F*RTA(X) =~ RTcrys(X/ W(k)),
F*Rri (X X (k,N) Spec(k, I\Iperf)) = chryS(X/ W(k’ N))

in D(W(k)).
4.4. Motivic crystalline comparison.

Theorem 4.39. When restricted to SmlSmy, the equivalence (4.10) induces a Zp-linear
equivalence

~

E2 ~ E  in logDA(k, Zp)

of oriented ring spectra, which becomes W (k)-linear after twisting with Frobenius,
F*E% ~ E™  in logD Ak, W(k)).

Proof.  As recalled for example in [11, Example 2.6.4], since the base has characteris-
tic p, the Breuil-Kisin twist is canonically trivialized, so the graded commutative monoid in
log DA (k, W(k)) given by the collection {RT'A(—){i}}iez is equivalent to the (constant)
graded commutative monoid { R["'A (—)}. This implies that the equivalence (4.11) induces an
equivalence of constant graded commutative monoids, so by Proposition 2.16, it is enough to
show that, for all X € SmISmy, the following diagram commutes in logD A (k, Z p):

Z,(P') —£ RTZ(-)

%} lm

RFcrys (_) .

In fact, cx is induced by the prismatic Chern class clX (O(1)) and c¢ys is induced by the
crystalline Chern class cirys((D(l)): then the result follows from [11, Proposition 7.5.5].
To get the second equivalence, just notice that the prismatic Chern class factors through

. . can .
RTgyn(—) — Fil§ RTA (=) — RTA(-);

in particular, it factors through the F-semilinear map Filil RTA(—) = RT 2 (—): this implies
that there is a commutative diagram in logD A (k, W (k)),

W(k)(P') —25 F*RTZ(-)

&) lF*Vﬁ

R 1_‘crys (-);
then the result is clear. |
Remark 4.40. This implies that the prismatic Gysin map of Theorem 3.22 agrees with

the crystalline Gysin map of [32] (up to F*), as both agree with the sequence induced by
homotopy purity (see [45, (4.5.2)]).
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5. A log Segal conjecture

Let k be a field of characteristic p. In this section, we will prove an analogue of [14, Cor-
ollary 8.18] in the log setting, which is needed to define the Breuil-Kisin cohomology. First,
we prove a statement for pre-log algebras over (k, triv), which is independent of the saturated
descent of the previous section. To simplify the notation, we will write THH, TC™, and TP for
their respective p-completed versions.

By [14, Proposition 6.3], we have a commutative square of graded rings with vertical
isomorphisms
¢

7« TC™ (k) s TP(k)
Zplu,v]/(uv — p) U0 po | Zp[o,o_l].

¢-linear

As observed in the proof of [14, Proposition 6.4], for all T-equivariant THH(k)-modules ¥,
we have a natural equivalence

F'T ®c—@) THH(k) ~ 7.
For a pre-log k-algebra (A, M), we apply this equivalence to
¥ =THH(A, M) and ¥ = THH(A, M)'C»

to obtain a commutative square with vertical equivalences

TC= (A, M)/v -5 TP(A. M)/p

:l |=

THH(A, M) %> THH(A, M)C>.

The equivalence THH(A, M)*C» ~ TP(A, M)/ p is compatible with the motivic filtrations
of [20, Proposition 7.5] by checking on log quasiregular semiperfect k-algebras, so it gives
equivalences
gr' THH(A, M) ~ gri TC (A, M) /v
~ Filg" Ay /v[2i]
~ gry Beaan[2i],
(5.1) gr! THH(A, M) ~ o' TP(4, M)/p
~ b (a,m)/pl2i]
~ LQa,m)/kl21],

where the last equivalences are stated in [20, §7.2], analogous to [14, Theorem 7.2] for the
non-log case.

Proposition 5.1. For all i € 7, the above map gives an equivalence of sheaves of
spectra on 1Sm(k), . .
gr' THH(-) ~ (z='Q)[2i].
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Moreover, under this equivalence, the map ¢: gr' THH(—) — gr! THH(—)!C” is the natural
map (t='Q)[2i] — Q[2i]. In particular, for all (A, M) € 1Sm(k), the map

¢: THH(A, M) — THH(A, M )*¢»

is an equivalence in degrees at least dim(A).

