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“古人之观于天地、山川、草木、虫鱼、鸟兽，往往有得，
以其求思之深而无不在也。夫夷以近，则游者众；险以远，则至者少。

而世之奇伟、瑰怪，非常之观，而人之所罕至焉。”
——王安石《游褒禅山记》

The ancients, in their contemplation of the heavens and the earth,
the mountains and rivers, the trees and living creatures,

often attained deep insight—for their seeking was profound
and touched all things. The world’s most wondrous sights

lie in perilous and distant places, where few have ever set foot.



ABSTRACT

In this thesis, we study weight structures and p-adic cohomology theories for smooth
rigid analytic spaces in the motivic context. The work consists of two independent compo-
nents.

The first part concerns about weight structures, a powerful tool for studying motives
introduced by Bondarko. More precisely, we construct a bounded monoidal weight struc-
ture on compact rigid analytic motives over a complete non-archimedean field K, using
Galois descent. This extends the weight structure on rigid analytic motives with good re-
duction studied in [BGV25]. In particular, the full subcategory of compact rigid analytic
motives over K admits a symmetric monoidal functor, called the weight complex functor,
landing in a stable∞-category of bounded chain complexes.

The second part establishes a comparison between two p-adic cohomology theories
for smooth rigid analytic spaces over Cp, the completed algebraic closure of Qp. Specifi-
cally, we prove that, for adic étale motives over Cp, the vector bundles on the Fargues–
Fontaine curve arising from their Hyodo–Kato cohomology coincide with their de Rham–
Fargues–Fontaine cohomology. The latter provides an overconvergent refinement of crys-
talline vector bundles, albeit constructed on the generic fiber. This equivalence is for-
mulated in the setting of symmetric monoidal ∞-categories and respects the full mo-
tivic structure. Moreover, we enrich both realizations with Galois actions, obtaining GQ̆p

-
equivariant solid quasi-coherent sheaves on the Fargues–Fontaine curve; in this equivari-
ant setting, the comparison equivalence becomes canonical. In addition, we show that the
Fargues–Fontaine cohomology defined via the décalage functor is also motivic and agrees
with the de Rham-Fargues–Fontaine cohomology through their mutual comparisons with
Hyodo–Kato cohomology.

Combining these two aspects, we construct two spectral sequences converging to the
Hyodo–Kato cohomology of smooth quasi-compact rigid analytic spaces over Qp (without
reduction assumptions) and to the de Rham–Fargues–Fontaine cohomology of such spaces
over Cp. In particular, for a smooth quasi-compact rigid analytic space over Qp (resp. over
Cp) and each i ≥ 0, its i-th Hyodo–Kato cohomology (resp. de Rham–Fargues–Fontaine
cohomology) admits a finite increasing filtration. For the Hyodo–Kato case, this filtration
is the weight filtration in the sense of Deligne; for the de Rham–Fargues–Fontaine case,
this is a new type of filtration, distinct from the Harder–Narasimhan filtration.
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CHAPTER I

INTRODUCTION

We begin by introducing the background relevant to the topics addressed in this the-
sis, which consists of two independent components.

Throughout the introduction, we fix a complete non-archimedean field K over Qp,
with a perfect residue field k. Let K̄ be an algebraic closure of K, and let C = ˆ̄K be its
completion, whose residue field is denoted by k̄. These choices determine two rings of Witt
vectors, K0 = FracW (k) and K̆ = FracW (k̄).

§ 1.1 RIGID ANALYTIC MOTIVES

Throughout this thesis, we adopt the language of motives—that is, we study motives
associated to geometric objects rather than the geometric objects themselves. The motiva-
tion is straightforward: the (∞-)categories of motives often exhibit better formal properties
than the corresponding category of geometric objects. In particular, a key advantage is
that the category of motives is equipped with Grothendieck’s six-functor formalism (see
[Ayo07a; Ayo07b; AGV22]).

The construction of the ∞-category of rigid analytic motives over K begins with the
étale site (RigSmK , ét), where RigSmK is the category of smooth rigid analytic spaces
(see §3.1.1 for a discussion of various models for rigid analytic geometry) over K. The
∞-category of rigid analytic motives, denoted by RigDA(K), is defined by inverting B1-
homotopies and Tate objects in the ∞-category of étale sheaves valued in derived Q-
modules over RigSmK :

RigDA(K) := Shvét(RigSmK ,D(Q))
[
(B1-homotopy, TK)−1

]
where TK is the Tate object, encoding the first cohomology of the rigid analytic torus T1

K =

Spa(K
〈
X±1

〉
). As shown in [AGV22], this∞-category is stable, compactly generated, and

carries a symmetric monoidal ∞-category structure. In other words, it is an object in
CAlg(Prst

ω ).
Similarly, one can construct the∞-category of algebraic motives over k and of formal

motives over OK . The main difference lies in the type of homotopy to be inverted: for these
two categories, one inverts A1-homotopy instead of B1-homotopy. Let DA(k) and FDA(OK)

1



CHAPTER 1. INTRODUCTION 2

denote these two categories, respectively. More generally, the same construction applies
over arbitrary bases: given a rigid analytic space S (resp. a scheme X, a formal scheme
X), we obtain the ∞-categories of rigid analytic motives over S (resp. algebraic motives
over X, formal motives over X).

Rigid Analytic Motives with Good Reduction

We next continue to focus on the base given by K. There are two remarkable relation-
ships among algebraic motives and rigid analytic motives, studied in [AGV22; BGV25];
see also §3.1.3 and §3.1.4.

Given a formal scheme X over OK , we can associate it to a scheme over the residue field
k, given by its special fiber Xσ; on the other hand, we can take the adic generic fiber
Xη of X, which is a rigid analytic space over K. The progress here induces two functors

Smk
(−)σ←−−− FSmOK

(−)η−−−→ RigSmK .

By the constructions of motives, we have two functors between categories of motives:

DA(k)
(−)σ←−−− FDA(OK)

(−)η−−−→ RigDA(K). (1.1.1)

A theorem of Ayoub ([AGV22, Theorem 3.1.10] or [Ayo15, Corollaires 1.4.24, 1.4.29]) shows
that the first functor is an equivalence of ∞-categories. Intuitively, it allows us to lift
motives over residue field k to a formal model over OK , and this lifting is canonical (up
to homotopy). Taking the adic generic fiber of this lifting yields a symmetric monoidal
functor

ξ : DA(k)→ RigDA(K) (1.1.2)

called the Monsky–Washnitzer functor.

Modules in algebraic motives The cohomological motive M coh(Gm) of the multiplica-
tive group Gm defines a commutative algebra object in DA(k). Taking modules over
this commutative algebra, the resulting category ModM coh(Gm)(DA(k)) embeds into
the category of rigid analytic motives over K. In other words, a refinement of the
Monsky–Washnitzer functor (1.1.2) gives a fully faithful functor

ξ̄ : ModM coh(Gm)(DA(k)) ↪→ RigDA(K).

The essential image of this functor is often referred to as the ∞-category of rigid
analytic motives with good reductions, denoted by RigDAgr(K). As a result, we
have an equivalence

ModM coh(Gm)(DA(k)) ' RigDAgr(K) (1.1.3)

of∞-categories.
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This full subcategory also admits an equivalent description: it is a full subcategory
of RigDA(K) generated under small colimits by motives M(Xad

η ) associated to the
adic generic fibers of smooth formal scheme X over OK . However, contrary to what
its name might suggest, this category contains not only motives associated to rigid
analytic space over K with good reduction but also those with semistable reduction.

Algebraic motives with monodromy operators Besides realizing rigid analytic mo-
tives with good reduction as an algebraic motive over k equipped with a M coh(Gm)-
action, there is another approach that interprets them as algebraic motives with an
additional structure. Specifically, let DAN (k) be the∞-category of algebraic motives
with monodromy operators. Informally, objects in DAN (k) are pairs (M,N : M →
M(−1)) consisting of an algebraic motive M over k and a morphism N from M to
its (−1)-Tate twist. When M is compact, then the operator N is nilpotent. After
choosing a pseudo-uniformizer $ ∈ OK , there is an identification

DAN (k) ' RigDAgr(K). (1.1.4)

Different choices of pseudo-uniformizer may affect the resulting monodromy opera-
tor. Typically, we take the canonical choice $ = p.

These two perspectives, from algebraic motives to rigid analytic motives, allow us to
study the latter using methods from algebraic geometry.

Rigid Analytic Motives has Potentially Good Reduction

As shown in [AGV22, Theorem 3.3.3], the full subcategory RigDAgr(K) provides a
tool to study the entire category RigDA(K). More precisely, every compact rigid analytic
motive becomes of good reduction after a finite extension, by [Ayo15, Theorem 2.5.34]
or [AGV22, Proposition 3.7.17]. In particular, the full subcategory of compact analytic
motives can be described as a “union” of rigid analytic motives with good reductions up to
finite Galois extensions: there is an equivalence in CAlg(PrL

ω)

RigDA(K) ' colim RigDAL-gr(K) (1.1.5)

where L runs through finite Galois extensions of K and RigDAL-gr(K) is the full sub-
category of RigDA(K) spanned by those rigid analytic motives whose base change to
L lies in RigDAgr(L). By Galois descent, the full subcategory RigDAL-gr(K) is equiva-
lent to the ∞-category of Gal(L/K)-equivariant rigid analytic motive over L, denoted by
RigDAgr(L)

h Gal(L/K):

Proposition 1.1.1 (Proposition 3.2.7). The canonical base change functor induces an equiv-
alence

RigDAL-gr(K)
'−→ RigDAgr(L)

h Gal(L/K)



CHAPTER 1. INTRODUCTION 4

in CAlg(PrL
ω).

More precisely, the category RigDAgr(L)
h Gal(L/K) is obtained by taking the homo-

topy fixed points of the Gal(L/K)-action on RigDAgr(L). It is a compactly generated ∞-
category with explicit description for compact generators:

Proposition 1.1.2 (Proposition 3.2.10, Proposition 3.2.11). The∞-category RigDAgr(L)
h Gal(L/K)

is compactly generated with a set of compact generators of the form NmLιLξL(M(X)), where
X runs through proper smooth varieties over the residue field kL of L, and the functor NmL

is the left adjoint of the forgetful functor ιL : RigDAgr(L)
h Gal(L/K) → RigDAgr(L). More-

over, the underlying motive of NmLιLξL(M(X)) is given by

ιLNmL(ξLM(X)) '
⊕
eL/K

ξLM(X),

where eL/K is the ramification index of L/K.

Using the identification (1.1.5) provided by Proposition 1.1.1, we obtain the following
explicit version of [AGV22, Theorem 3.3.3]:

Proposition 1.1.3 (Proposition 3.2.13). We have an equivalence in CAlg(PrL
ω)

RigDA(K) ' colim RigDAgr(L)
h Gal(L/K)

where L runs through finite Galois extensions of K.

The Inertial Galois Enrichment of Rigid Analytic Motives

The equivalences (1.1.3) and (1.1.5) also hold in more general settings. For instance,
they remain valid after replacingK byC. In particular, there is a full subcategory RigDAgr(C)

consisting of rigid analytic motives with good reduction over C. Since C is algebraically
closed, the equivalence (1.1.5) implies that the inclusion functor RigDAgr(C)

'−→ RigDA(C)

is an equivalence.
On the other hand, this field shares the same residue field k̄ with K̆ := FracW (k̄).

In light of (1.1.3), there is an equivalence RigDAgr(K̆) ' RigDAgr(C). Furthermore,
these two categories can be identified in a more canonical way: the inclusion functor
RigDAgr(K̆)

'−→ RigDAgr(C) is an equivalence, thanks to [BKV25, Proposition 3.23 (2)].
These observations show that the base change functor

RigDAgr(K̆)
'−→ RigDA(C) (1.1.6)

is an equivalence. The intuition of this equivalence is that every rigid analytic motive M

over C admits a unique (up to isomorphism) model M̄ ∈ RigDAgr(K). Thus, the motive
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M carries a canonical action by the Galois group GK̆ = Gal(C/K̆). In other words, under
the equivalence (1.1.6), rigid analytic motives over C naturally acquire a GK̆-enrichment:

α : RigDA(C) ' RigDAgr(K̆)→ RigDA(C)hGK̆ , (1.1.7)

where the last functor is induced by the base change. The GK̆-enrichment enables us to
equip the coefficients of the motivic realization on RigDA(C) with a GK̆-action.

§ 1.2 FARGUES–FONTAINE COHOMOLOGY THEORY

A central development in the geometrization of p-adic Hodge theory and the local
Langlands correspondence is the introduction of the Fargues–Fontaine curve. In this
thesis, however, we focus primarily on the role of the Fargues–Fontaine curve in p-adic
Hodge theory, especially in the cohomological comparisons between various p-adic real-
izations of rigid analytic varieties.

We first recall the geometrization of certain results in [BMS18] in terms of the Fargues–
Fontaine curve. Let FF := FFC♭,Qp

be the absolute (adic) Fargues–Fontaine curve. In
[BMS18], Bhatt-Morrow-Scholze introduced and studied several p-adic cohomology theo-
ries: let X be a proper smooth formal scheme over the ring of integers OC of C, then we
have the following cohomology:

• the p-adic étale cohomology RΓét(XC ,Zp) of the rigid analytic generic fiber XC of X;

• the crystalline cohomology RΓcrys(Xk̄/W (k̄)) of the special fiber Xk̄ of X;

• a new cohomology theory RΓcrys(XC/B
+
dR) for the rigid analytic generic fiber;

• a new cohomology theory RΓAinf(X).

Let us consider them on the Fargues–Fontaine curve. Let i ≥ 0. Then the p-adic
étale cohomology H i

ét(XC ,Qp) yields a trivial semistable vector bundle E0 := H i
ét(XC ,Qp)⊗

OFF of slope zero. As shown in [BMS18, Theorem 1.7], the crystalline B+
dR-cohomology

H i
crys(XC/B

+
dR) is a finite freeB+

dR-module and compares withH i
ét(XC ,Qp) after base change

to BdR. In other words, H i
crys(XC/B+

dR) is a B+
dR-lattice inside H i

ét(XC ,Qp)⊗BdR. From the
perspective of B-pairs, this comparison yields a modification of the trivial vector bundle
E0 at the distinguished point xC of FF. More precisely, this defines a vector bundle E1 on
the Fargues–Fontaine curve, together with an isomorphism

ι : E0|FF\{xC} ' E1|FF\{xC}.

The modification of E1 at xC is exactly given by the crystalline B+
dR-lattice H i

crys(XC/B
+
dR).

By Fargues’ theorem (see, for example, [SW20, Theorem 14.1.1]), this modification
corresponds to a ϕ-module over Ainf, which is in fact given by H i

Ainf
(X) defined in [BMS18].
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The comparison with the crystalline cohomology H i
crys(Xk̄/W (k̄)) in [BMS18, Theorem 1.8]

shows that the modification E1 is isomorphic to E(H i
crys(Xk̄/W (k̄))[1/p], ϕ), where the func-

tor E sends ϕ-modules over K̆ to vector bundles on the Fargues–Fontaine curve as defined
by Fargues and Fontaine. Therefore, the crystalline cohomology can be reconstructed from
cohomological data on the rigid generic fibers. Taken together with the work of Colmez-
Nizioł [CN17; Niz19], these results motivate the following conjecture:

Conjecture ([Far19, Conjecture 1.13], [Sch19, Conjecture 6.4]). There exists a motivic
cohomology1

RΓFF : RigDA(C)ω → Perf(FF)

sending smooth quasi-compact rigid analytic varieties X over C to perfect complexes on
the Fargues–Fontaine curve; in other words, each cohomology Hi

FF(X) is a vector bundle
on the Fargues–Fontaine curve. It is required to satisfy the following properties:

(1) the pullback x∗CRΓFF(X) to the distinguished point is isomorphic to the overconver-
gent de Rham cohomology RΓ†

dR(X);

(2) the complete stalk of RΓFF(X) at xC recovers the overconvergent B+
dR-cohomology

RΓ†
crys(X/B+

dR);

(3) ifX admits a semistable (weak) formal modelX, then RΓFF(X) agrees with the vector
bundle associated to the log-rigid cohomology of the special fiber Xσ in the sense of
[Gro05]; see next part for a more precise discussion.

From now on, we refer to such cohomology as a Fargues–Fontaine cohomology.
Next, we will see there are two versions of this cohomology, constructed via different ap-
proaches. Before proceeding further, it is important to note that such cohomology can
extend to the entire category of motives by using Clausen and Scholze’s condensed math-
ematics. This yields a motivic realization functor on the whole category

RΓFF : RigDA(C)→ QCoh(FF)

taking values in solid quasi-coherent sheaves, in the sense of [And21], on the Fargues–
Fontaine curve.

Motivic Hyodo–Kato Cohomology

The part (3) of the conjecture concerns a comparison with log-rigid cohomology on
the special fiber. More precisely, we need to require that X has a dagger structure X†

admitting a semistable weak formal model X. Taking the pullback to the special fiber
1Throughout this thesis, all the motivic cohomology is covariant by taking duals. For further details, see

§4.2.
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Xσ, the log structure on X defined by its special fiber, we obtain a log scheme over k̄0 =

(Spec(k),N → k : 1 7→ 0). Thus, part (3) requires that the log-rigid cohomology of the
special fiberXσ gives rise to the same perfect complex as the Fargues–Fontaine cohomology
RΓFF(X).

However, Colmez and Nizioł, adapting a construction of Beilinson for algebraic vari-
eties in [Bei13], defined an (overconvergent)1 Hyodo–Kato cohomology theory for (dagger)
rigid analytic spaces. In the case of semistable reduction, their local-global compatibility
result shows that the Hyodo–Kato cohomology agrees with the log-rigid cohomology on
the special fiber.

On the other hand, as we are studying these cohomology theories in the motivic frame-
work, an important result of Vezzani [Vez18] shows that every rigid analytic motive has a
dagger structure. Consequently, we may restate part (3) of the conjecture as follows:

(3’) the Fargues–Fontaine cohomology agrees with the overconvergent Hyodo–Kato co-
homology.

Since the Fargues–Fontaine cohomology is required to be motivic, it is natural to
require a comparison with the motivic overconvergent Hyodo–Kato cohomology.

The motivic Hyodo–Kato cohomology theory is constructed in [BKV25; BGV25] using
two different approaches: in [BKV25], the authors show that the Colmez-Nizioł’s Hyodo–
Kato cohomology has the rig-étale descent, A1-invariance, and maps the Tate object to an
invertible object via the Hyodo–Kato isomorphism; and in [BGV25], the authors give a log-
free method to construct the Hyodo–Kato cohomology theory from the rigid cohomology
theory defined on the special fiber. This thesis mainly treats the motivic Hyodo–Kato
cohomology by the log-free approach: starting from the rigid realization functor

RΓrig : DA(k̄)→ Dφ(K̆), (1.2.1)

we add the monodromy operators on both sides to obtain a new realization functor

R̂Γrig : DAN (k̄)→ D(φ,N)(K̆).

As we introduced earlier, the source category can be identified, after choosing a pseudo-
uniformizer $ ∈ OC , with RigDAgr(C) ' RigDA(C) via the equivalences (1.1.4) and
Proposition 1.1.3. This yields a cohomology realization taking values of (ϕ,N)-modules:

RΓϖ
HK : RigDA(C)→ D(φ,N)(K̆), (1.2.2)

referred to as ϖ-Hyodo–Kato realization functor. We usually take $ = p as the canon-
ical choice. In the case, we simply refer to it as the Hyodo–Kato realization functor,
denoted by RΓHK, which agrees with the Colmez-Nizioł’s Hyodo–Kato cohomology theory
as shown in [BGV25, §4.8].

1The cohomology theories involved in the thesis are overconvergent since our category RigDA(K) serves
as a model for mixed motives that allows us to study non-proper spaces.
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Remark 1.2.1. As observed in [BGV25, Remark 4.18] and [BKV25, Remark 3.5], different
choices for pseudo-uniformizer affect only the behaviors of the monodromy operator on the
Hyodo–Kato cohomology.

The Fargues–Fontaine Cohomology via the Motivic Method

In [LBV23], Le Bras and Vezzani construct a motivic realization1, called the de Rham–
Fargues–Fontaine cohomology. We still denote it by

RΓFF : RigDA(C)→ QCoh(FF) (1.2.3)

The cohomology of compact motives under this realization is given by vector bundles,
as shown in [LBV23, Theorem 4.46]. Its comparison with the overconvergent de Rham
cohomology follows directly from its construction, and in loc. cit., the authors also show
that it can be compared with the overconvergent B+

dR-cohomology. In other words, RΓFF
satisfies (1) and (2) of the conjecture.

One of the main results of this thesis is to prove that this realization satisfies (3’) of
the conjecture:

Theorem 1.2.2 (Theorem 4.4.1). There is a monoidal equivalence between the de Rham–
Fargues–Fontaine realization RΓFF in (1.2.3) and EN ◦ RΓHK, where EN : D(φ,N)(K̆) →
QCoh(FF) is Fargues–Fontaine’s functor sending (ϕ,N)-modules to vector bundles on the
Fargues–Fontaine curve.

Therefore, the de Rham–Fargues–Fontaine cohomology confirms the conjecture of
Scholze and Fargues. We next sketch the idea of proof of Theorem 1.2.2.

By the construction of the motivic Hyodo–Kato cohomology theory introduced above,
the Hyodo–Kato cohomology is naturally compared with the rigid cohomology via the
Monsky–Washnitzer functor: there is a canonical monoidal equivalence

RΓHK ◦ ξ ' RΓrig : DA(k̄)→ Dφ(K̆) (1.2.4)

in CAlg(Prst
ω ). If Theorem 1.2.2 holds, the de Rham–Fargues–Fontaine cohomology can

compute the rigid cohomology as well. Therefore, we first prove the comparison of the de
Rham–Fargues–Fontaine cohomology and rigid cohomology using the standard Frobenius
trick on the Fargues–Fontaine curve and the semi-separatedness property of motives:

Proposition 1.2.3 (Proposition 4.2.9 and [LBV23, Proposition 5.11]). There is a canonical
monoidal equivalence

RΓFF ◦ ξ ' E ◦ RΓrig

in CAlg(Prst
ω ).

1More precisely, they define a relative version of this realization functor.
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Therefore, these two realization functors are not merely objects in CAlg(Prst
ω ), but

also in the more refined category CAlg(Prst
ω )DA(k̄)/− via their compatibility with rigid co-

homology. In other words, we have two objects in the mapping space

MapCAlg(Prst
ω)DA(k̄)/−

(
RigDA(C),QCoh(FF)

)
.

To prove Theorem 1.2.2, it suffices to show that the space above is connected, i.e., it has ex-
actly one connected component. Using the monadicity (1.1.3) of RigDAgr(C) ' RigDA(C),
this is reduced to extension groups of vector bundles on the Fargues–Fontaine curve; see
Proposition 2.3.3. More precisely, one has

π0MapCAlg(Prst
ω)DA(k̄)/−

(
RigDA(C),QCoh(FF)

)
' Ext1(OFF(−1),OFF) ' 0.

This establishes a monoidal equivalence between RΓFF and EN ◦ RΓHK. However, there
exists a big space of choices for such an equivalence, since

π1MapCAlg(Prst
ω)DA(k̄)/−

(
RigDA(C),QCoh(FF)

)
' Hom(OFF(−1),OFF) ' Bφ=p,

where B is the ring of analytic functions on Y(0,∞) = Spa(Ainf, Ainf)\ (V (p[p♭])). This shows
that there is no canonical comparison between these two kinds of realization functors.

To obtain a canonical comparison, we can keep track of Galois action. More precisely,
let K̆ = FracW (k̄), where k̄ is the residue field of C. Then, we can enrich both realization
functors above to take values in the ∞-category of GK̆-equivariant solid quasi-coherent
sheaves on FF.

The functor Eari, which sends the Hyodo–Kato realization RΓHK to a GK̆-equivariant
vector bundle on the Fargues–Fontaine curve, is already known from [FF18]. Let’s explain
how to enrich the de Rham–Fargues–Fontaine cohomology withGK̆-action. To this end, we
use the inertial Galois-enrichment of motives, namely, the functor (1.1.7), α : RigDA(C)→
RigDA(C)hGK̆ . Composing the GK̆-equivariant de Rham–Fargues–Fontaine cohomology
with this enrichment, we get the Galois-refinement of RΓHK:

RΓari
FF : RigDA(C)→ QCoh(F)hGK̆ (1.2.5)

where QCoh(FF)hGK̆ is the ∞-category of GK̆-equivariant solid quasi-coherent sheaves
on FF.

With these enhancements, we obtain the canonical comparison natural isomorphism:

Theorem 1.2.4 (Theorem 4.4.10). There is a unique natural isomorphism RΓari
FF ' Eari

N ◦
RΓHK in CAlg(Prst

ω ) such that it is compatible with the natural isomorphisms between the
rigid realization functor and the de Rham–Fargues–Fontaine realization, as well as with
the Hyodo–Kato realization.
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The Fargues–Fontaine Cohomology via the Décalage Functor

There is another version of Fargues–Fontaine cohomology, denoted by R̃ΓFF(X), de-
fined for smooth dagger varieties X over C using the décalage functor, as introduced in
[LB18; Bos23b]. Relying on Bosco’s comparison between B-cohomology and Hyodo–Kato
cohomology, we show that it is also motivic:

Proposition 1.2.5 (Proposition 4.4.13). The cohomology theory R̃ΓFF satisfies rig-étale
descent, A1-invariance, and sends the Tate object to an invertible object. Hence, it defines
a motivic realization

R̃ΓFF : RigDA(C)→ QCoh(FF).

Remark 1.2.6. Le Bras has shown in [LB18] that this version of Fargues–Fontaine co-
homology is defined on effective motives. In this thesis, we provide an alternative proof
demonstrating that it also extends to the T -stabilization, which enables us to apply the
module description (1.1.3).

We establish a motivic comparison between these two versions of Fargues–Fontaine
cohomology theories by their comparisons with the Hyodo–Kato cohomology:

Proposition 1.2.7 (Proposition 4.4.14). There is a (non-canonical) monoidal equivalence
RΓFF ' R̃ΓFF in CAlg(Prst

ω ).

§ 1.3 WEIGHT STRUCTURES AND WEIGHT FILTRATIONS

The second topic of this thesis concerns weight structures on triangulated categories,
introduced by Bondarko in [Bon10]. They can be viewed as a dual notion of t-structures
(see Remark 2.2.4). Subsequently, Sosnilo developed the theory in the context of stable
∞-categories in [Sos19; Sos22].

More precisely, a weight structure on a stable∞-category C consists of a pair (Cw≥0,Cw≤0)

of retract-closed, shift-closed full subcategories of C, which satisfy conditions dual to those
in the definition of t-structures (see Definition 2.2.3). As in the theory of t-structures, one
can define full subcategories C[a,b] for any pairs of integers a ≤ b. In particular, C[0,0] is
called the heart of w. If C is the union of all of these full subcategories, we say w is
bounded. Here is a basic example of a bounded weight structure:

Example 1.3.1. Let A be an additive category, and denote by Kb(A) the ∞-category of
bounded chain complexes overA. ThenKb(A)w≥0 is defined as the full subcategory consist-
ing of those chain complexes concentrated in non-negative degrees; Kb(A)w≤0 is defined
similarly. It is straightforward to verify that this construction defines a bounded weight
structure.
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A more substantial example, studied in [Bon10; Héb10; Bon14], is the Chow weight
structure on the stable ∞-category DA(k) of motives over a field k. One of the main
motivations for introducing weight structures is precisely their application to the study of
motives. Since the construction of motivic t-structures is very difficult and remains largely
open, weight structures provide a more accessible framework for organizing and analyzing
motives.

This naturally leads to the question: does there exist a weight structure on the stable
∞-category of rigid analytic motives?

As observed in [BGV25] and [BKV25, Appendix A], starting from the Chow weight
structure on the algebraic motives, one can construct a good weight structure on the full
subcategory RigDAgr(K) of RigDA(K). Even though the weight structure is defined only
on this subcategory, it allows us to give the “motivic Hyodo–Kato isomorphism” ([BGV25,
Theorem 4.53]) and get a weight filtration on the Hyodo–Kato cohomology, as a formal
result. These indicate that weight structures on rigid analytic motives provide a powerful
tool for connecting motivic ideas with p-adic cohomology theories.

