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The ancients, in their contemplation of the heavens and the earth,
the mountains and rivers, the trees and living creatures,

often attained deep insight—ijor their seeking was profound

and touched all things. The world’s most wondrous sights

lie in perilous and distant places, where few have ever set foot.



ABSTRACT

In this thesis, we study weight structures and p-adic cohomology theories for smooth
rigid analytic spaces in the motivic context. The work consists of two independent compo-
nents.

The first part concerns about weight structures, a powerful tool for studying motives
introduced by Bondarko. More precisely, we construct a bounded monoidal weight struc-
ture on compact rigid analytic motives over a complete non-archimedean field K, using
Galois descent. This extends the weight structure on rigid analytic motives with good re-
duction studied in [ 1. In particular, the full subcategory of compact rigid analytic
motives over K admits a symmetric monoidal functor, called the weight complex functor,
landing in a stable co-category of bounded chain complexes.

The second part establishes a comparison between two p-adic cohomology theories
for smooth rigid analytic spaces over C,, the completed algebraic closure of QQ,. Specifi-
cally, we prove that, for adic étale motives over C,, the vector bundles on the Fargues—
Fontaine curve arising from their Hyodo—Kato cohomology coincide with their de Rham—
Fargues—Fontaine cohomology. The latter provides an overconvergent refinement of crys-
talline vector bundles, albeit constructed on the generic fiber. This equivalence is for-
mulated in the setting of symmetric monoidal oo-categories and respects the full mo-
tivic structure. Moreover, we enrich both realizations with Galois actions, obtaining G@p-
equivariant solid quasi-coherent sheaves on the Fargues—Fontaine curve; in this equivari-
ant setting, the comparison equivalence becomes canonical. In addition, we show that the
Fargues—Fontaine cohomology defined via the décalage functor is also motivic and agrees
with the de Rham-Fargues—Fontaine cohomology through their mutual comparisons with
Hyodo—Kato cohomology.

Combining these two aspects, we construct two spectral sequences converging to the
Hyodo—Kato cohomology of smooth quasi-compact rigid analytic spaces over Q, (without
reduction assumptions) and to the de Rham—Fargues—Fontaine cohomology of such spaces
over C,. In particular, for a smooth quasi-compact rigid analytic space over Q, (resp. over
C,) and each i > 0, its i-th Hyodo—Kato cohomology (resp. de Rham—-Fargues—Fontaine
cohomology) admits a finite increasing filtration. For the Hyodo—Kato case, this filtration
is the weight filtration in the sense of Deligne; for the de Rham—Fargues—Fontaine case,
this is a new type of filtration, distinct from the Harder—Narasimhan filtration.
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CHAPTER |

INTRODUCTION

We begin by introducing the background relevant to the topics addressed in this the-
sis, which consists of two independent components.

Throughout the introduction, we fix a complete non-archimedean field K over Q,,
with a perfect residue field k. Let K be an algebraic closure of K, and let C = K be its
completion, whose residue field is denoted by k. These choices determine two rings of Witt
vectors, Ky = Frac W (k) and K = Frac W (k).

§ 1.1 RiciD ANALYTIC MOTIVES

Throughout this thesis, we adopt the language of motives—that is, we study motives
associated to geometric objects rather than the geometric objects themselves. The motiva-
tion is straightforward: the (co-)categories of motives often exhibit better formal properties
than the corresponding category of geometric objects. In particular, a key advantage is
that the category of motives is equipped with Grothendieck’s six-functor formalism (see
[ ; ; D.

The construction of the co-category of rigid analytic motives over K begins with the
étale site (RigSm/, ét), where RigSm/ is the category of smooth rigid analytic spaces
(see §3.1.1 for a discussion of various models for rigid analytic geometry) over K. The
oo-category of rigid analytic motives, denoted by RigDA(K), is defined by inverting B!-
homotopies and Tate objects in the oo-category of étale sheaves valued in derived Q-
modules over RigSm,:

RigDA(K) := Shve(RigSm ., D(Q)) | (B'-homotopy, TK)—l]

where T is the Tate object, encoding the first cohomology of the rigid analytic torus T} =
Spa(K <X i1>). As shown in [ ], this co-category is stable, compactly generated, and
carries a symmetric monoidal co-category structure. In other words, it is an object in
CAlg(Pr).

Similarly, one can construct the co-category of algebraic motives over k and of formal
motives over O . The main difference lies in the type of homotopy to be inverted: for these
two categories, one inverts A!-homotopy instead of B!-homotopy. Let DA(k) and FDA (O )

1



CHAPTER 1. INTRODUCTION 2

denote these two categories, respectively. More generally, the same construction applies
over arbitrary bases: given a rigid analytic space S (resp. a scheme X, a formal scheme
X), we obtain the co-categories of rigid analytic motives over S (resp. algebraic motives
over X, formal motives over X).

Rigid Analytic Motives with Good Reduction

We next continue to focus on the base given by K. There are two remarkable relation-
ships among algebraic motives and rigid analytic motives, studied in [ ; 1;
see also §3.1.3 and §3.1.4.

Given a formal scheme X over O, we can associate it to a scheme over the residue field
k, given by its special fiber X,; on the other hand, we can take the adic generic fiber
X,, of X, which is a rigid analytic space over K. The progress here induces two functors

Sm,; <—(:)i FSmy (—_l"—> RigSm /.

By the constructions of motives, we have two functors between categories of motives:

DA(k) <~ FDA(0x) 2% RigDA(K). (1.1.1)
A theorem of Ayoub ([ , Theorem 3.1.10] or [ , Corollaires 1.4.24, 1.4.29]) shows

that the first functor is an equivalence of co-categories. Intuitively, it allows us to lift
motives over residue field £ to a formal model over Ok, and this lifting is canonical (up
to homotopy). Taking the adic generic fiber of this lifting yields a symmetric monoidal
functor

¢: DA(k) — RigDA(K) (1.1.2)

called the Monsky-Washnitzer functor.

Modules in algebraic motives The cohomological motive M"(G,,) of the multiplica-
tive group G,,, defines a commutative algebra object in DA(k). Taking modules over
this commutative algebra, the resulting category Mod e (g, ) (DA(k)) embeds into
the category of rigid analytic motives over K. In other words, a refinement of the
Monsky—Washnitzer functor (1.1.2) gives a fully faithful functor

g: MOndoh(Gm) (DA(k)) — RigDA(K)

The essential image of this functor is often referred to as the co-category of rigid
analytic motives with good reductions, denoted by RigDA,, (K). As a result, we
have an equivalence

Mod,un g, ) (DA(K)) ~ RigDA,,(K) (1.1.3)

of co-categories.
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This full subcategory also admits an equivalent description: it is a full subcategory
of RigDA(K) generated under small colimits by motives M (%%d) associated to the
adic generic fibers of smooth formal scheme X over Ox. However, contrary to what
its name might suggest, this category contains not only motives associated to rigid
analytic space over K with good reduction but also those with semistable reduction.

Algebraic motives with monodromy operators Besides realizing rigid analytic mo-
tives with good reduction as an algebraic motive over k equipped with a M (G,,)-
action, there is another approach that interprets them as algebraic motives with an
additional structure. Specifically, let DAy (k) be the co-category of algebraic motives
with monodromy operators. Informally, objects in DAy (k) are pairs (M, N: M —
M(—1)) consisting of an algebraic motive M over k and a morphism N from M to
its (—1)-Tate twist. When M is compact, then the operator N is nilpotent. After
choosing a pseudo-uniformizer @ € O, there is an identification

DAy (k) ~ RigDA,(K). (1.1.4)

Different choices of pseudo-uniformizer may affect the resulting monodromy opera-
tor. Typically, we take the canonical choice @ = p.

These two perspectives, from algebraic motives to rigid analytic motives, allow us to
study the latter using methods from algebraic geometry.

Rigid Analytic Motives has Potentially Good Reduction

As shown in [ , Theorem 3.3.3], the full subcategory RigDA,, (K) provides a
tool to study the entire category RigDA(K'). More precisely, every compact rigid analytic
motive becomes of good reduction after a finite extension, by [ , Theorem 2.5.34]
or [ , Proposition 3.7.17]. In particular, the full subcategory of compact analytic
motives can be described as a “union” of rigid analytic motives with good reductions up to
finite Galois extensions: there is an equivalence in CAlg(PrL)

RigDA(K) ~ colim RigDA, .(K) (1.1.5)

where L runs through finite Galois extensions of K and RigDA, ,,(K) is the full sub-
category of RigDA(K) spanned by those rigid analytic motives whose base change to
L lies in RigDA,, (L). By Galois descent, the full subcategory RigDA, ,.(K) is equiva-
lent to the co-category of Gal(L/K)-equivariant rigid analytic motive over L, denoted by
RigDA,, (L)hGal(L/K);

Proposition 1.1.1 (Proposition 3.2.7). The canonical base change functor induces an equiv-
alence
RigDA, .(K) = RigDA,, (L)rGal(E/K)
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in CAlg(Prk).

(L)hGal(L/K) g obtained by taking the homo-

More precisely, the category RigDA,,
topy fixed points of the Gal(L/K)-action on RigDA,,(L). It is a compactly generated oc-

category with explicit description for compact generators:

Proposition 1.1.2 (Proposition 3.2.10, Proposition 3.2.11). The co-category RigDA,, (L)h Gal(L/K)
is compactly generated with a set of compact generators of the form Nmp..&r, (M (X)), where

X runs through proper smooth varieties over the residue field kj, of L, and the functor Nmy,

is the left adjoint of the forgetful functor .y, : RigDAgr(L)hGal(L/ K RigDA,,(L). More-

over, the underlying motive of Nmp. &1 (M (X)) is given by

I Nm(ELM (X)) ~ @) LM (X

€L/K
where ey, is the ramification index of L/ K.

Using the identification (1.1.5) provided by Proposition 1.1.1, we obtain the following
explicit version of [ , Theorem 3.3.3]:

Proposition 1.1.3 (Proposition 3.2.13). We have an equivalence in CAlg(PrL)
RigDA(K) ~ colim RigDA, (L) @2/ %)

where L runs through finite Galois extensions of K.

The Inertial Galois Enrichment of Rigid Analytic Motives

The equivalences (1.1.3) and (1.1.5) also hold in more general settings. For instance,
they remain valid after replacing K by C. In particular, there is a full subcategory RigDA,, (C)
consisting of rigid analytic motives with good reduction over C. Since C is algebraically
closed, the equivalence (1.1.5) implies that the inclusion functor RigDA,,.(C) = RigDA(0)
is an equivalence.

On the other hand, this field shares the same residue field k with K := Frac W (k).

In light of (1.1.3), there is an equivalence RigDAgT(_f( ) =~ RigDA, (C). Furthermore,
these two categories can be identified in a more canonical way: the inclusion functor
RigDA,, (K () = RigDA,, (C) is an equivalence, thanks to [ , Proposition 3.23 (2)].

These observations show that the base change functor

RigDA,,(K) = RigDA(C) (1.1.6)

is an equivalence. The intuition of this equivalence is that every rigid analytic motive M
over C' admits a unique (up to isomorphism) model M € RigDA,, (K). Thus, the motive
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M carries a canonical action by the Galois group G ;. = Gal(C/ K). In other words, under
the equivalence (1.1.6), rigid analytic motives over C naturally acquire a G ;;-enrichment:

a: RigDA(C) ~ RigDA_,(K) — RigDA(C)"“x (1.1.7)
where the last functor is induced by the base change. The G j;-enrichment enables us to

equip the coefficients of the motivic realization on RigDA(C) with a G ;;-action.

§ 1.2 FARGUES—-FONTAINE COHOMOLOGY THEORY

A central development in the geometrization of p-adic Hodge theory and the local
Langlands correspondence is the introduction of the Fargues-Fontaine curve. In this
thesis, however, we focus primarily on the role of the Fargues—Fontaine curve in p-adic
Hodge theory, especially in the cohomological comparisons between various p-adic real-
izations of rigid analytic varieties.

We first recall the geometrization of certain results in [ ]in terms of the Fargues—
Fontaine curve. Let FF := FF, o be the absolute (adic) Fargues—Fontaine curve. In
[ 1, Bhatt-Morrow-Scholze introduced and studied several p-adic cohomology theo-
ries: let X be a proper smooth formal scheme over the ring of integers O¢ of C, then we
have the following cohomology:

* the p-adic étale cohomology RI'¢;(X¢,Z,) of the rigid analytic generic fiber X of X;
* the crystalline cohomology R crys(X7/W (k)) of the special fiber X} of X;

* a new cohomology theory RI¢ys(Xc/ B;R) for the rigid analytic generic fiber;

* anew cohomology theory RI'4_.(X).

Let us consider them on the Fargues—Fontaine curve. Let i > 0. Then the p-adic
étale cohomology H, ét(%(;, Qp) yields a trivial semistable vector bundle &, := H, ét(%c, Qp)®
Opr of slope zero. As shown in [ , Theorem 1.7], the crystalline BJR-cohomology
His(Xc/Bgg) is a finite free Bj;-module and compares with H, (X¢, Q,) after base change
to Bgg. In other words, H,.(Xc/Bjy) is a Bjp-lattice inside H, (X, Qp) © Bar. From the
perspective of B-pairs, this comparison yields a modification of the trivial vector bundle
&o at the distinguished point x¢ of FF. More precisely, this defines a vector bundle &; on
the Fargues—Fontaine curve, together with an isomorphism

L2 EOlFR\ {20} = E1/FR\ {20}

The modification of &; at z¢ is exactly given by the crystalline Bj,-lattice H.y.(Xc/Bgg)-
By Fargues’ theorem (see, for example, [ , Theorem 14.1.1]), this modification
corresponds to a o-module over A;,¢, which is in fact given by Hilmf(%) defined in [ 1.
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The comparison with the crystalline cohomology H,.(X7/ W (k))in[ , Theorem 1.8]
shows that the modification &, is isomorphic to &(Hg,y(X5/W (k))[1/p], ¢), where the func-
tor € sends ¢-modules over K to vector bundles on the Fargues—Fontaine curve as defined
by Fargues and Fontaine. Therefore, the crystalline cohomology can be reconstructed from
cohomological data on the rigid generic fibers. Taken together with the work of Colmez-

Niziol [ ; ], these results motivate the following conjecture:
Conjecture ([ , Conjecture 1.13], [ , Conjecture 6.4]). There exists a motivic
cohomology’

Rlpr: RigDA(C), — Perf(FF)

sending smooth quasi-compact rigid analytic varieties X over C to perfect complexes on
the Fargues—Fontaine curve; in other words, each cohomology Hip(X) is a vector bundle
on the Fargues—Fontaine curve. It is required to satisfy the following properties:

(1) the pullback z;RI'rp(X) to the distinguished point is isomorphic to the overconver-
gent de Rham cohomology RI‘ER(X );

(2) the complete stalk of RI['rp(X) at z¢ recovers the overconvergent Bjy-cohomology
RTGrys (X/Bip);

(3) if X admits a semistable (weak) formal model X, then RI'rr(X ) agrees with the vector
bundle associated to the log-rigid cohomology of the special fiber X, in the sense of
[ ]; see next part for a more precise discussion.

From now on, we refer to such cohomology as a Fargues-Fontaine cohomology.
Next, we will see there are two versions of this cohomology, constructed via different ap-
proaches. Before proceeding further, it is important to note that such cohomology can
extend to the entire category of motives by using Clausen and Scholze’s condensed math-
ematics. This yields a motivic realization functor on the whole category

RIyp: RigDA(C) — QCoh(FF)

taking values in solid quasi-coherent sheaves, in the sense of [ ], on the Fargues—
Fontaine curve.

Motivic Hyodo—Kato Cohomology

The part (3) of the conjecture concerns a comparison with log-rigid cohomology on
the special fiber. More precisely, we need to require that X has a dagger structure X'
admitting a semistable weak formal model X. Taking the pullback to the special fiber

'Throughout this thesis, all the motivic cohomology is covariant by taking duals. For further details, see
§4.2.
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X, the log structure on X defined by its special fiber, we obtain a log scheme over i’ =
(Spec(k),N — k : 1 — 0). Thus, part (3) requires that the log-rigid cohomology of the
special fiber X, gives rise to the same perfect complex as the Fargues—Fontaine cohomology
RIpr(X).

However, Colmez and Niziol, adapting a construction of Beilinson for algebraic vari-
eties in [ ], defined an (overconvergent)' Hyodo—Kato cohomology theory for (dagger)
rigid analytic spaces. In the case of semistable reduction, their local-global compatibility
result shows that the Hyodo—Kato cohomology agrees with the log-rigid cohomology on
the special fiber.

On the other hand, as we are studying these cohomology theories in the motivic frame-
work, an important result of Vezzani [ ] shows that every rigid analytic motive has a
dagger structure. Consequently, we may restate part (3) of the conjecture as follows:

(3’) the Fargues—Fontaine cohomology agrees with the overconvergent Hyodo—Kato co-
homology.

Since the Fargues—Fontaine cohomology is required to be motivic, it is natural to
require a comparison with the motivic overconvergent Hyodo—Kato cohomology.

The motivic Hyodo—Kato cohomology theory is constructed in [ ; ] using
two different approaches: in [ 1, the authors show that the Colmez-Niziol’s Hyodo—
Kato cohomology has the rig-étale descent, A'-invariance, and maps the Tate object to an
invertible object via the Hyodo—Kato isomorphism; and in [ 1, the authors give a log-
free method to construct the Hyodo—Kato cohomology theory from the rigid cohomology
theory defined on the special fiber. This thesis mainly treats the motivic Hyodo—Kato
cohomology by the log-free approach: starting from the rigid realization functor

RTyig: DA(R) — D, (K), (1.2.1)
we add the monodromy operators on both sides to obtain a new realization functor
Rlyig: DA (F) — Dpn (K).

As we introduced earlier, the source category can be identified, after choosing a pseudo-
uniformizer @ € O¢, with RigDA, (C) ~ RigDA(C) via the equivalences (1.1.4) and
Proposition 1.1.3. This yields a cohomology realization taking values of (¢, N)-modules:

RI'Gk: RigDA(C) — Dy, v (K), (1.2.2)

referred to as ww-Hyodo-Kato realization functor. We usually take @ = p as the canon-
ical choice. In the case, we simply refer to it as the Hyodo-Kato realization functor,
denoted by RI'ygk, which agrees with the Colmez-Niziot’s Hyodo—Kato cohomology theory
as shown in [ , §4.8].

!The cohomology theories involved in the thesis are overconvergent since our category RigDA(K) serves
as a model for mixed motives that allows us to study non-proper spaces.
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Remark 1.2.1. As observed in [ , Remark 4.18] and [ , Remark 3.5], different
choices for pseudo-uniformizer affect only the behaviors of the monodromy operator on the
Hyodo—Kato cohomology.

The Fargues—Fontaine Cohomology via the Motivic Method

In[ 1, Le Bras and Vezzani construct a motivic realization’, called the de Rham—
Fargues-Fontaine cohomology. We still denote it by

RI'pp: RigDA(C) — QCoh(FF) (1.2.3)

The cohomology of compact motives under this realization is given by vector bundles,
as shown in [ , Theorem 4.46]. Its comparison with the overconvergent de Rham
cohomology follows directly from its construction, and in loc. cit., the authors also show
that it can be compared with the overconvergent B;R-cohomology. In other words, RT'gp
satisfies (1) and (2) of the conjecture.

One of the main results of this thesis is to prove that this realization satisfies (3’) of

the conjecture:
Theorem 1.2.2 (Theorem 4.4.1). There is a monoidal equivalence between the de Rham—
Fargues—Fontaine realization RI'pr in (1.2.3) and &y o RI'yk, where En: D, N (Iu( ) —
QCoh(FF) is Fargues—Fontaine’s functor sending (¢, N)-modules to vector bundles on the
Fargues—Fontaine curve.

Therefore, the de Rham—Fargues—Fontaine cohomology confirms the conjecture of
Scholze and Fargues. We next sketch the idea of proof of Theorem 1.2.2.

By the construction of the motivic Hyodo—Kato cohomology theory introduced above,
the Hyodo—Kato cohomology is naturally compared with the rigid cohomology via the
Monsky—Washnitzer functor: there is a canonical monoidal equivalence

RIpg 0 € =~ Rlyig: DA(K) — Dy (K) (1.2.4)

in CAlg(Prs). If Theorem 1.2.2 holds, the de Rham—Fargues—Fontaine cohomology can
compute the rigid cohomology as well. Therefore, we first prove the comparison of the de
Rham-Fargues—Fontaine cohomology and rigid cohomology using the standard Frobenius
trick on the Fargues—Fontaine curve and the semi-separatedness property of motives:

Proposition 1.2.3 (Proposition 4.2.9 and [ , Proposition 5.11]). There is a canonical
monoidal equivalence
RFFF Of ~¢&o erg

in CAlg(Prs).

More precisely, they define a relative version of this realization functor.
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Therefore, these two realization functors are not merely objects in CAlg(fPrff), but
also in the more refined category CAlg(Pr);, A(k)/— Via their compatibility with rigid co-
homology. In other words, we have two objects in the mapping space

MaPcarg(ristyy, o, (RIEDA(C), QCoh(FF)) .

To prove Theorem 1.2.2, it suffices to show that the space above is connected, i.e., it has ex-
actly one connected component. Using the monadicity (1.1.3) of RigDA,, (C) ~ RigDA(C),
this is reduced to extension groups of vector bundles on the Fargues—Fontaine curve; see
Proposition 2.3.3. More precisely, one has

(RigDA(C), QCoh(FF)) ~ Ext' (Opr(—1), Or) ~ 0.

7TONIapCAlg(ﬂ’l‘ff)nA(12)/—

This establishes a monoidal equivalence between RI'rr and & o RI'yg. However, there
exists a big space of choices for such an equivalence, since
(RigDA(C), QCoh(FF)) ~ Hom(Opg(—1), OpF) ~ B¥7?,

™ MapCAlg(fPl‘ff)DA(k)/—

where B is the ring of analytic functions on Y o) = Spa(Ajnf, Ainf) \ (V(p[p°])). This shows
that there is no canonical comparison between these two kinds of realization functors.

To obtain a canonical comparison, we can keep track of Galois action. More precisely,
let K = Frac W (k), where k is the residue field of C. Then, we can enrich both realization
functors above to take values in the co-category of G ;;-equivariant solid quasi-coherent
sheaves on FF.

The functor €2, which sends the Hyodo—Kato realization RI'yk to a G jo-equivariant
vector bundle on the Fargues—Fontaine curve, is already known from [ ]. Let’s explain
how to enrich the de Rham—Fargues—Fontaine cohomology with G ;;-action. To this end, we
use the inertial Galois-enrichment of motives, namely, the functor (1.1.7), o: RigDA(C) —
RigDA(C)"%«. Composing the G j--equivariant de Rham—Fargues—Fontaine cohomology
with this enrichment, we get the Galois-refinement of RI'yk:

RI2: RigDA(C) — QCoh(F)2 %« (1.2.5)

where QCoh(FF)"Cx is the co-category of G j--equivariant solid quasi-coherent sheaves
on FF.

With these enhancements, we obtain the canonical comparison natural isomorphism:

Theorem 1.2.4 (Theorem 4.4.10). There is a unique natural isomorphism R ~ €35 o
RI'gk in CAlg(Prs) such that it is compatible with the natural isomorphisms between the
rigid realization functor and the de Rham—Fargues—Fontaine realization, as well as with

the Hyodo—Kato realization.
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The Fargues—Fontaine Cohomology via the Décalage Functor

There is another version of Fargues—Fontaine cohomology, denoted by ﬁFF(X ), de-
fined for smooth dagger varieties X over C using the décalage functor, as introduced in
[ ; 1. Relying on Bosco’s comparison between B-cohomology and Hyodo—Kato
cohomology, we show that it is also motivic:

Proposition 1.2.5 (Proposition 4.4.13). The cohomology theory RVFFF satisfies rig-étale
descent, A'-invariance, and sends the Tate object to an invertible object. Hence, it defines
a motivic realization

RI'yr: RigDA(C) — QCoh(FF).

Remark 1.2.6. Le Bras has shown in [ ] that this version of Fargues—Fontaine co-
homology is defined on effective motives. In this thesis, we provide an alternative proof
demonstrating that it also extends to the T-stabilization, which enables us to apply the
module description (1.1.3).

We establish a motivic comparison between these two versions of Fargues—Fontaine
cohomology theories by their comparisons with the Hyodo—Kato cohomology:

Proposition 1.2.7 (Proposition 4.4.14). There is a (non-canonical) monoidal equivalence
RFFF ~ RFFF in CAlg(fPrff)

§ 1.3 WEIGHT STRUCTURES AND WEIGHT FILTRATIONS

The second topic of this thesis concerns weight structures on triangulated categories,
introduced by Bondarko in [ 1. They can be viewed as a dual notion of ¢-structures
(see Remark 2.2.4). Subsequently, Sosnilo developed the theory in the context of stable
oco-categories in [ ; 1.

More precisely, a weight structure on a stable co-category C consists of a pair (C,,>0, Cw<o)
of retract-closed, shift-closed full subcategories of G, which satisfy conditions dual to those
in the definition of t-structures (see Definition 2.2.3). As in the theory of ¢-structures, one
can define full subcategories C|, ;) for any pairs of integers a < b. In particular, €y is
called the heart of w. If C is the union of all of these full subcategories, we say w is
bounded. Here is a basic example of a bounded weight structure:

Example 1.3.1. Let A be an additive category, and denote by K (A) the co-category of
bounded chain complexes over A. Then K (A)w>0 is defined as the full subcategory consist-
ing of those chain complexes concentrated in non-negative degrees; K (A)w<o is defined
similarly. It is straightforward to verify that this construction defines a bounded weight

structure.
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A more substantial example, studied in [ ; ; ], is the Chow weight
structure on the stable co-category DA(k) of motives over a field k. One of the main
motivations for introducing weight structures is precisely their application to the study of
motives. Since the construction of motivic ¢-structures is very difficult and remains largely
open, weight structures provide a more accessible framework for organizing and analyzing
motives.

This naturally leads to the question: does there exist a weight structure on the stable
oo-category of rigid analytic motives?

As observed in [ land [ , Appendix A], starting from the Chow weight
structure on the algebraic motives, one can construct a good weight structure on the full
subcategory RigDA,, (K) of RigDA(K). Even though the weight structure is defined only
on this subcategory, it allows us to give the “motivic Hyodo—Kato isomorphism” ([ ,
Theorem 4.53]) and get a weight filtration on the Hyodo—Kato cohomology, as a formal
result. These indicate that weight structures on rigid analytic motives provide a powerful
tool for connecting motivic ideas with p-adic cohomology theories.

A second objective of this thesis is to extend the weight structure on the full subcat-
egory RigDA,, (K) to the whole category. Furthermore, this extended weight structure
remains compatible with the symmetric monoidal structure on RigDA(K) in the sense of

[ 1.

Theorem 1.3.2 (Theorem 3.3.10). Let K be a complete non-archimedean field with perfect
residue field k. There exists a bounded weight structure w on RigDA(K),, that is compatible
with monoidal structure and extends the one on RigDA,, (K ), mentioned above. Moreover,
it extends to its Ind-completion RigDA(K) such that RigDA(K),,>¢ is closed under small
colimits.

To construct the weight structure in Theorem 1.3.2, we apply Galois descent to re-
late compact analytic motives over K with analytic motives with good reduction. In other
words, we use Proposition 1.1.3: every compact analytic motive over K becomes one with
good reduction after a field extension.

It then suffices to construct a weight structure on RigDAgr(L)hGal(L/ K)

and glue it to
obtain one on RigDA(K). The former category, interpreted as the homotopy fixed points
under the Galois action, arises as the limit of RigDA,, (L) along this Galois action. Al-
though in general it is difficult to equip a limit of stable co-categories with a weight struc-
ture, the situation here is special: the translation functors involved are autoequivalences.
As shown in Proposition 1.1.2, this leads to an explicit formula for compact generators,
which forms a negative class. This yields a bounded weight structure on the compact
objects (Proposition 2.2.17), which can then be extended to the entire category as usual

(discussed in §2.2.3).
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Weight Complex Functors

As an application of Theorem 1.3.2, we can construct a p-adic analytic generaliza-
tion of Rapoport-Zink’s weight spectral sequence together with weight filtration in [ 1.
The similar arguments also yield a new filtration on the vector bundles on the Fargues—
Fontaine curve.

The key ingredient that allows us to obtain such filtrations from (bounded) weight
structures is the weight complex functor studied in [ ; 1: let € be a stable sym-
metric monoidal co-category equipped with a bounded weight structure w, then there is a
symmetric monoidal functor, called weight complex functor

We: € — KP(hH,),

where H,, is the heart of this weight structure. Moreover, equipped with the bounded
weight structure given in Example 1.3.1, this functor is weight-exact; namely, it restricts
to the canonical functor H,, — hH,,.

