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Chapter A

Introduction and motivation

Let S be a quasi-compact, quasi-separated scheme, such as the spectrum of
a field k£, and let SH(S) be Morel and Voevodski’s stable motivic homotopy
category over S. Let R € Algy_(SH(S)) be a motivic ring spectrum; we
define the motivic Hochschild homology of R via the derived tensor product:

MHH(R) — R/\R/\ROP R

The definition of this spectrum was inspired by its classical analogue,
topological Hochschild homology, see for instance [NS18].

The purpose of the first part of this thesis is to investigate the homotopy
structure of motivic Hochschild homology of MZ/p- the Suslin-Voevodsky
mod-p motivic cohomology ring spectrum for p any prime number. We
will in particular consider the case S = Spec(k) is the spectrum of an
algebraically closed field k = k of characteristic different from p. We adopt
the following convention for the bi-graded motivic homotopy groups: the
first index will be called degree, and the second weight; for any A € SH(.5),
we define:

ms1(A) = [(Sl)“*b A (Gp)®, Al

In this context, 7, .(MZ/p) = F,[r] with |7| = (0, —1) [Voe03; Voell]. To
study 7. .(MHH(MZ/p)), we introduce a tri-graded spectral sequence
B.1.22 in motivic homotopy groups inspired by an analogue in (topological)
stable homotopy theory defined by J. Greenlees in [Grel6, Lemma 3.1].
We will use our spectral sequence to investigate different spectra.

As a motivation for the following computations, we will have a look
at M HH(MZ/p) itself in section A.1. Here we produce a first quadrant,
multiplicative, tri-graded spectral sequence:

By = Tsu( MHH(MZ/p)) @y . (v1z/p) Tx(A(D)) = Tupr(MZ/p)

where A(p) = MZ/p N MZ/p is the dual motivic Steenrod algebra. Notice
that each page in our spectral sequences has the structure of a tri-graded
ring, meaning that we can decompose the associated graded object as a

3



4 CHAPTER A.

direct sum of modules indexed on three natural numbers- the degrees.
Whenever we need to distinguish between them, we will call each of the
first two indices degree, while we reserve the word weight for the third one.
The total degree will be then the sum of the two degrees. In this case, we
will not provide a direct argument computing all the homotopy groups: we
will use the spectral sequence to determine the structure in low degrees at
the prime p = 2. This allows us to perceive in particular how abundant are
elements of 7-torsion and motivates the following step: study a r-inverted
(chapter B) and mod-77~! (chapter C) versions of M HH(MZ/p). We deduce
(B.2.16, B.2.23, C.2.1, C.3.1):

Theorem. Let p be a prime number, and let k = k be an algebraically
closed field of characteristic different from p. We work in the stable motivic
homotopy category SH (k) over the field k. There are isomorphisms of
graded rings:

oo (MHH(MZ/p) 7)) 2 B[, 1]

Ten MHH(MZ[p)/7") 2 @) (Tayfr1 o1 (10) Oy ryfro-1 Ay o1 (i)
heN

where

U, 11 (1) = T [7, Vi () /(727 ¥ (1))
Ag, e (An) = Fplm, A /(TP A7)

and the tensor product is taken in F,[r] /7P~ -algebras. The degrees are:
7 =0,-1)  Jyp(w)l =" P 0" =1) =" —1p" 1)

This strategy proves effective: by combining these two computations
with some additional algebraic results, it is possible to reconstruct
T (MHH(MZ/p)), as proven in [DHO®24].

The final part (chapter D) begins with the following observation: in
the event the motivic ring spectrum R is E.,, one has an equivalence:

MHH(R) = S!® R (A.0.1)

where the tensor symbol encodes an action of simplicial sets on
Algr. (SH(S)), given by geometric realisation along the associated
simplicial object. This is proven as its analogue in topology [NS18, Section
II1.2.] via the equivalences:

MHH(R) = R/\R/\RRE BCLT(R) /\R/\RRg S; ®R
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where Bar(R) is the bar complex. In this part of the thesis, we extend the
action of A.0.1 along the embedding of simplicial sets into motivic spaces,
so that we are entitled to tensoring with more exotic motivic spheres, such
as:

G,®R P ®R.

To achieve this, we tackle the problem from the more general perspective
of left tensored co-categories. The construction of the extended action
moreover allows us to prove that in the event R = R A R is an idempotent
E., motivic ring spectrum, such as rational motivic cohomology, we have
equivalences:

SI@R~G, R=2P'®@ R~ R.

Chapters B, C and D appeared on the arXiv, respectively as [Moc24a],
[Moc24c] and [Moc24b].

I sincerely thank my supervisors, Paul Arne Ostveer and Markus
Spitzweck, for challenging me with these problems and for their con-
stant guidance throughout the realisation of this manuscript. Paul Arne,
Markus, you have always been there to support and encourage me over
the past three years; whenever I have lacked confidence, you have spurred
me on to continue my research.

I am also deeply grateful to Bjgrn Dundas for hosting me in Bergen
and giving me invaluable help with the spectral sequence calculations.
Many thanks also to Hadrian Heine for the numerous discussions and
exchanges which helped to clarify the technical aspects of enriched oc-
category theory. Bjgrn, Hadrian, this work would not have been possible
without your help.

I would like to thank the two anonymous referees who carefully read
my manuscript and provided insightful criticism. Your work was greatly
appreciated and will surely prove helpful in the next challenges I face.

I am also grateful to all my colleagues at the Universities of Milan
and Osnabriick. I could always have a brilliant conversation with you,
whether mathematical or not. If the last three years have been full of
scholarly fun, the credit goes to you. The seminars we organised, the
dinners, the Christmas parties, the aperitivi, the stationery orders and
the word games we played together are a precious memory for me.

Part of the credit for this thesis must also go to my friends, especially
Samuele and Maria in Italy and Elia and Edith in Germany. Each of you,
in their own way and at different times, has been essential in sating my
hunger and preserving my identity.
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I could not fail to mention the doctors and the big pharma companies
who have allowed me to maintain my health and my dignity in recent
years. You have also played an essential role in the writing of this thesis.

Finally, a few words to my family. You have always supported me,
whether I was entering this silly period of my life, or making some pretty
crazy decisions in the meantime, or while I am taking my first steps
forward, into the future.
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A.1 Low degree computations

This section explores the spectral sequence in low degrees to directly
compute some low-degree motivic homotopy groups of M HH(MZ/2); this
section simply works as an introduction and motivation for the compu-
tations that will follow. We will in particular study how the spectral
sequence arises in more detail in the next chapter B. In this section, we
first set up a spectral sequence following proposition B.1.22 to explore the
homotopy of M HH(MZ/p) for a generic prime p, and then specify some
computations at p = 2.

Suppose we are in the stable motivic homotopy category SH (Spec(k)),
where k = k is an algebraically closed field of characteristic not p. Observe
that the spectra Q = MZ/p and R = A(p) = MZ/p N MZ/p satisfy the
hypothesis of proposition B.1.22. In particular, one deduces the connectiv-
ity of the dual motivic Steenrod algebra .A(p) because it is a coproduct of
non-negatively shifted copied of the motivic cohomology spectrum MZ/p
[HK®?13, Corollary 3.4], whose homotopy is in turn concentrated in degree
0. In particular, we have:

Tes(MZ[p) = Fyl7]

Fol7, &, Tiliso/ (77 — 7&iv1)  forp=2

T (A(p)) = {FP[T, i Tilizo/ (T7) for p odd.

The generators have bi-degrees:
7= 0.-1), lal=@ 20 =1, |nl=@' - 1p - 1),

It follows that also lemmas B.1.25 and B.1.27 apply in this context; we
hence have a multiplicative upper half-plane spectral sequence:

ESQ,t,* = Ws,*(MHH(MZ/p)) ®7r0,*(MZ/p) T (A(p)) = 7Ts+t,*(MZ/p)
(A.1.1)
with differentials:
d": Eg,.,
As finally MHH(MZ/p) = MZ/p ANagy MZ/p is a push-out of connective
spectra, also M HH (M7 /p) is connective; in our setting, this is equivalent
to having homotopy groups only in positive values of the degree, so the
spectral sequence is in fact concentrated in the first quadrant.
Finally, one can prove the existence of a suspension morphism (see
subsection B.2):

r
- Esfr,tJrrfl,*'

o SY(MZ/p AN MZ/p) — MHH(MZ/p)
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whose pushforward on homotopy groups acts as follows ([DHO®¥24],
Lemma 2.3):

Proposition A.1.2 (Proposition B.2.9). Let k be an algebraically closed
field of characteristic different from p and let M HH(M7Z/p) € SH(Spec(k))
be the motivic Hochschild homology spectrum of MZ/p; in 7, .(MHH(F),))
we have the relations:

"ot = (o), 0 =0

-
forall i > 0.
This map o interacts interestingly with our spectral sequence:

Proposition A.1.3. The following diagram commutes:

q dl q
Eq’ov* =~ ’ Eo’q_lv*

| I

Tgu(MHH(MZ/p)) +5— Tq—1.(A(p))
Proof. Proven as proposition B.2.12, choosing M = MZ/p and A = A(p).
[

We are now ready for the computation. As mentioned above, we will
look at the case p = 2.

As our spectral sequence is first quadrant and starts at the E%-page,
we observe that:

2 ~ 2 ~ 00
EO,O,* - EO,O,* — E0,07*

2 ~ 2 ~ o.9]
E1’07* — E170’* — ... El’()’*

as all the differentials entering or exiting these modules must be triv-
ial. Because of the convergence constraint, we deduce that there are
isomorphism:

Ego, = mo(MHH(MZ/2)) = mo . (MZ/2) = Fa[r].
It follows that the zeroth column of the E?-page is given by
ES ., = ma(A(2)). (A.1.4)

On the other hand, the coefficients 7, .(M HH(MZ/2)) have to vanish,
as again all classes here are permanent cycles, and the convergence term
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Figure A.1: The Greenlees spectral sequence for m, (M HH(MZ/2)) in low degrees. The
colours distinguish the length of differentials: we display d>-differentials, d>-differentials,
d*-differentials, d"-differentials, ¢®-differentials.

is concentrated in the origin. The tensor product decomposition of the
E?-page yields E3, , = E;, = 0 for all ¢.

The vanishing of motivic homology in the E>°-page of the spectral
sequence A.l.limposes isomorphism:

B3, = Ejy, = m(A(2)). (A.1.5)
By equation A.1.4, we then have:
To(MHH(MZ/2)) = Fpr]{0}; po = 070, |po| = (2,0).

The class iy € E3, supports the differential d*(uo) = 70 € Ef .
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The tensor product decomposition of the E?-page makes us conclude
that the second column of equation A.1.1 is given by

By = mu(A(2) {0}

Multiplicativity of the differentials moreover imposes that for every v €
m+(A(2)) we have d*(yuo) = 707 € m14(A(2)). It follows that E3,, =
E3S . = 0 for all ¢.

Conversely, no 7p-multiple on the zeroth column Eg’tﬁ* survives to the
E?°-page; in particular, we have Ej | , = EgS . = 0. However, as

d*(Topo) = 75 = 71, (A.1.6)

we deduce that ¢ € Ef, , survives to the E°-page as a 7-cycle. Figure A.1
depicts the d*-differential from E3  , to £7,, that records equation A.1.6
up to a multiple of 7. Of course in reality there exist 7-towers in equation
A.1.1 that are not visible in Figure A.1.

Moving to the next degree, we find an isomorphism

3 (MHH(MZ/2)) = Fy[t]{ ) o1};

with
)\0,1 = o0&, T)\o,l =0, |)\0,1| = (3> 1)~

The class \o; € E3,, supports the differential d*(\o1) = & € Ej,,. In
fact, given its position and the convergence constraint on the spectral
sequence, by equation A.1.6 the class & € E&m has to be in the image
of a d3-differential on some transgressive 7-torsion element )\, ;. Given
that £, , = 0, every d’-differential exiting E3, is trivial, so F3,, =
E3, ... Finally, there are no other classes in w3, (M HH(MZ/2)) because
the £35 . = 0 and Ej,, = E35 , for degree reasons.

With this in hand, we are ready to compute the d3-differentials exiting
the column E3, .. One degree above, d*(1o\1) = 70&1 = 0 since every 7-
multiple on the zeroth column is in the image of a d?-differential. Similarly,
for every v € m;.(A(2)) we have d*(107X01) = 0 € Tyya.41(A(2)). We will in
fact see that no 7p-multiples on the third column survive to the E3-page, in
particular E3, , = Ef . {\:}. On the other hand, there are d*-differentials

0,%,%

d3(f1)\0,1) =¢ € Eg,4,za d3(7'1/\0,1) =7 € Eg,az,
(& Xo1) = & € Ejg 4, d*(m&iXoy) =&l € Ejrgr -

Next, we observe that )\(; is an exterior class: in the group
Te«(MHH(MZ/2) we have the relation \j, = 0. In fact, the square
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A5 is a permanent cycle because d*(\j ;) = 26Xy = 0 € E3,, and all
higher differentials are trivial as E;,, = E},, = EJ;, = 0. This is
consistent with the vanishing of motivic homology in the EF*-page of
equation A.1.1 if and only if \§, = 0.

Having calculated the d¢3-differentials exiting the third column we
learn that 7; € 73,(.A(2)) survives to the E*-page; it must be then in the
image of a d'-differential on some class ji; € Ej,. As all elements in E3, ,
support non-trivial ¢*-differentials and d*(E}, ,) C keT(dQE§ ), we deduce

d*(E3,,) = 0; at the same time, d*(E3,,) C E},, = 0,0 Ej, = my.(m

4% % 4% % 1,%,%
for 2 < i < 4. On the other hand, given the sparseness in the £*°-page,
Eo. = Ef%.. = 0. We must then have an isomorphism

Tas(MHH(MZ/2)) = Fo[r[{fn1}; [pa]| = (4, 1).

so that the class 1 € Ej,, supports the differential d*(11) = 7 € Ej5;.
Propositions A.1.3 and B.2.9 moreover imply the relation:

Ho = Thu.

Returning to the third column we observe that the vanishing of the F°-
page of equation A.1.1 yields Egj,l’* = B39 . = 0. As we already observed
that d*(E3, ,) = d*(E3, ) = 0, the d*-differential entering 3, , must be
surjective. For the class jg)o1 € EZ, we calculate

d*(110M0.1) = pod*(No1) + d*(110) M1 = ToNo.1 # 0.

Observe that all d"-differentials exiting £}, , for r > 3 are trivial since
E3,,=El;, = E,,. = 0. We can conclude that there is an isomorphism

’7'1'5’,,< (MHH(MZ/Q)) = FQ[T]{ILL())\OJ}.
The d*-differentials exiting E7, , in positive filtration take the values
d* (107110 M0,1) = 797 Ao1 = TE1YAo1 = 0
for all v € m;.(A(2)), as Ao is a 7-torsion element, and

d2(€1,u0)\0,1> = 10§1\0,1 € E:)?,g,za d2(71M0/\0,1) = T0T1 Ao, € E32,4,2,
dQ(ff/ﬁo)\o,l) = 7'05%)\0,1 € E§,5,3a dz(ﬁflﬂo)\o,l) = 10T1&1M0,1 € E§,6,37 S
Combined with the calculation of the differentials in the range 0 < s < 3

it follows that d"(7pp0M0,1) = 0 for all » > 2. The convergence constraint
imposes then that 75/0)\o; is in the image of some differential; given
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its degrees, it must be a d? differential. However, by multiplicativity,
d*(u1ho1) = d*(u1)Xo1 = 0, so there exists an additional class \s,; €
m71(MHH(MZ/2)) such that d*(\s,1) = Topioro1 € E34 ;.

Looking at the d*-differentials exiting the column Ef, , we see that
the class popu1 € Eg,, supports the differential d*(pop1) = 7o € E3, 4,
producing an isomorphism £, = E7, .. As there cannot be longer non-
trivial differentials out of degrees (6,0, 1), we can conclude:

e (MHH(MZ/2)) = Fo[7]{ propur }-

It follows by linearity that £, , = Eg;, = 0forallt € Z, as in particular
11 is not a T-torsion element.

This proves at the same time that no 7p-multiple on the fourth column
E}, . survives to the E°-page. Using the d*-differential out of o, we
deduce

d2(7'0,u0,u1) =711 € Eiz,h dQ(flﬂoﬂl) = 70§11 € EZ,3,2’
d2(71,u0M1) = ToT1H1 € Ei4727 d2(7051M0M1) = Tf%/ll € Ei4,2>
d*(Tomipopn) = g = Tri&ip € Ef 55, d*(& o) = 1o&im € Ei 55,
P (To€ipopn) = 1€ m = TE i € Ei@,g, P (i&ipop) = Toméip € Ei&g, e

Note that 71411 € E} 3, is a nontrivial class. By the Leibniz rule, the
previous computations produce a differential:

d4(71u1) = T12 = T£2 7& 0€e Eé&Q.

This implies that 7, survives unaltered to the F*-page. However, the
above differential is not surjective ontoEj,,: & € Ej44 is nontrivial.
We deduce that there exists a 7-torsion class Ao € m73(MHH(MZ/2))
supporting the differential d"(A\2) = &.

The above accounts for the vanishing of all the classes of total degree
between 1 and 6, hence there is an isomorphism

Tro(MHH(MZ/2)) = Fa[r][{ As0,1, 120,15 Ao2 };
The degrees of these classes are:
|)‘(5071| = (77 1)7 |N1/\0,1| = (77 2)7 |/\0,2| = (77 3)

The generators support the differentials d*(\s, 1) = Toporo1, & (1 ho1) =
&, and d7(Ag2) = &. Notice that Ao, and \s, ; are 7-torsion classes.
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Next, observe that d?(m9y)s,1) = 0 for all v € ;. (A(2)), while

d*(E1050,1) = To&10Mo,1 € E§,3,2a d*(T1X60,1) = ToT1HoNo,1 € E§,4,2,
d2(§f)\50,1) = 7’05%/10)\0,1 € E52,5,3, d2(7'1§1/\50,1) = 1oT1€1/0N0,1 € E52,6,37 e

Similarly, there are nontrivial d3-differentials entering the fourth col-
umn:

d*(&pndor) = & € Ef 43, d* (T o) = & € Ej 5 5,
d3(§f/¢1/\071) = 5?,“1 € Ei,6,47 —

The next transgressive element in the lowest possible degree on the
zeroth column is 7 € 773(.A(2)). Due to the calculations shown in Figure
A.1 we conclude there exists a class jy € mg3(MHH(MZ/2)) such that
d®(p2) = 7. The relation p? = 7, follows as earlier as a consequence of
the motivic Dyer-Lashof operations of proposition B.2.9. It follows that
pgpy = Tpi = 7’5 moreover fig\;, = 0. By sparseness in the E*-page,
there are no other algebra generators in g .(M HH(MZ/2)):

Wgy*(MHH(MZ/2>> = FQ[T]{MQ}

This concludes our attempt at illustrating the behaviour of the
Greenlees spectral sequence for 7. . (MHH(MZ/2)) in low degrees, as
summarised in figure A.1. As hinted in the above picture, each ele-
ment ¢, in 7, .(A(2)) is mirrored by a family of 7-torsion elements in
T (MHH(MZ/2)).

One can produce a similar proof also for an odd prime p; we depict the
spectral sequence in low degrees for p = 3 in figure A.2. We notice that
proposition B.2.9 and weight restrictions produce, at any prime p, towers
of 77~ !-torsion elements. As the relations between these classes can be-
come quite involved, we choose to approach 7, .(M HH (MZ/p)) indirectly,
getting rid of 77~ !-torsion. We do it in two ways: the first, and easiest, is
to invert T so that any 77~ !-torsion element becomes trivial. The second is
to quotient by 77!, so that the relations expressing 77~ !-torsion become
trivial. These computations are carried out in the next chapters.
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Figure A.2: The Greenlees spectral sequence for 7. .(MHH(MZ/3)) in low degrees.
Some arrows crossing the boundary of the picture are not drawn. The colours distinguish
the length of differentials: we display d°-differentials, d*-differentials,

dY-differentials. Observe that the displayed d*-differentials are not surjective: thelr
image is the submodule generated by 72. This generates 72-torsion classes in the E°
page.



Chapter B

A motivic Greenlees spectral
sequence towards motivic
Hochschild homology.

Abstract. We define a motivic Greenlees spectral sequence by charac-
terising an associated t-structure. We then examine a motivic version
of topological Hochschild homology for the motivic cohomology spectrum
modulo a prime number p. Finally, we use the motivic Greenlees spectral
sequence to determine the homotopy ring of a related spectrum, given that
the base field is algebraically closed with a characteristic that is coprime
to p.

B.0 Introduction

In a paper from 2014, [Grel6], John Greenlees introduced a spectral
sequence on (classical) commutative ring spectra as follows.

Proposition B.0.1 (Lemma 3.1, [Grel6]). If S — R — Q is a cofibre se-
quence of connective commutative algebras augmented over k and my(S) = k,
and R is of upward finite type as an S-module, then there is a multiplicative
spectral sequence:

Eit - 773(@) ®k 7Tt<S> = 7Ts+t(R)

with differentials:
A" Egy = Bl i

The goal of the first section of this chapter is to produce an analogue of
this spectral sequence in the context of the stable motivic homotopy cate-
gory SH(S). More precisely, we are interested in studying the truncation
of those spectra that carry a )-module structure, where () is a commu-
tative algebra ) € C'Alg(SH(S)). We begin by constructing a suitable

15
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t-structure; in particular, we make use of [Lurl7, Proposition 1.4.4.11]
to generate the non-negative part Mod ~o from the small collection of
objects {X%'Q};cz. This reflects our desire to control the truncations of
a certain object by imposing conditions on its homotopy groups above or
below a certain total degree. In the first subsection, we prove results
in this sense (see, for instance, equations B.1.11 and B.1.12 or corollary
B.1.14). Subsequently, we prove that this ¢-structure is compatible with
the monoidal structure on M odg (proposition B.1.19).

In the second subsection, we introduce the motivic analogue of propo-
sition B.0.1 (proposition B.1.22), as a tri-graded upper half plane spectral
sequence, starting from the £? page and with differentials of the form:

d : E

8, %

r
- Es—r,t—i—r—l,*

Observe that the third degree (which will be related to the weight of
the spectra involved) is not altered by the differentials so that we might
conceive this tri-graded spectral sequence of rings as an infinite family
of bi-graded spectral sequences of modules. The remaining part of the
subsection is dedicated to results that help to improve the appearance of
the E? page and the convergence term.

In the second section, we focus on a 7-inverted version of motivic
Hochschild homology. Our purpose of this second section is to compute
the homotopy ring of:

MHH(MZ/p)lr™'] = MZ/p[r™"] Auzspnnazypir—) MZ/plr™"]

where MZ/p is the Suslin-Voevodsky mod-p motivic cohomology ring spec-
tra for p any prime number and the basis S = Spec(F) is the spectrum
of an algebraically closed field of characteristic different from p; 7 is a
canonical class in 7wy _;(MZ/p). At first, we recall how one makes homo-
topy elements invertible at the level of spectra; we then verify that the
object that one obtains satisfies all the conditions to get a properly-looking,
first-quadrant spectral sequence (proposition B.2.6).

The last subsection is devoted to the computation of the homotopy of
MHH(MZ/p)[r~']. After an auxiliary result, we prove that for any prime
number p, one has:

oo (MHH(MZ/p)[r™"]) = Fypo]

with |uo] = (2,0) (propositions B.2.16 and B.2.23).
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B.1 A motivic spectral sequence

In this section, we construct a ¢-structure on motivic spectra and prove
related properties. We then associate a homotopy spectral sequence to
such ¢-structure. Finally, we prove some results that refine the aspect of
the E? page and of the convergence term of the spectral sequence

The t-structure

In this section, we introduce the ¢t-structure at the basis of the spectral
sequence appearing in proposition B.1.22. In particular, we focus on
results providing a nicer description of truncations and fibres from the
point of view of homotopy groups.

We begin with a general characterisation of the subcategories of trun-
cated objects in an co-category with a ¢-structure in terms of the mapping
spaces.

Lemma B.1.1. Let {C;},cz C C be a small collection of objects in a pre-
sentable stable co-category C. Consider the t-structure generated by them
under colimits and extensions [Lurl7, Proposition 1.4.4.11]. Then:

1. Y € C.oif and only if mapc(X,Y) is contractible for all X € Csy.
2. Y € Coyifand only if mapc(C;,Y) is contractible for all i € T.

Proof. Recall that, by the definition of a ¢-structure on a stable infinity cat-
egory C [Lurl7, Definition 1.2.1.4], an object Y € C_q if mo(mape(X,Y)) =
Homype(X,Y) =0 for all X € (hC)>o.

1. From left to right, first observe that the (simplicial) suspension of
some X € C is obtained as a pushout:

1]

x —— X|[1].

In particular, all positive simplicial suspensions X[j] of any
X € Cs¢ belong to C>. But then, if Y € C.o, mj(mape(X,Y)) =~
mo(mape(X[j],Y)) = 0 [Lurl7, Notation 1.1.2.17]. So mapc(X,Y) is
contractible, as required.

The other implication is obvious.
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2. We shall use the characterisation from the previous point in this

part of the proof.
The implication from left to right is immediate.

From right to left, let Y € C be such that map:(C;,Y) ~ « for all i € Z.
Consider the collection:

C' = Cy = {X € C such that mapc(X,Y) ~ *}

We want to show that Y € C., in other words, that Cy C C'. By
hypothesis, the generators {C;} belong to C’. If we show that (' is
closed under colimits and extensions, we are done.

Let us begin with colimits. This follows from the usual functorial
interaction of colimits and mapping spaces. In fact, suppose that we
have a diagram J — D in some oco-category D that admits a colimit.
We want to show that, for all B € D:

mapp(co}]im A; B) = h};ﬂ mapp(A;, B)

To show this, first notice that a colimit diagram in the co-category D
corresponds to a limit diagram in the opposite category D°?; more-
over, one has:

mapp (C})E%n A;, B) = mapper (B, Jogl_{%op Aj)

Now pass to presheaves:

TP

|

pr 2 P(D)=Fun(D,S) —=E 5 8

Ay ————— Y(4;) ——— V(4;)(B).

Here we indicate by ) the Yoneda embedding of D [Lur09, Sec-
tion 5.1.3] and [Lan21, Section 4.2]. First observe that J(4,)(B) =
mapper (B, A;) = mapp(A;, B) by [Lan21, Corollary 4.2.8]. Now, the
Yoneda embedding sends limits in D°? to limits in presheaves by
[Lur09, Proposition 5.1.3.2]. The evaluation at B sends a limit dia-
gram in F'un(D, S) to a limit diagram in S [Cis19, Proposition 6.2.10].
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So a J-indexed colimit in D is sent to a J-indexed limit in spaces,
proving our assertion.

Consider now a fibre sequence X' — X — X" with X', X" € (.
Dually, this induces a (co)fibre sequence:

mape (X//a Y) - mapC(X, Y) — mapc (X/a Y)
Consider the associated long exact sequence on homotopy groups:

oo = Mg (mape (X Y)) = m(mape(X",Y)) — mo(mape(X,Y)) —
Tn(mape(X',Y)) = mp_1(mape(X",Y)) — - -

Since by hypothesis all the homotopy groups of map:(X’,Y) and
mape(X”,Y) vanish, so must those of mape(X,Y’). We conclude that
mape(X,Y) is contractible, again by Whitehead for Kan complexes
[Lurl8, Tag 00WV] (or equivalently the fact that the co-topos of
spaces is hypercomplete).

]

We are ready to introduce the t-structure that gives rise to the spectral
sequence studied in this paper.

Definition B.1.2. Let Mod, be the co-category of modules over a spectrum
Q € CAlg(SH(S)); consider the collection of {X%'Q};cz € Modg. As Modg
is presentable, we can apply [Lurl7, Proposition 1.4.4.11]: we define
Modg >0 to be the smallest full subcategory of Mod, that contains the
{3%Q}cz and is closed under colimits and extensions.

We would like to characterise the truncations of Mod with respect to
this ¢t-structure in terms of the homotopy groups of their elements. As we
will see, this requires making appropriate assumptions on the homotopy
groups of ().

From [Lurl7, Proposition 4.6.2.17] (here we make use of the identifica-
tions of [Lurl7, Corollary 4.5.1.6]) the map 1 — @ in SH(S) induces an
adjunction:

/\

SH(S) 1 Modq (B.1.3)

\_/

U


https://kerodon.net/tag/00WV
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where U is the forgetful functor. Then, by [Lan21, Remark 5.1.4], we have
equivalences:

Maprod (57 Q, Z) ~ mapsp(s) (5™, Z). (B.1.4)

Remark B.1.5. It is immediate from the definition of the t-structure that
forallY € Modg <n, alli>n+1and all j, by B.1.4:

mapSH(S)(Si’j, Y) ~ mapMon(Ei’jQ, Y) & x,

without any further assumption on (). In particular, the homotopy groups
m;;(Y) = mo(mapsu(s)(S™,Y)) vanish for i > n+ 1 and all j.

Proposition B.1.6. Suppose that 7; j(Q)) = 0fori < OandletY € Modg >p.
Then we have m; ;(Y) =0 for i < n and all j.

Proof. We may assume n = 0, as the general case is just a translation of
the argument below.

First, observe that Mod, >, consists of cellular modules [DI05, Defini-
tion 2.1]- recall that a module is called cellular if it belongs to the smallest
subcategory of Modg containing {3X**Q}, 1,z and closed under colimits.
In fact, let M C Modg >, be the full subcategory spanned by the cellular
modules. Then:

* The generating modules {X%*Q},>0 pcz € M;

* M is closed under colimits because both Mod >, and cellular mod-
ules are;

* M is closed under extensions because given a cofibre sequence:
X=Y—=Z

with X and Z in M, then Y € Modg >0, as the non-negative part
of a t-structure is closed under extensions, and Y is cellular [DIO05,
Lemma 2.5]. SoY € M.

As Modg >y is the smallest full subcategory of Mod, that contains
{2%*Q} >0, pez and is closed under colimits and extensions, M = Modg >o.

Cellularity implies very nice features; for example, homotopy groups
detect equivalences [DI05, Corollary 7.2], and every cellular module is a
(possibly infinite) direct sum of sphere modules {3%°Q}, 1<z [DI05, Remark
7.4]. The proof of [DI05, Proposition 7.3] allows us to be more precise:
every cellular module is a direct sum of sphere modules {3%°Q}, ez, which
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correspond to the non-trivial elements in the homotopy ring. This implies
that, in the context of this proposition, every object in Mod, >, is actually
a direct sum of modules in {3*°Q},>¢ pez-

Now, all the elements in {3%°Q},>0, ez have trivial homotopy in nega-
tive degree:

i,/ (°Q) =[S, 5°Q] =[S, Q] = mi—aj—(Q) =0

for + < 0, by hypothesis. By [DI05, Proposition 9.3], given a directed (in
particular, discrete) system o« — E,, we have:

colimm; ;(E,) = m; j(colim E,),

where the colimit of the £, has to be intended in an oco-categorical (homo-
topical) sense. But then any element of Mod, >, has trivial homotopy in
negative degrees.

O

Let’s combine the above results. Let Y € Modg. Observe that we have
a diagram of fibre sequences [Lurl7, Remark 1.2.1.8]:

TZn-‘,-lY > Y > TSnY e TZn—i—lY []_] — Y[]_] _— ...
f g f
TonY .Y s Ten 1Y ——— o V1] ——— Y1 —— ...

~ v ~+

» cofib(g) —— cofib(f)[1]

i
S

cofib(f)

e}

~
g

~ ~ ~ ~ ~

TZn+1Y[]-] — Y[l] E— TSnY[]-] e Tzn+1Y [2] — Y [2] —_— ...
For our spectral sequence, we are interested in characterising the (co)fibre

of the map ¢ (we are in a stable category). From the diagram, we can
deduce:

1. From the third row, cofib(g) = cofib(f)[1], so fib(g) = cofib(f).
2. From the third column, we can extract the cofibre sequence:
T<n—1Y — cofib(g) — 1<, Y[1]

which produces a long exact sequence of homotopy groups:
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Wi,j(TSn—1Y> — 7Ti7j(COfZ'b<g)) — Wi—l,j(TSnY) —
7Ti,17j(7'§n,1Y) — 7Ti,17j(COfZ‘b<g)) — 7ri72,j(7—§ny) — ...

From Remark B.1.5, for all j € Z:

Wi,j(Tgn—IY) =~ (0 for i >n
7T¢,17j(T§nY) ~0fori—1 >n+ 1, ori>n+ 2.

So we have exact sequences, for all j € Z:

0 — m j(cofib(g)) = 0 fori>n+2
0 — mpy1,i(cofib(g)) — m, (1<, Y) — 0.

From which we get the isomorphisms: =; ;(cofib(g)) = 0 for i > n + 2
and 7,11 ;(cofib(g)) = m,;(7<,Y). Given the isomorphism in the
previous point, this becomes:

m;j(cofib(f)) = 0fori >n+1

B.1.7
s (COfib(f)) = T (ren ) BLD

. From the horizontal cofibre sequence

TSnY — Tzn+1Y [1] — Y[].] — TSTLY[]-] — ...
we get an exact sequence of homotopy groups:
7ri,j<7_§nY) — Ti—1,j (TZn—‘rlY) — Wi—l,j(Y) — Ti—1,j (TSnY) — ...

Applying the vanishing results of remark B.1.5 we get exact se-
quences for all j € Z:

0= mi1(Ton1Y) = mi1;(Y) = 0fori >n+2
So we have isomorphisms for all j € Z:

T (7o, Y) & ;5 (Y) for i > n. (B.1.8)

If we further assume that 7, ;(Q)) = 0 for i < 0 and all j, we can apply

proposition B.1.6, and get:
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1. From the first column, since 7-,Y € Modg >, and 75,.1Y[1] €
Modg >nt1 € Modg >y, cofib(f) € Modg >, from [Lurl7, Proposition
1.2.1.16]; then, by proposition B.1.6:

i j(cofib(f)) =0fori <n (B.1.9)
and all j.
2. From the horizontal cofibre sequence:
Tont1Y =Y =717, = 5, Y [1] — ...
we get an exact sequence of homotopy groups:
Tij(Ton1Y) = i (V) = mi(7<nY) = mic1j(TonnY) = ..

Applying this time the vanishing results of proposition B.1.6 we get
exact sequences for all j € Z:

0— mi,;j(Y) = mj(r<,Y) = 0fori<n
So we have isomorphisms for all j € Z:

mi;(Y) =7 5(1<pY) fori <n (B.1.10)

Putting everything together, cofib(f) = fib(g) is a )-module, with
homotopy groups, for all j:

T, (CObe(f)) =~ ( for ¢ >n+1

B.1.11
s (oS i) = 7y (Y) (811D

from B.1.7 and B.1.8. If one further assumes =, ;(Q)) = 0 for i < 0 and all j,
one deduces also, for all j:

mij(cofib(f)) = 0fori <n—1 (B.1.12)

from B.1.9.
The above results can in fact be related by something happening to
the structure of the truncated objects at a deeper level.

