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Continuous-variable Gaussian states are ubiquitous in quantum science, describing relevant regimes
in optics, optomechanics, and atomic ensembles. In multiparameter quantum metrology, their
ultimate precision limit is set by the Holevo Cramér-Rao bound (HCRB), which accounts for
measurement incompatibility. However, evaluating the HCRB in infinite-dimensional systems is

challenging due to the required optimization over Hermitian operators. Here we introduce an efficient,
general method to compute the HCRB for arbitrary multimode Gaussian states by reformulating itas a
semidefinite program (SDP) depending only on the first and second moments of the state and their
parametric derivatives. This phase-space formulation shows that observables up to quadratic order in
the canonical operators suffice to evaluate the bound. The same framework yields SDP forms of the
symmetric and right logarithmic derivative (SLD and RLD) bounds and analytical results for two
parameters encoded in a single-mode covariance matrix. We demonstrate the approach in two
scenarios where both first and second moments vary with the parameters: simultaneous estimation of
phase and loss, and joint estimation of displacement and squeezing. Our results provide conceptual

insight into multiparameter estimation with Gaussian states and enable practical applications of

the HCRB.

The goal of quantum parameter estimation theory is to assess the funda-
mental precision limits on measuring unknown parameters characterizing
quantum systems, and to find practical strategies to attain them. This
endeavor has technological applications, such as quantum-enhanced
metrology and sensing'™®, but is also intimately connected with deep fun-
damental aspects of quantum physics, such as the geometry of quantum
states” and incompatibility of observables.

Single-parameter quantum estimation has been studied intensely and
has been applied to devise quantum-enhanced strategies for measuring
various physical parameters. When many experimental shots are available
the attainable precision limit is the quantum Cramér-Rao bound (CRB),
originally introduced by Helstrom'*". This is known as local quantum
estimation theory, since the assumption of many shots is roughly equivalent
to estimating only small deviations from the true parameter values. In many

situations, one needs to estimate multiple unknown parameters
simultaneously'*", e.g., orthogonal displacements'* ™ relevant in waveform
estimation™, multiple phases™™’, phase and noise parameters’ ™, relative
positions of discrete optical sources™™*' or moments of extended sources*>*,
range and speed of moving targets***’, vector fields*’, and more.

From a theoretical perspective, precision limits for multiparameter
estimation were first obtained by considering the formal similarity between
quantum theory and probability theory, obtaining a “quantization” of the
classical CRB. This procedure is not unique, and leads to different Cramér-
Rao bounds’'—the most well-known being the symmetric logarithmic
derivative Cramér-Rao bound (SLD-CRB) and the right logarithmic deri-
vative Cramér-Rao bound (RLD-CRB)'"*'"**”. These have been widely used
due to their relatively easy calculation; nevertheless, neither of them is
generally tight™*, reflecting the issue of measurement incompatibility in
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quantum theory. A tighter precision limit is the Holevo Cramér-Rao bound
(HCRB), which is uniquely quantum and not obtained by the formal ana-
logy between quantum states and probabilities. Crucially, the HCRB also has
a fundamental operational meaning: it can be attained by collective mea-
surements on asymptotically many identical copies of the quantum state'’*".
As such, it captures the ultimate impact of measurement incompatibility in
parameter estimation. Moreover, in some cases it is also attainable using
single-copy measurements: for pure states® and for displacement estima-
tion with Gaussian states''. We also mention the existence of alternative
approaches to deal with measurement incompatibility in multiparameter
estimation, based on uncertainty (or tradeoff) relatlons’ - which have also
been compared to CRBs in a unified framework®

Despite its critical importance, the HCRB is often avoided in favor of
bounds that are simpler to evaluate, as it lacks a general closed-form
expression and is defined via a minimization. Luckily, this is a convex
optimization problem and can be expressed as a semidefinite program
(SDP) for finite-dimensional systems®', which makes a numerical evaluation
relatively straightforward. For continuous variable (CV) quantum systems,
the infinite dimension of the Hilbert spaces generally does not allow this
simpler formulation. Truncating the Hilbert space dimension to obtain
approximations is in principle possible, but the procedure quickly becomes
unwieldy. Restricting to the more manageable class of Gaussian states”, a
semidefinite program to evaluate the HCRB for joint displacement esti-
mation is known™, but not for more general parameters encoded also in the
covariance matrix.

We fill this gap by presenting a general SDP to evaluate the HCRB for
infinite-dimensional Gaussian quantum systems. This framework enables
a generic study of simultaneous estimation of multiple incompatible
parameters encoded in Gaussian states of an arbitrary (finite) number of
bosonic modes. Our approach follows the geometric formulation of
quantum estimation theory, based on operator Hilbert spaces endowed
with state-dependent inner products'®. As applications, we consider two
models where the HCRB is tighter than both the SLD-CRB and the RLD-
CRB: joint phase-and-loss estimation, previously studied mainly via the
SLD-CRB™***% and estimation of complex displacement and squeezing
in single- and two-mode Gaussian states, extending recent HCRB results
for pure states” and earlier work on displacement-only estimation'***?.

To keep the presentation aimed at practitioners, we limit abstract
concepts and notation. Nevertheless, some derivations are technical, so we
summarize the main results at the start of the Results section. That section
provides the practical ingredients to compute multiparameter bounds for
Gaussian states, including the SLD-CRB and RLD-CRB known in the
literature™**””*. We also cast these bounds in a unified notation and show
how they can be obtained by solving an SDP.

Methods

In this section, we first introduce the main mathematical tools and defini-
tions that allow us to derive the ultimate limits for multiparameter quantum
estimation protocols, then we present the formalism needed to describe
continuous-variable Gaussian quantum systems, and finally we give a short
note on the vectorization procedure for finite-dimensional matrices.

Multiparameter quantum estimation theory

Quantum parameter estimation theory examines the ultimate preci-
sion limits of parameter estimation in quantum states and the
measurements that achieve them. Our focus is the simultaneous
estimation of p unknown parameters 6=(6,, - - - ,BP)T characterizing
a parametric family of quantum states py, which we also call a
quantum statistical model. To estimate these unknown parameters,
one performs a generic quantum measurement, mathematically
described by a positive operator-valued measure (POVM). The cor-
responding probability for the measurement outcome x is given by
Born’s rule P(x|0) = Tr([)aﬁx) where f[x is the POVM element. Based
on the observed measurement outcome x, one can use an appropriate
estimator function 6(x) to infer the parameter values. We quantify

the quality of the estimator O(x) by the mean square error matrix
(MSEM):

Z4(0) = / dx P(x|0)(B(x) — 0)B(x) — ) . )

Imposing the local unbiasedness conditions

| dx P(x|0)(B,(x) — 6)

j‘ dx 9 ( )BP(XW) _ 6jk, (2)

|
=

on the estimator (x) one can derive the matrix Cramér-Rao bound (CRB)
on the MSEM"*”?

