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Figure 2.8: Rod diagrams for (a) the double C-metric in an external field and for (b) the Bonnor–

Swaminarayan metric (2.146). We see that the limit considered in the main text w2k → w2k−1

corresponds to shrinking the timelike rods representing the event horizons. The horizons disap-

pear through that limit, and the resulting objects are naked singularities which are represented by

points in the rod diagram.

where

Rk =
√
ρ2 + (z +mk − zk)2 , Rk+1 =

√
ρ2 + (z −mk − zk)2 , (2.141)

we can write

ψ =
1

2
log

(
R1 +R2 − 2m1

R1 +R2 + 2m1
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1

2
log
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R3 +R4 − 2m2
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2
logµA . (2.142)

One recognises two Schwarzschild potentials (the first two terms) and the Rindler po-
tential (the last term). Indeed, at the level of the Weyl potential a superposition principle
holds; the non-linearity is encoded in the function γ, that we do not explicitly write here.

Now we consider the limit in which the finite timelike rods of Fig. 2.6 are pinched to
a point, i.e. when w2k → w2k−1: this is equivalent to consider mk → 0 (see Fig. 2.8). We
expand for small mk to order O

(
m2
k

)
, to find

ψ ≈ − m1√
ρ2 + (z − z1)2

− m2√
ρ2 + (z − z2)2

+
1

2
logµA . (2.143)

Again, we recognise the various terms in the last expression: the first two are Curzon–
Chazy potentials and represent point-like particles, while the last term is still the Rindler
one. Then it is natural to interpret the potential as the one corresponding to two acceler-
ating particles (see Fig. 2.9).
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We cast the potential in the usual Bonnor–Swaminarayan form by performing the
change of coordinate z̄ = 1/(2A2)− z, by which

µA =
√
ρ2 + z̄2 + z̄ , (2.144)

and then defining the new constants

2α2
1 =

2A2

2A2z1 − 1
, 2α2

2 =
2A2

2A2z2 − 1
. (2.145)

One finally finds

ψ = − m1√
ρ2 + (z̄ − 1

2α2
1
)2

− m2√
ρ2 + (z̄ − 1

2α2
2
)2

+
1

2
log
(√

ρ2 + z̄2 + z̄
)
, (2.146)

which is the Bonnor–Swaminarayan potential (cf. [193] and [135]). The generalisation to
N accelerating particles is easily found as

ψ = −
N∑
k=1

mk√
ρ2 + (z̄ − 1

2α2
k
)2

+
1

2
log
(√

ρ2 + z̄2 + z̄
)
. (2.147)

The γ function, which completes the Weyl metric (2.138), is found by quadratures.
One can check that the Bonnor–Swaminarayan metric (2.146), for generic values of

the parameters, is affected by conical singularities. Such singularities can be removed
only when m2 < 0: in this case the axis is everywhere regular, except at the locations of
the point particles. More explicitly, the regularisation is achieved for [135]

m1 = −m2 =

(
α2
1 − α2

2)
2

4α3
1α

3
2

. (2.148)

The limit to the Bičák–Hoenselaers–Schmidt metric

The inclusion of the external gravitational field is now a simple matter: this can be done
following the lines of Sec. 1.2, i.e. by means if the inverse scattering method, or via the
same limiting procedure of the multi-black hole metric (2.101) above, now with the field
parameters bn turned on. In both cases, the resulting Weyl potential is

ψ = −
N∑
k=1

mk√
ρ2 + (z̄ − 1

2α2
k
)2

+
1

2
log
(√

ρ2 + z̄2 + z̄
)
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n=1

bnr
nPn . (2.149)

The meaning of the terms in the potential is clear, and the function γ can be found again
by quadratures. This potential specialises to the Bičák–Hoenselaers–Schmidt one [194]
for N = 1 and b1 ̸= 0, bn = 0 for n > 1, that reads

ψ = − m1√
ρ2 + (z̄ − 1

2α2
1
)2

+
1

2
log
(√

ρ2 + z̄2 + z̄
)
+ b1z . (2.150)
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Figure 2.9: A spacetime diagram of the Bonnor–Swaminarayan metric in the boost-
rotation coordinates of [195], for the section ρ = 0. The hyperbolae represent the world-
lines of two pairs of (causally disconnected) accelerating particles.

The limiting procedure that leads to (2.149) does not affect the external field, hence it can
be fine tuned again to support the particles attraction against the gravitational collapse
and to remove the conical singularities.

It is worth mentioning that Bičák–Hoenselaers–Schmidt also found two accelerating
particles described by internal multipole momenta [196], in analogy with the Erez–Rosen
metric [141]. The multipole metric, initially obtained through a coalescing limit of the
Bonnor–Swaminarayan solution, can be regularised everywhere on the z-axis (except at
the two particles), thus obtaining a regular accelerating metric without the need of any
external field. Relying on the discussion presented in [150], one can easily write down
the most general potential forN accelerating particles with arbitrary multipole momenta
and immersed in an external gravitational field:

ψ = −
N∑
k=1

mk√
ρ2 + (z̄ − 1

2α2
k
)2

+
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2
log
(√

ρ2 + z̄2 + z̄
)
+
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n=1

(
an
rn+1

+ bnr
n

)
Pn . (2.151)

an are the internal momenta, that describe the deformations of the point-like sources. We
do not delve into the details of this solution, because it is beyond our scope. However, it
would be interesting to explicitly write down the function γ and to check that the conical
singularities can be removed by tuning the parameters an and bn.

2.5 Outlook

In this Chapter we constructed, thanks to the inverse scattering method, a large family of
new solutions which generalise the Israel–Khan metric [139] and the array of accelerat-
ing black holes [180], by the introduction of an external gravitational field. We were able
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to treat analytically the whole multipolar expansion of the gravitational background in-
troducing a countable number of integration constants, characterising the gravitational
multipoles of the external field, which are useful to remove all the conical singularities
typical of the collinear multi-black hole configurations.

The external gravitational field can be interpreted as the centrifugal force field caused
by the rotation of the two sources in a vacuum background, thanks to the equivalence
principle of General Relativity, in a rotating frame located at the center of mass of a
binary system. While this picture can not model a full black hole merging, it might be
useful to describe a metastable stationary phase of the coalescence process, when the
gravitational energy radiated by the system is still negligible, and the orbits stay almost
regular.

We have computed the physical charges and verified the Smarr law for various con-
figurations. In some particular cases, like the binary system, we also studied the ther-
modynamics and inspected some geometrical properties

We found that these spacetimes are relevant not only because they enrich our scarce
theoretical knowledge of multi-black hole solutions or because they represent the first
multi-black hole solutions which can be regularised without the need of extra fields as
the electromagnetic field18, but also because these metrics allow us to discuss some in-
triguing physical processes.

For example, in the case of the binary system, we were able to discuss not only the
first law of thermodynamics, but also the second law: by mimicking a merging process,
i.e. by comparing the initial and the final state of a merging process, we found that the
entropy of the system is destined to increase. This is a non-trivial result that it is difficult
to check for the usual multi-black hole metrics, because of the presence of conical defects.

Further, regularised C-metrics 19 can describe the pair creation of a couple (or pos-
sibly four in case of the double C-metric) of black holes that accelerate in opposite di-
rection remaining causally disconnected. This process is propelled at expense of the
external field, in our case the multipolar gravitational background. The significance and
the novelty of our picture is given by the fact that the accelerating black hole couple can
be uncharged, a feature in line with phenomenological observation.

As a by-product of our construction, we showed how to extend the vacuum Plebański–
Demiański class of metrics to the rotating and accelerating multi-Kerr black holes, with
or without the presence of the external gravitational field. We are also able to detect
some notable known metrics as limits of our general solution describing accelerating
particles with or without the external gravitational background, such as the Bonnor–
Swaminarayan and the Bičák–Hoenselaers–Schmidt solutions.

18Actually, in the presence of Maxwell electrodynamics, Ernst showed also how to regularise the charged
C-metric, thanks to an external electromagnetic field such as the Melvin universe [117]. Even though axial
magnetic fields in the center of the galaxies can be of some prominence, charged black holes are not considered
plausible objects because matter in the Universe is most often neutral.

19We notice that the single charged C-metric can be regularised without the need of an external field [197].
However, the regularisation can be achieved only in the extremal case m = e, which is a problematic limit for
the black hole solution.
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In general we have shown that, as the inverse scattering method predicts, in practice
basically any diagonal seed can be used as a background for the solution generating
technique. In particular, this technique reveals to be useful to embed and overlap a
generic number of black hole sources, possibly providing a mechanism to regularise the
conical singularities that usually afflicts these metrics. Of course, it would be interesting
to explore also different backgrounds.

All these results can be extended to gravitational theories where the solution generat-
ing techniques hold, from minimally to conformally coupled scalar fields or other scalar
tensor theories such as some classes of Brans–Dicke or f(R) gravity.



CHAPTER 3

Black holes in an expanding bubble of nothing

We consider another example of a background which allows us to regularise a multi-
black hole spacetime (again, with the aim of the inverse scattering method): the expand-
ing Kaluza–Klein bubbles, also known as “bubbles of nothing”. In the present Chapter
we will also consider systems in higher spacetime dimensions, i.e. D > 3.

Expanding bubbles of nothing are simple but surprising solutions of gravitational
theories with compact dimensions [198]. They provide channels for the non-perturbative
decay of Kaluza–Klein vacua, but they are also interesting as simple time-dependent
spacetimes that share many features with de Sitter cosmologies [199]. This latter view,
more than the former, will be relevant in this Chapter, where we present a suggestive
new way of regarding these bubbles, and investigate their relation to some black hole
systems. Other aspects of the relation between black holes and bubbles of nothing have
been studied in [200, 201, 202, 203, 204, 205, 206, 207, 208, 209, 210].

More specifically, we will explain that expanding bubbles of nothing are a pervasive
feature of systems of black holes with multiple or non-spherical horizons1. To demon-
strate the idea, we will show that expanding bubbles of nothing arise as a limit of static
black hole binaries (in four dimensions) and of black rings (in five dimensions). These
systems allow us to illustrate a general phenomenon using explicit exact solutions of vac-
uum gravity. We expect that versions of all the constructions are possible in six or more
dimensions, but then the solutions must be obtained numerically. Other lesser-known
kinds of bubbles, in five or more dimensions, arise from different black hole binaries and
will be briefly examined. Towards the end of the Chapter we will discuss more general
configurations using topological arguments, and argue that expanding bubbles are also
present in systems such as the Schwarzschild–de Sitter and Nariai solutions.

We will also study how the expansion in bubble spacetimes acts on gravitationally
interacting systems, in a manner similar to inflation in de Sitter. We will show that
bubbles in four and five dimensions admit within them black hole binaries and black
rings in static (although unstable) equilibrium, their attraction being balanced against
the expansion of the background spacetime. The same mechanism is expected to work in
more general situations for which exact solutions are not available. The present Chapter
is based on the paper [211].

1The precise notion of the topology that is required will become clearer below.
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3.1 Black holes, black rings and Kaluza–Klein bubbles

3.1.1 Expanding bubbles of nothing from black hole binaries and black rings

The solution for an expanding bubble of nothing was originally presented in [198] in the
form

ds2 = r2(−dT 2 + cosh2 TdΩn) +
dr2

1− rn0
rn

+

(
1− rn0

rn

)
r20dϕ

2 , (3.1)

where dΩn is the standard n-dimensional sphere element. This is obtained from the
Schwarzschild–Tangherlini solution in n+3 dimensions by rotating to imaginary values
the time coordinate and one polar angle. However, the relation between black holes and
bubbles that we will discuss is of a different kind and does not involve any such rota-
tion. Since the coordinate ϕ must be periodically identified, ϕ ∼ ϕ + 4π/n, the solution
has Kaluza–Klein asymptotics, but the latter fact will also be of minor relevance for our
discussion.

To understand the geometry, observe that the time-symmetric section at T = 0 is the
product of a “cigar” along the (r, ϕ) directions, and spheres Sn of radius r. These spheres
cannot be shrunk to zero size since they reach a minimum radius at r = r0

2. The minimal
sphere constitutes the bubble of nothing, and when it evolves for T > 0, it expands in a
de Sitter-like fashion.

The coordinates in (3.1) cover the spacetime globally, but we can also write it using
static-patch coordinates3, where

ds2 = r2
[
−(1− ξ2)dt2 +

dξ2

1− ξ2
+ ξ2dΩn−1

]
+

dr2

1− rn0
rn

+

(
1− rn0

rn

)
r20dϕ

2 . (3.2)

We could set ξ = cos θ to relate it more manifestly to the Schwarzschild–Tangherlini
solution with imaginary t and ϕ, but the form above makes clearer the existence of a de
Sitter-like horizon at ξ2 = 1. In the full spacetime, this is an infinite acceleration horizon
that extends from the bubble at r = r0 to infinity. Observers who sit on the bubble
midpoint between the horizons, that is, near r = r0 and around ξ = 0, find themselves
partly surrounded (but not enclosed) by a horizon with topology Sn−1 × R2. Like in
de Sitter, these observers do not have access to the entire Sn bubble. They only see the
half of it that remains static, while the portion of the bubble beyond the horizon expands
exponentially.

Let us examine the case n = 1 of a four-dimensional expanding bubble. This is
seldom considered when studying Kaluza-Klein spacetimes, but we will give it a new
twist. The sphere Sn−1 now consists of the two endpoints of the interval −1 ≤ ξ ≤
1, so the observer in the bubble lies between two approximately planar (for r ≈ r0)
acceleration horizons. Such Rindler-type horizons are known to describe the geometry
near a black hole, and we will find that this interpretation is also apt for the bubble

2The manifold can not be extended beyond r = r0, thus such a point does not represent an actual singular-
ity of the spacetime. Moreover, the Kretschmann scalar is well behaved at r = r0.

3The change is t = arctanh(tanhT/ cosχ), ξ = coshT sinχ, where χ is a polar angle of Sn.
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Figure 3.1: Bubbles of nothing as limits of black hole systems. The top pictures are illustrative
cartoons, and the bottom ones show time-symmetric spatial sections of the maximally extended
solutions. Left top: the 4D bubble of nothing arises as the geometry in between two black holes, in
the limit when their size is very large. The horizons of the black holes correspond to acceleration
horizons of the bubble. Left bottom: the bubble is a minimal circle (in red) linking the Einstein–
Rosen throats of the two black holes. This circle encloses “nothing”, and its expansion occurs as
the throats stretch in the black hole interiors. The angle ϕ around the rotation axis is suppressed
in these figures. Right top: the 5D bubble is similarly recovered from the central region of a very
fat black ring. Right bottom: the bubble is a sphere (in red) that wraps the portion of the Einstein–
Rosen bridge in the inner “hole” of the ring. In the bottom figure, the ring’s S2 is not represented.
In the solutions we discuss, the black hole binary and the black ring are kept static by semi-infinite
cosmic strings and cosmic membranes (not shown), respectively, which pull them outwards, but
other means of maintaining them in equilibrium are possible.
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geometries (3.2). That is, we will show that the four-dimensional bubble appears as
the geometry in between two black holes, when they are separated by a distance much
smaller than their radius (see Fig. 3.1).

