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A KAM Approach to the Inviscid Limit for
the 2D Navier—Stokes Equations
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Abstract. In this paper, we investigate the inviscid limit ¥ — 0 for time-
quasi-periodic solutions of the incompressible Navier—Stokes equations on
the two-dimensional torus T2, with a small time-quasi-periodic external
force. More precisely, we construct solutions of the forced Navier—Stokes
equation, bifurcating from a given time quasi-periodic solution of the in-
compressible Euler equations and admitting vanishing viscosity limit to
the latter, uniformly for all times and independently of the size of the
external perturbation. Our proof is based on the construction of an ap-
proximate solution, up to an error of order O(r?) and on a fixed point
argument starting with this new approximate solution. A fundamental
step is to prove the invertibility of the linearized Navier—Stokes oper-
ator at a quasi-periodic solution of the Euler equation, with smallness
conditions and estimates which are uniform with respect to the viscosity
parameter. To the best of our knowledge, this is the first positive result
for the inviscid limit problem that is global and uniform in time and it is
the first KAM result in the framework of the singular limit problems.
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1. Introduction

In this paper, we consider the two-dimensional Navier—Stokes equations for
an incompressible fluid on the two-dimensional torus T?, T := R/27Z, with a
small time quasi-periodic forcing term

{atUJrU-VU— VAU + Vp = ef (wt, z)

1.1
divU =0 (1.1)

where € € (0,1) is a small parameter, w € R? is a Diophantine d-dimensional
vector, v > 0 is the viscosity parameter, the external force f belongs to C4(T9 x
T2, R?) for some integer ¢ > 0 large enough, U = (U, Us) : R x T? — R? is the
velocity field, and p : R x T2 — R is the pressure. The main purpose of this
paper is to investigate the inviscid limit of the Navier—Stokes equation from
the perspective of the KAM (Kolmogorov—Arnold-Moser) theory for PDEs,
which in a broad sense is the theory of the existence and the stability of
periodic, quasi-periodic and almost periodic solutions for Partial Differential
Equations. For the forced Euler equations, namely (1.1) with v = 0, quasi-
periodic solutions have been constructed in Baldi and Montalto [4]. We give
now the informal statement of our result.

Informal Theorem. Let (U, (t,2),pe(t,z)) = (Uo(p, ), Pe(9, )| pmwt, ¢ € T4,
be a quasi-periodic solution of (1.1) with v =0 constructed in [4]. Then, there
exists a quasi-periodic solution (U, (t,z),p,(t,x)) = (l?,,(@,x),ﬁy(gp,x))b:wt
of (1.1) bifurcating from the Euler solution (U.(t,z),pe(t,z)) with respect to
the viscosity parameter v — 0, with rate of convergence O(v) uniform in e < 1

and uniform for all times t € R.

As a consequence of our result, we obtain families of initial data for which
the corresponding global quasi-periodic solutions of the Navier—Stokes equa-
tions converge to the ones of the Euler equation with a rate of convergence
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O(v), uniformly in time. The main difficulty is that this is a singular per-
turbation problem, namely there is a small parameter in front of the highest
order derivative. To the best of our knowledge, this is both the first result in
which one exhibits non-trivial, time-dependent solutions of the Navier—Stokes
equations converging globally and uniformly in time to the ones of the Euler
equation in the vanishing viscosity limit ¥ — 0 and the first KAM result in
the context of singular limit problems for PDEs.

The zero-viscosity limit of the incompressible Navier-Stokes equations in
bounded domains is one of the most challenging problems in Fluid Mechanics.
The first results for smooth initial data (H® with s > 0 large enough) have
been proved by Kato [33,34], Swann [43], Constantin [15] and Masmoudi [38]
in the Euclidean domain R"™ or in the periodic box T"™, n = 2, 3. For instance,
it is proved in [38] that, if the initial velocity field ug € H*(T"), s > n/2 + 1,
then the corresponding solutions w, (¢, z) of Navier-Stokes and u(t, z) of Euler,
defined on [0, 7] x T™, satisfy

|, — ullpos(o,r),m5y =0 as v —0

and for s <s luy () — w(t) || ger S (I/t)%, vt € [0,T].

It is immediate to notice that the latter estimate holds only on finite time
intervals and it is not uniform in time, with the estimate of the difference
u, (t) — u(t) eventually diverging as t — +oo. For n = 2, this kind of result
has been proved in low regularity by Chemin [13] and Seis [42], with rates of
convergence in L2. We also mention similar results for non-smooth vorticity. In
particular, the inviscid limit of Navier Stokes equation has been addressed in
the case of vortex patches in Constantin and Wu [18,19], Abidi and Danchin
[1] and Masmoudi [38], with low Besov type regularity in space. In this results
one typically gets a bound only in L? of the form

luy (t) — u(t)||pz < (vt)®  for some « > 0.

In the case of non-smooth vorticity, the inviscid limit has been investigated by
using a Lagrangian stochastic approach in Constantin, Drivas and Elgindi [16],
with initial vorticity wg € L>(T?), and in Ciampa, Crippa and Spirito [14],
where the initial vorticity wg € LP(T?), p € (1,+0oc). When the domain has
an actual boundary, the zero-viscosity limit is closely related to the validity of
the Prandtl equation for the formation of boundary layers. For completeness
of the exposition, we mention the work of Sammartino and Caflisch [40,41]
and recent results by Maekawa [37], Constantin, Kukavica and Vicol [17] and
Gérard-Varet, Lacave, Nguyen and Rousset [25], with references therein. The
inviscid limit has been also investigated in other physical models for complex
fluids, see for instance [12] for the 2D incompressible viscoelasticity system.

Our approach is different and it is based on KAM (Kolmogorov—Arnold—
Moser) and Normal Form methods for Partial Differential Equations. This
fields started from the Nineties, with the pioneering papers of Bourgain [11],
Craig and Wayne [20], Kuksin [35], Wayne [44]. We refer to the recent review
article [6] for a complete list of references on this topic. In the last years, new
techniques have been developed in order to study periodic and quasi-periodic
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solutions for PDEs arising from fluid dynamics. For the two dimensional wa-
ter waves equations, we mention Iooss, Plotnikov and Toland [30] for periodic
standing waves, [2,10] for quasi-periodic standing waves and [7,8,24] for quasi-
periodic traveling wave solutions.

We also recall that the challenging problem of constructing quasi-periodic so-
lutions for the three-dimensional water waves equations is still open. Partial
results have been obtained by Iooss and Plotnikov, who proved existence of
symmetric and asymmetric diamond waves (bi-periodic waves stationary in a
moving frame) in [31,32]. Very recently, KAM techniques have been success-
fully applied also for the contour dynamics of vortex patches in active scalar
equations. The existence of time quasi-periodic solutions have been proved in
Berti, Hassainia and Masmoudi [9] for vortex patches of the Euler equations
close to Kirchhoff ellipses, in Hmidi and Roulley [29] for the quasi-geostrophic
shallow-water equations, in Hassainia, Hmidi and Masmoudi [27] and Gémes-
Serrano, Ionescu and Park [26] for generalized surface quasi-geostrophic equa-
tions, and in Hassainia and Roulley [28] for vortex patches of the Euler equa-
tions close to Rankine vortices in the unit disk. All the aforementioned results
concern two-dimensional problems. The quasi-periodic solutions for the 3D
Euler equations with time quasi-periodic external force have been constructed
in [4] and also extended in [39] for the Navier—Stokes equations in arbitrary di-
mension, without dealing with the zero-viscosity limit. The result of the present
paper closes also the gap between these two works in dimension two.

1.1. Main Result

We now state precisely our main result. We look for time-quasi-periodic so-
lutions of (1.1), oscillating with time frequency w. In particular, we look for
solutions which are small perturbations of constant velocity fields ¢ € R2,
namely solutions of the form

Ut,z) = ¢+ u(p, )| p=wt with divue =0,

where the new unknown velocity field u : T¢ x T? — R? is a function of
(p,x) € T¢ x T2. Plugging this ansatz into the equation, one is led to solve

{w-8¢u+C~Vu+u~Vu—VAu—l—Vp:sf((p,x) (12)

divu = 0,

with p : T? x T? — R and w - 9, == 2?21 w;0,,. According to [4], we shall
assume that the forcing term f is odd with respect to (¢, ), that is

f(‘pax) = _f(_(ﬁ —JJ), V(QO,.T) € Td X TQ' (13)

It is convenient to work in the well known vorticity formulation. We define the
scalar vorticity v(p,x) as

v:=V XU := 0y Uz — Og,Us.
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Hence, rescaling the variable v +— +/ev and the small parameter & + &2,

Eq. (1.2) is equivalent to

w~(‘3¢v+(-Vv—uAv—i—E(u-Vv—F(gp,x)) =0, F:=VXx[,
uzvl[(_A)_lv]7 V= (awza_awl)’

and (—A)~! is the inverse of the Laplacian, namely the Fourier multiplier with
symbol [£|72 for £ € Z2, £ # 0, Since [, v(-, ) dz is a prime integral, we shall
restrict to the space of zero average in x. Then, the pressure is recovered, once
the velocity field is known, by the formula p = A~1 [sdivf(wt, x)— div (uVu)] .

For any real s > 0, we consider the Sobolev spaces H* = H*(T*2) of real
scalar and vector-valued functions of (¢, ), defined in (2.1), and the Sobolev
space of functions with zero space average, defined by

Hj = {uGHS:/Wu(go,x)dm:O}.

Furthermore, we introduce the subspaces of L? of the even and odd functions
in (¢, x), respectively:

X = {v € L3(T?) : v(p, x) = v(—, —x)}

Y = {v € LX(T42) : w(p, x) = —v(—g, —x)}

We first state the result concerning the existence of quasi-periodic solu-
tions of the Euler equation (v = 0) for most values of the parameters (w, () in
a fixed bounded open set Q C R? x R?, proved in [4]. The statement is slightly
modified for the purposes of this paper.

(1.4)

(1.5)

Theorem 1.1 (BaldiMontalto [4]). There ezists S := S(d) > 0 such that, for
any S > S(d), there exists ¢ :== q(S) > 0 such that, for every forcing term
f € Ci(Te x T?,R?) satisfying (1.3), there exist ¢ := o(f,S,d) € (0,1) and
C:=C(f,S,d) > 0 such that, for every e € (0,eq), the following holds. There
exist a C' map

RH2 & HS (T2 MY, A= (w,0) o v(5 ),

and a Borel set Q. C Q of asymptotically full Lebesgue measure, i.e., limg_o |\
0. = 0, such that, for any A = (w,() € Qe, the function ve(:; \) is a quasi-
periodic solution of the Fuler equation

w - OpVe + ¢ - Ve +5(ue~VUe —F) =0, ue=Vi(—A) tv,.

Moreover, there exists a constant a := a(d) € (0,1) such that supycga+2 [|[v(-; A)||s
< Ce* and, for anyi=1,...,d+ 2, supycgar2 [|Ox,0(; N)|lg < Ce.

We now are ready to state the main result of this paper. Rougly speaking,
we will prove that for any value of the viscosity parameter v > 0 and for
€ < 1 small enough, independent of the viscosity parameter, the Navier—Stokes
Eq. (1.4) admits a quasi-periodic solution v, (¢, x) for most of the parameters
A = (w, () such that ||v, —v.|ls = O(v). This implies that v, (wt, x) converges
strongly to v (wt,x), uniformly in (¢,2) € R x T2, with a rate of convergence
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SUP(4 pyerxt? Uy (Wt, 7) — ve(wt, )| S v. To the best of our knowledge, this is
the first case in which the inviscid limit is uniform in time for non-trivial, time-
dependent solutions. We now give the precise statement of our main theorem.

Theorem 1.2 (Singular KAM for 2D Navier—Stokes in the inviscid limit). There
exist 5 := 5(d) and @ = T(d) > 0 such that, for any s > 3(d), there exists
q = q(s) > 0 such that, for every forcing term f € C%(T? x T2, R?) satisfying
(1.3), there exist e := eo(f,s,d) € (0,1) and C := C(f,s,d) > 0 such that,
for every e € (0,e0) and for any value of the viscosity parameter v > 0, the
following holds. Let ve(-;\) € HgTF(TH2)NY, X € Q. be the family of solu-
tions of the Euler equation provided by Theorem 1.1. Then, there exists a Borel
set Oz C Qe satisfying lim._o|O:| = |Q| such that, for any A = (w,() € O,
there exists a unique quasi-periodic solution v, (-;\) € H§(T42), X € O, of
the Navier—Stokes equation

w - Opvy + (¢ -V,
—vAv, + E(u,, -V, — F(p, a?)) =0, wu, = VL[(—A)_lvV},
satisfying the estimate

sup [[vy (3 A) —ve(5 A)[[s s v

PYSOn
As a consequence, for any value of the parameter A € O, the quasi-periodic
solutions of the Navier Stokes equation v, converge to the ones of the Euler
equation v in H3(T*2) in the limit v — 0.

