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In the paper [1] referred to in the title, the proof of Lemma 11 is not correct. The geometric
observation on face maps, given in the last paragraph of the proof there, does not suffice to
give the claimed splitting of complexes in (20). We are unsure if Lemma 11, as stated, is
correct.

We note that Lemma 11 is used only in the proof of the subsequent Lemma 12, by invoking
first an exact sequence of sheaves

Rln.*(C’;(. — Rln.*O;‘(. — Rl FI,
and then using the assertion of Lemma 11 to prove that the first map
Rln.*(C’)‘(. — R! 7o+ O,
is the zero map (in [1], the notation C;, is used for what we have here written as (C”;(., and the

derived functors R' are written there as R; we hope this should cause no confusion).
Instead, we may directly prove the vanishing of this first map:

Lemma 1 Let o : Xo — X be a smooth proper hypercovering of a complex variety X. Let
CX be the constant sheaf associated to C* for the Zariski topology on X, and let Cy, = nJCx
be the corresponding simplicial sheaf. Then the inclusion of simplicial sheaves (C — O*
induces the zero map

Rln.*(C}}. — Rln.*O}..

The original article can be found online at https://doi.org/10.1007/s00209-008-0324-7.
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Proof Let X ; be the j-th component scheme of X,,and; : X; — X the structure morphism
induced by m,. There is a spectral sequence

El* = Rn,,Cy = R n,,Ck, (1)
of Zariski sheaves on X. Note that (C}j is flasque, and hence acyclic on any nonempty
open subscheme of X ; (since (C’;(j is a constant sheaf for the Zariski topology on a locally

irreducible scheme). Hence we have ET’S = 0fors > 0in (1) and Ezl’0 = Rln.*(C";(.
coincides with the (co)homology sheaf of 710*((3}0 — m*(C”;(l — ng*(C”;Q.

If x € X is a point, we write X, = Spec Oy , and consider the induced smooth proper
hypercover

77 Xey = Xe Xx Xx = Xx

of the local scheme X . Let X; = X; xx X, be the components of the simplicial scheme
Xo x, and let n;‘ : Xjx — X, be the induced proper morphisms; note that the X; , are
smooth C-schemes.

To prove the lemma, it suffices to show that for any closed point x € X(C), the induced
map on the corresponding stalks

(R'74,Cx )y > (R'74, 0% )x )

is the zero map. We note that (Rln.*(C}.)X =H'(X,, Cx. D= (Ezl’o),C is the homology
of the complex :

H%(Xo,x, Ck, ) = H' (X1, Ck, ) = H' (X2, Cx, )
while
(R'74, 0% )x = Pic(Xe ),
i.e. we need to show that the following map is the zero map

H'(Xox. Cx, ) = (Ey")x = Pic(X,).

Leta : X i‘ = Spec O;}‘( . = Xx be aHenselization of the local scheme X, and let X f .=
Xox Xx, Xi’ be the corresponding simplicial scheme over Xi’; we write ae : X! — Xox

°.X
for the induced morphism and X ’/’ =X ﬁx) =X xx, X " for the component schemes.
We have a commutative diagram

(RIJT.*(C}},,)X - (RINO*O;}/:)X

ok

(RIN.*Ci.)x - (RIN.*OT(.)X
where (R'7,, 0% )x = Pic(X, 1) and (R'7,,,0%,); = Pic(X! ).
Since the morphism « : X )’C’ — X, is faithfully flat, we see that
o} : Pic(X, ) — Pic(X2 )
is injective: for any simplicial line bundle £, , on X, x, we have that

HOX! L oile) = HO(Xex. Lay) ®0y, O ..

x>’
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and we can recognize the trivial simplicial line bundle via an appropriate pair of sections of
the bundle and its dual.
Hence it follows from the above diagram that it suffices to show

H'(X!,.Cyy ) = (Ey — Pic(x! )

®,.X’

is the zero map, where (Ezl'o)’; is the Ezl’0 term of the component spectral sequence for the
cohomology of the sheaf C}, on X ﬁ' - We will show that in fact

X
1,077
(E,)y =0.
Let m(X ? ,.) be the set of connected components of the scheme X ﬁl .- Since C*, isa

J.x

constant sheaf on X j’ - the global sections
X"
HO(Xj,Xv §j4x) — ((C*)JT( jvx),

are a finite direct product of copies of C*.

Let X (x) be the fibre over x of 7; : X; — X. Note that X ;(x) coincides with the fibre
over x of X; , — X, and of X" X ie.

» J.x X
Xi(x) = Xj xx {x} = X;‘ X xh {x}
Then we have

— Xo(x) = {x} is a proper hypercover of {x} = Spec C,
— for each j, the inclusion of the closed subscheme X ;(x) C X;’ . yields a bijection'
T(Xj(x)) = JT(X?‘X) on connected components,

- Xo(x) — Xh . is a closed simplicial subscheme, augmented over {x} < X".
In particular, this allows to identify (E%’O)ﬁ, i.e. the homology of
HO(Xg . C’;gl) - HO(X},. C )~ HO(XE . C’;gl)
with the homology of
H°(Xo(x), Cy, ) = H (X1(x), C, () = H (X2(x), Ck, 1)
which is the E;’O(x)—term in the component spectral sequence

EY”(x) = H' (X, (x), C, (1)) = H™ (Xa(x), C ().

Thus it suffices to show E%‘O(x) =0.
Consider now the simplicial proper analytic space X¢"(x) — {x} and the corresponding
component spectral sequence

E7* (0" = H* (X, ()", C, o) = H™ (Xo(0)™, Cx, (gyon)-

There is a natural transformation E* (x) — E.”° (x)*" between these spectral sequences.
Moreover, the maps ES’O(x) — E;O(x)“” are isomorphisms for all » > 0, since the global
sections of a constant sheaf in the Zariski topology coincide with the global sections of the

! This may be viewed as a case of proper base change for Hgot (—, Z/ pZ), which applies because X f} is strict
Hensel; compare [2] II, Remark 3.8.
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corresponding constant sheaf in the analytic topology. Hence it suffices to show Eé’o(x) =

Ezl’o(x)‘m = 0. This follows from cohomological descent: Since X(x)** — {x} is a proper
hypercover of analytic spaces, cohomological descent implies that the maps

Hn({x}s C?x}) e Hn(Xo(x)an» >’;(.(X)an),
induced by the augmentation are isomorphisms for all n, so that
H"(Xo(x)™", Cy, () =0 Vn>0.

In particular, H'(X4(x)%", (C’;(.(X)(m) = 0. Since E;’O(x)“" is a subobject of this group, it

follows that Ezl’o(x)“” = 0, as desired.
O

The third author would like to thank Anand Sawant for his comments, which helped to make
this argument more clear.
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