One may wonder in what sense can a black hole binary contain an expanding bubble.
The answer is much the same as for the static-patch metric (3.2). When n = 1, the bubble
is a circle that links the Einstein–Rosen bridges of the black hole pair, i.e. a minimal cycle
that encloses nothing (Fig. 3.1, bottom left)4. The static observer in between the two black
holes is limited by the horizons to only have access to a portion of this circle, namely, the
segment of the axis between the two horizons. The rest of the circle lies beyond the
horizons. Initially, at T = 0, this other half-circle is another segment between the two
Einstein–Rosen throats. As T evolves, these throats stretch, so the portions of the circle
inside the black holes expand in time. The expansion of the bubble is then the familiar
stretching that occurs in the interior of the black hole5. The compactification of the ϕ
direction is a consequence of focusing on a small region around the symmetry axis, so
the radius of the ϕ circles can only reach a finite maximum.

Exact solutions for a static configuration of a pair of black holes, kept apart by semi-
infinite cosmic strings that pull on them, have been known for long [138, 139]. We will
use them to explicitly exhibit the limit where they reduce to (3.2). We emphasize that
there is no Wick-rotation involved in this connection: the time and angular coordinates
retain their physical meaning throughout the limit.

The five-dimensional bubble, described originally in [198], also admits a similar in-
terpretation. Now the acceleration horizon, with topology S1×R2, is connected. We will
find that (3.2) with n = 2 arises as the limit of a black ring, with horizon topology S1×S2,
when the size of the S2 is much larger than the inner rim of the ring circle. The static
coordinates only cover the hemisphere of the S2 bubble that consists of the disk of the
inner “hole” of the ring. In global coordinates, the S2 is a minimal sphere that wraps the
Einstein–Rosen bridge in the inner hole of the ring. In this case, we will use the solution,
first found in [200], for a static black ring held in place by an infinite cosmic membrane
attached to the outer rim of the ring. We expect that this construction generalizes to all
n ≥ 3, but the required solutions, with horizons of topology Sn−1 × S2, are only known
numerically [213, 214].

We will also briefly discuss how a certain type of five-dimensional black hole binary,
in the limit of small separation, gives rise to a five-dimensional expanding bubble of a
different kind than the n = 2 bubble above: the minimal cycle is not a single sphere
S2, but two S2 that lie on orthogonal spaces and which touch each other at both North
and South poles. They compactify the spacetime on a two-torus (instead of a circle). A
more general discussion of the topology of other configurations will be presented in the
concluding Section.

4Strictly speaking, the cycle Ω1 in (3.1) need not be a compact S1 (it might be a non-compact R, that gives
rise to a different topology), but we will take it to be so. In the binary, we are identifying asymptotic regions to
yield the smallest maximal analytic extension.

5The same effect is responsible for the growth of holographic volume complexity[212].
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Figure 3.2: Static black hole binaries and black rings obtained by placing them inside expanding
bubbles of nothing, which surround them with acceleration horizons. The binary need not be
symmetrical. These configurations can be regarded as limits of double nested static binaries (four
black holes along a line), and of two coaxial black rings.

Let us mention that the specific mechanism that keeps the black hole pair, or the black
ring, in static equilibrium is not an essential aspect of the construction. Cosmic strings
and membranes, in the form of conical deficits along the outer symmetry axes of the sys-
tems, are easy to work with, but the two black holes could also carry electric charges of
opposite sign (a dihole [215, 176]) and be held in equilibrium by an external electric field,
namely, a fluxbrane. A similar construction is also possible for dipole black rings [216].
As long as the black holes are not extremal, they will have bifurcation surfaces and there
will be expanding bubbles, with the effects of the electric field becoming negligible in
the region between the horizons, since the external fluxbrane polarizes the system so as
to cancel the opposite fluxbrane-like field between the charged black holes [217]. Other
equilibration methods are possible, but their differences only show up far from the gap
between the horizons. In the limit to the bubble solution, the distinctions between these
geometries disappear.

Indeed, the explanation we have given should make clear, and we will elaborate
further on this in the concluding Section, that, as long as the black holes in a binary have
bifurcate horizons, expanding bubbles are also present in them even if the horizons are
not static but dynamically merge and collapse. But in these cases the expansion of the
bubble only lasts a finite time.

3.1.2 Black hole binaries and black rings inside expanding bubbles

The previous remarks bring us to the other main subject of this Chapter, namely, the
static equilibrium configurations of black hole binaries and black rings.

A possibility for balancing the attraction in the binary is the expansion of spacetime.
Indeed, one expects that such binaries in (unstable) equilibrium exist in the de Sitter
universe, but the solutions can only be constructed approximately for very small black
holes, or numerically [218]. Nevertheless, the expansion in a bubble should achieve
the same effect. To prove this, we will construct exact solutions where an expanding
bubble hosts a black hole binary (see Fig. 3.2 left) (possibly with different masses) in
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static equilibrium. The interpretation of the expanding bubbles given above provides
another explanation for why this is possible: we can introduce a binary of two small
black holes in the gap between two very large black holes, and then tune the distances
between them so that the attraction in the small binary is balanced by the pull of the
larger black holes.

The analogues of these configurations involving black rings in five dimensions can
also be readily constructed (see Fig. 3.2 right). We will present a solution for a static black
ring inside a five-dimensional bubble of nothing, and show that it can be recovered as
the limit of a concentric, static double black ring system.

All these metrics can be given in exact closed form since they are Weyl solutions,
which admit a systematic construction with an arbitrary number of collinear black holes,
or concentric black rings [219, 138, 139, 200]. The configurations are characterized by
their rod structure [200, 137], which specifies the sources along the different symmetry
axes. This structure makes transparent the features of all the constructions discussed
above and their limits. Indeed, the connections between the black hole binary and the
static black ring, and the corresponding expanding bubbles in four and five dimensions,
have been apparent at least since the analysis in [200]. Nevertheless, to our knowledge,
this connection does not appear to be widely known, and it has not been examined in
detail in the literature.

3.2 Bubbles as limits of black hole binaries and black rings

We will now show explicitly how the metrics for the bubbles of nothing in 5D and 4D
are recovered as limits of static black ring and binary black hole solutions in the manner
illustrated in Fig. 3.1.

3.2.1 From black ring to bubble

The simplest instance is the relationship between the five-dimensional bubble of nothing
of [198] and the static black ring of [200]. The metric of the latter is

ds2 = −F (x)
F (y)

dt̃
2
+

R2

(x− y)2

[
F (x)

(
(y2 − 1)dψ̃

2
+

F (y)

y2 − 1
dy2
)

+ F (y)2
(

dx2

1− x2
+

1− x2

F (x)
dϕ̃

2
)]

,

(3.3)

with
F (ξ) = 1− µξ . (3.4)

Readers unfamiliar with these (x, y) coordinates are referred to [200] and [98] for a de-
tailed explanation. Roughly, x ∈ [−1, 1] is the cosine of the polar angle of the ring’s S2,
and −1/y ∈ (0,−1/x) is a radial coordinate away from these spheres. The coordinates
ψ̃ and ϕ̃ are, respectively, the angle of the S1 and the azimuthal angle of the S2 of the
black ring. The parameter R sets the scale for the size of the black ring, and varying
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µ ∈ [0, 1) changes its shape from thin to fat. The horizon lies at y = −∞, and the absence
of conical singularities along the ψ̃ rotation axis at y = −1, and in the inner disk of the
ring at x = 1, is obtained when we identify

ψ̃ ∼ ψ̃ + 2π
√
1 + µ , ϕ̃ ∼ ϕ̃+ 2π

√
1− µ . (3.5)

In order to make the ring very big and fat, and to blow up the inner disk region, we will
take µ→ 1 and R→ ∞ while zooming in onto x ≈ 1. For this purpose, we change

x = 1− r2 − r20
2R2

, µ = 1− r20
2R2

, (3.6)

where r and r0 are a new coordinate and a constant parameter that remain finite as
R→ ∞. In addition we introduce a coordinate ξ via

y = −1 + ξ2

1− ξ2
, (3.7)

and rescale the Killing coordinates to have canonical normalization,

t̃ = 2Rt , ψ̃ =
√
2ψ , ϕ̃ =

r0√
2R

ϕ . (3.8)

Then, in the limit R→ ∞, the metric (3.3) becomes

ds2 → r2
(
−(1− ξ2)dt2 +

dξ2

1− ξ2
+ ξ2dψ2

)
+

dr2

1− r20
r2

+

(
1− r20

r2

)
r20dϕ

2 , (3.9)

which is indeed the same as the metric (3.2) of the bubble of nothing for n = 2.
Observe that the ϕ circles in (3.9) cannot reach arbitrarily large sizes but become a

compact direction at infinity. This is a consequence of focusing on the region close to the
disk at x = 1, which limits the growth of these circles.

One might wonder whether rotating black rings, with the rotation adjusted to balance
the tension and gravitational self-attraction, have a limit to the bubble of nothing. The
answer is no: in the limit where the rotating ring becomes very fat, it approaches a
singular, horizonless solution instead of the non-singular geometry (3.9).

3.2.2 Weyl metrics and rod structures

All other solutions in this chapter will be presented as vacuum Weyl metrics, using cylin-
drical coordinates

ds2 = f(ρ, z)
(
dρ2 + dz2

)
+ gab(ρ, z)dx

adxb . (3.10)

We have already presented such a metric in Sec. 1.2, nevertheless we will provide a
broader overview in the context of higher-dimensional spacetimes. For more complete
expositions, we refer to [133, 200, 99, 137]. The main feature of (3.10) is the presence of
D − 2 Killing coordinates xa: in four dimensions they are (t, ϕ), and in five dimensions
they include an additional angle, (t, ϕ, ψ).
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For all the solutions presented here, the metric gab(ρ, z) along the Killing directions
will be diagonal. Static and axisymmetric solutions can then be systematically con-
structed by specifying a set of rod-like sources along the z-axis for the three-dimensional
Newtonian potentials associated to the metric functions gab; they are not physical rods,
but coordinate singularities in the axis ρ = 0 of the Weyl metrics. Their importance de-
rives from the fact that, given the rod distribution, the form of gab(ρ, z) directly follows
from a simple algebraic construction. Subsequently, f(ρ, z) can be obtained by a line
integral in the case of diagonal metrics, and more generally by the inverse scattering
method [133]. The rods (with linear density 1/2) are specified along each direction xa, in
such a way that at every value of z there is a rod along one and only one of the directions.

The rod structure provides an easy diagrammatic way to interpret static (or more
generally stationary) axisymmetric solutions. On a rod along a direction xa, the corre-
sponding Killing vector has a fixed point set. When we have an angular Killing vector,
such as ∂ϕ or ∂ψ , then the corresponding circles shrink to zero size at the rod, and the
periodicity of the angle must be appropriately chosen in order to avoid conical singular-
ities. The regularity condition on xa ∼ xa +∆xa at any given rod is

∆xa = 2π lim
ρ→0

ρ

√
f

gaa
. (3.11)

When the Killing vector is timelike ∂t, the rod represents a horizon, and through Eu-
clidean continuation t→ iτ , Eq. (3.11) gives its associated temperature T = ∆τ−1. If the
rod is finite, it defines an event horizon, while infinite rods are generically associated to
accelerating horizons, such as Rindler ones.

The topology of the solutions can also be inferred from the rod structure. If there is
a rod along a direction xa, the other directions xb are fibered along the corresponding
portion of the axis. At a point where rods along xa and xb meet, the two fibers shrink to
zero. As a result, the solutions have a “bubbling” structure.

To illustrate these features we will describe the simplest examples that are relevant
to us here.

Four-dimensional solutions

The Schwarzschild black hole rod structure is given by a finite timelike rod and two
semi-infinite spacelike rods (see Fig. 3.3(a)). The four-dimensional bubble of nothing
is the double Wick-rotated version of the Schwarzschild metric, thus its rod structure is
consistently given by exchanging the t and ϕ rods of the previous solution (see Fig. 3.3(b)).
We see from their respective timelike rods that in the Schwarzschild solution the horizon
is finite, while the bubble of nothing possesses two infinite acceleration horizons.

The corresponding metrics are given by

gSchwarz
ab dxadxb = −µ1

µ2
dt2 + ρ2

µ2

µ1
dϕ2 , (3.12)

gbubble
ab dxadxb = −ρ2µ2

µ1
dt2 +

µ1

µ2
dϕ2 , (3.13)
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Schwarzschild black hole 4D expanding bubble of nothing

(a) (b)
w1w2w1 w2 zz

t

φ

t

φ

Figure 3.3: (a) rod diagram for the Schwarzschild black hole. The finite timelike rod defines
the black hole horizon (a sphere S2, from the fibration of the ϕ parallel circles over the segment
w1 < z < w2). Exchanging t → ϕ gives (b): rod diagram of the expanding bubble of nothing.
The semi-infinite timelike rods represent the bubble acceleration horizons (two of them, each with
topology R2). Here and in the following figures, acceleration horizons are pictured in blue.

and, in both cases,

f = Cf
4µ1µ

3
2

µ12W11W22
. (3.14)

Here, and in the following, we introduce

µi = wi − z +
√
ρ2 + (z − wi)2 , µij = (µi − µj)

2 , Wij = ρ2 + µiµj . (3.15)

The parameterswi, chosen in increasing order, specify the rod endpoints, and they define
the physical properties of the metric: the position of the horizons, the size and mass of
the black holes, and the rotation axes. The parameter Cf is an arbitrary gauge constant.
It corresponds to a rescaling of ρ and z, and it can be chosen, without loss of generality, to
fix the normalization of one of the Killing directions, for instance, setting the periodicity
of one of the angles to any prescribed value, such as canonical periodicity 2π.

