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External Member:
Professor Raphael GAVAZZI

Internal Member:
Professor Luigi GUZZO

Final examination:

Date: 26 January 2026
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Introduction

Motivation

Galaxy clusters are the most massive gravitationally bound structures in the Universe.
They grow hierarchically by accretion of matter along the filaments of the cosmic web
and by mergers of smaller-scale galaxy groups. As such, they represent efficient gravita-
tional lenses (GL). GL is the set of phenomena associated with the deflection of the light
rays emitted by a background source (like quasars and galaxies) as they cross the grav-
itational well of a foreground mass distribution (a galaxy cluster, in the context of this
Thesis), which therefore acts as a lens. In the inner cores of these deflectors, the density
is sufficiently high to enable the production of multiple images and elongated arcs of
background galaxies. This GL regime is called strong lensing (SL). SL by galaxy clusters
is a well known phenomenon that can be used for the detailed reconstruction of the to-
tal mass of lens, without requiring any hypothesis about its nature, state or equilibrium
conditions. In addition, SL clusters act as cosmic telescopes, allowing for the detection
and study of faint and high-redshift sources, which would not be feasible otherwise. Fi-
nally, SL by clusters is a powerful cosmological tool: indeed, it enables to put constraints
on the values of the parameters describing the structure and evolution of the Universe.

So far, the number of massive clusters displaying SL features is restricted to few tens.
This scenario is set to drastically change thanks to current and future wide surveys (e.g.
with the Euclid satellite and the Vera Rubin Observatory), which are expected to help in-
crease this number by two orders of magnitude. Complementary, the James Webb Space
Telescope (JWST) is providing us with images of unprecedented quality, allowing for the
identification of new multiple images and smaller-scale structures than ever known, that
can be used to put tighter constraints in high-precision lens models. During my PhD, I
have focused on the modelling of the total mass distribution of galaxy clusters based
on imaging with two telescopes, namely Euclid and the JWST, in order to quantify the
limits and quality of the lens models and lensing-derived quantities of interest achiev-
able using data collected with these facilities. The main motivations that have led to my
research are summarised below.

A new modelling code: Gravity.jl. The amount of data being collected by Eu-
clid and the JWST poses serious challenges from a computational point of view. In
order to reconstruct the total mass distribution of a lens galaxy cluster, a paramet-
ric SL modelling code has to deal with hundreds to thousands of constraints, and
to perform Bayesian inference over tens or even hundreds of parameters. More-
over, currently available softwares are not always able to correctly evaluate the qual-

xvii
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ity of a lens model, to robustly compare different mass parametrisations, and ad-
equately take into account potential systematics. These issues motivates the need
of a next generation of SL codes capable of reconciling speed and accuracy, and
Gravity.jl (Lombardi 2024) finds itself in this context. Gravity.jl is a Julia-
written proprietary software specifically developed for cluster-scale SL analyses. Its
high-performance architecture makes it ideally suited for processing the large and
complex datasets from these and next-generation observatories. During my PhD, I
contributed in testing, applying, and validating the robustness of this code.

Strong Gravitational Lensing in the Era of Big Data. As anticipated above, current
and future facilities are providing us with a large stream of data that will enable SL
analyses of unprecedented precision. One the one hand, Euclid will enlarge the num-
ber of massive clusters showing SL features by two orders of magnitude. On the
other, the JWST is providing images of unparallel quality. It is therefore necessary to
quantify the robustness and accuracy of the lens models based on data acquired with
these facilities, and here my PhD finds place. In particular, the unequalled number of
constraints provided by the JWST demands a proper modelling of the mass distribu-
tion of lens cluster, with the line-of-sight (los) structures correctly put at their redshift
(i.e., a full multi-plane lensing study). Complementarily, Euclid-based observations
will be wider but shallower than the ones with the JWST, thus resulting in a limited
number of SL features to be identified. Hence, it is mandatory to explore the limits
of SL studies allowed with this telescope.

In summary, SL by galaxy clusters is the most robust tool to reconstruct their total mass
distribution. It is also a competitive cosmological tool, if compared to other probes.
To reach these aims, accurate mass modelling is crucial, and this represents the core of
my PhD. With this Thesis work, I intend to contribute to the scientific progress on this
interesting topic.

Thesis overview

Main results

Driven by the motivations described above, we intend to show in this Thesis the accu-
racy achievable by SL models based on Euclid and JWST imaging, thus providing case
studies of the precision expected by next-generation SL analyses in the Era of Big Data.
The main results of the Thesis are summarized below.

SL analysis of the Euclid ERO galaxy cluster Abell 2390. Soon after its lauch, the
Euclid telescope targeted two galaxy clusters as part of the Early Release Observa-
tions (ERO, Cuillandre et al. 2024) program Magnifying Lens (P.I.: Atek, H., Atek
et al. 2024). This program was designed to showcase the science questions that Eu-
clid’s observations of galaxy clusters will be able to address, and to reveal and ad-
dress challenges and limitations for a full scientific exploitation of the prime mis-
sion survey data. One of the two galaxy clusters observed was Abell 2390, which
was targeted on 28 November 2023. For this cluster, we developed the very first
SL parametric model entirely based on Euclid multi-band imaging. We also relied
on archival deep spectroscopic data with the MUSE instrument. We performed our
analysis with Gravity.jl, whose speed allowed us to test and compare more than
10 total mass parametrizations and explore potential systematics arising in modeling
choices (Abriola et al., sub.).
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A glimpse of SL by galaxy clusters in the Euclid era. Abell 2390 was a particular
cluster, since it was given dedicated time to obtain deep observations. Euclid-like
imaging of galaxy clusters are less deep, thus resulting in the identification of a re-
duced number of multiple images. Additionally, they would possibly not benefit
from planned spectroscopic follow-up, which is a crucial ingredient to build accurate
SL models. We therefore quantified the impact these limitations may have on fu-
ture SL studies, in particular on SL-derived quantities of interest, including the total
mass distribution. We faced the problem through a statistical approach: we gener-
ated hundreds of lens models by considering subsets of randomly extracted multiple
images.

JWST-based SL analysis of the galaxy cluster MACS J0416.1-2403. After explor-
ing the limits achievable through typical Euclid-based SL analyses of galaxy clus-
ters, in the context of wide field surveys, we examined the complementary poten-
tialities offered by high-precision JWST imaging. We modelled the galaxy cluster
MACS J0416.1-2403 using multi-band JWST imaging data and archival spectroscopy.
Starting from the available catalogs of multiple images, we managed to identify new
images and new substructures, hence producing a lens model characterised by the
highest number of spectroscopically-confirmed multiple images to date, with nearly
500 elements. In doing so, we exploited the full potential of Gravity.jl and per-
formed the first multi-plane lensing analysis of this cluster. This work allowed us
to further test the capabilities of this software. Whereas the optimization of the lens
model of the same cluster carried out with different codes required up to a month to
be performed, with Gravity.jl we were able to carry out the same studies in less
than a week.

Organizational note

The present Thesis consists of three Parts, for a total of six Chapters. Part I is devoted to
the presentation of strong gravitational lensing in galaxy clusters and its applications. It
is composed of Chapters 1, 2 and 3, and presents an introduction to the theory of strong
gravitational lensing, a brief recall on galaxy clusters and how strong lensing analyses
are performed. Part II is dedicated to the results obtained with Euclid. Chapter 4 focuses
to the analysis of the galaxy cluster Abell 2390 with Euclid imaging, whereas in Chapter
5 we draw some statistical considerations about strong lensing in the Eulid era. Part
III, which actually corresponds solely to Chapter 6, is dedicated to strong lensing with
the James Webb Space Telescope. Some variations have been made in the presentation
of previously published results, to maintain consistency of style and content structure
through the manuscript. Throughout this Thesis, we adopt a flat ΛCDM cosmology with
Ωm = 0.3 and H0 = 70 km s−1 Mpc−1. All magnitudes are expressed in the AB system.





Part I

Gravitational lensing





CHAPTER 1

An introduction to gravitational lensing

Light rays emitted by a background astronomical source (like a star, a quasar, or a galaxy)
can be deflected as they cross the gravitational potential generated by a foreground mass
distribution (as a galaxy and a cluster of galaxies), which therefore acts as a lens, or
deflector. The set of phenomena associated with this occurrence is collectively known
as gravitational lensing (GL). Despite first studies around the hypothetical deflection of
light rays by massive objects date back to the XVIII century (see Schneider et al. 1992, for
an historical review), it was only in the context of the General Relativity (GR) (Einstein
1915, 1936; Zwicky 1937b) that GL was fully developed as a firm theory. The very first
confirmation of GL, which in turn represented the first evidence in support of GR, was
indeed the measurement of the deflection angle of a light ray grazing the surface of the
Sun during the solar eclipse of 1919, which confirmed the predictions of GR (Dyson et al.
1920).

More distant, more massive, or more compact cosmic bodies than the Sun may bend
light rays from a background source sufficiently strongly such that multiple light rays
from the background astronomical object can reach an observer. The observer thus sees
an image in the direction of each ray, so that the source appears multiply imaged. This
is the strong gravitational lensing (SL) regime. The first multiple-image system was dis-
covered only in 1979 (Walsh et al. 1979): two multiple images of the quasar Q0957+561,
at redshift z = 1.405. In 1986, Lynds & Petrosian (1986) announced the discovery of the
first luminous arc, i.e., a highly-distorted image of a high-redshift galaxy seen through a
massive foreground galaxy cluster, Abell 2390. From then on, GL has become one of the
most active fields of research in extragalactic astronomy.

GL has developed into a robust and versatile tool for observational cosmology and
astrophysics. In particular, the main applications of GL are the following (please refer to
Chapter 2 for a more detailed discussion):

Total mass distribution. The deflection angle of the light rays depends neither on the
nature of the mass distribution bending the rays nor on its physical state or symme-
try assumptions, e.g. temperature, composition, etc. In other words, light deflection
probes the total matter density, without distinguishing between ordinary (baryonic)
or dark matter (DM). Hence, GL is a powerful probe to reconstruct the total mass dis-
tribution of the lens, and gives the possibility to directly investigate the DM distribu-
tion, once the baryonic component has been properly mapped out. This potentiality
has led to substantial results over recent years. However, lensing measures only the
mass distribution projected along the line of sight, and is therefore insensitive to the
extent of the lens along the light rays, as long as this extent is small compared to the
distances from the observer and the source to the deflecting mass.
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4 1.1 The deflection angle

GL as cosmic telescopes. Strong lenses act as cosmic telescopes, allowing us to probe
faint sources in the background Universe. Indeed, SL magnifies distant, faint back-
ground galaxies that would otherwise remain inaccessible and can lead to the dis-
covery of high-redshift sources (Atek et al. 2023a,b; Roberts-Borsani et al. 2023).

Cosmology applications. SL can be exploited to probe the geometry and expansion
rate of the Universe. Indeed, as was first pointed out by Refsdal (1964), this phe-
nomenon can be used to measure the expansion rate of the Universe at the current
epoch, namely the Hubble constant, in case multiply-imaged background sources
are subject to luminosity variation over time. Additionally, in case two or more back-
ground sources at different redshifts are multiply-lensed by the same deflector, their
distance ratios provide constraints on the value of key cosmological parameters.

In this Chapter, we give a brief introduction to the theory of GL, with a specific regard
for SL. We invite the reader to Schneider et al. (1992), Bartelmann & Schneider (2001)
and Meneghetti (2022) for a more exhaustive overview of the topic. The content of this
Chapter is based on the above-mentioned references.

1.1 The deflection angle

The study of GL has to be properly developed through the use of GR, since it yields the
correct expression for the deflection angle of light rays, which is twice the value found
with classical mechanics. Nonetheless, in almost every astrophysically relevant case of
GL, we may consider a Minkowski metric weakly deformed by a mass distribution. If
this were the case, the metric following from Einstein’s field equations of GR assumes
the following form,

ds2 =

[
1 +

2

c2
ϕ(x)

]
c2dt2 −

[
1− 2

c2
ϕ(x)

]
dx2 , (1.1)

where ϕ(x) < 0 is the value of the gravitational potential ϕ associated with the mass
distribution in a point x of space. Light rays propagate along null geodesics, i.e., along
curves characterised by ds2 = 0. If we impose this condition, a relationship between
|dx| and dt follows, yielding a kind of effective velocity for the light as it propagates
through the gravitational field. This allows us to describe GL by introducing an effective
refraction index n = n(x) that locally depends on the gravitational potential. Indeed,

ds2 = 0 =⇒
∣∣∣∣dxdt

∣∣∣∣ =
[
1 +

2

c2
ϕ(x)

] 1
2
[
1− 2

c2
ϕ(x)

]− 1
2

c ≃
(
1 +

2

c2
ϕ(x)

)
c , (1.2)

where we exploited the fact that space is only weakly perturbed by the mass distribution,
i.e., the weak field limit ϕ ≪ c2, and proceeded with a McLaurin expansion to the first
order. We can then define the effective refraction index n(x) as

n(x) = c

∣∣∣∣dxdt
∣∣∣∣−1

=

[
1 +

2

c2
ϕ(x)

]−1

≃ 1− 2

c2
ϕ(x) , (1.3)

where, in the last step, we performed a further expansion. Since ϕ(x) < 0∀x, it follows
that n > 1, i.e., light is slowed down when it propagates through a gravitational field.
Moreover, as can be noticed, the effective refraction index does not depend either on
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the wavelength of the radiation, or, equivalently, on its frequency, as it might have been
expected in a classical optical system, but only on the gravitational potential, thus the
mass distribution of the lens. The vacuum gravitational field acts therefore as a non-
dispersive medium and gravitational lenses are thus perfectly achromatic. This means
that every image of the same source is observed with the same colour and the same ab-
sorption and emission spectrum of the source: consequently, we can study the physical
properties of the lensed source by analysing its images.

In order to derive the expression of the deflection angle, let us first determine the
time ∆t the light takes to cross a gravitational field along a trajectory γ, given by

c∆t =

∫
γ

n(x)dl =

∫
γ

(
1− 2

c2
ϕ(x)

)
dl = |γ|+ 2

c2

∫
γ

|ϕ(x)|dl , (1.4)

where |γ| is the length of the trajectory and dl is the infinitesimal segment parallel to the
path. Then, the Euler-Lagrange equations applied to Fermat’s principle − which states
that a null smooth curve γ connecting a source to an observer is a geodetic line if and
only if its arrival time to the observer is stationary with respect to small perturbations of
γ − yield the following relation (Meneghetti 2022),

de

dl
= ∇⊥n(x) = − 2

c2
∇⊥ϕ(x) . (1.5)

Here, e is a versor tangent to the light path, i.e., it gives the direction of light rays,
whereas ∇⊥n(x) is the component of the gradient orthogonal to e: ∇⊥n(x) = ∇n(x) −
[∇n(x) · e ]e. Hence, the deflection angle α̂ is given by the difference between the initial
ei and the final direction ef after travelling along γ,

α̂ = ei − ef = −
∫
γ

de

dl
dl =

2

c2

∫
γ

∇⊥ϕ(x)dl . (1.6)

This integral has to be evaluated along the path γ followed by light rays, which in turn
depends on the deflection itself. Anyway, in the weak field limit, we may approximate
the integral with a calculation along a straight and unperturbed ray, a solution called
Born or impulsive approximation. The potential associated with a generic tridimen-
sional mass distribution of density ρ(x) is

ϕ(x) = −G
∫

ρ(x′)

|x− x′| d
3x′ . (1.7)

Consequently, the deflection angle is

α̂(ξ) =
4G

c2

∫
Σ(ξ′)

ξ − ξ′

|ξ − ξ′|2 d2ξ′ , (1.8)

after projecting the tridimensional mass density ρ(x) = ρ(ξ, z) along the line of sight,
i.e., the path of the light, represented by the z-coordinate, to get the surface mass density
Σ(ξ) (ξ is the coordinate orthogonal to the line of sight):

Σ(ξ) =

∫
ρ(ξ, z) dz . (1.9)
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If we consider a point-like mass M , the deflection angle of a light ray with impact pa-
rameter ξ given by Eq. (1.8) reduces to

α̂ =
4GM

c2
ξ

|ξ|2 . (1.10)

If the lens is instead composed of N point-like masses {Mi}Ni=1, all concentrated in a
region whose typical length scale is well smaller than the distances observer-deflector
and deflector-background source, then, by virtue of the weak field limit, the gravitational
effects can be linearised, and the total deflection angle α̂ of a light ray crossing the lens
plane in ξ can be assumed to be the vectorial sum of the single deflection angles {α̂i}
due to the single masses lying at positions {ξi} (superposition principle),

α̂(ξ) =

N∑
i=1

4G

c2
Mi

ξ − ξi
|ξ − ξi|2

. (1.11)

As can be seen from the previous equations, the deflection angle depends only on the
surface mass density of the lens, i.e. its tridimensional density projected along the line
of sight. Lensing analysis can therefore lead to the determination of the surface density
only, not the full tridimensional one, as briefly mentioned above.

1.2 The lens equation

Let us now consider the typical GL configuration, sketched in Figure 1.1. The lens lies
at redshift zd (or, equivalently, at the angular-diameter distance Dd from an observer),
and deflects the light rays emitted by a background astronomical source at redshift zs
(angular-diameter distance Ds from the observer). Let Dds be the mutual distance be-
tween the deflector and the source. Suppose the lens is geometrically thin, i.e., the mass
distribution of the deflector has a typical length scale much smaller than both Ds and
Dds. Hence, we may assume that all the mass elements of the lens lie on a single plane,
called the lens plane at distance Dd from the observer. In the absence of other deflectors
along the line of sight, we can describe the deflection as a kink on the lens plane, quanti-
fied by the deflection angle α̂. This assumption is verified in most of the cases of interest
for GL: galaxies have a typical length scale ≃ 100 kpc, whereas clusters of galaxies have
a characteristic value ≃ 1 Mpc. For typical values of the redshift of the astronomical
sources involved in GL, the corresponding angular-diameter distances are of the order
of the Gpc, i.e. well greater than the previous length scales.

Let ξ represent the position of the image of a source on the lens plane, and, simi-
larly, η the position of the source itself on the so-called source plane. Both these two-
dimensional vectors refer to the origin of a suitable frame of reference introduced on the
planes. To that end, it is useful to define a straight line through the observer and the cen-
ter of the lens, known as the optical axis (the bold dotted line of Figure 1.1). The coordinate
frames in the source and lens plane can therefore be chosen to have their origin on the
point of intersection of the optical axis with the corresponding plane, as depicted in the
previous sketch. Finally, we introduce θ and β as the angular positions of the source and
the image with respect to the observer, which are related to the previous vectors by

η = Dsβ , (1.12)

ξ = Ddθ . (1.13)
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Figure 1.1: Sketch of a typical GL configuration. Credits: Bartelmann & Schneider (2001).

In order to obtain a relation between the position of the image as seen by the observer
and the true position of the source, let us begin with the following trigonometric relation,
that holds for α̂ ≪ 1 and that can be verified by looking at Figure 1.1:

Dsβ ≃ Dsθ −Dds α̂(θ) . (1.14)

By dividing both members of Eq. (1.14) by Ds, we gain

β = θ − Dds

Ds
α̂(Ddθ) = θ −α(θ) , (1.15)

where

α(θ) =
Dds

Ds
α̂(Ddθ) (1.16)

is called scaled deflection angle. Eq. (1.15) is called ray-tracing or lens equation, and de-
scribes a mapping θ 7→ η from the lens plane to the source plane, relating the image
position to the true position of the source. This mapping is generally not one-to-one
since a source can have more than one image (as in the case of SL), therefore the inver-
sion η 7→ θ is usually carried out via numerical methods.

We can rewrite the expression of the scaled deflection angle in Eq. (1.16) as

α(θ) =
Dds

Ds
α̂(Ddθ) =

4G

c2
Dds

Ds

∫
DdΣ(θ

′)
θ − θ′

|θ − θ′|2 d
2θ′ =

=
1

π

∫
4πG

c2
Dds

Ds
DdΣ(θ

′)
θ − θ′

|θ − θ′|2 d
2θ′ =

1

π

∫
Σ(θ′)

Σc

θ − θ′

|θ − θ′|2 d
2θ′ .

(1.17)
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where we introduced the quantity

Σc =
c2

4πG

Ds

DdsDd
, (1.18)

called critical surface mass density, a parameter which does not depend on the mass
distribution of the lens or any of its characteristics, but is a geometrical parameter de-
pending only on the angular-diameter distances involved.

In order to have a strong lens, i.e., a lens capable of producing multiple images (such
that, for fixed source position β, the lens equation admits more than one solution), it is
sufficient (see Sect. 1.4, Condition II) to have Σ ≥ Σcr somewhere on the lens plane, or,
equivalently, κ ≥ 1, with

κ(θ) =
Σ(θ)

Σc
(1.19)

called the dimensionless surface mass density, or convergence. We can rewrite the expres-
sion of the scaled deflection angle introducing the convergence as

α(θ) =
1

π

∫
κ(θ′)

θ − θ′

|θ − θ′|2 d
2θ′ = ∇θ ψ(θ) , (1.20)

which allows us to express α as the gradient of the deflection potential

ψ(θ) =
1

π

∫
κ(θ′) ln |θ − θ′|d2θ′ , (1.21)

as α = ∇θ ψ. The deflection potential is the two-dimensional analogue of the Newtonian
potential, and satisfies the Poission equation ∇2ψ(θ) = 2κ(θ). The deflection potential
ψ(θ) is related to the gravitational potential ϕ(Ddθ, z) of the lens through a projection
along the line of sight (given by the z-direction),

ψ(θ) =
2

c2
Dds

DdDs

∫ ∣∣∣∣ϕ(Ddθ, z)

∣∣∣∣dz . (1.22)

1.3 Magnification and distortion

Let us suppose now that the typical length scale of a source in β and observed in θ
is much smaller than the characteristic scale on which the properties of the deflector
change. In this case, we may linearise the lens equation locally, in a neighbourhood of
θ, by Taylor expanding the equation to the first order around the centre θc of the image,
assumed for simplicity to be zero, θc = 0. We also assume that the lensed position of
θc on the lens plane through the ray-tracing equation vanishes as well. To do so, we
introduce a Jacobian matrix A = A(θ) that accounts for the distortion of the source
image, and express Eq. (1.15) as

β ≃ A(θ) · θ , (1.23)

by expressing the relationship for the single components of the two-dimensional vectors.
We then apply the Einstein convention on repeated indexes,

βi = Aij θj =
∂βi
∂θj

θj , (1.24)
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where the indexes i and j run over the two components of θ and β. Therefore, given the
ray tracing equation expressed through the lensing potential, we can rewrite

Aij =
∂βi
∂θj

=
∂

∂θj
[θi − αi(θ)] =

∂

∂θj

[
θi −

∂ψ

∂θi
(θ)

]
= δij −

∂2ψ

∂θj∂θi
(θ) , (1.25)

with δij Kronecker’s delta. If we now represent the partial derivative of ψ with respect
to both the ith and the jth component of θ as ψ,ij , the Jacobian (or lensing) matrix A can
be expressed as

A(θ) =

(
1− ψ,11 −ψ,12
−ψ,12 1− ψ,22

)
. (1.26)

The components of A can be rewritten after introducing a quantity known as shear, indi-
cated as γ. This quantity can be expressed in a complex notation as

γ = γ1 + iγ2 = |γ|e2iω , (1.27)

where the factor reminds that the shear is not a vector, since it does not transform as
such. The components γ1 and γ2 of the shear are related to the derivatives of ψ through

γ1 =
1

2
(ψ,11 − ψ,22) γ2 = ψ,12 = ψ,21 . (1.28)

Hence,

A(θ) =

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
= (1− κ)1 − |γ|

(
cos 2ω sin 2ω
sin 2ω − cos 2ω

)
. (1.29)

From Eq. (1.29) we notice that, to first order, the deflection can be seen as the superpo-
sition of two effects. The convergence describes a global isotropic magnification (or de-
magnification), i.e., images appear larger or smaller than the source, whereas the shear
introduces an anisotropic distortion along a privileged axis. More in detail, the ampli-
tude and the phase of the shear represent the degree and the direction of distortion of the
image. Furthermore, if we consider a Cartesian frame of reference, and a small circular
source centred on the origin, then γ1 is responsible for the distortion along the coordinate
axes, while γ2 along the bisectors. Images are thus distorted in shape and size: Figure 1.2
describes schematically the distortion effects induced by the convergence and the shear
on a circular source.

From Eq. (1.29), we can read off the eigenvalues λ1,2 of the Jacobian matrix, its deter-
minant, and its trace,

λ1,2 = 1− κ(θ)± |γ(θ)| , (1.30)

detA(θ) = [1− κ(θ)]2 − |γ|2(θ) , (1.31)

and
trA(θ) = 2[1− κ(θ)] . (1.32)

More specifically, the eigenvalue λ1 = λt = 1 − κ(θ) − |γ(θ)| is called tangential eigen-
value, and represents the amplification along the tangential direction. Complementarily,
λ2 = λr = 1−κ(θ)+ |γ(θ)| is called radial eigenvalue, and quantifies the distortion along
the radial direction.

The absence of emission and absorption of photons in GL and the Poincaré integral
invariant imply that lensing conserves surface brightness. The surface brightness dis-
tribution I(s) of a point-like source on the source plane is equal to the observed surface
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Figure 1.2: Distortion effects due to convergence and shear on a circular source. Credits:
Meneghetti (2022).

brightness distribution I of the image on the lens plane: I(θ) = I(s)[β(θ)]. The ratio
between the corresponding observed and unlensed flux is the magnification, which de-
scribes how brighter (and bigger) the images appear with respect to the relative source. If
we apply the linearization of the ray-tracing equation introduced above, it can be found
that

|µ(θ)| = 1

|detA(θ)| =
1

|[1− κ(θ)]2 − |γ|2(θ)| . (1.33)

Here, µ(θ) is called magnification factor, or, simply, magnification. Its sign is called
parity of the image, and determines its orientation relative to the unperturbed image.
An image with positive parity maintains the same orientation of the source (the parity
is said to be conserved), whereas an image with negative parity is subject to a mirror-
symmetric transformation.

1.4 Classification of multiple images

The deflection of light rays causes a delay in the time between the emission of radiation
by the source and the signal reception by the observer along a path γ, as given by Eq. 1.4.
Having introduced the deflection potential ψ, we may rewrite the expression for the
travel time as

c∆t =

∫
γ

ndl = |γ|+ 2

c2

∫
γ

|ϕ(θ)|dl = |γ|+ DdDs

Dds
ψ(θ) . (1.34)

This expression (valid for a single-plane lens) can therefore be considered as the sum of
two terms: a geometrical and a gravitational factors. The geometrical term |γ| is due to
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the actual length of the path. The deflection causes a light ray to be bent, and curved
rays are geometrically longer than straight rays. It can be shown that this factor depends
on the distance between the lens and the source (Schneider et al. 1992). The gravitational
factor ∝ ψ(θ) is instead associated with the GR effect of time dilatation. As stated above,
the mass distribution acts as a lens with an effective refraction index greater than the
unity, therefore light rays are slowed down. This latter term is also called Shapiro time
delay (Shapiro 1964). We can properly combine the two factors and obtain the total time
delay introduced by GL (Schneider 1985; Blandford & Narayan 1986) at a given position
θ on the lens plane,

c∆t = (1 + zd)
DdDs

Dds

{
1

2
|θ − β|2 − ψ(θ)

}
+ k(β) =

= (1 + zd)
DdDs

Dds
φ(θ,β) + k(β) ,

(1.35)

where
φ(θ,β) =

1

2
|θ − β|2 − ψ(θ) . (1.36)

is called Fermat potential, and k(β) is an addictive function depending only on the po-
sition of the source. Through the deflection potential, we can rewrite the ray-tracing
equation (once again, in case of a single-plane lens) as

(θ − β)−∇ψ(θ) = ∇
{
1

2
|θ − β|2 − ψ(θ)

}
= ∇φ(θ,β) = 0 . (1.37)

Eq. (1.35) and Eq. (1.37) imply that ∇∆t(θ,β) = 0, hence, images satisfy the Fermat prin-
ciple. Images occur at the stationary points of the time delay surface given by Eq. (1.35),
i.e., maxima, minima, or saddle points. The Hessian matrix of this surface is

Tij =
∂2∆t(θ)

∂θi∂θj
∝ δij −

∂2ψ

∂θj∂θi
(θ) = Aij , (1.38)

namely it is proportional to the Jacobian matrix. We can then classify the multiple images
into these following categories.