Weight Filtrations on the Hyodo—Kato Cohomology

Now we explain how to construct a weight filtration on Hyodo—Kato cohomology us-
ing the weight complex functor. For this purpose, we give a refinement of Hyodo—Kato
cohomology. As before, one has the Hyodo—Kato cohomology over K

RI‘HK,K: ngDAgI.(K) — 'D(%N) (Ko)

where Ky = Frac W(k), obtaining by adding the monodromy operators on the rigid coho-
mology RI'vig: DA(k) — D, (Kp). We can extend it to the entire category RigDA(K') using
Proposition 1.1.3: there is a functor in CAlg(Prs')

RIfk , : RigDA(K) — @(%MGK)(I“(),

where D, v G ) (K) is the derived co-category of (p, N, G )-modules over K, in the sense of
Fontaine. After forgetting the monodromy operator, it factors through the weight complex
functor

Proposition 1.3.3 (Lemma 4.3.2). Assume k is a finite field. Let RI‘%"I’{GK ) be the composite
functor
RigDA(K) = D, n.x)(K) = D) (K),

i.e., the (¢, Gg)-part of the Hyodo—-Kato cohomology. Here D(%GK)(IV() is the derived oo-
category of (¢, Gk )-modules over K in the sense of Fontaine. Then its restriction to compact
part factors through the weight complex functor with respect to the weight structure defined
in Theorem 1.3.2.
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Thus, every compact motive M in RigDA(K) is associated to a bounded chain complex
WeM. We can filter it by naive truncations. Then the spectral sequence associated to this
filtered chain complex gives the following spectral sequence:

Proposition 1.3.4 (Weight Spectral Sequence, Proposition 4.3.3). Assume k is a finite
field. Let M be a compact motive in RigDA(K). There is a convergent (homological) spec-
tral sequence of (p, Gk )-modules

Ezlnz = HqRFHK(WpM) = HerqRI‘HK(M)a

where W, M is the weight complex of M. Moreover, this spectral sequence degenerates at the

second page.

The filtration induced by this spectral sequence is called weight filtration in the
sense of Deligne. In fact, every motive associated to a smooth quasi-compact rigid analytic
space is compact. Therefore, we have get the following weight filtration on the Hyodo—Kato
cohomology of these rigid analytic spaces:

Corollary 1.3.5 (Corollary 4.3.5). Assume k is a finite filed. Let X be a smooth quasi-
compact rigid analytic space over K. Then, for each i > 0, there is a finite increasing
filtration on the i-th (overconvergent) Hyodo—Kato cohomology Hiy(X) of X satisfying:

® it is stable under G k-action;

* the k-th graded piece is pure of weight i + k, i.e., the Frobenius eigenvalues with com-
plex norm ]k\(”k)/ %

* the monodromy operator induces a map

grkaﬁK(X) — griZV_2HﬁK(X>-

Remark 1.3.6. If X has semi-stable reduction, then the weight filtration above has al-
ready been given in [ ]. However, we do not assume any formal model of X here.
Moreover, M can come from varieties without “smoothness” and “properness”. For exam-
ple, let X be locally of finite K-scheme. Then the analytification of M(X) € DA(K) is
compact by [ , Remark 6.6].

A New Filtration for Vector Bundles over the Fargues—Fontaine Curve

By the comparison result between de Rham—Fargues—Fontaine cohomology and Hyodo—
Kato cohomology, namely Theorem 1.2.2, we can deduce that the de Rham—Fargues—
Fontaine realization functor factors through the weight complex functor as well. This
yields a filtration on the de Rham—Fargues—Fontaine cohomology of compact motives with

similar arguments. By contrast, there is no notion of weight for vector bundles on the
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Fargues—Fontaine curve; instead, we can talk about slopes. We therefore have the follow-
ing filtration on the de Rham—Fargues—Fontaine cohomology in terms of slopes:

Proposition 1.3.7 (Corollary 4.4.6). Assume k is a finite field. Let X be a smooth quasi-
compact rigid analytic space over C. Then, for each i > 0, the vector bundle J-C%F(X ) admits
a finite increasing filtration whose j-th graded piece is of slope (i + j)/2.

This provides a new filtration on vector bundles on the Fargues—Fontaine curve, which
is different from the Harder-Narasimhan filtration.

§ 1.4 ORGANIZATION

This thesis is organized as follows.

¢ Chapter 2 recollects aspects of oco-categories used in this thesis. In §2.1, we review
how to compute limits and colimits of presentable co-categories and their variants
and then focus on a special type of limit—namely, homotopy fixed points. In §2.2, we
review the basic theory of weight structures, focusing on the construction of bounded
weight structures and the associated weight complex functor (§2.2.2), as well as on
the extension of such bounded structures (defined on the subcategory of compact
objects) to the entire category (§2.2.3). In the final section, we compute mapping
spaces from module categories; see Proposition 2.3.3.

¢ Chapter 3 begins in §3.1 with an introduction of the basic theory of motives used in
this thesis. In §3.2, we study Galois-equivariant rigid analytic motives: in §3.2.1, we
define these motives, and in the remaining subsections we prove Proposition 1.1.1,
1.1.2 and 1.1.3. We review weight structures on motives in §3.3: in §3.3.1, we recall
the Chow weight structure on algebraic motives and explain how to induce the weight
structure on RigDA, (K); then, using results from §3.2.1, we extend the weight

structure to the entire category in 3.3.2.

¢ Chapter 4 focuses on comparisons of realization functors. In §4.1, we recall the de-
rived oo-category of (¢, N, G )-modules and solid quasi-coherent sheaves on analytic
spaces (in particular, on the Fargues—Fontaine curve), which provide the coefficients
for the realization functors. In §4.2, we review the realization functors involved in
this thesis and prove comparison results with the rigid cohomology. In §4.3, we ex-
tend the Hyodo—Kato realization functor to the entire category and construct the
corresponding weight filtration. In the final section, we prove the main comparison
theorems: the monoidal comparison between de Rham—Fargues—Fontaine realiza-
tion and Hyodo—Kato realization, and the uniqueness of Galois-enhanced compari-

son.
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NOTATION AND CONVENTIONS

Set Theory

Since presentable co-categories are heavily used in this thesis, set-theoretic issues
inevitably arise. For convenience, however, we will not dwell on set theory and do not
treat these matters in full detail'. To this end, we assume the axiom of Grothendieck
universes and fix two (uncountable) Grothendieck universes U and V with U € V. We will
refer to a mathematical object as small if it belongs to U; in particular, presentable co-
categories will always be understood with respect to the universe U. Finally, we denote
the countable ordinal number by w.

oo-Categories

We will freely use the language of co-categories in the model developed by Lurie, and
we mostly follow notations in [ ; ]. More precisely, we adopt the following conven-
tions:

* Let A denote the simplex category, whose objects are linearly ordered sets of the
form [n] = {0 < 1 < --- < n} and whose morphisms are non-decreasing functions.
Let Set be the ordinary category of V-small sets. The category of V-small simplicial
sets, denoted by sSet, is then the presheaf category Fun(A°P, Set).

e If C is a V-small category, its nerve is denoted by N,(C) € sSet. If C, is a V-small
simplicial category, its homotopy coherent nerve is denoted by N2¢(¢,) € sSet.

¢ Unless otherwise stated, all co-categories are assumed to be V-small. If € is an oo-
category, we will write “subcategory” to mean “sub-occ-category”. The full subcate-
gory of (w-)compact objects in C is denoted by C,,. The homotopy category of C is de-
noted by h €, which is an ordinary category. For objects X, Y in C, the mapping space
is denoted by Mape(X,Y), or simply by Map(X,Y') when C is clear from context. The
corresponding mapping spectrum is denoted by map.(X,Y’) or simply by map(X,Y).
Finally, we will abbreviate moMape(X,Y) = Homy ¢(X,Y) by Home(X,Y).

¢ Let Cbe a stable co-category. We write the suspension and the loop functors as [1] and
[—1], respectively, instead of ¥ and 2. This agrees with the shift functor on its homo-
topy category. Throughout, we adopt the homological indexing convention for homo-
logical algebras. For every n > 0 and X, Y € C, we set Exte(X,Y) := 7_,map(X,Y).

* We denote by Cat., the oo-category of (U-)small co-categories and by CAT., the
oco-category of locally small co-categories. More precisely, objects of Cat., are V-

Those seeking a more precise treatment of set-theoretic matters may refer to [ ; ; 1.



CHAPTER 1. INTRODUCTION 16

small co-categories whose mapping spaces are U-small. In particular, we only use
U-small spaces, and we denote the oo-category of U-small spaces (a.k.a., anima, or
oco-groupoids) by 8. The stabilization of §, the oco-category of spectra, is denoted by

Sp.

* For presentable co-categories, we denote by Pr’ (resp. Prt) the (non-full) co-subcategory
of CAT,, spanned by presentable co-categories and left adjoint functors (resp. right
adjoint functors). Variants include: the (non-full) subcategory of Pr" (resp. Prf)

spanned by compactly generated oco-categories and compact-preserving (resp. fil-

tered colimit-preserving and limit-preserving) functors is denoted by Trg (resp. ?rg);
and the full subcategory of Pr" (resp. iPrIUj) spanned by those which are also stable
oco-categories is denoted by Pr® (resp. Prst). Note that we will not use the full sub-

category of Pr® spanned by stable co-categories.

¢ For symmetric monoidal co-categories: by a monoidal structure on an co-category, we
always mean a symmetric monoidal structure. If an co-category C carries symmetric
monoidal structure €%, then, by an abuse of notation, we will sometimes also write C
for C® when the context is clear. In this case, we denoted by CAlg(C) the co-category
of commutative algebra objects of €® and by Mod 4(C) the co-category of A-modules
in € for A € CAlg(C). Given another symmetric monoidal co-category D, we write
Fun®(C, D) for the co-category of symmetric monoidal functors from C to D.

Geometric Objects

All rings are assumed to be U-small, commutative and unitary. All the schemes, for-
mal schemes and adic spaces are also assumed to be U-small. For motives, we work with
the Morel-Voevodsky oco-category of étale motives with rational coefficients.
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PRELIMINARIES ON co-CATEGORIES

In this chapter, we review the necessary aspects of co-category theory that will be
used in the sequel. We begin in §2.1 by recalling how to compute limits and colimits of
presentable oco-categories; many of these results will be used throughout the thesis. In
§2.2, we review the theory of weight structures on stable co-categories developed by Bon-
darko and Sosnilo. Finally, we describe the mapping spaces of monoidal functors from
module categories, which will play a crucial role in comparing the realization functors in
§4.4.

§ 2.1 Limits AND COLIMITS OF co-CATEGORIES

The purpose of this section is to review limits and colimits of compactly generated
oo-categories as well as monoidal analogues. In §2.1.2, we then focus on a specific type
of limit of co-categories, namely group actions on oo-categories and their homotopy fixed
points, following [ A, §6.1.6] and [ , Chapter I].

§ 2.1.1 Limits and Colimits of Presentable ~o-Categories

PRESENTABLE 00-CATEGORIES

We begin by recalling how to compute the limits/colimits of presentable co-categories.

Proposition 2.1.1 ([ , Proposition 5.5.3.13, Theorem 5.5.3.18]). The co-categories Prl
and Pr" admit small limits. Moreover, the inclusions

Prl < CAT., Prt — CAT.

preserve small limits.

Remark 2.1.2. Under the equivalence Pr" ~ (iPrR)Op ( , Corollary 5.5.3.4]), we know
that both Pr" and Pr® admit small colimits from the proposition above.

CompPAcTLY GENERATED 00-CATEGORIES

Most of the co-categories in this thesis are compactly generated, so it is also important
to understand how their limits or colimits are computed.

17
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Proposition 2.1.3 ([ , Proposition 5.5.7.6 and Its Proof]). The co-category Trg admits
small limits and the inclusion functors fPrB < Prl < CAT., preserve small limits.

Moreover, let p: K — Trg be a diagram of compactly generated co-categories {C,} with
a limit C in PrY, then C is also compactly generated by images of Co,w under F,, where
F,: Cy — Cis the left adjoint of the canonical functor G, : C — C,.

Remark 2.1.4. Under the equivalence PrZ ~ (PrRyor ([ , Proposition 5.5.7.2 and
Corollary 5.5.3.4]), we know that Prl admits small colimits and the inclusion functor
Prl — Prl preserves small colimits (see also [I1/, Lemma 5.3.2.9]).

Next, we study limits in iPron. We begin with some notational preliminaries. Given a
compactly generated oo-category C, its full subcategory of compact objects C, is a small
co-category, i.e., G, € Cat.,. Moreover, this full subcategory lies in @atlimidem the (non-
full) subcategory of Cat., spanned by idempotent complete small co-categories that admit
finite colimits and functors preserving finite colimits.

Before stating the limit result of Prk, we recall a useful categorical lemma:

Lemma 2.1.5 ([ , , 1. Let C be an co-category and D
a reflexive subcategory of C. Given a small diagram u: K — D in D, then:

(1) The limit of w in D exists if and only if the limit of u in C exists. In the case, the
inclusion functor preserves limits.

(2) If v admits colimit in C, then u admits colimit in D.

Proposition 2.1.6. The co-category Catiimidem o dmits small limits and filtered colimits.
Moreover, the inclusion functor Catilim™idem «, @at_ preserves small limits and filtered

colimits.

ticolim;idem j¢ closed under filtered colimits

Proof. The filtered colimit case is easy since Ca
in Cat., by [ , Corollary 4.4.5.21]. For the limit case, let ¢ = lim C; be a small limit in
Cat.., where each @; lies in Catli™idem Qince the full subcategory of idempotent com-
plete co-categories is a reflexive subcategory of Cat., by [ , Proposition 5.4.2.16], we
know that C is idempotent complete from the previous lemma. Since we can rewrite small
limits by pullbacks and small products ([ , Proposition 4.4.2.6] or [ ,

, 1), we conclude that C admits finite colimits from [ , Lemma
5.4.5.5] and the fact that small colimits of the product of co-categories are computed point-

wise. |

Corollary 2.1.7. The functor ¢ — Ind (C) and C — C, induce an equivalence of oo-
categories between Cat' ™M ond Prl In particular, Prl admits small limits.

Proof. The equivalence is just [[1/, Lemma 5.3.2.9] or [ , Proposition 5.5.7.8]. There-
fore, we conclude that Prl admits small limits from Proposition 2.1.6. [ |
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We remark that the inclusion fPrg < Prl does not preserve small limits in general
unless the result limits in Pr" are already compactly generated:

Proposition 2.1.8. Let u: J — fPrUIj be a small diagram in J’rg. Let C (resp. ) be the limit
of this diagram in Tr{; (resp. PrY). Then the obvious functor F: € — € in Pr¥ is fully
faithful, and its essential image is the Ind-completion of C.,.

Proof. Using [ , Lemma 5.4.5.7], we can restrict F to a functor ¢, — C/. It is fully
faithful as C,, — €’ is the limit of fully faithful functors €;,, < C;. This restriction of F is
also essentially surjective by [ , Lemma 5.4.5.5]. Therefore, their Ind-completion gives
the equivalence F: ¢ = Ind (€,) C €; here we use the equivalence € ~ Ind (€,) since €
is compactly generated. |

PRESENTABLE STABLE 00-CATEGORIES

In addition, there are two other useful variants of Pr: let Prt (resp. Pr) denote the
full subcategory of Pr’ (resp. fPrUIj) spanned by those co-categories that are also stable.

In order to understand limits in Pr®t, we let Cat™ be the subcategory of Cat., spanned
by stable co-categories and exact functors, and let eatggrf be the full subcategory of CatS:
spanned by those stable co-categories that are idempotent-complete.

Remark 2.1.9. By our definition, functors in Pr* are left adjoint functors. One could
use Pr® to define another version of Pr, but since most functors in this thesis are left
adjoints, we only work with the Pr" version.

Lemma 2.1.10. The equivalence in 2.1.6 restricts to an equivalence between Prst and CatPe™,

Proof. It suffices to show, for any C € fPrff, the full subcategory G, is stable. This is clear
since G, — € preserves finite colimits and C,, is closed under the shift functor. [ |

Lemma 2.1.11. The oco-category eatggrf admits small limits and filtered colimits. More-
over, the inclusions CatP*™ — Cat®* — Qat., preserve small limits and filtered colimits.

Proof. Note that CatP*™ is a reflexive subcategory of Cate* ([ , Lemma 2.20]), and
the latter admits small limits and filtered colimits, which are computed in Cat., (['1A,
Theorem 1.1.4.4, Proposition 1.1.4.6]). Therefore, we use Lemma 2.1.5: small limits in
CatP°™ exist and are computed in Cat®*; and filtered colimits in Cat?*™ exist and are also
computed in Cat?: because filtered colimits of idempotent complete co-categories are idem-
potent complete by [ , Corollary 4.4.5.21]. |

Proposition 2.1.12. (1) The oco-category Pr* admits small limits and small colimits.
Moreover, the inclusion Pr®t — Prl preserves small limits and colimits.

(2) The co-category Prst admits small limits and filtered colimits. Moreover,
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® the inclusion functor fPrff — fPrIUj preserves small limits and filtered colimits;

® the inclusion functor fP]t'fJt < Pr’t preserves filtered colimits.
Proof. (1) This follows from Proposition 2.1.1 and [/ 1A, Theorem 1.1.4.4].

(2) Under the equivalence in Lemma 2.1.10, it suffices to show the existence of limits
and filtered colimits in @atP®!. This has been done in Lemma 2.1.11. For the last
assertion, the first part is obvious; for the inclusion fPlt'fJt < Prt it is enough to
observe that filtered colimits in both of these two categories are computed in Pr", as
explained in (1) and Remark 2.1.4.

[ |

As we saw, most limits of special kinds of co-categories ultimately reduce to limits in
CAT,.. Let us recall an explicit formula to compute (small) limits of co-categories in a
concrete way.

Proposition 2.1.13 (Mapping Spaces of Limits). Let : I — CAT., be a diagram of oo-
categories indexed by a simplicial set I. For each vertex i of I, we let C; denote the image of
i under ¥ and put C = limg C; with canonical functors p;: C — C;. Then, given any objects
X, Yin Cwith X; = pi(X), Y; = pi(Y), then we have a homotopy equivalence

Mape(X,Y) ~ lim Mape, (X;, Y;).
Proof. For each i € I, we have a pullback diagram

Mape, (X;,Y;) —— Fun(Al, €)

| J

A0 ) pun9Al e

in the (ordinary) category of simplicial sets sSet. The exponentiation of isofibrations
( , 1) shows the right vertical map is an isofibration. This im-
plies that this diagram is a categorical pullback square, i.e., Map¢, (X;,Y;) is equivalent
to the homotopy fiber product (see [ , D). After taking the homo-
topy coherent nerve, we get a pullback square in CAT,,, where the commutative diagram
above represents the boundary of this pullback square. The limit of these squares yields
a pullback square in CAT,, whose boundary is given by

lim Mape, (X;,Y;) —— Fun(A', Q)

| |

A (eY) Fun(0A!,C)


https://kerodon.net/tag/01F3
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This follows from the facts that limits of functors are computed levelwise and that limits
commute with limits. This gives the desired homotopy equivalence of spaces. [ |

SYMMETRIC MONOIDAL CATEGORIES

The co-category Prl carries a symmetric monoidal structure (see [ 1/, Proposition
4.8.1.15]). More precisely, the tensor product operator is given by ([ |\, Proposition 4.8.1.17])

€ ® D ~ RFun(C, D),

where RFun is the oco-category of functors admitting left adjoints. The subcategory fPrg
inherits the symmetric monoidal structure via the natural inclusion fPrg — Prl by [114,
Lemma 5.3.2.11]. Moreover, the subcategories Pr** and Pr* also inherit the symmetric
monoidal structure ([[1/, §4.8.2], especially [I1/, Proposition 4.8.2.7]). Hence, we may
consider their commutative algebra objects.

Proposition 2.1.14. Let C € {Prl Prl Prst Pret} with the forgetful functor 6: CAlg(C) —
C.
(1) The forgetful functor 0: CAlg(C) — C is conservative.

(2) The oo-category CAlg(C) admits small limits. Moreover, the forgetful functor 0: CAlg(C) —
C preserves small limits.

(3) If € € {Prl, Prl Prst}, then CAlg(C) admits small colimits. Moreover, the forgetful
functor only preserves sifted colimits’.

(4) The oo-category CAlg(Pr') admits filtered colimits and the forgetful functor pre-
serves them.

Proof. The conservativity follows from [/, Lemma 3.2.2.6]. For part (2), it follows from
[[1A, Corollary 3.2.2.5] and our previous discussions on limits of these presentable oo-
categories.

For parts (3) and (4), we apply [ 1/, Corollary 3.2.3.2, Corollary 3.2.3.3]. Recall that
the tensor products of Pr’ preserve small colimits separately in each variable (see [I1/,
Remark 4.8.1.24 & Lemma 5.3.2.11]); the same then holds for PrL, Prs® and Prt. There-
fore, these two parts follow from our previous discussions on colimits. [ |

§ 2.1.2 Homotopy Fixed Points

Notation 2.1.15. Given a (multiplicative) group G, we let BG denote the groupoid defined
by G. To be precise, BG has exactly one object « with Hom(x, x) = G, and the composition
law is given by the multiplication of G. The oco-groupoid B,G is obtained by taking the
nerve of it.

!See Remark 2.3.2 for why it fails to preserve all colimits.
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Definition 2.1.16. Let GG be a group and € an co-category with an object X.

(1) A G-action on X is a functor B,G — C sending * to X. We let ¢5¢ := Fun(B,G, C)
denote the co-category of G-objects in C.

(2) Assume C admits all limits indexed by B,G. The homotopy fixed point functor is
given by

(—)hC:ePf e

(p: BeG — C) = lim p.

Remark 2.1.17. (1) In the following, we take € = CAT.,, Pr’ or Pr® in the Definition
2.1.16. This, in particular, defines group actions on co-categories and the correspond-
ing co-category of homotopy fixed points. In practice, we will consider the case where
X = RigDA(K) is the oo-category of rigid analytic motives (see §3.1.2) over a com-
plete non-archimedean field K, which serves as the primary example in this paper.

(2) Although B,G is the nerve of a 1-category, giving a G-action on an object X € € is
not simply given by a group homomorphism G — Autye(X), which is only equiv-
alent to a morphism sky(B.G) — €. For us, we are interested in a special case
C = CAT,..; therefore, using Grothendieck’s construction, a functor B,G — CAT,,
is given by (up to isomorphism) taking the simplicial nerve of a functor from BG to
the simplicial category of co-categories, see [ , 1. Therefore,
for an co-category € with a G-action, we often write it as a pair € = (€, p), where p
represents the G-action on C.

From now on, we focus on group actions on co-categories and their homotopy fixed
points. Proposition 2.1.13 is a good tool to understand mapping spaces of homotopy fixed
points. As a preparation step, we first recall how to compute homotopy groups of homotopy
fixed points of G-spectra (i.e., a G-object in the oo-category Sp of spectra).

Proposition 2.1.18 (Homotopy Fixed Points Spectral Sequence). Given a finite group G,
let E be a G-spectrum. Then there is a convergent spectral sequence

Ez,q ~ HP(G,m(E)) = 7Tp+q(EhG)-

Proof. This is a special case of the Bousfield-Kan spectral sequence in [ 1; more pre-
cisely, we apply the Bousfield-Kan spectral sequence to the totalization of the cosimplicial
space Map(E,G, X)P¢; see also [ , Proposition 7.7]. [ |

Corollary 2.1.19. Let C be an oo-category with an action by a finite group G. Given a pair
of objects M, N in C*C, we let M, N denote their underlying objects in C. Then there is a
homotopy equivalence of spaces

Mapenc (M, N) ~ Mape(M, N)P¢.
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Moreover, if C is Q-linear, then, for each integer i > 0, we have an isomorphism
mMapehc(M, N) >~ (mMape(M, N))G .

Proof. The first assertion follows from Proposition 2.1.13. Under the homotopy equiva-
lence in the first assertion, we apply Proposition 2.1.18 to F = Mape(M, N): there is a

convergent spectral sequence
Ez,q =H™" (Gv mqMape (M, N)) = TpqMapenc (M, N).

Now assume C is QQ-linear; then each term Eiq on the second page is a Q-vector space.
The vanishing of higher Galois cohomologies of Q-vector spaces ([©F, 1) im-
plies that the spectral sequence collapses on the second page with non-trivial terms E&i =
(mMape (M,N ))G Therefore, the convergence of the spectral sequence gives isomorphisms.
|

It is easy to deduce, from Corollary 2.1.19, that taking homotopy fixed points preserves
full faithfulness of functors. To clarify it, we introduce the following notion:

Definition 2.1.20. Let G be a group and let ev: (?ATOB;G — CAT,, denote the evalua-
tion functor at the point, i.e., induced by applying the functor Fun(—, CAT,) to the ob-
vious map A’ — B,G. Given a G-oco-category C = (C,p) (see Remark 2.1.17 (2)), a G-
subcategory of C is a G-co-category D = (D, 1) together with a functor 7: D — € such
that . := ev(?) is a fully faithful functor.

Remark 2.1.21. In Definition 2.1.20, the G-action on D is unique (up to homotopy) because
the functor 7: D — C is a Cartesian morphism with respect to the evaluation functor
ev. Indeed, for every G-oo-category F, the fully faithful functor .: D — € induces a fully
faithful functor (see [ , Lemma 5.2] for a stronger form)

Map(&€,D) — Map(€, @).

Therefore, the commutative diagram of Kan complexes

Map(&, D) —— Map(&, €)

|

Map(€,D) —— Map(€,C)

is a homotopy pullback square.

Corollary 2.1.22. Let C be an oo-category equipped with an action by a finite group G.
Assume D is a G-subcategory of C. Then the functor

DhG s ehG

obtained by applying (—)"C to the canonical inclusion, is fully faithful.


https://stacks.math.columbia.edu/tag/0DV3
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Proof. Consider the commutative diagram (up to homotopy)

@hG ehG

| |

De—2¢C

where vertical morphisms are forgetful functors. Let F': D"¢ — €hG denote the induced
functor and let M and N be two objects in DP& with underlying objects M, N in D. The
commutative diagram above shows the underlying objects of (M) and F(N) in C are (M)
and ((N), respectively; here .: D — C is the inclusion. We deduce from Corollary 2.1.19:

Mape (M, N) ~ Mapg, (M, N)P¢ ~ Mape(1(M), (N))PE ~ Mapenc (F (M), F(N)).

We end the subsection with a useful and well-known fact about B.G.

Lemma 2.1.23. Given a group G, we have a homotopy equivalence in 8,
B,G ~|G,|,
where G, is the simplicial object in S given by
N.(A%®) 225 N, (Set) — S.

Proof. It follows from the homotopy equivalence B,G ~ Sing,(|B.G|) and the fact that
the latter is just computed by the given geometric realization; for instance, see [ ,
1. [ |

§ 2.2 WEIGHT STRUCTURES

This section provides a review of the basic theory of weight structures on stable co-
categories and relevant constructions (in §2.2.3) used in defining the weight structure on
rigid analytic motives.

Notation 2.2.1. Let C be a stable co-category (more generally, an additive co-category)
and N a full subcategory of C. We define

N :={X € ¢|Home(X,N) =0, VN € N'}
N+ :={X € ¢|Homg(N,X)=0,VN e N }.

We will call *N (resp. N*1) the left orthogonal complement (resp. right orthogonal
complement) of N in C.
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Since 7y preserves arbitrary products of spaces’, we have the following closure prop-
erties of orthogonal complements.

Lemma 2.2.2. Let C be a stable co-category and N a full subcategory of C.

(1) The left orthogonal complement ~N of N in € is closed under small coproducts (if

exist) and extensions.
(2) The right orthogonal complement N+ of N in C is closed under small products (if exist)
and extensions.
§ 2.2.1 Basic Properties of Weight Structures

Definition 2.2.3 ([ , Definition 1.1.1], [ , Definition 3.1.1]). A weight struc-
ture on a stable co-category C consists of a pair of retract-closed full subcategories w =
(Cw<o, Cuw>0) satisfying the following properties:

Semi-invariance C,>¢[1l] C Cy>0, Cuw<o[—1] C Cy<o; and we write, for any integers n € Z,
Cw>n = Cy>0[n], C<p := Cu<o[n].

Weak Orthogonality If X € C,<pand Y € C,>1, then Home(X,Y) ~ 0.

Weight Decomposition For any object X € C, we have a cofiber sequence
XSO - X - XZL

where X<g € Cy<o and X>; € Cy>1. This is called a weight decomposition of X.
In the case, we also say C is a weighted stable co-category.

Remark 2.2.4 (Dual to ¢-Structures). In [ 1, weight structures were independently
studied under the name “co-t-structure”. In fact, the axioms of a weight structure are
dual to those of a t-structure on a stable co-category (or a triangulated category) C: apart
from the Semi-invariance, the role of the pair (C;>0, Ct<_1) in the axioms of a ¢-structure
corresponds to the pair (€<, C,>1) for a weight structure.

Remark 2.2.5 (Homotopy Categories). It is clear that weight structures are essentially
determined by weight structures on the homotopy categories (which are triangulated cat-
egories) in the original sense of Bondarko, see [ ]. But, for our purpose, it is much
more convenient to state it in terms of stable co-categories.

'This holds because products of spaces can be computed as Kan complexes, where two points lie in the
same connected component whenever they are connected by exactly an edge. However, this fails for simplicial
sets; see [ , ] for a counterexample.
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Remark 2.2.6 ((Co)homological Convention). In this thesis, we use the “homological con-
vention” for weight structures, whereas in [ 1, the “cohomological convention” was
used. In the latter convention, the roles of C,,>¢ and C,<( are interchanged, that is, the
pair (€¥=Y €w20) = (€0, Cy<p) is for the cohomological convention.

Definition 2.2.7. Let C be a stable co-category equipped with a weight structure w =

(Cw<0, Cuw>0)-

(1) For every pair (a,b) of integers with a < b, we let C|, ;) denote the full subcategory of
C generated by Cy>, N Cy<p. In particular, if a = b = n, we write it simply by C,—y,.

(2) We let CP denote the full subcategory of C generated by those objects X satisfying
X € €,y for some integers a < b. The weight structure w on C is said to be bounded
if ¢ = cb.

(3) We will write C,—o by €”» and call it the heart of the weight structure w.

Example 2.2.8. Let A be an additive category. The stable co-category K (A) of bounded
chain complexes has the canonical bounded weight structure:

KP(A)wso = { M e XP (A)’ M 1is isomorphic to a complex whose all negative degrees vanish }

KP(A) <o = { M e XP (A)) M is isomorphic to a complex whose all positive degrees vanish }

The heart of this weight structure is exactly No(A).