2e(0(x) = F ", 3)

where a matrix inequality A>B means that the matrix A — B is positive
semidefinite, and F is the classical Fisher information matrix (FIM) with

elements
olnP(x|6) \ /dInP(x|0)
F= [ e |9)( >( o). @

Since for a given parametric family of quantum states p, infinitely
many measurement choices are possible, one can introduce quantum pre-
cision bounds that hold for any POVM and depend only on p,. A well-
known quantum lower bound on the MSEM is given by the replacing the
CFIM with the symmetric logarithmic derivative quantum Fisher infor-
mation matrix (SLD-QFIM) introduced by Helstrom™"*:

~S. »S .
J§ = Re(TelLjpyL3)) = 3 Telpy (L5, L1, ©)
where the symmetric logarithmic derivative (SLD) operators L are defined
as solutions of the equation'*'*”*

‘;fés = {PB’ ]} (6)

is known as the SLD inner product between the two Hermitian operators X
and Y. The SLDs are Hermitian and have zero mean, i.e., Tr[pgij 1= 0,since
the partial derivatives dp,/00; have trace zero as a consequence of the nor-
malization of pg. The SLD-QFIM is real-valued, symmetric and positive
definite. We assume here and in the rest of the manuscript strict positivity,
which excludes singular quantum statistical models, where not all parameters
can be estimated independently (we will briefly comment about relaxing this
assumption in the final discussions). Unlike the single-parameter case, the
SLD-CRB is in general not tight in multiparameter estimation, because the
best measurements for different parameters may be incompatible.

Another well-known bound is obtained from the complex-valued and
positive definite right logarithmic derivative (RLD) QFI matrix (RLD-QFIM)

~Rf. =R
T3 = Tl Pyl @)
18,52

where the RLD operators I:f are defined as

aPe
ae =P GLJ ’ (8)

these are in general non-Hermitian operators, but still zero mean,
Tr[ﬁgi;{] = 0. The quantity Tr[?TﬁX] is known as the RLD inner product

between the operators X and Y (in this case, not necessarily Hermitian).
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It is customary to quantify the overall precision with the scalar
quantity trWZ,(0)], where the weight matrix W > 0 is real and
symmetric (notice that tr[e] denotes the trace of finite-dimensional
p x p matrices, while we reserve Tr[e] for Hilbert-space operators).
This is a well-defined figure of merit to assess the precision of
multiparameter estimation strategies and to compare different matrix
bounds. Indeed, from the matrix inequalities on the MSEM Ze(é) in
terms of SLD-QFIM and RLD-QFIM, we obtain the following scalar
SLD-CRB and RLD-CRB'*"

t{WEy(0)] 2 C3(W) = t[W(®) ], ©)

t[WEg(B)] 2 CR(W) = tr{ WRe[(®) 1]
o[Vt .

with ||A]|, = tr(v/ATA) denoting the trace norm; the real and imaginary
parts of matrices are taken element-wise. Neither of the bounds is always
tight. Moreover, we note that for unitarily encoded parameters, a natural
choice of the matrix W yields intrinsic bounds that are independent of
reparametrizations’’.

Having a scalar figure of merit, it is natural to introduce the so-called
most informative bound, i.e., the classical CRB optimized over POVMs'*:

(10)

tr[WZ(0)] = CY (W) = minpey y[tr(WF )] (11)
This bound is achievable with many repetitions, yet no simple recipe for its
evaluation is known, even though it has been recently recast as a conic
optimization for finite-dimensional systems’”.

The bound C™ holds at the single copy level and does not take
into account the possibility of measuring multiple copies at the same
time. The attainable precision for collective measurement over
asymptotically many identical copies of the state p¥" is given by the

Holevo Cramér-Rao bound (HCRB)'"'*'”7%, defined as

Ch(W) =

i e (WV)IV2Z(0) (12

where S is the space of symmetric p x p real matrices, and Z(X) isa p x p
Hermitian matrix with elements
Z(X)y = TriX;peX,] (13)

in terms of a set of p Hermitian operators f(j that satisfy the local unbia-
sedness conditions

Tr[peX;] = 0 (14)
Tr[X, gg"] = 8. (15)

Note that the matrix Z(X) in Eq. (13) is often defined as the transpose of
ours; this difference is inconsequential, since the inequality constraint in
(12) is invariant under transposition. Typically, the HCRB is tighter than
both the SLD-CRB and RLD-CRB; indeed, the bounds introduced so far
satisfy the following chain of inequalities

t{WEp(0)] 2 CV(p,, W) 2 CH(W)
> max[Cy(W), Cj(W))].
The discrepancy between the HCRB and the SLD-CRB is limited to a

factor two, since we have that®>”

(16)

CH(W) <Th(W) < (1 4+ R)CY(W) <2C3(W), (17)

where the first upper bound is defined as

Cowy = csom+ [Vwoszoo VW] as)

in terms of the mean Uhlmann curvature or asymptotic incompatibility
matrix Z, with elements

T = —%Tr[ﬁe .51 (19)

and the 1ntermed1ate bound involves the asymptotic incompatibility
parameter R = ||i(J®)~ '7 [loo”*" (the operator norm ||A]| , corresponds to
the largest singular value of the matrix A).

It is worth emphasizing that the SLD-CRB is completely tight, i.e.,
Cy'(w) =
of these commuting SLD operators are the optimal measurement basis.
Moreover, the SLD-CRB is asymptotically tight, ie., the less stringent

condition CH(W) = Cg(W), when the SLDs commute on aver-
ageZ; =0,Vj, k.

Cg(W), when [ﬁjs, ii] = 0, Vj, k and the common eigenstates

Gaussian quantum systems

We here briefly summarize the formalism to descrlbe bosonic Gaussian
quantum systems’ """, Let #=(%,p,, -+ , X, pm) be a vector of quad-
rature operators, describing a m-mode continuous variable (CV) quantum
system. The corresponding canonical commutation relations (CCR) can be
compactly given by

[, 7] =iQ, (20)
where we have introduced the symplectic matrix
. 0 1
Q=9L,0,,0 = o) (21)

For the sake of conciseness, we employ natural units (% = 1). The quantum
state p of a CV system can equivalently be described in phase space, in terms
of its characteristic function Xﬁ(r), which for an operator O is defined as”

Xo(r) =TH{OD_] (22)
and D_, = e s the displacement  operator, while
r=(X1, P10 > Ko pm)T isa vector of 2m real coordinates in phase-space. In

particular, for a Gaussian state p; the characteristic function is Gaussian:

_ L+ o7
Xﬁc(r) = exp[— 1 7 oor+ir' d, (23)

where 7=Qr, d = Tr[#p] is the first moment vector, and ¢ is the covariance
matrix

o = Tr[p{(? — d).(F — )" }]. 24
Thus, Gaussian states are completely characterized by the first moment d
and the covariance matrix o.

