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Abstract: In the context of categories equipped with a structure of nullhomotopies, we
introduce the notion of homotopy torsion theory. As special cases, we recover pretor-
sion theories as well as torsion theories in multi-pointed categories and in pre-pointed
categories. Using the structure of nullhomotopies induced by the canonical string of ad-
junctions between a category A and the category Arr(A) of arrows, we give a new proof of
the correspondence between orthogonal factorization systems in A and homotopy torsion
theories in Arr(A), avoiding the request on the existence of pullbacks and pushouts in A.
Moreover, such a correspondence is extended to weakly orthogonal factorization systems
and weak homotopy torsion theories.
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1 Introduction

There is a striking analogy between orthogonal factorization systems and torsion theories.
If you have an orthogonal factorization system in a category, from each arrow you get
a pair of composable arrows, and the two arrows lie in two assigned classes of arrows
whose intersection is reduced to the class of isomorphisms. If you have a torsion theory
in an abelian category, from each object you get a pair of objects connected by a short
exact sequence, and the two objects lie in two assigned subcategories whose intersection
is reduced to the zero object. This analogy becomes even more strict considering notions
of torsion theory adapted to general (not necessarily abelian) categories.

Since the category Arr(A) of arrows of a category A is the standard way to turn
arrows into objects, one expects that a precise relation between orthogonal factorization
systems in 4 and torsion theories in Arr(A) exists. A new direction to establish and
describe such a relation has been indicated in the unpublished talk [14]. More recently,
and independently from [14], the correspondence between orthogonal factorization systems
in A and a certain kind of torsion theories in Arr(A) has been established in [9]. The
proof of the main result in [9] depends on previous results on (co)monads from [10] and
on the reformulation of the definition of orthogonal factorization system given in [12].

The notion of torsion theory used in [9] is based on the notion of pre-pointed category
and, more precisely, on pre-(co)kernels (not to be confused with the prekernels studied
in [6, [7]: pre-kernels from [9] are weak prekernels). Pre-kernels are not defined in terms
of a universal property, they are defined via an ad-hoc construction which depends on
the reflective and coreflective character of the subcategory of trivial objects. Nevertheless,
pre-kernels have a universal property: they are a special instance of the so-called homotopy
kernels, as pointed out in [18] in the special case of Arr(A).

Any adjunction (in fact, any pre-radical and any pre-coradical) induces a structure of
nullhomotopies (see Definition 1)), and any structure of nullhomotopies carries with it a
notion of homotopy kernel. Therefore, the idea developed in the present paper will allow
us to gather in the same framework various notions of pretorsion and torsion theory (in
pointed categories, in multi-pointed categories, in pre-pointed categories) appearing in the
literature. We will show that the latter are all special cases of a general notion based on
homotopy kernels. We call such a notion homotopy torsion theory and we formulate its
definition in any category equipped with a structure of nullhomotopies. The main test
for our definition is to get a revisited version of the result in [9] cited above: we give a
self-contained proof that orthogonal factorization systems in a category A correspond to
homotopy torsion theories in Arr(.A) with respect to the nullhomotopy structure induced
by the canonical string of adjunctions between A and Arr(A). Moreover, basically the
same proof allows us to extend this result to a correspondence between weakly orthogonal
factorization systems and weak homotopy torsion theories.

The layout of the paper is as follows. In order to express the notion of homotopy torsion
theory, in Section 2lwe recall the notion of category with nullhomotopies. We give a method
to construct examples from pre-(co)radicals and we compare structure of nullhomotopies
with ideals of arrows. The case of pre-pointed categories and, in particular, the example



of Arr(A), are considered in Section Bl In Section M and in Section [l we discuss the
standard notion of homotopy kernel: definition, main properties and conditions for the
existence. In Section [6] we characterize pre-pointed categories among categories equipped
with a structure of nullhomotopies. In Section [ we define homotopy torsion theories with
respect to a given structure of nullhomotopies and, in Section B we compare them with
pretorsion theories. It turns out that pretorsion theories coincide with homotopy torsion
theories when the structure of nullhomotopies is reduced to a closed ideal of arrows.
The correspondence between various types of factorization systems in a category A and
homotopy torsion theories in Arr(.4) is developed in the rest of the paper: the case of
(weakly) orthogonal factorization systems in Section[@] the case of quasi-proper and proper
orthogonal factorization systems in Section [I0] and in Section Il and finally the pointed
case in Section In order to help the reader, Section [I3] gives a global view of the
correspondences studied in Sections [0 [0 and [IT1

Finally, let us mention that large portions of this paper also appear in the Master
Thesis [15] of the second author, written under the supervision of the first author.

2 Nullhomotopies, ideals and pre-radicals

For the notion of structure of nullhomotopies on a category, we follow [18, [I1] and adopt
a definition a bit stronger than the original one in [§].

Definition 2.1. A structure of nullhomotopies © on a category B is given by:

1) For every arrow g in B, a set ©(g) whose elements are called nullhomotopies on g.

f g h

X Y

2) For every triple of composable arrows W Z , a map
ho—of:0(g9) = O(h-g-f)
such that, for every ¢ € ©(g), one has

(@) (W-h)opo(f-f)=ho(hoypof)o f whenever the compositions h’ - h and
f - f" are defined,
(b) idy oo idX = @.
Notation 2.2. To visualize a nullhomotopy A € ©(g) in a diagram, we will sometimes
use the notation

g
X\)\/_TT\:Y

This notation comes from the fact that, in a 2-category with a zero object, we get a
structure of nullhomotopies by taking as nullhomotopies on an arrow g all the 2-cells from
the zero arrow to g (or from g to the zero arrow).

Remark 2.3. When, in Definition 2.1 f = idx or h = idy, we write h o ¢ and ¢ o f
instead of h o p oidx and idy o ¢ o f. It is possible to restate Definition 2.1 using h o ¢
and ¢ o f as primitive operations and asking that ho (po f) = (hop)o f,h o(hop) =
(W -h)op,(pof)of =¢o(f f)idycp=p=gpoidx.

There is an obvious notion of morphism between structures of nullhomotopies. It is a
special case of the notion of morphism between categories with nullhomotopies from [19].
(If B is a category, we denote by ar(B) the possibly large set of its arrows, and by ob(B)
the possibly large set of its objects.)



Definition 2.4. Let © and ©’ be two structures of nullhomotopies on the same category
B. A morphism I: © — ©' is given by a family of maps indexed by the arrows of B

{Z,: ©(9) = ©'(9)}gear(B)

such that, for every triple of composable arrows W ! x-ZL.y-t.z , the following
diagram commutes
7,
() - ©'(9)
ho—ofl lho—of
©(h-g-f) ©'(h-g-f)

The structures of nullhomotopies on B together with their morphisms constitute a category

denoted by Null(B).

Pretorsion theories, considered in Section [§, are based on the notion of ideal of arrows,
which provides (via Lemma [2.8]) our first example of structure of nullhomotopies. We
start recalling from [9] the notion of (closed) ideal of arrows together with some basic
facts about it.

Definition 2.5. Let B be a category.

1. A subset 2, C ar(B) is an ideal if it satisfies the following condition: if g: X — Y is
in Z1, then for any pair of arrows f: W — X and h: Y — Z, the composite arrow
h-g-f: W — Z is still in 2.

2. If Z; is an ideal, an object N is Zi-trivial if idy: N — N is in Z.

3. An ideal Z; is closed when an arrow ¢ is in Z; (if and) only if it factors through
some Zi-trivial objects.

2.6. Consider the following constructions (P(X) denotes the poset of subsets of a set X):
- i: P(ob(B)) — P(ar(B)), i(Zy) = {g € ar(B) | g factors through some objects in Zy}
- t: P(ar(B)) — P(ob(B)), t(Z1) = {Z1-trivial objects} = {N € ob(B) | idy € 21}
Plainly, we have:
1. If Zy C Z|, then i(Zy) Ci(Z)). If Z; C Z1, then t(Z2;) C t(Z2)).
2. For any Zy C ob(B), i(2p) is a closed ideal and Z C t(i(2p)).
3. If Z; is an ideal, then ¢(Z;) is closed under retracts and i(t(21)) C Z;.

4. The set t(i(Zy)) of i(Zp)-trivial objects is the smallest subset of ob(B) containing
Zy and closed under retracts.

5. If 21 is an ideal, the set i(t(21)) is the largest closed ideal contained in 2.
Moreover, the constructions i: P(ob(B)) — P(ar(B)) and t: P(ar(B)) — P(ob(B)) restrict

to an isomorphism

Retr(B) ~ CIId(B)
where Retr(B) C P(ob(B)) is the poset of the subsets of ob(B) closed under retracts, and
Clld(B) C P(ar(B)) is the poset of closed ideals.



2.7. Now we compare ideals and structures of nullhomotopies: structures of nullhomo-
topies are a wide generalization of ideals which correspond to discrete structures. We call
a structure of nullhomotopies © discrete when, for every arrow g, the set ©(g) is either
the singleton or the empty set.

Lemma 2.8. Let B be a category and 1d1(B) the poset of ideals of arrows in B. Then Id1(B)
is equivalent to the reflective subcategory of Null(B) spanned by the discrete structures.

Proof. The full and faithful functor Idl(8) — Null(B) is realized by associating with an
ideal Z; the discrete structure on Zi:

. x if ge 2
621(9)_{® if g¢21

The reflection Null(B) — Idl(B) associates with a structure of nullhomotopies © the ideal
Z1(©) of the arrows g € ar(B) such that ©(g) is non-empty. O

Example 2.9. Here there is another easy way to construct structures of nullhomotopies.
Let U: A — B be a full and faithful functor. We get a structure of nullhomotopies © 4 on

B by putting, for arrows W ! x-ZL.y-* Z

@A(g) = {(91714792) ‘ g=4g2-g1: X — Z/{A — Y7A € A}7 ho(gl,A,gg)Of = (gl'fa A7h92)

2.10. Usually, a pre-radical in a category B is defined as a subfunctor R of the identity
functor Zd: B — B. We extend the terminology to any natural transformation 8: R = Zd
on any endofunctor R: B — B. We use pre-radicals and pre-coradicals in B to construct
structures of nullhomotopies.

1. If 8: R = Zd: B — B is a pre-radical, we get a structure of nullhomotopies on B by
putting O5(g) = {¢: X > RY [ By -y =g} and hoypo f =R(h) -9 f

RY
X
X Y
g

2. If v: Zd = §: B — B is a pre-coradical, we get a structure of nullhomotopies on B
by putting ©,(9) = {¢: SX =Y |p-7x =g} and hopo f=h-¢-S(f)

N\

g

X Y

3. If 8: R = Zd is a pre-radical and v: Zd = § is a pre-coradical, we get a structure
of nullhomotopies on B by putting ©,3(9) = {\: SX = RY | fy - A-vx = g} and
hoXof=R(h)-A-S(f)

SX ARy

gl

X Y




Remark 2.11. Two comments on the constructions in [2.10]

1. Observe that, if 3 in[ZI0l1 is an isomorphism, then the structure ©4 is the terminal
object of Null(B). This means that, for any arrow ¢ in B, the set ©g(g) is reduced
to a singleton. Indeed, the condition By - ¥ = g is equivalent to ¥ = 5;1 - g. The
same happens if v in ZT0l2 is an isomorphism and if both § and ~ in 2.I0.3 are
isomorphisms.

