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Abstract. In this paper, we analyze an eigenvalue problem for quasi-
linear elliptic operators involving homogeneous Dirichlet boundary con-
ditions in a open smooth bounded domain. We show that the eigen-
functions corresponding to the eigenvalues belong to L°°, which implies
C"* smoothness, and the first eigenvalue is simple. Moreover, we investi-
gate the bifurcation results from trivial solutions using the Krasnoselski
bifurcation theorem and from infinity using the Leray—Schauder degree.
We also show the existence of multiple critical points using variational
methods and the Krasnoselski genus.
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1. Introduction

We consider 2 C RY (N > 2) an open bounded domain with smooth bound-
ary 02. A classical result in the theory of eigenvalue problems guarantees
that the problem
—Au =X u in€,
{u—O on 0, (1.1)

possesses a nondecreasing sequence of eigenvalues and a sequence of corre-
sponding eigenfunctions which define a Hilbert basis in L?(Q) (see, [16]).
Moreover, it is known that the first eigenvalue of problem (1.1) is character-
ized in the variational point of view by

)\f) = inf {fg |Vu|2 dx} .

wewd2(on\foy | Jou? do

Suppose that p > 1 is a given real number and consider the nonlinear
eigenvalue problem with Neumann boundary condition

—Apu=Au inQ,
{ u _ on 012, (1.2)

where Apu := div(|Vu[P~?Vu) stands for the p-Laplace operator and A € R.
This problem was considered in [15], and using a direct method in calculus
of variations (if p > 2) or a mountain-pass argument (if p € (]\2,—_1;[2,2)) it
was shown that the set of eigenvalues of problem (1.2) is exactly the interval
[0, 00). Indeed, it is sufficient to find one positive eigenvalue, say —Apu = Au.
Then a continuous family of eigenvalues can be found by the reparametriza-
tion u = aw, satisfying —A,v = p(a)v, with pu(a) = .

In this paper, we consider the so-called (p, 2)-Laplace operator (see, [18])
with Dirichlet boundary conditions. More precisely, we analyze the following
nonlinear eigenvalue problem:

—Apu—Au=Au in{,

u=20 on 01,
where p € (1,00)\{2} is a real number. We recall that if 1 < p < ¢, then
L9(Q) C LP(Q) and as a consequence, one has W, 9(Q) ¢ W, (). We

will say that A € R is an eigenvalue of problem (1.3) if there exists u €
Wy P(O\{0} (if p>2), ue WA (Q\{0} (if 1 < p < 2) such that

(1.3)

/ |VulP™>Vu-Vodz+ [ Vu-Vodz =X [ uvder, (1.4)
Q Q Q
for all v € W () (if p > 2), v € Wy ?(Q) (if 1 < p < 2). In this case, such
a pair (u,\) is called an Eigenpair, and A € R is called an eigenvalue and
u e WiP(Q)\{0} is an eigenfunction associated with . We say that A is a
“first eigenvalue”, if the corresponding eigenfunction u is positive or negative.
The operator —A, — A appears in quantum field theory (see, [5]), where
it arises in the mathematical description of propagation phenomena of solitary
waves. We recall that a solitary wave is a wave which propagates without any
temporal evolution in shape.
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The operator —A, — A is a special case of the so called (p, ¢)-Laplace
operator given by —A, — A, which has been widely studied; for some results
related to our studies, see, e.g., [6,7,10,21,25] .

The main purpose of this work was to study the nonlinear eigenvalue
problem (1.3) when p > 2, and 1 < p < 2, respectively . In particular, we
show in section 2 that the set of the first eigenvalues is given by the interval
(AP 00), where AP is the first Dirichlet eigenvalue of the Laplacian. We show
that the first eigenvalue of (1.3) can be obtained variationally, using a Nehari
set for 1 < p < 2, and a minimization for p > 2. Also in the same section, we
recall some results of [15,22,23].

In Sect. 3, we prove that the eigenfunctions associated with A belong
to L>°(Q): the first eigenvalue A\Y of problem (1.3) is simple and the corre-
sponding eigenfunctions are positive or negative. In addition, in Sect. 3.3 we
show a homeomorphism property related to —A, — A.

In Sect. 4, we prove that AP is a bifurcation point for a branch of
first eigenvalues from zero if p > 2, and AP is a bifurcation point from
infinity if p < 2. Also the higher Dirichlet eigenvalues AP are bifurcation
points (from 0 if p > 2, respectively, from infinity if 1 < p < 2 ), if the
multiplicity of )\kD is odd. Finally in Sect. 5, we prove by variational methods
that if A € (AP, AP ’t1), then there exist at least k nonlinear eigenvalues using
Krasnoselski’s genus. In what follows, we denote by ||.||1,, and ||.||2 the norms
on WP () and L2(Q) defined, respectively, by

1 1

ull.p = </Q Vul? dac) 7 and [ullz = (/Q Ju|? dz) *forallu e WAP(Q), ue L2(Q).

We recall the Poincaré inequality, i.e., there exists a positive constant
Cp(Q) such that

/ lul? dz < CP(Q)/ |VulP dz for allu € WyP(Q), 1 <p<oco. (1.5)
Q )

2. The Spectrum of the Nonlinear Problem

We now begin with the discussion of the properties of the spectrum of the
nonlinear eigenvalues problem (1.3).

Remark 2.1. Any A <0 is not an eigenvalue of problem (1.3).

Indeed, suppose by contradiction that A = 0 is an eigenvalue of equation
(1.3), then relation (1.4) with v = ug gives

|Vugl? dx—|—/ |Vug|?* do = 0.
Q Q

Consequently, |Vug| = 0; therefore, ug is constant on © and ug = 0 on
Q. And this contradicts the fact that ug is a nontrivial eigenfunction. Hence
A = 0 is not an eigenvalue of problem (1.3). Now it remains to show that any
A < 0 is not an eigenvalue of (1.3). Suppose by contradiction that A < 0 is an
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cigenvalue of (1.3), with uy € W, *(€2)\{0} the corresponding eigenfunction.
The relation (1.4) with v = uy implies

0§/|Vm|p d:r+/\VuA|2 dx:/\/ui dz <0,
Q Q Q

Which yields a contradiction and thus A < 0 cannot be an eigenvalue of
problem (1.3).

Lemma 2.2. Any A € (0, \P] is not an eigenvalue of (1.3).
For the proof see also [15].

Proof. Let A € (0,AP), i.e., AP > X Let us assume by contradiction that
there exists a A € (0, A\P) which is an eigenvalue of (1.3) with uy € Wy?(Q)
\{0}, the corresponding eigenfunction. Letting v = wu) in relation (1.4), we
have on the one hand,

/|Vu,\|p da:—i—/ [Vuy|? dx:/\/ui dz,
o Q o

and on the other hand,
)\?/ uidz S/ [Vup? dz. (2.1)
Q Q

By subtracting both sides of (2.1) by /\/ ui dz, we obtain
Q

(/\?—/\)/ui dx§/|VuA|2 d:c—)\/ui dz,
Q Q Q

()\f)—)\)/ui dx§/|Vu>\|2 d:c—/\/ui dx—|—/ |Vuy|? dz = 0.
Q Q Q Q

Therefore, (AP — \) / u3 dox < 0, which is a contradiction. Hence, we
Q

conclude that A € (0, \P) is not an eigenvalue of problem (1.3). In order to
complete the proof of the Lemma 2.2 we shall show that A = AP is not an
eigenvalue of (1.3).