Type I images. If both the eigenvalues of the Jacobian matrix (Eq. 1.30) are positive,
then its determinant and its trace are positive. This implies that the magnification
factor is positive, hence parity is conserved. These images are minima of the Fermat
potential.

Type II images. If λ1λ2 < 0, then the determinant of the Jacobian matrix is negative,
but the sign of its trace cannot be determined a priori. The magnification factor is
always negative, hence parity is not conserved. These images are saddle points of the
Fermat potential.

Type III images. If both the eigenvalues of the Jacobian matrix are negative, then its
determinant is positive, and the trace is negative. Hence, the magnification factor is
positive, implying that parity is conserved. These images are maxima of the Fermat
potential.

It can be shown (Burke 1981; McKenzie 1985) that, under the assumption that κ(θ) is a
smooth function which decreases faster than θ−2 for θ → ∞, the number of positive-
parity images (i.e., Type I and/or III) exceeds that of negative parity images (Type II) by
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one, and the total number of images is odd (odd number theorem). It can also be demon-
strated, under the same hypothesis, that the image of a source which first arrives to an
observer is of Type I, and this is brighter than (or as bright as) the source would appear
in the absence of the lens (Schneider 1984).

We conclude this section by giving two conditions such that a matter distribution
(under the same assumptions stated before) can produce multiple images of the source:

Condition I. An isolated lens can produce multiple images of a source if, and only if,
it exists a point θ such that detA(θ) < 0. If detA(θ) > 0 ∀θ, then the lens mapping
would be globally invertible, and could not cause multiple images. On the other
hand, if a source has an image observed at a point θ0 such that detA(θ0) < 0, then
such image would be a saddle point of the Fermat potential. Since the potential has
always a minimum and the total number of images must be odd, there must exist two
more images of the same source.

Condition II. A sufficient but not necessary condition for the possible production
of multiple images is that there exists a point θ such that κ(θ) > 1. Indeed, if a
source has an image observed at a point θ0 such that κ(θ0) > 1, then it cannot be a
minimum of the Fermat potential. In fact, the trace of the Jacobian matrix is positive in
case of a minimum of the Fermat potential, which requires the convergence to be less
than unity, Again, since this potential has always a minimum and the total number of
images must be odd, there must exist at least two more images of the same source.

1.5 Critical lines and caustics

The closed lines on the lens plane where the determinant of the Jacobian matrixA annuls
are called critical curves. Since detA(θ) = 0 for the points θ belonging to a critical curve,
for such points the lens mapping is not locally invertible. Additionally, the determinant
depends on the convergence and thus on the critical surface mass density and the dis-
tances between source, lens and observer. Hence the position of the critical lines changes
as the redshift of the source varies. Furthermore, given Eq. (1.33), the magnification for-
mally diverges: µ → ∞, i.e. point-like images located on critical lines are amplified to
infinity and appear infinitely brighter than the corresponding unlensed source. In real-
ity, the total observed flux is always finite for extended astrophysical sources: we have
to consider the source as an extended distribution, and therefore the magnification has
to be weighted all over the source profile.

The determinant of the Jacobian matrix can be interpreted as the product of its eigen-
values: the equation of the critical curves can then be obtained by imposing λr,t = 0. The
curve associated with λt = 0 is called tangential critical curve: an image forming along it
is strongly distorted tangentially to this line. Similarly, the curve associated with λr = 0
is called radial critical curve: an image forming along it is strongly distorted perpendic-
ular to this line. When crossing a critical curve, at least one of the eigenvalues of the
Jacobian matrix changes sign: therefore, these curves divide the lens plane into regions
where maxima, minima, or saddle points of the Fermat potential occur.

The curves corresponding to the critical lines on the source plane, which can be evalu-
ated through the ray tracing equation, are known as caustics. Differently from the critical
lines, caustics are not smooth, and often show an asteroidal shape made up of cusps and
folds. They separate regions on the source plane characterised by different image mul-
tiplicities: if a source crosses a caustic, the number of images predicted changes by ±2
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(see Sect. 1.4), i.e., a change in the source position leads to a variation of the number of
images. Shortly before their fusion (or creation), the images appear very bright because
they are in the vicinity of the corresponding critical curve on the lens plane. The posi-
tion of the source relative to a caustic allows us to understand which type of image will
be formed. Generally two caustics are formed, relative to the radial and the tangential
critical curves: if a source is located outside both caustics, then at least one image will be
formed, outside both critical curves on the lens plane, and it will be a minimum of the
Fermat potential, with both eigenvalues of the lensing Jacobian positive. If the source is
located between the caustics, then an additional image will be formed between the two
critical curves: since at least one eigenvalue of the Jacobian vanishes when crossing a
critical curve, then the image will be a saddle point. Finally, if the source lies inside the
innermost caustic, another image will be formed inside the innermost critical curve: the
second eigenvalue has changed sign, thus both of them are negative, and the image is a
maximum of the Fermat potential.

1.6 Multiple light deflection

There may be situations where the light rays emitted by an astronomical source are de-
flected multiple times on the way to the observer. For example, the light emitted by a
distant quasar may be deflected by two galaxies lying at different redshifts. If the sepa-
ration between the two lenses is sufficiently small, then the two deflectors will act as if
they were a single geometrically thin lens, and the single lens-plane theory applies. On
the other hand, if the separation is sufficiently large, then a light ray is deflected by each
lens independently, namely the deflection induced by one lens is not influenced by the
other one. Here, we will briefly recall the principles of the multiple lens-plane theory,
following Blandford & Narayan (1986), Kovner (1987), and Schneider et al. (1992). The
assumption regarding the validity of the multi lens-plane theory is that the light ray,
after being deflected by one matter distribution, is well within the asymptotic regime
before being deflected by another mass component.

Suppose we have N matter distributions having total surface mass densities Σi, and
lying at redshifts zi (with i = 1, 2, . . . , N ), ordered such that i < j (zi < zj). Let us
consider a source at zs > zN . The ray-tracing equation is

η =
Ds

D1
ξ1 −

N∑
i=1

Disα̂(ξi) , (1.39)

where η and ξi represent the position vectors on the source plane and on the ith lens
plane, respectively, and α̂(ξi) is the deflection angle of a light ray when it crosses the ith
lens plane in ξi. The impact vectors ξi can be derived recursively through

ξj =
Dj

D1
ξ1 −

j−1∑
i=1

Dijα̂(ξi) . (1.40)

Here,Dij = D(zi, zj) is the angular diameter distance of the jth plane from the ith plane,
and Di = D(0, zi) = D(zi) is the distance of the ith plane from the observer. Eq. (1.40)
can be rewritten as a function of the angular variables θi = ξi/Di as

θj = θi −
j−1∑
i=1

Dij

D1
α̂i(Diθi) . (1.41)
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The deflection angles can be derived from the total surface mass densities as in Eq. (1.17).
We define the dimensionless surface mass densities κi as

κi(θi) =
4πG

c2
DiDis

Ds
Σi(Diθi) , (1.42)

and the deflection potentials as

ψi(θi) =
1

π

∫
d2θ′κi(θ

′) ln |θi − θ′| , (1.43)

such that αi = ∇ψi and αi = Dis/Dsα̂i. We can finally express Eq. (1.41) as a function
of the scaled deflection angles as

θj = θ1 −
j−1∑
i=1

dijαi(θi) , (1.44)

with
dij =

DijDs

DjDis
. (1.45)

In particular, dis = 1. So, for j = N + 1 = s, Eq. (1.44) reduces to

β = θN+1 = θ1 −
N∑
i=1

αi(θi) . (1.46)

The previous equations describe the impact parameters of a light ray in the different lens
planes as a function of θ1, which is the angular position of an image on the observer’s
sky, hence it is an independent variable.



CHAPTER 2

Galaxy clusters

Galaxies are not distributed uniformly in the Universe, but instead show the tendency
to form overdense regions called groups or clusters of galaxies (Geller & Huchra 1989;
Colless et al. 2001; Zehavi et al. 2011). According to the currently accepted paradigm of
structure formation, these objects are thought to form through a hierarchical sequence of
mergers and accretion of smaller-scale systems driven by gravity (see, e.g., Kravtsov &
Borgani 2012, for a review). Galaxy clusters are the most massive gravitationally-bound
structures in the Universe, composed of hundreds to thousands of galaxies, with typical
total masses in the range 1014−1015M⊙ and typical sizes in the range 1−2 Mpc (Schnei-
der 2006).

2.1 Mass components of galaxy clusters

During the 1930s, it was realized that stars visible in galaxies contribute up to ∼ 5% to
the total mass of a cluster of galaxy. This issue was initially pointed out by Frank Zwicky.
He registered a large dispersion in the apparent velocities of 8 galaxies belonging to the
Coma cluster, with differences higher than 2000 km/s (Zwicky 1933). When applying
the virial theorem (see below, Sect. 2.3.1) to measure the total mass of the system, he
found a discrepancy of a factor ∼ 10 with the value obtained by adding the contribute of
the single galaxies (i.e., their optical stellar content), thus concluding that galaxy clusters
must contain more mass than is visible in galaxies – the so-called missing mass problem.

2.1.1 Hot gas in galaxy clusters

A step forward was made with the advent of X-ray astronomy: in the 1970s, an extended
X-ray emission from galaxy clusters was detected (Cavaliere et al. 1971; Giacconi et al.
1972; Forman et al. 1978). Indeed, the space between member galaxies is permeated by
a hot gas component, the so-called intracluster medium (ICM), which extends up to few
Mpc from the cluster core (for a review see, e.g., Kravtsov & Borgani 2012; Vikhlinin et al.
2014; Walker et al. 2019). The ICM has typical temperatures T ∼ 107−108 K (1−10 keV),
and characteristic luminosities LX ∼ 1043 − 1045 erg/s, which make them the brightest
extragalactic X-ray sources in the Universe beside the Active Galactic Nuclei (AGN). The
emission is mainly due to thermal bremsstrahlung (or free-free emission): the radiation
is produced by the acceleration of electrons in the electric field of protons and atomic
nuclei. It is by studying the properties of this radiation that the gas temperature of galaxy
clusters may be estimated. The emissivity of bremssthralung (except for a quantum

15
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mechanical correction factor of the order of unity) is described by

ϵffν ∼ 32πZ2e6neni
3mec2

√
2π

3kBTme
exp

{
− hν

kBT

}
, (2.1)

where e is the elementary charge, ne (ni) the number density of electrons (ions), Ze
the charge of the ions, and me the electron mass. Since the plasma is approximately
uncharged, ne ∼ ni ∼ n, with n the global number density. Hence, ϵffν ∝ n2.

Apart from the free-free emission, the X-ray spectra of low-temperature galaxy clus-
ters show emission lines, e.g. the Lyman-α (”Kα”) line of the 25-fold ionised iron at ∼ 6.7
keV. These lines tend to become less important with increasing temperature, since more
atoms get fully ionised and thus the line emission becomes weaker.

2.1.2 Dark matter

The ICM represents the main baryonic component of a cluster, being responsible for
∼ 12− 15% of its total mass. The remaining ∼ 80% is in the form of a non-baryonic mat-
ter component, called dark matter (DM), an idea that first emerged in the 1930s when
Zwicky refined his mass estimate of the Coma cluster (Zwicky 1937a) and, contemporar-
ily, Sinclair Smith measured the mass of the Virgo cluster (Smith 1936) through a similar
method. Since then, galaxy clusters have become the ideal playground to test, compare,
and put constraints on different DM theories, being its gravitational potential mainly
dominated by this unseen component, as well as to examine theories alternative to DM.
A notable example is represented by the Bullet cluster (see Fig. 2.1), a system composed
of two clusters having recently collided. Indeed, if the discrepancy between the the ob-
served mass in clusters (in the form of stars and ICM) and the total one deduced from
dynamical methods (or lensing) was due to a modification in the law of gravity on large
scales then the bulk of the mass of the cluster has to be centered on its X-ray emitting
gas. On the other hand, if the disagreement was due to the presence of DM, then DM
should behave similarly to galaxies, and, if it was collisionless, as the currently accepted
paradigm supports, the DM components of both merging systems simply run through
each other. The studies by Markevitch et al. (2002) and Clowe et al. (2006) showed that
the mass of the system is centered on the galaxy distributions of the two clusters, and
clearly displaced from the X-ray emitting gas. Hence, the mass discrepancy cannot be
explained with a modification of the laws of gravity.

2.2 Catalogs of galaxy clusters

Historically, galaxy clusters were first identified as galaxy over-densities. The first cat-
alogue of galaxy clusters was compiled in 1958 by George Abell (Abell 1958), who reg-
istered regions in the sky showing an over-density of galaxies. He defined clusters
those over-densities of N > 50 galaxies with apparent magnitude m in the interval
m3 ≤ m ≤ m3 + 2, with m3 the apparent magnitude of the third brightest galaxy of
the cluster. He also required clusters to lie within a circle of angular radius θA = 1.7′/z,
with z the estimated redshift of the cluster, which had to be in the range 0.02 ≤ z ≤ 0.2.
θA is called Abell radius, and corresponds to a physical scale of RA ∼ 1.5Mpc. Adopt-
ing these criteria, ∼ 1700 over-densities were classified as clusters. Abell performed his
identification by eye on photoplates from the Palomar Observatory Sky Survey (POSS),
a photographic atlas of the Northern sky. Following the same procedure, an extension
of the Abell catalogue to the Southern sky was published in 1989 by Abell, Corwin,
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Figure 2.1: The galaxy cluster 1E0657-56, also known as the Bullet cluster. The X-ray
emission of the ICM of the cluster as detected with the Chandra telescope is shown in
red overlaid over the optical rgb-composite HST image. Violet areas are derived using
weak lensing and highlight the total mass distribution, i.e. the DM content. Credit: X-
ray map: NASA/CXC/CfA/M. Markevitch; Optical and lensing map: NASA/STScI,
Magellan/U. of Arizona/D. Clowe; Lensing map: ESO WFI. Clowe et al. (2006).
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Figure 2.2: Colour-magnitude diagram of the galaxy cluster Abell 2390, observed with
the HST. The data are from Gladders et al. (1998). The asterisks indicate galaxies morpho-
logically selected as elliptical, and diamonds indicate other galaxies in the field. Credits:
Gladders & Yee (2000).

and Olowin (Abell et al. 1989), which increased the number of clusters up to ∼ 4000.
Similarly, Zwicky et al. (1961, 1968) presented another catalogue of galaxy clusters, con-
sidered less reliable than the others due to the presence of more spurious candidates.
The selection of galaxy clusters through optical search suffers from several problems,
including random over-densities caused by line-of-sight projection being erroneously
classified as clusters, and the subjectivity in the visual inspection of photoplates.

Nowadays, these issues have been overcome: all processes are digitalized, and other
criteria are adopted to discriminate galaxy clusters from random fluctuations. One method
that is adopted is based on the colours of early-type (elliptical) galaxies. Indeed, elliptical
galaxies have rather uniform colours, due to the fact that they are mainly composed of
an old red stellar population, with essentially no (or little) star formation. Hence, when
plotting the colours of the early-type galaxies of a galaxy cluster as a function of their
magnitude, they tend to lie along a rather horizontal straight line, called red cluster se-
quence (RCS), of which an example is shown in Fig 2.2. The scatter of elliptical galaxies
around the RCS is typically small, and possible slopes can be attributed to the fact that
more massive ellipticals have higher metallicity, resulting in redder colours. The RCS
methodology was used in several multi-band imaging surveys to detect galaxy clusters,
including the RCS survey (Gladders 2000) with the Canada France Hawaii Telescope
(CFHT). This survey targeted 100 deg2 with two filters, providing more than 1000 cluster
candidates in the redshift range 0.1 ≤ z ≤ 1.4. This survey was complemented with the
RCS-II survey (Gilbank et al. 2011), which observed 100 deg2 with three filters from the
CFHT, yielding ∼ 104 cluster candidates up to z ∼ 1.

Today, we can now rely on catalogues of galaxies based on ground-based large spec-
troscopic surveys, including the Sloan Digital Sky Survey (SDSS, York et al. 2000), and,
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more recently, the Dark Energy Survey (DESI, DESI Collaboration et al. 2016). In addi-
tion, the European Space Agency (ESA) satellite Euclid(Euclid Collaboration: Scaramella
et al. 2022; Euclid Collaboration: Mellier et al. 2024) is expected to drastically increase
the number of galaxies with available spectroscopic measurements (up to redshift ∼ 2).

An alternative and more reliable way of selecting galaxy clusters with respect to op-
tical surveys is given by their X-ray emission. First, the X-ray signal allows to probe
higher redshift. Secondly, since the X-ray emissivity is proportional to the square of the
particle density, a X-ray peak reflects a deep potential well (hence projection effects are,
in principle, negligible). X-ray surveys have thus been an alternative to optical ones
to look for clusters. The very first X-ray catalogue of clusters was obtained within the
Extended Medium Sensitivity Survey (EMSS, Gioia et al. 1990), containing 104 clusters
identified from archival images obtained with the Einstein observatory, followed by the
ROSAT All-Sky-Survey (RASS, Trümper 1984; Ebeling et al. 1998), containing about 105
entries.

2.3 Methods to measure the total mass of galaxy clusters

2.3.1 Dynamical mass of clusters

This sub-section is based on Girardi et al. (1998), Biviano (2000), and Mamon et al. (2013).
Given the Abell radius RA introduced in the previous Section, we may define a dynam-
ical time-scale tdyn of a cluster as the time a typical galaxy with velocity equal to the
one-dimensional velocity dispersion σv requires to cross the cluster,

tdyn =
RA

σv
∼ 1.5Gyr , (2.2)

where σv ≃ 103 km/s has been assumed as a typical value (Schneider 2006) and RA ≃
1.5Mpc as above. This time-scale is much smaller than the age of the Universe which
can be roughly estimated from the inverse of the Hubble constant, H−1

0 ≃ 14Gyr. If we
assume the virial equilibrium, then the following relation holds,

2K + U = 0 , (2.3)

withK andU the total kinetic and potential energy of the cluster galaxies, respectively. If
we assume that the total mass distribution of a cluster follows the galaxies distribution,
then we may associate to each galaxy a representative mass. Given this, we expressK and
U as

K =
1

2

N∑
i=1

miv
2
i and U = −1

2

∑
i ̸=j

Gmimj

rij
, (2.4)

where mi denotes the total mass of the ith representative mass element, vi its velocity,
and rij the distance between the ith and jth mass elements. Given M =

∑
imi the total

mass, we define the three-dimensional velocity dispersion ⟨v2⟩, weighted by the mass,
as

⟨v2⟩ = 1

M

∑
i

miv
2
i , (2.5)
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and the gravitational radius rG as

rG = 2M2

∑
i ̸=j

mimj

rij

−1

. (2.6)

Thus,

K =
1

2
M⟨v2⟩ and U = −GM

2

rG
, (2.7)

and, by applying the virial theorem Eq. (2.3),

M =
rG⟨v2⟩
G

. (2.8)

In Eq. (2.6), the virial radius is evaluated starting from the three-dimensional distances
rij , which are not direct observables. Thus, it is necessary to express M in terms of
projected quantities. In case the velocity vectors of the representative masses are not
correlated and randomly oriented, e.g. as for an isotropic velocity distribution, then
⟨v2⟩ = 3σ2

v , with σv the velocity dispersion of galaxies along the line of sight. Further-
more, we can define the projected gravitational radius RG as

RG = 2M2

∑
i ̸=j

mimj

Rij

−1

, (2.9)

with Rij the projected distance between the ith and the jth masses. In case of a spherical
mass distribution, rG = RG π/2, hence,

M =
3π RG σ

2
v

2G
≃ 1.1× 1015M⊙

(
σv

103 km/s

)2 (
RG

1Mpc

)
, (2.10)

where typical values for clusters of galaxies have been applied. When compared with
the total optical luminosity of cluster galaxies, L ∼ 1012 − 1013 L⊙, one finds as total
mass-to-light ratio a value of M/L ≃ 300M⊙/L⊙, which is by far larger than typical
values for early-type galaxies by at least a factor 10.

2.3.2 X-ray based mass of clusters

This sub-section is based on Schneider (2006), Ettori et al. (2019), and Ettori & Eckert
(2022). We can derive an estimate of the mass of a galaxy cluster based on the X-ray
luminosity of the ICM. If we denote with P the gas pressure, ρg its mass density, and ng
its number density, then we can introduce the sound-crossing time tsc as

tsc ≃ 2
RA

cs
, (2.11)

with RA the Abell radius and cs the speed of sound in the ICM. For a cluster with tem-
perature T ∼ 108 K, we have tsc ∼ 7×108 years, which is much shorter than the estimate
of the age of the Universe made before. We can thus safely assume the gas to be in
hydrostatic equilibrium. We can then apply

∇P = −ρg∇ϕ , (2.12)
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where ϕ is the total gravitational potential of the cluster. If we assume spherical symme-
try, then the previous equation reduces to

1

ρg

dP

dr
= −dϕ

dr
= −GM(r)

r2
, (2.13)

with M(r) the total mass enclosed within a sphere of radius r. We can express the pres-
sure of the gas as

P = ngkbT =
ρgkbT

µmp
, (2.14)

where kb is the Boltzmann constant, mp is the proton mass, and µ is the average molec-
ular mass, defined as the average mass of a gas particle of mass m in units of the proton
mass, µ = ⟨m⟩/mp. Finally, we can recover the total mass profile of the cluster as a
function of the radial profiles of its gas density and temperature,

M(r) = − kbTr
2

Gµmp

(
d lnρg
dr

+
d lnT

dr

)
. (2.15)

However, ρg(r) and T (r) cannot be directly measured: they are extracted from the X-
ray luminosity and spectral energy distribution, which are observed only in projection.
In addition, before the launch of XMM-Newton and Chandra, the angular and energy
resolution of previous X-ray telescopes were not high enough to enable precise mea-
surements of ρg(r) and T (r). Further simplifying assumptions were then required to
determine the mass of a cluster.

2.4 Galaxy clusters as gravitational lenses

Galaxy clusters are the most massive structures in the Universe and, as observed, they
are the largest repositories of DM. As a result, they are some of the most efficient gravita-
tional lenses known to date. Once again, it was Zwicky (1937b) who first addressed the
possibility of exploiting GL by galaxy clusters as a valuable tool to measure the amount
of this unseen mass component and study distant, magnified objects lying behind clus-
ters. Nevertheless, the lack of appropriate resolution and imaging facilities at the time
and the inadequacy of a solid theoretical understanding of how structure assembles pre-
vented progress in GL by cluster studies. The first observational detection of a SL event
by a galaxy cluster was reported independently by Lynds & Petrosian (1986) and Soucail
et al. (1987), a giant arc in the galaxy cluster Abell 370. Initially, different hypotheses
on the origin of this arc were formulated, including the emission by shock fronts of the
ICM originating from explosive events. This scenario was disproven as the measure-
ment of the redshift of the arc by Soucail et al. (1988) showed that the source was at a
redshift higher than that of the cluster: the arc was recognized as a strongly distorted
and highly magnified structure given by the merging images of a strongly lensed back-
ground galaxy (Paczynski 1987).

With this discovery of giant arcs, the SL regime was established as a property of the
deflection produced by dense cluster cores. The unique angular resolution of the Hubble
Space Telescope (HST) played a crucial role in revolutionizing SL studies by helping in
the discovery of giant arcs in massive clusters. SL features in galaxy clusters are typically
observed in the inner one arcminute central region (inner ∼ hundreds of kpc), where the
density is sufficiently higher than the critical density. The James Webb Space Telescope
(JWST), launched in late 2021, is providing images of unprecedented resolution, thus
paving the way to a further revolution in the field of SL.
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2.4.1 Mapping dark matter

The central core of galaxy clusters (few hundreds of kpc from their centres) is the region
where SL features are observed, namely multiple images and giant arcs, being charac-
terized by an elevated concentration of matter (both baryonic and DM). SL permits the
mapping of the detailed two-dimensional total mass distribution of galaxy clusters, and
also allows to recover their projected total mass profile. Differently from other galaxy
cluster mass probes (dynamics- and X-ray based), GL does not require any hypotheses
on the dynamical state of the cluster, hence enabling the study of merging and out-of-
equilibrium clusters as well. Once the baryonic mass components have been properly
independently mapped, it is possible to infer the DM-only mass distribution (see, e.g.
Grillo et al. 2015; Bonamigo et al. 2018; Annunziatella et al. 2017; Granata et al. 2022;
Meneghetti et al. 2017, 2020, 2022, 2023) and measure the inner slope of the associated
density profile. This quantity is of extreme importance. Indeed, according to the cur-
rently accepted cosmological paradigm, DM is believed to be cold and collisionless, in-
teracting only gravitationally with the baryonic components. Cosmological simulations
of structure formation over cosmic time suggest that DM settles into a nearly universal
density profile (Wang et al. 2020), the Navarro, Frenk, and White profile (NFW, Navarro
et al. 1996, 1997), which is thus expected also in galaxy clusters. In presence of fur-
ther interactions (e.g., self-interaction), or in case DM particles were warm, these addi-
tional effects would produce detectable observables in the central dense region (see, e.g.,
Natarajan et al. 2024, for an overview), which is the one best probed by SL. By com-
bining strong and weak gravitational lensing, using a set of 20 galaxy clusters, Umetsu
et al. (2016, 2018) found that the stacked density profile in these systems is very well
described by a NFW profile over a wide range of radii (from 30 kpc to 3 Mpc). The den-
sity profile on smaller scales (less than ∼ 50 kpc) is more difficult to estimate due to the
lack of identifiable SL constraints: as a matter of fact, in these regions images are usually
de-magnified, and thus harder to detect. Being able to better constrain the mass profile
on these scales would further discriminate between alternative DM models.

2.4.2 Cluster lenses as cosmic telescopes

As briefly mentioned in Chapter 1, the magnification that GL by galaxy clusters induces
on faint and distant background sources brings them into view, since it increases the flux
we receive from them by a factor of tens to hundreds. This effect would not be possible
even with the most powerful space telescopes. In addition, GL enlarges (and stretches)
the size of these sources, making possible a detailed study of the physical properties of
even individual star-forming clumps within them (Johnson et al. 2017; Rigby et al. 2018).
Detailed lens models based on deep imaging data are therefore necessary to properly
reconstruct the unlensed galaxy morphologies. This feature can be used, in particular,
to study star-forming galaxies at the cosmic noon (z ∼ 1 − 3), an important epoch for
the assembly of the massive galaxy population in the Universe, and even more distant
galaxies (Acebron et al. 2018; Castellano et al. 2023). Indeed, this is currently being done
to study high-z galaxies (see, e.g., Adams et al. 2023).