2. More in general, the structure ©g of 2.1011 is discrete if and only if, for every Y € B,
the arrow By is a monomorphism. The structure O, of 2.102 is discrete if and only
if, for every X € B, the arrow yx is an epimorphism.

3 Pre-pointed categories and the category of arrows

A string of adjunctions like the one involved in the next proposition is called a pre-pointed
category in [9].

Proposition 3.1. Consider the following string of adjunctions

C
A—u——B CHUAD
D

with units and counits given by
vg: B—UCB, 64: CUA — A, as: A— DUA, Bg: UDB — B.
IfU: A — B is full and faithful, then:

1. The three structures of nullhomotopies on A induced by the pre-radical § and by the
pre-coradical o are the terminal ones.

2. The three structures of nullhomotopies on B induced by the pre-radical B and by the
pre-coradical y are isomorphic in Null(B).

Proof. 1. This follows from Remark 21111 because § and o are isomorphisms.
2. We check the isomorphism ©,3 ~ ©,. Fix an arrow g: X — Y in B and define

Zy: ©,,5(9) = ©4(g) by
T,(\: UCX — UDY) = (By - A\: UCX — UDY —Y)

The fact that Z, is well-defined is obvious and the fact that Z is a morphism of null-
homotopy structures comes from the naturality of 5. In the opposite direction, define

Ig:l: @y(g) - 9%5(9) by
Ig_l(gpz UCX - Y)=UD(p) Ulacx): UCX — UDUCX — UDY)

The fact that Z 1 is well-defined comes from the naturality of 8 and the fact that Z~!
is a morphism of nullhomotopy structures comes from the naturality of «. The fact that
Z,(Z, L(p)) = ¢ is attested by the commutativity of the following diagram, where the
triangle on the left commutes by one of the triangular identities and the triangle on the

right commutes by naturality of 3:

U(acx) UD(p) By

Ucx UDUCX UDY Y
x lﬁ” CX/
UCx



The fact that Z YZ,(X)) = X is attested by the commutativity of the following diagram:

uex —4 _vpucx —YY _ypupy —42P) _ypy
x lﬁucx Bupy l /
UCx . UDY

The triangle on the left commutes by one of the triangular identities, the square commutes
by naturality of §. Finally, the triangle on the right commutes since, by the triangular
identities, UD(Py ) and Bypy are both right-inverses of U (apy ), which is an isomorphism
because U is full and faithful.

Concerning the isomorphism ©, 3 ~ ©g, we just recall the constructions. Fix an arrow
g: X =Y in B and define Z,: ©,5(g9) = ©3(g) by

ZgAN:UCX - UDY ) = (A-yx: X = UCX = UDY)
In the opposite direction, define Z;': ©3(g) — ©, 5(g) by
Ig_l(w: X - UDY) = U(dpy) - UC(Y): UCX — UCUDY — UDY)
The proof of the isomorphism ©, 3 ~ O3 is dual to the previous case. O

3.2. Putting together Remark 2.1112 and Proposition B.112, we get that, in the situation
of Proposition B.] the unit vg of C 4 U is an epimorphism for all B € B if and only if the
counit Sp of U 4 D is a monomorphism for all B € B.

Remark 3.3. We can complete Proposition 3] by observing that the three isomorphic
structures of nullhomotopies ©3,0, and ©, 3 are retracts, in Null(B), of the structure
© 4 of Example 29l Moreover, the induced ideals of arrows Z1(03), Z1(0~), Z1(0, 3) and
Z1(©4) are equal. In particular, the equality Z,(03) = Z;(©,) means that Proposition
BIlis the non-discrete generalization of the annihilation property stated in Lemma 1.2(c)
in [9].

Proof. Let us check that ©, is a retract of © 4. For an arrow g: X — Y in B, put

Zy: ©4(9) = ©ulg) , Zy(p: UCX = Y) = (x,CX, ¢)

Z;: 04(9) = ©4(9) » Z;(91,4,92) = 92 01
where ¢g]: UCX — UA is the unique arrow such that ¢} - vx = ¢1. The condition
Z;(Zy(¢)) = ¢ is easy to check.
It remains to prove that Z;(©,) = Z1(©4). We have to show that, for any arrow ¢ in
B, one has that ©,(g) # 0 if and only if © 4(g) # (: this is obvious because ©,(g) is a
retract of © 4(g). O

The rest of this section is devoted to two examples. Both are special cases of the
situation described in Proposition [3.11

Example 3.4. For a given category A, we denote by Arr(.A) the category whose objects
are the arrows x: X — Xy of A and whose arrows are pairs of arrows (g, go) in A such
that the following diagram commutes

x- 2.y

"

X0 == Yo

We will use the notation (g, go): (X,z, Xo) — (Y,y, Yy). There are three functors:



- the domain functor D: Arr(A) — A defined by
D((g,90): (X,z,X0) = (Y,y,Y0)) = (9: X =)

- the codomain functor C: Arr(A) — A defined by
C((9,90): (X, 2, Xo) = (Y,y,Y0)) = (90: Xo = Yo)

- the unit functor U: A — Arr(A) defined by
Ulg: X =) = ((9,9): (X,idx, X) = (Viidy,Y))

The functor U is full and faithful. Moreover, these three functors form a string of adjunc-

tions
C

A—vu—— Arr(A) CHUAD
D

The unit vy 4 x,): (X, 2, Xo) = UC(X, 2, X)) of CHU is X —— X
I
Xo — Xo
The counit Bryy.yp): UD(Y,y, Yo) = (Y4, Yo) of U 4D is ¥V sy
J ]
Y — Yo
The three isomorphic structures of nullhomotopies on Arr(.A) induced by the adjunctions

C 41U - D as in Proposition Bl will be denoted by H(A). Explicitly, for an arrow
(9590): (X?x,XO) - (Y’y’}/(])’ we have:

H(A)(g,90) ={ : Xo=Y | A-z=gandy-\=go}
Indeed, the commutativity of both triangles in
x—2sy
e
z y
Xo == Yo

is clearly equivalent to the equation By, vy) - U(N) - Y(xe,x0) = (9 90) in Arr(A), that is

XX, 2.y oy X2,y
NN
Finally, in the situation
/ g h

W X Y Z

L

w T Yy z

Wo —= Xo —7> Yo — = Zo

we have (h,hg) o Ao (f, fo) =h-X- fo.



Example 3.5. The second main example is in fact a variant of the first one. We take as
category A the category Grp of groups and as category B the category XMod of crossed
modules (see [20]). We will denote an object in XMod by (X, z, Xg, x), where x: X — X
is the group morphism and *: Xy x X — X is the action. The string of adjunctions

C
Grp—u«—XMod CHUAD
D

is essentially as in Example B4l In short, D(X,z, Xo,*) = X,C(X,z, Xo,*) = Xo, and
UX) = (X,idx, X, conj), where conj: X x X — X is the conjugation action of X on
itself. The unit v(x,z x,,«) of C 71U and the counit By ; x,,+) of U 1D are as in Example
B4 just check that they are crossed module morphisms and that the universal properties
restrict from Arr(Grp) to XMod. It follows that the structure of nullhomotopies induced
on XMod by the string of adjunctions C 4 U 4 D is the same as in Example 3.4

4 Homotopy kernels

The natural notion of “higher dimensional limit” in a category equipped with a structure
of nullhomotopies is the one of (strong) homotopy kernel. As far as we know, the first
place where (a variant of) this notion has been introduced is [13].

Definition 4.1. Let g: X — Y be an arrow in a category with nullhomotopies (B, ).

1. A homotopy kernel of g with respect to © is a triple
N(g) € B,ng: N(g) = X,vy € O(ng - g)
such that, for any other triple of the form
WeB, f: W—=X,0e0O(fg)

there exists a unique arrow f': W — N (g) such that ng- f' = f and vyo f' = ¢

2. A homotopy kernel (N(g),ng,vy) is strong if, for any triple of the form
WeB, f: W —=N(g),p €O(ng- f)

such that g o ¢ = v, 0 f, there exists a unique nullhomotopy ¢’ € ©(f) such that

ngoy =
P n
w N(g) L SX Y
Soen 7 S~ vt -7



4.2. The notion of (strong) homotopy cokernel with respect to © is dual of the notion
of (strong) homotopy kernel and it will be needed later in this paper. For the homotopy
cokernel of an arrow g: X — Y, we adopt the notation

We will often write ©-kernel and ©-cokernel instead of homotopy kernel and homotopy
cokernel with respect to the structure ©. In this section (in fact, throughout all the paper
with the only exception of Section [7), we develop the theory for ©-kernels, but everything
can be obviously dualized to ©-cokernels.

4.3. The homotopy kernel of an arrow is determined by its universal property uniquely
up to a unique isomorphism. Moreover, if an arrow has two (necessarily isomorphic)
homotopy kernels and one of them is strong, the other one also is strong.

Remark 4.4. Homotopy kernels satisfy a cancellation property.

1. In the situation depicted by the following diagram, if n,-h = n4-k and vyoh = v, 0k,
then h = k.

P vg =~
AL

N(g) X Y

g g

VA

2. When the structure of nullhomotopies is discrete, the condition v40h = v,0k follows
from the condition ng, - h = ng - k, so that the cancellation property above reduces
to the fact that ny: N (g) — X is a monomorphism.

4.5. In the very general context of categories with nullhomotopies, homotopy kernels do
not have strong classification properties as, for example, usual kernels have in abelian
categories. Nevertheless, in Lemma H.8 we list some simple facts which will be useful
in the rest of this paper. We start with two points of terminology in a category with
nullhomotopies (B, 0):

- An object X € B is O-trivial if ©(idx) # 0.

- Given an ordered pair of objects (T, F') € B x B, we say that T is ©-orthogonal to
F, and write T' L F, if ©(h) = {x} for every arrow h: T — F.

Observe that
1. any retract of a O-trivial object is O-trivial,
2. if an arrow g factorizes through a ©-trivial object, then O(g) # 0,
3. if T is isomorphic to 7" and F' is isomorphic to F’ and T' L F, then T" 1| F”,
4. if X 1 X, then X is ©-trivial.

