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ABSTRACT
In order to understand which mechanism is responsible for accretion in protoplanetary discs, a robust knowledge of the observed
disc radius using gas tracers such as 12CO and other CO isotopologues is pivotal. Indeed, the two main theories proposed, viscous
accretion and wind-driven accretion, predict different time evolution for the disc radii. In this Letter, we present an analytical
solution for the evolution of the disc radii in viscously evolving protoplanetary discs using 12CO as a tracer, under the assumption
that the 12CO radius is the radius where the surface density of the disc is equal to the threshold for CO photo-dissociation.
We discuss the properties of the solution and the limits of its applicability as a simple numerical prescription to evaluate the
observed disc radii of populations of discs. Our results suggest that, in addition to photo-dissociation, also freeze out plays an
important role in setting the disc size. We find an effective reduction of the CO abundance by about two orders of magnitude at
the location of CO photo-dissociation, which however should not be interpreted as the bulk abundance of CO in the disc. The use
of our analytical solution will allow to compute disc sizes for large quantities of models without using expensive computational
resources such as radiative transfer calculations.
Key words: protoplanetary discs – planets and satellite: formation – accretion, accretion disc

1 INTRODUCTION

Protoplanetary discs, reservoirs of material surrounding protostars,
are the site of planet formation and early evolution. Understanding
what are the mechanisms at play in their evolution is therefore fun-
damental to fully explain the huge variety of exo-planetary systems
observed aroundmain-sequence stars (Morbidelli&Raymond 2016).
Gas and dust stored in discs need to lose angular momentum to fall

onto the central star. Since thework of Lynden-Bell & Pringle (1974),
macroscopic viscosity (parameterised according to the𝛼 prescription
of Shakura & Sunyaev 1973) has traditionally been considered re-
sponsible for the redistribution of angular momentumwithin the disc.
However, the physical origin of this viscosity (magneto-rotational
instabilities, gravitational instabilities, or other mechanisms) is still
debated (Balbus 2003; Kratter & Lodato 2016). As a consequence of
this redistribution of angular momentum, a prediction of the viscous
theory is that the physical disc radii should increase with time, an
effect generally known as viscous spreading.
Recently, new models based on the removal of angular momen-

tum through the interaction of magnetic winds and the disc have
been proposed (e.g., Bai 2016; Tabone et al. 2021, 2022). According
to this models, the physical disc radius should not evolve with time
(Trapman et al. 2022, hereafter Tr22), being either constant or de-
creasewith time for different disc magnetizations, with the exception
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of highly magnetized discs, where the disc radius can increase (Bai
2016). Therefore, it is in principle possible to discriminate between
the two accretion theories through an analysis of the time evolution
of the disc radius in different star-forming regions.

In the literature, the dust or gas radius of discs is usually measured
as the radius that contains a certain value (usually the 68% or 90%) of
the disc flux. However, it is not so straightforward to directly connect
the observed disc radius using different tracers with the physical
disc radius, i.e. the radius occupied by the material composing the
disc (for a review see Miotello et al. 2022). First of all, the dust
radius measured using ALMA continuum emission (see e.g., Ansdell
et al. 2016 for the Lupus star-forming region, Long et al. 2019 for
Taurus, Testi et al. 2022 for Ophiucus, Barenfeld et al. 2016 for Upper
Scorpius and Hendler et al. 2020 for an evolutionary study) traces the
effect of the radial drift on large dust grains rather then an eventual
disc spreading, as large grains, which dominate the opacity of the
emission, drift toward the star, reducing the dust disc radii (Rosotti
et al. 2019, hereafter R19). Secondly, the gas disc radius (hereafter
called 𝑅CO), commonly measured using the bright rotational line
emission of the CO molecule (e.g.,Ansdell et al. 2018 for Lupus),
can be interpreted as the radius where CO is photodissociated, rather
than the outer edge of the disc (Trapman et al. 2019,Trapman et al.
2020, hereafter Tr20). Practically, this means that, at the radius we are
capable to trace, the column density of CO is equal to the threshold
value needed for COmolecules to self-shield from external radiation,
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while outside of this radius all the CO is removed from the disc due
to photodissociative effects.
Moreover, as this radius is often located in the outermost part of