By contradiction we assume that A = AP is an eigenvalue of (1.3). So
there exists uyp € Wy 2 (2)\{0} such that relation (1.4) holds true. Letting
v = uyp in relation (1.4), it follows that

p 2
/‘VUA{D’ da:—l—/ ’VUAP’ dsc:)\f)/uip dx.
Q Q o

But /\f)/uiip dz < / |Vu)\f,|2 dz; therefore
Q Q

P 2 2 P
/ 'Vu/\u‘ dx—l—/ ‘Vu/\p‘ dxﬁ/ ‘VU}\D‘ dxé/ ‘Vu/\p‘ dx <0.
1 1 1 1
Q Q Q Q
Using relation (1.5), we have uyp = 0, which is a contradiction since
uyp € Wy 2 ()\{0}. So A = AP is not an eigenvalue of (1.3). O
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Theorem 2.3. Assume p € (1,2). Then the set of first eigenvalues of problem
(1.3) is given by

(AP, 0), whereAD denotesthefirsteigenvalueof — Aon(.

Proof. Let A € (AP, 00), and define the energy functional
2
Iy We2(Q) — R by Jy(u) = / |Vul? dz + 7/ |VulP dz — A/ u? dz.
Q pPJa Q

One shows that Jy € C1(W,?(Q),R) (see, [18]) with its derivatives
given by

(Ji(u),v) =2 | Vu-Vuv dJJ—|—2/ |VuP~2Vu - Vo do — 2/\/ wovdz,
Q Q Q

Ve W, 2(Q).

Thus we note that A is an eigenvalue of problem (1.3) if and only if
Jy possesses a nontrivial critical point. Considering Jy(pe;), where e; is the
L?-normalized first eigenfunction of the Laplacian, we see that

Ia(per) AP p? 4 CpP — Ap? — —o0, as p — +oo.

Hence, we cannot establish the coercivity of Jy on W, *(Q) for p € (1,2),
and consequently we cannot use a direct method in calculus of variations in
order to determine a critical point of Jy. To overcome this difficulty, the idea
will be to analyze the functional Jy on the so-called Nehari manifold defined
by

Ny = {u e WEQ\{0} : /QWUP dz + /Q Vul? dz = )\/Qu2 da:}.

Note that all non-trivial solutions of (1.3) lie on A. On N, the func-
tional Jy takes the following form

2
I (u) :/ |Vul|? de‘F*/ [Vul? dxf)\/ u? dz
Q bJa Q

= (2 —1)/ |Vul? dz > 0.
p Q

We have seen in Lemma 2.2 that any A € (0, \P] is not an eigenvalue of
problem (1.3); see also [15]. It remains to prove the following:

Claim: Every A € (AP 00) is a first eigenvalue of problem (1.3). Indeed,
we will split the proof of the claim into four steps follows:

Step 1. Here we will show that N\ # @ and every minimizing sequence for
Jx on Ny is bounded. Since A > AP there exists vy € W, () such

that
/ Vo) < )\/ v3 da.
Q Q
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Then there exists ¢t > 0 such that tvy € N\ =
/|V(tv,\)\2 dx+/ IV (tvy)|? dx:A/ (tvy)? dz =
Q Q Q
t2/ WN& dx—i—tp/ [Voyl? dgc:t2)\/ v dr =
Q Q Q

\INLE| =5
t= 2f9| oAl” de > 0.
A fov3 de— [, [Vual? do

With such t we have tvy € Ny and Ny # (.

Note that for u € B,(vx), 7 > 0 small, the inequality A [, [u[*dz >
Jo |Vu|*dz remains valid, and then t(u)u € N for u € B,.(vy). Since
t(u) € C! we conclude that N} is a C*-manifold.

Let {ur} C N, be a minimizing sequence of Jy|n,, i.€., Jx(ug) —
m = wienjf&,b\(w). Then

A/ui dzf/ |Vug|? dz
Q Q

-1
:/ |[Vug|? de— (2 — 1) m ask—o0. (2.2)
Q p

Assume by contradiction that {u} is not bounded, i.e., / |Vug | do
Q

— 00 as k — oo. It follows that /ui dx — oo as k — oo, thanks to
Q

relation (2.2). We set vy, = Tl - Since / |Vug|* do < )\/ up da, we
Q Q

deduce that /|Vvk\2 dz < A, for each k and [jvg||12 < VA Hence
Q

{v} C Wol’Q(Q) is bounded in W(}’Q(Q). Therefore, there exists vy €
Wy2(Q) such that vy — vg in Wy 2(Q) € Wy P(Q) and vx — vg in
L?(€2). Dividing relation (2.2) by ||ux||5, we get

A uf de — / |Vug|? do
/ |V |P do = —% 2 — 0 ask — oo,
Q l[uell3

—1
2
since )\/ui dz — / |Vug|? do — < - 1) m < oo and |lug|5 —
Q Q p
00 as k — oo. On the other hand, since v, — vy in Wy*(Q), we
have /|Vv0|p dz < lim inf/|Vvk|p dz = 0 and consequently
Q k—o0 Q

vo = 0. It follows that vy — 0 in L?(Q), which is a contradiction
since ||lug||2 = 1. Hence, {uy} is bounded in W, *(Q).
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m = inj\ff Jx(w) > 0. Indeed, assume by contradiction that m = 0.
weN X

Then, for {u} as in step 1, we have

O<)\/ui dx—/ Vug)* da
Q Q

= /Q |Vug|” dx — 0,ask — oo. (2.3)

By Step 1, we deduce that {uz} is bounded in Wy(€2). There-
fore there exists ug € Wy >(Q) such that up — ug in Wy*(Q) and
WyP(€) and uy, — ug in L2(5).

Thus / [Vug|? < klim inf/ [Vug|P de = 0. And consequently
Q 00 Q
uy = 0, up — 0 in Wy?(Q) and Wy P(Q) and up — 0 in L2(9).

. . N
Writing again v = m we have
)\/ui dx—/ Vug|* dz
0< Jo 2 - ||uk||p_2/ Vorl? de,
lJuk 3 2 Ja
therefore,

Vug|* dz
| Al /Q‘

Voul? de = Jug)2? | Al

/ | T2 Tl

= [Jug)37? (A—/ Vo) dm) — 0 ask — oo,
Q

since |luglla — 0 and p € (1,2), and {vy} is bounded in W,*(f).
Next since vy, — vg, we deduce that / [VuglP do < klim inf/ |V |P
Q —o0 Q

dr = 0 and we have vy = 0. And it follows that vx — 0 in L?(f2)
which is a contradiction since ||vg|l2 = 1 for each k. Hence, m is
positive.
There exists ug € Ny such that Jy(ug) = m.

Let {ux} C Ny be a minimizing sequence, i.e., Jy(ux) — m as
k — oo. Thanks to Step 1, we have that {uy,} is bounded in W, *(Q).
It follows that there exists ug € Wol’Q(Q) such that up — wup in
W 2(9) and W, *(Q) and strongly in L2(£2). The results in the two
steps above guarantee that Jy(ug) < khi& inf Jy(ux) = m. Since for

each k we have uj € Ny, we have

/ Vg dx—l—/ |V |? dx:)\/ ui dax for all k. (2.4)
Q Q Q

Assuming ug = 0 on 2 implies that /ui dz — 0 as k — o0, and by
Q

relation (2.4) we obtain that / |Vug|* dz — 0 as k — co. Combining
Q
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Step 4.

this with the fact that wu converges weakly to 0 in W,>(Q), we
deduce that ug converges strongly to 0 in WO1 -2 (©) and consequently
in W, (Q). Hence we infer that

)\/ui d:z:f/ Vug|? dx:/ |Vug|? dz — 0, ask — oc.
Q Q Q

Next, using similar argument as the one used in the proof of Step 2,
we will reach to a contradiction, which shows that ug # 0. Letting
k — oo in relation (2.4), we deduce that

/ |Vug|? dx—i—/ [Vugl? do < )\/ ud dx.