From the latter theorem we shall deduce the following corollary which
provides a family of quasi-periodic solutions of Navier—Stokes equation con-
verging to solutions of the Euler equation with rate of convergence O(v) and
uniformly for all times. The result is a direct consequence of the Sobolev em-
beddings.

Corollary 1.3 (Uniform rate of convergence for the inviscid limit). Assume the
same hypotheses of Theorem 1.2 and let s > sg large enough, v, € Hg"'ﬁ(']l’d‘*‘z),
v, € H3(T2) and, for w € O, let v¥(t,z) = v, (wt, ), v2(t,2) = ve(wt, T)
be defined for any (t,x) € Rx T2, Then, for any o € N, 8 € N? with |a|+|8] <
s—([%2] 4+ 1), one has

||3taaf(vf - er)HLoc(RxW) S8 V-

Let us make some remarks on the result.

(1) Vanishing viscosity solutions of the Cauchy problem. The time quasi-
periodic solutions in Theorem 1.2 are slight perturbations of constant
velocity fields ¢ € R? with frequency vector w € R? induced by the
perturbative forcing term f(wt,z). Since they exist only for most values
of the parameters (w, ¢), we obtain equivalently that the Cauchy problem
associated with (1.4) (and so of (1.1)) admits a subset of small amplitude
initial data of relatively large measure, with elements evolving for all
time, in a eventually larger but still bounded neighborhood in the Sobolev
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topology, and whose flows exhibit a uniform vanishing viscosity limit to
solutions of the Cauchy problem for the Euler equations with same initial
data.

(2) The role of the forcing term. It is worth to note that the time quasi-
periodic external forcing term F(wt,z) in (1.1) is independent of the
viscosity parameter v > 0. Its presence ensures the existence of the time
quasi-periodic Euler solution v, in Theorem 1.1, while the construction of
the viscous correction v, —v. does not rely explicitly on it: if one is able to
exhibit time quasi-periodic solutions close to constant velocity fields for
the free 2D Euler equation, namely (1.4) with v = 0 and F = 0, then the
ones for the Navier-Stokes equation follow immediately by our scheme.
To our knowledge, the only result of existence of time quasi-periodic flows
for the free Euler equations on T? is given by Crouseilles and Faou [21]
(extended recently in the 3D case by Enciso, Peralta-Salas and Torres
de Lizaur [22]), where the solutions are searched based on a prescribed
stationary shear flow, locally constant around finitely many points, and
propagate in time in the orthogonal direction to the shear flow. Due to
the nature of their solutions, the non-resonant frequencies are prescribed
as well and therefore there are no small divisors issues involved.

1.2. Strategy and Main Ideas of the Proof

In order to prove Theorem 1.2, we have to construct a solution of the Navier—
Stokes Eq. (1.4) which is a correction of order O(v) of the solution v, of
the Euler equation (provided in Theorem 1.1 of [4]). Roughly speaking, the
difficult point is the following. There are two smallness parameters which are
€, the size of the Euler solution, and v, the size of the viscosity. If one tries to
construct small solutions of the Navier—-Stokes equation by using a standard
fixed point argument, one immediately notes that a smallness condition of the
form ev~! <« 1 is needed and clearly this is not enough to pass to the inviscid
limit as v — 0. The key point is to have a smallness condition on ¢ which is
independent of v in such a way that one can pass to the limit as the viscosity
v — 0. We can summarize the construction into three main steps:
(1) Analysis of the linearized Navier—Stokes equation at the Euler solution
and estimates for the inverse operators;
(2) Construction of the first order approximation for the viscous solution up
to errors of order O(1?);
(3) A fixed point argument around the approximated viscous solution leading
to the desired full solution of the Navier—Stokes equation.

Inversion of the linearized operator at the Euler solution. The essential ingre-
dient is to analyze the linearized Navier—Stokes operator at the Euler solution
ue, namely one has to linearize (1.4) at the Euler solution u. (¢, x). This leads
to study a linear operator of the form

L, =L, —VvA, |
’Ce =we as@ + (C + ECL(QO,LC)) -V + €Ra CZ(CP, (E) = ue(@»x)v (16)
where R : h(p,x) — V1 (=A) " hip, z) - Vue(p, )
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is a pseudo-differential operator of order —1. Note that the linear operator
L. is obtained by linearizing the Euler equation at the solution with vorticity
Ve (i, x). If one tries to implement a naive approach by directly using Neumann
series to invert the linear operator £,, one has to require that ev~! <« 1, which
is not enough to pass to the limit as v — 0. To overcome this issue, we first
implement the normal form procedure developed in [4,5] to reduce the Euler
operator L, to a diagonal, constant coeflicients one, generating an unbounded
correction to the viscous term —vA of size O(ev). More precisely, for most
values of the parameters (w, ¢) and for € < 1 small enough and independent of
v, we construct a bounded, invertible transformation ® : Hj — H{ such that

Loy =P L, & =Dy —VA+Ruo, (1.7)

where Do, and R, have the following properties. Dy, is a diagonal operator
of the form

Deo = diagy jyezdx (z2\{0}) Hoo (£, ),
too(l, ) == i(w - €+ j+7157), (1.8)
with  [r°] Selj|~" VjeZ*\ {0}

The remainder term R, is an unbounded operator of order two and it sat-
isfies an estimate of the form

”(_A)_lRoo,VHB(HS) Ssev (1~9)

where we denote by B(H?), the space of bounded linear operators on H®. The
estimate (1.9) is the key ingredient to invert the operator Lo, , in (1.7) with a
smallness condition on € uniform with respect to the viscosity parameter v > 0.
It is also crucial to exploit the reversibility structure which is a consequence of
the fact that the solutions v, (i, ) of the Euler equation are odd with respect
to (¢, 7). This ensures that, for any ¢ € Z¢, j € Z*\{0}, the eigenvalues
oo (€, ) of the diagonal operator Do, in (1.8) are purely imaginary (namely,
the corrections 77° are real). An important consequence is that the diagonal
operator Do, —vA is invertible and gains two space derivatives with an estimate
for its inverse of order O(v~!). Indeed, the eigenvalues of D, — VA are i(w -
C+C-j+75°) +vlj?, with (€,5) € Z x (Z*\{0}), and, since w - £+ (- j +75°
is real, one gets a lower bound

li(w- €+ ¢ j+r) + vl > vli? (1.10)

implying that Do, — VA is invertible with inverse which gain two space deriva-
tives, namely

[(Doo — vA) " (=A)|lpasy Sv°

Thus, on one hand, (D — vA)~! gains two space derivatives, compensating
the loss of two space derivatives of the remainder R .. On the other hand,
the norm of (Dy, — vA)~! explodes as v~ as v — 0, but this is compensated
by the fact that R, is of order O(ev). Therefore, recalling (1.9), one gets a
bound

H(Doo - VA)_lRoo,VHB(HS) S y_l(gy) S €.
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Hence, by Neumann series, for ¢ < 1 small enough and independent of v,
the operator L, is invertible and gains two space derivatives, with estimate
1L (=D)]lgry Ss v™' By (1.7), we deduce that £, is invertible as well
and satisfies, for ¢ < 1 and for any v > 0,

1251 (=) seaey Ss v (1.11)

First order approximation for the viscosity quasi-periodic solution and fixed
point argument. Once we have a good knowledge for properly inverting the
operators £, and L., we are ready to construct quasi-periodic solutions of the
Navier—Stokes equation converging to the Euler solution u. as v — 0. First,
we define an approximate solution vgp, = ve + vv1 which solves Eq. (1.4) up
to order O(v?). By making a formal expansion with respect to the viscosity
parameter v, we ask v, to solve the equation at the zeroth order O(1?), namely
the Euler equation, whose existence is provided by Theorem 1.1, and v to solve
the linear equation at the first order O(v), that is L.v1, = Av,. This procedure
leads to a loss of regularity due to the presence of small divisors, appearing
in the inversion of the linearized Euler operator £, in (1.6), which satisfies
an estimate of the form ||£.'h|s <s ||hl/s4r for some 7 > 0 large enough.
On the other hand, this is not a problem in our scheme since it appears only
twice: first, in the construction of the quasi-periodic solution v., but it has
already been dealt in Theorem 1.1; second, in the definition indeed of v;. We
overcome this issue by requiring v. to be sufficiently regular. The final step
to prove Theorem 1.2 is to implement a fixed point argument for constructing
solutions of the form v = v, + vv; + 1, where the quasi-periodic correction
lies in the ball |[¢||s < v. It is crucial here that ve + vv; is an approximate
solution up to order O(v?): indeed, the fixed point iteration asks to invert
the linearized operator at the Euler solution £,, which has a bound of order
O(v=1) (recall (1.11)), and in this way the new term ends up to be of order
O(v) as desired. The good news here is that, at this stage, no small divisors are
involved and, consequently, no losses of derivatives, which would have made
the fixed point argument not applicable otherwise.

2D vs. 3D. It is worth concluding this introduction by making some comments
on the 3D case, which is not covered by the method developed in this paper.
In the present paper, we construct global in time quasi-periodic solutions for
the two dimensional Navier—Stokes equations converging uniformly in time to
global quasi-periodic solutions of the two-dimensional forced Euler equation.
The three-dimensional case is much harder. The biggest obstacle is that the
reversible structure is not enough to deduce that the spectrum of the linearized
Euler operator after the KAM reducibility scheme is purely imaginary. Indeed,
as in [4], the reduced Euler operator Dy is a 3 x 3 block diagonal operator
Do = diagjezs 10} Doo (J) where the 3x 3 matrix Do (j) has the form Do (j) =
i¢ - jId + eRuo(4) for j € 73\ {0}. This block matrix could have eigenvalues
11 (4), p2(4), ps(y) of the form p;(j) =i - j +eri(4), i = 1,2, 3, with real part
different from zero, in particular with Re(r;(j)) # 0 for some ¢ = 1,2, 3. This
seems to be an obstruction to get a lower bound like (1.10) with a gain of two
space derivatives, which holds uniformly in & and for any value of the viscosity
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parameter. More precisely, one gets a lower bound on the eigenvalues of the
form

liw - €+ ps(5) + v[51%| > [eRe(ri () + vI4]?]-

It is therefore not clear how to bound the latter quantity by Cv/|j|?> without
linking e and v which prevent to pass to the limit as v — 0 (independently of
€).

Outline of the paper. The rest of this paper is organized as follows. In Sect. 2 we
introduce the functional setting and some general lemmata that we will employ
in the other sections. In Sect.3 we formulate the nonlinear functional F, in
(3.1), whose zeroes correspond to quasi-periodic solutions of Eq. (1.4), together
with the linearized operators that we have to study. In Sect.4 we implement
the normal form method on the linearized Fuler and Navier—Stokes operators
operator L, L, in (1.6): first, we regularize to constant coefficients the highest
and lower orders, in Sects. 4.1 and 4.2 up to sufficiently smoothing orders; then,
in Sects. 4.3-4.4 we prove the full KAM reducibility scheme. We shall prove
that the normal form transformations conjugate the linearized Navier—Stokes
operator to a diagonal one plus a remainder which is unbounded of order two
and has size O(ev). This normal form procedure is uniform w.r. to the viscosity
parameter since it requires a smallness condition on & which is independent of
the viscosity v > 0. Then, in Sect.5 we show the invertibility of the operator
L, (and also L.) that will be used in Sect. 6 for the construction of the first
order approximate solution and in Sect. 7 for the fixed point argument. Finally,
the proof of Theorem 1.2 is provided in Sect. 8, together with the measure
estimates proved in Sect. 8.1.

2. Norms and Linear Operators

In this section we collect some general definitions and properties concerning
norms and matrix representation of operators which are used in the whole
paper.

Notations. In the whole paper, the notation A <;,, B means that A <
C(s, m)B for some constant C(s,m) > 0 depending on the Sobolev index s and
a generic constant m. We always omit to write the dependence on d, which is
the number of frequencies, and 7, which is the constant appearing in the non-
resonance conditions (see for instance (4.32)). We often write u = even(yp, )
if u e X and u = odd(p,x) if u € Y (recall (1.5)). For a given Banach space
Z, we recall that B(Z) denotes the space of bounded operators from Z into
itself.