A second objective of this thesis is to extend the weight structure on the full subcat-
egory RigDAgr(K) to the whole category. Furthermore, this extended weight structure
remains compatible with the symmetric monoidal structure on RigDA(K) in the sense of
[Aok20].

Theorem 1.3.2 (Theorem 3.3.10). Let K be a complete non-archimedean field with perfect
residue field k. There exists a bounded weight structurew on RigDA(K)ω that is compatible
with monoidal structure and extends the one on RigDAgr(K)ω mentioned above. Moreover,
it extends to its Ind-completion RigDA(K) such that RigDA(K)w≥0 is closed under small
colimits.

To construct the weight structure in Theorem 1.3.2, we apply Galois descent to re-
late compact analytic motives over K with analytic motives with good reduction. In other
words, we use Proposition 1.1.3: every compact analytic motive over K becomes one with
good reduction after a field extension.

It then suffices to construct a weight structure on RigDAgr(L)
h Gal(L/K) and glue it to

obtain one on RigDA(K). The former category, interpreted as the homotopy fixed points
under the Galois action, arises as the limit of RigDAgr(L) along this Galois action. Al-
though in general it is difficult to equip a limit of stable∞-categories with a weight struc-
ture, the situation here is special: the translation functors involved are autoequivalences.
As shown in Proposition 1.1.2, this leads to an explicit formula for compact generators,
which forms a negative class. This yields a bounded weight structure on the compact
objects (Proposition 2.2.17), which can then be extended to the entire category as usual
(discussed in §2.2.3).
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Weight Complex Functors

As an application of Theorem 1.3.2, we can construct a p-adic analytic generaliza-
tion of Rapoport-Zink’s weight spectral sequence together with weight filtration in [RZ82].
The similar arguments also yield a new filtration on the vector bundles on the Fargues–
Fontaine curve.

The key ingredient that allows us to obtain such filtrations from (bounded) weight
structures is the weight complex functor studied in [Bon10; Sos19]: let C be a stable sym-
metric monoidal∞-category equipped with a bounded weight structure w, then there is a
symmetric monoidal functor, called weight complex functor

W• : C→Kb(hHw),

where Hw is the heart of this weight structure. Moreover, equipped with the bounded
weight structure given in Example 1.3.1, this functor is weight-exact; namely, it restricts
to the canonical functor Hw → hHw.

Weight Filtrations on the Hyodo–Kato Cohomology

Now we explain how to construct a weight filtration on Hyodo–Kato cohomology us-
ing the weight complex functor. For this purpose, we give a refinement of Hyodo–Kato
cohomology. As before, one has the Hyodo–Kato cohomology over K

RΓHK,K : RigDAgr(K)→ D(φ,N)(K0)

where K0 = FracW (k), obtaining by adding the monodromy operators on the rigid coho-
mology RΓrig : DA(k)→ Dφ(K0). We can extend it to the entire category RigDA(K) using
Proposition 1.1.3: there is a functor in CAlg(Prst

ω )

RΓari
HK,K : RigDA(K)→ D(φ,N,GK)(K̆),

whereD(φ,N,GK)(K̆) is the derived∞-category of (ϕ,N,GK)-modules over K̆, in the sense of
Fontaine. After forgetting the monodromy operator, it factors through the weight complex
functor

Proposition 1.3.3 (Lemma 4.3.2). Assume k is a finite field. Let RΓ
(φ,GK)
HK be the composite

functor
RigDA(K)→ D(φ,N,GK)(K̆)→ D(φ,GK)(K̆),

i.e., the (ϕ,GK)-part of the Hyodo–Kato cohomology. Here D(φ,GK)(K̆) is the derived ∞-
category of (ϕ,GK)-modules over K̆ in the sense of Fontaine. Then its restriction to compact
part factors through the weight complex functor with respect to the weight structure defined
in Theorem 1.3.2.
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Thus, every compact motive M in RigDA(K) is associated to a bounded chain complex
W•M . We can filter it by naive truncations. Then the spectral sequence associated to this
filtered chain complex gives the following spectral sequence:

Proposition 1.3.4 (Weight Spectral Sequence, Proposition 4.3.3). Assume k is a finite
field. Let M be a compact motive in RigDA(K). There is a convergent (homological) spec-
tral sequence of (ϕ,GK)-modules

E1
pq = HqRΓHK(WpM)⇒ Hp+qRΓHK(M),

where W•M is the weight complex of M . Moreover, this spectral sequence degenerates at the
second page.

The filtration induced by this spectral sequence is called weight filtration in the
sense of Deligne. In fact, every motive associated to a smooth quasi-compact rigid analytic
space is compact. Therefore, we have get the following weight filtration on the Hyodo–Kato
cohomology of these rigid analytic spaces:

Corollary 1.3.5 (Corollary 4.3.5). Assume k is a finite filed. Let X be a smooth quasi-
compact rigid analytic space over K. Then, for each i ≥ 0, there is a finite increasing
filtration on the i-th (overconvergent) Hyodo–Kato cohomology H i

HK(X) of X satisfying:

• it is stable under GK-action;

• the k-th graded piece is pure of weight i+ k, i.e., the Frobenius eigenvalues with com-
plex norm |k|(i+k)/2;

• the monodromy operator induces a map

grWk H i
HK(X)→ grWk−2H

i
HK(X).

Remark 1.3.6. If X has semi-stable reduction, then the weight filtration above has al-
ready been given in [BGV25]. However, we do not assume any formal model of X here.
Moreover, M can come from varieties without “smoothness” and “properness”. For exam-
ple, let X be locally of finite K-scheme. Then the analytification of M(X) ∈ DA(K) is
compact by [LBV23, Remark 6.6].

A New Filtration for Vector Bundles over the Fargues–Fontaine Curve

By the comparison result between de Rham–Fargues–Fontaine cohomology and Hyodo–
Kato cohomology, namely Theorem 1.2.2, we can deduce that the de Rham–Fargues–
Fontaine realization functor factors through the weight complex functor as well. This
yields a filtration on the de Rham–Fargues–Fontaine cohomology of compact motives with
similar arguments. By contrast, there is no notion of weight for vector bundles on the
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Fargues–Fontaine curve; instead, we can talk about slopes. We therefore have the follow-
ing filtration on the de Rham–Fargues–Fontaine cohomology in terms of slopes:

Proposition 1.3.7 (Corollary 4.4.6). Assume k is a finite field. Let X be a smooth quasi-
compact rigid analytic space over C. Then, for each i ≥ 0, the vector bundle Hi

FF(X) admits
a finite increasing filtration whose j-th graded piece is of slope (i+ j)/2.

This provides a new filtration on vector bundles on the Fargues–Fontaine curve, which
is different from the Harder-Narasimhan filtration.

§ 1.4 ORGANIZATION

This thesis is organized as follows.

• Chapter 2 recollects aspects of ∞-categories used in this thesis. In §2.1, we review
how to compute limits and colimits of presentable ∞-categories and their variants
and then focus on a special type of limit—namely, homotopy fixed points. In §2.2, we
review the basic theory of weight structures, focusing on the construction of bounded
weight structures and the associated weight complex functor (§2.2.2), as well as on
the extension of such bounded structures (defined on the subcategory of compact
objects) to the entire category (§2.2.3). In the final section, we compute mapping
spaces from module categories; see Proposition 2.3.3.

• Chapter 3 begins in §3.1 with an introduction of the basic theory of motives used in
this thesis. In §3.2, we study Galois-equivariant rigid analytic motives: in §3.2.1, we
define these motives, and in the remaining subsections we prove Proposition 1.1.1,
1.1.2 and 1.1.3. We review weight structures on motives in §3.3: in §3.3.1, we recall
the Chow weight structure on algebraic motives and explain how to induce the weight
structure on RigDAgr(K); then, using results from §3.2.1, we extend the weight
structure to the entire category in 3.3.2.

• Chapter 4 focuses on comparisons of realization functors. In §4.1, we recall the de-
rived∞-category of (ϕ,N,GK)-modules and solid quasi-coherent sheaves on analytic
spaces (in particular, on the Fargues–Fontaine curve), which provide the coefficients
for the realization functors. In §4.2, we review the realization functors involved in
this thesis and prove comparison results with the rigid cohomology. In §4.3, we ex-
tend the Hyodo–Kato realization functor to the entire category and construct the
corresponding weight filtration. In the final section, we prove the main comparison
theorems: the monoidal comparison between de Rham–Fargues–Fontaine realiza-
tion and Hyodo–Kato realization, and the uniqueness of Galois-enhanced compari-
son.
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NOTATION AND CONVENTIONS

Set Theory

Since presentable ∞-categories are heavily used in this thesis, set-theoretic issues
inevitably arise. For convenience, however, we will not dwell on set theory and do not
treat these matters in full detail1. To this end, we assume the axiom of Grothendieck
universes and fix two (uncountable) Grothendieck universes U and V with U ∈ V. We will
refer to a mathematical object as small if it belongs to U; in particular, presentable ∞-
categories will always be understood with respect to the universe U. Finally, we denote
the countable ordinal number by ω.

∞-Categories

We will freely use the language of∞-categories in the model developed by Lurie, and
we mostly follow notations in [HTT; HA]. More precisely, we adopt the following conven-
tions:

• Let ∆ denote the simplex category, whose objects are linearly ordered sets of the
form [n] = {0 < 1 < · · · < n} and whose morphisms are non-decreasing functions.
Let Set be the ordinary category of V-small sets. The category of V-small simplicial
sets, denoted by sSet, is then the presheaf category Fun(∆op,Set).

• If C is a V-small category, its nerve is denoted by N•(C) ∈ sSet. If C• is a V-small
simplicial category, its homotopy coherent nerve is denoted by Nhc

• (C•) ∈ sSet.

• Unless otherwise stated, all ∞-categories are assumed to be V-small. If C is an ∞-
category, we will write “subcategory” to mean “sub-∞-category”. The full subcate-
gory of (ω-)compact objects in C is denoted by Cω. The homotopy category of C is de-
noted by hC, which is an ordinary category. For objects X,Y in C, the mapping space
is denoted by MapC(X,Y ), or simply by Map(X,Y ) when C is clear from context. The
corresponding mapping spectrum is denoted by mapC(X,Y ) or simply by map(X,Y ).
Finally, we will abbreviate π0MapC(X,Y ) ∼= HomhC(X,Y ) by HomC(X,Y ).

• Let C be a stable∞-category. We write the suspension and the loop functors as [1] and
[−1], respectively, instead of Σ and Ω. This agrees with the shift functor on its homo-
topy category. Throughout, we adopt the homological indexing convention for homo-
logical algebras. For every n ≥ 0 and X,Y ∈ C, we set ExtnC(X,Y ) := π−nmap(X,Y ).

• We denote by Cat∞ the ∞-category of (U-)small ∞-categories and by CAT∞ the
∞-category of locally small ∞-categories. More precisely, objects of Cat∞ are V-

1Those seeking a more precise treatment of set-theoretic matters may refer to [HTT; HA; Kerodon].
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small ∞-categories whose mapping spaces are U-small. In particular, we only use
U-small spaces, and we denote the ∞-category of U-small spaces (a.k.a., anima, or
∞-groupoids) by S. The stabilization of S, the ∞-category of spectra, is denoted by
Sp.

• For presentable∞-categories, we denote byPrL (resp. PrR) the (non-full)∞-subcategory
of CAT∞ spanned by presentable∞-categories and left adjoint functors (resp. right
adjoint functors). Variants include: the (non-full) subcategory of PrL (resp. PrR)
spanned by compactly generated ∞-categories and compact-preserving (resp. fil-
tered colimit-preserving and limit-preserving) functors is denoted byPrL

ω (resp. PrR
ω);

and the full subcategory of PrL (resp. PrL
ω) spanned by those which are also stable

∞-categories is denoted by Prst (resp. Prst
ω ). Note that we will not use the full sub-

category of PrR spanned by stable∞-categories.

• For symmetric monoidal∞-categories: by a monoidal structure on an∞-category, we
always mean a symmetric monoidal structure. If an∞-category C carries symmetric
monoidal structure C⊗, then, by an abuse of notation, we will sometimes also write C

for C⊗ when the context is clear. In this case, we denoted by CAlg(C) the∞-category
of commutative algebra objects of C⊗ and by ModA(C) the∞-category of A-modules
in C for A ∈ CAlg(C). Given another symmetric monoidal ∞-category D, we write
Fun⊗(C,D) for the∞-category of symmetric monoidal functors from C to D.

Geometric Objects

All rings are assumed to be U-small, commutative and unitary. All the schemes, for-
mal schemes and adic spaces are also assumed to be U-small. For motives, we work with
the Morel–Voevodsky∞-category of étale motives with rational coefficients.



CHAPTER II

PRELIMINARIES ON∞-CATEGORIES

In this chapter, we review the necessary aspects of ∞-category theory that will be
used in the sequel. We begin in §2.1 by recalling how to compute limits and colimits of
presentable ∞-categories; many of these results will be used throughout the thesis. In
§2.2, we review the theory of weight structures on stable∞-categories developed by Bon-
darko and Sosnilo. Finally, we describe the mapping spaces of monoidal functors from
module categories, which will play a crucial role in comparing the realization functors in
§4.4.

§ 2.1 LIMITS AND COLIMITS OF∞-CATEGORIES

The purpose of this section is to review limits and colimits of compactly generated
∞-categories as well as monoidal analogues. In §2.1.2, we then focus on a specific type
of limit of ∞-categories, namely group actions on ∞-categories and their homotopy fixed
points, following [HA, §6.1.6] and [NS18, Chapter I].

§ 2.1.1 Limits and Colimits of Presentable∞-Categories

PRESENTABLE∞-CATEGORIES

We begin by recalling how to compute the limits/colimits of presentable∞-categories.

Proposition 2.1.1 ([HTT, Proposition 5.5.3.13, Theorem 5.5.3.18]). The∞-categories PrL

and PrL admit small limits. Moreover, the inclusions

PrL ↪→ CAT∞, PrR ↪→ CAT∞

preserve small limits.

Remark 2.1.2. Under the equivalence PrL ' (PrR)op ([HTT, Corollary 5.5.3.4]), we know
that both PrL and PrR admit small colimits from the proposition above.

COMPACTLY GENERATED∞-CATEGORIES

Most of the∞-categories in this thesis are compactly generated, so it is also important
to understand how their limits or colimits are computed.

17
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Proposition 2.1.3 ([HTT, Proposition 5.5.7.6 and Its Proof]). The∞-category PrR
ω admits

small limits and the inclusion functors PrR
ω ↪→ PrR ↪→ CAT∞ preserve small limits.

Moreover, let p : K → PrR
ω be a diagram of compactly generated∞-categories {Cα}with

a limit C in PrR, then C is also compactly generated by images of Cα,ω under Fα, where
Fα : Cα → C is the left adjoint of the canonical functor Gα : C→ Cα.

Remark 2.1.4. Under the equivalence PrL
ω ' (PrR

ω)
op ([HTT, Proposition 5.5.7.2 and

Corollary 5.5.3.4]), we know that PrL
ω admits small colimits and the inclusion functor

PrL
ω ↪→ PrL preserves small colimits (see also [HA, Lemma 5.3.2.9]).

Next, we study limits in PrL
ω. We begin with some notational preliminaries. Given a

compactly generated ∞-category C, its full subcategory of compact objects Cω is a small
∞-category, i.e., Cω ∈ Cat∞. Moreover, this full subcategory lies in Catfcolim,idem

∞ , the (non-
full) subcategory of Cat∞ spanned by idempotent complete small∞-categories that admit
finite colimits and functors preserving finite colimits.

Before stating the limit result of PrL
ω, we recall a useful categorical lemma:

Lemma 2.1.5 ([Kerodon, Variant 04JX, Corollary 04JW]). Let C be an∞-category and D

a reflexive subcategory of C. Given a small diagram u : K → D in D, then:

(1) The limit of u in D exists if and only if the limit of u in C exists. In the case, the
inclusion functor preserves limits.

(2) If u admits colimit in C, then u admits colimit in D.

Proposition 2.1.6. The∞-category Catfcolim,idem
∞ admits small limits and filtered colimits.

Moreover, the inclusion functor Catfcolim,idem
∞ ↪→ Cat∞ preserves small limits and filtered

colimits.

Proof. The filtered colimit case is easy since Catfcolim,idem
∞ is closed under filtered colimits

in Cat∞ by [HTT, Corollary 4.4.5.21]. For the limit case, let C = limCi be a small limit in
Cat∞, where each Ci lies in Catfcolim,idem

∞ . Since the full subcategory of idempotent com-
plete ∞-categories is a reflexive subcategory of Cat∞ by [HTT, Proposition 5.4.2.16], we
know that C is idempotent complete from the previous lemma. Since we can rewrite small
limits by pullbacks and small products ([HTT, Proposition 4.4.2.6] or [Kerodon, Proposi-
tion 03UL, Remark 03UM]), we conclude that C admits finite colimits from [HTT, Lemma
5.4.5.5] and the fact that small colimits of the product of∞-categories are computed point-
wise. ■

Corollary 2.1.7. The functor C 7→ Ind (C) and C 7→ Cω induce an equivalence of ∞-
categories between Catfcolim,idem

∞ and PrL
ω. In particular, PrL

ω admits small limits.

Proof. The equivalence is just [HA, Lemma 5.3.2.9] or [HTT, Proposition 5.5.7.8]. There-
fore, we conclude that PrL

ω admits small limits from Proposition 2.1.6. ■

https://kerodon.net/tag/04JX
https://kerodon.net/tag/04JW
https://kerodon.net/tag/03UL
https://kerodon.net/tag/03UL
https://kerodon.net/tag/03UM
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We remark that the inclusion PrL
ω ↪→ PrL does not preserve small limits in general

unless the result limits in PrL are already compactly generated:

Proposition 2.1.8. Let u : I→ PrL
ω be a small diagram in PrL

ω. Let C (resp. C′) be the limit
of this diagram in PrL

ω (resp. PrL). Then the obvious functor F : C → C′ in PrL is fully
faithful, and its essential image is the Ind-completion of C′

ω.

Proof. Using [HTT, Lemma 5.4.5.7], we can restrict F to a functor Cω → C′
ω. It is fully

faithful as Cω → C′ is the limit of fully faithful functors Ci,ω ↪→ Ci. This restriction of F is
also essentially surjective by [HTT, Lemma 5.4.5.5]. Therefore, their Ind-completion gives
the equivalence F : C

'−→ Ind
(
C′
ω

)
⊆ C′; here we use the equivalence C ' Ind (Cω) since C

is compactly generated. ■

PRESENTABLE STABLE∞-CATEGORIES

In addition, there are two other useful variants of PrL: let Prst (resp. Prst
ω ) denote the

full subcategory of PrL (resp. PrL
ω) spanned by those∞-categories that are also stable.

In order to understand limits in Prst
ω , we let Catex

∞ be the subcategory of Cat∞ spanned
by stable∞-categories and exact functors, and let Catperf

∞ be the full subcategory of Catex
∞

spanned by those stable∞-categories that are idempotent-complete.

Remark 2.1.9. By our definition, functors in Prst are left adjoint functors. One could
use PrR to define another version of Prst, but since most functors in this thesis are left
adjoints, we only work with the PrL version.

Lemma 2.1.10. The equivalence in 2.1.6 restricts to an equivalence betweenPrst
ω andCatperf

∞ .

Proof. It suffices to show, for any C ∈ Prst
ω , the full subcategory Cω is stable. This is clear

since Cω ↪→ C preserves finite colimits and Cω is closed under the shift functor. ■

Lemma 2.1.11. The ∞-category Catperf
∞ admits small limits and filtered colimits. More-

over, the inclusions Catperf
∞ ↪→ Catex

∞ ↪→ Cat∞ preserve small limits and filtered colimits.

Proof. Note that Catperf
∞ is a reflexive subcategory of Catex

∞ ([BGT13, Lemma 2.20]), and
the latter admits small limits and filtered colimits, which are computed in Cat∞ ([HA,
Theorem 1.1.4.4, Proposition 1.1.4.6]). Therefore, we use Lemma 2.1.5: small limits in
Catperf

∞ exist and are computed in Catex
∞; and filtered colimits in Catperf

∞ exist and are also
computed in Catex

∞ because filtered colimits of idempotent complete∞-categories are idem-
potent complete by [HTT, Corollary 4.4.5.21]. ■

Proposition 2.1.12. (1) The ∞-category Prst admits small limits and small colimits.
Moreover, the inclusion Prst → PrL preserves small limits and colimits.

(2) The∞-category Prst
ω admits small limits and filtered colimits. Moreover,
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• the inclusion functor Prst
ω ↪→ PrL

ω preserves small limits and filtered colimits;

• the inclusion functor Prst
ω ↪→ Prst preserves filtered colimits.

Proof. (1) This follows from Proposition 2.1.1 and [HA, Theorem 1.1.4.4].

(2) Under the equivalence in Lemma 2.1.10, it suffices to show the existence of limits
and filtered colimits in Catperf

∞ . This has been done in Lemma 2.1.11. For the last
assertion, the first part is obvious; for the inclusion Prst

ω ↪→ Prst, it is enough to
observe that filtered colimits in both of these two categories are computed in PrL, as
explained in (1) and Remark 2.1.4.

■

As we saw, most limits of special kinds of∞-categories ultimately reduce to limits in
CAT∞. Let us recall an explicit formula to compute (small) limits of ∞-categories in a
concrete way.

Proposition 2.1.13 (Mapping Spaces of Limits). Let F : I → CAT∞ be a diagram of ∞-
categories indexed by a simplicial set I. For each vertex i of I, we let Ci denote the image of
i under F and put C = limF Ci with canonical functors pi : C→ Ci. Then, given any objects
X, Y in C with Xi = pi(X), Yi = pi(Y ), then we have a homotopy equivalence

MapC(X,Y ) ' lim MapCi
(Xi, Yi).

Proof. For each i ∈ I, we have a pullback diagram

MapCi
(Xi, Yi) Fun(∆1,Ci)

∆0 Fun(∂∆1,Ci)
(Xi,Yi)

in the (ordinary) category of simplicial sets sSet. The exponentiation of isofibrations
([Kerodon, Corollary 01F3] ) shows the right vertical map is an isofibration. This im-
plies that this diagram is a categorical pullback square, i.e., MapCi

(Xi, Yi) is equivalent
to the homotopy fiber product (see [Kerodon, Proposition 033P]). After taking the homo-
topy coherent nerve, we get a pullback square in CAT∞, where the commutative diagram
above represents the boundary of this pullback square. The limit of these squares yields
a pullback square in CAT∞ whose boundary is given by

lim MapCi
(Xi, Yi) Fun(∆1,C)

∆0 Fun(∂∆1,C)
(X,Y )

.

https://kerodon.net/tag/01F3
https://kerodon.net/tag/033P
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This follows from the facts that limits of functors are computed levelwise and that limits
commute with limits. This gives the desired homotopy equivalence of spaces. ■

SYMMETRIC MONOIDAL CATEGORIES

The ∞-category PrL carries a symmetric monoidal structure (see [HA, Proposition
4.8.1.15]). More precisely, the tensor product operator is given by ([HA, Proposition 4.8.1.17])

C⊗D ' RFun(Cop,D),

where RFun is the ∞-category of functors admitting left adjoints. The subcategory PrL
ω

inherits the symmetric monoidal structure via the natural inclusion PrL
ω → PrL, by [HA,

Lemma 5.3.2.11]. Moreover, the subcategories Prst and Prst
ω also inherit the symmetric

monoidal structure ([HA, §4.8.2], especially [HA, Proposition 4.8.2.7]). Hence, we may
consider their commutative algebra objects.

Proposition 2.1.14. Let C ∈ {PrL,PrL
ω,Prst,Prst

ω }with the forgetful functor θ : CAlg(C)→
C.

(1) The forgetful functor θ : CAlg(C)→ C is conservative.

(2) The∞-category CAlg(C) admits small limits. Moreover, the forgetful functor θ : CAlg(C)→
C preserves small limits.

(3) If C ∈ {PrL,PrL
ω,Prst}, then CAlg(C) admits small colimits. Moreover, the forgetful

functor only preserves sifted colimits1.

(4) The ∞-category CAlg(Prst
ω ) admits filtered colimits and the forgetful functor pre-

serves them.

Proof. The conservativity follows from [HA, Lemma 3.2.2.6]. For part (2), it follows from
[HA, Corollary 3.2.2.5] and our previous discussions on limits of these presentable ∞-
categories.

For parts (3) and (4), we apply [HA, Corollary 3.2.3.2, Corollary 3.2.3.3]. Recall that
the tensor products of PrL preserve small colimits separately in each variable (see [HA,
Remark 4.8.1.24 & Lemma 5.3.2.11]); the same then holds for PrL

ω, Prst and Prst
ω . There-

fore, these two parts follow from our previous discussions on colimits. ■

§ 2.1.2 Homotopy Fixed Points

Notation 2.1.15. Given a (multiplicative) group G, we let BG denote the groupoid defined
by G. To be precise, BG has exactly one object ∗ with Hom(∗, ∗) = G, and the composition
law is given by the multiplication of G. The ∞-groupoid B•G is obtained by taking the
nerve of it.

1See Remark 2.3.2 for why it fails to preserve all colimits.
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Definition 2.1.16. Let G be a group and C an∞-category with an object X.

(1) A G-action on X is a functor B•G → C sending ∗ to X. We let CBG := Fun(B•G,C)

denote the ∞-category of G-objects in C.

(2) Assume C admits all limits indexed by B•G. The homotopy fixed point functor is
given by

(−)hG : CBG → C

(ρ : B•G→ C) 7→ lim ρ.

Remark 2.1.17. (1) In the following, we take C = CAT∞, PrL or PrR in the Definition
2.1.16. This, in particular, defines group actions on∞-categories and the correspond-
ing∞-category of homotopy fixed points. In practice, we will consider the case where
X = RigDA(K) is the ∞-category of rigid analytic motives (see §3.1.2) over a com-
plete non-archimedean field K, which serves as the primary example in this paper.

(2) Although B•G is the nerve of a 1-category, giving a G-action on an object X ∈ C is
not simply given by a group homomorphism G → AuthC(X), which is only equiv-
alent to a morphism sk2(B•G) → C. For us, we are interested in a special case
C = CAT∞; therefore, using Grothendieck’s construction, a functor B•G → CAT∞

is given by (up to isomorphism) taking the simplicial nerve of a functor from BG to
the simplicial category of ∞-categories, see [Kerodon, Corollary 0387]. Therefore,
for an ∞-category C with a G-action, we often write it as a pair C̃ = (C, ρ), where ρ

represents the G-action on C.

From now on, we focus on group actions on ∞-categories and their homotopy fixed
points. Proposition 2.1.13 is a good tool to understand mapping spaces of homotopy fixed
points. As a preparation step, we first recall how to compute homotopy groups of homotopy
fixed points of G-spectra (i.e., a G-object in the∞-category Sp of spectra).

Proposition 2.1.18 (Homotopy Fixed Points Spectral Sequence). Given a finite group G,
let E be a G-spectrum. Then there is a convergent spectral sequence

E2
p,q ' H−p(G, πq(E))⇒ πp+q(E

hG).

Proof. This is a special case of the Bousfield-Kan spectral sequence in [BK72]; more pre-
cisely, we apply the Bousfield-Kan spectral sequence to the totalization of the cosimplicial
space Map(E•G,X)hG; see also [GJ09, Proposition 7.7]. ■

Corollary 2.1.19. Let C be an∞-category with an action by a finite group G. Given a pair
of objects M̄ , N̄ in ChG, we let M , N denote their underlying objects in C. Then there is a
homotopy equivalence of spaces

MapCh G(M̄, N̄) 'MapC(M,N)hG.

https://kerodon.net/tag/0387


23 2.1. LIMITS AND COLIMITS OF∞-CATEGORIES

Moreover, if C is Q-linear, then, for each integer i ≥ 0, we have an isomorphism

πiMapCh G(M̄, N̄) '
(
πiMapC(M,N)

)G
.