Gaussian unitaries, generated by Hamiltonians at most quadratic in 7,
correspond to symplectic transformations S € Sp,,, r)> which are
those preserving the symplectic matrix STQS = Q. The action on the first
moment vector and on the covariance matrix are d - Sd and o ~ SoS'.
Any Gaussian state can be decomposed into normal modes,
which are those obtained by a symplectic diagonalization of the
covariance matrix, i.e., 0 = S'vS with a diagonal v = diag(vy, v1, ...V Vi)
that contains the m symplectic eigenvalues v, > 1. A symplectic eigenvalue
equal to one corresponds to a pure normal mode, the number of

Communications Physics| (2026)9:126


www.nature.com/commsphys

https://doi.org/10.1038/s42005-026-02550-6

Article

symplectic eigenvalue strictly greater than unity is known as symplectic
rank®.

Vectorization procedure

We introduce here the notation vec[A] to describe the vectorization of
a matrix A, i.e., the column vector constructed from columns of the
matrix:

(25)

The following property that relates vectorization with Kronecker products
will be used in the derivations

vec[ABC] = (C" ® A)vec[B]. (26)
While this vectorization procedure is often applied directly to Hilbert-space
operators for finite-dimensional systems, we will apply it to
matrices related to the phase-space description of CV systems, ie., the
covariance matrix and the matrix defining the quadratic component of
operators.

Results
Overview of main results
We here report the main results of our work, leaving further details on the
derivations and some examples in the rest of this section and in the Sup-
plementary Notes.

Given a Gaussian state with covariance matrix o, the following block-
diagonal matrix

(27)

1 Ug_iQ 0
2

=20 o (oe—i0)®(09—i0))’

represents the RLD inner product between zero-mean observables at most
quadratic in 7, while its real part

R(S) 1 /09 0
e(Sp) == ,
0 2 0 06®09_Q®Q

represents the SLD inner product. These two matrices are the central objects
of this work, used to express and compute the different bounds. In the
following, we further assume a Gaussian state with full symplectic rank m,
i.e., without pure normal modes, so that these matrices can be inverted; later
in the manuscript, we will discuss how to relax this assumption. Introducing
vectors containing the derivatives of the first moments and covariance
matrix as

(28)

ady
- o
D=\, . (29)
EVEC[TGJ]
the SLD-QFIM elements can be expressed as
S =S, =S =T 15
i = Re(Tr[Lj QL)) = D; Re(Sg)™ Dy, (30)
or more explicitly
1 _
Ty = EVec[aae/aejf(a9 ® gg — Q® Q) 'vec[da,/d6;] )

+2(3dy/26)) " 05" (9dy/36),)

Similarly, the RLD-QFIM elements can be expressed as

SRY. AR =T 1+
Ji = Tr(L; poLy) = D; S;'Dy, (32)
explicitly written as
R 1 809 T . . -1 809
P - - Q - Q AN .
Tk z"ec[aej] [(og = i) ® (05 — D] veclzy | (33)
+ 2(ad9/80j)T(09 — Q)" (3d,/36,).
By collecting vectors as columns of a matrix
D= (D, D,), (34)

we can also compactly express the whole SLD-QFIM and RLD-QFIM as

J=D Re(S,)'D,/*=D"s;'D. (35)

While analogous formulas for the SLD and RLD QFI matrices have
already been discussed in the literature®****’"”, this approach has the merit
of showing how the bounds can be understood in a unified framework, and
it presents their relation with first moments and covariance matrix quite
transparently.

More importantly, our main result is that through the matrix Sy it is
also possible to efficiently evaluate the HCRB, as follows

CH(W) = minimize tr[WV]
VeSt XeR**P
v XR
subject to - 9 1>0, (36)
RX 1,
—T—
X D= ]Ip.

with z = 2m(1 + 2m), and where Ry is a r X z decomposition of the RLD

inner product: Sy = RgRg, e.g., the square rootRy = \/$ (with r=z). The
structure of this optimization problem is completely analogous to the finite-
dimensional case”, and the optimization (36) can be readily recognized as
an SDP**Y, a class of convex minimization problem that can be efficiently
solved numerically using readily available solvers with a guarantee of global
optimality.

Derivations

In this section, we will give some details on the derivation of the main results
we have just outlined, leaving the most technical details to the appendices,
and we will also present some additional minor results that we believe will
turn useful when discussing quantum estimation problems involving
Gaussian quantum states.

RLD inner product of quadratic operators. As before, we will consider
a Gaussian quantum state ¢, described by a first moment vector dgand a
covariance matrix gy, with a smooth parametric dependence on the
vector of real parameters . We will deal with operators that are at most
linear and quadratic in the operators 7, so that we can write them as

A=a%+ @) 5+ a®%, (37)

) 2

where a© is a scalar complex number, a® € C* and a® is a 2m x 2m
complex symmetric matrix. Notice that we can restrict to symmetric
matrices without loss of generality, since a matrix can be decomposed into
symmetric and antisymmetric parts and the latter gives rise to terms pro-
portional to [}, 7], which, because of the CCR, are either zero or propor-
tional to the identity and thus can be included in the complex scalar a®.
Given two generic operators A and B of this form the expectation value of
their product Tr[ET@A] over a Gaussian state ¢ with first moment d and
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covariance matrix ¢ (known as the RLD inner product’ between the two
operators) can be written as a function

TI‘[BTQHA] =F(d,0,a9, a® a? v pD p@y. (38)
We have derived its general expression, and reported it in Supplemen-
tary Eq. (S.9) of Supplementary Note 1. While we do not report it here in
the main text, we believe that this relatively compact formula is going to
be useful beyond the scope of this work, and we consider it as one of our
main results.

In what follows, we will actually restrict to operators that are at most
quadratic in the canonical operators, but that are also zero-mean, that is,
they satisfy Tr[0gA] = 0. It is convenient to express operators in the central
basis defined by the quantum state gy, as follows

~ 1 A ~
A=—-trffAPg ] 1+ ADT (G — d,1)
2 (39)

+ (= dyl) AQG — dyT),

where it is easy to show that A? = a® and AD = a® + (@7 + a®)d,,
while the scalar term is fixed by the zero-mean constraint. One can write any

Gaussian state gy with first moment vector dy as 0g = D;gggbdg, where

D, = exp(id" Q7) denotes the Weyl (displacement) operator, and where 03
is a Gaussian state with zero first moments and covariance matrix gg. Given
two zero-mean operators A and B, by exploiting the displacement operator

property Dds ?’D; =7+ deﬁ, one can observe that

Te[B oAl = Te[¥ 00%1, (40)
where the operators X = ﬁdsAﬁZg and ¥V = IA)dBIA)I, can be readily written
as in Eq. (37), with corresponding vector and matrices:

L0 _ _%tr[AmUL A0 Z AL D 4@ (41)

4O _%tr[Bmo] Ly =B @ = g (42)

Since the quantum state Qg has zero first moments, we can thus exploit the

general formula reported in Supplemenary Eq. (S.9) by setting d = 0, and by
replacing the correct matrices and vectors identified above, and by
exploiting the properties and relationships described in the reminder on
Gaussian quantum systems in the “Methods” section, one shows that the
RLD inner product between zero-mean quadratic operators can be elegantly
rewritten as

Tr [BLQ(,A] =B s,A (43)
where the matrix Sy was introduced in Eq. (27), and where
_ AD _ B
A= B= 44
vec[A?)] vec[B?] (44)

The formula in Eq. (43) is the basis of most of the derivation we will describe
below, and we will refer to it as the RLD inner product equation.

