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Typical Macroscopic Long-Time Behavior
for Random Hamiltonians

Stefan Teufel®, Roderich Tumulka® and Cornelia Vogel

Abstract. We consider a closed macroscopic quantum system in a pure
state 1 evolving unitarily and take for granted that different macro
states correspond to mutually orthogonal subspaces H, (macro spaces)
of Hilbert space, each of which has large dimension. We extend previous
work on the question what the evolution of v looks like macroscopi-
cally, specifically on how much of ¥, lies in each H,. Previous bounds
concerned the absolute error for typical 19 and/or ¢ and are valid for
arbitrary Hamiltonians H; now, we provide bounds on the relative error,
which means much tighter bounds, with probability close to 1 by model-
ing H as a random matrix, more precisely as a random band matrix (i.e.,
where only entries near the main diagonal are significantly nonzero) in
a basis aligned with the macro spaces. We exploit particularly that the
eigenvectors of H are delocalized in this basis. Our main mathematical
results confirm the two phenomena of generalized normal typicality (a
type of long-time behavior) and dynamical typicality (a type of similarity
within the ensemble of 1y from an initial macro space). They are based
on an extension we prove of a no-gaps delocalization result for random
matrices by Rudelson and Vershynin (Geom Funct Anal 26:1716-1776,
2016).

1. Introduction

We are concerned with an isolated quantum system in a pure state i com-
prising a macroscopically large number of particles. Studying such systems in
order to study macroscopic behavior is an approach that is particularly used
in connection with the eigenstate thermalization hypothesis (ETH) which has
been investigated by physicists as well as mathematicians [6,8,9,40]. In par-
ticular, the phenomena of equilibration and thermalization in closed quantum
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systems have attracted increasing attention in recent years [3,4,16-19,21,30—
34,38,39,42,43].

We assume that the Hilbert space H of the system has very large but
finite dimension.? Following Wigner [46], we model the Hamiltonian as a Her-
mitian random matrix H. Following von Neumann [45], we regard as given an
orthogonal decomposition

H=EPH (1)

of the system’s Hilbert space H into subspaces H, (“macro spaces”) associ-
ated with different macro states v [21,23,42,43]. The macroscopic behavior or
macroscopic appearance of a vector 1 € ‘H is then represented by the weights
given by v to different macro states v, i.e., by the sizes of the contributions
to 1 from the various H,, || P,%||? with P, the projection to H,. Here we ask
how, under the unitary time evolution ¢; = exp(—iHt)yp, the macroscopic
appearance of v, typically evolves and equilibrates in the long run, more pre-
cisely, what || P,1;||? are for typical ¢y from a macro space and/or typical large
t (where “typical ¥g” refers to the uniform distribution over the unit sphere;
more precise formulations later). Thereby, we extend and refine previous work
[43] on the same physical question by means of a deeper mathematical analysis
of the behavior of ||P,1||? for typical H (on top of typical ¥y and typical t)
from suitable random matrix ensembles.

1.1. Normal Typicality

The macroscopic appearance of a system with 1 € H, is summarized by the
macro state v; of course, a general state is a superposition of contributions
from different macro spaces, which makes the superposition weights || P,||?
relevant. It can be useful to compare a given state 1 to a purely random
vector ¢, i.e., one that is uniformly distributed over the unit sphere S(H) =
{ € H: ||¢¥|| = 1}; ¢ has, with probability near 1, superposition weights
approximately proportional to the dimension of H,,

d
P,o|? ~ £ 2
1Pl ~ %, 2

provided that d, := dimH, and D := dimH are large; see, e.g., Lemma 1 in
[19] and the references therein. Such a behavior is sometimes called “normal,”
in analogy to the concept of a normal number [28].

In the cases that von Neumann considered in [45], it turned out that
every 1y € S(H) evolves so that for most ¢ € [0, 00),

dy
1Pl ~ 3)

1The physical background is that H is really the subspace of the full Hilbert space cor-
responding to a micro-canonical energy interval [E — AE, E] with AE the resolution of
macroscopic energy measurements, and this interval contains a very large but finite number
of eigenvalues of the Hamiltonian, realistically of the order 1010', However, in this paper
we will not assume that all eigenvalues of H on H lie between E — AFE and E.
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if d, and D are sufficiently large. This behavior is called “normal typicality”
and more elaborated in [19,21].

However, the cases von Neumann considered are not very realistic: His
conditions on H are true with probability near 1 if the eigenbasis of H is
chosen purely randomly (i.e., uniformly) among all orthonormal bases (and
some further technical conditions that are not very restrictive). This can be
regarded as expressing that the energy eigenbasis is unrelated to the orthogonal
decomposition (1). In this case, the system would very rapidly go from any
initial macro space H,, to the thermal equilibrium macro space Heq [16-18],
which is unphysical.? That is why we are interested in generalizations of normal
typicality that apply also to Hamiltonians whose eigenbasis is not unrelated
to the decomposition (1).

In such more general scenarios, we showed in [43] that the following gen-
eralized normal typicality still holds: for most ¥ from the unit sphere S(H,,)
in the macro space associated with a (possibly nonequilibrium) macro state u
and most ¢ € [0, 00),

1Pooe|* ~ My, v (4)
for suitable values M,,, in fact (for nondegenerate H)
1
le = a Z<¢n|PM|¢n><¢n‘Pu‘¢n> (5)
with ¢1,...,¢p an orthonormal eigenbasis of H. Put another way, generalized

normal typicality means that the superposition weights || P,1||?> approach cer-
tain stable values and stay close to them for most times; we also say that the
system equilibrates. See Figs. 1 and 2 for a numerical example.

One of our goals in this paper is to strengthen the results for suitable types
of random Hamiltonians. We are particularly interested in random matrices
with band structure (see Fig.3) in a basis that diagonalizes the projections
onto the macro spaces. This band structure makes it less likely that a state in
a small macro space (far away from equilibrium) goes directly into the thermal
equilibrium macro space without passing through some other macro spaces in
between.

We showed in [43] that for general Hamiltonians under suitable assump-
tions the absolute errors

|||PthH2_MMV‘ (6)
are small (see Theorems 1, 2 in Sect.2). However, if d, < D then we expect
that ||P,¢||*> < 1 and M, < 1. Then, the absolute error would be small
indeed, but this would not imply that ||P,:||*/M,, =~ 1. Therefore, we want
to show in the following that for suitable random Hamiltonians the relative
errors

[1Poie|® = My |

M,

(7)

2Thermal equilibrium requires that energy (and other quantities) is rather evenly distributed
over all degrees of freedom, and for getting an even distribution, it needs to get transported
through space, which requires time and passage through other macro states.
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F1GURE 1. Numerical simulation of the functions ¢ —
| P,¢]|? as detailed in Appendix B. A Hilbert space of di-
mension D = 2222 is decomposed into 4 macro spaces of di-
mensions d; = 2 (green curve), do = 20 (red curve), d3 = 200
(blue curve), and dy = 2000 (purple curve). At large times,
see also Fig. 2, the equilibrium subspace H,4 has the biggest
contribution to ;. The initial wave function ¥y was chosen
purely randomly from the unit sphere S(Hs), and the Hamil-
tonian is a random band matrix in a basis aligned with the
macro spaces with a band that is wide enough such that the
eigenfunctions are still delocalized. Then, parts of v; reach
‘H4 only after passing through the macro space Hg; in this
example, the blue curve increases first before it decreases and
the purple curve increases. The black curves are the determin-
istic approximations ws, (t), see (34) according to dynamical
typicality. (This figure already appeared in [43])

are small as well. This is the first goal of this paper: to show for certain
tractable models and under suitable conditions on the d, that (4) holds in
the sense that even the relative error is small. And this goal is indeed highly
relevant, since we expect that d, < D for all nonequilibrium macro spaces

H,.
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F1GURE 2. The same simulation as in Fig. 1, only for larger
times. The inset shows a part of the figure in magnification.
In the long run, the curves ¢t + || P,3y||? reach the values
M,,,, (indicated by the black horizontal lines) and stay close
to them, up to either small or rare fluctuations. (This figure
also already appeared in [43])

Rigorous statements are formulated in Sect. 3: In Theorem 4, we provide
a lower bound on M, under the assumption that H = Hy + V where Hy is
any deterministic Hermitian matrix and V' is a Gaussian random matrix with
entries that are independent up to Hermitian symmetry and have variances
bounded away from 0 (so also far from the main diagonal, entries of H cannot
be too small). From this lower bound and the upper bound on the absolute
error provided in [43] (and recapitulated in Sect. 2), we obtain an upper bound
on the relative error in Corollary 2, valid with high probability (i.e., for most
H) for most 1y € S(H,) and most t € [0,00). That is, the upshot is that for
typical H from the ensemble considered, || P,1||? is nearly independent of v
and in the long run nearly independent of t—it equilibrates.

This equilibration is related to the question of the increase in the quantum
Boltzmann entropy observable

Sp =Y S(v)P, (8)
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F1GURE 3. A band matrix has significantly nonzero entries
only in the gray region near the main diagonal. The first macro
space is spanned by the first d; basis vectors, the second macro
space by the next ds basis vectors, etc.; in the figure, a line is
drawn after the first d; columns and the first d; rows, etc.

with entropy values
S(v) :=kplog(d,), (9)

where kp is the Boltzmann constant. Here is how: Physically, in every energy
shell corresponding to a small energy interval [E— AE, E], there usually is one
macro space H,, the one corresponding to thermal equilibrium, that has the
overwhelming majority of dimensions, %“ ~ 1 [20]; we will denote it by Hegq.
Now if normal typicality holds as in (3), or already if the M, in (4) tend to be
bigger for v with bigger dimensions d,, then an initial state 1y € S(H,,) from a
nonequilibrium (i.e., comparatively small) macro space H,, will evolve so that
at most times ¢, the biggest contribution to 1 lies in Heq, and if || Poqiie||? =~ 1,
this implies further that ||[Spiy|| = S(eq) > S(n) = ||SBtol|, that is, the state
has evolved to one with higher quantum Boltzmann entropy.

In order to obtain lower bounds for the M,,,, (and therefore upper bounds
for the relative errors), we need lower bounds on || P, ¢, ||, where (¢,) is again
an orthonormal eigenbasis of H.

We take as fixed an orthonormal basis (| j))jD:1 of 'H that diagonalizes the
P, (i.e., is such that each |j) lies in some H, ). When we talk of H as a matrix,



Vol. 26 (2025) Typical Macroscopic Long-Time Behavior 3195

we refer to this basis. In terms of this basis,

1Puull2 = 3 1(nli) 2 (10)
JeEL,
with I, the appropriate subset of [D] := {1,..., D}. In order to obtain a lower
bound on this quantity we ask whether ¢, (expressed as an element of CP
relative to the basis (]7)),) is localized or delocalized.