Proof. 2. Consider two arrows a: A — X and b: X — B with X a O-trivial object. If
A € O(idx), then boAoa € O(b- a). O

4.6. Observe that the terminology in Definition 2512 is coherent with the one in if
Z1(0) is the ideal associated with ©, to be ©-trivial is the same as to be Z1(0©)-trivial.

10



4.7. Observe also that, using the notion of closed ideal, we can partially invert the impli-
cation in [52: if the ideal Z1(0) is closed and if ©(g) # 0, then g € Z1(0) and therefore
it factorizes through some ©-trivial object.

Lemma 4.8. Consider a homotopy kernel in a category with nullhomotopies (B,0):

- vg I T~

N(g) X Sy

Ng g

1. ©(g) # 0 if and only if ng is a split epimorphism. If, moreover, N'(g) LY, then ng
s an isomorphism.

2. If N(g) is a strong ©-kernel and if g is an isomorphism, then N(g) is ©-trivial.
3. If X is ©-trivial and if N'(g) LY, then ng is an isomorphism and N (g) is ©-trivial.
4. If Y is ©-trivial and if N'(g) LY, then ng is an isomorphism.

Proof. 1. If A € O(g) = ©(idx - g), then, by the universal property of the O-kernel, there
exists a unique a: X — N(g) such that ny-a =idx and v4o0a = . The first condition on
a already gives that ng is a split epimorphism. Moreover, ng-a-ng =idx -ng = ng-idpr(g)-
If N(g) LY, we also have vy 0a-ny, = v, 0 idy(g), because both nullhomotopies are
in ©(g - nyg) which is a singleton. By Remark B4, we get a - ny = idy(g) and we are
done. Conversely, if there exists an arrow i: X — N(g) such that ng -7 = idy, then
vgoi € O(g-ng-1) =0(g-idx) = O(g).

2. If g is an isomorphism, then g~' oy, € O(g7" - g - ng) = O(ng - idy (). Moreover,
go(g ' ovy) = vgoidyy,). Since N (g) is a strong O-kernel, we get a unique A € O(idy(y))
such that ng o X = g~* o . Therefore, O(idp(y)) # 0.

3. If there is a nullhomotopy A € O(idx), then go A € O(g) and, by point 1, n, is an
isomorphism. This implies that N (g) is ©-trivial because X is ©-trivial.

4. If there is a nullhomotopy A € O(idy ), then Aog € ©(g) and we can apply point 1. O

Corollary 4.9. Let (B,0) be a category with a structure of nullhomotopies. Assume that
© is discrete and that the ideal Z1(0©) is closed.

1. If an isomorphism has a ©-kernel, then the object part of the ©-kernel is ©-trivial.
2. If ©-kernels exist in B, then they are strong.
Proof. 1. Consider a ©-kernel of an isomorphism ¢

Ng g

N(g) —=X —Y

Since g - ny € Z1(0©), then ng = g~ - g n, € Z1(0). Since Z1(O) is closed, there exists
a factorization ng = b-a: N(g) - Z — X, where Z is a ©-trivial object. This means
that idzy € Z1(0). and then g-b = ¢g-b-idz € Z(0). By the universal property of
the ©-kernel, there exists a unique arrow b': Z — N (g) such that ny - ¥ = b. Therefore,
ng-b -a=b-a=mng This implies that &' -a = id N (g)» because ng is a monomorphism (see
Remark [£:412). We have proved that N (g) is a retract of Z and, by E5.1, we can conclude
that N (g) is O-trivial.

2. Consider the following diagram

w LN e x ey

11



Since O is discrete, to prove that the ©-kernel is strong amounts to proving the following
implication: if ny,-f € Z1(0) then f € Z1(0). Let nx: N (idx) — X be the ©-kernel of the
identity arrow on X. Since nx = idx -nx € Z1(0), also h-nx € Z1(©). By the universal
property of N'(h), we get a unique arrow h': N(idx) — N(h) such that ny - ' = nx.
On the other hand, idx - np - f = np - f € Z1(©), so that, by the universal property of
N (idx), there exists a unique arrow f': W — AN (idx) such that ny - f* = ny,- f. Therefore,
np-h - f'=nx - f' =mny - f. This implies that A’ - f/ = f because nj, is a monomorphism
(see Remark £412). Finally, f = h'- f' = h'-idpiay) - f' € 21(0) because, by the previous
point, the ©-kernel NV (idx) is ©-trivial, that is, idyta,) € Z21(0). O

Remark 4.10. In the situation of Lemma [£.8] if the structure © is discrete, then the first
point can be improved using Remark 412 and gives that ©(g) # 0 if and only if n, is
an isomorphism. This result appears also as Lemma 2.4 in [7], where it is expressed using
kernels relative to an ideal of arrows (see Definition [B1]).

5 Existence of homotopy kernels

The main result of this section is to establish a sufficient condition for the existence of
homotopy kernels in a category equipped with a structure of nullhomotopies (Proposition
[£3]). This result is then specialized to pre-pointed categories and, in particular, to cate-
gories of arrows. We follow the same lines as done in [I1] for homotopy pullbacks and refine
some results from [9]. We recall from [19] an auxiliary definition about nullhomotopies
and (categorical) pullbacks.

Notation 5.1. The factorizations of a commutative square = - f = y - g through the
pullback will be written as

A g
(f.9)

B xy;,C = C

NI |

B D

Definition 5.2. (Using notation 5.I1) Let (B,0) be a category with nullhomotopies. A
pullback B X, C in B is strong with respect to the structure © (or ©-strong) if, given
two nullhomotopies ¢ € O(f) and 1) € O(g) such that x o p = y o1, there exists a unique

nullhomotopy (¢, ) € ©((f, g)) such that y' o (p,¢) = ¢ and 2’ o (p, 7)) = 9.

Proposition 5.3. Let (B,0) be a category with nullhomotopies. If B has (strong) ©-
kernels of identity arrows and (©-strong) pullbacks, then B has all ©-kernels (and they
are strong).

Proof. Consider the following diagrams, the one on the left being a ©-kernel (where we
write n instead of nijg and v instead of v4q) and the one on the right being a pullback

2
Nid) ————=Y ———2Y  N(id) xpg X — X
g’l g
N (id) _ Y

12



Observe that vo g € O(n-¢') = O(g-n'). We are going to prove that the O-kernel of ¢ is

T
N(id) X9 X X

n' g

For this, consider the following situation

/// /iplL\ \\\
w 7 X 7 Y

Since ¢ € O(g- f) = O(idy - g - f), the universal property of the ©-kernel of idy produces
a unique arrow f: W — N(id) such that n- f = ¢g- f and v o f = . Because of the
first condition on f, we can apply the universal property of the pullback and we get a
unique arrow f': W — N (id) x,, 4 X such that ¢’ - f' = f and n’ - f' = f. It follows that
vog - f'=vof =, sothat f'is a factorization of (f, ) through (n’,v o ¢'). In order
to prove the uniqueness of such a factorization, consider an arrow h: W — N (id) x,, g X
such that n’ -h = f and vo g - h = ¢. To check that h = f’ it is enough to check that
¢’ -h = f. This is true because n-¢' -h=g-n' =g - f.

Now we move on to the strong case. Consider the following situation

- N(d) sy X — S x
- _ vog' { B -

w

>

—

where the nullhomotopy ¢ is such that goyp = vog'- f. Observe that gop € O(g-n'- f) =
O(n-g - f)and idy -gop =vog - f. Therefore, since the O-kernel of idy is strong, there
exists a unique nullhomotopy @ € O(f - ¢') such that no @ = g o . Since the pullback
N(id) % p,q X is O-strong, we get a unique nullhomotopy ¢’ € ©(f) such that ¢’ o ¢’ = @
and n' o’ = ¢. As far as the uniqueness of the factorization ¢’ is concerned, let ¢ € O(f)
be a nullhomotopy such that n’ o1 = ¢. To check that ¢ = ¢/, it is enough to check that
g o1 = @. This is true because n- g otp = g-n'oh = go . O

Lemma 5.4. Let 3: R = Id: B — B be a pre-radical in a category B and Og the
associated structure of nullhomotopies as in[210.1. For any object X € B, the following
diagram is a ©g-kernel of idx

/////iER;(‘ll\\\\\
RX X -
Bx idx

Ny

X

Moreover, if R is an idempotent comonad and (3 is its counit, then the ©g-kernel described
above is strong.

Proof. Explicitly, we assert that the ©g-kernel of idx is

13



Indeed, a nullhomotopy

— ll ~
— ~
- ~

X
W f idx

> X

amounts to an arrow 1: W — RX such that Bx -1 = f. As factorization f': W — RX
of (f,4) through the ©g-kernel we can take 1) itself. This is the unique possible choice
because the condition viq, o f’ = 9 precisely means f' = 1.

Assume now that R is an idempotent comonad and [ is its counit, and consider a nullho-
motopy 1 compatible with the nullhomotopy idg x as in the following diagram

/////idRXU\\\\\
w—J L Rrx X—  >x
S Bx _7 idx
~___en 2=

Therefore, the arrow ¢: W — RX is such that Sx - = Bx - f and R(idx) - ¢ = idgrx - f.
We get ¢ = f and we have to find a unique arrow ¢': W — RRX such that Srx -¢' = f
and R(Bx) - ¢ = 1. If we put ¢/ = ox - f, where o: R = RR is the comultiplication
of the comonad, both conditions are satisfied. Indeed, Brx - ox - f = idrx - f = f and
R(Bx)-ox g =idrx - f = f = 1. It remains to prove the uniqueness of ¢)’. For this,
assume that Srx -1’ = f. Since the comonad is idempotent, the comultiplication ox is
an isomorphism and then Brx, being a one-side inverse of ox, is also an isomorphism.

Finally, from Brx -9’ = f we get ¢/ = 57_3& f=ox-f. O

Lemma 5.5. Let v: Zd = S§: B — B be a pre-coradical in a category B and ©, the
associated structure of nullhomotopies as in[2.10.2. If B has pullbacks, they are ©.-strong.

Proof. Consider a pullback in B

B Xz, C e C

/ I

B D

and an arrow h: W — B X, C. Consider also two nullhomotopies ¢ € ©,(y’ - h) and
1 € ©4(2’ - h) such that x o ¢ = y o 1. This means that we have arrows ¢: SW — B
and ¢: SW — C such that o -y =4y -h,o -yw = 2’ - h and x - ¢ = y - 1. From the
universal property of the pullback, we get a unique arrow (p,v¢): SW — B x,, C such
that v - (p,v) = ¢ and 2’ - (p,1) = 1. The arrow (p, 1) is in fact a nullhomotopy on h
because, by composing with the pullback projections, we can check that (¢, ) - yw = h.
Moreover, 3’ o (o, 1) =y - (¢, ) = p and 2’ o (p, ) = a’ - (p, 1)) = 1), as required. The
uniqueness of such a nullhomotopy is clear: if A\ € ©,(h) is such that y' o A = ¢ and
¥’ o X =1, we have ¥/ - A = p and 2’ - X = 1, so that A\ = (¢, ). O

Corollary 5.6. Consider the following string of adjunctions

c
A—u——B CAHUAD
D

with U full and faithful. Put on B one of the three isomorphic structures of nullhomotopies
as in Proposition [31. If B has pullbacks, then it has strong homotopy kernels.