Proof. By the conjugate filtration, gr' THH(—) lives naturally in logD A (k, Z p) (via
the Dold—Kan correspondence). Composing (5.1) with the map

¢: gr' THH(—) — gr' THH(—)'¢7,

we obtain a map .
gI‘l THH(—) — Q(_)/k[Zi]

of objects of logD A (k, Z p). Let X € 1Smy be connected: by [14, Corollary 8.18], the result
holds if X has trivial log structure; in particular, if ny is the generic point of X, we have
gr! THH(ny) =~ (¢= 24y )[2i]. This implies that gr’ THH[—2i] is generically (—i )-connective,
so by [21, Corollary 4.6], we conclude that gr' THH[—2i] is (—i )-connective for the homotopy
t-structure of logD A (k); in particular, ¢[—2i] factors as

gr! THH(—)[—2i] o] gr’ THH(-)"“r[-2i]
\1/,) /
t>—; gt THH(—) €7 [-2i].

To conclude, it is enough to check that v is an equivalence, and again by [21, Corollary 4.6],
it is enough to check it on (nx, triv), which follows again from [14, Corollary 8.18]. |

Let us now move to the case of algebras over the log point (k, N). Here, let (S, N) be
the pre-log ring spectrum given by the quotient map S[N] — S: then if (A4, M) is a pre-log
(k, N)-algebra, we have an induced map of pre-log ring spectra (S, N) — (A4, M). Recall that,
in light of [20, Remark 8.5], the spherical log point (S, N) is a log cyclotomic base in the sense
of [20, Definition 8.3].

Proposition 5.2. For every saturated log smooth map (k,N) — (A, M) of fs pre-log
rings, we have a natural equivalence

gr' THH((A. M)/(S.N)) = (t' Qa,my/ k.3 [21].
Moreover, under this equivalence, the map
¢:gr' THH((A. M)/(S.N)) — @' THH((4, M)/(S.N))'”
is the natural map ffiQ(A,M)/(k,N) — 4, M)/ (k,N)- In particular;, the map
¢: THH((A, M)/(S,N)) — THH((4, M)/(S, N))'“

is an equivalence in degrees > 0.
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Proof. The claim is étale local on A. Hence, by [36, Theorem 3.5], we may assume that
(i) N — M is injective and saturated,
(i) k QxNy k[M] — Ais étale.

Recall that
THH((A, M)/(S,N)) >~ THH((A, M)) ®uu(s,N) S

is an equivalence of cyclotomic spectra, since (S, N) is a log cyclotomic base. Consider the
pre-log ring (A, M ®n Npert) = (4, M) ®{7<,N) (k, Nper) as in the proof of Theorem 4.31.
Then we have an equivalence

THH(A, M &N Nperf) ~ THH(A, M) ®THH(k,N) THH(k, Nperf)
of cyclotomic spectra. We shall now argue that there is an equivalence of cyclotomic spectra
(52) THH(A, M &N Nperr) — THH((4, M)/ (S, N)).

For this, consider the commutative diagram

THH(S, N) —> THH(S. Nperr) S

l | |

THH(k, N) EE— THH(]Q Nperf) EE— THH((k’ Nperf)/(S’ Nperf))

I ! !

THH(A, M) — THH(A, M &y Npert) —> THH((A, M)/(S.N))

in which every square is defined to be cocartesian. The identification of the lower right-hand
corner is a consequence of the outer square being cocartesian. Since both k and N are
perfect, the canonical map THH(k) — THH(k, Npef) is an equivalence (this follows from
[20, Corollary 4.13, Proposition 7.3] by reduction to the corresponding statement for the cotan-
gent complex), and the canonical map THH(k) — THH((k, Nperr)/ (S, Nperr)) is also an equiv-
alence since (S, Nperr) — (k, Nperr) is strict. It follows that the map