Our first main result, Theorem 4, is based on results by Rudelson and
Vershynin [37] about the delocalization of eigenvectors of a random matrix.
While the delocalization of eigenvectors of different types of random matrices
has been studied intensively in the literature in the recent years, e.g., [1,5,7,10-
15,35,47], most results were concerned with delocalization in the sup-norm,
meaning that

[9nloc = s1tp (6nl) ()

cannot be too large, so many entries of ¢,, must be non-negligible. However,
that would still allow a negligible || P, ¢, || for some v. Thus, for a lower bound
on (10), we need that only few entries are negligible. For this kind of rea-
sons, results about the sup-norm only yield upper bounds for the M, and, in
very special cases, lower bounds for some of the M, ; for example, in Sect. 6
we show that with a sup-norm delocalization result from Ajanki, Erdés, and
Kriiger [1] we obtain useful lower bounds (Theorem 13) only if p or v is the
thermal equilibrium macro state and deq is extremely large. The result from
Rudelson and Vershynin [37], however, concerns another aspect of the delo-
calization of eigenvectors: it rules out gaps, i.e., no significant fraction of the
coordinates of an eigenvector can carry only a negligible fraction of its mass.
Their result gives lower bounds on (10) and enables us to prove nontrivial
lower bounds for all M. Unfortunately, the lower bounds for M, obtained
in this way seem to be far from optimal. More precisely, as long as one is in
the delocalized regime, one expects that actually M, ~ %”7 as for normal
typicality, even though the eigenvectors are not uniformly distributed over the
sphere. (A matrix with uniformly chosen eigenvectors will be unlikely to have
band structure, but a band matrix can very well have M, ~ %, as the sim-
ple example of the discrete Laplacian in 1d shows.) The bounds obtained by
Rudelson and Vershynin were recently improved for matrices with independent
entries [25,26] but since we are interested in Hermitian random matrices (since
they can serve as Hamiltonians), these improved results are not applicable in
our situation.

Our theorems in this paper are proved for a general deterministic Her-
mitian matrix B instead of a projection P,, in parallel to previous works such
as [34,38,39]; in combination with the results from [43] we can also obtain a
finite-time result (that concerns most t € [0, 7] instead of most ¢ € [0, 00)).

Sharper estimates for all M), can be obtained for certain ensembles of
Hermitian random matrices for which stronger statements about the delocal-
ization of eigenvectors are available. However, such statements are apparently
not currently available for random band matrices, but only for matrices that
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have very substantially nonzero entries also far from the diagonal. Neverthe-
less, we report here also what would follow about M, for those matrices,
based on two results in the literature. First, in Sect. 6, we use a delocalization
result of Ajanki, Erdés, and Kriiger [1] to obtain that M, ~ d,/D in case
v = eq or u = eq. Second, in Sect.7, we consider a version of the ETH for-
mulated by Cipolloni, Erdés, and Henheik [6] and show that it implies that
M, ~d,/D for all i and v.

1.2. Dynamical Typicality

In [43], we were not only concerned with generalized normal typicality but
also with dynamical typicality, which means that for any given t, ||P,4|? is
nearly independent of 1y € S(H,,). In Fig. 1, this phenomenon is visible in the
proximity of the colored (exact) curves to the black ones. Here, we also provide
an improved result about dynamical typicality for random H.

The name “dynamical typicality” was introduced by Bartsch and Gem-
mer [4] for the following phenomenon: Given an observable A and some value
a € R, there is a function a(t) such that for every ¢t € R and most initial wave
functions 19 € S(H) with (1o|A|t)g) ~ a, it holds that (4|Aly) =~ a(t). A
rigorous version of this fact was proved by Miiller, Gross and Eisert [27] who
considered initial wave functions g € S(H) with (ipg|A|¢o) = a for a given
a € R. Reimann [32,33] argued that one also finds for most ¢y € S(H) with
(Yo|Alg) = a that (Y| Bli:) =~ b(t) for another observable B and suitable
(o-independent) b(t). For technical reasons, these results do not cover the
case that A is a projection and a = 1. In [3], however, a quite general dynami-
cal typicality result was proven that can also be applied to projections, and in
[43] we provided a simple proof for this special case. The result for projections
can also be obtained as a special case of Eq. (13) of Reimann [29] (applied to
a Gaussian distribution with covariance P,, K = 1, and A = ¢!t p, e~ iH1),

As for generalized normal typicality, we only obtained bounds for the ab-
solute errors in [43] (recapitulated as Theorem 3 in Sect. 2). Unfortunately, we
cannot provide here an upper bound on the relative errors either; but with the
help of our improved version of the no-gaps delocalization result of Rudelson
and Vershynin [37], we are able to bound what we call the comparative error,
which is the absolute error divided by the time average, i.e.,

12 0e]|* — B[ P ||
1P, ?

where [E,, means the average over initial wave functions from the unit sphere in
'H,, and the overbar means time average over [0, 00). In Sect. 3.2, we formulate
a rigorous result about (12) as Theorem 5. It provides an upper bound on (12)
valid with high probability for random H (distributed as before) for every ¢
and most 1y € S(H,). If the constants, in particular d,,d,, and D, are such
that this bound is small, then this means that || P,1||? is nearly deterministic.
Moreover, Theorem 5 says that also the whole function ¢ — || P,1||? is close
to the function ¢ — E, || P,1||* on any interval [0, 7] in the L? norm.

; (12)
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1.3. Contents

The remainder of this paper is organized as follows: In Sect. 2, we introduce
some notation and recall our previous results from [43]. In Sect. 3, we formulate
our main results. In Sect. 4, we describe the result of Rudelson and Vershynin
[37] that we use (with minor corrections, see Theorem 6) and point out which
Gaussian random matrices will satisfy their hypotheses (Theorems 8, 9). In
Sect. 5, we prove our main results after formulating them in a somewhat more
general version (Theorems 10, 11) that applies to arbitrary operators B instead
of P,. In Sect. 6, we prove with the help of a delocalization result from Ajanki,
Erdés, and Kriiger [1] (quoted here as Theorem 12) some improved lower
bounds for the M, that are nontrivial if u or v is the thermal equilibrium
macro state (Theorem 13). In Sect.7 we show that sharper estimates for all
M,,,, follow from the version of the ETH due to Cipolloni, Erdés, and Henheik
[6]. In Appendix A, we include the proof that, with probability 1, a random H
with continuous distribution has no degeneracies or resonances. In Appendix
B, we give more detail about our numerical examples.

2. Prior Results

We quote here the main results of [43] about the absolute errors as Theorems 1,
2, and 3 alongside some related statements. We start with a few definitions
and in particular make precise some notions that appeared in the introduction:

Definition 1. Most v, most ¢ and time averages. Suppose that for each ¥ €
S(H), the statement s(¢) is either true or false, and let & > 0. We say that
s(1) is true for (1 — e)-most ¢ € S(H) if and only if

u({ e S(H): s(¥)}) 21—, (13)

where u is the normalized uniform measure over S(H).?

Suppose that for each t € [0, 00), the statement s(t) is either true or false,
and let T, 6 > 0. We say that s(t) is true for (1 —§)-most ¢ € [0,T] if and only
if

%A ({t €[0,T):s(t)}) >1 -9, (14)

where A denotes the Lebesgue measure on R. Moreover, we say that s(t) is
true for (1 —0)-most t € [0,00) if and only if

1
liminf —A({t €[0,7]:s(¢)}) >1-4. (15)
T—oo T
For any function f : [0,00) — C, define its time average as
I 1 [T
0= i 1 [ 50 a (16)

whenever the limit exists.

3We do not consider here other ensembles of wave functions such as GAP [44] or the class
of ensembles considered by Reimann in [29].
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In the following, we consider Hamiltonians with spectral decomposition

H=> ell, (17)

ecé
where £ is the set of distinct eigenvalues of H and II. the projection onto the
eigenspace of H with eigenvalue e.

Definition 2. Relevant properties of the Hamiltonian. Let x > 0. We define
the mazimum degeneracy of an eigenvalue as

Dp = max tr(Il,) (18)
and the mazimal number of gaps in an interval of length k as
G(k) = Ilgla]l)g#{(e,e’) cExE:e#teande—¢ €[E,E+k)}. (19)
€
Moreover, we define the mazimal gap degeneracy as

D¢ = Klirgh G(r). (20)

Definition 3. Asymptotic superposition weights. Let B € L(H). Given any
1 € S(H) and any macro state p, define

Myp =) tr ([9){([IBIL), (21)
e
M,p = dlu ;tr(PMHeBHG). (22)
In the special case that B = P, for some macro state v we define
My, = Myp, (23)
and
M, == M,p, . (24)

In [43], we proved the following theorem concerning the absolute errors:

Theorem 1. Let B € L(H), let €,0,k,T > 0 and let p be an arbitrary macro
state. Then, (1 —¢)-most 1o € S(H,,) are such that for (1 —¢)-most t € [0,

DeG(s)||B (. Slogydp . (B )"
|<q/)t\B|1/;t>—M#B|§4 < Sed, <1+ T > mln{HBL d, }) )v
25

where Dg is the maximum degeneracy of an eigenvalue and Dg is the maxi-
mum degeneracy of an eigenvalue gap of H.

By setting B = P, for some macro state v, choosing x small enough such
that G(k) = D¢ and then taking the limit 7' — oo we immediately obtain:

Theorem 2 (Generalized normal typicality: absolute errors). Let £,0 > 0 and
let p, v be two arbitrary macro states. Then, (1 —e)-most ¢y € S(H,) are such
that for (1 — §)-most t € [0, 00)

DpD d, 1\ 2
2 EYG . v
1P| —MW‘§4< 5ed, mln{LdlL}) ) (26)
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Theorem 2 tells us, roughly speaking, that as soon as
du > DpDg, (27)

i.e., as soon as the dimension of H, is huge and no eigenvalues or gaps are
macroscopically degenerate, the superposition weight || P, ||? will be close to
the fixed value M, for most times ¢ and most initial states ¢o € S(H,).

Of course, the fixed value M,,,, or more generally M, g, can be computed
by taking the average of over time and over the sphere in H,. This is the
content of the following well known proposition, see also [43].

Proposition 1. Let B € L(H). Then
Myop = (V1| Blpy) and (28)

M,p = /( )M%B uy(dipo) = Ep My p, (29)
S(H,

where u,, is the normalized uniform measure over S(H,).

This motivates us to call My, the time average superposition weight in
‘H, and M, the full average superposition weight in H,.

For a system with N particles or more generally N degrees of freedom
the dimension D is of order exp(N). For any macro state x4 we define s,,, the
entropy per particle in the macro state u, by

d, =:exp(s,N/kg), (30)

where kp is the Boltzmann constant.
With (30) for the dimensions of the macro spaces, we find the following
corollary of Theorem 2 whose proof can also be found in [43]:

Corollary 1. Assume (30) and let e, > 0. Then, for all macro states p,v_, vy
with

Su_ < sp < s,y (31)
it holds for (1 — €)-most g € S(H,,) for (1 —d)-most t € [0, 00)
4/DgD suN
|‘|Pl/+wt||27M/LV+| < #eXP < L > )
0 2kp

N

4y/DpD su— 5 )N
|||Py_th2 *Muu_| < %GXP (/<332> . (33)

(32)

Corollary 1 shows that fluctuations of the time-dependent superposition
weights around their expected values are exponentially small in the number of
particles, provided that no eigenvalues and gaps are macroscopically degener-
ate.