Lemma B.1.13. The homotopy groups ; ;(Q)) vanish for i > 0 and all j if
and only if the generating set {3°'Q};cz lies in the hearth of the t-structure.
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Proof. We just have to verify that {3°'Q},cz C Modg 1, as the inclusion
{2%Q},cz € Modg > holds by definition.

Given any Z € Mod, by the above lemma B.1.1, we can reduce to test
if Z € Modg <1 by checking the contractibility of the mapping spaces from
generators of Modg > to Z. For our ¢-structure, this means:

mapMon(El’jQ, 7Z) ~ x.
If we now choose Z = X%/ in the generating set, we have, by B.1.4:

Mmaprody (37 Q, 5% Q) ~ mapsu(s)(S™7,57'Q) ~ mapsus) (S, Q)

Let’s consider the homotopy groups of this mapping space. By [Lurl7,
Notation 1.1.2.17], we have an identification for all non-negative n:

To(mapsms) (S, Q)) =[S, Q] = m14n,—i(Q).

Hence, the assumption on the homotopy groups of () is equivalent to the
contractibility of the various mapping spaces. ]

This proof generalises to:

Corollary B.1.14. The homotopy groups =; ;(Q) vanish for i > 0 and all j
if and only if for any integer n:

XPQifn > p
x if n < p.

T<n(BP1Q) = {

Suppose that @) lies in the heart of our ¢-structure; observe that we
have equivalences:

Q = 7<0Q = fib(T<0Q — T<1Q).

Suppose in this setting that Y is a cellular ()-module, in other words,
a coproduct of shifted copies of ():

Y =\/oreeq.

Now, recall that the truncation functors 7—,, : Modgy — Modg <, are
left adjoint to the inclusion Modg <, C Modg [Lurl7, Proposition 1.2.1.5.];
then, by the adjoint functor theorem [Lur09, Corollary 5.5.2.9], they
preserve small colimits.



SECTION B.1. 25

So:

TSnY = T<n (\/ EZM#}aQ) = \/Tgn (Epa’an) .

«

From B.1.14, we then have:

Y = /) IeQ. (B.1.15)

as.t. pa<n

In particular, it follows that:

fib(r,Y = 1Y) = \/  I"Q (B.1.16)

a s.t. pa=n

Remark B.1.17. Here we are actually adopting the common practice
of calling 1<, the composite inc, o 1<, : Modg — Modg, inc, being the
inclusion inc, : 7<,Modg — Modg, so that it is possible to compare the
different truncations 7<,Y and 7<,_1Y.

This allows, in particular, to recover B.1.11, and, once we assume that
also m;,(Q) = 0 for i < 0, B.1.12 as well. Nonetheless, it is important
to note that this result would be useful even if =, ,(Q)) were nonzero in
some negative degrees: while we wouldn’t achieve the same identifications
between the homotopy of the fibres and that of Y, the fibres would still
exhibit fairly reasonable and computable homotopy groups.

To conclude this part, we observe that our filtration is compatible with
the monoidal structure on modules. In fact, [Lurl7, Theorem 4.5.2.1] and
[Lurl7, Theorem 4.5.3.1] allow us to promote the free/forgetful adjunction
B.1.3 to a symmetric monoidal one:

—AQ

T

SH(S)® il Modg? (B.1.18)

\_/

U

where on the left-hand side we put the usual coproduct monoidal struc-
ture and on the right-hand side we have the product induced from the
bimodules structures [Lurl7, Proposition 4.4.3.12.].

Moreover, as SH(S)® is a presentable symmetric monoidal category, so
is M ode, by [Lurl7, Theorem 3.4.4.2]. In particular, the product — ®g —
preserves colimits independently in each variable.
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Proposition B.1.19. The t-structure is compatible with the product on
Mode, in the sense that if X € Modg >, andY € Modg >m, then X ®qY €
MOdQ,Zn+m-

Proof. As observed in [Lurl7, Remark 2.2.1.4], it is enough to prove the
thesis for n = m = 0.

Let then Y € Modg > and define C to be the full subcategory of Modg
spanned by those X such that X ®o Y € Modg>,. We wish to prove
that Modg >0 C C. By definition of Modg >0, it is enough to show that C
contains the generators {3°'Q},cz and is closed under small colimits and
extensions.

Let then ¢ be any integer; we want to show that for any Y € Mod >o,
YQ ®o Y € Modg>o. We use a similar argument: let D be the full
subcategory of Modg spanned by those Y such that 3%'Q ®o Y € Modg >o;
we wish to prove that Modg o C D.

First of all, {>%/Q},cz C D. In fact, due to monoidality of the functor

—AQ: SH(S)® — Mody,?:
£2Q 00 BMQ = (S% A Q) ©q (5™ A Q) = (SY ASY)AQ
> SO A Q = X% Q € Modg >

Then, D is closed under colimits, as the tensor product is compatible with
them; suppose in fact Y, € D for all & € A some indexing diagram:

0,2 : ~ : 0,2
¥'Q ®q (ngxn Y,) = cggn(E Q ®oYa,)

AsY, € D, X%Q ®q Ya € Modg >o. But Modg > is closed under colimits,
hence the claim.

Finally, extensions: we must show that for every fibre sequence Y’ —
Y - YY" withY e Dand Y” € D, also Y € D. Now a fibre sequence in a
stable oo category is the same as a cofibre sequence, hence it is defined by
a colimit (pushout):

Y —— Y

I

0 —— Y”

Since X*'() ®g — preserves colimits, also the induced diagram:

S4Q 00 Y —— YNQ R0 Y

! |

QR0 0 —— BMQ @ Y
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gives rise to a cofibre sequence
EO,Z’Q ®Q Y/ — ZO,iQ ®Q Y — ZO,@'Q ®Q Y//

AsY e DandY" € D, EO’iQ ®Q Y’ € MOdQ’zo and ZO’iQ ®Q Y e MOdQ720.
But by construction Modg > is closed under extensions, so X%'Q ®q Y €
M OdQ,ZO-

Thus Modg >y C D, and hence C contains the generators {3%'Q}icz.
One proves that C is closed under colimits and extensions by the same
argument we used for D, by fixing a generic element Y of Mod >, and
considering the image under —®(Y of colimit and extension diagrams. [

This in particular implies that connective part Modg >, inherits a
symmetric monoidal structure such that the truncation functors:

T<n : MOdQ’ZO — MOdQ}Z()

are symmetric monoidal [Lurl7, Example 2.2.1.10]. Hence they preserve
algebra objects, so, if R € Algg_(Modg >o) is a connective commutative
algebra, then the whole filtration:

R—>...—>Rgn—>R§n,1—>...—>R§1—)R§0

is made of E. motivic ring spectra over () (recall the identification
Algp. (Modg) = Algg. (SH(S)),q from [Lurl7, section 3.4.1]).
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The spectral sequence
We start with some basic assumptions.

Hypothesis B.1.20. Let () be a commutative motivic ring spectrum in
SH(S). Suppose we are given a map of commutative motivic ring spectra
in R = Qin Algp (SH(S))g, = Algp.(Modg) and that R = 1R is
connective with respect to the t-structure defined in the previous part.

Consider the Postnikov tower for R with respect to the ¢-structure on
(Q-modules introduced before:

R—>"'—)RSTL—>R§”_1—>"'—>R§1—>R§0

As R = 75(R is in the non-negative part of the ¢-structure, for negative
indices n we have R-,, = x is the point. Also, given our definition of the
t-structure, R is a cellular )-module (see the proof of proposition B.1.6).
Finally, as remarked after the proof of B.1.19, this filtration lives in F,
motivic ring spectra.

Consider the derived push-outs: @, := Q Ar R<,; we obtain a multi-
plicative filtration:

h%nQn_)Qn_)anlﬁ%Qo—)*
Denote by
F, =X fib(Rep, — Ren_1);
observe that:

fib(Qn — Qn_1) = fib(Q Ar R<y = Q Ar R<pi1)
= Q AR flb(RSn — Rgn—l) = Q AR Fn[n]
We study the homotopy spectral sequence arising from the @, [Lurl7,

Proposition 1.2.2.7]; the exact couple (see as a reference on the terminology
[McCO00, Section 2.2]) is given by:

Di(t*) = Tt (Q1) ESQ,(,:,*) = Tor1+(Q Nr Fi[t]) (B.1.21)
with ¢? differentials induced by:
Q@ Ar Ft[t] — Q= Q Agr Ft+1[t+ 2].

We depict the situation in the commutative diagram B.1.

Observe in particular that (),, = x is contractible for n < 0, due to R
being connective.

We can then apply [Lurl7, Proposition 1.2.2.14] to get:
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: % :
QArFealt +1] — Qi % > Q Ag Fiq[t + 2]
>
Q Ag Fit] » Qy » Qi1 —— Q Ag Byt +1]
P
QNr Fiqt—1] —— Qi1 —— Qi Q Nr Fi1[t]

Figure B.1: The commutative diagram representing how the spectral sequence arises.
Just follow the coloured paths to obtain the d? differentials.

Proposition B.1.22. In the context of B.1.20, there is a strongly convergent
multiplicative spectral sequence:

By = Torta(Q Ar B[l]) = g (lim Qn) (B.1.23)

with differentials of the form
d : BT

8, %

r
- Es—r,t—i—r—l,*'

Remark B.1.24. Observe that, as R is connective with respect to our t-
structure, each page of the spectral sequence is zero for negative t; in other
words, it lives in the upper half-plane. It is also worth noticing that the
differentials do not alter the third index: we might interpret it as having a
countable family of spectral sequences, indexed by the weight (although in
this case, we would lose the ring structure of the pages).

We pass now to refining this result under stronger assumptions. We
first look at the convergence term.

Lemma B.1.25. Assume, under hypothesis B.1.20, that 7. .((Q)) (and hence
T.«(R)) is an algebra over some field k (which is concentrated in degree
(0,0)) and that m; .(R) = m; ,(Q) = 0 for i < 0. Then there is an isomorphism
of bi-graded rings:

oo (10 Q) = 7. (Q).
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Proof. We set up a Tor spectral sequence as in [DI05, Proposition 7.7]: it
is a strongly convergent tri-graded spectral sequence

s x (R
B2 oy = Torl 0 (1, 1(Q), T (Ren)) = Tatno Q Ar Rey)

For the rest of this proof, to improve readability, we use the following
notation for motivic homotopy rings: (), will mean ., .(Q)), and similarly
for the other spectra. We analyse the T'or modules appearing in the E?
page, expressing them as the homology of the bar complex on R, seen as
a k-algebra (working over a field ensures that the Bar complex provides a
flat resolution):

R,
Tor” (x

)(Q*7 RSTL,*) = H'(‘BCLT(Q*? R*a Rgn,*)) (B126)
where:

B(IT(QM R*7 Rgn,*) :Q* R Rgn,* < Q* Rk R* Rk Rgn,*
<_Q*®kR*®kR*®kR§n,*<—...

We wish to compare now this with the complex Bar(Q,, R,, R,) computing
Tor[ (Qu R); as m .(Q) = 0 for i < 0, we deduce as in B.1.10:

Wb,c(Rgn) = 7Tb7C(R) for b <n

In particular, also 7, .(R<,) is connective in the first degree. Now recall
that for all m > 0 we can write:

(Qx Rk REF™ @1, Rens )b
= @ (Q* Qk Rf?km)b—d,c—e Rk Rgn,(d,e)

d,e€Z

All the spectra involved are connective, we can bound the index d to the
terms with non-zero homotopy, so:

= @ (Q* Ok Rf?km)b—d,c—e Ok Rgn,(d,e)

0<d<b
eEL

Ifb < n:

>~ P (Q ®k RE*™)y—go—c ®k Rae)

0<d<b
eEL

> (Qy @k RE¥™ @y Ry )pe
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As then the two bar complexes:
Q* Qk Rgn,* A Q* Rk R* Qk Rgn,* — Q* Qk R* Rk R* Qk Rgn,* ..

| | |

Q*®kR* A — Q*®kR*®kR* —— Q*®kR*®kR*®kR* S ...

are isomorphic up to degree n, also their homologies will be in the
same range:

Torftzb,c) (Q*7 RSm*) = Torf:sz) (Q*7 R*)

Now, Tor(f*(*b’c)(Q*, R,) = 0forall a > 0, as R, is flat as a R,-module, while:

TOTO,Eb,c) (Q*; R*) = Q* QR, R, = Q*'

We see this depicted in figure B.2.

’ wilderness
n
Th, (Q) 0
O a

Figure B.2: A visual representation of the Tor spectral sequence B.1.26.

But then the spectral sequence is trivial for b < n, and we can identify:

T,e(Q Ar R<n) = m(Q)

for b < n and all c¢. Taking the limit for n — oo produces the desired result.
[

Next, we aim at having a nicer £? term for B.1.23.

Lemma B.1.27. Under hypothesis B.1.20, assume that the shifted fibres
F,, are flat over Q).
Then we have isomorphisms:

T s4t,% (Q AR Ft[t]) = T (P> Q10,4 (Q) 0, (Ft)

U)lthP:Q/\RQ
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Proof. Since we work in ()-modules, we can write for all ¢:
Q Ag Filt] ~ Q Ar Q N Fi[t] ~ P N Ei[t].
By the flatness assumption, by [Lurl7, Proposition 7.2.2.13]:
Tartn(P Ag Filt]) = T0u(P Ag Fr) = i, (P) ®ry. (@) M0 ().
O

Remark B.1.28. Observe that flatness, as formulated in [Lurl7, Definition
7.2.2.10], is just a condition on the homotopy groups of the objects involved;
it is fairly easy to check it when working with explicit objects, as in our
application.



SECTION B.2. 33

B.2 Motivic Hochschild homology, ©
inverted.

Consider now Q = MZ/p, the modulo p motivic cohomology spectrum, and
R=MZ/pNMZ/p = A(p), the dual modulo p motivic Steenrod algebra
spectrum in the stable homotopy category SH(S). Observe that these
satisfy all the hypotheses of the previous section; in particular connectivity
of A(p) is granted by the MZ/p-module description appearing in [HK(O13,
Theorem 1.1]. If S = Spec(F) is the spectrum of an algebraically closed
field of characteristic different than p, on the homotopy groups level we
have:

Tun(MZ/p) ~ F,[r] with |7| = (0,—1)

JFa[1, &, iliso/ (77 — T6iga)  forp=2 (B.2.1)
el ALR)) {Fp[ﬂ &, Tilizo/ (7) for p odd.

The degrees of the generators are:

rl=0,-1)  |Inl=@ -1 -1 &= -2 1)

Notice that the homotopy groups of MZ/p are concentrated on a verti-
cal line and that . .(.A(p)) is a free (in particular: flat) 7. .(MZ/p)-module.
We define the motivic Hochschild homology of MZ/p as the derived prod-
uct:

MHH(MZ[p) = MZ[p Nvz/pnvazsp MZ/p.

in analogy to what is done for topological Hochschild homology.

Our aim for this section is to compute the homotopy structure of a
closely related object, namely, the one where we add a homotopy inverse
to the element 7:

MHH(MZ/p)lr™") == MZ/p[7™] Az jpnsaz i) MZ/plr ™).

Our main reference for inverting homotopy classes at the level of spectra
is [BE©®20, Appendix B]. One may also have a look at [Art83], where the
problem was approached before the co-categorical machinery. We begin
by reviewing such constructions.

Given the element 7 € my _1(MZ/p) = [S®~', MZ/p|, we pick the map
(in fact a map, since we may choose it up to homotopy equivalence):

SOU A MZ/p TN M7 p A MZ)p L MZ/p,

1 being the multiplication. Let ¢ : MZ/p — S%' A MZ/p be an adjoint map
to it, which we can identify with S%' A (o (7 Aidyy)).
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Remark B.2.2. Unluckily, there is a slightly different notation in [BED20)],
in particular in [BED20, Lemma B.1], which is the theoretical result behind
this localisation. In particular, they call T the map we denote by ¢ (but still
denote the localization of a ring E at the homotopy element T as E[T71]).

We then define the spectrum MZ/p[r~!| as the mapping telescope:

id3071A6

MZ/p[r™!] := colim (MZ/p S S AMZIp —S—— S AMZ/p 02N, )

Remark B.2.3. Since this is a colimit in the oo-categorical sense, one
should describe a diagram N(N) — SH(F'); however, as observed in the
proof of [BED20, Lemma B.1], the above description implies the correct
one.

Observe that the element 7 lives in the dual motivic Steenrod algebra as
well (where we name it 74 for the moment), via the ring map MZ/p — A(p):

SOV L MZ/p = MZ/p AS “22% MZ/p A MZ/p = A(p)

where i : S — MZ/p is the canonical map from the zero object.
We apply then the same localization procedure to the adjoint map
ea: Alp) = S A A(p) to get:

Ap)[m3'l = (MZ/p N MZ/p)[73'].

The two localisations are compatible in the following sense. First, one
has a commutative diagram:

TANId A

SO A A(p) 5 MZ/p A Alp) 2245 A(p) A A(p) —2— Alp)

lfds ABM lidM AR M lﬂM

SOV A MZ/p T M7Zp A MZp all y MZ/p.

The half moon on top commutes by the definition of 74, the left square
commutes because the map acts independently on the two factors, and
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the right square commutes because of the compatibility between the ring
structures of A(p) and MZ/p. Then we have a commutative square:

Alp) —2— SO A A(p)

2 Jian

MZ/p — SO A MZ/p

We can hence suppress the distinction between 74 and 7. Applying the
maps ¢); and ¢4 iteratively, we get a commutative diagram of telescopes
of ring spectra:

A(p) €A 5071/\A(p) IdsNey 5072/\.,4(]9) Ids/\ei‘

lﬂ]% l[ds/\;uu l[ds/\,u,]w

MZ/p €M 5071 A MZ/p IdgNeps 5072 A MZ/]) IdgNeps o

where by /ds we mean the identity on whatever sphere we have. But then
we have a map of rings between the colimits:

A(p)[r™] = MZ/p[r™"].

Using instead of the multiplication p, : A(p) — MZ/p the inclusion
MZ/p — A(p) we get also a map in the other way:

MZ/p[r~'] = A(p)[=].

This procedure, in addition, preserves the module decomposition of .A(p)
appearing in [HK(O13, Theorem 1.1], in the sense that A(p)[7!] can be
decomposed as the union of shifted copies of MZ/p[r~!], with the same in-
dices as those appearing in the already mentioned theorem. In particular,
A(p)[T~'] is connective in our ¢-structure. This can also be proven with
B.1.8 and B.1.10 (MZ/p|r~'] still has homotopy in a single vertical line)
by simple inspection of the homotopy groups, as the spectra involved are
cellular.
Hence hypothesis B.1.20 is verified, so, by B.1.22, we have:

Proposition B.2.4. There is a strongly convergent, upper-half plane mul-
tiplicative spectral sequence:

Bl = Tort oML/l Ay Fill]) = Tore (im(MZ/p[r ™))
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with differentials of the form

(N n'd
d . Es,t,*

r
— Es—r,t—l—r—l,*'

where

Filt] = fib((Ap)lr D)<t = (AP D <i-1)

and
MZ/plr=" ] = MZ/p[r™] Aagyir—11 (A@) [T <n-

Now, inverting 7 for our spectra means that their homotopy rings
become (confront with B.2.1):

Tun(MZ/)p)[r71] = Fp[Tﬂ]

-1 Fo[r%, 7i]is0 for p =2 (B.2.5)
W*,*(A(p))[T ] ~ {FP[T:I:I’ &, Ti]izo/(Tf) for p — odd.

As before, we want to get a nicer-looking spectral sequence to make
computations easier. From B.2.5, we can see that 7, .(MZ/p[r~']) is con-
centrated in the vertical line of first degree equal to 0; in particular, it
vanishes in negative degrees. A quick look at the homotopy groups shows
that both ., .(MZ/p[r~']) and 7. .(A(p)[7']) are algebras over the field F,,,
so lemma B.1.25 applies: 7rs+t7*(1i%n(MZ/p[T_1])n) >~ Torix(MZ/p[T7Y)).

Observing again the ring structure of 7. .(A(p))[r'] and recalling
that, as the homotopy of MZ/p[r~!] is concentrated in our setting in the
zeroth column, truncating with respect to our ¢-structure is the same as
truncating with respect to the first degree (B.1.11 and B.1.12), one notices
that the shifted fibres F; are flat over MZ/p[r~!] (in particular they are
again free modules). So lemma B.1.27 applies:

Tortu(MZ/PlT ] Ay Filt]) = mo  MHH(MZ/p)[77"] @y, a@)ir—1) MZ/p[T7"].

Finally, notice that MZ/p[r~'] is the unit in commutative algebras over
MZ/p[r~'], so the pushout square:

Ap)[r'] ——— MZ/p[t™"]

! |

MZ/plt™Y —— MHH(MZ/p)[m]

provides a (co) fibre sequence:

MZ/plr™") = MHH(MZ/p)[t~'] — S A(p)[r7].
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As MZ/p[r~'] and ' A(p)[r~!] belong to the non-negative part of the
t-structure, which is closed under extensions, also M HH(MZ/p)[r~!] will;
this identifies, in our context, with having homotopy groups concentrated
in positive degrees. Putting it all together:

Proposition B.2.6. Let I' be an algebraically closed field, and let p be a
prime number, p # char(F).

* Let MZ/p[r~'] be the colimit of:
MZ[p — S** NMZ/p — S°* N MZ)p — - -

where the horizontal maps are induced by the homotopy element
7: 8% — MZ/p.

* Let A(p)[r~'] be the colimit of:
A(p) = SO A A(p) = S22 A Alp) — - -

where the horizontal maps are induced by the homotopy element

7: 5% — A(p).

® Let
MHH(MZ/p)[r™"] = MZ/plr™"] Aagyr—1] MZ/p[7™"]

be their pushout.

Then we have a first-quadrant multiplicative spectral sequence:
Egy . = mou( MHH(MZ/p)[T7"]) @ny . uiz/plr=1)) Ts(A@)T]) = Tara o (MZ/plr™1]).
with differentials:

- EF

S,ty%

d" = df

k
ERRS — Esfk,tJrkfl,*'

Observe in particular that the convergence term ., .(MZ/p[t7']) is
non-zero only for s +¢ = 0. As the spectral sequence is first-quadrant, in
the £ page we must have:

- 0 elsewhere.

Ss,tyx T

. N{Wo,*(MZ/p[Tl]) fors=t=0
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The computation

Before proceeding with the computation of «, .(MHH(MZ/p)[t"']), we
first need to introduce a further instrument to help us deal, in particular,
with the multiplicative structure of the homotopy rings involved. We
define the suspension map:

o: XY(MZ/pANMZ[p) — S, ANMZ/p N MZL/p
— MZ/p A (S} @ MZ/p) = MZ/p N MHH (F,) (B.2.7)
mity M HH(F,)

Seen as a pushforward on homotopy groups, it gives a map:
0w 14 (A(p)) = ms:(MHH(MZ/p)) (B.2.8)
whose action on certain classes can be explicited ((DHO®¥24], Lemma 2.3):

Proposition B.2.9. Let k be an algebraically closed field of characteris-
tic different from p and let MHH(MZ/p) € SH(Spec(k)) be the motivic
Hochschild homology spectrum of MZ/p; in 7..(MHH(MZ/p)) we have
the relations:

p

7ot = (om), 0 =0

for all i > 0.

These might be called motivic Dyer-Lashof operations, after their ana-
logue in classical homotopy theory. By repeating the above construction
with the 7-inverted spectra, the above result descends to our context of
interest:

Corollary B.2.10. There is a map of spectra
o SOAp) ) = MHH(MZ /)]
such that on the homotopy rings it induces relations:
™o i = (0,1)P, 0601 =10 (B.2.11)
for all i > 0.

The map o is of particular interest to us because it is deeply linked to
our spectral sequence. In particular, since the spectral sequence 3.2.6 is
first quadrant and the convergence term is concentrated at the origin, for
each ¢ > 2 there is an isomorphism:

Eq

dq q
qvov* —> Eozqf]w* '

This particular kind of differential is called transgressive. We show that
these transgressive differentials provide a partial inverse to o,.
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Proposition B.2.12. The following diagram commutes:

Eg,o,* iq ’ Eg,q—L*
j T (B.2.13)

Tqu(MHH(MZ/p)[r™"]) «Z— mg1.(AP)[T'])

Proof. For this proof, we use the substitute symbols A = A(p)[r~!] and
M = MZ/p|r~'] to improve readability.

Given the a map A — M of connective commutative motivic ring
spectra over M we form the pushouts:

A

M— MOy M

—_— M
|
—— MM

respectively inin Mod 4 andin CAlg(Mod4) = C'Alg(SH(S)).4, respectively.
Via the forgetful functor, we can see M ® 4 M as an element of Mod,,
hence we deduce natural maps:

A——"-— M

| |
\A\>

MR M

Let A = fib(A — M). Given the shape of A and properties of our
t-structure, from the point of view of homotopy groups A is the same as
A, but in degree 0, where it is trivial. Consider again the pushout:

A——r-—"s M

| !

M— MM

As cofibre sequences can be expressed as certain pushouts, the second
column of the above pushout diagram will present the same cofibre as the
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first;:

_

A M
M — Moy M
L0 1 11,0 A

Given the structure of A (hence of Ai) as an M-module, we can conclude
an equivalence M &4 M = M @ SHOA,

Truncate now A according to the t¢-structure:

A—)...%Agg—)Agl%AgogM

Define C; := A<; 4 M, D; := A<; ® 4 M. Then we have a commutative
diagram:

A » M i y M
A<2 > CQ > Do
Ay » O » Dy

ApgS2M —— CoEZME LA —— Dy MM

Each of these towers gives rise to a spectral sequence. In particular, the
D; give rise to the spectral sequence we introduced before:

2
Es,t,*

:ﬂ-s—i-t,*(fib(Dt — Dt—l))
= Ty (MHH(M)) ®ny (M) Tt (A) = Topi0(M).
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The C; give rise instead to the following spectral sequence:

El2

ERRS

:7Ts+t,*(fib(ct — Ci1))
= Tt (f1b (At BaAM) = (At BaM)))

o ) Tsx(M @ YA t=0
7T57*(Ft) t>0

where XF, = fib(A<; — A<;_;); recall that under our assumptions

HA) fors=0
7T57*(Ft) ~ T, ( ) $ ‘
0 otherwise.

Notice that also this spectral sequence converges to the ring: Eft,* =
7Ts+t,*<M>-

The sparsity of non-zero modules in the E?-page of this second spec-
tral sequence forces its behaviour to be very easy. Notice that it is first
quadrant, and we have non-zero terms only along the axes. Since the
convergence term is concentrated in the origin, we must have only one
non-trivial differential ' : Ef,, — E/,_, , for each i > 2, and it must be
an isomorphism.

Now, the map between the filtrations C; and D; produces a map between
the spectral sequences. On the E£? page, this looks like:

o (MHH(
7T37*(MHH(M )
74 (MHH(M))

Figure B.3: The map of spectral sequences at the E? page
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Proceeding to the F?-page, we encounter a commutative diagram:

77(1—17*(“4) Eg7q71,*
{ 24
L T (A) L o
777777777777777 q,0,%
<8
********* Tq.e(MHH(M))
Figure B.4: The map of spectral sequences at the £ pages.
that corresponds to the one in B.2.13 we were looking for. O

This result, as we are going to see, will provide some help in resolving
otherwise ambiguous situations. As the homotopy groups of the 7 inverted
dual motivic Steenrod algebra:

i o ) Folm mliso for p =2
W*,*(A(p) [7_ ]) - {]FP[T:I:I’ 67,'7 Ti]i20/<7_i2) fOI‘ p= Odd

have a substantially different structure for p = 2 or p odd, we will distin-
guish between these two cases.
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p=2
SINS S
o N \:\ 3 X
Ny o X L
NSNS
NN
! o ui ui i

Figure B.5: The spectral sequence for M HH(MZ/2)[r~!] in low degrees. Each point
represents the generator of a module isomorphic to Fo[rF1].

We begin by analysing the even-primary case:

2
Es,t,*

= Mo (MHH(MZ/2)[r™")) @gjpy o (AR ]) = Tasen(MZ/2i7).

Remark B.2.14. We recall some key features of our spectral sequence, of
which we will make abundant use.

* The E* term is non zero only in position (0,0, *).

® The spectral sequence is first quadrant. This implies that the d?
differential acts trivially one the modules LY, , with s < q.

* In particular, combining the two above, the modules LY, , with s < g,
t <q—1and (s,t) # (0,0) must be trivial.
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o The spectral sequence is multiplicative, in the sense that the differen-
tials satisfy a Leibniz rule, which, given our truncation, is weighted
on the degree of the classes involved.

Before carrying out a general induction computation, we analyse ex-
plicitly what happens in low degrees to grasp an idea of the behaviour
of the spectral sequence and to provide a base step. Aided by the above
properties, our study will proceed from the origin towards the right, ac-
quiring at the same time information on elements of a higher degree in
m«(MHH(MZ/2)[7~']) and on the behaviour of the spectral sequence in
higher pages.

Our spectral sequence is first-quadrant and starts at the E?-page, so:

2 ~ 2 ~ 00
EO,O,* - EO,O,* — EO,O,*

as all the differentials entering or exiting these modules must be triv-
ial. Because of the convergence constraint, we deduce that there are
isomorphism:

E§ o, = mou(MHH(MZ/2)[77]) 2 mo(MZ/2)[r71]) = Fo[r*].
It follows that the zeroth column of the E?-page is given by
Egy. = mk(AQ2)[771).

As the infinity term of the spectral sequence does not have anything in
degree (1,0, *), we can conclude 7 .(MHH(MZ/2)[r~']) = 0: any element
here would produce a permanent cycle. Given the multiplicative decom-
position of the E%-page, we conclude that the whole column E%** =~ 01is
trivial.

Next, the presence of 75 in degree 1 in the dual motivic Steenrod
algebra implies that there exists an element p € m (M HH(MZ/2)[77 )
such that:

d*(p10) = To.

This extends by multiplicativity to an isomorphism of modules:

2
Folr {0} L Fo[r*'){r} = B2, ,

As we cannot produce permanent cycles, this has to exhaust all the classes
in £ ,; we then conclude the isomorphism:

o (MHH(MZ/2)[77]) = Fo[r {0}
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By the decomposition of the £? page, all elements in Eg** are of the
form p - o, with a € 7, .(A(2)[77')); as d*(uo - @) = 1o # 0 for a # 0,
we conclude that Ef, , = 0 for £ > 3. On the other hand, any element
z € Ej, , multiple of 7 is hit by a 2-differential originating in pz/7; in
other words, all and only the multiples of 7, vanish from the zeroth column
after the £2-page; more precisely:

E3

0,%,%

~ B2, 70 = m (AR (). (B.2.15)

Observe that the d¢> differential has to be trivial on E ,, as the first
column E7, , is null. As moreover we have that Eé”w’*) = 0, we can conclude
that

mo(MHH(MZ/2)[7 ™) = B3, >0,

similarly to what happened in degree 1. Because of the decomposition of
the E2-page, whole the third column is empty.

In degree four, we encounter the square ;2. It has a trivial d*-
differential for characteristic reason and a trivial d*-differential for
E},, = 0. On the other hand, we need an element i, € Ej,, with a
d*-differential d*(y;) = 7. Thanks to corollary B.2.10, we can identify
(= 7 up; as there is an isomorphism of Fy[7*!]-modules:

Fo ' {3} = Falr*'[{n} = Ey5.
we conclude that £}, , = Fy[=']{x5}, that implies:
T (MHH(MZ/2)[r™"]) = Fo[r {45}

Again, in degree 5 one concludes, as in degree 3: 75 .(M HH(MZ/2)[7']) =
0.

In degree 6, we encounter the element yj, that has non-trivial d*-
differential

() = d*(po - 1g) = d*(po)pg + d*(18) o = Toptg,

Similarly to what happens in the second column, all elements in EGQ’*’* have
a non-trivial ¢*-differential, landing in the fourth column £7, ,. These hit
all elements multiple of 7y there, removing them from the E® page. Also,
from what we described above, we have that:

3 ~ 74 ~ 15 ~ 16 ~
E3,2,* = E2,3,* = E1,4,* = E0,5,* =0

Hence:
Efo. = mon(MHH(MZ/2)[r~']) =2 Fo[r {1}
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Moving to the seventh column, we see that the only possible non-trivial

differential for an element o € E7, here would be o N 7i; however, this
would require 77 to survive up to the E” page. This is incompatible with

the ¢* differential arising from the Leibniz rule p2n <, 72, that makes 77
vanish after the E* page; so we can conclude that EZ,, = 0, and hence
EZ,.=0

Now, the elements in the fourth column that survive to the E3-page
(actually, to the £* page) come with a d* differential landing in the zeroth

column given by the Leibniz rule, namely:

d'(uif) = 1

In fact, this 7,3 € Ej, , is nonzero for 0 # § € Ej, ,, as from the description
of £, , (there are no d° differentials hitting the zeroth column, so £, , =
Ea*’*) it is just a polynomial algebra. As there are no differentials involving
the fourth column that are shorter than a d* but the d? differentials
from the sixth column we already took into account, we can conclude the
necessity and the non-triviality of these d* differentials. This mechanism
involves all the non-zero elements of Ei*,w so we conclude that Ej*,* >~ 0.
Observe incidentally that any element of the form 5 € E(){*,* is hit by
one of these d* differentials, so there are no elements containing 7, in the
zeroth column in pages higher than E°.

Following this pattern, we obtain the following.

Proposition B.2.16. 7. .(MHH(MZ/2)[t7']) is a polynomial ring in a
generator [ of degree (2,0); the differential behaviour is determined by
the largest power of 2 dividing the exponent:

. it 1)t '
1o LAN ,u(() V21, with n odd. (B.2.17)

Proof. We work this out by induction on a natural number £ > 1, proving
that there is an isomorphism of graded rings:

Tew(MHH(MZ/2)[771]) 22 Fo[75 o) (B.2.18)

with |7| = (0,—1), |uo| = (2,0), for the first degree s < 2¥*! — 1 and all
weights. At the same time, we show that the behaviour of these elements
in the spectral sequence is determined by the rules expressed in our
statement, plus the Leibniz rule, in the same range. As we will see,
this will determine uniquely the behaviour in the spectral sequence of
all elements in the columns E? __ for 1 < s < 2! — 1; in particular, all

Sk, k
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modules in this range will be trivial after the £2° page. Moreover, we will
prove that E7,"' = E2_/{(r,...Ts1).

Some base steps were already performed above.