THH(k’ Npel‘f) - THH((k, Nperf)/(Sv Nperf))

is an equivalence, and thus also the map THH(A, M ©N Nperr) — THH((A, M)/ (S, N)) is
an equivalence of cyclotomic spectra. The latter of these is (5.2).
By (5.1) and Theorem 4.31, we have an equivalence

grly THH((A, M)/(S, N)*? ~ WQ(ua1)/k.N) / PL21] 2 Q) ey [2i]
and the induced map gr’ THH((4, M)/(S,N) — Q4,M)/(k,N)[21] factors via the isomor-
phism
! THH((A, M)/(S.N)) 2 grly A (s MmNy = T Q)N 121]
of (4.9). Finally, the map
gl‘i TC_(A, M DN Nperf) —> gri TP(A, M DN Nperf)

agrees with the inclusion Filﬁi W4, M)k, N) 2] € W4, a)/k,N)[2i]: this implies that,
modulo v and p, it is the natural map rfiQ(A,M)/(k,N) — (4,M)/(k,N)- The last state-

rpent follows from the fact that €2 % AM)/(k.N) is locally free of finite type by [51, Proposi-
tion IV.3.2.1]. D
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6. The log Breuil-Kisin cohomology

We fix the setup of [14, §11]. Let K be a discretely valued extension of Q, with perfect
residue field &, ring of integers Ok, and fix a uniformizer w € Og. Let Ko be the p-adic
completion of K (@'/P%) and let C be the completion of an algebraic closure of Ko, and
Aint = Ainf(Oc). B

Let © = W(k)[z]. There is a surjective map 6: © — Ok determined by the inclusion
W(k) € Ok and z — w. The kernel of this map is generated by an Eisenstein polynomial
E = E(z) € G for w. Let ¢ be the endomorphism of @ determined by the Frobenius on W (k)
and z — z?. Weregard & as a ¢-stable subring of Ain(Ok,_ ) or Ainr by the Frobenius on W (k)
and sending z to [@P]?, where w’ = (w, w?, wh’, .. ) E (93(Oo is our chosen compatible
system of p-power roots of @ ; the resulting map @ — Ajyr is faithfully flat and even topolog-
ically free (see [14, Lemma 4.30 and its proof]). Write 6 = 6o ¢: © — Ok. The embedding
& C Ajyr is compatible with the 6 and ] maps.

This section aims to construct a cohomology theory for log smooth formal schemes that
is valued in Breuil-Kisin ©-modules, generalizing [14, Theorem 11.2]. Namely, we will prove
the following result.

Theorem 6.1. To any log smooth affine formal log scheme Spf(A, M)/ (O, triv), one
can functorially (for maps of formal log schemes) attach a (p, z)-complete Exo-algebra

B sy € D(B)

together with a ¢-linear Frobenius endomorphism ¢: A(A,M)/@ — A(A’M)/@ inducing an
isomorphism A4, m)/6 ®,¢ G[1/E] = Aa,my e/ E], with the following features.

(1) (De Rham comparison) After scalar extension along 0, there is a functorial isomorphism
B amy/e .o Ok = (am/0x);-

(2) (Crystalline comparison) After scalar extension along the map © — W(k) which is
the Frobenius on W(k) and sends z to O, there is a functorial Frobenius equivariant
isomorphism

B gy e @5 Wk) =~ RTays((Ag, M)/ W(k)).

Theorem 6.2. To any log smooth affine formal log scheme Spf(A, M)/ (O, (w)) of log
Cartier type, one can functorially (for maps of formal log schemes) attach a (p, z)-complete
Eoo-algebra

D (a,m)/(@,(2)) € D(©)
together with a ¢-linear Frobenius endomorphism ¢: A(A,M)/(@,(z)) — A(A’M)/(@,(z)) induc-
ing an isomorphism
B am)/(@.(2) @89 ©[1/E] = bamy@,2n[1/ED.
and having the following features.

(1) (De Rham comparison) After scalar extension along 0, there is a functorial isomorphism

R , N
D) /@.42) B 9 Ok = (QA,M)/ Ok (w))p-
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(2) (Crystalline comparison) After scalar extension along the map © — W(k) which is
the Frobenius on W(k) and sends z to 0, there is a functorial Frobenius equivariant
isomorphism

D ann))(@.(z)) ®% W(k) ~ RTeys (A, M)/ (W(k, N))).

The proof of these theorems will follow the path of [14, Theorem 11.2], by first con-
structing a Frobenius-twisted version. This was indeed first introduced in [20, Theorem 8.1],
analogously to [14, §11.2]. Let us briefly recall this construction.