the disc, it is also not a good tracer for the bulk of the mass and it
is very dependent on the external shape of the surface density (Toci
et al. 2021, hereafter To21). As a consequence, the possible presence
of the viscous spreading effect is hidden (Manara et al. 2022). A
combined measurement of the dust and gas radii of populations of
protoplanetary discs (for the Lupus star-forming region, see Sanchis
et al. 2021) can partially solve these issues, allowing to distinguish
between the two theories, but a better characterisation of the internal
structure of the discs and the role of substructures in the disc is
needed (Toci et al. 2021; Zormpas et al. 2022; Zagaria et al. 2022).
In order to perform these demographic studies, the role of the new

results coming from surveys of different star forming region is pivotal
(for a recent review, see Manara et al. 2022). Therefore, the need for
appropriate theoretical and numerical tools such as population syn-
thesis models, devised to be compared with populations of hundreds
of discs, is day by day increasing. Population synthesis models are a
powerful way to test evolutionary models (e.g., Lodato et al. 2017;
Sellek et al. 2020; Somigliana et al. 2020; Zagaria et al. 2022) and the
effect of different initial conditions (Somigliana et al. 2022) studying
the outcomes of different physical mechanisms on relevant quantities
such as dust and gas disc radii. However, generating and evolving a
synthetic populations of discs through numerical methods (and the
dust and gas evolution with time) is computationally expensive. It is
even more expensive to evaluate the synthetic flux emitted by all the
discs at all the timesteps in the dust continuum emission or in the
different CO emission lines (to then compute the radius containing
the 68% or 90% of the flux of the models, 𝑅CO,68% or 𝑅CO,90%)
in an accurate way, i.e., using radiative transfer codes. An analytical
representation of the sub-mm surface brightness of discs, useful to
greatly reduce the numerical cost, is to use a Plank function 𝐵a ,
knowing the surface density of the dust component analysed and the
opacity of the dust (e.g., R19). Currently, a similar analytical repre-
sentation for the gas radii measured using CO emission lines, 𝑅CO,
is lacking for the viscous scenario, while an approximate treatment
for the MHD case has been introduced in Tr22.
In this work, we provide an analytical solution for evaluating the

value of the disc size 𝑅CO of discs in the viscously accreting scenario
using 12CO as a tracer, under the assumption that the 𝑅CO radius is
defined as the radius where the surface density of the disc is equal to
the threshold for 12CO photo-dissociation (Tr20; Tr22).
The paper is organised as follows. In section 2 we recall the deriva-

tion of the self-similar solutions (sec. 2.1) and we provide the ana-
lytical expression to evaluate 𝑅CO (sec 2.2), in section 3 we discuss
the properties of the analytical solution and we compare our findings
with previous results obtained with numerical codes. We discuss the
implication of the comparison in section 4 and, finally, in section 5
we draw our conclusions.

2 METHODS

In the following, we briefly summarise themain results of the viscous
theory and we describe our analytical calculation to evaluate gas radii
of discs considering 𝑅CO as the radius where the surface density of
the disc is equal to the threshold for 12CO photo-dissociation.

2.1 The self-similar solution

The surface density of a protoplanetary disc evolved according to the
viscous prescription is a function of radius 𝑅 and time 𝑡, Σ(𝑅, 𝑡). A
fundamental parameter is the disc viscosity a, whose origin and exact
value, as mentioned above, is still unknown. It is usually described,
following Shakura & Sunyaev 1973, as proportional to the sound
speed of the gas in the disc 𝑐𝑠 and to the disc thickness, 𝐻 = 𝑐𝑠/Ω,
whereΩ is the Keplerian disc angular velocity, a = 𝛼𝑐𝑠𝐻. The value
of 𝛼, the dimensionless scale parameter, previously thought to be
∼ 10−2 in the literature (Hartmann et al. 1998), is more recently
expected to be in the range 10−3−10−4 for most of the discs (Teague
et al. 2016; Flaherty et al. 2020; Miotello et al. 2022).
One analytical solution of the gas viscous evolution equation,

often used to describe the disc evolution, is the self similar solution
(Lynden-Bell & Pringle 1974). The viscosity is assumed to depend
on radius as a simple power-law:

a = a𝑐 (𝑅/𝑅𝑐)𝛾 , (1)

where 𝑅𝑐 is a scale radius, a𝑐 is the value of the viscosity at 𝑅𝑐 and
𝛾 is a free index. The solution for the surface density Σ is then