If there is equality in the above relation, then ug € Ny and m <
Jx(up). Assume by contradiction that

/ |Vul? d:c+/ |Vul? dz < )\/ u? d. (2.5)
Q ) Q

Let t > 0 be such that tug € Ny, i.e.,

1
)\/uodx—/|Vu0| de\"
/\Vu0|p dz

We note that ¢ € (0,1) since 1 < =2 (thanks to (2.5)). Finally,
since tug € N\ with ¢t € (0,1) we have

0<m< J)\(tuO)

= <; 1>/Q|V(tuo)|p do = 17 (; - 1)/Q|Vu0|p da

:th)\(UO)
<tP klim inf Jy (ug) = tPm < m fort € (0,1),

t:

and this is a contradiction which assures that relation (2.5) cannot

hold and consequently we have ug € Ny. Hence m < Jy(up) and

m = Jx(up).

We conclude the proof of the claim. Let u € Ny be such that Jy(u) =
m (thanks to Step 3). Since u € N, we have

/|Vu|2 da:—i—/ |VulP dm—/\/u dwz,
/ |Vul? do < )\/ u? dz.
Q )

Let v € dB1(0) € Wy?(Q) and € > 0 be very small such that
u+dv#0in Q for all § € (—¢,¢) and

/|V(u+5v)|2 dz < )\/ (u+ 6v)* dz;
Q Q

and
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this is equivalent to

)\/uzdx/|Vu2d9:>5(2/Vu~Vvdz2/\/uvdx>
Q Q Q Q

+62 ( Vol de — X [ o? da:) ,
Q o

which holds true for § small enough since the left-hand side is positive
while the function

h(9) |5|‘ /Vu Vvd:cfQ/\/uvdz

/\Vv|2da:—)\/v dx

dominates the term from the right-hand side and h(4) is a continuous
function (polynomial in §) which vanishes in § = 0. For each ¢ €
(—¢,¢), let t(§) > 0 be given by

+ 62

_1_
pP—2

)\/ (u+ 6v)° dacf/ IV (u+6v)]* dz
Q Q

H5) =
/Q |V (u+6v)|" da

so that t(d) - (u + dv) € Nx. We have that ¢(§) is of class C1(—¢,¢)
since ¢(8) is the composition of some functions of class C''. On the
other hand, since u € N, we have ¢(0) = 1.

Define ¢ : (—¢,e) — R by (§) = Jx(t(d)(u + dv)) which is of
class C'(—¢,¢) and has a minimum at § = 0. We have

() = [t'(0)(u+ dv) + vt(d)] J§ (t(0)(u + dv)) =

0=2(0) = J3 (¢(0)(w)) [t'(0)u + vt(0)] = (J}(u),v)
since ¢(0) =1 and ¢'(0) = 0.
This shows that every A € (AP, 00) is an eigenvalue of problem (1.3).

0

In the next theorem we consider the case p > 2. For similar results for
the Neumann case, (see, [22]).

Theorem 2.4. For p > 2, the set of first eigenvalues of problem (1.3) is given

by (AP,

00).

The proof of Theorem 2.4 will follow as a direct consequence of the
lemmas proved below:

Lemma 2.5. Let

/|Vu|p dz + - / |Vu|* dz
Ai(p) == inf

weWl P\ {0} %/u dx
Q

Then A1 (p) = AP, for all p > 2.
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Proof. We clearly have \;(p) > AP since a positive term is added. On the
other hand, consider u,, = %61 (where e; is the first eigenfunction of —A),
we get

2
5 Jo Vel dz + o5 [ [Ver|” do

ﬁ Jo ler|?dz

Ai(p) <

— AP asn — .

Lemma 2.6. For each A > 0, we have

1 1 A
lim (/ |Vu|? dz + 7/ |Vul? dz — f/ u? dx) = 0.
lullip—o0 \ 2 Jo D Ja 2 Ja

Proof. Clearly,
1 1 ) 1
— [ |VulP dz+ = [ |Vul dz > = | |[Vul? dz.
pJa 2 Ja pJa

On the one hand, using Poincaré’s inequality with p = 2, we have / u? dz <
Q

CQ(Q)/ |Vul? dz,Yu € WP(Q) € Wy?(Q) and then applying the Holder
Q

inequality to the right-hand side term of the previous estimate, we obtain

p—2
[ 1vul? do < 1907 ul,
Q
S0 /u2 dz < D||u||ip, where D = Cg(Q)|Q|pT_2 Therefore, for A > 0,
Q

1 9 1 » /\/ 9 » A 9
- - _2 > ~2p 2.
5 /Q |Vu|” do + ’ /Q [Vul|P da 5 ), u® dx > CHuHLp 5 fullf,, (2.6)

and the the right-hand side of (2.6) tends to oo, as ||ull1,, — oo, since
p> 2. O

Lemma 2.7. Every A € (\P,c0) is a first eigenvalue of problem (1.3).
Proof. For each X\ > AP define Fy : W, *(2) — R by

1 1 A
FA(u):§/§2|VU|2 dx+5/Q|Vu|p dxf§/ﬂu2 dz ,Yu € WyP(Q).

Standard arguments show that Fy € C*(W,?(Q),R) (see, [18]) with its
derivative given by

<F/’\(u),¢>:/ ([Vu[P~2 4+1) Vu- Vo dx—)\/uqb dz,
Q Q

for all u, ¢ € WyP (). Estimate (2.6) shows that F is coercive in W, ().
On the other hand, F) is also weakly lower semi-continuous on WO1 P(Q)
since F) is a continuous convex functional (see [4], Proposition 1.5.10 and
Theorem 1.5.3) . Then we can apply a calculus of variations result, in order
to obtain the existence of a global minimum point of F), denoted by 6, i.e.,



MJOM Nonlinear Eigenvalue Problems and Bifurcation Page 11 of 31 99

Fy(6)) = miny,1p o) Fi. Note that for any A > AP there exists uy € WyP(Q)
such that Fy(uy) < 0 . Indeed, taking uy = re;, we have

2 P
Fi(re1) = L(/\lD—/\)—i—L [Vei|P dz < 0 for 7 > 0 small.
2 P Jo

But then Fy(6)) < F\(uy) < 0, which means that 6y € W, ?(Q)\{0}.
On the other hand, we have (F}(6)),¢) = 0,Y¢ € W, *(Q) (6, is a critical
point of Fy) with 6y € Wy P(Q)\{0} ¢ W, *(Q)\{0}. Consequently each
A > AP is an eigenvalue of problem (1.3). O

A similar result of Theorem 3.1 was proved in [17] in the case of the
p-Laplacian.

3. Properties of Eigenfunctions and the Operator —A, — A

3.1. Boundedness of the Eigenfunctions

We shall prove boundedness of eigenfunctions and use this fact to obtain C1+*
smoothness of all eigenfunctions of the quasi-linear problem (1.3). The latter
result is due to [17, Theorem 4.4], which originates from [13,26].

Theorem 3.1. Let (u,\) € Wol’p(Q) x R% be an eigensolution of the weak
formulation (1.4). Then u € L>®(Q).

Proof. By Morrey’s embedding theorem it suffices to consider the case p < N.
Let us assume first that « > 0. For M > 0 define wys(z) = min{u(x), M}.
Letting

zife <M
oo ={ 3 3.1

we have g € C(R) piecewise smooth function with ¢g(0) = 0. Since u €
WyP(Q) and ¢ € L®(Q), then gou € Wy P(Q) and wyy € WyP () N L2 ()
(see, Theorem B.3 in [17]). For k > 0, define ¢ = wﬁ}frl? then Vo = (kp +
1)Vwywh? and ¢ € Wy (Q) N L2 (Q).