It is now straightforward to verify that taking

w1 = z0 −
r0
2
, w2 = z0 +

r0
2
, Cf = r20 , (3.16)

and defining

ρ =
√
r(r − r0) sin θ , z = z0 +

(
r − r0

2

)
cos θ , (3.17)

in (3.12) and (3.14), we recover

gSchwarz
ab dxadxb = −

(
1− r0

r

)
dt2 + r2 sin2 θdϕ2 , (3.18)

gbubble
ab dxadxb = −r2 sin2 θdt2 +

(
1− r0

r

)
dϕ2 , (3.19)

and

f(ρ, z)
(
dρ2 + dz2

)
=

dr2

1− r0
r

+ r2dθ2 , (3.20)

which are the conventional forms of the Schwarzschild and bubble solutions (up to pos-
sible constant rescalings of the Killing coordinates t and ϕ). They are obviously equiva-
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5D black hole 5D expanding bubble of nothing

(a) (b)
w1w2w1 w2 zz

t

φ

ψ

t

φ

ψ

Figure 3.4: (a): rod diagram for the 5D Tangherlini black hole. The finite timelike rod defines
the black hole horizon (a sphere S3, fibering ϕ and ψ circles over w1 < z < w2). Exchanging
t ↔ ϕ gives (b): rod diagram of the five-dimensional expanding bubble of nothing. The timelike
semi-infinite rod represents the bubble acceleration horizon (which is connected, with topology
S1 × R2: the ψ circles are trivially fibered over −∞ < z < w1).

lent under t ↔ ϕ. The form of the bubble of nothing in (3.2) is recovered by rescaling ϕ
by r06, and setting cos θ = ξ.

Finally, observe that if in either of the solutions we send one of the rod endpoints,
w1 or w2, to infinity while keeping the other fixed, then we recover the geometry of
Rindler space, with an infinite acceleration horizon. The Minkowski spacetime can be
obtained when both the poles are simultaneously pushed infinitely far away in opposite
directions, i.e. w1 → −∞ and w2 → ∞.

Five-dimensional solutions

The previous analysis has a straightforward counterpart in five dimensions. The rod
structures of the Schwarzschild–Tangherlini black hole and the five-dimensional ex-
panding bubble are given in Fig. 3.4, which makes evident that they are related by a
double-Wick rotation that effectively exchanges t and ϕ.

These rod structures dictate that

g
Tang
ab dxadxb = −µ1

µ2
dt2 +

ρ2

µ1
dϕ2 + µ2dψ

2 , (3.21)

g5D-bubble
ab dxadxb = − ρ2

µ1
dt2 +

µ1

µ2
dϕ2 + µ2dψ

2 , (3.22)

while f(ρ, z) is again identical for both spacetimes

f = Cf
µ2W12

W11W22
. (3.23)

To express the Tangherlini black hole in spherical coordinates

ds2 = −
(
1− r20

r2

)
dt2 +

dr2

1− r20
r2

+ r2dθ2 + r2 sin2 θdϕ2 + r2 cos2 θdψ2 , (3.24)

6We could have achieved this by adequately choosing Cf , but, in general, we will not take ϕ to be canoni-
cally normalized with ϕ ∼ ϕ+ 2π, but rather its periodicity will be suitably adjusted.
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Two black holes

(a) w1 w2 w3 w4 z

t

φ
w1 → −∞
w4 →∞

4D Bubble of nothing

(b) w2 w3

t

φ

z

Figure 3.5: (a) Rod diagram for the Bach–Weyl static binary black hole configuration [138]. The

thick timelike rods represent the two black hole horizons. By sending the rod endpoints w1 →
−∞, w4 → ∞, with w2 and w3 fixed, we recover the same diagram as in the bubble of nothing

Fig. 3.3(b). This limit makes the two black holes infinitely large, while keeping the separation

between them finite, as is illustrated in panel (b).

we choose

w1 = z0 −
r20
4
, w2 = z0 +

r20
4
, Cf = 1 , (3.25)

and change

ρ =
r

2

√
r2 − r20 sin 2θ , z = z0 +

1

4

(
2r2 − r20

)
cos 2θ . (3.26)

Similarly, the five-dimensional expanding bubble in spherical coordinates takes the form

ds2 = −r2 cos2 θdt2 + dr2

1− r20
r2

+ r2dθ2 +

(
1− r20

r2

)
dϕ2 + r2 sin2 θdψ2 . (3.27)

When we rescale ϕ by r0 and set sin θ = ξ we recover (3.9).

3.2.3 From binary black hole to bubble

Now let us consider the Bach–Weyl solution, with

gabdx
adxb = −µ1µ3

µ2µ4
dt̃

2
+ ρ2

µ2µ4

µ1µ3
dϕ̃

2
, f =

16C̃f µ
3
1µ

5
2µ

3
3µ

5
4

µ12µ14µ23µ34W 2
13W

2
24W11W22W33W44

,

(3.28)
which describes two Schwarzschild black holes aligned along the z-axis, and whose rod
diagram is pictured in Fig. 3.5(a). By appropriately choosing C̃f to be

C̃f = 16(w1 − w2)
2(w1 − w3)

2(w2 − w4)
2(w3 − w4)

2 , (3.29)

we make the segment w2 < z < w3 of the axis in between the black holes regular, while
keeping the standard periodicity of the azimuthal angle ∆ϕ = 2π. On the other hand,
along the semi-infinite axes from the black holes towards z → ±∞ there are conical
deficits. These can be regarded as cosmic strings that keep the black holes apart.

The rod diagram makes manifest how this solution is connected to other black hole/bubble
configurations, either via double-Wick rotations that exchange the t and ϕ rods7, or by

7The Bach–Weyl solution is the double-Wick rotation of the single black hole in the bubble [201]
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Black ring 5D Bubble of nothing

(a) (b)
w0 w1 w2 w1 w2 zz

t

φ

ψ

t

φ

ψ
w0 → −∞

Figure 3.6: (a) Rod diagram for the static black ring. The thick timelike rod represents the black

ring horizon, with topology S1 × S2. (b) By sending the rod endpoint w0 → −∞, with w1 and

w2 fixed, we recover the bubble of nothing in Fig. 3.4(b). This limit makes the black ring very fat,

while keeping its hole finite, as was illustrated in Fig. 3.1.

taking limits where rod endpoints merge or are sent to infinity. For our purposes here,
we observe that by simply sending the rod endpoints w1 → −∞ and w4 → ∞, with
w2 and w3 fixed, we recover the rod diagram of the 4D bubble of nothing, Fig. 3.3(b).
When we do so, we make the two black holes infinitely large, while maintaining fixed
the separation between them. This is precisely the type of limit that we discussed in the
introduction (see Fig. 3.1). The cosmic strings collapse the space along the outer axes cre-
ating a conical deficit angle of 2π, but this is not a problem since this part of the geometry
is pushed away to infinity.

To see that the limit works correctly, not only with the rods but also in the entire
metric, we conveniently place the bubble poles symmetrically at w1 = −zb and w4 = zb.
Then, we rescale

t̃ = (2zb)t , ϕ̃ =
ϕ

2zb
, (3.30)

so that the metric (3.28) remains finite when we send zb → ∞. One can readily verify
that, after rescaling C̃f = Cf/4 to take into account that in (3.12) ϕ has periodicity 4π,
the bubble of nothing in the form of (3.12) and (3.14) is recovered.

We have then proven that the gravitational field of the expanding bubble is indeed
the same as that between two very large black holes.

3.2.4 From black ring to bubble, Weyl style

It is now easy to see how the rod diagrams also make transparent the limit from the
static black ring to the expanding bubble of nothing, which we discussed using other
coordinates in Sec. 3.2.1.

Fig. 3.6(a) shows the rod diagram for the static black ring. The Weyl form of the
metric that follows from the diagram is

gabdx
adxb = −µ0

µ1
dt̃

2
+ ρ2

µ1

µ0µ2
dϕ̃

2
+ µ2dψ

2 , f = Cf
µ2W

2
01W12

W02W00W11W22
. (3.31)

The horizon of the black ring, with topology S1 × S2, lies at w0 < z < w1, while the
“hole” of the ring is in the region w1 < z < w2. If we send w0 → −∞ keeping all other
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5D black hole binary Double bubble of nothing

(a) (b)
w0 w1 w2 w3 w4 w1 w2 w3 zz
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w0 → −∞
w4 →∞

Figure 3.7: (a) Rod diagram for the five-dimensional black hole binary of [220]. (b) Limit to the

expanding bubble of nothing of Sec. 4.7 in [200], which is asymptotic to a space compactified on

a two-torus. The space in between the horizons, w1 < z < w3, consists of two topological disks

D2, orthogonal to each other and touching at their origins (at z = w2). In the maximal analytic

extension, these become two orthogonal S2 that touch at their poles.

rod endpoints fixed (hence making the ring very fat while its hole remains finite) we
recover the same diagram as for the expanding bubble of nothing in Fig. 3.4(b). In the
metric, this requires a suitable rescaling of t and ϕ, similarly to what happens in the 4D
case. The required rescalings are

t̃ =
√
2|w0|t , ϕ̃ =

ϕ√
2|w0|

. (3.32)

3.2.5 Five-dimensional black hole binaries and bubbles

We shall briefly mention how a limit can be taken in a five-dimensional black hole bi-
nary that is asymptotically flat (save for possible conical defect membranes) to yield a
different kind of five-dimensional expanding bubble.

The Weyl formalism allows to combine two five-dimensional Tangherlini black holes
with the rod structure in Fig. 3.7(a). This system was studied in [220]. Since the two
black holes lie along different axes, they cannot be regarded as collinear. Nevertheless,
the solution is asymptotically flat, as follows from the presence of one semi-infinite rod
along ϕ and another along ψ. Now take, as in the previous examples, the limit where the
two black holes become infinitely large, making their timelike rods semi-infinite. The
result is the system in Fig. 3.7(b).

This geometry was analyzed in [200], where one can find the explicit solution (see
Sec. 4.7 there). Here we shall only describe its main properties. Conical singularities can
be avoided along all the axes, and the solution is identified as an expanding bubble of
nothing. In contrast to the simpler five-dimensional bubble of (3.9) (and (3.22)), where
the minimal cycle (the bubble) is a sphere S2, in this case it is made of two orthogonal
S2, i.e., the meridian lines of one sphere are orthogonal to the meridian lines of the
other, and the parallel lines of one lie along ϕ and of the other along ψ. The two spheres
touch each other at both their north and south poles. Furthermore, the single bubble
in (3.9) asymptotically has one compact circle, while the double bubble in Fig. 3.7(b)
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has two, and therefore represents a Kaluza–Klein compactification from five to three
dimensions. Each of the two S2 is responsible for the compactification of one of the two
circle directions. The solution also differs from the four-dimensional bubble (3.19), in
that the two acceleration horizons here are not symmetric: the ϕ and ψ circles close off
at one or the other horizon, and their accelerations can be different. Indeed, the two S2

can have different sizes.
The two five-dimensional black holes can also be combined in a different fashion with

Kaluza–Klein asymptotics [200, 202]. The configuration has a limit to a “bubble string”,
i.e., the direct product of the 4D expanding bubble and a circle. Ref. [200] showed that
the Weyl formalism allows to generalize all of these solutions to other expanding bubbles
in higher dimensions, which compactify spacetime down to three or four dimensions.

Finally, we could envisage starting from a collinear pair of 5D black holes which lie
along a line that is a fixed point of SO(3) rotations (and not SO(2), as above). In this
case, the limit of small separation would result, like in 4D, in a topologically circular S1

bubble. However, these configurations (and their higher-dimensional counterparts) do
not fall within the Weyl class, and they are not known in exact form.

3.3 Static black hole binaries and black rings in expanding bubbles

In this section, we will explore some configurations in 4D and 5D that can be regularised
by the presence of an expanding bubble of nothing. First, we will consider a 4D static
black hole binary system (a subcase of the Israel–Khan solution [139]). As is well known,
the Bach–Weyl binary in (3.28) necessarily contains conical singularities on the axis ρ = 0,
either in the segment in between the two black holes, or (as we chose above) in the semi-
axes towards infinity: these are, respectively, struts or strings that balance the attraction
between the black holes. We will prove how, by placing the binary within the bubble, we
can remove all these singularities and thus obtain a completely regular system on and
outside the event horizons.

An analogous construction is possible for the 5D static black ring. In the manner we
presented this solution in Secs. 3.2.1 and 3.2.4, the geometry is singular because the ten-
sion and self-attraction of the ring, which would drive it to collapse, need to be balanced
by a conical-defect membrane. Again, immersing the ring in an expanding bubble of
nothing allows to balance the forces and remove all the conical singularities.

In the following we present the metrics for these systems and prove that it is pos-
sible to achieve equilibrium configurations. A more complete analysis of the physical
magnitudes and of the first law of thermodynamics for black hole systems in expanding
bubbles will be the subject of future work [221].

3.3.1 4D black hole binary in equilibrium inside the expanding bubble

Superposing the rods of the 4D bubble of nothing and the Bach–Weyl binary, we get the
diagram of Fig. 3.8.
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4D binary inside an expanding bubble

w0 w1 w2 w3 w4 w5 z

t

φ

Figure 3.8: Rod diagram for a binary black hole system inside a bubble of nothing. The black

timelike rods (thick lines of the t coordinate) represent the black hole horizons, while the blue

timelike semi-infinite rods correspond to the bubble horizon. This diagram corresponds to the

double-Wick rotation of the three-source Israel–Khan solution [139].

The solution can be written explicitly in Weyl coordinates (3.10) with

gabdx
adxb = −ρ2µ1µ3µ5

µ0µ2µ4
dt2 +

µ0µ2µ4

µ1µ3µ5
dϕ2 , (3.33a)

f =
16Cf µ

5
0µ

7
1µ

5
2µ

7
3µ

5
4µ

7
5

µ01µ03µ05µ12µ14µ23µ25µ34µ45W 2
02W

2
04W

2
13W

2
15W

2
24W

2
35W00W11W22W33W44W55

.

(3.33b)

In the limit in which the bubble horizon is pushed to infinity, forw0 → −∞ andw5 → ∞,
we recover the standard Bach–Weyl binary (3.28). On the other hand the limit to the
bubble can be obtained in different ways: by focusing on the bubbles in between black
holes as we have done above, e.g.. taking w1 → −∞ and w4 → ∞, or alternatively by
eliminating the black holes by collapsing their rods, thus w1 = w2 = w3 = w4.

