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Abstract

We study how the grand-canonical density matrix arises in macroscopic quantum sys-
tems. “Canonical typicality” is the known statement that for a typical wave function W
from a micro-canonical energy shell of a quantum system S weakly coupled to a large
but finite quantum system B, the reduced density matrix ,5\% = trB |W) (W] is approxi-
mately equal to the canonical density matrix pean = Zc_all exp(—ﬂI:I 5). Here, we discuss
the analogous statement and related questions for the grand-canonical density matrix
Poc = chl exp(—B(HS — 1 N —. .. — 1, N5)) with N5 the number operator for molecules
of type i in the system S. This includes (i) the case of chemical reactions (which requires some
novel considerations) and (ii) that of systems S defined by a spatial region which particles
may enter or leave. It includes statements about how pg. arises from the density matrix of the
appropriate (generalized micro-canonical) Hilbert subspace #gme C A5 @ AP (defined
by a micro-canonical interval of total energy and suitable particle number sectors) or from
typical ¥ in Sy, as well as statements about the distribution of the (conditional) wave
function ¢S of S, which turns out to be a so-called GAP or Scrooge measure. That is, we
discuss the foundation and justification of both the density matrix and the distribution of
the wave function in the grand-canonical case. To this end (particularly for the chemical
reactions), we also need to extend these considerations to the so-called generalized Gibbs
ensembles, which apply to systems for which some macroscopic observables are conserved.
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1 Introduction

We are concerned with quantum analogs of the micro-canonical, the canonical, and the grand-
canonical ensemble introduced by Gibbs [10] to classical statistical mechanics. While the
micro-canonical and the canonical ones have been discussed extensively in the literature,
we cover here the foundations of the grand-canonical one (as well as the generalized Gibbs
ensemble of (7) below). Each of the three ensembles has two kinds of analogs in quantum
theory: a density matrix and a probability distribution of wave functions (i.e., over the unit
sphere in Hilbert space). The density matrices are well known:

Pme = Zmd Lig—ak 51 (H) (1a)
Pean = Zegh exp(—BH) (1b)
Poc = Zg) exp(—,B(I:I — Ny — .. — Mrﬁr)) (Ic)

are the micro-canonical, canonical, and grand-canonical density matrices of a quantum system
with Hamiltonian A and, in the last case, particle number operator N; for particle type i =
1,...,r; Z is always the normalizing constant, 8 the inverse temperature, u; the parameter
called the chemical potential, and 1| —aE, £} (I:I ) is the projection to the energy shell or micro-
canonical subspace J{g_ag g] C 47 (i.e., the spectral subspace of H for this interval, or
the span of all eigenvectors with eigenvalue in this interval) in the Hilbert space 7. It is

assumed in (1c) that
(4.3 mli]=o. &)
i

or else fg. would not be invariant under the unitary time evolution exp(—i Ht /h) and thus
could not represent thermal equilibrium (which would at least have to be stationary).
The relevant distribution of the wave function in the unit sphere

S) ={y € A : Iyl =1} (3)
of 77 is [20, 61]

P (d¥) = us(#ig_ap e @¥) (4a)

Pean(dyr) = GAP,, (dYr) (4b)

in the micro-canonical and canonical case, where us means the normalized uniform distri-
bution over the sphere S (i.e., the surface area measure such that us(S) = 1) and GAP;
the Gaussian adjusted projected (GAP) measure [18, 20, 26, 34-36, 53, 59] with density
matrix o (i.e., the most spread-out measure with density matrix p, also known as the Scrooge
measure, see Sect. 7.1 for the definition). By (4b), GAP_ = describes the thermal equilib-
rium distribution of wave functions and can be viewed as a quantum analog of the canonical
ensemble from classical statistical mechanics. For example, photons coming from the sun
can be taken to have a GAP-distributed wave function. Among other things, a novelty of our
paper is that we determine Py (see Statements 3 and 4b in Sect. 3).

Here is a brief overview of the other contributions of this paper. While some of our
statements are more or less straightforward extensions of well-known results [19, 39], most
require novel considerations. In the literature, pcan has been derived (i) from a maximum
entropy principle, (ii) as the partial trace of pmc, and (iii) by canonical typicality. As we
explain, variant (i) is ultimately not a satisfactory justification. The extension of (ii) and
(iii) to pgc hits obstacles in one of the two main cases in which particle numbers change:

@ Springer



Grand-Canonical Typicality Page3of39 120

chemical equilibrium. It requires a generalization of P that has been called the generalized
Gibbs ensemble pyc. After clarifying how pG applies to chemical equilibrium, and after
formulating as a “general Gibbs principle” in what sense these density matrices are valid,
we formulate and derive general versions of several statements about how, and under which
conditions, peG and pgc arise as either the partial trace of a generalized micro-canonical
density matrix or the reduced density matrix of a typical W from a generalized micro-canonical
subspace. We thereby also obtain a unified treatment of changes in particle number due to
either chemical reactions or particles entering and leaving a spatial region. We now explain
these issues in the remainder of Sect. 1.

1.1 How the Ensembles Arise

The justification of the canonical and grand-canonical density matrices and distributions of
wave functions has to do with weakly coupling the quantum system, let us call it S, to another
quantum system B that is much bigger than S (but finite) and serves as a bath (reservoir).
There is then a precise sense of what we mean by “the” probability distribution on S(.#5)
(where we write the system as an upper index): this sense is the typical distribution of the
conditional wave function [5, 8, 20, 28, 53] (a concept first introduced in Bohmian mechanics
[5, 28] but applicable in any version of quantum mechanics); see Sect. 3.2 for the definition
and discussion. Put briefly, the conditional wave function of a system S entangled with another
system B is the natural way of assigning a wave function ¥ to S when the wave function
W of the combined system is given: take the configuration Qp of B to be random with the
Born distribution and conditionalize on the value of Qp by setting ¥S(gs) = W(gs, Op)
times a normalizing factor. (More generally, a conditional wave function can also be defined
relative to other bases than the position basis.)’

Coming back to density matrices, there are two well-known ways of justifying pcan: either
as the partial trace over B of the micro-canonical density matrix of S U B, or as the partial
trace over B of |W)(W¥|, where the wave function W of S U B is a typical unit vector in a
micro-canonical subspace of .25 ® #F (a consideration known as canonical typicality [9,
19, 39]; note that the word “typical” refers to a probability distribution over S(#S @ #8),
here either the uniform distribution # on the unit sphere of a micro-canonical subspace or
GAP). Since the former density matrix is the average of the latter, the latter argument is the
stronger one: it asserts that for most W, S will appear to have density matrix pcn, whereas
the former argument yields pcan for S only on average. These two ways arise as well in
the grand-canonical case. However, some considerations specific to this case are required.
Specifically, Statements 2a, 2b and 3 in Sect. 3 follow from theorems of Popescu et al. [39]
and Goldstein et al. [18], while for Statements la, 1b, 4a, 4b, and 5, new approaches are
needed.

In particular, our considerations are in line with the “individualist” attitude [14, 21] that a
closed system S U B in a pure state W can display thermodynamic behavior; this attitude has
been widely applied in recent years, in particular in connection with the eigenstate thermal-
ization hypothesis (ETH) (e.g., [12, 16, 33, 37, 49]). Also the distributions P, Pean, Pgc

! Conditional wave functions also have a deeper physical relevance as follows: if the time evolution of the full
wave function W is taken to be unitary (as it is here), then macroscopic superpositions will arise; such situations
are known particularly from quantum measurements, where one would assume that in the real world, a definite
outcome exists, and the relevant wave function is the one conditioned on that outcome (say, conditioned on the
pointer configuration of the apparatus—the conditional wave function). It has been argued [5] that whenever
we physicists talk about a wave function that is not the wave function of the universe, we really mean the
conditional wave function of some system.
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arise here from an individual pure state W (in a way to which the conditional wave function
is relevant).
A standard way of arriving at either fcan Or Pgc is to maximize the von Neumann entropy

SvN = —kp tr(p log p) %)

(with Boltzmann’s constant kg) under the constraint that the expected energy is fixed,
tr(p H ) = E (as well as, in the grand-canonical case, the expected particle numbers,
tr(p N,-) = n;). While this reasoning may suggest that pcan (0gc) represents the knowl-
edge of an observer who knows not more about the state than E (and n;) (e.g., [25, 65], [1,
Chap. 4], [2, Chap. 7]) the reasoning outlined above in terms of S U B provides more [39]:
a physical reason why the actual, physical state (of S) is given (approximately) by fcan (or
Pec); see Sect. 4.1 for further discussion.

Also concerning the use of the micro-canonical distribution ume = ug(,,) or density
matrix Omc, there are different attitudes (e.g., [2, Sec. 6.8]) in the literature: Sometimes its
use is regarded as a “principle of equal a priori probabilities” (e.g., [24, 38, 54]) saying that
unless we have further knowledge about W than that it lies in .7, it is a rational guess to
assign each point on S(7%,c) equal (subjective) probability. As we elucidate in Sect. 4.1.2,
our attitude is different and can be summed up like this: Since it is the nature of thermal
equilibrium to behave like most W, we find the thermal equilibrium behavior by studying the
behavior of most W, where “most” refers to uy (or, when appropriate, ugme over S(Hgmc)
as in (8)).

1.2 Chemical Equilibrium and General Gibbs Principle

Another aspect in the discussion of the grand-canonical ensemble arises from the fact that it
refers to a variable particle number and, already classically, there are two distinct situations
in which that comes up: (i) for chemical reactions such as

A+B=C+3E (6)

(“‘chemical equilibrium”), and (ii) when particles can enter and leave a system (defined
by a region in space). To illustrate the latter case, thermal equilibrium in the absence of
external fields then leads to equal particle densities in the region and its complement; in
order to have a name for it, we will call it “spatial equilibrium” in contrast to “chemical
equilibrium.” Many textbooks (e.g., [29, 47, 54, 61]) focus on spatial equilibrium when
discussing the grand-canonical ensemble and omit proper reasoning for chemical equilibrium,
or focus on thermodynamic potentials when discussing chemical reactions and omit proper
justification from the microscopic physical laws. Here, we provide this connection also for
chemical equilibrium, which, to the best of our knowledge, is novel. We suggest that chemical
equilibrium is best understood by considering conserved macroscopic observables (such as
N A — N B and IQC +N 4 for the chemical reaction mentioned above) and the more abstract
perspective of the so-called “generalized Gibbs ensemble” [1, (4.6)], [3, 37, 43, 58]

K
peG = Zyq, exp (Z kuk> : @)

k=1
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which we also discuss as it plays, in fact, a key role. It represents the thermal equilibrium
ensemble for which Q Lseees Q k (and only those) are conserved macroscopic observables,?
assuming they commute with each other. (One of them usually is the Hamiltonian H. Pre-
liminary considerations in this direction can be found in [29, Sec. 1.4].) Note that, as a
consequence, there is a K-parameter family of thermal equilibrium states with parameters
M, ..., Ag (which includes the canonical case with K = 1, Ql = I:I, and A1 = —p). The
generalized micro-canonical subspace g for this situation is the one where the eigenval-
ues of each Qk are restricted to an interval [Qr — A Qf, Q] that is short on the macroscopic
scale but still has a high-dimensional spectral subspace 1o, —A0;,0;] (Qk)jf s

Hame = span|@ € H 1 VK Oxd =, k€10 — MOk Okl (80)
K
=[] 1i0i-20:.00(00) 2. (8b)
k=1
We write )
. P,
Pgmc = %mc (9)
tr Pgmc

for the normalized projection to #gmc. The key property, which we call the “General Gibbs
Principle”, can now be formulated as follows:

General Gibbs Principle. Suppose the self-adjoint operators Ql, e Q K commute with
each other, and dim Hgn is large. Then, in relevant senses of equivalence of ensembles,
Peme s equivalent to peG with A chosen so that

tr(pe Ox) = Ok - (10)

(For K = 1 and Q1 = H, we have that PeG = Pcan and Pgme = Pmc, and the general
Gibbs principle asserts that the canonical density matrix is equivalent to the micro-canonical
one, provided we define 8 through the relation tr(He PH) /tr(e"PH) = E with given energy
E)

One relevant sense of equivalence of ensembles is that, as conjectured by [3], they yield
the same Born distribution for practically all observables A except very specially chosen
functions of the Ox. We elucidate in Sect. 4.2 why this is plausible.