Proof. The first assertion follows from Proposition 2.1.13. Under the homotopy equiva-
lence in the first assertion, we apply Proposition 2.1.18 to E = MapC(M,N): there is a
convergent spectral sequence

E2
p,q = H−p

(
G, πqMapC(M,N)

)
⇒ πp+qMapCh G(M̄, N̄).

Now assume C is Q-linear; then each term E2
p,q on the second page is a Q-vector space.

The vanishing of higher Galois cohomologies of Q-vector spaces ([SP, Lemma 0DV3]) im-
plies that the spectral sequence collapses on the second page with non-trivial terms E2

0,i =(
πiMapC(M,N)

)G. Therefore, the convergence of the spectral sequence gives isomorphisms.
■

It is easy to deduce, from Corollary 2.1.19, that taking homotopy fixed points preserves
full faithfulness of functors. To clarify it, we introduce the following notion:

Definition 2.1.20. Let G be a group and let ev : CATBG
∞ → CAT∞ denote the evalua-

tion functor at the point, i.e., induced by applying the functor Fun(−,CAT∞) to the ob-
vious map ∆0 → B•G. Given a G-∞-category C̃ = (C, ρ) (see Remark 2.1.17 (2)), a G-
subcategory of C̃ is a G-∞-category D̃ = (D, τ) together with a functor ι̃ : D̃ → C̃ such
that ι := ev(ι̃) is a fully faithful functor.

Remark 2.1.21. In Definition 2.1.20, theG-action onD is unique (up to homotopy) because
the functor ι̃ : D̃ → C̃ is a Cartesian morphism with respect to the evaluation functor
ev. Indeed, for every G-∞-category Ẽ, the fully faithful functor ι : D → C induces a fully
faithful functor (see [GHN17, Lemma 5.2] for a stronger form)

Map(E,D)→Map(E,C).

Therefore, the commutative diagram of Kan complexes

Map(Ẽ, D̃) Map(Ẽ, C̃)

Map(E,D) Map(E,C)

is a homotopy pullback square.

Corollary 2.1.22. Let C be an ∞-category equipped with an action by a finite group G.
Assume D is a G-subcategory of C. Then the functor

DhG → ChG

obtained by applying (−)hG to the canonical inclusion, is fully faithful.

https://stacks.math.columbia.edu/tag/0DV3
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Proof. Consider the commutative diagram (up to homotopy)

DhG ChG

D C

where vertical morphisms are forgetful functors. Let F : DhG → ChG denote the induced
functor and let M̄ and N̄ be two objects in DhG with underlying objects M , N in D. The
commutative diagram above shows the underlying objects of F (M̄) and F (N̄) in C are ι(M)

and ι(N), respectively; here ι : D ↪→ C is the inclusion. We deduce from Corollary 2.1.19:

MapDh G(M̄, N̄) 'MapD(M,N)hG 'MapC(ι(M), ι(N))hG 'MapCh G(F (M̄), F (N̄)).

■

We end the subsection with a useful and well-known fact about B•G.

Lemma 2.1.23. Given a group G, we have a homotopy equivalence in S,

B•G '|G•| ,

where G• is the simplicial object in S given by

N•(∆
op)

B•G−−−→ N•(Set) ↪→ S.

Proof. It follows from the homotopy equivalence B•G ' Sing•(|B•G|) and the fact that
the latter is just computed by the given geometric realization; for instance, see [Kerodon,
Variant 04QS]. ■

§ 2.2 WEIGHT STRUCTURES

This section provides a review of the basic theory of weight structures on stable ∞-
categories and relevant constructions (in §2.2.3) used in defining the weight structure on
rigid analytic motives.

Notation 2.2.1. Let C be a stable ∞-category (more generally, an additive ∞-category)
and N a full subcategory of C. We define

⊥N :=
{
X ∈ C

∣∣HomC(X,N) = 0, ∀N ∈ N
}

N⊥ :=
{
X ∈ C

∣∣HomC(N,X) = 0, ∀N ∈ N
}
.

We will call ⊥N (resp. N⊥) the left orthogonal complement (resp. right orthogonal
complement) of N in C.

https://kerodon.net/tag/04QS
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Since π0 preserves arbitrary products of spaces1, we have the following closure prop-
erties of orthogonal complements.

Lemma 2.2.2. Let C be a stable∞-category and N a full subcategory of C.

(1) The left orthogonal complement ⊥N of N in C is closed under small coproducts (if
exist) and extensions.

(2) The right orthogonal complement N⊥ of N in C is closed under small products (if exist)
and extensions.

§ 2.2.1 Basic Properties of Weight Structures

Definition 2.2.3 ([Bon10, Definition 1.1.1], [Sos22, Definition 3.1.1]). A weight struc-
ture on a stable ∞-category C consists of a pair of retract-closed full subcategories w =

(Cw≤0,Cw≥0) satisfying the following properties:

Semi-invariance Cw≥0[1] ⊆ Cw≥0, Cw≤0[−1] ⊆ Cw≤0; and we write, for any integers n ∈ Z,

Cw≥n := Cw≥0[n], C≤n := Cw≤0[n].

Weak Orthogonality If X ∈ Cw≤0 and Y ∈ Cw≥1, then HomC(X,Y ) ' 0.

Weight Decomposition For any object X ∈ C, we have a cofiber sequence

X≤0 → X → X≥1,

where X≤0 ∈ Cw≤0 and X≥1 ∈ Cw≥1. This is called a weight decomposition of X.

In the case, we also say C is a weighted stable ∞-category.

Remark 2.2.4 (Dual to t-Structures). In [Pau08], weight structures were independently
studied under the name “co-t-structure”. In fact, the axioms of a weight structure are
dual to those of a t-structure on a stable∞-category (or a triangulated category) C: apart
from the Semi-invariance, the role of the pair (Ct≥0,Ct≤−1) in the axioms of a t-structure
corresponds to the pair (Cw≤0,Cw≥1) for a weight structure.

Remark 2.2.5 (Homotopy Categories). It is clear that weight structures are essentially
determined by weight structures on the homotopy categories (which are triangulated cat-
egories) in the original sense of Bondarko, see [Bon10]. But, for our purpose, it is much
more convenient to state it in terms of stable∞-categories.

1This holds because products of spaces can be computed as Kan complexes, where two points lie in the
same connected component whenever they are connected by exactly an edge. However, this fails for simplicial
sets; see [Kerodon, Warning 00GY] for a counterexample.

https://kerodon.net/tag/00GY
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Remark 2.2.6 ((Co)homological Convention). In this thesis, we use the “homological con-
vention” for weight structures, whereas in [Bon10], the “cohomological convention” was
used. In the latter convention, the roles of Cw≥0 and Cw≤0 are interchanged, that is, the
pair (Cw≤0,Cw≥0) = (Cw≥0,Cw≤0) is for the cohomological convention.

Definition 2.2.7. Let C be a stable ∞-category equipped with a weight structure w =

(Cw≤0,Cw≥0).

(1) For every pair (a, b) of integers with a ≤ b, we let C[a,b] denote the full subcategory of
C generated by Cw≥a ∩ Cw≤b. In particular, if a = b = n, we write it simply by Cw=n.

(2) We let Cb denote the full subcategory of C generated by those objects X satisfying
X ∈ C[a,b] for some integers a ≤ b. The weight structure w on C is said to be bounded
if C = Cb.

(3) We will write Cw=0 by C♥w and call it the heart of the weight structure w.

Example 2.2.8. Let A be an additive category. The stable∞-category Kb(A) of bounded
chain complexes has the canonical bounded weight structure:

Kb(A)w≥0 =
{
M ∈Kb(A)

∣∣∣M is isomorphic to a complex whose all negative degrees vanish
}

Kb(A)w≤0 =
{
M ∈Kb(A)

∣∣∣M is isomorphic to a complex whose all positive degrees vanish
}

The heart of this weight structure is exactly N•(A).

Remark 2.2.9 (n-Weight Decomposition). Let C be a stable ∞-category with a weight
structure w and n ∈ Z. For every X ∈ C, we have a weight decomposition

X[−n]≤0 → X[−n]→ X[−n]≥1

for X[−n]. We then take X≤n = X[−n]≤0[n] and X≥n+1 = X[−n]≥1[n] and get a cofiber
sequence

X≤n → X → X≥n+1

with X≤n ∈ Cw≤n and X≥n+1 ∈ Cw≥n+1. We will call any such decomposition for X the
n-weight decomposition of X.

Proposition 2.2.10 ([Bon10, Proposition 1.3.3]). Let C be a stable ∞-category with a
weight structure w. Let n be an integer.

(1) We have Cw≥n = C⊥
w≤n−1 and Cw≤n = ⊥Cw≥n+1.

(2) The full subcategories Cw≥n, Cw≤n and Cw=n are stable under extensions.

(3) The full subcategory Cw≥n is stable under small products (if exists) and cofibers in C.
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(4) The full subcategory Cw≤n is stable under small coproduct (if exists) and fibers in C.

(5) If X → W → Y is a cofiber sequence in C with X,Y ∈ Cw=n, then it is split, i.e.
W ' X ⊕ Y .

Proof. We only need to prove (1) since the other parts immediately follows from (1) and
Lemma 2.2.2. Let’s prove the first equality in (1), and the proof for the second one is
similar. It suffices to prove for n = 0. The inclusion Cw≥0 ⊆ C⊥

w≤−1 is from the Weak
Orthogonality. For the converse, let X ∈ C⊥

w≤−1. We choose a (−1)-weight decomposition
for X:

X≤−1 → X → X≥0.

By the choice of X, we know the second morphism is an isomorphism; hence X lies in
Cw≥0. ■

Like t-structures, we also keep track of how weights vary under functors.

Definition 2.2.11 ([Bon14, Definition 1.2.1]). Let (C, wC) and (D, wD) be weighted stable
∞-categories and let F : C→ D be an exact functor of the underlying stable∞-categories.
We say

(1) F is left weight-exact if F (Cw≤0) ⊆ Dw≤0.

(2) F is right weight-exact if F (Cw≥0) ⊆ Dw≥0.

(3) F is weight-exact if it is both left and right weight-exact.

Remark 2.2.12. In Definition 2.2.11, if wC is a bounded weight structure on C, then the
weight-exactness of F can be checked using F (C♥w). To be precise, if wC is bounded, then
F is weight-exact if and only if the essential image of C♥w under F lies in D♥w by [Bon14,
Remark 1.2.3 (10)]; see also Proposition 2.2.17.

There is a simple way to compare two weight structures on a stable∞-category.

Lemma 2.2.13 ([Bon10]). Let C be a stable ∞-category with two weight structures w and
v.

(1) If either Cw≤0 = Cv≤0 or Cw≥0 = Cv≥0, then w = v.

(2) If the identity functor IdC : (C, w)→ (C, v) is weight-exact, then w = v.

Proof. (1) This is an immediately result of Proposition 2.2.10 (1).

(2) By the assumption, we have Cw≤0 ⊆ Cv≤0. Using Proposition 2.2.10 (1), we can know
that Cv≤−1 ⊆ Cw≤−1, hence Cv≤0 ⊆ Cw≤0. Using the assumption again, we know this
inclusion is an equality. Therefore, we conclude from (1).

■
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Definition 2.2.14 ([Aok20, Definition 4.1]). Let C⊗ be a stable symmetric monoidal ∞-
category. We say a weight structure w = (Cw≥0,Cw≤0) on the underlying ∞-category C

is compatible with the symmetric monoidal structure if two full subcategories Cw≥0 and
Cw≤0 are stable under the tensor product functor. In the case, we also say that w is a
monoidal weight structure on C⊗.

Remark 2.2.15. If a weight structure on the underlying∞-category of a stable symmetric
monoidal∞-category C⊗ is compatible with the monoidal structure, then, by [HA, Propo-
sition 2.2.1.1], the symmetric monoidal structure can be restricted to full subcategories
Cw≥0 and Cw≤0, C♥w . We will use the obvious notations C⊗

w≥0, C⊗
w≤0, (C♥w)⊗ to denote the

monoidal restrictions.

§ 2.2.2 Bounded Weight Structures and Weight Complex Functors

We focus on bounded weight structures in the subsection. We recall how these weight
structures are recovered by their hearts.

Definition 2.2.16 ([Bon10, Definition 4.5.1], [BS18, Definition 1.2.2]). Let C be a stable
∞-category. A full subcategory N of C is called negative if the mapping space MapC(X,Y )

is connected for all X,Y ∈ N.

Proposition 2.2.17. Let C be a stable∞-category.

(1) If C has a bounded weight structure w, then its heart C♥w is additive, idempotent
complete, negative and it generates C under finite colimits and negative shift.

(2) Conversely, if N be a full subcategory of C satisfying

• the full subcategory N is negative;

• the full subcategory N generated C under finite colimits, negative shifts and re-
tracts.

then

Cw≥0 = {retracts of finite colimits of objects in N}

Cw≤0 = {retracts of finite limits of objects in N}

define the unique bounded weight structure on C whose heart contains N. Moreover,
the heart is the idempotent completion of N.

Proof. The first assertion follows from [Bon10, Corollary 1.5.7] and Definitions. The sec-
ond assertion follows from [Bon10, Theorem 4.3.2 (II)]. ■
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Corollary 2.2.18. Let C⊗ ∈ CAlg(Prst). Assume its underlying∞-category C is equipped
with a bounded weight structure w. Then the weight structure w is compatible with the
monoidal structure if and only if C♥w contains the tensor unit and is stable under tensor
products.

Proof. The “only if” part is obvious (see Remark 2.2.15). Conversely, since C⊗ ∈ CAlg(PrL),
the tensor products preserve small colimits separately in each variable; in particular, they
are exact (see [HA, Proposition 1.1.4.1]). So we can conclude from Proposition 2.2.17. ■

Notation 2.2.19. Let C, D be two additive∞-categories.

(1) We let Funadd(C,D) denote the full subcategory of Fun(C,D) generated by additive
functors. If, moreover, C, D admit symmetric monoidal structures, we let Fun⊗

add(C,D)

denote the full subcategory of Fun⊗(C,D) generated by those monoidal functors
whose underlying functors are additive.

(2) Suppose C, D are stable and equipped with weight structures. We let Funw-ex(C,D)

denote the full subcategory of Fun(C,D) generated by exact and weight-exact func-
tors. If, moreover, C and D admit symmetric monoidal structures compatible with
their weight structures, we let Fun⊗

w-ex(C,D) denote the full subcategory Fun⊗
w-ex(C,D)

generated by those functors whose underlying functors lie in Funw-ex(C,D).

Proposition 2.2.20. Let C and D be two bounded weighted stable∞-categories. Then the
restriction functor

Funw-ex(C,D)
'−→ Funadd

(
C♥w ,D♥w

)
is an equivalence of∞-categories. Moreover, if C, D admit symmetric monoidal structures
compatible with their weight structures, then the commutative diagram

Fun⊗
w-ex(C,D) Fun⊗

add

(
C♥w ,D♥w

)

Funw-ex(C,D) Funadd
(
C♥w ,D♥w

)
'

is a Cartesian diagram of sets at 0-simplexes.

Proof. The first assertion is [Sos19, Proposition 3.3], and the monoidal assertion follows
from [Aok20, Theorem 4.3]. ■

A very important result of Proposition 2.2.17 is that every object in a bounded weighted
stable∞-category can be assigned to a chain complex.
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Construction 2.2.21 (Weight Complex Functor[Bon10; Sos19]). Let C be a bounded weighted
stable ∞-category. From Proposition 2.2.17, we know hC♥w is an additive category. We
have seen, in Example 2.2.8, that N•(hC♥w) is the heart of the bounded weighted sta-
ble ∞-category Kb(hC♥w). Using Proposition 2.2.20, the unit C♥w → N•(hC♥w) of the
homotopy-nerve adjunction can be extended to a weight-exact functor

W• : C→Kb(hC♥w).

We call it the weight complex functor of C. Moreover, if C admits a symmetric monoidal
structure compatible with the weight structure, then the weight complex functor has the
symmetric monoidal refinement by the last assertion of the previous proposition due to
Ko Aoki.

§ 2.2.3 Constructions of Weight Structures

As we have seen in Proposition 2.2.17, constructing bounded weight structures is
not difficult. Now we recall constructions of general weight structures (not necessarily
bounded).

WEIGHT STRUCTURES FROM NEGATIVE CLASSES

If we only assume the negative condition in Proposition 2.2.17, it also allows us to
construct weight structures of general stable∞-categories. However, the weight structure
may fail to be bounded.

Proposition 2.2.22 ([BS19, Theorem 2.2.1]). Let C be a stable∞-category admitting small
colimits. Assume N is a full subcategory of C that generates C under small colimits. Let
Cw≥0 and Cw≤0 be the full subcategories generated by (N[i])i≥0 and (N[i])i≤0, respectively,
under small coproducts and extensions. If N ⊆ ⊥Cw≥0 holds, then w = (Cw≥0,Cw≤0) is the
unique weight structure w on C satisfying

• the heart of w contains N; more precisely, the heart of w is the idempotent completion
of the full subcategory generated by (possibly infinite) direct sums of N;

• the full subcategory Cw≥0 is closed under small coproducts (or equivalently small col-
imits).

Proof. The Semi-invariance is obvious. For the Weak Orthogonality, it suffices to show
⊥Cw≥1 is closed under extension, small coproducts and contains N[i] for all i ≤ 0. The
closure properties have been shown in Lemma 2.2.2 and the third condition is guaranteed
by the assumption.
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It remains to prove the existences of Weight Decomposition. We let W be the full
subcategory of C spanned by those X such that, for every n ∈ Z, there is a cofiber sequence

X≤n → X≥n → X

where X≤n ∈ Cw≤n and X≥n ∈ Cw≥n. We need to prove N ⊆W and W is closed under small
colimits so that W = C. Let X ∈ N. If n ≤ 0, we have the cofiber sequence X[−n]⊕X[−1]→
X[−n] → X; if n > 0, we can take the trivial decomposition 0 → X → X. This proves N

is contained in W. Next we prove W is closed under small colimits, or equivalently, closed
under small coproducts and cofibers. Since Cw≥0 and Cw≤0 are already closed under small
coproducts, it suffices to treat cofibers. Let X → Y be a morphism in W, and choose
decompositions (with obvious notations):

X≤n−1 → X≥n−1 → X

Y≤n → Y≥n → Y.

LetZ be the cofiber of X → Y . Using the orthogonality between Cw≤n−1 and Cw≥n, we know
that there is a unique (up to homotopy) morphism X≤n−1 → Y≤n such that the following
diagram

X≥n−1 Y≥n Q

X≤n−1 Y≤n P

X Y Z

with exact rows and columns, is commutative. Since Cw≥n and Cw≤n are extension-closed,
we know that P ∈ Cw≤n and Q ∈ Cw≥n, which provide a desired decomposition for Z.

For the uniqueness, if v is the other weight structure on C satisfying the two condi-
tions. In the case, we know that Cv≥0, Cv≤0 are closed under small coproducts, extensions
(see also Proposition 2.2.10), and they contain N. The construction of w show that we
have inclusions Cw≥0 ⊆ Cv≥0 and Cw≤0 ⊆ Cv≤0; therefore, we conclude w = v from Lemma
2.2.13. For the left part, we refer readers to the proof of [BS19, Theorem 2.2.1]. ■

WEIGHT STRUCTURES FROM COMPACT OBJECTS

Proposition 2.2.17 provides a convenient method for constructing bounded weight
structures on the “stable envelopes” of good additive ∞-categories. Typically, such sta-
ble envelopes arise as the compact part of stable compactly generated ∞-categories. We
now explain how to extend these weight structures to the entire categories. To this end,
we begin with a general construction from compact objects.
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Proposition 2.2.23. Let C be a stable ∞-category admitting small colimits. Let S be a
set1of compact objects of C. Then there is a unique weight structure w on C with

Cw≥0 =
{
X ∈ C

∣∣HomC(T [−n], X) ' 0 for all T ∈ S, n > 0
}
.

Proof. This is [Bon10, Proof of Theorem 4.3.2, Theorem 4.5.2] or [Pau12, Theorem 5]. ■

We summarize by putting these constructions on a compactly generated stable ∞-
category.

Proposition 2.2.24. Let C be a compactly generated stable ∞-category. Assume the full
subcategory Cω of compact objects has a weight structure w. Then the weight structures
obtained by taking N = C♥w

ω in Proposition 2.2.22 or S = C♥w
ω in Proposition 2.2.23 are the

same ones that extend w. Moreover, this is the unique weight structure on C extending w on
Cω such that Cw≥0 is closed under small colimits.

Proof. Since objects in C♥w
ω are compact and C is compactly generated, we see that Propo-

sition 2.2.22 does give a weight structure Ws extending w. We let Wc denote the one from
Proposition 2.2.23. The negativity of C♥w

ω shows the heart of Wc contains C♥w
ω , and its

construction shows CWc≥0 is closed under small coproducts. Now using the uniqueness
in Proposition 2.2.22, we know that Wc = Ws. The last assertion also follows from the
uniqueness in Proposition 2.2.22. ■

Corollary 2.2.25. Let C be a compactly generated stable ∞-category. Assume there is a
small negative full subcategory N consisting of compact objects, and it generates C under
small colimits and negative shifts. Then:

(1) There is a unique weight structure w on C satisfying

• the heart of w contains N;

• Cw≥0 is closed under small colimits.

(2) The weight structure w in (1) satisfies

(a) the heart of w is the idempotent completion of the full subcategory generated by
N under directed sums;

(b) the weight structurew restricts to the weight structure on Cω whose heart contains
N;

(c) given X ∈ C, then X ∈ Cw≥0 if and only if X ∈ (N[i])⊥ for all i < 0;

(d) given X ∈ Cω, then X ∈ Cw≤0 if and only if X ∈ ⊥N[i] for all i > 0.
1It can be empty. But in that case, the weight structure is trivial, i.e., Cw≥0 = C.
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(3) Assume C admits a symmetric monoidal structure whose tensor unit is in C♥w . If for
any pair (X,Y ) of objects in N, the tensor product X ⊗ Y is still in the heart, then w

is compatible with the monoidal structure.

Proof. (1) By our assumption, N[−1]⊥ contains all N[i] for i ≥ 0 and N[−1]⊥ is closed
under extensions and small coproducts (because of compactness of objects in N); thus
N satisfies the assumption in Proposition 2.2.22, we apply it to get a desired weight
structure on C.

(2) The part (a) is clear. For part (b), applying Proposition 2.2.17 to N, we get the unique
bounded weight structure on Cω whose heart contains N. Then we can extend it to
C using Proposition 2.2.24. We let w′ denote this new weight structure on C. So we
need to show w = w′. This clearly follows from the uniqueness of w in (1). It remains
to prove (c) and (d). There are obvious inclusions

Cw≥0 ⊆ (N[−i])⊥, Cw≤0 ⊆ ⊥N[i],

for all i > 0. We need to prove the converse directions. For (c), it is clear because
⊥{X} is closed under small coproducts and extensions, and then the assumption on
X implies Cw≤−1 ⊆ ⊥{X}; equivalently, this means X ∈ Cw≥0 by Proposition 2.2.10.
The similar argument works to prove (d) when X is compact.

(3) We need to prove that Cw≤0 (resp. Cw≥0) is closed under the tensor product. Their
proofs are similar. Let us prove for Cw≤0 (for Cw≥0, one needs to notice that Cw≥0 is
stable under small coproducts). We define D as the full subcategory of C spanned by
those X ∈ C such that Cw≤0⊗X ⊆ Cw≤0. Then it suffices to prove Cw≤0 ⊆ D. For this,
we need to show D is closed under coproducts, extensions and contains N[i] for all
i ≤ 0. As Cw≤0 is closed under coproduct and extensions, it remains to show N[i] ⊆ D

for all i ≤ 0. For this, we define a full subcategory D′ of C in a way similar to D,
that is, X ∈ D′ if X ⊗ N[i] ⊆ Cw≤0 for i ≤ 0. By our condition in the statement, we
have inclusions N[j] ⊆ D′ for all j ≤ 0. It is easy to see that D′ is closed under small
coproducts and extensions as well. This implies Cw≤0 ⊆ D′, as desired.

■

Corollary 2.2.26. Let F : C1 → C2 be a functor in Prst
ω . Assume, for i = 1, 2, there is a

small full subcategory Ni satisfying the conditions in Corollary 2.2.25. Let wi be the weight
structure obtained in Corollary 2.2.25 for i = 1, 2. Then the following are equivalent:

(1) F is weight-exact;

(2) after restricting to compact objects, F : C1,ω → C2,ω is weight-exact;

(3) F sends N1 into the heart of w2.
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Proof. We prove the non-obvious direction (3)⇒ (1). In fact, this follows from the fact that
F preserves small colimits and extensions. ■

WEIGHT STRUCTURES ON MODULES

Given a symmetric monoidal ∞-category C⊗ and a commutative algebra A ∈ C, we
have the ∞-category ModA(C) of A-modules in C. There is a canonical forgetful functor
ModA(C)→ C that admits a left adjoint ([HA, Corollary 4.2.4.8])

Free : C→ModA(C)

called the free module functor. In fact, ModA(C) also admits a symmetric monoidal
structure given by relative tensor products ([HA, §4.4]) such that the free module functor
is symmetric monoidal.

The next proposition is essentially proved in [Sos22, Lemma 3.4.1] and [BGV25, Propo-
sition 4.22].

Proposition 2.2.27. Let C⊗ be a compactly generated stable symmetric monoidal∞-category
with the compact tensor unit. Assume the underlying∞-category C admits a weight struc-
ture w that restricts to a bounded weight structure on Cω. Let A ∈ CAlg(C) satisfy A ⊗
− : C → C is right weight-exact (e.g, w is compatible with the monoidal structure on C and
A ∈ Cw≥0). Then there is a unique weight structure W on ModA(C) satisfying the following
conditions:

(1) ModA(C)W≥0 is closed under colimits.

(2) the free module functor Free : C→ModA(C) is weight-exact.

(3) it restricts to a bounded weight structure on the compact part and the restriction of
the free functor on compact objects of C is also weight-exact.

Moreover, if w is compatible with the symmetric monoidal structure of C, then W is com-
patible with the symmetric monoidal structure of ModA(C).

Proof. We use Corollary 2.2.25. Note that ModA(C) is compactly generated as C is ([HA,
Lemma 5.3.2.12]). We need to take N as the full subcategory of ModA(C) spanned by
all free modules associated to objects in C♥w

ω . Since C♥w
ω generates C under colimits and

shifts, and ModA(C) is generated by free modules under colimits, this shows that ModA(C)

is generated by N under colimits and shifts. To use Corollary 2.2.25, it remains to show
N is negative. Let M,N ∈ C♥w

ω . Then, for any integer i ∈ Z, we have

MapModA(C)(Free(M),Free(N)[i]) 'MapC(M,A⊗N [i]).
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Since A ⊗ − is right weight exact, we know that A ⊗ N [i] is in Cw>0 for any i > 0. In
particular, for any i > 0, we have

HomModA(C)(Free(M),Free(N)[i]) ' HomC(M,A⊗N [i]) ' 0,

where the last isomorphism holds as w is a weight structure on Cω.
For the last assertion, we need to check that, for any X,Y ∈ C♥w

ω , the tensor product
Free(X) ⊗A Free(Y ) is in the heart of W . The tensor product is just the free module
associated to X ⊗Y (which is in C♥w

ω by the assumption). Therefore, we conclude from the
weight-exactness of the free module functor. ■

§ 2.3 FUNCTORS FROM MODULE CATEGORIES

We recall two facts of commutative algebras in symmetric monoidal∞-categories from
[HA]. They will be used to establish the comparison of p-adic cohomology theories in §4.4.

§ 2.3.1 Free Commutative Algebras

Let C be a symmetric monoidal ∞-category. The forgetful functor θ : CAlg(C) → C

admits a left adjoint (e.g., see [HA, Proposition 3.1.3.13])

S : C→ CAlg(C)

called free commutative algebra functor. Moreover, for each X ∈ C, we have

θ(S(X)) =
∐
n≥0

Symn(X).