In general, the geometry contains conical singularities on the z-axis in the intervals
(w0, w1), (w2, w3), and (w4, w5), which we eliminate by imposing (3.11) on each interval.
As we mentioned, we can choose Cf (i.e. a rescaling of f ) to set ∆ϕ = 2π without loss of
generality. Then, requiring (3.11) on z ∈ (w0, w1) fixes

Cf = 212(w0 − w2)
2(w1 − w2)

2(w2 − w3)
2(w0 − w4)

2

× (w1 − w4)
2(w3 − w4)

2(w2 − w5)
2(w4 − w5)

2 ,
(3.34)

while for z ∈ (w2, w3) and z ∈ (w4, w5) we get

(w0 − w2)(w2 − w3)(w1 − w4)(w2 − w5)

(w0 − w1)(w1 − w3)(w2 − w4)(w1 − w5)
= 1 , (3.35a)

(w0 − w2)(w0 − w4)(w2 − w5)(w4 − w5)

(w0 − w1)(w0 − w3)(w1 − w5)(w3 − w5)
= 1 . (3.35b)

These can be solved in terms of the bubble parametersw0 andw5, thus leaving the binary
parametersw1,2,3,4 unconstrained. To this end, we first choose a convenient parametriza-
tion of the rod endpoints in terms of the Komar masses M1, M2 of the two black holes
(these are half the coordinate length of the horizon rod), the coordinate distance between
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them, d, and their coordinate distances to the left and right bubble horizons, ℓ1 and ℓ2,
so that

w0 = −ℓ1 , w1 = 0 , w2 = 2M1 , w3 = 2M1 + d , (3.36a)

w4 = 2M1 + 2M2 + d , w5 = 2M1 + 2M2 + d+ ℓ2 . (3.36b)

We then solve the equilibrium conditions (3.35) for ℓ1 and ℓ2, to find

ℓi =

√
Ai +B2

i −Bi
2M1M2 + d(M1 +M2)

, (3.37)

where we have defined

A1 = d(d+ 2M1)(d+M2)(d+ 2(M1 +M2))(2M1M2 + d(M1 +M2)) , (3.38)

B1 = d2M2 + 2M1M2(M1 +M2) + d(M2
1 + 3M1M2 +M2

2 ) , (3.39)

and A2, B2 are obtained by changing 1 ↔ 2. Since ℓ1 and ℓ2 in (3.37) are manifestly
positive when M1, M2, d are positive, we have proven that there always exists a unique
bubble, with suitably chosen position and size, that provides the necessary expansion to
balance an arbitrary binary in static equilibrium (even if unstable).

It is interesting to observe that when the two black holes are very close, d≪M1,M2,
the bubble distance to them becomes

ℓ1, ℓ2 = d+O(d2) , (3.40)

i.e., as expected, the bubble snugly hugs the binary. When the black holes are instead far
apart, d≫M1,M2, we have

ℓ1, ℓ2 =
d3/2√

M1 +M2

(
1 +O(d−1/2)

)
, (3.41)

which we can easily understand. The Newtonian gravitational potential between the
black holes is

Vg ≃ −M1 +M2

d
, (3.42)

and the gravitational potential from the de Sitter-like expanding space between them is
(for ℓ1,2 ≃ ℓ)

Vexp ≃ − d2

2ℓ2
, (3.43)

since 1/ℓ2 acts like a cosmological constant8. Then (3.41) follows from the equilibrium
condition

∂(Vg + Vexp)

∂d
= 0 . (3.44)

8The two potentials can be read from gtt in the weak field regime.
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5D black ring inside an expanding bubble

w0 w1 w2 w3 z
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Figure 3.9: Rod diagram for the black ring inside the bubble of nothing. A semi-infinite timelike

rod for z < w0 has been added to the ordinary black ring diagram.

3.3.2 Black ring in equilibrium inside the expanding bubble

Now we insert a static black ring inside a five-dimensional bubble of nothing. Instead of
the (x, y) coordinates used in (3.3), we will employ Weyl coordinates. For the black ring,
the explicit transformation can be found in [200].

The rod diagram for the black ring is represented by the black lines in Fig. 3.9, and
we add the bubble by putting an extra pole and the blue line representing the bubble
horizon. Incidentally, this diagram is the double Wick-rotated version of the static black
Saturn [93] (see also Fig. 3.11).

The metric corresponding to Fig. 3.9 is

gabdx
adxb = −ρ2 µ1

µ0µ2
dt2 +

µ0µ2

µ1µ3
dϕ2 + µ3dψ

2 , (3.45a)

f = Cf
µ3W

2
01W03W

2
12W23

W 2
02W13W00W11W22W33

. (3.45b)

We have to eliminate conical singularities by tuning the parameters of the solution to
satisfy (3.11) at every spacelike rod. If we choose ∆ψ = 2π, we find that (3.11) is satis-
fied along the segment z ∈ (w3,∞) by setting Cf = 1. Next, imposing (3.11) on the ϕ
direction along z ∈ (w0, w1) and along z ∈ (w2, w3), we obtain

(w1 − w0)
2(w3 − w0)

(w2 − w0)2
=

1

2

(
∆ϕ

2π

)2

, (3.46a)

(w3 − w0)(w3 − w2)

w3 − w1
=

1

2

(
∆ϕ

2π

)2

. (3.46b)

In order to solve these equations, we parametrise the rod endpoints as

w0 = −ℓ , w1 = 0 , w2 = 2µR2 , w3 = (1 + µ)R2 . (3.47)

Here ℓ characterizes the bubble size, while µ ∈ [0, 1) and R are the same parameters for
the shape and radius of the ring as in (3.3). Eqs. (3.46) are solved with

ℓ = R2
(
1− µ+

√
1− µ2

)
, (3.48)
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and9 (
∆ϕ

2π

)2

= 2R2
(
2 +

√
1− µ2

)1− µ

1 + µ
. (3.49)

Thus, we can always choose, in a unique way, the bubble size ℓ so as to balance into
equilibrium an arbitrary static black ring.

To finish this section, we shall mention that, with a straightforward exercise in rodol-
ogy, which we leave to the reader, one can insert the five-dimensional binary of Fig. 3.7(a)
inside the bubble of Fig. 3.7(b), and then obtain the corresponding solution (which is a
limit of the ones in [220]). Given our previous analyses, it is natural to expect, and con-
sistently with parameter counting, that the bubble parameters can be adjusted to balance
an arbitrary binary of this kind.

3.4 Other configurations

We can extend the discussion of the previous sections to more general configurations,
and play with the rods to move from one solution to another. There are plenty of ex-
amples that can be considered, both in four and five dimensions, and even in higher
dimensions [200]. We will consider some of them, just to give a taste of the many pos-
sibilities that are offered by the rod diagram machinery. The limits presented below on
the rods diagrams work faithfully on the corresponding metrics.

3.4.1 Four dimensions

One obvious extension of the binary system studied above is the three-black hole config-
uration contained in the Israel–Khan solution and represented in Fig. 3.10(a). To get the
Schwarzschild black hole inside the bubble of nothing, we extend the peripheral timelike
rods to infinity, taking the limits w → −∞ and w5 → ∞.

From the black hole in the bubble we can also generate a metric describing a point-
like Curzon–Chazy particle embedded in the bubble. The procedure is similar to the one
used to obtain the Bonnor–Swaminarayan solution from an accelerating binary black
hole system [151].

Moreover it is very clear, in the 4D setting, how to generate accelerating black hole
metrics from the black holes in the bubble, for any number of collinear black holes. It
is sufficient to push away only one of the two poles defining the bubble, for instance
w0 → −∞ in the binary configuration of Sec. 3.3.1. In Fig. 3.10 we picture the single
black hole case. The limiting process, however, introduces irremovable conical singular-
ities, unless an external background field is introduced, as in [151]. It is clear that this
procedure cannot be pursued in 5D. In that case, there is only a single rod determin-
ing the bubble horizon, but more importantly, the five-dimensional C-metric for a uni-
formly accelerating black hole would have different symmetry (SO(3) rotations, rather
than U(1)2) and not be in the Weyl class of solutions.

9We could absorb a scale ∝ R in the definition of ϕ to make it dimensionless, as we have done before.
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Three black holes
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w0 → −∞
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Single black hole inside a bubble
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Two accelerating black holes
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→
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Figure 3.10: (a) Rod diagram for a collinear three-black hole system (an Israel–Khan solution).

The limit w0 → −∞ and w5 → ∞ gives (b) the single black hole in the expanding bubble. When

sending w5 → ∞ in (a) we obtain (c) two accelerating black holes. Collapsing one timelike rod

in the latter gives (d) the C-metric for a single accelerating black hole. The rod limits commute, so

from the two accelerating black holes in (c), the limit w0 → −∞ gives (b) a single black hole in a

bubble.

3.4.2 Five dimensions

It is interesting that all the five-dimensional configurations studied in this paper can be
obtained by performing limits in the black di-ring configuration of Fig. 3.11(a).

For instance, to recover the black ring-bubble of nothing of Fig. 3.11(b) (which also
corresponds to Fig. 3.9), we simply send w1 → −∞ in the black di-ring diagram. Fur-
thermore, one can also obtain the black hole inside the bubble from the latter by taking
w5 → w4 to remove a spacelike finite rod.

On the other hand, if we take w5 → w4 in the di-ring diagram, we recover the black
Saturn [93] of Fig. 3.11(c). From this diagram, we can send w1 → −∞ to obtain the
5D black hole-bubble of nothing, which corresponds to the superposition of the two
diagrams of Fig. 3.4.

3.5 Outlook

Black holes and bubbles of nothing are some of the most elementary solutions in General
Relativity, and in this chapter we have argued that their properties are closely interre-
lated. By revealing how bubbles are present in black hole systems, we have learned that
the spacetime expansion in the bubble is driven by the same phenomenon that makes
the volume inside a black hole grow.

The basic idea is simple enough to lend itself to easy generalization. Whenever a
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Black di-ring

(a) w1 w2 w3 w4 w5 z

t

φ

ψ
w1 → −∞

Black ring inside a bubble

(b) w2 w3 w4 w5 z

t

φ

ψ

w5 → w4

(c) w1 w2 w3 w4 z

t

φ

ψ

Black Saturn

w1 → −∞

(d) w2 w3 w4 z

t

φ

ψ

Black hole inside a bubble

w5 → w4

Figure 3.11: (a) Rod diagram for a coaxial double black ring system. The limit w1 → −∞ gives

(b) the single black ring in the expanding bubble. The limit of (a) for w5 → w4 gives (c) the black

Saturn. Its limit for w1 → −∞ gives (d) the five-dimensional black hole in an expanding bubble.

The rod limits commute, so the latter diagram can also be obtained from (b) for w5 → w4.
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small gap region appears between black hole horizons in a maximally extended geom-
etry, it will contain an expanding bubble of nothing. The bubble is a minimal cycle
that links the Einstein–Rosen bridges of the system. In the simplest instance, namely,
the four-dimensional black hole binary in Sec. 3.2.3, the topology of a Cauchy slice is
S1 × S2 − {0} (the point at infinity is removed), and the bubble is the minimal S1 in
it. Similarly, for the black ring, the spatial topology is S2 × S2 − {0}, and the bubble
is the minimal S2. In the more general “ringoids” of [213, 214] with spatial topology
Sd−3 × S2 − {0} we find Sd−3 bubbles. We have even considered more complex bub-
bles topologies, such as the double S2 bubble in Sec. 3.2.5, and we have identified that a
collinear black hole binary in d dimensions, with Cauchy slices that are S1 ×Sd−2 −{0},
must have an S1 bubble.

Such solutions for binary black holes are not known explicitly in arbitrary dimen-
sions, but we can easily find configurations with two disconnected horizons which can
be regarded, in the sense explained above, as possessing expanding bubbles of nothing.
The Schwarzschild–de Sitter solution

ds2 = −
(
1− µ

rd−3
− r2

L2

)
dt2 +

dr2

1− µ
rd−3 − r2

L2

+ r2dΩd−2 , (3.50)

with

0 < µ < µN ≡ 2

d− 3

(
d− 3

d− 1

) d−1
2

Ld−3 , (3.51)

has a cosmological horizon and a black hole horizon. In the maximal analytic extension
(and identifying regions beyond the horizons to form a spatial circle) the spatial sections
have topology S1 × Sd−2. The S1 expands in time, inside the black hole and in the time-
dependent region beyond the de Sitter horizon. The analogue of the bubble limit is the
limit µ→ µN , in which (after rescaling t) we recover the Nariai solution

ds2 =
L2

d− 1

[
−(1− ξ2)dt2 +

dξ2

1− ξ2
+ (d− 3)dΩd−2

]
, (3.52)

with horizons at ξ = ±1. We can change coordinates in this metric (see footnote 3) to the
form

ds2 =
L2

d− 1

[
−dT 2 + cosh2 Tdχ2 + (d− 3)dΩd−2

]
, (3.53)

with 0 ≤ χ ≤ 2π. Here we recognise the essential features of the n = 1 circular bub-
ble (3.1), only that now the inhomogeneous, non-compact (r, ϕ) cigar is replaced by a
round Sd−2. Thus, bubble-of-nothing-like expansion is indeed pervasive and connected
in wide generality to the phenomenon of spacetime expansion.

It is now clear, given the plethora of black hole topologies and multi-black hole con-
figurations that are possible in higher dimensions [222], that we can expect a large vari-
ety of expanding bubbles of nothing, even in vacuum gravity. Many of them are unlikely
to admit a closed exact solution, but it is intuitively useful to first conceive of them as
black hole configurations, as this helps identify new possibilities. It would be interesting
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to know how general the converse is, that is, whether for any expanding bubble one can
find a black hole configuration that contains it as a limit.

We have also proven, with explicit examples, that the bubble expansion acts on grav-
itating systems in much the same way as de Sitter-type inflation: it counteracts the grav-
itational attraction between localized objects and allows novel static multi-black hole
configurations. Again, this phenomenon is likely valid for all the expanding bubbles
that we have mentioned above, and more generally for other bubbles.

Our arguments show that the expanding bubble of nothing is already present in the
binary or black ring even before taking the small-gap limit, in the sense that there is a min-
imal cycle that links the system of Einstein–Rosen bridges and which expands because
it stretches inside the black holes. Taking the small-gap limit makes the bubble more
symmetric and uniform, and its expansion becomes asymptotically uniform and eternal,
since in the limit the interior black hole singularity is pushed away to infinitely late time.
If the black hole system were of finite size, or if it were to merge or collapse, the duration
of the expansion would instead be limited, ending on a singularity. But expanding bub-
bles of nothing, in the above sense, seem pervasive in black hole systems with multiple
or non-spherical horizons10.