We focus on another sense of equivalence: We say that for a composite system S U B, two
density matrices

p1 and pp are S-equivalent < tr? oy ~ 8 po, (11)

where tr? means the partial trace over .72 3 We define further that

01 and py are locally equivalent <
: . . (12)
they are S-equivalent for every macro-small spatial region S,

2 The expression “macroscopic observable” is often intended to include the assumption that the eigenvalues
of Qy are separated by the resolution of macroscopic measurements; this is not intended here.

3 We can take = to mean (for the sake of definiteness) closeness in the trace norm. However, other senses of
closeness could be considered as well, and most of our considerations are not on the level of mathematical
rigor that would correspond to fixing a particular norm.
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where we say of a spatial region § C R3 that

S is macro-small <

its volume is small (on the macroscopic scale),

S is large compared to the size of a molecule, and (13)
S has moderate surface.
Here, we say of a spatial region S that
S has moderate surface <
(14

surface area(S) < C vol($)*/3 with (say) C = 100.

This condition expresses that the shape of S is not too frayed or “spaghetti-like”’; examples of
shapes with moderate surfaces include balls (C & 4.8) and cubes (C = 6), with non-moderate
surfaces cylinders that are very long (“cigars”) or very oblate (“pancakes”).

Conjecture. Except for very special choices of Ox,
PeG is locally equivalent to Sgmc . (15)

We give in this paper a derivation of (15) in the case in which each of the Qﬁ is (approx-
imately) extensive, that is, in which, for any spatial region S with complement S,

Ok~ 0P ®I°+1°® 03, (16)
provided S is large compared to the size of a molecule and has moderate surface.* This is
the first of our claims, see Statement la in Sect. 3. It includes the grand-canonical density
matrix pgc as a special case (also for chemical equilibrium, see Sect. 2, but also for spatial
equilibrium, where the conserved observables are simply Ok = Np).

There are further question about equivalence of ensembles that deserve a deeper discus-
sion, such as how large or small the width AE of the energy window [E — AE, E] can be

chosen, or about the size of fluctuations, which can matter near phase transitions; however,
we will not provide such a discussion here.

1.3 Approach to Equilibrium

We will discuss the approach (time evolution) toward the grand-canonical and the general-
ized Gibbs ensemble, both concerning the reduced density matrix and the distribution of the
conditional wave function; we show that this approach occurs for every initial wave func-
tion if the Hamiltonian H satisfies the appropriate version of the eigenstate thermalization
hypothesis (ETH), see Eq.s (68a) and (68b) in Statement 5. For the reduced density matrix,
we also prove a mathematical theorem (Proposition 2 in Sect. 8) that somewhat general-
izes the existing results in this direction [15, 37, 42, 50, 51] (which were intended for the
canonical density matrix). Concerning the approach to thermal equilibrium of the conditional
wave function, no results have been in the literature before for either the canonical or the
grand-canonical case.

The remainder of this paper is organized as follows. In Sect. 2, we elucidate the framework
that will also cover chemical reactions. In Sect. 3, we collect the main statements that we

4 If we want to make ~ more precise, we may think of closeness in the operator norm; but this is not very
relevant for the kind of outline provided here.
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derive in this paper. In Sect. 4, we compare ours to other derivations. In Sects. 5-8, we justify
and discuss these statements. Appendices A— G collect the mathematical proofs.

2 Use of ﬁgcz Chemical Reactions

While our statements in Sect. 3 also apply to spatial equilibrium, their full meaning unfolds
itself in the case of chemical equilibrium. Since the latter is not commonly discussed in
the way we treat it here, we first set the stage in this section by describing our perspective
on the use of pgc for chemical reactions. Specifically, we explain how the general Gibbs
principle formulated around (10) can be applied here, yields pg, and allows us to determine
the chemical equilibrium. On that basis, we can then formulate our statements in Sect. 3.
Consider a macroscopic quantum system containing » different chemical substances
Al,...,Ar,andletn; withi =1, ..., r stand for the number of molecules of substance A;.
As a general version of (6), suppose there are L € N possible chemical reactions, given by

VelAr+ ...+ v Ay S VplAL+ ..+ DA + SEy (17

with? =1,..., L,vg, vy € {0, 1,2, ...} the number of molecules A; involved, and § E, the
amount of energy (positive, negative, or possibly zero) released (or, if negative, consumed)
in this reaction. Suppose initially the system contains n¢; molecules A; foreachi =1, ..., r
and has energy in the micro-canonical interval [E — AE, E]. The questions arise:

What are the numbers 7¢q,; of A; in chemical equilibrium? (18)

And
How can grand-canonical density matrices be used for calculating them? (19)

We answer both in this section. Our reasoning applies not only to chemical reactions but also
to ionization and to elementary particle reactions.
The appropriate Hilbert space is

H=F1Q--QF (20)
with
o
T = @ {gi(”i) 1)
n;=0

the Fock space of the molecules of type i and ﬁi("‘ ) the sector with n; molecules; it is
a fermionic (bosonic) Fock space whenever the number of fermions in the molecule is odd
(even), which occurs for an electrically neutral molecule (i.e., one whose number of electrons
equals the number of protons) whenever the number of neutrons per molecule is odd (even).
(Note that the 1-particle Hilbert space .7#{; from which .%; arises may also involve internal
degrees of freedom.)

Remark 1 There may be a (somewhat arbitrary) choice of the theoretical physicist involved
in defining which states exactly count (say, in the example of (6)) as states of molecule C as
opposed to states of a molecule A and a molecule B [32, Sec. 3]. We assume in the following
that such a choice has been made. In the case of ionization (say, A = proton, B = electron,
C = hydrogen atom), a natural choice [11] would be to count the bound states (from the
discrete spectrum of the relative Hamiltonian) as atoms C and the scattering states (from the
continuous spectrum of the relative Hamiltonian) as A + B. 3
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Of the Hamiltonian H , we assume that molecules, when separated by a sufficient (still
microscopic) distance, hardly interact. Since the details of the interaction term do not matter
much in the end, let us focus for a moment on the part of H that does matter, the part we
need to write down for calculating neq,;. A key contribution is the kinetic energy of the
center of mass of each molecule; another one the external field (e.g., electric, magnetic, or
gravitational) to which each molecule is subject; another one the energy contributions of
internal degrees of freedom (e.g., rotational, vibrational, or librational) of each molecule. We
write H 1; for the 1-molecule Hamiltonian combining these contributions, FIOi for the second
quantized version of H; (i.e., the operator on .%; acting like H, ; on each particle), and ﬁo
for the combination of those over all types i,

.
Hy=Y 1@ @l 1 ®Hi®@li11® - ®I (22)
i=1

with [; the identity on .%;. Another key contribution to the full Hamiltonian H comes from
the rest energy of each molecule; that is, apart from the relativistic contribution from the rest
mass of the particles (which is irrelevant for chemical reactions because electron-positron or
quark-antiquark pair creation do not occur), the ground state energy Eq; of each molecule.
For example in the reaction (6), 6 E represents the binding energy between A and B within
a C molecule, meaning that

Eoc = Eoa + Eop — 6E . (23)

Likewise in the general case (17), the Eq; have to satisfy
viirEor + ...+ v Eor = V1 Eg1 + ...+ Ve Eor +8E; 24)

for every £ = 1,..., L. Up to some remaining freedom, the Ep; can be determined from
the known 8 Ey, vy;, Vg; by solving (24); if a solution to (24) did not exist, it would signal
the existence of a circle of reactions from (17) that produce energy while returning the same
number of each molecule, which is physically impossible. We will see in Remark 3 below
that the freedom in the Eo; does not affect either pgc or neq,;. Suppose we know the Eq;; we
can then define

I—AL‘< = I‘AI() + Z Eo; 1\75 s (25)
i=1

which is equivalent to adding Ey; to the 1-particle Hamiltonian H); before the second quan-
tization.
Of the full Hamiltonian again,
H=H.+V, (26)

we assume that the interaction term V is mostly negligibly small® (namely, except during a
chemical reaction) and contains non-zero transition elements corresponding to every reaction
(17), but not for any transition that is not of the form (17). That is, we assume that the
conserved quantities of (17) are the only macroscopic conserved observables. In detail, using
(simple) tools from linear algebra, consider the r-dimensional real space R with axes labeled
ni,...,nr, and let £ be the subspace spanned by the L vectors (vg; — Vg1, ..., Vgr — Vgp).
Any change in particle numbers due to reactions of the form (17) lies in £, any conserved

5 It would be of interest to study in more detail which limit or sense of smallness of V is needed; we use here
two assumptions: that V can be neglected in a certain step of the calculation, from (31) to (32), and that it
cannot be neglected for the question of which operators Qk commute with A.
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linear combination of ny, ..., n, is orthogonal to £. (In fact, the deeper reason we allow
real rather than integer components in R is that we allow real coefficients in these linear
combinations.) Choose a complete set Fi, ..., Fx_1 of conserved linear combinations with

K =dim(YH)+1=r+1—dimL (27)

(which is equal to r + 1 — L if the L vectors just mentioned are linearly independent). That
is, choose a linear mapping (a (K — 1) x r-matrix) F : R — RX~! with kernel

Flo)=c. (28)
By the dimension formula
dim kernel(F) + dimimage(F) =r, 29)
F has full rank, rank(F) = dimimage(F) = K — 1, and for every k = 1,..., K —
1, Fx(ny,...,n,) is conserved during every reaction (17). (Put differently, the rows
Fi,..., Fx_; of the matrix F form a basis of £1.) As a consequence, the observables
O = Fi(Ny..... Ny (30)

are conserved, i.e., they commute with A. They also commute with each other because
Ni,..., N, do. Any other conserved linear combinations of number operators are linear
combinations of the Oy because we assumed that the transitions allowed by H between
different sectors %, 1(”') R ® 54‘,(”’) are exactly those allowed by the reactions (17). We
assume that there are no further conserved macroscopic observables.