Recall that a log cyclotomic base is a pre-log ring spectrum (R, P) together with a com-
mutative diagram

THH((R, P): Z) —22> THH((R, P); Z,)'C»

| |

R Rth

of S!-equivariant E-rings. By [20, Lemma 8.4], the pre-log ring spectrum (S[z], (z)) is a log
cyclotomic base. This implies that, for any (Og, (@ ))-algebra (A, M), we have cyclotomic
structure maps

¢: THH((A, M)/(S[z]. (2)): Zp) — THH((4, M)/(S[z], (2)); Z)"“"

on relative log topological Hochschild homology THH((A, M)/(S|z], (2)); Zp).
Moreover, by [20, Proposition 8.6], we have an equivalence

6.1) THH(S[z /P, (z1/P%)) = s[z1/P™]

after p-completion. These imply that, for (4, M) a pre-log (Ok, w)-algebra, we have equiva-
lences

THH((4, M)/(S[z], (z))) ®s(z1 S[z"/77]
= THH(A[w /7], Myerr) /(S[21/77), (21/77),
THH(A[@ /P7], Mper) ~ THH(A ® 0, Ok... Mperr)

after p-completion (see [20, Corollary 8.7]). This implies by [20, Proposition 8.8] that the
presheaf
(S, Q) € IQRSPerfd(@ ., (w)) > w0 TP((S, Q)/(S|z], (2)): Zp)
is a log quasisyntomic sheaf. We define the sheaves of Eoo—@(_l)—algebras,
g’ TC™(—/(S[z]. (2)): Zp): 1QSyn(oy. () = D(©),
as the unfolding of mo TC™ (—/(S[z], (z)); Zp). We are now ready to state the analogue of
[14, Corollary 11.12].

Corollary 6.3. Define X = Spf(A, M) to be an affine log smooth formal scheme over
(Ok. (w)) of log Cartier type. Then the complex

By (2D = gro TC™ (4, M)/(S[z], (z)))
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is a (p, z)-complete Boo-algebra object of D(G V) that admits a natural Frobenius endo-
morphism ¢ and has the following properties.

(1) There is a natural ¢p-equivariant equivalence

Ax/(@’(z))(—l) Rg-n Ainf((gKoo)f\p’z) ~ Ax@Koo'
(2) There is a natural equivalence

bz, B g Ok = (Qx/(0x),w))p

of Eco-Ox-algebras.

(3) After scalar extensions along the map &Y — W(k) which is the identity on W (k) and
sends z to 0, there is a functorial Frobenius equivalence

b )(®,(2) ®g- W(k) =~ RTerys(¥x/ W(k,N))
of Eco-W(k)-algebras.
(4) The Frobenius ¢ induces an equivalence

Rxj@,2)D On.g G TV/G(E)] = Ao,z -11/$(E)].

Proof. The proof is now completely analogous to [14, Corollary 11.12]; we report it for
completeness. Notice that O — Ok__ is p-completely flat, so

(A, M) @(OK,(w)) ((9va I\Iperf) = (A ®0K (DKoov M DN Nperf)-

Part (1) then follows from the equivalence

A~ oo (%) ~
g’ TP((A, M) /(S[z].(2)): Zp) ®s(z1 S[2/77] = @i’ TP((A R0, Ok oo M &N Npert): Zy).

where (*) follows by taking graded pieces and Tate construction on the analogous statement
for THH, which follows from the equivalences in (6.1). Part (2) follows from the equivalence

gt TP((A, M)/(S[2], (2)): Zp)/ E = gr” HP((A, M)/ (Ok . (@)); Zp),

obtained by unfolding (see also [20, proof of Theorem 8.1]), and [20, Theorem 1.1].
Since N is valuative and the map N — M is injective, Z[N] — Z[M] is flat; in particu-
lar, O — Ok ®z[N] Z[M] — Ais flat, so

L L
(A, M) Q. (w)) k' Npert) = (A ®g, k. M)
is discrete. Part (2) follows from
()
g’ TP((4, M)/(S[z], (2))) ®§p; S = 2’ TP((4, M) ®@ (0 .(w)) (k. Npert))
= A(A/w';M@N Nperf) ’

where (x) follows from the equivalence after p-completion THH(S, Nperf) — S, proved in the
same way as [20, Proposition 8.6] using Proposition 4.7. Part (3) follows now from (4.13).
Finally, part (4) follows from base change via the topological direct summand