SLD operators and SLD-CRB. The SLD operators of Gaussian states are at
most quadratic in the canonical operators, and this fact has been exploited in
the literature to obtain explicit formulas for them and for the SLD-
QFIM*™*%7”2 For the sake of completeness, we report here these results.
Starting with the ansatz that the SLD operator is at most quadratic in the

canonical operators, we can write it in the standard basis in the form of Eq. (37)
R R T
=0T+ (50) 747755, (45)

This ansatz is enough to solve the defining equation of the SLD (6), and the
solution is

so 1 S2) S()T T5(2)
O — —Etr[alj ] — BT T (46)
_,0d (
Y =20 la_ej —21%4 (47)
Vec[lf(z)] =0Qo-—QQ)! vec[da/df]] . (48)

This can be obtained by exploiting the correspondence between phase space

differential operators acting on the characteristic function and operators
acting on the infinite-dimensional Hilbert space”’. These techniques and
identities are described in Supplementary Note 2. By observing that the SLD
operators are zero-mean, we can then write them in the central basis as in
Eq. (39), and obtain the corresponding vectors and matrices

ad
S() _ 5, —19¢
Lj =20 86j (49)
[ S(2) -1 do
vec|L; ]:(0®0—0®Q) vec|—1, (50)
/ a9,
which can be compactly written as
ad
I =Refs |, " | =Rels,I'D 51
i = Re[Sy] Lyec[2] = Re[So] " D; (51)
2 0

gl

in terms of the vector D; introduced in Eq. (29). Since the SLD operators are
Hermitian these vectors are real-valued and, applying the RLD inner
product formula (43), we can readily write the corresponding SLD-QFI
elements as in Eq. (30), that we report again here

28, 28 =S\ T =S
Ji = Re(Tr[L; 0pL;]) = (L) Re(Sp)Ly, (52)
where we have defined the vectors fj asin Eq. (44). By inserting Eq. (51) we
obtain the expressions previously reported in Egs. (30) and (35).
Similarly, by noticing that

TrloolLy Lill = —2iIm(Tr{L epLy)) (33)

we can evaluate readily the matrix elements of the mean Uhlman matrix in
Eq. (19)

] (54)

i ~S =S =S\ T =S
Ty = = Tileolly L1l = ~(@) TSyl
that, written compactly as a function of the derivatives of first and second
moments of the Gaussian state, reads

T = —D' Re(Sy) ' Im(Sy)Re(S,) "' D. (55)

The actual commutator between the SLD operators can also be derived
by exploiting the fact that they are quadratic in the canonical operators as in
Eq. (45) and the CCR, and expressed in terms of dy, 0 and the matrices
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150 _ 13(2)
L

(L], L}] = 4i@,d) 0~ Qo 9y dy 1
+4i((9,dg) 05" QLY —
de)T (Lf(Z) QLi(z)

@dg) 0" QL) — dg)  (56)

+ 2i(F — — L;POLP) G — dy).

We recall that when the p(p — 1)/2 independent elements in Eq. (54) are
zero, then the parameters are asymptotically compatible, while the stronger
condition that the actual commutator in Eq. (56) is zero ensures that they
can be jointly estimated with a precision equal to the SLD-CRB even at the
single-copy level. One can immediately see that the two conditions are
equivalent for parameters encoded only in the first moments, while the full
commutativity of SLDs is a stronger condition to satisfy when the parameter
dependence is also in the covariance matrix.

RLD operators and RLD-CRB. A similar approach can be employed
also to obtain RLD operators. This has already been pursued in Ref. 69
using a different notation; we report the results here for completeness and
to see the formal analogy with the SLD case. As previously done for the
SLD operators, we can also assume that the RLD operators corresponding
to a Gaussian state Q4 are quadratic in the canonical operators, and thus
we can write them as

formula in Eq. (43) to obtain the RLD-QFI matrix elements

Ti = Tr(L peLk) = (L ) SeLy . (64)
where we have defined the vectors L as in Eq. (44); one should notice that
in this case the RLD operators L] are still zero-mean (as it can be easily
proven from their definition), but in general they are not Hermitian. By
inserting Eq. (63), we obtain the expressions previously reported in Egs. (32)

and (35).

Evaluation of the HCRB as a semidefinite program. The definition of
the HCRB in Eq. (12) is given in terms of the matrix Z(X), which is
the Gram matrix of the Hermitian operators {Xj} with respect to the
RLD inner product; these operators must also satisfy the local
unbiasedness conditions (14) (zero-mean) and (15). In principle, the
optimization should be carried out over operators of any order. For
the moment, we just assume that they can be chosen to be at most
quadratic in the canonical operators; we temporarily postpone the
proof that this restriction does not affect the value of the HCRB.
These operators can thus be written in the central basis

5 1 A T .
X, =- Etr[xj.%] T+ G- d) )
+ (G —d)' XD — d).

AR R(0)F RO\ T4 | ~TRQ)»
Ly =571+ @) r+r 7 (57) As they are Hermitian and zero-mean, we can exploit the RLD inner
or alternatively, in terms of the central basis, as product to write the Z(X) matrix elements as
~ 1 ~ T _ Ao oa _wTe
L= — 01 + RV) (5 —d Z(X)y = Tr(X;peX) = X; SpXy, (66)
J 2 J J (58)
+(#— ) LG - d). where we have defined
By exploiting the definition of RLD operators in Eq. (8), we can derive the X
corresponding vectors and matrices for the standard basis X = ] ) (67)
! Vec[X](Z) ]
1
5O =~ 5 tl(og — i)
. (59)  We can thus rewrite the whole Hermitian matrix Z(X) as
—V dy — dj 1'Pd
i 0 0% 0>
7T j—
= 68
1O = 2oy - i) 5 Z(X) = X SpX, (68)
j
(60)
_(IJRQ) + IJI»((z)T)dG where
(1) (1)
R _ 0 O vec | 270 61 X o @ X L (69)
vee ] = [0 — i) ® (05 — i) vec 50, (61) vedX] ... vedx?]
and for the central basis so that t}11_e matrix inequality in the HCRB defintion (12) can be represented
as V=X S,X.Byresorting to the Schur complement condition, this matrix
LJB(D =2(cp — iQ)'0d,/ a0, (62)  inequality can be converted to a linear matrix inequality
5 o -
vec[1f?] = (0 — i) @ (o — i) vec| | VoX'sX20es( Y X Ro)sq (70)
ae] RBX HV
Th b tl itt
ese can be compactly writien as with Sg= RERQ, we can choose, e.g., Ry = RZ = /S
ad The local unbiasedness condition can be written as
=5t 7 ) =5'D 63
7770 \ Lyeqpep ) 0 (63) oo 1 T (. 28
270, O =Tr [Xjape/aek] = ETr [Xj {p@7 LkH
in terms of the vector D; introduced in Eq. (29). =Re [Tr [ijgii]] = Y;Re(se)fi = YjTEk ,
More details on this derivation can be found in Supplementary Note 3.
Also in this case we can straightforwardly exploit the RLD inner product
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and thus one can express the constraint of the minimization problem as