In addition, the number counts of highly magnified sources obtained from cluster
lenses can help in constraining the faint end of the galaxy luminosity function from mod-
erate to high redshifts, which is of crucial importance to extract information about the
efficiency of star formation, a piece of information in galaxy evolution that is still missing
(Atek et al. 2018; Bouwens et al. 2022).
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2.4.3 Cosmology with SL by clusters

In addition, SL can be exploited to probe the geometry and expansion history of the
Universe. In the context of SL by galaxy clusters, two main approaches are adopted.
On the one hand, measuring the time delays observed in the multiple images of time-
varying sources (such as quasars and supernovae) strongly lensed by galaxy clusters can
be used to probe constraints on the value of the Hubble constant (Acebron et al. 2023;
Bergamini et al. 2024; Grillo et al. 2018, 2020, 2024). These time delays have typical values
of several months or years, and can be measured with an approximate precision of 1-3%.

On the other hand, having multiply-imaged sources distributed in redshift helps in
measuring the value of key cosmological parameters, thanks to the dependence of the
ratios between mutual distances on these values (Acebron et al. 2017; Caminha et al.
2022a; Grillo et al. 2024), among which the matter (Ωm) and dark-energy (ΩΛ) density
parameters, and the dark-energy equation-of state (w) parameter. Cluster strong lensing
cosmography has been shown to be competitive with other cosmological probes once
systematics are better quantified and controlled (Jullo et al. 2010; Magaña et al. 2018).

2.5 Surveys for cluster lenses

To achieve the aims outlined above, accurate lensing modelling, based on both high-
quality imaging, deep photometry, and spectroscopy, is required, and this need has mo-
tivated several SL dedicated surveys.

2.5.1 HST lens cluster surveys

HST has devoted significant resources to cluster lensing observations via multiple pro-
grams including, CLASH, RELICS, HFF, and BUFFALO. Here we also cite the MACS
survey which, despite not being based on HST, facilitated other following surveys.

MACS. The MAssive Cluster Survey (MACS, Ebeling et al. 2001) project aimed at
the compilation and characterization of a statistically complete sample of very X-ray
luminous, massive, and distant clusters of galaxies. The primary goal of MACS was
to increase the number of known massive clusters at z > 0.3 from a handful to a
hundred. The final MACS cluster sample comprises 124 spectroscopically confirmed
clusters at 0.3 < z < 0.7, of which more than two thirds were new discoveries (Ebel-
ing et al. 2010). To achieve this aim, the survey started from the ROSAT Bright Source
Catalogue (Voges et al. 1999), consisting of more than 5,000 X-ray sources, in order
to detect distant and massive cluster candidates. Follow-up observations of MACS
clusters were launched as the survey proceeded, including images with the HST.

CLASH and CLASH-VLT. The HST Multi-Cycle Treasury program Cluster Lensing
And Supernova survey with Hubble (CLASH, Postman et al. 2012) was given 524
orbits of HST time (GO 12066; PI: M. Postman) to observe 25 massive (virial masses
Mvir ∼ 5 − 30 × 1014M⊙, and X-ray temperatures TX ≥ 5 keV) galaxy clusters in
the redshift range z ∼ 0.18 − 0.90. Observations were carried out with 16 broad-
band filters, ranging from approximately 200 nm to 1.700 µm, with the Wide Field
Camera 3 (WFC3) and the Advanced Camera for Surveys (ACS). The survey was
designed to meet different objectives, including the measurement of the total mass
profiles of clusters over a wide radial range by combining strong and weak lensing
observations, and the study of high-redshift galaxies and their evolution (please refer
to Postman et al. 2012, for a more detailed overview).



24 2.5 Surveys for cluster lenses

Figure 2.3: Spatial and redshift distribution of the galaxies in the field of view of the
galaxy cluster MACS J0416.1−2403 (a HST RGB-composite image is in the top right ex-
tract) from CLASH-VLT. The red dots correspond to the spectroscopically confirmed
cluster members, whereas the blue ones are foreground and background galaxies. Black
circles with 1, 3, and 5 Mpc radii centred on the northern brightest cluster galaxy (BCG)
are also indicated. From Rosati et al. (2014).

The survey was complemented by a Large Programme (186.A-0798, PI: P. Rosati;
Rosati et al. 2014) which consisted in 225 hours with the Visible Multi Object Spec-
trograph (VIMOS; Le Fèvre et al. 2003) instrument at the Very Large Telescope (VLT)
to perform a panoramic spectroscopic survey of the 13 CLASH clusters visible from
ESO-Paranal. For each cluster, this campaign enabled the measurement of the spec-
troscopic redshifts of ∼ 500 cluster members within 3 Mpc from their centres (see,
e.g., Fig. 2.3, which refers to the galaxy cluster MACS J0416.1-2403) and for tens to
hundreds lensed multiple images inside the HST field of view. The survey allowed
for the discovery of new multiple images systems (Coe et al. 2012; Monna et al. 2014;
Zitrin et al. 2015; Grillo et al. 2014), the development of robust strong lensing models
(Umetsu et al. 2012; Grillo et al. 2015), the study of the kinematics of cluster members
(Biviano et al. 2013; Sartoris et al. 2014), and the analysis of the stellar mass functions
and stellar mass density profiles (Annunziatella et al. 2014).

HFF. The results from the studies of lensing clusters with HST, including those from
CLASH, paved the way to the deeper Hubble Frontier Fields (HFF, Lotz et al. 2017)
initiative, that targeted six massive galaxy clusters (Abell 2744, MACS J0416.1−2403,
MACS J0717.5+3745, MACS J1149.5+2233, Abell S1063, and Abell 370, see Fig. 2.4),
for a total of 140 HST orbits per cluster in 7 broadband filters (up to a 5σ point-
source depth of AB magnitude of ∼ 29, ∼ 1.5 magnitude deeper than CLASH).
The project enabled the study of the structure of the DM halos hosting these clus-
ters (Caminha et al. 2016; Bergamini et al. 2019), and the discovery of some of the
highest-redshift lensed galaxies. A HST color-composite image of the HFF galaxy
cluster MACS J0416−2403 is displayed on the left panel of Fig. 2.5.

RELICS. The Reionization Lensing Cluster Survey (RELICS, P.I.: D. Coe, Coe et al.
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Figure 2.4: RGB images and parallel fields of the six HFF clusters. Credits: NASA, ESA,
STScI, and the HFF team.

2019) consisted of 188 orbits of HST time to observe 41 galaxy clusters with 7 broad-
band filters using the WFC3 and the ACS. This sample included some of the most
massive galaxy clusters, selected on the basis of their mass estimates from the Sunyaev-
Zel’dovich effect, spanning the redshift range z = 0.18 − 0.97 (see, e.g., Zitrin et al.
2013; Acebron et al. 2019). This project led to the discovery of over 300 z ∼ 6 − 10
candidates, including the most distant spatially resolved lensed arc known at z ∼ 10
(Salmon et al. 2018).

BUFFALO. Finally, the Beyond Ultra-deep Frontier Fields and Legacy Observations
(BUFFALO, Steinhardt et al. 2020) Program consisted in 101 orbits and 101 paral-
lels as part of the HST Treasury program, which collected data from 2018 to 2020.
BUFFALO targeted the six HFF clusters, extending the photometric coverage with
additional WFC3 and ACS filters.

2.5.2 JWST lens clusters samples

The unparallel angular resolution in the near-infrared wavelengths of the JWST can be
exploited to obtain deeper imaging, thus allowing to produce SL models of unprece-
dented quality. This has motivated multiple programs of lensing clusters observations
with this new facility, including GLASS, PEARLS and UNCOVER.

The The GLASS-JWST Early Release Science (P.I.: T. Treu, Treu et al. 2022) program
has obtained the deepest observations of galaxies within all Early Release Science Pro-
grams by targeting the HFF lensing cluster Abell 2744, exploiting the NIRISS and NIR-
Spec instruments to measure the spectroscopic redshifts of the lensed background galax-
ies. This project paved the way to the next-generation of SL models (Bergamini et al.
2023a).

The Prime Extragalactic Areas for Reionization and Lensing Science (PEARLS, Wind-
horst et al. 2023) project aims to study the epoch of galaxy assembly, AGN growth, and
first light using the JWST. This 110 hour GTO program uses NIRCam to target, among
the others, seven SL galaxy clusters and two high redshift proto-clusters. Three lensing
clusters (MACS J0416−2403, MACS J1149.5+2223, and Abell 2744), were observed in up
to four epochs over a year, to find strongly-lensed high-z supernovae. A JWST color-
composite image of the galaxy cluster MACS J0416−2403 is displayed on the right panel
of Fig. 2.5.
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Figure 2.5: The lensing galaxy cluster MACS J0416.1-2403. Left: A RGB HST composite
image of the cluster (HST filters: ACS/F435W, F606W, F814W, and WFC3/IR F105W,
F125W, F140W, F160W). Right: A RGB JWST composite image of the cluster (JWST NIR-
Cam filters: F090W, F115W, F150W, F200W, F277W, F356W, F410M, F444W). Credits:
NASA, ESA, CSA, STScI.

The Ultradeep NIRSpec and NIRCam ObserVations before the Epoch of Reionization
(UNCOVER, Bezanson et al. 2024) survey is a JWST Cycle 1 public Treasury survey that
obtained deep NIRCam multiband imaging (down to ∼ 29 − 30 AB magnitude) and
ultradeep low-resolution NIRSpec spectroscopy of the HFF galaxy cluster Abell 2744.
This project was designed to reach two aims, the identification of first-light galaxies at
redshift z ≥ 10, and the characterization of the ultra-low luminosity galaxies at z ∼ 6−7.

The CAnadian NIRISS Unbiased Cluster Survey (CANUCS, Willott et al. 2022) aims
to use the unparallel imaging capabilities of JWST in order to build robust SL mass
models in galaxy clusters to study high redshift galaxies. With three of the four instru-
ments on board JWST (NIRCam, NIRISS, and NIRSpec), CANUCS targeted, with ∼ 200
hours of observing time, five massive clusters known to be effective gravitational lenses:
Abell 370, MACS J0416.1−2403, MACS J1423.8+2404, MACS J0417.5-1154, and MACS
J1149.6+2223.

2.6 Spectroscopy

Spectroscopy plays a crucial role in SL modelling of galaxy clusters: indeed, secure
redshift measurements are necessary to identify the multiple images of the same back-
ground source and to properly reconstruct the total mass profile of a lensing cluster. In
fact, as outlined in Chapter 1, the observed deflection angle depends on the total mass of
the deflector, and on the mutual distances between the observer, lens, and source, hence
on their redshifts. These can be measured with spectrographs, which are classified into
two main categories: multi-object spectographs and integral-field units (IFUs). In the
first case, a set of targets on the field of view (FoV) of the instrument is defined before
observations take place, and slits or fibres are placed in correspondence with their posi-
tions. In the second case, the spectrum is spatially resolved across the instrument FoV.
Integral-field spectroscopy allows for a blind search of multiple images, unlike multi-
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unit spectroscopy. This results in a significant increase of the number of multiple images
that can be detected: as a matter of fact, some emission-line multiply-imaged objects,
such as Lyman-α high-redshift sources, may not have an optical counterpart to be de-
tected. Nonetheless, IFUs have a considerably smaller FoV with respect to imaging in-
struments, which therefore limits the observations to a relatively narrow region of the
cluster, typically its core, where most SL features are observed.

A significant step forward has been done with the advent of the Multi Unit Spectro-
scopic Explorer (MUSE, Bacon et al. 2010) at the Very Large Telescope, installed in 2014.
MUSE has a modular structure composed of 24 identical IFUs spanning the wavelength
range from 4750 Å to 9350 Å with a constant sampling of 1.25 Å/pix. The instruments op-
erates in two modes: the Wide and Narrow Field modes. The Wide Field Mode (WFM)
covers a 1′ × 1′ FoV, with a spatial sampling of 0.2′′/pix, and has a spatial resolution
FWHM of approximately 0.4′′ at λ = 700 nm. The Narrow Field Mode (NFM) is char-
acterized by a FoV of ∼ 7.5′′ × 7.5′′, with a spatial sampling of 0.025′′/pix and a spatial
resolution FWHM of approximately 0.06′′−0.08′′. MUSE can allow for the simultaneous
identification and study of cluster members and multiply imaged background sources
out to z ∼ 6.6. Its capabilities have been demonstrated by several detailed lens models
based on its data (see, e.g., Richard et al. 2015; Grillo et al. 2016; Bergamini et al. 2021).

As far as space-based spectroscopy, here we recall the spectrographs installed in the
Euclid and the JWST telescopes, whose data have been used to perform the analyses
described in this Thesis. The Euclid telescope is equipped with a slitless spectrograph on
the NISP instrument (see Chap. 4 for further details, and Euclid Collaboration: Jahnke
et al. 2024; Euclid Collaboration: Gillard et al. 2025). Differently from IFUs and multi-
object spectrographs, a slitless spectrograph measures spectra without a small slit. This
methodology works best in sparsely populated fields, as it spreads each point source out
into its spectrum, and crowded fields, including galaxy clusters, can be too confused:
close-by sources tend not to be discriminated, and their spectra can blend, resulting in
potential contaminations. Furthermore, as far as the Euclid pipeline for spectra extraction
is concerned, it is not possible to extract spectra in a automatic way: given the limitation
mentioned above, in a crowded field like a galaxy cluster, it is necessary to proceed
manually. Finally, the wavelength range covered by the Euclid spectrograph in NISP
runs from 920 nm to 1850 nm. Given the Hα emission line, which is one of the most
prominent features used to measure the redhift of sources,this range corresponds to a
redshift range 0.40 ≤ z ≤ 1.82, hence only lensed background sources lying within this
interval may be detected.

A further step has been done thanks to the launch of the JWST: indeed, among its
instruments, it hosts the Near INfrared Spectrograph (NIRSpec, Jakobsen et al. 2022;
Böker et al. 2023), a multi-object spectrograph. More details about the characteristics of
this instrument are deferred to Chap. 6.





CHAPTER 3

Lens modelling

Nowadays, there exists a wide variety of algorithms that allow for the reconstruction of
the total mass distribution of a galaxy cluster by means of SL. Regardless of the specific
method adopted, the purpose of SL modelling is to find a representation of the projected
mass distribution on the lens plane that yields the smallest scatter between the observed
and model-predicted lensing observables. Typically, SL modelling algorithms use as
input constraints the positions of the multiple images of the same background sources
(referred to as families, or systems), but, in some cases, one includes also luminosity,
time delay, and surface brightness measurements.

Lensing algorithms fall within two main categories, according to how the deflectors
are described: parametric and free-form algorithms. Parametric methods consist in rep-
resenting the total mass distribution of the lens as a set of physically-motivated density
profiles, each of which is described by analytic functional forms depending on a set of pa-
rameters (see, e.g., Jullo et al. 2007; Oguri 2010a; Suyu & Halkola 2010; Lombardi 2024).
The aim of this class of methods is to find the suitable set of parameters minimizing the
scatter between the observed and model-predicted positions of the multiple images. On
the other hand, free-form (or gridded) methods are also available: in this case, the deflec-
tor is not described in terms of a predetermined mass density profile, but is subdivided
into a pixelised grid, and the mass of each pixel is optimised (see, e.g., Diego et al. 2005;
Cha & Jee 2022). Alternatively, lenses may be described in terms of base functions, in-
cluding shapelets, Fourier components, or something else (see later). Depending on the
method, the number of grid cells can range between a few dozen and many thousands.
A regularization terms is introduced as to avoid discontinuities between adjacent cells.
In this case, the value of the mass element of each pixel is optimized, thus resulting in a
number of free parameters which is one or two orders of magnitude higher than para-
metric methods. A brief overview of some of the principal SL algorithms is presented in
Table 3.1.

Parametric algorithms are currently the most widely used for SL reconstruction of
massive galaxy clusters (Grillo et al. 2015; Jauzac et al. 2015; Acebron et al. 2022; Bergamini
et al. 2019, 2023a). They are conceptually motivated by cosmological simulations of
structure formation, according to which cluster-scale masses are observed to be com-
posed of large- and small-scale DM halos that are gravitationally bound. In addition,
they more easily avoid the over-fitting problems that might affect free-form lensing mod-
elling, given the extremely high number of free parameters the latter approaches require
with respect to the limited number of lensing observables (Meneghetti et al. 2017), and
can naturally accommodate for astrophysically-motivated priors on the parameters that
describe the physical properties of the cluster and its member galaxies (Jullo et al. 2007).
Differently from parametric methods, free-form approaches can be used to compare clus-
ter properties, e.g., the radial slope of the projected total mass density, against theoretical
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Table 3.1: List of some of the most commonly used SL algorithms. They are grouped
according to whteher they are parametric or free-form methods. A reference for each of
them is also given.

Typology Algorithm Reference

Parametric LensTool Kneib et al. (1996); Jullo et al. (2007)
Light-Traces-Mass Broadhurst et al. (2005)

GLAFIC Oguri (2010a)
GLEE Suyu & Halkola (2010)

GRAVLENS Keeton (2010)
Gravity.jl Lombardi (2024)

Free-form PixeLens Williams & Saha (2004)
WSLAP+ Diego et al. (2005, 2007)

SWUnited Bradač et al. (2006)
Grale Liesenborgs et al. (2006)
MARS Cha & Jee (2022)

relensing Torres-Ballesteros & Castañeda (2023)

predictions, and have the flexibility to uncover substructure that may be potentially not
be associated with light Ghosh et al. (2023). Models that do not include a prior assump-
tion about the correlation between mass and light are particularly useful for investigat-
ing to what extent does mass follow light. In the following, we will refer to parametric
modelling.

3.1 Overview on SL modelling techniques

3.1.1 Optimization schemes

As anticipated, SL algorithms aim at finding a proper representation of the total mass
distribution of the lens by minimizing the scatter between the observed and model-
predicted positions of the multiple images. This objective can be reached by means of
two main optimization schemes: source- and image-plane schemes.

Source-plane scheme. The observed images are mapped to the source plane by di-
rectly applying the ray-tracing equation in Eq. (1.15). That is, given N observed mul-
tiple images of the same family, the corresponding background source position βi is
computed for each image i using

βi = θi −αi , (3.1)

with θi the observed position of that image, and αi = α(θi) the scaled deflection
angle evaluated in that position. This method does not require to include the true un-
lensed source positions as additional parameters in the optimization, thus resulting
in a reduction of the dimensionality of the sampling space (which may be significant
in the case of a lensing clusters, with dozens or more systems of multiple images). In
addition, since this approach does not involve the inversion of the lens equation, this
method is computationally faster.

Image-plane scheme. The sources are fully modelled (i.e., their positions are addi-
tional free parameters included in the optimization) and the corresponding images
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are evaluated with a computational inversion of the lens equation. With respect to
the previous approach, this method is more time-consuming and slower, yet more
robust and accurate, since, differently from the other, involves less approximations
(Oguri 2010b). In this scheme, the model-predicted multiple images (through the
inversion of the lens mapping) are directly compared to the observed ones.

3.1.2 Optimization methodology

The optimization process typically requires the minimization of a χ2 function, or, com-
plementarily, the maximization of a likelihood function.

Chi square: χ2. When optimizing on the source plane, Eq. (3.1) is applied to compute
the predicted position of the background source of the ith family of multiple images,
given a set of parameters p: αi = αi(p). Given βtrue

i the true position of the ith
source, for each image k of the system the corresponding βk,i is computed, and the
χ2
sp on the source plane is

χ2
sp =

Ns∑
j=1

Ni∑
k=1

( |βtrue
i − βk,i|

σk

)2

, (3.2)

with σk the measurement uncertainty on the position of the kth image of source i
mapped on the source plane1, Ni the number of multiple images of system i, and Ns

the number of background sources. The positions of the sources βtrue are unknown,
therefore are model parameters. By minimizing the chi square χ2

sp, we look for the
minimal scatter between the source points leading to the observed images. Con-
versely, when optimizing on the image-plane, for each image l the observed position
xob
l is directly compared with the model-predicted position xpr

l through

χ2
ip =

N∑
l=1

( |xob
l − xpr

l |
σl

)2

, (3.3)

with the sum running over all the observed images.
Bayesian techniques. Alternatively, the optimization can be performed by means of
a Bayesian approach. Bayes’ theorem is used to compute the probability P (p|d,M)
of a set of parameters p of a model M given the observed data d as

P (p|d,M) =
L(d|p,M)P (p|M)

P (d|M)
. (3.4)

where L(d|p,M) is the likelihood of the data given the parameters, P (p|M) is the
prior, i.e., the a priori knowledge of the parameters, and P (d) is a normalisation that
does not depend on p, called evidence. P (p|d,M) is called the posterior, and it is the
probability distribution SL codes aim at sampling. The evidence is a normalization
factor that ensures that the posterior is a proper probability distribution,

P (d|M) =

∫
L(d|p′,M)P (p′|M)dp′ , (3.5)

Differently from the Chi square technique, computing the posterior distribution in a
Bayesian framework allows for the reconstruction of the whole probability distribu-
tion of the parameters of the model, given the data, instead of yielding only the set
of parameters minimising the χ2 (or, equivalently, maximising the likelihood).

1Please refer to Lombardi (2024) for further details.
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3.1.3 A note on background sources

For simplicity, background sources (and the corresponding observed images) are typi-
cally modelled as point-like, which are then characterized by their position on the source
plane only. This results, when explicitly including the sources positions in the opti-
mization, in the inclusion of a limited number of additional parameters. However, real
astronomical sources (especially multiply-lensed galaxies by a galaxy cluster) are not
point-like, rather they are characterized by an extended surface brightness distribution.
Hence, it would be possible to exploit the observed brightness as additional constraint
in lensing modelling. To do so, there are two main approaches.

Parametric extended sources. Parametric extended sources can be used to describe
the light distribution of lensed sources with an analytic expression, depending on a
given set of parameters, or with a linear combination of them.

Non-parametric extended sources. In this case, no parametric profile is assumed to
describe the surface brightness distribution of the source, rather the surface bright-
ness f(θ) is expressed as a linear superposition of basis functions bn(θ),

f(θ) =
∑
n

cnbn(θ) , (3.6)

with θ the position on the source plane and {cn} the coefficients of the linear com-
bination. It is possible to perform inference on those without including them in the
inference algorithm. There are various ways to model this sources. They may be
described in terms of a regular grid of pixels, with one weight for each of them. In
this case, the surface brightness of the source can be interpolated using a suitable
interpolation kernel, e.g., a 1st order B-spline (i.e., a top-hat kernel), or a 2nd order B-
spline (a linear interpolation). Alternatively, one may describe the surface brightness
in terms of non-local basis functions, like rectangular or circular shapelets.

The surface brightness of observed sources differs from the original surface bright-
ness because of gravitational lensing and of the effects of the point spread func-
tion (PSF). Hence, both these issues have to be properly taken into account. Non-
parametric extended modelling of background sources has been applied on galaxy-
and cluster-scale (Acebron et al. 2024) systems.

3.2 SL modelling with Gravity.jl

All the SL analyses presented in the present Thesis are performed with the parametric SL
modelling code Gravity.jl (Lombardi 2024). Written in the Julia language (Bezanson
et al. 2014), Gravity.jl allows for the reconstruction of the total mass distribution
of a galaxy cluster by means of a Bayesian approach. Among the main features (and
specifics) of this software, here we recall the following.

Julia-based

Julia is a high-level and high-performance programming language for technical comput-
ing. To the user, Julia is an interpreted language, similar to Python, and it allows one to
use multiple dispatches (i.e., a function may accept multiple argument types). Julia also
adopts just-in-time compilation (JIT) techniques: the first time a function is called with
some specific parameter types, Julia compiles it to machine code, and then caches the



Lens modelling 33

result. As a consequence, Julia can achieve performance comparable to that of C or For-
tran while maintaining the flexibility and ease of use of an interpreted language. Julia
is also designed to be easy to use for parallel and distributed computing, as well as for
GPU-based computing.

Multiplane gravitational lensing

Gravity.jl can perform analyses of lens systems composed of multiple lensing planes
at different distances (i.e., redshifts). As shown in literature (see, e.g., Seitz & Schneider
1992; Hilbert et al. 2009) the lensing equations can be written iteratively. A sketch of
multiplane lensing, and its development within Gravity.jl is given in Figure 3.1. Let
us denote with δi the vector representing the intersection of the extension of the ith light
path segment with the plane containing the observer. We have δ1 = 0. Calling ξi the
angular position of the intersection of the light path with the ith lensing plane, as seen
from the observer, we have

δi+1 = δi + diα̂(ξi) , (3.7)

ξi+1 = ξi − ρiδi+1 . (3.8)

Here, α̂ is the deflection angle, di the distance to the ith lensing plane, and ρi = di,i+1/didi+1

is the ratio of the distance between the ith plane and the next (i + 1)th plane, and the
distances of the ith and (i+ 1)th planes to the observer.

The differential of previous equations gives the Jacobian matrix of the lensing equa-
tion. After defining

∆1 =

(
0 0
0 0

)
, (3.9)

and

A1 =

(
1 0
0 1

)
, (3.10)

the null and identity matrices, respectively, we can write

∆i+1 = ∆i + di
∂α̂(ξi)

∂ξi
Ai , (3.11)

and
Ai+1 = Ai − ρi∆i+1 , (3.12)

where Ai is the Jacobian matrix estimated at the ith lens plane

Image measurements

As anticipated, the purpose of parametric SL modelling is to recover the set of param-
eters of the density profiles used to model the total mass distribution of the deflector
giving the smallest difference between the observed and model-predicted lensing con-
straints. In the analyses presented in this Thesis, the positions of the multiple images,
treated as point-like sources, represent the observables employed in constraining the lens
models. We can therefore build a statistical model as follows. Image measurements are
assumed to have Gaussian errors in Gravity.jl: hence, the probability of observing
an image at the position xob given the model-predicted position xpr can be expressed as
a bivariate normal distribution with covariance matrix Σ,

P (xob|xpr) = (2π)−1 detΣ−1/2 exp

{
−1

2
(xob − xpr)T Σ−1 (xob − xpr)

}
. (3.13)
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Figure 3.1: Schematic representation of a multiplane gravitational lens system. The ob-
server (O) is on the left, the source (S) on the right. The lens is composed of multiple
lensing planes, Li. A light ray (red) emitted by the source plane is deflected by the
lensing planes and the associated image is formed at the observer’s position along the
direction θ. The blue line in the direction β is the position that the source would have in
the absence of lensing. The deflection angles αi are computed at the angular positions
ξi of the images. The mutual distances between the planes are marked at the top of the
figure. Image from Lombardi (2024).
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We assume that all image measurements are independent: therefore, the joint probabil-
ity to observe a set of images {xob

i } given the corresponding model-predicted positions
{xpr

i }, namely the likelihood, is

L({xob
i }|{xpr

i }) =
N∑
i=1

P (xob
i |xpr

i ) , (3.14)

where the sums run over the N observed multiple images.

Optimization schemes

Gravity.jl allows for the sampling of the likelihood in three different ways, or schemes:
the above mentioned source- and image-planes, and the additional simplified image-plane.
This is an hybrid mode. Sources are still mapped to the source plane with Eq. (1.15), and
a fiducial source position is computed by taking into account the mapped uncertainties.
The sources are then mapped back to the lens plane, where the likelihood is computed.
This approach requires the explicit inversion of the lens equation, but, differently from
the image-plane scheme, avoids the explicit use of source parameters in the sampling,
hence keeping the same number of free parameters as the source-plane mode. More
specifically, we may classify the parameters p of the lens model as in Eq. (3.4) into source
s (namely, their positions) and lens parameters l: p = (s, l). Since we are interested in l,
we may marginalize over s and express the posterior as

P (l|d) =
∫
P (l, s|d)ds =

P (l)
∫
L(d|l, s)P (s)ds∫

dl′P (l′)
∫
L(d|l′, s′)P (s′)ds′ . (3.15)

Here, the likelihood depends on the lens parameters only, and is expressed as a marginal-
ization over s, namely,

P (l|d) =
∫

L(d|l, s)P (s)ds , (3.16)

which allows us to rewrite Bayes’ theorem as usual,

P (l|d) = L(d|l)P (l)
P (d)

=
L(d|l)P (l)∫

dl′L(d|l′)P (l′) . (3.17)

This marginalization corresponds to the computation of a partial evidence over the source
position.