2.1. Function Spaces
Let a: T¢ x T? — C, a = a(p,z), be a function. then, for s € R, its Sobolev

norm ||al|s is defined as

lal2:= > (@i, () = max{L, ][]},

(£,5)€7 x 72
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where a(¢, j) (which are scalars, or vectors, or matrices) are the Fourier coef-
ficients of a(p, x), namely

1 —i(£- j-x
a(t,j) = =1 ap, w)e” ) dpda.
(271') + Td+2

We denote, for £ = C™ or R™,

H*:=H} , := H*(T? x T?)

2.1
= H (T x T2, E) == {u: T x T? = E, |jul|s < oo}, 1)

In the paper we use Sobolev norms for (real or complex, scalar- or vector-
or matrix-valued) functions u(y,z;w,(), (p,2) € T4 x T2, being Lipschitz
continuous with respect to the parameters \ := (w, () € R4T2. We fix

so > [H2] +2 (2.2)
once and for all, and define the weighted Sobolev norms in the following way.

Definition 2.1 (Weighted Sobolev norms). Let v € (0,1], A C R%*2 and s > 5.
Given a function u : A — H*(T% x T?), X\ — u()\) = u(p, x; \) that is Lipschitz
continuous with respect to A, we define its weighted Sobolev norm by

. .
lull5P0 = a3+ flulls24,
where
. A1) — u(A
Jull® = sup [uWls, [l = sup TR0 =8l
AEA A1, A2 €A |>\1 — )\2|
MAd2
For u independent of (i, x), we simply denote by |u[Fo+7 = |u[5%P + ~ |u|P.

For any N > 0, we define the smoothing operators (Fourier truncation)

(Myu)(p, ) = Y Al )eCeH= Ty =1d-Ty.  (23)
(L.5)<N

Lemma 2.2 (Smoothing). The smoothing operators I, I3 satisfy the smooth-
g estimates

ITvul PO < Null;5, 0<a<s, (2.4)
[Ty ul P < Nl 5, azo0. (2:5)

Lemma 2.3 (Product). For all s > so,

luv|[$P) S5 C()[[ull g0 5P + Cso)l[ull PO | TP (2.6)
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2.2. Matrix Representation of Linear Operators

Let R : L*(T?) — L?(T?) be a linear operator. Such an operator can be
represented as

= Y RIAGe, for u(z) =Y a(j)e, (2.7)

j,j' €Z? jEZ2
where, for j,j' € Z2, the matrix element Rg, is defined by

y 1
R‘y =
J (27-[-)2

We also consider smooth ¢-dependent families of linear operators T¢ —

B(L?(T?)), ¢ — R(p), which we write in Fourier series with respect to ¢ as
~ 1 .
Z R(0)e“?, R(() := 7/ Rp)e 2 dyp, ez (2.9)
(2m)? Jra

Lezd
According to (2.8), for any ¢ € Zd the linear operator R(¢) € B(L%(T?)) is
identified with the matrix (R(E) )J jrezz. A map T? — B(L*(T?)), ¢ — R(p)
can be also regarded as a linear operator L?(T9+2) — L2(T*2) by

Ru(p,z) = Y R(E-1) Tae, jeE i) vy e LATH?). (2.10)

00 ez
gl en?

R[] da. (2.8)

If the operator R is invariant on the space of functions with zero average in
x, we identify R with the matrix

(R(@? )j,j/ezz\m}
tez

Definition 2.4 (Diagonal operators) Let R be a linear operator as in (2.7)-
(2.10). We define Dx as the operator defined by

Ri(0)  j=i =0,

Dr = dia‘ngZQ,R’; (0)7 (,D'R)i (e) = {O otherwise

In particular, we say that R is a diagonal operator if R = Dg.

For the purpose of the Normal form method for the linearized operator in
Sect. 4, it is convenient to introduce the following norms that take into account
the order and the off-diagonal decay of the matrix elements representing any
linear operator on L?(T+2).

Definition 2.5 (Matriz decay norm and the class OPM™). Let m € R, s > sg
and R be an operator represented by the matrix in (2.10). We say that R
belongs to the class OPMT if

[Rlm,s = sup [ D (6= IREIP| ()™ <00 (211)
j'eZQ (Z,j)ezd+2
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If the operator R = R(\) is Lipschitz with respect to the parameter A € A C
R¥*+2, we define

1 su i
RIGED) = [RID + YR -1,
R(A1) = RO s
R = 5D (RO s[RIy o= sup AU
AEA A1 A2€A A1 — A
M FNa
(2.12)

Directly from the latter definition, it follows that
m<m' = OPM™ C OPM™ and |- [P0 < |- |Lip0),
s< s = OPMT COPM? and |-|HP0) < |. PO,

We now state some standard properties of the decay norms that are needed for
the reducibility scheme of Sect.4.3. If a € H®, s > sg, then the multiplication
operator M, : u — au satisfies

M, € OPM? and  [M,[gP") < [lafLP0). (2.13)

Lemma 2.6. (i) Let s > so and R € OPMY. If ||u|\£ip”) < oo, then

i Li i
IRul|E ) <, [RIGE uf| 1P,

(ii) Let s > sg, mym’ € R, and let R € OPM™, Q € OPM™
RQ € OPMTH™ and

|RQ|Lip(’Y) < |R‘7]7nif’s(7)‘Q|Lip(’Y) + ‘R|Lip(’y)|Q|L1p

m+m/,s ~S,m m’,so+|m| m,8o m’,s+|m| *

S+|m‘ Then

(iii) Let s > so and R € OPMY. Then, for any integer n > 1, R" € OPM?
and there exist constants C(sg),C(s) > 0, independent of n, such that

|Rn|L1P(’Y) < C’(so)”*l (‘R|Lip(7))”,

0,s0 0,s0

RGP < nC(s)" 1 (Clso)|RIGED)" RGP,

080

(iv) Let s > sg, m > 0 and R € OPM_™. Then there exists 6(s) € (0,1)

small enough such that, if \R|Llp 7 < d(s), then the map ® =Id + R is
invertible and the inverse satlsﬁes the estimate

1ot — 1d|“P) R|MPC)

m,s Nsm

(v) Let s > sop, m € R and R € OPMI*. Let D be the diagonal operator as

in Definition 2.4. Then Dr € OPM™ and \DR\LIP s |R|1#?S('Y). As a
consequence,

[RO)"P) S ()™ [RIGP.

Proof. (i), (ii) The proofs of the first two items use similar arguments. We
only prove item (ii). We start by assuming that both R and Q do not depend
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on the parameter A\. The matrix elements for the composition operator RQ
follow the rule

ROW = Y R(—K)IOK) .

(kyi)EZd+2

Using that (¢,7 — /)% <s (¢ — k,7 —1i)° + (k,i — 7')%, one gets

S5 = VRQE P A S, (A) + (B), (2.14)

ez
jez?
where
. Py 2 ,

(W)= 3 (4 kg — i R - WIIQY (R]) ()2

ez kez?

jez?  iez?

.y Py 2 ,

(B) = 3 (30 (ki = 3)IR (= BIIQ] ()]) ()20,

ez kez?

jez?  iez?

We start with estimating (A). By the elementary inequality (i)™ (;")™"™ <,.
(j = i)lm! the Cauchy-Schwartz inequality and having the series D kezd icz
(k,i—j")72% = C(sg) < 0o, one has

(A) <sm Z 2(80+|m|)‘Q] ( )‘2<jl>—2m Z <Z*k,j*’i>23|7€;‘-(£fk‘)|2<’i>_2m
kez? cez?
iez? jen?
(2.11)

2 2
Ss,m ‘leo+\m\,m’ |R|5,m

By similar arguments, one gets (B) <, |Q|s+‘m| | RIZ, m and hence the
claimed estimate follows by taking the supremum over j' € Z? in (2.14). If
we reintroduce the dependence on the parameter )\, the estimate for the Lip-
schitz seminorm follows as usual by taking two parameters Ai, Ay and writing
R(A1)Q(A) = R(A2)Q(A2) = (R(A1) = R(A2)) (A1) + R(A2)(Q(A1) — Q(A2)).

(iii) The claim follows by an induction argument and item (ii).

(iv) The claim follows by a Neumann series argument, together with item
(iii).

(v) The claims are a direct consequence of the definition of the matrix
decay norm in Definition 2.5. O

We recall the definition of the set of the Diophantine vectors in a bounded,
measurable set A C R%*2, Given v, 7 > 0, we define
Ay,m) i={(w, Q) eA: lw-L+(-j[ > V(£,§) € Z42\ {0},

(2.15)

(4, )IT’

where |(¢,7)| := |¢| + |j| for any ¢ € Z%, j € 72
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Lemma 2.7 (Homological equation). Let A 5 A = (w, () — R(A) be a Lipschitz
family of linear operators in OPMT 5 1. Then, for any X\ € A(v,T), there
exists a solution ¥ = U(N\) € OPM™ of the equation

w-0,¥+[C-V,¥]|+R=Dgr (2.16)
satisfying the estimate |\I/|%;I;(V) <yt |’R\fnlps+2T+l Moreover, if R is invariant
on the space of zero average functzons also U is invariant on the space of zero
average functions.

Proof. By the matrix representation (2.9), (2.10), Eq. (2.16) is equivalent to
(w04 C- (G =) T (0 +ROF =0
for any (¢,7,5') € Z¢ x Z? x 72 with (¢,7,5") # (0,7,5). We then define ¥ as

R(0)
T fjl — - ( )]. - if (83]7]/)7&(07‘7;3);
V) =9 i(lw-l+¢-(G—3))
0 otherwise.

Since A = (w, () € A(y,7), by (2.15), one has that
(O] | <y 65— 3)TIRO)] .
The latter estimate, together with Definition 2.11, implies that
1] m,s S 7_1|R‘m,s+7- (2.17)

We prove now the Lipschitz estimate. Let A1, A2 € A(~, 7). A direct computa-
tion shows that

[T (M) = U(D] Qo) £ ﬂe J =3V IR () = ROF (o)
25— 7R "(O)lIA = Al.
Hence by recalling (2.11), (2.12) one obtains that
WP, <y R, + A R, (2.18)
The estimates (2.17), (2.18) imply the claimed bound |‘1/\Llp
SRS D .

For N > 0, we define the operators IIyR and II;R by means of their
matrix representation as follows:

O5R :=R —IyR.
0 otherwise, N N

(TN R (0) := {
(2.19)

Lemma 2.8. For all s,a >0, m € R, one has |HN7€\1;;})S+Cy < N°‘|R|£nif;(7) and
|HﬁR|,LnII§’Y) < N— |R|L1p(v)

m,s+ao”

Proof. The claims follow directly from (2.11) and (2.19). O
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We also define the projection IIy on the space of zero average functions
as

1
Moh:=—— | h d M+ :=1d — .
0 (27_‘_)2 Az (9071') x, 0 0

In particular, for any m,s > 0,
Mg los <1, Mol s Sm 1. (2.20)

We finally mention the elementary properties of the Laplacian operator —A
and its inverse (—A)~! acting on functions with zero average in z:

[P

—Au(z) =) [P, () Tu(z) = Y WU(OB“”‘E-
£70 ¢€Z2\{0}
By Definition 2.5, one easily verifies, for any s > 0,
| = Al <1, |[(-A) Mo S L (2.21)

2.3. Real and Reversible Operators
We recall the notation introduced in (1.5), that is, for any function u(y,x),
we write u € X when u = even(p,z) and v € Y when u = odd(yp, x).

Definition 2.9. (i) We say that a linear operator ® is reversible if ® : X — Y
and @ : Y — X. We say that ® is reversibility preserving if ® : X — X
and ¢:Y — Y.
(ii) We say that an operator ® : L*(T?) — L%*(T?) is real if ®(u) is real
valued for any u real valued.

It is convenient to reformulate real and reversibility properties of linear
operators in terms of their matrix representations.

Lemma 2.10. A linear operator R is:
(i) real if and only if RY (¢) = RZ1 (—0) for all £ € 2%, j,j' € Z?;
(i) reversible if and only if ﬁ;l () = —7%:;/(—6) for all ¢ € 74, j,j' € 7?;
(iii) reversibility preserving if and only if ﬁgl 0) = ﬁ:gl(—f) for all ¢ € 7.2,
3, j € 72

3. The Nonlinear Functional and the Linearized Navier—Stokes
Operator at the Euler Solution

We shall show the existence of solutions of (1.4) by finding zeroes of the non-
linear operator F, : Hy™(T%?) — Hg(T*+?) defined by

Fo(v) = w- 0,0+ ¢ Vv —vAv+e(Ily [V (—=A) v - Vo] — F(p, 1)),
(3.1)

with V| asin (1.4), and, without loss of generality, F' = V x f has zero average
in space, namely

/ F(p,z)dz =0, VY¢ecT?
T2
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We consider parameters (w, ¢) in a bounded open set 2 C R? x R?; we will use
such parameters along the proof in order to impose appropriate non-resonance
conditions.