14



Proof. Write, as usual, v for the unit of the adjunction C 4 U and § for the counit of
the adjunction & - D. If we apply Lemma [5.4] to the idempotent comonad R = U - D
with counit 8, we deduce that B has strong homotopy kernels of the identity arrows with
respect to the structure ©4. If, moreover, we apply Lemma to the pre-coradical v on
S = U - C, we deduce that pullbacks in B are strong with respect to the structure ©,.
Since, by Proposition 3.1, ©3 and ©, are isomorphic structures, we can apply Proposition
(.3l to conclude that B has strong homotopy kernels. O

Remark 5.7. Consider the situation of Corollary

1. Explicitly, the strong homotopy kernel of an arrow g: X — Y in B can be described
as follows: write 3 for the counit of the adjunction & 4 D and consider the pullback

Uuny
X Xgp UDY — =X ——=V
Y

then NV(g9) = X 48, UDY, ng = 4, and vy = ¢

2. The above construction already appears in [9] but, since nullhomotopies are not
taken into account, what is shown in [9] is that

X x

95YU'DY—>X—>Y
El 5{/ g

is a weak Z1(©)-kernel of g (see Definition B.1] for the notion of Z;-kernel).

Example 5.8. Consider the structure of nullhomotopies H(A) in Arr(A) induced by
the string of adjunctions C 4 U + D as in Example B4l Since Arr(.A) is a category of
presheaves with values in A, we can improve Corollary and we get the following fact,
proved directly in [19]:

- if A has pullbacks, then Arr(A) has strong H(.A)-kernels.

More precisely, since pullbacks in Arr(.A) are constructed level-wise from those in A, we
obtain the following explicit description of H(A)-kernels (use the description of units from
Example 3.4l and the construction of homotopy kernels from the proof of Proposition [(.3)).
Let

XxX—2.v

|

X0 == Yo

be an arrow in Arr(A). If the pullback of gy and y exists, then a H(A)-kernel of (g, go) is
given by

X id X g Y
w )
KXo Xgoy ¥ —2 Xo——7— Y0

This description already appears in [18] [19], with its universal property as homotopy limit,
as well as in [9], with the weak universal property recalled in Remark [5.7].2.
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Example 5.9. Consider, in a category A, any pair of composable arrows
X2y z

The following diagram is a H(.A)-extension in Arr(A), that is, ((X,¢,Y), (idx,h),idy) is
the H(A)-kernel of (g,idyz) and ((Y,h, Z),(g,idz),idy) is the H(A)-cokernel of (idx, h)

X id X g Y

h-g
g . h

Y Z - A
h id

In fact, every H(A)-extension in Arr(A) is, up to isomorphism, of this form. This fact,
needed in Section [I0], will be explained in more detail in Remark

6 A characterization of pre-pointed categories

The aim of this section is to give a characterization of pre-pointed categories among
categories with a structure of nullhomotopies. We start by observing that, if the structure
of nullhomotopies © comes from a monad or a comonad, then the ideal Z;(©) is closed.
We state the case of a monad, the situation for a comonad is dual.

Proposition 6.1. Let v: Zd = S: B — B be a pre-coradical in B.
1. An object X € B is ©-trivial iff vx is a split mono.
2. In particular, if S: B — B is a monad with unit vy, then:

(a) If (A,a: SA — A) is an S-algebra, then A is a ©,-trivial object.
(b) For any object X, the object SX is ©-trivial.
(¢) The ideal Z1(©,) is closed: Z,(0,) =1i{SB | B € B}.

3. In particular, if the monad S: B — B is induced by an adjunction

A B CHAU ~vp: B—UCB, 04:CUA— A

with U full and faithful, then:

(a) Z21(©y) =i{lUA| A e A}
(b) The set of ©-trivial objects coincides with the closure in B of {UA | A € A}
under isomorphisms.

(c) If X is a ©-trivial object, then X LY for every object Y € B.

Proof. 1. The commutativity of the following diagram expresses at the same time that
vx is a split mono and that ¢ € ©,(idx), so that X is ©,-trivial

7N\

id

X X
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2(a) If (A,a: SA — A) is a S-algebra, then a-y4 = id4 and we apply the previous point.
2(b) This follows from 2(a) because (SX, pux: SSX — SX) is a S-algebra, p being the
multiplication of the monad.

2(c) The inclusion Z1(0,) C i{SB | B € B} is obvious: if an arrow g: X — Y is in
Z1(©5), then ©,(g) is non-empty, so that there exists an arrow ¢: SX — Y such that
g=¢ -7x: X - SX =Y. (By 2(b), the object SX is ©,-trivial, so that we can already
conclude that Z1(0,) is closed.)

Conversely, if an arrow g: X — Y can be factorized as g =b-a: X — SB — Y, we get

b-pp-S(a) yx=b-up-vsp-a=b-a=g

so that b- up - S(a) € ©,(g) and then g € Z(0,).

3(a) Obvious because SB = UCB and UA ~ UCUA.

3(b) This is a consequence of 2.614 and of the following standard fact: if an object B € B
is a retract of an object coming from A, say idg = y-z: B — UA — B, then the unit
vp: B — UCB is an isomorphism with inverse given by y - U(d4) - UC(x).

3(c) It is enough to prove the statement when X = U A for A € A. Consider an arrow
g: UA = Y. Then 0,(9) = {¢: UCUA = Y | ¢ - yua = g}. But yy4 is an isomorphism,
so that ©,(g) is reduced to the element ¢ = g - fy&}x. O

Corollary 6.2. Consider a string of adjunctions

C
A—uvu——B CHAUAD ~p:B—-UCB, fp:UDB — B
D

with U full and faithful. Let © be the induced structure of nullhomotopies on B. The
O-trivial objects are orthogonal, on both sides, to any object of B.

Proof. Thanks to Proposition [6.113(b), it is enough to check the statement for the ©-trivial
objects of the form U/ A, with A varying in A. We use the isomorphisms of Proposition Bl
-If g: UA = Y, then O(g) ~ ©,(g9) = {*} by Proposition [6I13(c).

-If g: X — UA, then ©(g) ~ O3(g) = {*} by the dual of Proposition 6.113(c). O

Example 6.3. Consider the structure of nullhomotopies H(A) in Arr(A) induced by
the string of adjunctions C 4 U 4 D as in Example B4 Write Z;(A) for the associated
ideal of arrows in Arr(A), as in Lemma 2.8 The previous analysis shows that Z;(A) is
closed: there exists a nullhomotopy A\: Xo — Y on an arrow (g, go): (X, z, Xo) — (Y, y, Y0)
iff (g, g0) factors through some Z(A)-trivial objects. Following [6.113, the Z;(A)-trivial
objects are precisely the objects (N,n,Ny) such that n: N — Ny is an isomorphism.
Clearly, such an object (N, n, Ny) is orthogonal, on both sides, to any object of Arr(A).

6.4. With the next results, we show that, up to identifying a full and faithful functor with
its replete image, pre-pointed categories as in Proposition Bl can be detected, among
categories with nullhomotopies, by the existence of some strong homotopy kernels and
homotopy cokernels and by the behavior of trivial objects. Keep in mind Lemma [5.4] and
Proposition [6.113(c), which show that the assumptions in Lemma and in Proposition
are indeed necessary conditions.

Lemma 6.5. Let (B,0) be a category with nullhomotopies. If, for every object X € B,
there exists a ©-kernel

-7 wvxl ~ <
—~ ~

N(idx) X =5'

nx id
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then n: N = 1d: B — B is a pre-radical and the induced structure of nullhomotopies ©,,
(see[Z10.2) coincides with ©.

Proof. The functor N': B — B of the statement sends an object X € B to the object part
of the ©-kernel of the identity on X. To extend it to arrows, consider an arrow g: X — Y.
Since vx € O(idx - nx) = O(nx), then govyx € O(g-nx) = O(idy - g - nx). By the
universal property of N (idy), we get a unique arrow N,: N (idx) — N (idy) such that
g-nx = ny - Ny. This gives at once the definition of the functor A" on arrows and the
naturality of n: N = Id.

In order to construct the isomorphism ©,, ~ O, recall that, for an arrow g: X — Y, we
have ©,,(9) = {¢¥: X = N(idy) | ny - ¥ = ¢g}. Now we put:

-On(g) = O(9): Y —vyor

-0(9) = O,(9): A= N, where X': X — N (idy) is the unique arrow such that ny -\ =g
and vy o N = \.

To check that these maps realize an isomorphism of nullhomotopy structures is easy. [

Proposition 6.6. Let (B,0) be a category with nullhomotopies and let A be the full
subcategory of O-trivial objects. Assume that

1. For every object X € B there exist a strong ©-kernel and a strong ©-cokernel of idx

N(idx) X X Q(idx)

nx id qx

2. For all A€ A and for all X € B, we have A L. X and X 1 A.

Then A is reflective and corefiective in B and the induced structure of nullhomotopies on
B (see Proposition [31]) coincides with ©.

Proof. Since idyx: X — X is an isomorphism and since its ©-kernel is strong, by Lemma
182 we have that the object N (idx) is O-trivial. Therefore, the functor N': B — B of
Lemma factorizes through the subcategory A. The same holds also for the functor
Q: B — B dual of the one of Lemma It remains to prove that ¢x: X — Q(idx)
provides a unit for the adjunction @ 4 and nx: N (idx) — X provides a counit for the
adjunction 4 4 N, where U: A — B is the full inclusion. We do the job for the unit gx.
Let g: X — A be an arrow with A € A. Since A is ©-trivial, there exists A € ©(id4) and
then Ao g € ©(id4 - g) = O(g - idx). By the universal property of the ©-cokernel, there
exists a unique arrow ¢': Q(idy) — A such that ¢’ - gx = g and ¢’ 0 §x = \. Consider
now another arrow ¢”: Q(idy) — A such that ¢” - ¢x = g. To show that ¢’ = ¢, we have
to prove that g” o 0x = A, but ¢” 0 6x and X are elements of O(g), which is reduced to a
singleton because X 1 A. Finally, the fact that the structure of nullhomotopies induced
on B by the string of adjunctions @ 44U - N coincides with the original structure © comes
directly from Lemma O

7 Homotopy torsion theories

Torsion theories have been originally introduced in the context of abelian categories by
Dickson, see [5]. We refer to Chapter 1 in [2] for the classical theory.