Sampling algorithms

To sample the posterior distributions of the lens models, Gravity.jl allows the user
to choose from a wide variety of algorithms. The principal ones are the following:

Emcee. This is an affine-invariance Markov Chain Monte Carlo (MCMC) algorithm
(Goodman & Weare 2010). This method is particularly efficient in exploring the pa-
rameter space in case the posterior distribution is unimodal.

Hamiltonian Monte Carlo (HMC). The Hamiltonian Monte Carlo (HMC) algorithm
(Neal 2011; Betancourt 2017) is a sampling technique based on the introduction of a
fictitious moment variable, allowing for a more efficient exploration of the parame-
ters’ space.
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Nested sampling. This method (Skilling 2004; Chopin & Robert 2008) is very efficient
in computing the evidence and sampling from a multimodal posterior distribution.
It is based on the idea of transforming the integral over the parameters’ space into a
sum of integrals over the likelihood, and then sampling from the likelihood.

Parallel tempering (PT). The parallel tempering (PT) algorithm (Syed et al. 2019;
Surjanovic et al. 2022, 2023) generalizes the Metropolis-Hastings one by running in
parallel several chains, each at a different temperature β (0 ≤ β ≤ 1), i.e., each one ob-
taining samples from the modified distribution L(d|p,M)β P (p|M)1−β . When β = 0,
the corresponding chain explores the prior, whereas for β = 1 the chain explores the
posterior distribution. The algorithm alternates between a local exploration phase,
where the chains are run independently, and a global exploration phase, in which the
chains are coupled and the states (the temperatures) are exchanged between them.
This algorithm is particularly efficient in exploring the parameter space when the
posterior distribution is multimodal.

Figures of merit

In order to quantify the goodness of the lens models, we adopt two main figures of merit.
First, the root mean square (rms), which is a measure of the scatter between the observed
and model-predicted positions of the multiple images, defined as

∆rms =

√√√√ 1

Nim

Nim∑
i=1

∣∣∆i

∣∣2 =

√√√√ 1

Nim

Nim∑
i=1

∣∣xob
i − xpr

i

∣∣2 , (3.18)

where ∆i is the difference between the observed (xob
i ) and model-predicted (xpr

i ) posi-
tion of the ith image, and Nim is the total number of multiple images considered in the
model.

Secondly, we estimate the evidence of the Bayes’ theorem, which allows us to com-
pare alternative modelling choices, i.e., different total mass parametrizations (hence, dif-
ferent number of free parameters) and/or different sets of multiple images. Indeed, the
probability P (M |d) that the model M is correct, given the data, can be estimated by
using Bayes’ theorem again: we can write

P (M |d) = P (d|M)P (M)

P (d)
. (3.19)

Here, P (M) is a prior overM , that is, our belief thatM is the correct model before access-
ing the data. To compute the normalization term P (d), one would need to marginalize
over all possible models, which is generally impossible. Nevertheless, we can estimate
the ratio P (M |d)/P (M ′|d), where M ′ is an alternative model,

P (M |d)
P (M ′|d) =

P (d|M)P (M)

P (d|M ′)P (M ′)
. (3.20)

3.3 Mass models

The choice of the class of models best suited to describe the total mass distribution of
a given lens is a crucial part of the lens modelling. When the deflector is not point-
like, but an extended mass, e.g. a galaxy or a galaxy cluster, it may be convenient to
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begin with a simple model for its mass distribution. A good starting point is given by
axisymmetric lenses, i.e., mass density distributions invariant with respect to rotations
about the optical axis: Σ(ξ) = Σ(|ξ|) = Σ(ξ). In this case, the scaled deflection angle
α is parallel to ξ, and thus to β: hence, the ray-tracing equation is one-dimensional,
β = ξ−α(ξ). Under this condition, given Gauss’ theorem, the deflection experienced by
a light ray with impact parameter ξ is the same due to a point-mass M = M(< ξ), i.e.,
the total mass enclosed within ξ. The scaled deflection angle is thus

α(θ) =
M(< Ddθ)

πD2
dΣcθ

=
2

θ

∫ θ

0

θ′κ(θ′)dθ′ = θκ̄(θ) , (3.21)

with κ̄(θ) the average value of the convergence within a distance θ from the lens centre.
The lens equation can thus be rewritten as

β = θ(1− κ̄(θ)) . (3.22)

Hence, a source in β = 0, i.e., behind the centre of the lens, is mapped into a ring-like
image, where the average enclosed surface mass density is equal to the critical density.
This configuration is called Einstein ring, and it has been observed in several galaxy-scale
lens systems. The results obtained above for axisymmetric lensesGolse & Kneib (2002)
generalized in case of oblate ellipsoid mass models.

In the following, we will briefly overview the principal density profiles adopted in
the analyses presented this Thesis to model the different mass components (extended
DM halos and cluster members) of the galaxy clusters studied.

3.3.1 The Singular Isothermal Sphere (SIS)

A simple mass profile often used in lens modelling is the so-called singular isothermal
sphere (SIS). This model describes the distribution of an ideal gas confined by a spher-
ically symmetric gravitational potential at thermal and hydrostatic equilibrium. In the
astrophysical context, these may be stars within a galaxy or galaxies inside a galaxy clus-
ter. The three-dimensional mass density profile ρ(r) is

ρ(r) =
σ2
v

2πGr2
, (3.23)

with r the three-dimensional distance from the centre of the deflector and σv the velocity
dispersion along the line of sight. The total mass enclosed within a sphere of radius r is

M(< r) = 4π

∫ r

0

r′2ρ(r′)dr′ =
2σ2

vr

G
, (3.24)

whereas the projected bi-dimensional total mass profile Σ(R) and the corresponding
total mass M(< R) enclosed within a circle of radius R can be derived by projecting ρ
along the line of sight,

Σ(R) = 2

∫ ∞

R

drρ(r)
r√

r2 −R2
=

σ2
v

2GR
, (3.25)

M(< R) = 2π

∫ R

0

R′Σ(R′)dR′ =
πσ2

vR

G
. (3.26)
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By introducing the Einstein radius

θE = 4π

(
σv
c

)2
Dds

Ds
, (3.27)

we can rewrite the lens equation as

β = θ − θE sgn(θ) . (3.28)

where sgn is the sign function. It follows that, if a source is located at β ≥ θE, then only
one image is produced at θ+ = β + θE. Vice versa, for β < θE, two images are produced,
located at θ± = β ± θE.

The SIS mass density profile can be easily generalized to an elliptical mass density
profile, the Singular Isothermal Ellipsoid (SIE). Let q be the axis ratio between the semi-
major and the semi-minor axes of the projected ellipse. We can generalize the expression
for the surface mass density Σ(R) by substituting the projected radius R with the ellip-
tical radius R̂,

R2 → R̂2 = x2 + y2/q2 , (3.29)

with x and y the the coordinates along the semi-major and semi-minor axes, respectively.
It is worth underlying that this substitution cannot be applied to generalize the deflection
angle and the lensing potential: these quantities have to be computed differently. In
addition, given the divergence of the profile for r → 0, it is possible to introduce a core
radius rc, i.e.,

r2 → r2 + r2c , (3.30)

to avoid it. In this case, we obtain the non-singular isothermal sphere (NIS) or ellipsoid
(NIE).

3.3.2 The dual pseudo-isothermal mass distribution (dPIE)

The projected total mass M(R) for the SIS, NIS, SIE, and NIE density profiles does not
converge to a finite value. To avoid these two non-physical behaviours, an alternative
is given by the dual pseudo-isothermal ellipsoid (dPIE, Limousin et al. 2005; Elı́asdóttir
et al. 2007) density profile. This mass distribution generalizes the SIS profile by intro-
ducing a core radius rc, to avoid the divergence at small radii, and a truncation radius rt
that guarantees a finite total mass. Its spherical case has the following density profile,

ρ(r) =
ρ0

(1 + r2/r2c )(1 + r2/r2t )
, (3.31)

with

ρ0 =
σ2
v

2πG

rc + rt
r2crt

. (3.32)

This density profile shows an isothermal behaviour for small radii, whereas ρ ∝ r−4 for
r → ∞. The total mass enclosed within a sphere of radius r, the projected surface mass
density Σ(R), and the enclosed mass within a bi-dimensional radius R for a spherical
dPIE are

M(< r) =
2σ2

v

G

rt
rt − rc

[
rt arctan

(
r

rt

)
− rc arctan

(
r

rc

)]
, (3.33)

Σ(R) =
σ2
v

2G

rt
rt − rc

(
1√

R2 + r2c
− 1√

R2 + r2t

)
, (3.34)
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M(< R) =
πσ2

v

G

rt
rt − rc

(√
R2 + r2c − rc −

√
R2 + r2t + rt

)
. (3.35)

As anticipated, differently from the SIS profile, the dPIE profile yields a finite total mass
in the limit r → ∞, namely Mlim = πσ2

vrt/G.
As for the SIS density profile, Eq. (3.34) can be generalized for an elliptical total mass

density profile: the projected radius R has to be substituted with the elliptical radius R̂
defined above in the previous equations.

The dPIE mass distribution in Gravity.jl and LensTool

The dPIE mass density profile is implemented in different ways in LensTool (Kneib
et al. 1996; Jullo et al. 2007) and Gravity.jl. Therefore, it is necessary to provide
conversion functions to pass from the set of parameters of one code to the other one.
This mass distribution is characterised by 5 parameters2, namely the velocity disper-
sion of the lens, its core and truncation radii, its ellipticity and its position angle. Let
{σLT, rLTcore, rLTcut, εLT, θLT} denote the set of parameters of the PIEMD model in LensTool
(LT) and {σg, rgcore, rgcut, qg, θg} the equivalent set in Gravity.jl (g). Then, the conver-
sion functions are the following.

In LensTool, angles are measured anti-clockwise from the east axis (positive x-
semiaxis), whereas in Gravity.jl, they are measured clockwise from the north axis
(positive y-semiaxis). additionally, in LensTool angles are measured in degrees, whereas
in Gravity.jl they are measured in radians. Thus, the relation between θLT and θg is

θg = (90◦ − θLT)
π

180◦
. (3.36)

In Gravity.jl, the ellipticity is defined as the ratio between the semi-minor and
semi-major axes of the projected ellipticity, differently from LensTool. The relation
between the two definitions qg and εLT is

εLT =
1− q2g
1 + q2g

, (3.37)

or

qg =

√
1− εLT
1 + εLT

. (3.38)

Both the core and the truncation radii are subject to the same conversion, which fol-
lows from a different implementation of the elliptical radius in the two softwares. The
relation between them is

rgcut = 2 rLTcut

√
qg

1 + qg
, (3.39)

and

rgcore = 2 rLTcore

√
qg

1 + qg
, (3.40)

where qg is related to εLT through Eq. (3.38).

2except for the position of the lens, which does not change for one code to the other one
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The relation between σg and σLT follows a different implementation of both the ellip-
tical radius and the normalisation term of the dPIE mass distribution in the two codes.
The relation is

σg = σLT

√
3

2

√
rLTcut

rLTcut − rLTcore

√
2
√
qg

1 + qg
. (3.41)

3.3.3 External perturbations

Many lenses are not isolated, but may be embedded in crowd environments with one
or more angularly-close mass elements, which are not part of the main deflector (e.g.,
galaxies belonging to a specific galaxy cluster) but may still introduce perturbations to
the gravitational potential of the lens. Similarly, several lenses may be characterised by
a so-called hierarchy of mass elements: the largest mass elements, also called macro-
lenses, that are responsible for the the largest-scale lensing effects, and the smallest mass
clumps within the macro-lenses, called substructures, which act as perturbers. Multi-
modality in the mass distribution of gravitational lenses is of particularly importance in
the context of galaxy clusters, since they form through accretion of smaller-scale struc-
tures. It has been shown that multi-modal mass distributions are very efficient deflectors,
with the shear of each mass component causing the critical curves and the caustics of the
main lens to extend into regions of low convergence (Torri et al. 2004; Meneghetti et al.
2010a). In addition, substructures may significantly affect the appearance and the posi-
tions of the multiple images of the sources lensed by the principal lens. It may then be
sometimes necessary to embed the main lens into an external shear field. We can model
it by introducing a deflection potential ψγ that has the form (in polar coordinates, see
Meneghetti 2022)

ψγ(r, θ) =
|γ|
2
r2 cos[2(θ − θγ)] , (3.42)

with |γ| the modulus of the shear and θγ the position angle on the lens plane, which
yields the direction of the shear perturbation.

3.4 Parametrising the total mass distribution of galaxy clusters

Galaxy clusters are complex systems, being composed of several constituents (galaxies,
ICM and DM). However, SL is a linear phenomenon, meaning that, as already pointed
out in Chapter 1, the lensing deflection of a system of point masses (or of a continu-
ous mass distribution) can be obtained as the sum (the integral) of the contributions of
each element. Similarly, we can dissect the total mass distribution of a galaxy cluster
into its mass components, at the different scales. The total mass of clusters is typically
decomposed into extended cluster- and galaxy-scale (sub-) halos. The former represent
both the diffuse DM clumps hosting clusters and the hot gas content. The latter are
used to parametrize the total mass enclosed within the cluster member galaxies. In addi-
tion, perturbation terms, such as foreground or background objects, and shear terms, are
sometimes introduced, to take into account the lensing effect of mass structures nearby
or along the line of sight.
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We can express the the total gravitational potential ϕ of a galaxy cluster as

ϕ =

Nh∑
i=1

ϕhaloi +

Ngas∑
j=1

ϕgasj +

Ng∑
j=1

ϕgalj + ϕshear , (3.43)

where ϕhaloi is the gravitational potential corresponding to the ith extended DM halo
(out of Nh halos), ϕgasi is the gravitational potential of the ith extended gas halo (out of
Ngas halos), and ϕgali is the gravitational potential of the ith galaxy (out of Ng cluster
members). ϕshear is the term taking into account external perturbations (see Sect. 3.3.3).

The density profiles describing the mass distribution associated with the ICM are
kept fixed (i.e., with fixed parameters) by measuring, when available, their X-ray lumi-
nosity distribution, following the prescriptions by Bonamigo et al. (2017, 2018). Having
fixed this component, which represents the major baryonic constituent of galaxy clus-
ters, it is then possible to disentangle between the galactic and DM contributions to the
total mass budget of a cluster.

The DM extended halos used to parametrize the total mass distribution of the clus-
ters discussed in this Thesis are described with either NIE or dPIE density profiles. As
recalled in Chapter 2, cosmological simulations suggest that DM settles in a mass dis-
tribution well fitted by a NFW density profiles over different mass scales. This density
profile, however, increases significantly the computation time required to optimize a
lens model. The superposition of a few dPIEs has been shown to be, in projection, very
well fit by a two-dimensional NFW profile (Bonamigo et al. 2018): hence the use of dPIE
density profiles.

The total mass distribution of cluster members is typically modelled using spheri-
cal dPIE profiles, with a vanishing core radius, centred in the luminosity centres of the
member galaxies, resulting in two free parameters for each sub-halo, namely the velocity
dispersion and the truncation radius. Each galaxy cluster hosts up to few hundreds of
members that are used in lens modelling, leading to a number of free parameters exceed-
ing the number of available observable constraints. To deal with this issue and reduce
the number of free parameters, two power-law scaling relations are often introduced, in
which the central velocity dispersion σgal,i and truncation radius rcut,i of the ith cluster
member are scaled according to the corresponding luminosity Li,

σgal,i = σref

(
Li

L0

)α

, (3.44)

and

rcut,i = rcut,ref

(
Li

L0

)β

, (3.45)

where L0 is a reference luminosity, and σref and rcut,ref the corresponding parameter val-
ues. Eq. (3.44) is a generalization of the Faber-Jackson relation (Faber & Jackson 1976).
Following the prescriptions of Bergamini et al. (2019, 2021), the values of the slope α and
the normalization term σref can be fitted in case the measurements of the stellar velocity
dispersion for a subset of cluster members are available (please refer to the following
Chapter for more details). The value of β can instead be derived by assuming a fixed
scaling relation between the total mass Mtot,i of the ith cluster member and its luminos-
ity, i.e., Mtot,i/Li ∝ Lγ

i . For a spherical dPIE mass density profile, the total mass for the
ith cluster member is Mlim,i ∝ σ2

v,irt,i ∝ L2α
i Lβ

i . Under this assumption, we obtain

β = γ − 2α+ 1 , (3.46)
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with γ = 0.2 to be consistent with the observed Fundamental Plane relation (Dressler
et al. 1987; Djorgovski & Davis 1987; Bender et al. 1992).

3.4.1 A brief note on ellipticals in galaxy clusters

As mentioned in Chapter 2, galaxies populating galaxy clusters are mainly early-type
(elliptical) galaxies, in particular in their inner regions. These galaxies are characterized
by relations that connect their luminosities, which depend on their stellar population,
to their stellar velocity dispersions, which in turn are associated with their total masses.
A first relation was found in 1976 by Sandra Faber and Roger Jackson Faber & Jackson
(1976): the central velocity dispersion σ0 is proportional to the luminosity L according
to

L ∝ σ4
0 . (3.47)

Here, σ0 is measured within a circle of radiusRe/8, withRe the effective (or half-light) ra-
dius, the radius of the circle enclosing half of the total luminosity L of the galaxy. Almost
a decade later, another relation was found for ellipticals, the so-called Fundamental Plane
(FP, Dressler et al. 1987; Djorgovski & Davis 1987; Bender et al. 1992). We can provide a
quick intuitive derivation of this law as follows. The effective radius of ellipticals Re has
been observed to be related to the average surface brightness within it ⟨I⟩e through the
relation (see, e.g., Bender et al. 1992)

Re ∝ ⟨I⟩−0.83
e . (3.48)

From this, it follows that

L = 2πR2
e⟨I⟩e ∝ R2

e⟨I⟩e ∝ ⟨I⟩−0.66
e . (3.49)

Given the Faber-Jackson relation in Eq. (3.47), we can derive

Re ∝ σ1.4
0 ⟨I⟩−0.85

e , (3.50)

We can express this relation in logarithmic form as

logRe = 1.4 log σ0 + 0.34⟨µ⟩e + γ , (3.51)

where ⟨µ⟩e is the average surface brightness within Re, related to ⟨I⟩e through ⟨µ⟩e =
−2.5 log⟨I⟩e, and γ is a constant. Eq. (3.51) defines a plane in a three-dimensional space,
one projection of which is the Faber-Jackson relation.

We may derive the FP starting from the virial theorem. Indeed, according to the latter,
the mass M ∝ σ2

0 Re. If we apply Eq. (3.49), we find

Re ∝
σ2
0

⟨I⟩e
L

M
, (3.52)

which is consistent with Eq. (3.50) given

σ2
0

⟨I⟩e
L

M
∝ σ1.4

0

⟨I⟩0.85e

, (3.53)

i.e.,
M

L
∝ σ0.6

0

⟨I⟩0.15e

∝ M0.3

R0.3
e

R0.3
e

L0.15
. (3.54)
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Thus, the FP derives from the virial theorem provided that(
M

L

)
∝M0.2 , (3.55)

or (
M

L

)
∝ L0.15 , (3.56)

i.e., the total mass-to-light ratio slightly increases with the total mass or luminosity of a
galaxy.
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Strong Lensing in the Euclid era





CHAPTER 4

SL analysis of the Euclid ERO galaxy cluster Abell 2390

In addition to the surveys cited in Chapter 2, there are several other on-going and planned
ones aimed at obtaining larger and larger samples of cluster lenses. Despite these are ex-
pected to be shallower than the HST and JWST cluster lens samples discussed above,
the majority of them stands to detect clusters and exploit weak gravitational lensing to
study them. Among these, there is the Euclid Wide Survey (EWS, Euclid Collaboration:
Scaramella et al. 2022) with the Euclid satellite. Launched in 2023, Euclid (Euclid Collabo-
ration: Mellier et al. 2024) is an European Space Agency (ESA) 1.2-metre space telescope
dedicated to the study of the imprint of dark energy and gravity through two comple-
mentary cosmological probes: weak lensing and galaxy clustering (via baryonic acoustic
oscillations and redshift space distortion). At the end of the operations, Euclid will have
observed approximately 14,050 deg2 of the extragalactic sky (see Fig. 4.1), through two
main surveys: the above-mentioned EWS, and the Euclid Deep Survey (EDS). The for-
mer will cover about 14,000 deg2 of the sky (more than a third of the total sky), while
the latter will monitor about 50 deg2 (which is about the same area that HST observed
in total in the past 35 years), with the instruments observing three fields (the yellow dots
in Fig. 4.1) with an exposure time much longer than the rest of the sky to capture fainter
galaxies. Overall, these surveys will last 6 years, which is Euclid’s nominal mission time.

The telescope is equipped with two main instruments: the VISible camera (VIS, Eu-
clid Collaboration: Cropper et al. 2024) and the Near-Infrared Spectrometer and Pho-
tometer (NISP, Euclid Collaboration: Jahnke et al. 2024). VIS is a large-format imager
with a FoV of 0.54 deg2 sampled at 0.1′′/pixel, operating in a single passband (VIS/IE,
wavelength range 530 – 920 nm). The VIS detectors are CCDs, and each CCD has
4132×4096 pixels organised in a 6 × 6 configuration, such that VIS images comprise
6.09 × 108 pixels. Complementary, NISP provides multiband photometry and slitless
grism spectroscopy in the wavelength range ∼920−2020 nm. Its FoV covers 0.57 deg2

sampled at 0.3′′/pixel. It is composed of of a 4×4 grid of detectors, with 2048×2048 pix-
els. The NISP photometric channel consists of three passbands: NISP/YE (wavelength
range ∼950 – 1212 nm), NISP/JE (∼1168 – 1567 nm), and NISP/HE (∼1521 – 2020 nm).
As far spectroscopy is concerned, the NISP spectroscopic channel enables the simultane-
ous acquisition of slitless spectra for thousands of objects across the FoV.

Euclid is expected to detect ∼60,000 galaxy clusters in the redshift range 0.2 ≲ z ≲ 2.0
(Euclid Collaboration: Mellier et al. 2024). It is forecast that ∼50,000 of them will have
background galaxy densities greater than 15 galaxies per square arcmin, allowing accu-
rate determination of cluster masses from weak lensing studies. In addition to these,
Euclid is expected to increase the number of currently known SL systems by nearly two
orders of magnitude, by observing ∼ 170, 000 galaxy-scale strong lenses (Collett 2015;
Acevedo Barroso et al. 2024), ∼ 2, 000 lensed quasars, and thousands of SL features in
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Figure 4.1: Euclid region of interest (RoI) in an all-sky Mollweide projection. The blue
borders enclose the 15,000 deg2 RoI that contains the observed sky of the EWS+EDS
surveys. The RoI excludes the Galactic and ecliptic planes. The three Euclid Deep Fields
are marked in yellow, and auxiliary fields in red. From Euclid Collaboration: Mellier
et al. (2024). Credits: Euclid Consortium Survey Group/J.-C. Cuillandre.

galaxy clusters distributed in the same redshift range 0.2 ≲ z ≲ 2.0 (Euclid Collabora-
tion: Mellier et al. 2024; Boldrin et al. 2012, 2016). These estimates are consistent with
the number of SL clusters found in the first Quick data release Q1 of the telescope (Eu-
clid Collaboration: Bergamini et al. 2025): out of 1,260 galaxy clusters identified over 63
deg2, 83 of them were indeed classified as potential lensing clusters. These observations
will help providing accurate total mass profiles of such systems from the kiloparsec to
the megaparsec scales, thanks to the ability of the telescope to combine strong and weak
lensing measurements in galaxy clusters (Meneghetti et al. 2010b, 2014; Merten et al.
2015; Umetsu et al. 2014, 2020) and better understanding the assembly history of these
objects. These findings will also further test the predictions of the standard cosmological
ΛCDM model and alternative dark matter models.

It is in this context that the Early Release Observations (ERO) program Magnifying
Lens (Atek et al. 2024) stands. This project targeted two galaxy clusters, Abell 2390 (see
Fig. 4.2) and Abell 2764, with the aim to showcase the science questions that Euclid’s
observations of galaxy clusters will be able to address. In particular, the ERO program
was designed to collect data that could be used for different studies, including those fo-
cused on the primordial Universe, galaxy evolution, and active galactic nuclei, as well
as strong and weak lensing, and galaxy cluster physics. In addition, the observations
collected are meant to provide a first glimpse of the Euclid imaging data: the early inves-
tigation of the dataset will help reveal and address challenges and limitations for a full
scientific exploitation of the prime mission survey data.

The first ERO target was the galaxy cluster Abell 2390 (hereafter A2390, redshift z =
0.231). Located at (RA = 328.4034183◦, Dec = 17.6954744◦, J2000.0), it is one of the
richest systems in the Abell galaxy cluster sample (Pello et al. 1991; Le Borgne et al.
1991), that was first selected in a search for arcs on the basis of its bright X-ray emission
(Fort 1990; Boehringer et al. 1998; Allen et al. 2001). Indeed, this cluster has a luminosity
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Table 4.1: Limiting magnitudes at 5σ reached in each Euclid filter of the A2390 field. The
depth measurements assume an aperture diameter of 0.6′′ and 0.3′′ for NISP and VIS,
respectively.

IE YE JE HE

27.01 25.18 25.22 25.12

LX ∼ 2.7 × 1045 erg s−1 in the 0.1–2.4 keV range (Boehringer et al. 1998). This system is
also characterized by elongated arcs (Mellier et al. 1990; Feix et al. 2010; Olmstead et al.
2014; Richard et al. 2021) and has an estimated mass M200

1≃ 1.06 × 1015 M⊙ obtained
through a weak lensing analysis (Okabe & Smith 2016). This cluster was previously
subject to several SL studies based on ground and HST imaging (Pierre et al. 1996; Pelló
et al. 1999; Swinbank et al. 2006). It is with the motivations outlined above that we
performed the first high-precison parametric SL analysis of the galaxy cluster Abell 2390
using Euclid imaging, combined with archival deep spectroscopy obtained with MUSE
at the VLT.

4.1 Imaging and spectroscopy

4.1.1 Imaging

The lens cluster A2390 was targeted on November 28th, 2023 as part of the performance-
verification (PV) phase of the mission. Three reference observing sequences (ROS, Eu-
clid Collaboration: Scaramella et al. 2022) were obtained, implying three times the nom-
inal EWS exposure time. Each ROS had a duration of 70.2 minutes, for a total exposure
time of ∼ 3.30 hours. A standard 4-point dither pattern, with an offset of 120′′ × 220′′,
was applied for each ROS. Additionally, a 3′ × 3′ dither was adopted between the in-
dividual ROS to maximize the depth. The observations were performed in all Euclid’s
four filters: the limiting magnitudes for each filter are reported in Table 4.1. The full data
reduction pipeline is described in detail in Cuillandre et al. (2024). A photometric cat-
alogue was extracted from the imaging with the public software SourceXtractor++
(Kümmel et al. 2022; Bertin et al. 2022). A more in-depth description of the photometric
measurements is given in Atek et al. (2024). The astrometric calibration was carried out
with the software SCAMP (Bertin 2006): the reference catalogue used for the calibration
of the ERO data was Gaia Data Release 3 (Gaia Collaboration: Vallenari et al. 2023).

We also used archival multi-band HST imaging of this cluster obtained with the Wide
Field and Planetary Camera 2 (WFPC2) within the CYCLE4 HIGH HST Program 5352
(P.I.: Fort, Bezecourt & Soucail 1997). The lens cluster A2390 was observed by HST on
December 10th, 1994 for a total exposure time of 2100 seconds.