X' Re(SpL’ =X D=1, (71)

It is then clear that the evaluation of the HCRB for Gaussian states can be
reformulated as we have previously reported in Eq. (36), which we write
again here for completeness:

CI(;I(W) = minimize trf{WV]

VeSP XeR#*P
vV X'R
subject to - 9] >=0
RX I

—T—
X D= IP.

(72)

with z = 2m(1 + 2m), and where Ry is a r X z decomposition of the RLD
inner product: Sy = R;Re, e.g., the hermitian positive semidefinite /Sy or
the Cholesky decomposition. The optimization (36) is analogous to the
finite-dimensional case’' and it corresponds to a SDP**Y, since the objective
function is linear and features only linear equality constraints and
semidefinite inequality constrains. SDPs are a class of convex minimization
problems that can be efficiently solved numerically with readily available
solvers with a guarantee of global optimality. In practice, one can directly
feed this exact formulation to a modeling language for convex optimization,
such as CVXPY®, which we have used to obtain numerical results.

Alternatively to the SDP formulation, the optimization over the sym-
metric matrix V to evaluate Cj(W) can be analytically carried out",
obtaining

Ci/(W) = _min P{tr[WRe[Z(X)]] + ||[VW Im[ZX)IWW| |1} (73)

with the matrix Z(X) = X SX, i.e., the complex matrix (13) for the class of
quadratic operators X; we consider here. While this expression may be more
amenable for analytical calculations, the objective function to minimize is
not smooth, due to the presence of the trace norm.

Optimality of quadratic observables. Let us introduce the (state-
dependent) commutation superoperator'"®, defined by the operator
equation
{D,,(X), pg} = ilX, pol- (74)

This map relates the commutator and the anticommutator with the state
and thus also the RLD and SLD inner products. The commutation super-
operator is particularly useful to simplify the computation of the HCRB,
since it holds that the search for the optimal {X;} can be restricted to any
D,, -invariant subspace that also contains spanR{if, . ip}”"’". Since we
already know that the SLD operators are quadratic, the missing step to prove
that our formulation of the HCRB is correct is thus to show that quadratic
observables form a D, -invariant subspace. A similar statement was proven
for linear observables by Holevo'' and indeed can be used to simplify its
calculations of the HCRB for parameters encoded in the first moments, see
Ref. 20 for a recent application.

Let us introduce the notation Z = D, (X) for simplicity. We can
rewrite Eq. (74) in terms of characteristic functions

Xio—o0 ) = Xzppi(P)- (75)
While X is at most quadratic by assumption, we can now make the ansatz
that Z is quadratic too and show that this equation indeed always has a
solution of this form.

Actually, there is no need to do show this explicitly, since we
can just notice that obtaining Z is completely analogous to the calculation

of the SLD operator for the estimation of a unitarily encoded parameter
6 with a generator Hamiltonian 2X, ie, e 20X [)Geizex . Thus, since the
SLD operators for parameters encoded in Gaussian states are at

most quadratic in the canonical operators™’”', we can immediately

conclude that this equation can always be satisfied by an operator Z
which is also at most quadratic. This proves the invariance of the
subspace of operators that are quadratic polynomials of the canonical
variables with respect to the action of the superoperator D, - of a Gaussian
state p;.

For completeness, in Supplementary Note 4 we present the explicit
form of Eq. (75) for Gaussian p, and quadratic X and Z. From that, it is clear
that the solution involves inverting Re(S,), just as in the computation of the
SLD-QFIM.

We have shown that quadratic observables are optimal, in the
sense that they achieve the minimum in the definition of the HCRB.
However, the bound itself is generally attainable only through col-
lective measurements on a large number of copies of the state, and a
detailed study of such optimal asymptotic measurements for Gaus-
sian state models lies beyond the scope of this work. We note,
nonetheless, that when the optimal operators commute and the SLD-
CRB is attainable, the corresponding optimal projective measurement
is given by the common eigenbasis of the quadratic operators, which
can be implemented via Gaussian unitaries followed by projectors on
the Fock basis”".

Two parameters encoded in the covariance matrix of a single mode.
We focus here on two parameters (p = 2), encoded only in the
covariance matrix (ddg/30; = 0, j = 1, 2), of a single-mode (m = 1)
Gaussian state. Under these assumptions, the problem resembles
closely two-parameter estimation with qubit states, one of the few
nontrivial problems where an analytical expression for the HCRB is
known”. The similarity between these two cases is apparent from a
parameter-counting argument: both zero-mean single-qubit obser-
vables and zero-mean single-mode quadratic observables are para-
metrized by three real numbers, and similarly both a single-qubit
state and a single-mode covariance matrix are defined by three real
numbers.

As we show explicitly in Supplementary Note 6, the technique intro-
duced by Suzuki for single-qubit states™ can be adapted perfectly and yields
exactly the same result:

I
CR(W)if CR(W) > LG

S, (w)-cswl
4T (W)—CR(w)]

Clw) = (76)

C3(W) + otherwise .

The calculation that can be found in Supplementary Note 6. does not rely
on the SDP formulation, but starts instead from the more explicit form of
the bound in Eq. (73). However, we stress that it was possible to obtain this
result only by exploiting the crucial observation that the HCRB mini-
mization can be restricted to quadratic observables without loss of
generality.

SLD-CRB and RLD-CRB as SDPs. Similarly to what is shown in Ref. 12
for finite-dimensional systems, the SLD-CRB and RLD-CRB can be
described in the same minimization form as the HCRB. However, these
minimizations have weaker constraints, from which it immediately fol-
lows they must be lower bounds on the HCRB, since the minimization is
over a larger set.

The scalar SLD-CRB can be obtained by imposing only V > Re[Z(X)],
which is only the real part of the inequality constraint in the HCRB. Thus, we
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can evaluate it as follows

Cy(W) = minimize t[WV]
VeSP XeR¥*4
ST=T
subject to ~V7 X Ry =05 (77)
RX I,
_T_
X D= HP'

in terms of the real-valued matrix decomposition Re(Sg) = f{g Ry. This is
equivalent to the minimization of 7 WRe[Z(X)]].