Now set Q K = H ; consider the generalized micro-canonical subspace g as defined
in (8) with Oy = Fr(no1, ..., no-) (and suitably small AQy) fork = 1,..., K — 1 and
Ok = E, AQk = AE;consider further the generalized Gibbs density matrix oG as defined
in (7) with the values of A; chosen to satisfy (10).

Remark 2 1f we had chosen F differently, it would not have changed ﬁgg. In contrast, if
we had chosen F differently, it would have changed pgmc (though presumably not in a very
relevant way). We prove both statements in Appendix A. o

Now we apply the general Gibbs principle of Sect. 1. We obtain that there is a K -parameter
family of thermal equilibrium states. (For example in (6), there is a 3-parameter family
of thermal equilibrium states; the three parameters can be taken to be the energy (or, for
that matter, temperature), n4 — npg, and n4 + nc.) The thermal equilibrium states can be
represented by the generalized Gibbs density matrix

K—1
PeG = Zyg exp (Z 3 Ok + AKFI) 31
k=1
with real parameters A, ..., Ax. We write —f8 for Lg; since H is bounded from below and

unbounded, A g must be negative and thus g positive. Since H = H, + V with V small, we
can replace H by Hy,

K-1
PG ~ Zyg exp ( > i — /SFI*) : (32)
k=1
Since Qk = Fk(ﬁl, el ](7,) and Fj, is a linear function
r
Fr(ny,...,ny) ZZFkini, (33)
i=1
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120 Page 10 of 39 C.lgelspacher et al.

we can write Qx = > ;_; Fx; N; and

.
prc ~ Zd exp(=B(A. = Y i) (34)
i—1
with
K-1
pei = B0 Y McFi (35)
k=1
By (25),
.
PeG R Pgc = Zg_cl eXP(-ﬂ(ﬁo - ZILOiNi)) (36)
im1
with Zy. = ZyG and
moi = txi — Eoi - 37

The right-hand side of (36) is exactly what is meant by the formula (1c) for the grand-
canonical density matrix pg that arises here as a special case of pgg. The r + 1 coefficients
ot - - -, Hor, B are determined by the K conditions (10) together with the L conditions

> (noi + Eo))(vei — Bei) =0, (3%)

i=1

which follow from F~1(0) 2 £ (and of which dim £ many are independent). By (22), (36)
can be rewritten as

pee = Q) hi = Q) 2" exp(=B(Hoi — 1oiNy)) - (39)
i=1 i=1

If we write H 1; for the 1-particle Hamiltonian whose second quantization is I:IOi, then each
tensor factor in (39) is a canonical density matrix with I:IOi replaced by the second quantization
of Hy; — wo; 1. This fact also provides a direct interpretation of the physical meaning of 11q;:
The thermal density matrix looks as if it were canonical and molecule i had ground state
energy —Mroi-

Finally, the desired numbers neq,; characterizing the chemical equilibrium are then given
by

Neqi = tr(PgmeNi) (40a)
~ tr(fge Vi) (40b)
. tr(N; exp(—B(Hoi — poi Ni
—try, (BiNi) = ( i exp( ﬂ(}\ 0i l/LOzA l))) (40¢)
trexp(—pB(Hoi — 1oi Ni))
1 9
= ———log Ze (B, poi, - - -, Hor) (40d)
Bouo © '
using (22); the function —(1/8)log Zgc(B, o1, - - ., or) is known as the grand potential

(e.g., [1, (5.73)], [47, (2.7.13)]). We have thus provided a justified answer to the questions
(18) and (19). Note that, while (40c) is an expression that one might have guessed right from
the start, our derivation has achieved two things: First, provided reasons for why (40) is true,
and second, provided a way of computing the 1p; from the known quantities ng;, §E; by
means of (38) and (10).
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Remark 3 Different values of E; solving (24) would lead to the same poG ~ fgc (neglecting
‘7) and the same n¢q,;; they also lead to the same Pgmc, provided AQy = 0 and Qy is an
eigenvalue of Qk fork=1,...,K —1.5We prove this in Appendix B. S

In the example of (6), Eg4 and Egp can be chosen arbitrarily, Eoc is determined by (23),
(38) reduces to poc = (oa + mog + SE, and (10) reduces to the three conditions (with o4
etc. as in (39))

tr(paNa) — tr(opNp) = noa — nop (41a)
tr(paNa) + tr(pcNe) = noa + noc (41b)
Z [tr(ﬁiﬁm) + Eo; tr(,ai]\}i)] =E, (41c)

i=A,B,C

which together determine wo4, top, and B. (Note that £ would change if we changed
Eoa, Eop, see Remark 3.)

Remark 4 The reaction rates depend on V, but the equilibrium state and the n¢q,; do not, as
long as V is small. Related questions for non-small V have been studied in [4,7]. 3

3 Main Claims

We now present our main statements. Apart from Statement 1b, the derivations of the state-
ments are given below in the following sections.’

3.1 Reduced Density Matrix

Let A C R? denote the available volume of the quantum system considered and
S:=A\S (42)

the spatial complement of a subset S (not the closure of a set). We take pgmc as defined in
(9) and pgG as defined in (7). For extensive Qk as in (16), it follows that

PeG ~ ﬁgc ® ﬁgc (43)
with /3§G formed according to (7) from the Q,f and likewise for S. This also entails that
tr¥ PeG A fyg - (44)

Statement 1a. (Generalized Gibbs Density Matrix) Ler A be a subset of R? with
moderate surface as in (14), 5 = #™ a Hilbert space, and for every S C A let #°5 be
a Hilbert space such that for S| C S» C A, 52 factorizes into 52 = 5 Q@ 52\,
Suppose the self-adjoint operators Q Ly ovns Q k on J are bounded from below and

6 Otherwise, Pgme still stays approximately the same, provided the density of states of Qk is a quickly
increasing function, so most eigenvectors have eigenvalue near the right end of [Qr — A Qy, Okl

7 Note that while the derivations (and therefore also the statements) are not mathematically rigorous, we always
call the ones that are rigorous a proof. Generally, while some of the arguments we use in the derivations are
mathematically precise, and some could be made precise, others are on a more heuristic level.
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commute with each other, and that each is (approximately) extensive as in (16). Then for
AL, ..., Ak satisfying (10), large dim g, and macro-small S C A,
trs Peme ~ ,650 . (45)

In particular, by (44), (45) entails that pgmc and peG are S-equivalent, and thus that Pemc
and p,G are locally equivalent.

We give a derivation in Sect. 5.

Statement 1b. (Grand-Canonical Density Matrix) Let 77 = 7| ® - - - Q %, with F;
the bosonic or fermionic Fock space over the 1-particle space 4; and A C R> with
moderate surface. Suppose

A~

,
H~H,=Ho+ ) Eoli (46)

with I:Io as in (22) and ﬁ()i the second quantization of a 1-particle Hamiltonian ﬁ]i that
is bounded from below. Suppose for every S C A,

Hi = A ® A 47)
and every S C A with moderate surface

Hi; ~ H @ H . (48)
Suppose (17) for £ = 1, ..., L are the (only) possible reactions (i.e., changes in particle

numbers ), and (24) holds Choose any F satisfying (28), and define Qk by (30) (so that
[H Qk] =0)and QK =H. Then for dim Hgme > 1 and po; satisfying (10) and (38),

Pec = chl exp(—ﬂ(ﬁo - ZMOiNi)> (49)

is locally equivalent to pgme.

Statement 1b follows from la through the reasoning of Sect. 2. The condition (48) is
actually satisfied for reasonable 1-particle Hamiltonians, as we argue in Sect. 4.3 for the
Laplacian.

Statement 2a. (Ensemble Typicality) In the setting of Statement 1a, most pure states
V € S(Hgme) are such that the reduced density matrix of a macro-small region S C A
is approximately a generalized Gibbs density matrix:

py =18 (W] ~ pG . (50)

Statement 2b. (Grand-Canonical Typicality) In the setting of Statement 1b, most pure
states W € S(Hgmc) are such that the reduced density matrix of a macro-small region
S C A is approximately grand-canonical:

py =t | W) (W] ~ p. . (51)

For the derivation, an application of a theorem of [39], see Sect. 6. “Most” refers to the
uniform measure over S(#gmc). The statements show that for ¥ € S(#gmc) typical for the
generalized micro-canonical ensemble, the reduced density matrix ,63, is close to ﬁgSG resp.

,ogc (“ensemble typicality”).
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3.2 Distribution of the Wave Function

For the next statement, we need the notion of conditional wave function ws [5, 8, 20], which
we briefly explain now. The concept starts from the wave function ¥ of S and B together
and makes use of an orthonormal basis (ONB) b = {|b1), |b2), ...} of 28 (or generalized
ONB, such as the position basis); the conditional wave function is the random wave function

US = N(by|W)p € S(5), (52)

where N is the normalizing factor, (-|-) p is the partial inner product, and the basis vector b
is chosen randomly with Born distribution,

P(J = j) = |(b;19)5]3 - (53)

The conditional wave function can be thought of as what the collapsed wave function of S
would be after an ideal quantum measurement of the basis b on B [18, Footnote 2].

In the following, the GAP measures play a role. For every density matrix ¢ on a Hilbert
space 2, the measure GAP is a probability measure on the unit sphere of 7" whose
associated density matrix is p; it is the most spread-out measure for the given density matrix
0; see Sect. 7.1 for the definition.

We now answer the question, raised in the introduction, of what [Py is, the probability
distribution of the wave function corresponding to the grand-canonical ensemble. We answer
it by providing the typical distribution of the conditional wave function 5. The answer is
twofold, as it depends on how the basis b is chosen. In general, 1//S (and its distribution)
depends on the choice of b, and while b can be chosen arbitrarily, one is often particularly
interested in taking b to be the position (or configuration) basis, for several reasons: because
that is the basis used in the original concept [5] of conditional wave function, because of the
reasoning of Footnote 1, and because it is the one directly relevant if Bohmian mechanics is
true.® We found it to be too difficult to determine the distribution of ¥ for b the position
basis, but we have results involving two kinds of typical bases, which can serve as reasonable
simplified models for the position basis; both assume that S is a macro-small spatial region
and B = S: one result in which b is a typical (i.e., random) ONB, and one in which b is
typical among those that diagonalize the conserved operators Q,f (respectively, the particle
number operators N l.S ). The first result (Statement 3) applies whenever b is unrelated to the
joint eigenbasis of HS and the Q,f (respectively, IQiS ); the second (Statements 4a and 4b)
whenever there is no simple relation between b and H? other than that both b and a suitable
eigenbasis of HS diagonalize the Q,f (the ]Vis)—this seems like a reasonable approximation
for the position basis.

