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Continuous-variable Gaussian states are ubiquitous in quantum science, describing relevant regimes
in optics, optomechanics, and atomic ensembles. In multiparameter quantum metrology, their
ultimate precision limit is set by the Holevo Cramér-Rao bound (HCRB), which accounts for
measurement incompatibility. However, evaluating the HCRB in infinite-dimensional systems is
challenging due to the required optimization over Hermitian operators. Here we introduce an efficient,
general method to compute the HCRB for arbitrarymultimodeGaussian states by reformulating it as a
semidefinite program (SDP) depending only on the first and second moments of the state and their
parametric derivatives. This phase-space formulation shows that observables up to quadratic order in
the canonical operators suffice to evaluate the bound. The same framework yields SDP forms of the
symmetric and right logarithmic derivative (SLD and RLD) bounds and analytical results for two
parameters encoded in a single-mode covariance matrix. We demonstrate the approach in two
scenarioswhere both first and secondmoments varywith the parameters: simultaneous estimation of
phase and loss, and joint estimation of displacement and squeezing. Our results provide conceptual
insight into multiparameter estimation with Gaussian states and enable practical applications of
the HCRB.

The goal of quantum parameter estimation theory is to assess the funda-
mental precision limits on measuring unknown parameters characterizing
quantum systems, and to find practical strategies to attain them. This
endeavor has technological applications, such as quantum-enhanced
metrology and sensing1–8, but is also intimately connected with deep fun-
damental aspects of quantum physics, such as the geometry of quantum
states9 and incompatibility of observables.

Single-parameter quantum estimation has been studied intensely and
has been applied to devise quantum-enhanced strategies for measuring
various physical parameters. When many experimental shots are available
the attainable precision limit is the quantum Cramér-Rao bound (CRB),
originally introduced by Helstrom10–14. This is known as local quantum
estimation theory, since the assumption ofmany shots is roughly equivalent
to estimating only small deviations from the true parameter values. Inmany

situations, one needs to estimate multiple unknown parameters
simultaneously15–17, e.g., orthogonal displacements18–23 relevant inwaveform
estimation24, multiple phases25–30, phase and noise parameters31–38, relative
positions of discrete optical sources39–41 ormoments of extended sources42,43,
range and speed of moving targets44,45, vector fields46–50, and more.

From a theoretical perspective, precision limits for multiparameter
estimation were first obtained by considering the formal similarity between
quantum theory and probability theory, obtaining a “quantization” of the
classical CRB. This procedure is not unique, and leads to different Cramér-
Rao bounds51—the most well-known being the symmetric logarithmic
derivative Cramér-Rao bound (SLD-CRB) and the right logarithmic deri-
vative Cramér-Rao bound (RLD-CRB)11,18,52. These have been widely used
due to their relatively easy calculation; nevertheless, neither of them is
generally tight53,54, reflecting the issue of measurement incompatibility in
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quantum theory. A tighter precision limit is theHolevo Cramér-Rao bound
(HCRB), which is uniquely quantum and not obtained by the formal ana-
logybetweenquantumstates andprobabilities.Crucially, theHCRBalsohas
a fundamental operational meaning: it can be attained by collective mea-
surements on asymptoticallymany identical copies of the quantumstate17,55.
As such, it captures the ultimate impact of measurement incompatibility in
parameter estimation. Moreover, in some cases it is also attainable using
single-copy measurements: for pure states56 and for displacement estima-
tion with Gaussian states11. We also mention the existence of alternative
approaches to deal with measurement incompatibility in multiparameter
estimation, based on uncertainty (or tradeoff) relations57–59, which have also
been compared to CRBs in a unified framework60.

Despite its critical importance, the HCRB is often avoided in favor of
bounds that are simpler to evaluate, as it lacks a general closed-form
expression and is defined via a minimization. Luckily, this is a convex
optimization problem and can be expressed as a semidefinite program
(SDP) forfinite-dimensional systems61,whichmakes anumerical evaluation
relatively straightforward. For continuous variable (CV) quantum systems,
the infinite dimension of the Hilbert spaces generally does not allow this
simpler formulation. Truncating the Hilbert space dimension to obtain
approximations is in principle possible, but the procedure quickly becomes
unwieldy. Restricting to the more manageable class of Gaussian states62, a
semidefinite program to evaluate the HCRB for joint displacement esti-
mation is known20, but not formore general parameters encoded also in the
covariance matrix.

We fill this gap by presenting a general SDP to evaluate the HCRB for
infinite-dimensional Gaussian quantum systems. This framework enables
a generic study of simultaneous estimation of multiple incompatible
parameters encoded in Gaussian states of an arbitrary (finite) number of
bosonic modes. Our approach follows the geometric formulation of
quantum estimation theory, based on operator Hilbert spaces endowed
with state-dependent inner products11,63. As applications, we consider two
models where the HCRB is tighter than both the SLD-CRB and the RLD-
CRB: joint phase-and-loss estimation, previously studied mainly via the
SLD-CRB31,32,54,64,65, and estimation of complex displacement and squeezing
in single- and two-mode Gaussian states, extending recent HCRB results
for pure states66 and earlier work on displacement-only estimation19,20,67.

To keep the presentation aimed at practitioners, we limit abstract
concepts and notation. Nevertheless, some derivations are technical, so we
summarize the main results at the start of the Results section. That section
provides the practical ingredients to compute multiparameter bounds for
Gaussian states, including the SLD-CRB and RLD-CRB known in the
literature64,68–72. We also cast these bounds in a unified notation and show
how they can be obtained by solving an SDP.

Methods
In this section, we first introduce the main mathematical tools and defini-
tions that allow us to derive the ultimate limits formultiparameter quantum
estimation protocols, then we present the formalism needed to describe
continuous-variable Gaussian quantum systems, and finally we give a short
note on the vectorization procedure for finite-dimensional matrices.

Multiparameter quantum estimation theory
Quantum parameter estimation theory examines the ultimate preci-
sion limits of parameter estimation in quantum states and the
measurements that achieve them. Our focus is the simultaneous
estimation of p unknown parameters θ=ðθ1; � � � ; θpÞ> characterizing
a parametric family of quantum states ρ̂θ, which we also call a
quantum statistical model. To estimate these unknown parameters,
one performs a generic quantum measurement, mathematically
described by a positive operator-valued measure (POVM). The cor-
responding probability for the measurement outcome x is given by
Born’s rule PðxjθÞ ¼ Trðρ̂θΠ̂xÞ where Π̂x is the POVM element. Based
on the observed measurement outcome x, one can use an appropriate
estimator function �θðxÞ to infer the parameter values. We quantify

the quality of the estimator �θðxÞ by the mean square error matrix
(MSEM):

Σθð�θÞ ¼
Z

dx PðxjθÞð�θðxÞ � θÞð�θðxÞ � θÞ>: ð1Þ

Imposing the local unbiasedness conditions

R
dx PðxjθÞð�θjðxÞ � θjÞ ¼ 0;R

dx �θjðxÞ ∂PðxjθÞ∂θk
¼ δjk;

ð2Þ

on the estimator �θðxÞ one can derive thematrix Cramér-Rao bound (CRB)
on the MSEM13,73

Σθð�θðxÞÞ≥ F�1; ð3Þ

where a matrix inequality A≥B means that the matrix A − B is positive
semidefinite, and F is the classical Fisher information matrix (FIM) with
elements

Fjk ¼
Z

dxPðxjθÞ ∂lnPðxjθÞ
∂θj

 !
∂lnPðxjθÞ

∂θk

� �
: ð4Þ

Since for a given parametric family of quantum states ρ̂θ infinitely
many measurement choices are possible, one can introduce quantum pre-
cision bounds that hold for any POVM and depend only on ρ̂θ . A well-
known quantum lower bound on the MSEM is given by the replacing the
CFIM with the symmetric logarithmic derivative quantum Fisher infor-
mation matrix (SLD-QFIM) introduced by Helstrom74,75:

JSjk ¼ ReðTr½L̂Sj ρ̂θL̂
S
k�Þ ¼ 1

2 Tr½ρ̂θfLSk; LSj g� ; ð5Þ

where the symmetric logarithmic derivative (SLD) operators L̂
S
j are defined

as solutions of the equation13,14,74

2 ∂ρ̂θ
∂θj

¼ fρ̂θ; L̂
S
j g ; ð6Þ

is known as the SLD inner product between the two Hermitian operators X̂
and Ŷ . The SLDs areHermitian and have zeromean, i.e.,Tr½ρθL̂

S
j � ¼ 0, since

the partial derivatives ∂ρ̂θ=∂θj have trace zero as a consequence of the nor-
malization of ρθ. The SLD-QFIM is real-valued, symmetric and positive
definite. We assume here and in the rest of the manuscript strict positivity,
which excludes singular quantumstatisticalmodels, where not all parameters
can be estimated independently (we will briefly comment about relaxing this
assumption in the final discussions). Unlike the single-parameter case, the
SLD-CRB is in general not tight in multiparameter estimation, because the
best measurements for different parameters may be incompatible.