Using ¢ as a test function in (1.4), one obtains

(kp+1) [/ |VulP~2Vu - Vwpywh? de + / Vu - Vwpwh? da:]
Q Q
= )\/ U wﬁ?“ dx.
Q
On the other hand, using the fact that wﬁ’“ < ukPtl it follows that
(kp+1) [/ |VulP~2Vy - Vwaﬁf[’ dz +/ Vu - Vwaﬁf[) dx]
Q Q

< )\/ |u|FHDP g,
Q
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We have V(w¥) = (k+1)Vwpwh, = [Vl e = (k4+1)Pwh?|[Vwy,|P.
Since the integrals on the left are zero on {x : u(z) > M} we can take u = wys
in the previous inequality, and it follows that

(kp+1) [/Q \VwM|pwf\f; da:—&—/Q|VwM|2w§/’; dx} < /\/Q u| KPP g,

Replacing |VwM|pw§f[’ by m|Vwk+l\p we have

kp+1
(k+1)p

which implies that
kp+1
p+ /\v kL dx<)\/ |u| VP g

/ |Vwk P de + (kp 4 1) / \Vwar[2wh? da < /\/ Ju|F+DP qg,

(k+1)

and then
(k+1)P
Vvl de < (k)P q 3.2
Lrwati ae < (A0 [toran @)
By Sobolev’s embedding theorem, there is a constant c1 > 0 such that

k+1

lks | < ex llwhi My, (3.3)

where p* is the Sobolev critical exponent. Consequently, we have

_1
lwonrlleraype < it (3.4)
and, therefore,
fstllgerne < (er b ) = IS 69
But by (3.2),
k+1
i, < (AH) i (3.6)

and we note that we can find a constant co > 0 such that

1
()\ (z:i)lp) YRR < ¢, independently of k and consequently,

11
||’LUM||(k:+1)p* < Clk+1 02Vk+1 Hu||(k,+1)p. (37)

Letting M — oo, Fatou’s lemma implies

||u||(k+1)p <t ﬁ l[wll (k+1)p- (3.8)
N 1
Choosing k1, such that (k; + 1)p = p*, then [|ul| &, 41y, < e ey
|lw||ps . Next we choose kg such that (ko +1)p = (k1 +1)p*; then taking ko = k
in inequality (3.8), it follows that

[ U S
ull k1) < 0127 3" ull iy 1) (3.9)

By induction we obtain

1 1
ull e, +1)pe < e e lull -y 410 (3.10)
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where the sequence {k,, } is chosen such that (k,+1)p = (kn—1+1)p*, ko = 0.
One gets k, +1 = (%)”. As - <1, there is C' > 0 (which depends on ¢,
and cz) such that for any n =1,2,...

[ullr, < Cllullp- (3.11)

with 7, = (kp,+1)p* — 00 as n — co. We note that (3.11) follows by iterating
the previous inequality (3.10). We will indirectly show that u € L*(f).
Suppose u & L>®(2), then there exists € > 0 and a set A of positive measure
in © such that |u(x)| > C||ul|,« + & = K, for all x € A. We then have,

1/rn
lim inf ||ul/,,> lim inf (/ K”’) = lim ian\A|1/’"” =K > C|ullp,
n—oo n—oo A n—oo

(3.12)
which contradicts (3.11). If u changes sign, we consider u = u* — u~ where

ut = max{u,0} and v~ = max{—u,0}. (3.13)

We have ut,u~ € Wy (Q). For each M>0 define wyy=min{u* (x), M}
and take again ¢ = wﬁf}“ as a test function in (1.4). Proceeding the same
way as above we conclude that u™ € L (). Similarly, we have u~ € L>(Q).

Therefore, u = u™ —u™ is in L>=(Q). O

3.2. Simplicity of the Eigenvalues

We prove an auxiliary result which will imply uniqueness of the first eigen-
function.
Let

D _ P 2 .2
I(u,v) = <_A> n <_Au, o >

P — uP v2 —u?
{an ) (a5

for all (u,v) € Dy, where

D;= {(ul,uz) € Wol’p(Q) X Wol’p(Q) tu; > 01inQ andu; € L(Q) for ¢ = 1,2} ifp > 2,

and

D= {(ul,uz)ewgﬂ(a) x WEH2(Q) 1 u; > 0inQ andu; € L>(Q) fori = 1,2} if 1<p<2.

Proposition 3.2. For all (u,v) € Dy, we have I(u,v) > 0. Furthermore,
I(u,v) = 0 if and only if there exists o € R such that u = aw.

Proof. We first show that I(u,v) > 0. We recall that (if 2 < p < o)
(—Apu, w) = / |Vu\p’2vu -Vw dz for allw € Wol*p(Q)
Q

(—Au,w) = / Vu - Vw dz for allw € Wol’p(Q),
Q
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and (if 1 <p < 2)
(—Apu,w) = / |VulP~2Vu - Vw dz for allw € W, 2(Q
Q
(—Au,w) = / Vu -V dz for allw € Wy (Q).

. p
Letuscons1der6—“up”1 ,n—”vp 4 ,f—“ —v* and ( =

functions in (1.4) for any p > 1. Straightforward computatlons glve
Y p p—1
v(“ 7 ) ={1+e-0(2)}vu-p(2)" v
ub u u
vP — uP U\P u\P—1
v ( 1 -1 (4 o p(4) v

)~
v () = e () e (G v
)| ZAS

2
as test

:/Q {2(%) (|Vu|\Vv|fVu~Vv)+<l +(2 ))lvu\Q 2(= )IVuHVvI}

By symmetry we have
<—Apv, ‘vi];?p >
:/é{fp (%)p |Vo[P~2Vo - Vu+(1+ p—1) (%) )|Vv\’7} dx
=/ {p (%)‘H IVo[P=2 (|Vo||Vu| — Vo - V) + (1 +(p-1) (%)”) |wp} de
(

-1
—/ P E>p |Vo|P~ V| da
Q ‘v

<—Av, ”zv“2> :/9{2 (%) (IV|| V|- Vo-Va)
+ (1 + (Z) ) Vol? — 2 ( ) |V11||Vu|}
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Thus
I(u, v) :/Q{p(ﬂ)”*l VulP=2 (|Vul| Vol = Vu - Vo) + (14 (p = 1) (%)p) |Vu|p} da

u
-1
—p (B)p |VulP~1 V| de
u

u

+ {p (;)p_l Vol =2 (|V0]|Vul = Vo V) + (14 (p— 1) (%)p> \VU|P} de

()" 1ot vl do

+/Q{2(%) (IVu||Vo| = V- Vo) + <1+ (%)2) |V —2(%) \wnw} de

U u\2 u
+ Q{?(;)(\VUHVU\—quVu)—I— <1+ (;> >|vy|2—2(;> \vU||vu\} da.

So

I(u,v) :/QF(%,VU,VU) dx+/QG(%,|VU\,|Vu|) dz,
where
F(t,5,R) = p {" P2 (IR|IS| - R S) + (*7|S|P"2 (RIIS| - R- )}
+2{t(|R|IS| - R- )} +2{t" (|R[IS| - k- 5)}
and
Gt,s,r) =1+ p—1")rP+ 1+ (p—t7P) P + (1 +t*)r”
+(1+t72)s% —pt?P 1P ls — ptt PP e — 2trs — 2t ps,

forallt =2 >0,R=Vu,S=VveRY and r = [Vu|,s = |Vv| € RT. We
clearly have that F is non-negative. Now let us show that G is non-negative.
Indeed, we observe that

Gt,s,0)=(1+ (-1t P)s"+ (1+t7?)s*>0
and G(t,5,0) =0 = s = 0. If r # 0, by setting z = ;> we obtain
G(t,s,r) =tPrP (2P —pz+ (p— 1)) +r? ((p — 1)z* — pzP~' + 1)
+t%r? (22 — 2z 4+ 1) + 2 (22 — 2z 4+ 1) ,
and G can be written as
G(t,s,r) =17 (P f(z) + g(2)) + r* (h(2) + k(2)),

with f(z) =22 —pz+ (p—1), g(2) = (p— 1)2P —pzP~ L + 1, h(2) = k() =
22 —22+41Vp > 1. We can see that f, g, h and k are non-negative. Hence G is
non-negative and thus I (u,v) > 0 for all (u,v) € D;. In addition since f, g, h
and k vanish if and only if z = 1, then G(¢t,s,r) = 0 if and only if s = ¢r.
Consequently, if I(u,v) = 0 then we have

Vu - Vo = |Vul||Vo| and u|Vu| = v|Vul

almost everywhere in Q. This is equivalent to (uVv — vVu)2 = 0, which
implies that u = av with o € R?.. g

Theorem 3.3. The first eigenvalues A of Eq. (1.3) are simple, i.e., if u and v
are two positive first eigenfunctions associated to X\, then u = v.
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Proof. By Proposition 3.2, we have u = awv. Inserting this into the equation
(1.3) implies that o = 1. O

3.3. Invertibility of the Operator —A, — A
To simplify some notations, here we set X = W, *(Q2) and its dual X* =
W12 (Q), where ]% + i =1.