Σ(𝑅, 𝑡) = 𝑀0
2𝜋𝑅2𝑐

(2 − 𝛾)
(
𝑅

𝑅𝑐

)−𝛾
𝑇−[ exp

(
− (𝑅/𝑅𝑐) (2−𝛾)

𝑇

)
, (2)

where 𝑀0 is the initial (𝑡 = 0) total disc mass, [ = (5/2−𝛾)/(2−𝛾),
𝑇 = 1 + 𝑡/𝑡a and the natural time scale of the system, the viscous
time 𝑡a , is defined as

𝑡a =
𝑅2𝑐

3(2 − 𝛾)2a𝑐
. (3)

From eq. 2, it can be seen that scale radius 𝑅𝑐 is the initial truncation
radius of the disc. It evolves with time as

𝑅𝑐 (𝑡) = 𝑅𝑐𝑇
1
2−𝛾 . (4)

The integral of eq. 2 over radius gives the time evolution of the total
disc mass mass,

𝑀𝑑 (𝑡) = 𝑀0𝑇
1−[ . (5)

As the disc mass has to decrease with time due to the accretion of
gas on the star, this implies that 𝛾 < 2. This condition naturally
implies a growing value for 𝑅𝑐 (𝑡) > 𝑅𝑐 , meaning that the physical
disc size increase with time. It is possible to analytically calculate
also the mass accreted due to the viscous redistribution of angular
momentum in the disc, given by:

¤𝑀 = − 𝑑𝑀

𝑑𝑡
= ([ − 1)𝑀0

𝑡a
𝑇−[ . (6)

For the standard choice 𝛾 = 1, we have that ¤𝑀 ∼ 𝑇−[ ∼ 𝑡−1.5.

2.2 An analytical solution for the gas radius 𝑅CO
12CO rotational emission lines are used to measure the gas radius of
a disc either from observations (e.g., Barenfeld et al. 2016; Ansdell
et al. 2018; Sanchis et al. 2021) or models (e.g., To21). As discussed
by several authors (R19; To21; Tr22), 𝑅CO coincides approximately
with the position where the column density of the CO is low enough
for it to not self-shield efficiently anymore. Indeed, the disc evolution
leads to a decrease of the disc mass with time, lowering the surface
density and allowing CO to be more easily photo-dissociated. This
reduces the gaseus CO in the outer part of the disc, and the CO flux
from this region is heavily decreased. The value of the 12CO column
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Figure 1. Values of RCO for different initial conditions (both axes are shown in the logarithmic scale). Our reference case is a disc with M0 = 0.1 M� ,
𝑅𝑐 = 10 au and 𝛼 = 10−3, shown in all the panels with a ticker line. Panel a. shows the time behaviour of the analytical solution for different viscosity values
𝛼 = 10−2, 10−3, 10−4; Panel b. shows the time behaviour of the analytical solution for different initial scale radii 𝑅𝑐 = 10, 30, 80 au; Panel c. shows the time
behaviour of the analytical solution for different initial disc masses M0 = 0.001, 0.01, 0.1M� ; Panel d. shows the time behaviour of the analytical solution for
different values of the exponential cut-off 𝛾 = 0.8, 1, 1.2.

density threshold for self-shielding, �̂�CO, is expected to be of the or-
der of 1015−1016 cm−2 (van Dishoeck & Black 1988; Facchini et al.
2017). Chemical depletion of CO through grain-surface chemistry
only is, for timescales of ∼ 10 Myr, negligible when measuring the
disc sizes using 12CO (Tr20). On the contrary, on time-scales of 1-3
Myr, the combined effect of CO freeze out, grain-surface chemistry
and vertical mixing can reduce the CO abundance in the upper layers
of the discs up to two orders of magnitude (Krĳt et al. 2020). Given
a value for the critical column density threshold, the critical surface
density of the tracer can be evaluated as