Another well-known bound is obtained from the complex-valued and
positive definite right logarithmic derivative (RLD)QFImatrix (RLD-QFIM)

JRjk ¼ Tr½L̂Ryj ρ̂θL̂
R
k � ; ð7Þ

where the RLD operators L̂
R
j are defined as18,52

∂ρ̂θ
∂θj

¼ ρ̂θL̂
R
j ; ð8Þ

these are in general non-Hermitian operators, but still zero mean,

Tr½ρ̂θL̂
R
j � ¼ 0. The quantity Tr½Ŷy

ρ̂X̂� is known as the RLD inner product

between the operators X̂ and Ŷ (in this case, not necessarily Hermitian).
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It is customary to quantify the overall precision with the scalar
quantity tr½WΣθð�θÞ�, where the weight matrix W > 0 is real and
symmetric (notice that tr½�� denotes the trace of finite-dimensional
p × p matrices, while we reserve Tr½�� for Hilbert-space operators).
This is a well-defined figure of merit to assess the precision of
multiparameter estimation strategies and to compare different matrix
bounds. Indeed, from the matrix inequalities on the MSEM Σθð�θÞ in
terms of SLD-QFIM and RLD-QFIM, we obtain the following scalar
SLD-CRB and RLD-CRB16,17

tr½WΣθð�θÞ�≥CS
θðWÞ ¼ tr½WðJSÞ�1�; ð9Þ

tr½WΣθð�θÞ�≥CR
θ ðWÞ ¼ tr½WRe½ðJRÞ�1��

þ
ffiffiffiffiffi
W

p
Im½ðJRÞ�1�

ffiffiffiffiffi
W

p��� ���
1
;

ð10Þ

with jjAjj1 ¼ trð
ffiffiffiffiffiffiffiffiffi
AyA

p
Þ denoting the trace norm; the real and imaginary

parts of matrices are taken element-wise. Neither of the bounds is always
tight. Moreover, we note that for unitarily encoded parameters, a natural
choice of the matrix W yields intrinsic bounds that are independent of
reparametrizations76.

Having a scalar figure of merit, it is natural to introduce the so-called
most informative bound, i.e., the classical CRB optimized over POVMs12:

tr½WΣθð�θÞ�≥CMI
θ ðWÞ � minPOVM½trðWF�1Þ�: ð11Þ

This bound is achievable withmany repetitions, yet no simple recipe for its
evaluation is known, even though it has been recently recast as a conic
optimization for finite-dimensional systems77.

The bound CMI holds at the single copy level and does not take
into account the possibility of measuring multiple copies at the same
time. The attainable precision for collective measurement over
asymptotically many identical copies of the state ρ̂�n

θ is given by the
Holevo Cramér-Rao bound (HCRB)11,12,17,78, defined as

CH
θ ðWÞ ¼ min

V2Sp ;X2χθ
½trðWVÞjV ≥ZðXÞ�; ð12Þ

where Sp is the space of symmetric p × p real matrices, and Z(X) is a p × p
Hermitian matrix with elements

ZðXÞjk ¼ Tr½X̂jρ̂θX̂k� ; ð13Þ

in terms of a set of p Hermitian operators X̂j that satisfy the local unbia-
sedness conditions

Tr½ρ̂θX̂j� ¼ 0 ð14Þ

Tr½X̂j
∂ρ̂θ
∂θk

� ¼ δjk: ð15Þ

Note that the matrix Z(X) in Eq. (13) is often defined as the transpose of
ours; this difference is inconsequential, since the inequality constraint in
(12) is invariant under transposition. Typically, the HCRB is tighter than
both the SLD-CRB and RLD-CRB; indeed, the bounds introduced so far
satisfy the following chain of inequalities

tr½WΣθð�θÞ�≥CMIðρ̂θ;WÞ≥CH
θ ðWÞ

≥ max½CS
θðWÞ;CR

θ ðWÞ�:
ð16Þ

The discrepancy between the HCRB and the SLD-CRB is limited to a
factor two, since we have that63,79

CH
θ ðWÞ≤CH

θ ðWÞ≤ ð1þ RÞCS
θðWÞ≤ 2CS

θðWÞ; ð17Þ

where the first upper bound is defined as

C
H
θ ðWÞ ¼ CS

θðWÞ þ
ffiffiffiffiffi
W

p
ðJSÞ�1I ðJSÞ�1 ffiffiffiffiffi

W
p��� ���

1
ð18Þ

in terms of the mean Uhlmann curvature or asymptotic incompatibility
matrix I , with elements

I jk ¼ � i
2
Tr ρ̂θ L̂

S
j ; L̂

S
k

h ih i
; ð19Þ

and the intermediate bound involves the asymptotic incompatibility
parameterR ¼ jjiðJSÞ�1I jj179–81 (theoperatornorm jjAjj1 corresponds to
the largest singular value of the matrix A).

It is worth emphasizing that the SLD-CRB is completely tight, i.e.,

CMI
θ ðWÞ ¼ CS

θðWÞ, when ½L̂Sj ; L̂
S
k� ¼ 0; 8j; k and the common eigenstates

of these commuting SLD operators are the optimal measurement basis.
Moreover, the SLD-CRB is asymptotically tight, i.e., the less stringent
condition CH

θ ðWÞ ¼ CS
θðWÞ, when the SLDs commute on aver-

age I jk � 0; 8j; k.

Gaussian quantum systems
We here briefly summarize the formalism to describe bosonic Gaussian
quantum systems71,82–84. Let r̂=ðx̂1; p̂1; � � � ; x̂m; p̂mÞ> be a vector of quad-
rature operators, describing am-mode continuous variable (CV) quantum
system. The corresponding canonical commutation relations (CCR) can be
compactly given by

½̂r; r̂>� ¼ iΩ; ð20Þ

where we have introduced the symplectic matrix

Ω ¼ �m
j¼1Ω1 ; Ω1 ¼

0 1

�1 0

� �
: ð21Þ

For the sake of conciseness, we employ natural units (ℏ = 1). The quantum
state ρ̂ of aCV systemcan equivalently be described in phase space, in terms
of its characteristic function χρ̂ðrÞ, which for an operator Ô is defined as71

χÔðrÞ ¼ Tr½ÔD̂�r� ð22Þ

and D̂�r ¼ e�ir>Ωr̂ is the displacement operator, while
r=ðx1; p1; � � � ; xm; pmÞ> is a vector of 2m real coordinates inphase-space. In
particular, for a Gaussian state ρ̂G the characteristic function is Gaussian:

χρ̂G ðrÞ ¼ exp½� 1
4
~r>σ~r þ i~r>d�; ð23Þ

where~r=Ωr, d ¼ Tr½̂rρ̂� is the first moment vector, and σ is the covariance
matrix

σ ¼ Tr½ρ̂fð̂r � dÞ; ðr̂ � dÞ>g�: ð24Þ

Thus, Gaussian states are completely characterized by the first moment d
and the covariance matrix σ.

Gaussian unitaries, generated by Hamiltonians at most quadratic in r̂,
correspond to symplectic transformations S 2 Spð2m;RÞ, which are
those preserving the symplectic matrix S⊤ΩS = Ω. The action on the first
moment vector and on the covariance matrix are d ↦ Sd and σ ↦ SσS⊤.
Any Gaussian state can be decomposed into normal modes,
which are those obtained by a symplectic diagonalization of the
covariance matrix, i.e., σ = S⊤νS with a diagonal ν = diag(ν1, ν1, …νm, νm)
that contains them symplectic eigenvalues νk≥ 1. A symplectic eigenvalue
equal to one corresponds to a pure normal mode, the number of
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symplectic eigenvalue strictly greater than unity is known as symplectic
rank85.