Remark 2.2.9 (n-Weight Decomposition). Let C be a stable co-category with a weight
structure w and n € Z. For every X € C, we have a weight decomposition

X[—TL]SU — X[—TL] — X[—n]zl

for X[—n|. We then take X<, = X[—n|<o[n] and X>,41 = X[—n]>1[n] and get a cofiber
sequence
Xgn — X = X2n+1

with X<, € Cy<n and X>p41 € Cy>pnt1. We will call any such decomposition for X the
n-weight decomposition of X.

Proposition 2.2.10 ([ , Proposition 1.3.3]). Let C be a stable oco-category with a
weight structure w. Let n be an integer.

(1) We have Cyy>y, = el

1
w<n—1 and ngn = Gwznﬂ.

(2) The full subcategories Cyy>pn, Cypy<pn and C,—,, are stable under extensions.

(3) The full subcategory Cy,>,, is stable under small products (if exists) and cofibers in C.
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(4) The full subcategory C,,<y, is stable under small coproduct (if exists) and fibers in C.

B)If X — W — Y is a cofiber sequence in C with X,Y € Cu—,, then it is split, i.e.
W~XaY.

Proof. We only need to prove (1) since the other parts immediately follows from (1) and
Lemma 2.2.2. Let’s prove the first equality in (1), and the proof for the second one is
similar. It suffices to prove for n = 0. The inclusion C,>9 C C.__, is from the Weak
Orthogonality. For the converse, let X € G,j<_1. We choose a (—l)jweight decomposition
for X: B

Xe1 = X = Xso.

By the choice of X, we know the second morphism is an isomorphism; hence X lies in
Cuw>0- |

Like t-structures, we also keep track of how weights vary under functors.

Definition 2.2.11 ([ , Definition 1.2.1]). Let (C, we) and (D, wp) be weighted stable
oo-categories and let F': € — D be an exact functor of the underlying stable co-categories.
We say

(1) F is left weight-exact if F/(C,<p) C Dy<o.

(2) F is right weight-exact if F/(C,>0) C Dy>o.

(3) F is weight-exact if it is both left and right weight-exact.
Remark 2.2.12. In Definition 2.2.11, if we is a bounded weight structure on €, then the
weight-exactness of F can be checked using F(CV»). To be precise, if we is bounded, then

F is weight-exact if and only if the essential image of €V under F lies in DV by [ ,
Remark 1.2.3 (10)]; see also Proposition 2.2.17.

There is a simple way to compare two weight structures on a stable co-category.

Lemma 2.2.13 ([ 1. Let C be a stable co-category with two weight structures w and

.
(1) Ifeither ngo = GUSO or (‘szo = szo, then w = v.
(2) If the identity functor Ide: (C,w) — (C,v) is weight-exact, then w = v.
Proof. (1) This is an immediately result of Proposition 2.2.10 (1).

(2) By the assumption, we have C,,<¢o C C,<¢. Using Proposition 2.2.10 (1), we can know
that C,<_1 C Cy<_1, hence C,<p C Cyp<p. Using the assumption again, we know this
inclusion is an equality. Therefore, we conclude from (1).

|
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Definition 2.2.14 ([ , Definition 4.1]). Let C® be a stable symmetric monoidal oco-
category. We say a weight structure w = (C,>0,Cy<o) on the underlying co-category €
is compatible with the symmetric monoidal structure if two full subcategories C,,>¢ and
Cw<o are stable under the tensor product functor. In the case, we also say that w is a
monoidal weight structure on C%.

Remark 2.2.15. If a weight structure on the underlying oco-category of a stable symmetric
monoidal co-category C® is compatible with the monoidal structure, then, by [ |/, Propo-
sition 2.2.1.1], the symmetric monoidal structure can be restricted to full subcategories
Cw>0 and Cy<o, CV», We will use the obvious notations €§>0, Gfﬁ<0, ((i‘@w)® to denote the
monoidal restrictions. B B

§ 2.2.2 Bounded Weight Structures and Weight Complex Functors

We focus on bounded weight structures in the subsection. We recall how these weight
structures are recovered by their hearts.

Definition 2.2.16 ([ , Definition 4.5.1], [ , Definition 1.2.2]). Let C be a stable
oo-category. A full subcategory N of C is called negative if the mapping space Mape(X,Y)
is connected for all X,Y € N.

Proposition 2.2.17. Let C be a stable co-category.

(1) If C has a bounded weight structure w, then its heart CVv is additive, idempotent
complete, negative and it generates C under finite colimits and negative shift.

(2) Conversely, if N be a full subcategory of C satisfying

* the full subcategory N is negative;

* the full subcategory N generated C under finite colimits, negative shifts and re-
tracts.

then

Cw>0 = {retracts of finite colimits of objects in N}

Cw<o = {retracts of finite limits of objects in N}

define the unique bounded weight structure on C whose heart contains N. Moreover,
the heart is the idempotent completion of N.

Proof. The first assertion follows from [ , Corollary 1.5.7] and Definitions. The sec-
ond assertion follows from [ , Theorem 4.3.2 (IT)]. [ |
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Corollary 2.2.18. Let C® € CAlg(Pr). Assume its underlying co-category C is equipped
with a bounded weight structure w. Then the weight structure w is compatible with the
monoidal structure if and only if €”v contains the tensor unit and is stable under tensor

products.

Proof. The “only if” part is obvious (see Remark 2.2.15). Conversely, since C® ¢ CAlg(iPrL),
the tensor products preserve small colimits separately in each variable; in particular, they
are exact (see [/ /\, Proposition 1.1.4.1]). So we can conclude from Proposition 2.2.17. B

Notation 2.2.19. Let €, D be two additive co-categories.

(1) We let Fun,yq(C, D) denote the full subcategory of Fun(C, D) generated by additive
functors. If, moreover, C, D admit symmetric monoidal structures, we let Fun?d 4(C,D)
denote the full subcategory of Fun®(C, D) generated by those monoidal functors
whose underlying functors are additive.

(2) Suppose €, D are stable and equipped with weight structures. We let Funy..x(C, D)
denote the full subcategory of Fun(C, D) generated by exact and weight-exact func-
tors. If, moreover, C and D admit symmetric monoidal structures compatible with
their weight structures, we let Fun’, . (C, D) denote the full subcategory Fun .. (€, D)

generated by those functors whose underlying functors lie in Funy,.«(C, D).

Proposition 2.2.20. Let C and D be two bounded weighted stable oo-categories. Then the
restriction functor
Funy., (€, D) = Fun,gq (C‘Z@w, D®w>

is an equivalence of oco-categories. Moreover, if C, D admit symmetric monoidal structures
compatible with their weight structures, then the commutative diagram

Fun} . (C,D) —— Fun%}, (GOM,D@M)

J |

Funy.(C, D) —=— Fun,gq <€OM,D%)

is a Cartesian diagram of sets at 0-simplexes.

Proof. The first assertion is [ , Proposition 3.3], and the monoidal assertion follows
from [ , Theorem 4.3]. [ |

A very important result of Proposition 2.2.17 is that every object in a bounded weighted
stable co-category can be assigned to a chain complex.
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Construction 2.2.21 (Weight Complex Functor[ ; D). Let € be a bounded weighted
stable co-category. From Proposition 2.2.17, we know h €¥» is an additive category. We
have seen, in Example 2.2.8, that N,(h C”») is the heart of the bounded weighted sta-
ble co-category KP°(h C¥»). Using Proposition 2.2.20, the unit €¥» — N,(h€V») of the
homotopy-nerve adjunction can be extended to a weight-exact functor

We: € = KP(heVw).

We call it the weight complex functor of C. Moreover, if C admits a symmetric monoidal
structure compatible with the weight structure, then the weight complex functor has the
symmetric monoidal refinement by the last assertion of the previous proposition due to
Ko Aoki.

§ 2.2.3 Constructions of Weight Structures

As we have seen in Proposition 2.2.17, constructing bounded weight structures is
not difficult. Now we recall constructions of general weight structures (not necessarily
bounded).

WEeEIGHT STRUCTURES FrROM NEGATIVE CLASSES

If we only assume the negative condition in Proposition 2.2.17, it also allows us to
construct weight structures of general stable oco-categories. However, the weight structure
may fail to be bounded.

Proposition 2.2.22 ([ , Theorem 2.2.1]). Let C be a stable co-category admitting small
colimits. Assume N is a full subcategory of C that generates C under small colimits. Let
Cw>0 and Cy<o be the full subcategories generated by (N[i])i>o and (N[i])i<o, respectively,
under small coproducts and extensions. If N C L(i’wzo holds, then w = (Cy>0, Cy<o) is the
unique weight structure w on C satisfying

® the heart of w contains N; more precisely, the heart of w is the idempotent completion
of the full subcategory generated by (possibly infinite) direct sums of N;

* the full subcategory C,,>¢ is closed under small coproducts (or equivalently small col-
imits).

Proof. The Semi-invariance is obvious. For the Weak Orthogonality, it suffices to show
1@y>1 is closed under extension, small coproducts and contains N[i] for all i < 0. The
closure properties have been shown in Lemma 2.2.2 and the third condition is guaranteed
by the assumption.
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It remains to prove the existences of Weight Decomposition. We let W be the full
subcategory of C spanned by those X such that, for every n € Z, there is a cofiber sequence

Xgn%in—)X

where X<, € Cy<, and X>,, € Cy>,. We need to prove N C W and W is closed under small
colimits so that W = C. Let X € N. If n < 0, we have the cofiber sequence X[—n|® X[-1] —
X[—n] = X;if n > 0, we can take the trivial decomposition 0 — X — X. This proves N
is contained in W. Next we prove W is closed under small colimits, or equivalently, closed
under small coproducts and cofibers. Since C,>¢ and C,,<¢ are already closed under small
coproducts, it suffices to treat cofibers. Let X — Y be a morphism in W, and choose
decompositions (with obvious notations):

Xgnfl — infl — X

YSn — an —Y.

Let Z be the cofiber of X — Y. Using the orthogonality between C,,<,,—1 and C,,>,, we know
that there is a unique (up to homotopy) morphism X<,,_; — Y<, such that the following

diagram
in—l an Q
| [
Xent Yen P
| [
X Y Z

with exact rows and columns, is commutative. Since C,,>, and C,<,, are extension-closed,
we know that P € C,<, and @ € C,>y, which provide a desired decomposition for Z.

For the uniqueness, if v is the other weight structure on C satisfying the two condi-
tions. In the case, we know that C,>¢, C,<( are closed under small coproducts, extensions
(see also Proposition 2.2.10), and they contain N. The construction of w show that we
have inclusions C,,>¢ C C,>0 and Cy<o € Cy<o; therefore, we conclude w = v from Lemma
2.2.13. For the left part, we refer readers to the proof of [ , Theorem 2.2.1]. [ |

WEeIGHT STRUCTURES FROM CoMPACT OBJECTS

Proposition 2.2.17 provides a convenient method for constructing bounded weight
structures on the “stable envelopes” of good additive co-categories. Typically, such sta-
ble envelopes arise as the compact part of stable compactly generated oo-categories. We
now explain how to extend these weight structures to the entire categories. To this end,
we begin with a general construction from compact objects.
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Proposition 2.2.23. Let C be a stable co-category admitting small colimits. Let S be a
set'of compact objects of C. Then there is a unique weight structure w on C with

Cuzo={X € G]Hom@(T[—n],X) ~0forallT €S, n>0}.
Proof. Thisis [ , Proof of Theorem 4.3.2, Theorem 4.5.2] or [ , Theorem 5]. W

We summarize by putting these constructions on a compactly generated stable oo-
category.

Proposition 2.2.24. Let C be a compactly generated stable co-category. Assume the full
subcategory C,, of compact objects has a weight structure w. Then the weight structures
obtained by taking N = CJv in Proposition 2.2.22 or S = Cv in Proposition 2.2.23 are the
same ones that extend w. Moreover, this is the unique weight structure on C extending w on
Cu such that Cy>¢ is closed under small colimits.

Proof. Since objects in €/~ are compact and € is compactly generated, we see that Propo-
sition 2.2.22 does give a weight structure W, extending w. We let W, denote the one from
Proposition 2.2.23. The negativity of CJ» shows the heart of W, contains C», and its
construction shows Cyy,_>¢ is closed under small coproducts. Now using the uniqueness
in Proposition 2.2.22, we know that W, = W,. The last assertion also follows from the
uniqueness in Proposition 2.2.22. [ |

Corollary 2.2.25. Let C be a compactly generated stable co-category. Assume there is a
small negative full subcategory N consisting of compact objects, and it generates C under
small colimits and negative shifts. Then:

(1) There is a unique weight structure w on C satisfying

® the heart of w contains N;

* Cyu>o is closed under small colimits.
(2) The weight structure w in (1) satisfies
(a) the heart of w is the idempotent completion of the full subcategory generated by

N under directed sums;

(b) the weight structure w restricts to the weight structure on C,, whose heart contains
N;

(c) given X € G, then X € Cyu>o if and only if X € (N[i])* forall i < 0;
(d) given X € C,, then X € Cy<o if and only if X € N[i] for all i > 0.

1t can be empty. But in that case, the weight structure is trivial, i.e., Cuw>0 =C.
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(3) Assume C admits a symmetric monoidal structure whose tensor unit is in CVv. If for

any pair (X,Y) of objects in N, the tensor product X ® Y is still in the heart, then w
is compatible with the monoidal structure.

Proof. (1) By our assumption, N[—1]* contains all N[i] for i > 0 and N[—1]* is closed

(2)

3

under extensions and small coproducts (because of compactness of objects in N); thus
N satisfies the assumption in Proposition 2.2.22, we apply it to get a desired weight
structure on C.

The part (a) is clear. For part (b), applying Proposition 2.2.17 to N, we get the unique
bounded weight structure on G, whose heart contains N. Then we can extend it to
C using Proposition 2.2.24. We let w’ denote this new weight structure on C. So we
need to show w = w’. This clearly follows from the uniqueness of w in (1). It remains
to prove (c) and (d). There are obvious inclusions

Cuz0 € (N[=i])E,  Cu<o € TN,

for all ¢ > 0. We need to prove the converse directions. For (c), it is clear because
1{X} is closed under small coproducts and extensions, and then the assumption on
X implies Cyp<—1 C L{X }; equivalently, this means X € C,>( by Proposition 2.2.10.
The similar argument works to prove (d) when X is compact.

We need to prove that C,<o (resp. C,>¢) is closed under the tensor product. Their
proofs are similar. Let us prove for C,<( (for C,>0, one needs to notice that C,>¢ is
stable under small coproducts). We define D as the full subcategory of C spanned by
those X € Csuch that C,<o®X C €C,<o. Then it suffices to prove C,,<o C D. For this,
we need to show D is closed under coproducts, extensions and contains NJi| for all
i < 0. As Cy<o is closed under coproduct and extensions, it remains to show N[i] C D
for all i« < 0. For this, we define a full subcategory D’ of € in a way similar to D,
that is, X € D’ if X ® N[i] C Cyp<p for i < 0. By our condition in the statement, we
have inclusions N[j] C D’ for all j < 0. It is easy to see that D’ is closed under small
coproducts and extensions as well. This implies C,,<o C D’, as desired.

[ |

Corollary 2.2.26. Let F: C; — Cy be a functor in Prs. Assume, for i = 1,2, there is a

small full subcategory N; satisfying the conditions in Corollary 2.2.25. Let w; be the weight

structure obtained in Corollary 2.2.25 for i = 1,2. Then the following are equivalent:

(1) F is weight-exact;

(2) after restricting to compact objects, F': Cy,, — Ca,, is weight-exact;

(8) F sends Ny into the heart of wo.
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Proof. We prove the non-obvious direction (3) = (1). In fact, this follows from the fact that
F preserves small colimits and extensions. [ |

WEIGHT STRUCTURES ON MODULES

Given a symmetric monoidal co-category C® and a commutative algebra A € G, we
have the oo-category Mod 4(C) of A-modules in €. There is a canonical forgetful functor
Mod 4(C) — € that admits a left adjoint (['1/, Corollary 4.2.4.8])

Free: ¢ — Mod 4(C)

called the free module functor. In fact, Mod 4(C) also admits a symmetric monoidal

structure given by relative tensor products ([1/, §4.4]) such that the free module functor
is symmetric monoidal.

The next proposition is essentially proved in [ , Lemma 3.4.1] and [ , Propo-
sition 4.22].

Proposition 2.2.27. Let C® be a compactly generated stable symmetric monoidal co-category
with the compact tensor unit. Assume the underlying co-category C admits a weight struc-
ture w that restricts to a bounded weight structure on C,. Let A € CAlg(C) satisfy A ®
—: C — Cis right weight-exact (e.g, w is compatible with the monoidal structure on C and
A € Cy>0). Then there is a unique weight structure W on Mod 4 (C) satisfying the following
conditions:

(1) Mod 4(C)w>o is closed under colimits.
(2) the free module functor Free: C — Mod 4(C) is weight-exact.

(3) it restricts to a bounded weight structure on the compact part and the restriction of
the free functor on compact objects of C is also weight-exact.

Moreover, if w is compatible with the symmetric monoidal structure of C, then W is com-
patible with the symmetric monoidal structure of Mod 4(C).

Proof. We use Corollary 2.2.25. Note that Mod 4(C) is compactly generated as Cis ([I1/,
Lemma 5.3.2.12]). We need to take N as the full subcategory of Mod 4(C) spanned by
all free modules associated to objects in C~. Since C”» generates € under colimits and
shifts, and Mod 4(C) is generated by free modules under colimits, this shows that Mod 4(C)
is generated by N under colimits and shifts. To use Corollary 2.2.25, it remains to show
N is negative. Let M, N € €7~. Then, for any integer i € Z, we have

Mapwoa , () (Free(M), Free(N)[i]) ~ Mape(M, A ® N|i]).
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Since A ® — is right weight exact, we know that A ® N[i] is in €y~ for any ¢ > 0. In
particular, for any 7 > 0, we have

Hompeg , (¢)(Free(M), Free(V)li]) ~ Home(M, A @ NJi]) ~ 0,

where the last isomorphism holds as w is a weight structure on C,,,.

For the last assertion, we need to check that, for any X,Y € €v, the tensor product
Free(X) ®4 Free(Y) is in the heart of W. The tensor product is just the free module
associated to X ® Y (which is in €Y» by the assumption). Therefore, we conclude from the
weight-exactness of the free module functor. [ |

§ 2.3 FuncToRrs FRoMm MobuLE CATEGORIES

We recall two facts of commutative algebras in symmetric monoidal co-categories from
[[1A]. They will be used to establish the comparison of p-adic cohomology theories in §4.4.

§ 2.3.1 Free Commutative Algebras

Let C be a symmetric monoidal co-category. The forgetful functor 6: CAlg(C) — C
admits a left adjoint (e.g., see [I1/, Proposition 3.1.3.13])

S: € — CAlg(e)

called free commutative algebra functor. Moreover, for each X € G, we have

0(S(X)) = [ Sym"(X).

n>0

Example 2.3.1. There is a motivic example for free algebras: let K be a complete non-
archimedean field with perfect residue field. There is a commutative algebra x1 in DA(k)
(see §3.1.3), which is a free commutative algebra since. More precisely, there is an iso-
morphism y1 ~ S(1(—1)[—1]) in CAlg(DA(k)); see [ , Theorem 3.13] or [ ,
Proposition 2.63].

Remark 2.3.2. In Proposition 2.1.14 (3), although CAlg(C) admits all small colimits, the
forgetful functor cannot preserve all of them. The point is finite coproducts in CAlg(C) are
not simply computed in €. Informally, there is no obvious way to equip a tensor product on
A1 [[ A2 where A; and A are symmetric monoidal categories. However, finite coproducts
of free commutative algebras can be computed in €. Therefore, the existence of finite
products of general commutative algebras A; follows by rewriting each A; as a geometric
realization of free commutative algebras in CAlg(C).
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§ 2.3.2 Base Change of Algebras

Let F: C® — D? be a functor in CAlg(Prs*). We next use the identifications (from
[1A, Proposition 3.4.1.3])

CAlg(fPrf’f)e@ /- = CAlg(Mod@Qa(fJ’rzt)), CAlg(fPrth)Dqg /= CAlg(Mod e (fPrff)).
There is a natural adjunction studied in [/, §4.5.3]:
F*: CAlg(ﬂ’rff)e®/_ = CAlg(iPrff)@ep/_: E..

More precisely, F, is induced by composing with F', and F* sends C® — €% to D® ®es £¥.

Under our assumptions, we can identify Mod 4(€) and D as objects in CAlg(Pr)e /-
via the free module functor (['1/, §4.2.4]) Free: ¢ — Mod 4(C) and the monoidal functor
F: C — D, respectively.

Proposition 2.3.3. Let F: ¢ — D be a functor in CAlg(Prs') and A ¢ CAlg(C). Then
there is a homotopy equivalence

Mapcaigpesty,, (Mod4(C), D) =~ Mapcag(n)(F'4, Lp).
Furthermore, if A = S(t) is a free algebra in C, then we have a homotopy equivalence
MapCAlg(?rzt)c/i (Mod 4(C), D) ~ Mapq,(F(t), 1p).
Proof. In fact, here D = F,D in CAlg(fPrff)@ /—; thus, we have
Mapcaigpesty,, (Mod4(C), D) =~ Mapcagpesty,,, (F"Mod4(C), D)
~ Mapcaig(prsty,,,  (Modra(D), D)
here the last homotopy equivalence follows from
F*MOdA(G) ~ D Re MOdA(G) ~ MOdFA(D)

by [ A, Theorem 4.8.4.6]. Therefore, we conclude the first assertion from the full faithful-
ness of the functor

CAlg(D) — CAlg(Prd)p,_
A — Mod 4 (D);

see [[1A, Corollary 4.8.5.21]. For the last assertion, we use the universal property of free
algebras:

Mapcaig(p)(F'A, 1p) ~ Mapcaig(e) (4, G(1p))
~ Mape(t,G(1p))
~ Mapy,(F(t), 1p)

where G is the right adjoint of F. [ |



CHAPTER Il

A WEIGHT STRUCTURE ON RIGID ANALYTIC
MoTIVES

The goal of this chapter is to construct a weight structure, as recalled in §2.2, on the
stable co-category of rigid analytic motives over a complete non-archimedean field. This
extends the weight structure defined in [ , $4.3]. We begin in §3.1 by recalling the
theory of rigid analytic motives and their relationship with algebraic motives over the
residue field. These results will also be useful for the discussion of motivic realization
functors in the next chapter. Then we study Galois actions on the co-categories of rigid
analytic motives in §3.2, which is key to constructing the weight structure on rigid analytic

motives in §3.3.

§ 3.1 ETALE MoTIVES

In this section, we will review the necessary theory of (étale) motives. Since our work
involves both rigid analytic spaces and adic spaces, we begin in §3.1.1 to clarify the ambient
categories of our geometric objects. We then recall the construction of motives in §3.1.2.
Finally, in §3.1.3 and §3.1.4, we explain two perspectives of rigid analytic motives in terms

of algebraic motives.

§ 3.1.1 Non-Archimedean Analytic Geometry

We clarify our setup for non-archimedean analytic spaces in this subsection. As is
known, there are several approaches to non-archimedean analytic spaces, including Tate’s

rigid analytic varieties [ ; 1, Raynaud’s formal models [ ; ; ;
; ], Berkovich spaces [ ; 1, Huber’s adic spaces [ ; ;
1, and more recently, Clausen-Scholze’s analytic stacks [ ; 1.

In this thesis, we primarily work with Huber’s theory of adic spaces. However, we also
make use of the six-functor formalism for rigid analytic motives developed in [ 1,
which is formulated using the formal model approach. Therefore, we briefly explain the
context in which our geometric objects lie and also recall how different models relate to
each other.

37
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ForMAL MoDELS AND RIGID ANALYTIC SPACES

Throughout this thesis, by a formal scheme, we mean an adic formal scheme with fi-
nite ideal type, i.e., a ringed space that is locally isomorphic to Spf(A), where A is an adic
ring with an ideal of definition I of finite type; and morphisms between formal schemes
are adic morphisms of formal schemes, i.e., morphisms that are locally induced by adic
morphisms of adic rings. Now let FSch denote the category of formal schemes, and let
FSch®?® denote the full subcategory spanned by quasi-compact and quasi-separated for-
mal schemes.

e The Raynaud’s Generic Fiber. We define the category RigSpc®® of quasi-compact
quasi-separated rigid analytic spaces as the localization of FSch%“%® with respect to
the class of admissible formal blowing-ups, and the canonical functor will be denoted by

(—)"¢: FSch™® — RigSpci™®.

We can extend RigSpc®® along open immersions (defined by open immersions of formal
models) to a category RigSpec (c.f [ , $I1.2.2.(c)]), referred to as the category of rigid
analytic spaces, and then extend the functor above to a functor

(—)"&: FSch — RigSpec. (3.1.1)

We will refer to this functor as the Raynaud’s generic fiber functor. Given a rigid
analytic space X, if there is a formal scheme X € FSch, we will call X a formal model of
X. Clearly, every quasi-compact and quasi-separated rigid analytic space always admits
a formal model.

¢ The Special Fiber. Every scheme can be regarded as a formal scheme whose ideal
of definition is (0). Therefore, we have full subcategories Sch C FSch and Sch®® C
FSch%“, The inclusion functor from the category of reduced schemes to FSch admits a
right adjoint, which we will denote by X — X, and refer to as the special fiber functor.

¢ The Comparison With Tate’s Construction. Finally, let’s explain how this con-
struction relates to the Tate’s approach. For this, let R be a complete valuation ring of
height 1 whose fraction field is denoted by K. We restrict to the category FSchllgLt of formal
R-scheme that are locally of (topologically) finite type'. For every affine formal R-scheme
Spf(A) in FSch', we have an affinoid K-Tate algebra A ® gz K (because A is of finite type
and K can be regarded as a localization of R). Therefore, this construction can be global-

ized into a functor

FSch'! — RigVar
Spf(A) — Sp(A ®r K)

! A more general construction is given by Berthelot in [ ], see also [ , $71.
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where RigVar, is the category of rigid analytic varieties over K in the sense of Tate
( ; D). In fact, this functors factor through the restriction of the Raynaud
generic fiber functor and induces an equivalence between RigVary® and RigSpcg”’chs
( ; ; D.

More generally, given a rigid analytic space S that is locally of finite type over Spf(R)™¢,
there is a rigid analytic variety Sy over K and a functor

1ft

(—)o: RigSpecg” — RigVarg,

which restricts to an equivalence between RigSpcgt’qs and RigVar? ([ , Theorem
I1.B.2.5]).

Abpic SPACEs

Notation 3.1.1. Let A be a topological ring. We will let A° denote the subring of power-
bounded elements and let A°° C A° denote the ideal of topologically nilpotent elements.

Recall that a Huber ring is a topological ring A with an open subring Aj that is an
adic ring (whose ideal of definition is of finite type), and the subring A is called the ring
of definition. A Huber pair (A, A™) consists of a topological ring A and an integrally
closed open subring A" contained in A°, which is called the ring of integral elements.

From now on, all Huber pairs are assumed to be sheafy and complete so that we
have an affinoid adic space Spa(A, AT) and we can recover the Huber pair (A, A™) from
its structure sheaves; and, for brevity, we write Spa(A) := Spa(A, A°) for any (complete
and sheafy) Huber ring A.

There are several useful Huber pairs:

Definition 3.1.2. Let (A, A™) is a Huber pair.

(1) We say A is Tate if A°° N A* # @. In this case, any element in this intersection is
called a pseudo-uniformizer.

(2) We say A is analytic if the ideal generated by (A”)°° is the unit ideal. In particular,
any Tate Huber pair is analytic.

(8) We say A is uniform if A° is a ring of definition, i.e. A° is bounded.
We also say the Huber pair (A, A") is Tate/analytic/uniform if A is.

Remark 3.1.3 (Structure of (Uniform) Tate Huber Pair). Let (A, A™) be a Tate Huber pair,
and let @ be a pseudo-uniformizer of A. We can find a ring of definition Ay of A containing
@ (otherwise, we replace @ by a suitable power of it). Then we have A = Ag[w~!] and
Ag is w-adic. In fact, as w is a unit, each w™A is open in Ay. On the other hand, Ay is
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open bounded and w is topologically nilpotent; thus, w" Ay is a fundamental neighborhood
of 0. The last assertion is clear: for any a € A, we have lim,, ,., aw™ = 0, which implies
aw® € Ag for k > 0; equivalently, this means a € Ag[ew™!]. In particular, if A is uniform,
we have A = At[w!].

Usually, we only consider analytic adic spaces that are locally of the form Spa(A)
where A is analytic because we focus on analytic geometry. Next we let AnAdic denote
the category of analytic adic spaces, i.e., those adic spaces that are locally isomorphic to
Spa(A), where A is either analytic or Tate ([ , Proposition 4.3.1]). We next recall how
to relate analytic adic spaces with rigid analytic spaces and rigid analytic varieties from

[ ; 1

e The Comparison With RigSpc. In [ 1, Huber assigned every locally noethe-
rian formal scheme X to an adic space X24 [ , Theorem 2.2, Proposition 4.1] and see
[ , Corollary 1.2] for a more general case. In the affine case, it is given by Spf(A) —
Spa(A, A). This is a fully faithful functor ([ , Proposition 4.2]). Now we let G be a

locally noetherian formal scheme and let G24 denote the open subspace of G24 by removing
non-analytic points. Then we have a functor

(—)3d: FSche — AnAdicga

(3.1.2)
X xad,

referred to as the adic generic fiber functor. This functor factors through RigSpcgri,
which will also be denoted by

(—)?]d: RigSpcgrie — AnAdicG%d. (3.1.3)

By restricting, this functor induces an equivalence between RigSpcg';’igS and AnAdiclétg;gs
(see [ , (1.1.12)], [ , Theorem II.A.5.2]).