For any random variable X, let Z’x (“law of X’) denote its probability distribution.

Statement 3. (P, and Py for Typical ONB) In the setting of Statement la (or 1b) with

S a macro-small spatial region, for most ¥ € S(Hgme) and most ONBs b of S, the
conditional wave function (52) has distribution

(respectively, ~ GAP A5 ).

8 Bohmian mechanics [e.g.,5] is a leading candidate theory for providing clear foundations of quantum
mechanics; it does so by postulating that particles have positions, thereby giving the position basis a special
status.
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For the derivation, an application of a theorem of [18], see Sect. 7.2. (The closeness of
measures [, v expressed by u &~ v could be made precise as meaning that for a suitable class
of functions f : S(2#) — R, the u-average of f is close to the v-average, see Sects. 7.1 and
7.2.)

In the following, we use the notation

w=EPrir, (55)
j

for the probability distribution that is the mixture of the probability distributions i ; with
weights p(j) > 0, Zj p(j) = 1. Equivalently, if .fij = pjand P(J = j) = p(j), then
Zx, = . We also use the notation

P(A=a) (56)
for the projection to the eigenspace of A with eigenvalue a and
ﬁ(A1=a1,...,Ar =a,) (57)
for the projection to the joint eigenspace of commuting Al A By the Born rule, the
joint probability distribution of the outcomes in a simultaneous quantum measurement of the
observables A, ..., A, on a system with density matrix o is given by
P(AAl =daly..., Ar = ar) = tr[ﬁﬁ(AAl =dal,..., AAr = ar)]. (58)
Statement 4a. (P, for ONB Diagonalizing QE) In the setting of Statement 1a, suppose
that S C A is a macro-small region and that for everyk =1, ..., K — 1, AQy = 0 and
Qy is an eigenvalue of Qk. Then for most ¥ € S(Hgmc) and most ONBs b of S that
diagonalize Qs, e, Q‘;(_l (but not Qf( = I:IS),
Zys P = P @ di) CAPss(s s (59)
S S
qy---9Kk—1
where

Pl g = u i) with Pi= P(0F =af..... 0% 1 =af_)) (60)

and
1

- PpSP. 61)
Py, ... qp_) ¢

las(qigs s q[‘g_]) =

Statement 4b. (Py. for ONB Diagonalizing I\A/F) In the setting of Statement 1b, suppose

that S C A is a macro-small region and that for everyk =1,..., K — 1, AQy = 9 and
Qy is an eigenvalue of Qk. Then for most W € S(Hgmc) and most ONBs b of%”s that
diagonalize NS, ce, Nrs,
Lys ~ Pye 1= EB Py, n7) GAPS s s (62)
n‘f ..... n?
where

pn(nls, R nf) = tr(,ﬁgmcﬁn) with P, = P(]\71 = nls, NS = ns> (63)
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and |
pns, ... nd) = gitrs[ﬁ,, Pame Pu]. (64)
p}’l(nls"'anr)
For the derivations, see Sects. 7.3 and 7.4.
Remark 5 1f the general Gibbs principle is more generally valid than under the assumptions

of Statement la (which is plausible as pointed out in Sect. 4.2), then the expression for Py,
can be simplified further:

IP)gc ~ @ p(‘]ig’ cees ‘ZIS;—I) GAPﬁS(q]S ,,,,, a5 (65)
N
qy--qg 1
where
PG}, ... qx_y) = tr(pg.P) with P as in (60) (66)
and 1
A5t ak )= — Ppg. P (67)

p(q15~‘~’q15;71)
<&

Statement 4b is actually not a special case of Statement 4a because only certain com-
binations of N; are conserved as the Qy, and while in Statement 4a we considered bases
diagonalizing the QE (i.e., certain combinations of the ng ), we consider in Statement 4b
bases diagonalizing all N? . That is because we are interested in the position/configuration
basis, which diagonalizes all IQF ; on the other hand, Statement 4a is the simpler statement,

and can be applicable to general QO that are not related to number operators.

We also note in passing that while the & symbol for measures means merely, according
to its definition (55), the mixture of several measures, something more is true in (59) and
(65): the measures are even disjoint and, on top of that, their supports even lie in mutually
orthogonal subspaces.

3.3 Approach to Equilibrium

The next statement concerns the approach (time evolution) towards thermal equilibrium. As

many earlier works such as [16, 33, 40, 60], we take “approach” to mean that for mostz > 0

in the long run, the system is in thermal equilibrium. And we take “thermal equilibrium” to
AS o AS ~

mean that Py, * Pyi and f¢s(l) ~ Pyg.

Statement 5. (Approach to Equilibrium) Consider the setting of Statement 3 (or 4a
or 4b) with macro-small spatial region S C A. Suppose H satisfies theAeigenstate ther-
malization hypothesis (ETH): for eigenvectors ¢1, ¢2 € S(Hymc) of H that belong to

different eigenspaces of H,

S 1) (1] ~ S Pame (68a)
trS 1) (¢2| ~ 0. (68b)

Then for every Wy € S(Hgme) for most t > 0, the reduced density matrix of V; =
e Ny, s

py, =¥ | W)Y, | ~ ﬁgSG (respectively, py.) . (69)
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Furthermore, for every Wo € S(Hgmc) for most ONBs b as in Statement 3 (respectively,
4a or 4b) for most t > 0, the conditional wave function y5(t) obtained from W, is
(approximately) distributed as in (54) (respectively, (59) or (62)).

For the derivation, see Sect. 8.

The version of ETH expressed in (68a)-(68b), due to Srednicki [49], is the one appropriate
for microscopic thermal equilibrium (“MITE”) [15]; for macroscopic thermal equilibrium, a
different condition would be relevant [15, 16, 46].

4 Discussion
4.1 Comparison to Maximum Entropy Principle

The density matrices Ocan and pgc are often introduced in the literature as the maximizers
of the von Neumann entropy Syn (5) under the constraint tr(,éﬁ ) = E (and, if appropriate,
tr(ﬁﬁ) =n) (e.g., [1, 12, 27], classically [25]). While it is mathematically correct that they
are these maximizers, a derivation based merely on this fact is considerably weaker than the
one we have presented, and in fact rather questionable, for at least two reasons as follows.

4.1.1 Differences Between Typicality Reasoning and Maximum Entropy Principle

First, the maximization problem leads to a representation of subjective probability (or the
knowledge of an observer), but if statistical mechanics were limited to subjective probability
then it would not be justified in most applications; in particular, it could not treat any events
that take place in the absence of observers (e.g., the formation of stars before humans even
existed). In contrast, there is nothing subjective about trS |W)(W|; that is, we have shown
how pg actually occurs in nature.

Second, it remains unclear why one should constrain the expectation value of a probability
distribution or density matrix, even when determining the subjective probability distribution
of an observer with limited information. After all, if a person was looking for their car and
somehow knew only that its location has latitude 50° N, then the subjective probability
distribution would be concentrated on the circle of latitude 50° N, rather than including other
latitudes in such a fashion that the expected latitude is 50° N. Therefore, even for subjective
probability, pmc Of Pgmc Would be much more relevant; it is only after realizing and using the
equivalence of ensembles that they can be replaced by pcan Or fgc. A precise version of this
equivalence is provided by our Statements 2a and 2b.

Remark 6 The second issue above was mentioned by Balian [1, Sec. 4.1.2], who suggested
that prescribing the expectation value of an observable A made sense when considering
subsystems, of which there are many, and each may have a different value of A. However,
that seems like mixing up the description and the justification of p¢qy. If, as Balian’s reasoning
suggests, Pcan can only apply to subsystems S, while only pmc can apply to full systems,
then ﬁcsan can only be justified as trS Sme, and the maximizer of Syy for S (under whichever

constraints) would be irrelevant unless it agreed with trS pyc. That is, the reasoning apparently
undercuts the use of Sy for justifying pcayn . For us, the consideration of subsystems also plays
an important role, for example through the concept of local equivalence of density matrices,
but the logic is different in our case, as we do not use subjective probability. o
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4.1.2 Origin of the Uniform Measure in Typicality Reasoning

Another question that arises in this context is whether Sy (Or us(z,,)) itself has the status
of subjective probability, given that it simply assigns equal weight to states with energies
in [E — AE, E]. In other words, didn’t we put in an assumption saying something like “all
states in . are equally probable”? And isn’t such an assumption simply an expression of
insufficient knowledge and a method of guessing in the absence of knowledge?

Our answer is: no. The use of ug(,,.) has a different origin; it has nothing to do with
anybody’s knowledge, and it doesn’t amount to making an assumption. Rather, it is a char-
acteristic property of thermal equilibrium that the micro-state (here, W) behaves like the
overwhelming majority of micro-states with the same values of E (and, if appropriate,
0O1,..., Qk—1). Just as most phase points on an energy surface of a classical ideal gas
have a Maxwellian empirical distribution of velocities, also most wave functions in S(#c)
(relative to the natural measure us(,,)) look like thermal equilibrium [15, 16] (with certain
exceptions [15, Sec. 8]). Therefore, it can be taken as the definition of thermal equilibrium
to behave like most wave functions. A W in thermal equilibrium should for this reason be
typical relative to the measure ug(z, ), whose density matrix is Smc. That is, it is the nature
of thermal equilibrium that leads to ug(,,) (respectively, Us(#yp))> and Pme (Pgme)-

Remark 7 Typicality reasoning has, apart from successful applications in quantum statistical
mechanics (see, e.g., [12, 37] for overviews), also gained growing attention in the philo-
sophical literature. For more details on the conceptual meaning of typicality, as well as its
application to other fields in physics see [13, 30, 31, 63, 64].

4.2 Plausibility of the General Gibbs Principle

The reasoning in this section is of a more heuristic character than in other parts of this paper:
what we present here is a mere plausibility argument.