Does this mean that we should expect bubbles of nothing in astrophysical, dynamical
binaries more realistic than the static ones we have studied? Unfortunately, the answer
is no. The topology of a binary where the black holes formed from collapsing matter
is different than in the maximal analytic extensions we have considered. Collapsing
black hole geometries do not have bifurcation surfaces nor Einstein–Rosen bridges. Even
though space expands inside a collapsing black hole, the topology of the Cauchy slices
is trivial, and these binaries will not contain any minimal cycle.

However, even if expanding bubbles of nothing may not be present in the sky above,
their connection to more conventional black hole systems provides a new, illuminating
perspective on their properties and makes them seem more accessible. Since they behave
in many ways like de Sitter space, but without a cosmological constant, and with non-
compact horizons, they may provide new venues in which to investigate the holographic
description of expanding spacetime, possibly exploiting their relation to Einstein–Rosen
bridges and the interiors of black hole systems.

10However, this does not mean that they must admit a good limit to a bubble solution; we already mentioned
in Sec. 3.2.1 that the equilibrium rotating black ring does not admit it, even though at any finite radius it has a
bubble in the sense explained above.



CHAPTER 4

Black holes in a swirling universe

In this Chapter we will explore the “magnetic” version of the Ehlers transformation pre-
sented in Sec. 1.1 in the context of vacuum General Relativity. The effect of such a sym-
metry map has not been investigated until now, at best of our knowledge. Actually, the
spacetime resulting from the application of the modified Ehlers map to the Minkowski
metric was presented in an Appendix of [223], but it was not studied and its physical
properties were not unraveled.

The purpose of this Chapter is to investigate the last unexplored Lie point symmetry
of the SU(2, 1) group and to explore the properties of the spacetime that it generates.
We will see that such a transformation embeds any given stationary and axisymmetric
seed spacetime into a rotating background, which we will dub “swirling universe”, for
its peculiar characteristic. Indeed, the background can be interpreted as a gravitational
whirlpool, and its frame dragging turns a static seed solution into a stationary metric.
The resulting spacetime really looks similar to the Taub–NUT metric, however we will
show that it does not share the problematic features of its “electric” counterpart: in fact,
our new spacetime does not possess any Misner string, nor is affected by the presence of
conical singularities. The manifold is completely regular, apart from the presence of the
usual black hole curvature singularity.

Firstly, we generate the new metric via the “magnetic” Ehlers map. Then, we test the
consequences of the transformation on the spherical symmetric black hole, which will
be our seed metric, as done with the symmetries previously analysed in the literature. In
this way we generate a novel and analytic exact solution of the Einstein equations, which
generalises and deforms the Schwarzschild spacetime. Of course, because of the well-
known no-hair theorems for black hole in four-dimensional General Relativity, the new
solution can be a black hole only by renouncing to asymptotic flatness, similarly to black
holes embedded in the external electromagnetic field of Melvin universe [130, 117, 223].
We also present the generalisation to the Kerr black hole in the rotating background.
Finally, we conclude the Chapter by establishing a connection (via a double-Wick rota-
tion) between our background metric and the flat Taub–NUT spacetime. This Chapter is
based on [224].

97
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4.1 Generation of the solution

As explained above, we consider the magnetic LWP metric of Eq. (1.48),

ds2 = f̄(dφ− ω̄dt)2 + f̄−1
[
e2γ̄
(
dρ2 + dz2

)
− ρ2dt2

]
, (4.1)

and the Ehlers transformation (1.46c)

E ′ =
E

1 + iȷE , (4.2)

where we dubbed with ȷ the map parameter.
First of all we have to choose the seed. We start with the Schwarzschild black hole,

whose metric, in spherical coordinates, reads

ds2 = −
(
1− 2m

r

)
dt2 +

dr2

1− 2m
r

+ r2dθ2 + r2 sin2 θdφ2 . (4.3)

The most convenient coordinates for the generating methods, in this case, are the spher-
ical ones (r, θ), related to the Weyl cylindrical coordinates by

ρ =
√
r2 − 2mr sin θ , z = (r −m) cos θ . (4.4)

The line element of the LWP metric (1.48) in spherical coordinates reads

ds2 = f̄(dφ− ω̄dt)2+ f̄−1

[
−ρ2dt2+e2γ̄(r2−2mr+m2 sin2 θ)

(
dr2

r2 − 2mr
+dθ2

)]
. (4.5)

Comparing the seed (4.3) to the above metric we can identify the seed structure functions

f̄(r, θ) = r2 sin2 θ , ω̄(r, θ) = 0 . (4.6)

The value of γ̄ is not fundamental because it is invariant under Ehlers transformations,
however we explicit it for completeness

γ̄0(r, θ) =
1

2
log

(
r4 sin2 θ

r2 − 2mr +m2 sin2 θ

)
. (4.7)

From definition of χ in (1.33), it is clear that χ̄ is at most constant, but that constant can
be reabsorbed via a coordinate transformation. Therefore without loss of generality we
can choose χ̄ = 0. Finally, the seed Ernst gravitational potential takes the form

E(r, θ) = f̄(r, θ) . (4.8)

The new solution, expressed in terms of the complex potential, is generated via the
Ehlers transformation (4.2), which gives

E ′ =
E

1 + iȷE =
r2 sin2 θ

1 + iȷ r2 sin2 θ
. (4.9)
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Note that in case we had used the LWP metric defined in (1.7), we would had obtained,
via the Ehlers transformation acting on the Schwarzschild seed, the Taub–NUT space-
time, as explained in Chapter 1.

The solution, in metric form, is extracted from the definition of the transformed Ernst
potential E . Hence, according to E = f + iχ, we find

f(r, θ) =
r2 sin2 θ

1 + ȷ2r4 sin4 θ
, χ(r, θ) =

ȷ r4 sin4 θ

1 + ȷ2r4 sin4 θ
. (4.10)

ω has to be found from the definition of χ, as in (1.33). The result is

ω(r, θ) = 4ȷ(r − 2m) cos θ + ω0 , (4.11)

where ω0 is an integration constant related to the choice of reference frame. Thus, recall-
ing that γ is not affected by the Ehlers map, the full new metric is

ds2 = F (r, θ)

[
−
(
1− 2m

r

)
dt2 +

dr2

1− 2m
r

+ r2dθ2
]

+
r2 sin2 θ

F (r, θ)

{
dφ+

[
4ȷ(r − 2m) cos θ + ω0

]
dt

}2

,

(4.12)

where we have defined the function

F (r, θ) := 1 + ȷ2r4 sin4 θ , (4.13)

We can immediately observe that the new metric (4.12) represents a non-asymptotically
flat deformation of the Schwarzschild black hole. Its structure is quite similar to the
Schwarzschild–Melvin spacetime [117], and indeed the magnetic Ehlers map that we
have used works in a similar fashion as the Harrison transformation. For this reason we
do not expect that the new parameter can be considered as hair nor as conserved charge
of the black hole. The physical description of (4.12) will be analysed in detail in the next
Section.

Starting with a more general seed we can obtain generalisations of the metric built
above. In Sec. 4.4 we embed the Kerr black hole in the swirling background, while in
Appendix D we generate the Zipoy–Voorhees extension of the spacetime (4.12).

4.2 Analysis of the background spacetime

In the interpretation of the new spacetime (4.12), a fundamental point comes from the
physical meaning of the new parameter ȷ, which defines the behaviour of the gravita-
tional background and, at best of our knowledge, is unknown. Thus, we firstly analyse
the background metric obtained by turning off the mass parameter m in Eq. (4.12) and
then, in Sec. 4.3, we study the full black hole solution in his surrounding universe.

When the mass parameter m vanishes the black hole disappears and we are left with
the rotating gravitational background only

ds2 = F
(
−dt2 + dr2 + r2dθ2

)
+ F−1r2 sin2 θ(dφ+ 4ȷ r cos θ dt)2 . (4.14)
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In cylindrical coordinates
ρ = r sin θ , z = r cos θ , (4.15)

the background takes the simpler form

ds2 =
(
1 + ȷ2ρ4

)(
−dt2 + dρ2 + dz2

)
+

ρ2

1 + ȷ2ρ4
(dφ+ 4ȷzdt)2 . (4.16)

Such a metric has the very same form as the one presented in Appendix C of [223]:
however, it was not studied in that reference.

The spacetime (4.16) is characterised by the Killing vectors

∂t , ∂φ , z∂t + t∂z − 2ȷ
(
t2 + z2

)
∂φ , ∂z − 4ȷt∂φ , (4.17)

and by the Killing–Yano form

−4ȷρz dt ∧ dρ+ ȷρ2
(
1 + ȷ2ρ4) dt ∧ dz + ρ dρ ∧ dφ . (4.18)

It belongs to the Petrov type D class [119], and its Newman–Penrose spin coefficient
is equal to zero: these features allow us to infer that the metric (4.16) belongs to the
Kundt class (cf. Table 38.9 of [119]). We can indeed explicitly express the background
metric (4.16) in the standard Kundt form, by performing the rescaling t → ȷt and the
change of coordinates

q = 2ȷz , p = ρ2 . (4.19)

Metric (4.16) then boils down to (after a rescaling of the conformal factor)

ds2 = (γ2 + p2)
(
−dt2 + dq2

)
+
γ2 + p2

γ2p
dp2 +

γ2p

γ2 + p2
(dφ+ 2γqdt)2 , (4.20)

where we have defined γ = 1/ȷ. This metric is equivalent to (16.27) of [135], once we
put m = e = g = Λ = α = ϵ2 = k = 0, ϵ0 = 1 and n = γ2/2. One can check that the
consistency constraints of [135] are indeed satisfied.

The metric (4.20), despite being known for a long time (it was discovered by Carter
in [225]), does not have a clear physical interpretation. In particular, the physical signifi-
cance of the parameter γ (i.e. ȷ) is unknown: it has been called “anti-NUT” parameter by
Plebański in [226] because of its resemblance with the NUT parameter in the Plebański–
Demiański spacetime [134]1. A generalisation in the presence of the cosmological con-
stant and some possible interpretations of this background are given in Sec. 4.5.

An interesting limit is given by p → ∞: by putting γ = 0 after the rescaling t →
γ−2/3t, q → γ−2/3q, φ→ γ−2/3φ and p→ γ2/3p, one finds

ds2 = p2
(
−dt2 + dq2

)
+ p dp2 +

1

p
dφ2 . (4.21)

This is nothing but the Levi-Civita metric [227] (cf. (10.9) of [182]), in the limiting case
when σ = 1/4, which is locally isometric to the asymptotic form of the Melvin spacetime,

1Actually, there exists a connection between the rotating parameter ȷ and the NUT parameter ℓ that will be
exploited in Sec. 4.5.
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as shown in [228, 189, 229]; another connection to the magnetic universe will be explored
in Sec. 4.5. Finally, the above limit can also be expressed in the Kasner-like form [230].

In order to gain some physical perspective is useful to investigate, in some detail, the
properties of the background metric by inspecting its geodesics.

4.2.1 Geodesics in the background spacetime

We define the following geodesic Lagrangian from the background metric (4.16)

L =
(
1 + ȷ2ρ4

)(
−ṫ2 + ρ̇2 + ż2

)
+

ρ2

1 + ȷ2ρ4
(
φ̇+ 4ȷzṫ

)2
, (4.22)

where the dots stand for the derivatives with respect to an affine parameter s. We can
define, via the Killing vectors ξ = ∂t and Φ = ∂φ, the standard conserved quantities

−E := gµνu
µξν , L := gµνu

µΦν , (4.23)

where uµ is the four-momentum of the test particle, E is the energy and L is the angu-
lar momentum. The explicit definitions for the conserved quantities and the resulting
Lagrangian can be found in Appendix C.1

The equations of motion derived from the Lagrangian are quite involved. Qualitative
results can be obtained from the normalisation of the four-momentum, i.e. from equation
uµuµ = χ, with χ = −1 for timelike geodesics and χ = 0 for null geodesics. The resulting
normalisation equation is (C.3). For large values of ρ and for fixed z, it follows from such
equation that

ρ̇2 ≈ L2ρ−2 , (4.24)

which has solution ρ(s) ∝
√
2Ls: this means that ρ is not limited as the affine parameter

grows.
We are interested in analysing the behaviour of z as ρ grows. We find ż2 = 0 by

letting ρ → ∞ in equation (C.3), therefore the coordinate z reaches a constant value as
ρ approaches infinity. Moreover, the equation defining L, for large values of ρ, gives
ϕ ≈ c2L2s2. Combining this with the approximate equation for ρ, allows one to get

the polar equation r ≈
√

2
cϕ

1/4. Such an equation is the polar form of the generalised
Archimedean spiral with exponential 1/4. Therefore we expect that a geodesic test par-
ticle follows a spiral-like path in the (x, y) plane and that it moves toward a constant
value of z. These results are in good agreement with the numerical evaluations, as can
be observed from the plot in Fig. 4.1, which shows the trajectory of a test particle in the
(x, y, z) space, where x = ρ cos θ, y = ρ sin θ.

The statement that z reaches a constant value can be verified by using the equation
of motion for z

4ȷ2ρ3ρ̇ż + (ȷ2ρ4 + 1)z̈ =
4ρ2ȷṫ(φ̇+ 4ȷzṫ)

ȷ2ρ4 + 1
. (4.25)

By inspecting the equations for ṫ and φ̇ in Appendix C.1, one can notice that ṫ ∝ 1/ρ4

and φ̇ ∝ ρ2 as ρ→ ∞, therefore the r.h.s. of the latter equation can be neglected for large
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Figure 4.1: Geodesic motion of a test particle in the gravitational background for E = 1, L = 1,
ȷ = 0.1.

values of ρ:
4ȷ2ρ3ρ̇ż + (ȷ2ρ4 + 1)z̈ = 0 . (4.26)

Moreover, 1 + ȷ2ρ4 ≈ ȷ2ρ4 as ρ approaches infinity. By using the approximation ρ(s) ≈√
2Ls found above, the equation becomes

2ż + sz̈ = 0 , (4.27)

whose solution is
z(s) =

D

s
+ C , (4.28)

where C, D are integration constants. This result clearly shows that z becomes constant
as s approaches infinity.

4.3 Schwarzschild black hole in a swirling universe

4.3.1 Physical properties

The full black hole metric (4.12), that we report here for convenience

ds2 = F (r, θ)

[
−
(
1− 2m

r

)
dt2 +

dr2

1− 2m
r

+ r2dθ2
]

+
r2 sin2 θ

F (r, θ)

{
dφ+

[
4ȷ(r − 2m) cos θ + ω0

]
dt

}2

,

(4.29)

with F (r, θ) = 1 + ȷ2r4 sin4 θ, is a two parameters metric, with m and ȷ related to the
mass of the black hole and the angular velocity of the background, respectively.
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(a) m = 1, ȷ = 0.05 (b) m = 1, ȷ = 0.1 (c) m = 1, ȷ = 0.3

Figure 4.2: Embedding in Euclidean three-dimensional space E3 of the event horizon of the black
hole distorted by the rotating background, for three different values of the background rotational
parameter ȷ.