Definition 7.1. Let (B, ©) be a category with nullhomotopies. A homotopy torsion theory
in B relative to the structure © (or ©-torsion theory) is given by two full subcategories

TCB,FCB
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such that

1) Both subcategories are replete, that is, closed under isomorphisms. (Note that this
condition does not depend on the structure ©.)

2) For any object X € B, there exists a ©-exact (T, F)-presentation, that is, a diagram

such that

(a) T(X) € T and the triple (T'(X),tx,{x) is a ©-kernel of fx.
(b) F(X) € F and the triple (F(X), fx,£x) is a ©-cokernel of tx.

3) For all T' € T and for all F' € F, we have that T is ©-orthogonal to F' (see [L1]).
Here there are some test properties for our definition of homotopy torsion theory.

Proposition 7.2. Let (B,0) be a category with nullhomotopies and (T,F) a ©-torsion
theory. The ©-exact (T, F)-presentation of an object is essentially unique.

Proof. In the situation of Definition [Z.I] consider two ©-exact (7, F)-presentations of an
object X :

T(X)

tx fx

Since T € T and F(X) € F, there exists a unique 7 € O(fx - t). By the universal
property of the ©-kernel (T'(X),tx,&x), there exists a unique arrow a: T — T(X) such
that tx -a = t and £&x oa = 7. Since T(X) € T and F € F, there exists a unique
7' € O(f - tx). By the universal property of the ©-kernel (T,t,¢), there exists a unique
arrow a’: T(X) — T such that t-a’ = tx and £oa’ = 7/. Observe that Toa’ = {x because
they are in ©(fx -t-a') = O(fx - tx), which is reduced to a singleton. Now we have

tX-a-a':t-a/:tX:tX-idT(X) and £Xoa-a':Toa/:£X:£XoidT(X)

By Remark [£4] we can conclude that a -a’ = id7(x). Similarly, we have a’ - a =idp. The
construction of an isomorphism F(X) ~ F commuting with fx and f is dual. U

Proposition 7.3. Let (B,0) be a category with nullhomotopies and (T,F) a ©-torsion
theory. Fiz an object X € B and a ©-exact (T, F)-presentation of X as in Definition[7.1]

1. The following conditions are equivalent:

(a) X € F,
(b) fx: X — F(X) is an isomorphism,

(c) B(tx) # 0,
(d) T L X foralTeT.

2. The following conditions are equivalent:

(a) X €T,
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(b) tx: T(X) — X is an isomorphism,

(c) ©(fx) # 0,
(d) X L F forall FeF.

Proof. 1. (a) = (d): This is point 3 in Definition [T.1

(d) = (c): If condition (d) holds, in particular T'(X) L X, so that O(tx) = {x} # 0.

(¢) = (b): Since T(X) L F(X) and since condition (c) holds, we can apply the dual of
Lemma [£.8 1 to conclude that fx is an isomorphism.

(b) = (a): This follows from the fact that F is replete. O

Proposition 7.4. Let (B,0) be a category with nullhomotopies and (T, F) a O-torsion
theory. Fiz an object X € B and a ©-exact (T, F)-presentation of X as in Definition[7.1]

1. If T(X) is ©-trivial, then X € F. The converse holds

(a) if the ©-kernel (T'(X),tx,{x) is strong, or
(b) if the ideal Z,(©) is closed.

2. If F(X) is ©-trivial, then X € T. The converse holds

(a) if the ©-cokernel (F(X), fx,&x) is strong, or
(b) if the ideal Z,(©) is closed.

Proof. 2. Assume that F'(X) is ©-trivial and let ¢ € ©(idp(x)). It follows that p o fx €
O(fx). We can apply point 2(c) of Proposition [(.3] to conclude that X € T.

Conversely, assume first condition (a): if X € T, then tx: T(X) — X is an isomorphism
by [[.3]2. Since we assume that the ©-cokernel F'(X) is strong, we can apply the dual of
Lemma [4.812 to conclude that F'(X) is ©-trivial.

Assume now condition (b): if X € T, then tx: T(X) — X is an isomorphism by [7.3]2.
We have £x o ty' € O(fx), so that fx € Z1(©). Since Z1(0) is closed, there exists a
factorization fx =v-u: X — Z — F(X) through some O-trivial object Z (see 7). Since
idz € 2Z1(©), then also u = idz-u € Z1(0) and then there exists a nullhomotopy A € ©(u).
From the nullhomotopy Aoty € ©(u - tx) and the universal property of the ©-cokernel
F(X), we get a unique arrow u': F(X) — Z such that v/ - fx = w and v/ 0o {x = Mo tx.
Observe that v-u'- fx = v-u = fx. The condition vou - £x = £x comes for free because
T(X) L F(X), so that we can apply Remark @411 and we get v - v’ = idp(x). We have
proved that F(X) is a retract of Z, so that F(X) is ©-trivial. O

Corollary 7.5. Let (B,©) be a category with nullhomotopies and (T,F) a ©-torsion
theory. The subcategories T and F are closed under retracts.

Proof. Let F € F and consider a retract X of F, with a: X — F and b: F' — X such
that b-a = idx. We have to prove that X € F. By Proposition [[.3l1, it suffices to show
that O(tx) # 0. Since T(X) L F, there exists a (unique) nullhomotopy A € O(a - tx).
Therefore, boA € O(b-a-tx) = O(tx), and we are done. The argument for 7 is dual. [

Corollary 7.6. Let (B,0) be a category with nullhomotopies and (T,F) a ©O-torsion
theory. The following conditions on an object X € B are equivalent:

(a) X e TNF,
(b) ©(idx) = {*},
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(c) X is O-trivial.

Proof. If X € TNJF, then X L X and the orthogonality condition gives ©(idx) = {*}. If
X is O©-trivial, we can apply Lemma 483 and its dual to the O-exact (T, F)-presentation
of X. We get that tx: T(X) - X and fx: X — F(X) are isomorphisms. Since 7 and F
are replete, we are done. The implication (b) = (c) is obvious. O

Corollary 7.7. Let (B,©) be a category with nullhomotopies and (T,F) a ©-torsion
theory.

1. For any object X € F, it can be chosen a ©-exact (T ,F)-presentation of the form
T(X) 2 x 4 x
In particular, the arrow idx has a ©-kernel whose object part lies in T .

2. For any object X € T, it can be chosen a ©-exact (T ,F)-presentation of the form

x4 x X p(x)
In particular, the arrow idx has a ©-cokernel whose object part lies in F.

Proof. 1. Since the ©-cokernel is defined up to isomorphism and since F is replete, in the
©-exact (T, F)-presentation of X we can replace the F-part fx, which is an isomorphism
by Proposition [(.3] with f)}l - fx. O

If we allow us to choose an object in an isomorphism class of objects, from Proposition
we get the following corollary.

Corollary 7.8. Let (B,0) be a category with nullhomotopies and (T,F) a ©O-torsion
theory. Then T is coreflective in B and F is reflective in B.

Proof. For any object X € B, just choose a ©-exact (7, F)-presentation

tx fx

Then tx: T(X) — X is the counit of the coreflection of B on 7. Dually, fx: X — F(X) is
the unit of the reflection of B on F. To extend to arrows, use the universal properties of the
©-kernel and of the O-cokernel involved in the ©-exact (T, F)-presentations. For example,
given an arrow g: X — Y, we get an arrow fy-g-tx: T(X) — F(Y). Since T(X) L F(Y),
there exists a unique nullhomotopy A\, € ©(fy - ¢-tx). Now, the universal property of the
©-cokernel of tx gives a unique arrow F'(g): F(X) — F(Y) such that F(g) - fx = fy - ¢
and F'(g) o £x = Ay. The needed functoriality and naturality come from uniqueness. As
far as the universal properties of the unit and of the counit are concerned, let us check the
one of the unit. Consider an arrow h: X — F with F € F. Since T'(X) L F, there exists
a unique A € O(h - tx). The universal property of the ©-cokernel gives a unique arrow
h': F(X) — F such that b’ - fx = h and b/ o {x = . If another arrow h”: F(X) — F is
such that h”- fx = h, then " ofx € O(h-tx), which is a singleton. Therefore, h” o&x = A
and, finally, " = h'. O
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Example 7.9. To end this section, we go back to the structure of nullhomotopies H(Grp)
in the category XMod introduced in Example Given a crossed module (X, x, Xg, %),
we can consider the factorization of z through its image I(x) as in the following diagram

X v Xo
N

It is well-known that m, : I(x) — Xy is a normal subgroup, so that we get a crossed module
(I(z), mg, Xo,conj) with Xy acting on I(z) by conjugation. Moreover, e;: X — I(z) is
a central extension, that is, a surjective morphism with central kernel. We get another
crossed module (X, e,, I(x), *) with I(z) acting on X with action a*b=c-b-c!, where
c is any element of X such that e,(c) = a. We are ready to produce our first example of
homotopy torsion theory. It is given by the following full subcategories of XMod :

T = the full subcategory of central extensions, i.e., surjective crossed modules

F = the full subcategory of normal subgroups, i.e., injective crossed modules

For a crossed module (X, z, Xg, %), its H(Grp)-exact (T, F)-presentation is given by

X i X—2 1)
xX
I(I‘) P Xo d Xo

Note that the H(Grp)-exactness is as in Examples 5.8 and 5.9

8 Comparison with pretorsion theories

The aim of this section is to establish a complete comparison between pretorsion theories
and homotopy torsion theories. The first step is to compare kernels and cokernels rela-
tive to an ideal (called prekernels and precokernels in [6] [7]) with homotopy kernels and
homotopy cokernels. (We do the job for kernels and we leave to the reader to dualize
Definition B.I], Lemma and Remark B3l) Then, we will compare pretorsion theories
and homotopy torsion theories in Corollary 87 and Corollary B8 We recall from [9, [6]
the following definition.

Definition 8.1. Let Z; be an ideal of arrows in a category B. Fix an arrow g: X — Y.
A Zi-kernel of g is an arrow ky: K(g) — X such that g -k, € Z; and which is universal
with respect to this condition: if f: W — X satisfies g f € Z1, then there exists a unique
'+ W — K(g) such that k, - f' = f.

Here is the expected result, whose proof is straightforward.

Lemma 8.2. Let (B,0) be a category with nullhomotopies. If © is discrete, then ©-kernels
in the sense of [{1] coincide with Z1(0©)-kernels in the sense of 8.1,

Remark 8.3. Observe that the above fact is no longer true if we start with a structure
of nullhomotopies © on B which is not discrete: if we assume that the ©-kernel and the
Z1(0)-kernel of an arrow exist, then the Z;(0)-kernel is a retract of the ©-kernel, but in
general they do not coincide.
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8.4. To make easier the comparison between homotopy torsion theories and pretorsion
theories, we write down explicitly the intermediate notion of Z;-torsion theory for Z; an
ideal of arrows. In fact, a pair (7, F) of full subcategories of a category B is a pretorsion
theory in the sense of [6l [7] precisely when it is a Z;j-torsion theory for the closed ideal
Z1 = i(ob(T N F)). Let us observe also that, if Z; is closed, then Zj-torsion theories
precisely are torsion theories in multi-pointed categories in the sense of [9].