Vectorization procedure
We introduce here the notation vec½A� to describe the vectorization of
a matrix A, i.e., the column vector constructed from columns of the
matrix:

A ¼ a11 a12
a21 a22

� �
7! vec½A� ¼

a11
a21
a12
a22

0
BBB@

1
CCCA: ð25Þ

The following property that relates vectorization with Kronecker products
will be used in the derivations

vec½ABC� ¼ ðC> � AÞvec½B� : ð26Þ

While this vectorization procedure is often applied directly toHilbert-space
operators for finite-dimensional systems, we will apply it to
matrices related to the phase-space description of CV systems, i.e., the
covariance matrix and the matrix defining the quadratic component of
operators.

Results
Overview of main results
We here report the main results of our work, leaving further details on the
derivations and some examples in the rest of this section and in the Sup-
plementary Notes.

Given a Gaussian state with covariancematrix σθ, the following block-
diagonal matrix

Sθ ¼
1
2

σθ � iΩ 0

0 ðσθ � iΩÞ � ðσθ � iΩÞ

� �
; ð27Þ

represents the RLD inner product between zero-mean observables at most
quadratic in r̂, while its real part

ReðSθÞ ¼
1
2

σθ 0

0 σθ � σθ �Ω�Ω

� �
; ð28Þ

represents the SLD innerproduct.These twomatrices are the central objects
of this work, used to express and compute the different bounds. In the
following, we further assume a Gaussian state with full symplectic rankm,
i.e., without pure normalmodes, so that thesematrices can be inverted; later
in themanuscript, wewill discuss how to relax this assumption. Introducing
vectors containing the derivatives of the first moments and covariance
matrix as

Dj ¼
∂dθ
∂θj

1
2 vec½

∂σθ
∂θj
�

0
@

1
A; ð29Þ

the SLD-QFIM elements can be expressed as

JSjk ¼ ReðTr½L̂Sj ϱ̂θL̂
S
k�Þ ¼ D

>
j ReðSθÞ�1Dk; ð30Þ

or more explicitly

JSjk ¼
1
2
vec½∂σθ=∂θj�>ðσθ � σθ �Ω�ΩÞ�1vec½∂σθ=∂θk�

þ 2ð∂dθ=∂θjÞ>σ�1
θ ð∂dθ=∂θkÞ :

ð31Þ

Similarly, the RLD-QFIM elements can be expressed as

JRjk ¼ TrðL̂Ryj ρ̂θL̂
R
k Þ ¼ D

>
j S�1

θ Dk ; ð32Þ

explicitly written as

JRjk ¼
1
2
vec½∂σθ

∂θj
�
>
½ðσθ � iΩÞ � ðσθ � iΩÞ��1vec½∂σθ

∂θk
�

þ 2ð∂dθ=∂θjÞ>ðσθ � iΩÞ�1ð∂dθ=∂θkÞ:
ð33Þ

By collecting vectors as columns of a matrix

D ¼ ðD1 . . . Dp Þ; ð34Þ

we can also compactly express the whole SLD-QFIM and RLD-QFIM as

JS ¼ D
>
ReðSθÞ�1D; JR ¼ D

>
S�1
θ D : ð35Þ

While analogous formulas for the SLD and RLD QFI matrices have
already been discussed in the literature64,68,69,71,72, this approach has themerit
of showing how the bounds can be understood in a unified framework, and
it presents their relation with first moments and covariance matrix quite
transparently.

More importantly, our main result is that through the matrix Sθ it is
also possible to efficiently evaluate the HCRB, as follows

CH
θ ðWÞ ¼ minimize

V2Sp ;X2Rz × p
tr½WV�

subject to
V X

>
Ry
θ

RθX Ir

 !
≥ 0

X
>
D ¼ Ip:

; ð36Þ

with z = 2m(1 + 2m), and where Rθ is a r × z decomposition of the RLD
inner product: Sθ ¼ Ry

θRθ , e.g., the square root Rθ ¼
ffiffiffiffiffi
Sθ

p
(with r = z). The

structure of this optimization problem is completely analogous to the finite-
dimensional case61, and the optimization (36) can be readily recognized as
an SDP86,87, a class of convex minimization problem that can be efficiently
solved numerically using readily available solvers with a guarantee of global
optimality.

Derivations
In this section, wewill give somedetails on the derivation of themain results
we have just outlined, leaving the most technical details to the appendices,
and we will also present some additional minor results that we believe will
turn useful when discussing quantum estimation problems involving
Gaussian quantum states.

RLD inner product of quadratic operators. As before, we will consider
a Gaussian quantum state ϱ̂θ described by a first moment vector dθ and a
covariance matrix σθ, with a smooth parametric dependence on the
vector of real parameters θ. We will deal with operators that are at most
linear and quadratic in the operators r̂, so that we can write them as

Â ¼ að0ÞÎþ ðað1ÞÞ>r̂ þ r̂>að2Þr̂ ; ð37Þ

where a(0) is a scalar complex number, að1Þ 2 C2m, and a(2) is a 2m × 2m
complex symmetric matrix. Notice that we can restrict to symmetric
matrices without loss of generality, since a matrix can be decomposed into
symmetric and antisymmetric parts and the latter gives rise to terms pro-
portional to ½̂rj; r̂k�, which, because of the CCR, are either zero or propor-
tional to the identity and thus can be included in the complex scalar a(0).
Given two generic operators Â and B̂ of this form the expectation value of
their product Tr½B̂y

ϱ̂Â� over a Gaussian state ϱ̂ with first moment d and
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covariance matrix σ (known as the RLD inner product51 between the two
operators) can be written as a function

Tr½B̂y
ϱθÂ� ¼ F ðd; σ; að0Þ; að1Þ; að2Þ; bð0Þ; bð1Þ; bð2ÞÞ : ð38Þ

We have derived its general expression, and reported it in Supplemen-
tary Eq. (S.9) of Supplementary Note 1. While we do not report it here in
the main text, we believe that this relatively compact formula is going to
be useful beyond the scope of this work, and we consider it as one of our
main results.

In what follows, we will actually restrict to operators that are at most
quadratic in the canonical operators, but that are also zero-mean, that is,
they satisfy Tr½ϱ̂θÂ� ¼ 0. It is convenient to express operators in the central
basis defined by the quantum state ϱ̂θ , as follows

Â ¼� 1
2
tr½Að2Þσθ� Îþ Að1Þ>ðr̂ � dθÎÞ

þ ðr̂ � dθÎÞ
>
Að2Þðr̂ � dθÎÞ;

ð39Þ

where it is easy to show that A(2) = a(2) and Að1Þ ¼ að1Þ þ ðað2Þ> þ að2ÞÞdθ ,
while the scalar term isfixed by the zero-mean constraint.One canwrite any

Gaussian state ϱ̂θ with first moment vector dθ as ϱ̂θ ¼ D̂
y
dθ
ϱ0θD̂dθ

, where

D̂d ¼ expðid>Ωr̂Þ denotes theWeyl (displacement) operator, andwhereϱ0θ
is a Gaussian state with zero first moments and covariancematrix σθ. Given
two zero-mean operators Â and B̂, by exploiting the displacement operator

property D̂dθ
r̂D̂

y
dθ

¼ r̂ þ dθÎ, one can observe that

Tr½B̂y
ϱθÂ� ¼ Tr½Ŷy

ϱ0θX̂� ; ð40Þ

where the operators X̂ ¼ D̂dθ
ÂD̂

y
dθ
and Ŷ ¼ D̂dB̂D̂

y
d can be readily written

as in Eq. (37), with corresponding vector and matrices:

xð0Þ ¼ � 1
2
tr½Að2Þσ� ; xð1Þ ¼ Að1Þ ; xð2Þ ¼ Að2Þ ; ð41Þ

yð0Þ ¼ � 1
2
tr½Bð2Þσ� ; yð1Þ ¼ Bð1Þ ; yð2Þ ¼ Bð2Þ : ð42Þ

Since the quantum state ϱ0θ has zero first moments, we can thus exploit the
general formula reported in Supplemenary Eq. (S.9) by setting d = 0, and by
replacing the correct matrices and vectors identified above, and by
exploiting the properties and relationships described in the reminder on
Gaussian quantum systems in the “Methods” section, one shows that the
RLD inner product between zero-meanquadratic operators canbe elegantly
rewritten as

Tr B̂
y
ϱθÂ

h i
¼ B

y
SθA ð43Þ

where the matrix Sθ was introduced in Eq. (27), and where

A ¼ Að1Þ

vec½Að2Þ�

 !
B ¼ Bð1Þ

vec½Bð2Þ�

 !
ð44Þ

The formula inEq. (43) is the basis ofmost of the derivationwewill describe
below, and we will refer to it as the RLD inner product equation.