Suppose now our claim holds for a certain positive number k; as all
columns Ef'fj;l are trivial for 1 < s < 2¥*1 — 1, we conclude that there are

isomorphisms:

BER = ¥ 2 XTI 2 T,
In particular, the element 7, with |7,| = (2*"! — 1,2% — 1), generates the
non-trivial module in the zeroth column of the 2" -page with smallest
positive degree. By the convergence of the spectral sequence, we must

then have an element 1, € E},,, , 5, surviving up to the E?""' -page and

supporting a nontrivial ¢2*"' -differential %" (ux) = 1. Using corollary
B.2.10, we obtain: j, = 7 2+1,2",
The d2"" differential extends linearly to an isomorphism of modules:

X ok+1
Fo[r = {2} S Fo[r ' {n)} = B2,

Because of the vanishing result on the columns E?, , for 1 <s < 2"+ —1,
we conclude no other element can be found in ES,CH 0..> s we must avoid
permanent cycles. Hence the isomorphism of equation B.2.18 extends to

degree 2F+1,

Remark B.2.19. Observe incidentally that there is a more concrete reason
why no non-trivial differential shorter than a d**"' can come out of the

E2... ,, column: from our description, given a number 2 < x < 2k+1 the

elements in the column Egkﬂfx’*’* vanish before the E* page or support
in the E* page non-trivial d*-differentials, that are isomorphisms onto
their image. Anything else coming from the 2*'-th column would be
incompatible with this picture.

The rest of the proof of the induction step follows by application of the
Leibniz rule. More precisely, one proceeds by inductiononi = 0, ..., 21! —1
to show that the structure of £, i, coincides with that given by the
powers of 1, and that these elements support nontrivial differentials

coming from the Leibniz rule. In other words, this means that if i is odd

E3i1; . is a trivial module, while if i is even and 2/*" is the largest power
of 2 dividing i, £, , 10 18 generated by ug’““’/ ? which survives until the

E¥"" page and supports a non-trivial ¢ differential, which extends to
an isomorphism of F,[7*!] modules. The step i = 0 was discussed above;
suppose then that the thesis holds up to a certain  — 1.
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If 7 is odd, one sees that no element can be introduced, as they would
produce permanent cycles:

* in column 0, the first “non assigned” module is generated by 77 in
degree 22 — 2; now, ;2" 7, supports a d2* " -differential hitting this
element in the 2" -page, by the Leibniz rule. This excludes the
possibility that 72 survives to higher pages, so no element in the
region we are studying will support a non-trivial differential hitting
it (as it would be longer than a ¢**""). In particular, no element
has to be introduced in 7. .M HH(MZ/2)[r'] in the region we are
analysing to support transgressive differentials.

* the general induction procedure also allows us to exclude any dif-
ferential landing in the columns from 1 to 2 — 1, as the structure
there is completely determined and any other differential would only
produce cycles. This can follow also from what is stated in remark
B.2.19.

¢ the remaining part of the proof finally excludes differentials starting
from the horizontal axis in odd degree with image in the region
2kl < 5 < 22 _ 1: differentials out of powers of 1 (forced by the
Leibniz rule) must be non-trivial and kill enough elements in low
degrees not to give space to any other non-trivial differential (hence
any other element).

At any even i, let, as before, 27! be the largest power of 2 dividing i.
Then the Leibniz rule imposes a differential

20t ok 2k4i/2-9]
d= (up ™) = o Tj-

This differential is non-trivial. In fact, given the structure in the lower
degrees, the element /. Fi/2-2 7; is nonzero in the £ page: observe that
27t1 divides 2% +i/2 — 27; so on one hand all lower degree differentials

are trivial on ugkﬂ/ 2 7; by the Leibniz rule (because they are trivial on

,ung/ 2_2'7‘), and on the other hand, no lower degree differential applied to
powers of /iy has 7; in the image (here we use that by induction hypothesis
in lower degrees there are only the powers of 1iy). This implies in particular

that the differential extends to an isomorphism of modules:
. j+1 . i
Falr]{ 7/*} S Falr*'){ug T 73}

implying in particular that F, [Til]{ugk“/ *1 is a free Fy[7*']-module. Now
we make the following observation:
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Claim B.2.20. Suppose 17>+ for some m > 0 generates a free Fo[r*!]-
module and has trivial differentials up to d* .

Then all the products ;"> ¥+ generate a free Fy[r*']-module for
0 < h < 27 — 1; these elements support in the spectral sequence the non-
trivial differentials determined by the Leibniz rule; moreover, there is an
isomorphism of ng: .-modules:

) m2It1yod )
E2]+1 — Mo E2]+1
0,%,% m2I+t2427+1 x
j+1 . . .. J+1 J
Hence, the ¢?" differential that acts non-trivially on y™*" +?' ex-
’ ,uo ’

tended to the whole column by the Leibniz rule, provides an isomorphism
of graded modules onto its image, corresponding to the E?’ -module

0,%,%

of B2}, , generated by 7; (it kills all multiples of 7; in that col-

Qk+1 425+
. . j+1 j
umn). Observe that this whipes out the whole column over pJ'*" *%':
20+l 41 ~
Em21+2+2j+1,*,* = 0.
At the end of the induction procedure, we see that there is an isomor-

phism of Egk:,: -modules:
E2]Izj:1 ~ E2k+l . M2kz
2k+1 s x T 0%, 0
so everything that remains in Egﬂf ., supports non-trivial differentials
following tlb(le Leibniz rule. This implies in particular that the entire
column E%,*! = 0 is trivial; this concludes the & + 1 step of the in-
duction procedure, as we have uniquely determined the structure of
Tux(MHH(MZ/2)[r7']) up to first degree 2"™? — 1 and the behaviour of
the spectral sequence of elements in ESQ** for 1 < s <2F2_1, O

Observe that in this spectral sequence, we can deduce that all pages
decompose as a tensor product of an algebra on the horizontal axis and an
algebra on the vertical axis. This will not be the case when considering
an odd prime.

Proof of B.2.20. By induction on 0 < j < k.

The case j = 0 corresponds to odd powers of jo: here we have nothing
to prove.

Suppose the claim holds for all indices up to a certain j — 1. Given

pr? "'+ we make a finite induction on 0 < n < j — 1. At each step, we
consider the element 17?" +?+2"; by the previous steps of this induction

on n we know that the differential given by the Leibniz rule (a 2"
provides an isomorphism of F,[r*!]-modules

. . n+1 . .
Flr ! {pig ) S Bl g Y )
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Furthermore, this allows to apply the claim for j; = n; in particular,

J+14 07 4on
2n+1 '/Lgl2 +27+2 2n+1

E, Em2j+2+2j+1+2"+1,*,*

0,%,%
. . . . . n+1 .

is an isomorphism. Hence by linearity the d*"" extends to an isomor-
phism:

2n+1 2n+1 2n+1

Em21+2+2j+1+2”+1,*,* Tj + Bmoit240i+1 x «

As each of these differentials acts as the analogous hitting the zeroth
column, we get the desired isomorphism in the E? " -pages. O
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Figure B.6: The spectral sequence for . (M HH(MZ/3)[r~']) in low degrees. Each
point represents a generator of a module isomorphic to F3[r*1].

As before, we begin with an inspection of what happens in low degrees.
Observe that properties analogous to B.2.14 hold in this setting as well.

The first observations coincide with those for p = 2: we can conclude
that mo.(MHH(MZ/p)[r)) = m.(MZ/p)lr)) = F,[**], so ER,. =
T (A(p)[77Y]), and that m (MHH(MZ/p)[r']) = 0.

Next, as we have . (A(p)[77']) = F,[r*']{m}, we need an element
o € mao( MHH(MZ/p)[m']) with d?(ug) = 79. By the Leibniz rule, we get
an isomorphism of modules:

Folr {0} S B[ ){n} = EZ, ..
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As we must not introduce permanent cycles, we conclude:
To (MHH(MZ/p)[r7]) = F,[r= {10} (B.2.21)

We then observe that the ¢° differential kills all the elements in
70T (A(p)[771]) C E,.» as we have:

d* (o) = o (B.2.22)

for every a € 7, .(A(p)[7"']). On the other hand, as we have the relation
7 = 0 in the dual Steenrod algebra, some elements in E3, , have a trivial
d?* differential, namely, those in uo7om. . (A(p)[7]).
Next, we notice that £3 . must be a trivial module to avoid permanent
cycles, hence:
T3 (MHH(MZ/p)[t']) 0.

Consequently, E5, . =0 for all & > 2.
In degree myo(MHH(MZ/p)[r~']) we have the element xZ, which has
d?* differential 21y7,. Hence, by the Leibniz rule (we are working over F,

for p odd), we have an isomorphism:

d? ~
Fylr™ ' {uo} = Fplm™ {uomo} = E3 ;..

As the first column and the rows Efk* for 2 < k < 2p — 3 are empty, to
avoid any permanent cycle we must have

Tax(MHH(MZ[p)[r™"]) = Fy[r* { g}

The differential behavior of ;2 propagates via the Leibniz rule to the whole
column Ej, ,; the image of such differentials is the Ej, ,-submodule of
E3 . generated by 7. Hence, the whole column E3, , = 0 is trivial.

This process repeats identically up to first degree 2(p — 1):

mo(MHH(MZ/p)[r ) S Flr9] (b}
-1 ~ =1L...,p— 1
Tok—1+(MHH(MZ/p)[t~']) = 0.
For k =1,...,p— 1, uk supports a d*-differential: d*(uk) = kut~'7o; hence
E,,=0forl<s<2p-3.

At this point, we have to take into account the element ¢ €
Tap—1)p-1(A(p)[771]), as some differentials might hit it. Namely, we
have two possibilities (given in particular that the columns E? , for

1 < s <2p— 3 are empty): -
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* The element 1/ "7, survives up to the F*»~1) page and it originates
a > differential: d>?=V(uf 'rp) = 7771,

* There are an element \; € 1, 1, 1(MHH(MZ/p)[r~']) surviving up
to the £*~! page and a d*! differential: d**~*(\;) = &.

To solve this issue, we make use of B.2.10: we know that 0., = 0, so it
cannot be in the image of a non-trivial transgressive differential. Hence:

PO (g ) = 7

Moving on to degree (2p — 1,0), we see that any element here cannot
have non-trivial differentials, so it would produce permanent cycles; so
we must have:

Top—1.(MHH(MZ/p)[r™']) 22 0.

In the next horizontal degree, we encounter the element uf; it
has a trivial ¢* differential by characteristic reasons. On the other
hand, by what we have determined so far, we need an element
p € mopp 1(MHH(MZ/p)[r']) surviving up to the E* page and a
differential d?(;;) = 7. Thanks to corollary B.2.10, we can make the
identification:

p = o, =1 P o) = 7P b,

As usual, this extends linearly to an isomorphism:

Fy[r{ub} S5 Bl ){n} = Eh, .

that allows us to conclude:

Top(MHH(MZ/p)[r~"]) 2= Fp [ {1}

Following this pattern, by considering higher powers of 1, and dif-
ferentiating according to the Leibniz rule, one uncovers the structure of
To(MHH(MZ/p)|r~']) in higher degrees; in particular, after considering
enough degrees, one can confirm that all the classes in £7, |, . . support
either a non-trivial d? or a non-trivial ¢>*~V-differential, and are not in
the image of any differential. After this page, Ey(, ", ,, = 0. Similarly,

2(p—1),%,%
one confirms that the classes in £, , that are not hit by a d*-differential,

and hence survive to the F3-page, are either h1t by a d*’-differential from

the 4p-th column (we have E},, , = Ef, { 112P}) or support a non-trivial

d*-differential. In any case, Egl’ji =)
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The next step that requires further investigation is when one needs
to deal with & € mo2_1) 21 (A(p)[77!]). At the same time, we notice that
p(p—1

the element /i) = E;;I();_limp_l’p_l has

D) = (0= Vg =0
As for &, we need to add an “extra rule” to our spectral sequence, and, as
before, we just have two options:
e The element 12”7, survives up to the E>®~1 page and originates
a @@= differential: ¢22e-1 (AP V) = 77°-1¢,.

* There are an element \y € my2 1,2 (MHH(MZ/p)[r"']) surviving
up to the £%~! page and a d*~! differential: d?*"~'(\,) = &.

We exclude the second option again thanks to B.2.10, as & is not trans-
gressive, so there must be a differential:

J2r(r—1) (M;g(p—l)ﬁ) _ 7_192—152

which by linearity produces an isomorphism of modules:

q2r(p—1)

Fy[r* g™ 7} Folr ' {€} = By oy
This hints at how the spectral sequence works in general:

Proposition B.2.23. 7. .(MHH(MZ/p)[r~']) is an F,[7*'] algebra in one
single polynomial generator i, of degree (2,0).

If n is any integer coprime with p, then g’ " survives in the spectral sequence

up to the 2p'-page, where it supports a differential dzr' (,ﬂgpi) = nu(()"fl)p .
Elements of the form ug(” “DP 1 e B2 survive up to the EXP~V¥' page, where

n(p—1)p*

they support a differential d*®~7" (p. én_l)(p_l)pi&ﬂ.

;) = np
Proof. The proofis similar to the case p = 2, but it presents the additional
complication of a richer structure in the dual motivic Steenrod algebra,
which is paralleled by a greater variety of differentials.

We proceed by induction on a natural number & > 1, showing that
there is an isomorphism of graded rings:

Tux( MHH(MZ/p)[T7']) = Fp[75, o] (B.2.24)

with |7| = (0,—1), |uo| = (2,0), for the first degree s < 2p* — 1 and all
weights. At the same time, we show that the behaviour of these elements
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in the spectral sequence has to correspond to what we claimed. As we will
see, this, together with the Leibniz rule, will force uniquely the behaviour
in the spectral sequence of all the columns E?, , for 1 <s < 2p" —1.

Some base steps of this induction argument were already carried out
above.

The induction hypothesis at £ implies that all modules in the covered
range will be trivial after the E2?~V7""".page. This is because all elements
in the region either are hit by non-trivial differentials starting in this
region or support non-trivial differentials landing in this region or the
zeroth column. This implies that there can’t be any other non-trivial
differential, in particular landing in this region from outside, as this
would interfere with the necessary differentials, producing unwanted
permanent cycles (recall: the convergence term of the spectral sequence
is concentrated in degree (0,0, )).

As our main job will consist of proving that the Leibniz rule is respected,
we begin by making a small observation on this.

Remark B.2.25 (On the violation of the Leibniz rule). Consider a product
of homogeneous classes o3 € E' with d'(3) = 0 and d'(a) # 0; suppose
moreover that this induces an isomorphism of F,[r*']-modules:

F,lr]{a} & F,[r){d ().

Then the Leibniz rule prescribes a differential d'(a3) = d'(«)f3. This cannot
be avoided; however, this second differential could fail to be an isomor-
phism of F,[r*]-modules (thus potentially producing non-zero classes in
the homology) if either the source or target present some torsion at the E'-
page. As any module is born free at the E? page, this requires involving the
source and /or the target with shorter differentials. As if o3 presents some
F,[7*!]-torsion at the E' page (even of3 = 0), by linearity of the differential
also d'(a)B has to present the same torsion, so we can just focus on the
target: there must be at least one third element v in the E*-page, living
between d'(a)f and of, that generates a module supporting at a certain
page a non-trivial differential hitting a F,[t*']-module contributing to
former?.

Thus, specifically, if we identify a differential departing from the hori-
zontal line at a particular page, it suffices to understand what happens in
the spectral sequence at lower degrees to ascertain whether the behaviour

IRecall that higher pages in the spectral sequence are quotients of submodules of
lower pages.
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of the elements in the corresponding column adheres to the Leibniz rule,
or if there are other differentials at play, originating from higher degrees.

Thanks to the following claim (confront with claim B.2.20), we see that
the behaviour of powers of s is in fact determined “locally”:

Claim B.2.26. Consider a number of the form mp’™' + ap’ for some m > 0
and 0 < a < p — 1 that lies in the range p* < mp’™' 4+ ap’ < p**' — 1 (in
particular j < k). Under the induction hypothesis for k, suppose that
ug”f’]“*apj generates a free F,[t*']-module and has trivial differentials up
to (at least) d?"' ; suppose also that we there are no elements on the zeroth
line with degree 2(mp’™ + ap’) < d < 2(mp’™ + ap’ + p’ — 1) supporting
non-trivial differentials d' with | > d — 2(mp’** + ap’) (in other words,
non-trivial d'-differentials crossing the 2(mp’*! + ap’)-th column,).

Then each the product "t %" for 0 < h < pi — 1, generates a
free F,[7%!]-module; these elements and all the ones in the columns above
them differentiate according to or are the image of differentials determined
by the Leibniz rule (hence similarly to what happens for the elements in
E&*’*{,ug}). In particular, this produces isomorphisms of L, ,-modules:

. 7npj+1 +apj

i Ho i
, _
Eo e — Ea(mpitiapi) e

fot 2 < i < 2p/; moreover all columns Ezzf;;ﬂﬂpjw,*’* ~20forl1 <1<
27 — 1.

The proof is carried out below.

We proceed now with the induction step, assuming the thesis up to
some integer k and this claim. We start by observing that 2"~ (u{]’k) =0
because of the Leibniz rule, so ,ugk survives to higher pages. The induction
hypothesis already fixes the structure and the differentials for everything
in positive degree left to ugk, SO Mg’“ cannot support non-trivial differentials
landing in this region. Given the convergence of the spectral sequence,
the only possibilities left are either a non-trivial ¢*"-differential to the
module generated by 7, or a torsion relation /ﬁgk = 0. In fact, the former is

true, as corollary B.2.10 gives:
—p+1 —pki1 k
0. =7 P owm )P =77 b

(Also because otherwise 7, would be a permanent cycle). By linearity
and the convergence of the spectral sequence, this must extend to an
isomorphism of modules:

F, [ ('} 25 By 1] )
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As nothing hits 7, in the previous pages, we conclude that /ﬂgk generates

k
a free module. As ES”Q .
y4p 717*

conclude an isomorphism:

is generated over F,[7*!] by the sole 7, we

k k
EY. o, =T {uh )

is a free module F,[7*!] on one generator. As we already remarked, nothing
but a transgressive differential can start from position (2p*, 0, *), so this
isomorphism has to come from an isomorphism in the E?-page:

Topk (MHH(MZ[p)[r ™)) 2 F[r1]{18 }.

Observe now that the next non-zero class at this page in the zeroth column
k
is &.,1, which has degree 2p*™! — 2; as again any new class, right of 1} ,
with a nontrivial differential left to hit would have to hit the zeroth column,
this class should have degree at least 2p**! — 1: this excludes the presence
of such elements in degree smaller than or equal to 2p**! — 2. We can then
k
apply claim B.2.26 to 5 (with j = k) and conclude that the structure of the

powers of 1o up to ,ug” *~1 and their behaviour in the spectral sequence has
to comply with our thesis. Observe also that the conclusion of the claim
does not give room for alien classes in degrees between 2p* and 4p* — 1,
because of the vanishing conditions. In degree 4p* we encounter uﬁp k; the

absence of shorter differentials striking ugk (again in the conclusions of the
claim) gives that the differential coming from the Leibniz rule produces
an isomorphism of F,[7%!] modules:

k d2pk k
Fplr ' (" } = Folr ™ b 7}

We can then apply the claim to ug” ’ (again with j = k) and draw analogous
conclusions. In particular, we get:

(BT ) =n,EY,

4pk * %

— ker(dzpzpk )

2pka*7* |E
2pF 5%

In other words, the column E;ﬁ: ., disappears from the next page. We

proceed exploring all powers of u‘gk and drawing similar conclusions, up
to the power i’ "” *. When looking at the next power, W7 = we
could potentially draw the same conclusions, but its image under the
d?" differential is, because of the Leibniz rule, trivial. So the kernel of

the d%" differential restricted to the E(Z;’fl)pk ., column, corresponding
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)P

to the Eg”f:*-submodule generated by u(()p ! ka’ is not in its image. This
submodule (in particular its generator) has however to die, because of the
convergence condition. The rigidity given by the claim B.2.26 does not
allow for further elements of degree smaller than or equal to 2p**+! — 2.
Now recall that we also have to deal with the element ¢, in the zeroth

column. There are in fact only two possibilities to kill this &, ;:

* We introduce a new element « € w11 (MHH(MZ/p)[r~']) which
survives to the £27""'~1 page and supports a transgressive non-trivial
differential o — &,.;. In this case p[()p —Lp ka could either be in the
image of a differential coming from a7, or from some other element

B € mopers J(MHH(MZ/p)[r~1).

* The other option is that M(()P—l)phJTh_l survives up to the E2(r—10r" "
-1 _ h—
page and d2(—1r" (M(()p ph=1 E
ment has to be introduced.

Th-1) = &,. In this case, no other ele-

The first one is excluded since we know from B.2.10 that 0.(¢,) = 0 is not
transgressive. But then we can conclude also that £, |, =0.

This concludes the proof of the induction step. O

Proof of B.2.26. By induction on 0 < j < k.

The case j = 0 corresponds to powers of 1y with exponent coprime
with p: here we have nothing to prove, as they support a non-trivial d?
differential by the Leibniz rule, and the spectral sequence starts at the
E? page.

Suppose the claim holds for all possible indices up to a certain j — 1.
Given " "'+9” a5 in the claim, we make a finite double induction, first
on an index 0 < n < j — 1; then for each n, we consider the elements
P et for b — 1,...,p — 1. They all satisfy the hypothesis of this

argument. In fact, because of the Leibniz rule, we know that ;" o7 +%"

has trivial differentials up to d**"; moreover, the thesis for ;" S apT 4 (b1t
(in other words, the hypothesis from which we begin a certain induction

step) implies that the d?’"-differential arising from the Leibniz rule:

mpi+1papl +bpn d*P ; mpd T fap? +(b—1)p"
0 Ko Tn

induces an isomorphism of F,[r*!]-modules:

B[ ) {pug? ™ For sy L [ e Oy
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In particular, the source cannot present IF,[7=!|-torsion, in other words, is
free. The absence of “extra” elements follows from a combination of the
hypothesis of the claim (there are no “extra” elements supporting very
long differentials) and a vanishing result on the columns involved in the
argument (there are no “extra” elements supporting short differentials),
pretty much in the same way as discussed in the main proof. For b <p—1
the thesis follows by the statement of the claim for n < j — 1, which we
know to hold by induction. Notice in particular that the d**" differential
is induced by the Leibniz rule:

mpﬂ+1+ap1+bp
O * *{ } E (mp3+1+ap7+bp )%
d2p7l

- E2p ~ EQP

{u mp”1+apj+(b—1)p”}
2(mpi Tt +apd +(b—1)p™),*,* 0,,% LHo

surjects onto the ideal generated by 7,. This implies the vanishing
E2€’m;1+1+ap]+(b Dy = 0for 1 <b—1<p—2. We can then move on to
the next value of b.

When we get the statement for b = p — 1, we reach the following
situation in low rows: at the E2" page, we find, among others, the non-
zero elements 7 TP FEUP L e e and 1+“p]7n+1. The
Leibniz rule provides a differential

mp? T apd +(p—1)p" mpi+1+apl
Ho Tn 7 o Ent1-

To prove that it is non-trivial, we have to exclude any shorter differen-
tial hitting ,ump]+ +ap! nt1 (see remark B.2.25) supported by an element
« strictly between the columns on umpj "+’ (which is the target) and
g e = eUP" (where the Leibniz rule intervenes); this however can-
not happen. In fact, all the classes we have already determined make
the considered region empty after the 2p" + 1-th page; moreover, no dif-
ferential starting in this region crosses the 2(mp’*! + ap’)-th column
(that of mij*“pj) so that all elements from powers of ;. either hit

this column (but not u””’” ap) &,41) or are null before they could sup-
port a differential hitting this column. So they cannot be the o we are
looking for. Also, introducing extra elements in 7. .(MHH(MZ/p)[t~'])
would then produce torsion on the horizontal axis (recall that long dif-
ferentials are forbidden by assumption). So we can confirm that this
d2-Dr" differential provided by the Leibniz rule for 7 7' *0=r" - g
non-trivial. This differential in fact extends non-trivially to the whole

2(p—1)p" ~ 2" +1 . .
B i 1 i (1)) e = Lot Lapi 4 (p—1)pn) 00> S€€ B.2.25, as it consists of



60 CHAPTER B.

multiples of ;" T ap +(p—1)p " .. Hence, this whole column is trivial on

the next page: Eg((f; ;}HT;LJ oy 20 |

Observe in particular that the whole region between degrees 2(mp’* +
ap’) + 1 and 2(mp’™' + ap’ + p"*') — 1 vanishes after the £2P~1r"+1 page.
Moreover, all the various differentials combined annihilated the ngj:*-
submodule of E;f’;pj L apd) generated by 7, and &,,, 1, exactly as it happens
for the zeroth column, at the same pages.

We can then increase n by one: uglpﬁl*“p”pnﬂ supports the non-trivial
d?""" differential coming from the Leibniz rule, as the elements between
source and target do not pose any obstruction, and so on.

When one reaches the end of the argument forn = j—1and b = p—1, one
sees that there is a unique possible structure for the horizontal line, given
by successive powers of ;y. The module E;'( , is in particular

isomorphic to:

mpitlitaps)x,

o pWTIH1  for 2p771 +1 <i <2(p—1)p’! (after the quotient by

2(mpIititapd)x,
ijl)

o ERPDFNEL g 2(p—1)p~ 1 +1 <4 < 2p/ (after the quotient by &;)

2(mpj+1+apj)7*7*’

This recovers the isomorphisms with the zeroth column in the correspond-
ing pages. Finally, the various induction passages, combined with what we
observed at the various 2(mp’™ + ap’ + bp™) columns, provide the desired
vanishing result. O]

Observe that in this setting only specific pages (namely those indexed
by 2p* for some integer k) admit a decomposition as an algebra on the
horizontal axis times one on the vertical axis.

Remark B.2.27. Using the Greenlees spectral sequence B.0.1, one can
calculate the homotopy groups of topological Hochschild homology of the
Eilenberg-MacLane spectrum of the field F,, p any prime, starting from the
homotopy groups of the (classical) dual Steenrod algebra [Mil58, Section
5]:

F2[Ti]i20 forp=2

Fyl7i, £i+1]i20/<7—i2> for p odd.

The element 7; is in degree 2p' — 1 and the element &; is in degree 2p' — 2.
Given the great similarity between the structures of the homotopy rings of
the classical and motivic T-inverted dual Steenrod algebras, it is perhaps
unsurprising that:

T (Asop(P)) = {

T (THH(HF,)) = Fp|pu]
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with g in degree 2. One can set up a proof of this following the same steps
that were used in this paper for the motivic context, obtaining identical
spectral sequences (but for the base ring). This is in essence due to T being
invertible: whenever in this paper two classes where separated in weight,
we were able connect them by an adequate power of T (see for instance
B.2.10).






Chapter C

Modulo 77~ ! motivie
Hochschild homology of
modulo p motivic cohomology

Abstract. We use the motivic Greenlees spectral sequence from chapter B
to compute Hochschild homology in the stable motivic homotopy category
over an algebraically closed field. Our targetis M HH(MZ/p)/m"~!, where
MZ./p is modulo p motivic cohomology, p a prime number different from
the characteristic of the base.

C.1 Setting up the spectral sequence

We begin by proving that we can produce a spectral sequence from propo-
sition B.1.22 involving mod-77—! motivic Hochschild homology. First, we
show that the spectrum (MZ/p)/77~! carries an F, ring structure when-
ever our base scheme is an algebraically closed field of characteristic
coprime to p. We will prove more generally that (MZ/p)/m™ is E in
SH(Spec(Z)), hence over any scheme by base change, for any positive in-
teger n. At first, we recall what happens when we work in SH (Spec(k))
for k£ an algebraically closed field of characteristic not p, expanding an
argument from [DHO®¥24, Section 3.2].

We begin by recalling some facts about the homotopy ring of modulo
p motivic cohomology, to clarify the origin of the element 7. We actually
look at the motivic cohomology of the base with MZ/p coefficients, which
is the dual of 7, .(MZ/p): in the end, we will have to change the sign to
all degrees.

Since we are in the stable motivic homotopy category over the spectrum
of a field k£ containing 1/p, we can apply the norm residue isomorphism
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theorem [Voell; Voe03], so there is a description:

HE(k, u2) fora<b,b>0
4 (Spec(k), M fp) = § Al HpT) Tora =0, 0
0 elsewhere.
Now, as k is algebraically closed of characteristic different from p, it con-
tains a primitive p-th root of unity. Then the above description specialises
to:
H**(Spec(k), MZ/p) = K (k) /p|7]

for some 7 in degree (0, 1); the module KM (F)/pis placed in bidegree (a, a).
In fact, the presence of a primitive p-th root of unity in £ implies that the
sheaf of the p-th roots of unity is s, is constant and isomorphic to Z/pZ.
Hence any tensor power:

'u?b = Hp Qz/pz. - - - Sz/p2 Fp = Z/pZ
bt?rges

is as well. The identification
H(k,pp) = K (k) /p

was proven by Voevodski in the papers mentioned above.

If k = k is moreover algebraically closed, its Milnor K-theory KM (k) =
7 is isomorphic to the integers (concentrated in degree 0); this follows
straightforwardly from the definition. Hence:

H**(Spec(k), MZ/p) = F,[7]. (C1.1)

To show that (MZ/p)/m" is an E, ring spectrum, we approach it from
a different category, where commutativity is more immediate. By theorem
[Spil8, Theorem C.2] MZ is a strongly periodizable motivic ring spectrum,
hence, by [Spil8, Corollary C.3] we can see the category of derived Tate
motives as the derived category of modules over a certain F,, algebra in
graded complexes of abelian groups. By base changing to Z/p, we get to
see MZ/p as an I, algebra M in graded complexes of [, vector spaces;
the equivalence, in particular, allows to identify the homology of M with
respect to the canonical ¢-structure on graded complexes of abelian groups
with the MZ/p-cohomology of the base scheme, which in our case is the
graded ring F,[7] with || = (0,1).

In the category of graded complexes of F, vector spaces, we consider
the graded complex M which is trivial anywhere but in degree 0, where
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it coincides with F,[7], and has trivial differentials. Observe that M is
a formal model for the graded ring FF,[7]; in other words, M is quasi-
isomorphic to its homology, which is the graded ring F,[7]. This model
is strictly commutative (hence admits an F,, structure). Observe that
M and M are also equivalent as F_, algebras in the category of graded
complexes of F, vector spaces, as they both arise as zero truncations of
the free F., F,-algebra on a single generator 7 in degree (0, 1).

Now, given any positive integer n, the formal model M comes by con-
struction with a strictly commutative map M — M/7", induced by the
quotient map in commutative rings F,[r] — F,[r]/7". Using the equiv-
alence of [Spil8, Theorem C.2] in the other direction, we obtain a map
MZ/p — (MZ/p)/m™ of E,, algebras in the category of motives as well.

Suppose now our base scheme is the spectrum of a Dedekind domain
B where p is invertible. By results of Geisser [Gei04, Theorem 1.2] and
Spitzweck [Spil8, Theorem 3.9] there is still an identification, for each
integer [:
MZ/p(l) = taiRe.(Z/p(l)a) = T<iRe.(11,"[0])

where € is the change of site map from the étale to the Zariski site. Hence
we can still link the motivic cohomology of MZ/p with the étale cohomology
of the sheaf of roots of unity.

As the identifications from [Spil8, Theorem C.2, Corollary C.3] work
in this setting as well, we still can identify MZ/p with an E,, algebra
M in graded complexes of F, vector spaces. We consider the canonical
t-structure on this category and call ¢, the connective cover functor. By
abuse of notation, we also indicate with ¢, the connective cover functor
for the t-structure on motives induced via [Spil8, Corollary C.3]. By
the above-mentioned result by Geisser, the homology of ¢,(M) can be
recovered from the degree zero étale cohomology of B with coefficients in
the powers of the p-th roots of unity sheaf /1,

0 ®b _
Hooco(M) 2 HO(Spec( B). (M) = {Héf(B’“p ) ore =
0 else.
We study then the B points Hy,(B, ) = n$'(B) for any non-negative
integer |[.

To do so, consider a geometric point = of Spec(B). As for each integer !
the sheaf 1" is a local system and Spec(B) is connected, we can associate
to 42" an action of the étale fundamental group 7¢(Spec(R), ) on the
geometric fibre 5 (z), such that the fixed points correspond to 15'(B).
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Observe now that, as p is invertible in B, Z corresponds to the spectrum
of an algebraically closed field where p is invertible. Hence, as seen in the
previous part, the fibre of any tensor power of ;i, at  is isomorphic to the
constant sheaf F,,. If i, corresponds to a representation:

p: % (Spec(B), %) — Aut(F,) = F*

p

the sheaf uf?l is then associated with the [-th power of this representation
p.

If o' is trivial, then all points are fixed: '(B) = F,; in all the other
cases, the action has no fixed points, so 15 (B) = 0. Hence H., ,(co(M)) =
F,[7], where |7| = (0, m), m being the smallest positive integer such that
the sheaf ;5™ = 7/pZ trivialises.

As in the previous case, there is then an obvious formal model M, for
co(M), given by the graded F, vector space IF,[7] in position zero, and every-
where else a trivial entry. This model comes with a strictly commutative
map:

M, — Mo/Tn

for each positive integer n, induced by the quotient map in graded I, alge-
bras F,[r] — F,[r]/7". We can thus consider a pushout in £, complexes
of graded F, vector spaces:

My —— M

Lo

M,/ —— M/

The image of M /7™ in Tate motives via the equivalence of [Spi18] is the
desired E, object (MZ/p)/".

Finally, suppose we are working over Spec(Z). Let i : Spec(F,) —
Spec(Z) be the inclusion of the closed point p, and let j : Spec(Z[1/p]) —
Spec(Z) be the open complement. We repeat the constructions of the
above points to these three schemes. By [Gei04, Corollary 3.3] there is a
distinguished triangle:

i*MZ/p(n _ 1)Spec(]Fp)[_2] SN MZ/p(n)Spec(Z) N j*MZ/p(n)Spec(Z[l/p])
which in turn produces a long exact sequence in cohomology:

oo — H*2*Y(Spec(F,), MZ/p) — H**(Spec(Z), MZ/p) — H**(Spec(Z[1/p]), MZ/p) — -
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We can describe H**(Spec(F,), MZ/p). In fact, by results of Geisser-Levine
[GLOOI, H**(Spec(F,), MZ/p) is non trivial only on the s = 2¢-line, where it
coincides with the modulo-p Milnor K-theory of the field with p elements.
From the definition, one sees that K (FF,)/p is non-trivial only in degree
0, hence H**(Spec(F,), MZ/p) is concentrated in bi-degree (0,0). We have
then isomorphism:

H*'(Spec(Z), MZ/p) = H*'(Spec(Z[1/p]), MZ/p)

for all integers (s,¢) but (2,1) and (1, 1). But then, when considering the
connective covers, we find isomorphism for the whole cohomology rings:

H**(Spec(Z), co(MZ/p)) = H**(Spec(Z[1/p]), co( MZ/p)).

Hence everything we deduced above for Dedekind domains with 1/p also
applies to Z as well. We conclude that there is, for each n € N, a map:

MZ[p — (MZ/p)/T"
of F., motivic ring spectra over Spec(Z).

Whatever the base scheme, we find the corresponding quotient of dual
motivic Steenrod algebra via a pushout square of £, ring spectra:

MZ/p ——— A(p)

l -

(MZ/p)/m" —— A(p)/T"

Hence A(p)/7" comes by definition with the arrows to and from (MZ/p)/m"
that are needed in proposition B.1.22.