For the proof of the following lemma, we refer to [19]:

Lemma 3.4. Let p > 2. Then there exist two positive constants ci,co such
that, for all x1,x5 € R™, we have the following:

(i) (z2 —21) - (Jwa P 2@o — |21 [P 221) > C1]m2 — 31|P
(i) [Jw2lP=22s — [o1[P~221] < colwa] + o1 )P |w2 — 2

Proposition 3.5. Forp > 2, the operator —A,—A is a global homeomorphism.
The proof is based on the previous Lemma 3.4.

Proof. Define the nonlinear operator A : X — X* by
(Au,v) = /Vu Vo dz + / |VulP~2Vu - Vo dz for all u,v € X.

To show that —A, — A is a homeomorphism, it is enough to show that
A is a continuous strongly monotone operator, (see [9, Corollary 2.5.10]).
For p > 2, for all u,v € X, by (i), we get

(Au — Av,u — v)
z/ |V(u—v)|2dx+/ (IVul[P~2Vu — |Vo[P~2V0) - V(u—v) dz
Q Q

2/|V(u—v)|2dx+cl/ |V(u—v)Pdz
Q Q

Thus A is a strongly monotone operator.

We claim that A is a continuous operator from X to X*. Indeed, assume
that u, — u in X. We have to show that ||Au, — Aul|x» — 0 as n —
oo. Indeed, using (ii) and Holder’s inequality and the Sobolev embedding
theorem, one has

|[(Aun — Au, w)|
< / ||Vt P>V, — |VulPVu| [Vl dx—i—/ [V (up, —w)||Vw| dz
Q Q

< 02/ (IVun| + \Vu|)p72 IV (up —u)||Vw| dz —i—/ IV (un —w)||Vw| dz
Q Q

p—2/p 1/p
< cs (/ (IVun| + |Vul)? dx) (/ |V (uy, — u)|pdx>
Q Q
1/p
X (/ prdac> + csl|un
Q

2
< e (JJunllip + lJullip)’™ " Nlun —ullipllwllp + esllun — ullp

|wl[1,p-
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Thus ||Au, — Au||x« — 0, as n — 400, and hence A is a homeomor-
phism. O

4. Bifurcation of Eigenvalues

In the next subsection we show that for Eq. (1.3) there is a branch of first
eigenvalues bifurcating from (AP,0) € Rt x W, *(1).
4.1. Bifurcation from Zero: The Case p > 2
By Proposition 3.5, Eq. (1.3) is equivalent to

w=A-A, — A) "y for u e W7(Q). (4.1)

We set
Sa(u) =u— A=A, — A) " tu, (4.2)

wel?(Q) ¢ WL (Q) and A>0. By S={(\u) € RT x W, ?(Q)/ u #
0, Sx(u) = 0}, we denote the set of nontrivial solutions of (4.1).

A bifurcation point for (4.1) is a number A* € RT such that (\*,0)
belongs to the closure of 3. This is equivalent to say that, in any neighborhood
of (A*,0) in Rt x W, P(£2), there exists a nontrivial solution of Sy (u) = 0.

Our goal is to apply the Krasnoselski bifurcation theorem [see, [1]].

Theorem 4.1. (Krasnoselski, 1964)

Let X be a Banach space and let T € C1(X, X) be a compact operator
such that T(0) = 0 and T"(0) = 0. Moreover, let A € L(X) also be compact.
Then every characteristic value \* of A with odd (algebraic) multiplicity is a
bifurcation point for u = AAu + T(u).

We state our bifurcation result.

Theorem 4.2. Let p > 2. Then every eigenvalue NP with odd multiplicity is
a bifurcation point in RT x Wy (Q) of Sx(u) = 0, in the sense that in any
neighbourhood of (AP,0) in Rt x W, P(Q) there exists a nontrivial solution
of Sx(u) = 0.
Proof. We write the equation Sy (u) = 0 as
u = Au + T)(u),
where Au = (—A)"tu and Ty (u) = [(—A, — A)71 — (=A)~](\u), where we
consider
(A, — A1 L2(Q) € W (Q) — WP (Q) cC L2(Q)
and (—A)~1: L2(Q) ¢ W12(Q) — W, %(Q) cc L2 (Q).
For p > 2, the mapping
(=A, — AL — (=A)"1: L2(Q) ¢ WP Q) — WP(Q) cc L2 (Q)
is compact thanks to Rellich-Kondrachov theorem. We clearly have A €
L(L?(Q)) and T»(0) = 0. Now we have to show that
(1) Ty € Ct.
(2) T3(0) =0,
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In order to show (1) and (2), it suffices to show that

(a) —A, — A : Wy P(Q) — W17 (Q) is continuously differentiable in a
neighborhood u € Wy*(Q).

(b) (—=A, — A)~! is a continuous inverse operator.

According to Proposition 3.5, —A, — A is a homeomorphism; hence
(—A, — A)~! is continuous and this shows (b). We also recall that in section
3.2, we have shown that AP is simple.

Let us show (a). We claim that —A,, : WP () — WP (Q) is Gateaux
differentiable. Indeed, for ¢ € Wg P(Q) we have

u+0v), ) — (=Apu, p)
u+ 6v)|P~ 2V(u+§v Vo) — (|[VulPVu, Vo)

(=

Ay(
(Iv(
< IV (u+ 60)2) = V(u+5v),w><|vu|p2vu,w>
(

(IVul® + 26 (Vu, Vo) + 52|vu|2)'% V(u+5v),w>

—(|VulP~2Vu, Vo)
= ([[VulP~2 + (p — 2)|Vu|> "% ~D6(Vu, Vo)
+O0(0H)V(u + dv), Vi) — (|[VulP~2Vu, V)
= ([[VulP™ + (p — 2)|VulP~*6(Vu, Vo)
+0(0%)|V (u + dv), Vo)
—(|Vul|P~*Vu, Vo)
= (p — 2)8|Vu|P~*(Vu, Vo) (Vu, Vi)
+6(|VulP~2Vu, Vi) + O(62)
= §[(p — 2)|Vu[P~*(Vu, Vo) (Vu, Vi)
+(|Vu|P"2Vo, V) + O(5)].
Define
(B, #) = (p — DVul (Y, Vo)V, V) + ([ Va2V, Vi)
and let (up)n>0 C WoP(€). Assume that u, — u, as n — oo in Wy (Q).
We have

(B(un)v — B(u)v, ¢)
= (p—2) [|[Vua [PV, Vo) (Vu,, Vo) — [VulP~H(Vu, Vo) (Vu, V)]
+(|Vun P72V, Vi) — (|VuP =2V, V).
Therefore,
[(B(un)v — B(u)v, )|
< (0 = 2) [|Vun P~ (Vun, Vo) (Vu, Vi) = | VulP~H(Vu, Vo) (Vu, Vo) |
+|[Vun P72 = [VulP 72| [(Vo, V).