“Equivalence of ensembles” means that one thermodynamic ensemble can be replaced, in
either classical or quantum statistical mechanics, by another; many variations of this theme
are known, corresponding to different senses of “equivalence.” We now describe a heuristic
consideration that makes it plausible that pgme as in (9) is equivalent to e as in (7), without
referring to a precise sense of equivalence. (A similar consideration applies already to Hmc
and /scan-) R R

Any ONB {¢;} that jointly diagonalizes Q1, ..., Qg also diagonalizes pgmc and pgG,
so the relevant question is whether their eigenvalues “look similar.” Each of the two den-
sity matrices defines a Born distribution in the real space spanned by K axes labeled with

q1,--.,qK, given by
Pa(m,---,qK):tr(ﬁaﬁ(Ql=Q1,-~.,QK=qK)) (70)

with « = gmc or « = gG, and the consideration aims to show that the two probabil-
ity distributions “look similar” by showing that both are sharply peaked around the point
(Q1,..., Ok): Pgme because it is concentrated in the rectangle [1x[Qk — AQk, Qi] and
A Qy is small, and pyG because its expectation is (Q1, ..., Q) by (10), much larger values
of gi are suppressed by the exponential dependence in (7) (provided A; < 0), and much
smaller values are suppressed provided the joint “density of states” of O1,..., Ok (e, the
dimension of the spectral subspace associated with a cube around (q1, ..., gx) with side
length A Q that is small on the macroscopic scale, divided by the volume (A Q)X of the cube
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and then approximated by a smooth function of ¢y, ..., gk ) increases quickly with each of
the gx variables, as it would be the case for relevant examples of macroscopic observables
such as energy or particle number.

It is possible to make this consideration a little bit sharper: A relevant sense of “equiva-
lence” could be that

for macroscopic observables A, tr(,égch) R tr(ﬁggfi) . (71)

The width of the peak will be different for pgme and peG:

Example 1 In the canonical case K = 1, Q1 - A, Pgme = Pme> and PeG = Pean, the density
of states of H = —A is a power law f(q1) qlM with a large exponent M proportional
to the particle number, and one finds that pgmc(q1) f(g1) has spread of order Q1/M (see
Appendix C), while pysG(q1) f (1) has spread of order O/ /M, which is larger by the large
factor v/ M. o

To be sure, there are observables, such as

Ly iz —apnonyma v (Q1/ Q1 = D). (72)

that yield ~ 0 for the narrower peak but ~ 1 for the wider peak; however, relevant
macroscopic observables A should be insensitive to the width of the peak, which supports
(71).

4.3 Laplacian on the Union of Regions

Statement 1b assumed the condition (48) that the 1-particle Hamiltonian H is approximately
additive relative to a spatial decomposition in two regions. In this section, we argue that this
is a reasonable condition that should be satisfied in practice. To this end, we consider, as a
concrete example of H 1, the Laplacian on the union of two regions.

So consider two spatial regions A1, Ay C R3 bordering on each other along some sur-
face . We argue that the free 1-particle Hamiltonian associated with A = Aj U Aj is
approximately, though not exactly, block diagonal with respect to the corresponding splitting
H = I @ s of the 1-particle Hilbert space, provided the surface ¥ is moderate (i.e.,
its area is not large compared to vol(A;)?/3; if the space dimension is d, then 2/3 should be
replaced by (d — 1)/d).

The argument focuses on the negative Laplacian as an example of a free Hamiltonian ﬁo.
It FAI() were exactly block diagonal, then a wave function initially concentrated in A; would
never enter A», butit does. Here is another way of looking at the issue: the negative Laplacian
in aregion A becomes a self-adjoint operator only if we introduce boundary conditions on the
boundary d A of A; suppose we always use Dirichlet boundary conditions (i.e., ¥/|ga = 0) to
define the self-adjoint operator A 4 ; then it is clear that (—Ax ) @ (—Aa,) (which requires
¥ to vanish on X) is different from —A 5 (which does not require i to vanish on ¥). Now
the argument for being approximately block diagonal, i.e.,

—Ap R (=Ap) ® (—Ap,), (73)

considers the discrete Laplacian (for simplicity in 1d) on the lattice ¢Z with mesh width
& > 0 and (for simplicity) A1 = {x € ¢Z : x < 0}and A, = {x € ¢Z : x > 0} (so the
surface is moderate); then it notes that the difference between —A and (—Ap ) ®(—An,),
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i.e., between

-1 -1

-1 2 -1 -1 2 -1
1 -1 2 |—1 1 -1 2
-1 2 -1 -1 2 -1

-1 . -1

consists of just two entries—uvery little.

5 Derivation of Statement 1a: Generalized Gibbs Density Matrix

This derivation has parallels with considerations in [6, 19, 23, 29, 47]. However, we do not
assume here that relations familiar from thermodynamics are valid.

For the purposes of this derivation, we pretend that the approximate equalities in (16) (and
thus also (43) and (44)) are exact equalities. For S C A, it follows that

0=[0x. Ov] (752)
=[Q£®f§+i5®Q§, Q,f/®i§+f5®éf,] (75b)
=[08. 0f1e P+ F @07, 071, (750)

50 -
[0¢. 0F]=0=[0F. 0} (76)

For X = S, S let {¢]X 1 j € /X} be an ONB of X that is a joint eigenbasis of all
Q,f , and let qé be the corresponding eigenvalue. With the notation ¢ := #5 x ¢ S and
Gjji = ¢}? ® (pﬁ, it follows that {¢;;» : (j, j') € #} is an ONB of 5 that diagonalizes
(among others) Q1, ..., Q. Let

S i={(J) € 7 1 Yk Oy = ey with ge € [0 — AQk, Qul} (77a)
={G.he s s kg +af e 10— A0k i) (77b)

sospan{;js : (j, j') € Feme} = Hame. Thus, writing dgmc 1= dim e,

Pgme = D 18] (78)
81 (j.ihe S ame
and
< . 1 —
wf pgme = —— Y ¥l (79a)
gme . .,
(J+J€E F eme
1
== PRI (79b)
E0C (j.ihe S ame
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#j e 75:(.J) e }
= > 4 y Lgne CHICH (79¢)
je/s gmc
#j'e 75 iVk gy, €10k —af — AQK Ok — a1} (o
= > y ERICH
jess gmc
(79d)
dim 25
= > — el (79%)
jE/s ng
where #M means the number of elements of the set M and
p— K p— p—
oS . AS S
A5 = [T higg-n01 00451 QO (80)
k=1

The Boltzmann entropy of the macro state of S defined by the values qE with tolerance A Qy
is defined by [21, 22]

K
S5 ....q5) =k log dim(ﬂ 1[q§_AQk7q§](Q§)%§> , 81
so that
dimjf]s:exp<é5(Q1 — a0k —q,ij)) (82)
‘We now approximate the S function in (82) by its Taylor expansion around (Q1, ..., Q).

If the Qk, Q,f are positive operators, this can be justified as follows: Given that S C A
is macro-small, S is large compared to S, and positive extensive observables should be
dominated by the contribution from S, so that, for most (j, j/) € Heme and all k,

4l < aiy ~ai +ag ~ Q. (83)

For Qk that is not positive but merely (as we assumed in Statement 1a) bounded from below,
say by —Cy, shifting by Cr would justify the Taylor expansion, which then also applies
without the shift. We thus obtain, as the first-order Taylor expansion,

K

as
S(Q1—4qij - Ok —qk)) ~ S(Q1, ..., Qk) — Zﬁ(gl,..., 0x)qp;. (84
k=1 %4k
Inserting into (82) yields
B K
dim 7 ~ exp(S(Q1. ..., Qk)/kB) exp (Z m&) (85)
k=1
with { 88
e =———=(Q1,..., Qk)- (86)
kg 3qi§
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Inserting in (79¢) and applying functional calculus of operators,
tr’ Peme ~ Zo exp (Z Ak Q}f) , 87
g k=1

which is the definition of ﬁgG.
For the next steps, we need the following mathematical fact, proved in Appendix D.

Proposition 1 Let 7%, A", ¢ be finite-dimensional Hilbert spaces. If for some operators

'eI"®I‘+1'®Q0" =0"eI'+I"01"® 0°, (88)

then there exists a unique operator Qb such that
O =0"eI*+i"® 0° (892)
0 =00i"+I"® 0" (89b)

In the remainder of this section, we write again approximate equalities when making use
of the approximate extensivity of the Qk so that in the computations below it is clear which
equalities are really exact and which are not.

As a consequence of the extensivity of the Qk, if S €5 C A and S, \ S all are large
compared to the size of a molecule and have moderate surfaces, then from (16) for S; and
S»> we obtain that

Qk ~ Qil ® I9\51 g is:
+ fS] ® QiZ\Sl ® iEZ
+ 15 @9\ g QEZ , (90)

and (by repeated application of Proposition 1) similarly for any finite partition A = Uy Sy
(S¢ NSy = @ for @ # o) into sets that are large compared to the size of a molecule and
have moderate surfaces:

O~y 0 @IS 1)

For the derivation of Statement la, it remains to verify that A; given by (86) agrees
(approximately) with Az solving (10). Starting from (86), subdividing the available volume
A into many macro-small regions S, and using (91), we find that

(P 00 ~ Y tr| e (O @ 19| (922)
=Y u|uS (i) 0 (92b)
~ 3 a5 (Pgme) OF | (92¢)
=t feme (O © 15 ©24)
= tra(ﬁgmc 0x) (92e)
~ Q. (92f)

Thus, the A; given by (86) satisty (10). This completes the derivation of Statement 1a.
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6 Derivation of Statements 2a and 2b: Grand-Canonical Typicality

Statement 2b follows from 1b and 2a together, so we focus on the derivation of 2a. It is
based on a theorem of Popescu, Short and Winter [39], often applied to the micro-canonical
subspace but proved there for a general subspace® #%: for any 5, 8 of finite dimension,
any high-dimensional subspace s C 5 ® A8, and most ¥ € S(HR),

B (WY (| ~ B pg (93)

with pgr = (dim )1 13R the normalized projection to 3.
(The precise statement is that for every n > 0,

us gy |V € S(HR) : HtrB (W) (W] — tf ﬁRH >+ s < 4exp _nzdR (94)
7R o Jdr )~ 1873
with d5 = dim A5, dg = dim #g, and | M|y = tr|M| = tr v/ M*M the trace norm of the
operator M.) B
Applying this to H#g := Hgne with B = § and using that dim S5 is large, we obtain
that for most ¥ € S(gmc),
¥ W) (W]~ tr® Pgme - (95)

By Statement la, trS Pame ~ ﬁgG, which yields the desired result.

7 Derivation of Statements 3, 4a, 4b: Conditional Wave Function and
GAP

Before deriving Statements 3—-5, we review the properties of the GAP measure (for a peda-
gogical introduction see [55]).

7.1 GAP Measure

GAP measures can arise in several ways [18, 20]; the one most relevant to us is as the asymp-
totic distribution of the conditional wave function ¥5 in the setting of canonical typicality
(leading to (4b)) and, of course, according to Statements 3—4b. That is, GAP measures are
relevant as the distribution of wave functions for Gibbs ensembles.