For the rest of the paper, we will work in SH(Spec(k)) with k alge-
braically closed of characteristic different from p. A(p)/7" is connective
in our t-structure on Mod(yz/p) /- for any choice of n because A(p) is con-
nective in the corresponding t-structure on Mod )z, as seen in chapter
B. Proposition B.1.22 applies and we get a spectral sequence as in B.1.23,
with Q = (MZ/p)/m™ and R = A(p)/".

Further specializing to n = p — 1, we can improve the description of
the E? and the E> pages thanks to the nice homotopy rings of the spectra
involved, as in chapter B. The structure of the dual motivic Steenrod
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algebra at the prime p can be recovered from [HK?13]; quotienting by
7~ we get:

m ((MZ/p) 7771 2 B[] 77

Fao7,&iv1, Tilizo ~v F2[7, &iv1, Tilizo B

s (.A(p)/TP—l) ~ F<?T§_T&+]l> - (r,72) for p =2
*,% > ST Te

p<7'p_+—11v7'¢2>20 for D odd.

In particular, as 7. .((MZ/p)/7") is an algebra over the field with p ele-
ments and both ; ,((MZ/p)/7") and =, .(A(p)/7") vanish for ¢ < 0, we can
apply lemma B.1.25 to deduce the isomorphism on the convergence term
of the spectral sequence:

o (0 (MZ/9)/777 Aagyrot (AD)/ 7 )20)) 2 oo ((MZ/p)/777),
It follows from the presentation of 7. .(A(p)/77~!) that the shifted fibres

ST Fib((AP) /T <n = (AD) /T ) <n)

are flat over (MZ/p)/7P~! (actually, they are a coproduct of shifted copies
of (MZ/p)/r"~1, as A(p)/7"~! is). Hence, lemma B.1.27 applies and the E?
page can be expressed as:

E2,, = ms (MHH(MZ/[p)/T"™") @y (uz/p)jrr-1) e (A)/7771)
where
MHH(MZ/p)/"" = (MZ/p)/m" " Aagp)jro—1 (MZ[p) /77"
Combining all together:

Proposition C.1.2. Let k be an algebraically closed field, and let p be a
prime number, p # char(k). Given (MZ/p)/7"~* and A(p)/7"~! defined as
above as E., algebras in SH(Spec(k)), let

MHH(MZ/p)/m"™" = (MZ/p)/m"™" Nagp)jrv—1 (MZ/p) /T~
Then we have a first-quadrant multiplicative spectral sequence:
By = mas(MHH(MZ[p)[7"") @ny L (aszp)ro=—1) T (AD)/T771) = T o (MZ/p) [777)
with differentials:

. k
: Es,t,*

d" = df

k
s,t,% - Esfk,tJrkfl,*'
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We will analyse first what happens for p = 2, then we will look at
odd primes. The two arguments presented are essentially identical: only
minor differences distinguish the spectral sequences in the two cases.
However, when p is even there are two major advantages: an easier ring
structure (there are no multiples of 7; divided powers in characteristic 2
square to zero) and, as the degrees involved are much smaller, it is easier
to understand visually the behaviour of the spectral sequence. At the risk
of repeating ourselves, we keep each proof independent from the other.

Regardless of the prime number considered, our spectral sequence
presents some key features, which we will use more or less implicitly
throughout the whole paper:

¢ The E* page is concentrated in degrees (0, 0, ), hence anything in
other degrees must vanish.

* The spectral sequence is first quadrant, hence the d? differential
acts trivially on the modules E?,, with s < ¢. In particular, any

S,t,%

differential is trivial on the elements of the zeroth column.

* Combining the two above, the modules E?,, with s < ¢, t < ¢ —1

S,t,%
and (s,t) # (0,0) must be trivial: any homogeneous component has
to vanish before a certain page.

* On the other hand, in degree (0,0, ) we have isomorphism:
Egon = Egy . = .. 2 By Z o (MZ/p)/77) 2 Fylr]/m7

Observe that 7. (A(p)/m7) 2 F,[r]/77 ! is a free F,[7] /77~ '-module
on a single generator (which we identify with the identity 1). As:
Eg . = mou(MHH(MZ/p)[777") ®s,jr)/ro-1 Tox(Alp)/T77")

it follows that also mo.(MHH(MZ/p)/m"~') is a free F,[r]/7F -
module on a single generator (again identified with the identity 1).
Because of the tensor product decomposition of the £?-page, we get:

g = mos(A(p)/777)

¢ Finally, the spectral sequence is multiplicative, in the sense that
the differentials satisfy a Leibniz rule, which, given our truncation,
is weighted on the degree of the classes involved. This means that
given two elements a and b, we have:

d(ab) = d(a)b + (1)@ ad(b)
where deg(a) is the degree of a.
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Remark C.1.3. The symbols v;(1;) will always denote the i-th divided
power of the element ;- we will later clarify what this means in positive
characteristic. In particular, throughout the whole document, y; is never
an element. Moreover, we always identify vo(p;) = 1 and vi(i;) = p; for

any ji;.
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Figure C.1: The E? page of the spectral sequence for p = 2. Some arrows, exceeding the
boundaries of the figure, are not displayed.

weight 0, weight 1, weight 2, weight 3, , weight 5, weight 6, , weight 8,
weight 9
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Figure C.2: The E3 page of the spectral sequence for p = 2. Some arrows, exceeding the
boundaries of the figure, are not displayed.
weight 0, weight 1, weight 2, , , weight 5, weight 6, , weight 8,

K
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e
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Figure C.3: The E* page of the spectral sequence for p = 2. Some arrows, exceeding the
boundaries of the figure, are not displayed.
weight 0, weight 1, weight 2, , , weight 5, weight 6, , weight 8,

K
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C.2 MHH(MZ/2)/T

General considerations

To reconstruct the homotopy groups of M HH(M7Z/2)/T we will determine
the behaviour of the whole spectral sequence. We will show that each page
decomposes as a tensor product (over [F,) of two Fy-algebras, namely a
subalgebra of 7, .(M HH(MZ/2)/7) with a non-canonical splitting (which
we will identify with a quotient of =, .(M HH(MZ/2)/7)) and a quotient
algebra of the mod 7 dual motivic Steenrod algebra. This happens because
at each page E*, we can associate a set of generators of E{f** with the
source of all the non-trivial differentials and a set of generators of EY, ,
with the image; this produces a pattern that affects similarly all the
tensor product classes so that the next page preserves the decomposition
as tensor of a horizontal I, algebra times a vertical one. We will moreover
see that non-trivial differentials only occur at pages E2 or E2"' 1, for all
integers ¢ > 1. The spectral sequence will allow us to recover:

Theorem C.2.1. There is an isomorphism of graded rings:

T MHH(MZ/2)/7) = Q) Tr, (1) © Ary (Nis)

1€N

where:

T, (117) = Falya (103)] 20/ (v2i (113)%)
Ap, (X)) = Fa&]/(€0)
Vo (pi)| = (274179,27 (2" — 1)) Xl =(2* —1,2"—1).

The tensor product is taken in F, algebras.

A first easy but useful observation is that there are no elements of
negative weight in the £2-page, and, in particular, in . .(M HH(MZ/2)/7).
This can be seen by induction; there are in fact no elements of negative
weight in the zeroth column, corresponding to the mod 7 dual motivic
Steenrod algebra, of which we have an explicit description. Then, the
presence of an element of a certain weight somewhere implies the existence
of elements of lower weight in a previous column, as the d¢? differential
preserves the weight. As the base ring (the field ;) is homogeneous of
weight 0, assuming the presence of elements of negative weight somewhere
leads to a contradiction.

The general argument proceeds by induction on the index of the page;
however, before formulating a precise induction hypothesis, we look at
what happens in low-indexed pages, to get a hint of the general picture.
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The £? page

Recall the algebra description of the dual mod 7 motivic Steenrod algebra:

Tax(A(2)/7) 2 Fy [T, fz‘+1]z‘20/<7¢2>

with |7;| = (271 — 1,20 — 1), |&| = (27! — 2,2° — 1). In particular, we notice
that elements of weight zero can exist only in the zeroth and first rows.
This fact will help to make the argument for the £? page much simpler
than that for the other £? pages.

We can conclude immediately that the column with index 1 has to be
empty, as any element in E7 , could not support any non-trivial differen-
tial and permanent cycles outside degree (0,0, *) are incompatible with
the convergence hypothesis. So

T (MHH(MZ/2)/7) = E}, , = 0.

Due to the decomposition as a tensor product of rings of the E?-page,
E%* * g O'

Next, notice that:
Ejy . =L (A2)/7) = Fofno}.

To avoid that 7y becomes a permanent cycle, there must be some element
po € E3 o with d*(u) = 7o.

Now consider ;2. We have that d?(u2) = 0 by characteristic; moreover,
there are no other weight 0 elements in higher rows, so all higher differen-
tials applied to ;2 must vanish as well. So, as there cannot be permanent
cycles outside degree (0,0, %), u2 = 0.

On the other hand, also d*(uo7) = 7¢ = 0, and longer differentials
would exit the first quadrant; to avoid that 7, produces a permanent
cycle, we need an element v, (1) € E3, with d*(y2(uo)) = po7o. As before,
d*((v2(10))?) = 0 by characteristic, and since there are no elements of
weight zero in higher rows, (y2(u0))* = 0.

Next, by simply applying the Leibniz rule, if we call y3(uo) = poy2 (o),
then:

d2(Y3(M0)) = Ya(to)To + fotoTo = Y2 (ko) To-

One then proceeds inductively and identifies a subalgebra 'y, (10) C
Tux(MHH(MZ/2)/7) of divided powers on p:

Tk, (110) = Falyai(pto)]izo/ (Yai (10)?)
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with [ya: (o) = (2171, 0), so that, given any j > 0, if one considers its binary
expansion j =}, a;2', by defining:

Yi(ko) = H(Yw‘ (10))*

>0

one gets:
d*(v;(10)) = ¥j-1(to)7o-

More in detail, this comes from the fact that 7 is the sole class of weight
0 in the mod 7 dual motivic Steenrod algebra; if one assumes to know
I'r,(1t0) (and the associated differentials) up to a certain y;_;(u), then
the only possibility to kill v;_; (1) 7 compatibly with the weight will be
a weight zero class on the zeroth horizontal line. This either comes as
an algebraically independent class if j = 2° for some positive integer i or
as a product of smaller degree divided powers (see lemma C.2.4 for some
related discussion in this sense) for other values of j.

They also exhaust all classes supporting a non-trivial d? differen-
tial in 7, . (M HH(MZ/2)/7) up to a base change, in the sense that any
class a € m  (MHH(MZ/2)/T) can always be written as a finite sum
a =0 Yi(lo)Bi, with d*(5;) = 0. Suppose this is not the case, by contra-
diction, and pick the o for which it is not possible with the lowest (first)
degree; this must happen away from the origin, as we verified above that
this thesis holds for small degrees. Then, as d?>(«) has a strictly smaller
first degree than «, we can write by assumption

d*(a) = (Z%(Mo)&) 70

1>0

with ¢, € 7. (MHH(MZ/2)/7) such that d*(s;) = 0. Now consider
Zizo Yi+1(o)ei; one has, by the Leibniz rule:

d? (Z Yz‘+1(,uo)€i) = Z%‘MO&‘TO = dQ(Of)-

i>0 i>0

So o — > .o, Vit1toci is a cycle for the ¢* differential, as we wanted to show.

Observe also that the d?-differentials originating from the zeroth row in
the E? page surject onto the first row: any class there is a sum of elements
of the form v;(10)emo, withe € 7, (M HH(MZ/2)/7) not a multiple of y; (1)
for any j > 1. As d*(vit1(p0)e) = Vir1(po)d*(€) + vi(po)emo = Vi(po)emo and
the differential is a linear map, we get out assertion. This implies in
particular that the entire horizontal line £?, , is null.

*,1,%
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Observe that the same behaviour extends to the whole E?-page. Due
to the ring structure of the mod 7 dual motivic Steenrod algebra, every
line not multiple of 7, presents a pattern of exiting d? differentials similar
to the zeroth line; moreover, these will surject onto a corresponding Eg**
module which is multiple of 7.

Thus we can conclude that all nontrivial d?-differentials originate from
the divided powers v;(10) and have as image the ideal generated by 7.
More precisely, there are a commutative diagram:

— E?

*,0,%

\N)W*V*(MHH<MZ/2)/T)
|

Tex(MHH(MZ/2)/7)/{vi(1t0))iz1

ES

*,0,%

and an isomorphism:

Eg v 2= T (A(2)/7)/ (70)

which allow us to identify:

Een = mu(MHH(MZ/2)/7)/(Vi(Ho0))iz1 ®F, Tex(A(2)/7)/(70)

Since the spectral sequence is first-quadrant, we can conclude that the
injection:
Ik, (p10) = s ( MHH(MZ/2)/7)

must be an isomorphism in degrees smaller or equal to 2.

The £° page

We proceed now with the next step: the E° page and the ¢ differential.
By the conclusion of the previous step:

Egn = ms(A(2)/7)/(10) = Faolmi, &ilina /(77)

In particular, the row E?, | is trivial. Moreover, we know that £7, , and
E3 ., are null as well.

To avoid &, € Ej,, being a permanent cycle, we must have a class \; €
731 (MHH(MZ/2)/7) surviving to the £® page and such that d®()\;,) = &;;
this differential surjects onto ES’,Z*, so, at the same time, not to produce
permanent cycles in position (3,0, x), we conclude that E3,, = Fo{\}.

Observe that this differential behaviour propagates vertically to all
classes in E? in the sense that, as they all are of the form )\« for

3,%,% 2
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some a € Ej, ,, we have d*(\1a) = & . There are no relations involving
& in Ej, , = m,.(A(2)/7)/(70), so none of this differentials is trivial, for
non-trivial «.

We proceed to show that \? = 0. One has d*(\?) = 0 for characteristic
reasons. We see also that there is no other class it could hit with a
longer differential, as the only other non-zero class with total degree 5,
& € Ej 5 ,, vanishes after the £° page. So we conclude that ), squares
to zero.

We also have that \; and its multiples are the source of all ¢* dif-
ferentials, up to some base change. We can proceed as in the previous
page: suppose a € Efp’* has a non-trivial d* differential; we wish to write
a = M+ 4, with @3(8) = d*(0) = 0 (in particular, 3 # 0). We have:
d*(a) = &8 # 0 by hypothesis. Observe that 3 must have trivial ¢* dif-
ferential: if one had @*(8) = &w # 0, then &*(d*(a)) = &w # 0, given the
tensor decomposition of the E? page. Consider then the element )\;3: one
has @3(\18) = &8 = d®(a), s0 § = a — A3 is a cycle for the @° differential.
Again from the tensor decomposition of £*, we can conclude an analogous
result for all the horizontal lines of the F? page. Hence we can identify
the sources of all non-trivial ¢ differentials with the multiples of \;.

We can at the same time conclude that the whole line E?, , is wiped
out by d¢® differentials: an element of; is either hit by \«, if a has a
trivial ¢* differential, or hits a multiple of £%, if d*(a) # 0. In fact, we have
just proven that in this second case we can identify a = A3 + 9, with
d*(B) = d&*(5) = 0 and B # 0, so d*(\ & + 6&1) = BEE # 0. This can be
applied as well to all the rows starting with a multiple of &, as there are no
relations in 7, .(A(2)/7) (hence in Ej, , = 7, .(A(2)/7)/(7)) that involve
multiples of &;. We conclude that in the homology of the d° differential the
Ef** ideal generated by &; disappears.

We can conclude a tensor decomposition also for the £* page, in the
following sense. We have a commutative triangle:

4 < 3
E > E*707*

*,0,%

Eo./ (M) = m (MHH(MZ/2)/7)/(vi(70), At)iz1

and an isomorphism:
By = B, /(&) = mn(A2)/7)/ (10, 61)
which allow us to identify:

4 ~ 14 4
E*,o,* - E*,O,* ®F2 EO,.,*
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Since the spectral sequence is first-quadrant, we can conclude that the
injection:
F11—“2 (/~L0) 0, AF2 (/\1> — W*,*(MHH(MZ/2)/T>

is an isomorphism in degrees smaller or equal to 3.

The £* page

It is worth studying separately the next step as well. For the E* page, we
will in fact present an argument that refines the one made for the £? page
to a procedure that can be used in the general induction step. As we are
about to see, the d*-differentials are generated by elements of different,
non-zero weights. This difference with the d>-differentials is essentially
what makes the proof of this step more complicated.

After the E* page, we notice in particular that the rows £} , and £}, ,
and the columns Ef, ,, E;, , and Eg, , are trivial; the module £, , is a IF,
vector space on a single generator 7; of weight 1.

As in the E? page, we see that, to avoid permanent cycles, there must
be a single class iy € Ej,, with d*(1) = 71; moreover, this class must
square to zero: d*((u;)?) = 0 by characteristic, so if non-trivial, it had
to support a longer differential. The weight of 12 is two and the only
non-trivial class with total degree 7 (the same as d*(y?)) in E* is 75, which
has weight 3, so there cannot be a d®-differential from u? to 7. Hence,
pi =0.

Analogously, as d*(p1m) = 71 = 0, we need an element v,(u1) € Eg,,,
with d*(y2(p1)) = p171. Now observe that, as any element in the column
Ei*,* is a sum of monomials of the form 773, withe = 0or 1 and 3 € Egﬁ*,*
not a multiple of 7, the two d* differentials we have just introduced,
together with the Leibniz rule, are enough to make £, , = 0. In fact,
those elements with ¢ = 0 give rise to non-trivial differentials:

p 3= 118
while those with ¢ = 1 are hit by a differential:

Ya(p)B — pami B

We now produce an induction argument that introduces all the divided
power classes v;(u;) for i € N and shows that they support non-trivial
d* differentials d*(v;(11)) = vi_1(i1)71. At the same time, we show that
the divided powers v;(u;) are all and the only sources of non-trivial d*
differentials. We proceed by exploring higher and higher degrees on the
horizontal line.
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More precisely, let f € N, f > 2. At the stage f — 1, we suppose to
know that for all 1 < < f — 1 there exists a non zero class v;(11) € Ej,
such that d*(y;(11)) = vi_1(u1)71 (recall that we identify y,(x;) = 1). These
classes behave as divided powers in characteristic 2. In other words, we
can identify the degree less than or equal to the 4(f — 1) part of the sub-F,
algebra of E!, , generated by the y;(x;) with the degree less than or equal

*,0,%

to 4(f — 1) part of the F, algebra:

Folyar (#1)]@0/@2’@(#1)%

(vor (111) sitting always in degree (2"2,2%)), via the following map: if one
writes | = >, e,2%, with ¢, € {0,1}, then v,(11) — [1,, (Y2r (1)), In
particular, this implies (in E? ) that (y;(11))*> = 0 for all I but the largest

power of 2 smaller than or equal to f — 1.
Moreover we suppose to know that every class a € Eé,o,* for k <4(f—-1)

is a finite sum a = Z{:_Ol vi(11)B; with d*(3;) = 0. In this sense, the
divided powers y;(11) of 111 are the sole source of non-trivial d* differentials.
Moreover, any such sum Zf;ol vi(p1)B; = 0 is null if and only if §; = 0 for
all 1.

Remark C.2.2. Observe that from this we can deduce inductively the
algebraic independence of the various y;(j11) from the d*-cycles in Ef,o,*- In
fact, we know that almost all y,(111), for | < f — 1, square to zero, and more
generally any product of two such y,(u1) is either zero or another vy (i)
Hence we can deduce that any homogeneous polynomial equation in degree
smaller than or equal to 4(f — 1) can be rewritten as a linear combination

of the vi():
f-1
Z Bryi(pn)
1=0

where 5, € E.,, such that d*(5;) = 0. By the last claim, this sum equals
zero if and only if all the 5, = 0, in other words, if the relation is trivial.

At each step of the induction procedure, we can draw some additional
conclusions.

Remark C.2.3. Before passing to the proof of the induction argument,
observe that the induction hypothesis for f —1implies that the d* differential
is surjective on E[f&* forl < 4(f —1)—4 =4(f — 2): any element there is, by
the previous point, a sum of classes of the form vy (11 )an, with a € Efk{O,*
and d*(a) = 0 (and possibly h = 0); then d*(vy1(p1)a) = v (1) at.
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More in general, since we know that the E* page is isomorphic to the
tensor product of the algebras E(){*,* and Ef707*, we can apply this last ar-
gument to all the rows that start in the first column with a multiple of
71. Hence, we then deduce that the columns over multiples of v (11)5, for
some h, with the first degree of y,(u1)p smaller than or equal to 4(f — 2),
disappear from the E° page. This is proven exactly as for the column Ei*7*.'
any element is either the source or the target of a non-trivial d* differential.
This means, symmetrically, that the portion of all rows that originate from
a multiple of 11, up to the horizontal degree 4(f — 2), is in the image of the
d* differential.

We have already discussed the base steps before, so we want to prove
our assertion for the next integer f, assuming the thesis for the previous
integer f — 1.

If f is not a power of 2, we immediately get that y,(x;) # 0 and
d*(vs(p1)) = vy-1(p1)7: in fact, y;(u1) is given by a product of elements
we have already introduced and the action of the d* differential on it is
prescribed by the Leibniz rule.

Lemma C.2.4. The Leibniz rule implies: d*(y;(u1)) =v—1(u1)m

Proof. Write the binary expansion of f: f = Zl_long Ver2% where the ¢, €
{0,1}. Recall that y(x) is given by:

[log2 f]

= H Ve 2k (Ml)-
k=1

Let K :={k € N:e, #0}.
Apply the Leibniz rule to such a product:

d'(ys(mm)) <H Yor (11 ) = d* (yar () [ vae ()

keK keK ueK
u#k
= E sz—l(ﬂl)ﬁ | | Y2“(M1)
keK weK
u#k

Now 2" — 1 =Y""12¢ so:

d* (v¢(m)) Z HY26 (1) HY% (1) | 71

keK \ e=0 ueK
u#k
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Let k = min(K). Notice now that all the summands with k& # k are null:
there the factor v, (11) appears in both of the products; but v, (11)*> =0
by hypothesis. So:

d Yf 1)) | |Y2e 1) | | You(pr) | 7 :Yffl(/ilﬁ'l
ueK
u#k

]

By the induction hypothesis, the element vy, ()71 € Ejf(f_l)&f is
nontrivial; given the above differential, v (1) # 0 as well.

Also, we get immediately that (y,(u;1))? = 0, as we know that at least
one of the divisors of y;(11) squares to zero.

Then, we must show that any class o € E,g0 L with4f —3 <k < A4f

can be written as o = 3./, Bryi(p1) with d*(8;) = 0. If d*(a) = 0 there is
nothing to show. Now, suppose a supports a non-trivial d* differential; it

has to be of the form
f—1
o) = (ZVI(NI)BZ) T
1=0

with d*(3)) = 0 for all /, as by induction hypothesis all elements in E? 0
with degree smaller than or equal to 4(f — 1) admit a similar expression,
and E} ;, = E/ 1. Consider now the element:

*,3,%

a = Yl+1<ﬂ1)5l
l

~
—_

Il
=)

Then d*(a) = d*(a), so a — & is a d* cycle, as required.

To conclude this step of the induction argument, we have to show the
algebraic independence in degrees up to 4/, see remark C.2.2. Suppose
we had a homogeneous equation:

f
Z Bryi (Ml) =0
1=0

with d*(;) = 0; apply the d*-differential:

0=d* (Z% 1) ) Zﬁm ()T
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As the £* page decomposes as a tensor product over a field, we must have
Z{Zl Bryi—1(m1) = 0; given that the degree of this homogeneous sum is at
most 4f — 4, by induction hypothesis 5, = 0 for all 1 <[ < f. But then
By = 0 as well, as we wanted to show.

Finally observe that applying remark C.2.3 to this step of the induction
procedure proves that the ¢* differential surjects onto E{fgv* fori <4f —4
(and similarly for the other rows and columns).

The situation gets more complicated whenever f is a power of 2, say
f = 2% In this case, the element we will introduce, v,:(u1), is algebraically
independent of the previous divided powers, hence we actually have to
prove its existence, rather than verifying that some differential is well-
behaved.

We begin by noticing that no element which is algebraically dependent
of the v;(11), 1 < j < 2° — 1 differentiates to vy _;(u1)71. According to
our hypothesis, proceeding as in remark C.2.2, we can express any such
element in degree 4(2°) as a sum:

2t—1

r=> Bryi(m)
j=0

with d*(3;) = 0; observe incidentally that (y,-1(u1))* can appear as a
summand of 3, as, by the Leibniz rule, d*((y2i-1(1))?) = 0. Suppose then
by contradiction that d*(x) = ya:_1 (u1)71.

We can then determine the d* image of z:

201

Yai— 1(#1 T = d4 ZB]Y] 1 Ml

Because of the decomposition as a tensor product, we conclude the identity:

2t—1

> Bivioa () = Yaioa ()
j=1

By the induction hypothesis, such an equation is impossible (y,:_; (1) has
coefficient 1).

To justify the presence of y,i(11), we must then show that all differ-
entials (d* and higher) out of v, _;(u; )7 have to be trivial. We will prove
this again by contradiction, by carefully studying the weights of possible
elements involved in such differentials. We make use of the following:
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Lemma C.2.5. For any homogeneous x € E, , = m, .(A(2)/7)/(70,61), if
one writes |z| = (d,w) then 2 < 4 < 3.

We postpone the proof of this at the end of the induction argument.
We first calculate:

|Y2i—1(ﬂ1)7'1| = (2i+2 —4,3, 2i)

One has d*(yqyi_1(p1)71) = Yai_o(p1)72 = 0; by contradiction, we suppose
that our element has a non-trivial longer differential:

k1

d
Yoi—1(p)T1 — a1w;
with k; > 5. The degrees of the image are:

loqwr| = (272 — 4 — ky,2 + ky,2%)
|Oél| = (2i+2 — 4: — ]{?1,0,2i — wl)
wi1] = (0,2 + Ky, wn).

Remark C.2.6. Here (and in later passages as well) we improperly repre-
sent the image of a (long) d** differential as the product of two elements,
with oy on the horizontal axis and w, on the vertical axis; this is wrong
in general: first of all, we do not have an a-priori tensor decomposition
for pages higher than the E* (even though we will prove that all pages are
equipped with such a structure), and, even under that assumption, the
image of a differential might be a sum of elementary tensors. However, any
element in the E* page is given by a subquotient of a homogeneous module
living in the E* page, where we have a decomposition as tensor product,
so for any non-zero homogeneous element of the E*' page it is possible to
find an elementary tensor oyw; in the E* page with the same degrees, such
that 0 # ayw; € E*. The reader should then interpret this writing as:
the element o w; € Ef** has the same degrees as d* (yqi_,(u1)71) and the
product o w, is nontrivial in the E*' page.

One has some constraints on these parameters:

ki >5

U}123

as all elements in Ej, , but 7, have weight at least 3. Observe also that, as

w; survives at least to the £E° page, we can apply the induction hypothesis
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to each of its summands, and deduce in particular that they are not
divisible by 7y, & and 7. Hence lemma C.2.5 imposes:

Suppose first that k; = 202 — 4, that is, the differential hits the zeroth
column. In this case, we must have a; = 1, as no other nonzero element

sits in Ej,,. Then |wi| = (0,272 — 2,2"), so, seen as an element of the
motivic dual Steenrod algebra:

deg(w;)  0+272—-2 2

wlwy) 2 B 2

We performed a direct computation of the base step of the induction (that
is, i = 1), so we can suppose ¢ > 1, in which case 4 — % > 3, which leads to
a contradiction with lemma C.2.5.

Suppose now «; has a positive degree. We observe that a; must support
a non-trivial differential because the convergence term of the spectral
sequence is concentrated in degree (0, 0, %); also, this differential must be
longer than a d*, as

deg(ay) =272 —4 —k; <2772 —4 -5 < 4(2' - 2)

so a; belongs to the region controlled by remark C.2.3: if o; supports a
non-trivial d* differential, then the whole column o, £, , disappears after
the £* page, making in particular the element o;w, trivial in the E*! page,
contradicting our assumptions.
So «; survives after the £* page, hence we must have:
dr2

a1 — QiaWa
with k; > 7, as 7 = 6 + 1 and six is the smallest positive degree in Ej, ,
presenting a non-zero module after 3 (where 7, is) in the E* page. Again,
these a, and w, are just representatives in E* for the image of such a
differential, see remark C.2.6. If we write:

logwa| = (2712 — 4 — Ky — kg, ko — 1,2 — wy)
|Oéz’ = (2i+2 —4 — kl — k2,0,2i — W — U)Q)
|(U2| = (07 k? - 17w2)-

we have constraints:
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Figure C.4: A visualisation of what should happen if y,: _; (11)71 supported a non trivial
differential.

as all elements in £, , but 7, have weight at least 3. Again, as w, survives

at least to the E° page, given its degree, we can apply the induction
hypothesis to each of its summands and deduce that they are not divisible
by 79, &1 and 71; by lemma C.2.5:

2w2§k2—1§3w2

We repeat this process until we reach a differential d*~ with d*~(«,, ;) =
w, € Efn . This can be seen in figure C.4.

0,%,%*
For the differentials ks, ..., k, we can draw similar conclusions as for
the differential %,. In particular, as we have:

|ozn_1|:(2i+2—4—k1—kg—...—kn_l,O,Qi—wl—wg—...—wn_l)

if we put:
|wn| = (07 kn - 17wn)

we get:

(C.2.8)

22— wy — Wy — ... — Wyl = W

{2i+2—4—]{]1—]{]2—...—]€n1:kn

We analogously get the constraints:

k> 7
U]JZ?)
2w]§k]—1§3wj
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for all 2 < j < n. Summing on all indices the last row of inequalities
(recall that for j = 1 we must use C.2.7):

j=2 j=2 j=2
2> w;—2+4n—1<> k<3) wj—2+n-1
j=1 j=1 j=1

Plugging in equation C.2.8 provides:

2.204n—-3<2*2_4<3.204n—-3
2.20< 2 _p_1<3.2

2.20<4.20—n—1
4.20—np—-1<3.2

From the second equation, we get n + 1 > 2°. Now, go back to equation
C.2.8; by recalling that k; > 5 and, for j > 2, k; > 7, we have:

2 =4t ki bkt Ak, >4+5+T(n—1)>9+7(2° - 2)

which gives: ‘
7-20-4.20=3.20<5

which is impossible for i > 1. Observe that the same estimate can be
obtained with the weights (recall that they all value at least 3):

2 =wy +...+w, >3n>3(2 —1)

in other words, 2 - 2¢ < 3, which again does not hold for all ; > 1. As we
reached a contradiction, we cannot have a non-trivial differential out of
Y2i_1(p1)71; but then, by the convergence result for the spectral sequence,
we must have a class vyi(11) € Ej,iq, With d*(vai(u)) = v* ()7
Given the description of the previous pages, this must correspond to
a new class vqi (1) € Ty 0i(MHH(MZ/2)/T).

We can now show show that any homogeneous element « in E,io’*,
with k& < 27*2, is a finite sum o = 3./ v,(11)8; with d*(8;) = 0. Observe
incidentally that we have not yet proven that (y.-1(u1))? = 0; however,
d*((ygi-1(p1))?) = 0 by characteristic, hence (y,:-1(p1))* would in any case
end up as a summand of 3. If d*(a) = 0 we have nothing to prove. In
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any case, by the previous step of the induction hypothesis and the tensor
decomposition of the £* page, we can express:

-1
= (Z Yi(ﬂl)ﬁi) T

with d*(3;) = 0; consider then the element:

~
[y

a = Yit1(p1)Bi.

i

I§
o

By what we have just determined: d*(a) = d*(«), hence & — « is a d* cycle,
as we wanted to show. Now, if:

f
> Vilw)Bi =0
=0
Then: ;
O:d4(z (11)Bi) = <Z% 1(p) >
i=0

and by the decomposition as a tensor product of the £* page:

/
Z%’A(Ml)ﬁ

By induction hypothesis, 5, = 0 for all 1 < i < f. But then also 5, =0 as
we wished.

To conclude this step of the induction argument, we are left to prove
that (yai-1(11))? = 0. We already noticed that d*((yy:-1(p1))?) = 0 because
of the characteristic of the base ring. Suppose by contradiction that
(Y2i-1(u1))* were non-zero; then, by the convergence term of the spectral
sequence, it had to support some longer differential. We prove that this
is impossible by mimicking the argument that excluded any non-trivial
differential for v ~1(u;)7.

Observe that, because of the structure of the E* page, the non-trivial
differential out of (y:i-1(u1))? has length at least 7. We adopt similar
conventions as in remark C.2.6 to deal with the image of such differential.
As (y2i-1(11))? has double degree (272, 2%), if one supposes:

dk’
(YzH (Nl))z —1> Wy
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one finds:
loqwr| = (272 — ky, by — 1,29
log| = (2772 — k1,0,2" — wy)
lwi| = (0,k — 1, wy)

with constraints:

ky > 7

w123

as all elements in Ej, , but 7, have weight at least 3; as before, since
w; survives at least to the E°-page, given its degree, by the induction
hypothesis its summands are not divisible by 7y, £&; and 7; then, by lemma
C.2.5 we also have:

2w1§k1—1§3w1

One then studies the differential acting non-trivially on «; Gf k; < 21+2;
the case k; = 2*2 does not require a distinct treatment here), and one finds
the same constraints on the degree and weight of the factors in its image.
By remark C.2.3 applied to this induction step (we have already proven
what is necessary for that to work), a; must support a differential longer
than a d*, otherwise the whole column o, £, , would vanish from the E°
page onwards. Hence o; supports at least a d’, producing constraints on
a possible image «swy analogous to those we have on a;w;.

We repeat this process n times until we finally reach a differential
hitting the vertical line in E}5 _, . We have then:

242 — ki 4+ ko + ...+ k,
4 b (C.2.9)
=w+wy+ ...+ w,.
with the usual constraints:

2w]§k]—1§3w]
k> T
w]23

forall1 <j <n.
Summing on all indices:

in]' S ik]—nﬁ Siw]
j=1 j=1 j=1

2.21 <22 _ < 3.9
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So n > 2! in this case. But then, using the constraints in C.2.9:

4.20=2"F2 =k 4 ko4 ... +k,>Tn>T7-2

which both provide the desired contradiction, proving: (yei-1(u1))? = 0.
This concludes the induction procedure for the £* page.

Proof of Lemma C.2.5. We recall the standard presentation and the de-
grees and weights of the algebra generators in the mod-7 dual motivic
Steenrod algebra 7. .(A(2)/7):

Tn(A(2)/7) = Falr, Eializo/ (77)
Tl = (2" — 1,2 — 1)
&l = (2" — 2,2 —2).