Definition 8.5. Let Z; be an ideal of arrows in a category B. A Zi-torsion theory in B
is given by two full replete subcategories 7 and F of B such that

1. For any object X € B, there exists a diagram of the form
Ix

T(X) —2X o X F(X)

where T'(X) € T, F(X) € F,tx is a Z1-kernel of fx and f, is a Zj-cokernel of tx.

2. For any object T' € T and F € F, any arrow h: T"— F belongs to Z;.

Remark 8.6. If the category B has a zero object 0 and if we consider the ideal Z;(0) of zero
arrows (that is, the arrows which factorize through the zero object), then Z;(0)-kernels and
Z1(0)-cokernels coincide with kernels and cokernels in the usual sense. Moreover, Z;(0)-
torsion theories are nothing but the classical (not necessarily abelian) torsion theories as
in Chapter 1 of [2].

With the next two corollaries, we complete the comparison between homotopy torsion
theories and pretorsion theories. The first one follows easily from Lemma

Corollary 8.7. Let (B,0) be a category with nullhomotopies. Consider two full subcat-
egories T and F of B. If © is discrete, then (T,F) is a O-torsion theory in the sense of
[71] if and only if it is a Z1(©)-torsion theory in the sense of [8.3.

Corollary 8.8. Let Z; be a closed ideal of arrows in a category B. If a pair of full
subcategories (T, F) of B is a Z1-torsion theory, then i(ob(T N F)) = Z1, so that (T,F)

is also a pretorsion theory.

Proof. The arrows in Z; are precisely the arrows which factorize through some Zi-trivial
object. The arrows in ¢(ob(7 N F)) are precisely the arrows which factorize through
some object in 7 N F. But being Z;-trivial is the same thing as being O z,-trivial, and
being O z,-trivial is, by Corollary [.6] the same thing as being in 7 N F. This shows that
i(ob(TNF)) = 21, so that (T, F) is a i(ob(7T NF))-torsion theory. ByB.4] we can conclude
that (7, F) is a pretorsion theory. O

8.9. Thanks to Lemma 2.8 and Lemma [B2] we can identify the discrete structures of
nullhomotopies with the corresponding ideals of arrows. We can now resume the analysis
developed in this section saying that pretorsion theories are exactly homotopy torsion
theories with respect to structures which are discrete and closed.

9 Factorization systems are homotopy torsion theories

Factorization systems have a long history in category theory. We refer to Chapter 5 in [I]
for the classical theory, and to [4] and the references therein for a more recent update. We
adopt the name of orthogonal factorization system (the word orthogonal does not appear
in the name used in [I]) to underline the presence of the orthogonality condition in the
definition.

23



Definition 9.1. Let A be a category. An orthogonal factorization system in A is given
by two classes of arrows

ECar(A), MCar(A)
such that

1) Both classes are stable under composition with isomorphisms.
2) Each arrow of A can be factorized as an arrow in £ followed by an arrow in M.

3) (Orthogonality) For each solid commutative diagram with e € £ and m € M

E—" oM

7
e ) m
v

Eo == Mo

there exists a unique arrow A such that A -e = h and m - A = hg. (Sometimes, the
notation e L m is used to express this condition.)

9.2. Observe that Definition [0.1] which appears in [10], seems weaker than the one in [I],
where it is required that £ and M contain isomorphisms and are closed under composition.
If, in Definition [@.1] we add that £ and M contain identities, we get precisely the definition
of orthogonal factorization system given in [3], and it is known that the definitions in [I]
and [3] are equivalent. The fact that Definition is in fact equivalent to the one given
in [3] can be checked directly, but can also be seen as an obvious consequence of the
correspondence between orthogonal factorization systems in A and H(.A)-torsion theories
in Arr(A), see Corollary

The following lemma (and its dual), inspired by the description of homotopy (co)kernels
in Arr(A) given in Example[5.8] will allow us to state one of our main results, Proposition
041 without assuming the existence of pullbacks or pushouts in A.

Lemma 9.3. Consider an adjunction

A B,CHU

with unit yg: B — UCB and counit §4: CUA — A and assume that U is full and faithful.
Put on B the structure of nullhomotopies ©., as in[Z10.2. If

X Y A(9)

g dg
is a ©.-cokernel, then the arrow C(qq): CY — CQ(g) is an isomorphism.

Proof. Since, by naturality of v, we have vy - g = UC(g) - 7x, we can look at the arrow
UC(g): UCX — UCY as a nullhomotopy on 7y - g. By the universal property of the
©,-cokernel of g, we get a unique arrow h: Q(g) — UCY such that h - g, = vy and
ho6, =UC(g), that is, h -0, = UC(g). From the first condition on h, and using one of the
triangular identities, it follows that C(g4) is a split mono:

dcy - C(h) - C(qq) = bcy - C(yy) = idey

24



Consider now the diagram

o Y2(9)
T T T T
X - Y ——— Q(g) e UCY — - UCQg)

and observe that
UC(qg) - h- g9 =UC(qq) - vV = Ya(g) " g

UC(qy) - h -0y =UC(qy) -UC(g) = UC(8y) - UC(vx) =UC(0,) - Yucx = Va(g) by

(Note that UC(vx) = ~ucx because, by the triangular identities, both are left-inverse
of U(d¢cx) which is an isomorphism since U is full and faithful.) Therefore, we can use
Remark [£.4] to deduce that UC(q,) - b = yg(g)- If we apply now the functor C, we obtain
that CUC(qy) - C(h) = C(vg(g))- Since C(vg(g)) is an isomorphism (it is left-inverse of the
isomorphism dcg(g)), this equation implies that CUC(qy) is a split epi. But it is also a
split mono (because C(qq) is a split mono) and then it is an isomorphism. Finally, in the
commutative diagram

CUC(qq)

cucy CUCQ(g)
dey J{‘SCQ(g)
CcYy C
Clao) Q9)
CUC(qy), 0y and dg(q) are isomorphisms, so that C(gy) also is an isomorphism. O

Proposition 9.4. Let A be a category. Consider the category Arr(A) equipped with the
structure of nullhomotopies H(A) induced by the adjunctions C 41U 4 D as in Example[33)
Orthogonal factorization systems in A correspond to H(A)-torsion theories in Arr(A).

Proof. Let (£, M) be an orthogonal factorization system in A. We put
- T = the full subcategory of Arr(A) spanned by the objects (E, e, Ey) with e € £,
- F = the full subcategory of Arr(.A) spanned by the objects (M, m, My) with m € M.
Conversely, let (7, F) be a H(A)-torsion theory in Arr(A). We put
- & = the class of arrows in A of the form ¢t: T — Ty, for (T,¢,Ty) in T,
- M = the class of arrows in A of the form f: F' — Fy, for (F, f, Fy) in F.

We have to prove that the three conditions on & and M of Definition correspond to
their homologous conditions on 7 and F of Definition [Z.11

1) Obviously, T is replete iff £ is closed under composition with isomorphisms. The same
holds for F and M.

2) Let (X, x, X() be an object in Arr(A). Using its (£, M)-factorization in A
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we can construct the following diagram in Arr(A):

id

Ex

X X I(z)

I

I(z) - Xo —7> Xo

As already observed in Example [5.9] if we compare the previous diagram with the descrip-
tion of #H(.A)-kernels in Arr(A) given in Example 0.8 (and with the dual description of
H(A)-cokernels), we immediately see that the triple ((X, e, I(z)), (idx,m;),id(y)) is a
H(A)-kernel of (e,,idx,) and that the triple ((I(x), ms, Xo), (€x,1dx,),ids()) is a H(A)-
cokernel of (idx,m,). Moreover, the object (X, e,,I(x)) is in T because e, € £ and the
object (I(z), mg, Xo) is in F because m, € M. We can conclude that the above diagram
is a H(A)-exact (T, F)-presentation in Arr(A) of the object (X, z, Xp).

Conversely, we are going to construct the (£, M)-factorization of an arrow in A. Fix an
arrow z: X — Xp in A, look at it as an object in Arr(.A) and consider the H(.A)-exact
(T, F)-presentation

xT
To(l') t—0> Xo T FQ(.%')
Following Lemma [0.3] we know that fo: Xo — Fy(z) is an isomorphism. Therefore, using

the description established in Example (.8 the H(A)-kernel of (f, fo) is given by the
following diagram

X 4 o x-t P
xX

1 I

Flo) = %o 5 fol@)

Since the H(.A)-kernel of (f, fo) is essentially unique, there exists a unique isomorphism
(i,i0): (T'(x),ts, To(x)) = (X, f, F(x)) in Arr(A) such that

(idx, fo ' fa) - (d,30) = (t,t0) and idpg) o (i,490) = &

The first component of the first condition gives idx - ¢ = ¢, so that ¢ is an isomorphism.
The second condition is an equation between nullhomotopies which can be rewritten as
idp(g) - to = &, so that & also is an isomorphism. Finally, the (€, M)-factorization of
x: X — Xy is depicted by the following commutative diagram, where t, € M and f, € &,

X < Xo
1|~ NTfol
T(x) Fo(x)
N
To(z) — F(z)

&a

Indeed, fo '~ fo-&oto -t = fol fu- ottt = fe =S for =
3) Since nullhomotopies in H(A) are diagonals, the fact that #(.A)(h, ho) is reduced to
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a singleton if the domain of (h,hg) is in 7 and the codomain is in F, is precisely the
orthogonality condition between arrows in £ and arrows in M. O

Corollary 9.5. Let (£, M) be an orthogonal factorization system in a category A. Then
E and M contain the identity arrows.

Proof. Via Proposition [@.4] we have to prove that the identity arrows of A, seen as objects
of Arr(A), are in TNF, where (7, F) is the H(A)-torsion theory corresponding to (£, M).
By Corollary [T.6] this amounts to showing that H(A)(id(x jay,x)) = {*}, which is obvious.

U

9.6. There are weaker notions than the one of orthogonal factorization system which are
relevant for example in the context of abstract homotopy theory. Here we consider the
one obtained simply dropping the uniqueness in the condition of orthogonality. Some
other intermediate notions, especially functorial factorizations and algebraic functorial
factorizations as in [16, 10} 17, 9] and the corresponding notions of torsion operators, will
be revisited from the point of view of homotopy torsion theories in a further work.

Definition 9.7.