Example 2.3.1. There is a motivic example for free algebras: let K be a complete non-
archimedean field with perfect residue field. There is a commutative algebra χ1 in DA(k)

(see §3.1.3), which is a free commutative algebra since. More precisely, there is an iso-
morphism χ1 ' S(1(−1)[−1]) in CAlg(DA(k)); see [Ayo24, Theorem 3.13] or [BGV25,
Proposition 2.63].

Remark 2.3.2. In Proposition 2.1.14 (3), although CAlg(C) admits all small colimits, the
forgetful functor cannot preserve all of them. The point is finite coproducts in CAlg(C) are
not simply computed in C. Informally, there is no obvious way to equip a tensor product on
A1
∐

A2 where A1 and A2 are symmetric monoidal categories. However, finite coproducts
of free commutative algebras can be computed in C. Therefore, the existence of finite
products of general commutative algebras Ai follows by rewriting each Ai as a geometric
realization of free commutative algebras in CAlg(C).
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§ 2.3.2 Base Change of Algebras

Let F : C⊗ → D⊗ be a functor in CAlg(Prst
ω ). We next use the identifications (from

[HA, Proposition 3.4.1.3])

CAlg(Prst
ω )C⊗/− ' CAlg(ModC⊗(Prst

ω )), CAlg(Prst
ω )D⊗/− ' CAlg(ModD⊗(Prst

ω )).

There is a natural adjunction studied in [HA, §4.5.3]:

F ∗ : CAlg(Prst
ω )C⊗/− ⇄ CAlg(Prst

ω )D⊗/− : F∗.

More precisely, F∗ is induced by composing with F , and F ∗ sends C⊗ → E⊗ to D⊗ ⊗C⊗ E⊗.
Under our assumptions, we can identify ModA(C) and D as objects in CAlg(Prst

ω )C/−

via the free module functor ([HA, §4.2.4]) Free : C → ModA(C) and the monoidal functor
F : C→ D, respectively.

Proposition 2.3.3. Let F : C → D be a functor in CAlg(Prst
ω ) and A ∈ CAlg(C). Then

there is a homotopy equivalence

MapCAlg(Prst
ω)C/−

(ModA(C),D) 'MapCAlg(D)(FA,1D).

Furthermore, if A = S(t) is a free algebra in C, then we have a homotopy equivalence

MapCAlg(Prst
ω)C/−

(ModA(C),D) 'MapD(F (t),1D).

Proof. In fact, here D = F∗D in CAlg(Prst
ω )C/−; thus, we have

MapCAlg(Prst
ω)C/−

(ModA(C),D) 'MapCAlg(Prst
ω)D/−

(F ∗ModA(C),D)

'MapCAlg(Prst
ω)D/−

(ModFA(D),D)

here the last homotopy equivalence follows from

F ∗ModA(C) ' D⊗C ModA(C) 'ModFA(D)

by [HA, Theorem 4.8.4.6]. Therefore, we conclude the first assertion from the full faithful-
ness of the functor

CAlg(D) ↪→ CAlg(Prst
ω )D/−

A 7→ModA(D);

see [HA, Corollary 4.8.5.21]. For the last assertion, we use the universal property of free
algebras:

MapCAlg(D)(FA,1D) 'MapCAlg(C)(A,G(1D))

'MapC(t, G(1D))

'MapD(F (t),1D)

where G is the right adjoint of F . ■



CHAPTER III

A WEIGHT STRUCTURE ON RIGID ANALYTIC
MOTIVES

The goal of this chapter is to construct a weight structure, as recalled in §2.2, on the
stable ∞-category of rigid analytic motives over a complete non-archimedean field. This
extends the weight structure defined in [BGV25, §4.3]. We begin in §3.1 by recalling the
theory of rigid analytic motives and their relationship with algebraic motives over the
residue field. These results will also be useful for the discussion of motivic realization
functors in the next chapter. Then we study Galois actions on the ∞-categories of rigid
analytic motives in §3.2, which is key to constructing the weight structure on rigid analytic
motives in §3.3.

§ 3.1 ÉTALE MOTIVES

In this section, we will review the necessary theory of (étale) motives. Since our work
involves both rigid analytic spaces and adic spaces, we begin in §3.1.1 to clarify the ambient
categories of our geometric objects. We then recall the construction of motives in §3.1.2.
Finally, in §3.1.3 and §3.1.4, we explain two perspectives of rigid analytic motives in terms
of algebraic motives.

§ 3.1.1 Non-Archimedean Analytic Geometry

We clarify our setup for non-archimedean analytic spaces in this subsection. As is
known, there are several approaches to non-archimedean analytic spaces, including Tate’s
rigid analytic varieties [Tat71; BGR84], Raynaud’s formal models [Ray74; BL93a; BL93b;
Abb11; FK18], Berkovich spaces [Ber90; Ber93], Huber’s adic spaces [Hub93; Hub94;
Hub96], and more recently, Clausen-Scholze’s analytic stacks [CS19b; CS19a].

In this thesis, we primarily work with Huber’s theory of adic spaces. However, we also
make use of the six-functor formalism for rigid analytic motives developed in [AGV22],
which is formulated using the formal model approach. Therefore, we briefly explain the
context in which our geometric objects lie and also recall how different models relate to
each other.

37
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FORMAL MODELS AND RIGID ANALYTIC SPACES

Throughout this thesis, by a formal scheme, we mean an adic formal scheme with fi-
nite ideal type, i.e., a ringed space that is locally isomorphic to Spf(A), where A is an adic
ring with an ideal of definition I of finite type; and morphisms between formal schemes
are adic morphisms of formal schemes, i.e., morphisms that are locally induced by adic
morphisms of adic rings. Now let FSch denote the category of formal schemes, and let
FSchqcqs denote the full subcategory spanned by quasi-compact and quasi-separated for-
mal schemes.

• The Raynaud’s Generic Fiber. We define the category RigSpcqcqs of quasi-compact
quasi-separated rigid analytic spaces as the localization of FSchqcqs with respect to
the class of admissible formal blowing-ups, and the canonical functor will be denoted by

(−)rig : FSchqcqs → RigSpcqcqs.

We can extend RigSpcqcqs along open immersions (defined by open immersions of formal
models) to a category RigSpc (c.f [FK18, §II.2.2.(c)]), referred to as the category of rigid
analytic spaces, and then extend the functor above to a functor

(−)rig : FSch→ RigSpc. (3.1.1)

We will refer to this functor as the Raynaud’s generic fiber functor. Given a rigid
analytic space X, if there is a formal scheme X ∈ FSch, we will call X a formal model of
X. Clearly, every quasi-compact and quasi-separated rigid analytic space always admits
a formal model.

• The Special Fiber. Every scheme can be regarded as a formal scheme whose ideal
of definition is (0). Therefore, we have full subcategories Sch ⊆ FSch and Schqcqs ⊆
FSchqcqs. The inclusion functor from the category of reduced schemes to FSch admits a
right adjoint, which we will denote by X 7→ Xσ and refer to as the special fiber functor.

• The Comparison With Tate’s Construction. Finally, let’s explain how this con-
struction relates to the Tate’s approach. For this, let R be a complete valuation ring of
height 1 whose fraction field is denoted by K. We restrict to the category FSchlft

R of formal
R-scheme that are locally of (topologically) finite type1. For every affine formal R-scheme
Spf(A) in FSchlft

R , we have an affinoid K-Tate algebra A⊗R K (because A is of finite type
and K can be regarded as a localization of R). Therefore, this construction can be global-
ized into a functor

FSchlft
R → RigVarK

Spf(A) 7→ Sp(A⊗R K)

1A more general construction is given by Berthelot in [Ber86], see also [dJ95, §7].
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where RigVarK is the category of rigid analytic varieties over K in the sense of Tate
([Tat71; BGR84]). In fact, this functors factor through the restriction of the Raynaud
generic fiber functor and induces an equivalence between RigVarqcqs

K and RigSpclft,qcqs
R

([Ray74; BL93a; Bos14]).
More generally, given a rigid analytic space S that is locally of finite type over Spf(R)rig,

there is a rigid analytic variety S0 over K and a functor

(−)0 : RigSpclft
S → RigVarS0

which restricts to an equivalence between RigSpclft,qs
S and RigVarqs

S0
([FK18, Theorem

II.B.2.5]).

ADIC SPACES

Notation 3.1.1. Let A be a topological ring. We will let A◦ denote the subring of power-
bounded elements and let A◦◦ ⊆ A◦ denote the ideal of topologically nilpotent elements.

Recall that a Huber ring is a topological ring A with an open subring A0 that is an
adic ring (whose ideal of definition is of finite type), and the subring A0 is called the ring
of definition. A Huber pair (A,A+) consists of a topological ring A and an integrally
closed open subring A+ contained in A◦, which is called the ring of integral elements.

From now on, all Huber pairs are assumed to be sheafy and complete so that we
have an affinoid adic space Spa(A,A+) and we can recover the Huber pair (A,A+) from
its structure sheaves; and, for brevity, we write Spa(A) := Spa(A,A◦) for any (complete
and sheafy) Huber ring A.

There are several useful Huber pairs:

Definition 3.1.2. Let (A,A+) is a Huber pair.

(1) We say A is Tate if A◦◦ ∩ A× 6= ∅. In this case, any element in this intersection is
called a pseudo-uniformizer.

(2) We say A is analytic if the ideal generated by (A▷)◦◦ is the unit ideal. In particular,
any Tate Huber pair is analytic.

(3) We say A is uniform if A◦ is a ring of definition, i.e. A◦ is bounded.

We also say the Huber pair (A,A+) is Tate/analytic/uniform if A is.

Remark 3.1.3 (Structure of (Uniform) Tate Huber Pair). Let (A,A+) be a Tate Huber pair,
and let $ be a pseudo-uniformizer of A. We can find a ring of definition A0 of A containing
$ (otherwise, we replace $ by a suitable power of it). Then we have A = A0[$

−1] and
A0 is $-adic. In fact, as $ is a unit, each $nA0 is open in A0. On the other hand, A0 is
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open bounded and $ is topologically nilpotent; thus, $nA0 is a fundamental neighborhood
of 0. The last assertion is clear: for any a ∈ A, we have limn→∞ a$n = 0, which implies
a$k ∈ A0 for k � 0; equivalently, this means a ∈ A0[$

−1]. In particular, if A is uniform,
we have A = A+[$−1].

Usually, we only consider analytic adic spaces that are locally of the form Spa(A)

where A is analytic because we focus on analytic geometry. Next we let AnAdic denote
the category of analytic adic spaces, i.e., those adic spaces that are locally isomorphic to
Spa(A), where A is either analytic or Tate ([SW20, Proposition 4.3.1]). We next recall how
to relate analytic adic spaces with rigid analytic spaces and rigid analytic varieties from
[Hub94; Hub96].

• The Comparison With RigSpc. In [Hub94], Huber assigned every locally noethe-
rian formal scheme X to an adic space Xad [Hub94, Theorem 2.2, Proposition 4.1] and see
[Zav23, Corollary 1.2] for a more general case. In the affine case, it is given by Spf(A) 7→
Spa(A,A). This is a fully faithful functor ([Hub94, Proposition 4.2]). Now we let S be a
locally noetherian formal scheme and let Sad

an denote the open subspace of Sad
an by removing

non-analytic points. Then we have a functor

(−)ad
η : FSchS → AnAdicSad

an

X 7→ Xad
an.

(3.1.2)

referred to as the adic generic fiber functor. This functor factors through RigSpcSrig ,
which will also be denoted by

(−)ad
η : RigSpcSrig → AnAdicSad

η
. (3.1.3)

By restricting, this functor induces an equivalence between RigSpclft,qs
Srig and AnAdiclft,qs

Sad
η

(see [Hub96, (1.1.12)], [FK18, Theorem II.A.5.2]).
However, we won’t work with (analytic) adic spaces with finite conditions. Fortu-

nately, there is a good embedding of some “good” analytic spaces into the category of rigid
analytic spaces. For this, recall that an adic space X is uniform if for all open affinoid
U = Spa(A) ⊆ X, the Huber pair A is uniform. This is equivalent to saying X has an open
cover by affinoid U = Spa(A) with A stably uniform (in the sense of [BV18]).

Proposition 3.1.4. There is a fully faithful functor from the category AnAdicuniform of
uniform analytic adic spaces to the category RigSpc which is compatible with open immer-
sions. Specifically, in the affinoid case, the functor is given by Spa(A,A+) 7→ Spf(A+)rig.
Moreover, this embedding is a section of the adic generic fiber functor (3.1.3).

Proof. The embedding is given in [AGV22, Corollary 1.2.7]. For the last assertion, it suf-
fices to show that the morphism Spa(A,A+)

'−→ Spa(A+)an is an isomorphism. Indeed, this
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morphism is well-defined as (A+, A+)→ (A,A+) is adic and the latter is analytic. For con-
venience, we may assumeA is uniform and Tate (otherwise, we can shrink Spa(A,A+)). An
analytic point x ∈ Spa(A+)an is equivalent to giving a morphism (κ(x), κ(x)+)→ (A+, A+)

of Huber pairs, where κ(x) is a non-archimedean field. By Remark 3.1.3, this is equivalent
to a morphism (κ(x), κ(x)+) → (A,A+) of Huber pairs. The latter lies in Spa(A,A+)an =

Spa(A,A+). ■

• The Comparison With RigVar. Now let K be a complete non-archimedean field with
valuation ring OK . Then we can consider rigid analytic varieties over K. Indeed, the
assignment Sp(A) 7→ Spa(A,A◦) extends to a fully faithful functor

RigVarK → AnAdicK ,

where AnAdicK is the full subcategory of AnAdic spanned by those defined over Spa(K,OK).
It also induces the continuous functor (in the sense of [SP, Definition 00WV]) between as-
sociated sites with respect to analytic topologies. By restricting, we have an equivalence
between the category RigVarqs

K of quasi-separated rigid analytic varieties over K and the
category AnAdiclft,qs

K of quasi-separated adic spaces locally of finite type over Spa(K,OK).
For details of these, we refer to [Hub94, Proposition 4.5].

Finally, let’s recall the relation between the adic generic fiber functor and the Ray-
naud’s generic fiber functor. For this, we need to start from the category FSchlft

OK
. In fact,

there is a commutative diagram (up to an isomorphism) by [Hub94, Remark 4.6]

FSchlft
OK

RigVarK

AnAdicK

Spf(A) 7→Sp(A⊗OK
K)

(−)ad
η

. (3.1.4)

§ 3.1.2 ∞-Categories of Étale Motives

We give a quick recall from [Ayo07b; Ayo14b; Ayo15; AGV22] the constructions of∞-
categories of algebraic, formal and analytic étale motives (with Q-coefficients).

THE ∞-CATEGORIES OF ALGEBRAIC AND FORMAL MOTIVES

Let S be a formal scheme. Let FSm/S denote the category of formal schemes that
are smooth over S ([AGV22, §1.3]). We will only consider the étale topology on it. For any
X ∈ FSm/S, we let A1

X = Spf(OX〈T 〉) denote the relative formal affine line over X.
Now we define FDAeff

ét (S) as the full subcategory of Shvét(FSm/S,D(Q)), the ∞-
category of étale sheaves valued in the derived ∞-category D(Q), generated by local ob-
jects with respect to the collection of morphisms QS(A1

X) → QS(X), for any X ∈ FSm/S,

https://stacks.math.columbia.edu/tag/00WV
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induced by Yoneda’s embedding and their desuspensions. The inclusion functor admits a
left adjoint

LA1 : Shvét(FSm/S,D(Q))→ FDAeff
ét (S), (3.1.5)

called the A1-localization functor. Let TS (or simply T if S is clear from the context) be
the image of the cofiber of the split inclusion Q(S)→ Q(A1

S \ 0S) under LA1 . Then we put
(in the sense of [Rob15, Definition 2.6])

FDAét(S) := FDAeff
ét (S)[T−1

S ].

We call this the ∞-category of (étale) motives over S, and simply write FDA(S) for it
in the next. Given a smooth S-scheme X, we let M(X) denote the image of X in FDA(S).

As a localization, FDAeff
ét (S) admits a unique symmetric monoidal structure such that

LA1 is symmetric monoidal. In particular, FDA(S) indeed has a symmetric monoidal
structure. Moreover, FDA(S) is an ∞-category in CAlg(PrL

ω) underlying a six-functor
formalism for good S in the sense of [AGV22, Definition 2.4.14] (e.g., S = Spf(OK) for
some complete valuation ring OK of height 1). For more details, we refer to [AGV22, §3].

We will let 1S (or simply 1) denote the monoidal unit of FDA(S). For any integer n ∈
N, we denote by 1(n) the image of T⊗n[−n] in FDA(S) and let 1(−n) denote its monoidal
inverse. They are called Tate twist.

Remark 3.1.5. (1) In [AGV22], authors use the notation FSHét(S,Q) instead of FDA(S).
In fact, they work with more general coefficients (connective ring spectra), and, under
their convention, they write FDA when the ring spectrum is the Eilenberg-Mac Lane
spectrum of an ordinary ring. In other words, we have FDA(S) = FSHét(S,HQ) (the
former is defined here).

(2) In the construction above, we only consider the étale sheaves on FSm/S. One can re-
place Shvét(FSm/S,Q) by the∞-category of hypersheaves to define a new category
FDA∧(S). In fact, for good S (including what we will use in the following), there
is an equivalence FDA(S) ' FDA∧(S) of ∞-categories (see [AGV22, Proposition
3.2.2]).

The∞-category of formal motives can specialize to∞-categories of algebraic motives:
if S = S is a scheme, then we write DA(S) instead of FDA(S). Indeed, this is the same as
starting from étale sheaves on the category Sm/S of smooth S-schemes since our formal
schemes and morphisms between them are assumed to be adic.

Proposition 3.1.6 ([AGV22, Theorem 3.1.10], [Ayo15, Corollaire 1.4.29]). Let S be a for-
mal scheme and let Sσ be its special fiber. Then the special fiber functor induces an equiv-
alence

FDA(S)
'−→ DA(Sσ).
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Remark 3.1.7 (Compact Generation,[AGV22, Remark 2.4.23, Proposition 3.2.3]). As we
mentioned above, only for good S, the ∞-category FDA(S) is compactly generated in
which DA(Sσ) is also compactly generated by the equivalence above. In fact, as our mo-
tives have Q-coefficients, we only need to assume Sσ is locally of finite Krull dimension.
In the case, a set of compact generators of DA(Sσ) (resp. FDA(S)) is given by motives,
up to negative shift and negative Tate twist, associated to those quasi-compact and quasi-
separated smooth Sσ-schemes (resp. formal S-schemes).

Notation 3.1.8. For brevity, we denote FDA(Spf(R)) (resp. DA(Spec(R))) by FDA(R)

(resp. DA(R)) for any adic ring (resp. discrete ring) R.

THE ∞-CATEGORIES OF RIGID ANALYTIC MOTIVES

We can define the ∞-category of rigid analytic motives using a similar recipe. Let S
be a rigid analytic space. We let RigSm/S denote the category of smooth S-rigid analytic
spaces ([AGV22, Definition 1.3.13]). For any X ∈ RigSm/S, if X admits a formal model
X, we set Bn

X := (An
X)

rig, which is independent of the choice of the formal model and can
be defined via gluing along open immersions in general. There is an open rigid analytic
subspace T1

X of B1
X : it is locally given by Spf(OX〈T±1〉) ⊆ Spf(OX〈T 〉).

We can construct RigDA(S) similarly. Firstly, we let RigDAeff
ét (S) be the full subcat-

egory of Shvét(RigSm/S,D(Q)) from the same construction as above, with A1
S replaced

by B1
S . Then we have the B1-localization functor

LB1 : Shvét(RigSm/S,D(Q))→ RigDAeff
ét (S). (3.1.6)

Secondly, we need to invert the Tate object TS as above; here this object is defined as
the cofiber of the split inclusion QS(S) → QS(T1

S) in RigDAeff
ét (S). Thus we get the ∞-

category of rigid analytic (étale) motives over S

RigDA(S) := RigDAeff
ét (S)[T

−1
S ].

As in the algebraic case, we have the Tate twist of rigid analytic motives. Recall from
[AGV22, §2], if we assume now S is locally of finite Krull dimension in the sense of [AGV22,
Notation 1.1.11, Remark 1.1.12], the∞-category RigDA(S) is indeed in CAlg(PrL

ω). More-
over, a set of compact generators is given by motives, up to negative shift and negative
Tate twist, associated to those quasi-compact and quasi-separated smooth S-rigid analytic
spaces by [AGV22, Proposition 2.4.22]. It underlies the six-functor formalism developed
in [AGV22].

Remark 3.1.9. As in Remark 3.1.5, we write RigDA(S) in place of RigSH as used in
[AGV22] since our chosen coefficient is HQ, and for a suitable S, we also have an equiva-
lence RigDA(S) ' RigDA∧(S) of∞-categories for good S where the latter is defined via
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hypersheaves, see [AGV22, Proposition 2.4.19]. Furthermore, we will also use RigDA(S)

to refer to both the symmetric monoidal∞-category RigDA(S)⊗ (as in [AGV22, Definition
2.1.15]) and its underlying∞-category.

Remark 3.1.10. Let S be a rigid analytic space. An effective rigid analytic motive over S

can be explained as an étale (hyper)sheaf F on RigSm/S such that, for every X ∈ RigSm,
the canonical morphism F(QS(X))→ F(QX(B1

X)) is an isomorphism of spectra. As we saw,
we define rigid analytic motives by inverting the Tate object TS in the sense of [Rob15, Defi-
nition 2.6]. By [Rob15, Corollary 2.22], the underlying presentable∞-category RigDA(S)

is the colimit indexed by N in PrL:

RigDA(S) = colim
(

RigDAeff(S)
−⊗TS−−−−→ RigDAeff(S)

−⊗TS−−−−→ RigDAeff(S)→ · · · ).
)

Under the equivalence PrR ' (PrL)op, we have a limit in CAT∞ (see Proposition 2.1.1):

RigDA(S) = lim
(
· · · Hom(TS ,−)−−−−−−−→ RigDAeff(S)

Hom(TS ,−)−−−−−−−→ RigDAeff(S)

)
where Hom(TS ,−) is the right adjoint of − ⊗ TS . Therefore, a rigid analytic motive over
S is a T -spectrum, i.e., given by E = (En)n∈N with equivalences En ' Hom(TS , En+1)

where each En is an effective rigid analytic motive over S. In particular, we have a functor
E = (En) 7→ E0, which is often denoted by

Ω∞
TS

: RigDA(S)→ RigDAeff(S).

It is the right adjoint of the canonical projection Σ∞
TS

: RigDAeff(S) → RigDA(S). So for
every X ∈ RigSm/S, the associated rigid analytic motive of X over S is Σ∞

T ◦LB1(QS(X)),
where QS(−) is the Yoneda’s embedding, which is usually denoted by MS(X) or simply
M(X) if S is clear. More generally, one can define the rigid analytic motive associated to
non-smooth spaces: let f : X → S be a locally of finite type morphism ([AGV22, Corollary
4.3.18]), then we define MS(X) := f!f

!
1X . This coincides with the smooth case by the

six-functor formalism.

Remark 3.1.11 (Rational Coefficients). Throughout this thesis, we work exclusively with
Q-coefficients for motives. This choice is motivated by the fact that many assumptions in
[AGV22] are automatically satisfied in the Q-linear setting, and it also allows us to apply
Corollary 2.1.19.

Note that RigDA(S) is Q-linear: the∞-category RigDAeff(S) is Q-linear since it is a
full subcategory of Shvét(RigSm/S,D(Q)); under the identification (see [HA, Proposition
3.4.1.3]):

CAlg(PrL)ModHQ/− ' CAlg(ModModHQ(PrL)),

the canonical functor RigDAeff(S) → RigDA(S) in CAlg(PrL) implies RigDA(S) is also
Q-linear. Equivalently, this can be verified via the Q-linear DG perspective; see [SAG,
Remark D.1.2.3.].
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Remark 3.1.12 (Adic Perspective). In most cases, we are interested in analytic adic spaces
over Spa(Zp). Thus, one may restrict to a suitable collection of analytic adic spaces over
Spa(Zp), as done in [Vez19a; LBV23]. In the case, for any such adic space S over Spa(Zp),
we have

B1
S ' S ×Spa(Zp) Spa(Zp〈T 〉), T1

S ' S ×Spa(Zp) Spa(Zp〈T±1〉).

So B1
S is the adic closed unit disk over S and T1

S is the adic unit circle over S. We remark
that the space B1

S is just a subspace of the adic affine line over S. For instance, we look at
the special case S = Spa(K,OK), where K is a non-archimedean field over Qp. Then we
indeed have

B1
K ' Spa(K〈T 〉,OK〈T 〉) '

(
A1

Spf(OK)

)rig

by (3.1.4) and the adic affine line is the increasing union of closed discs |T | ≤|$|−n:

A1,an
K =

⋃
n≥0

Spa(K〈$nT 〉) ⊃ B1
K

where $ ∈ OK is a pseudo-uniformizer. Thus, in the analytic setting, the appropriate
notion of motives involves B1-invariance, in contrast to A1-invariance in the algebraic set-
ting.

Finally, it is worth noting that the étale topoi over a uniform adic space constructed
from the adic and formal perspectives are, in fact, equivalent.

§ 3.1.3 Rigid Analytic Motives with Good Model

Rigid analytic geometry is usually connected to algebraic geometry via the analytifi-
cation functor. However, for motives, there is a new and deep perspective, developed in
[Ayo20] and [AGV22, §3].

Let S be a rigid analytic space that admits a formal model S, i.e., Raynaud’s generic
fiber (3.1.1) of S is isomorphic to S. The special fiber of S is denoted by Sσ. Then we can
define the Monsky–Washnitzer functor studied in [Vez18]

ξ : DA(Sσ) ' FDA(S)
(−)η−−−→ RigDA(S) (3.1.7)

where the first equivalence is Proposition 3.1.6 and this functor admits a right adjoint

χ : RigDA(S)→ DA(Sσ).

Since ξ is symmetric monoidal [AGV22, Proposition 3.1.13], we get a commutative ring
object χ1X ∈ CAlg(DA(Sσ)) by [AGV22, Corollary 3.4.2]. From now on, we fix such S and
its formal model S and assume they are locally of finite Krull dimension (so that categories
of motives are compactly generated).
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Proposition 3.1.13. With Notations as above, the Monsky–Washnitzer functor ξ factors
through the free module functor Free : DA(Sσ)→Modχ1(DA(Sσ)); in other words, there is
a functor

ξ̃ : Modχ1(DA(Sσ))→ RigDA(X)

with a monoidal equivalence ξ̃ ◦ Free ' ξ in CAlg(PrL
ω). Moreover, ξ̃ is full faithful.

Proof. The first assertion is clear. For the fully faithfulness, see [AGV22, Theorem 3.3.3].
■

Definition 3.1.14. We define the∞-category of rigid analytic motives with good model
over S as the full subcategory of RigDA(S) generated by M(Xrig), where X runs through
smooth formalS-schemes, under small colimits. We will denote this category by RigDAgr(S).

Remark 3.1.15. It follows from Proposition 3.1.13, we have an equivalence RigDAgr(S) '
Modχ1(DA(Sσ)) of ∞-categories. Roughly speaking, every rigid analytic motive with a
good model arises from an algebraic motive equipped with a χ1-action. This provides
a new perspective—distinct from analytification—for relating rigid analytic motives with
good models to algebraic motives. More generally, every rigid analytic motive becomes one
with a good model up to an étale extension of the base rigid analytic spaces; see [AGV22,
Theorem 3.3.3(2), §3.7].

In what follows, we make this identification in Remark 3.1.15 implicitly.

Remark 3.1.16. Even when the base is a field, i.e., S = Spa(K,OK), the objects of RigDAgr(K)

are not only relating to rigid analytic spaces with good reductions. This category includes
more than just such simple motives. For example, motives associated to rigid analytic
space with semi-stable reductions lie in RigDAgr(K); see also [BKV25, Proposition 3.29]
for further general examples. For this reason, we prefer to call objects in RigDAgr(K)

rigid analytic motives with good model.