In view of the previous Section, the spacetime (4.29) can be interpreted as a Schwarzschild
black hole embedded into a swirling background. The main casual structure is similar
to the Schwarzschild case, as can be readily understood by looking at some θ = constant
slices of the conformal diagram. For instance, the cases θ = {0,±π} precisely retrace the
static spherically symmetric black hole.

Indeed the metric (4.29) is characterised by a coordinate singularity located at r = 2m,
which identifies the event horizon of the black hole. This latter is a Killing horizon
that has the same significance of the standard Schwarzschild horizon. The presence of
the rotating background deforms the horizon geometry, making it more oblate, while
maintaining exactly the same of the Schwarzschild black hole, for the same values of the
mass parameter m. In Fig. 4.2 the deformation is pictured for different intensities of the
rotating gravitational background, governed by the new parameter ȷ introduced by the
Ehlers transformation.

The solution (4.29) is free from axial conical singularities: to verify this, it is sufficient
to consider the ratio between the perimeter of a small circle around the z-axis, both for
θ = 0 and θ = π, and its radius. Such a ratio must be equal to 2π, in case one wants to
avoid angular defects. It turns out that, for the metric (4.29), the ratios in the two limits
are equal to 2π

lim
θ→0

1

θ

∫ 2π

0

√
gφφ
gθθ

dφ = 2π = lim
θ→π

1

π − θ

∫ 2π

0

√
gφφ
gθθ

dφ . (4.30)

The metric function ω(r, θ) is regular both asymptotically and on the symmetry axis, thus
implying the absence of Misner strings or NUT charges. It is not only continuous, as we
can appreciate by the following limits

lim
θ→0

gtφ
gtt

= lim
θ→π

gtφ
gtt

= 0 , (4.31)
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but also its first and second derivatives are continuous.
A peculiar characteristic of this metric is that the angular velocity Ω on the z-axis is

not constant, and it increases in opposite directions in the two hemispheres

Ω
∣∣
θ=0

= lim
θ→0

(
− gtφ
gφφ

)
= −4ȷ(r − 2m) + ω0 , (4.32a)

Ω
∣∣
θ=π

= lim
θ→π

(
− gtφ
gφφ

)
= 4ȷ(r − 2m) + ω0 . (4.32b)

This is a feature shared with magnetised Reissner–Nordström and magnetised Kerr
black holes solutions [223].

The frame dragging of the whole spacetime is given by [231]

dϕ

dt
= − gtφ

gφφ
= −4ȷ(r − 2m) cos θ + ω0 . (4.33)

Hence, outside the event horizon, for r > 2m, the angular velocity coincides with the
asymptotic one ω0 for θ = π

2 , while for θ ∈ (π2 , π) it is bigger than ω0 and for θ ∈ (0, π2 ) it is
smaller than ω0. It is easy to verify that for r → ∞ the angular velocity grows unbounded
and that it is equal to ω0 on the event horizon: this would lead to the conclusion that
superluminal observers exist, since the value of the gravitational dragging can easily
exceed 1 (i.e. the speed of light, in our units) and, then, it would violate causality. In
this perspective, let us study the possible occurrence of closed timelike curves (CTCs):
considering (4.29), curves in which t, r and θ are constants are characterised by

ds2t,r,θ=const = F−1(r, θ) r2 sin2 θdϕ2 . (4.34)

Such intervals are always space-like since the expression is always positive. Therefore
there are no CTCs and there are no related causality issues: thus the “paradox” of the
superluminal observers can be justified with the bad choice of the coordinates2. A set of
coordinates which is adapted to timelike observers does not experience an unbounded
growth of the angular velocity, as we will see explicitly when studying the geodesics of
the spacetime.

The Kretschmann scalarRµνρσRµνρσ suggests that r = 2m is a coordinate singularity,
while it is divergent for r = 0, as in the case of the static spherically symmetric black
hole in pure General Relativity. It is indeed possible to find an Eddington–Finkelstein
coordinate system that removes the r = 2m horizon. In particular, as r → 0 we find

RµνρσR
µνρσ ≈ 48m2

r6
, (4.35)

which is exactly the Kretschmann scalar for the Schwarzschild spacetime. On the other
hand, the scalar invariant falls faster than the Schwarzschild metric for large radial dis-
tances, indeed one finds, as r → ∞,

RµνρσR
µνρσ ≈ 192

ȷ4 sin12 θ r12
, (4.36)

2As it happens, for example, for the Alcubierre spacetime [232]
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Figure 4.3: Ergoregions for the black hole embedded in a rotating universe, with parameters
m = 1, ȷ = 0.3 and ω0 = 0. The ergoregions extend to infinity in the positive and negative z
directions, independently of the choice of the parametrisation for the integrating constants.

therefore the solution (4.29) is locally asymptotically flat. We finally notice that for θ =

0, π the spacetime has an asymptotically constant curvature: we find

RµνρσR
µνρσ

∣∣
θ=0,π

≈ −192ȷ2 as r → ∞ , (4.37)

thus we see that on the z-axis, the spacetime is asimptotically of negative constant cur-
vature.

4.3.2 Ergoregions

It is clear, just by inspection, that the gtt component of the metric (4.29) becomes null on
the event horizon, and that outside the horizon is not everywhere negative. Therefore
the spacetime presents some ergoregions, analogously to Kerr or magnetised Reissner–
Nordström black holes [223]. To analyse these regions it is convenient to use the cylin-
drical coordinates as defined in (4.15) to expand, for large z, the gtt part of the metric as
follows

gtt(ρ, z) ≈
16ȷ2ρ2z(z − 4m)

1 + ȷ2ρ4
. (4.38)

Hence, the ergoregions are located not only in the proximity of the event horizon, as in
Kerr spacetime, but also close to the z-axis, for large values of z. A numerical analysis of
the function gtt is represented in Fig. 4.3: it shows how the ergoregions extend to infinity
around the polar axis, independently of the values of the integrating constants of the
solution (m, ȷ). This behaviour is similar to what happens for magnetised rotating black
holes [223].
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4.3.3 Petrov type

A standard procedure to determine the Petrov type of a spacetime consists in computing
the Weyl tensor in a null tetrad basis. We define a frame by

e0 = F 1/2

(
1− 2m

r

)1/2

dt , (4.39a)

e1 = F 1/2

(
1− 2m

r

)−1/2

dr , (4.39b)

e2 = rF 1/2 dθ , (4.39c)

e3 = r sin θF−1/2
{
dφ+

[
4ȷ(r − 2m) cos θ + ω0

]
dt
}
. (4.39d)

Given such a frame, the null tetrad is found as

kµ =
1√
2

(
e0µ + e3µ

)
, lµ =

1√
2

(
e0µ − e3µ

)
, mµ =

1√
2

(
e1µ − ie2µ

)
, m̄µ =

1√
2

(
e1µ + ie2µ

)
.

(4.40)
It is now possible to compute the components of the Weyl tensor in the null basis, as

Ψ0 = Cµνρσk
µmνkρmσ , (4.41a)

Ψ1 = Cµνρσk
µlνkρmσ , (4.41b)

Ψ2 = Cµνρσk
µmνm̄ρlσ , (4.41c)

Ψ3 = Cµνρσl
µkν lρm̄σ , (4.41d)

Ψ4 = Cµνρσl
µm̄ν lρm̄σ , (4.41e)

where Cµνρσ is the Weyl tensor.
One can easily show that Ψ1 = Ψ3 = 0, while the other components are more in-

volved. The inspection of the scalar invariants

I = Ψ0Ψ4 − 4Ψ1Ψ3 + 3Ψ2
2 , J = det

Ψ0 Ψ1 Ψ2

Ψ1 Ψ2 Ψ3

Ψ2 Ψ3 Ψ4

 , (4.42)

reveals that I2 ̸= 27J2: this implies that the spacetime is algebraically general [119,
135]. Thus, the spacetime belongs to the general Petrov type I, contrary to its back-
ground (4.14) or its generating seed, which are both type D. Further, this result shows
that the new black hole (4.29) does not belong to the Plebański–Demiański class of space-
times [134].

4.3.4 Geodesics

We follow the same strategy as in the background case and define, from the metric (4.29),
the following Lagrangian (dropping the inessential ω0 term)

L = F

[
−
(
1− 2m

r

)
ṫ2 +

ṙ2

1− 2m
r

+ r2θ̇2
]
+F−1r2 sin2 θ

[
φ̇+4ȷ(r− 2m) cos θ ṫ

]2
, (4.43)
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Proceeding in the same way as the background metric, we obtain the conserved charges
equations and the four-momentum normalisation equations, reported in Appendix C.2.

We can extract some qualitative information, especially regarding the quantity (r −
2m) cos θ that appears in the gravitational dragging. For stable orbits r is limited, hence
the quantity (r− 2m) cos θ is limited as well. For unstable orbits we analyse the geodesic
motion as r reaches infinity, thus considering large values of s. We notice that ṫ ≈ 0

and φ̇ ≈ ȷ2Lr2 sin2 θ, as r → ∞, and moreover 1 − 2m
r ≈ 1 and F ≈ ȷ2r4 sin4 θ. These

approximations simplify the Lagrangian (4.43), that takes the form

L ≈ ȷ2r4 sin4 θ
(
ṙ2 + r2θ̇2

)
+ ȷ2L2 . (4.44)

The constant term is inessential and can be neglected. By changing to polar coordinates
x = r sin θ y = r cos θ, the Lagrangian boils down to

L ≈ ȷ2x4
(
ẋ2 + ẏ2

)
. (4.45)

Being the Lagrangian independent of y, we find the conserved quantity

A = ȷ2x4ẏ . (4.46)

This result can be plugged into the Lagrangian, and by noticing that it does not depend
explicitly on s, dL /ds = 0, the following equation is derived:

ȷ2x4ẋ2 +
A2

ȷ2x4
= B , (4.47)

where B is a real constant. From the last equation we find

ẋ =

√
Bȷ2x4 −A2

ȷ2x4
≈

√
B

ȷx2
, (4.48)

where the numerator
√
Bȷ2x4 −A2 depends on x which, by our change of coordinate,

is proportional to r, so when r approaches infinity so does x. Therefore the constant A2

underneath the square root can be neglected, thus justifying the approximation. Finally
we get, by integration,

x(s) =

(
3
√
B

ȷ
s+ C

) 1
3

, (4.49)

with C real constant. So x → ∞ as s → ∞, which means that ẏ ≈ 0 and y ≈ constant.
These results can now be plugged into the formula for the gravitational dragging, which
gives

− gtφ
gφφ

= −4ȷ

(
y − 2m

y√
x2 + y2

)
≈

s→∞
−4ȷy . (4.50)

This result shows that, as s→ ∞, the angular velocity approaches a constant value.
We also plot the geodesic motion in spacetime (4.29): this amounts to numerically

integrate the geodesic equations reported in Appendix C.2, and the results are shown
in Fig. 4.4, 4.5 and C.1. More precisely, Fig. 4.4 compares geodesics in Schwarzschild
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Figure 4.4: Geodesic motion around the black hole. The left panel shows the Schwarzschild
spacetime, while the right panel shows the new black hole solution (4.29). The plots share the
same initial conditions with E = 1, L = 12.

spacetime (i.e. ȷ = 0) and geodesics in our swirling spacetime (4.29). Fig. 4.5 shows the
geodesics around the black hole for different initial conditions. Finally, in Appendix C.2,
Fig. C.1 pictures unstable geodesic motion for two different values of the test particle
angular momentum.

4.3.5 Charges and thermodynamics

The total mass of the spacetime can be computed by means of the surface charges pro-
vided by the phase space formalism [233, 234]. We perturb the metric with respect to the
parameters of the solution, and we name that variation hµν := δgµν

3. Then we find the
local variation of the charge Kξ computed along a given Killing direction ξµ.

The local variation of the charge must be integrated between the parametric reference
background Ψ̄ and the actual parametric configuration labelled by Ψ, on a D− 2 dimen-
sional surface S containing the event horizon

(
dD−2x

)
µν

= 1
2(D−2)!ϵµνα1...αD−2

dxα1 ∧
· · · ∧ dxαD−2 . When the variation of the charge is integrable, all the parametric paths
between the reference background and the solution are equivalent4.

The result gives the total surface charge Qξ, defined, as in [234, 235], by

Qξ =
1

8π

∫ Ψ

Ψ̄

∫
S
Kξ =

1

8π

∫ Ψ

Ψ̄

∫
S
Kµν
ξ

(
dD−2x

)
µν
, (4.51)

where

Kµν
ξ = ξµ∇σh

νσ − ξµ∇νh− ξσ∇µhνσ − 1

2
h∇µξν +

1

2
hσµ(∇σξ

ν −∇νξσ) , (4.52)

3In the particular case under consideration the parameter space is spanned by the mass parameter of the
black hole m and by the magnitude of the rotational whirlpool dragging, ȷ. Thus the variation takes the form
hµν = δgµν(m, ȷ) = ∂mg(m, ȷ)δm+ ∂ȷg(m, ȷ)δȷ.

4In case the variation of the charge is not integrable, we still have some gauge degree of freedom in defining
the frame of reference, or the normalisation of the time coordinate, to recover integrability.
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Figure 4.5: Embedding diagram and geodesics for the new metric (4.29) with different initial
conditions, θ0 = π

2
, θ̇0 = − 1

2
, L = 12 for the l.h.s. diagram and θ0 = 4

7
π, θ̇0 = − 1

2
sin−1( 4

7
π),

L = −12 for the r.h.s. diagram. Both representations share the following data: E = 1, r0 = 3,
ṙ0 = 1 and ϕ0 = π.

and where h := hµµ. If we want to compute the mass of the black hole, we have to
consider the timelike Killing vector ξ = ∂t, then we find

M = Q∂t = m, (4.53)

as for the Schwarzschild black hole. In this case the presence of the background does not
modify the seed black hole mass, similarly to what happens within the context of black
holes embedded in an external electromagnetic field [165]. Following this analogy we
expect to observe some stronger coupling with the background in case of more general
black hole seeds, as it happens in the next Section.