4.1.2 Spectroscopy

We made use of archival VLT/MUSE data of A2390, which was observed in the WFM for
a total integration time of 2 hours in September, 2014 within the 120 GTO Program 094.A-
0115 (P.I.: Richard, Richard et al. 2021). We employed the datacube available on the
European Southern Observatory (ESO) Science portal, that was reduced by the Quality
Control Group at ESO. The reduction consisted in the removal of instrument signatures,

1M200 is the total mass enclosed within a sphere with a radius inside which the total mass density of the
cluster is 200 times the critical density of the Universe, at the redshift of the cluster.
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Figure 4.2: Euclid colour-composite image of the A2390 field. The blue channel is the
IE image; green is YE, and red is HE. The whole field covers about 0.5 deg2. The inset
is centered on A2390 and covers the central 2′ × 2′ region displaying SL features. From
Atek et al. (2024).
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the subtraction of the sky, and the combination of the two Observing Blocks (OBs) as the
latest step. Additionally, we enhanced the background sky subtraction by means of the
Zurich Atmosphere Purge (ZAP, Soto et al. 2016) tool. The MUSE footprint is shown in
red in Fig. 4.3. The resulting datacube spans the wavelength range from 4750 Å to 9350 Å,
with a constant sampling of 1.25 Å/pix, and covers a 1′×1′ FoV, with a spatial sampling
of 0.2′′/pix. It has a median point-spread-function (PSF) FWHM of approximately 0.83′′.
We registered the astrometry with respect to the HST/F814W image of the cluster.

We built a spectroscopic catalogue of the sources in the MUSE FoV following the pro-
cedure adopted in Caminha et al. (2019). We considered a cutout of the HST/F814W im-
age corresponding to the MUSE pointing imprint, and applied the software SExtractor
(v2.28.0, Bertin & Arnouts 1996) to identify all the included sources. We used the de-
tected positions as the centres of circular apertures with radius of 0.8′′, within which
we extracted the spectrum. This aperture was chosen as to include the majority of the
flux of the corresponding source, while reducing at the same time potential contamina-
tion of angularly close-by objects. We also added in this catalogue those sources that
did not show a HST/F814W continuum, but clear emission lines. These were identi-
fied through visual and automatic inspection, using the Cube Analysis and Rendering
Tool for Astronomy (CARTA, Comrie et al. 2021) tool. We extracted their spectra within
circular apertures with the same radius, 0.8′′, centred on the luminosity peak detected
in narrow-line images obtained collapsing the datacube around the wavelengths of the
detected lines.

We measured the redshift values for the objects in the catalogue with use of the Marz
(Hinton et al. 2016) software, by identifying spectral features, including emission and
absorption lines, and continuum breaks with both automatic and visual analyses. We
labelled each redshift measurement with a quality flag (QF), defined to be equal to 1 for
non-possible measurements, equal to 2 for possible measurements based on faint spec-
tral features, equal to 3 for secure measurements based on multiple features, and equal
to 9 for measurements based on a single emission line. In some cases, if it was possible
to characterize the single emission line (like, for instance, by observing a doublet or the
typical asymmetric shape of the Lyα line), we converted QF=9 objects to QF=3. The fi-
nal MUSE catalogue contains 96 objects with a QF > 2 redshift measurement, divided
into 6 stars or galactic objects, 36 potential cluster members, and 54 background objects,
including 25 multiple images from 10 background sources.

Since the MUSE pointing is only restricted to the core of the galaxy cluster (see Fig. 4.3
and the insert of Fig. 4.2), we also considered ancillary archival spectroscopic measure-
ments from several catalogues obtained with other instruments in order to complement
the MUSE one: specifically, we used the catalogues by Sohn et al. (2020), based on the
SDSS Data Release 14 (Abolfathi et al. 2018) and the 6.5m Multiple Mirror Telescope
(MMT) Hectospec spectrograph (Fabricant et al. 2005), and the catalogue by Abraham
et al. (1996), based on the Multi Object Spectograph (MOS) and the Subarcsecond Imag-
ing Spectrograph (SIS) at the 3.6m Canada-France-Hawaii Telescope (CFHT). We cross-
matched these catalogues in order to produce a final spectroscopic sample. When a
source was present in more than one catalogue, we gave priority (if possible) to the red-
shift measurements obtained through our reduction of the MUSE datacube.

The final full spectroscopic catalogue consists of 592 sources within an effective FoV
of approximately ∼ 40′ × 20′: 36 are foreground galaxies/objects (z ≤ 0.211), 405 are po-
tential cluster members (i.e., lying in the redshift range 0.211 ≤ z ≤ 0.251; see Sect. 4.2.1
for a detailed description of the selection of the cluster members), and 151 are back-
ground galaxies (z ≥ 0.251), including 25 multiple images.
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Figure 4.3: Colour-composite Euclid image (red: HE, green: HE+IE, blue: IE) of the
galaxy cluster A2390. The MUSE footprint is shown in red. The spectroscopic (photo-
metric) cluster members are represented with cyan circles (boxes). The 22 cluster mem-
bers for which we measured the stellar velocity dispersion are further marked with cyan
crosses. The spectroscopically-confirmed (photometric) multiple images included in our
analysis are also shown in magenta (yellow). The multiple images are also labeled with
their ID. The positions of the BCG and galaxy G29 are also marked. From Abriola et al.
(2025)
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Figure 4.4: Spectroscopic redshift distribution of the objects in our final spectroscopic
catalogue. Cluster members (i.e., lying in the redshift range 0.211 ≤ z ≤ 0.251) are in
blue, whereas foreground and background objects are in orange and green, respectively.
Multiple images are depicted in red. The vertical black line locates the redshift of the
galaxy cluster. The insert shows the cluster members selection illustrated in Sect. 4.2.1.
The red dashed line identifies the best-fit Gaussian distribution, whereas the vertical
black dotted lines define an interval of ±3σz around the median cluster redshift. From
Abriola et al. (2025)
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4.2 Building the strong lensing models

We performed the SL analysis of A2390 using the above-mentioned software Gravity.jl
(Lombardi 2024). We explored 11 total mass models, characterized by the same set of
cluster members and multiple images but a different total mass parametrization. We
label these total mass models as M1 to M11. We present in Table 4.2 a more detailed
description of each of them. To sample the posterior distribution of the models explored
in our work, we employed the NRPT algorithm implementation in the software. All the
optimizations of the lens models were carried out in the simplified image-plane config-
uration.

4.2.1 Cluster members

Cluster members were selected by exploiting both spectroscopic (see Sect. 4.1.2) and
multi-band Euclid photometric (Sect. 4.1.1) information. We first identified a sample of
spectroscopically-confirmed cluster members starting from our spectroscopic catalogue,
as follows. First, we restricted to those galaxies lying within 1.5′ from the centre of the
cluster, assumed to be the brightest cluster galaxy (BCG, marked in Fig. 4.3). This choice
is motivated by the fact that SL features (i.e., multiple images and giant arcs) are ob-
served within 50 arcseconds from the BCG. Secondly, we fitted the redshift distribution
of these galaxies with a Gaussian distribution, with mean and standard deviation val-
ues ẑ ± σz = 0.231 ± 0.005, as depicted in the insert of Fig. 4.4. We thus identified 65
cluster members (cyan circles in Fig. 4.3), defined as those lying within ±3σz from ẑ
(this corresponds to ≃ ±3700 km s−1 around the cluster mean velocity). The magnitude
distribution of these galaxies is represented with the orange solid line in Fig. 4.6.

We completed the spectroscopic sample by adding 114 further photometric (cyan
boxes in Fig. 4.3), bright (mH < 23) members by studying the distribution of the galaxies
in a colour-magnitude IE −HE vs. HE diagram, as shown in Fig. 4.5. To evaluate their
colours, we considered magnitudes measured within a radius of 0.5′′, and restricted, as
before, to the galaxies lying within 1.5′ from the BCG. We fitted the red cluster sequence
(RCS, see Chap 2) defined by the above-mentioned 65 spectroscopically-confirmed clus-
ter members by means of a weighted linear regression. To do so, we used the Python
package ltsfit (Cappellari et al. 2013), which performs a least square regression by
iteratively clipping outliers (Rousseeuw & Van Driessen 2006). The result is presented
in Fig. 4.5. We imposed a 3σ clipping, and thus discarded 4 members from the fit (rep-
resented by the blue crosses in Fig. 4.5; the red dots are the galaxies we employed for
the fit). Given the best-fit, we extended our sample to comprise those galaxies (the green
dots in Fig. 4.5) within ±σRCS ≃ 0.1 (the bold red dotted lines) from the RCS best-fit line
(the solid red line), with σRCS the intrinsic scatter of the data-points around the best fit
RCS.

Following the procedure presented in Granata et al. (2023, 2024), we measured the
line-of-sight stellar velocity dispersion σgal for several cluster members from the MUSE
data (their magnitude distribution is given by the red solid line in Fig. 4.6). The veloc-
ity dispersion measurements were obtained using the spectral fitting code penalized
PiXel-Fitting (pPXF, Cappellari & Emsellem 2004; Cappellari 2023) to fit the ob-
served spectra to a combination of 463 stellar spectral templates from the X-shooter Spec-
tral Library (XSL) DR2 (Gonneau et al. 2020), convolved with a Gaussian line-of-sight ve-
locity distribution. Following the methods of Cappellari & Emsellem (2004) and Granata
et al. (2024), we assessed the statistical uncertainty on the velocity dispersion values by
generating 10,000 synthetic MUSE spectra and finding a relation between the statistical
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Table 4.2: Description of the different lens models explored to parametrize the total mass
distribution of A2390.

Model Description
M1 One cluster-scale DM halo

179 sub-halo components
M2 One cluster-scale DM halo

179 sub-halo components
An external shear-like term

M3 One cluster-scale DM halo
179 sub-halo components

The BCG excluded from the scaling relations
M4 One cluster-scale DM halo

179 sub-halo components
The BCG excluded from the scaling relations

An external shear-like term
M5 Two cluster-scale DM haloes

179 sub-halo components
M6 Two cluster-scale DM haloes

179 sub-halo components
An external shear-like term

M7 Two cluster-scale DM haloes
179 sub-halo components

The BCG excluded from the scaling relations
M8 Two cluster-scale DM haloes

179 sub-halo components
The BCG excluded from the scaling relations

An external shear-like term
M9 One cluster-scale DM halo

179 sub-halo components
An external shear-like term

Galaxy G29 excluded from the scaling relations
(modelled as spherical dPIE density profile)

M10 One cluster-scale DM halo
179 sub-halo components

An external shear-like term
Galaxy G29 excluded from the scaling relations

(modelled as elliptical dPIE density profile)
M11 Three cluster-scale DM haloes

179 sub-halo components
An external shear-like term
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Figure 4.5: Colour-magnitude IE − HE vs. HE diagram. The red dots represent the 60
spectroscopically-confirmed cluster members that we employed to fit the RCS, whereas
the 4 cluster members we discarded due to the clipping are in blue. The green dots are
the photometric galaxies added to our cluster member sample. The solid red line is the
best-fit RCS, while the dotted ones define a range of ±σRCS (used for the selection of
the cluster members) and ± 3σRCS (used for the clipping) around the line, respectively.
From Abriola et al. (2025)
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Figure 4.6: HE magnitude distribution of the 179 cluster members included in our mod-
els (blue). The 65 spectroscopically-confirmed cluster members are enlightened in or-
ange, whereas the sub-sample of the 22 galaxies for which we measured the central stel-
lar velocity dispersion are in red. From Abriola et al. (2025)

error on σgal and signal-over-noise ratio ⟨S/N⟩. We required a spectral ⟨S/N⟩ ≥ 10 to
ensure reliable velocity dispersion measurements, as shown by Bergamini et al. (2019)
and Granata et al. (2024).

To measure the central stellar velocity dispersion of the cluster galaxies in their cen-
tral regions, MUSE pixels were weighted by the surface brightness of the members in
the Euclid IE band, degraded and re-binned to match the MUSE PSF. Spectra were ex-
tracted within 1.5′ circular apertures centered on each galaxy, which significantly im-
proved the spectral ⟨S/N⟩. Light-weighting the cube results in values of the velocity
dispersion approximately equivalent to those that would be measured within an aper-
ture corresponding to the effective radius of each galaxy. Our final sample of cluster
members with measured stellar velocity dispersion, presented in Table 4.3, includes a
total of 22 MUSE member galaxies (we also measured the stellar velocity dispersion for
a background galaxy). These are also marked with cyan crosses in Fig. 4.3. Three of the
galaxies for which we measured σgal showed a spectrum potentially affected by light
blending from nearby objects. Hence, for these galaxies we used the unweighted MUSE
cube, and extracted the spectrum from a fixed 0.6′′ aperture, in order to reduce the con-
tamination. These objects are marked in Table 4.3 with an asterisk. The HE magnitude
distribution of the 179 cluster members included in our models is given in Fig. 4.6.

4.2.2 Multiple image systems

Our SL models comprise 35 multiple images from 13 background sources, that were
identified thanks to Euclid and archival HST imaging. Of these, 25 (corresponding to 10
families) are spectroscopically confirmed through our reduction of the MUSE datacube,
spanning a redshift range between z = 0.535 and z = 4.877. These are represented with
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Table 4.3: Catalogue of measured velocity dispersion values.

ID R.A. Dec. zspec σgal δσgal ⟨S/N⟩
[deg] [deg] [km s−1] [km s−1]

1 328.403418 17.695474 0.2301 276.8 13.8 81.1
3 328.395241 17.693922 0.5212 114.1 4.4 28.0
5* 328.406259 17.695223 0.2280 183.4 3.6 45.2
8 328.402209 17.689812 0.2262 197.8 10.0 19.2

13 328.396608 17.697441 0.2317 233.3 2.6 77.7
15 328.407495 17.693431 0.2422 135.2 5.3 24.3
21* 328.406071 17.694906 0.2275 181.7 4.9 32.6
22 328.398174 17.695619 0.2316 96.0 4.0 23.0
23 328.394113 17.699178 0.2301 195.5 2.2 77.5
27 328.391192 17.694975 0.2299 136.7 5.3 24.0
28* 328.404712 17.695246 0.2313 174.5 8.3 18.8
29 328.389480 17.699362 0.2243 237.3 2.7 81.0
32 328.393082 17.695434 0.2268 95.7 5.1 17.6
33 328.398502 17.696725 0.2346 126.8 3.4 32.7
34 328.393902 17.696538 0.2278 93.7 3.9 24.4
35 328.401145 17.695504 0.2318 147.4 12.2 12.7
41 328.396935 17.698578 0.2201 90.3 5.0 21.8
48 328.403036 17.698513 0.2260 215.0 7.1 33.3
58 328.400041 17.703490 0.2317 230.0 3.4 56.3
59 328.396907 17.701705 0.2411 81.4 6.3 18.6
61 328.387322 17.701042 0.2246 99.4 6.1 17.2
65 328.394020 17.703793 0.2263 195.1 3.2 49.5
136 328.390237 17.690741 0.2279 159.1 11.9 10.1

Notes. We identify the galaxies included in this catalogue with their ID. We report the redshift of
the galaxy zspec (fourth column), its measured velocity dispersion value with σgal (fifth column)
and its uncertainty with δσgal (sixth column), and the spectral ⟨S/N⟩ (seventh column). We mark
the members potentially affected by light blending, for which we used a smaller aperture (0.6′′ in
radius, see Sect. 4.2.1) for the spectral extraction, with *.
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magenta circles in Fig. 4.3. Systems 1 and 5 are both composed of three multiple images,
of which only two had a spectroscopic confirmation, whereas the remaining (1.3 and 5.3,
respectively) had been recognized as counter-image. Two families (8 and 11), despite be-
ing inside the MUSE footprint, do not show any prominent secure feature that allows us
to determine their redshift. An additional family of multiple images (family 2) lies out-
side the footprint. The redshifts of these 3 multiple-image systems (families 2, 8 and 11)
are then optimized in our lens models as additional parameters with uninformative flat
priors between z = 0.24 and z = 10. These photometric multiple images are shown with
yellow circles in Fig. 4.3. The specifics of the multiple images included in our models are
given in Table 4.4. For each image we report its coordinates, as well as, if possible, its
redshift as estimated through the reduction of the MUSE datacube and the correspond-
ing MUSE quality flag (we follow the same assignment legend introduced previously).
In our work, the positions of the multiple images represent the observables for our lens
models.

4.2.3 Total mass parametrization

We parametrize the total mass distribution of the lens cluster A2390 as in Eq. (3.43),
by modelling it as the sum of Nh extended haloes, representing the contribute of dark
matter, Ng subhaloes, describing the galactic component, and a shear-like term which
accounts for the presence of structures in the outskirts of the system and line-of-sight
mass elements. The total gravitational potential ϕ of the deflector can thus be expressed
as

ϕ =

Nh∑
i=1

ϕhaloi +

Ng∑
j=1

ϕgalj + ϕshear . (4.1)

Dark matter mass distribution

The large-scale haloes representing the dark matter component are modelled as not-
singular isothermal ellipsoids (NIEs, see Sect. 3.3.1). This density profile is characterized
by six free parameters: the position on the sky (x, y), the axis ratio q, defined as before
as the ratio between the semi-minor and semi-major axes of the projected ellipse, the
position angle θ (computed clockwise from the North axis in Gravity.jl), the central
velocity dispersion σv and the core radius rc. We explored total mass parametrizations
including either one (models M1−M4 and M9−M10), two (models M5−M8), or three
(model M11) extended dark matter haloes.

Galaxy-scale mass distribution

The cluster member galaxies (the sub-halo component of the galaxy cluster) are mod-
elled in terms of spherical dPIE profiles (see Sect. 3.3.2). Fixing the positions of the
cluster members to the measured values, for each galaxy this model is described by
only three parameters: the central velocity dispersion σv , and the core and truncation
radii, rc and rt, respectively. We further reduced the number of free parameters by in-
troducing the scaling relations given by Eq. (3.44) and Eq. (3.45). We used the total HE

magnitudes in the previous equations and, as reference luminosity, we adopted that of
the BCG. The total HE magnitude of the BCG is mBCG

HE
= 15.37. Following the prescrip-

tion in Bergamini et al. (2019, 2021), we benefited from the measured stellar velocity
dispersion for 22 cluster members to fit the values of the normalization term σref and
the slope α of Eq. (3.44). In fitting, we also included an additional free parameter, the



60 4.2 Building the strong lensing models

Table 4.4: Coordinates and spectroscopic redshifts, with the corresponding MUSE qual-
ity flag, of the multiple image systems used to build our models.

ID zspec QF R.A. Dec.
[deg] [deg]

1.1 1.038 3 328.404788 17.691397
1.2 1.038 3 328.405068 17.691541
1.3 1.038 − 328.408628 17.698124
2.1 − − 328.408188 17.696531
2.2 − − 328.407988 17.695320
3.1 4.048 3 328.390118 17.700497
3.2 4.048 3 328.388868 17.697870
3.3 4.048 3 328.389928 17.699370

31.1 4.048 3 328.390408 17.700937
31.2 4.048 3 328.389008 17.698067
31.3 4.048 3 328.389928 17.699210
32.1 4.048 3 328.390588 17.701209
32.2 4.048 3 328.389108 17.698210
32.3 4.048 3 328.389888 17.699100
5.1 4.048 3 328.397588 17.696557
5.2 4.048 3 328.396178 17.692668
5.3 4.048 − 328.405138 17.704588

51.1 4.048 3 328.397538 17.696498
51.2 4.048 3 328.396208 17.692806
4.1 0.535 3 328.406038 17.695641
4.2 0.535 3 328.405898 17.695396
4.3 0.535 3 328.405235 17.693915
6.1 1.465 3 328.395096 17.697592
6.2 1.465 3 328.399096 17.702482
7.1 4.877 3 328.399918 17.688857
7.2 4.877 3 328.405798 17.693449
8.1 − − 328.404838 17.698218
8.2 − − 328.404428 17.697798
8.3 − − 328.398120 17.689056
9.1 3.653 3 328.401036 17.699392
9.2 3.653 3 328.403273 17.701490
9.3 3.653 3 328.395725 17.688863

11.1 − − 328.404398 17.700751
11.2 − − 328.401066 17.698081
11.3 − − 328.397456 17.690428

Notes. System 2 could not be detected within the MUSE pointing, whereas families 8 and 11 did
not display any secure feature, hence their spectroscopic redshifts and quality flags are not as-
signed. Images 1.3 and 5.3 do not have spectroscopic confirmation, thus we do not assign them a
quality flag.

intrinsic scatter ∆σap of the measured velocities around the scaling relation. We adopted
the same Bayesian approach presented in Bergamini et al. (2019): to sample the poste-
rior distribution, we used the Python package emcee (Foreman-Mackey et al. 2013), and
considered 12 walkers performing 10,000 steps each. We considered the following uni-
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Figure 4.7: Measured stellar velocity dispersions of 22 MUSE spectroscopically-
confirmed cluster members as a function of their Euclid HE magnitudes. Their colours
encode the mean signal-to-noise ratio of galaxy spectra, ⟨S/N⟩. The black solid line is the
best-fit (maximum likelihood, ML) of the scaling relation in Eq. (3.44). The light orange
band corresponds to the best-fit mean scatter ∆σap around the best-fit relation. The red
solid curve corresponds the relation in Eq. (3.44) as obtained with the best fit parame-
ters of our reference model. The light red area is estimated from 300 random values of
σref extracted from the Bayesian Markov chain Monte Carlo realizations of the reference
model. From Abriola et al. (2025)

form priors for the three free parameters: [αmin, αmax] = [0.0, 1.0], [σref,min, σref,max] =
[100 km s−1, 600 km s−1], and [∆σap,min,∆σap,max] = [0 km s−1, 100 km s−1]. The result of
the fit is shown in Fig. 4.7: the black solid line is the best-fit scaling relation (obtained
with the set of values maximizing the likelihood, labelled ML), while the light orange
band represents the best-fit mean scatter ∆σap around the relation. The marginalized
posterior distributions of the three parameters are instead shown in Fig. 4.8. With re-
spect to previous works by Bergamini et al. (2019, 2021), where the same approach
was followed for different lens galaxy clusters, we find a lower median value of α:
α = 0.21 ± 0.04, whereas Bergamini et al. (2019, 2021) found values of α ∼ 0.27 − 0.30.
Adopting α = 0.21, it follows, given Eq. (3.46), β = 0.78.

For each sub-halo (galactic) component, the value of the core radius is kept fixed to
0.005′′. Given the results of the fit of the generalized Faber-Jackson relation described
above, in our models we adopt for σref a Gaussian prior with mean 285 km s−1 and stan-
dard deviation 41 km s−1, whereas an uninformative flat prior is assumed on rcut,ref .
In models M3−M4 and M7−M8, the BCG is excluded from the scaling relations, and
described independently in terms of a spherical dPIE profile, with both the velocity dis-
persion and the truncation radius as free parameters. In a similar manner, in models M9
and M10 galaxy G29 (see Fig. 4.3) is excluded from the scaling relations and modeled
either with a spherical (M9) or an elliptical (M10) dPIE mass density profile.
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Figure 4.8: Posterior probability distribution for the Faber-Jackson relation calibration
using the measurements of the velocity dispersion of 22 spectroscopically-confirmed
cluster members. The 16th, 50th and 84th percentiles of the marginalized distributions
for the slope (α), normalization (σref ) and scatter around the scaling relation (∆σap) are
displayed and shown as vertical dashed lines. From Abriola et al. (2025)
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4.3 Results and discussion

In Table 4.5 we briefly summarize the main properties of the eleven lens models explored
in this work, M1 to M11, by showing the principal figures of merit adopted to quantify
their goodness: the root-mean-square displacement ∆rms between the positions of ob-
served and model-predicted multiple images, defined as in Eq. (3.18), and the evidence
of Bayes’ theorem for each model.

Table 4.5: Figures of merit adopted to compare the total mass parametrizations explored.
Npar and d.o.f. are the number of model free-parameters and the degrees-of-freedom,
respectively. ∆rms is the root-mean-square displacement between the positions of ob-
served and model-predicted multiple images. logE is the natural logarithm of the evi-
dence of Bayes’ theorem for each model.

Model Npar d.o.f. ∆rms [
′′] − logE

M1 11 33 0.52 592
M2 13 31 0.40 476
M3 13 31 0.53 651
M4 15 29 0.39 479
M5 17 27 0.41 445
M6 19 25 0.31 379
M7 19 25 0.41 461
M8 21 23 0.34 393
M9 15 29 0.32 397

M10 17 27 0.32 399
M11 19 25 0.27 363

We first explored models (M1 to M4) comprising one single extended cluster-scale DM
halo, then we added a second one (models M5 to M8). We also studied the impact of
the inclusion (models M2, M4, M6, and M8) or exclusion (models M1, M3, M5, and M7)
of an external shear term, as well as the removal of the BCG from the scaling relations
(models M3, M4, M7, and M8). As can be seen from Table 4.5, the inclusion of an exter-
nal shear term does help to significantly increase the accuracy of the models, by reducing
the scatter between the observed and model-predicted positions of the multiple images
by ∼ 0.1′′. On the other hand, the exclusion of the BCG from the scaling relations does
not critically affect the figures of merit adopted. M6 stands out as the best model, being
the one with the lowest value of ∆rms and highest evidence. Yet, it predicts the second
DM halo to lie ∼ 50′′ north-west to the BCG, in a region with no clear concentration of
galaxies. This halo lies in projection close to galaxy G29 (MUSE ID 29, see also Fig. 4.3
and Table 4.3), which is surrounded by the elongated arc where families 3, 31, and 32 of
multiple images are observed. Furthermore, model M6 predicts for the second DM halo
a velocity dispersion value of ∼ 300 km/s, which is more consistent with that of a cluster
member rather than a cluster-scale halo. These considerations motivated us in modelling
galaxy G29 independently from the other cluster members, by removing it from the scal-
ing relations. Hence, we explored two more models, M9 and M10, where we described
galaxy G29 separately in terms of a spherical (model M9) or elliptical (model M10) dPIE
mass density profile. We also tested a final model, M11, characterized by three cluster
scale dark matter haloes, which, despite the values of ∆rms and log-evidence, can be dis-
carded as well. Indeed, similarly to model M6, the second dark matter halo is predicted
to lie in the same region ∼ 50′′ north-west to the BCG, with a velocity dispersion still
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consistent with that of a typical member galaxy. The third halo is ∼ 21′′ north-west to
the BCG, again in a region with no observed cluster members. Hence, according to the
figures of merit adopted, M9 stands out as the best-fit model: it is the most physically
plausible model and can be considered as the reference one of this Thesis. We decided to
keep in the analyses those models predicting extended dark matter halos centred on ob-
served galaxies despite the possibility of having substructures potentially not associated
with light (see Chap. 3).

Model M9 is characterized by a precision of ∆rms = 0.32′′ in reproducing the ob-
served positions of the 35 multiple images used to build the lens models. The model-
predicted positions of the multiple images are shown as green boxes in Fig. 4.9, which
displays the observed spectroscopically-confirmed (photometric) images as magenta (yel-
low) circles. Fig. 4.9 also shows the critical lines evaluated at the redshift of families 3, 31,
and 32, at z = 4.048, namely, the multiple-image systems lying around G29. The bottom-
right insert shows a zoom-in around this galaxy. The natural extension of the model
would be to improve the number of constraints by modelling the surface brightness
distribution of the arc where the above-mentioned families are observed. The marginal-
ized posterior distributions of the free parameters included in model M9 are given in
Fig. 4.13. The median value of σref , quoted in Table 4.6, is consistent with the value re-
covered by calibrating the Faber-Jackson relation with the kinematics data. In Fig. 4.7,
the red solid curve is the relation obtained by considering the results of M9. Note the dif-
ference between the shaded areas: the light orange band represents the intrinsic scatter
∆σap around the relation, whereas the light red one is obtained by randomly extract-
ing 300 values of σref from the Markov chain Monte Carlo (MCMC) realizations for M9.
Additionally, the best-fit value of the velocity dispersion of G29 is in very good agree-
ment with our measurement (see Table 4.3). Interestingly, the values of the redshifts for
families 8 and 11 are consistent with their tentative MUSE spectroscopic measurements.