SLD operators and SLD-CRB. The SLDoperators ofGaussian states are at
most quadratic in the canonical operators, and this fact has been exploited in
the literature to obtain explicit formulas for them and for the SLD-
QFIM64,68,69,71,72. For the sake of completeness, we report here these results.
Starting with the ansatz that the SLD operator is at most quadratic in the

canonical operators,we canwrite it in the standardbasis in the formofEq. (37)

L̂
S
j ¼ lSð0Þj Îþ lSð1Þj

� �>
r̂ þ r̂>lSð2Þj r̂ : ð45Þ

This ansatz is enough to solve the defining equation of the SLD (6), and the
solution is

lSð0Þj ¼ � 1
2
tr σlSð2Þj

h i
� lSð1Þ>j d � d>lSð2Þj d ð46Þ

lSð1Þj ¼ 2σ�1 ∂d
∂θj

� 2 lSð2Þj d ð47Þ

vec½lSð2Þj � ¼ ðσ � σ �Ω�ΩÞ�1 vec½∂σ=∂θj� : ð48Þ

This canbe obtainedby exploiting the correspondencebetweenphase space
differential operators acting on the characteristic function and operators
acting on the infinite-dimensional Hilbert space71. These techniques and
identities are described in SupplementaryNote 2. By observing that the SLD
operators are zero-mean, we can then write them in the central basis as in
Eq. (39), and obtain the corresponding vectors and matrices

LSð1Þj ¼ 2σ�1 ∂d
∂θj

ð49Þ

vec LSð2Þj

h i
¼ ðσ � σ �Ω�ΩÞ�1 vec

∂σ

∂θj

" #
; ð50Þ

which can be compactly written as

L
S
j ¼ Re½Sθ��1

∂d
∂θj

1
2 vec½∂σ∂θj�

0
@

1
A ¼ Re½Sθ��1Dj ð51Þ

in terms of the vectorDj introduced in Eq. (29). Since the SLDoperators are
Hermitian these vectors are real-valued and, applying the RLD inner
product formula (43), we can readily write the corresponding SLD-QFI
elements as in Eq. (30), that we report again here

JSjk ¼ ReðTr½L̂Sj ϱ̂θL̂
S
k�Þ ¼ ðLSj Þ

>
ReðSθÞL

S
k ; ð52Þ

wherewe have defined the vectors L
S
j as in Eq. (44). By inserting Eq. (51) we

obtain the expressions previously reported in Eqs. (30) and (35).
Similarly, by noticing that

Tr½ϱθ½L̂
S
j ; L̂

S
k�� ¼ �2i ImðTr½L̂Sj ϱθL̂

S
k�Þ ; ð53Þ

we can evaluate readily thematrix elements of themean Uhlmanmatrix in
Eq. (19)

I jk ¼ � i
2
Tr½ϱθ½L̂

S
j ; L̂

S
k�� ¼ �ðLSj Þ

>
ImðSθÞLSk ; ð54Þ

that, written compactly as a function of the derivatives of first and second
moments of the Gaussian state, reads

I ¼ �D
>
ReðSθÞ�1ImðSθÞReðSθÞ�1D: ð55Þ

The actual commutator between the SLDoperators can also be derived
by exploiting the fact that they are quadratic in the canonical operators as in
Eq. (45) and the CCR, and expressed in terms of dθ, σθ and the matrices
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LSð2Þj ¼ lSð2Þj :

½L̂Sj ; L̂
S
k� ¼ 4ið∂jdÞ>σ�1Ωσ�1∂kdθ Î

þ 4iðð∂jdθÞ>σ�1
θ ΩLSð2Þk � ð∂kdθÞ>σ�1

θ ΩLSð2Þj Þð̂r � dθÞ
þ 2iðr̂ � dθÞ>ðLSð2Þj ΩLSð2Þk � LSð2Þk ΩLSð2Þj Þð̂r � dθÞ :

ð56Þ

We recall that when the p(p − 1)/2 independent elements in Eq. (54) are
zero, then the parameters are asymptotically compatible, while the stronger
condition that the actual commutator in Eq. (56) is zero ensures that they
can be jointly estimated with a precision equal to the SLD-CRB even at the
single-copy level. One can immediately see that the two conditions are
equivalent for parameters encoded only in the first moments, while the full
commutativity of SLDs is a stronger condition to satisfywhen the parameter
dependence is also in the covariance matrix.

RLD operators and RLD-CRB. A similar approach can be employed
also to obtain RLD operators. This has already been pursued in Ref. 69
using a different notation; we report the results here for completeness and
to see the formal analogy with the SLD case. As previously done for the
SLDoperators, we can also assume that theRLDoperators corresponding
to a Gaussian state ϱ̂θ are quadratic in the canonical operators, and thus
we can write them as

L̂
R
j ¼ lRð0Þj Îþ ðlRð1Þj Þ>r̂ þ r̂>lRð2Þj r̂ ð57Þ

or alternatively, in terms of the central basis, as

L̂
R
j ¼ � 1

2
tr½LRð2Þj σ� Îþ ðLRð1Þj Þ>ðr̂ � dÞ

þð̂r � dÞ>LRð2Þj ðr̂ � dÞ:
ð58Þ

By exploiting the definition of RLD operators in Eq. (8), we can derive the
corresponding vectors and matrices for the standard basis

lRð0Þj ¼ � 1
2
tr½ðσθ � iΩÞlRð2Þj �

�lRð1Þ
>

j dθ � d>θ l
Rð2Þ
j dθ ;

ð59Þ

lRð1Þj ¼ 2ðσθ � iΩÞ�1 ∂dθ
∂θj

�ðlRð2Þj þ lRð2Þ>j Þdθ
ð60Þ

vec lRð2Þj

h i
¼ ½ðσθ � iΩÞ � ðσθ � iΩÞ��1vec

∂σθ
∂θj

" #
ð61Þ

and for the central basis

LRð1Þj ¼ 2ðσθ � iΩÞ�1∂dθ=∂θj ð62Þ

vec LRð2Þj

h i
¼ ½ðσ � iΩÞ � ðσθ � iΩÞ��1vec

∂σθ
∂θj

" #
:

These can be compactly written as

L
R
j ¼ S�1

θ

∂d
∂θj

1
2 vec½∂σ∂θj�

0
@

1
A ¼ S�1

θ Dj ð63Þ

in terms of the vector Dj introduced in Eq. (29).
More details on this derivation can be found in SupplementaryNote 3.

Also in this case we can straightforwardly exploit the RLD inner product

formula in Eq. (43) to obtain the RLD-QFI matrix elements

JRjk ¼ TrðL̂Ryj ρ̂θL̂
R
k Þ ¼ ðLRj Þ

y
SθL

R
k ; ð64Þ

where we have defined the vectors L
R
j as in Eq. (44); one should notice that

in this case the RLD operators L̂
R
j are still zero-mean (as it can be easily

proven from their definition), but in general they are not Hermitian. By
insertingEq. (63), we obtain the expressions previously reported inEqs. (32)
and (35).