& = Aine(Oc)
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and (1), so similarly to [14, Corollary 11.12 (4)], it is enough to show that

¢*bxy. j0c = by, j0c

induces an equivalence after inverting &: since X is assumed to be log smooth over Ok, we
have

N ~ Anc
Bxo.j0c = Lo, j0c

and by Corollary 4.25, we reduce to the same question for the non-logarithmic non-Nygaard-
completed prismatic cohomology of [14, Construction 7.12], which in turn is equivalent by
left Kan extension and [14, Theorem 9.6] to the derived AS2-cohomology, for which the result
follows by left Kan extension on p-completely smooth (g -algebras. O

We are now ready to prove our version of the Frobenius descent, following [14, Proposi-
tion 11.15].
Proposition 6.4. Let (A, M) be an (O, (w))-pre-log algebra.
(1) The cyclotomic Frobenius
_ ¢
TC((A, M)/(S[z].{2)): Zp) — TP((A, M)/(S]z]. (2)): Zp)
extends naturally to a map

TC™((4, M)/(S[z], (2)): Zp)[1/u] ®spz) S[2"/77] = TP((4, M)/(S[2), (2)): Zp).

(2) Onlog quasiregular semiperfectoids, the source of the above map is concentrated in even
degrees, and the presheaf

(A, M) € 1QRSPerfd(@ . () F> 70 TC™((A, M)/(S[z].(2)): Zp)[1/u]
is a sheaf with vanishing cohomology.
(3) The unfolding gr° on 1QSyn . () &ives a natural map
g TC™ (4, M)/ S[2]. (2)): Zp)[1 /u] ®z1z) Z[z"/7)
— g’ TP((A. M)/ (S[z]. 2)): Zp).
resulting from functoriality of unfolding. The map above is an equivalence if (A, M) is

the p-adic completion of a log smooth (O, (®))-algebra of log Cartier type.

Proof. Observe first that the map (S[z], (z)) — (Ok, (w)) is strict, so
THH(Ok . (w))/(S[z], (z)) ~ THH(Ok /S|[z]).

Part (1) now follows like in [14, Proposition 11.15 (1)] from the fact that the Frobenius in this
case maps u to ¢ and the map is linear over S[z] — S[z], z — z?.

Part (2) follows again from the analogous statement with u not inverted and by passage
to filtered colimits. To prove part (3), as in [14, proof of Proposition 11.15], it suffices to show
that, for i > 0, we have an equivalence

g TC™ (4, M)/(S[2). (2)): Zp) @z Z[z"/P7] — e TP((4, M)/(S2], (2)); Z)p).
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For this, we can reduce modulo z'/?, and using the equivalence S;)\ ~ THH((S, Npert); Zp),
we reduce to showing that, for any (4, M) log smooth over (k, N) with N — N saturated,
the map gr' TC™ (4, M &N Npert; Zp) = gr! TP(A, M &N Nperf; Zp) is an equivalence for
i > 0. This follows from Proposition 5.2, in place of [14, Corollary 8.18]. |

Proof of Theorems 6.1 and 6.2. Theorem 6.2 includes Theorem 6.1 via base change. We
define A(A,M)/(@,(z)) = gr®(TC™((A, M)/(S[z], (z)); Zp)[1/u]). A verbatim translation of
the argument of [14, proof of Theorem 11.2] applies to conclude: replace the applications of
[14, Proposition 11.15 and Corollary 11.12] with Proposition 6.4 and Corollary 6.3, respec-
tively. ]

We finish this section by showing that the cohomology A_ /& gives rise to a motivic
spectrum in log¥ D A(Ok, S). Let &{—1} := Hﬁ (P}gK/Cé) (see [11, Variant 9.1.6] for the
bounded prism (&, E(z))): itis an invertible ©-module, and by the crystalline comparison, we
get a canonical trivialization S{—1} ®é W(k) ~ W(k) as W(k)-modules. Let

RTA(—/@){i} := RTA(—/®) e &{—1}®".
As in Construction 3.17, consider the prismatic Chern class c{l (O(1)) considered in [11, Vari-

ant 9.1.6];11& similarly to (3.5), for all n,i € Z, we have, functorially in X € FIQSmg o
amap in DF (&),

RTA(X/@){n —i}[-2i] > RTA(P(E)/G){n}.