Σcrit =
1

bCO
`gas�̂�CO, (7)

where bCO is the relative abundance of 12CO with respect to H2
in the disc, and `gas is the mean molecular weight of the gas in
the disc, that we assume equal to the mean molecular weight of H2
molecule1, `gas = `𝐻2 . For the standard values of the literature
(bCO = 10−4, �̂�CO = 1016 cm−2), Σcrit ∼ 1.7 × 10−4 g cm−2.
It is then possible, under these assumptions, to analytically deter-

mine the value of 𝑅CO for discs and its time evolution in the viscous
scenario. To do so we solved the equation

Σ(𝑅, 𝑡) = Σ0 (2−𝛾)
(
𝑅

𝑅𝑐

)−𝛾
𝑇−[ exp

(
− (𝑅/𝑅𝑐) (2−𝛾)

𝑇

)
= Σcrit, (8)

whereΣ0 = 𝑀0/(2𝜋𝑅2𝑐) is the initial surface density of the disc. Eval-
uating the logarithms of both terms, after some algebra the equation
reduces to

𝛾𝑅
2−𝛾
𝑐 ln 𝑅 + 𝑅2−𝛾

𝑇
= 𝑅

2−𝛾
𝑐 ln

(
Σ0
Σcrit

(2 − 𝛾)𝑅𝛾
𝑐

𝑇 [

)
. (9)

Solving for 𝑅, the solution of eq.9 is given by

𝑅CO (𝑡) = 𝑅𝑐


𝛾

2 − 𝛾
𝑇 (𝑡)W ©« (2 − 𝛾)

2
𝛾

𝛾
Φ
2−𝛾
𝛾 𝑇 (𝑡)−

5
2𝛾 ª®¬

 , (10)

1 Note that the standard value for protoplanetary disc is `gas ∼ 2.3`𝐻 =

1.15`𝐻2 . For simplicity and as in R19 and To21 we fix `gas = `𝐻2 .

where we defined Φ = Σ0/Σcrit andW(𝑥) is a multivalued math-
ematical function called Lambert function (for an analysis of the
properties see e.g., Corless et al. 1996). For 𝛾 = 1 the solution is

𝑅CO (𝑡) = 𝑅𝑐

[
𝑇 (𝑡)W

(
Φ𝑇 (𝑡)−

5
2
)]

. (11)

It is natural to ask if the value of 𝑅CO will grow indefinitely or
if it will reach a maximum value and then decrease, and on which
timescale. Indeed, for larger 𝑡a and lowmass discs, the rapid accretion
of material from the disc to the star allows all the outer parts of the
disc to reach the threshold for photo-dissociation of 12CO.While the
disc expands due to viscous spreading, an increasingly larger part
of the disc attains a surface density below the photo-dissociation
threshold, leading to an apparent decrease of the observed disc size
with time.
We analytically determine the time when the expansion of 𝑅CO

stops and the trend of the function inverts from increasing to decreas-
ing, that we call "inversion time" and wemark as 𝑡inv, by determining
where the maximum of the solution eq.10 is:

𝑡inv = 𝑡a


(
2 − 𝛾

𝛾

) 4
5
(
5 − 2𝛾
2𝛾

)− 2𝛾5
Φ
2(2−𝛾)
5 𝑒

2𝛾−5
5 − 1

 , (12)

which reduces for 𝛾 = 1 to

𝑡inv = 𝑡a [𝑒−3/5 (2/3Φ)2/5 − 1] ∼ 𝑡a (0.47Φ2/5 − 1). (13)

Naturally, 𝑡inv depends from the evolutionary parameters of the disc.
For a Solar Mass star2, 𝛾 = 1 and Φ >> 1 (equal to Σ >> Σcrit, true
for a reasonable range of M0, 𝑅𝑐 and 𝛼 for a Solar Mass star), eq. 12
can be also written as:

𝑡inv ∼ 140Myr
[(

Σcrit
1.7 · 10−4 g cm2

) −2
5

(
𝛼

10−3

)−1 (
Rc
10 au

) 6
5
(
M0
0.1M�

) 2
5
]
.