Evaluation of the HCRB as a semidefinite program. The definition of
the HCRB in Eq. (12) is given in terms of the matrix Z(X), which is
the Gram matrix of the Hermitian operators fX̂jg with respect to the
RLD inner product; these operators must also satisfy the local
unbiasedness conditions (14) (zero-mean) and (15). In principle, the
optimization should be carried out over operators of any order. For
the moment, we just assume that they can be chosen to be at most
quadratic in the canonical operators; we temporarily postpone the
proof that this restriction does not affect the value of the HCRB.
These operators can thus be written in the central basis

X̂j ¼� 1
2
tr½Xð2Þ

j σ� Îþ ðXð1Þ
j Þ>ð̂r � dÞ

þ ð̂r � dÞ>Xð2Þ
j ð̂r � dÞ:

ð65Þ

As they are Hermitian and zero-mean, we can exploit the RLD inner
product to write the Z(X) matrix elements as

ZðXÞjk ¼ TrðX̂jρ̂θX̂kÞ ¼ X
>
j SθXk; ð66Þ

where we have defined

Xj ¼
Xð1Þ
j

vec½Xð2Þ
j �

 !
: ð67Þ

We can thus rewrite the whole Hermitian matrix Z(X) as

ZðXÞ ¼ X
>
SθX; ð68Þ

where

X ¼ Xð1Þ
1 . . . Xð1Þ

p

vec½Xð2Þ
1 � . . . vec½Xð2Þ

p �

 !
; ð69Þ

so that thematrix inequality in theHCRBdefintion (12) can be represented
asV ≥X

>
SθX:By resorting to the Schur complement condition, thismatrix

inequality can be converted to a linear matrix inequality

V � X
>
SθX ≥ 0() V X

>
Ry
θ

RθX Ir

 !
≥ 0; ð70Þ

with Sθ = Ry
θRθ , we can choose, e.g., Rθ ¼ Ry

θ ¼
ffiffiffiffiffi
Sθ

p
.

The local unbiasedness condition can be written as

δjk ¼Tr X̂j∂ρ̂θ=∂θk

h i
¼ 1

2
Tr X̂j ρ̂θ; L̂

S
k

n oh i
¼Re Tr X̂jρ̂θL̂

S
k

h ih i
¼ X

>
j ReðSθÞL

S
k ¼ X

>
j Dk ;

https://doi.org/10.1038/s42005-026-02550-6 Article

Communications Physics |           (2026) 9:126 6

www.nature.com/commsphys


and thus one can express the constraint of the minimization problem as

X
>
ReðSθÞLS ¼ X

>
D ¼ Id: ð71Þ

It is then clear that the evaluation of the HCRB for Gaussian states can be
reformulated as we have previously reported in Eq. (36), which we write
again here for completeness:

CH
θ ðWÞ ¼ minimize

V2Sp ;X2Rz × p
tr½WV �

subject to
V X

>
Ry
θ

RθX Ir

 !
	 0

X
>
D ¼ Ip:

ð72Þ

with z = 2m(1 + 2m), and where Rθ is a r × z decomposition of the RLD
inner product: Sθ ¼ Ry

θRθ , e.g., the hermitian positive semidefinite
ffiffiffiffiffi
Sθ

p
or

the Cholesky decomposition. The optimization (36) is analogous to the
finite-dimensional case61 and it corresponds to a SDP86,87, since the objective
function is linear and features only linear equality constraints and
semidefinite inequality constrains. SDPs are a class of convexminimization
problems that can be efficiently solved numerically with readily available
solvers with a guarantee of global optimality. In practice, one can directly
feed this exact formulation to amodeling language for convex optimization,
such as CVXPY88, which we have used to obtain numerical results.

Alternatively to the SDP formulation, the optimization over the sym-
metric matrix V to evaluate CH

θ ðWÞ can be analytically carried out12,
obtaining

CH
θ ðWÞ ¼ min

X2Rz × p
tr½WRe½ZðXÞ�� þ

ffiffiffiffiffi
W

p
Im½ZðXÞ�

ffiffiffiffiffi
W

p�� ���� ��
1

n o
ð73Þ

with thematrixZðXÞ ¼ X
>
SθX, i.e., the complexmatrix (13) for the class of

quadratic operators X̂j weconsider here.While this expressionmaybemore
amenable for analytical calculations, the objective function to minimize is
not smooth, due to the presence of the trace norm.

Optimality of quadratic observables. Let us introduce the (state-
dependent) commutation superoperator11,89, defined by the operator
equation

fDρθ
ðX̂Þ; ρ̂θg ¼ i½X̂; ρ̂θ�: ð74Þ

This map relates the commutator and the anticommutator with the state
and thus also the RLD and SLD inner products. The commutation super-
operator is particularly useful to simplify the computation of the HCRB,
since it holds that the search for the optimal {Xi} can be restricted to any
Dρθ

-invariant subspace that also contains spanRfL̂
S
1; . . . ; L̂

S
pg11,17. Since we

already know that the SLDoperators are quadratic, themissing step toprove
that our formulation of the HCRB is correct is thus to show that quadratic
observables form aDρθ

-invariant subspace. A similar statement was proven
for linear observables by Holevo11 and indeed can be used to simplify its
calculations of the HCRB for parameters encoded in the first moments, see
Ref. 20 for a recent application.

Let us introduce the notation Ẑ ¼ Dρθ
ðX̂Þ for simplicity. We can

rewrite Eq. (74) in terms of characteristic functions

χðX̂ρ̂�ρ̂X̂Þð~rÞ ¼ iχðẐρ̂þρ̂ẐÞð~rÞ: ð75Þ

While X̂ is at most quadratic by assumption, we can now make the ansatz
that Ẑ is quadratic too and show that this equation indeed always has a
solution of this form.

Actually, there is no need to do show this explicitly, since we
can just notice that obtaining Ẑ is completely analogous to the calculation

of the SLD operator for the estimation of a unitarily encoded parameter

θ with a generator Hamiltonian 2X̂, i.e., e�i2θX̂ ρ̂Ge
i2θX̂ . Thus, since the

SLD operators for parameters encoded in Gaussian states are at
most quadratic in the canonical operators68,71, we can immediately
conclude that this equation can always be satisfied by an operator Ẑ
which is also at most quadratic. This proves the invariance of the
subspace of operators that are quadratic polynomials of the canonical
variables with respect to the action of the superoperatorDρG

of a Gaussian

state ρ̂G.
For completeness, in Supplementary Note 4 we present the explicit

formof Eq. (75) forGaussian ρ̂θ andquadratic X̂ and Ẑ. From that, it is clear
that the solution involves inverting ReðSθÞ, just as in the computation of the
SLD-QFIM.

We have shown that quadratic observables are optimal, in the
sense that they achieve the minimum in the definition of the HCRB.
However, the bound itself is generally attainable only through col-
lective measurements on a large number of copies of the state, and a
detailed study of such optimal asymptotic measurements for Gaus-
sian state models lies beyond the scope of this work. We note,
nonetheless, that when the optimal operators commute and the SLD-
CRB is attainable, the corresponding optimal projective measurement
is given by the common eigenbasis of the quadratic operators, which
can be implemented via Gaussian unitaries followed by projectors on
the Fock basis71.

Two parameters encoded in the covariancematrix of a singlemode.
We focus here on two parameters (p = 2), encoded only in the
covariance matrix (∂dθ/∂θj = 0, j = 1, 2), of a single-mode (m = 1)
Gaussian state. Under these assumptions, the problem resembles
closely two-parameter estimation with qubit states, one of the few
nontrivial problems where an analytical expression for the HCRB is
known90. The similarity between these two cases is apparent from a
parameter-counting argument: both zero-mean single-qubit obser-
vables and zero-mean single-mode quadratic observables are para-
metrized by three real numbers, and similarly both a single-qubit
state and a single-mode covariance matrix are defined by three real
numbers.

As we show explicitly in Supplementary Note 6, the technique intro-
duced by Suzuki for single-qubit states90 can be adapted perfectly and yields
exactly the same result:

CH
θ ðWÞ ¼

CR
θ ðWÞ if CR

θ ðWÞ≥ C
H
θ ðWÞþCS

θðWÞ
2

CS
θðWÞ þ ½CH

θ ðWÞ�CS
θðWÞ�

2

4½CHðWÞ�CRðWÞ�
otherwise :

8><
>: ð76Þ

The calculation that can be found in Supplementary Note 6. does not rely
on the SDP formulation, but starts instead from the more explicit form of
the bound in Eq. (73). However, we stress that it was possible to obtain this
result only by exploiting the crucial observation that the HCRB mini-
mization can be restricted to quadratic observables without loss of
generality.