1. Let (B,©) be a category with nullhomotopies. A weak O-torsion theory (T,F) is
defined in the same way as a ©-torsion theory (see Definition [T.1]) but asking that,
for every arrow h: T — F, with T € T and F' € F, the set O(h) is non-empty
(instead of being a singleton, as in [[113).

2. Let A be a category. A weakly orthogonal factorization system is defined in the
same way as an orthogonal factorization system (see Definition [0.1]) but without the
uniqueness of the diagonal in the orthogonality condition [9.113.

Proposition 9.8. Let A be a category. Consider the category Arr(A) equipped with the
structure of nullhomotopies H(A). Weakly orthogonal factorization systems in A corre-
spond to weak H(A)-torsion theories in Arr(A).

Proof. This follows from a simple inspection of the proof of Proposition U

Remark 9.9. In the proof of Proposition [0.4] we construct a H(A)-exact presentation
starting from a factorization and vice-versa, as summarized hereunder:

Cx

= x—.x I(z)

X v Xo -
DA g

I(x) = Xo — 7> Xo

T(z) —=X ——=F(z) = X - X

txl £ ; lfz 1|~ :Tfl

To(@) == Xo ——= Fo(x) T(x) Fy(z)
' |
To(x) = F(x)

Let us point out that in the weak case, despite the fact that the factorization of an
arrow and the exact presentation of an object are no longer essentially unique, the above
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constructions still realize an essential bijection between the factorizations of an arrow
x: X — Xy and the exact presentations of the object (X, z, Xy). In fact:

- If we start with a factorization, construct an exact presentation and go back to
factorizations, we precisely get the factorization we started with.

- If we start with an exact presentation, we construct a factorization and go back to
exact presentations, we get a new exact presentation which is isomorphic to the one
we started with. The new exact presentation is

. 441
X id X gz tzt F(Q’,‘)
x
fx'tx't_ll id lfol'fz
F(z) =S Xo = Xo

and the isomorphism between the old presentation and the new one is realized by

X " 7() F(z) -9 F(z)
Extat™! ltz fol-le lfz
F(x) ?To(l“) Xo TFO(@“)

10 The quasi-proper case

As a step towards the case of proper orthogonal factorization systems, which will be
treated in Section [[Il we find useful to consider the intermediate notion of quasi-proper
orthogonal factorization systems.

Definition 10.1. Let A be a category.
1. A (weakly) orthogonal factorization system (€, M) is quasi-proper if:

(a) for every arrow e: E — Ep in &, the unit
V(Be,k0) = (6,1dEy): (B e, Eo) = (Eo,idg, Eo)

of the adjunction C 4 U is an epimorphism in Arr(A),
(b) for every arrow m: M — My in M, the counit

/B(M,m,Mo) - (ldM7 m) : (M7 1dM7 M) — (M7 m7 MO)
of the adjunction & 4 D is a monomorphism in Arr(A).
2. An orthogonal factorization system (£, M) is proper if:

(a) every arrow in £ is an epimorphism,

(b) every arrow in M is a monomorphism.

10.2. Observe that the notion of proper weakly orthogonal factorization system is irrel-
evant because, if the arrows in £ are epimorphisms or if the arrows in M are monomor-
phisms, then weakly orthogonal implies orthogonal.
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10.3. In the next lemma, we will use the following simple facts:

1. If a category A has a terminal object %, then the functor D: Arr(A) — A has a
right adjoint defined by A(X) = (X,!: X — %, ).

2. If a category A has an initial object (), then the functor C: Arr(A) — A as a left
adjoint defined by I'(X) = (0,!: 0 — X, X).

Lemma 10.4. Let A be a category.
1. Every proper orthogonal factorization system in A is quasi-proper.

2. If the category A has a terminal object or an initial object, then every quasi-proper
weakly orthogonal factorization system is orthogonal.

3. If the category A has a terminal object and an initial object, then every quasi-proper
weakly orthogonal factorization system is proper and orthogonal.

Proof. 1. If e: E — Ej is an epimorphism in A, then (e,idg,) is an epimorphism in
Arr(A). If m: M — Mj is a monomorphism in A, then (idas,m) is a monomorphism in
Arr(A).

2 and 3. By assumption, (e,idg,) is an epimorphism for every e: E — Ep in £. If A has a
terminal object, then D: Arr(A) — A has a right adjoint (see [I0.3]) and then it preserves
epimorphisms. Therefore, e is an epimorphism, which implies that the diagonal in the
orthogonality condition of Definition is necessarily unique. The argument if A has an
initial object is dual. O

We have formulated the definition of quasi-proper factorization system in such a way to
make easy the comparison with proper factorization systems. Here we give an equivalent
definition which has the advantage to be transposable to homotopy torsion theories.

Lemma 10.5. Let (£, M) be a weakly orthogonal factorization system in a category A.
For every arrow x: X — Xo and for any of its (€, M)-factorization x = my, - e;, consider
the diagram

id

€x

X I(x)

SN

I(m)—>XOT>X0

mg

Then (€, M) is quasi-proper if and only if, in the above diagram, the square on the left is
a monomorphism in Arr(A) and the square on the right is an epimorphism in Arr(A).

Proof. Assume that the above condition is satisfied. If you take x in £, then the square
on the right is v(x s x,); if you take z in M, then the square on the left is 5 x , x,)-
Conversely, if (£, M) is quasi-proper, use that the diagram

V(X ew,I(z)=(€xidr(z))

(X, ez, I(x)) (I(ﬂ:),idl(m),f(x))
(idx mu)l lﬁ([(z),mz,Xo) =(id (z),ma)

(X, z, Xop) (I(z),my, Xo)

(ez,idxo)

is a pullback and a pushout in Arr(A). O
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We now move on to homotopy torsion theories.

Definition 10.6. Let (B,0) be a category with nullhomotopies. A (weak) ©-torsion
theory (T, F) is quasi-proper if, in each ©-exact (7, F)-presentation of an object X

T(X) X F(X)

tx fx
the arrow tx is a monomorphism and the arrow fx is an epimorphism.
10.7. Some comments on the previous definition.

1. As already observed, for a weak homotopy torsion theory, the exact presentation of
an object is no longer essentially unique. This is the reason way, in Definition [T0.6]
we require the condition for any exact presentation of an object. If two exact pre-
sentations of the same object are isomorphic and one of them satisfies the condition
of quasi-properness, the other one also satisfies the same condition.

2. If the structure of nullhomotopies © is discrete, then any ©-torsion theory is quasi-
proper. Indeed, we know from Lemma that ©-kernels and ©-cokernels coincide
with Z;(0)-kernels and Z;(©)-cokernels which are, respectively, monomorphisms
and epimorphisms, as proved in [6] (see also Remark [£.412).

Now we can adapt Proposition to the quasi-proper case.

Proposition 10.8. Let A be a category. Consider the category Arr(A) equipped with the
structure of nullhomotopies H(A). Quasi-proper weakly orthogonal factorization systems
in A correspond to quasi-proper weak H(A)-torsion theories in Arr(A).

Proof. The additional point to prove here is that, for a fixed arrow xz: X — X in A, all
the (€, M)-factorizations of = satisfy the quasi-properness condition of Definition [I0.1] if
and only if all the H(A)-exact (T, F)-presentations of the object (X, xz, Xo) satisfy the
quasi-properness condition of Definition Everything follows easily from Lemma [T0.5],
the first point in [[0.7] and Remark O

Corollary 10.9. Let A be a category. Consider the category Arr(A) equipped with the
structure of nullhomotopies H(A). Quasi-proper orthogonal factorization systems in A
correspond to quasi-proper H(A)-torsion theories in Arr(A).

Proof. This follows combining Proposition and Proposition 108l O

11 The proper case

The final output of this section (Corollary [T.5]) will be that, under mild assumptions on
the category A, proper orthogonal factorization systems in A correspond to homotopy
torsion theories in Arr(A) with respect to the discrete structure Z;(A). First, we study
how homotopy torsion theories react passing from a structure of nullhomotopies to the
associated discrete structure. We start with a simple general fact.

Proposition 11.1. Let (B,0) be a category with nullhomotopies. If (T,F) is a quasi-
proper weak ©-torsion theory, then it is also a Z1(0)-torsion theory.
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Proof. Consider an object X in B and one of its ©-exact (7, F)-presentations

tx fx

We are going to prove that, forgetting the nullhomotopy £x, the same diagram provides
a presentation which is Z;(©)-exact. We check the universal property of the Z;(0©)-
kernel, the one for the Z;(©)-cokernel is dual. Let f: W — X be an arrow such that
fx - f € Z1(©). This means that there exists a nullhomotopy ¢ € O(fx - f). Therefore,
there exists a unique arrow f': W — T(X) such that tx - f/ = f and {x o f/ = . If
f": W — T(X) is such that tx - f” = f, then f' = f” because, by assumption, tx is a
monomorphism. O

In order to invert Proposition [[T.J] when B = Arr(A), we need the discrete version of
Lemma

Lemma 11.2. Consider an adjunction

A B,CHU

with unit yg: B — UCB and counit §4: CUA — A and assume that U is full and faithful.
Consider the structure of nullhomotopies ©~ on B and the ideal Z1(©~). If

dg

X 4 Y 9(9)

is a Z1(0~)-cokernel, then the arrow C(qq): CY — CQ(g) is an isomorphism.

Proof. We follow the same lines of the proof of Lemma Since, by naturality of v, we
have vy - g =UC(g) - 7x, the arrow vy - g: X =Y — UCY is in Z;(©,). By the universal
property of the Z1(0,)-cokernel of g, we get a unique arrow h: Q(g) — UCY such that
h -q4 = vy. Using one of the triangular identities, it follows from the previous equation
that C(gy) is a split mono as in the proof of But C(gy) is also an epimorphism because
qg is an epimorphism (see [0.712) and C is a left adjoint. O

Proposition 11.3. Let A be a category. Consider in Arr(A) the structure of nullho-
motopies H(A) and the associated discrete structure Z1(A). If (T, F) is a Z1(A)-torsion
theory, then it is also a quasi-proper weak H(A)-torsion theory.