(14)

In general, a population of discs is expected to survive (and be
observable) for 5 - 10 Myr, according to the stellar mass distribution
and the physical mechanisms responsible for their evolution (see e.g.,

2 fixing the stellar mass determines also the temperature profile and H/R
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Manara et al. 2022). Eq. 14 shows that 𝑡inv > 10Myr for most of the
values of the parameters (unless 𝛼 is exceptionally high, 𝛼 ∼ 10−2,
or the density of the disc is extremely low, Φ ∼ 1-100, in agreement
with Tr20). Thus, in the viscous scenario, the observed disc size of
a population should always increase with time. In general, recalling
that 𝛾 < 2 (Lodato et al. 2017), we can conclude that 𝑡inv is larger
for lower values of 𝛼 or larger values of M0 and 𝑅𝑐 for all the 𝛾.
The analytical solution for 𝑅CO shown in eq. 10 can be applied

also to other optically thick molecules with abundances determined
by a photo-dissociation threshold. The only dependence on the tracer
can be found in the values of Σcrit and bCO. In the case of other CO
isotopologues, if the CO abundance in the outer part of the disc is
also governed by the self-shielding, the above solution still holds, but
the specific value of Σcrit and bCO vary.

3 PROPERTIES OF THE SOLUTION

To measure the gas size of discs using 12CO we assume standard
values, fixing bCO = 10−4, �̂�CO = 1016 cm−2, a value for 𝐻/𝑅 at
10 au of 0.033 and the mass of the star to 1 Solar Mass (1 M�) and
we evaluate the time evolution of 𝑅CO from 0.1 to 30 Myr. Note that
we do not expect to observe any disc-bearing young stars after ∼ 10
Myr due to the disc removal processes, but we evolved our analytic
solution to a long age to show the general features of the analytical
solution and check the presence of a possible maximum. We show
our results in Fig. 1. Our reference case is a disc with 𝛾 = 1, M0 = 0.1
M� , 𝑅𝑐 = 10 au and 𝛼 = 10−3. The values of the parameters of this
model are chosen to be representatives of the intermediate values
found in the literature3. We then vary 𝛼 between 10−2 and 10−4, 𝑅𝑐

between 10 and 80 au, M0 between 0.001 and 0.1 M� and 𝛾 between
0.8 and 1.2, in order to span the parameter space.
As expected, the trend of the solutions matches what was found in

previous works. In particular:

• Fixing all the other parameters, the observed disc size 𝑅CO
is larger for more viscous discs (Fig. 1.a), for initially larger discs
(Fig. 1.b), for more massive discs (Fig. 1.c) and for larger values
of 𝛾 (Fig. 1.d) (To21). Fig. 1.b also show that the values of 𝑅CO
obtained for discs with different 𝑅𝑐 , initially different, are almost the
same after a few Myr, pointing out that the initial value of 𝑅𝑐 plays
a minor role in determining the value of 𝑅CO on later stages.

• The inversion time 𝑡inv is reached only for extreme cases before
10 Myr (very high viscosity or very low mass discs). This implies
that, neglecting all the other evolutionary processes such as internal
and external photo-dissociation, 𝑅CO should always increase with
time during the average lifetime of a disc if it is evolving due to
viscous processes (Tr20).

• A different value for �̂�CO modifies where 12CO is removed.
From an observational point of view, the measure is degenerate with
the uncertainty of the initial CO abundance and the disc temperature,
thus it is very difficult to constrain. Using the analytic solution, we
probed the effect of �̂�CO = 1015 cm−2 (vanDishoeck&Black 1988):
having a lower �̂�CO value leads to a factor ∼ 1.2 larger gas radii (in
analytical and numerical models). This effect is more significant for
larger values of the viscosity, for higher 12CO abundances and with
time.

• Just by inspecting the range of values of the different panels
of Fig. 1, it can be seen that the 𝑅CO values are larger than the
one commonly measured in the literature for populations of discs

3 For a detailed explanation of the parameters selection see e.g, R19 or To21

Figure 2. Values of RCO (both axis are shown in logarithmic scale) for discs
with M0 = 0.1 M� , 𝑅𝑐 = 10 au and 𝛼 = 10−2, 10−3, 10−4. Quantities eval-
uated analytically are shown with solid lines, dashed lines are the analytical
values corrected with the coefficient found in Trapman et al. (2019), and
dotted lines are the values of RCO,90% numerically found in To21.