The scalar RLD-CRB can also be obtained in a similar form, by relaxing
the constraints that the operators are hermitian:

CY(W) = minimize tr[WV]
veS XeCH?
.
subject to V_ X Ry =0 (78)
R,X I,
7T7
X D= HP'

where now the optimization is over complex-valued matrices X instead of
real ones.

Pathological states with pure normal modes. When one or more of
the symplectic eigenvalues are exactly equal to one, and thus the sym-
plectic rank® is smaller than m, it means that one or more normal modes
of the Gaussian states are pure. In this case, the matrix Sy has some zero
eigenvalues, and thus it defines a so-called pre-inner product, i.e., there

can be operators ¥ for which Tr[l?T[)GYJ = 0 even if ¥#0. In this case
also the matrix (6 ® 0 — Q ® Q) corresponding to the SLD inner pro-
duct on quadratic observables is not invertible”. In principle, one could
define equivalence classes, by considering the quotient space with the
kernel of this operator'’, similarly to the explicit construction in Ref. 61
for finite-dimensional rank-deficient states. We practically solve this
problem by noting that this approach is equivalent to regularizing the
covariance matrix by adding an arbitrarily small perturbation o+ (1 —
€)o + el that makes all the symplectic eigenvalues strictly greater than
one””. The analytical limit € — 0 can be taken at the end of the calcu-
lation, or in numerical calculations it is enough to take a small numerical
value and checking numerical convergence.

Case studies

In this section, we will exploit the results we have presented above in
order to derive the ultimate bounds on the joint estimation of mul-
tiple parameters for two examples: (i) the estimation of phase and
loss describing the evolution of a single-mode Gaussian state; (ii) the
estimation of complex displacement and squeezing for single- and
two-mode Gaussian states.

In both cases, we evaluate the three bounds—SLD-CRB, RLD-CRB,
and HCRB—the latter obtained by solving numerically the semidefinite
program introduced above. Concretely, we have implemented this in
Python, using the modeling language CVXPY®.

We also compute the commutator between the SLD-operators and the
corresponding mean Uhlmann curvature matrix Z, in order to discuss the
potential achievability of the SLD-CRB. A notebook containing the code
used to generate these figures are available in ref. 91.

Phase andloss. We start by considering the problem of joint estimating
a phase ¢ and a loss strength #, corresponding respectively to a unitary
phase rotation in phase space, and to the noisy channel describing the
typical photon (or more in general, excitation) loss in bosonic quantum
systems. This is a paradigmatic multiparameter estimation problem,
mostly studied in terms of the SLD-CRB’“**% even if the two

parameters are not compatible and it requires evaluation of the
HCRB*". This estimation problem is particularly relevant and inter-
esting in quantum optics, since phase and loss are intrinsically linked in
optical samples”. Even when the parameter is just the phase, the
inevitable optical losses represent one of the main imperfections of real-
life devices, and their amount must be known to implement optimal
metrological strategies’.

Interestingly, the features of the problem depend strongly on the
choice of probe state. For example, when applying phase and loss to a
coherent probe state, the output state remains pure and the evolution
locally resembles a complex displacement operation in phase space,
and the problem is identical to the estimation of orthogonal dis-
placements of a coherent state, for which it is known that the HCRB
coincides with the RLD-CRB for any weight matrix W. Notice that
the RLD-CRB for D-invariant models of pure states must be defined
through a suitable limit”™ and also coincides with the upper bound
C?(W). On the other hand, for more general input states, the output
state is mixed, making the problem even more interesting and defi-
nitely not trivial.

We will consider a single-mode displaced squeezed vacuum state as the
input state, which is fully characterized by the first moment vector and the

covariance matrix
Re
d, = ﬁ( e(“)) ; (79)
Im(a)

(80)

where « € C corresponds to the complex amplitude of the displacement,
while r € R is the squeezing parameter.

Then the initial state is sequentially passed through the phase shifter
and the photon loss channel to generate an output state @, which will
depend on the two parameters ¢ and #. In the Gaussian formalism the
evolution is fully determined by the one for first moment vector and cov-
ariance matrix, which reads

dout = «/ﬁRqadim

(81)
Oout = ﬂngmR; + (l - ’1)]127
where the matrix describing the phase rotation is
cos sin
R¢=( ¢ “”). (82)
—sing cos¢

Notice that the phase parameter can take values ¢ € [0, 271], while the loss
strength is bounded as # € [0, 1], where 1 = 1 corresponds to perfect
transmission (zero loss) and for # = 0 the input state is completely replaced
by the vacuum state (maximum loss).

In the following, we prefer to report analytical results obtained
for two specific classes of input states, that is, coherent states and
squeezed vacuum states, and by fixing the loss parameter to # = 1/2.
We refer to Supplementary Note 5 for further analytical results,
obtained for generic values of the loss parameter 7. In particular,
Supplementary Eq. (S.46) of Supplementary Note 5 shows the ana-
lytical expression of the HCRB obtained via Eq. (76) for a squeezed
vacuum probe (a = 0).

In order to start to characterize the estimation problem, we first eval-

. . = =
uate the vectors and matrices characterizing the SLD-operators L, and L,

via Egs. (49) and (50), and the corresponding commutator [ii, ﬁz] via Eq.
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Error bounds

Error bounds

0.0 0.2 0.4 0.6 0.8 1.0

Error bounds

Fig. 1 | Error bounds for phase and loss estimation. a Bounds as a function of the
squeezing parameter r of the displaced squeezed vacuum state, for # = 0.5,

Re(«) = 0.3, and Im(«) = 0; inset: zoom on the region 0.8 <7< 1. b Bounds as a
function of the displacement parameter «, for # = 0.5, Im(«) = 0, and r = 0.2; inset:
zoom on the region 0.8 < & < 1. ¢ Bounds as a function of the photon-loss strength #,
for r = 0.2, Re(a) = 0.3, and 3(«) = 0.

(56). For a coherent state input (that is, by fixing r = 0), we find

I R _ _
[LWLW} = 4dila)* (for r = 0andn = 1/2),

(83)

showing how, in fact, in this case the commutator between SLD
operators resembles the one between the canonical operators X and p.
Similarly, for an input squeezed vacuum state (that is, by fixing « = 0)
we obtain

(L0, 1] = 4i(AF2 + Ap° + Ay (%, )

91N (84)
(fora =0andy = 1/2),
where
A = 4[sinh?2r — 4 cos 2¢ cosh r sinhr]
e (3 + cosh 2r)? '
A, = 4[sinh2r + 4 cos 2¢ cozh rsinh’r] , (85)
(3 + cosh 2r)

16 coshrsin2¢ sinh’r
T (3 + cosh 2r)?