In addition to the theorem concerning generalized normal typicality, we
also proved a result concerning dynamical typicality in [43]:
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Theorem 3. Let p be an arbitrary macro state and let B be any operator on
H. Let w,p : R — [0,1] be the function defined by

di tr [P, exp(iHt)B exp(—iHt)] (34)

Then, for everyt € R and everye > 0, (1 —¢)-most 1y € S(H,,) are such that

|46t Blagr) — w,s(t)] < min {J/% \/||B||€t;2|B| ’\/187r31§f(4/5) IIBII}-

wuB(t) =

(35)
Moreover, for every p and B, every T > 0, and (1 — ¢)-most 1o € S(H,,),
e 1B
— B —wy, dt < 36
7 1Bl — s < 20 (36)

We note first that w,p(t) is exactly the ensemble average of (¢|B|vy),
i.e., the average over ¢y € S(H,):

wyB(t) = By (| Bliy) . (37)
In particular, by Fubini’s theorem,
wup(t) = Mup . (38)

Equation (35) offers three estimates that can be useful depending on the sizes
of B, ¢, and d,,. Specifically, if || B|| is of order 1 and d,, > 1/¢, then the first
estimate implies that (1¢|Bli) is close to its average w, g (t). We note further
that the first two estimates in (35) can be obtained by similar arguments as in
the proof of Theorem 1 whereas the third estimate is a consequence of Lévy’s
lemma (see, e.g., [42, Sec. II.C]).

In the following, we can assume without loss of generality Dg = Dg =1
since we consider random matrices whose joint distribution of their entries
is absolutely continuous with respect to the Lebesgue measure. The set of
matrices with degenerate eigenvalues or eigenvalue gaps—we also say that
the matrix has resonances—has Lebesgue measure zero and therefore, with
probability 1, D = Dg = 1. For the convenience of the reader, we give the
proof of this statement in Appendix A.

3. Main Results

In this section, we present and discuss our main results concerning lower
bounds for the My, and therefore generalized normal typicality (Theorem
4) as well as a corollary thereof bounding the relative errors (Corollary 2) and
a result bounding the comparative error for dynamical typicality (Theorem 5).
In all the results presented in this section, it is assumed that the Hamiltonian
is of a special form and we only consider projections P, onto a macro space
‘H,. More general results and the proofs can be found in Sect. 5.
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3.1. Generalized Normal Typicality

We make the following assumption:

Assumption 1. The Hamiltonian H is of the form H = Hy + V, where Hy
is a (deterministic) Hermitian D x D matrix and V is a Hermitian random
Gaussian perturbation, more precisely, V = %(A + A*), where A = (aiy)
is a random D x D matrix with independent Gaussian entries with mean
zero, i.e., all random variables Rea;j,Ima,j,i,j € [D], are independent and
Reaij, Ima;; ~ N(0,07;/2) for some oy > 0 that fulfill o5 = 0.

Note that because of Assumption 1 the matrix V' is Hermitian and Gauss-
ian, more precisely, Rev;;, Imv;; ~ N(O,Ufj) for i # j and v;; = Rew;; ~
N(0,0%), ie., V is a Hermitian Gaussian Wigner-type matrix.

For a Hamiltonian as in Assumption 1, we define

Cr, == D™Y? max{||Re Hy|, |[Tm Ho | }. (39)

Note that for a typical many-body Hamiltonian, we expect that ||Re Hyl|,
|IIm Hy|| ~ log D and therefore C'p, should be very small for large D.

Theorem 4. (Lower bounds for M,,) Let ¢ € (0,3) and let p and v be arbi-
trary macro states such that d,,d, > max{166,4|log,(¢'/v/2)|}. Let H satisfy
Assumption 1. Let o_ := min,; j 0;; and o4 := max; ; 0;;. Then with probability
at least 1 — ¢,

16
M,, > (\/g/ca HW) min {1, d”} : (40)

dy

where
c_o_

Copim —M 41
cyoy + Ch, (41)

with Cp, defined in (39) and absolute constants c_,cy > 0.

The main application of this theorem is provided by our next result: the
analogue of Corollary 1 for the relative errors. In addition to (30), define sy
by

D = exp (smeN/kp) (42)

Since we expect that the dimension of the thermal equilibrium macro space
deq is extremely large, it should hold that spy,c ~ Seq.

Corollary 2 (Generalized normal typicality—relative errors). Let €,6 > 0,
e € (0,%) and let p and v be macro states such that d,,d, > max{166,4|
log,(¢'/v/2)|}. Let H be a random Hermitian D x D matriz as in Theorem 4.
Then with probability at least 1 — €', (1 — e)-most Yy € S(H,) are such that
for (1 —§)-most t € [0, 00),
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1P te > — M, |
M,,
< ) Fep [~ mins,, s} — 32(sme — max{s,,s,})
—_ \/5 o e p 2kB S}L?SV Smc a’ SH78V b

(43)
where Cyy is defined in (41).

The most important aspects of this bound are that it bounds the relative
error, it shrinks exponentially as N increases, and the rate of shrinking can be
given explicitly.

Remark 1 Tt is sometimes desirable to consider a sequence of systems with
increasing dimension D — oo, corresponding, for example, to an increasing
particle number N — oo, for which it makes sense to talk of the “same”
macro states v for each member of the sequence. In that case, suppose that C,
is bounded below away from zero uniformly in D (as Cg, is small in typical
models, this is basically a condition on o_ and o). Then, the relative errors in
Corollary 2 are small if s, < max{s,,s,}+ min{s,, s, }/32. Since we expect
that smc ~ Seq, one of the macro spaces H, or ‘H,, thus needs to have specific
entropy not too far from the one of the equilibrium macro state. While this
might seem quite restrictive at first sight, observe that even if we assume that
the M, scale like in the case of normal typicality, i.e.,

dl/ Smec — Sv
M ~ D ~ exp <_k‘BN> ) (44)

then the relative errors are small only if sy, < max{s,,s,} + min{s,,s,}/2
(recall Theorem 2 for the absolute errors), see also the discussion in [43].

Remark 2 Suppose again that Cp, is bounded uniformly in D and that o4 =
D** with o~ < ay. In this case, the upper bound for the relative errors
becomes

[P ]|* — My |
M,,

4
S (cy exp(aysmcN/kp) + C’HO)8

= V(e =)
X exp (—22; (min{su, Sy} — 32 ((1 - %) Sme — max{su,sy}))) .

(45)

Suppose first that oy < 0. Then, for large IV, the second factor can be bounded
by (2Cy,)® and the right-hand side is small if the expression in the exponential
function is negative, i.e., if

_ 1
(1 — %) Sme < Max{s,,s,} + D) min{s,, s, }. (46)
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Since o~ < 0 the macro state p or v has to be even closer to the equilibrium
macro state than in the case that the variances o_, 0 do not depend on the
dimension D. If oy = 0 then the second factor in (45) can also be bounded by
some constant and we obtain again (46) as a condition for the relative errors to
be small. If, however, a; > 0, the second factor can be bounded by a quantity
proportional to exp(8ay smeN/kp) and therefore the right-hand side of (45) is
small if

(1 + our;oz_> Sme < max{s,,s,} + 3% min{s,, s, }. (47)
Thus, if a4 > a_, then the macro state p or v again has to be closer to the
equilibrium macro state than in the case discussed in Remark 1. Note that, of
course, we can also assume that o4 = ¢, D** with constants c¢,, > 0 and
the conditions under which the relative errors are small remain the same since
the upper bounds only change by multiplicative constants.

3.2. Dynamical Typicality

We now turn to our main result about dynamical typicality. We would like to
give again a bound on the relative error, but this we can only provide for most
(rather than all) times. But for most times, we already know from generalized
normal typicality that || P,v¢* is close to M, (as visible in Fig.2). On the
other hand, for dynamical typicality, we are particularly interested in times
before normal equilibration has set in (as in Fig. 1). For this situation, we can
provide a bound on what we call the comparative error and that is given by the
quotient of the absolute error (which in this case is time-dependent) and the
time average of the quantity considered. In this way, we compare the absolute
error to a comparison value that expresses in a way what magnitude to expect
of || P,1¢||?. Smallness of the comparative error at time ¢ means that the abso-
lute error at ¢ is much smaller than the long-time value of || P,v||?, although
not necessarily much smaller than the instantaneous ensemble average

Bl Popell® = wyup, (£) = wp (t) - (48)

This statement still gives us a handle on comparatively small H, for which
| P,abe]|? is small in absolute terms for most t. Now recall from (28) that

My, = TBAIP. (19)

Theorem 5 (Dynamical typicality—comparative errors). Let ¢ > 0, ¢’ € (0, 3)
and let ;1 and v be macro states such that d,, > max{166,4|log, €’|}. Let H be
a random Hermitian D x D matriz as in Theorem 4. Then with probability at
least 1 — €', for each t € R, (1 —¢)-most 1o € S(H,,) are such that

P4t * = wpu (1))
Mil’(ﬂ’

(€ exp (o (25— minsps} — B2sme—5,))) G0

1
<
S e
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where Cy, is defined in (41). Moreover, with probability 1 —¢€', for every T > 0,
(1 —&)-most 1o € S(H,,) are such that

1/T Pol* — wn (t))]
0

2
T Mo,

2
1 N
dt < E(COE/)AG exp <_k (s — 32(Sme — Sy))> .

B
(51)

Again, key aspects are that the upper bounds in (50) and (51) shrink
exponentially with increasing N at explicit rates. The bounds are small if
Sme < Sy + 5,/16 — min{s,, 5, }/32 resp. Sme < Sy + 5,/32, i.e., s, must be
close to smc and therefore close to seq. In that case, (51) shows that the curve
t — ||P,p¢||? is close to the curve t — E,||P,4]|? in the L?-sense even when
compared to the (possibly small) time average || P, v:|%.

4. No-Gaps Delocalization and Band Matrices

Our main results are based on a “no-gaps delocalization” result of Rudelson
and Vershynin (2016) [37, Theorem 1.3]. In this section, we state this result
(with certain corrections, Theorem 6 in Sect.4.1), provide an extension of it
that we will use when proving our main results (Theorem 7 in Sect.4.2), and
provide examples of random matrices for which the hypotheses of Rudelson
and Vershynin are satisfied (Theorems 8 and 9 in Sect. 4.3).

4.1. Statement of the No-Gaps Delocalization Result of Rudelson and Ver-
shynin
Since explicit exponents and the dependence of constants on the parameters
play an important role for our purposes, we have followed the exponents and
constants through the proof of Rudelson and Vershynin in [37]. It turned out
that in some places we arrived at different values than stated in [37]. In this
subsection, we state the relevant result with these values, and provide a dis-
cussion of how we arrived at them.
In the following, we use the following abbreviation. For a random D x D
matrix H and any number J > 0, we introduce the “boundedness event”

Bis = {IH| < JVD}. (52)

It will turn out in Sect.4.3 that for relevant examples of random matrices
H and large D, the event By ; occurs with high probability; this conclusion
makes use of a result of Latala [22].

So here is our adjusted statement of Theorem 1.3 of [37].

Theorem 6 (No-gaps delocalization; Rudelson, Vershynin (2016)). Let H =
(hij) be a D x D random matriz such that for i,j € [D] the (continuous) ran-
dom variable Reh;; is independent of the other entries of Re H except possibly
Rehj;, the densities QZS of Reh;; are bounded by some number K > 1 and the
imaginary part is fived. Choose J > 1 such that the boundedness event By j
holds with probability at least 1/2. Let v € (180/D,1/2) and s > 0. Then,
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conditionally on By j, the following holds with probability at least 1 — (C's)~P:
Every eigenvector v of H satisfies

lor]l > (ns)9||v|| for all I C [D] with |I| > kD, (53)
where
1/2
lorll == | [v;] (54)
jel

and C =C(K,J) > 1.