SLD-CRBandRLD-CRBasSDPs. Similarly to what is shown in Ref. 12
for finite-dimensional systems, the SLD-CRB and RLD-CRB can be
described in the same minimization form as the HCRB. However, these
minimizations have weaker constraints, from which it immediately fol-
lows they must be lower bounds on the HCRB, since the minimization is
over a larger set.

The scalar SLD-CRB can be obtained by imposing onlyV ≥Re½ZðXÞ�,
which is only the real part of the inequality constraint in theHCRB.Thus,we
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can evaluate it as follows

CS
θðWÞ ¼ minimize

V2Sp;X2Rz × d
tr½WV �

subject to
V X

>~R
>
θ

~RθX Ir

 !
	 0

X
>
D ¼ Ip:

; ð77Þ

in terms of the real-valued matrix decomposition ReðSθÞ ¼ ~R
>
θ
~Rθ. This is

equivalent to the minimization of tr½WRe½ZðXÞ��.
The scalarRLD-CRBcan also be obtained in a similar form, by relaxing

the constraints that the operators are hermitian:

CR
θ ðWÞ ¼ minimize

V2Sp ;~X2Cz × d
tr½WV �

subject to
V X

y
Ry
θ

RθX Ir

 !
k0

X
>
D ¼ Ip:

; ð78Þ

where now the optimization is over complex-valued matrices ~X instead of
real ones.

Pathological states with pure normal modes. When one or more of
the symplectic eigenvalues are exactly equal to one, and thus the sym-
plectic rank85 is smaller thanm, it means that one or more normal modes
of the Gaussian states are pure. In this case, the matrix Sθ has some zero
eigenvalues, and thus it defines a so-called pre-inner product, i.e., there

can be operators Ŷ for which Tr½Ŷy
ρ̂θŶ� ¼ 0 even if Ŷ≠0. In this case

also the matrix ðσ � σ �Ω�ΩÞ corresponding to the SLD inner pro-
duct on quadratic observables is not invertible71. In principle, one could
define equivalence classes, by considering the quotient space with the
kernel of this operator11, similarly to the explicit construction in Ref. 61
for finite-dimensional rank-deficient states. We practically solve this
problem by noting that this approach is equivalent to regularizing the
covariance matrix by adding an arbitrarily small perturbation σ 7!ð1�
ϵÞσ þ ϵI that makes all the symplectic eigenvalues strictly greater than
one72. The analytical limit ϵ → 0 can be taken at the end of the calcu-
lation, or in numerical calculations it is enough to take a small numerical
value and checking numerical convergence.

Case studies
In this section, we will exploit the results we have presented above in
order to derive the ultimate bounds on the joint estimation of mul-
tiple parameters for two examples: (i) the estimation of phase and
loss describing the evolution of a single-mode Gaussian state; (ii) the
estimation of complex displacement and squeezing for single- and
two-mode Gaussian states.

In both cases, we evaluate the three bounds—SLD-CRB, RLD-CRB,
and HCRB—the latter obtained by solving numerically the semidefinite
program introduced above. Concretely, we have implemented this in
Python, using the modeling language CVXPY88.

We also compute the commutator between the SLD-operators and the
corresponding mean Uhlmann curvature matrix I , in order to discuss the
potential achievability of the SLD-CRB. A notebook containing the code
used to generate these figures are available in ref. 91.

Phaseand loss.We start by considering the problem of joint estimating
a phase φ and a loss strength η, corresponding respectively to a unitary
phase rotation in phase space, and to the noisy channel describing the
typical photon (or more in general, excitation) loss in bosonic quantum
systems. This is a paradigmatic multiparameter estimation problem,
mostly studied in terms of the SLD-CRB31,32,54,64, even if the two

parameters are not compatible and it requires evaluation of the
HCRB61,92. This estimation problem is particularly relevant and inter-
esting in quantum optics, since phase and loss are intrinsically linked in
optical samples65. Even when the parameter is just the phase, the
inevitable optical losses represent one of the main imperfections of real-
life devices, and their amount must be known to implement optimal
metrological strategies2.

Interestingly, the features of the problem depend strongly on the
choice of probe state. For example, when applying phase and loss to a
coherent probe state, the output state remains pure and the evolution
locally resembles a complex displacement operation in phase space,
and the problem is identical to the estimation of orthogonal dis-
placements of a coherent state, for which it is known that the HCRB
coincides with the RLD-CRB for any weight matrix W. Notice that
the RLD-CRB for D-invariant models of pure states must be defined
through a suitable limit93 and also coincides with the upper bound
C
H
θ ðWÞ. On the other hand, for more general input states, the output

state is mixed, making the problem even more interesting and defi-
nitely not trivial.

Wewill consider a single-modedisplaced squeezed vacuum state as the
input state, which is fully characterized by the first moment vector and the
covariance matrix

din ¼
ffiffiffi
2

p ReðαÞ
ImðαÞ

� �
; ð79Þ

σ in ¼ e2r 0

0 e�2r

� �
; ð80Þ

where α 2 C corresponds to the complex amplitude of the displacement,
while r 2 R is the squeezing parameter.

Then the initial state is sequentially passed through the phase shifter
and the photon loss channel to generate an output state ϱout which will
depend on the two parameters φ and η. In the Gaussian formalism the
evolution is fully determined by the one for first moment vector and cov-
ariance matrix, which reads

dout ¼
ffiffiffi
η

p
Rφdin;

σout ¼ ηRφσ inR
>
φ þ ð1� ηÞI2;

ð81Þ

where the matrix describing the phase rotation is

Rφ ¼ cosφ sinφ

� sinφ cosφ

� �
: ð82Þ

Notice that the phase parameter can take values φ ∈ [0, 2π], while the loss
strength is bounded as η ∈ [0, 1], where η = 1 corresponds to perfect
transmission (zero loss) and for η = 0 the input state is completely replaced
by the vacuum state (maximum loss).

In the following, we prefer to report analytical results obtained
for two specific classes of input states, that is, coherent states and
squeezed vacuum states, and by fixing the loss parameter to η = 1/2.
We refer to Supplementary Note 5 for further analytical results,
obtained for generic values of the loss parameter η. In particular,
Supplementary Eq. (S.46) of Supplementary Note 5 shows the ana-
lytical expression of the HCRB obtained via Eq. (76) for a squeezed
vacuum probe (α = 0).

In order to start to characterize the estimation problem, we first eval-

uate the vectors and matrices characterizing the SLD-operators L̂
S
φ and L̂

S
η

via Eqs. (49) and (50), and the corresponding commutator ½L̂Sφ; L̂
S
η� via Eq.
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(56). For a coherent state input (that is, by fixing r = 0), we find

L̂
S
φ; L̂

S
η

h i
¼ 4ijαj2 ðfor r ¼ 0 and η ¼ 1=2Þ ; ð83Þ

showing how, in fact, in this case the commutator between SLD
operators resembles the one between the canonical operators x̂ and p̂.
Similarly, for an input squeezed vacuum state (that is, by fixing α = 0)
we obtain

½L̂Sφ; L̂
S
η� ¼ 4iðΔ1x̂

2 þ Δ2p̂
2 þ Δ3fx̂; p̂gÞ

ðfor α ¼ 0 and η ¼ 1=2Þ;
ð84Þ

where

Δ1 ¼
4½sinh22r � 4 cos 2φ cosh r sinh3r�

ð3þ cosh 2rÞ2 ;

Δ2 ¼
4½sinh22r þ 4 cos 2φ cosh r sinh3r�

ð3þ cosh 2rÞ2 ;

Δ3 ¼
16 cosh r sin 2φ sinh3r

ð3þ cosh 2rÞ2 :

ð85Þ

This result shows how the estimation problem is indeed more complex
and interesting, for general input states. Similarly, we have exploited
Eq. (54) to evaluate the matrix elements of the mean Uhlmann curvature.
These can be evaluated analytically, and the off-diagonal elements are in
general not zero; as before, we report here the results for η = 1/2 and for
input coherent state

I ¼ 0 2jαj2
�2jαj2 0

� �
r ¼ 0 and η ¼ 1

2

� �
: ð86Þ

and for input squeezed vacuum state,

I ¼
0 8 sinh22r

ð3þcosh 2rÞ2

� 8 sinh22r
ð3þcosh 2rÞ2 0

0
@

1
A α ¼ 0 and η ¼ 1

2

� �
: ð87Þ

These results clearly show that the SLD-CRB is not achievable, not even in
the limit of measurements on an asymptotically large number of copies of
the output Gaussian states.