This result shows how the estimation problem is indeed more complex
and interesting, for general input states. Similarly, we have exploited
Eq. (54) to evaluate the matrix elements of the mean Uhlmann curvature.
These can be evaluated analytically, and the off-diagonal elements are in
general not zero; as before, we report here the results for # = 1/2 and for
input coherent state

0 2uq2) < 1)
T = r=0andn==]. 86
(_ a0 n=3 (86)
and for input squeezed vacuum state,

0 8 sinh’2r . 1
7= ., (3cosh2r) a=0andy=—-|. (87)

___8sinh®2r 0 2

(3+cosh 2r)?

These results clearly show that the SLD-CRB is not achievable, not even in
the limit of measurements on an asymptotically large number of copies of
the output Gaussian states.

We have then exploited the formulas outlined in the previous sections
to evaluate analytically the SLD-CRB Ciy.y> the RLD-CRB Cf;, . and the
upper bound to the HCRB C, ,, (notice that we will consider the uniform
weight matrix W = [[,). As in the previous case, the analytical formulas for
the generic output states are quite cumbersome and not particularly
insightful. However, by fixing the loss parameter # = 1/2, and for an input
coherent state, that is by fixing r = 0, we obtain

C(S(p,r]) = 1/|(X|2 ’ (88)

R _ 7~ 5~ _ 2
C(w,n) - C(M) - ZC(WD =2/lal”, (89)

Similarly, still by fixing # = 1/2 and for a squeezed vacuum state, that is for
r = 0, one obtains

C(S(M) = csch’r + (tanh*r)/4, (90)
—H
Cﬁ/w) = Clom = C5 + csch’r. 1)

For 7 = 1/2 and for these choices of the initial state parameters, one thus
evidently obtains that the HCRB is equal to the RLD-CRB, as also confirmed
by the explicit expression in Supplementary Eq. (S46) of Supplementary
Note 5, and thus

i { 2/|af? (for r = 0)

(o) 2csch’r + (tanh*r)/4 (for a = 0). (52)

We have to remark that, as we show in Supplementary Note 5, the result
above is confirmed independently of the value of # for input coherent
states (analogously to the estimation of orthogonal displacements'"), while
for squeezed vacuum states the HCRB is in general larger than the
RLD-CRB.

For generic values of the parameters characterizing the input state, «
and r, and the quantum channel, ¢ and #, we had to evaluate the HCRB
Cffm) numerically by exploiting its SDP formulation. We present the cor-
responding results in Fig. 1, comparing the HCRB to the SLD-CRB, the
RLD-CRB, and its upper bound, and showing their behavior as a function of
the different physical parameters.

We observe a clear gap between the HCRB and both the SLD-CRB and
the RLD-CRB in general; on the other hand, we can also observe how the

upper bound EZM) gives in general a much better approximation of the

HCRB, as the difference between the two curves is typically relatively small.
When plotting the results as a function of the loss parameter # (see panel (c)
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of Fig. 1), we also find that a pretty good approximation of the HCRB is given
respectively by the RLD-CRB for small values of 0 < 7 < 0.25, and by the
SLD-CRB in the large loss regime, i.e., for < 1.

Displacement and squeezing estimation. We will now consider
another paradigmatic case of quantum parameter estimation with
Gaussian states, that is the estimation of displacement and squeezing for
single- and two-mode states of the form

oM = D@)S,(n9,$,(N" D), 93)
¥ = D@ ® DS,(NG, © 9,50 0@ ® D), (94)
where we have introduced the displacement operator

D(a) = exp{aa’ — a*a}, the single- and two-mode squeezing operators
§,(r) = exp{(r/2)@™ — &)}, $,(r) = exp{r(@'h’ — ab)}, and where
v, =m+ l)_lzm(n/(n + 1))"|m)(m| represents a thermal state with
n average excitations. We will consider estimation of the three parameters
0 = (Re(), Im(a), r)T, corresponding respectively to real and imaginary
part of the displacement parameter, and the squeezing parameter.

The estimation of displacement parameters has been studied in great
detail ***”” and the HCRB has been evaluated in Refs. 20,67. By fixing 77 = 0,
the states in Eqs. (93) and (94) corresponds to pure quantum states, and in
particular to displaced single- and two-mode squeezed vacuum states.
Remarkably, the HCRB corresponding to the joint estimation of complex
displacement and squeezing for such states has been derived analytically in
Ref. 66. In the following we will exploit the SDP formulation to evaluate
numerically the HCRB also for 71 > 0, that is in the case of mixed displaced
squeezed states.

10— CH (n = 0.5)
=== OS(n=0.5)
8 I verans CR(n:0.5)

— CH(n=2)

Error bounds
D

W~
T

Error bounds

Fig. 2 | Error bounds for complex displacement and squeezing estimation, as a
function of squeezing. a Bounds obtained using a single-mode displaced squeezed
thermal probe state. b Bounds obtained using a two-mode displaced squeezed
thermal probe state. We do not show a curve for the upper bound T because it
overlaps with the HCRB in this case.

We start by considering single-mode displaced squeezed thermal states
in Eq. (93), whose first moment d; and covariance matrix o, can be expressed
as

d, = 2(Re(@) Im(a))',
2 1 le O
= (S5,

where 7 is the mean photon number of thermal state. As done in the
previous example, we will exploit the formulas described in the previous
section to evaluate analytically the commutators between the different SLD
operators, the Uhlmann curvature matrices, the different bounds, SLD-CRB
C3, RLD-CRB C%, and the upper bound Cl; (as before we will consider the
uniform weight matrix W = I5); we will then compare these last results
with the HCRB, numerically evaluated via SDP optimization.
The commutation relation between the SLD operators and the Uhl-
mann curvature matrix can be respectively expressed as

(95)

4S A4S _ 8i
{LRe(zx)’LIm(zx)} - (2}1 + 1)2 ’
ss a5 8ilm(a) — 44/2ip,
|:LRe(oc)7Lr} = ) (96)
2n(n+1)+1
[I:S As} _ 8iRe(a) — 44/2i%,
W@ = | = op(n+1)+1
and
4
(2n+1y 0
— | __ 4
T oy 00 (97)
0 0 0

Similarly we can evaluate SLD-CRB, RLD-CRB and the upper bound,
that read

_(@2n+ 1)’ cosh(2r) + 2n(1 + n) + 1

cs , 98
0 202n + 1)? 48)
+1)

Rocsy Mt 99

0 9+2n(n+1)+1’ (%9)
—H S 1

Co=Cits- (100)

We observe how in this case C§ < C%, meaning that the RLD-CRB is always
more informative than the SLD-CRB (notice that the two bounds coincide
for n = 0, such that CR = Cz = sinh’r + 1). Moreover, the second term of
Ch tends toa constant of 1/2 when the value of  is relatively large, so that for

by increasing the number of thermal photons one obtains C§ = C}f = EZI

(notice that eventually for n — oo, one has C§ = C§ = EQH, as also the
Ulhmann curvature matrix goes to zero: in this regime however all these
bounds also go to infinity as the thermal fluctuations do not allow to
estimate efficiently these parameters).