Remark 3.1.17 (Compact Generators). The∞-category RigDAgr(K) is compactly gener-
ated, here K is a complete non-archimedean field with residue field k. More precisely, a set
of compact generators of it is given by ξ(M(X)), up to shifts and Tate twists, where X runs
through proper smooth k-varieties. Indeed, these motives associated to proper smooth k-
varieties form a set of compact generators1 for DA(k), and the Monsky–Washnitzer functor
generates RigDAgr(K) under small colimits, by [Ayo20, Proposition 2.31]; or equivalently,
one can deduce this from Proposition 3.1.13 and [HA, Lemma 5.3.2.12 together with its
proof].

To understand RigDAgr(S) via its identification with Modχ1(DA(Sσ)), it is useful to
have a good grasp of this commutative algebra χ1. Let’s recall a useful and important

1This remains true in greater generality; for instance, see [CD19, Proposition 15.2.3].
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computation for χ1 in the case of good reduction. Let’s restrict to the most useful case
S = Spa(K), where K is a complete non-archimedean field with residue field k.

Proposition 3.1.18 ([AGV22, Theorem 3.8.1, Corollary 3.8.32 (1)]). If we choose a pseudo-
uniformizer $ ∈ OK , then we have an identification χ1 ' 1⊕ 1(−1)[−1] in DA(k).

§ 3.1.4 Rigid Analytic Motives as Algebraic Motives with Monodromy Opera-
tors

There is an another relationship between algebraic motives and rigid analytic motives.
We recall it from [BGV25].

We start from a general construction: let C ∈ Prst
ω and t ∈ Cω. Then there is an ∞-

category C−⊗t
nil ∈ Prst

ω equipped with a functor π : C−⊗t
nil → C. More precisely, an object in

C−⊗t
nil can be regarded as a pair (X,N : X → X ⊗ t), where X ∈ C and N is a morphism,

referred to as a monodromy operator, in C, such that N is Ind-nilpotent, i.e. Nk → 0

as k → ∞. With this perspective, the functor π sends (X,N) to X, i.e. it is the forgetful
functor. There is an obvious section of π which sends X 7→ (X,N = 0), denoted by (N = 0).
It admits a right adjont:

Lemma 3.1.19 ([BGV25, Lemma 2.16]). The functor (N = 0): C → C−⊗t
nil admits a right

adjoint Fib(N) : C−⊗t
nil → C which is given on objects by

(X, f) 7→ Fib(f).

Proof. In fact, there is a forgetful functor C−⊗t
nil → Fun(∆1,C) and then taking fiber of

morphisms. We will apply the dual version of the local criterion [Kerodon, Proposition
02FV] for the adjunction. This means that we need to prove: ∀(X, f) ∈ C−⊗t

nil with the
canonical map Fib(f) u−→ X, we have, ∀Y ∈ C, the composition map

MapC(Y,Fib(f)) (N=0)−−−−→MapC−⊗t
nil

(
(Y, 0), (Fib(f), 0)

) ũ−→MapC−⊗t
nil

(
(Y, 0), (X, f)

)
,

is a homotopy equivalence. Here ũ is induced by u, and let’s explain it. Let’s consider the
following diagram

MapC−⊗t
nil

(
(Y, 0), (Fib(f), 0)

)
MapC(Y,Fib(f)) MapC(Y, T Fib(f))

MapC−⊗t
nil

(
(Y, 0), (X, f)

)
MapC(Y,X) MapC(Y, TX)

ũ

π
0∗

u∗

(N=0)

(Tu)∗

f∗

(3.1.8)

where each row is a fiber sequence ([BGV25, Remark 2.7]); hence we have an induced
map ū. Note that the fiber of f∗ at 0 is exactly given by MapC(Y,Fib((f))), hence we have

https://kerodon.net/tag/02FV
https://kerodon.net/tag/02FV
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a homotopy equivalence between MapC(Y,Fib(f)) and MapC−⊗t
nil

(
(Y, 0), (X, f)

)
, which is

given by the dotted arrow in the diagram above. Since (N = 0) is a section of π, we have

u∗ ' u∗ ◦ π ◦ (N = 0) ' π ◦ ū ◦ (N = 0),

which means that (N = 0) ◦ ū is homotopic to the dotted arrow which is a homotopy
equivalence; therefore, ū ◦ (N = 0) is a homotopy equivalence, as desired. ■

Remark 3.1.20 (Nilpotent Operators). The ∞-category C−⊗t
nil is compactly generated by

the essential image of Cω under (N = 0). Thus, compact objects of C−⊗t
nil are nilpotent, i.e,

Nk ' 0 for some k � 0.

If C carries a symmetric monoidal structure, then so does C−⊗t
nil , and all of the above

discussions admit monoidal refinements.
We now apply these constructions to motives. For this, we let K be a complete non-

archimedean field with residue field k. We take C = DA(k) and t = 1(−1), and we denote
DA(k)

−⊗1(−1)
nil by DAN (k).

Proposition 3.1.21. With notations as above, the fiber functor Fib(N) : DAN (k)DA(k) is
monadic and factors through a monoidal equivalence

DAN (k) Mod1⊕1(−1)[−1](DA(k))

DA(k)

Fib(N)

'

forgetful

In particular, a choice of a pseudo-uniformizer $ ∈ OK determines an equivalence of sym-
metric monoidal categories RigDAgr(K) ' DAN (k).

Proof. Note that Alt2(1(−1)) is homotopic to 0 ([Ayo14a, Lemme 11.5] and also [Ayo07b,
Hypothése 3.6.1]), and the adjunction (N = 0) ` Fib(N) satisfies the projection formula
([Ayo14b, Lemme 2.8] and [Rio05]). So this is a special case of [BGV25, Proposition 2.32].
The last assertion follows from Proposition 3.1.13 and Proposition 3.1.18. ■

Remark 3.1.22. After choosing a pseudo-uniformizer of OK , the previous proposition
shows that rigid analytic motive over K with good models can be viewed as motives over
residue field with a χ1-action, but also such motives endowed with monodromy operators.
Under the equivalence in Proposition 3.1.21, we have the following correspondences of
functors:

χ ↭ forgetful ↭ Fib(N)

ξ ↭ free ↭ (N = 0).

Besides these, we have the forgetful functor π : DAN (k) → DA(k), which defines the mo-
tivic nearby cycle functor

Ψ: RigDAgr(K)→ DA(k). (3.1.9)
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§ 3.2 GALOIS-EQUIVARIANT RIGID ANALYTIC MOTIVES

From now on, we restrict ourselves to rigid analytic motives over complete non-archimedean
fields and study the Galois action on these∞-categories, in the sense of Definition 2.1.16.

§ 3.2.1 Galois Actions

Construction 3.2.1. Let L/K be a finite Galois extension of complete non-archimedean
fields with the Galois group Gal(L/K). It is clear that RigDA(L) admits a canonical action
by Gal(L/K) in the sense of Definition 2.1.16. More precisely, we have a functor obtained
by taking the homotopy coherent nerve1

AL/K : B• Gal(L/K)→ CAlg(PrL)

∗ 7→ RigDA(L)

(σ ∈ Gal(L/K)) 7→
(
σ∗ : RigDA(L)→ RigDA(L)

) (3.2.1)

Taking homotopy fixed points, we get a new category RigDA(L)h Gal(L/K) in CAlg(PrL).
We will refer to objects in this new category as Gal(L/K)-equivariant rigid analytic
motives over L.

In the rest of this section, we fix a finite Galois extension L/K of complete non-
archimedean fields with the Galois group Gal(L/K). Let kL/k be the corresponding exten-
sion of residue fields, and assume they’re perfect. We will denote by e : Spa(L)→ Spa(K)

and ē : Spec(kL)→ Spec(k) the corresponding morphisms in the geometric world.
The next lemma shows that the Galois action restricts to an action on the subcategory

of those with good model.

Lemma 3.2.2 ([AGV22, Proposition 3.1.13]). Let e : Spa(L) → Spa(K) and ē : Spec kL →
Spec k be the canonical maps. Consider the two diagrams below:

DA(kL) RigDA(L)

DA(k) RigDA(K)

ξL

ξK

ē∗ e∗ in CAlg(PrL
ω),

DA(kL) RigDA(L)

DA(k) RigDA(K)

ξL

ē♯ e♯

ξK

in CAT∞.

1Indeed, taking the homotopy coherent nerve gives B• Gal(L/K) → CAT∞. Then using [HA, Corollary
2.4.1.9] and the fact that RigDA(K) ∈ CAlg(PrL), we get this functor.
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The first diagram is commutative (up to homotopy), and the second diagram is commutative
if L/K is unramified. In particular, we have restrictions

e∗ : RigDAgr(K)→ RigDAgr(L)

e♯ : RigDAgr(L)→ RigDAgr(K),

where e♯ is well-defined if L/K is unramified.

The Galois group Gal(L/K) acts on RigDAgr(L) naturally thanks to Lemma 3.2.2. In
other words, we have a functor

AL/K,gr : B• Gal(L/K)→ CAlg(PrL)

∗ 7→ RigDAgr(L)

(σ ∈ Gal(L/K)) 7→ (σ∗ : RigDAgr(L)→ RigDAgr(L)).

The natural inclusion RigDAgr(L) ↪→ RigDA(L) defines a natural transformation ι : AL/K,gr →
AL/K , whereAL/K is defined in (3.2.1). Moreover, this makes RigDAgr(L) be aG-subcategory
of RigDA(L) in the sense of Definition 2.1.20. Thus, we deduce from Corollary 2.1.22 that:

Corollary 3.2.3. The inclusion functor induces a fully faithful functor

RigDAgr(L)
h Gal(L/K) ↪→ RigDA(L)h Gal(L/K).

§ 3.2.2 The Galois Descent

Using the Galois descent of rigid analytic motives, we can relate motives over K to
motives over the Galois extension field L.

Proposition 3.2.4. The canonical functor

ẽ∗ : RigDA(K)
'−→ RigDA(L)h Gal(L/K), (3.2.2)

induced by e∗ : RigDA(K)→ RigDA(L), is an equivalence in CAlg(PrL).

Proof. Since the forgetful functor CAlg(PrL)→ PrL is limit-preserving and conservative
(Proposition 2.1.14), and limits in PrL are computed as ∞-categories (Proposition 2.1.1),
it suffices to prove (3.2.2) is an equivalence in CAT∞. In fact, this is a direct consequence
of the étale descent for RigDA(−). We can write B• Gal(L/K) as a colimit of a geometric
realization:

B• Gal(L/K) ' colim
N•(∆)op

S•,

where Sn = Gal(L/K)n, see Lemma 2.1.23. It follows that RigDA(L)h Gal(L/K) can be
identified with the limit of a cosimplicial object X• of PrL, where Xn is a limit of the
induced diagram

Sn → B• Gal(L/K)→ PrL.
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Since Sn is discrete, we have Xn '
∏

σ1,...,σn∈Gal(L/K) RigDA(L). In other words, we have

RigDA(L)h Gal(L/K) ' lim

 RigDA(L)
∏

Gal(L/K)

RigDA(L) · · ·


On the other hand, this is also the Čech nerve of the canonical map

e∗ : RigDA(L)→ RigDA(K).

We therefore deduce from the étale descent (see [AGV22, Theorem 2.3.4 & Remark 2.3.5]).
■

We next study the restriction of the equivalence (3.2.2) to RigDAgr(L)
h Gal(L/K).

Notation 3.2.5. We define RigDAL-gr(K) by the pullback diagram

RigDAL-gr(K) RigDAgr(L)

RigDA(K) RigDA(L)

(3.2.3)

in CAlg(PrL).

Remark 3.2.6. The underlying functor RigDAL-gr(K)→ RigDA(K) is fully faithful and
we can identify (up to equivalence) RigDAL-gr(K) with the full subcategory of RigDA(K)

spanned by those M satisfying e∗M ∈ RigDAgr(L), where e : Spa(L) → Spa(K) is the
structure map. In particular, RigDAgr(K) is a full subcategory of RigDAL-gr(K) thanks
to Lemma 3.2.2.

We will use the identification in Remark 3.2.6 implicitly from now on.

Proposition 3.2.7. The canonical functor RigDAL-gr(K) → RigDAgr(L) factors through
the canonical functor RigDAgr(L)

h Gal(L/K) → RigDAgr(L), and induces an equivalence

RigDAgr(L)
h Gal(L/K)

RigDAL-gr(K) RigDAgr(L)

'

in CAlg(PrL). Moreover, we have a commutative diagram (up to homotopy)

RigDAL-gr(K) RigDAgr(L)
h Gal(L/K) RigDAgr(L)

RigDA(K) RigDA(L)h Gal(L/K) RigDA(L)

'

ẽ∗
'
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in CAlg(PrL), where the middle fully faithful functor is the one in Corollary 3.2.3.

Proof. Using the identification in Remark 3.2.6, the pullback functor e∗ : RigDA(K) →
RigDA(L) restricts to a functor

e∗gr : RigDAL-gr(K)→ RigDAgr(L),

which is also Gal(L/K)-invariant. Therefore, we get a functor

RigDAL-gr(K)→ RigDAgr(L)
h Gal(L/K)

in CAlg(PrL) by the definition of RigDAgr(L)
h Gal(L/K). In fact, it is just the restriction of

the equivalence (3.2.2). This gives the commutative diagram in the last assertion except
for the dotted equivalence.

Since the forgetful functor CAlg(PrL) → PrL is conservative, it suffices to show this
restriction is an equivalence in PrL. As a restriction of an equivalence, it is clearly fully
faithful. It remains to prove the essential surjectivity. LetM be an object of RigDAgr(L)

h Gal(L/K).
Using the equivalence (3.2.2) in Proposition 3.2.4, we can find a (unique) N ∈ RigDA(K)

such that ẽ∗(N) ' M . The commutativity of the diagram shows e∗N ∈ RigDAgr(L), i.e.,
N ∈ RigDAL-gr(K). Therefore, this proves M ' e∗N ∈ RigDAgr(L)

h Gal(L/K). ■

§ 3.2.3 The Compact Generation

Now we study the compact generation of RigDAgr(L)
h Gal(L/K) and give an explicit

description for its compact generators.

Lemma 3.2.8. Let e : Spa(L)→ Spa(K) be the structure morphism.

(1) The restriction of e∗ : RigDA(L)→ RigDA(K) to RigDAgr(L) gives a left adjoint

e∗ : RigDAgr(L)→ RigDAL−gr(K)

of the pullback functor e∗gr : RigDAL-gr(K)→ RigDAgr(L).

(2) Under the equivalence RigDAL-gr(K) ' RigDAgr(L)
h Gal(L/K) in Proposition 3.2.7,

the forgetful functor

ιL : RigDAgr(L)
h Gal(L/K) → RigDAgr(L)

is both left and right adjoint to the restricted functor in (1).

Proof. Let L0 be the finite unramified extension of K inside L with the residue field kL.
Then e : Spa(L)→ Spa(K) factors as Spa(L) t−→ Spa(L0)

e0−→ Spa(K). Since t∗ is an equiv-
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alence by [BKV25, Proposition 3.23], we have a commutative diagram

RigDA(L)

DA(kL) RigDA(L0)

DA(k) RigDA(K)

t∗

ē♯

ξL

ξL0

e0,♯'e0,!'e0,∗

ξK

(3.2.4)

where the square is commutative thanks to Lemma 3.2.2. Then we have

e∗e∗ξL ' e∗ξK ē♯ ' ξLē
∗ē♯. (3.2.5)

This proves (1). For part (2), the forgetful functor ιL corresponds to the pullback functor
e∗ under the identification. Thus, we can deduce from (1). ■

Notation 3.2.9. From now on, we let NmL : RigDAgr(L) → RigDAgr(L)
h Gal(L/K) denote

the left adjoint of the forgetful functor ιL. We call it the norm functor1.

Proposition 3.2.10. The∞-category RigDAgr(L)
h Gal(L/K) is compactly generated. A set of

compact generators is given, up to negative shifts and Tate twists, by NmLξLM(X), where
X runs through proper smooth algebraic varieties over kL.

Proof. Recall that the underlying∞-category RigDAgr(L)
h Gal(L/K) is the limit of

GL/K : B• Gal(L/K)→ CAlg(PrL)→ PrL.

Since each σ∗ is an equivalence, it is also in PrR. In other words, we have a commutative
diagram

B• Gal(L/K) PrL

PrR CAT∞

GL/K

GL/K

So the limit is essentially computed in CAT∞ (see Proposition 2.1.1), and it can be com-
puted in PrR as well.

Now we can conclude from Proposition 2.1.3 since RigDAgr(L) is compactly generated
with a set of compact generators consisting of ξLM(X), where X runs through proper
smooth varieties over kL, see Remark 3.1.17. ■

We give an explicit formula for the Gal(L/K)-equivariant rigid analytic motives with
good model.

1This is suggested due to Proposition 3.2.11 below. See also [HA, §6.1.6] and [HL13] for additional infor-
mation.
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Proposition 3.2.11. For every proper smooth algebraic variety X over the residue field kL

of L, we have an isomorphism

ιLNmL(ξLM(X)) '
⊕
eL/K

ξLM(X),

where eL/K is the ramification index of L/K. In particular, the forgetful functor

ιL : RigDAgr(L)
h Gal(L/k) → RigDAgr(L)

is in CAlg(PrL
ω).

Proof. We use notations in the proof of Lemma 3.2.8. By (3.2.5), we have

ιLNmL(ξLM(X)) ' e∗e∗(ξLM(X)) ' ξLē
∗ē♯M(X).

In fact, we can prove ē∗ē♯M(X) ' ⊕eL/K
M(X). For this, we consider the following Carte-

sian diagrams of schemes:

X̃ X

Spec(l ⊗k l) Spec l

Spec l Spec k

p

f̃ f

ẽ

ẽ ē

ē

where X̃ is the fiber product X ⊗k l. Then ē∗ē♯M(X) 'M(X̃), where, as a kL-scheme, the
structure map of X̃ is ẽ ◦ f̃ . Now let’s prove M(X̃) is the eL/K-copies of M(X):

M(X̃) 'M(X)⊗M(Spec(kL ⊗k kL)).

Under the identification

DA(Spec(kL ⊗k kL)) ' DA(
∐

Gal(kL/k)
Spec kL) '

∏
Gal(kL/k)

DA(kL),

we have

M(X̃) 'M(X)⊗

 ⊕
τ∈Gal(kL/k)

τ∗1

 ' ⊕
τ∈Gal(kL/k)

M(X)⊗ τ∗1

'
⊕

τ∈Gal(kL/k)
τ∗τ

∗M(X) '
⊕

τ∈Gal(kL/k)
M(X).

■
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Corollary 3.2.12. Let L/F/K be finite Galois extensions of complete non-archimedean
fields with residue fields kL/kF /k respectively. There is a fully faithful functor

RigDAgr(F )h Gal(F/K) ↪→ RigDAgr(L)
h Gal(L/K)

and an equivalence

RigDA(F )h Gal(F/K) '−→ RigDA(L)h Gal(L/K)

in CAlg(PrL) such that the following diagram

RigDAF -gr(K) RigDAgr(F )h Gal(F/K) RigDA(F )h Gal(F/K) RigDA(F )

RigDAL-gr(K) RigDAgr(L)
h Gal(L/K) RigDA(L)h Gal(L/K) RigDA(L)

'

∃ '

'

is commutative (up to homotopy), where the right-most vertical functor is the pullback func-
tor. Moreover, the faithful functor above is in CAlg(PrL

ω).

Proof. For finite Galois extensions L/K and F/K, both of them admit an equivalence as
Proposition 3.2.4. Thus, this gives a natural equivalence between RigDA(F )h Gal(F/K)

and RigDA(L)h Gal(L/K), making the right-most square commutative (up to homotopy).
Similarly, using equivalences in Proposition 3.2.7, that is

RigDAF -gr(K) ' RigDAgr(F )h Gal(F/K)

RigDAL-gr(K) ' RigDAgr(L)
h Gal(L/K),

we can get the desired fully faithful functor. Now, as the leftmost, rightmost and outer
squares are commutative, the middle one is also commutative by our constructions.

Finally, let’s show the faithful functor

RigDAgr(F )h Gal(F/K) ↪→ RigDAgr(L)
h Gal(L/K)

preserves compact objects. We let α : Spa(L) → Spa(F ) and β : Spa(F ) → Spa(K) be
obvious structure morphisms. Let X be a proper smooth algebraic variety over kF . We
need to show e∗β∗ξFM(X) ∈ RigDAgr(L). We can deduce from Proposition 3.2.11:

e∗β∗ξFM(X) ' α∗β∗β∗ξFM(X)

' α∗

⊕
eF/K

ξFM(X)


'
⊕
eF/K

ξLM(X ×kF kL) ∈ RigDAgr(L).

(3.2.6)

■
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§ 3.2.4 The Sheafification

We now present the categorical formulation of the fact that every rigid analytic motive
over K has potentially good reduction. This gives the precise form of [AGV22, Theorem
3.7.1] in the case where the base is a field. Under the equivalence

RigDAgr(L)
h Gal(L/K) ' RigDAL-gr(K),

we have a fully faithful functor in CAlg(PrL
ω)

RigDAgr(L)
h Gal(L/K) ↪→ RigDA(K)

for every finite Galois extension L/K. Using Corollary 3.2.12 and taking colimits, we have
a functor

colim
L/K

finite Galois

RigDAgr(L)
h Gal(L/K) → RigDA(K) (3.2.7)

in CAlg(PrL
ω). Now we show this is indeed an equivalence.

Proposition 3.2.13. The functor (3.2.7) is an equivalence in CAlg(PrL
ω). In particular, we

have an equivalence

RigDA(K)ω ' colim RigDAgr(L)
h Gal(L/K)
ω .

Proof. Since the forgetful functor CAlg(PrL
ω) → PrL

ω is conservative and preserves this
filtered colimit (see Proposition 2.1.14), we prove this is an equivalence in PrL

ω. It suffices
to prove the restriction

colim RigDAgr(L)
h Gal(L/K)
ω → RigDA(K)ω

is an equivalence of∞-categories, where the colimit on the left-hand side is taken in Cat∞
(see Proposition 2.1.6). Firstly, since this functor is obtained by taking the colimit of fully
faithful functors

RigDAgr(L)
h Gal(L/K)
ω ' RigDAL-gr(K)ω ↪→ RigDA(K)ω,

it is also fully faithful ([HRS25, Proposition 2.1]). It remains to show it is essentially
surjective. By [Ayo15, Theorem 2.5.34] or [AGV22, Proposition 3.7.17], for every object
M in RigDA(K)ω, we can find a finite separable extension L̃/K such that ML̃ lies in
RigDAL̃-gr(K). So we can takeL as the Galois closure of L̃/K, and thenM lies in RigDAL-gr(K).
In particular, M is given by

∆0 → RigDAgr(L)
h Gal(L/K)
ω → colim RigDAgr(F )h Gal(F/K)

ω → RigDA(K)ω.

This proves the essential surjectivity and completes the proof. ■
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§ 3.3 CHOW WEIGHT STRUCTURES ON MOTIVES

We study (bounded) weight structures on the∞-category of motives. For a scheme X,
the ∞-category DA(X), and for a rigid analytic space S, the ∞-category RigDA(S), are
both stable∞-categories, since they are defined via étale sheaves valued in D(Q).

We begin by recalling the Chow weight structure on algebraic motives, as defined
by Bondarko in [Bon10; Bon14] and independently by Hébert in [Héb11], as well as the
weight structure on RigDAgr(K) induced by the Chow weight structure, as constructed
in [BGV25]. Building on these, and using the Galois descent developed in the previous
section, we can extend this to a good weight structure on RigDA(K), which restricts to a
bounded weight structure on its subcategory of compact objects (see Theorem 3.3.10).

§ 3.3.1 The Chow Weight Structure on Algebraic Motives

We recall the Chow weight structure on algebraic motives over a general base (not
simply a point).

Definition 3.3.1 ([Bon14, Definition 1.1.1]). We say a scheme X is reasonable if it is a
scheme separated and of finite type over a scheme S where S is an excellent noetherian
scheme of dimension ≤ 2.

This technical condition is just used to guarantee the resolution of singularities (c.f.
[dJ97] and [CD19, §4]). Then, when constructing the bounded weight structure, one can
check the generating condition in (2) of Proposition 2.2.17.

Example 3.3.2. Separated schemes of finite type over SpecR, for R a field, a complete
DVR, Dedekind domain with fraction field of characteristic 0, are reasonable schemes ([SP,
Proposition 07QW]).

Proposition 3.3.3. Let S be a reasonable scheme. Define

NS :=
{
f!1X(i)[2i] ∈ DA(S)ω

∣∣ i ∈ Z, f : X → S is proper with X regular
}
.

Then it satisfies the condition in (2) of Proposition 2.2.17. In particular, this gives the
unique bounded weight structure on DA(S)ω whose heart contains NS . Moreover, it can be
extended to a weight structure on DA(S).

Proof. The first assertion follows from [Héb11, Théorème 3.3], and the second one then
follows from Proposition 2.2.24. ■

Definition 3.3.4. Let S be a reasonable scheme. The weight structure in Proposition
3.3.3 is called the Chow weight structure on DA(S). We will use CHOW(S) to denote
its heart and use Chow(S) to denote its restriction to DA(S)ω.

https://stacks.math.columbia.edu/tag/07QW
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In general, the Chow weight structure is not compatible with symmetric monoidal
structure unless the base is a point. The obstruction is the regularity of schemes is an
absolute concept. But if the base is a perfect field, then being regular is equivalent to
saying the structure map is smooth, hence becoming a relative concept in the case.

Corollary 3.3.5 ([Aok20]). Let k be a field. Then the Chow weight structure is compatible
with monoidal structures on DA(k) and DA(k)ω.

Proof. We first assume k is a perfect field. In the case, we can rewrite Nk by

Nk =
{
f!1X(i)[2i] ∈ DA(k)ω

∣∣ i ∈ Z, f : X → k proper smooth
}
.

Then we can show that it is compatible with monoidal structure if restricting to the com-
pact part (using Corollary 2.2.18): let f : X → k, g : Y → k be proper smooth k-schemes.
To consider the pullback square

Z Y

X k

g′

f ′

g

f

then we have
f!1X ⊗ g!1Y ' f!f

∗g!1Y ' f!g
′
!1Z ,

where the first equivalence is due to the projection formula and the second one is proper
base change. In the case, f ◦ g′ is also proper smooth; hence, the tensor above lies in the
heart. Therefore, we conclude this case from the last assertion of Corollary 2.2.25.

Now we pass to the non-perfect case using the semi-separatedness of motives: that is,
we have an equivalence ([Ayo14a, Théorème 1.2])

e∗ : DA(k)→ DA(kperf)

in CAlg(PrL
ω), where kperf is the perfection of k. ■

Using the Chow weight structure and Proposition 2.2.27, we can construct a weight
structure on RigDAgr(K).

Corollary 3.3.6 ([BGV25, Proposition 4.25]). Let K be a complete non-archimedean field
with residue field k. Then RigDAgr(K) has a weight structure w satisfying

(1) the Monsky–Washnitzer functor ξ : DA(k)→ RigDAgr(K) is weight-exact;

(2) the weight structure w is compatible with the monoidal structure on RigDAgr(K).
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Proof. From Proposition 3.1.13, it suffices to define the weight structure on Modχ1(DA(k)).
So we use Proposition 2.2.27. What we need to prove is tensoring χ1 preserves non-
negative weights. Recall that we have an identification (if we choose a pseudo-uniformizer
of Ok, see Proposition 3.1.18)

χ1 ' 1⊕ 1(−1)[−2][1],

and the construction of the Chow weight structure shows χ1 ∈ DA(k)w≥0. Therefore, χ1⊕
− : DA(k)→ DA(k) is right weight-exact thanks to Proposition 3.3.5. So χ1⊗− : DA(k)→
DA(k) is right weight-exact. ■

Remark 3.3.7. Furthermore, assume the field K in Corollary 3.3.6 is algebraically closed,
then we have an equivalence ([AGV22, Theorem 3.7.21])

RigDA(K) ' RigDAgr(K),

So we get a weight structure on the whole category RigDA(K) in the case. In the next,
we will show that we can remove the algebraically closed conditions; see Theorem 3.3.10
and Corollary 3.3.13.