(e.g, Ansdell et al. 2018 for Lupus or Long et al. 2022 for Taurus).
Indeed, values of 𝑅CO obtained analytically are always > 400 au
at 2-3 Myr while results obtained observationally or with numerical
codes predict values ∼ 100-300 au.

To probe the discrepancy between the analytical and numerical pre-
dictions, we provide in the following section a quantitative com-
parison between the values of 𝑅CO analytically predicted and those
obtained with numerical codes from To21.

4 DISCUSSION

4.1 Comparison with numerical codes

A comparison between the 𝑅CO values for our reference cases ob-
tained with the analytical solutions and with the numerical codes
DISKPOP and RADMC3D from To21 is shown in Fig. 2. In their work,
the authors studied the time evolution of 𝑅CO in a sample of viscously
evolving discs, including CO freeze-out and CO photo-dissociation.
To compare the numerical predictions with the results from observa-
tions, the authors evaluated the gas radii of the synthetic models as
the radius which enclose the 68% and 90% of the CO flux, 𝑅CO,68%
and 𝑅CO,90%, while the analytical 𝑅CO, by definition, enclose 100%
of the CO flux. We will firstly compare our analytic solution 𝑅CO
with 𝑅CO,90% values from To21 and we will later discuss the im-
plication of considering different values of the enclosed fluxes. Note
that, in order to compare our analytical prediction with the literature
results, we selected the same initial conditions and we focused on the
evolution between 0 and 3 Myr. We also fix the value of the stellar
mass to 1 M� for simplicity, as in To21. We are aware that the stellar
mass plays a pivotal role in determining the initial conditions of discs
(see e.g. Somigliana et al. 2022), the gas and dust disc sizes, and disc
evolution in general, but we defer to a future study on the effect of
stellar mass.
Fig. 2 shows a comparison between the analytically evaluated

𝑅CO of Fig. 1.a (discs with 𝛾 = 1, M0 = 0.1 M� , 𝑅𝑐 = 10 au and
𝛼 = 10−2, 10−3, 10−4, solid line) and values numerically obtained
from models with the same intial conditions in To21 (dotted lines).
Clearly, the trend of the numerical solutions are nicely recovered in
the analytical solutions, especially for low and moderate values of

MNRAS 000, 1–6 (2022)



Analytic solution for the gas size 5

Figure 3. Values of RCO from Fig.1 with bCO = 10−4 and values of RCO for the same disc parameters but with bCO = 10−6, shown as solid and dash-dotted
lines respectively (both axis are shown in logarithmic scale). For comparison, values of RCO,90% obtained in To21 with the same disc parameters are shown as
dotted lines. Panel a. shows the time behaviour of the analytical solution for different viscosity values 𝛼 = 10−2, 10−3, 10−4; Panel b. shows the time behaviour
of the analytical solution for different initial scale radii 𝑅𝑐 = 10, 30, 80 au; Panel c. shows the time behaviour of the analytical solution for different initial disc
masses M0 = 0.001, 0.01, 0.1M� ; Panel d. shows the time behaviour of the analytical solution for different values of the exponential cut-off 𝛾 = 0.8, 1, 1.2.

the viscosity (𝛼 = 10−3, 10−4), but the analytical values of 𝑅CO are
larger by a factor 2 with respect to the ones obtained with numerical
codes (for example, the reference case has 𝑅CO ∼ 150 au and 70 au
at 𝑡 = 0.1Myr respectively, and the discrepancy remains amost fixed
untill 3 Myr). The fact that the trends are recovered but the values are
too large motivated us to try to better understand this discrepancy.
A first tentative way to reduce the analytical 𝑅CO is by consid-

ering that they, by definition, enclose 100% of the 12CO flux rather
90%. Under the simplifying assumption that 12CO emission is op-
tically thick at all radii the 12CO intensity profile follows the radial
temperature profile, which itself is well described by a power-law
𝑇 (𝑅) ∼ 𝑅−𝛽 . It is then straightforward to show (see e.g., App. F in
Trapman et al. 2019) that 𝑅CO,90% = _𝑅CO, where _ = 0.91/(2−𝛽) .
However, for typical values (𝛽 ≈ 0.5) the effect of this is small
(_ ∼ 0.93), 𝑅CO,90% ≈ 0.93𝑅CO. Fig. 2 also shows how the large
discrepancy between the analytical solution and the numerical out-
puts cannot be solved if we simply consider also this numerical factor,
which is a minor correction.
The only free parameter in the analytical solution is the relative