However, we won’t work with (analytic) adic spaces with finite conditions. Fortu-
nately, there is a good embedding of some “good” analytic spaces into the category of rigid
analytic spaces. For this, recall that an adic space X is uniform if for all open affinoid
U = Spa(A) C X, the Huber pair A is uniform. This is equivalent to saying X has an open
cover by affinoid U = Spa(A) with A stably uniform (in the sense of [ D.

Proposition 3.1.4. There is a fully faithful functor from the category AnAdic"™ ™ of
uniform analytic adic spaces to the category RigSpc which is compatible with open immer-
sions. Specifically, in the affinoid case, the functor is given by Spa(A, AT) ~ Spf(A+)"e,
Moreover, this embedding is a section of the adic generic fiber functor (3.1.3).

Proof. The embedding is given in [ , Corollary 1.2.7]. For the last assertion, it suf-
fices to show that the morphism Spa(4, AT) = Spa(A™)ay is an isomorphism. Indeed, this
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morphism is well-defined as (A1, AT) — (A, A1) is adic and the latter is analytic. For con-
venience, we may assume A is uniform and Tate (otherwise, we can shrink Spa(A, A™)). An
analytic point = € Spa(A™)an is equivalent to giving a morphism (x(z), k(z)") — (AT, A™)
of Huber pairs, where x(x) is a non-archimedean field. By Remark 3.1.3, this is equivalent
to a morphism (x(z),x(z)"T) — (A4, AT) of Huber pairs. The latter lies in Spa(4, A" )an =
Spa(A4, AT). [ ]

* The Comparison With RigVar. Now let K be a complete non-archimedean field with
valuation ring Ox. Then we can consider rigid analytic varieties over K. Indeed, the
assignment Sp(A4) — Spa(A4, A°) extends to a fully faithful functor

RigVar,, — AnAdicg,

where AnAdicy is the full subcategory of AnAdic spanned by those defined over Spa(K, Ok ).
It also induces the continuous functor (in the sense of [©1, 1) between as-
sociated sites with respect to analytic topologies. By restricting, we have an equivalence
between the category RigVar?: of quasi-separated rigid analytic varieties over K and the
category AnAdicllt;t’Ols of quasi-separated adic spaces locally of finite type over Spa(K, Ok).
For details of these, we refer to [ , Proposition 4.5].

Finally, let’s recall the relation between the adic generic fiber functor and the Ray-
naud’s generic fiber functor. For this, we need to start from the category FSchlofEK. In fact,

there is a commutative diagram (up to an isomorphism) by [ , Remark 4.6]
Spf(A)—~Sp(AQ¢ . K) .
FSch{’. X RigVar,
\ / . (3.1.4)
(=)
AnAdic K
§ 3.1.2 oo-Categories of Etale Motives
We give a quick recall from [ ; ; ; ] the constructions of oco-

categories of algebraic, formal and analytic étale motives (with Q-coefficients).

THE co-CATEGORIES OF ALGEBRAIC AND ForMAL MoOTIVES

Let & be a formal scheme. Let FSm/S denote the category of formal schemes that
are smooth over & ([ , §1.3]). We will only consider the étale topology on it. For any
X € FSm/&, we let AL = Spf(0x(T)) denote the relative formal affine line over X.

Now we define FDAS(&) as the full subcategory of Shvg (FSm/S, D(Q)), the oco-
category of étale sheaves valued in the derived oco-category D(Q), generated by local ob-
jects with respect to the collection of morphisms Qg(AL) — Qg(X), for any X € FSm/&,
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induced by Yoneda’s embedding and their desuspensions. The inclusion functor admits a
left adjoint
L, : Shvg (FSm/S, D(Q)) — FDAY (&), (3.1.5)

called the A'-localization functor. Let T (or simply T if & is clear from the context) be
the image of the cofiber of the split inclusion Q(&) — Q(A} \ Og) under L,:. Then we put
(in the sense of [ , Definition 2.6])

FDA4(S) := FDA(6)[75"]

We call this the co-category of (étale) motives over S, and simply write FDA(GS) for it
in the next. Given a smooth &-scheme X, we let M/ (X) denote the image of X in FDA(S).

As alocalization, FD ‘?{f (6) admits a unique symmetric monoidal structure such that
L,: is symmetric monoidal. In particular, FDA(S) indeed has a symmetric monoidal
structure. Moreover, FDA(S) is an oo-category in CAlg(Pr-) underlying a six-functor
formalism for good S in the sense of [ , Definition 2.4.14] (e.g., & = Spf(O) for
some complete valuation ring Ok of height 1). For more details, we refer to [ , $31.

We will let 1 (or simply 1) denote the monoidal unit of FDA(G). For any integer n €
N, we denote by 1(n) the image of T®"[—n] in FDA(&) and let 1(—n) denote its monoidal
inverse. They are called Tate twist.

Remark 3.1.5. (1) Inl[ 1, authors use the notation FSH; (S, Q) instead of FDA(S).
In fact, they work with more general coefficients (connective ring spectra), and, under
their convention, they write FDA when the ring spectrum is the Eilenberg-Mac Lane
spectrum of an ordinary ring. In other words, we have FDA(S) = FSH¢, (S, HQ) (the
former is defined here).

(2) Inthe construction above, we only consider the étale sheaves on FSm/S. One can re-
place Shvy (FSm /S, Q) by the co-category of hypersheaves to define a new category
FDA"(S). In fact, for good & (including what we will use in the following), there
is an equivalence FDA(S) ~ FDA" (&) of co-categories (see [ , Proposition
3.2.2]).

The co-category of formal motives can specialize to co-categories of algebraic motives:
if & = S'is a scheme, then we write DA(S) instead of FDA(S). Indeed, this is the same as
starting from étale sheaves on the category Sm/S of smooth S-schemes since our formal
schemes and morphisms between them are assumed to be adic.

Proposition 3.1.6 ([ , Theorem 3.1.10], [ , Corollaire 1.4.29]). Let & be a for-
mal scheme and let &, be its special fiber. Then the special fiber functor induces an equiv-
alence

FDA(G) = DA(S,).



43 3.1. ETALE MOTIVES

Remark 3.1.7 (Compact Generation,[ , Remark 2.4.23, Proposition 3.2.3]). As we
mentioned above, only for good &, the co-category FDA(S) is compactly generated in
which DA(S,) is also compactly generated by the equivalence above. In fact, as our mo-
tives have QQ-coefficients, we only need to assume S, is locally of finite Krull dimension.
In the case, a set of compact generators of DA(S,) (resp. FDA(S)) is given by motives,
up to negative shift and negative Tate twist, associated to those quasi-compact and quasi-
separated smooth G,-schemes (resp. formal G-schemes).

Notation 3.1.8. For brevity, we denote FDA(Spf(R)) (resp. DA(Spec(R))) by FDA(R)
(resp. DA(R)) for any adic ring (resp. discrete ring) R.

THE co-CATEGORIES OF RicipD ANALYTIC MOTIVES

We can define the co-category of rigid analytic motives using a similar recipe. Let S
be a rigid analytic space. We let RigSm /S denote the category of smooth S-rigid analytic
spaces ([ , Definition 1.3.13]). For any X € RigSm/S, if X admits a formal model
X, we set B := (A%)", which is independent of the choice of the formal model and can
be defined via gluing along open immersions in general. There is an open rigid analytic
subspace T}, of BY: it is locally given by Spf(Ox(T*!)) C Spf(0x(T)).

We can construct RigDA(S) similarly. Firstly, we let RigDASE(5) be the full subcat-
egory of Shvy(RigSm/S, D(Q)) from the same construction as above, with A} replaced
by BL. Then we have the B'-localization functor

Lg: : Shvg(RigSm/ S, D(Q)) — RigDAST(S). (3.1.6)

Secondly, we need to invert the Tate object Ts as above; here this object is defined as
the cofiber of the split inclusion Qs(S) — Qs(T}) in RigDAg (S). Thus we get the oo-
category of rigid analytic (étale) motives over S

RigDA(S) := RigDA(9)[T51].

As in the algebraic case, we have the Tate twist of rigid analytic motives. Recall from
[ , §2], if we assume now S is locally of finite Krull dimension in the sense of [ ,
Notation 1.1.11, Remark 1.1.12], the co-category RigDA(S) is indeed in CAlg(PrL). More-
over, a set of compact generators is given by motives, up to negative shift and negative
Tate twist, associated to those quasi-compact and quasi-separated smooth S-rigid analytic
spaces by [ , Proposition 2.4.22]. It underlies the six-functor formalism developed
in [ 1.

Remark 3.1.9. As in Remark 3.1.5, we write RigDA(S) in place of RigSH as used in
[ 1 since our chosen coefficient is HQ, and for a suitable S, we also have an equiva-
lence RigDA(S) ~ RigDA"(S) of co-categories for good S where the latter is defined via
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hypersheaves, see [ , Proposition 2.4.19]. Furthermore, we will also use RigDA(S)
to refer to both the symmetric monoidal co-category RigDA(S)® (asin [ , Definition
2.1.15]) and its underlying co-category.

Remark 3.1.10. Let S be a rigid analytic space. An effective rigid analytic motive over S
can be explained as an étale (hyper)sheaf 3 on RigSm /S such that, for every X € RigSm,
the canonical morphism F(Qg(X)) — F(Qx (BY)) is an isomorphism of spectra. As we saw,
we define rigid analytic motives by inverting the Tate object T in the sense of [ , Defi-
nition 2.6]. By [ , Corollary 2.22], the underlying presentable co-category RigDA(S)
is the colimit indexed by N in Pr™:

RigDA(S) = colim <RigDAeff (5) =255 RigDA®(5) =25, RigDA(S) — ... ).)

Under the equivalence Prf ~ (Prl)°P, we have a limit in GAT,, (see Proposition 2.1.1):

Hom(Ts,—) Hom(Tg,—-)
— —

where Hom (7, —) is the right adjoint of — ® Ts. Therefore, a rigid analytic motive over
S is a T-spectrum, i.e., given by £ = (E,),en With equivalences E,, ~ Hom(7s, E, 1)
where each F, is an effective rigid analytic motive over S. In particular, we have a functor
E = (E,) — Ey, which is often denoted by

Q5 : RigDA(S) — RigDA®(S).

It is the right adjoint of the canonical projection X7 : RigDAeff(S) — RigDA(S). So for
every X € RigSm/S, the associated rigid analytic motive of X over S is X3° o L1 (Qg(X)),
where Qg(—) is the Yoneda’s embedding, which is usually denoted by Mg(X) or simply
M(X) if S is clear. More generally, one can define the rigid analytic motive associated to
non-smooth spaces: let f: X — S be a locally of finite type morphism ([ , Corollary
4.3.18]), then we define Mq(X) := fif'1x. This coincides with the smooth case by the
six-functor formalism.

Remark 3.1.11 (Rational Coefficients). Throughout this thesis, we work exclusively with
Q-coefficients for motives. This choice is motivated by the fact that many assumptions in
[ ] are automatically satisfied in the Q-linear setting, and it also allows us to apply
Corollary 2.1.19.

Note that RigDA(S) is Q-linear: the co-category RigDA®T(S) is Q-linear since it is a
full subcategory of Shve (RigSm /S, D(Q)); under the identification (see [/, Proposition
3.4.1.3]D):

CAlg(Pr")poa,,,/— ~ CAlg(Modyoq,,, (Pr")),

the canonical functor RigDA®®(5) — RigDA(S) in CAlg(Pr") implies RigDA(S) is also
Q-linear. Equivalently, this can be verified via the Q-linear DG perspective; see [ ,
Remark D.1.2.3.].
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Remark 3.1.12 (Adic Perspective). In most cases, we are interested in analytic adic spaces
over Spa(Z,). Thus, one may restrict to a suitable collection of analytic adic spaces over
Spa(Z,), as done in [ ; ]. In the case, for any such adic space S over Spa(Z,),
we have

By ~ S Xgpa(z,) SPa(Zy(T)), T§ =~ S Xgpa(z,) SPa(Zy(TT)).

So BY is the adic closed unit disk over S and T} is the adic unit circle over S. We remark
that the space Bl is just a subspace of the adic affine line over S. For instance, we look at
the special case S = Spa(K, Ok ), where K is a non-archimedean field over Q,. Then we
indeed have

rig
Bl ~ Spa(K(T), O (T)) ~ (Aépf((’);()>

by (3.1.4) and the adic affine line is the increasing union of closed discs |T| <|=| ™™

AP = U Spa(K (w"T)) D By,
n>0

where w € Ok is a pseudo-uniformizer. Thus, in the analytic setting, the appropriate
notion of motives involves B!-invariance, in contrast to Al-invariance in the algebraic set-
ting.

Finally, it is worth noting that the étale topoi over a uniform adic space constructed
from the adic and formal perspectives are, in fact, equivalent.

§ 3.1.3 Rigid Analytic Motives with Good Model

Rigid analytic geometry is usually connected to algebraic geometry via the analytifi-
cation functor. However, for motives, there is a new and deep perspective, developed in
[ land [ , $31.

Let S be a rigid analytic space that admits a formal model &, i.e., Raynaud’s generic
fiber (3.1.1) of & is isomorphic to S. The special fiber of & is denoted by S,. Then we can
define the Monsky-Washnitzer functor studied in [ 1

¢: DA(S,) ~ FDA(S) -2 RigDA(S) (3.1.7)

where the first equivalence is Proposition 3.1.6 and this functor admits a right adjoint
x: RigDA(S) — DA(S,).

Since £ is symmetric monoidal [ , Proposition 3.1.13], we get a commutative ring
object x1x € CAlg(DA(S,)) by [ , Corollary 3.4.2]. From now on, we fix such S and
its formal model G and assume they are locally of finite Krull dimension (so that categories
of motives are compactly generated).



CHAPTER 3. A WEIGHT STRUCTURE ON RIGID ANALYTIC MOTIVES 46

Proposition 3.1.13. With Notations as above, the Monsky—Washnitzer functor & factors
through the free module functor Free: DA(S,) — Mod, ; (DA(S,)); in other words, there is
a functor

¢: Mod, ; (DA(S,)) — RigDA(X)

with a monoidal equivalence £ o Free ~ £ in CAlg(‘J’rOIj). Moreover, € is full faithful.

Proof. The first assertion is clear. For the fully faithfulness, see [ , Theorem 3.3.3].
|

Definition 3.1.14. We define the oco-category of rigid analytic motives with good model
over S as the full subcategory of RigDA(S) generated by M (X*8), where X runs through
smooth formal &-schemes, under small colimits. We will denote this category by RigDA,,(5).

Remark 3.1.15. It follows from Proposition 3.1.13, we have an equivalence RigDA,, (S) ~
Mod, ;(DA(S,)) of co-categories. Roughly speaking, every rigid analytic motive with a
good model arises from an algebraic motive equipped with a yl-action. This provides
a new perspective—distinct from analytification—for relating rigid analytic motives with
good models to algebraic motives. More generally, every rigid analytic motive becomes one
with a good model up to an étale extension of the base rigid analytic spaces; see [ ,
Theorem 3.3.3(2), §3.71.

In what follows, we make this identification in Remark 3.1.15 implicitly.

Remark 3.1.16. Even when the baseis afield, i.e., S = Spa(K, Ok), the objects of RigDA,,.(K)
are not only relating to rigid analytic spaces with good reductions. This category includes
more than just such simple motives. For example, motives associated to rigid analytic
space with semi-stable reductions lie in RigDA,, (K); see also [ , Proposition 3.29]

for further general examples. For this reason, we prefer to call objects in RigDA,,(K)
rigid analytic motives with good model.

Remark 3.1.17 (Compact Generators). The co-category RigDA,,(K) is compactly gener-
ated, here K is a complete non-archimedean field with residue field k. More precisely, a set
of compact generators of it is given by £(M (X)), up to shifts and Tate twists, where X runs
through proper smooth k-varieties. Indeed, these motives associated to proper smooth k-
varieties form a set of compact generators' for DA(k), and the Monsky—Washnitzer functor
generates RigDA,, (K') under small colimits, by [ , Proposition 2.31]; or equivalently,
one can deduce this from Proposition 3.1.13 and [ /A, Lemma 5.3.2.12 together with its
proof].

To understand RigDA,, (S5) via its identification with Mod,; (DA(S,)), it is useful to
have a good grasp of this commutative algebra yx1. Let’s recall a useful and important

IThis remains true in greater generality; for instance, see [ , Proposition 15.2.3].
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computation for x1 in the case of good reduction. Let’s restrict to the most useful case
S = Spa(K), where K is a complete non-archimedean field with residue field .

Proposition 3.1.18 ([ , Theorem 3.8.1, Corollary 3.8.32 (1)]). If we choose a pseudo-
uniformizer w € O, then we have an identification x1 ~ 1 ® 1(—1)[—1] in DA(k).

§ 3.1.4 Rigid Analytic Motives as Algebraic Motives with Monodromy Opera-
tors

There is an another relationship between algebraic motives and rigid analytic motives.
We recall it from [ 1.

We start from a general construction: let ¢ € Pr and ¢t € €,,. Then there is an co-
category G;{?t € Tl‘fut equipped with a functor =: G;i?t — C. More precisely, an object in
G;i?t can be regarded as a pair (X,N: X — X ®t), where X € € and N is a morphism,
referred to as a monodromy operator, in C, such that N is Ind-nilpotent, i.e. N* — 0
as k — oo. With this perspective, the functor 7 sends (X, N) to X, i.e. it is the forgetful
functor. There is an obvious section of 7 which sends X — (X, N = 0), denoted by (N = 0).

It admits a right adjont:

Lemma 3.1.19 ([ , Lemma 2.16]). The functor (N = 0): C — C_*" admits a right
adjoint Fib(N): G&?t — C which is given on objects by

(X, f) — Fib(f).

Proof. In fact, there is a forgetful functor G;i?t — Fun(A!, @) and then taking fiber of
morphisms. We will apply the dual version of the local criterion [ ,

] for the adjunction. This means that we need to prove: V(X, f) € G;{?t with the
canonical map Fib(f) & X, we have, VY € C, the composition map

Mape(Y; Fib(/)) *~"» Map_: ((¥;0), (Fib(f),0)) % Mape_c« ((¥,0), (X, /))

is a homotopy equivalence. Here @ is induced by u, and let’s explain it. Let’s consider the
following diagram

Mapg-c: ((Y,0), (Fib(f),0)) (NTQO); Mape(Y, Fib(f)) — Mape(Y, T Fib(f))

nil ~
|s P l(T“)* (3.1.8)
-

Mapg_e: ((Y,0), (X, f)) ——— Mapg(Y, X) ., Mape(Y,TX)

where each row is a fiber sequence ([ , Remark 2.7]); hence we have an induced
map u. Note that the fiber of f. at 0 is exactly given by Map.(Y, Fib((f))), hence we have
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a homotopy equivalence between Map.(Y,Fib(f)) and Mape__ign ((Y, 0), (X, f)), which is
given by the dotted arrow in the diagram above. Since (N = 0) is a section of 7, we have

Uy Y ugomo(N=0)~mouo (N =0),

which means that (N = 0) o @ is homotopic to the dotted arrow which is a homotopy
equivalence; therefore, w o (N = 0) is a homotopy equivalence, as desired. |

Remark 3.1.20 (Nilpotent Operators). The co-category G;{?t is compactly generated by
the essential image of C, under (N = 0). Thus, compact objects of G;{?t are nilpotent, i.e,
N* ~ 0 for some & > 0.

If C carries a symmetric monoidal structure, then so does G;i?t, and all of the above
discussions admit monoidal refinements.

We now apply these constructions to motives. For this, we let K be a complete non-
archimedean field with residue field k. We take ¢ = DA(k) and ¢t = 1(—1), and we denote
DA(k)_ 2"V by DA (k).

Proposition 3.1.21. With notations as above, the fiber functor Fib(N): DAy (k)DA(k) is
monadic and factors through a monoidal equivalence

~

DAy (k) — Mod gy (—1)—1)(DA(K))
Fibm Wd
DA (k)

In particular, a choice of a pseudo-uniformizer w € O determines an equivalence of sym-
metric monoidal categories RigDA,, (K) ~ DAy (k).

Proof. Note that Alt?(1(—1)) is homotopic to 0 ([ , Lemme 11.5] and also [ ,
Hypothése 3.6.1]), and the adjunction (N = 0) - Fib(N) satisfies the projection formula
( , Lemme 2.8] and [ D). So this is a special case of [ , Proposition 2.32].
The last assertion follows from Proposition 3.1.13 and Proposition 3.1.18. |

Remark 3.1.22. After choosing a pseudo-uniformizer of Oy, the previous proposition
shows that rigid analytic motive over K with good models can be viewed as motives over
residue field with a y1-action, but also such motives endowed with monodromy operators.
Under the equivalence in Proposition 3.1.21, we have the following correspondences of
functors:

X e~ forgetful «~ Fib(N)

§ o free «v (N =0).
Besides these, we have the forgetful functor 7: DAy (k) — DA(k), which defines the mo-
tivic nearby cycle functor

U: RigDA,,(K) — DA(k). (3.1.9)
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§ 3.2 GaALois-EQuivARIANT RiGID ANALYTIC MOTIVES

From now on, we restrict ourselves to rigid analytic motives over complete non-archimedean
fields and study the Galois action on these co-categories, in the sense of Definition 2.1.16.

§ 3.2.1 Galois Actions

Construction 3.2.1. Let L/K be a finite Galois extension of complete non-archimedean
fields with the Galois group Gal(L/K). Itis clear that RigDA(L) admits a canonical action

by Gal(L/K) in the sense of Definition 2.1.16. More precisely, we have a functor obtained

by taking the homotopy coherent nerve'

Ap/k: B Gal(L/K) — CAlg(Pr")
« — RigDA(L) (3.2.1)
(0 € Gal(L/K)) + (o*: RigDA(L) — RigDA(L))

Taking homotopy fixed points, we get a new category RigDA(L)PGal(L/K) jn CAlg(ﬂ’rL).
We will refer to objects in this new category as Gal(L/K)-equivariant rigid analytic
motives over L.

In the rest of this section, we fix a finite Galois extension L/K of complete non-
archimedean fields with the Galois group Gal(L/K). Let k1, /k be the corresponding exten-
sion of residue fields, and assume they’re perfect. We will denote by e¢: Spa(L) — Spa(K)
and é: Spec(kr) — Spec(k) the corresponding morphisms in the geometric world.

The next lemma shows that the Galois action restricts to an action on the subcategory
of those with good model.

Lemma 3.2.2 ([ , Proposition 3.1.13]). Let e: Spa(L) — Spa(K) and é: Speck; —
Spec k be the canonical maps. Consider the two diagrams below:

DA(kz) —“ RigDA(L)

T T in CAlg(PrL),
DA(k) s RigDA(K)

DA(k;) —“ RigDA(L)
éul leﬁ in CAT...
DA(k) —% RigDA(K)

Indeed, taking the homotopy coherent nerve gives B, Gal(L/K) — CAT.,. Then using [/1/, Corollary
2.4.1.9] and the fact that RigDA(K) € CAlg(Pr"), we get this functor.
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The first diagram is commutative (up to homotopy), and the second diagram is commutative
if L/K is unramified. In particular, we have restrictions

e*: RigDA, (K) — RigDA,, (L)
ey: RigDA,, (L) — RigDA,, (K),

where ey is well-defined if L /K is unramified.

The Galois group Gal(L/K) acts on RigDA,, (L) naturally thanks to Lemma 3.2.2. In
other words, we have a functor

ALk gt Ba Gal(L/K) — CAlg(Pr")
+ - RigDA, (L)
(0 € Gal(L/K)) + (0 : RigDA,,(L) — RigDA,,(L)).

The natural inclusion RigDA,, (L) — RigDA(L) defines a natural transformation¢: Ay /x o —
Ap) K, where Aj i is defined in (3.2.1). Moreover, this makes RigDA,,, (L) be a G-subcategory
of RigDA(L) in the sense of Definition 2.1.20. Thus, we deduce from Corollary 2.1.22 that:

Corollary 3.2.3. The inclusion functor induces a fully faithful functor

RigDAgr(L)h Gal(L/K) RigDA(L)h Gal(L/K)

§ 3.2.2 The Galois Descent

Using the Galois descent of rigid analytic motives, we can relate motives over K to
motives over the Galois extension field L.

Proposition 3.2.4. The canonical functor
&*: RigDA(K) = RigDA(L)hGal(L/K) (3.2.2)
induced by ¢*: RigDA(K) — RigDA(L), is an equivalence in CAlg(Pr").

Proof. Since the forgetful functor CAlg(Pr") — Pr is limit-preserving and conservative
(Proposition 2.1.14), and limits in Pr" are computed as co-categories (Proposition 2.1.1),
it suffices to prove (3.2.2) is an equivalence in CAT .. In fact, this is a direct consequence
of the étale descent for RigDA(—). We can write B, Gal(L/K) as a colimit of a geometric
realization:

B,Gal(L/K) ~ 1\(I:o(lil)n Se,
L] op

where S, = Gal(L/K)", see Lemma 2.1.23. It follows that RigDA(L)Pal(L/K) can be
identified with the limit of a cosimplicial object X* of Pr", where X" is a limit of the

induced diagram
S, — BeGal(L/K) — Prt.
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.....

RigDA(L)" %/ %) ~ Iim [ RigDA(L) —= ][ RigDA(L) =3 -
Gal(L/K)
On the other hand, this is also the Cech nerve of the canonical map
e*: RigDA(L) — RigDA(K).

We therefore deduce from the étale descent (see [ , Theorem 2.3.4 & Remark 2.3.5]).
]

We next study the restriction of the equivalence (3.2.2) to RigDAgr(L)hGal(L/ K),
Notation 3.2.5. We define RigDA, . (K) by the pullback diagram

RigDA, _,.(K) —— RigDA,,(L)

l j (3.2.3)

RigDA(K) —— RigDA(L)
in CAlg(Prh).

Remark 3.2.6. The underlying functor RigDA; .. (K) — RigDA(K) is fully faithful and
we can identify (up to equivalence) RigDA . (K) with the full subcategory of RigDA(K)
spanned by those M satisfying e*M € RigDA,, (L), where e¢: Spa(L) — Spa(K) is the
structure map. In particular, RigDA,, (K) is a full subcategory of RigDA, . (K) thanks
to Lemma 3.2.2.

We will use the identification in Remark 3.2.6 implicitly from now on.

Proposition 3.2.7. The canonical functor RigDA; ,.(K) — RigDA,, (L) factors through
the canonical functor RigDAgr(L)hGal(L/ L RigDA,, (L), and induces an equivalence

RigDAgT(L)h Gal(L/K)

RigDA, . (K) — RigDA, (L)

in CAlg(iPrL). Moreover, we have a commutative diagram (up to homotopy)

RigDA, . (K) --=- RigDA,, (L)h%l(L/K) —_; RigDA, (L)

| | |

RigDA(K) ——— RigDA(L)MCGal(L/K) —; RigDA(L)
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in CAlg(fPrL), where the middle fully faithful functor is the one in Corollary 3.2.3.

Proof. Using the identification in Remark 3.2.6, the pullback functor ¢*: RigDA(K) —
RigDA(L) restricts to a functor

eqr: RigDA; o (K) — RigDA,, (L),
which is also Gal(L/K)-invariant. Therefore, we get a functor
RigDA, . (K) — RigDA,, (L) @(L/5)

in CAlg(Pr") by the definition of RigDA, (L)2¢al(L/X) In fact, it is just the restriction of
the equivalence (3.2.2). This gives the commutative diagram in the last assertion except
for the dotted equivalence.

Since the forgetful functor CAlg(Pr") — Prl is conservative, it suffices to show this
restriction is an equivalence in PrY. As a restriction of an equivalence, it is clearly fully
faithful. It remains to prove the essential surjectivity. Let M be an object of RigDAgT(L)h Gal(L/K),
Using the equivalence (3.2.2) in Proposition 3.2.4, we can find a (unique) N € RigDA(K)
such that é*(N) ~ M. The commutativity of the diagram shows e*N € RigDA,.(L), i.e.,

N € RigDA, . (K). Therefore, this proves M ~ e*N € RigDA,, (L)hl(L/K), [ |

§ 3.2.3 The Compact Generation

hGal(L/K)

Now we study the compact generation of RigDA,, (L) and give an explicit

description for its compact generators.
Lemma 3.2.8. Let e: Spa(L) — Spa(K) be the structure morphism.
(1) The restriction of e..: RigDA(L) — RigDA(K) to RigDA,, (L) gives a left adjoint
ex: RigDA,, (L) — RigDA;_, (K)
of the pullback functor eg,.: RigDA| ,(K) — RigDA,.(L).

(2) Under the equivalence RigDA, ,.(K) =~ RigDAgr(L)hGal(L/ K) in Proposition 3.2.7,
the forgetful functor

1, RigDA, (L2 G/ 5) —; RigDA, (L)
is both left and right adjoint to the restricted functor in (1).

Proof. Let Ly be the finite unramified extension of K inside L with the residue field k;.
Then e: Spa(L) — Spa(K) factors as Spa(L) L Spa(Lg) < Spa(K). Since t* is an equiv-
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alence by [ , Proposition 3.23], we have a commutative diagram

RigDA(L)

P

DA(k;) —— RigDA(Lo) (3.2.4)

&L,

énl leo,uieo,!ﬁeo,*

DA(k) —*“ RigDA(K)
where the square is commutative thanks to Lemma 3.2.2. Then we have
e'eslr, ~ e*gKéﬁ ~ gLé*éﬁ. (3.2.5)

This proves (1). For part (2), the forgetful functor +;, corresponds to the pullback functor
e* under the identification. Thus, we can deduce from (1). |

Notation 3.2.9. From now on, we let Nm_ : RigDA,, (L) — RigDA_, (L) ¢(L/%) denote
the left adjoint of the forgetful functor .;,. We call it the norm functor'.