Remark 3.3.8. In fact, the bounded weight structure on RigDAgr(K)ω constructed in
Corollary 3.3.6 is uniquely characterized by the property that the Monsky–Washnitzer
functor ξ : DA(k)ω → RigDAgr(K)ω is weight-exact. More generally, if S is a rigid analytic
space with good reduction, a similar argument shows such a bounded weight structure on
RigDAgr(S)ω exists as well.

On the other hand, if one only assume S has semistable reduction, then the argument
breaks down. The reason is that, in the case, the construction of such a bounded weight
structure relies essentially on the six-functor formalism of motives, whereas the Chow
weight structure is only partially compatible with the six-functor formalism of algebraic
motives; see [Héb11] for further discussion.

§ 3.3.2 A Weight Structure on Rigid Analytic Motives

From now on, we fix a complete non-archimedean field K with perfect residue field k.

Lemma 3.3.9. There is a weight structure wL/K compatible with monoidal structure on
the stable∞-category RigDAgr(L)

h Gal(L/K) such that the forgetful functor

RigDAgr(L)
h Gal(L/K) → RigDAgr(L)

is weight-exact, where the weight structure on the target is given by Corollary 3.3.6. More-
over, equipped with such weight structures, the fully faithful functor in Corollary 3.2.12 is
weight-exact.
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Proof. We use Corollary 2.2.25 to prove this lemma. By Proposition 3.2.10, we only need
to check that, for any X, Y proper smooth varieties over kL, we have

Hom
(
NmLξLM(X),NmLξLM(Y )[i]

)
= 0

for i > 0. By the adjunctions and Proposition 3.2.11, it follows from the negativity of the
heart of the weight structure on RigDAgr(L).

For the compatibility with monoidal structure, it suffices to notice that the adjunction
NmL a ιL satisfies the projection formula from Lemma 3.2.8. Therefore, we have

NmLξLM(X)⊗NmLξLM(Y ) ' NmL

(
ξLM(X)⊗ ιLNmLξLM(Y )

)
'
⊕
eL/K

NmLξLM(X ×kL Y ), (3.3.1)

where the last isomorphism is also due to Proposition 3.2.11, and it is clearly in the heart
by our construction. The weight-exactness is an immediate result of Proposition 3.2.11
and Corollary 2.2.26. Finally, the last assertion follows from (3.2.6). ■

Using the identification in Proposition 3.2.13, we extend the weight structure in Corol-
lary 3.3.6 to the entire category RigDA(K).

Theorem 3.3.10. There is a weight structure w on RigDA(K) satisfying the following
conditions:

(1) it is compatible with monoidal structure;

(2) it restricts to a bounded weight structure on RigDA(K)ω which is compatible with
monoidal structure;

(3) RigDA(K)w≥0 is closed under small colimits;

(4) the natural inclusion RigDAgr(K) ⊆ RigDA(K) is weight-exact, where RigDAgr(K)

is equipped with the weight structure in Corollary 3.3.6. More generally, for any finite
Galois extension L/K, the fully faithful functor

RigDAgr(L)
h Gal(L/K) → RigDA(K)

is weight-exact, where the source is equipped with weight structure wL/K in Lemma
3.3.9.

Proof. For each finite Galois extension L/K, we have proved that RigDAL-gr(K)h Gal(L/K)

is compactly generated by NmLξL(M(X)), where X is proper smooth over kL (Proposition
3.2.10). Under the identification PrL

ω ' (PrR
ω)

op, we deduce that

colim RigDAgr(L)
h Gal(L/K)
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is compactly generated by images of NmLξL(M(X)) in this colimit. We let N be the col-
lection of these objects. In order to use Corollary 2.2.25, it suffices to prove N is negative.
This has been proved in Lemma 3.3.9. In particular, this also shows the fully faithful func-
tors in (4) are weight-exact. Finally, this weight structure is compatible with the monoidal
structure by (3.3.1). ■

Corollary 3.3.11. Let w be the weight structure in Theorem 3.3.10. Let M ∈ RigDA(K).

(1) M ∈ RigDA(K)w≥0 if and only if, for any finite Galois extension L/K and any X/kL

proper smooth, we have Hom(e∗ξL(M(X)),M [i]) ' 0 for all i > 0, where e is the
structure map.

(2) M ∈ RigDA(K)ω,w≤0 if and only if, for any finite Galois extension L/K and any
X/kL proper smooth, we have Hom(M [i], e∗ξL(M(X))) ' 0 for all i < 0, where e is the
structure map.

(3) The heart of w on RigDA(K) (resp. RigDA(K)ω) is the idempotent completion of full
subcategory generated by all possible e∗ξL(M(X)) as above under direct sums (resp.
finite direct sums).

Proof. This is an immediate result of Corollary 2.2.25. ■

Corollary 3.3.12. Let L/K be an extension of complete non-archimedean fields with perfect
residue fields kL/k. Then the pullback functor

e∗ : RigDA(K)→ RigDA(L)

is weight-exact, where e : Spa(L) → Spa(K) is the structure morphism. Furthermore, if
L/K is a finite extension, then

e∗ : RigDA(L)→ RigDA(K)

is also weight-exact.

Proof. We firstly prove e∗ is weight-exact. We prove this using Corollary 2.2.26. We let
F/K be a finite Galois extension with residue field kF and X be a proper smooth variety
over kF . Let α : Spa(F ) → Spa(K) be the structure map. We need to prove e∗α∗ξFM(X)

lies in the heart of the weight structure of RigDA(L):

e∗α∗ξF (M(X)) ' ξLē
∗ᾱ♯M(X) ' ξLM(X ×k kL) ∈ RigDA(L)♥w .

For the weight-exactness of e∗ when L/K is finite, we firstly assume L/K is separable.
As in Lemma 3.2.8, we can know that e∗ is both the left and right adjoint of e∗. There-
fore, we can conclude the weight-exactness of e∗ from the weight-exactness of e∗ thanks
to [Bon14, Proposition 1.2.3 (9)]. In the general case, we can choose the separable closure
L0 of K in L; hence L/L0 is purely inseparable. Thus, we conclude the general case from
[AGV22, Corollary 2.9.11] and the separable case. ■
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We have seen that, if K is algebraically closed, there exists a weight structure (see
Remark 3.3.7). If we replace L by the completion of an algebraic closure of K in Corollary
3.3.12, then we see that the weight structure in Theorem 3.3.10 coincides with that.

Corollary 3.3.13. Let K be a complete non-archimedean field with perfect residue field.
Assume C is its completed algebraic closure. Then the pullback functor

f∗ : RigDA(K)→ RigDA(C)

is weight-exact.



CHAPTER IV

MOTIVIC REALIZATION FUNCTORS

The main goal of this chapter is to compare motivic realizations on rigid analytic mo-
tives. We begin in §4.1 by recalling two derived∞-categories that serve as coefficients for
the motivic realizations defined later in §4.2. We then prove, in §4.4, that these realiza-
tion functors are monoidally equivalent. On the other hand, we show that these motivic
realization functors factor through the weight complex functor associated to the weight
structure given in Theorem 3.3.10. As a consequence, we obtain weight spectral sequences
converging to corresponding cohomology.

Convention. Throughout this chapter, we fix a discretely valued field K over Qp with a
perfect residue field k. Let K̄ be an algebraic closure of K and denote by C its completion.
In particular, the residue field k̄ of C is an algebraic closure of k. By taking rings of Witt
vectors, we denote K0 := FracW (k) and K̆ := FracW (k̄) by the completion of maximal
unramified extensions of Qp in K and C, respectively.

Notation 4.0.1. Let C be an∞-category in PrL
ω (or CAlg(PrL

ω)). If C is equipped with an
endofunctor F : C → C in PrL

ω (or CAlg(PrL
ω)), then we will let CF (resp. CFω ) denote the

equalizer of F and IdC in PrL (resp. PrL
ω).

§ 4.1 DERIVED∞-CATEGORIES OF COEFFICIENTS

We review two kinds of derived ∞-categories that serve as coefficient categories for
motivic realization functors.

§ 4.1.1 The Derived ∞-Category of (φ,N,GK)-Modules

We recall the derived ∞-category of (ϕ,N,GK)-modules (see [Bei13, §1.15], [DN18,
§2.1], [Fon94, §4.2], [FO22, §8.2]).

Definition 4.1.1. Let L/K be a finite Galois extension inside K̄ with the Galois group
GL/K and let kL be the residue field of L. Let L0 = FracW (kL) and σL : L0 → L0 be the
arithmetic Frobenius of L0.

63
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(1) The category ModL0(ϕ,N,GL/K) of (φ,N,GL/K)-modules over L0 is the following
category:

• objects are finite dimensional L0-vector spaces D equipped with

– a semi-linear GL/K-action on D;
– a σL-semi-linear and GL/K-equivariant bijection ϕD : D → D;
– a L0-linear and GL/K-equivariant map ND : D → D satisfying NDϕD =

pϕDND;

• morphisms are L0-linear maps commuting with ϕ, N and GL/K-actions.

(2) If L = K, then the category of (ϕ,N,GL/K)-modules is called the category of (φ,N)-
modules, simply denoted by ModK0(ϕ,N). Moreover, in the case, the full subcate-
gory spanned by those with N = 0 is called the category of φ-modules over K0, and
we will denote it by ModK0(ϕ).

Remark 4.1.2. The category ModL0(ϕ,N,GL/K) is a Qp-linear abelian Tannakian cate-
gory. The tensor products are defined by

(D,ϕDND, ρD)⊗ (E,ϕE , NE , ρE) := (D ⊗K0 E,ϕD ⊗ ϕE , ND ⊗ Id + Id⊗NE , ρD ⊗ ρE)

with the tensor unit K0 with ϕK0 = σK , NK0 = 0, and the canonical GK-action.

Remark 4.1.3. Given a (ϕ,N)-module (D,ϕD, ND), the map ND (called monodromy op-
erator) is nilpotent sinceD is a finite-dimensional vector space. In particular, if dimK0 D =

1, then ND = 0.

Example 4.1.4. (1) For every n ∈ Z, we define the Tate twist K0(n) ∈ModK0(ϕ) by the
one-dimensional K0-vector space K0 with the twisted Frobenius ϕK0(n) = p−nσK .

(2) Let (D,ϕD) ∈ ModK0(ϕ). Then, for every n ∈ Z, we let D(n) denote the tensor
product (D,ϕD)⊗K0(n) in ModK0(ϕ).

(3) With the notation in (2), we can identify (ϕ,N)-modules over K0 with ϕ-modules over
K0 with a morphism N : D → D(−1) in ModK0(ϕ).

Notation 4.1.5. Keeping notations as in Definition 4.1.1, we will denote the bounded de-
rived∞-category of (ϕ,N,GL/K)-modules overL0 byDb

(φ,N,GL/K)(L0) and its Ind-completion
will be denoted by D(φ,N,GL/K)(L0). In particular, we have some special cases:

(1) the derived∞-category D(φ,N)(K0) of (ϕ,N)-modules over K0 when L = K;

(2) and similarly, we have the derived∞-category Dφ(K0) of ϕ-modules over K0.
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If L runs through all possible finite Galois extension of K, then we get

Db
(φ,N,GK)(K̆) := colimDb

(φ,N,GL/K)(L0) in CAlg(Catperf
∞ )

where transition functors are induced by base change, and the Ind-completion of it is
denoted by D(φ,N,GK)(K̆). We will call it the derived ∞-category of (φ,N,GK)-modules
over K. But this ∞-category is indeed the derived ∞-category of discrete (φ,N,GK)-
modules in the sense of Fontaine [Fon94, §4.2.2]; see Remark 4.1.6.

These ∞-categories are presentable stable symmetric monoidal ∞-categories (see
[Dre15, Proposition 3.2], [HA, Corollary 4.8.1.14]).

Remark 4.1.6. In Definition 4.1.1, we did not use the assumption L/K is finite. Thus,
there is a notion of (ϕ,N,GK)-modules defined as in Definition 4.1.1. Let us call them
naive (φ,N,GK)-modules. However, the∞-category D(φ,N,GK)(K̆) introduced above is
not the derived ∞-category of all such naive (ϕ,N,GK)-modules. Rather, as mentioned,
objects of Db

(φ,N,GK)(K̆) defined above are discrete in the sense of Fontaine; that is, they
form a special subclass of naive (ϕ,N,GK)-modules; see [Fon94, n◦ 4.2.2]. More precisely,
a (ϕ,N,GK)-module here is a naive (ϕ,N,GK)-module for which the inertia group IK acts
with open stabilizers. This restriction does not affect the construction of the realization
functors, since these functors always factor through the derived category D(φ,N,GK)(K̆).

Remark 4.1.7. The derived ∞-category of (ϕ,N)-modules is an example of objects with
monodromy operators introduced in §3.1.4: in the case C = Dφ(K0), if we take t = K0(−1),
then we also have a monoidal equivalence ([BGV25, Proposition 2.50])

D(φ,N)(K0) ' Dφ(K0)
−⊗K0(−1)
nil (4.1.1)

where the right-hand side is discussed in §3.1.4.

THE DERIVED ∞-CATEGORY OF (φ,GK)-MODULES

Next we study some variants of Notation 4.1.5, which will be useful later.

Notation 4.1.8. Let L/K be a finite Galois extension. We define

D(φ,GL/K)(L0) := Dφ(L0)
hGL/K

where Dφ(L0) ∈ CAlg(Prst
ω ) is acted on by the Galois group GL/K via the surjection

GL/K ↠ GL0/K0
. As above, let L run through all possible finite Galois extensions; we

can define
D(φ,GK)(K̆) := colimD(φ,GL/K)(L0)

in CAlg(Prst
ω ).
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For a finite Galois extension L/K, let (D,ϕD, ND, ρ) be a (ϕ,N,GL/K)-module over L0.
Then, for each σg ∈ GL/K with image σ̄g ∈ GL0/K0

, the map ρg induced an isomorphism
ρg : D → σ∗

gD ' σ̄∗
gD of (ϕ,N)-modules over L0. Note that the forgetting GL/K-action is

exact, and then we have the forgetful functor

F : D(φ,N,GL/K)(L0)→ D(φ,N)(L0).

For each σg ∈ GL/K , we also denote σ∗
g by the autofunctor of D(φ,N)(L0). Therefore, one

obtains natural transformations F
'−→ σ∗

g ◦ F for all σg ∈ GL/K , and they are compatible
by the multiplication of GL/K (since ρ does). In particular, we get a functor

D(φ,N,GL/K)(L0)→ D(φ,N)(L0)
hGL/K .

Proposition 4.1.9. Let L/K be a finite Galois extension. The natural functor

D(φ,N,GL/K)(L0)
'−→ D(φ,N)(L0)

hGL/K

defined above is an equivalence in CAlg(Prst
ω ). In particular, we get the functor forgetting

monodromy operators

D(φ,N,GL/K)(L0)
'−→ D(φ,N)(L0)

hGL/K → Dφ(L0)
hGL/K = D(φ,GL/K)(L0).

Proof. It suffices to prove by restricting to the bounded parts. We first show that it is fully
faithful. Let D, E be bounded complexes of (ϕ,N,GL/K)-modules. Then, by [DN18, (2.3)],
the mapping space MapDb

(φ,N,GL/K )
(L0)

(D,E) is the homotopy limit of the diagram

MapDb(L0)
(D,E)hGL/K MapDb(L0)

(D,σL,∗E)hGL/K

MapDb(L0)
(D,E)hGL/K MapDb(L0)

(D,σL,∗E)hGL/K

φE,∗−φ∗
D

NE,∗−N∗
D NE,∗−pN∗

D

pφE,∗−φ∗
D

Since limits commute with limits, we know that

MapDb
(φ,N,GL/K )

(L0)
(D,E) 'MapDb

(φ,N)
(L0)

(D,E)h Gal(L/K)

by [DN18, Lemma 2.5] or [Bei13, §1.15]. The full faithfulness follows from Corollary 2.1.19.
The essential surjectivity is deduced from the construction of the functor and the defini-
tion of D(φ,N)(L0)

hGL/K , whose objects are equivalently given by an object in D(φ,N)(L0)

equipped with an action of GL/K satisfying the higher coherence.
Finally, forgetting monodromy operators is compatible with the action of GL/K , hence

forgetful functors are well-defined. ■
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SLOPES AND WEIGHTS OF φ-MODULES

In Example 4.1.4, we have defined n-th Tate twists of ϕ-modules for n ∈ Z. There is a
generalization:

Example 4.1.10 (Simpleϕ-Modules). Let λ ∈ Q with the unique form λ = m/nwithm ∈ Z,
n ∈ Z>0 and gcd(m,n) = 1. We can define a ϕ-module K0(λ) as follows: the underlying
vector space is Kn

0 and the bijection ϕλ : K0(λ)→ K0(λ) is given by

ϕλ(e1, . . . , en) = (e1, . . . , en)Aλ, with Aλ =

(
0 In−1

pm 0

)

where (e1, . . . , en) is the standard basis of Kn
0 . It is not hard to see the characteristic

polynomial of ϕλ is fλ(T ) = (−1)n(Tn − pm). We will refer to the rational number λ as the
slope of K0(λ).

Definition 4.1.11. (1) If k is a finite field with cardinality q = pf , we say a ϕ-module
(D,ϕD) over K0 is pure of weight i if each generalized eigenvalue λ of the D is a
q-Weil number of weight i, i.e it is an algebraic number such that

∣∣σ(λ)∣∣ = qi/2 for
every embedding σ : Q̄ ↪→ C.

(2) If k = F̄p, we say a ϕ-module (D,ϕD) over K0 is pure of weight i if it has a model of
pure weight i over Fq for some q = pf .

We next study the relationship between slopes and weights of ϕ-modules. They will be
used to construct the new filtration on the de Rham–Fargues–Fontaine cohomology; see
Corollary 4.4.5. For this, we fix an algebraic closure l̄ of l. Let L̆ (resp. L0) be the fraction
field of W (l̄) (resp. W (l)).

Lemma 4.1.12. Assume k = Fq with q = pf . Let (D,ϕ) be a pure ϕ-module over K0 of
weight i. If the ϕ-module D̂ = D ⊗K0 K̆ is semi-stable of slope λ, i.e., direct sum of K̆(λ),
then λ = i/2.

Proof. Let ϕ̂ be the Frobenius automorphism of D̂, i.e., ϕ̂ = ϕ⊗ σ. By the assumption, we
can find α ∈ D and µ ∈ K0 such that ϕfα = µα and|µ| = qi/2 for every embedding Qp ↪→ C.
Choose a basis (e1, . . . , ed) of D over K0 such that the matrix of ϕ̂ under the induced basis
(ê1, . . . , êd) is

diag(Aλ, Aλ, · · · , Aλ)

where Aλ is the one in Example 4.1.4. We write α = x1e1 + · · · + xded with xi ∈ K0. Note
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that we have

ϕ̂f (α⊗ 1) = (ê1, . . . , êd)diag(Af
λ, . . . , A

f
λ)


σf (x1)

...
σf (xd)



= (ê1, . . . , êd)diag(Af
λ, . . . , A

f
λ)


x1
...
xd


since xi ∈ K0, hence σf (xi) = xi. On the other hand, we have

ϕ̂f (α⊗ 1) = µ(α⊗ 1) = (ê1, . . . , êd)µ


x1
...
xd

 .

Therefore, µ is also the eigenvalue of Aλ, and then we have

q
i
2 = |µ| = pfλ = qλ,

hence λ = i/2 as desired. ■

Then we can deduce the relation in the algebraically closed case:

Proposition 4.1.13. If (D,ϕD) is a pure ϕ-module over K̆ of weight i, then it is semi-stable
of slope i/2.

Proof. By the assumption, we can find a model (V, ϕV ) of (D,ϕD) over Fq for some q = pf .
Assume

V ∼=
r⊕

j=1

V (αj)

is the slope decomposition as in [BC09, Lemma 8.1.11], i.e., the base change of the de-
composition into K̆ is the Dieudonné–Manin decomposition of (D,ϕD). Since V is pure of
weight i, so is V (αj) for every j. By Lemma 4.1.12, we can know that αj = i/2 for every j,
hence D is semi-stable of slope i/2. ■

§ 4.1.2 Solid Quasi-Coherent Sheaves on Analytic Adic Spaces

It is well known that, due to the example of Gabber ([Con06, Example 2.1.6]), the naive
definition of a quasi-coherent sheaf is ill-behaved in analytic settings. The obstruction to
such a good theory is the topological issues in analytic geometry. To fix this, Andrey-
chev used an approach developed by Clausen and Scholze in [CS19b; CS19a] to provide
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a theory of quasi-coherent sheaves in rigid analytic spaces, which is well-behaved in the
categorical sense. We will give a brief review for that and assume familiarity with the
basic theory of condensed mathematics. For more systematic discussions, we recommend
[CS19b; CS19a].

Before the discussion, we fix our convention on condensed mathematics. As is well
known, certain set-theoretic subtleties arise in the theory of condensed mathematics. For
convenience, we fix an implicit cut-off cardinal U that is a Grothendieck universe. Ac-
cordingly, by a condensed objects, we mean U-condensed object, i.e., a sheaf on U-small
extremally disconnected (compact Hausdorff) spaces. All rings considered in this context
will be assumed to be commutative (not merely associative) and unital. Consequently, any
condensed ring is also assumed to take values of commutative rings.

ANALYTIC RINGS

We first recall the notion of analytic (animated) rings, which constitutes a new ingre-
dient in the foundations of condensed analytic geometry.

Notation 4.1.14. Let Cond(AniRing) denote the ∞-category of condensed animated
rings (defined in [CS19a, §11]) and

(−)◦ : Cond(AniRing)→ CAlg(D≥0(Cond(Ab)))

denote the natural forgetful functor ([Man22, Definition 2.2.16 (b)] and [SAG, Construc-
tion 25.1.2.1, Proposition 25.1.2.2]), where the target category is the ∞-category of com-
mutative ring objects in condensed animated abelian groups. Then for every condensed
animated ring A, we have a stable symmetric monoidal∞-category

D(A) := ModA◦(D(Cond(Ab)))

and its full subcategory D≥0(A) spanned by connective objects, i.e., the pre-stable ∞-
category of animated condensed A-modules.

Definition 4.1.15. An uncompleted analytic animated ring is a pair A = (A▷,D(A))

where A▷ is a condensed animated ring and D(A) is a full subcategory of D(A▷) satisfying
the following properties:

(1) D(A) is stable under small limits and colimits in D(A▷) and D(A) ⊆ D(A▷) is a
reflexive subcategory and we will denote the reflector (the left adjoint of the inclusion
functor) by

−⊗A▷ A : D(A▷)→ D(A);

there is a unique symmetric monoidal structure on D(A▷) such that this reflector is
symmetric monoidal;
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(2) the reflector in (1) sends connective objects to connective objects;

(3) the internal hom HomA▷(M,N) ∈ D(A) for any M ∈ D(A▷) and N ∈ D(A).

Moreover, an analytic animated ring1 is an uncompleted analytic animated ring
A = (A▷,D(A)) such that A▷ ∈ D(A).

Remark 4.1.16. This definition of analytic animated ring is equivalent to [Man22, Defi-
nition 2.3.1] (see also [CS19a, Proposition 12.20]). In fact, given an uncompleted analytic
animated ring A = (A▷,D(A)), we can define A[S] := A▷[S] ⊗A▷ A ∈ D≥0(A) for an ex-
tremally disconnected space S, where A▷[S] ∈ D≥0(A

▷) is the free A▷-modules on S. The
only thing we need to show is the following equivalence:

M ∈ D(A)⇔ HomZ
A▷(A[S],M)

'−→ HomZ
A▷(A

▷[S],M) in D(Z)

here HomZ
A▷ is the D(Z)-enriched hom (because D(A▷) is tensored over D(Z)). Assume

M ∈ D(A). Using (3) in Definition 4.1.15, we know that the internal hom of D(A) agrees
with those in D(A▷); thus we have

HomA▷(A[S],M) ' HomA(A[S],M) ' HomA▷(A▷[S],M).

In particular, we get the isomorphism in D(Z). Conversely, any M making the right-hand
side hold is a colimit of A[T ] for T extremally disconnected ([Man22, Proposition 2.3.2]).
As A[T ] ∈ D(A) and D(A) is stable under colimits in D(A▷), we know that M ∈ D(A).

If we start from an uncompleted analytic animated ring in [Man22, Definition 2.3.1],
then desired properties in Definition 4.1.15 follow from [Man22, Proposition 2.3.2, Propo-
sition 2.3.8].

Definition 4.1.17. A morphism of analytic animated ring f : A → B is given by a
morphism f : A▷ → B▷ of condensed animated ring such that the functor f∗ : D(B▷) →
D(A▷) restricts to a functor D(B)→ D(A).

We denote by AnAniRing the category of analytic animated rings, and its full sub-
category spanned by those having static underlying condensed animated rings will be
denoted by AnRing.

Proposition 4.1.18. Let A = (A▷,D(A)) be an analytic animated ring. Then D(A) is a
compactly generated∞-category with a set of compact generatorsA[S], where S is extremally
disconnected. Moreover, let f : A → B be a morphism of analytic animated rings. Then
f∗ : D(A)→ D(B) is in CAlg(PrL

ω).

Proof. These are [Man22, Proposition 2.3.2, Proposition 2.3.4]. ■
1This is called a normalized analytic animated ring in [CS19a]. We here follow the terminology in [Man22].
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SOLID QUASI-COHERENT SHEAVES

We now turn to the geometric setting. In [And21], Andreychev assigns each complete
Huber pair (A,A+) to an analytic (non-animated) ring (A,A+)□ which is compatible with
the discrete case considered by Clausen and Scholze in [CS19b, Definition 9.1].

Proposition 4.1.19. There is a fully faithful functor

{Complete Huber pairs} ↪→ AnRing
(A,A+) 7→ (A,A+)□.

Proof. The full faithfulness is [And21, Proposition 3.34], and [And21, Proposition 2.16,
Lemma 3.19] shows every (A,A+)□ is static. ■

As in the previous chapter, Huber pairs are always assumed to be complete throughout
the left part of this thesis.

Definition 4.1.20. For a (complete) Huber pair (A,A+), we denote

D□(A,A
+) := D((A,A+)□).

The objects of D□(A,A
+) are called the solid (A,A+)-modules.

The following descent property allows us to define the solid quasi-coherent sheaves
on analytic adic space:

Proposition 4.1.21 ([And21, Theorem 4.1, Theorem 5.41]). Let X be an analytic adic
space. Let AffOpen(X) denote the∞-category of affinoid open subspaces of X. Then

AffOpen(X)op → CAlg(Prst
ω )

U 7→ D□(OX(U),O+
X(U))

ι 7→ ι∗

is a sheaf on X valued in CAlg(Prst
ω ).

Definition 4.1.22. In virtue of Proposition 4.1.21, for every analytic adic space X, we can
define

QCoh(X) := lim
U⊆X

rational open

D□(OX(U),O+
X(U)),

where the limit is taken in CAlg(Prst
ω ).

Remark 4.1.23 (Analytic Stacks). As mentioned earlier, analytic geometry can be modeled
using condensed mathematics. More precisely, Clausen and Scholze construct analytic
stacks by gluing affine pieces given by analytic (animated) rings with respect to the !-
topology, which is finer than the usual analytic topology on (analytic) adic spaces. In
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particular, by Proposition 4.1.19, the category of analytic stacks contains analytic adic
spaces as special cases.

Moreover, every analytic stack admits an∞-category of solid quasi-coherent sheaves
which has six-functor formalism. In the case of adic spaces, this specializes to the category
of solid quasi-coherent sheaves defined in Definition 4.1.22. However, in this thesis, we
will not work with general analytic stacks; instead, we restrict ourselves to analytic adic
spaces. Accordingly, we adopt the direct definition from [And21].