In this section and Sect.4 we assume the following ansatz, which is im-
plied by Theorem 1.1: there exists S > 0 large enough such that v.(;\) €
HE (T x T?), X € ., is a solution of the Euler equation satisfying

[oel|§P7 Sg e <1, ae(0,1), §>58 (3.2)
where S := S(d) is the minimal regularity threshold for the existence of quasi-
periodic solutions of the Euler equation provided by Theorem 1.1. We want
to study the linearized operator £, := dF,(v.) at the solution of the Euler
equation v.. where F,(v) is defined in (3.1). The linearized operator has the
form

L, =L, — VA,
Le:=w-0,+ (C+ealp,x)) - V+eR(p)
where a(p, x) is the function defined by
a(p,x) ==V (=A) o, (3.4)

with V| as in (1.4) and R(yp) is a pseudo-differential operator of order —1,
given by

(3.3)

R(p)h := Vue(p,z) - Vi (=A) " h. (3.5)

Using that div(V k) = 0 for any h, the operators a -V, R £, and L, leave
invariant the subspace of zero average function, with

Mg, a-V] =0, [, R] =0,
a- VIl =Tya-V =0, RIj =R =0 (3.6)
My, L] =0= [, L], oL, =L,y =0, ML, = LI =0,
implying that
a-V=Tga -VIy, R=TgRIy, L,=TgLI;5, L. =IL]I.

We always work on the space of zero average functions and we shall preserve
this invariance along the whole paper.

The goal of next two sections is to invert the whole linearized Navier—
Stokes operator £, obtained by linearizing the nonlinear functional F,(v) in
(3.1) at any quasi-periodic solution ve (g, )|,—w¢ provided by Theorem 1.1
by requiring a smallness condition on e which is independent of the viscosity
parameter v > 0. This is achieved in two steps. First, we fully reduce to
a constant coefficient, diagonal operator the linearized Euler operator L. in
(3.3). This is done in Sect. 4, in the spirit of [4,5], by combining a reduction to
constant coefficients up to an arbitrarily regularizing remainder with a KAM
reducibility scheme. We check step by step that this normal form procedure,
when applied to the full operator £, in (3.3), just perturbs the unbounded
viscous term —rA by an unbounded pseudo differential operator of order two
that “gain smallness”, namely it is of size O(ve), see (5.1)—(5.2). In Sect. 5, we
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use this normal form procedure in order to infer the invertibility of the operator
L,, uniformly with respect to the viscosity parameter, namely by imposing a
smallness condition on e that is independent of v. The inverse of the Navier—
Stokes operator is bounded from Hf, gains two space derivatives and it has
size O(v~1) (see Proposition 5.4), whereas the inverse of the linearized Euler
operator L. loses 7 derivatives, due to the small divisors (see Proposition 5.5).
The invertibility of the linearized Euler operator L. is used to construct the
approximate solution in Sect.6 and the invertibility of the linearized Navier
Stokes operator £, is used to implement the fixed point argument of Sect. 7.

4. Normal Form Reduction of the Operator £,

In this section we reduce to a constant coefficients, diagonal operator the
operator £, in (3.3) up to an unbounded remainder of order two which is of
size O(ev). First, we deal with the conjugation of the transport operator in
Sect. 4.1, which is the highest order term in the operator L.. In Sect. 4.2, the
lower order terms after the previous conjugation are regularized to constant
coefficients up to a remainder of arbitrary smoothing matrix decay and up
to an unbounded remainder of order two and size O(ev). Then, in Sects. 4.3—
4.4 we perform the full KAM reducibility for the regularized version of the
operator L.. In particular, in Sect. 4.3 the n-th iterative step of the reduction
is performed and in Sect.4.4 the convergence of the scheme is proved via
Nash-Moser estimates to overcome the loss of derivatives coming from the
small divisors. The linearized Navier Stokes operator is then reduced to a
diagonal operator plus an unbounded operator of order two and size O(ev) in
(5.1)—(5.2). This is the starting point for its inversion in Sect. 5.

From now on, the parameters v € (0,1) and 7 > 0, characterizing the set
A(7,7) in (2.15) of the Diophantine frequencies in a given measurable set A,
are considered as fixed and 7 is chosen in (8.2) and v at the end of Sect. 8, see
(8.6). Therefore we omit to recall them each time. Moreover, from now on, we
denote by DC(~, ), the set of Diophantine frequencies in 2., where the set
Q. is provided in Theorem 1.1, namely A(y,7) with A = Q.. We repeat the
definition for clarity of the reader:

DC(v,7) i= {(w,{) € Xt [w-L+(-j| > W Y (6,5) € Z42\ {0} ).
k)
(4.1)

4.1. Reduction of the Highest Order Term

First, we state the proposition that allows to reduce to constant coefficients
the highest order operator

T:=w-0,+ ((+ealp,x)) -V

where we recall, by (3.4), that IIpa = 0 and div(a) = 0. The result has been
proved in Proposition 4.1 in [4] (see also [23] for a more general result of this
kind). We restate it with clear adaptation to our case and we refer to the
former for the proof.
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Proposition 4.1 (Straightening of the transport operator 7). There exist o :=
o(1,d) > 0 large enough such that for any S > so + o there exists § :=
6(S,7,d) € (0,1) small enough such that if (3.2) holds and

gfy_l S 5’ (42)

are fulfilled, then the following holds. There exists an invertible diffeomorphism
T2 — T2, 2 — x + a(p, z;w, () with inverse y — y + &(p,y;w, (), defined for
all (w,¢) € DC(~, 1), with the set given in (4.1), satisfying, for any so < s <
S —o,

e [ZP, |5 P S ey (4.3)
such that, by defining

Ah(p,x) := h(p,x + a(e,x)), with  A'h(p,y) = h(p,y + a(e,y)),
(4.4)

one gets the conjugation
Afl’TA:w~6¢+C~V

Furthermore, o, & are odd(p, ) and the maps A, A~* are reversibility preserv-
ing, satisfying the estimates

A= R[0S, IR0, (4.5)

We remark that the assumptions of Proposition 4.1 are satisfied by the
ansatz (3.2) and by the choice of the parameter v > 0 at the end of Sect. 8 in
(8.6). In particular, the smallness condition (4.2) becomes ey™! = ¢!72 <« 1,
which is clearly satisfied since a € (0,1) and for ¢ sufficiently small.

In order to study the conjugation of the operator L, : H§+2 — H§ in
(3.3) under the transformation A, we need the following auxiliary Lemma.

Lemma 4.2. Let S > sg + o + 2 (where o is the constant appearing in Propo-
sition 4.1). Then there exists § := §(S,7,d) € (0,1) small enough such that if
(3.2), (4.2) are fulfilled, the following hold:
(i) Let Ay = Iy Allg-. Then, for any so < s < S — o, the operator Aj :
H§ — H§ is invertible with bounded inverse given by A7 = g A~ I
Hy — H§;
(ii) Let sp < s < S —0—1,a(;\) € HFY(T2) and let R, be the linear
operator defined by

Ra : h(p, @) = Va(p,z) - V' h(p, ).

Then AT'Ro AL € OPML and |AT' R ALY < [laf Y0

(iii) For any s < s < S—o—2, the operator Pa := All(—A)AL = —A+Rn :
HE™ — H§ is in OPM?, with estimates

Ralz?Y Soey™ (4.6)
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(iv) For any so < s < S — o — 2, the operator Pa is invertible, with inverse
of the form
N =ATH-A)TTAL € OPM?
satisfying the estimates

Px 1L1p’y)< 1.

Proof. PROOF OF (i). For any u € H*(T9*+?), we split u = g u + Iou, where
Hgu € Hf = Hi(T2) and Hou € HS = H*(T9). Since A is an operator of
the form (4.4), one has that Ah = h if h(p) does not depend on z. This implies
that AIly = IIy. Similarly, one can show that A~1'IIy = II; and therefore

Mg Allp =0 and Iy AT, = 0. (4.7)
We now show that the operator IIg A~ : H§ — H§ is the inverse of the
operator A := IIg Allg : H§ — H§. By (4.7), one has
(g A~ 'y ) (g ATly ) = Ty A~ (Id — T1o) Al
=Tlp A~ ATl — T AT ATy = IT
and similarly (ITg AIlg ) (ITg A~ I3 ) = II3. The claimed statement then fol-
lows.

PROOF OF (ii). First, we note that, given a function h(y,z) and integrating
by parts

y[R.h] = Va(e,z) - V*ih(p, z)dx

L
(2m)2 Jpe
- _ﬁ /Tz a(p, 2)div(V*th(p,2)) dz =0

since div(V+h) = 0 for any function h. Moreover it is easy to see that R,y =
0. This implies that the linear operator R, is invariant on the space of zero
average functions. Then, using also item (i), one has that

AT'RLAL = TIg AT'RLATTY =TTy (A ' My, A) - (AT VEATT,  (4.8)
where My, denotes the multiplication operator by Va. A direct calculation
shows that the operator A~' My, A = M,, where the function g(p,y) =
Va(p,y + al(p,y)) = {A"Va}(p,y). The estimates (2.13), (4.5) imply that

|A_1MV¢1A|O,S = |M9|0,s Ss llalls1- (4.9)

Moreover, one computes A~19,, A[h] = d,,h + A7 [0,,a] - Vh, for i = 1,2.

Using that |0y, |1,s,|0z,]1,s < 1 and by applying the estimates (2.13), (4.3),
(4.5), (4.2), one obtains that

|A_1VLA|1,S Ss 1+ lalls41 Ss 1 (4.10)

Using the trivial fact that |IIg-|o.s < 1, the formula (4.8), the estimates (4.9),
(4.10), together with the composition Lemma 2.6-(ii), imply the claimed bound.
PROOF OF (iii). Since ITpA = AIlp = 0, one computes

Pa=ATH(-A)AL = TTF A (—A)AIT;
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and hence, a direct calculation shows that
ATH=A)AL = —A+ R,

| 2 » 2 . N (4.11)
Ra =1l Z A7 aig] By, + Z AT bk Oy | Ty
i,j=1 k=1

where

a11(p, ) 1= —a, (9, ) (2 + Qay (9, 7)), a22(p,T) 1= — 0y (9, ) (2 + Qas (¥, 7)),
a12(p, ) = a21(p, @) = —ay (0, @)y (9, ) = 5 (ay (9, 7) + ay (9, 7)),
by (@07 T) 1= =y (0, .T) — Qzyag (‘197 ), b2((197 T) 1= =y, (0, .23) — Qaoas (90: ).

By Lemma 2.3 and the estimate (4.3), we have, for any s <s< S —0 —2
A aig 1520, AT el <s flall 5 + (lall 5 7)? Ss e

(4.12)

By (4.11), Lemma 2.3, estimates (2.13), (2.20), (4.12), Lemma 2.6-(ii) together

with the trivial fact that |0z;[1,s, [0z,2,]2,s S 1, we conclude that Ra satisfies

the claimed bound.

PROOF OF (iv). We write

Par=-A+Ra= (—A) (Id() + (—A)_lRA)
where Idg is the identity on the space of the L? zero average functions. By

Lemma 2.6-(ii), estimates (2.21), (4.6), one obtains that [(—A)"'Ra |Llp(7) <s
ey~1. Hence, by the smallness condition in (4.2) and by Lemma 2.6-(iv), one

gets that Idy + (—A)"'Ra : H§ — H§ is invertible, with
|(Ido + (fA)*lRA)flfojif('Y) <s 1. The claimed statement then follows since
we have

PRt = (Ido + (—A)'Ra) H(=A)
using again Lemma 2.6-(ii). O

We conclude this section by conjugating the whole operator £ defined in
(3.3) by means of the map A constructed in Proposition 4.1.

Proposition 4.3. Let S > so + 0 + 2 (where o is the constant appearing in
Proposition 4.1). Then there exists § := 0(S,7,d) € (0,1) small enough such
that, if (3.2) and (4.2) are fulfilled, the following holds. For any (w,() €
DC(v,7) defined in (4.1), one has

LM = AT LA =LY —vA +RD,

LY = AT'LAL =w- 0, + (- V+RW
where the map A, is defined as in Proposition 4.1 and Lemma 4.2-(i), whereas,
for any so < s < S — o —2, the operators R € OPMt and R(yl) € OPM?
satisfy the estimates

|R(1)|L1P(’7) Ss , |RI(/1)|124,1;)(’7) sz 57—1 " (4.14)

(4.13)



L. Franzoi and R. Montalto Ann. Henri Poincaré

Moreover, the operators [,gl) and R are real and reversible and R(l),R,(jl)
leave invariant the space of functions with zero average in x.