Here is how this statement differs from Theorem 1.3 in [37]. The lower
bound on ¢ is changed from 8/D to 180/D and the exponent of ks in (53)
from 6 to 9. Therefore, the theorem tells us that subsets I C [D] of at least
180 (instead of 8) coordinates of any eigenvector carry a non-negligible part of
its mass. Moreover, the lower bound obtained for ||v;|| is slightly worse since
Kk < 1 by assumption and we can assume without loss of generality that also
s < 1 because otherwise the lower bound on the probability, 1 — (Cs)~P, is
negative.

Here is how we arrived at these exponents and constants. In the rest of
this section, all numbers of theorems, subsections, etc., refer to the ones in
[37] if not stated otherwise. We start from Theorem 5.1 (Sect.5.1) to derive
Theorem 1.3. Let C5 be the constant C' in Theorem 5.1 and define for d,x > 0
the gap event (called the localization event in [37])

Gap(H, k,0) := {3 eigenvector v € CP, ||v|| = 1,3I C [D], |I| = kD : |jvs|| < 6} ,
(55)
i.e., the event that in an eigenvector v of H a fraction x of basis vectors is

underrepresented in v.
After an application of Proposition 4.1, one arrives at

P (Gap(H, , ¢/8J) and By ;) < 5 (?) (e/)"*Ppy (56)

where t > 0 and py = (20, K Jt%*k~14)"P/2_ Set t = 8.J(ks)® for some o > 0.
(In [37], @ = 6 was stated, while we arrive at « = 9 below, so let us keep the
value unspecified for a little while.) What we want to show is that

P(Gap(H, k, (55)")|Ba.s ) < (Cs)"P, (57)

where C' can depend on J and K but not on &, s, or D. Since P(By ;) > 1/2,
it suffices to bound P(Gap(H, k, (ks)*) N By,s) in a similar way. From (56),
we obtain that
P (Gap(H, &, (ks)*) and By, )
< 5(%8)_2(1(6//{)5D (2CQKJtO'4H_1'4)HD/2

wkD
_ (51/RDH—204/HD+0.20¢—1.78—2a/HD+0.20¢—16 2C’2KJ(8J)0'25) (58b)

(584a)
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kD
< <ﬁ—2a/HD+o.2a—1.78—2a/nD+o.2a—15e /2C’2KJ(8J)0‘25> . (58¢)
So we would like a constant (independent of &, s, D) as an upper bound for
H—QOL/KD—‘—O.QO[—1.78—20L/KD+0.20£—17 (59)

where £ < 1/2 and s < 1. However, in the limit kD — 0, it follows that
—2a/kD — —oo and k2P s 00, s0 we need to exclude £ values from a
neighborhood of 0 and require, say, k > ¢/D for some ¢ € N (as explicitly done
n [37] and in Theorem 6). But then k can still be quite close to 0, and its
exponent in (59) should be > 0 or else (59) will not be bounded as D — oo,
so we want that

—2—a+0.2a—1.7>0. (60)

kD -

In particular, for « = 6 as in [37], this exponent would always be negative, and
(59) for Kk = ﬂ/D would not be bounded. However, if we suppose that ¢ > 10
and « > then, for every k > ¢/D,

(z 10)
2c « 17 200 « 17
[t T e SO T
D5 10 7 5 10 (61a)
(—10 17
—a Y2t 1b
T T 10 (61b)
> 0. (61c)

In this case, we obtain that

P (Gap (H, , (ks)*) and Byr.s) < (56\/202KN(8J)0'23>KD (62)

=: (C’s) " (63)

with C’ C’(K J) = 5e/2C5 K J(8.J)%2 being the desired constant.* Note that
l— 2(@ 10) for ¢ > 10 is monotonically decreasing and limy_, m = 8.5.

Therefore, we can choose & = 9 and ¢ = 180 to get —2a/kD + 0.2cc — 1.7 > 0.

Remark 3 (Constant in Theorem 6) Since the constant C'(K, J) in Theorem 6
will appear in the upper bound for the relative errors and we want to allow the
case that K and J depend on D, we are interested in the dependence of C on
these two parameters. In [37], it is said that all appearing constants (denoted
by C, ¢, ...) might depend on K and J, and therefore, we carefully investigated
the constants in the theorems, propositions, lemmas, etc., needed for the proof
of their main theorem (here Theorem 6). To avoid confusion with the constant
C' in the main theorem, we denote the other constants that are also denoted
as C'in [37] as C4, Cy, ... in the order of their appearance; other constants that
appear multiple times with a different value as well are also numbered in the
following in the order of their appearance. An inspection of the proofs reveals
that

4More precisely, C' = 2C, where C is the constant in Theorem 6. This is due to the fact
that P (Gap(H, &, (ks)®) and By, ;) and not P (Gap(H, &, (k5)*)|Bp,s) is considered in the
proof of Theorem 1.3.
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e (1 = e in Lemma 3.3,
e (' =2C, where C is defined above,

0.9
o (5 = 2max { (%) Cs, 04@} in Theorem 5.1, where ¢ is an absolute

constant that bounds the constants C(p) in (5.7) for p > 2, see also
Theorem 3.21 in [41], and & € (0,0.2) is another absolute constant that
can be chosen arbitrarily, see also Section 5.4.2 and 5.5.3 (note that in
(5.9) a square is missing); the values of the other constants are given
below,
e O3 =1Csin (5.1),
e C; =+/2CC in Lemma 5.4, where C’, C > 0 are absolute constants; more
precisely, C appears in the upper bound for the density of a random vector
PX where X = (Xi,...,Xp) is a vector of real-valued independent
random variables whose densities are bounded by some constant a.e. and
P is an orthogonal projection onto a subspace of dimension d, see also
[36] for details; moreover, the constant C' appears in the upper bound of
the volume of a d-dimensional ball of radius 7v/d for some 7 > 0.
Co,1 =4 in Lemma 5.5,
Co,2 = 4e in Lemma 5.6,
Cs = 72e in Lemma 5.7,
Cs = 72¢ in Lemma 5.8.

Thus, we see that the constant C5 depends neither on K nor on J, and we
conclude from our computation above that C' ~ v KJ%7.

4.2. An Extension

In Theorem 6, the imaginary part of the random matrix is fixed, and it is
assumed that J > 1. In this section, we present and prove a theorem that
covers matrices with random imaginary part as well, that also allows 0 < J < 1
and we improve the exponent of s in the lower bound for ||v|| from 9 to 8.
More precisely, we prove the following theorem:

Theorem 7 Let H = (h;;) be a D x D random matriz such that ReH and
ImH are independent, for i,j € [D] the (continuous) random variable Reh;
is independent of the other entries of ReH except possibly Rehj;, for i,j €
[D],i # j the (continuous) random variable Imh;; is independent of the other
entries of ImH except possibly Imhj;, and the densities gf}e are bounded by
some number K > 0. Choose J > 0 such that JK > 1 and the boundedness
events Brem,7 and Bpy, g,; hold with probability at least 1 —n for some 0 <
n < 1/2. Let k € (83/D,1/2) and 0 < s < 1. Then, the following holds with

5The constant C' can be chosen as C' = y/2me which can be easily seen as follows: For 7 > 0,
the volume of a d-dimensional ball with radius 7v/d is given by

/2

4 .\ Y2 . ) -
m (Tﬁ) < (‘21 n 1) (\/;T\/a) < ( 27I'€T) = (CT) (64)
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probability at least (1 — (ceV KJS)“D> (1 —n)*, where c. > 1 is a universal

constant: Every eigenvector v of H satisfies
lvorll > (ks8)®||lv]|  for all I C [D] with |I| > kD . (65)

Proof We prove the theorem in three steps. The first step is to establish a
modification of Theorem 6 where the imaginary part of the matrix H can also
be random. The second step is to relax the condition J > 1 to J > 0 (in
this case we have to additionally assume that JK > 1), which can be done
via a simple scaling argument. Finally, in the third step, we show that by a
small modification in the proof of Rudelson and Vershynin, the lower bound
for ||ur|l2 can be slightly improved.

1. Step (the complex case) We first assume that J, K > 1 and that k €
(180/D,1/2). Let

S := {Every eigenvector v of H satisfies ||vf|| > (ks)°||v|| for all I C [D]

with |I| > kD}, (66)
1

E = {Q €RP*P P (Bregiges) = 2}- (67)
By the law of total expectation and the monotonicity of the conditional ex-
pectation, we obtain that

P(S|Bp 2s) = E(P(S|By2s,Im H) |Bp2s) (68a)
> E (Litm weryP (S|Bu2s, ImH) By 25) (68b)
> (1= (Cs)"P)E (1{tm repy | Bu.2.) (68c)
= (1—(Cs)"P)P(Im H € E|By,21) (68d)
> (1—(Cs)"P)P({ImH € E} N Bu,2,), (68e)

where C' = C(K,2J) > 1 is the constant in Theorem 6, and Theorem 6 itself
was applied in the third line. Next note that

Brem,7 N Bimm,7 C B2, (69)

and thus
P({ImH € E} N Byay) > P({ImH € E} N Bregry NBunrry)  (70a)
P(Bren,;)P{ImH € E} N Bimu,s) (70b)
1-nP({ImH € E}YNBimu,s), (70¢)

Y

where we used that Re H and Im H are independent. Next observe that for
Q € RP*P such that ||Q| < Jv/D, we have that

P (Bre +iQ27) > P(Bren,y) >1—n>
It follows that By g,y C {Im H € E} and thus
]P’({ImH € E} N BH’QJ) > (]. — 17) ]P)(BImH’J) > (]. — 77)2. (72)

(71)

N | =
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Therefore, we finally obtain that

P (S|Br2s) = (1—(Cs)*P) (1 —n)?, (73)
which implies
P(S) > P (SN Bu2s) =P (SBuzs)P(Buazs) (74a)
> P (S|Bu27)P (Brew,s) P (Bimm,7) (74b)
> (1- (C9)P) (1 )" (140

This shows that for complex random D x D matrices H which satisfy the
assumptions of this theorem with J, K > 1 (instead of K,J > 0 such that
JK > 1) and x € (180/D,1/2) (instead of x € (83/D,1/2)), the following
holds with probability at least (1 — (C's)*”) (1 — n)*: Every eigenvector v of
H satisfies

llorll > (ks)?||v]|  for all I C [D] with |I| > xD, (75)
where C' = C(K,2J) > 1 and C(K,2J) ~ VEKJ*7.

2. Step (J > 0) Asin the first step of the proof we assume that x € (180/D,1/2).
Note that if the density of a random variable X is bounded by some constant
K, then the density of J~!'X is bounded by JK. Therefore, applying the result
of the first step to the matrix H := J~'H immediately shows that for com-
plex random D x D matrices H which satisfy the assumptions of this theorem
with x € (180/D,1/2) (instead of k € (83/D,1/2)), the following holds with
probability at least (1 — (¢s)"P) (1 —n)*: Every eigenvector v of H satisfies

|vr]| > (ks)?|lv||  for all I C [D] with |I| > xD, (76)
where ¢ = C(K J,2) ~ VK J.