We have then exploited the formulas outlined in the previous sections
to evaluate analytically the SLD-CRB CS

ðφ;ηÞ, the RLD-CRB CR
ðφ;ηÞ, and the

upper bound to the HCRB C
H
ðφ;ηÞ, (notice that we will consider the uniform

weight matrixW ¼ I2). As in the previous case, the analytical formulas for
the generic output states are quite cumbersome and not particularly
insightful. However, by fixing the loss parameter η = 1/2, and for an input
coherent state, that is by fixing r = 0, we obtain

CS
ðφ;ηÞ ¼ 1=jαj2 ; ð88Þ

CR
ðφ;ηÞ ¼ C

H
ðφ;ηÞ ¼ 2CS

ðφ;ηÞ ¼ 2=jαj2 ; ð89Þ

Similarly, still by fixing η = 1/2 and for a squeezed vacuum state, that is for
r = 0, one obtains

CS
ðφ;ηÞ ¼ csch2r þ ðtanh2rÞ=4; ð90Þ

CR
ðφ;ηÞ ¼ C

H
ðφ;ηÞ ¼ CS

θ þ csch2r : ð91Þ

For η = 1/2 and for these choices of the initial state parameters, one thus
evidently obtains that theHCRB is equal to theRLD-CRB, as also confirmed
by the explicit expression in Supplementary Eq. (S46) of Supplementary
Note 5, and thus

CH
ðφ;ηÞ ¼

2=jαj2 ðfor r ¼ 0Þ
2csch2r þ ðtanh2rÞ=4 ðfor α ¼ 0Þ:

	
ð92Þ

We have to remark that, as we show in Supplementary Note 5, the result
above is confirmed independently of the value of η for input coherent
states (analogously to the estimation of orthogonal displacements11),while
for squeezed vacuum states the HCRB is in general larger than the
RLD-CRB.

For generic values of the parameters characterizing the input state, α
and r, and the quantum channel, φ and η, we had to evaluate the HCRB
CH
ðφ;ηÞ numerically by exploiting its SDP formulation. We present the cor-

responding results in Fig. 1, comparing the HCRB to the SLD-CRB, the
RLD-CRB, and its upper bound, and showing their behavior as a function of
the different physical parameters.

We observe a clear gap between theHCRB and both the SLD-CRB and
the RLD-CRB in general; on the other hand, we can also observe how the

upper bound C
H
ðφ;ηÞ gives in general a much better approximation of the

HCRB, as the difference between the two curves is typically relatively small.
When plotting the results as a function of the loss parameter η (see panel (c)

Fig. 1 | Error bounds for phase and loss estimation. a Bounds as a function of the
squeezing parameter r of the displaced squeezed vacuum state, for η = 0.5,
ReðαÞ ¼ 0:3, and ImðαÞ ¼ 0; inset: zoom on the region 0.8 ≤ r ≤ 1. b Bounds as a
function of the displacement parameter α, for η = 0.5, ImðαÞ ¼ 0, and r = 0.2; inset:
zoom on the region 0.8 ≤ α ≤ 1. c Bounds as a function of the photon-loss strength η,
for r = 0.2, ReðαÞ ¼ 0:3, and ℑ(α) = 0.
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of Fig. 1),we alsofind that apretty goodapproximationof theHCRB is given
respectively by the RLD-CRB for small values of 0 < η ≲ 0.25, and by the
SLD-CRB in the large loss regime, i.e., for η ≲ 1.

Displacement and squeezing estimation. We will now consider
another paradigmatic case of quantum parameter estimation with
Gaussian states, that is the estimation of displacement and squeezing for
single- and two-mode states of the form

ϱ̂ð1Þ ¼ D̂ðαÞŜ1ðrÞν̂nŜ1ðrÞyD̂ðαÞy ; ð93Þ

ϱ̂ð2Þ ¼ ðD̂ðαÞ � ÎÞŜ2ðrÞðν̂n � ν̂nÞŜ2ðrÞyðD̂ðαÞy � ÎÞ ; ð94Þ

where we have introduced the displacement operator
D̂ðαÞ ¼ expfαây � α
âg, the single- and two-mode squeezing operators

Ŝ1ðrÞ ¼ expfðr=2Þðây2 � â2Þg, Ŝ2ðrÞ ¼ expfrðâyb̂y � âb̂Þg, and where
ν̂n ¼ ðnþ 1Þ�1P

mðn=ðnþ 1ÞÞmjmihmj represents a thermal state with
n average excitations. We will consider estimation of the three parameters
θ ¼ ðReðαÞ; ImðαÞ; rÞ>, corresponding respectively to real and imaginary
part of the displacement parameter, and the squeezing parameter.

The estimation of displacement parameters has been studied in great
detail18–20,67 and theHCRBhasbeen evaluated inRefs. 20,67.Byfixingn ¼ 0,
the states in Eqs. (93) and (94) corresponds to pure quantum states, and in
particular to displaced single- and two-mode squeezed vacuum states.
Remarkably, the HCRB corresponding to the joint estimation of complex
displacement and squeezing for such states has been derived analytically in
Ref. 66. In the following we will exploit the SDP formulation to evaluate
numerically the HCRB also for n > 0, that is in the case of mixed displaced
squeezed states.

We start by considering single-mode displaced squeezed thermal states
inEq. (93),whosefirstmomentds and covariancematrix σs canbe expressed
as

ds ¼ ffiffiffi
2

p ðReðαÞ ImðαÞ Þ>;

σs ¼ ð2nþ 1Þ e2r 0

0 e�2r

� �
;

ð95Þ

where n is the mean photon number of thermal state. As done in the
previous example, we will exploit the formulas described in the previous
section to evaluate analytically the commutators between the different SLD
operators, theUhlmanncurvaturematrices, the different bounds, SLD-CRB
CS
θ, RLD-CRB CR

θ , and the upper bound C
H
θ (as before we will consider the

uniform weight matrix W ¼ I3); we will then compare these last results
with the HCRB, numerically evaluated via SDP optimization.

The commutation relation between the SLD operators and the Uhl-
mann curvature matrix can be respectively expressed as

L̂
S
Re αð Þ; L̂

S
ImðαÞ

h i
¼ 8i

ð2nþ 1Þ2 ;

L̂
S
Re αð Þ; L̂

S
r

h i
¼ 8i ImðαÞ � 4

ffiffiffi
2

p
ip̂1

2nðnþ 1Þ þ 1
;

L̂
S
Im αð Þ; L̂

S
r

h i
¼ 8iReðαÞ � 4

ffiffiffi
2

p
ix̂1

2nðnþ 1Þ þ 1
;

ð96Þ

and

I ¼
0 4

ð2nþ1Þ2 0

� 4
ð2nþ1Þ2 0 0

0 0 0

0
B@

1
CA: ð97Þ

Similarly we can evaluate SLD-CRB, RLD-CRB and the upper bound,
that read

CS
θ ¼

ð2nþ 1Þ3 coshð2rÞ þ 2nð1þ nÞ þ 1

2ð2nþ 1Þ2 ; ð98Þ

CR
θ ¼ CS

θ þ
nðnþ 1Þ

2nðnþ 1Þ þ 1
; ð99Þ

C
H
θ ¼ CS

θ þ
1
2
: ð100Þ

Weobserve how in this caseCS
θ ≤C

R
θ , meaning that the RLD-CRB is always

more informative than the SLD-CRB (notice that the two bounds coincide
for n = 0, such that CR

θ ¼ CS
θ ¼ sinh2r þ 1). Moreover, the second term of

CR
θ tends to a constant of 1/2when the value ofn is relatively large, so that for

by increasing the number of thermal photons one obtains CR
θ ¼ CH

θ ¼ C
H
θ

(notice that eventually for n → ∞, one has CS
θ ¼ CR

θ ¼ C
H
θ , as also the

Ulhmann curvature matrix goes to zero: in this regime however all these
bounds also go to infinity as the thermal fluctuations do not allow to
estimate efficiently these parameters).