Proof. By recalling (3.3) and by Lemma 4.2-(i), one gets £ = 52” — Z/AII
AA, , where, by (3.6),

LY = ATLAL = AT (w0, + (€ +ealp, @) - V)AL + AT RAL
=15 A Iy (w0, + (¢ + calp, x)) - V)IIg Ally + A7 'RAL
=g A (w0, + (¢ +ealp,x)) - V) Ally +cAT'RAL.

By Proposition 4.1, using the formula (3.3), one has that
LY =w 9, +¢-V+RY, RW .=cAT'RA,.
By (3.5), one writes, according to the notation of Lemma 4.2-(ii),
R=R, o(-A)"", Ry, :h(p,z)— Vo, -V h(p,z).
Therefore,
RW = cAT'RAL = (AR, AL) o (ATH(=A)TTAL).

Then, by Lemma 4.2, (ii), (iv) Lemma 2.6-(ii), the ansatz (3.2) and ey~! <
§ < 1, one gets the claimed bound (4.14) for R™. By Lemma 4.2-(iii), one
has —vATIAAL = —vA + RY, with RYY = vITE (A — A-TAA)TIG sat-
istying the estimate |RSY[FPO) <. 2y=1p, which is the second estimate in
(4.14). Moreover, since A, A~! are real and reversibility preserving and R is

real and reversible, then ﬁél), R are real and reversible. This concludes the
proof. O

4.2. Reduction to Constant Coefficients of the Lower Order Terms

In this section we diagonalize the operator £ in (4.13) up to a remainder
of size O(¢g) and arbitrarily smoothing matrix decay and up to an unbounded
operator of order 2 of size O(sy~!v). More precisely, we prove the following
Proposition.

Proposition 4.4. Let M € N be fized. There exists opr—1 := opr—1(7,d) > 0+2
large enough (where o is the constant appearing in Proposition 4.1) such that
forany S > so+op—1 there exists 6 := 6(S, M, 7,d) € (0,1) small enough such
that, if (3.2), (4.2) are fulfilled, the following holds. For any (w,() € DC(~, )
defined in (4.1), there exists a real and reversibility preserving, invertible map
B satisfying, for any so < s <S5 —op_1,

B Hy — Hy, BT - 1d[gP) < eyt (4.15)
such that
L£P =B 1LMVB=L® —vA+RP,

££2) = B—lﬁgl)lg = w- 890 +¢-V+O+ R (4.16)
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where Q € OPM' is a diagonal operator, R?) belongs to OPM; ™M and
R € OPM?2. Moreover, for any so < s < S —opy_1,

QT ROERY S, RPEED Sy v (417)

The operators Q, R@ gre real, reversible and Q, R(2),R,(,2) leave invariant
the space of functions with zero average in x.

Proposition 4.4 follows by the following iterative lemma on the operator
obtained by neglecting the viscosity term —vA +R,(,2) in (4.13), namely, in the

next proposition, we only consider
V=0 =w-0,+¢- v+RO (4.18)

Lemma 4.5. Let M € N. There exist 0 < 09 < 01 < ... < op—1 large enough
such that for any S > so + op—1 there exists 6 := 6(S,7,d) € (0,1) small
enough such that, if (3.2), (4.2) are fulfilled, the following holds. For any
n=0,....,M—1 and any (w,{) € DC(v,T), there exists a real, reversibility
preserving, invertible map T, satisfying, for any so < s < S —oy,

TEHy — Hy, T -1 < ey (4.19)

and, for anyn=1,...,M — 1 and for any (w,¢) € DC(~,7),

£V =T, LT, (4.20)
where 59) has the form
LY =w-9,+¢- V+2Z, +RY (4.21)

where Z,, € OPM! is diagonal, 7'\’,7(11) € (977/\/13_("+1) and they satisfy

Li Li
|Zn]24 p Seme |[RWI 8511) sSene Vg <5< S—o,. (4.22)

1 (1) , . .
The operators E%),Zn and Rn are real, reversible and leave invariant the
space of zero average functions in x.

Proof. We prove the lemma arguing by induction. For n = 0 the desired
properties follow by Proposition 4.3, by defining Lél) as in (4.18), Zy = 0,
R(l =RW and ¢ = o given in Proposition 4.3.

We assume that the claimed statement holds for some n € {0,..., M —2}
and we prove it at the step n + 1. Let us consider a transformation 7,1 =
Id + K41 where K, 41 is an operator of order —(n + 1) which has to be
determined. One computes

LOT 1 =Thir (w0 +C V) + 2o+ (W 0pKng1) + ¢ Vo Kppa] + REY

+ Z, K1 + RUOK, 4.
(4.23)
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By the induction hypothesis R € OPM; " with |R£Ll)|_(n+1)7s Ssntl €
for any so < s < S — og,. Therefore, by Lemma 2.7, there exists K,,41 €
OPM; (n+1) solving the homological equation

Wy K1 + ¢V, Kny1] + RY = (4.24)

R(l) )
with DR&“ as in Definition 2.4, satisfying, for any sg < s < S — 0,41 (for an
arbitrary o,41 > o, + 27 + 1),

Li — L
"Cn+1| 1(pn+1) s 55 n+1 7Y 1|,R/(1)| 1(1)751)1)75_:,_27_;,_1 ,Ss n+1 €Y -1 (4.25)
By Lemma 2.6-(iv), we obtain that 7,1 = Id+/C,,41 is invertible with inverse
Tn+1 satisfying the estimate, for so < s < S — op41,
L
| n+1 - Id| lp»rgl)l) s ,Ss n+1 €Y 1' (426)

Hence the estimate (4.19) at the step n+ 1 holds. By (4.23), (4.24) we get, for

any (w,¢) € DC(v,7), the conjugation (4.20) at the step n + 1 where £n+1
has the form (4.21), with

Zn+1 = Zn + DR(l)a
R = (T4 — 1) 2 + T34 (ZaKngs + ROKga).

By Lemma 2.6-(v), since RY and Z, satisfy (4.22), we deduce that Z,41 €
OPM;!, with estimates | 2,41 Llf(s) Ssnt1 € Moreover, by (4.25), (4.26),
Lemma 2.6-(ii) and the condition in (3.2), we obtain that RSJ)FI e OPM; 2,
with |R’Sll<i)>1|ng)'nFl)2 o Ssmt1 € for any so < s < S — 0,41, by fixing 0,41 1=
on+21+14+n+ 1. This concludes the induction argument and therefore the
claimed statement is proved. O

Proof of Proposition 4.4. By (4.13), (4.18), Lemma 4.5 and by defining
B:=Tio...oTy_1, Q:=2Zy_1, RP:= Rgvlf)_la
one obtains that
LD =B ULVB=w-9,+( V+Q+R®

To deduce the claimed properties of Q and R(?), it suffices to apply Lemma 4.5
for n = M — 1. The estimate (4.15) then follows by the estimate (4.19) on 7,
n=1,...,M — 1, using the composition property stated in Lemma 2.6-(ii).
We now study the conjugation B~ (—vA + ’Rl(,l))B. One has
B (—vA+RW)B=-vB'AB+B'RIVB=-vA+RP,
where
RZ) = —v(A(B—1d) + (B~' —1d)AB) + B-'RVB.

By applying again Lemma 2.6-(ii) and the estimates (4.14), (4.15) (using also
that |Ala s <1 for any s), one gets that R satisfies (4.17) for any so < s <

S — oar—1. The proof of the claimed statement is then concluded. O
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4.3. KAM Reducibility

In this section we perform the KAM reducibility scheme for the operator ob-
tained by neglecting the small viscosity term —vA + R,(?) from the operator

E(V2) in (4.16), namely we only consider the operator 59). More precisely we
consider the operator

,Co IZEEZ)ZW'&F—F'DO—FR(),

4.27
Dy:=C-V+09, Ry:=R3. (4.27)

where the diagonal operator Q and the smoothing operator R(?) are as in
Proposition 4.4. Given 7, Ny > 0, we fix the constants
M:=[41]4+1, a:==00+x Y +1, B:=a+1,
=47 +2+ M, X(B)=om-1+0, (4.28)
N_y:=1, N,:=N}, n>0, x:=3/2

where [47] is the integer part of 47 and M, op;— are introduced in Proposi-
tion 4.4.

By Proposition 4.4, replacing s by s + § in (4.17) and having Q =
diag;ez2\ 10390 (j) diagonal, one gets the initialization conditions for the KAM
reducibility, for any so < s < .S — 3(5),

sup |llgo()[“P), [Rol“20), , < C(S)e. (4.29)
JeZ2\{0}

Proposition 4.6 (Reducibility). Let S > so+X(8). There exist No := No(S, T,d)
> 0 large enough and § := §(S,7,d) € (0,1) small enough such that, if (3.2)
holds and

Nitey ™t <6, (4.30)

then the following statements hold for any integer n > 0.
(S1), There exists a real and reversible operator
L, :=w-0,+D,+R,: H — H,
Dy :=( -V + Qp = diag;czz\ 1oy 1n (), (4.31)
Q, = diag;ez2\ (030 (7),  1n(j) :=1C-j + an(J),
defined for any \ € A}, where we define A} := DC(v,7) for n = 0 and, for
n>1,
T
O35
Vie Zda jaj, € Z2 \ {O}ﬂ (Eajvj/) 7& (Ovjaj)a |£|7 ‘] 7]‘/‘ S Nn—l}-
(4.32)

A= A= @0 €Ayt @ L4 s () — ()] 2
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For any j € 72\ {0}, the eigenvalues ji,(7) = pn(j; \) are purely imaginary
and satisfy the conditions

tn(F) = —pn(—=J) = pn(=j), or equivalently
@n(J) = —an(=J) = qu(—J),
and the estimates

an(NIMP S el ™t 1an () — a0 (MM S elil M, vjez2\{0(}, |
4.34

100 (5) = @u—1()MP) S eN %G5 when  no>1. (4.35)

(4.33)

The operator R,, is real and reversible, satisfying, for any so < s < S—%(5),

[R5 < Culs, B)eN, %, [RalM0Y, < Culs, B)eNamy (4.36)

for some constant Cy(s) = Cyi(s,7) > 0.
When n > 1, there exists an invertible, real and reversibility preserving
map ®,—1 =1d+ V,,_1, such that, for any A = (w,() € A},

L,=d 1L, 1D, ;. (4.37)
Moreover, for any so < s < S —X(8), the map V,,_y : H§ — H{ satisfies

|\Ijn— Llp C( ﬁ) 1N4T+2Nna27 (4 38)
v, nél::ﬁ C(s, B)ey ' NATH2N, s, '

for some constant C(s, ) > 0.
(S2),, For all j € Z*\ {0}, there exist a Lipschitz extension of the eigenvalues
tn(g; +) : A2 — iR to the set DC(v,7), denoted by [in(j; -) : DC(y,7) — iR,
satisfying, forn > 1,

fin(5) = Fin 1 G)IMP) S L3 R MR S 1] MeN % (4.39)
Proof. PROOF OF (S1),,(S2),. The claimed properties follow directly from
Proposition 4.4, recalling (4.27), (4.29) and the definition of A] := DC(v, 7).
Proor OF (S1), ,,. By induction, we assume the claimed properties (S1),,

(S2),, hold for some n > 0 and we prove them at the step n + 1. Let ®, =
Id + W,, where V¥, is an operator to be determined. We compute

Ly, @, =@, (w- 0y + Dy)
+w- a@an + [Dna \I]n] + HN,,,Rn (440)
+1Iy, Rn + Ra¥y,

where D,, := -V + Q,, and the projectors Iy, II3; are defined in (2.19). Our
purpose is to find a map ¥,, solving the homological equation

w-0,Y, + Dy, V,] + 1y, R, = Dr, (4.41)

where Dy, is the diagonal operator as per Definition 2.4. By (2.9) and (4.31),
the homological Eq. (4.41) is equivalent to

(iw £+ pn(5) = () Un(0)] +Ru(0)) = Dr, (0) (4.42)
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for £ € 74, j, ' € Z*\{0}. Therefore, we define the linear operator ¥,, by

R ()Y
\/I} g]'/ — s n()j N V(£7]7.7/)7é(0a.77])7 |€|7|.77.7/‘§N’ﬂ’
w07 =1 iw- L+ pa(f) — pal(5)

0 otherwise,

(4.43)
which is the solution of (4.42).