4.3.1 Total mass distribution

We show in Fig. 4.10, for better visualization, the average cumulative projected total sur-
face mass density profiles of the cluster as a function of the distance from the BCG for
the reference model of this work, M9, in black, and for the other models explored. We
find that the cumulative total mass profiles from the 11 parametrizations are in excel-
lent agreement with each other. This is expected, since Meneghetti et al. (2017) showed
that the total mass measured within the region where multiple images are observed is
the quantity evaluated with better precision. We find a projected total mass value of
M(< 40 kpc) = (1.40 ± 0.01) × 1013M⊙ within the projected distance of the multiple
images from the BCG at which we found the lowest uncertainty (refer to Fig. 4.11). The
upper and lower limits represent the statistical uncertainty, evaluated as the 84th and
16th percentiles, respectively, estimated by generating 500 total mass profiles from 500
sets of parameters randomly extracted from the MCMC realizations of M9. Thanks to
the exploration of the other models, we are able to quantify the systematic uncertainty
arising from our modelling choices. We generate, for each model, including M9, 500
realizations of the total mass profile, similarly to the procedure followed for M9 only.
The result, displaying the relative impact of statistical and systematic uncertainties, is
shown in Fig. 4.11, where the blue (green) band corresponds to the interval [16th, 84th]
percentiles associated with the total statistical+systematic (statistical only) uncertainty.
As visible, the uncertainty budget on the cluster total mass is mainly dominated by sys-
tematic effects: the total systematic+statistical uncertainty (blue band) can be as large as
8% in the outermost SL region (where the most distant multiple images are observed),
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Figure 4.9: Colour-composite Euclid image (red: HE, green: HE+IE, blue: IE) of the
galaxy cluster A2390 with overlaid in cyan the critical lines from the reference model M9
evaluated for a source at redshift zs = 4.048 (families 3, 31, and 32). The spectroscopically-
confirmed (and photometric) multiple images included in our analysis are also shown in
magenta (and yellow, respectively). Green boxes denote the predictions of the reference
model. From Abriola et al. (2025)
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Table 4.6: Input and optimized parameter values of the reference lens model (M9) for the
galaxy cluster A2390. The first column reports the mass component. The second column
contains the parameters of the density profile used to describe the corresponding mass
component. The third column shows the prior distributions adopted. When a flat prior
on a free parameter value is considered, the boundaries of the prior separated by the
÷ symbol are reported. In case of a Gaussian prior, the notation a ± b is adopted, with
a the mean and b the standard deviation of the distribution, respectively. The x and y
coordinates are measured with respect to the position of the BCG (RA = 328.4034183◦,
Dec = 17.6954744◦, J2000.0). In the last column, we quote the median value, the 16th,
and 84th percentiles of the marginalized posterior distribution (see Fig. 4.13).

Mass component Free parameter Prior Posterior

Cluster halo xDM [arcsec] 0± 100 2.76 ± 0.08

yDM [arcsec] 0± 100 1.20+0.06
−0.05

qDM 0.25÷ 1.0 0.73 ± 0.01
θDM [rad] 0÷ π 1.1 ± 0.1

σDM [km s−1] 500÷ 1500 1195 ± 12
rcore,DM [arcsec] 0.01÷ 30.0 16.7 ± 0.4

G29 σG29 [km s−1] 50÷ 500 233+5
−3

rcut,G29 [arcsec] 0.05÷ 25.0 18.2+4.3
−4.1

External shear |γ| 0.0÷ 0.3 0.17± 0.01
θγ [rad] 0÷ π 2.22 ± 0.01

Scaling relations σref [km s−1] 285± 41 288± 5
rcut,ref [arcsec] 0.05÷ 30.0 16.1+1.3

−0.9

with the statistical one (green band) counting up to 0.8%. This systematic uncertainty
was estimated by taking into account all the models studied, with no weighing applied
according to their rms or evidence. Nevertheless, if we restrict to the best three models
(according to these figures of merit), namely, models M6, M9, and M11, the systematic
effects drastically reduce to roughly 1.5% (see the orange band in Fig. 4.11).

4.3.2 Comparison with weak lensing

To validate the results we obtained, we compared our work with the joint strong and
weak lensing (WL) analysis first presented in Atek et al. (2024), and then developed in
Schrabback et al. (2025) and Diego et al. (2025), obtained with the free-form software
WSLAP+ (Diego et al. 2005, 2007), based on the same Euclid imaging. In addition to the
observed positions of the multiple images, this analysis adopts as further observables to
constrain the lens models the measured slight distortions induced by the gravitational
potential of the deflector on the shape of background sources (see Bartelmann & Schnei-
der 2001, for a nice overview on WL by galaxy clusters). Differently from ours, the study
by Diego et al. (in prep.) relies on a free-form approach, and exploits a different set of
multiple images to reconstruct the cluster total mass distribution. In addition, WSLAP+
relies on a source-plane approach, thus avoiding the inversion of the lens equation re-
quired in the other optimization schemes (see Section 3.2). Furthermore, being based
on a free-form approach, the lens model presented by Diego et al. (2025) is given by a
linear combination of a higher number of free parameters. In Fig. 4.12, we compare
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Figure 4.12: Surface mass density profile of A2390 as a function of the distance from the
BCG. The blue (orange) solid line corresponds to this work (the lens model by Diego
et al. (2025)). The light blue area is estimated from 300 random values of the profile
obtained by randomly extracting sets of model parameters from the Bayesian Markov
chain Monte Carlo realizations of the reference model of this work. The light orange area
is estimated as described in Diego et al. (2025). The vertical black lines in the bottom part
of the plot are the projected distances from the BCG of the 35 multiple images included
in our models. Modified from Abriola et al. (2025)

the surface mass density profile obtained in our work (blue curve) with the results from
Diego et al. (2025) (orange curve). For a fair comparison, we restrict to the region where
multiple images (represented with black vertical lines) are observed. In the outer re-
gions of the cluster, where no SL features are present, the extrapolation of our reference
model becomes indeed less robust. We find a nice agreement in the region between ap-
proximately 60 kpc and 500 kpc from the BCG. The discrepancy observed between the
two total surface mass density profiles in the innermost (few tens of kpc from the BCG)
and outermost (few hundreds of kpc) regions may be ascribed to the lack of SL features,
namely the multiple images. In particular, in the innermost SL regime, we think that
the disagreement (which amounts up to 27%) can be mainly attributed to the different
approach adopted to reconstruct the total mass distribution of the cluster. Indeed, since
the study by Diego et al. (2025) includes also WL constraints, these inevitably affect the
result in the SL region as well. As stated in Chap. 3, Meneghetti et al. (2017) have found
that parametric models are generally more accurate and precise in reconstructing the
projected total mass density of a lens cluster, as long as NFW density profiles represent
well the outcomes of cosmological simulations.
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Figure 4.13: Marginalized posterior distributions of the parameters of the reference
model of this work, M9. The 16th, 50th and 84th percentiles of the marginalized dis-
tributions are shown as vertical dashed lines. From Abriola et al. (2025)





CHAPTER 5

Strong lensing in the Euclid era: a statistical approach

As anticipated, the number of galaxy clusters displaying SL features is expected to in-
crease significantly from the few tens of currently known lens clusters thanks to current
and planned surveys, including the EWS with the Euclid telescope and the upcoming
Legacy Survey of Space and Time (LSST, Ivezić et al. 2019) at the Vera Rubin observa-
tory. Thousands of galaxy-scale SL events in galaxy clusters are expected to be observed
within the LSST. All of them will be monitored with a cadence of a few days to a few
weeks, enabling the detailed study of lensed transients, which represent a crucial tool
for probing cosmology. Nevertheless, with respect to high-precision observations with
the James Webb Space Telescope (JWST) and ERO-like observations (like Abell 2390, see
Chap. 4 and Abriola et al., sub., Diego et al., in prep., and Shrabback et al., in prep.), a
typical Euclid-like cluster will be characterized by wider but shallower imaging, result-
ing in the detection of less families of multiple images and cluster members, as well as
the potential lack of spectroscopic follow-up, which is a crucial ingredient to securely
confirm multiple images and hence build robust SL models. Complementarily, the ab-
sence of spectroscopic coverage will prevent the measurement of the line-of-sight stel-
lar velocity dispersions for the brightest cluster members, which has been shown to re-
duce degeneracies between the different cluster mass components. Furthermore, in case
no X-ray information would be available, it will not be possible to properly disentan-
gle between the baryonic (cluster members, hot gas) and non-baryonic (dark matter)
cluster components, resulting in a less robust dark matter distribution reconstruction
(Bonamigo et al. 2017, 2018). These issues will impact lensing-derived quantities of in-
terest, including the total mass and the magnification maps, which are fundamental for
SL applications.

These motivations led us to explore and quantify the impact these limitations will
have on future SL studies, specifically the limited number of multiple images detectable
and the absence of the spectroscopic confirmation of multiple images. We face this is-
sue by means of a statistical approach, by optimizing different lens models of a specific
galaxy cluster with a varying number of constraints. To do so, we consider the lens
galaxy cluster Abell S1063 (hereafter A1063, redshift z = 0.348), chosen due to its rather
regular morphology. A1063 was first identified by Abell et al. (1989), and, despite its
regular shape, it appears to have recently undergone an off-axis merger, as claimed by
Gómez et al. (2012) and Rahaman et al. (2021) using X-ray data, and by Mercurio et al.
(2021) from the dynamics of its members. The cluster is a bright X-ray source, with lu-
minosity LX ∼ 2.5× 1045 erg s−1 in the 0.1− 2.4 keV band (Rahaman et al. 2021). It was
also identified as RXJ 2248.7-4431 in the ROSAT All-Sky Survey (De Grandi et al. 1999;
Guzzo et al. 1999).
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5.1 Imaging and spectroscopy

A1063 was observed with HST in 16 broad band filters, from UV to near-IR, as part of
the CLASH and CLASH-VLT programs (see Sect. 2.5.1). The HFF survey provided fur-
ther imaging data by adding deep exposures in seven HST filters (F435, F606W, F814W,
F105W, F125W, F140W, and F160W). A colour-composite HST image of the galaxy clus-
ter is displayed in Fig. 5.1. As far as spectroscopy is concerned, A1063 was targeted with
MUSE in the nights of June 25th, 2014 and June 29th, 2014. MUSE data consist of two
pointings (Karman et al. 2015, 2017). The south west pointing (ID 60.A-9345, P.I.: K. Ca-
puti and C. Grillo) was characterized by an exposure of 3.1 hours and a seeing of ≈ 1.1′′,
while the north east pointing (ID 095.A-0653, P.I.: K. Caputi) had an exposure of 4.8
hours and seeing of 0.9′′. The cluster was also one of the targets of the CLASH-VLT Large
Program spectroscopic campaign with the VIsible Multi Object Spectrograph (VIMOS)
spectrograph, which yielded more than 4,000 redshifts over an area of ∼ 25×25 arcmin2.
These data allowed for the identification of approximately over 1,200 cluster members
(Mercurio et al. 2021).

5.2 Methodology

To face the issues mentioned above, we adopted the following statistical approach. We
started from the reference lens model presented in Bergamini et al. (2019), hereafter B19.
This lens model is characterized by the inclusion of 222 cluster members and 55 spec-
troscopically confirmed multiple images, corresponding to 20 background sources (see
also Caminha et al. 2016; Bonamigo et al. 2018). With respect to the model in B19, we
simplify the total mass parametrization (see later for a more detailed description), and
adopt different sets of multiple images for each lens model we built. Once again, the
optimization is performed with Gravity.jl, and all the models explored are studied
in the simplified image-plane configuration scheme.

5.2.1 Total mass parametrization

We adopt the same total mass parametrization of B19, but, in order to simplify the analy-
sis and simulate a realistic scenario, we do not include the contribution of the ICM. Thus,
our mass parametrizations are constituted only by the extended dark matter halos and
the galaxy-scale mass components.

Extended dark matter halos

As in B19, we introduce two extended cluster-scale halos to describe the distribution of
dark matter in the galaxy cluster, the main and the secondary halos. The main one (DM1)
is modelled with a dPIE density profile, which, as discussed in the previous Chapter, is
characterized by six free parameters: the position on the sky (x, y), the axis ratio q, the
position angle θ, the central velocity dispersion σv, and the core radius rc. To mimic
an isothermal behaviour at large radii, we set the truncation radius equal to 2 × 103

arcsec. Vice versa, the secondary dark matter halo (DM2) is modelled in terms of a
spherical dPIE mass density profile, and, as such, is described in terms of just three free
parameters: the position in the sky and the central velocity dispersion. Also in this
case, we fix the truncation radius equal to 2 × 103 arcsec. For the parameters of the two
extended halos are the same as in B19.
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Figure 5.1: Color-composite HST image of the galaxy cluster Abell S1063. The multiple
images considered in this work are displayed with white circles: each of them is named
according to the nomenclature of Bergamini et al. (2019).
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Cluster members

We include in our models all the 222 cluster members used in B19. The galaxies are
modelled in terms of spherical dPIE profiles, with the core fixed to 0.05′′. We adopt the
same scaling relations given by Eq. (3.44) and Eq. (3.45): the central velocity dispersion
σgal,j and the truncation radius σt,j of the j-th cluster member scale with its luminosity
Lj , according to

σgal,j = σref

(
Lj

L0

)α

, (5.1)

and

rcut,j = rcut,ref

(
Lj

L0

)β

, (5.2)

with L0 a reference luminosity, chosen to be that of the brightest cluster galaxy (BCG).
As in B19, we adopt the HST/F160W Kron magnitudes in the above scaling relations.
The Kron magnitude of the BCG in this band is mF160W

ref = 16.18. Based on the galaxy
kinematics measurements for 37 out of 222 cluster members presented in B19, we fix
α = 0.27. We determine the value of β assuming a scaling relation between the total
mass Mtot,j of the j-th cluster member and its luminosity Mtot,j/Lj ∝ Lγ

j , with γ = 0.2
to be consistent with the observed Fundamental Plane relation. Since for the dPIE total
mass profile Mtot,j ∝ σ2

gal,j rcut,j , we derive

β = γ − 2α+ 1 , (5.3)

which then implies β = 0.66. Differently from B19, in order to simulate the poten-
tial lack of spectroscopic follow-up and hence the impossibility of measuring the stellar
kinematics for a subset of cluster members, we do not take advantage of the calibrated
Faber-Jackson relation (see Eq. 3.47). Thus, we do not impose the same Gaussian prior
on σref as in B19, but rather opt for an uninformative uniform probability distribution
on that parameter. Similarly, a uniform prior is imposed for rcut,ref .

5.2.2 Multiple images

The original model of B19 includes 55 spectroscopically-confirmed multiple images, cor-
responding to 20 background sources, distributed over a wide range of redshifts, from
z = 0.73 to z = 6.11. In our work, we build and explore 400 lens models of A1063, char-
acterized by the same total mass parametrization described in the previous section, but
a different number of multiple images, as follows.

Models 5f We build 100 lens models by including in each of them a randomly ex-
tracted subset of 5 out of 20 families of multiple images. This results in lens models
having the same number of background sources being lensed, but a different number
of multiple images.

Models 5f-1h. As before, we explore 100 lens models by including in each of them
a randomly extracted subset of 5 out of 20 families of multiple images. Differently
from the previous ensamble of models, in this case we modify the total mass distri-
bution: as a matter of fact, we include only the main dark matter halo, and exclude
the secondary one. These models are built in correspondence with those with two
halos: namely, each set of multiple images is included both in a model with one and
two cluster-scale halos.
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Models 10f. Similarly, we build 100 lens models by including in each of them a
randomly extracted subset of 10 out of 20 families of multiple images. For these
models, we include two dark matter haloes in the parametrisation of the total mass
distribution.

Models 15f. Finally, we optimize 100 lens models obtained by including in each of
them a randomly extracted subset of 15 out of 20 families of multiple images. For
these models, we include two dark matter haloes in the parametrisation of the total
mass distribution.

A brief description of the main specifics of each of these lens models is given in Table 5.1.
All multiple images are treated as point-like sources. To each of them we assigned the
same measurement uncertainty of the best model in B19, namely ∼ 0.48′′. Each image is
given its spectroscopic redshift presented in B19.

Table 5.1: Brief description of the lens models explored. For each column, we report the
number of background sources included Nsrc, the average number of multiple images
included N̄imgs, and the number of free parameters Npar.

Model Nsrc N̄imgs Npar

5f 5 14.06 11
5f-1h 5 14.06 8
10f 10 27.54 11
15f 15 41.14 11

5.3 Results

In this Section we summarize the main results of this study: we first analyse the figures
of merit adopted to quantify the goodness of the lens models, then we explore the im-
pact of the reduced number of multiple images on the lens parameters, the total mass
distribution of the cluster, and the magnification maps.

5.3.1 Figures of merit

As done for the analysis of Abell 2390, we adopt as figure of merit the mean scatter be-
tween the model-predicted and observed multiple images, namely the rms. However,
since the models are characterized by a different number of multiple images (and a dif-
ferent total mass parametrization in case of models 5f-1h), we compute instead a reduced
rms, given by

∆rms,RED =

√√√√ 1

Nim −Nsrc −Ndof/2

Nim∑
i=1

∣∣∆i

∣∣2 =

=

√√√√ 1

Nim −Nsrc −Ndof/2

Nim∑
i=1

∣∣xob
i − xpr

i

∣∣2 ,
(5.4)

whereNim is the number of images,Nsrc the number of corresponding sources, andNdof

is the number of degrees of freedom for each model of each class. ∆rms,RED is related to
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Figure 5.2: The reduced rms ∆RMS,red distribution for the models 5f (blue), 5f-1h (red),
10f (green), and 15f (orange). The vertical dashed lines indicate the median value of the
corresponding distribution.

the definition of the rms ∆rms given in Eq. (3.18) through

∆rms,RED = ∆rms

√
Nim

Nim −Nsrc −Ndof/2
. (5.5)

In Figure 5.2 we display the distribution of ∆RMS,red for the different models. The ver-
tical dashed lines indicate (with the same colour correspondence) the median value of
such distribution. Models 5f-1h have a broad distribution, ranging from 0.2 arcsec to
approximately 1.2 arcsec. On the other hand, the class of models 5f, despite having the
same constraints as models 5f-1h, is characterized by a narrower distribution, peaked
at lower values (around ∼ 0.4 arcsec). Models 10f and 15f have distributions peaked
around ∼ 0.7− 0.8 arcsec, reflecting the higher number of constraints available. Models
5f and 5f-1h display a similarity in the distribution of their evidences, which, as men-
tioned in Chapter 3, is a key figure to compare different lens models within a Bayesian
framework. Since for each same subset of 5 families of multiple images there is a model
with both a single extender cluster-scale halo and two halos, we can compare the specific
lens models. The distributions of the evidences overlap nicely, and there are no major
differences in their ratio. Given Eq. (3.20), this suggests that, for each subset of multiple
images, the models are equally good. A major difference in models 5f-1h and 5f is best
appreciated when studying the lensing-derived quantities of interest.

Complementarily, we quantify the reduced χ2, χ2
red, which weights the χ2 of each

lens model according to the correspondent number of degrees of freedom. Given Ndof,i
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the number of degrees of freedom for the ith model, its χ2
i is given by

χ2
i =

Ni
imgs∑
j=1

(
xob
j,i − xpr

j,i

σj,i

)2

, (5.6)

where N i
imgs is the number of multiple images included in model i, xob

j,i (xpr
j,i) is the ob-

served (model-predicted) position of the jth image, and σj,i the uncertainty on its posi-
tion. Hence, χ2

red can be evaluated as

χ2
red,i =

χ2

Ndof,i
. (5.7)

We plot in Figure 5.3 the distributions of the reduced χ2
red for the different classes of

models. The vertical dashed lines indicate the median value of the corresponding dis-
tribution. The distribution corresponding to models 5f-1h (orange histogram) is broad
over a vast range of values. The other classes of models (5f, 10f, and 15f), having the
same total mass parametrization, show more compact distributions, which shrink as
more constraints are added, with median values consistent with one another. As can
be seen, the majority of the models in these three classes is characterized by a reduced
chi square less than the unity, implying an overestimate of the position uncertainty of
the multiple images. This can be easily explained by considering that we adopted the
same measurement errors of the reference model by B19, which is based on the complete
set of 55 multiple images. In addition, in the best-fit model of B19, the measurement
uncertainties had been already properly scaled as to achieve a chi square similar to the
number of degrees of freedom.

5.3.2 Lens parameters

We then quantify the goodness of the lens models by studying the marginalized poste-
rior distributions (pdf’s) of the lens parameters for each model. These curves are dis-
played in Figure 5.4, 5.5, 5.6, and 5.7. In each plot, the coloured curves correspond to
a specific model, and curves of the same colour belong to the same set: 5f-1h (red), 5f
(blue), 10f (green), or 15f (orange). To make a first qualitative comparison with the refer-
ence scenario, each panel contains the marginalized pdf of the corresponding parameter
of the complete model in black. It is evident how the curves tend to shrink as we add
more constraints, resulting in more precise results. In addition, they tend to get closer to
the black reference curve, suggesting more precise optimizations.
More in detail, as far as the scaling relations are concerned, it is evident how the reference
truncation radius is not properly constrained: the systematics reflect the multimodality
observed in the marginalized pdfs (first row of Figure 5.4). Indeed, for all the classes
of models, some pdfs were peaked at low values of this parameter, whereas others were
peaked at higher values. This trend is evident especially in models 5f-1h and 5f, whereas
the behaviour becomes less pronounced in the other sets of models. As we will show
later, this impacts the recovered total mass distribution. Moreover, models with only
5 families of multiple images tend to prefer for the velocity dispersion of the scaling
relations a value higher than the reference, despite no clear correlation with the core
radius (i.e., a more or less compact mass distribution for the sub-halo components) is
observed. When analysing the marginalized pdfs of the DM1 halo, we can observe how
its position is the the least constrained, with models 5f-1h mostly preferring a position
north-east of the reference scenario. We can see how some models, in particular, do not
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Figure 5.3: χ2
red distribution for the models 5f (blue), 5f-1h (red), 10f (green), and 15f

(orange). The vertical dashed lines indicate the median value of the corresponding dis-
tribution.

show any preferred solution within the prior assigned. If we look at the second dark
matter halo, DM2, it emerges how its position is badly constrained in the case of models
5f and, partly, 10f. This result motivated us in exploring the set 5f-1h, and is also evident
in the reconstruction of the critical curves (see later).

We can then estimate the total statistical+systematic uncertainty associated with the
various lens modelling choices (different total mass parametrizations, in the case of mod-
els 5f-1h with respect to the others, and/or the inclusion of different subsets of multiple
images). To do so, we proceed as follows. For each parameter, we extract the best-fit
values of the corresponding marginalized pdf for all the same set of 100 models, namely
those maximizing the corresponding posterior distribution. Of these values, we extract
the median value, and evaluate the interval corresponding to the [16th, 84th] quantiles.
The result of these evaluations is given in Table 5.2. For a first quantitative analysis,
we also quote the median values resulting from 100 random extractions of the Markov
Chain Monte Carlo of the reference model. Each value of the last column is accompanied
by the statistical uncertainty on the corresponding parameter estimated on those 100 ex-
tractions. It is clear how the systematic uncertainty reduces when passing from models
5f-1h to 15f, as more information is added. Models 5f-1h are characterized by a mean
relative uncertainty of ∼ 79%, which, as emerges from Table 5.2, is mainly dominated
by the uncertainty on the position of the cluster halo DM1. Indeed, if we neglect these
parameters, the median error drops to ∼ 13%. The mean uncertainty reduces to 46%
in the models 5f, and 21% if we exclude the uncertainty on the postion of the first dark
matter halo. In this case, the total error budget is dominated by the uncertainty on the
parameters of the second extended halo. Models 10f are characterized by a mean uncer-
tainty of 20%, which further reduces to 8% for models 15f. The results of the different
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Figure 5.4: Marginalized posterior distributions of the parameters of the lens models
for all the sets of models explored: models 5f-1h (red) and 5f (blue) in the left column,
models 10f (green) and 15f (orange) in the right column. The black curves denote the
marginalized posterior distributions for the reference model.

sets of models are globally consistent with each other, suggesting a robust lens model.



80 5.3 Results

yDM,1 ['']
−2 −1 0 1 2

D
en

si
ty

0.0000

0.0005

0.0010

0.0015

yDM,1 ['']
−2 −1 0 1 2

D
en

si
ty

0.0000

0.0005

0.0010

0.0015

qDM1

0.3 0.4 0.5

D
en

si
ty

0.00

0.01

0.02

0.03

0.04

0.05

0.06

qDM1

0.3 0.4 0.5

D
en

si
ty

0.00

0.01

0.02

0.03

0.04

0.05

0.06

rcore,DM1 ['']
5 10 15 20 25 30 35

D
en

si
ty

0.000

0.001

0.002

0.003

0.004

0.005

0.006

rcore,DM1 ['']
5 10 15 20 25 30 35

D
en

si
ty

0.000

0.001

0.002

0.003

0.004

0.005

0.006

Figure 5.5: Continued.
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Figure 5.6: Continued.
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Table 5.2: Optimized lens parameters and the corresponding systematic uncertainty for models 5f-1h (third column), 5f (fourth), 10f
(fifth), and 15f (sixth). The last column displays the expected value from the reference model with the statistical uncertainty. For
columns 2 to 6, the first uncertainty refers to the statistical one, the second error is the systematic one.

Parameter 5f-1h 5f 10f 15f Reference*

Galaxies σref [km s−1] 293 ± 18 ± 90 291 ± 25 ± 75 269 ± 22 ± 34 256 ± 17 ± 19 245 ± 14
rcut,ref [arcsec] 48.9 ± 7.7 ± 27.3 37.9 ± 12.3 ± 20.4 47.4 ± 10.0 ± 21.4 53.9 ± 7.8 ± 19.4 59.0 ± 10.3

DM1 x [arcsec] −0.29 ± 0.28 ± 1.15 0.58 ± 0.74 ± 0.88 0.69 ± 0.33 ± 0.43 0.79 ± 0.21 ± 0.19 0.82 ± 0.25
y [arcsec] 0.20 ± 0.15 ± 1.08 −0.35 ± 0.51 ± 0.85 −0.29 ± 0.21 ± 0.40 −0.31 ± 0.17 ± 0.12 −0.34 ± 0.21
σ [km s−1] 1489 ± 10 ± 11 1455 ± 27 ± 26 1464 ± 18 ± 15 1466 ± 14 ± 9 1465 ± 14

q 0.47 ± 0.01 ± 0.03 0.49 ± 0.02 ± 0.03 0.50 ± 0.01 ± 0.01 0.51 ± 0.01 ± 0.01 0.50 ± 0.01
θ [rad] 2.22 ± 0.02 ± 0.02 2.23 ± 0.01 ± 0.02 2.23 ± 0.01 ± 0.02 2.23 ± 0.01 ± 0.01 2.22 ± 0.01

rcore [arcsec] 18.9 ± 0.3 ± 3.6 17.9 ± 1.3 ± 2.4 18.3 ± 0.7 ± 1.3 18.4 ± 0.6 ± 0.7 18.5 ± 0.6

DM2 x [arcsec] − −65.70 ± 13.45 ± 51.99 −59.33 ± 10.51 ± 12.99 −55.24 ± 7.30 ± 3.63 −56.87 ± 5.58
y [arcsec] − 38.01 ± 11.04 ± 32.82 33.00 ± 8.42 ± 7.60 31.11 ± 9.51 ± 1.42 30.78 ± 3.26
σ [km s−1] − 376 ± 93 ± 105 330 ± 61 ± 61 317 ± 51 ± 19 312 ± 39

Notes. The uncertainty on the lens parameters of the reference model is statistical. It was estimated by randomly extracting 100 points from the
Markov Chain, and quantifying the 16th and 84th quantiles.
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5.3.3 Total mass distribution

In lensing analyses we are mainly interested in derived quantities, including the total
mass distribution and the magnification maps. Hence, we first reconstruct the total
mass distribution of A1063 for all the lens models explored, and estimate both the sta-
tistical and total statistical+systematic uncertainty following a methodology similar to
what done for the single lens parameters. First, for each set, we reconstruct all the 100
cumulative total mass profiles, using for each of them the corresponding set of param-
eters maximizing the posterior distribution. We quantify the systematic uncertainty for
each set by considering the interval corresponding to the [16th, 84th] quantiles. Then, to
estimate the total systematic+statistic error, we proceed as follows: given a lens model,
we randomly extract 100 sets of parameters from the Monte Carlo Markov chains, and
for each of them we reconstruct the cumulative total mass profile. We repeat the same
operation for all the 100 models of the same class. We can therefore estimate the to-
tal uncertainty by evaluating once again the interval corresponding to the [16th, 84th]
quantiles. For each set, the total mass enclosed within a circle whose radius is the me-
dian distance of all the 55 multiple images from the BCG (159 kpc) is given in Table 5.3.
The first uncertainty quoted refers to the statistical one, whereas the second error is the
systematic one (after subtraction from the total error budget). As can be seen, all the
values are consistent with each other and with the estimate obtained with the reference
model.