Proposition 3.2.10. The co-category RigDAgr(L)h Gal(L/K) s compactly generated. A set of
compact generators is given, up to negative shifts and Tate twists, by Nmp{r M (X), where
X runs through proper smooth algebraic varieties over k.

Proof. Recall that the underlying co-category RigDAgr(L)hGal(L/ K) is the limit of
Gk BeGal(L/K) — CAlg(Pr) — Prl.

Since each o* is an equivalence, it is also in Pr®. In other words, we have a commutative
diagram

G
B, Gal(L/K) — prl

ol

Pl 5 CAT.,

So the limit is essentially computed in CAT,, (see Proposition 2.1.1), and it can be com-
puted in Prt as well.

Now we can conclude from Proposition 2.1.3 since RigDA,, (L) is compactly generated
with a set of compact generators consisting of {;, M (X), where X runs through proper
smooth varieties over kr, see Remark 3.1.17. |

We give an explicit formula for the Gal(L/K)-equivariant rigid analytic motives with
good model.

'This is suggested due to Proposition 3.2.11 below. See also [I1/, §6.1.6] and [ ] for additional infor-
mation.
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Proposition 3.2.11. For every proper smooth algebraic variety X over the residue field k;j,
of L, we have an isomorphism

e Nm (6L M (X)) ~ @) LM (X

er/K
where e,k is the ramification index of L/K. In particular, the forgetful functor
t: RigDAG, (L)?GE/P) — RigDA,, (L)
is in CAlg(Prk).
Proof. We use notations in the proof of Lemma 3.2.8. By (3.2.5), we have
v Nmp (ELM (X)) ~ e*e (§pM(X)) ~ Ere’ey M (X).

In fact, we can prove e*e; M (X) ~ @, ,, M (X). For this, we consider the following Carte-
sian diagrams of schemes:
X —r =X

7| ~ |s

Spec(l ®; 1) —— Specl

dl le

Spec! — Speck
where X is the fiber product X @ I. Then e*&;M(X) ~ M(X), where, as a k7-scheme, the
structure map of X is é o f. Now let’s prove M (X) is the e, /K -copies of M (X):
M(X)~ M(X)® M(Spec(kr, ® kr)).
Under the identification

DA(Spec(k; ®1 k) ~DA( ] Speckr)~ [[ DA(kw),
Gal(kz /k) Gal(kz /k)

we have

M(X)NM(X)@( @ T*]l)N @ M(X)® 71
)

reGal(ky, /k reGal(ky /k)

~ P M)~ P MX).

reGal(kr, /k) reGal(kr, /k)
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Corollary 3.2.12. Let L/F /K be finite Galois extensions of complete non-archimedean
fields with residue fields k1, /kp/k respectively. There is a fully faithful functor

RigDAgr(F)h Gal(F/K) SN RigDAgr(L)h Gal(L/K)
and an equivalence
RigDA(F)h Gal(F/K) i RigDA(L)h Gal(L/K)

in CAlg(iPrL) such that the following diagram

RigDA; . (K) —=— RigDA,, (F)RCal(F/K) «__, RigDA(F)RCal(F/K) ___, RigDA(F)

! L - |

RigDA, . (K) —— RigDA,, (L)MGlL/K) « RigDA(L)hGal(L/K) ., RigDA(L)

is commutative (up to homotopy), where the right-most vertical functor is the pullback func-
tor. Moreover, the faithful functor above is in CAlg(fPrg).

Proof. For finite Galois extensions L/K and F'/K, both of them admit an equivalence as
Proposition 3.2.4. Thus, this gives a natural equivalence between RigDA(F)hGal(¥/K)
and RigDA(L)MGal(L/K)  making the right-most square commutative (up to homotopy).

Similarly, using equivalences in Proposition 3.2.7, that is
RigDAF_gr(K) ~ RigDAgT(F)h Gal(F/K)
RigDA, . (K) ~ RigDAgT(L)hGal(L/K)7
we can get the desired fully faithful functor. Now, as the leftmost, rightmost and outer

squares are commutative, the middle one is also commutative by our constructions.
Finally, let’s show the faithful functor

RigDAgr(F)h Gal(F/K) RigDAgT(L)h Gal(L/K)

preserves compact objects. We let a: Spa(L) — Spa(F') and §: Spa(F) — Spa(K) be
obvious structure morphisms. Let X be a proper smooth algebraic variety over kr. We
need to show e*8.{p M (X) € RigDA,, (L). We can deduce from Proposition 3.2.11:

e* BépM(X) =~ o BB Ep M (X)

~ o (@ 5FM(X)) (3.2.6)

eF/K

~ P &LM(X %y, ki) € RigDAy,(L).

eFr/K



CHAPTER 3. A WEIGHT STRUCTURE ON RIGID ANALYTIC MOTIVES 56

§ 3.2.4 The Sheafification

We now present the categorical formulation of the fact that every rigid analytic motive
over K has potentially good reduction. This gives the precise form of [ , Theorem
3.7.1] in the case where the base is a field. Under the equivalence

RigDA,, (L)"®(L/5) ~ RigDA, . (K),
we have a fully faithful functor in CAlg(Pr’)
RigDA,, (L)P%lL/5) , RigDA(K)

for every finite Galois extension L/ K. Using Corollary 3.2.12 and taking colimits, we have
a functor
cg}i}r{n RigDA,, (L) %l(L/5) — RigDA(K) (3.2.7)
finite Galois

in CAlg(PrL). Now we show this is indeed an equivalence.

Proposition 3.2.13. The functor (3.2.7) is an equivalence in CAlg(fPrIuj). In particular, we
have an equivalence

RigDA(K),, =~ colim RigDA, (L)2%!(Z/X),

Proof. Since the forgetful functor CAlg(PrL) — Prl is conservative and preserves this
filtered colimit (see Proposition 2.1.14), we prove this is an equivalence in ?rUIj. It suffices
to prove the restriction

colim RigDA,(L)2 %5/ %) —, RigDA(K).,

is an equivalence of co-categories, where the colimit on the left-hand side is taken in Cat.,
(see Proposition 2.1.6). Firstly, since this functor is obtained by taking the colimit of fully
faithful functors

RigDA, (L)8%(L/5) ~ RigDA, . (K)., — RigDA(K).,

it is also fully faithful ([ , Proposition 2.1]). It remains to show it is essentially
surjective. By [ , Theorem 2.5.34] or [ , Proposition 3.7.17], for every object
M in RigDA(K),, we can find a finite separable extension L/K such that M ; lies in

RigDA: _(K). Sowe can take L as the Galois closure of L/ K, and then M lies in RigDA L-gr(K)-

L-gr
In particular, M is given by

A" — RigDA,, (L)2 %/ - colim RigDA,, (F)2%/5) — RigDA(K),,.

This proves the essential surjectivity and completes the proof. ]
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§ 3.3 CHow WEIGHT STRUCTURES ON MoOTIVES

We study (bounded) weight structures on the co-category of motives. For a scheme X,
the co-category DA(X), and for a rigid analytic space S, the oo-category RigDA(S), are
both stable oo-categories, since they are defined via étale sheaves valued in D(Q).

We begin by recalling the Chow weight structure on algebraic motives, as defined
by Bondarko in [ ; ] and independently by Hébert in [ 1, as well as the
weight structure on RigDA,, (K) induced by the Chow weight structure, as constructed
in [ ]. Building on these, and using the Galois descent developed in the previous
section, we can extend this to a good weight structure on RigDA(K), which restricts to a
bounded weight structure on its subcategory of compact objects (see Theorem 3.3.10).

§ 3.3.1 The Chow Weight Structure on Algebraic Motives

We recall the Chow weight structure on algebraic motives over a general base (not
simply a point).

Definition 3.3.1 ([ , Definition 1.1.1]). We say a scheme X is reasonable if it is a
scheme separated and of finite type over a scheme S where S is an excellent noetherian
scheme of dimension < 2.

This technical condition is just used to guarantee the resolution of singularities (c.f.
[ ]and [ , $4]). Then, when constructing the bounded weight structure, one can
check the generating condition in (2) of Proposition 2.2.17.

Example 3.3.2. Separated schemes of finite type over Spec R, for R a field, a complete
DVR, Dedekind domain with fraction field of characteristic 0, are reasonable schemes ([~ !,

D.

Proposition 3.3.3. Let S be a reasonable scheme. Define
Ng = { filx(1)[2i] € DA(S),|i € Z, f: X — S is proper with X regular } .

Then it satisfies the condition in (2) of Proposition 2.2.17. In particular, this gives the
unique bounded weight structure on DA(S),, whose heart contains Ng. Moreover, it can be
extended to a weight structure on DA(S).

Proof. The first assertion follows from [ , Théoreme 3.3], and the second one then
follows from Proposition 2.2.24. [ |

Definition 3.3.4. Let S be a reasonable scheme. The weight structure in Proposition
3.3.3 is called the Chow weight structure on DA(S). We will use CHOW(S) to denote
its heart and use Chow(S) to denote its restriction to DA(S),,.


https://stacks.math.columbia.edu/tag/07QW
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In general, the Chow weight structure is not compatible with symmetric monoidal
structure unless the base is a point. The obstruction is the regularity of schemes is an
absolute concept. But if the base is a perfect field, then being regular is equivalent to
saying the structure map is smooth, hence becoming a relative concept in the case.

Corollary 3.3.5 ([ D. Let k be a field. Then the Chow weight structure is compatible
with monoidal structures on DA(k) and DA(k),,.

Proof. We first assume k is a perfect field. In the case, we can rewrite N by
Ni = { ilx(i)[2i] € DA(k),|i € Z, f: X — k proper smooth } .

Then we can show that it is compatible with monoidal structure if restricting to the com-
pact part (using Corollary 2.2.18): let f: X — k, g: Y — k be proper smooth k-schemes.
To consider the pullback square

#Y
q b
%kj

< — N

then we have
flx ®@gly ~ fif*gly ~ figily,

where the first equivalence is due to the projection formula and the second one is proper
base change. In the case, f o ¢’ is also proper smooth; hence, the tensor above lies in the
heart. Therefore, we conclude this case from the last assertion of Corollary 2.2.25.

Now we pass to the non-perfect case using the semi-separatedness of motives: that is,
we have an equivalence ([ , Théoreme 1.2])

e*: DA(k) — DA(kP*™)
in CAlg(PrL), where kP is the perfection of . [ |

Using the Chow weight structure and Proposition 2.2.27, we can construct a weight
structure on RigDA,, (K).

Corollary 3.3.6 ([ , Proposition 4.25]). Let K be a complete non-archimedean field
with residue field k. Then RigDA,,.(K) has a weight structure w satisfying

(1) the Monsky-Washnitzer functor {: DA(k) — RigDA,, (K) is weight-exact;

(2) the weight structure w is compatible with the monoidal structure on RigDA,, (K).
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Proof. From Proposition 3.1.13, it suffices to define the weight structure on Mod, ; (DA(%)).
So we use Proposition 2.2.27. What we need to prove is tensoring y1 preserves non-
negative weights. Recall that we have an identification (if we choose a pseudo-uniformizer

of O, see Proposition 3.1.18)
x1 ~ 16 1(-1)[-2][1],

and the construction of the Chow weight structure shows y1 € DA(k),,>o. Therefore, y1®
—: DA(k) — DA(k) is right weight-exact thanks to Proposition 3.3.5. So x1® —: DA(k) —
DA(k) is right weight-exact. [ |

Remark 3.3.7. Furthermore, assume the field K in Corollary 3.3.6 is algebraically closed,
then we have an equivalence ([ , Theorem 3.7.21])

RigDA(K) ~ RigDA,,(K),

So we get a weight structure on the whole category RigDA(K) in the case. In the next,
we will show that we can remove the algebraically closed conditions; see Theorem 3.3.10
and Corollary 3.3.13.

Remark 3.3.8. In fact, the bounded weight structure on RigDA,,.(K), constructed in
Corollary 3.3.6 is uniquely characterized by the property that the Monsky—Washnitzer
functor ¢: DA(k), — RigDA,,(K), is weight-exact. More generally, if S is a rigid analytic
space with good reduction, a similar argument shows such a bounded weight structure on
RigDA,, (S). exists as well.

On the other hand, if one only assume S has semistable reduction, then the argument
breaks down. The reason is that, in the case, the construction of such a bounded weight
structure relies essentially on the six-functor formalism of motives, whereas the Chow
weight structure is only partially compatible with the six-functor formalism of algebraic
motives; see [ ] for further discussion.

§ 3.3.2 A Weight Structure on Rigid Analytic Motives

From now on, we fix a complete non-archimedean field K with perfect residue field k.

Lemma 3.3.9. There is a weight structure wy ik compatible with monoidal structure on
the stable oco-category RigDAgr(L)hGal(L/ K) such that the forgetful functor

RigDA, ()P %lL/5) _ RigDA,, (L)

is weight-exact, where the weight structure on the target is given by Corollary 3.3.6. More-
over, equipped with such weight structures, the fully faithful functor in Corollary 3.2.12 is
weight-exact.
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Proof. We use Corollary 2.2.25 to prove this lemma. By Proposition 3.2.10, we only need
to check that, for any X, Y proper smooth varieties over k;, we have

Hom (Nmp &, M(X),Nmz&, M(Y)[i]) =0

for ¢ > 0. By the adjunctions and Proposition 3.2.11, it follows from the negativity of the
heart of the weight structure on RigDA,,(L).

For the compatibility with monoidal structure, it suffices to notice that the adjunction
Nmy, - .7, satisfies the projection formula from Lemma 3.2.8. Therefore, we have

Nm &, M(X) @ Nmp&,M(Y) ~ Nmy, (M (X) @ o Nmp& M (Y))
~ @ Nmp&L M(X xp, V), (3.3.1)

erL/K

where the last isomorphism is also due to Proposition 3.2.11, and it is clearly in the heart
by our construction. The weight-exactness is an immediate result of Proposition 3.2.11
and Corollary 2.2.26. Finally, the last assertion follows from (3.2.6). |

Using the identification in Proposition 3.2.13, we extend the weight structure in Corol-
lary 3.3.6 to the entire category RigDA(K).

Theorem 3.3.10. There is a weight structure w on RigDA(K) satisfying the following

conditions:
(1) it is compatible with monoidal structure;

(2) it restricts to a bounded weight structure on RigDA(K),, which is compatible with
monoidal structure;

(3) RigDA(K),,>0 is closed under small colimits;

(4) the natural inclusion RigDA,,(K) C RigDA(K) is weight-exact, where RigDA,, (K)
is equipped with the weight structure in Corollary 3.3.6. More generally, for any finite
Galois extension L/ K, the fully faithful functor

RigDA, (L) %(/K) _ RigDA(K)

is weight-exact, where the source is equipped with weight structure wy i in Lemma
3.3.9.

Proof. For each finite Galois extension L/K, we have proved that RigDA, (K )hGal(L/K)
is compactly generated by Nm &y, (M (X)), where X is proper smooth over &y, (Proposition
3.2.10). Under the identification Prl ~ (Pr)P we deduce that

colim RigDA,, (L) 0412/ %)
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is compactly generated by images of Nm; & (M (X)) in this colimit. We let N be the col-
lection of these objects. In order to use Corollary 2.2.25, it suffices to prove N is negative.
This has been proved in Lemma 3.3.9. In particular, this also shows the fully faithful func-
tors in (4) are weight-exact. Finally, this weight structure is compatible with the monoidal
structure by (3.3.1). |

Corollary 3.3.11. Let w be the weight structure in Theorem 3.3.10. Let M € RigDA(K).

(1) M € RigDA(K),>0 if and only if, for any finite Galois extension L/K and any X /ky,
proper smooth, we have Hom(e.&r,(M (X)), M[i]) ~ 0 for all i > 0, where e is the
structure map.

(2) M € RigDA(K), w<o if and only if, for any finite Galois extension L/K and any
X /kr, proper smooth, we have Hom(M][i],e.&r(M(X))) ~ 0 for all i < 0, where e is the
structure map.

(3) The heart of w on RigDA(K) (resp. RigDA(K),,) is the idempotent completion of full
subcategory generated by all possible e, (M (X)) as above under direct sums (resp.
finite direct sums).

Proof. This is an immediate result of Corollary 2.2.25. |

Corollary 3.3.12. Let L./ K be an extension of complete non-archimedean fields with perfect
residue fields k1, /k. Then the pullback functor

¢*: RigDA(K) — RigDA(L)

is weight-exact, where e: Spa(L) — Spa(K) is the structure morphism. Furthermore, if
L/K is a finite extension, then

ex«: RigDA(L) — RigDA(K)
is also weight-exact.

Proof. We firstly prove ¢* is weight-exact. We prove this using Corollary 2.2.26. We let
F/K be a finite Galois extension with residue field k£ and X be a proper smooth variety
over kr. Let a: Spa(F) — Spa(K) be the structure map. We need to prove e*a.,.{pM(X)
lies in the heart of the weight structure of RigDA(L):

e lp(M(X)) ~ e ayM(X) ~ g, M(X x, k1) € RigDA(L)",

For the weight-exactness of e, when L/ K is finite, we firstly assume L/K is separable.
As in Lemma 3.2.8, we can know that e, is both the left and right adjoint of e*. There-
fore, we can conclude the weight-exactness of e, from the weight-exactness of e* thanks
to [ , Proposition 1.2.3 (9)]. In the general case, we can choose the separable closure
Lo of K in L; hence L/Ly is purely inseparable. Thus, we conclude the general case from
[ , Corollary 2.9.11] and the separable case. ]
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We have seen that, if K is algebraically closed, there exists a weight structure (see
Remark 3.3.7). If we replace L by the completion of an algebraic closure of K in Corollary
3.3.12, then we see that the weight structure in Theorem 3.3.10 coincides with that.

Corollary 3.3.13. Let K be a complete non-archimedean field with perfect residue field.
Assume C is its completed algebraic closure. Then the pullback functor

#*: RigDA(K) — RigDA(C)

is weight-exact.



CHAPTER IV

MorTivic REALIZATION FUNCTORS

The main goal of this chapter is to compare motivic realizations on rigid analytic mo-
tives. We begin in §4.1 by recalling two derived co-categories that serve as coefficients for
the motivic realizations defined later in §4.2. We then prove, in §4.4, that these realiza-
tion functors are monoidally equivalent. On the other hand, we show that these motivic
realization functors factor through the weight complex functor associated to the weight
structure given in Theorem 3.3.10. As a consequence, we obtain weight spectral sequences
converging to corresponding cohomology.

Convention. Throughout this chapter, we fix a discretely valued field K over Q, with a
perfect residue field k. Let K be an algebraic closure of K and denote by C' its completion.
In particular, the residue field & of C is an algebraic closure of k. By taking rings of Witt
vectors, we denote K, := FracW (k) and K := Frac W (k) by the completion of maximal
unramified extensions of Q, in K and C, respectively.

Notation 4.0.1. Let C be an co-category in Prl (or CAlg(PrL)). If € is equipped with an
endofunctor F: € — € in Prl (or CAlg(Prl)), then we will let CF (resp. C'*) denote the
equalizer of F and Id¢ in Pr" (resp. fPrg).

§ 4.1 DERIVED co-CATEGORIES OF COEFFICIENTS

We review two kinds of derived oco-categories that serve as coefficient categories for
motivic realization functors.

§ 4.1.1 The Derived co-Category of (¢, N, Gk )-Modules

We recall the derived oo-category of (¢, N, Gx)-modules (see [ , §1.15], [ ,
§2.11, [ ,84.2], [ , §8.2]).

Definition 4.1.1. Let L/K be a finite Galois extension inside K with the Galois group
G,k and let k;, be the residue field of L. Let Lo = FracW (k) and o,: Lo — Lo be the
arithmetic Frobenius of L.

63
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(1) The category Mod, (v, N,Gp i) of (¢, N, G,k )-modules over L is the following
category:

* objects are finite dimensional Ly-vector spaces D equipped with

- a semi-linear G/ -action on D;

- a or-semi-linear and G,k -equivariant bijection pp: D — D;

- a Ly-linear and G k-equivariant map Np: D — D satisfying Nppp =
pepNp;

* morphisms are Lo-linear maps commuting with », N and G /x-actions.

(2) If L = K, then the category of (o, N, i1,/ )-modules is called the category of (, N)-
modules, simply denoted by Mod, (¢, N). Moreover, in the case, the full subcate-
gory spanned by those with NV = 0 is called the category of po-modules over K, and
we will denote it by Modx, ().

Remark 4.1.2. The category Mody,(», N,G[ /) is a Qp-linear abelian Tannakian cate-
gory. The tensor products are defined by

(D,¢pNp,pp) @ (E,¢E, NE,pE) = (D @K, E,¢p ® ¢, Np ® Id +1d ® Ng, pp ® pE)
with the tensor unit Ky with px, = ok, Nk, = 0, and the canonical G k-action.

Remark 4.1.3. Given a (¢, N)-module (D, ¢p, Np), the map Np (called monodromy op-
erator)is nilpotent since D is a finite-dimensional vector space. In particular, if dimy, D =
1, then Np = 0.

Example 4.1.4. (1) For every n € Z, we define the Tate twist K(n) € Mod g, () by the
one-dimensional Ky-vector space K, with the twisted Frobenius ¢ ,) =p "ok.

(2) Let (D,¢p) € Modg,(p). Then, for every n € Z, we let D(n) denote the tensor
product (D, ¢p) ® Ko(n) in Mod g, (¢).

(3) With the notation in (2), we can identify (¢, N)-modules over K with o-modules over
Ky with a morphism N: D — D(—1) in Mod g, (p).

Notation 4.1.5. Keeping notations as in Definition 4.1.1, we will denote the bounded de-

b
(o,N,GL/K)
will be denoted by D, v, ) (Lp). In particular, we have some special cases:

rived oo-category of (p, N, G,/ i )-modules over Lo by D (Lp) and its Ind-completion

(1) the derived oo-category D, n)(Ko) of (¢, N)-modules over Ky when L = K;

(2) and similarly, we have the derived co-category D, (Ky) of ¢-modules over K.
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If L runs through all possible finite Galois extension of K, then we get

DY, ncpe) () := colim @l(’%N’GL/K)(LO) in CAlg(Cat?®™)

where transition functors are induced by base change, and the Ind-completion of it is
denoted by D, v ¢ K)(IV( ). We will call it the derived oo-category of (¢, N, Gk )-modules
over K. But this co-category is indeed the derived oco-category of discrete (p, N, Gk)-
modules in the sense of Fontaine [ , §4.2.2]; see Remark 4.1.6.

These oo-categories are presentable stable symmetric monoidal co-categories (see
[ , Proposition 3.2], [/, Corollary 4.8.1.14]).

Remark 4.1.6. In Definition 4.1.1, we did not use the assumption L/K is finite. Thus,
there is a notion of (¢, N, Gx)-modules defined as in Definition 4.1.1. Let us call them
naive (¢, N, G k)-modules. However, the oo-category D, n ¢ K)(Iv( ) introduced above is
not the derived oo-category of all such naive (¢, N, Gx)-modules. Rather, as mentioned,

objects of D’(”SO N GK)(IU( ) defined above are discrete in the sense of Fontaine; that is, they
form a special subclass of naive (¢, N, G )-modules; see [ ,n° 4.2.2]. More precisely,

a (¢, N, Gk )-module here is a naive (¢, N, Gx)-module for which the inertia group /i acts
with open stabilizers. This restriction does not affect the construction of the realization
functors, since these functors always factor through the derived category D, v qy) (Iu( ).

Remark 4.1.7. The derived co-category of (i, N)-modules is an example of objects with
monodromy operators introduced in §3.1.4: in the case C = D, (K)), if we take t = Ky(—1),
then we also have a monoidal equivalence ([ , Proposition 2.50])

D (. 3) (Ko) = Dy (K)o (4.1.1)

nil

where the right-hand side is discussed in §3.1.4.

THE DERIVED 00-CATEGORY OF (¢, Gk )-MODULES

Next we study some variants of Notation 4.1.5, which will be useful later.

Notation 4.1.8. Let L/ K be a finite Galois extension. We define
Dip.cp ) (Lo) = Dy (Lo)PCr/x

where D (L) € CAlg(Pr®) is acted on by the Galois group G, /K Vvia the surjection
Gr/xk — Gry/k,- As above, let L run through all possible finite Galois extensions; we
can define

D) (K) = colim Dy, (L)

in CAlg(Prs).
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For a finite Galois extension L/ K, let (D, ¢p, Np,p) be a (¢, N, G,/ )-module over L.
Then, for each 0, € Gk with image 6, € G /k,, the map p, induced an isomorphism
pg: D — oyD ~ a,D of (¢, N)-modules over L. Note that the forgetting G,k -action is
exact, and then we have the forgetful functor

F: Di,NGy ) (Lo) = D ny(Lo)-

For each 0, € Gk, we also denote o by the autofunctor of D, y(Lo). Therefore, one
obtains natural transformations F —=» o, 0 I for all 0, € G/, and they are compatible
by the multiplication of G,/ (since p does). In particular, we get a functor

Proposition 4.1.9. Let L/K be a finite Galois extension. The natural functor

defined above is an equivalence in CAlg(Prs). In particular, we get the functor forgetting
monodromy operators
Dy

oGy 1) (Lo) = Doy (Lo) G2/ — Doy (L) /% = Dy, o) (Lo)-

Proof. Tt suffices to prove by restricting to the bounded parts. We first show that it is fully
faithful. Let D, E be bounded complexes of (¢, N, G,/ )-modules. Then, by [ , (2.3)],

the mapping space MapD? (Lo) (D, E) is the homotopy limit of the diagram

©N.Gr k)

Mapr(LO) (D, E)h GL/K*OMDMapr(LO) (D, UL7*E)h Gr/k
NE7*7NBl lNE,**pNE)
Mapr(Lo) (D, E)h GL/K E— Mapr(LO) (D, O-L,*E)h GL/Kk

PYE «—PD

Since limits commute with limits, we know that

Map‘Dl(jgp,N,GL/K)(LO)(D’ E) ~ Map@‘(’%N)(LO)(D7 E)hGal(L/K)
by [ , Lemma 2.5] or [ , §1.15]. The full faithfulness follows from Corollary 2.1.19.
The essential surjectivity is deduced from the construction of the functor and the defini-
tion of D, N)(Lo)hGL/K , whose objects are equivalently given by an object in D, n)(Lo)
equipped with an action of (/i satisfying the higher coherence.

Finally, forgetting monodromy operators is compatible with the action of G, /x, hence
forgetful functors are well-defined. |
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SLopPEs AND WEIGHTS OF (o-MODULES

In Example 4.1.4, we have defined n-th Tate twists of py-modules for n € Z. There is a
generalization:

Example 4.1.10 (Simple ¢-Modules). Let A € Q with the unique form A = m/n withm € Z,
n € Zso and ged(m,n) = 1. We can define a p-module K(()) as follows: the underlying
vector space is K and the bijection ¢, : Ko(\) — Ko()) is given by

0 I,—
paler, - en) = (e1,...,en)Ax,  with Ay = ( m 01>
p

where (ej,...,ey,) is the standard basis of K. It is not hard to see the characteristic
polynomial of ) is fA(T") = (—1)"(T" — p"). We will refer to the rational number X as the
slope of Ky(\).

Definition 4.1.11. (1) If k is a finite field with cardinality ¢ = p/, we say a ¢-module
(D,¢p) over Ky is pure of weight i if each generalized eigenvalue )\ of the D is a
g-Weil number of weight i, i.e it is an algebraic number such that ‘a()\)\ = ¢'/? for
every embedding o: Q — C.

(2) If k = F,, we say a p-module (D, pp) over K, is pure of weight i if it has a model of
pure weight i over I, for some ¢ = p’.

We next study the relationship between slopes and weights of o-modules. They will be
used to construct the new filtration on the de Rham—Fargues—Fontaine cohomology; see
Corollary 4.4.5. For this, we fix an algebraic closure [ of I. Let L (resp. L) be the fraction

field of W (i) (resp. W(1)).

Lemma 4.1.12. Assume k = F, with q = pf. Let (D,¢) be a pure p-module over K of
weight i. If the p-module D = D ®K, K is semi-stable of slope ), i.e., direct sum of IV((A),
then A =i/2.

Proof. Let ¢ be the Frobenius automorphism of D, i.e., ¢ = ¢ ® o. By the assumption, we
can find o € D and ;1 € K such that ¢/a = po and|u| = ¢¥/2 for every embedding Q, — C.
Choose a basis (ey,...,eq) of D over K such that the matrix of ¢ under the induced basis

(él,...,éd) is

diag(Ay, Ay, -+, Ay)

where A is the one in Example 4.1.4. We write a = 2161 + - - - + x4¢eq With 2; € K. Note
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that we have

ol (21)
¢a@1) = (é1,...,eq)diag(A],..., A]) :
ol (z4)
4o
= (é1,...,6q) diag(AL, ... A])
Tq

since z; € Ky, hence o/ (x;) = ;. On the other hand, we have

T
plla®l)=pla®l)=(e,....é0n
Zq
Therefore, 1 is also the eigenvalue of Ay, and then we have
g2 =l = p™ = ¢\,
hence \ = i/2 as desired. [ |

Then we can deduce the relation in the algebraically closed case:

Proposition 4.1.13. If (D, ¢p) is a pure p-module over K of weight i, then it is semi-stable
of slope i/2.

Proof. By the assumption, we can find a model (V, ¢v) of (D, ¢p) over F, for some ¢ = pl.