Lemma 4.7. The operator ¥, in (4.43), defined for any (w,C) € A}, satis-
fies, for any sp < s < S —X(0),

[Walo X <o Mo R SR

Lip(v) « armia—1 (4.44)
|\Ij |05+MNSN1 ‘R| M,s>

where 71 > 1 is given in (4.28). Moreover, V,, is real and reversibility preserv-

mng.

Proof. To simplify notations, in this proof we drop the index n. Since A =

(w,¢) € A}, (see (4.32)), one immediately gets the estimate

(WO | SO IR . (4.45)
For any A\; = (w1,(1), A2 = (w2, C2) € A}, we define dpj; :=iw - £+ pu(j) —
wu(5"). By (4.34), (4.32) one has

S S W (7 OV Ik AT A GO |
Sejjr (A1) Oegyr(A2) 1™ 18z50 (An)[0es (A2)]
SO = GO PTIA = Xl
The latter estimate (recall (4.43)) implies also that
T(OF () = (O] Q)| £ OGN HRO] () = RO (o))
+ (02 = PP TRIRT ()l A = Ao, (4.46)

Using that (¢,5 — j/) < N and the elementary chain of inequalities |j| <
7 =71+ 171 SN+ 5| £ N|j’|, the estimates (4.45), (4.46) take the form

(W07 < N Y3 2T IR(0) ],
[T(0)7 (A1) — U0 (A2)] S N7 PTIR ()T (M) = R(©)T (M2
+ N2 IR0 (M) A1 — Aal.

Since M > 47 by (4.28), recalling Definition 2.5, the latter estimates imply
that

R S NI R,
‘\If|hp <N27' —1|R‘hp N4T+2 —2|R|bup

and similarly, using also that (£,j — j >M < NM|

‘\Ij|(s)u§+M ~ N27+M 71|R|SHJI\)/I s?
‘\Il|hp N2T+M _1|R|hp N47—+M+2 —2|R|sup

0,s+M ~
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Hence, we conclude the claimed bounds in (4.44). Finally, since R is real and
reversible, by Lemma 2.10 and the properties (4.33) for p(j), we deduce that
¥ is real and reversibility preserving. 0

By Lemma 4.7 and the estimate in (4.36), we obtain, for any sy < s <
v, |L1p(7) <, NiTH2,-1iR, |L1p(7) <, NATH2N—a o1
n—

M,s ~o$ 5
a6 o Nty R0 <o NIUN ey,
nloP1) Sas NATH2 T RAER), 5 S0 NATF2N, 1ey 7,
U520 0 Ses Ny Rl S50y o NP N_yey ™,

(4.47)

which are the estimates (4.38) at the step n+1. By (4.28) and by the smallness
condition (4.30), one has, for any sp < s < S — X(8) and for Ny > 0 large
enough,

W[50 < NATFIN O < C(s)NETH2ey < d < 1 (4.48)
Therefore, by Lemma 2.6-(iv), ®,, = Id + ¥, is invertible and

10— 1d|5P0) < W, [EPO) (4.49)

_ Lip(y) Lip(
|(p ! 71d|0,£(’y SS |\Ij"‘0,§ 7 0,543 ~¢ 0,5+

n

Then, we define

Loy :=w-0,+ Dpp1 + Ry,

Dn+1 = < -V + Qn+1; Qn+1 = Qn + DRn; (450)

Rps1 =1y R, + (2,' —1d)(Dr, + Iy Rn) + €, R, T,
All the operators in (4.50) are defined for any A = (w,¢) € A) .. Since
U, ®,,d-1 are real and reversibility preserving and D,,, R, are real and
reversible operators, one gets that D, 1, R,41 are real and reversible op-
erators. Moreover, by (4.40), (4.41), for (w,{) € A}, one has the identity
&1L, D, = L, 1, which is (4.37) at the step n + 1. By Definition 2.4 applied
to Dg,, , one has that

Qn+1 = Qp + Dr, = diag;ez2 {03 9n+1(4);
Gn+1(7) = au(5) + Ru(0)],

Dpi1 =V + Qi1 = diagjezz jo1 Hn+1(5)s
fn41(J) =1 J + qns1(d)-

The reality and the reversibility of D,,11 and Q,,41 imply that (4.33) is verified
at the step n + 1. Moreover, by Lemma 2.6-(v)

|tng1(7) = i (DPD = [ gng1 (7) = gn(G)[HPO

i Li
< [Ra(0)I PO < R, [M20) ()M

Then, the estimate (4.36) implies (4.35) at the step n+ 1. The estimate (4.34)
at the step n + 1 follows, as usual, by a telescoping argument, using the fact

)

(4.51)
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that »°, -, N, is convergent since @ > 0 (see (4.28)). Now we prove the
estimates (4.36) at the step n + 1. By (4.50), estimates (4.47), (4.48), (4.49),
Lemma 2.6-(ii), (v) and Lemma 2.8, we get, for any so < s < S — X(f),

IR |L1P(7) <. N7P|Rn |L1P(’Y)+B+
mnm“mlg o IR0, 5 4 NIy (1R | S57) [R 500,

Li Li
+ RS2 R, LR Y.

N _1|'R ‘Llp("f) R |L1P("/)

M,sg M,s

By the induction estimate (4.36), the definition of the constants in (4.28) and
the smallness condition in (4.30), taking No = Ny(S,7) > 0 large enough, we
obtain the estimates (4.36) at the step n + 1.

PROOF OF (S2), . It remains to construct a Lipschitz extension for the
eigenvalues fi,11(7, - ) : A 41 — iR. By the induction hypothesis, there exists
a Lipschitz extension of ., (j, A), denoted by i, (4, A) to the whole set DC(v, T)
that satisfies (S2),,. By (4.51), we have pin41(J) = pn(j) +70(j) where 7, (j) =
(G, A) 1= Ry (0 /\)g satisfies |1, (j)|“P(7) < Nn__l\j\ Me. By the reversibility
and the reality of R,, we have r,(j) = —rn(—Jj) = rn(—j), implying that
rn(j) € iR. Hence by the Kirszbraun Theorem (see Lemma M.5 [36]) there
exists a Lipschitz extension 7,(j, - ) : DC(7,7) — iR of rp(j, ) : A}, — iR
satisfying |7, (5)[“P) < |r,, (5)|MPO) < N7 5]~ Me. The claimed statement
then follows by defining fi,, +1(j) := un( )+ rn( ). O

4.4. KAM Reducibility: Convergence

In this section we prove that the KAM reducibility scheme for the operator
59)7 whose iterative step is described in Proposition 4.6, is convergent under
the smallness condition (4.30) with the final operator being diagonal with
purely imaginary eigenvalues.

Lemma 4.8. For any j € Z2 \ {0}, the sequence {fi,(j) = iC - j + ¢u(j) }nen
converges to some limit

Poo(§) =1CJ + qoo(f)s  Hoo(d) = Hoo(fs -) : DC(v,7) — iR,

satisfying the following estimates

1100 (5) = Fin (DIPD) = 140 (1) = @ ()[MPY) S N2y (517 Me,

, (4.52)

|qoo(J)|Llp(”) < lil™le
Proof. By Proposition 4.6-(82),,, we have that the sequence {/i,,(j, ) }nen C
iR is Cauchy on the closed set DC(v, ), therefore it is convergent for any
A € DC(vy, ). The estimate (4.52) follows by a telescoping argument with the
estimate (4.39). O
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We define the set A) of the non-resonance conditions for the final eigen-
values as
. ) 2y
A = {/\EDC’ Y T) i iw o peo(§) — poo ()] >
veez?, jj e Z\{0}, (,3,3) # (0.5.4)}- (4.53)
Lemma 4.9. We have AY, C Np>o A

Proof. We prove by induction that A2, C A} for any integer n > 0. The
statement is trivial for n = 0, since AJ := DC(v, 7) (see Proposition 4.6). We
now assume by induction that AY, C A} for some n > 0 and we show that
AL C An+1 Let A € A, ¢ € Z4, 5,5 € Z*\{0}, with (¢, j,5') # (0,4,7) and
|€| |7 — 4’| < N,,. By (4.52), (4.53), we compute

liw £+ pn(5) = ()] 2w €4 pioo () = Hoo ()] = I1oo (7) — 1 (7))
- |,Uoo(j/) - ,U'n(]/)|
2y -M
> T oN e (1 1)
D711 -
v
Z TN | -
OMviviy
for some positive constant C' > 0, provided
Cey 11171 (317 + 1717 ) < 1. (4.54)
Using that 4], |j — j'| < N,, and the chain of inequalities
I < 13T+ 13 =31 < 151+ Na < Nali'l,
we deduce that, for some Cy > 0 and recalling that M > 47 by (4.28),
O (1317 1M < ConE
Therefore, (4.54) is verified provided CCyN27ey~1 < 1. The latter inequality
is implied by the smallness condition (4.30). We conclude that A = (w,() €
AL O
Now we define the sequence of invertible maps

<T>n::<I>Oo<I>10...o<I>n, n € N. (4.55)

Proposition 4.10. Let S > so+X(3). There exists § := 6(S,7,d) > 0 such that,
if (3.2) (4.30) are verified, then the following holds. For any A = (w,¢) € AL,
I ip(v)

the sequence (®y,)nen converges in norm | - to an invertible map @oo,

satisfying, for any so < s < S —3(0),

B2 BP0 <, NATEN e, (0~ 100 €, ey (456)

The operators L1 H§ — H§ are real and reversibility preserving. Moreover,
for any A € AL, one has

L) =0 LD =w- 0y + Doo, Do 1= diag;ez (0 Hoo ()
(4.57)



A KAM Approach to the Inviscid Limit

where the operator £? s given in (4.16)—(4.27) and the final eigenvalues
loo(J) are given in Lemma 4.8.

Proof. The existence of the invertible map ®X! and the estimates (4.56) follow
by (4.38), (4.55), arguing as in Corollary 4.1 in [3]. By (4.55), Lemma 4.9 and
Proposition 4.6, one has 55150&)” =w-0, +D, +R, for all n > 0. The
claimed statement then follows by passing to the limit as n — oo, by using
(4.36), (4.56) and Lemma 4.8. O

5. Inversion of the Linearized Navier—Stokes Operator L,

The main purpose of this section is to prove the invertibility of the operators
L, in (3.3), for any value of the viscosity v > 0 with a smallness condition on
€ which is independent of v. We also prove the invertibility of L., which we
shall use to construct an approximate solution up to order O(v?) in Sect. 6.
We use the normal form reduction implemented in Sect. 4. First, we recollect
all the terms. By (4.16) and by Lemma 4.10, for any A € A, the operator

£? in (4.16) is conjugated to
L) = LPd, = LP D, — vd1AD, + PRP D,
= L) —vA+ R, (5.1)
R = —v(A(Poo — Id) + (P — ID)AD) + P RP O
By the estimates (4.17), (4.56), using that [A]y , < 1, for any s > so and for

S > so+ X(B) + 2, there exists 6 := (5, 7,d) € (0,1) such that if (3.2), (4.2)
hold, by applying Lemma 2.6-(ii), one gets

|Rl(,°°)|15,if(7) Ssev 'y, Vsp<s<S—-3%(B) -2 (5:2)

Lemma 5.1 (Inversion of L'E,OO)). For any S > so + X(0) + 4, there exists § :=
§(s,,d) € (0,1) small enough such that, if (3.2) holds and ey~! < 6, the oper-
ator L5 is invertible for any v > 0 with bounded inverse (Lil(,oo))’1 € B(H)
for any so < s < S —3(8) — 4. Moreover, the inverse operator (E,(,OO))*1 is
smoothing of order two, that is (E,(,OO) ) H=A)

€ B(Hg), with | (L)) (=)sag) S v
Proof. By (5.1) and (4.57), we write
££°°) = LE,OO) + RE,OO), L(Voo) = Eéoo) — VA =w-0,+ Dy —VvA. (5.3)

By Lemma 4.10, one has that L,(joo) is a diagonal operator with eigenvalues
1w €+ poo(j) + v|j|?, for £ € Z4,j € Z*\{0}. By Lemma 4.8, 1o, (j) € iR is
purely imaginary. Therefore, for any ¢ € Z%, j € Z?\{0}, we obtain a lower
bound of the eigenvalues for any value of the parameters A = (w, ¢) as follows:

iw - £+ poo(§) + V1% = [Re(iw - £+ poo(§) + Vi) | = vlil*. (5.4)
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The latter bound implies that the operator Ll(,m)

v > 0, with inverse given by

in (5.3) is invertible for any

o~

- h(¢, j) 0o i
L)) Lh(p,z) = ’ iteciie e H.
L) e = 3 W () TP e
LEZ
FEZ\{0}

Recalling that (j) = max{1,[j|} = |j| for j # 0, by the smoothing term from
the small divisor (5.4), one has, for any sy < s < S — X(f),