12CO abundance value bCO in the definition of Σcrit. In our previous
analysis we have assumed the standard 12CO abundance, bCO =

10−4. However, the value of bCO is expected to be lower, as the region
probed by 𝑅CO is beyond the CO snowline. In the outermost, cold
part of the disc 12CO can be removed from the gas phase and freeze-
out onto dust grains, thus lowering bCO (see Pinte et al. 2018 for a
visualization of the CO snow surface in IM Lup). In addition, recent
observations have found several discs with a CO underabundancy
by a factor 10-100 (e.g., Favre et al. 2013; Cleeves et al. 2016 or
Miotello et al. 2022 for a review), commonly interpreted as due to
chemical processing of CO into other species.

4.2 Effect of CO abundance

A lower value of bCO in the outer part of the discs could lead to
a smaller observed gas disc sizes: the analytical solution of 𝑅CO is
sensitive to the 12CO content in the outer part of the disc. It is worth
mentioning that this measure does not probe the overall abundance
of 12CO in the warmer, inner part of the disc (where most of the mass
is), which may be different. As the effect of CO freeze-out is also
included in the analysis of To21, a different 12CO abundance in the

outer part of the disc can be responsible for the discrepancy between
the two 𝑅CO values. We then set the value of bCO = 10−6, and we
evaluate 𝑅CO for the same set of initial conditions of Fig. 1. We
compare in Fig. 3 the values or 𝑅CO obtained with the two different
12CO abundances (bCO = 10−4 and 10−6) and the results from To21.
As Fig. 3 shows, reducing the abundance of 12CO by 2 orders of
magnitude can solve the discrepancy between the analytical and the
numerical outcomes, with a few exceptions (very large discs or very
low values of the disc mass), where an even higher 12CO depletion
is needed. A lower value of bCO deeply affects also the timescales on
which the value of 𝑅CO reaches its maximum, 𝑡inv. From eq. 14 we
can see that for our reference case 𝑡inv is reduced by a factor 100−2/5,
𝑡inv ∼ 21Myr. It is then possible to cross 𝑡inv for initially low mass,
large disc or very high values of the viscosity on timescales shorter
than 10Myr. For these discs, after reaching the maximum value, 𝑅CO
will decrease with time even in the viscous scenario.
We can conclude that, once the effect of 12CO freeze out is properly

calibrated in the models, the analytic solution can be an useful tool
to evaluate 𝑅CO in population synthesis models of discs without
using radiative transfer or thermochemical models, very expensive
in computational times and resources.
Other, more complex processes can be at play, such as the chemical

conversion of CO into other molecules on the dust grains or the
dependence of the disc parameters and the CO abundance from the
stellar mass. We defer to a future study a more quantitative analysis
on these processes.

5 CONCLUSIONS

In this Letter we derived an analytical solution for the time evolution
of disc radii in protoplanetary discs using the flux emitted by 12CO as
a tracer, 𝑅CO, assuming viscous evolution and that the 12CO radius
is defined as the radius where the disc surface density is equal to the
threshold for CO photo-dissociation. Our conclusions are:

• This solution well describes the behaviour of previous results
in the literature (obtained through numerical models including CO
photo-dissociation and CO-freeze out) only if we adapt the value
of the 12CO abundance to bCO = 10−6 at the location of 12CO
photo-dissociation, two orders of magnitude lower than the standard
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assumption. This implies an efficient removal of CO molecules in
the outer part of the disc, frozen onto grains.

• The solution implies a non-monotonic evolution of 𝑅CO, which
initially expands due to viscous spreading, but later retreats. The
inversion time, when we fix the 12CO abundance to bCO = 10−6
is ∼ 10 Myr, and might will be reached for populations of discs
observable with ALMA. If the standard value of bCO = 10−4 is used,
instead, the inversion time becomes much longer than the age of
typical protostellar discs.

• Once appropriately calibrated, analytical solutions are a pow-
erful tool to reduce the computational time needed to evaluate disc
sizes in populations of discs.
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