Assume .
Ve @ V(Oéj)
j=1
is the slope decomposition as in [ , Lemma 8.1.11], i.e., the base change of the de-

composition into K is the Dieudonné—Manin decomposition of (D, ¢p). Since V is pure of
weight i, so is V(«a;) for every j. By Lemma 4.1.12, we can know that o; = i/2 for every j,
hence D is semi-stable of slope i/2. [ |

§ 4.1.2 Solid Quasi-Coherent Sheaves on Analytic Adic Spaces

It is well known that, due to the example of Gabber ([ , Example 2.1.6]), the naive
definition of a quasi-coherent sheaf is ill-behaved in analytic settings. The obstruction to
such a good theory is the topological issues in analytic geometry. To fix this, Andrey-
chev used an approach developed by Clausen and Scholze in [ ; 1 to provide
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a theory of quasi-coherent sheaves in rigid analytic spaces, which is well-behaved in the
categorical sense. We will give a brief review for that and assume familiarity with the
basic theory of condensed mathematics. For more systematic discussions, we recommend
[ ; I

Before the discussion, we fix our convention on condensed mathematics. As is well
known, certain set-theoretic subtleties arise in the theory of condensed mathematics. For
convenience, we fix an implicit cut-off cardinal U that is a Grothendieck universe. Ac-
cordingly, by a condensed objects, we mean U-condensed object, i.e., a sheaf on U-small
extremally disconnected (compact Hausdorff) spaces. All rings considered in this context
will be assumed to be commutative (not merely associative) and unital. Consequently, any
condensed ring is also assumed to take values of commutative rings.

AnAavLyYTIC RINGS

We first recall the notion of analytic (animated) rings, which constitutes a new ingre-

dient in the foundations of condensed analytic geometry.

Notation 4.1.14. Let Cond(AniRing) denote the oo-category of condensed animated
rings (defined in [ , $11]) and

(—)°: Cond(AniRing) — CAlg(D>((Cond(Ab)))

denote the natural forgetful functor ([ , Definition 2.2.16 (b)] and [ , Construc-
tion 25.1.2.1, Proposition 25.1.2.2]), where the target category is the co-category of com-
mutative ring objects in condensed animated abelian groups. Then for every condensed
animated ring A, we have a stable symmetric monoidal co-category

D(A) := Mod 4-(D(Cond(Ab)))

and its full subcategory D>((A) spanned by connective objects, i.e., the pre-stable oco-
category of animated condensed A-modules.

Definition 4.1.15. An uncompleted analytic animated ring is a pair A = (A", D(A))
where A” is a condensed animated ring and D(A) is a full subcategory of D(A") satisfying
the following properties:

(1) D(A) is stable under small limits and colimits in D(A”) and D(A) C D(A") is a
reflexive subcategory and we will denote the reflector (the left adjoint of the inclusion

functor) by
—®a A: D(A”) = D(A);

there is a unique symmetric monoidal structure on D(A”) such that this reflector is

symmetric monoidal;
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(2) the reflector in (1) sends connective objects to connective objects;
(3) the internal hom Hom 4. (M, N) € D(A) for any M € D(A”) and N € D(A).

Moreover, an analytic animated ring' is an uncompleted analytic animated ring
A= (A", D(A)) such that A € D(A).

Remark 4.1.16. This definition of analytic animated ring is equivalent to [ , Defi-
nition 2.3.1] (see also [ , Proposition 12.20]). In fact, given an uncompleted analytic
animated ring A = (4%, D(A)), we can define A[S] := A”[S] ®4> A € D>o(A) for an ex-
tremally disconnected space S, where A”[S] € D>((A") is the free A”-modules on S. The
only thing we need to show is the following equivalence:

M € D(A) < Hom?%. (A[S], M) = Hom®, (4”[S], M) in D(Z)

here Hom%l> is the D(Z)-enriched hom (because D(A”) is tensored over D(Z)). Assume
M € D(A). Using (3) in Definition 4.1.15, we know that the internal hom of D(A) agrees
with those in D(A”); thus we have

Hom 4. (A[S], M) ~ Hom 4 (A[S], M) ~ Hom 4. (A"[S], M).

In particular, we get the isomorphism in D(Z). Conversely, any M making the right-hand
side hold is a colimit of A[T] for T extremally disconnected ([ , Proposition 2.3.2]).
As A[T] € D(A) and D(A) is stable under colimits in D(A”), we know that M € D(A).

If we start from an uncompleted analytic animated ring in [ , Definition 2.3.1],
then desired properties in Definition 4.1.15 follow from [ , Proposition 2.3.2, Propo-
sition 2.3.8].

Definition 4.1.17. A morphism of analytic animated ring f: A — B is given by a
morphism f: A> — B" of condensed animated ring such that the functor f.: D(B*) —
D(A") restricts to a functor D(B) — D(A).

We denote by AnAniRing the category of analytic animated rings, and its full sub-
category spanned by those having static underlying condensed animated rings will be
denoted by AnRing.

Proposition 4.1.18. Let A = (A%, D(A)) be an analytic animated ring. Then D(A) is a
compactly generated co-category with a set of compact generators A[S], where S is extremally

disconnected. Moreover, let f: A — B be a morphism of analytic animated rings. Then
f*: D(A) — D(B) is in CAlg(PrL).

Proof. These are [ , Proposition 2.3.2, Proposition 2.3.4]. [ ]

!This is called a normalized analytic animated ring in [ 1. We here follow the terminology in [ 1.
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SoLip QUASI-COHERENT SHEAVES

We now turn to the geometric setting. In [ 1, Andreychev assigns each complete
Huber pair (A4, A™) to an analytic (non-animated) ring (A, A™); which is compatible with
the discrete case considered by Clausen and Scholze in [ , Definition 9.1].

Proposition 4.1.19. There is a fully faithful functor

{Complete Huber pairs} — AnRing
(A, AT) = (A, A1),

Proof. The full faithfulness is [ , Proposition 3.34], and [ , Proposition 2.16,
Lemma 3.19] shows every (A4, A"), is static. [ |

As in the previous chapter, Huber pairs are always assumed to be complete throughout
the left part of this thesis.

Definition 4.1.20. For a (complete) Huber pair (A4, A™), we denote
Dy(A, A1) == D((A,AT)).
The objects of D(A, A™) are called the solid (A, A*)-modules.

The following descent property allows us to define the solid quasi-coherent sheaves
on analytic adic space:

Proposition 4.1.21 ([ , Theorem 4.1, Theorem 5.41]). Let X be an analytic adic
space. Let AffOpen(X) denote the co-category of affinoid open subspaces of X. Then

AffOpen(X)° — CAlg(Pr)
U Do(0x(U), 0%(U))

=

is a sheaf on X valued in CAlg(Prst).

Definition 4.1.22. In virtue of Proposition 4.1.21, for every analytic adic space X, we can
define
QCoh(X):= lim D, (Ox(U),0%(U)),

UCX
rational open

where the limit is taken in CAlg(Pr®).

Remark 4.1.23 (Analytic Stacks). As mentioned earlier, analytic geometry can be modeled
using condensed mathematics. More precisely, Clausen and Scholze construct analytic
stacks by gluing affine pieces given by analytic (animated) rings with respect to the !-
topology, which is finer than the usual analytic topology on (analytic) adic spaces. In
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particular, by Proposition 4.1.19, the category of analytic stacks contains analytic adic
spaces as special cases.

Moreover, every analytic stack admits an co-category of solid quasi-coherent sheaves
which has six-functor formalism. In the case of adic spaces, this specializes to the category
of solid quasi-coherent sheaves defined in Definition 4.1.22. However, in this thesis, we
will not work with general analytic stacks; instead, we restrict ourselves to analytic adic
spaces. Accordingly, we adopt the direct definition from [ 1.

In the next, we fix an affinoid analytic adic space X = Spa(4, A™) and recall the
analytic descent of the full subcategory of perfect complexes. We start from a fully faithful
functor in CATS; ([ , Lemma 5.7])

dCond: D(A) = D(Agisc)

induced by the underline functor where A is equipped with the discrete topology on the
right-hand side. The continuous identity map A4;sc — A4 induces a morphism Ag;sc — A of
condensed rings. Thus, we get the condensification functor

Cond4: D(A) — D(A)
M — dCOIldA(M) ®@A.

Proposition 4.1.24. Let (A, A") be a sheafy analytic (complete) Huber pair.

(1) The condensification functor Cond4: D(A) — D(A) is fully faithful, exact and com-
mutes with filtered colimits. Moreover, it factors through the full subcategory D(A, A1)
of solid (A, A™)-modules.

(2) The condensification functor induces an equivalence between the full subcategory
Perf, of D(A) spanned by perfect complexes and the full subcategory of dualizable
objects in D (A, A1). Moreover, the co-category of perfect complexes satisfies the ana-

lytic descent.
Proof. Thepart(1)is[ , Theorem 5.9], and the equivalence in (2) follows from [ ,
Corollary 5.51.1]. The descent property is a result of the equivalence and [ , Theorem
5.43]. [ |

Therefore, the co-category Perf(X) := Perf(X, Ox) of perfect complexes is a full sub-
category of QCoh(X). Moreover, it lies in the full subcategory QCoh(X), of compact
objects ([ , Proposition 5.37]).

§ 4.1.3 Solid Quasi-Coherent Sheaves on the Fargues—Fontaine Curve

Next, we study Definition 4.1.22 in the case where X is the Fargues—Fontaine curve

over Q.
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Let us recall the basic facts for the Fargues—Fontaine curve. We write Ajpe = W (O»)
and then get a pre-adic space Spa(Ains, Ainr) Whose analytic part is

13[0700] = (Spa(Ainfa Ainf))an = Spa(Ainfa Ainf) \ {xl%}

where z;, is induced by Aj,¢ — O — k. This is an analytic adic space ([ , Proposi-
tion 13.1.1]) and there is a surjective continuous map ([ , §12.2], [ , Proposition
I1.1.16]) »: ‘13[0,001‘ — [0, 0o] with the following special points

* k(zew) =0, where z» corresponds to Ajr — Oy — c’;
* r(x;) = oo, where x ; corresponds to Aj,r — W (k) — K.
We will also consider several kinds of open subspaces:
(1) Y(0,00) = (Spa Aing) \ V(p);
(2) Ypo.00) = (SpPa Aing) \ V([P’]);
(3) Y(0,00) == (S Aing) \ V (p[p").

(4) In general, for any sub-intervals I with rational endpoints of [0, o], we will let Y;
denote the interior of the inverse image of I under the radius function .

The Frobenius map of Spa(Aju¢, Ainf) restricts to an automorphism ¢ of the open subspace
Y(0,00) satisfying x o ¢ = pp, and the map ¢ induces a properly discontinuous action on it;
hence, one can define the quotient adic space

FF :=Y(0,00)/ "

This quotient space is called the (absolute adic) Fargues-Fontaine curve over Q,,.

Now, taking X = FF in Definition 4.1.22, we get the co-category QCoh(FF) of solid
quasi-coherent sheaves on the Fargues—Fontaine curve. For us, its full subcategory of
perfect complexes will play a crucial role in this thesis. In fact, these perfect complexes
are indeed well understood by [ , Proposition 2.6]: each &¢ € Perf(FF) is quasi-
isomorphic to a bounded complex of vector bundles. We next recall the computations on
vector bundles on FF and how to relate coefficients in §4.1.1.

THE RELATION TO 0-MODULES

Recall that we can cover Yo ) by Y, where I runs through compact sub-intervals in
(0,00) with rational endpoints. Here I'(Y;,0) = By is defined in [ , $1.6, especially
Example 1.6.3]. So we have

I'(Y(0,00), 0) = Icl(i(r)noo) By~ B.
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As B is obtained by inverting p in the completion of A;n¢[1/p, 1/[p’]] with respect to a family
of Gauss norms (c.f. [ , §1.6]), there is a natural map X — B induced by the inclusion
W (k) — O¢ (or equivalently, £ — O). Thus, we get a morphism of adic spaces:

€1 Y0,00) — Spa(K) (4.1.2)

which is also compatible with Frobenius morphisms. In particular, the pullback defines a
functor (using similar notation in Notation 4.0.1)

&: DY (K) ~ Perf(Spa(K,0))? — Perf(Y ,)? ~ Perf(FF),

where the first equivalence follows from [ , Proposition 2.50] and the last equiv-
alence follows from the analytic descent of perfect complexes, by Proposition 4.1.24. As
we mentioned below Proposition 4.1.24 that each perfect complex is a compact object in
QCoh(FF), we take the Ind-completion of £ to extend it into the following functor:

9

&: D,(K) — QCoh(FF) (4.1.3)

in CAlg(Pr). By the construction, this is exactly the analytic version (using GAGA below)
of the algebraic &-functor defined in [ , §8.2.3]. By our conventions on Tate twists of
p-modules (see Example 4.1.4), we define

Opr(1) == &(K (1)), (4.1.4)

which agrees with the usual notation on the Fargues—Fontaine curve. Accordingly, as is
standard, we obtain all the twists Opp(\) for A € Q.

Remark 4.1.25. We use the natural map K — B to define a ¢-equivariant morphism
et Y(0,00) = Spa([u() in (4.1.2). Using the similar argument, we know that I'(YJ (g o), 0) = BT
(we adopt the notation in [ , §1.10]). This gives a morphism é: Y] — Spa(f( ).
In fact, the morphism e can be factorized into the composition of € with the pullback
L2 9(0,00) = Y(0,00)- In fact, the natural closed immersion c: Spa([v() — (0,00 18 @ section of

€.

Remark 4.1.26 (GAGA). The original construction of the Fargues—Fontaine curve is al-
gebraic (e.g. [ 1) and we have the GAGA theorem for it, i.e. their category of coherent
sheaves are equivalent ([ 1 [ N 1) via analytification.
Proposition 4.1.27. Let \, . € Q. Then we have the following computations about map-
ping spectra:

0 Bw< A

B =Py —X=d/h,d,h € Z>p,ged(d,h) =1
m_1map(Orr()), Opp(1)) =0, A< p

Proof. This follows from computations in the algebraic case ([ , Proposition 5.6.23,
Proposition 8.2.3]) and the GAGA theorem (cf. [ , Proposition I1.2.7]). |
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§ 4.2 De RHAM TYPE REALIZATION FUNCTORS

We review several motivic realization functors defined on rigid analytic motives.

§ 4.2.1 The Relative Overconvergent de Rham Cohomology

We begin with the motivic overconvergent de Rham realization defined in [ ;
1, which serves as the source for the other motivic realizations considered later.

We fix an (admissible) analytic adic space’ S over Q,. In [ 1, authors define, for
each smooth S-dagger space X ([ , Definition 3.3]), a complex RI‘IIR(X /S) in the oo-
category of solid quasi-coherent sheaves QCoh(S), introduced in §4.1.2. This assignment
RF(TiR(— /S) satisfies étale descent, B'f-invariance, and sends ']I‘}J into an invertible object
( , Corollary 4.37]); thus, it factors through the co-category of dagger motives over
S (whose definition is similar to étale motives over S):

RTf; o RigDA'(S) — QCoh(S).

Under the equivalence RigDA'(S) = RigDA(S) ([ , Theorem 3.9], [ , Theorem
4.23], or [ , Proposition 2.16]), we get a motivic realization:

RT[ ¢: RigDA(S) — QCoh(S)*,

called the relative overconvergent de Rham realization. As suggested by the name,
it computes the overconvergent de Rham cohomology of rigid analytic varieties ([ ,
Proposition 5.12]). Since this cohomology realization is the key ingredient to define further
realization functors, we recollect its properties, which will be used.

Proposition 4.2.1 ([ , Corollary 4.39, Theorem 4.46]). Let S be a quasi-compact and
quasi-separated admissible adic space over Q.

(1) The restriction

RTl ¢: RigDA(S)., — QCoh(S)

is symmetric monoidal and compatible with pullback functors f* for any morphism
f: 8" = Sin Adicg,.

(2) The realization functor RI‘QR o' RigDA(S) — QCoh(S)° sends dualizable motives
to split perfect complexes (see also 4.1.24), and the cohomology groups of RI‘I1R (M)
are vector bundles on S for any dualizable motive M.

Tt is a subcollection of analytic adic spaces defined in [ , Definition 2.1], which is used to define adic
étale motives, as explained in Remark 3.1.12.
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There is a special case when S is given by a complete non-archimedean field K; then
each compact motive over S is dualizable (by [ , Proposition 2.31] and [ D; there-
fore, we can get a covariant realization functor by applying RI‘LR to the duals and then
taking the Ind-completion, which, by abuse of notation, will be denoted by

RTf . RigDA(K) — Do(K, Ok).

In light of Proposition 4.2.1, its restriction to the compact part, the value is taken in DP(K);
in particular, the realization RI‘:&R - takes value in D(K), we have the covariant over-
convergent de Rham realization:

RTlg - RigDA(K) — D(K) (4.2.1)

We will only use this covariant version of overconvergent de Rham realization when the
base is a field.

§ 4.2.2 The Rigid Realization and the Hyodo—Kato Realization
Ricip CoHOMOLOGY

Asin|[ 1, one can define rigid cohomology directly using overconvergent de Rham
cohomology. Let k£ be a perfect field of characteristic p > 0, and let Ky = FracW (k).
Composing the (covariant) overconvergent de Rham realization (4.2.1) with the Monsky—
Washnitzer functor (3.1.7), we obtain a realization functor:

+
Rl Kk,

R@yig: DA(E) > RigDA(Ko) — % D(Ky),

which computes the rigid cohomology by [ , Proposition 5.12]. Furthermore, we can
enhance this realization by taking value of p-modules as follows: as RI'yjz is compatible
with the Frobenius pullbacks, we have

RTE,: DA(k)? — Dy (Kp).

It is left to find the Frobenius enrichment of motives. To this end, the relative Frobenius

(=, 1) allows us to obtain the following Frobenius enrichment:
©re1: DA(K) — DA(k)? (4.2.2)
see also [ , Remark 4.28], [ , Proposition 6.3.16] and [ , Theorem 2.9.7].

Here, we adopt Notation 4.0.1. This construction holds for replacing k& by any scheme of
characteristic p > 0.
Composing these two functors, we get an algebraic realization taking value of -
modules, denoted by
RIig: DA(E) — Dy (Ko), (4.2.3)

referred as the rigid realization.
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OVERCONVERGENT Hyonpo-Kato CoHOMOLOGY

Now we use the rigid realization (4.2.3) together with the perspective in §3.1.4 to give
a quick definition for the Motivic Hyodo—Kato realization defined in [ 1.

Note that the image of 1(—1) under the rigid realization (4.2.3) is K(—1) by [ ,
Remark 4.41, Lemma 4.30]. Then adding the monodromy operators on both sides gives
the (overconvergent) Hyodo-Kato realization over K

RF%K,K: ngDAgr(K) - ®(¢,N)(K0)a 4.2.4)

here we use identifications RigDA,, (K) ~ DAy (k), by Proposition 3.1.21 with a choice of
the pseudo-uniformizer @ € Ok, and D, y(Ko) =~ @w(KO)_@)KO(_l) by (4.1.1).

nil
Remark 4.2.2. The Hyodo—Kato realization (4.2.4) coincides with the one in [ , Def-
inition 4.42]. This follows from [ , Proposition 4.46, Theorem 4.53] and definitions.

Note that we define rigid realization and Hyodo—Kato realization by the covariant
overconvergent de Rham realization, which computes the dual of cohomology. Thus, the
next proposition shows the motivic realization RI'gg does compute the duals of Hyodo—
Kato cohomology.

Proposition 4.2.3. Let w be a pseudo-uniformizer of O.

(1) We have a monoidal equivalence m o RI'yx i o § ~ RIl'yig, where m: D, ny(Ko) —
D, (Ko) is forgetting the monodromy. In particular, if k is finite, for any proper smooth
k-variety X, the i-cohomology (or (—i)-homology) of ™ o RI'fg o &(M(X)V) is pure of
weight i in the sense of Definition 4.1.11.

(2) Assume k is a finite field. Then the functor RI‘gK, x computes the arithmetic overcon-
vergent Hyodo—Kato cohomology in the sense of [ , $6.2.2] if char K = p > O or
char K = 0 with @w = p.

Proof. The construction of (4.2.4) shows that we have a monoidal equivalence moRI'yg x ~
RI'vig o ¥, where ¥: RigDA, (K) — DA(k) is the motivic nearby cycle functor (3.1.9).
Note that the Monsky—Washnitzer functor ¢ is a section of ¥. Therefore, the monoidal
equivalence is clear. Then the part (1) follows from the Weil conjecture (see [ D; and
the part (2) follows from [ , Corollary 4.58] and [ , Proposition 3.30]. ]

Notation 4.2.4. In light of Proposition 4.2.3 (2), we will adopt the notation
RFHK,K5 ngDAgr(K) — D(@,N) (KO)

for RI'fx ; when char K = p > 0 or char K = 0 with @ = p. In other words, when we use
this abbreviation, we have already chosen a specific pseudo-uniformizer.
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Remark 4.2.5. When defining the Hyodo—Kato realization functor, we have to fix a pseudo-
uniformizer w € O. Different choices of @ only affect the behavior of the monodromy op-
erators in the Hyodo—Kato realization. In particular, if K is a local field, this dependence
is solely on the valuation of @ in K. For further details, we refer to [ , Remark 4.18].

§ 4.2.3 Motives on the Fargues—Fontaine Curve

Before giving the de Rham—Fargues—Fontaine realization, we recall the spreading-
out result of motives on the Fargues—Fontaine curve from [ , $5] and then get a
“pullback” functor RigDA(C”) — RigDA(FF). The composition of this “pullback” with
the overconvergent de Rham realization on rigid analytic motives on FF will give the de
Rham—-Fargues—Fontaine realization; see the next subsection.

We have seen that there are two special points, 2, and z;, on the Fargue-Fontaine
curve. In the next, we will denote them by x¢ and x,, respectively. For » € Q-(, we have
open neighborhoods Uy, = Yo,] and Uy, = Yir,o0] for zy and z., respectively. Then, for
each r € Q-¢, we have morphisms:

Jor: Uor = Uopr,  Jooyr: Usor = Usor/p

®o,r: UO,T i) UO,pTa Poo,r: Uoo,r i Uoo,r/p'
Then we can define endofunctors for RigDA(U, ,) with x € {0, 0o}:

Lar = Prp © Jars Larsx = Pip © Jarys
o = (Porp) 0 0 p Vo = (Pocpr) ™ © die prs
and let Yo, Yoo denote Y o) and Yo ) respectively. We next use the convention in Notation
4.0.1
With notations above, we have the following spreading-out results from either x( or

Toot
Proposition 4.2.6. Let x € {0,00} and r € Q.
(1) The pullback along x,. — U, induces an equivalence in CAlg(fPrIUj):

colim (RigDA(U*,r) N RigDA(U, ) Liry > = RigDA(z,).
(2) The pullbacks along U, , — Y, induces an equivalence in CAlg(fPrL):
RigDA(Y,) = lim ( N RigDA(U, ) N RigDA(U*,r)>

(8) We have equivalences in CAlg(Pr"):
RigDA(z,)? ~ (colim RigDA(U, ,))"*~ ~ RigDA(U, )"

RigDA(Y,)? ~ (lim RigDA(U,,))"*" ~ RigDA(U, ,)"*".
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(4) The pullbacks along the closed embeddings x, — Y, induce equivalencesin CAlg(fPrIUj):
RigDA(Y,)?* = RigDA(z, ).
(5) The pullback defines an equivalence in CAlg(Pr")
RigDA(FF) ~ RigDA(Y () o))* ~ RigDA(Y ¢ )7

Proof. The proof of [ , Proposition 5.3] works in both cases. |

Corollary 4.2.7. Let e: Y(0c) — Spa(.f() defined in (4.1.2). Then we have a commutative
diagram
RigDA(K)? —— RigDA(Y.00))

|

ngDA(%(O,oo] )GDw

in CAlg(ﬂ’rLLu), where vertical equivalence is 4.2.6 (4) and the functor j* is the pullback
along the inclusion.

Proof. Recall from Remark 4.1.25, the morphism e has a factorization
e: Y(0,00) = Y(0,00] 5 Spa(K,0,),

and the closed immersion ¢: Spa(K,O i) = Y(0,00] 18 @ section of e. Thus, the commutativ-
ity follows from
efoc*~foe"oc" ~1To(eoc)" ~ .

In order to define the spreading-out functor, we need an analytic analogue of the
Frobenius enrichment, similar to (4.2.2). Let S be a perfectoid space in Adicy; there is a
functor

RigDA(S) — RigDA(S)%~

where the right-hand side is the equalizer of Id and ¢% in CAlg(Prk), defined by the
relative Frobenius (see [ , Corollary 2.26], [ , Corollary 2.9.11]). Now using
Proposition 4.2.6 and the pullback RigDA(Y|y o)) — RigDA (Y ), we get a functor

Do: RigDA(C”) — RigDA(FF)
defined by
RigDA(C’) — 2 RigDA(FF)

! !

RigDA(C?)#~ RigDA(Y0,00))?

| i

RigDA(Y(p,o))? — RigDA(Y[p ))?
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in CAlg(TrL). We will refer to it as the spreading-out functor from .

We end this subsection by comparing the spreading out from z( and from z.,. How-
ever, one of the crucial points to define the spreading-out functor from z is the Frobenius
enrichment RigDA(C?) — RigDA(C”)#~, which is natural in characteristic p > 0. In
characteristic 0, we will use an alternative way to enrich into the p-equivariant motives:

Composing the Monsky-Washinitzer functor and (4.2.2), we get

DA(E) 2% DA(F)* 5 RigDA(K)#

By again applying Proposition 4.2.6 and imitating the construction of D,, we obtain a
functor
Doo : DA(k) — RigDA(K)%~ — RigDA(FF)

in CAlg(iPrL). These allow us to compare spreading out from zy and z:
Proposition 4.2.8. We have a monoidal equivalence Do £q» ~ Do in CAlg(?rL).

Proof. We use the equivalence DA(k) ~ FDA(W (0O%,)), where W (0’,) is equipped with the
(p, [pb])-adic topology, here p’ € O% is a pseudo-uniformizer. Then we have a commutative
diagram (up to homotopy)

DA(F) — 29 DA(k)*» — RigDA(K)* — RigDA(FF)

| al I /

FDA(W(0%)) —— FDA(W(0%))9 —— RigDA (Y o])?

where the top row from left to right is the functor D.,. Therefore, it suffices to show the
bottom functor
FDA(W (0%)) — RigDA(Y(y o))" — RigDA(FF)

is equivalent to Dg o {». This is just [ , Proposition 5.11]. |

§ 4.2.4 The de Rham-Fargues—Fontaine Realization

We are now in a position to define the de Rham—Fargues—Fontaine realization. We
will define it as a covariant functor, and so we use the same trick when defining the
covariant overconvergent de Rham realization. Recall that the spreading-out functor
Do: RigDA(C?) — RigDA(FF) (defined in §4.2.3) is in CAlg(Pr") and it sends com-
pact objects to dualizable objects; on the other hand, the overconvergent de Rham re-
alization sends the dualizable motives to perfect complexes, which are compact as solid
quasi-coherent sheaves. Therefore, by taking duals, we get the covariant functor

t
dR,FF

B RT
RigDA(C),, ~ RigDA(C"),, 2% RigDA(FF) g —— QCoh(FF),,
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where the first equivalence is the motivic tilting equivalence. Its Ind-completion will be
denoted by
RI'pr: RigDA(C) — QCoh(FF), (4.2.5)

called the de Rham-Fargues-Fontaine realization.

In other words, the de Rham—-Fargues—Fontaine cohomology is the overconvergent de
Rham cohomology of the spreading-out motive from z(. In fact, it is computed by the rigid
cohomology:

Proposition 4.2.9. We have an equivalence RI'pp 0 {¢c ~ € o RTyig in CAlg(fPrUIj), where
&: Dy(K) — QCoh(FF)
is defined in (4.1.3).

Proof. Astilting equivalence of rigid analytic motives is compatible with Monsky—Washnitzer
functors ([ , Corollary 3.9]), we can prove for replacing C by C°. By Proposition 4.2.8,
it suffices to show we have an equivalence

RTY; pp © Do ~ € 0 R

in CAlg(Prl). To this end, we use the identifications QCoh(FF) ~ QCoh(Y(g))?~ and
RigDA(FF) ~ RigDA(Y ))?~, and prove the equivalence above by restricting to the
compact part. Now it suffices to show & o RI‘Z’;} ~ RI‘E’I%(O,OO) oe* on RigDA(K)$, where
e* is the pullback of motives along the morphism defined in (4.1.2). This can be deduced

from the commutativity of the following diagram:

RigDA(K)5* ———— Db(K)

Tg

“| RigDA(Y()E — QCoh(Yyu)Z*  \°

|

RigDA(Y(0,0))5* —— QCoh(Y (g ))5"

The middle squares are commutative due to Proposition 4.2.1 (1), and the left-most part
is commutative due to Corollary 4.2.7, whose proof also works to show the commutativity
of the right-most part. [ |

§ 4.3 THE WEIGHT SPECTRAL SEQUENCE

In the section, we apply Theorem 3.3.10 to give weight filtrations of Hyodo—Kato coho-
mology Hiy(X) of smooth quasi-compact rigid analytic spaces X over K. More precisely,
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we will use the weight complex functor, see Construction 2.2.21, to construct a spectral se-
quence and deduce the weight filtration on the Hyodo—Kato realizations of compact rigid
analytic motives over K. This can be regarded as the p-adic analytic analogue' of the
weight spectral sequence studied in [ ] for rigid analytic spaces. Notably, we do not
assume the existence of any formal models.

Following Theorem 3.3.10, we use w to denote the weight structure on RigDA(K)
whose heart is simply denoted by H . In particular, the weight complex functor gives a
symmetric monoidal functor

W.: RigDA(K),, — K (hHx),

We begin by showing how to enhance the Galois action on the Hyodo—Kato realization
from [ , Corollary 3.35].