4
LEN=L(_ A2 = 0. 7\2s || e )2
WA= 3 D e e )
jez*\{0}
<v? ) (L) )P = v 2R3
ez
JE€Z2\{0}

implying that
IS (=D)ss) <vh and  @E) sy <v'. (55)

We write the operator £5°°) in (5.3) as £0) =10 (Id + (L(Voo))_lR,(,oo)). By
the estimates (5.5), (5.2) and Lemma 2.6-(i), (ii), one gets, for any sg < s <

HLEN) RO s mgy < L) =) s (= A) T RE |5
< (=A) TR g s < v RED g 010

~

< v lvey T < ey

~S

Hence, having ey~! < § < 1 small enough (independent of the viscosity v > 0),
the operator Id—{—(Ll(,(X’) ) ’1721(,00) is invertible by Neumann series, uniformly with

respect to the viscosity parameter v > 0 and ||(Id + LgolRoo,u)71||B(H3) Ss
0
1. Together with the estimate (5.5), one deduces that (El(,oo))_1 = (Id +

(L) TTRED) L), with
L) (=) lg) Ss vt
The claimed statement has then been proved. O
We now deal with the inversion of the linearized operator £, in (3.3). By

Propositions 4.1, 4.4, Lemma 4.10 and recalling the definition of the set A
in (4.53), one has that, for any A\ € AZ_,

L, =Wao LWL, Lo =W LW, Wo = A BD,,,  (5.6)

where the invertible maps A, , B and ¢, are provided in Propositions 4.3, 4.4
and 4.10, respectively. Furthermore, by Lemma 5.1, the inverse of the operator
L, isgiven by £,;1 = W, (El(,oo))’lwcjol. We need to estimate || £, (=A)]|3(as)-
First, we need some auxiliary lemmata. Let us denote

(D)?:=1d—A, (D) ?:=(1d-A)""
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Lemma 5.2. There exists ¥1(5) > X(5) (where (5) is given in (4.28)) large
enough such that, for any S > so + X1(8), there exists 6 := 0(S,7,d) € (0,1)
such that, if (3.2) is fulfilled and ey~' < 6, the invertible map A given in
Proposition 4.1 satisfies (D)2 A*1(D > € B(H?®) for any so < s < S—%1(0),
with estimate ||[(D) "2 AN (D)?||p(pr=) Ss 1.

Proof. We prove the claim for (D)~2A(D)2. The proof for (D) 2A~1(D)? is
analogous and we omit it. For any 7 € [—1, 1], we define the operator A(7) by
‘A(T) : UO(QD,JJ) = UO(%:E + TO(((,O, Z))

By Proposition (4.1), for any 7 € [—1,1], the map A(7) is invertible on
H*(T2) and

JA(T) = ey Ss 1, Ve [-1, 1] (5.7)
For some X1 (8) > 0 sufficiently large and for any S > sq+X1 (), we can apply
the estimate (4.3) with s+4 instead of s, obtaining, for any so < s < S—%1(0),
letllsas lletllsra Ss e
A direct calculation shows that A(7) solves

{%(T) = b(r,0,7) - VA(T),

A(0) = 1d where  b(t, ,z) == (Id + 1D, ) alep, ).

Note that, since [|alls11 Ss eyt <6 < 1, the 2 x 2 matrix Id + Dya(p, ) is
invertible by Neumann series and by using the tame estimate in (2.6), one has
that [|(Id + 7Dya(p, z)) " |s <s 1. Hence

1

1o(r, )ls Ss llells+1 Ss ey, uniformly in - 7€ [-1,1]. (5.8)
Define
(1) := (D) 2A(1)(D)?, T€[-1,1].
Clearly ®(0, ) =1d and, by a direct computation,
0, (1) = b(1,0,2) - VO(1) + R(7)P(7),
R(r) == [(D)~2,b(7, ¢, 2) - V(D).
By variation of the constants, we write ®(7) = A(7)M(7), where M(7) solves

{aTM(T)Q(T)M(T” with  Q(r) i= A(r) IR(AW). (59

M(0) = 1d,
First, we estimate R(7). We claim that
sup | R(T)l|Bars) Ss 7" (5.10)
Te[-1,1]

By a direct calculation, the matrix representation of the operator R(7) is given
by

R(r, ) = (7@/? mit) V25 b g =), (65.5) € T X B2 x T2,
(5.11)
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Note that 7%(7', 6)? = 0 when j' = 0. Therefore, we can always consider j' # 0,
implying that (j') = |j’|. One then has
@ =G =1 =G =i+ =il = ()
=P +2-G=3)+1i =37 = ()%
which implies that |(j")2 — ()2] < (j —4")2(j). This implies that the coefficients
in (5.11) are estimated as
R y ]7.]/ 2 jl N . )
Rer o) s YLD - 1)
(4)
e D Vi
~ ()
Then, by (2.11), (2.13) and (5.8), one gets
[R(T)lo,s S N16(7, )ls3 Ss llerllsa Ss ev™

We conclude the claimed bound (5.10) by Lemma 2.6-(i).
We now estimate ®(7). By the estimates (5.7), (5.10), one gets that Q(7)
satisfies

-/
I o, 0,5— 1 < (G = 7o 0,5 — 31

sup || Q(7)|ls(ars) Ss €7
T€[-1,1]

Hence, by (5.9), M(7) is the propagator associated to a linear vector field
which is bounded on H*(T9*+?2) uniformly with respect to 7. By standard ar-
guments, we get

sup  [|M(7) = 1d| gy Ss ev

T€[-1,1]
Since ®(7) = A(7)M(7), the latter estimate together with (5.7) and ey~! < §1
implies the claimed bound for ®(1) = (D)2 A(D)?. O

Lemma 5.3. There exists 3o(8) > £1(08) large enough (where ¥1(8) is given
in Lemma 5.2) such that, for any S > s+ X2(8), there exists § := §(S,7,d) €
(0,1) such that, if (3.2) is fulfilled and ey~" < &, the maps WE! : H§ — H in
(5.6) are bounded for any so < s < S—X(B) with estimates |WE | gug) Ss 1-
Moreover, we have |[(=A) " "WEH=A)||pmz) Ss 1.

Proof. We prove the claimed bound for (—A)~!W., (—A). The other bounds
follow similarly and we omit their proof. By (5.6), one has

(—=2)  Woo (=) = (=A) T AL(-A)(-A) T BP(-A)

=TIy ((D) 2 A(D)*)TIy (—A) ' Boo (—A)

= (D)*(=A) "'y (D) 2 A(D)*Ty (—A)(D) % (=A) ' B (—A)
Hence, the claimed bound follows by Lemmas 5.2, 2.6-(i), (ii), the estimates

(4.3) (4.15), (4.56) (for ey~! < § < 1) and by the trivial fact that || (D)?(—A)~!
5y [(=AND)"*[l5(m+) S 1 for any s > 0. O

We are now ready to prove the invertibility of the operator £, .
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Proposition 5.4. (Inversion of the operator £,) There exists 33(8) > Z2(5)
(where ¥5(5) is given in Lemma 5.3) such that, for any S > so + 23(5), there
exists 6 := §(S,7,d) € (0,1) such that, if (3.2) holds and eyt < &, for any
value of the viscosity parameter v > 0, for any A = (w,¢) € AY, and for any
so < s < S —33(8), the operator L, is invertible with a bounded inverse
L1 € B(HY), satisfying the estimates

1L, gy 15 (=) sag) Ss v

Proof. We write £;1 = Wao (£5)) "1 WZ! and, consequently,
LN (=A) = Wao (L5 T (=4)

= Wao ((L5)7H=2) ((=2) T W (-4)).
Therefore, by Lemmata 5.1, 5.3

1L (= D) lscrg) < Woollcy) I(LE) T (=A)lsag) (—A) T WX (=) I sag)
< 1/71

NS

The bound [|£, ' ||g(ms) Ss v~ follows from the latter. O

In order to compute a good approximate solution for the nonlinear equa-
tion, we also need to invert the linearized Euler operator L. at the Euler solu-
tion v, see (3.3). To this purpose, we then define the set of the first Melnikov
non-resonance conditions

I = {)\ = (w,0) € DC(v,7): iw L+ pso(j)] > O (5.12)
Y (£, 5) € 2% x (Z*\ {0})}~

Proposition 5.5. (Inversion of the operator £.) There exists Y4(8) > 3(8)
large enough (where 33(B) is given in Proposition 5.4) such that, for any
S > so + X4(B), there exists § := 6(S,7,d) € (0,1) small enough such that,
if (3.2) holds and ey= < §, for any A = (w,¢) € AL NTL, the operator
L. : HSTY — HE is invertible (with loss of derivatives) with the inverse L7 €
B(HTT, HS) for any so < s < S —X4(B), satisfying

|“C;1|‘B(H(§+T,H8) Ssvh

Proof. By (5.6), one has that £, = Wooﬁéoo)W_l where Eéoo) is defined in

o0

(4.57). Thus, for any A = (w,{) € T (see (5.12)), we can invert L, its
inverse is given by

1
co)\—1 __ 3:
(£ —dlag(z,j)Ede(z2\{o})ma

satisfying the estimate ||(£§°°))*1||B(H3+T Hg) = 7~1. The claimed statement
then follows by Lemma 5.3 and using that £2! = WOO(L'éOO))_lVVO_Ol. O
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6. Approximate Solutions

The purpose of this section is to find an approximate solution up to order
O(v?) of the functional equation F, (v) = 0 where F, is the nonlinear operator
defined in (3.1). We actually write

F,(v) =Lov +eQ(v) — eF — vAw,
where Lop:=w-0,+( -V, Q(v):=N(v,v), (6.1)
N(vi,v2) := V1 (=A) vy - Vg,
with V as in (1.4). The map v — Q(v) is a quadratic form. Therefore, for
any vi, vz,
Q(v1 +v2) = Q(v1) + dQ(v1)[v2] + Q(v2),

dQ(v1)[v2] = N (v1,v2) + N (v2,v1). (6.2)

By standard Sobolev algebra estimates, one has, for any v, h € HSH, s > So,

1QW)ls Ss llvllzss,  AQ)[RIlls Ss l[vlls+alllls+1- (6.3)
We recall the function v, solves the Euler equation, i.e., (6.1) with v = 0, and
satisfies (3.2):
Love +€Q(ve) —eF =0 and

= 6.4
[vells Ss e, a€(0,1), S>S (6.4)

where S is given in Theorem 1.1. We now prove the following proposition.

Proposition 6.1 (Approximate solutions). There exists & > 24(8) large enough
(where X4(f3) is given in Proposition 5.5) such that, for any S > max{S, so+
11}, there exists & := 6(S,7,d) € (0,1) small enough such that, if e2y~! < 4,
forany A = (w,() € AL NTYL (see (4.53), (5.12)), there exists an approximate
solution of the form vapp = ve +vvy1 of the functional equation F,(v) = 0 with
the following properties:

vy € HS,  or]ls Ss ey

6.5
I1Fs (Vapp)lls Ss €*9710%, ¥so < s < S - (0

Proof. We look for an approximate solution up to order O(v?) of the form
Vapp ‘= Ve + VU1

where v, is the solution of the Euler equation in (6.4) and v; has to be deter-
mined. By (6.4), one has

Fu(ve +vv1) = Love + £Q(ve) — eF + v(Lovy 4+ edQ(ve)vy — Av,)
+v%(— Avy +£Q(v1)) (6.6)
= V(Lo’Ul +eQ (ve)vy — Ave) + Vz( — Avy + &:Q(vl)).
We want to choose vy in such a way that

Lovy + edQ(ve)v1 — Ave = 0. (6.7)
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Note that Av, has zero space average and Lo +edQ(v.) = L., see (3.3)—(3.5).
Hence, by Proposition 5.5 and by (6.4), for some @ > 0 sufficiently large and
for any S > sg + 7, if (3.2) holds and e*y~! < § < 1, we define, for any
A= (w, () € AL NTYL,

vy = L7 A, € HYP?, |Jorlsne Se eyt Vsg <s< S — (6.8)

T
By (6.4), (6.6), (6.7) and estimates (6.3), (6.8) (using also e*y~1 < § < 1
sufficiently small) we conclude that

| Fo (ve + m)l)”s = V2|| —Avy + EQ(UI)HS < 1/2(||A111||5 + HQ(U1)||5)

< v ([lvillstz + loll3ig) Ss v%e™y

The claimed statement has then been proved. O

7. The Fixed Point Argument

In this section we want to find a solution v of the functional equation F,, (v) = 0
bifurcating from the approximate solution vgp, = v. + vv; constructed in the
previous section. We search for a solution of the form v = v,p, + 9. By (6.1),
(6.2) and using that vap, = ve + vv1, one computes

fu(vapp + 1/}) = fu(vapp) + (LO + 5dQ(Ue) - VA) [d}] + €VdQ(U1)[1/’] + EQ(d})
= Fu(Vapp) + Lo + e v dQ(v1)[P] + & Q(¢)
(7.1)
since the linear operator Lo + edQ(v.) — VA is exactly the linearized Navier
Stokes operator £, in (3.3) obtained by linearizing the nonlinear functional

F. at the Euler solution v,.. Therefore, the equation F, (vqpp + 1) = 0 reduces
to

Lyh = —(Fu(vapp) + € vdQ(v1)[¢)] + € Q(¢))).