For any Hilbert space .# and probability measure u on S(5¢), the density matrix of w is

b= [ @) i 96)
S(#)
Note that the map p — 0, is many-to-one; there are several measures leading to the same
density matrix. For any p, GAP} is a particular measure with density matrix §, i.e.,
PGAP, = p- 97

In fact, GAP} is the most spread-out measure with given p [26]. The name stems from a
procedure for constructing it: G stands for Gaussian, A for adjusted and P for projected. Here
is the procedure:

9 Indeed, as they put it in [39], p.3: “Furthermore our principle will apply to arbitrary restrictions R that have
nothing to do with energy, which may lead to many interesting insights.” As parts of our paper show, this is
the case.
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We write X ~ p to express that the random variable X has probability distribution p.
Let p =), pmIm)(m| be a density matrix on a finite-dimensional Hilbert space . with
eigenvalues p,, and corresponding eigen-ONB {|m)}. Moreover, let (Z,,) be a sequence of
independent complex-valued Gaussian random variables!? with mean 0 and variances

E|Zn|* = pm. (98)

Then Gy is the distribution of the random vector

WO =" Zy|m). (99)

Note that while G; has density matrix 0, itis not a distribution on the sphere S(5#). However,
as the eigenvalues p,, sum up to 1, we immediately see that E|WwS)? =1.

If we now projected the Gaussian measure G to the sphere S(.%), the resulting distribution
would in general not have density matrix 0. In order to obtain a measure with the desired
density matrix after projecting to the sphere, we have to adjust the density of G;. More
precisely, we define the Gaussian adjusted measure GA; on S by

GA;(dy) = 1V [I°G(dy). (100)

We remark that because of E||[WS|2 = 1, GA defines indeed a probability distribution on
.
In the last step of the construction we project GA; to S(J¢). Let woA ~ GA;. Then
GAP;; is the distribution of the random vector
WOAP . — wor .
W GA]|

(101)

Note that WOAP is well-defined as WOA = 0 almost surely. One can easily see that indeed
ﬁGAPﬁ = p and thus this concludes the construction of GAP measures in the finite-
dimensional setting. If .7 is infinite-dimensional, a similar construction is possible, see
[56] for the details. For other constructions of GAP;, see [18].

Another property we use is the continuous dependence of GAP on 4, which means that

~

for two density matrices p, €2,
if p ~ €, then GAP; ~ GAPg4 . (102)

We remark in passing that a precise version of this relation is known and provided by Lemma 5
in [18], which says that for every 0 < & < 1, every finite-dimensional .7, and every
continuous function f : S(#) — R, there is r = r(e, dim 57, f) > 0 such that for all
0, Qe D7)

if 1Ip—Qlle <7, then |GAP;(f) — GAP4(f)| < . (103)

Here, we used a standard way of expressing the closeness of two measures 1, v on a set
by saying that for any function f : & — R (serving as a “test function”), the p-average of f

n(f) 2=/Qu(dw)f(w) (104)

10 Recall that Z is a complex-valued Gaussian random variable with mean p and variance o2 if and only if
ReZ and ImZ are independent and ReZ ~ N (Rep, 02/2), ImZ ~ N (Imy, 02 /2).
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isclose to v( f). Different classes of test functions (e.g., bounded, continuous) define different
types of closeness.

Further investigation and discussion of GAP measures can be found in [20, Sec. 3], [18,
41, 53, 57, 59].

7.2 Derivation of Statement 3

The key ingredient is Theorem 2 from [18], which says that for any finite-dimensional
A5, 8 with large dim 8 and any W e S(#5 ® AB), most ONBs b of #F are
such that

fws ~ GAPtrB (W) - (105)

(More precisely, it says that for every ¢ > 0, d® := dim % > max{4, dim #5}, ¥ ¢
S5 ® s8), and bounded measurable test function f : S(s#5) — R,

4
wons{b s [Zys(f) = GAPws (D] <elfloc} = 1= 525 (106)

with uox g the uniform distribution over the set of ONBs of 7% and || - || the supremum
norm.)
We apply this to B = S. By Statement 2a, for most ¥ € S(Hme), trB Wy (W] ~ ﬁgG. By
(102),"" GAPy5 ¢ q) ~ GAP;s . Thus, £,s ~ GAPs as claimed (and likewise in the
G oG

setting of Statement 2b).

Remark 8 Another reasoning leads to the related result that . s, when averaged over ¥ €
S(Hme), is close to GAP S, It is based on the property [20, Sec. 3, Property 3] that “GAP
g

is hereditary,” i.e., that if ¥ € S(#5 ® 58 has distribution GAP/}S@)/;B, then for any fixed
ONB b of #8 Ey fw = GAP 55 The difference to (105) is twofold: First, the equality is
exact, not approximate; and second, it concerns the average over ¥, while (105) is the case
for most W. For our application, the exactness does not help as it gets lost in other steps. The

application here looks as follows: Suppose that pgme ~ oG- Then the typicality measure for
W is us(#yme) = GAP;, = GAP; o =~ GAP 5 5 by (43) and (102). By hereditarity, for

Pgme ng®ng
any ONB b of 5, Ey.%,,s ~ GAP s . o
PG
7.3 Derivation of Statement 4a
An ONB diagonalizing certain commuting observables Al, el An (such as QAK, o, Q§K7 h
or later N ls ey IQI,S) consists of an ONB for each of their joint eigenspaces (which in
the relevant cases will have high dimension). Thus, a purely random ONB diagonalizing
Aq, ..., A, consists of a purely random ONB in each of the joint eigenspaces. Since the

construction of S involves picking a random basis vector b, and since each basis vector
lies in one of the joint eigenspaces, we ask what is the probability that the chosen basis
vector lies in a particular joint eigenspace (say, the one with eigenvalues ay, . . ., a,, denoted
I, ...ay)- Since

P(J = j) = | {b;19)5 ] (107a)

T Theorems 3 and 4 in [18] provide precise versions of this reasoning.
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= (W[5 @ [bj)(b;D|W)gp (107b)
we find that, given a basis b,
JP’(bJ € Hay..ay b) = Y PU=) (108a)
j:b_iE'%ﬂal,..an
=(v|(Fo X pe)|v) (108b)
j:bjeh%ﬂul...an
= (V|5 @ Puy..a)|¥) =: plar.....an). (108c)

which is independent of the choice of basis b, as it depends only on the projection ﬁal...an
to the joint eigenspace. As a consequence, the random variable 15 can be constructed from
a given W as follows: instead of first choosing a basis b diagonalizing Ay, ..., A, inall of
28 and then a random J with Born distribution, we can just as well choose first a joint
eigenspace %, 4, with Born distribution (108c), then a random ONB &’ in this subspace,
and then one basis vector b’], with conditional Born distribution, given that the eigenspace

was J, .. a,- Finally, we can form
vS =N (B0 (109)
This conditional Born distribution is exactly the Born distribution associated with
!’ (is®ﬁa|...an)qj
(15 ® Pay.a,) Wl

which can be thought of as the collapsed wave function after a simultaneous quantum mea-
surement of Ay, ..., A, on ¥ with outcomes ay, ..., a,. Since b/J, € A ..an» WS can just
as well be obtained from W' instead of W,

(110)

S =N (b)) (111)

with different normalizing constant A”. That is, after choosing ay, ..., a, with Born dis-
tribution, we can simply continue with W', so that 7% gets replaced by %, ,,. In
particular, Theorem 2 of [18] (as described around (105) above) can be applied as long
as dim /%, .4, > 1, and yields that for most ONBs b’ of %%, _,,, the distribution of WS is

approximately GAPy .z gy Thus, including all possible values of ay, ..., a,
ZLys ~ @ plar.....an) GAPs gy g - (112)
ap...an

‘We now apply this to the setting of Statement 4a. Since

K—1
Y e %mc C %:: 1_[ ]l{Qk}(Qk)jf (113a)
k=1
K-l K-1 o
= D (H ]l{qf}(Q’f)'%’ﬁS> © (H ﬂ{QqukS}(Q/‘f)fS), (113b)
q7..q5_; k=1 k=1
i 1
we have that
(P =i ®i§)’ﬁ: (S P0f =0 —qf,...))’ﬁ. (114)
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Thus,
p(Q1—qi,..)=p,..) (115)

as defined in (60), and (taking 13(- -+ ) to mean operators on .5 or ¢ S or 45 depending on
the context)

A

S W) (W] = (W) trf(mé? =Q1—qf,..) W)W PO =01 —4qf,.. .>>

(116a)
= W")? trf(ﬁ@f =q7, .. ) W)W POT =4, .. .)) (116b)
= WPOS =45...) tr§<|\IJ)(\IJ|) POS=45...) (116¢)
~ NPT =4q7,..) bl P(OF =4qf....) = (6]) (116d)

for most W € S(H#gmc) by Statement 2a. By (102), we obtain Statement 4a.

7.4 Derivation of Statement 4b

We apply (112) to n = r and Ai = J\A/l§ By Theorem 1 in [52] for + = 0, for most
¥ e S(Hgme), ﬁ(nls, el an) ~ tr(,égmcﬁn) = pn(nj, el nls). Given nf, e nrs, W' is
GAP-distributed with density matrix P, pgmc Pn/pn(n3, ..., ny). (This can be shown.) By

the results of [53], trgllll/)(lll/l A ﬁ(nls, ..., n3) with probability close to 1. Thus, (112)
takes the form (62). This completes the derivation of Statement 4b.

Remark 5 can now be obtained as follows: When acting on #gn, [S® P, canbe replaced
by P ® 13,, with P as in (60) and q,f = QO — Fy (nf, R nrs). Given that we can otherwise
replace Pgme bY PsG X Pgc, and using (43), we find that

Py, n) =t pamc(I° © Py)] (117a)
= tr] peme (P ® Py)] (117b)
~ [ poG (P ® Py)] (117¢)
= (3G P) tr(piG Pr) (117d)

and in the same way ﬁ(n?,...,n?) ~ ﬁs(qls,...,qlifl) as in (61). Thus, all sum-
mands in (62) with equal values of qls ey qf;_] are multiples of the same distribution
GAP ;s 4Sqs ) and thus can be combined into a single summand with weight
> Py, ond) 2w P) = plgy, ... qx_),  (118)
n?...n?:

Qk—Fi(n},....nd)=q

which leads to the equations of Remark 5.

Example 2 As a simple example we consider the case of one particle species (r = 1). In this
situation there is no notion of chemical equilibrium but only the one of spatial equilibrium.
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Let # = A S ® 5 and let 01 = N be the particle number operator of the total system.
Obviously, N is (exactly) extensive and thus we can decompose it as

N=NS@I5+I5eN>5, (119)

where NS and NS are the particle number operators of S and S, with eigenvalues n5 and ng,
acting on 25 and ¢S respectively. .