Proof. Fix an arrow z: X — Xj in A and consider a Z;(A)-exact (7T, F)-presentation of
the object (X, x, Xy):

T(x) ——X I, F(z)

{4

TO(HU) t—0> Xo T Fy x)

By Lemma and its dual, t and fy are isomorphisms. Moreover, (t,tg) is a monomor-
phism (because it is a Z;(.A)-kernel) and (f, fo) is an epimorphism (because it is a Z;(.A)-
cokernel). Since (f, fo) - (t,to) € Z1(A), there exists an arrow &, : To(z) — F(z) such that
f-t=& -ty and fo-to = fr & We are going to prove that the above diagram, completed
with the arrow &, is a H(A)-exact (T, F)-presentation of (X, z, Xy). We follow as far as
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possible the proof of Proposition
First, observe that, since fy is an isomorphism, we can use 5.8 and the H(.A)-kernel of

(fa fO): (Xw%'?XO) - (F(-%'),fx,FQ(.%’)) is

X id x Lo Fla)
xr

' I

Fo) = Xo = File)

By its universal property, we get a unique arrow (i,ig): (T'(z),ts, To(z)) — (X, f, F(x))
such that (idx, fo_1 - fx) - (i,i0) = (t,t0) and idp(y) © (4,40) = & This implies that i = ¢,
so that 7 is an isomorphism, and iy = &,. Moreover, by the universal property of the
Z1(A)-kernel of (f, fo), we get a unique arrow (j,j0): (X, f,F(x)) — (T(x),t.,To(z))
such that (t,t9) - (j,jo) = (idx, fy ' - fz). Since (t,to) - (4, o) - (i,i0) = (t,to) and (¢, to) is
a monomorphism, we have (3, jo) - (7,70) = (id7(y),id7(»)). This implies that 7g is a split
monomorphism, that is, &, is a split monomorphism.

Second, observe that, since ¢ is an isomorphism, we can use the dual of 5.8 and the H(.A)-
cokernel of (t,t9): (T'(x),ts, To(z)) — (X, z, Xp) is

-1
T(z) - x — L2 Ty(z)
txl % lto
To(x) —— Xo P Xo

By its universal property, we get a unique arrow (m,mg): (To(x), to, Xo) = (F(x), fz, Fo(z))
such that (m,mo)- (t,-t~ 1, idx,) = (f, fo) and (m,mg)oidyg, (z) = & This implies mg = fo,
so that mg is an isomorphism, and m = £,. Moreover, by the universal property of the
Z1(A)-cokernel of (¢, 1), we get a unique arrow (n,ng): (F(x), fz, Fo(z)) = (To(x),to, Xo)
such that (n,ng) - (f, fo) = (tz -t~ 1,idy,). Since (m,mq) - (n,n0) - (f, fo) = (f, fo) and
(f, fo) is an epimorphism, we have (m,mq) - (n,nm0) = (idp(s),id g (z))- This implies that
m is a split epimorphism, that is, &, is a split epimorphism.

We can conclude that &, being a split monomorphism and a split epimorphism, is an
isomorphism. This implies that both (i,i9) and (m, mg) are isomorphisms and, therefore,

T(x) —— X N F(z)

o| T {fx

To(l') e Xo T FQ .%')

to
is a H(A)-exact (T, F)-presentation of (X, z, Xy), and it is also quasi-proper because (¢, to)
is a monomorphism and (f, fy) is an epimorphism.
As far as the weak version of condition 3 in Definition [Z.1] is concerned, observe that, if
(h,ho): (T,t,To) — (F, f, Fp) is an arrow in Arr(A) with (T',t,Ty) € T and (F, f, Fy) € F,
then (h, ho) € Z1(A), so that H(A)(h, ho) # 0. O

If we assume that the category A has an initial object or a terminal object, then
Proposition T3] can be slightly improved.

Proposition 11.4. Let A be a category with an initial or a terminal object. Consider in
Arr(A) the structure of nullhomotopies H(A) and the associated discrete structure Z;(A).
If (T, F) is a Z1(A)-torsion theory, then it is also a quasi-proper H(A)-torsion theory.
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Proof. We proceed as in the proof of Proposition [1.3] so that it remains to check the
uniqueness of the nullhomotopy in condition 3 of Definition [Z.Jl Assume that the category
A has a terminal object (if the category A has an initial object, the argument is dual).
This implies that the functor D: Arr(A) — A preserves epimorphisms (see [[0.3)) so that,
in the #H(A)-exact (T, F)-presentation

T(x) —t> X —L o F(a)

o| T {fx

To(l') —_— Xo —_— FQ .%')
to fo

the arrow f = D(f, fo) is an epimorphism. Now in the commutative square

t and &, are isomorphisms and f is an epimorphism, so that ¢, is an epimorphism.
Consider now an object (X, z, Xo) € T. As Z1(A)-exact (T, F)-presentation we can choose
one of the form

x4 x P

Xo T Xo T Fo(x)
(see Corollary [.7)). If we apply the previous argument to this presentation, we can deduce
that such an arrow z: X — Xy is an epimorphism.

Finally, consider an arrow (h,hg): (T,t,To) — (F, f, Fy) with domain (T,t,Tp) € T and
codomain (F, f, Fy) € F. Since (T, F) is a Z1(.A)-torsion theory, we necessarily have that
(h,hg) € Z1(A). This means that there exists a nullhomotopy A\ € H(A)(h, hy), that is,
an arrow A: Ty — F' such that the diagram

Ty ——— Fo

commutes in each part. Since, by the previous argument, ¢ is an epimorphism, such an
arrow A\ is unique. ]

Corollary 11.5. Let A be a category with an initial object and a terminal object. Consider
the category Arr(A) equipped with the discrete structure of nullhomotopies Z1(.A). Proper
orthogonal factorization systems in A correspond to Zi(A)-torsion theories in Arr(A).

Proof. By Propositions [T.1] and [T.3, Z;(A)-torsion theories correspond to quasi-proper
weak H(.A)-torsion theories which, by [0.8] correspond to quasi-proper weakly orthogonal
factorization systems. Finally, if A has an initial object and a terminal object, quasi-proper
weakly orthogonal factorization systems coincide with proper orthogonal factorization sys-
tems by Lemma 0.4 O
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12 Some remarks on the pointed case

In this section, we will denote the kernel and the cokernel (in the usual sense) of an arrow
g: X =Y in a category A with a zero object as

K(g) X

This notation is coherent with the one in 8], because kernels coincide with Z;(0)-kernels
(and cokernels with Z;(0)-cokernels), where Z1(0) is the ideal of zero arrows in A, as
already pointed out in Remark

12.1. If we assume that a category A has a zero object and kernels, we obtain a new
string of adjunctions

-
A—>Arr(A) DA -AKer
Ker

A

The functor D: Arr(A) — A is the one of Example B4l The full and faithful functor
A: A — Arr(A), defined by A(X) = (X,!,0), is the one introduced in [[0.3] (we have
changed notation writing 0 for the zero object, whereas in [10.3] we used * for the terminal
object). The functor Ker: Arr(A) — A is defined on objects by Ker(X,z, Xo) = K(x)
and is extended to arrows in the obvious way.

The unit (x4 xo): (X, 2, Xo) = AD(X,z,Xo) of DA A is X —9= X

XO'%O

k
The counit Sy, v;): AKer(Y,y,Yy) = (Y,y,Yy) of A4 Ker is K(y) —=Y

)
0 — Y0
Following the constructions explained in .10l and applying Proposition B.1] it turns out
that the three isomorphic structures of nullhomotopies induced on Arr(.A) by these ad-
junctions are discrete (this follows from the fact that the unit Y(X,z,Xo) 18 an epimorphism

or, equivalently, by the fact that the counit By, y;) is @ monomorphism, cf. Remark
2.1112) and the corresponding ideal of arrows is

Z1(A) ={(9,90): (X,z,X0) = (Y,9,Y0) | go = 0: Xo — Yo}

Following Proposition [f.3land Lemmal5.4], we can describe Z1(A)-kernels and, if we assume
also the existence of cokernels in A, Z;(A)-cokernels in Arr(A):

ky. .
Ky g)—x 2.y x—2.oy_4.y
T T
K(QO) koo Xo 9 Yo Xo 9o Yo Cgo C(g0)

where 2’ is the unique arrow such that the first square on the left commutes.

Recall, from Remark 86, that Z;(0)-torsion theories are the usual torsion theories in
a category with zero object.
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Proposition 12.2. Let A be a category with zero object, kernels and cokernels. FEvery
Z1(0)-torsion theory in A induces a Z1(A)-torsion theory in Arr(A).

Proof. Let (T,F) be a Z1(0)-torsion theory in A. We put:
- Ta = the full subcategory of Arr(A) spanned by the objects (X, z, Xo) with Xy € T,
- Fa = the full subcategory of Arr(A) spanned by the objects (Y,y,Yp) with Yy € F.

1) Ta and Fj are replete because 7 and F are replete.
2) Consider an object (4, a, Ap) in Arr(A). Its Z;(A)-exact (Fp, Ta)-presentation is com-
pletely determined by the Z;(0)-exact (7, F)-presentation of Ay

tag faqg

T(Ag) —2% Ay 2% F(Ag)

and by the description of Z;(A)-kernels and Z;(A)-cokernels given in 2.1l The resulting
diagram in Arr(A) is

kf, .a :
K(fa,-a) — 24— 4
a l La lfAO ‘a
T(Ao) ——;— Ao —— F(4)

where @’ is the unique arrow such that the first square commutes. To check that this is
the needed presentation of (4, a, Ap) is easy, keeping in mind that ¢4, is the kernel of f4,
and fga, is the cokernel of  4,.

3) Consider an arrow (g,g0): (X, z, Xo) = (Y,y, Yy) with domain in 7o and codomain in
Fa. The arrow go: Xg — Yp has domain in 7 and codomain in F, so that g is a zero
arrow and then (g, go) is in Z1(A). O

Remark 12.3. Observe that a Z;(A)-torsion theory (7a,Fa) in Arr(A) is induced by a
Z1(0)-torsion theory in A as in Proposition [[2.2]if and only if, given objects (X, z, Xo) € Ta
and (Y,y,Yy) € Fa, the unique arrow Xy — Y is the zero arrow.

13 A panoramic view

Sections [@ [0 and [[1] have been devoted to compare various types of factorization systems
in a category A to various types of homotopy torsion theories in Arr(A). If the reader
may be confused by all the variants involved, he/she can refer to the following panoramic
view.

The acronyms are as follows: Q = quasi, P = proper, W = weak or weakly, O =
orthogonal, FS = factorization system, HT'T = homotopy torsion theory. The unlabelled
arrows are obvious implications. The name of the other arrows are internal references.
Recall that items[T0.412 and IT.4] require that A has an initial object or a terminal object,
whereas items [[0.413 and require that A4 has an initial object and a terminal object.
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1. Synopsis for factorization systems:

WOFS

/

OFS < QPWOFS

10.4.2

4

QPOFS

10.4.1T

POFS

10.4.3

2. Synopsis for homotopy torsion theories:

H(A)
/

-WHTT

H(A)-HTT H(A)-QPWHTT
1(A)-QPHTT
11.3
11.11T11.4 111
Z1(A)-HTT

3. Comparison between factorization systems and homotopy torsion theories:

WOFS <28 - #(A)-WHTT

OFS <% 3(A)-HTT QPWOFS <% - 7/(A)-QPWHTT

QPOFS —2 - 7/(A)-QPHTT

POFS <2+ Z,(A)-HTT
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