3. Step (improved bound) We first assume that the imaginary part of H is fixed
and that K, J > 1. In the proof of the Invertibility Theorem 5.1 at the end of
Section 5 in [37], they arrive at the upper bound

agt "
517K3/2>

+ (@@m)w (77)

CGKJO.IKI—OAO5 <

for the probability on the left-hand side of (5.18), where ¢,7 > 0 are arbitrary
and where we used the notation for the constants introduced above. In their
paper, they choose 7 = v/t and then they use that they can assume that ¢ < 1
to bound t%4° and t°-5 by t°-4. The result can be slightly improved by choosing
7 = t%/19 instead. With this choice, the upper bound (77) becomes

4 0.9
[() CoK Jr~142/19

kD

wD kD
T (C’4\/gKt9/19) < (OQKJH71'4t9/19> :

(78)

C1
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0.9
where Cy = 2max { (%) Cs, 04@}. This shows that the exponent of ¢ in

Theorem 5.1 in [37] can be changed from 0.4 to 9/19. This change has impli-
cations for the derivation of the no-gaps delocalization theorem from Theorem
5.1: After an application of Proposition 4.1, one now arrives at

P (Gap(H, k,t/8J) and By ;) <5 (8:) (e/k)*Ppo (79)

with ¢ > 0 and py = (20, K Jt/x~1-4)%P/2 Again we set t = 8J(ks)® for
some « > 0. Then, a computation similar to the one in the proof of Theorem
6 shows that

P (Gap(H, k, (ks)*) and By, )
< (572Q/ND+9a/3871.787204/ND+904/387156 202KJ(8J)9/385) kD
(80)
—20(//1D+90¢/38—1.78—2a/ﬁD+9a/38—1

In order to obtain an upper bound for s we
have to determine « such that —2a/kD + 9a/38 — 1.7 > 0 since £ < 1/2 and

s < 1. Suppose again that x > % for some ¢ € N,/ > 8, and o > 5(&23%)'
Then,
2 9a 17 20 9a 17
T . s 81
D 0 € TR 10 (81a)
9 —76 17
=a— — — 81b
‘7380 10 (81D)
> (81c)

Thus, we arrive at
rD
P (Gap(H, k, (ks)) and By, j) < (56\/ 2C2KJ(8J)9/383) (82a)
xkD
- (%) (82b)

2
with ¢ = 10ey/2C5 K J(8.)%/38 ie., ¢ ~ VEKJ'™/1 Note that £ — 5(5’427%6) for
¢ > 8 is monotonically decreasing and limy_, 5(%%6) = 323 Therefore, we

can choose a = 8 and ¢ = 83 to get —2a/kD + 9a/38 — 1.7 > 0. For matrices
whose imaginary part is not fixed, we proceed as in step 1 to obtain the result
for complex matrices. In order to relax the condition J > 1 to J > 0 (and also
K >1to K > 0), one can again apply a scaling result as in step 2, where one
replaces K by JK and J by 1, to obtain ¢ ~ VK J 1'%/ = /K.J. We thus
arrive at the final result with ¢, = 10e/2C58%/38_ Note that it depends on the
value of C5 whether ¢, > 1 or merely ¢, > 0; however, we can assume without
loss of generality that ¢, > 1 since replacing c. by max{lOe\/2C289/38, 1} only
results in a possibly smaller lower bound for the probability with which no-gaps
delocalization at least holds. O

Remark 4



Vol. 26 (2025) Typical Macroscopic Long-Time Behavior 3211

1. Theorem 7 still holds if some entries of Im H are fixed. This observa-
tion will be important when we construct examples in Sect. 4.3 since for
Hermitian matrices the diagonal entries of Im H are fixed to zero.

2. In the proof of Theorem 7, the choice & = 8 is the smallest one possible if

323

one wants o € N. Otherwise, any other value v > 5 ~ 7.18 is possible,

however, at the cost of a larger value for ¢ and therefore x.

Remark 5 (A different proof strategy) Another possibility (different from the
scaling argument) to obtain no-gaps delocalization in the case that 0 < J < 1
is to find out where the assumption J > 1 is used in the proof of Rudelson and
Vershynin and to suitably modify the assumptions: The assumption J > 1 is
used the first time (except for Sect.5.1 to which we will turn at the end) in
the proof of Lemma 5.7 (and Lemma 5.8 which follows from an application
of Lemma 5.7). If J > 1, then J/\/k > 1 and since the constant C' on the
left-hand side of (5.15) and K are also greater than 1, the upper bound on
the probability is only nontrivial if §'=2# < 1. In view of how Lemma 5.7
is applied, we can safely assume that y < 1/2 and thus that 6 < 1. In the
proof of Lemma 5.7 as well as Lemma 5.8, it is used that 6y/k/J < 1 which
is obviously fulfilled for this choice of parameter. If we allow that J < 1 but
require £ < J2, then we can draw the same conclusions and argue in the same
way to obtain Lemma 5.7 and Lemma 5.8. This means that the upper bound
for k has to be replaced by min{1/2, J?}.

The next (and last) time the assumption J > 1 is used in the proof of the
Invertibility Theorem 5.1 at the end of Sect.5. Here, the improved estimate
that was presented in the third step in the proof of Theorem 7 is necessary.

Note that the assumption JK > 1 is not needed in this case and we
have to assume again that K > 1. However, in our examples below, we always
need that JK > 1. Moreover, note that we cannot assume anymore that the
constant ¢ ~ VK J'"1 in the proof of Theorem 7 is larger than one. An
adaption of the proof of Theorem 10 shows that with probability at least

min{d, ,d,,2DJ?}/2
1 H
<1 — min {cC\/KJM/lg, 2} > (1—n)* (83)

one finds the lower bound

My > (mind1,— 1 Vg [ de & o 16mx p, & (84)
= ' 2e/ KT 2D’ 2D’ VL

Similarly, with probability at least (1 — min{c, VK J¥4/19, 1/2}mi“{d“/2’D‘]2}>

(1 —n)* one has the lower bound

d 1 10 tr(B)
M,g| > bt in{ -2 J%2tmin{1
| u3|max{ min? <mm{2D,J }mm{ ’205\/EJ14/19}> 0,

~ min {b;‘;ax, tr(jiﬂ } . (85)
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This lower bound is sometimes slightly better and sometimes slightly
worse than the one we presented in Theorem 4 but yields more complicated
expressions, e.g., in Corollary 2 and we therefore stick to the simpler lower
bound.

4.3. Examples

In this section, we give some examples covered by Theorem 7. We will see
that among these matrices are matrices with a band structure in a basis that
diagonalizes the projections onto the macro spaces to which a “small” Gaussian
perturbation is added. As discussed in the introduction, we are interested in
such kind of matrices since, in contrast to Wigner matrices or matrices from
the GOE/GUE, they can describe systems in which a nontrivial equilibration
process passing through multiple macro states occurs.

Theorem 8 (Gaussian matrices, variances bounded by constants). Let A = (as;) be
a D x D random matriz with independent complex Gaussian entries with mean zero,
i.e., all random variables Rea;j, Imasj, i,j € [D], are independent and Rea;;, Ima;; ~
N(O,afj/2) for some o;; > 0. Let 04 = 045, 0— :=min, j o5; and o4 = max,,; 0ij.
Then, the Hermitian matriz H := %(A+A*) is Gaussian, more precisely, its entries
hij satisfy Rehij, Imhi; ~ N(0,07;/2) for i # j and hiy; = Rehi; ~ N(0,0%), and
fulfills the assumptions in Theorem 7 with parameters K = ﬁ and J = %C’oq_

for arbitrary n € (0, %), where C is a certain universal constant with the property
(88).

Proof The matrix H is obviously Hermitian, and since Rea;; and Rea;; are
independent and normally distributed with zero expectation and variance
2

o5 = O’ . for i # j, we have

Rehij = —= (Rea;; + Re@j;) = —= (Reag; + Reayi) ~ N(0,07;/2).  (86)

1 1
V2 V2
Similarly, one has Im h;; ~ N'(0,07;/2) and

Rehi; = V2Rea;; ~ N(0,02). (87)
By construction, Re h;; is independent of the rest of the entries of Re H except
Re hj;, the same holds true for the imaginary parts and obviously Re H and

Im H are independent.
Latala [22, Theorem 2] showed that

El|(zi;)| < C max /ZEZ‘” —&—maX\/ZIEh i;/ZEx?j (88)
2%

for any finite matrix of 1ndependent mean zero random variables x;;, where
C > 0 is a universal constant. Without loss of generality, we can assume that
C>1.

With the help of (88), the expectation of the norm of Re H can be
bounded in the following way:

E||Re H|| < \%E(HReAH + |Re A*)) (89a)
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< C [ max g 07, -+ max \/E o+ E 303 (89Db)
i\ J - —
j i i.j

<C (2\/Do—i +yf 3D2o—i> (89¢)
<4Co, VD. (89d)

For 0 < <1/2 as in Theorem 7, we set J := %C’U+ and find with the help
of Markov’s inequality that

_ E|Red||
JVD

i.e., the boundedness event Bre f,; holds with probability at least 1 — 7. In
the same way, we find that also By g, 7 holds with probability at least 1 — .

P(Bre.;) =1—P (HReHH > Jx/f)) >1 >1-n, (90

Clearly, the densities of Re H are bounded by K := \/%J . This is due
to the fact that the density function f of the normal distribution with mean
w and variance o2 attains its maximum at x = pu with f(u) = \/2170. and

ﬁ% < ﬁ for all 4, j € [D]. Moreover, the condition JK > 1 is obviously

fulfilled for our choice of the parameters. O

Remark 6 By choosing the variance large close to the diagonal of the matrix
and small far away from it, the matrix H in Theorem 8 has some kind of
band structure. For example, we can fix a monotonically decreasing function
g:10,1] — [0_,04], a “variance profile,” and define

ol =g (";”) Vi,j € [D]. (91)

So far we only considered matrices whose (Gaussian) entries have mean
zero. In the following, we want to relax this condition and also allow entries
with nonzero mean.

Theorem 9 (Gaussian matrices with nonzero mean). Let Ho = (h{;) be a (determin-
istic) Hermitian matriz with Cu, as in (39) and let V' be the D x D random matriz
defined in Theorem 8 (there H). Define H := Ho + V. Then, H is Hermitian with
(non-centered) Gaussian independent (up to conjugate symmetry) entries; more pre-
cisely, its entries hij satisfy Rehi; ~ N(Rehl;,07;/2), Imhy; ~ N(Imh;,07;/2)
fori # j and hii = Rehyi ~ N (b, 02). Moreover, H satisfies the assumptions in

Theorem 7 with K = ﬁ and J = %(4éa+ + Ch,) with C as before.

Proof The claims concerning the distribution of the entries of H are obvious.
With the help of the computation in the proof of Theorem 8, we find that

E[[Re H|| < E[|Re Ho|| + [Re V| (92a)
< (4Cos +Cn,) VD (92b)
For 0 < n <1/2 as in Theorem 7, we set J := % (4éo+ + CHD) and obtain

P(Bren,s) >1—mn, (93)
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i.e., the boundedness event Bge p7,; holds with probability at least 1 — 7. The
parameter K has already been computed in Theorem 8 and with this choice
the condition KJ > 1 is again automatically fulfilled. This finishes the proof.

O

Theorem 9 covers, for example, the case that Hy is a matrix with a band
structure in a basis that diagonalizes the projections P, and V' is a Gaussian
matrix with mean zero and small variances, i.e., a small Gaussian perturbation
with entries small in the L2-sense.