Table 5.3: Total mass of Abell S1063 estimated for all the classes of models explored in
this work, and the reference case. Each value corresponds to the total mass enclosed
within a circle whose radius is the median distance of all the 55 multiple images from
the BCG. The first uncertainty quoted refers to the statistical one, whereas the second
error is the systematic one (see text).

Model Mass [1014M⊙]

5f 1.549 ± 0.016 ± 0.013
5f-1h 1.551 ± 0.017 ± 0.011
10f 1.558 ± 0.010 ± 0.008
15f 1.559 ± 0.007 ± 0.004
Reference* 1.558 ± 0.006

Notes. The uncertainty on the total mass of the reference model is statistical. It was estimated by
evaluating 100 total mass profiles obtained by randomly extracting 100 points from the Markov
Chain, and then quantifying the 16th and 84th quantiles.

To better understand potential differences between the different sets of models, we esti-
mate the relative uncertainty on the total mass and the ratio between the total mass pro-
files. The radial dependence of the relative uncertainty (estimated as the semi-difference
between the 84th and 16th quantiles) is shown in Figure 5.8. As expected, for all the
models, the error is at its lowest in the SL region defined by the presence of the multi-
ple images (see the vertical bars in the Figure). In all scenarios, the uncertainty keeps
below 2%, with the set of models 15f having the lowest uncertainty (below 1% in the
SL regime). As less constraints are available (models 5f, 5f-1h, and 10f), the uncertainty
arises. We show the ratios between the median cumulative total mass profiles of the
different sets of models and the reference scenario in Figure 5.9. In the innermost SL
region, differences are greater than few percent, as expected: indeed, that is a region
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Figure 5.8: Relative uncertainty on the cumulative total mass distribution for the differ-
ent sets of models explored in this Thesis as a function of the distance from the BCG. The
vertical black bars denote the positions of the multiple images.

with no SL constraints, hence it is an extrapolation of the lens models. Models 5f-1h and
5f underestimate the total mass, as compared to the reference case. Complementarily,
models 10f and 15f are in excellent agreement with the reference scenario. We explain
this accordance since, by averaging over the spatial distribution of the multiple images
in each of the 100 models per set, the SL region is properly sampled (on average, each
15f model has 41 multiple images over a total of 55). Since the position of the multiple
images constrain the total mass enclosed within a sphere of that radius, the mass profiles
result robustly reconstructed.

Dark matter mass distribution

We further explore how the total mass of the cluster is distributed between the dark mat-
ter and the baryonic components. Similarly to Figure 5.9, we display in Figure 5.10 the
ratio between the the median cumulative DM-only mass profiles for the different classes
of models and the reference case. Once again, models 15f predict values that are in ex-
cellent agreement with the reference case, despite a slight overestimate of the mass by
∼ 1% in the innermost SL region. Models 10f also predict a systematically higher value
of the DM mass distribution, by a factor of less than ∼ 2%. Models 5f systematically
disagree with the reference case (with a difference of more than ∼ 4% in the SL region).
Finally, models 5f-1h underestimate the DM-only mass distribution by less than ∼ 2%.
It is noteworthy to underline that all these reconstructed DM mass profiles are biased by
the fact that the hot intracluster gas component has not been separately modelled, rather
it is included in the DM-only mass budget (Bonamigo et al. 2017, 2018). Despite this,
we can see in Figure 5.11 how the ratio DM-to-total mass for the different sets of models
explored keeps consistent with the reference scenario. We notice a slight discrepancy for
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Figure 5.9: Ratio between the cumulative total mass profiles for the sets of models ex-
plored in this Thesis and the reference model, as a function of the distance from the BCG.
The vertical black bars denote the positions of the multiple images.

models 5f-12h in the innermost SL region (less than 50 kpc from the BCG). As expected,
models 5f-1h are characterized by a systematically higher (less than ∼ 1%) value of this
fraction, due to the different total mass redistribution between the DM- and baryonic
components.

5.3.4 Critical curves and magnification maps

Another lensing-derived quantity of interest are the critical curves, namely the set of
points on the lens plane where the magnification factor ideally diverges. These lines are
of crucial importance to search for and study faint or distant sources, which would not be
detectable otherwise. We display in the left column of Figure 5.12 50 realizations of the
critical curves estimated at the median value of the redshift distribution of the multiply-
lensed sources, namely z = 3.145, obtained by randomly choosing half of the models for
each subset. The top panel displays the critical curves for 50 lens models of the class 5f,
the middle one refers to models 10f, whereas the bottom plot corresponds to models 15f.
We exclude models 5f-1h being these characterized by a different total mass parametriza-
tion. In each panel, the blue crosses denote all the 55 multiple images included in the
reference case, whereas the red ones are those included in one specific model of the cor-
responding set (namely, in the top panel the red crosses are the multiple images included
in one of the lens models of the set 5f, and similarly for the other two panels). It is ev-
ident how the critical curves get better constrained as more and more observables are
added. This is particularly evident for the north-east region, where, due to the lack of
multiple images, the critical curves are not constrained at all in the 5f scenario, but are
better reconstructed in the two other sets of models. The right column of Figure 5.12 dis-
plays instead the relative uncertainty on the magnification maps, estimated as follows.
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BCG. The vertical black bars denote the positions of the multiple images.

0 50 100 150 200 250 300
R [kpc]

0.2

0.4

0.6

0.8

1.0

M
DM

(<
R)

/M
to

t(<
R)

5 fams - 2 halos
5 fams - 1 halo
10 fams
15 fams
Reference
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For each set, we evaluate the magnification map at the same redshift z = 3.145 for all
the 100 models using the corresponding set of best-fit values (namely, those maximizing
the posterior distribution). We evaluate the median value in each pixel, whereas the un-
certainty is once again estimated from the 16th and 84th percentiles of the magnification
distributions in each pixel. It is evident how the uncertainty reduces as more constraints
are added. This is particularly evident when passing from 5f to 10f, with the critical
curves being better constrained. We can also visualize this in Figure 5.13, which dis-
plays the flattened distribution of the relative uncertainties shown in the right column
of Figure 5.12. It is evident how the distributions shrink when passing from models 5f
to models 10f and 15f. In addition, they get peaked at lower values of the relative uncer-
tainty. This behaviour is also reflected in the flattened distribution of the relative uncer-
tainties for those pixels having an absolute value of the magnification greater than 100,
hence those hosting critical curves, displayed in Figure 5.14. The distribution for mod-
els 5f is characterized by a broad distribution with a high tail for uncertainties greater
than 120%. Models 10f have instead relative uncertainties peaked at 100%, and a long
tail for higher values. Finally, models 15f are peaked around 30%, despite a broad tail
extending to higher values.
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Figure 5.12: Left: 50 realizations of the critical curves estimated at the median value of the
redshift distribution of the multiply-lensed sources (z = 3.145), obtained by randomly
choosing half of the models for each subset. From top to bottom: models 5f, 10f, and
15f. The blue crosses denote all the 55 multiple images included in the reference case,
whereas the red ones are those included in one specific model of the corresponding set.
Right: relative uncertainty on the magnification maps. Similarly, from top to bottom:
models 5f, 10f, and 15f.
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Part III

Strong Lensing in the James
Webb era





CHAPTER 6

SL analysis of MACS J0416.1−2403

As mentioned in the previous chapters, SL analyses and their applications rely on two
key ingredients: imaging and spectroscopy. Having multi-band imaging enables the
precise measurements of the position of cluster members and lensed sources, and the
identification of multiple-image systems, based on their colours and morphologies. Un-
til recent time, the state of art was represented by HST imaging, which operated in the
optical wavelengths. A step forward has been made thanks to the launch of the James
Webb Space Telescope (JWST) in late 2021. Operating in the near-infrared, the JWST has
indeed enabled to view objects too old, distant (up to z ∼ 14, Carniani et al. 2024; Naidu
et al. 2025), or faint for HST (Rigby et al. 2023). The telescope was designed to reach four
main goals: to study the first stars and galaxies that formed in the Universe, to track the
formation and evolution of galaxies, to shed new light on stars and planet formation,
and to study planetary systems. The telescope is equipped with four instruments: NIR-
Cam, NIRSpec, MIRI, and FGS-NIRISS. The Near IRfrared Camera (NIRCam, Rieke et al.
2003, 2005, 2023; Beichman et al. 2012) is a camera operating in the wavelength range
from 0.6µm to 5µm. It is composed of ten detector arrays, each of which having in turn
an array of 2048× 2048 pixels. The camera has a field of view (FoV) of 2.2× 2.2 arcmin-
utes, with an angular resolution of 0.07 arcseconds at 2µm. NIRCam is also equipped
with coronagraphs for collecting data on exoplanets near stars. The Near INfrared Spec-
trograph (NIRSpec, Jakobsen et al. 2022; Böker et al. 2023) is a multi-object spectrograph
operating in the same wavelength range of NIRCam within a FoV of 3.4×3.6 arcminutes,
with a pixel scale of 0.1 arcsecond/pixel. It operates in four observing modes, includ-
ing, among others, an integral field unit, with resolving powers of ∼ 100, ∼ 1, 000, and
∼ 2, 700. The Fine Guidance Sensor and Near InfraRed Imager and Slitless Spectrograph
(FGS-NIRISS Doyon et al. 2012, 2023) is an instrument which combines a fine guidance
sensor, a near-infrared camera, and a slitless spectrograph. NIRISS was designed to pro-
vide near-infrared imaging in the wavelength range 0.8− 5.0µm, covering, as NIRCam,
a FoV of 2.2× 2.2 arcminutes, with an angular resolution of 0.07 arcseconds. The instru-
ment also performs wide-field (WFSS) and single-object slitless (SOSS) spectrography
with the same FoV and angular resolution. The WFSS operates in the wavelength range
0.8− 2.2µm with a resolving power of 150 at wavelength λ = 1.4µm, whereas the SOSS
works in the wavelength range 0.6−2.8µm with a resolving power of 700 at λ = 1.4µm.
Finally, the Mid-InfraRed Instrument (MIRI, Glasse et al. 2015; Wright et al. 2023) pro-
vides imaging and spectroscopic observing modes in the range ∼ 5− 28µm.

Since its launch, the JWST has paved the way for a new generation of high-accuracy
lens models, thanks to the unprecedented quality and high resolution provided by its
instruments (see, e.g., Caminha et al. 2022b; Bergamini et al. 2023b; Furtak et al. 2023;
Mahler et al. 2023; Diego et al. 2024a; Gledhill et al. 2024), which motivated the surveys
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mentioned in Sect. 2.5.2, including the CANUCS survey, previously mentioned. Of the
five clusters targeted, the survey observed the galaxy cluster MACS J0416.1−2403.

MACS J0416.1−2403, hereafter M0416, is a massive galaxy cluster lying at redshift
z = 0.397 which was discovered as part of the MACS survey (see Sect. 2.5.1). The system
is a cluster merger, likely in a pre-collisional phase (Balestra et al. 2016), as reflected in
its two-peaked X-ray surface brightness distribution (Mann & Ebeling 2012; Bonamigo
et al. 2017, 2018). M0416 is a very effective gravitational lens, thanks to its elongated
mass distribution, resulting in the production of an extremely high number of multiple
images (Zitrin et al. 2013; Balestra et al. 2016; Hoag et al. 2016; Caminha et al. 2017;
Bergamini et al. 2021; Diego et al. 2024b; Rihtaršič et al. 2025) and of high magnification
transient events, that allowed for the study of stars at redshift z ∼ 1 (Rodney et al. 2018;
Chen et al. 2019; Kaurov et al. 2019; Yan et al. 2023; Diego et al. 2024b).

6.1 Previous lens models

After its discovery within the MACS campaign, M0416 was also observed within the
CLASH and HFF surveys (see Sect. 2.5.1), which targeted the central core of the sys-
tem, and helped to pave the way to the first strong lensing models of this cluster (Zitrin
et al. 2013; Jauzac et al. 2015; Johnson et al. 2014; Diego et al. 2015; Kawamata et al.
2016; Sebesta et al. 2016). The cluster was also targeted by several spectroscopic follow-
up observations, starting with the CLASH-VLT campaign. This led to the lens model
by Grillo et al. (2015), comprising 30 spectroscopically confirmed multiple images cor-
responding to 10 background sources. A step forward was made with the HST/WFC3
infrared grism spectroscopy obtained with the Grism Lens-Amplified Survey from Space
(GLASS, Schmidt et al. 2014; Treu et al. 2015), which led to the free-form lens model by
Hoag et al. (2016), consisting of 30 spectroscopic multiple images from 15 background
galaxies. Table 6.1 summarizes the main features of the multiple images catalogs used
in several strong lensing models of M0416. An improvement was possible thanks to the
advent of MUSE (see Sect. 2.6). The south-west region of the cluster was observed with
MUSE as a part of the programme 094.A-0525 (PI: Bauer), which was given 11 hours
of exposure time. The north-east region was instead targeted by the programs GTO
094.A-0115B (PI: Richard) and 0100.A-0764 (PI: Vanzella, Vanzella et al. 2021) for a total
integration time of 17.1 hours, thus making M0416 the galaxy cluster with the deepest
MUSE observations to date. Caminha et al. (2017) presented a lens model constrained
by 102 spec-z multiple images corresponding to 37 sources. Their work was improved
by including the hot X-ray emitting gas component (Bonamigo et al. 2017, 2018) and in-
formation on galaxy kinematics (Bergamini et al. 2019). The dataset of multiple images
was further expanded by Bergamini et al. (2021), by taking advantage of the catalog by
Vanzella et al. (2021). Richard et al. (2021) presented a catalog of 198 images from 71
galaxies. This number further increased to 237 images from 88 sources in Bergamini
et al. (2023b). Another catalogue of 214 multiple images was compiled by Diego et al.
(2024b) by re-analysing systems from existing literature, which led the non-parametric
SL study of Diego et al. (2024a) based on JWST imaging, within the PEARLS collabora-
tion (Sect. 2.5.2). Diego et al. (2024a) presents 343 multiple-image candidates, belonging
to 119 systems. It is composed of all previously known systems with MUSE spectro-
scopic redshift as well as 41 additional candidates without spectroscopic confirmation.
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Table 6.1: Number of multiple images Nim and corresponding number of systems Nsys

with known spectroscopic redshift from several strong lensing studies of M0416.

Catalogue Nim Nsys Spec. measurement
Zitrin et al. (2013) 34 1 CLASH
Grillo et al. (2015) 30 10 VLT/VIMOS
Hoag et al. (2016) 30 15 HST/GLASS

Caminha et al. (2017) 102 37 VLT/MUSE
Bergamini et al. (2021) 182 66

Richard et al. (2021) 198 71
Bergamini et al. (2023b) 237 88

Diego et al. (2024a) 226 77
Rihtaršič et al. (2025) - Gold 303 111 JWST/CANUCS

Rihtaršič et al. (2025) - Complete 349 124
This Thesis - Gold 333 120 JWST/CANUCS + VLT/MUSE

This Thesis - Complete 437 162

6.2 Data

6.2.1 Imaging and photometry

To study the galaxy cluster M0416, we employ the imaging dataset adopted by Rihtaršič
et al. (2025), hereafter R25. It uses both JWST and archival HST imaging data. We use the
CANUCS JWST/NIRCam observations in filters F090W, F115W, F150W, F200W, F277W,
F356W, F410M, and F444W, which are characterized by a 6.4 ks exposure time per filter.
We also rely on archival HST/ACS imaging data in F435W, F606W, and F814W filters,
and HST/WFC3 data in F105W, F110W, F125W, F140W, F160W filters from the HFF and
CLASH programs. The data were reduced and photometric catalogs were produced
following the procedure outlined in Noirot et al. (2023) and Asada et al. (2024). The NIR-
Cam and WFC3 images were first processed with the official JWST pipeline, drizzled
on the same pixel scale, and aligned with respect to Gaia DR3 astrometry (Gaia Collab-
oration: Vallenari et al. 2023). We refer the reader to R25 and the references herein for
a more detailed description of the pipeline. Figure 6.1 displays an RGB (red: F150W,
green: F200W, blue: F090W) color-composite JWST image of the lensing galaxy cluster.

6.2.2 Spectroscopy

VLT/VIMOS and VLT/MUSE

We employed the same archival VLT/VIMOS and VLT/MUSE spectroscopy dataset
used in Bergamini et al. (2021, 2023b) as a starting point to build our catalogue of mul-
tiple images. VLT/VIMOS observations provided redshift measurements over a ∼ 20′

FoV (Balestra et al. 2016). VLT/MUSE observations were performed on the cluster core.
In particular, one MUSE pointing (GTO 094.A0115B, P.I.: J. Richard) was centred on the
north-east region of M0416 (2 hours of exposure time and 0.6′′ seeing). A second MUSE
observation (094.A0525(A), P.I.: F. E. Bauer) was pointed to the south-west region of
the cluster (11 hours of integration time and 1.0′′ seeing). As mentioned before, a deep
MUSE observation on the north-east region of M0416 was performed through the obser-
vational program 0100.A0763(A) with P.I. E. Vanzella (Vanzella et al. 2021), which was
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Figure 6.1: A RGB (red: F2000W, green: F150W, blue: F090W) color-composite JWST
image of the lensing galaxy cluster MACS J0416.1−2403. The magneta circles represent
the set of multiple images included in the gold model in this Thesis. The images added
in the complete model are in white. The foreground spiral is indicated with a cyan box,
galaxy 8971 with an orange one.
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given 17.1 hours of integration time, with a seeing of ∼ 0.6′′.

JWST/NIRISS spectroscopy

Within the CANUCS survey, as described in R25, the galaxy cluster was targeted with
NIRISS using the wide-field spectroscopy mode in F115W, F150W, and F200W filters
and two orthogonal grisms (GR150C and GR150R, R ∼ 150), with 9.7 ks exposure time
per configuration. The data reduction process, the spectra extraction pipeline, and the
redshift measurement procedure are presented in Noirot et al. (2023).

JWST/NIRSpec spectroscopy

M0416 was subsequently targeted with NIRSpec, with nominal resolving powerR ∼ 100
and the wavelength coverage range between 0.6µm and 5.3µm. The cluster was observed
for a total integration time of 8.7 ks. Most images have a NIRSPec exposure of 3 ks,
whereas for this cluster 3 configurations were taken.

6.3 Searching for new multiple images

In order to build a robust catalogue of multiple images, we started from the sample
included in the lens model by Bergamini et al. (2023b), hereafter Bergamini+23, which
consists of 237 spectroscopically-confirmed multiple images corresponding to 88 back-
ground sources, which in turn is based on the spectroscopic catalogues by Bergamini+23
and Richard et al. (2021). We then considered the catalogue compiled by R25, which
adopted the one by Bergamini et al. (2023b) as starting point. They first analysed the
new CANUCS NIRISS spectroscopy, which resulted in the identification of 11 new mul-
tiple images, relative to 4 background families. They then cross-matched the catalogue
of Bergamini+23 with the one by Diego et al. (2024b) produced within the PEARLS sur-
vey (see Sect. 2.5.2). The complete catalogue of R25 consists of 415 multiple images
candidates (corresponding to 150 families), which are classified into four quality cate-
gories: gold, bronze, sliver, and quartz. The gold class contains 303 images from 111
multiple-image systems, and is composed of all the galaxies having a reliable spectro-
scopic redshift as obtained with JWST/NIRISS or JWST/NIRSpec, or a previous MUSE
measurement, and a clear JWST/NIRCam imaging counterpart. These are the images
that were included in their lens model. The silver and bronze categories comprise 15
and 68, respectively, images characterized by an intermediate or low degree of confi-
dence (R25). Finally, the quartz class is composed of 29 previously known multiple im-
ages with MUSE redshift measurements, but excluded from the lens model of R25, since
they could not be clearly confirmed with NIRCam imaging. Out of the 303 gold multiple
images of R25, 191 are in common with the catalogue of Bergamini+23. 8 out of the 112
new gold multiple images of R25 are part of the 11 above mentioned that were discov-
ered using NIRSpec and NIRISS. The remaining 104 are from the catalogue by Diego
et al. (2024b).

In this Thesis, we started from the catalogue of multiple images of Bergamini+23 and
extended it by including the images labelled as gold by R25 that were not present in the
model by Bergamini+23. We adopted the same nomenclature of R25 when labelling the
multiple images. Namely, each clump is considered a separate system when reporting
the total system count. The decimal digit represents the image ID, whereas the letter
identifies the clump. The number following the dot denotes instead the image multiplic-
ity. For instance, image K14b.3 is the third image of the second (b) clump of a galaxy
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with ID 14. When adding the images of Bergamini+23 that were excluded in R25, we
converted the nomenclature of Bergamini+23 into that of R25 to keep the consistency.
When adding to the catalogue of B25 the extra golden images of R25, the initial sample
consisted of 349 members, from which we excluded image K8a.3, since we could not
securely associate it to the two other counter-images (K8a.2 and K8a.3), as well as other
15 images that we could not securely identify in the single-band and colour-composite
images. This allowed us to produce a first catalogue consisting of 333 multiple images
corresponding to 120 families.

We then visually examined these images looking for potential sub-knots within the
multiply-lensed images, which was made possible thanks to the high-resolution in the
near IR of the JWST imaging. To do so, we employed both single-band images (using
the NIRCam filters F090W, F150W, and F200W) and a colour-composite RGB image (the
same depicted in Figue 6.1). We considered as possible new knots only those satisfying
the conditions on parity (see Chapter 1), and that could be detected in all the three bands
cited. An example is given in Figs. 6.2, 6.3, and 6.4: the multiply-imaged knot K55b
(images K55b.1, K55b.2, and K55b.3, identified with the gold circles) does clearly show
four further luminosity peaks, encircled within black circles. We measured the position
of these knots and added them into our catalogue. Another example is shown in Figs. 6.5,
6.6, and 6.7: the multiply-imaged K9 (images K9.1, K9.2, and K9.3, originally included in
R25, identified with the gold circles), of which we managed to identify three additional
knots (black circles): following the notation introduced above, we renamed images K9 as
K9a, and labelled the other knots accordingly (K9b to K9d). This allowed us to obtain a
catalogue of 437 multiple images, corresponding to 162 background sources. All of these
are spectroscopically confirmed.

6.4 Lens modelling

We perform the SL analysis of the galaxy cluster M0416 using the software Gravity.jl
(Lombardi 2024). We explored three lens models, characterized by the same total mass
parametrization and set of cluster members, but a different sample of multiple images
(see later). These models are labelled B23, Gold, and Complete, and a brief description
of each of them is presented in Table 6.3. To sample the posterior distribution of the
models explored in this Thesis, we employed the NRPT algorithm implementation in
the software. All the optimizations of the lens models were carried out in the simplified
image-plane configuration.

6.4.1 Total mass parametrization

To describe the total mass distribution of M0416, we adopt the same parametrization
adopted in B23. Following Eq. (3.43), we describe the total gravitational potential ϕtot of
the galaxy cluster as the sum of the following terms,

ϕtot =

Nh∑
i=1

ϕhaloi +

Ngas∑
j=1

ϕgasj +

Ng∑
j=1

ϕgalj + ϕfrg + ϕg8971 , (6.1)

where, as usual, the first sum runs over theNh extended dark matter haloes, whereas the
second one over the Ngas extended hot gas haloes contributing to the total mass budget
of the cluster. The third sum runs instead over the Ng cluster members following the
scaling relations in Eq. (3.44) and Eq. (3.45). ϕfrg is the gravitational potential due to
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Figure 6.2: Cutouts of image K55b.1 (identified with the golden circle), as included in the
lens model by R25, and the sub-knots identified while examining the multiple images
(black circles). The cutouts are taken in the single bands F009W, F150W, and F200W, and
in a colour-composite RGB image of the lens cluster.
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Figure 6.3: Cutouts of image K55b.2 (identified with the golden circle), as included in the
lens model by R25, and the sub-knots identified while examining the multiple images
(black circles). The cutouts are taken in the single bands F090W, F150W, and F200W, and
in a colour-composite RGB image of the lens cluster.
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Figure 6.4: Cutouts of image K55b.3 (identified with the golden circle), as included in the
lens model by R25, and the sub-knots identified while examining the multiple images
(black circles). The cutouts are taken in the single bands F090W, F150W, and F200W, and
in a colour-composite RGB image of the lens cluster.
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Figure 6.5: Cutouts of image K9a.1 (identified with the golden circle), included in the
lens model by R25 as K9.1, and the sub-knots identified while examining the multiple
images (K9b.1 to K9d.1, black circles). The cutouts are taken in the single bands F090W,
F150W, and F200W, and in a colour-composite RGB image of the lens cluster.
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Figure 6.6: Cutouts of image K9a.2 (identified with the golden circle), included in the
lens model by R25 as K9.2, and the sub-knots identified while examining the multiple
images (K9b.2 to K9d.2, black circles). The cutouts are taken in the single bands F090W,
F150W, and F200W, and in a colour-composite RGB image of the lens cluster.
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Figure 6.7: Cutouts of image K9a.3 (identified with the golden circle), included in the
lens model by R25 as K9.3, and the sub-knots identified while examining the multiple
images (K9b.3 to K9d.3, black circles). The cutouts are taken in the single bands F090W,
F150W, and F200W, and in a colour-composite RGB image of the lens cluster.
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a foreground spiral galaxy, identified with the cyan box in Figure 6.1, whereas ϕg8971
corresponds to the contribution of the cluster member 8971 (the number refers to the
identification number of the spectroscopic catalogue of Bergamini+23, orange box in
Figure 6.1), which is treated separately.