By assumption, we can assume that, up to subsequences,
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() Vu, — Vu in (LP(Q))Y as n — oo and

(#%) Vup(x) — Vu(z) almost everywhere as n — oo.

Then |Vu,|P~H(Vu,, Vo) (Vu,, V) — |Vu|P~H{Vu, Vo) (Vu, Vi) as
n — oo and consequently (B(uy,)v,¢) — (B(u)v, ¢)as n — oco. Thus, we find
that —A,—A € C! and thanks to the Inverse function theorem (—A, — A)~?
is differentiable in a neighborhood of u € WO1 (Q). Therefore, according to
the Krasnoselski bifurcation Theorem, we obtain that )\kD is a bifurcation
point at zero. O

4.2. Bifurcation from Infinity: The Case 1 < p < 2
We recall the nonlinear eigenvalue problem we are investigating

{ —Apu—Au =X inQ,

u=>0 on 0. (4.3)

Under a solution of (4.3) (for 1 < p < 2), we understand a pair (A, u) €
R} x VVO1 -2 (Q) satisfying the integral equality

/Q |VulP~2Vu- Ve dx+/ﬂvu-Vgp dz = )\/nga dz for every ¢ € W, *(Q).
(4.4)

Definition 4.3. Let A € R. We say that the pair (A, 00) is a bifurcation point
from infinity for problem (4.3) if there exists a sequence of pairs
{Ms un) ¥, € R x WyP(Q) such that Eq. (4.4) holds and (A, [|un|l1.2) —
(A, 00).

We now state the main theorem concerning the bifurcation from infinity.

Theorem 4.4. The pair (AP, o) is a bifurcation point from infinity for the
problem (4.3).

_1
For u € W (), u # 0, we set v = u/||uf|{52". We have ||v]|12 =
—1 and
HUH1,22

1

p—2 _
v e oD

|Vu|P~2Vu.

Introducing this change of variable in (4.4), we find that

“U||§7227§p)(p72)/ |Vol|P~2Vu - Vi d;v+/ Vv -V dz
Q Q

= )\/ v dx for every ¢ € W2 (). (4.5)
Q
But, on the other hand, we have
ol 3t = —nmy .
12— 304 Lp)(p-2)
(5 #7 jug 2)
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Consequently, it follows that Eq. (4.5) is equivalent to

HUH?EP/ |VolP Vo - Vo dac—f—/ Vv-Vedz = )\/ vy dz for every o € Wy 2(Q).
Q Q Q

(4.6)

This leads to the following nonlinear eigenvalue problem (for 1 < p < 2):

(4.7)

—||11||4117_2pApv —Av=Xv in{,
v=0 on Jf.

The proof of Theorem 4.4 follows immediately from the following re-
mark, and the proof that (AP, 0) is a bifurcation of (4.7).

Remark 4.5. With this transformation, we have that the pair (AP, o) is a
bifurcation point for the problem (4.3) if and only if the pair (AP, 0) is a
bifurcation point for the problem (4.7).

Let us consider a small ball B.(0) := { w € W} *(Q)/ |wli2 <7 },
and consider the operator

Tim | 1578, - A WE2(Q) — W2 (@),

Proposition 4.6. Let 1 < p < 2. There exists r > 0 such that the mapping
T : B.(0) C Wy*(Q) — W=12(Q) is invertible, with a continuous
nuverse.

Proof. In order to prove that the operator T is invertible with a continuous
inverse, we again rely on [9, Corollary 2.5.10]. We show that there exists § > 0
such that

(T(u) — T(v),u —v) > 8|lu—vl|f? 5, for u,v € B(0) C Wy?(Q)

with r > 0 sufficiently small.

Indeed, using that —A,, is strongly monotone on WO1 () on the one
hand and the Holder inequality on the other hand, we have

(T(w) = T(v),u — )
= [V = Vol3 + (lullt" (= Apu) = ol 2" (~Ap0),u—v)
= llu—ollf 5 + full 15" (- Apu) = (~Ap0),u — )

+ (Iellfz” = Iz ) (~Apv,u—0)

4—p
1,2

4— —
> [lu— vy - ‘HUHI,QP = [l Vol 1V (=)l

12| Cllollf 2 e = vllpe- (4.8)

4—
> llu = vl = [lull iz — Il
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Now, we obtain by the Mean Value Theorem that there exists 6 € [0, 1]
such that

_ _ d 21
i = Wl = [ o+ 260 = 012" lcato—
1 1-1
= |2 59 (lu+ 00 = )2 204000 = o -,
< (4= pllu+ 00— )7+ 00 )z u = vl
= (4= )+ 00 — w3 — vl
< (4= p) (1= O)lulz + 0ol .2)" [l — vl
< (@4 =p)r*llu— vl

Hence, continuing with the estimate of Eq. (4.8), we get
(T(u) = T(v),u—v) 2 [lu—vlff 5 (1 = (4 = p)r®PCrP™?)
= llu—wvlf, (1-C"r?),

and thus the claim, for » > 0 small enough.
Hence, the operator T is strongly monotone on B,.(0) and it is contin-
uous, and hence the claim follows. O

Clearly the mappings
Tr=—A—7] 128, : B(0) C Wy ?(Q) » W H2(Q), 0<7<1

are also local homeomorphisms for 1 < p < 2 with vy =4 — p > 0. Consider
now the homotopy maps

H(r,y) = (7| - ] 285 — &) (y), y € T-(B.(0)) € W H(Q).
Then we can find a p > 0 such that the ball
B,(0)C [ Tr(B.(0)

0<7<1
and
H(1,-) : B,(0) N L3(Q) — W, *(Q) cC L*(Q)
are compact mappings. Set now

Sa(u) =u— A (—llullf 28, = A) " w.

Notice that Sy is a compact perturbation of the identity in L2(2). We
have 0 ¢ H([0,1]x0B,(0)). So it makes sense to consider the Leray—Schauder
topological degree of H(7,-) on B;(0). And by the property of the invariance
by homotopy, one has

deg(H(O, '); BT(O)v O) = deg (H(lv ')a Br(0)7 O) . (49)

Theorem 4.7. The pair (AP, 0) is a bifurcation point in RT x L2(Q) of Sx(u) =
0, forl<p<2.
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Proof. Suppose by contradiction that (AP,0) is not a bifurcation for Sj.
Then, there exist dyp > 0 such that for all » € (0,0p) and € € (0, dp),

Sa(u) 0V AP =\ <e, Vue L2Q), |uls =1 (4.10)

Taking into account that (4.10) holds, it follows that it make sense to

consider the Leray-Schauder topological degree deg(Sy, B,(0),0) of Sy on
B,(0).
We observe that

(I— (A —¢) H(r,") lap,(0) # 0 for 7 € [0,1]. (4.11)

Proving (4.11) guarantee the well posedness of deg(I—(\P +¢&)H(r,-), B,.(0),
0) for any 7 € [0,1].

Indeed, by contradiction suppose that there exists v € dB,.(0) C L?(Q)
such that

v— (A —¢) H(r,v) =0, for some 7 € [0,1].

One concludes that then v € W *(2), and then that

—Av — THUHY’QAP’U = ()\{D — 5) .
However, we get the contradiction,

(AT =) Ivll3 = IVull3 + 7llvl] I Volll > IVl > AP|lv]l3.