By the invertibility of the linear operator L, proved in Proposition 5.4 for any
v > 0, we conclude that finding solutions of F,, (vapp + %) = 0 is equivalent to
solve a fixed point problem, that is

¥ =38,(¢) where
SV(w) = _‘C;l (fu(vapp) + 6VdQ('Ul)[lM + EQ(¢))
For any s > 0, n > 0, we define the closed ball

Bi(n) = {z € Hy : ||z]ls < n}.

We want to show that for S > max{S, so + i} (as in Proposition 6.1) (where
the constant 7z > 0 is given in Proposition 6.1) if (6.4) holds and ey~! < 1,
for any sop < s < S — @ and for any value of the viscosity parameter v > 0, the
map S, : Bs(v) — Bs(v) is a contraction. We actually need this preliminary
lemma which allows to estimate in a sharp way the terms dQ(v1)[¢)] and Q(v))
appearing in (7.2).

(7.2)
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Lemma 7.1. For s > sg, we define
N HST < HEPY — HS, o (v1,02) = N(vi,02) i= (Vi (=A) 1) - Vg
where V| is as in (1.4). Then for anyn € N, s > s,
I(=2)" 2N (v1, v)lls Ss lloillsllvzlls,  Vor,ve € H*.

Proof. First of all, note that if vi,vs have zero space average, using that
div(Vl <D>’2fu1) = 0 and by integrating by parts, one can easily see that
N (v1,v2) has zero space average. Let v1,ve € H§ and expand the bilinear
form N (v1,v2) in Fourier coefficients. One obtains

(=A) "2 N (v1,v2) = > N(€1,E)01 (£, &1)Ta (Lo, £2)e 1) @ iE1HE2)
€1,62€2%\{0}
0q,65€2%
€1+82#0
(7.3)
where
N . Ef_ &2 2
(&1,&2) £, € Z7\ {0}, & +&#0

:1|51 + &€

where y* = (—y2,41) for y = (y1,y2). Using that || < [&] and || S

~

|€1] + €1 + &o| S 61|61 + & for any &1, &5 € Z2\{0} with & + &5 # 0, one has

(Sl - |€2] <1
(&1 +&)M&)? ~ G +&[Mal ~

uniformly in &1, & € Z2\{0}, & + & # 0. Therefore, by (7.3), (7.4) and using
that (£,6)% <, (0, &) + (0 — 0, & —¢&')s for any 4,0 € 74, £,¢' € 7?2, one has

IN(&,62)] < (7.4)

I(=2)" 2 N (w1, 02)|2

2
= > (€)% > N(E—¢€, ) —t,6—¢)na(l',€)
(£,6)eZex (22\{0}) (¢/,5") ez x (22\{0})
2
s Y we( > [1(e— €6 - €)l[5(¢',€)])
(¢,6)ezd x (22\{0}) (£7,¢")ezd x (z2\{0})
<s A1 + Ao,
where
2
A= > ( > (€N (e — 1€ — &)o', €N)])
(£,6)ezdx (22\{0}) (¢',&")ezdx(Z2\{0})
N . 2
Ay = 3 ( 3 (=6 =€) ot —t,€— €I, €)])

(,€)€Zd x (22\{0}) (¢,&")ezd x (22\{0})
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We estimate A;. The estimate of As can be done similarly. By the Cauchy-
Schwartz inequality and using that >, ¢ m < Cy (since sy > 442

R
see (2.2)), one has
A S > (€=t 6 —€V0 10— ', — NP, €Y o (0, €
(£,6)ez x (z2\{0})
(¢ ,¢"yerd x (z2\{0})
< > (N> [l €N > (-t e—e)>o -t e—¢)?

(¢',¢)ezd x (z2\{0}) (¢,&)ezd x (z2\{0})

< llozl2loall?,

Similarly, one shows that Ay < [jva]|? [[v1]|? and the claimed estimate

~

follows. O

We are now ready to perform a fixed point argument on the map S,
defined in (7.2).

Proposition 7.2 (Contraction). For any S > max{S, sq + i} (where i > 0 is
the constant given in Proposition 6.1) there exists § := §(S,1,d) € (0,1) such
that, if (6.4) holds and e*y~* < 6, for any so < s < S—Ti, for any value of the
viscosity v > 0 and for any value of the parameter A = (w,() € AL NTY (see
(4.53), (5.12) ), the map S, : Bs(v) — Bs(v), defined in (7.2), is a contraction.

Proof. We write the map S, as
Sy () 1= —L, Fy (vapp) — e v (£,1(=A)) ((=A) 71 dQ(v1)[¥])

7.5
— < (6 -2 (A) o). )

Let s <s<S—m,v>0,1 € Bs(v). By Proposition 5.4, one has that
||3,,(1/))||5 Ss V_l(”fl/(vapp)ns + 5V||(_A)_1dQ(U1)W]HS (7.6)

+ell(=2)7"QW)lls)-

By (6.1)-(6.2), Proposition 6.1, Lemma 7.1, and using that |[¢||s < v, one
gets

17 (Vapp)lls Ss vy, I1(=2)71dQu1)[¥]]ls Ss ve*y ™,
I(=2)~' Q)]s Ss v*.
The latter bounds, together with (7.6) and having a € (0, 1), imply that
IS, (W)l Ss v (Pt + TPy fev?) < O(s)rey
for some constant C(s) > 0. Therefore, by taking C'(s)e*y~1 < 1, we get that

S, maps Bs(v) into itself. By (7.5), for any 1 € Bs(v), one computes the
Fréchet differential of S,

A8, (v) = —ev (L, (=A)) ((-A) 7 dQ(v1))
— (L1 (=) ((-A)1dQ(v)).
Arguing as above, we obtain

1dS, (W)llsrg) < C(s) (>t y ™ +¢2) < C(s)e
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for some larger constant C(s) > 0, asking again g2y~ < ﬁ By taking

C(s)e < 1/2, we conclude that [|[dS,(¥)|smg) < 1/2, implying that S, is a
contraction. U

8. Proof of Theorem 1.2

In this final section we summarize the whole construction and we conclude
the proof of Theorem 1.2. In the first place, we show that the non-resonance
conditions (4.53) and (5.12) hold for most values of the parameters (w,() €
R? x R2.

8.1. Measure Estimate
In this section we prove that the set
Gl :=Al NI, (8.1)

has large Lebesgue measure (recall (4.53), (5.12)). We actually show the fol-
lowing

Proposition 8.1. Let
7 :=max{d, 2} + 1. (8.2)

Then |Q\GL| < v (recall that . is the set of parameters appearing in Theo-
rem 1.1).

The rest of this section is devoted to the proof of the latter proposition.
We actually estimate the measure of the set Q.\A2 . The estimate for Q\I'7,
follows similarly. We write

Q. \ A%, = (2% \ DC(7,7) U (DC(3,7) \ AL). (8.3)
By a standard Diophantine estimate one shows that
9\ DC(y,7)| S 7- (8.4)
Define
T:={(0.4.5) € 2 x (Z2\{0}) x (Z*\{0}) : (£.5.5) # (0.5.4) }-

By recalling (4.53), one has that

Azo\DC(’VvT) g U R"/(&j:j/)v
(0,5, €T
2
R+ (£,4,5") = {/\ = (w,¢) € DO(,7) : Jiw - £+ proo(j) — oo (4')] < m}
(8.5)

Lemma 8.2. We have [R, (£, j, /)| S 10" |j|=|j'| " for any (¢.],5') € T.
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Proof. By Lemma 4.8, one gets that
1w L+ poo () = Hoo(J) = 1Ak + 1550 (A) =t (N),
A=, 0), k=j—i) |yl <e.

Since (¢, j,j') € Z, one has k # 0. We write A = I—le + 7, with -k =0, and

o(s) :==1X-k+rj(N) =is|k| + 7 (s), Tj(s) :=rjj (%s + 77).
One then gets
lo(s1) = p(s2)] = ([k| = |rjj ") |s1 — s2| > ([k] — Cey™")[s1 — 52| = §]s1 — 52

assuming ey~ ! < % This implies that

2y Y
s lp(s)| < e H| S e
H O 1517151 071417151
The claimed measure estimate then follows by a Fubini argument. O

Proof of Proposition 8.1. By (8.5) and Lemma 8.2, one gets that |[DC(~,7) \
A% | can be bounded by Cvy 32, .., (€) 7 ()~ 7(j’) 7. This series converges by
taking 7 as in (8.2). By recalling also (8.3), (8.4) one estimates Q \ A2 . The
estimate for Q \ I') is similar. O

8.2. Proof of Theorem 1.2

We finally prove the main result of Theorem 1.2 together with Corollary 1.3.
At this final stage, we link the constant v, coming from the non-resonance
conditions in the set (8.1), with the small parameter ¢ > 0 by choosing the
former as

yi=g? (8.6)

Proof of Theorem 1.2. Let s > sg be fixed and v as in (8.6). Then, the small-
ness conditions 2y~ ! = £3 < § < 1 is satisfied for € < gy < 1 small enough.
The time quasi-periodic solution of (1.4) is searched as zero of the nonlinear
functional F, (v) defined in (3.1). We look for the solution v, = v, (p,z;w, ()
of the form v, = v, + vv; + 1,. It depends on the parameters A = (w, () €
O. := GL, where G is defined in (8.1). The function v.(;\) € Hy (T+2),
A € €. is a solution of the forced Euler equation provided by Theorem 1.1 with
S = max{s + @, S}, which fixes the regularity ¢ = ¢(S) of the forcing term
F = Vxf. It satisfies sup,, ¢)egy, [ve( 5w, ()|ls+7 Ss €%, for some a € (0, 1) in-
dependent of s. The function vy € Hg(T*2) is provided by Proposition 6.1: It
is defined as in (6.8) and satisfies sup,, ¢)egy [[v1(-5w, Q)ls < C(s)ery~t < 1.
The definition of the function v, implies that v. + vv; solves the equation
up to an error of order O(v?), namely ||F, (ve + vovy)|ls < C(s)r2e2y~! <12
see (6.5). The function %, is then defined as the fixed point for the map
S, (¢) in (7.1)—(7.2). Proposition 7.2 shows that S, is a contraction map
on the ball By(v), which implies the of a unique %, in the ball ||¢,|s < v
such that ¥, = S,(¢,). We conclude that F, (v, + vv; +1,) = 0 and that
sup(y, cyegy 1vw (3w, Q) — ve( 5w, Qs < 2v with v, = ve + vv1 + ¥y, as
required. Finally, using that [Q\O¢| < [Q\Q¢| + |Q\GL|, we conclude that
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lim. o |Q\O:| = 0 by Theorem 1.1, Proposition 8.1 and using that we have
chosen v = ¢2 as in (8.6). O

Proof. Let v, € HTP(T%?) and v, € H§(T%?) as in Theorem 1.2 satisfying
oo (55 0) = ve (5 M) ||s Ss v for any A = (w, () € O.. Let

v (tx) =, (wtx), v(tx) = ve(wt ), (t,z) € Rx T2

vy is a global solution of the forced Navier—Stokes equation and v¥ is a global
solution of the forced Euler equation with external force F(wt,z), F := V X f.
By the latter definition, one clearly has

vy — U:HW“W(RXTQ) S v — Ue||W”>°°(Td><'H‘2)

and using that H*(T? x T?) is compactly embedded in W (T? x T?) with
0<o<s— (Ld%gj + 1), one obtains the chain of inequalities

vy — ”:)HW”W(RXW) S vy — Ue||WG=°°(’JFd><T2) S vy —vells Ss v

The proof of the Corollary is then concluded. 0
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