Construction 4.3.1. We have a realization, denoted by RT'%
RigDA(K) ~ colim RigDAgT(L)hGL/K — colim D, ny (Lo)PCr/x ~ colim D(so,NGL/K)(LO)
= D(cp,]\f,GK) (K)v

where the first equivalence is Proposition 3.2.13 and the second equivalence is Proposition
4.1.9. Furthermore, we can forget monodromy operators:

RF%_;OI’{GK) : ngDA(K) — colim D(%N) (Lo)hGL/K — colim D(%GL/K)(LO) ~ D(%GK)(R>.
(4.3.1)

From now until the end of this section, we assume £ is a finite field.

Lemma 4.3.2. The realization functor (4.3.1)

R DA 00, )

factors through the weight complex functor W,: RigDA(K),, — Kb (hHk).

Proof. In the proof, we will simply write RI'gk for RI‘(}}PI’{GK ) and use Map, ¢, or Map,,

to denote the mapping spaces between (¢, Gx)-modules or ¢-modules, respectively. By
[ , Corollary 3.30] and Corollary 3.3.11 (3), it suffices to check that, for any finite
Galois extensions /K and L'/K and any proper smooth varieties X over k; and Y over
k1, we have
miMap, ¢,.) RTEK (x5 M (X)), €6 M (Y)) =~ 0 (4.3.2)
fori > 0. The construction (4.3.1) shows that R['yg (e.£, M (X)) is the image of RI'yxk 1, (e e, M (X))

under the canonical functor

!The semi-stable reduction case is already treated in [ 1.
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N )
We first compute in D (.G i) (Lo):

RTuk 1 (¢*e.£L M (X)) ~ @D RTuk £ (6.M (X)) (4.3.3)

€L/K

where the equivalence follows from Proposition 3.2.11. Now let F'/K be a finite Galois
extension containing both L and L'. Note that the canonical functor D, ., s (Lo) —
D(p,a ) (K) factors through D, y(Fb). This, together with (4.3.3), yields that RTpk (€& M (X))
is the image of

Gr/K

P RTux r(6rM(Xx,))

€L/K
in D(%GK)(IV(); and the similar fact holds for M (Y). Therefore, we have in D, . ) (Fo)
miMap, . o) RTER P (EF M (Xk ), RUER 7 (0 M (Vi )))
miMap,, (RTuk p (€7 M (Xip)), RDpi p (69 M (Y,.))) €7/ 22 0
for i > 0, where the vanishing follows from [ , Example 3.31] together with Proposi-

tion 4.2.3. Since this holds for arbitrary such finite Galois extension F' over K, this proves
(4.3.2) holds. n

Proposition 4.3.3. Let M be a compact motive in RigDA(K). There is a convergent spec-

tral sequence starting at the first page and degenerating at the second page:
’G ,G
E. (M) = HRTGE) (W, M) = Hyy RUSGS (M),

where the differential maps are induced by differential maps in the weight complex. In
particular, we have a (finite) increasing filtration on HnRF(}fI’{GK )(M ) whose i-th graded
piece is pure of weight i — n. Moreover, the filtration is stable under G g-action, and the

monodromy induces a map
7G 7G
grlV H,RTEE) (M) — grlV, H, RIS (M) (—1).
Proof. The naive truncation gives a filtration

RN T§171WoM — TgiW.M — T§i+1WoM

for WM. Applying the functor F', we get a filtration on RI‘%“IOI’{GK )(M ). Then, using the

spectral sequence [/, Proposition 1.2.2.14], we get the desired spectral sequence. For
the degeneracy, it suffices to look at the underlying morphisms between o-modules (us-
ing Corollary 2.1.19). As p-modules, each term E;q is pure of weight —g by Proposition
4.2.3 and (4.3.3). Thus, on the second page, each differential map qu — E}%fz’qﬂ is a
morphism of p-modules with different weights, and hence it vanishes. As a consequence,
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the co-term E77 is pure of weight —g, which is the p-th graded of the induced filtration on
H, RTGE (0).

For last assertion, the G x-action is clear. We need to prove for the monodromy opera-
tor. As M is compact, Proposition 3.2.13 shows that the motive M lies in a full subcategory
RigDAgr(L)hGL/ K for some finite Galois extension L of K. As we proved, the fully faithful
functor

RigDA,,(L). "/ < RigDA(K),,

is weight-exact (Theorem 3.3.10 (4)). Therefore, the weight complex W, M of M comes from
the weight complex of M in RigDAgr(L)hGL/ K, The proof of Lemma 4.3.2 also proves that
the realization

hGr

(@CL/K)  1as
Rr}fK;/K : RigDA,,(L)., N @‘g%GL o (Lo)

factors through the weight complex of w;,  (Lemma 3.3.9). Therefore, the spectral se-
quence associated to M is the image of the spectral sequence associated to M in RigDAgr(L)h Gy,
It suffices to restrict to this full subcategory and prove the monodromy induces the desired

map between graded pieces. The realization
RFHK,L3 RigDAgr(L)hGL/K — D(%N»GL/K) (Lo)

is obtained by applying the G, x-homotopy fixed points functor to the Hyodo—Kato real-
ization on RigDA,,(L). Thus, we have a commutative diagram

. hG wik
RigDA_, (L), " — = K°(hHp ) — Dl(’%GL/K)(LO) — D‘(’%N,GL/K)(L@

(—){ L l | |

RigDA,, (L), —— K (hHPY) ——— DB(Lg) «——— DP_(Lo)
where W is the weight complex functor with respect to w;, /K and wk is the weight com-
plex functor with respect to the weight structure induced by the Chow weight structure
(Corollary 3.3.6). Note that the weight spectral sequence of M on RigDAgT(L)hGL/K is
given by

(s ) (¢.Gr/K)
B, = HRT g /" (W M) = Hp, RTyg /" (M),

We need to show the monodromy operator on H,RIT'yk 1, (1) induces a map
(¢.GL/K) (¢.GL/K)
griHnRI‘IfKVLL/K (M) — gri+2HnRFIfK,LL/K (M)(=1).

For this, it suffices to look at their underlying ¢-modules. In other words, the spectral
sequence becomes

E,, = HRTug 1 (w) (M) = Hp(RTuk (ML)
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which is exactly the weight spectral sequence associated to M;, studied in [ , Ex-
ample 4.35, 4.36], where it is already shown that the monodromy operator induces a map
from the i-th graded piece to the (i + 2)-th graded piece. |

Remark 4.3.4. The spectral sequence in Proposition 4.3.3 is formulated homologically,
but it can be translated into a cohomological version. Throughout this thesis we adopt
the homological index convention, as it is more natural and convenient in the context of
stable co-categories, where the pervasive use of homotopy-theoretic structures makes the
homological perspective more suitable.

If we take M to be a motive associated to a smooth quasi-compact rigid analytic space
over K, then we get the weight filtration on the Hyodo—Kato cohomology H{(X) by the
fact that H{jx(X) = H_Z-RI‘(}fI’{GK ) (M(X)V) because we take duals to get the covariant co-
homology realizations.

Corollary 4.3.5 (Weight Filtrations for Rigid Analytic Spaces). Let X be a smooth quasi-
compact K-rigid analytic space. Then, for each i, the (overconvergent) Hyodo—Kato coho-
mology Hiy (X) admits a finite increasing filtration Fil,ZVHﬁK(X ) stable under Gi-action
whose k-th graded piece is pure of weight i+k, and the monodromy induces a map ngVHIi{K(X ) —
8o g (A )

Remark 4.3.6. The filtration in Corollary 4.3.5 is referred as the weight filtration of
the Hyodo—Kato cohomology Hijx (X). In[ 1, the authors constructed it for a special
case where X admits semi-stable reduction, which can be regarded as the p-adic analytic
analogue of the weight filtration defined by Rapoport-Zink in [ ] for ¢-adic cohomology
of algebraic varieties. In contrast, we do not assume the existence of formal models of X,
and we prove that our weight filtration is stable under the Galois action.

This filtration is closely related to Deligne’s weight-monodromy conjecture. Indeed,
it satisfies the conditions for Deligne’s weight filtration as formulated in [ ; ]
and partially satisfies those for the monodromy filtration in [ 1. More precisely, the
only missing piece is whether the monodromy operator induces an isomorphism

N*: grl¥ Hig(X) — gr’, Hip (X). (4.3.4)

From this perspective, if the morphism in (4.3.3) is an isomorphism, then the p-adic weight-
monodromy conjecture holds.

§ 4.4 COMPARISONS OF REALIZATION FUNCTORS

In the section, we compare the Hyodo—Kato realization with the de Rham—Fargues—
Fontaine realization. Furthermore, we provide Galois refinements for both realizations
and show that, in the refined setting, the comparison isomorphism is unique.
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§ 4.4.1 Monoidal Comparisons of Realization Functors

We now consider motivic realization functors defined on RigDA(C). The first is the
de Rham—Fargues—Fontaine realization (4.2.5), and the second is the Hyodo—Kato real-
ization obtained by replacing K with C in (4.2.4). More precisely, we have the Hyodo—Kato
realization functor:

RT'uk c: RigDA(C) ~ RigDA,, (C) — Do) (K),

where the first equivalence on the left is given by [ , Theorem 3.7.21.]. To compare
these two realization functors, we enhance the Hyodo—Kato realization functor by the

9

functor €: D, (K) — QCoh(FF) (see (4.1.3)), so that both functors land in the same target
category. More precisely, this yields a functor in CAlg(Pr)

v v

En: Dipay(K) = Dy(K) £ QCoh(FF)
where the first functor is forgetting' the monodromy operator.

Theorem 4.4.1. There is a unique (up to homotopy) functor F: RigDA(C) — QCoh(FF)
in CAlg(IPrff) satisfying I o £c ~ € o RT'yig. In particular, we have an equivalence RT'gp ~
EnoRIygk in CAlg(fPrff).

Proof. The Monsky—Washnitzer functor {c: DA(k) — RigDA(C) and the functor £ oRT'ig
define two objects RigDA(C) and QCoh(FF) in CAlg(iPrff)DA(,;) /—- To show the unique-
ness of F', it suffices to compute

We now identify RigDA(C) with Mod, ; (DA(k)) and use the identifications
X1 ~1¢1(-1)[-1] =~ S(1(-1)[-1))

in Proposition 3.1.18 and Example 2.3.1. Applying Proposition 2.3.3, we know that (4.4.1)
is computed by

moMapqcon(rr) (£/(1(—1))[—1], OrF) = moMapgconFr) (€ © RIvig(1(—1))[—1], OFr)
~ moMapqconrF) (OFF(—1)[—1], OFF)
~ Ext'(Opp(—1), OpF) ~ 0,

where the last equivalence is Proposition 4.1.27.
For the last assertion, it follows from the compatibilities of these two functors with
the rigid realization; see Proposition 4.2.3 and 4.2.9. |

n fact, the vector bundles associated to (¢, N)-modules only depend on the underlying p-modules, see
[ , Proposition 10.3.3].
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Remark 4.4.2. In defining the Hyodo—Kato realization RI'gk -, we have chosen the canon-
ical pseudo-uniformizer p of Oc. In fact, different choices of pseudo-uniformizer only
change the monodromy operators. However, after applying the & functor, they yield the
same solid quasi-coherent sheaves on FF. Therefore, the comparison result in Theorem
4.4.1 is independent of the choice of pseudo-uniformizer.

Remark 4.4.3 (Space of Comparison Isomorphisms). The previous theorem shows that
we can find a monoidal natural equivalence between the de Rham—Fargues—Fontaine re-
alization and the Hyodo—Kato realization. But this natural equivalence is not unique.
Indeed, there is a big space of choices for the monoidal natural transformations:
(RigDA(C),QCoh(FF)) ~ noMap(Opg(—1), Opp) ~ B¥P.

m MapCAlg(Tl‘ff)DA(fc)/f

A NEw FiLTrATION FOR VECTOR BUNDLES OVER FF

As an application of this comparison result, we can get a new filtration on the vector
bundles arose as the de Rham—Fargues—Fontaine cohomology.

As in the previous section, we use the bounded weight structure w on RigDA(C),, ~
RigDAgr(C)w in Theorem 3.3.10, whose heart will be denoted by H-. Then we have the
weight complex functor

W: RigDA(C),, — KP(h K).

As a consequence of Theorem 4.4.1, we know that the de Rham—Fargues—Fontaine
realization factors through the weight complex functor on RigDA(C):

Corollary 4.4.4. The de Rham—-Fargues—Fontaine realization on the compact motives over
C factors through the weight complex functor. In other words, we have a commutative
diagram

RigDA(C),, "', Perf(FF)

1
w -
l 7 RT‘FF
KP(h H)
in CAlg(Cat).
Proof. By [ , Theorem 4.53, Corollary 4.54], we know that the functor
. RT 9 N
RigDA(C),, — Dp, xy(K) = DL(K)

has already factored through the weight complex functor. So we conclude from the com-
parison in . |
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Corollary 4.4.5. For every compact rigid analytic motive M over C, there is a convergent
spectral sequence starting from the first page and degenerating at the second page:

E,, = HRTgp(W,M) = Hp,\ RTpp(M)

where Wo M is the weight complex of M. In particular, H,RT'gr(M) has a finite increasing
filtration Fil, whose i-th graded piece is of slope (i —n)/2.

Proof. This spectral sequence is a special case of [[1A, Proposition 1.2.2.14] applied to
the naive filtration of the weight complex W, M by truncations. We are left to show it
degenerates at the second page and the slopes of qu.

From Corollary 3.3.6, each W, M has a form of £¢Y), where Y, is a Chow motive over
k. Using Proposition 4.2.9, we know that

H,RTpp(W,M) ~ &(H,RT5(Y;))

where H,RI';ig(Y),) is of weight —g by Proposition 4.2.3. Thus, H,RI'gr(W, M ) has the slope
of —q/2 by Proposition 4.1.13 since € preserves the slopes by our definition of Tate twists of
¢-modules. Therefore, £, is also of slope —q/2; hence the differential map E7, — E2 , .,
vanishes by Proposition 4.1.27. This proves that the spectral sequence degenerates at the
second page. In particular, the i-th graded piece of the induced filtration on H,RT'pp(M)
is B .~ E?

©,n—1 2,n—1?

whose slope is (i — n)/2. [ |

Given a motive M over C, we put Hyp(M) := H_;RTpp(M"). In the special case where
M is the associated motive of a smooth quasi-compact rigid analytic space over C, we write
it simply by Hip(X).

Corollary 4.4.6. Let X be a smooth quasi-compact rigid analytic variety over C. Then,
for each n > 0, the vector bundle Hyp(X) has a finite increasing filtration Fil, whose i-th
graded piece is of slope (i + n)/2.

Remark 4.4.7. The filtration in Corollary 4.4.6 is a new filtration on the vector bundles
on the Fargues—Fontaine curve, different from the Harder-Narasimhan filtration as slopes
are increasing. Even more, the set of slopes with respect to this new filtration does not
agree with the set of Harder-Narasimhan slopes.

§ 4.4.2 The Uniqueness of Comparison Equivalences

As mentioned in Remark 4.4.3, the comparison natural isomorphism
RIpr ~ €y o RTHK

is not unique, and the possible choices form a big space. To obtain a unique good com-
parison isomorphism, we keep track of the Galois actions. More precisely, we consider
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the oo-category of G j.-equivariant solid quasi-coherent sheaves on the Fargues—Fontaine
curve; here Gz = Gal(C/ K) is the absolute Galois group of K.

We firstly define this co-category as follows: the action of Gz on Ajpr = W (0O ) induces
an action on the Fargues—Fontaine FF by its construction. Thus, pullbacks along this
Galois automorphisms give a G ;-action on FF, which induces a G ;;-action on the oo-
category QCoh(FF). In other words, we have a functor

B.G . — CAlg(Pr)
« - QCoh(FF) (4.4.2)
(9 € Gy) — (o:: QCoh(FF) — QCoh(FF)).

We then define the co-category of G i -equivariant solid quasi-coherent sheaves on
FF as the limit of the diagram above.
Next, we explain how to enhance the target of RI'gr and &,, o RT'gk.

From p-mopuLEs To QCoh(FF) G«

We can enrich the target of £ defined in (4.1.3): the definition of the morphism e
defined in (4.1.2) shows e is stable under G, and the Frobenius map is compatible with
G jz-action; that is, for every g € G, we have e o 0, = e and p 0 6, = 7, 0 . Therefore,
this implies that, for each g € G, there is a functor o} : Perf(Y ))? — Perf(Y))?
and € is stable under these functors, i.e., o; o &€ ~ o;. Thus, we get a refinement of € in
CAlg(Pr)

¢l P, (K) — QCoh(FF)rCx (4.4.3)

Clearly, the underlying solid quasi-coherent sheaves of £ are given by the functor &. As
before, we define £ := €3 o 7.
THE REFINEMENT OF THE DE RHAM-FARGUES-FONTAINE REALIZATION

To get a Galois refinement of the de Rham—Fargues—Fontaine realization, we have
to enhance each rigid analytic motive over C into a G ;.-equivariant rigid analytic motive
over C. To this end, we start from the natural functor

RigDA,, (K) — RigDA(C)"“x (4.4.4)

induced by the base change functor RigDA,, (K) — RigDA(C), here RigDA(O)P %k is
the limit of the G ;.-action on RigDA(C'). More precisely, the action of G on C yields a
G jz-action on RigDA(C) that is a functor

B.G . — CAlg(Prs)
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sending the point to RigDA(C), similarly to (4.4.2), and RigDA(C)"“x is the limit of this
diagram. Since the base change RigDA,,, (K () — RigDA(C) is stable under this G j--action,
we obtain (4.4.4).

On the other hand, since C/K is totally ramified, the base change RigDAgr(f( ) =
RigDA,, (C) is an equivalence by [ , Proposition 3.23], and the latter category is
equivalent to RigDA(C') via the natural embedding, as shown in [ , Theorem 3.7.21].
Thus, the composite functor RigDA,,(K) = RigDA(C) is indeed an equivalence of co-
categories. Replacing RigDA,,(K) by RigDA(C) via this equivalence, we get a Galois-
enhanced functor

a: RigDA(C) — RigDA(C)2 %k, (4.4.5)

Remark 4.4.8. The intuition of (4.4.5) is that, for every rigid analytic motive M over
C, we can find a unique (up to homotopy) model M in RigDA,, (K); that is, we have an
isomorphism M ~ M¢ which gives the natural G ;-action on M.

More generally, let I'/L be a Galois extension of complete non-archimedean fields
with residue fields kr and ki, respectively. Let I/, be the inertial group of this extension.
Using the same argument, we can obtain an inertial enrichment:

RigDA_,(F) — RigDA,, (F)M /L.

Here the G/ -action (hence I, -action) on RigDA(F') can be restricted to RigDA,,(F)
due to [ , Proposition 3.1.13].

Lemma 4.4.9. The composite functor RigDA(C) % RigDA(C)"%x — RigDA(C), where
ais defined in (4.4.5) and the second map is the canonical projection, is the identity functor
(up to homotopy).

Proof. This follows from the commutativity of the following diagram

RigDA_,(K) —— RigDA(C)h¢

| T~

RigDA(C) ——— RigDA((0)

Note that the de Rham—Fargues—Fontaine realization
RTyp: RigDA(C) 2% RigDA(Y g )7 — QCoh(FF)

is compatible with G ;;-actions. Then taking G ;.-homotopy fixed points, we get an en-
hanced realization functor:

hG

o RIpy
RT2: RigDA(C) % RigDA(C)PCx “F_, QCoh(FF)" i (4.4.6)
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Inlight of Lemma 4.4.9, the new realization functor RI‘%‘; computes the de Rham—Fargues—
Fontaine realization of motives over C, and it also can be compared with the Galois-
enriched rigid realization:

Theorem 4.4.10. (1) There is a unique (up to a unique natural isomorphism) functor
F: RigDA(C) — QCoh(FF)
in CAlg(Prs) such that I o (¢ ~ £37 o RTyig, where 37 is defined in (4.4.3).
(2) There are canonical monoidal equivalences
Al o RTpk 0 & =~ €2 o RIyig
RI# o~ €% 0 RTyig.

In particular, RT% and €37 o RTyx are two objects in CAlg(Prs)y, A(k)/— Ula these

monoidal equivalences.
(8) Thereis a unique monoidal natural isomorphism RT'%1 ~ £aMoRT'yk in CAlg(Prs')y, A(R)/—

Proof. (1) The proof is similar to Theorem 4.4.1: we have a homotopy equivalence

MapCAlg(ZPrif)DA o (RigDA(C)7 QCOh(FF)th) = MapQCOh(FF)h G (OFF(_l) [_1}7 OFF)

(k)/

Since QCoh(FF) is Q-linear, the space is connected, and the fundamental group
of this space is (B®%)?=P (see also Remark 4.4.3), which is 0 by [ , Corollaire
10.2.8].

(2) After identifying RigDA(C') with RigDAgr(Iu( ), Theorem 4.4.1 shows we have a com-
mutative diagram

RigDA_,(K) —— RigDA(C)
WORFHK,kl JRFFF
Dy(K) ——— QCoh(FF)
The right vertical functor is compatible with the G ;-action, and the action fixes

the left vertical functor; thus, this gives an equivalence RI‘%‘% ~ €31 o 1 o Rk
in CAlg(Pr). By the definition, we clearly have

8?\17'1 ] RFHK o {C’ =~ Eari o RI‘rig.

(3) This is a direct consequence of (1) and (2).
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Remark 4.4.11. As we seen, the monodromy operator of Hyodo—Kato realization played
no role throughout: we assign a solid quasi-coherent sheaves on the Fargues—Fontaine
curve via the underlying p-modules. In [ , §10.3], Fargues and Fontaine gave a direct
construction

En: D) (K) — QCoh(FF)"“x (4.4.7)

with a natural isomorphism pro&2ior = pro€ar, where pr: QCoh(FF)"“x — QCoh(FF)
is the canonical projection; see [ , §10.3.2, (4)]. However, this natural isomorphism is
not compatible with the base change of QCoh(FF) along the G ;;-action we defined here.

Remark 4.4.12. Using the Galois-enriched comparison in Theorem 4.4.10, we can also
know it factors through the weight complex functor factors. So we have a refinement of
Corollary 4.4.5; in other words, the finite filtration is also compatible with the G ;-action.

§ 4.4.3 The Fargues—Fontaine Cohomology via the Décalage Functor

There is another Fargues—Fontaine cohomology, defined via the Décalage functor, was
originally defined by Le Bras in [ ] and later developed by Bosco using condensed
mathematics in [ 1.

In the final part of this section, we show that this cohomology is motivic—that is, it
extends to a functor on RigDA(C). Le Bras previously showed that it is defined on the
co-category of effective motives RigDA®T(C) in [ 1.

We firstly give a quick review of the definition of Fargues—Fontaine cohomology de-
fined in [ ; I

Let I be a compact sub-interval of (0,00) with rational endpoints. Then we have a
Qp-Banach space By, the global section of the open subspace Y; of FF. For every smooth
rigid analytic variety (resp. dagger variety) X over C, Bosco defined in [ , Definition
2.38, Proposition 2.42] a solid (B;,Z)-module RI'p, (X), in the sense of Definition 4.1.20,
via the décalage functor; see also [ , Definition 6.12, Remark 6.13]. This is called
the Br-cohomology of X.

Proposition 4.4.13. For every compact sub-interval I C (0, 00), the Br-cohomology of dag-

ger varieties over C extends to a functor
RT3, (—): RigDA(C) ~ RigDA'(C) — D (B, Z),

where RigDA' (C) is the co-category of dagger motives over C, as defined in [ N 1,
and the first equivalence is given by [ , Theorem 4.23].

Proof. Let FSch(TD’ZS denote the category of semi-stable weak formal schemes over O¢, as
in [ , §2.3.1]. Then for every X € FSchg’Zs, by [ , (4.50) together with Remark
6.13], there is a natural isomorphism

. . N=0
RIp, (X781) ~ (RFHK(ae“gT ) &% Blog,l) , (4.4.8)
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where By ; is the condensed period ring defined in [ , Definition 2.27] by taking
X = Spa(C) and X"8' is the dagger generic fiber of X; see [ ]. We will deduce the
Bj-cohomology

X — R, (x781)

has the rig-étale descent and A'-invariance from the comparison (4.4.8). Indeed, as shown
in [ , Proposition 3.8], the overconvergent Hyodo—Kato cohomology

X RI‘HK(}ZﬂgT)

has the rig-étale descent and A'-invariance. Thus, the Al-invariance is immediate. For
the rig-étale descent, we need to show (—®'. Biog, 7)V=0 commutes with descent limits. This
can be deduced from [ , Corollary A.67 (ii)] together with [ , (3.16)], where the
assumptions hold in our case due to the finiteness of overconvergent Hyodo—Kato cohomol-
ogy and [ , Corollary A.50].

It remains to prove the T-stability: it suffices to compute H}gl (G},). Using (4.4.8) and
[ , Lemma 7.6]—where finiteness of overconvergent Hyodo—Kato cohomology plays
a role—we know that

HE, (G],) ~ Hig(G,, po) ® Br ~ By,

is invertible in D (B;, Z).

Finally, asin [ , Proposition 3.8], we can apply the dagger analogue’ of [ ,
Proposition 2.32] to conclude the result. |
By the comparison (4.4.8) and the boundedness, see [ , Theorem 3.14 (ii)], of

the Hyodo—Kato cohomology, we know that the motivic realization in Proposition 4.4.13
restricts to
RI',: RigDA(C),, — Db(B;,Z)°P.

Therefore, as before, we get the covariant version of this motivic realization
RFBI : ngDA(C) — 'DD(B[, Z)

in CAlg(PrL) by taking duals.

To get the new Fargues—Fontaine cohomology from the B;-cohomology, we need a
new E-functor rather than (4.1.3); see also constructions in [ , Chapter 10] and [ ,
§7.6].

We recall this construction from [ , $§5] and [ , §6.2]. Using the functor in
Proposition 4.1.19, for every compact sub-interval I C (0, c0) with rational endpoints, we
have a morphism of analytic rings

(B1,Z)s — (Br, Bf ).

!The proof there also holds thanks to [ , Proposition 2.13].
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This yields a functor in CAlg(PrL)

CoAd(Solidp) := lim D((B,Z); li Coh ~ QCoh (Y.«
oAd(Solidp) ,Jim ((Br,Z)o) — ydim QCoh(Y;) ~ QCoh(Y )
where the source category is called the co-category of coadmissible solid modules over
B and the last equivalence is the analytic descent of solid quasi-coherent sheaves. On the
other hand, there is a Frobenius autofunctor on CoAd(Solid ) induced by morphisms

@I (317 Z)D — (Bp17 Z)D7

which are compatible with the Frobenius map on QCoh(Y ). Thus, taking the Frobe-
nius invariant, we obtain a functor taking values in solid quasi-coherent sheaves on the
Fargues—Fontaine:

£p: CoAd(Mod3)? — QCoh(Y g )% ~ QCoh(FF) (4.4.9)

in CAlg(Pr®"), which preserves nuclear and perfect complexes ([ , Proposition 6.8]).

As shown in [ , Lemma 6.14], the family of motivic realization functors (re-
stricted to compact parts) RI'p, are compatible with inclusions and Frobenius maps be-
tween B;’s. This leads to a realization functor

RigDA(C) — CoAd(Solid )%~

F, is induced by composing with F, and F* sends C® — €% to D® ®es £®. The composition
of it and € in (4.4.9) gives a new motiviec Fargues-Fontaine cohomology::

RIpr: RigDA(C) — QCoh(FF) (4.4.10)

which isin CAlg(iPrg) since it sends compact motives into perfect complexes on the Fargues—
Fontaine curve by [ , Theorem 6.17 (i)].

This motivic Fargues—Fontaine cohomology (4.4.10) agrees (non-canonically) with the
de Rham—Fargues—Fontaine cohomology by their comparison with the Hyodo—Kato coho-
mology:

Proposition 4.4.14 (Comparison of Fargues—Fontaine Cohomology Theories). There is a
monoidal equivalence RI'gp ~ RI'py in CAlg(?rff).

Proof. By [ , Theorem 6.17], there is a natural isomorphism ﬁfpp ~ &y o RI'gk.
Therefore, we conclude from the comparison in Theorem 4.4.1. |



[Abb11]

[And21]

[ALB24]

[Aok20]

[Ayo07a]

[Ayo07b]

[Ayolda]

[Ayol4b]

[Ayo15]

[Ay020]

[Ayo24]

[AGV22]

BIBLIOGRAPHY

Ahmed Abbes. Eléments de Géométrie Rigide: Volume I. Construction et Etude Géométrique
des Espaces Rigides. Vol. 286. Progress in Mathematics. Basel: Springer Basel, 2011.
DOL: (cit. on p. 37).

Grigory Andreychev. Pseudocoherent and Perfect Complexes and Vector Bundles on
Analytic Adic Spaces. 2021. arXiv: (cit. on pp. 6, 71-72).

Johannes Anschiitz and Arthur-César Le Bras. “A Fourier transform for Banach-
Colmez spaces”. Journal of the European Mathematical Society Vol. 27 (2025), No.

9, pp. 3651-3712. por: (cit. on p. 73).

Ko Aoki. “The weight complex functor is symmetric monoidal”. Advances in Mathe-
matics Vol. 368 (2020), p. 107145. por: (cit. on pp. 11,
28-29, 58).

Joseph Ayoub. “Les six opérations de Grothendieck et le formalisme des cycles évanes-
cents dans le monde motivique (I)”. Astérisque Vol. 314 (2007), pp. x+464. por:
(cit. on p. 1).

Joseph Ayoub. “Les six opérations de Grothendieck et le formalisme des cycles évanes-
cents dans le monde motivique (II)”. Astérisque Vol. 315 (2007), pp. vi+362. por:
(cit. on pp. 1, 41, 48).