The angular momentum can be found analogously, just considering the Killing vector
which generates the rotational symmetry ∂φ. In this case one gets null angular momen-
tum

J = Q∂φ = 0 , (4.54)

even though the solution is clearly rotating. In fact the angular momentum refers just to
the dipole term in the rotational multipolar expansion of the metric at large distances.
The fact that the metric is rotating, as its non-diagonal form suggests, can be appreciated
by the subsequent terms of the multipolar expansion: the quadrupole, the octupole, etc5.

We compute the entropy and the temperature of the event horizon, in order to study
the Smarr law and the thermodynamics of the black hole. The area of the even horizon
is found by integrating the (θ, ϕ) part of the metric, hence

A =

∫ 2π

0

dφ

∫ θ

0

dθ
√
gθθgϕϕ

∣∣
r=2m

= 16πm2 . (4.55)

5However, note that in contexts where the asymptotia is not of globally constant curvature, the notion of
the gravitational multipolar expansion needs some further analysis to be clearly defined.
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The entropy is given by the Bekenstein–Hawking formula S = A/4. The validity of the
area law also for this unconventional background is confirmed by the conformal field
theory dual to the near-horizon geometry of the black hole. The temperature can be
easily obtained via the surface gravity, κ =

√
−(∇µξν)2/2

∣∣
r=2m

, where ξ = ∂t. We find

T =
κ

2π
=

1

8πm
. (4.56)

Note that the entropy and the temperature of the black hole embedded into the swirling
background are unaffected by the spacetime rotation: they remain the same of the
Schwarzschild seed. Again this is peculiar of the Lie point symmetry we used to generate
the solution, a general feature shared with the Harrison transformation6.

We can easily verify the validity of the Smarr law

M = 2TS . (4.57)

Further, the conserved charges satisfy the first law of thermodynamics

δM = TδS . (4.58)

4.4 Kerr black hole in a swirling universe

The generating techniques discussed in Sec. 4.1 can be also exploited to embed a rotating
black hole in a background endowed with its own rotation. By using the Kerr metric in
Boyer–Lindquist coordinates as a seed, we obtain

ds2 = F (dφ− ωdt)2 + F−1

[
−ρ2dt2 +Σsin2 θ

(
dr2

∆
+ dθ2

)]
, (4.59)

where the functions F−1 and ω can be expanded in finite power series of ȷ

F−1 = χ(0) + ȷχ(1) + ȷ2χ(2) , ω = ω(0) + ȷω(1) + ȷ2ω(2) , (4.60)

with

χ(0) =
R2

Σsin2 θ
, (4.61a)

χ(1) =
4amΞ cos θ

Σsin2 θ
, (4.61b)

χ(2) =
4a2m2Ξ2 cos2 θ +Σ2 sin4 θ

R2Σsin2 θ
, (4.61c)

6Note that this is true only when the seed does not couple with the background brought in by the transfor-
mation.
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and

ω(0) = −2amr

Σ
+ ω0 , (4.62a)

ω(1) =
4 cos θ[−aΩ(r −m) +ma4 − r4(r − 2m)−∆a2r]

−Σ
, (4.62b)

ω(2) = −2m

Σ

{
3ar5 − a5(r + 2m) + 2a3r2(r + 3m)− r3(cos2 θ − 6)Ω

+ a2[cos2 θ(3r − 2m)− 6(r −m)]Ω
}
,

(4.62c)

where

∆ = r2 − 2mr + a2 , ρ2 = ∆sin2 θ , (4.63a)

Σ = (r2 + a2)2 −∆a2 sin2 θ , Ω = ∆a cos2 θ , (4.63b)

Ξ = r2(cos2 θ − 3)− a2(1 + cos2 θ) , R2 = r2 + a2 cos2 θ . (4.63c)

When ȷ = 0 we recover the seed metric, i.e. the Kerr black hole. For ȷ ̸= 0 we have the
direct generalisation of the metric (4.12).

However we notice that in this case, because of the spin-spin interaction between
the black hole and the background frame dragging, an extra force acts on the axis of
symmetry. But since it is not symmetric on the two hemispheres, the metric is affected
by non-removable conical singularities, indeed

lim
θ→0

1

θ

∫ 2π

0

√
gφφ
gθθ

dφ =
2π

(1− 4amȷ)2
̸= lim
θ→π

1

π − θ

∫ 2π

0

√
gφφ
gθθ

dφ =
2π

(1 + 4amȷ)2
. (4.64)

In fact, even though the background spinning parameter ȷ couples to the Kerr angular
momentum (for unit of mass) a, it is not possible to find a relation among the physical
parameters to remove simultaneously both angular defects, unless of course for known
subcases such as Kerr, for ȷ = 0, the spacetime discussed in Sec. 4.3 for a = 0, or the
rotating background for m = 0. The presence of a non-removable conical singularity
implies that a cosmic string or a strut (with their δ-like stress-energy-momentum tensor
on a portion of the z-axis) have to be postulated in order to compensate the “force” effect
induced by the spin-spin interaction of the black hole with the background, which would
tent to add acceleration to the black hole7.

In the case one wants to immerse the Kerr–Newman black hole into this spinning
universe, one has to use the charged generalised version of the Ehlers transformation, as
described in Chapter 1.

7The metric considered in this Section does not posses the acceleration parameter: one should work with
the rotating C-metric to consistently include the acceleration. That is why, in this Section, the role of the string
uniquely results in the effect of compensating the spin coupling.
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4.5 Double-Wick rotation of the background: flat Taub–NUT space-
time

Given the analogies between the rotating background (4.16) and the Melvin spacetime,
and given that the analytical continuation of the Melvin universe corresponds to the
Reissner–Nordström metric with a flat base manifold, it is natural to inquire about an
analog analytical continuation for the rotating background. At this scope, we implement
a double Wick rotation between time and the azimuthal angle t → iϕ, φ → iτ of the
metric (4.16). Redefining the integration constant of the rotating background as ȷ =

m/2ℓ3, changing the coordinate ρ = ℓ
√

2r/m and after the rescaling of the other three
coordinates we obtain

ds2 = − 2mr

r2 + ℓ2
(dt− 2ℓθdϕ)2 +

r2 + ℓ2

2mr
dr2 + (r2 + ℓ2)(dθ2 + dϕ2) . (4.65)

It is not hard to recognise the Taub–NUT spacetime with a flat, or possibly cylindrical
if we keep the azimuthal angle identification, base manifold. In fact, the flat Taub–NUT
metric can be generated via the Ehlers transformation8 from the Schwarzschild metric,
previously composed with a double-Wick rotation9. Note that the Ehlers transformation
can be used to build, from the Minkowski seed, the rotating background, just consider-
ing m = 0 in the procedure of Sec. 4.1. This is analogous to what happens to the Melvin
universe, which can be obtained from Minkowski spacetime via the Harrison transfor-
mation and whose double-Wick dual corresponds to the flat Reissner–Nordström metric.
This fact strengthens the link between the Melvin universe and our rotating background.
Actually this correspondence can be summarized by the following proportion:

Melvin Universe : Harrison transformation = Rotating Universe : Ehlers transformation
(4.66)

This formal analogy can be exploited to build new solutions, even outside the range of
the generating technique based on the Lie point symmetries of the Ernst equations: that
is important because the symmetry transformations such as the Ehlers and the Harrison
maps break in the presence of the cosmological constant. However, as noted in [132],
the Melvin universe can still be generalised when the cosmological constant is not zero,
and it still preserves its relation with the flat Reissner–Nordström metric with a constant
curvature base manifold10. Therefore, thanks to the analogy with the Melvin case, we
have in our hand a procedure to generalise the rotating background (4.16) in the presence
of the cosmological constant.

It is sufficient to operate a double-Wick rotation of the cosmological version of the

8In this Section we are referring to transformations applied to the magnetic LWP metric, as explained in
Sec. 4.1.

9While this is true for a generic sign of the constant curvature of the seed base manifold, only the metric
with positive curvature can be interpreted as a black hole in Einstein gravity.

10Metrics without a topological spherical base manifold are interpreted as black holes only in the presence
of the cosmological constant.
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flat Taub–NUT metric (4.65)

ds2 = −
Λ
3 r

4 + 2ℓ2Λr2 + 2mr − ℓ4Λ

r2 + ℓ2
(dt− 2ℓθdϕ)2

+
(r2 + ℓ2)

Λ
3 r

4 + 2ℓ2Λr2 + 2mr − ℓ4Λ
dr2 + (r2 + ℓ2)(dθ2 + dϕ2) .

(4.67)

Thus, using the same change of coordinates and parametrisation of the case above, we
get

ds2 = (1 + ȷ2ρ4)

(
−dτ2 + ρ2

Λ
4ȷ2 + ρ2 − Λ

2 ρ
4 − ȷ2Λ

12 ρ
8
dρ2 + dz2

)
+

(
Λ

4ȷ2
+ ρ2 − Λ

2
ρ4 − ȷ2Λ

12
ρ8
)
(dψ + 4ȷzdτ)2

1 + ȷ2ρ4
.

(4.68)

It is not difficult to realise that this metric still corresponds, up to a change of coordinates,
to the non-expanding and non-accelerating Kuntdt class of the Plebański–Demiański
family presented in Eq. (16.26) of [135]. The explicit change of coordinates works as
in Sec. 4.2, namely q = 2ȷz and p2 = ρ, together with the rescaling t → ȷt and the
redefinitions γ = 1/ȷ, Λ̃ = 4Λ. Then, metric (4.68) becomes

ds2 = (γ2 + p2)

(
−dτ2 + dp2

P + dq2
)
+

P
γ2 + p2

(dψ + 2γqdτ)2 , (4.69)

where

P = γ4Λ̃ + γ2p− 2γ2Λ̃p2 − Λ̃

3
p4 . (4.70)

The latter corresponds to Eq. (16.26) of [135], where m = e = g = α = ϵ2 = 0, ϵ0 = 1,
k = γ4Λ̃, ϵ = 2γ2Λ̃ and n = γ2/2.

The analogy between the rotating background and the Taub–NUT spacetime can be
pushed further: it is known [217] that the Melvin spacetime corresponds to a couple of
magnetically charged Reissner–Nordström black holes moved towards infinity. In this
sense, the magnetic field which permeates the Melvin spacetime is nothing but the field
generated by two black hole sources at infinity. Thus, it is natural to ask ourselves if a
similar construction also holds for the rotating background (4.14), i.e. if it can be obtained
as a limit of a double black hole metric.

By relying on the above considerations and, more specifically, on the proportion (4.66),
the natural candidate for an “ancestor” metric is the double-Taub–NUT spacetime with
opposite NUT parameters [26]: the rotation of the two counter-rotating Taub–NUT black
holes, once they are pushed at infinity, should produce the rotation of the background
that is experienced in the background spacetime. This interpretation is also consistent
with the behaviour of the angular velocity (4.32): we noticed that the angular velocity
increases in opposite directions in the two hemisphere, coherently with the fact that the
two black holes rotate in different directions. Moreover this picture is enforced by the
geometry of the ergoregions, since the latter thrive for large values of z on the axis of
symmetry.
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4.6 Outlook

The transformation we studied in this Chapter, which consists in a proper composition
of the Ehlers transformation with a discrete symmetry, allows us to take advantage of the
Ernst solution generating technique to non-linearly superpose the Schwarzschild black
hole and a swirling universe. The background geometry can be interpreted as a gravita-
tional whirlpool generated by a couple of counter-rotating sources at infinity. Its frame
dragging transforms the static Schwarzschild metric into a stationary one, removing the
asymptotic flatness, but without drastically altering the black hole causal structure nor
introducing pathological features. The analogies between the swirling background and
the Melvin universe are numerous, like the metric structure, the ergoregions and the de-
formations engraved on the event horizon: in fact the former universe can be considered
as the rotating counterpart of the latter.

For this reason we expect that this spinning background can be used as a regularis-
ing instrument for metric with conical singularities, exactly as the electromagnetic back-
ground brought by the Harrison transformation does. In the former case to have non-
trivial physical effects one needs to exploit the interplay between the coupling of the
electromagnetic field of the seed with the one of the background, as suggested by the
analysis of the transformed Kerr metric, in Sec. 4.4. Indeed the interaction between the
Kerr parameter a and the background parameter ȷ generates an additional “force” which
impels the system to accelerate. Unfortunately, the geometry of the spacetime is not
general enough to accommodate this physical feature into that metric, yielding a conical
singularity which compensates the mutual rotational coupling. On the other hand we
count that the spin-spin interaction between the seed and the background environment
can play a relevant role into the regularisation of gravitational models which otherwise
would be mathematically defective and physically incomplete. For instance, in the same
way as Ernst showed that the electromagnetic background can remove the conical defect
of the accelerating and charged black hole, we foresee that the procedure presented in
this paper can remove the axial singularities of the rotating C-metric, providing at the
same time a reasonable physical explication for its acceleration [236]. Also this model
furnishes alternative scenarios for black hole nucleation and pair creation, without rely-
ing on the electromagnetic field, as discussed in the literature so far [187, 188, 185].

Clearly this procedure may be relevant for other systems, not necessarily accelerat-
ing, such as balancing multi-black hole sources to reach an equilibrium configuration.
Also in that case the frame dragging of the background can play a role in removing cos-
mic strings or strut from the singular spacetime. On the other hand, preliminary studies
suggest that the spin-spin interaction between the swirling universe and a Taub–NUT
spacetime are not sufficient to mend also the singular behaviour of that metric, i.e. to
remove the Misner string11.

11Obviously we are referring to the non-compact time representation of the Taub–NUT metric, because when
one considers proper periodic identification of the temporal coordinate the spacetime can be regularised. Un-
fortunately, the latter interpretation violates causality because of the appearance of closed timelike curves,
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From a phenomenological point of view our rotating background might be of some
interest in the description of black holes surrounded by interacting matter, which pro-
duces intense frame dragging, such as the one caused by the collision of counter-rotating
galaxies.

Since this construction is based on a symmetry transformation of the Ernst equa-
tions, it can be directly generalised to the Einstein–Maxwell case, to the minimally and
conformally coupled scalar field case and, more generally, to scalar-tensor theories such
as Brans–Dicke, just by using the adequate Ehlers transformation as described in Sec. 1.1
and in [237] respectively. The embedding method presented here may reveal useful in
estabilishing and improving traversability of wormhole spacetimes.

which makes this picture nonphysical.





Conclusions

Black holes represent one of the most fascinating areas of research in contemporary
physics: they are bizarre objects that challenge our common sense, and whose existence
represented a mystery for many years. They are also the natural candidate for studying
quantum gravity, as the region close to a curvature singularity is characterised by strong
gravity on very small scales. As explained in the Introduction, binary and, more gener-
ally, multi-black hole systems are relevant for the experiments and for the structure of the
gravitational theories. Thus, it is important to find regular multi-source solutions that
can describe actual astrophysical black holes and, from the theoretical point of view, to
properly define the thermodynamics of such systems: indeed, the thermodynamics can
give important hints about the microscopic origin of the entropy and the temperature.