In the next, we fix an affinoid analytic adic space X = Spa(A,A+) and recall the
analytic descent of the full subcategory of perfect complexes. We start from a fully faithful
functor in CATex

∞ ([And21, Lemma 5.7])

dCondA : D(A)→ D(Adisc)

induced by the underline functor where A is equipped with the discrete topology on the
right-hand side. The continuous identity map Adisc → A induces a morphism Adisc → A of
condensed rings. Thus, we get the condensification functor

CondA : D(A)→ D(A)

M 7→ dCondA(M)⊗Adisc A.

Proposition 4.1.24. Let (A,A+) be a sheafy analytic (complete) Huber pair.

(1) The condensification functor CondA : D(A) → D(A) is fully faithful, exact and com-
mutes with filtered colimits. Moreover, it factors through the full subcategoryD□(A,A

+)

of solid (A,A+)-modules.

(2) The condensification functor induces an equivalence between the full subcategory
PerfA of D(A) spanned by perfect complexes and the full subcategory of dualizable
objects in D□(A,A

+). Moreover, the∞-category of perfect complexes satisfies the ana-
lytic descent.

Proof. The part (1) is [And21, Theorem 5.9], and the equivalence in (2) follows from [And21,
Corollary 5.51.1]. The descent property is a result of the equivalence and [And21, Theorem
5.43]. ■

Therefore, the∞-category Perf(X) := Perf(X,OX) of perfect complexes is a full sub-
category of QCoh(X). Moreover, it lies in the full subcategory QCoh(X)ω of compact
objects ([And21, Proposition 5.37]).

§ 4.1.3 Solid Quasi-Coherent Sheaves on the Fargues–Fontaine Curve

Next, we study Definition 4.1.22 in the case where X is the Fargues–Fontaine curve
over Qp.
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Let us recall the basic facts for the Fargues–Fontaine curve. We write Ainf = W (OC♭)

and then get a pre-adic space Spa(Ainf, Ainf) whose analytic part is

Y[0,∞] :=
(
Spa(Ainf, Ainf)

)
an = Spa(Ainf, Ainf) \ {xk̄}.

where xk̄ is induced by Ainf → OC♭ → k̄. This is an analytic adic space ([SW20, Proposi-
tion 13.1.1]) and there is a surjective continuous map ([SW20, §12.2], [FS24, Proposition
II.1.16]) κ :

∣∣∣Y[0,∞]

∣∣∣→ [0,∞] with the following special points

• κ(xC♭) = 0, where xC♭ corresponds to Ainf → OC♭ → C♭;

• κ(xK̆) =∞, where xK̆ corresponds to Ainf →W (k̄)→ K̆.

We will also consider several kinds of open subspaces:

(1) Y(0,∞] := (SpaAinf) \ V (p);

(2) Y[0,∞) := (SpaAinf) \ V ([p♭]);

(3) Y(0,∞) := (SpaAinf) \ V (p[p♭]).

(4) In general, for any sub-intervals I with rational endpoints of [0,∞], we will let YI

denote the interior of the inverse image of I under the radius function κ.

The Frobenius map of Spa(Ainf, Ainf) restricts to an automorphism ϕ of the open subspace
Y(0,∞) satisfying κ ◦ ϕ = pϕ, and the map ϕ induces a properly discontinuous action on it;
hence, one can define the quotient adic space

FF := Y(0,∞)/ϕ
Z.

This quotient space is called the (absolute adic) Fargues–Fontaine curve over Qp.
Now, taking X = FF in Definition 4.1.22, we get the ∞-category QCoh(FF) of solid

quasi-coherent sheaves on the Fargues–Fontaine curve. For us, its full subcategory of
perfect complexes will play a crucial role in this thesis. In fact, these perfect complexes
are indeed well understood by [ALB24, Proposition 2.6]: each E ∈ Perf(FF) is quasi-
isomorphic to a bounded complex of vector bundles. We next recall the computations on
vector bundles on FF and how to relate coefficients in §4.1.1.

THE RELATION TO φ-MODULES

Recall that we can cover Y(0,∞) by YI , where I runs through compact sub-intervals in
(0,∞) with rational endpoints. Here Γ(YI ,O) = BI is defined in [FF18, §1.6, especially
Example 1.6.3]. So we have

Γ(Y(0,∞),O) = lim
I⊆(0,∞)

BI ' B.
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As B is obtained by inverting p in the completion of Ainf[1/p, 1/[p
♭]] with respect to a family

of Gauss norms (c.f. [FF18, §1.6]), there is a natural map K̆ → B induced by the inclusion
W (k̄)→ OC (or equivalently, k̄ → OC♭). Thus, we get a morphism of adic spaces:

e : Y(0,∞) → Spa(K̆) (4.1.2)

which is also compatible with Frobenius morphisms. In particular, the pullback defines a
functor (using similar notation in Notation 4.0.1)

E : Db
φ(K̆) ' Perf(Spa(K̆,OK̆))φ → Perf(Y(0,∞))

φ ' Perf(FF),

where the first equivalence follows from [BGV25, Proposition 2.50] and the last equiv-
alence follows from the analytic descent of perfect complexes, by Proposition 4.1.24. As
we mentioned below Proposition 4.1.24 that each perfect complex is a compact object in
QCoh(FF), we take the Ind-completion of E to extend it into the following functor:

E : Dφ(K̆)→ QCoh(FF) (4.1.3)

in CAlg(Prst
ω ). By the construction, this is exactly the analytic version (using GAGA below)

of the algebraic E-functor defined in [FF18, §8.2.3]. By our conventions on Tate twists of
ϕ-modules (see Example 4.1.4), we define

OFF(1) := E(K̆(1)), (4.1.4)

which agrees with the usual notation on the Fargues–Fontaine curve. Accordingly, as is
standard, we obtain all the twists OFF(λ) for λ ∈ Q.

Remark 4.1.25. We use the natural map K̆ → B to define a ϕ-equivariant morphism
e : Y(0,∞) → Spa(K̆) in (4.1.2). Using the similar argument, we know that Γ(Y(0,∞],O) = B+

(we adopt the notation in [FF18, §1.10]). This gives a morphism ē : Y(0,∞] → Spa(K̆).
In fact, the morphism e can be factorized into the composition of ē with the pullback
ι : Y(0,∞) → Y(0,∞]. In fact, the natural closed immersion c : Spa(K̆)→ Y(0,∞] is a section of
ē.

Remark 4.1.26 (GAGA). The original construction of the Fargues–Fontaine curve is al-
gebraic (e.g. [FF18]) and we have the GAGA theorem for it, i.e. their category of coherent
sheaves are equivalent ([KL15], [Far18], [FS24]) via analytification.

Proposition 4.1.27. Let λ, µ ∈ Q. Then we have the following computations about map-
ping spectra:

π0map(OFF(λ),OFF(µ)) =

0 µ < λ

Bφh=pd µ− λ = d/h, d, h ∈ Z≥0, gcd(d, h) = 1

π−1map(OFF(λ),OFF(µ)) = 0, λ ≤ µ

Proof. This follows from computations in the algebraic case ([FF18, Proposition 5.6.23,
Proposition 8.2.3]) and the GAGA theorem (cf. [FS24, Proposition II.2.7]). ■
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§ 4.2 DE RHAM TYPE REALIZATION FUNCTORS

We review several motivic realization functors defined on rigid analytic motives.

§ 4.2.1 The Relative Overconvergent de Rham Cohomology

We begin with the motivic overconvergent de Rham realization defined in [Vez18;
LBV23], which serves as the source for the other motivic realizations considered later.

We fix an (admissible) analytic adic space1 S over Qp. In [LBV23], authors define, for
each smooth S-dagger space X ([LBV23, Definition 3.3]), a complex RΓ†

dR(X/S)□ in the∞-
category of solid quasi-coherent sheaves QCoh(S), introduced in §4.1.2. This assignment
RΓ†

dR(−/S) satisfies étale descent, B1†-invariance, and sends T1†
S into an invertible object

([LBV23, Corollary 4.37]); thus, it factors through the∞-category of dagger motives over
S (whose definition is similar to étale motives over S):

RΓ†
dR,S : RigDA†(S)→ QCoh(S)op.

Under the equivalence RigDA†(S)
'−→ RigDA(S) ([LBV23, Theorem 3.9], [Vez18, Theorem

4.23], or [EV25, Proposition 2.16]), we get a motivic realization:

RΓ†
dR,S : RigDA(S)→ QCoh(S)op,

called the relative overconvergent de Rham realization. As suggested by the name,
it computes the overconvergent de Rham cohomology of rigid analytic varieties ([Vez18,
Proposition 5.12]). Since this cohomology realization is the key ingredient to define further
realization functors, we recollect its properties, which will be used.

Proposition 4.2.1 ([LBV23, Corollary 4.39, Theorem 4.46]). Let S be a quasi-compact and
quasi-separated admissible adic space over Qp.

(1) The restriction
RΓ†

dR,S : RigDA(S)ω → QCoh(S)op

is symmetric monoidal and compatible with pullback functors f∗ for any morphism
f : S′ → S in AdicQp .

(2) The realization functor RΓ†
dR,S : RigDA(S) → QCoh(S)op sends dualizable motives

to split perfect complexes (see also 4.1.24), and the cohomology groups of RΓ†
dR,S(M)

are vector bundles on S for any dualizable motive M .
1It is a subcollection of analytic adic spaces defined in [LBV23, Definition 2.1], which is used to define adic

étale motives, as explained in Remark 3.1.12.
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There is a special case when S is given by a complete non-archimedean field K; then
each compact motive over S is dualizable (by [Ayo20, Proposition 2.31] and [Rio05]); there-
fore, we can get a covariant realization functor by applying RΓ†

dR to the duals and then
taking the Ind-completion, which, by abuse of notation, will be denoted by

RΓ†
dR,K : RigDA(K)→ D□(K,OK).

In light of Proposition 4.2.1, its restriction to the compact part, the value is taken in Db(K);
in particular, the realization RΓ†

dR,K takes value in D(K), we have the covariant over-
convergent de Rham realization:

RΓ†
dR,K : RigDA(K)→ D(K) (4.2.1)

We will only use this covariant version of overconvergent de Rham realization when the
base is a field.

§ 4.2.2 The Rigid Realization and the Hyodo–Kato Realization

RIGID COHOMOLOGY

As in [Vez18], one can define rigid cohomology directly using overconvergent de Rham
cohomology. Let k be a perfect field of characteristic p > 0, and let K0 = FracW (k).
Composing the (covariant) overconvergent de Rham realization (4.2.1) with the Monsky–
Washnitzer functor (3.1.7), we obtain a realization functor:

RΓrig : DA(k)
ξ−→ RigDA(K0)

RΓ†
dR,K0−−−−−→ D(K0),

which computes the rigid cohomology by [Vez18, Proposition 5.12]. Furthermore, we can
enhance this realization by taking value of ϕ-modules as follows: as RΓrig is compatible
with the Frobenius pullbacks, we have

RΓφ
rig : DA(k)φω → Dφ(K0).

It is left to find the Frobenius enrichment of motives. To this end, the relative Frobenius
([SP, Section 0CC6]) allows us to obtain the following Frobenius enrichment:

ϕrel : DA(k̄)→ DA(k̄)φω (4.2.2)

see also [BGV25, Remark 4.28], [CD16, Proposition 6.3.16] and [AGV22, Theorem 2.9.7].
Here, we adopt Notation 4.0.1. This construction holds for replacing k̄ by any scheme of
characteristic p > 0.

Composing these two functors, we get an algebraic realization taking value of ϕ-
modules, denoted by

RΓrig : DA(k)→ Dφ(K0), (4.2.3)

referred as the rigid realization.

https://stacks.math.columbia.edu/tag/0CC6
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OVERCONVERGENT HYODO–KATO COHOMOLOGY

Now we use the rigid realization (4.2.3) together with the perspective in §3.1.4 to give
a quick definition for the Motivic Hyodo–Kato realization defined in [BGV25].

Note that the image of 1(−1) under the rigid realization (4.2.3) is K̆(−1) by [BGV25,
Remark 4.41, Lemma 4.30]. Then adding the monodromy operators on both sides gives
the (overconvergent) Hyodo–Kato realization over K

RΓϖ
HK,K : RigDAgr(K)→ D(φ,N)(K0), (4.2.4)

here we use identifications RigDAgr(K) ' DAN (k), by Proposition 3.1.21 with a choice of
the pseudo-uniformizer $ ∈ OK , and D(φ,N)(K0) ' Dφ(K0)

−⊗K0(−1)
nil by (4.1.1).

Remark 4.2.2. The Hyodo–Kato realization (4.2.4) coincides with the one in [BGV25, Def-
inition 4.42]. This follows from [BGV25, Proposition 4.46, Theorem 4.53] and definitions.

Note that we define rigid realization and Hyodo–Kato realization by the covariant
overconvergent de Rham realization, which computes the dual of cohomology. Thus, the
next proposition shows the motivic realization RΓHK does compute the duals of Hyodo–
Kato cohomology.

Proposition 4.2.3. Let $ be a pseudo-uniformizer of OK .

(1) We have a monoidal equivalence π ◦ RΓHK,K ◦ ξ ' RΓrig, where π : D(φ,N)(K0) →
Dφ(K0) is forgetting the monodromy. In particular, if k is finite, for any proper smooth
k-variety X, the i-cohomology (or (−i)-homology) of π ◦ RΓϖ

HK ◦ ξ(M(X)∨) is pure of
weight i in the sense of Definition 4.1.11.

(2) Assume k is a finite field. Then the functor RΓϖ
HK,K computes the arithmetic overcon-

vergent Hyodo–Kato cohomology in the sense of [CN20, §5.2.2] if charK = p > 0 or
charK = 0 with $ = p.

Proof. The construction of (4.2.4) shows that we have a monoidal equivalence π◦RΓHK,K '
RΓrig ◦ Ψ, where Ψ: RigDAgr(K) → DA(k) is the motivic nearby cycle functor (3.1.9).
Note that the Monsky–Washnitzer functor ξ is a section of Ψ. Therefore, the monoidal
equivalence is clear. Then the part (1) follows from the Weil conjecture (see [KM74]); and
the part (2) follows from [BGV25, Corollary 4.58] and [BKV25, Proposition 3.30]. ■

Notation 4.2.4. In light of Proposition 4.2.3 (2), we will adopt the notation

RΓHK,K : RigDAgr(K)→ D(φ,N)(K0)

for RΓϖ
HK,K when charK = p > 0 or charK = 0 with $ = p. In other words, when we use

this abbreviation, we have already chosen a specific pseudo-uniformizer.
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Remark 4.2.5. When defining the Hyodo–Kato realization functor, we have to fix a pseudo-
uniformizer $ ∈ OK . Different choices of $ only affect the behavior of the monodromy op-
erators in the Hyodo–Kato realization. In particular, if K is a local field, this dependence
is solely on the valuation of $ in K. For further details, we refer to [BGV25, Remark 4.18].

§ 4.2.3 Motives on the Fargues–Fontaine Curve

Before giving the de Rham–Fargues–Fontaine realization, we recall the spreading-
out result of motives on the Fargues–Fontaine curve from [LBV23, §5] and then get a
“pullback” functor RigDA(C♭) → RigDA(FF). The composition of this “pullback” with
the overconvergent de Rham realization on rigid analytic motives on FF will give the de
Rham–Fargues–Fontaine realization; see the next subsection.

We have seen that there are two special points, xC♭ and xK̆ , on the Fargue-Fontaine
curve. In the next, we will denote them by x0 and x∞, respectively. For r ∈ Q>0, we have
open neighborhoods U0,r = Y[0,r] and U∞,r = Y[r,∞] for x0 and x∞ respectively. Then, for
each r ∈ Q>0, we have morphisms:

j0,r : U0,r ↪→ U0,pr, j∞,r : U∞,r → U∞,r/p

ϕ0,r : U0,r
'−→ U0,pr, ϕ∞,r : U∞,r

'−→ U∞,r/p.

Then we can define endofunctors for RigDA(U⋆,r) with ? ∈ {0,∞}:

ι⋆r,♯ = ϕ∗
⋆r ◦ j⋆r,♯, ι⋆r,∗ = ϕ∗

⋆r ◦ j⋆r,∗
ι∗0,r = (ϕ−1

0,r/p)
∗ ◦ j∗0,r/p, ι∗∞,r = (ϕ−1

∞,pr)
∗ ◦ j∗∞,pr,

and let Y0, Y∞ denote Y[0,∞) and Y(0,∞] respectively. We next use the convention in Notation
4.0.1

With notations above, we have the following spreading-out results from either x0 or
x∞:

Proposition 4.2.6. Let ? ∈ {0,∞} and r ∈ Q>0.

(1) The pullback along x⋆ ↪→ U⋆,r induces an equivalence in CAlg(PrL
ω):

colim
(

RigDA(U⋆,r)
ι∗⋆r−−→ RigDA(U⋆,r)

ι∗⋆r−−→ · · ·
)

'−→ RigDA(x⋆).

(2) The pullbacks along U⋆,r ↪→ Y⋆ induces an equivalence in CAlg(PrL):

RigDA(Y⋆)
'−→ lim

(
· · · ι∗⋆r−−→ RigDA(U⋆,r)

ι∗⋆r−−→ RigDA(U⋆,r)

)
(3) We have equivalences in CAlg(PrL):

RigDA(x⋆)
φω ' (colim

ι∗⋆r
RigDA(U⋆,r))

ι∗⋆rω ' RigDA(U⋆,r)
ι∗⋆rω

RigDA(Y⋆)
φ ' (lim

ι∗⋆r
RigDA(U⋆,r))

ι∗⋆r ' RigDA(U⋆,r)
ι∗⋆r .
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(4) The pullbacks along the closed embeddings x⋆ ↪→ Y⋆ induce equivalences in CAlg(PrL
ω):

RigDA(Y⋆)
φω '−→ RigDA(x⋆)

φω .

(5) The pullback defines an equivalence in CAlg(PrL)

RigDA(FF) ' RigDA(Y(0,∞))
φ ' RigDA(Y(0,∞))

φω .

Proof. The proof of [LBV23, Proposition 5.3] works in both cases. ■

Corollary 4.2.7. Let e : Y(0,∞) → Spa(K̆) defined in (4.1.2). Then we have a commutative
diagram

RigDA(K̆)φω RigDA(Y(0,∞))
φω

RigDA(Y(0,∞])
φω

e∗

'
j∗

in CAlg(PrL
ω), where vertical equivalence is 4.2.6 (4) and the functor j∗ is the pullback

along the inclusion.

Proof. Recall from Remark 4.1.25, the morphism e has a factorization

e : Y(0,∞)
ι−→ Y(0,∞]

ē−→ Spa(K̆,OK̆),

and the closed immersion c : Spa(K̆,OK̆)→ Y(0,∞] is a section of ē. Thus, the commutativ-
ity follows from

e∗ ◦ c∗ ' ι∗ ◦ ē∗ ◦ c∗ ' ι∗ ◦ (ē ◦ c)∗ ' ι∗.

■

In order to define the spreading-out functor, we need an analytic analogue of the
Frobenius enrichment, similar to (4.2.2). Let S be a perfectoid space in Adick̄; there is a
functor

RigDA(S)→ RigDA(S)φω

where the right-hand side is the equalizer of Id and ϕ∗
S in CAlg(PrL

ω), defined by the
relative Frobenius (see [LBV23, Corollary 2.26], [AGV22, Corollary 2.9.11]). Now using
Proposition 4.2.6 and the pullback RigDA(Y[0,∞))→ RigDA(Y(0,∞)), we get a functor

D0 : RigDA(C♭)→ RigDA(FF)

defined by
RigDA(C♭) RigDA(FF)

RigDA(C♭)φω RigDA(Y(0,∞))
φ

RigDA(Y[0,∞))
φω RigDA(Y[0,∞))

φ

D0

'

' j∗
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in CAlg(PrL). We will refer to it as the spreading-out functor from x0.
We end this subsection by comparing the spreading out from x0 and from x∞. How-

ever, one of the crucial points to define the spreading-out functor from x0 is the Frobenius
enrichment RigDA(C♭) → RigDA(C♭)φω , which is natural in characteristic p > 0. In
characteristic 0, we will use an alternative way to enrich into the ϕ-equivariant motives:

Composing the Monsky-Washinitzer functor and (4.2.2), we get

DA(k̄)
φrel−−→ DA(k̄)φω

ξK̆−−→ RigDA(K̆)φω .

By again applying Proposition 4.2.6 and imitating the construction of D0, we obtain a
functor

D̄∞ : DA(k̄)→ RigDA(K̆)φω → RigDA(FF)

in CAlg(PrL). These allow us to compare spreading out from x0 and x∞:

Proposition 4.2.8. We have a monoidal equivalence D0 ◦ ξC♭ ' D̄∞ in CAlg(PrL).

Proof. We use the equivalence DA(k̄) ' FDA(W (O♭
C)), where W (O♭

C) is equipped with the
(p, [p♭])-adic topology, here p♭ ∈ O♭

C is a pseudo-uniformizer. Then we have a commutative
diagram (up to homotopy)

DA(k̄) DA(k̄)φω RigDA(K̆)φω RigDA(FF)

FDA(W (O♭
C)) FDA(W (O♭

C))
φω RigDA(Y[0,∞])

φω

φrel

' '

where the top row from left to right is the functor D̄∞. Therefore, it suffices to show the
bottom functor

FDA(W (O♭
C))→ RigDA(Y[0,∞])

φω → RigDA(FF)

is equivalent to D0 ◦ ξC♭ . This is just [LBV23, Proposition 5.11]. ■

§ 4.2.4 The de Rham–Fargues–Fontaine Realization

We are now in a position to define the de Rham–Fargues–Fontaine realization. We
will define it as a covariant functor, and so we use the same trick when defining the
covariant overconvergent de Rham realization. Recall that the spreading-out functor
D0 : RigDA(C♭) → RigDA(FF) (defined in §4.2.3) is in CAlg(PrL) and it sends com-
pact objects to dualizable objects; on the other hand, the overconvergent de Rham re-
alization sends the dualizable motives to perfect complexes, which are compact as solid
quasi-coherent sheaves. Therefore, by taking duals, we get the covariant functor

RigDA(C)ω ' RigDA(C♭)ω
D0−−→ RigDA(FF)dual

RΓ†
dR,FF−−−−−→ QCoh(FF)ω,
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where the first equivalence is the motivic tilting equivalence. Its Ind-completion will be
denoted by

RΓFF : RigDA(C)→ QCoh(FF), (4.2.5)

called the de Rham–Fargues–Fontaine realization.
In other words, the de Rham–Fargues–Fontaine cohomology is the overconvergent de

Rham cohomology of the spreading-out motive from x0. In fact, it is computed by the rigid
cohomology:

Proposition 4.2.9. We have an equivalence RΓFF ◦ ξC ' E ◦ RΓrig in CAlg(PrL
ω), where

E : Dφ(K̆)→ QCoh(FF)

is defined in (4.1.3).

Proof. As tilting equivalence of rigid analytic motives is compatible with Monsky–Washnitzer
functors ([Vez19b, Corollary 3.9]), we can prove for replacing C by C♭. By Proposition 4.2.8,
it suffices to show we have an equivalence

RΓ†
dR,FF ◦ D̃∞ ' E ◦ RΓrig.

in CAlg(PrL
ω). To this end, we use the identifications QCoh(FF) ' QCoh(Y(0,∞))

φω and
RigDA(FF) ' RigDA(Y(0,∞))

φω , and prove the equivalence above by restricting to the
compact part. Now it suffices to show E◦RΓ†,φω

dR,K̆
' RΓ†,φω

dR,Y(0,∞)
◦ e∗ on RigDA(K̆)φω

ω , where
e∗ is the pullback of motives along the morphism defined in (4.1.2). This can be deduced
from the commutativity of the following diagram:

RigDA(K̆)φω
ω Db

φ(K̆)

RigDA(Y(0,∞])
φω
ω QCoh(Y(0,∞])

φω
ω

RigDA(Y(0,∞))
φω
ω QCoh(Y(0,∞))

φω
ω

e∗ E

'

The middle squares are commutative due to Proposition 4.2.1 (1), and the left-most part
is commutative due to Corollary 4.2.7, whose proof also works to show the commutativity
of the right-most part. ■

§ 4.3 THE WEIGHT SPECTRAL SEQUENCE

In the section, we apply Theorem 3.3.10 to give weight filtrations of Hyodo–Kato coho-
mology H i

HK(X) of smooth quasi-compact rigid analytic spaces X over K. More precisely,
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we will use the weight complex functor, see Construction 2.2.21, to construct a spectral se-
quence and deduce the weight filtration on the Hyodo–Kato realizations of compact rigid
analytic motives over K. This can be regarded as the p-adic analytic analogue1 of the
weight spectral sequence studied in [RZ82] for rigid analytic spaces. Notably, we do not
assume the existence of any formal models.

Following Theorem 3.3.10, we use w to denote the weight structure on RigDA(K)

whose heart is simply denoted by HK . In particular, the weight complex functor gives a
symmetric monoidal functor

W• : RigDA(K)ω →Kb(hHK),

We begin by showing how to enhance the Galois action on the Hyodo–Kato realization
from [BKV25, Corollary 3.35].

Construction 4.3.1. We have a realization, denoted by RΓari
HK

RigDA(K) ' colim RigDAgr(L)
hGL/K → colimD(φ,N)(L0)

hGL/K ' colimD(φ,N,GL/K)(L0)

' D(φ,N,GK)(K̆),

where the first equivalence is Proposition 3.2.13 and the second equivalence is Proposition
4.1.9. Furthermore, we can forget monodromy operators:

RΓ
(φ,GK)
HK : RigDA(K)→ colimD(φ,N)(L0)

hGL/K → colimD(φ,GL/K)(L0) ' D(φ,GK)(K̆).

(4.3.1)

From now until the end of this section, we assume k is a finite field.

Lemma 4.3.2. The realization functor (4.3.1)

RΓ
(φ,GK)
HK : RigDA(K)ω → Db

(φ,GK)(K̆)

factors through the weight complex functor W• : RigDA(K)ω →Kb(hHK).

Proof. In the proof, we will simply write RΓHK for RΓ
(φ,GK)
HK and use Map(φ,GK) or Mapφ

to denote the mapping spaces between (ϕ,GK)-modules or ϕ-modules, respectively. By
[BGV25, Corollary 3.30] and Corollary 3.3.11 (3), it suffices to check that, for any finite
Galois extensions L/K and L′/K and any proper smooth varieties X over kL and Y over
kL′ , we have

πiMap(φ,GK)(RΓHK(e∗ξLM(X)), e′∗ξL′M(Y )) ' 0 (4.3.2)

for i > 0. The construction (4.3.1) shows that RΓHK(e∗ξLM(X)) is the image of RΓHK,L(e
∗e∗ξLM(X))

under the canonical functor

D(φ,GL/K)(L0)→ D(φ,GK)(K̆).

1The semi-stable reduction case is already treated in [BGV25].
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We first compute in Db
(φ,GL/K)(L0):

RΓHK,L(e
∗e∗ξLM(X)) '

⊕
eL/K

RΓHK,L(ξLM(X)) (4.3.3)

where the equivalence follows from Proposition 3.2.11. Now let F/K be a finite Galois
extension containing both L and L′. Note that the canonical functor D(φ,GL/K)(L0) →
D(φ,GK)(K̆) factors throughD(φ,GF/K)(F0). This, together with (4.3.3), yields that RΓHK(e∗ξLM(X))

is the image of ⊕
eL/K

RΓHK,F (ξFM(XkF ))

in D(φ,GK)(K̆); and the similar fact holds for M(Y ). Therefore, we have in D(φ,GF/K)(F0)

πiMap(φ,GF/K)(RΓHK,F (ξFM(XkF )),RΓHK,F (ξFM(YkF )))

πiMapφ(RΓHK,F (ξFM(XkF )),RΓHK,F (ξFM(YkF )))
hGF/K ' 0

for i > 0, where the vanishing follows from [BGV25, Example 3.31] together with Proposi-
tion 4.2.3. Since this holds for arbitrary such finite Galois extension F over K, this proves
(4.3.2) holds. ■

Proposition 4.3.3. Let M be a compact motive in RigDA(K). There is a convergent spec-
tral sequence starting at the first page and degenerating at the second page:

E1
pq(M) = HqRΓ

(φ,GK)
HK (WpM)⇒ Hp+qRΓ

(φ,GK)
HK (M),

where the differential maps are induced by differential maps in the weight complex. In
particular, we have a (finite) increasing filtration on HnRΓ

(φ,GK)
HK (M) whose i-th graded

piece is pure of weight i − n. Moreover, the filtration is stable under GK-action, and the
monodromy induces a map

grWi HnRΓ
(φ,GK)
HK (M)→ grWi−2HnRΓ

(φ,GK)
HK (M)(−1).