By the contradiction assumption, we have
deg (I — (A +€)H(1,-),B,(0),0) = deg (I — (A —£)H(1,-), B+(0),0) .
(4.12)
By homotopy using (4.9), we have
deg (I — (AP —)H(1,-), B,(0),0) = deg (I — (A —£)H(0,-), B-(0),0)
=deg (I-(\Y —&)(—=A)™, B,(0),0) =1
(4.13)
Now, using (4.13) and (4.12), we find that
deg(I - ()‘lD + €)H(1a ')a BT(O),O) = deg(I - ()‘lD - €)H(07 ')7 BT(O)a O) =1
(4.14)

Furthermore, since AP is a simple eigenvalue of —A, it is well known
[see [1]] that

deg (1= (A7 +2)(=A) 7, Br(0) ,0) = deg (1 = (A7 + £)H(0,), B (0),0) = ~1
(4.15)
In order to get contradiction (to relation (4.14)), it is enough to show
that

deg (I — (AT +)H(1,-), B,(0),0) = deg (I — (A +&)H(0,-), B-(0),0) ,
(4.16)
r > 0 sufficiently small. We have to show that

(I — ()\f) + E)H(T, )) |8B,,'(O) #0for T € [0, 1]
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Suppose by contradiction that there is r,, — 0, 7, € [0,1] and u,, €
0B, (0) such that

u, — (AP +¢) H (T, up) =0
or equivalently
— 7'”||un||¥72Apun — Ay, = ()\{3 + 5) Up- (4.17)
Dividing the Eq. (4.17) by ||ty ||1,2, we obtain

_ Unp, Unp, Un
73 1Ap( )—A( ): (AP +o)

l|tn 1,2 llwnll1,2 [tnll12’

and by setting v, = W7 it follows that
— Tallun |57 Apvn — Avy = (AL + €)vn. (4.18)

But since ||v, |12 = 1, we have v, — v in W,*(Q) and v, — v in L*().
Furthermore, the first term in the left-hand side of Eq. (4.18) tends to zero in
W17 (Q) as r, — 0 and hence in W~12(2). Equation (4.17) then implies
that v, — v strongly in Wy?(Q) since —A : Wy ?(Q) — W12(Q) is a
homeomorphism and thus v with ||v|j12 = 1 solves —Av = (AP + ¢)v, which
is impossible because AP + ¢ is not the first eigenvalue of —A on W, %(Q) for
e>0.
Therefore, by homotopy it follows that

deg (I — (AP +¢e)H(1,-), B,(0),0) = deg (I — (\Y +¢)H(0,), B(0),0)..
Now, thanks to (4.15), we find that
deg (I — (AP +¢)H(1,-), B,(0),0) = —1,
which contradicts Eq. (4.14). O

Theorem 4.8. The pair (A\P,0) (k > 1) is a bifurcation point of Sx(u) = 0,
for 1 < p <2 if AP is of odd multiplicity.

Proof. Suppose by contradiction that ()\kD ,0) is not a bifurcation for S,.
Then, there exist dy > 0 such that for all » € (0,0p) and € € (0, dp),

Sa(u) A0V AP — )\ <e, Vue L2Q), |uls =7 (4.19)

Taking into account that (4.19) holds, it follows that it make sense to consider
the Leray—Schauder topological degree deg(Sy, B, (0),0) of Sy on B,(0).
We show that

(I— (N —¢)H(r,")) lap,(0) # 0 for 7 € [0, 1]. (4.20)

Proving (4.20) garantees the well posedness of deg(I — (AP £¢)H(r,-),
B,(0),0) for any 7 € [0,1]. Indeed, consider the projections P~ and P* onto
the spaces span{ej,...,ex—1} and span{eg,egi1,...}, Trespectively,
wheree; ..., ek, €xt1, ... denote the eigenfunctions associated with the Dirich-
let problem (1.1).
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Suppose by contradiction that relation (4.20) does not hold. Then there
exists v € 9B,(0) C L*(Q) such that v — (AP — e)H(r,v) = 0, for some
7 € [0,1]. This is equivalent of having

—Av— (A —g)v=Tv][] ,Apv. (4.21)

Replacing v by PTv + P~ v, and multiplying equation (4.21) by P*v —
P~ v in the both sides, we obtain

([FA = (A —o)(Ptv+ P v),PTv— P v)
=7||Ptv+ Poll], (Ap[PYv+ P o], PTv— P v).

0
= [IVP7ol5 = (AF = e)l1P~l|3]

HIVP O3 — (AP — o) [PHol3 = 7| Pu + Pol
X (A, [PTv+ P~ o], PTv — P ).
But
(Ap[PTv+ P ], PTo— P v)
= —/ |V(Ptv+ P*U)fp_2 V(PTv+ P v) -V (Ptv— P v) da,
Q

and using the Hélder inequality, the embedding Wy*(€2) € Wy (Q) and the
fact that PTv and P~v do not vanish simultaneously, there is some positive
constant C” > 0 such that [|[PTv — P7v[l1 o < C'(|[PYo|] 5 + [|[P70[35) =
C'|PFv — Polli 5, since (Ptv, P7v), , =0, we have
[{Ap[PTv+ P~v], PTv— P o)

< |PTo+ Pl [P — Poll,

< C'||PTo+ Po|f5 |PHo — Pol

<C'|Ptv+ P7v||’f;§1, since |[Ptv — P73,

= ||PTv+ P_v||%72.

On the other hand, thanks to the Poincaré inequality as well as the
variational characterization of eigenvalues we find

= [IVP7oll3 = (A = e)lP7v[3] > 0

and
VP03 — (AL —&)[[PToll3 >0,

we can bound from below these two inequalities together by ||[VP |3 +
IVP~v]3.
Finally, we have

22 = IVP0|3 + IVP 0|3 < 7C'||PTo+ P o] 5P, with y =4 —p,
(3
|2, < O |7t e 1< 0" =0
[v][1,2 12 ,

for r taken small enough. This shows that (4.20) holds.

lv
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By the contradiction assumption, we have

deg (I — (AY +¢e)H(1,-), B-(0),0) = deg (I — (\) —e)H(1,-), B,(0),0).

(4.22)
By homotopy using (4.20), we have
deg (I — (N —¢) H(1,-), B,(0),0)
=deg (I — (A\f —¢) H(0,-), B;(0),0)
= deg (I — (A = €)(=2)7", B,(0),0) = (-1)", (4.23)

where f3 is the sum of algebraic multiplicities of the eigenvalues A\ —e < A.
Similarly, if 3’ denotes the sum of the algebraic multiplicities of the charac-
teristic values of (—A)~! such that A > AP + ¢, then

deg (I — (\f +2) H(1,"), B,(0),0) = (-1)" (4.24)

But since [\P —&, AP +¢] contains only the eigenvalue AP it follows that
B = B+ «, where a denotes the algebraic multiplicity of AP. Consequently,
we have

deg (I — (AP +¢) H(1,-), B,(0),0)

= ()t
= (=1)*deg (I — (A +<€) H( -), B,(0),0)
= —deg (I — (\ +¢) H(1,-), B,(0),0)
since AP is with odd multiplicity. This contradicts (4.22). 0

5. Multiple Solutions

In this section we prove multiplicity results by distinguishing again the two
cases 1 < p < 2 and p > 2. We recall the following definition which will
be used in this section. Let X be a Banach space and 2 C X an open
bounded domain which is symmetric with respect to the origin of X, that is,
u€ Q= —u € Q. Let T be the class of all the symmetric subsets A C X\{0}
which are closed in X\{0}.

Definition 5.1. (Krasnoselski genus) Let A € T". The genus of A is the least
integer p € N* such that there exists ® : A — RP continuous, odd and such
that ®(z) #£ 0 for all x € A. The genus of A is usually denoted by v(A).

Theorem 5.2. Let 1 <p <2 or2 < p < oo, and suppose that A € (AP, )\,?H)
for any k € N*. Then Eq. (1.3) has at least k pairs of nontrivial solutions.