Any homogeneous element in Ej,, = m,,(A(2)/7)/(7,&1) is a homoge-
neous sum of products of the form:

__ E1,.E2 ek ¢l "
m_Tl 7'2 ...Tk 152 P k

with ¢; € {0,1} and /; € N. Its bi-degree is:

|| = (Z g2 1)+ L2 —2),) s 1)+ le(zl' - 2))

i (Z e+ )@ —2) + 2], D (e + 1 - 0)

where we set [; = 0. We study the degree/weight ratio (observe that no
non-unit element has weight zero at this stage):

S (e + 1) (27 — 2) + &)
S+ )2 - 1)

We want to compare summand by summand; observe that:

[(€i+li)<2i+1—2)+€i:| =0 <= g=0,=0 <— <€Z+l1)(21—1):0

as ¢; and [; are non negative and 2' — 1 and 2! — 2 are strictly positive
for all i > 1. So we can safely study the ratio for any i such that ¢; # 0 or
l; # 0. One has:

B (ei +1;)(2 = 2)
(e +1L)(20-1)

(i + 1) =2) +& &
N T T s i PSRy B YO TR
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Now, if ¢; = 0:

€
. =0<1

If ¢, = 1 instead:

€ 1
(s +1;)(20 = 1) - (1 +1)(20 — 1) <1

as2' —1>1fori> 1. So we get the general estimate

(81‘ + l,)(21+1 — 2) + &
(i +1;)(20—1)

<241=3.

This estimate, being independent of i, applies to the ratio of the sums as
well, proving our thesis. ]

Remark C.2.10. This estimate cannot be perfected for the E* page, as
there are classes (for instance, & and 1) that have the degree /weight ratio
equal to either 2 or 3. We will see in lemma C.2.17 that, while in general
the bound 2 is fixed (each &;- and hence their powers and products- has a
ratio equal to 2), the upper bound will decrease if we remove from the dual
Steenrod algebra classes with low degree (or equivalently, low weight).

Knowing all the non-trivial d* differentials, we can conclude, as in the
previous passages, that we have a commutative triangle:

¢ 4
E*,O,*

E5

*,0,%

1R

Ef,o,*/<%'(ﬂ1)>z‘21

EiO,* XM (MHH(MZ/2)/7)/{vi(70), A1, Vi(pa))iz1

and an isomorphism:

E5

0,%,% = Eg,*,*/<7—1> = 7T'>l<,>l<(-’4(2)/7-)/<7-07 517 Tl>
They allow us to identify:

5 ~ 1 5
E*,o,* - E*,O,* ®F2 EO,.,*
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Finally, since the spectral sequence is first-quadrant, we can conclude
that the injection:

I'r, (tt0) ®r, Ar, (A1) ®r, Try (1) = T s (MHH(MZ/2)/7)

is an isomorphism in degrees smaller or equal to 4. Observe that in the
E® page all the columns E;f’** for 1 < s < 4 and all the rows E?,  for

*, %
1 <t < 3 are empty by the argument we carried out. In fact, since the
non-trivial generator of Ej, , = 7, .(A(2)/7)/(10, &, 1) with lowest degree
is & in degree 6, we have that all the rows E?, for 1 <t <5 are null.

*,0,%

The induction step

We are now ready to present a general induction argument. In step £ > 2
we study the behaviour of the spectral sequence at the E* page, determine
the structure of 7, .(M HH(MZ/2)/7) and describe the appearance of the
E*+1 page.

More precisely, at step k, we suppose that the E* page of the spectral
sequence decomposes as a tensor product over Fy:

Efey = Efy, Or, Ega,
If £ = 27*!, § > 0 an integer, we can specify isomorphisms:
B2, 2w (MHH(MZ/2)/7)/(Yitio: - - - Vit Ms - - Aj )i
B2, 2 (A7) (70, o1, b1y )

and an injection:

<® FMMh)) ®F, (@ AFQ(/\h)> — T (MHH(MZ/2)/7)

which is itself an isomorphism up to degree 27+ — 1.
Otherwise, if 27 is the largest power of 2 with 2/ < k < 2/*!, we have:

Efy, 2 m (MHH(MZ/2)/7)/(Yilto, - - -, Yilti—1: M1 - - - Ajo1)iz1

Ef, . = mei(AQ)/7)/ (10, Ti1, &1, Ejo)

and an injection:

<® rmuh)) &, (® A&O\h)) s o (MHH(MZ/2)/7)

which is an isomorphism up to degree £ — 1.
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2 < k<2t 1

The previous proofs provide a base step for the induction, up to £ = 5, so
we may suppose k£ > 5. Let us then prove that if the above hypothesis
holds up to a certain number %, then it holds for & + 1 as well.

We first notice that if 2/ < k£ < 2! — 1, for some integer j, then the
proof is immediate, as £**! =~ E*. By our induction hypothesis, in fact:

Ef,o,* = Ef,(),* ®F2 E(]i.’*
Ef oy = (AQR)/T) (70, Ti1, 6u, - o) 2 Fo[m, &ilisy (77)

Notice that all the 7; and ¢ with i > j have degree at least 27! — 2. From
the description of the E* page as a tensor product, all rows Efi,* are then
null for 1 < ¢ < 27t! —3;as k — 1 < 27! — 2 there is no space for non-
trivial d* differentials exiting the horizontal line; at the same time, the
decomposition as tensor product implies, via the Leibniz rule, that no class
in any row of the E* page can be source for a non-trivial d* differential.
So EF! =~ EF: this confirms the decomposition as tensor product of the
E**1 page and the isomorphisms:

Efgl* = Ef,o,* = m (MHH(MZ/2)/7)/{vi(1o), - - - ﬁz’(ﬂj—l), ALy )\171%21

E(’)C:ik = E(’i*7* = 7T*7*(A(2>/7')/<7'0, C. 77']',1, 51, e 5j*1>

Focusing on the zeroth horizontal line, the inclusion morphism we
have by the previous induction step:

(® rmuh)) o, (® Am%)) s o (MHH(MZ)2)/7)

must be an isomorphism in degree k as well, as the image of the module
E,’j,()’* cannot be altered by our first quadrant spectral sequence in pages
E? with s > k and has to vanish at the £°° page. In addition, this implies
that the whole column E*! = 0 is trivial.

k%

k=2t 1

Suppose now that & = 27! — 1. The goal of this step is to introduce
a generator \; € my+1_19; (MHH(MZ/2)/7), which survives up to the
E?"' ! page and supports a differential d* "' ~!(),) = ¢;. As we shall see,
this argument closely resembles that for \;.

First of all, we notice that the non-trivial elements in

B2 T 2 (AR (Toy s i, 61y - Ejm1) 2 Falmy, Elins /(T2
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with the smallest degrees are:

& with |¢| = (271 — 2,27 — 1)
7; with |r;| = (271 — 1,27 — 1)
& with || = (2772 — 4,277 - 2)
&7y with [§7| = (2772 — 3,271 — 2)
&1 With [¢51] = (2772 — 2,271 — 1),
There must then be a unique class \; € 2,7} with @@ ~1();) =
§j, since §; must vanish on the E, page, and we cannot produce permanent
cycles. Then every element in E2,,”' inherits a non-trivial ¢ ~!-

20+ 1 %%
differential, given by the Leibniz rule:

¥ N (\) = &a,

for any o € B2, 7' = 1, (A2)/7)/ (70, - Tjm1, €1y - Ejon)

This differential is moreover non-trivial because, by the description of
the £2"'~'-page coming from the induction hypothesis, &; behaves as a
polynomial variable in this page. '

One then sees that A2 = 0: in fact, @' ~}(A\?) = 0 because the base

field has characteristic 2. By induction, the columns E2. ~! are trivial for

1 < i < 2i*1 -2, 50 the only possible other non-trivial differential for Aisa
transgressive one, that is, a d? -2 differential. Now, the only non-trivial
class with total degree 2/+? — 3 on the zeroth column of the F*"'~'-page
is ¢;7,. But we already have a non-trivial ¢! differential:

AjTj > &GT;

so &;7; is null after the £ "' ~! page. Hence, A3 = 0 by convergence reasons.
We can now show that any element o € £, " is of the form a = \;+46,

5,0,

where (3 and 6 are > ! cycles, so that d* "' ~1(a) = S¢;, using more or less
the same argument as in the E° page. This means that we can identify
the source of all the non-trivial ¢ ~!-differentials leaving the zeroth row
with the multiples of );; observe incidentally that, because of the tensor
product decomposition of the £¥ "' ~!-page, any 3); + § as above has, for
B # 0, a non-trivial ¢’ ~!-differential. To prove our claim, observe that if
d*""~1(a) = 0 we are done; on the other hand, let > " ~'(a) = §¢; # 0; one
must then have ¢ ~!(5) = 0, otherwise, if " ~(3) = w¢; # 0:

0= d2j+1*1(d2j+1’1(a))) _ d2j+171(ﬁ€j) — wff 7& 0
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because the tensor product decomposition of the £2 "' ~!-page does not

allow relations between w € E%), ' and &2 € E3,,~'. Then: d¥""~!(8)\;) =

0,%,%
B¢, = d¥""1(a), so § = a — B); is the desired cycle. Hence, up to base
change, we can identify all and only the multiples of ); in Efjo+ i_l with the
sources of non-trivial ¢ ~!-differentials leaving the zeroth row.

This behaviour propagates to the upper rows, again due to the tensor
product decomposition of the page. In particular, if we identify rows
with the element in E},,~" that belongs to them, then those that are
not multiple of ¢; will present the same behaviour of the zeroth row: a
non-trivial ¢ ~'-differential out of all multiples of \;, and no non-trivial
differential involving the other elements. Those rows that begin with a
multiple of ¢; will instead present the same behaviour as the row beginning
with ¢; itself: a non-trivial d?"' -1 arising from each multiple of Aj, a non-
trivial d?"' ! hitting any other element. In particular, any multiple of &
disappears from the next page. No other element is involved in non-trivial
d?"' -1 differentials; otherwise, a similar behaviour would be found on the
zeroth line EZ, . ' as well.

*,0,%
. . . j+1_
We can also exclude relations involving )\; and other elements of Efjo,* !

(and, since our induction hypothesis relates r...(MHH(MZ/2) /T)7and
EZ,.7!, involving ); and other elements of , (M HH(MZ/2)/7)), as fol-

*,0,%

lows. Suppose by contradiction that there is such a relation; as )\]2 =0,
this reduces to something of the form g\; +J = 0 with 3,46 € EZ

*,0,%

Since there is an identification between multiples of )\; and elements

that have non-trivial ¢ ! differentials, it can be reduced to having
d?71(B) = d¥ "' 1(6) = 0. Hence:

0=d”" "N (BN +0) = BE;.

Again due to the tensor product decomposition of the page, one gets that
B = 0; hence also v = 0 as desired.

Putting everything together, we conclude that there are a commutative
triangle:

i1 J+1_
E'QJ ¢ E2 1

*,0,% *,0,%

Efﬂifl (Aj)

and an isomorphism:
2J+1 2i+1_1
Efun = E (&

0,%,% 0,%,%
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and that: v v v
E?! >~ E¥ . ®p, EY.) (C.2.11)

*, @, % *,0,% 0,0,%*

Combined with the previous induction steps, this gives the isomor-
phisms:

Efgi 2 (MHH(MZ/2)/7)/{vi(10), - - Vili—1), Ay -2 Ag)isr (C.2.12)
EX o (AR)/7) (o Ty, 61 6 (C.2.13)

and the injection, which is an isomorphism up to degree 2/ — 1:

(® rmm) R, <®AF2(Ah)) < (MHH(MZ/2)/7)  (C.2.14)

we were looking for.

k= 2i+1

The only case left to analyse is when k = 2! is a power of two. The cases
j =0and j = 1 were already treated as base step for this argument; the
induction step will roughly resemble the case j = 1 (in fact, it will be a
sort of generalisation of that), as the case j = 0 was greatly simplified by
having all the elements v, of weight 0.

Our initial assumption is the conclusion of the previous step, in partic-
ular from equation C.2.13 we see that the non trivial elements in ng .
with smallest degrees are:

7; with |r;| = (271! — 1,27 — 1)
&1 With [§] = (2772 — 2,274 — 1)
T With |74] = (2712 — 1,271 — 1)
;€01 with |76, = (3(27T1 = 1),3- 27 — 2).

We know that columns E?."] with 1 < i < 2/t! — 1 are empty, as well as

T,%,%

rows Ef],jfk for 1 < h < 2/t! — 2. The first conclusion is the presence of an

9J+1

element 1, € E. and a differential:

2i+1 0,251
g2
Hj = Tj
. . . j+1 .
As nothing is left in EZ),, |, we conclude that ;; is the sole generator of

E2j+1

29+1.0,%°
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We also see that (1;)?> = 0: by characteristic reasons, d* " ((11;)%) = 0.
As E%J:i ~ Egjill_l** >~ (), the only possible target of a non-trivial
differential out of (y;)? is in the zeroth column; by degree, it lies in the
module generated by 7;,;1. But the weight of ()% is 2(2/ — 1) = 27*1 — 2,
and ng;ig_mw_z =~ (. Hence (u;)* = 0 by the convergence requirements.

On the other hand, also y;7; has to vanish. Observe that its d* " -
differential is trivial: ¥ (y;7;) = 77 = 0. As the spectral sequence is
first-quadrant, our only option is to have an element v, (y;) € E3ﬁ217072j+1_2

and a differential:
d2j +1

Yal) — pyT;-

We proceed now with an induction argument, that introduces a set of
the divided powers v,(1;) for [ € N and shows that they support a non-
trivial differential ¢2’ "' (vi(rj)) = vi—1(p5)7;. Concurrently, we identify the
origin of all d* " -differentials with the divided powers of ;.

In detail, let f € N, f > 2; at the step f — 1 we suppose to know the
existence of the classes v;(u;) € Elg(gil),o,l(gj—n for1 <1< f—1and of the
associated differential @ (v;(1;)) = vi—1(1;)7;. They behave as divided
powers in characteristic 2: this means that, if we express [ in base 2 as
I =352, with a; € {0, 1}, we can identify:

Vi) = [ [ (vae ().

>0

We also know that they all square to zero, but the one indexed by the
largest power of two smaller than or equal to f — 1.
27+1

We also suppose that each class a € £, with & < 27*'(f — 1), can be
identified with a finite sum:

f-1

o= vilu;)B;

=0

with d " (8;) = 0. In other words, every d* " -differential is induced by the
divided powers of (1;). Moreover, any such sum is trivial if and only if each
f3; is: we conclude, as in remark C.2.2, that the only algebra relations in
Ef](ﬁ (and consequently in ., .(MHH(MZ/p)/7), given what happens in

the previous pages) involving the v;(1;) are those induced by the divided
power structure.

Remark C.2.15. As proven in remark C.2.3 for the divided powers of ju,
one can show that the induction hypothesis for f — 1 implies that the d*""
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differential surjects onto E}QLJ;]L_I* for h < 27%1(f —2). Because of the above
statements, any element in this region can in fact be written as:

=2
> vilw)Bim
=0

with 5 € EZ,., such that d*" (8;) = 0. Now, observe that h + 21*! <

*,0,%

20T f — 1): the induction hypothesis states that there exist an element

F-2
j+1
D vin ()8 € By,

1=0
and a differential:

Ly g2 /=2
Z%‘H(Mj)ﬁi — Z%‘(Mj)ﬂﬂj-
i=0 i=0

Given the tensor product decomposition of the E¥ "' -page, a similar deduc-
tion can be applied to all rows beginning with a multiple of 7;: at stage
f — 1 we see that they vanish up to degree 2711(f — 2). Symmetrically, any
multiple of some divided power of (j1;) (hence any homogeneous sum of
them) in degree smaller than or equal to 2’ (f — 2) disappears from the
E¥ "'+l page, as it is either the target or the source of a non-trivial d? "' -
differential. The first case corresponds to the non-trivial multiples of 7;,
while in the second we find the non 7;-divisible elements.

We proceed now with the induction argument: we already saw some
base steps above, so suppose the hypothesis holds for some integer f — 1;
we wish to prove it for the next integer f. We will distinguish two cases.

If f is not a power of 2 then vy(y;) is just given by a product of al-
ready introduced classes, and the Leibniz rule tells us that d* " (y;(y,)) =
Y¢-1(t;)7;. This was proven in lemma C.2.4 when j = 1, and the proof for
generic j is analogous. It squares to zero since at least one of its factors is
known to square to zero.

Let now « € E,zjgi, with £ < 277! f; we would like to have:

f

o = Z%‘(Mj)ﬁz‘

=0

with @' (8;) = 0. If "' (a) = 0 we are done; if @ (o) # 0, we can
write, by the previous inductive step (the first degree of ¢* " () is at most
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2/+1(f — 1)) and the tensor product decomposition of the £ -page:

- f-1
" (o) = (Z%(Mj)ﬁz) Tj

with @¥ "' (8;) = 0. Consider then the element /" v, (11;)3; its d® " -
differential is:

_ J-1 f-1 _
a" <Z vm(uj)ﬁi) = (Z%(Ma‘)ﬁz) Tj = d2]+1<04)

Hence o — >/ viy1(u;) 5 is a ' -cycle, as required.
Next, suppose we have a homogeneous equation in degree smaller than
or equal to 27F! f:

f
Zﬁm(uj) = 0.
Py

with d¥ "' (5,) = 0. Apply the ¢? "' -differential:

/
0="> Brvialu)r
=1

which, by the product decomposition on the £? "' page implies:

f
Z Brvi—i(py) =0
=1

This homogeneous equation happens in a degree smaller than or equal to
27+1(f — 1), so, by induction hypothesis, one must have 3, = ... = 3, = 0;
then also 5, = 0, as required.

As one might expect from the base step, whenever f = 2° is a power of
two the proof gets more involved. In fact, by the presentation of divided
powers in characteristic two, at powers of two we encounter algebraically
independent elements. To see that this is the case in our spectral sequence,
we will in particular prove:

* No polynomial in the ,(y;), for [ < 2°, differentiates to yqi_1(u;)7.
¢ All differentials out of o (y;)7; are trivial differential.

* All differentials out of (yqi-1(u;))* are trivial differential.
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The first two conclusions, combined with the convergence result for
the spectral sequence, prove the existence of an element vyii(y;) €

j+1
E2 gy and of a differential vy (11;) “— vai_1(;)7;. The third
step, on the other hand, extends our knowledge of the algebra structure
of the E¥ "' -page, hence of 7, ,(M HH(MZ/p)/7). Each of the three steps
will be proven by a contradiction argument. The proof of the remaining
statements in this induction step are essentially similar to the case of f
not a power of 2 we have just seen.

So, suppose that there is some element z, equal to a homogeneous
polynomial in the v;(u;), 1 < 1 < 2¢ — 1, with d¥ " (2) = vai_;(u;)7. We
know that (y;(u;))? = Ofor all 1 <[ < 2 — 1 but! = 27!, and that
d¥ " ((yg-1(11;))?) = 0 by characteristics, so we may suppose:

2t—1

r = Z 51%(/@‘)-
=1

Observe that x must lie in degree 2¢- 271!, s0 all the 3, have degree bounded
above by (2" — 1)27*!; here we can apply the previous induction step and
suppose without loss of generality that @2’ "' (8;) =0 for all I. So:

201

d2j+l($) = Z Bryi—i ()T = Yai 1 ()75
=1

27 +1

By the product decomposition of the £%  -page, we obtain the homoge-

neous equation:
261

> Brvialpy) = Yaialuy) =0
=1

which sits in degree (2 — 1)2/*!; by induction hypothesis, such an equation
is impossible. Hence, no polynomial in the already introduced divided
powers can differentiate to yoi_(p;)7;.

Next, we show that ys:_;(1;)7; cannot support a non-trivial differential.
It is worth looking again at the elements with the lowest degrees in:

B2 2w (A1) (o, Ty b, )

(C.2.16)
= Folms, Einalizs /(7).
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Those are:

7; with |7;| = (27! — 1,27 — 1)
&1 with €] = (2712 — 2,271 — 1)
T With |74] = (2772 — 1,277 — 1)

761 With |76 | = (3(27 —1),3-20 - 2),

In particular, notice that the second shortest differential (after the ¢2’"")
that can leave the horizontal line is a ¢ "~!; moreover, the only element
with weight 2/ — 1 is 7;, all the other elements have weight at least 277! — 1.

If one supposes by contradiction that there is some %; € N, such that
d™ (v9i_1(p;)7;) is non trivial, one must have k; > 2! + 1, as all the
differentials up to the d?*" are trivial on this element. The degrees of

Yai—1(p;)7; are:
[yaio1(u)7y = ((2 = )27+, 2771 — 1,21(27 - 1))
so the image via d*' in the E*' has degrees:
[ (yai 1 (p3)75)| = (20 = )27 — Ky, 2771 4 ey — 2,272 — 1)),

Observe that the vertical degree is 271+ k) —2 > 29F1 4271412 = 2121
the presence of 7; + 1 in such degree implies that such differential could
be non-trivial, hence, at least from this initial analysis, we cannot refine
the lower bound for k;.

As in remark C.2.6, we can identify d* (v _;(u;)7;) with a product a;w,
in the E?"'-page, such that a; € Efg . and w;, € ng .. We will have in
particular:

lo | = (28 — 1)27H! — &y, 29(27 — 1) — wy)
|wi| = (27 + Ky — 2,0).

Given the structure of £,
wy > 20— 1.

We will first exclude the case k; = (2/ — 1)27"!, or equivalently, a; =1
and w; = 2°(2” — 1), and then have a look at the other possibilities. We
will use the following:

appearing in equation C.2.16, we must have

Lemma C.2.17. Let x be a homogeneous element in:
E(2),]>:41< = 7T'>f<,>x<<«4(2)/7')/<7'0, ey Ti—1, 51, .. €J>

If |z| = (d,w), then 2 < £ <2+ .
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We postpone the proof of this at the end of the induction argument.
By the induction hypothesis (in particular remark C.2.15) w; can be
seen as an element of 7, . (A(2)/7) /{70, ..., Tj_1,&1, ... &;); we can then apply
lemma C.2.17 to get constraints on its degree and weight. Suppose first
that d* hits the zeroth column, with |w;| = (277! 4 (20 — 1)2/F1 — 2 21(2/ —
1)) = (dg,, w,, ). Then:
d, ~— 214 (20— 1)t —2 2l 9
Wy, 2i(27 — 1) 21+ — 2i)
2i+j+1 _ 2i+1 + 2i+1 )
- 2it5 — 2i)
2i+1 -9 _ 2

:2 —:2 . z
LTy T

However,
2-2 J !
20 —1" 29 -1
for any i > 1, which is incompatible with lemma C.2.17, providing the
desired contradiction.
Suppose now k; < (2' — 1)2/!, By the convergence of the spectral
sequence, «; must support a non-trivial differential. This differential
must be longer than a ¢ "': in fact,

deg(a) = (20 — 1)27H — ky < (20 — 2)27 1! (C.2.18)

so the induction hypothesis assures that, if «; supported a non-trivial
d?"" -differential, also a;w; would disappear after the E2"' page. So let a;
support a d*? differential; by the observations after C.2.16, k, > 2772 — 1,
Again, pick a, € EEJJ . and wy € Egj: . such that their product asw, is

non-zero in the £*2 page and has the same degrees as d*?(«;). We have:
o] = (28 — 1)27T! — ky — k9, 2°(27 — 1) — wy — wy)
lwa| = (ko — 1, ws).
Again by what was said after C.2.16, wy > 271 — 1,

Repeat the last passage (n — 2)-times, until the d*-differential of o, 4
reaches the zeroth column; we associate to it the element w, € F?. . See

0,%,% *
figure C.5 for a visualisation of the elements and differentials involved.
If |w,| = (0, k,, — 1,w,), one has equation on the degrees and weights of

(677
deg(ay_1) = (2" = )2 — k) — kg — ... —kyy = ky

Wy 1) =227 —1) —wy —wy — ... — Wy = w(Wy,) = Wy
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Figure C.5: A visualisation of what should happen if yo:_;(1;)7; supported a non trivial
differential.

So:

i i+l N
(2 - 1) nlel ki (C.2.19)
22 -1 =3 w.

Observe that all the differentials d*2, ..., d"" satisfy the same con-
straint: k; > 272 — 1 and consequently w;, > 27! — 1,

There are also other conditions on these quantities, coming from lemma
C.2.17. By the induction hypothesis (in particular remark C.2.15), as
all the w, survive after the £2 " -page, they can be seen as elements of
T (A2)/7)/(10,...,Tj—1,&1, ... &). In particular, there are the already
seen constraints for w;:

) 1
XLk —2< 2 :
+ K _w1(+2]_1)

and similar ones for all the other w;, [ > 2:

1
kl—1§w1<2—|—2j_1).

Now, sum on all i:

n

. n 1
J+1 _ E _ E
2 + kl 2+ (k?l 1) S (2 + 9 _ 1) - wy

=2

n

) n 1
Xt _pn—1 k< (2 :
n +lzll_(+2j_1)lzlwl
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Plug in equations C.2.19:

. ) . 1 o
20— — 14+ (2 - 12T < <2+ 5 1) 2(27 — 1)

2j+1 —n-1 4 2i+j+1 . 2j+1 < 2i+l+1 . 2i+1 + 21

2 1< n.

Recall that each w; > 27*! — 1, so, from the second equality of C.2.19:

2127 — 1) = Zn:wl >n(2t —1) > (2" = 1)(2 - 1)

2 — 20 > ot gt it
0 Z 21+] _ 2j+1 +1

which does not hold true for any integers i > 1 and j positive.
Hence there must be an element i (1), algebraically independent of
the previous divided powers of ;1;, with:

[var ()] = (2777, 212 = 1))
4" (vai (1)) = Vi1 (1)

We can now prove that every class o E,?J(Ti, for k < 2i27%! is a finite

sum o = Y. B - vi(y;) + 6, with d*'(8) = @¥"'(5) = 0. In particu-
lar, all non-trivial d? ' -differential originate from the divided powers
vi(;). Observe that (yqi-1(u;))? sits in the largest degree possible, and
d*" ((yg-1(115))?) = 0 by the Leibniz rule. Observe that we have not yet
proven that (yi-1(1;))? = 0, hence, at this stage, (y2i-1(p;))? could appear
as a nonzero summand of ;.

This assertion is proven as for f not a power of 2: consider « as above;
observe that we can assume k£ > (2/ — 1)2/7! + 1, as smaller k’s are covered
by the previous induction step. Let:

¥ (@) = z7;

+1

Since z € EZ, has degree smaller then or equal to (2’ — 1)2/*, by the

induction hypothesis we can write:

2t
x = Zﬁz Yi-1(145)
=1
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with d? " (5,) = 0 for all . Then:

2¢ ol
d2]+1 (Z 6[ . YZ(M])) = Z Bl . ’Yl—l(,uj)’rj _ d27+1 (a)
=1 =1

SO

2'L
a = Zﬁl “Yi(py) +6
=1

with d a " cycle.

Remark C.2.20. We can then apply remark C.2.15: fix any class aw € E¥
with o € B}, 1 < 27120~ 1), and w € E},,, such that d*"" (c) # 0. Then

0,%,%

either we have that d*"' (aw) # 0, or there exists an element x € E¥

14291 %
. j+1
with & (r) = aw.

Next, one must prove that (y,-1(p;))* = 0 by showing that it cannot
support any non-trivial differentials. The argument resembles the one
used with yoi 1 (15)7;.

By contradiction, suppose (yi-1(x;))* supports a non-trivial d** differ-
ential. As (yy:1(u;))? is a square in the 2" page, k; > 2/7'; by equation
C.2.16 it must be k; > 2772 — 1. As above, we identify d*' ((yi-1(p;))?) with
a product a;w; € E¥"" sharing the same degrees, with oy € E%,. and

*,0,%
j+1 . .
wy € EZ,; in particular:

*,%

o] = (2 — £y, 0,227 — 1) — wy)
\wl\ = (O, kl — 1,’(1]1).

By C.2.16, w; > 2i+1 — 1.

If a; = 1, one can apply the considerations at the end of this part of
the proof (choose n = 1) to deduce a contradiction. If oy # 1, it must have
a non-trivial differential at some page. We claim that it cannot be a @2’
differential, so it has to be longer. Observe that since:

deg(an) = 27+ < 2P it L) — (21 _9)9t 41

which is:
deg(a;) < (28 —2)27T +1 < (2" — 1)27 %!

for j > 0. So the element o w, lives in the region controlled by remark
C.2.20; in particular, if o; had a non-trivial ¢* " -differential, a;w; would
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disappear after the F? "' page. So o; must support a longer differential
d*2; by equation C.2.16 it must be ky > 2772 — 1.

We apply the above considerations to this step as well and identify
d* (o) with a product asw, € E¥" such that:

|O¢2| = (2i+j+1 — k1 — k9,0, Qi(Qj - 1) — w1 — wz)
|W2| = (07 ko — 1,w2).

In particular, w, > 2! — 1. This process is repeated n — 1 times until
we reach a differential d*(a,,_1) € E{f* ., we identify the image of this
last differential with an element w,, € EQJ+ 1w, Sharing the same degrees.
Since analogous considerations on degrees and weights apply at each step,
we get the equations:

deg(ozn_l) = 2i+j+1 - kl — k2 — ... kn—l = kn
w(ap_1) =22 — 1) —w; —way — ... — Wy_1 = W(Wy,) = W
So:
Qitjt+l _
o Zl:llz (C.2.21)
22 = 1) =2 wie

Now, because they survive after the £2" page and live in the range
covered by the induction hypothesis, the elements w; can be thought to
live in 7, . (A(2)/7)/(0, ..., Tj—1,&1, .. .&;); we can then apply C.2.17 to the
pairs (k; — 1, w;) to get:

n

ikl—lﬁzwl( 23'1—1)
=1 =1

which becomes:

n n 1
—n+Y k< (Zwl> (2+ g 1)
=1 =1
Plug in equations C.2.21:

which gives:

1
27 —1

n Z 2i+j+1 _ 21(2] _ 1) (2 + ) — 2i+j+1 _ 2i+j+1 + 2i+1 _ 2’6 — 22
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Back to C.2.21, using the estimate w; > 27! — 1 valid for all :
2120 —1) =) wy > n(2 —1) > 2P — 1)
=1

which is a contradiction. Hence (y2i-1(p;))? = 0 as desired.

We conclude that any homogeneous polynomial in degree smaller than
or equal to 2'27*! can be rewritten as a linear combination of the vy;(y;)
with coefficients in 2’ t!-cycles; the polynomial is moreover trivial if and
only if all coefficients are trivial. This inductively proves that the divided
powers v;(u;) are algebraically independent of the d?"" -cycles, in other
words, from everything else appearing in EEJJ .

Combining all together, we can conclude that there are a commutative
triangle:

E2j+1+1

27+1
*707* b

>
E*,O*

B2/ (vi(pg))isa
an isomorphism:
GHLL ] ~, 2i ]
B = B i)

0,%,% 0,%,%

and a tensor product decomposition:

Jj+1 Jj+1 Jj+1
E2 +1 oY E2 +1 ®1F2 E2 +1

*,@ % *,0,% 0,0,%

Plugging in the isomorphisms from the previous induction passages, we
get:

B 2 (MHH(MZ/2) /7)) (Vi(ko)s - - - Yiltt5)s M- - -5 AjYiso
BX T 2 (AQ)/T)/ (7o, s Ty 6Ly &),

Finally, since the spectral sequence is first-quadrant, the injection:

(@ rmmh)) @, (@ AM(Ah)) = o (MHH(MZ,/2)/7)

is an isomorphism in degrees smaller or equal to 2/
This concludes this induction step.
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Proof of Lemma C.2.17. This proof is very similar to that of lemma C.2.5,
which can be seen as a special case of lemma C.2.17 by choosing j = 1.
Any homogeneous element in

T (AR2)/7) (70, Tj-1, 60, - &)
is a sum of products of the form:

€ G+l _epelivn gl
— 15 i+ k Sj+1 k

with ¢; € {0,1} and /; € N. Its bidegree is:

|z =
(Z (2T =1+ > LT -2, G2 -1+ > (2 - 2))
= (Z (6 + 1) (27 —2) + ] ,Z(q +1;)(2" — 1)) = (d,w)

where we set [; = 0. The ratio degree/weight is given by:

4 _ Sl + )" - 2) 4

=7

wo S (6120 - 1)

Observe that:
[(62‘ + lz)(2l+1 — 2) + EZ} =0 <= =01=0 <= (Ei + ll)(QZ — 1) =0
We can then estimate % by giving uniform bounds on those summands:

(€ + 1) (27 —2) + ¢
(6 +14)(2—1)
for which at least one between ¢; and [; is nonzero. On one side we have:
(€ +1;)(27 — 2) + ¢ - (€ +1;) (27 —2)

- - = 2.

On the other side:
(Ei + ll)<2z+1 — 2) + €; €;
- =2 - <2 - <2 -
@t+i)@ -1 L O AT O T T Y

So:

2 < 1 <24+ !

—w — 27 —1

as we wanted to show. O

This concludes the argument for the spectral sequence at p = 2.
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3
2

b
i

3
16

i
1
i

Figure C.6: The E? page of the spectral sequence for p = 3. Some arrows, exceeding the
boundaries of the figure, are not displayed.

weight 0, weight 2,
16,

, weight 6, weight 8, weight 10, weight 12,

, weight
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Figure C.7: The E° page of the spectral sequence for p = 3. Some arrows, exceeding the

boundaries of the figure, are not displayed.
weight 0, weight 2, , weight 6, weight 8, weight 10, weight 12, , weight

16,
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Figure C.8: The ES page of the spectral sequence for p = 3. Some arrows, exceeding the

boundaries of the figure, are not displayed.
weight 0, weight 2, , weight 6, weight 8, weight 10, weight 12, , weight

16,
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C.3 MHH(MZ/p)/m " for odd p

General considerations

The induction argument for odd primes proceeds much similarly to the
already studied p = 2. The main difference here is that each generator-
each point in the diagrams- does not represent a homogeneous module
isomorphic to [F,, the field with two elements, but a module isomorphic to
F,[7]/m"~!, as appears from the spectral sequence description. Observe in
particular that this ring is not homogeneous in weight.

Nonetheless, we can adopt a similar strategy in this situation as well
and prove:

Theorem C.3.1. There is an isomorphism of graded rings:

Ten MHH(MZ[p) /") 2 @) (Tayfrl o1 (100) @yt Ny o=t (M)

heN

where

Ui r)ro-1 (1) = Fp[7, v ()] /(TP Y ()P
AFP[T]/Tpfl ()\h) = IFP[T’ )\h]/<7_p—1’ )\;21>

and the tensor product is taken in F,[r] /7P~ -algebras. The degrees are:
7 =(0,-1)  |yp(ua)| = 2" 0 (0" = 1)) [l = (2" = 1,p" — ).