5. More General Results and Proofs

In this section, we state and prove a more general version of Theorem 4 (The-
orem 10 in Sect. 5.1), some corollaries thereof and prove Theorem 4. We then
state a more general version of Theorem 5 (Theorem 11 in Sect. 5.2) and prove
Theorem 5.

5.1. Generalized Normal Typicality

Let H = (h;j) € Mpxp(C) be a random Hermitian matrix. Instead of As-
sumption 1, we now make the following weaker assumption (which follows if
Assumption 1 holds):

Assumption 2 The random variables (Reh;;);<; and (Imh;;);<; are mutu-

ally independent and continuously distributed. The densities o%¢ of Re h;j are

ij
bounded.

Let BT and B~ denote the positive and negative part of B such that
B = BT — B~. Recall that d, and d, denote the dimensions of the macro
spaces H,, and H,,.

Theorem 10 Let &' € (0, %) and let p be an arbitrary macro state. Let B €
Mpxp(C) be a Hermitian D x D matriz and let H = (h;j) be a random
Hermitian D x D matriz such that Assumption 2 is satisfied. Let K be the

least upper bound for the densities ot

A

K :=sup U {gﬁe (z) : v € R} < oc. (94)

1<j

Let d,, > max {166, 2| log, €’|}. Moreover, let n € (0, %) be the unique number
that solves

1-¢ = (1 - 2—%/2) (1—n)* (95)
and let J%¢, J™ € (0,00) be the unique numbers such that
P (||ReH|| < JRe \/5) =1-n, (96)

P(|mmH| < J™VD) =1-n. (97)
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Set J := max {K*I, JRe Jlm}. Then with probability at least 1 — &,

16 + B
|M“B| 2 max b;1n7 ( d# > tl“(B ) — min {bnmx7 tI‘(B)} ,
4Cc\/ITJD du du
(98)

where M,,5 was defined in (22), b, and by, denote the smallest and largest
eigenvalue of BT and B, respectively, and c. > 1 is the constant in Theorem

7. In particular, if B = P, for some macro state v, then

d d 16
M, > LA [ .
" d, <4chD> (99)

Moreover, if d, > 166, then for anyn € (0,3) (and J chosen as above) it holds
with probability at least (1 —27%/2) (1 — ) that

My, > <4deFD>16. (100)

The lower bound for |M,, | is obviously nontrivial for positive (and nega-
tive) operators B but also for operators with positive and negative eigenvalues,
provided that the spectrum satisfies certain assumptions, e.g., if b7, > br . .

Note the second lower bound (100) is sharper than (99) if d, > d,.

By combining the lower bounds in Theorem 10 with the upper bound from
Theorem 1, keeping in mind that, with probability 1, Dy = 1 and dg = D,
we immediately obtain the following corollary:
Corollary 3 Let ¢,0,x,T > 0, € (O,%) and let p be an arbitrary macro
state. Let B € Mpxp(C) be a Hermitian D x D matriz and let H be a
random Hermitian D X D matriz such that Assumption 2 is satisfied. Let
d, > max{166,2|log,€’|} and let K,J > 0 and n € (0,3) be defined as in
Theorem 10. Then with probability at least 1 —¢’, (1 —¢)-most 1y € S(H,,) are
such that for (1 — 6)-most t € [0,T]

1/2
G(k 1 D . r
(el Ble) = Mys| _ 1 (Eyel (HsOgQ ) i B, 2422 ))

(M| max {brtnn’ (4cc\/d;(JD) tr(fﬁ+) } ~ min {b;lax’ tr(fﬁ_) }
(101)

whenever the denominator of the right-hand side is positive; here c. > 1 is the
constant in Theorem 7.

The next corollary for the special case that B = P, for some macro state
v follows from combining the lower bounds (99) and (100) for M,,,,, which yield
with probability at least (1 — 2% /2 — 2=9/2)(1 — y)*

16 16
My, > d, (max{dy,du}) _ <max{dl,,d#}> min{l,dy},
max{d,,d,} \ 4c.v/KJD 4ecVKJID d,
(102)
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with the upper bound for the absolute errors from Theorem 2, keeping again in
mind that for random matrices with continuously distributed entries, it holds
with probability 1 that Dp = Do = 1.

Corollary 4 (Generalized normal typicality: relative errors). Let €,6 > 0, ' € (0, 3)
and let p,v be two macro states such that d,,d, > max {166, 2|
log, (¢’ /v/2)| } Let H be a random Hermitian D x D matriz such that Assumption
2 is satisfied and let K > 0 be defined as in Theorem 10. Moreover, let n € (0, ) be
the unique number that solves

1-¢ = (1 — g/ 2‘d"/2) (1-n)* (103)

and let J > 0 be defined as in Theorem 10. Then with probability at least 1 — €',
(1 —¢e)-most Yo € S(Hy) are such that for (1 — §)-most t € [0, c0)
(I[Pt * = My | _ 4 ( 4ecVKJID )16
M,u,u - A/ 66 min{d#, dy} max{d;u du} ’

where c. > 1 is the constant in Theorem 7.

(104)

We now give the proofs of Theorem 10 and of one of our main theorems,
Theorem 4.

Proof of Theorem 10 We can write the Hamiltonian as H = 3 E,|dn)(¢n|, where
(¢n) is an orthonormal basis of eigenvectors of H with eigenvalues E,, € R. Moreover,
we obtain with the reverse triangle inequality that

|My.5| > i <Z<¢nlpyl¢n><¢n|3+|¢n> - Z<¢m|Pu|¢m><¢M|B_|¢M>> - (105)

m

Note that we used here the fact that, with probability 1, the eigenvalues of H are

distinct. Set x := % and s := ﬁ, where ¢. > 1 is the constant in Theorem 7.
With these choices all assumptions in Theorem 7 are fulfilled® and with
Li={di+ - +du1+1,...;di + - +d.} (106)

it follows that with probability at least

(1 _ (cc\/ﬁs)w) (1—n)*= (1 . z—dm) 1—n)*=1-¢ (107)
it holds that
(GnlPalon) = 3 [on(DI” = 1(6n)1,I* > (5)"°. (108)

Remember that we assume that the Hamiltonian is written in a basis that diagonal-
izes the projections onto the macro spaces as in Fig. 3. We find the following lower
bounds for the first and upper bounds for the second sum in (105):

D (60l Puldn) (@l BF|6n) > blindy, (109a)

n

6Note that the factor 1/2 in the definition of k ensures that x < 1/2 since d,/D can be
arbitrarily close (but not equal to) 1. This is because the trivial case in which there is only
one macro space is excluded here since in this case we obviously have normal typicality and
there is nothing to show at all.
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D (0l Puldn) (@l BF¢n) > (rs)' tr(BY), (109b)
D (bm|Puldm) (dm| B [dm) < bmaxdy, (109¢)
D (bm|Puldm)(dm| B [¢m) < tr(B7). (109d)

A combination of these bounds yields

+ —
M| > max{b;m,( 5) 6%} - min{b;,ax, “(di)} (110)
n

d % tr(BY) _ tx(B7)
_ + 1 o
= max {bmm, (460\/K7JD> a, min {bmax, 4, } . (111)

In particular, if B = P, for some macro state v, then B~ =0, b, =0, tr(BT) = d,
and thus

d d 16
M, > 2 —E . 112
"= d, (4ccx/KJD) (112)

Note that here no absolute value on the left-hand side is needed since it immediately
follows from the definition of the My, that M, > 0. If d, > 166, we set k 1= 2%

2D
and obtain with Theorem 7 with probability at least (1 — 27‘1”/2) (1—n)?
d 16
wl Poldn) > (ks 16:(;) 113
(OnlPlon) > (58)"* = (s (113)
and therefore
1 d 16
v = (On|Po|dn)(dn|Pulen) > | —F——— ] . 114
Maw = = S nlPelon) Gl Pulin) 2 (7o ) (114)

Proof of Theorem 4 First note that since H satisfies Assumption 1 it obviously also
satisfies Assumption 2 and that d,,d,, > max{166,2|log,(¢'/v/2)|} by assumption.
Let n € (0, 1) be the unique number that solves

1-¢ = (1—2*%/2—2%/2) (1—n)* (115)

Then, it follows from Theorem 7 as in the proof of Theorem 10 that with probability

at least 1 — ¢/,
16
My > <M) min{l, &}, (116)
4eevVKJID dy,
see also (102). In order to arrive at the form (40), note first that with Cg, as defined
in (39) and with the help of Theorem 9, the factor KJ in (116) is given by

1 .
KJ=——(4C C . 117
Jamy (1604 + i ) (117)

Next we derive a lower bound for 1 in terms of &’ in order to eliminate 1 from (117).
Therefore observe that d,,d,, > 4|log,(¢’/v/2)| = —4log,(e'/v/2) and with (115) it
follows that

1—¢'>(1- 6/2) (1—nt (118)
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Solving for 7 yields

1 e’
>l - — > 119
= (14e)/* =6 (119)

>

In the last step, it was used that for f,g:[0,3] = R, f(z) =1— m7 g(z) =%

one has f > g which can easily be shown by standard arguments. Thus with (117),
we find

2 6c2 A 1 cror+Cq

KT < =t (4C0s + Cy ) =i o T 12

: ~ V27mo_¢’ 7+ +CHo 16’ c_o_ (120)
with c_ := 9‘{32:’2‘ and ¢; := 4C, ie., ¢ < 1/(4V/€C,). Inserting this estimate into
(116) finishes the proof. ]

5.2. Dynamical Typicality

In order to find an upper bound for the relative error in the dynamical typicality
theorem, Theorem 3, as well, we need a lower bound for |w,p(t)| = |Eu(¢:|Bliy)].
Without any further assumptions on the Hamiltonian, we immediately find the fol-
lowing proposition:

Proposition 2 Let B € L(H) be Hermitian such that b := max{b}. — bmax,b
b,f]ax} > 0, where bﬁm and b,jflax are again the smallest and largest eigenvalues of B*
(the positive and negative parts of B = BT — B~ ). Let ¢ > 0, t € [0,00), and let p
be an arbitrary macro state. Then,

|Epu(te| Blr)| > b, (121)
and therefore (1 — €)-most 1o € S(H,) are such that
(e Blyoe) — Eu (| Blor)|

min

< b~ (right-hand side of (35)). 122
[, (5 B ( G- 2)
Moreover, for every u and B, every T > 0, and (1 — €)-most 1o € S(H,),
T Bly) — B, (0| Blwy)|” 2
l/ [(ve| Blyr) u<¢t|2 2l it < IIQBII . (123)
T Jo B (| Blepe)| bedy,