Proof. Case 1: 1 < p < 2. In this case we will avail of [ [1], Proposition 10.8].
We consider the energy functional Iy : Wy %(Q)\{0} — R associated with the
problem (1.3) defined by

2
:7/ [Vul? d:ch/ |Vul|? d:cf)\/uz dx.
P Jo Q Q
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The functional Ty is not bounded from below on W,*(€2), so we consider
again the natural constraint set, the Nehari manifold on which we minimize
the functional I. The Nehari manifold is given by

Ny = {u c W&’Q(Q)\{O} : (I (u),u) = 0}

On N,, we have I (u) = (127 — 1)/ |[VulP dx > 0. We clearly have that T is
0

even and bounded from below on Nj.

Now, let us show that every (PS) sequence for I, has a converging
subsequence on Ny. Let (uy), be a (PS) sequence, i.e., |I\(u,)| < C, for
all n, for some C' > 0 and I{(u,) — 0 in W=12(Q) as n — +oo. We first
show that the sequence (uy), is bounded on N). Suppose by contradiction

that this is not true, then / |Vun,|* do — 400 as n — 4o0. Since Iy (u,) =
Q

(2 - 1)/ |Vu, [P de we have / |Vu,|? dz < c. On Ny, we have
Q Q

O</ [V, [P dxz)\/ui dx—/ |Vu,|? dz, (5.1)
9) Q Q

and hence /ufI dz — +o00. Let v, = s then /|an\2 dz < X and
Q " Q

hence v, is bounded in W,"*(€). Therefore, there exists vy € Wy'>(€2) such
that v, — vg in Wy'?(Q) and v,, — vo in L2(€). Dividing (5.1) by ||un |5, we

have
)\/ui dx—/ |Vu,|? de
Q Q

[

:/ [Vu,|P dz — 0,
Q

2
since )\/ u? dx—/ |Vu,|? dz = (];—1)_11,\(%1)7 [Ix(uy)| < C and |lu,|5 —
Q Q

+00. Now, since v,, — vg in W, *(Q) € Wy *(2), we infer that
/ |Vugl? dz < liminf/ Vo, |P dz =0,
Q n—-—+00 Q

and consequently vg = 0. So v, — 0 in L?*(Q)) and this is a contradiction
since ||vp]|2 = 1. So (u,), is bounded on Nj.

Next, we show that u,, converges strongly to u in I/VO1 2(Q)
To do this, we will use the following vector inequality for 1 < p < 2

(lwalP =220 — |21 P 221) - (w2 — 21) = O (|22 + |21])P ™ 22 — 212,

for all 21,25 € RY and for some C’ > 0, (see [19]).
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We have /ui dz — /u2 dz and since I{(u,) — 0 in W=12(Q),
) Q

Up — u in Wy (Q), we also have T4 (u) (un —u) — 0 and T§ (u) (un —u) — 0
as n — +oo. On the other hand, one has

(I\(un) — IN(W), un — u) = 2 {/ (|Vun|p72Vun - |Vu|p72Vu) - V(un —u) dz
Q
+2 [ |V(tn —u)|* do — 2/\/ wn — ul? dz
Q Q
> 0" [ (Vual + Va2 [V — )] do
Q
+2/ IV (1, — )| dz — 2)\/ lun — ul? da
Q Q
> 2/ IV (un —u)|® dx72/\/ tn, — ul? da
Q Q
> g —ullf 2 — )\/ [tr, — ul? da.
Q
Therefore, ||u, —ulj1,2 — 0 as n — +oo and w,, converges strongly to u
. 1,2
in Wy ().
Let X' ={ACWN,: Aclosedand —A = A} andT'; = {A e X' : y(A4) >
Jj}, where y(A) denotes the Krasnoselski’s genus. We show that I'; # (.
Set E; = span{e;, i = 1,...,j}, where e; are the eigenfunctions asso-
ciated with the problem (1.1). Let A € (AP, AP ), and consider v € S; :=

{ve Ej: [,|v]* dz =1}. Then set rn
i Ja :

|[VolP dz 5
p(v) = 2f9 - >
A fov? de — [, |Vo]? dz

J
Then A [, v do — [, Vo> dz > X [, 0? do— > [ Ailei? do > (A —
i=1

Aj) Jo [v? dz > 0. Hence, p(v)v € Ny, and then p(S;) € ¥/, and v(p(S;)) =
v(S;) =j for 1 < j <k, for any k € N*.

It is then standard (see [1], Proposition 10.8) to conclude that

ox; = inf supIy(u), 1 <j <k, forany ke N
Y(A)Z2jueA

yields k pairs of nontrivial critical points for I, which gives rise to k nontrivial
solutions of problem (1.3).

Case 2: p > 2.

In this case, we will rely on the following theorem:

Theorem (Clark, [11]) .

Let X be a Banach space and G € C'(X,R) satisfying the Palais-Smale
condition with G(0) =0. Let 'y ={ Ae€X¥ : v(4A) >k} withE={ AC
X ; A= —Aand A closed }. If ¢, = infaer, sup,eq G(u) € (—00,0), then
¢k is a critical value.
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Let us consider the C'! energy functional I : W, ?(Q) — R defined as
2
In(u) = 7/ |Vul? dx+/ |Vu|? do — )\/ lu|? dz.
pJa Q Q
We want to show that

- = inf sup I 5.2
PO aent (a2} nen 2 () (5:2)

is a critical point for Iy, where ' = {A C S;}, where S; = {v € E; : [, [v]?
dz = 1}.

We clearly have that Iy(u) is an even functional for all u € W, ?(Q),
and also Iy (u) is bounded from below on Wy (Q) since Iy(u) > Cllull?, =
C'llul?,

We show that I(u) satisfies the (PS) condition. Let {u,} be a Palais—
Smale sequence, i.e., |Ix(u,)| < M for all n, M > 0 and I§(u,) — 0 in

W12 (Q) as n — co. We first show that {u,} is bounded in W,"*(Q). We
have

—2
M 2 (Clunl = Cllunl? ol = (Cllunl? =€) llunll? s
and so {uy,} is bounded in Wy ?(Q).
Therefore, u € T/VO1 P(Q) exists such that, up to subsequences that we
will denote by (u,), we have u, — u in Wy?(Q) and u,, — u in L(1).

We will use the following inequality for v1,vs € RY : there exists R > 0
such that

|1}1 — ’Ug‘p < R (|U1‘p_2’l)1 - |’U2‘p_21)2) (’Ul — Ug),

for p > 2 (see [19]). Then we obtain
(I\(un) — I\(w), un — u) = 2/ (|Vun[P*Vu, — |Vu\p72Vu) -V(tn —u) dz
Q
+ 2/ [Vu, — Vu\g dx
Q
— 2)\/ lttr, — ul? da
Q
> E/ |Vun, — Vu|? da
+2/ |V, — Vul? dz — 2)\/ [tr, — u|?® da
Q Q
> 2 P2\ 24
> Fllun = ullty =22 [ fun = uf* do.
Therefore, [Ju, —ulj1, — 0 as n — +o00, and so u,, converges to u in
WP (9).

Next, we show that there exists sets A; of genus j = 1,...,k such that

sup Iy (u) < 0.
uEA;
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Consider E; = span{e;, i =1,...,j} and S; = {v € E; : [, |v]* dz
1}. For any s € (0, 1), we define the set A;(s) := s(S;NE;) and so v(A4,(s)) =
jforj=1,..., k. We have, for any s € (0,1)

sup In(u) = sup I)(sv)
u€A; veS;NE;

4 2 Ag2
sup {S/ |Vv|pdx+s—/ |Vv\2dxfi/ |v|2dx}
ves;ne; L P Ja 2 Ja 2 Ja

sP 52
< sup {/ |Vv|pdx+()\j—)\)} <0
ves;ne; L P Ja 2

IN

for s > 0 sufficiently small, since /|Vv\p dxz < ¢, where ¢; denotes some
Q

positive constant.
Finally, we conclude that oy ; (j = 1,...,k) are critical values thanks
to Clark’s Theorem. O
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