The argument proceeds by induction on the number of the page; as for
the case p = 2, the key step is to prove that each page of the spectral se-
quence decomposes as a F,[7]/77!-tensor product of two graded rings: one
concentrated on the horizontal axis and one on the vertical axis. The proof
articulates as follows. On most pages, we will see that nothing happens.
On the other hand, at some specific pages (namely, those of index 2p’ or
2p't! — 1 for some ¢ > 0) we will identify an algebra generator (or a family
of generators) of ., .(MHH (F,[r])/!), that survive to that page and
generate all non-trivial differentials. At the same time, we can associate
to the image of such differentials a generator of 7. .(A(p)/77'), so that
the next page still decomposes as a F,[7]/77~!-tensor product of a quotient
ring of m, .(MHH (F,[r])/77!) and a quotient ring of 7. .(A(p)/7"'). The
process is explicit and allows us to identify inductively all the elements
T« (MHH(F,[7])/7"~'). We begin by looking at low-index pages to get an
idea of what the spectral sequence looks like and to provide a base step for
the induction argument, formulated in full precision in a later subsection.
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The first result needed is the following lemma dealing with degrees
and weights of monomials in the motivic mod p dual Steenrod algebra.
We recall that:

T (AP)/T7H) Z Fyl7, 70, Eializo/ (TP, 77)
for odd primes p; the degrees are:
I7=(0,-1) |nl=@'-1p' -1 &= (2" -2 ~1).
Lemma C.3.2. Consider a monomial:
vl e g e L (Ap) /T,

with iy < iy < ... < iy, a, bj, ¢; > 0 and either by # 0or ¢; # 0. Let

2] = (d, w); if:

) 1 p—2 1
Qi) =5 - L= -
2 2pt—2 4pt—2
then: .
w
) < = < =
Q)= 7 =3

Observe that any non-zero monomial in =, .(A(p)/7”!) can be ex-
pressed in this form. This will provide an analogue to lemma C.2.17
at odd primes.

Proof. The double degree of x is:

2| = <0+Z (25 — 1) + ¢;(2p — 2)] ,—a+2(bj+cj>(pij —1)>

= (Z [2(b; + ¢;)(p" — 1)+ b;] , —a+ Z b; +¢;)(pY — 1))

As by # 0 or ¢; # 0, the degree is non-zero, so it makes sense to evaluate:

w_—a Yl +e)eh 1)

d d d

Now, —p +2 < a < 0as 777! = 0 and the minimum degree is d > 2p’ — 2.
So: 9

. < —<0 C.3.3

2ptt —2 7 d T ( )
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To evaluate the fraction:

> i (b +e)(p — 1)
> i [2(bj 4 ¢5)(p' — 1) + by]

we make a homogeneous estimate on each fraction:
( (bj + )P — 1) )1 _ 200+ ) —1) + b
2(b; + ¢;)(p — 1) + b (bj +cj)(p —1) 7

obviously restricting to those j for which either b; # 0 or ¢; # 0, so that the
denominator is non-zero. Observe that this is equivalent to asking that
the numerator is non-zero. As b; > 0, there is an immediate lower bound:

200 + )P =) +b;
(bj +ep)py —1)  —
For the lower bound, notice that since 7']-2 = 0, each b; is either O or 1. For
b; =0, ‘
24¢(p — 1)
cj(p' — 1)
equals the lower bound (all the elements ¢; have d/w = 2). For b; = 1:

=2

2(1+cj)(pia'—1)+1:2+ 1
(14c¢)(p —1) (14c¢)(p —1)
Asc; > 0:
1 1 1

: < — < -
(L4¢)ps—1) ~ ps—17 pr—1

We obtain the homogeneous upper bound:

Nt — i1
2(1+¢;)(p " Dbl 1 -1
(1+¢)(p5—1) pr—1 pr-1
Hence:
[ S s SR Y | el et N
2 dph =2 2pn =17 Y70 [2(bj ) (P — 1) +b] T 2
Summing this and C.3.3 produces the thesis. O

We find a rougher estimate that will be more useful for computations.
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Corollary C.3.4. Q(i) > 2p'—2p+1

4pt—4
Proof.
.1 p=2 1 1 p—2 1
QU) =5 — i Y 25~ i T A
2 2p—2 4pr—2" 2 2p00—2 Apt—4
1 2p—4 1 1 2p-3
2 dpi—4 4dpi—4 2 dpi—4

2 —-2-2p+3 2 —2p+1
N Api — 4 O Api—4

O

Remark C.3.5. As we are working with differential graded algebras in
odd characteristics, for any two elements a and b, d(ab) might be different
from d(ba), as ab in general is, in general, different from ba. However, to
relieve the reader from a large number of minus signs, we will safely ignore
this whenever possible; all equalities have then to be considered true up to
a sign.

As we will see, this sign coming from graded commutativity plays a very
small role in our spectral sequence: it actively influences the behaviour of
a differential only when dealing with the square of the elements \,.

The £? page

The starting point is the E? page, see figure C.6. First of all, as the
spectral sequence is first-quadrant, the convergence constraint imposes
1 (MHH(MZ[p)[77) = B2, 0.

The presence of 7, € Ej, , and the convergence constraint imply the
presence of an element o € mo(MHH(MZ/p)/m"~1) with d?(uy) = 70.
Notice that, as d?(7) = 0, d*(7'uy) = 779, which in particular implies that
Ty #0for 0 <i <p—2.

Consider now the element 7y € E3, . It cannot have non-trivial
differentials; two reasons apply in this case. First and foremost, one could
argue this just by looking at the distribution of nontrivial modules in
the E? page. The second argument, which will prove useful also for the
next steps, consists in noticing that all the generators in 7, .(A(p)/77!)
with degree larger than 1 have weight at least p — 1; so elements in
T (A(p)/mP~1) with degree larger than 1 have weight at least 1. Hence an
element with weight 0, as 7y, cannot differentiate to them. This implies
that there exists an element vy(10) € muo(MHH(MZ/p)/m"7 ") = Ej,,
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with d*(y2(0)) = Topo. Observe that also the square 4 sits in £ o; the
Leibniz rule tells that d?(u2) = 27910, s0 we can identify 2 = 2y, (uo).

If we apply the Leibniz rule to the elements of the form 3, for
S Egv*’*, we notice that whenever [ is not a multiple of 7y, o3 sup-
ports a non-trivial d-differential. Moreover, these d” differentials surject
onto the module (r,) C . .(A(p)/7*~'). In particular, there are no ele-
ments of negative weight in ES’** and in the higher pages. Similarly,
the d” differentials out of v,(u)f, for 5 € Ef, ,, surject onto the module
oo Ej . . C E3, ,. Hence the whole E3, , column disappears from the E?
page, and in particular, there are no elements of negative weight in the
columns E7, , for 0 <i < 2.

We proceed now with an induction argument that uncovers all the
divided powers of ;;, and identifies them as the source of all the d? dif-
ferentials. At step f — 1, we suppose to know the existence of elements
Y1(tto), - - -, Yf-1(o) behaving as divided powers in characteristic p up to
degree 2(f — 1), meaning that if p* is the largest power of p smaller than

or equal to f — 1, there is a homomorphism:

]Fp[Ta Ypo (UO); <oy Ypk (MO)]/<TP_17‘YPO (M())p’ ey Yph—t (Mo)p>
— Tes(MHH(MZ/p) /")

which is an injection up to degree 2(f —1). The divided powers not indexed
by powers of p are obtained by the modulo p decomposition of the index.
Moreover, we know that any element in £2, = 7, . (MHH(MZ/p)/m"")

with degree smaller then or equal to f — 1 is a linear combination:

-1
Z Biyi (Mo)
i=0

with @2(8;) = 0 and >/ Bivi(pe) = 0 if and only if §; = 0 for all i. Any
multiple of 7y in the columns E7, , for 0 < i < 2(f — 2) is hit by a non-
trivial differential, and any non-zero multiple of a y; (1) in the same region
either supports or receives a non trivial d>-differential. In particular, all
elements in this region of the £? page, but in degree (0, 0, ), have positive
weight.

The next step of the induction procedure follows pretty straightfor-
wardly. v;_1(p0)7o has trivial ¢* differential and weight zero; as, by in-
ductive hypothesis, no element in the E3-page (hence in all the higher
pages) in the region where a differential from this element would land
has weight zero, there must be an element v,(u) € E3;,, supporting a
differential d*(v;(p0)) = v s—1(o) 70, which can be identified with a product
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of the previous divided powers by the Leibniz rule whenever f is not a
power of p. The bound on the weight implies that, if f is a power of p,
v i-1(p0)? = 0, as it has trivial d* differential by the Leibniz rule (y;_1(u0)
has even degree) and cannot support longer differentials because of the
weight.

Next, given a € Ef,()’* in degree smaller than or equal to 2f, we can
express its image via the d? differential as:

f-1
d2(04) = (Z 51‘%(,“0)) 7o

with ¢?(3;) = 0. Then:

-1 -1
d? <Z 5¢V¢+1(Mo)> = (Z ﬁm(ﬂo)> 70 = d*(a)

S0 o — Zf:ol Bivir1(o) is a d? cycle. Consider now a sum Z@f:o BiYir1 (o),
with the 3; d* cycles. First, by a similar argument as the previous one,
this sum is trivial if and only if all the ; are. Next, observe that the 3;,
which must support a non-trivial differential, must have positive weight
by the induction hypothesis. Extending linearly the differential implies
that all multiples of the v;(10) and of 7, in E7, , with i < 2(f — 1) vanish
from the E3-page; in particular, there are no elements of weight smaller
than 1 in the E? page in this region (but in degree (0,0, *)). This ends the
induction step.
Thus the following hold:

Bl \ ’ Ef,o,*
EZ o/ (vi(po)) = mou(MHH (MZ/p)/m7") /(vi(1o))io0

E3

0,%,%

> Eg ] (10) = T (A(p) /7771) /{70)
E.. =2 E, @1 Eg.,
In particular, we can identify a subalgebra:

FFP[T]/Tp_l (NO) — W*,*(MHH(MZ/p)/Tpil)

such that the inclusion is an isomorphism in degrees smaller than or
equal to 2.
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As the non-trivial class with the smallest positive degree in Ef, , is
&1 € Ej o, 5,1, there can be no non-trivial differentials of length 3 coming
out of the horizontal line Ef,o,*- As the E? page decomposes as a tensor
product, we conclude that there are no non-trivial differentials of length
3 in general, and we have a graded algebra isomorphism E? = E4, The

same applies to differentials of length from 4 up to 2p — 2, so we conclude:
BPPept>  xpw!

Observe that, since the spectral sequence is first quadrant, this implies
that the map:

U, (ry /71 (o) < T (MHH(MZ/p)/7"")

is an isomorphism in degree smaller then or equal to 2p — 2, and that the
columns Ef{:l vanish for 1 <i < 2p — 2.

Observe also that, as an additional conclusion, from the E? page on-
wards we know that there are no elements of negative weight in the

spectral sequence but in degree (0,0, *).

The £*~! page

The next non-trivial differentials have length 2p — 1. In fact, the presence
of ¢ € Egg;;,p_l and the convergence conditions for the spectral sequence
imply the existence of an element \, € E3?"}, | with d*~!()\;) = ;. By
the Leibniz rule, for any = € ngkj*l, d*~1(\x) = & ; these differentials
are all non trivial, for non-trivial z, as & € . .(A(p)/77!) is not involved
in any non-trivial relation. The ¢*~! differential produces in particular

an isomorphism:
_ 21 _ " 2
Flr)/m" " H{\} == Fylrl/ e} = B, L.

Hence E225:11,0,* =~ F,[7r]/m" *{A\1}. Observe then that the whole column

E3P~ . . supports non trivial ¢~ !-differentials, hence E?_, , , = 0.
Consider now the square \? € Egé;l_l) 02(p_1)- 1ts @' differential

is trivial because of the Leibniz rule (\; has odd degree). If \? # 0, it
survives to a higher page, and, due to the convergence constraints, it has
to support a non-trivial differential. This cannot happen: the classes with
the smallest degrees in E-*" surviving to a higher page are:

0,%,%
2p—1
1 e Egyg
2p—1
™1 € Eoop1p1

§ € EX

072p2727p271



SECTION C.3. 119

Columns E;7' to E37,, , are empty by the induction hypothesis, so the
only possibility to check is \? supporting a transgressive differential. As
2p—1<22p—1)—1<2p? —2forall p > 1+ +/2/2, this case is also ruled
out.

Now, observe that any element = € E??! can be written as z = a\; + b

*,0,%

with d~1(a) = d®~1(b) = 0. In fact, let d»~(z) = a&;; as:
0= de_l(d2p_1(I)) _ d2p—1(a§1> — d2p—1(a)§1

by the tensor product decomposition of the £?’~! page and the structure
of E;7.! it must be d~!(a) = 0. Consider now the element \;q; one has:

d 1 (a\)) = a&; = d** ()

Hence x—a\; is a d**~!-cycle. We conclude that the d?’~!-differential is non-
trivial on all the multiples of )\; in the E?’~! page by linearity; moreover
its image is always a multiple of &, and actually the only multiples of &;
that are not in the image of the ¢*~!-differential are the multiples of \;¢;
(which on the other hand support a non-trivial d%—1).

More accurately, there are commutative diagrams:

EX, —— EX
EZ (M)

EX 2w (MHH(MZ/p)/m)/ (yi(ko), M)izo

*,0,%

B, = B €)= m(Alp) /7Y ) (10, &)

2p ~ 2p 2p
E - E*,* ®Fp,7 E.,*

*,@ %

In particular, we can identify a subalgebra:
L, r)/ro-1 (10) s[5l jro-1 Apyir) -1 (M) = T (MHH(MZ/p)/7777)

such that the inclusion is an isomorphism in degrees smaller than or
equal to 2p — 1.

Observe that, by the above conclusions, the rows Eflz* for1 <i<2p-—2
and the columns E?  for 1 < j < 2p — 1 are empty.

J?*7*
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The £ page

This section is dedicated to the study of the E?” page; this is in fact just a
special case of what is treated in subsection C.3. It is exposed indepen-
dently because weighting arguments are simplified by the absence of the
varying exponent and the degrees are small enough (at least when p = 3)
to allow visualisation of the page in small degrees by direct computation,
see figure C.8.

The following proof will show a behaviour very similar to that of the E?
page: there is an infinite family of elements of ., .(MHH(MZ/p)/771),
organised in a divided power structure, call them vy;(y;), that is the only
source of all the differentials of length 2p. The independence this family
and other elements in motivic Hochschild homology then implies that
they are everything that disappears from Ef’%’* passing to the next page;
symmetrically, so does the ideal (r;) € ngk’*, which lies in the image of
the d?-differential. This produces a tensor product decomposition in the
E**l.page as well. The major difference with the E?-page, and the major
difficulty to overcome, is that the y;(x1) do not share all the same weight;
in fact we will see:

[Yi(p)| = (i 2pi- (p—1)).

As i increases, elements like v;(u1) or v;(11)m could potentially be the
source of very long differentials. A straightforward weight argument is not
enough to exclude this possibility this time, so one of the main concerns
of the following proof is to solve this issue.

The argument proceeds essentially by induction on s, deducing at
each stage the existence and properties of y,(1;) and establishing what
happens in the columns E? , for i < 2p(s — 1). More precisely, for each

T,%,%

integer s > 1 we formulate four statements:

1,. There exist elements p1 = yi(u1), Y2(p1), - .- vs(p1), with vi(u) €
?gpi,o,i(pq)) , respecting all the multiplicative relations of divided pow-

ers in characteristic p that are expressed by a homogeneous equation

of degree smaller than or equal to 2ps. They support d*’-differentials

d?(y;(111)) = Yi—1(p1)71. Recall that we use the convention yo(y;) = 1.

2. The identity (y;(u1))? = 0 is known to hold for all integers i < s but
the largest power of p.

3s. Up to degree 2ps, every element in Ef%* can be written as
S g aivi(p), with d*(a;) = 0 and yo(u1) = 1. In particular,
every non-trivial d?" differential originates in an element of the form
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SO awyi(m), with d? () = 0.
Moreover ) _, o;v;(11) = 0 if and only if o; = 0 for all i.

4,. Every row starting with a multiple of 7; vanishes after the E?’-page,
up to degree j < 2p(s—1). In particular, all such elements are targets
of non-trivial d*-differentials.

The proof is divided into three parts.
A. We first show that, for each s > 1,

1,,3,_1 = 3, = 4,.

B. Then we show that it is enough to prove statements 1 and 2 on the
powers of p, namely the implication:

L, 1oy 15,210,200, 2 = 15,2 forall s < p/*! — 1.

C. Finally, we prove 1,; and 2,; with an induction argument; the base
step consists of showing 1, and 2;(which is a trivial statement), while
the induction one is:

1pj_1, 2pj_1, 3pj_1, 4pj_1 = 1pj, 2pj for all j > 1.
The first implication roughly follows from the fact that ng”gp_L* is a
free F,[7]/(77~!)-module on a single generator. In fact, suppose we have

proven statements 1, and 3,_;. To prove 3,, consider an element x € E?f)’*
for some j < s such that:

d*(z) = ym, with y € E?32p707*.

As j —2p < 2p(s — 1) we can apply statement 3,_; and write:

s—1

Y= Zai ~vi(p1) with d%(a;) = 0 and yo (1) = 1.

1=0

Observe that, for s = 1, y is an element in the zeroth column: this state-
ment reduces to the observation that its d*’-differential is trivial. Now
consider the element:

[y

s—

Qg - %‘+1(/~01)

=
Il
-
Il
()
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Statement 1, ensures the existence of such v, (x1). Moreover, by the
same hypothesis:

d*(7) = Z ;- vi(pm)m = d*(z)

But then 3 = x — 7 is a d*’-cycle, hence one can conclude:

s—1

r=i+B8=> a-via(m)+8

=0

as desired.

One proves 4, by a very similar argument: pick an element 0 # = €
Eii*, with ;7 < 2p(s — 1), which is a multiple of ;. By what we have
just shown and by the tensor product decomposition of the £?’-page, this
means that it can be written as:

r = (Z Oéﬂ/i(Ml)) Y1

with d?’(a;) = 0 and y not a multiple of 7, (otherwise z = 0 as 7 = 0). By
what we have just seen, the element:

s—1
Z OéiYiJrl(Ml)y
i=0

exists and d?’-differentiates to z.
To conclude, consider a sum:

Z%‘ ~Yi(p1) =0
i=0

living in a degree smaller than or equal to 2ps. By applying the 4%
differential: . .
0= dQP(Z a;yi(p)) = Z a;Yio1(p)T
=0 =1

From the tensor product decomposition, this implies that > "> | a;y;—1(p1) =
0, hence, by 3,_1, that a; = ... = a, = 0. Then also oy = 0.

Part B. of the proof is a consequence of the presentation of the divided
power structure in positive characteristic p:

Ui el /et (11) = Fpl, Ypi (1) ]izo/ (TP, (Ve (12))7)
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For any s € N, write s = Y, ya;p', with 0 < a; < p. Observe that the
choice of the a; is unique (and the sum is finite). Then one defines:

Volun) = [T (@)™ (e pua))™

€N

Under our assumptions, these products are well defined for all s < p/™ —1
as they involve only the v,:(11) up to ¢ = j. It is also immediate from the
hypothesis that their p-th power vanishes, thus proving 2s. It is finally an
algebraic exercise to show:

Lemma C.3.6. With the above definitions, for s < p™ — 1, d*"(y,(u1)) =
Ys—1 (1) 71
Proof. Recall that:

B () = Yy ()i = (H (p—1)H™" (ka(#l))p_l) Ty.

k=1

One has:

" (ys(m)) = d* (H (a:)™" (v (m))“i)

1€EN

= Z ((a = D))" (ype () (H (i (ka(m))p_1>
no I (@)™ (vps ()™

JEN—{i}

by the Leibniz rule (observe that the degree of each factor is even, so no
minus signs are appearing). Let i be the smallest index for which a; > 0.
Then each summand with i # ¢ is null: the p-th power of v, (1;) appears
as a factor, and by hypothesis 2 ; it is zero. Hence:

& (vs(p1) = (a5 = DN (v () (1:[ (1)) (ka(ul))“)

( IT (@™ (w(m))‘”) 1
JeN—{i}

which is exactly y,_1(u1)m according to our notation. O
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We proceed then with point C. of the proof. The base step has already
been discussed in the introduction to this section; for greater clarity, we
give a separate argument also for j = 1, as it is slightly simpler than
the general case and is close enough to the origin to be visualised on the
spectral sequence graph. In particular, we will show:

* That y,_; (1)1 cannot support a non-trivial differential; hence, by
the convergence assumption, it must be hit by some non-trivial dif-
ferential, which, by the induction hypothesis on E? page, must
originate from the zeroth horizontal line. We call y, () the origin
of such differential.

e That (Ml)p = 0.

Let’s argue the first claim by contradiction. Given the tensor product
decomposition of the E?’-page, trivial elements in E-* , detect trivial rows.

0,%,%

The non-trivial F,[7]/77~!-module generators in the zeroth column with
the smallest degrees are:

1 with (degree, weight): (0,0)
71 with (degree, weight): (2p — 1,p — 1)
¢, with (degree, weight): (2p* — 2,p* — 1)
m, with (degree, weight): (2p* — 1,p* — 1)

(C.3.7)

The weights of elements of higher degrees are higher as well. Each of
these elements generates a free module over F,[7]/77~!, so weights range
from that of the element to that minus p — 2.

Suppose then by contradiction that vy, _;(x1)7 supports a non-trivial
differential, say of length ;. As d*(y,_1(p1)71) =0, l; > 2p. Even though
we do not know (yet) that the £’ enjoys the tensor-product decomposition,
every element there is a sub-quotient of a homogeneous module in the
E?P-page. One can then choose elements «o; € Ef%* and f; € Eg’i* such

that «; 3, is a non-trivial summand of an element belonging to the image
dl1 (Yp,1 (/Ll)Tl). Then:

il =(p—1)2p—0L,2p—14+ 1 —1,p(p—1))

Now, 3, lies in the row of & or higher, so it has minimum degree 2p* — 2,
S0 2p — 2 + 1 > 2p? — 2, in other words, [; > 2p? — 2p. But then the degree
of ayis(p—1)2p— 11 < (p—1)2p — 2p? — 2p = 0, so it must be 0, by the
shape of the spectral sequence. (We can then assume «; = 1 without loss
of generality). Hence:

’04151’ = (O, 2172 - 271?2 —p)
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In the E?P-page, the module in that position is generated by &, which has
weight p?> — 1. The minimum weight achieved there, given by the greatest
non-trivial power of 7, 7772, is p> — p + 2 > p? — p, hence there can be no
non-trivial differential out of y,_1(111)71. There must be then an element
Yolin) € B3y o, 1) With d(v, (1)) = Yp1(p)mi.

Consider now (u;)?. We already argued that d?”((x;)?) = 0. We show
that also all the higher differentials are trivial. Given the shape of the £%-
page, the next (and only) possible non-trivial differential could be a d%°,
reaching degrees (0,2p*> —1,p(p—1)). The module here is (a subquotient of
the module) generated by 7»: the elements here have weight p> —1—p+2 <
w<p?—1. But p(p — 1) = p* — p < p* — p+ 1, so no non-trivial arrow is
possible. We can conclude that, as (;;)? is a permanent cycle, given the
constraints from the convergence result of the spectral sequence, we must

have (11)? =
Let’s move to the general induction argument. We first prove statement
1,i. Consider the element vy, (1 )n € E?;Zq)zp 2p— 1.0 (p1)° The proof is

split into the following three considerations:

(i) No polynomial of elements of degree smaller then p’(2p) hits it with
a d* differential.

(ii) It has trivial d?.
(iii) It cannot support a longer non-trivial differential.

Since it must disappear in the E°°-page, there must be then a new class
Yy () € E(QZZ)QP,O,N(P—I) with d* (v, (p1)) = Vpo—1 (1) 71, proving 1.

To prove (i), suppose by contradiction such a polynomial P exists.
Recall that the columns Ef{:* are empty for all 1 < i < 2p, so all factors
in the monomials of the polynomial have degree at most 2p(p’ — 1). We
can then apply our induction hypotheses 1,,_;, 2,,_; and 3,,_; to each
monomial. Hence, by rearranging the terms, we can write:

p-1

P = Z asYs(p) + k(yzﬂ"l(”l))p

s=1

with d*(as) = 0 and k € F,[r]/77~ .
Apply the d?7 differential:

p-1

dzp(P) = Z asYs—l(PJl)Tl = ijfl(ﬂl)Tl.

s=1
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Figure C.9: A visualisation of what should happen if y;,; _; (1)1 supported a non trivial
differential.

By the tensor product decomposition, this is equivalent to a relation:

p-1

'ijfl(llq) - Z asYs—l(P«l) =0

s=1

living in degree (p’ — 1)2p, which contradicts hypothesis 3,; ;.
The proof of (ii) is a simple computation:

AP (Vo1 (p1)71) = Vpi—2(p1)Tim = 0

because 77 = 0.

The proof of (ii7) is a bit more involved; it roughly goes as follows: one
assumes by contradiction that there exists a non-trivial differential out
of v,i_1(p1)71, which, in light of (ii), is longer than a d*, and consider
the degree and weight of the element that is hit. This happens on a
higher page, so the element does not correspond in general to a single
element of the E?’-page, but rather to a homogeneous submodule. Since
our argument involves only degrees and weights, we might as well identify
it with a monomial in the £?P-page, decomposing it as a product of some o
on the horizontal line Ei%,* and some [ on the vertical line ng;*. We then
look at a non-trivial image of o via some longer differential and similarly
decompose it thanks to analogous considerations. We repeat the process
until we hit the vertical line. By carefully tracing variation in degrees
and weights (we will see that the differentials involved have to be quite
long) and finally applying lemma C.3.2, we reach a contradiction. This is
visually rendered in figure C.9.

First things first, suppose then y,;_;(1)7 survives to a higher page
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and supports a non-trivial longer differential d¢*'. Let

2p
€ E(pj—1)2p—k1,07pj(p—1)—w1

2p
Br € By op i -2,

be such that o, 5; has the same triple degree of d*' (v, _;(u1)71) and a; 31 #
0 Bk,

Such elements exist because the E*'-page is a homogeneous subquo-
tient of the E?’-page, which by hypothesis decomposes as a tensor product
of a vertical and a horizontal ring. So elements in the E*'-page can be
seen as homogeneous sums of elements from the E?’-page, modulo some
additional relation. We can impose a lower bound on &;. From C.3.7, the
next non trivial row at the E?P page is the (2p? — 2)-th, represented by the
element &, s0 2p + k1 — 2 > 2p* — 2, or k; > 2p? — 2p. Observe that we have
a lower bound on the weight: as the weights of the generators of the dual
Steenrod algebra, the smallest weight appearing in the module generated
by &, (that of 7°72&,) is the smallest weight that 3, can have. In particular,
wy > p* —p+ L.

Next, we consider the behaviour in the spectral sequence of ;. Observe
that its degree is

(' —1)2p—ky < (pP —1)2p—2p° +2p =20 — 2p?
=2p(p’ —p) < 2p(p’ —2),

so we are in the range where both 3,;_; and 4,;_; hold: in particular, 7,
does not divide /3;. Also, a; has to support a differential longer than a d*”:
if that were not the case, by 3,;_; we could write:

pi—1
o) = Z dﬂ/i(,ul)
i=0

d*(q@;) = 0, with some &@; # 0 for ¢« > 0. By 4,1, 51 is no multiple of
7, (otherwise o3, would vanish after the £?’-page). But then also «o;3;
would support a non-trivial d?’-differential.

Say then a; supports a d*2. As before, we can identify:

2p
Qz € E(Pj —1)2p—k1—k2,0,p7 (p—1)—w1 —w2

2p
ﬁ2 € Eo,kg—l,’wz

such that a3, has the same triple degree of d*2(«;) and ay3, # 0 € E*.
In particular, 7; does not divide ;. As before, the shortest possibility for
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d*2 is to reach the line generated by &. This imposes:

ky > 2p? — 1
wy >p* —p+ 1.

One can apply the same reasoning to the element «,, thus finding
elements:

2p
a3 € E(Pj —1)2p—k1—ka2—k3,0,p7 (p—1)—w1 —wa2—w3

2p
Ps € EO,ks—st
with

ks > 2p* — 1
wy > p* = p+1,
with 71 not dividing (5,. We repeat the process n times, finding analogoud
sonclusions for the «; and f;, until the differential d*"(a,,_1) = 3, lands

in the zeroth column. Let w, be the weight of such j3,,; observe that the
conditions:

k,>2p° —1
w, >p*—p+1

hold also in this case. From the degrees and weights of the «;, we get the
equations:

(' —1)2p—=> ki=0
=1

n—1

=1

1

(C.3.8)

Lemma C.3.2 provides further estimates on the quantities k; and w;.
In fact, the 3; all come from elements of the dual Steenrod algebra that
can be expressed as homogeneous sums of monomials where 7y, & and 7
are absent. We have then inequalities:

(2p+ ki —2)

N | —

QE2)2p+ k1 —2) <wy <

1

Q2)(k; —1) <w; < -(kj — 1) for j > 2

N |
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where:

Q(2) <2p—|—/€1—2—|—i(k‘j—1)> géw]g%(2p+kl—2+z (k; —1)

3

2> ki +Q2)2p—n—1) <) w; <
— :
Plugging in the equalities C.3.8:

1(2p—n— 1)

Q)Y - D2+ Q2)(2p—n-1)<p(p-1) < () -~ p+ 5

Rearranging the first inequality in particular gives:

Q)P —1)2p—p'(p—1) <QQ2)(n+1—2p)
Pp—1)

(P —1)2p — 00 +2p<n+1
1 (p—l)

Now go back to equation C.3.8; in particular using the fact that each
w; > p* —p+ 1

41 Pj(p_l)

This is a contradiction. In fact:

Pip=1) ot Pp—1)
p? —p+1_ Q(2)
Plp—1) o Pl-1) _pPlp-1)
pPP—-p+1 b2y zﬁ—p+1§ Q(2)
p—-1 _p-1
pPP-p+17 Q@2
p» 1 _ 1
p—1 p2—p+17~ Q2

—1

2pj+1 .

2p —
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Plug now in the estimate C.3.4:

2p 1 < 4(p* —1)
p—1 p>—p+17~ 2p2—-2p+1
2p(2p* —2p+1) 2p* —2p+1

<4p® —4
p—1 P—p+l =P
2p(2p? — 2 2 W —2p+1+1-1
p2p*—2p)  2p 2P =2t 1+ < 4?4
p—1 p—1 pP—p+1
W—2+2 2pP—p+1)—1
p—1 pP—p+1
P L < 4
p—1 pP—p+17
2 1
—4

which is a contradiction, as the left-hand side is positive. This concludes
the proof of 3,;.
The proof of 4,; follows a similar strategy. In particular, as:

AP ((Ypi—1 (11))") = p(Ypi—1 (1)) "1 = 0

(recall that y,;-1(11) sits in even degree), we just need to prove that it
cannot support a nontrivial longer differential. Then, since there are no
permanent cycles away from (0, 0, ), we must have (y,;-:(¢1))” = 0. Recall
that:

(Yo ()Pl = (p- 207, 0,p - P (p — 1)) = (2P"7,0,p’(p — 1)).

Suppose by contradiction that there is some d*' ((y,-1(11))?) # 0 € E*.
We can then identify elements:

2p
a1 € E2pj+1—k1707pj(17—1)—w1

2p
Bl S EO,k1—1,’w1

such that a3, # 0 € E" sits in the same degrees and weight of
d* ((vpi-1(p1))P); as before, such elements can always be found. Moreover,
due to the induction hypothesis, we know that 7, cannot divide ;. As
ki > 2p, because of the structure of the E*-page, we can conclude by
C.3.7:

ki—1>2p%—2

wy >p* —p+1.
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We study then the behaviour of «; in the spectral sequence; as its
degree is: ' ‘ ‘
29—k < 2P =27 + 1 < 2p(p) - 2)

by a simple computation, we are in the range where both 3,;_, and 4, _,
apply. The same argument as before gives that «; supports a differential
d*? with k, > 2p; in particular, it allows to find elements:

2p
Qg € E2pj+1*k1*k2,07pj (p—1)—wi—w2

2p
62 S EO,kg—l,wg

with a3, # 0 € E* sitting in the same degrees and weight of d*?(a;) and
71 not dividing [(,; the constraints:

ko —1>2p*—2
wy >p* —p+1
apply here as well.
We proceed in the same way for other n — 2 times, drawing the same

conclusions, until
k _ 2p
d (an-1) = Bn € B¢y, 1,

lands in the zeroth column. Naturally, k£, and w, satisfy the same con-
straints as the other k; and w;. Putting everything together, we get the

equations:
Qﬁ“:EZh
=1

Pp—1) :Zwi.

Because the 3; can be seen as elements of the dual motivic Steenrod
algebra modulo p that are not multiples of 7y, 7 or &, from C.3.2 we have
the additional constraints:

(C.3.9)

ki —1

Q2)(k;—1) <w; < forall1 <i<n.

Focus on the first inequality. Summing on all indices i and plugging in

C.3.9: . .
Q(2) (Z k:) —QEm <Y w

Q2)(2p") —Q2)n < p'(p—1)
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So ,
Pp—1)
Q2)

Now go back to C.3.9, and recall that each k; > 2p? — 1:

n > 2pi+1 .

2p”4==§:ki27w2ﬁ”—1)2 <%ﬂ+l—gfg%%;i>(2p2—1)

This is a contradiction. In fact:

opitt > (2pj+1 . p](pé)l)) (2p2 —1)

0
p—1 2
2p > (22?— W) (2p° = 1)
Q2 > (Q(2) - %l) (2" — 1)
%1(% 1) > Q@)@ - 2)

Now use the estimate C.3.4:

2p° —2p +1

A1)

(p—1)(2p° = 1) > p(2p® — 2p + 1)

20° —2p° —p+1>2p° —2p> +p
1>2p

_2pP—2p+1

(2p° —2) 5

%(z 2_1)> Q)2 - 2) >

which is a clear contradiction. We have thus proven 4,;, concluding the
induction argument for the E?’-page.
We can then conclude that there are commutative diagrams:

2p+1 2p
E E*,O,*

*,0,%

|
B2/ (Vi(p)) iz

Bl e m (MHH(MZ/p) /7™ Y/ (vi(1o), M, Vi) )izt

*,0,%

Egitkl = Egi,*/<7'1> = W*,*<A(p)/7'p71>/<7'07 &1,71)

2p+1 ~ p2p+1 2p+1
E*:‘?* - E*707* ®]FP[T]/TP_1 EO?'?*
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In particular, we can identify a subalgebra:

L, fr1/re-1 (t0) @y ro-t Aryiryfro=1 (M) @ryprljro=t Teyfri o2 (1)
— Tu( MHH(MZ/p)/7" ") (C.8.10)

such that the inclusion is an isomorphism in degrees smaller than or

equal to 2p.
Observe that, by the above conclusions, the rows Efﬁf for1 <i<2p*-3
are empty; consequently, by the convergence constraint, so must be the

columns E]?f:;l for 1 < j < 2p? — 2. This shows in particular that the

inclusion appearing in equation C.3.10 is an isomorphism actually up to
degree 2p? — 2. We will expand on this in the next section.