Let AN = 0 and let N € N be an eigenvalue of N, so gy is characterized by the
(exact) total particle number and a micro-canonical energy interval. By Statement 4b, for
most W € S(Hgme) and most ONBs b of S that diagonalize N E,

N
Zys ~ D pa(®) GAP; 5, (120)
nS=0
where
5 5B 5nS VU STps p
Pa ) = t(hamePr). 015 = —— 1 | Pupgme ] (121)
pn(n°)

with P, = P(N S = ng). These quantities can be evaluated more explicitly: with the help of
(114) and Statement 1b we find that

Pa(n®) = tr ((ﬁ(]\‘/s =N-n%® fs) ﬁgmc) (122a)
— S (13(1\75 —N—1nS trf(;sgmc)) (122b)
U siais S\ oS (—B(Ho—pulN)
~gou (P(N —N—nu (e )) (122¢)
1 < A A — N
= __PHNn®) S (P(NS —N-— nS)e*ﬁ”oS) , (122d)
ch

where I:I(f is the part of Iflo acting only on S and u = puo;. Likewise,

T N U T2PC S
p(n’) = P trd (P(NS = ns)pgmc> (1232)
n
1 o~ . — N _
- E)P(NS =N —nS)(trS ﬁgmc)P(NS =N —n) (123b)
Pnnn
T o s e A -
o §)P(NS =N —n%) e PUE—1ND BFS = N —nS) (123c)
gc Pnnn
1

=7 = PN BRS = N —nS) PR P(NS = N —nS).  (123d)
gcpn n

Therefore, ﬁ(ng) can be interpreted as a canonical density matrix of the system S with
N —nS particles and thus (120) is a mixture of GAP measures with canonical density
matrices corresponding to different particle numbers in S.

As a by-product, we observe that (66) reduces in this example to (122d) with qls =n
N — nS because Ql =N , and (67) reduces to (123d). Thus, the calculation above amounts

to an independent confirmation of Remark 5 in this case that does not assume the validity of
the general Gibbs principle. o

S=
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8 Derivation of Statement 5: Approach to Equilibrium
8.1 Mathematical Tools

For deriving Statement 5, we make use of the following three mathematical propositions.

The first one provides a large part of the first statement in Statement 5: it states that a
version of the eigenstate thermalization hypothesis (ETH) suitable for microscopic thermal
equilibrium (MITE) implies that the reduced density matrix ,5(;[ approaches tr’ Pgme for
every initial state Wy € S(#gmc). The MITE-ETH was formulated in Statement 5 as (68a)
and (68b) and is formulated in Proposition 2 in a more precise version as (126) and (127).

For the mathematical formulation, we recall the precise meaning of “most” [17, 60]: One
says that a statement s(x) is true for (1 — €)-most x € X relative to the normalized measure
pon X if and only if

plxeX:sx)}=1-e. (124)

One says that a statement s(¢) is true for (1 — €)-most t € [0, oo) if and only if
1
liminf—‘{te[o,oo):s(t)}‘ >1—¢, (125)
T—oo T
where | M| denotes the length (Lebesgue measure) of the set M C R.

Proposition2 Lere, 8 > 0, # = #5045, let AR C I be a subspace, Pr the projection
to 7w, and H a Hamiltonian on 7 such that [H PR] = 0. Moreover, suppose (MITE-ETH)
that for any eigenvectors ¢1, ¢ € S(H#R) of H with eigenvalues e # ey,

e 190 (911 — t# e | <ce, (126)

e 1001 921] <. (127

where || - ||2 denotes the Hilbert-Schmidt norm. Then every Yo € S(J#R) is such that for
(1 — &)-most t € [0, 00),

DG
Jee® 1w ol = || < 260/ =2 (128)
where Dg is the maximal degeneracy of eigenvalue gaps,
Dg ::%laﬁ#{(e,e/)eSxS:e;ée’ande—e’:E}, (129)
€

and & the set of eigenvalues of H.

Proposition 2 expresses that for every initial state 9 € S(%), for most times ¢t > 0,
,5;;[ ~ trB pp. The proof can be found in Appendix E. It is an adaption and generalization
of the one given in [15, 42, 51] for the case that pg = pmc and the Hamiltonian has non-
degenerate eigenvalues and eigenvalue gaps.

Another proposition concerns the commutation of quantifiers. It is helpful to introduce
the symbol \/ to denote “for most.” If A(x, y) is any statement about objects x and y,
then “VxVy : A(x, y)” is equivalent to “VyVx : A(x, y).” Likewise, “\/x\/y : A(x, y)” is
equivalent to “\/y\/x : A(x, y)” [17, Footnote 7] if both \/x and \/y refer to probability
spaces (i.e., normalized measures); the situation is more subtle when talking about most
times t € [0, c0) because the uniform measure on [0, c0) is not normalizable. In fact,
“N/xV/t : A(x, t)” implies that “\/7\/x : A(x, t)” butin general not vice versa [59, Footnote
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5]. The following proposition provides a sufficient condition for commuting \/¢ from the left
to the right of \/x.

Proposition 3 Suppose (X, %, P) is a probability space, C > 0, F : X x [0, 00) — [0, C]
is a measurable function, 0 < e < 1,0 < 8, < 1, and 0 < §; < 1. Suppose further that for
every x € X, the time average

_ 1 T
F(x,t) = Tlimoo T / dt F(x,t) exists. (130)
- 0

If 1 — &;)-most t € [0, 00) are such that for (1 — 8;)-most x € X, F(x,t) < &, then
(1 — 8,)-most x € X are such that for (1 — 8))-most t € [0,00), F(x,t) < &' with any
positive €', 87, 8. such that

€818, <e+C(8: + ) 131)
(e.g.8 =8 =8, = (¢4 C(Sx + ).
The proof can be found in Appendix F.

Proposition4 Let 5 be a ﬁni{e-dimensional Hilbert space, Vo9 € S(), ¥, =
exp(—i Ht)Wq with self-adjoint H, and let g : S(5¢) — R be any bounded measurable
function. Then the time average g(V;) exists.

The proof can be found in Appendix G.

8.2 Application to Statement 5

Derivation of Statement 5. We assume that H satisfies the ETH (126)—(127), and that Dg is
not too large. Then Proposition 2 for J#g = . yields that for every Wy € S(Hgmc), for

most. times ¢ € [0, 00), ,63,[ ~ S Pame. Statement 1a tells us that trS Pame ﬁgSG. We thus
obtain the first statement (69) of Statement 5.
We now turn to the conditional wave function. Theorem 2 in [18] shows that for every

t, most orthonormal bases b of jf§ are such that i@sm ~ GAP 3 By the continuous
13
dependence (102) of GAP; on 0, GAP.s ~ GAP 55 for most ¢ and regardless of the basis

Pw, oG
b. Thus,

We want to move the “\/b” to the left of “\/z” because we want to apply the same basis

b at all times ¢. As discussed before Proposition 3, even commuting /¢ and \/b requires

further assumptions, to which we turn now. We express that .% s, is close to GAP 53, by
g

means of integrating them against arbitrary “test” functions f : S(##5) — R as in (104).
Proposition 3 for X = ONB(#5),x =b,and F(b, 1) = |Zws(,)(f) — GAP/;SG (f)| (which
g

satisfies 0 < F(b, 1) < C = 2| f|loo) allows us to interchange \/# and \/b, as its hypothesis
(130) is satisfied by virtue of Proposition 4 with g(V) = [.Z},s (f) — GAPﬁsG (f)] (note that

wS depends on W) for arbitrary but fixed b and f’; after all, F (b, t) = g(\¥;). Thus,
Y VbVt >0: Lys@y GAPﬁgsG , (133)

which is what we claimed in the case of typical ONBs b; the case of ONBs diagonal-
izing Qi, ..., Qg1 is analogous, while \/b now means “for most ONBs b diagonalizing
01, ..., Qx—1" instead of “for most ONBs b.” This completes the derivation of Statement 5.

@ Springer



120 Page 300f 39 C.lgelspacher et al.

An alternative strategy of the derivation starts from the fact, mentioned above, that
YWVt > 0\/b : ZLysi ~ GAPﬁi,' Now we try first, before replacing ,65,’ by ﬁgG, to

move “\/b” to the left of the -quantifier. It must still be expected that “Vz” has to be replaced
by the weaker “\/¢” because it may well happen that every b has some bad, exceptional
1’s [17]. We apply Proposition 4 to g(V) = |.€s(f) — GAPﬁg’ (f)], then Proposition 3 to
X = ONB(#5),x = b, and F(b,1) = |Lysw)(f) — GAPgs (f)I = (W), so we can
t
interchange \|/t and \//b. Now if each of two statements s} (¢) and s5(¢) is true for (1 —)-most
t, then “s1 (z) and s2(¢)” is true for at least (1 — 2¢)-most ¢. Since /7 : ,6\%[ ~ ﬁgSG by (69)
and for those ¢, GAPﬁ\i ~ GAPﬁsG by (102), we obtain (133), as claimed.
t 4

A Proof of Remark 2

We first show that if we had chosen F differently, it would not have changed pyG. Indeed,
any other F would have been of the form F = GF with G : RK~! — RX~! an invertible

linear mapping, so that (with A = (A1, ..., Ax—1) and - the dot product in REK-1)
K—1
Zkka(Nl,...,N,):A-F(Nl,...,Nr) (134)
k=0
= (G HW) - (GF(Ny,...,N) (135)
=% -F(Ny,...,N)) (136)
with ~
= (G Hia. (137)

Thus, ’;gG obtained from F and X coincides with ﬁgG obtained from F and A; it remains
to check that the A Valuei obtained from F agree with . Since Qk = ﬁk (1\7 Lseees N,) =
G (Q1,...,0k—1)and Oy = G¢(Q1q, ..., QK_l),Weobtainirom(lO)fork =1,...,K—
1 by applying the linear mapping G on both sides that tr(ﬁgG Q k) = ék, which completes

the proof.
Now we show that if we had chosen F' differently, it would have changed ﬁgmcr Indeed,

the axiparallel rectangle ]_[f ]I[Qk — AQg, Qk] would be mapped by G to a paral-
leleprped instead of the axiparallel rectangle ]_[k | Qk - A Qk Qk] with the same corner

(Ql, .. Q k—1). Thus, the exact set of eigenvalues would be different for the rectangle
B Proof of Remark 3
If 501, e Eo, solve£24) as well, then € := (Eg; — Eol, ..., Eor — Eor) is orthogonal to

Lo H gets changed to H=H+ Y& N, analogously Hy,and Eto E = E+ ZL Eing; . (For
the purpose of this consideration, we may imagine a second set of molecules A; subject to
reactions exactly analogous to (17) but with different ground state energies Ey;; in practice,

12 1t is worth pointing out that if the density of states (jointly for Ql, .0 k) grows quickly with each
variable, most joint eigenvalues in either set are expected to lie close to that corner, but still the opening angle
at that corner would be different.
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H may be our guess at the correct Hamiltonian.) Since (neq 1=N01, - .., Neq,r —Nor) € Land
EL LalsoE = E+> & Meg,i- Atthe same time, F, Qk,and Ok (k < K- l)donotchange
It follows that the choices ﬁ B and fio; = poi — & will lead to ng = oG = Pec = ch
and thuisatlsfy (10) with Qk = Q (k < K — 1) and Qg = E on the right-hand side and
Q K= H included on the left. Furthermore, fio; and Eo; satisfy (38); since the correct values

of B and f1g; are determined by (10) and (38), this confirms that ﬁ = B and fio; = woi — &,
S0 Pgc stays the same. Moreover, Pgmc stays the same under the condition stated in Remark 3

because g stays the same (if we neglect V) because, put briefly, any change of particle
numbers within g lies in £ while £ 1L L.