To better understand the behavior explained above and to compare
the bounds along with the HCRB, we plot them for two values of the
number of thermal photons, and as a function of the squeezing parameter r
in Fig. 2a (it is worth noting that these three error bounds do not depend
on Re(a) and Im(w)). We start by observing that, as already shown in
ref. 66 for the pure state case, all bounds are monotonically increasing with
r, meaning that squeezing in this case is in general detrimental for the
joint estimation of all three parameters. As regards the relationship
between the different bounds, we first find that in all these example the
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HCRB CY numerically coincide with the E? reported in Eq. (100).
Moreover, while for small values of thermal photons (n = 0.5) the HCRB is
significantly different from the RLD-CRB, already for # = 2, the two curves
almost coincide, and they differ from the SLD-CRB just for a constant 1/2.

We can now consider the two-mode displaced squeezed thermal
state in Eq. (94). As done in ref. 66, we actually consider the same state
injected into a balanced beam splitter (which can in fact be always
considered as a part of the measurement strategy), which generate a
tensor product of single-mode squeezed thermal states, corresponding to
the following first moment vector and covariance matrix

d=(Re(a) Im(a) —Re(a) —Im(a))’,
0= (2n+1)o; ® oy,

2 —2r
where o= ( 80 392' ) and oy= ( ¢ 0

examples, we can obtain the corresponding commutation relations and
Uhlmann curvature matrix elements, which read

(101)

(2) . As done in the previous
e r

AS N _ 8i
|:LRe(a)7 LIm(a)} - (1 + Zn)z ’
[]:S is} - _ M (102)
Re(o)? r 1+2n(1+n)’
~ ~ 4i(x X
[Lfm(u)7 Lf} - M7
14 2n(1 +n)
and
4
0 (1+2n)?
— _ 4
A T 0 0 (103)
0 0 0

Further, one can analytically derive the SLD-CRB, RLD-CRB and the upper
bound on the HCRB, i.e.,

s _ 2sech(2r)(1 + 2n)* + 2n(1 +n) + 1
S =

4(2n + 1) ’ (104)
R n(n+ 1)
= ot ) ni+ 1)+ 1]
(105)
2n(n+ 1)
(2n+ 1)cosh(2r) — 1’
c (106)

0" cosh(4r)+ 1’

In this case there is no fixed hierarchy between the RLD-CRB and the SLD-
CRB. For example, for n=0, one has Cg = (2sech(2r) + 1)/4, while Cg =0,
implying that the RLD-CRB cannot provide useful information for the joint
estimation problem. One can however, find values of n and r where the
RLD-CRB is more informative, that is Cg > Cg. Moreover, we observe that
in the limit of laPrlge squeezing the SLD-CRB C§ tends to coincide with the
upper bound C,, meaning that in this regime it also corresponds to the
HCRB. To better visualize these properties, we plot the three bounds along
with the HCRB in Fig. 2b, as a function of the squeezing parameter r and for
two different values of thermal photons n. We observe that for small values
of thermal photons (1 = 0.5) and in the regime of small squeezing, the HCRB
is almost equal to the upper bound and slightly larger than the RLD-CRB,
while for large squeezing the SLD-CRB becomes larger than the RLD-CRB
and, as expected, approaches the HCRB. On the other hand, for larger values
of thermal photon,s the gap between the RLD-CRB C} and the upper bound

CI; is so small that the HCRB is in fact almost indistinguishable from these
bounds for all the values of squeezing considered; as expected, for large
values of squeezing also the SLD-CRB converges to the HCRB.

Discussion

In this work, we have shown that the HCRB for Gaussian states can be
efficiently computed as an SDP, even if the underlying Hilbert space is
infinite-dimensional. This is possible because: (i) all constraints and figures of
merit are expressed in terms of inner products between infinite-dimensional
operators, and (ii) for Gaussian quantum statistical models, one can restrict to
a finite-dimensional basis of operators that are quadratic polynomials of
canonical variables. In this way, it is possible to obtain a compact description
of the optimization problem in terms of finite-dimensional matrices.

This framework was also instrumental in obtaining further results
beyond the main SDP for evaluating the HCRB. First, it allowed us to
understand SLD and RLD bounds for Gaussian states from a common
perspective, and to show that they can also be computed as SDPs, similarly
to the HCRB. Second, it enabled us to provide an explicit expression for the
HCRB for two parameters encoded in the covariance matrix of a single-
mode Gaussian state, exploiting a formal analogy with results for single-
qubit systems™. To obtain further analytical results, it could be fruitful to
adapt to Gaussian states the approach of Ref. 94, which presents upper and
lower bounds on the HCRB, as well as an alternative exact evaluation
procedure for two-parameter problems.

Although we have not pursued this aspect in this work, we note that the
geometric approach based on inner products between operators naturally
extends to the estimation of g<p functions 3/(6) of the original p parameters.
In this case, the SLD-CRB and HCRB become minimizations over zero-
mean operators, with slightly different local unbiasedness constraints
Trlog, pX i1 = 0y, B; (instead of 5 on the rhs), which do not change the SDP
nature of the problem®. This approach can also accommodate singular
quantum statistical models, with a non-invertible SLD-QFIM, as long as the
functions 3,(6) can be independently estimated (formally, if operators X j}
that satisfy these local unbiasedness constraints exist). This is especially
useful when p = oo, i.e., for semiparametric estimation®. Such a framework is
also suitable for analyzing precision limits for the estimation of functionals
of the quantum state, assuming that the whole state is unknown. This is
closely related to classical shadow tomography”, which has recently been
extended to CV systems™”.

In recent years, new bounds for multiparameter quantum estimation
have been proposed, aiming to capture more faithfully the behavior of the
fundamental bound C}"(W), attainable when only single-copy measure-
ments are available. In this regard, a computable lower bound for finite-
dimensional systems is the Nagaoka-Hayashi CRB’**, which is also for-
mulated as an SDP with stronger positive semidefinite constraints,
expressed in terms of operators rather than inner products between them.
This makes the bound tighter than the HCRB; however, imposing such
constraints on infinite-dimensional operators seems challenging, and a
rigorous generalization of this bound for CV systems is still lacking, to the
best of our knowledge.

Going beyond the local estimation paradigm adopted in this work,
Bayesian versions of the Nagaoka-Hayashi CRB and of the HCRB have
recently been introduced””. In particular, the techniques presented in this
work are very likely applicable to evaluate the Bayesian HCRB of Ref. 99 for
Gaussian states. This is a first step to extend global estimation with Gaussian
states'”*'”" to the multiparameter domain. More generally, studying non-
asymptotic multiparameter estimation with CV systems is an interesting
direction for further research'”, similar questions have recently been tackled
from the complementary point of view of learning theory in the context of
state tomography'”.

Other interesting perspectives for future studies in this area include:
extending this framework to fermionic Gaussian systems, and studying
multiparameter estimation with the further restrictions of using only
Gaussian measurements readily available in optical platforms; results for
this scenario are only known for specific single-parameter problems'*'”.
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