The induction step

We prove now the general induction step. First of all, we clarify the
induction hypothesis, which we have kept more or less implicit up to
now. The t-th stage of the induction studies the behaviour of the spectral
sequence in the E'-page and illustrates the appearance of the E'*!-page.
More precisely, we distinguish for the induction hypothesis H; three cases:

H,,; For t = 2p/ — 1, for some integer j, the source of all the d2r’ 1.
differentials is the subalgebra generated by a square-zero element
Aj € E(Qggj__11’07pj_l), that hits transgressively ¢; € E?é’é;}_lpj_l). In fact,
there are commutative diagrams:

2pd 2p7 —1
E*,ZE),* —— E*,%],*
EX )

so that:

Ef,poj,* > (MHH(MZ/p) /™) /(vi(ko)s Yi(t1), - Vilpj—1)s My <oy Ajhis,

Eol = /(&)

0,%,% 0,%,%
= W*,*(A(p)/Tp_l)/<7—0, Tiy o5 Tj—1, 51, . a§j>
and a decomposition:

2pj ~ 2])‘7 2pj
E*7.7* - E*’(J?* ®FP[T1|/TP71 EU7.’*
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In particular, we can identify a subalgebra:

j-1 ;
<® FFP[TJ/TN(W) BE, )/t (@ A]Fp[T]/Tpl()‘h)>
h=0

h=1

< 1 (MHH(MZ/p)/mY)

such that the inclusion is an isomorphism in degrees smaller than
or equal to 2p/ — 1.

Remark C.3.11. This description of 7..(MHH(MZ/p)/"~ "), to-
gether with the already known structure of . .(A(p)/m7~"), implies
that in the E* -page the rows with indices from 1 to 2p/ — 2 and the
columns with indices from 1 to 2p’ — 1 are empty. This is compatible
with the spectral sequence being first-quadrant and the sparsity of
the E*°-page.

For t = 2p/, for some integer j, the source of all the 2 -differentials

is the subalgebra generated by the divided powers v;(x;) on an

2pd

element p; € E In particular, ;; hits transgressively

, (2p7,0,p7 —1)"
T; € E(Zé’] o —1.pi—1)" In fact, there are commutative diagrams:
2p7 +1 2p7
E*’IE)7* c—> E*)IEL*
2p7
E ./ (vi(ky)) iz

so that:

Ef%yrl = (MHH(MZ/p)/7" )/ (vi(po), vi(pa), - Vilpg)s Aty -, Aj)is1s

Egh = Egh. /(7))

%JW*’*(A(p)/Tp_l)/<T0,7'1,...,Tj,gl,...,fj>

and a decomposition:

2p74+1 A~ 12p7 +1 2pI 41
Eew FEi0x ©Rylrjrr-t Boex
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H,

In particular, we can identify a subalgebra:

J j
(® FFP[T]/Tpl(:uh)) QF,[r]/rp—1 <® AF,,[T]/Tpl()\h))
h=0

h=1

— T MHH(MZ/p) /")

such that the inclusion is an isomorphism in degrees smaller than
or equal to 2p’.

Remark C.3.12. Observe that this description implies that in the
E?P'*l.page, the columns with indices from 1 to 2p’ are empty. Be-
cause the spectral sequence is first quadrant, we know that the rows
from 1 to 2p’ — 1 must be empty as well. However, our knowledge of
Tux(A(p)/7P71) allows us to look further: in the E*'™-page, the rows
with indices from 1 to 2p’*' — 3 are already empty; in row 2p'*1 — 2
the element &, waits to be killed at a higher page.

For all the other #’s, nothing happens: all the d‘-differentials are
trivial, hence E'*' =~ E'. In particular, if j is the integer with
2p) <t < 2p't! —1, the E'*'-page presents the same tensor prod-
uct decomposition as the £%’+!-page. Moreover, we can extend our
knowledge on the inclusion:

! i
®FFP[T}/TP71(Mh) ®FP[T}/TP71 ®AFp[T}/7P*1(/\h)
h=0 he1

— T MHH(MZ/p) /")

proving that it is an isomorphism up to degree ¢. In particular, all
columns in the E'™!-page indexed by 1 to ¢t are empty.

Pages where nothing happens

We begin with the last case, which is the easiest. Let 2p’ < ¢t < 2p’*!1 —1 and
assume H, ;. As we are dealing with a first quadrant spectral sequence,
due to the tensor product decomposition of the E‘-page, any differential in
the spectral sequence must have a counterpart in the bottom horizontal

line.

But from remark C.3.12 the first non-zero row it can encounter is

the 2p/tt — 2 >t — 1: it is too high. So all the d'-differentials are trivial,
and Fit! =~ E,
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From the convergence requirement of the spectral sequence, there
cannot be permanent cycles outside of degree (0,0); any element in Efgl*
would not be able to support any non-trivial differentials, creating a per-
manent cycle. So Efng* 2 (0 and hence, by the tensor product decomposition
of the Et*'-page, E!T' = 0. But then the inclusion:

T,k %

h=1

j j
(@ FFp[rl/Tp—l(ﬂh)) QF,frlrr— (@ AFp[ﬂ/rp—l(Ah))
h=0
— M (MHH(MZ/p) /7" ")

is an isomorphism also in degree ¢, proving the induction step H;.

The £E2” ! page

The argument to prove Hy,;_; goes in parallel with that for the £27~! page
described in C.3, of which is in fact a generalisation. For the inductive
proof, we assume H,,;_», in particular we assume to know that:

EX 2 a (MHH(MZ/p) /™) /(vi(ho), - Vilpim1): M-, At )iz
ng:’;l = 7T>«<,>|<(~’4(p)/7—p_1)/<7—07 Ty« 7Tj—17 517 e afj—l>
EX = ER L @yt Boay
(C.3.13)
and that there is a subalgebra:

i1 i1
<® FFPH/T“(W) O, [r]/77—1 (@ AFp[rl/rpl(Ah))
h=0

h=1

— T MHH(MZ/p) /")

such that the inclusion is an isomorphism in degrees smaller than or equal
to 2p’ — 2. In particular, we have that the columns E? ;! for 1 < a < 2p’ —2

and the rows Eff;;l for 1 < b < 2p’ — 3 are empty.
The above description of the page and the convergence hypothesis that
the ¢?"'~!-differential produces an isomorphism:
BT S B = (Bl /)

2pJ —1,0,% 2pJ —1,0,%

Hence there exists an element \; € E22£ 5:11 0p_1 Such that Eggj:ll 0n =
(Fp[7]/77){As}-
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Observe that because of the Leibniz rule, this d2’ dlﬂ'erential kills
all the multiples of ¢; in the zeroth column: for any z € ng; . ,we have a
differential:

Mo L

For x # 0, this differential is non-trivial because of the algebra description
of the E??’~! page: on the one hand, the tensor decomposition of the F?»'~1-
page C.3.13 assures that A\;z # 0; on the other hand, {;z # 0 because of
the algebra description of the zeroth column. _

Next we show that \? = 0. As ); survives up to the £’ ~'-page and
has an odd degree, by the Leibniz rule for graded rings:

d*(A\2) =0 for k <2p/ — 1.

As again nothing but zero can survive in degrees different from zero if
A7 # 0 it has to support a non-trivial differential, longer than a d*'~!
by what we have just seen. But Ef’; “!for1 < b< 2 — 3 are empty by
induction hypothesis, so will be empty in the higher pages as well: the
only possibility left is to have a transgressive differential, so k = 2(2p/ —1).
Now:

2(2p7 —1) (2 (2p7—1)
d(p )O‘)EEM; —32pi—2°

The lowest degree F,[7]/77~'-module generators of B

O**

are:

1 with (degree, weight): (0,0)
¢; with (degree, weight): (2p’ —2,p/ — 1)
7; with (degree, weight): (2p/ — 1,p/ — 1)
& with (degree, weight): (4p’ — 4,2p’ — 2)
¢;7; with (degree, weight): (4p” — 3,2p’ — 2)
¢ with (degree, weight): (6p” — 6,3p’ — 3)

¢,11 with (degree, weight): (2p/*! — 2, /! — 1)

All the other generators have higher degrees. As one can see, the only
possible recipient for ¢~ ()?) is in the module generated by ¢;7;, which
however vanishes after the £%’'~!-page. Because of this degree argument,
all differentials out of \? are trivial, hence A7 = 0.

To conclude, we show that an element is involved in a non-trivial
d?P’~! differential if and only if it is a multiple of \;, up to d?’~!-cycles,
or is a multiple of ;. More precisely, we first see that any element z €
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EX ! can be written as & = a); + b, with @' ~'(a) = &' ~'(b) = 0. In

*,0,%
fact let = € E2% ' have d*'~!(z) = a&,. Consider the element \a; one
has d*'~'(\a) = a& since 0 = d*'~1(d*’~(x)) = d*’~'(a)&,. Hence b =
x — M\a is a d* ~'-cycle. Observe that, by the tensor decomposition of
the E2P’~-page, this characterises tensors starting from other rows: an
elementary tensor rw with x € Efﬂ; "and w € ng:’;l has a non-trivial
d?’—'-differential if and only if = has a non-trivial d?’ ~'-differential, and
A (zw) = ' (z)w = afyw with @ € Effi;l a d*’~'-cycle. We can
actually draw the above conclusion for any element of the E2” ~!-page,
independently of the row: it supports a non-trivial differential if and only
if it is a multiple of \; up to some 42"’ ~'-cycle.
This proves that the ideal generated by \; disappears from the E .
page.
Symmetrically, all elements in the image of the 2’ ~!-differential are
multiples of {;; not all multiples of {; are, though, in the image of the dzr’ -1

differential. However, consider an elementary tensor that is multiple of ¢;,
say y = xc€f, with z € E® ', d>0and c € EX

*,0,% 9 0,%,%

! not a multiple of ;. By
the previous point we can write z = a); + b, with d*’~'(a) = d*’~'(b) = 0,
so that y = (a); + b)c€}. If a # 0, then ' 1(y) = acfj-”l #0. If a = 0, the
element )\jbcé“f_l supports a differential d2pj*1()\jbc§;1_1) = be€} = y. Hence
the image of the d°”’~! consists precisely of those multiples of ¢; that have
trivial ¢’ ~'-differential. This proves that also the ideal generated by &;
disappears from the E%’-page.
This concludes this step of the induction, proving hypothesis H,,;_;.

The E2 page

Last, we prove H,,; for any positive integer j. Observe that we already
proved this for j = 0 (section C.3) and for j = 1 (section C.3); this step is, in
fact, a generalisation of what happens in the E% page: the proof follows the
same arguments, with the additional complication of the generic exponent
j here.

Our induction hypothesis at this step is given by H,,;_;; in particular,
recall the decomposition:

Ef,%tl = Tr*,*(MHH(MZ/p)/Tpil)/<’YZ(:u0)7 cv- 7’Yi<:uj*1>7 )\17 R )\j>i21

E(Q)f:’;l = 7_‘_*7*(./4(1))/7_1071)/(7_07 T1y- - 7Tj717 517 s 7€J>
E> =~ EZ5.+ ®F,jr)/ro1 Egh

*,@ % 0,0,%
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and the injection:

j—1 7
(® L, 7] o1 (Mh)) R, [r)/rr-1 (@ AFP[Tl/Tw(Ah)>
h=0 h=1

= Tuu(MHH(MZ/p)/7"")

which is an isomorphism up to degree 2p’ — 1. In particular, the rows Ef’;]*

for 1 < a < 2p’ — 2 and the columns Ef{’: ,for 1 < b <2p’ — 1 are empty.

To prove H,,; we adopt the same strategy as in section C.3; in particular
we make four statements, for each s > 1:

1,. There exist elements y; = vi(;), V2(ty), - - vs(1y), with vi(p;) €
(25’;]-1.7011.(1)]-_1)), respecting the multiplicative relations of divided pow-

ers in characteristic p expressed by homogeneous equations of degree

at most 2p’s and such that d*’ (v;(u;)) = vi—1(i;)7;. Recall that we

use the convention v (y;) = 1.

2;. The identity (v;(1;))? = 0 is known to hold for all integers i < s but
the largest power of p.

3s. Up to degree 2p’s, every element in Ef%}* can be writtenas > ., o -
Yi(p;), with d* (o) = 0 and yo(;) = 1. In particular, every non-
trivial ¢’ differential originates in an element of the form > 7 | «; -
vi(pi), with d? (o) = 0.
Moreover Y ;_, o - vi(p;) = 0 if and only if ;; = 0 for all 4.

4,. Every row starting with a multiple of 7; vanishes after the E? _page,
up to degree 2p’ (s — 1). In particular, all such elements are targets
of a non-trivial d?”' -differential.

The proof is again divided into three parts.
A. We first show that, for each s > 1,

1,351 = 35 = 4.

B. Then we show that it is enough to prove statements 1 and 2 on the
powers of p, namely the implication:

Loy ooy by 21,00, 200 = 14,2 for all s < p*t! — 1.

Pk
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C. Finally, we prove 1. and 2,» with an induction argument; the base
step consists of showing 1, and 2;(which is a trivial statement), while
the induction one is:

1pk_1, 2pk_1, 3pk_174pk_1 = 1pk7 2pk for all % > 1.

The proofs of A. and B. are the same as in section C.3, up to relabelling
of y; with 1, and 7, with 7;, and adjusting the corresponding degrees and
weights, so we are not presenting them again.

To prove C., we proceed by induction. Our strategy closely follows the
one in C.3.

Statement 1, constitutes the base step: it reduces to the existence of
an element n; = v1(y;) € Eng;’&pj_l and a 2p/-differential: d*” (i;) = 7;.
This immediately follows from the structure of the E? -page: the element
Tiis T £0€ EY so the transgressive d*” -differential:

0,2p7 —1,pi -1
2nJ 29I 297 _
d2§j,0,* : EQII))j,O,* - Eﬂgpj—l,* = (IFP[T]/TP 1){Tj}

has to be surjective. On the other hand, as we do not want to produce
permanent cycles in degree (2p’, 0, %) either, it has to be injective as well,
hence:

B o (Fy[r]/m ) {1y}

with [p1;] = (21,7 — 1).

We are now ready for the induction step. We begin by recalling what
ngi* looks like in low degrees; here the F,[r] /77~ !-module generators with
the smallest degrees are:

1 with (degree, weight): (0,0)
7; with (degree, weight): (2p’ — 1,p’ — 1)
§;+1 with (degree, weight): (2p7 =2, pt — 1)
;41 with (degree, weight): (2p/™" — 1,p/™" — 1)

(C.3.14)

Observe that elements with higher degrees here have higher weights
as well. Moreover, as weights in F,[r]/7"~! vary only from 0 to —p + 2,
weights present the same span in each of the modules mentioned above.

To prove inductively 1, for all larger k, as before we split the claim
into three smaller statements regarding the element v,._;(11;)7;:

(i) No polynomial of elements of degree smaller then p*(2p?) hits it with
a d??’ differential
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(i) It has trivial d%’
(iii) It cannot support a longer non-trivial differential.

These statements, together with the fact that y,._;(x;)7; is not a per-
manent cycle, imply the existence of a new independent class v, (1;) €

2pd .
Ep£(2pj ),0,pk (p7 —1) with

A (Yo (115)) = Vi1 (11) 754

in other words, statement 1.

To prove (i), one proceeds by contradiction, supposing such a polyno-
mial exists. As the smallest non-zero first degree in £% is 2p’, all factors
in the monomials composing such polynomial have a degree smaller than
or equal to (p* — 1)2p’. Hence we can apply induction hypotheses 1,: 1,
2,01, 3,1 and write it as:

p-1

Z asYs(uj) + e(ij*1<:uj>>p

s=1

with ¢%’ (a,) = 0 and e € F,[r]/7*~'. One then proceeds as in the relevant
part of section C.3, applying in this case the d*’-differential, to reach a
contradiction.

Statement (ii) is just the observation that:

A% (Vo1 (11)75) = Y —2 ()77 = O

as 77 = 0.

J

For the proof of (iii) we assume by contradiction that y,«_;(y;)7; sup-
ports a longer, non-trivial differential. Arguing as in section C.3, one finds
a positive integer n and elements:

2pJ
a1 € E(p’ffl)zpffml,o,pk(pffl)fwl

ij
ﬁl S E0,2pj+m1—2,w1
ij
(pPk—1)2p =321 0,05 (09 —1) =30 | wye

B € E>

0,mp—1,wp

a, €
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for all h = 2,...n with the constraints:

a,=1eEph,

my > 2]?’“ - 2]77

w >pP T —p+1 (C.3.15)
my, > 20 —1

wy, > Pt —p+ 1.

for all h = 2,...,n. Moreover, observe that all the a0, live in the region
controlled by the induction hypothesis 4, _;: as all the 3, survive after the
E* -page, they are homogeneous I, [r] /77~ '-polynomials in which 7, . .., 7;
or &, ...,¢; do not appear. Hence their degrees and weights are the same
as those of monomials in 7. .(A(p)/77~') where 7, ..., 7; and &, ...,&; do
not appear; in particular, we can apply C.3.4 with i = j + 1 and get the
estimates:

2 —op 1 _ w,
dpitl —4 7 2pi+my — 2
2p7'+1‘—2p+1< W, <1
At — 4 T, —1-2

1
< Z
-2

for all h = 2,...,n. In particular, we are interested in the estimates
provided by the left-hand sides:

20t —2p+1,
4pj+1—4 (2p7+m1—2)§w1
2t — o+ 1
4pitl — 4 (m = 1) < w

Summing on all indices one gets:

27t —2p + 1
4pitl — 4

@Y —n+ 14> my) <Y wy (C.3.16)
h=1 h=1

As a, =1, it has bi-degree (0,0), so we get equations:

D e M = (p* —1)2p
. (C.3.17)
{Zzzl wp = pF(p’ = 1).
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Substitute in C.3.16:

2p]4pj+12_p: 1(2]9] —n+ 14" =1)20) <p*(p) - 1)
P —2p+1)(2p —n+ 1+ (pF —1)2p7) < pF(p — D)(Ap’t —4)
2P = 2p+ 1) (—n+14p") <" (Y — 1) - 1)
ap*(p - )Pt 1)
2pitl —2p + 1

—n+1+p" <
As 2p7Tt —2p + 1 > 2p7 T — 2p:

4pk(pj - D -1) _ 2pk71(pj+1 —1)

2pitl — 2p
—n< 2pk71(p]'+1 o 1) — 1= 2pk+] — 2pk+j _ 2pk71 —1- 2pk+]
R R P

—n+1+4p" <

Hence n > 2p*~1.
Now go back to the inequalities in C.3.15 and combine them with
C.3.17:

PP =p -1 =) w2 (T —p+ ) =n(p T —p+ 1)
k=1 k=1
> 2t (P - p+ ) = 2t 2t 2t

for all 7 > 0. This contradiction concludes this argument, proving the
existence of v, (1;).

We need now to show 2, that is, (v,-1(p;))” = 0. We adopt the same
strategy as in C.3 (or as in the previous point): if (y,-1(y;))? # 0, then it
survives up to the £27'-page. Moreover, by the Leibniz rule:

A (Y1 (1)) = POVt (1)) i1 (p1)75 = 0

because of the characteristic of the base ring. Hence, if non-trivial, it has
to support a differential longer than a d*”’; reasoning as in C.3, we find a
positive integer n and, for all 1 < h < n, elements:

2p7
ap € E°7 .
b= Fopitk oSy 0,08 (09 —1) -0 wy,

B € E>

0,mp—1wp
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with the constraints: ‘
a, =1€ B,
my > 27— 1 (C.3.18)
wp > —p+1

for all h = 1,...n. By the same argument used in the proof of 1
the constraint:

i, we find

Wit —2p 41
dpitl — 4

for all 1 < h < n. By summing on all 4 and rearranging the factors:

(2P —2p+1) ((i mh> — n) < (i wh> (4p’ 1 — 4) (C.3.19)

As before, by the condition «,, = 1 we get equations on the degree and

weight:
207k =30 my,
. C.3.20

{pkw =Y (€320

(mh—l) §wh

Substitute in C.3.19:
2P —2p 4+ )27 —n) < PP — D(4p T — 4)
As 2p7tt —2p+ 1 > 27 — 2p = 2p(p/ — 1):

P — 1)(4pt! —4)
2pitt —2p

27tk —n < = 2" (T - 1) = 2p7 T - 2p*!
n Z 2pk—1

Now consider again the equality on degrees from C.3.20, substitute
the constraints from C.3.18 and the newly found estimate on n:

7= "m > (2 1) = (2P - 1)
t=1 t=1
> (2pj+1 o 1)2pk71 — 4p7+k o 2pk71

Hence:
2pj+/€ S 2pk—1

which is a clear contradiction for all j > 0. This proves assertion 2,. and
concludes our proof.
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By assertions 3, and 4,, we deduce what happens in the E? -page:
the d*”’-differential has image the ideal generated by 7;; moreover, all
the non-trivial differentials are generated by the divided powers of ;.
Observe that, as the spectral sequence is first quadrant and the E>~-page
is non-trivial only at the origin, there cannot be any other element in
T (MHH(MZ/p)/7"~') in degree less than or equal to 2p’ but those we
have identified so far. Hence, H,,; holds.

This concludes the proof regarding the behaviour of the spectral se-
quence and the structure of 7, .(MHH(MZ/p)/r"1).






Chapter D

Coproduct idempotent
algebras over internal operads
in enriched co-categories.

Abstract. In [Hei], H. Heine shows that given a symmetric monoidal
oo-category V and a weakly V-enriched monad 7" over an oo-category C,
then there is an induced action of V on LModr(C). Moreover, properties
like tensoring or enrichment can be transferred from the action on C to
that on LModr(C).

We see that the action of an internal operad O € Alg(sSeq(C)) can be
interpreted as the action of a monad Ty, such that Algo(C) = LModr, (C).
We can then prove that, under a presentability assumption, if the category
C admits cotensors with respect to the action of V, then so does Algo(C) =
LModr,(C). This is used to show that the coproduct-idempotent algebras
are fixed by the induced tensoring action. We apply this to the stable
motivic homotopy category and prove that the tensor of any motivic sphere
with rational motivic cohomology is equivalent to the latter.

D.0 Introduction

Let S be a nice scheme (for instance, quasi-separated and quasi-compact)
and let R € SH(S) be a ring spectrum in the motivic stable homotopy
category over it. One can define a motivic version of Hochschild homology
[DHO®24] via the (derived) smash product:

MHH(R) == R/\R/\Rop R

In the event R € Algg_ _(SH(S)) is a highly commutative ring spectrum,
one has equivalences:

R = R
R=|Bar(R)|=]--+—RAR— R—S|.

147
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Here, the vertical bars | — | indicate the geometric realisation functor from
simplicial objects in an infinity category to the infinity category itself, in
other words, the colimit along the indexing category of the objects sitting
in the various degrees. Bar(—) denotes the standard resolution.

Then we have that:

MHH(R) =~ R Agar R = |R Agpg Bar(R)| = S ® R

is the geometric realisation of the cyclic bar complex: in degree n it
presents the (n + 1)-fold coproduct of R with itself in the category of E.,
ring spectra; boundary maps are given according to the simplicial model
of S! as A'/0A!, the 1-simplex modulo its boundary [NS18, Proposition
Iv.2.2].

This expression immediately generalises: one defines the tensor of a
(small) simplicial set and an E_, motivic ring spectrum as the geometric
realisation of the associated simplicial object, in other words, as a colimit
along the category A°’. The goal of this paper is to further extend this to
an action of all motivic spaces (in which simplicial sets embed as constant
presheaves) on highly commutative motivic ring spectra. This will allow us
to prove that any idempotent highly commutative motivic ring spectra are
fixed by the extended action. To do so, we move into a much broader setting
and prove an analogous result for general left-tensored oo-categories.

In section D.1, we compare the left module categories arising from
different actions on a certain co-category. In particular, we prove that
given f : C® — C’® monoidal, with C® and C'® acting compatibly on a
third infinity category M, then for each A € Algassoc(C), LMod (M) =
LModg4(M) (theorem D.1.3).

In section D.2 we apply the previous result. We introduce the notion
of operads internal to a symmetric monoidal co-category and associate to
each amonad. The results from the previous section prove an identification
between the oco-category of algebras over an operad and left modules over
the associated monad. We then move to the context of enriched categories,
operads and monads. We investigate when different kinds of enrichment
or actions can be transported from the base category to the category of
modules (proposition D.2.9 and corollary D.2.18).

Section D.3 focuses on the proof of the following result: an algebra
over an internal operad which is coproduct idempotent is invariant with
respect to the induced action (theorem D.3.3).

Finally, in the last section, we apply this result to the stable motivic
homotopy category: the previous results allow us to recover an action of
the unstable motivic homotopy category on highly commutative motivic
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ring spectra. As an example application of theorem D.3.3, we show that
the action of any motivic sphere on rational motivic cohomology is trivial
(corollary D.4.2).

Remark D.0.1. Some conclusions of this chapter (see in particular propo-
sition D.2.4) are dependent on the results of an upcoming update to [Hei],
which has yet to be published.

Various forms of interaction

Throughout the paper, we will deal with the action of a monoidal oco-
category on a second oco-category. We recall here how the different levels
of tensoring and enrichment are defined. We refer to [Lurl7] and [Hei23]
for extensive discussions on these concepts.

The left module operad £LM?® is the co-categorification of the classical
left module operad LM [Lurl7, Definition 4.2.1.7.]. The operad LM has
two colours, a and m; for any finite collection of objects { X };c; of LM and
Y € LM we have that Mulpy({X;}, a) is given by:

¢ the linear orderings of / is each X; =a and Y = a.

¢ linear orderings i; < iy < ... < i, of [ such that X; =m,ifY =m
and X; = a for i # i,.

* the empty set in all other cases.

Composition is given by composition of linear orderings. Unravelling the
definition, one sees that the colour a represents an associative multiplica-
tion, while the colour m represents a left module action. In particular, we

have an inclusion
Assoc® — LM®

of the operad defining monoidal categories into the left module operad.

e Let O® — LM be a fibration of co-operads. Let C = O® x e {a},
C® = 0% X ppg0 Assoc® and M = O x ;@ {m}. In this situation M
is said to be weakly left tensored on C®. The theory of co-operads
allows one to define multi-morphism spaces:

Mulo({C4,...,Cn, M}, N)
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for all choices of object C;, M, N € O for all i. If C; € C for all i, while
M,N € M, we call:

MapM({Cla70N}®M’N>

the summand of Mulp({C,...,C,, M}, N) corresponding to the lin-
ear ordering 1 < 2 < ... < n. This is the basic context for defining
left module categories. We set, in particular:

LMOd(M) = Alg/L:M@ (O®)
Observe that it comes with a forgetful functor:
Alg/LM® (O®) — Alg/Assoc‘X’ (C®)

sending a module to the associative algebra acting on it (by con-
struction, the first category contains all the information). For any
A € Alg)assoco (C%), we define:

LMOdA<M) = LMOd(M) XAlg/Assoc® (Cc®) {A},

the category of left modules on which the algebra A acts. In section
D.1 we will also study a different formalism to approach this concept.

* We say that M is left tensored on C® if the fibration of co-operads

0% — LM® is coCartesian. This in particular implies that also
the fibration C® — Assoc® is coCartesian, making C® a monoidal
oo-category. We can then define tensor product functors:

®y,:CxC—=C O :C X M — M

that combine associatively and induce equivalences for all natural
numbers n, C; € C for all i, and M, N € M:

Mapp({C,...,C} @ M, N) = Mapp(C1 Rq - .. @4 Cp @y M, N).

* We say that M is pseudo enriched in C® if the fibration of co-operads

0% — LM?® induces a coCartesian fibration C®* — Assoc® (which
makes C® a monoidal co-category with tensor product ®,), so that
the canonical maps:

Mapp({C1 ®q ... ®, Cp} @ M, N) — Mapm({C1,...,Cr} @ M, N)

are homotopy equivalences. This is a weakening of the left-tensored
condition, as we lack the product:

Rm : C X M — M.
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* We say that the co-category M is enriched in C® if it is pseudoen-
riched and for all M, N € M there is an object [M, N| € C equipped
with a map:

a € Mappm({[M,N]} ® M, N)

that induces a natural equivalence:
Mape(C, [M, N]) = Mapp({C} @ M, N)
for all C € C. [M, N] is called the object of morphisms from A to N.

* We say that the co-category M is cotensored in C® if it is pseudoen-
riched and for all M € M and C € C there exists a cotensor object
M¢ € C equipped with a map:

B € Mapy ({C'} @ MC, N)
that induces a natural equivalence:
Mapp({C"Y @ N, M) = Mapy({C ®,C'} @ N, M)
forall C' € Cand N € M.

In the rest of the chapter, we will drop the different notations for the
tensor product, using the symbol ® for all of them.
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D.1 A functor of modules.

Let f : C® — C'® be a monoidal functor, compatible with the actions
of C® on some category M and of C'* on some category M’; suppose,
moreover, that there is an isomorphism of simplicial sets M = M'. Let
A € Algassoc(C) be an associative algebra in C. The goal of this section is
to show that LMod s (M) ~ LMod ) (M’).

To address the problem, it is first necessary to specify what compatible
actions means in higher category theory. In particular, recall that in this
context the categories LMod (M) and LMod4)(M') are just fibres above
a certain associative algebra or more general module categories LM od(M)
and LM od(M'); the notion should then be formulated at such level at least.
We will be using both the standard and the planar operad formalisms,
denoting the first with a ® and the second with a ®; the equivalence
between these two formalisms for modules in the co-categorical setting
can be found in [Lurl7, Sections 4.2.1 and 4.2.2].

Let F: O® — O'® be a fibration of LM operads. Let C® = O% x, @
Assoc®,C'® = O'® x ;e Assoc® be the underlying monoidal categories and
M = 0% X,y {m} and M' = O'® x, e {m} be the underlying weakly
enriched categories. The universal property of the pullback induces a
commutative diagram:

C/f,
/ \
_
Cc® y Assoc®
. N
o
o0® y LM
1

M’
» {

m}

M

Passing to the planar operad description [Lurl7, Section 4.1.3. and
Notation 4.2.2.17.], one obtains a commutative diagram:



SECTION D.1. 153

®
M® Ly M@

IS
L

Recall that C® is defined in terms of C® (or of O®) via the pullback
diagram:

(D.1.1)

C® —— N(A)®
l - lC’ut
C® — Assoc®
|7
0¥ — LM®
where the functor Cut is described in [Lurl7, Construction 4.1.2.9]. The

arrow f® : C® — C'® over N(A)? is a consequence of the universal property
of the pullback:

Cut

/\

s Assoc®

On the other hand, M® is defined in terms of a universal property
[Lurl7, Notation 4.2.2.17]; one first defines M° as the simplicial set over
N(A) satisfying:

Homgsety nyon (I M) =~ Homiset o (K X AL, 0%) (D.1.2)
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where the map K x A! — LM?® is given by the composition:
K x A' = N(A?) x AV 5 LM®

and 7 represents a natural transformation from the functor LCut :
N(A?) — LM to the functor Cut : N(A®) — LM®, see [Lurl7, Remark
4.2.2.8] for more details. Observe that vertices in M°® (i.e. morphisms
A — M®) correspond to one-simplices, or arrows, in O%. M® is given by
the sub-simplicial set of M® spanned by vertices corresponding to inert
morphisms in O®. The morphism of operads:

By construction, a simplex in M® corresponds to a pair of simplices in
0% (given by the endpoints of A!), one of which of “module” type (in other
words, associated to the functor LCut), and the other of algebra type
(associated to C'ut). At the level of points, this produces a module object
and its underlying algebra. Similar facts hold for M'®. The vertical arrows
M® — C® and M'® — (C'®, given as in [Lurl7, Remark 4.2.2.19], send a
simplex in the module category to the algebra part of that simplex. It
follows from the definitions that the square in D.1.1 is commutative.

Module categories can be determined as follows [Lurl7, Remark
4.2.2.19]: given M® %4 C® L N(A)?, then:

* Algs..(C) is the full subcategory of Funyar(N(A)%,C®) of sections
of p that preserve inert morphisms [Lurl7, Definition 4.1.3.16]

* LMod"> (M) is given by the full subcategory of Funyaye» (N (A)?, M®)
of sections of p o ¢ corresponding via D.1.2 to a certain full subcate-
gory of Fun, e (N(A)? x A, 0%) described in [Lurl7, Definition
4.2.2.10]; see also definition D.1.9 below.
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* Theinclusion N(A)? x {1} < N(A)? x Al induces a forgetful functor
LMod*= (M) — Algy.(C). Given A € Alg,_(C), we denote:

LMod!= (M) = LMod*> (M) X i, _ ) {A}.

This can be identified via D.1.2 with a certain full subcategory of the
functor category:

FUTLN(A)op (N(A)Op, N(A)Op Xc® M®)

This description suits in a diagram of the form:

N(A)P

2
% (1)

M® Xc® N(A)Op — M®

-
l q

N(Ay» — A4 ¢®

The objects of LMod*>(M) are then (some) arrows fitting in (1), while
(some) arrows fitting in place (2) give the objects of LMod’>(M).

Theorem D.1.3. In the above situation, suppose further that:

* the maps O° — LM® and O'® — LM are co-Cartesian fibrations of
oo-operads, so that M is left-tensored on C® and M’ is left-tensored
on C'®,

® the functor g : M — M’ gives rise to an isomorphism of simplicial
sets.

Then for each associative algebra A € Alg(C), we have an equivalence
LMOdA(M) = LMOdf(A)(M/).
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Proof. Consider the diagram

N(A)®
/ \
X
M® xpo N(A)P — 5y pme 22 5 pye
lj . ] lq/ (D.1.4)
N(A) A e S e
\ » /
< p
N(A)®

Our aim is to identify M® x e N(A)°? with the pullback of M'® and N (A)
over C'® along the maps ¢’ and f®(A). To do so, we show that the square:

®
M® L M@

Pk

C® e ®
— 5 C

is a pullback itself. We use the following “co”-version of [Lur09, Corollary
2.4.4.4]:

Corollary D.1.5. Suppose we are given maps C — D = £ of co-categories
such that both s and s o r are locally co-Cartesian fibrations. Suppose that
r carries locally (s o r)-co-Cartesian edges of C to locally s-co-Cartesian
edges of D and that for every object Z € &, the induced map r; : C; — Dy
is a categorical equivalence. Then r is a categorical equivalence.

This is applied to the maps M® 5 M'® x.e C® 2 C®, where r and s
are the canonical maps to and from the pullback. Notice that sor ~ ¢.
There is in fact a diagram:
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The maps ¢ ~ s or and ¢ are locally co-Cartesian fibrations after
[Lurl7, Lemma 4.2.2.20]. Locally co-Cartesian fibrations are closed under
pullback [Lurl8, Remark 5.1.5.5], so s is a locally co-Cartesian fibration
as well.