In this Thesis, we have studied some configurations that allow one to regularise
multi-black hole spacetimes, with the aid of solution generating techniques.

We began by introducing such techniques and explaining the details of their function-
ing in Chapter 1, which provided us with the machinery necessary to the construction of
our solutions. We also reported an historical perspective on the development of the var-
ious solution generating methods over the years, commenting on the peculiar features
and on the pros and cons of the different approaches.

Then, in Chapter 2, we introduced an external gravitational field as a regularising
background, and discussed its properties and multipolar character. We provided many
examples of singularity-free multi-black hole spacetimes: static, rotating, charged an
accelerating systems of black holes were studied and analysed in detail. They share
the common feature of being regularised by an appropriate tuning of the external field
parameters, i.e. by choosing the multipole coefficients in order to balance the attraction
among the black holes. We inspected the action of the external field on the geometry of
these “deformed” black holes, and we verified that the thermodynamics of these objects
was well defined: this allowed us to conclude that these multi-black hole systems are
physically well posed. Moreover, the external fields have a phenomenological interest
since they can model matter surrounding black holes.
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Chapter 3 introduced the bubbles of nothing to the business of the multi-black hole
regularisation: the bubbles, which are usually studied in relation to the vacuum stabil-
ity, were considered as time-dependent expanding spacetimes that can win against the
mutual collapse of many black holes. We showed that bubbles of nothing have a deep
connection with black holes, as it can be appreciated by taking some appropriate limits
which bring a bubble into a black hole, and viceversa (an analog construction works for
bubbles in five dimensions and black rings). Further, we embedded multi-black holes
(in four dimensions) and black rings (in five dimensions) in bubble spacetimes, and ex-
plicitly showed that they reach an equilibrium configuration. We also considered other
examples that involve accelerating black holes (in four dimensions) and black Saturn
and di-ring (in five dimensions), and how the manipulation of their rod diagrams natu-
rally allows one to move from one configuration to another. Thus, bubbles revealed to
be very powerful solutions, which permit to obtain solutions free of conical singulari-
ties, and moreover we proved that their connection to elementary black hole solutions
in General Relativity is deeper than one may expect.

Finally, in Chapter 4 we introduced a transformation that add a “swirling” back-
ground to a given spacetime. Such a rotational character acts as a sort of whirlpool,
which drags the observers that are at rest in the spacetime, as shown by the embedding
diagrams of the geodesics. A static black hole embedded in the swirling geometry is
(perhaps surprisingly) not affected by conical singularities: it is possible to properly de-
fine conserved charges and thermodynamics, and to study ergoregions and geometrical
properties. On the other hand, the swirling rotation couples to the angular momentum
of a black hole, as shown by the Kerr solution: in that case, conical singularities appear
and the solution is no more regular. This drawback, however, paves the way to a possible
mechanism to regularise a multi-black hole spacetime: the embedding of a double-Kerr
solution into the swirling background and the resulting coupling between the swirl pa-
rameter and the spin-spin interaction of the holes, might provide a mechanism to remove
the conical singularities. This is a very promising idea, that can be pursued in a future
research.



Appendices





APPENDIX A

Conical singularities and energy conditions

Conical singularities, beyond making the spacetime manifold ill-defined from a mathe-
matical point of view, give also rise to energy issues. In general, such singularities can
be interpreted as strings or struts whose energy-momentum tensor has a δ-like nature.
We show what are the physical issues that the conical singularities bring in when they
are present in the spacetime.

Let us consider Minkowski spacetime with an wedge of angle 2πα′ artificially re-
moved. By defining C = 1− α′, we can write the metric as

ds2 = −dt2 + dr2 + C2r2dφ2 + dz2 , (A.1)

where 0 ≤ φ < 2π. One can regard this spacetime as a field sourced by a cosmic string
or a strut [238], whose non-vanishing energy-momentum tensor components are

T tt = Tφφ = 2πµ δ(x, y) , (A.2)

where
µ =

1− C

4C
, (A.3)

and δ(x, y) is the two-dimensional delta function depending on the coordinates orthog-
onal to the z-axis (x, y). µ is interpreted as the tension of the filament source.

This result can be generalised to a generic four-dimensional spacetime [239], for
which one finds that the Einstein equationsGµν = 8πTµν give rise to an energy-momentum
tensor

T 0
0 = T 3

3 = 2πµ δ(x, y) , (A.4)

where now
µ =

2π − C

4C
. (A.5)

C represents again the angular excess/deficit for the azimuthal angle.
Let us consider, e.g., a two-black hole spacetime from (2.18) (N = 2): the result (A.4)

clearly shows that for µ > 0 (positive tension), the source acts as a string that pull a
black hole. This is the behaviour of the conical singularities that one finds at z < w1 and
z > w4 There are no negative-energy issues in this case, but the string extends to infinity
and the δ function gives rise to a divergent energy-momentum tensor.
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In the case of µ < 0 (negative tension), the conical singularity in w2 < z < w3 acts
as a strut which pushes apart the two black holes. The energy density associated to
the energy-momentum tensor is negative (i.e. the strut is composed of anti-gravitational
matter) and there is again a divergence due to the δ function.



APPENDIX B

Harrison and Kramer–Neugebauer charging
trasformations

Both the Harrison and the Kramer–Neugebauer [173] transformations are two symme-
tries of the Ernst equations for the Einstein–Maxwell theory presented in Chapter 1. As it
was explained there, the complex Ernst equations enjoy an SU(2, 1) Lie-point symmetry
group spanned by the finite transformations (1.46)

The Harrison transformation is given by Eq. (1.46e), while the Kramer–Neugebauer
one, as defined in [240] to charge the Kerr metric embedded in an external gravitational
field, is

E ′ =
E − ζ2

1− ζ2E , Φ′ =
ζ(E − 1)

1− ζ2E . (B.1)

The latter transformation reduces to the one in (2.63) for static and uncharged seeds.
Since both the Kramer–Neugebauer transformation (B.1) and the Harrison transforma-
tion (1.46e) have the same physical effects (they add an electric monopole to an un-
charged seed), we have the suspect that they are basically the same transformation, up
to gauge transformations. In fact it can be shown that the subsequent composition of
transformations (1.46a), (1.46d) and (1.46e) to an Ernst seed (E ,Φ) gives

E ′ =
λλ∗E − β∗(β + 2λΦ)

1 + α2(−2β + α∗ββ∗ − αλλ∗E + 2λ(αβ∗ − 1)Φ
, (B.2)

Φ′ =
β − αββ∗ + λλ∗αE +Φ− 2λαβ∗Φ

1 + α2(−2β + α∗ββ∗ − αλλ∗E + 2λ(αβ∗ − 1)Φ
. (B.3)

Then considering a null electromagnetic Ernst potential, Φ = 0, the imaginary part of
the parameters α, β, λ equal to zero and choosing

λ =
1

1− ζ2
, α = ζ , β = − ζ

1− ζ2
, (B.4)

we exactly recover the transformation (B.1). In case of static metrics the latter further
simplifies to Eqs. (2.63). Therefore the Kramer–Neugebauer and the Harrison transfom-
ration are basically equivalent, up to gauge transformations, so they might be called
collectively Harrison–Kramer–Neugebauer transformation.
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As an explicit example we show the efficacy of the charging transformation (2.63) on
an asymptotically flat, static and discharged metric: acting on the Schwarzschild metric,
we are able to produce the Reissner–Nordström black hole.

For simplicity we take the seed in spherical symmetric coordinates

ds2 = −
(
1− 2m

r

)
dt2 +

dr2

1− 2m
r

+ r2dθ2 + r2 sin2 θdφ2 , (B.5)

from which we can easily read

e2ψ = 1− 2m

r
, At = 0 . (B.6)

After the charging transformation (2.63) we get the new solution

e2ψ̂ =
r(r − 2m)(1− ζ2)2

[r + (2m− r)ζ2]2
, Ât = − 2mζ

r + (2m− r)ζ2
. (B.7)

A shift of the radial coordinate

r → r̂ −M +
√
M2 − q2 , (B.8)

and a rescaling of the parameters

ζ → M −
√
M2 − q2

q
, m→

√
M2 − q2 , (B.9)

suffice to recognise the standard Reissner–Norström spacetime

dŝ2 = −
(
1− 2M

r̂
+
q2

r̂2

)
dt2 +

dr̂2

1− 2M
r̂ + q2

r̂2

+ r̂2dθ2 + r̂2 sin2 θdφ2 , (B.10)

Â = −q
r̂
dt . (B.11)



APPENDIX C

Geodesics of the swirling spacetime

We report here the explicit expression for the geodesic equation from Chapter 4, both for
the background and the full black hole metric.

C.1 Background geodesics

The explicit expressions for the definitions of the conserved quantities (4.23) are

ṫ =
E + 4ȷLz

1 + ȷ2ρ4
, ϕ̇ = ȷ2Lρ2 +

L

ρ2
− 4ȷz

E + 4ȷLz

1 + ȷ2ρ4
. (C.1)

By substituting these relations into the Lagrangian (4.22), we get

L = (1 + ȷ2ρ2)

[
L2

ρ2
−
(
E + 4ȷLz

1 + ȷ2ρ4

)2

+ ρ̇2 + ż2
]
. (C.2)

The equation coming from the normalisation of the four-momentum uµu
µ = χ is

ρ̇2 + ż2 =
1

(1 + ȷ2ρ4)2

[
E2 − 8ȷLz(E + 6ȷLz) +

L2

ρ2
+ 2ȷ2L2ρ2 + ȷ4L2ρ6

+

(
4
√
2ȷρz

E + 4ȷLz

1 + ȷ2ρ4

)2
]
+

χ

1 + ȷ2ρ4
.

(C.3)

C.2 Black hole geodesics

The conserved charges equations are

ṫ =
r[E + 4ȷL cos θ(r − 2m)]

(r − 2m)(1 + ȷ2r4 sin4 θ)
, (C.1a)

ϕ̇ =
L− ȷr3 sin2 θ[4 cos θ(E − 8ȷLm cos θ)− ȷ3Lr5 sin6 θ + 2ȷLr(9 cos2 θ − 1)]

r2 sin2 θ(1 + ȷ2r4 sin4 θ)
. (C.1b)
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126 C.2 Black hole geodesics
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(a) m = 1, ȷ = 0.01, L = 1
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(b) m = 1, ȷ = 0.01, L = 36

Figure C.1: Black hole (4.29) with two different unstable orbits. The first one represents the case
where L is small and shows that the orbit approaches an asymptotic value. The second one shows
an orbit with large L: the test particle on the plane defined by θ = π/2 is attracted towards the
black hole.

L is the angular momentum and E is the energy. From the conservation of the four-
momentum it follows

(
1 + ȷ2r4 sin4 θ

)[(r(E + 4ȷL cos θ(r − 2m))

(r − 2m)(1 + ȷ2r4 sin4 θ)

)2

+
ṙ2

1− 2m
r

+ r2θ̇2
]

+
L2(1 + ȷ2r4 sin4 θ)2

r4 sin4 θ
= χ .

(C.2)



APPENDIX D

Zipoy–Voorhees spacetime embedded in the swirling
universe

We apply the procedure described in Sec. 4.1 to a slightly more general metric than the
Schwarzschild black hole, the Zipoy–Voorhees metric [138, 241, 242]. This class of space-
time is relevant in General Relativity because, thanks to its rich multipolar expansion,
can be used to model the exterior gravitational field of planets or stars. It is worth to
mention, in connection with Chapter 2, that Kerns and Wild constructed a version of the
Zipoy–Voorhees spacetime embedded in the external gravitational field [243].

The Zipoy–Voorhees metric can be of some interest, when supported by a confor-
mally coupled scalar field, to build hairy black holes or wormholes such as the Beken-
stein black hole [74] or the Barcelo–Visser wormhole [76]1. In particular, the presence
of the swirling background might be useful in the wormhole configuration to improve
both the stability and the traversability properties of the solution.

We start by casting the Zipoy–Voorhees seed in terms of the magnetic LWP met-
ric (1.48) in prolate spherical coordinates

ds̄2 = f̄
(
dϕ− ω̄dτ

)2
+

1

f̄

[
−ρ2dτ2 + κ2(x2 − y2)e2γ̄

(
dx2

x2 − 1
+

dy2

1− y2

)]
, (D.1)

where

f̄(x, y) = κ2
(
x− 1

x+ 1

)−δ
(x2 − 1)(1− y2) , (D.2a)

γ̄(x, y) =
1

2
log

[
κ2
(
x− 1

x+ 1

)−2δ

(x2 − 1)(1− y2)

(
x2 − 1

x2 − y2

)δ2]
, (D.2b)

ρ(x, y) = κ
√
(x2 − 1)(y2 − 1) . (D.2c)

Clearly, this metric reduces to the static Schwarzschild black hole of Sec. 4.1 when δ = 1.
For generic values of δ ̸= 1, the metric looses the spherical symmetry and presents naked
singularities outside the event horizon, hence it is not suitable for describing legit black

1Actually the associated complex Ernst field equations remain the same of the pure general relativistic case,
so as the main structure functions in the metric. Only the decoupled function γ has to be slightly modified
according to [75].
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holes in pure General Relativity. However, for δ = 1/2, when properly coupled with a
scalar field, it represents the first hairy black hole ever discovered [74].

Thanks to the Ehlers transformation (4.2), and following the same procedure illus-
trated in Sec. 4.1, we are able to embed the Zipoy–Vorhees metric into the swirling back-
ground. The γ̄ function remains the same, while

f(x, y) =
κ2(1− y2)(x2 − 1)1+δ

(x− 1)2δ + ȷ2(1 + x)2δ(x2 − 1)2(1− y2)2
, (D.3a)

ω(x, y) = 4ȷκ2y(x− δ) + ω0 . (D.3b)

The metric defined by (D.1) and (D.3) represents the δ extension of the spacetime (4.12),
therefore the Zipoy–Voorhees spacetime immersed in the rotating background described
in Sec. 4.2. Further generalisations with angular momentum can be built straightfor-
wardly, starting with seeds of the family of the Tomimatsu–Sato solutions [244, 245].
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[149] M. Astorino and A. Viganò. Binary black hole system at equilibrium. Phys. Lett.
B, 820:136506, 2021. arXiv:2104.07686, doi:10.1016/j.physletb.2021.
136506.
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