C Proof of Example 1

Lemmal Let M € N. The function o(q) = Clo<y<g gM is a probability density for

=M+ 1)/QM"'1 and has standard deviationo = QM + 1/(M +2)/M + 3 (asymp-
totically Q/M as M — 00). The function 9(q) = C‘M10<q g™ e is a probability density
for A > 0 and Cy = AMFL M has expectation Q for & = (M + 1)/ Q, and has standard
deviation & = Q /M + 1 (asymprotically Q/~'M as M — 00).

Proof This is a straightforward calculation that we include for the convenience of the reader.
The value of C is determined by

u QM+]
1= dqC C 138
/0 qCq Ml (138)
The mean of g is
0 M+1 M+1DOoM¥Z M 41
_ d M+1 _ = , 139
the second moment
¢ M+1 M+1
2y _ M+2 _ 2
(q >g—f 9 g+t 4 —M+3Q- (140)
Thus, the variance is
Var, = (q%)o — (q); (141a)
M+1 M+ 1)2]
— 141b
Q[M+3 (M +2)? (1410
M+1
) S (141¢)
(M +3)(M+2)
which yields the standard deviation ¢ in the lemma.
We turn to Q:
1 o
— = / dq g™ exp(—iq) (142a)
Cm 0
M © M [ M—1
=[-a"ewraa| "+ [ e ewr a4
M oo
= 7/ dq qul exp(—Ag) =...= (142¢)
0

@ Springer



120 Page320f39 C.lgelspacher et al.

= e (142d)
The mean of 9 is
00 ~
@a= [ daCuq"" expi-ia) (1432)
0
C MM+ 1) M+
= m _ '(M:rz): +1 (143b)
Crst ML Py
Setting it equal to Q yields A = (M + 1)/ Q. The second moment is
oo ~
o= [ daCua" exp(-rg) (1442)
0
c A (M +2)) M+1D)M+2) M+2
- Cw AT AR MA DD _MAE202 (14w
Cus2 MM+ A M+1
Thus, the variance is
Varg = (¢%); — ()3 (1452)
M+2 , 0?
= — = , 145b
M+1 -0 M+1 ( )
which yields the standard deviation & mentioned in the lemma.
D Proof of Proposition 1
Existence: By (88),
ia®ch_ia®ib®Qc:Qab®ic‘_Qa®ib®ic. (146)

Since the left-hand side is of the form 7 ® R?¢ and the right-hand side of the form RV ‘,
both sides have to be of the form /¢ ® Qb ® I¢. For the left-hand side, it follows (after
dropping a factor 79) that Q” = Q% ® I + I® ® Q°. For the right-hand side, it follows
(after dropping a factor [¢) that 09 = 0 ® I® + [* ® QP, as claimed.

Uniqueness: Insert (89a) into (88), so l"ei*e QC cancels out; drop the common factor
[ and take the partial trace over 7#“ to obtain that Qb = (dim 2%~ (tr® Q“b —(tr Q“)f by,

E Proof of Proposition 2

Let 1, denote the projection to the eigenspace of H with eigenvalue e € £. We first show
that for all Yo € S(J#%), the time average (defined in general as in (130)) of trB |y, ) (Y| is
close to tr? g in Hilbert-Schmidt norm. Since Y=y, ccE e~ T1,yr, the time average of

tr |,) (Y| is given by

w8 [y ) (Y =P D el =Ty o) (Yol I, (147a)
e,e'eE
=Y tr® T 1v0) (Yol L. (147b)
eck
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Without loss of generality we assume that M.vo # O for all e. Since H and Py are simul-
taneously diagonalizable, 1 VYo € Hx; thus, since ¢ 1= I Yo/ ||1'I Yoll is an eigenvector,
(126) implies that

B o] — B 5 - e |¥0) (ol T .
[eP Tl = u? pe| = | S Ifewol? (6 lVolVollle _ 5 5 (1482)
2 [ITlevo I
ec& 2
. 1 1 .
< Y Il |ir? M —t® pr (148b)
el T ol 5
<Y IfLyolle (148¢)
ee&
= (1484)

Next we show that the time variance of tr? |y, ) (1, | is small (again in Hilbert-Schmidt norm).
|2

To this end we compute (with the notation |A = AAT)
2
[ vl = w® )l |
2
= [[trB > " el =TTy |yro) (Yol T, — 8 [) (| (149a)
e’ 2
2
= | - et fi o) (ol L. (149b)
e#e’ 2
2
SIS eite=ent teB fl yo) (vol (149¢)
eFe'
S Y e (e Ay o) (ol L) (e flon o) (wolfler ) (149d)
e#e’
//#e///
= > beemerrenote ((u? Aolyo) ol ) (e flon o) (Wolfler)) . (149¢)
et
/’# 1

With the help of the Cauchy-Schwarz inequality for trS we find that

e (o Frelwo) (ol 1. ) (u? Pl lo) (ol ) )|

< \/trS [ f1e o) ol L) (1 Tl lwo) (ol |

: /trs [(o? e lyohtwolfier ) (u? Floryo)olfler )] (1502)

(150b)

= |r® fre ool

e feryorwoltte|
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Fora = (e.¢) € G 1= ((2,&) € £ x £.& # &)} we define vy = || tr® T/ [y0) (ol [T |12
and A, = e — /. Moreover, in a move we adopt from [48], we define the matrix R by

Raﬁ = (SAasAﬁ' (151)
With this it follows that
[ 1w il = &P )l Zv Rapg (1522)
<RI Ival? (152b)
o

< IR Y. e fl o)
e#e!
Wehave that | R|| < +/[[RI[1[[Rloo, Where || R (|1 := maxju),=1 | Rully with [[ully = 3_, |ual
and [|R|lec = maxy| =1 |[Rullcc With [[u]lcc = maxy |uy|. As R is Hermitian, ||R||; =
IR ||, and we have the bound

IR < mﬁaxDRam = Dg. (153)

o

With this and the help of the MITE-ETH we obtain

(152¢)

~ A 2
5 T/ [90) (Yol T
Jic# 1yl — P | < Do Y Ayl yo)? o S VO WOl

= Lol Lol |
(154a)
< DG Y _ Tyl 11Tyl *e® (154b)

e,e
= Dge?. (154¢)
Markov’s inequality says that

P(Y >a) <EY/a (155)

for any random variable Y > 0 and a > 0. It implies that (with the notation |M| for the
length (Lebesgue measure) of the set M C R)

1 _— D
lim inf — {z € 10,71+ e 1)yl — 0P 1) (v e 56”
1 —_ 2 D
= lim inf — {re[o, 712 Jue® 1) il = B ) (0] i >sZTG} (156a)
1) 2
< apo | il — P ol (156b)
<s. (156¢)

Therefore and as a consequence of the triangle inequality, every ¥y € S(%) is such that for
(1 = §)-most ¢ € [0, 00),

Jee® 1wl = w08 e < e 1 (vl = P T

e CAAR AR
(157a)
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<2e/—, (157b)

which finishes the proof.

F Proof of Proposition 3

If for any given ¢, (1 — §,)-most x € X are such that F(x,7) < e, then, since for the
exceptional x’s at least F'(x, ) < C, we have for the x-average that

/ P(dx) F(x,t) <e+ Cé,. (158)
X

By assumption, this bound holds for (1—§;)-most¢ > 0. Since forevery ¢, fX Pdx) F(x,t) <
C,

1 T
limsup—/ dt/ P(dx) F(x,t) <e+ Cdé, +C6; . (159)
T—o00 T 0 X
By Tonelli’s or Fubini’s theorem, we can change the order of integration:
1 T
limsup/ ]P(dx)—/ dt F(x,t) <e+ Céx + Cé; . (160)
T—ooo JX T 0

We now use assumption (130); since the limit has to lie in [0, C], we can apply the dominated
convergence theorem (with dominating function of x given by the constant C), so we can
interchange the limit and the x-integral and obtain that

I I
/]P’(dx) lim 7/‘ dt F(x,t) = lim P(dx)f/ dt F(x,t) <e+ Céx +Cé; .
X T—oo T Jo T—oo Jx T Jo
(161)
We apply Markov’s inequality (155) to x: for any &” > 0 for (1 — §/)-most x,
1 T
lim —/ dt F(x,t) <¢” (162)
T—oo T 0
with Ch. + C8
o= EE T o (163)
€

Fix any x for which (162) holds. By Markov’s inequality applied to ¢, for any ¢’ > 0 for
(1 —87)-most ¢t > 0,
F(x,t) <¢ (164)

with
8 =—. (165)

Regarding ¢’ as given and ¢” as defined by the last equation, we obtain the conclusion of
Proposition 3.

G Proof of Proposition 4

Suppose first that H has rationally independent eigenvalues (which occurs generically in
the sense that it occurs with probability 1 if H is random with continuous distribution). Let

@ Springer



120 Page 36 of 39 C.lgelspacher et al.

(¢) be an eigen-ONB of H = D penl®n)(pn] and expand W = Y c, ¢, in this basis, so
=3, e’ ¢, d,. Then it is known [60, 62] that the dynamics of W, is ergodic on the
torus 7 = {® € I : |(¢,|P)| = |c,|} defined by the moduli of the energy coefficients.
Therefore, for any bounded measurable g and almost every Wy, the time average of g(W¥;)
is equal to the phase average. Since the torus is compact and g bounded, the phase average
exists, so also the time average exists. In fact, since the dynamics is quasi-periodic, the time
average exists for every (rather than almost every) Wy.

But even if the eigenvalues of H are not rationally independent, so certain phase rela-
tions become periodic rather than quasi-periodic and the dynamics is not ergodic on .7, the
dynamics is still ergodic on a lower-dimensional submanifold .7, and again the time average
exists and equals the phase average over .. This completes the proof of Proposition 4.

An alternative strategy of proof, at least for almost every Wy, is based on the theorem [44,
45] that a measure-preserving dynamical system with finite measure on a Lebesgue space
can be decomposed into ergodic components. For ergodic systems for almost every initial
condition, the time average of any bounded measurable function exists and is equal to the
phase average. Thus, for almost every initial condition the time average exists. Since a Hilbert
space is a complete metric space and thus a Lebesgue space, and since in finite dimension
us( ) is finite and preserved, the dynamical system of Proposition 4 is contained as a special
case.
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