Proof Let (pr) be an orthonormal basis of H,, and define @y, := e~ " ). Then,

1 s
By (e Blope) | = dfhf(PueltHB@ )| (124a)
m
1
=T > (orelBlore) (124b)
Pl
1 _ _
2 o max {Z(@k,t|3+ — B [pka), Y (prel B — B+|§0k,t>}
m i :
(124c)
Z ma’X{b;rL]in - br;laxv b;lin - lelrlax ) (124d)

ie., |Eu(¢¢|Blr)| > b. The remaining claims now follow immediately from Theo-
rem 3. ]
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Proposition 2 yields a good lower bound for }]Eu (| B |1/Jt>’ and therefore useful

upper bounds for the relative errors if, for example, B is a positive or negative
operator (and in this case, b = b, > 0 and b = b, > 0, respectively). If B has
both positive and nonpositive eigenvalues, the bounds are only useful if the spectrum
of B is rather special since in most cases one has b < 0. In particular, if B = P,
for some macro state v we have b = 0 and Proposition 2 is not applicable. However,
with the help of the corrected and improved no-gaps delocalization, Theorem 7, we
are able to prove an upper bound for the comparative errors which also applies to
more general operators and in particular to the case B = P,:
Theorem 11 Lete > 0, &' € (0, %) and let pu and v be macro states such that d,,d, >
max{166, 4|log, €’'|}. Let B be a Hermitian D X D matriz and let H be a random
Hermitian D x D matriz as in Theorem 10. Then with probability at least 1 —¢&’, for
each t € R, (1 — e)-most Yo € S(H,) are such that

[(1[Bln) — B, (el Blyo)|
(Il

<LB(B.%)'m {f”B” \/Q'B'ij; B \/ 18”31;)5(8/5)”%}7

(125)

whenever

o d % tr(BY) . (,_ tr(B")
B(Bﬂ/’) ‘= Inax {bmmv <4CC\/LD> du } — min {bTVL(LIL'7 T}

ﬁ(\IBH {uBn tr (|f|>}> (126)

is positive. Moreover, for every pn and B, every T > 0, and (1 —¢)-most Yo € S(Hu),
1 /T | (e Blgpe) — By (e Bl |”
T JEE—}

" |ilBl)

2| BI1?
<
di < LB(B,v)%ed,

(127)

Proof Tt follows from (124) and (125) in [43] that (1 — £)-most ¢ € S(H,) are such

that
T~ M| < 3 (L2 min fy, SUEDIY T a2g)

Therefore, it follows from the triangle inequality and Theorem 10 that with proba-
bility at least 1 — &', (1 — £)-most o € S(H,.) are such that

> sl 3 (L2 i [, U0 1) (120)

s ()2 o 2]
3 (L2, 2D })/ (130)
LB(B, ). (131)

|l BT)
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It follows from Theorem 3 that (1 — £)-most ¥o € S(H,.) are such that

r 3
el Ble) — B e Bl |<mm{f|3 f'BtQ |B|)’\/187r 10g<s/a>”3”}_
ed du
(132)

A combination of (131) and (132) yields the first claim. Similarly, a combination of
(131) and (36) in Theorem 3 gives the second claim. ]

Note that for large d,, (and if || B|| does not depend on d,), the lower bound
for | (¥¢|Bltx) |, LB(B, ), is up to a small error equal to the lower bound for |M,,z|
that was proved in Theorem 10.

Finally, we give the proof of Theorem 5 which yields a somewhat better bound
than the previous theorem in the case that B is a projection P, onto some macro
space H,:

Proof of Theorem 5 Let (¢n) be an orthonormal basis of eigenvectors of H. With
o =Y, ndn, we find that

Wil Poltpe) = Y cnemetEn=Em) (§u| Pyldm) = D _ leal* (dnl Poldn).- (133)

n,m n

Since 3°, |cn|* = 1 and with the help of Theorem 7, we find with probability at least

1 — ¢’ that
—_ dy 16 Ve'Cody 10
<wt‘PV|wt> > (m) > (T) (134)

see also the proof of Theorem 10 for the first step. In the second step, we used that
ceVKJT < 1/(4v/€'C,), which can be shown similarly as in the proof of Theorem 4.
This implies together with Theorem 3 (by using the first two bounds in (35)) that
(1 — &)-most 9o € S(H,) are such that

I Pl — Epl| P el e
Bl _\/(05) jm(d—) . (135)

Inserting the definition of s,, s, and smc thus proves the first claim. For the second
claim observe that it follows from Theorem 3 that for every 7' > 0, (1 — £)-most
o € S(H,) are such that

1 T 2 212 1
= 2 - 3 < —.
7 | Rl ~ B ar < - (136)

Together with (135), this implies that with probability 1 — &', for every T > 0,
(1 — &)-most 1o € S(Hu) are such that

T P, 2_ | P, 212 32
L [Py Agwm|&<1@ﬁqm1(D)‘ (137)
1P ] e du \dy

Now also the second claim follows immediately from the definition of s.,s.
and Smc. O
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6. An Improved Lower Bound for M ,, oq, Mg, and M qeq for
Wigner-Type Matrices

We expect that in many cases a significantly stronger lower bound for the M), than
the one obtained with the help of our improved version of the no-gaps delocalization
result from Rudelson and Vershynin [37], Theorem 4, should hold. More precisely, it is
expected that for band matrices H with sufficiently large band width, the eigenvectors
are delocalized, and in that situation we expect that M,, ~ %’.

In this section, we show with the help of a result from Ajanki, Erdés and
Kriiger [1] concerning the delocalization of eigenvectors that for a special class of
random matrices a much better lower bound for M, eq, Meqr and Meqeq can be
obtained provided that the equilibrium macro space is very dominant (in a sense
made precise below). These matrices do not have a band structure. However, the
results strengthen the expectation that often the lower bound in Theorem 4 can be
significantly improved. We quote the relevant statement from [1] as Theorem 12 and
obtain from it lower bounds for M, in Theorem 13.

For using the result of [1], we need a certain shift of perspective. So far in this
paper, we always regarded D as fixed and considered a single, randomly chosen D x D
matrix H. In contrast, in this section and the next, we will consider a sequence of
random matrices H®), one for every D € N. In fact, our reasoning also applies if we
merely allow an infinite set of D values (say, all powers of 2), and a random matrix
H™®) for every D from that set; but for simplicity, we will pretend we have an H )
for every D € N. More precisely, we assume that, for every D € N, we are given a
probability distribution P®) over the Hermitian D x D matrices. We will show that,
under suitable assumptions on P(P)| certain estimates hold for sufficiently large D,
but we are not necessarily able to make explicit how large D has to be.

In order to state the result of [1], we need their notion of stochastic domination:

Definition 4 (Stochastic domination). For two sequences X = (XP))p and Y =
(Y(D>)D of nonnegative random variables we say that X is stochastically dominated
by Y if there exists a function Dy : (0,00)> — N such that for all 7 > 0 and a > 0,

P(X® > DY) <D™ VD> Do(r,a). (138)
In this case we write X < Y.

That is, X < Y means that for large D it has high probability that X is
not much larger than Y. The key fact for our purposes will be that under certain
assumptions on P("), every eigenvector ¢, of H = HWP) ~ PP) gatisfies

1

VD

(more precise statement around (147) below). That is, each component of ¢, is not
much larger than 1/+/D (the magnitude that a component would have to have if all
components had the same magnitude). Since if some components were much smaller
than 1/ V/D, others would have to be larger, this also entails that not a large fraction
of the components can be much smaller than 1/\/5 But this still allows that a small
fraction of the components could be arbitrarily small; for example, if d,, (despite being
a large number) is a small fraction of D, then all components of ¢, in H, could be
arbitrarily small, so (¢, |P,|¢n) could be arbitrarily small, and then the expression
(5) suggests that M, could be arbitrarily small, and we would not obtain a useful

lPnlloe < (139)
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lower bound for M, . In fact, (139) provides such a bound only if either d, or d, is
sufficiently close to D, as the detailed analysis below confirms.
We now turn to describing the matrices considered in [1] and in this section.

Assumption 3 For every D, H®) = (h;;) ~ P) is a Hermitian D x D matrix of
Wigner type, i.e., its entries h;; are centered random variables and the entries (hi;)i<;
are independent. The matrix of variances S = (07;), defined by

oy = Elhy (140)
is flat, i.e.,
1 .
afj_D, i,j=1,...,D. (141)
Let p,P > 0 and L € N be parameters independent of D and let u =
(1, p2, - .. ) be a sequence of nonnegative real numbers.

Assumption 4 The matrix S is uniformly primitive, i.e.

(S%)i; > %, i,j=1,...,D. (142)
It can be shown that the corresponding vector Dyson equation
1 = ‘
—m:z—&—;aijmj(z), foralli=1,...,Dand z € H (143)
for a function m = (mi,...,mp) : H — H” on the complex upper half plane

H = {z € C:Imz > 0} has a unique solution [2].

Assumption 5 The matrix S induces a bounded solution of the vector Dyson equa-
tion, i.e., the unique solution of (143) corresponding to S is bounded,

|mi(2)| < P, 1=1,...,D, ze€H. (144)
Assumption 6 The entries h;; of the random matrix H have bounded moments, i.e.

Elhi;|* < pnol;, keN, 4,j=1,...,D. (145)

Sufficient conditions for Assumption 5 are given in [2] Theorem 6.1. The rea-
son we make these assumptions is that under these conditions, Ajanki, Erdés and
Kriiger (2017) [1] proved the following theorem concerning the delocalization of the
eigenvectors of H:

Theorem 12 ([1] Corollary 1.14). Consider a sequence (PP))pen of probability dis-
tributions over the Hermitian D x D matrices with HP) ~ PP) satisfying Assump-
tions 3—6. Let E%D) <...< E<DD> be the eigenvalues of the random matrix H™) and
¢§LD> € CP a normalized eigenvector of H'P) with eigenvalue E”). Then for every
sequence of unit vectors bP) e CP and every sequence nP) e {1,...,D},

(D) 4(D) 1
(6162, < 5 (146)
In particular, the eigenvectors are completely delocalized, i.e.,
(D) 1
< —. 147

ann(D) Hoo \/5 ( )
The function Do(7, c) implicit in the < symbol in (147) depends only on the constants
p, P, L, (i) ken from Assumptions 3—6.
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With the help of Theorem 12, we find the following lower bounds for the M, p:

Theorem 13 (Lower bounds for |M,,p|). Consider a sequence (P'?))pey of probabil-
ity distributions over the Hermitian D x D matrices with HP) ~ PP satisfying
Assumptions 3-6 and let Dy : (0,00)2 — N be the function provided by Theorem 12
for (147). Let 7 > 0,a > 1, D > Do(7, ), and let B be a Hermitian D x D matriz.
Then with probability at least 1 — D=1 it holds for every macro state ju that

|M,.5| > max{b;m,tr(3+) (1 D"“)} ~ min {b:ﬂax,tr(Bf)}. (148)

d, T pi-2r dy
In particular, if B = P, for some macro state v, then
dy D—-d,
M;uf 2 a (1 - D1727_ ) ) (149)
and, moreover,
D —d,
M, >1— Dizzr - (150)

Proof Let 7 > 0,a > 0,D > Do(7, ). Since Do does not depend on the sequence
(D)
n b

P (642 > D"D?) < D7 (151)
forallm=1,...,D. Writing P for PP) and ¢,, for 2D), we obtain that
P (\m nlloo < D’1/2+T) =1-P (an Nnlloo > D’””T) (152a)
D
> 1= 3 P(Ignllw > D7) (152b)
n=1
>1-D (152¢)
Now assume that ||¢n|lcc < D~Y?*7 for alln =1,...,D. Then,
(énlPuldn) = 1= > ($n|Pu|on) (153a)
w'#u
=1- Y eI (153b)
1E[DI\],,
D—d
>1- =t (153¢)

where I, ={d1 + - +dyp—1+1,....,d1i +---+d,.}.
As in the proof of Theorem 4, we have that

|My.5| = i <Z<¢H|PH|¢)”><¢’H|B+|¢71> - Z(%I&I%)(%IB_I%)) , (154)

n m

where Bt and B~ denote the positive and negative part of B, respectively.
We find that

5 u Pl (0018 160) 2 w8 (1- ), (155)

n

and together with (109a), (109¢) and (109d) we obtain that

L+ tr(Bh) ~ D—d, o _ tr(B7)
|[Mup| > max {bmin, a, 1 Dizar min § brax, a4 (156)
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In particular, if B = P, for some macro state v, then B* = P,, B~ =0, tr(B") = d,,
b = bo. =0, b, =1, and thus

d, D—d
My, > 4. (1 - DHT") : (157)

Alternatively, in the case that B = P, we can apply the estimate in (153c) to
(én|Py|dn), which immediately yields

D —d,
- pi-2r

M = o 3 6n Palon) (6l Peln) 2 1 (158)

O

If the macro state u resp. v is such that (D — d,)D™'™®" > 1 resp. (D —
d,)D7*?7 > 1, then the lower bound in (149) resp. (150) becomes negative and
therefore useless since we always have the trivial bound M,, > 0. However, if ;1 or
v is the equilibrium macro space in the sense that the corresponding macro space is
extremely dominant, more precisely, if deq = D — o(D1727), then the lower bounds
for the M, are nontrivial. If v = eq, then (150) implies that M,, 2 1 ~ d%‘* and if

= eq, then (149) shows that M, 2 j—: = %”, in agreement with our expectations.