Proof. The naive truncation gives a filtration

· · · → τ≤i−1W•M → τ≤iW•M → τ≤i+1W•M

for W•M . Applying the functor F , we get a filtration on RΓ
(φ,GK)
HK (M). Then, using the

spectral sequence [HA, Proposition 1.2.2.14], we get the desired spectral sequence. For
the degeneracy, it suffices to look at the underlying morphisms between ϕ-modules (us-
ing Corollary 2.1.19). As ϕ-modules, each term E1

pq is pure of weight −q by Proposition
4.2.3 and (4.3.3). Thus, on the second page, each differential map E2

pq → E2
p−2,q+1 is a

morphism of ϕ-modules with different weights, and hence it vanishes. As a consequence,
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the∞-term E∞
pq is pure of weight −q, which is the p-th graded of the induced filtration on

Hp+qRΓ
(φ,GK)
HK (M).

For last assertion, the GK-action is clear. We need to prove for the monodromy opera-
tor. As M is compact, Proposition 3.2.13 shows that the motive M lies in a full subcategory
RigDAgr(L)

hGL/K for some finite Galois extension L of K. As we proved, the fully faithful
functor

RigDAgr(L)
hGL/K
ω ↪→ RigDA(K)ω

is weight-exact (Theorem 3.3.10 (4)). Therefore, the weight complex W•M of M comes from
the weight complex of M in RigDAgr(L)

hGL/K . The proof of Lemma 4.3.2 also proves that
the realization

RΓ
(φ,GL/K)

HK,L : RigDAgr(L)
hGL/K
ω → Db

(φ,GL/K)(L0)

factors through the weight complex of wL/K (Lemma 3.3.9). Therefore, the spectral se-
quence associated toM is the image of the spectral sequence associated toM in RigDAgr(L)

hGL/K .
It suffices to restrict to this full subcategory and prove the monodromy induces the desired
map between graded pieces. The realization

RΓHK,L : RigDAgr(L)
hGL/K → D(φ,N,GL/K)(L0)

is obtained by applying the GL/K-homotopy fixed points functor to the Hyodo–Kato real-
ization on RigDAgr(L). Thus, we have a commutative diagram

RigDAgr(L)
hGL/K
ω Kb(hHL/K) Db

(φ,GL/K)(L0) Db
(φ,N,GL/K)(L0)

RigDAgr(L)ω Kb(hHchow
L ) Db

φ(L0) Db
(φ,N)(L0)

(−)L

WL
•

wL
•

where WL
• is the weight complex functor with respect to wL/K and wL

• is the weight com-
plex functor with respect to the weight structure induced by the Chow weight structure
(Corollary 3.3.6). Note that the weight spectral sequence of M on RigDAgr(L)

hGL/K is
given by

E1
pq = HqRΓ

(φ,GL/K)

HK,L (WL
p M)⇒ Hp+qRΓ

(φ,GL/K)

HK,L (M).

We need to show the monodromy operator on HnRΓHK,L(M) induces a map

griHnRΓ
(φ,GL/K)

HK,L (M)→ gri+2HnRΓ
(φ,GL/K)

HK,L (M)(−1).

For this, it suffices to look at their underlying ϕ-modules. In other words, the spectral
sequence becomes

E1
pq = HqRΓHK,L(w

L
p (ML))⇒ Hp+qRΓHK,L(ML)
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which is exactly the weight spectral sequence associated to ML studied in [BGV25, Ex-
ample 4.35, 4.36], where it is already shown that the monodromy operator induces a map
from the i-th graded piece to the (i+ 2)-th graded piece. ■

Remark 4.3.4. The spectral sequence in Proposition 4.3.3 is formulated homologically,
but it can be translated into a cohomological version. Throughout this thesis we adopt
the homological index convention, as it is more natural and convenient in the context of
stable∞-categories, where the pervasive use of homotopy-theoretic structures makes the
homological perspective more suitable.

If we take M to be a motive associated to a smooth quasi-compact rigid analytic space
over K, then we get the weight filtration on the Hyodo–Kato cohomology H i

HK(X) by the
fact that H i

HK(X) = H−iRΓ
(φ,GK)
HK (M(X)∨) because we take duals to get the covariant co-

homology realizations.

Corollary 4.3.5 (Weight Filtrations for Rigid Analytic Spaces). Let X be a smooth quasi-
compact K-rigid analytic space. Then, for each i, the (overconvergent) Hyodo–Kato coho-
mology H i

HK(X) admits a finite increasing filtration FilWk H i
HK(X) stable under GK-action

whose k-th graded piece is pure of weight i+k, and the monodromy induces a map grWk H i
HK(X)→

grWk−2H
i
HK(X).

Remark 4.3.6. The filtration in Corollary 4.3.5 is referred as the weight filtration of
the Hyodo–Kato cohomology H i

HK(X). In [BGV25], the authors constructed it for a special
case where X admits semi-stable reduction, which can be regarded as the p-adic analytic
analogue of the weight filtration defined by Rapoport-Zink in [RZ82] for `-adic cohomology
of algebraic varieties. In contrast, we do not assume the existence of formal models of X,
and we prove that our weight filtration is stable under the Galois action.

This filtration is closely related to Deligne’s weight-monodromy conjecture. Indeed,
it satisfies the conditions for Deligne’s weight filtration as formulated in [Del70; Del74]
and partially satisfies those for the monodromy filtration in [Del74]. More precisely, the
only missing piece is whether the monodromy operator induces an isomorphism

Nk : grWk H i
HK(X)→ grW−kH

i
HK(X). (4.3.4)

From this perspective, if the morphism in (4.3.3) is an isomorphism, then the p-adic weight-
monodromy conjecture holds.

§ 4.4 COMPARISONS OF REALIZATION FUNCTORS

In the section, we compare the Hyodo–Kato realization with the de Rham–Fargues–
Fontaine realization. Furthermore, we provide Galois refinements for both realizations
and show that, in the refined setting, the comparison isomorphism is unique.
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§ 4.4.1 Monoidal Comparisons of Realization Functors

We now consider motivic realization functors defined on RigDA(C). The first is the
de Rham–Fargues–Fontaine realization (4.2.5), and the second is the Hyodo–Kato real-
ization obtained by replacing K with C in (4.2.4). More precisely, we have the Hyodo–Kato
realization functor:

RΓHK,C : RigDA(C) ' RigDAgr(C)→ D(φ,N)(K̆),

where the first equivalence on the left is given by [AGV22, Theorem 3.7.21.]. To compare
these two realization functors, we enhance the Hyodo–Kato realization functor by the
functor E : Dφ(K̆)→ QCoh(FF) (see (4.1.3)), so that both functors land in the same target
category. More precisely, this yields a functor in CAlg(Prst

ω )

EN : D(φ,N)(K̆)→ Dφ(K̆)
E−→ QCoh(FF)

where the first functor is forgetting1 the monodromy operator.

Theorem 4.4.1. There is a unique (up to homotopy) functor F : RigDA(C) → QCoh(FF)

in CAlg(Prst
ω ) satisfying F ◦ ξC ' E ◦RΓrig. In particular, we have an equivalence RΓFF '

EN ◦ RΓHK in CAlg(Prst
ω ).

Proof. The Monsky–Washnitzer functor ξC : DA(k̄)→ RigDA(C) and the functor E◦RΓrig

define two objects RigDA(C) and QCoh(FF) in CAlg(Prst
ω )DA(k̄)/−. To show the unique-

ness of F , it suffices to compute

π0MapCAlg(Prst
ω)DA(k̄)/−

(
RigDA(C),QCoh(FF)

)
(4.4.1)

We now identify RigDA(C) with Modχ1(DA(k̄)) and use the identifications

χ1 ' 1⊕ 1(−1)[−1] ' S(1(−1)[−1])

in Proposition 3.1.18 and Example 2.3.1. Applying Proposition 2.3.3, we know that (4.4.1)
is computed by

π0MapQCoh(FF)(F (1(−1))[−1],OFF) ' π0MapQCoh(FF)(E ◦ RΓrig(1(−1))[−1],OFF)

' π0MapQCoh(FF)(OFF(−1)[−1],OFF)

' Ext1(OFF(−1),OFF) ' 0,

where the last equivalence is Proposition 4.1.27.
For the last assertion, it follows from the compatibilities of these two functors with

the rigid realization; see Proposition 4.2.3 and 4.2.9. ■
1In fact, the vector bundles associated to (φ,N)-modules only depend on the underlying φ-modules, see

[FF18, Proposition 10.3.3].
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Remark 4.4.2. In defining the Hyodo–Kato realization RΓHK,C , we have chosen the canon-
ical pseudo-uniformizer p of OC . In fact, different choices of pseudo-uniformizer only
change the monodromy operators. However, after applying the E functor, they yield the
same solid quasi-coherent sheaves on FF. Therefore, the comparison result in Theorem
4.4.1 is independent of the choice of pseudo-uniformizer.

Remark 4.4.3 (Space of Comparison Isomorphisms). The previous theorem shows that
we can find a monoidal natural equivalence between the de Rham–Fargues–Fontaine re-
alization and the Hyodo–Kato realization. But this natural equivalence is not unique.
Indeed, there is a big space of choices for the monoidal natural transformations:

π1MapCAlg(Prst
ω)DA(k̄)/−

(RigDA(C),QCoh(FF)) ' π0Map(OFF(−1),OFF) ' Bφ=p.

A NEW FILTRATION FOR VECTOR BUNDLES OVER FF

As an application of this comparison result, we can get a new filtration on the vector
bundles arose as the de Rham–Fargues–Fontaine cohomology.

As in the previous section, we use the bounded weight structure w on RigDA(C)ω '
RigDAgr(C)ω in Theorem 3.3.10, whose heart will be denoted by HC . Then we have the
weight complex functor

W : RigDA(C)ω →Kb(hH).

As a consequence of Theorem 4.4.1, we know that the de Rham–Fargues–Fontaine
realization factors through the weight complex functor on RigDA(C):

Corollary 4.4.4. The de Rham–Fargues–Fontaine realization on the compact motives over
C factors through the weight complex functor. In other words, we have a commutative
diagram

RigDA(C)ω Perf(FF)

Kb(hH)

RΓFF

W
R̃ΓFF

in CAlg(Catex
∞).

Proof. By [BGV25, Theorem 4.53, Corollary 4.54], we know that the functor

RigDA(C)ω
RΓHK−−−→ Db

(φ,N)(K̆)→ Db
φ(K̆)

has already factored through the weight complex functor. So we conclude from the com-
parison in . ■
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Corollary 4.4.5. For every compact rigid analytic motive M over C, there is a convergent
spectral sequence starting from the first page and degenerating at the second page:

E1
pq = HqRΓFF(WpM)⇒ Hp+qRΓFF(M)

where W•M is the weight complex of M . In particular, HnRΓFF(M) has a finite increasing
filtration Fil• whose i-th graded piece is of slope (i− n)/2.

Proof. This spectral sequence is a special case of [HA, Proposition 1.2.2.14] applied to
the naive filtration of the weight complex W•M by truncations. We are left to show it
degenerates at the second page and the slopes of E2

pq.
From Corollary 3.3.6, each WpM has a form of ξCYp where Yp is a Chow motive over

k̄. Using Proposition 4.2.9, we know that

HqRΓFF(WpM) ' E(HqRΓrig(Yp))

where HqRΓrig(Yp) is of weight−q by Proposition 4.2.3. Thus, HqRΓFF(WpM) has the slope
of−q/2 by Proposition 4.1.13 since E preserves the slopes by our definition of Tate twists of
ϕ-modules. Therefore, E2

pq is also of slope −q/2; hence the differential map E2
pq → E2

p−2,q+1

vanishes by Proposition 4.1.27. This proves that the spectral sequence degenerates at the
second page. In particular, the i-th graded piece of the induced filtration on HnRΓFF(M)

is E∞
i,n−i ' E2

i,n−i, whose slope is (i− n)/2. ■

Given a motive M over C, we put Hi
FF(M) := H−iRΓFF(M

∨). In the special case where
M is the associated motive of a smooth quasi-compact rigid analytic space over C, we write
it simply by Hi

FF(X).

Corollary 4.4.6. Let X be a smooth quasi-compact rigid analytic variety over C. Then,
for each n ≥ 0, the vector bundle Hn

FF(X) has a finite increasing filtration Fil• whose i-th
graded piece is of slope (i+ n)/2.

Remark 4.4.7. The filtration in Corollary 4.4.6 is a new filtration on the vector bundles
on the Fargues–Fontaine curve, different from the Harder-Narasimhan filtration as slopes
are increasing. Even more, the set of slopes with respect to this new filtration does not
agree with the set of Harder-Narasimhan slopes.

§ 4.4.2 The Uniqueness of Comparison Equivalences

As mentioned in Remark 4.4.3, the comparison natural isomorphism

RΓFF ' EN ◦ RΓHK

is not unique, and the possible choices form a big space. To obtain a unique good com-
parison isomorphism, we keep track of the Galois actions. More precisely, we consider
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the∞-category of GK̆-equivariant solid quasi-coherent sheaves on the Fargues–Fontaine
curve; here GK̆ = Gal(C/K̆) is the absolute Galois group of K̆.

We firstly define this∞-category as follows: the action ofGK̆ onAinf = W (OC♭) induces
an action on the Fargues–Fontaine FF by its construction. Thus, pullbacks along this
Galois automorphisms give a GK̆-action on FF, which induces a GK̆-action on the ∞-
category QCoh(FF). In other words, we have a functor

B•GK̆ → CAlg(Prst
ω )

∗ 7→ QCoh(FF)

(g ∈ GK̆) 7→ (σ∗
g : QCoh(FF)→ QCoh(FF)).

(4.4.2)

We then define the ∞-category of GK̆-equivariant solid quasi-coherent sheaves on
FF as the limit of the diagram above.

Next, we explain how to enhance the target of RΓFF and En ◦ RΓHK.

FROM φ-MODULES TO QCoh(FF)hGK̆

We can enrich the target of E defined in (4.1.3): the definition of the morphism e

defined in (4.1.2) shows e is stable under GK̆ , and the Frobenius map is compatible with
GK̆-action; that is, for every g ∈ GK̆ , we have e ◦ σg = e and ϕ ◦ σg = σg ◦ ϕ. Therefore,
this implies that, for each g ∈ GK̆ , there is a functor σ∗

g : Perf(Y(0,∞))
φ → Perf(Y(0,∞))

φ

and E is stable under these functors, i.e., σ∗
g ◦ E ' σ∗

g . Thus, we get a refinement of E in
CAlg(Prst

ω )

Eari : Dφ(K̆)→ QCoh(FF)hGK̆ (4.4.3)

Clearly, the underlying solid quasi-coherent sheaves of Eari are given by the functor E. As
before, we define Eari

N := Eari ◦ π.

THE REFINEMENT OF THE DE RHAM–FARGUES–FONTAINE REALIZATION

To get a Galois refinement of the de Rham–Fargues–Fontaine realization, we have
to enhance each rigid analytic motive over C into a GK̆-equivariant rigid analytic motive
over C. To this end, we start from the natural functor

RigDAgr(K̆)→ RigDA(C)hGK̆ (4.4.4)

induced by the base change functor RigDAgr(K) → RigDA(C), here RigDA(C)hGK̆ is
the limit of the GK̆-action on RigDA(C). More precisely, the action of GK̆ on C yields a
GK̆-action on RigDA(C) that is a functor

B•GK̆ → CAlg(Prst
ω )
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sending the point to RigDA(C), similarly to (4.4.2), and RigDA(C)hGK̆ is the limit of this
diagram. Since the base change RigDAgr(K̆)→ RigDA(C) is stable under thisGK̆-action,
we obtain (4.4.4).

On the other hand, since C/K̆ is totally ramified, the base change RigDAgr(K̆)
'−→

RigDAgr(C) is an equivalence by [BKV25, Proposition 3.23], and the latter category is
equivalent to RigDA(C) via the natural embedding, as shown in [AGV22, Theorem 3.7.21].
Thus, the composite functor RigDAgr(K)

'−→ RigDA(C) is indeed an equivalence of ∞-
categories. Replacing RigDAgr(K̆) by RigDA(C) via this equivalence, we get a Galois-
enhanced functor

α : RigDA(C)→ RigDA(C)hGK̆ . (4.4.5)

Remark 4.4.8. The intuition of (4.4.5) is that, for every rigid analytic motive M over
C, we can find a unique (up to homotopy) model M̃ in RigDAgr(K); that is, we have an
isomorphism M ' M̃C which gives the natural GK̆-action on M .

More generally, let F/L be a Galois extension of complete non-archimedean fields
with residue fields kF and kL respectively. Let IF/L be the inertial group of this extension.
Using the same argument, we can obtain an inertial enrichment:

RigDAgr(F )→ RigDAgr(F )h IF/L .

Here the GF/L-action (hence IF/L-action) on RigDA(F ) can be restricted to RigDAgr(F )

due to [AGV22, Proposition 3.1.13].

Lemma 4.4.9. The composite functor RigDA(C)
α−→ RigDA(C)hGK̆ → RigDA(C), where

α is defined in (4.4.5) and the second map is the canonical projection, is the identity functor
(up to homotopy).

Proof. This follows from the commutativity of the following diagram

RigDAgr(K̆) RigDA(C)hGK̆

RigDA(C) RigDA(C)

' .

■

Note that the de Rham–Fargues–Fontaine realization

RΓFF : RigDA(C)
D0−−→ RigDA(Y(0,∞))

φω → QCoh(FF)

is compatible with GK̆-actions. Then taking GK̆-homotopy fixed points, we get an en-
hanced realization functor:

RΓari
FF : RigDA(C)

α−→ RigDA(C)hGK̆
RΓ

h G
K̆

FF−−−−−→ QCoh(FF)hGK̆ (4.4.6)
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In light of Lemma 4.4.9, the new realization functor RΓari
FF computes the de Rham–Fargues–

Fontaine realization of motives over C, and it also can be compared with the Galois-
enriched rigid realization:

Theorem 4.4.10. (1) There is a unique (up to a unique natural isomorphism) functor

F : RigDA(C)→ QCoh(FF)

in CAlg(Prst
ω ) such that F ◦ ξC ' Eari ◦ RΓrig, where Eari is defined in (4.4.3).

(2) There are canonical monoidal equivalences

Eari
N ◦ RΓHK ◦ ξC ' Eari ◦ RΓrig

RΓari
FF ' Eari ◦ RΓrig.

In particular, RΓari
FF and Eari

N ◦ RΓHK are two objects in CAlg(Prst
ω )DA(k̄)/− via these

monoidal equivalences.

(3) There is a unique monoidal natural isomorphism RΓari
FF ' Eari

N ◦RΓHK in CAlg(Prst
ω )DA(k̄)/−.

Proof. (1) The proof is similar to Theorem 4.4.1: we have a homotopy equivalence

MapCAlg(Prst
ω)DA(k̄)/−

(RigDA(C),QCoh(FF)hGK̆ ) 'MapQCoh(FF)
h G

K̆
(OFF(−1)[−1],OFF).

Since QCoh(FF) is Q-linear, the space is connected, and the fundamental group
of this space is (BGK̆ )φ=p (see also Remark 4.4.3), which is 0 by [FF18, Corollaire
10.2.8].

(2) After identifying RigDA(C) with RigDAgr(K̆), Theorem 4.4.1 shows we have a com-
mutative diagram

RigDAgr(K̆) RigDA(C)

Dφ(K̆) QCoh(FF)

'

π◦RΓHK,K̆ RΓFF

E

The right vertical functor is compatible with the GK̆-action, and the action fixes
the left vertical functor; thus, this gives an equivalence RΓari

FF ' Eari ◦ π ◦ RΓHK
in CAlg(Prst

ω ). By the definition, we clearly have

Eari
N ◦ RΓHK ◦ ξC ' Eari ◦ RΓrig.

(3) This is a direct consequence of (1) and (2).
■
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Remark 4.4.11. As we seen, the monodromy operator of Hyodo–Kato realization played
no role throughout: we assign a solid quasi-coherent sheaves on the Fargues–Fontaine
curve via the underlying ϕ-modules. In [FF18, §10.3], Fargues and Fontaine gave a direct
construction

ẼN : D(φ,N)(K̆)→ QCoh(FF)hGK̆ (4.4.7)

with a natural isomorphism pr◦Eari◦π '−→ pr◦Eari
N , where pr : QCoh(FF)hGK̆ → QCoh(FF)

is the canonical projection; see [FF18, §10.3.2, (4)]. However, this natural isomorphism is
not compatible with the base change of QCoh(FF) along the GK̆-action we defined here.

Remark 4.4.12. Using the Galois-enriched comparison in Theorem 4.4.10, we can also
know it factors through the weight complex functor factors. So we have a refinement of
Corollary 4.4.5; in other words, the finite filtration is also compatible with the GK̆-action.

§ 4.4.3 The Fargues–Fontaine Cohomology via the Décalage Functor

There is another Fargues–Fontaine cohomology, defined via the Décalage functor, was
originally defined by Le Bras in [LB18] and later developed by Bosco using condensed
mathematics in [Bos23b].

In the final part of this section, we show that this cohomology is motivic—that is, it
extends to a functor on RigDA(C). Le Bras previously showed that it is defined on the
∞-category of effective motives RigDAeff(C) in [LB18].

We firstly give a quick review of the definition of Fargues–Fontaine cohomology de-
fined in [LB18; Bos23b].

Let I be a compact sub-interval of (0,∞) with rational endpoints. Then we have a
Qp-Banach space BI , the global section of the open subspace YI of FF. For every smooth
rigid analytic variety (resp. dagger variety) X over C, Bosco defined in [Bos23b, Definition
2.38, Proposition 2.42] a solid (BI ,Z)-module RΓBI

(X), in the sense of Definition 4.1.20,
via the décalage functor; see also [Bos23b, Definition 6.12, Remark 6.13]. This is called
the BI -cohomology of X.

Proposition 4.4.13. For every compact sub-interval I ⊆ (0,∞), the BI -cohomology of dag-
ger varieties over C extends to a functor

RΓBI
(−) : RigDA(C) ' RigDA†(C)→ D□(BI ,Z)op,

where RigDA†(C) is the∞-category of dagger motives over C, as defined in [Vez18; LBV23],
and the first equivalence is given by [Vez18, Theorem 4.23].

Proof. Let FSch†,ss
OC

denote the category of semi-stable weak formal schemes over OC , as
in [CN20, §2.3.1]. Then for every X ∈ FSch†,ss

OC
, by [Bos23b, (4.50) together with Remark

6.13], there is a natural isomorphism

RΓBI
(Xrig†) '

(
RΓHK(X

rig†)⊗□
K̆
Blog,I

)N=0
, (4.4.8)
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where Blog,I is the condensed period ring defined in [Bos23b, Definition 2.27] by taking
X = Spa(C) and Xrig† is the dagger generic fiber of X; see [LM13]. We will deduce the
BI -cohomology

X 7→ RΓBI
(Xrig†)

has the rig-étale descent and A1-invariance from the comparison (4.4.8). Indeed, as shown
in [BKV25, Proposition 3.8], the overconvergent Hyodo–Kato cohomology

X 7→ RΓHK(X
rig†)

has the rig-étale descent and A1-invariance. Thus, the A1-invariance is immediate. For
the rig-étale descent, we need to show (−⊗□

K̆
Blog,I)

N=0 commutes with descent limits. This
can be deduced from [Bos23a, Corollary A.67 (ii)] together with [Bos23b, (3.16)], where the
assumptions hold in our case due to the finiteness of overconvergent Hyodo–Kato cohomol-
ogy and [Bos23a, Corollary A.50].

It remains to prove the T -stability: it suffices to compute H1
BI

(G†
m). Using (4.4.8) and

[Bos23b, Lemma 7.6]—where finiteness of overconvergent Hyodo–Kato cohomology plays
a role—we know that

H1
BI

(G†
m) ' H1

HK(Gm,k̄0)⊗K̆ BI ' BI ,

is invertible in D□(BI ,Z).
Finally, as in [BKV25, Proposition 3.8], we can apply the dagger analogue1 of [BKV25,

Proposition 2.32] to conclude the result. ■

By the comparison (4.4.8) and the boundedness, see [Bos23b, Theorem 3.14 (ii)], of
the Hyodo–Kato cohomology, we know that the motivic realization in Proposition 4.4.13
restricts to

RΓBI
: RigDA(C)ω → Db

□(BI ,Z)op.

Therefore, as before, we get the covariant version of this motivic realization

RΓBI
: RigDA(C)→ D□(BI ,Z)

in CAlg(PrL
ω) by taking duals.

To get the new Fargues–Fontaine cohomology from the BI -cohomology, we need a
new E-functor rather than (4.1.3); see also constructions in [FF18, Chapter 10] and [FF14,
§7.6].

We recall this construction from [LB18, §5] and [Bos23b, §6.2]. Using the functor in
Proposition 4.1.19, for every compact sub-interval I ⊆ (0,∞) with rational endpoints, we
have a morphism of analytic rings

(BI ,Z)□ → (BI , B
+
I )□.

1The proof there also holds thanks to [CN20, Proposition 2.13].
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This yields a functor in CAlg(PrL
ω)

CoAd(SolidB) := lim
I⊆(0,∞)

D((BI ,Z)□)→ lim
I⊆(0,∞)

QCoh(YI) ' QCoh(Y(0,∞))

where the source category is called the∞-category of coadmissible solid modules over
B and the last equivalence is the analytic descent of solid quasi-coherent sheaves. On the
other hand, there is a Frobenius autofunctor on CoAd(SolidB) induced by morphisms

ϕI : (BI ,Z)□ → (BpI ,Z)□,

which are compatible with the Frobenius map on QCoh(Y(0,∞)). Thus, taking the Frobe-
nius invariant, we obtain a functor taking values in solid quasi-coherent sheaves on the
Fargues–Fontaine:

EB : CoAd(Mod□
B)

φω → QCoh(Y(0,∞))
φω ' QCoh(FF) (4.4.9)

in CAlg(Prst
ω ), which preserves nuclear and perfect complexes ([Bos23b, Proposition 6.8]).

As shown in [Bos23b, Lemma 6.14], the family of motivic realization functors (re-
stricted to compact parts) RΓBI

are compatible with inclusions and Frobenius maps be-
tween BI ’s. This leads to a realization functor

RigDA(C)→ CoAd(SolidB)
φω .

F∗ is induced by composing with F , and F ∗ sends C⊗ → E⊗ to D⊗⊗C⊗ E⊗. The composition
of it and EB in (4.4.9) gives a new motivic Fargues–Fontaine cohomology::

R̃ΓFF : RigDA(C)→ QCoh(FF) (4.4.10)

which is in CAlg(PrL
ω) since it sends compact motives into perfect complexes on the Fargues–

Fontaine curve by [Bos23b, Theorem 6.17 (i)].
This motivic Fargues–Fontaine cohomology (4.4.10) agrees (non-canonically) with the

de Rham–Fargues–Fontaine cohomology by their comparison with the Hyodo–Kato coho-
mology:

Proposition 4.4.14 (Comparison of Fargues–Fontaine Cohomology Theories). There is a
monoidal equivalence RΓFF ' R̃ΓFF in CAlg(Prst

ω ).

Proof. By [Bos23b, Theorem 6.17], there is a natural isomorphism R̃ΓFF ' EN ◦ RΓHK.
Therefore, we conclude from the comparison in Theorem 4.4.1. ■
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