Joseph Ayoub. “L’algebre de Hopf et le groupe de Galois motiviques d’'un corps de
caractéristique nulle, I”. Journal fiir die reine und angewandte Mathematik (Crelles
Journal) Vol. 2014 (2014), No. 693, pp. 1-149. por: (cit. on
pp- 48, 58).

Joseph Ayoub. “La réalisation étale et les opérations de Grothendieck”. Annales scien-
tifiques de I’Ecole Normale Supérieure Vol. 47 (2014), No. 1, pp. 1-145. por:
(cit. on pp. 41, 48).

Joseph Ayoub. “Motifs des variétés analytiques rigides”. Mémoires de la Société Math-
ématique de France Vol. 140-141 (2015), pp. vi+386. por: (cit. on
pp. 2-3, 41-42, 56).

Joseph Ayoub. “Nouvelles cohomologies de Weil en caractéristique positive”. Algebra &
Number Theory Vol. 14 (2020), No. 7, pp. 1747-1790. por:
(cit. on pp. 45-46, 76).

Joseph Ayoub. “Weil cohomology theories and their motivic Hopf algebroids”. Indaga-
tiones Mathematicae Vol. (2024). In Press, Corrected Proof. por:
(cit. on p. 35).

Joseph Ayoub, Martin Gallauer, and Alberto Vezzani. “The six-functor formalism for
rigid analytic motives”. Forum of Mathematics, Sigma Vol. 10 (2022), e61. por:
(cit. on pp. 1-4, 37, 40-47, 49, 51, 56, 59, 61, 76, 79, 86, 90).

95


https://doi.org/10.1007/978-3-0348-0012-9
https://arxiv.org/abs/2105.12591
https://doi.org/10.4171/jems/1480
https://doi.org/10.1016/j.aim.2020.107145
https://doi.org/10.24033/ast.751
https://doi.org/10.24033/ast.751
https://doi.org/10.24033/ast.752
https://doi.org/10.24033/ast.752
https://doi.org/10.1515/crelle-2012-0089
https://doi.org/10.24033/asens.2210
https://doi.org/10.24033/asens.2210
https://doi.org/10.24033/msmf.449
https://doi.org/10.2140/ant.2020.14.1747
https://doi.org/10.1016/j.indag.2024.09.009
https://doi.org/10.1016/j.indag.2024.09.009
https://doi.org/10.1017/fms.2022.55
https://doi.org/10.1017/fms.2022.55

BIBLIOGRAPHY 96

[Beil3]

[Ber90]

[Ber93]

[Ber86]

[BMS18]

[BGV25]

[BKV25]

[BGT13]

[Bon10]

[Bon14]

[BS18]

[BS19]

Alexander Beilinson. “On the crystalline period map”. Cambridge Journal of Mathe-
matics Vol. 1 (2013), No. 1, pp. 1-51. por: (cit. on pp. 7,
63, 66).

Vladimir G. Berkovich. Spectral Theory and Analytic Geometry over Non-Archimedean
Fields. Mathematical Surveys and Monographs 33. American Mathematical Society,
1990. 169 pp. (cit. on p. 37).

Vladimir G. Berkovich. “Etale cohomology for non-Archimedean analytic spaces”. Pub-
lications mathématiques de 'THES Vol. 78 (1993), No. 1, pp. 5-161. por:
(cit. on p. 37).

Pierre Berthelot. “Géométrie rigide et cohomologie des variétés algébriques de carac-
téristique p”. Mémoires de la Société Mathématique de France Vol. 1 (1986), pp. 7-32.
DOI: (cit. on p. 38).

Bhargav Bhatt, Matthew Morrow, and Peter Scholze. “Integral p-adic Hodge theory”.
Publications mathématiques de 'THES Vol. 128 (2018), No. 1, pp. 219-397. por:
(cit. on pp. 5-6).

Federico Binda, Martin Gallauer, and Alberto Vezzani. “Motivic monodromy and p-
adic cohomology theories”. Journal of the European Mathematical Society Vol. (2025).
por: (cit. on pp. i, 2, 7-8, 11, 13, 34-35, 37, 47-48, 57-58, 65, 74,
76-78, 82-83, 85, 87).

Federico Binda, Hiroki Kato, and Alberto Vezzani. “On the p-adic weight-monodromy
conjecture for complete intersections in toric varieties”. Inventiones mathematicae Vol.
241 (2025), No. 2, pp. 559—-603. por: (cit. on pp. 4, 7-8,
11, 46, 53, 77, 82, 90, 93).

Andrew J. Blumberg, David Gepner, and Goncalo Tabuada. “A universal characteriza-
tion of higher algebraic K-theory”. Geometry & Topology Vol. 17 (2013), No. 2, pp. 733—
838. por: . arXiv: (cit. on p. 19).

Mikhail Bondarko. “Weight structures vs. t-structures; weight filtrations, spectral se-
quences, and complexes (for motives and in general)”. Journal of K-Theory Vol. 6 (2010),
No. 3, pp. 387-504. por: (cit. on pp. 10-12, 25-28, 30, 32,
57).

Mikhail V. Bondarko. “Weights for relative motives; relation with mixed complexes
of sheaves”. International Mathematics Research Notices Vol. 2014 (2014), No. 17,
pp. 4715-4767. por: (cit. on pp. 11, 27, 57, 61).

Mikhail V. Bondarko and Vladimir A. Sosnilo. “On constructing weight structures and
extending them to idempotent extensions”. Homology, Homotopy and Applications Vol.
20 (2018), No. 1. por: . arXiv: (cit. on
p. 28).

Mikhail V. Bondarko and Vladimir A. Sosnilo. “On purely generated a-smashing weight
structures and weight-exact localizations”. Journal of Algebra Vol. 535 (2019), pp. 407—
455. por: (cit. on pp. 30-31).


https://doi.org/10.4310/CJM.2013.v1.n1.a1
https://doi.org/10.1007/BF02712916
https://doi.org/10.1007/BF02712916
https://doi.org/10.24033/msmf.326
https://doi.org/10.1007/s10240-019-00102-z
https://doi.org/10.1007/s10240-019-00102-z
https://doi.org/10.4171/JEMS/1634
https://doi.org/10.1007/s00222-025-01344-x
https://doi.org/10.2140/gt.2013.17.733
https://arxiv.org/abs/1001.2282
https://doi.org/10.1017/is010012005jkt083
https://doi.org/10.1093/imrn/rnt088
https://doi.org/10.4310/HHA.2018.v20.n1.a3
https://arxiv.org/abs/1605.08372
https://doi.org/10.1016/j.jalgebra.2019.07.003

97 BIBLIOGRAPHY

[Bos14] Siegfried Bosch. Lectures on Formal and Rigid Geometry. Vol. 2105. Lecture Notes in
Mathematics. Cham: Springer International Publishing, 2014. por:

(cit. on p. 39).

[BGR84]  Siegfried Bosch, Ulrich Giintzer, and Reinhold W. Remmert. Non-Archimedean Anal-
ysis. 1st ed. Grundlehren der mathematischen Wissenschaften 261. Springer Berlin,
Heidelberg, 1984. xii+436 (cit. on pp. 37, 39).

[BL93a] Siegfried Bosch and Werner Liitkebohmert. “Formal and rigid geometry: I. Rigid spaces”.
Mathematische Annalen Vol. 295 (1993), No. 1, pp. 291-317. por:

(cit. on pp. 37, 39).

[BL93b] Siegfried Bosch and Werner Liitkebohmert. “Formal and rigid geometry: II. Flattening

techniques”. Mathematische Annalen Vol. 296 (1993), No. 1, pp. 403-429. por:
(cit. on p. 37).

[Bos23a]  Guido Bosco. On the p-adic pro-étale cohomology of Drinfeld symmetric spaces. 2023.
arXiv: (cit. on p. 93).

[Bos23b]  Guido Bosco. Rational p-adic Hodge theory for rigid-analytic varieties. 2023. arXiv:

(cit. on pp. 10, 92-94).

[BK72] A K. Bousfield and D.M. Kan. “The homotopy spectral sequence of a space with co-

efficients in a ring”. Topology Vol. 11 (1972), No. 1, pp. 79-106. por:
(cit. on p. 22).

[BCO9] Olivier Brinon and Brian Conrad. CMI Summer School Notes on p-adic Hodge Theory
(Preliminary Version). Available from . 2009 (cit. on p. 68).

[BV18] Kevin Buzzard and Alain Verberkmoes. “Stably uniform affinoids are sheafy”. Journal
fiir die reine und angewandte Mathematik (Crelles Journal) Vol. 2018 (2018), No. 740,
pp- 25—-39. por: (cit. on p. 40).

[CD16] Denis-Charles Cisinski and Frédéric Déglise. “Etale motives”. Compositio Mathemat-
ica Vol. 152 (2016), No. 3, pp. 556—666. por: (cit. on p. 76).

[CD19] Denis-Charles Cisinski and Frédéric Déglise. Triangulated Categories of Mixed Mo-
tives. 1st ed. Springer Monographs in Mathematics. Springer Cham, 2019. xlii+406.
DOI: (cit. on pp. 46, 57).

[CS19a] Dustin Clausen and Peter Scholze. Lectures on Analytic Geometry. Available from

. 2019 (cit. on pp. 37, 68-70).

[CS19b] Dustin Clausen and Peter Scholze. Lectures on Condensed Mathematics. Available
from . 2019 (cit. on pp. 37, 68-69, 71).

[CN17] Pierre Colmez and Wiestawa Niziol. “Syntomic complexes and p-adic nearby cycles”.
Inventiones mathematicae Vol. 208 (2017), No. 1, pp. 1-108. por:

(cit. on p. 6).
[CN20] Pierre Colmez and Wiestawa Niziol. “On p-adic comparison theorems for rigid analytic

4

varieties, I”. Miinster Journal of Mathematics Vol. 13 (2020), pp. 445-507. por:
(cit. on pp. 77, 92-93).


https://doi.org/10.1007/978-3-319-04417-0
https://doi.org/10.1007/978-3-319-04417-0
https://doi.org/10.1007/BF01444889
https://doi.org/10.1007/BF01445112
https://doi.org/10.1007/BF01445112
https://arxiv.org/abs/2110.10683
https://arxiv.org/abs/2306.06100
https://doi.org/10.1016/0040-9383(72)90024-9
https://doi.org/10.1016/0040-9383(72)90024-9
https://math.stanford.edu/~conrad/
https://doi.org/10.1515/crelle-2015-0089
https://doi.org/10.1112/S0010437X15007459
https://doi.org/10.1007/978-3-030-33242-6
https://people.mpim-bonn.mpg.de/scholze/papers.html
https://people.mpim-bonn.mpg.de/scholze/papers.html
https://people.mpim-bonn.mpg.de/scholze/papers.html
https://doi.org/10.1007/s00222-016-0683-3
https://doi.org/10.1007/s00222-016-0683-3
https://doi.org/10.17879/90169648511
https://doi.org/10.17879/90169648511

BIBLIOGRAPHY 98

[Con06]

[dJ95]

[dJ97]

[DN18]

[Del70]

[Del74]

[Drel5]

[EV25]

[Farl8]

[Far19]

[FF14]

[FF18]

[FS24]

[Fon94]

[FO22]

[FK18]

Brian Conrad. “Relative ampleness in rigid geometry”. Annales de UInstitut Fourier
Vol. 56 (2006), No. 4, pp. 1049-1126. por: (cit. on p. 68).

A. Johan de Jong. “Crystalline Dieudonné module theory via formal and rigid geome-
try”. Publications Mathématiques de 'ITHES Vol. 82 (1995), pp. 5-96 (cit. on p. 38).

A. Johan de Jong. “Families of curves and alterations”. Annales de U’Institut Fourier
Vol. 47 (1997), No. 2, pp. 599-621. por: (cit. on p. 57).

Frédéric Déglise and Wiestawa Niziol. “On p-adic absolute Hodge cohomology and syn-
tomic coefficients, I”. Commentarii Mathematici Helvetici Vol. 93 (2018), No. 1, pp. 71—
131. por: (cit. on pp. 63, 66).

Pierre Deligne. “Théorie de Hodge I”. Actes du Congrés international des mathémati-
ciens. Vol. 1. 1970, pp. 425-430 (cit. on p. 85).

Pierre Deligne. “Théorie de hodge, III”. Publications mathématiques de 'THES Vol. 44
(1974), No. 1, pp. 5-77. por: (cit. on p. 85).

Brad Drew. Verdier quotients of stable quasi-categories are localizations. 2015. arXiv:
(cit. on p. 65).

Veronika Ertl and Alberto Vezzani. Berthelot’s conjecture via homotopy theory. 2025.
arXiv: (cit. on p. 75).

Laurent Fargues. “Quelques résultats et conjectures concernant la courbe”. Astérisque
Vol. 369 (2018), pp. 325-374. por: (cit. on p. 74).

Laurent Fargues. “La courbe”. Proceedings of the International Congress of Mathe-
maticians (ICM 2018). Rio de Janeiro, Brazil: World Scientific, 2019, pp. 291-319.
DOI: (cit. on p. 6).

Laurent Fargues and Jean-Marc Fontaine. “Vector bundles on curves and p-adic Hodge
theory”. Automorphic Forms and Galois Representations. Ed. by Fred Diamond, Pay-
man L. Kassaei, and Minhyong Kim. 1st ed. Cambridge University Press, 2014, pp. 17—
104. por: (cit. on p. 93).

Laurent Fargues and Jean-Marc Fontaine. “Courbes et fibrés vectoriels en théorie de
Hodge p-adique”. Astérisque Vol. 406 (2018), pp. xiii+382. por:
(cit. on pp. 9, 73-74, 86, 91-93).

Laurent Fargues and Peter Scholze. Geometrization of the local Langlands correspon-
dence. To appear in Astérisque. 2024. arXiv: (cit. on pp. 73—
74).

Jean-Marc Fontaine. “Périodes p-adiques - Séminaire de Bures, 1988”. Périodes $p$-
adiques - Séminaire de Bures, 1988. Vol. 223. Astérisque. Exposé II. Société Mathé-
matique de France, 1994, pp. 59-101 (cit. on pp. 63, 65).

Jean-Marc Fontaine and Yi Ouyang. Theory of p-adic Galois Representations. 2022
(cit. on p. 63).

Kazuhiro Fujiwara and Fumiharu Kato. Foundations of Rigid Geometry I. EMS Mono-
graphs in Mathematics. Ziirich: European Mathematical Society, 2018. 863 pp. (cit. on
pp. 37-40).


https://doi.org/10.5802/aif.2207
https://doi.org/10.5802/aif.1575
https://doi.org/DOI 10.4171/CMH/430
https://doi.org/10.1007/BF02685881
https://arxiv.org/abs/1511.08287
https://arxiv.org/abs/2406.02182
https://doi.org/10.24033/ast.965
https://doi.org/10.1142/9789813272880_0055
https://doi.org/10.1017/CBO9781107297524.003
https://doi.org/10.24033/ast.1056
https://arxiv.org/abs/2102.13459v4

99

BIBLIOGRAPHY

[GHN17]

[GJ09]

[Gro05]

[SGA4 1]

[HRS25]

[Héb10]

[Héb11]

[HL13]

[Hub93]

[Hub94]

[Hub96]

[Ito05a]

[Ito05b]

[KS06]

[KM74]

David Gepner, Rune Haugseng, and Thomas Nikolaus. “Lax colimits and free fibra-
tions in oco-categories”. Documenta Mathematica Vol. 22 (2017), pp. 1225-1266. por:
. arXiv: (cit. on p. 23).

Paul G. Goerss and John F. Jardine. Simplicial Homotopy Theory. Modern Birkhauser
Classics. Birkhauser Basel, 2009. xvi+510 (cit. on p. 22).

Elmar Grosse-Klonne. “Frobenius and monodromy operators in rigid analysis, and
Drinfel’d’s symmetric space”. Journal of Algebraic Geometry Vol. 14 (2005), pp. 397—
437. por: . arXiv: (cit. on p. 6).

A. Grothendieck and J. L. Verdier. Théorie des Topos et Cohomologie Etale des Schémas
(SGA 4-1).Vol. 269. Lecture Notes in Mathematics. Berlin, Heidelberg: Springer, 1972.
DOI:

Peter J. Haine, Maxime Ramzi, and Jan Steinebrunner. Fully faithful functors and
pushouts of co-categories. 2025. arXiv: (cit. on p. 56).

David Hébert. Complexe de Poids, Dualité et Motifs de Beilinson. 2010. arXiv:
(cit. on p. 11).

David Hébert. “Structures de poids & 1a Bondarko sur les motifs de Beilinson”. Compo-
sitio Mathematica Vol. 147 (2011), No. 5, pp. 1447-1462. por:
(cit. on pp. 57, 59).

Michael Hopkins and Jacob Lurie. Ambidexterity in K(n)-Local Stable Homotopy The-
ory. 2013 (cit. on p. 53).

R. Huber. “Continuous valuations”. Mathematische Zeitschrift Vol. 212 (1993), No. 1,

pp- 455—477. por: (cit. on p. 37).

R. Huber. “A generalization of formal schemes and rigid analytic varieties”. Mathema-
tische Zeitschrift Vol. 217 (1994), No. 1, pp. 513-551. por: (cit. on
pp. 37, 40-41).

Roland Huber. Etale Cohomology of Rigid Analytic Varieties and Adic Spaces. Vol. 30.
Aspects of Mathematics. Wiesbaden: Vieweg+Teubner Verlag, 1996. por:
(cit. on pp. 37, 40).

Tetsushi Ito. “Weight-monodromy conjecture for p-adically uniformized varieties”. In-
ventiones Mathematicae Vol. 159 (2005), No. 3, pp. 607—656. por:

Tetsushi Ito. “Weight-monodromy conjecture over equal characteristic local fields”.
American Journal of Mathematics Vol. 127 (2005), No. 3. JSTOR:

Masaki Kashiwara and Pierre Schapira. Categories and sheaves. 1st ed. Grundlehren
der mathematischen Wissenschaften 332. Springer Berlin, Heidelberg, 2006. x+498.

DOI:

Nicholas Michael Katz and William Messing. “Some consequences of the Riemann
hypothesis for varieties over finite fields”. Inventiones Mathematicae Vol. 23 (1974),
pp. 73-717. por: (cit. on p. 77).


https://doi.org/10.4171/dm/593
https://arxiv.org/abs/1501.02161v3
https://doi.org/10.1090/S1056-3911-05-00402-9
https://arxiv.org/abs/1408.3346
https://doi.org/10.1007/BFb0081551
https://arxiv.org/abs/2503.03916
https://arxiv.org/abs/1010.5469
https://arxiv.org/abs/1010.5469
https://doi.org/10.1112/S0010437X11005422
https://doi.org/10.1007/BF02571668
https://doi.org/10.1007/BF02571959
https://doi.org/10.1007/978-3-663-09991-8
https://doi.org/10.1007/978-3-663-09991-8
https://doi.org/10.1007/s00222-004-0395-y
https://doi.org/10.1007/s00222-004-0395-y
http://www.jstor.org/stable/40067932
https://doi.org/10.1007/3-540-27950-4
https://doi.org/10.1007/BF01405203

BIBLIOGRAPHY 100

[KL15] Kiran S. Kedlaya and Ruochuan Liu. “Relative p-adic Hodge theory : Foundations”.
Astérisque Vol. 371 (2015), p. 239. por: (cit. on p. 74).

[LM13] Andreas Langer and Amrita Muralidharan. “An analogue of Raynaud’s theorem: weak
formal schemes and dagger spaces”. Vol. 6 (2013) (cit. on p. 93).

[LB18] Arthur-César Le Bras. Overconvergent relative de Rham cohomology over the Fargues-
Fontaine curve. 2018. arXiv: (cit. on pp. 10, 92-93).

[LBV23]  Arthur-César Le Bras and Alberto Vezzani. “The de Rham-Fargues-Fontaine cohomol-
ogy”. Algebra & Number Theory Vol. 17 (2023), No. 12, pp. 2097-2150. por:
(cit. on pp. 8, 13, 45, 75, 78-80, 92).

[HTT] Jacob Lurie. Higher Topos Theory. Annals of Mathematics Studies 170. Princeton:
Princeton University Press, 2009. 944 pp. por: (cit. on pp. 15,
17-19).

[HA] Jacob Lurie. Higher Algebra. Available from . 2017 (cit. on pp. 15,
17-21, 28-29, 34-36, 44, 46, 49, 53, 65, 83, 88).

[SAG] Jacob Lurie. Spectral Algebraic Geometry. Available from . 2018 (cit.
on pp. 44, 69).

[Kerodon] Jacob Lurie. Kerodon. Available on . 2025 (cit. on pp. 15, 18, 20, 22, 24-25, 47).

[Man22] Lucas Mann. A p-adic 6-functor formalism in rigid-analytic geometry. 2022. arXiv:
(cit. on pp. 69-70).

[NS18] Thomas Nikolaus and Peter Scholze. “On topological cyclic homology”. Acta Mathe-
matica Vol. 221 (2018), No. 2, pp. 203—409. por:
(cit. on p. 17).

[Niz19] Wiestawa Niziol. “Geometric syntomic cohomology and vector bundles on the Fargues-
Fontaine curve”. Journal of Algebraic Geometry Vol. 28 (2019), No. 4, pp. 605—648. por:
(cit. on p. 6).
[Pau08] David Pauksztello. “Compact corigid objects in triangulated categories and co-t-structures”.

Central European Journal of Mathematics Vol. 6 (2008), No. 1, pp. 25—42. por:
(cit. on p. 25).

[Paul2] David Pauksztello. “A note on compactly generated co-t-structures”. Communications
in Algebra Vol. 40 (2012), No. 2, pp. 386-394. por:
(cit. on p. 32).

[RZ82] Michael Rapoport and Thomas Zink. “Uber die lokale Zetafunktion von Shimuravari-
etdten. Monodromiefiltration und verschwindende Zyklen in ungleicher Charakteris-
tik”. Inventiones Mathematicae Vol. 68 (1982), pp. 21-102 (cit. on pp. 12, 82, 85).

[Ray74] Michel Raynaud. “Géométrie analytique rigide d’apres Tate, Kiehl...” Table ronde d’analyse
non archimédienne (Paris, 1972). Vol. 39—40. Mémoires de la Société Mathématique
de France. Société Mathématique de France, 1974, pp. 319-327 (cit. on pp. 37, 39).

[RS20] Timo Richarz and Jakob Scholbach. “The intersection motive of the moduli stack of
shtukas”. Forum of Mathematics, Sigma Vol. 8 (2020), 8. por:


https://doi.org/10.24033/ast.957
https://arxiv.org/abs/1801.00429
https://doi.org/10.2140/ant.2023.17.2097
https://doi.org/10.2140/ant.2023.17.2097
https://doi.org/10.1515/9781400830558
https://www.math.ias.edu/~lurie/
https://www.math.ias.edu/~lurie/
https://kerodon.net/
https://arxiv.org/abs/2206.02022
https://doi.org/10.4310/ACTA.2018.v221.n2.a1
https://doi.org/10.1090/jag/742
https://doi.org/10.2478/s11533-008-0003-2
https://doi.org/10.2478/s11533-008-0003-2
https://doi.org/10.1080/00927872.2010.528714
https://doi.org/10.1017/fms.2019.32

101 BIBLIOGRAPHY

[Rio05] Joél Riou. “Dualité de Spanier-Whitehead en géométrie algébrique”. Comptes Rendus.
Mathématique Vol. 340 (2005), No. 6, pp. 431-436. por:
(cit. on pp. 48, 76).

[Rob15] Marco Robalo. “K-theory and the bridge from motives to noncommutative motives”.
Advances in Mathematics Vol. 269 (2015), pp. 399-550. por:

(cit. on pp. 42, 44).

[Rot09] Joseph J. Rotman. An Introduction to Homological Algebra. 2nd ed. Universitext.
Springer New York, 2009. xiv+710. por:

[Sai03] Takeshi Saito. “Weight spectral sequences and independence of ¢”. Journal of the In-
stitute of Mathematics of Jussieu Vol. 2 (2003), No. 4, pp. 583-634. por:

[Sau23] Victor Saunier. A Theorem of the Heart for K-theory of Endomorphisms. 2023. arXiv:

[Sch19] Peter Scholze. “p-adic geometry”. Proceedings of the International Congress of Mathe-
maticians (ICM 2018). International Congress of Mathematicians 2018. Rio de Janeiro,
Brazil: WORLD SCIENTIFIC, 2019, pp. 899-933. por:
(cit. on p. 6).

[SW20] Peter Scholze and Jared Weinstein. Berkeley lectures on p-adic geometry. Annals of
Mathematics Studies 207. Princeton University Press, 2020. 264 pp. por:

(cit. on pp. 5, 40, 73).

[Shu08] Michael A. Shulman. Set theory for category theory. 2008. arXiv:

[Sos19] Vladimir Sosnilo. “Theorem of the heart in negative K-theory for weight structures”.
Documenta Mathematica Vol. 24 (2019), pp. 2137-2158. por: (cit. on
pp. 10, 12, 29-30).

[Sos22] Vladimir Sosnilo. “Regularity of spectral stacks and discreteness of weight-hearts”.
The Quarterly Journal of Mathematics Vol. 73 (2022), No. 1, pp. 23—44. por:

(cit. on pp. 10, 25, 34).

[Tat71] John Tate. “Rigid analytic spaces”. Inventiones Mathematicae Vol. 12 (1971), No. 4,
pp. 257-289. por: (cit. on pp. 37, 39).

[SP] The Stacks Project Authors. Stack Project. Available on . 2025 (cit. on pp. 23, 41,
57, 76).

[Vez18] Alberto Vezzani. “The Monsky-Washnitzer and the overconvergent realizations”. In-
ternational Mathematics Research Notices Vol. 2018 (2018), No. 11, pp. 3443-3489.
DOI: (cit. on pp. 7, 45, 75-76, 92).

[Vez19a]  Alberto Vezzani. “A motivic version of the theorem of Fontaine and Wintenberger”.
Compositio Mathematica Vol. 155 (2019), No. 1, pp. 38—88. por:
(cit. on p. 45).

[Vez19b]  Alberto Vezzani. “Rigid cohomology via the tilting equivalence”. Journal of Pure and

Applied Algebra Vol. 223 (2019), No. 2, pp. 818-843. por:
(cit. on p. 81).


https://doi.org/10.1016/j.crma.2005.02.002
https://doi.org/10.1016/j.aim.2014.10.011
https://doi.org/10.1016/j.aim.2014.10.011
https://doi.org/10.1007/b98977
https://doi.org/10.1017/S1474748003000173
https://doi.org/10.1017/S1474748003000173
https://arxiv.org/abs/2311.13836
https://doi.org/10.1142/9789813272880_0032
https://doi.org/10.2307/j.ctvs32rc9
https://doi.org/10.2307/j.ctvs32rc9
https://arxiv.org/abs/0810.1279
https://doi.org/10.4171/dm/722
https://doi.org/10.1093/qmath/haab017
https://doi.org/10.1093/qmath/haab017
https://doi.org/10.1007/BF01403307
https://stacks.math.columbia.edu
https://doi.org/10.1093/imrn/rnw335
https://doi.org/10.1112/S0010437X18007595
https://doi.org/10.1016/j.jpaa.2018.05.001

BIBLIOGRAPHY 102

[Vir21] R. Virk. Homotopy limits and fixed point stacks. 2021. arXiv:

[Wei94] Charles A. Weibel. An Introduction to Homological Algebra. Cambridge Studies in
Advanced Mathematics 38. Cambridge University Press, 1994. xiv+450. por:

[Zav23] Bogdan Zavyalov. Poincaré Duality in abstract 6-functor formalisms. 2023. arXiv:
(cit. on p. 40).


https://arxiv.org/abs/2112.06871
https://doi.org/10.1017/CBO9781139644136
https://doi.org/10.1017/CBO9781139644136
https://arxiv.org/abs/2301.03821
https://arxiv.org/abs/2301.03821

	Abstract
	Acknowledgments
	Contents
	Introduction
	Rigid Analytic Motives
	Fargues–Fontaine Cohomology Theory
	Weight Structures and Weight Filtrations
	Organization

	Notation and Conventions
	Preliminaries on Infinite-Categories
	Limits and Colimits of Infinite-Categories
	Limits and Colimits of Presentable Infinite-Categories
	Homotopy Fixed Points

	Weight Structures
	Basic Properties of Weight Structures
	Bounded Weight Structures and Weight Complex Functors
	Constructions of Weight Structures

	Functors From Module Categories
	Free Commutative Algebras
	Base Change of Algebras


	A Weight Structure on Rigid Analytic Motives
	Étale Motives
	Non-Archimedean Analytic Geometry
	bold0mu mumu -Categories of Étale Motives
	Rigid Analytic Motives with Good Model
	Rigid Analytic Motives as Algebraic Motives with Monodromy Operators

	Galois-Equivariant Rigid Analytic Motives
	Galois Actions
	The Galois Descent
	The Compact Generation
	The Sheafification

	Chow Weight Structures on Motives
	The Chow Weight Structure on Algebraic Motives
	A Weight Structure on Rigid Analytic Motives


	Motivic Realization Functors
	Derived Infinite-Categories of Coefficients
	The Derived Infinite-Category of (Phi,N,GK)-Modules
	Solid Quasi-Coherent Sheaves on Analytic Adic Spaces
	Solid Quasi-Coherent Sheaves on the Fargues–Fontaine Curve

	De Rham Type Realization Functors
	The Relative Overconvergent de Rham Cohomology
	The Rigid Realization and the Hyodo–Kato Realization
	Motives on the Fargues–Fontaine Curve
	The de Rham–Fargues–Fontaine Realization

	The Weight Spectral Sequence
	Comparisons of Realization Functors
	Monoidal Comparisons of Realization Functors
	The Uniqueness of Comparison Equivalences
	The Fargues–Fontaine Cohomology via the Décalage Functor


	Bibliography