Extended dark matter halos

Following Bergamini+23, we include four extended dark matter haloes, described in
terms of dPIE density profiles (see Sect. 3.3.2), labelled DM1 to DM4. Haloes DM1, DM2,
and DM4 are represented with elliptical dPIE profiles. Differently from the previous
Chapters, to model the galaxy cluster M0416 we did not use the parametrization of the
dPIE density profiles of Gravity.jl, rather we adopted that of LensTool (Kneib et al.
1996; Jullo et al. 2007), which is also implemented in Gravity.jl. This choice was mo-
tivated as to make a direct comparison between the lens models of this Thesis and that
of Bergamini+23, who performed their analysis using LensTool. The LensTool-based
dPIE density profiles are characterized by six free parameters as well: the position on
the sky (x, y), the ellipticity ε, the position angle θ (computed clockwise from the East
axis in LensTool), the central velocity dispersion σv and the core radius rc. The rela-
tionship between the LensTool and Gravity.jl definitions of the parameters of the
dPIE profile is given in Sect. 3.3.2. DM3 is instead described with a spherical LensTool-
based dPIE profile, hence with four free parameters: the position in the sky, the velocity
dispersion, and the core radius. For all four haloes, the truncation radius is set equal to
2× 103 arcsec as to mimic an isothermal behaviour at large radii.

Cluster members

We use the same catalogue of cluster members in Bergamini+23, consisting of 213 galax-
ies. We exclude from this set galaxy Gal-8971 (orange box in Figure 6.1), which is treated
separately (see later). The remaining 212 cluster member galaxies (the sub-halo compo-
nent of the galaxy cluster) are modelled in terms of spherical LensTool-derived dPIE
profiles. Since their position is fixed, each sub-halo is described by only three param-
eters: the central velocity dispersion σv , and the core and truncation radii, rc and rt,
respectively. We further reduced the number of free parameters by taking advantage
of the scaling relations given by Eq. (3.44) and Eq. (3.45). Following Bergamini+23, we
adopt HST/F160W photometry for their calibration. As reference luminosity, we use
that of the BCG-North, whose total F160W magnitude is mBCG

F160W = 16.02. We benefit
from the measurements of the stellar velocity dispersion for 64 cluster members pre-
sented in Bergamini et al. (2019, 2021), and fix the coefficient of Eq. (3.44) α = 0.3. This
implies, in order to be consistent with the observed Fundamental Plane, β = 0.6. We
impose a Gaussian prior on the reference velocity dispersion σref = 248 ± 28 km s−1.
For the reference truncation radius, we adopt an uninformative uniform prior between
1 and 50 arcsec. For each cluster member, the core radius is kept equal to 0.005 arcsec.

Hot gas distribution

All the lens models presented in this Thesis contain four additional cluster-scale dPIEs,
that are used to parametrize the hot gas mass distribution, obtained by fitting the Chan-
dra deep X-ray surface brightness distribution, as done by Bonamigo et al. (2017, 2018).
Each gas halo is described in terms of elliptical LensTool-derived dPIE profiles, with
all the parameters kept fixed. The values of the parameters of the density profiles used
to represent the hot gas haloes are quoted in Table 6.2.
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Table 6.2: Parameter values of the four gas haloes introduced in the total mass
parametrization of the galaxy cluster M0416, used in all the lens models explored in
this Thesis. The first column reports the mass component. The second column contains
the parameters of the density profile used to describe the corresponding mass compo-
nent. Their values quoted in the last column. The x and y coordinates are measured with
respect to the position of the BCG-N (RA = 64.0382044◦, Dec = −24.0674917◦, J2000.0).

Mass component Parameter Value

1st gas halo x [′′] −18.1
y [′′] −12.1

σv [km s−1] 433
ε 0.12

θ [deg] −156.8
rcore [

′′] 149.2
rcut [

′′] 149.8

2nd gas halo x [′′] 30.8
y [′′] −48.7

σv [km s−1] 249
ε 0.42

θ [deg] −71.5
rcore [

′′] 34.8
rcut [

′′] 165.8
3rd gas halo x [′′] −2.4

y [′′] −1.3
σv [km s−1] 102

ε 0.42
θ [deg] −54.7
rcore [

′′] 8.3
rcut [

′′] 37.6

4th gas halo x [′′] −20.1
y [′′] 14.7

σv [km s−1] 282
ε 0.40

θ [deg] −49.3
rcore [

′′] 51.7
rcut [

′′] 52.35

Foreground spiral

The foreground spiral (z = 0.112, cyan box in Figure 6.1), being an external perturber af-
fecting the total gravitational potential of the cluster, is added as an additional contribute
to the total mass budget of the lens. It is modelled in terms of a spherical LensTool-
based dPIE density profile characterised by two free parameters: the velocity dispersion
and the core radius. Its core radius is fixed to to 1×10−3 arcsec as to simulate an isother-
mal behaviour at small radii. Differently from Bergamini+23 and R25, we keep the spiral
galaxy at its redshift, instead of fixing it at the redshift of the cluster, and thus perform a
full multi-plane lensing analysis.
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Galaxy Gal-8971

Galaxy Gal−8971 (R.A. = 4:16:08.18, Dec. = −24:04:00.28) is modelled separately from
the other cluster members and excluded from the scaling relations. This choice is moti-
vated by the fact that this elliptical galaxy produces a galaxy-galaxy strong lensing event
consisting of seven multiple images. It is described in terms of an elliptical LensTool-
derived dPIE profile with negligible core radius (the same as the foreground spiral), thus
with four free parameters: the velocity dispersion, the ellipticity, the position angle, and
the truncation radius.
Tables 6.4 and 6.5 contain the priors we adopted for the 30 free parameters of the lens
models we explored in this Thesis.

6.4.2 Catalogue of multiple images

A anticipated, in this Thesis, we explore three lens models characterised by the same
total mass parametrisation, but different sets of multiple images:

Model B23. We build a lens model having the same set of multiple images as in
Bergamini+23, namely 237 spectroscopically-confirmed multiple images correspond-
ing to 88 background sources. Differently from Bergamini+23, whose astrometry was
anchored to HST/F814W imaging, we had to first correct the coordinates as to match
them with JWST NIRCam/F150W imaging. To do so, we relied on the work by R25,
who modified the positions of the multiple images of Bergamini+23 included in their
gold model. We quantified the shift they measured and applied it to correct the re-
maining coordinates of Bergamini+23.

Model Gold. Starting from the set of multiple images included in model B23, we
built another lens model by extending our initial sample to take into account the new
gold images included in R25. This model is characterised by 333 multiple images
corresponding to 120 sources.

Model Complete. We took advantage of the quality of the new JWST multi-band
observations of the galaxy cluster to look for potential sub-knots within the differ-
ent multiple images. This allowed us to identify several new knots in some of the
multiply-lensed sources, allowing us to build a final lens model consisting of 437
point-like multiple images (162 background sources).

All the multiple images and knots which could be clearly detected within the NIRCam
imaging were assigned a position uncertainty of 0.1′′. Complementarily, images which
could not be clearly detected were given a measurement uncertainty of 0.4′′, consistent
with the typical spatial resolution of the WFM of MUSE (see Sect. 2.6). A brief summary
of the specifics of each lens model explored in this work is given in Table 6.3. The distri-
bution in redshift of the multiple images included in the lens models we explored in this
Thesis is given in Figure 6.8. The multiple images of model B23 are in black, whereas the
new ones added are in blue (model Gold) and light blue (model Complete).

6.5 Results

The analysis of the galaxy cluster M0416 is still in progress, so in the following we are
presenting the results obtained up to date. Tables 6.7 and 6.8 contain, for each of the three
lens models explored, the best-fit values of all the 30 free parameters used to parametrize
the total mass distribution of M0416. For each of them, we quote the median value,
whereas the lower and upper values denote the interval of the 16th and 84th percentiles,
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Figure 6.8: Redshift distribution of the multiple images included in the lens models
explored in this Thesis: model B23 (black), model Gold (blue), and model Complete
(light blue).

Table 6.3: Main specifics of the lens models explored. For each column, we report
the number of multiple images included Nimgs, the number of the corresponding back-
ground sources Nsrc, the number of free parameters Npar, and the number of degrees of
freedom d.o.f.

Model Nimgs Nsrc Npar d.o.f

B23 237 88 30 268
Gold 333 120 30 396
Complete 437 162 30 520

respectively. If we first compare models B23 and Gold, we observe an overall agree-
ment, except for few parameters. As far as the scaling relations for the cluster members
are concerned, model Gold predicts (as median value) a velocity dispersion ∼ 9% lower
than that predicted by model B23. Correspondingly, the value of the truncation radius
in model Gold is ∼ 35% higher than in model B23. As far as the foreground spiral is
concerned, model Gold predicts a higher value of the velocity dispersion, and a lower
value (approximately one fourth) for the truncation radius. When considering model
Complete, the recovered values of the parameters are in general accordance with model
Gold, except for the truncation radius of galaxy Gal-8971, whose value is approximately
ten times larger than that of model B23, despite the remaining parameters describing
the galaxy are in excellent agreement between each other. It is worth noticing how, in
model Complete, the uncertainties on the velocity dispersion are way larger than in the
other two lens models explored, especially for DM2 and DM4. We can explain this be-
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Table 6.4: Input parameter values of all the lens models explored for the galaxy cluster
M0416. The first column reports the mass component. The second column contains the
parameters of the density profile used to describe the corresponding mass component.
The third column shows the prior distributions adopted. When a flat prior on a free
parameter value is considered, the boundaries of the prior separated by the ÷ symbol
are reported. In case of a Gaussian prior, the notation a± b is adopted, with a the mean
and b the standard deviation of the distribution, respectively. The x and y coordinates
are measured with respect to the position of the BCG-N (RA = 64.0382044◦, Dec =
−24.0674917◦, J2000.0). In case the value of a parameter is kept fixed, its value is quoted
in the last column.

Mass component Parameter Prior Fixed

DM1 x [′′] −15÷ 15 −
y [′′] −15÷ 15 −

σv [km s−1] 350÷ 1000 −
ε 0.2÷ 0.9 −

θ [deg] 100÷ 180 −
rcore [

′′] 0÷ 20 −
rcut [

′′] − 2000

DM2 x [′′] −15÷ 30 −
y [′′] −45÷ 30 −

σv [km s−1] 350÷ 1200 −
ε 0.2÷ 0.9 −

θ [deg] 90÷ 170 −
rcore [

′′] 0÷ 25 −
rcut [

′′] − 2000
DM3 x [′′] −55÷−25 −

y [′′] 0÷ 30 −
σv [km s−1] 50÷ 750 −

ε − 0.0
θ [deg] − 0.0
rcore [

′′] 0÷ 35 −
rcut [

′′] − 2000

DM4 x [′′] −10÷ 50 −
y [′′] −75÷−15 −

σv [km s−1] 100÷ 1000 −
ε 0.2÷ 0.9 −

θ [deg] 0÷ 180 −
rcore [

′′] 0÷ 20 −
rcut [

′′] − 2000

Scaling relations σref [km s−1] 248± 28 −
rcut,ref [

′′] 1÷ 50 −

haviour by observing how these two dark matter haloes are close to each other (∼ 10′′),
with overlapping priors on their positions. If we compare our results with those ob-
tained by Bergamini et al. (2023b), whose lens model is based on HST imaging, we find
an overall agreement. Interestingly, they find, for Gal-8971, a value of the truncation
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Table 6.5: Continued.

Mass component Parameter Prior Fixed

Galaxy Gal-8971 x [′′] − 13.3
y [′′] − 2.6

σv [km s−1] 60÷ 200 −
ε 0.0÷ 0.6 −

θ [deg] −90.0÷ 90.0 −
rcore [

′′] − 0.001
rcut [

′′] 0.0002÷ 50.0 −
Foreground spiral x [′′] − 32.0
(z = 0.112) y [′′] − −65.6

σv [km s−1] 50÷ 350 −
ε − 0.0

θ [deg] − 0.0
rcore [

′′] − 0.0
rcut [

′′] 5.0÷ 100.0 −

radius consistent with the value of model Complete, rather than the other two models,
more specifically with our model B23, which has the same constraints. As far as the fore-
ground spiral is concerned, the results of our model B23 are consistent with Bergamini
et al. (2023b). The discrepancy with the other two models can be attributed to our multi-
plane analysis. We still find a nice agreement when comparing our results with those by
R25. Interestingly, we find for the fourth cluster-scale DM halo, a value for the velocity
dispersion which is ∼ 100 km s−1 higher than the values we recovered. Nevertheless,
the values of model Complete and R25 are consistent within one standard deviation.
Similarly, as far as the scaling relations for the cluster members are concerned, the value
of the reference velocity dispersion of R25 is ∼ 100 km s−1 higher than what we obtained
with our three models. The findings for the truncation radius of the foreground spiral in
models Gold and Complete are in disagreement with R25, which, in turn, is consistent
with our model B23. Finally, the recovered value of the truncation radius of Gal-8971
by R25 agrees with model Complete, but disagrees by ∼ 10′′ with our other two lens
models.

In Fig. 6.9 we show the displacements ∆i along the x and y directions between the
observed and model-predicted multiple images included in models B23 (blue), Gold
(red), and Complete (green). Out of the 237 multiple images included in model B23,
3 of them show a |∆i| > 1′′. Similarly, 3 out of the 333 images used to constrain the
Gold model have a |∆i| > 1′′, whereas 11 multiple images (out of 437, ∼ 2.5%) of model
Complete have a |∆i| > 1′′. In Table 6.6 we quote the rms ∆rms for all the three lens
models. Model B23 is characterized by a ∆rms = 0.36′′, slightly smaller than the value
recovered by Bergamini et al. (2023b) of ∆rms = 0.43′′ using HST data. Model Gold
shows a ∆rms = 0.41′′, whereas the Complete model has a ∆rms = 0.47′′. For compar-
ison, the lens model in R25, based on the same imaging but different constraints, has a
∆rms = 0.52′′. Models Gold and Complete are characterized by an increase of ∼ 140%
and ∼ 185%, respectively, in the number of multiple images, with respect to model B23,
hence resulting in an increased complexity of the system. These additional multiple im-
ages allow us to better constrain the fine details of the M0416 total mass distribution.

We then recovered the cumulative total mass distribution of the galaxy cluster for
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Table 6.6: The root mean square error ∆rms for the lens models explored in this Thesis
for the lensing galaxy cluster M0416.

Model ∆rms [
′′]

B23 0.36
Gold 0.41
Complete 0.47

Table 6.7: Optimized parameter values of all the lens models explored for the galaxy
cluster M0416. The first column reports the mass component, whereas the second con-
tains the parameters of each constituent. In the last columns, we quote the median value,
the 16th, and 84th percentiles of the marginalized posterior distribution, for each lens
model. The x and y coordinates are measured with respect to the position of the BCG-N
(RA = 64.0382044◦, Dec = −24.0674917◦, J2000.0).

Mass component Parameter Model B23 Model Gold Model Complete

DM1 x [′′] 0.11+0.06
−0.06 0.01+0.07

−0.06 −0.05+0.30
−0.20

y [′′] 0.05+0.05
−0.08 −0.17+0.04

−0.08 −0.46+0.13
−0.07

σv [km s−1] 615+3
−2 602+1

−3 604+16
−21

ε 0.761+0.002
−0.004 0.744+0.003

−0.003 0.763+0.008
−0.008

θ [deg] 144.3+0.1
−0.2 141.8+0.1

−0.2 142.1+0.4
−0.6

rcore [
′′] 9.0+0.1

−0.1 8.4+0.1
−0.1 8.4+0.3

−0.6

DM2 x [′′] 20.82+0.10
−0.10 22.94+0.12

−0.14 23.06+0.26
−0.25

y [′′] −44.96+0.07
−0.03 −48.28+0.21

−0.20 −47.37+1.07
−1.53

σv [km s−1] 673+2
−1 623+2

−5 674+35
−59

ε 0.763+0.003
−0.006 0.705+0.005

−0.006 0.721+0.010
−0.007

θ [deg] 123.9+0.1
−0.2 125.8+0.2

−0.2 125.9+0.7
−0.5

rcore [
′′] 12.1+0.1

−0.1 10.4+0.1
−0.2 11.3+0.4

−1.0

DM3 x [′′] −31.25+0.13
−0.17 −30.14+0.15

−0.15 −30.87+0.64
−0.22

y [′′] 9.35+0.10
−0.09 10.16+0.15

−0.09 10.30+0.18
−0.14

σv [km s−1] 323+2
−13 346+2

−2 347+9
−29

rcore [
′′] 6.6+0.2

−0.6 6.9+0.1
−0.1 7.4+0.2

−1.1

DM4 x [′′] 24.96+0.18
−0.22 22.32+0.10

−0.11 22.64+0.18
−0.21

y [′′] −35.56+0.28
−0.19 −32.79+0.17

−0.09 −32.05+0.42
−1.33

σv [km s−1] 483+2
−1 502+3

−5 440+46
−58

ε 0.865+0.005
−0.004 0.821+0.005

−0.004 0.831+0.029
−0.018

θ [deg] 132.3+0.3
−0.2 132.0+0.5

−0.2 132.9+1.4
−1.7

rcore [
′′] 7.3+0.1

−0.1 7.2+0.2
−0.1 5.8+0.9

−1.3

Scaling relations σref [km s−1] 291+1
−1 268+1

−1 274+2
−12

rcut,ref [
′′] 9.9+0.1

−0.4 13.4+0.3
−0.2 13.3+3.6

−1.3
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Table 6.8: Continued.

Mass component Parameter Model B23 Model Gold Model Complete

Galaxy Gal-8971 σv [km s−1] 120+10
−11 110+10

−11 101+5
−3

ε 0.53+0.05
−0.14 0.53+0.06

−0.24 0.56+0.02
−0.25

θ [deg] −55.8+5.5
−5.9 −48.0+13.5

−6.6 −48.5+13.3
−4.6

rcut [
′′] 1.7+1.0

−0.5 2.8+5.1
−2.0 17.4+4.6

−6.5

Foreground spiral σv [km s−1] 132+5
−5 186+4

−5 173+11
−12

rcut [
′′] 60.0+15.1

−10.7 15.2+1.6
−2.0 18.7+1.8

−2.4

the three models explored. For each of them, we randomly extracted 300 points from the
Markov Chain, and for each point estimated the corresponding total mass distribution,
hence 300 total mass profiles per model. We estimated the uncertainty from the 16th
and 84th quantiles of these profiles. We find an overall agreement between the three
profiles, as can be seen in the top panel of Figure 6.10, which displays the cumulative
total mass profiles as a function of the distance from the BCG-N. To better visualize the
differences in the profiles, the bottom panel of the Figure shows the ratio of the three
curves with respect to model B23. The cumulative total mass profiles of models Gold
(red) and Complete (green) deviate from that of model B23 (blue) by less than ∼ 5%.
We quote in Table 6.9 the values of the total mass of the cluster enclosed within a circle
whose radius is the median distance of the multiple images included in model Gold from
the BCG-N. The uncertainty corresponds to the interval between the 16th and the 84th
quantiles.

Table 6.9: Total mass of M0416 estimated for all the lens models explored in this Thesis.
Each value corresponds to the total mass enclosed within a circle whose radius is the
median distance of the multiple images included in the Gold model. The uncertainty was
estimated, for each model, by evaluating 300 total mass profiles obtained by randomly
extracting 300 points from the Markov Chain, and then quantifying the 16th and 84th
quantiles.

Model Mass [1014M⊙]

B23 1.424 ± 0.003
Gold 1.434 ± 0.003
Complete 1.428 ± 0.009

Finally, we obtained the critical curves and the magnification maps for the three lens
models explored. We estimated both at redshift z = 3.067, which is the median of the
redshift distribution of the multiple images in model Gold. The critical curves estimated
at this redshift are shown in Figure 6.11 for models B23 (cyan), Gold (magenta), and
Complete (white). We find an overall agreement, except for a slight discrepancy in the
north-east corner of the Figure, with respect to the BCG-N between the Gold model with
respect to the other two. Similarly, models Gold and Complete slightly disagree with
B23 in the neighborhood of the foreground spiral, which may result from the multi-
plane analysis performed. Figure 6.12 shows the difference between models Gold (left)
and Complete (right) with respect to model B23, in units of the magnification map for
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Figure 6.9: Displacements along the x and y directions between the observed and model-
predicted multiple images included in models B23 (blue), Gold (red), and Complete
(green).

model B23. As expected by looking at Figure 6.11, the main differences arise when the
corresponding critical curves disagree. We also show in Fig. 6.13 the relative difference
between model Complete and the lens model by R25. Both maps are estimated, as before,
at redshift z = 3.067.
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Figure 6.10: Top: Cumulative total mass profiles of the galaxy cluster M0416 as a function
of the distance from the BCG-N for the three models explored in this Thesis, B23 (blue),
Gold (red), and Complete (green). Bottom: Ratio between the cumulative total mass
profiles with respect to model B23. The shaded band denote, for each model, the interval
between the 16th and the 84th quantiles.
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Figure 6.11: Critical curves estimated at redshift z = 3.067 for models B23 (cyan), Gold
(magenta), and Complete (white).
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Figure 6.12: Relative difference between the median magnification maps for models
Gold (left) and Complete (right) with respect to model B23. The magnification maps
are estimated at redshift z = 3.067.
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Figure 6.13: Relative difference between the median magnification map for model Com-
plete and the lens model by R25, with respect to the model by R25. The magnification
maps are estimated at redshift z = 3.067.





CHAPTER 7

Summary and conclusions

The aim of this Thesis was to provide a characterization of future SL analyses of galaxy
clusters in the era of Big Data. These studies will follow two different but complemen-
tary directions. On the one hand, wide field surveys including Euclid and the LSST will
provide thousands of cluster lens candidates, thus drastically increasing the number of
known systems. Nevertheless, these facilities will provide wide but shallow images,
resulting in the detection of a reduced number of multiple images, often without spec-
troscopic confirmation, whose positions represent the main constraints in SL studies.
On the other hand, JWST is providing images of unprecedented quality and depth in the
near infrared, allowing us to detect more images and even new knots. These elements
are crucial to better constrain the lens models.

In this Thesis, we explored the peculiar case of the ERO galaxy cluster Abell 2390
(z = 0.231), which, differently from the targets of the Euclid Wide Survey, was given
three times the typical exposure time, thus resulting in deeper imaging. We built high-
precision SL models by combining, for the first time, the Euclid VIS and NISP observa-
tions with spectroscopy from MUSE and other archival data, which we fully reanalysed.
Thanks to the availability of MUSE data, we were able to measure the stellar velocity
dispersion of 22 cluster members, which allowed us to properly calibrate the sub-halo
scaling relations used in the modelling and alleviate inherent degeneracies between the
cluster- and the galaxy-scale mass components. We performed our analysis with the new
software Gravity.jl, with which we explored 11 parametrizations of the total mass
distribution of the galaxy cluster, with an increasing level of complexity. We were able to
reconstruct the total mass distribution of the galaxy cluster and estimate the systematic
uncertainty arising from our modelling choices by taking advantage of all the models
efficiently explored with Gravity.jl. On average, a full optimization of a mass model
required approximately 2 hours to be obtained on a 64-core workstation, thus allowing
us to test different total mass models in a very limited amount of time. This proved that
Gravity.jl allows fast and reliable total mass reconstruction of cluster lenses. Thus,
it is an ideal tool for SL analyses of large samples of galaxy clusters, such as the one
that Euclid will deliver. Indeed, based on the forecasts by Boldrin et al. (2012, 2016), we
expect that Euclid will observe SL features in > 6000 galaxy clusters. These estimates are
consistent with the number of SL clusters found in the Q1 data release (Euclid Collab-
oration: Bergamini et al. 2025). At the same time, Gravity.jl will also speed up the
analysis of clusters observed at larger depth compared to Euclid observations. As sug-
gested by recent JWST observations, deep follow-up observations of clusters identified
in the Euclid surveys will likely reveal hundreds of families of multiple images. These
observations, combined with spectroscopic follow-up, will enable detailed and robust
SL mass models.
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We then adopted a statistical approach to quantify the expected uncertainties on
lensing-derived quantities of interest (including the total mass distribution, critical curves,
and magnification maps) when studying Euclid-like lensing clusters, in case few con-
straints are available. We relied once again on the speed achievable with Gravity.jl
to build hundreds of mock lens models. Our results show that, when very few systems
of multiple images are used as constraints, the single lens parameters of the model are
poorly constrained, despite the derived quantities, like the cumulative total mass dis-
tribution, have a relative total systematic+statistic uncertainty of few percent (less than
∼ 4% as far as the total mass is concerned). When more information is added, the un-
certainties decrease (to ∼ 1 − 2% for the total mass). This study allowed us to forecast
the impact on SL analyses following the little number of multiple images that will be
detected in Euclid images, due to their limited depth with respect to the HST or the
JWST. Nevertheless, our findings derive from an already HST-based robust model by
Bergamini et al. (2019), with all the multiple images spectroscopically confirmed thanks
to MUSE data. Hence, our study can be easily extended by following two further direc-
tions. First, since faint images are likely to be undetected, it is reasonable to build lens
models by excluding an increasing number of multiple images according to their mag-
nitude, hence resulting in less constraints. Secondly, secure confirmation of the images
may not be possible in absence of spectroscopic follow-up. Therefore, we may build lens
models for which a subset (e.g., half, or even all) of background families can have a free
redshift (as additional free lens parameter). Nevertheless, steps forward are being done
in extracting spectra from Euclid/NISP.

Finally, we exploited the unprecedented near-IR quality provided by the JWST imag-
ing to push the limits achievable with SL in galaxy clusters, by studying the galaxy
cluster MACS J0416.1-2403 (z = 0.396). This system was already characterized by the
largest set of spectroscopically confirmed multiple images (Bergamini et al. 2023b; Ri-
htaršič et al. 2025) thanks to the deepest MUSE observations for a cluster to date. We took
advantage of the multi-band JWST/NIRCam imaging and JWST/NIRISS and NIRSpec
spectroscopy to build a first sample of secure multiple images, increasing by ∼ 140%
the number of images included in Bergamini et al. (2023b). We managed to identify
additional multiply-lensed knots, thus increasing the number of multiple images to
nearly 450, the highest ever for a cluster to date (an increase of ∼ 185% with respect
to Bergamini et al. (2023b)). Furthermore, thanks to Gravity.jl, we managed to per-
form multi-plane lensing analyses, differently from previous lensing studies of the same
cluster. While identifying the new knots, we also found interesting new multiple images
(not spectroscopically-confirmed), by studying their colors and parity. The next natural
step would be to add them as additional constraints, and, possibly, to better identify all
the knots in the giant arc in the south-west part of the cluster (behind the foreground
spiral).

Another natural step to explore would be to further exploit the capabilities that
Gravity.jl has made possible. Apart from the above-mentioned multi-plane anal-
yses, it would be interesting to perform studies with parametric and non-parametric
extended lenses and sources included (see Sect. 3.1.3), e.g. to properly model galaxy G29
in Abell 2390 (Chapter 4) and the giant arcs identified in other clusters.

In addition, thanks to its speed, Gravity.jl can be used to study galaxy clusters
to perform cosmology studies by including time-delay measurements as further con-
straints or by exploiting the redshift distribution of the lensed sources (see Section 2.4.3).
As briefly mentioned (since it was not the scope of this Thesis), the former approach
allows to probe the value of the Hubble constant, whereas the latter the values of the
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equation-of-state parameter for dark energy (ω0) and the matter density parameter (Ωm),
since the redshift distribution of the sources is sensitive to the geometry of the Uni-
verse, hence on the values of these parameters. Galaxy clusters are ideal for these
studies, thanks to the hundreds of multiple images of distant sources distributed in
redshift. However, SL studies in galaxy clusters to recover the values of ω0 and Ωm

are so far limited to few systems (see Caminha et al. 2022a). Nevertheless, it is possi-
ble to easily extend this methodology to other systems and obtain results in little time
with Gravity.jl. The increase of SL systems suitable for cosmography will then help
reduce the statistical uncertainty on the values of these cosmological parameters, thus
making this method very competitive with respect to others. This method can also be
applied for galaxy-scale systems, in particular, for double Einstein rings, whose number
is expected to step from the few already known to tens or hundreds.
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