Since RT'2(X/@){n —i}is (p, z)-complete, it is in particular z-complete, so since the projec-
tion maps

(6.2) RTA (X xspiox) (P".P"™1)/@){n — i} — RTR(X/@){n —i}

coincide mod z (i.e. by applying — ®Ié W (k)) with the maps
chrys(%k Xk (Pn,Pn_l)/W(k)) - chrys(-%k/W(k))’
which are equivalences by [45, Theorem 1.3], so (6.2) is an equivalence, implying that, for all
n € 7, we have graded commutative monoids in log# D AT(R, &),
~ ~L oL .
EX = {b_jg ®c &{-1}%c"}iez,

where the completion is the (p, z)-completion.

We are left to show that the map

RTA(X/@){i} — RTA(X x P/@){i + 1}[2]

induced by the prismatic Chern class is an equivalence.
We argue as follows. For X a smooth formal scheme with trivial log structure, the fol-
lowing diagram commutes:

R (X/©)

RTA(X/©)

!

RTA(%/©) ®% W(k)

RTp (Xx/W(k)) —— RTR(Xx/W(k)).
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where the left-hand side is the absolute prismatic cohomology of [11] and the vertical map is
the specialization, so in particular, the prismatic Chern class of RI'A (X/&) agrees modulo z
with the crystalline Chern class of RT'¢ys(Xx/ W(k)) (using [11, Proposition 7.5.5] again).

We can then reduce again to the case of the crystalline cohomology by z-completeness
of [45, (4.5.1)]. Finally, the equivalences of Theorem 6.1 induce equivalences of graded com-
mutative monoids,

EYN @ Ok > (Ef))  inFun(Z*, log¥ DA™ (O, Ox)),
EZX @g W(k) ~ (ixES™)  in Fun(Z®,logF DA (O, W(k))),
where i, E;rys (%) 1= E’C:ys(xk) = Rl ys(Xg), with Chern classes that agree with de Rham

and crystalline Chern classes respectively, again by [11]. By Propositions 2.15 and 2.16, we
conclude the following.

Theorem 6.5. There is an oriented ring spectrum EBX in CAlg(log¥ DA(Ok, ©))
such that, for all X € FIQSm(Og), we have

Mapye 7 Doy .6) (S (X). ZEPX) > RTA(X/G){s}[r].
Moreover, there are equivalences of oriented ring spectra,
EPK ®L , 0k ~ (B™))  in logF DA(Ok. Ok).
EBK @L W(k) ~ (ixE™) in log# DA(Ok, W(k)).

Again, we deduce from motivic properties similar results to Theorem 3.22, Theorem 3.26,
and Theorem 3.27, which after base change agree with the usual properties of de Rham and
crystalline cohomology. This has the following interesting application.

Corollary 6.6. Let 3 — X be a morphism of p-adic proper smooth formal schemes
over Ok such that it is locally the p-completion of a pure codimension-d closed immersion of
smooth schemes over Ok . Let Bl3(X) denote the blow-up of X in 3 and let E be the exceptional
divisor, so that (Bl3(X), E) is log smooth over Ok. Then, for all j, there is a Gysin map
in O (Aing),

RFAinf(S@C){j - d}[_zd] - RFAinf(%QC){j}’

whose homotopy cofiber is
RTA(BI3(X), E)/©) ®c Aint-

There is an equivalence, functorial in (X, 3),
RFAinf(%){j} ® @ RFAinf(Bp){j - i}[_zi] :) RFAinf(Bl,g(%)){j}'
0<i<d

For every p-adic log smooth formal scheme %)) over Og, we have an equivalence of bigraded
rings,
wy Hi (Vo ){®} &z Zn,r — Hj ((Gr(n,r) x D)o ){e}.
Proof. Apply (2.7), (2.9), and [24, Theorem 7.4.6] to EBX and then — ®¢g Ajys: the
result follows from [14, Theorem 1.2 (1)]. m)
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Remark 6.7. Diao and Yao [31] constructed an Aj,s-cohomology theory for general

logarithmic p-adic formal schemes, building on the construction of Cesnavi¢ius and Koshikawa
in [26] for the semistable case. We expect that an analogue of [14, Theorem 1.2 (1)] can be
applied to compare our Breuil-Kisin cohomologies with these Aj,s-cohomologies.
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