Let now e : A' — M® be a locally g-co-Cartesian edge. By [Lurl8,
Definition 5.1.3.1], this means that for every commutative diagram:

Al
AP —— M® xeo A —— M®

Pt 4
l //// l q

A" y Al 19 e

the dotted lift exists, where the pullback M® x e Al is formed in simplicial
sets and the edge A! —+ M® xe Al is the unique lift of e with non-trivial
image in A!. The inclusion A! — A is given by: A = A{01 — A2,

It is worth having a more explicit description of the pullback M® x e Al.
The objects in M® and in C® are presented according to the decompositions
of [Lurl7, Remark 4.2.2.18] and [Lurl7, Notation 4.1.3.5]. If the arrow e
lies over a map « : [k] — [n] in A, it can be described as:

62(Cl,...,Cn,M)—)(Dl,...,Dk,N)fOI'OZ‘, Dj eC, M, Ne M
Ca(j—l)-l—l (SR ®Ca(j) — Dj in C for 1 S] < k (D16)
Coty41®@ -+ ®C,, @ M — N in M

q(e) is then given by the arrow:
q(e) : (017"'7Cn) - (Dla"'aDk)

in C® described by the same arrows in C as above.
Pullbacks in simplicial sets can be evaluated level-wise [Lur18, Remark
1.1.1.7]. At the level of points, one has:

(M® xco Al)g =2 MP X Ag

The description of the map ¢(e) above implies that this consists of the
disjoint union of two copies of M, namely the fibre over (C1,...,C,), cor-
responding to 0 € A}, and that over (Dy, ..., D;), corresponding to 1 € A}.


https://kerodon.net/tag/01V1
https://kerodon.net/tag/000J
https://kerodon.net/tag/000J
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At the level of 1-simplices, Al presents a single non-trivial 1-simplex,
the one that is sent to ¢(e¢). Hence in this level of the pullback:

(M® Xc® Al)l = M(iB Xc1® Ai

there are (among others) arrows from the first copy of M to the second
copy of M that lie over ¢(e). These can be described in M® as arrows:

e:(Cy,...,Ch,A) = (Dy,...,Dy,B) for A, Be M
Ca(j-1)41® - @ Cqjy = DjinCfor 1 < j <k
Coty+1 @+ @C, ® A= Bin M
q(€) = ein C®

where the arrows internal to C are the same as in D.1.6. By identifying
the fibres over 0 and 1 with M, the arrow ¢ corresponds to the arrows (in
M):

A ale) Coatyi1® - ®Cr,®A— B (D.1.7)

As trivial 1-simplices in A! correspond to arrows internal to one or the
other copy of M, one may conclude that all one simplices of M® x.e A! are
given by certain (specific) diagrams in M. A similar description can be
obtained for the higher simplices as well, see figure D.1 for some examples.

In fact, consider an n simplex A" — M® xce Al; say that m of its
vertices (with 0 < m < n+1) belong to the copy of M over 0 € A!. If either
m = 0 or m = n + 1, then the simplex is just an n-simplex of M. For other
values of m, consider the pushout in simplicial sets:

Having an n-simplex A" — M® x e Al as above is then the same as having
map P, ,, — M such that:

o A™1 x {0} — M describes the (m — 1)-simplex over 0 € Al,

e Am7 1 x Al — M is the transport map ¢(e), between the two fibres,
and

e A" — M describes the fibre over 1 € A!': this involves not only
the zero-simplices over 1, but also the images via ¢(e), of the zero-
simplices over 0 and all the (higher) morphisms between them.
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Catpy41® - ®Cn ® My
My M,

(Ch, ..., Cy M)

Dy, M)

/\w o g(eha
il

M,y

Dy, My)

Dy, My)

aleha

(Cly-vv s Cny My) B (Di,....Dp M) M, Cooyi1

Figure D.1: Some examples of the phenomenon: on the left a simplex in M® xe Al, and
on the right the corresponding diagram in M. The blue rectangle on the right represents
the copy of M over 0 (or over (C1,...,C,)), the green one on the left is the one over 1 (or
over (Dy,...,Dy))

Hence all simplices in M® x:e Al are given by certain (specific) di-
agrams in M; the action of the category C® is reduced to the transport
morphism ¢(e);, which is fixed for all of them.

Finally, observe that m = 0 and m = n + 1 can be seen as special cases
of the general one, with a degenerate push-forward in the first, describing
an n simplex in the fibre over 1 only, and a A" x A! in the second, which
corresponds to an n simplex in the first fibre and its image via ¢(e), in the
second. The notation P, — M or P,, — M is adopted for these cases.
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To prove that r(e) is locally s-co-Cartesian, construct any diagram:

Al

v

M® xee Al ——— 5 M®

|
r! r

Ag — M'® Xcr® Al —— M'® Xcre C® —— M'®

//)! | _ ,
- S s q
-7 ~
- ®

An y Al yeo — 1, ¢

with similar requirements as above. To simplify the notation, the identi-
ties:

M/® Xcr® Al ~ (MI® Xcor® C®) Xc® Al
M® Xc® Al ~ M® X(M@XC,@(;@) (./\/l@ Xcr® Al)

were used.

To find the desired lift, observe that r’ is an isomorphism of simplicial
sets. In fact, the above conclusions about M® xe Al apply to M'® xce Al
as well. In particular, all simplices of the latter are described by diagrams
P, — M, with the same requirements as above and the transfer map
given by ¢'(g(e)):.

As ' respects the distribution of the zero simplices in the fibres, it
respects the indices m and n. Consider an n simplex A" — M® x.e Al
given by a diagram d : P, ,, — M. Its image via r’ is an n simplex A" —
M'® xce A given by a diagram P, ,,, — M’'. Now, the map r : M® — M'®
restricts to g : M — M’ on the fibres over 0, and ¢(e), is sent to ¢'(g(e)):.
As g is an isomorphism of simplicial sets, for any pair of fixed m, n, this
determines a bijection between the sets of such diagrams, hence ' is an
isomorphism.

So A7 — M'® xee Al lifts to A7 — M® xce Al. Hence there is a
map A" — M® making the diagram commute, and this in turn, via the
universal property of the pullback, produces the desired A" — M'® x e Al
So r(e) results locally s co-Cartesian.

Finally, let Z be an object of C®; via the canonical map C® — N(A),
one can identify it with an n-tuple of objects of C [Lur17, Definition 4.1.3.2];
the fibre via ¢ of this n-tuple is a copy of M [Lurl7, Remark 4.2.2.18]. The
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n-tuple in C® is sent via f® to an n-tuple of objects of D®; the fibre via ¢ of
this n-tuple is a copy of M’. Hence (M'® x¢e C®); ~ M'. By hypothesis
g is an equivalence M — M/, so the third hypothesis is satisfied. Hence
M ~ M'® X6 C® by corollary D.1.5.

There is then an equivalence M® xce N(A)% ~ M'® x e N(A)?, where
the pullbacks are taken along the maps appearing in diagram D.1.4. This
produces an equivalence:

FunN(A)op (N(A)Op, M® Xc® N(A)Op)
~ Funaym (N(A)%, M'® xo N(A)?) (D.1.8)

Now, the category LMod">(M) is given [Lurl7, Definition 4.2.2.10
and Remark 4.2.2.19] by the full subcategory on those functors that
correspond to left modules in Funyayer (N (A)%P, M®) (similarly for and
LM od?l?A) (M’)). This can be tested on two conditions.

Definition D.1.9. Let X € Funy@a)er(N(A)?,M®). Then X ¢
LMod*=(M) if:

1. The functor induced by X and by ¢ in Funyayr(N(A)?,C®) is in
Alngo (C®)

2. Given « : [m] — [n] an inert morphism in A, such that «(m) = n, then
the induced map X ([n]) — X ([m]) is a p o g-co-Cartesian morphism
in M®.

Now, if the arrow X comes from an arrow Y : N(A)? — M®xce N(A)%,
the first condition is clearly true, with the algebra given by A. Expanding
the second condition, one gets the lifting problem:

Af0:1}
N(A)ep
T
X
AR M® xeo N(A)P — 3% M® (D.1.10)
A
N(A)o» 7L> Cc®
//////// \ D
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This is equivalent to the lifting problem:

A{01}

N(A)

X
A ——— M® xce N(A "p — s M® (D.1.11)

L
A" S N(A)YP A e
\ »
id !

N(A)»

In fact, first notice that the map A™ — N(A)° can equivalently have the
image in either of the N(A)° appearing in the two lowest rows of the
diagram, as they are connected by the identity morphism.

Suppose now that one can solve all lifting problems of the form D.1.10
and is presented with a lifting problem like D.1.11. Then, by composition,
an arrow Aj — M® is obtained, which leads to a lifting problem of the
form D.1.10. This can be solved by assumption, so one gets a lift A" — M®,
The lift A™ — M® xce N(A) is finally given by the universal property of
the pullback.

Next, suppose that one can solve all lifting problems of the form D.1.11
and is presented with a diagram D.1.10. One first passes to a diagram of
the form D.1.11 by pulling back the map Aj — M® along the composition
A} — A™ — N(A)?, to get a map Aj — M® xce N(A). This lifting
problem can be solved by assumption, so one gets a map A" — M® x;e
N(A)?; one finally gets the desired map A" — M® by composition.

In case X =ioY comes from a module over a specified algebra A, it is
then possible to reformulate condition 2. in D.1.9 as:

2’. Given « : [m] — [n] an inert morphism in A, such that a(m) = n,
then the induced map Y ([n]) — Y ([m]) is a j-co-Cartesian morphism
in M® xce N(A)P

Given that the equivalence M® xco N(A)? ~ M'® xce N(A)? comes
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equipped, by construction, with a commutative diagram:

M® Xc® N(A)Op = > M,GB Xcre N(A)Op

where j and j' are the maps induced by the pullbacks, it is clear that an
arrow in M® xce N(A)? is j-co-Cartesian if and only if the corresponding
arrow is j'-co-Cartesian. Hence the equivalence D.1.8 restricts to an
equivalence:

LMods(M®) = LModa)(M'®)
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D.2 The enriched adjunction

In this section, the results of the previous part are applied to operads and
monads, providing a link between operads enriched in a certain category
and monads over the same category.

Given C any oo-category, let

sSeq(C) = Fun <H B(En),C>

n>0

be the category of symmetric sequences in C [Hei, Notation 8.1]. In the
event C is endowed with a symmetric monoidal structure compatible
with small colimits, one can define a monoidal structure on symmetric
sequences as well, called the composition product. Given X, Y € sSeq(C),
their composition product is described level-wise by the following formula
[Hei, Proposition 8.2]:

(XoY)(n) = H ( H Y X (S 50 x S, ) (Xk @ ( ® Yn])))

k>0 \ni+..+ng=n 1<5<k X

Observe in particular that if Y is concentrated in degree zero, sois X oY, for
any symmetric sequence X. Identifying C with the symmetric sequences
concentrated in degree zero provides then a left action of sSeq(C) on C.

Definition D.2.1. A single coloured operad O enriched in C® is an associa-
tive algebra in sSeq(C). The category of O-algebras Algo(C) in C is defined
as the category of left O-modules with respect to the action of sSeq(C) on
C: Algo(C) = LModo(C).

This approach to cc-operads is very similar to the original, classical
one by Kriz and May [KM95] and represents one of the most common
ways to deal with enriched co-operads. For a more thorough study of the
construction, we refer to [Haul9], where one can also find a multicoloured
version. This definition of co-operads via symmetric sequences has also
been confronted with the other formulations; for instance, the construc-
tion of co-operads in the category of spaces is compared with the more
common definition of co-operads by Lurie [Lurl7, Definition 2.1.1.10] in
[Haul9, Remark 5.15], proving a partial equivalence between the two
constructions.

Next, we associate to an oo-operad in C®¥ a monad on C. In fact, one can
always interpret the action of a symmetric sequence in C as an endofunctor
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C — C, which promotes to a monoidal functor from the category sSeq(C)®
of symmetric sequences in C under composition product to the category
Fun(C,C)® of endofunctors of C under composition.

A monad is an associative algebra object T' € AlgassocFun(C,C) with
respect to the composition monoidal structure [Lurl7, Definition 4.7.0.1].
The monoidal functor from symmetric sequences to endofunctors intro-
duced above produces hence a map:

Algassoc(sSeq(C)) = Algassoc(Ende(C))

sending a C-enriched operad O to the corresponding monad 7p.

As symmetric sequences and endofunctors act on the left on C, compat-
ibly with the monoidal functor between them, we can apply the results of
the previous section: by theorem D.1.3,

Algo(C) ~ LModr, (C). (D.2.2)

Now, it is in fact possible to put additional structure on monads and
the associated module categories. Monads can in fact be defined in any
(00, 2)-category:

Definition D.2.3. [Hei, Definition 4.1] Let D® — CatZ be an (oo, 2)-
category, and let X be an object of D. A monad on X in D is an associative
algebra in the endomorphism monoidal structure on Morp(X, X).

The previous definition of monad corresponds to the choice D = Cat,
and is considered the non-enriched case. In the enriched case the category
of left modules over a monad 7" on an object X € D is formally substituted
with that of Eilenberg-Moore object [Hei, Definition 5.2.], encoded as a
functor Y — X in D satisfying certain universal properties. Observe that
in the non-enriched case, this functor Y — X would simply be the forgetful
functor LMody(X) — X in Cat.. This fact is somewhat reflected by the
functoriality of Eilenberg-Moore objects: [Hei, Corollary 5.16] states that
2-functors that admit 2-left adjoints preserve Eilenberg-Moore objects.

Eilenberg-Moore objects do not always exist but appear quite often
in nature. For instance if one deals with D presentably left tensored
over Cat, (for example D = CatY, the V-enriched co categories, with V®
presentably symmetric monoidal), one has all Eilenberg-Moore objects
[Hei, Corollary 5.28]. However, in our case, the following holds:

Proposition D.2.4. Let C be a symmetric monoidal oo-category; sup-
pose that C is enriched over another oo-category V®, which carries the
cartesian monoidal structure. Consider any C-enriched infinity operad
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O € Algassoc(sSeq(C); then the associated monad Ty promotes to a lax
V®-linear monad on C.

Proof. To appear in [Hei]. H

Corollary D.2.5. There is an Eilenberg-Moore object for the lax V®-
linear monad monad To; in other words, the co-category of left modules
LModr, (C) can be promoted to a weakly left V®-tensored co-category.

Proof. This is the content of [Hei, Corollary 5.36]. O

From now on, we will always promote the usual notation for the non-
enriched context to the enriched one. Namely, we will refer to the lax
V®-linear monad as Ty and to the weakly V® enriched category of left
modules as LModr,(C). These choices are coherent with the fact that,
after forgetting the enrichment, we obtain the usual (spaces-enriched)
category of left modules over the monad 7. Given the equivalence D.2.2
in the non-enriched context, we will also refer to this weakly enriched
version of LModr, (C) as Algo(C).

We proceed now to the tensoring result.

Hypothesis D.2.6. Let V be an co-category that admits finite products and
small colimits, such that the product preserves small colimits independently
in each variable. We view V as a symmetric monoidal co-category V® via
cartesian product.

Remark D.2.7. Since the monoidal structure in V is given by cartesian
product, tensor units and terminal objects coincide. We indicate any of
them with the symbol 1.

Hypothesis D.2.8. Let C® be a symmetric monoidal co-category compat-
ible with small colimits and let ¢ : V¥ — C® be a symmetric monoidal
functor preserving small colimits.

In this setting, the induced left V®-action on C is tensored, in other
words, there is a well-defined tensor functor:
()@ (=) :VvxCc L% cxec -
Recall that the action is V-enriched if, for any X € C, there is a right
adjoint:
More(X,—):C—=V

to the functor:
(-)®@X:V-—=C.
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We call More(—,—) : C x C — V a morphism object for C in V [Hei23,
Definition 3.16].

Proposition D.2.9. In the context of hypothesis D.2.6 and D.2.8, assume
that the V-action on C is also enriched. Let O® be an oo-operad in C. Then
the oco-category Algo(C) is left tensored and enriched over V.

Proof. We saw that via proposition D.2.4 we can associate to the operad O
in C a lax V-linear monad 7p, so that the category Algo(C) = LModr,(C)
results weakly left tensored.

We can then apply [Hei, Proposition 5.41]; all the hypothesis of points
1,2,3 are verified, so we conclude that LModr, (C) = Algo(C) is left tensored
and enriched over V.

O

Remark D.2.10. As, for all C € Algo(C), the functor:
() ®C:V — Algo(C)
admits a right adjoint, the internal morphism object:
Mor(C,—) : Algo(C) =V,

the tensor product preserves colimits in the first variable by [Lur09, Propo-
sition 5.2.8.5.]. Observe in particular that this does not require any pre-
sentability assumption on the categories involved.

We wish to show a similar result for cotensors as well: we would like
to prove that, under suitable assumptions, if the base category C admits
cotensors for the action of V, then also the algebra category Algo(C does.
In particular, we begin by showing that, in an appropriate context (see
proposition D.2.16), given V' € V, the functor

V®(=): LModr(C) — LMody(C)

preserves all small colimits. Observe incidentally that [Hei, Theorem 7.3]
already deals with geometric realisations. Hence, we start by proving
that a functor between suitable co-categories preserves small colimits if
and only if it preserves small coproducts and geometric realisations.

Proposition D.2.11. Let A be an oo-category. Then A is closed under
small colimits if and only if it is closed under small sifted colimits and
finite coproducts.
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Proof. By [Lur09, Corollary 4.2.3.11] an infinity category A admits small
colimits if and only if it admits finite colimits and colimits indexed by
the nerves of small filtered partially ordered sets; hence .4 admits small
colimits if and only if it admits finite colimits and small filtered colimits.

By [Lurl7, Lemma 1.3.3.10] A admits finite colimits if it has finite
coproducts and geometric realisations of simplicial objects; now filtered
colimits and geometric realisations of simplicial objects are sifted respec-
tively by [Lur09, Example 5.5.8.3] and [Lur09, Example 5.5.8.4]. Hence
an infinity category A is closed under small colimits if and only if it is
closed under finite coproducts and small sifted colimits. ]

Lemma D.2.12. If C® is a symmetric monoidal category such that the
tensor product is compatible with small colimits component-wise and
T = Ty is a monad coming from an operad O € Alg(sSeq(C)), then Ty
preserves geometric realisations.

Proof. Recall that by geometric realisation we mean the colimit of a sim-
plicial object, i.e. of a functor:

N(AP) = ¢

The indexing category N(A) is sifted [Lur09, Lemma 5.5.8.4.]. By
[Haul9, Proposition 3.8], the functor Ty : C — C preserves sifted col-
imits. [

Corollary D.2.13. In the above context, Algo(C) is closed under small
colimits.

Proof. By D.2.12, the monad associated to the operad O preserves geo-
metric realisations; it is then shown in the proof of [Hei, Theorem 7.3]
that Algo(C) (there appearing as LModr(C); we are always working under
the previously discussed equivalence) has small coproducts. In [Hau1l9,
Remark 2.12] it is shown that it has all small (limits and) sifted colim-
its, which are detected by the forgetful functor. Hence we can apply the
previous proposition. [

What follows is an adaptation of [Lur09, Proposition 5.5.8.15] and
[Lur09, Corollary 5.5.8.17], which deal with sifted colimits, to colimits
along any small diagram.

Proposition D.2.14. Let 7 and A be small categories, with A admit-
ting small coproducts and geometric realisations. Let Fung(P(Z), A) C
Fun(P(Z),.A) be the subcategory of functors preserving small coproducts
and geometric realisations. Then:



SECTION D.2. 169

1. Composition with the Yoneda embedding j : T — P(Z) induces and
equivalence:
Fung(P(Z),A) — Fun(Z, A)

2. Any functor g € Fung(P(Z), A) preserves all small colimits.

Proof. By [Lur09, Lemma 5.5.8.13] P(Z) is the smallest full subcategory of
P(Z) containing the essential image of the Yoneda embedding and closed
under small coproducts and geometric realisations. Hence, by [Lur09,
Remark 5.3.5.9] and [Lur09, Proposition 4.3.2.15] we have the equivalence
stated in the first claim.

To show that any g € Fung(P(Z),.A) preserves all small colimits, we
first notice, as in the proof of [Lur09, Proposition 5.5.8.15], that ¢ preserves
colimits if and only if e o g does, for any e : A — S° representable. Hence
we may as well suppose A closed under colimits. Let then Funk(P(Z),.A)
be the full subcategory of colimit preserving functors in Fung(P(Z), A).
As P(Z) is the smallest full subcategory of P(Z) containing the essential
image of the Yoneda embedding and closed under small colimits, [Lur09,
Remark 5.3.5.9] again provides an equivalence:

Fun§(P(I), A) = Fun(Z, A)
Hence the inclusion:
Fun§(P(Z),A) C Fung(P(Z),A)
is an equivalence and therefore an equality, proving the thesis. O

Proposition D.2.15. Let A and B be co-categories, with A and B closed
under small coproducts and geometric realisations. Then a functor F :
A — B preserves small colimits if and only if it preserves small coproducts
and geometric realisations.

Proof. One direction is clear. On the other hand, suppose F preserves
small coproducts and geometric realisations. Let i : 7> — A be a colimit
diagram; we wish to show that F o p is as well.

Let i = ijz : T — A; by the previous proposition, i is homotopic via left
Kan extension to the composite:

ILPI)S A

with j the Yoneda embedding and ¢ preserving small colimits.
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Let j : 75 — P(Z) be a colimit for j (which exists because P(Z) is

opportunely closed under colimits). As ¢ preserves colimits, g o j is a
colimit for g o j = 4, hence g o ;7 = i. To get the thesis, we can then
equivalently verify that F o g o j is a colimit, which follows once we show
that F'oq: P(Z) — B preserves colimits. But ¢ preserves small colimits
and F' preserves small coproducts and geometric realisations: again by

the previous result, F' o ¢ preserves small colimits. O]

Proposition D.2.16. Let V® be a monoidal category compatible with
geometric realisations, and let C be a left V®-tensored category, compatible
with geometric realisations. Let T be a lax V-linear monad on C that
preserves geometric realisations. Suppose that LMody(C) is closed under
colimits.

Observe that under this assumptions [Hei, Prop 5.41.(3)] holds, in other
words, LModr(C) is tensored on V. Suppose that given V € V), the functor:

Ve(=):C—=C
preserves small colimits. Then the induced functor:
V® (=): LModr(C) — LMody(C)
does as well.

Proof. To make the notation clearer, we distinguish in this proof between
the symbol of the tensor action of V on C and that of the induced action of
YV on LModr(C):

Ve(=):C—=C
V®(—) : LMOdT(C) — LMOdT(C)

As LModr(C) is closed under colimits, we can apply proposition D.2.15:
a functor LM odr(C) — LModr(C) preserves small colimits if and only if it
preserves small coproducts and geometric realisations. It was proven in
[Hei, Corollary 7.5] that under our assumptions

V&(—): LMody(C) — LModr(C)

preserves geometric realisations. It is then enough to show that it pre-
serves small coproducts.

By [Hei, Proposition 5.41.3], the free functor 7' : C — LMod;(C) pre-
serves the action, so we have a commutative square:
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Vea(-)

> C
ﬁ o (Jo
LModr(C) Y22 Lhodr(C)

where U : LModr(C) — C indicates the forgetful functor, right adjoint to
the free monad functor.

Let M =[], M; € LModr(C) be a coproduct of T-modules. By [Lurl7,
Example 4.7.2.7.], each M; can be expressed as the geometric realisation
of a simplicial object with free levels:

M; = colim T'(M; ;)

jEA°P

So:
V® H M, 2 V® H colim T'(M,

JEA©P
i€l i€l
We can commute the coproduct and the geometric realisation because the
former has trivial transition maps:

~ V®colim | | T(M,;)
jeasr el

By [Hei, Corollary 7.5], the tensoring V&®— induced on LModz(C) is com-
patible with geometric realisations:

~ col T(M;
ggAlg}(V@@leI (Mi;))

As the free functor 7' : C — LModr(C) is a left adjoint, it preserves colimits:

= colim V®T M; ;)
JEAOP i€l

By [Hei, Proposition 5.41.(3)], the free functor preserves the tensor action:

=colimT(Ve | | Mij))
i€l
By hypothesis, V @ (—) : C — C preserves small colimits, in particular,
coproducts:

= colim T(H(V ® M;;))

‘C Aop
J el
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Again since 7' : C — LModr(C) is a left adjoint:

= colim | | T(V & M, ;)
TR el

Again because the transition maps in a coproduct are trivial:

= | | coimT(V & M, ;)
ier 75

Again because of [Hei, Proposition 5.41.(3)]:

LL jeacr

el
Again because of [Hei, Corollary 7.5] V&®— is compatible with geometric
realisations:

= LIVesoim TiMy) = u V&M,

As we wanted to show. O]

Corollary D.2.17. Let V® be a monoidal category compatible with geo-
metric realisations, and let C be a left V®-tensored category, compatible
with geometric realisations. Let O be an operad in C. Suppose that given
V €V, the functor:

Ve(-):C—C

preserves small colimits. Then the induced functor:
V& (—):Algo(C) = Algo(C)
does as well.

Proof. Corollary D.2.13 states that in this context Algo(C) admits all
colimits. We can then apply the previous theorem to the monad 7' = T
(which is lax V®-linear after D.2.4). O

Corollary D.2.18. Assume C® is a presentably symmetric monoidal cate-
gory, left tensored on a symmetric monoidal category V compatible with
geometric realisations. Let O € Alg(sSeq(C)) be an operad in C. Let V €V
be such that the functor:

Ve(=):C—=C
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preserves small colimits. Then there exists a cotensor functor:
(=) : Algo(C) — Algo(C),
right adjoint to the tensoring action:
V@ (=) Algo(C) — Algo(C).

Proof. Recall that C® is a presentably symmetric monoidal infinity cat-
egory if the underlying category is presentable and the tensor product
preserves colimits independently in both variables. In these conditions,
Algo(C) is presentable as well [Haul9, Corollary 3.9].

By the last corollary D.2.18, the functor:

V& (—): Algo(C) — Algo(C)

preserves small colimits, so, by the adjoint functor theorem [Lur09, Corol-
lary 5.5.2.9] it admits a right adjoint. H

Remark D.2.19. For this last part, we restricted ourselves to monads
coming from operads; in fact, it is not clear what properties should a
general monad T on a presentable oco-category C possess, to produce a
presentable co-category of left modules LM odr(C).

Some results in this direction that might be worth mentioning are
[AR94, Theorem 2.78], which deals with accessible monads in the context
of classical categories, and [Lurl7, Proposition 4.2.3.7], which requires a
colimits-preserving action.
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D.3 Tensoring against “idempotent”
algebras

We begin this section with an observation on tensor units.

Remark D.3.1. The theory of monoidal oo categories is intrinsically uni-
tal: given a co-Cartesian fibration of co-operads V® — Assoc®, the unit
corresponds to the morphism (0) — (1) in Assoc [Lurl7, Remark 4.1.1.12.].

This behaviour propagates to the world of left tensored oo-categories.
Let O® — LM® be a co-Cartesian fibration of co-operads, and call V® the
fibre over Assoc® C LM® and C the fibre over ((1),(1)°), so that C is left
tensored on V®. Then a unit 1y of V, given by the fibre on ({0), &) € LM,
provides a unit for the tensoring as well.

For the main result of this section, we need that the transferred V-
action on the category of algebras Algo(C) is tensored and cotensored, so
our hypothesis on the categories C and V® must answer both features.

Let V be an co-category that admits finite products and small colimits,
such that the product preserves small colimits independently in each
variable. We view V as a symmetric monoidal co-category V® via Cartesian
product.

Let C® be a presentably symmetric monoidal co-category and let ¢ :
V¥ — C® be a symmetric monoidal functor preserving small colimits.

Assume that the resulting tensor action of V on C is also enriched.

Remark D.3.2. Observe that, under the above assumptions, for any fixed
M € C the functor:

(L)@ (=):VxC—C

preserves colimits independently in both variables. As C is presentable, for
any V €V the functor:

Vea(=):C—=C

admits a right adjoint: we have all cotensors. On the other hand, as we do
not impose any presentability assumption on V, for any M € C the functor:

(Y@M V-

does not necessarily have a right adjoint. So we must explicitly and addi-
tionally ask for morphism objects to exist.

Finally, let O® be an co-operad in C.
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Theorem D.3.3. Let X € V be an object with a pointing map 1, — X.
Let R € Algo(C) be an O-algebra in C with an equivalence R|[[ R ~ R.
Recall by remark D.2.7 that in this context the final object 1y, is also

a tensor unit for V and a unit for the action of V on Algo(C); consider the

natural morphism X — 1y. Then the map in Algo(C):

is an equivalence.

Notice that R is “idempotent” with respect to the coproduct in Algo(C),
which is, in general, unrelated to an eventual tensor product in this
category (this is the reason why “idempotent” is put between quotation
marks here).

Proof. Let E € Algo(C) be any O algebra in C. The following holds:

Lemma D.3.4. We have a (—1)-truncated morphism (also called a
monomorphism):

Map aige(c) (R, E) = Mapaig,(c)(Oc, E)

where Oc is an initial object of (C).

For the theory of truncated objects and morphisms, we remand the
reader to [Lur09, Section 5.5.6]. The proof of this lemma will be given
afterwards.

By proposition D.2.9 the induced action of V® on Algn(C) is tensored
and enriched and by corollary D.2.18 it admits all cotensors. We then
obtain the following diagram:

Map aigoc)(R, E) ———— Mapag,c)(0c, E) = %

|

Map a0 c)(X @ R, E)

|

Map aigoc) (R, EX) ——— Mapagyc)(0c, EX) = *

We have in particular remarked that the mapping spaces out of an
initial object are contractible and non-empty [Lur09, Proposition 1.2.12.4
and Remark 1.2.12.6], so homotopy equivalent to a point.

This implies that Mapay,,c)(R, E) and Mapa,y,c) (R, EX) are con-
tractible as well. In fact, from [Lur09, Definition 5.5.6.8], a morphism of
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spaces f : X — Y is (—1)-truncated morphism if and only if the fibres over
any point of Y are (—1)-truncated, which means that they are contractible.
In our case Mapay,(c)(Oc, E) (or Mapaig,c)(Oc, EX)) is equivalent to a
single point, so we get our assertion.

This allows only two choices for the mapping space Map(R, E): it is
either equivalent to a point (in which case we say that F is R-local) or
empty. This holds analogously for the space Map(R, EX). We show:

Claim D.3.5. F is R-local <= E* is R-local.
In fact, observe that according to D.3.1:

¢ By using the collapse X — 1y, given any map R — F, we have:

R— Ex~FEY 5 EX

* By using the pointing 1, — X, given any map R — EX, we have:
R—EX > E*2E.
Hence, we have a map from R — E if and only if we have a map R — E*,

which proves D.3.5. We can conclude that, for all £, Map(R, E) = Map(R®
X, E), as we wished to show. O

Proof of Lemma D.3.4. We recall the following results.

Lemma D.3.6. [Lur09, Example 5.5.6.13] A morphism f: X — Y in an
oo-category D is (—2)-truncated if and only if it is an equivalence.

Lemma D.3.7. [Lur09, Lemma 5.5.6.15] Let D be an oo-category that
admits finite limits and let k > —1 be an integer. A morphism f: D — D’
in D is k-truncated if and only if the diagonal § : D — D xp D is (k — 1)-
truncated.

Hence, to prove that we have a monomorphism Mapaye, ) (R, E) —
Map aigyc)(0c, E), we are reduced to showing that the diagonal:

Map aigo (c) (R, E) — Map aige(c) (R, E) x Map 4144 (c)(0c,E) Mapaigo c) (R, E)

is (—2)-truncated, in other words, an equivalence. By direct application
of [Lan21, Corollary 4.3.25]:

Mapaigoc) (B, E) X Map gy ) (0c.E) Mapago(c) (R, E)
=~ Mapaygo(e)(R ]| R, E) = Mapaigo(c)(R, E)
Oc

]
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D.4 The motivic context and M HH(MQ)

Let now S be a nice (for instance, quasi compact and quasi separated,
or better) scheme, and let Spc(S), and SH(S) be Morel and Voevodski’s
categories of respectively pointed motivic spaces and motivic spectra, seen
as oco-categories [Rob15]. Observe that this pair of categories satisfies all
the hypotheses of theorem D.3.3. In particular, the infinite suspension
functor:

X Spe(S)e — SH(S)

extends to a colimit-preserving symmetric monoidal functor, once we
endow these categories with the usual tensor product given by the smash.
Hence motivic spectra are tensored on pointed motivic spaces. Moreover,
both categories are presentable (presentably symmetric monoidal in fact),
so the action admits right adjoints both when either the first or the second
variable is fixed (cotensors and morphism objects, respectively).

We apply theorem D.3.3 when O is chosen in particular to be the com-
mutative operad E.,. In this case, it is worth noting that C'Alg(SH(S))
inherits a tensor product that identifies with the coproduct [Lurl7, Propo-
sition 3.2.4.7]: in this case our “idempotent” objects coincide in fact with
the usual idempotent objects with respect to this monoidal structure. We
then obtain the following result:

Proposition D.4.1. Let X be a pointed motivic space and let R €
CAlg(SH(S)) be a highly commutative ring spectrum; suppose that R is
idempotent. Consider the collapse on the point morphism X — . Then
the induced map X ® R — x® R = R is an equivalence.

As an example of application, we now focus on the motivic ring spectrum
MQ = MZ ® Q representing rational motivic cohomology.

It is a highly commutative and idempotent motivic ring spectrum. In
fact, commutativity of M/ Q descends from the commutativity of MZ (see,
for instance, [Spil8]). On the other hand, idempotence was proven by
Cisinski and Deglise in [CD19]; they first constructed an idempotent
motivic ring spectrum Hz [CD19, Proposition 14.1.6], which was later
identified with the usual MQ [CD19, Corollary 16.1.7]. We can then apply
proposition D.4.1 to rational motivic cohomology; in particular, we have
the following consequence:

Corollary D.4.2. One has:

MHHMQ)=2S!e MQ=2MQ G, ®MQ=MQ
P'@ MQ =~ MQ.
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Proof. Just observe that S!, G,, and P! = S! A G,, € Spc(S), are pointed
motivic spaces; the equivalence MHH(MQ) = S} ® MQ was already
discussed in greater generality in the introduction. O

Remark D.4.3. One could get the result about motivic Hochschild homol-
ogy straightforwardly from the definition: let R be an idempotent, highly
commutative ring spectrum. Then RN R = R by [Lurl7, Proposition
4.8.2.9]. This implies:

MHH(R) 2 RAgsn R2 RAR R R.

What should be noticed here is that the tensor between MQ and S},
or G,,, or any motivic sphere (as they are given by the smash products of
those two) agree and give M Q as the product.

Remark D.4.4. The structure of M HH(MQ) is very different from that
of MHH(MZ/p), which was described in [DHO®D24]; in fact, when the
base scheme is an algebraically closed field of characteristic different from
p, T (MHH(MZ/p)) is an algebra over . .(MZ/p) = Z/p[7] in infinitely
many independent generators. Now, MQ = MZ[1/2,1/3,1/5,...]; observe
that also the homotopy ring structure of M HH (M7 /p) greatly simplifies
after inverting a certain homotopy class, namely, T (see chapter B for a
discussion on ., (M HH(MZ/p)[t])).
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