7. Consequences of the Eigenstate Thermalization Hypothesis

Another result, due to Cipolloni, Erdés and Henheik (CEH) [6], shows that Wigner
matrices (i.e., H = H* such that h;; for ¢ < j are centered, independent random
variables with bounded moments, the h;; for i < j are identically distributed, and
the h;; are identically distributed) satisfy a version of the eigenstate thermalization
hypothesis (ETH) that implies that the eigenvectors are delocalized. Although the
matrices we are most interested in, the band matrices, are not Wigner matrices,
we make explicit in this section which lower bounds on M), (essentially versions
of M,, = d,/D) would follow from the ETH in the version formulated by CEH
(Proposition 3) and what they would imply about the relative error of generalized
normal typicality (Corollary 5). After all, as mentioned in the beginning of Sect. 6,
it is believed that for band matrices with sufficiently wide band, all eigenvectors are
delocalized.
We begin by formulating the precise condition:

Definition 5 (ETH according to CEH [6]). We say that a sequence (P”))pen of
probability distributions over the Hermitian D x D matrices satisfies the CEH-version
of ETH if for every sequence (B™))pey of D x D matrices with ||[B)|| < 1 and
every v > 0 and £ > 0, there is Dy € N such that for D > Do, it has probability at
least 1 — D™7 that

(D) 3
(D) p(D) (D), tx(B) o | _ D 5(D) (2112
max (9,7 |B2e; ) — —5—bi| < (B (159)
where <Z>§D),.A.7¢(DD) is any orthonormal eigenbasis of H™) ~ P() and B®) —

B _ tr(B™)) /D denotes the traceless part of B.

In that case, we obtain in particular that for any sequence (B<D)) of Hermitian
D x D matrices, any £ > 0 and vy > 0, sufficiently large D, B = BP) and every
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orthonormal eigenbasis ¢1,...,¢p of H = H(D>,
tr(B) DS > 20172
n|Blon) > —— — — tr(|B 1
(@nlBlgn) > 5 — = u(BP) (160)

for all n = 1,..., D simultaneously with probability at least 1 — D~7. Now recall
that, if H is nondegenerate, then

M = 5= 3 (6n Paln) (61 Blon). (161)

Proposition 3 (Lower bound for |M,g|). Let & > 0, let H be a Hermitian D x D
matriz with orthonormal eigenbasis {¢1,...,¢p}, and let B be a Hermitian D x D
matriz such that (160) is satisfied for allm = 1,...,D. Then, for every macro state

Hy

[tr(B)| Df 51211/2
> - — .
Ml > L - B ?) (162)
In particular,
d D¢
M, >-=(1- . 163
Wz (1- 2 (163)

for every macro state v. Moreover,
v D¢
My > % (1 - > . (164)

Proof From (160), we obtain that

1 tr(B) DS -
Myp = 4= S (6al Balén) 6alBlon) = PP - Dyppyz (165)
H n
Similarly, one finds that
tr(B) DS .
My < M8 4 Dy 2 (166)
and therefore
tI‘(B) DE 512\1/2
- < = )
‘MMB u ‘ < D) (167)

With the help of the reverse triangle inequality we obtain (162). If B = P, for

some macro state v we have tr(B) = d,,, |B|?> = P, — 2P,d, /D + d?/D?, therefore

tr(|B|?) = d, —2d2/D +d?/D* < d,, and (163) thus follows immediately from (162).
Concerning the last bound, observe that (160) for B = P, implies

1 d, (d, D*\/d,
MMU = a ;<¢n|PH|¢n><¢n|PV|¢n> > a <5 - {) . (168)

O

For large dimensions D, we find for any macro states p and v that M, Z %’

(provided that d, is large enough such that %” > D%7'/d,), in agreement with our
expectations. For the relative errors of the || P, ¢ ||?, we obtain the following.
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Corollary 5 Suppose that (]P’(D)) satisfies the CEH-version of ETH, and that it is a
continuous distribution for every D. Let €,6,&,v > 0, and let p and v be arbitrary
macro states such that /d, > 2D% or Vduy > 2D%, i.e.,

Sy > 28Sme + %TB In2 or s, > 2&sme+ %TB In2. (169)

Then, for sufficiently large D and with probability at least 1 — D™, (1 — €)-most
o € S(Hu) are such that for (1 — §)-most t € [0, 00),

2
1Pl — My | <iexp(

N max{su, sy} — s +lmin{s Sp}
M, ~ Ve kB e ) oo '

(170)
Proof 1t follows immediately from (163) that
My, > & (171)
"= 2D

Together with the upper bound for the absolute error from Theorem 2, we obtain
that (1 — e)-most 1o € S(H,,) are such that for (1 — §)-most ¢t € [0, 0),

1Pl = M| 8 D ( . { du})m
_— < — min< 1, — 172
M,u,l/ - VE(S d;/\/d‘u, dp, ( )
The claim now follows immediately from the definition of s, s, and smec. O

The relative errors in Corollary 5 are small for large N if sme < max{s,, s}
+ min{s,, s, }/2, i.e., we recover the condition we found in the case of normal typi-
cality, see also Remark 1.
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A. Appendix—No Resonances

In this appendix, we provide a proof of the fact that Hermitian matrices whose joint
distribution of their entries is absolutely continuous with respect to the Lebesgue
measure have, with probability 1, no degeneracies and no resonances (i.e., also the
eigenvalue gaps are nondegenerate). This fact is widely known, but we could not find
a proof in the literature.

Proposition 4 (No resonances). Let H be a random Hermitian D x D matriz with
eigenvalues A1, ...,A\p such that the joint distribution of its entries is absolutely
continuous with respect to the Lebesque measure. Then,

P(X\i—Xj =X — X\ forsome (i#jork#1) and (i £k orj#1))=0. (173)

We begin with some preparations for the proof. Let S(D) denote the set of
Hermitian D x D matrices and U(D) the unitary group of D X D matrices, here
regarded as orthonormal bases of the underlying Hilbert space. We define y : RP x

D
X(A17"'7AD’1/]17"'7’(/)D):ZAj|/l/}j><’(pj‘7 (174)

j=1
where 1); denotes the jth column of the unitary matrix [¢1,. .., ¥ p]. Since the matrix

X(A1y ...y AD, 1, ..., ¥p) remains constant when the phase of the v; is changed, x
defines a mapping ¢ : RP x U(D)/U(1)P? — S(D).

Lemma 1 The map ¢ defined above is smooth.

Proof First note that the function x in (174) defined on RP x CP*P — CPxP
(extended in the obvious way) is smooth since all components of x(A1,...,Ap,
1,...,%p) are polynomials in the A\; and the (¢;)x. Since U(D) is a (embedded) sub-
manifold of CP*® | the restriction of x to RP x U(D) is also smooth [24, Prop. 5.27].
It remains to show that also the replacing of U(D) by the quotient U(D)/U(1)”
does not destroy the smoothness. To this end, consider the map

F:C\{0} = C”P, w s f(9) = ) (. (175)
This map is obviously smooth and remains smooth when considered as a map on
(CP\{0})/U(1). Thus, we can conclude that ¢ is smooth. O

Proof of Proposition 4 Since U(1)” is a closed subset of U(D) (because limits of di-
agonal matrices are diagonal), and since U(1)” is a Lie subgroup of U(D), it follows
that the set U(D)/U(1)P of left cosets is a smooth manifold [24, Thm. 21.17]. Tt is well
known that dim U(D) = D?, dimU(D)/U(1)” = D* — D, dim (D) = D? and thus
dim (R” x (U(D)/U(1)”)) = dim S(D). The spaces U := R” x (U(D)/U(1)") and
V := S(D) are therefore smooth manifolds of the same dimension and <p|RD < (U(D)/U)D)
U — V is smooth by Lemma 1. Since the set

Nres = {(ml,--.,xD) S ]RD :


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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v = wj = wx —a for some (i # j or k#1) and (i # k or j #1)}
(176)

is a null set in RP, it follows that Nyes x (U(D)/U(1)") is a null set in RP x
(U(D)/U(1)P). Generally, if f : U — V is a smooth mapping between smooth
manifolds U,V of equal dimension and N C U is a null set, then f(N) is a null set
in V' [24, Thm. 6.9]. Thus,

¢(Nres % (U(D)/U(1)")) = x(Nres x U(D)) (177)

is a null set in S(D). Altogether we have shown that the set of Hermitian matrices
that have resonances has measure zero. Finally, the absolute continuity of the joint
distribution of the entries of H with respect to the Lebesgue measure immediately
proves the claim. U

B. Appendix—Numerical Examples

We briefly describe the numerical simulations we used to create Figs. 1 and 2. These
simulations serve for illustrating our results and stating some further conjectures. We
partition the D-dimensional Hilbert space H := CP = @izl C% into four macro
spaces H, of dimension d,, with d, < d,+1 for v = 1,2, 3; more precisely, we choose
d, =2 x 10", Then H, is spanned by the first d; canonical basis vectors, Ha by
the next dz canonical basis vectors and so on, and Ha, the largest macro space in the
decomposition, corresponds to the “equilibrium space.” The Hamiltonian H = (h;x)
is modeled by a Hermitian random D x D matrix with a band structure which means
that it couples neighboring macro spaces more strongly than distant ones, see also
Fig. 3. The entries of H satisfy hj; ~ N(0,073;) and hjr ~ N(0,073,/2) +iN(0,073,/2)
for j # k, where

o = exp(—s|j — kl) (178)

with some parameter s > 0 that controls the bandwidth of the random matrix, i.e.,
the variances decrease exponentially in the distance from the diagonal. Note that this
model is not covered by our examples in Sect. 4.3 since the o, cannot be bounded by
a positive D-independent constant or by D for some o € R from below. However,
it also suggests that similar results should hold in more general situations than in
the ones we were able to study.
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