To better understand the behavior explained above and to compare
the bounds along with the HCRB, we plot them for two values of the
number of thermal photons, and as a function of the squeezing parameter r
in Fig. 2a (it is worth noting that these three error bounds do not depend
on Re(α) and Im(α)). We start by observing that, as already shown in
ref. 66 for the pure state case, all bounds are monotonically increasing with
r, meaning that squeezing in this case is in general detrimental for the
joint estimation of all three parameters. As regards the relationship
between the different bounds, we first find that in all these example the

Fig. 2 | Error bounds for complex displacement and squeezing estimation, as a
function of squeezing. a Bounds obtained using a single-mode displaced squeezed
thermal probe state. b Bounds obtained using a two-mode displaced squeezed
thermal probe state. We do not show a curve for the upper bound C

H
because it

overlaps with the HCRB in this case.
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HCRB CH
θ numerically coincide with the C

H
θ reported in Eq. (100).

Moreover, while for small values of thermal photons (n = 0.5) the HCRB is
significantly different from the RLD-CRB, already for n = 2, the two curves
almost coincide, and they differ from the SLD-CRB just for a constant 1/2.

We can now consider the two-mode displaced squeezed thermal
state in Eq. (94). As done in ref. 66, we actually consider the same state
injected into a balanced beam splitter (which can in fact be always
considered as a part of the measurement strategy), which generate a
tensor product of single-mode squeezed thermal states, corresponding to
the following first moment vector and covariance matrix

d ¼ ðReðαÞ ImðαÞ �ReðαÞ �ImðαÞ Þ>;
σ ¼ ð2nþ 1ÞσI � σII ;

ð101Þ

where σI=
e2r 0
0 e�2r

� �
and σII=

e�2r 0
0 e2r

� �
: As done in the previous

examples, we can obtain the corresponding commutation relations and
Uhlmann curvature matrix elements, which read

L̂
S
Re αð Þ; L̂

S
ImðαÞ

h i
¼ 8i

ð1þ 2nÞ2 ;

L̂
S
Re αð Þ; L̂

S
r

h i
¼� 4i p̂1 þ p̂2


 �
1þ 2nð1þ nÞ ;

L̂
S
Im αð Þ; L̂

S
r

h i
¼� 4iðx̂1 þ x̂2Þ

1þ 2nð1þ nÞ ;

ð102Þ

and

I ¼
0 4

ð1þ2nÞ2 0

� 4
ð1þ2nÞ2 0 0

0 0 0

0
B@

1
CA: ð103Þ

Further, one can analytically derive the SLD-CRB, RLD-CRB and the upper
bound on the HCRB, i.e.,

CS
θ ¼

2sechð2rÞð1þ 2nÞ3 þ 2nð1þ nÞ þ 1

4ð2nþ 1Þ2 ; ð104Þ

CR
θ ¼ n2ðnþ 1Þ2

ð2nþ 1Þ2½2nðnþ 1Þ þ 1�
þ 2nðnþ 1Þ
ð2nþ 1Þ coshð2rÞ � 1

;

ð105Þ

C
H
θ ¼ CS

θ þ
1

coshð4rÞ þ 1
; ð106Þ

In this case there is no fixed hierarchy between the RLD-CRB and the SLD-
CRB. For example, forn=0, onehasCS

θ ¼ ð2sechð2rÞ þ 1Þ=4,whileCR
θ ¼ 0,

implying that the RLD-CRB cannot provide useful information for the joint
estimation problem. One can however, find values of n and r where the
RLD-CRB is more informative, that is CR

θ >C
S
θ . Moreover, we observe that

in the limit of large squeezing the SLD-CRB CS
θ tends to coincide with the

upper bound C
H
θ , meaning that in this regime it also corresponds to the

HCRB. To better visualize these properties, we plot the three bounds along
with theHCRB in Fig. 2b, as a function of the squeezing parameter r and for
two different values of thermal photons n. We observe that for small values
of thermalphotons (n=0.5) and in the regimeof small squeezing, theHCRB
is almost equal to the upper bound and slightly larger than the RLD-CRB,
while for large squeezing the SLD-CRB becomes larger than the RLD-CRB
and, as expected, approaches theHCRB.On theother hand, for larger values
of thermal photon,s the gapbetween theRLD-CRBCR

θ and theupper bound

C
H
θ is so small that the HCRB is in fact almost indistinguishable from these

bounds for all the values of squeezing considered; as expected, for large
values of squeezing also the SLD-CRB converges to the HCRB.

Discussion
In this work, we have shown that the HCRB for Gaussian states can be
efficiently computed as an SDP, even if the underlying Hilbert space is
infinite-dimensional. This is possible because: (i) all constraints andfigures of
merit are expressed in terms of inner products between infinite-dimensional
operators, and (ii) forGaussianquantumstatisticalmodels, one can restrict to
a finite-dimensional basis of operators that are quadratic polynomials of
canonical variables. In this way, it is possible to obtain a compact description
of the optimization problem in terms of finite-dimensional matrices.

This framework was also instrumental in obtaining further results
beyond the main SDP for evaluating the HCRB. First, it allowed us to
understand SLD and RLD bounds for Gaussian states from a common
perspective, and to show that they can also be computed as SDPs, similarly
to the HCRB. Second, it enabled us to provide an explicit expression for the
HCRB for two parameters encoded in the covariance matrix of a single-
mode Gaussian state, exploiting a formal analogy with results for single-
qubit systems90. To obtain further analytical results, it could be fruitful to
adapt to Gaussian states the approach of Ref. 94, which presents upper and
lower bounds on the HCRB, as well as an alternative exact evaluation
procedure for two-parameter problems.

Althoughwehave not pursued this aspect in thiswork,wenote that the
geometric approach based on inner products between operators naturally
extends to the estimation of q≤p functions βj(θ) of the original p parameters.
In this case, the SLD-CRB and HCRB become minimizations over zero-
mean operators, with slightly different local unbiasedness constraints
Tr½∂θk ρ̂X̂j� ¼ ∂θkβj (instead of δjkon the rhs), which do not change the SDP
nature of the problem63. This approach can also accommodate singular
quantum statisticalmodels, with a non-invertible SLD-QFIM, as long as the
functions βj(θ) can be independently estimated (formally, if operators fX̂jg
that satisfy these local unbiasedness constraints exist). This is especially
usefulwhenp=∞, i.e., for semiparametric estimation63. Such a framework is
also suitable for analyzing precision limits for the estimation of functionals
of the quantum state, assuming that the whole state is unknown. This is
closely related to classical shadow tomography95, which has recently been
extended to CV systems96,97.

In recent years, new bounds for multiparameter quantum estimation
have been proposed, aiming to capture more faithfully the behavior of the
fundamental bound CMI

θ ðWÞ, attainable when only single-copy measure-
ments are available. In this regard, a computable lower bound for finite-
dimensional systems is the Nagaoka-Hayashi CRB77,92, which is also for-
mulated as an SDP with stronger positive semidefinite constraints,
expressed in terms of operators rather than inner products between them.
This makes the bound tighter than the HCRB; however, imposing such
constraints on infinite-dimensional operators seems challenging, and a
rigorous generalization of this bound for CV systems is still lacking, to the
best of our knowledge.

Going beyond the local estimation paradigm adopted in this work,
Bayesian versions of the Nagaoka-Hayashi CRB and of the HCRB have
recently been introduced98,99. In particular, the techniques presented in this
work are very likely applicable to evaluate the Bayesian HCRB of Ref. 99 for
Gaussian states. This is afirst step to extend global estimationwithGaussian
states100,101 to the multiparameter domain. More generally, studying non-
asymptotic multiparameter estimation with CV systems is an interesting
direction for further research102, similar questionshave recently been tackled
from the complementary point of view of learning theory in the context of
state tomography103.

Other interesting perspectives for future studies in this area include:
extending this framework to fermionic Gaussian systems, and studying
multiparameter estimation with the further restrictions of using only
Gaussian measurements readily available in optical platforms; results for
this scenario are only known for specific single-parameter problems104–107.
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Data availability
The data supporting the findings of this study are available from the first
author upon request.

Code availability
The theoretical results are reproducible from the analytical formulas and
derivations presented in themanuscript. A Jupyter notebook containing the
Python code used to generate the figures is available on Github91.
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